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Abstract

Particle Segregation in a Sheared Suspension
with a Free Surface

by

Bo Jin

Advisor: Professor Andreas Acrivos

This thesis describes a further theoretical and experimental investigation of an
unexplained phenomenon, in which, an initially uniform suspension of neutrally
buoyant particles within a partially filled rotating cylinder is found to segregate

“into bands of particles separated by regions of low particle concentration or even
particle-free liquid. First of all, we investigated in considerable detail coating flows
of a viscous particle-free liquid in a partially filled rotating horizontal cylinder, often
referred to as rimming flows, by means of an asymptotic analysis of the thin film
lubrication equations and also examined the stability of their solutions. Secondly, a
number of experiments were performed to probe further the whole process of the par-
ticle segregation phenomenon. One crucial experimental result was the observation
that when the suspension contains a recirculating region (puddle), the particles first
segregate radially by migrating out of the puddle into the unidirectional circumfer-
ential flow before segregating along the axis of the cylinder. Thirdly, an explanation
for such a phenomenon was proposed on the basis of a model of rimming flows with

an axially varying viscosity plus the experimental observation referred to above (i.e.
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the radial particle segregation). A linear stability analysis for dilute suspensions
with complete radial segregation showed that such a particle distribution is unsta-
ble to axial perturbations with the surface tension being responsible for the selection
of the wavelength of the most rapidly amplified disturbance. The calculated and
measured spacings between the bands were found to be in good agreement. Finally,
particle segregation, as expected, was also found to occur in two new geometries (a
cone and a sphere) and the location of the corresponding band(s) seen experimen-
tally was predicted theoretically by solving numerically a general model equation
for rimming flows within any axisymmetric horizontal rotating container and then
taking into account the observed radial particle segregation similar to that in the

case of the cylinder mentioned above.
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Preface

This thesis describes a further theoretical and experimental investigation of a phe-
nomenon discovered and studied by Tirumkudulu, Tripathi and Acrivos|[1, 2] involv-
ing particle segregation in a sheared suspension with a free surface. This kind of
segregation, which remained unexplained, can be observed in two different geome-
tries: a partially filled horizontal Couette device and a partially filled horizontal
single cylinder. Since the flow field in the latter geometry is easier to analyze than
that in the Couette device, we focus our attention on the simpler of the two unex-
plained phenomena, in which, an initially uniform suspension of neutrally buoyant
particles within a partially filled rotating cylinder is found to segregate into bands
of particles separated by regions of low particle concentration or even particle-free
liquid.

In chapter 1, we begin by investigating theoretically in considerable detail coat-
ing flows of a viscous pure liquid in a partially filled rotating horizontal cylinder,
called rimming flows, on the basis of the modified lubrication equation proposed by
Tirumkudulu and Acrivos[3], which was obtained by simply adding to the standard
lubrication equation a term that accounts for the angular variation of the hydro-
static pressure. We first find that this equation can characterize the film profiles
even when the fill fraction F is as large as 36%, where the film is far from thin. We
show, using this modified lubrication equation, that the asymmetric solution of the
standard lubrication equation does in fact represent the liquid film profiles every-
where except at the point of discontinuity but under extremely restrictive conditions
which typically require that the value of the fill fraction be almost vanishingly small.
Then, we examine the stability of these two-dimensional flows to two-dimensional

disturbances as well as their stability to axial disturbances. We confirm the results
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obtained earlier by Benjamin, Pritchard and Tavener [4] on the basis of the standard
lubrication theory and show that the asymmetric profiles are asymptotically stable
to small disturbances and that the symmetric profiles are only neutrally stable if
surface tension effects are ignored. If the latter are included, however, the sym-
metric profiles are also shown to be asymptotically stable to small two-dimensional
disturbances, but to be asymptotically unstable to axial disturbances.

In addition, we performed a number of experiments to probe further this whole
process of particle segregation in a partially filled horizontal rotating cylinder. Inter-
estingly, we found that bands did not form along the cylinder either in the absence
of a recirculating flow at the bottom of the cylinder or when that recirculating flow
region was relatively large. In the former case, no bands formed even after an axial
variation of the suspension viscosity was imposed by placing a piece of ice along
a section of the cylinder. An even more crucial result was the observation that,
when the suspension contains a recirculating region (puddle), the particles first seg-
regate radially by migrating out of the puddle into the unidirectional circumferential
flow before segregating along the axis of the cylinder. Several additional interesting
experiments are described in chapter 2.

In chapter 3, we first consider the structure of a class of three-dimensional flows
of a pure liquid, again in a partially filled horizontal rotating cylinder, which are
generated by an imposed axial variation of the fluid viscosity, and construct a sim-
ple model based on the modified lubrication equation for describing the free surface
profiles. The profiles thereby computed are found to be in good agreement with
those obtained by solving numerically the three-dimensional Stokes equations using
the FIDAP software (Fluent.Inc). Moreover, by means of this model, we calculate
the axial particle volumetric flow rate in very dilute suspensions, and find that al-
though this flow rate vanishes at steady state if the concentration of the suspension

at every cross section is kept uniform, there exists a net axial particle flow rate in
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the direction of increasing viscosity if the particle volume fraction in the recirculat-
ing flow region near the bottom of the cylinder is lower than that in the region of
the circumferential flow. On the basis of these theoretical results and experimental
observations in chapter 2 (i.e. the radial particle segregation), we provide an expla-
nation for the particle segregation phenomenon referred to above. A linear stability
analysis for dilute suspensions with complete radial segregation shows that such
a particle distribution is unstable to axial perturbations with the surface tension
being responsible for the selection of the wavelength of the most rapidly amplified
disturbance. The calculated and measured spacings between the bands are in good
agreement.

Finally, in Appendix C, particle segregation, as expected, was also found to occur
in two new geometries (a cone and a sphere) and the location of the correspond-
ing band(s) seen experimentally was predicted theoretically by solving numerically a
general model equation for rimming flows within any axisymmetric horizontal rotat-
ing container and then taking into account the observed radial particle segregation

similar to that in the case of the cylinder mentioned above.
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Chapter 1

Study of rimming flows
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1.1 Introduction

Coating flows within a rotating horizontal cylinder, often referred to as rimming
flows, have received an increasing degree of attention in recent years on account
of the fascinating variety of flow patterns that are encountered and the intriguing
mathematical properties of the equations which have been developed to model the
observed phenomena. To-date, most of the attention has been directed to the case
of thin films for which the well-known lubrication approximation can be invoked to
reduce the governing equations of viscous flow hydrodynamics to the particularly

simple form,
029

1/555 = gcosf (1.1)

provided that inertial effects and surface-tension effects are negligible and that the
pressure in the liquid is hydrostatic, being zero at the free surface. In Fig 1.1, 7 is

the velocity component in the angular direction, € is the angular coordinate, v is

ar 7 ar 7

h(e)
(@) (b)

Figure 1.1: Sketch of the two families of liquid film profiles: (a) a homogeneous film,
B < B*; (b) an inhomogeneous film (8 > §*), where 6 is the angular coordinate,
is the angular velocity of the cylinder, R is the inner radius of the cylinder and h(#)
is the film thickness.

the kinematic viscosity, g is the gravity constant, y = R — r is the distance from
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the rotating cylindrical boundary and r is the radial coordinate with R being the
inner radius of the cylinder. There are two boundary conditions for this equation:
the no-slip condition requires that o = 2R where {2 is the angular velocity of the
cylinder; and 9, = 0, the condition of vanishing shear stress at the free surface y = h

(cf Fig 1.1). Hence, the solution of equation (1.1) is

1
9 =QR— 2 cosh (hy — —y2> (1.2)
v 2

The approximations leading to equations (1.1) and (1.2) require that h < R and
|0h/08] < h. On integrating of equation (1.2) with respect to y from 0 to h, we

then obtain the total volumetric flow rate within the film per unit axial distance,
lg,s
Q = QRh — §;h cos (1.3)

Now, let us define an important dimensionless parameter:

a= \/% (1.4)

which, in fact, can be used to define a dimensionless thickness 7 and a dimensionless

flow rate ¢ by
n=h/aR and q¢=Q/aQR?

Therefore, equation (1.3) becomes
L3
¢=n-31 cos 6 (1.5)

which will be referred to as the standard lubrication equation. In addition, 7 is

required to be periodic in 27 and to satisfy the integral conservation condition,

Fet ["hdo=2{" ndo (1.6)

- TR J-n mJ-—m
where F is the fill fraction (i.e. the fractional cross-sectional area occupied by the

liquid).
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Besides requiring that the liquid film be everywhere thin relative to R, the radius
of the cylinder, equation (1.5) presupposes steady-state (hence ¢ is independent of
6), as well as negligible inertia and surface tension effects, i.e. vanishingly small
Reynolds number and inverse capillary number. Under these conditions, the re-
maining two independent dimensionless groups, F' and «, can be combined into a

single parameter [,

f=Fla= % " ndo (1.7)

-
the value of which determines the solution of equation (1.5) subject to equation (1.7)
plus the periodicity condition n(6 + 27) = 7(9).

It is well-known that the solution to the cubic equation (1.5) depends critically
on the value of 8 [3, 4, 5, 6, 7, 8]. Specifically, when 0 < 8 < g* = 1.4142...
(corresponding to 0 < ¢ < 2/3), n is symmetric about § = 0 and everywhere
continuous. This is referred to in the literature as a homogeneous film and a sketch
of such a profile for 8 = 1.30 (¢ = 0.628) is shown in Fig 2 of ref[3]. When 8 = g*,
in which case ¢ attains its maximum value 2/3, the film is still continuous but has
a discontinuous slope at § = 0 equal to £1/v/6. When 8* < 8 < ** =2.21... and
q = 2/3, a physically acceptable solution to equation (1.5) can still be constructed
with, however, a discontinuity at § = 6* < 0, the value of which is determined
by B (cf Fig 2 in ref[3]). Moreover, # = —7/2 when § = (**, and no physically
acceptable solution exists to equation (1.5) subject to equation (1.7) when £ exceeds
that value. The discontinuity in the film thickness profile is disquieting of course,
since its existence is incompatible with the assumptions underlying the lubrication
analysis leading to equation (1.5). Equally troublesome, is the absence of solutions
of (1.5) subject to (1.7) when S > §**. This then raises the question as to whether
and under what circumstances, the discontinuous solutions of equation (1.5) when
B > B* can faithfully represent the dynamics of the film flow under consideration.

In order to answer this query, a model equation was recently proposed in ref[3]
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which was obtained by simply adding to equation (1.5) a term that accounts for the
angular variation of the hydrostatic pressure. Here, we briefly discuss the basis for
this model:

First, from the lubrication analysis, it can be shown that the leading order term

of the pressure in the thin film is still hydrostatic (cf ref[4]), hence,
p = a(z —n)sinf (1.8)

where p = p/pgR is the dimensionless pressure with p being the dimensional pressure
and z = y/aR is the dimensionless distance from the rotating cylindrical bound-
ary. Then, inserting equation (1.8) into the §-momentum equation leads to a new
term containing the f-component of Vp on the right-hand of equation (1.1) in the

dimensionless form, viz.

@—cosﬁ—i- @
022 1—az

{(z—n)cosf — 7' sinf} (1.9)

which can be rearranged into

0?v ;.
i {(1 - an) cosf — an'sin 6}

provided that az < 1, where v = 9/QR is the dimensionless angular component of
the velocity. Using the same boundary conditions as before (v = 1 at 2 = 0 and

Ov/dz = 0 at z = 1), the solution of equation (1.9) is

2
v=1- (nz—%) {(1 - an) cosf — an'sin 6} (1.10)

Therefore, in lieu of equation (1.5), this extended lubrication analysis of ref]3] leads

then to
1

q=mn— 3773(:0394—%{n4cosﬁ+n3n'sin9} (1.11)
the solution of which must be periodic in 27 and must satisfy the exact integral

conservation condition

F= 3/” (1= 2Mypag (1.12)

T J—m 2
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from which it follows that

o1 g an
— = 1— —)ndd 1.1
== A=5m (1.13)

p

As shown in ref[3] and also discussed further on p.16, equation (1.11) has the
useful property that its solution, when the flow is turned off, i.e. when o — 0 with
F fixed, gives the exact shape of the stagnant pool at the bottom of the cylinder.
Thus, equation (1.11) subject to (1.13) has a continuous periodic solution for all «
with F fixed (below some critical value as shown later), in contrast to equation (1.5)
subject to (1.7) which does not have a solution if o < F/**.

It is obvious that the solution of equation (1.11) subject to (1.13) now depends
on the values of the two independent parameters F' and « rather than merely on
their ratio 8 as was the case with equation (1.5) subject to (1.7).

We now observe that equations (1.10) and (1.11), as well as equations (1.2},

suitably non-dimensionalized, and (1.5) can be combined to yield
v=1- (nz~i;~> :—3%;—(1) (1.14)
Thus, depending on the sign of (n—g), v is either increasing (for n < ¢) or decreasing
(for n > ¢) monotonically with z and, in the latter case, reaches its minimum value
on the free surface, i.e.
3¢ —1n

Upnin, = T at z=rn (1.15)

Hence, if n < 3¢ for all 8, the angular component of the flow velocity is everywhere
positive but, if n > 3¢ within a certain range of 8, this implies the existence of a
recirculating flow, or puddle, within that same range. Now according to the standard
lubrication analysis, equations (1.5) and (1.7), v, iS everywhere poéitive when
f < 1.586...~ 1.6 (where ¢ = 2/3) but, when § reaches that value, vy,;, vanishes
at § = —m /3 where n = 3¢ = 2. In turn, when § exceeds 1.6, a recirculating flow

region is then created, the extent of which increases with 5. The same conclusions
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apply when 7 is computed from the solution of equation (1.11) subject to (1.13),
although the critical value of 3 referred to above will now depend on « for any given
F since, as was pointed out above, a and F' are now independent parameters which
can no longer be combined.

At this point, we also note for future use that, if the capillary contribution is
included in the thin film approximation, then, according to ref[4], the expression for

the hydrostatic pressure given previously ,i.e. (1.8), is modified into

p=a(z—n)sind —a*Ca (' +1") (1.16)

where Ca™' = o/RSu is the inverse capillary number with ¢ being the surface

tension and p the liquid viscosity. We then arrive at

1
g=n— 5173 cos f + %{774 cos@ +n°y'sinf + Ca™to?n* (0 + ™)} (1.17)

Of course, when 1’ and n’ are both O(n) and
Ca > o?, implying a Bond number Bo = R*gp/o > 1, (1.18)

equation (1.17) reduces to equation (1.13) (this last condition was incorrectly stated
as Ca > o in ref[3]). Some of the consequences of relaxing (1.18) have been
examined in a recent study [9], but, in most of what follows, we shall suppose that
surface tension effects are negligible to first order.

Off hand, it might appear that (1.5) and (1.7), the equations of the standard
lubrication analysis, can be recovered from (1.11) and (1.13) by simply letting o = 0
but, as will be seen presently, the issue is more complicated and, therefore, more
interesting. This is because, as was pointed out earlier on several occasions, equa-
tions (1.11) and (1.13) involve two dimensionless parameters, F' and o which, of
course, are not independent, hence the limit oz — 0 has to be taken with care. One

reasonable choice, which actually corresponds to how an experiment is performed,
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is to set the fill fraction F' equal to some small value, say 0.1, and then vary a by
varying 2, the angular speed of the cylinder. As has been shown in ref[3], under
these conditions (i. e. fixed F') equations (1.11) and (1.13) admit solutions which
are periodic and continuous everywhere for all 0 < oo < oo and which reduce to the
exact film shapes in the limits & = oo and « = 0. The former gives a film of uniform
thickness which can be obtained by solving F' = 2H — H? with H = an, while the
latter gives a stagnant puddle symmetric about 6* = —7/2. The corresponding

equation for the film thickness in this puddle is

oS

H=1+ for—g—go<0<—g+g0 (1.19)

sin @

where H = an and ¢ is given implicitly by

1 p—m/2+ 2 1 1
F:_/ g0{1—M}de {(p——sin2<,0} (1.20)

T J—n/2 sin? 6 T 2

provided that ¢ < 7/2 or F < 0.5.

When o — 0 for fixed F', most of the liquid stays in the puddle at the bottom,
but a small portion of it forms a thin film which coats the rest of the circumference.
Therefore, the amount of the liquid in the puddle is less than the fill fraction F' by

the corresponding material in the thin film which, to O(a), equals

af (-5 n o (5t
= {/ nd@ + / nde} =af™ — = ndé (1.21)
—'g“i‘(P

( -7 TJ-%—¢
where 7 is given by the solution of the standard lubrication equation with g = g** =

2.21.... Hence, given that F' < 0.5, the fill fraction, to O(«), equals

1 1 o [T3te
F=>lp- Zsin2 w_ 2 .
- {(p 5 sin <p} +af A ndé (1.22)

By means of the above equation (1.22), we can determine ¢ and then substitute
it into equation (1.19) to obtain the asymptotic form of the film thickness in the
puddle.
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Figure 1.2: The film thickness profiles as obtained from the numerical solution of the
modified lubrication equation (MLE) closely agree with those obtained by solving
the two-dimensional Stokes equations for F' = 0.15 < 0.5 for = 3, 4.75 and 15.

As shown in Figs 1.2-1.3, there is good agreement for F' = 0.15 between the
numerical solution of (1.11) and (1.13), the solution of the full two-dimensional
Stokes equations using the NEKTON software (Fluent. Inc), and the asymptotic
solution developed above, equation (1.19), with ¢ being given by equation (1.22),
as a — 0. Nevertheless, as we can see from Fig 1.3, there is a discrepancy between
the location of the maximum value of H as given by equation (1.19) (f# = —7/2)
and that of the numerical solution of the modified lubrication equation even for «
as low as 0.03157. In order to identify the origin of this discrepancy, we rescale the
modified lubrication equation (1.11) with H = o,

3

H dH
a3q——-a2H—T{(l—H)cosB—a—g—sinG} (1.23)
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Figure 1.3: The film thickness profile as obtained from the asymptotic solution of
equation (1.19), with ¢ being given by (1.22) is compared with those obtained from
the numerical solution of the modified lubrication equation (MLE) for F' = 0.15 <
0.50.

The leading order term, O(1), gives,

H
(1— H)cosb — 3—9 sinf = O(c?) (1.24)

the solution to which subject to the boundary conditions H =0 as § = —7/2 % ¢,
gives equation (1.19) with H,,., =1 — cos ¢ at 8 = —x /2. But since, by definition,

dH/df = 0 at 8 = 6*, we have, on account of equation (1.23),

cosf* = HZ (0= o)

max

o? 4+ 0(c?) (1.25)

hence, expanding cos#* about §* = —7/2 and substituting H,,.. = 1 — cos ¢ into

the above equation, we obtain the leading order correction to the location of H,,,,

T 3
0" + = ~ 2 1.
+ 2 cosp(l — cos g0)2a (1.26)
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The coefficient of &? on the right-hand side of the above equation is, however, quite
large, being equal, for example, to approximately 30 for F' = 0.15, and therefore 6*
deviates significantly from —7 /2 even if « is very small.

We can see therefore that since, as shown in Fig 1.2 (and also in Figs 3-6 of
ref[3]), there is excellent agreement for F' < 0.15 between the film profiles, as ob-
tained from (1.11) and (1.13), and those computed by solving numerically the full
two-dimensional Stokes equations using the NEKTON software (Fluent. Inc), the
modified lubrication equation (1.11) subject to (1.13) can be used with confidence
to represent the liquid film profiles for low fill fractions. In fact, as shown in Fig 1.4,
this agreement extends to the case F' = 0.36 where the film is far from thin. To
be sure, owing to the presence of numerical instabilities, all the NEKTON soft-
ware generated solutions referred to above were limited to maximum values of Ca
of approximately unity, but in all cases involving an asymmetric film profile, the
condition (1.18), Ca > a?, was met.

The case F' ~ 0.36 merits special attention for the following reason:

Recall that, according to the standard lubrication approximation, equations (1.5)
and (1.7), the liquid thickness profile will be symmetric only if 8 is below * =
1.4142 ... where g attains its maximum value gq; = 2/3. As first pointed out by
Moffatt [5], the latter case can be obtained by setting # = 0 in equation (1.5) and
then maximizing ¢ with respect to ag = 7(0). This leads to the condition that
ap = 1, hence ¢qr = 2/3. Then, from the integral of the corresponding symmetric
solution of equation (1.5) we find, on account of equation (1.7), the first critical
value of 8 = B* quoted above. But when the process is repeated starting from

equation (1.11), we find that

1 a
q=a9— gaé + §a3 (1.27)
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Stokes Eqgs. F=0.36, =3.6, Ca=1

q 0 MLE F=0.36, p=3.6
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o MLE F=0.36, p=2.0

Figure 1.4: The solutions obtained from the two-dimensional Stokes equations and
the modified lubrication equation (MLE) agree with each other for § = 2.0 < g**
and 8 = 3.6 > B8** when the fill fraction F' is 36%.

and therefore,

dg 4o

Clearly then, ¢y,q5, as obtained by solving equations (1.27) and (1.28), no longer
equals 2/3 but in fact depends on the value of «. Similarly, 5*, as obtained from
equation (1.13) using the symmetric solution of equation (1.11) with ¢ = g4, also
becomes a function of «, albeit a weak one. This function, henceforth denoted as
B*(e), is seen plotted in Fig 1.5. But, interestingly, equation(1.28) has a positive real
root for which g4z is positive, only if & < v/3/6. In fact, when o = v/3/6, gz =
0.866 . .. and from equations (1.11) and (1.13), 8*(v/3/6) is found to equal 1.788. ..
which is higher than the value §*(0) = 1.4142. .. given by the standard lubrication

analysis. The corresponding value of F' = 0.52. But, when the film profile becomes

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

asymmetric, we have to solve another cubic equation (¢f equation (17) in ref[3]),
2,9 3
1—ag+ 3000 = 0 (1.29)

for the value of ag, which is substituted into equation (1.27) to obtain g. Therefore,
there is another limitation to the maximum value of o which insures the existence
of a real positive root of the cubic equation (1.29) for determining the flow rate g,

that is, o < 2¢/3/15 =2 0.231.

1.60

1.55

1.50

B(c)

1.45

0.00 0.04 0.08 0.12 0.16 0.20 0.24

a
Figure 1.5: The parameter 5* given by the modified lubrication equation is increas-

ing monotonically with a.

When o = 2v/3/15 < v/3/6, we can use equation (1.28) to determine ag and,
through equation (1.27), the maximum flow rate, viz. g¢m. = 0.78..., and then
from the numerical solutions of equation (1.11) subject to (1.13), 8*(2v/3/15) =
1.55... which is only slightly higher than the value 8*(0) = 1.4142... given by the

standard lubrication equation (1.5). The corresponding value of the fill fraction,
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F = (2/3/15)*(2v/3/15) = 0.36 which is less than F = 0.52. Hence, as long
as F' does not exceed 0.36, the modified lubrication equation (1.11) has a periodic
solution for all a.

First, let us discuss the case F' < 0.36, for example, ' = 0.30. Here, we
find that equation (1.11) subject to (1.13) has: i) an asymmetric solution for
0 <a<0.197...=0.30/6*(0.197...) with the corresponding flow rate ¢ increas-
ing monotonically with «; ii) for o = 0.197. . ., either an asymmetric solution with
g = 0.750..., or a symmetric solution with ¢ = 0.760..., which, in fact, is the
maximum flow rate for this value of F' (these two solutions are shown in Fig 1.6);
iii) a symmetric solution for 0.197... < a < oo, with the corresponding flow rate ¢
decreasing monotonically with « starting with ¢, = 0.760... at @ = 0.197.... On
the other hand, when 0.36 < F' < 0.52, equation (1.11) has a continuous, periodic
solution but not over the whole range of 0 < a < co. For example, for F = 0.4,
equation (1.11) subject to (1.13) has: i) an asymmetric solution for 0 < a < 2+/3/15,
with the corresponding flow rate ¢ increasing monotonically with ¢; ii) no solution
for 24/3/15 < @ < 0.250... = 0.40/58*(0.250...) < +/3/6; iii) a symmetric solution
for 0.250... < & < oo with the corresponding flow rate ¢ decreasing monotonically
with a from its maximum value g.,(0.250...) = 0.807. ...

Shown in Fig 1.7 is a comparison between the film profiles as predicted from
(1.11) and (1.13) and those from (1.5) and (1.7) for F' = 0.05 and for a range of § =
F/a. Clearly, the two sets are practically identical when the film is homogeneous
(p < B*0) = 1.414... ~ ($*(0.035), i.e. a < 0.0353... ) but, when the film
becomes asymmetric, the two sets obviously diverge, in fact catastrophically so when
B > B* = 2.21... where a solution to (1.5) and (1.7) no longer exists over the whole
range —7 < 0 < 7. Thus, one might be tempted to conclude that, for § > §*, it is
no longer possible to represent any liquid film profile by the discontinuous solutions

of (1.5) and (1.7) even if the discontinuity were to be smoothed over by the solution
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Figure 1.6: The asymmetric and symmetric solutions of the modified lubrication
equation (MLE) for F' = 0.30 and § = 1.519.

of an “inner” equation, for example (1.11) or possibly (1.17), which retain some of
the terms that were left out in the standard lubrication analysis.

Nevertheless, in what follows, we shall first show, using (1.11) and (1.13), that
the asymmetric solutions of (1.5) and (1.7) for 8 > §*, do in fact represent the liquid
film profile everywhere even when [ exceeds 3**, except at the point of discontinuity
but only for the case FF — 0, a — 0 with § = F/« fixed. In general, however,
this requires that the values of F' be exceedingly small. We shall then examine the
temporal stability on all these two-dimensional flows, as well as their stability to

axial disturbances.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



16

9
d 0 SLE p=1
. 4, o MLE p=1, F=0.05
- L 2 > SLE p=2
6 | AA N MLE B:z, F=0.05
L A
- ‘ I - a MLE ﬁ=3, F=0.05
51 o |
R A
= 4r )
B Fay & 4
3 b
L A q
2 . e
1 B o am Ill)[[llllllllll
[ Clwi e (] =) o -D- QoD 0ol O=D= el DaDe 0 «O=0 O=0 Ouls I/’l‘/I/’”'I””'””:””.’””-M
0 -
| l | | 1 N 1 |
3 2 -1 0 1 ? i
0

Figure 1.7: The film thickness () given by the standard lubrication equation (SLE)
and the modified lubrication equations (MLE) are compared when =1, 2 and 3.

1.2 Film profiles for « — 0 and fixed S

As was said earlier, the solutions of equations (1.11) and (1.13) when o — 0 with
F' fixed bear no relation to those of the standard lubrication analysis especially
considering that the latter does not have a solution for oo < F/3**. We now turn
to the case @ — 0 with § = F/a fixed and examine under what conditions, if
any, the solutions of (1.11) and (1.13) asymptote to those of (1.5) and (1.7). We
shall examine separately the three cases: a) 0 < § < §* b) f* < f < *; and
c) B> p*.

Case a ( 0 < 8 < 8* ) Here, both (1.5) and (1.11), subject to (1.7) and (1.13)
respectively, admit symmetric solutions, hence the solution to (1.11) and (1.13) can

be constructed simply by means of the regular perturbation expansion. Since F' < 1,
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we expand 7 and ¢ in a power series of F,
n=rmo+ Fn+Fn+ - (1.30)

and

g=q+Fq+Fg+ - (1.31)

then, substitute these into the modified lubrication equation (1.11). The corre-
sponding leading order, O(1), equation is

3

qo =To — 7;_0 cos (1.32)
subject to
1 s
p= - nod6 (1.33)

Since B is given, we can solve equation (1.32) to obtain 1, which has to satisfy
equation (1.33). Clearly, the magnitude of 7y is O(8). To next order, O(F), the

equation is

3
Q=m {1 ~ 1 cos 9} + g—g {no cos @ + nysin 6} (1.34)
subject to
T 1 ™ 9
0= /_W mdd — -2—5/_7r n2do (1.35)

Since the 7y and (8 are known, we can solve for 77, which satisfies equation (1.35).
The other higher order terms in equation (1.30) can be obtained by following a
similar procedure. This case will therefore not be pursued any further.

Case b ( f* < B < (B ) Here, as was already noted in the introduction,
the solution to equations (1.5) and (1.7) is asymmetric and has a discontinuity at
6 = 0*, with the value of 6*, lying between —7/2 and 0, being determined by 3.
For @ — 0 and f fixed, we seek therefore to construct an asymptotic solution to
equations (1.11) and (1.13) in which (1.5), with ¢ = 2/3 and subject to (1.7), serves

as the first term of the outer solution valid for —7 < 6 < 6* and 8% < 6 < 7. Within
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the inner region, the last term in (1.11) clearly plays a significant role and hence,

following Johnson[6], we require that the corresponding inner solution 7 satisfy:

2 1 1, ,d7
3= f— §A3 cos 0% + gﬁg’ﬁ sin@* + O(«) (1.36)

with ¢ = (0—60*)/a. As 1) — oo, the solution of (1.36) clearly matches with 7, (6*)
and 7_(6*), respectively, the higher and lower positive roots of (1.5) at § = 6* and
q = 2/3. On the other hand, the solution of (1.36) is not unique given that it is
unaffected if an arbitrary constant is added to the definition of ¢ [6]. To obtain
a unique solution we therefore need to determine the O(a) correction to the outer
solution of (1.11). To this end, we let in the outer region —7 < 6 < #* and
0y <9<,

n=10(0) +am(f) + - (1.37)

where, as before, 79(6) satisfies (1.5) with ¢ = 2/3 and subject to (1.7). Equa-
tion (1.37), when substituted into (1.11) and (1.13) and, in view of the fact that
q=2/3+a/3+-- (cfref[3] top of p.17) leads to

1 1
3= (1 —na cos@)m + 5(173 cos f + manp sin 0) (1.38)

hence,
_ 1—mngcosf — ninysind
= 3(1 — né cosb)

(1.39)

everywhere within the outer region. It can easily be shown that n;, which equals
5/6 at @ = 0, is continuous everywhere within this outer region.

Finally, on applying equation (1.13) and taking into account that

Sy

we find that

o= [t = gm0+ [ i [[ =@ = [Tine(o) - ilay
(1.40)
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which implicitly determines the unknown constant, for example the value of 7(0),

needed for obtaining a unique solution to the inner equation (1.36).

40 |-
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g
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15 |}
o MLE p=1.8,F=0.01
1.0 o O MLE B=1.8, F =0.001
_____ — Asymptotic solution
0.5}
A { 1 1 N 1 . 1 ,
-5 0 5 10 15 20
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Figure 1.8: The film thickness profiles as obtained from the asymptotic solution of

equation (1.36) are compared with those computed from the numerical solution of
the modified lubrication equation (MLE) for 8 = 1.8 < §**.

Figs 1.8-1.9 show several film profiles as obtained from: a) the asymptotic analy-
sis given above; b) the numerical solution of (1.11) and (1.13); and ¢) the numerical
solution of the full two-dimensional Stokes equations using the NEKTON software
referred to earlier. Evidently there is good agreement between the three sets thereby

leading us to conclude that:

1. The boundary-layer-type equation (1.36), first presented by Johnson [6], cor-
rectly describes the film profile in the intermediate region between the higher
and lower positive roots of (1.5), with ¢ = 2/3, near 6 = 6*, the point of dis-

continuity of the film profile as obtained by the standard lubrication analysis,
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Figure 1.9: The film thickness profiles as obtained from the numerical solutions of the
modified lubrication equation (MLE) closely agree with those obtained by solving
the two-dimensional Stokes equations for § = 2 < §** for F' = 0.02, 0.10 and 0.20.

but only under the asymptotic conditions o — 0 and fixed 8 = F/a with
B* < 6 < IB**

2. As was the case 0 < a < co with F' < 0.36 fixed mentioned in the introduction,
the continued good agreement between the solution of (1.11) and (1.13) and
that of the full two-dimensional Stokes equations implies that (1.11) subject
to (1.13) can be used with confidence for 0 < o < oo for fixed 3 as well. In
fact, it will be shown later on, that this agreement extends for all values of S,

i.e. even when 8 > 3**.

The analysis presented above presupposes of course that surface tension effects
are negligible. This, according to (1.18), requires that Ca > a? provided that n’

and 1 are both O(n). This latter condition is not satisfied within the inner region,
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however, and, as can easily be seen by comparing (1.17) and (1.36), the surface
tension is negligible with in this inner region 6 + 6* ~ O(«) only if Ca > 1, a
requirement which, of course, is much more restrictive than that given by (1.18). But
the agreement between the asymptotic solutions assuming zero surface tensions and
the NEKTON calculations with C'a = 1 would seem to indicate that the capillary
forces are not as important under these conditions as might have been expected on
the basis of the estimate given above.

Case c ( 8 > ** ) In this case, equation (1.5) subject to (1.7) does not have a
solution and therefore the construction of an asymptotic expansion has to proceed
with care. First of all, we note that as § — S** from below, the dimensionless
film thickness increases and becomes unbounded but integrable at § = —=/2, the
point of symmetry of the liquid puddle that forms when the cylinder stops rotating
(o = 0). Therefore, with §; = f— ** > 0, we seek an asymptotic solution of (1.11)
subject to (1.13) in which the solution of the algebraic equation (1.5) with ¢ = 2/3
and B; = 0 serves as the outer solution on either side of the point of discontinuity
¢ = —m/2, plus an asymptotically thin boundary layer within which 7 increases

without bound as a — 0. To this end, let
d=0+7/2

in terms of which equation (1.11) becomes,

1 3 . !

q=n=3n {(1 — an)sin® + an’ cos ®} (1.41)
Letting oo — 0, we therefore recover the outer solution

2 1

3 =7 =30’ sin@

for

®>0,and® <0_
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for which

1 r3w/2
—/ 7d® = f* =221 ..
T J—n/2

We note that, as ® — 0, n* — (3/®)/2, and that n* — 2/3 as ® — 0_.

Next, we seek a transformation = na®, d = ®a?, with a and b both positive,
such that 7 and & become O(1) within the boundary layer. In view of (1.41), we
are left with two choices:

i) a =1/5, b=2/5 in which case (1.41) becomes

dn s 3 1/5

= _®+ =+ 0O(a 1.42

% 7 (a'®) (1.42)

or
i)a=b=1/3

dn - 1/3
—L = —®+0(a 1.43
% (a®) (1.43)

The first choice, however, can increase the value of

3n/2

Bi=p—p7 =2 " (n—n)dd (1.44)

T J—m/2

by an amount of at most O(a!/%) and, hence, cannot lead to a solution for 8; = O(1).

We are left then with the second possibility, equation (1.43), the solution to which

18 A

ﬁ:A{l_g} (1.45)
where, in view of (1.44), 9/3

Y % (37;&) / (1.46)

with an error of O(a!/%) as can be shown by straightforward analysis involving

matching between (1.45) and the outer solution n* — (3/®)1/2 as ® — 0.
Comparing equation (1.11) with equation (1.5), we find that the maximum value

of 7, as obtained from the solution of the modified lubrication equation (1.11) when

B > B**, lies essentially on the 1 vs. ¢ curve found from the solution of the standard
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lubrication equation (1.5) when § = ** according to which, as mentioned earlier,
1/2

n= (ﬁ) / +0O(1) at § = —/2+ ¢ with € — 0. Therefore, we should center the

inner solution, not at # = —7/2 but at § = —7/2+¢. Rescaling the variables, 7 and

6, and comparing with the maximum value of the inner solution (1.45), we obtain

3
€= Eam (1.47)

provided that ¢ — 0. Therefore, the inner solution becomes,
ﬁ:A{l_(——Q_Aﬁ} (1.48)

We remark parenthetically that, as can be seen from the analysis given above plus
(1.17), the capillary terms remain negligible within this boundary-layer provided
that Ca > a*/®. This is less stringent than the corresponding condition (Ca >> 1)
which applies within the boundary-layer of Case b.

The foregoing analysis shows then that, as a — 0, with fixed 5; = 8 — ** > 0,
the film profile is given by: the discontinuous solution of (1.5) with ¢ = 2/3 (and
with the discontinuity located at § = —7 /2 where the largest of the two real roots of
(1.5) is infinite), plus a narrow but relatively deep puddle symmetrically placed on
either side of § = —/2 within which the extra fluid given by the positive value g is
accumulated. Again, as was the case where 8* < 8 < §**, there is good agreement
between the numerical solution of (1.11) and (1.13), the NEKTON solution of the
full two-dimensional Stokes equations and the asymptotic solution developed above
for B = 3, as can be seen in Figs 1.10-1.11. It is also clear, however, that the
asymptotic analysis applies only for exceedingly small values of « ( or for F' where 3
is fixed ). For example, for § =3 (8, = 0.79...), the asymptotic solution developed
above is in good agreement with the numerical solution of (1.11) and (1.13) only if
a falls below 3.3 ... x 107*, corresponding to F' < 1072,

We can conclude, therefore that for fixed 8 > 1.4142... and a — 0, the solution

to (1.5) and (1.7) together with the asymptotic analysis just presented represents the
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Figure 1.10: The film thickness profiles as obtained from the asymptotic solution of
equation (1.48) are compared with those computed from the numerical solution of
the modified lubrication equation (MLE) for § = 3 > §**.

salient features of the liquid film profile but under extremely restrictive conditions
which typically require very small values of the fill fraction F' (or of @). In contrast,
as shown in ref[3], the solutions of (1.5) subject to (1.7) and those of (1.11) subject
to (1.13), have little in common if F' is held fixed and, as a decreases towards zero,
5 exceeds f* = 1.4142.. ..

For completeness, we also show in Fig 1.12 the film profiles as obtained by
solving the full two-dimensional Stokes equations for the case F' = 0.60. Here, it
is interesting to notice that, as a decreases from 0.14 to 0.058, the dimensionless
film profile n(6), which initially is continuous, open and single-valued over the whole
range of —7 < 6 < 7, becomes closed, double-valued and extends only within the

half domain 0 < § < 7 (or —7 < 6 < 0). Note that the minimum periodicity of n(8)
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Figure 1.11: The film thickness profiles as obtained from the numerical solu-
tions of the modified lubrication equation (MLE) closely agree with those ob-
tained by solving the two-dimensional Stokes equations for § = 3 > [** for
F =0.03, 0.15 and 0.30.

for o = 0.058 is now 7 rather than 27 as was the case of the larger a’s. The reason
for such a change is as follows:

Due to the reduction of o, more and more liquid stays within the puddle at
the bottom of the cylinder until, at some value of «, the depth of the puddle ex-
ceeds the radius of the cylinder for such a high fill fraction case. Therefore, during
this evolution, the axis of the rotating cylinder, which initially is within the air
space, finally becomes submerged with the liquid puddle (¢f Fig 1.12). After non-
dimensionalizing the film thickness h(f) to n(8)(= h(f)/aR), we thereby obtain a
closed, double-valued profile n(#) if the axis of the cylinder lies within the puddle;

otherwise, the profile 7(f) is open and qualitatively similar to that found by solving
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the modified lubrication equation for F' < 0.36. Given, however, that, as shown
earlier, the modified lubrication equation has a periodic solution for all « only as
long as F' does not exceed 0.36, it would be pointless to attempt to compare any
further the profiles shown in Fig 1.12 for such a high fill fraction (i.e. F' = 0.60) with

those obtained from the solution of a model equation which relies on the lubrication

approximations.
16
Stokes Eqs. F=0.60 | 7 Leewmeteen M
L I ~, ——a=0.14, Ca’=10 .
120 1 ==-a=0.10, Ca'=10 :
H "} o+ 0=0.082, Ca'=15 ‘ F=0.60, 0=0.14, Ca'=10 ™,
R TP EEETIN o =e=-a=0.071, Ca'=18 .
8 i 3
= : !
i
° i
! i
r i
b
2 P
M)
0

..........
ot

" F=0.60 «=0.058, (}a"=30'

.'. {positive) A
. 0
e

o
(negative) -

Figure 1.12: The film thickness profiles as obtained by solving the two-dimensional
Stokes equations for F' = 0.60 > 0.5.

1.3 Stability of the two-dimensional steady solu-
tions to two-dimensional disturbances

This issue has already been examined in ref[4] on the basis of the standard lubrication

equation (1.5) subject to (1.7), where it was shown that: (a) the symmetric solutions
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(8 < B*) are neutrally stable; and (b) the asymmetric discontinuous solutions (8* <
B < (**) are asymptotically stable. We wish to examine whether these conclusions
still apply if the base flow is given by the solutions of equations (1.11) and (1.13)
which are everywhere continuous for the whole range of 0 < 8 < oc.

Following ref[4], we therefore let n = 1y + & with £ <« 1y everywhere and then

linearize equations (1.11) and (1.13) to yield

a J0¢ .
q= f(O)E+ §n§5§ sin 6 (1.49)
where
f(0) =1—n2cosf + 4?&173 cos 6 + angn, sin @ (1.50)

On substituting the above into the kinematic condition

9§  9q _
(1 —am) 5 + 55 =0 (1.51)
and separating variables by letting
& = exp(At)G(6) (1.52)

we therefore obtain, for the eigenvalue A and eigenfunction G(6),

d ad | 4dG | _
A(l—ano)G—i—a—é(fG)—F-?;ag [no—&é—smﬁ] =0 (1.53)

which must be solved subject to the periodicity and integral constraints respectively,
i.e.

GO+2r)=G(6) and /_ (1— ano)Gdf = 0 (1.54)

We shall consider separately the case of (a) symmetric profiles (8 < 8*) for which

f and 7o are even functions of #; and (b) asymmetric profiles with g > g*.
(a) Stability of the homogeneous film (symmetric profile, 5§ < 8*)
Let A* and G* be, respectively, the complex conjugate of the indicated complex

quantity. Then, on multiplying (1.53) by fG* and its conjugate by fG, adding
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the two equations followed by integrating this sum from —7 to 7, we obtain after

straightforward manipulations that

2
o [T 290 _ & [T 3. dG ﬂleP
(/\+)\)/_W(1 ano) f1G d0—3/_ﬂ770s1n0{2f‘d0 + oo pdo (1.55)

Thus, since the integral on the left-hand side of (1.55) is positive, given that f

is everywhere positive, we conclude that A is complex if |G|?> and |dG/df)|? are even
functions of 8 given that f and 7, are also even functions. To see whether this is so,
we seek to construct a solution of (1.53) and (1.54) by successive approximations in
which, to begin with, we neglect the last term in (1.53) [This is permissible given
that ng ~ O(B) when 8 < B* hence ani/3 = O(F?/3) and therefore small for

F < 0.36]. Consequently, to a first approximation,
M1 = an)G + 95 (fG) =0 (1.56)
The solution to which, periodic in 27, is
a="% exp{ A/ O‘”Ode} (1.57)

where c is an arbitrary constant (to be set, in most cases and without loss of gener-

ality, equal to unity),

A=onmi/A  with A= / 0”70 dg =2 / 0”7" d9

and n being a positive integer. [Note that the eigenfunction G = ¢/ f corresponding
to n = 0, does not satisfy the integral constraint given by equation (1.54).] Clearly,
to first approximation, the symmetric flow is neutrally stable as was already shown
in ref[4] using, as the base state, that given by the solution of (1.5) and (1.7).
Furthermore, we note that the real part of G, as given by (1.57), is even and the
imaginary part is odd, hence, as expected from the symmetry of the base film

thickness profile g, both |G|? and |dG/d6]| are symmetric and, the right-hand side
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of (1.55) vanishes identically. Therefore, the symmetric steady solution remains,
neutrally stable even if the analysis is carried out to O(c).

To examine whether this is still the case if the expansion is continued to higher
order in «, we formally solve equation (1.53) and find, in addition to the homoge-

neous term (1.57), the particular solution G, due to the last term in (1.53)

3fGp _ s
— = s1n0d9
01— ang 01— ang 01— ang 3dG .
— A d — .
—!—)\exp{ )\/0 7 d9}/0 7 exp{ /0 7 Z 1 o gg sin §d6 (1.58)

where )\ is given by the corresponding expression in (1.57) to insure that f remains
periodic in 27. On substituting the expression for G given in (1.57) to the right-hand
side of (1.58), we can easily show that, to O(a), |G|* and |dG/df|? remain even,
hence, as expected, the right-hand side of (1.55) vanishes to O(a?) and X remains
purely imaginary to this order. In fact, on using successive approximations, it is not
difficult to see from (1.57) that the conclusions given above remain valid to all orders
in .. Thus, the inclusion of the hydrostatic pressure term which led to the improved
version of the lubrication equations, viz, equations (1.11) and (1.13), has not led
to a corresponding improvement in the stability characteristics of the symmetric
film profiles which, according to the foregoing temporal stability analysis, remain
neutrally stable.

In order to arrive at a definite conclusion regarding the stability of the homoge-
neous film, we therefore turn to the small capillary effects, i.e. the last two terms in
equation (1.17) which we have neglected thus far in our analysis. We shall further
suppose that Ca™'a® < 1 and, in order to simplify the analysis, we shall also ne-
glect the extra O(«) terms in (1.17) since these only play a minor role as long as the
film is homogeneous. Thus, we shall base our analysis on the standard lubrication

equation (1.5) to which we add the small capillary terms from (1.17) so that, we
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have, in lieu of (1.49),

_ ad of 0%
= fO)¢ + 5 Ca™n 'n (ae+%> (1.59)

where

f(0) =1—nicosf+a*Ca 'ng(my + my")

with 79 being the solution of (1.5) subject to (1.7). By repeating the arguments used

previously, we therefore arrive at the equation for the eigenvalue A and eigenfunction

AG+ (fG) —C -1d{ (§+dg—G>}:o (1.60)

G,

de do = dé®

hence, in lieu of (1.55), we have

(A + %) /_7; folGJPd6 =

o [T, dG
—3—061 /_Wﬂo [We‘aa

where fo =1 — n2 cosé.

2

L AR dIGE | d(AG) P67 | d(fGT) P°G

d¢ dé dg dé? dg deé? d0(1.61)

On letting, cf (1.57),

1 2nmi ¢ do 7 d6
G = —exp<— — with A= —
fo p{ A /o fo } / fo

we can show, after some algebra, that the integral on the right-hand side of equa-

tion (1.61) reduces to

_4 (27m) / ?2 {(27m> ~ff-1 <(i£)> +4f0%}d0 (1.62)

which, on numerical integration, is found that to be negative for all 0 < g < g*.
A plot of the (positive) integral in (1.62) for n = 1 is seen plotted vs. 8 in Fig 1.13.
In addition, the asymptotic expression for the real part of the eigenvalue A (i.e.
(A + A*)/2) as B — 0 can be derived as follows:

From the standard lubrication equation (1.5) subject to (1.7), we find,

3
o = g + % (g) cos § + higher order terms in S (1.63)
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Figure 1.13: The values of the integral in (1.62) for n = 1 in the range of 0 < 8 <
B* = 1.414.... In the small window, for small 3, the values of the integral given
by the asymptotic expression (1.64) are in good agreement with these obtained by
numerical integration.

provided that 8 <« 1. On substituting the above into the integral in (1.62), we can
show, after some algebra, that, for n = 1, the leading order term of the integral
is order of O(B") with its coefficient being 97/2". As shown in Fig 1.13, there
is excellent agreement for small 8 between the values of the integral as obtained

by numerical integration and the asymptotic expression quoted above. Therefore,

according to equation (1.61), we have,

AN
o

7
~3a*Ca™! <—§) -+ higher order terms in S (1.64)

This means that, as 8 — 0, the two-dimensional disturbances to the two-dimensional
steady-state film decay according to exp(—3a3Ca™1(8/2)"t), in complete agreement

with the results given recently by Hinch and Kelmanson[10]. We see, therefore, that,
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according to the foregoing analysis, the homogeneous film is indeed asymptotically
stable to small disturbances, but only weekly so, due to the weak capillary forces
which have essentially no effect on the structure of the basic flow wherever a3Ca~! <«
1. It is surprising that, as 8 — 0, the thin film becomes less stable given that
the decay rate of the small disturbances is only O(87). The physical mechanisms
governing such a slow decay involving a delicate interplay between rotation, gravity
and surface tension was further discussed in ref[10].

(b) Stability of the inhomogeneous film (asymmetric profile, 3 > 8*)

The equation for the eigenvalue A and the eigenfunction G(8) is the same as
that in the previous case, viz. equation (1.53) for the homogeneous film. But,
before solving this equation, we shall study the equation for the eigenvalue A and

the eigenfunction G corresponding to the standard lubrication equation, viz.

AG+%£a:0 with f=1—1n¢cosf (1.65)

which applies everywhere except at the point of discontinuity 8 = 6*. The eigen-
function G has to satisfy the periodic boundary condition.
To obtain the eigenvalue A in equation (1.65), we expand both 74(6) and the

eigenfunction G() in a power series about the midpoint (6 = 0),
o0 oo
(@) = abd® and GO =Y b
0 0
and substitute these into equation (1.65). The first leading order term (O(1)) is
()\ - 2a0a1)b0 4+ (1 — ag)bl =0 (166)

But since ag = 1 and a1 = —1/\/6 when 8 > §* = 1.414..., as can be seen by
substituting the power series of 7 into the standard lubrication equation (1.5) with
q = 2/3, the second term in equation (1.66) vanishes automatically. Then we obtain
one eigenvalue

2

A= 2@00,1 = — 5 (167)
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In order to obtain all the other eigenvalues, we expand G(6) in the general form,
GO) =61 b6
0

where n is a positive integer, and substitute this together with the expansion of 7
used previously into equation (1.65). The first leading order term (O(1)) and the

second leading term (O(6)) are
(n—1)(1~ad)b=0 (1.68)

and

(A — 2naga; )by + n(l —aj)by =0 (1.69)

respectively. But, since gy = 1, equation (1.68) is automatically satisfied, while,

from equation (1.69), we obtain all the eigenvalues

2
A = 2napa; = — 3" (1.70)
with n = 1 clearly giving the maximum eigenvalue, A = —\/g which we have already

obtained (cf equation (1.67)).

The general form of the corresponding eigenfunction G for n =1 is

G:}Ct—exp{—\/g/;%} (1.71)

where ¢ is an arbitrary constant. But, since f — —2q4a,0 = \/gH as § — 0,
equation (1.71) needs to be rearranged so it can be applied for all 6.

First, we suppose that # > 0 and split the integral in equation (1.71) into two

[ - il

where the second term on the right-hand side becomes O(1) as § — 0. Substituting

parts,

this into equation (1.71), we obtain

G = ;i—%exp {—\/g/; (% - \/g%) dt} (1.72)
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which is well-behaved around § — 0 and can be shown to satisfy equation (1.65)
with A = —\/g even for 8 < 0 except the discontinuity.

Now, let G(0) = 1 without losing the generality, hence

G = -—exp{\[/ (——\ﬁ—)dt} (1.73)

given that, as shown above, f — \/gﬁ as § — 0. However, equation (1.73) only
applies for * < § < m. On the other hand, according to equation (1.71), the

eigenfunction G with G(0) =1 for —7 < 8 < 8" is,

=—exp{f L5}

where ¢ = f(m)G(w) given that G(—7) = ) and f(—m) = f(m). Note that on
account of f being discontinuous, G is also discontinuous at 8 = 6*.

Now, returning to equation (1.53), we substitute the power series expansions of
n and of G, given previously, into equation (1.53). When n = 1, the leading order
term (O(1)) gives

2
{)\(1 — aag) — 2ap0; (1 — §aa0) } by + {1 a; + gaao} by =0 (1.74)

But since, for an asymmetric base state film profile {1 —a%+ aao} = 0 (cf equa-

tion (1.29)), we obtain one eigenvalue
(1.75)

without solving the whole equation (1.53). When n > 2, the first leading order term
(O(1)) and the second leading order term (O(6)) are

(n—l){l—a3+ (1+g) aag}bozo (1.76)
and

{)\(1 — aag) — 2a0a; |1 —

3= 1) Gaute” +3n+ 1) o

{l—ao (4+n)§a0}b1 =0 (1.77)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

respectively. But, given that { 1—aj+ gaag} = 0, we find that, although, equa-
tion (1.76) is automatically satisfied only when n = 2, the second term in equa-
tion (1.77) does not vanish automatically for any n > 2. Hence, using this method,
we only can obtain one eigenvalue (n = 1), viz. equation (1.75). But, in view of
our findings regarding the eigenvalues given by the standard lubrication equation,
viz. equation (1.67), we can safely take it for granted that the eigenvalue given by
equation (1.75) corresponds to the least stable mode and that the remaining eigen-
values, which can only be obtained via a numerical solution of the eigen-equation,
can be ignored. Moreover, given that ag and a; are only weakly dependent on £ for
B > B* and fixed F, it is evident that A, as given by equation (1.75), is similarly
essentially constant — a somewhat surprising result. Moreover, in view of ref[3),

ap = 1+5a/6 4+ O(a?) and a; = —1/v/6 + O(a), we have that

1 - Saa 2
A= 2(10&11——2aaoo = —\/;4‘ O(Oé) <0 (178)

Hence, the stability analysis given above shows that the liquid film is indeed
asymptotically stable when the film profile becomes asymmetric even for zero surface
tension. The same conclusion was reached in ref[4] on the basis of the standard
lubrication analysis. Note that, when o — 0 in equation (1.78), the eigenvalue
A becomes equal to —\/g, which is precisely the maximum eigenvalue given by the
standard lubrication analysis even though the latter no longer applies when 8 > §**.
This, indeed, is a very curious result. Shown in Fig 1.14, for a particular case, is
a plot of the eigenfunction G(0) vs. 6 showing that the former, is everywhere
continuous if we use the modified lubrication equations (1.11) and (1.13). The
corresponding eigenfunction, given by equation (1.71) is also plotted. Clearly, the
two eigenfunctions are very different even though the corresponding eigenvalues

differ by only approximately 6.6% in this case.
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G(0)=1, p=2
—.o—-SLE 1=-0.816
~o=—MLE 1=-0.762, 0,=0.075

Figure 1.14: The eigenfunction G(8), with G(0) = 1, as obtained from the modified
lubrication (MLE) and the standard lubrication equation (SLE) for 8 = 2.0 and
o = 0.075. Note that the former is continuous whereas the latter is discontinuous.

1.4 Stability of the two-dimensional steady solu-
tions to three-dimensional disturbances

This issue also has been examined in ref [4], on the basis of the standard lubrication
equation (1.5) subject to (1.7), where it was shown that the steady flow is neu-
trally stable and that steady perturbations exist of arbitrary wavelength along the
cylinder axis as long as the liquid film profile is symmetric (8 < 8*); on the other
hand, when the liquid profile is asymmetric (5* < 8 < **), the steady solutions are
asymptotically stable. Here, using the continuous solutions of the modified lubri-
cation equation (1.11) subject to (1.13), we wish to examine whether or not these
conclusions remain valid for the whole range of 0 < 8 < oo.

According to ref[4], the dimensionless axial velocity w(= w/Q2R with ¥ being
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the dimensional one) is given in the thin film approximation by
_ 2\ 07 .
w=alnz—zz ——;sm@ (1.79)

where z = £/R is the dimensionless axial coordinate with # being the dimensional
one. As shown in ref[4], equation (43), the volume conservation equation for a

three-dimensional flow is
N/ AN
Q—an) =+ =+ 57— (77 %> sinf = (1.80)

This equation can also be derived starting from the MLA. Letting n = 1 + £ with

£ < ny and in view of equations (1.49) and (1.50), we therefore arrive at

06 O(fE)  ad | 50€ . a 0% . o
(1—a170)at+ 50 320 7708031n0 +37708x281n9—0 (1.81)

which, on separating variables by letting
¢ = exp(At)G(0) sin(kz + b) (1.82)

where k and b are real constants, becomes

d(fG) ad [ ,dG . O g
A1 — any)G + W T3 [770 7] sin 6 3k ;G sinf = 0 (1.83)

The above must be solved for the eigenvalue A and eigenfunction G' subject to the
periodicity,
G(0 + 27) = G(0)

and the integral constraint,

(wl+b)/k ™
/( " sin(kx + b)dx/ (1 —any)Gd8 =0 where [ is integer.
—(ml+b -

Obviously, the latter constraint is automatically satisfied for any value of the eigen-
function . In addition, it can easily be shown that the MLA and, therefore, the
kinematic condition (1.80) and the eigen-equation (1.83), are only valid for long

wavelength disturbances, specifically for & < 1/a.
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We shall consider separately the case of (a) symmetric profiles (8 < (*) for
which f and 7y are even functions of 8, and (b) asymmetric profiles with g > g*.

(a) Stability of the homogeneous film (symmetric profile, 5 < §*)

By means of the same procedure as used previously in the corresponding two-

dimensional case (8 < 8*), we begin with the first approximation to equation (1.83),

A1 — am)G + d/G) _ 2} G sind = 0 (1.84)
dé 3
the solution to which, periodic in 27, is
1 a. ., fn3sind 01— an
G=—expi Sk [ B2 ag =y do 1.85
7 exp { 3k ) 7 } exp { A 7 (1.85)

where

, ) ™ 1—an ™1 —an
=2 A th A= dé =2 do
A = 2mmi/ wi LT /0 7

and m is zero or any positive integer. When m = 0, there exists a time-independent

perturbation with arbitrary dependence on z,
£ = Gsin(kz + b) (1.86)

where

1 ., (07 sinf
G—fexp{?)k/o 7 de

Obviously, the above expression for G automatically satisfies the periodicity and
integral constraints, in contrast to the corresponding two-dimensional case, i.e. G =
1/f, which cannot satisfy the integral constraint (1.54).

Let A\* and G* be, respectively, the complex conjugate of the indicated complex

quantity. Performing the same operation as shown in section 1.3, we obtain that

2

L dep

dé de

-

* 4 _ 2 —g " 3 o E
()\+)\)/ (1—amo) G248 = 3/_7r77031n0{2f!d0

+ 2k2f|G|2} do
(1.87)
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Since 1, |G| and |dG/df| are symmetric (this was demonstrated in detail in section
1.3 dealing with the two-dimensional case), the right-hand side of equation (1.87)
vanishes. Therefore, the symmetric steady solution in three dimensions remains
neutrally stable even if the analysis is carried out to O(c).

Now, let us consider the effects of surface tension. Taking account of the capil-
lary contribution arising from the film thickness variation along axial direction, we
extend the expression for the hydrostatic pressure in the two-dimensional case, i.e.

equation (1.16), to this axially non-uniform case as

(1.88)

&?n 9%y
002  0z?

p = a(z — n)sin(8) — 0*Ca~ ( Lo, O

Then, by repeating the steps used earlier in the two-dimensional case, we base
our analysis on the standard lubrication equation (1.5) to which we add the small

capillary terms from equations (1.17) so that, we have (cf equation 1.59)),

_ 0 s (%, P 0%
a=f(0)§+5-Ca (ao + 555 + 57 (1.89)
where
f(0) =1—nicosf+ a*Ca i (ny +15') (1.90)

with 79 being the solutions of the standard lubrication equation (1.5) subject to
(1.7). By repeating the arguments used previously in the two-dimensional case (cf

equation (1.60)), we arrive at the equation for the eigenvalue A and the eigenfunction

G(9),
d dG d3G o
a —1 i aG | g g
)\G+ (fG)+ C’a 3 {77 [(1 k)dO + d93]} 3k .G sin 6
£l Ca " k*n; {(1 k)G+d92 =0 (1.91)

Note that the last term on the left-hand side of the above equation results from the

modification of the axial velocity due to the pressure (1.88). Hence, in lieu of (1.87),
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we have
* 2 4k2 5 " 2 3k4 2
O+ [ lGPas = == [ 20+ ) IGPsinods - S [ 2 plGIas
oPk? T, ) dG[*  dfyd|G[? d2G 4G
+3(Ja o {2f0|G[ - 2f0|59— 90 a0 + foG T + foG P dé
b etk dfod]G[2 d(foG) BG*  d(f,G*) &G
*3Ca {2f° T a ta ar T a a4 (92

where fo = 1 —n? cosf. The first term on the right-hand side of the above equation
involving O(a*) can be neglected provided that o < 1 together with k% ~ O(1) or
less. [Note that, in order that o always satisfies the condition o < 1 for all g < 5%,
we have to take F' — 0 as § — 0.] Under these conditions, the expression for G is,

to first order, ( c¢f (1.85))

G = —exp

1 { 2mmt
Jo

—d0 with A= —d0 1.93
A fo } - fO ( )

and m being zero or any positive integer.

On inserting the expression for G given above into (1.92), we found, using nu-
merical integration, that when m in (1.93) is any positive integer, the sum of all
the terms on the right-hand side of equation (1.92), except that involving O(a?)
which is neglected, is negative for £ > 0 and becomes increasingly more negative
with increasing k; however, when m = 0 (i.e. G = 1/fy), the sum has a positive
maximum, thereby implying that, according to our linear analysis, the homogeneous
film is asymptotically unstable to small axial disturbances having a wavelength of
the order of the cylinder radius, if we include the very weak capillary effects. Such
a family of eigenvalue profiles is shown in Fig 1.15 for three typical cases 8 = 0.13,
0.67 and 1.23. Clearly, the magnitude of the most rapidly growing disturbance for
m = 0 decreases with a decrease in the value of 8 implying that the symmetric
profiles should be more unstable at the larger value of 5. In addition, by means of

a method similar to that described in the corresponding two-dimensional case (cf
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Figure 1.15: The real part of the eigenvalue A has a positive maximum when m = 0
in (1.93) with the magnitude of the most rapidly amplified disturbance increasing
with an increase in the value of 8. As § — 0, the values of the real part of A
for m = 0 predicted by the asymptotic expression in equation (1.94) are in close
agreement with those obtained by numerical calculation from equation (1.92).

equation (1.63)), we can also obtain the asymptotic expression for the real part of

the eigenvalue A for m =0, i.e.,

x 3
A -;)\ = %k2(1 — k*)a*Ca™ (g) + higher order terms in (1.94)

which, as shown in Fig 1.15, closely matches the value of (A + A*) calculated nu-
merically from equation (1.92) when § — 0. In fact, when m = 0, the eigenvalue
A is real and so is the corresponding eigenfunction . Therefore, as 3 — 0, we can

expand A and G in a power series in 3, i.e.

B\’ . w(BY
A=0+4+ X (5) + AP <§> + higher order terms in
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and

1 B\ ., (8\" .. .
G = % +G* 5 +G 5 + higher order terms in S
0

with

2 4
1 + b cos 0 + 2(8 cos? @ + higher order terms in f
T 2 312

and substitute them together with the expression for 7 in (1.63) into equation (1.91).
Then, it is a straightforward matter to show that the first leading order term in-
volving A® gives
1
A = gkz(l —k)afCa™t
which is in complete agreement with equation (1.94), with the corresponding G*
being
a a9
G* = §k (cos@ — 1)

Also, the next order in A (O(B%)) is zero, i.e. A’ = 0, with the corresponding G°
being
G’ = %kz(cos 20 — 1)

Note that, according to equation (1.94), the corresponding wavenumber k of the
most rapidly growing disturbance (i.e. the location where the eigenvalue A vs. k has
a positive maximum) is found to equal v/2/2 with the corresponding wavelength
being 2R\/27. Since the wavelength of such a disturbance is of the order of the
cylinder radius, we believe that the mechanism for the instability, just presented,
of a homogeneous liquid film to axial disturbances due to surface tension, is closely
related to that of the well-known Rayleigh-Taylor instability of a stationary liquid
film coating the surface of a non-rotating cylinder in the absence of gravity. [After
finishing the analysis given above, we were reminded that, Hosoi & Mahadevan [11]
also examined this axial stability problem by means of a numerical linear analysis
starting from the lubrication equations very similar to ours but including inertia

effects, and concluded that the flow should remain stable as long as inertial effects are
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weak. In view of our results, however, it would appear that some of the calculations
of ref[11] could have been marred by numerical inaccuracies.]

(b) Stability of the inhomogeneous film (asymmetric profile, § > 3*)

We begin with equation (1.83) for the eigenvalue A and the eigenfunction G(6)
and expand both 79(6) and G(6) in a power series about § = 0, as was done earlier
in the corresponding two-dimensional case. Then, we substitute these into equa-
tion (1.83). The first and second leading order terms that we obtain are exactly
the same as those in the two-dimensional case, i.e. equations (1.76) and (1.77), and

therefore the expression for the maximum eigenvalue A is, as before,

13 >
A = 2a0a; — 2920 —\/;+0(a) <.

1 — aag
Interestingly, this maximum eigenvalue A is independent of k, that is, the wavelength
of the small axial disturbance, and is also essentially independent of 5. This result
shows that the two-dimensional steady solutions are asymptotically stable to axial

perturbations for 8 > £* even for zero surface tension.

1.5 Discussion

First of all we show, on the basis of the modified lubrication equation, that the dis-
continuous solution of the standard lubrication equation for 8 > 1.414... represent
correctly of the asymmetric film thickness profiles but only under the restrictive
condition: o — 0 with S fixed. On the other hand, as shown previously [3], the
solutions to the standard lubrication equation fail to represent the film thickness
profiles when « is decreased with F' = o fixed, especially given that equation (1.5)
subject to (1.7) has no physically acceptable solution when 8 > 2.21.. ..

Secondly, according to the stability analysis given by the modified lubrication
equation for these two-dimensional rimming flows, we find that, as shown previ-

ously [4] on the basis of the standard lubrication theory, the asymmetric profiles
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are asymptotically stable to small two-dimensional as well as axial disturbances. In
addition, we can obtain the maximum eigenvalue of these asymmetric profiles (i.e.
the negative eigenvalue with the smallest absolute value) by simply expanding the
corresponding eigen-equations about # = 0 instead of solving the full eigen-equation.
It is surprising that this maximum eigenvalue is essentially independent of 8 and
becomes equal to the maximum eigenvalue given by the standard lubrication equa-
tion as o — 0 even though the corresponding two eigenfunctions are substantially
different.

On the other hand, again in conformity with ref[4], the symmetric profiles are
found to be neutrally stable to small two-dimensional as well as axial disturbances
if surface tension effects are neglected. When these effects are included in the stabil-
ity analysis, however, the film thickness profiles are found to become asymptotically
stable to small two-dimensional disturbances with the magnitude of the least stable
eigenvalue increasing monotonically with 8 for 0 < 8 < %, and to become asymptot-
ically unstable to small, long wavelength, axial disturbances with the magnitude of
the most rapidly amplified disturbance increasing monotonically with 3 for 8 < g*.
This implies that, when the surface tension is included, the symmetric profiles at the
larger value of 3 should be more stable to two-dimensional disturbances, but should
become more unstable to axial disturbances. When we performed experiments in a
long cylinder (i.e. aspect ratio L/R > 1) with a very viscous fluid (u = 4000cP),
we found the expected stable flows for 8 > 1.6, and also a variety of time depen-
dent flows in the range 0.7 < 8 < 1.6, which, however, seem to become stable for
B < 0.7 (see also ref[4]). These experimental observations are consistent with our
stability analysis. [Note that this instability requires a very long time to evolve
given that o < 1 and o®?Ca~! <« 1. Moreover, according to Fig 1.15, the magnitude
of the most rapidly amplified disturbance for 8 = 0.67 is only one fourth of that for

B = 1.23. Therefore, when 8 becomes even smaller (e.g. § = 0.13), this instability
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is unlikely to be observed throughout the duration of an experiment.|

According to ref[4], however, there exists another possibility which can accounts
for the instability when S falls in the range of 0.7 < 8 < 1.6, due to extremely small
deviations (< 0.1°) of the cylinder’s axis from the horizontal. We, therefore, turn
next to consider the rimming flow in a rotating cylinder with a small inclination of
O(6) which generates a gravity induced axial flow. Thus, the expression for w (cf

equation (1.79)), the axial component of the fluid velocity becomes,

5} 1
w = {aa—z sinf + (5} (nz — —2—z2> (1.95)
with the corresponding axial volumetric flow rate being given by

Jz/_:/onwdz: %/_Zn3g—2sin0d0+g/;n3d0 (1.96)

Steady state can only be achieved if J vanishes for all 0 < z < L where L denotes
the length of the cylinder.

Now, due to the inclination, the liquid fill fraction at every cross section, referred
to as Figear, Will no longer be uniform but will be increasing monotonically with z
and similarly for Bjocat = Flocat/ v, if the lower end of the cylinder is at = L.

Under these conditions, the first term on the right-hand side of equation (1.96)
is obviously zero everywhere where the film thickness profile is symmetric (Bpca <
B* = 1.414...), but, as found by numerical calculation, it is negative and decreas-
ing monotonically with z wherever Bt > * and dfjpear/dz > 0. On the other
hand, the second term is clearly always positive and, again as found by numerical
calculation, is increasing monotonically with z over the whole range 0 < Sjgeq; < 00
if dBjpear/dz > 0. Thus, if the minimum value of Sicar > 5%, the film thickness at
every cross section of the cylinder is asymmetric, and, therefore, the two terms on
the right-hand side of equation (1.96) being, respectively, (a) negative and decreas-

ing monotonically with z; and (b) positive and increasing monotonically with z,
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can balance each other thereby allowing the net volumetric flow rate J to vanish at
every cross section and a stable steady state to be achieved. But if the minimum
value of Bj,eq 18 less than f* = 1.414 ..., the film profile at the higher end will be
symmetric, and, therefore, the first term on the right-hand side of equation (1.96)
will be zero near x = 0, while the second term will be positive thereby insuring
that a net volumetric flow rate towards the lower end will always exist. Under this
situation, the flow will be always be time dependent and will never reach steady
state. But this type of unsteady flow is almost impossible to observe during an
experiment until a transition zone is created between the symmetric film profiles at
one end and the asymmetric film profiles at the other. The reason for this is that
there exists a distinction between these two type of film profiles, in that whereas
the asymmetric profiles vary sharply over a restricted range of 6 (referred to as a
“bump”), the symmetric profiles are everywhere homogeneous. It is obvious that
the time for the appearance of the transition zone will depend on the initial value of
B along the length of the cylinder. For example, if, initially, 8 is much less than §*,
the whole inclined cylinder will be coated initially by a homogeneous film rendering
it impossible to determine whether the flow in the cylinder is unsteady or not at
least until such time when the film profiles at the lower end become asymmetric (24
hours or more for 8 = 0.4); on the other hand, if the initial value of 3 is relatively
close to B* (e.g. 0.7 < B < 1.6), the transition zone will appear quite a bit sooner
following the start of the experiment, so that this type of unsteady flow could be
observed within a reasonable period of time (i.e. 8 hours for g = 1.0).

By using the arguments given above, we can also explain why the flow in the
rotating cylinder with a small inclination is steady as long as, everywhere, Bioca >
B* and is unsteady for 8 around and below S*. Specifically, for 8 < S*, since
the flow can never reach steady in the portion of the inclined cylinder where the

film profiles are symmetric, a net volumetric flow rate towards the lower end will
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always exist so that the transition zone (i.e. the region between the symmetric and
asymmetric film profiles) should always move towards the higher end, consistent
with the experimental observations (c¢f Fig 16 in ref[4]). However, according to
the experimental observations in ref[4], for 0.7 < § < 1.6, the axial motion of the
transition zone may be very complicated rather than being unidirectional as was
mentioned earlier. Specifically, when S is within such a range, the transition zone
was found to move back and forth along the cylinder with some periodicity, contrary
to the predictions of our arguments. [The relation between the periodicity and 8 was
investigated experimentally in detail in ref[4].] Clearly, a satisfactory explanation
for all the complex experimental phenomena referred to above must await the results

of further studies.
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2.1 Introduction

When an initially homogeneous suspension containing neutrally buoyant particles is
sheared in a partially filled horizontal Couette device [1] or in a partially filled hor-
izontal single cylinder [2], the particles are found to segregate into bands separated
by regions of low conentration or even pure liquid. Although numerous systematic
experiments in the partially filled horizontal single cylinder have been performed
by Tirumkudulu [12], the mechanism responsible for this segregation has remained
elusive up to now.

Here, we first repeated some of the experiments recorded in Tirumkudulu’s thesis
and confirmed his previous findings. Then, we performed a large variety of new
experiments in order to understand the whole process of particle segregation and

shall describe each of them in detail in the following section.

2.2 Experiments with single cylinder

2.2.1 Previous experimental work

Previous experiments by Tirumkudulu [12] were performed in a cylinder which was
supported horizontally by axial shafts, one coupled directly to a variable speed motor
(0 to 120 rpm), the other hollow, allowing the filling and emptying of the cylinder
(cf Fig 2.1). The liquid for the suspension consisted of a mixture of 77.4% Triton
X-100, 13.4% zinc chloride (ZnCly), and 9.2% water (with the percentages based on
mass) having a viscosity of 4000 cP (at 23°C ) and a density of 1.172 g/cm®. Acrylic
spherical particles of two different diameters, viz. 463 £+ 37.5 pym and 60 % 15 pym
were used and the density and refractive index (RI = 1.49) of the suspending liquid
were matched with those of the particles. In all the experiments, 5% to 15% of the
particles were colored red for visibility.

Seven dimensionless parameters were identified as influencing the observed phe-
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Figure 2.1: Sketch of the experimental setup

nomena, specifically: Re = Qph2/u, a = /Qu/pgR, F, Ca = QRu/o, L/R, hy, /24
and ¢, where Re is the Reynolds number, €2 is the angular velocity of the cylinder,
ho is the mean thickness of the film, p is the density of the suspension, u is the
effective viscosity of the suspension, o measures the ratio of the viscous to the
gravitational forces, R is the inner radius of the cylinder, g is the gravity constant,
F is the fill fraction of the suspension, Ca is the capillary number referring to the
relative importance of the viscous to the surface tension forces, o is the surface
tension, L is the length of the cylinder, 1,, = h,,/aR is the minimum dimensionless
thickness with h,, being the minimum film thickness, a = a/aR is the dimensionless
particle radius with & being the dimensional particle radius, and ¢ is the particle
concentration. The effective viscosity of the suspension, p, was calculated by means

of a standard correlation [13]:

2
p= (1—!— 1_9_) , ¢m = 0.58 (2.1)
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where py is the pure fluid viscosity, and ¢, is the solid volume fraction beyond
which the suspension can no longer flow. Note that the value of § = F/a can be
computed for the experiments since the volume of the suspension, the geometry of
the cylinder, the properties of the liquid and the operating conditions needed for
obtaining the fill fraction F' and « are all known.

Since the Reynolds number was always less than 1072 in all the experiments,
inertial effects were assumed negligible. The capillary number Ca ranged from 0.05
to 7.3 and o from 0.03 to 0.26. The suspension concentration ¢ was varied from 1%
to 15% and the fill fraction F' from 0.15 to 0.75. The experiments were performed
in cylinders having the following inner radii and aspect ratios (L/R): 5 cm (6.0),
1.27 cm (6.0, 22.4) and 0.635 cm (6.0, 45.6). The main conclusions to be drawn

from these earlier experiments [12] are as follows:

o [t appears that particle segregation will occur only when a region of recirculating

flow is present at the bottom of the cylinder.
e The degree of particle segregation depends primarily on «, F and hy,/24.

— For F < 0.4, clear segregation was achieved for 1.6 < 8 < 2.3 and

hm /2 < 15.

— For F = 0.15 and 0.7 < 8 < 1.6, particles segregated only within a
portion of the cylinder while the rest of the cylinder was coated with a

homogeneous suspension.

— For large values of hy/2a(~ 25), a significant number of particles re-

mained in the low concentration region even for § < 2.0.
o Increasing the total particle concentration (¢) led to shorter segregation times.

e The dimensionless wavelength (I/R) of the pattern, with | being the average

center to center distance between the neighboring high concentration bands,
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was found to decrease with an increase in the capillary number (Ca).

e The aspect ratio (L/R) was found to have a significant effect on the wavelength

for cylinders of small aspect ratio (relative to the dimensionless wavelengths).
o A secondary flow exists between the high and the low concentration regions.

e Film thickness measurements showed that the local fill fraction in the high
concentration region was considerably higher than that in the low concentration

TEGLON.
2.2.2 Repeating the previous experiments

We repeated some of the previous experiments and observed results similar to those
recorded in the thesis of Tirumkudulu [12]. Specifically, in some of these experi-
ments, complete segregation was reached in the sense that no particles were present
in the low concentration region, but, in some, the segregation was incomplete in that
a significant number of particles remained in the low concentration region even after
the experiments were run for 24 hours or more. These two types of segregation are
shown in Fig 2.2. It appears that there exists a critical value of 8 which demarcates
the regions of complete and incomplete degree of particle segregation. In general,
the particle segregation became incomplete as 8 increased beyond this critical value.

As noted by Tirumkudulu[12], the high concentration bands can move along
the axis of the cylinder due to small misalignments of the cylinder axis about the
horizontal. As a result, it is difficult to make a rigorous quantitative comparison
between different experiments, especially as concerns the wavelength. However,
we have confirmed the previous experimental observation that, the dimensionless
wavelength, [/ R, was found to be an increasing function of the dimensionless surface
tension parameter v(= o/pgR?). Note that, v is actually an inverse Bond number

(cf equation (1.18)). Since v is independent of the operational parameter Q, it is
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Figure 2.2: Two different kinds of particle segregation along the cylinder (L = 30
cm, R = 1.27 cm): (a) complete segregation (F = 0.4, § = 1.8 and ¢ = 5%), and
(b) incomplete segregation (F' = 0.5, § = 3.2 and ¢ = 10%).

more convenient for us to analyze the dependence of the dimensionless wavelength

on v instead of on Ca. The relation between these two dimensionless parameters is

o a?

IH

8

When the experiments were performed in cylinders having inner radii: 5 cm, 1.27 cm
and 0.635 cm, and on using a value for the surface tension 0 = 0.032 N/m at
T = 23°C, the corresponding dimensionless surface tension parameter v was found
to equal 0.0011, 0.017 and 0.069 respectively for the same mixed suspensions of
spherical acrylic particles dispersed in the density-matched liquid (Triton Mixture).
As seen in Fig 2.3, the dimensionless wavelength (I/R) of the pattern obviously
increases with a decrease in the radius of the cylinder R, or conversely, with an

increase in the dimensionless parameter ~.
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Figure 2.3: A set of photographs showing that the dimensionless wavelength of
the band pattern which increases with a decrease in the radius of the cylinder for
F =018, =0.18and ¢ =1%. (a) R="5cm, (b) R = 1.27 cm, (c)R = 0.635 cm

2.2.3 High fill fraction and high concentration experiments

We also performed some experiments with a high fill fraction (F' = 0.5 or 0.75) and
a high concentration (¢ = 10%) using the longer cylinder (L = 30 cm) with the
intermediate inner radius (R = 1.27 ¢cm). During those experiments, we observed

some new phenomena as follows:

e When the cylinder, containing a high fill fraction (F' = 0.75), was rotated very
slowly (around 1 rpm) so that the value of 8 was very large (8 ~ 10) in the sense
that a huge recirculating flow was present at the bottom of the cylinder, no obvious
bands could be discerned along the cylinder even after the experiment was run for

a whole day, as shown in Fig 2.4(A)&(B).

e By increasing the rotation speed €2 by an order of magnitude (around 10 rpm),
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Figure 2.4: A set of photographs showing the absence of particle segregation in
the high fill fraction, low rotation speed experiments (L = 30 c¢cm, R = 1.27
cm). (A)—(B) No obvious band is discerned along the cylinder even after one
day (FF = 0.75, 8 = 9.7 and ¢ = 10%). (a)—(b) During the experiment, the ini-
tially continuous air gap at the top of the cylinder is split by the suspension, and
the location where the local fill fraction equals unity has changed with time along
the length of the cylinder (F = 0.75, 8 = 5.9 and ¢ = 10%).

the flow became unsteady in the sense that the initially continuous air gap at the
tbp of the cylinder was divided by the suspension into several unstable bubbles,
which could either merge together to form larger ones or be split again into smaller
bubbles. Such an instability along the whole cylinder is shown only partially in
Fig 2.4(a)&(b). In fact, a similar behavior were also observed by Benjamin and
Pathak [14] in the case of a pure fluid where, beyond a critical rotation speed, the
initial air space near the top of the cylinder was found to break suddenly into two

Or more parts.

e By increasing the rotation speed €2 even further (around 25 rpm), the air bubbles
separated by the suspension became steady and the particles segregated near the
two ends of each air bubble, as shown in Fig 2.5, thereby reducing the particle

concentration within the central portion of the liquid column (where the local fill
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Figure 2.5: A set of photographs showing the segregation phenomenon in the high
fill fraction experiment (F' = 0.50, § = 1.30, ¢ = 10%, L = 30 cm, R = 1.27 cm).
(a) The initial continuous air space at the top of the cylinder is divided into three
air bubbles by the suspension. (b) The particles segregate near both ends of each
air bubble. (c¢) Some particles stay in the uniform thin film surrounding the center
portion of each bubble.

fraction is unity) below its initial value (cf Fig 2.5(b)). Also, only a few particles

remained within the thin film (which is homogeneous owing to the small value of

the local 3) surrounding the central portion of each air bubble (cf Fig 2.5(c)).

2.2.4 Bidisperse suspension experiments

We constructed the bidisperse suspension by dispersing two different particle sizes
in the Triton-100 mixture. Here, the concentration of the larger particles (2a =
463 £+ 37.5 pm) was the same as that of the smaller ones (2a = 60 £ 15 pm ),
viz. ¢y = ¢y = 1%. By performing experiments with this suspension in a cylinder
(L = 30 cm and R = 1.27 cm), we observed some fine structures for F' = 0.2

which were very sensitive to the value g, as shown in Fig 2.6. Specifically, when
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B = 1.74, several groups of bands formed along the cylinder, each of which was
comprised of three bands with the one in the center containing both larger and
smaller particles, while the other two, of equal width on each side, only contained
smaller particles. No particles were present in the regions between any two adjacent
band groups as well as between the three bands in each group (cf Fig 2.6(B) for
the magnification of one of the band groups, but the individual small particles (60

pm) are still too small to be discerned clearly). In contrast, when § = 1.86, all the

Figure 2.6: A set of photographs showing the fine structure of the bands in a
bidisperse suspension: (A)&(B) F' = 0.2, 8 = 1.74 and ¢, = ¢, = 1%; (a)&(b)
F =02, 8=1.86 and ¢, = ¢; = 1%.

bands contained both larger and smaller particles. But, even though all the larger
particles had segregated completely, a number of smaller particles were still left in
the recirculating flow region close to the bands (c¢f Fig 2.6(b) for the magnification
of one of the bands). In both the experiments described above, the time required

for the segregation of the smaller particles was similar to that of the larger ones.
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2.2.5 Experiments with § < A7

As we know, from the analysis presented earlier pertaining to the rimming flow of
a particle-free liquid (cf chapter 1), no recirculating flow is expected to be present

at the bottom of the cylinder when § < % ~ 1.6. Ideally, we would have liked

Figure 2.7: A set of photographs showing the lack of particle segregation along the
cylinder (F = 0.20, 8 = 0.23, ¢ = 5%, L = 28.5 cm and R = 1.27 cm). (a) No
bands can be discerned along the cylinder, even when (b) a piece of ice had been
placed on the outer wall of the cylinder midway along its length.

to have studied a larger class of profiles without a puddle, i.e. for 8 < g%, but,
unfortunately, for values of § between 8+ and 0.7, the flow, even for a particle-free
liquid, becomes irregular, time dependent and very susceptible to minute misalign-
ments of the cylinder axis from the horizontal[4]. Moreover, in chapterl, we showed
that such a homogeneous liquid film is unstable to axial disturbances due to sur-

face tension effects (Rayleigh-Taylor instability). Hence, within that range of 3, we
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could not perform meaningful experiments over the long periods of time required to
test for the possible creation of particle segregation, even going to extreme efforts in
aligning the cylinder. [Note that the time dependent flows referred to above evolve
over long periods[4] and may, in the short run, appear to be steady[15].] Thus, in
order to avoid those complex flows, the experiments had to be performed with (3
kept below 0.7. [Even though there also exists the Rayleigh-Taylor instability for
B < 0.7, this instability, as discussed in chapterl, requires such long time to evolve
that it is unlikely to be discerned throughout the duration of the experiment.] Using
a single cylinder (L = 30 cm and R = 1.27 cm) with the suspension containing the
larger particles (24 = 463 pm), it was found that no bands formed along the cylinder
even if a piece of ice was placed on the outer wall of the cylinder (cf Fig 2.7). This
result was quite surprising when compared to that obtained previously for 8 > 8+,
in which the first band formed very quickly at that portion of the cylinder that had
been cooled by placing a piece of ice[12]. We also repeated these experiments with
the bidisperse suspension referred to above and found that, again, no particle bands

appeared along the cylinder either with or without the presence of the ice.

2.2.6 Experiments with 8 > % in which larger particles
were introduced into the suspension

It is difficult to predict the location of a band along the cylinder unless one introduces
a disturbance, e.g. as was said earlier, by placing a piece of ice at some spot.
Similarly, we found that the band formed at the same location where a larger particle
(3 mm in diameter and having a density twice that of the liquid) was introduced in
advance into the suspension consisting of 430 um particles. [Note that the larger
particle kept on staying out of the puddle and circulating without being affected by
the segregation.] This whole process as recorded from the bottom of the cylinder is

illustrated in Fig 2.8. We then repeated this experiment but with five larger particles
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Figure 2.8: A set of photographs taken from the bottom of the cylinder show particle
segregation induced by the presence of a larger particle which is darkened on the
print. (F' =0.40, =18, ¢ = 5%, L = 28.5 cm and R = 1.27 cm)

spread separately along the cylinder, and found that five bands now formed at the
locations containing the larger particles. When we introduced twenty one such large
particles into the suspension, these were not initially distributed uniformly along
the cylinder, hence, some of them were close enough to one another that it was
possible for one of the bands to contain one or more of the large particles. Again,
the bands formed at the location occupied the large particles. Although the band
containing several large particles formed faster than that with fewer, the band width
was approximately the same in both cases. Also, when we replaced the large particle
by a particle cluster in the suspension, we observed similar results, in which the band

formed at the same spot where a particle cluster was initially introduced.
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2.2.7 Single particle experiments with g > g*

In order to further investigate the process of particle trapping and segregation, we
performed a few single particle experiments in which one particle was introduced
into a pure liquid with an imposed axial viscosity variation.

On way of achieving the flow field for this kind of experiment was to cool one
portion of the fluid in the rotating cylinder by placing a piece of ice on the outer
wall. Here, the experiment was performed in the cylinder of radius 1.27 cm and
length 30 cm, with initial values of F' and § equal to 0.2 and 1.92 respectively.
After the rimming flow had reached a steady state, we introduced a single particle
(24 = 463um) in the circumferential flow region close to the center of the cool
region, and found that, although, this particle remained in the circumferential flow,
it moved towards the center of the cool region where it remained (cf Fig 2.9).

Since the effective viscosity of the suspension is an increasing function of the
particle concentration, we also can vary the liquid viscosity by adding particles only
in one portion of the liquid in the rotating cylinder. Here, choosing the same cylinder
as in the previous case, we put enough particles (24 = 463 pm) into one portion
of the liquid to create a region of locally higher viscosity than in the surrounding
particle-free liquid. After the flow had reached a steady state, we introduced one
particle (24 = 463 pm) in the recirculating flow close to the high concentration
region. After some time, this particle moved away from the high concentration
region (high viscosity region) toward the low concentration region (cf Fig 2.10).

These two experiments reveal that, in the presence of an axial variation of vis-
cosity, two opposite axial flows coexist as long as a puddle appears at the bottom of
the cylinder. Specifically, the fluid in the puddle moves on average towards the lower
viscosity region while, that the fluid in the circumferential flow, moves on average

towards the higher viscosity region.
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The circumferential flow region
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The recirculating flow region

The circumferential flow region
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Figure 2.9: A set of photographs showing the axial motion of a single particle
in the film with an imposed axial viscosity variation: (a)—(b) A single particle
in the circumferential flow region has moved to the cooler region.(Fi,ia = 0.2,
ﬁinitial = 192, L=30cm and R = 1.27 cm)
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The circumferential flow region
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A single particle

The recirculating flow region

The circumferential flow region
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A single particle

The recirculating flow region

Figure 2.10: A set of photographs showing the axial motion of a single particle
in the film with an imposed axial viscosity variation: (a)—(b) A single particle in
the recirculating flow region has moved away from the high concentration region.
(Finitial = 02, IBinitial = 18, L=30cmand R=1.27 cm)
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2.2.8 Experimental observations of the suspension flow in
the recirculating region

Since the recirculating flow is near the bottom of the cylinder, it could be fully
observed only if the camera was placed under the cylinder. Here, the radius and
length of the cylinder which was used were respectively 1.27 cm and 28.5 cm, and
the diameter of the particles in the suspension was 463 um. First, we focused on
the recirculating flow in the band and found that, for smaller initial values of 3 (e.g.
B < 2.0), no obvious recirculating flow was present at the center of the band even
though a recirculating flow existed in the low concentration region (cf Fig 2.11);
but, for larger initial values of 8 (e.g. f > 3.0), a recirculating flow was present
along the whole cylinder but its size was smaller in the band than outside of it (cf
Fig 2.12). It was quite surprising to observe that the particle in the recirculating

flow region (puddle) moved away from the particle band (cf Fig 2.12).

Figure 2.11: A photograph taken from the bottom of the cylinder showing the
absence of a recirculating flow region at the center of the particle band.
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Figure 2.12: A set of photographs taken from the bottom of the cylinder showing
the axial motion of particles in the recirculating flow region (puddle): (a) — (b) the
particles in the puddle have moved away from the band to the low concentration
region.

2.2.9 Low fill fraction and low concentration experiments

Here, we focus on the experiments which were performed with very low particle
volume fractions (¢ = 1%) and low fill fractions (F' = 0.18 ~ 0.2) to observe the
whole band formation process where, in order to observe every particle within the
suspension, all of them were colored red.

The experiments were performed in a 30 cm long circular Plexiglas cylinder with
end plates and inner radius 1.27cm. To monitor qualitatively the cross-sectional
particle concentration distribution, one camera was placed at the top of the center

of the cylinder, while the other one was placed in front of the cylinder to record the
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variation of the axial particle concentration distribution (c¢f Fig 2.1).

First, we performed experiments with a suspension which was initially uniform
everywhere and for values of § in the range 1t < § < 2.1, which implies that
there is a small recirculating flow near the bottom of the cylinder. We found that
within a relatively short period of time (within 3 hours at a rotating speed of 3
RPM) following the start of the experiments, all the particles initially present in the
recirculating flow region (puddle) had moved into the circumferential flow region (cf
Fig 2.13). At that time, no bands had appeared along the cylinder as yet, that is,
the concentration along the cylinder appeared to be uniform except for the absence
of particles within the recirculating flow region. After about 10 hours, some bands
began to appear at the center of the cylinder. Usually, it took at least 24 hours to
reach the final stage, i.e. complete segregation, in which the bands were separated
by regions of essentially particle-free liquid.

These experiments were also repeated but with 5 > 2.1 for which a large region
of recirculating flow was present at the bottom of the cylinder. We found that, even
though during the process of band formation, the particle concentration within the
recirculating flow region was observed to have decreased from the its initial value,
a number of particles always remained there. After one day or more, several bands
formed along the cylinder but a significant number of particles still remained in the
low concentration regions, this being referred to as an incomplete segregation.

These two processes are sketched in Figs 2.13-2.14. These experimental results
reveal that the whole process of particle segregation occurs in two stages. Specif-
ically, at first, particles in the recirculating flow region move into the circumfer-
ential flow region within a relatively short period of time. As a result of this

radial particle segregation in the early stages of the experiment, the particle

concentration in the circumferential flow region becomes higher than that in the

recirculating region. Then, particles in the circumferential flow region move axially
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B<p<f

Initial stage

Uniform suspension everywhere

Middle stage

Complete radial segregation

Final stage

Complete axial segregation

Figure 2.13: Sketch of the process of band formation when gt < 8 < ¢

to the local higher concentration region to form bands, a process to be referred to

as axial particle segregation. The time required for the first stage is an order of

magnitude shorter than that for the second. (Note that for large 3, the two stages
overlap during the band formation.)

Using the top camera, we can observe this whole process of particle migration
from the recirculating flow region into the circumferential flow region. We find that
when a particle in the recirculating region moves near the stagnation point close to

# = 0, its velocity is, of course, close to zero. But when some rapidly moving particles
in the circumferential flow region move past this stagnation point, they entrain this
essentially stationary particle which then crosses the dividing streamline into the

circumferential flow region. In contrast, when our experiments were performed
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p>p

Initial stage

Uniform suspension everywhere

Middle stage

Incomplete radial segregation

Final stage

Incomplete axial segregation

Figure 2.14: Sketch of the process of band formation when g > 3¢

using a single particle which was placed within the recirculating region, we found
that this particle remained there forever. We can conclude therefore that the particle
migration from the recirculating region to the circumferential flow region results from
the interaction between the particles in the recirculation region and the particles in
the circumferential flow region. Since the inter-particle interaction depends on the
particle size and the distance between the particles, the degree of radial particle
segregation and the time required to achieve radial segregation depends on these
two factors. Thus, when we fix the fill fraction F' and decrease « by slowing down
the rotating speed (2) of the cylinder, 5 will increase, which implies that the size
of the recirculating region as well as the average distance between the particles in

the recirculating region and those in the circumferential flow both become larger.
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As a result, the strength of the interaction between the particles in the recirculating
flow region and those in the circumferential flow region decreases monotonically as
B — oo with fixed F. Hence, it is likely that, for a given suspension, there is a
critical value of 8, to be referred to as 8¢, which can be used to mark the boundary
between complete and partial radial particle segregation. The experimental results
reported here show that 3¢ = 2.1 for the suspension with the 463 pm particles. In
addition, when the size of the particles in the suspension decreases, this type of
inter-particle interaction also becomes weaker so that one should ex.pect that, for a
fixed particle volume fraction, 8¢ should fall below 2.1 if smaller particles were used
(i.e. 24 = 60um instead of 24 = 463um) in the sense that, a number of particles
would be expected to remain in the recirculating region even when # < 2.1 if the
particles in suspension we made smaller than 2d = 463um. Another possibility for
the smaller particle case is that smaller particles leave the puddle just as the larger
ones do but more slowly so that it takes almost forever for them to reach complete
axial segregation.

It is interesting to note that, from our experiments, this value of (¢ is also
essentially equal to the critical value of 8 which demarcates the boundary between

the complete and incomplete axial particle segregation[12)].

2.3 Conclusions

We first confirmed the previous experimental work by Tirumkudulu [12] by repeating
a number of the experiments recorded in his thesis and then performed a number of

new experiments which allow us to arrive at the following conclusions:

e Particle bands do not form along the cylinder in the presence of a huge recir-
culating region (e.g. 5 ~ 10) as well as in the absence of a recirculating flow

at the bottom of the cylinder (8 < ). In the latter case, there is no particle
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segregation even when an axial variation of viscosity is introduced along the

cylinder.

e When they do form, the bands are located in the region where the effective

viscosity of the suspension has a local maximum.

¢ In a bidisperse suspension, particles can segregate into several groups of bands,
each of which consists of three sub-bands. The larger particles only appear at
the center sub-band but the time required for the segregation of both kinds of

particles is similar.

e In the presence of an axial variation of viscosity, a particle in the recirculating
flow region moves towards the low viscosity region, whereas a particle in the

circumferential flow moves toward the high viscosity region.

e When starting with a suspension having uniform particle concentration, the
particles in the recirculating flow migrated into the circumferential low region
at the start of the experiments (i.e. radial particle segregation), and that the
time required for this process was an order of magnitude shorter than that

required for the band formation (i.e. axial particle segregation).

e There exists a critical value of 8, to be referred to as 8¢, which can be used to
mark the boundary between complete and incomplete radial as well as axial

particle segregation.
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3.1 Introduction

Recently, a new phenomenon was discovered which, until now, remained unex-
plained, in which an initially uniform suspension of neutrally buoyant particles
within a partially filled rotating cylinder is found to segregate into bands of par-
ticles separated by regions of essentially particle-free liquid [2]. In order to arrive
at an explanation, we first construct a simple model on the basis of the modified
lubrication equation for describing the free surface profiles of the three-dimensional
flows generated by an imposed axial variation of the fluid viscosity, and show that
the free surface profiles thereby obtained agree with those determined by solving
numerically the three-dimensional Stokes equations with the FIDAP software (Flu-
ent. Inc). Since particle concentration fluctuations always exist along the rotating
cylinder, which, in turn, lead to axial fluctuations in the effective viscosity of the
suspension, this simple model could be applied to represent the effect of axial dis-
turbances to the suspension flow in the rotating cylinder. Moreover, on the basis of
this model, we calculate the axial volumetric flow rate of a suspension in the dilute
limit, in which the flow field is not influenced by the presence of the particles. We
show that, in the absence of a recirculating flow near the bottom of the cylinder,
the net axial volumetric flow rate of particles always vanishes even in the presence
of a viscosity variation along the cylinder. On the other hand, in the presence of
such a recirculating flow, we find that, although the net axial volumetric flow rate
of the particles similarly again vanishes if the concentration of the suspension at
every cross section is kept uniform, there does exist a net axial volumetric flow rate
of particles in the direction of increasing viscosity if the concentration in the cir-
cumferential thin film flow is higher than that in the region of recirculating flow,
i.e. within the “puddle” (cf Fig 3.1 to view these two flow regions). On the basis of

these calculations and the experiment finding about the radial particle segregation
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described in chapter 2, we shall then provide an explanation for the segregation phe-
nomenon referred to above. Moreover, we shall carry out a linear stability analysis
for dilute suspensions having radial segregation and show that such a particle distri-
bution is unstable to axial perturbations with the surface tension being responsible
for the selection of the wavelength of the most rapidly amplified disturbance. The

calculated and measured spacings between the bands are in good agreement.

Stagnation point [

The recirculating flow region Stagnation point II

Figure 3.1: Sketch of the two flow regions at a cross section of the rotating cylinder.

3.2 A model of the three-dimensional rimming
flow with an axially varying viscosity

In a two-dimensional rimming flow, the modified lubrication equation can be used
to characterize accurately the film profiles over a broad range of o, 0 < a =
m < oo, even when the fill fraction F is as large as 36% (cf chapter 1).
Recall that this modified lubrication equation is

3
g=n-— %{(1—a17) cos @ — an' sin 0} (3.1)
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where 6 is the angular coordinate, 7 is a dimensionless film thickness and g, which
must be obtained as part of the solution, refers to the dimensionless volumetric flow
rate per unit axial distance. In addition, 1 is required to be periodic in 27 and to

satisfy
1 ¢~ 1o
B=Fla= ;/ (1 - 5’7) ndé (3.2)

-
Suppose now that the viscosity p varies with the axial coordinate « and therefore

the film thickness 1 also varies with x. Letting

Qpim
=, [ 3.3
=\ Rep (3.3)

where p,, is the minimum viscosity, we obtain (cf chapter 1), the corresponding

momentum equation along the 8 direction

_0*v o on .
ME—COSQ—Fl-az {(z—n)cos@—b—ésmﬁ} (3.4)
or
_0*v an .
(1- az)uég =(1—an)cosd — azy sin 6

where i = p/py, is the dimensionless viscosity, v = ¢/QR is the dimensionless
angular component of the velocity, 2 = (R — r)/aR is the dimensionless distance
from the rotating cylindrical boundary with 7 being the radial coordinate. As in the
two-dimensional case (cf equation (1.9) in chapter 1), this equation is also subject
to two boundary conditions, specifically, the no-slip condition at the rotating solid
wall requiring v = 1 at z = 0 and the zero shear stress condition on the free surface
implying 0v/0z = 0 at z = n. Hence, provided that az < 1, the solution to this

equation is

1 2
v=1-2 <77z— %—) {(1—an)cos€—a%sin9} (3.5)
so that the relationship between the flow rate ¢ and the film thickness 1 becomes
3
qg/onvdz:n~g—ﬂ{(l—an)cosﬁ—a%siHQ} (3.6)
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subject to

_ 1 L2
p=Fla=_— [

o L2

i 7; ndodz — —2 /_ 7; d0dz (3.7)

L/2 2rL J-L)2

where L is the length of the cylinder. We can also define the value of 3 at every

cross section of the cylinder as

1 gm a [T
ﬁlocal(x) = Eocal/a = - ndg - a /—7r 772d9 (38)

wJ—7 2

where Fj,.q is the fill fraction at every cross section of the cylinder, so that 3, the

average value of [y () over the cylinder, becomes

1 L/2
B=Fla= I /_L/2 Biocat(x)dz

According to the lubrication analysis in this three-dimensional flow[4], the lead-
ing order term of the dimensionless pressure without considering the surface tension
effects is

p = a(z —n)sinf (3.9)

the form of which is the exactly same as that for the two-dimensional case (cf equa-
tion (1.8) in chapter 1). Therefore, we obtain the momentum equation along the
axial direction,

_0*w _ dp on

e =5, = 9%, sind (3.10)

where z = Z/R is the dimensionless distance in the axial direction with £ being

the corresponding dimensional distance. This equation is subject to two boundary

conditions:
ow

w=0 at z=0, and — =0 at z=17n
0z

Therefore, the dimensionless axial velocity becomes

_aong 1 2) -
w= 500 (nz 5% sin 0 (3.11)
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and hence, on applying the volumetric conservation equation, we find that [4]:

on 9q a@(nar]

—emz+ 5+ 35 \ 7 an

) sinf = 0 (3.12)

When the flow reaches steady state, the time-dependent term in equation (3.12)
vanishes. Then, by integrating the remaining terms of that equation with respect

to 8, from —7 to 7, we obtain

dq ad 1o [ , . B
/ odh + o {ﬁ%/_"nsmﬂdO}—O (3.13)

But since the flow rate ¢ is periodic in the angular coordinate, the above equation
reduces to
ald

127dz ) n*sin #df = constant independent of x (3.14)

Actually, the left-hand side of equation (3.14) denotes the axial fluid volumetric

flow rate, viz.

ald

T 7 ™
— e 4
J—/_ﬂdH/O wdz = 12ﬂdx/—ﬂn sin 6d9 (3.15)

which must vanish at steady state. Therefore,
/ " n*sinfdf = A which is a constant (independent of x). (3.16)

As we shall show presently, the condition given above in equation (3.16) allows
us to complete the solution of (3.6) subject to (3.7) and to determine Fj,.q(x) or,
alternatively, Biocai()-

Next, let us suppose, for the sake of simplicity, that the third term on the left-
hand side of equation (3.12) is an order of magnitude smaller than the second term,
e.g. that either [ varies on a length scale much larger than R or that the value
of «/12 is small. In this case we have, again from equation (3.12), that, at steady
state, gs =~ 0, i.e. ¢ is, to a first approximation, independent of §. We therefore
let (0) = 1, solve equation (3.6) for a given ¢ and calculate the constant A in

equation (3.16). Then, for a different value of = (corresponding to a different value
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of fi(z)), we solve equation (3.6) subject to (3.16) (for the same value of A). After
obtaining 7(6, z) and, by means of equation (3.8), the profile of Sjcai(z) or that of
Flocar, We use equation (3.7) to determine the relation between A and the a priori
specified value of F or 8.
The general numerical procedure outlined above is straightforward and allows us
to obtain the steady three-dimensional free surface shape if the film profiles 7(@, x)
are everywhere asymmetric about 6 = 0 so that A is everywhere non-zero. However,
the technique fails for symmetric profiles given that the integral in equation (3.16)
vanishes identically for any value of [y, provided, of course, that this value of Biocq
is consistent with the existence of a symmetric profile. But, under this condition,
first, we integrate equation (3.12) with respect to 8 from —m to ,
/_2(1—an)g—zde+/j; g%d0+%/_7;% (%—j—%) $in 69 = 0 (3.17)
Since the flow rate ¢ is periodic in 27 and 7 is symmetric about § = 0, the second

and third terms in equation (3.17) are equal zero. Therefore,

g [ 1
= /_7r (1 . §an) ndf = 0 (3.18)

and in view of equation (3.8),

12 i ( 1 > . aﬁlocal

which implies that Bjocq, as well as the local fill fraction Fj,eq, remain at their initial,
and presumable known values even in the presence of the three-dimensional steady
flow which is created by the imposed axial variation of the viscosity. Therefore,
we can solve equation (3.6) subject to (3.8) for any value of z and then obtain the
steady-state symmetric profiles n(0, ).

In order to check the reliability of the model described above, we also solved the

full three-dimensional Stokes equation using the FIDAP software (Fluent, Inc.) for
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Figure 3.2: The film profiles at different locations (z = 0.1 and z = 0.9) along
the cylinder. Comparison between the numerical solutions of the three-dimensional
Stokes equations with v = 1072 and those of the modified lubrication model with
v = 0 for the case of an axially varying viscosity of the form fa(z) = 1 + 0.5z,
0 < z < 1: symmetric profiles for an axial uniform fill fraction F' = 0.1 and a = 0.1.
both symmetric and asymmetric film profiles. A comparison of the dimensionless
steady-state film profiles at different values of z with fi(x) = 1+ 0.5z obtained from
the solution to the Stokes equations and from the model is plotted in Fig 3.2 for
an initially symmetric and axially uniform film with § = 1, F = 0.1 (a = 0.1),
v = 1072, and, in Fig 3.3, for an initially asymmetric and axially uniform film with
B = 1.9, and average fill fraction F = 0.19 (a = 0.1), v = 1072, Clearly, the
agreement is satisfactory in both cases even though the surface tension effects are
neglected in the model equation (3.6).

According to this model, it is not possible for rimming flows with an axially

varying viscosity to reach a steady state unless the film profiles are everywhere ei-
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Figure 3.3: The film profiles at different locations (x = 0.1 and =z = 0.9) along
the cylinder. Comparison between the numerical solutions of the three-dimensional
Stokes equations with v = 1072 and those of the modified lubrication model with
v = 0 for the case of an axially varying viscosity of the form f(z) = 1 + 0.5z,
0 < z < 1: asymmetric profiles for an average fill fraction F' = 0.19 and o = 0.1.
ther symmetric or asymmetric for, otherwise, the integral in equation (3.16) cannot
remain independent of x. It is worth noting, however, that, although for the sym-
metric profiles, Bioca () as well as Fjoeq () remain at their initial values, the steady
free surface shapes will differ from those given initially. This is shown in Fig 3.2
where the steady symmetric film profiles are no longer axially uniform, as was the
case initially, thereby implying the existence of an axial flow generated by the axially
varying viscosity.

In summary then, based on the modified lubrication analysis, we have proposed

a model describing rimming flows with an axially varying viscosity and have shown

that the solutions of the resulting model equations capture the essential features
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of the three-dimensional film profiles in both the symmetric and asymmetric cases,
and also, that these profiles are in close agreement with those computed by solving

numerically the full three-dimensional Stokes equations.

3.3 The axial particle volumetric flow rate in a
film with a prescribed axial viscosity variation

As was already shown in chapter 1, in the two-dimensional rimming flow there exists
a critical value of S, referred to as 81 = 1.6 + O(«), which is a weak function of «
that can be used to determine whether or not there is a recirculating flow near the
bottom of cylinder. Thus, when 8 > 8%, the two-dimensional rimming flow can be
divided into two flow regions, viz. the recirculating flow region (n* < z < 7) and
the circumferential flow region (0 < z < n*) as shown in Fig 3.4. Similarly, there
also exists a corresponding critical value 87 in the three-dimensional flow described
above which can be obtained as follows:

We first note that the value of 87 ~ 1.6 for the constant viscosity case can
be obtained from the standard lubrication theory, i.e. equations (1.5) and (1.7) in
chapter 1, which also follow from equations (3.6) and (3.8) given above by setting
a = 0 and = 1. This implies that, for i # 1, we could set & = 0 in equation (3.6)
and (3.8), let ¢ = §\/li, n = 7\/Ji, B = B+/F and thereby eliminate & giving that, in
general, f1 ~ 1.64/f. We therefore conclude that a recirculating flow will be present
near the bottom of the cylinder if Bjocq; > 1.64/f. (Actually, equations (3.6) and (3.8)
can be transformed into the same form as the modified lubrication equations (3.1)
and (3.2) by letting & = «a,/fi and similarly for the other variables as indicated
above.)

Thus, when Bioeq; > 1.64/[1, we can divide the axial volumetric flow rate, J, into
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Figure 3.4: Sketch of the dimensionless particle size, the dimensionless film thickness
profile n and the corresponding profile for n* which refers to the lower boundary of
the recirculating flow region.

two parts: the flow rate in the circumferential region, J¢,

T a (™ (1 1 on .
¢ = dodz =< [ {22 - - *3}— 6 .
J ~/—7r/0 wdfdz 7 {277(77 ) 6(17 ) 5y S0 dé (3.20)
and that in the recirculating region, J',
T a [T (1 1 on .
r = dod —_—J——/ {_ 2 _ *3}— 0do 21
7= [ [ wdtde =g =2 [ {onln) - g0} g simeds (3:21)

But since J = 0 at steady state, we have that J” = —J¢. In order to calculate J°,
we have to know the film profiles (6, z) and the lower boundary of the recirculating
flow region 1* (6, x). We first can obtain the free surface profiles n(f, z) by following

the procedure described after equation (3.16) at section 3.2 of the present chapter.
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Next, we combine equations (3.5) and (3.6) to yield,
2
v=1- (nz - %) i(ﬂ;)_gi) (3.22)
and make use of the definition,
g= /0" vdz = /0"* vdz = 1* — {%n(n*)Q _ é(n*)S} i("—n}i) (3.23)
which can be solved for n* given that (6, z) and g are already known. As mentioned
earlier, ¢, to first approximation, is independent of § provided that the axial flow is
quite weak, that is, the original three-dimensional rimming flow can been treated as
a quasi-two-dimensional flow. Under this situation, * in equation (3.23) can still be
referred to as the lower boundary of the recirculating flow region. Note that n and
n* differ only within that range of § where a puddle exists (cf Fig 3.4). Therefore,
we can use equations (3.20) to calculate J¢, the axial volumetric flow rate in the
circumferential flow region, as well as that in the recirculating region J™ = —J°.
By numerical calculation, we find that, within the range of monotonically in-
creasing fi(x), J¢ is positive at steady state and therefore, J" is equal but opposite
in sign, which means that the fluid in the recirculating region and that in the cir-
cumferential flow region move, respectively, towards the lower and higher viscosity
region with the same axial volumetric flow rate. The film profiles and the integrand
on the right-hand side of equation (3.20) are plotted vs. # in Fig 3.5, for 8 = 2.10
and « = 0.1 and for a particular function fi(z), where we see that both S and
Focqr increase monotonically with x, but that the recirculating flow region becomes
smaller implying that the effective 8 (= Biocat/+/1t) decreases monotonically with
z. Such a reduction in the size of the “puddle” along the direction of increasing
viscosity can also be clearly discerned from the velocity profiles as obtained from
the FIDAP software (Fluent Inc.) which we used to solve the three-dimensional

Stokes equations (cf Fig 3.6). [Unfortunately, the FIDAP software (Fluent Inc.)
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is not set up to give us directly the lower boundary of the puddle because, what
this software does, is to generate the three-dimensional flow field from which it is
not possible to extract with any confidence its two-dimensional projection along the

plane perpendicular to the cylinder axis.]

30 Free surface profiles
Y, —0=0.1, x=0.0, §=2.00
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Figure 3.5: The film profiles and the integrand in equation (3.20) at different cross
sections with the viscosity varying along the cylinder.
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Figure 3.6: The velocity profiles obtained by solving the three-dimensional Stokes
equations with 8 = 2.15, F = 0.215 (¢ = 0.1), v = 1072 and a(Z) = 1 + 0.57
(0 < Z <1). Note that, the direction of the increasing viscosity in this plot is along
the axis Z rather than x as was in other places.

Now let us replace the pure fluid by a suspension of neutrally buoyant particles
which is so dilute that the flow field is not influenced by their presence and suppose

that the fluid viscosity is a prescribed function of the axial coordinate z. Then the

axial particle flow rate is
™ n
J, = / de / Suw,dz (3.24)
- 0
where w, is the particle axial velocity in this flow field and ¢ is the particle volume

fraction. In a manner analogous to that used for the pure fluid, we split the total
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axial particle flow rate at every cross section of the cylinder into two parts: the axial
particle flow rate in the recirculating flow region, J;, and that in the circumferential
flow region, Jp,

-

T
gz/./wwww (3.25)
;’—'*
and
T et
Je = / / ¢°w,dddz (3.26)
A
where, ¢" and ¢° are the particle volume fractions in the recirculating flow region
and in the circumferential flow region respectively. Therefore, the total axial particle
volumetric flow rate, equation (3.24), becomes

B=Jy+ = [

Ul T
[ ¢rwpdodz+ [ " geuydoaz (3.27)
- J* —m JO
As mentioned before, in the pure fluid case, the axial volumetric flow rate of the
fluid at any cross section of cylinder is zero when the flow has reached steady state,

viz.

J=r+r=| /"uxwderfr " waeaz = o (3.28)
- Jy* -7 J0

If we suppose now that ¢° and ¢" are independent of z and 6, multiply equa-
tion (3.28) by —¢° and then add the result to equation (3.27), we obtain a new form

for the particle volumetric flow rate,

T, = /_ 7; /77 (7w, — ¢°w)dodz + /_ 7; /O " 6 (w, — w)dfdz (3.29)

When the particles are small relative to the minimum film thickness, (i.e. if
a = a/aR < n, where @ is the particle radius, cf Fig 3.4), w, ~ w everywhere
except within a thin O(a) layer close to the wall where wy effectively vanishes.
Consequently, the second term on the right hand side of equation (3.29) gives a
negative contribution to J, which however, is only O(a?) given that w is proportional

to z within this thin O(a) layer. Hence, on setting w, ~ w in the integrand of the first
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term on the right-hand side of equation (3.29) and taking account of equations (3.28)
and (3.20), the expression for J, reduces to

c ™ JC¢ __ c T « T 1 *\2 1 *\3 877 .
Iy (¢ = 910 = (0= 0% [ {Gn0n)? = 50"} ghsin(0)a0 (330)

-

where i is the dimensionless viscosity of the suspension taken to be an effective
Newtonian fluid. As was said earlier, the value of J¢ is positive at steady state
within the range of monotonically increasing fi, hence the sign of J, is equal to that
of (¢¢ — ¢"). Specifically, when ¢" < ¢°, the axial particle volumetric flow rate, J,,
is positive, implying a net particle flow rate towards the high viscosity region; but if
¢" = ¢°, then J, vanishes even in the presence of an axially varying viscosity. These
conclusions apply of course as long as the particles are so small that their “slip”
velocity relative to the fluid is negligible beyond the O(a) thin layer adjacent to the
wall.

Now let us analyze the axial particle flow rate under the condition that there is no
recirculating flow near the bottom of the cylinder and the film profile is everywhere
symmetric about # = 0. In this case, given that, according to our observations, the
particle volume fraction ¢ appears to be uniform throughout the cross-section of the

film in the absence of the puddle,

=6/ : /0 " (w, — w)dodz (3.31)

where ¢ is the particle volume fraction in the thin film and assumed to be indepen-
dent of z and 8. But, if n is symmetric, w is odd (cf equation (3.11)) and w, should

similarly be odd, thereby implying that
Jp=0 (3.32)

no matter how fi(z) varies with z. We conclude that therefore, that, for homoge-

neous films (8 < 1.4y/11), no particle segregation should be expected to occur.
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Actually, there is a small range in g within which the film profile is asymmetric
but without a recirculating flow being present near the bottom of the cylinder (8* <
B < BT). When the particles are small relative to the minimum film thickness,
however, we find, on using the same assumption about “slip” velocity as that for

B > B* case, that J, is negative but its magnitude is O(a?), thereby implying that
J, =0 (3.33)

Note that all the conclusions made above require that the flow field of liquid
reaches steady state. In fact, according to equation (3.19), the value of Bjocq and
also Fj,cq are indepent of time if the initial film profiles are symmetric. Hence, for
B < f*, there is no axial mass transport for any time so that particle segregation

should not occur even when the viscosity varies along the cylinder.

3.4 Explanation for particle band formation

We shall now provide an explanation for the particle segregation based on the the
calculated results about the axial particle volumetric flow rate together with the
experimental findings about the radial particle segregation described in chapter 2.

From the experimental observations in chapter 2, we know that the particles
in the recirculating region move into the circumferential flow region so that their
volume fraction in the former is lower than in the latter. As mentioned before,
particle concentration fluctuations are always present along the cylinder which in
turn induce axial variations in the suspension effective viscosity. Consequently,

according to equation (3.30),

™ )
Jp & (¢°—¢7)JF = (¢° — ¢’”)% /_7r {ln(n*)2 — é(n*f'} 53 sin 6d6,

an axial particle volumetric flow rate is induced towards the more viscous region,

viz. the region with the higher particle concentration, thereby further enhancing the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



88

initial particle concentration fluctuations until, eventually, the bands appear along
the cylinder.

Since, according to our experimental observations, the time for the first stage
(the particle radial particle segregation) is an order of magnitude shorter than that
for the second stage (the particle axial particle segregation), the whole time for the
band formation is approximatively equal to the time for the second stage to set in
which, in turn, is inversely proportional to the axial particle flow rate J,. From

equation (3.30), we can obtain the information of the time for band formation, viz.

e When the difference between ¢°, the particle concentration in the circumfer-
ential flow region and that in the recirculating region, ¢", increases, the time
required for the band formation is shortened (all other variables being the

same).

e The suspension should require less time to segregate if the total particle con-
centration is increased given that, J, is, to a first approximation, proportional
to ¢ and that, as shown previously, J¢ and therefore .J, increase with an in-

crease in the gradient of the effective viscosity.

e The dimensionless time required for particle segregation is a very weak function
of the particle size. This fact can be used to explain why the time required to
achieve complete segregation did not change significantly when the particle size

was increased by almost an order of magnitude (#52 and #77 in Table 3.1).

As mentioned in chapter 2, there exists a value of § = 3¢ which can be used
to determine qualitatively the degree of radial particle segregation as well as that
of the degree of axial particle segregation (e.g. 3¢ =~ 2.1 for a low concentration
suspension with 2a = 463um). The reason for this is as follows:

When 87 < 8 < ¢, the suspension in the cylinder can achieve complete radial

particle segregation in the sense that no particles remain in the recirculating region.
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On this situation, equation (3.30) becomes

—_ Cg 4 1 *2__]_' *3}@
Ty=¢% [ {gn)? = 5007} 5 sinodo (3.34)

Therefore, an axial particle volumetric flow rate from the lower to the higher co-
nentration region always exists unless no particles are left in the circumferential
flow within the lower concentration region. Hence, all the particles at the region
just referred to definitely move into the bands and the axial particle segregation
becomes complete. On the other hand, when § > ¢ some particles always re-
main within the recirculating region throughout the duration of the experiments
even though a number of particles initially present have already migrated out (in-
complete radial particle segregation). Therefore, according to equation (3.30), some
particles in the circumferential flow at the lower concentration region move into the
higher concentration region to form bands. As a result of this axial particle migra-
tion, the concentration in the circumferential flow at the lower concentration region
decreases until, at some point, the cross-sectional concentration at the lower con-
centration region becomes uniform again. But the suspension is then so dilute that
any further radial particle segregation is unlikely to occur. Hence, the axial particle
volumetric flow rate vanishes, implying that no further axial particle segregation
can occur. Therefore, since at this stage some particles have remained within the
low concentration regions, the axial particle segregation is incomplete.

Now let us explain the experimental phenomena in the absence of a ”puddle” at
the bottom of the cylinder, i.e. for § < 8.

In view of the analysis in section 3.3 leading to equations (3.32) and (3.33), par-
ticle segregation should not occur along the cylinder as long as the suspension can
be modeled as an effective Newtonian fluid which is permissible provided that ¢ is
relatively small, say less than about 0.2. [More concentrated suspensions exhibit

non-Newtonian effects, in particular normal stresses, which can induce instabilities
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in similar systems even if the particle concentration is uniform[16].] Nevertheless,
when we performed experiments with a suspension with a value of # within the
range, approximately 0.7 — 1.5, particle segregation was observed but only within a
section of the cylinder while the rest of the region remained coated with a homo-
geneous suspension. As mentioned earlier, for § within this range, rimming flows
are very sensitive to extremely small deviations of the cylinder’s axis (< 0.1%) from
the horizontal [4], and hence, it is almost impossible to keep Boee uniform along
the cylinder during the experiment. In fact, since, after the start of an experiment
in a rotating cylinder with a very small inclination, the value of ()., at the lower
end would be expected to eventually exceed S+ thereby creating a “puddle”, the
appearance of bands at the lower end of the cylinder is entirely consistent with the
predictions of our analysis. On the other hand, the value of (). at the higher end
would be expected to fall even further below 3* thereby creating a homogeneous film
profile where, according to our arguments, particle segregation cannot occur. This
theoretical prediction is consistent with the experimental findings in the sense that,
for 8 sufficiently below ST where the film profile is both quasi-steady and homoge-
neous, no bands were found to form along the cylinder even when the viscosity was
increased locally by placing a piece of ice on the outer wall of the rotating cylinder.

The arguments given above, which are consistent with the main conclusions of
our experimental work as well as Tirumkudulu’s which are listed in chapter 2, will
be rendered more quantitative by means of a linear stability analysis based on the
modified lubrication equation described in the preceding section 3.2 which will also
lead to a prediction of the expected wavelength of the particle bands along the

cylinder.
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3.5 Stability analysis of a dilute suspension

As already mentioned, the particle segregation leading to the formation of bands
appears to proceed in two stages, viz. first, a radial particle segregation followed
by an axial particle segregation. As a result of the radial particle segregation, the
particle concentration in the circumferential flow region (¢°) is higher than that in
the recirculating flow (¢") at every cross section, but the axial concentration is still
essentially uniform. In order to simplify the analysis, we shall only deal with the
case of complete radial segregation i.e. ¢" = 0 and shall further suppose that the
suspension is initially very dilute, i.e. ¢ ~ 0.01. Note that if ¢ refers to the initial
particle concentration throughout the film, then after the completion of the radial
particle segregation, ¢¢ will still be approximately equal to ¢ given that, for a typical
case (o = 0.1, B = 1.8), the region occupied by the recirculating flow is, according
to the “modified lubrication analysis” (MLA), only about 3% of the total volume of

the suspension.

3.5.1 MLA for complete radial segregation

First we provide a detailed derivation of a special modified lubrication equation
which is used to characterize the film profile of the suspension having complete
radial particle segregation.

Choose the pure liquid viscosity for the reference viscosity, express a in terms
of this reference viscosity (cf equation (3.3) for the expression of ). Consequently,
within the puddle (n* < 2z < n and 6; < 8 < 6,), i = 1, whereas, i > 1 within
the circumferential flow region (0 < z < n* for §; < § < 63 and 0 < z < 7 for
—7m < 6 < 6 plus 0y < 0 < ) (cf Fig 3.4). Let the dimensionless angular velocity

within the puddle be denoted by v*, and that within the circumferential flow region
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by v. Then, the boundary conditions for #; < 6 < 6, become

8 *
v=1 at z2=0; =0 at z= U]
0z
and
* at * o _ Lo at 2z *
= = : = [— =
v Z =1, 92 Maz n

but remain the same for the other region (—7 < 6 < 6; plus 62 < 6 < 7) as those

for the pure liquid case, i.e.

v=1 at z=0; Qg:o at z=n¢
0z

Now, according to the “modified lubrication analysis” (MLA) with v = 0, i.e. equa-

tion (3.4), the expressions for v and v* satisfying the above boundary conditions

are
1 22 on .
U_l_ﬁ (nz—5> {(1—&77)0089—&%8111.9} (3.35)
and
. 1 . ) 22 an
vi=1+ {(1 ﬂ) <7777 5 nz =3 (1 —an)cosb aé—ésmﬁ
(3.36)
Therefore,

— ” _*_l § *2___1_ *3} _ _ _6_7_7_
q_/o vdz =17 3,&{ n(n*) (n*) {(1 an) cos b aagsmﬁ (3.37)

and
TI* N
/*vdz=0=n—n
n
_L § *3____9_ *)2 2, % Film — *3} _ _ @ .
3/1{2(77) 277(77)+37777 +a(n—n")" ¢ (1 —an)cost aagsmﬁ (3.38)

Combining equations (3.37) and (3.38), we obtain,

1

g=n-— 3% {773 + (2 —1)(n— 77*)3} {(1 —an)cosf — agg— sinﬁ} (3.39)
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Note that when g = 1, i.e. if ¢¢ = ¢" = 0, equation (3.39) reduces to that for the
pure liquid case (¢f the modified lubrication equation (MLE) (3.6)).

Next, by the similar procedure as shown above, we shall modify the expression
for w, the axial velocity component due to the complete radial segregation. Let
w and w* refer to the axial velocity in the circumferential and recirculating flow
regions respectively. Then the boundary conditions for w and w* within the region

0, < 6 < 0, become

a *
w=1 at z=0; d =0 at z=ng
0z
and
*at oz * dw' _ 0w at *
w=w = : = — z =

According to the MLA (c¢f equation (3.10)), the expressions of w and w* satisfying

the above boundary conditions are

o« 1, an .
w—ﬂ{nz~2z}a$51n0 (3.40)
and
. _l 2 _l :_l_ *\2 _ * ) _8_"7 3
w —a{<7)z 22>—|—<1 ﬂ) (2(77) nn }Bxsmg (3.41)
Therefore,
W:/ﬂ* d Jr/nw*dz—gﬁ 1+(p—1) 1-T 3 @sinﬁ (3.42)
=/, wdz - T3 © n 9z )

3.5.2 Mass conservation

Letting ¢¢ = ¢, we begin with the overall mass conservation equation for the particle

phase across the cylinder at location z,

0 m a L\ 0Jp
EW_W (1“5")"‘1‘9}* o 0 (3.43)
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where J, is given by equation (3.34) with ¢° having been replaced by ¢, together
with the mass conservation equation for the suspension with complete radial segrega-
tion viewed as an effective Newtonian fluid with a concentration dependent relative
viscosity fi(¢),

l—-an)—=—+—=+—-——=0 (3.44)
where the expressions for ¢ and W are given in equations (3.39) and (3.42) respec-
tively. Since, as stated above, equation (3.43) refers to an overall, rather than to
a local particle conservation balance, equations (3.34) and (3.43) imply that ¢ is a
function only of z and ¢, and that other modes of particle transport besides bulk
convection, e.g. shear-induced diffusion which, anyhow, is negligible if ¢ is small,

can safely be ignored.

3.5.3 Linear stability analysis

Since the suspension is very dilute, the relationship between the effective relative
viscosity, [i, and the concentration, ¢, is described by Einstein’s well-known expres-
sion,

p=1+ gqb (3.45)

We let ¢ = ¢o + ¢ with |¢] < ¢ and correspondingly n = () + £ with
€] < no, n* = ng(6) + & with €] < ng, and ¢ = go + 6 with |0| < gy everywhere
(the subscript 0 refers to the initial axially uniform state in which ¢ = ¢, throughout
the circumferential flow region, and ¢ = 0 within the puddle), and then linearize

equations (3.43) and (3.44) to yield

a¢ ™ X L\ s " NS
at . (1 - 5”0) nodf + o /_W(l —any) At dé
— g i l *2_1 *3}% :
=0 / ,r{zn"(”‘)) ~(1)° ) 55 5in0d0  (3.46)
and
o 85 o .. 0O
1—am) e+ 90 ¥ 3nglt ,
( an0)8t+6‘9+3ﬂ0n08m08:1:2 0 (3.47)
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where
0= fo§
a 30¢ 5¢m |1 7\
— 6 ——(1-= 1- § — a—-sinf
+3_0 089 sinfd + — > 3710 | 7o e (1 — an) cos a 0 sin
fip — 1 5
- e - €) - gelm i) }{(1—ano>cose—a—sme}
3o 200
+at = 1(770—770) {fcosﬂ—l——sm&}
3fo
(3.48)
and
fo(®)=1— Mino cos 6 + -%L—no cosf + — ZCZ? sin 6

But, since ¢y ~ 0.01, (g — 1) ~ O(¢o) ~ 0, and therefore the second term on the
left-hand side of equation (3.46) as well as the last two terms on the right-hand side
of equation (3.48) can be neglected. Consequently, equations (3.46) and (3.47) can

be simplified into

2

o¢ [ a L\ ., a (7 (1 . 1 0°¢
—< . <1 - 5770) Mpdl = —¢0% /_7r {—770(770)2 - (770) } Fsm 0do (3.49)

ot 9
and
o0& 9(fo§) o€ 9%
(- m)5; + =55 + 355 [77 sin 939]+ 3osinfs
_ 5 dno 5 d B o 3
= C 2 T [(770 %) ( 770) } (3.50)
where

4o el
fo(8) =1 — ng cos + —nj cos O + ang—- ™ ing = o _ 2+ gng cosf®  (3.51)
3 dé o 3

and
3

= TS _dm
Q=" {(1 ang) cos 0 g sm@} (3.52)
Next, we separate variables by letting

¢ = eexp(At) sin(kx + b) (3.53)
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and

¢ = eG(0) exp(At) sin(kz + b) (3.54)
and thereby obtain for the growth constant A and the function G(6),

™ (1 1, ,
[ {Gmn - 5)°} Gsineds

A = ak’py == - p (3.55)
[ (=5) i
and
d(foG) ad |, dG O 5 3 _
(1 — any)AG + 10 +§-@ nosmﬁde 3k M Sin G =
bdge 5d | AN
240 ' 240 {(’7" @) ( o (3:56)

subject to the periodicity constraints. The above equation can be further simplified
given that since, in view of (3.55), A ~ O(¢y), the first term of (3.56) involving A
can be neglected when ¢y < 1. If should be noted, however, that in the “modified
lubrication analysis” of the three-dimensional coating flows, the viscous force in the
momentum balance equations in both angular and axial directions (cfequations (3.4)
and (3.10)) only contains the leading order term, 8*v/92* and 6°w/dz%, with other
terms, such as a20%v/dz? and o20*w/dx?, having been neglected on the assumption
that o? < 1 and that all axial variations occur over a length scale O(1) or larger.
Clearly, such a simplification is no longer permissible if k¥ > 1/« given that, in that
case, o?0?v/0z® and o?0*w/0z? are of the same order as 0?v/92? and 0%w /02>
respectively. Under such circumstances, the MLA fails to describe the flow field and
our linear analysis needs to be modified.

Note that, according to equation (3.56), the perturbation in the film profile is
quasi-steady if A = O(¢y) < 1 and that it is driven by the slow time evolution of the
perturbation in the particle concentration, thereby justifying the use of the quasi-

steady state expression for the axial particle flow rate J, given by equation (3.34).
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Under these circumstances, on integrating equation (3.56) and applying the period-

icity constraints, we find that

" 3G sin6dd =0 (3.57)

-7

as a result of which, the expression for ), i.e. equation (3.55), becomes

/92 {1770(77*)2 — l(77*)3 — 1773} G sin 8d6
o, L2740 6 "0 3"

4 Of * %
/. (1 - §"o> modd

where 0, and 6, respectively, refer to the angular coordinates of the two stagnation

A = ak’¢y (3.58)

points of the puddle (¢f Fig 3.1). According to equation (3.58), it is clear then that
the size and shape of the puddle play a crucial role in determining the sign and
magnitude of the growth constant A.

On solving equation (3.56) numerically, we first obtain the function G and then,
on substituting G into equation (3.55), determine A/agy vs. the wavenumber k.
Such a result is shown in Fig 3.7 for the typical case @ = 0.1 and § = 1.8. Clearly,
the growth constant A is seen to increase monotonically with £ thereby implying that
the most rapidly amplified disturbances are those having the shortest wavelengths.
This result is not surprising given that such disturbances, if left unhindered, are
particularly efficient in rearranging the particles into regular lumps separated by
thin regions of particle free liquid. In order to arrive at a more realistic prediction
for the wavelength of the most rapidly amplified disturbance, it is therefore necessary
to extend our analysis and include the effects of surface tension which, as is usually
the case, would be expected to dampen the disturbances with & — oco.

To this end, we return to the expression for the pressure within the film[4]
but include the surface tension contribution. In the thin film approximation, the
leading order term of this pressure in dimensionless form is shown previously in

equation (1.88), i.e.

. 0?n 0%
p=az—mn)sinf — ay <n+w+@>
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Figure 3.7: A plot of the growth constant A for o = 0.1 and S = 1.8 vs. the wave
number k£ when v = 0.

Therefore, according to the “modified lubrication analysis”, the corresponding ex-
pressions for the angular and axial velocities outside the puddle are, respectively (cf

equations (3.35) and (3.40)),

1 22 on an  On
v—l—ﬁ<nz——2—) {(1—an)0089—a%sm0—a7<89 393x2 803)
(3.59)

o« 22\ [ On on on? &n
w—-b—(nz—5> {£51n9+7<8 t oo T 98 (3.60)

Moreover, the axial particle flow rate J, in equation (3.34) and the mass conservation

and

equation (3.44) for the suspension now become

e mfl e 1 *3} on on_  n &
—%/_,r{g"(”) =) {a sinf 47 | 57+ s+ | (df (3.61)
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and
on  0Oq , OW _
(1_an)5+5—§+ p =0 (3.62)
where
q:n_i{n3+(ﬂ—1)(n—n*)3} (i—an)cos@—aa—nsine
30 00
Logg (o sy (On, n O
v i+ =00 -1} (G + oo ) (56
and

3 3 3 3
_alimon g, (00, O O
W= {[u 3381n9+ry/1 (8x+8028x+8x3

-3

(3.64)

Hence, in place of equations (3.55) and (3.56), we have

' 2
/ {%770(778)2_%(773)3} {Gsin@-{-fy(G_sz_i_%)}de
i (3.65)

A = ak’¢y o =
" (15 ) mice
and
d(foG) ad [, . ,dG] 5dp 5d s\
0 33|00 T "aag | @) | =
o (o [ (14 S20) _ oy £C] A [ (46 _ 046 @G
3 {k N [G<1+ " ) kG+de2 AT, k IR (3.66)
where
3 3
e o o oy (0 d 0
do = "o 3{(1 ang) cos - sin 8 a7<d0+d03>} (3.67)
and
3QO 3
=20 94 = 9
fo o +3770cos

Again, for the same reason as that in the previous case with v = 0, equations (3.65)
and (3.66) are no longer valid when k& > 1/a. Moreover, as was done earlier for the

case v = 0, cf equations (3.57) and (3.58), we integrate equation (3.66) to obtain

O , . &G
/ M Gsing+7 (G —kG+ ) 1o =0 (3.68)
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on account of which equation (3.65) becomes
61 ., 1 .., 1 , &6
/ {5770(770)2 - 6(%)3 - 5773} {Gsm@ +7 (G - kG + W) } do

61
4 a ¥ *
[ (1 - 5’70) 50

As was the case with equation (3.58), the expression given above again illustrates

A= ozk2¢0

(3.69)

the crucial importance played by the size and shape of the puddle in determining

A

24 +
MLE o=0.1, p=1.8

—n ¥=0
---n =0
=-=-n v=0.01

22

20

1.8 |-

16 |-

né&n

14 |-
1.0 -

06 F

0.4 | i 1 I 1 i 1 L | 4 |

Figure 3.8: The film profile i and the corresponding profile n* given by the modified
lubrication equation with v = 0.01 and v = 0 for « = 0.1 and 8 = 1.8.

To obtain the base film profiles 79 and the corresponding profile of 1}, we now
have to solve equation (3.67) rather than (3.52). However, we find that the inclusion
of surface tension has little effect on the shape of the axially uniform profiles of n as
well as those of * provided that v < 1 (¢fFig 3.8). Hence, in solving equation (3.66)

numerically for GG, we retained the values of 79 and 7§ given by the MLE with v = 0,
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i.e. equation (3.52) instead of equation (3.67). Then, after obtaining the function
G, we computed, by means of equation (3.65) or (3.69), the growth constant A as
function of the wave number k for different values of . Such a family of profiles

is shown in Fig 3.9 for the typical case o = 0.1, 8 = 1.8. Clearly, a most rapidly

0.25 |-
—y=0.05 ---1v=0.02
[ 0=0.1,p=1.8 —-—--y=0.01 ----- v=0.005
0.20 |- ————— 'Y=0-002 ............. 'Y=0-001
0.15 |- e T
.‘-/ -~ .\
-g- - -;':, .. . -
R ot0f oo T N
i . S
J » ..
L P N,
v', ./'_ \. N ‘\
0.05 | 4 N " ..
3 \, gy N
- :‘7,' "~ \ \‘ “‘ N
0.00 A AR \-\ .
L | L\ 1 al 1 ‘w 1 .
0 2 4 6 8 10
k

Figure 3.9: The growth constant A has a maximum when v > 0 with the wave
number of the most rapidly amplified disturbance increasing with a decrease in the
dimensionless surface tension parameter .

growing disturbance now exists having a wavenumber k = k., the value of which
is sensitive to the magnitude of the dimensionless surface tension parameter -.
Moreover, for the typical case of Fig 3.9, the dimensionless wavelength, 27 /k,, is seen
to increase with increasing <y, consistent with the experimental observations shown
in the Table 3.1. In order to observe further the effects of varying the surface tension
parameter v on the axial instability of this suspension for £ = 0, we calculated the
integral in the numerator of the right-hand side of equations (3.65) or (3.69) for

a = 0.1, 8 = 1.8 and for different values of 7. As shown in Fig 3.10, even though
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the sign of the integral is positive within the range v <« 1, the magnitude of the
integral decreases with increasing y. Therefore, these calculations suggest that this
type of instability is dampened by surface tension effects (as expected) and will even
disappear if the value of v is large enough, but the latter case is beyond the scope

of our analysis which, being restricted to v < 1, would require modification.

Table 3.1: A list of the various parameters for some of the experiments

#T R (% [é] a | F | BL/E] RBe | 7 [haf2a| = IR
ecm | pm | % 10=° | 1073 10°
2| 127 463 |1 (009|0.16 1.8 228 | 7.9 17 1.4 3.48 | 2.7
291 1.27 1463 | 5 {009 0.151.7| 228 | 6.1 17 1.5 0.66 | 2.6
60 5 463 | 1 {0.09 | 0.16 | 1.8 6 000 | 1.1 6 1.80 | 0.7
63 5 4631 5 [ 0.09 10.16 | 1.8 6 400 | 1.1 6 0.54 | 0.7
7510635 60 | 1 [0.09]0.16|1.8| 456 | 1.40 | 69 6 3.24 | 3.6
8010635 | 60 | 5 [0.09]0.16 | 1.8 | 45.6 | 0.95 | 69 6 0.90 | 3.2
5210635 463 | 1 (023039 |1.7] 456 | 35 69 1.9 3.12 | 4.7
7710635 60 | 1 (0.22(0.39]18| 45.6 | 47 69 14.8 |3.42 | 3.6

Here, the experiments in ref[12] were performed by using a mixture of Triton X-100,
ZnCl, and water[l, 2] with a viscosity of 4000 cP and a density of 1.172 g/cm? at
T=23°C. Seven dimensionless parameters were identified as influencing the observed
phenomena, specifically: Re = Qphj/u, o = /Qu/pgR, F, v = o/pgR?, L/R,
hm/24 and @, where Re is the Reynolds number, Q is the angular velocity of the
cylinder, kg is the mean thickness of the film, p is the density of the suspension, u
is the effective viscosity of the suspension, « is a measure of the ratio of the viscous
to the gravitational forces, R is the inner radius of the cylinder, g is the gravity
constant, F'is the fill-fraction of the suspension, 7y is dimensionless surface tension
parameter, o is the surface tension at the air-liquid interface, L is the length of the
cylinder, n,, = hy,/aR is the minimum dimensionless thickness with h,, being the
minimum film thickness, a = a/aR is the dimensionless particle radius with a being
the dimensional particle radius, ¢ is the particle concentration, f = F/a, 7 = Qt
is the dimensionless time required for the particles to reach the finial stage with ¢
being the dimensional time, and {/R is the dimensionless wavelength with [ being
the average space between two neighboring bands.

Now, let us compare the calculated and measured spaces between the bands,
shown in Table 3.2 for & = 0.1 and 8 = 1.8. For example, for v = 0.017 (R = 1.27

cm), the computed wavelength of the most rapidly amplified disturbance is approxi-
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Figure 3.10: The value of integral in the numerator of the right-hand of equa-
tions (3.65) for k = 0 plotted vs. v for &« = 0.1 and g = 1.8.
mately 3R which is close to the value 2.7R, found experimentally (c¢f Table 3.1 #2).
However, the comparison between theory and experiment is less satisfactory when
v = 0.0011 (R = 5 cm) in that the predicted critical wavelength is approximately R,
vs. the value 0.72R in Table 3.1(#60), and is even worse for v = 0.069 (R = 0.635
cm) with the analysis predicting neutral stability (and, therefore, no axial particle
segregation) for any finite wavelength vs. the observed wavelength 3.6R found in
the experiments (Table 3.1 #75). The slight difference between the values of the
fill fraction F' in the experiments and that used in the calculations has a negligible
effect on the corresponding difference between the two sets of the wavelengths, given
that 8 = 1.8 is the same in both.

Clearly, although the increase, with increasing -, of the theoretically computed

wavelengths is consistent with the experimental observations, significant quantita-
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Table 3.2: Comparison of the wavelengths for @ = 0.1, 8 = 1.8, and various values

of v
(Rem) | 7 1R 2k, (MLA) | 2r/F; (BPTA)
1.27 | 0.017 | 2.7 3 3
5 0.0011 | 0.7 1 0.6
0.635 | 0.069 | 3.6 * 13

Here, [/ R is the dimensionless wavelength from the experimental measurements (cf
Table 3.1) with [ being the average space between two neighboring bands; 27 /k, is
the dimensionless wavelength predicted by the stability analysis with k. being the
critical wave number. x The MLA predicts neutral stability (and, therefore, no axial
particle segregation) for v = 0.069.
tive difference obviously exist between the two sets for the larger(R = 5 cm) and
especially for the small (R = 0.635 cm) cylinders. One possible reason for this
discrepancy is that, as shown in the Appendix A, the modified lubrication analysis
(MLA), on which the present analysis is based, underestimates the extent of the
“puddle” which, as was pointed out earlier in connection with equations (3.58) and
(3.69), plays a crucial role in determining the growth rate and therefore the wave-
length of the most rapidly amplified disturbance. In order to test this possibility,
we therefore repeated the computations using as a starting point the analysis by
Benjamin et al[4], referred to as the BPTA, which, as will be shown later in the
Appendix A, accurately describes the shape of the “puddle”. The governing equa-
tions for the steady states, as obtained from the BPTA and from the MLA, are
very similar, and so are the linearized equations for the disturbances, although, in
the case of the BPTA, they are much more complicated than those presented in the
previous section. Hence, the details pertaining to the stability calculations using
the BPTA are presented in the Appendix A.

As can be seen in Table 3.2, the predicted wavelengths on the basis of BPTA, is
in excellent agreement with those found experimentally not only for the intermedi-

ate cylinder (R = 1.27 cm) but for the large (R = 5 cm) as well. This agreement,
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for the case of the large cylinder, may be partly fortuitous, however, given that the
computed value of the critical wavenumber k. ~ 10.5, is practically identical to 1/«
rather than being much smaller as required by the analysis presented in the previous
section (i.e. the discussion following equation (3.56)). Also, the experimental ob-
servations are subject to some uncertainty due to the influence of end effects given
that the aspect of ratio of the large cylinder was only 6 (cf Table 3.1). On the other
hand, although, for the small cylinder (R = 0.635 cm), the BPTA predicted instabil-
ity (and, therefore, axial particle segregation) at a well defined critical wavelength,
rather than neutral stability (and, therefore, no axial particle segregation) as was
the case with the MLA, the value of the predicted wavelength is still three times
higher than that found experimentally. One possible source of error in the analysis
refers to the fact that, as was already mentioned following equation (3.69), the base
state profiles for 1y and 7§ were computed by neglecting the surface tension terms
in equation (3.67), as well as in the corresponding equation of the BPTA. As was
shown earlier, this is permissible when ~ is 0(10_2) or smaller, but, when v becomes
as large as 0.07, as is the case with the small cylinder (R = 0.635 cm), the simplifica-
tion referred to above becomes questionable, especially considering the sensitivity as
seen in Fig 3.9, of the stability calculations to the value of . In addition, however,
it should be kept in mind that ours is a small disturbance linear theory whereas
the experiments refer of course, to the final spacing of the particle bands which are
created via a complicated non-linear evolution of the initial infinitesimally small
amplitude disturbance. This point is particularly relevant in the case of the small
cylinder (R = 0.635 cm) given that two or three additional bands can form in the
space between two initial neighboring bands (c¢f Fig 3.11) during the experiments
thereby accounting for a certain degree of quantitative disagreement between theory
and experiment. Such a difference between the initial and final number of bands

was not found in the experiments using the other two cylinders. Thus, considering
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'w)w?»ww” i

Figure 3.11: A set of photographs showing the bands which form along the small
cylinder with R = 0.635 cm at different times (t) after the start of the experiments
(a) t ~ 4 hours; (b) ¢t ~ 5 hours.

the numerous simplifications of the analysis and the lack of precision in the exper-
imental observations on the spacing of the particle bands, the agreement between

theory and experiment, is as good as one might have expected. Clear, though, this

point requires further attention.

3.6 Discussion

As was already shown in ref[4] and chapter 1, on the basis of, respectively, the “stan-
dard” and “modified” lubrication analysis, rimming flows of pure fluids, within a
rotating horizontal cylinder are stable to axial disturbances when inertia effects are
negligible provided that the film contains a region of recirculating flow, the so-called
“puddle”. This stability is retained if the pure fluid is replaced by a suspension
containing neutrally buoyant particles provided the particle concentration within
any cross-section is uniform and the suspension is viewed as an effective Newto-

nian fluid. But if the particles segregate radially such that their concentration is
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reduced within the “puddle”, a linear stability analysis, that models the suspension
as an effective continuum fluid with a concentration dependent viscosity, shows that
such a particle arrangement is unstable to axial disturbances in the particle con-
centration, with the surface tension effects, which are often thought to be of minor
importance in rimming flows, being responsible for selecting the wavelength of the
most rapidly amplified disturbance. The predictions of this stability analysis at least
are qualitatively, and often even quantitatively, consistent with all the experimental
observations. For example, in agreement with the experimental results summarized
in the Table 3.1, the analysis predicts that, for the dilute suspensions with fixed
F and a, the wavelength of the particle bands which are formed should be inde-
pendent of the particle concentration ¢ but should decrease with an increase in the
cylinder radius R. Also, the particle size does not enter into the picture given that
the stability analysis treats the suspension as a continuum. Again this is consistent
with the experimental observations, according to which the banding pattern that is
established is insensitive to the ratio of the particle diameter to the film thickness.
In fact, it appears that the particle size is of importance only during the first phase
of the segregation process, in which the particles segregate radially, in that large
particles leave the puddle more readily than small ones. Thus, small particles form
bands just as the big ones do, but more slowly.

We wish to stress, however, that although our analysis appears to have left little
doubt regarding the mechanism responsible for the band formation along the axis of
the cylinder, it has not addressed the issue of why, to begin with, the particles leave
the puddle and thereby trigger the radial segregation which subsequently induces
the segregation along the cylinder axis. An explanation for this phenomenon is in

need of further study.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix A

Stability analysis based on the
BPTA

A.1 Introduction

The purpose of this part of the thesis is to investigate the stability of a dilute suspen-
sion with complete radial segregation by means of the extended lubrication analysis
developed by Benjamin, Pritchard and Tavener[4], henceforth to be referred as the
BPTA, which contains all the O(a) correction terms to the standard lubrication
equation, as well as the capillary pressure in the thin film approximation.

Before embarking on this analysis, however, we shall compare the BPTA with
the “modified lubrication analysis” (MLA) introduced in chapter 1. In the two-
dimensional case, according to ref[4], the BPTA leads to an expression for the an-

gular velocity,

1
v=1—az— (nz - 522) {cosf — an'sinf — ay(n' +n")}
1
+a (523 —n2t + —g-ngz> cos (A1)

Note that the notation here is the same as that used in the MLA case. The dimen-

sionless flow rate within the film per unit axial distance is hence given by

n 1 1 1 1
q= /0 vdz =n — —?;773 cosf + a {5174 cosf — 5772 + §n3n'sin9 + %n‘q' (n' + n"')}
(A.2)

108

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



109

where 7 is required to be periodic in 27 and to satisfy the exact liquid volume

conservation condition

ﬂz—g—zl/wo—g—n)ndﬁ (A.3)

T Jon
As was the case with the “modified lubrication equation” (MLE), equation (A.2),
to be referred to as the BPTE, has also continuous periodic solutions 1(#) for given
F (below some critical value, as shown below) over the whole range of 3, even when
v =0, i.e. in the absence of the capillary pressure term.
When v = 0, entirely analogous results to those presented in chapter 1, are ob-
tained starting from equation (A.2) in lieu of the MLE. Specifically, the appropriate

expressions corresponding to eqs.(1.27-1.29) (cf chapter 1) are now:

1
q=ay— gag + %a%(aﬁ -1), (A4)
dg . _ 2 2
dCLO
7
1 — a3 + aag (50,3 — 1) =0 (A.6)

respectively, according to which equation (A.2) is found to have a continuous, peri-
odic solution for all « only if F' < 0.29, which is less than F' < 0.36 found on the
basis of the MLE (the detailed procedure for obtaining 0.29 is the exactly same as
that for the MLE shown in chapter 1). As shown in Fig A.1, for F = 0.29 and
for two representative values of f = F/a, there is good agreement between the
film profiles, as obtained from (A.2) and (A.3) with v = 0 and those computed
by solving numerically the full two-dimensional Stokes equations using the FIDAP
software (Fluent, Inc.). [Note that, as was already revealed, in order to dampen the
numerical instabilities in the computation with the FIDAP software, the capillary
coeflicient v had to be set to a finite but small value, equal to 1072 in this case.] In
addition, the corresponding value of 5* is also a function of &, shown in Fig A.2, and

when 8 = %, both symmetric and asymmetric solutions of equation (A.2) subject
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to (A.3) coexist, which are shown in Fig A.3 for F' = 0.2. [The corresponding figures
as obtained from the MLA are Figs 1.5-1.6 in chapter 1.]

5| - F=0.29

| / Stokes Egs. p=1.8,y=0.01
,‘OOOOOOOB% O BPTE p=1.8,y=0

4r o~ — - — Stokes Eqgs. $=2.9,y=0.01

fo ?O O BPTE B=2.9, y=0

Figure A.1: The solutions obtained from the two-dimensional Stokes equations and
the BPTE equation (A.2) with v = 0 agree with each other for 8 = 2.0 and 8 = 3.0
when the fill fraction F' is 0.29.

On the basis of the BPTA, we can also derive the expression for the streamline
Y at z = n*, where n* refers to the lower boundary of the recirculating flow region,

‘ n* o 1 1 3
— d — *\2 {__ Y . *\3 Y2 *2}
Y /0 vdz =1 2(n)+a 12(77) 317(17)+4n(17) cos f

3 (q —n+ % - %n“cos&)
7

+ {%n(n“)2 ~ é(n*f}

=q (A7)

which can be solved for n7* given that 1 and ¢ are already known.
As shown in Fig A4, for F = 0.2 and 8 = 2.0, the recirculating flow region
predicted by the BPTE with v = 0 is somewhat smaller than that given by solving

the full Stokes equations (with v set equal to O(1072)) using the FIDAP software
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Figure A.2: The parameter 5*(«) given by the BPTE equation (A.2) with v =0 is
increasing monotonically with «.

(Fluent, Inc.). We also show, in Fig A.4, a comparison, again for v = 0, between
the values of n and n* given by the BPTE and those computed from the solution of
MLE, and find that, even though the film profiles 5 are quite close to each other,
this is not the case with the n* profiles. In fact, the size of the recirculating flow
region, as predicted from the solution of BPTE is much larger than that given by
the MLE, and close to that given by solving the full Stokes equations.

In order to ascertain whether this difference is due to the difference in the values
of the capillary parameter 7y, we also solved the full BPTE, equation (A.2) subject
to (A.3), for v = 1072, and then, using equation (A.7), obtained the profiles for 7
and n* respectively, shown in Fig A.5. A comparison with the corresponding profiles

found earlier with v = 0, shows that, exactly as was the case with the MLE, the
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Figure A.3: The asymmetric and symmetric solutions of the BPTE equation (A.2)
with v =0 for F' = 0.20 and o = 1.38.

difference is negligible, that is, the small surface tension terms in equation (A.2)
have little effect on the surface profile as well as the boundary of the recirculating
flow region when v < 1.

By repeating the analysis in the MLA case (cf chapter 3), it is a straightforward
matter to extend the BPTA to rimming flows with an axially varying viscosity. In
Fig A.6-A.7, we show that the corresponding three-dimensional free surface shape
obtained on the basis of the BPTA also agree with those determined by solving
numerically the three-dimensional Stokes equations. Moreover, on the basis of the
BPTA for the steady rimming flows of a pure liquid with an axially varying vis-
cosity, we also find, in conformity with the results given by the MLA, that, within
the range of a monotonically increasing liquid viscosity fi, the axial flow rate in the

circumferential flow region, J¢, is positive at steady state (i.e. towards the high
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Figure A.4: The film profile  and that of the lower boundary of the recirculating
flow region n* for @« = 0.1 and § = 2. Comparison between 7 as well as n* as
obtained by solving the full two-dimensional Stokes equations with v = 1072 and
those given by the BPTE as well as MLE with v = 0.

viscosity) and therefore, that the axial flow rate in the recirculating flow region, J,
is equal but opposite in sign. Therefore, it is easy to derive the same expression for
the axial particle flow rate J, (i.e. equation (3.30)), and thereby provide the same
explanation for the band formation in the rotating cylinder as given in chapter 3.
Now, as we already see, the region of the recirculating flow has important implica-
tions for the band formation in suspensions. Since we have already shown that the
prediction of n* by the BPTA is better than that by the MLA, it is necessary for us
to repeat the linear stability analysis on the basis of the BPTA. In what follows, we

first derive the BPTE for complete radial segregation, and then linearize the relative

equations to carry out the stability analysis.
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Figure A.5: The film profile 7 and that of the lower boundary of the recirculating
flow region n* for @« = 0.1 and 8 = 2. Comparison between n as well as n* for
v = 1072 and v = 0 given by the BPTE.

A.2 BPTA for complete radial segregation

Choosing the same notation as that for the MLA case (c¢f chapter 3), we start from
the basic angular momentum equations in the circumferential and recirculating flow

regions without the surface tension terms, i.e.

1 adn .
92 %9, = ﬁ{l—i—oz(z n)}cos@—ﬁﬁsmﬂ (A.8)
and
0%v* ov* on .
57 5, —{1+a(z—n)}c050—a%sm0 (A.9)

respectively. The boundary conditions are as follows:

v=1 at z=0
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Figure A.6: The film profiles at different locations (z = 0.1 and = = 0.9) along
the cylinder. Comparison between the numerical solutions of the three-dimensional
Stokes equations with v = 1072 and those of the BPT lubrication model with v = 0
for the case of an axially varying viscosity of the form f(z) =1+ 0.5z, 0 < z < I:
symmetric profiles for an axial uniform fill fraction F = 0.1 and a = 0.1.

*

+oav*=0 at z=n

0z
v=2ov* at z=1n"
_Ov  Ov* .
Moz = &2 at z=m

Let v = v 4+ av! and v* = v%" + av'”, then equations for v° and v** become

2,,0
%;2 = %COSQ (A.10)
and
2,0
6(9:2 = cos 6 (A.11)
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Figure A.7: The film profiles at different locations (z = 0.1 and z = 0.9) along
the cylinder. Comparison between the numerical solutions of the three-dimensional
Stokes equations with ¥ = 1072 and those of the BPT lubrication model with v = 0
for the case of an axially varying viscosity of the form fi(z) =1+ 0.5z, 0 < z < I:
asymmetric profiles for an average fill fraction F' = 0.19 and « = 0.1.

respectively. The corresponding boundary conditions are

W=1 at 2=0

ov” =0 at z=n

0z
W =2" at z=ng
O ™ .
ugz— = 52 at z=n1

The solutions to equations (A.10) and (A.11) with the above boundary conditions

are

=1~ % {zn — %z2} cos @ (A.12)
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and

. 1 1 1 .2
" =1-— {zn - —z2} cosf+|——1 {—n* - 77*77} cos 6 (A.13)
2 7 2

On the other hand, the equations for v! and v!* are

vl 2 10n

W:ﬁ(z—n)cose—ﬁ%smﬁ (A'14)
and
T on .
o = 2(z —n)cosf — —a~e—sme (A.15)

and the corresponding boundary conditions are

=0 at z=0

ovl” o
=—v at z=n

0z
vi=9" at z=79
_ovt oul” i
u—a—; =5 at z=n7

The solutions to equations (A.14) and (A.15) with the above boundary conditions

are
1 (/1 1
vl = F {<§z3 - nzz) cosf — 5%2’2 sin @ + Cz} (A.16)
and
. 1 10n
1 _ (13 _ 2 _ 29N 2
Vo= (32: nz )cosﬁ 550° sind + Cz + D (A.17)
where
C=-1+ gn%osﬁ—{— %nsin@ - (% - 1) {—;—n*z - 7777*} cos f
and

1 1 1 2
D= <ﬁ — 1) {C’n* + (gn*s - 7777*2> cosf — 53—217* sin 0}

Now we compute the flow rate ¢. Letting ¢ = ¢° + aq', we find that

S 1(1 e 1 )
_ dz =" — = (=pp** — = _
q /0 v'dz =7 ; 511 5" cos @ (A.18)
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and
M o R 1 . 1 «
/v dz=0=(n-7n")+(1-= (7777 -=n )(77—77)0059
n* H 2
1 *2 1*3_13
+{§7777 Y }cos@ (A.19)

Combining the above equations, we reach,

1
0 _ 3
@ =n- 3M{n +(z—1)(n—n*)*} cosf (A.20)
Furthermore,
o [Motae = (L L o Ly P Loy
q —/0 vdz—ﬁ{ 57 71 cos @ U 8asm0+20n (A.21)
and

M e (1 + 1, ) 1 L3 0n o2
0—/1’*1) dz = — { 1277 377 n ) cosf 677 8051n9+ C’

1 1 40n
+D(n—n*)+{—1n cos9—— 398m0+ C’n} (A.22)

Again, combining the above equations, we obtain,

1 1 1 ,0n
1 4
= 9 hadl
q 57 oS 217 +377 esmﬁ

1 1 2 1’]2
D S I e e Gy
+D(n—n*) — (u ){277 7777}2608

1 1 1 1
+ (; - 1) {(1277*4 - —n*an) cosf — —n*S@sinH + l6‘77*2} (A.23)

Therefore, we obtain

g=q¢"+aq' =n-— %n3cos0+a{;n cosf — 577 + ;17 %smﬂ}
-i% (% - 1> (n—n*)%cos
+aD(n—n") -« (% - 1) {%n*2 - 7777*} %200s9
+a (% - 1) {(%n*‘l - %n*Bn) cosf — %n gz sinf + — C’n } (A.24)

Note that, it is easy to show that the modification of the axial velocity com-
ponent, w, due to the complete segregation is exactly same as the MLA case, i.e.

equations (3.40) and (3.41).
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A.3 Stability analysis

We first linearize equation (A.24) by letting i = fio+2¢, n = no(0) +&, n* = g5 + &
and ¢ = qo+ 0 where the subscript 0 refers to the initial axially uniform state. Then,

in the dilute limit, 1.e. iy ~ 1, we obtain,

a ,0§ . 5
d = fo&+ 5773% sin @ + §B( (A.25)
where
77 1 * 1 *2 * 772
B= 300089—- 5(770-170)3c0s0+a(§770 —770170> gocosﬂ
1 w4 1 «3 1 3d’l’]0 .
“O‘{<E770 — 3 770> cosf — 6770 40 sin @ + 26’017 }
* 1 3 *2 1d x
—« {C’ono + <§n0 — Moy ) cosf — 340 770 sin 6} (o — 13)
1 1 1 1 ,dng
do =" — gng cosf + o {—5173 + 5173 cosf + 773 0 sm0} (A.26)
3 1 1
fo_—qg—2+ —ams cosf + 570
o 2
and

Co=-1+ gno cos 8 + d—g—no sin 6

It is easy to see that the general expressions of mass conservation equations of
particles and suspension, i.e. equations (3.43) and (3.44), are the same irrespective
of whether the MLA or the BPTA are used. Therefore, equations for the growth

constant and function are as follows:

T (1] . 1, ., .
/7r {5770(770)2 - 6(770)3} G sin 0d6

)\ = O{k2¢0 - T o R . (A27)
/_7r (1 - 5”0) npdf
and
d(foG) ad 3 . dG 9 _ 9dB
YT [770 sm@w — —k nfG = T (A.28)

provided that ¢y ~ 0.01. After solving equation (A.28) for the function G, we

substitute G into equation (A.28) to obtain the growth constant A. As shown in
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Fig A.8, X is monotonically increasing with the increase of wave number &, which
is similar as that given by the MLA in Fig 3.7. Note that, for this typical case
(e = 0.1, 8 = 1.8), the region occupied by the recirculating flow predicted by the
BPTA is about 6% of the total volume of the suspension, which is twice as much as

that given by the MLA.

25

BPTA o=0.1, p=1.8
— =0

20

0 2 4 6 8 10

Figure A.8: A plot of the growth constant A given by the BPT model for o = 0.1
and 8 = 1.8 vs. the wave number £ when v = 0.

When we consider the surface tension effects, the corresponding expressions for

qo and 6 become

1 1 1 3dmno 1 dn dp
q0:’]70——?;?73COSH+OI{—§’I]§ 2170cost9+ 770 a0 0 in @ + fyno <d9+a—9_3
2

and

¢ o3¢ 43 9
06  000z?  06°

30
6= fol + = nOa—gsmﬁ—i-— < + + +§BC (A.30)
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where

1 . 1
B = 7;0(:030— 5(170 —n3)%cosf+ (—?:

1 1 sdno v e fdne  dno 1, .
- {(12"" ~ 3% "°> COSH‘E"O a6 S0 g (de P L

* 1 #3 *2 1 d770 *2 Y dTIO d3770 *2 *
—o {00770 + (gﬂo — o7y )0039 50 M sinf — ~ (@' + 10 n5 ¢ (Mo —mg)

2 2\ 6
m — 770770) — cosf

3 1 1
fo= -7%)- - 24 2&770 cos ) + -2-01770
and
3, dnoe | dno
C’O—_——1+§770C089+ d9n031n9+’)’<d6 T35 dg3
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Figure A.9: The growth constant A has a maximum when v > 0, with the value
of the wave number of the most rapidly amplified disturbance increasing with a
decrease in the value of dimensionless surface tension parameter +.

Following the same procedure for the MLA, we obtain equations for the growth

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



122

constant and the function as follows:

m 1 *\2 1 *\3 . 2 d2G
/ {*2"770(770) —5(770)} Gsin0+v|G—k G+W de
)\:O{k2¢0 — r o (A31)
[ (15 ) s
and
d(fG) ad [, dG] 5dB a,,5. . .
G T340 [”Osmgd_g +5qp ~ 3k G sing =

a &G\ a d [ ,(dG ,dG &G
g’)’k%’]g <G - k2G + W) - g’)’a—g“ {’I]O (-@ —k @‘ + W (A32)

Again, we obtain the value of A by numerical calculation. The curves of A vs. k for
different value of -y are plotted in Fig A.9. The trend of those curves here are similar
as that in Fig 3.9, but the locations of the maximums of every curves (i.e. k¥ = k)
are different from those given by the MLA, especially for the case with the larger
value . For example, when v = 0.067, k. = 0.5, but k. = 0, shown in Fig A.10.
Under this situation, only the stability analysis based on the BPTE can predict the
finite wavelength.

In summary, the stability analysis based on the BPTA provides results that are
similar to that on the MLA. Even though the wavelength predicted by the BPTA
is closer to the experimental results than by the MLA, the mechanism of particle

segregation in the rotating cylinder, which is revealed in chapter 3, is independent

of whether the MLA or the BPTA is used.
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Figure A.10: Comparison of the growth constant A given by the BPTA and the
MLA when v = 0.067.
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Appendix B

Finite-difference formulation and
method of solution

We describe the numerical scheme for solving Eq. (3.66) in chapter 3 (i.e. Eq. (34)

in Ref[17]) via a finite-difference method.

(/o) - dG §%__5_£1_ _ _26_3 &9 3, .
do +3d9 Mosinda | + 5 ~ g | @ (1 3K 3G sin

0
d’G d dG dG d3G
= Sk <G —k*G + ————) — %7— {773 (— — k4 —)} (B.1)

3 de? de dé dd = de?
where
3
B e _ o dm dmy  d"m
0 ="10- "7 {(1 anp) cos(f) T sin(6) Ofy(dﬂ e >} (B.2)
and
fo= —3@—2%— —n3 cos 6
o 3

First, we rearrange Eq. (B.1) and thereby obtain
dG d*G d3G d‘G

CoG+Cy—+C C _p '
0 +ld9+ 2 q07 +C'3 +40 (B3)
where
dfo 2 Q12 2y,.3
Co = 10 3k 5 sin @ 37k (1 - kH)ns
dno . o dn
Ci=fo+ cngH9 sin @ + gng cosd + ay(l — kQ)nSHél
Cy = S sind — Syknd + Sy (1~ K
3 3 3
124
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dn
Cs = 04’)’778—(190

o
Cy = 3")’778
and

o

_ bdm  5d LAY

Next, we discretize the solution domain [—7, 7] into N evenly spaced inter-
vals separated by the points 6; = —7 + (i — 1)Af, where A8 = 27/N = h and

i=1,...,N+1, and approximate Eq. (B.3) using the second-order central finite-
difference formula, i.e.

dG| _ Giy1 —Gia
0|, 2h
2G| Gipy — 26+ Giy
avz |~ 2
d*G|  Gia —2Gi1 +2Gi1 — Giy
o |~ 203
and
d*G

_ Gipg — 4G +6G; — 4G + Gy
. h*
Therefore, at the ith point, the finite-difference form of Eq. (B.3) is

det

ALGig + ALGiy + ALGy + ALGi1 + ALGipg = P, (B.4)

where
; C; | Ci
A= —ops T
.G Coec 40
A=t et o T T

: . 208 6CE
A=Co- Gt

4G G 2 4G
ST on B2 2m3 M4

i_ G G
A= o T
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and

- {no ~(m-q) (1- %%)3}
2h

i—1

Note that all the values of A and P; where n = 0,...,4and ¢ = 1,...N + 1
are known given that 7 can be obtained by solving numerically Eq. (B.2) with
v = 0 . The corresponding periodic boundary conditions require that G; = Gn.1,
Gy = Gyi2 (Go = Gy), and G = Gn43 (G4 = Gy_1). In view of Eq. (B.1), the
periodic boundary conditions also lead to

m , . &G
/ m{Gsing+ (G- KG+ ) 1do =0

2,,3

m . d 77
— 3 o
= /_7r {770 [sm(‘) + (1 — k2)] + ’y-@} Gdo (B.5)
which provides an alternative boundary condition, i.e.
N+1

3 3 3
S Al i - Mo li+1 — 2151 + 7gi—
1 A,G; =0 where A, = [31n91-+'y(1—k2)] i+ oli+t hg| oli1

(B.6)
Here, we chose N = 20000 and constructed the (N + 1) x (N + 1) matrix M

incorporating (B.6), i.e.

A} A} A 0 - 0 Ay A 0]

A2 A2 A7 AR 0 0 A5 0

A} A} A3 A3 A3 0O 0 0
M= |

0 -~ 0 0 AFT AV AYTT AP A

0 Ay 0 -0 AV AV Ay AY

Al AL AR AL - AR AT AN ANH

in terms of which the linear algebraic system Eq. (B.4) becomes MG = P, where
G = (G1,Gqy...,Gn,Gyy1)T and P = (P, Py, ..., Py,0)T. Since such a linear
system has no singularity if v+ > 0 and also the matrix M is a sparse one, we
chose a direct method (i.e. Gaussian elimination) in the Matlab package to solve

MG = P and thereby obtained G. However, this is not the case when v = 0 given
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the existence of a singularity at § = 0. Under this condition, we can obtain G
asymptotically at y = 0 by solving the full Eq. (B.1) but letting v — 0.

Recall that the base flow here is given by Eq. (B.2) with v = 0 even though
the eigen equation (B.1) is derived based on the full Eq. (B.2). The reason why we
made this approximation is that, when v < 1, the free surface profile 1y given by
Eq. (B.2) with v = 0 was found to be essentially the same as that given by the full
Eq. (B.2).

We solved Eq. (B.2) with 4 = 0 using a shooting method as described in Ref[3].
Obviously, we could not use such a method to solve the full Eq. (B.2). In this case,

Eq. (B.2) together with the kinematic condition, i.e.

was solved using an iteration scheme in which we first chose an initial value of 7 (i.e
n at t = 0), then obtained 7 at t = At and so on until £ — oo when the solution

achieved steady state.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Appendix C

Particle segregation in a partially
filled rotating cone/sphere

Abstract

Particle segregation in rimming flows of suspensions containing neutrally buoyant
particles within a partially filled rotating cylinder has been observed experimentally
[M. Tirumkudulu, A. Mileo and A. Acrivos, Phys. Fluids 12, 1615 (2000)] and
then explained quantitatively on the basis of a linear stability analysis [B. Jin and
A. Acrivos, Phys. Fluids 16, 641 (2004)]. Here, we performed similar experiments
but in a different geometry, viz. a cone (or a sphere) partially filled with the same
suspension and rotated horizontally about their axis of symmetry. As expected, an
initially uniform suspension was found to segregate, under certain conditions, owing
to the existence of a steady axial flow which is created by this new geometry. In
addition, the particles formed a single band near the narrower end of the cone and
two bands on both sides of the center cross section in the case of the sphere. It is
shown that this location of the band(s) seen experimentally can be predicted theo-
retically by solving numerically a general model equation for rimming flows within
any axisymmetric horizontally rotating container and then taking into account the
observed radial particle segregation similar to that found in the case of the cylinder

[B. Jin and A. Acrivos, Phys. Fluids 16, 641 (2004)].
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Recently, a quantitative explanation[17] was given for the curious particle band-
ing phenomenon which is observed when an initially uniform suspension of neutrally
buoyant particles in a viscous Newtonian fluid is sheared in a partially filled, hori-
zontal rotating cylinder [1]. According to Ref. [17], the whole process for the creation
of such band structures is as follows: when rimming flows of suspensions contain a
region of recirculating flow (puddle), the particles have been observed to segregate
radially by migrating out of the puddle into the unidirectional circumferential flow
region (cf. Fig. C.1(a) for a sketch of these two flow regions). Consequently, the
particle concentration within the puddle is thereby lowered while that in the cir-
cumferential flow region is enhanced. By means of a linear stability analysis, such a
particle cross-sectional distribution was shown to be unstable to axial disturbances
in the particle concentration, which induce corresponding axial variations in the
effective viscosity of the suspension, with the surface tension being responsible for
selecting the wavelength of the most rapidly amplified disturbance.

The mechanism which leads to the amplification of the initial axial disturbances
was identified by solving numerically a model equation for rimming flows with an
imposed axially varying viscosity [18]. It was found that, in the presence of a
puddle, the three-dimensional axial flow induced by the axially varying viscosity
was directed, on average, along two opposite directions, specifically, towards the
high viscosity region across the circumferential flow and towards the low viscosity
region across the puddle. Thus, it was concluded that, even when the corresponding
volumetric flow rates of the pure fluid exactly balanced each other, in the presence
of the radial particle segregation described above, a net particle migration towards
the region of high viscosity was expected to set in thereby further amplifying the
original particle concentration (and therefore viscosity) disturbances.

Of course, in the case of the rotating cylinder, the axial flow referred to above will

vanish if the viscosity of the fluid is kept constant everywhere. But since it is also
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obvious that, even when the viscosity is kept uniform, a steady axial flow can still be
generated by changing the geometry of the container, e.g. using a cone (or a sphere)
rather than a cylinder, one would expect on the basis of the earlier study[17] that, in
such a geometry, an initially uniform suspension should also segregate axially into
one or more bands if the flow contained a puddle.

To test this hypothesis, experiments were performed in a horizontal cone as well
as in a sphere. The cone, shown schematically in Fig. C.1(b), was 100 mm long
and had inner radii at its two ends equal to 13 mm and 26 mm respectively, while
the radius of the sphere was 36.3 mm. Both the cone and the sphere were made
of glass which is completely wetted by the liquid Triton mixture used earlier [1].
In experiments with such a particle-free liquid, the front of the recirculating region
(puddle) in the cone (cf. Fig. C.1(b)) and that in the sphere (cf. Fig. C.1(c)) always
remained stationary after a short transient period thereby indicating that the corre-
sponding flows were stable. But, when the pure liquid was replaced with a uniformly
mixed suspension of neurally buoyant spherical PMMA particles of mean diameter
463 pm dispersed in the same Triton mixture, it was found that, as long as the flow
contained a puddle, particle segregation always occurred (cf. Fig. C.2(a) and (b) for
the cone and sphere cases, respectively) by a process similar to that observed in the
case of the cylinder. Specifically, in all cases, the particles first segregated radially
by migrating out of the puddle into the unidirectional circumferential flow region
(a relatively short time step), and then segregated axially to form bands (a longer
time interval). [In fact, these two intervals were found to overlap in the presence
of a deep puddle.] However, the time required for the particle band formation in
the cone and the sphere was much shorter than that in the cylinder. For example,
in a dilute suspension with particle volume fraction ¢ = 1072, essentially complete
particle segregation was attained within one hour in the former case, in contrast to

the case of the cylinder where, under similar conditions, the experiments had to be
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run for at least several hours before any band structure could be discerned. [Note
that, here, we focused on experiments with suspensions having low concentrations
(¢ = 1072) and fill fractions (F < 0.3). Also, the corresponding Reynolds num-
bers for the fluid were always less than 1072 which allowed us to neglect inertia
effects.] Moreover, here, the band(s) were located near the region where the size of
the puddle was the smallest, rather than at random locations as was the case for
the cylinder where only the spacing between the neighboring bands was determined
by the surface tension.

Although, as was said earlier, the observed formation of particle bands in the
case of a cone and a sphere is hardly surprising in view of the earlier analysis[17],
it 1s still necessary to account for the observation that these bands were found to
form near those regions where the puddle was smallest, for it is not obvious why
bands could not form at some other location, e.g. where the puddle is largest. To
be sure, although one might have anticipated this result by analogy to the earlier
observation[1] of particle migration to regions of highest viscosity where the size of
the puddle is smallest[18], it is far from clear that this analogy is appropriate given
that, in these earlier experiments(1], the reduction in the puddle resulted from the
increased viscosity[18] which, as shown in the subsequent analysis[17], provided the
primary driving force for the subsequent particle segregation.

To settle this issue we consider, therefore, a steady-state rimming flow within an
axisymmetric container, the inner surface of which is formed by rotating, about the

z-axis, a curve r = R(z) with dR/dz being everywhere O(1) or less, and define

Qu
gR(z)

R
it

(C.1)

where () is the angular speed of the rotation, v is the kinematic viscosity of the
fluid and g is the gravitational acceleration. Note that, « is here a function of z

instead of being a constant as in Ref. [18]. Then, on supposing that the film is
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everywhere thin, the expression for the dimensionless pressure in the thin film, with
surface tension effects being negligible, has the same form as Eq. (6) in Ref. [3],
Le. p = alz — n)sinf, where p = %‘5%, z = %;—{’1 and n = X with § being the
dimensional pressure and py the pressure of the empty space, p is the density of the
fluid, r and @ are, respectively, the radial and the angular coordinates and & is the
film thickness (cf. Fig. C.1(a)). Therefore, by repeating the modified lubrication

analysis presented in Refs. [3, 18], we can easily show that the dimensionless flow

rate within the film at any axial location z, is given by

3
q(x)E/Onvdz:n—%{(1—an)cos0—aggsin9}, (C.2)

where v is the corresponding dimensionless angular velocity, subject to

1 L2 . a [7
F= E/—L/Z Fiocal(z)da with Flocal(z) = */ (1 - %77) ndd, (C.3)

™ J—7

where F' is the average fill fraction, L is the length of the device (neglecting end
effects), and Floca is the a priori unknown fill fraction per unit length at every cross
section of the container.

Now, by repeating the analysis for the flow in the axial direction presented in
Ref. [18], we find, after some straightforward manipulations, that the expression for

the dimensionless axial velocity w becomes,

—Jar (1o B La)g
w—{aRax (1 277) dx}(nz 22>sm0 (C.4)

and therefore, the expression for the dimensionless axial flow rate is

u n oY T .0n dR (™ /1 «
= 9/ d—_—R/ 3—'9d9———/ (———)3' , .
J /_Wd A wdz = 3 Mgy sin o \37¢")" sin8df, (C.5)

which must vanish at steady state, i.e.

d (7 ) 12dR (™ /1 « .
i /_7r n* sin 6d6 = R ds /_7r (§ - En) n® sin 6d4. (C.6)
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Evidently, since w vanishes if dR/dz = 0 everywhere, the steady axial flow is induced
here by the three-dimensional geometry of the container.

Let us suppose, for the sake of simplicity, that R(z) is periodic with period equal
to L. In order to solve Eq. (C.2) subject to (C.3) and thereby determine the three-
dimensional free surface shape, we have to first approximate the condition given by
Eq. (C.6) by means of

Ale+0) = A@w) + ———Bla)  with Al)= _’; 10, )" sin 06,

ad B)= [ (% ~ %3(6.2)) n(6,2)" sina0 (C.1)

126 dR /

where § is a number chosen small enough to guarantee that the approximation given
above will converge into the original Eq. (C.6). We can then repeat the numerical
procedure described in Ref. [18] to deal with both symmetric and asymmetric pro-
files. For the former case, in which the film profiles n(f, z) are everywhere symmetric
about 8 = 0, A(z) as well as B(z) in Eq. (C.7) vanish at every cross section so that,
according to Eq. (28) and the relevant discussion in Ref. [18], the local fill fractions
Flocal(x) should remain at their initial and presumable known values. Therefore,
we can solve Eq. (C.2) subject to (C.3) for any z and thereby obtain the steady-
state symmetric profile (6, z). On the other hand, if the film profile is asymmetric
about 6 = 0, we can solve Eq. (C.2) for a given ¢ at = 0, and obtain A(4) by
calculating the sum of the two terms involving A(0) and B(0) on the right-hand
side of Eq. (C.7). By repeating this procedure, it is straightforward then to obtain
n(0,z) at any cross section and thereby determine the profiles of Fio(z) and also
the relation between the chosen value of ¢(0) and the a priori specified value of F.
Clearly, according to the present analysis, a steady flow cannot exist if (6, z) is
symmetric about § = 0 over a certain range of z and asymmetric otherwise.

In what follows, we shall focus on the case in which a recirculating flow region is

present near the bottom of the container for all z, because no particle segregation has
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ever been observed in the absence of a puddle. Without loss of generality, we choose,
as a typical container, the cone R(z) = Ry(1+0.25z/Ry), with 0 < z/Ry < 0.5, and
use our model to calculate the three-dimensional free surface shape for F' = 0.19
and a(0) = 0.1. The corresponding film profiles 7(#, z) at z = 0 and z/Ry = 0.5 are
plotted in Fig. C.3. As expected, the size of the puddle was found to increase with
increasing R(x). Now, let us calculate the total axial volumetric flow rate through

the circumferential flow region,

e [T [ T on a NdR) /1 . 1 .3\ .
r=[| wd@dz—/_w{a - (1 211) dw}(2nn 5 )smGd@

(C.8)
where n* is the lower boundary of the recirculating flow region (cf. Ref. [18]), and
that through the puddle, J”, which must equal —J¢ at steady state. [Here we chose
the local linear interpolation formula used earlier [18] to compute 0n/dz.] We find
the crucial result that, within the range of monotonically increasing R(z) along z,
J¢ is negative at steady state and therefore, J” is equal but opposite in sign. For
example, in the case of the cone mentioned above, J¢ was found to equal —3.7 x 1072
at /Ry = 0.25 while the corresponding value of J given by Eq. (C.5), which should
have been zero, was computed to be —2.7 x 1072, Therefore, we can conclude
that, due to the presence of the three-dimensional geometry of the container, the
net axial flow rate of a pure liquid, having constant viscosity, integrated across the
circumferential region is towards the region of smaller R(z), whereas that across the
puddle is towards the region of larger R(x).

Now consider a dilute suspension containing neutrally buoyant particles in the
presence of such a flow field in which the particles have the essentially same velocity
as the surrounding fluid. Following the corresponding analysis in the case of the

cylinder [17], we find that there exists a net particle flow rate J, (cf. Ref.[17]),

Jp= (67— ¢7)J° (C.9)
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which, given that J° < 0, is towards the region of smaller R(z) if the particle
concentration in the circumferential region (¢°) is higher than that in the puddle
(¢"). Due to this net particle flow, the particles would be expected to segregate
into a particle band in the region of smallest R(z). This prediction is in complete
agreement with the experimental observations, i.e. that particles were found to
segregate into a single band near the small end of the cone (cf. Fig. C.2(a)), while
two bands were found to form on both sides of the center cross section of the sphere
separated by a distance essentially equal to the width of the puddle (cf. Fig. C.2(b)).
Moreover, since the particle segregation reported here results from the existence of a
steady three-dimensional flow due to the geometry of the cone or that of the sphere,
rather than to an instability resulting from concentration fluctuations (as in the
case of the cylinder), it is not surprising that the particle band(s) described above
required a much shorter time to form and, also, that the location of the band(s)
here is deterministic rather than random as was the case for the cylinder [17].

The results presented here support the basic features of the earlier analysis[17]
which would have been seriously compromised if J. had been found positive rather
than negative for, in this case, the predicted location of the particle bands would have
been near the region of mazimum puddle size in contradiction with the experiments.
In addition, the present results, as well as those in the earlier references [17, 1),
provide further evidence in support of the argument that, as a rule, neutrally buoyant
particles in a suspension have a tendency to leave regions of recirculating flow, even
under creeping flow conditions, and thereby to trigger the formation of the particle

bands seen here as well as earlier [1]. The reason for this radial segregation, however,

is still unknown and requires further study.
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front of the puddle

(©)

Figure C.1: (a) A sketch of the liquid film profile in the cross section of the cylinder as
well as that in the cone (or in the sphere). (b) A sketch of the cone with By = 13 mm,
R; =26 mm and L = 100 mm plus the front of the puddle; (c) a sketch of the sphere
with Ry = 36.3 mm plus the front of the puddle.
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(b)

Figure C.2: (a) A single band is observed near the small end of the cone for Q =
3.8 rpm, F = 0.20 and ¢ = 0.01. (b) Two bands are observed on both sides of the
center cross section of the sphere for 2 = 9.2 rpm, F = 0.20 and ¢ = 0.01.
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3.5
I . F=0.19, R(x)=R (1+0.25x/R )
L\ 2 0
3.0 !\ —n, ---n atx=0
i oo a =0.1,F =0.18
! \ local Ioi:al
25} ! '\--—--n, ----- n at x/R0=0.5

Figure C.3: The dimensionless film profiles as well as the lower boundary of the
puddle at different locations (z/Ry = 0 and 0.5) along the cone R(z) = Ro(1 +
0.25z/Ry) (0 < 2/Ry < 0.5) as determined from the numerical solution of Eq. (C.6)
for «(0) = 0.1 and F = 0.19.
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Appendix D

Viscous flows in a partially filled
horizontal Couette device

D.1 Base flows of a highly viscous liquid in a par-
tially filled horizontal Couette device

Here, we consider the flow of a highly viscous liquid having constant density and
viscosity in a partially filled horizontal Couette device, shown in Fig D.1(a), consist-
ing of two concentric cylinders with the outer cylinder fixed and the inner cylinder
free to rotate. On assuming that such a flow is axially uniform, and that inertial
effects are negligible (e.g. that the Reynolds number Re <« 1), the corresponding

governing equations are the two-dimensional Stokes equations, i.e.

0*u  10u 1 (8% 0D . 0p
4t —t+ (== —a-2=— = = .
“{ar2+rar+r2 (aez v ae)} pgsinb + 3o, (D-1)
and
Py 105 1 (8% A1 10p
et it = (o -4+ 2= | b = == .
”{ar2+rar+r2 <392 v ae)} pgcostti5g (D2
plus the continuity equation,
ou 1. 19

where 4, U represent the dimensional velocity components respective to cylindrical
coordinates r, 8 (cf Fig D.1(b)), p is the dimensional pressure, g is the gravitational

acceleration, p and p are the density and the viscosity of the liquid respectively.
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Figure D.1: A sketch of the horizontal Couette device (a) side view; (b) cross
sectional view.

Before non-dimensionlizing all the variables, we introduce two important dimen-

sionless parameters,

Qu
o= — D.4
R (D.4)
and
RO - R

where € is the angular speed of the rotating inner cylinder, and R, and R are the

radii of the outer and inner cylinders respectively.

Next, the radial space (r — R) is scaled with €R as

r— R
eR

N
I

(D.6)
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and the scaled dependent variables are
(u,v) = (4,0)/QR, and  p=p/pgR.

Therefore, in terms of the new variables, Eq. (D.3) becomes

ou € ov ,
—5;+1+6z<u+%>—0 (D7)

and also the dynamical Egs. (D.1) and (D.2) become

QQ_U+ € @_’_ €? 0%*u u_28v
022 1+ez0z (1+e€z)?

e (. 10p
= ?{Sme—*_;&} (D.8)

002 00

and

0% e Ov €2 v ou €2 1 dp
072 + 1—|—625+ (14 €z)? (ﬁ ——v-{-Q%) B J{COSH—F 1+ez%} (D-9)

For the sake of simplicity, we focus on the Couette device with a small gap € < 1
plus @ < O(¢). Therefore, according to Eq. (D.7), we find that u = O(e) given that
v = O(1). In addition, Eq. (D.8) shows that

% = —esinf + O(e*(a?/€?)) (D.10)

which leads to
p= —ezsinf + C(0) + O(e*(a?/€?)) (D.11)

with C being an unknown function of #. Consequently, to a first approximation,
Eq. (D.9) reduces to

v dC
ﬁzﬁ{cosﬁ—l-@} (D.12)

To solve the above equation, we divide the typical flow domain, shown in Fig D.1(b),
into two regions, i.e. the thin film region and the bulk region, since the necessary
boundary conditions there are different.

In the thin film region, the normal stress vanishes on the free surface z =
n(0)(where n(8) = h(6)/eR with h(f) being the dimensional film thickness) pro-

vided that surface tension effects are negligible. In the thin film approximation, this
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implies, from Eq. (D.11), that C = ensinf, so that the pressure within the thin
film, say py, is
ps = €e(n—z)sinb (D.13)

Moreover, the boundary conditions for the angular velocity in this region are: no-
slip at the wall (i.e. vy = 0 at z = 0) and zero shear stress on the free surface (i.e.
Ovg/0z = 0 at z = n(0)). Therefore, the solution to Eq. (D.12) gives the expression

for the angular velocity in the thin film (vj),

€

2 1
vp=1-— = (nz — 522) {(1 + en) cos O + egg sin9} (D.14)

which, on integration across the thin film, leads to

2

A € 4 dn .
qf:/o vdz:n—ﬁn (1+6n)cosﬁ+ea—9-sm6 (D.15)

where ¢y is the dimensionless flow rate in the thin film.
On the other hand, by solving Eq. (D.12) with the no-slip boundary conditions
at the solid walls (i.e. vp =1 at z = 0 and v, = 0 at z = 1), we obtain for the

angular velocity in the bulk region (say vj)
vy =1~ (1+ B)z+ B2* (D.16)

with

e dC

Therefore, the corresponding flow rate across the annulus is
1 1 B
= dz = - — — D.1
Qb /0 Vpaz 2 6 (D.18)

At steady state,
gy =4y,

both of which are independent of 6.
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In view of Egs. (D.11) and (D.17), the pressure gradient along the -direction in

the bulk region becomes

apb _ 2a2

On integrating the above expression with respect to 6 from 65 to 8; along z = 1, we

have, at steady state, that

€ sinf — sin b,

B:2CY2 01—02

(1+¢) (D.20)

given that the local pressures at two contact points ¢; and ¢, (cf. Fig D.1(b)) are the
same. Moreover, the liquid conservation condition, in the narrow gap approximation,
requires that

02

F = —2%{91~02+/0j [n—l—%(ng—n)] df + [n+§(n2—n)] de} (D.21)

provided that 67 ~ 6, and 65 ~ 0, (cf. Fig D.1(b)), where 6 denotes the angu-
lar coordinate of the stagnation point at the free surface while 65 is the angular
coordinate of the cusp.

At steady state, as long as gs(or ¢,) has been chosen, 6; as well as 6, can be
determined by solving Eq. (D.20) together with (D.21) given that F', o and € are
already known and that B can be evaluated from Eq. (D.18). [Note that, as long
as e € 1, nin (D.21) can be obtained by solving Eq. (D.15) by successive approx-
imations.] As expected, the value of #; is found to decrease with decreasing o and
that the size of the bulk region increases. In the case @ — 0, the film is thin enough
to allow us to assume that the net flow rate ¢ vanishes giving B = 3 in Eq. (D.18).
[Previous work [19, 20] related to this problem used such a assumption for the flow
with liquids of low viscosity.] In addition, when v, = 0, Eq. (D.16) has two roots,
i.e. z =1/B and z = 1, which implies that a recirculating flow is present in the

bulk region if the first root is less than the second one (i.e. B > 1). When these
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two roots are equal, the recirculating flow vanishes and the corresponding flow rate
gy equals 1/3.
If a recirculating flow exists (i.e. if 0 < ¢ < 1/3 or 1 < B < 3), it is confined

between z = 2* and z = 1, where z* is the smaller of the two roots of
% 1 *2 1 *3
with the other root being at z =1 (c.f. Eq. (D.18)).

D.2 A model of partially filled Couette flows with
an axially varying viscosity

Consider next a steady-state flow in the partially filled Couette device described
above but with an imposed axially varying viscosity. Here, we still use the same
definition of @ in (D.4) so that the dimensionless dynamical equations in the radial
and angular directions will remain exactly the same as those in the two-dimensional
case. Therefore, on letting € < 1, it is a straightforward matter to show that the
corresponding expressions for the pressure and for the flow rate in the thin film as
well as in the bulk region remain of the same form as those in Sec. 1. For the sake
of simplicity, we suppose that u(z) is periodic in z, the axial distance divided by
R, i.e. w(z) = p(z + nL) with n being an integer and L taken to be O(1). The
corresponding expression for the fill fraction F', the a priori specified variable, is
1 rL/2

F=z /_ , p Fleca(2)dz (D.23)
with Fj,.q being the a priori unknown fill fraction at every cross section of the
Couette device. The dynamical equation in the axial direction is

2.~ ~ 2.~ 2.~ «
M{8w+18w+1<3w_w>}+8w:8p (D.24)

arr T ror 2\ og? 0i* 9%’
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where w is the dimensional axial velocity and Z is the dimensional distance in the

axial direction. After non-dimensionlization, this equation becomes

0w e Ow €2 0*w 2 0%w € Op
W+—1+6z$+<l+ez>2(3m ‘“’) 9 aror (D.25)
which reduces to
52 2
w_ € op (D.26)

922 o0z
with w = w/QR and z = &/R provided that € < 1.
In the thin film region, the boundary conditions for the axial velocity (say wy)
are: no-slip at the wall (i.e. w; =0 at z = 0) and zero shear stress on the surface
(i.e. Ows/0z = 0 at z = n). Moreover, on account of Eq. (D.13) with 7 being a

function of # as well as of z, we obtain for wy,

2
Wy =€e—; on {— - nz} sin 6 (D.27)

o2 Oz

hence, the axial flow rate across the thin film is

o 7 02 € €2 40N
Jy :/0 dz( A wydd + . wfdﬁ) =33 ( ax s1n0d0+/ T — s1n0d9>
(D.28)

the magnitude of which is at most O(e) given that a < O(e).

In the bulk region, the corresponding pressure, according to Eq. (D.19), becomes
pp=—B(0 —0,) — (1+€2)(sinf —sinb,) (D.29)

with p, = 0 at § = 6; where #; now, as in the case with «, is now a function of z.
Therefore, from Eq. (D.26) and after applying the boundary conditions for the axial
velocity in the bulk region (say wp) (i.e. wy, =0 at z =0 and z = 1), we can obtain
its expression

wp = l(@ + 1du) 0 —6,)— B%il] (zQ—z)—f—igﬁl (22— 2)+ =

de pdx 202 dx (z ~ 2)| cos s

3
(D.30)
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and that of the corresponding axial flow rate

61 1
J, = / d9 / wydz
02

0t {(1 dup dB) (0, — 6,) — % [(1 + f) ;—22(:0301 - 23” (D.31)

12 udx dx dz 2

At steady state,
Ji+ =0
which leads to . 12
; dB
40, _ g+ (01— 0) (GEB +42)
dz (1+§);—22(:0801 - 2B

(D.32)

Substituting the above expression into Eq. (D.30), we obtain

dB L1 1du
wy = | —
b dx udx

) o- -(91 + 92)] (22— 2) + 916ff92 (22 — 2)

(§~%+@ww%{6h 1@§+1w
(1+¢)costy — 2B | 61— 6 dz ~ pd

n B) 01 — 92)} (D.33)

Then, the axial flow rate through the recirculating flow region is

01 1 3 2
J :/02 de/z*wbdz:—Jf(leQz —32")

1 ez* (z* —1)*cos; { (1 du dB) (6, — 02)2}
—— 6Js+ | ——B + — > (D.34
12 (1 + ) cost — 2B P \pde dez 2 (D-34)

It is interesting to note that, according to the above equation, the magnitude of J”

is O(e), i.e

91 - 02)2C0861 2
J = —Ji1 422" — 32 ——6-( P
s ) 24 cost; — 2—60‘;B

(z* — 1) + O(e)
This is because, as can be seen from Eq. (D.33), the contribution to J from the
O(1) term in the expression for w, vanishes identically.

To evaluate J”, we assumed that ¢ = goa/e where ¢q is a constant independent of

x, and found numerically that, at steady state, J" is negative with J¢, as expected,

being negative in the direction of increasing viscosity. For example, when o = 0.2,
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€ = 0.4 and g = 1+ 0.5z, we obtained J” =~ —0.005 and J; =~ —0.001 at x = 0.5
with a given Fj, = 0.5 and a given ¢y = 0.55. This implies that the three-
dimensional axial flow induced by the axially varying viscosity was directed, on
average, along two opposite directions, specifically, towards the low viscosity region
across the recirculating flow area and towards the high viscosity region across the
rest of the area, which is similar to the case of rimming flows with an axially varying

viscosity[18].
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