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Abstract

The Differentiability of Renormalized Triple Intersection Local Times

by

Subir Singh Dhamoon

Advisor: Dr. Jay Rosen

The evolution of the theory of triple intersection times over the past, approximately, two

decades has centered primarily on two dimensional Brownian Motion and planar symmetric

stable processes. The one dimensional cases have gone largely unstudied. In this thesis,

we examine the differentiability of renormalized triple intersection local times for the two

aforementioned Markov processes in R1. In more detail, we prove that the single partial

derivative with respect to each spatial variable exists and show that each partial derivative

is, in fact, jointly continuous in both space and time variables. During the course of our

analysis, we discover that these results hold for the class of symmetric stable process for

which 3/2 < β < 2.
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Chapter 1

Introduction

1.1 Notation

We will denote by R the set of real numbers and R+ = [0,∞). The set of integers will

be indicated by Z, where Z+ = [0, 1, ...). For x, y ∈ Rn, (x, y) will denote the ordinary

inner product in Rn and |x| = (x, x)1/2 the standard Euclidean norm. The σ-field of Borel

subsets of n-dimensional Euclidean space will be written as B(Rn). The symbol “
.
= ”

means ’defined to equal’.

The Dirac delta function concentrated at x will be expressed by δx. The function fϵ will

be an approximate delta function, which means that for any ϵ > 0, fϵ(x) =
1
ϵ
f(x/ϵ) with

f a positive, C1, even function of x supported on [−1, 1] with
∫
fϵ(x) dx = 1.

Each stochastic process, Xt, will be defined on a complete probability space (Ω,F ,P)

with state space (Rn,B(Rn)). The notation BMd is reserved for d-dimensional Brownian

motion.

1
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1.2 Occupation Measures and Local Times

The inception of the theory of local times can be accredited to Lévy and his work with

Brownian local times [16]. As Revuz-Yor [21], p. 277, note, the advancement of this

theory has since branched into roughly three directions. The first precept formulizes local

times for Markov processes through the utilization of potential theory and the theory of

additive functionals. This was initiated by Blumenthal-Getoor [2] and fostered through

the Isomorphism Theorems of Marcus-Rosen [17], which connect the law of local time

processes to Gaussian processes. The second is motivated by Itô’s formula and the theory

of semimartingales. The progenitors of this approach include Tanaka [31], Millar [19], and

Meyer [18].

The third school of thought is grounded in the notion of occupation densities, which is the

methodology we adopt for our work and develop in detail below. The survey of Geman-

Horowitz [10] delineates the roots of this branch of local time theory.

Definition 1.2.1. Let X : RN → Rd (t 7→ Xt) be a Borel measurable function and denote

the Lebesgue measure on RN by λN . For each A ⊂ B(RN) we define the occupation

measure µA on Rd by

µA(B) = λN(A ∩X−1(B))

with B ⊂ B(Rd).

If we set RN = R+, we can consider R+ as a time set and interpret the occupation measure

as the amount of time spent by Xt in B during time period A.

Definition 1.2.2. Let µA be an occupation measure and λd the Lebesgue measure in Rd.

If µA ≪ λd, the Radon-Nikodym theorem asserts the existence of a unique measurable
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function, denoted by α(x,A), such that for each B ⊂ B(Rd),

λN(t ∈ A | Xt ∈ B) =

∫
B

α(x,A) dλd

and the Radon-Nikodym derivative

α(x,A) =
dµA

dλd

(x) (1.1)

is defined as the occupation density on A and we say that X has a local time on A.

The uniqueness of α(x,A) refers to the fact that if α̃(·, ·) is any measurable function with

the same property, then α(x,A) = α̃(x,A) almost everywhere dλd.

Considering, again, Rn = R+ and setting d = 1, Gurevich-Shilov [12], p. 207, indicates

the right hand side of (1.1) can be written as

lim
ϵ→0

λN (t ∈ A | Xt ∈ (x, x+ ϵ])

ϵ
, for a.e. x.

and the local time α(x,A) can intuitively be thought of as the time spent at x during the

time period A.

To this point, the concepts of occupation measure and local time have been construed as

real variable statements. We would now like to extend these definitions to a probabilistic

framework.

Definition 1.2.3. Let Xt be a stochastic process defined on a probability space (Ω,F ,P),

such that X : Ω×R+ → Rd. We say that X has a local time on A if X(ω, ·) has a local

time on A for almost all ω.
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1.3 Multiple Points and Intersection Local Times.

Having introduced the notion of a local time in the previous section, we now expand this

concept and develop the key ideas of intersection local times and renormalized intersec-

tion local times. Our focus will primarily be on BM2, BM3 and planar symmetric stable

processes and in the next chapter we discuss the one dimensional case. In the course of

expounding these random measures, we trace the origins of this idea and present a brief

survey concerning the critical results. To work towards this goal, we start with the path

properties of multi-dimensional Brownian motion and symmetric stable processes. These

features will motivate the definitions and theorems to follow.

1.3.1 k-Multiple Points

Definition 1.3.1. Suppose Xt is a stochastic process with state space (Rn,B(Rn)). We

call a point x ∈ Rn a double point if there exist time instances t1 < t2 such that Xt1 =

Xt2 = x. More generally, x is called a k-multiple point if there exist distinct time elements

t1 < · · · < tk such that Xt1 = · · · = Xtk = x.

Simply stated, a point x ∈ Rd is a k-multiple point if the sample path of Xt visits x at

least k times. When d ≥ 2, such an x can be visualized as a point in Rd in which the path

of the process intersects itself. Figure 1.1 above assists with this notion for double points

in R2.

The historical origins of our problem can be traced back to the mid-twentieth century and

the inquiry into the existence of k-multiple points for BMd. In 1942, Levy [15] initiated
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Figure 1.1: Double Points and Self-Intersections.

the study of the self-intersection of Brownian paths when he proved the existence of dou-

ble points for planar Brownian motion. Two years later Kakutani [13] investigated the

Brownian path in Rn, for n ≥ 5, and determined that the sample path of the process will

not intersect itself. The case for n = 3, 4 was resolved by Dvoretzky, Erdös, and Kakutani

[5]. They established the existence of double points for the Brownian path in three dimen-

sions and the non-existence of double points for BM4. These three authors confirmed the

existence of recurrent points for the planar Brownian path in 1954 [6] and, together with

Taylor [7], they showed that three dimensional Brownian motion has no triple points. A

simulation of BM2 in Figure 1.2 above illustrates the notion of multiple points.

The path properties of n-dimensional symmetric stable processes were studied by several

authors in the 1950’s and 1960’s. Taylor summarized these finding in [32] and we list them

in Table 1.1 below. For each value of n and β, k represents the maximum multiplicity for

the sample path.
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Figure 1.2: Simulation of BM2 Illustrating k-multiple Points.

1.3.2 Intersection Local Times and Renormalization

The motivation for intersection local times, for a stochastic processXt, is to define a random

measure on Rk
+ supported on

{
(t1, ..., tk) ∈ Rk

+ | Xt1 = · · · = Xtk

}
(1.2)

which, heuristically speaking, measures the amount of time a process spends intersecting

itself at points in Rn. Our discussion above, regarding the existence of k-multiple points

for n-dimensional symmetric stable processes, leads us to conclude (1.2) may be empty

for certain dimensions in Rn and parameters β. Hence, we must exercise some diligence

and seek to define an intersection local time supported on sets which are not empty. To
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k-multiple/
Rn recurrent points Parameter

k = 1 0 < β ≤ 1
2

n = 1 k = ℓ, ℓ = 2, 3, ...
ℓ− 1

ℓ
< β ≤ ℓ

ℓ+ 1
recurrent 1 ≤ β ≤ 2

k = 1 0 < β ≤ 1

n = 2 k = ℓ, ℓ = 2, 3, ...
2ℓ− 2

ℓ
< β ≤ 2ℓ

ℓ+ 1
recurrent β = 2

n = 3 k=1 0 < β ≤ 3
2

k=2 3
2 < β ≤ 2

n ≥ 4 k=1 0 < β ≤ 2

Table 1.1: Summary of k-multiple points for symmetric stable processes in Rn.

foster this notion, we begin by considering processes which visit points in Rn at least twice.

The existence of k-multiple points for the sample path of BM1 and BM2, along with the

occurrence of double points for BM3, make these processes valid candidates. We can also

contemplate one and two dimensional symmetric stable processes of order 1/2 < β < 2 and

1 < β < 2, respectively. In fact, if we let Xt denote any of these processes, then the set

{
(t1, t2) ∈ R2

+ | Xt1 = Xt2

}
(1.3)

is not empty with probability 1. This leads to our first formulation of intersection local

times.

Let Xt be a one or two dimensional symmetric stable process of order 1/2 < β < 2 or

1 < β < 2, respectively, or a BM3. The intersection local time for Xt is formally given by

α(x,B)
.
=

∫∫
B

δx(Xt −Xs) ds dt; B ⊂ B(R2
+), (1.4)
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where δx is the Dirac delta function concentrated at x.

The intersection local time can be analyzed as a functional of Xt which increases only when

the difference between Xt and Xs is equal to x. When x = 0, α(0, B) increases when the

path of the process intersects itself and can be inferred as the amount of time spent by the

process at double points. For small values of x, (1.4) measures the amount of time of “near

intersections”.

Setting

αϵ(x,B)
.
=

∫∫
B

fϵ(Xt −Xs − x) ds dt; B ⊂ B(R2
+), (1.5)

the expression appearing in (1.4) can be defined as

α(x,B) = lim
ϵ→0

αϵ(x,B). (1.6)

With respect to BM2, expression (1.4) initially appeared in the physics and chemistry

literature in connection with Symanzik’s work in Euclidean quantum field theory [20] and

Edward’s and Westwater’s study of polymer chains [9],[33]. It was in the appendix of

Symanzik’s aforementioned work in which Varadhan first studied α(x,B) as a random

variable and introduced the construction of a renormalized intersection local time. First,

by applying

gk(x) =
k

2π
exp

(
−k|x|2

2

)
as a sequence of approximate delta functions converging weakly to δ0 and setting Wt to a

two dimensional Brownian motion, he proved

lim
k→∞

∫ 1

0

∫ 1

0

gk(Wt −Ws) ds dt −→ ∞, P− a.s. (1.7)

However, if the sequence of integrals above were renormalized, in the sense that an “infinite
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term” was subtracted from the integrals, Varadhan concluded the resulting series would

converge to a random variable. Specifically, he proved we can select a sequence of constants

{ck | limk→∞ ck = ∞}, independent of the path of Wt, such that

lim
k→∞

(∫ 1

0

∫ 1

0

gk(Wt −Ws) ds dt− ck

)
(1.8)

converges a.s. in L2(dP) to a well defined random variable.

Whereas the renormalization introduced by Varadhan was opportune for Symanzik’s work,

Rosen [23] argued that the main obstacle in expanding the theory of quantum fields lies in

the local behavior of α(x,B). Considering both the two and three dimensional Brownian

path, he deduced that the infinite result of (1.7) was attributable to global and local

properties. First, through the use of Fourier analysis, Rosen discovered the divergent

outcome was a direct consequence of the fact that the image of BM2 and BM3 has Lebesgue

measure zero. His second approach centered on the local analysis of the “set variable” B

and he proved the elements on the diagonal of R2
+ contribute to the absence of a limit.

Nonetheless, his main conclusions revealed that for certain B ⊂ B(R2
+), particularly those

elements off the diagonal, α(x,B) can be identified as a local time which is continuous in

space and time. Assigning

R2
+(ϵ) = {(s, t) | 0 ≤ s, t, |s− t| ≥ ϵ, ϵ > 0},

QS,T,ϵ = {(s, t) | 0 ≤ s ≤ S, 0 ≤ t ≤ T, |s− t| ≥ ϵ, ϵ > 0},

the following existence and continuity properties were obtained.

Theorem 1.3.2 ([23]). Let Wt be a BM2 or BM3 and define W̃t = Wt −Ws.

i) If B is a bounded Borel set in R2
+, then W̃t has an occupation density α(x,B) on B.
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ii) For any bounded B ⊂ B(R2
+(ϵ)), α(x,B) is locally Hölder continuous of order α < 1

if d = 2 and α < 1/2 if d = 3. Specifically, for any compact subset K ⊂ Rd we can

choose a version of α(x,B) such that

sup
x,y∈K

|α(x,B)− α(y,B)|
|x− y|α

< ∞

with α < 1 and α < 1/2 when d = 2 and d = 3, respectively.

iii) We can choose of version of α(x,QS,T,ϵ) which is a measure supported by

{(s, t) | Wt −Ws = x}

and continuous in (x, S, T ).

Notice, QS,T simply bounds the time variables in the domain of integration of α(x,B) and

has allowed us to index our local time by (S, T ) ∈ R2
+ (below, we will apply a single time

index as opposed to the two time parameters appearing here). Accordingly, we can change

our frame of reference and consider our local time as a stochastic process such that if Wt

is BM2,

α(ω, x,QS,T ) : Ω×R2 ×R2
+ −→ R

(resp. x ∈ R3 if we consider BM3). A version of the local time α(x,QS,T ) indicates the

existence of a stochastic process α̂(·, ·) which is itself a local time for W̃t at x, jointly

continuous on R2 ×R2
+ ( R3 ×R2

+) such that for all x ∈ R2 (x ∈ R3) and (S, T ) ∈ R2
+

α(x,QS,T ) = α̂(x,QS,T ), P− a.s.

The existence of a continuous version addresses a classical problem in the theory of the local

times of Markov processes, in which we refer the reader to [17] for an in depth discussion.
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Theorem 1.3.2 which provides the existence of a local time for the process W̃t, sheds light

on the local behavior of the Brownian functional α(x,B), and serves as precursor of devel-

opments to come. Namely, a primary objective in the study of the intersection local times

of Markov processes is to devise a renormalization, i.e. a subtraction of “infinite parts”,

for arbitrary bounded Borel sets in R2
+ which result in a version, continuous in both time

and space.

The renormalization introduced by Varadhan of (1.8) has since led to a large body of

literature in which alternate representation have been constructed and [8] includes a brief

survey. We discuss two renormalizations relevant to our study and begin with a formulation

introduced by Le Gall [14] for planar Brownian motion.

Seeking applications of intersection local times to the analysis of the Weiner sausage, Le

Gall considered the ensuing quantity

γ̃(x,B)
·
= α(x,B)− E [α(x,B)] , (1.9)

where B is any Borel set in the triangle

T = {(s, t) | 0 ≤ s ≤ t ≤ 1}.

Results concerning (1.9) are captured in the following

Theorem 1.3.3 ([14]). Consider a planar Brownian motion Wt and let B be any Borel set

of T . Then

i) for any x ∈ R2/{0}, there exists a finite random measure α(x,B), supported on

{(s, t) ∈ R2
+ | Wt −Ws = x}
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such that x 7→ α(x, ·) is weakly continuous in x;

ii) We can select a version of γ̃(x,B) which is continuous for all x ∈ R2.

From the symmetry of T , we can extend the above conclusions to any Borel set in R2
+.

In comparison to the results of the local analysis in Theorem 1.3.2, Le Gall proved the

existence of α(x,B) for arbitrary Borel sets of T which included elements on the diagonal,

i.e. s = t. Statements (i) and (ii) accentuate the motivation for a renormalization. Alone,

α(x,B) admits weak continuity for x ̸= 0. However, upon subtracting the renormalized

term E [α(x,B)], we gain the stronger conclusion of continuity for γ̃(x,B) for all x ∈ R2.

Such functionals are often referred to in the literatures as renormalized intersection local

times.

The techniques employed by Le Gall in obtaining Theorem 1.3.3 (ii) will be duplicated to

derive our results and we briefly mention the methodology here. Recall, the multidimen-

sional version of Kolmogorov’s continuity criterion [21], p. 26, provides necessary conditions

to establish the existence of a version of a Banach valued process which is locally Hölder

continuous of order α. By setting

γ̃ϵ(x,B)
.
= αϵ(x,B)− E [αϵ(x,B)] , (1.10)

with αϵ(x,B) defined in (1.5), we observe that γϵ(x,B) is continuous in x. By satisfying

the hypothesis of Kolmogorov’s criterion

E
[
(γ̃ϵ(x,B)− γ̃ϵ′(x

′, B))
p] ≤ cp|(ϵ, x)− (ϵ′, x′)|δp; δ > 0, (1.11)

the subsequent local properties hold

|γ̃ϵ(x,B)− γ̃ϵ′(x
′, B)| ≤ cp|(ϵ, x)− (ϵ′, x′)|ξ; ξ > 0.
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The net effect of the above inequality reveals the subsequent limit exists

lim
ϵ→0

γ̃ϵ(x,B) = γ̃(x,B)

and since γ̃ϵ(x,B) is continuous uniformly in ϵ, the limit is continuous in x. In essence, to

derive existence and continuity results concerning renormalized intersection local times, one

approach is to arrive at a bound similar to (1.11) and then apply Kolmogorov’s continuity

criterion.

The second renormalization we review is a product of the utilization of stochastic integrals

to the study of intersection local times by Rosen-Yor [29], in which the “infinite term”

subtracted from α(x,B) involves the potential of our process and a time parameter. Let

Wt be a BM2 and denote the density of this process by

ps(x) =
1

2πs
exp

(
−|x|2

2s

)

and let

uϵ(x)
.
=

∫ 1

ϵ

ps(x) ds, u(x)
.
= u0(x). (1.12)

With

ΓT = {0 ≤ s ≤ t ≤ T}, α(x,ΓT )
.
= α(x, T ),

Rosen-Yor concluded the next result.

Theorem 1.3.4 ([29]). Consider the planar Brownian motion Wt, with potential u(x). For

any x ∈ R2/{0}, the following limit exists

α(x, T ) = lim
ϵ→0

∫ T

0

∫ t

0

pϵ (Wt −Ws − x) ds dt
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Additionally, the process defined by

α̃(x, T )
.
= α(x, T )− Tu(x), x ̸= 0 (1.13)

admits a bicontinuous extension to all x ∈ R2 and T ∈ R+.

A consequence to the above theorem can be deduced as follows. Since

v(x) = u(x)− 1

π
log

1

|x|
; x ̸= 0, (1.14)

can be extended by continuity to all of R2, the process defined by

˜̃α(x, T )
.
= α(x, T )− T

π
log

1

|x|
; x ̸= 0, (1.15)

can also be extended by continuity to all of R2 and be characterized as isolating the

singularities of the intersection local time.

Having assessed various renormalizations of (1.4) with respect to Brownian motion, we

shift focus and now address intersection local times for two dimensional symmetric stable

processes of order 1 < β < 2. Along the way, we will learn that the analytic properties

regarding the weak continuity of α(x,B) in the space variable for the Brownian case extends

to the larger class of Markov processes now under consideration. Hence, our objective will

be to identify a renormalization which leads to a bicontinuous version in the space and time

variable, {(x, T ) | x ∈ R2, T ∈ R+}. We will outline a single renormalized intersection local

time parallel to Theorem 1.3.4 where the potential of our process and a time parameter

appear as our renormalized term.
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For a planar symmetric stable process Xt of index 0 < β ≤ 2, the density is equal to

pt(x) =
1

(2π)2

∫
exp (iq · x) exp

(
−t|q|β

)
d2q; q, x ∈ R2,

where d2q is the Lebesgue measure in R2. The potential for Xt is then

U(x)
.
=

∫ ∞

0

pt(x) dt =
c(β)

|x|2−β
(1.16)

with

c(β) = (2βπ)−1Γ
(
2−β
2

)
Γ
(
β
2

) . (1.17)

Applying the similar analytical techniques introduced by Le Gall in the study of (1.10),

Rosen [25] concluded the subsequent results.

Theorem 1.3.5 ([25]). Let Xt be a two-dimensional symmetric stable process order 4/3 <

β < 2 and set X̃t = Xt−Xs. Then there exists a local time α(x, ·) for the process X̃t which

is weakly continuous in x ̸= 0. Furthermore, the renormalized intersection local time

α̂(x, T )
.
= α

(
x, [0, T ]2

)
− 2T

c(β)

|x|2−β
(1.18)

has a version which is continuous for all x ∈ R2.

1.3.3 Renormalized Triple Intersection Local Times.

Having defined a measure for the set (1.3), it is only natural to expand the concept of a

local time supported by the set

{
(t1, t2, t3) ∈ R3

+ | Xt1 = Xt2 = Xt3

}
, (1.19)
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which measures the amount of time spent by a process intersecting itself three times at

a point x ∈ Rd. To identify the processes we can consider for such a measure, Table 1.1

reveals BM3 must be excluded, since the path of this process will intersect itself at any

point x ∈ R3 at most two times. However, the existence k-multiple points, with k ≥ 3,

for BM1 and BM2 and for one and two dimensional symmetric stable processes of order

2/3 < β < 2 and 4/3 < β < 2, respectively, indicates (1.19) is not empty with probability

1 for these processes. This directs us to the following functional.

Let Xt be a one dimensional symmetric stable process of order 2/3 < β ≤ 2 or a two

dimensional symmetric stable process of order 4/3 < β ≤ 2. For any x, y ∈ R2 the triple

intersection local time is formally given by

α(x, y, B)
.
=

∫∫∫
B

δx (Xs −Xr) δy (Xt −Xs) dr ds dt; B ⊂ B(R3
+), (1.20)

with

R3
+ = {(r, s, t) | 0 ≤ r, s, t}.

Notice that we have included BM1 and BM2 in the above definition by allowing β = 2.

Observe that α(x, y, B) is parametrized by the two variables x and y, compared to just the

single variable x of the intersection local time. The interpretation accompanying α(0, 0, B)

is the time spent by the process at triple points. For small values of x, y, (1.20) measures

the time spent at “near intersections”.

Setting fϵ as an approximate delta function, we can let

αϵ(x, y, B)
·
=

∫∫
B

fϵ (Xs −Xr − x) fϵ (Xt −Xs − y) dr ds dt
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and define (1.20) as the almost sure limit

α(x, y, B) = lim
ϵ→0

αϵ(x, y, B).

In the course of our investigation of (1.20), we will encounter characteristics parallel to

intersection local times. Namely, the weak continuity of α(x,B) with respect to x will

extend to the two spatial variables of α(x, y, B). Therefore, we aspire to ascertain renor-

malizations which produce versions continuous for all x, y ∈ R2 and an appropriate time

parameter T ∈ R+. To work towards this goal, we start by establishing the existence

of a local time and examine the local behavior of α(x, y, B). We move forward and then

introduce renormalizations for BM2 and planar symmetric stable processes.

As with the case of intersection local times, the local analysis of α(x, y, B) begins with the

study of the time variables (r, s, t) off the diagonal, i.e. r ̸= s and s ̸= t , which inclines us

to define the following sets,

R3
≤ = {(r, s, t) | 0 ≤ r ≤ s ≤ t}

R3
≤(ϵ) = {(r, s, t) | 0 ≤ r ≤ s ≤ t, |s− r| ≥ ϵ, |t− s| ≥ ϵ, ϵ > 0}

With the process defined by

X̃(r, s, t) = (Xs −Xr, Xt −Xs),

an extension of Theorem 1.3.2 (i) and (ii) is captured in the following.

Theorem 1.3.6 ([27]). Let Xt be a planar symmetric stable process of order 4/3 < β ≤ 2.

Then

i) X̃(r, s, t) has a occupation density α(x, y, B) for any bounded B ⊂ B(R3
≤).
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ii) If B is a bounded Borel set in R3
≤(ϵ), then for all x, y ∈ R2, there exists a version of

α(x, y, B) which is a measure supported on

{(r, s, t) ∈ R3
≤ | Xs −Xr = x,Xt −Xs = y}

and weakly continuous in x, y.

Although the set (1.19) is not empty for planar symmetric stable processes of order 1 < β,

the above reveals the existence of a local time for X̃(r, s, t) only if the process Xt is of order

4/3 < β. For values off the diagonal, the support of α(x, y, ·) exists for all x, y ∈ R2. The

aim of the next result, akin to Theorem 1.3.3 (i), is to dissect our local time for arbitrary

bounded Borel sets of R3
≤.

Theorem 1.3.7 ([27]). Let Xt be a planar symmetric stable process of order 8/5 < β ≤ 2

and consider any bounded B ⊂ B(R3
≤). With probability one, for any x, y ∈ R2/{0},

α(x, y, B) is a measure, weakly continuous in x, y and supported on the set

{(r, s, t) ∈ R3
≤ | Xs −Xr = x,Xt −Xs = y}.

As we enlarge the analysis of our random measure from elements (r, s, t) off the diagonal

to arbitrary bounded sets in R3
≤ in the pursuit of existence and continuity results for x

and y, the class of processes shrinks from order 4/3 < β to 8/5 < β. The weak continu-

ity of α(x, y, B) motivates the discussion of a renormalized triple intersection local time.

The specific renormalizations we consider not only involve the potentials of BM2 and pla-

nar symmetric stable processes, as defined in (1.12) and (1.16), respectively, but also the

renormalized intersection local times!

The work of Rosen-Yor which yielded the renormalization for α(x,B) in terms of u(x) and a

time index in Theorem 1.3.4 was in fact a consequence of their study of stochastic integrals
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and triple intersection local times. To introduce a time index, set

ΓT = {(r, s, t) | 0 ≤ r ≤ s ≤ t ≤ T}, α(x, y,ΓT )
.
= α(x, y, T ),

so that we can consider α(x, y, T ) as a stochastic process. For the Brownian case, the

subsequent renormalization was shown to be continuous in x, y, and T .

Theorem 1.3.8 ([29]). Let Wt be a planar Brownian motion with u(x) as in (1.12). Con-

sider the renormalized intersection local time α̃(x, T ) of equation (1.13). Then the following

process

γ̃(x, y, T )
.
= α(x, y, T )− Tu(x)u(y)− u(x)α̃(y, T )− u(y)α̃(x, T ), x, y ̸= 0 (1.21)

has a jointly continuous extension to all x, y, T .

The capacity to isolate the singularities of α̃(x, T ) via (1.15) through the continuity of

(1.14) can be replicated to γ̃(x, y, T ), so that the process given by

˜̃γ(x, y, T )
.
=α(x, y, T )− T

π2
log

(
1

|x|

)
log

(
1

|y|

)
− 1

π

(
log

1

|x|

)
α̃(y, T )− 1

π

(
log

1

|y|

)
α̃(x, T ), x, y ̸= 0 (1.22)

has a jointly continuous extension to all x, y, T . The above expression carries the similar

interpretation of isolating the singularities of γ̃(x, y, T ). A striking feature of both (1.21)

and (1.22) is the symmetry of the renormalizations in the x and y variables.

Moving forward, we turn our attention to planar symmetric stable processes and examine

a renormalization formulated by Rosen [27] similar to (1.21).

Theorem 1.3.9 ([27]). Let Xt be a planar symmetric stable process of order 8/5 < β < 2

with potential density U(x) and set α̂(x, T ) as the renormalized intersection local time of
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equation (1.18) . The following process given below

γ̂(x, y, T )
.
= α(x, y, T )− TU(x)U(y)− U(x)α̂(y, T )− U(y)α̂(x, T ), x, y ̸= 0

has a jointly continuous extension to all x, y, T .

1.4 Summary

Having defined and studied local times supported by the set (1.3) and (1.19), the existence

of recurrent points for two dimensional stable process of order 1 ≤ β ≤ 2, naturally, leads

to the notion of an n-fold intersection local time supported on the set

{(t1, ..., tn) ∈ Rn
+ | Xt1 = · · · = Xtn}.

This random measure has in fact been studied in by Geman, Horowitz, and Rosen in

[11],[24] and more recently by Bass-Khoshnevisan [1]. Our primary focus will be on triple

intersection local times for one-dimensional processes, which we discuss in detail in the

next chapter.

We have concentrated our discussion on the existence and continuity properties of renor-

malized intersection local times. From a probabilistic perspective, one may inquire about

the convergence in distribution of these processes. This has, in fact, been addressed in

[26],[34].

Finally, the initial study of intersection local times was motivated by the fields of quantum

field theory and chemistry. In the four decades since the introduction of these random

measures, their applications have advanced in these fields of origin and expanded to other

disciplines. We refer the reader to [3] for further investigation of the utilization of renor-
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malized intersection local times in probability theory and in the physical sciences.



Chapter 2

Derivatives of Intersection Local

Times

In the previous chapter, we presented a brief survey of intersection local times. A keen

observer will have noticed that our discussion has been restricted to, BM2, BM3, and

planar symmetric stable processes and all mention of intersection local times for the one-

dimensional case has been excluded up to this point. As we will discuss below, intersection

local times for R1 valued processes were not considered particularly interesting Markovian

functionals since they could be reformulated in terms of the local time Ly
t . However, in

recent years, these random measures have been revisited and it has been discovered that

these processes indeed bear profound characteristics.

In the first section of this chapter, we motivate the interest of local times in R1 and extend

the results concerning existence, continuity, and renormalization from the case of two and

three dimensional intersection local times to the one dimensional case. After addressing

these issues, we delve deeper into the analytic properties of this random measure and prove

that the distributional derivatives of this process exists. Finally, we will ascertain various

22
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characteristics of this “differentiable” process.

The objective of the second section is to present the principal results of this thesis and

introduce the stochastic functionals which will be examined in great detail in later chapters.

2.1 Derivatives of Intersection Local Times

Motivated by the work of Rogers-Walsh [22] on the intrinsic Brownian local time sheet,

Rosen [28] was compelled to examine the quantity formally given by

γ′
t = −

∫ t

0

∫ s

0

δ′(Xs −Xr) ds dt, (2.1)

with Xt a one-dimensional symmetric stable process, and δ′ the derivative of the Dirac delta

function concentrated at zero. Noting the comparison of γ′
t with the intersection local time

αt(y) =

∫ t

0

∫ s

0

δ(Xs −Xr − y) dr ds,

naturally leads to the notion of the distributional derivative of intersection local times with

respect to the spatial variable x. As Rosen writes the process αt(y) has not been studied

much in one-dimension since it can be expressed in terms of the local time Ly
t of the process

Xt: αt(y) =
∫ ∫ t

0
Lx−y
s dsL

x
s dx and αt(0) =

1
2

∫
(Ly

t )
2 dy.

Hence, even before advancing the concept of differentiability, we must first constitute the

existence, continuity, and renormalization of self intersection local times in one-dimension.

To work towards this goal, we define our nascent delta function in terms of an inverse

Fourier transform

fϵ(y) =
1

2π

∫
R

exp(iyq)f̂(ϵq) dq. (2.2)
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and set

αt,ϵ(y)
.
=

∫ t

0

∫ s

0

fϵ(Xs −Xr − y) dr ds, γt,ϵ(y)
.
= αt,ϵ(y)− E [αt,ϵ(y)]

Within this framework, Rosen derived the preliminary results.

Theorem 2.1.1 ([28]). Let Xt be a one-dimensional symmetric stable process of order

3/2 < β ≤ 2. Then for any y ∈ R and t ∈ R+:

i) the following two limits exist,

αt(y)
.
= lim

ϵ→0
αt,ϵ(y), γt(y)

.
= lim

ϵ→0
γt,ϵ(y), (2.3)

with convergence of αt(y) holding a.s. and in all Lp(dP), p > 0, spaces ;

ii) γt(y) is continuous in y;

iii) for any continuous function g(y),

∫ t

0

∫ s

0

g(Xs −Xr) dr ds =

∫
R

g(y)αt(y) dy. (2.4)

Since αt(y) satisfies the Occupation Times Formula in (iii) we can conclude it is itself a

local time for the process Xt −Xs.

With the existence of one-dimensional intersection local times settled by the above results,

we can now undertake the core question at hand. We can formally differentiate fϵ(y) of

equation (2.2) with respect to y and write

d

dy
fϵ(y)

.
= f ′

ϵ(y) =
1

2π

∫
exp(iyq)iqf̂(ϵq) dq.
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Furthermore, let

c(β) =

 −π−1Γ(2− β) cos
(
(1− β)π/2

)
for 1 < β < 2

0 for β = 2

and

hβ(x) =

 c(β)sgn(x)|x|β−2 for x ̸= 0

0 for x = 0

Fixing

α′
t,ϵ(y)

.
=

∫ t

0

∫ s

0

f ′
ϵ(Xs −Xr − y) dr ds, γ′

t,ϵ(y)
.
= α′

t,ϵ(y)− E
[
α′
t,ϵ(y)

]
we can duplicate the results of the previous theorem for the above “differentiated” stochastic

functionals.

Theorem 2.1.2 ([28]). Let Xt be a one-dimensional symmetric stable process of order

3/2 < β ≤ 2 and consider any two points (t, y) ∈ R+ ×R.

i) The following two limits exist,

α′
t(y)

.
= lim

ϵ→0
α′
t,ϵ(y), γ′

t(y)
.
= lim

ϵ→0
γ′
t,ϵ(y), (2.5)

where α′
t(y) converges a.s. and in all Lp(dP), p > 0, spaces ;

ii) for any C1 function g,

∫ t

0

∫ s

0

g′(Xs −Xr) dr ds =

∫
R

g(y)α′
t(y) dy; (2.6)

iii) α′
t(y)− hβ(y)t is continuous in y.
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iv)

d

dy
γt(y) = γ′

t(y), (2.7)

with γ′
t(y) continuous in y;

v) α′
t(0) = γ′

t(0).

Connecting Theorems 2.1.1 and 2.1.2 leads us to answer questions inspired by (2.1). At

first glance, it would appear α′
t(y) satisfies the Occupation Times Formula in (ii). However,

this is not the case since f ′
ϵ(Xs − Xr − y) is not an approximate delta function and we

can conclude α′
t(y) is not a local time. However, (2.4) and (2.6) do allow us to identify

α′
t(y) as the distributional derivative of αt(y). In (iii), we identify a renormalization of

α′
t(y) which renders continuity in y. However, since hβ(y) is not continuous at y = 0,

this renormalization prevents us from identifying α′
t(0). The continuity of γt(t) opens the

possibility of differentiating the renormalized intersection local time and (2.7) characterizes

the derivative exactly.

Our goal in the next section is to extend the idea of differentiability to the triple intersection

local times of one-dimensional symmetric stable processes.
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2.2 The Differentiability of Triple Intersection Local

Times

With Xt a symmetric stable process in R1, the stochastic functionals which motivate our

work are the “near intersection” local times for Xt, formally defined as

α(x, y, T ) =

∫
BT

δ(Xs −Xr − x)δ(Xt −Xs − y) dr ds dt

γ(x, y, T ) =

∫
BT

{δ(Xs −Xr − x)}0{δ(Xt −Xs − y)}0 dr ds dt,

where

BT
.
= {(r, s, t) | 0 ≤ r ≤ s ≤ t ≤ T}.

and {Y }0
.
= Y −E [Y ], for any random variable Y . When x = y = 0, the above processes are

then coined the triple intersection local time and renormalized triple intersection local time,

respectively. The principal results concern the existence and continuity of the derivatives

in the space variables, (x, y), for the renormalized process

γx(x, y, T ) = −
∫
BT

{δ′(Xs −Xr − x)}0{δ(Xt −Xs − y)}0 dr ds dt,

γy(x, y, T ) = −
∫
BT

{δ(Xs −Xr − x)}0{δ′(Xt −Xs − y)}0 dr ds dt.

The structure which facilitates the study is as follow. The inverse Fourier transform of the

probability density function of Xt is

pt(y) =
1

2π

∫
R

exp(iqy) exp(−t|q|β) dq, (2.8)
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which we can differentiate with respect to y and write

p′t(y)
.
=

∂

∂y
pt(y) =

1

2π

∫
R

iq exp(iqy) exp(−t|q|β) dq. (2.9)

When β = 2, Xt reduces to Brownian motion. With the two expressions above, set

α(ϵ, x, y, T )
.
=

∫
BT

pϵ(Xs −Xr − x)pϵ(Xt −Xs − y) dr ds dt, (2.10)

γ(ϵ, x, y, T )
.
=

∫
BT

{pϵ(Xs −Xr − x)}0{pϵ(Xt −Xs − y)}0 dr ds dt, (2.11)

γx(ϵ, x, y, T )
.
=

∂

∂x
γ(ϵ, x, y, T ) =

∫
BT

{p′ϵ(Xs −Xr − x)}0{pϵ(Xt −Xs − y)}0 dr ds dt,

(2.12)

γy(ϵ, x, y, T )
.
=

∂

∂y
γ(ϵ, x, y, T ) =

∫
BT

{pϵ(Xs −Xr − x)}0{p′ϵ(Xt −Xs − y)}0 dr ds dt.

(2.13)

With the above definitions, the main result settles the issue of differentiability.

Theorem 2.2.1. Let Xt be a one dimensional symmetric stable process of order 3/2 <

β ≤ 2 and select arbitrary (x, y, T ) ∈ R×R×R+.

1. The following limits exist

lim
ϵ→0

γϵ(x, y, T )
.
= γ(x, y, T ) (2.14)

lim
ϵ→0

γx(ϵ, x, y, T )
.
= γx(x, y, T ) (2.15)

lim
ϵ→0

γy(ϵ, x, y, T )
.
= γy(x, y, T ) (2.16)

with convergence holding a.s. and in all Lp(dP) spaces.
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2. With probability 1, γ(x, y, T ) is differentiable in (x, y) with

∂

∂x
γ(x, y, T ) = γx(x, y, T ) and

∂

∂y
γ(x, y, T ) = γy(x, y, T ). (2.17)

The differentiated processes, γx(x, y, T ), and γy(x, y, T ), are jointly continuous in

(x, y, T ).

3. Considered as a mapping, γ(x, y, T ) : R ×R ×R+ → R, γ(·) is a C1,0,0 and C0,1,0

function, almost surely

4. The following limit exist

lim
ϵ→0

αϵ(x, y, T )
.
= α(x, y, T ), (2.18)

with convergence holding a.s. and in all Lp(dP) spaces. Furthermore, there exists

a version of the process, α(x, y, T ), which is a local time for (Xt − Xs, Xs − Xr).

Specifically, for any bounded Borel function h(x, y) : R2 → R, there exists a function

α(x, y, T ) such that

∫
R2

h(x, y)α(x, y, T ) dx dy =

∫
BT

h(Xs −Xr, Xt −Xs) dr ds dt.

Our methods show that in fact the differentiated processes, γx(x, y, T ), and γy(x, y, T ), are

jointly Holder continuous in (x, y, T ).

The Brownian motion part of this Theorem has been established in [30] using very different

techniques.

With B is an arbitrary bounded Borel set in R3
+ = {(r, s, t) | 0 ≤ r, s, t}, we expand the
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integrand of γ(ϵ, x, y, B) and write

γ(ϵ, x, y, B) = ϕ(ϵ, x, y, B)− κ(ϵ, x, y, B) (2.19)

where

ϕ(ϵ, x, y, B)
.
=

∫∫∫
B

pϵ(Xs −Xr − x){pϵ(Xt −Xs − y)}0 dr ds dt (2.20)

κ(ϵ, x, y, B)
.
=

∫∫∫
B

E [pϵ(Xs −Xr − x)] {pϵ(Xt −Xs − y)}0 dr ds dt. (2.21)

A similar expansion for γy(ϵ, x, y, B) leads to

γy(ϵ, x, y, B) = ϕy(ϵ, x, y, B)− κy(ϵ, x, y, B) (2.22)

with

ϕy(ϵ, x, y, B)
.
=

∫∫∫
B

pϵ(Xs −Xr − x){p′ϵ(Xt −Xs − y)}0 dr ds dt (2.23)

κy(ϵ, x, y, B)
.
=

∫∫∫
B

E [pϵ(Xs −Xr − x)] {p′ϵ(Xt −Xs − y)}0 dr ds dt (2.24)

and

γx(ϵ, x, y, B) = Jx(ϵ, x, y, B)− κx(ϵ, x, y, B). (2.25)

In the expression above, Jx(ϵ, x, y, B) and κx(ϵ, x, y, B) are defined analogous with (2.23)

and (2.24).

To prove Theorem 2.2.1, we apply Kolmogorov’s Continuity Criterion. Specifically, estab-

lishing the continuity of each process in the space parameters assures us of a limit which is

continuous in (x, y). However, the analyses of γ(ϵ, x, y, B) and γy(ϵ, x, y, B) is simplified if
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we focus on the stochastic functionals ϕ(ϵ, x, y, B) and ϕy(ϵ, x, y, B), reasoning techniques

applied to these quantities can be can then be extended to the second summands appearing

in (2.19) and (2.22). We focus solely on the y derivative, since methods developed for this

case extend naturally to Jx(ϵ, x, y, B). This last fact can be deduced from the symmetry

of the integrands of (2.12) and (2.13). Along the way, it will become apparent that proofs

involving the existence and continuity of α(ϵ, x, y, B) are naturally acquired in the study

of the aforementioned functions and we outline the ideas at the appropriate locations.

Establishing the Hölder continuity for the previously cited functionals will consume a large

portion of our analysis. To accomplish this objective, consider the following dyadic decom-

position

A(k, n, 2)
.
=

[
2k − 2

2n
,
2k − 1

2n

]
×
[
2k − 1

2n
,
2k

2n

]2
≤

(2.26)

D(2)
.
=

∞∪
n=1

2n−1∪
k=1

A(k, n, 2) (2.27)

so that

A(1, 1, 2)
.
= [0, 1/2]× [1/2, 1]2≤. (2.28)

Trivially, A(1, 1, 2) ⊂ D(2). Furthermore, let

A(k, n, 1)
.
=

[
2k − 2

2n
,
2k − 1

2n

]2
≤
×
[
2k − 1

2n
,
2k

2n

]
(2.29)

D(1)
.
=

∞∪
n=1

2n−1∪
k=1

A(k, n, 1) (2.30)

where

A(1, 1, 1)
.
= [0, 1/2]2≤ × [1/2, 1], (2.31)
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k n

[
2k − 2

2n
,
2k − 1

2n

] [
2k − 1

2n
,
2k

2n

]
1 1 [0,1/2] [1/2,1]
1 2 [0,1/4] [1/4,2/4]
2 2 [2/4,3/4] [3/4,1]
1 3 [0,1/8] [1/8,2/8]
2 3 [2/8,3/8] [3/8,4/8]
3 3 [4/8,5/8] [5/8,6/8]
4 3 [6/8,7/8] [7/8,1]
1 4 [0,1/16] [1/16,2/16]
2 4 [2/16,3/16] [3/16,4/16]
3 4 [4/16,5/16] [5/16,6/16]
4 4 [6/16,7/16] [7/16,8/16]
5 4 [8/16,9/16] [9/16,10/16]
6 4 [10/16,11/16] [11/16,12/16]
7 4 [12/16,13/16] [13/16,14/16]
8 4 [14/16,15/16] [15/16,1]

Table 2.1: Dyadic decomposition for n = 1, 2, 3, 4.

with A(1, 1, 1) ⊂ D(1). Set

B1
.
= {(r, s, t) | 0 ≤ r ≤ s ≤ t ≤ 1}.

From our definitions above, D(1) ∩ D(2) = ∅ and B1 ⊂ D(1) ∪ D(2). Table 2.1 above

assists in illustrating these sets.

Our motivation to define the above sets is as follows. We start by considering an arbitrary

B ⊂ D(1) ∪ D(2). However, the symmetry of D(1) and D(2) indicates we can restrict

our attention to B ⊂ D(2). In Lemmas 2.2.2 and 2.2.3 below we derive both probabilistic

and analytical characteristics of ϕ(ϵ, x, y, B) and ϕy(ϵ, x, y, B) with B ⊂ A(1, 1, 2). Via a

scaling argument, we prove through Lemma 2.2.4 that our Markovian functionals are, in

fact, Hölder continuous in Lm for arbitrary B ⊂ D(2).

Lemma 2.2.2. Consider the random variables ϕ(ϵ, x, y, B) and ϕy(ϵ, x, y, B), with x, y ∈

R, B ⊆ [0, 1
2
] × [1

2
, 1]2≤ and ϵ > 0. For all positive integers m, there exists constants
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c1, c2,∈ R such that

E
[(
ϕ(ϵ, x, y, B)

)m] ≤ c1 (2.32)

E
[(
ϕy(ϵ, x, y, B)

)m] ≤ c2. (2.33)

The procedure to obtain the probabilistic results of (2.32) and (2.33) will be leveraged in

our proof below concerning local analytic properties.

Lemma 2.2.3. Let x, x′, y, y′ ∈ R, ϵ ∈ [0, 1), B ⊆ [0, 1
2
]× [1

2
, 1]2≤. For any positive integer

m there exists ξ > 0 and cm(ξ) such that

∥ϕ(ϵ, x, y, B)− ϕ(ϵ′, x′, y′, B)∥m ≤ cm(ξ) ∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ (2.34)

and, additionally,

∥ϕy(ϵ, x, y, B)− ϕy(ϵ
′, x′, y′, B)∥m ≤ cm(ξ) ∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ (2.35)

In other words, both functionals are Hölder continuous in Lm.

Upon establishing (2.34) and (2.35), the hypothesis of Kolmogorov’s Continuity Criterion

is satisfied. Therefore, we are certain that the convergence of

lim
ϵ→0

ϕ(ϵ, x, y, B) = ϕ(x, y, B) and lim
ϵ→0

ϕy(ϵ, x, y, B) = ϕy(x, y, B)

holds locally uniformly in (x, y), with the limit functions continuous in (x, y). We address

the set variable B in Lemma 2.2.5 below.

As we remarked above, a scaling argument will be utilized to attain the following.
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Lemma 2.2.4. For any arbitrary bounded region B of D(2), both ϕ(ϵ, x, y, B) and ϕy(ϵ, x, y, B)

are locally Hölder continuous in Lm.

Having addressed the spatial variables x and y, we shift focus to the set variable.

Lemma 2.2.5. For any B ⊂ D(2), there exists ξ, ξ̃ > 0 and constants cm(ξ), cm(ξ̃) inde-

pendent of B such that

E
[(
ϕ(ϵ, x, y, B)

)m] ≤ cm(ξ)|B|mξ (2.36)

E
[(
ϕy(ϵ, x, y, B)

)m] ≤ cm(ξ̃)|B|mξ̃. (2.37)

At the end of section 3.4 we will show how to use the above results to prove continuity in

T .



Chapter 3

The Case of Brownian Motion

In this chapter, we establish the proofs of our main results of section 2.2 for one-dimensional

Brownian motion, which we denote throughout this chapter as Wt. To set the framework

for this case, recall the inverse Fourier transforms of equations (2.8) and (2.9),

pϵ(x) =
1

2π

∫
R

exp(iqx) exp(−ϵq2/2) dq

p′ϵ(y) =
1

2π

∫
R

iq exp(iqy) exp(−ϵq2/2) dq.

3.1 Principal estimate of the finite moments

Lemma 2.2.2 involves the mth moment of our random variables. We initiate our study with

the y derivative and aim to establish a bound on the expected value

E
[(
ϕy(ϵ, x, y, B)

)m]
, (3.1)

35
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uniform in x, y, B ⊆ [0, 1
2
]× [1

2
, 1]2≤ and ϵ > 0. Recalling the value of ϕy(ϵ, x, y, B) in (2.23),

ϕy(ϵ, x, y, B) =

∫∫∫
B

pϵ(Ws −Wr − x){p′ϵ(Wt −Ws − y)}0 dr ds dt,

we can write (3.1) as

E
[(
ϕy(ϵ, x, y, B)

)m]
=

im

(2π)2m

∫∫∫
R2m×Bm

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
m∏
j=1

{
exp

(
iqjW (sj, tj)

)}
0

]

· F (ϵ, x, y, p, q)
m∏
j=1

qj dpj dqj drj dsj dtj, (3.2)

with

F (ϵ, x, y, p, q)
.
= exp

(
ix

m∑
j=1

pj

)
exp

(
iy

m∑
j=1

qj

)
m∏
j=1

f̂(ϵ, pj) f̂(ϵ, qj) (3.3)

and

f̂(ϵ, aj)
.
= exp(−ϵa2j/2).

We simplified notation in (3.2) by setting W (aj, bj) = (Wbj −Waj).

Observe, the primary multiple integral of interest can be broken down into the following

sum

∑
π1,π2,π3

[
im

(2π)2m

∫∫∫
R2m×Bm,π

E

[
exp

(
i

m∑
j=1

pπj
W (rπj

, sπj
)

)
m∏
j=1

{
exp

(
iqπj

W (sπj
, tπj

)
)}

0

]

· F (ϵ, x, y, p, q)
m∏
j=1

qj dpj dqj drj dsj dtj

]
, (3.4)

with

Bm,π =
{
[0, 1/2, 1/2] < (rπ1

1
, sπ2

2
, tπ3

3
) < · · · < (rπ1

m
, sπ2

m
, tπ3

m
) < [1/2, 1, 1]

}
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and where π1, π2, and π3 each represent permutations of the set {1, ...,m}. Therefore,

without loss of generality, we can analyze (3.2) in which the time variables are sorted for

a fixed order. Understanding the impact of this reconciliation and examining all orderings

of the time parameters forms the crux of our first proof. To obtain this insight, we begin

by ordering the (r, s, t) terms in an expression which will be utilized in Sections 3.1.1 and

3.1.2,

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
exp

(
i

m∑
j=1

qjW (sj, tj)

)]
. (3.5)

We end this preliminary discussion by introducing terminology which will be used through-

out the analysis of the intersection local times.

The independent increments of Brownian motion allows us to write the above as

E

[
exp

(
i

m∑
j=1

pjW (rj, 1/2)

)]
E

[
exp

(
i

m∑
j=1

pjW (1/2, sj) + i

m∑
j=1

qjW (sj, tj)

)]
. (3.6)

To evaluate (3.6) we reorder the r, s, and t time variables in increasing order. Analyzing

first r terms, we are led to

m∑
j=1

pjW (rj, 1/2) =
m∑
k=1

p̄kW (r̄k, r̄k+1), (3.7)

where {r̄1, ..., r̄m+1} are the rj’s relabeled so that r̄1 ≤ · · · ≤ r̄m+1
.
= 1/2. Expanding both

sides of (3.7) and equating the Wrj and Wr̄k terms yields

p̄k =
∑

{j:rj≤r̄k}

pj. (3.8)

Rearranging the terms in the above equation implies that every pj can be written as a
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linear combination of the p̄k’s, specifically, in more detail, as

pj = p̄1, for rj = r̄1, and pj = p̄k − p̄k−1, for rj = r̄k, k > 1.

Applying a similar argument and reordering the s and t terms produces,

m∑
j=1

pjW (1/2, sj) +
m∑
j=1

qjW (sj, tj) =
2m∑
k=1

ukW (dk, dk+1) (3.9)

where {1/2 .
= d1, ..., d2m+1} are the points {1/2, s1, ..., sm, t1, ..., tm} in increasing order. As

a result, (3.9) implies that u1 =
∑m

j=1 pj and more generally

uk =
∑

{j:sj>dk}

pj +
∑

{ℓ:sℓ≤dk<tℓ}

qℓ (3.10)

uk − uk−1 =

 qℓ − pℓ if dk = sℓ

−qℓ if dk = tℓ.
(3.11)

Equation (3.10), combined with the fact that u2m+1 = 0, reveals the set {uk} spans {pj} ∪

{qℓ}.

Inserting equations (3.7) and (3.9) into expression (3.6) gives us

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
exp

(
i

m∑
j=1

qjW (sj, tj)

)]

= E

[
exp

(
i

m∑
k=1

p̄kW (r̄k, r̄k+1)

)]
E

[
exp

(
i

2m∑
k=1

ukW (dk, dk+1)

)]

= exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)
, (3.12)

where, for the last equality, we used the definition of the characteristic function of Brownian
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motion and substituted the following,

r̃k
.
= r̄k+1 − r̄k (3.13)

d̃k
.
= dk+1 − dk. (3.14)

We now introduce some terminology associated to the reordered s and t terms.

Definition 3.1.1. If the interval [sℓ, tℓ] = [dk, dk+1], for some k, we will refer to both [sℓ, tℓ]

and [dk, dk+1] as isolated intervals. Intervals which are not isolated will be referred to as

non-isolated intervals. In more detail, [sℓ, tℓ] is non-isolated if sℓ = dk and tℓ = dk+m for

some m > 1. Furthermore, we will identify qℓ(k) as the isolated variable (non-isolated

variable) associated with the isolated interval (non-isolated interval) [sℓ, tℓ] = [dk, dk+1].

Figure 3.1 below provides examples of these definitions.

dk−1 dk dk+1 dk+2 dk+3 dk+4

non-isolated isolated non-isolated non-isolated non-isolated

interval interval interval interval interval

uk−1 uk uk+1 uk+2 uk+3

qℓ(k)
sm sℓ tℓ tm sn tp

Figure 3.1: Examples of isolated and non-isolated intervals .

We will need to introduce some set notation to identify and index the non-isolated/isolated

intervals with respect to both the time variables {(s1, t1), ..., (sm, tm)} and the ordered set

{d1, ..., d2m+1}. Let

Ij
.
= {j | [sj, tj] is isolated}, Icj

.
= {j | [sj, tj] is non-isolated}, (3.15)

I
.
= {k | [dk, dk+1] is isolated}, Ic

.
= {k | [dk, dk+1] is non-isolated}. (3.16)
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Observe the cardinality of the sets |I| + |Ic| = 2m and |Ij| + |Icj | = m. The cardinality of

|I| + |Ic| ̸= 2m + 1, since d1
.
= 1/2 in (3.9). Hence, the interval [d1, d2] is neither a non-

isolated interval nor an isolated interval. We will let Ic1j and Ic2j denote a disjoint union of

Icj .

Additionally, define the sets

S
.
= {k

∣∣ dk = sℓ for some ℓ} (3.17)

T
.
= {k

∣∣ dk = tℓ for some ℓ} (3.18)

and note |S ∪ T | = 2m. Introduce the subsequent set notation

{uk}A
.
= {uk | k ∈ A}. (3.19)

We will say that the elements of the set {uk}S are from an s-interval and elements from

the set {uk}T are from a t-interval. Figure 3.2 below illustrates this terminology.

dk dk+1

s-interval t-interval

uk uk+1

sℓ tj

Figure 3.2: Illustration of an s and t interval .

Combining the above nomenclature permits us to identify non-isolated and isolated intervals

originating from s and t-intervals.

In some arguments, we will need to select certain elements from the sets {1, ...,m} and

{1, ..., 2m}, for some fixed m. To facilitate this, the index sets defined below will appear
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throughout the work

M .
= {1, 2, ...,m} (3.20)

M2
.
= {1, ..., 2m} (3.21)

Having studied (3.5) and introduced the notions of isolated and non-isolated intervals, let

us return our attention to (3.2). To bound this quantity, we must consider two cases and the

first involves scenarios in which the reordering of the s and t variables in (3.9) returns only

non-isolated intervals. On the other hand, the reordering of these terms could potentially

yield both isolated and non-isolated intervals and this is the second case which we must

analyze. As we will see below in the following sections, the two cases result in separate and

interesting analyses.

In the course of our proofs, the letter c will represent a constant which can vary from line

to line.

3.1.1 Analysis of ϕy(ϵ, x, y, B) for the non-isolated intervals

The proof over the non-isolated intervals begins with expanding the product in the expected

value of (3.4). This produces an expression of the form

E

[
exp

(
i

m∑
j=1

pπj
W (rπj

, sπj
)

)
exp

(
i

m∑
j=1

qπj
W (sπj

, tπj
)

)]
(3.22)

+
∑(

E

exp(i m∑
j=1

pπj
W (rπj

, sπj
)

)
exp

i
∑
I
c1
j

qπj
W (sπj

, tπj
)


· (−1)m2

∏
I
c2
j

E
[
exp

(
iqπj

W (sπj
, tπj

)
)])

, (3.23)
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where Ic1j and Ic2j form a disjoint union of the set {1, ...,m} and |Ic2j | = m2. We first

establish techniques which bound the expression, (3.22), and briefly outline how to apply

these methods to the remaining summands arising in (3.23).

Inserting (3.12) into (3.2), we begin with the integral

im

(2π)2m

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)

· F (ϵ, x, y, p, q)
m∏
j=1

qj dpj dqj drj dsj dtj. (3.24)

Observing the trivial inequalities,

∣∣∣∣ im

(2π)2m

∣∣∣∣ ≤ cm (3.25)

and

|F (ϵ, x, y, p, q)| ≤ 1 (3.26)

we can bound the integrand in (3.24) by

cm
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)
m∏
j=1

|qj| dpj dqj drj dsj dtj. (3.27)

To integrate the time variables, rj, sj, and tj, notice that a consequence of (3.13) and (3.14)

is that {r̃k} generates the set {rj} and {d̃k} generates {sj} ∪ {tj}. Applying these facts,

along with the property that for any u ∈ R and α ∈ R+,

∫ 1

0

exp (−x|u|α) dx =
1− exp (−|u|α)

|u|α
≤ c

1 + |u|α
(3.28)
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reveals (3.27) is bounded above by

c

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

|qj| dpj dqj. (3.29)

To prove this multiple integral is finite, we focus on
∏

j |qj|. and recall that equation (3.11)

allows us to write each qj in terms of uk and uk−1, depending on the value of dk. Let us

reexpress each qj appearing in (3.29) via the following relationship,

uk−1 − uk = qℓ for dk = tℓ, (3.30)

so that the product involving the |qj| terms can be bounded above by

m∏
j=1

|qj| =
∏
k∈T

|uk−1 − uk| ≤
∏
k∈T

(|uk−1|+ |uk|) . (3.31)

We now investigate the polynomial which results from the expansion of the right hand

side of the inequality above. In the course of our analysis, we will discover a dependency

between the degree of the |uk| terms of this polynomial and the s-intervals and t-intervals

from which they originate. The relationship between these two notions will be critical in

establishing our desired bound. To facilitate our analysis and as we will see in the proof of

Proposition 3.1.2 below, the polynomial which emerges from the expansion of (3.31) will

assume the general form ∑ (∏
S

|uk|ωk

∏
T

|uk|ωk

)
.
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In order to investigate the orders of the above polynomial, define the following sets

S− .
= { k ∈ S

∣∣k + 1 ∈ T and ωk = 1} (3.32)

T+ .
= {k ∈ T

∣∣ k − 1 ∈ S−} (3.33)

S
′ .
= {k ∈ S

∣∣ k /∈ S−} (3.34)

T
′ .
= {k ∈ T

∣∣ k /∈ T+}. (3.35)

Note, S− ∪ S
′
and T+ ∪ T

′
form a disjoint union of the sets S and T , defined in (3.17)

and (3.18), respectively. In other words, these sets account for all of the non-isolated s

and t-intervals and |S− ∪ S
′ ∪ T+ ∪ T

′| = 2m. Figure 3.3 below provides an example and

the motivations for the introduction of these sets becomes clearer in Proposition 3.1.2 below.

dk−1 dk dk+1 dk+2

S
′
-interval S−-interval T+-interval T

′
-interval

uk−1 uk uk+1 uk+2

non-isolated non-isolated non-isolated non-isolated

sn sj tℓ tm

Figure 3.3: Examples of S
′
, S−, T+ and T

′
intervals .
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Proposition 3.1.2. Expansion of the product

∏
k∈T

(|uk−1|+ |uk|) (3.36)

generates a polynomial of the form

P1(|uk|)
.
=
∏
k∈T

(|uk−1|+ |uk|) =
∑ ∏

S′

|uk|ωk

∏
S−

|uk|ωk

∏
T+

|uk|ωk

∏
T ′

|uk|ωk

 , (3.37)

where

deg |uk| = ωk =



0, if k ∈ S
′

1, if k ∈ S−

0 or 1, if k ∈ T+

0, 1, or 2, if k ∈ T
′
.

(3.38)

Proof. We begin the proof by focussing on the orders of the uk terms as they relate to

the sets S and T , defined in (3.17) and (3.18), respectively. Since we are focussing on the

non-isolated intervals, it is important to notice equation (3.30) implies that deg |uk| ≤ 2,

when k ∈ T . This fact stems from cases in which k ∈ T and k + 1 ∈ T . Specifically, if

dk = tℓ and dk+1 = tj, for some ℓ and j, we then have

qℓ = uk−1 − uk (3.39)

qj = uk − uk+1. (3.40)

Hence, uk appears as a summand for both qℓ and qj and the polynomial resulting from the

expansion of (3.36) will be of maximum order two. The ensuing function can be written as

P1(|uk|) =
∑ (∏

S

|uk|ωk

∏
T

|uk|ωk

)
, (3.41)
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with ωk taking values in {0, 1, 2}.

Consider, now, the values of ωk, for k ∈ S. Begin by noticing elements from {uk}S appear

in (3.41) only if k − 1 ∈ S and k ∈ T . Specifically, for these cases, when dk = tℓ (3.30)

implies

qℓ = uk−1 − uk. (3.42)

The uk−1 appearing above is from an s-interval and can not appear as a summand for

another value of q. Therefore, upon expanding (3.36), we can conclude the values of {ωk}S

are at most equal to 1.

We have superficially identified the degree of the |uk| variables of (3.41) and look to delve

deeper into the matter. To do so, consider any product which appears as a summand in

this polynomial ∏
S

|uk|ωk

∏
T

|uk|ωk (3.43)

The definitions of the sets S− and S
′
, combined with our discussion above regarding the

values of {ωk}S, imply the elements of {ωk}S− and {ωk}S′ are equal to 1 and 0, respectively.

The product appearing in (3.43) can be reexpressed as

∏
S

|uk|ωk

∏
T

|uk|ωk =
∏
S−

|uk|
∏
T+

|uk|ωk

∏
T

′

|uk|ωk . (3.44)

To investigate the values of {ωk}T+ , consider (3.30) when dk = tℓ for k ∈ T+. The uk−1 and

uk appearing in the summand for qℓ are from a s-interval and t-interval, respectively. Upon

expanding (3.36), uk−1 and uk can not appear in the same term of the polynomial. However,

from our earlier discussion, we know that uk can appear at most once as a summand for a

q. In other words, for those values of k such that k ∈ T+ and k + 1 ∈ T
′
. From this, we

can deduce that ωk is equal to 0 or 1 for k ∈ T+.
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Take into account the values of {ωk}T ′ . If k ∈ T
′
and k + 1 ∈ T

′
, then (3.30) reveals uk

appears in the summand for two values of q and hence we can conclude {ωk}T ′ is at most

equal to 2. With the assistance of (3.44), (3.41) can be rewritten in more detail

P1(|uk|) =
∑ ∏

S
′

|uk|ωk

∏
S−

|uk|ωk

∏
T+

|uk|ωk

∏
T

′

|uk|ωk


and we close the proof.

Our next step is to apply the above proposition to multiple integral (3.29). Before pro-

ceeding with that step, we establish key properties regarding the u variables linked to the

sets S ′, S−, and T+ in Proposition 3.2.3 below. Before delving into the proof, it is helpful

to recall that equation (3.8) permits us to express each p̄k in terms of pj via

p̄k =
∑

{j:rj≤r̄k}

pj.

and any uk can be written in terms of pj and qℓ by relation (3.10),

uk =
∑

{j:sj>dk}

pj +
∑

{ℓ:sℓ≤dk<tℓ}

qℓ,

Proposition 3.1.3. Let {qj} represent a set of non-isolated variables associated with the

set Icj of (3.15). Let |{p̄k}| = m and |Icj | = n where m,n > 0 and n ≤ m. With the sets

S
′
, T+, and S− defined in (3.32)-(3.34) , respectively, we have the following;

i.) the set {p̄k} ∪ {uk}S′ ∪ {uk}S− forms a basis for {pj} ∪ {qj}; and

ii.) the set {p̄k} ∪ {uk}S′ ∪ {uk}T+ forms a basis for {pj} ∪ {qj}.

Proof. i.) Begin by noting S
′
and S− form a disjoint union of S. The cardinality of the
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sets

|{p̄k}| = |{pj} = m and |{uk}S|| = |{qj}| = n

reveals,

|{p̄k} ∪ {uk}S| = |{pj} ∪ {qj}| = m+ n.

Rearranging the terms in (3.8) and solving for each pj entails {p̄k} generates {pj}.

Let {k1, k2, ..., kn} be the elements of the set S, such that k1 < k2 < · · · < kn. Via (3.10),

appearing in the summand of uk1 are those qj, where j is such that sj ≤ dk1 < tj. Pro-

ceeding sequentially through the ordered set {uk1 , uk2 , ..., ukn} and noting the values of qj

which appear as summands for each uk we see each qj appears as a summand for a uk term

one at a time. This implies each qj can be written as a sum involving terms from {p̄k} and

{uk}S. Hence, upon rearranging terms and solving for qj, we can conclude {p̄k} ∪ {uk}S

generates {pj} ∪ {qj}. Since |{p̄k} ∪ {uk}S| is finite, the set forms our required basis.

ii.) We have addressed the sets {p̄k} and {pj} in the proof of i.). By the definition of S−

it follows that |S−| = |T+| = ñ, with ñ < n. In turn, this implies

|{p̄k} ∪ {uk}S′ ∪ {uk}T+| = |{pj} ∪ {qj}| = m+ n.

To establish our result, we mimic the technique used in the proof of i.) above. Let

{k1, k2, ..., kn} be the elements of the set S
′∪T+, in their natural order. Proceed sequentially

through the ordered set {uk1 , uk2 , ..., ukn} and reexpress each uk in terms of pj and qj through

(3.10). Not every qj will appear as a summand in uk, k ∈ S
′
and we explain how these

variables appear as a summand in uk, k ∈ T+.

From the definition of the set T+, the interval preceding a T+-interval is a S−-interval.
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Consider any element uk ∈ {uk}T+ with dk−1 = sv, dk = tw, k − 1 ∈ S−, k ∈ T+ and

[sv, tw] a non-isolated interval. As a consequence of the non-isolated intervals, appearing

as summand for uk will be a qj term associated with the preceding S−-interval such that

j = v. These are the precise qj’s which do not appear as a summand in uk, k ∈ S
′
.

Upon reexpressing each term in the set {uk1 , uk2 , ..., ukn}, we discover each q appears at

least once as a summand for a {uk}. As a result, each qj can be expressed as a sum involving

terms from {p̄k} and {uk}S′ ∪{uk}T+ . Hence {p̄k}∪{uk}S′ ∪{uk}T+ generates {pj}∪{qj}.

The fact that |{p̄k} ∪ {uk}S′ ∪ {uk}T+| is finite, yields our desired result.

Returning to the primary expression, inserting P1(|uk|) into (3.29) produces the sum

∑ ∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
∏
S
′

1

1 + u2
k

∏
S−

|uk|
1 + u2

k

∏
T+

|uk|ωk

1 + u2
k

∏
T

′

|uk|ωk

1 + u2
k

m∏
j=1

dpj dqj

 . (3.45)

Since |uk|ωk(1 + u2
k)

−1 ≤ c, for all k ∈ T
′
, any multiple integral appearing as a summand

in (3.172) can be bounded above by

c

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
∏
S′

1

1 + u2
k

∏
S−

|uk|
1 + u2

k

∏
T+

|uk|ωk

1 + u2
k

m∏
j=1

dpj dqj. (3.46)

The emergence of this expression motivates the introduction of Proposition 3.1.4. As we will

see, proofs in future sections will be heavily dependent on this critical result. Additionally,

we not that, in our current analysis, |Icj | = m. However, when we begin to study the case

for the isolated intervals, the cardinality of Icj will assume values less then m. This is the

motivation for the introduction of the parameter n in the statement below.

Proposition 3.1.4. Let each of the two sets

{p̄k} ∪ {uk}S′ ∪ {uk}S− and {p̄k} ∪ {uk}S′ ∪ {uk}T+
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form a basis for {pj}∪{qj}, where the later set is associated with the non-isolated intervals

Icj . Denote the cardinality of the sets, |{p̄k}| = m, |Icj | = n, where m,n > 0, and n ≤

m. Recall the index set M defined in (3.20). Consider any parameters a, b > 0 and

wk, xk, yk, zk > 0. The m+ n multidimensional integral

∫∫
Rm×Rn

m∏
k=1

|p̄k|wk

(1 + |p̄k|b)a
∏
S
′

|uk|xk

(1 + |uk|b)a
∏
S−

|uk|yk
(1 + |uk|b)a

∏
T+

|uk|zk
(1 + |uk|b)a

m∏
j=1

dpj
∏
Icj

dqj

is finite if each of the following inequalities are satisfied,

wk < ab− 1, for all k ∈ M, xk < ab− 1, for all k ∈ S
′

2yk < 2ab− 1, for all k ∈ S−, 2zk < 2ab− 1, for all k ∈ T+.

Proof. Simplify notation by setting

A =
m∏
k=1

|p̄k|w

(1 + |p̄k|b)a
, B′

=
∏
S
′

|uk|x

(1 + |uk|b)a
, B− =

∏
S−

|uk|y

(1 + |uk|b)a
, C+ =

∏
T+

|uk|z

(1 + |uk|b)a
.

An application of Cauchy-Schwarz inequality reveals

∫∫
Rm×n

A B′B− C+

m∏
j=1

dpj
∏
Icj

dqj

=

∫∫
Rm×n

(
A B′

)1/2
B−
(
A B′

)1/2
C+

m∏
j=1

dpj
∏
Icj

dqj

≤

 ∫∫
Rm×n

A B′ (B−)2 m∏
j=1

dpj dqj

1/2

·

 ∫∫
Rm×n

A B′ (C+
)2 m∏

j=1

dpj
∏
Icj

dqj

1/2

.

(3.47)
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Proposition 3.2.3 indicates

m∏
j=1

dpj =
m∏
j=1

dp̄k,
∏
Icj

dqj =
∏
S
′
,S−

duk,
∏
Icj

dqj =
∏

S
′
,T+

duk.

Upon changing measures, (3.47) is equal to

 ∫∫
Rm×n

A B′ (B−)2 m∏
k=1

dp̄k
∏
S′ ,S−

duk

1/2

·

 ∫∫
Rm×n

A B′ (C+
)2 m∏

k=1

dp̄k
∏

S′ ,T+

duk

1/2

=

 m∏
k=1

∫
R

A dp̄k
∏
S
′

∫
R

B′
duk

∏
S−

∫
R

(
B−)2 duk

1/2

·

 m∏
k=1

∫
R

A dp̄k
∏
S′

∫
R

B′
duk

∏
T+

∫
R

(
C+
)2

duk

1/2

. (3.48)

Now, consider any one dimensional integral taking the general form

∫
R

|x|δ

(1 + |x|β)α
dx, with α, β > 0, δ ≥ 0,

and write

∫
R

|x|δ

(1 + |x|β)α
dx =

∫ 1

0

|x|δ

(1 + |x|β)α
dx+

∫ ∞

1

|x|δ

(1 + |x|β)α
dx

= c+

∫ ∞

1

|x|δ

(1 + |x|β)α
dx ≤ c+

∫ ∞

1

|x|δ

|x|βα
dx = c+

∫ ∞

1

1

|x|βα−δ
dx ≤ c,

where the last integral in the last line over the domain of integration [1,∞) is finite for

1 < βα − δ or equivalently δ < βα− 1. Applying this rule to each expression emerging in

(3.48), closes the argument.
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Examination of the powers of the |p̄k| and |uk| variables emerging in the numerators of

each of the rational functions in (3.46) reveals that the conditions of Proposition 3.1.4 are

satisfied to conclude this aforementioned quantity is finite.

We illustrate how to derive an upper bound for the remaining integrals materializing as

summands in (3.23),

im

(2π)2m

∫∫∫
R2m×Bm

E

exp(i m∑
j=1

pjW (rj, sj)

)
exp

i
∑
I
c1
j

qjW (sj, tj)


∏
I
c2
j

E
[
exp

(
iqjW (sj, tj)

)]
F (ϵ, x, y, p, q)

m∏
j=1

qj dpj dqj drj dsj dtj. (3.49)

Start by replicating the notions which equates (3.5) to (3.6),

E

exp(i m∑
j=1

pjW (rj, sj)

)
exp

i
∑
I
c1
j

qjW (sj, tj)


= E

[
exp

(
i

m∑
j=1

pjW (rj, 1/2)

)]
E

exp
i

m∑
j=1

pjW (1/2, sj) + i
∑
I
c1
j

qjW (sj, tj)

 ,

and reorder the r terms to arrive at (3.8). Arrange the entire set of time variables,

{1/2, s1, ..., sm, t1, ..., tm}, in increasing order and, as before, denote this new set by {1/2 .
=

d1, ..., d2m+1}. By setting

m∑
j=1

pjW (1/2, sj) +
∑
I
c1
j

qjW (sj, tj) =
2m∑
k=1

ūkW (dk, dk+1), (3.50)
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and equating the Brownian terms we can conclude

ū1 =
m∑
j=1

pj , ūk =
∑

{j:sj>dk}

pj +
∑

{ℓ∈Ic1j :sℓ≤dk<tℓ}

qℓ , ū2m+1 = 0,

ūk − ūk−1 =

 qℓ − pℓ if dk = sℓ and ℓ ∈ Ic1j

−qℓ if dk = tℓ and ℓ ∈ Ic1j .

The above indicate {ūk} spans {pj} ∪ {qℓ}, for those qℓ with ℓ ∈ Ic1j .

Gathering these facts and applying (3.25) and (3.26), the primary integral of concern is

cm
∫∫∫

Rm×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

ū2
k(d̃k)

)

· exp

−
∑
I
c2
j

q2j (tj − sj)

 m∏
j=1

|qj| dpj dqj drj dsj dtj. (3.51)

To advance our argument, we examine in more detail the product

exp

(
−

2m∑
k=1

ū2
k(d̃k)

)
exp

−
∑
I
c2
j

q2j (tj − sj)

 . (3.52)

Observe, any interval (sj, tj), with j ∈ Ic2j , is a non-isolated interval which means sj = dk

and tj = dk+n, for n ≥ 2. To identify the dk variables which lie between sj and tj, set

K̃j
.
= {k | sj ≤ dk < tj}. (3.53)

For each j ∈ Ic2j , the difference, tj − sj, can be expressed by means of the d̃k variables

through

tj − sj =
∑
k∈K̃j

(dk+1 − dk) =
∑
k∈K̃j

d̃k.
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Since there is at least one s-interval or t-interval between sj and tj, the sum on the right

hand side is comprised of at least two d̃k terms. Incorporating the above and recalling the

index set defined in (3.21), the exponential functions in (3.52) can be written as

exp

(
−

2m∑
k=1

ū2
k(d̃k)

)
exp

−
∑
I
c2
j

q2j (tj − sj)


= exp

(
−

2m∑
k=1

ū2
k(d̃k)

)
exp

−
∑
I
c2
j

q2j

(∑
k∈K̃j

d̃k

)
= exp

(
−

2m∑
k=1

ū2
k(d̃k)

)
exp

−
∑
k

( ∑
j∈Ic2j

q2j

)
(d̃k)


= exp

−
∑

M2/K̃j

ū2
k(d̃k)

 exp

−
∑
k

( ∑
{j|k∈K̃j}

q2j + ū2
k

)
(d̃k)

 . (3.54)

Consider β ≥ 1. If we equate (3.9) with (3.50) , then two important facts follow. For any

k ∈ M2/K̃j, uk(d̃k) = ūk(d̃k) and |uk|β = |ūk|β, for any β ∈ R. Second, with k ∈ K̃j,

uk =
∑

{j|k∈K̃j}

qj + ūk and uk(d̃k) =

( ∑
{j|k∈K̃j}

qj + ūk

)
(d̃k)

With m2 = |Ic2j | and β > 0, this implies

|uk|β =

∣∣∣∣ ∑
{j|k∈K̃j}

qj + ūk

∣∣∣∣β ≤ c

[
|m2 + 1|β−1

∑
{j|k∈K̃j}

|qj|β + |ūk|β
]

The last upper bound holds since Hölder’s inequality implies

1

n

∣∣∣∣ n∑
j=1

xj

∣∣∣∣ ≤ 1

n

n∑
j=1

|xj| ≤
(
1

n

n∑
j=1

|xj|β
)1/β
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which leads to ∣∣∣∣ n∑
j=1

xj

∣∣∣∣β ≤ nβ−1

n∑
j=1

|xj|β.

Collecting these facts, (3.54) can be bounded above by

exp

−
∑

M2/K̃j

ū2
k(d̃k)

 exp

−
∑
k

( ∑
{j|k∈K̃j}

q2j + ū2
k

)
(d̃k)


≤ exp

−
∑

M2/K̃j

ū2
k(d̃k)

 exp

−
∑
k∈K̃j

u2
k(d̃k)

 = exp

(
−

2m∑
k=1

u2
k(d̃k)

)

Hence, upon applying the above upper bound to (3.51) we are returned to the previous

analysis.

3.1.2 Analysis of ϕy(ϵ, x, y, B) for the isolated intervals

Having completed the case for the non-isolated intervals, we discuss now a procedure to

bound (3.2) over both isolated and non-isolated intervals. To motivate our plan, let qℓ(k) be

an isolated variable associated with the isolated interval [dk, dk+1]. The isolated intervals

possess the special property that qℓ(k) appears as a summand of ui if and only if i = k.

More specifically, from equations (3.11), we note that if dk = sℓ and dk+1 = tℓ, then

uk = uk+1 + qℓ(k) (3.55)

uk−1 = uk+1 + pℓ(k) .

Figure 3.4 below illustrates this unique property and inspires the terminology of an isolated

interval.

Notice the expected value appearing in (3.4) can be partitioned over isolated and non-



56 3.1. Principal estimate of the finite moments

dk−1 dk dk+1 dk+2

uk+1 + pℓ(k) uk+1 + qℓ(k) uk − qℓ(k)
uk−1 uk uk+1

non-isolated isolated non-isolated

sℓ tℓ

Figure 3.4: Isolated intervals and sums involving qℓ(k) .

isolated intervals so that

E

[
exp

(
i

m∑
j=1

pπj
W (rπj

, sπj
)

)
m∏
j=1

{
exp

(
iqπj

W (sπj
, tπj

)
)}

0

]

= E

exp(i m∑
j=1

pπj
W (rπj

, sπj
)

)∏
Icj

{
exp

(
iqπj

W (sπj
, tπj

)
)}

0

∏
Ij

{
exp

(
iqπj

W (sπj
, tπj

)
)}

0

 .

If we were to expand the above over brackets involving the non-isolated intervals Icj and

leave brackets involving Ij intact, we would obtain a sum of the form

E

exp(i m∑
j=1

pπj
W (rπj

, sπj
)

)
exp

(
i
∑
Icj

qπj
W (sπj

, tπj
)

)∏
Ij

{
exp

(
iqπj

W (sπj
, tπj

)
)}

0


(3.56)

+
∑(

E

[
exp

(
i

m∑
j=1

pπj
W (rπj

, sπj
)

)
exp

(
i
∑
I
c1
j

qπj
W (sπj

, tπj
)

)
∏
Ij

{
exp

(
iqπj

W (sπj
, tπj

)
)}

0

]∏
I
c2
j

E
[
exp

(
iqπj

W (sπj
, tπj

)
)])

, (3.57)

where Ic1j and Ic2j form a disjoint union of Icj . We first derive a bound for integrals consisting

of the first summand above and explain how to address (3.57) at the end of this section.

To simplify (3.56), insert the product of isolated intervals,

∏
Ij

{
exp

(
iqjW (sj, tj)

)}
0
=
∏
Ij

(
exp

(
iqjW (sj, tj)

)
− E

[
exp

(
iqjW (sj, tj)

)] )
,
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into (3.5) and apply the subsequent analysis of that expression to arrive at

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)∏
k∈I

(
exp

(
−u2

k(d̃k)
)
−exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

))
,

(3.58)

where we applied the identity uk = uk+1+qℓ(k) . Embedding the above into (3.2), we discover

im

(2π)2m

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)
∏
k∈I

(
exp

(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

))

· F (ϵ, x, y, p, q)
m∏
j=1

qj dpj dqj drj dsj dtj. (3.59)

Use (3.25) and (3.26) times the absolute value of (3.58) to bound the above integrand,

cm
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj| dpj dqj drj dsj dtj. (3.60)

The strategy to prove (3.60) is finite is as follows. We first focus on the isolated intervals

and the isolated variables. This leads us to focus on the absolute value appearing in the

above integrand,

∫∫
R×B

∣∣∣ exp(−u2
k(d̃k)

)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

) ∣∣∣ |qℓ(k)| d(d̃k) dqℓ(k) . (3.61)

Notice we are first integrating the d̃k terms and, then, the isolated variables qℓ(k) . In more



58 3.1. Principal estimate of the finite moments

detail, these d̃k terms, defined in (3.14) as (dk+1 − dk), are isolated intervals associated to

the isolated variables qℓ(k) . After integrating these terms, we, naturally, shift focus to the

non-isolated variables.

To begin, substitute (3.55) for the uk terms appearing in (3.61),

∣∣∣exp(−u2
k(d̃k)

)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)∣∣∣
=

∣∣∣∣exp(− (uk+1 + qℓ(k)

)2
(d̃k)

)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)∣∣∣∣ .
Simplify notation by setting uk+1 = u and qℓ(k) = q. By partitioning the real line into the

two disjoint sets where |q| ≤ 4|u| and |q| ≥ 4|u| and recollecting B ⊆ [0, 1/2]× [1/2, 1]2, we

can write (3.61) as

∫∫
R×B

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

≤
∫

|q|≤4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq (3.62)

+

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq. (3.63)

Starting with (3.62), we first integrate the d̃k terms, which directs us to

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ d(d̃k)

≤ c

∫ 1

0

exp
(
−(u+ q)2(d̃k)

)
+ exp

(
−
(
u2 + q2

)
(d̃k)

)
d(d̃k)

≤ c

[
1

1 + (u+ q)2
+

1

1 + (u2 + q2)

]
. (3.64)
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This implies

∫
|q|≤4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

≤ c

∫
|q|≤4|u|

[
1

1 + (u+ q)2
+

1

1 + (u2 + q2)

]
|q| dq

≤ cu

∫
|q|≤4|u|

1

1 + (u+ q)2
+

1

1 + (u2 + q2)
dq

≤ cu. (3.65)

To procure a bound for (3.63), we must consider the two cases when either

(u+ q)2 ≥ (u2 + q2) or (u+ q)2 ≤ (u2 + q2). (3.66)

We first work with the integral involving the measure d(d̃k) and enlarge the domain of

integration to obtain

∫ 1

0

∣∣∣exp(− (u+ q)2 (d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ d(d̃k)

≤
∫ ∞

0

∣∣∣exp(− (u+ q)2 (d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ d(d̃k). (3.67)

Considering the first of the two cases appearing in (3.66), (3.67) is expressed as

∫ ∞

0

exp
(
−
(
u2 + q2

)
(d̃k)

)
− exp

(
− (u+ q)2 (d̃k)

)
d(d̃k) =

1

u2 + q2
− 1

(u+ q)2
(3.68)

and the second case reveals

∫ ∞

0

exp
(
− (u+ q)2 (d̃k)

)
− exp

(
−
(
u2 + q2

)
(d̃k)

)
d(d̃k) =

1

(u+ q)2
− 1

u2 + q2
. (3.69)
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Utilizing the previous two computations and recalling the power series expansions for

|x| ≤ 1,

1

(1 + x)2
=

∞∑
k=0

(−1)k(k + 1)xk = 1− 2x+ 3x3 − 4x4 + · · · (3.70)

1

1 + x2
=

∞∑
k=0

(−1)kx2k = 1− x2 + x4 − x6 + · · · , (3.71)

we obtain the following bounds for (3.63)

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

≤
∫

|q|≥4|u|

∣∣∣∣ 1

(u+ q)2
− 1

u2 + q2

∣∣∣∣ |q| dq ≤
∫

|q|≥4|u|

∣∣∣∣ 1

(1 + u/q)2
− 1

(1 + u2/q2)

∣∣∣∣ |q|
|q|2

dq

≤
∫

|q|≥4|u|

∣∣∣∣∣
(
1− 2

(
u

q

)
+ 3

(
u

q

)2

− · · ·

)
−

(
1−

(
u2

q2

)2

+

(
u2

q2

)4

− · · ·

)∣∣∣∣∣ 1

|q|
dq

≤ c

∫
|q|≥4|u|

∣∣∣∣(u

q

)∣∣∣∣ 1

|q|
dq ≤ c

∫
|q|≥4|u|

|u|
|q|2

dq ≤ c. (3.72)

In summary, to establish a bound on (3.60), we first addressed the isolated intervals d̃k

and their associated isolated variables qℓk . This directed us to resolve multiple integrals of

the form (3.61). By partitioning the real line into two disjoint sets, we scrutinized the two

integrals (3.62) and (3.63) over the two cases appearing in (3.66). Combining our results

(3.65) and (3.72) and resubstituting u = uk+1 indicates (3.61) can be bounded by c+uk+1,

k ∈ I. With this, (3.60) is less than

∫∫∫
Rm×Rn×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)
∏
k∈I

[c+ |uk+1|]
∏
Icj

|qj| dqj
m∏
j=1

drj dsj dtj dpj dqj,
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where qj are the remaining non-isolated variables, Icj is defined by (3.15), and the n ap-

pearing in the domain of integration is the cardinality of Icj .

We are now in position to shift our attention to the non-isolated intervals. Addressing the

first of the two cases in the brackets above leads us to

c

∫∫∫
Rm×Rn×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)
∏
k∈I

∏
Icj

|qj| dqj
m∏
j=1

drj dsj dtj dpj dqj,

and this returns us to the study of (3.27). Turning to the second and the more critical

summand in the aforementioned brackets, we look to derive a bound for

∫∫∫
Rm×Rn×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)
∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

drj dsj dtj dpj dqj, (3.73)

Integrating the r̃k terms and the remaining d̃k terms by applying (3.28) unveils (3.73) is

bounded by

∫∫
Rm×Rn

m∏
k=1

(
1 + p̄2k

)−1
∏
Ic

(
1 + u2

k

)−1
∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

dpj. (3.74)

By substituting (3.30) for each |qj| term, the quantity of interest appears in the second line
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below

∏
k∈I

|uk+1|
∏
Icj

|qj| =
∏
k∈I

|uk+1|
∏
k∈T

|uk−1 − uk|

≤
∏
k∈I

|uk+1|
∏
k∈T

(|uk−1|+ |uk|) . (3.75)

With regard to the product of uk+1 terms, the definition of set I, provided in (3.16), reveals

these terms originate from t-intervals and Figure 3.4 assists in our identification. Formally,

define this set as

T I+1 .
= {k ∈ T | k − 1 ∈ I} (3.76)

so that (3.75) is synonymous with

∏
k∈T I+1

|uk|
∏
k∈T

(|uk−1|+ |uk|) .

We now aim to study the interconnection between the polynomial resulting from the ex-

pansion of (3.77) and the remaining non-isolated s-intervals and t-intervals.

Proposition 3.1.5. The expansion of the products

P2(|uk|)
.
=

∏
k∈T I+1

|uk|
∏
k∈T

(|uk−1|+ |uk|) (3.77)

generates a polynomial of the form

P2(|uk|) =
∑ ∏

S
′

|uk|ωk

∏
S−

|uk|ωk

∏
T+

|uk|ωk

∏
T I+1

|uk|ωk

∏
T

′′

|uk|ωk

 , (3.78)
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with orders given by

deg |uk| = ωk =



0, if k ∈ S
′

1, if k ∈ S−

0 or 1, if k ∈ T+

1 or 2, if k ∈ T I+1

0, 1, or 2, if k ∈ T
′′
.

(3.79)

Proof. To begin our analysis, focus first on the set T I+1 and consider the following two

scenarios. For the first case, let [sℓ, tℓ] be an isolated interval followed by a non-isolated

t-interval. Specifically, dk = sℓ, dk+1 = tℓ, and dk+2 = tm, for some m. Recall, we have

already integrated the isolated variable qℓ(k) affiliated with the interval [sℓ, tℓ], which implies

this q does not appear in the product
∏

Icj
|qj|. However, since dk+2 = tm, (3.30) shows

qm = uk+1−uk+2. The term uk+1 appears twice in (3.77) and elements from the set {uk}T I+1

assume a maximum degree of two in the expansion of those products.

For the second event, let [sℓ, tℓ] be an isolated interval followed by a s-interval which is

either isolated or non-isolated; dk = sℓ, dk+1 = tℓ, and dk+2 = sn, for some n with k+2 ∈ I

or k + 2 ∈ Ic. In either case, since uk+2 is allied to a s-interval, qn cannot be recomposed

via (3.30), which entails uk+1 does not appear as summand for qn. Combining these two

cases, we can conclude

deg |uk| ∈ {1, 2}, k ∈ T I+1.

Having completed the case of the T I+1 intervals, we shift focus to the product appearing on

the right side of (3.77) and return to the previous section. The study of (3.36) leads to (3.37)

and (3.38) and we can incorporate those results to simplify the current analysis. However,

a slight modification is required to account for the T I+1-intervals, since these quantities did
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not appear in the prior case. The set T
′
, declared in (3.35), must be replaced with

T
′′ .
= {k ∈ T | k /∈ T I+1 ∪ T+}. (3.80)

If k, k+1 ∈ T
′′
, then (3.39) and (3.40) permit us to conclude the maximum degree elements

from this set can assume is two and more generally,

deg |uk| ∈ {0, 1, 2}, k ∈ T
′′
.

Figure 3.5 below highlights the sets under consideration.

dk−4 dk−3 dk−2 dk−1 dk dk+1 dk+2 dk+3 dk+4

S
′

S− T+ T
′′

T I+1 T
′′

T
′′

uk−4 uk−3 uk−2 uk−1 uk uk+1 uk+2 uk+3

non-iso. non-iso. non-iso. non-iso. iso. non-iso. non-iso. non-iso.

sm sn ti tj sℓ tℓ tm tn to

Figure 3.5: Introduction of T I+1 and T
′′
-intervals .

All non-isolated intervals emerging in (3.74) have been accounted for and a deeper inspec-

tion reveals the sets S−, T+, S
′
, T I+1, and T

′′
form a disjoint union of Ic. Consolidating

this information, we can expand (3.77) to formulate polynomial (3.78).

Inserting P2(|uk|) into (3.74) produces the sum

∑[ ∫∫
Rm×Rn

m∏
k=1

(
1 + p̄2k

)−1
∏
Ic

(
1 + u2

k

)−1
∏
S
′

|uk|ωk

∏
S−

|uk|ωk

∏
T+

|uk|ωk

∏
T I+1

|uk|ωk

∏
T

′′

|uk|ωk

∏
Icj

dqj

m∏
j=1

dpj

]
. (3.81)
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To prove any multi-variable integral within the brackets above is finite, note, for any k ∈

T I+1 ∪ T
′′
, |uk|ωk (1 + u2

k)
−1 ≤ c, so that any summand in (3.153) can be bounded by

∫∫
Rm×Rn

m∏
k=1

(
1 + p̄2k

)−1
∏

Ic/{T I+1∪T ′′}

(
1 + u2

k

)−1
∏
S′

|uk|ωk

∏
S−

|uk|ωk

∏
T+

|uk|ωk

∏
Icj

dqj

m∏
j=1

dpj.

(3.82)

Proposition 3.1.6 below undertakes spanning issues associated with the introduction of

the T I+1 and T
′′
-intervals. Upon completing the proof of this statement, we can apply

Proposition 3.1.4 to conclude the multiple integrals originating from (3.56) are finite.

Proposition 3.1.6. Consider the non-isolated variables {qj} associated with multiple in-

tegral (3.82) and let the non-isolated intervals S
′
, S−, T+, T I+1, T

′′
form a disjoint union of

Ic. Both {p̄k} ∪ {uk}S′ ∪ {uk}S− and {p̄k} ∪ {uk}S′ ∪ {uk}T+ form a basis for {pj} ∪ {qj}.

Proof. Although we have removed the non-isolated T I+1 and T
′′
-intervals from Ic, this does

not hinder us from duplicating the techniques of Proposition 3.2.3. Hence, we provide a

sketch of the proof.

Beginning with the cardinality of the sets, the equivalence in cardinality |S−| = |T+| implies∣∣Ic/{T I+1 ∪ T
′′ ∪ T+}

∣∣ = ∣∣Ic/{T I+1 ∪ T
′′ ∪ S−}

∣∣ = n and, therefore,

|{p̄k} ∪ {uk}S′ ∪ {uk}S−| = |{p̄k} ∪ {uk}S′ ∪ {uk}T+ | = m+ n.

Reordering the elements from S
′∪S− in their natural order and formulating each element of

the ordered set {uk1 , uk2 , ..., ukn1
} in terms of pj and qj leads to the first desired conclusion.

We can close our argument by replicating the proof of part ii.) of Proposition 3.2.3 with

respect to the remaining set in question.
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Consider the second summand emerging in (3.57),

im

(2π)2m

∫∫∫
R2m×Bm

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
exp

i
∑
I
c1
j

qjW (sj, tj)

∏
Ij

{
exp

(
iqjW (sj, tj)

)}
0

]

·
∏
I
c2
j

E
[
exp

(
iqjW (sj, tj)

)]
F (ϵ, x, y, p, q)

m∏
j=1

qj dpj dqj drj dsj dtj.

(3.83)

and recall Ic1j and Ic2j form a disjoint union of Icj . The first step in the study of the above

is to replicate the derivation of (3.58) and (3.60) . Apply the independent increments of

Brownian motion to write

E

exp(i m∑
j=1

pjW (rj, sj)

)
exp

i
∑

I
c1
j ∪Ij

qjW (sj, tj)


= E

[
exp

(
i

m∑
j=1

pjW (rj, 1/2)

)]
E

exp
i

m∑
j=1

pjW (1/2, sj) + i
∑

I
c1
j ∪Ij

qjW (sj, tj)


and reorder the r terms as in (3.7) to conclude (3.8). Address the time variables s and t in

the exact fashion as in (3.9)

m∑
j=1

pjW (1/2, sj) +
∑

I
c1
j ∪Ij

qjW (sj, tj) =
2m∑
k=1

ûkW (dk, dk+1). (3.84)
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After equating the Brownian terms, we come to

û1 =
m∑
j=1

pj , ûk =
∑

{j:sj>dk}

pj +
∑

{ℓ∈Ic1j ∪Ij :sℓ≤dk<tℓ}

qℓ , û2m+1 = 0,

ûk − ûk−1 =

 qℓ − pℓ, if dk = sℓ and ℓ ∈ Ic1j ∪ Ij

−qℓ, if dk = tℓ and ℓ ∈ Ic1j ∪ Ij.

The above indicate {ûk} spans {pj} ∪ {qℓ}Ic1j ∪Ij . Replicating the above study with regard

to the product ∏
Ij

{
exp

(
iqπj

W (sπj
, tπj

)
)}

0

implies (3.83) can be bounded above and rewritten as

cm
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

û2
k(d̃k)

)
exp

(
−
∑
I
c2
j

q2j (tj − sj)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−û2

k(d̃k)
)
− exp

(
−
(
û2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj| dpj dqj drj dsj dtj. (3.85)

The above integral reduces to the one emerging in (3.60). Equating (3.9) with (3.84) yields

∣∣∣∣∣ ∏
k∈I

(
exp

(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣∣
=

∣∣∣∣∣ ∏
k∈I

(
exp

(
−û2

k(d̃k)
)
− exp

(
−
(
û2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣∣
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and modifying the analysis of (3.52) yields

exp

(
−

2m∑
k=1

û2
k(d̃k)

)
exp

−
∑
I
c2
j

q2j (tj − sj)

 ≤ exp

(
−
∑
Ic

u2
k(d̃k)

)
.

This completes the proof of

E
[(
ϕy(ϵ, x, y, B)

)m] ≤ c,

over both class of intervals.

3.1.3 Finite moments of ϕ(ϵ, x, y, B) and α(ϵ, x, y, B)

With the status of the mth moments with respect to the derivative of the spatial variable

y clarified, we turn our focus now and look to duplicate our results for (2.32),

E
[(
ϕ(ϵ, x, y, B)

)m] ≤ c.

This directs us to ϕ(ϵ, x, y, B) of equation (2.20), with expected value expressed as

E
[(
ϕ(ϵ, x, y, B)

)m]
=

1

(2π)2m

∫∫∫
R2m×Bm

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
m∏
j=1

{
exp

(
iqjW (sj, tj)

)}
0

]

· F (ϵ, x, y, p, q)
m∏
j=1

dpj dqj drj dsj dtj. (3.86)

In distinguishing the above equation with the that of (3.2), we begin by noticing the two

expressions are very similar except (3.86) does not include a product of |qj| terms. Equation

(2.9) allows us to deduce that these variables are an after-effect of differentiating the inverse

Fourier transform of the probability density function of Wt. The absence of these terms will
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simplify our inquiry of E [(ϕ(ϵ, x, y, B))m] . In more detail, after expanding the expression

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
m∏
j=1

{
exp

(
iqjW (sj, tj)

)}
0

]

we are directed to an expression of the form

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
exp

(
i

m∑
j=1

qjW (sj, tj)

)]

±
∑(

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
exp

i
∑
π
′

qjW (sj, tj)


∏
π′′

E

[
exp

(
i
∑
π1

qjW (sj, tj)

)]])
,

with π
′
and π

′′
forming a disjoint union ofM. Hence, it suffices to address the first quantity

appearing in the sum above, since the techniques for this case can be, naturally, applied

to the remaining summands. Therefore, we begin with a study of an expression parallel to

(3.24),

1

(2π)2m

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)

· F (ϵ, x, y, p, q)
m∏
j=1

dpj dqj drj dsj dtj, . (3.87)

Applying (3.25), (3.26) and bounding the drj, dsj, and dtj integrals with (3.28) produces

cm
∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
2m∏
k=1

(
1 + u2

k

)−1
dpj dqj. (3.88)

We simply recall the facts following (3.8) and (3.10) to justify the change of variables in
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(3.88) to arrive at the product of finite multiple integrals

m∏
k=1

∫
R

(
1 + p̄2k

)−1
dp̄k

2m∏
k=1

∫
R

(
1 + u2

k

)−1
duk. (3.89)

The construction of the proof for

E
[(
α(ϵ, x, y, B)

)m] ≤ c

follows naturally from the techniques derived in the study of ϕ(ϵ, x, y, B), since the expected

value emerging in the integrand of E
[(
α(ϵ, x, y, B)

)m]
is of the form

E

[
exp

(
i

m∑
j=1

pjW (rj, sj)

)
exp

(
i

m∑
j=1

qjW (sj, tj)

)]
.

3.2 Hölder continuity over A(1, 1, 2)

We turn to Lemma 2.2.3 and look to secure equation (2.35)

∥ϕy(ϵ, x, y, B)− ϕy(ϵ
′, x′, y′, B)∥m ≤ cm(ξ) ∥(ϵ, x, y)− (ϵ′, x′, y′)∥mξ

. (3.90)

By writing,

∥ϕy(ϵ, x, y, B)− ϕy(ϵ
′, x′, y′, B)∥m ≤∥ϕy(ϵ, x, y, B)− ϕy(ϵ, x

′, y, B)∥m

+ ∥ϕy(ϵ, x
′, y, B)− ϕy(ϵ, x

′, y′, B)∥m

+ ∥ϕy(ϵ, x
′, y′, B)− ϕy(ϵ

′, x′, y′, B)∥m (3.91)
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our goal is to establish a bound on each term above. The net effect of varying (x, y, ϵ) will

impact the function F (ϵ, x, y, p, q), defined in (3.3) as

F (ϵ, x, y, p, q)
.
= exp

(
ix

m∑
j=1

pj

)
exp

(
iy

m∑
j=1

qj

)
m∏
j=1

f̂(ϵ, pj) f̂(ϵ, qj),

with f̂(ϵ, aj)
.
= exp(−ϵa2j). Altering this deterministic function will yield an alternate set

of multiple integrals which we must prove are finite. Furthermore, we must consider in our

analysis the two summands (3.22) and (3.23) over the non-isolated intervals and scenarios

(3.56) and (3.57) for the isolated cases.

We first study perturbations in the x, y, and ϵ terms for ϕy(ϵ, x, y, B) in Sections 3.2.1 and

3.2.2, and duplicate our result for ϕ(ϵ, x, y, B) and α(ϵ, x, y, B) in Section 3.2.3. To assist

in this analysis, we observe the following bounds. For any α, γ, γ′, p, q ∈ R and ξ ∈ [0, 1],

| exp(−iαγ)− exp(−iαγ′)| ≤ c|α|ξ|γ − γ′|ξ (3.92)

| exp(−γ|α|)− exp(−γ′|α|)| ≤ c|α|ξ|γ − γ′|ξ (3.93)

| exp(−iαγ) exp(−ξ|p|) exp(−ξ|q|)| ≤ 1 (3.94)

|α− γ|ξ ≤ c
(
|α|ξ + |γ|ξ

)
(3.95)

3.2.1 Local properties and the non-isolated intervals

Starting with the variation in x, (3.3) now becomes

F (ϵ, x, x′, y, p, q) =
m∏
j=1

(
exp (−ixpj)−exp (−ix′pj)

)
exp

(
−iy

m∑
j=1

qj

)
m∏
j=1

f̂(ϵ, pj) f̂(ϵ, qj),

(3.96)
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so that we must prove the upper bound

E
[(
ϕy(ϵ, x, y, B)− ϕy(ϵ, x

′, y, B)
)m] ≤ cm(ξ)|x− x′|mξ (3.97)

over both the non-isolated and isolated intervals.

Beginning with (3.22), replace F (ϵ, x, y, p, q) in (3.24) with (3.96). Integrating the time

variables and applying (3.25), (3.92), and (3.94), work over the non-isolated intervals begins

with the subsequent expression,

cm|x− x′|mξ

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

|qj| |pj|ξ dpj dqj. (3.98)

The above integral is comparable to (3.29), except for the product of |pj|ξ terms. In the

course of our analysis, we will discover we can apply the techniques from the study of this

prior integral to our current problem, once we have investigated the impact of the |pj|ξ

terms on (3.98). We start our analysis here.

Proposition 3.2.1. The product
∏

|pj|ξ arising in (3.98) can be bounded above by

m∏
j=1

|pj|ξ =
∏
R

|p̄k′ − p̄k′′ |
ξ ≤ c

∏
R

|p̄k′ |
ξ + |p̄k′′ |

ξ .

The polynomial resulting from the expansion of the upper bound takes the form

P3(|p̄k|)
.
=
∏
R

|p̄k′ |
ξ + |p̄k′′ |

ξ =
∑(∏

R

|p̄k|ηkξ
)
, (3.99)

where

deg |p̄k| = ηkξ ∈ {0, ξ, 2ξ}.
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Proof. Equation (3.8),

p̄k =
∑

{j:rj≤r̄k}

pj,

allows us to compose each p̄k as the sum of the pj terms. Note the index of summation

appearing in that expression and set

R
.
= {k

∣∣ r̄k = rj} or, equivalently, R = {1, ...,m}. (3.100)

Let {k1, k2, ..., km} be the elements of the set R, such that k1 < k2 < · · · < km. As we

proceed through the ordered set {p̄k1 , p̄k2 , ..., p̄km}, writing each term as a sum of pj’s, we

notice the sums are increasing. Upon rearranging these terms and solving for each pj, two

key observations become apparent. We first remark that each pj term is represented as the

difference of at most two p̄k’s,

pj = p̄k′ − p̄k′′ , (3.101)

with k
′
, k

′′ ∈ R. The second important fact to note is that each p̄k appears at most twice

as a summand for a pj and the following recursive relationship emerges. For any ℓ, j, and

m, with r̄km = rℓ and r̄km+1 = rj, we discover

pℓ =p̄km − p̄km−1

pj =p̄km+1 − p̄km . (3.102)

Inequality (3.95) allows us to write (3.101) as

|pj|ξ = |p̄k′ − p̄k′′ |
ξ ≤ |p̄k′ |

ξ + |p̄k′′ |
ξ ,
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and more generally,

m∏
j=1

|pj|ξ =
∏
R

|p̄k′ − p̄k′′ |
ξ ≤ c

∏
R

|p̄k′ |
ξ + |p̄k′′ |

ξ .

We define

P3(|p̄k|)
.
=
∏
R

|p̄k′ |
ξ + |p̄k′′ |

ξ =
∑(∏

R

|p̄k|ηkξ
)
,

where

deg |p̄k| = ηkξ ∈ {0, ξ, 2ξ}.

The order of the polynomial follows from our second observation above regarding the fre-

quency of the elements p̄k emerging in (3.101).

Replacing the product of |pj|ξ variables with P3(|p̄k|), integral (3.98) can be bounded above

by a sum of multiple integrals,

c
∑ ∫∫

R2m

∏
R

|p̄k|ηkξ
m∏
k=1

(1 + p̄2k)
−1

2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

|qj| dpj dqj

 . (3.103)

We now turn to our proof of the bound of ϕy(ϵ, x, y, B) over the non-isolated intervals.

Consider any integral appearing as a summand in (3.103) and proceed with the exact

analysis of (3.29), starting with an application of Proposition 3.1.2. Continuing with this

line of reasoning, we arrive at integrals parallel to (3.46), with one slight modification

regarding rational functions linked to the measure dp̄k,

∫∫
R2m

∏
R

|p̄k|ηkξ
m∏
k=1

1

1 + p̄2k

∏
S
′

1

1 + u2
k

∏
S−

|uk|
1 + u2

k

∏
T+

|uk|ωk

1 + u2
k

m∏
j=1

dpj dqj. (3.104)

The above multiple integral is in the form required to apply Proposition 3.1.4. For any m,
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we can select ξ sufficiently small such that

ηkξ < 1, for all k ∈ M, (3.105)

indicating (3.104) can be bounded above by c(ξ). With this, we have established (3.97)

over the non-isolated intervals.

To investigate the variation in y, we must validate over both classes of intervals

E
[(
ϕy(ϵ, x, y, B)− ϕy(ϵ, x, y

′, B)
)m] ≤ cm(ξ)|y − y′|mξ. (3.106)

With the obvious changes, we arrive at an expression parallel to (3.98)

cm|y − y′|mξ

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

|qj| |qj|ξ dpj dqj. (3.107)

The above integral is similar to (3.29) and, recall, we began our analysis of this quantity

by studying the expansion of the product (3.36). In a similar fashion, we will ascertain our

desired bound by first focusing on
∏

|qj| |qj|ξ.

As before, rewrite each |qj| in terms of uk and uk−1 via (3.30),

uk−1 − uk = qℓ for dk = tℓ.

However, for the |qj|ξ variables, substitute the first case appearing in (3.11),

uk − uk−1 + pℓ = qℓ, for dk = sℓ. (3.108)

In the process of deriving a bound for the variation in x, it was demonstrated in equation
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(3.101) how each pℓ term can be expressed as the difference of two p̄k terms. Applying

(3.95) reveals,

|qj|ξ = |uk − uk−1 + pℓ|ξ = |uk − uk−1 + p̄k′ − p̄k′′ |
ξ

≤
(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
, (3.109)

with k ∈ S and k
′
, k

′′ ∈ R. Sets S and R are defined in (3.17) and (3.100), respectively.

Gathering these fact yields the upper bound

m∏
j=1

|qj| |qj|ξ ≤
∏
k∈T

(|uk−1|+ |uk|)
∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
,

with T is defined in (3.18).

We would like to expand the products surfacing on the right hand side of the inequality

above and understand the impact that the terms, which appear in the resulting polynomial,

have on (3.107). The p̄k terms will play a minor role in deriving our desired bound. However,

understanding the relationship between the degree of the |uk| terms and the s-intervals and

t-intervals from which they originate will be essential to obtaining our bound. We now

begin exploring the interplay between these notions and start with the {uk}T and {uk}S

terms. As we will see, the properties of these terms from our previous analysis extend

naturally to our current problem and, with the goal of applying former results, we will

need to define sets parallel to the ones appearing in (3.32)-(3.35). Specifically, as we will

see in the proposition below, multiplying out the right hand side of the inequality above

directs us to a polynomial of the form

∑(∏
S

|uk|ωk+θkξ
∏
T

|uk|ωk+θkξ

)
.
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With respect to the above, let

S−
ξ

.
= {k ∈ S

∣∣ k ∈ S, k + 1 ∈ T, and ωk + θkξ ≥ 1} (3.110)

T+
ξ

.
= {k ∈ T

∣∣ k − 1 ∈ S−
ξ } (3.111)

S
′

ξ
.
= {k ∈ S

∣∣ k /∈ S−
ξ } (3.112)

T
′

ξ
.
= {k ∈ T

∣∣ k /∈ T+
ξ }. (3.113)

We will make extensive use of the sets defined above in our current and future analysis.

Proposition 3.2.2. The expansion of the products

P4(|p̄k|, |uk|)
.
=
∏
k∈T

(|uk−1|+ |uk|)
∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
(3.114)

generates a polynomial of the form

P4(|p̄k|, |uk|) =
∑∏

R

|p̄k|ηkξ
∏
S
′
ξ

|uk|θkξ
∏
S−
ξ

|uk|ωk+θkξ
∏

T+
ξ ,T

′
ξ

|uk|ωk+θkξ

 (3.115)

where

deg |p̄k| = ηkξ = 0, ξ, 2ξ if k ∈ R

deg |uk| = ωk + θkξ



= 0, ξ, or 2ξ, if k ∈ S
′

ξ

= 1 or 1 + ξ, if k ∈ S−
ξ

= ξ or 1, if k ∈ T+
ξ

≤ 2, if k ∈ T
′

ξ .

(3.116)

Proof. For reference purposes, let us split the products appearing in (3.114) and label them



78 3.2. Hölder continuity over A(1, 1, 2)

as

∏
k∈T

(|uk−1|+ |uk|) (3.117)

∏
k∈S

∏
k′ ,k′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
. (3.118)

Let us begin by examining the t-intervals and determine the frequency in which an element

from {uk}T can appear in (3.114). We make the general observation that (3.36) and (3.117)

yield the same polynomial, which reveals elements from the set {uk}T appear at most twice

in both products. When k ∈ T and k + 1 ∈ T , the uk term appearing in both (3.39) and

(3.40) is proceeded by a t-interval and (3.108) implies this particular uk does not surface

again in (3.118). However, this does not imply elements from the T -intervals can not arise

in the aforementioned product. When dk = sℓ and dk−1 = tj, for some ℓ and j, (3.108)

suggests elements from {uk}T can appear at most once in (3.118). Ensuing the expansion

of (3.114), we can conclude terms from {uk}T will be of maximum order 2.

We shift our attention to the s-intervals. If k ∈ S and k−1 ∈ S, then elements from {uk}S

can emerge twice in (3.118). In more detail, if dk = sℓ and dk−1 = sj, for some ℓ and j, we

have from (3.108),

qℓ = uk − uk−1 + pℓ (3.119)

qj = uk−1 − uk−2 + pj (3.120)

and uk−1 has appeared as a summand for two values of q. Furthermore, this uk−1 term

cannot appear in (3.117). Hence, there exists terms from {uk}S which can have order 2ξ in

the expansion of (3.114). It is important to note this is not the maximum degree elements

from this set can assume.
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From our analysis of (3.41) and the discussion following that polynomial, we can conclude

elements from {uk}S appear in (3.117) when k ∈ T and k − 1 ∈ S. Note the uk−1 term

appearing in (3.42). Reexpressing the |qj|ξ terms through (3.108) implies this uk−1 will

appear for another value of q and, consequently, in the product (3.118). Upon expanding

(3.114), we can conclude elements from {uk}S, specifically those which appear in both

(3.117) and (3.118), attain a maximum order of 1 + ξ.

With our analysis of the S-intervals and T -intervals complete, we see the products appearing

in (3.114) generate a polynomial of the form

P4(|p̄k|, |uk|)
.
=
∏
k∈T

(|uk−1|+ |uk|)
∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)

=
∑ (∏

R

|p̄k|ηkξ
∏
S,T

|uk|ωk+θkξ

)
, (3.121)

where ηk, ωk, and θk take values in {0, 1, 2}. Recall, the values of ηk follow from our

discussion of (3.101). Specifically, if r̄k′ = rℓ and r̄k′+1 = rj, for some k′, ℓ, and j, then the

recursive relationship presented in (3.102) indicates (3.119) and (3.120) can be expressed

as

qℓ = uk − uk−1 + pℓ = uk − uk−1 + p̄k′ − p̄k′−1

qj = uk−1 − uk−2 + pj = uk−1 − uk−2 + p̄k′+1 − p̄k′ . (3.122)

Hence, p̄k′ emerges twice in the above summands and ηk can assume orders less than or

equal to 2ξ in polynomial P4.

The analysis of the s-intervals above leads us to conclude the maximum order of elements

from {uk}S′
ξ
and {uk}S−

ξ
are 2ξ and 1 + ξ, respectively. With the assistance of these newly
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defined sets, P4(|p̄k|, |uk|) is equal to

P4(|p̄k|, |uk|) =
∑∏

R

|p̄k|ηkξ
∏
S
′
ξ

|uk|θkξ
∏
S−
ξ

|uk|ωk+θkξ
∏

T+
ξ ,T

′
ξ

|uk|ωk+θkξ

 .

To determine the order of the {uk}T+
ξ
terms appearing above, let us return to the products

(3.114)-(3.118). Recognize, elements from {uk}S−
ξ
take values 1 or 1 + ξ only if uk, k ∈ S,

has appeared in (3.117) or in both (3.117) and (3.118), respectively. Consider two terms,

uk−1 and uk, appearing in (3.115), with k − 1 ∈ S−
ξ and k ∈ T+

ξ . Both terms appear as

summands for a q via (3.30) and, therefore, in (3.117). Upon expanding (3.114), these

terms can not appear together in polynomial (3.115). However, uk+1 will be from either

a t-interval or s-interval, which implies uk will appear once more in (3.117) or (3.118). In

either event, upon expanding (3.114), we can conclude when uk−1 and uk appear in (3.115),

the order of uk will be either ξ or 1. Hence, members of {uk}T+
ξ
attain a maximum order

of 1.

From our discussion above regarding the t-intervals, elements from {uk}T ′
ξ
are of maximum

degree 2 in (3.115) and we arrive at the order of the |uk| terms presented in (3.116).

Before proceeding further, we pause and note that the properties of the s and t-intervals

defined in (3.32)-(3.34) are nearly identical to those emerging in the proof of the proposition

above, (3.110)-(3.112), with two a slight modifications. The definition of the S
′

ξ-intervals

has been changed to account for the higher orders that the uk variables, originating from

this interval, can assume in the expansion of (3.114). Additionally, we have also changed

notation due to the introduction of the ξ terms in our new analysis. The imperative

observation to make is that the techniques derived to validate Proposition 3.2.3 can be

replicated to establish a parallel result.

Proposition 3.2.3. Let {qj} represent a set of non-isolated variables associated with the
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set Icj of (3.15). Denote the cardinality of the two sets by |{p̄k}| = m and |Icj | = n where

m,n > 0 and n ≤ m. With the sets S
′

ξ, T
+
ξ , and S−

ξ defined in (3.110)-(3.112) , respectively,

we can conclude that both

{p̄k} ∪ {uk}S′
ξ
∪ {uk}S−

ξ
and {p̄k} ∪ {uk}S′

ξ
∪ {uk}T+

ξ

form a basis for {pj} ∪ {qj}

Proof. Replicate the proof for Proposition 3.2.3

Returning to our problem at hand, inserting P4(|p̄k|, |uk|) into (3.107) we arrive at

∑[ ∫∫
R2m

∏
R

|p̄k|ηkξ
m∏
k=1

(
1 + p̄2k

)−1
∏
S,T

(1 + u2
k)

−1

∏
S
′
ξ

|uk|θkξ
∏
S−
ξ

|uk|ωk+θkξ
∏

T+
ξ ,T

′
ξ

|uk|ωk+θkξ

m∏
j=1

dpj dqj

]
. (3.123)

We can select ξ sufficiently small so that for all k ∈ T
′

ξ ,

|uk|ωk+θkξ

1 + u2
k

≤ c. (3.124)

This permits us to bound any multiple integral appearing as a summand in the above

expression by

∫∫
R2m

∏
R

|p̄k|ηkξ
m∏
k=1

1

1 + p̄2k

∏
S
′
ξ

|uk|θkξ

1 + u2
k

∏
S−
ξ

|uk|ωk+θkξ

1 + u2
k

∏
T+
ξ

|uk|ωk+θkξ

1 + u2
k

m∏
j=1

dpj dqj (3.125)

leading us to a point to utilize Proposition 3.1.4. Remembering the order of the |p̄k| and
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uk variables in (3.114), ξ can be selected close to zero such that for any m,

ηkξ < 1, for all k ∈ R, θkξ < 1, for all k ∈ S
′

ξ, ωk + θkξ < 3/2, for all k ∈ S−
ξ ∪ T+

ξ .

Hence, c(ξ) is an upper bound for (3.125) and we have secured (3.106) over the non-isolated

intervals.

Fortunately, to establish the inequality with respect to ϵ over the non-isolated intervals,

E
[(
ϕy(ϵ, x

′, y′, B)− ϕy(ϵ
′, x′, y′, B)

)m] ≤ cm(ξ)|ϵ− ϵ′|mξ, (3.126)

we will be able to leverage much of our analysis in establishing (3.97) and (3.106). The

variation in this last variable changes (3.3) to

F (ϵ, ϵ′, x, y, p, q)

= exp

(
−ix

m∑
j=1

pj

)
exp

(
−iy

m∑
j=1

qj

)
m∏
j=1

(
f̂(ϵ, pj)f̂(ϵ, qj)− f̂(ϵ′, pj)f̂(ϵ

′, qj)
)

(3.127)

and (3.93) and (3.95) reveal

m∏
j=1

f̂(ϵ, pj)f̂(ϵ, qj)− f̂(ϵ′, pj)f̂(ϵ
′, qj) =

m∏
j=1

exp
(
−ϵ
(
p2j + q2j

))
− exp

(
−ϵ′
(
p2j + q2j

))
≤ cm|ϵ− ϵ′|mξ̂

m∏
j=1

(
|p2j + q2j |ξ̂

)
≤ cm|ϵ− ϵ′|mξ̂

m∏
j=1

(
|p2j |ξ̂ + |q2j |ξ̂

)
≤ cm|ϵ− ϵ′|mξ

m∏
j=1

(
|pj|ξ + |qj|ξ

)
, (3.128)

where ξ̂ is chosen sufficiently small and ξ = 2ξ̂. With these facts, the multiple integral of
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interest emerges as

cm|ϵ− ϵ′|mξ

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

|qj|
(
|pj|ξ + |qj|ξ

)
dpj dqj. (3.129)

Introduce a disjoint union of the set {1, ...,m} by means of π
′
and π

′′
. Upon expanding

the crucial product in the integrand, an upper bound can be initiated,

m∏
j=1

|qj|
(
|pj|ξ + |qj|ξ

)
=
∑∏

π′

|pj|ξ
m∏
j=1

|qj|
∏
π′′

|qj|ξ
 (3.130)

≤
∑(

P5(|p̄k|, |uk|)
)

(3.131)

where

P5(|p̄k|, |uk|)
.
= P3(|p̄k|)P4(|p̄k|, |uk|)

We can leverage our previous work to dissect the expansion of the two polynomials which

generate P5(|p̄k|, |uk|). To deduce the relationship between the order of the |uk| variables

and the non-isolated intervals, simply refer to Proposition 3.2.2. The contribution from the

|p̄k| terms can be established by multiplying

∏
R

|p̄k|ηkξ
∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
.

and (3.99) and (3.118) indicate

deg |p̄k| = η̂kξ ∈ {0, ξ, 2ξ, 3ξ, 4ξ}
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Therefore, (3.131) is equivalent to

∑∑(∏
R

|p̄k|η̂kξ
∏

S
′
ξ,S

−
ξ

|uk|ωk+θkξ
∏

T+
ξ ,T

′
ξ

|uk|ωk+θkξ

) . (3.132)

Insert the above into (3.129) and bound all rational functions from the T
′
-intervals by a

constant. After employing Proposition 3.1.4 to the resulting expression, the study over the

non-isolated intervals is complete.

3.2.2 Resolution of the isolated intervals

To establish (3.97),(3.106), and (3.126) over the isolated intervals, it suffices to scrutinize

the variation in x,y, and ϵ on the integral appearing in (3.59) and (3.83). As we witnessed

with the case of the non-isolated intervals, the variation of these terms with respect to the

function (3.3) will have a direct impact on our analysis.

We initiate our study with the x variable. Substitute (3.96) for F (ϵ, x, y, p, q) appearing in

(3.59) and apply (3.25), (3.92), and (3.94) to attain the integral,

cm|x− x′|mξ

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj| |pj|ξ dpj dqj drj dsj dtj. (3.133)

Proceeding as in our analysis of (3.60), we first integrate the isolated intervals, d̃k, and then

the isolated variables, qℓ(k) , from the above expression. Notice,
∏

|pj|ξ has no influence on
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these terms. The study of (3.61) allows us to bound the integral in (3.133) by

∫∫∫
Rm×Rn×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)
∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

|pj|ξ dpj drj dsj dtj, (3.134)

where qj are the remaining non-isolated variables, Icj is defined by (3.15), and the n ap-

pearing in the domain of integration is the cardinality of Icj .

In the above expression, we will address integrals involving the r̃k terms and the remaining

non-isolated variables d̃k as we did in (3.73), leaving the product of |pj|ξ terms to analyze.

However, in our inquiry of the variation of x over the non-isolated intervals, we derived a

bound for this product, specifically, P3(|p̄k|) of (3.99). Combining these assertions, (3.134)

can be bounded by the sum

∑ ∫∫
Rm×Rn

∏
R

|p̄k|ηkξ
m∏
k=1

(
1 + p̄2k

)−1
∏
Ic

(
1 + u2

k

)−1
∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

dpj

 .

(3.135)

Consider any multiple integral emerging as a summand in the above expression and notice

the quantity ∏
k∈I

|uk+1|
∏
Icj

|qj|

emerged previously in (3.74). The diagnosis of these products led to the introduction of

sets T I+1 and T
′′
of (3.76) and (3.80), respectively, and eventually to polynomial defined

in (3.78). Since
∏

|p̄k|ηkξ is independent of the products above, we can insert P2(|uk|) into

any integral of (3.135), apply the bound |uk|ωk(1 + u2
k)

−1 ≤ c for all k ∈ T I+1 ∪ T
′′
, and
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reduce our study to integrals of the form

∫∫
Rm×Rn

∏
R

|p̄k|ηkξ
m∏
k=1

(
1 + p̄2k

)−1
∏

Ic/{T I+1∪T ′′}

(
1 + u2

k

)−1

∏
S′

|uk|ωk

∏
S−

|uk|ωk

∏
T+

|uk|ωk

∏
Icj

dqj

m∏
j=1

dpj.

This, however, is the precise integral appearing in (3.104). Employ the methods from that

analysis to conclude (3.97) over the isolated intervals.

We now analyze the variation of y on ϕy(ϵ, x, y, B) over the isolated intervals. Following

the strategy presented to produce (3.133), we come to the following integrals,

cm|y − y′|mξ

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj| |qj|ξ dpj dqj drj dsj dtj. (3.136)

In the course of our examination of integrals similar to the above, for example (3.60), it

was customary at this point to proceed with first integrating the isolated intervals and then

the associated isolated variables. We will continue with this pattern however, we must now

consider the introduction of isolated variables taking the form |qj|ξ. We initiate our bound

of (3.136) by studying an integral similar to (3.61),

∫∫
R×B

∣∣∣∣ ( exp
(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣ |qℓ(k)| |qℓ(k) |
ξ d(d̃k) dqℓ(k) .

(3.137)

To start working with the above, apply the precise methodologies which produced the upper
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bounds appearing in (3.62) and (3.63),

∫∫
R×B

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| |q|ξ d(d̃k) dq

≤
∫

|q|≤4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| |q|ξ d(d̃k) dq (3.138)

+

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| |q|ξ d(d̃k) dq.

(3.139)

Evaluating first the isolated intervals d̃k and duplicating (3.64) and (3.65) implies (3.138)

can be bounded by

∫
|q|≤4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| |q|ξ d(d̃k) dq

≤ c|u|1+ξ. (3.140)

Turning focus to (3.139), (3.67)-(3.72) shows

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(−(u+ q)2(d̃k)
)
− exp

(
−
(
u2 + q2

)
(d̃k)

)∣∣∣ |q| |q|ξ d(d̃k) dq

≤
∫
|q|≥4|u|

∣∣∣∣ 1

(1 + u/q)2
− 1

(1 + u2/q2)

∣∣∣∣ 1

|q|1−ξ
dq

≤ c

∫
|q|≥4|u|

|u|
|q|2−ξ

dq

≤ c|u|ξ. (3.141)

The two bounds, (3.140) and (3.141), entails (3.137) is bounded by

c|uk+1|1+ξ + c|uk+1|ξ ≤ |uk+1|1+ξ + c, k ∈ I
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since, |uk+1|ξ ≤ 1 for small uk+1. This inclines us to bound the integral appearing in (3.136)

by

∫∫∫
Rm×Rn×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)
∏
k∈I

[
c+ |uk+1|1+ξ

] ∏
Icj

|qj| |qj|ξ dqj
m∏
k=1

dpj drj dsj dtj,

where qj are the remaining non-isolated variables, Icj is defined by (3.15), and the n ap-

pearing in the domain of integration is the cardinality of Icj .

Addressing the first summand in the brackets above returns us to the case of the variation

in y parameter over the non-isolated interval. Working with the second summand,

∫∫∫
Rm×Rn×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)
∏
k∈I

|uk+1|1+ξ
∏
Icj

|qj| |qj|ξ dqj
m∏
k=1

dpj drj dsj dtj, (3.142)

an application of (3.28), with respect to r̃k and the remaining non-isolated d̃k variables,

indicates (3.142) is less than

∫∫
Rm×Rn

m∏
k=1

(
1 + p̄2k

)−1
∏
Ic

(
1 + u2

k

)−1
∏
k∈I

|uk+1|1+ξ
∏
Icj

|qj| |qj|ξ dqj
m∏
j=1

dpj. (3.143)

To prove that the above integral is finite, the first expression we diagnose is

∏
k∈I

|uk+1|1+ξ
∏
Icj

|qj| |qj|ξ. (3.144)

The product involving the |uk+1| variables was identified in (3.74). We reintroduce the set
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T I+1 of (3.76). To account for the addition of the ξ term in the exponent, let

T I+1
ξ

.
= {k ∈ T | k − 1 ∈ I and deg |uk| = 1 + ξ} (3.145)

and write ∏
k∈I

|uk+1|1+ξ =
∏

k∈T I+1
ξ

|uk|1+ξ.

The product
∏

Icj
|qj| |qj|ξ initially arose in (3.107) and the subsequent discussion following

those multiple integrals leads us to Proposition 3.2.2. This implies (3.144) can be bounded

above by

∏
k∈I

|uk+1|1+ξ
∏
Icj

|qj| |qj|ξ

≤
∏

k∈T I+1
ξ

|uk|1+ξ
∏
k∈T

(|uk−1|+ |uk|)
∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
.

Our aim is to evaluate the order of the |uk| variables emerging from the expansion of

the upper bound. To our advantage, we can leverage much of our work from previous

propositions.

Proposition 3.2.4. The polynomial generated by multiplying the products

P6(|p̄k|, |uk|)
.
=

∏
k∈T I+1

ξ

|uk|1+ξ
∏
k∈T

(|uk−1|+ |uk|)
∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
(3.146)
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is of the form

P6(|p̄k|, |uk|) =
∑ ∏

R

|p̄k|ηkξ
∏
S
′
ξ

|uk|θkξ
∏
S−
ξ

|uk|ωk+θkξ
∏

T I+1
ξ ,T+

ξ ,T
′′
ξ

|uk|ωk+θkξ

 , (3.147)

where

deg |p̄k| = ηkξ ∈ {0, ξ, 2ξ}, if k ∈ R

deg |uk| = ωk + θkξ



= 0, ξ, or 2ξ, if k ∈ S
′

ξ

= 1 or 1 + ξ, if k ∈ S−
ξ

= ξ or 1, if k ∈ T+
ξ

= 1 + ξ, 1 + 2ξ, or 2 + ξ, if k ∈ T I+1
ξ

≤ 2, if k ∈ T
′′

ξ .

(3.148)

Proof. We start with the T I+1
ξ -intervals and isolate the products

∏
k∈T I+1

ξ

|uk|1+ξ
∏
k∈T

(|uk−1|+ |uk|) . (3.149)

In the analysis of (3.77), we considered the two cases when the isolated interval [sℓ, tℓ] is

followed by either a non-isolated t-interval or a s-interval which is either isolated or non-

isolated. Reapplying this argument, we can conclude deg {|uk|}T I+1
ξ

∈ {1 + ξ, 2 + ξ} in the

expansion of (3.149).

Now, take into account the quantity

∏
k∈T I+1

ξ

|uk|1+ξ
∏
k∈S

∏
k′ ,k′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
. (3.150)

To understand the contribution from the T I+1
ξ -intervals, we need to examine the lone case

when a non-isolated s-interval is preceded by a isolated interval [sℓ, tℓ]; dk = sℓ, dk+1 = tℓ,
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and dk+2 = sm, for some m. Substitution (3.108) shows qm = uk+2−uk+1+ pm and (3.109)

allows us to bound

|qm|ξ ≤ |uk+2|ξ + |uk+1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ.

The |uk+1|ξ on the right side of the inequality is from a T I+1
ξ -interval and since this term

can emerge twice in (3.150), we can conclude the maximum degree of the elements from

{|uk|}T I+1
ξ

in this product are equal to 1 + 2ξ. Combining this result with the conclusion

following (3.149), we have

deg |uk| ∈ {1 + ξ, 1 + 2ξ, 2 + ξ}, k ∈ T I+1
ξ ,

with respect to the the polynomial resulting from (3.146).

The remaining non-isolated s-intervals and t-intervals to examine originate from

∏
k∈T

(|uk−1|+ |uk|)
∏
k∈S

∏
k′ ,k′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
. (3.151)

This provides us with the opportunity to incorporate Proposition 3.2.2. Recollect sets

S−
ξ , T

+
ξ , S

′

ξ of (3.110), (3.111), (3.112), respectively, and the summary of the degree of the

|uk| variables in P4(|p̄k|, |uk|). The T
′

ξ-intervals of (3.113) must be readjusted to account

for the introduction of the product
∏

k∈T I+1
ξ

|uk|1+ξ of (3.146). Introduce the non-isolated

t-intervals

T
′′

ξ
.
= {k ∈ T | k /∈ T I+1

ξ ∪ T+
ξ } (3.152)

and observe the maximum order these terms can attain in the expansion of (3.151) is of

order 2. To prove this fact, we point the reader to the discussion subsequent to (3.118).
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With the order of the |uk| variable settled, (3.146) can be expressed as

P6(|p̄k|, |uk|) =
∑ ∏

R

|p̄k|ηkξ
∏
S
′
ξ

|uk|θkξ
∏
S−
ξ

|uk|ωk+θkξ
∏

T I+1
ξ ,T+

ξ ,T
′′
ξ

|uk|ωk+θkξ

 .

Inserting P6(|p̄k|, |uk|) into (3.143) yields

∑[ ∫∫
Rm×Rn

∏
R

|p̄k|ηkξ
m∏
k=1

(
1 + p̄2k

)−1
∏
S,T

(
1 + u2

k

)−1
∏
S
′
ξ

|uk|θkξ
∏
S−
ξ

|uk|ωk+θkξ

∏
T+
ξ

|uk|ωk+θkξ
∏
T I+1
ξ

|uk|ωk+θkξ
∏
T

′′
ξ

|uk|ωk+θkξ
∏
Icj

dqj

m∏
j=1

dpj

]
. (3.153)

Our objective is to reduce the above multiple integral to the form required to apply Propo-

sition 3.1.4 . To implement that result, we need to bound the rational functions connected

with the sets T I+1
ξ and T

′′

ξ . The former of the non-isolated t-intervals are problematic since

there exists k ∈ T I+1
ξ with deg |uk| = 2 + ξ so that

lim
uk→∞

|uk|2+ξ

1 + u2
k

= ∞. (3.154)

To highlight these cases set

T I+1
2+ξ

.
=
{
k ∈ T I+1

ξ | deg |uk| = 2 + ξ
}
. (3.155)

With the assistance of other s and t-intervals, we demonstrate how to resolve this dilemma.

Recall, deg |uk| = 2+ξ, k ∈ T I+1
ξ , in polynomial (3.147) is a consequence of (3.149) and the

exact scenarios which generate these cases are ones in which an isolated interval is followed

two non-isolated t-intervals. In more precise notation, [sℓ, tℓ] is an isolated interval with
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dk = sℓ, dk+1 = tℓ, and dk+2 = tm. Obviously k + 1 ∈ T I+1
ξ and definition (3.152) reveals

k + 2 ∈ T
′′

ξ . Notice, uk−1 is associated with a non-isolated interval preceding [sℓ, tℓ] and

originates from either a S
′

ξ -interval or any of the t-intervals T+
ξ , T I+1

ξ , T
′′

ξ . To identify these

sets let

SI−1
ξ

.
=
{
k ∈ S

′

ξ | k + 2 ∈ T I+1
2+ξ

}
(3.156)

T I−1
ξ

.
=
{
k ∈ T+

ξ ∪ T I+1
ξ ∪ T

′′

ξ | k + 2 ∈ T I+1
2+ξ

}
. (3.157)

Figure 3.6 below illustrates the scenarios which generate the T I+1
2+ξ -intervals. The u variables

affiliated with the above sets play a vital role in our argument and two properties of these

terms are of particular interest and presented in Proposition 3.2.5.

dk−1 dk dk+1 dk+2

S
′
ξ, T

+
ξ

T I+1
ξ , T

′′
ξ s-interval T I+1

2+ξ -interval T
′′
ξ -interval

uk−1 uk uk+1 uk+2

non-isolated isolated non-isolated non-isolated

sℓ tℓ tm

Figure 3.6: Scenarios which generate the T I+1
2+ξ -intervals .

Proposition 3.2.5. Let uk be such that k ∈ SI−1
ξ ∪ T I−1

ξ .

i.) With respect to polynomial P6(|p̄k|, |uk|) of (3.147),

deg |uk| ≤

 ξ, if k ∈ SI−1
ξ ,

1 + ξ, if k ∈ T I−1
ξ .

(3.158)
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ii.) Any uk variable can be reexpressed as the sum

uk = uk+2 + pℓ(k+1)
, (3.159)

with k + 1 ∈ I and k + 2 ∈ T I+1
ξ .

Proof. i.) Beginning with the s-intervals under analysis, consider a uk variable such that

k ∈ SI−1
ξ . The preceding non-isolated interval is either another S

′

ξ-interval or linked to any

of the t-intervals, T I+1
ξ or T

′′

ξ . In each of these three cases, uk will appear at most once in

the second product on the right hand side of (3.151). Hence, deg |uk| ≤ ξ with respect to

P6(|p̄k|, |uk|).

Turning to the t-interval, the scenarios presented in (3.148) leave us to resolve two cases.

The first involves k ∈ T I+1
ξ ∩ T I−1

ξ and we can conclude deg |uk| = 1 + ξ for these specific

variables. In more detail, if k ∈ T I+1
ξ and k + 1 is an isolated interval, then uk will appear

at most once in (3.149). For the second case, let k be an element from the set T
′′

ξ ∩ T I−1
ξ .

Since k + 1 ∈ I , uk emerges only once in the product

∏
k∈T

(|uk−1|+ |uk|)

and this proves the first property.

ii.) The second acute characteristic shared by the elements from {uk}SI−1
ξ

∪{uk}T I−1
ξ

states

that each term can be rewritten so that the variable associated with the T I+1
ξ -interval

surfaces as a summand. Indeed, if k ∈ SI−1
ξ ∪ T I−1

ξ , Figure 3.4 reveals

uk = uk+2 + pℓ(k+1)
,

with k + 1 ∈ I and k + 2 ∈ T I+1
ξ .
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Let us now return to the rational integrands of (3.154), which motivated this discussion,

and apply the second result from the above proposition. If k ∈ SI−1
ξ ∪T I−1

ξ and k+2 ∈ T I+1
2+ξ ,

we can write

|uk+2|2+ξ

1 + u2
k+2

=
|uk+2|2|uk+2|ξ

1 + u2
k+2

= |uk+2|ξ ≤ c|uk − pℓ(k+1)
|ξ ≤ c

(
|uk|ξ + |pℓ(k+1)

|ξ
)

(3.160)

and bound the product of rational functions originating from the T I+1
ξ -intervals by

∏
T I+1
ξ

|uk|ωk+θkξ

1 + u2
k

=
∏

T I+1
ξ /T I+1

2+ξ

|uk|ωk+θkξ

1 + u2
k

∏
T I+1
2+ξ

|uk|2+ξ

1 + u2
k

≤ c
∏

T I+1
ξ /T I+1

2+ξ

|uk|ωk+θkξ

1 + u2
k

∏
T I+1
2+ξ

|uk|ξ

≤ c
∏

T I+1
ξ /T I+1

2+ξ

|uk|ωk+θkξ

1 + u2
k

∏
k∈SI−1

ξ ∪T I−1
ξ

k+1∈I

(
|uk|ξ + |pℓ(k+1)

|ξ
)
.

If we expand the product with respect to the |uk| and |pℓ(k+1)
| variables and recall property

(3.101), we arrive at the subsequent polynomial,

∏
k∈SI−1

ξ ∪T I−1
ξ

k+1∈I

(
|uk|ξ + |pℓ(k+1)

|ξ
)
=

∏
k∈SI−1

ξ ∪T I−1
ξ

k
′
,k

′′∈R

(
|uk|ξ + |p̄k′ − p̄k′′ |ξ

)
≤ cP7(|p̄k|, |uk|)

with

P7(|p̄k|, |uk|)
.
=

∏
k∈SI−1

ξ ∪T I−1
ξ

k
′
,k

′′∈R

(
|uk|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
=
∑( ∏

SI−1
ξ ∪T I−1

ξ

|uk|ξ
∏
R

|p̄k|η̃kξ
)
,

(3.161)

where η̃kξ takes values in the set {0, ξ, 2ξ}. Hence, we have shown how to express u variables

linked to the T I−1
2+ξ -intervals in terms of other uk, k ∈ SI−1

ξ ∪T I−1
ξ , and p̄k′ , k

′ ∈ R, variables.
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Our next step is to analyze the impact of the above polynomial on (3.153). However, before

proceeding in this manner, we first look to reconcile the order of the |p̄k| variables as they

originate from the two polynomials P6(|p̄k|, |uk|) and P7(|p̄k|, |uk|).

To set up the next proposition, we recall several key facts. With respect to P6(|p̄k|, |uk|),

contributions to the order of the |p̄k| terms, denoted as ηk ∈ {0, ξ, 2ξ} in (3.148), originate

from the p variables associated with the non-isolated s-intervals and, specifically, from the

products below

∏
Icj

|qj|ξ =
∏
k∈S
j∈Icj

(
|uk − uk−1 + pj|ξ

)
=

∏
k∈S

k
′
,k

′′∈R

(
|uk − uk−1 + p̄k′ − p̄k′′ |ξ

)

≤ c
∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ + |uk−1|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
. (3.162)

Recall, we formulated this upper bound by combining (3.108),

uk − uk−1 + pℓ = qℓ, for dk = sℓ,

with (3.109). Additionally, in the process of deriving (3.153), we addressed the isolated

intervals and their associated isolated variables. Hence, if [sℓ, tℓ] is an isolated interval,

then the pℓ variable paired with this interval will not appear in (3.162).

Replicating the above ideas, contributions to the order of the |p̄k| terms in P7(|p̄k|, |uk|),

listed as η̃k ∈ {0, ξ, 2ξ}, can be traced to the products below and, particularly, to the p

terms linked to isolated intervals,

∏
T I+1
2+ξ

|uk|ξ ≤
∏

k∈SI−1
ξ ∪T I−1

ξ

k+1∈I

(
|uk|ξ + |pℓ(k+1)

|ξ
)
≤ c

∏
k∈SI−1

ξ ∪T I−1
ξ

k
′
,k

′′∈R

(
|uk|ξ + |p̄k′ |ξ + |p̄k′′ |ξ

)
. (3.163)
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Recollect, the above was derived using Proposition 3.2.5 (ii). With these clarification, we

state and prove the following,

Proposition 3.2.6. Upon reexpressing the rational functions in P6(|p̄k|, |uk|) that are of

the form presented in (3.154), with the assistance of P7(|p̄k|, |uk|), the maximum degree the

|p̄k| variables can assume in the resulting polynomial is 2ξ.

Proof. The three cases which we must consider are (η, η̃) ∈ {(2ξ, 0), (ξ, ξ), (0, 2ξ)} and the

recursive relations amongst the p terms, as described in (3.102), will be critical in our

analysis. To set the notation for the the proof, consider the following for any k′,m, n, and

ℓ;

pm = p̄k′ − p̄k′−1, for r̄k′ = rm

pn = p̄k′+1 − p̄k′ , for r̄k′+1 = rn

pℓ = p̄k′+2 − p̄k′+1, for r̄k′+2 = rℓ.

Turing attention to the first case, (η, η̃) = (2ξ, 0), let dk = sm, k ∈ S
′

ξ, dk+1 = sn, k+1 ∈ S
′

ξ.

If k+2 is a non-isolated s or t-interval, then we do not receive any contribution from the p

variable paired with this interval in (3.163). Hence, if η = 2, then η̃ = 0. This is the exact

case discussed with regard to (3.122).

Now, consider a scenario when dk = sm, k ∈ S
′

ξ, dk+1 = sn, k + 1 ∈ SI−1
ξ , dk+2 = sℓ,

k + 2 ∈ I, and dk+3 = tℓ, k + 3 ∈ T I+1
2+ξ . To understand the order of the |p̄k| terms with

respect to P6, write

qm = |uk − uk−1 + pm| = |uk − uk−1 + p̄k′ − p̄k′−1|

qn = |uk+1 − uk + pn| = |uk+1 − uk + p̄k′+1 − p̄k′ |
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and, since qn can not appear again in (3.162), observe that deg |p̄k′+1| ≤ ξ. Shifting to P7,

since k + 3 ∈ T I+1
2+ξ , we must rewrite the u term paired with this t-interval as

uk+3 = uk+1 − pk+2 = uk+1 − pℓ = uk+1 − p̄k′+2 + p̄k′+1.

Since pℓ is affiliated with an isolated interval, [sℓ, tℓ] ,this term can not arise in (3.162) and,

therefore, deg |p̄k′+1| ≤ ξ. Combining these facts, we see that when η ≤ ξ, then η̃ ≤ ξ.

Finally, to prove (η, η̃) = (0, 2ξ) let [sn, tn] and [sℓ, tℓ] each be isolated intervals which are

followed by T I+1
2+ξ intervals. To satisfy these conditions, we must introduce a parameter

b ≥ 3 and write, dk = sn, k ∈ I, dk+1 = tn, k + 1 ∈ T I+1
2+ξ , dk+b = sℓ, k + b ∈ I, and

dk+b+1 = tℓ, k + b+ 1 ∈ T I+1
2+ξ . The u variables of concern can be reformulated as

uk+1 = uk+1 − pk = uk+1 − pn = uk+1 − p̄k′+1 + p̄k′

uk+b+1 = uk+b−1 − pk+b = uk+b−1 − pℓ = uk+b−1 − p̄k′+2 + p̄k′+1

and note that p̄k′+1 emerges as a summand twice. Since pn and pℓ can not appear again in

(3.162), we conclude that when η̃ = 2ξ, then η = 0.

Having completed the above analysis, we return to (3.153) and observe, with the assistance

of P7(|p̄k|, |uk|), the subsequent upper bound

cm
∫∫

Rm×Rn

∏
R

|p̄k|(ηk+η̃k)ξ

m∏
k=1

(
1 + p̄2k

)−1
∏
S
′
ξ

|uk|θkξ

1 + u2
k

∏
SI−1
ξ

|uk|ξ
∏
S−
ξ

|uk|ωk+θkξ

1 + u2
k

∏
T+
ξ

|uk|ωk+θkξ

1 + u2
k

∏
T+
ξ ∩T I−1

ξ

|uk|ξ

 ∏
T I+1
ξ /T I+1

2+ξ

|uk|ωk+θkξ

1 + u2
k

∏
T I+1
ξ ∩T I−1

ξ

|uk|ξ


∏

T
′′
ξ

|uk|ωk+θkξ

1 + u2
k

∏
T

′′
ξ ∩T I−1

ξ

|uk|ξ

∏
Icj

dqj

m∏
j=1

dpj. (3.164)
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To address the product of rational functions over the t-intervals confined in the brackets

above, we confront three cases. When k ∈ {T I+1
ξ ∩ T I−1

ξ } ∪ {T ′′

ξ ∩ T I−1
ξ }, (3.158) suggests

the power of |uk|, ωk + θkξ, is less than or equal to 1 + ξ. Therefore, the introduction of

the |uk|ξ terms for these scenarios does not preclude the bound

|uk|ωk+θkξ|uk|ξ

1 + u2
k

≤ c, k ∈ {T I+1
ξ ∩ T I−1

ξ } ∪ {T ′′

ξ ∩ T I−1
ξ }

For the second and third case, if k ∈ {T I+1
ξ /T I+1

2+ξ }/T
I−1
ξ or k ∈ T

′′

ξ /T
I−1
ξ , then (3.148)

reveals, deg |uk| = 1 + 2ξ or deg |uk| ≤ 2 , respectively, which leads to the bound

|uk|ωk+θkξ (1 + u2
k)

−1 ≤ c. Multiple integral (3.164) can now be bounded by

c

∫∫
Rm×Rn

∏
R

|p̄k|(ηk+η̃k)ξ

m∏
k=1

(
1 + p̄2k

)−1
∏
S
′
ξ

|uk|θkξ

1 + u2
k

∏
SI−1
ξ

|uk|ξ
∏
S−
ξ

|uk|ωk+θkξ

1 + u2
k∏

T+
ξ

|uk|ωk+θkξ

1 + u2
k

∏
T+
ξ ∩T I−1

ξ

|uk|ξ
∏
Icj

dqj

m∏
j=1

dpj.

Proposition 3.1.4 can be successfully applied to the above expression, upon addressing two

concerns. The emergence of the product

∏
SI−1
ξ ∪{T ′′

ξ ∩T I−1
ξ }

|uk|ξ

indicates the maximum power of the {|uk|}SI−1
ξ

and {|uk|}{T ′′
ξ ∩T I−1

ξ } terms are 3ξ and 1+ ξ,

respectively. With these facts in mind, the parameter ξ can be chosen close to zero to

ensure that the subsequent inequalities are satisfied;

(ηk + η̃k)ξ < 1, for all k ∈ M, θkξ + 1SI−1
ξ

ξ < 1, for all k ∈ S
′

ξ,

ωk + θkξ < 3/2, for all k ∈ S−
ξ , ωk + θkξ + 1T I−1

ξ
ξ < 3/2, for all k ∈ T+

ξ .
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To procure (3.126) over the isolated intervals, (3.127) and (3.128) concedes

cm|ϵ− ϵ′|mξ

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

(
|pj|ξ + |qj|ξ

)
|qj| dpj dqj drj dsj dtj. (3.165)

Applying equality (3.130) returns us to the study of the x and y parameter. Therefore,

we have established (3.90) and the Hölder continuity of ϕy(ϵ, x, y, B) over A(1, 1, 2). Ap-

plication of Kolmogorov’s Continuity Criterion guarantees the local uniform convergence

of

lim
ϵ→0

ϕy(ϵ, x, y, B) = ϕy(x, y, B),

with the ϕy(x, y, B) continuous in (x, y).

3.2.3 Local properties of the intersection local times

With the detailed analysis regarding the continuity of ϕy(ϵ, x, y, B) complete, we now look

to extend the same properties to ϕ(ϵ, x, y, B). In Section 3.1.3 we derived a bound for

the mth moment of the later quantity and saw the proof was simplified by the fact that

the product
∏

qj which appears in (3.2) does not appear in (3.86). Our new analysis will

also be void of these terms, thus, permitting us to streamline our arguments. Most of

the hard work has been completed in the previous §3.2.1 and §3.2.2 and we will leverage

many of those conclusions. To begin, we look to establish a bound on each individual term
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appearing on the right hand side of the inequality below

∥ϕ(ϵ, x, y, B)− ϕ(ϵ′, x′, y′, B)∥m ≤∥ϕ(ϵ, x, y, B)− ϕ(ϵ, x′, y, B)∥m (3.166)

+ ∥ϕ(ϵ, x′, y, B)− ϕ(ϵ, x′, y′, B)∥m (3.167)

+ ∥ϕ(ϵ, x′, y′, B)− ϕ(ϵ′, x′, y′, B)∥m . (3.168)

Focussing with the perturbation in x, (3.87) and (3.96) indicates we must derive a bound

for the quantity

cm|x− x′|mξ

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

|pj|ξ dpj dqj. (3.169)

After arising in (3.98), the product
∏

|pj|ξ was inspected in great detail and the crucial

ideas, captured in Proposition 3.2.1, exposed the order of the {|p̄k|}R terms emerging in

polynomial (3.99),
m∏
j=1

|pj|ξ ≤ cP3(|p̄k|) =
∑(∏

R

|p̄k|ηkξ
)
,

were of maximum degree 2ξ (ηk ∈ {0, 1, 2}). This conclusion was independent of the fact

that the Brownian functional under investigation was ϕy(ϵ, x, y, B) and can, therefore, be

reapplied here. Inserting P3(|p̄k|) into (3.169), we obtain the upper bound

c
∑ ∫∫

R2m

∏
R

|p̄k|ηkξ
m∏
k=1

(1 + p̄2k)
−1

2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

dpj dqj

 . (3.170)

After employing the change of variable argument which transformed (3.88) to (3.89), any

multiple integral appearing as a summand above can be reexpressed as the product of finte

single variable integrals. Utilizing Proposition 3.1.4 and referring to (3.105) allows us to

complete (3.166) over the non-isolated intervals.
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Turning to the variation in y, we must formulate a bound for

cm|y − y′|mξ

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

|qj|ξ dpj dqj. (3.171)

To our advantage, we can implement the study of P1(|uk|) of (3.41) which permits us to

bound the above integral by

∑ ∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1
∏
S′ ,S−

|uk|ωkξ

1 + u2
k

∏
T+,T ′

|uk|ωkξ

1 + u2
k

m∏
j=1

dpj dqj

 , (3.172)

with ωk taking values in (3.38). Bounding rational functions associated with the T+ and

T
′
-intervals and changing variables closes the argument.

The variation in ϵ affords us an opportunity to apply the results of the variation in the

spatial variables x and y. In more detail, (3.127) and (3.128) reinforces the examination

of,

cm|ϵ− ϵ′|mξ

∫∫
R2m

m∏
k=1

(1 + p̄2k)
−1

2m∏
k=1

(
1 + u2

k

)−1
m∏
j=1

(
|pj|ξ + |qj|ξ

)
dpj dqj. (3.173)

Let π
′
and π

′′
form a disjoint union of {1, ...,m}, so we can generate the polynomial

m∏
j=1

(
|pj|ξ + |qj|ξ

)
=
∑∏

π′

|pj|ξ
∏
π′′

|qj|ξ


≤
∑∑∏

R

|p̄k|ηkξ
∏

S
′∪S−

|uk|ωkξ
∏

T+∪T ′

|uk|ωkξ


and this produces our result. Hence, we have resolved the local uniform convergence of

lim
ϵ→0

ϕ(ϵ, x, y, B) = ϕ(x, y, B),
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with ϕ(x, y, B) continuous in (x, y).

We mention, proofs involving the local properties and convergence of

lim
ϵ→0

α(ϵ, x, y, B) = α(x, y, B)

are developed using the analysis of ϕ(ϵ, x, y, B).

3.3 Scaling and extending Hölder continuity to D(2)

To this point, we have established Hölder continuity for our key functionals for arbitrary

B ⊂ A(1, 1, 2). The goal of this section is to extend continuity to arbitrary B ⊂ D(2), with

D(2) defined in (2.27). To establish Lemma 2.2.4, we introduce a trio of scaling identities

and a derive a proposition which utilizes these expressions. For λ ∈ R+,

W (λt)
dist
= λ1/2W (t), (3.174)

and the transition densities can be expressed as

pϵ(y/k) = kpϵk2(y) (3.175)

p′ϵ(y/k) = k2p′ϵk2(y). (3.176)

Proposition 3.3.1. For standard Brownian motion, the subsequent equalities in distribu-
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tion hold;

ϕy(ϵ, x, y, B)
dist
= 2−3n/2ϕy(2

nϵ, 2n/2x, 2n/2y, 2nB) (3.177)

ϕ(ϵ, x, y, B)
dist
= 2−2nϕ(2nϵ, 2n/2x, 2n/2y, 2nB) (3.178)

α(ϵ, x, y, B)
dist
= 2−2nα(2nϵ, 2n/2x, 2n/2y, 2nB) (3.179)

Proof. With B ⊂ A(1, 1, 2), application of (3.174) yields

ϕy(ϵ, x, y, B)

=
1

23n

∫
2nB

pϵ,x
(
W (2−ns, 2−nr)

) {
p′ϵ,y
(
W (2−nt, 2−ns)

)}
0
dr ds dt

=
1

23n

∫
2nB

pϵ
(
W (2−ns)−W (2−nr)− x

) {
p′ϵ
(
W (2−nt)−W (2−ns)− y

)}
0
dr ds dt

dist
=

1

23n

∫
2nB

pϵ
(
2−n/2W (s)− 2−n/2W (r)− x

)
·
{
p′ϵ
(
2−n/2W (t)− 2−n/2W (s)− y

)}
0
dr ds dt

=
1

23n

∫
2nB

pϵ
(
2−n/2

(
W (s)−W (r)− 2n/2x

))
·
{
p′ϵ
(
2−n/2

(
W (t)−W (s)− 2n/2y

))}
0
dr ds dt

and via (3.175) and (3.176) this last expression is equal to

1

23n

∫
2nB

2n/2p2nϵ
((
W (s)−W (r)− 2n/2x

))
· 2n

{
p′2nϵ

((
W (t)−W (s)− 2n/2y

))}
0
dr ds dt

= 2−3n/2ϕy(2
nϵ, 2n/2x, 2n/2y, 2nB)
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Turning to (3.178), we utilize (3.174) and (3.175)

ϕ(ϵ, x, y, B)

=
1

23n

∫
2nB

pϵ
(
W (2−ns)−W (2−nr)− x

) {
pϵ
(
W (2−nt)−W (2−ns)− y

)}
0
dr ds dt

dist
=

1

23n

∫
2nB

pϵ
(
2−n/2W (s)− 2−n/2W (r)− x

)
·
{
pϵ
(
2−n/2W (t)− 2−n/2W (s)− y

)}
0
dr ds dt

=
1

23n

∫
2nB

2n/2p2nϵ
((
W (s)−W (r)− 2n/2x

))
· 2n/2

{
p2nϵ

((
W (t)−W (s)− 2n/2y

))}
0
dr ds dt

= 2−2nϕ(2nϵ, 2n/2x, 2n/2y, 2nB).

The proof for

α(ϵ, x, y, B)
dist
= 2−2nα(2nϵ, 2n/2x, 2n/2y, 2nB)

follows by replicating the above.

To extend our continuity results for ϕy(·), consider any B ⊆ D(2). If we define B(k, n)
.
=

B ∩ A(k, n, 2), then B can be expressed as the union

B =
∞∪
n=1

2n−1∪
k=1

B(k, n). (3.180)
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This permits us to write

∥ϕy(ϵ, x, y, B)− ϕy(ϵ
′, x′, y′, B)∥m (3.181)

=

∥∥∥∥∥
∞∑
n=1

2n−1∑
k=1

ϕy

(
ϵ, x, y, B(k, n)

)
− ϕy

(
ϵ′, x′, y′, B(k, n)

)∥∥∥∥∥
m

≤
∞∑
n=1

∥∥∥∥∥
2n−1∑
k=1

ϕy

(
ϵ, x, y, B(k, n)

)
− ϕy

(
ϵ′, x′, y′, B(k, n)

)∥∥∥∥∥
m

. (3.182)

For fixed n and arbitrary k ∈ [0, 2n−1], the independent increments of Wt implies

E [ϕy (ϵ, x, y, B(k, n))] = E
[∫

B(k,n)

pϵ,x(W (s, r)){p′ϵ,y(W (t, s))}0 dr ds dt

]
=

∫
B(k,n)

E [pϵ,x(W (s, r))]E
[
p′ϵ,y(W (t, s))

]
dr ds dt

−
∫
B(k,n)

E [pϵ,x(W (s, r))]E
[
p′ϵ,y(W (t, s))

]
dr ds dt

= 0

and using independence we can apply Rosenthal’s inequality [4, p. 46] to see that (3.182)

can be bounded above by

∞∑
n=1

2(n−1)/2 sup
k

∥∥ϕy

(
ϵ, x, y, B(k, n)

)
− ϕy

(
ϵ′, x′, y′, B(k, n)

)∥∥
m
.
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Replacing n with n− 1 in equation (3.177), this last expression is equivalent to

∞∑
n=1

2(n−1)/2 sup
k

∥∥ϕy

(
ϵ, x, y, B(k, n)

)
− ϕy

(
ϵ′, x′, y′, B(k, n)

)∥∥
m

=
∞∑
n=1

2(n−1)/22−(3(n−1))/2 sup
k

∥∥∥ϕy

(
2n−1ϵ, 2(n−1)/2x, 2(n−1)/2y, 2n−1B(k, n)

)
− ϕy

(
2n−1ϵ′, 2(n−1)/2x′, 2(n−1)/2y′, 2n−1B(k, n)

) ∥∥∥
m
.

(3.183)

Since 2n−1B(k, n) ⊆ A(1, 1, 2), Lemma 2.2.3 reveals the supremum over k in the above

expression can be bounded by, cm(ξ)2
ξ(n−1)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ. We can select a ξ small

so that (3.183) is bounded by

cm(ξ)
∞∑
n=1

2(n−1)/22−(3(n−1))/22ξ(n−1)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

= cm(ξ)
∞∑
n=1

2(ξ−1)(n−1)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

≤ cm(ξ)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

To address ϕ(·), we begin by reexpressing any B ⊆ D(2) via (3.180). Replicate the analysis

following (3.181) and apply the fact that E [ϕ(ϵ, x, y, B(k, n))] = 0 to arrive at the bound

∥ϕ(ϵ, x, y, B(k, n))− ϕ(ϵ′, x′, y′, B(k, n))∥m

≤
∞∑
n=1

2(n−1)/2 sup
k

∥∥ϕ(ϵ, x, y, B(k, n)
)
− ϕ
(
ϵ′, x′, y′, B(k, n)

)∥∥
m
.
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Combining (3.178) and Lemma 2.2.3 indicates the above quantity can be bounded by

∞∑
n=1

2(n−1)/22−2(n−1) sup
k

∥∥∥ϕ (2n−1ϵ, 2(n−1)/2x, 2(n−1)/2y, 2n−1B(k, n)
)

− ϕ
(
2n−1ϵ′, 2(n−1)/2x′, 2(n−1)/2y′, 2n−1B(k, n)

) ∥∥∥
m

≤ cm(ξ)
∞∑
n=1

2(n−1)/22−2(n−1)2ξ(n−1)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

= cm(ξ)
∞∑
n=1

2(−3/2+ξ)(n−1)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

≤ cm(ξ)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

3.4 Continuity in the set variable B

To prove (2.37) of Lemma 2.2.5,

E
[(
ϕy(ϵ, x, y, B)

)m] ≤ cm(ξ)|B|mξ

we must modify our proof of (2.33) over both classes of intervals. For the first scenario

involving the non-isolated case we turn to (3.27),

cm
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)
m∏
j=1

|qj| dpj dqj drj dsj dtj,

and single out the multiple integral with respect to the time variables

∫
Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)
m∏
j=1

drj dsj dtj. (3.184)
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Let a and a′ be conjugate exponents taking specific values

1 < a′ < 1 + δ and a = (1− 1/a′)
−1

, (3.185)

with δ very small. In other words, a′ is chosen close to one and a is a large value. With∏
drj dsj dtj as our measure, Hölder’s inequality suggests

|B|m/a

 ∫
Bm

[
exp

(
−

m∑
k=1

p̄2k(r̃k)

)]a′ [
exp

(
−

2m∑
k=1

u2
k(d̃k)

)]a′ m∏
j=1

drj dsj dtj

1/a′

≤ c|B|m/a

(
m∏
k=1

1

1 + a′p̄2k

2m∏
k=1

1

1 + a′u2
k

)1/a′

= c|B|m/a

m∏
k=1

(
1 + a′p̄2k

)−1/a′
2m∏
k=1

(
1 + a′u2

k

)−1/a′

≤ c|B|m/a

m∏
k=1

(
1 + p̄2k

)−1/a′
2m∏
k=1

(
1 + u2

k

)−1/a′
(3.186)

where (3.28) was utilized to procure the bound appearing in the second line. Inserting the

last expression into (3.27) yields the upper bound

cm|B|m/a

∫∫
R2m

m∏
k=1

(
1 + p̄2k

)−1/a′
2m∏
k=1

(
1 + u2

k

)−1/a′
m∏
j=1

|qj| dpj dqj. (3.187)

Set

ζ = 1− 1/a′ (3.188)

so that the following equality holds

m∏
j=1

|qj| =
m∏
j=1

|qj|1/a
′ |qj|ζ .
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Substitute (3.30) and (3.108) for each |qj|1/a
′
and |qj|ζ term, respectively, to produce

m∏
j=1

|qj| =
m∏
j=1

|qj|1/a
′ |qj|ζ ≤ P8(|p̄k|, |uk|), (3.189)

where

P8(|p̄k|, |uk|)
.
=
∏
k∈T

(
|uk−1|1/a

′
+ |uk|1/a

′
) ∏

k∈S
k
′
,k

′′∈R

(
|uk|ζ + |uk−1|ζ + |p̄k′ |ζ + |p̄k′′ |ζ

)
. (3.190)

In the course of securing Hölder continuity in the y parameter over the non-isolated inter-

vals, a parallel expression arises in (3.114). Upon applying Proposition 3.2.2 and reincorpo-

rating the sets defined in (3.110)-(3.113), P8(|p̄k|, |uk|) expands to the following polynomial,

where we make the appropriate modifications to account for the insertion of the 1/a′ in the

exponent;

P8(|p̄k|, |uk|) =
∑∏

R

|p̄k|ηkζ
∏
S
′
ξ

|uk|θkζ
∏
S−
ξ

|uk|ωk(1/a
′)+θkζ

∏
T+
ξ ,T

′
ξ

|uk|ωk(1/a
′)+θkζ

 ,

with order

deg |p̄k| = ηkζ ∈ {0, ζ, 2ζ}

deg |uk| = ωk(1/a
′) + θkζ



= 0, ζ, or 2ζ, if k ∈ S
′

ξ

= 1/a′ or 1, if k ∈ S−
ξ

= ζ or 1/a′, if k ∈ T+
ξ

≤ 2(1/a′), if k ∈ T
′

ξ .

Upon implanting P8(|p̄k|, |uk|) into (3.187) and utilizing the bound

|uk|ωk(1/a
′)+θkζ

(1 + a′u2
k)

1/a′
≤ c, k ∈ T

′

ξ , (3.191)



Chapter 3. The Case of Brownian Motion 111

we are directed to

∫∫
R2m

∏
R

|p̄k|ηkζ
m∏
k=1

1

(1 + p̄2k)
1/a′

∏
S
′
ξ

|uk|θkζ

(1 + u2
k)

1/a′

∏
S−
ξ ∪T+

ξ

|uk|ωk+θkζ

(1 + u2
k)

1/a′

m∏
j=1

dpj dqj.

Proposition 3.1.4 reveals the above expression is finite, since the parameter a′ can be chosen

close to 1 to produce

ηkζ < (2/a′)− 1, for all k ∈ M

θkζ < (2/a′)− 1, for all k ∈ S
′

ξ

2[ωk(1/a
′) + θkζ] < (4/a′)− 1, for all k ∈ S−

ξ ∪ T+
ξ .

Scenarios involving the isolated intervals require a similar modification, but a more subtle

proof and we provide the general procedures to be taken. With the assistance of some

Fourier analysis, we reduce our starting point, multiple integral (3.192), to the expression

emerging in (3.202). After utilizing Hölder ’s inequality and some basic real analysis on

this last quantity, we are, then, directed to integral (3.204). From that point, we simply

reincorporate the methods constructed to derive Hölder continuity in the y variable for the

isolated variables to conclude the argument.

We start with (3.59). Apply (2π)−m ≤ cm and note that both quantities | exp(ixp)| and

| exp(−ϵp2)|, which appear in F (ϵ, x, y, p, q), can be bounded by one to arrive at

(ci)m
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)

·
∏
k∈I

(
exp

(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

))

exp

(
iy

m∑
j=1

qj

)
m∏
j=1

f̂(ϵ, qj) qj dpj dqj drj dsj dtj. (3.192)
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Before isolating integrals with respect to the time measure, we first address the isolated

variables qℓ(k) appearing in the product above and look to acquire a bound for

∣∣∣∣∫
R

exp
(
−u2

k(d̃k)
)
− exp

(
−
(
u2
k+1 + q2ℓ(k)

)
(d̃k)

)
iqℓ(k) exp

(
iyqℓ(k)

)
exp

(
−ϵq2ℓ(k)

)
dqℓ(k)

∣∣∣∣ .
(3.193)

Note the insertion imaginary exponential into the integrand.

Substitute (3.55) for the uk terms above and simplify notation by setting

uk+1 = u, qℓ(k) = q, and d̃k = t (3.194)

Recalling (2.8) and (2.9) as the inverse Fourier transforms for pt(z) and p′t(z), respectively,

an application of Parseval’s identity and closure under convolution implies

∣∣∣∣∫
R

(
exp

(
−t(u+ q)2

)
− exp

(
−t(u2 + q2)

))
iq exp (iyq) exp

(
−ϵq2

)
dq

∣∣∣∣
=

∣∣∣∣ ∫
R

exp
(
−t(u+ q)2

)
exp (iyq) iq exp

(
−ϵq2

)
dq

−
∫
R

exp
(
−tu2

)
exp

(
−tq2

)
exp (iyq) iq exp

(
−ϵq2

)
dq

∣∣∣∣
=

∣∣∣∣ ∫
R

exp(iuz)pt(z)p
′
ϵ(z − y) dz −

∫
R

exp(−tu2)pt(z)p
′
ϵ(z − y) dz

∣∣∣∣
=

∣∣∣∣ ∫
R

(
exp(iuz)− exp(−tu2)

)
pt(z)p

′
ϵ(z − y) dz

∣∣∣∣. (3.195)
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Integration by parts yields

∣∣∣∣∫
R

(
exp(iuz)− exp(−tu2)

)
pt(z)p

′
ϵ(z − y) dz

∣∣∣∣
≤
∣∣ [(exp(iuz)− exp(−tu2)

)
pt(z)

]
pϵ(z − y)

∣∣∣∣∣∣∣
z=∞

z=−∞

(3.196)

+

∣∣∣∣∫
R

iu exp(iuz)pt(z)pϵ(z − y) dz

∣∣∣∣ (3.197)

+

∣∣∣∣∫
R

(
exp(−tu2)− exp(iuz)

)
p′t(z)pϵ(z − y) dz

∣∣∣∣ . (3.198)

Starting work with (3.196), the definition of absolute value leads us to consider two cases.

For the first case we must analyze

lim
z→∞

exp(iuz)pt(z)− lim
z→∞

exp(−tu2)pt(z).

Since −cpt(z) ≤ exp(iuz)pt(z) ≤ cpt(z) and limz→∞ −cpt(z) = limz→∞ cpt(z) = 0, the

Squeeze Theorem leads us to, limz→∞ exp(iuz)pt(z) = 0. Repeated application of this

argument concedes

∣∣ [(exp(iuz)− exp(−tu2)
)
pt(z)

]
pϵ(z − y)

∣∣∣∣∣∣∣
z=∞

z=−∞

= 0. (3.199)

Focussing on (3.197), an application of the Chapman-Kolmogorov equation produces

∣∣∣∣∫
R

iu exp(iuz)pt(z)pϵ(z − y) dz

∣∣∣∣ ≤ |u|
∫
R

pt(z)pϵ(z − y) dz

= |u|pt+ϵ(y) ≤ c|u|pt+ϵ(0) ≤ c
|u|
t1/2

. (3.200)

Before turning attention to (3.198), we mention two points. First, formally differentiate
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p′t(z) to arrive at

p′t(z) =
∂

∂z

[
1√
2πt

exp

(
−z2

2t

)]
=

−z

t
pt(z).

Second, the subsequent upper bound holds for all t

sup
z

[∣∣∣ z

t1/2

∣∣∣ |pt (z) |] , sup
z

[∣∣∣∣z2t
∣∣∣∣ |pt (z) |] ≤ c

t1/2
.

Turning to the integral of interest,

∣∣∣∣∫
R

(
exp(−tu2)− exp(iuz)

)
p′t(z)pϵ(z − y) dz

∣∣∣∣
≤
∫
R

(
|1− exp(−tu2)|+ |1− exp(iuz)|

) ∣∣∣z
t

∣∣∣ |pt(z)|pϵ(z − y) dz

≤ c sup
z

[
|1− exp(−tu2)|+ |1− exp(iuz)|

] ∣∣∣z
t

∣∣∣ |pt(z)|
≤ c sup

z

[
t1/2|u|+ |uz|

] ∣∣∣z
t

∣∣∣ |pt(z)| ≤ c|u| sup
z

[∣∣∣ z

t1/2

∣∣∣ |pt(z)|+ ∣∣∣∣z2t
∣∣∣∣ |pt(z)|]

≤ c
|u|
t1/2

. (3.201)

Combining (3.199), (3.200), and (4.59), any integral of the form (3.193) can be bounded

above by c|uk+1|(d̃k)−1/2, where k ∈ I. With the assistance of this quantity and the

observations, |i exp(−iyqj)|, |f̂(ϵ, qj)| ≤ 1, j ∈ Icj , (3.192) reduces to

cm
∫∫∫

Rm×Rn×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

) ∏
k∈I

|uk+1|
d̃
1/2
k∏

Icj

|qj| dqj
m∏
j=1

dpj drj dsj dtj, (3.202)

with qj the remaining non-isolated variables and n =
∣∣Icj ∣∣.
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Separate the following quantity from the above

∫
Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

) ∏
k∈I

1

d̃
1/2
k

m∏
j=1

drj dsj dtj. (3.203)

With a and a′ selected as in (3.185), Hölder’s inequality yields the upper bound

|B|m/a

 ∫
Bm

[
exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−
∑
Ic

u2
k(d̃k)

)∏
k∈I

1

d̃
1/2
k

]a′ m∏
j=1

drj dsj dtj

1/a′

.

A change of variables through (3.13) and (3.14) permits us to reexpress the multiple integral

in the parenthesis as

∫
[0,1/2]m

[
exp

(
−

m∑
k=1

p̄2k(r̃k)

)]a′ m∏
j=1

drj

·
∫
[1/2,1]m

[
exp

(
−
∑
Ic

u2
k(d̃k)

) ∏
k∈I

1

d̃
1/2
k

]a′ m∏
j=1

dsj dtj

=
m∏
k=1

∫
[1/2,1]

[
exp

(
−

m∑
k=1

p̄2k(r̃k)

)]a′
d(r̃k)

∏
Ic

∫
[0,1/2]

[
exp

(
−
∑
Ic

u2
k(d̃k)

)]a′
d(d̃k)

∏
I

∫
[0,1/2]

[
1

d̃
1/2
k

]a′
d(d̃k).

Enlarge the domain of integration and apply (3.28) for measures involving d(r̃k) and d(d̃k),

k ∈ Ic. Since integrals concerning d(d̃k), for k ∈ I, are finite, we arrive at the following

upper bound for (3.203),

c|B|m/a

(
m∏
k=1

1

1 + p̄2k

∏
Ic

1

1 + u2
k

)1/a′

= c|B|m/a

m∏
k=1

(
1 + p̄2k

)−1/a′
∏
Ic

(
1 + u2

k

)−1/a′
,
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which implies (3.202) is less than or equal to

cm|B|m/a

∫∫
Rm×Rn

m∏
k=1

(
1 + p̄2k

)−1/a′
∏
Ic

(
1 + u2

k

)−1/a′
∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

dpj. (3.204)

Assign ζ as in (3.188) so we can utilize the upper bound presented in (3.189). Recollect

the definition of the T I+1-intervals, (3.76), to write

∏
k∈I

|uk+1|
∏
Icj

|qj|

≤
∏

k∈T I+1

|uk|
∏
k∈T

(
|uk−1|1/a

′
+ |uk|1/a

′
) ∏

k∈S
k
′
,k

′′∈R

(
|uk|ζ + |uk−1|ζ + |p̄k′ |ζ + |p̄k′′ |ζ

)
.

To discern the order of the |uk| terms materializing in the expansion of the upper bound,

we return to a similar polynomial generated by (3.146). After implementing the proper

adjustments for the change in notation, application of Proposition 3.2.4 permits us to

conclude that the upper bound above is equivalent to

P9(|p̄k|, |uk|)

.
=

∏
k∈T I+1

|uk|
∏
k∈T

(
|uk−1|1/a

′
+ |uk|1/a

′
) ∏

k∈S
k
′
,k

′′∈R

(
|uk|ζ + |uk−1|ζ + |p̄k′ |ζ + |p̄k′′ |ζ

)

=
∑ ∏

R

|p̄k|ηkζ
∏
S
′
ξ

|uk|θkζ
∏
S−
ξ

|uk|ωk(1/a
′)+θkζ

∏
T I+1,T+

ξ ,T
′′
ξ

|uk|ωk(1/a
′)+θkζ

 ,

where,

deg |p̄k| = ηkζ ∈ {0, ζ, 2ζ}, if k ∈ R
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deg |uk| = ωk(1/a
′) + θkζ



= 0, ζ, or 2ζ, if k ∈ S
′

ξ

= 1/a′ or 1, if k ∈ S−
ξ

= ζ or 1/a′, if k ∈ T+
ξ

= 1, 1 + ζ, or 1 + 1/a′, if k ∈ T I+1

≤ 2(1/a′), if k ∈ T
′′

ξ .

Instil P9(|p̄k|, |uk|) into (3.204) to arrive at a sum of multiple integrals in which each sum-

mand assumes the form

∫∫
Rm×Rn

∏
R

|p̄k|ηkζ
m∏
k=1

(
1 + p̄2k

)−1/a′
∏
Ic

(
1 + u2

k

)−1/a′
∏
S
′
ξ

|uk|θkζ
∏
S−
ξ

|uk|ωk(1/a
′)+θkζ

∏
T+
ξ

|uk|ωk(1/a
′)+θkζ

∏
T I+1

|uk|ωk(1/a
′)+θkζ

∏
T

′′
ξ

|uk|ωk(1/a
′)+θkζ

∏
Icj

dqj

m∏
j=1

dpj. (3.205)

The above integral is nearly in the format required to apply Proposition 3.1.4, except for

one problematic case. Parallel with (3.153) and (3.154), the rational functions originating

from the T I+1-intervals are of concern since

lim
uk→∞

|uk|1+1/a′

(1 + u2
k)

1/a′
= ∞. (3.206)

After making the appropriate changes in notation, we can replicate the resolution of the

previously mentioned multiple integral to resolve this issue. To diagram the proof, identify

the following t-intervals

T I+1
1+1/a′

.
=
{
k ∈ T I+1 | deg |uk| = 1 + 1/a′

}
.
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Replace (3.156) and (3.157), with

SI−1
ξ

.
=
{
k ∈ S

′

ξ | k + 2 ∈ T I+1
1+1/a′

}
, T I−1

ξ

.
=
{
k ∈ T+

ξ ∪ T I+1
ξ ∪ T

′′

ξ | k + 2 ∈ T I+1
1+1/a′

}
.

The two critical characteristics regarding uk, k ∈ SI−1
ξ ∪ T I−1

ξ , are depicted in Proposition

3.2.5. The point to observe is that the derivation of (3.158) and (3.159) was based solely

on the ordering of the s and t variables and can be reapplied to (3.206). With regard to

the first property, we discover in the current framework that

deg |uk| ≤

 ζ, if k ∈ SI−1
ξ ,

1, if k ∈ T I−1
ξ .

To utilize the second characteristic note

1 + 1/a′ = 2(1/a′) + 1− 1/a′ = 2(1/a′) + ζ

and, recall, ζ is close to zero. Therefore, for k ∈ SI−1
ξ ∪ T I−1

ξ and k + 2 ∈ T I+1
1+1/a′ ,

|uk+2|1+1/a′(
1 + a′u2

k+2

)1/a′ = |uk+2|2(1/a
′)|uk+2|ζ(

1 + a′u2
k+2

)1/a′ ≤ c|uk+2|ζ ≤ c|uk − pℓ(k+1)
|ζ ≤ c

(
|uk|ζ + |pℓ(k+1)

|ζ
)
,
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which produces,

∏
T I+1

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′
=

∏
T I+1/T I+1

1+1/a′

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T I+1
1+1/a′

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

≤ c
∏

T I+1/T I+1
1+1/a′

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
k∈SI−1

ξ ∪T I−1
ξ

k+1∈I

(
|uk|ζ + |pℓ(k+1)

|ζ
)

= c
∏

T I+1/T I+1
1+1/a′

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∑( ∏
SI−1
ξ ∪T I−1

ξ

|uk|ζ
∏
R

|p̄k|η̃kζ
)
,

(3.207)

where the last inequality was derived in a similar fashion as P7(|p̄k|, |uk|), of (3.161).

Having resolved our troublesome case emerging in (3.206), (3.205) converts to

cm
∫∫

Rm×Rn

∏
R

|pk′|(ηk+η̃k)ζ

m∏
k=1

1

(1 + p̄2k)
1/a′

∏
S
′
ξ

|uk|θkζ

(1 + u2
k)

1/a′

∏
SI−1
ξ

|uk|ζ
∏
S−
ξ

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T+
ξ

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T+
ξ ∩T I−1

ξ

|uk|ζ

 ∏
T I+1/T I+1

1+1/a′

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T I+1∩T I−1

ξ

|uk|ζ


∏

T
′′
ξ

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T

′′
ξ ∩T I−1

ξ

|uk|ζ

∏
Icj

dqj

m∏
j=1

dpj. (3.208)

To prove the product of rational functions originating from the T I+1 ∪ T
′′

ξ -intervals can be

bounded by a constant, we reexamine the three instances succeeding (3.164). This directs

us to

deg |uk| = ωk(1/a
′) + θkζ


≤ 1 if k ∈ {T I+1 ∩ T I−1

ξ } ∪ {T ′′

ξ ∩ T I−1
ξ }

= 1 + ζ, if k ∈ {T I+1/T I+1
1+1/a′}/T

I−1
ξ

≤ 2(1/a′) , if k ∈ T
′′

ξ /T
I−1
ξ .
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Therefore,

 ∏
T I+1/T I+1

1+1/a′

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T I+1∩T I−1

ξ

|uk|ζ

 ·

∏
T

′′
ξ

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T

′′
ξ ∩T I−1

ξ

|uk|ζ

 ≤ c

produces the subsequent upper bound for (3.208) ,

cm
∫∫

Rm×Rn

∏
R

|pk′|(ηk+η̃k)ζ

m∏
k=1

1

(1 + p̄2k)
1/a′

∏
S
′
ξ

|uk|θkζ

(1 + u2
k)

1/a′

∏
SI−1
ξ

|uk|ζ
∏
S−
ξ

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T+
ξ

|uk|ωk(1/a
′)+θkζ

(1 + u2
k)

1/a′

∏
T+
ξ ∩T I−1

ξ

|uk|ζ
∏
Icj

dqj

m∏
j=1

dpj.

If a′ selected close to one, ζ is slightly larger than zero and any integral above is finite since,

ηk + η̃kζ < 2/a′ − 1, for all k ∈ M

θkζ + 1SI−1
ξ

ζ < 2/a′ − 1, for all k ∈ S
′

ξ

2[ωk(1/a
′) + θkζ] < 4/a′ − 1, for all k ∈ S−

ξ

2[ωk(1/a
′) + θkζ + 1T I−1

ξ
ζ] < 4/a′ − 1, for all k ∈ T+

ξ .

Having established 2.2.5, we now prove continuity in the set variable. Let BT
.
= {0 ≤≤ s ≤

t ≤ T}. If T, T ′ ≤ M ≤ ∞, then |BT − BT ′ | ≤ M |T − T ′|. Since E
[(
ϕy(ϵ, x, y, B)

)m] ≤
cm(ξ)|B|mξ, we have for some constant c,

E
[(
ϕy(ϵ, x, y, T )− ϕy(ϵ, x, y, T

′)
)m] ≤ cm(ξ)|T − T ′|mξ.

To generate (2.36),

E
[(
ϕ(ϵ, x, y, B)

)m] ≤ cm(ξ)|B|mξ,
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we look to (3.87) and upon employing (3.25) and (3.26) we are directed to the upper bound

cm
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

p̄2k(r̃k)

)
exp

(
−

2m∑
k=1

u2
k(d̃k)

)
m∏
j=1

dpj dqj drj dsj dtj. (3.209)

If we extract the multiple integral involving the measure
∏

drj dsj dtj, we are led to the

exact expression appearing (3.184). Following the application of Hölder’s inequality, we

can insert (3.186) into (3.209) producing

cm|B|m/a

∫∫
R2m

m∏
k=1

1

(1 + a′p̄2k)
1/a′

m∏
k=1

1

(1 + a′u2
k)

1/a′

2m∏
j=1

dpj dqj

≤ cm|B|m/a

m∏
k=1

∫
R

1

(1 + p̄2k)
1/a′

dp̄j

2m∏
k=1

∫
R

1

(1 + u2
k)

1/a′
duj

= cm|B|m/a

m∏
k=1

1

(1 + p̄2k)
[1−2(1/a′)]/2

2m∏
k=1

1

(1 + u2
k)

[1−2(1/a′)]/2

≤ cm|B|m/a

where the quantity [1− 2(1/a′)]/2 is slightly less than 1/2.

The bound involving the set variable is proved in a similar fashion for α(ϵ, x, y, B). To

identify the local time for the process defined by (Xt − Xs, Xs − Xr), let h(x, y) : R2 →

R, be a continuous function with compact support. By the local uniform convergence,
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limϵ→0 α(ϵ, x, y, T ) = α(x, y, T ),

∫
R2

h(x, y)α(x, y, T ) dx dy

= lim
ϵ→0

∫
R2

h(x, y)α(ϵ, x, y, T ) dx dy

= lim
ϵ→0

∫
BT

[∫
R2

h(x, y)pϵ(Xs −Xr − x)pϵ(Xt −Xs − y) dx dy

]
dr ds dt

=

∫
BT

lim
ϵ→0

pϵ ∗ h(Xs −Xr, Xt −Xs) dr ds dt,

=

∫
BT

h(Xs −Xr, Xt −Xs) dr ds dt.

where we used the uniform convergence, limϵ→0 pϵ ∗h(Xs−Xr, Xt−Xs) → h(Xs−Xr, Xt−

Xs), to produce the last line.

Finally, to prove γ(x, y, T ) is differentiable in y, as stated in (2.17), observe that for any

ϵ > 0,

∂

∂y
γ(ϵ, x, y, T ) = γy(ϵ, x, y, T ).

Therefore,

γ(ϵ, x, y′, T ) = γ(ϵ, x, y, T ) +

∫ y′

y

γz(ϵ, x, z, T ) dz.

However, the local uniform convergence of γ(ϵ, x, y, T ) and γy(ϵ, x, y, T ) reveals

γ(x, y′, T ) = γ(x, y, T ) +

∫ y′

y

γz(x, y, T ) dz

and we conclude

∂

∂y
γ(x, y, T ) = γy(x, y, T ).



Chapter 4

The Case of Symmetric Stable

Processes

We now initiate our discussion of the derivatives of triple intersection local times for a class

of symmetric stable processes in R1. In the case for standard Brownian motion, the param-

eter β appearing in the inverse Fourier transform of the transition density function in (2.8)

and (2.9) was set equal to 2 and this value was critical in the study of the multi-dimensional

integrals which emerged during the study of this first case. In our new framework, our ob-

jective will be to determine the smallest value β can assume in the interval (1, 2) to render

our results. Fortunately, we will be able to incorporate much of the analysis and the details

of the Brownian case to streamline the proofs for the new Markov processes under scrutiny.

Through out this chapter we let Xt denote a one dimensional symmetric stable process.

123
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4.1 Primary bounds for ϕy(ϵ, x, y, B), ϕ(ϵ, x, y, B), and

α(ϵ, x, y, B)

We divide the proofs involving themth moments of the three main functional in two sections.

4.1.1 Finite moments of ϕy(ϵ, x, y, B) over both class of intervals

To establish Lemma 2.2.2 we examine

E [(ϕy(ϵ, x, y, B))m] =
im

(2π)2m

∫∫∫
R2m×Bm

E

[
exp

(
i

m∑
j=1

pjX(rj, sj)

)
m∏
j=1

{
exp

(
iqjX(sj, tj)

)}
0

]

· F (β, ϵ, x, y, p, q)
m∏
j=1

qj dpj dqj drj dsj dtj, (4.1)

with

F (β, ϵ, x, y, p, q)
.
= exp

(
ix

m∑
j=1

pj

)
exp

(
iy

m∑
j=1

qj

)
m∏
j=1

f̂(β, ϵ, pj) f̂(β, ϵ, qj) (4.2)

and

f̂(β, ϵ, aj)
.
= exp(−ϵ|aj|β).

Replicating the study of (3.2) and (3.4), we focus on

E

[
exp

(
i

m∑
j=1

pjX(rj, sj)

)
exp

(
i

m∑
j=1

qjX(sj, tj)

)]
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and upon reordering the time variables we arrive at a computation analogous to (3.12).

Noting the characteristic function of Xt is given by E [exp (iωXt)] = exp
(
−t|ω|β

)
, we have

E

[
exp

(
i

m∑
j=1

pjX(rj, sj)

)
exp

(
i

m∑
j=1

qjX(sj, tj)

)]
(4.3)

= E

[
exp

(
i

m∑
k=1

p̄kX(r̄k, r̄k+1)

)]
E

[
exp

(
i

2m∑
k=1

ukX(dk, dk+1)

)]

= exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)
.

Taking the non-isolated intervals into consideration , (3.22), prompts us to establish a

bound on the following quantity

im

(2π)2m

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)

· F (β, ϵ, x, y, p, q)
m∏
j=1

|qj| dpj dqj drj dsj dtj. (4.4)

Exercising the two upper bounds |F (β, ϵ, x, y, p, q)| ≤ 1, and |im(2π)2m| ≤ cm and integrat-

ing the time variables with the assistance of (3.28) curtails (4.4) to

cm
∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1
2m∏
k=1

(1 + |uk|β)−1

m∏
j=1

|qj| dpj dqj. (4.5)

To begin the study of the above expression, we look to subtract a small, finite power from

each of the |qj| terms in the product above. As we will see in future steps of the analysis

below, extracting this small quantity positions us to apply Theorem 3.1.4 to critical multi-

dimensional integrals. Define

ξβ
.
= 1− β/2

and recall, β assumes values between one and two. With this in mind, split the product of
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|qj| terms as follows,
m∏
j=1

|qj| =
m∏
j=1

|qj|β/2 |qj|ξβ (4.6)

where 1/2 < β/2 < 1 and 0 < ξβ < 1/2. In more detail, as β takes values close to 2, ξβ

approaches 0. Conversely, when β is close to 1, ξβ approaches 1/2. Given these parameters,

produce the upper bound below

m∏
j=1

|qj| =
m∏
j=1

|qj|β/2|qj|ξβ

≤
∏
k∈T

(
|uk−1|β/2 + |uk|β/2

) ∏
k∈S

k
′
,k

′′∈R

(
|uk|ξβ + |uk−1|ξβ + |p̄k′ |ξβ + |p̄k′′ |ξβ

)
. (4.7)

In our usual manner, we analyze the expansion of the right hand side of the inequality

above.

Proposition 4.1.1. The polynomial generated by multiplying the products

Q1(|p̄k|, |uk|)
.
=
∏
k∈T

(
|uk−1|β/2 + |uk|β/2

) ∏
k∈S

k
′
,k

′′∈R

(
|uk|ξβ + |uk−1|ξβ + |p̄k′ |ξβ + |p̄k′′ |ξβ

)
. (4.8)

is of the form

Q1(|p̄k|, |uk|) =
∑∏

R

|p̄k|ηkξβ
∏
S
′
ξ

|uk|θkξβ
∏
S−
ξ

|uk|ωk(β/2)+θkξβ
∏

T+
ξ ,T

′
ξ

|uk|ωk(β/2)+θkξβ


where

deg |p̄k| = ηkξβ = 0, ξβ, or 2ξβ, if k ∈ R,
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Measure/Interval Primary Inequality Values of β and ξβ

dp̄k

3/2 < β < 2
1 + ηkξβ < β 0 < ξβ < 1/4

S
′

ξ

3/2 < β < 2
1 + θkξβ < β 0 < ξβ < 1/4

S−
ξ

3/2 < β < 2
1 + 2[ωk(β/2) + θkξβ ]

2
< β 0 < ξβ < 1/4

T+
ξ

1 < β < 2
1 + 2[ωk(β/2) + θkξβ ]

2
< β 0 < ξβ < 1/2

Table 4.1: Parameters β and ξβ over the non-isolated intervals.

deg |uk| = ωk(β/2) + θkξβ



= 0, ξβ, or 2ξβ, if k ∈ S
′

ξ

= β/2 or 1, if k ∈ S−
ξ

= ξβ or β/2, if k ∈ T+
ξ

≤ β, if k ∈ T
′

ξ .

(4.9)

Proof. Initiating the analysis of P4(|p̄k|, |uk|), defined as (3.114) in Proposition 3.2.2, leads

to our desired result.

Note that the maximum degree of |p̄k| is equal to 2ξβ and this order is bounded by 1.

Insert Q1(|p̄k|, |uk|) into (4.5) and utilize the bound |uk|ωk(β/2)+θkξβ
(
1 + |uk|β

)−1 ≤ c, for

all k ∈ T
′

ξ to arrive at

∫∫
R2m

∏
R

|p̄k|ηkξβ
m∏
k=1

1

1 + |p̄k|β
∏
S
′
ξ

|uk|θkξβ
1 + |uk|β

∏
S−
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β
∏
T+
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β
m∏
j=1

dpj dqj.

(4.10)

Proposition 3.1.4 permits us to conclude the above products are finite for β > 3/2. A

summary of this analysis is provided in Table 4.1 above. Looking back to (4.6), if 3/2 <

β < 2, then 0 < ξβ < 1/4.
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Over the isolated intervals, we aim to derive a bound for the expression

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−|uk|β(d̃k)

)
− exp

(
−
(
|uk+1|β + |qℓ(k) |

β
)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj| dpj dqj drj dsj dtj. (4.11)

Referring to the layout for the Brownian case, we first integrate the isolated intervals and

the isolated variables from the above. This endorses the investigation of

∫∫
R×B

∣∣∣exp(−|uk|β(d̃k)
)
− exp

(
−
(
|uk+1|β + |qℓ(k)|

β
)
(d̃k)

)∣∣∣ |qℓ(k)| d(d̃k) dqℓ(k) . (4.12)

Now, borrow portions of our evaluation of (3.61). Substitute (3.55) for the uk variables and

simplify notation by setting uk+1 = u and qℓ(k) = q. Partition the domain of integration

involving R into disjoints sets

∫∫
R×B

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

=

∫
|q|≤4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

(4.13)

+

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq.

(4.14)
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Working with (4.13), integrate first the isolated intervals

∫
|q|≤4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

≤ c

∫
|q|≤4|u|

[
1

1 + (|u+ q|β)
+

1

1 + (|u|β + |q|β)

]
|q| dq

≤ c|u|

 ∫
|q|≤4|u|

1

1 + (|u+ q|β)
dq +

∫
|q|≤4|u|

1

1 + (|u|β + |q|β)
dq

 . (4.15)

Looking closely at the first integral in the brackets, the cusp at q = −u directs us to two

integrals

∫
|q|≤4|u|

1

1 + (|u+ q|β)
dq =

−u∫
−4|u|

1

1 + (|u+ q|β)
dq +

4|u|∫
−u

1

1 + (|u+ q|β)
dq ≤ c.

Shifting attention to the second integral appearing in that bracket, the symmetry of the

integrand along q = 0 implies

∫
|q|≤4|u|

1

1 + (|u|β + |q|β)
dq = 2

4|u|∫
0

1

1 + (|u|β + qβ)
dq ≤ c

and we see that (4.13) can be bounded by

∫
|q|≤4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq ≤ c|u|.

(4.16)

Turning to (4.14), we first undertake integrals with regard to the measure d(d̃k). By

enlarging the domain of integration and considering the two cases when either
(
|u+ q|β

)
≥
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(
|u|β + |q|β

)
or
(
|u+ q|β

)
≤
(
|u|β + |q|β

)
, we obtain the upper bound

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ d(d̃k)

≤
∫ ∞

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ d(d̃k)

≤ c

∣∣∣∣ 1

|u|β + |q|β
− 1

|u+ q|β

∣∣∣∣ (4.17)

Before moving to the isolated variables, we bring to mind the binomial series expansion for

|x| < 1 and m /∈ Z+,

(1 + x)m = 1 +
m∑
k=1

(
m

k

)
xk = 1 +mx+

m(m− 1)

2!
x2 + · · ·

For values of 1 < β < 2, an application of the above series unravels the following upper

bounds,

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

≤ c

∫
|q|≥4|u|

∣∣∣∣ 1

|u+ q|β
− 1

|u|β + |q|β

∣∣∣∣ |q| dq

= c

∫
|q|≥4|u|

∣∣∣∣ 1

|1 + u/q|β
− 1

(1 + |u|β/|q|β)

∣∣∣∣ |q|
|q|β

dq

= c

∫
|q|≥4|u|

∣∣∣∣∣
(
1− β

|u|
|q|

+
β(β − 1)

2!

(
|u|
|q|

)2

− · · ·

)

−

(
1−

(
|u|
|q|

)β

+

(
|u|
|q|

)2β

− · · ·

)∣∣∣∣∣ |q|
|q|β

dq

≤ c

∫
|q|≥4|u|

|u|
|q|

|q|
|q|β

dq = c

∫
|q|≥4|u|

|u|
|q|β

dq ≤ c|u|2−β. (4.18)



Chapter 4. The Case of Symmetric Stable Processes 131

Adjoining the bounds (4.16) and (4.18) confirms (4.12) is bounded by

c|uk+1|+ c|uk+1|2−β ≤ |uk+1|1+ξ + c, k ∈ I

since, |uk+1|2−β ≤ 1 for small uk+1. This analysis, in conjunction with an application of

(3.28) for integrals involving the remaining time measures, prompts us to bound (4.11) by

∫∫
Rm×Rn

m∏
k=1

(
1 + |p̄k|β

)−1
∏
Ic

(
1 + |uk|β

)−1
∏
k∈I

[c+ |uk+1|]
∏
Icj

|qj| dqj
m∏
j=1

dpj,

where qj are the remaining non-isolated variables, Icj is defined by (3.15), and the n ap-

pearing in the domain of integration is the cardinality of Icj . Working with the first sum

in the above brackets returns us to the argument involving the non-isolated intervals. The

primary quantity of interest takes form

∫∫
Rm×Rn

m∏
k=1

(
1 + |p̄k|β

)−1
∏
Ic

(
1 + |uk|β

)−1
∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

dpj. (4.19)

Set

Q2(|p̄k|, |uk|)

.
=
∏
k∈I

|uk+1|
∏
k∈T

(
|uk−1|β/2 + |uk|β/2

) ∏
k∈S

k
′
,k

′′∈R

(
|uk|ξβ + |uk−1|ξβ + |p̄k′ |ξβ + |p̄k′′ |ξβ

)
(4.20)

=
∏
k∈I

|uk+1|Q1(|p̄k|, |uk|)
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so that we may construct the bound for the subsequent products,

∏
k∈I

|uk+1|
∏
Icj

|qj| =
∏
k∈I

|uk+1|
∏
Icj

|qj|β/2 |qj|ξβ ≤ cQ2(|p̄k|, |uk|). (4.21)

Proposition 4.1.2 characterizes the polynomial emerging in the upper bound.

Proposition 4.1.2. The expansion of the products

∏
k∈I

|uk+1|
∏
k∈T

(
|uk−1|β/2 + |uk|β/2

) ∏
k∈S

k
′
,k

′′∈R

(
|uk|ξβ + |uk−1|ξβ + |p̄k′ |ξβ + |p̄k′′ |ξβ

)

yields a polynomial of the form

Q2(|p̄k|, |uk|) =
∑ (∏

R

|p̄k|ηkξβ
∏
S
′
ξ

|uk|θkξβ
∏
S−
ξ

|uk|ωk(β/2)+θkξβ

∏
T I+1

|uk|1+ωk(β/2)+θkξβ
∏

T+
ξ ,T

′′
ξ

|uk|ωk(β/2)+θkξβ

)
,

with

deg |p̄k| = ηkξβ = 0, ξβ, or 2ξβ, if k ∈ R

deg |uk| = ωk(β/2) + θkξβ



= 0, ξβ, or 2ξβ, if k ∈ S
′

ξ

= β/2 or 1, if k ∈ S−
ξ

= ξβ or β/2, if k ∈ T+
ξ

≤ β, if k ∈ T
′′

ξ .

(4.22)

deg |uk| = 1 + ωk(β/2) + θkξβ = 1, 1 + β/2, or 1 + ξβ, if k ∈ T I+1.

Proof. Observe the shared similarities between the products in the above statement and
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the ones presented in (3.144). After replacing the T I+1
ξ -intervals defined in (3.145) with

T I+1 .
= {k ∈ T | k − 1 ∈ I},

the analysis of (3.146), which culminated in P6(|p̄k|, |uk|) of (3.147), can be applied to

Q2(|p̄k|, |uk|). Hence, closing the argument.

Upon implanting the above into (4.19),

∑[ ∫∫
Rm×Rn

∏
R

|p̄k|ηkξβ
m∏
k=1

(
1 + |p̄k|β

)−1
∏
S,T

(
1 + |uk|β

)−1
∏
S
′
ξ

|uk|θkξβ
∏
S−
ξ

|uk|ωk(β/2)+θkξβ

∏
T+
ξ

|uk|ωk(β/2)+θkξβ
∏
T I+1

|uk|1+ωk(β/2)+θkξβ
∏
T

′′
ξ

|uk|ωk(β/2)+θkξβ
∏
Icj

dqj

m∏
j=1

dpj

]
,

(4.23)

we notice the divergent integrands associated with the T I+1-intervals,

lim
uk→∞

|uk|1+β/2

1 + |uk|β
= ∞. (4.24)

To identify these troubled cases set

T I+1
1+β/2

.
=
{
k ∈ T I+1 | deg |uk| = 1 + β/2

}
.

As depicted in (3.154), a similar complication emerged in the process of establishing Hölder

continuity in the y variable for the Brownian case. Fortunately, we can leverage and adjust

the detailed analysis of the T I+1
2+ξ -intervals of (3.155) to resolve our current dilemma. To
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explain how this can be accomplished, begin by replacing (3.156) and (3.157) with

SI−1
β/2

.
=
{
k ∈ S

′

ξ | k + 2 ∈ T I+1
1+β/2

}
, T I−1

β/2

.
=
{
k ∈ T+

ξ ∪ T I+1 ∪ T
′′

ξ | k + 2 ∈ T I+1
1+β/2

}
.

As in the Brownian case, the u variables linked to the above intervals are of critical im-

portance and if we revise Proposition 3.2.5 to take into account the variations amongst

polynomials P6 and Q2, (3.158) can be replaced with

deg |uk| ≤

 ξβ, if k ∈ SI−1
β/2 ,

1, if k ∈ T I−1
β/2 .

Of course, (3.159) easily carries over to our new analysis since this reexpression is solely

dependent on the ordering of the time variables s and t. With these key properties estab-

lished, our goal is to arrive at a polynomial similar to P7(|p̄k|, |uk|). Recall ξβ
.
= 1 − β/2.

With k ∈ SI−1
β/2 ∪ T I−1

β/2 and k + 2 ∈ T I+1
1+β/2 write,

|uk+2|1+β/2

1 + |uk+2|β
≤ |uk+2|ξβ ≤ c

(
|uk|ξβ + |pℓ(k+1)

|ξβ
)
.

The products linked to the T I+1-intervals can, now, be bounded by

∏
T I+1

|uk|1+ωk(β/2)+θkξβ

1 + |uk|β
≤ c

∏
T I+1/T I+1

1+β/2

|uk|1+ωk(β/2)+θkξβ

1 + |uk|β
∏

k∈SI−1
β/2

∪T I−1
β/2

k+1∈I

(
|uk|ξβ + |pℓ(k+1)

|ξβ
)

≤ c
∏

T I+1/T I+1
1+β/2

|uk|1+ωk(β/2)+θkξβ

1 + |uk|β
· Q3(|p̄k|, |uk|),
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where

Q3(|p̄k|, |uk|)
.
=

∏
k∈SI−1

β/2
∪T I−1

β/2

k
′
,k

′′∈R

(
|uk|ξβ + |pk′ |ξβ + |pk′′ |ξβ

)

=
∑( ∏

SI−1
β/2

∪T I−1
β/2

|uk|ξβ
∏
R

|p̄k|η̃kξβ
)
,

Having resolved the problematic rational functions in (4.24), any multi-dimensional integral

arising as a summand in (4.23) can be bounded by

cm
∫∫

Rm×Rn

∏
R

|p̄k|(ηk+η̃k)ξβ

m∏
k=1

(
1 + |p̄k|β

)−1
∏
S
′
ξ

|uk|θkξβ
1 + |uk|β

∏
SI−1
β/2

|uk|ξβ
∏
S−
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β

∏
T+
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β
∏

T+
ξ ∩T I−1

β/2

|uk|ξβ

 ∏
T I+1/T I+1

1+β/2

|uk|1+ωk(β/2)+θkξβ

1 + |uk|β
∏

T I+1∩T I−1
β/2

|uk|ξβ


∏

T
′′
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β
∏

T
′′
ξ ∩T I−1

β/2

|uk|ξβ

∏
Icj

dqj

m∏
j=1

dpj. (4.25)

To prove the product of rational functions originating from the T I+1 ∪ T
′′

ξ -intervals can be

bounded by a constant, we reexamine the three instances succeeding (3.164). This directs

us to

deg |uk| =


≤ 1 if k ∈ {T I+1 ∩ T I−1

β/2 } ∪ {T ′′

ξ ∩ T I−1
β/2 }

= 1 + ξβ, if k ∈ {T I+1/T I+1
1+β/2}/T

I−1
ξ

≤ β , if k ∈ T
′′

ξ /T
I−1
β/2 .
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Measure/Interval Primary Inequality Values of β and ξβ

dp̄k

3/2 < β < 2
1 + (ηk + η̃k)ξβ < β 0 < ξβ < 1/4

S
′

ξ/S
I−1
β/2

3/2 < β < 2
1 + θkξβ < β 0 < ξβ < 1/4

SI−1
β/2

3/2 < β < 2
1 + θkξβ + ξβ < β 0 < ξβ < 1/4

S−
ξ

3/2 < β < 2
1 + 2[ωk(β/2) + θkξβ ]

2
< β 0 < ξβ < 1/4

T+
ξ /T I−1

β/2

1 < β < 2
1 + 2[ωk(β/2) + θkξβ ]

2
< β 0 < ξβ < 1/2

T+
ξ ∩ T I−1

β/2

3/2 < β < 2
1 + 2[ωk(β/2) + θkξβ + ξβ ]

2
< β 0 < ξβ < 1/4

Table 4.2: Parameters β and ξβ over the isolated intervals.

Therefore,

 ∏
T I+1/T I+1

1+β/2

|uk|1+ωk(β/2)+θkξβ

1 + |uk|β
∏

T I+1∩T I−1
β/2

|uk|ξβ

 ·

∏
T

′′
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β
∏

T
′′
ξ ∩T I−1

β/2

|uk|ξβ

 ≤ c

and (4.25) can be bounded by

cm
∫∫

Rm×Rn

∏
R

|p̄k|(ηk+η̃k)ξβ

m∏
k=1

(
1 + |p̄k|β

)−1
∏
S
′
ξ

|uk|θkξβ
1 + |uk|β

∏
SI−1
β/2

|uk|ξβ
∏
S−
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β

∏
T+
ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β
∏

T+
ξ ∩T I−1

β/2

|uk|ξβ
∏
Icj

dqj

m∏
j=1

dpj.

A reference to Table 4.2 above, which summarizes the critical details concerning each of the

parameters emerging over the various s and t-intervals, permits us to conclude the above

multiple integral is finite for 3/2 < β < 2.
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4.1.2 Main estimate for ϕ(ϵ, x, y, B) and α(ϵ, x, y, B)

With the finite moments of ϕy(ϵ, x, y, B) settled, we shift attention to the renormalized

intersection local time and intersection local time and derive the following,

E
[(
ϕ(ϵ, x, y, B)

)m] ≤ c

E
[(
α(ϵ, x, y, B)

)m] ≤ c.

Proofs concerning these Markovian functionals can be simplified upon leveraging the de-

tailed analysis from the previous section.

The proof for ϕ(ϵ, x, y, B) begins with

im

(2π)2m

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)

· F (β, ϵ, x, y, p, q)
m∏
j=1

dpj dqj drj dsj dtj.

Bounding |F (β, ϵ, x, y, p, q) · im · (2π)−2m| ≤ c and integrating the time variables yields

cm
∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1
2m∏
k=1

(1 + |uk|β)−1

m∏
j=1

dpj dqj.

The facts following (3.8) and (3.10) justify a change of variables and we can conclude the

following product of integrals are finite for β ∈ (1, 2),

m∏
k=1

∫
R

(
1 + |p̄k|β

)−1
dp̄k

2m∏
k=1

∫
R

(
1 + |uk|β

)−1
duk.
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We simply mention that the construction of the proof for

E
[(
α(ϵ, x, y, B)

)m] ≤ c

follows naturally from the techniques derived in the study of ϕ(ϵ, x, y, B).

4.2 Hölder Continuity for the Three Functionals

The development of the proof

∥ϕy(ϵ, x, y, B)− ϕy(ϵ
′, x′, y′, B)∥m ≤ cm(ξ̄) ∥(ϵ, x, y)− (ϵ′, x′, y′)∥mξ̄

,

with ξ̄ ∈ (0, 1), for symmetric stable processes will proceed in the same manner as in the

Brownian case. Namely, the objective is to secure (3.91) over both class of intervals. With

respect to the new processes under scrutiny, the deterministic function impacted by changes

in the three terms, (x, y, ϵ), is F (β, ϵ, x, y, p, q), defined in (4.2).

Beginning with the variation in x over the first case of the non-isolated intervals, we look

to scrutinize

cm|x− x′|mξ̄

∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1
2m∏
k=1

(
1 + |uk|β

)−1
m∏
j=1

|qj| |pj|ξ̄ dpj dqj, (4.26)

where ξ̄ ∈ (0, 1). Separate the product concerning the |qj| terms as in (4.6) and apply the

study of (3.99). This produces the upper bound

m∏
j=1

|qj| |pj|ξ̄ ≤ cQ1(|p̄k|, |uk|)P3(|p̄k|). (4.27)
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Upon expanding the right side of the above inequality, we are led to conclude the order of

the |uk| terms are exactly as presented in (4.9). With respect to the |p̄k| variables, analysis

of the expansion of

∏
k∈S

k
′
,k

′′∈R

(
|uk|ξβ + |uk−1|ξβ + |p̄k′ |ξβ + |p̄k′′ |ξβ

) ∏
k′ ,k′′∈R

(
|p̄k′ |ξ̄ + |p̄k′′ |ξ̄

)

reveals

deg |p̄k| = ηkξβ + η̄kξ̄, with ηk, η̄k ∈ {0, 1, 2}. (4.28)

The two primary observations to take away from the above is ξ̄ can be chosen close to zero

and the maximum order the p̄k variables can assume is 2ξβ + 2ξ̄. Combining (4.26) with

(4.27) and incorporating modifications regarding the rational function affiliated with the

measure dp̄k directs us to

∫∫
R2m

∏
R

|p̄k|ηkξβ+η̄k ξ̄
m∏
k=1

1

1 + |p̄k|β
∏
S
′
ξ

|uk|θkξβ
1 + |uk|β

∏
S−
ξ ∪T+

ξ

|uk|ωk(β/2)+θkξβ

1 + |uk|β
m∏
j=1

dpj dqj.

We can select ξ̄ close to zero so that the above integral is finite for 3/2 < β < 2 and

conclude over the non-isolated intervals,

E
[(
ϕy(ϵ, x, y, B)− ϕy(ϵ, x

′, y, B)
)m] ≤ cm(ξ̄)|x− x′|mξ̄ (4.29)

Perturbations in the y parameter produce the multiple integral

cm|y − y′|mξ̄

∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1
2m∏
k=1

(
1 + |uk|β

)−1
m∏
j=1

|qj| |qj|ξ̄ dpj dqj,
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where ξ̄ ∈ (0, 1). Set

ξ̄β
.
= ξβ + ξ̄, with ξβ

.
= 1− β/2,

and define the polynomial

Q4(|p̄k|, |uk|)
.
=
∏
k∈T

(
|uk−1|β/2 + |uk|β/2

) ∏
k∈S

k
′
,k

′′∈R

(
|uk|ξ̄β + |uk−1|ξ̄β + |p̄k′ |ξ̄β + |p̄k′′ |ξ̄β

)
(4.30)

to derive the upper bound

m∏
j=1

|qj| |qj|ξ̄ =
m∏
j=1

|qj|β/2 |qj|ξβ+ξ̄ =
m∏
j=1

|qj|β/2 |qj|ξ̄β ≤ Q4(|p̄k|, |uk|). (4.31)

Referencing (4.8) and (4.9) leads to the orders of Q4(|p̄k|, |uk|),

deg |p̄k| = η̄kξ̄β = 0, ξ̄β, or 2ξ̄β, if k ∈ R,

deg |uk| = ωk(β/2) + θkξ̄β



= 0, ξ̄β, or 2ξ̄β, if k ∈ S
′

ξ

= β/2 or 1 + ξ̄, if k ∈ S−
ξ

= ξ̄β or β/2, if k ∈ T+
ξ

≤ β, if k ∈ T
′

ξ .

(4.32)

Bounding the T
′

ξ-intervals by a constant and applying Cauchy-Schwarz produces a product

of one dimensional integrals similar to (4.10)

∫∫
R2m

∏
R

|p̄k|η̄k ξ̄β
m∏
k=1

1

1 + |p̄k|β
∏
S
′
ξ

|uk|θk ξ̄β
1 + |uk|β

∏
S−
ξ

|uk|ωk(β/2)+θk ξ̄β

1 + |uk|β
∏
T+
ξ

|uk|ωk(β/2)+θk ξ̄β

1 + |uk|β
m∏
j=1

dpj dqj.

(4.33)

With ξ̄ selected close to zero, we can replicate the study which generated Table 4.1 to

conclude the above product of one-dimensional integrals are finite for 3/2 < β < 2. Over
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the non-isolated variables we have shown,

E
[(
ϕy(ϵ, x, y, B)− ϕy(ϵ, x, y

′, B)
)m] ≤ cm(ξ̄)|y − y′|mξ̄. (4.34)

The proof for the case of ϵ begins by replicating inequality (3.128) with respect to

F (β, ϵ, ϵ′, x, y, p, q),

m∏
j=1

f̂(β, ϵ, pj)f̂(β, ϵ, qj)− f̂(β, ϵ′, pj)f̂(β, ϵ
′, qj)

=
m∏
j=1

exp
(
−ϵ
(
|pj|β + |qj|β

))
− exp

(
−ϵ′
(
|pj|β + |qj|β

))
≤ cm|ϵ− ϵ′|mξ̂

m∏
j=1

(
|pj|βξ̂ + |qj|βξ̂

)
≤ cm|ϵ− ϵ′|mξ̄

m∏
j=1

(
|pj|ξ̄ + |qj|ξ̄

)
,

where ξ̂ can be chosen close to zero and ξ̄ = βξ̂. This endorses the study of the expression

cm|ϵ− ϵ′|mξ̄

∫∫
R2m

m∏
k=1

(1 + |p̄k|β)−1

2m∏
k=1

(1 + |uk|β)−1

m∏
j=1

|qj| (|pj|ξ̄ + |qj|ξ̄) dpj dqj.

Let π
′
and π

′′
form a disjoint union of the set {1, ...,m}. The main quantity of interest

from the above can be written as

m∏
j=1

|qj|
(
|pj|ξ̄ + |qj|ξ̄

)
=
∑∏

π
′

|pj|ξ̄
m∏
j=1

|qj|
∏
π
′′

|qj|ξ̄


=
∑∏

π′

|pj|ξ̄
m∏
j=1

|qj|β/2 |qj|ξβ
∏
π′′

|qj|ξ̄
 . (4.35)

Polynomials generated by

∏
π
′

|pj|ξ̄
m∏
j=1

|qj|β/2 |qj|ξβ and
m∏
j=1

|qj|β/2 |qj|ξβ
∏
π
′′

|qj|ξ̄ (4.36)
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return us to the case of the x and y parameter, respectively. Note that

∏
π
′

|pj|ξ̄
m∏
j=1

|qj|β/2 |qj|ξβ
∏
π
′′

|qj|ξ̄ ≤ cP3(|p̄k|)Q4(|p̄k|, |uk|). (4.37)

Expansion of the right hand side of the inequality leads us to the orders of the |uk| terms

listed in (4.32) and the |p̄k| take degrees

deg |p̄k| = ηkξ̄ + η̄kξ̄β, with ηk, η̄k ∈ {0, 1, 2}. (4.38)

Applying these facts directs us to products similar to the ones presented in (4.33),

∫∫
R2m

∏
R

|p̄k|ηk ξ̄+η̄k ξ̄β

m∏
k=1

1

1 + |p̄k|β
∏
S
′
ξ

|uk|θk ξ̄β
1 + |uk|β

∏
S−
ξ ∪T+

ξ

|uk|ωk(β/2)+θk ξ̄β

1 + |uk|β
m∏
j=1

dpj dqj

The above expressions are finite for 3/2 < β < 2 and we conclude over the non-isolated

intervals.

E
[(
ϕy(ϵ, x, y, B)− ϕy(ϵ

′, x, y, B)
)m] ≤ cm(ξ̄)|ϵ− ϵ′|mξ̄, (4.39)

Shifting attention to the case concerning the isolated intervals, the variation in the x term

indicates we must study an expression parallel to (4.19),

cm|x− x′|mξ̄

∫∫
Rm×Rn

m∏
k=1

(
1 + |p̄k|β

)−1
∏
Ic

(
1 + |uk|β

)−1
∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

|pj|ξ̄ dpj.

(4.40)

The products which generate P3(|p̄k|) and Q2(|p̄k|, |uk|), defined in (3.99) and (4.20), re-
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spectively, permit the formulation of the upper bound

∏
k∈I

|uk+1|2−β
∏
Icj

|qj|
m∏
j=1

|pj|ξ̄ ≤ cQ2(|p̄k|, |uk|)P3(|p̄k|). (4.41)

The degree of the |uk| variables generated by the right hand side of the inequality above are

depicted in (4.22). However, the order of the p̄k terms over the R-intervals are described

in (4.28). Upon incorporating this later change with respect to (4.23), we can reapply

the subsequent analysis of that expression to conclude (4.29) over the isolated intervals for

β ∈ (3/2, 2).

Perturbations in the y parameter direct us to an expression parallel to (4.11) and we can

adapt the analysis of this previous multiple integral to study

cm|y − y′|mξ̄

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−|uk|β(d̃k)

)
− exp

(
−
(
|uk+1|β + |qℓ(k)|

β
)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj| |qj|ξ̄ dpj dqj drj dsj dtj. (4.42)

Integrating the isolated intervals and the isolated variables from the above begins with,

∫∫
R×B

∣∣∣exp(−|uk|β(d̃k)
)
− exp

(
−
(
|uk+1|β + |qℓ(k) |

β
)
(d̃k)

)∣∣∣ |qℓ(k)| |qℓ(k)|
ξ̄ d(d̃k) dqℓ(k) .

(4.43)

Upon simplifying notation, uk+1 = u and qℓ(k) = q, and partitioning the domain of integra-
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tion over the real line, the above two dimensional integral is equivalent to the sum

∫
|q|≤4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| |q|ξ̄ d(d̃k) dq

+

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| |q|ξ̄ d(d̃k) dq.

(4.44)

With respect to the first quantity above, observe

∫
|q|≤4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| |q|ξ̄ d(d̃k) dq

≤ c|u|1+ξ̄

 ∫
|q|≤4|u|

1

1 + (|u+ q|β)
dq +

∫
|q|≤4|u|

1

1 + (|u|β + |q|β)
dq


≤ c|u|1+ξ̄,

where we applied the study of the integrals emerging in the brackets of (4.15) to obtain

the third inequality.

Referencing, (4.17) and the rationale which produced (4.18), the second summand in (4.44)
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is bounded by

∫
|q|≥4|u|

∫ 1

0

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| |q|ξ̄ d(d̃k) dq

≤ c

∫
|q|≥4|u|

∣∣∣∣ 1

|u+ q|β
− 1

|u|β + |q|β

∣∣∣∣ |q|1+ξ̄ dq

= c

∫
|q|≥4|u|

∣∣∣∣ 1

|1 + u/q|β
− 1

(1 + |u|β/|q|β)

∣∣∣∣ |q|1+ξ̄

|q|β
dq

≤ c

∫
|q|≥4|u|

|u|
|q|

|q|1+ξ̄

|q|β
dq = c

∫
|q|≥4|u|

|u|
|q|β−ξ̄

dq ≤ c|u|2−β+ξ̄.

Collecting the above bounds for (4.43) and integrating the last time variables from (4.42),

induces the study of

∫∫
Rm×Rn

m∏
k=1

(
1 + |p̄k|β

)−1
∏
Ic

(
1 + |uk|β

)−1
∏
k∈I

|uk+1|1+ξ̄
∏
Icj

|qj| |qj|ξ̄ dqj
m∏
j=1

dpj. (4.45)

Now, notice the derivation of the upper bound,

∏
k∈I

|uk+1|1+ξ̄
∏
Icj

|qj| |qj|ξ̄ =
∏
k∈I

|uk+1|1+ξ̄
∏
Icj

|qj|β/2 |qj|ξβ+ξ̄

=
∏
k∈I

|uk+1|1+ξ̄
∏
Icj

|qj|β/2 |qj|ξ̄β (4.46)

The resemblance of (4.20) with the products on the right side of the inequality above

hints that we may re-employ the analysis of this former quantity to our current frame-

work. Pointing the reader to the orders of the Q2(|p̄k|, |uk|) laid out in (4.22), the primary

consequence resulting from the expansion of (4.46) is presented as follows;

deg |p̄k| = ηkξ̄β = 0, ξ̄β, or 2ξ̄β, if k ∈ R
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deg |uk| = ωk(β/2) + θkξ̄β



= 0, ξ̄β, or 2ξ̄β, if k ∈ S
′

ξ

= β/2 or 1 + ξ̄, if k ∈ S−
ξ

= ξ̄β or β/2, if k ∈ T+
ξ

≤ β, if k ∈ T
′′

ξ .

(4.47)

deg |uk| = 1 + ξ̄ + ωk(β/2) + θkξ̄β

= 1 + ξ̄, 1 + ξ̄ + β/2, or 1 + ξ̄ + ξ̄β, if k ∈ T I+1.

Upon incorporating these details, into (4.45), we can replicate the analysis of (4.19) on

the resulting expression to conclude (4.34) renders true over the isolated intervals for β ∈

(3/2, 2).

For the last parameter, we take into account the expression,

cm|ϵ− ϵ′|mξ̄

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−|uk|β(d̃k)

)
− exp

(
−
(
|uk+1|β + |qℓ(k)|

β
)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj| (|pj|ξ̄ + |qj|ξ̄) dpj dqj drj dsj dtj.

The details surrounding (4.35) lead us back to the variation of the x and y terms. Finally,

(4.39) holds valid for β ∈ (3/2, 2) for both the non-isolated and isolated intervals.

Shifting efforts to the renormalized local time ϕ(ϵ, x, y, B), the variation in the x parameter

over the case of the non-isolated intervals directs our attention to

cm|x− x′|mξ̄

∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1
2m∏
k=1

(1 + |uk|β)−1

m∏
j=1

|pj|ξ̄ dpj dqj.
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with ξ̄ ∈ (0, 1). Simply insert
∑

(
∏

R |p̄k|ηk ξ̄) into the above integral and apply Proposition

3.1.4 to conclude this first case.

The multiple integral below captures the key changes in the y variable,

cm|y − y′|mξ̄

∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1
2m∏
k=1

(1 + |uk|β)−1

m∏
j=1

|qj|ξ̄ dpj dqj.

Modify polynomial P1(|uk|), characterized in (3.36) , (3.37) , and (3.38) to write,

∑ ∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1
∏
S
′

1

1 + |uk|β
∏
S−

|uk|ξ̄

1 + |uk|β
∏
T+

|uk|ωk ξ̄

1 + |uk|β
∏
T

′

|uk|ωk ξ̄

1 + |uk|β
m∏
j=1

dpj dqj


Implement the bound |uk|ωk ξ̄(1 + |uk|β)−1 ≤ c, for all k ∈ T . With β ∈ (0, 1), changing

variables converts any summand above to a finite product of one dimensional integrals.

Perturbation in ϵ return us to the previous two cases.

Starting with the variation in x for the isolated intervals, simply insert
∑

(
∏

R |p̄k|ηk ξ̄) into

(4.19) and modify the analysis subsequent that expression to finish this case. For the y

parameter, consider the quantity

∫∫∫
R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)

·

∣∣∣∣∣ ∏
k∈I

(
exp

(
−|uk|β(d̃k)

)
− exp

(
−
(
|uk+1|β + |qℓ(k) |

β
)
(d̃k)

)) ∣∣∣∣∣
m∏
j=1

|qj|ξ̄ dpj dqj drj dsj dtj. (4.48)



148 4.2. Hölder Continuity for the Three Functionals

Recollect the inspection of (4.12) and integrate the isolated terms to write

∫
R×B

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q|ξ̄ d(d̃k) dq

≤ c

∫
R×B

∣∣∣exp(− (|u+ q|β
)
(d̃k)

)
− exp

(
−
(
|u|β + |q|β

)
(d̃k)

)∣∣∣ |q| d(d̃k) dq

≤ c|u|2−β.

After addressing the remaining time variables in the regular fashion, (4.48) reduces to

∫∫
Rm×Rn

m∏
k=1

(
1 + |p̄k|β

)−1
∏
Ic

(
1 + |uk|β

)−1
∏
k∈I

|uk+1|2−β
∏
Icj

dqj

m∏
j=1

dpj.

Utilize the bound ∏
k∈I

|uk+1|2−β

1 + |uk+1|β
=

∏
k∈T I+1

|uk|2−β

1 + |uk|β
= c

and apply Proposition 3.1.4 to conclude the study of the y term. Variation in ϵ returns us

to the above two cases.

We mention, proofs involving the local properties and convergence of

lim
ϵ→0

α(ϵ, x, y, B) = α(x, y, B)

are developed using the analysis of ϕ(ϵ, x, y, B).
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4.3 Extension of Local Properties to Arbitrary Sets

in D(2)

To extend Hölder continuity to any Borel set inD(2), we will mimic the argument presented

for the Brownian case in §3.3. The three scaling identities which will advance our argument

are

X(λt)
dist
= λ1/βX(t)

pϵ(y/k) = kpϵ|k|β(y)

p′ϵ(y/k) = k2p′ϵ|k|β(y).

and the key proposition is laid out below.

Proposition 4.3.1. Let Xt be a one dimensional symmetric stable process. The following

equalities in distribution hold;

ϕy(ϵ, x, y, B)
dist
= 23n(1/β−1)ϕy(2

nϵ, 2n/βx, 2n/βy, 2nB) (4.49)

ϕ(ϵ, x, y, B)
dist
= 2n(2/β−3)ϕ(2nϵ, 2n/βx, 2n/βy, 2nB) (4.50)

α(ϵ, x, y, B)
dist
= 2n(2/β−3)α(2nϵ, 2n/βx, 2n/βy, 2nB) (4.51)
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Proof. Select an arbitrary B ⊂ A(1, 1, 2). The above identities imply

ϕy(ϵ, x, y, B)

=
1

23n

∫
2nB

pϵ,x
(
X(2−ns, 2−nr)

) {
p′ϵ,y
(
X(2−nt, 2−ns)

)}
0
dr ds dt

=
1

23n

∫
2nB

pϵ
(
X(2−ns)−X(2−nr)− x

) {
p′ϵ
(
X(2−nt)−X(2−ns)− y

)}
0
dr ds dt

dist
=

1

23n

∫
2nB

pϵ
(
2−n/βX(s)− 2−n/βX(r)− x

)
·
{
p′ϵ
(
2−n/βX(t)− 2−n/βX(s)− y

)}
0
dr ds dt

=
1

23n

∫
2nB

pϵ
(
2−n/β

(
X(s)−X(r)− 2n/βx

))
·
{
p′ϵ
(
2−n/β

(
X(t)−X(s)− 2n/βy

))}
0
dr ds dt

=
1

23n

∫
2nB

2n/βp2nϵ
((
X(s)−X(r)− 2n/βx

))
· 22n/β

{
p′2nϵ

((
X(t)−X(s)− 2n/βy

))}
0
dr ds dt

= 23n(1/β−1)ϕy(2
nϵ, 2n/βx, 2n/βy, 2nB)

Working with the second functional of interest,

ϕ(ϵ, x, y, B)

=
1

23n

∫
2nB

pϵ
(
X(2−ns)−X(2−nr)− x

) {
pϵ
(
X(2−nt)−X(2−ns)− y

)}
0
dr ds dt

dist
=

1

23n

∫
2nB

pϵ
(
2−n/βX(s)− 2−n/βX(r)− x

)
·
{
pϵ
(
2−n/βX(t)− 2−n/βX(s)− y

)}
0
dr ds dt

=
1

23n

∫
2nB

2n/βp2nϵ
((
X(s)−X(r)− 2n/βx

))
· 2n/β

{
p2nϵ

((
X(t)−X(s)− 2n/βy

))}
0
dr ds dt

= 2n(2/β−3)ϕ(2nϵ, 2n/βx, 2n/βy, 2nB).
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The proof for

α(ϵ, x, y, B)
dist
= 2n(2/β−3)α(2nϵ, 2n/βx, 2n/βy, 2nB)

follows by replicating the techniques presented for ϕ(ϵ, x, y, B).

Centering attention on ϕy(·),

∥ϕy(ϵ, x, y, B)− ϕy(ϵ
′, x′, y′, B)∥m

≤
∞∑
n=1

E

∣∣∣∣∣
2n−1∑
k=1

ϕy

(
ϵ, x, y, B(k, n)

)
− ϕy

(
ϵ′, x′, y′, B(k, n)

)∣∣∣∣∣
m
1/m

≤
∞∑
n=1

2(n−1)/2 sup
k

∥∥ϕy

(
ϵ, x, y, B(k, n)

)
− ϕy

(
ϵ′, x′, y′, B(k, n)

)∥∥
m

=
∞∑
n=1

2(n−1)/223(n−1)(1/β−1) sup
k

∥∥∥ϕy

(
2n−1ϵ, 2(n−1)/βx, 2(n−1)/βy, 2n−1B(k, n)

)
− ϕy

(
2n−1ϵ′, 2(n−1)/βx′, 2(n−1)/βy′, 2n−1B(k, n)

) ∥∥∥
m
.

≤ cm(ξ)
∞∑
n=1

2(n−1)/223(n−1)(1/β−1)2(n−1)ξ∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

= cm(ξ)
∞∑
n=1

2(n−1)/223(n−1)(1/β−1)2(n−1)ξ∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

= cm(ξ)
∞∑
n=1

2(n−1)(−5/2+3/β+ξ)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ.

With the parameter ξ chosen close to zero, the inequality below holds true for β ∈ (6/5, 2),

3

β
+ ξ <

5

2
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Taking into account the renormalized intersection local time,

∥ϕ(ϵ, x, y, B)− ϕ(ϵ′, x′, y′, B)∥m

≤
∞∑
n=1

2(n−1)/2 sup
k

∥∥ϕ(ϵ, x, y, B(k, n)
)
− ϕ
(
ϵ′, x′, y′, B(k, n)

)∥∥
m

=
∞∑
n=1

2(n−1)/22(n−1)(2/β−3) sup
k

∥∥∥ϕ (2n−1ϵ, 2(n−1)/βx, 2(n−1)/βy, 2n−1B(k, n)
)

− ϕ
(
2n−1ϵ′, 2(n−1)/βx′, 2(n−1)/βy′, 2n−1B(k, n)

) ∥∥∥
m
.

≤ cm(ξ)
∞∑
n=1

2(n−1)/22(n−1)(2/β−3)2(n−1)(2/β+1)ξ∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

= cm(ξ)
∞∑
n=1

2(n−1)/22(n−1)(2/β−3)2(n−1)ξ∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

= cm(ξ)
∞∑
n=1

2(n−1)(−5/2+2/β+ξ)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ

≤ cm(ξ)∥(ϵ, x, y)− (ϵ′, x′, y′)∥ξ,

where the last inequality was derived for 1 < β < 2.

4.4 Final Continuity Arguments and the Set Param-

eter B

The derivation of the upper bound consisting of the set variable B,

E
[(
ϕy(ϵ, x, y, B)

)m] ≤ cm(ξ)|B|mξ,
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begins with the first case of the non-isolated intervals. An application of |F (β, ϵ, x, y, p, q)| ≤

1 and |im(2π)2m| ≤ cm to (4.4) directs our attention to

cm
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)
m∏
j=1

|qj| dpj dqj drj dsj dtj.

Select conjugate exponents a and a′ as in (3.185) and modify the argument which produced

(3.187) to write

cm|B|m/a

∫∫
R2m

m∏
k=1

(
1 + |p̄k|β

)−1/a′
2m∏
k=1

(
1 + |uk|β

)−1/a′
m∏
j=1

|qj| dpj dqj. (4.52)

Observe, if we define

ζβ
.
= 1− β

2a′
(4.53)

then as β approaches 2, ζβ takes values near zero since 1/a′ is very close to 1. Conversely,

if β is approximately equal to 1, then ζβ is slightly larger than 1/2. With this parameter

in mind, define

Q5(|p̄k|, |uk|)
.
=
∏
k∈T

(
|uk−1|β/(2a

′) + |uk|β/(2a
′)
) ∏

k∈S
k
′
,k

′′∈R

(
|uk|ζβ + |uk−1|ζβ + |p̄k′ |ζβ + |p̄k′′ |ζβ

)

so that the subsequent bound maybe formulated

m∏
j=1

|qj| =
m∏
j=1

|qj|β/(2a
′) |qj|ζβ ≤ Q5(|p̄k|, |uk|).

The similarities between Q1(p̄k, uk), defined in Proposition 4.1.1, and Q5(p̄k, uk) hints we

can modify the orders presented in (4.9) to conclude this later polynomial assumes degrees

deg |p̄k| = ηkζβ = 0, ζβ, or 2ζβ, if k ∈ R,
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deg |uk| = ωk[β/(2a
′)] + θkζβ



= 0, ζβ, or 2ζβ, if k ∈ S
′

ξ

= β/(2a′) or 1, if k ∈ S−
ξ

= ζβ or β/(2a′), if k ∈ T+
ξ

≤ β/a′, if k ∈ T
′

ξ .

Insert Q5(p̄k, uk) into (4.52) and employ the bound,

|uk|ωk[β/(2a
′)]+θkζβ

(1 + |uk|β)1/a′
, for all k ∈ T

′

ξ ,

to arrive at

∫∫
R2m

∏
R

|p̄k|ηkζβ
m∏
k=1

1

(1 + |p̄k|β)1/a
′

∏
S
′
ξ

|uk|θkζβ

(1 + |uk|β)1/a
′

∏
S−
ξ ∪T+

ξ

|uk|ωk[β/(2a
′)]+θkζβ

(1 + |uk|β)1/a
′

m∏
j=1

dpj dqj.

Application of Proposition 3.1.4 indicates the 2m-dimensional integral above is finite for

β ∈ (3/2, 2).

Shifting attention to the isolated intervals, we start with a quantity similar to (3.192)

(ci)m
∫∫∫

R2m×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

(
−

2m∑
k=1

|uk|β(d̃k)

)

·
∏
k∈I

(
exp

(
−|uk|β(d̃k)

)
− exp

(
−
(
|uk+1|β + |qℓ(k)|

β
)
(d̃k)

))

exp

(
iy

m∑
j=1

qj

)
m∏
j=1

f̂(β, ϵ, qj) qj dpj dqj drj dsj dtj. (4.54)

and aim to leverage much of the work from the Brownian case. Working towards this goal,
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we focus first on the isolated variables, qℓ(k) , in the one dimensional integral below

∣∣∣∣ ∫
R

exp
(
−|uk|β(d̃k)

)
− exp

(
−
(
|uk+1|β + |qℓ(k) |

β
)
(d̃k)

)
· iqℓ(k) exp

(
iyqℓ(k)

)
exp

(
−ϵ|qℓ(k)|

β
)

dqℓ(k)

∣∣∣∣ (4.55)

After simplifying notation as in (3.194) and replicating the derivation of (3.196)-(3.198),

the above expression can be bounded by the subsequent sum,

∣∣∣∣∫
R

(
exp(iuz)− exp(−t|u|β)

)
pt(z)p

′
ϵ(z − y) dz

∣∣∣∣
≤
∣∣ [(exp(iuz)− exp(−t|u|β)

)
pt(z)

]
pϵ(z − y)

∣∣∣∣∣∣∣
z=∞

z=−∞

+

∣∣∣∣∫
R

iu exp(iuz)pt(z)pϵ(z − y) dz

∣∣∣∣
+

∣∣∣∣∫
R

(
exp(−t|u|β)− exp(iuz)

)
p′t(z)pϵ(z − y) dz

∣∣∣∣ . (4.56)

Reapplying the argument which produced (3.199) and adjusting (3.200) to our current

problem, we find that

∣∣ [(exp(iuz)− exp(−t|u|β)
)
pt(z)

]
pϵ(z − y)

∣∣∣∣∣∣∣
z=∞

z=−∞

= 0

and

∣∣∣∣∫
R

iu exp(iuz)pt(z)pϵ(z − y) dz

∣∣∣∣ ≤ |u|
∫
R

pt(z)pϵ(z − y) dz

≤ |u||pt+ϵ(y)| ≤ c|u||pt+ϵ(0)| ≤ c
|u|
t1/β

. (4.57)
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Working with (4.56)

∣∣∣∣∫
R

(
exp(−t|u|β)− exp(iuz)

)
p′t(z)pϵ(z − y) dz

∣∣∣∣
≤
∫
R

(
|1− exp(−t|u|β)|+ |1− exp(iuz)|

)
|p′t(z)|pϵ(z − y) dz.

From (3.92) and (3.93), we can select δ, γ ∈ [0, 1] to bound the above expression by

c

∫
R

[
tγ|u|βγ + |u|δ|z|δ

]
|p′t(z)|pϵ(z − y) dz ≤ c sup

z

[
tγ|u|βγ|p′t(z)|+ |u|δ|z|δ|p′t(z)|

]
. (4.58)

Applying the bound

p′t(z) ≤ |p′t(z)| ≤ c

∫
R

|q| exp
(
−t|q|β

)
dq ≤ c

t2/β

and the scaling identity

p′t(z) =
1

t2/β
p′1

( z

t1/β

)
the right hand side of the (4.58) can be bounded by

sup
z

[
tγ|u|βγ|p′t(z)|+ |u|δ|z|δ|p′t(z)|

]
≤ c|u|βγ tγ

t2/β
+ c|u|δ sup

z

[
|z|δ

t2/β

∣∣∣p′1 ( z

t1/β

)∣∣∣]
= c|u|βγ tγ

t2/β
+ c|u|δ

(
tδ/β

tδ/β

)
sup
z

[
|z|δ

t2/β

∣∣∣p′1 ( z

t1/β

)∣∣∣]
= c|u|βγ 1

t2/β−γ
+ c|u|δ 1

t2/β−δ/β
sup
z

[
|z|δ

tδ/β

∣∣∣p′1 ( z

t1/β

)∣∣∣] . (4.59)

Working with the supremum on the right side, write

sup
z

[|z| |p′1 (z)|] = sup
z

[
|z|
∣∣∣∣ 12π

∫
R

iq exp(iqz) exp(−|q|β) dq
∣∣∣∣] .
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Partitioning the domain of integration and applying integration by parts reveals,

sup
z

[
|z| 1

2π

∫ ∞

0

iq exp(iqz) exp(−qβ) dq

]
= sup

z

[
1

2π
|z|

(∣∣∣∣−iq exp(−qβ)
exp(iqz)

iz

∣∣∣∣
∣∣∣∣∣
∞

0

)]
− sup

z

[
1

2π
|z|
∣∣∣∣∫ ∞

0

exp(iqz)

iz

(
−iβqβ exp(−qβ) + i exp(−qβ)

)
dq

∣∣∣∣ ]
≤ c.

Since the above argument can be replicated for the domain (−∞, 0), we can write (4.59)

as

c|u|βγ 1

t2/β−γ
+ c|u|δ 1

t2/β−δ/β
.

Referencing the time parameter in the denominator on the right side, choose δ ∈ [0, 1] to

satisfy the inequality

2

β
− δ

β
=

2− δ

β
< 1 , equivalently, δ > 2− β.

With respect to the time parameter on the left side, select γ ∈ [0, 1] such that

2

β
− γ =

2− βγ

β
< 1 or, similarly, βγ > 2− β.

With this formulation in mind, let α be a parameter slightly less than 1 and ϵ̃ a value very

close to zero to produce the upperbound,

c|u|βγ 1

t2/β−γ
+ c|u|δ 1

t2/β−δ/β
≤ c

|u|2−β+ϵ̃

tα
.

Upon combining this upper bound with (4.57) and recalling the notation in (3.194), we
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conclude (4.55) is bounded above by

c

[
|uk+1|
(d̃k)1/β

+
|uk+1|2−β+ϵ̃

(d̃k)α

]
≤ c

[
|uk+1|
(d̃k)1/β

+ 1

]
, with k ∈ I.

Note that for small u,

|uk+1|2−β+ϵ̃

(d̃k)1/β
≤ 1.

Our next step is to investigate the impact of this last upperbound on the primary multiple

integral of interest, (4.54). Noting |i exp(−iyqj)|, |f̂(β, ϵ, qj)| ≤ 1, j ∈ Icj , we now study

cm
∫∫∫

Rm×Rn×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

−
∑
Icj

|uk|β(d̃k)

 [ ∏
k∈I

|uk+1|
(d̃k)1/β

+ 1

]
∏
Icj

|qj| dqj
m∏
j=1

dpj drj dsj dtj. (4.60)

With respect to the brackets above, we will work individually with each sum and begin

with

cm
∫∫∫

Rm×Rn×Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

−
∑
Icj

|uk|β(d̃k)

 ∏
k∈I

|uk+1|
(d̃k)1/β∏

Icj

|qj| dqj
m∏
j=1

dpj drj dsj dtj. (4.61)

Extract from above the following integral,

∫
Bm

exp

(
−

m∑
k=1

|p̄k|β(r̃k)

)
exp

−
∑
Icj

|uk|β(d̃k)

 ∏
k∈I

1

(d̃k)1/β

m∏
j=1

drj dsj dtj.
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Choose a and a′ as in (3.185),

1 < a′ < 1 + δ and a = (1− 1/a′)
−1

,

and replicate the study of (3.184) to bound (4.61) by

cm|B|m/a

∫∫
Rm×Rn

m∏
k=1

(
1 + |p̄k|β

)−1/a′ ∏
Ic

(
1 + |uk|β

)−1/a′∏
k∈I

|uk+1|
∏
Icj

|qj| dqj
m∏
j=1

dpj.

(4.62)

Define ζβ as in (4.53),

ζβ
.
= 1− β

2a′
,

so we may construct the upperbound

∏
k∈I

|uk+1|
∏
Icj

|qj| =
∏
k∈I

|uk+1|
∏
Icj

|qj|β/(2a
′) |qj|ζβ ≤ cQ6(|p̄k|, |uk|),

where

Q6(|p̄k|, |uk|)

.
=
∏
k∈I

|uk+1|
∏
k∈T

(
|uk−1|β/(2a

′) + |uk|β/(2a
′)
) ∏

k∈S
k
′
,k

′′∈R

(
|uk|ζβ + |uk−1|ζβ + |p̄k′ |ζβ + |p̄k′′ |ζβ

)

=
∏
k∈I

|uk+1|Q5(|p̄k|, |uk|)
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Application of Proposition 4.1.2 reveals Q6(|p̄k|, |uk|) is a polynomial of the form

Q6(|p̄k|, |uk|) =
∑ (∏

R

|p̄k|ηkζβ
∏
S
′
ζ

|uk|θkζβ
∏
S−
ζ

|uk|ωk[β/(2a
′)]+θkζβ

∏
T I+1

|uk|1+ωk[β/(2a
′)]+θkζβ

∏
T+
ζ ,T

′′
ζ

|uk|ωk[β/(2a
′)]+θkζβ

)
,

with orders

deg |p̄k| = ηkζβ = 0, ζβ, or 2ζβ, if k ∈ R

deg |uk| = ωk[β/(2a
′)] + θkζβ



= 0, ζβ, or 2ζβ, if k ∈ S
′

ζ

= β/(2a′) or 1, if k ∈ S−
ζ

= ζβ or β/(2a′), if k ∈ T+
ζ

≤ β/a′, if k ∈ T
′′

ζ .

deg |uk| = 1 + ωk[β/(2a
′)] + θkζβ = 1, 1 + β/(2a′), or 1 + ζβ, if k ∈ T I+1.

Inserting the above into (4.62) yields sums of the form

∑[ ∫∫
Rm×Rn

∏
R

|p̄k|ηkζβ
m∏
k=1

(
1 + |p̄k|β

)−1
∏
S,T

(
1 + |uk|β

)−1
∏
S
′
ζ

|uk|θkζβ
∏
S−
ζ

|uk|ωk[β/(2a
′)]+θkζβ

∏
T+
ζ

|uk|ωk[β/(2a
′)]+θkζβ

∏
T I+1

|uk|1+ωk[β/(2a
′)]+θkζβ

∏
T

′′
ζ

|uk|ωk[β/(2a
′)]+θkζβ

∏
Icj

dqj

m∏
j=1

dpj

]
,

We can simply replicate the analysis of (4.23) to conclude any multiple integral emerging

as a summand above is finite for 3/2 < β < 2. Additionally, note that working with the

second sum in the brackets of (4.60), returns us to the primary bound over of the isolated

intervals.
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Finally, the proof for

E
[(
ϕ(ϵ, x, y, B)

)m] ≤ cm(ξ)|B|mξ

follows from replicating the analysis for the Brownian case, as presented in section 3.4.
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Local quantum theory / edited by R. Jost. Academic Press, New York :, 1969.

[21] Daniel Revuz and Marc Yor. Continuous martingales and Brownian motion, volume

293 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of

Mathematical Sciences]. Springer-Verlag, Berlin, third edition, 1999.

[22] L. C. G. Rogers and J. B. Walsh. The intrinsic local time sheet of Brownian motion.

Probab. Theory Related Fields, 88(3):363–379, 1991.

[23] Jay Rosen. A local time approach to the self-intersections of Brownian paths in space.

Comm. Math. Phys., 88(3):327–338, 1983.

[24] Jay Rosen. A renormalized local time for multiple intersections of planar Brownian
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