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Abstract

The Differentiability of Renormalized Triple Intersection Local Times
by

Subir Singh Dhamoon

Advisor: Dr. Jay Rosen

The evolution of the theory of triple intersection times over the past, approximately, two
decades has centered primarily on two dimensional Brownian Motion and planar symmetric
stable processes. The one dimensional cases have gone largely unstudied. In this thesis,
we examine the differentiability of renormalized triple intersection local times for the two
aforementioned Markov processes in R'. In more detail, we prove that the single partial
derivative with respect to each spatial variable exists and show that each partial derivative
is, in fact, jointly continuous in both space and time variables. During the course of our
analysis, we discover that these results hold for the class of symmetric stable process for

which 3/2 < B < 2.
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Chapter 1

Introduction

1.1 Notation

We will denote by R the set of real numbers and R, = [0,00). The set of integers will
be indicated by Z, where Z, = [0,1,...). For z,y € R", (x,y) will denote the ordinary
inner product in R™ and |z| = (z,2)'/? the standard Euclidean norm. The o-field of Borel
subsets of n-dimensional Euclidean space will be written as Z(R"). The symbol “ =7
means 'defined to equal’.

The Dirac delta function concentrated at x will be expressed by d,. The function f. will

be an approximate delta function, which means that for any € > 0, f.(r) = L f(x/€) with

[ a positive, C', even function of z supported on [—1, 1] with [ fc(z) dz = 1.
Each stochastic process, X;, will be defined on a complete probability space (£2,.%#,P)
with state space (R", Z(R"™)). The notation BM? is reserved for d-dimensional Brownian

motion.
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1.2 Occupation Measures and Local Times

The inception of the theory of local times can be accredited to Lévy and his work with
Brownian local times [16]. As Revuz-Yor [21], p. 277, note, the advancement of this
theory has since branched into roughly three directions. The first precept formulizes local
times for Markov processes through the utilization of potential theory and the theory of
additive functionals. This was initiated by Blumenthal-Getoor [2] and fostered through
the Isomorphism Theorems of Marcus-Rosen [17], which connect the law of local time
processes to Gaussian processes. The second is motivated by Ito’s formula and the theory
of semimartingales. The progenitors of this approach include Tanaka [31], Millar [19], and
Meyer [18].

The third school of thought is grounded in the notion of occupation densities, which is the

methodology we adopt for our work and develop in detail below. The survey of Geman-

Horowitz [10] delineates the roots of this branch of local time theory.

Definition 1.2.1. Let X : RN — R® (t — X,) be a Borel measurable function and denote
the Lebesque measure on RN by \y. For each A C =%’(RN) we define the occupation

measure [14 on R? by

pa(B) = An(ANX(B))

with B C A(R").

If we set R = R, we can consider R, as a time set and interpret the occupation measure

as the amount of time spent by X; in B during time period A.

Definition 1.2.2. Let s be an occupation measure and Mg the Lebesque measure in RY.

If na < Ay, the Radon-Nikodym theorem asserts the existence of a unique measurable
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function, denoted by a(x, A), such that for each B C B(RY),

MwlteA| X, €B) :/oz(x,A) A\
B

and the Radon-Nikodym derivative

alz, A) = %(m) (1.1)

is defined as the occupation density on A and we say that X has a local time on A.

The uniqueness of oz, A) refers to the fact that if a(-,-) is any measurable function with
the same property, then a(z, A) = a(x, A) almost everywhere d\,.

Considering, again, R" = R, and setting d = 1, Gurevich-Shilov [12], p. 207, indicates
the right hand side of (1.1) can be written as

hmAN(teA | X; € (z,2 +¢€))

e—0 €

, fora.e. x.

and the local time a(x, A) can intuitively be thought of as the time spent at = during the

time period A.

To this point, the concepts of occupation measure and local time have been construed as
real variable statements. We would now like to extend these definitions to a probabilistic

framework.

Definition 1.2.3. Let X; be a stochastic process defined on a probability space (2, F,P),
such that X : Q x R, — R®. We say that X has a local time on A if X(w,-) has a local

time on A for almost all w.
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1.3 Multiple Points and Intersection Local Times.

Having introduced the notion of a local time in the previous section, we now expand this
concept and develop the key ideas of intersection local times and renormalized intersec-
tion local times. Our focus will primarily be on BM?, BM? and planar symmetric stable
processes and in the next chapter we discuss the one dimensional case. In the course of
expounding these random measures, we trace the origins of this idea and present a brief
survey concerning the critical results. To work towards this goal, we start with the path
properties of multi-dimensional Brownian motion and symmetric stable processes. These

features will motivate the definitions and theorems to follow.

1.3.1 k-Multiple Points

Definition 1.3.1. Suppose X; is a stochastic process with state space (R", B(R")). We
call a point x € R" a double point if there exist time instances t; < ty such that X;, =
Xi, = x. More generally, x is called a k-multiple point if there exist distinct time elements

t1<<tk’ S’UJChthatth:"':th:x'

Simply stated, a point z € R? is a k-multiple point if the sample path of X, visits = at
least k times. When d > 2, such an z can be visualized as a point in R? in which the path
of the process intersects itself. Figure 1.1 above assists with this notion for double points
in R%.

The historical origins of our problem can be traced back to the mid-twentieth century and

the inquiry into the existence of k-multiple points for BM?. In 1942, Levy [15] initiated
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Figure 1.1: Double Points and Self-Intersections.

the study of the self-intersection of Brownian paths when he proved the existence of dou-
ble points for planar Brownian motion. Two years later Kakutani [13] investigated the
Brownian path in R", for n > 5, and determined that the sample path of the process will
not intersect itself. The case for n = 3,4 was resolved by Dvoretzky, Erdos, and Kakutani
[5]. They established the existence of double points for the Brownian path in three dimen-
sions and the non-existence of double points for BM?. These three authors confirmed the
existence of recurrent points for the planar Brownian path in 1954 [6] and, together with
Taylor [7], they showed that three dimensional Brownian motion has no triple points. A

simulation of BM? in Figure 1.2 above illustrates the notion of multiple points.

The path properties of n-dimensional symmetric stable processes were studied by several
authors in the 1950’s and 1960’s. Taylor summarized these finding in [32] and we list them
in Table 1.1 below. For each value of n and 3, k represents the maximum multiplicity for

the sample path.
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Figure 1.2: Simulation of BM? Illustrating k-multiple Points.

1.3.2 Intersection Local Times and Renormalization

The motivation for intersection local times, for a stochastic process Xy, is to define a random

measure on Ri supported on

which, heuristically speaking, measures the amount of time a process spends intersecting
itself at points in R". Our discussion above, regarding the existence of k-multiple points
for n-dimensional symmetric stable processes, leads us to conclude (1.2) may be empty
for certain dimensions in R" and parameters §. Hence, we must exercise some diligence

and seek to define an intersection local time supported on sets which are not empty. To
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k-multiple/

R" recurrent points Parameter
k=1 0<p<3
n=1 k=10,0=23 ?;i<5<4£7
B e ‘ A+
recurrent 1<p<2
k=1 0<p<1
20— 2 20
=2 k=4,0=23,... —_— —
n ) ) ) g < ﬂ — é + 1
recurrent 8=
n=3 k=1 0<p<3
_ 3
k=2 5<B<2
n>4 k=1 0<p<2

Table 1.1: Summary of k-multiple points for symmetric stable processes in R".

foster this notion, we begin by considering processes which visit points in R" at least twice.
The existence of k-multiple points for the sample path of BM' and BM?, along with the
occurrence of double points for BM?, make these processes valid candidates. We can also
contemplate one and two dimensional symmetric stable processes of order 1/2 < § < 2 and

1 < B < 2, respectively. In fact, if we let X; denote any of these processes, then the set

is not empty with probability 1. This leads to our first formulation of intersection local

times.

Let X; be a one or two dimensional symmetric stable process of order 1/2 < < 2 or

1 < 8 < 2, respectively, or a BM®. The intersection local time for X, is formally given by

{(tl,tQ) 6 Ri | th — th}

oz, B) = // 5,(X, — X,) ds dt; B C B(R2),
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where 0, is the Dirac delta function concentrated at x.

The intersection local time can be analyzed as a functional of X; which increases only when
the difference between X; and X is equal to . When z = 0, «(0, B) increases when the
path of the process intersects itself and can be inferred as the amount of time spent by the
process at double points. For small values of x, (1.4) measures the amount of time of “near

intersections”.

Setting

a(r, B) = // fo(X;— Xy, —x)ds dt; BcC BR2), (1.5)

the expression appearing in (1.4) can be defined as

alz,B) = 11—% a.(z, B). (1.6)
With respect to BM?, expression (1.4) initially appeared in the physics and chemistry
literature in connection with Symanzik’s work in Euclidean quantum field theory [20] and
Edward’s and Westwater’s study of polymer chains [9],[33]. It was in the appendix of
Symanzik’s aforementioned work in which Varadhan first studied a(z, B) as a random

variable and introduced the construction of a renormalized intersection local time. First,

k —k|x|?
o) =g e |y

as a sequence of approximate delta functions converging weakly to oy and setting W, to a

by applying

two dimensional Brownian motion, he proved

k—o0

1 1
lim / / ge(Wy = Wy) ds dt — 0o, P —aus. (1.7)
o Jo

However, if the sequence of integrals above were renormalized, in the sense that an “infinite
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term” was subtracted from the integrals, Varadhan concluded the resulting series would
converge to a random variable. Specifically, he proved we can select a sequence of constants

{ck | limy_ e ¢ = 00}, independent of the path of W;, such that

1 1
klim (/ / ge(Wy — W) ds dt — ck) (1.8)

converges a.s. in L*(dP) to a well defined random variable.

Whereas the renormalization introduced by Varadhan was opportune for Symanzik’s work,
Rosen [23] argued that the main obstacle in expanding the theory of quantum fields lies in
the local behavior of a(z, B). Considering both the two and three dimensional Brownian
path, he deduced that the infinite result of (1.7) was attributable to global and local
properties. First, through the use of Fourier analysis, Rosen discovered the divergent
outcome was a direct consequence of the fact that the image of BM? and BM? has Lebesgue
measure zero. His second approach centered on the local analysis of the “set variable” B
and he proved the elements on the diagonal of Ri contribute to the absence of a limit.
Nonetheless, his main conclusions revealed that for certain B C % (Ri), particularly those
elements off the diagonal, a(z, B) can be identified as a local time which is continuous in

space and time. Assigning

Ri(6) ={(s,1) | 0 < s,t,|s —t] > €, > 0},

Qsre={(5.1) | 0<s<S,0<t<T,|s—t|>ee>0},
the following existence and continuity properties were obtained.

Theorem 1.3.2 ([23]). Let W; be a BM? or BM? and define Wt =W, — Ws.

i) If B is a bounded Borel set in R, then W, has an occupation density a(x, B) on B.
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ii) For any bounded B C B(R’.(¢)), a(x, B) is locally Hélder continuous of order o < 1
ifd =2 and a < 1/2 if d = 3. Specifically, for any compact subset K C R* we can

choose a version of a(x, B) such that

B) — B
sup |a(z, B) — aly, B)| _
z,ye K ‘x_y‘a

with o« <1 and o < 1/2 when d = 2 and d = 3, respectively.

iii) We can choose of version of a(x,Qsr.) which is a measure supported by

{(s,0) | Wy = W =}

and continuous in (x,S,T).

Notice, Qg7 simply bounds the time variables in the domain of integration of a(x, B) and
has allowed us to index our local time by (S, T) € R% (below, we will apply a single time
index as opposed to the two time parameters appearing here). Accordingly, we can change
our frame of reference and consider our local time as a stochastic process such that if W,
is BM?,

a(w,r,Qs7) : 2 x R? x Ri — R

(resp. = € R? if we consider BM?). A version of the local time a(z, Qgr) indicates the
existence of a stochastic process &(-,-) which is itself a local time for Wt at x, jointly

continuous on R* x R% ( R® x R?) such that for all z € R* (z € R?) and (5,T) € R%

a(z,Qsr) = a(z,Qsr), P—as.

The existence of a continuous version addresses a classical problem in the theory of the local

times of Markov processes, in which we refer the reader to [17] for an in depth discussion.
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Theorem 1.3.2 which provides the existence of a local time for the process Wt, sheds light
on the local behavior of the Brownian functional a(x, B), and serves as precursor of devel-
opments to come. Namely, a primary objective in the study of the intersection local times
of Markov processes is to devise a renormalization, i.e. a subtraction of “infinite parts”,
for arbitrary bounded Borel sets in Ri which result in a version, continuous in both time

and space.

The renormalization introduced by Varadhan of (1.8) has since led to a large body of
literature in which alternate representation have been constructed and [8] includes a brief
survey. We discuss two renormalizations relevant to our study and begin with a formulation

introduced by Le Gall [14] for planar Brownian motion.

Seeking applications of intersection local times to the analysis of the Weiner sausage, Le

Gall considered the ensuing quantity

3(z, B) = a(x, B) — E [a(x, B)], (1.9)

where B is any Borel set in the triangle

T={(s,t) | 0<s<t<1}.

Results concerning (1.9) are captured in the following

Theorem 1.3.3 ([14]). Consider a planar Brownian motion Wy and let B be any Borel set
of T. Then

i) for any x € R*/{0}, there exists a finite random measure a(z, B), supported on

{(s,t) € R | W, — W, =z}
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such that x — a(x,-) is weakly continuous in x;

i) We can select a version of 7(x, B) which is continuous for all v € R®.

From the symmetry of 7', we can extend the above conclusions to any Borel set in Ri.

In comparison to the results of the local analysis in Theorem 1.3.2, Le Gall proved the
existence of oz, B) for arbitrary Borel sets of T which included elements on the diagonal,
i.e. s =t. Statements (i) and (ii) accentuate the motivation for a renormalization. Alone,
a(z, B) admits weak continuity for x # 0. However, upon subtracting the renormalized
term E [z, B)], we gain the stronger conclusion of continuity for 4(z, B) for all x € R*.
Such functionals are often referred to in the literatures as renormalized intersection local

times.

The techniques employed by Le Gall in obtaining Theorem 1.3.3 (ii) will be duplicated to
derive our results and we briefly mention the methodology here. Recall, the multidimen-
sional version of Kolmogorov’s continuity criterion [21], p. 26, provides necessary conditions
to establish the existence of a version of a Banach valued process which is locally Holder

continuous of order a. By setting
Fe(z, B) = a.(x, B) — E [a.(x, B)], (1.10)

with a.(x, B) defined in (1.5), we observe that v.(z, B) is continuous in z. By satisfying

the hypothesis of Kolmogorov’s criterion
E [(Fe(z, B) — 3 (2, B))"] < ¢|(e,2) — (€, 2P 6 >0, (1.11)
the subsequent local properties hold

|’~}/€(ZE, B) - ’?E/(ZE/,B” < Cp|(6,113) - (6/’1‘/>|§; 5 > 0.
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The net effect of the above inequality reveals the subsequent limit exists
lim (2, B) = 7(z, B)

and since . (z, B) is continuous uniformly in €, the limit is continuous in z. In essence, to
derive existence and continuity results concerning renormalized intersection local times, one
approach is to arrive at a bound similar to (1.11) and then apply Kolmogorov’s continuity

criterion.

The second renormalization we review is a product of the utilization of stochastic integrals
to the study of intersection local times by Rosen-Yor [29], in which the “infinite term”
subtracted from a(z, B) involves the potential of our process and a time parameter. Let

W, be a BM? and denote the density of this process by

and let

ue () i/ ps(z) ds, u(z) = up(x). (1.12)

With

fT == {0 S S S t S T}7 Oé(‘r7fT> = OL(LC,T),

Rosen-Yor concluded the next result.

Theorem 1.3.4 ([29]). Consider the planar Brownian motion Wy, with potential u(z). For

any x € R?/{0}, the following limit exists

e—0

Tt
oz(x,T)zlim/o /Ope(Wt—Ws—x) ds dt
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Additionally, the process defined by
a(x,T) = a(z,T) —Tu(x), x#0 (1.13)

admits a bicontinuous extension to all z € R*> and T € R..

A consequence to the above theorem can be deduced as follows. Since

v(z) = u(x) — %log %; x # 0, (1.14)

can be extended by continuity to all of R?, the process defined by

~ T 1
a(z,T) ia(m,T)—;logm; x # 0, (1.15)

can also be extended by continuity to all of R® and be characterized as isolating the

singularities of the intersection local time.

Having assessed various renormalizations of (1.4) with respect to Brownian motion, we
shift focus and now address intersection local times for two dimensional symmetric stable
processes of order 1 < f < 2. Along the way, we will learn that the analytic properties
regarding the weak continuity of a(z, B) in the space variable for the Brownian case extends
to the larger class of Markov processes now under consideration. Hence, our objective will
be to identify a renormalization which leads to a bicontinuous version in the space and time
variable, {(z,7T) | * € R?,T € R, }. We will outline a single renormalized intersection local
time parallel to Theorem 1.3.4 where the potential of our process and a time parameter

appear as our renormalized term.
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For a planar symmetric stable process X; of index 0 < 8 < 2, the density is equal to

1

P®) = e

/exp (ig - z) exp (—t|g|”) d’¢; ¢,z € R?,

where d?q is the Lebesgue measure in R?. The potential for X, is then

U(m)i/ooopt(x) dt:&% (1.16)
with
oD (55D
c(B) = (2°7) T (1.17)

Applying the similar analytical techniques introduced by Le Gall in the study of (1.10),

Rosen [25] concluded the subsequent results.

Theorem 1.3.5 ([25]). Let X; be a two-dimensional symmetric stable process order 4/3 <
b < 2 and set 5(} = X; — Xs. Then there exists a local time a(x,-) for the process )?t which
is weakly continuous in x # 0. Furthermore, the renormalized intersection local time

c(6)

]2

a(z,T) = a(z,[0,T)) — 2T (1.18)

has a version which is continuous for all x € R?.

1.3.3 Renormalized Triple Intersection Local Times.

Having defined a measure for the set (1.3), it is only natural to expand the concept of a

local time supported by the set

{(ti,t2,t3) € RS | Xy, = Xy, = Xy, ), (1.19)
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which measures the amount of time spent by a process intersecting itself three times at
a point z € R%. To identify the processes we can consider for such a measure, Table 1.1
reveals BM® must be excluded, since the path of this process will intersect itself at any
point z € R? at most two times. However, the existence k-multiple points, with k& > 3,
for BM' and BM? and for one and two dimensional symmetric stable processes of order
2/3 < f <2and 4/3 < 5 < 2, respectively, indicates (1.19) is not empty with probability

1 for these processes. This directs us to the following functional.

Let X; be a one dimensional symmetric stable process of order 2/3 < 3 < 2 or a two
dimensional symmetric stable process of order 4/3 < 8 < 2. For any z,y € R? the triple

intersection local time is formally given by
alr,y, B) = /// 6, (X5 — X,) 0, (Xy — X,) drds dt; B C B(R2), (1.20)
B

with

Ri ={(r,s,t) | 0 <r st}

Notice that we have included BM! and BM? in the above definition by allowing 8 = 2.
Observe that a(z,y, B) is parametrized by the two variables « and y, compared to just the
single variable x of the intersection local time. The interpretation accompanying «/(0, 0, B)
is the time spent by the process at triple points. For small values of x,y, (1.20) measures

the time spent at “near intersections”.

Setting f. as an approximate delta function, we can let

ae(x,y,B)i//fe(Xs—Xr—x)fe(Xt—Xs—y) dr ds dt
B



Chapter 1. Introduction 17

and define (1.20) as the almost sure limit

a(x,y, B) = 11—13(% a(z,y, B).

In the course of our investigation of (1.20), we will encounter characteristics parallel to
intersection local times. Namely, the weak continuity of a(x, B) with respect to x will
extend to the two spatial variables of a(x,y, B). Therefore, we aspire to ascertain renor-
malizations which produce versions continuous for all z,y € R? and an appropriate time
parameter 7" € R,. To work towards this goal, we start by establishing the existence
of a local time and examine the local behavior of a(z,y, B). We move forward and then

introduce renormalizations for BM? and planar symmetric stable processes.

As with the case of intersection local times, the local analysis of a(x,y, B) begins with the
study of the time variables (r, s,t) off the diagonal, i.e. r # s and s # ¢ , which inclines us

to define the following sets,

Ri:{(r,s,t)|0§r§s§t}

Ri(G):{(T,S,t)|OST§3§t,|S_T|Z€,|t—S|Z€,€>0}

With the process defined by

)((T7 S,t) — (Xs - X’I’7Xt - XS)’

an extension of Theorem 1.3.2 (i) and (ii) is captured in the following.

Theorem 1.3.6 ([27]). Let X; be a planar symmetric stable process of order 4/3 < < 2.

Then

i) X(r,s,t) has a occupation density o(z,y, B) for any bounded B C Z(RY).
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ii) If B is a bounded Borel set in Ri(e), then for all x,y € R?, there exists a version of

a(z,y, B) which is a measure supported on

{(r,s,t) € R?é | X — X, =2, X, — X, =y}

and weakly continuous in x,y.

Although the set (1.19) is not empty for planar symmetric stable processes of order 1 < 3,
the above reveals the existence of a local time for X (r,s,t) only if the process X; is of order
4/3 < f3. For values off the diagonal, the support of a(z,y, ) exists for all z,y € R*. The
aim of the next result, akin to Theorem 1.3.3 (i), is to dissect our local time for arbitrary

bounded Borel sets of Rz;

Theorem 1.3.7 ([27]). Let X; be a planar symmetric stable process of order 8/5 < 3 < 2
and consider any bounded B C %’(Ri) With probability one, for any xz,y € R?/{0},

az,y, B) is a measure, weakly continuous in x,y and supported on the set

{(r,s,t) € R?é | Xs— X, =2, X, — Xy =y}

As we enlarge the analysis of our random measure from elements (r, s, t) off the diagonal
to arbitrary bounded sets in R?é in the pursuit of existence and continuity results for z
and y, the class of processes shrinks from order 4/3 <  to 8/5 < . The weak continu-
ity of a(x,y, B) motivates the discussion of a renormalized triple intersection local time.
The specific renormalizations we consider not only involve the potentials of BM? and pla-
nar symmetric stable processes, as defined in (1.12) and (1.16), respectively, but also the

renormalized intersection local times!

The work of Rosen-Yor which yielded the renormalization for a(x, B) in terms of u(z) and a

time index in Theorem 1.3.4 was in fact a consequence of their study of stochastic integrals
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and triple intersection local times. To introduce a time index, set
Pp={(rst) [0<r<s<t<T} oz,ylr)=alyT),

so that we can consider a(x,y,T) as a stochastic process. For the Brownian case, the

subsequent renormalization was shown to be continuous in z,y, and 7.

Theorem 1.3.8 ([29]). Let W, be a planar Brownian motion with u(x) as in (1.12). Con-
sider the renormalized intersection local time a(x,T') of equation (1.13). Then the following

process

has a jointly continuous extension to all x,y,T.

The capacity to isolate the singularities of &(z,T") via (1.15) through the continuity of

(1.14) can be replicated to 4(z,y,T), so that the process given by

Y@y, T) =alz,y,T) ~ %log (| ’) log( ; >

|y

1 (1og %) a(y,T) — 1 (log » |) a(z,T), z,y#0 (1.22)

™

has a jointly continuous extension to all z,y,T. The above expression carries the similar
interpretation of isolating the singularities of 4(z,y,T). A striking feature of both (1.21)

and (1.22) is the symmetry of the renormalizations in the z and y variables.

Moving forward, we turn our attention to planar symmetric stable processes and examine

a renormalization formulated by Rosen [27] similar to (1.21).

Theorem 1.3.9 ([27]). Let X; be a planar symmetric stable process of order 8/5 < < 2

with potential density U(x) and set &(z,T) as the renormalized intersection local time of
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equation (1.18) . The following process given below

has a jointly continuous extension to all x,y,T.

1.4 Summary

Having defined and studied local times supported by the set (1.3) and (1.19), the existence
of recurrent points for two dimensional stable process of order 1 < § < 2, naturally, leads

to the notion of an n-fold intersection local time supported on the set
{(tl, 7tn) c Ri | th —_— = th}

This random measure has in fact been studied in by Geman, Horowitz, and Rosen in
[11],[24] and more recently by Bass-Khoshnevisan [1]. Our primary focus will be on triple
intersection local times for one-dimensional processes, which we discuss in detail in the

next chapter.

We have concentrated our discussion on the existence and continuity properties of renor-
malized intersection local times. From a probabilistic perspective, one may inquire about

the convergence in distribution of these processes. This has, in fact, been addressed in

26],[34].

Finally, the initial study of intersection local times was motivated by the fields of quantum
field theory and chemistry. In the four decades since the introduction of these random
measures, their applications have advanced in these fields of origin and expanded to other

disciplines. We refer the reader to [3] for further investigation of the utilization of renor-
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malized intersection local times in probability theory and in the physical sciences.



Chapter 2

Derivatives of Intersection Local

Times

In the previous chapter, we presented a brief survey of intersection local times. A keen
observer will have noticed that our discussion has been restricted to, BM?, BM?, and
planar symmetric stable processes and all mention of intersection local times for the one-
dimensional case has been excluded up to this point. As we will discuss below, intersection
local times for R' valued processes were not considered particularly interesting Markovian
functionals since they could be reformulated in terms of the local time L. However, in
recent years, these random measures have been revisited and it has been discovered that

these processes indeed bear profound characteristics.

In the first section of this chapter, we motivate the interest of local times in R' and extend
the results concerning existence, continuity, and renormalization from the case of two and
three dimensional intersection local times to the one dimensional case. After addressing
these issues, we delve deeper into the analytic properties of this random measure and prove

that the distributional derivatives of this process exists. Finally, we will ascertain various

22



Chapter 2. Derivatives of Intersection Local Times 23

characteristics of this “differentiable” process.

The objective of the second section is to present the principal results of this thesis and

introduce the stochastic functionals which will be examined in great detail in later chapters.

2.1 Derivatives of Intersection Local Times

Motivated by the work of Rogers-Walsh [22] on the intrinsic Brownian local time sheet,

Rosen [28] was compelled to examine the quantity formally given by

t s
vy = —/ / §'(Xs — X,) ds dt, (2.1)
0 Jo

with X; a one-dimensional symmetric stable process, and ¢’ the derivative of the Dirac delta

function concentrated at zero. Noting the comparison of 7, with the intersection local time

t S
a(y) = / / (X — X, —y) dr ds,
o Jo

naturally leads to the notion of the distributional derivative of intersection local times with
respect to the spatial variable z. As Rosen writes the process ay(y) has not been studied

much in one-dimension since it can be expressed in terms of the local time L} of the process

Xiau(y) = [ fg L¥Y d L% dx and oy (0) = 1 [(LY)? dy.

2
Hence, even before advancing the concept of differentiability, we must first constitute the
existence, continuity, and renormalization of self intersection local times in one-dimension.
To work towards this goal, we define our nascent delta function in terms of an inverse

Fourier transform

1

Jey) =5 /R exp(iyq) f (eq) dg. (2.2)
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and set

an(y) = / / A= X, —y) dr ds, () = aney) — E fone(y)]

Within this framework, Rosen derived the preliminary results.

Theorem 2.1.1 ([28]). Let X; be a one-dimensional symmetric stable process of order

3/2< [ <2. Then foranyy € R andt € R, :
i) the following two limits exist,
a(y) =limarc(y),  n(y) = limy(y), (23)
with convergence of ay(y) holding a.s. and in all LP(dP), p > 0, spaces ;

i) v(y) is continuous in y;

iii) for any continuous function g(y),

/Ot /Osg(Xs - X,)drds= /Rg(y)at(y) dy. (2.4)

Since ay(y) satisfies the Occupation Times Formula in (iii) we can conclude it is itself a
local time for the process X; — Xj.

With the existence of one-dimensional intersection local times settled by the above results,
we can now undertake the core question at hand. We can formally differentiate f(y) of

equation (2.2) with respect to y and write

A~

d% fely) = flly) = % / exp(iyq)iqf(eq) dq.
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Furthermore, let

—m (2= B)cos ((1 = B)m/2) for 1< <2

() =
0 for =2
and
c(B)sgn(z)|z|P~2  for z #0
hs(x) =
0 for =0
Fixing

ap (y) = /0 /0 Ji(Xs =X, —y) drds, v (y) = o (y) —E[og.(y)]

we can duplicate the results of the previous theorem for the above “differentiated” stochastic

functionals.

Theorem 2.1.2 ([28]). Let X; be a one-dimensional symmetric stable process of order

3/2 < 8 <2 and consider any two points (t,y) € R, X R.

i) The following two limits exist,

ary) =lmaj (y),  7i(y) =limay (y), (2:5)

where a;(y) converges a.s. and in all LP(dP), p > 0, spaces ;

i) for any C* function g,
t s
| [oee-xaras= [ gwaitw) an (2.6
o Jo R

i) of(y) — hp(y)t is continuous in y.
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d

d—y%(y) =7 (v), (2.7)

with v{(y) continuous in y;

v) a(0) = 7(0).

Connecting Theorems 2.1.1 and 2.1.2 leads us to answer questions inspired by (2.1). At
first glance, it would appear «;(y) satisfies the Occupation Times Formula in (ii). However,
this is not the case since f/(X; — X, — y) is not an approximate delta function and we
can conclude o4(y) is not a local time. However, (2.4) and (2.6) do allow us to identify
a;(y) as the distributional derivative of ay(y). In (iii), we identify a renormalization of
a;(y) which renders continuity in y. However, since hg(y) is not continuous at y = 0,
this renormalization prevents us from identifying «}(0). The continuity of v;(t) opens the
possibility of differentiating the renormalized intersection local time and (2.7) characterizes

the derivative exactly.

Our goal in the next section is to extend the idea of differentiability to the triple intersection

local times of one-dimensional symmetric stable processes.
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2.2 The Differentiability of Triple Intersection Local

Times

With X, a symmetric stable process in R!, the stochastic functionals which motivate our

work are the “near intersection” local times for X;, formally defined as

CY([E, y7T) = / 5(Xs - Xr - x)é(Xt - Xs - y) dr ds dt
Br

7(17’ y7T) = {5(XS - XT - x)}O{(s(Xt - Xs - y)}o dr ds dt»

Br

where

Br ={(r,s,t) | 0<r<s<t<T}.

and {Y}o = Y —E[Y], for any random variable Y. When x = y = 0, the above processes are
then coined the triple intersection local time and renormalized triple intersection local time,
respectively. The principal results concern the existence and continuity of the derivatives

in the space variables, (z,y), for the renormalized process

Yelz,y, T) = — {0"(Xs — X, — 1) }o{d(Xy — X5 —y)}o dr ds dt,

Br
Yz, y, T)=— [ {0(Xs—X, —2)}o{d'(X: — Xs —y)}o dr ds dt.
Br
The structure which facilitates the study is as follow. The inverse Fourier transform of the

probability density function of X; is

1

p(o) = 5= | explig) exp(—tlal") da 25)
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which we can differentiate with respect to y and write

0 1

P = o) = 5= [ dnexliay) exp(—tll?) da (2.9

When 8 = 2, X; reduces to Brownian motion. With the two expressions above, set

ale,z,y,T) = /B Pe(Xs — Xy — 2)pe( Xy — X — y) dr ds dt, (2.10)
T
v(e,z,y,T) = ; {pe(Xs — X — 2) }o{p (X — Xs —y)}o dr ds dt, (2.11)
T
e T) = Sl T) = [ B0 X 0)lolp(X— X, =)o dr ds at
(2.12)
(e z,y,T) = (%’y(e,x, y, T) = BT{pE(XS — X, — 1) }o{pl(X; — Xs —y)}o dr ds dt.
(2.13)

With the above definitions, the main result settles the issue of differentiability.

Theorem 2.2.1. Let X; be a one dimensional symmetric stable process of order 3/2 <

B <2 and select arbitrary (z,y,T) € Rx R X R,.

1. The following limits exist

lim e (2,y,T) = ~(,y,T) (2.14)
e—

limy, (e, 2,4, T) = 7a(z,y,T) (2.15)
e—

11_13(1]’)/y<€,$,y,T) = 'Vy(x7yuT> (216)

with convergence holding a.s. and in all L (dP) spaces.
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2. With probability 1, v(x,y,T) is differentiable in (x,y) with

0 0
% (,y,T) = vp(z,y, T) and a—yv(x,y,T)—vy(w,y,T)- (2.17)

The differentiated processes, v.(x,y,T), and v,(x,y,T), are jointly continuous in

(z,y,T).

3. Considered as a mapping, v(z,y,T) : Rx Rx R, — R, v(-) is a C**° and C%1°

function, almost surely

4. The following limit exist
lir% ac(z,y, T) = a(z,y,T), (2.18)
e—

with convergence holding a.s. and in all LP(dP) spaces. Furthermore, there exists
a version of the process, o(x,y,T), which is a local time for (X; — X, Xy — X,).
Specifically, for any bounded Borel function h(x,y) : R> — R, there exists a function

a(z,y,T) such that

/ hz,y)a(z,y,T) de dy = / h(Xs — X, Xy — X;) dr ds dt.
R2

Br

Our methods show that in fact the differentiated processes, v,(z,y,T), and v,(x,y,T), are

jointly Holder continuous in (z,y,T).

The Brownian motion part of this Theorem has been established in [30] using very different

techniques.

With B is an arbitrary bounded Borel set in RS = {(r,s,t) | 0 < r,s,t}, we expand the
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integrand of (e, z, y, B) and write

”V(@JJ,y,B) = ¢(€Jx7y7 B) - K(Eaxaya B)

where

¢(e,x,y, B) = ///pe(Xs — X, — ) {p(X; — X, —y)}o dr ds dt

B

e, 8) = [[ B =X = ) {0~ X, = )b ar ds

B

A similar expansion for v, (e, z,y, B) leads to

7y(67xay7 B) = qby(eax?y? B) - Hy(67x7y7 B)

with

byle,z,y,B) = ///pe(Xs — X, — o) {p.(X; — Xs—y)}o dr ds dt

B

e, 8) = [[[ECx =X = 0] 06— X, =)o dr ds at

B

and

72(67'1‘73/7 B) = Jw(‘E’x?y’B) - ’%(571’71/73)-

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

In the expression above, J, (¢, x,y, B) and k. (€, z,y, B) are defined analogous with (2.23)

and (2.24).

To prove Theorem 2.2.1, we apply Kolmogorov’s Continuity Criterion. Specifically, estab-

lishing the continuity of each process in the space parameters assures us of a limit which is

continuous in (z,y). However, the analyses of v(€, z, y, B) and v, (¢, ,y, B) is simplified if
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we focus on the stochastic functionals ¢(e, x,y, B) and ¢, (€, z,y, B), reasoning techniques
applied to these quantities can be can then be extended to the second summands appearing
in (2.19) and (2.22). We focus solely on the y derivative, since methods developed for this
case extend naturally to J,(e,z,y, B). This last fact can be deduced from the symmetry
of the integrands of (2.12) and (2.13). Along the way, it will become apparent that proofs
involving the existence and continuity of «a(e, z,y, B) are naturally acquired in the study

of the aforementioned functions and we outline the ideas at the appropriate locations.

Establishing the Holder continuity for the previously cited functionals will consume a large

portion of our analysis. To accomplish this objective, consider the following dyadic decom-

position
C[2k—2 2k—1 2k —1 2k7°
My = [Bm2 2] 2o B! 220
oo 2n—1 -
D)= | Ak, n,2) (2.27)
n=1 k=1
so that
A(1,1,2) = [0,1/2] x [1/2,1]2. (2.28)
Trivially, A(1,1,2) C D(2). Furthermore, let
2k —2 2k—11° [2k—1 2k
A 1) = = 2.2
e
oo 2n1 -
D)= J U Alk,n.1) (2.30)

n=1 k=1

where

A(1,1,1) = [0,1/2]% x [1/2,1], (2.31)
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2k —2 2k —1 2k —1 2k
i n {2n’2n} {zw’%w
1 1 [0,1/2] [1/2.1]
1 2 0,1/4] [1/4,2/4]
2 2 [2/4,3/4] [3/4,1]
1 3 0,1/8] [1/8,2/8]
2 3 2/8.3/8] 3/8,4/8]
3 3 1/85/8 [5/8,6/8]
1 3 6/8,7/8 [7/81]
1 1 [0,1/16] 1/16,2/16
2 4 [2/16,3/16] 3/16,4/16
3 4 4/16,5/16 5/16,6/16
1 1 6/16,7/16 7/16,8/16
5 1 [8/16,9/16] [9/16,10/16]
6 1 [10/16,11/16] [11/16,12/16]
7 4 [12/16,13/16] [13/16,14/16]
8 4 [14/16,15/16] [15/16,1]

Table 2.1: Dyadic decomposition for n = 1,2, 3, 4.

with A(1,1,1) ¢ D(1). Set

By ={(r,s,t) |0<r<s<t<1}.

From our definitions above, D(1) N D(2) = @ and B; C D(1) U D(2). Table 2.1 above

assists in illustrating these sets.

Our motivation to define the above sets is as follows. We start by considering an arbitrary
B C D(1) U D(2). However, the symmetry of D(1) and D(2) indicates we can restrict
our attention to B C D(2). In Lemmas 2.2.2 and 2.2.3 below we derive both probabilistic
and analytical characteristics of ¢(e, z,y, B) and ¢,(e, z,y, B) with B C A(1,1,2). Via a
scaling argument, we prove through Lemma 2.2.4 that our Markovian functionals are, in

fact, Holder continuous in L™ for arbitrary B C D(2).

Lemma 2.2.2. Consider the random variables ¢(e,x,y, B) and ¢,(e,x,y, B), with z,y €

R, B C [0,3] x [5,1]2 and € > 0. For all positive integers m, there exists constants
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c1,C2, € R such that

E [(gzﬁ(e,x, Y, B))m] < (2.32)

E [(¢,(e,7,y,B))"] < ca. (2.33)

The procedure to obtain the probabilistic results of (2.32) and (2.33) will be leveraged in

our proof below concerning local analytic properties.

Lemma 2.2.3. Let z,2,y,y' € R, e € [0,1), B C [0,3] x [5,1]2. For any positive integer

m there ezists & > 0 and ¢,,,(§) such that

lo(e, 2,9, B) = (€2’ B)ll,, < cn(€) (e, 2,9) = (¢, 2", 9| (2.34)

and, additionally,
y(e.2,y, B) = &y (€2, ¢/, B)l,,, < () ll(e,,9) = (€52, (2.35)
In other words, both functionals are Hélder continuous in L™.

Upon establishing (2.34) and (2.35), the hypothesis of Kolmogorov’s Continuity Criterion

is satisfied. Therefore, we are certain that the convergence of

lim¢(e, z,y, B) = ¢(z,y, B) and lim ¢, (¢, z,y, B) = ¢y(x,y, B)
€—> €—

holds locally uniformly in (z,y), with the limit functions continuous in (z,y). We address

the set variable B in Lemma 2.2.5 below.

As we remarked above, a scaling argument will be utilized to attain the following.
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Lemma 2.2.4. For any arbitrary bounded region B of D(2), both ¢(€,x,y, B) and ¢, (€, z,y, B)

are locally Holder continuous in L™.

Having addressed the spatial variables x and y, we shift focus to the set variable.

Lemma 2.2.5. For any B C D(2), there exists €,€ > 0 and constants cm (&), cm (&) inde-

pendent of B such that

E [(¢(e,2,y,B))"] < cml(€)|B|" (2.36)

E[(dy(e.2.9.B)"] < enl®)|BI" (2:37)

At the end of section 3.4 we will show how to use the above results to prove continuity in

T.
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The Case of Brownian Motion

In this chapter, we establish the proofs of our main results of section 2.2 for one-dimensional
Brownian motion, which we denote throughout this chapter as W;. To set the framework

for this case, recall the inverse Fourier transforms of equations (2.8) and (2.9),

pe(z) = %/Rexp(iqw)exp(—efﬂ) dg

1

pi(y) = By / igexp(iqy) exp(—eq®/2) dg.
T JR

3.1 Principal estimate of the finite moments

Lemma 2.2.2 involves the m'™ moment of our random variables. We initiate our study with

the y derivative and aim to establish a bound on the expected value

E [(¢y(e.x,y,B))"] (3.1)

35
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1

uniform in x,y, B C [0, ] x [3,1]2 and € > 0. Recalling the value of ¢, (e, 2, y, B) in (2.23),

(e 2.y, B ///pEW W, — 2){p. (W — W, — y)}o dr ds dt,

we can write (3.1) as

E [(¢y(67'r7y7 B) - 2m /// eXp ( Zp] 7’],53 ) H {eXp (ZqJW(S]7t]))}0
R2™ x B™ =t
(e,2,y,p.q H qj dp; dg; dry ds; dt;,  (3.2)
with
F(e,r,y,p,q) = exp (m Zm) exp (iyZQj> IT /e feq) (3.3)
j=1 j=1 j=1
and

f(e,a;) = exp(—ed; /2).
We simplified notation in (3.2) by setting W (a;, b;) = (Wy, — Wa,).

Observe, the primary multiple integral of interest can be broken down into the following

sum
[ Tam /// exp ( Zp,rj (. > H {exp iqe, W s,r],t,r]))}()]
71-1 2 3 R2m><B7n7r
Fle,z,y,p,9) || ¢ dp; dgj dr; ds; dtj], (3.4)
j=1
with

Bre = {10,1/2,1/2] < (g, bg) < -+ < (rmy ez bag) < [1/2,1,1]}
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and where 7!, 72, and 73 each represent permutations of the set {1,...,m}. Therefore,

without loss of generality, we can analyze (3.2) in which the time variables are sorted for
a fixed order. Understanding the impact of this reconciliation and examining all orderings
of the time parameters forms the crux of our first proof. To obtain this insight, we begin
by ordering the (r, s,t) terms in an expression which will be utilized in Sections 3.1.1 and

3.1.2,

exp( ij (15,5, >exp< qu (55,1 >] : (3.5)

We end this preliminary discussion by introducing terminology which will be used through-

out the analysis of the intersection local times.

The independent increments of Brownian motion allows us to write the above as

(3.6)

exp( Zpy (1/2,s; +ZZQJ (55,15 >

exp( Zp] 7“],1/2)

To evaluate (3.6) we reorder the r, s, and t time variables in increasing order. Analyzing

first r terms, we are led to
ijW(rj, 1/2) = ZﬁkW(fk, Trt1), (3.7)

j=1 k=1

where {7y, ..., Frmq1} are the 7;’s relabeled so that 7 < --- < 7,41 = 1/2. Expanding both

sides of (3.7) and equating the W, and W, terms yields

> op (3.8)

{girj<rp}

Rearranging the terms in the above equation implies that every p; can be written as a
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linear combination of the p’s, specifically, in more detail, as

pj:ﬁl, fOl"T’j:Fh and pj:pk_pk—la fOI‘Tj:fk, k>1.

Applying a similar argument and reordering the s and ¢ terms produces,

m

S pW(1/2,8) + > q;W(ss,t;) ZukW e, At (3.9)
j=1

j=1 k=1

where {1/2 = dy, ..., doy, 41} are the points {1/2, s1, ..., Sy, t1, ..., t;n } in increasing order. As

a result, (3.9) implies that uy = Y77 | p; and more generally
up = Z P+ Z Qe (3.10)
{j:8;>d} {l:se<dp<te}

q —pe ifdp=s¢
U — Up—1 — (311)

—qy if dk = tg.

Equation (3.10), combined with the fact that ug,,+1 = 0, reveals the set {u;} spans {p;} U
{ae}-

Inserting equations (3.7) and (3.9) into expression (3.6) gives us

(sl )

exp (l Zm up W (dy, dk+1>> ]

E

— exp (- > pﬂ@) exp <— > uz(dk)) : (3.12)

where, for the last equality, we used the definition of the characteristic function of Brownian
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motion and substituted the following,

Tk = Tk+1 — Tk (3.13)

dy = dpyy — dy. (3.14)

We now introduce some terminology associated to the reordered s and t terms.

Definition 3.1.1. If the interval [se, tg] = [dk, dgy1], for some k, we will refer to both [s,, t]
and [dy., dy41] as isolated intervals. Intervals which are not isolated will be referred to as
non-isolated intervals. In more detail, [sy,ts] is non-isolated if sy = dy, and t; = dyym for
some m > 1. Furthermore, we will identify qu,, as the isolated variable (non-isolated

variable) associated with the isolated interval (non-isolated interval) (s, to] = [dk, di11].

Figure 3.1 below provides examples of these definitions.

di—1 dy, di41 dyy2 dy3 dta
non-isolated 1solated non-isolated non-isolated non-isolated
interval interval interval interval interval
Uk—1 U, Uk+1 Uk+2 Uk+3
Qe
Sm Sy fg tm Sn tp

Figure 3.1: Examples of isolated and non-isolated intervals .

We will need to introduce some set notation to identify and index the non-isolated /isolated
intervals with respect to both the time variables {(s1,%1), ..., (Sm,tm)} and the ordered set

{db ceey d2m+1}' Let

I; ={j | [sj,t;] is isolated}, I ={j | [s;,1;] is non-isolated}, (3.15)

I ={k | [dg,dgs1] is isolated}, 1¢={k | [dk,dk+1] is non-isolated}. (3.16)



40 3.1. Principal estimate of the finite moments

Observe the cardinality of the sets [I| + [I°| = 2m and [[;]| + |I§| = m. The cardinality of
|I| 4+ [1¢| # 2m + 1, since d; = 1/2 in (3.9). Hence, the interval [dy, ds] is neither a non-
isolated interval nor an isolated interval. We will let [5* and [3* denote a disjoint union of

I¢.

J

Additionally, define the sets

S ={k | dy = s, for some ¢} (3.17)

T = {k | dy, = t, for some ¢} (3.18)

and note |S UT| = 2m. Introduce the subsequent set notation
{upta =A{ux | k € A}. (3.19)
We will say that the elements of the set {uy}s are from an s-interval and elements from

the set {uy}r are from a t-interval. Figure 3.2 below illustrates this terminology.

dj, dis1

‘ s-interval ‘ t-interval ‘

‘ Uk ‘ Uk+1 ‘
Sy tj

Figure 3.2: Illustration of an s and ¢ interval .

Combining the above nomenclature permits us to identify non-isolated and isolated intervals

originating from s and t-intervals.

In some arguments, we will need to select certain elements from the sets {1,...,m} and

{1,...,2m}, for some fixed m. To facilitate this, the index sets defined below will appear
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throughout the work

M ={1,2,...,m} (3.20)
My ={1,....2m} (3.21)

Having studied (3.5) and introduced the notions of isolated and non-isolated intervals, let
us return our attention to (3.2). To bound this quantity, we must consider two cases and the
first involves scenarios in which the reordering of the s and ¢ variables in (3.9) returns only
non-isolated intervals. On the other hand, the reordering of these terms could potentially
yield both isolated and non-isolated intervals and this is the second case which we must
analyze. As we will see below in the following sections, the two cases result in separate and

interesting analyses.

In the course of our proofs, the letter ¢ will represent a constant which can vary from line

to line.

3.1.1 Analysis of ¢,(¢, z,y, B) for the non-isolated intervals

The proof over the non-isolated intervals begins with expanding the product in the expected

value of (3.4). This produces an expression of the form

exp ( prj (. ) exp ( Zqﬁ] (87;:tx;) )] (3.22)
+ Z (E exp (z Zm:pij(rwj, S, ) exp Z G, W (57, tx;)
j=1

1) [ [ E [exp (ign, W (5x,. tx,))] > : (3.23)

e
J
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where I5' and I3* form a disjoint union of the set {1,...,m} and |[*| = my. We first
establish techniques which bound the expression, (3.22), and briefly outline how to apply

these methods to the remaining summands arising in (3.23).

Inserting (3.12) into (3.2), we begin with the integral

oy [ o (- o0 e (- 3ot

R2™x Bm
- F(e,x,y,p,q) H q; dp; dg; dr; ds; dt;. (3.24)
j=1
Observing the trivial inequalities,
o <" (3.25)
C .
(27T>2m -
and
|F(e,z,y,p,q)] <1 (3.26)

we can bound the integrand in (3.24) by
/// exp ( Zpk Tk ) exp ( Zuk (dy) ) H lg;| dp; dg; dr; ds; dt;.  (3.27)
R2™xB™

To integrate the time variables, r;, s;, and ¢;, notice that a consequence of (3.13) and (3.14)
is that {7} generates the set {r;} and {d}} generates {s;} U {t;}. Applying these facts,

along with the property that for any v € R and a € R,

1 —exp (—|u|*) c

/0 exp (—zx|ul®)dz = (3.28)
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reveals (3.27) is bounded above by

m 2m m
C//H (1 ‘Hﬁ)_l H (1+ Uz)_l H lg;| dp; dg;. (3.29)
k=1 k=1 j=1

R2m

To prove this multiple integral is finite, we focus on []; |g;|. and recall that equation (3.11)
allows us to write each ¢; in terms of u; and u;_;, depending on the value of d;. Let us

reexpress each ¢; appearing in (3.29) via the following relationship,
Up—1 — up = qp for dj, = ty, (3.30)

so that the product involving the |g;| terms can be bounded above by

H 51 = [T un—v = unl < TT Cluwal + o)) (3.31)

keT keT

We now investigate the polynomial which results from the expansion of the right hand
side of the inequality above. In the course of our analysis, we will discover a dependency
between the degree of the |uy| terms of this polynomial and the s-intervals and ¢-intervals
from which they originate. The relationship between these two notions will be critical in
establishing our desired bound. To facilitate our analysis and as we will see in the proof of
Proposition 3.1.2 below, the polynomial which emerges from the expansion of (3.31) will

assume the general form

= o)
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In order to investigate the orders of the above polynomial, define the following sets

ST={keS|k+1€T andw,=1} (3.32)
TH={keT|k-1€5} (3.33)
S'={keS|k¢S} (3.34)
T ={keT|k¢ T} (3.35)

Note, S~ U S and 7T U T’ form a disjoint union of the sets S and T, defined in (3.17)
and (3.18), respectively. In other words, these sets account for all of the non-isolated s
and t-intervals and [S~U S UT*T UT'| = 2m. Figure 3.3 below provides an example and

the motivations for the introduction of these sets becomes clearer in Proposition 3.1.2 below.

dp—1 d, dy41 42
‘ S -interval ‘ S~ -interval ‘ Tt -interval ‘ T -interval ‘
Uk—1 U Uk+1 U2
non-isolated non-isolated non-isolated non-isolated
Sn, S; ty tin

Figure 3.3: Examples of S, S~, 7" and T" intervals .
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Proposition 3.1.2. Ezpansion of the product

LT Coana] + ey (3.36)

keT

generates a polynomial of the form

Pillunl) = [T (il + fual) = D | Tt TT bl T tenl s T Tl |, (3.37)

keT s’ S— T+ T
where
( !
0, ifkesS
1, ifke S~
deg |ug| = wi, = (3.38)

0 orl, ifkeTt

0,1, or2, ifkeT.

Proof. We begin the proof by focussing on the orders of the wu; terms as they relate to
the sets S and T, defined in (3.17) and (3.18), respectively. Since we are focussing on the
non-isolated intervals, it is important to notice equation (3.30) implies that deg |uy| < 2,
when k € T. This fact stems from cases in which £ € T and k£ + 1 € T. Specifically, if

dr =ty and dj41 = t;, for some ¢ and j, we then have

Qe = Up—1 — Ug (3.39)

¢ = Uk — k41 (3.40)

Hence, uj appears as a summand for both ¢, and ¢; and the polynomial resulting from the

expansion of (3.36) will be of maximum order two. The ensuing function can be written as

Pillurl) =) (H fur[ T !uk!“”“> : (3.41)

S T
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with wy, taking values in {0, 1, 2}.

Consider, now, the values of wy, for k € S. Begin by noticing elements from {u}s appear
in (3.41) only if K — 1 € S and k € T. Specifically, for these cases, when d; = ¢, (3.30)
implies

Qe = Up—1 — Up. (3.42)

The wug_; appearing above is from an s-interval and can not appear as a summand for
another value of ¢. Therefore, upon expanding (3.36), we can conclude the values of {wy}s

are at most equal to 1.

We have superficially identified the degree of the |uy| variables of (3.41) and look to delve
deeper into the matter. To do so, consider any product which appears as a summand in

this polynomial

LT o TT b (3.43)

s T
The definitions of the sets S~ and ', combined with our discussion above regarding the
values of {wy } s, imply the elements of {wy}s- and {wy}¢ are equal to 1 and 0, respectively.

The product appearing in (3.43) can be reexpressed as
| B e B e B (3.44)
S T S— T+ i

To investigate the values of {wy,}r+, consider (3.30) when dy = t, for k € T". The uy_; and
ug appearing in the summand for g, are from a s-interval and t-interval, respectively. Upon
expanding (3.36), u,_1 and u can not appear in the same term of the polynomial. However,
from our earlier discussion, we know that u; can appear at most once as a summand for a
g. In other words, for those values of k such that k € TT and k +1 € T'. From this, we

can deduce that wy, is equal to 0 or 1 for k € T+.
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Take into account the values of {wy},». If k € T" and k+ 1 € T', then (3.30) reveals uy
appears in the summand for two values of ¢ and hence we can conclude {wy},» is at most

equal to 2. With the assistance of (3.44), (3.41) can be rewritten in more detail

Pulfuel) = > | Tl TT feawl s TT feels TT e

s S— T+ T
and we close the proof. O
Our next step is to apply the above proposition to multiple integral (3.29). Before pro-
ceeding with that step, we establish key properties regarding the u variables linked to the

sets S’, S, and T" in Proposition 3.2.3 below. Before delving into the proof, it is helpful

to recall that equation (3.8) permits us to express each py in terms of p; via

Pk = Z Dy-

{7:rj<Fp}

and any uy, can be written in terms of p; and ¢, by relation (3.10),

U = Z pj+ Z qe,

{j:8;>dp} {l:se<dp<te}

Proposition 3.1.3. Let {q;} represent a set of non-isolated variables associated with the
set I of (3.15). Let [{px}| = m and |If| = n where m,n > 0 and n < m. With the sets

S, T+, and S~ defined in (3.32)-(3.34) , respectively, we have the following;

i.) the set {pr} U{ur}tg U{up}s- forms a basis for {p;} U{q;}; and

ii.) the set {pr} U {ur}g U{ug}tr+ forms a basis for {p;} U{q;}.

Proof. i.) Begin by noting S" and S~ form a disjoint union of S. The cardinality of the
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sets

{m} = Hp;} =m and Hulsl| = {g;} =n

reveals,

Hoe} Udurts| = {p;} U{g} = m +n.

Rearranging the terms in (3.8) and solving for each p; entails {p;} generates {p;}.

Let {k1, k2, ..., k,} be the elements of the set S, such that k; < ky < -+ < k,. Via (3.10),
appearing in the summand of wy, are those g;, where j is such that s; < d, < t;. Pro-
ceeding sequentially through the ordered set {uy,, ug,, ..., ug, } and noting the values of g;
which appear as summands for each u; we see each g; appears as a summand for a u; term
one at a time. This implies each ¢; can be written as a sum involving terms from {p;} and
{ur}s. Hence, upon rearranging terms and solving for ¢;, we can conclude {py} U {ux}s

generates {p;} U{g;}. Since |{py} U {us}s| is finite, the set forms our required basis.

ii.) We have addressed the sets {p} and {p;} in the proof of i.). By the definition of S~

it follows that |S™| = |T| = n, with 7 < n. In turn, this implies

H{pr} U{urtsy U{urtr+| = Hpj} U {g;}| = m+n.

To establish our result, we mimic the technique used in the proof of i.) above. Let
{k1, ko, ..., kn} be the elements of the set S'UT, in their natural order. Proceed sequentially
through the ordered set {ug, , ug,, ..., ug, } and reexpress each uy, in terms of p; and ¢; through
(3.10). Not every ¢; will appear as a summand in ug, k € S" and we explain how these

variables appear as a summand in u, k € T.

From the definition of the set T, the interval preceding a T -interval is a S~ -interval.
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Consider any element uy € {ug}tr+ with dy_1 = sy, dp, = ty, k—1€ S7, k € TT and
[$y,tw] a non-isolated interval. As a consequence of the non-isolated intervals, appearing
as summand for u; will be a g; term associated with the preceding S~ -interval such that

J = v. These are the precise g;’s which do not appear as a summand in u, k € s

Upon reexpressing each term in the set {wuy,, ug,, ..., ux, }, we discover each ¢ appears at
least once as a summand for a {u;}. As a result, each ¢; can be expressed as a sum involving
terms from {py} and {ug}g U{ugtr+. Hence {pp} U {us}y U{ug}r+ generates {p;} U{q;}.

The fact that [{py} U {ur}y U {ug}r+| is finite, yields our desired result. O

Returning to the primary expression, inserting P (|ux|) into (3.29) produces the sum

_ 1 |u| |  luel 17
//H (1+p2) 11;[1+u Hlj_ku Hlujukﬂluju Hdpjdqg . (3.45)

R2m -

Since |ug|*(1 4+ u?)™! < ¢, for all k € T', any multiple integral appearing as a summand

in (3.172) can be bounded above by

//H (147 1H1+1u Hl‘:ﬂ H el H dp; dg;. (3.46)
p

R2m -

The emergence of this expression motivates the introduction of Proposition 3.1.4. As we will
see, proofs in future sections will be heavily dependent on this critical result. Additionally,
we not that, in our current analysis, |I Jc| = m. However, when we begin to study the case
for the isolated intervals, the cardinality of I will assume values less then m. This is the

motivation for the introduction of the parameter n in the statement below.

Proposition 3.1.4. Let each of the two sets

{Pe} U{un}tsy U{un}s- and {pp} U{ur}g U {ug}r+
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form a basis for {p;} U{q;}, where the later set is associated with the non-isolated intervals
I5. Denote the cardinality of the sets, {pr}| = m, |I{| = n, where m,n > 0, and n <
m. Recall the index set M defined in (3.20). Consider any parameters a,b > 0 and

W, Tk, Yk, 2k > 0. The m + n multidimensional integral

|pk| k |uk|l“k |uk|yk |uk|2k mn
a a a dp; dg,
//H (L+ [peP)" H(1+|ukyb) e W L 4o 11

R™xR™ k=1 ]:1 I;
18 finite if each of the following inequalities are satisfied,
wy < ab—1, forall k € M, zp <ab—1, foralkes
2y < 2ab—1, forallk e S™, 22, < 2ab—1, forallk € TT.
Proof. Simplify notation by setting
T B |u|” |ug ] |u|”
A= = = Ct = .
kl_[l (1 + [pe[*)* H (1 + Jux?)” 15_[ (1 + Jul?)” H(1+|Uk|)
An application of Cauchy-Schwarz inequality reveals
//ABB ct H dp; H dg;
RMXn J
A 1/2 A 1/2 m
://(AB) B (AB) e [T dps IT das
rRMX"N J=1 I;
1/2 1/2
/ AB (B[ dp; dg; //AB (c*) H H
RMXn j= R X7 j=1

(3.47)
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Proposition 3.2.3 indicates

m

I v =] dpe. [ dos= [] dwe. [ des= J] dus
j=1 j=1 1§

s',8- 13 s+

Upon changing measures, (3.47) is equal to
1/2 1/2

/ AB B)T] dpe [] dux| - //A B (c+)2ﬁ dp, ] dw
k=1 s 5 k=1 S’ T+

Rmxn

_ ﬁAAdpk H/st”duk I;IA(B)Q duy

Rm><n

1/2

1/2

: kr:[l/RA dpi 1;[/RB’ duy, 1;[/1{((#)2 dug| . (3.48)

Now, consider any one dimensional integral taking the general form

|z[° .
— "l ds, witha,8>0, §>0,
/R (1+[=?)

and write

|z[° /1 |z[° /°° |z[°
= et [ L dp
/R (1+ |2[?) o (1+[2%) 1 (1 [2]?)

=c+ ————F dr <c+ dr =c+ —— dx < ¢,
/1 (1+ [z]?) o |z]oe o zfPee

where the last integral in the last line over the domain of integration [1,00) is finite for
1 < Ba — 6 or equivalently 0 < fa — 1. Applying this rule to each expression emerging in

(3.48), closes the argument.
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Examination of the powers of the |py| and |ug| variables emerging in the numerators of
each of the rational functions in (3.46) reveals that the conditions of Proposition 3.1.4 are

satisfied to conclude this aforementioned quantity is finite.

We illustrate how to derive an upper bound for the remaining integrals materializing as

summands in (3.23),

27r S ///E exp( Zp] r],s] >exp qu sj,

R2™x B™
TTE [exp (iq;W (s5,t;))] Fe,z,y.p,q) H q; dp; dg; dr; ds; dt;. (3.49)

j=1

Start by replicating the notions which equates (3.5) to (3.6),

E |exp (Z'ijW(Tj,SJ ) exp qu (85,15
j=1

E [exp ij (1/2,s;) +quﬂ (s5,t; ;

exp< Zp] (rj,1/2) )

and reorder the r terms to arrive at (3.8). Arrange the entire set of time variables,
{1/2, 81, ., Sm, t1, .-, tm }, In increasing order and, as before, denote this new set by {1/2 =

dyi,...,dom+1}. By setting

ij (1/2, ;) +Zq] (sj,t; ZukW die, dj41), (3.50)

k=1
J
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and equating the Brownian terms we can conclude
m
776125 pj, U = E pj+ E qQ, Umi1 =0,
7j=1 {j:Sj>dk} {eeljlstgdk<t4}

o q —p¢ ifdp =sgand £ € I}
Up — Ug—1 =
—qy if dk =1y and ¢ € [;1.

The above indicate {1t} spans {p;} U{q.}, for those g, with ¢ € I3*.

Gathering these facts and applying (3.25) and (3.26), the primary integral of concern is

o / / / exp (— iﬁzm)) exp (— iai@)

R™xB™

cexp [ =Y @ty —s;) | 1] las| dp; dg; dr; ds; ;. (3.51)
132

Jj=1

To advance our argument, we examine in more detail the product
2m
exp (— Zﬂi(d,&) exp | — Z q?(tj -s;) |- (3.52)
I3?
J

Observe, any interval (s;,t;), with j € [;2, is a non-isolated interval which means s; = dj,

and t; = djyp, for n > 2. To identify the dj, variables which lie between s; and ¢, set
K;={k|s; <dp<t}. (3.53)

For each 57 € I ;2, the difference, t; — s;, can be expressed by means of the d;. variables

through

tj—Sj = Z (dk+1—dk) = Z Cik

k‘eﬁj k‘eﬁj
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Since there is at least one s-interval or t-interval between s; and t;, the sum on the right
hand side is comprised of at least two dj terms. Incorporating the above and recalling the

index set defined in (3.21), the exponential functions in (3.52) can be written as

2m
=exp | — ui(dk)) exp | — Z qJQ( Z k)
k=1 12 N keR,
2m ~ ~
= exp _Zuz(dk)) exp | = < > ¢ )(dk)
k=1 k jEI;Q
=exp | — Z a2 (dy) | exp | — Z ( Z q]2~ + uz) (di) | - (3.54)
Mz/K; ko (ikeRs)

Consider > 1. If we equate (3.9) with (3.50) , then two important facts follow. For any

ke MQ/lEj, up(dy,) = g (dy) and |ug|? = |ug|?, for any 5 € R. Second, with k € Ej,

Z g+, and w(dy) = ( Z q; + uk) k)
{ilkek;} {ilkek;}
With my = [I5*| and 3 > 0, this implies

B
W=\ > gt Sc{|m2+1|ﬁ1 2 |quﬁ+\uk\ﬂ}
{ilkek;} {ilkek;}

The last upper bound holds since Holder’s inequality implies

n

1
2 2%

< %leﬂ < ( Z|%|B)
J=1

J=1



Chapter 3. The Case of Brownian Motion 55

which leads to

Collecting these facts, (3.54) can be bounded above by

exp [ = Y @(dy) | exp —Z( > qj+uk> t)

Mz /K, ko N {lkeks}
2m
<esp (= 3 st ) o - X0 o) = e (- Yoot
Ma/K; kek; k=1

Hence, upon applying the above upper bound to (3.51) we are returned to the previous

analysis.

3.1.2 Analysis of ¢,(¢,z,y, B) for the isolated intervals

Having completed the case for the non-isolated intervals, we discuss now a procedure to
bound (3.2) over both isolated and non-isolated intervals. To motivate our plan, let qe,,y e
an isolated variable associated with the isolated interval [dy, dk.1]. The isolated intervals
possess the special property that qe,,, appears as a summand of u; if and only if i = k.

More specifically, from equations (3.11), we note that if d = s, and dy1 = ty, then

U = uk+1—|—qg(k> (355)

Uk—1 == uk+1 + pf(m

Figure 3.4 below illustrates this unique property and inspires the terminology of an isolated

interval.

Notice the expected value appearing in (3.4) can be partitioned over isolated and non-
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dy—1 dy, dyy1 dy+2
‘ U1 + P ‘ Upt1 + Qe ‘ Uk — Qeg, ‘
Uk—1 Ug Uk+1
non-isolated isolated non-isolated

Sy ?fg

Figure 3.4: Isolated intervals and sums involving g, -

isolated intervals so that

m

€xp ( prj Tﬁjv S7Tj>> H {eXp (iqij(SWj’tﬁj))}O

J=1

=E Jexp (l ZpﬁjW(ij, Sﬂj)> H {exp (iqﬂjW@W’ tﬂj>) }0 H {exp (iqﬂjW(sm, tﬂj)) }0

If we were to expand the above over brackets involving the non-isolated intervals I and

leave brackets involving /; intact, we would obtain a sum of the form

E |exp (inﬂjW(mj,sﬂ )exp< qu (8t >H{exp iqm, W (87, tm,))
j=1
(3.56)

+z<

exp( S Wi . )p( 0ot )

T {exp (ign, W (55, tx,)

I

HE exp (iqx,W (S, tx,))] ), (3.57)

where I5* and I7* form a disjoint union of I§. We first derive a bound for integrals consisting

of the first summand above and explain how to address (3.57) at the end of this section.

To simplify (3.56), insert the product of isolated intervals,

H {exp (ig;W (s;, tj))}o = H (exp (ig;W (s5,t;)) — E [exp (ig;W (s, t;))] )7

I; I;
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into (3.5) and apply the subsequent analysis of that expression to arrive at

exp <— iﬁi(ﬁe)) exp <— Z%@e)) H (GXP (—ui(c?k))—exp <_ (uiﬂ + qik)) (CZ’“)> )’
=1 Ic kel (3,58)

where we applied the identity u, = ug+1+ge,,. Embedding the above into (3.2), we discover

% /// exp (— gpi(m) exp (— ;ui(dk))

H (exp <—u,2§(02k)> — exp (— <U%+1 + qﬁ%(k)) <dk)> )

kel

' F(€>$ay>p7 Q) H qj dp] dg] drj de dt] (359)

Jj=1

Use (3.25) and (3.26) times the absolute value of (3.58) to bound the above integrand,

o / / / exp (— ipﬁ@)) exp (— > ui@a)

11 (exp (-ui(@) — exp (— (Uerl + q?(m) (Czk)> ) l

kel

IT losl dp; dg; dr; ds; dt;. (3.60)
j=1

The strategy to prove (3.60) is finite is as follows. We first focus on the isolated intervals
and the isolated variables. This leads us to focus on the absolute value appearing in the

above integrand,

//‘ exp <—uz(a7/k)> — exp (— (uiJrl + qg(k)> (CZk)> ‘ \Qg<k)\ d(a?k) dgey,,- (3.61)

RxB

Notice we are first integrating the dy. terms and, then, the isolated variables gy, . In more
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detail, these dj, terms, defined in (3.14) as (dj+y — d), are isolated intervals associated to
the isolated variables gy, . After integrating these terms, we, naturally, shift focus to the

non-isolated variables.

To begin, substitute (3.55) for the wy terms appearing in (3.61),

‘eXp <—Ui(ﬁik)> — €xXp <— (Uiﬂ + qg(,w) @e))‘
exp ( - (Ukﬂ + QZ(k)>2 (Czk)) — €Xp (— (Uiﬂ + qf(k)) (Czk)> ' -

Simplify notation by setting uj11 = v and gy, = ¢. By partitioning the real line into the
two disjoint sets where |q| < 4]u| and |g| > 4|u| and recollecting B C [0,1/2] x [1/2,1]?, we

can write (3.61) as
// ‘exp <—(u + q>2(c§k)> — exp (— (u® + &) (CL:))‘ lq| d(dy,) dgq

RxB

lq| <4|ul

/ /Ol‘exp(—(u+q)2(jk)>—exp<—(u2+q2)(dk))’ gl d(d) dg.  (3.63)

lq|=4]ul

eso (~(u-+ 0@ —exp (~ (2 +¢2) @) ol Ay dg (362

Starting with (3.62), we first integrate the dj, terms, which directs us to

/

exp ( (u + q)* ) — exp (— (U2 + CI2) (@))’ d(dk)

<e / exp (—(u+0)2(d)) +exp (— (o + %) (d) d(dy)

(3.64)

1
[1+ (u+q)? 1+(u2+q2)}
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This implies

[l

lgl<4|ul

exp (~(u+ 0)*(de)) — exp (= (u* +¢*) (d)] lal d(de) dg

C
= Trutq? 1+@re) 1

lg|<4ul

1 1
< cu + d
- / I+ (u+q)? 14+ (u?2+4q?) 1
lg|<4]ul

< cu. (3.65)

To procure a bound for (3.63), we must consider the two cases when either
(Wt =W +q*) or (u+q)< (U +q) (3.66)

We first work with the integral involving the measure d(cik) and enlarge the domain of
integration to obtain

/

exp (= (uta)’ (d) = exp (= (2 +¢*) (d)) | d(d)

< / e (< @t 0 @) — e (— (24 02) (d0)| dd). (367

Considering the first of the two cases appearing in (3.66), (3.67) is expressed as

/OOO exp (= (4 + %) (d)) — exp (= (u+q)° (dx) d(dy) ! L 36)

IR (u+q)°
and the second case reveals

/OOO P <_ (u * C_I)2 (dk)> - P <_ (u2 + q2) (Jk)> d(CZk) N (U ‘i q>2 B u? ‘1f‘ q2.

(3.69)
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Utilizing the previous two computations and recalling the power series expansions for

[ <1,

o0

1

o7 S (DFk+1)aF =1—22+32% — 42t + - (3.70)
k=0
1 oo
i D Co Ul Bk aE SR (3.71)
k=0

we obtain the following bounds for (3.63)

/ /01 ‘GXP <—(U + Q)Q(cik)) — exp (— (v* +¢°) (Jk)>‘ lq| d(dy,) dgq

lg|>4]|ul
- 1 1 / ’ 1 1 Iq]
< v e roa? G| o
lg|>4|ul lg|>4]ul
2 2\ 2 2\ 4
1
1 CORO SR NOR T
q q q q lq]
\QI>4IU\
<ec '( )‘ﬂdq_ ||||2dq<c (3.72)
q
lg|>4|ul lg|>4|ul

In summary, to establish a bound on (3.60), we first addressed the isolated intervals dj,
and their associated isolated variables gy, . This directed us to resolve multiple integrals of
the form (3.61). By partitioning the real line into two disjoint sets, we scrutinized the two
integrals (3.62) and (3.63) over the two cases appearing in (3.66). Combining our results
(3.65) and (3.72) and resubstituting v = uy; indicates (3.61) can be bounded by ¢+ w41,

k € I. With this, (3.60) is less than

[ o (S0 o (S

R™xR"xB™

IT e+ luneall T lasl dg; T drs ds; dt; dp; dg;,

kel 15 j=1
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where ¢; are the remaining non-isolated variables, I is defined by (3.15), and the n ap-

pearing in the domain of integration is the cardinality of I7.

We are now in position to shift our attention to the non-isolated intervals. Addressing the

first of the two cases in the brackets above leads us to

] oo (- S ) (- Suicio)

R™xR"xB™
H H lg;| dg; H dr; ds; dt; dp; dg;,

kel I”

and this returns us to the study of (3.27). Turning to the second and the more critical

summand in the aforementioned brackets, we look to derive a bound for

[ oo (- S ) (o)

R™xR"xB™

I lwesal T lasl day [T dry ds; de; dp; dj, (3.73)

kel I; j=1

Integrating the 7, terms and the remaining dj, terms by applying (3.28) unveils (3.73) is
bounded by

H + Pi) 11_[(“”‘%) H |k 1] H |g;] dg; H dp;. (3.74)

R™xR™ k=1 Ic kel

By substituting (3.30) for each |g;| term, the quantity of interest appears in the second line
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below

H gt H ‘Qj| :H [y H |up—1 — upl

kel I kel keT
<TT fuerd TT (el + ) - (3.75)
kel keT

With regard to the product of ux,1 terms, the definition of set I, provided in (3.16), reveals
these terms originate from t-intervals and Figure 3.4 assists in our identification. Formally,
define this set as

T ={keT|k—-1€l} (3.76)

so that (3.75) is synonymous with

T fuel TT Gl + )

keTI+1 keT

We now aim to study the interconnection between the polynomial resulting from the ex-

pansion of (3.77) and the remaining non-isolated s-intervals and ¢-intervals.

Proposition 3.1.5. The expansion of the products

Pellunl) = [Tl JT Clwaf + ful) (3.77)

keTI+1 keT

generates a polynomial of the form

Polfunl) =D | LTl TT tel= T Tt TT el Tl | (3.78)

s’ S— T+ Ti+1 T
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with orders given by

0, ifke S
1, ifke S~
deg lug] =wr =9 0 or 1, ifkeTt (3.79)

1 or2, if k € TT!

0,1, or2, ifkeT".

Proof. To begin our analysis, focus first on the set 7/*! and consider the following two
scenarios. For the first case, let sy, t,] be an isolated interval followed by a non-isolated
t-interval. Specifically, dy, = sy, dxy1 = ty, and dio = t,,, for some m. Recall, we have

already integrated the isolated variable gy, affiliated with the interval [sy, t,], which implies

this ¢ does not appear in the product [[,. |g;|. However, since djyo = t,,, (3.30) shows
J
(m = U1 —Ugro. The term w1 appears twice in (3.77) and elements from the set {uy }pr+1

assume a maximum degree of two in the expansion of those products.

For the second event, let [sy,t,] be an isolated interval followed by a s-interval which is
either isolated or non-isolated; dy = sy, d+1 = ty, and dg o = s, for some n with k42 € [
or k+ 2 € I°. In either case, since uyo is allied to a s-interval, ¢, cannot be recomposed
via (3.30), which entails ugy; does not appear as summand for g,. Combining these two
cases, we can conclude

deg |ug| € {1,2}, ke T

Having completed the case of the T7*! intervals, we shift focus to the product appearing on
the right side of (3.77) and return to the previous section. The study of (3.36) leads to (3.37)
and (3.38) and we can incorporate those results to simplify the current analysis. However,

a slight modification is required to account for the T/*!-intervals, since these quantities did
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not appear in the prior case. The set 7", declared in (3.35), must be replaced with

T ={keT|k¢THuTt} (3.80)

If k,k+1 € T, then (3.39) and (3.40) permit us to conclude the maximum degree elements

from this set can assume is two and more generally,

1

deg Jug| € {0,1,2}, keT .

Figure 3.5 below highlights the sets under consideration.

dj—4 di—3 di—2 dip—1 dp A1 dit2 dit3 14
! /! 11 2
s | s Tt | T | e o ||
Uk—4 Uk—3 Uk —2 Uk—1 Uy, Uk4+1 Uk+2 Uk+3
non-is0. | NON-1S0. | NON-iso. non-1so. 150. non-is0. | NON-1S0. | NON-iso.
Sm Sn tz 2fj Sy tf tm tn to

Figure 3.5: Introduction of T/*! and T" -intervals .

All non-isolated intervals emerging in (3.74) have been accounted for and a deeper inspec-
tion reveals the sets S—, 7+, S", T™*' and T" form a disjoint union of 7¢. Consolidating

this information, we can expand (3.77) to formulate polynomial (3.78).

Inserting Po(|ug|) into (3.74) produces the sum

[ // H (t+p 1;[1+u’f H|“k|w’“H|u;c|wk

RmxR" k=1

TT el T el kH|uk|wk H dg; H dp; |. (3.81)
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To prove any multi-variable integral within the brackets above is finite, note, for any k €

THYOT ) Jug|s (14 u2)™" < ¢, so that any summand in (3.153) can be bounded by

m

a+2)" T @+ud) T T el T lewl T bl TT das TT ds-
=1 s’ 5= T+ I§ j=1

k Ie/{TI+1uT"}

R™xR"™
(3.82)

Proposition 3.1.6 below undertakes spanning issues associated with the introduction of
the 77+! and T"-intervals. Upon completing the proof of this statement, we can apply

Proposition 3.1.4 to conclude the multiple integrals originating from (3.56) are finite.

Proposition 3.1.6. Consider the non-isolated variables {q;} associated with multiple in-

tegral (3.82) and let the non-isolated intervals S', S=, T+, T+, T" form a disjoint union of

I¢. Both {pp} U{ur}y U{urts— and {pp} U {ur}y U{ug}tr+ form a basis for {p;} U{q;}.

Proof. Although we have removed the non-isolated 77! and T"-intervals from I¢, this does
not hinder us from duplicating the techniques of Proposition 3.2.3. Hence, we provide a

sketch of the proof.

Beginning with the cardinality of the sets, the equivalence in cardinality |S™| = |T"| implies

[T uT" UTT} = |[I¢/{T"" UT" U S~}| = n and, therefore,

{Pe} U{ur}y Ufunts-| = {pr} U{urty U{ug}re| =m +n.

Reordering the elements from S'US™ in their natural order and formulating each element of
the ordered set {uy, , U, ..., ug, } in terms of p; and ¢; leads to the first desired conclusion.
We can close our argument by replicating the proof of part ii.) of Proposition 3.2.3 with

respect to the remaining set in question. ]
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Consider the second summand emerging in (3.57),

e )] ®

R2™ x B™

exp ( ij (rj,5; ) exp Zq] (s5,t5) H {exp (iqu(sj,tj))}O

I;
m

HE [exp (iqu(sj,tj))} (€,2,9,p,q H  dp; dg; dr; ds; dt;.

(3.83)

and recall I7* and [5* form a disjoint union of I{. The first step in the study of the above
is to replicate the derivation of (3.58) and (3.60) . Apply the independent increments of

Brownian motion to write

E |exp injW(rj,sj )exp Z W (sj,t;
j=1

cl ul;

E [exp ij (1/2,s5) +1 Z ;W (sj,t;

Icl ul;

=E exp( Zp] 7*],1/2>

and reorder the r terms as in (3.7) to conclude (3.8). Address the time variables s and ¢ in

the exact fashion as in (3.9)

m 2m

S ooW(/2,5) + Y qW(sjty) =D axW (d, ). (3.84)

J=1 o k=1
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After equating the Brownian terms, we come to

m
fh:ij’ Uy, = Z pj+ Z qQ, Uy =0,
j=1

{j:sj>dk} {ZGI;I UIj:Sngk<t[}

) ) Qe — D, ifdk:SgandXGI?UIj
Up — Ug—1 =
—qy, if d, =t andéEI]?lUIj.
The above indicate {ay} spans {p;} U {qe};e1,;,- Replicating the above study with regard
J

to the product

H {eXp (iQﬁjW(Sﬂ'j ) tﬂj)) }O

I;

implies (3.83) can be bounded above and rewritten as

e ( z<>) (z<d>) ( St - >)

H (exp (—ﬁi(dl@)> — &Xp (‘ <ﬂ%+1 + q?(k)> (Jk)) )

kel ‘

H |q]| dpj dq] d’f‘j de dtj (385)

j=1

The above integral reduces to the one emerging in (3.60). Equating (3.9) with (3.84) yields

IT (o0 (<o) oo (= (st ) 00 ) ‘
[T (e (i) w0 (- (i +47,) 00) ) ‘

kel
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and modifying the analysis of (3.52) yields

exp (- Zﬁz@c)) exp | =) ql(t;—s;) | <exp (- Zﬁ@&) :

This completes the proof of

E [(gby(e,m,y,B))m] S C,

over both class of intervals.

3.1.3 Finite moments of ¢(¢,z,y, B) and a(e, z,y, B)

With the status of the m'™ moments with respect to the derivative of the spatial variable

y clarified, we turn our focus now and look to duplicate our results for (2.32),

E [(¢(67x>y7 B))m} sc

This directs us to ¢(€,x,y, B) of equation (2.20), with expected value expressed as

B [(otec o 2)"] = o [ 2

R27n x Bm

exp (iZPjW(Tj:Sj)> H {exp (ig;W (s, 1)) },

- F(e,x,y,p,q) H dp, dg; dr; ds; dt;. (3.86)

j=1
In distinguishing the above equation with the that of (3.2), we begin by noticing the two
expressions are very similar except (3.86) does not include a product of |g;| terms. Equation
(2.9) allows us to deduce that these variables are an after-effect of differentiating the inverse

Fourier transform of the probability density function of W;. The absence of these terms will
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simplify our inquiry of E [(¢(€, z,y, B))™] . In more detail, after expanding the expression

exp( Zp] (r;, 5 > I {exp (ig;W (s5,t5)) } ]

we are directed to an expression of the form

exp ( ij Tj,sj)> exp (2
+)° (IE
I1E

1M
&

W(Sjatj)>]

exp <z ijW(Tj, 55 ) exp Z ;W (s, t;
j=1

(g

with 7" and 7" forming a disjoint union of M. Hence, it suffices to address the first quantity

appearing in the sum above, since the techniques for this case can be, naturally, applied

to the remaining summands. Therefore, we begin with a study of an expression parallel to

(3.24),

e ] o £ on - E10)

R2™x B™

-Fl(e,z,y,p,q) H dp; dg; drj ds; dt;, . (3.87)

j=1
Applying (3.25), (3.26) and bounding the dr;, ds;, and d¢; integrals with (3.28) produces
R2m T

We simply recall the facts following (3.8) and (3.10) to justify the change of variables in
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(3.88) to arrive at the product of finite multiple integrals

m 2m
H/ (1+5)"" dp H/ (1+u)™" duy.
k=1YR k=1 R

The construction of the proof for

E [(o(e, z,y, B))m} <c

(3.89)

follows naturally from the techniques derived in the study of ¢ (¢, z,y, B), since the expected

value emerging in the integrand of E [(a(e, x,, B))m] is of the form

E

J=1

exp (injW(rj,sj)> exp (iquW(sj,tj)>] )

3.2 Holder continuity over A(1,1,2)

We turn to Lemma 2.2.3 and look to secure equation (2.35)
H¢y(€7 x,yY, B) - (by(E/, xla ylv B)Hm S Cm(g) ||(€7 x, y) - (6/7 xlv y/)Hm& :
By writing,

||¢y<€ﬂx7y7 B) - ¢y(€/7x/7y/7B)||m S ||¢y(€a$7ya B) - (ﬁy(E?I/,y,B)“m

+ H¢y(€axlava) - (by(eaxI?y,?B)Hm

+ |’¢y(€a xla y/7 B) - ¢y(€/7 .T,, yla B)Hm

(3.90)

(3.91)
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our goal is to establish a bound on each term above. The net effect of varying (x,y, €) will

impact the function F(e, x,y, p, q), defined in (3.3) as

m

F(e,z,y,p,q) = exp (m Zm) exp (iquj) H (e,p;) fle,q5),
j=1 j=1

with f(e,a;) = exp(—ea3). Altering this deterministic function will yield an alternate set
of multiple integrals which we must prove are finite. Furthermore, we must consider in our
analysis the two summands (3.22) and (3.23) over the non-isolated intervals and scenarios

(3.56) and (3.57) for the isolated cases.

We first study perturbations in the z,y, and e terms for ¢, (e, x,y, B) in Sections 3.2.1 and
3.2.2, and duplicate our result for ¢(¢, z,y, B) and a(e, z,y, B) in Section 3.2.3. To assist

in this analysis, we observe the following bounds. For any a,7,v',p,q € R and £ € [0, 1],

| exp(—iary) — exp(—iay)| < clal*ly — | (3.92)

| exp(—vlal) — exp(—y'|a))] < claf*ly — ' (3.93)

| exp(—iay) exp(—¢|pl) exp(—¢[g[)| <1 (3.94)
o —~[* < e (laf* + [7[) (3.95)

3.2.1 Local properties and the non-isolated intervals

Starting with the variation in x, (3.3) now becomes

m

F(e,x,2',y,p,q) H (eXp —ixp;)—exp (—iz'p; )eXp (—Zqu]> 11 fte.pp) fle.qy),

- - (3.96)
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so that we must prove the upper bound

E [(¢y(e, .y, B) — ¢y(e, 2", y, B))"] < cm(&)|x — /| (3.97)

over both the non-isolated and isolated intervals.

Beginning with (3.22), replace F'(¢,x,y,p,q) in (3.24) with (3.96). Integrating the time
variables and applying (3.25), (3.92), and (3.94), work over the non-isolated intervals begins

with the subsequent expression,

W//H 1) H(”ui)_lﬂ ;| [p;* dp; dg;. (3.98)
J=1

R2m -

The above integral is comparable to (3.29), except for the product of |p;|¢ terms. In the
course of our analysis, we will discover we can apply the techniques from the study of this
prior integral to our current problem, once we have investigated the impact of the [p;|*

terms on (3.98). We start our analysis here.

Proposition 3.2.1. The product [ |p;|* arising in (3.98) can be bounded above by
[T1psl¢ =TT 1p = piol® < T T 12wl + I I
j=1 R R

The polynomial resulting from the expansion of the upper bound takes the form

Pl = [T+ el = (H |pk|%€) | (3.99)
R

where

deg |pr| = & € {0,&, 26}
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Proof. Equation (3.8),

Dk = Z by,

{girj<ri}
allows us to compose each p; as the sum of the p; terms. Note the index of summation

appearing in that expression and set
R={k |7 =r;} or, equivalently, R={l,..,m}. (3.100)

Let {ki, ks, ..., kn} be the elements of the set R, such that k; < kg < -+ < ky,. As we
proceed through the ordered set {p,, Pk, , ---» Dk,, }» Writing each term as a sum of p;’s, we
notice the sums are increasing. Upon rearranging these terms and solving for each p;, two
key observations become apparent. We first remark that each p; term is represented as the

difference of at most two py’s,

p] - pk, _pk” y (3101)

with k', k" € R. The second important fact to note is that each pj, appears at most twice
as a summand for a p; and the following recursive relationship emerges. For any ¢, j, and

m, with 7y, = re and 7y, = r;, we discover

pf :ﬁkm - ﬁkmfl

Pj =Pkmir — Phm- (3.102)

Inequality (3.95) allows us to write (3.101) as

’pj‘f = [Py — Dy ’5 < |py ’5 + |pk”|57
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and more generally,

m
[Tles =] 15w — 5ilf < ] 15w+ B
j=1 R R

We define
Pl =TTt + e = 3 (H W) |
R

where

deg |px| = me€ € {0, &, 26}

The order of the polynomial follows from our second observation above regarding the fre-

quency of the elements py emerging in (3.101). O

Replacing the product of |p;|¢ variables with Ps(|px|), integral (3.98) can be bounded above

by a sum of multiple integrals,

2 //H\p IMH (1+p H(1+uk lﬁ |g;| dp; dg; | - (3.103)

Rem =1 j=1

We now turn to our proof of the bound of ¢, (¢, x,y, B) over the non-isolated intervals.
Consider any integral appearing as a summand in (3.103) and proceed with the exact
analysis of (3.29), starting with an application of Proposition 3.1.2. Continuing with this
line of reasoning, we arrive at integrals parallel to (3.46), with one slight modification

regarding rational functions linked to the measure dpy,

//H’p ‘MH 1 +152 H 1+u2 H 1|+u-kq|ﬂ H b H dp; dg;. (3.104)

R2'm

The above multiple integral is in the form required to apply Proposition 3.1.4. For any m,
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we can select £ sufficiently small such that
mé <1, forall ke M, (3.105)

indicating (3.104) can be bounded above by ¢(¢). With this, we have established (3.97)

over the non-isolated intervals.

To investigate the variation in y, we must validate over both classes of intervals
E[(éy(e.7.0.B) ~ a1/, B)"| < cal@ly — v/ (3.106)

With the obvious changes, we arrive at an expression parallel to (3.98)

m 2m m
cmly—y’lmgf/]_[(l +ﬁi)’1H(1+uz)‘1H lg; |g;1¢ dp; dg;. (3.107)
k=1 k=1 j=1

R2m

The above integral is similar to (3.29) and, recall, we began our analysis of this quantity
by studying the expansion of the product (3.36). In a similar fashion, we will ascertain our

desired bound by first focusing on [ |g;] |g;]°-

As before, rewrite each |g;| in terms of uy and u,_y via (3.30),

Up—1 — U = qy for dk = tg.

However, for the |¢;|* variables, substitute the first case appearing in (3.11),

Up — Up—1 + pe = qp, Tor dj, = sy. (3.108)

In the process of deriving a bound for the variation in z, it was demonstrated in equation
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(3.101) how each p, term can be expressed as the difference of two pj terms. Applying
(3.95) reveals,
£ -

|QJ |Uk — Uk-1 +p€|€ - |'UJ]€ — Uk—1 —f—ﬁk/ — pk”|£

< (Jurl® + w1 |* + Dy | + 1D ) | (3.109)

with k € S and k', k" € R. Sets S and R are defined in (3.17) and (3.100), respectively.

Gathering these fact yields the upper bound

I ol ol < T (unal + Juel) T Clunl® + funa |+ 151 + 15 1)
j=1 keT kesS

’ 1"

£k er

with 7" is defined in (3.18).

We would like to expand the products surfacing on the right hand side of the inequality
above and understand the impact that the terms, which appear in the resulting polynomial,
have on (3.107). The pj, terms will play a minor role in deriving our desired bound. However,
understanding the relationship between the degree of the |uy| terms and the s-intervals and
t-intervals from which they originate will be essential to obtaining our bound. We now
begin exploring the interplay between these notions and start with the {ug}r and {ux}s
terms. As we will see, the properties of these terms from our previous analysis extend
naturally to our current problem and, with the goal of applying former results, we will
need to define sets parallel to the ones appearing in (3.32)-(3.35). Specifically, as we will
see in the proposition below, multiplying out the right hand side of the inequality above

directs us to a polynomial of the form

‘u ‘WkJrakf ‘u ‘WkJFQkf) )
z(g (<
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With respect to the above, let

Se ={keS|keSk+1eT, and wy+ 6, > 1} (3.110)
T, ={keT|k-1e5;} (3.111)
Se={keS|k¢S} (3.112)
T,={keT|ke¢T;}. (3.113)

We will make extensive use of the sets defined above in our current and future analysis.

Proposition 3.2.2. The expansion of the products

Pa(|pel uel) = [T Qi + ) T (lnl® + lona | + 15 € + 150 F) - (3.114)
keT kesS

! 1

K k' er

generates a polynomial of the form

Pallwl, furl) = S [ T 5el™ T Fuwl TT w40 T a4 (3.115)
R s S
3 3

4o
T5 ’T€

where

(
=0,¢ or28, ifkes;

=lorl+¢, ifkesS;
deg |ug| = wi, + k& (3.116)

_ : +
=& orl, ifkeT;

<2, if k € T,.

\

Proof. For reference purposes, let us split the products appearing in (3.114) and label them



78 3.2. Holder continuity over A(1,1,2)

as

T rasea] + ) (3.117)

keT
IT TI Cusl® + funsfs + |5 |+ 15 ) - (3.118)
kESk’,k”eR

Let us begin by examining the ¢t-intervals and determine the frequency in which an element
from {ug }7 can appear in (3.114). We make the general observation that (3.36) and (3.117)
yield the same polynomial, which reveals elements from the set {uy}r appear at most twice
in both products. When k € T and k + 1 € T, the u; term appearing in both (3.39) and
(3.40) is proceeded by a t-interval and (3.108) implies this particular u does not surface
again in (3.118). However, this does not imply elements from the T-intervals can not arise
in the aforementioned product. When d; = s, and dj_; = t;, for some ¢ and j, (3.108)
suggests elements from {uy}r can appear at most once in (3.118). Ensuing the expansion

of (3.114), we can conclude terms from {uy}r will be of maximum order 2.

We shift our attention to the s-intervals. If £ € S and k—1 € S, then elements from {uy}s
can emerge twice in (3.118). In more detail, if dj, = s, and dy_, = s;, for some ¢ and j, we

have from (3.108),

Qe = Up — Up_1+ Py (3.119)

¢ = Uk—1— Up—2+Pj (3.120)

and u,_; has appeared as a summand for two values of ¢q. Furthermore, this u,_; term
cannot appear in (3.117). Hence, there exists terms from {uy}s which can have order 2¢ in
the expansion of (3.114). It is important to note this is not the maximum degree elements

from this set can assume.
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From our analysis of (3.41) and the discussion following that polynomial, we can conclude
elements from {uy}s appear in (3.117) when & € T and k — 1 € S. Note the uj_; term
appearing in (3.42). Reexpressing the |¢;|* terms through (3.108) implies this uy_; will
appear for another value of ¢ and, consequently, in the product (3.118). Upon expanding
(3.114), we can conclude elements from {uy}s, specifically those which appear in both

(3.117) and (3.118), attain a maximum order of 1 + &.

With our analysis of the S-intervals and T-intervals complete, we see the products appearing

in (3.114) generate a polynomial of the form

Pa([pels luel) = [T Quaeal + Juel) T (lewl® + s + B[ + 15 [¥)
keT kesS

/ "

k .,k €ER

=2 (H |pk|"ka|uk|%+9kf> , (3.121)
R ST

where 7y, wg, and 0 take values in {0,1,2}. Recall, the values of 7 follow from our
discussion of (3.101). Specifically, if 7 = 1, and 741 = 15, for some £, ¢, and j, then the
recursive relationship presented in (3.102) indicates (3.119) and (3.120) can be expressed

as

Q¢ = U — Up—1 + Pr = U — Ug—1 + Prr — Prr—1

qj = Ug—1 — Ug—2 + Pj = Ug—1 — Ug—2 + P41 — Dk~ (3.122)

Hence, py emerges twice in the above summands and 7, can assume orders less than or

equal to 2¢ in polynomial Py.

The analysis of the s-intervals above leads us to conclude the maximum order of elements

from {uy} . and {uy} 5, are 2¢ and 1+ &, respectively. With the assistance of these newly
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defined sets, Py(|pr|, |uk|) is equal to

Pallpel. furl) = S | TT 1201 T fael € TT =% TT g€
R s’ -
3 3

+ /
T& ,T§

To determine the order of the {uk}T; terms appearing above, let us return to the products
(3.114)-(3.118). Recognize, elements from {uk}sg take values 1 or 14§ only if ug, k € 5,
has appeared in (3.117) or in both (3.117) and (3.118), respectively. Consider two terms,
ug—1 and u, appearing in (3.115), with k — 1 € S¢ and k € Tg. Both terms appear as
summands for a ¢ via (3.30) and, therefore, in (3.117). Upon expanding (3.114), these
terms can not appear together in polynomial (3.115). However, ug,; will be from either
a t-interval or s-interval, which implies u; will appear once more in (3.117) or (3.118). In
either event, upon expanding (3.114), we can conclude when u;_; and uy, appear in (3.115),
the order of u; will be either £ or 1. Hence, members of {“k}Tg attain a maximum order

of 1.

From our discussion above regarding the ¢-intervals, elements from {uy},s are of maximum
3

degree 2 in (3.115) and we arrive at the order of the |uy| terms presented in (3.116). [

Before proceeding further, we pause and note that the properties of the s and t-intervals
defined in (3.32)-(3.34) are nearly identical to those emerging in the proof of the proposition
above, (3.110)-(3.112), with two a slight modifications. The definition of the Sé—intervals
has been changed to account for the higher orders that the u; variables, originating from
this interval, can assume in the expansion of (3.114). Additionally, we have also changed
notation due to the introduction of the £ terms in our new analysis. The imperative
observation to make is that the techniques derived to validate Proposition 3.2.3 can be

replicated to establish a parallel result.

Proposition 3.2.3. Let {q;} represent a set of non-isolated variables associated with the
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set I of (3.15). Denote the cardinality of the two sets by [{px}| = m and |I§| = n where
m,n >0 andn < m. With the sets S T+, and S; defined in (3.110)-(3.112) , respectively,

we can conclude that both
i} Uduntg Udundsy  and  {pry Uduntg U{urtry

form a basis for {p;} U{q;}
Proof. Replicate the proof for Proposition 3.2.3 n

Returning to our problem at hand, inserting Py (|pk|, |ux|) into (3.107) we arrive at

[//Huo |"ka (+2) " TI0+ )

R2m S,T

H || kgH |u \“’”9’“5 H |ug ]w”ekéH dp; dg; |- (3.123)

T Ty
We can select ¢ sufficiently small so that for all k € T,

|uk’wk+9k§

<e. (3.124)
1+ uf

This permits us to bound any multiple integral appearing as a summand in the above

expression by

(%3 wi+0r& wr+0r&
k€ || |ug| |uk:|
//|||p|kH1+pH1+uH T || ||dp]dqj (3.125)
R2m Sf_ T§+

leading us to a point to utilize Proposition 3.1.4. Remembering the order of the |p;| and
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uy, variables in (3.114), £ can be selected close to zero such that for any m,
mé <1, forallk € R, & <1, forallk €S, wy+ 0, <3/2, forallke Sy UT.

Hence, ¢(§) is an upper bound for (3.125) and we have secured (3.106) over the non-isolated

intervals.

Fortunately, to establish the inequality with respect to € over the non-isolated intervals,

E [(gby(E? xlv y/a B) - gby(ela lj? ylv B))m] < Cm(§)|€ - 6,|m£> (3126)

we will be able to leverage much of our analysis in establishing (3.97) and (3.106). The

variation in this last variable changes (3.3) to

F(e, €, z,y,p,q)

= exp (—il’ ij) exp <—iyzqg'> 11 ( ep;)f(e, ;) — f(E'apj)f(G/aqu

J=1

(3.127)

and (3.93) and (3.95) reveal

H (€. pj)f (e , 45) f(€/7p3 G Hexp pj+qj))_exp(_€/ (p?—i—q?))
<cMe—e Imgﬂ (Ip + ¢ ) < Me— 'ImEH (Izﬁlé + IQ§|5>
j=1

< Me—e|™ H (Ipsl* +g;1°) (3.128)

J=1

where é is chosen sufficiently small and £ = 25 . With these facts, the multiple integral of
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interest emerges as

2m m
lmg//H (L) TI () H | (Ips* +lg;*) dp; dg;. (3.129)

R2m -

Introduce a disjoint union of the set {1,...,m} by means of 7 and 7. Upon expanding

the crucial product in the integrand, an upper bound can be initiated,

m

H 1951 ‘p]| +’QJ Z H‘p]|£ H 1451 H’%‘g (3.130)

< Z (Ps 17k, [uxl)) (3.131)

where

Ps([Drls [url) = Ps(|pe)Pa(pl, [ux])

We can leverage our previous work to dissect the expansion of the two polynomials which
generate Ps(|px|, |uk|). To deduce the relationship between the order of the |uy| variables
and the non-isolated intervals, simply refer to Proposition 3.2.2. The contribution from the

|pk| terms can be established by multiplying

H ™ TT (el + fueal + 19 1€+ B [€) -
kES

!/ //

k k

and (3.99) and (3.118) indicate

deg ’ﬁk‘ = ﬁk’g € {07 57 257 357 46}
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Therefore, (3.131) is equivalent to

X122 <H|Pk|’7’“5 IT sl ] |Uk|wk+9k£> . (3.132)

/ — + /
S§ ’Sé T& ’TE

Insert the above into (3.129) and bound all rational functions from the 7'-intervals by a
constant. After employing Proposition 3.1.4 to the resulting expression, the study over the

non-isolated intervals is complete.

3.2.2 Resolution of the isolated intervals

To establish (3.97),(3.106), and (3.126) over the isolated intervals, it suffices to scrutinize
the variation in x,y, and € on the integral appearing in (3.59) and (3.83). As we witnessed
with the case of the non-isolated intervals, the variation of these terms with respect to the

function (3.3) will have a direct impact on our analysis.

We initiate our study with the x variable. Substitute (3.96) for F(e, z,y, p, q) appearing in

(3.59) and apply (3.25), (3.92), and (3.94) to attain the integral,

™ — o™ /// exp (—
=

R2™x B™

ﬁi(@) exp <— Z:Ui(dk)>
H <€Xp <—Ui(dk)) — €Xp <— <Uz+1 + Qz%(k)> @e)) ) ‘

kel

T lasl Ipsl* dp; dg; dr; ds; dt;. (3.133)

j=1

Proceeding as in our analysis of (3.60), we first integrate the isolated intervals, di, and then

the isolated variables, g, from the above expression. Notice, [T p;|¢ has no influence on
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these terms. The study of (3.61) allows us to bound the integral in (3.133) by

/ / / exp <— iﬁi@) exp (_ gui@))

R™xR"xB™

LT el TT lasl dg; TT Ipsl¢ dpy dry ds; dt;, (3.134)
kel 15 j=1
where g; are the remaining non-isolated variables, I is defined by (3.15), and the n ap-

pearing in the domain of integration is the cardinality of I¥.

In the above expression, we will address integrals involving the 7 terms and the remaining
non-isolated variables d, as we did in (3.73), leaving the product of |p;|¢ terms to analyze.
However, in our inquiry of the variation of x over the non-isolated intervals, we derived a
bound for this product, specifically, Ps(|px|) of (3.99). Combining these assertions, (3.134)

can be bounded by the sum

S| [ Were TLe+ i) T+ o) T fowal T 1ot doy T an
R k=1 Ig Jj=1

R™xR" = Ic kel

(3.135)

Consider any multiple integral emerging as a summand in the above expression and notice

the quantity

IT lweal T lasl

kel I
emerged previously in (3.74). The diagnosis of these products led to the introduction of
sets 7T+ and T" of (3.76) and (3.80), respectively, and eventually to polynomial defined
in (3.78). Since [ |px|™¢ is independent of the products above, we can insert Py(|uy|) into

any integral of (3.135), apply the bound |ug|“*(1 + u3)~! < ¢ for all k € T UT", and
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reduce our study to integrals of the form

// 1;[|15k|’”“5lfll(lﬂi)‘1 [ @+

R™xR" = Ie/{TI+1uT"}

m
LT sl TT feed TT 1 T das TT oy
s’ S— T+ If j=1

This, however, is the precise integral appearing in (3.104). Employ the methods from that

analysis to conclude (3.97) over the isolated intervals.

We now analyze the variation of y on ¢, (e, x,y, B) over the isolated intervals. Following

the strategy presented to produce (3.133), we come to the following integrals,

My — o™ /// exp (— gﬁi(&)) exp (— ;%@))

I <eXp (—ui(&)) — exp (— (uzﬂ + q?(k)) (Jk)> ) ‘

kel

m
1T 19! la;l¢ dp; dg; dr; ds; dt;. (3.136)
j=1

In the course of our examination of integrals similar to the above, for example (3.60), it

was customary at this point to proceed with first integrating the isolated intervals and then

the associated isolated variables. We will continue with this pattern however, we must now
consider the introduction of isolated variables taking the form |g;|*. We initiate our bound

of (3.136) by studying an integral similar to (3.61),

//‘ (exp <—ui(dk)> — exp <— (uzﬂ + q?(k>> (c@)) ‘ e |QE(k>|E d(dy) dgs,,,.

RxB

(3.137)

To start working with the above, apply the precise methodologies which produced the upper
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bounds appearing in (3.62) and (3.63),

// ‘QXP (—<u + q)2<c?k)) — exp (— (u® + ¢°) (dk))\ lq| 19¢ d(dy,) dg

< / /01 exp (—(u + q)Q(CZk)> — exp (— (v + ¢%) (Jk)ﬂ lq] 1gl€ d(dy) dg (3.138)
lg|<4]ul
+ / /01 exp <—(u + q)2(cik)) — exp (— (u® + ¢?) (Jk)ﬂ gl 1glé d(dy) dg.
lq|>4|ul

(3.139)

Evaluating first the isolated intervals dj, and duplicating (3.64) and (3.65) implies (3.138)

can be bounded by

/ / exp (~(u+@)*(d)) = exp (= (u? + %) (@) Jal lal d(dh) dg

la|<4]ul

< clu|***. (3.140)

Turning focus to (3.139), (3.67)-(3.72) shows

[l

lg|>4ul

exp (—(u+0)2(dy) —exp (= (u? +¢%) (dh)| lal lalf d(dy) dg

. / 1 1 L
< - q
a1 (1+u/q)®  (L+u?/¢?)| q'*
|ul
<o / g
jal>4fu| 17
S c|u|£, (3.141)

The two bounds, (3.140) and (3.141), entails (3.137) is bounded by

clup [+ clug|* < Jugaa | +e, kel
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since, |up41|¢ < 1 for small uy, ;. This inclines us to bound the integral appearing in (3.136
Jr

by

J[[ e (z )( > dk)

R™xR"xB™ k=1

IT e+ lursa™) TT lasl lasl® dgy T dpy dry ds; dt;,

kel I¢ k=1
where ¢; are the remaining non-isolated variables, I is defined by (3.15), and the n ap-
pearing in the domain of integration is the cardinality of I7.

Addressing the first summand in the brackets above returns us to the case of the variation

in y parameter over the non-isolated interval. Working with the second summand,

J] oo (- Sstion) e (- ot

R™xR"xB™

LT tuesdl ™ 1T lasl lasl® day T dpy dry ds; dty, (3.142)

kel I; k=1

an application of (3.28), with respect to 7 and the remaining non-isolated di variables,

indicates (3.142) is less than

// H (1+25i) H 1+uk H | k1] e H |QJ| |QJ|f dg; H dp;. (3.143)

kel

To prove that the above integral is finite, the first expression we diagnose is

TT lusal ™€ T ool las . (3.144)

kel I;

The product involving the |ug1| variables was identified in (3.74). We reintroduce the set
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T of (3.76). To account for the addition of the £ term in the exponent, let
T/ ={keT|k—1ecland deglus| =1+¢} (3.145)

and write

IT lweal™= T  |ul™

kel keTg“

The product [« |g;| |¢;|° initially arose in (3.107) and the subsequent discussion following
those multiple integrals leads us to Proposition 3.2.2. This implies (3.144) can be bounded

above by

IT teea ™ I lasl lasl®

kel I;

< II lal™ I Qunad + ) TT sl + funal® + 15 1+ 15 1) -

I+1
keT, keT /k%s

K k' eRr

Our aim is to evaluate the order of the |ug| variables emerging from the expansion of
the upper bound. To our advantage, we can leverage much of our work from previous

propositions.

Proposition 3.2.4. The polynomial generated by multiplying the products

Pollpel, luel) = T luel ™ I T Cuncal +hual) TT - Caal® + fuieaf* + By [ + 15y [€)

I+1
ket keT kes

k.,k eR

(3.146)
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is of the form

Pollol, luel) =D | TLpel™ [T sl T ]l [T la*% |, (3.147)
R S, S¢
3

I4+1 ot !
T T T

where

deg |pr| = m& € {0,£,28},  ifkeR

;

=0,&, or2¢, z'kaSé
=1lorl+¢, ifk €S¢
deg |ug| = wr + 0§ =€ or 1, ifkeTy (3.148)

=14+&142¢ or24¢, ifkeT!™

<2, ifkely;.

\

Proof. We start with the Tg *Lintervals and isolate the products

H Jug| H (Jug—1] + |ug]) - (3.149)

keT, keT
In the analysis of (3.77), we considered the two cases when the isolated interval [s,, /] is
followed by either a non-isolated t-interval or a s-interval which is either isolated or non-
isolated. Reapplying this argument, we can conclude deg {|uk]}T€1+1 € {1+£,2+¢} in the

expansion of (3.149).

Now, take into account the quantity

IT el T TT Ol + luns + 15 | + 15 [9) - (3.150)

keT! T keSE k" cRr

To understand the contribution from the Tg . intervals, we need to examine the lone case

when a non-isolated s-interval is preceded by a isolated interval [s,, to]; dp = s, dgr1 = to,
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and dy,2 = Sy, for some m. Substitution (3.108) shows ¢, = ugi1o — g1 + P and (3.109)
allows us to bound

[Gml* < Junsal® + Jupa [ + [Py [ + [ |

The |ug11|* on the right side of the inequality is from a Té’“—interval and since this term
can emerge twice in (3.150), we can conclude the maximum degree of the elements from
{|uk|}T£1+1 in this product are equal to 1 + 2. Combining this result with the conclusion

following (3.149), we have
deglug| € {1+&,1+26,24¢6}, keT!™,

with respect to the the polynomial resulting from (3.146).

The remaining non-isolated s-intervals and ¢-intervals to examine originate from

TT Guecsl + D TT TT (ol + sl + log 1) . (3.151)

keT keS| K'cR

This provides us with the opportunity to incorporate Proposition 3.2.2. Recollect sets
SE_,T;7 Sé of (3.110), (3.111), (3.112), respectively, and the summary of the degree of the
|ug| variables in Py(|pk|, |uk|). The Té—intervals of (3.113) must be readjusted to account
for the introduction of the product erTgI 1 Jug| ' of (3.146). Introduce the non-isolated
t-intervals

T, ={keT|ke¢T/TUT}} (3.152)

and observe the maximum order these terms can attain in the expansion of (3.151) is of

order 2. To prove this fact, we point the reader to the discussion subsequent to (3.118).
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With the order of the |u| variable settled, (3.146) can be expressed as

Po(|Pl, luk) = E | | || ™ | | |y, | Ok | | PARGES | | g |4 O
R s, Sy
13 13

I+1 ot !
T§ ’Té 7T§

Inserting Pg(|pkl, |ux|) into (3.143) yields
[ // H |pk\7”“£ H +pk -1 H 1 + uk H ’u |0k£ H ‘U ‘wk+9k£
R™xR" ST
H|u [0 T fun |°J’“+9’“£H|U [ortOns H dg; H dp; |- (3.183)

TI+1

Our objective is to reduce the above multiple integral to the form required to apply Propo-
sition 3.1.4 . To implement that result, we need to bound the rational functions connected
with the sets Tg +1 and Té/. The former of the non-isolated ¢-intervals are problematic since

there exists k € Tg“ with deg |ux| = 2 + £ so that

‘uk‘2+£

= 00. 3.154

To highlight these cases set

Tyfe = {keT{M | deglug] =2+ ¢} (3.155)

With the assistance of other s and t-intervals, we demonstrate how to resolve this dilemma.

Recall, deg |ux| = 2+¢, k € Tg“, in polynomial (3.147) is a consequence of (3.149) and the
exact scenarios which generate these cases are ones in which an isolated interval is followed

two non-isolated t-intervals. In more precise notation, [sy, ] is an isolated interval with



Chapter 3. The Case of Brownian Motion 93

dy, = sp, dpy1 = ty, and dy4o = t,,. Obviously k+1 € Tg“ and definition (3.152) reveals
k+2 € Tg. Notice, ug_1 is associated with a non-isolated interval preceding [s,, t,] and
originates from either a S;c -interval or any of the t-intervals T, TEI T 5”. To identify these

sets let

St = {k €S, |k+2¢ T;jg} (3.156)
T = ke T} UTI UT, | k+2€ T} (3.157)

Figure 3.6 below illustrates the scenarios which generate the Tzlfgl—intervals. The u variables
affiliated with the above sets play a vital role in our argument and two properties of these

terms are of particular interest and presented in Proposition 3.2.5.

di—1 dj, d11 diy2
Se, Tg
Tg +1 Té/ s-interval TQIJE -interval Té/ -interval
Uk—1 Uy, Uk+1 Uk+2
non-isolated 1solated non-isolated non-isolated

Sy 17 tm

Figure 3.6: Scenarios which generate the T;j&l—intervals .

Proposition 3.2.5. Let uy be such that k € Sg_l U Tg_l .

i.) With respect to polynomial Ps(|pi|, |uk|) of (3.147),

: -1
£, if k€S,

deg |ug| < (3.158)

1+¢, ifkeT{"
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ii.) Any uy variable can be reexpressed as the sum

uk - uk+2 + pg(k+1)7 (3159>

with k+1 €I and k+2 € T{H.

Proof. i.) Beginning with the s-intervals under analysis, consider a u; variable such that
ke SEI ~!. The preceding non-isolated interval is either another Sé—interval or linked to any
of the t-intervals, Tg 1or Té/. In each of these three cases, u; will appear at most once in

the second product on the right hand side of (3.151). Hence, deg|ux| < & with respect to
P (1D, [url).

Turning to the t-interval, the scenarios presented in (3.148) leave us to resolve two cases.
The first involves k € Tg N Tg ~! and we can conclude deg |u| = 1 4 ¢ for these specific
variables. In more detail, if k € TEI *1and k + 1 is an isolated interval, then w;, will appear
at most once in (3.149). For the second case, let k£ be an element from the set 7, EN nT, 51 -1

Since k + 1 € I , ux emerges only once in the product
LT (s + Jus])
keT

and this proves the first property.

ii.) The second acute characteristic shared by the elements from {uy} stV {U;]f}Tglfl states
that each term can be rewritten so that the variable associated with the Tf”l—interval

surfaces as a summand. Indeed, if k € Sg “lu Tfl ~! Figure 3.4 reveals

Uk = Ukt2 T Doy

with k+1€ I and k+2 € T+
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Let us now return to the rational integrands of (3.154), which motivated this discussion,

and apply the second result from the above proposition. If k£ € Sél -1 UTg land k+2€ T 21151,

we can write

g2 _ e el
1+ u s 1 uj

= ‘uk+2|5 < C’uk - pé(k+1)|£ <c (|uk|§ + ’pf(kﬂ)‘g) (3'160)

and bound the product of rational functions originating from the Tgl *lintervals by

6 0 2 0
Jug [ +0%5 g |40k us*€ - _ g [0k ¢
= 2 7 =C 2 |l
I+ 1+ u I+ 41 1+ Ui, I+ 1+ Ui, I+ ypI+1 1+ U, I+
3 /Taie 2+¢ e /Tl 2+¢
+05€
|ug | ¢ ¢
sc [T S I (Wl k).
I+1 jppI+1 I—1 -1
T Tl kes{'uT]
k+1el

If we expand the product with respect to the |uy| and [py,,, | variables and recall property

(3.101), we arrive at the subsequent polynomial,

[T (o) =TT (el + 150 = rl) < ePrllael, )
kes{tur{ Tt kes{tur{ Tt
k+1el K k" er

with

Pr(|pkl, ux]) = H (\uk‘ﬁ + 1Py |¢ + |]§k,,|€) — Z < H |l H ||+ )7
R

I—1 pI—1 I—1, pl—1
keSS, UT; Se UTy

K k" er

(3.161)

where 7:€ takes values in the set {0, £, 2¢}. Hence, we have shown how to express u variables

linked to the TQIJrg -intervals in terms of other u;, k € Sé_l UT;‘I, and py, k' € R, variables.
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Our next step is to analyze the impact of the above polynomial on (3.153). However, before
proceeding in this manner, we first look to reconcile the order of the |py| variables as they

originate from the two polynomials Pg(|pk|, |ux|) and Pr(|pl, [uk|)-

To set up the next proposition, we recall several key facts. With respect to Pg(|pk/|, |ukl),
contributions to the order of the |py| terms, denoted as n;, € {0,&,2¢} in (3.148), originate
from the p variables associated with the non-isolated s-intervals and, specifically, from the

products below

H lq]* = H (Jur — ug—1 +pi|°) = H (Juk — weet + P — Dy )
5

kes kes
]6]]9 k'/,k’”ER
<e T (uwl® + fuxeal + 5 1€ + e ]€) - (3.162)
kes
k‘/,k/IER

Recall, we formulated this upper bound by combining (3.108),
Up — Up—1 +pe = q, for dy = sy,

with (3.109). Additionally, in the process of deriving (3.153), we addressed the isolated
intervals and their associated isolated variables. Hence, if [s,,t,] is an isolated interval,

then the p, variable paired with this interval will not appear in (3.162).

Replicating the above ideas, contributions to the order of the |px| terms in Pr(|pk|, |ukl),
listed as 7, € {0,&,2£}, can be traced to the products below and, particularly, to the p

terms linked to isolated intervals,

[T les TT (i) <e TT (el + 1m0+ o) . (3163

I+1 I-1, pI—1 I-1, pI—1
T2+€ chS6 LJT5 kGS6 uT5

k+lel K k" er



Chapter 3. The Case of Brownian Motion 97

Recollect, the above was derived using Proposition 3.2.5 (ii). With these clarification, we

state and prove the following,

Proposition 3.2.6. Upon reexpressing the rational functions in Ps(|pk|, |uk|) that are of
the form presented in (3.154), with the assistance of Pr(|pk|, |uk|), the mazimum degree the

|Dk| variables can assume in the resulting polynomial is 2€.

Proof. The three cases which we must consider are (n,7) € {(2¢,0), (§,£),(0,2£)} and the
recursive relations amongst the p terms, as described in (3.102), will be critical in our
analysis. To set the notation for the the proof, consider the following for any &', m,n, and

¢

Pm = D — Dw—1, for iy =rp
Pn = ﬁk’/-‘rl - ﬁk”a for fk’—i—l =Tp

Pe = Di/+2 — P41,  fOT Tpio = 1y

Turing attention to the first case, (,7) = (2€,0), let dy, = sy, k € S;, dpyy = 5n, k+1 € Sé.
If £+ 2 is a non-isolated s or t-interval, then we do not receive any contribution from the p
variable paired with this interval in (3.163). Hence, if n = 2, then 77 = 0. This is the exact

case discussed with regard to (3.122).

Now, consider a scenario when d, = s,,, k € Sé, dpy1 = sp, K+ 1 € Sgil, diio = Sy,
k+2el,and dy3 =ty k+3 € TQIIQ. To understand the order of the |pg| terms with

respect to Pg, write

Gm = Uk — Ug—1 + Pm| = Uk — Up—1 + Dy — Dr—1|

Gn = U1 — Ug + Pp| = |Upy1 — Uk + Drr1 — Di|
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and, since ¢, can not appear again in (3.162), observe that deg [py41]| < &. Shifting to P,

since k + 3 € TQIJ':;, we must rewrite the u term paired with this ¢-interval as

Uk43 = Uk — Pkt2 = Ukl — D¢ = Ugy1 — Pi/42 + Pr/41-

Since py is affiliated with an isolated interval, [s,, t,] ,this term can not arise in (3.162) and,

therefore, deg |pr41] < & Combining these facts, we see that when n < ¢, then 77 < €.

Finally, to prove (n,7) = (0,2¢) let [s,,t,] and [s,, ts] each be isolated intervals which are
followed by Tzljfg intervals. To satisfy these conditions, we must introduce a parameter
b > 3 and write, d, = s, k € I, dp1 = t,, k+1 € T21+£1, divp = sp, K+ b € I, and

dgrpr1 =ts, k+0+1€T. 21151 The u variables of concern can be reformulated as

Ukl = Uk+1 — Pk = Ukl — Pn = Uk+1 — Pr/+1 + Die

Ukt b1 = Ukb—1 — Phtb = Ukrp—1 — Pr = Ugtp—1 — Di'+2 + D1

and note that py,1 emerges as a summand twice. Since p,, and p, can not appear again in

(3.162), we conclude that when 7 = 2, then n = 0. O

Having completed the above analysis, we return to (3.153) and observe, with the assistance

of Pz(|pr|, |uk]), the subsequent upper bound

m Oré w01
) |ug|™ Jug|”
//H‘p|(nk+nk£H1+ H1+u2 HM&H =
R™xR" B k=1 S¢ k sl
H 1+ u? H i H 1+u? H i
k Tngg—l Tg“/T;j{l k Tg’“ng—l
| |wk+9k5 ¢ m
H LT IT el I do TT dps- (3.164)

T eTi o g




Chapter 3. The Case of Brownian Motion 99

To address the product of rational functions over the t-intervals confined in the brackets
above, we confront three cases. When k € {TgJrl N T;_l} U {Tg N Tg_l}, (3.158) suggests
the power of |ug|, wi + i€, is less than or equal to 1 4 £. Therefore, the introduction of

the |uy|¢ terms for these scenarios does not preclude the bound

|Uk: |wk+9k§ |uk|5

I+1 -1 " -1
T <ec, ke{l;7V NT,}u{T, NT;7'}

For the second and third case, if k € {T/*' /Ty !}/T/™" or k € T¢ /T/™", then (3.148)
reveals, deg |uy| = 1+ 2¢ or deg |ui| < 2, respectively, which leads to the bound

g+ T0%€ (1 4+ u2) " < ¢. Multiple integral (3.164) can now be bounded by

m _ 0x€ wr+0xE
[ T o TG T 45
R7xR" B = Se L : g
up |wrTORE e
H| fLu IT lwl T do; T dps-
TEnT{ I3 J=1

Proposition 3.1.4 can be successfully applied to the above expression, upon addressing two

concerns. The emergence of the product
II
I—1 11l —1
Se U{TE NT; }

indicates the maximum power of the {|uk|}5éf1 and {|uk|}{T~mT1 1y terms are 3§ and 1+¢,
respectively. With these facts in mind, the parameter ¢ can be chosen close to zero to

ensure that the subsequent inequalities are satisfied;

(s + 7)€ < 1, for all k € M, O + Lgr1€ < 1, for all k Se,

wr + 0k < 3/2, for all kK € S;, Wi + 0€ + 1T5—15 < 3/2, for all k € Tg_
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To procure (3.126) over the isolated intervals, (3.127) and (3.128) concedes

| '|mf///exp< Zpkrk)exp< Zukdk>

11 (eXp (—ui(@) — exp (— <Uz+1 + q?(k)> (Jk)> ) ‘

kel

m

H ‘pg|£ + ’q] lg;] dp; dg; drj ds; dt;. (3.165)

Jj=1

Applying equality (3.130) returns us to the study of the x and y parameter. Therefore,
we have established (3.90) and the Holder continuity of ¢, (e, z,y, B) over A(1,1,2). Ap-
plication of Kolmogorov’s Continuity Criterion guarantees the local uniform convergence

of

15% ¢y(57 z,Y, B) = ¢y($, Y, B)’

with the ¢, (z,y, B) continuous in (z,y).

3.2.3 Local properties of the intersection local times

With the detailed analysis regarding the continuity of ¢, (e, x,y, B) complete, we now look
to extend the same properties to ¢(e, z,y, B). In Section 3.1.3 we derived a bound for
the m'™ moment of the later quantity and saw the proof was simplified by the fact that
the product [] ¢; which appears in (3.2) does not appear in (3.86). Our new analysis will
also be void of these terms, thus, permitting us to streamline our arguments. Most of
the hard work has been completed in the previous §3.2.1 and §3.2.2 and we will leverage

many of those conclusions. To begin, we look to establish a bound on each individual term
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appearing on the right hand side of the inequality below

‘|¢(€7 x,yY, B) - ¢(€/7 x/, y/7 B)Hm S H¢<€7 x,yY, B) - ¢(€7 Z’/, Y, B)Hm (3166>
+ |lo(e, 2", y, B) — ¢(e, 2"y, B)|l,, (3.167)
+ |lo(e, 2", y', B) — o(e, 2"y, B)||,, - (3.168)

Focussing with the perturbation in z, (3.87) and (3.96) indicates we must derive a bound

for the quantity

2m m
—a'™ //H (t+p0)  TL+wd) " TT Ipsl* dp; dgy. (3.169)
_ k=1 j=1

After arising in (3.98), the product []|p;|* was inspected in great detail and the crucial
ideas, captured in Proposition 3.2.1, exposed the order of the {|px|}r terms emerging in

polynomial (3.99),

HIPJF < Py(lpel) = Y (H 7 |""5>

j=1
were of maximum degree 2¢ (n € {0, 1,2}). This conclusion was independent of the fact
that the Brownian functional under investigation was ¢, (€, z,y, B) and can, therefore, be

reapplied here. Inserting Ps(|px|) into (3.169), we obtain the upper bound

2m
> //H|pky"k5H L+p) [ (1 +up)” H dp; dg; | . (3.170)
k=1

R2m

After employing the change of variable argument which transformed (3.88) to (3.89), any
multiple integral appearing as a summand above can be reexpressed as the product of finte
single variable integrals. Utilizing Proposition 3.1.4 and referring to (3.105) allows us to

complete (3.166) over the non-isolated intervals.
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Turning to the variation in y, we must formulate a bound for

2m m
"y — y|m5//H (+2) [T +ud)  I1 lal* dp; das. (3.171)
j=1

nom k= k=1

To our advantage, we can implement the study of P;(|ug|) of (3.41) which permits us to

bound the above integral by

dp; dg; | , (3.172)
S| Jf 0 T T o

R2m - / S T+,T/
with wy, taking values in (3.38). Bounding rational functions associated with the 7t and
T -intervals and changing variables closes the argument.

The variation in e affords us an opportunity to apply the results of the variation in the
spatial variables x and y. In more detail, (3.127) and (3.128) reinforces the examination

of,
m

e‘mé//HH H +u}) T (il +1gl%) dpy dg;. (3.173)

R2m -7:1

Let 7 and 7" form a disjoint union of {1,...,m}, so we can generate the polynomial

H |p]|£+|QJ Z 1_[|pj|£1_[|(b|5
j=1
<2\ 20 { LDl 1T fond T pal

Ss'us- T+UT’

and this produces our result. Hence, we have resolved the local uniform convergence of

lg%(b(E,J},y,B) = ¢($’y’B)’
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with ¢(z,y, B) continuous in (z,y).

We mention, proofs involving the local properties and convergence of

1iIIlOé(€,J}7y, B) - a(xava)

e—0

are developed using the analysis of ¢(¢,x,y, B).

3.3 Scaling and extending Ho6lder continuity to D(2)

To this point, we have established Holder continuity for our key functionals for arbitrary
B C A(1,1,2). The goal of this section is to extend continuity to arbitrary B C D(2), with
D(2) defined in (2.27). To establish Lemma 2.2.4, we introduce a trio of scaling identities

and a derive a proposition which utilizes these expressions. For A € R,

dist

W(At) = N2 (1), (3.174)

and the transition densities can be expressed as

Pe(y/k) = kpaz(y) (3.175)

Pe(y/k) = kPl (y)- (3.176)

Proposition 3.3.1. For standard Brownian motion, the subsequent equalities in distribu-
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tion hold;

oy, 3.y, B) = 2752, (2", 22z, 9"/%y 9" B) (3.177)
o(e,x,y, B) = 27 (2me, 2720, 2"y 2" B) (3.178)
a(e, z,y, B) & 272nq (2", 2723, 27/, 2" B) (3.179)

Proof. With B C A(1,1,2), application of (3.174) yields

¢y(€, 2.y, B)
1 -n -n / —ng o-n

= Bpg,;,; (W(2 s, 2 7‘)) {pe,y (W(Q t,2 s))}o dr ds dt

= 2% pe (W(27"s) = W(2™"r) —z) {p. (W(2"t) = W(2"s) —y) }, dr ds dt
2"B

= 2% pe (27PW (s) — 27"PW (r) — )
2"B

VAV 27" PW(t) — 27 W (s) — y) }0 dr ds dt
[ e W) - W) - 2))

2" B

APl (27 (W) — W(s) —2%))}, dr ds dt

and via (3.175) and (3.176) this last expression is equal to

1

3
2°" Jonp

22 o (W(s)=W(r) - 2”/2x))

2" { Pl (W (t) — W (s) — 2”/2y))}0 dr ds dt

— 273n/2¢y(2n€’ 2n/2x’ 2n/2y7 2nB)



Chapter 3. The Case of Brownian Motion 105

Turning to (3.178), we utilize (3.174) and (3.175)

¢(e, 2.y, B)
= 2% De (W(QWS) —W(2"r) — x) {p€ (W(2’"t) —W(2™"s) — y)}o dr ds dt
2" B
dgt L De (27%/2w(8) o 2771/2W(7,) . I)
23n onp
Ape (27PW(t) =27 PW (s) —y) }, dr ds dt
1

= Jon - 2 2 Do (W(s)=W(r)— 2"/29[:))

- n/? {pone (W(t) —W(s) — 2"/2y))}0 dr ds dt

= 272 (2", 22, 22y 2" B).

The proof for

dist

ale,z,y, B) = 272 q(2"%, 222, 2%y, 2" B)

follows by replicating the above. O]

To extend our continuity results for ¢,(-), consider any B C D(2). If we define B(k,n) =

BN A(k,n,2), then B can be expressed as the union

00 271,71

B=|J | B(k,n). (3.180)

n=1 k=1
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This permits us to write

||¢y<€733yva) _¢y(€/7x/7y/7B)||m (3181)
oo 2n-1

Z Z (by(e, z,y, B(k, n)) — @y (e', 'y, B(k, n))

n=1 k=1 m

00
<.
n=1

2n—1

Z by (e, x,y, B(k, n)) — (by(e’, 2y, B(k, n)) ) (3.182)

k=1 m

For fixed n and arbitrary k € [0,2"7!], the independent increments of W; implies

E ¢y (€, 2,y, B(k,n))]

. [/ Pea(W (s, 7)., (W(t,5))}o dr ds dt
B(k,n)

- /B(k )E [Pec:(W (s, 7)) E [pé,y(W@, 3))] dr ds dt
- /B(k )E [Pee (W (s,7)] E [p, (W(t,5))] dr ds dt

=0

and using independence we can apply Rosenthal’s inequality [4, p. 46] to see that (3.182)

can be bounded above by

Z 2(0=1/2 qup H¢y (6, z,y, B(k, n)) - ¢y(€/> 'y, B(k, n)) Hm :
n=1 K
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Replacing n with n — 1 in equation (3.177), this last expression is equivalent to

> otmure sup |y (e, 2, y, B(k,n)) — ¢, (€, 2, ¢/, B(k,n))||,.
n=1
_ i 9(n=1)/29=((n=1)/2 g1, H% (2n—16’ 2(n=1)/2; on=1)/2, 21 B(k, n))
n=1 k

-y (271716/7 9(n=1)/21 on=1)/2,1 21 B(k, n)) H

m

(3.183)

Since 2" 'B(k,n) C A(1,1,2), Lemma 2.2.3 reveals the supremum over k in the above
expression can be bounded by, ¢, (£)2¢ V|| (e, z,y) — (¢, 2", 3/)||¢. We can select a & small

so that (3.183) is bounded by

Cn(€) Y 202 Bt (¢ ) — (€2, o) ||
n=1
= cm(§) D26 (e, y) — (¢ 2, )6
n=1

< cn(©ll(e,z,y) — (2", y)]I*

To address ¢(-), we begin by reexpressing any B C D(2) via (3.180). Replicate the analysis

following (3.181) and apply the fact that E [¢(¢, z,y, B(k,n))] = 0 to arrive at the bound

H(b(‘sa z,Y, B<k7 n)) - ¢(€/, xla yla B(k7 n))”m

<32 supl|6 (e, 2.y, Blk,w) — o(¢, o/ Bk, ),
nil
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Combining (3.178) and Lemma 2.2.3 indicates the above quantity can be bounded by

Z 9(n=1)/29=2(n=1) g1, H¢ (2n—1€’ 9n=1)/2; o(n=1)/2y 21 B(k, n))
k
n=1

— <2n—1€/72(n—1)/2x/’2(n—1)/2y/’2n—1B(k:7n)) H

m

< em(€) ) 20NN (6 ) — (€ o) ||
n=1

= (&) Y 203200l (e, y) — (€, 27,0)) |6
n=1

< em(©)ll(e;z,y) — (€,2,y)|*

3.4 Continuity in the set variable B

To prove (2.37) of Lemma 2.2.5,

E [((by(G,.’L',y, B))m} < Cm(f)‘B’mf

we must modify our proof of (2.33) over both classes of intervals. For the first scenario

involving the non-isolated case we turn to (3.27),
m 2m ~ m
" /// exp <—ZﬁZ(ﬂ:)> exp <— Zui(%)) I |l dp; dg; dr; ds; dt;,
RO B k=1 k=1 j=1

and single out the multiple integral with respect to the time variables

/Bm exp (— Zﬁi(f@) exp <— Zui(c@&) H dr; ds; dt;. (3.184)

j=1
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Let a and a' be conjugate exponents taking specific values
l<d <146 and a=(1-1/a)", (3.185)

with § very small. In other words, a’ is chosen close to one and a is a large value. With

[I drj ds; dt; as our measure, Holder’s inequality suggests

’B|m/a /

1/d’
m 1 2m 1
< clB m/a
< B (g 1+ a'p? ]!i[l 1+a’ui>
m 2
= c|B|m/“ H (1 + apk) Ll
k=1
e ! 2 i
<eB" T @+52) ™" J] @ +ud)™" (3.186)
k=1 k=1

exp (— ZP%(%))] leXP (- Z%(Cﬁ))] [T dry ds; az,

k=1 j=1

3

(1+dui)” Yl

—

1

3 =
Il

where (3.28) was utilized to procure the bound appearing in the second line. Inserting the

last expression into (3.27) yields the upper bound

m m/a _9\—1/a’ 2 la’m
B //H (1) H L) T lasl dpy dy. (3.187)

R?m - ]:1

Set

(=1-1/d (3.188)

so that the following equality holds

LI Il =TT la!" 1a;1°
j=1
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Substitute (3.30) and (3.108) for each |g;|*/%" and |g;|° term, respectively, to produce

m

I 1ol =TT 1o la;1¢ < PsIpal. lux]). (3.189)
j=1

j=1

where

Pl lunl) = ] <|Uk:—1|1/a/ + |Uk:|1/a/> IT (lanl® + fuk-al® + By 1€ + 1B 1€) - (3.190)

keT keS
1T

K k'er

In the course of securing Holder continuity in the y parameter over the non-isolated inter-
vals, a parallel expression arises in (3.114). Upon applying Proposition 3.2.2 and reincorpo-
rating the sets defined in (3.110)-(3.113), Ps(|pk|, |ux|) expands to the following polynomial,
where we make the appropriate modifications to account for the insertion of the 1/a" in the

exponent;

Ps(|pkl, |uk|) = Z H |ﬁk‘nk< H |uk’9kC H ‘uk‘w(l/a’)%kc H |uk‘w(1/a’)+9k<
R Se S: T,

/
e

with order

deg |pr| = ¢ € {0, ¢, 2}

4
=0,¢, or2¢, ifk €S,

) =1/d orl, ifkesS;
deg |ug| = wi(1/a’) + 0x¢
=(orl/a, ifkeT;

| <201/d), ifkeT].

Upon implanting Ps(|pk|, |ux|) into (3.187) and utilizing the bound

/

|uk|wk(1/a/)+9k<
(1+a,—u]2€)1/a, < C, ke T§7 (3191)
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we are directed to

0xC wpt0e¢
//H’p |7IkCH 1+ _2 1/a’ H |Uk|2 ! H |Uk|

— dp; dg;
1/a 1/a’ H J I
R2m Se (1 + i) Sgurt (14 uj)

Proposition 3.1.4 reveals the above expression is finite, since the parameter a’ can be chosen

close to 1 to produce

m¢ < (2/a’) —1, forall ke M
0,.C < (2/a")—1, forall ke Sé

2wi(1/a’) 4+ 6kC] < (4/d') =1, forallk € Sy UT, .

Scenarios involving the isolated intervals require a similar modification, but a more subtle
proof and we provide the general procedures to be taken. With the assistance of some
Fourier analysis, we reduce our starting point, multiple integral (3.192), to the expression
emerging in (3.202). After utilizing Holder ’s inequality and some basic real analysis on
this last quantity, we are, then, directed to integral (3.204). From that point, we simply
reincorporate the methods constructed to derive Holder continuity in the y variable for the

isolated variables to conclude the argument.

We start with (3.59). Apply (27)~™ < ¢™ and note that both quantities |exp(izp)| and

| exp(—ep?)|, which appear in F(e,x,,p, q), can be bounded by one to arrive at

) ///exp( > i )( S dk)

i T ((exv (~utan) e (- (it +2,)) @) )

kel

exp < Z ) e .qj) ¢; dp; dg; dr; ds; dt;. (3.192)

]: ]:1
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Before isolating integrals with respect to the time measure, we first address the isolated

variables g, appearing in the product above and look to acquire a bound for

/R exp (—ui(d@) — exp (— (uiJrl + qZk>> (dk)> iqe(,) €XP (ing(k>> exp (—eq?(k)> dge,,,

(3.193)
Note the insertion imaginary exponential into the integrand.
Substitute (3.55) for the uy terms above and simplify notation by setting
Upt1 = U, G,y =¢, and dp =t (3.194)

Recalling (2.8) and (2.9) as the inverse Fourier transforms for p;(z) and p}(z), respectively,

an application of Parseval’s identity and closure under convolution implies

/R (exp (=t(u+q)?) — exp (—t(u® + ¢*)) ) iqexp (iyq) exp (—eq?) dq‘

- ‘ /R exp (—t(u + q)%) exp (iyq) ig exp (—eq®) dg

— / exp (—tu2) exp (—tq2) exp (iyq) iq exp (—qu) dq’
R

_ ‘ [ espliusip etz =) dz = [ et =) d:

(3.195)

— ‘ /R (exp(iuz) — exp(—tu?)) p(2)p.(z — y) dz|.
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Integration by parts yields

/R (exp(iuz) — exp(—tu?)) p(2)pL(z — y) dz

< | [(exp(iuz) — exp(—tu?)) pi(2)] pe(2 — )| (3.196)
+ /Rz'u exp(iuz)py(2)pe(z — y) dz (3.197)
+ /R (exp(—tu®) — exp(iuz)) p)(z)pe(z — y) dz|. (3.198)

Starting work with (3.196), the definition of absolute value leads us to consider two cases.
For the first case we must analyze

lim exp(iuz)p,(z) — lim exp(—tu?)p,(2).

Z—00 Z—00

Since —epi(2) < exp(iuz)pi(z) < epi(z) and lim, oo —cpi(2) = lim, o cpi(z) = 0, the
Squeeze Theorem leads us to, lim, . exp(iuz)p(z) = 0. Repeated application of this

argument concedes

= 0. (3.199)

Z=—00

| [(exp(iuz) — exp(—tu?)) pi(2)] pe(z — v)]

Focussing on (3.197), an application of the Chapman-Kolmogorov equation produces

[ iwesptiu))pl =) a2 < Jul [ pelpte =) 2z

u
= lulpecy) < clulpac0) < b (3.200)

Before turning attention to (3.198), we mention two points. First, formally differentiate
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p,(2) to arrive at

'(2) = 9| 1 ox Y (2)
P = [ Vam P\ T2 )|~ e M
Second, the subsequent upper bound holds for all ¢

2

t

z z
sup HW’ Pt (2) I] ,SUp

Turning to the integral of interest,

/R (exp(—tuz) — exp(iuz)) Pi(2)pe(z —y) dz

< /R (|1 —exp(—tu®)| + |1 — exp(iuz)|) E’ Ipe(2)|pe(z — y) dz

, z
< csup [|1 — exp(—tu?)| + |1 — exp(zuz)” ’;‘ Ipe(2)]

2

z z
< csup [P ul + ] || ()] < culsup |5 1o+ |5

|l

~ Cm.

= [28]

(3.201)

Combining (3.199), (3.200), and (4.59), any integral of the form (3.193) can be bounded

above by clupy|(dy) V2, where k € I. With the assistance of this quantity and the

observations, |iexp(—iyq;)|, |f(e,qj)| <1,jelf, (3.192) reduces to

" /// CXp (‘éﬁi(@)) exp (— ;ui(dk)> H ’7%721!

R™xR™xB™ = kel

1T lajl dg; T] dp; dr; ds; dt;;,

Is j=1

with ¢; the remaining non-isolated variables and n = ‘I ﬂ

(3.202)
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Separate the following quantity from the above

/ exp ( Zpk Tk ) exp (—Zui(dk ) H ~1/2 H dr; ds; dt;. (3.203)

kEI

With a and o selected as in (3.185), Holder’s inequality yields the upper bound

1/d’

| B|™/@ / [exp ( Zpk i ) exp ( Zuk dy) ) 11 w] H dr; ds; dt;

kel

A change of variables through (3.13) and (3.14) permits us to reexpress the multiple integral

in the parenthesis as

/

TR e P T

]C

Enlarge the domain of integration and apply (3.28) for measures involving d(7,) and d(dj,),
k e I°. Since integrals concerning d(dy), for k € I, are finite, we arrive at the following

upper bound for (3.203),

m 1 1 1/d’
C|B|m/a(H - 11—[ 1+Uk)

k=1

:c|B|m/aH (1+) " I @+ud)™,

Ic
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which implies (3.202) is less than or equal to

m

™| B|™e // 1T (1) 11 (1+Ui)_1/a/H weia| T sl dgs [T oy (3.204)
j=1

R™xR"™ k=1 Ic kel I;

Assign ( as in (3.188) so we can utilize the upper bound presented in (3.189). Recollect

the definition of the 7' !-intervals, (3.76), to write

IT lweal IT ol

kel I;

< TT bl T (owea Y ) TT (ol o Jcal 4 1o €+ I [9)

keTi+1 keT /lcg/s

K k'er

To discern the order of the |uy| terms materializing in the expansion of the upper bound,
we return to a similar polynomial generated by (3.146). After implementing the proper
adjustments for the change in notation, application of Proposition 3.2.4 permits us to

conclude that the upper bound above is equivalent to

Po(|xl, |uk])
=TT foel TT (lowcal 7 ) T (ol + fesa 12 1+ )
keTI+1 keT kesS
kl,k‘NGR
:Z H |pk’77kc H|uk|0kCH|uk|Wk(1/a/)+9kg H ’uk|wk(1/a/)+9kc
g S S¢ T T T
where,

deg 7] = m¢ € {0,¢,2¢},  ifkeR
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.

=0,¢, or 2¢, if k € S,
=1/d or 1, if ke Sg
deg |ug| = wi(1/a") + O,C ¢ = Cor 1/, it ke Tg’

=1,1+¢ or 1+ 1/d, if ke TH!

| <2(1/a), if ke Ty .

Instil Po(|prl, |ux|) into (3.204) to arrive at a sum of multiple integrals in which each sum-

mand assumes the form

/ H |ﬁk|nk< H (1 —f—ﬁz)_l/al H (1 + ui)—l/a/ H |uk|9kC H |uk|wk(1/a’)+6kC
- 5, 5;

R™xR" Ie
H |uk|wk(1/a')+9kC H |uk|wk(1/a/)+9kCH |uklwk(1/a/)+9kC H de H dpj- (3'205)
T TI+1 T/ I j=1

The above integral is nearly in the format required to apply Proposition 3.1.4, except for
one problematic case. Parallel with (3.153) and (3.154), the rational functions originating

from the T'*!-intervals are of concern since

= oo. (3.206)

After making the appropriate changes in notation, we can replicate the resolution of the
previously mentioned multiple integral to resolve this issue. To diagram the proof, identify
the following t-intervals

Tlljll/a, ={keT™" | deg|ug| =1+1/d'}.
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Replace (3.156) and (3.157), with

st {besi ke, b, TS {ReTTUTINUT k2 e T, |

The two critical characteristics regarding uy, k € ngl U Tg ~! are depicted in Proposition
3.2.5. The point to observe is that the derivation of (3.158) and (3.159) was based solely
on the ordering of the s and ¢ variables and can be reapplied to (3.206). With regard to
the first property, we discover in the current framework that

¢, ifkesS™t,
deg |ug| < ¢

1, if keT!™

To utilize the second characteristic note
14+1/ad" =2(1/d")+1—-1/d" =2(1/a") + ¢

and, recall,  is close to zero. Therefore, for k € Sé_l U Tg_l and k+ 2 € Tlljll o'

1+1/d’ 2(1/a") ¢
Uk+2 Uk+2 Uk+2
| +/ |2 1/a = | = | . 2 | JJ < C|uk—i—2|C < C‘uk _pf(k+1)|< <c (|uk|C + |p€(k+1)|g) )
(1+ a'ui.,) (1+a'ui,,)
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which produces,

g |Wk (1/a")+01¢ |y, |k (/@) +0kC |y, |k (/@) +0kC
7];[1 l/a = I 111+1 (1+ k)l/a 11:1[ (1+ )1/a
T /T1+1/a’ Tl+1/a
||+ (1/)+0k€
<c H ﬁ H (|Uk:|< + |p£<k+1>|c>
TI+1/TIIi11/a’ ( + ) keSé71UT571
k+1€l
|, | (1/0))+01C e
=¢ H (1 +u )l/a Z H |U]€|< H |pk|nkC )
TrTE, sout R

(3.207)

where the last inequality was derived in a similar fashion as Pz (|pk|, |uk|), of (3.161).

Having resolved our troublesome case emerging in (3.206), (3.205) converts to

‘uk‘wk(l/a +0r<

m ¢
// H|pk,|(nk+nkC H H ’ukl kl/a H |u |C H l/a
S

—o\1/a’
R™xR" B w1 (1+57) st S¢
. |wr(1/a")+0k wp|@r(1/a)+0kC
b ’“' o s L Al A
(1) Ja
) Tg'ﬂTff—l TI+1/T11:11/ (1 +u ) TIHQT&I—l

| |6 (1/a))+6kC m
H 1 oy1/a H |uk’< H dq] H dpj (3208)
TgN ( -+ uk) Té/mT£171 | I]? j=1

To prove the product of rational functions originating from the T/*' U T, é/—intervals can be
bounded by a constant, we reexamine the three instances succeeding (3.164). This directs

us to

<1 if ke {T' NI Y u{Ty N T 7YY

deg |ug| = wi(1/a) +0,(§ =14¢, ifke {T”l/Tle:ll/a }/ T

2(1/d) , ifkeT, /T
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Therefore,

||k (/) +0kC c |uk|wk(1/a +01C ¢
H <1+ )1/(1 H |uk| ’ H l/a H ’uk| S ¢
TI+1/T11I11/{L TI+10T571 T" TglﬂTg_l

produces the subsequent upper bound for (3.208) ,

|Wk(1/a +0x¢

m ¢
// Lt ] (1) H il kl/a' H| el H |Uk A

A+u) ™ 2

H || H dg; H dp;.
Ie j=1

+ I —1
T5 ﬁT5

R™xR" I e

|y, |k (/@) +0kC

H (1+ ui)l/“,

+
T

If a’ selected close to one, ( is slightly larger than zero and any integral above is finite since,

e + k¢ < 2/a’ — 1, for all k € M
0,C + IlséqC <2/a' —1,forall k € Sé
2lwr(1/a’) + 0k(] < 4/ad’ — 1, for all k € S

2w(1/a’) + 6,C + ]ngz_1C] <4/da' =1, forall k € T,

Having established 2.2.5, we now prove continuity in the set variable. Let Br = {0 << s <

t<T} UT, T <M < oo, then |By — Byr| < M|T — T"|. Since E [(¢,(e, 2,4, B))"] <

cm(€)|B™, we have for some constant c,
E [(¢y(67 r,y, T) - ¢y(€a z,Y, T,))m} < Cm(§)|T - Tllmg'

To generate (2.36),

E [(¢(e, 2y, B))"] < em(€)BI™,
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we look to (3.87) and upon employing (3.25) and (3.26) we are directed to the upper bound

/// P ( Zpk Tk ) exXp ( Zuk (d) ) H dp; dg; drj ds; dt;.  (3.209)

R2™x B™

If we extract the multiple integral involving the measure [[ dr; ds; dt;, we are led to the
exact expression appearing (3.184). Following the application of Hélder’s inequality, we

can insert (3.186) into (3.209) producing

e 1
m|B|m/a//H Tram 21/a H VE H dp; dg;

k=1 k=1 (1+a“k> j=1
<Cm|B|m/aH/ _2 l/a pj H/

2m
1 1
:Cm|B|m/a 1—2(1/a")]/2 1—2(1/a
Jl@+ 2 =21/ JIQ+uﬂ a2

du;
1+uk l/a ’

< Cm|B|m/a

where the quantity [1 — 2(1/a’)]/2 is slightly less than 1/2.

The bound involving the set variable is proved in a similar fashion for a(e, z,y, B). To
identify the local time for the process defined by (X, — X,, X, — X,), let h(z,y) : R* —

R, be a continuous function with compact support. By the local uniform convergence,
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lime o a(e, z,y,T) = a(x,y,T),

/ Wz, y)a(z,y,T) dz dy
R2

=lim [ h(z,y)ale,z,y,T) dz dy

e—0 R2

= lim/ {/ Rz, y)pe(Xs — Xy — 2)pe(Xy — X5 —y) de dy| dr ds dt
Br L/R?

e—0

= / limp, * h(Xs — X, Xy — X;) dr ds dt,
B

e—0
T

= / hMXs — X, Xy — X) dr ds dt.
Br

where we used the uniform convergence, lim,_,g pe x h(X; — X, X; — X;) = h( X — X, Xi —

Xs), to produce the last line.

Finally, to prove v(x,y,T) is differentiable in y, as stated in (2.17), observe that for any

€ >0,

0
a—y’y(ﬁ,ﬂf,y,T) = P)/y(eaxayaT)‘

Therefore,

!

y
vie,x, 9y, T) =~(e,z,y,T) —|—/ v.(€,x,2,T) dz.
y

However, the local uniform convergence of (e, x,y, T) and v, (e, x,y, T') reveals

!

Y
Yz, y', T) =~(z,y,T) +/ Ve, y,T) dz
)

and we conclude

0
a_y7<x7y>T) = P)/y(xai%T)'



Chapter 4

The Case of Symmetric Stable

Processes

We now initiate our discussion of the derivatives of triple intersection local times for a class
of symmetric stable processes in R'. In the case for standard Brownian motion, the param-
eter [ appearing in the inverse Fourier transform of the transition density function in (2.8)
and (2.9) was set equal to 2 and this value was critical in the study of the multi-dimensional
integrals which emerged during the study of this first case. In our new framework, our ob-
jective will be to determine the smallest value 5 can assume in the interval (1,2) to render
our results. Fortunately, we will be able to incorporate much of the analysis and the details

of the Brownian case to streamline the proofs for the new Markov processes under scrutiny.

Through out this chapter we let X; denote a one dimensional symmetric stable process.

123
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4.1 Primary bounds for ¢,(e,z,y, B), ¢(e, x,y, B), and

ale, z,y, B)
We divide the proofs involving the m™ moments of the three main functional in two sections.

4.1.1 Finite moments of ¢,(¢,z,y, B) over both class of intervals

To establish Lemma 2.2.2 we examine

E [(¢y(€, .y, B))"] (2m)zm ///

R2™xB™

exp(Zp] TJ,SJ>H{eXp i X (55,5) }y

F(B,e.z,y.p.q) || @ dp; dg; dr; ds; dt;,  (4.1)

j=1

with

F(B,e,2,y,p,q) = exp (@x Zm) exp (iquj> II fB.ep)) f(B.eq))  (42)
=1 j=1 j=1

and

f(Be,a5) = exp(—ela|”).

Replicating the study of (3.2) and (3.4), we focus on

exp<zpj r],s]>eXp(ij )]
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and upon reordering the time variables we arrive at a computation analogous to (3.12).

Noting the characteristic function of X; is given by E [exp (iwX;)] = exp (—t|w|?), we have

exp ( ij (8 ) exp < qu (85,8 >] (4.3)
exp ( i X (T, Ty ) exp (iZmUkX(dk, dk—i—l))]

k=1 =

= exp <— Z |]9_k|5(fk)> exp <— Z |Uk|ﬂ(dk)) .

=K E

Taking the non-isolated intervals into consideration , (3.22), prompts us to establish a

bound on the following quantity

o [ e ( A ) ( 3 )

R2™x B™m

F(B,€e,x,y,p,q) H \g;| dp; dg; dr; ds; dt;. (4.4)
j=1

Exercising the two upper bounds |F(83, ¢, x,y,p,q)| < 1, and [i™(27)?™| < ¢™ and integrat-

ing the time variables with the assistance of (3.28) curtails (4.4) to

//H (14 1pel?)” H (1+ Jusl®) H 45| dp; dg,. (4.5)

RQm -

To begin the study of the above expression, we look to subtract a small, finite power from
each of the |g;| terms in the product above. As we will see in future steps of the analysis
below, extracting this small quantity positions us to apply Theorem 3.1.4 to critical multi-

dimensional integrals. Define

§p=1—0/2

and recall, § assumes values between one and two. With this in mind, split the product of
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|g;| terms as follows,
m

[T 1o =TTl o (4.6

where 1/2 < /2 < 1 and 0 < &g < 1/2. In more detail, as 3 takes values close to 2, &
approaches 0. Conversely, when [ is close to 1, £z approaches 1/2. Given these parameters,

produce the upper bound below

IT 1ol =TT la1??1as1%
j=1 7j=1
< T a2 4 1al®2) TT (lnl® + lwna | + 1B 1 + B ) - (4.7)
keT kesS
K k' eRr

In our usual manner, we analyze the expansion of the right hand side of the inequality

above.

Proposition 4.1.1. The polynomial generated by multiplying the products

Qu(|pl, furl) = [T (sl + [l ) T (lawl® + Juga[ + |5 + |Br ) - (4.8)
keT keS

/ "

K k'er

1s of the form

Qu(|pwls [ul) =) H|pk|nk§ﬁH|U;€|6k£ﬁH|uk|wk(ﬂ/2)+9kfﬁ TT luslor2sosss

— +
Sg 5'5 T5 7T

where

deg |pe| = m€s = 0,€s, or 28, ifk € R,
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Measure/Interval ‘ Primary Inequality ‘ Values of [ and &3

3/2<p<2
dpy, 1+més < B 0<ép<1/4
3/2<p8<2
S 1+ 0xés < B 0<& <1/4
3/2<p<2
S; 142 2)+ 6
) 1<p<2
T 142 2)+0
¢ + [wk(ﬁ2/)+ kfﬁ]<6 0<€5<1/2

Table 4.1: Parameters 5 and g over the non-isolated intervals.

/

= 0,83, or28s, ifk €S,

= (/2 or 1, ifk €5Sg
deg [ug| = wi(B/2) + Ox&s (4.9)
= &5 or B/2, ifkeT

[ <5, if k €Ty

Proof. Initiating the analysis of Py(|pk/|, |uk|), defined as (3.114) in Proposition 3.2.2, leads

to our desired result. O

Note that the maximum degree of |p| is equal to 2£g and this order is bounded by 1.

Insert Qi (|px|, |ux|) into (4.5) and utilize the bound [uy|*x(3/2+0ks (1 4 |uk|5)71 < ¢, for

all k € Té to arrive at

s |uk|9k§[3 |uk|wk (8/2)+0rEs |Uk|wk(’8/2 +0rép
//Hlp | H1+\pk|ﬂH1+|uk|ﬂE 1+ |ugl? H 1+ |ugl?
3

R2m

dpj dqj
j=1

(4.10)
Proposition 3.1.4 permits us to conclude the above products are finite for 5 > 3/2.
summary of this analysis is provided in Table 4.1 above. Looking back to (4.6), if 3/2 <

B <2, then 0 < &5 < 1/4.
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Over the isolated intervals, we aim to derive a bound for the expression

e ( > It ) ( 3 i )

11 (exp (—luel?(de)) = exp (= (Juaral? + e ) () ) '

kel

H |QJ| dpj dq] d?"j de dt] (411)

Jj=1

Referring to the layout for the Brownian case, we first integrate the isolated intervals and

the isolated variables from the above. This endorses the investigation of
[ oo (“tunl?() = exp (= (el + larg, ) (@) lar | () dary-— (412)
RxB

Now, borrow portions of our evaluation of (3.61). Substitute (3.55) for the u;, variables and

simplify notation by setting uy+1 = u and g, = ¢. Partition the domain of integration

involving R into disjoints sets
oo (= (ue-al?) @) = e (= (1l + lal?) (o)) | 1al () d

RxB

exw (= (Ju+a) @) —exp (— (ul” + 1al?) (@) la dde) da

lg|<4|u|
(4.13)
- f / joxp (= (ju+al?) (@) = exp (= (1l +1al°) (@) lal d(d) de.
lq|=4]ul

(4.14)
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Working with (4.13), integrate first the isolated intervals

[l

lg|<4|ul

exp (= (Ju+ al”) (d)) = exp (= (jul” +1al”) (d) )| lal d(d) dg

1 1
<c + ql dgq
/ L+<W+ﬂ@ 1+<wﬁ+mm}"

lg|<4lul

1 1
< clu ———  dq + / dq| . 4.15
[u / T+ (utdP) T+ (alP + 1aP) (4.15)

lg|<4|ul lg|<4|ul

Looking closely at the first integral in the brackets, the cusp at ¢ = —u directs us to two

integrals

—u 4ful

/ ! d / ! d+/ L do <
e — — — — C
1+ (Jutq?) 1 T+ (urqlf) 7 ) T4 (utqf) 1=

lg|<4|ul —4|ul —u

Shifting attention to the second integral appearing in that bracket, the symmetry of the

integrand along ¢ = 0 implies

4lul
1 1
dg =2 da < ¢
/‘1+ﬂmﬂ+m% 1 /1+ﬂﬂﬂ+¢>q—
lg|<4|u| 0

and we see that (4.13) can be bounded by

[l

lg|<4|ul

exp (= (Ju+ /") (d)) = exp (= (jul” +1al’) (d) )| lal d(d) dg < clul.
(4.16)

Turning to (4.14), we first undertake integrals with regard to the measure d(dg). By

enlarging the domain of integration and considering the two cases when either (|u +q|? ) >
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(Jul® + |g?) or (Ju+g|®) < (|u® + |q|?), we obtain the upper bound

exp (= (Ju+al”) (dh)) = exp (= (jul” +[a)") (d)| d(d)

/ exp (= (Iu+al’) (@) —exp (— (jul’ + lal’) (@))| a(d)
1
|~ e

(4.17)

Before moving to the isolated variables, we bring to mind the binomial series expansion for

lz] <1land m ¢ Z,

m

m_ M ok m .
(1+2) —1+Z(k)x =1+mz+ 5 7+

k=1

For values of 1 < 8 < 2, an application of the above series unravels the following upper

bounds,

/ / ’eXp (lu+4l) <d’“>) TP (_ (lul” +1aI?) (c%))‘ lq| d(dx) dg

lg|>4|ul

< / 1 1 ‘ gl d
S c - q| aq
lu+qlf  |ul® +|q|?

lq|>4|u]

B 4l g,
T ufal? (U4 /) | Tal?

lg|>4|ul|

ZCMZ[M ( 5'| |r NECEY <%>_)
(-G ()

ol ld [ g o
<c / — —dg=c dg < clu*7”. (4.18)
lal [al? a1
lq|>4]ul lg|>4]u|
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Adjoining the bounds (4.16) and (4.18) confirms (4.12) is bounded by
clupa] + clup P < Jupa | e, kel

since, |ug1|>? < 1 for small ugy;. This analysis, in conjunction with an application of

(3.28) for integrals involving the remaining time measures, prompts us to bound (4.11) by

J[ TL0-+ 1 TLO ot T fes ) T bl oy T o,

R™xR"™ k=1 kel I

where g; are the remaining non-isolated variables, I is defined by (3.15), and the n ap-
pearing in the domain of integration is the cardinality of /5. Working with the first sum
in the above brackets returns us to the argument involving the non-isolated intervals. The

primary quantity of interest takes form

T @+1el)” H(1+ |Uk|’3)_1H weia| ] 1ol dgy T dps- (4.19)
I j=1

R™xR" F=1 I kel

Set

Qo (|pk], [uxl)
=Tl T (sl + 1) TT (lanl® + -] + By | + 15 |)
kel keT keS

/ 1

K k' er

(4.20)

= H ]uk+1’Q1(|ﬁk|7 |uk|)

kel
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so that we may construct the bound for the subsequent products,

IT lwesal TT lasl =TT lwwsal TT 1a5l?? la51% < cQa|pal, lux]). (4.21)

kel IJ? kel IJ?

Proposition 4.1.2 characterizes the polynomial emerging in the upper bound.

Proposition 4.1.2. The expansion of the products

H ’Uk-i-l’ H (|Uk—1|’8/2 + |uk|ﬁ/2) H (|uk|§5 + ‘uk_l‘éﬁ + |pk,‘§ﬁ + ’ﬁku’é@)
kel keT kes

/ 1"

K k'er

yields a polynomial of the form

AR Z (H || 6 H g, | P44 H | | B2+
R S, S¢
13 3

H |uk|1+wk(5/2)+9k€ﬁ H |Uk|wk(’8/2)+9k£ﬁ>,

TI+1 + !
T5 ,Tg

with

deg |]3k| = T]k£5 = 0,55, or 255, ka’ cR

(

=0,&s, or2&s, ifk €S,

= (/2 1 fkec Sy,
deg lug] = (82 10,654 T TR (4:22)

=¢&5 or /2, if k€ T¢

[ <6, ifkeTy.

deg |up| = 14+ wip(B/2) + Opés = 1,14+ B/2, or 1+ &5, if ke T

Proof. Observe the shared similarities between the products in the above statement and
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the ones presented in (3.144). After replacing the TEI *Lintervals defined in (3.145) with
T ={keT|k—-1€1},

the analysis of (3.146), which culminated in Pg(|pgl, |ux|) of (3.147), can be applied to

Qo(|pk, |uk|). Hence, closing the argument. O

Upon implanting the above into (4.19),

Z [ // H || 48 H (1 + ’ﬁk|ﬁ)—1 H (1 + |Uk|ﬁ)_1 H |y, | P62 H |uk|wk(ﬁ/2)+ekgﬁ
R k=1

R™xR" 5T St S

H ’uk"’-’k(/@/2)+9k§ﬂ H ‘uk‘1+wk(/g/2)+9kfﬂ H ’uk"’-’k(ﬁ/z)"‘ekfﬂ H dC]j H dpj 7
i Ie j=1
3 J

TI+1 1
T

(4.23)

we notice the divergent integrands associated with the 7/*!-intervals,

Jug |2/
lim ——

= 4.24

To identify these troubled cases set

Tlljg/z ={keT™" | deg|ux| =1+ 8/2}.

As depicted in (3.154), a similar complication emerged in the process of establishing Holder
continuity in the y variable for the Brownian case. Fortunately, we can leverage and adjust

the detailed analysis of the 7. gfjgl—intervals of (3.155) to resolve our current dilemma. To
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explain how this can be accomplished, begin by replacing (3.156) and (3.157) with

I-1 - ! I -1 - 1 ! !
sip={kesi kvaenin,) Tt = (ke T uT UL, [ kv 2e T}

As in the Brownian case, the u variables linked to the above intervals are of critical im-
portance and if we revise Proposition 3.2.5 to take into account the variations amongst

polynomials Pg and Qs, (3.158) can be replaced with

s, if ke S,
deg [ug| < ’ o
. I—1

1, ifke Tﬁ/2 .

Of course, (3.159) easily carries over to our new analysis since this reexpression is solely
dependent on the ordering of the time variables s and ¢. With these key properties estab-
lished, our goal is to arrive at a polynomial similar to Pz (|pk|, |ux|). Recall {5 =1 — 5/2.

With k € S5 ) UT; " and k +2 € T{f; , write,

‘Uk+2 ‘ Lh/2

1Zhral & < ( €p €ﬁ> ]
1+ |Ul~c+2|/8 = |uk’+2| >cC |u/€| + |pﬁ<k+1)|

The products linked to the T7*!-intervals can, now, be bounded by

‘uk‘l-&-wk(ﬁ/?)—l-@kﬁﬁ ’uk’1+wk(ﬂ/2)+9k§ﬁ
H 3 S C H 3 H <|uk|£ﬁ + |pe(k+1) |£ﬁ)
I+1 1+ 141 1+ Jug| I—1, ppl—1
T+ TI+1/T1:3/2 kESB/Z UTB/2
k+1el
14w (B8/2)+0k€s
Uk _
<o I M - Qu(lpil, )

1+ [usl?

YT )
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where

Qs (P!, Jur]) = H (Jurl* + |y [* + |y [*7)
keSé /21UT[§ P
k k ER
_y ( Ml T )
Shra U5 R

Having resolved the problematic rational functions in (4.24), any multi-dimensional integral

arising as a summand in (4.23) can be bounded by

|Wk (8/2)+0k&p

| | (Me+111)Ep | | 1 | | |uk’| i | | ] | | k
,8/2

R7xR" It
|uk|wk (8/2)+0x&s " |uk|l+wk(5/2)+9k§,8 "
H 1+|Uk’6 1_[] |Ulc| l_II 1+|Uk|5 HI ‘Uk|
T*nTﬂ /21 _TI +1/7! jg /2 TI+1NT, /—21
|uk|wk(/3/2 +0rép m
H T Tl H || H dg; H dp;. (4.25)
T Ty 13 j=1

To prove the product of rational functions originating from the T/*' U T, é/—intervals can be

bounded by a constant, we reexamine the three instances succeeding (3.164). This directs

us to
<1 if ke {77 N T2 u{Ty N Tl
deg |ugl = ¢ =1+ &g, ifke {THl/TlI:gl/g}/Tgl_l
<8, ifkeT”/TﬂI/;
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Measure/Interval ‘ Primary Inequality ‘ Values of 5 and &g
3/2< <2
dpi 1+(7)k+ﬁk)§g<5 0<fﬁ<1/4
3/2<p<2
S/SB/2 1+0:63 < 0<é<1/4
3/2<B<2
Sira 1+ 01&s + 65 < B 0<&<1/4
3/2< /<2
- 142 2
S¢ + [wk(ﬁz/ ) + 015 <5 0<gy<1/a
o 1<p<2
+ 142 2
T /Tg) + [w’“(ﬁz/ )+ 0s] _ g 0<&s<1/2
o 3/2< /<2
Ay 142 2
T N Ty + 2[wr (B/ ;+9k§ﬂ+55] <3 0<gs<1/4

Table 4.2: Parameters $ and £z over the isolated intervals.

Therefore,

|uk|1+wk(5/2)+9k§5 " |uk|wk(ﬁ/2)+9k53 €
. <
s e i § S 1 G e il § G
TIH/T{I/;/z T1+1mT1/21 T)5 T£ ”Té/}l

and (4.25) can be bounded by

‘Wk (B/2)+0xés

= L |
// 1;[129 | IS H (1+1pl”) Hliﬁu E H el H Uk1+|uk|ﬂ
R™xR"™ ﬂ/Q
H |y, |2 H dg; H dp;.
15 J=1

+Ari-1
Te T/

|wk (B/2)+0xép

H'“’“
1+ |ugl?

A reference to Table 4.2 above, which summarizes the critical details concerning each of the
parameters emerging over the various s and t-intervals, permits us to conclude the above

multiple integral is finite for 3/2 < 8 < 2.
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4.1.2 Main estimate for ¢(e,z,y, B) and «(e, x,y, B)

With the finite moments of ¢, (€, z,y, B) settled, we shift attention to the renormalized

intersection local time and intersection local time and derive the following,

E [(gb(e,aj,y,B))m} <c

E [(a(e,x,y,B))m} <ec.

Proofs concerning these Markovian functionals can be simplified upon leveraging the de-

tailed analysis from the previous section.
The proof for ¢(€, z,y, B) begins with

= /] exp( zw m>exp< Zluk\ﬁ(cik))

R2™x Bm

F(ﬁa &T,Y,P, Q) H dp] dQJ d'r_] ds] dtj

j=1
Bounding |F(8,¢,x,y,p,q) - 1™ - (2m) 72| < ¢ and integrating the time variables yields
//H (14 [pel”)” H (1+ Juel?)™ H dp; dg;.
R2m -

The facts following (3.8) and (3.10) justify a change of variables and we can conclude the

following product of integrals are finite for 5 € (1,2),

IT_j[/R(HImﬁ)1 dpy. ﬁ/R(lﬂuklﬂ)
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We simply mention that the construction of the proof for
E[(ale,z,y,B))"] < c

follows naturally from the techniques derived in the study of ¢(¢, z,y, B).

4.2 Holder Continuity for the Three Functionals

The development of the proof

||¢y(67 Z, y7 B) - ¢y<6,7 xla y/7 B)“m S Cm(g) H(€7 xz, y) - (6/7 lj? ?/)”mg )

with € € (0,1), for symmetric stable processes will proceed in the same manner as in the
Brownian case. Namely, the objective is to secure (3.91) over both class of intervals. With
respect to the new processes under scrutiny, the deterministic function impacted by changes

in the three terms, (z,y,¢€), is F(5,€,x,y,p, q), defined in (4.2).

Beginning with the variation in = over the first case of the non-isolated intervals, we look

to scrutinize

2m

o= [[TL@+ o) TL+ ) TL ol ot dos dgye 020
k=1 k=1 Jj=1

R2m =

where ¢ € (0,1). Separate the product concerning the |g;| terms as in (4.6) and apply the

study of (3.99). This produces the upper bound

1T 14l bl < cQulpel, lual)Ps (I l)- (4.27)
j=1
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Upon expanding the right side of the above inequality, we are led to conclude the order of
the |ug| terms are exactly as presented in (4.9). With respect to the |py| variables, analysis

of the expansion of

IT (el + fua 4 el + 1o t) TT (el + 5 I€)
kes K k"€eR

!’ "

K k'er

reveals

deg [pr| = neés + M€, with ng, 71, € {0,1,2}. (4.28)

The two primary observations to take away from the above is € can be chosen close to zero
and the maximum order the pj variables can assume is 265 + 2€. Combining (4.26) with
(4.27) and incorporating modifications regarding the rational function affiliated with the

measure dp, directs us to

Ont s wk(B/2)+01Es

Me€a+Ké |uk| |uk| dp. d
//Hlp | H1+|pk|5H1+|Uk|ﬁ Sl_[T+ 1+ [ug|? H by S
e Ul

RQm

We can select & close to zero so that the above integral is finite for 3/2 < 8 < 2 and

conclude over the non-isolated intervals,
E |:(¢y(€7 z,Y, B) - ¢y<67 .T,, Y, B))m] < Cm(g)|x - x/|mg (429)

Perturbations in the y parameter produce the multiple integral

oy y|m€//H 4 7l?) H(1+|uk|ﬂ H|qj||q] € dp; dg;.

R2m =
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where £ € (0,1). Set

€3 =&+ &, with &5 =1— /2,

and define the polynomial

Qu(lpuls fuel) = TT (un-at 4 fuad) TT - (Jenl + fusa & + || + 1oy )

keT keS
K k" er
(4.30)
to derive the upper bound
H 4] la; )¢ = H ;1772 |18+ = H 1451772 14518 < Qul|w, lux])- (4.31)

7j=1

Referencing (4.8) and (4.9) leads to the orders of Q(|pk|, |ukl),

deg |px| = s = 0,3, or 285, if k € R,

(

=0,8s, or 2§, ifkeS,

_ | =B/20or1+¢ ifkeS,
deg |ug| = wi(B/2) + Ok B (4.32)
={gor B/2, ifkeT

[ <5, if k€ Tp.

Bounding the T, é—intervals by a constant and applying Cauchy-Schwarz produces a product

of one dimensional integrals similar to (4.10)

nkﬁﬂ Jug |6 g | B/ H0Es g | (8720085 2 e d
[ T 1+\pk\5H1+\uk\ﬂH e U L
R2m ! =

(4.33)
With ¢ selected close to zero, we can replicate the study which generated Table 4.1 to

conclude the above product of one-dimensional integrals are finite for 3/2 < f < 2. Over
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the non-isolated variables we have shown,
E [(¢y(e, 7,9, B) = ¢y(e, 2,9/, B)"] < em(@ly — /™. (4.34)

The proof for the case of € begins by replicating inequality (3.128) with respect to

F(B,e,€,2,9,p,q),

H B € p] B € q]) f(ﬁ? 6/7pj)f(ﬁ>€/7qj>

= HeXp e (Ipj” + 1a;1%)) — exp (=€ (Ip;” + l¢;1%))
< e T (Il + 10%) < emle — €7 11 (Ipsl€ + las1€)
j=1 j=1

where é can be chosen close to zero and & = Bé . This endorses the study of the expression

m

e|mf//H1+|pk|ﬂ H1+|uk|ﬁ H | 1oy + 14,) dp; das.

RQm =

Let 7 and 7 form a disjoint union of the set {1,...,m}. The main quantity of interest

from the above can be written as

IT lail (Ipsl€ -+ 1a51€) = > { TTIeot® IT ool TT ool
j=1 ' j=1 '’

Z H’Pj\g H 4517 1g;1% H!%’F : (4.35)
hT i=1 "
Polynomials generated by

LTl I1 lat?? lgst®> and [T las”” lgsl* [ lasl* (4.36)
e Jj=1 Jj=1 '
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return us to the case of the x and y parameter, respectively. Note that
— m —
LLlet TT 1at? last™ TT1asl® < ePs(1oul) Qallprl, lul)- (4.37)
b2 i=1 7

Expansion of the right hand side of the inequality leads us to the orders of the |uy| terms

listed in (4.32) and the |py| take degrees

deg |px| = M€ + M€s, with my,mr, € {0,1,2}. (4.38)

Applying these facts directs us to products similar to the ones presented in (4.33),

|uk’9k§ﬁ |uk"’~’k (B/2)+0xép

//H |p ‘771@£+77k£5 H 1+ ‘pk|5 H 1+ ‘uk|ﬁ H+ 1+ |Uk‘5 H dp] dQJ
S'gUT5

R2m

The above expressions are finite for 3/2 < f < 2 and we conclude over the non-isolated

intervals.
E [(¢y(c.2,y, B) — ¢y(¢", 2,4, B))"] < cm(E)le — €|™, (4.39)

Shifting attention to the case concerning the isolated intervals, the variation in the x term

indicates we must study an expression parallel to (4.19),

m

o= [T+ 1) L0+ huel?) ™ TT e H 4 dg, H € .
.

R™xR™ k=1 kel

(4.40)

The products which generate Ps(|px|) and Qa(|pkl, |uk|), defined in (3.99) and (4.20), re-
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spectively, permit the formulation of the upper bound

I lawea P2 TT 1l TT 195l < cQallmal, lunl)Ps (1)) (4.41)
j=1

kel I;

The degree of the |uy| variables generated by the right hand side of the inequality above are
depicted in (4.22). However, the order of the p, terms over the R-intervals are described
in (4.28). Upon incorporating this later change with respect to (4.23), we can reapply

the subsequent analysis of that expression to conclude (4.29) over the isolated intervals for
Be(3/2,2).
Perturbations in the y parameter direct us to an expression parallel to (4.11) and we can

adapt the analysis of this previous multiple integral to study

= [[[ e (— Xm; |m|ﬂ<fk>> exp (— fj |uk|ﬁ<&k>>

I1 (exp (— el (i) ) = exp (= (Juaral” + e ) () ) '

kel

m

I la! la;1* dp; dg; dr; ds; dt;. (4.42)

J=1

Integrating the isolated intervals and the isolated variables from the above begins with,

I oo (<1t (@) = exo (= (el + lare, ) (@) | Tar |l () .
RxB
(4.43)

Upon simplifying notation, ug41 = u and gy, = ¢, and partitioning the domain of integra-
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tion over the real line, the above two dimensional integral is equivalent to the sum

exp ~ (Ju+a?) (@) = exp (= (Jul® + |al?) (&) | lal lal* d(ds) dg

lg|<4[u]

exp (= (u+a) @) = exp (= (ul? + al*) (d)| lal € dde) da

lq|=>4[ul

(4.44)

With respect to the first quantity above, observe

/ / oxp (= (fu+01”) (d) = exp (= (lul” + lal?) (d0))| lal lalf () dg

lq|<4|ul

= 1 1
< clul1+ /—d +/ d
< cful T+ (utap) T3 (P 117

lg|<4|ul lg|<4|ul

< cfu|'*¢,

where we applied the study of the integrals emerging in the brackets of (4.15) to obtain

the third inequality.

Referencing, (4.17) and the rationale which produced (4.18), the second summand in (4.44)
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is bounded by

exp = (lu+al’) (@) = exp (= (lul” +1a1”) (@) lal lalf d(dy) dg

lg|>4|ul
1 1
<c - la "¢ dg
lu+qlf  [ulf + |Q|B‘
lg|>4|ul
1 1 |q|***
= ¢ 5 PG 5 dg
T+u/qlP (1 +ul?/lg?)] gl
lg|>4]ul
14+€ _
<c / ul la 5 dg=c / [u _ dg < clul>7PFE,
lq| ql |q|P~¢
lg|>4]|ul lg|>4]ul

Collecting the above bounds for (4.43) and integrating the last time variables from (4.42),

induces the study of

J[ L0+ ) IO+ k) H\ukH\”EH|qj||q]|quJHdpj (445

R™xR"™ k=1 I¢ kel

Now, notice the derivation of the upper bound,

IT e T lasl sl =TT fawcal ™6 T 1asl?? a5l

kel Is kel I
= H ’Uk+1’1+§ H ‘QJ|5/2 |9 ’55 (4.46)
kel

The resemblance of (4.20) with the products on the right side of the inequality above
hints that we may re-employ the analysis of this former quantity to our current frame-
work. Pointing the reader to the orders of the Qa(|pk|, |ux|) laid out in (4.22), the primary

consequence resulting from the expansion of (4.46) is presented as follows;

deg |pr| = miés = 0,&s, or 2§, ifk€ER
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(

=0,8s, or 26, ifkeS,

_ =B/20or1+€, ifkeS;
deg |ug| = wi(8/2) + 0r&s Plrorl+s, itk eS8 (4.47)

=&z or 3/2, ifk’GTgJr

[ <5, ifkeT,.

deg |u| =14 &+ wi(8/2) + Ox&s

=1+&1+E+8/2, or L+E+&, ifkeT™.

Upon incorporating these details, into (4.45), we can replicate the analysis of (4.19) on

the resulting expression to conclude (4.34) renders true over the isolated intervals for g €
(3/2,2).

For the last parameter, we take into account the expression,

e — €™ /// exp (-i \ﬁk|ﬁ(fk)> exp (—i@ﬂﬁ(cﬁ))

HCWCWM@me@0%M+mmy@D‘

kel

H 4] (1€ + lg;I¥) dp; dg; dry ds; dt;.
=1

The details surrounding (4.35) lead us back to the variation of the z and y terms. Finally,

(4.39) holds valid for 5 € (3/2,2) for both the non-isolated and isolated intervals.

Shifting efforts to the renormalized local time ¢(e, x, y, B), the variation in the x parameter
over the case of the non-isolated intervals directs our attention to
~ m L 2m m ~
o= [ [T+ 1) TTO+ ) TT s dy da
k=1 k=1 j=1

R2'm -
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with € € (0,1). Simply insert ([, |5x|"¢) into the above integral and apply Proposition

3.1.4 to conclude this first case.

The multiple integral below captures the key changes in the y variable,

m 2m m
m mé = -1 — 3
ey =P [[TL+ 1) TI+ ol T oot s das
Rem k=1 k=1 j=1
Modify polynomial Py (|uk|), characterized in (3.36) , (3.37) , and (3.38) to write,
M _— 1 Jug|¢ Jug |+ Jug ¥ 15
1 Byt dp. da.
2 //H( ) g e L L s L v
RrR2m T S S T+ T j=1

Implement the bound |ug|“*¢(1 + |ug®)~! < ¢, for all k € T. With § € (0,1), changing
variables converts any summand above to a finite product of one dimensional integrals.

Perturbation in € return us to the previous two cases.

Starting with the variation in z for the isolated intervals, simply insert > (I]j [px|™*) into
(4.19) and modify the analysis subsequent that expression to finish this case. For the y

parameter, consider the quantity

/// exp (‘i:: \pk!ﬁ(fk)> exp (—iﬁ!w!ﬂ&))

H (exp <—\uk\ﬁ(dk)> — exp <— (\uk+1\5 + |QE(k>|/B> (Jk)> ) '

kel

H |qj|é dp] dqJ d’l"j de dt] (448)
j=1
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Recollect the inspection of (4.12) and integrate the isolated terms to write

[ fesw (= Qs a?) (d)) = exp (= (ul + 1) (@) 1aff d(d) dg

RxB

<o [ fexp (= (u+a) @) - e (= (al + 1) (@) | la] d(d) do

RxB

< clul*7”.

After addressing the remaining time variables in the regular fashion, (4.48) reduces to

JI IO+t TLO k) T bl IT o H iy

R7 xR F=1 Ie kel

Utilize the bound

H upa 7 11 Jun*"
1+ ]uk+1]5 eTI+1 1+ |Uk|6

and apply Proposition 3.1.4 to conclude the study of the y term. Variation in € returns us

to the above two cases.

We mention, proofs involving the local properties and convergence of

lima(e, z,y, B) = a(x,y, B)

e—0

are developed using the analysis of ¢(¢,x,y, B).
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4.3 Extension of Local Properties to Arbitrary Sets

in D(2)

To extend Holder continuity to any Borel set in D(2), we will mimic the argument presented
for the Brownian case in §3.3. The three scaling identities which will advance our argument

are

X(AM) EAEX (1)
Pe(y/k) = kpes(y)

PL(y/k) = k*Plyys (y)-

and the key proposition is laid out below.

Proposition 4.3.1. Let X; be a one dimensional symmetric stable process. The following

equalities in distribution hold;

dy(e.x,y, B) = 270/ Dg (2 97/Py 2n/Py on ) (4.49)
d(e,x,y, B) = 20D g(9me 970y 27/Py 9" B) (4.50)

a(e, z,y, B) & 2n@/8-3)(2ne, 208y on/By on B) (4.51)
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Proof. Select an arbitrary B C A(1,1,2). The above identities imply

¢y<57$;va)
1
723
1

23n onp

st 1 — —
e T/ pe (27PX (s) — 27X (r) — )
2°" Jonp

. (2 2BX(t) — 27 ”/BX(S)—y)}O dr ds dt

= 2% _ (277 (X (s) — X(r) — 2"/Px))
ApL (278 (X (1) — X(s) — 2v/%)) ), dr ds dt
= [ 2 (X(6) = X() — 2°a)

228 I, (X (1) — X (s) — 2”/6?;))}0 dr ds dt

_ 23”(1/6_1)¢y(2n€, 2n/ﬂx7 2n/5y7 QHB)

Working with the second functional of interest,

¢(e,z,y, B)
= 2% o (X(27"s) = X (27"r) —2) {pc (X(27"t) — X(27"s)
= 2% (27X~ 27X () —a)
Ape (27X () — 270X (s) —y) }, dr ds dt
= [ 2 (X0 - X0) - 27%0))

L on/B {pone ((X(t) — X(s) — 2"/63/))}0 dr ds dt

= on@/B=3) y(one on/By oM By M B).

Pew (X(27"s,277r)) {pL, (X(27, 2’"5))}0 dr ds dt
27 B

De (X(2*”s) - X(27"r) — SL’) {pé (X(Q*”t) —X(27"s) —

y)}o dr ds dt

- y)}o dr ds dt
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The proof for

ale,x,y, B) dist on2/B=3) (2, /By onlBy, 2"B)

follows by replicating the techniques presented for ¢(e, x,y, B).

Centering attention on ¢,(-),

|I¢y(67 Ty, B) - gby(ela l’l, y/a B)Hm

00 on—1 my /m
<Y E D dy(ex,y,B(k,n)) — ¢y (¢, 2" ¢/, Bk, n))
n=1 k=1

<y o sup |6y (e, 2.y, B(k,n)) — &, (€'.2",y/, Bk, n)) ||,

n=1

_ Z 9(n=1)/203(n=1)(1/5-1) g1, H% (27te, 2D/ 2 =D/By 9n=1 Bk )
k
n=1

-y (2n71€/, Q(n=1)/8,1 =18/ 271718(]{7”)) H

< (€)Y 2R3N (6 ) — (¢, 2 y) |
n=1
= (€)Y 2RI (6 ) — (¢ 2 ) |6

n=1

= (€)Y 20 VORI (e, y) — (€2 )|
n=1
With the parameter £ chosen close to zero, the inequality below holds true for g € (6/5,2),

+&<

™| w
DO | Ot
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Taking into account the renormalized intersection local time,

||¢(€7 x,Y, B) - (b(EI, xla yla B)Hm

Z o(n=1)/2 Sl}ip H(b(ﬁ z,Y, B<k7 n)) - ¢(€I7 $/7 y/7 B(k7 Tl)) Hm

1

IN

n

NE

9(n=1)/29(n=1)(2/5=3) g H¢ (20 e, 9(n=1)/8y on=V/By on-1p(f, n))
k

n=1

— 4 (anle/’ (=181 n=1)/B,1 21 B(k, n)) H

< (€)Y 2002/ DCIRIE | (¢ ) — (€ 2!,y )|
n=1

= ¢ (§) Y 20 V2RI (e y) — (¢ 2y |0
n=1

= (€)Y 2RI (e y) — (¢, 2,y )||¢
n=1

< cn(@)l(e, 2. y) — (€,2", 9|

where the last inequality was derived for 1 < § < 2.

4.4 Final Continuity Arguments and the Set Param-

eter B

The derivation of the upper bound consisting of the set variable B,

E [(¢y(e; 2,9, B))"] < en(€)]BI™,
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begins with the first case of the non-isolated intervals. An application of |F(8, €, x,y,p, q)| <

1 and [i™(27)?™| < ¢™ to (4.4) directs our attention to

m 2m m
o ][ ew (—Zw%m) exp (—Zmuﬂ(dk)) IT 10;l dp; dg; dr; ds; dt;.
R2my Bm k=1 k=1 j=1

Select conjugate exponents a and @’ as in (3.185) and modify the argument which produced

(3.187) to write

m 2m m
et [[TL @)™ T e lod) " T ol dpydgy. @52
k=1

pom k= k=1 j=1

Observe, if we define

Gg=1- 2%, (4.53)

then as 8 approaches 2, (s takes values near zero since 1/a’ is very close to 1. Conversely,
if B is approximately equal to 1, then (s is slightly larger than 1/2. With this parameter

in mind, define

Qs (Il fuel) = TT (lunt @+ gl @) TT (sl + g s + [ |2 + [y )
keT keS

’ 1

k .,k €ER

so that the subsequent bound maybe formulated
1T lail =TT 107 1g;1 < Qs (|l lux])-
j=1 j=1

The similarities between Qi (pg,uy), defined in Proposition 4.1.1, and Qs(py, ux) hints we

can modify the orders presented in (4.9) to conclude this later polynomial assumes degrees

deg |px| = mCs = 0,(s, or 2(5, if k € R,
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.

=0,(s, or 205, ifkesS,

=pB/(2d')or 1, ifkeS;
deg [ux| = wi[B/(2d")] + OkCa
= (g or 3/(2d'), ikaTgJr

< g/d, if k€T

Insert Qs(pg, ug) into (4.52) and employ the bound,

|Uk |wk [8/(2a")]+0xCp

(5 [urP)oe for all k € T,

to arrive at

|uk|‘~'k[6/ (2a")]+0x¢p
(1 + u|?) H ap; 4

([T 1T: M-
TR L (L )

RQm £ Sg UTg
Application of Proposition 3.1.4 indicates the 2m-dimensional integral above is finite for
B e(3/2,2).

Shifting attention to the isolated intervals, we start with a quantity similar to (3.192)

(ci) ///exp( Z|pk|ﬁ rk>exp( Z|uk|ﬁ dk>

(ot -on s ) )

kel

exp <iy2qj> H (B,€,q;) q; dp; dg; drj ds; dt;. (4.54)

and aim to leverage much of the work from the Brownian case. Working towards this goal,
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we focus first on the isolated variables, degy,y» i the one dimensional integral below

‘ /R exp (_|Uk’6<Jk)> — exp <— (’uk+1’5 + |q€(k)|ﬁ> (Jk)>

After simplifying notation as in (3.194) and replicating the derivation of (3.196)-(3.198),

the above expression can be bounded by the subsequent sum,

/R (exp(iuz) — eXp(_t|u|B)) p(2)pl (= — y) dz

Z=00

< ‘ [ (exp(iuz) — exp(—t|u|ﬁ)) pe(2)] pe(z — y)|

Z=—00

+

/R i explinz)p(2)pe(= — y) d

" (4.56)

/R (exp(—t|u|5) — exp(iuz)) Pi(2)pe(z —y) dz|.

Reapplying the argument which produced (3.199) and adjusting (3.200) to our current

problem, we find that

=0

Z=—00

| [(exp(iuz) — exp(—t[ul”)) pi(2)] pe(z = )|

and

[ tnesptiu)npls =) az| < Jul [ pelp(z =) 2z

u
< fullpesc(w)] < elullpec0)) < 9 (457)
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Working with (4.56)

/R (exp(—t|U|5) — exp(iuz)) pi(2)pe(z —y) dz

< /R (11 — exp(—tlul®)] + |1 — exp(iuz)]) [p() [pe(z — v) dz.

From (3.92) and (3.93), we can select 4,7 € [0, 1] to bound the above expression by

C/ [ ul™ + [ul2°] [P} (2)|pe(z — y) dz < esup [¢7|ul™|p}(2)] + [ul’[2°pi(2)]] . (4.58)
R z

Applying the bound

C
pi(2) < |pi(2)| < e [ lglexp (=tlgl’) dg < o
R +2/8

and the scaling identity
1 z
/ o /
pi(2) = WM (m)

the right hand side of the (4.58) can be bounded by

sup [t”IUI5”|p2(Z)| + Jul’ 2]’ [pi(2)]]

gy L § 2’
< c|ul 275 + clu|’sup | 5=
z

A (57

O t0/P ER
By~ N I
= c|u| 378 + clu| (ta/ﬂ) sup {ﬁ/ﬂ (

12°

oll
()]

= clu|?

1 ;1
i Tl g7 sup

Working with the supremum on the right side, write

sup {21} (2)] = sup [ :

1
%/Riqexp(iq"«*) exp(—|g|”) qu'

(4.59)
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Partitioning the domain of integration and applying integration by parts reveals,

1 [~ .
sup [|z|%/o iqexp(iqz) exp(—qﬁ) dq]

1 ) exp(1gz >
= sup [2—|ZI < —zqexp(—qﬁ)M ) ]
z ™ 12 0
1 > exp(iqz , .
— sup {2—|Z| / # (—iBq” exp(—q”) + iexp(—¢?)) qu
z s 0 12

Since the above argument can be replicated for the domain (—oo,0), we can write (4.59)

as

c\u|57

t2/8—
Referencing the time parameter in the denominator on the right side, choose § € [0, 1] to

satisfy the inequality

b 2-90
— =——— <1, equivalently, 6 > 2 — .
ER: ’

2
B
With respect to the time parameter on the left side, select v € [0, 1] such that

2 2-py
8- 77758

< 1 or, similarly, 8y > 2 — f3.

With this formulation in mind, let o be a parameter slightly less than 1 and € a value very

close to zero to produce the upperbound,

By
elul 25 = ¢ qa

+ C|u|‘5

$2/8—

Upon combining this upper bound with (4.57) and recalling the notation in (3.194), we
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conclude (4.55) is bounded above by

2-p+é
|1~Lk+1| L |Uk+1~| } <c [ |1fk+1| + 1} ., withk €1.
(@) (de)e ()7

Note that for small wu,

Jug1 ][>

(e
Our next step is to investigate the impact of this last upperbound on the primary multiple

integral of interest, (4.54). Noting |i exp(—iyg;)], \f(ﬁ, €,q;)] <1, j € I, we now study

o /// exp (— ij: |Pk|’8(fk)) exp —Z k] (i) [H |Uk+1;/|3 ]

R™xR"™x B™ ke[

I lasl dg; T dp dry ds; dt;., (4.60)

I¢ j=1

With respect to the brackets above, we will work individually with each sum and begin

with

o /// exp (—glpﬂﬂ(@)) exp —Z|Uk|ﬁ(dk) }_[ ‘Uktl/la

I¢
R™xR™xB™ J

H |q]| dqj H dp] de de dtj (461)

I¢ j=1

Extract from above the following integral,

1 m
= d?”j de dtj
o 1L

/ exp< Z]pk\ﬁ T ) exp —Z\uk\ﬁ(ch) H
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Choose a and a’ as in (3.185),
l<a' <146 and a=(1-1/d)"",

and replicate the study of (3.184) to bound (4.61) by

g [T @)™ T @ fad?) ™ T Jueal TT bl das T
j=1

R™xR" k=1 Ie kel Is
(4.62)
Define (5 as in (4.53),
p
1=
Cﬁ 2@,7
so we may construct the upperbound
II el T last =TT fwsal T 1asl” a5l < eQo(lpal, fuel),
kel I kel I
where
Qs (1P|, |ur)
=TT e TT (R4 fd?720) T (el sl + b + )
kel keT kes
K k' er

— H |11 | Qs ([Prl s Jukl)

kel
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Application of Proposition 4.1.2 reveals Qg(|p|, |ux|) is a polynomial of the form

Qs |k, |uel) = (l [ 1272 T T ol 62 T s+ eI+ 0ns
¢ ¢

TT sl rstreniocs T ,uk|wkw/<2a/>l+9k<ﬁ),

TI+1 +
T T,

with orders

deg |px| = mCs = 0,(s, or 2¢s, ifkeR

(

=0,(s, or 205, ifkeS;

=pB/(2d') or 1, ifkeS;
deg [ux| = wi[B/(2d")] + O4Cs §
= (gor B/(2d'), ifkeTS

| < B/d, if keT;.

deg ]uk| =1 +wk[ﬁ/(2a’)] + eka? =1,1 —i—ﬁ/(Qa’), or 1+ Cﬁ, if ke T

Inserting the above into (4.62) yields sums of the form

Z [ // H ‘pk|77k<ﬁ H (1 + ‘p”ﬁ)fl H (1 + ’uk’ﬁ>71 H ‘uk‘HkCB H |uk‘wk[5/(2a')]+9kCB
R k=1

/

R™xR" 5T S¢ S¢

H ‘uk‘wk[ﬁ/@a’)H@kCﬁ H |uk‘1+wk[ﬁ/(2a/)]+9k45

T<+ TI+1

H‘uk‘wk[ﬁ/@a/)H@kCB H dg; ﬁ dp; |,

Té’ Is Jj=1

We can simply replicate the analysis of (4.23) to conclude any multiple integral emerging
as a summand above is finite for 3/2 < § < 2. Additionally, note that working with the
second sum in the brackets of (4.60), returns us to the primary bound over of the isolated

intervals.
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Finally, the proof for

E [(6(c. 7.0, )] < cn(©)BI"

follows from replicating the analysis for the Brownian case, as presented in section 3.4.



Bibliography

1]

[3]

[4]

Richard F. Bass and Davar Khoshnevisan. Intersection local times and Tanaka for-

mulas. Ann. Inst. H. Poincaré Probab. Statist., 29(3):419-451, 1993.

R. M. Blumenthal and R. K. Getoor. Markov processes and potential theory. Pure and

Applied Mathematics, Vol. 29. Academic Press, New York, 1968.

Xia Chen. Intersection local times: large deviations and laws of the iterated logarithm.
In Asymptotic theory in probability and statistics with applications, volume 2 of Adwv.

Lect. Math. (ALM), pages 195-253. Int. Press, Somerville, MA, 2008.

Victor H. de la Pena and Evarist Giné. Decoupling. Probability and its Applications
(New York). Springer-Verlag, New York, 1999. From dependence to independence,

Randomly stopped processes. U-statistics and processes. Martingales and beyond.

A. Dvoretzky, P. Erdos, and S. Kakutani. Double points of paths of Brownian motion
in n-space. Acta Sci. Math. Szeged, 12(Leopoldo Fejer et Frederico Riesz LXX annos

natis dedicatus, Pars B):75-81, 1950.

A. Dvoretzky, P. Erdos, and S. Kakutani. Multiple points of paths of Brownian motion

in the plane. Bull. Res. Council Israel, 3:364-371, 1954.

A. Dvoretzky, P. Erdéds, S. Kakutani, and S. J. Taylor. Triple points of Brownian paths

in 3-space. Proc. Cambridge Philos. Soc., 53:856-862, 1957.

162



Bibliography 163

8]

[10]

[12]

[13]

[14]

[15]

[16]

[17]

E. B. Dynkin. Regularized self-intersection local times of planar Brownian motion.

Ann. Probab., 16(1):58-74, 1988.

S.F. Edwards. The statistical mechanics of polymers with excluded volume. Proceed-

ings of the Physical Society, 85(4):613, 1965.

Donald Geman and Joseph Horowitz. Occupation densities. Ann. Probab., 8(1):1-67,

1980.

Donald Geman, Joseph Horowitz, and Jay Rosen. A local time analysis of intersections

of Brownian paths in the plane. Ann. Probab., 12(1):86-107, 1984.

B. L. Gurevich and G. E. Shilov. Integral, measure and derivative: A unified ap-
proach. Revised English edition, translated from the Russian and edited by Richard

A. Silverman. Prentice-Hall Inc., Englewood Cliffs, N.J., 1966.

Shizuo Kakutani. On Brownian motions in n-space. Proc. Imp. Acad. Tokyo, 20:648—

652, 1944.

J.-F. Le Gall. Sur le temps local d’intersection du mouvement brownien plan et la
méthode de renormalisation de Varadhan. In Séminaire de probabilités, XI1X, 1983/84,

volume 1123 of Lecture Notes in Math., pages 314-331. Springer, Berlin, 1985.

Paul Lévy. Le mouvement brownien plan. Amer. J. Math., 62:487-550, 1940.

Paul Lévy. Processus Stochastiques et Mouvement Brownien. Suivi d’une note de M.

Loéve. Gauthier-Villars, Paris, 1948.

Michael B. Marcus and Jay Rosen. Markov processes, Gaussian processes, and lo-
cal times, volume 100 of Cambridge Studies in Advanced Mathematics. Cambridge

University Press, Cambridge, 2006.



164

Bibliography

[18]

[20]

[21]

[22]

[24]

[25]

P. A. Meyer. Un cours sur les intégrales stochastiques. In Séminaire de Probabilités,
X (Seconde partie: Théorie des intégrales stochastiques, Univ. Strasbourg, Strasboury,
année universitaire 1974/1975), pages 245-400. Lecture Notes in Math., Vol. 511.

Springer, Berlin, 1976.

P. Warwick Millar. Stochastic integrals and processes with stationary independent
increments. In Proceedings of the Siath Berkeley Symposium on Mathematical Statistics
and Probability (Univ. California, Berkeley, Calif., 1970/1971), Vol. III: Probability

theory, pages 307-331, Berkeley, Calif., 1972. Univ. California Press.

International School of Physics Enrico Fermi, Res Jost, and Societaitaliana di fisica.

Local quantum theory / edited by R. Jost. Academic Press, New York :, 1969.

Daniel Revuz and Marc Yor. Continuous martingales and Brownian motion, volume
293 of Grundlehren der Mathematischen Wissenschaften [Fundamental Principles of

Mathematical Sciences]. Springer-Verlag, Berlin, third edition, 1999.

L. C. G. Rogers and J. B. Walsh. The intrinsic local time sheet of Brownian motion.

Probab. Theory Related Fields, 88(3):363-379, 1991.

Jay Rosen. A local time approach to the self-intersections of Brownian paths in space.

Comm. Math. Phys., 88(3):327-338, 1983.

Jay Rosen. A renormalized local time for multiple intersections of planar Brownian
motion. In Séminaire de Probabilités, XX, 1984 /85, volume 1204 of Lecture Notes in

Math., pages 515-531. Springer, Berlin, 1986.

Jay Rosen. Continuity and singularity of the intersection local time of stable processes

in R%. Ann. Probab., 16(1):75-79, 1988.



Bibliography 165

[26]

[27]

[28]

[31]

[32]

Jay Rosen. Limit laws for the intersection local time of stable processes in R2. Stochas-

tics, 23(2):219-240, 1988.

Jay Rosen. A jointly continuous local time for triple intersections of a stable process

in the plane. Stochastics Stochastics Rep., 39(2-3):119-137, 1992.

Jay Rosen. Derivatives of self-intersection local times. In Séminaire de Probabilités
XXXVIII, volume 1857 of Lecture Notes in Math., pages 263-281. Springer, Berlin,

2005.

Jay Rosen and Marc Yor. Tanaka formulae and renormalization for triple intersections

of Brownian motion in the plane. Ann. Probab., 19(1):142-159, 1991.

Jay S. Rosen. Continuous differentiability of renormalized intersection local times in

R'. Ann. Inst. Henri Poincaré Probab. Stat., 46(4):1025-1041, 2010.

Hiroshi Tanaka. Note on continuous additive functionals of the 1-dimensional Brownian

path. Z. Wahrscheinlichkeitstheorie und Verw. Gebiete, 1:251-257, 1962/1963.

S. J. Taylor. Multiple points for the sample paths of the symmetric stable process. Z.

Wahrscheinlichkeitstheorie und Verw. Gebiete, 5:247-264, 1966.

M. J. Westwater. On Edwards’ model for long polymer chains. Comm. Math. Phys.,

72(2):131-174, 1980.

M. Yor. Renormalisation et convergence en loi pour les temps locaux d’intersection du
mouvement brownien dans R3. In Séminaire de probabilités, XIX, 1983/84, volume

1123 of Lecture Notes in Math., pages 350-365. Springer, Berlin, 1985.



