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Chapter 1

Introduction

We introduce Fuchsian germs to extend the theory of Fuchsian groups to
irreducible hyperbolic Riemann surface laminations. Roughly speaking, a
Fuchsian germ [I'] is a groupoid consisting of tail equivalence classes of se-
quences {B;}, where B; € G;-G™' ¢ PSL(2, R), and G = {G;} is a nested
sequence of countable, uniformly discrete subsets of PSL(2,R). (Groupoid
multiplication in [['] being defined componentwise.)

One can define convergence of sequences {z;} in the upper-half plane H
relative to G and thus define a completion [ﬁ] of H. Under suitable restric-
tions on G and [I'], there will be an action of [['] on [H] in which the quotient

[H])/[T) is a Riemann surface lamination. Conversely, we will show that any

1
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CHAPTER 1. INTRODUCTION

irreducible hyperbolic Riemann surface lamination may be so uniformized.

The organization of the exposition is as follows. We develop the abstract
definition of a Fuchsian nested set G = {G;}; then show how such a G can
be used to complete H to a space H and form a quotient Hg which is an
irreducible hyperbolic Riemann surface lamination. Next, we show that from
an irreducible hyperbolic Riemann surface lamination L one can construct
a Fuchsian directed set G so that Hg = L. Finally, from an arbitrary G we
form a groupoid [I'], the Fuchsian germ, which acts (as a groupoid) on a
direct limit of completions [H] in such a way that [H]/[[] = Hg.

One of the motivations for this study came from the perception that the
holonomy graph of a foliated space is in a sense an unambitious generaliza-
tion of fundamental group. Specifically, we suspected that certain surface
laminations arising algebraically, such as those occurring as inverse limits of
surfaces, should be uniformized by groups rather than by groupoids. Tor-
ward this end, we sought to expand the domain and codomain of elements
of a putative uniformizing object beyond the singleton sets that are the do-
mains and codomains of elements of the holonomy graph. Following this
philosophy, our construction led to uniformizing groups in the case of inverse

limits laminations and in the case of the Feigenbaum lamination, which is a
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CHAPTER 1. INTRODUCTION 3

quotient of an inverse limit of annuli.
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Chapter 2

Preliminaries

For the readers convenience as well as to establish notation, we present in
this chapter an introductory discussion of the concepts of Riemann surface
lamination, direct and inverse limit, inverse limit solenoid, uniform space, the

topology of PSL(2,R) and the uniform Hausdorff topology of PSL(2,R).

2.1 Riemann Surface Laminations

In this section we will give the rudimentary definition and terminology sur-
rounding the objects we intend to uniformize. (Compare [M-Sc], [C].)

In what follows, N denotes the natural numbers, Z the integers, R the
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CHAPTER 2. PRELIMINARIES 5

real numbers, / the unit interval [0, 1] in R, C the complex numbers, H the
upper half-plane in C. We will understand H to be pointed by a fixed z, and
will let pg = |dz|/y denote the constant curvature —1 Riemannian metric on

H, and dg the induced distance function.

Definition 1 Let L be a separable, metrizable topological space. Suppose that
to each = € L there corresponds a quadruple (p.,90.,T.,0.), where Q. is a
domain compactly contained in C. T. is a separable, metrizable topological
space, O. is an open set of L containing z and ¢. : Q. x T. — O, is a

homeomorphism. We say that the collection

A= {((p:, Q:, T21 O:)}:GL

defines on L the structure of a Riemann surface lamination if properties
1), 2) and 3) below are satisfied:

1) (Integrity of Leaves) Suppose that O, N O, # 0; let
Yo =05 09197 (0:N0L) — 931(0:N0,)

denote the implied overlap homeomorphism. Let n. : Q. x T. — T. and
Tw : Qy X Ty — T, be the projections onto the second factors. Then for each

¢ € O: N Oy, there exists a neighborhood O¢ of { contained in O.N O, and
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CHAPTER 2. PRELIMINARIES 6

a map

¢(’ tmw; 0 ‘P:I(O() — T,

mapping homeomorphically onto its image, such that
My O lz’:w = ¢( om,

when restricted to 7'(O¢).

2) (Holomorphic Transverse Normality) Whenever O.N O, # 0. the col-

lection

{#4,(0) = ¥=(C.t)}

t€Ty,y
where Ty,, = 7. 0¢;(0.N0O,), comprises a normal family of holomorphic
Sfunctions.

3) A is mazimal with respect to properties 1) and 2) i.e. if there exists
a quadruple (p,Q,T,0) for which the collection AU (p,Q,T.0) satisfies
properties 1) and 2), then (¢,Q,T,0) € A.

A quadruple (p.,Q.,T.,0.) € A is called a chart; the collection A is
called the defining atlas of the Riemann surface lamination structure. The
subsets O, are called flowboxes. A subset of L which can be written in the
form P = (2 x {t}), where (9,Q,T,0) € A andt €T, is called a plaque

of the flowboz O.
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Definition 2 If L has the structure of a Riemann surface lamination, then
for each z € L, the leaf through z is defined to be the set €. consisting of
points w € L for which there ezists a path v : (I,0,1) — (L,z,w) and a

covering of ¥(I) by flowbozes O.,,i =1,...,n, such that for each i,

wNNO,, CFh

for some plaque P; of O.,.

By property 2) in Definition 1, each leaf ¢, is a Riemann surface. Thus

we have

Definition 3 If all leaves are hyperbolic Riemann surfaces, L is called hy-
perbolic; if L has a dense leaf, we say that L is irreducible. 4 set T C L
in which T { is countable for every leaf { of L is called a transversal.
A transversal T is called a flowbox transversal if there ezists a chart
(¢, Q,T,0) € A and a point ( € Q such that T = o({(} x T). If every

flowboz transversal of L is a Cantor set, L is called a solenoid.
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CHAPTER 2. PRELIMINARIES 8

2.2 Limits

In this section we discuss direct and inverse limits. In particular, we intro-
duce an example of each which will lead to, respectively, one construction of
Fuchsian germs and a certain class of Riemann surface solenoids.

Recall that a partially ordered set (A, <) can be regarded as a category

in which a relation a < 3 is regarded as a morphism a — 3

Definition 4 A partially ordered set (A, <) is said to be a directed set if

for all a.3 € A, there exists v € A such that a,3 < 7.

Definition 5 Given a category S and a directed set A, an A-direct (in-

verse) system is a covariant (contravariant) functor F: A — S.

If F: A— S isadirect (inverse) system, we will write X, = F(a) for the
image objects and fas: Xo — X5 (f*? : X3 — X, ) for the image morphisms
Fla — 3).

Here are two examples which will be of great interest to us:

Example 1 If G, is any collection of sets/groups/topological spaces/ et cetera

indexed by a directed set A, let

(Ga) = [] G-

aly

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. PRELIMINARIES 9

The coordinate forgetting projections (Go) — (G3), a < 3, yield an A-direct

system in the category of sets/groups/topological spaces/et cetera.

Example 2 Consider a group G and a nested sequence of subgroups {G;}.
The subgroup relation maps G; C Gi, t < j, yield an N-inverse system.

[f G = m X for some semi-locally simply connected space X, we may
associate to each G; a covering s; : X; — X for which (s;).m X; = G;. By
covering space theory, for every relation i < j, there exists a unique covering
map s* : X; — X such that s; 0 s = sj. Thus we obtain an N-inverse

system in the category Cov(X) of coverings of X.

To any system in a category S, direct or inverse, one may associate a
“limiting” set, which may or may not be an object in the ambient category

S.

Definition 6 Let F : A — S be a direct system. The direct limit of
the system is the quotient of the disjoint union |J,ec4 Xo by the relation ~,

where z ~ y if and only there exists a,3,vy € A with z € X,, y € X3 and

for(2) = foa(y)-
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CHAPTER 2. PRELIMINARIES 10
We denote the direct limit by

lim X,
F

Notice that there are canonical maps p, : X, — lim; X, induced by the

inclusions X, — [J X,.

Definition 7 Let G : A — S be an inverse system. The inverse limit is
the subset of the direct product [[,e 4 Xa consisting of those A-tuples (z,) for

which ., = f*3(z3) whenever a < 8.
The notation for inverse limit is

lim X,
F

Here there are canonical projections p* : lim; X+ — X, induced by the
projections [T X, — X,.

When § is the category of groups or compact Hausdorff spaces, then
both the direct and inverse limits may be endowed with group structures
resp. topologies so that the limits lie in S. In this work, we shall always find

ourselves in this situtation.

Both direct and inverse limits enjoy universality properties which we state

here [L].
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CHAPTER 2. PRELIMINARIES I1

Proposition 1 Let F : A — S be a direct (inverse) system in a category
S for which the himit lim;_. Xa (lim;- o) lies in §. Suppose that for some
object X € S we have a family of morphisms g, : Xo = X (¢°: X — X,)
that satisfy the condition g, = g3 0 fop (9o = f*P 0 g3) whenever a < 3.
Then there exists a unique morphism g : lim; Xa 2 X (g: X — lim; Xa)

satisfying the condition g, = gop, (g =p*0g). O

Often we will be interested in looking at the limit of certain subsystems

of a given system. The condition of cofinality will assure isomorphic limits.

Definition 8 Let A be a directed set and B C A a subdirected set of A. B

is called cofinal if for every pair a,3 € A, there erists v € B such that

asBS ‘7’

If F: A— S is a system, direct or inverse, and B is a cofinal subdirected
set of A, we denote by F'|g : B — S the system obtained by restriction to B.

A proof of the following proposition can also be found in [L].

Proposition 2 [fB C A is cofinal and F : A — S is a direct (inverse) sys-
tem, then there ezists a canonical tsomorphism between lim;_- X, and limF-l- X,

B

(between lim= X, and lim - X, ). O
F Fls
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CHAPTER 2. PRELIMINARIES 12

2.3 Inverse Limit Solenoids

Inverse systems can be used to construct examples of solenoids that will turn
out to have very computable Fuchsian germs.

Let S be a closed topological surface of genus > 1, and consider an N-
inverse system N — Cov(S) of the type discussed in Example 2. arising from

a nested sequence of subgroups of 7 S. Let S = lim._ ;.
Theorem 1 S has the structure of a surface solenoid.

Proof: When we say simply surface solenoid, we mean that chart overlaps
are assumed to be only continous in the leaf direction, converging in the
C’-topology in the transverse direction.

Denote by p: § — S the canonical projection and D the open unit disk
in R%. Let A = {(¢:, D,0.)}:cs be a manifold atlas for S e.g. O. is a disk
in S containing z and @. : D — O. is a homeomorphism. We may assume
that the disks O. have been chosen small enough to be evenly covered with
respect to any of the coverings s; : S; — S in the defining inverse system.
We will use A to construct an atlas A for S.

Given (¢:,D,0.) € A, let T. = p~!(z), which is homeomorphic to

[1{1,...,deg(s***1)}, a Cantor set in the Tychonoff topology. Setting O. =
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CHAPTER 2. PRELIMINARIES 13

p~1(0:), we now define a chart . : D x T, — O.. A point ¢t € T. is by
definition a tuple of points (z, 2, 22,...), = € S;, satisfying the condition
required to be in the inverse limit. Since O. is evenly covered by all of the
system covers, we may lift ¢, along s; to ¢, : D — O., where O, is the
component of s7'(0.) containing z;. By the universal property of inverse
limits. Proposition 1. there exists a homeomorphism 3! : D — O%, where
O! is the disk so defined about ¢ in §. We thus obtain a homeomorphism
2::DxT. — O:, for each = € S, and an atlas Afor S.

First, we verify the integrity of leaves, property 1) in Definition 1. [f
0.N0, # 0. then 0.NO,, # B also. If ( € 0.N Oy, then ¢ € O¢, where ¢ =
p(g: ); if O¢ is selected to be contained in O. N O, then O( will be contained
in 0: N Ow also. Now we may define a homeomorphism 7. : T — T, where
(t)=fif t € Of:. Likewise we define 7, and ¢ = 7_! o 7. satisfies the
requirements of property 1) of Definition 1.

We now demonstrate C°-transverse normality, property 2) of Definiton
1. But this is trivial in this case. Let !, = ($%)~! o &3t be the overlap
homeomorphism along the intersection of ¢-indexed plaques, t € Ty,, = T..

(Here, we abuse notation in indexing ¢!, by t € T. also.) Let p! be the
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CHAPTER 2. PRELIMINARIES 14

restriction of p to 0%, a homeomorphism onto Q.. Then
Yo = (B4) o (L) T opiodt = 07l o p:

on the domain of ¢!, i.e. the family is constant as one varies ¢.

Now simply replace A by a maximal compatible atlas, and we are done.

2.4 Uniform Structures

We review in this section the definition of a uniform structure on a set X, as
well as the topology it induces. Consult [K] for more discussion and proofs.
Let Ax = {(z.z)|z € X} be the diagonal in X x X. For I,V C X x X, we
define

U™ ={(y.2)l(z,y) € U}

and

UoV ={(z.z)|3y € Xs.t. (z,y) €U and (y,z) € V}.

Definition 9 A collection of sets U = {U,}, U, C X x X, is said to generate
a uniform structure on X if the following conditions are satisfied:

1) (reflexivity) Ax C U forall U € U.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. PRELIMINARIES 15

2) (openness) If UNV # @ for U,V € U, there exists W € U such that
wWcounv.
3) (symmetry) IfU € U, there exists V € U such that V C U!.

4) (triangle inequality) If U € U, there exists V € U such that VoV C U.

The uniform structure on X generated by U is formed by adding to U all
subsets W C X x X which contain a subset contained in U.

The following lemma is a sort of iterated triangle inequality.

Lemma 1 Let U be a uniform structure. Given any U € U, there erists

VeuUsuch that VoVoV CU. O

A uniform structure is a generalization of a metric. Indeed, one can use

the collection U to form a topology on X by taking as a basis sets of the form

Uly) = {z|(z,y) € U}

(That this collection is a basis follows from the openness condition.)

2.5 Topology of PSL(2,R)

Let SL(2,R) be the group of 2x2 matrices of determinant 1 with real entries;

the quotient PSL(2,R) = SL(2,R)/(I,—I), where [ is the identity matrix,

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2. PRELIMINARIES 16

is called the real projective special linear group. PSL(2,R) is isomorphic as

a Lie group to the isometry group of H via the association

a b
A= HAz=az+b.
cz+d

c d

Thus, one can understand the topology of PSL(2,R) to be that of compact
convergence of isometries of H. Here and throughout the text we will let
A.: TH — TH denote the extension of the action of A € PSL(2,R) to the
tangent space.

Now let T'H be the unit tangent bundle over H, which is clearly home-

omorphic to H x S!. Consider, for any € > 0, sets of the form
Ue = {((w, %),(z,0)) € T'H x T'H| dag(w, z) < € and [|& — 7|l < €},

where || ]| is the norm on T, H induced by pg and v, is the parallel

translate of v from z to w along the unique geodesic connecting = to w.

Proposition 3 The collection U = {U.}>0 generates a uniform structure

on T'H.
Proof: Conditions 1) and 2) of Definition 9 are trivially satisfied. Note that

"7-‘." awuw = ”'7— i:”:
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Figure 2.1: Holonomy about Geodesic Triangles

for (w,@),(z,0) € T'H. Thus we have that for all ¢ > 0, U! = U, and
so condition 3) is also satisfied. [t remains to demonstrate the triangle in-
equality. condition 4). Since H is a homogeneous Riemannian manifold, it is
uniformly almost Euclidean in disks of small radius 4, and there is uniformly
small error when one parallel translates vectors about geodesic triangles in
such é-disks. Hence it follows that for any € > 0, we may find & small enough
so that Us o Us C U,. More precisely, there exists a function C(8), where
C(8) — 0 as § — 0, such that whenever ((w, @), (y,£)), ((y,¢),(z,7)) € Us.
we have

llZ = Gullu = CO £ lld = Eullw + 1T = 5,1,

See Figure 2.1. If we take § such that C(8)+24 < ¢, we have ((w, @), (z,7)) €
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CHAPTER 2. PRELIMINARIES 18

U,, since dg(w, z) < dg(w,y)+du(y,z) < 26 < ¢, and ||T—Oullo < C(8)+26
< €. This proves the triangle inequality. O
The sets

UED = {(w, @) | ((w, @), (2.7)) € U}

generate the topology of T'H.
If we fix a basepoint (2o, 7o) of T'H, the correspondence 4 +— (Azg, A.7o)
defines a homeomorphism from PSL(2,R) onto T'H. In particular, a neigh-

borhood basis about A is provided by the sets
Ud{A) = {B € PSL(2,R)| (Bzo, B.o) € U{*=®).

This is how we will express the topology of PSL(2,R).

2.6 Uniform Haussdorf Topology of PSL(2,R)

Let P = 2PSL(2R) — the set of subsets of PSL(2,R) and define

US = {(A,B)ePxP|VA€ A, 3B € Bs.t. A e U(B)}

€

U> = {(A,B)ePxP|VBeB, A€ Ast. B e U A)}.

€

Proposition 4 The collection 2V = {U, = USNU?} generates a uniform

structure on P.
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Proof: The first three conditions of Definition 9 are apparent consequences
of the fact that U generates a uniform structure on PSL(2,R). Now choose
d so that Us o Us C U, We claim that Us o Us C U, also. Suppose that
(A,B), (B,C) € Us (so that (A,C) € Uso Us). Now for all A € A, there
exists a B € B such that (A, B) € Us. Likewise, there exists C € C such
that (B.C) € Us, so (A,C) € Us and A € Us(C). Thus (A,C) € US. In like

fasion. (A.C) € U2 and (A,C) €U,. O

Definition 10 The topology associated to the uniform structure generated

by 2V is called the uniform Hausdorff topology.

(Here the word uniform is used to emphasize uniform proximity. not that
this structure comes from a uniform structure.)
Let US(B) = {A € P| (A.B) e US}. Write AC, B if A € US(B), and

A=.Bif Bc,Aalso.

Definition 11 A sequence {A;}, A; € P for all i, is called an asymptotic
subset of A if for every € > 0, there erists a whole number N such that

A; Cc A whenever j > N. We will then write

lim 4; C A.

t=—>00
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Figure 2.2: Hausdorff Topology vs. Uniform Hausdorff Topology

N.B. Since PSL(2,R) is not compact, the uniform Hausdorff topology
on P is neither compact nor paracompact. It is customary to define a uni-
form structure given rather by sets U, c which measure proximity on a fixed
compact C C PSL(2,R). Since we will not be interested in an intrinsic
study of P, and will require a notion of uniform proximity, we will not adopt

these provisions. See Figure 2.2.
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Chapter 3

Germs of Inverse Limit

Solenoids

Before we begin the task of elaborating the definition of the Fuchsian germ
of an arbitrary Riemann surface lamination, we introduce here a motivating

example, which will serve as a guide to the forthcoming abstractions.

3.1 Group Germs

Let G be a group and C = {H;},i=1,2,..., be a nested sequence of normal

subgroups of G.
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Definition 12 The pro-completion of G with respect to C is the group
G =limG/H;.

Let @; denote the limit
limG/ Hj;
i

by cofinality (Proposition 2), G; is canonically isomorphic to G.

Definition 13 A sequence {g:}, g; € G, is called convergent with respect

to C if for every i, gig;' € H; whenever j > i.

Proposition 5 The set G of convergent sequences forms a group with respect

to componentwise multiplication.
Proof: Indeed, given {g;}, {h;} € G, we have that
gihi(gih;)™' € giHigi' = giHig7'g:9] " = Higig;' C H;

whenever j > i, so that {g;}{h;} € G. In a similar fasion it can be seen that
{g:}~' € G also, and since G is a subset of the group of all sequences in G,
it follows that G is a group. O

Denote by G; the subgroup of G consisting of the ith-tails of elements

of G i.e. sequences of the form {gk}x>i where {gk}k>1 is an element of G.
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(Alternatively, an element {g;} € G; is a sequence which satisfies the stronger

condition g;g;! € H;;:; whenever k > j.) Thus the G; form a direct system

of groups with respect to the coordinate forgetting projections G; — Gj,
{gx}roi = {gr}rxj (for j >3).
Definition 14 The completion of G relative to C is the group
[G] = [Glc = imG..
The germ of G with respect to C is the group
[G] = [G]¢ = lim H,.

—

We denote elements of [G] using the notation [g].
Proposition 6 [G] is a normal subgroup of [G).

Proof: For each i, the direct product H; = Ilk>i Hi 1s a normal subgroup

of G;. Indeed, for {g;} € G, we have
{gi}H{g;}™" = [1 9iHj+ig;' = I] Hisi = H..
J=1 j=1

The statement follows upon passing to direct limits. O

Proposition 7 [G]/[G] is isomorphic to G.
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Proof: Consider the map G; — [[G/H; defined {g:} — (g:H;). By defini-
tion of convergence, g; H; maps onto g; H; by the projection G/H; — G/H;.
whenever j > i. Thus we obtain a homomorphism ¢ : G — G, with ker-
nel H = [[H;. In a similar fasion, for each j, we deduce a projection
w; : Gj — G; with kernel H;. So we obtain a direct system of exact se-
quences such that, whenever j < k, we have a commutative diagram:
l1—H, —G; 2% G;—1
[
1 — Hy —»_C—;k-ﬁ-* Gk—vl
The limit sequence
(6] — [@] £ 6.
where [@i] = lim_. ¢;, is easily seen to be exact: if [p;]{gi] = L, then p;(g;) = L

for all i so that [¢g;] € [G]. O

3.2 The Fundamental Germ of an Inverse Limit

Solenoid

Let S be a surface and let C = {H;} be a nested sequence of normal subgroups

of mS. Let S denote the surface solenoid associated to an inverse system of
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covers over S as in §2-2, Example 2.
Definition 15 The fundamental germ of S is the group [r]S = [r,S].

We construct now a space [S] on which [m]S acts with quotient S. Let
p:S — S be a universal cover of S. We will assume that universal covers
pi : S — S: have been selected for each of the surfaces appearing in the
defining system, so that s o p; = p; whenever i < j.

Let S be the set of all sequences of the form {g;z}, where {g;} € 7,5 =
the completion of 7.5 with respect to C, = € S and g;z is defined by the deck
action of 1S on S. Likewise, we let S; be the set of ith tails of sequences in

S: the 5; form a direct system (in the same manner that the G; do).
Definition 16 The completion of S with respect to C is [S] = lim_ S;.

Elements of [S] will be denoted [g;z].

We construct a projection [] : [S] — § as follows. Given {gz} € §
we define an element of S by the tuple (p;(giz)). That this tuple defines an
element of S follows from the fact that {g:} is convergent with respect to C.

Indeed, if i < j, then gig;' € H; = deck group of p;, hence s 0 p;(g;z) =

pi(g:iz). This defines a projection p: 5 — .
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We similarly define projections p; : S; — S that are compatible with
direct limit maps, and hence deduce the projection [f] : [S] — S.

We equip [S] with the pull-back topology (with respect to which the
projection becomes an open map).

N.B. The pull-back topology is not Hausdorff. The problem of finding a
Hausdorff “covering space” topology for [S] is related to an algebraic version
of the Nielsen realization problem. We will not require a qualitative study
of [S] per se. so the pull-back topology will suffice for our purposes.

There is a natural action of [r;]S on [S], defined [A] - [g:z] = [kig:z]. This

action identifies precisely those points identified by []:
Theorem 2 [S]/[m]S is homeomorphic to S.

Proof: [g:z] and [g/z’] project via [f] to the same point in S if and only
if there exists [h;] € [m]S such that [k][g:z] = [giz']. If [O] = [p]~Y(O) is
an open, then [m]S - [O] = [0], and so we deduce a continuous bijection
[5]/[m1]S — S. Since [S] — S is open by virtue of the pull-back topology,

the correspondence is actually homeomorphic. O
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Fuchsian Representations

Suppose that S is equipped with the structure of a Riemann surface lamina-
tion, pulled back from a Riemann surface structure defined on S;. Let ['; be
a Fuchsian group uniformizing S, and I'; the Fuchsian group uniformizing
the Riemann surface structure on S; pulled back from S; (j > i). Let [[]
be the completion of ' with respect to the nested sequence {T;};>i, [['] the
associated germ. In this case, we may identify S with H to obtain [H] and

a conformal version of Theorem 2:
Theorem 3 [H]/[T\] is a Riemann surface lamination isomorphic to §. O

When the Riemann surface lamination structure of S is not pulled back
from a conformal structure below, the fiber transversals in S no longer enjoy
“isometrically” a group structure, and so a more general discussion is required
to represent [r,]S as a group of tails of Fuchsian sequences. This is the

content of the next two chapters.
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Chapter 4

Fuchsian Nested Sets

4.1 Pre-Fuchsian Nested Sets

Definition 17 A (decreasing) nested set in PSL(2,R) is a sequence

G={Gi}. i=0,1,2,..., where G; € P for all i and G; C G; whenever j > i.
We will sometimes write G = G and let Goo =N G:.

Definition 18 Two nested sets G,G’ are called germ equivalent, written

G~ G', if for each j,

lim G; C G;

O

and vice verca.
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Proposition 8 Germ equivalence is an equivalence relation.

Proof: Reflexivity and symmetry are immediate. Suppose now that G ~ G’
and ¢’ ~ G". Fix 7 € N and ¢ > 0, and choose § > 0 such that Us o U; C U,,
where U = {U,} is the uniform structure on PSL(2,R) defined in §2-5. By
the hypothesis, there exists £ € N such that Gi Cs G, and there exists
M € N such that G; Cs G for all | > M. Hence, for | > M and any
A € G, there exists A’ € G| such that (A. A") € Us. But there exists A" € G7
such that (A’, 4”) € Us also. Thus, by the triangle inequality for uniform
structures, (4, A”) € U, and we have shown that G; C G for all [ > M i.e.
lim; .o G; C g;.', for any j € N. This argument is symmetric and it follows

that G~ G". O

Definition 19 The germ equivalence class of a nested set G is called the

germ of G, and is denoted [G].
Proposition 9 For any nested set G, G, depends only on [G].

Proof: G, C. G; for any j and any € > 0, hence G, C G, and vice verca.

O

Example 3 If G is a nested set, then G is germ equivalent to any cofinal

subnested set of itself.
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Definition 20 Given nested sets G and G', we say that G and G’ are orbit

equivalent, written G ~, G', if there exists M € PSL(2,R) such that [G] =

[G'M].
(Clearly, ~, is also an equivalence relation.)

Definition 21 A nested set G is called low if

i) There exists j such that G; acts properly discontinuously on H.

it) Goo is a Fuchsian group.

itt) G acts on the left of G, preserving its structure of nested set i.e. for
all i,

G - Gi = Gi-

Example 4 Let G; = I for all ¢, where I is a Fuchsian group. Then G is

trivially a flow nested set.

Example 5 Let G; = [, a nested sequence of normal subgroups of a fixed

Fuchsian group I'. Then G is a flow nested set.

We will assume for convenience that j = 0 in condition i) of Definition 21.
for any nested set we discuss, since this can always be arranged by omitting

the first j — 1 sets and re-indexing.
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Condition ¢) in Definition 21 then means that, for each = € H, there

exists a constant § satisfying the property that

O =0.5= ] Ds(Az)
Aeg

consists of a disjoint union of hyperbolic disks (here Ds(w) signifies the hy-

perbolic disk of radius & centered at w).

Definition 22 For = € H, the set T. = Upeg Az (TF = Uaeg, A=) will
be referred to as the G-orbit (G;-orbit) through =. The collection of disks
O appearing in the previous paragraph is called a preflowbox and § the
radius of O. O will denote an i-preflowboz, which consists of those disks
in O centered at points in the G;-orbit of . For each = € H, we define the
injectivity radius of G at = to be the supremum 8(z) of constants & for

which the disks comprising O. s are disjoint.
Proposition 10 Any flow nested set is countable.

Proof: This is an immediate consequence of property i) in Definition 21. O
Our interest is in irreducible Riemann surface laminations, hence we must
include axioms insuring that the germ of G be sufficient to educe a basis for

a completion topology on its orbits.
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Definition 23 A flow nested set G is self-similar if for each 7 € N and

lim G;:A C G-

=0

Proposition 11 For any A € G and 0 < § < §(z0), there is a whole number

N such that, whenever k > N, there exists a unique set Hi C G for which

Hi =5 GrA.

Proof: By self-similarity, there exists j such that G; 4 Cs G. Since ¢ is less
than the injectivity radius at the basepoint z9 of H, it follows that for each
BA € G; A, there is a unique C € G for which BA(z9) € Ds(C(z0)); hence C

is the unique element of G for which (BA,C) € Us. O
Definition 24 The H{ are called A (right) cosets.

See Figure 3.1.

Clearly, the nested sets of Example 4 and Example 5 are self-similar, since
the cosets are precisely cosets in the algebraic sense i.e. Hi = G A for all &
and 4 € G.

Note: For fixed A € G, the cosets about A4 form themselves a nested set

H* € [GA). It follows that H2 = G A.
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A &:A

Figure 4.1: A Coset

Consider the collection of all cosets of G of the form 'H;‘ =5 G;A. where §
satisfies
UsoUsoUs C Ug(o)-
(That there exists some § for which the above is true follows from the iterated

version of the triangle inequality, Lemma 1 (§2-4).)

Proposition 12 The above collection of cosets defines a basis for a topology

onG.

Proof: Clearly every element A of G is contained in the A-cosets. Suppose
now that C € HfN'HZ, where H# =5 G;A and HZ =; GiB. Then there
exists a unique C’ € G; such that (C,C’A) € Us. Now by self-similarity,

there exists an index [ such that G;C'A Cs G;A. It follows then that
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GIC Cs GIC'A C5 G; A =5 HJ.

Thus, by the iterated triangle inequality, we have GiIC Cj.,) H:. By the
same sort of argument, we can choose [ so that G,C Cé(=0) 'HE also. Hence,

Hf cHANHME. O

4.2 Completion

Throughout this section, G is assumed to be a flow and self-similar nested

set.

Definition 25 Let H = {H}, where H}* =5 G, A: is a collection of
cosets. We say that H is a convergor if
1) H is a decreasing nested set,
?) the sequence ny,ny,... is a monotone increasing sequence in N and
3) é; = 01.e.
lim G, 4; C G.
The elements A; are called the centers of the convergor H, and the sequence

{n:} is called the signature of the convergor.
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Notation: We will henceforward write #; = H7*, where it will be un-
derstood that the 7 indices do not in general correspond to the signature of

H.

Example 6 G is itself a convergor. Also, for fixed A € G, the coset nested

set H* = {H#} is a convergor.

Definition 26 A sequence M = {M;}, M; € G for all i, is called conver-
gent if there exists a convergor H such that for every j € N, there ertsts a
natural number N such that M, € H; whenever k 2 N. IfV C G. we say
that M converges in V, and write M C V, if eventually M; € V for all i. A
sequence z = {z;}, z; € H, converges if there ezists - € H and a convergent

sequence M in G such that

llm dn(.‘:;, ."’[;:) =0.

=00

Two convergent sequences z, W are called asymptotic, written z < w, if
du(zi,w;) — 0. Two convergent sequences M and M’ are called asymp-

totic, written M < M', if Mz x M’z for all - € H.

Thus, every convergent sequence is asymptotic to Mz = {M;z} for some

convergent M and = € H.
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Proposition 13 If M and M’ are convergent, then M < M’ if and only if

M; = M] eventually.

Proof: This is an immediate consequence of the fact that G acts properly

discontinuously on H. O

Definition 27 Given V C G. we define. respectively, the completion of H.

of G and of V by

H = {convergentz}/ <
G = {convergent M}/ <
V = {convergent M C V}/ x.

From this point on, when we refer to a convergent sequence z or M, we

will mean the x<-classes, unless we indicate otherwise.

Definition 28 Given H a convergor G, we define, respectively, the target

of H and the orbit of H by

®H = {M € G| M converges by H}

Orb(H) = {Mwe H|weHand M € °H}.
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The completions of cosets, taken as closed sets, subgenerate a topology
on G. In order that this topology yield metrizability, we will need to impose
a regularity condition. In what follows, we will use the notation °V to denote

the interior of a completion set V in G.

Definition 29 A convergor H = {H;} is called regular if H; C °H; when-
evert < j. A flow nested set G is called regular if G is regular as a convergor.
and if for every °V C G and M € °V, there exists a reqular convergor H such

that M € ®H and HC V.

Note that if G is regular, then a coset convergor {H{} is neccessarily
regular, since it is an asymptotic translate of {Gi} which is regular when

viewed as a convergor.
Proposition 14 i) If H* is a coset of a regular G, then H* C °H?.
ii) For any °V and M € °V, then there exists a coset H* of G such that
M e °*H CoV.
Proof: i): By self-similarity, given B € H*, there exists a whole number

N such that HZ c H* whenever [ > N. Thus B € T{fﬁ by definition of

completion, and

He, C°HE C°HA.
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11): This is an immediate consequence of the fact that V contains a regular
convergor converging M. O

Thus the subspace topology of G coincides with the topology defined by
the cosets of G, and the coset interiors °H# generate the topology of G.

Assumption: From now on, all convergors will be considered to be

regular.

Definition 30 If M is a fired convergent sequence in G, we define the leaf

through M to be the set
iy = {(Mw e H|we H}.
If = € H, the completion of the the G'-orbit T! is the set
T—i ={M:z|MeG;}

The tangent space of &y, Ty, is defined to be the collection {M.7 | ¢ € TH},

where M.t = {(M;).v} (modulo <).

A constant curvature —1 Riemannian metric py is obtained by pushing
forward pu along the canonical identification H — ¢y, w — Muw. The

induced distance function will be denoted dy. We will let [som(€y) denote

the isometry group of {u.
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The unit tangent bundle T'¢y can be defined to be the set {M.7| 7 €
T'H}. Note that M. € T'¢y if and only if pp(M.7, M%) = 1.

Proposition 15 If H ~, H', then Orb(H) = Orb(H').

Proof: Indeed, if there exists M € PSL(2,R) such that [H] = [H'M]
and if M'z € Orb(H’'), then M'M =< M, for some M converging by H, so

M': x MM~z € Orb(H). O

Definition 31 Let G be reqular. We say that G is normal if whenever

Orb(H)NOrb(H') # 0, then H ~, H'.

As the term suggests, normality will be used to show that preflowboxes
with non-trivial intersection intersect in a normal fasion (c.f. the condition

of holomorphic transverse normality in Definition 1).

Definition 32 A flow, self-similar, reqular and normal nested set will be

called preFuchsian.

Lemma 2 Let G be a preFuchsian nested set and suppose that for M, M' €

G, there erist points z, ' € H such that Mz < M'z'. Then ly = bnpr.
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Proof: Since G is normal, if say M € ®H and M’ € ®H’, then H ~, H’
i.e. there exists M € PSL(2,R) so that Mw < M'Mw for all w € H. The
conclusion of the lemma follows immediately. O

We can now define without ambiguity the leaf through z € H to be
¢, = €u if z converges via M. Notice that the Riemannian metric p, = py is
also well-defined. A decomposition of H into leaves isomorphic to H is now
understood.

Note: In the spirit of the note in §3-2, we will not regard H so much
as a topological space. but rather as a family of Riemann surfaces. each

isomorphic to H.

4.3 Fuchsian Nested Sets

Let (z0,%) € T'H be the basepoint of the unit tangent bundle. Given
M € G, we may basepoint the unit tangent bundle T*¢ys of the leaf through
M using M(zg, to) = (Mzg, M.%,). Let G(zo, 7o) denote the totality of such

basepoints.

Definition 33 If M converges via H then we define the nested set asso-
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ciated to M and H by
GMH = {A € Isom(lm)| AM(zo, 7o) € G(z0,70)}
with
G = {A € GM™| AM(z0, 7o) € Hilz0, T0)}-

As earlier, we let

gM.H = n gMH
Proposition 16 If M converges via H' also, then [GM"] = [GM].

Proof: If H and H’ converge M in G, it must be that {H] = [H']. O

Thus we will drop the superscript H unless it becomes relevant.
Definition 34 G is called uniform if GM is preFuchsian for each M € G.

N.B.: Since G acts properly discontinuously it follows that for = € H
the points of T are uniformly disjoint i.e. there exists ¢ > 0 such that
for any leaf ¢ C H, d¢(w,w’) > € whenever w, w’ € T.N¢. Indeed, if it
were true that for every e > 0, there exists a leaf £ and w, w’ € T.N¢ with
d(w,w’) < ¢, then, writing w = M: and w = M'z, we have d,(Mz,M'z) =
lim;_o du(M;z, M[z) < €, contradicting the proper discontinuity of G acting

on H. Thus, a fortiori, GM acts properly discontinuously on fy.
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Example 7 Take G{G: = I;} to be the nested set associated to an inverse
limit solenoid. Given M = {M;} € G (converging according to Definition 13

of Chapter 3), we have M € ®H, where H = {M;[; = [;M;}. We claim that
G = (MAM™!| A€ G}
for all i. Note first that for any 4 € G;
MAM ! (M(zq, 7)) = MA(zq, 70) € G(z0, %)

since M is also a convergent sequence. Moreover, M A(zo, %) € H;(=o0, Vo)
also, since M;I'; C H; whenever j > (M is convergent) and A € ;.
Conversely, AM(zg, Ug) = N(zq, Uo) € 7‘(-.-(20, vo) for A € Isom(ly = In)
implies that there exists A € ['; such that N = M A, hence A must be of the
form MAM™L.
Since the properties of being flow, self-similar, regular and normal are
stable with respect to conjugation by M, it follows that GM is preFuchsian.

Hence G is uniform.

Assume now that G is uniform. Since GM is then preFuchsian, its cosets
HA. A € GM, form the basis of a topology on GM; on the other hand, one

can define a topology on GM coming from G by taking as a basis sets of the
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form

H& = {A € gM I AM(Z(Jv 60) € T[A(Zo, !70)}
where A € G and H? is any coset of G.

Definition 35 The topology on GM generated by the HA is called the in-

trinsic topology; the topology on GM generated by the H* is called the

G-topology.

Definition 36 G is called unified if for each M € G, the G-topology and

the intrinsic topology coincide on GM.
Clearly, in Example 7, G is unified since Hgy = Hfy for A = MAM™L.

Definition 37 A preFuchsian nested set that is uniform and unified is called

Fuchsian.

Proposition 17 Let G be a Fuchsian nested set, and suppose that forM, M’ €

G we have lyp = Epp. Then ggf = g,?g’.

Proof: This follows from the fact that G is unified. First note that since ¢y =
Oy, it follows that GM = GM’ (as sets, not as nested sets). In particular,

there exists A € GM such that AM(zq, ) = M'(20, t0); thus,

GMM’ (20, o) = GMAM( 2o, 50) C G (=0, )
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by self-similarity of GM.
Moreover, since the intrinsic topology on GM coincides with the G-topology

(on GM), we have that for every coset H* of G for which H* contains A,
GM A C FH,.
Hence,
GMM!(z0, ) C HagM(20, %) = " (20, o) = Hig: M (2o, o).

But the 7'—[;4, generate also the intrinsic topology of M’ so it follows that
GM c GM for all ¢, implying that GM C GM'. Since the argument is sym-
metic, the proposition follows. O

Thus, one can speak of the Fuchsian group GZ associated to the leaf ¢,

without danger of confusion.

N.B.: In fact, the argument employed in Proposition 17 shows more:

that [GM] = [GM].

4.4 The Quotient of H by G

Now define a relation ~g on H by z ~g 2’ if and only if there exists = € H,

M, M’ € G such that z =Mz, 22 = M’z and M, M’ converge by a common
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convergor.
Proposition 18 ~¢ is an equivalence relation.

Proof: Symmetry and reflexivity are apparent. Suppose that z = Mz ~g
M’z = 2’ and 2’ = N'w ~g N"w = 2", where MM’ € ®H and N’.N” €
®H’. Then Orb(H) N Orb(H') # . so by normality there exists 4 €
PSL(2,R) such that [H] = [H’A]. This implies that w = Az and N'A < M".
Moreover, there must exist M” € ®H for which N”A < M”. Thus M”: x<
N”Az = N"w, in other words, z ~g 2. O

Let Lg denote the quotient of H by ~¢g and o : H — Lg the projection.

Proposition 19 Let G be a Fuchsian nested set, and suppose that o(z) =

o(Z'). Then o(¢;) = 9(€y') and the identification is isometric.

Proof: Clearly the images of the leaves are identical: indeed, if z = Mz ~¢
M’z = 2z’ then Mw ~; M'w for all w € H. Now if d¢,(Mz, Mw) = r
for Mz, Mw € {,. then by definition of d¢,, du(z,w) = r also, and then
de,(M'z, M'w) = r. Thus the identification is isometric. O

Notice that Proposition 19 implies that G%, is isomorphic to G%. Thus

we can make without ambiguity the following
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Definition 38 Given G a Fuchsian nested set and Z = o(z) € Lg, we define

the leaf through z to be the Riemann surface €; = o(¢;).

If z=: € H, we will simply write £.

We now define a topology on Lg. For each =z € H, consider preflowboxes
O = O, where § < §(z). Let T = T.; recall that T = Gz is topologized
using as subbasis the completions of cosets. Let

00 — U oTw’
w€Dy(z)

O = o(°@) and T = o(°T). Also, let @, = O € and T, = TN ¢. Note that

O~ Ds(z) x T (as a “laminated set”).
Proposition 20 The flowbozes @ form a basis for a topology on Lg.

Proof: Indeed, if an overlap @ﬂ@' contains a point o(w), w € H, then the
fact that G is self-similar implies that there exists a preflowbox O” centered
at w contained in the intersection O N (', whereby we have °Q” C ° O N°O’
and @” C OO . On the other hand, suppose that the overlap contains a
“completion point” w = g(w), where say w = Mw in °T,, C °O and w =
M'vw’ in °T,. C °O’. Then, by regularity of G, there are regular convergors

H = {H*} and H = {HA} with M € ©H and M’ € ®H' as well as
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Hw C T, and H'w’ C T,-. By normality H ~, H’, so we may find §” and

an index j for which 0" = Oﬂjw'an C ONO'. Hence, w C 0" c ONE'. O

Proposition 21 Lg is separable and metrizable with respect to the topology

described above.

Proof: Clearly, Lg has a countable topology (using flowboxes O centered
at rational points of H, say). We now show that this topology is regular.
Let z = g(z) € Lg be contained in @ = o(°0Q), where @ = O;. Write
z = M: for M € ®H, H = {H*} a regular convergor, which we may assume
is contained in G; since z € °O and G is regular. Then we may find an index
k and € > 0 such that z € °0’ =°0% ., and O C °0, i.e. the closure of @
is contained in O.

Since the topology on Lg is separable and regular, it follows by Urysohns
theorem that Lg is metrizable. O

We now define a Riemann surface lamination atlas consisting of charts
whose images are flowboxes. For = € H, O centered at % = o(z). we define
a chart as follows. Let D be the open unit ball in C centered at 0, and
let or : D — Ds(z) be a conformal homeomorphism, where ¢ is the radius

of O. For any A € G. we define wa : D = Ds(Az) by o4 = Aoy and
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@:D xT — O by ¢g(w, A) = pa(w).

Now define a bijective, leafwise conformal map . : D x f‘, — é( by ¢ =
goy. This is well defined since p is invariant with respect to precomposition
with elements of G, that is, o(Az) = g(z) for all A € G and = € H.

To complete 3, to map onto O, we define, for any completion point
z2=M:zin°T C °O amap o : D — Ds(z) by w — Me;(w). The
collection of (7, descend via postcomposition with ¢ to a collection of well-
defined conformal homeomorphisms onto the disks comprising @ centered at
the p(z). In this way, we complete 3 to a homeomorphism $ : D x T —
O. This concludes our definition of the chart centered at 3 € €. (If z 1s
a completion pgint, one simply finds a flowbox centered at some = € H

containing z, and uses the 3 defined above.)

Lemma 3 Every non-empty overlap ™! o O’ is Riemann surface laminar
i.e. holomorphic in the leaf direction, converging uniformly on compacta in

the transverse direction.

Proof: By definition, ¢>~'0¢’ converges pointwise in the transverse direction,
and is holomorphic when restricted to (¢')~1(O,N®%). Thus, to see that 3o

&' is holomorphic on all of 3=1(ON '), it suffices to demonstrate transversal
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equicontinuity (on compacta). This follows from the fact that G is normal:
let ze °ON°C’ where, say, z = Mz in °0Q and z = M’z’ in °Q’. M € °H
and M’ € ®H’. Then Orb(H) (N Orb(H’) # 8 which implies by normality that
H ~, H', so there exists M € PSL(2,R) such that [H] = [H'M]. Hence. for
any index 7 and € > 0, and j large enough, we have H; C, H;M. Since G acts
properly discontinuously, if € is chosen small enough, it follows that for each
A € H;. there exists a unique A’ € H; such that 4 € U,(A’M), the e-open
about A’ defined by the uniform structure on PSL(2,R) (see §2-5). Writing
A" = s(A), we see that the family {A~'os(A)| A € H;} is equicontinuous on
compact subsets of H, hence 3! 0 is equicontinuous when restricted to the
plaques of D x T’ containing (') "' (M!z’). It follows that 3~! o0’ converges
on compacta in the transverse direction. By Weierstrass’ Theorem, >~! 0 5’

is holomorphic when restricted to any plaque of (¢')~1(ON@’). O

Theorem 4 Lg has the structure of an irreducible hyperbolic Riemann sur-

face lamination.

Proof: Lg is separable and metrizable by Proposition 21. The flowboxes
constructed above clearly respect leaves, hence property 1) of Definition 1 is

satisfied; by Lemma 3, property 2) of Definition 1 is satisfied. Now take any
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maximal atlas containing the atlas described above. O

Our next concern will be the dependence of Lg on the germ [G]. As might
be expected, we need a notion of equivalence which is more discriminating
than germ equivalence, that takes into account the behavior of G with respect

to the process of completion.

Definition 39 Two Fuchsian nested sets G and G' are called uniformly
germ equivalent, written G ~, G', if G ~ G' and if for every regular
convergor H in G there ezists a reqular convergor H' in G’ such that H ~, H'.

and vice verca. We denote the associated class [G]*.

Proposition 22 Let G be a Fuchsian nested set. Then the associated Rie-

mann surface lamination Lg depends only on [G]".

Proof: Clearly we have an equality H = H between the respective com-
pletions of H and 2z ~g w if and only if z ~g» w. Thus Lg = Lg/ as point
sets; the leaf structures are identical since the orbit equivalent correspon-
dence between respective convergors implies that a leaf with respect to G is
also a leaf with respect to G’, and vice verca. The corresponding Riemann

surface lamination structures are compatible, once again, since the relations
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H ~, H' insure that corresponding flowboxes overlap normally in the sense

of clause 2) of Definition 1. O

4.5 Uniformization via Fuchsian Nested Sets

Let L be an irreducible hyperbolic Riemann surface lamination. We fix the

following data:
e A point Z € L.

o A flowbox transversal T' containing 3, and a regular nested neighbor-

hood basis {T%} in T about % i.e. one for which the closure of 77 is

contained in 7" whenever i < j.

e A continuous section

V:T - TiL|;,

where T!L|; is the restriction of the leafwise unit tangent bundle of L

to T.

Let £ = ¢;: be the leaf containing Z and p : (H, z0) — (¢, %) the universal

cover map (which is uniquely determined by V'(2)). The universal cover map
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p in turn determines a Fuchsian group which acts on H with quotient £. Call
this Fuchsian group G...

Given w € T N ¢, we may lift V(w) to vectors V,, lying in the tangent
planes T, H, where w; € p~!(w) (this because p is a covering). In particular.
each wy € p~!(w) determines an element A,, € PSL(2,R), characterized by

the property that
Aueco =wr and (Ay, ).V, =V,

Notice that if wj, wx € p~'(w), then A, differs on the left from A,, by an

element of G.,. We define a nested set G by
G ={A € PSL(2,R)| A= A,, for some wi € p~' () and some w € Tﬂf}

with
G:={A=A, € G| p(w) € T}.

We set out to show that G is Fuchsian and that Lg = L.
Proposition 23 G is a flow nested set.

Proof: By construction, (1G; = G, which is a Fuchsian group. G acts

properly discontinuously on H since T indexes a flow box in L (e.g. there
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exists an € > 0 such that dg(w,w’) > € uniformly for all w, w’ € p~'(TN¢)).
That G acts on the left of G as a nested set follows from the construction
of G. O

Given A € G, let |A| = sup 4¢g, i
Proposition 24 G is self-similar.

Let T = U,eg, 420 be the pre G;-orbit through zo, and let w € T*. The
geodesic n in H with n(0) = zq, n(1) = w projects to a (geodesic) path 1 on
¢ in which 7(0) = £ and (1) = w, where p(w) = w.

From the general theory of laminated spaces. one knows that for some

natural number j, 7 induces a homeomorphism

nT:f'j—»zVCf',

-

where N is some open neighborhood of w in T. We will interpret this home-
omorphism to show that G is self-similar.

Specifically, it is obtained by covering 7 by a finite collection of flowboxes
(’.3;,, k =1,...,n, then sliding some small enough neighborhood T3 of 3 along

71, through each flow box, until one arrives at N.
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Let j‘;n(O) = v. For each A € G, let ny be the unique geodesic in H

prescribed by the initial conditions

n4(0) = Az

d -
a—t’h(o) = Ao

Notice that A -n = n,4 and in particular n4(1) = Aw. As before. let
N4 denote the projection of n4 to €. Observe that the family of vectors
d—‘{-f),\(()) = p.A.7 is a continuous vector field on T', which converges to p.U
as |A| — oo. Therefore, in each flowbox Oy, we have that the G family of
paths n4(¢) converges uniformly on compacta in the ¢ variable as |A| — oo.
In particular, the convergence is true in the final flowbox. This implies that
G is self-similar. O

The quotient Lg of H by G is in bijection with L, since ~¢ identifies
precisely those convergent sequences identified by the topology of L. Note
that the chart (o about 2, defined as in the previous section by taking any
conformal map ¢y : Ds(0) — Ds(2) and translating by G, is compatible with
the atlas defining the lamination structure of L, since G was defined using

the continuous vector field V. Thus, a fortiort, G is normal.
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Since the neighborhood basis {T%} about £ is regular, and since T is itself
a regular topological space, it follows that any point in an open set UcT
can be converged by a regular convergor contained in I/ " ¢. Thus G is regular

(and so preFuchsian).

Since the GM are just the nested sets defined by restricting T and V to
the various other leaves of L, G is uniform, and unified since the continuity
of V implies all of their topologies are mutually compatible. We have thus

proven the

Theorem 5 For any irreducible, hyperbolic Riemann surface lamination L.

there erists a Fuchsian directed set G such that Lg is isomorphic to L. O
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Chapter 5

The Fuchsian Germ

In this chapter. we manufacture a groupoid [['] from a given Fuchsian nested
set G, called the Fuchsian germ, generalizing the construction in Chapter 3;
and show that the Fuchsian germ is functorial with respect to finite covering
maps. Next, we consider the lockstep condition: when a Fuchsian nested set
satisfies this condition, we may reduce our construction to the simpler version
appearing in Chapter 3. We end the chapter by calculating the Fuchsian
germ of the Feigenbaum solenoid, a solenoid which arises in the study of the

dynamics of quadratic mappings of C.

56
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5.1 Ultrafilters

In order to obtain functoriality of the Fuchsian groupoid with respect to
finite covers of surface laminations, it will be neccessary to amplify the direct
product indexing schemes which figure in the definition of the group germ of

§3-1. We do this using the notion of an ultrafilter. A more detailed discussion

of this concept can be found in [R].

Let A be an infinite set.

Definition 40 A filter on A is a subset F C 24 satisfying the following

conditions:
e A€ Fandb ¢ F.
e IfXEFandY D X, thenY € F.
o If XY € F, then XNY € F.

A filter F is called principle if it contains a finite set and is called an

ultrafilter if it is mazimal i.e. properly contained in no other filter.

Note that any filter 7 may be regarded as a directed set with respect to
the ordering X <Y ifandonly if X D Y.

From here on, all filters discussed are assumed to be non-principle.
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Proposition 25 Let U be an ultrafilter on an infinite set A. Then for any

X €24, either X €U or A\X elU.

Proof: Suppose that X € 24 and X ¢ . Then A\ X intersects every
element Y € U non-trivially (otherwise Y C X which would imply that
X € U). Form a new filter by adding to U A\ X, as well as all intersections
of A\ X with elements of & and all elements of 24 containing A\ X. The
resulting filter properly contains &/ if A\ X is not in &/, hence the contrary

must be the case. O

Corollary 1 Let U be an ultrafilter on an infinite set A. If A=U~, U.. a

disjoint union of subsets, then U; € U for some indez 1.

Proof: Suppose X; ¢ U for all i. Then (A\ X:) € U for all i, so that
N(A\ X;) =0 € U, contradiction. O.

Now suppose that S is any category in which the direct product construc-
tion is defined (e.g. the categories of topological spaces and of groups). Let
{Sa}aca be a family of objects in S indexed by A. Then given a filter F, we

may form a direct system F' : F — S, where

F(X)=I] Sa=5x
a€X
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and F(a — () is the associated Cartesian projection.
Definition 41 The reduced product of the {S,} by F is
[15./F = lim Sx.
F

If F is an ultrafilter, then [ Sa/F is called an ultraproduct. If S, = S for

all a, we call the ultraproduct an ultrapower and denote it by *S.

Example 8 Let &/ be an ultrafilter on N. Then the associated ultrapower
of R, *R, has the structure of a totally ordered, non-Archimedean field [R];

it is called a2 nonstandard R.

N.B. There are many ultrafilters on a given infinite set A. [t can be
shown. for example, that the different nonstandard Rs are all isomorphic.

but only if one assumes the Continuum Hypothesis [R].

5.2 The General Construction

Let G be a Fuchsian nested set, H the associated completion of H. Fix an

ultrafilter & on N.
Let z = {z;} be an actual convergent sequence corresponding to some

x<-class in H. Given X = {ny,n,,...} €U, let Px(z) = {z,,}, which is also
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a convergent sequence. Note that if z < w, then Px(z) < Px(w). Thus Px
descends to a well-defined map Px : H — H. It is easy to see that Px is
surjective and takes leaves to leaves. What is more, the collection {Px}xeu

forms a direct system.
Definition 42 The germ of H with respect to U is

H =Ml = lm H
Px.Xelt

We will denote elements of [H| by [z] or [z;]. When we write z € [z], we
mean that z is an element of H that maps onto [z] via the natural surjection
H — [H]. If 2,2’ € [z] then the leaves ¢, and ¢, are identified isometrically
in [H]. Thus one also regards [H] as a family of upper-half planes; we write
€1z for the leaf through [z].

Observe that the relation ~g descends to [H]. Indeed, if z ~¢ w then

z ~g w' for all w' € [w]. Thus we can write [z] ~g [W]. In particular, there
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is a commutative diagram

H
N\
~gl [H]
7~
Lg

We can thus regard Lg as the quotient of the germ [H] by ~g; as in §4-4, we
will write o : [H] — Lg for the projection.

In like fasion. for each X € U, we can also define maps Px : °G — 2.
where @G is the set of convergent sequences in G that converge via G (regarded
as a convergor).

Let @G - 2G~! be the set of coordinate-wise products of ®G with ®G~!.
In other words, elements of ®G - @G ! are x-classes of sequences of the form
EF-! = {E;F'}, where E,F € ®G. We may extend Px to °G - @G~! via
the instruction Px(EF~!) = Px(E)Px(F)~!. Once again, we obtain a direct

system.
Definition 43 The Fuchsian germ associated to G is

[[]=[[lu= lim (®°G-°G7").
Px Xeu
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We will denote elements of [I'] by [B] or [B;]; if we wish to stress the
origin in ¢ we will write [EF~!] or [E;F']. The notation B € [B] means
that there exists B € 2G -2G~! such that B projects onto [B] via the natural
projection onto [I'].

Recall that a groupoid is a category in which every morphism has an
inverse. In order to regard [I'] as a groupoid, we must first define the domain

and range of each element [B] € [[].

Definition 44 Given [B] € [[] and [z] € [H], we say that [B] acts on [z]
if there erists B € [B] and z € [z]| such that the sequence Bz = {B;z;} is
convergent and ~g to z. We will denote its class in [[] by [B][z]. The sets
[Hlg) = {[zl| [B][z] is defined} and [B|[H|g; are called, respectively, the

domain and range of [B].

Note: The defining condition in Definition 44 is equivalent to requiring
that for every z € (2], there exists B € [B] such that Bz ~g z. Also, observe
that [H]g has a leaf structure inherited from (H}: (z] € [H](g; if and only if

¢y C [Hp)-

Proposition 26 [z] ~; [w] if and only if there ezists [B] € [[] such that

[w] = [B][z].
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Proof: Indeed, if z = Mz and w = M’z converge via a common convergor
with center sequence {A;}, then for each i there exists E;, F; € G; such
that {E;A;z} < {M;z} and {F;Aiz} < {M!z}, whereby {E;F'} yields the
required element [B] of [T]. O

Thus we may alternatively regard Lg as the quotient [H]/[T)].

Definition 45 We say that the composition [B][C] is defined if [Hjpg
[C][Hl(c] and there exists [D] € [T] such that [H]ic] = [H]p; and [B]([C][z]) =

[D][z] for all [z] € [Hlgp)-

With these definitions. it is clear that [['] is a category and we may further

state the
Theorem 6 [[] is a groupoid.

Proof: The inverse of [B] = [EF~'] is [FE~!], which is in [T] by definition.
O
We now discuss the functoriality of [['] with respect to finite covering

maps of surface laminations.

Definition 46 Let L, L' be two irreducible surface laminations. A covering

f:L — L' is a continuous, leaf-preserving map in which every point ' € L’
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is contained in a neighborhood o evenly covered by f. The covering is called
finite if for all 3 € L', & may be selected so that f~' may be written as
a disjoint union of a finite number of open sets, each of which map by f

komeomorphically onto O'.
Recall that a groupoid homomorphism is simply a functor.

Theorem 7 Let (L,?), (L',¢') be irreducible, hyperbolic Riemann surface
laminations (with “base” leaves € and {'), uniformized by Fuchsian germs
[[] and [I’], respectively. A finite covering map f : (L.¢) — (L', €') induces
a groupoid homomorphism f. : [[] — [[].
Proof: Let f : H — H be the lift of the restriction of f to ¢, which is a
homeomorphism since f is a covering. f in turn extends to a map [f]: H] —
[H] of respective completions, via the instruction [f]([z]) = [f(z:)]. where
{z:} is any sequence in the class of [z].

We first show that [f] is surjective. Given {w!} € [w’] € [H], consider
the sequence {z;} = {f~!(w!)}. Let @' be a neighborhood of d([w]) =W in
L' which is evenly covered by neighborhoods O, ...O; in L. We may assume

that for all 7, o'(w!) € @', so it follows then that

(et} < U On
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Let X; = {n1,n,,...} C 2N be such that g(z,,) € O for all i. Define X in
like fasion, 7 = 1,...r. Then there exists j such that X; € U by Corollary
1. In particular, the sequence {o(z;)}iex, must be a convergent sequence
in L since f is a homeomorphism when restricted to @j and {f(o(z:))} is
convergent in L’. It follows that {z;} defines an element z € [H] such that
[f1([z]) = [w'] Thus, [f] is surjective.

Now for each [B] € [I'], we define f.([B}]) to be the element of [['] asymp-
totic to f[B]f~". Specifically, let {B;} € [B], where B; = E;F,"'. For any
= € H, the sequence {fE;f~'(fz)} = {f(E:z)} projects to a sequence con-
verging in L’ to the projection of f(z) to L'. Hence {fE;f~'} determines
a convergent sequence {E!} € ®G’. The same is true of {fF;"!f~'}, and so
it follows that the sequence {fB;f~!} determines an element f.([B]) of [I"]
which is independent of the choice of {B;} € [B].

We must show that f. is homomorphic. Suppose that [B][C] is defined
in [T] and is equal to (D]. We must show that f.([B}])f.([C]) is defined and

equal to f.([D]). Notice first that
Hsqep 2 F([Hlmy)-

Indeed, f.([B])f([]) = F([B][z]) for all [z] € [Hlg}; and F([B][z]) ~¢ f([z])-

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 5. THE FUCHSIAN GERM 66

On the otherhand, suppose [w’] € [H ;. (sj) and write [w'] = f([z]) for some
[z] € [H]. Then f.[B][w'] is defined i.e. there exists a sequence {B;} € [B]
and {z} € [z] such that {f(B:z)} is convergent and ~g to [w']. The
ultrafilter argument used to show that [f] is surjective may be used to show

that the sequence {B;z;} is convergent. Hence [z] € [H]gj and
[Hy.ep € F([Hm)-
By a similar argument, we have
S([CDE ] 1.qep = F(CIHcy)-

It follows then that the composition f.([B])f.([C]) is defined and equal to

f([D]). B

5.3 The Lockstep Construction

Let G be a Fuchsian nested set, & an ultrafilter on N. If G satisfies certain ad-

ditional properties, we may utilize the simpler construction found in Chapter

3 to uniformize Lg.

Let F,‘ = g,"g,-l.
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Definition 47 The lockstep Fuchsian germ associated to G is the ultra-

product
[T.] =] T:/u.

Notice that there exists a natural inclusion [[',] — [I] (as sets; we have

not yet imposed a groupoid structure on [T.]).

Definition 48 A convergor H is called lockstep if the signature of H is
{1.2,...}. A sequence M € G is called lockstep if there exists a lockstep
regular convergor H with M € ®H, and {M;} in the =<-class of M such that

M; € H; for all i. The lockstep completion of H is the set
H. = {z € H| z = Mz, M lockstep}.
Notice that the maps Py of the previous section fix H, set-wise. We
again obtain a direct system and have the

Definition 49 The germ of H., is

[H.] = limH..

U

Following the prescription of the previous section, we may define a groupoid
structure on [[]. relative to [H.] e.g. defining domains [H.]g; C [H.] for each

[B] € [H.].
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Observe that for any Fuchsian nested set, the properties of being regular
and of being normal still make sense and hold if we replace the completion H
by H,. We can give H, the subspace topology e.g. we may define the open
flowboxes to be of the form °O, = °O N H., for °O an open flowbox of H.

Notice now that the inclusion 7 : [I,] — [['] extends to objects via the

inclusions [H.]ig; — [H]m;-

Definition 50 A Fuchsian nested set G is lockstep if the inclusion i is an
injective groupoid homomorphism which induces an isomorphism of Riemann

surface laminations

i: [HL}/[F.] — [H)/[r].

Note: If G is lockstep, then the fact that i is injective means that ~g

restricts to an equivalence relation on H..

Example 9 If S is an inverse limit Riemann surface solenoid, then S may be
uniformized by a lockstep Fuchsian nested set G: indeed, if the defining limit
is holomorphic, then this is certainly true. If not, then Sis homeomorphic to

So a solenoid occurring as a holomorphic limit, and the induced isomorphism

of germs (Theorem 7) assures that S is also lockstep.
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Now it is not the case that any finite covering map f : (L,?) — (L'.¢)
induces a lockstep homomorphism f, : [[.] — [[.]. Nevertheless, there is a

covering situation in which the lockstep construction pushes forward.

Theorem 8 Let (L,¢) be an irreducible hyperbolic Riemann surface lamina-
tion uniformized by a lockstep Fuchsian nested set G. Suppose that G is a
group of isometries of L that acts properly discontinuously and fizes € set-
wise, such that G|, = G and is fized point free. Then (L', 0') = (L/G.t/G)
may be uniformized by G' = GG = {G.G:}, where G, is the lift of G|, to
H. Furthermore, G’ is also lockstep, and [["] = "G[[.]"G (where G is the

ultrapower of G).

Proof: Let f : L — L’ denote the projection. Suppose that G is obtained
via the datum (3,7 = {T‘}, V) per the construction in §4-5. We may assume
further that  and T are contained in an open set mapping homeomorphi-
cally by f into L'. Thus the uniformizing datum of ¢ may be pushed down
isometrically to L’. It follows that this pushed down datum will yield the
Fuchsian nested set ¢’ = GG for L'. Notice that G; C G! for all i and that
[['] =-G[l.]G.

In fact, it is easy to see that [H'] = "G,[H], [H,] = "G[H.] and that
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the map ¢ : [[',] — [I"] is just the extension of ¢ by *G,. Thus ¢’ is also an
injective groupoid homomorphism. Moreover, since G, is an isometry group

and i is an isomorphism, it follows that i’ is an isomorphism. O

5.4 The Feigenbaum Germ

Consider the Baumslag-Solitar group G = (z,f : fzf™' = z?) and the
nested set

Gi = (=),

where (y) means the cyclic group generated by y. Notice that G, = (f). but
that the G; are not themselves subgroups of G. Indeed, f~'z% € G;, vet its
inverse z72' f = fz=27' ¢ G,.

Let H; = G;- G and [G] =[] H:/U, for some ultrafilter & on N.
Lemma 4 H; is a group for all 1.

Proof: Note first that for r,m € Z, we have the following generalization of

the relation fzr = z%f:

fra =T (x).
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Now every element g € H; may be written in the form

g=frz¥ [,

m,n,r € Z. Thus an element of the form gh~!, g,h € H;, may be written in

the form
gh—l — fmIrTfuIsZ'fp’
m,n,p,r,s € Z. By (%), we have then that

frer+s12 mtr e (. ifn >0
gh—l = a
fringtr¥ 2 e H, ifn <0
If we let [{x)] denote the (lockstep) germ associated to C = {(z*')}. then

we have the

Corollary 2 [G] is a group. isomorphic to =(f)[(z)]*(f). O

Definition 51 We call [G] the Feigenbaum germ.

We explain now the terminology of Definition 51. Let A be a hyperbolic
annulus and d : A — A a degree 2 self-covering map. d is not conformal;
let A, be the hyperbolic annulus obtained by pulling back the hyperbolic

structure of A along d. Thus d : 4; — A is holomorphic. Likewise, we let
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A; be the annulus whose hyperbolic structure is pulled back from d;. In this
way we obtain a dyadic inverse system of holomorphic covers d; : 4; — A
i.e. deg(d;) = 2'. Let A =lim_ A;.

Let B € PSL(2,R) uniformize A. Then B? uniformizes A;. We form a
Fuchsian nested set G = {{B%)}. Clearly the associated germ [I'] is isomor-
phic to the germ [(z)] considered above.

The map d : A — A lifts to a quasiconformal map D : H — H, which
satisfies the Baumslag-Solitar relation in conjunction with B: DB = B?D
(since D is the lift of a degree 2 cover of A). It follows that the (non-Fuchsian)
nested set {(D)(B?*)} has germ isomorphic to the Feigenbaum germ [G].

In [S1], [S2], it is shown that there exists a Riemann surface solenoid .1’
and a quasiconformal homeomorphism h : A — A’, such that D’ = hDh~! is

holomorphic and acts properly discontinuously on A’.

Definition 52 The Feigenbaum solenoid is the Riemann surface solenoid

-iFeig — ‘il/(Dl) .

Theorem 9 AF8 may be uniformized by a lockstep Fuchsian nested set such

that [[.] = [G].

Proof: This is an immediate corrollary of Theorem 8. Indeed, if G is the lock-
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step Fuchsian nested set for .:{, then G’ = hGh™! defines a lockstep Fuchsian
nested set for A’. By Theorem 8, GF¢ = (D’)G’ = h(D)Gh™! uniformizes
AFeig_ Since the germ of (D)G is isomorphic to the Feigenbaum germ, the

result follows. O
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