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Abstract

ON SOME PROBLEMS CONCERNING ANTI-WICK OPERATORS

by

Emest Gilde

Adviser: Professor Stanley Kaplan

We discuss questions of continuity and integrability of vector valued 

functions used to define operators with anti-Wick symbols. We also give a 

necessary and sufficient condition for a pseudodifferential operator of a certain 

class on IRn to be a trace class operator.
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1. Introduction.

In this thesis we attempt to answer certain questions raised implicitly in 

the discussion by Shubin [4] of operators with anti-Wick symbol. In Chapter IV 

Shubin introduces a special class of pseudodifferential operators in Rn by 

means of the following definitions:

1. Definition. For m e R and 0 < p s  1, I^(RN) consists of the functions 

a e C°°(Rn) satisfying

10a a(z)| s ca (l+ |z |)m‘P,a | 

for every multi-index a  and z e RN*

The operator A with symbol a(x,£) e r^(R nxRn) then is defined by the 

following formula:

2. Definition. Au(x) = (2jx)'"J' j* nei<x‘y’̂ >a(x,^)u(y)dyd^ where x,y,| e
R R

Rn so that (x,£) = z in Definition 1 with N = 2n and where <x-y,£> =
n

l i t - y f c  We then say that A e Gp(Rn).
J=i

Shubin shows that A: S(Rn)  > S(Rn) continuously (p. 170). He then

proves that such an operator A can be written in a variety of different ways 

(Theorem 23.2, p. 172):

3. Theorem. Let A € G”. Then, for any x e R, A can be written uniquely 

as Au(x) = (2rc)’n/  J  „e1<X"y,^ b  ((l-x)x+xy4)u(y)dyd| where b € HYr20).R R 1 i p
4. Definition. The function bT in Theorem 3 is called the x symbol of A.

bj is called the Weyl symbol of A.
2

As an aid in proving some theorems about pseudodifferential operators,

Shubin defines operators with anti-Wick symbol a € I^CR20) by the formula 
(1) A = IR2na(z)Pdz

A

where P is the orthogonal projection of L (R ) onto the subspace generated byZ
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the unit vector 3^ € L2(Rn) defined by

lx-y|2
(2) d>z(y) = Ji 4e1<y,̂ >e , z = (x,$)

Any pseudodifferential operator can be written as a sum of an operator 

with anti-Wick symbol and an operator with kernel in SCR20) (Shubin, Theorem 

24.2, p.182) and the Weyl symbol of an operator with anti-Wick symbol a e

I^CR20) is given by b(z) = rt‘nJ'^2ne‘ * w*z ' a(w)dw. Furthermore b e I^R 20) and

b - a e r ^ '2P(R2n). Using this, Shubin obtains necessary and sufficient

conditions on the Weyl symbol which guarantee that the operator is bounded on

L2(Rn) or that the operator is compact (Shubin, Problems 24.8 and 24.9, p. 184).

We wish to study (1) using more general operators than the projection

operator P and more general "symbols" a. z
We will use the following notation: If H is any Hilbert space then 68 (H) 

will denote the algebra of bounded linear operators on H. We define
n

M£ L2(Rn) — > L2(r") by M^f(y) = ei<y^ >f(y) where <y,|> = [y£j,
J=i

Tx: L2(R°)----> L2(R°) by Txf(y) = f(y-x), and U(z) = M^TX for z = (x£) e

RnxR°. Both and Tx are unitary operators and hence so is U(z). Thus for

any L e 68 (L2(Rn)) we can define L = U(z)LU(z)'\ Dearly L € ^ (L 2(Rn))z z
Vz € R20.

With this notation we can rewrite formula (2) as $  = U(z)<(> where <|>(y) =
n lyl 

~7 "~T~n e . Then the projection P_ used in (1) is given by P f =
Z Z

(f, U(z)«|>)l 2(r^U(z)<|» = U(z)[(U(z)'‘f, <j)4>] = U(z)PU(z)’*f where P is the

projection of L2(R°) onto the subspace generated by $ (Shubin, p. 179).

Since VA.B c # (L 2(R°)), (A+B), = U(z)(A+B)U(z)'! = U(z)AU(zy‘ +z
U(z)BU(zy‘ = A_ + B_, (AB)„ = U(z)ABU(zy‘ = U(z)AU(z)U(zy,BU(zy‘ = A B

Z Z Z Z Zf



3

and (B*), = U(z)B*U(z)‘l = U(z)B*U(z)* = [U(z)BU(z)*f = (BJ*, L m  L is az z z

L i—> L is a * automorphism of 0  (L (Rn)). Denote this * automorphism by z

* homomorphism. Since L i—» U(z)‘ILU(z) clearly is the inverse * homomorphism,
A

■ Lz is a * automorphism of 0  (L x

<IKz).
The maps £ t—> and x h—> Tx: Rn — > 0  (L2(Rn)) are group

homomorphisms, but z i—> U(z): R2” — > 0  (L2(Rn)) is not since * TxM^

(see Lemma 5 below). Furthermore, if S? is the Fourier transform, then Mx =

&  '\& r :  for <|> e S(Rn), TX̂ <K$) = ^ - x )  = J'R„e‘i<y^ 'X>4>(y)dy =

S n e '^ ’̂ M ^ y Jd y  = Since S(Rn) is dense in L2(Rn) and &  and M|p X A A
are continuous on L2(Rn), ^5*" -  & ^ x “ d thus &  ~ I>5rMx = Mx.

2. Theorems on Continuity.

We now will study the continuity properties of the map z »—» L_ from R2"z
to several vector spaces with various topologies.

5. Lemma. TXM^ = e"i<x»^M^Tx.

Proof. TxM^f(y) = Tx[ei<y^>f(y)] = ei<y' x,^>f(y-x) = 

e-i<x,£>ei<y£>Txf(y) _ e' i<x,^>M^Txf(y).

Remark, z i—> 4>(z) is a group homomorphism of (R2n,+) into the group of
A  n

* automorphisms of 0  (L (R )).

ftoof. 4KVZ2)L = U(zi+Zi)LV(zl+z2y ' = M^ x l+x2LV , M- ^ r  =

M t M . T  T  L T  T  M  c M  .  =5, % x, x2 -x2 -Xj -%2

Me ei<x i’̂ T  Mp T LT e ' ^ i ’̂ M  J M .  = Me T , U(zJLU(zJ^T v Me
S ,  i ^2 2 2 2 1 ”’ l ’ 1 1  1 ’ 1

= U(z()Lz U(Zl)-‘ = (L2 )z = AKZjWZjJL.
2 2 1

6. Lemma. U(z) = RCz.z  ̂ + e*<xo’̂ o > UCz  ̂ where RCz.z  ̂— > 0 in the 

strong operator topology (SOT) uniformly in zQ as z — » zQ.

Proof. U(z) = M^Tx = M^Tx - M ^  + M ^  = - D -
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MeT - T + e1<xo * ^ > UCzL Let R(z,z) * MeT% (T - I)
S xo ’ o o ’ o o

+ MeT - e1<xo’̂ '^o>Me T_ . Using Lemma 5, we obtain R(z,z) =
* xo ' % o

MeT (Tv r  - I) + e1<xo’̂ ‘ ô>Mc T (e‘1<xo’̂ o >T M « MpT - I) =
S x0 X"Xo ’ 0 0 0 ’ 0 ’  0

MkT (Tt  v - I) + e1<xo^^o>M?: T (T e‘1<xo^‘ ô>Mp t  T - I) =
’  x0 x-x0 ^0 0 0 S ^0 0

M kT  (T . -  I) +  ei<Xo,̂ ‘ ô>Mc T (T T M e e -  I) =  M.T (T -  I) +
*  xo x'xo % xo "xo xo **0  9  o x xo

ei<x0̂ ^o>M^ Tx ( M ^  - I). Thus for each f € L V ) . llR(z*z0)fllL2(IRn) *

llTx-x0f ‘ fllL2(Rn) + llM̂ -l0f ‘ fllL2(Rn) = llTx-x/ ‘ f,lL2(Rn) +
n

"Sr -1(TWo - I)^ f» L V )  = i T ^ f  - f»L V )  + (2")7 » T ^  - f»L V )

— > 0 uniformly in zQ as z = (x,£) — > = z0-

7. Lemma. U(z)'1 = R(z,zJ + e’^ 'V ^ U f e  )'1 where R(z,z)  > 0 in

SOT uniformly in zQ as z — » zQ.

Proof. U(z)'1 = T  M e  - T  M p  +  T  M p  - e’^ ' V ^ T  M t  +  
-x  S  “x -So -x *S0 ” o "*o

e-i<x-x0̂ 0>u(^)-i_ Let ft(z,Zo) = T XM_  ̂ - T XM_  ̂ + T XM_£ -

;‘i<x-x0̂ 0>T_x M = T XM_^(I - M ^  ) +

e'i<x' xo,̂ o>T v ( e ^ 'V ^ T -  VM P - M e ). By Lemma 5, we obtain R(z,zJ = 
’xo xo’x "’ o "̂ o

W I  -  M „ )  +  e - ^ T  ( M . T  .  M t )  = T XM ^ (I  - M „ )  +

e-i<x-x0£ 0>T m .( T v -I) . So Vf e L V ), HR(z,zJfllT s
’0 0

[ m  E Vi x _x  ■ l J ' w  w  * L  (R1 J, "L^IR")
0 ’ o o”

Hf -  M ^ f l l L V )  +  llTv x f  -  f llL 2(Rn) =  II S T  *‘(1 -  ^ . ^ ^ " l V )  +

A _  A

0
n

»Vf - f»LV)= (in u • T5-?0f"LV>+“V f' f"LV> —>0
uniformly in zQ as z = (x,5) — » (x04o* = V
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8. Proposition. The maps z  i—> U(z) and z i—> U(z)*1: R2" — > 

(*S?(L2(Rn)),SOT) are continuous but not uniformly continuous.

Proof. By Lemma 6, U(z) - = R(z,zJ + (e ^ o ’H f  - 1) UCz  ̂ and

therefore, by Lemma 6, U(z) - UCz  ̂— > 0 in SOT as z — > zQ. Suppose 

z i—) U(z) is uniformly continuous, i.e., U(z) - Ufz^ — » 0 in SOT uniformly

in zQ as z — > zQ. Then by Lemma 6, U(z) - Ufz^ - RCz.z^ > 0 in SOT

uniformly in zQ as z — » zQ. Thus Vf e L2(Rn), (ê <xo’̂ ‘ ô> - l)U(zo) f  > 0

uniformly in zQ as z — » zQ. But this is false for f * 0: Fbr any % - £0 * 0 

we can choose xQ and hence zQ = such that e*<xo,̂ o > = -1. Then for z

= (x,£) = (xq4), we have |z - zQ| = |£ - £q| which can be chosen arbitrarily 

small but (e*<xo’̂ o > - l)U(zQ)f = -2U(zQ)f * 0 for all such z. Therefore z 

i—> U(z) is not uniformly continuous. The statements for z i—> U(z)'1 follow 

analogously from Lemma 7.

9. Corollary. The map z t-» L : R2" ----> (# (L 2(Rn)), SOT) isz
continuous.

Proof. Since the set U of unitary operators is bounded in 0  (L2(Rn)),

the map (&x{L)x&, SOTxSOTxSOT) — > (# (L 2(Rn)), SOT): (U,L,V) t-> ULV is

continuous. Since L_ = U^LUCz)'1, the corollary follows from Proposition 8. z
10. Proposition. If L e 0  (L2(Rn)) and 0  (L2(Rn)) has the weak operator

topology (WOT) then the map z 'r—> L : R2" — > 0 (L2(Rn)) is uniformlyz
continuous.

Proof. By Lemma 7, (Lzf, g)L2(R0) = (U(z)LU(z)‘‘f, g) =

(LUW'f, U(z)*'g) = <L[ft(z,Zo)f + e - ^ t V u i z / ' d ,  ft(z,z0)g + 

e-i<x-x0, |0>u(zo)-Ig) = (Lft(z,z0)f, fi(z,z0)g) + 

e-i<x-xo^o>(LU(z0)-'f, f tfz^ g ) + et a 'xo>?o>(Lft(z*<|)f, U fc/'g) + 

e-'<x-x0.50>ei<x-xo 4 >(LU(z0)-,f, m / g )  = (L ftfez /. ftfz.z^g) +



6

e*i<x‘xo^o>(LU(z0)‘1f, ft(z,Zo)g) + ei<x‘xo^o>(Lfe(z,z0)f, U fz^g) +

( L f ,  g). Thus l(L f, g) - (L f, g)| s 
0 0

,|L|165 (L2(Rn)),l̂ z*zPfllL2(Rn),,̂ z’V 6llL2(Rn) +

]lLn0  (L2(Rn)),lU^  lf,lL2(Rn),l̂ Z’Zô 8l,L2(Rn) +

11 Ll165 (L2(Rn)),,̂ Z,V f,lL2(IRn)llÛ  ^ " l ^ r ”) =

llLl165 (L2(Rn)),,̂ z’V fllL2(Rl,),l̂ Z,Z<PgllL2(Rn) +

llL" 65 (L V )) ,lfllL V ) llft(Z,Zo)gllL V )  + llL" 65 (L2(r")) 11 ft(z*z0)f 11 L2(Rn)llg 11 L2(Rn) 
— > 0 uniformly in zQ as z — > zQ by Lemma 7.

11. Proposition. (L e 65 (L2(Rn)) | z i—> L_: R2" — » (f5?(L2(Rn)), normz
topology) is continuous) is a norm closed subspace of 65 (L2(Rn)).

Proof. Suppose (L J  is a sequence in 65(L2(Rn)) which converges to L in 

the norm topology. Suppose also that z i—>(L ) : R2" — > (65 (L2(Rn)), norm
m Z

topology) is continuous for all m. Since Vz H(Lm)z - Lzll gj (L2(Rn)) =

llU(z)(Lm - L)U(z) * ̂  0  (L2(Rn)) “  llLm ‘ LN 65 (L2(Rn))’ (Lm>z > Lz uniformly “
z. Thus z i—> L is continuous, i.e., L € (L e 65 (L2(Rn))| z h-» L : R2" — > z z

A  VI

(£9(L (R )), norm topology) is continuous).

12. Lemma. Let g be a non-negative measurable function on Rn. Then 

ess sup g(x) = sup (J'g(x)f(x)dx: f e L‘(Rn), f a 0, and Jf(x)dx =1) .

Proof. Suppose ess sup g(x) = ». Let = (x: g(x) * k). Then 

m(Ek) > 0. Choose Ffc £ Efc such that 0 < m(Fk) < « and let fk = m/p \Xp • Then
k k

fk fc 0, JTk(x)dx = 1, and J*g(x)fk(x)dx js J*kfk(x)dx = k. Thus sup (Xg(x)f(x)dx: 

f  fc 0 and Xf(x)dx = 1) = «. Suppose ess sup g(x) < ». ve > 0 let E_ = (x:
Cr

g(x) *= ess sup g(x) - e). Then m(E_) > 0. Choose F_ £ E_ such that 0 < m(F_)c c c c
< cb and let fe = m(Fl*F • Then ve > °» fe °» J'fe(x d̂x = and Xg(x)fe(x)dx 

fc X[ess sup g(x) - e)fg(x)dx = ess sup g(x) - e. Thus sup (J*g(x)f(x)dx: f  t  0
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and Xf(x)dx =  1) fc ess sup g(x). Since clearly Jf(x)g(x)dx as

ess sup g(x) Jf(x)dx when f and g are non-negative measurable functions, we

have the required equality.

13. Proposition. Let <}> € L”(Rn) and let <1H(<J>) be the multiplication 

operator f t—> <J)f: L2(Rn) — » L2(Rn). Then the map z t—> R20 — >

(68 (L2(Rn)), norm topology) is continuous iff 3 a uniformly continuous function 

<|>0 such that <J>0 = <}> a.e.. If the map z t—> (4H(<i>)z is continuous then, it is 

uniformly continuous.

Proof. 30 such that 0 is Borel measurable and such that 0 = <j) a.e..

= u(z)^K0)U(z)'‘ = xm.5 aid c r j m m  = yn(9)f](y-x) =

tency-x) = 0(y-x)f(y-x) = CTxe](y)tTxn(y) = yft(Tx6)Txf](y). Ulus T ^ a o )  = 

#CTx8)Tx and so T ^ W . x = #KTX9>TXT x = ,ffl(Tx0). Since both ,ffl(Tx8) 

and are multiplication operators, they commute. Therefore <IK(0)z =

Mf / ( 0)T-xM^  = M^ ( Tx0)M-^ = W > -  Hence

p ) z - W z > ( L l(R")) = " ^ (Tx0) - ^ Txo0>"®(L2(Rn)) =

n̂ K(Tx0 - Tx 0)11 @ (L2(Rn)) = »TX0 - Tx O lljw ^ = ess sup {|0(y-x) - 0(y-xQ)I :

y € Rn) = ess sup {|0(u) - 0(u+x-xQ) I: u e Rn). Gearly z h-> is

continuous iff ess sup {|0(u) - ©(u+x-x^l: u € Rn) — > 0 as x  > xQ. But

this limit is uniform in zQ. z i—» <IH(0)z is continuous if and only if

lim [ess sup |0(x-y) - 0(x)|] = 0. Since 0 is Borel measurable and 
^ y  € Rn
(x,y) i—> x - y is continuous, 0(x-y) is measurable on RnxRn. So 0(x-y) - 0(x) 

is measurable on RnxRn. Let p e C (̂Rn) have support in the unit ball B^O) and 

satisfy p fc 0 and Xp(x)dx = 1. v8 > 0 define pg by pg(x) = S^pCS^x). Then 

Pg t  0, pg has support in the ball Bg(0), Xpg(x)dx = 1, and 0*pg e Ct0(Rn). By 

Lemma 12, Il0*pg - 0 U ^ « ^  = ess sup ( I J[0(x-y) - 0(x)]pg(y)dy|: x € Rn) s
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ess sup {/|0(x-y) - 0(x)Ipg(y)dy: x g  Rn) = sup {XJ|0(x-y - 0(x) I pg(y)dyf(x)dx:

f fc 0 and Jf(x)dx = 1} = sup {JTIOfx-y) - 0(x)|f(x)pg(y)dxdy: f fc 0 and JT(x)dx

= 1). Now suppose that z i—» <IK(<|02 is continuous. Then Ve > 0 38 > 0 such that

| y |  < 8  —+ ess sup ( 10(x-y) - 0(x)|: x g  Rn) < e, i.e., since supp pg s Bg(0),

for each y € Rn, |0(x-y) - 0(x) | f(x)pg(y) s  ef(x)pg(y) a.e. in x. So Vy e R°

XI6(x-y) - 0(x)|f(x)pg(y)dx s Xef(x)pg(y)dx = epg(y)Jf(x)dx = epg(y).

Therefore sup (XXI0(x-y) - 0(x) | f(x)pg(y)dxdy: f fc 0 and Jf(x)dx as 1) a

ejpg(y)dy = e. Thus lim H0*pg - = 0. Let 8fc be a sequence of
5—>0

positive numbers such that 8k — » 0. Then 0*pg — > 0 in L“(Rn). Thus
k

{0*pg ) is a Cauchy sequence in L“(Rn). Since Vk, 0*pg is continuous, {0*pg )
k k k

is a Cauchy sequence in the uniform norm. Hence 3<|>0 g  C(Rn) such that 

0*pg —> 4*0 uniformly. But then 4>0 is continuous and = 0 = a.e..
k

Furthermore Vy g  Rn, <J>Q(x-y) is continuous as a function of x. Therefore 

sup ( I <>0(x-y) - <t>o(x) I: x e Rn) = ess sup {I <J>0(x-y) - <|>o(x)|: x e  Rn} = 

ess sup {|0(x-y) - 0(x)|: x g Rn} — > 0 as y — > 0, i.e., 4>0 is uniformly 

continuous. The reverse implication is clear.

Let H be any Hilbert space. For 4>,0 e H, we define H — » H by 

(<|>«S)f = (f, 0)jj<}>. Then 4>»8 is a bounded linear operator with norm IKj>lljjll0llpj. 

<|>®6 is linear in $ and conjugate linear in 0. If L is any compact operator on 

H then L = £ where (fy) and {0^ are orthonormal sequences in H. The

X^s are the positive eigenvalues of |L | = *Il*L and each eigenvalue appears the 

number of times equal to its multiplicity (Schatten [3], Theorem 7, p. 18).

Thus X, > 0 Vi and (XJ is finite or X- — > 0. Following Dunford & Schwartz

p P
[1] (Vol. n, Chapter XI, 1 9) we define llLli = (V X ] for 1 s  p < ® and llLll

P j t °°
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= sup X}. Let Cp -  {L e 68(H): L is compact and IlLlIp < »). Then II llp is a

norm on Cp and Cp is a Banach space under this norm. Cj is the space of trace

class operators and II II j is the trace class norm, C2  is the space of Hilbert

Schmidt operators and II l^ is the Hilbert Schmidt norm, and Cn is the space of

compact operators and II lln = II II Furthermore, if A e 68(H) and L e Cp

then HALII s  llAll ~ / m llLlL and IlLAlL * IlL lL llA ll^^. If L € C , L = p 68(H) p p p {18(H) p’
1c

£ X^®^. Define Lfc ■ £ X^B, if the representation of L has k terms or
i»i

more and L. = L it has fewer than k terms. Then L, ----> L in C . Clearly
k k P

ll(j)®0llp = II(J)IIj ÎI0IIjj Vp. From now on let H = L2(IRn).

14. Lemma. The map z 1—> (<|>®B)Z: R2" — » Cp is uniformly continuous.

Proof. (<|>®S) f = U(z)(<|>®B)U(zy 'f  = (U(z)-1f, 0)U(z)<t» = (f, U(z)0)U(z)<|> = z
(U(z)4>)®( U(z)’0)'f. So by Lemma 6, (<|>®0), = (U(z)<J>)®TU(z5BJ =z
(R (z ,Zo)< t> ).(R (z ,ZoJHT +  e ^ n ^ W R f e i , ) ! )  +

e‘i<xo^^o>(R(z,z0Ki).TOz^HT + ei<Jto,^ o >e‘i<xo '^ o >(U(z0)<|))®OT^W =
(R (z ,z 0)i())«(RIzTz^TB)' +  e 1<xo ' ^ o > (U (z o) i » ( R ( z , z o )t))  +

e‘i< V ^ o >(R(z,zWi)(.(U(z0)e) + «»5) . Ulus »(<|>®B)Z - <4»B), II. a
0 0 ^

II (R(z,zfl)<|>)®(K(z,z0)«) llp + llU(z0)<J))®(K(z,z0)«)llp + ll(R(z,zo)<|))®(U(zo)«)llp =

HR(z,Zo)<|)llL 2(Rn) llR(z,Zo)0 llL 2(|Rn)  +  l l U C z ^ l l ^ n y i R f z . Z ^ O l l ^ ^  +

HR(z,ZoK)llL2(Rn)llU(Zo)0llL2(Rn) = llR C z .Z ^ ll^n y iR C z^O ll^  +

I* ̂  II L2(Rn) II Rfz,2̂ © II L2(Rn) + n 11 l2(r") 11 ®11 L2(Rn) — > ® uniformly in zQ as
z — > z .0

15. Proposition. If L € Cp then zi—» Lz: R2" — > Cp is uniformly 

continuous.

Proof. Let L € Cp and define Lk as before. By Lemma 14, for each k,

Z I -  (L ^ : R* — » CP is uniformly continuous. Thus Ve > 0 we can choose k
p

such that llLk - Lllp < |  and we can choose 8 > 0 independent of zQ such that
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l|(Lk)z - (Lk)z llp < |  when |z - zQ\ < 8. Then |z - zQl < 8 —♦ llLz - Lz IIp s

"LZ - < W p  + "(L^  • ^  "p + ,(Lk>* • Lz ”p < llU(z)(L • Lk)u(z)''"p + 3 r  0 0 0

+ llU C z^L - L ^ U te ^ l I p  S llU(z)II ^L2(pn̂ n L k - Lllp llU(z) *1158(L2(Rn)) + I  +

llU(zo)l1 (L2(Rn)) ,lLk ‘ L "p,IU(z/ 1|I0 ( l V ) )  < f  +  f  +  | = : e *

Remark. By Proposition 11, S = {L e 58 (L2(Rn))I z i—> L : R2" — >

( 58(L2(Rn)), norm topology) is continuous) is a closed subspace of 58(L2(Rn)).

By Proposition 13, S contains the operators ,4K(<|>) when 4> is uniformly continuous

on Rn and S * 58 (L2(Rn)). By Proposition 15 with p = k>, S contains the compact

operators.

16. Proposition. Let <}) e S(Rn) and 0 e L2(Rn). Then Vz e R20, (<J>®8)_:

S(Rn)  » S(Rn) is continuous and Vf e L2(Rn), z > (<|>®(3) f: R2" ----> S(Rn)

is continuous.

Proof. The topology on S(Rn) is given by the seminorms defined for any 

non-negative integer k and for any multi-index a  by a (<J>) = 

sup l(l+lyl)k laa 4>(y)|: y e Rn).

a) S(Rn) > S(Rn) is continuous. In fact, a (M̂ <|)) s

I  a ' '^“  'Pka-a-W - Proof: Pk a <ME « = N p a + l y l f i a V ^ W y ) ] !  =
yeR"

sup(l+lyl)k l [  s  j- [ “ k a 'tP k,a .a ,0M.
yeRn a 's o r  '  a 's a ^

b) Tx: S(Rn)— > S(Rn) is continuous. In fact, Pj^a (Tx<|>) s

(l+ |x |)kpk a (4>). Proof: Pk>a(Tx<» = sup (1+1y|)k |s “ <)>(y-x)| =
yeR"

sup(1+1z+xI)k Ifl°̂ j)(z)I s  sup (l+ |x |)k(l+ |z |)k |aa <|>(z)| = (1-t-1XI)kpk>ct(4>).

a 's a

Z€Rn zeRn

C) (^ )lS (R n): S(Rn) — > S(Rn) is continuous: Since S(R°) L2(Rn) 

is continuous, it suffices to show that <)>®0: L2(Rn) — > S(R°) is continuous.
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Let f 6 L V ). Then p ^ C f l^ f )  = pk a [(f, m  = l(f, 0)lpk<a(4>) *

110 nL V ) Pk,a(^ 11 f 11L V ) '
d) ((J>®0) f: R2" — > S(Rn) is continuous by a), b), and c) since (6®0L =z z

M^Tx(<|)®0)TxM ^
n

e) Pkot(Tx4M0 s nlxlO+lxl)1 jj Pko + e(4>) where °  + ej >s I 16 Inulti-
j=l ’ j

index such that (a  + e{). = a. if i * j and (a + e{). = a- + 1: pt  (T 4>-i)>) =
J 1 1 J J J JCfCX x

if rv if i n a+ei
sup (1+lyl) I a v C«Ky-x)-4Ky)31 = sup (l+lyl) IX E(-x.)a J«Ky-tx)dt I s 
yeRn * yeRn 0 J
n i v a+e. n i ir a+e,
E lx.|X sup (1+lyl) la J<|)(y-tx)|dt = E lx.IX sup (l+|z+tx|)K|a J4>(z)|dt
j«i °yeRn j=i J 0 zcir*1

11 i v V a+et n if
s E Ix»|X (l+ |tx |) sup ( l+ |z i r ia  y(z)Idt s  £ |x .|( l+ |x |)Kp. _ « > )  s

J-i 1 0 zeRn J“> J ’ j
n

n |x |( l+ |x |)k I  w » > -  
j=l J

0 Pk,a (M4f «  = '^Pk+ i.aW  + E [o '] '$ a ' l l W ' < « :
(ka'ssa

Pk,a(M^-<,) = s»p|i(i+iyi)k i«ytei<y,5>'l>(y)-'l'(y)]i =

sup (l+lyl)k l J] f e ] s a  (e1<y’̂ >-l)Sa ' a , ||i(y)l s  
y€R" a 's a  ^
sup (l+ |y |)k |ei<y^ - l | | e a4*y)| + 
yeR"

[  fe lsu p  (l+ |y |)k | i |a / l ^ ' e ^ l  |8a -a / (Ky)l s 
( k a 's a  •'yeR0

sup (l+lyl)k l<y£>| |aa <Ky)| + [  [ a '] suP (1+lyl)k li , a ' 1 f t* '  11̂ “ ’“  W l
yeRn ( k a 's a   ̂ •'yeR0

= ™ pm( i + l y l ) k + 1 l ? n a a « y ) l  +  I [ “ . ] l 5 a ' l P k ,a . a , ( «  =  l ? I P k + I ,„<4» +
y«R ( k a 's a  * '



12

I  f a ' I '^ 'P k ,
Cka' sa

g) z i—> U(z)<|> is continuous: U(z) - Ufz^ = M^TX - Tx =

MkT - McTv + MpT - Mp T = MeT, (T -D + Me (Me e Tt  -T. ). So 
9  x 9  x0 9  x0 90 x0 9  x0 x‘x0 90 9  90 x0 x0

Pk,a (UW4>-u ( ^ )  * Pk,a(M? \ < Tx - x + P k ,a < \ (M?-50V - Tx « ) -  sto“

we wish to estimate the limit as (x,§) — > (x0&<)* we can assume *̂ at £ 

satisfies |£-50l < 1* Then |£ | < |£0I + 1. By a), P ^ ^ M ^  (Tx x <j)-<j>)) is

bounded by a finite sum of terms of the form cpl£^IPk a _p(Tx (Tx_x s 

cp d + l?0l)l|}|Pk,a -p(Txo(Tx-xoW »- By »>• Pk,a-p(Tx0<Tx-x0*-«> *

<1+lJto| )kPk,a-pfrx .x H )-  By e), Pki0(.p<T <M>) =
0

n
n|x-x0l(l+|x-x0l)k £ Poj.j^gWO — > 0 as x — > x0. Unis 

j=l 1

Pka(M£Tx <Tx-x — >0 a s  <*•© — > (*A >- By a)'* » A A
Pk (Me e Tx <j)-Tx <}>)) is bounded by a finite sum of terms of the form 

’ ’’o ^ o o

' p ' ^ ' P W ^ W -  By f>. Pk,oc-P<Mt 5 0TJC0+-Tx ♦>is bounded by a

sum whose terms consist of 1 ^ 1  »  and a finite number of terms of

the form Cjjyl Pk a _p_y(Tx where y > 0. All these terms clearly go to

0 as £ — > 50. Therefore pk (M e (M e e T <|>-T <>)) — > 0 as (x,$) — >
’ ’ o ’  ’o o o

(xo’V - Hence Pk,a(U(zW’U(zoW — > 0 as <*4> — ► (x04 0)-
h) z i—» ($®0),f: R2" — » S(Rn) is continuous: (<)>®§),f =

Z  Z

(U(z)’lf, 0)U(z)<|) = (f, U(z)0)U(z)<|) = (f, U(z)0 - U(zo)0)U(z)<{) +

(f, U(Zo)0)(U(z)<}) - U(ZoK)) + (f, =* (f, U(z)0 - U(zo)0)U(z)4> +

(f, U(Zo)0)(U(z)4) - U(zM.) + (M )z f. So p. ((<|>®0) f - «>®B)Z f) *
o ’ o
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|(f, U(z)0 - U(Zo)e)lpk a (U(z)iJ)) + |(f, U C z ^ lp ^ fU fz #  - UCz^) — >Oby 

g) and by Proposition 8.

3. Theorems on Integrability.

The following definitions and theorems on the integration of Banach space 

valued functions are taken from Hille & Phillips [2]. Hille & Phillips use 

general measures, but we will only use Lebesgue measure on R2". B will 

represent a Banach space with norm II II and B* will be its dual.

17. Definition. Let f: R2" ----> B be a function. Then

a) f is countably valued if it assumes a countable set of values in B, 

assuming each value on a measurable subset of R2".

b) f is almost separably valued if 3 a null set E such that f(R2fl~E) is 

contained in a separable subspace of B.

c) f is weakly measurable if g*f: R20 — > C is measurable Vg* e B*.

d) f is strongly measurable if 3 a sequence of countably valued functions 

converging almost everywhere to f.

18. Theorem. A Banach space valued function on R2" is strongly 

measurable iff it is weakly measurable and almost separably valued.
A -

19. Corollary. A continuous Banach space valued function on R is 

strongly measurable.

20. Definition. Let f: R20 — > B be a function. Then

a) if f is countably valued then f is Bochner integrable if llfll: R20 — >

R is integrable. Let (x.} be the set of values of f. We define S „_f(z)dz =
k R20

co
J] xkm(Ek). 

k=l
b) f  is Bochner integrable if 3 a sequence of countably valued integrable

functions f. converging almost everywhere to f  and such that limj* llf(z)- 
j j-*» R20



14

f(z)lldz -  0. We define X . f(z)dz = limX f(z)dz. 
i R j—Ho R J

21. Theorem, f: R20 — > B is Bochner integrable if and only if f is

strongly measurable and X „ llf(z)lldz < a.
R20

22. Theorem. Ilf „ f(z)dzll s  J  ,  llf(z)lldz.
R2" R2"

23. Theorem. Let T: B — » B' be a bounded linear map of Banach spaces.

If f: R20----» B is Bochner integrable then so is Tf and TX f(z)dz =
R

X T[f(z)]dz.
R2"

If B = S3 (L2(Rn)), then we now can consider three integrals.

24. Definition. Let L: R2" — » SB (L2(Rn)) be a function. Then

a) if L is Bochner integrable, we will say that L is uniformly integrable.

In this case clearly S „ L(z)dz e S3 (L2(Rn)).
R2"

b) if, for each f € L2(Rn), z i—» L(z)f: R2" — > L2(Rn) is Bochner

integrable, then Af = X L(z)f dz defines an operator A on all of L2(Rn). We
R2"

then will say that L is strongly integrable and A = J* L(z)dz.
R

c) if, Vf,g e L2(Rn), z  i—> (L(z)f, g): R2" — » C is Lebesgue integrable

then J* (L(z)f,g)dz is a sesquilinear form on L2(Rn) and so (Af,g) =
R

S (L(z)f,g)dz defines an operator A on L2(Rn). If the form is bounded then 
R

so is the operator. In this case we will say that L is weakly integrable and A

= X L(z)dz.
R20

By Theorem 23, it is clear that uniformly integrable —♦ strongly 

integrable —♦ weakly integrable and if any two of these integrals exist they 

define the same operator.

25. Proposition. If L e S3 (L2(Rn)) is such that z t—» L_: R20 — »

( S3 (L2(Rn)), norm topology) is continuous, and if a € L'fR20), then a(z)L isz
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uniformly integrable and IIJ ^(zJL^dzll ̂  (L 2(r" )) s  ,lallL1(R2n),lLl10  (L2(Rn))‘
R

Proof. Since z m  L is continuous, this map is strongly measurable andz
so a(z)Lz is strongly measurable. X ^Ha^L^H ̂  =

R

Stfn1 a(z) 1 "Lz" fir (L V ))dZ = XR2n1 a(z) 1 l,LH 0  (L2(Rn))dZ =

Ma||LI(R2n)llLl10  (L 2( r b) ) ’ So z i—» a(z)Lz is uniformly integrable and

IIJ,D2aa Ẑ̂ Lzdzl1 * SDJ a^ W [0 ( L \^ ) ) dz = llallL,(R2n)llLllfi?(L2(Rn))'R R
The following lemma essentially is Problem 24.3, p. 183 in Shubin.

26. Lemma. If f,<|> e L2(Rn), then X . I(f, U(z)4>) 12dz =
R

Proof: (f, U(z)« = X of(y)ei<5,̂ T x«y)dy = X / i<y’̂ «y )T x4>(y)dy =

[fT_(M y)m X S If(y)T Wy)Idydx - X X  lf(y )nT  *(y)l2dxdy = 
x  R R R" Rn X

X nlf(y)l2X nI<t>(y-x)12dxdy = x Jf(y )l2X nl<J)(x)|2dxdy = Ilfll^nJKjXI^nv.
R R R R

X lf(y)T_4>(y) 12dy < 09 a.e. dx, i.e., fTv<j) € L2(Rn) a.e. dx. Thus by the 
Rn x

n

Plancherel theorem, l][fT^]A11̂ 2 R̂nj = (2n): llfTxi))ll̂ 2,Rn, a.e. dx. Therefore

X - l( f . U(z)«l2dz = X X I[fT d)(y)]A(5)12d£dx = X =
R2” R° R“ *  *  M « )

G n ^ l l f T ^ l l^ y y ix  = (2n)V X lf(y)T^M I2dydx = 

(2:c)n" fII L2(Rn) H4"lL2(Rn)' 
27. Lemma. Let f,g,«|),e e L2(Rn). Then X .(f,U(z)0)(U(z)<{),g)dz =

R

(27t)n(f,g)(<j),e). 

Proof. First we will show that Vf e L2(R°), X . (f, U(z)0)(U(z)<j>, f)dz =
R

(2n)n(f,fX̂ >,0)* This follows by polarization since both sides are 

sesquilinear forms in $ and 0 and since the quadratic forms obtained by setting

So
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<j> = 0 are equal by Lemma 26. Now fix $ and 6. Both sides of the equation in 

the conclusion of the lemma now are sesquilinear forms in f and g whose 

quadratic forms we have shown to agree. The conclusion, therefore, also 

follows by polarization.

The following lemma is very close to Problem 27.4 in Shubin.

28. Lemma. If L e C, then X (L_f, g)dz = (2n)n(f, g)trL where trL is
I T

the trace of L.

Proof. Since L e Cp it can be represented by L = £ A^®^ where Â fc 0 

Vj, £ Aj < «, and ((ĵ ) and (0̂ ) are orthonormal sequences. Then trL =

E tyfy 6,) (Schatten, Lemma 9, p.41). X g)dz =

I  J U C z K ^ U W 'f ,  g)dz = /  j c u w 'f ,  0 ^ ,  U(z)*!g)dz =
R R

s ju (z ) ''f ,  ep#  U(z)-'g)dz = s j ( .  v w p m t f  8) =
R R

(27t)n(f, gXfy ep by Lemma 27. Therefore IX g)dz| s
R

(2n)n I (f, g) I So the series £ A, X „ ((<j).®S.),f, g)dz converges absolutely and
J |p"> j  j  Z

therefore S ^ Z  g)dz = E (̂27C)n(f, gXfy ep = (27i)”(f, g)trL.

Let L,M e Cp Then HL^Ny, = llU(z)(L-M)U(z)’* II t s

llU(z)ll ̂  ̂ ^n^llL-MlljllUfz) II ̂ (L2(Rn)) “  HL-Mllp Thus L i—> L^i Ĉ  —  >

is continuous. So L = £ A.(<|>.®0.), with convergence in C,. Since convergence
Z j  j  j  Z 1

in C —♦ convergence in WOT, (L_f, g) = £ \((^,®0,).f» g)* Therefore
1 Z J j  J Z

s J Lz{' = 1 V W - g)dz = (2't)”(f' g)trL-

29. Proposition. If L e C and a e L2(R^), then z i—> a(z)L : R2" — >
2 Z

63 (L2(Rn)) is strongly integrable and IIX ^ (z ^ d z l l  ̂  ( l2(r°)) s
R

n

(27i)2«allL2̂ R2nyiLll2.

Proof. L = £ where the A ŝ are the nonzero eigenvalues of Jl *l .
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Thus the nonzero eigenvalues of L*L are the X,* ’s. So llLlI* -  trL*L. vf e
2,_n(Rn), HX a(z)L2fdzllL2(Rn) * J* lla(z)LzfllL2(Rn)dz = S I a(z) IIL /llL2(R»y 

R R R
dz

J' « l̂a(z)l dz
R2"

‘rR2n,,LZfl,L 2(Rn)dZ “  ’̂ " l ^ R 2") L Z ^dZ =

,,al,L2( R - ) J V ^ ^  = '^"L ^R ^ ^ « L >zLzf’ 0 ^  = 
R

J* ^ (L  L )/, f)dz * llallL2(R2a)J(27t)Dllfll£2(|Rn)trL L =

(27t)XII aII L 2(R2n} IILII2 II f II L 2(Rn}. Thus «X ^ (z ^ d z l l  ̂  ( L 2( r 0 ) )  S
R

n

(2n)2 II a II L2 R̂2n̂  IILII2.

The following proposition is an extension of Problem 27.2, p. 198 in 

Shubin.

30. Proposition, if a € L^R2") and L € Cj then a(z)Lz is weakly

in tegrable and IIJ* ^ a (z )L zdzll ^  (L2(Rn)) ^  (2it) Hall L “ (R2n) llLllr  
R

Proof. L = £ XxJ).®®. with convergence in Ct . Since L i—> L : Ct •
j  j  j  X Z  X

is continuous and convergence in Cj —♦ convergence in WOT, (Lzf, g) =

= z  *J<«y>8j)zf’ g) = t. ^ ((u w ,f. ®j)u(z)0j, g) =

Z  \ ( f ,  U (z )8 j)(U(zM>., g). So by L em m a 26 , Vf,g «  L > " ) .  IJ- ,  » (z )(L J  
J J J R2" Z

g)dz| 5 XR2n I a(z) | |(Lzf, g)|dz 5 llallL»̂ |R2n ^ 2nl(L2f, g)|dz s 

||a||L“(R2n>E XjJ^Kf, U(z)0j) 11 (U(z)4>j, g)|dz s

llallL “ (R2n)5: \ S . l(f, U(z)0.)| dz 
R J

J* J(U(z)fc, g)| dz s
p J

n
J .

la lL V ^  llfllL2(Rn)ll0j ,lL2(Rn/ 2^  11 11 L2(Rn)11 ®11 L2(Rn) =
IIaIIL cO(R2|,)(27t)nIIfUl 2(r ")IIgIIL 2(r I>)I Xj =  (27c)nllallL »^R2nyiLll J <1 fIIL2(Rn)IIgIIL2(Rn).

So IIJ a(z)Lzd z l l ^ ^ Rnvv s  (2n)nllallL«^R2«KllLllj.
R
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31. Proposition. If a e L^R2") and L e Cp then zt—> a(z)Lz: R2" 

is Bochner integrable and IIX toa(z)L2dzllp s  Hall î (R2n),|L,|p.

Proof. Since zi—> L ,: R'z
in Cp is continuous by Proposition 15, z

a(z)Lz: R2n -> C is strongly measurable and IIX „ a(z)L dzll * p p2n z p

XR2nl,a(z)Lz,lpdz “  s  ,lallLI(R2n),lLllp *AnCe llLz"p =

ll^zJLUCzy'lIp =S llU(z)ll0 (L 2(Rn))HLllpllU(z)-, l l ^ (L2(Rn)) = HLllp.

Note. Since for q s p, C_ Cq is continuous, L € Cp and a e L^R2")

—♦ zi—> a(z)Lz: R 

integrals coincide.

,2n -> Cq is Bochner integrable Vq t  p and all these

32. Proposition. Let a be measurable on R2® and let L e Cy  Suppose Ve

> 0 3 ag € L^R2") and be e LW(R"“) satisfying ,|hel,Le9(|R2n) 5 e such that a = a£C0/_2n

+ b . Then zv a(z)Lz is weakly integrable and y ^ d z  e C ,

Proof. By Proposition 30, zi—> b_(z)L_ is weakly integrable and
c  Z

"X„2nbe(z)Lzdz" « (L V ))  * " V lV )  * e' By Proposit*0" 31> J't>llae(z)LzdzIR R
s C l £ C .  “ >d U ^ z ) L zi z  - =

"x„2nbe(z)Lzdz" « (L V ))  s e- So x a>ae(z)Lzdz * C» and X 2nae(z)Lzdz — >R R R
X toa(z)Lzdz in (58 (L2(Rn)), norm topology). Thus X a(z)L dz e C^.
R R W

33. Corollary. If a e Lp(R2n), 1 s  p < « and L e Cj then z »—» a(z)Lz is

weakly integrable and J ^ d z  e C ,

Proof. Let a_(z)C
_ fo if I a(z) | < 
”  |a(z) if | a(z)I e and be(z) -  fa(z) if 

”  ]0 if |a
I a(z)| < e 

|a(z)| a e *

Then a = a£ + b£.
I a_ |

fc 1. So
a„ ae e
e s e € L’CR20). Thus ae 6 L^R2”).

By the definition of b£, ltbelljj»̂ R2n̂  s  e.
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34. Corollary. If L e C. and a e L! (R20) satisfies lim ess sup |a(z)|
1 100 R-*o z>R

= 0, then z i—> a(z)Lz is weakly integrable and X 2ja(z)Lzdz e C^.
R

Proof. By hypothesis Ve > 0 3R > 0 such that ess sup |a(z)| < e. Let %c

be the characteristic function of the ball in F2” with center 0 and radius R£.

Then a£ = j^a e L^R20) and b£ = (1-Xg)a satisfies l|i,e,lL“(R2n) < e* &earty a

= a_ + b„. e e
35. Corollary. Let L e Cj and let a be an element of the closure in 

L”(R2n) of L^R2") n L“(R2n). Then z i—> a(z)L is weakly integrable and 

S ^ z ) L zi z  € C„.

Proof, ve > 0 3a_e L'fR*1*) n  L'Vr2") such that b = a - a_ satisfies
t  c  c

llbe llL“ (R2n) < e-

36. Proposition. If a e L2(R2n) and L e C2  then zi—> a(z)Lz: R2" ---->

58 (L2(Rn)) is strongly integrable, X taa(z)Lzdz e Cm, and IIX a(z)L dzllw s
R R

n

(27t)2llallL2^2nyiLll2.

Proof. Let 3̂  be the characteristic function of the ball in R2" with 

center 0 and radius R. Then a = %^a + (l~%^)a. By Proposition 31, zi—> 

%^(z)a(z)Lz: R2” — » C2  is Bochner integrable. So X 2nX^(z)a(z)Lzdz € C2  £ Cw

and zi—> Xĵ (z)a(z)Lz is strongly integrable. By Proposition 29, z 1—> (1- 

%^(z))a(z)Lz: R2" — > 58 (L2(Rn)) is strongly integrable and IIX ^afzJL^z-

n

V V Z)a(Z)Lzd2,l̂ (LV)) = U,rR2n^’ZR ^ a^ LZdz11 (L2(Rn»  S

XR)a II L^fp^) U LII2 — > 0 as R  > ». Therefore X ^ a fz ^ d z  6 Cw. By
R

n

Propositiion 29, UX ^afzJL^zll^ s  (2rc) 2 IIal!L2 R̂2n̂ ULl!̂ .
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4. Miscellaneous Results.

37. Proposition. If B is a pseudodiffferential operator with Weyl symbol 

b (see 1 1) then B_ is a pseudodifferential operator with Weyl symbol T_b.
Z Z

Proof. Let $ e S(Rn). Then by Lemma 5, BJ>(w) = UCzJBUfzX^w) =z
M^TxBTxM_p<Kw) = M^TxBe‘i<' x,‘^>M ^T x(j)(w) = e'i<x‘̂ M ^TxBM_^T x<>(w) =

;-i<x,^>ei<w»v>BM^T_x<))(w-x) = 

5i<w-x,£>(2n)-nj. f  ei<w-x-y,Tl>b
Rn Rn

w-x+y_ e

(2nyaS S
R° Rn

w-x+y

<|>(y+x)dydr| =

e*<y,"^><|>(y+x)dydr| =

(2nynS S ei<w"y' ,T,/>b
R" Rn

w+y^2x , (JKyOdy'dri' =

(27t)‘nJ* S ei<w"y,T*>b
Rn Rn

<J)(y)dydri. Since b

if z = (x,£), B_ has Weyl symbol T_b.z z
The following lemma provides a commonly used method for converting some 

integrals which exist only as iterated integrals to absolutely convergent 

integrals. We will use the following notation: for |  € Rn we define <£> =

J l+ l i7  and we define <D > = 1+D2 +D2 +...+D2 where D = i  We wiU
yn » %y, y2

only consider <D >2p where p is a positive integer so that <D >2p is a
J ¥

differential operator. For each p and multi-index a  with |a |  s p 3  constants

ca  t  0 such that <§>2p = £ ca ^ a  and <Dy>2p = £ ca Dya . We then have
la |sp  la jsp

so that o’1̂  =
lalsp

<5>-2|i<d > V i<y,̂ >.

38. Lemma. Let g e C f̂R"). Suppose that for each multi-index a  3Ca such
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that vy e R°, |Dag(y)| s  C (l+|yl)^ where j < -n. Then X e‘^ ’̂ >g(y)dy =a  pn

X e‘i<y*̂ ><4>‘2p<D >2pg(y)dy.
.

Proof. X e ' ^ ’̂ gCyJdy = X <̂ >*2p[<D > V i<y’̂ >]g(y)dy. We now 
R° r" y

integrate by parts over a box. As the sides of the box go to «, the boundary

terms go to 0 due to the inequalities satisfied by Da g. This gives our result.

39. Lemma. Suppose g(y&u) is measurable on R"xRnxRN and is Cf0 in y for

each fixed £ and u. Suppose that for each multi-index a, g satisfies:

V(y,$,u) e RnxRnxIRN |D“ g(y,§,u)| =s (l+ |y 1) (̂1+|£ |)kga (u) where j < -n,ga  * 0,

and g e L*(Rn). Then X X X  e‘i<y’̂ >g(y,^,u)dyd^du =
“  Rn Rn R*

S J  J  Ne‘i<y’̂ >g(y.|.u)dudydt 
R R R

Proof. By Lemma 38, X X X . . e '^ ’̂ gfy&ujdydldu =
Rn Rn Tr

J- S I  Ne"i<^,^><l>'2p<Dv>2pg(y4,u)dyd^du. l<Dv>2pg(y4,u)l = 
r" r" r n y y

I I  ca Dj°g(y,iu)l = I  ca (l+ lylA l+ l5l)kg2a(u) = (1+lyl)i(l+l§0kGp(u) 
la lsp  |a |sp

where Gp = £ ga  e L*(RN). If we choose p such that j - 2p < -n, then the
|a |sp

last integral converges absolutely. By Fubini’s Theorem,

S J  J  Ne ^ ’̂ ><^>'2p<D >2pg(y4,u)dyd^du =
Rn r r y

S S I  e'i<y,^<S>'2p<D >2pg(y,iu)dudydi since Va. ID“g(y,|,u)| =s 
R Rn Rn y y

ca (1+,SDkg(x(u)’ Va’ DyJ'RNS(y«^u)du = XRND“ g(y,iu)du. Therefore 

S <D>2pg(y£,u)du = <D >2pX g(y,|,u)du. So
r N y  y  r N

* / _ / _ N«'i<y,?><^-'!p<Dv>Jp8(y'i>1)dudyd? =
Rn R° i f  y

X 0X ne'i<y,^><^>’2p<D >2px ^(y.^.ujdudyd^. Since |Da X ^(y.^.ujdu | =
R R R R
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|J ^ D a g(y&u)du| s J ^ ID a g(y.$,u)|du s  J^N(1+I y I )*(1+1 £ I )kga (u)du =
I •

, |g a ,,L 1( R N) ( 1 + 1 £ I ) (1+1 y 1 ̂  For each $. asd a function of y, X^gCy&u^u 

satisfies the conditions of Lemma 38 and therefore

V / 1<y’̂ < V ^ RNg(y,^ u)dudyd^ “  J'Rn,rRne"1<y,̂ >J'RNg(y^’u)dudyd^ =

s  J  J  e ' ^ ’̂ gCy.S.uJdudydS. 
r" r" r"

The following is a slightly generalized version of Theorem 24.1, p.180 in 

Shubin.

40. Proposition. Let a e r^fR2") and let B be a pseudodifferential

operator with Weyl symbol b e SfR2"). Then X ^ a fz ^ d z  is a
R

pseudodifferential operator with Weyl symbol a*b e r^fR2"). Furthermore, for

each multi-index a, 3ca  depending on b only such that VN e M, a*b - £ caSa a
|a|<N

€ r^ 'P ^ R 20) where cQ = (2rc)ntrB.

Proof. For z = (x,£) € RnxRn, |z | = |(x ,|)| = J |x |2+ |^ |2. Let <() € S(Rn).

Then by Proposition 37, {[X „ a(z)B,dz]<|»)(w) = X „ a(z)B6(w)dz =
R20 Z R2" 2

X X a(x,£)(27t)‘nX X eI<w'y,11>b
Rn Rn R" Rn

(2n)’nX X X X  a(x,$)el<w"y,T|>b
Rn Rn Rn Rn

^  - x,n-^
k <

^  - »,n4

4>(y )dydrj d xd^ =

<Ky)dydr|dxd£. Let g(y,Tl,x£) =

:i<w'1>a(x ,? )bp ji - x,tl-5 <(>(y). Then |D“ g(y,ii.x,5)| =

U(x.?)l I  f “- |lD “ ' b b z . x . ^
a 's c r  '  v

c0(l+l(x,^)|)in I  
a 's a

a
a ' j g r j O + K ^ ^  .  x,tj- ^ ) |) 2kcp>a.a ,( l+ ly l)p -
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ca,kp(1+1(x’̂ >I>m(*+ 1 ‘ x-‘n ^ )l)‘2k(1+lyl)‘P where k > 0 and p > 0 are 
arbitrary. Clearly (l+ |(x£)|)m a (H -|x |)|m ,(l+ |^ !) ,m |.

(1+ 1(2 ^  . x,T|-§)I)”2k a ( 1 + 1 ^  '  x|)"k(l+H l^l)‘k a

(1+12 ^ 2 1 )k(l+1 x I )’k(l+I tl I )k(l+1 £ I )‘k a (1+1 w+y I )k(l+1 x | )"k(l+1rj | )k(l+111 )“k a 

(l+ |w |)k(l+ |y |)k( l+ |x irk(l+ |tll)k(l+l^l)‘k So |D®g(y,Tl,x,|)| a 

ca>jCp(l+lw|)k(l+ |y |)k'p(l+ |x |)*m ,‘k(l+|Tl1)k(l+ l^ l) ,m ’‘k Now we can choose 

k so that |m | - k < -n and p so that k - p < -n. Then g satisfies the 

conditions of Lemma 39 with § = x\ and u -  (x,£). Therefore J* ^(z^dz^C w )

=(2»t)‘nX X X X  a(x,^)ei<w‘y’T1>b 
R° Rn Rn Rn

^  - x .irf <J>(y)dxd|dydr| =

(2n)‘nX X ei<w' y,11>a*b
Rn Rn

♦(y)dydri. By Taylor’s Theorem, a(z') =

I SĴ VzJXz'-z)® + rN(z' »z) where r ^ z ' ,z) = 
|a |<N

V c/v/ (z/ -z)a X1Sa a(z+t(z-z'))(l-t)^‘^dt. So a*b(z) =U U A
|a|=N

E 5!^ 2if'Z' •z)ab(z' z' )dz' sCV z) + r n (z) Where R ^z) =
|a |<N
X^bfz-z') r^(z',z)dz'. Let ca  = ^X^2n(z, -z)a b(z-z/ )dz/ =

,|a|
—X ^z^CzJdz. Since b e S(R20), these integrals exist and Cq = 

X „ b(z)dz = (2ti)ntrB by Shubin, Proposition 27.2, p. 195.
R

R T(z) = X - Kz-z') Y c '  (z' -z^X ^afz+tfz-z'JX l-tJ^dtdz' =N ti u a  o
R |a |=N

Y c ' S  . x'w^C-wJS^fz+twXl-tJ^’^dtdw. For each multi-index y  and for 
|a |=N  R
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arbitrary k  >  0, |flJwa b(.w)aa a(2+tw )(l-t)N ‘ 1 | = |w ctb(-w)Sa+ Ta(z+tw)(l-t)N‘1 1 s  

| w | 1 a  * <^(1+1 w  I )’kca + fy(l+ 1 z+tw I )m"P 1 Ct+^ 1 *

ckca + '/1+,wI)N(1+|w,) k(1+,tw|),m P la l*P,Yl l(l+lzl)m‘p ,a l ‘plYl s
ckca + '/1+ 1WI)^*^+ *m’PIa *‘p lYl l(i+ |2 |)m-Pla ^PlYl. since k was arbitrary, we

can choose k so that N-k+lm-plal-plyl I < -2 n. Then IsTr (z)| =
N

I Y c 'X ,  J,1wa b(-w)S(X+Ya(z+tw)(l-t)N' 1dtdw | =su  a  D2n o
|a |=N  R

I  V  W  ldw(1+Iz ,r p l« |-p ,V| =
|a |=N  R

c" (l+ |z |)m-P| 0t |-P1Yl. So a*b - J  o a %  e I^ 'P ^ R 20). In particular 
N'Y lal<N P

a*b e I ^ R 2"). Thus a*b is the Weyl symbol of X ^ ( z ^ d z .

The next proposition essentially is Exercise 24.5, p. 183 in Shubin.

41. Proposition. Let B be a pseudodifferential operator with Weyl symbol

b e  rJ?(R2n) and let <j>,0 € S(Rn). Then (B 6,0) = b*y(z) where 7(x,i;) =
P   "z

(27c)*nJRne_i<11̂ >«K-x-5)0(-x+5)dTi.

Proof. It suffices to show that (Bi{),0) = X -Mr*' M z' )dz' since by
R

Proposition 36, B ,  has Weyl symbol T _b. (B<J>,0) =•Z *Z
(2nyttS /  nf  / i^ ' y»̂ >b ( ^ 4 )<Ky)dyd|0 (x)dx =

R R R

(2it)-“x /  /  Let gfy&x) =
R R R

e-i<x,^>^x+y ̂ ^ y j0 x̂j Then> for arbitrary k > 0 and p > 0, |Dyg(y,§,x)| s

I  ft? ] I D“ ' 11 <Ky) I ie<x) i *
'sor  '

I [ a '] r r5 r tco'<1+l(T Ẑ )1)m"P la ' ' ck ,a -a '(1+l>'l)’kcp,0(1+ul)’P s
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E ( a ' ) n M ° a ' W cP.0<1+ l(T X 4 ) l) lm '(1 + ly l) 'k(1+IX l)'P *
a 's c r  *

c , ( l + l ^ l ) ,m |(l+ l^ l) |m |(l+ lyl)'k(l+ lx |) 'p *

Ca k p (1+,X+yl) (1+l^ l) (1+,y,) (1+,X,) *

Ca k p (1+IX,),m,(1+,yl)lml(1+,^ ,),ml(1+,y,)"k(1+lxl)P =
Cajcp ^ 1+ *y *^ m "̂k( 1+ I^D*m *(1+ lx l)*m *"P* Smee k  and p are arbitrary, we can

choose them so that |m | - k < -n and |m | - p < -n. Hence g satisfies the

conditions of Lemma 39 and therefore (B<t>,0) =

(2n)‘nX X X e‘i<x"y’̂ >b (^ y,^(y)0(x)dxdyd^. Furthermore,
R” Rn Rn

X nX ne'^<x‘y,^>b(^2 y,̂ )<j)(y)0 (x)dxdy converges absolutely. Let x = x' + and

fix* fix* i ay.
y = x' - §. Then x - y = I), t 2  = -x '. = -8 ,. Sfjf = Z Sij- a5cf = ' Sij'

J  J  «J

flyi 1and -5^7- = i  5... Thus the linear transformation given by these formulas has

Jacobian determinant

identity matrix. Therefore (B(|),0) =

-1 ii -2 1  0
n Z n n

- 1 4 1
n Z n - 1 4 1n Z n

= 1 where I is the n x n
n

(2n)’DS /  /  nei<Tl’̂ >b(-x/ ,|)<i>(-x' -^©(-x' +JJ) dqdx'd^ =
R R R

(2Ji)*nX X X c i<n,^>b(-x/ ,-|)<j>(-xy-9)0(-xy+9) drjdx'd^ = 
Rn Rn R™ I  *

X X b(-x,-£)y(x,|)dxd£.
R R

42. Proposition. Let 4>,0 e S(Rn) and 7(x,|) =

(27t)'nX ^ ' ^ ’̂ ^ ^ © (-x + J jd r i .  Then y e SCR211) and y is the Weyl symbol of 

the operator (2ji)’d$»0 where $(x) = ^(-x) and 0(x) = 0(-x).
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Proof. For arbitrary k > 0 and p > 0, |fl^fl^[e‘^ ,^>^>(-x-^)9(-x+^)| =

ma i I  *
P'*P1

"""" I (iS]wi+î i)\ b V ,+i'**3|)'p *P 'Sp
i/ \
a,p,k,p

a,p,k,p

( l4 .|n l) ,ot,( l+ lx |)k( l+ l5 l)-k( l+ |x |)P (l+ l3 l)‘P 

( i+ m i) l a l ( i+ ix i)k+P(i+i3i)"k‘p s  

(l+ |T ll), a | ( l+ |x |)k+P(^+l3l)-k-P =
a»p& p , , , , ,

C ft i, 2 P(l+1T| I) (1+ |x |) P(l+1T] | ) P =a,p,k,p
c 2 +P(l+|x|) +P(l+|ril)*a  ̂ P. Now we can choose k and p so that |a i - a,p,k,p
k - p < -n. Therefore we can differentiate under the integral sign. So y €

c V " )  and a?a&y(x£) = (27t)*n J  £  S / i<r]&T\aaP' (K-x^s^^' e(-x-+3 )dTi.
p , s p l H  R  •

Since for any k > 0, (l+|(x,|)|)k s (l+ |x |+ |||)k s (l+|x|)k(l+lSl)k, we will 

know that y e SCR2") if we can show: Vk > 0 and for each multi-index a,p,and y

3ck,a,p,Y mdh 1,181 Vx’ ^ e Rn’

(1+1 x | )k(l+1 ̂  I )k I J'̂ ne“i<Tl^>r|0caP<»(-x-5)a'ye(_x+̂ )dn I S Since <}>. 0 e

S(Rn) —» flfy), aYe e S(Rn), it suffices to show that Vk, a ,  3c^a  such that Vx,

% e R°, (l+|x|)k(l+|^ |)k |J* e ^ ^ V x ^ - x ^ l  s c ^ .

D^[rja<K-x-3)®(-x+3)] consists of terms of the form cD^Ti^jj^-x-^D^GC-x+JJ)’

Qearly |D^T|a | s c (l+|t||)^a L Therefore for arbitrary k > 0 and p > 0 we 
■1 71* _______

have ID}[ll“D®«.x-5)D®e(-x-t|)l * cla (l+Hll)l“ lca (l+l-x-5 l)'kc (l+l-x+Jl)'1’ s 

c^g^g^Cl+lxl) P(l+l1ll)*a *'k*P by estimates we made previously. Therefore we
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can apply Lemma 38. Hence (l+ |x |)k(l+ |£ |)k | J  e'^<T*’̂ >,riCX<)>(-x- )̂0(-x+ )̂dri| =
R1*

(l+ |x |)k(l+ |^ |)k< |> '2p| ^ ne‘i<n’̂ ><D11>2pTia 4K-x-5)0(-x+5)dTil (p > 0 arbitrary).

Since <Drj>2p = £ ca D2ot, it suffices to estimate
la |ap  ________

(1+1x|)k(l+ |£ |)k<£>“2p|J,̂ ne’i<^ ’̂ >D^rja D|J<))(“X-^)D^0(-x+^)dnI. For arbitrary p >

0 3Cp > 0 such that <$>‘2p a c(l+ |$ |) '2p, \D$x\a \ a ca p(l+lT| | ) | a | , e  S(Rn), 

and Dv6 g S(Rn). Therefore it suffices to show that

(l+ |x |)kX n(l+lT|l)*a * l<{»(-x-̂ )| |0(-x+JJ)|dr| is bounded. Let © = -x - Then
R

-x + ^  = -2x - co, r| = -2x - 2©, and drj = 2nd©. We now have, for arbitrary

p > 0 and q > 0, (l+ |x |)k.f n(l+H ll)|a |  l^-x-J)! |0(-x+£)|dil =
R

2n(l+ 1 x |)kX (1+|-2x-2co|)|a |  |<J)(co) 110(-2x-©)Idco a 
Rn

2"(1+1 x | )kS (1+12x I) 1 a  1 (1+12© I) 1 a  1 c (1+1 © I )-pc (1+1 -2x-© I )"**d© a
Rn p q

2ncnc (l+ \x \)kS (2+|2x|)| a | (2+|2©|)| a | J‘ /  n(l+1 CO I >-p(l+12x I I CO I a
r  4  R R

2n+21 a  I (i+ 1 x | )k+1 ot I -qj, (i+ioD^l'P+qdto, Now we can choose q such that k +
Rn

1 a | - q < 0 and p such that |al - p + q < -n. This gives the required bound.

So we have shown that y € SCR2"). Let f € S(Rn). Let B be the operator with 

Weyl symbol y. Then Bf(x) = (27t)*nJ,RnJ'Rnei<x"y^ >y(^^)f(y)dyd5. This 

integral converges absolutely. So Bf(x) =

(2>t)'"'f|i.J'R.ei<X'y,§>T(T!:.?)f(y)<15dy =

(2ji)-“J'RllJ'Rl)ei<x' :''^>(2ji)-"x îie'i<T|̂ >(t>(-x-5)e(-x+5)dnf(y)d5dy =

(2n)*^Rn̂ (-x-^)0(-x+^)f(y)dy since, as function of 11, <|>(-x4J)0(-x+>J) is in 

S(Rn). So Bf(x) = (2rr)nJ'Rn<K-x)0fy)f(y)dy = (27t)'n$®6f. Since S(Rn) is
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dense in L2(R°), B = (271)^9.

43. Proposition. Suppose that A e G™(Rn) and let a be the Weyl symbol of 

A. Then A e Cj iff a e L’CR20).

Proof. Suppose that A e Cp Let C = (27t)‘n<}>®0 with the notation of 

Proposition 41. Choose <|> and 9 so that (27t)ntrC = ($,9) = 1. By induction we 

construct a sequence of operators Bp B2 , ... of the form Bj = J  ^(zlCgdz

which have Weyl symbols bp b2 » ... respectively with bj e L'CR2”) for all j
k

satisfying ak+1 = a - £ b• e Let aj = a and Bj = S ^a^zlC^z.
j=i R

Then by Proposition 40, Bj € G™(Rn), has Weyl symbol b^ = a*y € r ^ R 2"), and

a - bj e r ^ ’P(R2n). By Proposition 41, a*y = (A_z<|>,0) and by Proposition 30,

(A_z<|>,0) € L^R20). So bj 6 L^R2”). Suppose Bp ..., Bk, ap ..., ak, and
k

bp ..., b^ have been chosen. Let ak+j = a - £ bj. By the induction
j=l

hypothesis, afc+1 € r^ 'P ^R 2"). Let Bk+1 =S Then Bk+1 has Weyl

symbol bfc+1 = *k+1*Y e I^ 'P ^R ^and  afc+1 - bfc+1 e r^ " p(k+1 V “). Therefore 
k+1 k

a - £ bj = a - J] b. - bk+1 = ak+1 - bk+1 e P ^+ ^R 2"). bk+1 = *k+1*Y =
j=l j=l

k k k
(a - £ bj)*y = a*y - £ b.*y = bj - £ b.*y. Since b. e L^R2”) for j = 

j=l j=l j=l
1, ..., k by the induction hypothesis and y  € SCR2"), bk+j e L^R2"). Now

choose k such that m - pk < -2n. Then ak+j € r^ 'P ^R 2®) s  L^R20). So a = 
k

ak+l + I bj € L'(r2,,)-
j=l

Now suppose a € L^R2®). By induction we construct a sequence of trace 

class operators Bp B2 , ... with Weyl symbols bp b2 » ... respectively such
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k
that A - £ B. € G p‘pk(Rn) and such that b. € L^R20) Vj: Let = 

j=l
S a(z)C dz. By Proposition 31* Bj e Cj. By Propositions 40 and42, bj = a*y 

R
e r^CR20) and a - bj e i.e., A - Bj e G™‘P(R°). Since a € L^R2")

and y € SCR2"), bj e L^R20). Suppose Bp ..., and bp ..., b^ have been
k

chosen. Let a^+j = a - £ bj. Then a^+j e L^R20) and so B^+j =
j=l

S 2nak+i(z)Czdz e Cj and bj£;+j = ^+1*7 e L^R20). Furthermore a^+j is the Weyl

k k+1 k
symbol of A - £ B.. So a^+j e I^ 'P ^R 2"). Therefore a -  £ h. = a - £ b. -

j=l j=l j=l
k+1

bk+l = ak+l '  bk+l 6 r £*P(k+1W "). So A - I  Bj e G™‘p(k+1)(Rn). Now
j=l

k
choose k such that m - pk < -2n. Then A - £ Bj e Cj by Shubin, Proposition

k  k  j= 1

27.3, p. 196. So A = A - £ Bj + £ Bj e Cp
j=l j=l
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