INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the originai or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may be
from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality

illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand comer and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in reduced
form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6” x 9” black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly to
order,
UMI
A Bell & Howell Information Company

300 North Zeeb Road, Ann Arbor MI 48106-1346 USA
313/761-4700  800/521-0600






ON SOME PROBLEMS CONCERNING ANTI-WICK OPERATORS
BY

ERNEST GILDE

A dissertation submitted to the Graduate Faculty in Mathematics in partial
fulfillment of the requirements for the degree of Doctor of Philosophy, The
City University of New York

1996



UMI Number: 9630459

UMI Microform 9630459
Copyright 1996, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

300 North Zeeb Road
Ann Arbor, MI 48103



ii

This manuscript has been read and accepted for the Graduate Faculty in Mathematics
in satisfaction of the dissertation requirement for the degree of Doctor of
Philosophy.

glrel2® B 7N A S

Date ' ’ Chair of Examining Committee
Y / 1le / Gl Q ol W
f { %3 - <
Date Executive Officer

o) So Mt
NI

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK



iii

Abstract
ON SOME PROBLEMS CONCERNING ANTI-WICK OPERATORS
by

Ernest Gilde

Adviser: Professor Stanley Kaplan

We discuss questions of continuity and integrability of vector valued
functions used to define operators with anti-Wick symbols. We also give a
necessary and sufficient condition for a pseudodifferential operator of a certain

class on R" to be a trace class operator.
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1. Introduction.

In this thesis we attempt to answer certain questions raised implicitly in
the discussion by Shubin [4] of operators with anti-Wick symbol. In Chapter IV
Shubin introduces a special class of pseudodifferential operators in R" by
means of the following definitions:

1. Definition. FormeRand 0 <p = 1, I‘p“(R") consists of the functions
a e C*(R") satisfying

16%(2)| = c (1+1z1)™PI®!

for every multi-index o and z € &N

The operator A with symbol a(x,E) e r‘;(n“xn“) then is defined by the
following formula:

2. Definition. Au(x) = (2n)'“IRn.arei<x'y’§>a(x,§)u(y)dyd§ where x,y.t €

R" so that (x,E) = z in Definition 1 with N = 2n and where <x-y,£> =
) .
):(xj-yj)éj. We then say that A € G;‘(R“).
§=1

Shubin shows that A: S(R") —— S(®") continuously (p.170). He then
proves that such an operator A can be written in a variety of different ways
(Theorem 23.2, p.172):

3. Theorem. Let A € G'p“. Then, for any T € R, A can be written uniquely

as Au(x) = (211:)"'J‘R,,J‘R,,ei<x'y ’§>b,t((l-t)x+'ty,§)u(y)dyd§ where b, € l";(mz").
4. Definition, The function b‘c in Theorem 3 is called the T symbol of A.

b, is called the Weyl symbol of A.
2

As an aid in proving some theorems about pseudodifferential operators,

Shubin defines operators with anti-Wick symbol a € I""(Rz") by the formula
. P
1) A= J’Rz,,a(z)Pzdz

where Pz is the orthogonal projection of L*R") onto the subspace generated by



the unit vector @ e LX(R") defined by
n I1x- |2
@) oM =n'dIPe 2 2=
Any pseudodifferential operator can be written as a sum of an operator
with anti-Wick symbol and an operator with kemel in S(RZ") (Shubin, Theorem

24.2, p.182) and the Weyl symbol of an operator with anti-Wick symbol a €

l'g(Rz") is given by b(z) = n‘“fkhe'lw’z'za(w)dw. ‘Fun.hermore be l"s(Rz") and
b-ae I";'zp(R"'). Using this, Shubin obtains necessary and sufficient
conditions on the Weyl symbol which guarantee that the operator is bounded on
L%®") or that the operator is compact (Shubin, Problems 24.8 and 24.9, p.184).

We wish to study (1) using more general operators than the projection
operator l"z and more general "symbols" a.

We will use the following notation: If H is any Hilbert space then 4 (H)
will denote the algebra of bounded linear operators on H. We define

Mg: L) —> L) by Mgf(y) = <YE>1(y) where <yE> = Tyg;
=
T,: L6 — L6 by T, () = %), and U@) = MgT, for 2 = (x§) €

R"xR". Both MT; and T, are unitary operators and hence so is U(z). Thus for
any L € @& (L%(R") we can define L,= U@Z)LU@)". Clearly L, ¢ BL'®))
vz € R®,

With this notation we can rewrite formula (2) as d’z = U(z)¢ where ¢(y) =
a 1Yl
nTeT. Then the projection Pz used in (1) is given by sz =
(f, U(z)¢)Lz(Ru)U(z)¢ = U@I(U)', 6)0] = U(2)PU(2)’f where P is the
projection of L%R") onto the subspace generated by ¢ (Shubin, p.179).
Since VA,B € @ (L®"), (A\-i-B)‘z = UZ)(A+B)U(2)" = U(2)AU@z)" +

U@BUR)" = A, + B,, (AB), = U@)ABU(2)" = U@2)AU()U(2)'BU(2)" = A B,



and (B*), = U@z)B*U(2)"' = U@@B*U(®)" = (UxBU®@)'T" = B)" L — L, isa
» homomorphism. Since L +—» U(z)"LU(z) clearly is the inverse * homomorphism,
L — L is a » automorphism of & (L (R"). Denote this * automorphism by
d(2).

The maps & — M& and x > T,: R — @(LYR") are group
homomorphisms, but z — U(z): R —s @ (LR") is not since Mng * Tng
(see Lemma 5 below). Furthermore, if & is the Fourier transform, then Mx =
F T, T for ¢ € SO, T, FHE) = FHEN) = fR..e'i<Y'§"‘>¢(y)dy -

.l‘ o€ l<y’§>M ¢(y)dy = FM ¢(§) Since S(R") is dense in L? (R") and & and M
are continuous on L% ®"), Txg' = 9"Mx and thus & "Txg' = F 'FMX = Mx‘
2. Theorems on Continuity.

We now will study the continuity properties of the map z — Lz from B>
to several vector spaces with various topologies.

5. Lemma, T,M; = ™" M,T,.

Proof. T,Mf(y) = T Y1) = 1y =
AFRE>IYET fy) = §>M€Txf(y).

Remark. z +— ®(z) is a group homomorphism of (R*+) into the group of
* automorphisms of % (L (R ).

Proof. <b(zl+zz)L = U(zl+zz)LU(z|+z2) M§ +§ x +x -x x, 5 §
sz lM § M -§ =

1<x.§ x<x§ -1
Mgle 1 leMgT LT 2¢= 2M§T M§ -MgT U(z)LU(z)T M§

= UL, Ue)' = L, ), = d>(z,)d>(z L.

6. Lemma. U@) = R@zz) + ¢ <05"%0 U(z,) where R(z.zo) — 0 in the

M§ ME, 'l‘x T LT

1

strong operator topology (SOT) uniformly in Z, 882 —> Z,

Proof. U(z) = M§Tx = Mng - Mngoﬂ' MéTxo = MéTxo(Tx'xo -+



Mngo - l<x ag § >M§0T o + 1<X09§'§0> U(zo)‘ Let R(z’zo) = Mngo(TX‘Xo - I)
+ MT, - RS IR Mg T, . Using Lemma 5, we obisin R(z.z) =
0 (1]
MyT, (T, - D + XS EPM, T (@RS S0T Mg MeT, - D=
£Ty Moy g Tx, £ MeTy
<x&-5,> -i<x - 5 =
MyT, (Txxo-l)-i-e <X, MgT(Toe My T, 1)
g'r (T, -D+d%% &> Mg T, (T.

%o
§ §° Mé MY; g - 1). Thus for each f e L&Y, llR(z,zo)flle(R )

X

gg -I)—Mng(T-O-I)'F‘

IIT f- flILz(R + lIMg E,, f- flle(IR y = IIT f - f"Lz(lR )

157 Ty g - DFTpagny = T, £ - fiy gy + @M 1Ty g? T 26y

— 0 uniformly in z_ as z = x5 — (xo,E_.o) =z,
7. Lemma. U@ = Rzz) + 1505 U(z)" where R(zz) — 0 in

SOT uniformly in z, 852 —

Proof. U(e)' = T, My - T, M + T, My - <X XeE>T Mg +
I TECUE)", Lot Rizz) = T My - T, Mg+ T Mg -
e'i<""‘o'§o>T_xoM_§o = T, M- My g ) +
e'i<x'xo’§O>T_xo(ei<x'xo’§o>Txo_xM_§o -M ). By Lemma 5, we obain Riziz) =
T Ml - My g ) + e'iq'xo’§o>T_xo(M_goTxo_x M) = T, Mg - M) +
e My T, =D So Ve L@, 1RG22y 20y =
nf - Mg_goflle(Rn) + nTxo_xf - filp gy = 0 F a - Tg_go) F iy 2g0) +

_ 'E A A

uniformly in z as z = x,E) — (xo.éo) =z,



8. Proposition. The maps z + U(z) and z +— U R* —
(B (L%R")),SOT) are continuous but not uniformly continuous.

Proof. By Lemma 6, U(z) - U(z) = R(zz) + (%550 - 1) U(z)) and
therefore, by Lemma 6, U(z) - U(zo) — 0in SOT as z —>» zZ; Suppose
z +— U(z) is uniformly continuous, i.e., U(z) - U(zo) —— 0 in SOT uniformly
in z, 852z —> 2, Then by Lemma 6, U(z) - U(zo) - R(z,zo) — 0 in SOT
uniformly in z_as z —» z. Thus vf ¢ L&Y, (%55 - DUE)f — 0 -

0 0
uniformly in z) as z — z. But this is false for f » 0: Fora'nyg-goso

we can choose x and hence z = (xo,l.f,o) such that ¢=i<xo’§'g > = -1. Then for z
= (x,) = (x°.§), we have |z - z | = IE - §,1 which can be chosen arbitrarily

small but (ei<xo“'§'5-’o> - l)U(zo)f = -2U(zo)f # O for all such z. Therefore z

+—> U(2) is not uniformly continuous. The statements for z —» U(z)'1 follow
analogously from Lemma 7.

9. Corollary. The map z — L: R® — (@ (LX®Y), SOT) is
continuous.

Proof. Since the set % of unitary operators is bounded in & LARY),
the map (#x(L)x#%, SOTxSOTxSOT) — (& (LA®"), SOT): (U,L,V) +— ULV is
continuous. Since Lz = U(z)LU(z)"}, the corollary follows from Proposition 8.

10. Proposition. If L ¢ & (LR") and @ (L’(R")) has the weak operator
topology (WOT) then the map z'+— L,: R — @& (L*(®")) is uniformly
continuous,

Proof. By Lemma 7, (L,f, )y 2(gn) = (U@LU@)'f, g) =
LU, UE)'g) = (LIR(zz)f + e'i<""‘o'§o>U(zo)"ﬂ, R(zz g +
e'i«'xo'§o>U(zo)"g) = (Lﬁ(z.zo)f. R(z,zo)gi +
e'i«'xo’§o>(LU(zo)"f, R(z,zo)g) + ei«'xo’§o>(LR(z,zo)f, U(zo)"g) +
e'i«'xo’§o>ei<x'xo’€o>(LU(zo)"f, U(zo)"g) = (Lﬁ(z,zo)f, ﬁ(z.zo)g) +



e‘i<""‘o'§o>(LU(zo)"f, R(zz)e) + ei“‘xo*§o>(1.ﬁ(z,zo)f, Uz)'e) +
(L f 8. This ILf 8 - @, f o)l =

LN L2E") nfz(z,zo)fuLz(Rn) nﬁ(z,zo)guLz(Rn) +
WLl g (Lz(Rn»nU(zo)"fuLz(Rn) nﬁ(z,zo)gan(Rn) +
WLU g (L2 uR(z,zo)fuLz(Rn) uU(zo)“g) I 2 =
L g (Lz(Rn))"R(z,zo)flle(Rn)IIR(Z,Zo)gIILz(Rn) +

WL (Lz(Rn»llflle(Rn)“R(z,zo)gIILZ(Rn) + LIl g (Lz(Rn))llﬁ(z,zo)flle(Rn)llgIILz(Rn)
——>0uniformlyinzoasz—-)zobyLemma7.

11. Proposition. (L e @ (L’'®")I z — L B — (B (L’®"), norm
topology) is continuous) is a norm closed subspace of &% L2E®").

Proof. Suppose (Lm) is a sequence in @ (L*R") which converges to L in
the norm topology. Suppose also that z +— (Lm)z: R — (B (Lz(lR“)), norm
topology) is continuous for all m. Since vz "(Lm)z - Lzll @ (Lz(tR“)) =
IIU(z)(Lm - LU@)™M @ (LR = IILm - Lu @ (LX®")) (Lm)z —_ Lz uniformly in
z. Thus z Lz is continuous, i.e., L € {L € @ (L*®")| z —> Lz: R —
(8 (L*®"), norm topology) is continuous).

12. Lemma. Let g be a non-negative measurable function on R". Then
ess sup g(x) = sup (Jg(x)f(x)dx: f € L'®"), f = 0, and Sf(x)dx = 1).

Proof. Suppose ess sup g(x) = w. Let E‘k = (x: g(x) = k}. Then
m(E) > 0. Choose F, < E, such that 0 < m(F,) < w and let f, = 'tﬁ'(lFJxF; Then

fx z 0, .rfk(x)dx =1, and J‘g(x)fk(x)dx z J‘kfk(x)dx = k. Thus sup (JSg(x)f(x)dx:
f=0and ff(x)dx = 1) = ». Suppose ess sup g(x) < . Ve > 0 let Ee = (x:
g(x) = ess sup g(x) - €). Then m(Ee) > 0. Choose Fe < Ee such that 0 < m(Fe)
1
<wandletf = X » Then Ve > 0, £, = 0, Sf (x)dx = 1, and Sg(x)f (x)dx
€ = MF)AF, € g e

z f[ess sup g(x) - e]fe(x)dx = ess sup g(x) - € Thus sup {Sg(x)f(x)dx: f = 0



and Sf(x)dx = 1) = ess sup g(x). Since clearly [ff(x)g(x)dx =
ess sup g(x) Sf(x)dx when f and g are non-negative measurable functions, we
have the required equality.

13. Proposition. Let ¢ ¢ L”(R") and let $(¢) be the multiplication
operator f +— ¢f: L2®") — L*®"). Then the map z > ;) R —
(@ (L*(R"), norm topology) is continuous iff 3 a uniformly continuous function
¢, such that ¢° =¢ ae.. If the map z — c_{!I((l))z is continuous then, it is
uniformly continuous.

froof. 30 such that 0 is Borel measurable and such that 6 = ¢ a.e..
H(©), = UDFOUE" = MT, MOT My and [T,HO)) = [HOy-x) =
[8£1(y-x) = B(y-0(y-x) = [T,BJNIT,fI¥) = [T, BT, ). Thus T, () =
M(T,0)T, and so T,MOT , = S(T,O)T, T, = M(T,0). Since both H(T,0)
and M§ are multiplication operators, they commute. Therefore cﬁ{(())z =
Mngcﬁ{(G)T_xM_g = Mgcm(Txe)M_g = M(T,0). Hence
llcm(e)z - cﬂ{(e)zou B LX) = ugn(Txe) - cﬂ{(Txoe)u @ L2R®Y) =
llcﬂ{(Txe - TXOG)II @ (Lz(tR")) = llTxe - Txoelle(Rn) = ess sup {10(y-x) - O(y-xo)l :

y € R") = ess sup {16(u) - B(utx-x)1: u € R"}). Clearly z — (), is
continuous iff ess sup {|16(u) - 9(u+x-xo)l: ueR') — 0as x —» X But
this limit is uniform in Zp Z > gn(e)z is continuous if and only if
lim [ess sup |0(x-y) - 6(x)]] = 0. Since 0 is Borel measurable and
y—aO n

Y€ER
(x,y) > x - y is continuous, 6(x-y) is measurable on R>R". So 6(x-y) - 6(x)

is measurable on R"xR". Let p € C:(R") have support in the unit ball B (0) and
satisfy p = 0 and Sp(x)dx = 1. v§ > O define Pg by pglx) = 5p(5'x). Then
P§ = 0, P has support in the ball BS(O)’ J‘ps(x)dx = 1, and O*ps e C®"). By
Lemma 12, 16+pg - OIILw(Rn) = ess sup (1J[6(x-y) - 6(x)lpg(y)dyl: x € R} =



ess sup (£16(x-y) - 6(x)Ipg(yMy: x e R') = sup (SF16(x-y - 8(x) | pg(y)dyf(x)dx:

f =0 and Jf(x)dx = 1} = sup (JF16(x-y) - 8(x)If(x)pg(y)dxdy: f = O and ff(x)dx
= 1}, Now suppose that z +— ‘_ﬂ((cb)z is continuous. Then ve > 0 35 > 0 such that
lyl < & == ess sup [IO(x-y) - 0(x)I: x € R") < g, i.e., since supp Pg < BS(O),
for each y e R", 16(x-y) - 68(x)1f(x)pg(y) = ef(x)pg(y) ae. in x. So vy e R"
I16(xy) - B(9IFx)Pg(y)ix = Jef(RIPg(y)ix = Epg(y)IFCx)ix = €pg(y).

Therefore sup (JSS16(x-y) - G(x)lf(x)ps(y)dxdy: fz0and ff(x)dx = 1) =
efpg(y)dy = €. Thus Sh-TO 1B+pg - G"L”(IR“) =0, Let 8k be a sequence of

positive numbers such that § — 0. Then Bxpg —> 6 in L*@®"). Thus
x
(O*ps ) is a Cauchy sequence .in L®(R"). Since vk, 9*95 is continuous, (e*ps )
k X k

is a Cauchy sequence in the uniform norm. Hence Elct)0 € C(R") such that
Oxp5 —> ¢, uniformly. But then ¢, is continuous and o, = 0=¢ae.
k

Furthermore vy € R", ¢o(x-y) is continuous as a function of x. Therefore
sup [19,(x-y) - ¢ (®)I: x € R") = ess sup {19, (x-y) - ¢ (X)I: x € R'} =
ess sup (10(x-y) - 6(x)|: x € R") — 0 as y — 0, i.e., ¢o is uniformly
continuous. The reverse implication is clear.

Let H be any Hilbert space. For ¢,0 € H, we define ¢e0: H — H by
(9eB)f = (f, 8);;0. Then ¢eb is a bounded linear operator with norm NN 1By,
¢e0 is linear in ¢ and conjugate linear in 6. If L is any compact operator on
HthenL = }‘: k‘qa‘eﬁi where (¢,) and (8} are orthonormal sequences in H. The

li’s are the positive eigenvalues of |L| = JL*L and each ecigenvalue appears the
number of times equal to its multiplicity (Schatten [3], Theorem 7, p.18).

Thus A, > O vi and (A ) is finite or A, — 0. Following Dunford & Schwartz

i

P
[1] (Vol. II, Chapter XI, 1 9) we define ILI_ = (L A.] for 1 = p < w and LI
i

p



= sup ).i. Let Cp = (L e 88 (H): L is compact and lILIlp < ©). Then I llp is a
i

norm on Cp and Cp is a Banach space under this norm. ¢ is the space of trace
class operators and I Il is the trace class norm, C, is the space of Hilbert
Schmidt operators and i Il is the Hilbert Schmidt norm, and C_ is the space of
compact operators and Il i = Il I @ (H) Furthermore, if A ¢ @(H) and L € Cp
then IIALIIp < llAlIg(H)llLllp and IILAIIP s IlLllpllAllQ(H). IfL e Cp, L= .

L Apeb. Define L, = f: k‘qieﬁi if the representation of L has k terms or
=1

more and L = L it has fewer than k terms. Then L, — L in Cp‘ Clearly
||¢o6up = 1ll;I0l; vp. From now on let H = L’®").

14. Lemma. The map z —> ($eD),: R® — Cp is uniformly continuous.

Proof. (peB),f = U2)(¢eB)UG)'f = (UR)'f, U@ = (f, U@B)U()} =
(U(2)9)e(U(2)0)f. So by Lemma 6, (¢e§)z = (U(2)9)e(0(2)0) =
(RE2ZJTRTZZI + &0 50Uz WITREZ0) +
p'i<xo'§'§o>(R(z,zo)¢)a'(U(i;)'67 + eiqo’g'§o>e'i<xo'§'§o>(U(zo)¢)e'(U(z_oWT =
(RE2Z WWTRTEZZI8) + & <7055 (U(z J0)6TRIZZ,70) +
XS L R 2,2 )06 TOEI0) + (49B), . Thus 1(geB), - (wé)zou ) S
II(R(z,zo)¢)@'('R'(m'6)'llp + ||U(zo)¢)em'(Tz0567up + ||(R(z,zo)¢)e'(0'(z—o)'67up =
IlR(z,zo)qnle(Rn)IIR(z.zo)Blle(Rn) + llU(zo)tplle(Rn)llR(z.zo)Olle(Rn) +
IlR(z,zo)4>Ile(Rn)IIU(zo)Blle(Rn) = llR(z,zo)q)IILz(Rn)llR(z,zo)Blle(Rn) +
ll(blle(Rn)llR(z,zo)Olle(Rn) + llR(z.zo)tblle(Ru)llBlle(Rn) —— 0 uniformly in z, as
z— 2z,

0

15. Proposition. If L € Cp then z+— L R —» Cp is uniformly

continuous,

Proof, LetL € Cp and define Lk as before. By Lemma 14, for each k,

z — (L), R — Cp is uniformly continuous. Thus Ve > 0 we can choose k

such that IlLk - LIIp < § and we can choose 8 > 0 independent of z, such that
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WL, - (Lonnp < § when 1z - z| <8 Then |z-2) <8 = IL, - Lzoup <

1L, - @), + WLy, - (L,‘)zonp + n(Ll)zo . Lzoup < U@L - Ll)U(z)"llp +3
+ UGz (L - Ll)U(zo).I"p = UG g 2ty - annU(z)" '@ L) * g .
UG g 2ty "Ly - LupuU(zo)"n B < F+z+z=e

Remark. By Proposition 11, S = (L ¢ & (L*R)! z — L R* —s
(B (L¥®"), norm topology) is continuoué) is a closed subspace of & (L*E®™). .
By Proposition 13, S contaihs theV operators $(¢) when ¢ is uniformly continuous
on R® and S » @ (L(R"). By Proposition 15 with p = », S contains the compact
operators.

16. Proposition. Let ¢ € S®") and 0 € L*(R"). Then vz e R™, (¢eB),:
S®") — S(®") is continuous and vf € L’®"), z — (¢eB),f: R** — S(R")
is continuous.

Proof. The topology on S(R") is given by the seminorms defined for any
non-negative integer k and for any multi-index o by pk.a@) =
sup [(1+1yD¥18%()1: y € ).

a) Mgz S(R")— S(R") is continuous. In fact, pk,a(M§¢) s

L [a] 1B 19y .0 @) Proof: py (M) = sup (1+1yD¥16%' S 011 =

o n
o’ so yeR

sup (1+1yD51 | [gs]i'“’ A G ) [,;"] 1E% 1Py g0 -
yeR" o’ so. o’ 5o
b) T S(R")— S(R") is continuous. In fact, pk,a(Tx‘b) s

(@ 1x0¥py (@), Proof: py o(T0) = sup (L+iy)¥18%(y-x)1 =

yer"
sup (1+1z+x)*16%()1 = sup (1+1xD)¥(1+121)¥16%(@) 1 = (1+1x1)py (@),
zeR" zZeR"

c) ($=0)IS(R"): S(R") —> S(R") is continuous: Since S(R") i, L}®"

is continuous, it suffices to show that ¢e9: Lz(R") —» S(R") is continuous.
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Let f e L'R"). Then py ((9eB)) = p, ,[(F, )] = I(£, B)Ipy (@) =

181y 2(gyPy o (OIIF 2.
d) (¢e§)zf: R™ —s S(R") is continuous by a), b), and c) since ((3)«;9)z =
MT, (beB)T_ M p.
n

e) Py o (Ty-0) = n|x|(1+|:lt|)k Z Py qrie.($) Where @ + ej is the multi-
index such that (o + °j)i =0 if i » j- and (o + ej)j =0 + 1 pk,a(Tx¢'¢) = -

sup (1+1yD¥18%100y-0)-01 = sup (+1yDEIS T (x)a” Hoty-tx)dt] =

yeR" y yeR" 04 J

n 1 o+e n 1 o+e

I %15 sup A+ly K1 y-tx)1dt = T 115" sup A+ 1z+tx))K187 Sp(z) 1dt
=17 Oyeg” =1 7 0 geR®

n 1 k k a-l-ej n k
< I Ixjld, (i) ;:gn(l-HZI) 127 0@1de < E 1x;1(1+1x1) pk,mj@) s

n
RIXIAHXDE T Py oy (O
1

D Py oMb 5 1Elpyyy (@ + ] [g&]u:“’ 1Py e O

. O<o’ =0

Py aMgd-9) = ;zgn(myn)kna‘;‘[e‘<y'§>¢(y)-¢(y>1u =
sup (1+1yD¥) | [o?]"’“’(e“"’?’-l)a“'“'«y): s
yeR" o’ so;
sup (l+ly|)k|el<y’§>-ll |8a¢(y)ﬂ +
yeR"

L [3]“% 1y Rl 1 V8> 507 ) <
O<a’ sa yeR"

r ’ 4 ,
sup (1+1yD¥I<y8>118%m1 + T [&[sup crriyn¥ia!® 1ig® 116%% o0y
yeR° O<o’ = . J yeRn
s sup (YD ENS%W + T (&1 19y g 00 @ = 161P 1 o) +
YeR O<o’/sq *
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Z [ai] I ga' I pk,a~a' (¢)'

O<o’ so
g) z — U(2)d is continuous: U(2) - U(zo) = Mng - M§ Tx =

Mng - Mngo + Mngo - Mgo'l‘ MgT (T,. x, D+ M§ (M§ E_, T T ) So
ProlUEUEN = Py oMET, (T, 600 + py oMy Mg e T, ¢ Txo¢))- Since

we wish to estimate the limit as (x,£) — (x §o) we can assume that &
satisfies |§§ | < 1. Then I§] < l§ | + 1. By a), pka(MgT (Tquw)) is

bounded by a finite sum of terms of the form cﬂlg‘3 ka a-B(T (Tx X, ¢-9)) =
IBI
op(1+18,)'Ploy o p(Ty (Ty s 000 By B oy g o(T, (T, 600

k
(L4131 Py g p(Ty x ). BY €, Py Ty -0 =
n
n|x-x, 1(1+]x-x l) Zpa B+e(¢) —0as x — X Thus
j=1
ProoMgTy Ty 040 — 0 85 (RE) — (x,&). By a)

Py 0‘(Mé (Mé § T tb T 4))) is bounded by a finite sum of terms of the form
B
BI§° ka.a-B(Mé-goTxoq’ Txod)). By f), pk,a-ﬁ(Mﬁ-éoTxoq) Txoq)) is bounded by a
sum whose terms consist of I§-§0|pk +1 a-B(Tx ¢) and a finite number of terms of
i 0
the form cﬁyl@-&o)ylpk a_B_,Y(T ¢) where ¥ > 0. All these terms clearly go to
Oas & — § Therefore py a(M§ (M§ 5 T ¢ Ty ¢)) ~— 0 as (x,£) —>

(xo,go) Hence Pk, (U@$-U(z)p) —> 0 as (x,§) —_— (x°,§ ).
h) z — (4)@9) f: R® — S(R) is continuous; (q)eﬁ) f=
U@, 0)U(z)¢ = (f, U(2)0)U(z)¢ = (f, U(2)0 - U(zo)B)U(z)q) +
(f, U(zo)e)(U(z)tb - U(zo)¢) + (f, U(zo)B)U(zo)tb = (f, U(z)0 - U(zo)G)U(z)¢ +
(f, U(zo)e)(U(z)¢ - U(zo)tp) + (¢®§)zof. So pk’a((q)ag)zf - (4)06)200 s
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I(f, U(z)0 - U(zo)e)lpk’a(U(z)q)) + I(f, U(zo)e)lpk’a(U(z)cb - U(z)$) — O by
g) and by Proposition 8.
3. Theorems on Integrability.

The following definitions and theorems on the integration of Banach space
valued functions are taken from Hille & Phillips [2]. Hille & Phillips use
general measures, but we will only use Lebesgue measure on R®. B will
-represent a Banach space with norm Il II and B* will be its dual.

17. Definition. Let f: R*" — B be a function. Then

a) f'is countably valued if it assumes a countable set of values in B,
assuming each value on a measurable subset of R™.

b) f is almost separably valued if 3 a null set E such that f(R®~E) is
contained in a separable subspace of B.

c) f is weakly measurable if g*f: R® — C is measurable vg* € B¥*,

d) f is strongly measurable if 3 a sequence of countably valued functions
converging almost everywhere to f.

18. Theorem. A Banach space valued function on R*® is strongly
measurable iff it. is weakly measurable and almost separably valued.

19. Corollary. A continuous Banach space valued function on R> is
strongly measurable. _

20. Definition. Let f: R** — B be a function. Then

a) if f is countably valued then f is Bochner integrable if ufll: R —
R is integrable. Let (xk} be the set of values of f. We define J‘Rznf(z)dz =

-]
) x m(E,).
=1
b) f is Bochner integrable if 3 a sequence of countably valued integrable

functions f, converging almost everywhere to f and such that limJ _ If(z)-
i joo R
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f(z)ndz = 0. We define § 2mf(z)dz = limJ z“f (z)dz.
j R j—s0 R

21, Theorem. f: R" —s B is Bochner integrable if and only if f is

strongly measurable and J 2nllf(z)lldz < o,
R
22, Theorem. Iif 2lnf(z)dzll =T zullf(z)lldz.
R R

23. Theorem. Let T: B — B’ be a bounded linear map of Banach spaces.
If f: R —> B is Bochner integrable then so is Tf and TS , f(z)dz =
E : R
.!‘RuT[f(z)]dz.
If B = @ (L%R"), then we now can consider three integrals.
24, Definition. Let L: R — @& (L%®") be a function. Then
a) if L is Bochner integrable, we will say that L is uniformly integrable.
- In this case clearly § , L(z)dz ¢ & (L’R")).
R
b) if, for each f e L*(R"), z — L(2)f: R** —» L*®") is Bochner
integrable, then Af = [  L(z)f dz defines an operator A on all of LY®"). We
R

then will say that L is strongly integrable and A = 2nL(z)dz.
. R
¢) if, vi.g € L*®"), z —> (L(2)f, g): R™ —> C is Lebesgue integrable
then J , (L(2)f,g)dz is a sesquilinear form on LY ®") and so (Af,g) =
R
J zl‘(l..(z)f,g)dz defines an operator A on Lz(IR"). If the form is bounded then
R

so is the operator. In this case we will say that L is weakly integrable and A
= J'R an(Z)dZ. A

By Theorem 23, it is clear that uniformly integrable == strongly
integrable = weakly integrable and if any two of these integrals exist they
define the same operator.

25. Proposition. If L € @ (LYR") is such that z +— L, R® —
(8 (LYR"), norm topology) is continuous, and if a € L'(®*), then a(z)L, is
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uniformly integrable and nIRha(z)dezll @ (LXRY) s naan(Rzn)lan @ (LX®)
Proof. Since z +— L, is continuous, this map is strongly measurable and

so a(z)L, is strongly measurable. J‘Rhlla(z)l.zll @ (Lz(R"))dz =

llalan(Rzn)uLll @ (LX®) Soz a(z)Lz is uniformly integrable and
. IIJ‘Rha(z)dezll < fnznllg(z)Lzll @ (L’(R"))dz = llallLt(Rzn)llLll @ (Lz(R"))'
The following lemma essentially is Problem 24.3, p.183 in Shubin.
26. Lemma. If f,¢ € L®"), then & _I(F, U(2)9)I%dz =

R

(2n)"llfll£2(nn)Il(blliz(ﬁn).

Proof: (f, U(z)9) = fRnf(y>ei<"§>Tx¢(y)dy = :R,,e'ky'g’f(yﬁx«y)dy =
[ET, (1)1 E)- J‘Rn.arlf(y)TxMY)lzdydx = J‘Rn.l‘Rnlf(y)lzl-T“x‘b(Y)Izdxdy =
J‘Rnlf(y)|’.ar|¢(y-x)|’dxdy =3, IAf(y)IzJ‘an(x)I’dxd)" = I 2 Ul 2z, SO

J nlf(y)Txcb(y)lzdy < o ae. dx, i.e., f’_fx_q) e LYR" ae. dx. Thus by the
R

Plancherel theorem, | [@]"lliz(nn) = (2u);|lf-I:$lliz(Rn) a.e. dx. Therefore
Il U(2)9)1%dz = N [fT, 6(y)1"(E)1%dEdx = ol [T, 81" 2gmydx =
(21:)“J‘Rnllfl‘x¢lliz(ﬂn)dx = (21:)"J‘Rn.l‘Rnlf(y)Tx¢(Y)Izdydx =
(21:)“||fu£z(an)||¢|n£z(Ru).
27. Lemma. Let £,g,0,0 € L*®"). Then § L EU@O)(U()b,g)dz =
R

(2m)"(£,2)($.0).
Proof. First we will show that vf € L’(R“). S h(f. U(z)8)(U(z)9, f)dz =
R

(2n)"(£,£)(¢,0). This follows by polarization since both sides are
sesquilinear forms in ¢ and 6 and since the quadratic forms obtained by setting
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¢ = O are equal by Lemma 26. Now fix ¢ and 6. Both sides of the equation in
the conclusion of the lemma now are sesquilinear forms in f and g whose
quadratic forms we have shown to agree. The conclusion, therefore, also

follows by polarization.

The following lemma is very close to Problem 27.4 in Shubin,

28. Lemma. IfL e C, then § R"“(sz’ gidz = (2n)°(f, gL where trL. is
the trace of L. '

Proof. Since L e C, it can be represented by L =} qu)‘oﬁj where kj =0
vj, T Xj < o, and (q)j] and [ej) are orthonormal sequences. Then trL =

) lj(tbj, Gj) (Schatten, Lemma 9, p.41). f 2n((tl)jaaﬁj)zf. gz =
R
I o (UEGBUEY, gz = £ (UGS, 0)4, U@ 'g)dz =
I (UG 8)8; Uay'eMz = 1 (% UGO)(U@N, ©) =
@r)°(f, g)(q)j, Gj) by Lemma 27. Therefore l.rRm((tb’eEj)zf, g)dz| =
@2n)"I(f, g)| So the series ¥ l.j.r 2“((tbjoxba“)zf, g)dz converges absolutely and
R
therefore IRZn): 73((4’1@5,){, gz =} 7»,(21t)"(f, )¢, 9,) = (2n)"(f, g)uL.

Let LM € Cx' Then IL,-M, Il = IUE)L-M)U(2)" i S
u(z)n g(Lz(Ru»uL-MuluU(z)“u B (LE) = WL-Mi. ThusL L : C — C,
is continuous. So L =% %(q)jaﬁj)z with convergence in Cx’ Since convergence
in Cl =y convergence in WOT, (sz. g=Y ).j((q:jeﬁj)zf. g). Therefore

- - n
I aullahh Mz = 5 B M(00B),f, g)dz = @n)'CF, ghel.

29. Proposition. If L e C and a e L*®®), then z — a@2)L,; R —
2,00\ .
@ (L°(R")) is strongly integrable and ll.rRha(z)dezll @ (Lz(R")) =

2
(2m) llaIle(Ru)llLllz.
Proof. L=} }.j¢j0§j where the l,j’s are the nonzero eigenvalues of -IL*L.
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Thus the nonzero eigenvalues of L*L are the 2.; 's. So llLlI: =tuL*L. vfe

LY&®Y, n:Rzna(z)szdanz(R..) s .rnhlla(z)szlle(Rn)dz =J hla(z)l L,y 2geydz

s JIRZnIa(z)|2dzJJ’Rhanfnﬁz(Rn)dz = uaan( 20, 1S Rzn(sz L f)dz =

Nl 2,g me((Lz)"‘sz, fdz = Vally 3 g2n )J.r (L)L, Ddz =

Ilalle(Rzn) J 2n((L"'L)zf, f)dz = IlalILz(Rsz(2n) Ilflliz(kn)uL*L =
(‘21t)'illalle(R )IILII IlfIle(R) Thus IIJ‘ a(z)L dzi Q’(LZ(R »

2
2n) ally 2 )uLu
The following proposition is an extension of Problem 27.2, p.198 in
Shubin.
30. Proposition. if a € L°R™) and L e C; then a(z)L,, is weakly
integrable and u.rRZna(z)dezn @ L2 = (2n)“||aan(Rzn)uLnl.

Proof. L=7 qu)joﬁj with convergence in C;. Since L +— L: C; — C;
is continuous and convergence in C1 == convergence in WOT, (sz, g) = (sz, g)

= L A(0s0),£, 8) = L A(URS, 0)U@)¢;. 8) =
T A(f, U(2)0.)(Uz)d., g). So by Lemma 26, Vf,g € L*®"), IS _ a(2)(Lf,
J J J R z

g)dz| = IRmIa(Z)I I(L,f, g)ldz = "a“L”(R"‘)me'(sz' gldz =

IIaIILm(Rh)Z "jIRu'(f' U(z)ej)l |(U(z)¢j. g)ldz =

by (g A0 5 U0l 1 (U, 91z

tall o @n)? U 20y 10, 2 )(21:)5n¢juLz(Rn)ngan(Ru) =

lally ® )(21:) llflle(R llglle(Ra)}: kj = (2u)°llalle(Rza)llLlllllflle(Rn)llglle(Ru).
So n.rRha(z)dezu @ LARY) * (21:)“uanLo(Rm)uLul.
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31. Proposition. If a e L'(R”) and L e C,, then z+— a(@)L; K" —s C,

is Bochner integrable and IIIRZna(z)dezn = lIalILx(Rzn)llLllp.

P

Proof. Since z— L, R —s Cp is continuous by Proposition 15, z +—

a(z)Lz: R — Cp is strongly measurable and IS 2na(z)dezup s
R

J‘Rznlla(z)Lzllpdz = J‘R?nla(z)l IILzllpdz s llallLl(Rzn)llLllp since Ilellp =

.1 -1 -
Note. Since for q = p, C. «— C_is continuous, L € C_and a e L'®™

P q P
) Z1— a(z)Lz: R™ — C_ is Bochner integrable ¥q = p and all these

q
integrals coincide.
32, Proposition. Let a be measurable on R and let L e Cl' Suppose Ve
>0 3 a, € L'®™) and b, € L°(R™) satisfying Ibglly wgg2ay = € such that a = a
+ be' Then z — a(z)Lz is weakly integrable and J‘R,na(z)dez € Cm.
Proof. By Proposition 30, z+— b‘_:(z)Lz is weakly integrable and

ll.rRane(z)dezll @ (Lz(R“)) = llbellLoo(lRZn) = &. By Proposition 31, J‘Ruae(z)dez
eC,sC and Iy _a(z)L dz - J _a (z)L _dzi 2ty =
1 () R Z RO € 2 @B (L"R"))
IIJ‘Rane(z)dezll @ (Lz(an» =g So .rnznae(z)dez € Cw and J‘Rhae(z)dez —_
J‘Rha(z)dez in (@ (L*R"), norm topology). Thus J"Rzna(z)dez eC.
33. Corollary. If ae L’®"), l sp<wand L e C, then z +— a(z)L, is

weakly integrable and [ 2“a(z)dez €eC.
R

0 if |a(; , if
Proof. Let a,(2) = {a(z) i) 5 & nd byl2) = {8(?} R

p
|8 % % 1,020 1,20
'I‘hena=ae+be.—e—zl. So |l s |el € L'RY). ThusaseL(R).

By the definition of b_, Ilbelle(Rza) <€
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34. Corollary. If L e Cl and a € Lioc(R”’) satisfies lim ess sup |a(z)|
R—» >R

=0, then z a(z)Lz is weakly integrable and S zl‘a(z)dez € Cw.
R
Proof. By hypothesis ve > 0 3Re > 0 such that ess sup |a(z)| < e Let Xe
z>Re
be the characteristic function of the ball in R*® with center 0 and radius Re'
Then a, = X8 € L'®R™) and b, = (1 )a satisfies ibghy =(g2ny < €. Clearly a
=a, + be'

35. Corollary., LetL e C1 and let a be an element of the closure in
L°®™) of L'®™) n L°®™). Then z a(z)L, is weakly integrable and
J‘RZna(z)dez € Cm.‘

Proof. ve > 0 3a.e L!®™) n L®(®*) such that b, = a - a, satisfies

36. Proposition. Ifa e L@ and L € C, then z+— a(z)L,; R —
@B (LZ(R")) is strongly integrable, J’Rua(z)dez € Cm. and IIJ‘Rma(z)dezllm =

2
(2n) Ilalle(R?.n)llLllz.
Proof. Let , be the characteristic function of the ball in R* with
center O and radius R. Then a = xRa + (l~xR)a. By Proposition 31, z+—
xR(z)a(z)Lz: L C, is Bochner integrable. So J‘Rzan(z)a(z)dez €eC,sC,

and zi— xR(z)a(z)Lz is strongly integrable. By Proposition 29, z +— (1-
xR(z))a(z)Lz: R®— @ (Lz(lR“)) is strongly integrable and IIJ‘Rba(z)dez-
I kg @Rz g 2gey) = W, (X VAL 20 g g 2y = @n)*n(1-
xR)alle(Rzn)uan ~—— 0 8s R — ». Therefore J'Rha(z)dez € Cw. By

Propositiion 29, IS, a()L dz1l_ = (2n)5nauLz(Rz..)uLuz.
R
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4. Miscellaneous Results.
37. Proposition. If B is a pseudodiffferential operator with Weyl symbol
b (see 1 1) then B, is a pseudodifferential operator with Weyl symbol T,b.
Proof. Let ¢ € S(R"). Then by Lemma 5, B ¢(w) = U(z2)BU(z) '¢(w) =
MET,BT_ M p0(w) = MT,Be M, T_o(w) = & MyT, BM T o(w) =

e-i<X.§>ei<Wo BM_gT_xq)(W'X) =

WP anyny g AW [“’"‘* .n]eiq"g’wﬂ)dydn =
R R
ems g R,,ei<w""y'§>ei<w'x'y’n>b [w-x+ .n]eky’-%(ymdy‘m )

(zn)-n JuRn JuRnel<W'y' on ’ >b [w__"'gﬁ'n ’ .g] ¢(yl )dyl dn -~

@n)"s ] i) nei<w-)m’|>b [E;Z -x.n-§]¢(y)dydn. Since b[ﬁjl -x,n-g] = sz ["_";.Zm]
R R

if z = (x,£), B, has Weyl symbol Tb.
The following lemma provides a commonly used method for converting some
integrals which exist only as iterated integrals to absolutely convergent

integrals. We will use the following notation: for & € R" we define <&> =

2 _ 2,2 2 _1a .
1+1E1° and we define <Dy> = Jl-i-Dyl-i-Dyz-i-...-l-Dy where Dyj =97 -5;;. We will

only consider <Dy>2’ where p is a positive integer so that <Dy>2’ is a

differential operator. For each p and multi-index o with || s p 3 constants

Cq = 0 such that <E>? = Z ca§2a and <Dy>2’ = Z caDga. We then have

lal=p lalsp
<Dy>2”¢='i<y’§> = Z ca§2°‘e'i<y g <§>2”e'i<y’§> so that & 1<¥ g

~ lalsp
< '2P<Dy>2pe'l<y0§>

38. Lemma. Let g € C"(R"). Suppose that for each multi-index o 3Csuch
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that vy e R", ID%(y)! = C (l+|y|)J where j < -n. Then .are l<y’§>g(y)dy =
1 &I g5y
Proof. J‘Rne i<y ’§>g(y)dy J‘Rn<§> 2”[<D 2ei<Y ’§>]g(y)dy We now

integrate by parts over a box. As the sides of the box go to «, the boundary
terms go to 0 due to the inequalities satisfied by D%. This gives our result.

39. Lemma. Suppose g(y,£,u) is measurable on R°xR"xR" and is C* in y for
each fixed £ and u. Suppose that for each multi-index o, g satisfies:
v(y,Eu) € ROXR* RN ID g(y,Eu)| = (l+|y|)’(l+|§|) B (W) where j < -ng, =0,

and g, € L'&Y). Then 850y By =
5 5 5 Py Eududyde.
RAR R
Proof. By Lemma 38, f [ [ RNe -i<y ’§>g(y,§,u)dyd§du =
R R

J‘IR .rR IR Vg <D> 2Pg(y,E.m)dydEdu. '<Dy>2p8(y.§.u)l =

| L oDl = [ cy(t+lyl 18D g0 = (+1y1Ya+1ED G 0)
loulsp loulsp

where Gp = z By € L'®"). If we choose p such that j - 2p < -n, then the

lal=p
last integral converges absolutely. By Fubini's Theorem,

i) o g o ) N e'ky ’§><§>'2p <D >2’g(y,§,u)dyd§du =

i) i J o J‘R e Ky'g><§>’2’<D >2"g(y,§.u)dudyd§ Since vo, IDyg(y,g,u)l s

a ——
c (l+l§|) B (W), Vo, DS RNS(Y,g.u)du = J‘RNDyg(y.é,u)du. Therefore
f N<Dy> Pg(yEuu = <D >%s Ng(y.é.u)du. So

; u.r,,n’ o "”b<€>""<v gy Eu)dudydE =

5§ VP EBD S gy Eu)dudydE, Since DY _g(y.Eudul =
O E>%<Dy; RNsv&) yd§ n"”g)
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I RND"‘g(y,é,u)dul sJ RNID"‘g(y.E_..u)ldu sJ RN(1+Iyl)i(l-rlél)l‘g‘,t(u)du =

llgallLl(RN)(ngI)k(l-l-lyl)i, For each &, asd a function of y, RNg(y,g,u)du

satisfies the conditions of Lemma 38 and therefore

.l‘Rn.are'i<y’§><§>'2’<Dy>2’J’ RNg(y,g,u)dudydz; = .I‘Ru.are'i<y’§>J‘ RNg(y,g,u)dudydg =

J R"I R"I RNe'ky ’§>g(y.§,u)dudyd§.

The following is a slightly generalized version of Theorem 24.1, p.180 in
Shubin.

40. Proposition. Let a e r';(m“) and let B be a pseudodifferential
operator with Weyl symbol b e S(R™). Then J‘Rzna(z)Bzdz is a

pseudodifferential operator with Weyl symbol ab € l'";'(R"'). Furthermore, for

each multi-index o, 3c,, depending on b only such that YN € N, a%b - Z caaaa
lol<N
€ l"g’pN(Rz") where ¢, = (2r)"trB.

Proof. For z = (x.£) € R%R", 1zl = I(x,E)| = J|x|’+|§|’. Let ¢ € SR").
Then by Proposition 37, ([JS 2ua(z)Bzdz]dM(w) =/r zﬂa(z)Bch(w)dz =
R R

r

£ S SBEm g Panli’ Les A8 x,n-&J d(y)dydndxdg =
R'R

-

(21t)'°J‘RnJ'RnIRnJ'Rua(x,§)ei<w'y'">b r“—';l - xn-E|0(y)dydndxdE. Let g(ynxg) =
\ y

eV MPa(x, )b [1’;1 - x.n-§]¢(y)- Then [DJg(ynxE) =
1) ] [g] m‘;‘b[!;l : xm] |IDZ® 41 =
o’ so

o+ =EON™ T [g]ﬁr(m(ﬂ;i -z e, o g 1y )P =

o’ s
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o pMH TN+ - x1-8)1) 2K (1+1y1)P where k > 0 and p > 0 are
arbitrary. Clearly (1+1(xE))™ = (1+1x1)! ™ 141y ™!,

@ - xn BN = 1012 - xyKasmgy® s

(1+u1’;2|)“(1+|xn' a+mDka+1ENE s qewsynRasixnFasmnFasign®
ariwhkasty ks K mnkasien®. so ID gy:nxE)l =
ot p LW DL+ IYDE P+ 1x1) ™Kt mi) (1+|§|)'"" K, Now we can choose
k so that i{m| - k <-nand p so that k - p < -n. Then g‘satisfies the

conditions of Lemma 39 with & = | and u = (x,£). Therefore J‘Rma(z)Bzdzq)(w)
=@ 55 alx,E)e' <YM [—T! x.n-§]¢(y)dxd§dydn =

@en*s & nei<w'y'n>a*b [w—z-"'!.n]uy)dydn. By Taylor’s Theorem, a(z’) =
R R

Z -O%r(aaa(z))(z’ 2% + rN(z' ,2) where rN(z' 2) =
lol<N

T ey @2® : o%a(zet(zz’ (1) ldt.  So axb(z) =
lal=N

) —[.l' (@' -2)b(z-2' )z’ 8%a(2) + R N@ Where R (z) =
|a|<N
b(Z-z') I'N(Z' ,z)er. Let ¢ o = ol J‘Rzn(zl -z)ab(z-z' )dz’ -

1l
ﬂ)-,— ,2b(z)dz. Since b € S(R™), these integrals exist and ¢,y =

s hb(z)dz = (2m)°uB by Shubin, Proposition 27.2, p.195.

R

R (@) = { ,blzz') T ey @-2® : o%a(zet(z-z* (1) ldwdzs =
R la|=N

R o w“b( w)a%a(z+tw)(1-) ldtdw. For each multi-index y and for
lo]=N
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arbitrary k > 0, 18Ywob(-w)e%az+tw)(1-)N 1| = 1wob(-w)e™a(zrw)(1-pN ) =
|'°"ck(1+|w|) aw(1+|z+tw|)mp'°‘+7'

s HWDNGHW 1 tw ) PP g P ll-PIYT

<:kca_',,y(l+|w|)N k+im-plol-plyl '(l+lz|)m pI(t! plYI Since k was arbitrary, we

can choose k 5o that N-k+[m-pla|-plyl| < -2n. Then IGYRN(z)I

| L ey woneme ™ azetw1-oN aw =
=N K

ZNca °k°a+yf (1+Iw|)N k+Im-plal-plyl ldw(1+|z|)m plal-plyl _
lol=

c" (l-i-lzl)m'p'o‘I PI'YI So axb - z c a a € l"mpN(lR ). In particular
lo.l<N
axb e l";(lR ). Thus axb is the Weyl symbol of [ 2na(z)Bzdz.
R

The next proposition essentially is Exercise 24.5, p.183 in Shubin.
41, Proposition. Let B be a pseudodifferential operator with Weyl symbol
be r“‘,‘(nz“) and let ¢,0 € S(R"). Then (B_,6,8) = b¥)(z) where Y(x£) =

ny"s_ e gxyecxePan.
R

Proof. It suffices to show that (B$,0) = [ zl‘b(-z' Yz’ Xz’ since by
R

Proposition 36, B_, has Weyl symbol T ,b. (B¢,0) =
s 8 5 SV PREN EaydtBmin =

s 1 8 & TIPE g Bmaydtan. Let gly6m) =
-1<x,§>b(_2! E)(y)B(x). Then, for arbitrary k > 0 and p > O, IDyg(y.E.x)l s

F Y

L [0 b&Le DY o)1 16001 =

o'sot ¢

L |or [ororrea 1RO PI o o o a1y o, gt+1x) =

o' =0
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[a'];m"w ¢ o 0B M iy s ix)yP <

a'sa

O M1 P arED ™ sty ix)P =
akp<1+|x+y|)'""(1+|§|>'""(1+|y|)‘ (1+1x1)P
°akp(1+|x|)'“"(1+|y|)"“'(1+|§|)"“'(1+:yn‘ (+1x1)P =
cakp(1+|y|)'m" (1+181)™ (141x1)'™I"P, Since k and p are arbitrary, we can
choose them so that Im| - k < -n and Im| - p < -n. Hence g satisfies the
conditions of Lemma 39 and therefore (B$,0) =

Ry VSR ya(y)B(x)dxdydE. Furthermore,

JJ & <x'y’§>b(%x,§)¢(y)§(—x')-dxdy converges absolutely. Let x = x’ + ;l and
R R

ox. ox. ay.
— o XY o, 1 _ i_1 i
y=xXx -g. Thenx-y—‘n.—zx—-x.-a-i-}---ﬁij’gn—j--ij.ayj- 8
% _1 , o
and ) sij' Thus the linear transformation given by these formulas has
B n %!n -2Ill 0 |
Jacobian determinant 1 = .= 1 where In isthenxn
"In ’21,, -In Z'n

identity matrix, Therefore (B$,0) =

@y g 5 e blx BGx OCxr 4] dndxedt =
R R R

s g 5 b Eex o+ andx'dg =

J RnJ. Rnb(-x,-é)‘y(x.é)dxdé.
42, Proposition. Let ¢,0 € S®™ and y(x.£) =

@r®s e M4 xD)¢xeian. Then ¥ « SE™ and y is the Weyl symbol of
R

the operator (27)"eB where $(x) = ¢(-x) and B(x) = 6(-x).
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Proof. For arbitrary k > 0 and p > 0, 16§ePle ™ pcxocxi =

ln“lpéﬁ[[{’,]ag'«-x{})ag B O(-x+ )l =

ol - P <
Il BEB{‘?] g (1! xJyk °p g ;1! x+31)

a+ ) asixnSandiyFasixPann? <
aBk (1+m|)'“'(1+|x|)k+P(1+|;1|)'k'P <
o pip (1+ml)'°"(1+|x|)“‘“"(2+|§l|)"“p -

S TN LT e o
%Bkp k k
caka2 +p(l+|x|) +p(1+m,)lal- P, Now we can choose k and p so that |a| -

k - p < -n. Therefore we can differentiate under the integral sign. So y e

ca.B.k,

C*®™) and agaﬂy(x,g) = @2ny przsp{‘f]f i<t 5’11%5 dex-TyabB’ 9(-x-h3l)dn
Smce for any k > 0, (1+l(x.§)|) < (1+|x|+|§|) s (1+1x1) (l+|§|) we will

know that ¥ e S(R™) if we can show: Vk > 0 and for each multi-index o,B,and y

3°k.a, By such that vx, & e R",

a+1xD¥a+1ENK u el<'fl§ aﬂq,(.xlzl)a‘ie(-x@)dm s oo py Sinced, 0 e

S(R") == aB¢, 876 € S(R"), it suffices to show that Vk, o, Bck,a such that vx,

6 e 8, (i) gt I MPn%ecx Docnant s o o

Dﬁ[ﬂ“d)(-x-;l)ﬁ(-x@)] consists of terms of the form cD%nang)(-x-g)D;G(—x-ﬁg)

Clearly IDYn® = (1+m|)'°". Therefore for arbitrary k > 0 and p > 0 we

have IDIn®DoCxPD BCx+PI = ¢ (1) Heog 15 Jiy e o1 5
cmm(l-f-lxl) "'p(l+l'fll)'a|'k P by estimates we made previously. 'l‘herefore we
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can apply Lemma 38. Hence (1+lxl)k(1+|§|)klJ‘Rne'i<n’§>na¢(-x-;)9(-x+?)dn| =

(1+lxl)k(1+I§I)k<§>'2pIJ‘Rne'im’§><Dn>2pna¢(-x-§)9(-x+g)dnI (@ > O arbitrary).

Since <D,n>2’ = Z caD%a, it suffices to estimate
lol=p

(1+|x|)“(1+|§|)k<§>'2P|;Rne'im’§>Dﬁn°‘bg¢(-x{l)n1‘1’e(.x+;l)dn|. For arbitrary p >

0 3¢, > 0 such that <t>2P < o(141E)) 2P, |Dﬁn°‘| s ¢y B(1+m|)'°", DM e S@®Y,

and DV e S(R"). Therefore it suffices to show that
(1+|x|)kJ~Rn(1+|m)'°" 16(-x-)1 18(-x+3) Idn is bounded. Let @ = -x - 7. Then

X+ =-2x - ©,1=-2x - 20, and dn = 2’dw. We now have, for arbitrary
p>0andq>0, (1+|x|)kar(1+m|)'°" 19¢x) 1 16¢x+D1dn =
2“(1+|xl)k.ar(l+l-2x-2ml)|al 10(c0) | 16(-2x-00) |ded =
2“(1+|xl)kJ‘Rn(1+|2x|)la'(1+|2m|)'alcp(l+lml)'pcq(1+l-2x-col)'qd(o s
2“cpcq(1+|x|)kJ~Rn(2+|2x|)'°"(2+|2m|)'“'IR,,J“R,,(H|m|)‘P(1+|2x|)'q(1+|m|)qdm <
2“+2|a|(l+lx|)k+'al'qJ‘Rn(lel)'a"P"’qdm. Now we can choose q such that k +

lal - q < 0 and p such that |l - p + q < -n. This gives the required bound.
So we have shown that ¥ € S®®). Let f € S(R"). Let B be the operator with
Weyl symbol . Then Bf(x) = (2n)"‘IR,,J‘R,,ei“‘Y'§>y(§§1,§)f(y)dydg. This
“integral converges absolutely. So Bf(x) =
.n i<x-y,§> X+ -
@y oS oo YL B)f(y)aEdy =

O™l Iy g Pacx ety =

(2n)mfkn¢(.xl‘i!)e(-x+l‘i¥)f(y)dy since, as function of 1, H-x-DO(-x+)) is in
S(). So Bi(x) = @my™)_H-x)B(Yf(y)dy = (2m)"PeBf. Since S(K') is
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dense in L"), B = (21)"$eD.

43. Proposition. Suppose that A e G"';(R") and let a be the Weyl symbol of
A. Then A e C, iff a e L'®™).

Proof. Suppose that A € Cy. Let C = (2n)"§e with the notation of
Proposition 41. Choose ¢ and 0 so that (2%)"trC = (§,6) = 1. By induction we
construct a sequence of operators Bl’ B2, .. of the form Bj = J‘Rmaj(z)czdz

which have Weyl symbols b,, 152. . Tespectively with b, L'®™) for all j
Kk
satisfying 8,1 =4a- ij € r"‘)“Pk(R"'): Let a;=a and Bl = J‘Rmal(z)czdz.
=1
Then by Proposition 40, B, e G':((R"). has Weyl symbol b, = axy e r“;‘(m"'), and
a-b e I"g’p(Rz“). By Proposition 41, axy = (A_,¢,6) and by Proposition 30,

(A_98) € L'R™). Sob; e L'®R™). Suppose By, ..., B, &, .., 8, and
k
by, «. b, have been chosen. Leta, , =a- ij. By the induction
j=1
hypothesis, 8.1 € l":;'pk(nz"). Let Bk +1 =J‘R2nak +l(z)Czdz. Then Bk +1 has Weyl

symbol by, = L l*y € I"g'pk(az")and 8.1 " Pryy € F';'p(k"'l)(kz“). Therefore
k+1 k )
- _ m-p(k+1),.20 - -
8- .lej =a- .Zlbj - gy = 8y - by €TF PEFVE). by =a, 9=
= =
k k - k
= = : 15,20 .«
(a- .ij)xw— axy - 'ijt’y-bl - .X"j*‘* Since bj €e L'R™) forj =
=1 =1 =1
1, ..., k by the induction hypothesis and ¥ € S(R™), b, ; € L'(R™). Now

choose k such that m - pk < -2n. Then a, ,; r”;‘"’km“) ¢ L'®). Soas=

k
8.+ )_“bj e L'G™).
=1
Now suppose a € L’(Rz"). By induction we construct a sequence of trace

class operators Bl’ B2, . with Weyl symbols bl' b2. ... respectively such
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k
that A - T'B; e G‘,‘;‘P“(n“) and such that b, € L'(”) vj: Let By =
j=1
S ha(z)Czdz. By Proposition 31, B1 € Cl' By Propositions 40 and42, bl = awy
R
e IT(R™) and a - by & TUP(R™), ie, A - B; e GP(). Since a ¢ L'(R™)
and ¥ € S(R™), by e L'®R™). Suppose By, .., By and b,, ..., by have been

k
~chosen. Leta, , =a- .Zlbj. Then g, € L'(R"’) and s0 B, , =
J=
J‘Rhak +1(z)Czdz € C1 and bk +1 = Bty € L’(Rz"). Furthermore 811 is the Weyl
k . k+1 k
. -PKp2n . =a- .
symbol of A }: Bj' Soa,, € I"';' (®R™). Therefore a Z bj =a Z bj
=1 =1 =1
(k+1) k! (k+1)
_ -p(k+ 2n m-p(k+1),.n
Dol = %l - Pipr © 1‘5‘9 ®™). So A - ZBj <Gy PE+D®R". Now
i1
k
choose k such that m - pk < -2n. Then A - Y B; € C; by Shubin, Proposition
=1
k k

273, p.196. So A=A - 'ZlBj + 'ZlBj € C.
J= b=
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