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Abstract

1 Random Matrix Theory and Localization.

1I 2D Magnetic Vortices in Thin Superconducting Films.
by

Alexei Bulatov
Adviser: Professor Joseph L. Birman

A Random Matrix Model with explicitly broken U(N) invariance has been proposed and
studied by means of effective-field theory. The effective action is constructed as a
functional of the eigenvalue and eigenvector distributions. Using this etféctive action,
the entire N-level distribution function is obtained in the mean-field approximation. This
distribution was shown to be dependent on the choice of the basis. In the basis close to
the diagonal, we show a smooth transition from the Gaussian Unitary Ensemble fo the
Poisson level distribution.

It was shown that the known analytical results on Density of States in the Impurity Band
Tails in 1D problem can be reproduced by using the Random Matrix Theory approach

combined with the recursion procedure,

It is shown that the Nernst coefficient in thin Superconducting films is greatly enhanced

(almost two orders of magnitude) due to the long-range vortex-vortex interactions.
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Chapter 1. Introduction and review.

1.1 Introduction.

Most of the achievements of solid state physics have been related to systems with perfect
(or "almost perfect") spatial periodicity, such as crystals. On the other hand, many real
materials are not well described by this simple model. In the last few decades, the study
of various kinds of disordered systems became one of the most important topics in
condensed matter physics. These systems are quite interesting for technological
applications, such as in laser technology, thermoelectric and photoelectric devices
(disordered semiconductors) and computer technology. From a theoretical pc;int of view,
it is important to go beyond the one-electron band theory, which also leads to the study of
disordered systems. This requires a very serious development of theory and involves
many-body effects. In contrast to the "ordered” systems, in the disordered case one has to
average the results over the "randomness” present in the system. Due to this averaging,
the single-electron problems acquire some features of many-body problems. One of the
important results in such single-electron theory, is the famous "Anderson localization”
[1], related to the transition from localized to the delocalized states in the disordered
tight-binding models. Another important feature is that many-body effects become
important, because the single-particle excitations may not be well defined due to the

disorder [2,3].




The most common theoretical approach in disordered systems is to calculate the
many particle Green's functions in a perturbative manner. This approach is implemented
by diagrammatic techniques and allows one to obtain the physically meaningful
quantities in the form of an expansion in powers of some "small parameter”. The
disadvantage of this approach is that the expansion series usually diverge in the presence
of a "phase transition" in the system and therefore are not very reliable to analyze the
transitions. Instead of the Green's function, one may try to calculate the full distribution
of the energy spectrum for the problem. In this case, the result should appear in a non-
perturbative way. One of the appropriate theoretical tools for such a program seems to
be the random matrix theory (RMT), which in principle enables one to obtain directly the
many-level distribution function. In order to do it , one has to construct a random matrix
model with reasonable physical properties, corresponding to generic kinds -of random

systems under study.

1.2 The Wigner-Dyson Random Matrix Theory.

Random matrix models were suggested in the work of E. Wigner [4] and developed by F.
Dyson [5]. The original idea of the classical work [4] was an attempt to obtain some
properties of the eigenvalues of complicated Hamiltonians, describing systems with "zero
space dimensions" (i.e. nuclei), assuming that the matrix elements of the Hamiltonian are
random numbers with some given statistical properties. Since then, Random Matrix

Theory (RMT) has been applied in various areas of nuclear and mesoscopic physics [6].




The Wigner model [4] is based on the assumption that the matrix elements of the
Hamiltonian are all random independent equally distributed Gaussian variables with the

probability distribution

. 2
PdH= []dH; exp-5 Zliail— .

1<i, jSN ij

(1.1)

As was shown in [5], there are three types of Gaussian ensembles: Orthogonal (GOE),
unitary (GUE) and symplectic (GSE), depending on the symmetry of the Hamiltonian [7).
Namely GOE corresponds to the systems with time-reversal symmetry, GUE to the
systems with broken time-reversal symmetry and GSE to the case when the time-reversal
symmetry is not broken but the system does not have central symmetry (fof example, in
the presence of spin-orbit interaction). These symmetries of the Hamiltonian lead to one
of the typical results of RMT, namely the "logarithmic level repulsion” when the
eigenvalues of the matri); 'approach each other closer than the average energy distance

[7,8]. According to [5], the probability distribution for the eigenvalues is

pdi= []d4, ex;{—ﬂ ii:— + a ) logl, -AjD, (1.2)

1sisN i=l i<j

with a being equal to 1,2,4 for the GOE, GUE and GSE respectively.




The classical RMT was designed for the system with "zero dimensions" (like
nuclei), where all states strongly overlap. For this reason, one can expect that the RMT
will be applicable to the extended states in disordered systems and to the quantum-
mechanical analogues vqf classical chaotic systems (quantum billiards) [9]. The
important application of the theory of quantum billiards are the nanostructures called
"quantum dots". In these systems, the Aelectrons are scattered by the geometric
boundaries of the device rather than by the impurities inside of the device [10]. As was
shown in [6,11,12], the RMT can be applied to extended states in disordered systems. In
[11], a powerful non-perturbative formalism based on the introduction of noncommuting
Grassmanian variables, has been developed and applied to the problem of level statistics
of small metallic samples. In this (microscopic) approach, the nonlinear o-model
appears and the analysis becomes quite complicated. However, the essential result of
[11] coincides with that obtained from the simple RMT model with the logarithmic level
repulsion. In this case, only the lowest energy mode of the corresponding nonlinear
sigma-model (“zero-mode™) is essential for the level evolution at small level separations.
It has been also shown [13], that the zero-dimensional o-model is equivalent to the

RMT.
1.3  Localization and level repulsion.

It is known, following P.W. Anderson that some states in disordered systems

should be localized [1,14]. In this case, one can expect the Poisson distribution for the




energy levels, because the degeneracy is not prohibited anymore and -the level repulsion
disappears. The physical reason for this effect is that the localized wave function
consists of practically non-overlapping "pieces” [3], and therefore the spectrum may have
degeneracy. This means, that the basic assumption of the RMT breaks down, because the
different matrix elements of the Hamiltonian can not have equal weights anymore. In
order to describe such states while retaining the concept of an RMT description, one may
try to "break" the U(N) (or O(N)) invariance of the probability distribution, since this
invariance leads to level repulsion. However, an interesting class of Random Matrix
Ensembles (RME), which seem to have both Poissonian and Gaussian limits, has been
proposed in [14] by C.M. Canali, Mats Wallin and V.E. Kravtsov. In this RME, the U(N)
invariance is not broken, but the Gaussian probability distribution for each matrix

element is replaced by some function
P({Hi,k }) ~ ©Xp (‘; IHi.kl " 14 2)’ <<l

The authors claim that smallness of the exponent I' may possibly lead to the deviations
from the standard GUE results. The authors relate their results to the random transfer in
disordered conductors, where this type of model seem to be successful in describing the
weak localization phenomena [15]. In the recent paper of Shapiro and co-workers [16],
the mechanism of "spontaneous breaking" of the U(N) symmetry was proposed. These

results reveal a new class of matrix models, possessing both Poissonian and Gaussian




limits. However, as the authors pointed out in [16], there is no clear physical reason to

choose the probability distribution in the form which they used in that work, namely:
1
Pa= —da JaUexp-bTr(4UAUY)) |

Here, A is the eigenvalue matrix and U stands for some arbitrary unitafy matrix which
should be integrated out (see Chapter 2 below). Afler the integration is performed, the

system still “remembers” that the U(N) symmetry was broken in the original distribution.

Another model, with U(N)-symmetry explicitly broken in the action, has been introduced

in {17]. In that model, the probability distribution was assumed to be

PdH = 1 ]_[dHiJ. exp[—l &NH?_i ~(1+p) X Hf,-]-

15i<jsN 2 1sj<isN

Where p is an arbitrary positive parameter. However, the analysis in [17] does not seem
to be complete, since the authors had to involve the entropy arguments in their treatment,
since they did not succeed in integration over the unitary group. In both works [16,17],
the N-level distribution fiinction for the eigenvalues has been obtained explicitly. In
recent work [18], the one- and two-level Green's functions had been obtained by using
the perturbative methods developed by E. Brézin and A. Zee. The model is formulated

on a lattice, at each site of which there is prescribed to be the standard GUE matrix




model. The states on different sites are supposed to be randomly coupled. The

probability distribution was taken as

P(H) =% ex;{—NZb%(Mz)_‘bTr(Hleb_.)) :

where the matrix M? couples different sites of the lattice, labeled by a,b and H belongs

to a standard GUE ensemble, attributed to each site. This model can be viewed as a level
distribution for some Hamiltonian with partially violated symmetry [5,18]. A similar
model has been studied in [19,20]. In [19], the 1/N expansion for the Green's functions
has been developed. In [20], the results of [18] for one- and two-level Green's functions
has been derived. One should note, that the model [17] can be viewed as a particular
case of [18-20], when one has one state per each site. The essential results of [16,17] is
that the level repulsion breaks down in some limit, when the diagonal matrix elements of
the Hamiltonian are much "greater" than the off-diagonal ones. In the perturbative

approach ([18-20]), one always obtains the semi-circle Wigner distribution for the

density of states (DOS)
2 A? ) 2 .
p(/l):';rz: ]—'/'1"“2" , A4y, (1.3)
0

where A.>=a /B and a, f are defined in (1.2). This is not the case for [16,17). In

[18], the correlator between different levels has a "universai" form in the large N limit,




independent of the original distribution of matrix elements. The perturbative methods
[18-20] enable one to calculate directly the physically-meaningful quantities, however
they do not allow one to analyze the "phase transition" in the system, if there is any.
From a physical point of view, one can expect the phase transition from the "localized" to
the "extended" state. In this case, the non-perturbative methods of [16,17] seem to be
preferable.

Another approach to the analysis of random matrices is related to the "level
dynamics” [21-23], in which the distribution of eigenvalues is obtained as a result of the
solution of the system of coupled "equations of motion" for the eigenvalues. The role of
“"time" is played by the perturbation parameter. Therefore, the Hamiltonian is expressed

as H=H,+tV . Then, introducing the denotion x_(t) for the eigenvalues and new

variables p,=V,,; f,, =

nan > mn

x,,-—xm|Vm,, (m#n) , one arrives at the system of

“equations of motion” for the eigenvalues [21]:

d 2
oy (1.4)

d—:;lt1=(x,.-x.,.)z fot fim ( P _1 ) (x,>x,,

ten,m Ixn *xll Ixm -—X|| X, Xy X,-X

It was shown in [21], that these equations of motion have an infinite number of integrals
of motion. The main assumptions in [21] were that after some relaxation time the

distribution function for the “dynamical system” of eigenvalues is given by a Gibbs




distribution, dependent on only two integrals of motion: the “energy” and the “angular
momentum” of corresponding system of eigenvalues. The result of [21], obtained in the
framework of "level dynamics" model, is quite similar. to the result [17] (and also
contains some undefined constant). For the random systems, the "level dynamics"

approach is essentially equivalent to the RMT (see [21,22] and references there).

1.4  Work to be presented in the thesis.

In the first part of the thesis, we describe the results on the N-level distribution for a
simple RMT model [24], which extends the model of Shapiro and Pichard [17], with
possible application to the transition from localized to delocalized regime in tight-
binding models with disorder. This model can be possibly also applied to random

transfer matrices, especially to the optical transport in the quasi-1D systems with possible

 finite number of "channels" ([15], [25]).

One should consider the generalization of the model introduced by Shapiro and
Pichard in [17]. Note, that the lack of the explicit UN) symmetry has a simple physical
motivation, and in principle allows one to introduce different dimensionality. The model
I will introduce and study can be considered as a particular case of model [18] with only

one state per site of the lattice, but with all off-diagonal matrix elements being differently




distributed. This model seems to be reasonable from the physical point of view, for two

reasons.

1) The probability distribution is cleariy basis-dependent in this model, as one can expect

from a physical point of view ([16]).

2) Different matrix elements have different "weights” in the distribution, which is related

to the different possible "overlapping” ([17]).

In contrast to [18)], this suggests finding the N-level distribution function in our model,
which seems to be more preferable in view of possible phase transitions in the system.
As we will show later, one can carry out a "mean-field" approach to the calculation of the
"effective interaction” between the energy levels. It turns out, that this approach breaks
down in the vicinity of a "phase transition", which indeed seems to take place in our
model and looks similar to the well-known Berezinsky-Kosterlitz-Thouless (BKT)
transition for magnetic vortices restricted on the 2D plane. On the "delocalized” side of
the transition, one can still use the perturbation methods in a certain region of
parameters. In this limit, our results should coincide with [17]. One can expect the
following features: logarithmic level repulsion for small level separations and weak
interaction for large level separations. By extrapolating to the localized regime, we can
obtain suggestive results on a phase transition. In principle, this extrapolation should be

verified by more rigorous methods.

10




The random transfer matrix theory [26] proved to be successful in the description
of the transport in quasi-1D systems with the weak disorder. The Random Matrix
approach turns out to be useful in describing the transport in quasi-1D systems beyond
the limit of large conductance [27]. We believe that the model presented here may be
used as a random transfer matrix model in case when there are different “overlappings”

between different channels in the system.



Chapter 2. The Geheralized Random Matrix Ensemble.

2.1 Polar Coordinates for Hermitian matrices.

In this section, we will review some properties of Hermitian matrices that will be
used below in carrying out some “integration” over the Unitary group.
It is known [7], that any N-dimensional Hermitian matrix can be represented in a

form of product
H=UAU" , .1

where U is some unitary matrix, and A=A4;J;; stands for the diagonal matrix,

composed of the eigenvalues of H. This representation is analogous to usual polar
coordinates with U corresponding to the “angular” and A to the radial coordinates. For
this reason, these quantities are called “polar coordinates” for the Hermitian matrix [28).
However, the correspondence (2.1) is not one-to-one. In case of two parametrizations

H=UAU*=U, 4, U} 2.3

we obtain from (2.2) that

12




A=A, , UiU= p =diagle* ... e*} (2.3)

(all eigenvalues of H are supposed to be different, i. e. the matrix H is not degenerate).
The set ;)f matrices p forms an Abelian subgroup of U(n) and is denoted as U(1). The set
of unitary matrices [U] , corresponding to the same p , tums out to be a subgroup of U
and is called a Coset of the Unitary group U(n) with respect to the Abelian subgroup
U(1). From (2.3), it follows that the correspondence (A , [U]) <> H is one-to-one. For
example, one can count the number of independent variables in both sides of (2.1) as: in
the L.hs., n? independent variables for the Hermitian matrix, on the r.h.5. n? variables
for U(N), n variables for A and n restr.icti(;ns (2.3)on [U] ; this makes n® +n-n=n?

variables, the same as in the L.h.s.

Differentiating (2.1), we obtain

dH = dUA U* +UAdU* +UdA U* =
(2.4)
=dUA U* - UAU*dUU* +UdA U*

The second line in (2.4) follows from the identity dUU* + UdU* =0. From (2.4), it

follows that

di=U*dHU=dA +[6U,4]; sU=U"dU (2.5)




for each matrix element of H, we have

(af), =d4, 8,

(8 +(6U),(2,-2)) (2.6)

It can be shown that the phase volume of the Unitary group lj(N) is defined by means of
matrix 8U, which is an anti-unitary complex matrix. Since each matrix element of U
has (independent) real and imaginary parts, we obtain for the volume element in the

space of Hermitian matrixes DH [28]:

pH =Df=[](4,-2,)' DUl [Taz, . @.7)

i<j k=l

where [DU] stands for the volume element of the coset of the Unitary group.
Now, let us derive a general expression for the volume element in the space of
Unitary matrices, following the general procedure [7, 28]. First of all, consider the

metric defined for any square matrix M with complex elements:

ds? = Tr(dM dM*) = fj]dMM.r . 2.8)

i,j=t

In case when M is a Unitary matrix, we have




duu*+d(U*)u=0 ; du*)=-u*duu*
and the’refore
oU=-6U".
For this reason, the expression (2.8) is reduced to
ds? = Tr(dU dU*) = -Tr(U*dU U*dU) = T{sU sU*)

which can be rewritten as

ijal k=1

a5 = lou, [ = D(6v) +2§{(5 w,) +(ov)'} .

where the off-diagonal and diagonal elements have been separated and
oU;;=idv; , OU;;=0u;;+idv;;

Therefore, according to [28] for the volume element we have

n(n-1) n
DU=2 2 l_[5vk Hé‘ui_jé'vu
k=l i<j

(2.9)

(2.10)

@.11)



Now, let us introduce the following parametrization for the arbitrary Unitary matrix U

U=(I1+iR)1-i2)" , _ (2.12)

where Q is a Hermitian matrix. The parametrization (2.12) is convenient, because it is
one-to-one excépt for the manifold of lower dimension, defined by the conditions
det(1+i£2) =0 or det(1-if2) =0 [28]. The reason why (2.12) is one-to-one is that we
can invert (2.12) in algebraic form everywhere except for the specified singular matrices

Q. Now, let us express the volume element (2.11) in terms of parameter Q .

Differentiating (2.12), we obtain

dU=id2 (1-i2)" +(1+i2) (1-i2)" idR (1-iQ)" =

i 2.13)
=2i(1-iR2)" d2 (1-ir)" (
and therefore

sU=2i(1+i2)" d2 (1-iQ)" . (2.14)

16




Substituting (2.14) into (2.9), we obtain

ds? = Te(5U 6U*) =4Te{(1+.2?)" 42 (1+27)" de2) . @15)

This gives us the following expression for the volume element [28]:

DU=2" [det(1+2%)]" D2 (2.16)
where
LiLAL
DR =27 [[éw Jléwss,
k=l i<j
where . .17

2, =0, ; -Qi,,-=0’u+'0'a_,~




and -0 < {a) ke @5 ,. o-i.j} <+o0 . Together with expressions (2.16) and (2.17), this

condition defines the measure in the space of Unitary matrices U(N).

2.2  The matrix model with broken U(N) invariance,

Starting with a simple matrix model which will be presented below, we will study the
level distribution in both localized and delocalized regimes. Let us consider the
following matrix model: suppose we have a usual GUE matrix model with quadratic
action. Now, we change this model in the following way: let us "suppress” the non

diagonal GUE-matrix elements H, ;. This can also be done by changing the dispersion of

o .
each Gaussian distributed H,; by the factor 1/, s[—c"'f’Js 1, where o is the original

GUE dispersion. In this case, the only difference compared to the GUE is that each

matrix element has a different dispersion o; < 0. The motivation for this is the

following: in the systems with finite spatial dimension, one can expect that the overlap
integrals between different states will be different, dependent on “how far” apart the
states are, in the energy space. In the Anderson-type model, the matrix elements of H are
directly related to the overlap integrals in the system. Therefore, we can expect them to
have different magnitude, depending on their “position” (ij). For the Gaussian-
distributed variables with zero average, this magnitude is controlled by dispersion of the

distribution.

18




For the diagonal elements, suppose that o;; = o. Therefore, the distribution

function for the matrix elements looks like:

LY}

1 ) 9. 1
= — wor o .a-Ps
PdH = Z.I faH, e Z [ TdH, e’s,

<iljSN 1si.jsN

where

S = %%: 3i.i|Hi.j|2

and we can interpret S as an "action". It is clear that if all dispersions o;;

we have a standard GUE-ensemble with the "action" defined by (1.1):

p Bl P B,
s = L) - L3l f - L3

(2.18)

are equal to o,

(2.19)

This action is unitary invariant, since it only depends on the eigenvalues of H.

Now, we want to find the distribution of eigenvalues of the matrix H with the

distribution of matrix elements (2.18). In order to do so, we have to express the

distribution (2.18) in terms of the eigenvalues of H. At this point, it is essential to note

19



that we did not change the structure of the matrix H itself, but only changed the
dispersion of the distribution of matrix elements in comparison to the standard GUE.
One should note that the action in (2.18) is not basis-independent anymore, because the
different weights explicitly destroy the original U(N)-symmetry of the GUE. In order to

determine the eigenvalue distribution, we use the parametrization as in section 2.1,

H=UAU* |, (2.20)

where U is some unitary matrix and A= 4, J;; stands for the diagonal matrix,

composed of the eigenvalues of H.  Afler applying (2.20), we have to perform an
integration over the unitary group U in (2.18) around some basis U, and this will give us
the eigenvalue distribution for (2.18). Then, we can in principle analyze the "level
interaction”, since the effective eigenvalue distribution will contain some “potential
energy"” terms,

However, this integration over U is dependent on the chosen basis U, . In our
approach, this unitary rotation plays the role of “order parameter”, for which we will
obtain the Ginzburg-Landau type of equations. Therefore, we are going to make the
following approximation: let us first go to the basis where the matrix H is diagonal and
after that consider the small U(N)-rotations around this diagonal basis. One can justify
that the "Gaussian” integration over the unitary rotations is possible in a certain limit.

Therefore, proceeding this way, one obtains the level distribution in that basis which is
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different from the one where the matrix H is diagonal. One can show, that the action in

(2.18) can be written in the form

S=So+zp:£pTr(A W(p)AW*(p)) . (2.21)
with

Sy = % ;,1: , e =010 =;spexp[ip(i—j)] (2.22)

W,.(p) = ;e"mumu*mk- =(uv,u°) (2.23)
with

(V) , =6 ™ (2.24)

Since (2.23) is does not depend on the choice of the coset, it follows from (2.21)-(2.24)
that in our model the coset integration is equivalent to the integration over the whole

group U.
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2.3  The Effective-field analysis.

In order to perform the integration over the unitary group, we have to find some
convenient parametrization for the elements of the unitary group. For any unitary matrix

U, we can use the parametrization (2.12) [28]:
U=(1+i2)x(1-i2)" (2.25)

where I stands for the unit matrix and £2 is a Hermitian matrix, which has the meaning

of the "angle" of our rotation. Using the parametrization (2.25), we obtain the measure

(2.16), [28]:

au = [[—2eDn = Ta, de,mdy.ml'ldx Al 5 26)
e (det(14+.2%))" ¢

where

Q=X+ 1Yy0 =R, €™ : (2.27)
In the delocalized regime, one can expect this "measure” to be quite important for our
model.

We will see that the behavior of the set of local "phases" ¢,,, becomes quite

important.
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Now, we should expand the action S from (2.18) as a functional of {2} , using the
parametrization (2.25). In order to do so, one can suggest the following method: let us
introduce parameter t in (2.25) and express the “Hamiltonian” (2.20) in the form

H(t) = (1+it2)(1-it2)™ 4 (1-it2)(1+it2)™ (2.28)
We see that the parameter t really controls the value of the “angle” Q . Therefore, the

expansion in powers of Q is equivalent to the expansion in powers of t provided that afier

the expansion, we put t=1. Differentiating (2.28) with respect to t , we obtain
H(t)] , (2.29)

where the square brackets stand for the commutator. Using this relation, we obtain the

recursion relations for the coefficients in expansion H(t) = ZH . 1" as
n

H“=% [, Hn_l]}— %[9’, H,,] . (2.30)

This relation enables us to obtain the expansion of the action (2.18) without lengthy

calculations. Using the condition H, = A , we obtain from (2.30):
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- .3 .
H,=2i[@, A] ;H,=2i[Q, [, A]] ; H,:%’—[n’, A]+33—'[a, H, |
The expansion of the "action" gives us

AS=S;-S, = 4§Z(m ~1)(4 - 4)'R,,2 +NZkRi‘k’ +
ik i
+ s—o_ﬁ'%:(/l, —Aj)z X
{ ;[gi.j "5k.j] R R ;R Sin(¢i.k +é;+ ¢j,i) +
g;‘[(gi-" +Eiw = Ere )+(8i.k ~Eix — & k-k') —&iji~ 1]Ri,iRj.kRkk'Rk'.i 005( $ii+Pin + b +k'.i) J

I{ N
——5(_ -é—) Z RiRjR Ry cos( Biit bis + b+ ¢"'~‘)

ijkk

(2.31)

When the parameters {b}' j} increase, the corresponding dispersion of non-diagonal matrix

elements decreases and therefore one can expect the average hopping amplitude from
one site to another to decrease. This effect is in favor of localization. From (2.31), it
follows that in this case the leading correction term is of the second order in the
amplitude R. Note, that in the delocalized regime, one can expect that the expansion

(2.31) is not valid, since both R and ¢ fluctuate strongly. In this case, the whole

“action” (2.31) is reduced to the constant term plus quadratic term NZR?',( , related to
iX
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the measure on the U(N) group. This term does not depend on level separation and
therefore the level repulsion is restored in the limit of the delocalized regime.
The phase dependent terms are reminiscent of the Hamiltonian for the Global O(2) model
[29], where the Bere7:insky-Kosterlitz-Thouless transition (BKT) takes place. The
meaning of the BKT transition is the formation of free vortices [29]. The "free vortex" is
related to the large fluctuation of phase. In our model, one can expect the large
fluctuations of the phase of the wave function for the delocalized states, because the
phase distribution is close to uniform. For the localized states, the phase does not have
large fluctuations. The rough estimate based on the results for the global O(2) model,
gives us the region &> 1+4x /N for the BKT-type transition in the vicinity of the state
with (R)=0 . Since N is supposed to be very large, this estimate indicates that there
always are some “free vortices” in our system if only €>1. We will use these
qualitatitative considerations in order to obtain the solution for both localized and
delocalized regimes, without studying the transition itself. In this case, one can use the
mean-field approximation with respect to the phase angles in two different regimes.

In the localized regime, as discussed above, one can expect the level repulsion to be
strongly suppressed. This is because the localized states are separated in space, the
overlap is small and the system does not resist the degeneracy, i. e. there is no level

repulsion. For the delocalized states, the overlap is large and the level repulsion takes

place. From (2.31), we see that in the localized regime (R)> N* ~1/ ( Be-1)(aa )2)

.On the other hand, the expansion of (2.12) in powers of £ is valid if (R)’N?<1.

This implies that 8 (¢-1)(44)>>>1 . The condition was obtained in the exactly
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solvable model [16] for the smallest level separation, where the transition took place in
this limit,
Because of large phase fluctuations close to the delocalized regime, only the terms which

do not depend on phase will survive. Since all R;; have different indices, the
probability distribution factors into a product of distributions for each R;; . In this case,

the effective action is reduced to

4S=S, -S, =4£Z(.e,'k —1)(4, - 4) R, +NDIR, +
O ik ik

* 'l"iﬁ%("i -4) zk: [1- 55 + (e - )] RiR : (2.32)

N
{-5)Zrsm
ijk

Note, that the cubic term, present in (2.31), does not contribute to (2.32). The reason is

that this term is zero for the zero total phase. 1f we assume that the parameters {€} are

smooth functions of their indices, we have: Z(Ai - 2.,.)2 > (aj',( “%) R,’R;>? =0 ,
i k

due to the fact that the coefficient ((;j'k - st) is an oscillating function of k . At the

same time, close to the delocalized regime, we can assune that all the “amplitudes” {R}
are close to each other; this will be shown to agree with the self-consistent analysis

presented below. In this case, the action (2.32) can be approximated as

26




A5=8,4-S, = 4%2(% - l)('ii - '{i)ZRtiz +NXR,+
iy ij

163N
g i

[F)zn

(4 -i,)zi['-aa.,-] R,  + . (2.33)

The expression (2.33) indicates that the minimum (R)=0 may be not a global minimum
in our model. This suggests that there are some other possible “phases” corresponding to
different minima of the effective action. This really reflects the fact that there is a strong
basis dependence in our model and the level distribution is also basis-dependent.
However, now we will concentrate on the situation close to the basis with (R)=0 and
analyze the level distribution. In this case, the quartic corrections are small and the
saddle-point approximation in the vicinity of (R)=0 is well justified.

We can apply the self-consistent approximation to (2.33) on the delocalized side
and to analyze the level repulsion in the model. Performing the integration over the non

diagonal elements of (2 ;=x;;+iy;; (in polar coordinates), we finally obtain the

probability distribution for the eigenvalues as

2
PdA = CNHMkH‘ (Ai _lj) e-”z‘/1i
k

% [@“ (h-2) + 11, J ) (2.34)

where
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4 f;;
@i.j = N :

, (2.35)
17, =1+16(R?)

The meaning of the averaging in (2.35) is that we are averaging with respect to thp
distribution which parameters are dependent on the average that we are looking for. This
situation is the same as in standard self-consistent approach and corresponds to the mean-
field approximation. Now, let us assume that {€} is a smooth parameter with the
typical average €=(g) . One should note that the result of the Gaussian integration is
exact, in the limit of large parameter B(s-1) (44) >> 1 (this is also the condition for
validity of our expansion (2.31)). First of all, B is supposed to be large, as described in
[7,16], B ~N. It is also important that the level repulsion should exist 'for the small

level separations. The probability distribution for the eigenvalues can be approximated

1 (Ab—’lc)z , F( ﬁ 2)
PdA = Z]:[dl, .,[ . ] exp(~— 24, \ (2.36)

where

(2.37)
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As one can see from (2.37), level repulsion exists for small level separations, where

(4,-2.)

” << 1, but is suppressed for large separations. To our knowledge, this is the

first self-consistent calculation for the N-level distribution function, taking the basis-
dependence of the eigenvectors into account. From the analysis we present here, one can

cxpect that the level distribution strongly depends on the choice of the basis.
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2.4  Density of states. Localization and level repulsion.

The distribution (2.36) looks quite similar to the one obtained in the early paper
of Yukawa [21]. However, here we have explicitly derived the distribution (2.36) from a
model (2.1) in the mean-field approximation. A similar model was considered in [7],
where a similar result was obtained, using the maximum entropy principle [17]. In the
present work, we performed the explicit integration in the mean-field approximation and
the resulting distribution contains no arbitrary constants. From (2.36), we see that the

effective "interaction" between the energy levels looks like:

(4= 4)°
o (4,-2) 1

(2.38)

From the effective interaction between the eigenvalues, one can in principle derive all

information about the level distribution (2.36), see [8, 14]. The n-level correlator is
given by ( p(/l,) p(/i,) p(,l,,)) , where the average is taken with the weight (2.36).

Following the standard procedure, we obtain the equation for the average density of

states (DOS) p(4) in the mean-field approximation as

far p(2) v(a-2) = Fﬂ; u(4) + const (2.39)
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with
uH=4* . (2.40)

The equation (2.39) reduces to

ceaal A4 )
I ,o(}.)(,l,_,1 - (l'-ﬂ)2+72) = k1, (2.41)

where

K

i@_ .
e . (2.42)

Equation (2.41) can be exacﬂy solved in some cases. For example, when y — o, we

have a standard "semicircle" law [8]
AZ

2 2
p(l):—nja- l—? ; a2=-; . (2.43)

Since y tends to infinity when & — 0, this limit corresponds to the true GUE and leads

to (1.3), as it should. Using the results from the theory of singular integral equations
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- [15], one can obtain a solution of equation (2.41), valid in both limits &£ -0 and

€ = o . This solution is

_(35[ ﬂ-’l 4(_'_ _'s)( _ﬂ_) |
plA) = pal [ R irem bbb LR e | B | (2.44)

where

(2.45)

is the width of the distribution (2.44) (fig.2.1). Strictly speaking, our results are only
valid for & 21, since the equation (2.41) was derived in this region. The iimit £
correspondsto y — 0. Since the width (2.45) tends to zero for small ¥, the distribution
(2.44) tends to a delta-function in the limit y — 0. This limit corresponds to the case
when the level repulsion is "killed".

In summary, we propose an effective-field theory to study the random matrix
model (2.18). We construct the effective action and show that for 8 ~ N in the vicinity
of the basis with (R)=0 the model does not have the phase transition to the localized
phase. Therefore, the mean-field approximation is reliable and the corrections are small.

Note, that in the case S ~N? the level repulsion is “killed”. In this case, we derive
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2
from (21) V(ﬂ.,-,lb)=—L -—(A—';}-l)-——- , with ¢=

(An —Ab)z-}.::?

1
——2>0 . From the
ple-1)

effective action (2.33), the density of states and the higher-order correlators can be
obtained. One should note, that the alternative methods of Grassmanian integration [16]
allow one to obtain only certain correlators of the N-level distribution function. In our

approach, we directly obtain this distribution function.

33




2.5  Open problems.

1. While the analysis given is valid in the vicinity of “almost-diagonal” basis (R)=0
we have an indication in equation (2.33) that, outside of this region, a higher-order
quartic term dominates, which is the hint of the first-order kind of phase transition to the

" localized phase. This will be investigated separately in the future research.

2. From the analysis presented above, we can conclude that the matrix model (2.18)
incorporates both standard GUE and the Poisson level distributions as limiting cases. In
the intermediate regime, we have to obtain the effective "interaction" between levels.

The transition between the two limiting cases is dependent on the set of parameters &, .

This set of parameters contains the information of the effective number of "overlapping"
between the different sites of the system. In principle, one can expect that the effective
dimensionality of the system is “encoded” in the set of parameters ¢, . However, it is
still not clear how to obtain that effective dimensionality from the given set of
parameters. This would be extremely important for the localization problems, since it is

known that dimensionality plays a crucial role in these phenomena.

3. An interesting application of our RMT model seems to be the random transfer-
matrix theory with possible different distribution for different off-diagonal elements.
This may be relevant to the quasi-ID systems with possible different "overlapping"

between different channels, in particular to some problems of optical transport [24].
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Chapter 3. The Random Matrix Theory of Impurity band Tails.

3.1 Introduction.

In this chapter, the problem of the impurity band tails is considered from the point
of view of a suitably chosen Random Matrix Model. Namely, it will be shown that an
appropriate model is the “banded” random matrix model with diagonal disorder which
will be studied by means of a recursive method [29] in the large- N limit. When the
diagonal matrix elements are independent and Gaussian-distributed [30], we obtain the
density of states (DOS) in the “tail” outside of the band in the large-N limit. We obtain
agreement with the Lifshitz-Halperin-Lax results [31,32] on the impurity band tails in 1D.
As far as we know, this is the first use of Random Matrix Models in this context.

Impurity levels occur due to violation of the translation invariance of the effective
potential, acting on the electron in the crystal [33]. Physically, impurity band tails occur
in case of high concentration of impurity atoms in the crystal. Because of the impurities,
one obtains some finite density of single-electron states in the “gap” region, forbidden for
the spectrum of periodic problem [31]. These contributions to the single-electron density
of states are called impurity-band tails. In this region, the density of states is extremely
small and is entirely due to the impurities. It turns out [31,32], that these “tails” exist due
to the large fluctuations of the local field, acting on the single electron. Particularly [32],

the most important are the fluctuations that are able to create bound states of the electron
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beyond the boundary of the unperturbed spectrum. Therefore, there is some “optimal”
large fluctuation of the local field, which gives the most important contribution to the
density of states at each point of the “tail” [31,32]. This fact has been explicitly used in
[32], where the density of states has been obtained in the region smaller than the
bandwidth of the unperturbed problem (which was assumed to be infinite). For this
reason, the method of [31,32] is called the method of “optimal fluctuation”.

In this part of the work, we are going to apply a suitably chosen Random Matrix
Model to the analysis of the impurity-band tails in a 1D disordered chain without making
an assumption about the large width of the conductance band. We consider a simple 1D
chain with diagonal disorder and show that RMT together with recursion methods
[29,30] enables us to reproduce the well-known results [31,32] on the density of states in

the impurity band tails in all regions of the spectrum.

3.2 The model.

Let us consider the simplest model with a hopping Hamiltonian in 1D [29]:

H:Zﬂ](hn In) {n] + Vin){n +1] +V|n) {n-1) . 3.1)

The diagonal elements {hn} -are disordered, and this represents fluctuations of the

potential energy on a given site. The constant V equals 1/4 of the band width in the
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case of no disorder and can be expressed in terms of the effective mass m’ and the size

of the unit cell a as

Voo . (3.2)

The diagonal elements are assumed to be independent, and equally distributed, Gaussian

random variables, {30], so that

=()+dh, ,

h,
(6h,,6n, =05, (.3)

Our objective is to calculate the density of states for this model, especially in'the energy
region near the edge of the spectrum.
3.3  The results on the Impurity band tails in 1D.

Let us consider an approach to RMT, introduced in [30]. This method requires

calculation of the inverse matrix

ki),
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where the index n stands for the “size” of the n x n matrix. In RMT, it is assumed that

n>>1 . Now, we employ the following expression for the inverse of a matrix A [30]:

(A7), = 3 i — Ln det A]. (3.5)

This is a general expression easily seen to follow from the definition of the determinant

of a matrix. In our case (3.4), we have:

(R,,)”=ﬁ:‘ Ln [det (H, - 2)] (3.6)
and
Vi
Tr(R,) = -5 Ln [det(n,-2)] . (3.7

Now, we will obtain a recursive relation [29], when the size of matrix is increased

from n-1 to n . From (3.7),we obtain

det (H,, -
Tr(Ry) - Tr(Rpy) =-§—z- Ln{ﬁ((;—“—l—j%] . (3.8)
n—
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The structure of the matrices we consider is shown in fig. 3.1. For this case, we have

det(H, -z 1
det(Hn_' ""Z) - hn —z‘-i,jtﬂlv‘ vj (R"'I)i,j (39)
and therefore

Tr(R,) - Tr(Rpy) = 'b% Ln[hn—z-ivi v, (Rn,,),“_:l . (3.10)

il

where Vj=(Hh)j,, . For the case of a one-band matrix (fig. 1), (3.10) is reduced to

1 (R,) - Tr(Ry_y) = - Ln[h,-2- V2(R,,) 3.11

T\Rn) — 1T {Rp-1 T Tz nih, -2- nt/ gt n | G.11)
Introducing the “average” quantities

1
U, =~ Te(R,) (3.12)

we obtain
1

= Ln bo-2- ViR, @1
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We also observe that

1
h,.,~-z - VX(R,,)

(Rn..)n.._n_, = (3.14)

n-2.n-2

This implies that the elements (R,,) of the inverse matrix may have a stable point

(R,,)M — R . Incase when there is diagonal disorder (&h, = 0) , the quantity (3.14)

turns out to be self-averaging [30], which means that we can average both sides of (3.14)
over the disorder (3.3). In case of no diagonal disorder, we immediately obtain the result

for the fixed point, familiar from RMT:
1| 2z 2)2 2
R—vz[—z + ) -V } (3.15)
and

U= (—»j—z) Ln[ ~z-V2 R(z)] (3.16)

with the density of states, proportional to Im(U)
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(3.17)

which is the answer previously obtained for the 1D chain with no disorder [29], and
where 4V is the bandwidth. In the presence of disorder {h“} #0 , and assuming (3.3)

we obtain a system of equations

1
- V?R(2)

U(z) =(|+ X4 R(z)) R(2)

R(2) = fax Plx) —
(3.18)

Note, that the first of the equations (3.18) exactly coincides with the equation for the
trace of the inverse matrix (resolvent) in case of full matrix with equally distributed non-
diagonal elements and large diagonal disorder [30]. The second equz;tion of the system
(3.18) indicates that there is a relation between the two different resolvents: R(z) for the
full matrix and U(z) for the band matrix.

The first equation of (3.18) can be rewritten as

. (z+V*R(z) +ig
R(z) =—J—= dnexp( -n*12)e i{ﬂ[ Jo )] _ (3.19)

(¢ =0

In the saddle-point approximation,
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R(z) = —:—J% ex;{—-(-z—-’.—Y;TR(—z—)l—J. (3.20)

Assuming that z>2V ,but |z/2-V|=V , we can still use (3.15) as the first

approximation. Then, we obtain from (3.20):

R(z)=:7,’3&’f_ x _2_'0.{(2\/)%"%_\/ + %ﬂ(g-v)z +} (3.21)

4

Taking (3.21) into account, we arrive at the following expression for the DOS:

1

Niw

p(z) ~

3
’z 5 z 2

ex -—51;[(2V)

2

3.4  Discussion and comparison with other results.
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3
From (3.22), it follows that the exponent contains the term (%-— V)i , which is typical
for the continuous 1D problem with “white noise” [32], plus some additional terms. One
has to note, that in our case the fluctuations of our potential are not exactly delta-
correlated; the correlation radius is the size of the “cell” a~1/42V . We believe that
the complicated behavior (3.22) near the band edge is a consequence of a finite
correlation radius in the discrete model. One should note, that the 3/2-power dependence
takes place for [z—2V|[/D?* ~2 - 3 where D** ~yo , seein [32,33]. In our case,
this means tha} lz—-2V|/V ~2 - 3 . Inthis region, the second term in the exponent is
the leading one and we obtain qualitative agreement with [31,32]. One should note, that
the asymptotic solution (3.22) is just the first-order iteration for equation (3.19) and is not
exact. For this reason, the 3/2-power term has a different numerical coefficient in front
of it, namely we find 5/4 ¥2 , while the value 4/3 ¥2 is in the literature [32,33]. On the
other hand, in the vicinity of the band edge we obtain the square root term in the

exponent, agreeing with [34]. For large z , it follows from (3.20) that the DOS behaves

2

like p(z)~ ex;{-—%;} , according to [32,35].

One should note that although we investigated the density of states in the band
“tails” inside of the “gap” region, our basic equation (3.18) is also applicable to the
density of states inside of the conduction band. In this region, one can also expect some
deviation from the result for the density of states (3.17), valid in the absence of noise in

the system. This will be examined in future work.
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We conclude that using the modified recursion method for random banded
matrices, presented in this paper, one can study the density of states of the discrete 1D
chain both inside and outside of the conduction band analytically in the entire region.
Outside of the band, we obtain the exponential “Lifshitz tails” for the density of states.

In the work of J. D’Anna and A. Zee [36], a similar formalism has been
independently developed. Their RG method is essentially equivalent to our “recursion”
procedure. However, we have applied this method to the case of 1D chain as opposed to
the “full” matrix in [36] and we studied specifically the problem of impurity band tails,

which was not addressed in [36).

3.5 Open problems.

1. We showed that the new recursive procedure together with the banded random
matrix model allows us to reproduce the results on the DOS in the impurity band tails for
the simple 1D chain with diagonal disorder. The next step is to generalize our model for
the higher dimensions (2D and 3D). In principle, this is possible due to the fact that the
problems for tight-binding Hamiltonian in higher dimensions can be “mapped” onto the
tight-binding model for the 1D chain [29], analogous to the one considered above (3.1).
However, the structure of coefficients for (3.1) is dependent on the dimensionality and

may become quite complicated. This problem requires additional analysis.
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2. Another interesting problem is to calculate the higher-order correlators for our
model. In principle, this will enable us to analyze the-conductivity of our system. This
can be done in the framework of our approach. For example, in [36] the higher

correlators for the case of “full” matrix have been obtained using quite similar approach.

3. It is interesting to apply (3.18) to examine the change of the DOS inside of the

band due to impurities. The general formulation should also apply in this case.
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Chapter 4_The Effect of Temporal Noise on the Single—Eléctron
Transport in Long Biological Molecules

4.1 Introduction.

We apply a simple model for the single-electron transport with the temporal noise. This
model! assumes that the correlation time for the noise is much smaller than any other
characteristic time scale in the system. We show that for long molecules, the effects of
the temporal noise cause destruction of the phase coherence and therefore the ballistic
transfer does not exist. In particular, the time-dependence of the reaction rate in the
typical experiments on the single-electron transport, exhibits a power-law. decay as a
function of time, as opposed to the exponential or stretched exponential decay, the latter
is typical for the systems with no temporal noise. Experimental measurements are

proposed.

The problem of the single-electron transfer in long biological molecules is quite
important from both experimental and theoretical points of view [37-41]. By now, there
exist a number of theoretical models, explaining some particular features of the process
[38-41]. It is essential that the adiabatic approach [40], is not appropriate for the transfer
in long biological molecules due to large donor-acceptor separations and therefore very

weak coupling between the sites. The transfer mechanism becomes non-adiabatic and
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dependent in a complicated way upon the geometry and size of the system. For this
reason, the tight-binding model for the single-electron transfer in long biological
molecules has been established [38] and developed in number of works [39,41]. This
model has many advantages, including the possibility of taking into account the relative
energies of different attached molecular groups. Using the Green’s function techniques,
developed in [39], it is possible to obtain the quantities measured in experiment (such as
reaction rates) directly from the tight-binding model with a reasonable amount of
computation efforts [39,41].

On the other hand, all the above mentioned models do not consistently take into
account the effects of dissipation in a large systeﬁ with many degrees of freedom, such
as a long molecule. The electron transfer has been essentially treated in a pure quantum-
mechanical sense, which leads to the ballistic model of the electron transfer [41].
However, the long molecule itself has many internal degrees of freedom (for example,
the backbone exhibits some thermal fluctuations). This additional “noise” is always
present and as we show below, it destroys the electron phase coherence and therefore
leads to the suppreséion of the ballistic electron transfer. This effect is especially
important for the long-range electron transfer, where the ballistic contribution becomes

negligible.
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4.2 Formulation of the model.

In this part of the thesis, we are going to address the influence of noise on the
single-electron transfer. In order to do this, we apply the model [42-46], which was first
proposed in [42] to study the electron transport in disordered 1D metallic chains, where it
could be solved exactly. Afterwards, this model was applied {44-46] to different
problems in systems with “dynamical disorder” (for example, the influence of phonons
on the electron transport). In our case, the model can not be solved analytically, but it
leads to simple equz;tions in the long-time region, which are convenient for numerical

simulations.

The model is formulated in terms of the Anderson tight-binding Hamiltonian in second-

quantised form with a, , a; being destruction/annihilation operators on the site
H= g(a;a, V,, +a/a, V;) @.1)

where the matrix elements V,, represent the transition amplitude for the electron

between the sites k and | and are assumed to have some random (“noisy”) component:

Vi = (Vk.|>+5 Vu

, 4.2)
(6 Vi 6 V) =(a?),, 5(t-1) [6,6,, +6.5,
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i.e. we assume Gaussian white noise for the fluctuations of the hopping amplitudes
[42,44]). Now, one can show that the model (4.1, 4.2) can be exactly reduced to the
Focker-Planck equation. For the metallic chains, it was possible to solve the model
exactly, due to the translational invariance; in biological molecules, we do not have this
option.

4.3 The results on the Rate Constant.

In noisy systems, one has to work with the density matrix operator (not with the

wave function) of the electrons, defined by
Pon =8n 8, 4.3)

where m and n label different sites, and
. O
ih Z(pm‘n) = kz(pkm vk.n =~ Pak vm.k > (44)

where the amplitudes V,, are defined by (4.2). Further analysis is based on Furutsu-
Novikov theorem [43], which holds for the Gaussian noise (4.2) and a smooth functional

p:
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(4.5)

5Pmk(t)
(5Val0)/’

(P sl Var0] 8V, (0)= [ar pzq(é'vnk(t) sV, (1) )<

where (...) stands for the averaging over the Gaussian random process (4.2) and

5 (6 ) is a variation with respect to this process. The formula can be viewed as a
\

pa
generalization of the partial integration formula to the case when p is a smooth functional

of a Gaussian-distributed functions & V,; . In order to average both sides of (4.4), we

have to calculate the functional derivative

[ _FPum(1)
ih <m>=;{pkm41kn(6kp 8n.q +6k.q 5n.p -
- pk.nAk.m(Jan 5Lq +6m'q 5"-9)}

where the symbol 4;; is defined as

{ 1, if i and j are connected
“ 10, ifnot
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Using this expression and the formula (4.5), we average both sides of (4.4) and obtain the
equation of motion for ( P M,,) , which is the density matrix, averaged with respect to

the noise (4.2):

4 (az)n 4, +(az)m a4,
+m{(p n-m>;{ & Tk > k Omk ..é'm'n ;(p KK )(az)n'k a,, ~ (4.6)

+a),,, Ana(p m)}

Note, that the r.h.s. of (4.6) consists of two parts: the “ballistic” part, related to the

average quantities (V ) , and the diffusion part, related to the fluctuations of V .

i

According to (4.6), the off-diagonal density matrix elements ( Yo mm) decay in time with

the typical relaxation time

n

_ h2 ) hZ
7, =(4a2 (é_vz)z_um (47)

where 7, is the correlation time, defined by a%;; = (6 v? >a,~ Teon - Inour model, the

correlation time is assumed to be much smaller than any other characteristic time in the

system, which enables one to take the limit when the correlation time tends to zero.
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On the other hand, the diagonal matrix elements do not decay in time and the
total probability is conserved. From the equation (4.6), it follows that the ;iiagonal
matrix elements of the density matrix obey the discrete analog of the Focker-Planck type
equation with the “convective™ term, dependent on the non-diagonal matrix clements of
the density matrix. This term describes the ballistic (coherent) mode of the electron
transfer [41]. In the long-time limit, the off-diagonal ﬁatﬁx elements decay and the
ballistic terms disappear. Therefore, in the long-time limit, we have a pure diffusion for
the diagonal matrix elements of the density matrix.

Let us estimate the relaxation time for the non-diagonal elements of the density
matrix. We take 7, ~ 107" =10 s (for example, due to phonons). As it was obtained
in [42], the approximation {4.2] is reasonable when the phonon band width is much
smaller than the temperature. If we assume it to be ~10 K , then for the fluctuations of

the hopping amplitudes we can roughly take ~1 K as an estimate. This gives us

(5 Vz) ~(107 eV)2 . Then, we obtain from (4.7) 7, ~107 -10% s . For the effective

o\2
diffusion coefficient, we have D ~d? /¢, ~107 -10® (A) /s . From the experimental

0\2
data [41], it looks like D can be roughly estimated as 10° +10° (A) /s . Therefore,

we have a considerable (1-2 orders of magnitude) discrepancy. However, one should
note that these values strongly depend on the specific geometry, and the results of [41]
exhibit the same order of magnitude variations, for different molecules and different
locations of the acceptor and donor. From the above stated arguments, it is clear that the

diffusive regime of the single-electron transfer is valid if the molecule is sufficiently
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long, so that the off-diagonal matrix elements of the density matrix become negligibly

small. One can estimate the “cross-over” length from the “ballistic” to the diffusion
regime as L~ const,]Dr, , where 7, is the relaxation time, given by (4.7) and

const =8 , as was shown in [42] for the case of the chain with translational invariance.

0 .
This estimate gives us: L ~5+10 A , which is less than the typical range of the
experiments [1,5). Therefore, one should expect that the single-electron transfer has a

diffusion, and not ballistic nature for these samples.
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4.4  The transition from ballistic to diffusive transport regime.

Now, let us analyze the situation when the phase coherence is not broken and the
correlations of hopping amplitudes do not depend on time. Then, we have a complicaied
system of overlapping between different sites. In the limiting case of many overlapping
sites, one can expect the system to behave similarly to the electron in a random potential
(random with respect to coordinate, as opposed to the temporal randomness in our basic
model). The model of electron in a 1D spatially random white-noise potential can be

solved [47.48] with the following result for the transmission probability:

2\ 4 dx x* exp(-x?)
()=7= ! ) o9

where

mh%-% ; (6V(x) 6V(x)) = 20,6(x-x) 4.9)

zZ

E stands for the energy of the electron and L is the size of the system. For the low

energies, which correspond to the long-time limit, we obtain from (4.8, 4.9):
3
2\ _ 1920 1 _2_1920(_5_) ,{E&) _m,L
(ITI ):———J,-r- ey U R U K B, =50 - (4.10)
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The asymptotic (4.10) is correct, if t>>h/E, . Comparing to (4.7) and taking the

same values for the rest of the quantities as before, we obtain
0
t,/, ~102/L(A) 4.11)

Therefore, for sufficiently short molecules, there is a region where the temporal disorder
model is valid, but the spatial is not.

Let us compare these models in the region where both of them are valid. For the
temporal profile of the reaction rate, limited by the electron transfer, we obtain from

(4.10)

k(t) = const—t,‘/s_,:—exp(—,lzlso 1) | (4.12)

In the temporal disorder model (4.6), the transfer rate exhibits the diffusion-type behavior

in the long-time limit. In the time domain, we have:

1 L? 1
k(t) = const 57y exp(— Z-Et-] = const . (4.13)
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where d stands for the effective number of neighbors for the effective electron path and
from the quasi-1D structures of molecules, d~1-2 .,
So, for the “temporal” noise we obtain an asymptotics (4.13), while for the

. “static” noise we have (4.12).

4.5 Conclusions and future work.

In conclusion, one can expect to distinguish the type of disorder in the long
molecules by analyzing the long-time “tails” of the reaction rate. As we mentioned

before, it requires the size of the system and the observation times to be large enough,

namely L>8,/D 7, ~5-10 A , as it was mentioned before. One can expect that these
conditions are satisfied for typical experiments on the single-electron transfer in
biological molecules.

The next step is to apply the “temporal noise” model described above, to some
realistic biological molecule in order to compare with existing results and experiments.
The analysis presented here shows that one can expect significant deviations from

“ballistic” picture for the long-range electron transfer.
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I1. 2D Vortices in thin superconducting films. |

In the second part of the research, the collective effects of 2D magnetic vortex-
vortex interactions in thin superconducting films, which cause a significant enhancement

of the Nernst coefficient in such systems, have been studied.
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Chapter S. 2D magnetic vortices in thin superconductor films.

5.1 Introduction.

The vortex-vortex interaction for the magnetic vortices in the usual case of
“thick” superconducting films, when the thickness of the film d is much larger than the

London penetration length, d >> A4, [49], is given by

1 (@), |In-
Unz(l"l"'zl)= 21,2 (-2—12;) K°(lr|/1:2'} ,

where r, , r, denote positions of vortices, @, stands for the elementary flux and
Ko(z) is the zero-order bessel function of imaginary argument [49]. This vortex-vortex
interaction is short-ranged and decays exponentially at a distance of the order of London
penetration length [49]. The physical reason for this is that the electromagnetic field
between the vortices is totally screened by the superconducting currents at the distance of
the order of London penetration length.

On the other hand, in case when the vortices are restricted to the 2D plane, the
vorte-vostex interaction becomes long-ranged, as opposed to the usual case of 3D
magnetic vortices in the "thick" superconducting films [49,50). This happens due to the

fact that in thin superconducting films, the electromagnetic field can not be totally
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screened by superconducting currents and therefore does not decay ekponentially as a
function of vortex-vortex separation. Due to this effect, the interaction between vortices
may cause significant enhancement of galvano-magnetic effects in thin superconducting
films, as opposed to thick films. In particular, the Nemst coefficient acquires a
contribution, proportional to the second power of the external magnetic field. This
contribution exceeds the linear single-vortex term for relatively small magnetic fields,
and suggests a study of the effect of non-equilibrium vortex-antivortex pair production by
some external currents, which may lead to the same order of magnitude for the transverse
voltage, as one can expect for the Nernst effect in thin films. One can expect that this
effect gives an explanation for unusually high values of the dc-voltage in recent
experiments of A. Gerber and G. Deutcher [51] on ac-to-dc conversic;n in thin
superconducting granular films subjected to both static magnetic field and. ac external

currents.
In normal metals, thermo-magnetic effects appear to be hardly observable [52].

Particularly, we are interested in the Nernst effect that accounts for appearance of a

transverse electric field E, in presence of both external magnetic field H, and the

temperature gradient V. T as

E, =NV.T, ¢é.1)
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where N is the Nernst coefficient [52]. In normal metal, the Nemst coefTicient can be
, 7! T " '
estimatedas N=(27)Q=(27) 3e E—s(.() r) 10 T , where Q stands for the
l:

thermoelectric coefficient, t stands for the mean free time, e is an elementary charge,
Q is a cyclotron frequency, E, stands for the Fermi energy and T for the temperature
in energy units [52]. This estimate gives us for H ~10° - 10* Gauss the electric field
E~10" - 107 Viem.

However, these effects are enhanced by about three orders of magnitude in
superconducting (SC) phases of metals due to the motion of magnetic vortices [53,54].
In the SC phase, this effect occurs because the excess of magnetic vortices of one sign of
vorticity (e.g. "+") move in the external temperature gradient with some drift velocity V,

and produce the electric current ([54])
E, = -V, &N, . (5.2)

Here, N, = H, /@, is the vortex concentration, &, - unit flux. The drift velocity is

obtained from the equilibrium condition between the “thermodynamic” and “viscous”

[53] forces, acting on the vortex line

S, VT=nV, ,
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and we see that the vortex velocity is related to the entropy S, carried by one vortex [53]
and the effective viscosity n [55] n =®, H,(0)o, /c? where o, isa conductivity of

normal metal. This leads to the expression for the Nernst coefficient as
N = —H, . (5.3)

which turns out to be a linear function of weak external magnetic field (in absence of

vortex pinning). Theoretical estimates of S, [53]

_(@)'T

S, =———5—7 ,
"7 244,42

35 .
where 4, = - T, stands for the energy gap at T=0 , give correct order of magnitude

for electric field (5.1) as high as 10°+107 V/em for V,.T ~ 1 K/cm [56]. One

should note that the estimate [53) was made for thick films, when the thickness d is

much greater than the London penetration length 4, .
The exact solution for S, for magnetic field close to the upper critical field H,

was given by Caroli and Maki [57]. In this limit, S, ~ (H_ - H) which yields

N~H,-H, HoH, . (5.4)
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The solution {57] is applicable both to thick and thin films, when

d< i, . - (59)

Indeed, near H_, the second-order phase transition takes place and the order parameter
tends to zero as ,/ch —H which makes the result [57] exact, since the effects of vortex

interaction are negligible.

As we mentioned above, the pair vortex-vortex interaction is essentially short-
ranged in thick SC films. However, as it was shown by Pearl, this interaction becomes
long-ranged in case of thin films [49]. The force acting between the two vortices in the

near-2D films (see condition (5.5)) is given as

2
Q32D , IT>> '11. A2
pa r<i,
(5.6)
0 ,
JD=§; > Qup 222,

The long-distance behavior of the interaction tumns out to be precisely the 3D-Coulomb law with

the effective charge Q,;, . This happens because in thin SC films the magnetic field is

not totally screened by the SC currents (see in [49], p.60).
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Usually, the properties of the 2D SC films are considered close to the SC
transition temperature T, , where the crossover parameter A, in (5.6) can be very
large and even greater than the film largest dimension, R . In such case, the 2D
Coulomb Gas Model (CGM, see in [50}), ignoring the 3D Coulomb "tails" and, therefore,
considering the limit A, >> R , is a very useful description of 2D vortex ensemble. As
a consequence, the lower critical field H_, for thin films happens to be several orders of
magnitude smaller than for thick films [58]. In thin films, the vortex-antivortex pairs can
be easily created either thermally, leading to Berezinskii-Kosterlitz-Thouless transition
(see in [50]), or by applying electric current, causing peculiarities of the energy

dissipation rate in the resistive state [59-61].
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5.2 Formulation of the model.

The objective of the present research was to show that the galvano-magnetic
effects in thin films are significantly enhanced in comparison with similar effects in thick
films in a certain range of parameters, where the 2D CGM [50,58] is still valid and the
crossover dist.ance A, in (5.6) is not much larger than R , according to the 2D CGM.
Considering the Nernst effect, we show that this enhancement comes from the long-range
interaction between the vortices, given by (5.6). We also show that the dc-voltage across
the film may occur even in the absence of any temperature gradients in case some steady
gradient of non-equilibrium vortex-antivortex pair concentration is produced by some
external current. The estimated values of dc-voltage across the sample appear to be
comparable to the unusually high values of dc-voltage, observed by Gerber and Deutcher
[31] in thin granular superconducting films subjected to both ac-current and external

transverse magnetic field.

The idea is that, since the effective charges of "vortex Coulomb gas" and the
crossover distance A, in Pearl's formula (5.6) depend on the average SC density n,
[50] , even a small gradient of n, may strongly disturb the equilibrium of vortices,
producing additional driving forces acting on the system. If this gradient is steady but
non-cquilibrium, these driving forces can result in a steady current of vortices, giving rise

to the voltage (5.2).
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53 The results on the Nerast coefficient.

To describe this effect, one should derive an expression for the total force acting
on the ensemble of vortices in case when external sources produce a steady non-
equilibrium distribution of normal component, resulting in the change An, = 1, -n, of

superconducting component density from the equilibrium value n,2 to some

nonequilibrium concentration i, . We show, that even small gradients V(A n,) may

cause significant forces, acting on the vortex ensemble. As a consequence, we have a
large flow of vortices and some finite voltage across the sample. We show, that in a
certain region of parameters, this voltage may exceed the usual (single-vortex)

contribution. This effect is specific for the thin films, when (5.5) is satisfied.

The infinitesimal work of external sources, creating some deviation &n, can be

represented as

SW = J&on,dv .7)

- where & has to be chosen so that the solution of the energy balance equation

=0 (5.8)
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is satisfied for the steady-state solution i, . In(5.8), F stands for the free energy of

the superconductor which can be taken in Ginzburg-Landau form [49] as

F—fd’xidz{m(vﬁf) tao M\ VO-A | ran, v |

+Id2dez(Bi;:)2 ,

(5.9)

where B, H are total and external magnetic fields, respectively , A '-vector potential
and @ is the phase of order parameter ¥ = \[r: e . Parameters a, b, m have the
same meaning as in BCS theory [49]. In (5.9), the film is located in the (x, y) plane in
the region -d/2 < z < d/2 .

As follows from (5.7), the external force acting on the vortex ensemble is defined

as f = 6W/dp ,or
5 .
f = fﬁg;(ﬁ.)dv , (5.10)

where p is a center of mass coordinate for the vortex ensemble. If 4n, = T, -n, is

small, then we can make an expansion in (5.8), which gives

2
£+ ——-;n‘: An,=0 . (5.11)
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Substitution of eq. (5.11) into (5.10) yields

5°F 5 .
¢ =-f sn',An,-E-‘;(n,)dv . (5.12)

Since we are looking for linear response, we should substitute the non-perturbed solution

fi, # n, into (5.12). A variation of (5.9) gives

V2 2 Vz n'
bn, +a -+ ———(V@—EA) LA LT (5.13)
4m he 4m ,/n,

for such a solution. The vortices are well defined if the correlation léngth ¢

determining the size of vortex core, obeys the condition

EIN, <«<1 (5.14)

of low density of vortices. Therefore, the last term on the Lh.s. of (5.13) can be omitted,

as being non-zero in the vicinity of cores only. It allows us to consider n, as a smooth
variable and to find &°F/on’=b , which does not depend on center of mass
coordinate p of the vortex ensemble. Taking into account that a also does not depend

on p , we obtain

67




§ (v [ 18 |1 2e )’
35('“)‘(‘1))5;) [4m(V@’h A } : &1

Substituting (5.15) into (5.12) and integrating by parts, we finally get

= Javv(an) -——(V@-%EA) , (5.16)

where the fact that the phase and the vector potential depend on (x— p) as:

o (x- p). A(x-p) was taken into account. Using the definition of electric current

OF
J = -c A and introducing the 2D current 1= r dz J we can rewrite (5.16) as
-4/2

= Jarx 2L 5, p VAR
C n

(5.17)

The distribution of currents I(x) can be taken as a sum of currents, produced by each

vortex. Making use of the Pearl's solution, we obtain [49]:

igxn iqx
iq) = 2” 2 g C , (5.18)
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where {x,} are coordinates of vortex cores, n; = (0,04£1) is a unit vector along z-axis,

+ stands according to the vorticity of j-th vortex. The vortex ensemble may be treated
as the charged 2D Coulomb gas [50,58], where the screening is possible. However, as
shown by S. Doniach and B. Huberman in [58), the net effective charge (read the net
paramagnetic moment) in the presence of the external magnetic field remains unscreened
at large distances. [n our case, it means that the harmonic with q - 1/R in (5.18), is not
affected by screening (compare to [51]). Note that this harmonic gives the main
contribution to (5.18). It allows us to omit the rest of harmonics in (5.18) and afier

substitution of (5.18) into (5.17), to obtain

Vdn, @A N2 R?

n 2 2
SEED
: R

f= (5.19)

Now, we can estimate the drift velocity of the equilibrium ensemble of vortices by
assuming that the motion is described in terms of viscous flow [55] with the total viscous

force f, = -V, 7 N, R3d , balancing the extemnal force f . Consequently, after

substituting V, into (5.2), we obtain expression for the transverse electric field

Vx(’ﬁs - n, &, A Hz Hz
E, =N, AAUSLY) , Nyso—— = ,l : (5.20)
n, 2xcny A,
1 ry d
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Note that in the 3D case the corresponding term disappears as ,1,,2 /R?* 50 due

to the absence of long-range forces.

Strictly speaking, this relation is only valid far from the upper critical line
HQ(T)A in the phase diagram of superconductor. The line H=H"(T) <H,(T) may
exist, such that fo H > H'(T) our approximation, based on the 2D Qoulomb Gas Model
(QGM), is no longer valid and the solution should smoothly transform into (5.4),
according to [57). We can estimate H'(T) by implementing the requirement that in the
presence of external field H, the solution for the average density n, does not

significantly change. This gives us

H'(T) =%(1+%—) \[,11_ /1{— , (5.21)
L c

2

. _ _H, T . L
where the relation [49] a=- 27n,0) (1- Tc) for the Ginzburg-Landau coefficient in

terms of the critical field H_ and superconductgng component density n,(0) at T=0
was employed.

The 2D CGM assumes the limit A, >> R , in which there is no limitationon H,
,since H' in(5.21) is formally infinite. In realistic case, when T is not too close to T,
, this field can be considerably smaller than H_, . It implies that the superposition

principle for currents is no longer valid fo H>H’(T) , as the superconducting density
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n, changes significantly. This means that the 2D CGM is not applicable to this case.
However, we will only attempt to estimate the maximum value of the coefficient N, ,

supposedly achieved at H ~ H'(T) . A substitution of (5.21) into (5.20) gives us

b, H’( T)
=2 s — . 5.22
"™ cn 4m ! T ( )

In (5.20), we can express V(ii,~n,) in terms of some temperature gradient, if

V(’r‘is - n,)

there is any in the system. For T — 0 , one finds ~~eYTYT where 4

stands for the superconducting gap. After comparing with (5.1), it results in

V('ﬁl - ns) VT

N~e“T 50 . For T near (but not too close to) T, we have ~~ and
consequently
N,
= 5.23
N T (5.23)

for equation (5.1). Taking into account typical values

H, ~10°+10° G,  ~10° =107 e.g.u. one arrives at the estimate
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E, <(10” +10")%—T- (V/cm) (5.24)

<

Therefore, for temperature gradients as small as 0.1 T, /cm the produced voltage may
be of the order of mV/cm , exceeding the characteristic values of Nernst voltage in thick

films [53,56] by several orders of magnitude.

54  Comparison to the 3D case.

It is interesting to compare the result (5.22) for the Nemst coefficient to that

obtained for thick films [53]. Using the results [53] and (5.22), one obtains the estimate

E* H  4(14il0)
EGM = H, 2 2
{(O{d + _%LI{LQJ

(5.25)

where E® and E®® stand for the value of the transverse electric field in thin and

thick films, respectively. Let us take a case, when 1,°/d <<R and A, =1000A,

@D)

E~d=100A . From (5.25), we get ~— x10? . In this case, (5.21) implies

EOD ~ H

that H" = 0.1 H_ . Thus, we have E®” /E® ~10? .
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Analyzing (5.25), one arrives at the conclusion that for the fields as high as

H2>H_, where

ch( ,11)’ d
H, = )T , (5.26)

<2

the collective contribution to the Nernst voltage (5.21) exceeds the one-vortex term
(5.25). Note that the crossover field H_ turns out to be smaller than H® (5.21). This
means that in this region our calculations and the 2D Coulomb gas model are still valid.
However, when A, become considerably large in comparison to the characteristic size
of the system R , H_, is of the same order as H_ implying that the interaction effects
are insignificant in the very vicinity of T, .

In case the nonequilibrium gradient in (5.20) exists due to a gradient Vn, in

vortex-antivortex pair density, created by an external current, the estimate for E, tums

out to be as
E, <-{10" +10%)£2 vn, (V/cm) (5.27)

where it was assumed that for the high density of pairs the lower estimate for 7, should

be T, = n,{1-&%n,) (compare with [50,62]).
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It is worth noting that the external inhomogeneous pair-breaking microwave
radiation may produce the steady non-equilibrium gradient of the normal component in
thin SC film. It should also produce the gradient of the SC density and, consequently, the
driving forces acting on vortices. Then, (5.20) is still valid and the dc voltage is
_proportional to the square of the external magnetic field. In this case, the dc voltage does

not contain the linear terms ~ H, , as opposed to the Nernst effect.

55  Comparison to the experiment,

Now, let us consider the recent experiment [51] on the ac-to-dc conversion in thin
superconducting granular films subjected to both static magnetic field and ac. external
currents. The dc-voltage measured across the sample was dependent upon the external
magnetic field H and amplitude of the applied ac-current. As mentioned by the authors
in [51], the voltage of the order of tens of microvolts was observed at ac-frequencies as
low as ~10 Hz ruling out an explanation in terms of the inverse Josephson effect. The

results of [51] have several peculiar features:

I) For small external magnetic fields, the dc-voltage has an odd component as a

functionof H, .
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ii) When the direction of the sample is reversed, the induced voltage changes sign.
The direction of sample was defined as a direction from the grounded side to the side

subjected to external ac-current [51].

iti)  The effect has a threshold with respect to the ac-current amplitude and the typical

values of the voltage vary from ~10 mkV/cm to ~l mV/cm .

iy)  The dc voltage has its maximum values for HxH_=~10°G and T=T, .

These features can be understood within the framework of the model presented
above. Indeed, general symmetry and time-reverse considerations imply a presence of
some steady current changing its sign after time reversal. This can be due either to the
Nemnst effect (enhanced, as it was shown above) in some uncontrollably small
temperature gradient, or inhomogeneity of vortex pair creation by the external ac-current.
Feature (ii) gives a hint of this possibility. The pair creation mechanism seems to be more
realistic, because the simple analysis of data [51] shows that the dc-voltage increases
almost linearly with the current amplitude above the threshold. This behavior resembles
the regime considered before in [59,60], when the density of vortex pairs increases
linearly with current. As was emphasized in [59,60), the conditions for pair creation in
thin films are very sensitive to different parameters of the film, including the
temperature. Therefore, a small temperature gradient can produce a pair concentration

gradient which in its turn causes the unipolar vortex motion and creates dc-voltage.
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Note that the typical size of a granule in [51] was of the order of 10~ +10™ cm
with thickness of film being about 10 cm. In dirty superconductor, one should expect
A, toincrease upto ~10°A (see [49]). Going back to (5.21), we see that the range of
applicability of the CGM expands to H™ = H, . In this case, the crossover field H_,
given by (5.26), .is of the order H_ = H_(&/4,)<< H_ . There is another interesting
feature of the results [S1], which can probably be prescribed to some vortex pinning
inside a grain. The odd component of dc-voltage as a function of the external magnetic
field has well-pronounced peaks. As it was mentioned by the authors [51], those peaks
approximately corresponded to the penetration of one additional elementary flux into the
grain. The reason for that might be a finite vortex pinning, which we did not take into
account. One can expect that the penetration of one additional flux into thé grain may
change the balance between the collective forces considered above and pinning and

cause a finite flow of vortices.
5.6  Open problems.

However, the more detailed interpretation of the results [31] requires some
additional analysis, which should probably take into account some percolation properties

of the samples. For example, here we only concentrated on the voltage component which

was antisymmetric with respect to the external field. In [51], both symmetric and
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antisymmetric components were observed. For that symmetric component, our simple
considerations of a "steady flux" flow may be reconsidered. In fact, for the odd
component we had for the local electric field E ~ j(H|)x H where j{{H|) stands for the
gradient of some thermodynamical variable. This seems to be the only possibility to
satisfy both the features (i) and (ii) due to the general considerations of T-invariance and
feature (ii). However, for even component we may have j~ HxD , where D is some
vector, characterizing asymmetry of the sample. This gives E ~D (H)? . Another
interesting feature is that this model predicts that the transverse dc-voltage is strongly
affected by the external pair-breaking radiation, applied to the sample. This prediction
can be checked in experiment. The more detailed analysis of these problems is suggested

as the subject of further research.
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FIG. 3. Typical voltage pattern as a function of an external
dc magnetic field measured in a Pb sample close to the percola-
tion threshold, with a residual resistivity in the superconduct-
ing state of some percent of its normal value (1.6 kQ/sq). The
magnetic field is applied at an angle of (a) 60° from the nor-
mal to the sample’s surface and (b) 75°. The marked peaks
were arbitrarily determined as the most pronounced charac-
teristic features of the pattern, having their “twins” in the re-
versed field. The pattern width is inversely proportional to the
cosine of the angle between the applied field and the normal to

the sample’s surface. T=4.2 K. ac current frequency is 100

kHz; amplitude is 5 mA. Figure 5.3
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