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Abstract

Stabilization of Positronium by Laser Fields

by

Antonella Karlson

Advisor: Professor M.H. Mittleman

We consider the problem of a positronium atom interacting with laser
fields with the goal to extend its lifetime. Ps is an unstable system. Singlet
Ps annihilates mainly by emission of two v quanta and the triplet state -
mainly by 3y emission. The lifetimes are respectively 72 = 1.25 107° sec
and 7/7=1.4 1077 sec. The annihilation reaction is caused by an interaction
term in the Hamiltonian, which on the scale of the Ps atom is essentially

a zero range operator. Thus, the annihilation rate is proportional to the




absolute value squared of the Ps wave function at the origin. Since the wave
function of Ps vanishes at the origin for all but states with angular momentum
zero, Ps annihilates for all practicle purposes only from S states. If lasers
are used to keep Ps out of them, the annihilation lifetime can be increased.
Singlet and triplet Ps are not coupled by the lasers and they are discussed
separately. A Ps atom interacting with laser fields is in a dressed state. Its
wave function can be represented as a linear superposition of the bare states
and under certain conditions it does not contain the ground state. This is
the phenomenon of coherent population trapping. The latter can be used to
extend the lifetime of Ps when the atom is driven by two semiclassical lasers.

We consider a two and three state Ps atom interacting respectively with
one and two near-resonant circularly polarized lasers with spontaneous radia-
tive transitions, annihilation from the ground state and photoionization from
the excited states. The last two processes lead to the destruction of Ps and
they are included via an antihermitian (absorptive) term in the Hamiltonian.
The new annihilation rate depends on the initial Ps state, on the choice of
bare states coupled by the laser(s) and on the laser parameters (intensity and
detuning).

We obtain that the lifetime of triplet Ps in the field of two lasers cannot



vi

be extended more than two times its value without the interaction with the
lasers. This is due to spontaneous radiative transitions, which are fast and
the atom fluoresces many times before annihilation. Therefore the effect of
coherent population trapping is elliminated. The lifetime of singlet Ps can
be extended with a small probability. If the initial state was 1S - up to 45
times its value outside of the lasers. If the initial state was 2P - almost twice

the lifetime of this state outside of the lasers.
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Chapter 1

Introduction

1.1 The positronium atom

Positronium (Ps) is the bound state of an electron and a positron. The pos-
sibility of its existence was first suggested by Mohorovicic [1] in 1934 and was
first observed experimentally by Deutsch [2] in 1951. Its Bohr spectroscopic
structure is equivalent to that of the hydrogen atom, but with each energy
level being half of the hydrogen one, because the reduced mass is m = me..
The latter also causes the Ps distance scale to be twice that in hydrogen
ap = 2ap, where ap is the Bohr radius. The ground state of Ps is composed

of three triplet spin states of total spin one and a spin-zero singlet state.
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These states are split by the usual spin-spin hyperfine interaction, which in
Ps is larger than in hydrogen. Although the similarities between Ps and };y-
drogen are interesting, the primary reasons for studying Ps are its differences
from hydrogen rather than its similarities to it. The most important of these
differences and their physical significance are outlined below [3,4].
a. Annihilation properties.

Since the electron and the positron are a particle-antiparticle pair, Ps is an
unstable system. Singlet Ps annihilates mainly by emission of two v quanta
and the triplet state - mainly by 3y emission. These selection rules are due
to angular momentum conservation and charge conjugation invarience. The
lifetimes are respectively 75,= 1.25 1071° sec and 7!7=1.4 107 sec. The an-
nihilation reaction is caused by a quantum electrodynamical interaction term
in the Hamiltonian, whose range is of the order of the Compton wavelength
Ac. On the scale of the Ps atom this is essentially a zero range operator.
Thus, the decay rate is proportional to the absolute value squared of the Ps
wave function at the origin, where the two particles are in contact. Since the
wave function of Ps vanishes at the origin for all but states with angular mo-
mentum zero, Ps annihilates for all practicle purposes only from S states. For

them the annihilation rate depends on the principal quantum number as n=3
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[4,5]. For states with higher angular momentum I, the annihilation rate is

{ 2l

smaller than the rate for the respective S state by a factor of (%\f)_z =~ ap” 4,
where ar is the fine structure constant. Therefore annihilation from these
states is negligible.

b. Purely leptonic system.
Consequently high precision measurements of the decay rates, fine and hyper-
fine structure splittings provide unambiguois and stringent tests on quantum
electrodynamical predictions. The difficulties of atomic structure calcula-
tions present in normal atoms are not relevant for Ps.

c. Other particle-antiparticle properties.
Ps can be used to study various symmetry principles such as charge conjuga-
tion and intrinsic electron-positron parity. The search for the annihilation of
singlet and triplet Ps into 4-ray decay schemes forbidden by some symmetry
principles can be used to set upper limits on the validity of these symme-
tries. Alternatively, such limits can be used to search for types of decay not
included in the usual QED framework. In addition, the measurements of
conventional channel annihilation rates, as well as fine and hyperfine struc-

ture splittings indirectly test CPT, since it is assumed in all calculations

that the masses m.+ = m,.- and the magnetic moments |p.+| = |p.-| are
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equal. The particle-antiparticle nature of the system also makes possible the
investigation of virtual self-annihilation effects.

d. Atom with a ‘light’ nucleus.

A number of interesting effects related to the two-body formulation of quan-
tum electrodynamics (the Bethe-Salpeter [6] or the Lepage [7] approach) can
be tested.

Some other Ps related experiments [4] are the measurement of the Comp-
ton wavelength [8], precision positron polarimetry [9], y-ray astronomy [10]
and Ps formation in optically active substances [11].

Ps is produced in three different ways [|. The standard technique is for-
mation of Ps in gases [12]. Positrons of typically several hundred kilovolts
energy emitted from a radioactive source slow down in a gas and eventually
pick up an electron to form Ps. As many as 25-50% of the incoming positrons
form Ps atoms, typically within 107%s of positron emission. The need for Ps
formation in a background gas presents a problem in high-precision Ps exper-
iments. Another technique is to make a positron beam incident on a variety
of small-grained, low-density powders [13]. Up to 30% of the positrons can
form Ps. The deviation of the decay rates and hyperfine structure splittings

of Ps produced in this way from their presumed vacuum values are much
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smaller than in gases. A third technique [14,15] leads to the confinement
of Ps in vacuum and is a great improvement over the formation of Ps in
gases and in powders. When positrons of a radioactive source are incident
on various types of surfaces, up to one in 107 emerges at an energy of 1 eV.
The efficiency can be improved up to 1072 slow positrons per incident fast
particle. Slow positron beams of typically 10* — 10% e*/sec are now avail-
able. Then the positrons are accelerated to several hundred eV in order to
achieve optimal cross-section and are made incident on various surfaces (Au,
Ti, Cu, etc.). Up to 80% of them form Ps, which subsequently leaves the
target and enters the surrounding vacuum region. In this way it is a.lso'pos¥
sible to produce Ps atoms with thermal energies, which is very convenient
for experiments.

Currently Ps atoms are produced predominantly in the n=1 ground state
and subsequently annihilate fast. Only about one in 10°® — 10* atoms is
found in the n=2 upper state [15-17] which has a longer lifetime. One way
of populating the excited statés of atoms is the method of optical pumping.
Therefore lasers can be used to keep Ps out of S states, in particular the 1S5

ground state, which will result in a significant increase of the annihilation

lifetime. This leads to the study of the excitation probability of Ps atoms by
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resonant laser fields [18,19].

An atom in a laser field is distorted or dressed by the field. Lasers can
couple the ground state of Ps to one or more excited states. The new wave
function of Ps in the laser field is altered and can be represented as a linear
combination of the bare atomic states. This results in a longer annihilation
lifetime of the dressed state in comparison to the bare ground state. The
lifetime depends on the laser parameters (intensity and detuning) on one
hand and on spontaneous radiative transitions on the other hand. The latter
repopulate the 1S state and lead to annihilation. The contribution of pho-
toionization to Ps destruction becomes significant at high laser intensities
and has to be considered as well. Since the laser will essentially not couple
the singlet and the triplet manifolds, they can be considered separately.

Typical fluorescent lifetimes are of the order of 1078 sec, which is much
longer than the singlet annihilation lifetime outside of the laser and shorter
than the triplet one. If, due to the interaction with the laser, the singlet
lifetime is increased up to but less than the characteristic lifetimes of the
spontaneous radiative transitions, the latter can be neglected. For triplet Ps
fluorescence has to be always included in the considerations. -

Our goal is to obtain the lifetime of singlet and triplet Ps in the field of one
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and two weak near resonant circularly polarized lasers, taking into consider-
ation in an appropriate way annihilation, spontaneous radiative transitions
and photoionization. Due to coherent population trapping (see Section 1.3
below), we expect a longer lifetime for a Ps atom driven by two lasers. Since
the problem with one laser is relatively simpler, we need to solve it first, and

then with the experience gained consider the two laser case.

1.2 A two state Ps atom interacting with

one near-resonant laser field

We briefly discuss the case of one circularly polarized laser resonant with
the 1S - 2P transition’ neglecting all Ps destruction mechanisms. The laser
field is treated semiclassically. For a detailed analysis of the problem see [20]
(Chapter 2 and 4).

The dressed states of Ps interacting with the laser field, obtained in the

two state rotating wave approximation (RWA) are:

Id’:t) — (2ch,u.)‘1/2 (e:i-_p/z I'u0> eiwt/z + e;p/z I“1> e—iwt/z)

1See Figure 1.1.




Chapter 1 8

. i
xezp[—i(Wo + Wy :}:E)Z_ﬁ]’ (1.1)

where |up) and |u;) are the 1S and 2P bare atomic states respectively. Wy
and W; are their eigenenergies. The laser frequency is w, and the detuning
parameter p is defined as:

shpy = ——. (1.2)

Here

Aw=w — Wlo/h and W10 = W1 - Wo. (13)

A is the coupling matrix element for the one photon transition:

eE

A = 22 e (uy |fluo) (1.4)

mw
where E is the amplitude of the laser electric field, £ is its polarization? and

m = 0.5m. is the reduced mass. The Rabi frequency is

e = \JAw?K: +|AJ2. (1.5)

Corrections to the dressed states in eq. (1.1) are due to the neglected states
and to the RWA. They are of the same order of magnitude and are small.
In the rest frame of the atom the laser will be switched on adiabatically

so that only one of the dressed states will be realized. Since Ps is usually in

2The laser is circularly polarized.
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its ground state before the laser is switched on, this will be |®,) for Aw > 0
and |®_) for Aw < 0. For singlet Ps the annihilation will occur from one of

these states and the rate is proportional to |®.(7 = 0)/%. The result is:

I '
1‘% . 2ih# == +|2fw!ﬁ - % ’ (1.6)
where the limit is taken for ~A¢—“’ — 0. Here 'y = h/7s, 1s the decay rate in
the absence of the laser. Therefore we obtain that the annihilation lifetime
can be increased up to a factor of two, which occurs at resonance. For large
detunings (compared to A) it is not affected by the laser.
It is necessary to note that the Rabi frequency must be larger than the

annthilation rate in order to populate the excited state before annihilation,

ie. e ® A>Ty, where

o = 1.7107'°[Ht] for triplet Ps

Ty 1.9 1077 [Ht] for singlet Ps. (1.7)

From here we can estimate the laser intensities. We obtain for the triplet
I >2.0 W/cm? and for the singlet I > 3.2 10> W/cm?. In order to compare

we use a convenient atomic unit for the electric field:

E2
Bo= — ~51410°V/em and Io= C8—7r° = 3.52 10" W/em?  (1.8)

2
apg
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Here e is the electron charge and ap is the Bohr radius. This shows that
we need lasers, whose fields are weak compared to the ones present in the
atom. Therefore the approximations and the formalism needed to.solve this
problem should be appropriate for weak near resonant lasers.

For triplet Ps the state 2P decays radiatively to 1S. In the absence of
the laser the lifetime?® is 79 = 1.236 107°%s. This is much less than the
triplet annihilation lifetime. Therefore fluorescence has to be included into
the problem. The atom is no longer described by the state |®.), but by a
superposition determined by the fluorescence process. We use a procedure
originally given by Mollow [21] to describe this process. * The decay rate
is proportional to 6(7)(¥|Po|¥) , where |¥) is the wave function of the
system and P, prc;jects onto the state |up). The formalism used to obtain
this expectation value is discussed in some detail for the three level atom in

Chapter 2. The result for the two state case as given in (18] is:

r 1 2(7? + Aw?)
- = Z{1 1.
T, ~ 2 ( T AP+ 20w (1.9)

where v is half of the natural radiative decay rate for the 2P—1S transition.

3See Appendix A.

4See also [20], Chapter 4.
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When the laser frequency is near the 1S - 2P transition, the parameters Aw
and A are defined as in the singlet case. At resonance the annihilation rate

is reduced by a factor:

142+ (AP 1 272 7’
el PR - 1.
2o ar = 2 \UTapE) T O\ap (1.10)

and is unaffected for large detunings Aw. For a strong enough laser so that
the inequality A >> < holds, we obtain that the lifetime of triplet Ps is

increased by a factor of two, just as in the singlet case.

1.3 Coherent population trapping in a three

state positronium atom

The problem of coherent population trapping and more generally of dynamic
symmetry when a multilevel quantum system is irradiated by lasers has been
studied extensively in recent years [22-27] (and references therein). Dynamic
symmetry implies, in addition to the conservation of the total atomic popu-
lation, one or more other constants of the evolution in the dynamics of the
system. The problem is to find such invariants and the conditions under

which the system would have them. Most of the existing studies discuss co-
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herent population trapping in the context of a three level ‘A’ system driven
by two semiclassical lasers. The trapping states of a ‘A’ system driven by
quantized fields have been very recently discovered [28]. Two-level systems
are not known to exibit frapping states, except when the two-level atom is
interacting with a quantized field [29] or with a frequency modulated semi-
classical field [30].

In view of the above, coherent population trapping can be used to prolong
the lifetime of Ps in the case of a three-level system. We consider Ps atoms
in the field of two different circularly polarized lasers. Each of them is nearly
resonant with a given transition between the ground state and an excited Ps
state. In principle any two excited states which obey the selection rules can
be chosen. But spontaneous radiative transitions can occur between them
and other Ps states that are not coupled by the lasers. This would lead
to a multilevel problem, which is considerably more difficult (and probably
gives less enhancement of the lifetime), without introducing any new physics.
Therefore it 1s necessary to select a simple three state system wich is closed
with respect to fluorescence. This can be achieved by the following configu-
ration: laser ‘a’ couples 1S(m; = 0) with 3D(m; = £2) via a two photon

transition and laser ‘b’ couples 15(rmy = 0) with 2P(m; = £1) via a single
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photon transition (see Figure 1.2). The laser detunings are respectively:
Awg = 2w, — Wog where Wy =W, - W, (1.11)
and
Awp = wy — Wio where Wiyo=W; - W, (1.12)

This configuration of Ps states and laser fields resembles an inverted ‘A’
system (or a ‘V’ system). It has the property of coherent population trapping
at resonance, which means in this case that Aw, = Awy. The three dressed
Ps states close to resonance are found in Chapter 2, section 1.° One of
them has no 1S component. This state would not annihilate at all were it
not for the fact that spontaneous radiative transitions 3D —2P—1S occur.®
They repopulate the ground state and permit annihilation. The controlling
lifetime will be that of the 2P— 1S transition, which is 730 = 3.2 10~%sec. The
3D—2P transition is much slower with a lifetime of 75; = 3.1 10~8sec.” The
ratio T10/72, =~ 25 and therefore we anticipate an extension of the lifetime of

singlet Ps of about 25 times. On the other hand the lifetime of triplet Ps is

5See eq. (2.18) and (2.20).
SRadiative transitions to other Ps states are forbidden by the selection rules.

"These lifetimes are derived in Appendix A.
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longer than these fluorescent decay times and it is not clear beforehand to

what extend it is influenced by coherent trapping.

1.4 Research program
The Hamiltonian of a Ps atom interacting with laser fields is as follows:
H=Hy+ Hys+ Hr+ Hp (1.13)

where Hp is the Hamiltonian of the Ps atom outside of the laser (a hydrogen
atom Hamiltonian with a reduced mass m = %¢). Hy gives the interaction
between the Ps atom and the laser field. Since photoionization by the laser is
also possible and this is another mechanism for l;s destruction, here we need
to include this process as well. Hpg is the interaction Hamiltonian of Ps with
the quantized electromagnetic field resulting from spontaneous radiation. Hp
gives the annihilation of Ps from the ground state into high energy photons.
Due to angular momentum conservation, annihilation of singlet Ps results in
the emission of two gamma quanta and of triplet Ps - in three gamma quanta
[3].

We need to estimate the relative magnitudes of the fluorescent and the
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annih.ilation interactions. For the 2P—1S radiative transition we obtain that
;f‘; = 2710 = 7.586 10~° [Ht], and for the 3D—2P transition - % = 2y =
7.832 107'° [Ht]. We compare with the annihilation rate of Psin eq. (1.7). In
order to treat the annihilation interaction perturbatively, it must be smaller
than the interaction of the atom with the radiation field resulting from fluo-
rescence. In other words, we must have that Ty < & This condition holds
only for the triplet. Therefore we have to consider Hp nonperturbatively for
singlet Ps and we can consider it up to first order in perturbation theory for
triplet Ps.

It is necessary to note that the detunings Aw, and Aw, must be smaller
than the width of the corresponding excited states, so that the lasers are
resonant. In addition to the natural width of the states there are also in-
duced widths due to the interaction with the lasers. This is known as power
broadening.

In Chapter 2 we consider Ps atoms in the field of two near-resonant
laser when photoionization is not present. In the first section we find the
dressed states and discuss in detail the case very close to resonance. We
investigate the influence of the initial Ps state on the wave function of the

system in the lasers. We comment on the approximations used. In section 2
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we include spontaneous radiative transitions. We find the expectation values
of the basis set of matrices with respect to the complete wave function of
the system. The occupation probabilities of the bare states for triplet Ps are
found numeric‘ally for different values of the laser intensities. Considering the
annihilation interaction perturbatively up to first order, we find the decay
rate of triplet Ps.

In Chapter 3 we discuss singlet Ps in the field of one near-resonant laser.
The Hilbert space of the system is extended to include the continuum states
resulting from photoionization and the high energy gamma quanta from an-
nihilation. We obtain a system of differential equation, which is solved with
the Laplace transformation in the pole approximation. We seek the optimal
laser intensity, for which the destruction of Ps is minimized.

In Chapter 4 we consider singlet Ps in the field of two near-resonant
laser without including spontaneous radiative transitions. Photoionization
and annihilation are considered nonperturbatively by introducing a complex
potential in the Hamiltonian. We derive an expression for the probability to
find singlet Ps for different initial conditions. We obtain an effective time-
dependent decay rate as a function of the parameters in the problem.

In Chapter 5 we discuss triplet Ps in the field of one near-resonant laser.
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Ionization and annihilation are included again via a complex potential. We
investigate the influence of these terms on the Rabi frequency. The proba-
bility to find Ps is found analytically at resonance and in powers of v/A.

In Chapter 6 we consider the complete physical problem of Ps in the field
of two near-resonant lasers. Photoionization and annihilation are included by
a nonhermitian term in the Hamiltonian. Spontaneous radiative transitions
are treated with the formalism introduced in Chapter 2, section 1. This
method allows to consider singlet and triplet Ps in a unified way taking
into account all the relevant interactions. We find a system of nine coupled
differential equations for the expectation values of the basis set of matrices
with respect to the complete wave function of the system. One of them gives
the probability to find Ps as a function of time. In section 2 we solve this
system numerically for triplet Ps. We find the probability and the decay rate
for different values of the laser intensities and detunings. In section 3 we solve
for the probability of singlet Ps. We also solve some limiting cases in order to
investigate the influence of photoionization and fluorescence. The probability
and the lifetime are found for different values of the laser intensities and for
different initial state.

In Appendix A we derive the fluorescence and single-photon ionization
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rates. The matrix element of the two-photon laser induced transition 15 «»
3D and the two-photon ionization rate from the ground state are derived
in Appendix B. The constraint on the wave function of the system used to

include fluorescence is derived in Appendix C.

1.5 Numerical estimate of the critical laser

intensities and of photoionization rates

In what follows, if not stated explicitely, all numerical values and most of the
formulas are given in units i = ¢ = 1. In this system of units the dimension
of all physical quantities is energy or inverse energy. We set the energy scale
to be 1 Ht = 27.2€V.

We mentioned in section 2, while considering the two state problem that
the Rabi frequency must be larger than the annihilation rate (1.7) in order
to populate the excited state before annihilation. We denote with A, the
coupling matrix element for the two photon transition from the ground state

to the 3D excited state. A, is the coupling matrix element (1.4) for the one

a,b
erit

photon transition from 1S to 2P. The critical values of the laser fields E
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are determined by the condition:
Agp(E* = E2%) = To. (1.14)

In order to proceed, the numerical values of the coupling matrix elements
have to be computed. From eq. (1.4) we obtain®

E
Ap = 1.492 =2 [Ht], (1.15)
Ey

where Ey is the atomic electric field defined in eq. (1.8). From the condition

(1.14) we obtain the critical value of the ‘b’ laser field:

E*, = E;114107'° for triplet Ps
Eb. = Ey1271077 for singlet Ps. (1.16)

These values are given in section 1.2. We can now express A in terms of the

critical fields, which is convenient for further calculations:

b

Ay = 171077 (;—) [Ht] for triplet Ps
crit
b
Ay = 1.91077 £ Ht] for singlet Ps. 1.17
EY &

erit

A, is more difficult to handle since it is a two photon matrix element:

Aa = B2 (ualé* - 714(7)) (1.18)

8A detailed calculation is given in Appendix A.
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and

87 = 3 LnklalE Th00) (1.19)

where the sum runs over all possible intermediate states |u,) except 2P.°
We can perform this sum without approximations by using the method of
inhomogeneous differential equations which is described in [31-33] (Chapter
4).1° A detailed calculation of this matrix element is given in Appendix B.
We obtain:

As = 28.81 (g—o)z [Ht). (1.20)

Therefore the critical values of the laser electric field in this case are:

2+ = E;243107°%  for triplet Ps
2. = E;812107°  for singlet Ps. (1.21)

They are considerably larger than the ones for laser ‘b‘ in eq. (1.16), because
A, is quadratic in the laser electric field. It is again convenient for further

calculations to express A, in terms of the critical fields:

A, = 1710710 (ﬁa-—
crit

2
> [Ht) for triplet Ps

91f we were to use opposite circular polarizations for laser ‘a’ and ‘b’, then the state 2P
is also included in the sum.

10Gee also references given in [31].
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a

E
A, = 1.91077
(7

. )2 [Ht] for singlet Ps. (1.22)
crit

This demonstrates again that the interaction energy of the Ps atom with the
lasers, i.e. Ay in (1.17) and A, in (1.22) is much smaller in comparison to the
interaction energy in the bare atom. In comparison, the energy levels in Ps

are.

2

Wi = %2—‘;; = 0.1875 [Ht]

W = %2 _ 02002 mY] (1.23)
9 2ap

Wa = 5 = 0.0347 [Ht].
72 2ap

With the critical fields (1.16) and (1.21) we can now estimate the values of
photoionization rates. In principle there are five possible ionization processes.
Laser ‘a’ can ionize the Ps atom either from state 2P or from 3D. The same
holds for laser ‘b’.1! It is also possible to induce a nonresonant transition
from 1S into continuum states by a two photon process first with laser ‘a’
and then with ‘b’. The two photon ionization from the ground state when
the order of the lasers is reversed is resonant and is included in our previous

considerations. We compute the ionization rates in perturbation theory to

11Gee Figure 1.2.
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lowest order. For the radial part of the continuum wave function we take the
Coulomb function with ingoing wave boundary conditions [34] (Chapter 14),
[35] (Chapter 1.3) and [36]. The integrals in the one photon ionization rates
can be performed analytically. A detailed derivation of all ionization rates is

given in Appendix A. We obtain the following numerical values:

e ionization from 2P with laser ‘a’:

a B
crit

o\ 2
wyp = (E ) 7.637107'? [Ht] for triplet Ps

a .
crit

e\ 2
wip = (E ) 8.528 107° [Ht] for singlet Ps.  (1.24)

e from 3D with laser ‘a’:

s \ 2
wip = ( Ez ) 2.915107*% [Ht] for triplet Ps
erit

a2
wyp = (;i ) 3.255107° [Ht] for singlet Ps.  (1.25)
crit

o from 2P with laser ‘b’:

Eb \*
whp = ( ) 2.961 107! [Ht] for triplet Ps

b 2
whp = (E—> 3.673107'° [Ht] for singlet Ps.  (1.26)
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e from 3D with laser ‘b’

Eb\?
wh, = (E" ‘ ) 1.355107% [Ht] for triplet Ps
crat

Eb

wh, = (ﬂ)z 1.681 107*° [Ht]  for singlet Ps.  (1.27)
crit

We have represented the ionization rates in terms of the ratio of the laser field
and the respective critical field. This is why the singlet and triplet ionization
rates appear to be different. They are not, but the respective values of the
critical fields are. This way of writing allows us to compare easily the above
rates with the ones for annihilation in eq. (1.7) and estimate which of the
photoionization processes are relevant. The intensity of laser ‘a’ (1.21) is
much higher than the one of laser ‘b’ (1.16). This leads to relatively large
ionization rates (1.24) and (1.25) for laser ‘a’, which are about 20-30 times
smaller than those for annihilation, when the laser fields are equal to the
critical ones. Therefore they can lead to an observable Ps destruction under
certain conditions. On the other hand the ionization rates (1.26) and (1.27)
for laser ‘b’ are orders of magnitude smaller than the respective annihilation
rates and can be neglected.

The last possible ionization is the nonresonant two photon one from the

ground state [37, 38]. Up to first order in perturbation theory the matrix
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element for this transition is:
A, = e’E,E, (u;2|é" -7@'(7)) (1.28)

and

1) = " Tl 120

where |u_,) is the energy normalized, with incoming wave boundary condi-
tions, regular at the origin Coulomb function for unbounded states as defined
in eq. (A.29). The sum runs over all possible intermediate states |u,) except
2P.22 1t can be solved without any approximations with the inhomogeneous
differential equation method [31-33] in a similar way as for A, (see Appendix

B). We obtain the following ionization rates:

Ee 2 Eb 2
wiy = ( - ) <F;) 7.257 10732 [Ht] for triplet Ps

crit cr

S
&
|

Ea 2 Eb 2
% = ( ~ ) (Eb ) 1.010 1072 [Ht]  for singlet Ps. (1.30)
erit

crit
Obviously these rates are too small in comparison to the annihilation rates

to contribute to the destruction of Ps at the laser intensities of interest and

this ionization process can be also neglected.

12A)50 in this case, if lasers ‘a’ and ‘b’ were to have opposite circular polarization, the

state 2P has to be included as well.
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To summarize the results of this section, we obtain that the relevant
ionization rates are from the states 2P and 3D induced by laser ‘a’. The
rates for all other transitions to the continuum are too weak to result in an

observable Ps destruction and need not be taken into consideration.
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lonization
4 4
Wy
Wy
2P(m =1), Wy, =—-1.7TeV
A
Ab, Wy Tio = 3.2 10_93

Wy

1S(m = 0), Wo = —6.8¢eV

high energy y-quanta

Figure 1.1: Energy level diagram of a Ps atom in the field of one near-

resonant circularly polarized laser. The annihilation lifetimes are respectively

72 =1.251071% and 7" = 1.41077s.
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4

/ ionization
Wp Wa

— —8 wb
3D(m = 2)\ W, = —0.755 Q\&‘“ 107 Wa

2P(m =1), Wy = —-1.7TeV

Bs, 710 = 3.210"%

high energy y-quanta

Figure 1.2: Energy level diagram of a Ps atom in the field of two near-
resonant circularly polarized laser. The annihilation lifetimes are respectively

Tan = 1.25 10~1%s and Th =14 10~7s.
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Positronium atom in the field
of two near-resonant lasers

without photoionization

Photoionization is not included in this chapter. First we consider only the
laser-atom interaction and find the wavefunctions which are the solutions of
the Schrodinger equation. The results hold for singlet as well as for triplet Ps
atoms. They will be used in Chapter 4 to find the lifetime of singlet Ps. Then

we include fluorescence in the system by using a method first introduced by

28
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Mollow in [21}. This enables us to find an expression for the lifetime of triplet

Ps in the field of two lasers.

2.1 Dressed states

Since the laser is weak, it would seem that a straightforward perturbation
theory in the interaction H, is adequate. This is true except for the situation
in which the laser is nearly resonant with a transition between a pair of bare
atomic states. For example if the state |ug) times some laser state is nearly
degenerate with the state |u;) with the same laser state less one photon, which
is the case we have here, then it is necessary to use degenerate perturbation
theory.

Our starting point is the Schrodinger equation:
.0
S [U() = (Hot Ha)lW(2). (2.1)
The lasers are treated semiclassically and

Hy = Y = Ai(t)-7 (2.2)

j=ab

is the interaction of the Ps atom with the two single mode lasers in the

dipole approximation. The index j refers to laser ‘a’ and ‘b’ respectively.
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See level diagram in Figure 1.2. We are working in the velocity gauge. The
term quadratic in the vector potential is small and is not included in the
Hamoltonian. Moreover it contributes nothing to matrix elements between
different states of Ps in the dipole approximation. We have also performed a
transformation to an interaction representation in which the time evolution
due to the free Hamiltonian of the laser fields is absorbed into the wave

function:

[$(t)) = e Frett [(2)) (2.3)

The vector potentials are:

" E; - -
Aj(t) = g’_(éj et 4 g et (2.4)
. J

Both lasers are circularly polarized with polarization:
. 1., ..
& = (& x1d). (2.5)

We assume that the wave function can be represented as a linear combination

of the three orthonormal bare states:

[T(t)) = &(t) [uo) ™™ + B(t) fua) &M

+3(t) |u2) e, (2.6)
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with unknown time dependent amplitudes &(t), G(t) and 4(¢). The wave
function |¥()) is substituted back into the Schrodinger equation. Then the
latter is projected successively onto |ug), |u;) and |uz) to obtain three coupled

equations for the three unknown parameters.

| Ay Ae in
Z&I(t) — ,B(t) fetAwbt +’7(t) ___2_esA at

iB(t) = a(t) %Ee"‘“b‘ (2.7)

[ — A; —1Aw
#w'(t) = at) >€ Awat

where Aw, and Aw, are defined in eq. (1.11) and (1.12) respectively. The one
photon coupling matrix element A, is definined in eq. (1.4) and calculated
in Appendix A, while A, is defined in eq. (1.18) and (1.19) and calculated in
Appendix B. As described there, it is a second order matrix element because
the transition 15 — 3D is a two photon one via all possible intermediate
states.

On the right hand side of this system of equations we have dropped some
terms. Originally there are t\;vo kinds of exponential time dependencies, a

slow one:

e:tiAwat and e:i:iAwbt, (28)
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and a fast one:

et (Bwa—2W3o )t and e:i:i(Awb—?'Wm)" (29)

The rapidly varying terms are assumed to average away and therefore make
a small contribution to the equations and are dropped. This is the usual
ro;cating wave approximation.

The system of differential equations (2.7) can be solved with the assump-

tion:

&(t) = « e-—i(z—Awa)t/Z

ﬁ(i) — ﬂe—i(c—Awa+2Awb)t/2 (210)

’7(t) — ,ye—-i(c+Awa)t/2

where @, § and « are constants. This results in an eigenvalue problem for

the Rabi frequency e.
(E - Awa)a = IBAb + 'yAa
(e — Aw, + 2Awp)B = aly (2.11)

(e + Aws)y = ah}

a

The corresponding eigenvalue equation:
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£ + ?(—Awg + 2Awp) — e(Aw? + |Ag|? + |Ab]?) +

(Awa — 28w,)([Aal? + Aw?) — |Ap|2Awg = 0 (2.12)

can be solved numerically to obtain the values of the three Rabi frequencies
;. They are substituted back in eq. (2.11) and using the normalization

condition:
la® + B + [* = 1, (2.13)
we obtain the corresponding eigenfunctions. They are the unknown param-

eters in the expansion of the wave function of the system:

i + Aw,
ale;) = T v(e:)

2 _ Aw? — |A,]?
Ble) = = Aui'}\bl | v(e:) (2.14)

X

. (4 Aws)? (€2 — Aw? — |A.2\?]
) = [” ar T\ mA

This gives us three orthonormal functions which are the solution of the
Schrodinger equation (2.1). They are the dressed states of the Ps atom in
the field of two single mode near resonant lasers and are the generalization
of the states |¢4) in (1.1).

This eigenvalue problem can be solved analytically close to resonance.
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We assume:
Aw, = Aw+ é
2
)
Awy, = Aw-— 3 (2.15)
where 6 is a small parameter. The Rabi frequencies are found to be:
1 2|A,|? 2
= — b=+ ——— O(6
€1 Aw + { 2+|Aa|2+IAb12}+ (6%)
Aw [Aq|? .
= —_—— ) 2.1
€23 +s + 5{1-1“: 7S o(s £ Aw) + 0(6°), (2.16)
where
s = Aw? 4 A + [A]2. (2.17)
The dressed state which corresponds to the eigenvalue ¢, is:
I‘Ill(t)) — le—-icstléf—;»]‘ { 62AaAb |u0> ei(Aw-{-%)te—iWot
o o
4 A 2Aw : 4
- A, (1 + 5—%—) lug) ete™ Mt (2.18)
4|A,)? :
+ Ab (1 _ 6‘ | |4Aw) |u2> e—-cht}’
o
where
o =1/|Aa|? + | A% (2.19)
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The most important feature of the state |¥;) is that at resonance (§ =
0) it does not contain the ground state |ug). This is the phenomenon of
coherent population trapping which we discussed in Chapter 1, section 3.
The bare states |u;) and |u;) are stable against annihilation, as discussed in
Chapter 1, section 1. Therefore in the case considered here, i.e. resonance,
no fluorescence and ionization, the Ps atom is stable while in the laser field,
if it 1s in the state |¥1). On the other hand the other two dressed states are
a linear superposition of all three bare Ps states and even under the above

mentioned conditions will annihilate. Up to zeroth order in é they are:

(Aw:i:a)2 .
|‘I’2 a(? { Awts IUO) 8—’(W°_Aw)t
v/ 2s(s £ Aw
+ A [u) e 4 AL fup) e (2.20)

The actual state of the Ps atom interacting with the laser fields will be a

superposition of the dressed states (2.6), (2.10) and (2.14):

8i(t)) = Y. Cul¥i(t)). (2.21)

1=1,2,3

The index [ refers to the initial conditions, which determine the unknown

constants Cj;:

Byt = 0)) = O |Ts(t = 0)) + Ciz|¥a(t = 0)) + Cia |Ta(t = 0)) . (2.22)
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They can be found analytically at resonance Aw, = Aw, = Aw, when the
dressed states are given by eq. (2.18) (for § = 0) and (2.20). Let us assume
first that Ps was initially in its ground state, i.e. |®o(¢ = 0)) = |uo). Consec-
utive projections of eq (2.22) to the left with the dressed states, which are

orthonormal, yields:

s+ Aw 1

—

Coz = —
02 2% \/5

o s — Aw 1
= -_— —_ — —
03 2s \/2—,

where the arrow indicates the limit for Aw — 0. Under the idealized circom-
stances considered here, i.e. resonance, no fluorescence and no ionization, the
wave function (2.21) does not contain the coherently trapped dressed state
(2.18). We obtain the important result that in this case Ps cannot be sta-
bilized if it was initially in its ground state. Including the above mentioned
processes into the problem will lead to some corrections for the coefficient
Co:. To what extend this will influence the lifetime can be found only by a

complete solution to the problem.
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If Ps is in the state |u;) before the lasers are turned on, the constants in

the expansion of the wave function onto the dressed states are:

q
Cu = ——F— ,
n = (224)

Ay 1
\/25(s + Aw) v2(1 + ¢?)

53
I

Ay 1
J2s(s — Aw) 21 +¢?)

@) e

erit

where

Note that in this case the value of the parameter q influences significantly
the wave function. For ¢ > 1 we have that Cy; = 1 and Cy; = C13 = 0.
The system is almost exclusively in the coherently trapped dressed state.
This means that Ps can live infinitely long in the idealized circomstances
considered here. For q=1 we obtain that C;; = —1/\/5 and Cy; = Cy3 = 1/2.
Therefore the probability to find Ps in the coherently trapped dressed state
is one half and there is a possibility for extension of the lifetime depending
on additional factors in the problem. For ¢ < 1 the constant Cj; < —q and

there is a small contribution from the trapped state.
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When Ps was initially in the state |uz), we have:

1
Cy = — 2.26
21 m ( )

022 -

' A, q
v/ 25(s + Aw) v/2(1+ ¢?)

023 =

Aq q

v/ 2s(s — Aw) - v2(1 + ¢%) .
Here we have the reverse situation than in the previous case. C3; = 1 and
C21 = Cy =~ 0 for ¢ < 1 and Ps can live infinitely long. For ¢ > 1 the
coeflicient in eq.(2.21) in front of the coherently trapped state is small.

These considerations lead to important conclusion regarding the possibil-
ity to extend the lifetime of Ps in the field of two lasers. At resonance, when
photoionization and fluorescence are not present, the Ps atom can be in the

coherently trapped dressed state in the following two cases:

a. The atom was initially in the excited state 2P and the coupling
matrix element A, of laser ‘a’ is equal or larger than the one of

laser ‘b’.

b. The atom was initially in the excited state 3D and the coupling
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matrix element A, of laser ‘a’ is equal or smaller than the one of

laser ‘b’.

If these conditions are fulfilled, coherent population trapping is possible and it
will result in the stabilization of Ps. When the initial condition is the ground
state, the Ps wave function in the lasers will not contain the coherently
trapped state, which means that the lifetime of Ps cannot be increased. The
problem considered here is an idealisation of the real one. Ionization needs
to be included, which will give an upper bound on the values of the laser
intensities (especially for laser ‘a’) and therefore some restrictions on the
possible values of the parameter q. Spontaneous radiative tra:nsitions lead
to the repopulation of the ground state and alter the wave function of the
system given by eq. (2.21). They are not very relevant for singlet Ps, because
its annihilation lifetime is much shorter than the fluorescent decay times. We
have the inverse situation for triplet Ps and it is not clear in advance to what
extend radiative transitions will elliminate the effect of coherent population
trapping. Finally, large values of the laser detunings will lead to a ground
state component in the dressed state (2.18) and will decrease the effect of

coherent population trapping.
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We would like to comment on some limiting cases of the dressed states
(2.18) and (2.20). The situation encountered here is similar to the one in the
two state problem [20] (Chapter 2.) for the states in eq. (1.1). Namely for

hw/|A| — *oo, the dressed states evolve into:

¥

|21) — |ug)e ™R’
i) - |ug e“iv_",tlt. 2.27
:F

For the problem considered here, let us assume that in the remote past laser
‘a’ is turned on first before laser ‘b’. During the experiment the detuning is

kept positive Aw > 0. We have as

t— —o0: %ﬁ—»o and s — Aw (2.28)

We obtain that in the remote past the three dressed states originate respec-

tively from the following bare Ps states:

A

\I, _g__ —int
| 1) - lAal |u’1> € )
Ty)  —  Jug) e” W0t (2.29)

A; :
I‘Ilg) -— m I’I.Lz) e—ngt .

If the system is in the ground state before the lasers are turned on, |¥,) is the

initial dressed state. The system will stay in this state, if the time evolution
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is truly adiabatic. Let us assume that in the remote future (¢ — oo) laser
‘a’ is turned off after laser ‘b’. Following the line of the above discussion, we
obtain that the system will return into its ground state.

Suppose now that in the remote future we have the reverse sequence of
events: laser ‘a’ is turned off before laser ‘b’. In this case %‘: — 0 and the

bare Ps states, which will respectively evolve from the dressed states are:

Ab —IWQt

|‘Ill) —lAbI |u‘ > € )

|T,) —  |uo) W0t (2.30)
A} —iWyt

¥;) — v

Ve = gy )

The system starting in the ground state will return to it again. Now let us
assume that in addition we have chirping, i.e. the detuning Aw changes sign
while the lasers are turned on. Then depending on the initial conditions, the

system will evolve in the remote future into the following bare states:

A .
|‘I’1) N _|_K:_| |u2> e—:Wzt’

A :
@) — I—KZ—I uz) et (2.31)

Therefore, if the Ps atom has started originally in the ground state, it will
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stay in the dressed state |¥,) during the interaction with the lasers and it
‘will end in the excited state |u;) after they are turned off adiabatically in the
above sequence.

Consider the reverse situation: In the remote past laser ‘b’ is turned on
first before laser ‘a’. Then there is chirping of the lasers. Finally in the remote
future laser ‘b’ is turned off before laser ‘a’. If the system was originally in
the ground state, it will evolve into the dressed state |¥;) and finally end into
the excited bare state |uz). In this way, the interaction of Ps with two nearly
resonant lasers leads to its excitation either into |u,) or |u;) depending on
the sequence of events in the experiment.

It is necessary to make some comments on the approximations used to
find the dressed states. The rotating wave approximation amounts to the

neglect of terms such as:

:‘Aéée_i(wb-l-Wlo)t- (232)

We may estimate the contribution of this term by treating it as small and

replacing 3 by its zero order value. The resulting corrections are:

ba 608 by ( A )
—r—x—x0(—]), 2.33
ar B Y Wio ( )

which has been assumed to be small.
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The three state approximation can also be corrected in the same manner.
|¥;(t)) in (2.6) are assumed to be zero order solutions and the contributions
from the states |u,) for n # 0, 1,2 are assumed small. The coefficients of |u,,)
in the wave function are then found to be of the same order of magnitude as
the corrections to a in (2.33). Therefore the three state approximation and
the RWA are of comparable accuracy and it is usually not worth correcting

one of them without also correcting the other.

2.2 Spontaneous radiative transitions

In this section we incorporate spontaneous radiative transitions in the prob-
lem. When an atom is in a resonant laser field for a time long compared with
the natural decay time of an excited state, then the probability that the state
decays by emissioin of spontaneous radiation into modes other than the laser
mode must be included in the considerations. Since the allowed spontaneous
decay times are 10~ — 10~%, this is a common phenomenon for triplet Ps.

Therefore in eq.(2.1) we add the interaction between the radiation field and
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the Ps atom, which is given by Hg = eER(t) -7 and

27ka 2 —twpt

ER(t) = %}\: v (EkA e

s+ £l €% af,) (2.34)

is the electric field. Here-a}, (ax) are the creation (annihilation) operators

for radiation photons with the usual bosonic commutation relations:
[G«k)‘, a;'c,,\,] = 5kk’ 6,\>‘l (2.35)

The total wave function is now expandable in the dressed states (2.6), which
we have already found. It is convenient to use a matrix notation for these

states:

|\111> = e—izlt/Zh 0 ;l‘I’Z) — e—izzt/Zh 1 ;I‘IIB) — e—izat/2h 0

(2.36)

The Hamiltonian can now be written as a 3 X 3 matrix for which the Gell-

Mann matrices A, for a = 1....8 (i.e. the generators of the unitary group
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SU(3)') and the unit matrix form a complete set of operators.

010 0 —3 0 1 00
A=1100 A2=14 00 As=10 -1 0
000 0 00 0 00
(0 01 00 —i 000
As={0 0 0 Ads=100 0 =100 1
100 i 0 0 010
00 0 10 0 100
M=l00 —i| =701 0] de={010
L0 i 0 00 —2 00 1
(2.37)
Any hermitian matrix can be expanded as follows:
g
Ay = ;ab (Xe)ss (2.38)

where the coeflicients a; are given by:

1For more information on the SU(3) group see for example [40].
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a1 = (A2 + An) ar = %(Alz — An) a3 = 3(An — Az)
ay = %(Am + Az) a5 = l;;(1413 — Aa) e = %(A“ + As)

ay = %(Am — Az) ag= ﬁ(!‘ln + Ay — 2A433) ag = %(Au + Agz + Asz)
(2.39)
We need to obtain the matrix of the full Hamiltonian in this representa-
tion using the detailed form of the three orthonormal dressed states. Part of

the Hamiltonian is diagonal in this representation:

1 9
Hy+ Hy — 56.’ 5,']' = Z V(E,‘)u P (2.40)
a=1

The coefficients V(e;) are defined by eq. (2.33) and (2.34). They are:

1 1
Va = 1(51—52) Ve = 4\/5(514-52—253)

1
Vo = & (e1+ €2 + €3) (2.41)

and all other V; are zero. Our major concern is the term Hg which gives
the interaction with the radiation field. We have emission of spontaneous
radiation from the transitions |u;) — |u;) and |u;) — |uo). Therefore we
can split the radiation field operator into two components depending on the

value of the photon wave vector:

Er = EB + E. (2.42)
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Eﬁl includes photons with energy within a narrow interval ? around Wo,,
while EL refers to photons resulting from the second radiative transition with
energy within a narrow interval around Wj,. These two operators commute,
because of (2.35). Using the notation d;; = e(u,|7|u;) for the dipole operator,

we obtain:

S 9
H = ) Vo + {(Z Xa)\,,> BRI (1) - dyy emivnt
a=1

a=1

9
+(2 ZaAa> ER(1) . dyy emi@wamwndt 4 h.c.}. (2.43)
a=1

Here E2*)(t) and EX®)(t) are the positive and negative frequency
components of the above radiation operators. Originally there are two types
of time dependencies in this representation of the dipole operator e****¢t and
two types of time dependencies in the radiation field operator e*t, Since
wy ~ wy, the product of the two terms will contain both a slow varying factor
e*¥wr-wr)t and a rapid one e*wr-ws)t. A second level RWA [39] has been
made by dropping the rapidly varying terms. Its justification and validity are

the same as the first one. The new physics introduced by this approximation

is the requirement that fluorescent emission follows only immediately after

2The width of the interval is of the order of the width of the states.
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the absorption of a laser photon, thereby roughly conserving energy at each
step.

The new parameters X, and Z, introduced in the above expression for
the radiation Hamiltonian Hpg are known functions of the amplitudes a(e;),
B(e;) and v(g;), in (2.14). They result from the expansion of the Hamiltonian

in this representation onto the basis set of matrices (2.37):

9
o B; = Y Xa(a)ij

a=1
Biv; = éza (Xa)ij , (2.44)

using eq. (2.38) and (2.39).
Physical observables can be expressed as expectation values of operators
with respect to the total wave function of the system |¥(¢)). We can obtain

equations for these observables from:

i%(mo;\p) = (9]0, H]|D). (2.45)

If the operator O for a given observable is independent of the radiation

operators and also it is not explicitly time-dependent, we obtain:

d
gtonm = (2.46)
Z Va (‘II‘ [0’ )“’] |‘Il) + {Z Xa (‘I’|E—.1120(+)(t) ) Jcn [O, /\a] I‘I’)e""“’b‘

a=1 a=1
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9
+ 30 2, (WEENt) - diy [0, 2] W) et 4 h}

a=1

It is apparent from the above expression that the equation for O couples to
expectation values which contain radiation operators linearly and equations
for those (expectation values of Eg) will couple to still others. This results
in an infinite set of coupled equations which describe the infinite number of
degrees of freedom of the radiation field. Mollow’s contribution was the use of
an approximate solution for the electric field as an approximate constraint on
the wave function, which allows the truncation of the infinite set of equations.

In our case the costraint is as follows:

o 2 - S
EROW180) = 3 Wi dn e (X Xaha) [9(2)
a=1
. 9
EZCNwy je)) = —%W;‘1 diy e uemn)t (37 Z2,) [U(2)).(247)
a=1

A detailed derivation is given in Appendix C.
Any hermitian matrix can be expanded over the set {A®} for a=1...9.

Therefore we can find the expectation value of any operator if we know:

Sa = (¥]|A]¥) for a=1...8. (2.48)

In order to find an equation for S, in eq. (2.48), we make use of the con-
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straints (2.47) and of the algebra of the Gell-Mann matrices:
[)‘a; >‘b] =2 fabc Ac (249)
4
{)‘aa )‘b} = §5abI + 2dgpcAc.

Here fac ar;: the structu’re constants of SU(3) [40], as defined by the com-
mutation relations in eq. (2.49). They are completely antisymmetric. The
constants dgp; are symmetricin all indeces [40]. We obtain after some lengthy
derivations the following system of linear inhomogeneous differential equa-

tions:

EZSG + MauS, = Qa for a=1...8. (2.50)

For a=9 we have:

d d

S = = (Y¥) =0, (2.51)

* which is just the normalization condition.* The matrix M is given by:
May, = —2fapc Vo —

~4fatcfeqp [110 Re(X; X,) + ¥ Re(Z;Z,))]

~4 fatelegb [v10 IM( X[ Xg) + a1 Im(Z] Z,)]

+4 fach [110 XoIm(X.) + 721 ZoIm(Z.)] , (2.52)

3We do not have absorption and the Hilbert space comprises only bound Ps states.

Therefore the probability to find Ps is one .
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and the inhomogeneous term Q is:

8 8
Q. = 3 1o fabe Im(Xp X.) + 372 fabe IMm(Z; Z.). (2.53)

The parameters ;0 and 42; are half of the natural decay rates of the states

2P and 3D respectively and are equal to:

2 w130 7 2 k
— d = —— = 3.793107° [Ht
Y10 3 P | 1o| 2710 7 [ ]
2 W3 | - k ,
= =22 1du? = — = 3.916 10—10 [Ht]. 2.54
Y21 3 343 | 21| 2791 6 [ ] ( )

The constraints are an expansion in:

Y10 Y10 Y21 Y21
— and —_— 2.55
Wio wp Wa Wq ’ ( )

so that subsequent results are accurate only to lowest order in these param-
eters.
We assume that there is no time dependence in the coefficients of eq.

(2.56) and therefore they are constants. The solution is then given by:
Sa=(M N (1 — ™M)y Qc + (e7M)ap Sp(t =0) . (2.56)

Sa(t = 0) is the initial condition. We denote with m; the eigenvalues of the

matrix M. Numerical calculations show that Re m; > 0. Therefore all the

M

terms in (2.46) that contain e~** will decrease exponentially for large times.
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The latter is known as Markovian behaviour. This means that all memory of
the initial conditions vanishes exponentially at large times. In principle, this
is not correct since it is known [41] that the memory of the initial conditions
decays as a power of time for sufficiently large times. The origin of this
discrepency is the Markovian approximation involved in the derivation of
the constraint. In general, the coefficient in front of the power is too small
for this term to be observed. Moreover, it has been shown recently [42,
43], that the existence of the power law behaviour depends on the method of
preparation of the initial state in the experiment and may not be as universal
as it was assumed. In any case, we shall neglect this behaviour.

Sufficiently large times in the case under consideration means ¢t >>

Ti0,T21. We are interested in times ¢t > 7!, which is considerably larger.

an?

Therefore an accurate description of the behaviour of the system is given by:
S, = (M™Y)auQs.  for a=1...8. (2.57)

Using the above results we can obtain the probability to find the bare

atomic states when the system has a wave function |¥(t)). They are:

o = [(®luo)|® = (Pluo)(uol¥) = (¥|auio;|¥) = D (Vs(@))a Sa

a=1
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9

o= () = (Rl (us[) = (ZIBB1E) = S(U(B))e S (2.58)

a=1

o= [(Tlu)l* = (Tlus) (uel¥) = (¥]7;1®) = D (Va(7))a Sa

a=1
The coeflicients (Up)a, (Ui )a and (Uz)s are known functions of the parameters
a;, B; and ;. For exaple (Up), are obtained from the expansion of the matrix

a;a; onto the Gell-Mann matrices using eq. (2.39):

(Uoh = ez (Uoh =0 (Uo)s = (e~ ai) (2.59)
(Uo)s = aucs (Uo)s = 0 (Uo)se = azag (Ug)r = 0

1 1
(Uo)s = m(af + af — 203) (Uo)e = g(af + o +a3) .

Finding the probabilities ly, I; and [, is equivalent to finding the wave function
|¥(t)) as a linear combination of the bare Ps states.

The occupation probabilities of the bare states are found numerically for
different values of the laser intensities with a FORTRAN program. The
results are given in Table 1.1. We find that the probability to find Ps in the
excited state 2P is insignificant when the coupling with laser ‘a’ is stronger,
while the probabilities for 1S and 3D are almost one half. This is logical
because laser ‘a’ induces transitions from the ground state into 3D. In a

similar way, the probability to find Ps in the state 3D is almost negligible,
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Aol | |Ae]l | b b Iz

10 | 10T, | 0.488 | 0.256 | 0.256

10T Ty |0.475|0.050 | 0.475

o [ 10T, { 0.499 | 0.499 | 0.002

Table 2.1: Probability to find the bare states in the wave function of triplet
Ps, when the atom is in the field of two lasers. Photoionization is not con-

sidered. When the laser intensities are critical |A,| = |As| = 0.

when the coupling with laser ‘b’ is stronger. In this case the probabilities
for 1S and 2P are almost one half. When the laser couplings are equal,
the bare excited states have equal probability to be occupied. On the other
hand the probabitity for the ground state remains almost the same and it is
less than, but very close to one half. The figures given in Table 1.1 do not
change significantly when the laser intensities are increased. They depend
mainly on the ratio A,/As and if it is smaller or greater than one. We find
that the values of the detunings Aw, and Aw, within a range from zero up
to a maximum of the natural widths of the states 3D and 2P respectively,

practically do not influence the results.
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The annihilation term in the Hamiltonian is given by:

1
HD = —5F0 "LLC><’U,0| (260)

This is a phenomenological expression, without consideration for the mecha-
nism of annihilation or for the inverse process, i.e. creation of an electron and
positron pair from high energy «-quanta. The latter are irrelevant for our
considerations. Since 7! is much larger than the other characteristic times
in the problem, Hp is much smaller than the laser-atom or the fluorescent
interactions. Therefore it is justified to consider it in perturbation theory up
to first order. In this case the annihilation rate of Ps in the laser fields is

given by the following expression:
I'' = 2(V|Hp|¥) = Tolo. (2.61)

It is equal to the annihilation rate outside of the laser fields times the prob-
ability to find Ps in the ground state when the atom is interacting with
the lasers. This means we have neglected any correlations between the an-
nihilation process on one hand and the laser induced or the spontaneous
radiative transitions on the other hand. This is reasonable, since the latter

are much faster than annihilation and the atom fluoresces many times. From
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the numerical values for the probability given in Table 1.1 we obtain that

the minimum value of the Ps decay rate is:

I' = 0.475T, = 0.81 107° [Ht] (2.62)

Therefore the result is similar to the one obtained in the two state case. It is
not possible to increase the lifetime of triplet Ps more than two times when
the atom is in the laser fields. The reason for this are spontaneous radiative
transitions, which are fast in comparison to the annihilation lifetime. In spite
of coherent population trapping, they repopulate the ground state and lead

to annihilation.
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Singlet positronium in the

field of one near-resonant laser

According to the discussion in Chapter 1, we do not include spontaneous
radiative transitions in this problem, but we have to consider the annihi-
lation interaction nonperturbatively. Since annihilation and ionization are
competing processes and both decrease the lifetime of Ps, they are consid-
ered simultaneously. We seek to find an optimal value for the laser intensity,

so that the destruction of Ps is minimized.

57




Chapter 3 58

We have the following Hamiltonian:
H = H{+ H,+ Hp (3.1)

The first step is to allow for annihilation of Ps in the ground state. The free
part H} now includes also the free Hamiltonian of the high energy v-quanta

resulting from annihilation:
Hy = (Ho+2m.c*)Rn + H,R, . (3.2)

Since H, is relativistic, we have also added to H{ the rest mass of the electron-
positron pair. R, is a projection operator onto the subspace of the high

energy photons with wave function |yx).

Ry = [ s el (3.3

The ‘matter states’ include all the bound states of Ps |u,,) and the continuum
states |u,) resulting from ionization. R, is the projection operator onto

matter subspace:

o = S hun)unl + | 75l 5.)
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The Hilbert space is a direct sum of these two subspaces.! We have:

fun)

R, — Ry = |) (8.5)

|tg)

and R, + R, = 1.

The annihilation Hamiltonian is:

. h
Hp = —— lw){uol . (3.6)

an

The laser-atom interaction is chosen in the 7 E gauge and in the dipole
approximation it is:

Hy = eE(t) 7 Ry . (3.7)

Note that the atom is interacting with one circularly polarized laser and due

to the dipole selection rules the states have the following quantum numbers:
lug) = [15) : 1=0, m=0,
lug) = 2P) : I=1,m=1, (3.8)

lug) :+ 1=2, m=2.

!The system cannot have states, which belong simultaneously to the matter and v-
quanta subspaces. There is either a bound Ps state, a ionized electron-positron pair or
high energy vy-quanta. Therefore the Hilbert space is not the direct product of the two

subspaces.
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Energy considerations do not allow single photon transitions from the ground
state into the continuum.

The second step is to include ionization in the problem. A detailed dis-
cussion of a two state atom, including ionization is given in [20] (Chapter
7). For a weak laser perturbation theory is an adequate description of a two
photon ionization process from the ground state except in the case when an
intermediate state |u;) is nearly resonant with a single photon absorption
by the ground state |ug). Since this is exactly the case here, we must allow
for strong coupling between these states in a manner analogous to the one
already discussed in Chapter 2. This is accomplished by the projection op-
erator formalism. We again partition the Hilbert space of the Hamiltonian,
in a similar way as it was done above into matter and ~v-quanta subspaces.
This time one of the subspaces includes the states of interest: |ug), |ui),
the ionization continuum |u,) and the high energy photons |vyx), while the
remaining bound states of the Ps atom |u,) for n # 0,1 are included into the

second subspace. The operator P projects onto the states of interest:

P = ol + )l + [ abehuadlud + [ 5 setmnl - (59
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Its compliment is Q = 1 - P. We have:
(
|uo)
|u1)
P — Q@ — |un) forn# 0,1 (3.10)

|uq)

| )
The Ps atom can be ionized either by a resonant transition via the state |u;)
or by a nonresonant transition via an intermediate state |u,) for n # 0,1.

The resulting equation for |P¥) is:
. 0
P(ihz — H)|PY) = 0. (3.11)
where:
H = H + HQGYIQH . (3.12)

The Green’s function GQ("') satisfies:

Q(iﬁ%—H)QGgﬂ = Q6(t—1t) . (3.13)

with causal outgoing wave boﬁndary conditions. The resonant pair of states
is excluded by the Q operation, so we may safely use a perturbation method

in powers of the laser field in the term containig this factor. In that case the
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lowest order contribution suffices for this term. It is:
G§1,8) = —3 0t~ 1) ' un)e R (314)

where  — 0%. The primein the sum denotes that the states in the projection
operator P are not included.

We now expand |PU) in the bare states:
|PY) =
a(t) luo) ™ot h 4 B(2) [uy) e~ 14/ (3.15)

+ / (daq

. &£k y
27y Yalt) lug) et /R /W&e(t) [k} et BN

where Ey = (yi|Hy|vk) is the energy of the high energy photons and AEy =
Ei — 2mc®. We substitute this expression back into (3.11). Successive pro-
jections from the left with |uo), |u1), |ug) and |yk) yield a set of equations for
the amplitudes a, B, v, and 6;. As in Chapter 2, the RWA is used and only

slowly varying exponential terms are retained. We obtain:

- : w idwt ¢ / £70g t( wq w)t
TS ﬁ+/2)3 T ()4n
T +/ @rEant M

* H;
.. - —1Au t ~~0q -—t(Awq+Aw)t
“Ta me Pt g
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% pmiBuit (3.16)

b, =
Here the coupling matrix elements with the laser field are A = (uo|e - E|u,)
and Ay = (uyler - E|uq). The notations for the frequencies are similar to
the ones used before: We have Aw = w — Wio/h, Awy, = w — Wy /h and
Awy = (Wo — AEg)/k. The matrix element of the annihilation interaction
between the ground state of Ps and the free high energy photons is denoted
by Dk = (uo|Hp|k), while Hy, is a second order matrix element arising

from ionization of the ground state via all possible intermediate Ps states

excluding the resonant one:

uoler - B|un) (unler - E|ug)

'
Hog = ) o + ho (3.17)

n

A and A, result from one photon transitions, while Ho, from non-resonant
two photon transitions. Terms containing the latter are one power of ﬁ%
smaller than the terms with A and A,. The Hy, terms are the same order
as the terms that are dropped in the RWA and therefore they should also be
dropped.

In the equation for 7, we have also neglected the coupling of continuum
states to other continuum states by the laser. This is assumed to be a small

effect, based on the fact that the so called free-free matrix elements which
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couple these states are small compared to A and A,.
Note that the right-hand side of the set of equations (3.16) is a hermitian
matrix. Therefore the normalization of the wave function in P-subspace is

preserved:

2 d%q 2 d3k 2
el + |87 + /(27r)3|~yq| + /Wl&cl = 1. (3.18)

We solve the set of equations in the sudden approximation. In our case
this is an unrealistic situation. However we shall be able to use the results
obtained in this way to generate the adiabatic switching result, which is
realistic. We impose the initial condition a(t = 0) = 1 and all the other
amplitudes are zero. Using the Laplace transformation, we obtain a system

of coupled algebraic equations in s-space, which can be solved with the result:

s —iAw + I(s — iAw)

a(s) = D(s — iAw)
B6) = 5505 (3.19)
ils) = g Botife)

- ﬁ é(s +1Awg)
TR 5 '

(3.20)
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The denominator

D(s) = [s+iAw+ J(s+ IAw)] [s+ I(s)] + %’; (3.21)

is a function of two integrals I(s) and J(s). They can be expressed via known

parameters:

d’q |Ag? 1

1) = | @ny o s”inm, (3.22)
d*k | Dy|?
T = | Gy | ngl s — :Awk’
and are small compared to the other quantities in the problem.
We may now invert the Laplace transformation with:
B = o [ dse fe) (3.23)
Tl J—ioo

where the contour in the s-plane passes to the right of the singularities of
B(s) The integral can be performed by first finding the zeros of the denom-
inator D(s). But strictly speaking there are no zeros [41], because of the
s-dependence in the integrals I(s) and J(s). Instead there are branch cuts.
Taking them into account would lead to a non-Markovian behaviour, indi-
cating that the memory of the initial state is retained in the wave function.

These effects are small to be of experimental interest. We shall limit our-

selves to the ‘pole approximation’, which results in a Markovian behaviour
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of the sysytem. We treat the denominator D(s) as a simple quadratic form
in s:

D(s) = (s—s3)(s—s_), (3.24)

whose roots sy are functions of the two integrals I(s) and J(s). Then the
roots s; are expanded in powers of I(s) and J(s), retaining only first order
terms. Subsequently the s-dependence in the integrals is treated iteratively
by substituting the zero order form of the roots s1 into them. The latter are

denoted by I; and J.. We obtain:

1 LA - Ly 3.25
= ﬁl e _2ch,ui~2chu * (8:25)
where:
_ 2|A| +u
Iy = I(iz - et + 17
J. = 1<i%|—£—|e*#+n>, (3.26)

for n — 0. The same notations are used as in Chapter 1, section 2. The

detuning parameter is shy = "I—ﬁlﬂ.

Now the contour integral in A(¢) can be carried out with the result:

Bt) = — ———— (3.27)
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The exponential decay at large times, instead of a power law, indicates the
Markovian nature of the ‘pole approximation’. The simplest way to find the
other amplitudes is via the set of differential equations (3.16). The constants
of integration are chosen in such a way as to satisfy the initial conditions.

Terms of the order and %i are dropped consistently with the ‘pole

Ly
[A] A
approximation’ of the denominators. We obtain that each of the amplitudes

is the difference of the following two terms:

st e(iAw-}-ai )

ai(t) - Sy — S—
A*A* e(—iAwq+ai)t
t) = ——* , , 3.28
Yaz() 4h? (54 — s-)(s2 — tAwy) ( )
s D* 5o eliBdw—idwetaz)t
Gre(t) = & =

R (sy— s_)(sx — 1Awg + tAw)

The calculation described up to this point applies to the situation in which
the laser amplitude is zero for ¢ < 0 and is constant for ¢ > 0. The sudden
switching is usually not a good description of the physical situation. A more
realistic description is adiabat%c switching of the laser. The results obtained
so far can be adjusted to this case by allowing s. to be a slowly varying
function of time through its dependence on the laser amplitude. The latter

must be zero in the remote past and future and it should remain essentially
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constant for a time duration T around t=0. Then the only change required

is the replacement:
t
syt — / dt' s4(t') (3.29)

in the expressions (3.27) and (3.28).
With this adjustment, the results obtained for the amplitudes can now be

replaced in eq. (3.15) to find the wave function of the system in the adiabatic

approximation:
[PUY = A |Wy) + A-|T_), (3.30)
where:
- JE . dtax(t) —iWot/h A* —iWit/h
Ty) = nyel-e Sz [ug) e 4 % luy ) e
A*A dSq e—iAwqt )
. —iWyt/h 31
e /(27r)3 sz — ihw, [a) (3.31)
3 3/ Bk Dis+ i(Aw=Awy)t ,—ibEyt/h l’;’k>
FJ (21)® s¢ +ilw — iAwy

Up to lowest order in the integrals Iy and Ji the normalization constant is:

na .2_71 Fu/? 2

= |Al e —C—Eﬁ (3.32)

The state |P¥) in eq. (3.30) was found via the sudden approximation wave

function with the initial condition that |PW¥) = |ug) at t=0. It satisfies this
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condition for ¢ — —o0 in the adiabatic approximation with the appropriate
choice of the constants A;. Note that the states |¥..) are analogous to |¢4) in
eq. (1.1), which are the wave functions of a two state atom in an adiabatically
varying laser in the RWA. Indeed when the coupling to the continuum and
the annihilation interaction are turned off (A; — 0 and Dy — 0), we have
|W1) — |¢+). When the laser is also switched off (A — 0) in the remote

past, we have:

W) = fughe "o/

O_) — |uy)etWit/h (3.33)

if Aw > 0 and the reverse for Aw < 0.

Now let us consider the case Aw > 0. The system starts in the state
|ug) which at ¢ — —oo is |¥4). The adiabatic theorem tells us that for slow
changes in the laser amplitude the system remains in this state. Therefore

instead of the wave function |P¥) from eq. (3.30) and (3.31) we should take:

[P¥) = |¥.) for Aw>0 or

|P¥)

1¥_) for Aw < 0 (3.34)

as the dressed state of the system.
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The probability to find a stable state of the Ps atom can be derived from

eq. (3.31). Up to lowest order in the integrals I and Jy it is:

Ly = [(Tiluo)® + [(Talua)?

= exp {2R'e /;: dt s;(t)} . (3.35)

According to the above discussion, the subscript ‘4’ refers to the cases when

the detuning Aw is positive or negative. The quantity:

—2Re/°° dt s(t) = FihT— - L (3.36)

T4
can be considered as the transition parameter for ionization and annihilation
of Ps in a near resonant laser. I'y is the related width of the dressed state
from which the transition to the continuum takes place, and 7. is the lifetime
of stable Ps. We can also interpret Im s; as the energy shift of the dressed
state. Since we have already lost small energy shifts due to the RWA, it is
inconsistent to keep small contributions arising from Im sy and they will be
dropped. If the adiabatic switching of the laser takes place in a time which
is short compared to the time T that the system spends in the laser field,

during the remaining time the laser amplitude will be constant. In that case
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we may replace the operator:

1 [«]
T/_m dt — 1 (3.37)

and evaluate sy by simply inserting that constant value of the laser ampli-
tude.
In order to relate the width (3.36) to other characteristic quantities of

the system, we find from (3.22) and (3.26):

daq ‘Aqlz A Fu
Rely = 7r/(27r)3 45? 5(:;2—7_;(3 +Aw")
d*k D} A
Reds = [ oo 8 (Fape™ + due) (3:38)

In the above expressions there are energy conservation §-functions respec-
tively for ionization from |u;) by the laser and for annihilation from |uo).
The first term in the argument of the §-function is due to the Imsy. As we

mentioned, this is a small shift in the energy levels of the dressed states and

has to be dropped. From eq. (3.25) and (3.38) follows:

™ d*q |A,)?
Res, = — if‘/-— 1 s(A
€ o 2chp {e (27)® 4h? (Awa)

oo (gﬁ’;a %ﬁ S(Awk)} (3.39)

But note that the first term in this expression is proportional to the pho-



Chapter 3 72

tolonization rate from the state 2P:

2 3
_omet d’q N 2
Wop = —2h2E /(271_)3 1€ (ug|Fug)|” 6(Aw,), (3.40)

while the second term is proportional to the annihilation rate outside of the

laser:

Bk | Dy

T'y =
° i (2m)®  KP

§(Awy) . (3.41)

With the above interpretation the meaning of the integrals is straightforward.
Near resonance I, gives the width of the state |u;) due to resonant ionization,
while J; gives the width of the ground state due to annihilation. Now the
width of the dressed Ps state can be given in terms of the ionization and

annihilation rates:

1
2¢chp

I, = (e*#wep + €¥#Ty) . (3.42)

From eq. (1.1) we obtain that the probability to find each of the bare atomic
states in the dressed state |¢.) if annihilation and ionization are not present

is respectively:

Eoe S s (3.43)
° 7 2chu T '
and
Fu
R for 2P. (3.44)

1T 2chp
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With this in mind, we can rewrite eq. (3.42) as:
Ty = Bwp + T, (3.45)

Therefore the decay rate of Ps in the laser is equal to the probability to
find the state 2P in a two state atom interacting with a laser field times the
ionization rate from this bare state, added to the probability to find the state
1S times the annihilation rate outside of the laser.

The above expression for the decay rate depends on the amplitude of the
laser electric field E via the ionization rate wop and the detuning parameter
p in the probabilities IF and If. We seek the optimal laser intensity for
which the lifetime 7§ is maximal. Taking the derivative with respect to E?,

we obtain the condition for the extremum:

t
2¢ + 28+ 14 Az=0, (3.46)

where the dimensionless parameter z i1s the ratio of the Rabi frequency as
defined in eq. (1.5) and the detuning Aw:

S O L
T Aw T Aw? '

(3.47)

It depends on the laser intensity via A. On the other hand ¢ is a constant:

2

Wap
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since both |A|? and w,p are quadratic functions of the amplitude of the
laser electric field. We solve eq. (3.46) numerically for different values of
the detuning Aw. With the optimal laser intensity found in this way we
evaluate the decay rate I'y in eq. (3.45). We obtain that the lifetime of
Ps in the laser increases when Aw decreases. It reaches the value of twice
the lifetime outside of the laser for a detuning of approximately 10~° [Ht)
and doesn’t change further. We obtain the same result as in the two state
problem discussed in Chapter 1, section 2. This means on one hand that
the ionization rate from the state 2P is small and does not contribute to
Ps destruction when the atom is interacting with one laser, as estimated
roughly beforehand in Chapter 1, section 5. On the other hand, we have
confirmed the assumption that the annihilation rate in the laser I'y = [T T
is equal to the rate outside of the laser times the probability to find the
ground state in the dressed state, when photoionization is not significant.

This is a nonperturbative result.
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Singlet positronium in the
field of two near-resonant

lasers without fluorescence

Our goal is to obtain the lifetime of singlet Ps atoms interacting with two
circularly polarized near-resonant lasers.! In Chapter 2, section 1 we studied
this system without taking into consideration the possibility that the atom

annihilates in the ground state and is ionized by the lasers in the excited

1See Figure 1.2.

75
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states. These processes are incorporated into the problem, which is achieved
by introducing a complex potential. This leads to the following nonhermitian

Hamiltonian:
H=Hy+ Hy—iV, O 41)

where

L

V=2

(Ro |uo)(uo| + Ry lur)(us| + Rz luz)(usl) - (4.2)

The coefficient Ry = T is the annihilation rate given in (1.7), while R; = wjp
is the ionization rate in (1.24) from the state |2P) induced by laser ‘a’ and
R, = w}p is the ionization rate in (1.25) from the state [3D). As discussed
in Chapter 1, section § and confirmed by the results in Chapter 3, ionization
with laser ‘b’ is insignificant and it will not be considered here. As before,
Hy is the Hamiltonian of the Ps atom outside of the laser fields and H, as
in eq. (2.2) and (2.4) gives the interaction with the lasers.

We follow the approach of Chapter 2, section 1 and the formalism devel-
oped therein with the difference that the Hamiltonian contains an absorptive
term. We want to obtain the solution of the Schrodinger equation with

Hamiltonian (4.1), which we seek as a wave function of the form (2.6):
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I‘I’(t)) = C_x(t) |u0) e~ Wot + B(t) lul) e—iW1t+ ’—y(t) luz) e—iWat

The unknown amplitudes depend on time as in (2.10):

&(t) — ae—i(e-—AwQ)t/z
B(t) — IBe—i(e—Awa+2Awb)t/2

’7(t) — ,ye—i(c+Aw¢)t/2.

The difference with the problem considered before is that here the Rabi fre-
quency & can be complex. This is a consequence of the nonhermitian term
in the Hamiltonian and reflects the loss of Ps due to annihilation and ion-
ization. Substituting this wave function back into the Schrodinger equation
and using the rotating wave approximation, yields a new eigenvalue problem

for e:

(E_Awa‘l'iRO)a = ﬂAbe"YAa
(6 =~ Awg + 2Awp +1Ry) . = al; (4.3)

(e + Awg 4+ 1Rp)y = aA).

The corresponding eigenvalue equation has now additional terms, which con-

tain the annihilation and ionization rates:
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0 = e+ e{~Aw, +20ws +3(Ro+ Ry + Ry)} — e{Aw? + |Aa)? +
|Ap]* — RoRy — RoRy — RiRy + 2i(RoAwy + RpDdwy — RoAw,)} +
(Awa — 28wp)(|Aal® + Aw?) — |As]*Aws + Ry Rp Aw, —
RoR1Aw, + RoRa(Aw, — 2Aws) + tRoAwa(2Awy, — Awa) -
iR Aw? + iRy Aw,(Aw, — 2Awy) — iRoRy Ry — i Ry|Aa|? — iRy |As)?
It is tractable only numerically (even at resonance). The solution gives three

complex eigenvalues ;. They are substituted back in eq. (4.3) in order to

find the corresponding eigenvectors:

g+ Aw, + 1R
ofe;) = I 2 (&) (4.4)

2 A2 2 . 3 — _
Ble) = €2 — Aw? — |A,| +zs,(R241;‘1;\1)+zAwa(Ro R:)— RoR; (e

Since the Hamiltonian is not hermitian, the eigenvectors of eq. (4.3) and
therefore the wavefunctions |¥;(¢)) are not orthogonal. Nevertheless, the

latter can be normalized at t=0, which leads to the condition:
la(e)? + 18(es)* + [v(e)f? =1 (4.5)

for 2 = 1,2,3. Eq. (4.4) and (4.5) determine |y(g;)|. We choose 7(e;) to be

real and obtain the following expression:




Chapter 4 79

v(e) = (14 [Aal™ [(mi + Dwa)® + (3: + R2)?]

+|Aa| 72| Ay { [m,z +y? — Aw? — |As]? - yi(Ro + R2) — RoRzJ2

o

+ 229 + 2i(Ro + Ra) + Awa(Ro — Ro)*}) 7 (4.6)

We have denoted by z; the real part of the complex Rabi frequency ¢; and
by y: - its imaginary part.
The total wave function of the system is a linear superposition of the

dressed states |¥;(t)):

|:(2)) = ;Cul‘l’i(t))- (4.7)

The constants Cy; are determined by the initial conditions. The index [ in
(4.8) denotes in which bare state was the Ps atom at t=0. For example, if

Ps was initially in its ground state, we have:

Ba(t = 0)) = huo) = D O Bt = 0) (49)
where
Wt = 0) = alefuo) 4 B(e) ) + (e ua) . (29)

Since |¥;) are not orthogonal, it is convenient to determine Co; by multiplying

eq. (4.8) from the left with the bare states |u;) for 7=0,1,2 and use the
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orthonormality of the latter. We obtain a system of algebraic equations,

which has the following solutions:

B2¥a — Y23
Cos = —CoyP2=1P2 _ (o D
Y23 — Bava
Co1 = (a1 — 02D - a3Do3)7! . (4.10)

The first two equations define the parameters Dg; and Do3. In the same way
we can find the constants Ci; when the system had other initial conditions.

When Ps was initially in the state |u,), we have:

(s — v
012 = —011 "M = —011D12

QY3 — Y203

« — Mo
013 = —011 _1__’7_2___11__3 = _Cll-D13

Y203 — Q273

Cu = (B1—PB2D1s— ﬁaDla)—l . (4.11)

If the initial state was |u,), the coefficients are:

— bb
azf3 — Baas
Co = —Cp 22=B2 o p
,32013 - a2ﬂ3
Cn = (m—"72D0—7Du)". (4.12)
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If annihilation and ionization are not considered, i.e. V = 0, then the
coeficients in the expansion of the wave function (4.7) onto the dressed states
|¥;(t)) can be found by multilying eq. (4.8) to the left with another dressed

state and use the orthonormality of the latter. We obtain:

(Ti(t = 0)|ug) = of = (4.13)
= Z 001. \Ill(t = O)"I’ Z CO; 5h COI
=1

The coeflicients are real and we have:
Co,' = a(e,-), Cl,' = ,3(6,‘) and Cg,‘ = ")/(6,') . (4.14)

We return to the problem with absorption. The probability to find a

bound state of Ps at time ¢ > 0 for initial condition |ug) is:

(2o(t)|@o(t)) = 3 Cs; Co; €52 (aja; + 16 +4iw) - (415)
ij
Similar expressions can be obtained for the other initial conditions by sub-
stituting the index ‘0’ with ‘1’ or ‘2’.
We define an effective time dependent decay rate I'j(¢) by the following

equation:

(8(2)|8,(2)) = e~ Jo ' THE) (4.16)
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where the index [ indicates the initial state. From the above definition we
obtain:

d
2 (21(1)[®a(2)) d
Py o a(@OIR®) _ d e .

o (@1(2)|1(2)) g (B2 (4.17)
It is straightforward to find an expression for I';(¢) by taking directly the time

derivative of eq. (4.15). The effective time-dependent decay rate is equal to:

1 Y Cf Oy (g5 — €}) e =<2 (ata; + B16; + 117;)
2 (@1(2)|2u(2))

(4.18)

It is easier to see the physical meaning of I'; by using eq. (2.45). For a system
with a nonhermitian Hamiltonian as in eq. (4.1), the differential equation

for physical observables is:

i%(\mow) = (P|(OH — H'O)|¥). (4.19)

If the operator O is given by the unit operator and the wave function - by

eq. (4.7), we obtain:

i @I) = (@IH - HY() (4.20)

This leads to an expression for the effective decay rate in terms of the ab-

sorptive potential V:

(2u(2)[V]2u(2))
(i) u(2))

Ty(t) = 2 (4.21)
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Using the explicit form of the potential, given in eq. (4.2) we obtain:

(&(Dlo)”  p K&Dk)P -y HE(Ba)? (4.225
t

L) = B g T B @) ((2)|®a(2))

Therefore the effective decay rate defined in (4.17) is equal to the following
sum: the annihilation rate of singlet Ps outside of the laser fields times the
probability to find the ground state in the total wave function of the system
for given initial conditions; plus the ionization rate from the bare state 2P,
times the probability to find this state; plus the ionization rate from 3D,
times the probability to find this state. It is the analogue of eq. (3.45)
for singlet Ps interacting with one laser. Note that the latter expression
was found by the projection operator method in a Hilbert space comprising
bound Ps states as well as continuum states, while eq. (4.22) was found here
by introducing a complex potential, which is a more straightforward method.

By substituting eq. (4.7) for the wave function in (4.22), we obtain:

. > Ci: Clj e—ilej~el)t/2 (RO a:aj + Ry ﬁ:ﬂ] + R, ’Y:')’j)

Tu(t) (®i()|®u(2)) ,

(4.23)

where the denominator is given in eq. (4.15). This expression or eq. (4.18)

can be used to numerically find the effective time-dependent decay rate.



Chapter 5

Triplet positronium in the field

of one near-resonant laser

In this chapter we obtain the lifetime of triplet Ps in the field of one near-
resonant circularly polarized laser. Annihilation and ionization are incor-
porated into the problem via a complex potential as in Chapter 4, which
leads to a nonhermitian Hamiltonian. Spontaneous radiative transitions are
included by the formalism introduced in Chapter 2, section 2. The results

can be obtained analytically at resonance.

84
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The system has the following Hamiltonian:

H=Hy+ Hy+ Hr — V. (5.1)

As before, the time evolution due to the free Hamiltonian of the laser field
is absorbed into the wave function and Hj is the free Hamiltonian of the Ps
atom outside of the laser. The interaction with the latter is given by the

term:

—

Hy = A(t) ’ ﬁ) (52)

ol

which is in the dipole approximation and the velocity gauge as in Chapter 2.

The vector potential is:
Aty = —(ge™ + & ). (5.3)

The laser is circularly polarized with polarization vector:

g = %(* +ij). 6

Hg = eEg(t)-7 gives the interaction of the Ps atom with the quantized field
of the radiation photons, which is defined in eq. (2.34). The Hamiltonian in
eq. (5.1) is nonhermitian due to the last term, which gives the possibility for

annihilation in the ground state and for ionization by the laser in the excited
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state:

V = 2 (Roluo){uol + B ) ual) (55)

The coefficient Ry = T is the annihilation rate in eq. (1.7) and Ry = whp is
the ionization rate in eq. (1.26) from the state |[2P) induced by laser ‘b’.
Instead of finding the dressed states analogous to eq. (2.6) and (2.10)

and working in their representation, it is convenient to use the following

time-dependent basis of the bare states:

|q0> — |u0) e~ 1Wot es‘Awt/z

lu1> e~ Wit e—iAwt/Z, (5.6)

lg1)

where Aw is defined in eq. (1.3). We have:

1 0
lg0) = and lg) =

Within the rotating wave approximation®, we obtain in this representation:

Ho = -—2——03 and HA = 50’1, (57)

where o; for i=1,2,3 denotes the Pauli matrices. The potential V can be

1For a detailed discussion on the RWA see Chapter 2, section 1.
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written as:

04

N O3
V =R+ AR, (5.8)

where o4 is the unit matrix. The above parameters can be expressed in terms

of the annihilation and ionization rates:

- 1
R = (Ro + Rl) a.nd AR = ‘2‘(R0 - Rl) . (59)

N[ w—

It is interesting to investigate how the complex potential influences the
behaviour of the system. Let us assume for a moment that we do not have
spontaneous radiative transitions. In this case the Hamiltonian is H; =

Hy 4+ Hy — 2V and it is time-independent in this representation:

Aw —iAR — iR A
H = . (5.10)
A —Aw +iAR iR

Its eigenvalues are:

Ea = % (—iR:i:\/A"--i—(Aw-iAR)?) . (5.11)

Comparing with the two state problem discussed in Chapter 1, section 2, we
note that instead of the Rabi frequency € in eq. (1.5), we have the complex

quantity (5.11). The latter can be obtained from the Rabi frequency by the
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substitution:

[~iR £ £(Aw - Aw —iAR)] (5.12)

DN | =

Ey =
R displaces the energy of the two dressed states ®. in (1.1) by a complex
constant and therefore introduces an overall exponentially decaying factor in
the wave function of the system. The new dressed states can be obtained
from the old ones by multiplying with this factor and by substituting the
detuning Aw with Aw —iAR. Note that at resonance (Aw = 0) the quantity
under the square root in eq. (5.11) is real (if |[A] > |AR|) and the two dressed
states have the same decay rate. The latter is equal to the average of the
annihilation and ionization rates.
We now return to the problem with fluorescence. The radiative Hamilto-
nian is given by:

-

Hp = h-EP @) oy + he., (5.13)
where E};i) are the frequency components of the quantized electric field of

the radiation photons and
ilj = do] e““". (514)

We have denoted by:

(o1 £ 202) (5.15)
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and (as in Chapter 2) the dipole operator by 'dm = e(ug|ru,). As before, we
use an approximate solution for the electric field of the radiation photons,
which is given as an approximate constraint on the wave function of the
system. The latter is derived in Appendix C. In the representation considered

here, it is given by the expression:
(- 2 " —iw
ER0) = ~iz Whdn e ™ oy [¥(2)) (5.16)

A detailed discussion on the formalism introducing the constraint is given in
Chapter 2, section 2.

Physical observables can be expressed as expectation values of operators
with respect to the total wave function of the system |¥(¢)). For a system
with a nonhermitian Hamiltonian as in eq. (5.1), the differential equation

for these observables is: 2

.d

i—(¥0]Y) = (|(OH — H'O)|¥) = (5.17)

= (Y][0, H|¥) - «(¥|{O,V}}¥),

where H' = Hy + H4 + Hpg is the hermitian part of the total Hamiltonian.

If the operator O for a given observable is independent of the radiation

2And also the operator O does not depend exf)licitly on time.
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operators, we obtain:

.d Aw A

i (P[O) = == (V][0,03]¥) + 5 (¥[[0,0]|¥)
+ ke (9] EQD()[0,04]]9) (5.18)

+ k(U ES(2) [0,0]19)

~ R(EION) ~ SR (EHO,a0})

Note that the term in the third line of eq. (5.18) is equal to minus the
hermitian conjugated of the preceding term.

Any two dimensional hermitian matrix can be expanded over the set {o,}
for a=1...4. Therefore we can find the expectation value of any operator if

we know:

Sa = (¥Y|oa|¥)  for a=1,...4. (5.19)

In order to find an equation for S, from (5.19), we make use of the constraints

(5.16) and of the algebra of the Pauli matrices:

[O',', O’j] = 2i£;jk Ok , (5.20)

{oi, 0} = 26,;.

We obtain the following homogeneous system of linear differential equations
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with constant coefficients® for the vector S,:
d
—8a + MaupSy = 0, (5.21)
dt '
where the matrix My, is given by:
v+ R Aw 0 0
—Aw v+ R A 0
M = (5.22)
0 —A 27+ R AR — 2v
0 0 AR R

The parameter - is half of the natural decay rate of the state 2P and is

defined by the first eqation in (2.54). If the Ps atom is initially in its ground

state, i.e. |¥(¢ = 0)) = |uo), the initial condition for the above system of

differential equations is:

Su(t=0) =

3The representation (5.6) was chosen so that the coefficients are constant.

(5.23)
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In the case when there is no annihilation and ionization (V=0), the system
(5.21) reduces to a set of three inhomogeneous equations. Since there is no
decay, it is sufficient to find the solution for large times, i.e. t >> £i/y as
was done in Chapter 2, section 2. The calculations for the two-state problem
can be performed analytically. As expected, the result for the probability to
find any of the bound states coincides with the expressions in [20] (Chapter
4), obtained in the representation of the dressed states.

When annihilation and ionization are included via a complex potential,
the dressed states are decaying exponentially. Therefore we need to find the
comlete time-dependent solution of the homogeneous system (5..21). If the
number of the linearly independent eigenvectors of the matrix M in eq. (5.22)
is equal to its dimension, the solution is given by [44]:

4

Sa(t) Z p{) g=mit (5.24)

where m; are the eigenvalues and v* are the corresponding eigenvectors of M.
The constants c; are determined from the initial conditions (5.23).
Note that at resonance (Aw = 0), the first equation decouples from the

rest. This reduces the solution to the one of a three dimensional eigenvalue
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problem. It is convenient to make the substitution:
m=m++v+ R (5.25)

These simplifications lead to the following matrix:

-m/’ A 0 \
M/_ = —A v-—m AR — 2v (5.26)
0 AR —m/ - )
The corresponding eigenvalue equation is:
m? + m' (|A|2 + AR? + 2y AR — 72) + APy =0 (5.27)

The constraint is an expansion in the coeficient v/Wio and subsequent re-
sults are accurate only to lowest order in this parameter. In principle, the
eigenvalues of the matrix (5.26) can be found exactly. But it is sufficient to
write them as a power series in v/A. This is a high intensity expansion, which
holds for y/A < 1 or E*/E%,, > 22.3. Let us assume first that v = 0 and
there are no spontaneous radiative transitions. In this case the eigenvalues

are:

my =0, my,=+ie, where & =4/|A?—-AR?. (5.28)
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Next we seek the eigenvalues as an expansion in powers of /A with the

zeroth order given by eq. (5.28). Up to second order we obtain:

_ AJ? 2AR|AP
my = R+'y<1—|£—2|> _Mz___l_l_

g4 ’

Al 'AR) (5.29)

m3,4 = :I:ILE+R+’Y(1+§:}:’L_E——

2 [A]2AR i. AR2_3|A|4
v [ et :tZE L+ €? 4g4

It is important to note that Rem; > 0, so that all terms in eq. (5.24) vanish

exponentially at large time. Up to first order the corresponding eigenvectors

are:
c2
-7
1
2 —
@ = \/72+£_+ — ~ , (5.30)
IR - fy
__AR
1- 127
a0 )
P
1 A | AR
v = A2 | AR? v ,  where p = % e
\/ 72+ i+ er
_AR
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The probability to find a bound Ps state is:
Ss = (F)|¥(E)) = coviPe ™ + csvide ™t 4 cuu{Me™t | (5.31)

The coeflicients ¢; v,(;.) are of the same order of magnitude as can be seen
from the above expressions for the eigenvectors and the initial condition in
eq. (5.23). Therefore the longest surviving term in eq. (5.31) will be the one

for which Rem; is smallest. From eq. (5.29) we find that this is ma:

3IAR _ ,3IAPAR _

o . 0. (5.32)

Re(mz —my) = 7

The difference between the two eigenvalues is approximatively equal to 2y
for laser fields 10 < Eb/E? ;, < 10, which are the intensities of interest.
The above analysis leads to the conclusion that the eigenvalue m, can be

considered as the decay rate of Ps. Up to second order in v/|A| we have:

1 b AP
I‘=§(P0+w2P)+’)’(1—6—2 +’)’

Lo — whp)|A|?
2 (Lo EjP) i (5.33)
This expression gives the decay rate of triplet Ps in the field of one laser, at

resonance, up to second order in y/A. It includes the possibility for ionization

from the state 2P. We have found earlier? that in this case ionization is

4See Chapter 1, section 5.
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not significant. Therefore the this result has more theoretical than practical
importance. The method used here will be applied to the three state problem
considered in Chapter 6 and will enable us to find the lifetime of triplet, as
well as of singlet Ps.

Note that when ionization is not present, we have:

_ T
R = AR = —2‘1 and e~ A, (5.34)

Then eq. (5.32) reduces to:

Lo 2v° 7’
' = — |14+ — O\ —= 5.35) -
2 (1+55) + o (ds) (5:35)
which is exactly the result in eq. (1.10) up to second order in /A, obtained

in [].




Chapter 6

The complete problem of
positronium in the field of two

near-resonant lasers

6.1 Formulation of the problem

In this chapter we obtain the'lifetime of Ps atoms interacting with two cir-

cularly polarized near-resonant lasers!. In Chapter 2 we studied this system

1Gee Figure 1.2.

97
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without taking into consideration that the atom can annihilate in the ground
state and can be ionized by the lasers in the excited states. These processes
are incorporated here ini;o the problem by adding a complex potential to
the Hamiltonian as it was done in Capter 4 and 5. Spontaneous radiative
transitions are included by the formalism introduced in Chapter 2, section 2.

The system has the following Hamiltonian:
H=Hy,+ Hy+ Hgr -1V, (6.1)
where
V= %(Ro |uo) (uo| + Bifua)(ua| + Ra|uz)(uel) . (6.2)

It is nonhermitian due to the last term, which gives the possibility for decay
of the bound Ps states into a free electron-positron pair or into high energy
gamma quanfa. The coefficient Ry = I'g is the annihilation rate given in eq.
(1.7), while R; = w3p is the ionization rate in eq. (1.24) from the state |2P)
induced by laser ‘a’ and R; = w§p is the ionization rate in eq. (1.25) from
the state |3D). As discussed in Chapter 1, section 5 ionization with laser ‘b’
1s insignificant and it will not be considered here.

As before, the time evolution due to the free Hamiltonian of the laser

field is absorbed into the wave function and H; is the free Hamiltonian of
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the Ps atom outside of the lasers. The interaction with the latter is given by

the term:

e e —
Hy = = ) Ai(t)-7, (6.3)
m J=a,b

which is in the dipole approximation and the velocity gauge as in Chapter 2

and 5. The vector potentials are:
- (g5 et gy e - (6.4)

where E; are the amplitudes of the laser electric fields. The laser is circularly
polarized and the polarization vectors are given in eq. (2.5). Hg = eER(t)-F
gives the interaction of the Ps atom with the quantized field of the radiation
photons, which is defined in eq. (2.34).

Instead of using the representation of the dressed states as was done in
Chapter 2, we adopt here the approach of Chapter 5 and work in the following

time-dependent basis of the bare states:

|q0> — |u0) e-—iWot eiAwut/z
|q1) — |U1> e—t'Wlt ei(Aw¢—2Awb)t/2 (65)
|q2> — luz) e—int e—iAwat/2

where Aw, and Aw, are defined in eq. (1.11) and (1.12) respectively. We
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have:
1 0 0
lgo) = | 0 ], lgo) = | 1 and @) = | ¢
0 0 1

Using the rotating wave approximation? we obtain the matrices of the differ-
ent terms in eq. (6.1) in this representation. The free Hamiltonian and the

interaction with the lasers are given by:

( Awa Ab Aa \
1
Ho+ Hy = 5 Ay Aw, — 2Awy 0 . (6.6)
Aa 0 _Awa

/

Using the Gell-Mann matrices from eq. (2.37) as a basis, we obtain:

9
Hy+Hy = ZX,, s, (6.7)
a=1
where
_ Ab _ A(.Ub . Aa
X, = 5 X3 = 9 Xy = 9
1

Xo = (A=) Xo = g(Au—20m)  (68)

2For a discussion on the RWA see Chapter 2, section 1.
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and all other X, are zero. The term giving the interaction with the radiation

field is:
0 hy - ER(t) 0 )
Hp=| H-ERO) 0 ho  ER U0 | (6.9)
0 Y- EXO)1) 0

We have used a notation similar to the one in Chapter 2 and 5:
}_1:1 = d—;n e_i‘”bt and }_7:2 = J‘lg e-—i(Zwa—-wb)t . (610)

As in Capter 2, we have split the radiation field operator into two components

depending on the value of the photon wave vector:
Er = E¥ + EY. (6.11)

E_‘Iz;f includes photons with energy within a narrow interval around Wh,, while
E}IO refers to photons resulting from the other radiative transition with energy
within a narrow interval around Wig.® The superscript (=) refers respectively

to the positive and negative frequency components of these operators. Ex-

3The width of the interval is of the order of the width of the states.




Chapter 6 102

panding on the basis set of matrices, we obtain:
- 1
Hp = hy-Ex®) 51 +ide) + hec.
o= 1
+ Fy - BRI ) 506 +idr) + hec. (6.12)

In this representation the decay term in the Hamiltonian is given by:

R, 0 0
1
0 0 R,

which can be expanded on the Gell-Mann matrices as follows:
9
V=3 Ve (6.14)
a=1
Using eq. (2.39), we find the following expressions for the coefficients:

1 1

‘/3 = 5 AR where AR = '2‘(R0 — Rl)
Ve ! (Ro1 — R) h R 1(R + R;)  (6.15)
= —F= —_ whnere - = .
8 2\/3— 01 2/ 01 2 0 1
1
Vo = 6(R0+R1 + R,) .

We proceed with the formalism introduced in Chapter 2, section 2, which

is also used in Chapter 5 for the two state problem. Physical observables can
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be expressed as expectation values of operators with respect to the total wave
function of the system |¥(¢)). For a system with a nonhermitian Hamiltonian

as in eq. (6.1), the differential equation for these observables is:

. d
Z_

dt(\mom) = (U|(OH - H'O)|¥) = (6.16)

= (][0, H'|¥) - i(TH{O,V}¥),

where H' = Hy + Hy + Hp is the hermitian part of the total Hamiltonian.
Any three dimensional hermitian matrix can be expanded over the set {},}
for a=1...9. Therefore we can find the expectation value of any operator if

we know:
Sa = (¥]|2a|¥)  for a=1,...9. . (6.17)

When the operator O is one of the Gell-Mann matrices );,* we obtain from

eq. (1.6):
ST = T X (FD W)

b=1

— — 1 s
+ By (@) B [,\a, e +zA2)] ) + he.

+ Ry (W|E§1(+)(t) [Aa, %(,\5+i/\7)] |T) + h.c.

4The matrices A, are independent of the radiation operators and also do not depend

on time explicitely.
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+ i Vi (9] {2, M} |9), (6.18)

where a=1...9. In order to further simplify this system of differential equa-

tions, we must use the constraint on the wave function.®

For the problem
considered here, it consists of two equations as in Chapter 2, section 2. If

the radiation operator contains photons with energies around Wjq, we have:
710(-) 2t g 71 .
Ep (1) [9(t) = —3 Wio ha 5(A +32)[¥(2)) - (6.19)

The constraint for radiation photons resulting from the 3D — 2P transition
is:

-‘21(_) 22 3 7 1 .

BEOW) 190 = ~2 W3 Rz +id)¥@) . (620)
Using the algebra of the Gell-Mann matrices given in eq. (2.49), we ob-
tain from eq. (6.18) the following system of homogeneous linear differential
equations:

d

. Ya a = ] 621
dtS + M S 0 ( )

where the matrix My is given on the next page. The notation I—Lj = %(R,- +
R;) is used as a shorthand. The parameters 7410 and <;; are half of the

natural decay rates of the states 2P and 3D respectively. They are defined

5 A derivation of the constraint is given in Appendix C.



710 + Roy

—Auwy

o

Aof2

Auwy

10 + Rox

—Ap

Aa/2

A

2710 + Roy

Aa/2

0 1} 0 —Aq/2
0 0 —Al)2 0
0 —Ad)2 0 0
Y21 + Roz Awe 0 Ay/2
—Aw, 721 + Roz —Ap/2 0
0 As/2 "o + 721 + Rz Aws — Awy

—Ap/2 0 Awp— Awa Mo+ 721 + Riz
0 Ly, 0 0
0 0 0 0

The matrix M in eq. (6.21).

—Ze(0 +721) + 28 E(—270 +721 + AR)
) V3

0 0
Bp, 0
0 0
0 0

2721 + %(Rox + 2R,) 72;;[—’121 + %(Rcu — R3)]

%(ROI - Ry) %(ZROI + R;)

SOT
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in eq. (2.54). Since the dressed states are decaying exponentially, we need

to find the complete time-dependent solution of the homogeneous system

(6.21). In Chapter 2, section 2 we found the solution only for large times,

because the dressed states are stable without annihilation and ionization. In

this case the memory of the initial conditions is lost. The solution has the

same form [44] as eq. (5.24):

9
Sa(t) = Y cvlde ™t (6.22)

=1
where m; are the eigenvalues of the matrix M, v(*) are its eigenvectors and the
constants c; are to be determined from the initial conditions. If the Ps atom

is initially in its ground state, i.e. |¥(¢ = 0)) = |uo), the initial condition for
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the above system of differential equations is:

St =0) =

S

1)

(6.23)
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If Ps was initially in one of the excited states, we have:

0 0
0 0
-1 0
0 0
SRt =0) = o |, SCP)(t=0) = 0 . (6.24)
0 0
0 0
1 1 )

6.2 Numerical solution for triplet Ps

We first consider triplet Ps. The system (6.21) is solved with Mathemat-
ica analytically (with respect to the time t) for different values of the laser
intensities. The numerical values of the annihilation rate (eq.(1.7)), the flu-
orescent decay rates (eq. (2.54)) and the ionization rates (eq. (1.24) and

(1.25)) are substituted in the matrix M. It is not possible to obtain with
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Mathematica a real analytical solution as a function of the above param-
eters, because of the large number of equations in the system. As in eq.

(5.31), the time-dependent probability to find a bound Ps state is given by:

Se(t) = (T(2)]¥(t)) = ;c,-vg%—m = 59;3,. et (6.25)

=1
For example, when the laser intensities are equal to the critical ones and the

detunings Aw, = Awp = 0, the matrix M has the following eigenvalues:

my = 75.86 1071° [Ht]  m, = mg = 41.61 1071° [Ht]
ma = ms = 39.08 107 [Ht me = mj = (6.39 +11.11) 107'° [Ht]

mg = 4.80 1071 [Ht] mg = 1.58 107'° [Ht] (6.26)
The probability to find Ps is:

Sg(t) = B1 e—mlt -+ Bs e""‘et

+ B; e™™* 4 Bge ™t . (6.27)

where the coefficients B; = ¢; ;ug) for different initial conditions are given in
Table 6.1. All other coefficients are zero. The probability Sg(t) practically
does not depend on the initial Ps state. We found in Chapter 2, section

1, that in the idealized situation when no fluorescence and ionization are
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initial state B, Bg By
1S -1.6 107° | 0.0224 + 40.0451 | 0.9551
2P -0.0218 | 0.0236 + 20.0494 | 0.9745
3D 0.0020 | -0.1005 + 20.3448 | 1.0150

Table 6.1: Coefficients multiplying the exponential terms in eq. (6.27) for
the probability to find triplet Ps. The values of the laser fields are equal to

the critical ones.

present in the problem, the atom is in a linear superposition of the dressed
states (2.18) and (2.20). In this case the initial conditions determine the
values of the coefficients in the expansion on the dressed states. Therefore
they are expected to influence the results significantly. But spontaneous
radiative transitions are included in the problem considered here. They are
fast compared to the lifetime of triplet Ps and the atom fluoresces many
times befor annihilation. This alters the wave function of the atom in the
laser fields removing the dependence on the initial state.

The longest surviving term in the expression for the probability will be
the one for which Re m; is smallest. This leads to the conclusion that the

smallest real part of the eigenvalues of the matrix M is the decay rate of Ps.
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The numerical values of the Ps decay rate for detunings Aw, = Aw, = 0
are given in Table 6.2. For comparison, the decay rates without ionization
being present in the problem are given in the last column of the table.

When laser ‘a’ or ‘b’ are switched off, we have a two state atom as discussed
in Chapter 1, section 2 [18, 20]. T’ decreases gradually from its value Ty to
T'o/2 when the intensity of laser ‘b’ is increased. Since the ionization rates
with laser ‘b’ are insignificant, increasing the intensity does not lead to Ps
destruction and the results in the last two columns are identical. Increasing
the intensity of laser ‘a’ above critical values leads to ionization and therefore
to large values of the decay rate in the third column compared to the last
one. Of course, this holds also when both lasers are turned on. In the latter
case, even without ionization and laser intensities above critical, the decay
rate does not decrease significantly from its two-state value of I's/2. Though
we have coherent population trapping®, the rates of the radiative transitions
3D — 2P — 18§ are larger than the annihilation rate of triplet Ps and they
repopulate the ground state leading to annihilation. This is a confirmation of

the result obtained in Chapter 2, section 2. Therefore the lifetime of triplet

6See Chapter 1, section 3.
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B Ei"— T 10%° [Hi] I 10%° [H{]
0.0 0.0 1.70 1.70
0.1 1.70 1.70
1.0 1.70 1.70
10.0 1.62 1.62
100.0 0.93 0.93
1000.0 0.85 0.85
0.1 0.0 1.70 1.70
0.1 1.70 1.70
1.0 1.70 1.70
10.0 1.62 1.62
100.0 0.93 0.93
1000.0 0.85 0.85
1.0 0.0 1.58 1.58
0.1 1.58 1.58
1.0 1.58 1.58
10.0 1.56 1.55
100.0 0.96 0.93
1000.0 0.89 0.85
10.0 0.0 2.55 0.81
0.1 2.55 0.81
1.0 2.55 0.81
10.0 2.57 0.81
100.0 3.42 0.83
1000.0 4.64 0.83
100.0 0.0 147.89 0.92
0.1 147.89 0.92
1.0 147.89 0.92
10.0 147.89 0.92
100.0 147.92 0.92
1000.0 150.24 0.92

112

Table 6.2: Decay rates of triplet Ps in the field of two resonant circularly
polarized lasers, when the atom was initially in its ground state. The anni-
hilation rate outside of the lasers is I's = 1.71071° [H{]. For comparison, the
results without ionization are given in the last column.
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Ps inferacting with two laser fields can be increased two times with respect
to its value outside of the lasers. In other words two lasers are not more
effective than one.

The decay rate of Ps was also found off resonance for different values
of the detunings Aw, and Aw,. When ionization is present, changing the
laser detunings from zero to 1077 [Ht] does not influence the Ps decay rate,
which is due to the increased width of the states. The values of the decay
rate off resonance when ionization is not considered are given in Table 6.3.

As can be seen from the table, increasing the detuning of laser ‘a’ from
zero to 107° [Ht] leads to a significant increase of the decay rate for all
values of Aw,. The influence of the detuning of laser ‘b’ on the decay rate
is similar, but weaker than that of Aw, and is present mainly for detunings
Aw, > 1078 [Ht]. The stronger influence of Aw, on the decay rate can be
explained with the fact that laser ‘a’ populates the state 3D. Increasing the
detuning Aw, leads to a smaller probability for the atom to be in this state.
But 3D fluoresces to 2P via a slow transition, compared to the fast one from
2P to 1S. Therefore the larger the probability that Ps is in the state 3D, the
smaller the decay rate. The conclusion from the results in Table 6.3 is that

the lifetime of Ps decreases when the lasers are off resonance, which confirms
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Aw, 10 [Ht] | Aw, 101 [Ht] | T 10%° [H|

0 0 0.81

1 0.81
10 0.81
102 1.08
103 1.55
10° 1.56
0 1 0.81

1 0.81
10 0.81
10° 1.08
10° 1.55
10 1.56
0 10 0.81

1 0.81
10 0.81
102 1.08
10° 1.56
10* 1.57
0 100 0.81

1 0.81
10 0.82
102 1.12
10 1.62
10* 1.63
0 1000 0.81

1 0.81
10 0.82
102 1.13
103 1.63
10° 1.63
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Table 6.3: Decay rates of triplet Ps in the field of two near-resonant circularly
polarized lasers, when ionization is not considered. The values of the laser

fields are E* = 10 E%,, and E®
the lasers is 'y = 1.7 1071° [H1].

= 10 E}

cr

i+ The annihilation rate outside of
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the results obtained in the two state problem and the expectations based on

physical reasoning.

6.3 Numerical solution for singlet Ps

The method used in the first section of this chapter can be applied also to
singlet Ps. The system of differential equations (6.21), its solution given in
eq. (6.22) and the initial conditions (6.23) and (6.24) hold for the singlet as
well, provided all parameters are substituted with their appropriate values.
The probability to find Ps is given again by eq. (6.25). This approach allows
to include spontaneous radiative transitions also for singlet Ps, which was
not done in Chapter 4. We solve the problem with Mathematica, as it was
done in the case of the triplet. The eigenvalues of the matrix M for different
values of the laser intensities and Aw, = Awy = 0 are given in Table 6.4. The
parameter q given in the third column was introduced at the end of Chapter
2, section 1 and is equal to:

R

crit cr
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If the intensity of laser ‘a’ is equal to the critical one and for different values
of the field of laser ‘b’, we obtain that the smallest eigenvalue is consider-
ably less than the annihilation rate. This is an indication that the lifetime
of singlet Ps can be extended in these circomstances. When the field of
laser ‘a’ is ten times the critical one, photoionization is significant and this
leads to larger eigenvalues. The smallest eigenvalue mg > T'q and there is
no possibility to extend the lifetime. In order to understand better the role
of ionization and fluorescence, we have given the corresponding eigenvalues
when these processes are not considered in the problem. For strong ‘a’ fields
and no ionization present we obtain that mg < I'y similar to the case when
the values of the laser fields are reversed. This means that there would be
a possibility for stabilization, because the atoms are mainly in the excited
states. But ionization leads to Ps destruction and to a decrease in the life-
time. Note that when neither ionization no fluoresence are present there is
always a zero eigenvalue. Therefore Ps can be exclusively in the coherently
trapped dressed state and live infinitely long. This proves our considerations
in Chapter 1, section 3. The smallest eigenvalue is an indication of the life-
time, but in the case of singlet Ps there are other things to-be considered

before making final conclusions. Namely the annihilation lifetime is smaller
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than the characteristic times of the spontaneous radiative transitions. There-
fore the latter cannot influence significantly the wave function of the system.
In the idealized circomstances when photoionization and spontaneous radia-
tive transitions are not present and at resonance it was found in Chapter 2,
section 1 that the system is in a superposition of the dressed states. The con-
stants in this expansion depend on the initial Ps state and on the parameter

g. The following possibilities can be realized:

a. The initial state is 1S: The wave function of the system does
not contain the coherently trapped dressed state. Therefore Ps
cannot be stabilized. Considering the problem with ionization,
fluorescence and off resonance will lead to a small contribution of

the trapped state into the wave function.

b. The initial state is 2P:

by: For ¢ > 1 the wave function contains almost exclusively the
coherently trapped dressed state. Therefore the lifetime of Ps can
be extended depending on fluorescence and ionization.

by: For q=1 the probability that the system is in the trapped

state is exactly one half.
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bs: For g < 1 the wave function containes mainly the two non-

trapped dressed states, which will lead to annihilation.

c. The initial state is 3D:

c1: For ¢ > 1 the wave function contains again mainly the two
nontrapped dressed states and therefore Ps cannot be stabilized.
cz: For q=1 the probability that the system is in the trapped
state is exactly one half.

c3: For g < 1the wave function contains almost exclusively the co-

herently trapped dressed state and the lifetime can be increased.

Therefore we need to find the complete solution of the time-dependent prob-
ability Sy and carefully compare the coefficients B; in front of the exponential
terms. They are found with Mathematica and for the complete physical prob-
lem are given in Table 6.5; in Table 6.6 - when photoinization is not present
and in Table 6.7 - when both ionization and fluorescence are not present. Of
course the last two tables do not describe the real physical situation, but the
results obtained in these cases help us to understand better the influence of

the different factors on the lifetime of singlet Ps.




1 1 17 1.0112 +:2.5306 | 1.0008 | 0.9781 | 0.5523 £ 21.2672 | 0.5503 + 21.2657 | 0.0978
1 10 0.1 | 1.0487 £ 219.0749 | 1.0299 | 0.9923 | 0.5358 4 :9.5375 | 0.5358 + :9.5375 | 0.0415
1| 100 | 0.01] 1.0495 4 2190.00 | 1.0306 | 0.9926 | 0.5355 4 295.004 | 0.5355 4+ 2190.00 | 0.0404
111000 0.001 | 1.0495 4+ :1900. | 1.0306 | 0.9781 | 0.5355 % 2950.0 0.5355 +:950.0 | 0.0404
10 1 100 | 8.6035 | 5.5925 £ 1295.004 | 5.5924 4 195.004 | 2.5817 | 2.5816 +:190.00 | 2.5815
10 10 10 | 8.5512 | 5.5794 £+ 149.4727 | 5.5794 £+ 195.4728 | 2.6079 4 :190.94 | 2.6078 | 2.6072
10 | 100 15,9318 | 4.9270 4 2134.34 | 4.9251 £ 2134.34 | 3.9254 + 1268.67 | 3.9164 | 3.8963

Table 6.4: Eigenvalues of the matrix M for singlet Ps arranged in decreasing value of the real part. All numerical
values are given in 1077 [Ht]. The annihilation rate outside of the lasers is 1.9 10~7 [Ht]. Complex numbers that
span two columns of the table denote a pair of complex conjugated eigenvalues. The top sign refers to the first

eigenvalue and the bottom one to the second.
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E%:“ % q my m3 m3 my ms Mg my Mg Mg
lonization not present
10 1 |100|0.9541 | 0.9540 £:189.97 | 0.9539 | 0.5148 + 295.003 | 0.5148 =+ 295.003 | 0.0755
10 10 | 10 | 0.9545 +:190.91 | 0.9543 | 0.9540 | 0.5147 4 295.473 | 0.5147 £ 295.473 | 0.0747
10 | 100 | 1 |0.9799 +:268.68 | 0.9709 | 0.9510 | 0.5064 + 2134.35 | 0.5064 + :134.35 | 0.0398
ionization and fluorescence not present
1 1 1 10.9500 | 0.9500 | 0.9500 +22.5133 | 0.4750 £ 21.2567 | 0.4750 =+ 21.2564 | 0.0000
1 10 | 0.1 | 0.9500 | 0.9500 | 0.9500 -+ :19.071 | 0.4750 % 29.5356 | 0.4750 + 29.5355 | 0.0000
10 10 | 10 | 0.9500 | 0.9500 | 0.9500 = :190.907 | 0.4750 + 295.473 | 0.4750 + 295.472 | 0.0000

Table 6.4 continued

IA



g | s | a |inst.| B B, |B;| By Bs Bs |B;|Bs| By
1 | 1 | 1 | 1S |-0.0613 ¥10.1833 | 0. | 1.1217 | -0.0004 + 70.0003 | 0. | 0. | 0.0017

2P |-0.0242 4 :0.0930 | 0. | 0.5478 | -0.0032 F:0.0099 { 0. | 0. { 0.5071

3D |-0.0382 +£:0.0866 | 0. | 0.5302 | 0.0029 +:0.0102 | 0. | 0. | 0.5405

1 10 0.1 1S | -0.0007 F:0.0236 | 0. | 1.0019 | 0.0000 | 0.0000 | 0. | 0. {21075
2P | -0.0010 3:0.0237 { 0. | 0.9923 | 0.0000 } 0.0000 | 0. | 0. | 0.0100

3D |2107® ¥ 4210°*| 0. | 0.0011 | 0.0000 | 0.0000 | 0. | 0. | 0.9989

1 100 | 0.01 1S ¥ 0.0024 0. | 1.0000 | 0.0000 | 0.0000 | 0. | 0. | 0.0000
2P 0.0000 | 0.0000 | 0. | 0.9999 | 0.0000 | 0.0000 | 0. | 0. | 0.0001

3D 0.0000 | 0.06000 | 0. | -0.0081 | 0.0000 | 0.0000 | 0. | 0. | 1.0081

1 1000 | 0.001 1S F 2 0.0002 0. | 1.0000 | 0.0000 | 0.0000 | 0. | 0. | 0.0000
2P 0.0000 | 0.0000 | 0. | 1.0000 | 0.0000 | 0.0000 | 0. | 0. | 0.0000

3D 0.0000 | 0.0000 | 0. | -0.0082 { 0.0000 | 0.0000 | 0. | 0. | 1.0082

Table 6.5: Coefficients multiplying the exponential terms in the time-dependent probability to find singlet Ps. This E
is the solution of the complete physical problem with photoionization and spontaneous radiation. Numbers that
span two columns of the table denote a pair of complex conjugated coefficients. The top sign refers to the first
coefficient and the bottom one to the second. The initial state of Ps is given in the fourth column.



Ed

Eb

< || 4 . st. B, B, By By | Bs | Bs| By Bsg Bg
10 1 (100 1S |-0.0006 | 0.0000 | 0.0000 | 0. | O. 0 + 7 0.0018 | 1.0006
2P 0.9872 | 0.0000 | 0.0000 | 0. { 0. | O. 0. 0. | 0.0128
3D |-0.0005 | 0.0000 | 0.0000 { 0. | 0. | 0. | +£20.0015 | 1.0005
10 10 | 10 1S | -0.0006 | 0.0000 | 0.0000 | 0. | 0. | £20.0018 | 0. | 1.0006
2P 0.9774 | 0.0000 | 0.0000 | 0. { 0. | £2210=° | 0. | 0.0225
3D 0.009 | 0.0000 | 0.0000 | 0. [ 0. | O. 0. 0. | 0.9909
10 {100 | 1 1S |} -0.0004 | -0.0001 F:0.0049 { 0. | 0. | £20.0037 | 0. | 1.0007
2P 0.4902 | 0.0000 | 0.0000 | 0. | 0. | 2 0.0018 | 0. | 0.5101
3D 0.1633 | -0.0001 3:0.0085 | 0. | 0. | £20.0016 | 0. | 0.8371

Table 6.5 continued
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o ;;—" q |in.st.| By |By|Bs| Bs |Bs|Bs|B:|Bs| Bo
10 | 1 {100| 1S | 09952 | 0. |0.|0.0000 | 0.0 |0 |O0. |0.0048
2P |-0.0857 | 0. | 0. | 0.0000 | 0. | 0. | 0. | 0. | 1.0857

0 3D | 0.9953 | 0. | 0. | 0.0000 | 0. | 0. | 0. | 0. | 0.0047

10 | 10 | 10 | 1S | 0.0000 | 0. | 0. | 09953 | 0. | 0. |0.|O0. |0.0047
2P | 0.0000 | 0. | 0. |-0.0742 | 0. | 0. | 0. | 0. | 1.0742

3D | 0.0000 | 0. {0.|09848 | 0. | 0. | 0. |O0. |0.0152

10 {100 | 1 | 1S | 0.0000 | 0. |0 | 0998 | 0.0 |0 |0 |0.0011
2P | 0.0000 | 0. | 0. | 0.4776 | 0. | 0. | 0. | 0. | 0.5224

3D | 0.0000 | 0. (o0 | 04775 |0 |0. {0 |0 {0525

Table 6.6: Coefficients mutiplying the exponential terms in the time-dependent probability to find singlet Ps.
Photoionizatioin is not considered.

—
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£ E@r q |in st.| B B, Bs Bs |Bs|Bs|B:|Bs| B
1 1 | 1| 1S |1.1429 | 0.0000 | -0.0714 F3i0.1890 | 0. | 0. | 0. | 0. | 0.0000
2P | 0.5714 | 0.0000 | -0.0357 +:0.0945 | 0. | 0. | 0. | 0. | 0.5000
3D |0.5713 | 0.0000 | -0.035 +:0.0945 | 0. | 0. | 0. | 0. | 0.5001
1 | 10 [0.1| 1S |0.0000 | 1.0024 |-0.0012 &7 0.0249 | 0. | 0. | 0. | 0. | 0.0000
2P | 0.0000 | 0.9925 | -0.0012 +10.0247 | 0. | 0. | 0. | 0. | 0.0099
3D | 0.0000 | 0.0099 | 0.0000 | 0.0000 | 0. | 0. | 0. | 0. | 0.9901
10 | 10 |10 | 1S |{0.0000 | 1.0000 | 0.0000 | 0.0000 | 0. | 0. | 0. | 0. | 0.0000
2P | 0.0000 | 0.0100 | 0.0000 | 0.0000 | 0. | 0. | 0. | 0. | 0.9900
3D | 0.0000 | 0.9903 | 0.0000 | 0.0000 | 0. | 0. | 0. | 0. | 0.0097

Table 6.7: Coefficients mutiplying the exponential terms in the time-dependent probability to find singlet Ps.
Photoionization and spontaneous radiative transitions are not considered.

—
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Let us first consider the expression for the probability to find Ps given
in eq. (6.25). We have found the eigenvalues m,, which are either real or
complex conjugared pairs. The coefficients B; in front of the exponential
terms are real when they correspond to real eigenvalues and comlex conju-
gated pairs otherwise. The terms in the probability corresponding to the

latter ones are also real. Let m; ;41 = ¢ £ty and B, ;1 = a £ 1b. We have:

Bje ™' + Bj. e ™ttt = 2Re{B;e ™'} (6.29)

= e ™2(acosyt + bsinyt)

Therefore the expression for the probability is real and is a sum of exponen-
tially decaying terms, some of which also oscillate. It is normalised to one at
t=0. The question is how to define an effective lifetime for a probability of
this kind. Careful comparison of the coeflicients B; gives an obvious answer
in some cases. If Bg is close to one and all other coefficients are very small
or zero, then we can safely consider mg to be the decay rate. If some other
coeflicient B; is close to one and all other B; for 7 > 1 are zero, then we can
take m; to be the decay rate. There are a few cases when By = 0.5 and also
some other coefficient B; = 0.5. If the difference between the corresponding

eigenvalues is very large, the ‘7’ term will decay fast and the decay rate is
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basically determined by mg. In all other cases there is no straightforward
way to define an effective decay rate. Most of these case fall in the following
category: the coefficient By is small, but different from zero and some B; is
very close to one for j < 9. In an experiment with a Ps beam most of the
atoms will decay fast with a rate m; and a very small number of atoms will

live long with a lifetime 7 = 1/mg. We have:
P(t) = So(t) = Bje~™' + Bge ™. (6.30)

At time ¢ = t* these two terms will become equal, where

_ In(Bs/B;)

m; — My

t* = (6.31)

For t > t* the probability will be essentially determined by the slowly decay-

ing exponential term:

P(t) = Bge ™t for t > t*. (6.32)

The lifetime of singlet Ps in the field of two resonant laser fields, divided
by the annihilation lifetime 75 of the ground state outside of the lasers, for
different values of the laser intensities and initial conditions is given in Table

6.8. Since we have used 7 as a unit of time, we give the lifetime of the state
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2P:

Top = 7'10+T:n = 26.67’0 (633)

and the state 3D:
3D = T21 + T10 + Tz:n = 27467’0 (634)

outside of the laser fields in the last line of the table. In this way we can
compare the results for these states when Ps is interacting with the lasers.
When two numbers are given, the first one indicates the dominant term in
the probability to find Ps and the second number in brackets refers to the
smallest eigenvalue with a small but nonzero coeflicient as discussed in the
previous paragraph.

The first four lines of the table give the lifetime when the intensity of laser
‘a’ is critical and for different values of the field of laser ‘b’ above critical.
Ionization is weak and the lifetime is determined mainly by the laser-atom
interaction and fluorescence. When the value of the parameter g < 1, we have
cases ‘by’ and ‘c3’ considered aﬁbove. If the initial Ps state was 3D, we obtain
a lifetime of up to 4779 = 0.1773p, which is smaller than the one without
the interaction with the lasers. If Ps was initially in the bare state 2P, the

dominent term in the probability gives a lifetime of almost twice 79, which
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a b

o | B | 9 1S 2P 3D
1 1 1 1.94 (19.43) 19.43 19.43
1 10 0.1 |1.91(45.78) | 1.91 (45.78) 45.78
1 100 | 0.01 1.91 1.91 (47.03) 47.03
1 {1000 | 0.001 1.94 1.94 47.03
10 1 100 0.74 0.22 (0.74) 0.74
10 10 10 0.73 0.22 (0.73) 0.73
10 | 100 1 0.49 0.49 0.49

lonization not present
10 1 100 | 1.99 (25.17) 25.17 1.99
10 10 10 1.99 (25.43) 25.43 1.99 (25.43)
10 | 100 1 1.95 (47.74) 47.74 47.74
ionization and fluorescence not present
1 1 1 2 00 00
1 10 0.1 2 2 00
10 10 10 2 0o 2
no interaction with the lasers

0 0 1 26.6 274.6
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Table 6.8: Lifetime of singlet Ps in the field of two resonant' laser fields,

divided by the annihilation lifetime of the ground state outside of the

lasers, for different values of the laser intensities and initial conditions.
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is also smaller than its lifetime outside of the laser fields. The numbers in
brackets for the initial state 2P refer to the lifetime given by my in eq (6.32).
For ¢ = 0.1 and t* > 9.18 79 the lifetime is 45.78 79 = 1.72 13p. For ¢ = 0.01
and t* > 18.38 7 the lifetime is 47.0379 = 1.7773p. When ¢ = 1, we have
cases ‘by’ and ‘cy’ considered above and the lifetime for both 2P and 3D initial
states is almost 207, (less than 7pp and 73p). For Ps starting in its ground
state and ¢ < 1 we have case ‘a’ considered above. The probability to find
Ps is the sum of a short lived exponential term plus a small contribution
from a slowly decreasing one as in eq (6.30). For ¢ = 1 and ¢* > 14.01 7, the
second term will be dominant and will determine a lifetime of 19.43 7. For
g = 0.1 and t* > 26.23 7o, the lifetime is determined by the slow exponential
and extended to 45.7879. These two cases for initial state 1S and the two
ones for 2P discussed above are the only possibilities to extend the lifetime
of Ps in the lasers beyond the lifetime of the respective initial state without
the laser fields.

Vﬁ;hen E® =10 EZ,, and for all values of the field of laser ‘b’ ionization is
strong and the lifetime is less than the one outside of the laser fields regrdless

of the initial Ps state.
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The following three lines in Table 6.8 give the lifetime for E® = 10 E2 ,
and no photoionization present in the problem. As we mentioned before,
this is not a realistic physical situation, but it helps us to gain a better
understanding of the different factors influencing the lifetime. Here we have
g > 1. If the initial state was 2P (cases ‘b’ and ‘b,’), the lifetime can be
increased up to 4779 = 1.9 7pp. If the initial states was 3D (cases ‘c;’ and
‘cy'), the lifetime is always smaller than the one outside of the laser fields.
When Ps was initially in its ground state, the lifetime cannot be increased
more than twice. But for all values of the field of laser ‘b’, the coefficient
By has a small nonzero value. Therefore there is a small probability for an
extended lifetime of up to 47 times.

Finally we have considered the problem when both ionization and fluo-
rescence are not present. Here we can see clearly the role of the initial Ps
state on the lifetime and the effect of coherent population trapping.

To summarise the results in this chapter, the lifetime of triplet Ps in the
field of two lasers cannot be extended more than two times its value without
the interaction with the lasers due to spontaneous radiative transitions. The
lifetime of singlet Ps can be extended with a small probability. If the initial

state was 1S - up to 4579 and if the initial state was 2P - almost 2 7,p.
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Conclusions

We have considered the problem of a positronium atom interacting with
laser fields with the goal to extend its lifetime [18, 19]. Ps is an unstable
system, since the electron and the positron are a particle-antiparticle pair. I.t
annihilates for all practicle purposes only from S states. Singlet Ps annihilates
mainly by emission of two 4 quanta and the triplet state - mainly by 3+
emission. The lifetimes are respectively 72, = 1.25 107!° sec and 77 =1.4
10~7 sec. Singlet and triplet Ps are not coupled by the lasers and they are
discussed separately, but we have found an approach, which can be applied
to both of them.

A Ps atom interacting with laser fields is in a dressed state. Its wave
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function can be represented as a linear superposition of the bare states and
under certain conditions it does not contain the 1S ground state, which can
lead to a longer lifetime. This is the phenomenon of coherent population
trapping. Most of the existing studies discuss the latter in the context of a
three level ‘A’ system driven by two semiclassical lasers. Two-level systems
are not known to exibit trapping states, except when the two-level atom is
interacting with a quantized field [29] or with a frequency modulated semi-
classical field [30]. Therefore coherent population trapping can be used to
prolong the lifetime of Ps in the case of a three-level system. We consider Ps
atoms in the field of two different circularly polarized lasers. Each of them
is nearly resonant with a given transition between the ground state and an
excited Ps state. In principle any two excited states which obey the selection
rules can be chosen. But spontaneous radiative transitions can occur between
them and other Ps states that are not coupled by the lasers. This would lead
to a multilevel problem, which is considerably more difficult (and probably
gives less enhancement of the lifetime), without introducing any new physics.
Therefore it is necessary to select a simple three state system wich is closed
with respect to fluorescence. This can be achieved by the following configu-

ration: laser ‘a’ couples 1S(m; = 0) with 3D(m; = £2) via a two photon
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transition and laser ‘b’ couples 1S(my = 0) with 2P(m; = 1) via a single
photon transition (see Figure 1.2). This configuration of Ps states and laser
fields resembles an inverted ‘A’ system (or a ‘V’ system). It has the property
of coherent population trapping at resonance, which means in this case that
the laser detunings are equal (Aw, = Aws). The three dressed Ps states close
to resonance are found in Chapter 2, section 1. One of them has no 1S com-
ponent. This state would not annihilate at all were it not for the fact that
spontaneous radiative transitions 3D—2P—1S occur.! They repopulate the
ground state and permit annihilation. The controlling lifetime will be that
of the 2P—18 transition, which is 739 = 3.2 107 %sec. The 3D—2P transition
is much slower with a lifetime of 75; = 3.1 10~ 8sec.

Photoionization and annihilation are competing processes and they both
lead to the destruction of Ps. We find that ionization with laser ‘b’ is too
weak to be observed, but the one with laser ‘a’ is significant and for values
of the field above critical is the dominant process. Nonresonant .two-photon
ionization from the ground state is also weak. Therefore we have considered

the above configuration of a three state Ps atom interacting with two near-

1Radiative transitions to other Ps states are forbidden by the selection rules.
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resonant lasers, including in the problem spontaneous radiative transitions,
annihilation from the ground state and photoionization from the excited
states.

In Chapter 3 and 5 we discuss the two state problem with one laser.
Photoionization is included, which was not done in previous work. The
approach in Chapter 3 is suitable for treating singlet Ps without fluorescence.
We have extended the Hilbert space to include the continuum states resulting
from annihilation and ionization and use the projection operator formalism.
The approach of Chapter 5 is to include annihilation and ionization via an
antihermitian (absorptive) term in the Hamiltonian. This allows to consider
spontaneous radiative transions as well. The method is adopted in Chapter 6
to solve the complete physical problem for singlet and triplet Ps in the three
state case. It can be also used for stable atoms (no annihilation present),
when there is photoionization induced by the lasers. The results obtained in
both chapters confirm the ones for the two state Ps atom in {18, 19].

In Chapter 2 we find the dressed states of the Ps atom in the field of
two lasers. Their analytic form is given in eq. (2.18) and (2.20) in the case
when the system is very close to resonance and no fluorescence and ionization

are present. The actual state of the atom is a supperposition of the dressed
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states with constants determined by the initial conditions. We obtain that
the initial Ps state and the value of the parameter

CE-EE

crit

are the major factors, which determine to what extent the Ps wave function
in the lasers contains the coherently trapped dressed state. In the idealized
circumstances when photoionization and spontaneous radiative transitions

are not present and at resonance the following possibilities can be realized:

a. The initial state is 1S: The wave function of the system does
not contain the coherently trapped dressed state. Therefore Ps
cannot be stabilized. Considering the problem with ionization,
fluorescence and off resonance will lead to some contribution of

the trapped state into the wave function.

b. The initial state is 2P:

by: For ¢ > 1 the wave function contains almost exclusively the
coherently trapped dressed state. Therefore the lifetime of Ps
could be extended depending on fluorescence and ionization.

by: For q=1 the probability that the system is in the trapped
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state i1s exactly one half.
bz: For q < 1 the wave function containes mainly the two non-

trapped dressed states, which will lead to annihilation.

c. The initial state is 3D:

¢;: For ¢ > 1 the wave function contains again mainly the two
nontrapped dressed states and therefore Ps cannot be stabilized.
cz: For q=1 the probability that the system is in the trapped
state 1s exactly one half.

c3: For ¢ < 1 the wave function contains almost exclusively the
coherently trapped dressed state and there is a possibility to in-

crease the lifetime.

In Chapter 2, section 2, we solve the problem for triplet Ps without
ionization. We find the occupation probabilities of the three bare states.
The initial Ps state is not a factor, since spontaneous radiative transitions are
much faster than the annihilation rate and the atom fluoresces many times
while in the laser fields. This alters the dressed wave function removing
the dependence on the initial state. We find that the lifetime cannot be

extended more than two times (as in the two state case). The reason is again
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ﬂuoréscence, which in spite of coherent population trapping repopulates the
ground state and leads to annihilation.

In Chapter 6, section 1 we consider the complete physical problem of Ps
in the field of two near-resonant lasers. We obtain a system of homogeneous
linear first order differential equations for the expectation values of the basis
set of matrices (the generators of the SU(3) group) with respect to the total
wave function of the system. One of them gives the probability to find Ps as

a function of time:
9
P(t) = So(t) = Z B;e~™it , (72)
1=1

where the eigenvalues mg are in general complex and are arranged in de-
creasing order of their real part. Therefore it is a linear combination of
exponentially decaying terms, some of which also oscillate. This probability
was found numerically for triplet Ps in section 2 and for singlet Ps in sec-
tion 3. For triplet Ps we find again that the initial state does not influence

the results. The longest surviving turm in the expression for the probability

has a coefficient By close to one. Therefore the smallest eigenvalue can be
considered as the decay rate. The latter is given for different values of the

laser intensities and detunings. We obtain that the lifetime in the laser fields
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cannot be extended more than twice. This confirms the results of Chapter 2
and shows that two lasers are not moré effective than one. Photoionization
proves to be significant for values of the field of laser ‘a’ above critical.

In the case of singlet Ps we obtain in Chapter 6, section 3 the complete
expression for the probability for different va.lués of the laser intensities and
different initial Ps states. As expected, the latter influence strongly the
lifetime, because spontaneous radiative transitions are slow in comparison
to the annihilation rate. We find as well the probability when ionization
is not present and also when ionization and fluorescence are not present.
These are not a realistic physical situations, but they helps us to gain a
better understanding of the different factors influencing the lifetime. The
question is how to. define an effective lifetime for a probability, which is such
a complicated function of time. Careful comparison of the coeflicients B;
gives an obvious answer in some cases. If By is close to one and all other
coefficients are very small or zero, then we can safely consider mg to be the
decay rate. If some other coeflicient B; is close to one and all other B; for
@ > j are zero, then we can take m; to be the decay rate. There are a
few cases when By ~ 0.5 and also some other coefficient B; = 0.5. If the

difference between the corresponding eigenvalues is very large, the ‘j’ term
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will decay fast and the decay rate is basically determined by ms. In all other
cases there is no straightforward way to define an effective decay rate. They
fall in the following category: the coefficient By is small, but different from
zero and some B; is very close to one for 7 < 9. In an experiment with a
Ps beam most of the atoms will decay fast with a rate m; and a very small

number of atoms will live long with a lifetime 7 = 1/ms. We have:
P(t) = Sg(t) = BJ e—"‘-"‘ + Bg e"'"”t . (73)

At time ¢ = £* these two terms will become equal, where

_ In(Bs/B;)

m; — Mg

t* = (7.4)

For t > t* the probability will be essentially determined by the slowly decay-

ing exponential term:
P(t) = Bge ™ for t >t*. (7.5)

Ionization is weak when the intensity of laser ‘a’ is critical and for different
values of the field of laser ‘b’ above critical and the lifetime is determined
mainly by the laser-atom interaction and fluorescence. When the value of the

parameter ¢ < 1, we have cases ‘b3’ and ‘c3’ considered above. If the initial
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Ps state was 3D, we obtain a lifetime of up to 4779 = 0.1713p. Therefore it

is reduced by a factor of five with respect to the lifetime
Tap = To1 + Tio+ Tapy = 274.670 (7.6)

without the interaction with the lasers. If Ps was initially in the bare state
2P, the dominent term in the probability gives a lifetime of almost twice 7,

which is also smaller than its lifetime
Teap = Tio+ T, = 26679 (7.7)

outside of the laser fields. For ¢ = 0.1 and t* > 9.18 7 the lifetime is
determined by the smallest eigenvalue and it is 45.78 9 = 1.727,p. For
g = 0.01 and ¢* > 18.38 7¢ the lifetime is 47.0379 = 1.777,p. When ¢ = 1,
we have cases ‘b,’ and ‘cy’ considered above and the lifetime for both 2P and
3D initial states is almost 20 79 (less than 7,p and 73p). For Ps starting in its
ground state and ¢ < 1 we have case ‘a’ considered above. The probability to
find Ps is the sum of a short lived exponential term plus a small contribution
from a slowly decreasing one as in eq (7.3). For ¢ = 1 and t* > 14.017
the second term will be dominant and will determine a lifetime of 19.43 7.
For ¢ = 0.1 and #* > 26.23 79, the lifetime is determined again by the slow

exponential and extended to 45.78 7,. These two cases for initial state 15
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and the two ones for 2P discussed above are the only possibilities to extend
the lifetime of Ps in the lasers beyond the lifetime of the respective initial
state without the laser fields.

To summarise the results, the lifetime of triplet Ps in the field of two lasers
cannot be extended more than two times its value without the interaction
with the lasers due to spontaneous radiative transitions. The lifetime of
singlet Ps can be extended with a small probability. If the initial state was

1S - up to 457 and if the initial state was 2P - almost 2 7op.
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Calculation of radiative and
one-photon ionization decay

rates

In this and the following appendix the explicit form of the wave functions
for 1S, 2P and 3D positronium states [45] are used extensively and it is

convenient to write them here. The radial parts are:

Ryo(r) = 7 ¢ 20
0
1 r
Rn(r) = ol aa© (A1)
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1 22 r? _ .

R foown —_—_— — — dag
w(7) (3a0)°7 27+/5 a§

while the angular are:

27
Y(8,0) = —-;- ,/% sinf e (A.2)

Yi(6,0) = i\/%sinza i

We shall also need:

Y2(6,0) = —-;—\/-:ir—s-sinsﬁ e (A.3)

Note that ag is twice the Bohr radius ap.
There are two spontaneous radiative transitions that are relevant to the

problem. Half of the respective natural decay rates are given by the expres-

sions (2.54):

3
Yo = -g'v:'/_;bg 'dlolz fOl' 2P — 1S (A4)
C
3
Vo1 = %% |d21)>  for 3D — 2P (A.5)
C

The calculation of the matrix elements in Jm and d;l is straightforward. The

radial integrals can be done by a transformation to a dimensionless variable
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z = r/ao and using the relation:

) |
/ M dy = — (A.6)
0
where @ > 0 and n is an integer. We obtain the following numerical values:

|dio]? = [{ua]eruo)|? = 0.5549 e?a? (A7)

ldaa? = |{uaeFlui)? = 9.017 a2, (A.8)
which give the respective half widths:

Yio = 3.793 10—9 [Ht] (AQ)

Y21 = 3.916 107° [Ht] (A.10)
The corresponding lifetimes 7;; = 2k/~;; of these states are:

o = 3.189107%s (A.11)

T = 3.089107%s (A.12)

Another relevant quantity is Ay, the coupling matrix element for the one
photon transition 15 < 2P. Its numerical value is necessary to estimate the
critical amplitude of the elecrtic field of laser ‘b’. It is given in (1.4) by the

expression:

A = Lt ulituo) (A.13)

mw
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Using the wave functions (A.1) and (A.2), we calculate the above integral to
obtain:
Ey

Ay = 1.492 =2 [Ht] (A.14)
Ey

where Ej is the atomic electric field defined in (1.8).

In principle there are five possible ionization processes. Laser ‘a’ can
ionize the Ps atom either from the state 2P or from 3D. The same holds
for laser ‘b’ (see Figure 1.2). It is also possible to induce a nonresonant
transition from 1S into continuum states by a two photon process first with
laser ‘a’ and then with ‘b’. The two photon ionization from the ground
state when the order of the lasers is reversed is resonant and is included in
our previous considerations. We compute the single-photon ionization rates
in perturbation theory up to first order. The integrals can be performed
analytically and this is outlined below. The two-photon ionization rate from
the ground state will be calculated in Appendix B.

The wave function of the continuum states has to be determined carefully
in regard to the boundary conditions and normalization. See [34] (Chapter

14), [35] (Chﬁptef 1.3) and [36]. It is the solution for unbound states of the
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Schrodinger equation with a Coulomb potential:

{1 0 Iy} L? s 2me?
T

S - mre - ) =0, (a)

where L is the orbital angular momentum operator and q is the momentum
after lonization in the center of mass frame. The superscript ‘4’ of the wave
function denotes outgoing or incoming wave boundary conditions. The latter

one is needed for calculating ionization rates. The substitutions:

1

BB = 3 Y Yr(e,9) [8E() (4.16)

=0 m=~1

and

eTibi(a)
) = # T war) (a17)

lead to the following equation for the reduced radial wave function:

() - (LA B b = 0. (a18)

r4

Here z = gr and 7 = —(aog)~? is the Coulomb parameter. The Coulomb

scattering phase shift [34] is denoted by &;(n) and it is equal to:

et — M

= ST (A.19)

where I'(z) is the gamma funtion. This equation has two linearly independent

solutions. They are the regular (at the origin) Coulomb function Fi(7, z) and
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the irregular Coulomb function Gi(n,z). Their assymptotic behaviour (for

z — 00) is:
: i
Fi(n,2) — sin(z —nln2z — 5+ &) (A.20)
Gi(n,z) — cos(z —nln2z — %l + &) (A.21)

These two solutions are normalized to a delta-function:

/0°° wi(qir)wi(ger)dr = 7%5(41 —q2) (A.22)

It i1s more convenient to have the energy normalized solutions of the radial
Schrodinger equation when calculating the ionization rate. The energy nor-

malized regular Coulomb function is:

2m
Ff(n,qr) = \/ng F(n,qr). (A.23)

The regular Coulomb function can be expressed in terms of the confluent

hypergeometric series [46]:

Fi(n,qr) = (A.24)

2 |F(l +1+4 ”7)[ —1igr

2le~ DSy e (gr) T Ry (I + 1 — i, 20 4 2; 2igr),

The latter is defined by:

1Fi(a,b;2) = M(a,b,z) = i F(;(—;—)n) I‘(i(—i)n) —ZT; (A.25)

n=0
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When calculating the ionization rates, we use an integral representation for
the confluent hypergeometric function:

21—bez/2

B(a,b— a)

zt

M(a,b,z) = /_11 Q1+t (1—t)0 e % . (A26)

As usual B(z,y) denotes the beta function:

B(z,y) = %—;— (A.27)

Some properties of the gamma function that are used extensivelly in the

calculations are:

Mn+1)=n! I'(z+1) = zl'(=)
T(1 +1z)[(1 — iz) = s;:z I*(z2) = I'(2*) (A.28)

Putting together expressions (A.16, 17, 23, 24 and 26) we obtain the explicit
form of the energy normalized, with incoming wave boundary conditions,
regular at the origin wave function for unbound states in the presence of a

Coulomb potential:

2mgq e~ 7 2711 I'(l+1 — ) .
- = I A.29
Feinlar)) i BT il 414y ni” (b (A29)

where

1 . . .
I(l,n,2) = /_1 dt e7=t (1 + ¢) (1 —¢)= . (A.30)
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This wave function will be used to calculate all ionization rates. !

Using the energy conservation relation:

I"qu2

"2'm"‘ - hwph + Wl' ) (AB]')

we obtain the numerical values of the the Coulomb parameter 5. For the

four possible single-photon ionization processes they are:

with laser: ‘a’ ‘b’
from 3D: -3 -—\/% (A.32)
from 2P: -—76; V2

The total one-photon ionization rate (probability for ionization per unit

time) is given by the following expression [31] (Chapter 2):

7r [ e Y
w=oF e’E? /qu (i, (FYEx - Flus) | p(By) (A.33)

where p(F,) is the density of final states. It is equal to one when the final
states are energy normalized as in (A.23). [df, denotes integration over the
angular variables of the final momentum q. With the given normalization of

the initial and final state wave functions, we obtain that the dimension of

INote that in the system of units & = ¢ = 1, it has a dimension of energy, which will

be used to verify the dimension of the the final result.
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the ionization rate (again in units & = ¢ = 1) is energy, which is the correct
one. The explicit forms of the wave functions can be substituted in (A.33).

Since the lasers are circularly polarized, the photon polarization vector is:

1 .
3 T+ 19 and £é-7= —T—sinﬂ e'? (A.34)

= et 7

After some simplifications we obtain the following expression for the ioniza-

tion rate:

nE%ad e™™ g-2'-1
= ; — X
[p| T+ 1 4+ ) T+ 1 — )

(A.35)

2

/ T dz "Iy, 2)* Rulz) / 4, Y™ (8, 0)* Y;™(8, o) sinf ¢*°
0
The primed quantum numbers refer to the final continuum state. Due to the

circular polarization of the laser, we have:
!'=141 and m'=m+]1l (A.36)

The bar on the bound state radial wave function denotes that the dimensional
factor ag %/2 has been taken away.

We calculate first the ionization rate from the state 3D. Therefore I = 2,
m = 2 and I' = 3, m' = 3. The angular integral in (A.35) is equal to \/g.

The radial integral can be reduced to the following expression:

1+t 3-1in 1 3+in
I = 28!36\[/ dt )1_;”9) . (A.37)
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It can be solved by changing the integration variable via the transformation:

(A.38)

This leads to the following expression:

2 2839 (s + 1) s3=in 1—3
=y e Eroe =t (A
! \/;(1+3z)9 / ¥ Bs) where f= 17 - (A39)

This type of integral can be solved analytically [47]:

/ s gy = P By =) (A.0)

for v, > 0 and |arg(B) < m|. We obtain that the radial integral in (A.35)

is equal to:
I = \/gﬂ_ B4t (A.41)
" Vs a3y " '
where
1 . . . :
M, = EF(S —in) (4 +1n) + T'(4 —in) (5 +17) . (A.42)

The total ionization rate from the state 3D is obtained from (A.35) and

(A.41):
=" g2n arg(B~!)

2
wip = 02981 B'ay ¢ s T o)

| M2 . (A.43)
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We simlify this expression by taking the absolute value squared of (A.42)

and using the properies of the gamma function:

_.e’_"")

0.11727 E2al e2n°79(6™") ( ) (9 +7°)(4 + 7)1 +7°)(4 + 3n),

shry
where

arg(B~') = 2.498 . (A.45)

Then we substitute the numerical values of the Coulomb parameter 7 from
(A.32). We obtain that the ionization rate from the state 3D with laser ‘a’

is equal to:

wip = 0.06172 (E*)®a] . (A.46)
The one with laser ‘b’ is:
wip = 0.01303 (E*)?a . (A.4T)

The ionization rate from the state 2P is calculated in the same way from
(A.35). Wehavel=1,m =1 and I' = 2, m' = 2. The numerical value of

the ionization rate with laser ‘a’ is:

wip = 0.1617 (E*)? ad . (A.48)
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The one with laser ‘b’ is:
whp = 0.02847 (Eb)?al . (A.49)

It is convenient to write these rates in terms of the critical fields. We first

consider singlet Ps:

E®, =Ey81210° and E®

erit

=E;1.2710°7 . (A.50)

The Bohr radius is ag = 7.31072 [Ht]™", and we obtain:

Ea

a 2
(B°)dd = (E ) 5.274107% [Ht]
crit

Eb
e - (5

crit

)2 1.200 10713 [Ht] . (A.51)

Therefore the respective ionization rates are:

E* \?
wi, = ( ) 3.255107° [Ht],

I
N
&

3t s

8.52810~° [Ht] , (A.52)

a
Wap

Eb\?
whp = ( ) 1.681 1071 [Ht] ,
w2P — Eb

For triplet Ps we obtain in a similar way:

a

E
Eaz 3 —
(52 - (5

erit

2
) 4.723107" [Ht],




Appendix A 154

Eb \?
(E*Y?dd = (ETt) 1.040107%° [Ht) . (A.53)
The respective ionization rates are:
E* \*
wip = (E“) 2.915107'2 [Ht],
crat
E*\?
wip = (E> 7.63710712 [Ht], (A.54)
crit
b 2 .
wh, = (ET> 1.3551072! [Ht],
crit
Bt \? ‘
whp = (Eb 't) 2.961107% [Ht],

We have represented the ionization rates in terms of the ratio of the laser field
and the respective critical field. This is.why the singlet and triplet ionization
rates appear to be different. They are not as can be seen from eq. (A.46-49),
but the respective values of the critical fields are. This way of writing allows
us to compare easily the above rates with the ones for annihilation in eq.

(1.7) and estimate which of the photoionization processes are relevant.
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Calculation of two-photon

processes

In this appendix we calculate the matrix element of the two-photon laser
induced transition 1S«+3D and the ionization rate from the ground state
induced first with laser ‘a’ and then with laser ‘b’. These are more difficult
to handle since they occur via all posible intermediate Ps states.

The matrix element of the first transition is:

Aa = €2 (wlé" - Fl4(7) , (B.1)
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where

) = 3 ellnlE Tle) (8.2)

The sum runs over all possible intermediate states |u,) except 2P. We can
perform this sum without approximations by using the method of inhomo-
geneous differential equations which is described in [31] (Chapter 4), [32, 33]

and references therein. The state |¢(7)) satisfies the following equation:
(Ho — wa — Wo) [6(7)) = € - 7uo) (B.3)

As before Hy denotes the Hamiltonian of the Ps atom outside of the laser field.

Eq. (B.3) can be reduced to a one dimensional equation by the substitution:

— i a3y z
l6(7) = 73 ™0 Y7 (6,9) f(z), (B.4)

where Y}!(6, ) is the respective spherical harmonic function given in eq.
(A.2). We have denoted with ag the Bohr radius multiplied by two and
r

introduced a dimensionless variable z = = The unknown function f(z)

satisfies an inhomogeneous differential equation:

(dd_;_*_?'_i__g__}_g_?_) f(;z;) = ze 7, (B.5)

zdzx 2 2z 9

which can be solved with the Green’s function method. After some transfor-
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mations we obtain the corresponding homogeneous differential equation:

F'(z) + (4—2) F'(z) — 0.6584 F(2) = 0, z= %m . (B.6)

This is the equation of the confluent hypergeometric function [20]. It has two
solutions. One of them M(0.6584, 4, z) is regular at the origin and the other
one - U(0.6584, 4, z) is irregular. We can now represent f(x) as an integral

of known functions:

o o] 2 =
f(z) = —0.7559 / dy yie¥ M(0.6584, 4, _\3/_5%) Ys e-\/gjy. %
0
X U(0.6584, 4, —2‘3/5;/,) peVEu | (B.7)

Here y, denotes the smaller of the two variables z and y, while y; - the
larger one. From eq. (B.4), (B.6) and (B.7) we can solve the integrals in the
matrix element of the two photon transition numerically with Mathematica
to obtain:

Eq

Ae = 28.81 (—E-;)z (B9

From this result and the definition of the critical electric field in eq. (1.14),

we obtain:

E*., = E;24310°% for triplet Ps (B.9)
2. = FEy812107° for singlet Ps (B.10)
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They are considerably larger than the ones for laser ‘b’ in eq. (1.16), because
A, is quadratic in the laser electric field.

The last possible ionization is the nonresonant two photon one from the
ground state [37, 38]. Up to first order in perturbation theory the matrix

element for this transition is:
Ay = € BBy, (Wi, 1e* - 7lgi(7) (B.11)

where

LIGIEDY |1;;i<zi"f: ;ﬁv;‘i)) : (B.12)

g, =2

The wave function [ ¥ ) is defined in eq. (A.16), (A.17), (A.29) and (A.30).
This is the energy normalized with incoming wave boundary conditions, reg-
ular at the origin wave function for unbound states in the presence of a
Coulomb potential. The sum in (B.12) runs over all possible intermediate
states |u,) except 2P. The matrix element in eq. (B.11) can be solved with-
out any approximations with the inhomogeneous differential equation method
[31} in a similar way as it was done above for A,. Using Mathematica, we

obtain the following ionization rates:

a \ 2 b 2 .
wis = ( Ea ) <EEb .t) 7.257 107 [Ht] for triplet Ps

crit
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a Eb

crit crit

E*\* [ E*\?
wiy = (——) (-——) 1.010107*% [Ht] for singlet Ps. (B.13)




Appendix C

Derivation of the constraint

In this appendix we give a derivation of the constraint, used in Chapters 2,
5 and 6 to handle spontaneous radiative transitions in an atom interacting
with laser fields. All notations used here are the same as the ones in the
respective chapters.

We consider a system with an hermitian Hamiltonian and derive the con-
straint for the case in Chapter 2. As described there, physical observables
can be expressed as expectation values of operators with respect to the to-

tal wave function of the system |¥(¢)). We can obtain equations for these

160
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obser;/ables from:

2 (¥019) = (¥|[0, H)|¥). (©1)

If the operator O for a given observable is independent of the radiation
operators and also does not depend explicitely on time, we obtain from (C.1)
(eq. (2.46)):

.d

i—(¥]0]¥) = (C.2)

> 7% (410,61 19) + {3 Xe (UBE0) - G [0, 0] )7

a=1 a=1

9
+3° Z, (WEEM() - diy [0,2,) W) e uamenlt h.c.}.
a=1

It is apparent from the above expression that the equation for O couples to
expectation values which contain radiation operators linearly and equations
for those (expectation values of Eg) will couple to still others. This results
in an infinite set of coupled equations which describe the infinite number of
degrees of freedom of the radiation field. Mollow’s contribution [21] was the
use of an approximate solution for the electric field as an approximate con-
straint on the wave function, which allows the truncation of the infinite set of
equations. The physical reasoning is as follows: When a photon annihilation

operator acts on a multiphoton wave function, the result is rather compli-
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cated, because any one of the photons may be the one annihilated. But the
annihilation must take place at the atom. Therefore the most likely photon
to be absorbed will be the one that was last emitted, since the preceding ones
have moved away at the velocity of light and are no longer near the atom.

The Hamiltonian in Chapter 2 is:
H = H + Hpg, (C.3)

where Hpg gives the interaction of the system with the quantized electromag-
netic field resulting from spontaneous radiative transitions and H’ contains
all the other terms. We work in the interaction representation with respect
to H"

[B(2)) = e |Wy(2)) (C.4)

and

Hi(t) = et Hpe H' (C.5)
with the respective Schrodinger equation:
.0
15;191()) = Hi(t)[1(2)) - (C.6)

Also all operators are in the matrix representation of the dressed states (2.6,

10, 14) as in Chapter 2, section 2.
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The time evolution operator U(%;,1t;) [48] will be used extensively in the
derivation of the constraint and we would like to recall some of its properies.
It is a unitary operator U t=v ~1, which describes the time evolution of the

system and satisfies the following differential equation: ‘
.0
Z—a—t‘l‘U(tl,tz) = HI(t1)U(t1,tz) ; (07)
with the initial condition U(%;,%;) = 1. It can be represented as follows:
Ulty, ;) = Te " Jo B0 (C.8)

The symbol ‘T’ denotes the time ordered product.! The scattering matrix
is equal to the evolution operator for infinite boundaries: § = U(+400, —00).
The wave function of the system at a given time can be obtained from the

wave function at a previous time by:
[(t2)) = Utz t1)|¥(41)) . (C.9)

In an infinite dimensional Hilbert space U(t1,1;) is mathematically well de-
fined if H' and Hp are self-adjoint.
The negative frequency component of the electric field operator of the

radiation photons acts on the wave function of the system resulting in a

!See for example [49] or [50].
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state, which we denote with:
%t 0) = B () [24(2) (C.10)

Our goal is to find an expression for |¥(t,%1)), which is proportional to the
wave function of the system with a proportionality factor containing only
quantities characteristic for the atom, but not involving the radiation field.

The respective differential equation for this state is obtained using (C.6):

SR ) = H) IR0 + B0, Be) . (C1)

It is convenient to use the following notation for the interaction Hamiltonian:
Hy(t) = EP) k) + B @) k@) . (C.12)

The commutator in (C.11) is found using the commutation relations (2.35)

of the creation and annihilation operators for radiation photons:

[EG (), ()] = [B ), B (#)] m(2)

2 - * twy (t—
- %Zwk (eka)i(eds)r e t=t) Ry(t) . (C.13)
kA

The sum over the photon polarization A can be done using the following

relation:

N kjk '
> (eia)i(eiad = 61— —,151 (C.14)
A
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Then the sum over the photon wave vector is transformed into a three di-
mensional integral. The latter is subsequently reduced to a one dimensional

one by integrating over the angles to obtain:

(EG)(4), Hi(2)] = 2 ht) [ dk K2 ettt | C.15
Ri 3r 0

We assume that the state |X(,%1)) can be expressed using the time evo-

lution operator as:
. ‘ )
Kt 1)) = — /_ dty Ut ts) F(t — t2) h(ta) U™ (8, 82) [ ¥1(2)) . (C.16)

In order to prove this and to find the unknown function F, we obtain the

time derivative of eq. (C.17) using the properties of the evolution operator:

0

15 X(E ) = Hi(t)[x(t, 1)) + F(t: — 1) h(2) |9:(2)) (C.17)

Comparing the above expression with eq. (C.11) and using the results in eq.

(C.16), we find the unknown function F(7):

2

F(r) = 3rcd

/w dv*C(v)e ™ . (C.18)
0

The function C(v) has been inserted here to control the ultraviolet divergen-

cies of QED. Its properties C(o0) = 0 and C(v) = 1 for small v, ensure that
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all integrals converge. This procedure can be formally justified only in co-
variant renormalization theory. Our calculations will be limited to quantities
that are independent of the specific form of C(v).

Now we can set t = ¢; in eq. (C.17). Since F(r) is a sharply peaked
function around 7 = 0, we can expand U(¢,t;) and E(tz) around t; =t and
keep only lowest order terms. Using again the properties of the evolution

operator, we obtain:
%, 8)) = _7;/0 ds F(s) R(t — s) |91(2)) (C.19)

where s = t—1,. In order to simlify further, we have to substitute in the above
integral the explicit form of E(t), which is in the interaction representation

(C.5). For the case considered in Chapter 2 it is:

9
h(t) — (eiH't ZXaAa e-—iH't) do: e—iwbt

a=1
Lvry 9 crrt - .
+ (e:Ht Z Za}\a e—:H t> d12 e—|(2w4—wb)t . (020)
a=1
In this expression for l-;(t — s) all functions are expanded around s = 0

and only lowest order terms are kept, except for the exponents e~*#* and
e~*(2wa=w)t  Their variation is rapid and they are left as they are. We recall

that the first term in eq. (C.20) gives the interaction with radiation photons
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resulting from the transition 2P — 15, while the second term - from the
transition 3D — 2P. It is convenient to obtain the constraint for each of
these cases separately. This is possible, because the total radiation field is

the sum of each of them.? Using the identity [50]:
_ L[ ey 1 2 pl
bu(v) = %/0 e ds = Z8(v) & - P=, (C.21)

where P denotes the principal value and n — 0%, leads to the following

result:

ERD @) 19,(t)) = (C.22)

z oo 1

-—%lwfci;l g Wt {1 —_— duuac(u)z'P

3

e,

The first term gives the width of the dressed state due to fluorescent emission.
The second term gives the energy shift of this state due to coupling to the
radiation field. The latter is related to the Lamb shift. It is not possible to
calculate it with this technique, but it is known to be small and it is dropped.

Going back to the original representation by the inverse transformation of

(C.4) and (C.5) and replacing wy by Wyo, we obtain the desired constraint

2See eq. (2.42).
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for the 2P — 18§ transition:

310(-) 2iW130 7 —twt "
BR' D) 19() = ~5508 dn e (X Xado) |2(2) . (C28)

a=1

We have also inserted in the above expression the missing constants ¢ and
The constraint for the 3D — 2P transition is derived in the same way from
(C.20) and (C.21). It is:

9
E}z;(—)(t) (1)) = o dyp e~ i2wamw)t (Z Zaa) |¥(2)) .  (C.24)
a=1

The constraint is an expansion in the coefficient i~y/Wio, so that subsequent
results are accurate only to lowest order in this parameter.

This form of the constraint is used in Chapter 2, section 2 for the three
state Ps atom. In Chapter 5 and 6 the problem is considered in such a
way as to allow for annihilation from the ground state and ionization by the
laser(s) from the excited states. This leads to a nonhermitian Hamiltonian,
because of a complex potential included in H’. This term reflects the loss of
Ps due to the transitions into continuum states (a free electron-positron pair
or high energy gamma quanta). The constraint can be derived for this case
as well following the steps described above without modifications. The only
difference is that the evolution operator is not unitary any more. But it is well

defined and its other properties are preserved since we are working in a finite
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dimensional space. The constraint remains unchanged and the respective
expression for A(t) has to be substituted in (C.19) in order to obtain its final
form. The result for a two-state atom is given by the expression in eq. (5.16),
while for the three state problem considered in the representation of the bare

states - by eq. (6.19) and (6.20).
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