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A bstract

Stabilization of Positronium by Laser Fields 

by 

Antonella Karlson 

Advisor: Professor M.H. M ittleman

We consider the problem of a positronium atom interacting with laser 

fields with the goal to extend its lifetime. Ps is an unstable system. Singlet 

Ps annihilates mainly by emission of two 7  quanta and the triplet state - 

mainly by 3 7  emission. The lifetimes are respectively r*n=  1.25 IO-1 0  sec 

and t^ = 1 .4  10-7 sec. The annihilation reaction is caused by an interaction 

term  in the Hamiltonian, which on the scale of the Ps atom is essentially 

a zero range operator. Thus, the annihilation rate  is proportional to the



absolute value squared of the Ps wave function at the origin. Since the wave 

function of Ps vanishes at the origin for all but states with angular m om entum  

zero, Ps annihilates for all practicle purposes only from S states. If lasers 

are used to keep Ps out of them , the annihilation lifetime can be increased. 

Singlet and triplet Ps are not coupled by the lasers and they are discussed 

separately. A Ps atom  interacting with laser fields is in a dressed state. Its 

wave function can be represented as a linear superposition of the bare states 

and under certain conditions it does not contain the ground state. This is 

the phenomenon of coherent population trapping. The la tter can be used to 

extend the lifetime of Ps when the atom  is driven by two semiclassical lasers.

We consider a two and three state Ps atom  interacting respectively with 

one and two near-resonant circularly polarized lasers with spontaneous radia­

tive transitions, annihilation from the ground state  and photoionization from 

the excited states. The last two processes lead to the destruction of Ps and 

they are included via an antiherm itian (absorptive) term  in the Hamiltonian. 

The new annihilation rate depends on the initial Ps state, on the choice of 

bare states coupled by the laser(s) and on the laser param eters (intensity and 

detuning).

We obtain th a t the lifetime of trip let Ps in the field of two lasers cannot



be extended more than two times its value without the interaction with the 

lasers. This is due to spontaneous radiative transitions, which are fast and 

the atom  fluoresces many times before annihilation. Therefore the effect of 

coherent population trapping is elliminated. The lifetime of singlet Ps can 

be extended with a small probability. If the initial state was IS - up to 45 

times its value outside of the lasers. If the initial state was 2P - almost twice 

the lifetime of this state outside of the lasers.
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C hap ter 1

In trod u ction

1.1 T h e  p o s itro n iu m  a to m

Positronium (Ps) is the bound state of an electron and a positron. The pos­

sibility of its existence was first suggested by Mohorovicic [1] in 1934 and was 

first observed experimentally by Deutsch [2] in 1951. Its Bohr spectroscopic 

structure is equivalent to th a t of the hydrogen atom, but with each energy 

level being half of the hydrogen one, because the reduced mass is m  — \ m e. 

The la tte r also causes the Ps distance scale to be twice tha t in hydrogen 

a0 = 2a,B, where ojg is the Bohr radius. The ground state of Ps is composed 

of three trip let spin states of to tal spin one and a spin-zero singlet state.

1



Chapter 1 2

These states are split by the usual spin-spin hyperfine interaction, which in 

Ps is larger than  in hydrogen. Although the similarities between Ps and hy­

drogen are interesting, the prim ary reasons for studying Ps are its differences 

from hydrogen rather than  its similarities to it. The most im portant of these 

differences and their physical significance are outlined below [3,4].

a. Annihilation properties.

Since the electron and the positron are a particle-antiparticle pair, Ps is an 

unstable system. Singlet Ps annihilates mainly by emission of two 7  quanta 

and the trip let sta te  - m ainly by 3 7  emission. These selection rules are due 

to angular m om entum  conservation and charge conjugation invarience. The 

lifetimes are respectively T‘n— 1.25 10-10 sec and t^ —I A  10-7 sec. The an­

nihilation reaction is caused by a quantum  electrodynamical interaction term  

in the Hamiltonian, whose range is of the order of the Compton wavelength 

Ac. On the scale of the Ps atom  this is essentially a zero range operator. 

Thus, the decay rate is proportional to the absolute value squared of the Ps 

wave function at the origin, where the two particles are in contact. Since the 

wave function of Ps vanishes at the origin for all but states with angular mo­

m entum  zero, Ps annihilates for all practicle purposes only from S states. For 

them  the annihilation rate  depends on the principal quantum  number as n~3
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[4,5]. For states with higher angular m om entum  I, the annihilation rate is 

smaller than the rate  for the respective S state by a factor of (^E)_2i ~  u f ~2\  

where ctp is the fine structure constant. Therefore annihilation from these 

states is negligible.

b . Purely leptonic system.

Consequently high precision measurements of the decay rates, fine and hyper- 

fine structure splittings provide unambiguois and stringent tests on quantum  

electrodynamical predictions. The difficulties of atomic structure calcula­

tions present in normal atoms are not relevant for Ps.

c. O ther particle-antiparticle properties.

Ps can be used to study various sym m etry principles such as charge conjuga­

tion and intrinsic electron-positron parity. The search for the annihilation of 

singlet and triplet Ps into 7 -ray decay schemes forbidden by some sym m etry 

principles can be used to set upper limits on the validity of these symme­

tries. Alternatively, such limits can be used to search for types of decay not 

included in the usual QED framework. In addition, the measurements of 

conventional channel annihilation rates, as well as fine and hyperfine struc­

ture splittings indirectly test CPT, since it is assumed in all calculations 

tha t the masses m e+ =  m e-  and the m agnetic moments |/xe+| =  \pe -1  are
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equal. The particle-antiparticle nature of the system also makes possible the 

investigation of virtual self-annihilation effects.

d. Atom with a ‘light’ nucleus.

A num ber of interesting effects related to  the two-body formulation of quan­

tum  electrodynamics (the Bethe-Salpeter [6 ] or the Lepage [7] approach) can 

be tested.

Some other Ps related experim ents [4] are the measurement of the Comp­

ton wavelength [8 ], precision positron polarim etry [9], 7 -ray astronomy [10] 

and Ps formation in optically active substances [1 1 ],

Ps is produced in three different ways []. The standard technique is for­

m ation of Ps in gases [12]. Positrons of typically several hundred kilovolts 

energy em itted from a radioactive source slow down in a gas and eventually 

pick up an electron to form Ps. As many as 25-50% of the incoming positrons 

form Ps atoms, typically within 10-lo s of positron emission. The need for Ps 

formation in a background gas presents a problem in high-precision Ps exper­

iments. Another technique is to make a positron beam incident on a variety 

of small-grained, low-density powders [13]. Up to 30% of the positrons can 

form Ps. The deviation of the decay rates and hyperfine structure splittings 

of Ps produced in this way from their presumed vacuum values are much
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smaller than  in gases. A th ird  technique [14,15] leads to the confinement 

of Ps in vacuum and is a great improvement over the formation of Ps in 

gases and in powders. W hen positrons of a radioactive source are incident 

on various types of surfaces, up to one in 107 emerges at an energy of 1 eV. 

The efficiency can be improved up to 10- 3  slow positrons per incident fast 

particle. Slow positron beams of typically 104 — 106 e+/sec are now avail­

able. Then the positrons are accelerated to several hundred eV in order to 

achieve optim al cross-section and are made incident on various surfaces (Au, 

Ti, Cu, etc.). Up to 80% of them  form Ps, which subsequently leaves the 

target and enters the surrounding vacuum region. In this way it is also pos­

sible to produce Ps atoms with therm al energies, which is very convenient 

for experiments.

Currently Ps atoms are produced predom inantly in the n = l  ground state 

and subsequently annihilate fast. Only about one in 103 — 104 atoms is 

found in the n —2 upper state [15-17] which has a longer lifetime. One way 

of populating the excited states of atoms is the m ethod of optical pumping. 

Therefore lasers can be used to keep Ps out of S states, in particular the IS 

ground state, which will result in a significant increase of the annihilation 

lifetime. This leads to the study of the excitation probability of Ps atoms by
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resonant laser fields [18,19].

An atom  in a laser field is distorted or dressed by the field. Lasers can 

couple the ground state of Ps to one or more excited states. The new wave 

function of Ps in the laser field is altered and can be represented as a linear 

combination of the bare atomic states. This results in a longer annihilation 

lifetime of the dressed state in comparison to the bare ground state. The 

lifetime depends on the laser param eters (intensity and detuning) on one 

hand and on spontaneous radiative transitions on the other hand. The la tter 

repopulate the IS state and lead to annihilation. The contribution of pho­

toionization to Ps destruction becomes significant at high laser intensities 

and has to be considered as well. Since the laser will essentially not couple 

the singlet and the trip let manifolds, they can be considered separately.

Typical fluorescent lifetimes are of the order of 10~ 8 sec, which is much 

longer than the singlet annihilation lifetime outside of the laser and shorter 

than the triplet one. If, due to the interaction with the laser, the singlet 

lifetime is increased up to but less than the characteristic lifetimes of the 

spontaneous radiative transitions, the la tte r can be neglected. For trip let Ps 

fluorescence has to be always included in the considerations.

Our goal is to obtain the lifetime of singlet and triplet Ps in the field of one



Chapter 1 7

and two weak near resonant circularly polarized lasers, taking into consider­

ation in an appropriate way annihilation, spontaneous radiative transitions 

and photoionization. Due to coherent population trapping (see Section 1.3 

below), we expect a longer lifetime for a Ps atom driven by two lasers. Since 

the problem with one laser is relatively simpler, we need to solve it first, and 

then with the experience gained consider the two laser case.

1.2 A  tw o  s ta te  P s  a to m  in tera c tin g  w ith  

o n e  n ear-reson an t laser field

We briefly discuss the case of one circularly polarized laser resonant with 

the IS - 2P transition1 neglecting all Ps destruction mechanisms. The laser 

field is trea ted  semiclassically. For a detailed analysis of the problem see [20] 

(Chapter 2 and 4).

The dressed states of Ps interacting with the laser field, obtained in the 

two state rotating wave approxim ation (RWA) are:

\<f>±) =  [2chp)-x' 2 (e± li /2  |u0) eiw t/2  ±  eT»*/a |tia) e " ^ 2)

1See Figure 1.1.
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x e x p [ - i (W 0 + W 1 ± e ) - ^ l  (1 .1 )

where |ii0) and |ui) are the IS and 2P bare atomic states respectively. Wo 

and Wi are their eigenenergies. The laser frequency is uj, and the detuning 

param eter p is defined as:

. h& u
^  =  _ A ~ '   ̂ ^

Here

Aiu =  u> — W io/h  and Wio =  W\ — Wo- (1-3)

A is the coupling m atrix  element for the one photon transition:

eE
A =   i  ■ (txi|p|u0) (1.4)

mu>

where E is the am plitude of the laser electric field, i  is its polarization2 and

m  =  0.5me is the reduced mass. The Rabi frequency is

e =  +  (1.5)

Corrections to the dressed states in eq. (1.1) are due to the neglected states 

and to the RWA. They are of the same order of m agnitude and are small.

In the rest frame of the atom  the laser will be switched on adiabatically 

so th a t only one of the dressed states will be realized. Since Ps is usually in

2The laser is circularly polarized.
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its ground state  before the laser is switched on, this will be |4>+) for A u> > 0 

and |$ - )  for Aui <  0. For singlet Ps the annihilation will occur from one of

these states and the rate is proportional to |$ ± (r  =  0)|2. The result is:

—  =  e H  =  £ + lAa^  I  /1
T0 2chp  2e 2 ’ 1 '

where the lim it is taken for ^  > 0. Here T0 =  h /r an is the decay rate in

the absence of the laser. Therefore we obtain tha t the annihilation lifetime

can be increased up to a factor of two, which occurs at resonance. For large

detunings (compared to A) it is not affected by the laser.

It is necessary to note th a t the Rabi frequency m ust be larger than  the 

annihilation rate in order to  populate the excited state before annihilation, 

i.e. e zz A > To, where

r 0 =  1.7 10~ 10 [Ht] for triplet Ps

To =  1.9 10~ 7 [Ht] for singlet Ps. (1-7)

From here we can estim ate the laser intensities. We obtain for the trip let 

I  >  2.0 W /c m 2 and for the singlet I  > 3.2 102 W /c m 2. In order to  compare 

we use a convenient atomic unit for the electric field:

e cE 2
E 0 = —  k  5.14 109 V /c m  and I0 =  —^  =  3.52 1016 W /c m 2 (1.8)

07T
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Here e is the electron charge and as  is the Bohr radius. This shows tha t 

we need lasers, whose fields are weak compared to the ones present in the 

atom. Therefore the approximations and the formalism needed to solve this 

problem should be appropriate for weak near resonant lasers.

For trip let Ps the state  2 P decays radiatively to IS. In the absence of 

the laser the lifetime3 is r 10 =  1.236 10~9 s. This is much less than the 

trip let annihilation lifetime. Therefore fluorescence has to be included into 

the problem. The atom  is no longer described by the state |3>±), but by a 

superposition determ ined by the fluorescence process. We use a procedure 

originally given by Mollow [21] to describe this process. 4 The decay ra te  

is proportional to 6(f)  (\P|.Po|,Ir) , where |\P) is the wave function of the 

system and Po projects onto the state  |u0). The formalism used to obtain 

this expectation value is discussed in some detail for the three level atom  in 

Chapter 2. The result for the two state case as given in [18] is:

L  = i (  1 +  2(7 > +  A ^ )  )  ( 19 )
r„ 2 \  2~(2 + |A|= + 2Au2}  y ’

where 7  is half of the natura l radiative decay rate  for the 2P—>1S transition.

3See Appendix A.

4See also [20], Chapter 4.
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When the laser frequency is near the IS - 2P transition, the param eters Acu 

and A are defined as in the singlet case. At resonance the annihilation rate 

is reduced by a factor:

1 4 t _2 +  1A_P  1 A  2 y \  (1  1 0 )

2 27 2 +  |A | 2 2 \  |A |2/  \JA |3/   ̂ Uj

and is unaffected for large detunings Aw. For a strong enough laser so tha t 

the inequality A > >  7  holds, we obtain tha t the lifetime of trip let Ps is 

increased by a factor of two, just as in the singlet case.

1.3 C o h eren t p o p u la tio n  tra p p in g  in  a th ree  

s ta te  p o s itro n iu m  a to m

The problem of coherent population trapping and more generally of dynamic 

sym m etry when a multilevel quantum  system is irradiated by lasers has been 

studied extensively in recent years [22-27] (and references therein). Dynamic 

sym m etry implies, in addition to the conservation of the to tal atomic popu­

lation, one or more other constants of the evolution in the dynamics of the 

system. The problem is to  find such invariants and the conditions under 

which the system would have them . Most of the existing studies discuss co­
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herent population trapping in the context of a three level ‘A’ system driven 

by two semiclassical lasers. The trapping states of a ‘A’ system driven by 

quantized fields have been very recently discovered [28], Two-level systems 

are not known to exibit trapping states, except when the two-level atom  is 

interacting with a quantized field [29] or with a frequency m odulated semi­

classical field [30].

In view of the above, coherent population trapping can be used to prolong 

the lifetime of Ps in the case of a three-level system. We consider Ps atoms 

in the field of two different circularly polarized lasers. Each of them  is nearly 

resonant with a given transition between the ground state and an excited Ps 

state. In principle any two excited states which obey the selection rules can 

be chosen. But spontaneous radiative transitions can occur between them  

and other Ps states th a t are not coupled by the lasers. This would lead 

to a multilevel problem, which is considerably more difficult (and probably 

gives less enhancement of the lifetime), w ithout introducing any new physics. 

Therefore it is necessary to select a simple three state system wich is closed 

with respect to fluorescence. This can be achieved by the following configu­

ration: laser ‘a’ couples lS(m / =  0) with 3D(m/ — ±2) via a two photon 

transition and laser ‘b ’ couples !S(mj =  0) with 2P(mj =  ± 1 ) via a single



Chapter 1 13

photon transition (see Figure 1.2). The laser detunings are respectively:

A uia = 2 u>a -  W 2q where W2o = W 2 — W 0 (1-H)

and

Au>b = u)b — PFio where Wio = W\ — Wo (1-12)

This configuration of Ps states and laser fields resembles an inverted ‘A’ 

system (or a ‘V ’ system). It has the property of coherent population trapping 

at resonance, which means in this case tha t Au>a =  Au>b. The three dressed 

Ps states close to resonance are found in Chapter 2, section l . 5 One of 

them  has no IS component. This state would not annihilate at all were it 

not for the fact tha t spontaneous radiative transitions 3D—>2P—>1S occur .6 

They repopulate the ground state and perm it annihilation. The controlling 

lifetime will be tha t of the 2P —>1S transition, which is 7"io =  3.2 10- 9sec. The 

3D—>2P transition is much slower with a lifetime of r 21 = 3 .1  10_8sec . 7 The 

ratio Tio/ r*n ~  25 and therefore we anticipate an extension of the lifetime of 

singlet Ps of about 25 times. On the other hand the lifetime of triplet Ps is

5See eq. (2.18) and (2.20).

6Radiative transitions to  other Ps states are forbidden by the selection rules.

7These lifetimes are derived in Appendix A.
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longer than  these fluorescent decay times and it is not clear beforehand to 

what extend it is influenced by coherent trapping.

1.4 R esea rch  p rogram

The Hamiltonian of a Ps atom  interacting with laser fields is as follows:

H  =  Ho +  H a +  H r  -f Hd (1.13)

where H 0 is the Hamiltonian of the Ps atom outside of the laser (a hydrogen 

atom Hamiltonian with a reduced mass 7 7 1= ^ ) .  Ha gives the interaction 

between the Ps atom and the laser field. Since photoionization by the laser is 

also possible and this is another mechanism for Ps destruction, here we need 

to include this process as well. H r  is the interaction Hamiltonian of Ps with 

the quantized electromagnetic field resulting from spontaneous radiation. Hd  

gives the annihilation of Ps from the ground state into high energy photons. 

Due to angular momentum conservation, annihilation of singlet Ps results in 

the emission of two gam ma quanta and of trip let Ps - in three gam m a quanta 

[3],

We need to estim ate the relative magnitudes of the fluorescent and the
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annihilation interactions. For the 2P—>1S radiative transition we obtain tha t 

—  - 27io =  7.586 10- 9  [Ht], and for the 3D—»2P transition - =  2721  =

7.832 10_1° [Ht]. We compare with the annihilation rate  of Ps in eq. (1.7). In 

order to trea t the annihilation interaction perturbatively, it must be smaller 

than  the interaction of the atom  with the radiation field resulting from fluo­

rescence. In other words, we must have th a t To < — . This condition holdsJ V21

only for the triplet. Therefore we have to consider H d nonperturbatively for 

singlet Ps and we can consider it up to first order in perturbation theory for 

trip let Ps.

It is necessary to note th a t the detunings Acva and A u>b m ust be smaller 

than  the width of the corresponding excited states, so th a t the lasers are 

resonant. In addition to the natural w idth of the states there are also in­

duced widths due to the interaction with the lasers. This is known as power 

broadening.

In Chapter 2 we consider Ps atoms in the field of two near-resonant 

laser when photoionization is not present. In the first section we find the 

dressed states and discuss in detail the case very close to resonance. We 

investigate the influence of the initial Ps state on the wave function of the 

system in the lasers. We comment on the approximations used. In section 2
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we include spontaneous radiative transitions. We find the expectation values 

of the basis set of m atrices with respect to the complete wave function of 

the system. The occupation probabilities of the bare states for triplet Ps are 

found numerically for different values of the laser intensities. Considering the 

annihilation interaction perturb  at ively up to first order, we find the decay 

rate  of triplet Ps.

In Chapter 3 we discuss singlet Ps in the field of one near-resonant laser. 

The Hilbert space of the system is extended to include the continuum states 

resulting from photoionization and the high energy gam ma quanta from an­

nihilation. We obtain a system of differential equation, which is solved with 

the Laplace transform ation in the pole approximation. We seek the optim al 

laser intensity, for which the destruction of Ps is minimized.

In Chapter 4 we consider singlet Ps in the field of two near-resonant 

laser w ithout including spontaneous radiative transitions. Photoionization 

and annihilation are considered nonperturbatively by introducing a complex 

potential in the Hamiltonian. We derive an expression for the probability to 

find singlet Ps for different initial conditions. We obtain an effective time- 

dependent decay rate  as a function of the param eters in the problem.

In Chapter 5 we discuss trip let Ps in the field of one near-resonant laser.
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Ionization and annihilation are included again via a complex potential. We 

investigate the influence of these term s on the Rabi frequency. The proba­

bility to find Ps is found analytically at resonance and in powers of 7 /A.

In Chapter 6  we consider the complete physical problem of Ps in the field 

of two near-resonant lasers. Photoionization and annihilation are included by 

a nonherm itian term  in the Hamiltonian. Spontaneous radiative transitions 

are trea ted  with the formalism introduced in Chapter 2, section 1. This 

m ethod allows to consider singlet and trip let Ps in a unified way taking 

into account all the relevant interactions. We find a system of nine coupled 

differential equations for the expectation values of the basis set of matrices 

with respect to the complete wave function of the system. One of them  gives 

the probability to find Ps as a function of time. In section 2 we solve this 

system numerically for trip let Ps. We find the probability and the decay rate 

for different values of the laser intensities and detunings. In section 3 we solve 

for the probability of singlet Ps. We also solve some limiting cases in order to 

investigate the influence of photoionization and fluorescence. The probability 

and the lifetime are found for different values of the laser intensities and for 

different initial state.

In Appendix A we derive the fluorescence and single-photon ionization
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rates. The m atrix  element of the two-photon laser induced transition I S  <-> 

3D  and the two-photon ionization rate from the ground state  are derived 

in Appendix B. The constraint on the wave function of the system used to 

include fluorescence is derived in Appendix C .

1.5 N u m e r ica l e s t im a te  o f  th e  cr itica l laser  

in te n s it ie s  an d  o f  p h o to io n iza tio n  ra tes

In what follows, if not stated  explicitely, all numerical values and most of the 

formulas are given in units h = c = 1. In this system of units the dimension 

of all physical quantities is energy or inverse energy. We set the energy scale 

to be 1 H t — 27.2 eV.

We mentioned in section 2, while considering the two state problem tha t 

the Rabi frequency must be larger than the annihilation rate  (1.7) in order 

to populate the excited state  before annihilation. We denote with Aa the 

coupling m atrix element for the two photon transition from the ground state 

to the 3D excited state. Aj, is the coupling m atrix element (1.4) for the one 

photon transition from IS to  2P. The critical values of the laser fields E ^ hit
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are determined by the condition:

A a ,b (Ea'b =  E $ t ) = To. (1.14)

In order to  proceed, the numerical values of the coupling m atrix  elements 

have to be computed. From eq. (1.4) we obtain8

Ab =  1.492 ^  [Ht], (1.15)
h>o

where E q  is the atomic electric field defined in eq. (1.8). From the condition 

(1.14) we obtain the critical value of the ‘b ’ laser field:

K-a  =  £o1 .14  1(T10 for triplet Ps

E^.it = E q 1 .2710-7 for singlet Ps. (1-16)

These values are given in section 1.2. We can now express At in term s of the 

critical fields, which is convenient for further calculations:

Ab =  1.7 10-1° J  [Ht] for trip let Ps 

At =  1 .9 10-7  ̂ ^ [Ht] for singlet Ps. (1-17)

Aa is more difficult to  handle since it is a two photon m atrix element:

Aa =  e2E l  (u2 \?-r\<t>{r)) (1.18)

8A detailed calculation is given in Appendix A.
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and

\ If-*\\ V'' lun)('un|£ ' ̂ l̂ o) 1n-v
l*M> =  E  w ^ - u . - w 0 ' ( U 9 )

where the sum runs over all possible interm ediate states |u„) except 2P .9 

We can perform this sum w ithout approximations by using the method of 

inhomogeneous differential equations which is described in [31-33] (Chapter 

4 ) . 10 A detailed calculation of this m atrix element is given in Appendix B. 

We obtain:

Aa =  28.81 ( | ^ )  [Ht]. (1.20)

Therefore the critical values of the laser electric field in this case are:

E^.it — E q 2.43 10- 6  for triplet Ps

=  E q 8 .1 2 10- 5  for singlet Ps. (1.21)

They are considerably larger than  the ones for laser ‘b ‘ in eq. (1.16), because 

Aa is quadratic in the laser electric field. It is again convenient for further 

calculations to express Aa in term s of the critical fields:

A„ =  1.7 10—10 f-J -—^ [Ht] for trip let Ps

9If we were to use opposite circular polarizations for laser ‘a ’ and ‘b ’, then the state 2P 

is also included in the sum.

10See also references given in [31].
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(  E a \  ^
Aa — 1.9 10~ 7 I — — I [Ht] for singlet Ps. (1-22)

V crit )

This dem onstrates again th a t the interaction energy of the Ps atom  with the 

lasers, i.e. At, in (1-17) and A a in (1.22) is much smaller in comparison to the 

interaction energy in the bare atom. In comparison, the energy levels in Ps 

are:

W 10 = I  = 0.1875 [Ht]
o Zclb

4  e 2
W 2o =  -  —  =  0 .2 2 2 2  [Ht] (1.23)

9 2(lb

= k&B = °-0347 >Ht'-

W ith the critical fields (1.16) and (1.21) we can now estim ate the values of 

photoionization rates. In principle there are five possible ionization processes. 

Laser ‘a ’ can ionize the Ps atom  either from state 2P or from 3D. The same

holds for laser ‘b ’ . 11 It is also possible to induce a nonresonant transition

from IS into continuum states by a two photon process first with laser ‘a ’ 

and then with ‘b ’. The two photon ionization from the ground state  when 

the order of the lasers is reversed is resonant and is included in our previous 

considerations. We compute the ionization rates in perturbation theory to

11See Figure 1.2.
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lowest order. For the radial part of the continuum wave function we take the 

Coulomb function with ingoing wave boundary conditions [34] (Chapter 14), 

[35] (Chapter 1.3) and [36]. The integrals in the one photon ionization rates 

can be performed analytically. A detailed derivation of all ionization rates is 

given in Appendix A. We obtain the following numerical values:

• ionization from 2P with laser ‘a ’:

W2P — ^ 7.637 10“ 12 [Ht] for trip let Ps

w%p =  1 8.528 10- 9  [Ht] for singlet Ps. (1-24)

• from 3D with laser ‘a ’:

w \D =  —'j 2.915 10-1 2  [Ht] for triplet Ps
V h 'c r i t  J

(  E a \  2
W3D =  I — ) 3.255 10 9 [Ht] for singlet Ps. (1.25)

V E'Zrit)

• from 2P with laser ‘b ’:

W2P =  ^ 2.961 10 21 [Ht] for trip let Ps

W2P =  ( gb  ^ 3.673 10 15 [Ht] for singlet Ps. (1.26)
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• from 3D with laser ‘b ’:

/  E b \  2
W3D = ( jgfe . ) 1-355 10“ 21 [Ht] for triplet Ps

/  pjb \  2
w \D — ( -^b j  1.681 10~ 15 [Ht] for singlet Ps. (1-27)

We have represented the ionization rates in term s of the ratio of the laser field 

and the respective critical field. This is why the singlet and trip let ionization 

rates appear to be different. They are not, but the respective values of the 

critical fields are. This way of writing allows us to compare easily the above 

rates with the ones for annihilation in eq. (1.7) and estim ate which of the 

photoionization processes are relevant. The intensity of laser ‘a ’ (1.21) is 

much higher than  the one of laser ‘b ’ (1.16). This leads to relatively large 

ionization rates (1.24) and (1.25) for laser ‘a ’, which are about 20-30 times 

smaller than those for annihilation, when the laser fields are equal to the 

critical ones. Therefore they can lead to an observable Ps destruction under 

certain conditions. On the other hand the ionization rates (1.26) and (1.27) 

for laser ‘b ’ are orders of m agnitude smaller than  the respective annihilation 

rates and can be neglected.

The last possible ionization is the nonresonant two photon one from the 

ground state [37, 38]. Up to  first order in perturbation theory the m atrix
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element for this transition is:

A9 =  e2 E aE b {u - 2 \i* - f |^ ( r ) )  (1.28)

and

=  “ ■ » >

where !'u.~2) energy normalized, with incoming wave boundary condi­

tions, regular at the origin Coulomb function for unbounded states as defined

in eq. (A.29). The sum runs over all possible interm ediate states |un) except 

2 P .12 It can be solved w ithout any approximations with the inhomogeneous 

differential equation m ethod [31-33] in a similar way as for Aa (see Appendix 

B). We obtain the following ionization rates:

ab ~  1 ( i ^ )  7-257 10-33 ^  f° r tlip le t ?S

Qb ' '  2Wi c - . „
15 ' f]a .■C'crit

E^ \  ^
— ) 1.010 10-2 3  [Ht] for singlet Ps. (1.30)

Ecrit J

Obviously these rates are too small in comparison to the annihilation rates 

to contribute to the destruction of Ps at the laser intensities of interest and 

this ionization process can be also neglected.

12Also in this case, if lasers ‘a ’ and ‘b ’ were to have opposite circular polarization, the 

state 2P has to  be included as well.
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To summarize the results of this section, we obtain th a t the relevant 

ionization rates are from the states 2P and 3D induced by laser ‘a ’. The 

rates for all other transitions to the continuum are too weak to result in an 

observable Ps destruction and need not be taken into consideration.
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ionization

2 P( m =  1 ) ,  W i  =

1 S(m =  0 ) ro =  - 6 . 8  eV

high energy 7 -quanta

1.7 eV

Figure 1.1: Energy level diagram of a Ps atom  in the field of one near­

resonant circularly polarized laser. The annihilation lifetimes are respectively 

r ’n = 1.2510-lo s and =  1 .410~7s.
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ionization

Tai =  3.110 " 8s
W ( m  = 2 ) W 2 =  -0 .755

2 P ( m  =  1 ) ,  W i  =

r 10 =  3.2 10-95

1 S (m  — 0),

high energy 7 -quanta

— 1.7 eV

Figure 1.2: Energy level diagram of a Ps atom  in the field of two near- 

resonant circularly polarized laser. The annihilation lifetimes are respectively 

r ‘n = 1.25 10_1°s and =  1.410"7s.



C hap ter 2 

P o sitro n iu m  a to m  in th e  field  

o f  tw o n ear-resonan t lasers  

w ith o u t p h o to io n iza tio n

Photoionization is not included in this chapter. First we consider only the 

laser-atom interaction and find the wavefunctions which are the solutions of 

the Schrodinger equation. The results hold for singlet as well as for trip let Ps 

atoms. They will be used in Chapter 4 to find the lifetime of singlet Ps. Then 

we include fluorescence in the  system by using a m ethod first introduced by

28
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Mollow in [21]. This enables us to  find an expression for the lifetime of triplet 

Ps in the field of two lasers.

2.1 D resse d  s ta te s

Since the laser is weak, it would seem tha t a straightforward perturbation

theory in the interaction H a is adequate. This is true except for the situation

in which the laser is nearly resonant with a transition between a pair of bare 

atomic states. For example if the sta te  |u0) times some laser state is nearly 

degenerate with the state |ui) with the same laser state less one photon, which 

is the case we have here, then it is necessary to use degenerate perturbation 

theory.

Our starting point is the Schrodinger equation:

i | |  * (())  =  (H„ +  ^ ) | ® ( 0 ). (2 .1 )

The lasers are treated  semiclassically and

H a =  £  (2-2)
» 777/J = a , b

is the interaction of the Ps atom with the two single mode lasers in the 

dipole approximation. The index j refers to laser ‘a ’ and ‘b ’ respectively.
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See level diagram in Figure 1.2. We are working in the velocity gauge. The 

term  quadratic in the vector potential is small and is not included in the 

Hamoltonian. Moreover it contributes nothing to m atrix  elements between 

different states of Ps in the dipole approximation. We have also performed a 

transform ation to an interaction representation in which the tim e evolution 

due to the free Hamiltonian of the laser fields is absorbed into the wave 

function:

W ) )  =  « - " '- "  *!*(<)) (2.3)

The vector potentials are:

i >(‘ ) =  £ ;  (ij ' e‘“‘‘ +  e’ ■ (2-4) 

Both lasers are circularly polarized with polarization:

i i =  (2-5)

We assume th a t the wave function can be represented as a linear combination 

of the three orthonorm al bare states:

l't(tj) = S(i) k )  e -w"‘ + m  W)

+  i ( ( )  K )  ( 2 .6 )
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with unknown tim e dependent amplitudes a(t),  /3(f) and 7 (f). The wave 

function |\P(f)) is substituted back into the Schrodinger equation. Then the 

la tter is projected successively onto |u0), |ux) and |u2) to obtain three coupled 

equations for the three unknown param eters.

<a'< 0  =  « < ) y = ,A"‘‘ +  7 ( ( ) y = , w

(2.7)

H'(<) = a(<)

where Aw„ and Awj, are defined in eq. (1.11) and (1.12) respectively. The one 

photon coupling m atrix element Ab is definined in eq. (1.4) and calculated 

in Appendix A, while Aa is defined in eq. (1.18) and (1.19) and calculated in 

Appendix B. As described there, it is a second order m atrix element because 

the transition 15 —> 3D  is a two photon one via all possible interm ediate 

states.

On the right hand side of this system of equations we have dropped some 

terms. Originally there are two kinds of exponential tim e dependencies, a 

slow one:

e±iAwaf and e±iAUbt> (2 .8 )
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and a fast one:

e±i(Aua-2W3o)t ancj e±»(Awi,-2Wio)t (2.9)

The rapidly varying term s are assumed to  average away and therefore make 

a small contribution to the equations and are dropped. This is the usual 

rotating wave approximation.

The system of differential equations (2.7) can be solved with the assump­

tion:

d (i)  =  a

P(t) = 0  e-*(<=-A«a+2Au,b)t/2  (2.10)

7 (i) =  7  e-«(«+A“a)f/2

where a , /3 and 7  are constants. This results in an eigenvalue problem for 

the Rabi frequency e.

(e -  Aw„)a =  /3Ab -f -yAa 

(e — Auja +  2Awfc)/3 =  aA l  (2-11)

(e -f Aw0 ) 7  =  aA*

The corresponding eigenvalue equation:
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e3 -f e2( —A ioa +  2A ujb) — e(A w2 4- |Aa|2 +  |Ab|2) +

(Awa -  2Aui(,)(|Aa |2 +  Aw2) -  |At |2Awa =  0 (2.12)

can be solved numerically to  obtain the values of the three Rabi frequencies

Ei. They are substituted back in eq. (2.11) and using the normalization

condition:

M 2 +  |/3| 2 +  |7 | 2 =  1, (2-13)

we obtain the corresponding eigenfunctions. They are the unknown param ­

eters in the expansion of the wave function of the system:

7 (£0
(e +  Awa)2 ( e* ~  Aw2 — |Aa',x 2'

|Aa|2 +  I A*Afc

This gives us three orthonorm al functions which are the solution of the 

Schrodinger equation (2.1). They are the dressed states of the Ps atom  in 

the field of two single mode near resonant lasers and are the generalization 

of the states |<̂ ±) in (1 .1 ).

This eigenvalue problem can be solved analytically close to resonance.
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We assume:

SAwQ =  Aw +  -  

Aw6 = Aw -

where 8  is a small param eter. The Rabi frequencies are found to be:

2 |A„ | 2 +  |Atl2

£2,3 = +  ° (‘ 2)'

where

S =  +  |Aa |2 +  |Afc|2.

The dressed state which corresponds to the eigenvalue £i is:

! * ! ( < ) )  =  - e - i6 t^  \  |U(J) e i ( A » + $ ) t e - i W 0t
a l a 2

-  A . f  1 +  6 4 |Aj ' A"  j  |Ul) c'“ e - 'Wl‘

+ A» ( l -  { t M —  ) |U2) ,

where

<7 =  y/\Aa\> +  |Ab|2.

(2.15)

(2.16)

(2.17)

(2.18)

(2.19)
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The most im portant feature of the state |^ i )  is th a t at resonance ( 8  =

0) it does not contain the ground state \u0). This is the phenomenon of

coherent population trapping which we discussed in Chapter 1 , section 3.

The bare states |ttj) and |u 2) are stable against annihilation, as discussed in

Chapter 1, section 1 . Therefore in the case considered here, i.e. resonance,

no fluorescence and ionization, the Ps atom  is stable while in the laser field,

if it is in the state |^ i ) .  On the other hand the other two dressed states are

a linear superposition of all three bare Ps states and even under the above

mentioned conditions will annihilate. Up to zeroth order in 8 they are:

-i(Au±i)j

\J2s(s ±  Aco)

+  K )  +  a :  | u 2 ) e~iW**} . ( 2 . 2 0 )

The actual state of the Ps atom  interacting with the laser fields will be a 

superposition of the dressed states (2.6), (2.10) and (2.14):

l*<W> = E  C‘‘ l»i(‘)> • (2.21)
i = l , 2 , 3

The index I refers to  the initial conditions, which determine the unknown 

constants C;,:

|$,(* =  0 )) =  Cn 1 ^ 0 1 = 0 )) +  Ci21V 2(t -  0 )) +  C ,3 3(* -  0 )) . (2 .2 2 )
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They can be found analytically at resonance Acoa = Acuf, =  Acu, when the 

dressed states are given by eq. (2.18) (for 5 =  0) and' (2.20). Let us assume

first th a t Ps was initially in its ground state, i.e. |$o(^ =  0)) =  |tc0). Consec­

utive projections of eq (2 .2 2 ) to the left with the dressed states, which are 

orthonormal, yields:

Coi = 0 (2.23)

^  fs  +  Aw 1
C ° 2 -  V - 2 T -  7 1

j s  — Acu 1
CoJ =  “ V I T -  “ 7 5 '

where the arrow indicates the lim it for Aw —> 0. Under the idealized circom- 

stances considered here, i.e. resonance, no fluorescence and no ionization, the 

wave function (2 .2 1 ) does not contain the coherently trapped dressed state

(2.18). We obtain the im portant result tha t in this case Ps cannot be sta­

bilized if it was initially in its ground state. Including the above mentioned 

processes into the problem will lead to some corrections for the coefficient 

Coi• To what extend this will influence the lifetime can be found only by a 

complete solution to the problem.
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If Ps is in the state |ua) before the lasers are turned on, the constants in 

the expansion of the wave function onto the dressed states are:

=  “ T r T ?  (224)

r  -  Ab^ 1 2  —
\j2s{s  +  Aui) ^2(1  -f q2)

r  -  Ab^13 —
\j2s(s  -  Auj) ^2(1  +  q2) 

|A0| (  E a \ 2 (  E b

where

(225 )

Note th a t in this case the value of the param eter q influences significantly 

the wave function. For q > 1 we have th a t C u  ~  1 and C i2 =  C 13 ~  0. 

The system is almost exclusively in the coherently trapped dressed state. 

This means tha t Ps can live infinitely long in the idealized circomstances 

considered here. For q = l we obtain th a t C u — —l/y /2  and C12 = C13 =  1/2. 

Therefore the probability to  find Ps in the coherently trapped dressed state 

is one half and there is a possibility for extension of the lifetime depending 

on additional factors in the problem. For q < 1 the constant C u  <  — q and 

there is a small contribution from the trapped state.
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W hen Ps was initially in the state |u2), we have:

'2 1
y / l+ q *

A a

(2.26)

' 22
y/2s(s +  Aw) ^2(1  +  q2)

p  Aa*̂ 23 —
y/2s(s -  Aw) ^2(1  +  q2) '

Here we have the reverse situation than  in the previous case. C21 ~  1 and 

C21 = C23 ~  0 for q < 1 and Ps can live infinitely long. For q > 1 the 

coefficient in eq.(2 .2 1 ) in front of the coherently trapped state is small.

These considerations lead to im portant conclusion regarding the possibil­

ity to extend the lifetime of Ps in the field of two lasers. At resonance, when 

photoionization and fluorescence are not present, the Ps atom can be in the 

coherently trapped dressed state in the following two cases:

a. The atom  was initially in the excited state 2P and the coupling 

m atrix  element Aa of laser ‘a ’ is equal or larger than the one of 

laser ‘b 1.

b. The atom  was initially in the excited state 3D and the coupling
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m atrix  element Aa of laser ‘a ’ is equal or smaller than the one of 

laser ‘b ’.

If these conditions are fulfilled, coherent population trapping is possible and it 

will result in the stabilization of Ps. W hen the initial condition is the ground 

state, the Ps wave function in the lasers will not contain the coherently 

trapped state, which means tha t the lifetime of Ps cannot be increased. The 

problem considered here is an idealisation of the real one. Ionization needs 

to be included, which will give an upper bound on the values of the laser 

intensities (especially for laser ‘a ’) and therefore some restrictions on the 

possible values of the param eter q. Spontaneous radiative transitions lead 

to the repopulation of the ground state and alter the wave function of the 

system given by eq. (2.21). They are not very relevant for singlet Ps, because 

its annihilation lifetime is much shorter than the fluorescent decay times. We 

have the inverse situation for triplet Ps and it is not clear in advance to what 

extend radiative transitions will ellim inate the effect of coherent population 

trapping. Finally, large values of the laser detunings will lead to a ground 

state component in the dressed state (2.18) and will decrease the effect of 

coherent population trapping.
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We would like to comment on some limiting cases of the dressed states

(2.18) and (2.20). The situation encountered here is similar to the one in the

two state  problem [20] (Chapter 2.) for the states in eq. (1.1). Namely for

hu>/\A\ —> ±oo, the dressed states evolve into:

Wn
|$± ) -> |u0) e - ‘ * 4

|$ T) -> (2.27)

For the problem considered here, let us assume tha t in the remote past laser 

‘a ’ is turned on first before laser ‘b ’. During the experiment the detuning is 

kept positive A lo > 0. We have as

t —> —oo : —̂  —> 0 and s —» A u> (2.28)
Aa

We obtain th a t in the remote past the three dressed states originate respec­

tively from the following bare Ps states:

'*•> -  S i w •

l* 2) -  |«o> e - * 1 , (2.29)

l* 3) -* i ^ M  e - ^ ‘ .

If the system is in the ground state before the lasers are turned on, |\&2 ) is the 

initial dressed state. The system will stay in this state, if the tim e evolution
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is truly adiabatic. Let us assume th a t in the remote future (t —> oo) laser 

‘a ’ is turned off after laser ‘b ’. Following the line of the above discussion, we 

obtain tha t the system will return into its ground state.

Suppose now tha t in the remote future we have the reverse sequence of 

events: laser ‘a ’ is turned off before laser ‘b \  In this case 4* —1► 0 and the 

bare Ps states, which will respectively evolve from the dressed states are:

l* i)  -  - j ^ j  M  e~m “ ,

|* 2> -  \u0) e - iWot, (2.30)

1* 3 )  -  | | W e —  •

The system starting in the ground state will return  to it again. Now let us 

assume tha t in addition we have chirping, i.e. the detuning Aa; changes sign 

while the lasers are turned on. Then depending on the initial conditions, the 

system will evolve in the remote future into the following bare states:

'*■> -  - j £ i w  e_"v,‘ ■

1*2) -  17*1 M  , (2.31)|Afc|

|* 3) -> Wo) e~iWot .

Therefore, if the Ps atom  has started originally in the ground state, it will
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stay in the dressed state ^ 2 ) during the interaction with the lasers and it 

"will end in the excited state |ui) after they are turned off adiabatically in the 

above sequence.

Consider the reverse situation: In the remote past laser ‘b ’ is turned on 

first before laser ‘a ’. Then there is chirping of the lasers. Finally in the remote 

future laser ‘b ’ is turned off before laser ‘a ’. If the system was originally in 

the ground state, it will evolve into the dressed state |^ 2 ) and finally end into 

the excited bare state \u2). In this way, the interaction of Ps with two nearly 

resonant lasers leads to its excitation either into |iii) or |u2) depending on 

the sequence of events in the experiment.

It is necessary to make some comments on the approximations used to 

find the dressed states. The rotating wave approxim ation amounts to the 

neglect of term s such as:

h±e-i(u<,+wi0)t (2.32)

We may estim ate the contribution of this term  by treating it as small and 

replacing /3 by its zero order value. The resulting corrections are:

(2 '33)a.' p 7 VM'io/ 

which has been assumed to be small.
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The three state  approxim ation can also be corrected in the same manner, 

^ ( i ) }  in (2.6) are assumed to be zero order solutions and the contributions 

from the states |un) for n  /  0,1, 2 are assumed small. The coefficients of |un) 

in the wave function are then found to be of the same order of m agnitude as 

the corrections to a  in (2.33). Therefore the three state approxim ation and 

the RWA are of comparable accuracy and it is usually not worth correcting 

one of them  without also correcting the other.

2.2 S p o n ta n eo u s ra d ia tiv e  tra n sit io n s

In this section we incorporate spontaneous radiative transitions in the prob­

lem. W hen an atom  is in a resonant laser field for a tim e long compared with 

the natural decay tim e of an excited state, then the probability tha t the state 

decays by emissioin of spontaneous radiation into modes other than the laser 

mode m ust be included in the considerations. Since the allowed spontaneous 

decay times are 10-8 — 10_9s, this is a common phenomenon for trip let Ps. 

Therefore in eq.(2.1) we add the interaction between the radiation field and
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the Ps atom, which is given by H r = eER^t) ■ f  and

M i )  = ( £ » ' ' “ * '« »  +  e” “  “L )  (2.34)

is the electric field. H erea£A (a^x) are the creation (annihilation) operators 

for radiation photons with the usual bosonic com mutation relations:

akx > <4»v] =  fak1 &x\' (2.35)

The to tal wave function is now expandable in the dressed states (2.6), which

we have already found. It is convenient to use a m atrix  notation for these

states:

l* i)
- i e i t /2 h

/  \
1

(  \  
0

/  \  
0

0 , \ y 3) =  e~iĉ 2h 1
, | ^ 3) =  e~ic3t/2h

0

(2.36)

The Hamiltonian can now be w ritten as a 3 x 3 m atrix for which the Gell- 

Mann matrices \ a for a =  1....8 (i.e. the generators of the unitary group



Chapter 2 45

SU(3)a) and the unit m atrix  form a complete set of operators.

Ai

A4 —

/ A / \ / \
0 1 0 0 —i 0 1 0 0

1 0 0 A2 — i 0 0 A3 — 0 - 1  0

k 0 0 0 , 0 0 0 0 0 0\ / \ / V /

/ \ / \ / \
0 0 1 0 0 —i 0 0 0

0 0 0 A5 0 0 0 A6 = 0 0 1

t 1 0 0 i 0 0 0 1 0\ / \ / V /

/ \ \ / \

X7

0 0 0

0 0 - i  

0 i 0

1 0  0

0  1 0

0 0 - 2

Ag —

1 0  0  

0  1 0 

0  0  1

(2.37)

Any herm itian m atrix  can be expanded as follows:

Aij — a t (Ab)ij , 
b=i

where the coefficients at, are given by:

(2.38)

1For more information on the SU(3) group see for example [40].
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=  | ( - ^ 12 -^2l) =  %(Ai2 ~  A 2l ) 03 =  2 ( ^ 1 1  ~  -^22)

a4 ~  ^  -^3l) 0-5 =  K-^13 _  A 3 1 ) a6 =  2 (^23 +  A 3 2 )

a 7 =  2 (■^■23 ~  ^ 3 2  )  a 8 =  ^ l ^ 11 '^ 22 _  2 j 4 3 3 )  a 9 =  | ( - A l l  +  -A22 +  -^33)

(2.39)

We need to obtain the m atrix  of the full Hamiltonian in this representa­

tion using the detailed form of the three orthonorm al dressed states. P art of 

the Hamiltonian is diagonal in this representation:

1 9
Ho + H a -► - e i  Sn = J 2  V (£i)° • (2.40)

1  0 = 1

The coefficients V(Ei) are defined by eq. (2.33) and (2.34). They are:

V3 =  -  (ei — £2) Ps =  (£l e 2 — 2 e3)

V9 =  -  (ei +  € 2  +  £3 ) (2-41)
0

and all other Vi are zero. Our m ajor concern is the term  H r  which gives 

the interaction with the radiation field. We have emission of spontaneous 

radiation from the transitions |u2) —> |uj) and lui) —» |ii0). Therefore we 

can split the radiation field operator into two components depending on the 

value of the photon wave vector:

E r  = 4 1 +  E™. (2.42)
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E f l  includes photons with energy within a narrow interval 2 around W 2 1 ,

while E r  refers to photons resulting from the second radiative transition with

energy within a narrow interval around Wio- These two operators commute, 

because of (2.35). Using the notation d{j = e(ui\r]uj) for the dipole operator, 

we obtain:

H  =  E  V^A. +  { ( £  * - 0  £ f l (+)W  • 4  e~‘W6t
a = l  I  \ a = l  /

+  ( E  Zaxa ĵ E%{+)(t) ■ d12 +  fc.c.J . (2.43)

Here E ^ ^ ^ t )  and E ™ ^ ( t )  are the positive and negative frequency 

components of the above radiation operators. Originally there are two types 

of tim e dependencies in this representation of the dipole operator e±lWht and 

two types of tim e dependencies in the radiation field operator Since

~  the product of the two term s will contain both a slow varying factor 

e±«(u>L-wk)t an(j a rap j j  one a  second level RWA [39] has been

made by dropping the rapidly varying terms. Its justification and validity are 

the same as the first one. The new physics introduced by this approximation 

is the requirement tha t fluorescent emission follows only immediately after

2The width of the interval is of the order of the width of the states.
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the absorption of a laser photon, thereby roughly conserving energy at each 

step.

The new param eters X a and Z a introduced in the above expression for 

the radiation Hamiltonian H r  are known functions of the amplitudes a(e;), 

/3(£i) and 'y(si), in (2.14). They result from the expansion of the Hamiltonian 

in this representation onto the basis set of matrices (2.37):

9

a iPj  =
a=l

P m  =  (2.44)
a—1

using eq. (2.38) and (2.39).

Physical observables can be expressed as expectation values of operators 

with respect to the to tal wave function of the system |^ (t))- We can obtain 

equations for these observables from:

<5<*|0|*> = (t|[0,H]|»). (2.45)

If the operator O  for a given observable is independent of the radiation

operators and also it is not explicitly time-dependent, we obtain:

* 4 ( ® |0 |¥ )  =  (2.46)
at

£  V. ( « | \Ot A.] |« )  +  { £  X .  ( « |B i0<+’(‘) • * 1  (O, A.]
a=l la=l



Chapter 2 49

+ j ^ Z - ( * lE 2R1{+\ t )  ■ d12 [O, A„] |tt) +  h.c.
a = l

It is apparent from the above expression th a t the equation for O couples to 

expectation values which contain radiation operators linearly and equations 

for those (expectation values of E r ) will couple to still others. This results 

in an infinite set of coupled equations which describe the infinite num ber of 

degrees of freedom of the radiation field. Mollow’s contribution was the use of 

an approxim ate solution for the electric field as an approxim ate constraint on 

the wave function, which allows the truncation of the infinite set of equations. 

In our case the costraint is as follows:

0 = 1

6  a = 1

A detailed derivation is given in Appendix C.

Any herm itian m atrix  can be expanded over the set {Aa} for a=1...9. 

Therefore we can find the expectation value of any operator if we know:

Sa = ($ |A a |tf) for a=1...8. (2.48)

In order to find an equation for Sa in eq. (2.48), we make use of the con­
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straints (2.47) and of the algebra of the Gell-Mann matrices:

[Aa, At] =  2 i f abc Ac (2.49)

4
{Aa, Af,} — ^SabI  -)■ 2 dabc\ c.

Here f abc are the structure constants of SU(3) [40], as defined by the com­

m utation relations in eq. (2.49). They are completely antisymmetric. The 

constants dabc are symmetric in all indeces [40]. We obtain after some lengthy 

derivations the following system of linear inhomogeneous differential equa­

tions:

-j-Sa +  M abS b =  Qa for a=1...8. (2.50)
at

For a=9 we have:

| s 9 =  =  0 ,  (2.51)

which is just the norm alization condition .3 The m atrix M is given by:

M ab =  —2 f abc Vc —

—4/aJc/cgb [tio R e ( X * X q) +  721 Re(Z*Zq)} 

- 4 faicdcqh [710  I m ( X * X q) + 7 2 1  Im(Z*Zq))

+ 4 / a c b  [7 1 0  X g I m ( X c) + 72X Z9I m ( Z c)] , (2.52)

3We do not have absorption and the Hilbert space comprises only bound Ps states. 

Therefore the probability to  find Ps is one .
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and the inhomogeneous term  Q is:

Q a  = ^ 7 1 0  f a b c  I m ( X bX c) +  ^ 7 2 1  f a b c  I m { Z ^ Z c). (2.53)

The param eters 7 10 and 721  are half of the natural decay rates of the states 

2P and 3D respectively and are equal to:

7 io =  |  | 4 | 2 =  =  3.793 10- 9 [Ht]
6 n cr 2tio

2  W 3 -  T>
7 «  = =  3.916 10-10  [Ht]. (2.54)o h c*3 ZT21

The constraints are an expansion in:

and 7 2 1 ^  721 (2 55)
W 10 u b W 21 u)a K }

so tha t subsequent results are accurate only to lowest order in these param ­

eters.

We assume tha t there is no tim e dependence in the coefficients of eq. 

(2.56) and therefore they are constants. The solution is then given by:

S a = ( M - %  (1  -  e ~ M t )bc Q c +  (e -M%  S b ( t  = 0 ) . (2.56)

S a ( t  =  0 ) is the initial condition. We denote with mi  the eigenvalues of the 

m atrix  M. Numerical calculations show tha t Re mi > 0. Therefore all the 

term s in (2.46) th a t contain e~Mt will decrease exponentially for large times.
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The la tte r is known as Markovian behaviour. This means th a t all memory of 

the initial conditions vanishes exponentially at large times. In principle, this 

is not correct since it is known [41] tha t the memory of the initial conditions 

decays as a power of tim e for sufficiently large times. The origin of this 

discrepency is the Markovian approxim ation involved in the derivation of 

the constraint. In general, the coefficient in front of the power is too small 

for this term  to be observed. Moreover, it has been shown recently [42, 

43], tha t the existence of the power law behaviour depends on the m ethod of 

preparation of the initial state in the experiment and may not be as universal 

as it was assumed. In any case, we shall neglect this behaviour.

Sufficiently large times in the case under consideration means t > >  

7 1 0 , 721 . We are interested in times t >  r*^, which is considerably larger. 

Therefore an accurate description of the behaviour of the system is given by:

S a  =  { M ~ 1) abQ b -  f o r a = 1 ...8 . (2.57)

Using the above results we can obtain the probability to find the bare 

atomic states when the system has a wave function |^ ( t) ) . They are:

Z Q  =  | ( * M l 2 =  ( ¥ | t t 0) ( u 0 | ¥ )  =  ( t f l a i a , - ! * )  -  E ( C / o ( a ) ) a  S a
a = l
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k  =  | ( * M | 2 =  (\P|ua)(ua|\l>) =  { m m )  = E (£M /?))«  (2.58)
a= 1

h  =  | ( ^ K ) | 2 -  (* h )< U 2 |t f ) =  = E ( t / 2(7 ))a Sa
a=l

The coefficients ( [/0 )a, (£/i)a and (U2)a are known functions of the param eters 

a.i, f3i and 7,. For exaple (£/0)a are obtained from the expansion of the m atrix 

OLiaj onto the Gell-Mann m atrices using eq. (2.39):

(Uo)i — &1 & 2  (U0)2 — 0 {Uo)3 =  ~  a ^  (2.59)

(1/ 0 )4  =  a i a 3 (1/ 0 )5  =  0  {Uo)g — a 2a 3 (1/ 0 )7  =  0 

(Uo)s = i +  a 2 ~  2al)  (U0)9 -  - ( a ?  +  a \  +  0 3 ) .

Finding the probabilities l0, li and l2 is equivalent to finding the wave function 

I'f (i)) as a linear combination of the bare Ps states.

The occupation probabilities of the bare states are found numerically for 

different values of the laser intensities with a FORTRAN program. The 

results are given in Table 1.1. We find tha t the probability to find Ps in the 

excited state 2P is insignificant when the coupling with laser ‘a ’ is stronger, 

while the probabilities for IS and 3D are almost one half. This is logical 

because laser ‘a ’ induces transitions from the ground state into 3D. In a 

similar way, the probability to find Ps in the state 3D is almost negligible,
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1 Aa | |Ab| lo h li

10 To 10 To 0.488 0.256 0.256

io  r 0 To 0.475 0.050 0.475

To 10 To 0.499 0.499 0.002

Table 2.1: Probability to find the bare states in the wave function of triplet 

Ps, when the atom is in the field of two lasers. Photoionization is not con­

sidered. W hen the laser intensities are critical |A0| =  |Ab| =  To-

when the coupling with laser ‘b ’ is stronger. In this case the probabilities 

for IS and 2P are almost one half. When the laser couplings are equal, 

the bare excited states have equal probability to be occupied. On the other 

hand the probabitity for the ground state  remains almost the same and it is 

less than, but very close to one half. The figures given in Table 1.1 do not 

change significantly when the laser intensities are increased. They depend 

mainly on the ratio Aa/A t and if it is smaller or greater than one. We find 

th a t the values of the detunings A u>a and Au>b within a range from zero up 

to a m aximum of the natural widths of the states 3D and 2P respectively, 

practically do not influence the results.
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The annihilation term  in the Hamiltonian is given by:

H d = - ^ T o  |uc)(ix0| (2.60)

This is a phenomenological expression, without consideration for the mecha­

nism of annihilation or for the inverse process, i.e. creation of an electron and 

positron pair from high energy 7 -quanta. The la tter are irrelevant for our 

considerations. Since is much larger than the other characteristic times 

in the problem, Hp  is much smaller than  the laser-atom or the fluorescent 

interactions. Therefore it is justified to  consider it in perturbation theory up 

to first order. In this case the annihilation rate  of Ps in the laser fields is 

given by the following expression:

r  =  2 {V\Hd \V) = T0 l0 • (2 .61)

It is equal to the annihilation rate  outside of the laser fields tim es the prob­

ability to find Ps in the ground state when the atom  is interacting with 

the lasers. This means we have neglected any correlations between the an­

nihilation process on one hand and the laser induced or the spontaneous 

radiative transitions on the other hand. This is reasonable, since the la tter 

are much faster than  annihilation and the atom  fluoresces many times. From
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the numerical values for the probability given in Table 1.1 we obtain tha t 

the minimum value of the Ps decay rate  is:

T =  0.475 To =  0.81 lO" 10 [Ht] (2.62)

Therefore the result is similar to the one obtained in the two state case. It is 

not possible to increase the lifetime of trip let Ps more than two times when 

the atom is in the laser fields. The reason for this are spontaneous radiative 

transitions, which are fast in comparison to the annihilation lifetime. In spite 

of coherent population trapping, they repopulate the ground state and lead 

to annihilation.



C hap ter 3 

Singlet p ositron iu m  in  th e  

field o f  on e near-resonant laser

According to the discussion in Chapter 1, we do not include spontaneous 

radiative transitions in this problem, but we have to consider the annihi­

lation interaction nonperturbatively. Since annihilation and ionization are 

competing processes and both decrease the lifetime of Ps, they are consid­

ered simultaneously. We seek to find an optim al value for the laser intensity, 

so tha t the destruction of Ps is minimized.

57
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We have the following Hamiltonian:

H  =  H q + H a + H d (3.1)

The first step is to allow for annihilation of Ps in the ground state. The free 

part H q now includes also the free Hamiltonian of the high energy 7 -quanta 

resulting from annihilation:

H'0 = (Hq 2m ec2)RTn +  H yRf  . (3-2)

Since is relativistic, we have also added to H'0 the rest mass of the electron- 

positron pair. Ry is a projection operator onto the subspace of the high 

energy photons with wave function |7 *).

=  (33 )

The ‘m atter sta tes’ include all the bound states of Ps |un) and the continuum 

states |ug) resulting from ionization. Rm is the projection operator onto 

m atter subspace:
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The Hilbert space is a direct sum of these two subspaces .1 We have:

l“ n)
Rm Ry  -» hk)  (3.5)

and Rm -f R-f — 1 .

The annihilation Hamiltonian is:

%
H »  =  - \ z r  i7*)(«o| . (3.6)

" an

The laser-atom interaction is chosen in the r ■ E  gauge and in the dipole 

approxim ation it is:

H a = eE(t )  ■ f  R m . (3.7)

Note tha t the atom  is interacting with one circularly polarized laser and due

to the dipole selection rules the states have the following quantum  numbers:

|it0) ; |15) : / =  0, 77i =  0,

|ua) =  |2 P)  : Z= 1,171 =  1, (3.8)

|u,) : I =  2 , m  = 2 .

xThe system cannot have states, which belong simultaneously to the m atter and 7- 

quanta subspaces. There is either a bound Ps state, a ionized electron-positron pair or 

high energy 7-quanta. Therefore the Hilbert space is not the direct product of the two 

subspaces.
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Energy considerations do not allow single photon transitions from the ground 

state into the continuum.

The second step is to include ionization in the problem. A detailed dis­

cussion of a two state atom, including ionization is given in [20] (Chapter 

7). For a weak laser perturbation theory is an adequate description of a two 

photon ionization process from the ground state except in the case when an 

interm ediate state |ui) is nearly resonant with a single photon absorption 

by the ground state |it0). Since this is exactly the case here, we m ust allow 

for strong coupling between these states in a m anner analogous to the one 

already discussed in Chapter 2. This is accomplished by the projection op­

erator formalism. We again partition the H ilbert space of the Hamiltonian, 

in a similar way as it was done above into m atter and 7 -quanta subspaces. 

This tim e one of the subspaces includes the states of interest: |ii0), |iti), 

the ionization continuum |ug) and the high energy photons |7 fc), while the 

remaining bound states of the Ps atom  |un) for n  0,1 are included into the 

second subspace. The operator P projects onto the  states of interest:

F d3a F d3k
p = |u0 )(«o| +  l « i ) M  +  J + J • (3'9)
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Its compliment is Q =  1 - P. We have:

k )
Q —> |tin) for n ^  0,1 (3.10)

k )

l7fc)

The Ps atom can be ionized either by a resonant transition via the state |ui) 

or by a nonresonant transition via an interm ediate state |un) for n  ^  0 , 1 . 

The resulting equation for |P'3') is:

P { i K j t - H ) \ P t ! )  =  0 .  (3.11)

where:

H  = H  + H Q G ^ Q H  . (3.12)

The Green’s function satisfies:

r\
Q { i K - - H ) Q G % ) =  Q 6 ( t - t ' )  (3.13)

with causal outgoing wave boundary conditions. The resonant pair of states 

is excluded by the Q operation, so we may safely use a perturbation method 

in powers of the laser field in the term  containig this factor. In th a t case the
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lowest order contribution suffices for this term . It is:

= - ^ e ( t - t ' )  (3.14)
™ n

where 77 —> 0+ . The prim e in the sum denotes th a t the states in the projection 

operator P are not included.

We now expand in the bare states:

i p ®) =

<*(i) K )  r r M:-,lh -I /3lt) |« ,i e - w‘‘lh (3.15)

+

where Ef. = (^klHyljk)  is the energy of the high energy photons and A Ek — 

Ek — 2m e 2. We substitute this expression back into (3.11). Successive pro­

jections from the left with |u0), Ini), |itg) and 17*) yield a set of equations for 

the am plitudes a , /3, 7 ,  and 6k- As in Chapter 2, the RWA is used and only 

slowly varying exponential term s are retained. We obtain:

ict — —  e‘Awf B 4- /  ^ ^ —  e‘Awt 61. +  f  - - - -  - ^ °9 e‘(A"«-Au,)fP + J (2tr)3 a * + J (2tr)3 4ft 79
_A
2 ft ' J (27r ) 3 ft 7 (27t)3

A- , /  A  A•A A  jAwe | f
z/3 = 2 h e a  + J

9
( 2 tt) 3 2 f t
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i6k =  (3.16)
h

Here the coupling m atrix  elements with the laser field are A =  (u0|er • E\ui)  

and A q =  (u-x\er ■ E\uq). The notations for the frequencies are similar to 

the ones used before: We have A uj = u> — W w / h , Aw, = oj — Wqi / h  and 

Aujk =  {Wq — A E k)/h- The m atrix element of the annihilation interaction 

between the ground state of Ps and the free high energy photons is denoted 

by Dk — {u0\HD\'yk), while Hoq is a second order m atrix  element arising 

from ionization of the ground state via all possible interm ediate Ps states 

excluding the resonant one:

v -' '  {u o\er ' E \un){un \er ■ E \uq)
H °• =  ? -  (3-17)

A and Aq result from one photon transitions, while Hoq from non-resonant 

two photon transitions. Terms containing the la tter are one power of ^  

smaller than the terms w ith A and Aq. The H0q term s are the same order 

as the term s th a t are dropped in the RWA and therefore they should also be 

dropped.

In the equation for j q we have also neglected the coupling of continuum

states to other continuum states by the laser. This is assumed to be a small

effect, based on the fact th a t the so called free-free m atrix  elements which
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couple these states are small compared to A and Aq.

Note tha t the right-hand side of the set of equations (3.16) is a herm itian 

m atrix. Therefore the normalization of the wave function in P-subspace is 

preserved:

'“ '2 + w , + / ( ^ i , + / ( 5 7 N , = i - <3-18>

We solve the set of equations in the sudden approximation. In our case 

this is an unrealistic situation. However we shall be able to use the results 

obtained in this way to generate the adiabatic switching result, which is 

realistic. We impose the initial condition a(t  — 0) =  1 and all the other 

amplitudes are zero. Using the Laplace transformation, we obtain a system 

of coupled algebraic equations in s-space, which can be solved with the result:

s — iAu) +  I ( s  — iA u )
a ( s )

D(s — iAu)

t o  = <3-19>

=  a ;  f a  +  i A u q)
7 * 1 j 2  h is

c ( s D*k &{s + iAujk)
Ok{s) -  —----------   .

n is

(3 .20)
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The denominator

IAI2
D (s ) — [s d* iAtu -f J ( s  -f /Acu)] [s +  I(s)} -(- , (3.21)

4 n

is a function of two integrals I(s) and J(s). They can be expressed via known 

parameters:

T( A -  f  d*q 1A ^ 2 1 r'199'i
 ̂ J (2tt) 3 4h2 s -  i A u q ( ^

T( A -  [  d*k  W  1
J ( 2 7 t ) 3 f t2 s — iAuJk’

and are small compared to the other quantities in the problem.

We may now invert the Laplace transform ation with:

1 r*°°
m  = 7T- /  ****&*)> (3-23)Z7T7 v —too

where the contour in the s-plane passes to the right of the singularities of

/3(s). The integral can be performed by first finding the zeros of the denom­

inator D(s). But strictly speaking there are no zeros [41], because of the 

s-dependence in the integrals I(s) and J(s). Instead there are branch cuts.

Taking them  into account would lead to  a non-Markovian behaviour, indi­

cating tha t the memory of the initial state is retained in the wave function. 

These effects are small to be of experim ental interest. We shall limit our­

selves to the ‘pole approxim ation’, which results in a Markovian behaviour
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of the sysytem. We treat the denominator D(s) as a simple quadratic form 

in s:

D(s) = (s -  s+)(s -  s _ ) , (3.24)

whose roots s± are functions of the two integrals I(s) and J(s). Then the

roots s-t are expanded in powers of I(s) and J(s), retaining only first order

term s. Subsequently the s-dependence in the integrals is treated  iteratively 

by substituting the zero order form of the roots s± into them . The la tter are 

denoted by I± and J±. We obtain:

-  i s ; 1* -  i s - / * ’ <3-25>

where:

I± =  Z ( ±  j x e±,, +  ’'

J± = +  , (3.26)

for 77 —>• 0. The same notations are used as in Chapter 1, section 2. The 

detuning param eter is shp  =

Now the contour integral in /3(i) can be carried out with the result:
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The exponential decay at large times, instead of a power law, indicates the 

Markovian nature of the ‘pole approxim ation’. The simplest way to find the 

other am plitudes is via the set of differential equations (3.16). The constants 

of integration are chosen in such a way as to  satisfy the initial conditions. 

Terms of the order ĵ y and ĵ y are dropped consistently with the ‘pole 

approxim ation’ of the denominators. We obtain th a t each of the am plitudes 

is the difference of the following two terms:

s± e(iA“+*±h
5+ — S_

A *A * e ( - i i u , + i ± ) t

(s+ -  s_ ) (s± -  i A u q) ’ (3'28)

iD*k s± e(iAw~iA 
h (s+ — s_)(s±  — iA u k  +  i A u )

The calculation described up to this point applies to the situation in which 

the laser am plitude is zero for t < 0 and is constant for t > 0. The sudden 

switching is usually not a good description of the physical situation. A more 

realistic description is adiabatic switching of the laser. The results obtained 

so far can be adjusted to this case by allowing s± to be a slowly varying 

function of tim e through its dependence on the laser am plitude. The la tter 

must be zero in the rem ote past and future and it should remain essentially

a ±(t) =

7g± ( 0  =  

6k±{i) —
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constant for a tim e duration T around t= 0 . Then the only change required 

is the replacement:

s±t  -> f  dt' s±(t') (3.29)
J  — oo

in the expressions (3.27) and (3.28).

W ith this adjustm ent, the results obtained for the am plitudes can now be 

replaced in eq. (3.15) to find the wave function of the system in the adiabatic 

approximation:

|P*> =  ,4+ |tf+ ) +  4 - 1 * - ) ,  (3.30)

where:

|¥ ±) =  J - . * ' ■*"> { ST K )  e - * 1" ' +  |Ul) e-™ *'*

_ AJA i  j? q _  e - A" .' W)J/,
a 2 J  (2tt)3 -  i A u q 1 q) [ ’

_ 1 f  ___________»(Aw—Au»fc)< —i A E / f t / h  I \ \

h J (27t)3 + iAu — iAwjt j

Up to  lowest order in the integrals I± and J± the normalization constant is:

=  (332)

The state |P ^ )  in eq. (3.30) was found via the sudden approxim ation wave 

function with the initial condition tha t |P ^ )  =  |u0) at t= 0 . It satisfies this
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condition for t —> — oo in the adiabatic approximation with the appropriate 

choice of the constants A±. Note th a t the states |^±) are analogous to \<f>±) in 

eq. (1.1), which are the wave functions of a two state atom  in an adiabatically 

varying laser in the RWA. Indeed when the coupling to the continuum and 

the annihilation interaction are turned off (Ag —> 0 and Dk —> 0), we have 

|^ ± ) ~ > l<̂ ±)- W hen the laser is also switched off (A —> 0) in the remote 

past, we have:

|tf+) -4 \u0)e - iŴ h

|tf_) -► K ) e * ^ f/ \  (3.33)

if Acu > 0 and the reverse for Aw < 0.

Now let us consider the case A uj >  0. The system starts in the state 

|«o) which at t —* — oo is |\P+). The adiabatic theorem tells us th a t for slow

changes in the laser am plitude the system remains in this state. Therefore

instead of the wave function {P'S) from eq. (3.30) and (3.31) we should take:

|P 'fr) =  |$ +) for Aw > 0 or

|P V ) = j * _ )  for Atu <  0 (3.34)

as the dressed state of the system.
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The probability to find a stable state of the Ps atom  can be derived from 

eq. (3.31). Up to lowest order in the integrals I± and J± it is:

l ± = | ( ^ ± K ) | 2 +  l ( ^ ± K ) l 2

=  exp^2R e  j  (3.35)

According to the above discussion, the subscript ‘± ’ refers to the cases when 

the detuning Ao> is positive or negative. The quantity:

r°° T-i-T T
2 Re  / dt s^( t )  =  —7— =  —  (3.36)

J—oo ft T±

can be considered as the transition param eter for ionization and annihilation 

of Ps in a near resonant laser. T± is the related width of the dressed state 

from which the transition to the continuum takes place, and t ±  is the lifetime 

of stable Ps. We can also interpret I m  as the energy shift of the dressed 

state. Since we have already lost small energy shifts due to the RWA, it is 

inconsistent to keep small contributions arising from I m  s± and they will be 

dropped. If the adiabatic switching of the laser takes place in a tim e which 

is short compared to the tim e T th a t the system spends in the laser field, 

during the remaining tim e the laser am plitude will be constant. In tha t case
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we may replace the operator:

T  I - o o ^  > * (3.37)

and evaluate s± by simply inserting th a t constant value of the laser ampli­

tude.

In order to relate the width (3.36) to other characteristic quantities of 

the system, we find from (3.22) and (3.26):

R e I * -  ' I i  

R c J -  -  <338>

In the above expressions there are energy conservation 6-functions respec­

tively for ionization from lux) by the laser and for annihilation from |u 0). 

The first term  in the argum ent of the 6-function is due to the I m s ± .  As we 

mentioned, this is a small shift in the energy levels of the dressed states and 

has to be dropped. From eq. (3.25) and (3.38) follows:

= - 25?
+  <3-39> 

But note th a t the first term  in this expression is proportional to the pho-
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toionization rate  from the state  2P:

7TĜ f  d?Q
W2P = 2¥ E2 J (2tt)* ^(Aa;«)> (3-40)

while the second term  is proportional to the annihilation rate outside of the 

laser:

r ° W ( ^ s  ^  <3-41)

W ith the above in terpretation the meaning of the integrals is straightforward. 

Near resonance I± gives the width of the state |ui) due to resonant ionization, 

while J± gives the width of the ground state due to annihilation. Now the 

width of the dressed Ps state  can be given in term s of the ionization and 

annihilation rates:

r ±  =  +  '  ( 3 ' 4 2 )

From eq. (1.1) we obtain th a t the probability to find each of the bare atomic 

states in the dressed state |<^±) if annihilation and ionization are not present 

is respectively:

and

I f

2chp
for 15,

2 chu,
for 2 P.

(3.43)

(3.44)
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W ith this in mind, we can rewrite eq. (3.42) as:

r±  =  l f w 2P + I f  To. (3.45)

Therefore the decay rate  of Ps in the laser is equal to  the probability to 

find the state 2P in a two state  atom interacting with a laser field times the 

ionization rate  from this bare state, added to the probability to find the state 

IS times the annihilation rate outside of the laser.

The above expression for the decay rate depends on the am plitude of the 

laser electric field E via the ionization rate w2p and the detuning param eter 

p in the probabilities i f  and i f . We seek the optim al laser intensity for 

which the lifetime 7\£ is maximal. Taking the derivative with respect to E 2, 

we obtain the condition for the extremum:

2x3 ±  x 2 i t  1 ±  ——- =  0 , (3.46)
Aw2 ’ v '

where the dimensionless param eter x is the ratio  of the Rabi frequency as

defined in eq. (1.5) and the detuning Aw:

x  =  ib  = f + ! ? ■  <3-47>

It depends on the laser intensity via A. On the other hand t is a constant:
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since both |A|2 and w2p are quadratic functions of the am plitude of the 

laser electric field. We solve eq. (3.46) numerically for different values of 

the detuning Aw. W ith the optimal laser intensity found in this way we 

evaluate the decay rate T± in eq. (3.45). We obtain tha t the lifetime of 

Ps in the laser increases when Aui decreases. It reaches the value of twice 

the lifetime outside of the laser for a detuning of approximately 10-9 [Ht] 

and doesn’t change further. We obtain the same result as in the two state 

problem discussed in Chapter 1, section 2. This means on one hand tha t 

the ionization rate from the state 2P is small and does not contribute to 

Ps destruction when the atom  is interacting with one laser, as estim ated 

roughly beforehand in Chapter 1, section 5. On the other hand, we have 

confirmed the assumption th a t the annihilation rate in the laser r±  =  Iq Po 

is equal to the rate outside of the laser times the probability to find the 

ground state in the dressed state, when photoionization is not significant. 

This is a nonperturbative result.



C hap ter 4 

Singlet p ositron iu m  in  th e  

field o f  tw o near-resonant 

lasers w ith o u t fluorescen ce

Our goal is to obtain the lifetime of singlet Ps atoms interacting with two 

circularly polarized near-resonant lasers.1 In Chapter 2, section 1 we studied 

this system without taking into consideration the possibility th a t the atom 

annihilates in the ground sta te  and is ionized by the lasers in the excited

1See Figure 1.2.
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states. These processes are incorporated into the problem, which is achieved 

by introducing a complex potential. This leads to the following nonherm itian 

Hamiltonian:

H  = H0 + H A - i V ,  (4.1)

where

V — g (- ô |wo)(izo| +  Ri +  R2 1̂ 2)(^21) • (4-2)

The coefficient R 0 — T is the annihilation rate  given in (1.7), while Ri = w 2P 

is the ionization rate in (1.24) from the state |2P)  induced by laser ‘a ’ and 

R 2 = w2D is the ionization rate  in (1.25) from the state |3D). As discussed 

in Chapter 1, section 5 and confirmed by the results in C hapter 3, ionization 

with laser ‘b ’ is insignificant and it will not be considered here. As before, 

H0 is the Hamiltonian of the Ps atom  outside of the laser fields and H a as 

in eq. (2.2) and (2.4) gives the interaction with the lasers.

We follow the approach of Chapter 2, section 1 and the formalism devel­

oped therein with the difference th a t the Hamiltonian contains an absorptive 

term . We want to obtain the solution of the Schrodinger equation with 

Hamiltonian (4.1), which we seek as a wave function of the form (2.6):
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|*(*)) =  5 (i)  |u0) e - iW«‘ +  $(t)  |m ) e~iWlt +  7 (t) |u2) e " ^ 4 .

The unknown amplitudes depend on tim e as in (2.10):

& ( t )  =  a  e- ‘(‘- ^ a )</2

_  jjj e-»(e-Awa+2Aub)t/2

7 (i) =  7 e-i(«+A«.)t/2 _

The difference with the problem considered before is tha t here the Rabi fre­

quency £ can be complex. This is a consequence of the nonherm itian term  

in the Hamiltonian and reflects the loss of Ps due to annihilation and ion­

ization. Substituting this wave function back into the Schrodinger equation 

and using the rotating wave approximation, yields a new eigenvalue problem 

for £:

(e — Abja +  iR0) a = f3 A*, + 7 Aa

(£ — Au>a +  2Au>b +  zRj) f3 =  aA*b (4.3)

(e -f Awa -f iR2) 7 =  a A*.

The corresponding eigenvalue equation has now additional term s, which con­

tain the annihilation and ionization rates:
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0 =  e3 -t- £2{-A w „ +  2Au>b -f i(Ro +  Ri +  ^ 2 )} — e{Aw„ -+■ |Aa |2 +

|Aj,|2 — RqRi  — R 0 R 2 — R 1R 2 +  2i(RoAujb T^Awt — .^A w ,,)} -t~ 

(Au;a — 2Aoi(,)(|Aa |2 -f A a>2) — |Ab|2Aa;a +  R 1 R 2 Aw„ —

R 0R 1Au>a +  R 0R 2(Auja — 2Au>b) +  i R 0Auja(2Au>b -  Au>a) — 

i R i Aw2 -|- i R 2Auja(Auia — 2Au>b') — i R qR\R2  — i7ii|A a |2 — z 1 A t , | 2

therefore the wavefunctions |vHj(t)) are not orthogonal. Nevertheless, the

for i =  1,2,3. Eq. (4.4) and (4.5) determ ine |7 (e»)|. We choose 7 ( e j  to be 

real and obtain the following expression:

It is tractable only numerically (even at resonance). The solution gives three

complex eigenvalues £j. They are substituted back in eq. (4.3) in order to

find the corresponding eigenvectors:

(4.4)

0(£i) =
£2 — Auj% — | Aa |2 +  i£i(J?2 +  Rq) +  iAuia(Ro — R 2 ) — RoR:

A*Ab 7(£i)

Since the Hamiltonian is not herm itian, the eigenvectors of eq. (4.3) and

la tter can be normalized at t = 0 , which leads to  the condition:

a(£,) |2 +  |/3(£,)|2 +  |7(e.)|2 =  l (4.5)
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7 (e0  — ( l  +  |Aa| 2 +  Ao>a)2 +  (yv + /72)2]

+  |Aa | - 2|Ab|- 2 1 [x2 +  y f  -  Au,2 -  |Aa |2 -  ^(JEo +  f l2) -  RoR2}2 

+  [2Xiyi -f Si(i?o +  R 2 ) +  Awa(i?0 — -^2 )] } )  * • (4-6)

We have denoted by X{ the real part of the complex Rabi frequency a  and 

by yi - its imaginary part.

The to tal wave function of the system is a linear superposition of the 

dressed states |\Ifi(t)):

HM‘)> =  E e « l * i ( i ) ) -  <4-7)
»=l

The constants Cu are determ ined by the initial conditions. The index I in 

(4.8) denotes in which bare state was the Ps atom  at t= 0 . For example, if 

Ps was initially in its ground state, we have:

|*o(* =  0)) =  M  =  E C o i|* i( i  =  0)) , (4 -8)
1 = 1

where

\Vi{t = 0)) = a(Ei) |u0) + 0{Ei) |iti) +  7(e.) |u2) • (4.9)

Since |^ j)  are not orthogonal, it is convenient to determine Coi by multiplying

eq. (4.8) from the left w ith the bare states \uj) for j  =0,1,2 and use the
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orthonorm ality of the latter. We obtain a system of algebraic equations, 

which has the following solutions:

r<   n  / ^ l7 3 ____________ __  r< r\
O 0 2  — ~ O o i  -----------------p r  —  “ ^ 0 1 - ^ 0 2

P273 “  72P3

/nr /nr Pl')2 7 l ^ 2  ^  j~.
U 03 — — C/01 a 7 — ~  ° 0 l M ) 3

72P3 “  P273

C01 =  (a i — 0 L2 D 02 — CX.2 D 0 2 ) 1 • (4-10)

The first two equations define the param eters D 02 and Dq3 - In the same way 

we can find the constants Cu when the system had other initial conditions. 

W hen Ps was initially in the  state jixj), we have:

/nr /nr a l73  7 l  a3 ^  p,
0 12  —  — C /1 1    —  —  C / l l - O '1 2

«273  -  72 a 3

n  _ „  a l ^ 2 - 7 l “ 2 _  ^  n
C/13 =  —On   — —Oi i -L/13

72 « 3  -  Q!273

C n  =  ( P i - P i D u - P z D i a ) - 1 . (4.11)

If the initial state was |u2), the coefficients are:

/nr /nr al@3 bbiCX.3   /O n
0 22 — —O21 ----^ ^  — O21-L/22

0!2P3 _  P2a 3

/nr /-r a 1 ^ 2  @la2   /nr n0 23 — —O21 — 7T — —0 2l0'23
p 2o:3 — 02P3

C21 =  ( 7 1  — I 2 D 22 — 7 3 ^ 23) *• (4-12)
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If annihilation and ionization are not considered, i.e. V  =  0, then the 

coeficients in the expansion of the wave function (4.7) onto the dressed states 

can be found by multilying eq. ( 4 . 8 )  to the left with another dressed 

state and use the orthonorm ality of the latter. We obtain:

<*,(* =  0)|«o) =  =  (4.13)
3 3

=  £  c oi {*i(t =  o ) |* i( i  =  o)) =  f l  c oi Su = Cot
»'=1 i=l

The coefficients are real and we have:

Coi = ct(£i), Cu = j3{si) and C2i =  7(e,-) . (4.14)

We return  to the problem with absorption. The probability to find a 

bound state  of Ps at tim e t > 0 for initial condition |uo) is:

=  £  Q  Coj (<*;*i +  R 0 j  +  l h i )  ■ (4 .15)

Similar expressions can be obtained for the other initial conditions by sub­

stitu ting the index ‘0’ with ‘1’ or ‘2’.

We define an effective tim e dependent decay rate T/(t) by the following 

equation:

< $ ,(0  |$ ,( i) )  =  (4.16)
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where the index I indicates the initial state. From the above definition we 

obtain:

(4.1?)

It is straightforward to find an expression for F/(t) by taking directly the tim e 

derivative of eq. (4.15). The effective time-dependent decay rate is equal to:

1 E  Cj C» ( e ,  -  S - )  (a > ,-  +  +  Y m )  M 18 ,
2  (# |(<)I*.(0 ) ' K ' ’

It is easier to see the physical meaning of Tj by using eq. (2.45). For a system

with a nonherm itian Hamiltonian as in eq. (4.1), the differential equation

for physical observables is:

|0 |$ )  =  ( $ | ( O H  -  H ' 0 ) \ V ) .  (4.19)
at

If the operator O  is given by the unit operator and the wave function - by 

eq. (4.7), we obtain:

(4-20)

This leads to  an expression for the effective decay rate  in term s of the ab­

sorptive potential V:

r -w  - 2 " < * ,M i5 w >  ■' (4'21)
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Using the explicit form of the potential, given in eq. (4.2) we obtain:

r m  = r  K*«(*)l«o)la + r K*«(*)Ma . „ K*K*)Mla U92, 
, ( }  0 <#,(*)!*,(0) +  1 <*,(*)|*,(t)) +  R * <*,(i)l*i(0> ' ( }

Therefore the effective decay rate  defined in (4.17) is equal to the following 

sum: the annihilation rate of singlet Ps outside of the laser fields times the 

probability to find the ground state  in the to tal wave function of the system 

for given initial conditions; plus the ionization rate  from the bare state 2P, 

times the probability to find this state; plus the ionization rate from 3D, 

times the probability to find this state. It is the analogue of eq. (3.45) 

for singlet Ps interacting w ith one laser. Note tha t the la tte r expression 

was found by the projection operator m ethod in a Hilbert space comprising 

bound Ps states as well as continuum states, while eq. (4.22) was found here 

by introducing a complex potential, which is a more straightforward method. 

By substituting eq. (4.7) for the wave function in (4.22), we obtain:

^  £  C(* Cu e - ^ - O * / 2 (R 0 a ' a ,  +  R 1 +  R 2 7l*7 i)

r,(i) = --------------------------m m >  ■ ( 4 - 2 3 )

where the denom inator is given in eq. (4.15). This expression or eq. (4.18) 

can be used to numerically find the effective time-dependent decay rate.



C hap ter 5 

T riplet p ositron iu m  in  th e  field  

o f  one near-resonan t laser

In this chapter we obtain the lifetime of triplet Ps in the field of one near­

resonant circularly polarized laser. Annihilation and ionization are incor­

porated into the problem via a complex potential as in Chapter 4, which 

leads to a nonherm itian Hamiltonian. Spontaneous radiative transitions are 

included by the formalism introduced in Chapter 2, section 2. The results 

can be obtained analytically at resonance.

84
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The system has the following Hamiltonian:

H  = H 0 + HA + HR - i V .  (5.1)

As before, the tim e evolution due to the free Hamiltonian of the laser field 

is absorbed into the wave function and H0 is the free Hamiltonian of the Ps 

atom outside of the laser. The interaction with the la tter is given by the 

term:

H A = -  A(t) ■ p,  (5.2)
c

which is in the dipole approxim ation and the velocity gauge as in Chapter 2. 

The vector potential is:

A * )  = 7T  (e +  e* . (5.3)Zlj ' J

The laser is circularly polarized with polarization vector:

i  = \ ^ ± i y) -  (5-4)

Hr  = eER{t)-r  gives the interaction of the Ps atom  with the quantized field 

of the radiation photons, which is defined in eq. (2.34). The Hamiltonian in 

eq. (5.1) is nonherm itian due to the last term , which gives the possibility for 

annihilation in the ground state and for ionization by the laser in the excited
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state:

V  — g (-^o lu°) (u °l lu,i) (u il) • (5.5)

The coefficient R 0 =  T is the annihilation rate  in eq. (1.7) and Ri = w \P is 

the ionization rate in eq. (1.26) from the state |2 P)  induced by laser ‘b ’.

Instead of finding the dressed states analogous to eq. (2.6) and (2.10) 

and working in their representation, it is convenient to use the following 

tim e-dependent basis of the bare states:

|9o) -  |u0) e~iWat e ‘Aw(/ 2 

k i)  =  \Ul) e - iW^ e - iA^ 2 ., (5.6)

where Aw is defined in eq. (1.3). We have:

| go) =

( \ 
1

V 0 /

and | gx)

/  \
0

V 1 /

W ithin the rotating wave approxim ation1, we obtain in this representation:

Hq — — (J3 and H a — — cj , (5.7)

where Oi for i = l ,2,3 denotes the Pauli matrices. The potential V can be

1For a  detailed discussion on the RWA see Chapter 2, section 1.



Chapter 5 87

w ritten as:

v  = T k + j  A R - (5.8)

where <t4 is the unit matrix. The above param eters can be expressed in terms 

of the annihilation and ionization rates:

R  =  ~(Ro +  Ri)  and A R  =  ~{Ro — Ri)  ■ 
&

(5.9)

It is interesting to investigate how the complex potential influences the

behaviour of the system. Let us assume for a moment tha t we do not have

spontaneous radiative transitions. In this case the Hamiltonian is H\  =

H 0 +  Ha — i V  and it is time-independent in this representation:

/  \
1

=

\

Aw — i A R  — iR  

A

A

—A u  +  i A R  — iR

. (5.10)

/
Its eigenvalues are:

£± =  ~ ( ^ - i R ± ^ / K ^ { A ^ i A K y ^  . (5.11)

Comparing with the two state  problem discussed in Chapter 1, section 2, we 

note th a t instead of the Rabi frequency e in eq. (1.5), we have the complex 

quantity (5.11). The la tter can be obtained from the Rabi frequency by the
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substitution:

e± =  ^  [—i R  ±  e (Aw —> Au> — i A R )  | . (5.12)

R  displaces the energy of the two dressed states in (1-1) by a complex 

constant and therefore introduces an overall exponentially decaying factor in 

the wave function of the system. The new dressed states can be obtained 

from the old ones by multiplying with this factor and by substituting the 

detuning Aw with Aui — iA R .  Note tha t at resonance (Au> =  0) the quantity 

under the square root in eq. (5.11) is real (if |A| >  |Af?|) and the two dressed 

states have the same decay rate. The la tter is equal to  the average of the 

annihilation and ionization rates.

We now return to the problem with fluorescence. The radiative H am ilto­

nian is given by:

H r  — h ■ a+ +  h .c . , (5.13)

where E are the frequency components of the quantized electric field of 

the radiation photons and

h = d0i e~iu t. (5.14)

We have denoted by:
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and (as in Chapter 2 )  the dipole operator by d01 =  e ( i i 0 | r | u i ) .  A s  before, we 

use an approxim ate solution for the electric field of the radiation photons, 

which is given as an approxim ate constraint on the wave function of the 

system. The la tter is derived in Appendix C. In the representation considered 

here, it is given by the expression:

4 _)(*)I*W> =  - i \ w l d 01e - ^ a + \^{t))  (5.16)

A detailed discussion on the formalism introducing the constraint is given in 

Chapter 2, section 2.

Physical observables can be expressed as expectation values of operators 

with respect to the to tal wave function of the system |\I/(t)). For a system 

with a nonherm itian Hamiltonian as in eq. (5.1), the differential equation 

for these observables is: 2

» -^ (tf |0 |® ) =  { 9 \ ( O H -  H ' 0 ) \ y )  =  (5.17)
at

=  < ¥ | [ o , / n i * ) - i < * K o , n i ® } ,

where H '  =  H o  +  H a  +  H r  is the herm itian part of the to tal Hamiltonian.

If the operator O  for a given observable is independent of the radiation

2And also the operator O does not depend explicitly on time.
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operators, we obtain:

t | ( ¥ | <D\*) =  +  i M O . a , ] ! ® )

+  h- ( V \ E g \ t ) [ 0 , a +m  (5.18)

a  ft
-  i / 2 ( tf |0 |<l>) -  i — (* |{ 0 >Or3} |* ) .

Note th a t the term  in the th ird  line of eq. (5.18) is equal to minus the 

herm itian conjugated of the preceding term.

Any two dimensional herm itian m atrix  can be expanded over the set {cra}

for a=1...4. Therefore we can find the expectation value of any operator if

we know:

5a =  ($|<ra |$ )  for a= l,...4 . (5.19)

In order to find an equation for Sa from (5.19), we make use of the constraints 

(5.16) and of the algebra of the Pauli matrices:

[c7j, (Xj] — QlSijfc CXfc , (5.20)

{c7i, CTj} =  2 Sij .

We obtain the following homogeneous system of linear differential equations
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with constant coefficients3 for the vector Sa:

—  Sa + MabSb =  0  , (5.21)

where the m atrix  M ab is given by:

M  =
-Au>

\

Au>

7 +  R

2 7  +  R  A R  — 2 7

A R R

(5.22)

/

The param eter 7  is half of the natural decay rate of the state 2P and is 

defined by the first eqation in (2.54). If the Ps atom  is initially in its ground 

state, i.e. |^ ( t  =  0 )) =  |u0), the initial condition for the above system of 

differential equations is:

/  \
0

S a(t -  0 )
0

1

V 1 /

(5.23)

3The representation (5.6) was chosen so th a t the coefficients are constant.
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In the case when there is no annihilation and ionization (V =0), the system 

(5.21) reduces to a set of three inhomogeneous equations. Since there is no 

decay, it is sufficient to find the solution for large times, i.e. t »  h / 7  as 

was done in Chapter 2 , section 2. The calculations for the two-state problem 

can be performed analytically. As expected, the result for the probability to 

find any of the bound states coincides with the expressions in [20] (Chapter 

4), obtained in the representation of the dressed states.

W hen annihilation and ionization are included via a complex potential, 

the dressed states are decaying exponentially. Therefore we need to find the 

comlete time-dependent solution of the homogeneous system (5.21). If the 

number of the linearly independent eigenvectors of the m atrix M in eq. (5.22) 

is equal to its dimension, the solution is given by [44]:

S0 (f) =  £ c t u We— -f , (5.24)
»=i

where rrii are the eigenvalues and v l are the corresponding eigenvectors of M. 

The constants c; are determ ined from the initial conditions (5.23).

Note tha t at resonance (Acu =  0), the first equation decouples from the 

rest. This reduces the solution to the one of a three dimensional eigenvalue
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problem. It is convenient to  make the substitution:

m  =  m '  +  7 +  R

These simplifications lead to the following matrix:

/  \

M'

-m

-A 7 — m

A  R

0

A R - 2 ~ i

—m  — 7

(5.25)

(5.26)

The corresponding eigenvalue equation is:

(5.27)

The constraint is an expansion in the coefficient 7 /H^io and subsequent re­

sults are accurate only to lowest order in this param eter. In principle, the 

eigenvalues of the m atrix (5.26) can be found exactly. But it is sufficient to 

write them  as a power series in 7 / A. This is a high intensity expansion, which 

holds for 7 /A  < 1 or E b/E^. it > 22.3. Let us assume first th a t 7 =  0  and 

there are no spontaneous radiative transitions. In this case the eigenvalues

are:

m'2 = 0 , m 3 t4 =  e , where e =  ^ |A | 2 — A R 2 . (5.28)
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Next we seek the eigenvalues as an expansion in powers of 7 /A  with the 

zeroth order given by eq. (5.28). Up to second order we obtain:

m 2 =  R  +  7  1 | A | 2 2 A R  ]A|2
2 / ^ c4

™3,4
IA I2 .A  R

±  ie +  U +  7  1 +  ±  1

7
|A |2 AA! ±

2e 1 +

2 e2 e

A R 2 3|A |4

4e4

(5.29)

It is im portant to note th a t Re mi > 0, so tha t all term s in eq. (5.24) vanish 

exponentially at large time. Up to first order the corresponding eigenvectors

are:

u<2> =

A

r  +  #  +
AR2 7

AR

\  1-

(5.30)

,(3,4) _

7* +  ! ^  +
AR2

IpI2 ^  |i +pI2

.A
P

7

AR 
\  !+P /

where p -
|A |2 , . A R
2 F ± ' ~ r
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The probability to find a bound Ps state is:

S4 =  (®(i)l*(*)> =  c2v{2)e -m2t +  c3 x43) e -m3t +  c4vi4)e~m t t . (5.31)

The coefficients Ci are of the same order of m agnitude as can be seen 

from the above expressions for the eigenvectors and the initial condition in 

eq. (5.23). Therefore the longest surviving term  in eq. (5.31) will be the one 

for which Rerrii is smallest. From eq. (5.29) we find tha t this is m 2:

n  7 3 |A |2 2 3 |A|2A i2Re (m 3 — m 2) = 7  — ------- 7 ------ —----  >  0 .  (5.32)

The difference between the two eigenvalues is approximatively equal to |q  

for laser fields 10 <  E b/ E^.it <  104, which are the intensities of interest.

The above analysis leads to the conclusion tha t the eigenvalue m 2 can be 

considered as the decay rate  of Ps. Up to second order in -7 / 1A| we have:

|A |7  . 2  (r„  — |A|2
2 ,  ■ , v- - j r j  + 7  ---------? ---------

This expression gives the decay rate of trip let Ps in the field of one laser, at 

resonance, up to second order in 7 / A. It includes the possibility for ionization 

from the state 2P. We have found earlier4 th a t in this case ionization is

4See Chapter 1, section 5.
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not significant. Therefore the this result has more theoretical than practical 

im portance. The m ethod used here will be applied to the three state problem 

considered in Chapter 6  and will enable us to find the lifetime of triplet, as 

well as of singlet Ps.

Note tha t when ionization is not present, we have:

p
R  — A R  =  —  ̂ and e ~  A . (5.34)

Then eq. (5.32) reduces to:

r  = Ti { 1 + w ) + 0 { w ) -  ( 6 ' 3 5 )

which is exactly the result in eq. (1.10) up to second order in 7 /A , obtained 

in [].



C hap ter 6 

T h e com p lete  prob lem  o f  

p ositron iu m  in th e  field o f  tw o  

near-resonant lasers

6.1 F orm u la tion  o f  th e  p ro b lem

In this chapter we obtain th e ’lifetime of Ps atoms interacting with two cir­

cularly polarized near-resonant lasers1. In Chapter 2 we studied this system

1See Figure 1.2.

97
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without taking into consideration tha t the atom  can annihilate in the ground 

state and can be ionized by the lasers in the excited states. These processes 

are incorporated here into the problem by adding a complex potential to 

the Hamiltonian as it was done in Capter 4 and 5. Spontaneous radiative 

transitions are included by the formalism introduced in Chapter 2 , section 2 . 

The system has the following Hamiltonian:

H  = H 0 + HA + H R - i V  , (6.1)

where

V  = — (Ro |u0 )(u0| +  Ri |u i)(u !| -f R 2 |u2 )(u2|) . (6.2)

It is nonhermitian due to the last term , which gives the possibility for decay

of the bound Ps states into a free electron-positron pair or into high energy

gamma quanta. The coefficient R 0 — T0 is the annihilation rate given in eq. 

(1.7), while Ri = w%P is the ionization rate in eq. (1.24) from the state \2P) 

induced by laser ‘a ’ and R 2 = w%D is the ionization rate in eq. (1.25) from 

the state |3D). As discussed in Chapter 1 , section 5 ionization with laser ‘b ’ 

is insignificant and it will not be considered here.

As before, the tim e evolution due to the free Hamiltonian of the laser 

field is absorbed into the wave function and Ho is the free Hamiltonian of
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the Ps atom  outside of the lasers. The interaction with the la tter is given by 

the term:

Ha = — Aj(t) ■ P,  ( 6 . 3 )m  . ,j=a,b

which is in the dipole approxim ation and the velocity gauge as in Chapter 2 

and 5. The vector potentials are:

M * )  = £  f a  +  <5 »■ '"'■). (s.4)

where Ej  are the am plitudes of the laser electric fields. The laser is circularly 

polarized and the polarization vectors are given in eq. (2.5). H r =  e E R ( t ) - f

gives the interaction of the Ps atom with the quantized field of the radiation

photons, which is defined in eq. (2.34).

Instead of using the representation of the dressed states as was done in 

C hapter 2 , we adopt here the approach of Chapter 5 and work in the following 

tim e-dependent basis of the bare states:

| g o )  =  | u 0 ) e - ^ ° ‘

\qi) =  | t i i )  e " ‘W l t  e *(Aw“- 2 A ^ ) f / 2 ( 6 . 5 )

| g 2 ) =  \u 2) e ~ iW2t e ~iAu^ 2

where Acua and A u//, are defined in eq. (1.11) and (1.12) respectively. We
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have:

/  \ /  \ /  \
1 0 0

0 l?o) = 1 and |<7i) 0

, 0  , , o , 1 ,

\qo) =

Using the rotating wave approxim ation2 we obtain the matrices of the differ­

ent term s in eq. (6.1) in this representation. The free Hamiltonian and the

interaction with the lasers are given by:

Ho + H a
1

/
At

\

\ /

At A u>a — 2Au>b 0

Aa 0 — Au>a

Using the Gell-Mann matrices from eq. (2.37) as a basis, we obtain:

h 0 + h a =  >

where

0 = 1

x 1 = Ab 
2  ’ 

1

Aujb
~ 2 ~ ’

X 4 =
2 ’

2 For a discussion on the RWA see Chapter 2, section 1.

(6 .6 )

(6.7)

Xs  — 2^/3 ~  X 9 ~  g ( ^ wa ~  2Au>b) (6-8)
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and all other X a are zero. The term  giving the interaction with the radiation 

field is:

/  _   \

H r  =

0 hi ■ E p + \ t ) 0

h2 ■ E 2R1(+\ t )

0  hi ■ E 2R1{- \ t )  0

We have used a notation similar to  the one in Chapter 2 and 5: 

^  = doi e~iu>bt and h2 = d12 e"‘(2 .

(6.9)

(6 .10)

As in Capter 2, we have split the radiation field operator into two components 

depending on the value of the photon wave vector:

TTi _ jp 2 1  i 77»10HfR — +  ii/fl . ( 6 .1 1 )

E r  includes photons with energy within a narrow interval around W 2i, while 

E r  refers to photons resulting from the other radiative transition with energy 

within a narrow interval around Wio-3 The superscript (± )  refers respectively 

to the positive and negative frequency components of these operators. Ex­

3The width of the interval is of the order of the width of the states.
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panding on the basis set of matrices, we obtain:

H r  = h1 - E 1R0 W ( t ) ^ ( \ l + i \ 2) + h.c.

+ h2 • 4 1(+)(t) |(A 6 +  iX7) + h.c. (6 .1 2 )

In this representation the decay term  in the Hamiltonian is given by:

/  \
Ro 0 0

0 Ri 0

0 0
\  /  

which can be expanded on the Gell-Mann matrices as follows:

v  = (6-14)a= 1

Using eq. (2.39), we find the following expressions for the coefficients:

V3 =  -  A R  where A R  =  ^(i?o — Ri)
£ z

Vb =  2 ^/3 ( ^ 01 _  ’ where i20i =  ^(-^o (6.15)

Vg =  ~(-Ro +  R i  + R 2 ) •
0

We proceed with the formalism introduced in Chapter 2, section 2, which 

is also used in Chapter 5 for the two state problem. Physical observables can
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be expressed as expectation values of operators with respect to the to tal wave 

function of the system |^ ( t) ) .  For a system with a nonhermitian Hamiltonian 

as in eq. (6 .1 ), the differential equation for these observables is:

i — =  {9 \(O H  -  H*G)\V) =
at

=  ( ® | [ o , / r i | * ) - i ( « | { o . v } | * ) .

(6.16)

where H '  — H 0 +  H a  +  H r  is the herm itian part of the total Hamiltonian. 

Any three dimensional herm itian m atrix can be expanded over the set {A0} 

for a—1...9. Therefore we can find the expectation value of any operator if 

we know:

Sa — (\H|Aa |vH) for a= l,...9 . (6.17)

When the operator O  is one of the Gell-Mann matrices Xa,4 we obtain from 

eq. (1 .6 ):

6= 1

+ v  (« |s i0<+)w

+  V  (® |S £ I(+)(J)

Aaj ^ 2) ^  ^ 'c'

^a, 2(^6 ^ 7) 1̂ ) + h-c-

4The matrices Aa are independent of the radiation operators and also do not depend

on time explicitely.
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+ X X < I> |{ A a jM I * > ,  (6-18)
t=i '

where a=1...9. In order to further simplify this system of differential equa­

tions, we must use the constraint on the wave function.5 For the problem 

considered here, it consists of two equations as in Chapter 2, section 2. If 

the radiation operator contains photons with energies around W\o, we have:

I* ( t»  =  - |  VI'S, h, |(A , +  i \ 2)\<t(t)) . (6.19)

The constraint for radiation photons resulting from the 3D —> 2P  transition 

is:

| * ( i ) )  =  - |  M ' S  h ,  1 ( A .  +  U , ) | * W )  • ( 6 - 2 0 )

Using the algebra of the Gell-Mann m atrices given in eq. (2.49), we ob­

tain from eq. (6.18) the following system of homogeneous linear differential 

equations:

3 7 Sq +  M abSb = 0 , (6.21)at

where the m atrix M ab is given on the next page. The notation Rij = \{R i  +  

R j ) is used as a shorthand. The param eters 7 10 and 721 are half of the 

natural decay rates of the states 2P and 3D respectively. They are defined

5A derivation of the constraint is given in Appendix C.



^ 7 io  4* R o i  Acjfe 0 0 0 0 —A a / 2  0 0 ^

—A w b 710 4 - £ o i  A t  0 0 —A a / 2  0 0 0

0 — Ab 2710 +  -£01 0 —A a / 2  0 0 “ ^ ( 7 1 0 + 7 2 1 ) + ^ ^  § ( —2710 +  721 + Ai2)

0 0 0 721 -f- .K02 Ac*;tt 0 A b / 2  0 0

0 0 A a / 2  — A ti/a 721 +  *02  -A fc / 2  0 ^ A a  0

0 A a / 2  0 0 A b / 2  710 + 7 2 1  4* R12 A w a — A u b  0 0

A a / 2  0 0 —A b / 2  0 A w *  — A w a 7 io  4~ 721 4~ -R12 0 0

0 0 vT  A  R  ® — ^ A tt 0 0 2721 4 - j ( - S o i  4 - 2 ^ 2 )  ^ ” [—721 4 - j ( -S o i  — -R2)]

0 0 A R  0 0 0 0 ^3 ( ^ 0l ~  ^ 2) "f" -^2)

V I

The m atrix M in eq. (6.21). o
Ln
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in eq. (2.54). Since the dressed states are decaying exponentially, we need 

to find the complete time-dependent solution of the homogeneous system 

(6.21). In Chapter 2, section 2 we found the solution only for large times, 

because the dressed states are stable w ithout annihilation and ionization. In 

this case the memory of the initial conditions is lost. The solution has the 

same form [44] as eq. (5.24):

Sa(t) = d v P  e~mit , (6-22)
i=i

where m,- are the eigenvalues of the m atrix M, i / ‘) are its eigenvectors and the 

constants C{ are to be determ ined from the initial conditions. If the Ps atom 

is initially in its ground state, i.e. |$(< =  0 )) =  |u q ) ,  the initial condition for
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the above system of differential equations is:

/  \  
0

1

0

0

0

0

1
7S

1 /

(6.23)



Chapter 6 108

If Ps was initially in one of the excited states, we have: 

/  \

s£2P)(* =  o) =

0 0

0 0

- 1 0

0 0

0 S ? D)(t =  0) = 0

0 0

0 0

73

1 , K 1

(6.24)

6.2 N u m e r ica l so lu tio n  for tr ip le t  P s

We first consider triplet Ps. The system (6.21) is solved with M athem at- 

ica analytically (with respect to the tim e t) for different values of the laser 

intensities. The numerical values of the annihilation rate (eq.(1.7)), the flu­

orescent decay rates (eq. (2.54)) and the ionization rates (eq. (1.24) and 

(1.25)) are substituted in the m atrix M. It is not possible to obtain with
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M athem atica a real analytical solution as a function of the above param ­

eters, because of the large num ber of equations in the system. As in eq. 

(5.31), the tim e-dependent probability to find a bound Ps state is given by:

9 9

s9{t) =  = £ Ci*4i)e~mit =  E 5 ‘ e_m,£- (6-25)
i=i i=i

For example, when the laser intensities are equal to the critical ones and the 

detunings Awa =  Aait =  0, the m atrix  M has the following eigenvalues:

m i = 75.86 10" 10 [Ht] m 2 =  m 3 = 41.61 10-1° [Ht]

m 4 =  m s =  39.08 10“ 10 [Ht] m 6 =  m* =  (6.39 +  i 1.11) 10" 10 [Ht]

m 8 =  4.80 10- 1 0  [Ht] m 9 =  1.58 10“ 10 [Ht] (6.26)

The probability to find Ps is:

Sg(t) = B x e~mit +  Be e"m8t

+  B * e"m7t +  B9 e~mgt , (6.27)

where the coefficients B{ =  Ci Vg  ̂ for different initial conditions are given in 

Table 6 .1 . All other coefficients are zero. The probability Sg(t) practically

does not depend on the initial Ps state. We found in Chapter 2, section

1 , th a t in the idealized situation when no fluorescence and ionization are
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initial state B 1 Be B 9

IS -1 .6  1 0 - 5 0.0224 +  z0.0451 0.9551

2P -0.0218 0.0236 +  i0.0494 0.9745

3D 0 .0 0 2 0 -0.1005 +  z0.3448 1.0150

Table 6.1: Coefficients multiplying the exponential term s in eq. (6.27) for 

the probability to find trip let Ps. The values of the laser fields are equal to 

the critical ones.

present in the problem, the atom is in a linear superposition of the dressed 

states (2.18) and (2.20). In this case the initial conditions determine the 

values of the coefficients in the expansion on the dressed states. Therefore 

they are expected to influence the results significantly. But spontaneous 

radiative transitions are included in the problem considered here. They are 

fast compared to the lifetime of trip let Ps and the atom fluoresces many 

times befor annihilation. This alters the wave function of the atom in the 

laser fields removing the dependence on the initial state.

The longest surviving term  in the expression for the probability will be 

the one for which Re rrii is smallest. This leads to the conclusion tha t the 

smallest real part of the eigenvalues of the m atrix  M is the decay rate of Ps.
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The numerical values of the Ps decay rate for detunings =  Awi, =  0 

are given in Table 6.2. For comparison, the decay rates w ithout ionization 

being present in the problem are given in the last column of the table. 

W hen laser ‘a ’ or ‘b ’ are switched off, we have a two state atom  as discussed 

in Chapter 1, section 2 [18, 20]. T decreases gradually from its value T0 to 

T0/2  when the intensity of laser ‘b ’ is increased. Since the ionization rates 

with laser ‘b ’ are insignificant, increasing the intensity does not lead to Ps 

destruction and the results in the last two columns are identical. Increasing 

the intensity of laser ‘a ’ above critical values leads to ionization and therefore 

to large values of the decay rate in the th ird  column compared to the last 

one. Of course, this holds also when both lasers are turned on. In the la tter 

case, even without ionization and laser intensities above critical, the decay 

rate does not decrease significantly from its two-state value of To/2. Though 

we have coherent population trapping6, the rates of the radiative transitions 

3D  —> 2P  —» I S  are larger than the annihilation rate of trip let Ps and they 

repopulate the ground state leading to annihilation. This is a confirmation of 

the result obtained in Chapter 2, section 2. Therefore the lifetime of triplet

6See Chapter 1, section 3.
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E a E k
rpb
^c r ii

r  io 10 [Ht] r  1010 [Ht]

0 .0 0 .0 1.70 1.70
0 .1 1.70 1.70
1 .0 1.70 1.70

1 0 .0 1.62 1.62
1 0 0 .0 0.93 0.93

1 0 0 0 .0 0.85 0.85
0 .1 0 .0 1.70 1.70

0 .1 1.70 1.70
1 .0 1.70 1.70

1 0 .0 1.62 1.62
1 0 0 .0 0.93 0.93

1 0 0 0 .0 0.85 0.85
1 .0 0 .0 1.58 1.58

0 .1 1.58 1.58
1 .0 1.58 1.58

1 0 .0 1.56 1.55
1 0 0 .0 0.96 0.93

1 0 0 0 .0 0.89 0.85
1 0 .0 0 .0 2.55 0.81

0 .1 2.55 0.81
1 .0 2.55 0.81

1 0 .0 2.57 0.81
1 0 0 .0 3.42 0.83

1 0 0 0 .0 4.64 0.83
1 0 0 .0 0 .0 147.89 0.92

0 .1 147.89 0.92
1 .0 147.89 0.92

1 0 .0 147.89 0.92
1 0 0 .0 147.92 0.92

1 0 0 0 .0 150.24 0.92

Table 6.2: Decay rates of trip let Ps in the field of two resonant circularly 
polarized lasers, when the atom  was initially in its ground state. The anni­
hilation rate outside of the lasers is T0 =  1.7 lO- 1 0  [Ht]. For comparison, the 
results w ithout ionization are given in the last column.
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Ps interacting with two laser fields can be increased two times with respect 

to its value outside of the lasers. In other words two lasers are not more 

effective than one.

The decay rate  of Ps was also found off resonance for .different values 

of the detunings Au>a and Au>f,. W hen ionization is present, changing the 

laser detunings from zero to 10- 7  [Ht] does not influence the Ps decay rate, 

which is due to the increased width of the states. The values of the decay 

rate off resonance when ionization is not considered are given in Table 6.3.

As can be seen from the table, increasing the detuning of laser ‘a ’ from 

zero to 10- 6  [Ht] leads to a significant increase of the decay rate  for all 

values of A u>b- The influence of the detuning of laser ‘b ’ on the decay rate 

is similar, but weaker than th a t of A coa and is present mainly for detunings 

Awa > 10- 8  [Ht]. The stronger influence of Aw„ on the decay rate  can be 

explained with the fact th a t laser ‘a ’ populates the state 3D. Increasing the 

detuning Aoia leads to a smaller probability for the atom  to be in this state. 

But 3D fluoresces to 2P via a slow transition, compared to the fast one from 

2P to IS. Therefore the larger the probability tha t Ps is in the state 3D, the 

smaller the decay rate. The conclusion from the results in Table 6.3 is that 

the lifetime of Ps decreases when the lasers are off resonance, which confirms
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A u a 1010 [Ht] Au>b lO10 [Ht] r  io 10 [Ht]

0 0 0.81
1 0.81

10 0.81
102 1.08
103 1.55
104 1.56

0 1 0.81
1 0.81

10 0.81
102 1.08
103 1.55
104 1.56

0 10 0.81
1 0.81

10 0.81
102 1.08
103 1.56
104 1.57

0 100 0.81
1 0.81

10 0.82
102 1.12
103 1.62
104 1.63

0 1000 0.81
1 0.81

10 0.82
102 1.13
103 1.63
104 1.63

Table 6.3: Decay rates of trip let Ps in the field of two near-resonant circularly 
polarized lasers, when ionization is not considered. The values of the laser 
fields are E a = 10 E^.it and E b =  10 E^.it. The annihilation rate outside of 
the lasers is To =  1.7 10-1 0  [Ht],
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the results obtained in the two state problem and the expectations based on 

physical reasoning.

6.3  N u m e r ica l so lu tio n  for s in g le t P s

The m ethod used in the first section of this chapter can be applied also to 

singlet Ps. The system of differential equations (6.21), its solution given in 

eq. (6.22) and the initial conditions (6.23) and (6.24) hold for the singlet as 

well, provided all param eters are substituted with their appropriate values. 

The probability to find Ps is given again by eq. (6.25). This approach allows 

to include spontaneous radiative transitions also for singlet Ps, which was 

not done in Chapter 4. We solve the problem with M athem atica, as it was 

done in the case of the triplet. The eigenvalues of the m atrix  M for different 

values of the laser intensities and Ao>a =  Awf, =  0 are given in Table 6.4. The 

param eter q given in the th ird  column was introduced at the end of Chapter 

2 , section 1 and is equal to:
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If the intensity of laser ‘a ’ is equal to the critical one and for different values 

of the field of laser ‘b ’, we obtain tha t the smallest eigenvalue is consider­

ably less than  the annihilation rate. This is an indication th a t the lifetime 

of singlet Ps can be extended in these circomstances. W hen the field of 

laser ‘a ’ is ten times the critical one, photoionization is significant and this 

leads to larger eigenvalues. The smallest eigenvalue m 9 > r o and there is 

no possibility to extend the lifetime. In order to understand better the role 

of ionization and fluorescence, we have given the corresponding eigenvalues 

when these processes are not considered in the problem. For strong ‘a ’ fields 

and no ionization present we obtain tha t m 9 <  To similar to the case when 

the values of the laser fields are reversed. This means tha t there would be 

a possibility for stabilization, because the atoms are mainly in the excited 

states. But ionization leads to Ps destruction and to a decrease in the life­

time. Note tha t when neither ionization no fluoresence are present there is 

always a zero eigenvalue. Therefore Ps can be exclusively in the coherently 

trapped dressed state and live infinitely long. This proves our considerations 

in Chapter 1, section 3. The smallest eigenvalue is an indication of the life­

time, bu t in the case of singlet Ps there are other things to-be considered 

before making final conclusions. Namely the annihilation lifetime is smaller
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than the characteristic times of the spontaneous radiative transitions. There­

fore the la tter cannot influence significantly the wave function of the system. 

In the idealized circomstances when photoionization and spontaneous radia­

tive transitions are not present and at resonance it was found in Chapter 2 , 

section 1 tha t the system is in a superposition of the dressed states. The con­

stants in this expansion depend on the initial Ps sta te  and on the param eter 

q. The following possibilities can be realized:

a. The initial state is IS: The wave function of the system does 

not contain the coherently trapped dressed state. Therefore Ps 

cannot be stabilized. Considering the problem with ionization, 

fluorescence and off resonance will lead to a small contribution of 

the trapped state into the wave function.

b. The initial state is 2P:

bim. For q > 1 the wave function contains almost exclusively the 

coherently trapped dressed state. Therefore the lifetime of Ps can 

be extended depending on fluorescence and ionization.

62 : For q = l the probability th a t the system is in the trapped 

state  is exactly one half.
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6 3 : For q < 1 the wave function containes mainly the two non­

trapped dressed states, which will lead to annihilation.

c. The initial state is 3D:

C\: For q > 1 the wave function contains again mainly the two 

nontrapped dressed states and therefore Ps cannot be stabilized. 

c2: For q = l the probability tha t the system is in the trapped 

state is exactly one half.

c3: For q < 1 the wave function contains almost exclusively the co­

herently trapped dressed state and the lifetime can be increased.

Therefore we need to find the complete solution of the tim e-dependent prob­

ability S q and carefully compare the coefficients B{ in front of the exponential 

terms. They are found with M athem atica and for the complete physical prob­

lem are given in Table 6.5; in Table 6 .6  - when photoinization is not present 

and in Table 6.7 - when both  ionization and fluorescence are not present. Of 

course the last two tables do not describe the real physical situation, but the 

results obtained in these cases help us to understand better the influence of 

the different factors on the lifetime of singlet Ps.



Eajpaerit
Eb

q m i m 2 m 3 m 4 *7*5 *7*6 77*7 77l8 *7*9

1 1 l 1.0112 ±  *2.5306 1.0008 0.9781 0.5523 ±  *1.2672 0.5503 ±  *1.2657 0.0978

1 1 0 0 .1 1.0487 ±  *19.0749 1.0299 0.9923 0.5358 ±  *9.5375 0.5358 ±  *9.5375 0.0415

1 1 0 0 0 .0 1 1.0495 ±  *190.00 1.0306 0.9926 0.5355 ±  *95.004 0.5355 ±  *190.00 0.0404

1 1 0 0 0 0 .0 0 1 1.0495 ±  *1900. 1.0306 0.9781 0.5355 ±  *950.0 0.5355 ±  *950.0 0.0404

1 0 1 1 0 0 8.6035 5.5925 ±  *95.004 5.5924 ±  *95.004 2.5817 2.5816 ±  *190.00 2.5815

1 0 1 0 1 0 8.5512 5.5794 ±  *9.4727 5.5794 ±  *95.4728 2.6079 ±  *190.94 2.6078 2.6072

1 0 1 0 0 1 5,9318 4.9270 ±  *134.34 4.9251 ±  *134.34 3.9254 ±  *268.67 3.9164 3.8963

Table 6.4: Eigenvalues of the m atrix  M for singlet Ps arranged in decreasing value of the real part. All numerical 
values are given in 10- 7  [Ht]. The annihilation rate  outside of the lasers is 1.9 1 0 ~ 7 [Ht]. Complex numbers that 
span two columns of the table denote a pair of complex conjugated eigenvalues. The top sign refers to the first

eigenvalue and the bottom  one to the second.



B a E h
Krit q TTL\ m 2 m 3 77*4 77*5 77*6 77*7 77*8 77*9

ionization not present

1 0 1 1 0 0 0.9541 0.9540 ±  *189.97 0.9539 0.5148 ±  *95.003 0.5148 ±  *95.003 0.0755

1 0 1 0 1 0 0.9545 ±  *190.91 0.9543 0.9540 0.5147 ±  *95.473 0.5147 ±  *95.473 0.0747

1 0 1 0 0 l 0.9799 ±  *268.68 0.9709 0.9510 0.5064 ±  *134.35 0.5064 ±  *134.35 0.0398

ionization and fluorescence not present

1 1 i 0.9500 0.9500 0.9500 ±  *2.5133 0.4750 ±  *1.2567 0.4750 ±  *1.2564 0 . 0 0 0 0

1 1 0 0 .1 0.9500 0.9500 0.9500 ±  *19.071 0.4750 ±  *9.5356 0.4750 ±  *9.5355 0 . 0 0 0 0

1 0 1 0 1 0 0.9500 0.9500 0.9500 ±  *190.907 0.4750 ±  *95.473 0.4750 ±  *95.472 0 . 0 0 0 0

Table 6.4 continued



Ea
BZit

Eh
Elu q in. st. Bi b 2 b 3 b a B 5 Be b 7 Be b 9

1 1 l IS -0.0613 q=i0.1833 0 . 1.1217 -0.0004 ±  z0.0003 0 . 0 . 0.0017

2P -0.0242 ±  z0.0930 0 . 0.5478 -0.0032 z0.0099 0. 0 . 0.5071

3D -0.0382 ±  zO.0866 0 . 0.5302 0.0029 ±  z0.0102 0. 0 . 0.5405

1 10 0.1 IS -0.0007 T  z0.0236 0 . 1.0019 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 2 10-6

2P -0.0010 T  i0.0237 0 . 0.9923 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0.0100

3D 2 lO"5 i 2  10-4 0 . 0.0011 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0.9989

1 100 0.01 IS □F % 0.0024 0. 1 . 0 0 0 0 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0 . 0 0 0 0

2P 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0.9999 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0.0001

3D 0 . 0 0 0 0 0 . 0 0 0 0 0 . -0.0081 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 1.0081

1 1000 0.001 IS z 0.0002 0 . 1 . 0 0 0 0 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0 . 0 0 0 0

2P 0 . 0 0 0 0 0 . 0 0 0 0 0 . 1 . 0 0 0 0 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0 . 0 0 0 0

3D 0 . 0 0 0 0 0 . 0 0 0 0 0 . -0.0082 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 1.0082

Table 6.5: Coefficients multiplying the exponential terms in the time-dependent probability to find singlet Ps. This 
is the solution of the complete physical problem with photoionization and spontaneous radiation. Numbers that 
span two columns of the table denote a pair of complex conjugated coefficients. The top sign refers to the first 

coefficient and the bottom  one to the second. The initial state of Ps is given in the fourth column.

121



Ea
B?rit

Eb q in. st. B 1 b 2 b 3 b 4 Bs Be B r B a b 9

10 l 100 IS -0.0006 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0 . ±  i 0.0018 1.0006

2P 0.9872 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0 . 0 . 0 . 0.0128

3D -0.0005 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0 . ± i  0.0015 1.0005

10 10 10 IS -0.0006 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . dh i 0.0018 0 . 1.0006

2P 0.9774 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . ±  i to o 1 cn 0 . 0.0225

3D 0.009 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . 0 . 0 . 0 . 0.9909

10 100 l IS -0.0004 -0.0001 T  i0.0049 0 . 0 . ±  i 0.0037 0 . 1.0007

2P 0.4902 0 . 0 0 0 0 0 . 0 0 0 0 0 . 0 . i 0.0018 0 . 0.5101

3D 0.1633 -0.0001 T  *0.0085 0 . 0 . ±  i 0.0016 0 . 0.8371

Table 6.5 continued



Ea
Krit

Eh
Krit q in. st. B i b 2 Bz b a B* Be b 7 Be B 2

10 1 100 IS 0.9952 0. 0 . 0 . 0 0 0 0 0 . 0 . 0 . 0 . 0.0048

2P -0.0857 0 . 0 . 0 . 0 0 0 0 0 . 0 . 0 . 0 . 1.0857

0 3D 0.9953 0 . 0 . 0 . 0 0 0 0 0 . 0 . 0 . 0 . 0.0047

10 10 10 IS 0 . 0 0 0 0 0 . 0 . 0.9953 0 . 0 . 0 . 0 . 0.0047

2P 0 . 0 0 0 0 0 . 0 . -0.0742 0 . 0 . 0 . 0 . 1.0742

3D 0 . 0 0 0 0 0 . 0 . 0.9848 0 . 0 . 0 . 0 . 0.0152

10 100 l IS 0 . 0 0 0 0 0 . 0 . 0.9989 0 . 0 . 0 . 0 . 0.0011

2P 0 . 0 0 0 0 0 . 0 . 0.4776 0 . 0 . 0 . 0 . 0.5224

3D 0 . 0 0 0 0 0 . 0 . 0.4775 0 . 0 . 0 . 0 . 0.5225

Table 6.6: Coefficients mutiplying the exponential terms in the time-dependent probability to find singlet Ps.
Photoionizatioin is n o t considered.
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E a
E?rit

E bjpbcrit q in. st. B i b 2 B 3 #4 Bs Be b 7 Bs B 9

1 1 l IS 1.1429 0.0000 -0.0714 t *0.1890 0. 0. 0. 0. 0.0000

2P 0.5714 0.0000 -0.0357 ±  i0.0945 0. 0. 0. 0. 0.5000

3D 0.5713 0.0000 -0.035 ±  i0.0945 0. 0. 0. 0. 0.5001

1 10 0.1 IS 0.0000 1.0024 -0.0012 ±  i  0.0249 0. 0. 0. 0. 0.0000

2P 0.0000 0.9925 -0.0012 ±  i0.0247 0. 0. 0. 0. 0.0099

3D 0.0000 0.0099 0.0000 0.0000 0. 0. 0. 0. 0.9901

10 10 10 IS 0.0000 1.0000 0.0000 0.0000 0. 0. 0. 0. 0.0000

2P 0.0000 0.0100 0.0000 0.0000 0. 0. 0. 0. 0.9900

3D 0.0000 0.9903 0.0000 0.0000 0. 0. 0. 0. 0.0097

Table 6.7: Coefficients mutiplying the exponential term s in the time-dependent probability to find singlet Ps. 
Photoionization and spontaneous radiative transitions are n o t considered.
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Let us first consider the expression for the probability to find Ps given 

in eq. (6.25). We have found the eigenvalues m ,, which are either real or 

complex conjugared pairs. The coefficients Bi in front of the exponential 

term s are real when they correspond to real eigenvalues and comlex conju­

gated pairs otherwise. The term s in the probability corresponding to the 

la tter ones are also real. Let rrijj+i — x ± i y  and Bjj+1 =  a ±  ib. We have:

B j e +  Bj+i e-m-’+1< -  2 R e { B j e~m^t} (6.29)

=  e_xt 2 {acosyt  -j- b s i n y t )

Therefore the expression for the probability is real and is a sum of exponen­

tially decaying term s, some of which also oscillate. It is normalised to one at 

t~ 0 . The question is how to define an effective lifetime for a probability of 

this kind. Careful comparison of the coefficients Bi gives an obvious answer 

in some cases. If Bg is close to one and all other coefficients are very small 

or zero, then we can safely consider m 9 to be the decay rate. If some other 

coefficient Bi is close to  one and all other Bj  for j  >  i are zero, then we can 

take mi  to be the decay rate. There are a few cases when Bg 0.5 and also 

some other coefficient Bi «  0.5. If the difference between the corresponding 

eigenvalues is very large, the  V  term  will decay fast and the decay rate  is
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basically determ ined by m 9. In all other cases there is no straightforward 

way to  define an effective decay rate. Most of these case fall in the following 

category: the coefficient Bg is small, but different from zero and some Bj  is 

very close to one for j  <  9. In an experiment with a Ps beam most of the 

atoms will decay fast with a rate rrij and a very small num ber of atoms will 

live long with a lifetime r  =  I f  mg. We have:

P ( t )  =  S g ( t )  =  B j  +  B g  e"mst . (6.30)

At tim e t  = t *  these two term s will become equal, where

f  = J < M M  . (6.31)
rrij — m9

For t  > t *  the probability will be essentially determ ined by the slowly decay­

ing exponential term:

P { t )  = B g  e -mB< for t  > t *  . (6.32)

The lifetime of singlet Ps in the field of two resonant laser fields, divided

by the annihilation lifetime r0 of the ground state  outside of the lasers, for 

different values of the laser intensities and initial conditions is given in Table 

6 . 8 .  Since we have used Tq as a unit of time, we give the lifetime of the state
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2P:

T2p  = T10 + T°n -  26.6 To (6.33)

and the state 3D:

t 3d  -  r 21 +  no +  r * n = 274.6 r0 (6.34)

outside of the laser fields in the last line of the table. In this way we can 

compare the results for these states when Ps is interacting with the lasers. 

W hen two numbers are given, the first one indicates the dominant term  in 

the probability to find Ps and the second number in brackets refers to the 

smallest eigenvalue with a small but nonzero coefficient as discussed in the 

previous paragraph.

The first four lines of the table give the lifetime when the intensity of laser 

‘a ’ is critical and for different values of the field of laser ‘b ’ above critical. 

Ionization is weak and the lifetime is determined mainly by the laser-atom 

interaction and fluorescence. W hen the value of the param eter q  < 1, we have 

cases ‘63’ and ‘c3’ considered above. If the initial Ps state was 3D, we obtain 

a lifetime of up to 47To =  0 .17 t3£>, which is smaller than the one without 

the interaction with the lasers. If Ps was initially in the bare sta te  2P, the 

dominent term  in the probability gives a lifetime of almost twice t0 , which
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E“
E!rU

E b
EL t q IS 2P 3D

1 1 1 1.94 (19.43) 19.43 19.43

1 10 0.1 1.91 (45.78) 1.91 (45.78) 45.78

1 100 0.01 1.91 1.91 (47.03) 47.03

1 1000 0.001 1.94 1.94 47.03

10 1 100 0.74 0.22 (0.74) 0.74

10 10 10 0.73 0.22 (0.73) 0.73

10 100 1 0.49 0.49 0.49

ionization not present

10 1 100 1.99 (25.17) 25.17 1.99

10 10 10 1.99 (25.43) 25.43 1.99 (25.43)

10 100 1 1.95 (47.74) 47.74 47.74

ionization and fluorescence not present

1 1 1 2 oo oo

1 10 0.1 2 2 oo

10 10 10 2 oo 2

no interaction w ith  the lasers

0 0 1 26.6 274.6

Table 6 .8 : Lifetime of singlet Ps in the field of two resonant laser fields, 
divided by the annihilation lifetime of the ground state outside of the 

lasers, for diiferent values of the laser intensities and initial conditions.
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is also smaller than its lifetime outside of the laser fields. The numbers in 

brackets for the initial state 2P refer to the lifetime given by mg in eq (6.32). 

For q = 0.1 and t*  > 9.18r0 the lifetime is 45.78 r 0 =  1.72 T2p -  For q  — 0.01 

and t*  > 18.38r0 the lifetime is 47.03r0 =  1.77r 2p. W hen q  = 1, we have 

cases ‘b2 ’ and ‘c2’ considered above and the lifetime for both 2P and 3D initial 

states is almost 20To (less than  r2p and t 3d).  For Ps starting in its ground 

state and q  < 1 we have case ‘a ’ considered above. The probability to find 

Ps is the sum of a short lived exponential term  plus a small contribution 

from a slowly decreasing one as in eq (6.30). For q  = 1 and t*  > 14.01 r 0 the 

second term  will be dominant and will determine a lifetime of 19.43t 0. For 

q  = 0 .1  and t*  > 26.23r0, the  lifetime is determ ined by the slow exponential 

and extended to  45.78To. These two cases for initial state IS and the two 

ones for 2P discussed above are the only possibilities to extend the lifetime 

of Ps in the lasers beyond the lifetime of the respective initial state without 

the laser fields.
A

W hen E a =  10 E^.{i and for all values of the field of laser *b’, ionization is 

strong and the lifetime is less than the one outside of the laser fields regrdless 

of the initial Ps state.
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The following three lines in Table 6 .8  give the lifetime for E a =  10 E^.it 

and no photoionization present in the problem. As we mentioned before, 

this is not a realistic physical situation, bu t it helps us to gain a better 

understanding of the different factors influencing the lifetime. Here we have 

q > 1. If the initial state was 2P (cases ‘&i’ and ‘6 2’)) lifetime can be 

increased up to 47To =  1 .9 r2p. If the initial states was 3D (cases ‘c i’ and 

V ) ,  the lifetime is always smaller than the one outside of the laser fields. 

When Ps was initially in its ground state, the lifetime cannot be increased 

more than twice. But for all values of the field of laser ‘b ’, the coefficient 

B g has a small nonzero value. Therefore there is a small probability for an 

extended lifetime of up to 47 times.

Finally we have considered the problem when both ionization and fluo­

rescence are not present. Here we can see clearly the role of the initial Ps 

state on the lifetime and the effect of coherent population trapping.

To summarise the results in this chapter, the lifetime of trip let Ps in the 

field of two lasers cannot be extended more than two times its value without 

the interaction with the lasers due to spontaneous radiative transitions. The 

lifetime of singlet Ps can be extended with a small probability. If the initial 

state was IS - up to 45 Tq and if the initial state was 2P - almost 2 r2p-



C hap ter 7

C on clu sion s

We have considered the problem of a positronium atom  interacting with 

laser fields with the goal to  extend its lifetime [18, 19]. Ps is an unstable 

system, since the electron and the positron are a particle-antiparticle pair. It 

annihilates for all practicle purposes only from S states. Singlet Ps annihilates 

mainly by emission of two 7  quanta and the trip let state - mainly by 3 7  

emission. The lifetimes are respectively r*n=  1.25 1 0 ~ 10 sec and r ‘̂ =1.4 

10- 7  sec. Singlet and trip let Ps are not coupled by the lasers and they are 

discussed separately, but we have found an approach, which can be applied 

to both of them.

A Ps atom  interacting w ith laser fields is in a dressed state. Its wave
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function can be represented as a linear superposition of the bare states and 

under certain conditions it does not contain the IS ground state, which can 

lead to a longer lifetime. This is the phenomenon of coherent population 

trapping. Most of the existing studies discuss the la tter in the context of a 

three level ‘A’ system driven by two semiclassical lasers. Two-level systems 

are not known to exibit trapping states, except when the two-level atom  is 

interacting with a quantized field [29] or with a frequency m odulated semi­

classical field [30]. Therefore coherent population trapping can be used to 

prolong the lifetime of Ps in the case of a three-level system. We consider Ps 

atoms in the field of two different circularly polarized lasers. Each of them  

is nearly resonant with a given transition between the ground state  and an 

excited Ps state. In principle any two excited states which obey the selection 

rules can be chosen. But spontaneous radiative transitions can occur between 

them  and other Ps states th a t are not coupled by the lasers. This would lead 

to a multilevel problem, which is considerably more difficult (and probably 

gives less enhancement of the lifetime), without introducing any new physics. 

Therefore it is necessary to select a simple three state system wich is closed 

with respect to fluorescence. This can be achieved by the following configu­

ration: laser ‘a ’ couples lS(m.{ =  0) with 3D(mj =  ±2) via a two photon



Chapter 7 133

transition and laser ‘b ’ couples lS(m / =  0) with 2P(mj =  ± 1) via a single 

photon transition (see Figure 1.2). This configuration of Ps states and laser 

fields resembles an inverted ‘A’ system (or a ‘V ’ system). It has the property 

of coherent population trapping at resonance, which means in this case tha t 

the laser detunings are equal (Ao>a =  A h ) .  The three dressed Ps states close 

to resonance are found in C hapter 2 , section 1. One of them  has no IS com­

ponent. This state would not annihilate at all were it not for the fact tha t 

spontaneous radiative transitions 3D—>2P—>1S occur. 1 They repopulate the 

ground state and perm it annihilation. The controlling lifetime will be tha t 

of the 2P—»1S transition, which is r 10 =  3.2 10~9sec. The 3D—>2P transition 

is much slower with a lifetime of r 21 =  3.1 10~8 sec.

Photoionization and annihilation are competing processes and they both 

lead to the destruction of Ps. We find th a t ionization w ith laser ‘b ’ is too 

weak to be observed, but the one with laser ‘a ’ is significant and for values 

of the field above critical is the dominant process. Nonresonant two-photon 

ionization from the ground state is also weak. Therefore we have considered 

the above configuration of a three state Ps atom interacting with two near­

1Radiative transitions to other Ps states are forbidden by the selection rules.



Chapter 7 134

resonant lasers, including in the problem spontaneous radiative transitions, 

annihilation from the ground state and photoionization from the excited 

states.

In Chapter 3 and 5 we discuss the two state problem with one laser. 

Photoionization is included, which was not done in previous work. The 

approach in Chapter 3 is suitable for treating singlet Ps without fluorescence. 

We have extended the H ilbert space to include the continuum states resulting 

from annihilation and ionization and use the projection operator formalism. 

The approach of Chapter 5 is to include annihilation and ionization via an 

antiherm itian (absorptive) term  in the Hamiltonian. This allows to consider 

spontaneous radiative transions as well. The m ethod is adopted in Chapter 6  

to solve the complete physical problem for singlet and trip let Ps in the three 

state case. It can be also used for stable atoms (no annihilation present), 

when there is photoionization induced by the lasers. The results obtained in 

both chapters confirm the ones for the two state Ps atom  in [18, 19].

In Chapter 2 we find the dressed states of the Ps atom in the field of 

two lasers. Their analytic form is given in eq. (2.18) and (2.20) in the case 

when the system is very close to resonance and no fluorescence and ionization 

are present. The actual sta te  of the atom  is a supperposition of the dressed
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states with constants determ ined by the initial conditions. We obtain tha t

the initial Ps sta te  and the value of the param eter

9 | A f c |
! Aa|

(7.1)

are the m ajor factors, which determ ine to what extent the Ps wave function

circumstances when photoionization and spontaneous radiative transitions

not contain the coherently trapped dressed state. Therefore Ps 

cannot be stabilized. Considering the problem with ionization, 

fluorescence and off resonance will lead to some contribution of 

the trapped state into the wave function.

b. The initial state is 2P:

bp. For q > 1 the wave function contains almost exclusively the 

coherently trapped dressed state. Therefore the lifetime of Ps 

could be extended depending on fluorescence and ionization. 

b2: For q = l the probability th a t the system is in the trapped

in the lasers contains the coherently trapped dressed state. In the idealized

are not present and at resonance the following possibilities can be realized:

a. The initial state is IS: The wave function of the system does
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state  is exactly one half.

6 3 : For q < 1 the wave function containes mainly the two non­

trapped dressed states, which will lead to annihilation.

c. The initial state is 3D:

ci: For q > 1 the wave function contains again mainly the two 

nontrapped dressed states and therefore Ps cannot be stabilized. 

c2: For q = l the probability tha t the system is in the trapped 

state  is exactly one half.

c3: For q < 1 the wave function contains almost exclusively the 

coherently trapped dressed state  and there is a possibility to in­

crease the lifetime.

In Chapter 2, section 2, we solve the problem for trip let Ps without 

ionization. We find the occupation probabilities of the three bare states. 

The initial Ps state is not a factor, since spontaneous radiative transitions are 

much faster than the annihilation rate and the atom fluoresces many times 

while in the laser fields. This alters the dressed wave function removing 

the dependence on the initial state. We find tha t the lifetime cannot be 

extended more than two times (as in the two state case). The reason is again
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fluorescence, which in spite of coherent population trapping repopulates the 

ground state and leads to annihilation.

In Chapter 6 , section 1 we consider the complete physical problem of Ps 

in the field of two near-resonant lasers. We obtain a system of homogeneous 

linear first order differential equations for the expectation values of the basis 

set of matrices (the generators of the SU(3) group) with respect to the total 

wave function of the system. One of them  gives the probability to find Ps as 

a function of time:

P(t)  = S 9 ( t ) =  j r B i e ~ mit , (7.2)
t=i

where the eigenvalues m 9 are in general complex and are arranged in de­

creasing order of their real part. Therefore it is a linear combination of 

exponentially decaying term s, some of which also oscillate. This probability 

was found numerically for trip let Ps in section 2 and for singlet Ps in sec­

tion 3. For trip let Ps we find again tha t the initial state does not influence 

the results. The longest surviving turm  in the expression for the probability 

has a coefficient B 9 close to  one. Therefore the smallest eigenvalue can be 

considered as the decay rate. The la tter is given for different values of the 

laser intensities and detunings. We obtain tha t the lifetime in the laser fields
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cannot be extended more than  twice. This confirms the results of Chapter 2 

and shows tha t two lasers are not more effective than one. Photoionization 

proves to be significant for values of the field of laser ‘a ’ above critical.

In the case of singlet Ps we obtain in Chapter 6 , section 3 the complete 

expression for the probability for different values of the laser intensities and 

different initial Ps states. As expected, the la tter influence strongly the 

lifetime, because spontaneous radiative transitions are slow in comparison 

to the annihilation rate. We find as well the probability when ionization 

is not present and also when ionization and fluorescence are not present. 

These are not a realistic physical situations, but they helps us to gain a 

better understanding of the different factors influencing the lifetime. The 

question is how to define an effective lifetime for a probability, which is such 

a complicated function of tim e. Careful comparison of the coefficients B{ 

gives an obvious answer in some cases. If B g  is close to one and all other 

coefficients are very small or zero, then we can safely consider m 9 to be the 

decay rate. If some other coefficient B j  is close to one and all other B {  for 

i > j  are zero, then we can take rrij to be the decay rate. There are a 

few cases when B g  sa 0.5 and also some other coefficient B j  ta 0.5. If the 

difference between the corresponding eigenvalues is very large, the ‘j } term
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will decay fast and the decay rate  is basically determ ined by m 9. In all other 

cases there is no straightforward way to define an effective decay rate. They 

fall in the following category: the coefficient B g  is small, but different from 

zero and some Bj  is very close to one for j  < 9. In an experiment with a 

Ps beam most of the atoms will decay fast with a rate rrij and a very small 

number of atoms will live long with a lifetime r  =  l / m 9. We have:

P ( t )  =  S 9 ( t )  =  B j  e~mjt +  B g  e~mat . (7.3)

At tim e t  — t *  these two term s will become equal, where

f  =  JAMM , (7,4 )
771 j  — mg

For t  >  t *  the probability will be essentially determ ined by the slowly decay­

ing exponential term :

P { t )  = B g  e -mBt for t  >  t *  . (7.5)

Ionization is weak when the intensity of laser ‘a ’ is critical and for different 

values of the field of laser ‘b ’ above critical and the lifetime is determined 

m ainly by the laser-atom interaction and fluorescence. W hen the value of the 

param eter q < 1, we have cases ‘63’ and lcg considered above. If the initial
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Ps state was 3D, we obtain a lifetime of up to 47 r 0 =  0.17t3£). Therefore it 

is reduced by a factor of five with respect to the lifetime

TzD =  721+T10 +  T*n =  274.6 To (7.6)

without the interaction with the lasers. If Ps was initially in the bare state 

2P, the dominent term  in the probability gives a lifetime of almost twice r0, 

which is also smaller than its lifetime

T2P =  7io +  r*n =  26.6 T0 (7.7)

outside of the laser fields. For q  =  0.1 and t *  > 9 .18 t0 the lifetime is 

determined by the smallest eigenvalue and it is 45.78 t 0 =  1.72 r 2p. For 

q  =  0.01 and t* > 18.38 t 0 the lifetime is 47.03 t 0 =  1.77 r2p. W hen q =  1, 

we have cases ‘&2’ and ‘c2’ considered above and the lifetime for both 2P and 

3D initial states is almost 20 t 0 (less than t 2p  and t 3d ) .  For Ps starting in its 

ground state and q  < 1 we have case ‘a ’ considered above. The probability to 

find Ps is the sum of a short lived exponential term  plus a small contribution 

from a slowly decreasing one as in eq (7.3). For q  = 1 and t *  > 14.01 To 

the second term  will be dom inant and will determine a lifetime of 19.43To. 

For q  =  0.1 and t *  >  26.23 t 0, the lifetime is determ ined again by the slow 

exponential and extended to  45.78 t 0 . These two cases for initial state IS
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and the two ones for 2P discussed above are the only possibilities to  extend 

the lifetime of Ps in the lasers beyond the lifetime of the respective initial 

state w ithout the laser fields.

To summarise the results, the lifetime of trip let Ps in the field of two lasers 

cannot be extended more than  two times its value without the interaction 

with the lasers due to spontaneous radiative transitions. The lifetime of 

singlet Ps can be extended with a small probability. If the initial sta te  was 

IS - up to 45 To and if the initial sta te  was 2P - almost 2 r 2p.



A p p en d ix  A

C alcu lation  o f  rad iative and

on e-p h oton  ion ization  decay

rates

In this and the following appendix the explicit form of the wave functions 

for IS, 2P and 3D positronium states [45] are used extensively and it is 

convenient to write them  here. The radial parts are:

2  _ J L
Rio(r) =  1 7 5  e  ‘ 0

a0

*!iW = (A-1} 
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D , , 1 2 \ / 2  r 2 __r_
^ 32(r) "  (3a0)3/ 2 27V5 al 6 ^

while the angular are:

Y S (6 ,v )  = 2 sp i

Y ' V M  =  (A.2)

We shall also need:

*?(*,¥>) =  - l \ ] f s i n 30e3i*. (A .3)

Note tha t a 0 is twice the Bohr radius as-

There are two spontaneous radiative transitions tha t are relevant to the 

problem. Half of the respective natural decay rates are given by the expres­

sions (2.54):

2 W 3
7 io =  for 2P  —> I S  (A.4)

3 crn,

2 W 3 -
721 =  r - r g  |^2i |2 for 3 D - 2 P  (A.5)

The calculation of the m atrix  elements in dio and d2i is straightforward. The

radial integrals can be done by a transform ation to a dimensionless variable
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z  =  r / a 0 and using the relation:

roo n \
I  = 551 <*••)

where a > 0 and n is an integer. We obtain the following numerical values:

|<Ao| 2 =  |(^ i|e f |u o ) | 2 =  0.5549 e2a 2 (A .7)

M21I2 =  |(u 2 | e f H ) | 2 =  9.017e2a2 , (A .8 )

which give the respective half widths:

710  =  3.793 10“ 9 [Ht] (A.9)

721 =  3.916 10" 10 [Ht] (A .10)

The corresponding lifetimes =  2%/jij of these states are:

rio =  3.189 10~ 9 s (A .11)

r2i =  3.089 10“ 8 3  (A .12)

Another relevant quantity is Ab, the coupling m atrix element for the one 

photon transition 15 <-» 2P.  Its numerical value is necessary to estim ate the 

critical am plitude of the elecrtic field of laser ‘b ’. It is given in (1.4) by the 

expression:

Ab =  —  i  ■ (uilpluo) (A .13)
miu
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Using the wave functions (A .l) and (A.2), we calculate the above integral to 

obtain:

At =  1.492 ^  [Ht] (A .14)
-C'O

where E 0 is the atomic electric field defined in (1 .8 ).

In principle there are five possible ionization processes. Laser ‘a ’ can 

ionize the Ps atom either from the state 2P or from 3D. The same holds 

for laser ‘b ’ (see Figure 1.2). It is also possible to induce a nonresonant 

transition from IS into continuum states by a two photon process first with 

laser ‘a ’ and then with ‘b ’. The two photon ionization from the ground 

state when the order of the lasers is reversed is resonant and is included in 

our previous considerations. We compute the single-photon ionization rates 

in perturbation theory up to  first order. The integrals can be performed 

analytically and this is outlined below. The two-photon ionization rate from 

the ground state will be calculated in Appendix B.

The wave function of the continuum states has to be determ ined carefully 

in regard to the boundary conditions and normalization. See [34] (Chapter 

14), [35] (Chapter 1.3) and [36]. It is the solution for unbound states of the
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Schrodinger equation with a Coulomb potential:

f  1 d  2 d  P  2 2me21 n
\^Tr{r d~r)~'  ̂+ q ~ T j  ^  W = ° ’ ( 5)

where L  is the orbital angular m om entum  operator and q is the m om entum  

after ionization in the center of mass frame. The superscript ‘± ’ of the wave 

function denotes outgoing or incoming wave boundary conditions. The la tter 

one is needed for calculating ionization rates. The substitutions:

OO I

i^ ’M} = E E ir(«.v) i*S°W) (a..16)
(=0 m = — I

and

Î Sri (r )) =  *  Wi(qr) (A .17)

lead to the following equation for the reduced radial wave function:

wi i z ) ~  ^  +  ~~ ~  * j  w‘(z ) ~  (A .18)

Here z = qr and 7 7  =  — ( a 0 ? ) _ 1  is the Coulomb param eter. The Coulomb

scattering phase shift [34] is denoted by 8 i(7?) and it is equal to:

2 _  T ( l + l + i r i )  (A 1 9 )
-  n i + i - i r , ) '  ( A -i y j

where T(x) is the gam ma funtion. This equation has two linearly independent 

solutions. They are the regular (at the origin) Coulomb function F i ( tj, z ) and
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the irregular Coulomb function Gi(rj, z ). Their assymptotic behaviour (for 

z —> oo) is:

7xl
Fi(t],z) —> sin(z  — T)ln2z— — -f 6 1) (A .20)

7rl
Gi(rj,z) ■—> cos(z — r)ln2 z — — +  6 i) (A .21)

These two solutions are normalized to a delta-function:

[OO yf.

/ rt>i(gir)t/J/(g2r) dr = -  5(q1 -  q2) (A.22)
Jo 2t

It is more convenient to have the energy normalized solutions of the radial 

Schrodinger equation when calculating the ionization rate. The energy nor­

malized regular Coulomb function is:

FiE(v,qr)  = ) j ~ j ^ F i ( r i , q r )  . (A.23)

The regular Coulomb function can be expressed in term s of the confluent

hypergeometric series [46]:

Fi(rj,qr) =  (A.24)

2‘ e~?  ^ t + l ) ! ^  e_,V {qr)l+1 lFl{l +  1 ~  iV> 21 +  2; 2iqr)’

The la tter is defined by:

7 , . ^ T ( a - f n )  T(b) z n n r .
a F1 (a,b]z)  = M(a,  b, z) = E  f / n  r ( h , n \ Z \ -  (A‘25)

„=o X(a ) H °  +  n ) n!
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W hen calculating the ionization rates, we use an integral representation for 

the confluent hypergeometric function:

M (a, b, z) = ^ ------ [  d t ( l  + t)b~a' 1 (l - t ) a' l e~* . (A.26)
n [ a ,  b —  a) J - i

As usual B ( x , y ) denotes the beta function:

*<*■»> =  - ( A - 2 7 )

Some properties of the gam m a function tha t are used extensivelly in the

calculations are:

T(n +  1 ) =  re! T(x +  1 ) =  a:r(a;)

r ( i  +  ia ! ) r ( i - i f f i )  =  - ^ -  r*(«) =  r(z*) ( a . 28)sh x x

P utting  together expressions (A. 16, 17, 23, 24 and 26) we obtain the explicit 

form of the energy normalized, with incoming wave boundary conditions, 

regular at the origin wave function for unbound states in the presence of a 

Coulomb potential:

<A-29>

where

1(1, j/, z) =  f  dt e~izt (1  +  -  O ' - * 1 ■ (A.30)
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This wave function will be used to calculate all ionization rates. 1 

Using the energy conservation relation:

^ .  = hu,ph + W i i  (A.31)
A m

we obtain the numerical values of the the Coulomb param eter rj. For the 

four possible single-photon ionization processes they are:

with laser: ‘a ’ ‘b ’

from 3D: — \/3  — (A.32)

from 2P: — ^  — y/2

The total one-photon ionization rate  (probability for ionization per unit 

time) is given by the following expression [31] (Chapter 2):

w = ^ e 2E 2 J  d ^ q \{u^{r)\£x -r\ui)\2 P{Eq) , (A.33)

where p{Eq) is the density of final states. It is equal to one when the final

states are energy normalized as in (A.23). /  dQ,q denotes integration over the

angular variables of the final m om entum  q. W ith the given normalization of

the initial and final state wave functions, we obtain tha t the dimension of

1Note th a t in the system of units ft =  c =  1, it has a dimension of energy, which will

be used to verify the dimension of the the final result.
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the ionization rate (again in units h =  c =  1 ) is energy, which is the correct 

one. The explicit forms of the wave functions can be substituted in (A.33). 

Since the lasers are circularly polarized, the photon polarization vector is:

1 a . a t  . ■£ — - j= (x - \ - iy )  and £ ■ f  = si n8 etv> (A.34)
\/2 y/2

After some simplifications we obtain the following expression for the ioniza­

tion rate:

irE2al e~*n 2~2l'~l
w \rj\ r (z; + 1 +  ir]) r ( / '  + 1 — irj) x

|^°° dz / + 31(1', 77, Zy  R , j( z )  J  dSlr Y ^'(0 , ip)* Ytm{8, tp) sin8 ei,fi

The primed quantum  numbers refer to the final continuum state. Due to the 

circular polarization of the laser, we have:

/' =  /-)- 1 and m! — m  -f 1 (A .36)

The bar on the bound state radial wave function denotes th a t the dimensional 

factor a0" 3 /2  has been taken away.

We calculate first the ionization rate from the state 3D. Therefore 1 — 2, 

m  =  2 and V = 3, m! =  3. The angular integral in (A.35) is equal to 

The radial integral can be reduced to the following expression:
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It can be solved by changing the integration variable via the transformation:

t = . (A .38)
s + 1 v '

This leads to the following expression:

[2 28368! r°° , (s +  l j a 3- ^  , a l —3i . .  on,
h  =  V5 (T + 3 i j«  I  ds  ( 1 + / ? , ) •  • where / 3 =  I T s i ' (A'39)

This type of integral can be solved analytically [47]:

/ ;  i s  ( i r W  =  -  -  /*) (A.40)

for v, p  > 0  and |ar^(/3) < 7r|. We obtain tha t the radial integral in (A .35) 

is equal to:

J' = < A-41>

where

Mr, = J  T(5 -  iq) T(4 +  iq) +  T(4 -  mj) T(5 +  iq) . (A.42)

The total ionization rate from the state 3D is obtained from (A .35) and 

(A.41):
-7rrj 27jarg(/3_1)

'* >  =  ° ' 2 9 3 1  * *  h | r ( 4  +  i7 ,) r (4 -» i) )  ^  ■ ' A '43>
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We simlify this expression by taking the absolute value squared of (A.42) 

and using the properies of the gam m a function:

w Id -  (A.44)

0 . 1 1 7 2 ( 9  +  t/2)(4 +  t/2)(1 +  7?2)(4 +  3T? ) 2 ,

where

argi/3-1) =  2.498 . (A.45)

Then we substitu te the numerical values of the Coulomb param eter 77 from 

(A.32). We obtain tha t the ionization rate  from the state 3D with laser ‘a ’ 

is equal to:

w “D = 0.06172 (E a)2 csq . (A.46)

The one with laser ‘b ’ is:

w \D =  0.01303 (E hf  a30 . (A.47)

The ionization rate from the state 2P is calculated in the same way from

(A.35). We have Z =  1, m  =  1 and I1 — 2, m 1 = 2. The numerical value of

the ionization rate  with laser ‘a ’ is:

w lp  = 0.1617 (E a)2 a 2 . (A.48)

1
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The one with laser ‘b ’ is:

w \P = 0.02847 ( E b)2 a3 .

It is convenient to write these rates in term s of the critical fields, 

consider singlet Ps:

JS“ it = E 0 8.12 10~5 and E ^ it = E 0 1.2710"7 .

The Bohr radius is ap = 7.3 10~3 [Ht]-1 , and we obtain:

(E ‘ )24  = ( J r )  5 .27410-' [H t],

b \ 2
=  ( j y  1-29010-13 [Ht] .

Therefore the respective ionization rates are:

< d = ( J r [ )  3.25510-9 [Ht] ,

« t r  =  ( J r ; )  8.52810-” [H t].

= { j P \  1.68110-“  [Ht] ,

= ( * £ )  3-67310_ISlH‘l '

For trip let Ps we obtain in a  similar way:

(E°Y4  =  ( j y  4.72310-11 [Ht],

(A.49) 

We first

(A.50) 

(A.51) 

(A.52)
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(E b)2 0% = 1.040 IQ"19 [H t]. (A.53)

The respective ionization rates are:

W3D = (ĴPj 2.91510-12 [Ht],

w 2P = 7.63710-12 [Ht] , (A.54)

20 =  ( J “ )  135510 -21 [Ht] ,

E b \ 2
- j g - \  2.96110-2* [Ht] .W 2p  —

We have represented the ionization rates in term s of the ratio of the laser field 

and the respective critical field. This is why the singlet and trip let ionization 

rates appear to be different. They are not as can be seen from eq. (A.46-49), 

but the respective values of the critical fields are. This way of writing allows 

us to compare easily the above rates with the ones for annihilation in eq. 

(1.7) and estim ate which of the photoionization processes are relevant.
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C alcu lation  o f  tw o-p h oton  

p rocesses

In this appendix we calculate the m atrix  element of the two-photon laser 

induced transition 1S<->3D and the ionization rate  from the ground state 

induced first with laser ‘a ’ and then with laser ‘b ’. These are more difficult 

to handle since they occur via all posible interm ediate Ps states.

The m atrix  element of the first transition is:

AQ =  e2E l  {u2\e* ■ r\(j}{r)) , (B .l)

155
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where

=  <->
The sum runs over all possible interm ediate states |u„) except 2P. We can 

perform this sum without approximations by using the m ethod of inhomo- 

geneous differential equations which is described in [31] (Chapter 4), [32, 33] 

and references therein. The state |<^(r)} satisfies the following equation:

(Ho -  -  Wo) 14(f)) =  e* • r > 0) (B.3)

As before H0 denotes the Hamiltonian of the Ps atom outside of the laser field. 

Eq. (B.3) can be reduced to  a one dimensional equation by the substitution:

M O )  =  ^ m a °/ 2 y i f ( x ) > (B -4)

where Y^(6,tp) is the respective spherical harmonic function given in eq. 

(A.2). We have denoted with aQ the Bohr radius multiplied by two and 

introduced a dimensionless variable x  =  The unknown function / ( x) 

satisfies an inhomogeneous differential equation:

d2 2 d 2 2 5 \  r/ .
dx2 + x d x ~  x 2 + x ~  9J  ^  ~  X6 ’ (  ^

which can be solved with the Green’s function method. After some transfor­
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mations we obtain the corresponding homogeneous differential equation:

F"(z)  +  (4 -  z) F '( z ) -  0.6584 F ( z ) =  0 , z =  ^  x  . (B.6)
o

This is the equation of the confluent hypergeometric function [20]. It has two 

solutions. One of them  M(0.6584, 4, z) is regular at the origin and the other 

one - U(0.6584, 4, z) is irregular. We can now represent f(x) as an integral 

of known functions:

f ( x )  = —0.7559 f  d y y 3e~v M ( 0.6584, 4, —̂ —y3) y , e ~ ^ y’ x  
Jo 3

x [7(0.6584, 4, ^ - y i )  yt e ~ ^ Vl . (B.7)

Here y, denotes the smaller of the two variables x and y, while yi - the 

larger one. From eq. (B.4), (B.6) and (B.7) we can solve the integrals in the 

m atrix  element of the two photon transition numerically w ith M athem atica 

to obtain:

Ea ' 2
Aa =  28.81 (t) ■ .

From this result and the definition of the critical electric field in eq. (1.14), 

we obtain:

E^.it = Eo 2 .4 3 10-6 for triplet Ps (B-9)

£ “ ,t =  E 0 8 .1210"5 for singlet Ps (B.10)



They are considerably larger than  the ones for laser ‘b ’ in eq. (1.16), because 

Aa is quadratic in the laser electric field.

The wave function I 'J '^ lj)  is defined in eq. (A .16), (A .17), (A.29) and (A .30). 

This is the energy normalized with incoming wave boundary conditions, reg-

Coulomb potential. The sum in (B.12) runs over all possible interm ediate 

states |un) except 2P. The m atrix  element in eq. (B .l l)  can be solved with­

out any approximations with the inhomogeneous differential equation method 

[31] in a similar way as it was done above for Aa. Using M athem atica, we 

obtain the following ionization rates:

The last possible ionization is the nonresonant two photon one from the

ground state [37, 38]. Up to  first order in perturbation theory the m atrix

element for this transition is:

A, =  e2E . B t (B .ll)

where

(B.12)

ular at the origin wave function for unbound states in the presence of a
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A p p en d ix  C

D eriva tion  o f  th e  con stra in t

In this appendix we give a derivation of the constraint, used in Chapters 2, 

5 and 6 to handle spontaneous radiative transitions in an atom interacting 

with laser fields. All notations used here are the same as the ones in the 

respective chapters.

We consider a system with an herm itian Hamiltonian and derive the con­

straint for the case in Chapter 2. As described there, physical observables 

can be expressed as expectation values of operators with respect to the to­

tal wave function of the system We can obtain equations for these

160
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observables from:

* |(® |C 7 |® ) =  (®|[C7>Jff]|®). (C .l)

If the operator O  for a given observable is independent of the radiation 

operators and also does not depend explicitely on tim e, we obtain from (C .l) 

(eq. (2.46)):

=  (C.2)

j r v a (¥ |[0 ,A a ] |* )  +  { x : x „  ( * | ^ 0(+)( f ) - d 01 [0 ,Xa] |« > e - 'w“
0=1 l a = l

+ Y , Z a  (V\E%{+)( t ) . d 12 [0 ,A a]|*>  +  h.c.
a = l

It is apparent from the above expression tha t the equation for O  couples to 

expectation values which contain radiation operators linearly and equations 

for those (expectation values of E r ) will couple to still others. This results 

in an infinite set of coupled equations which describe the infinite number of 

degrees of freedom of the radiation field. Mollow’s contribution [21] was the 

use of an approxim ate solution for the electric field as an approxim ate con­

straint on the wave function, which allows the truncation of the infinite set of 

equations. The physical reasoning is as follows: W hen a photon annihilation 

operator acts on a m ultiphoton wave function, the  result is rather compli­
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cated, because any one of the photons may be the one annihilated. But the 

annihilation m ust take place at the atom. Therefore the most likely photon 

to  be absorbed will be the one th a t was last em itted, since the preceding ones 

have moved away at the velocity of light and are no longer near the atom. 

The H am iltonian in Chapter 2 is:

H  — H ' dr Hr , (C.3)

where H r gives the interaction of the system with the quantized electrom ag­

netic field resulting from spontaneous radiative transitions and H '  contains

all the other terms. We work in the interaction representation with respect

to H':

|¥ ( i) )  =  e-"™  |* /(i)>  (C.4)

and

H j( t)  = eiH>t H R e - iH>t , (C.5)

with the respective Schrodinger equation:

=  « i ( t )  !*/(«)> • (C.6)

Also all operators are in the m atrix  representation of the dressed states (2.6, 

10, 14) as in C hapter 2, section 2.
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The tim e evolution operator U ( t i , t2) [48] will be used extensively in the 

derivation of the constraint and we would like to recall some of its properies. 

It is a unitary operator f / t  =  U~l , which describes the tim e evolution of the 

system and satisfies the following differential equation:

i ~ U ( t 1, t 2) = £/(<!,<2) , (C.7)

with the initial condition = 1. It can be represented as follows:

U ( t i , t2) = T e - iJ^ Hdt)dt . (C.8)

The symbol ‘T ’ denotes the tim e ordered product.1 The scattering m atrix 

is equal to the evolution operator for infinite boundaries: S  =  U (+ oo, —oo). 

The wave function of the system at a given tim e can be obtained from the 

wave function at a previous tim e by:

|*(<2)) =  !*(*!)) • (C.9)

In an infinite dimensional Hilbert space U ( t i , t2) is m athem atically well de­

fined if H' and H r are self-adjoint.

The negative frequency component of the electric field operator of the 

radiation photons acts on the wave function of the system resulting in a 

xSee for example [49] or [50],
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state, which we denote with:

lx(M .)>  =  2 k \ t i )  !»;(<)> (C.10)

Our goal is to find an expression for |x ( t , t i ) ) ,  which is proportional to the 

wave function of the system with a proportionality factor containing only 

quantities characteristic for the atom, but not involving the radiation field. 

The respective differential equation for this state is obtained using (C.6):

i£ l x ( M i ) )  =  H ,( t ) \x ( t ,U ) )  +  iBjr>((I) . * ( ( ) ] |* / ( i ) ) .  (C .l l)

It is convenient to use the following notation for the interaction Hamiltonian:

H ^ t )  =  E ^ \ t )  ■ h{t) +  E k \ t )  • £t(*) . (C.12)

The com m utator in (C .l l)  is found using the com m utation relations (2.35) 

of the creation and annihilation operators for radiation photons:

[^ > (1 ,) , #,(«)] =  [£fc>(t1),.E&)(<)] h,(t)

= i7  m  • (o.i3)
V k\

The sum over the photon polarization A can be done using the following 

relation:

• (C14>
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Then the sum over the photon wave vector is transformed into a three di­

mensional integral. The la tte r is subsequently reduced to a one dimensional 

one by integrating over the angles to obtain:

. \ O fOO

[£{y(M > #/(<)] =  . (C.15)OTT J O

We assume tha t the sta te  can be expressed using the tim e evo­

lution operator as:

Ix(Mi))  =  ~ i  f  d t2 U ( t , t2) F ( t 1 -  t 2) h ( t2)U ~ 1(t, t 2) | ^ / ( 0 )  • (C.16)
J  — OO

In order to prove this and to find the unknown function F, we obtain the 

tim e derivative of eq. (C.17) using the properties of the evolution operator:

* ^ lx ( M i) )  =  H i( t ) \ x ( t , t i ) )  + F(t!  -  t ) h { t ) (C.17)

Comparing the above expression with eq. (C .l l)  and using the results in eq. 

(C.16), we find the unknown function F ( t ):

F ( t ) = [°° d v v zC (v )e~ ivT . (C.18)
O 7T C J o

The function C(u)  has been inserted here to control the ultraviolet divergen­

cies of QED. Its properties C(oo ) =  0 and C(v)  ~  1 for small v, ensure tha t
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all integrals converge. This procedure can be formally justified only in co­

variant renormalization theory. Our calculations will be lim ited to quantities 

tha t are independent of the specific form of C(v).

Now we can set t =  ti in eq. (C.17). Since F (r )  is a sharply peaked 

function around r  =  0, we can expand U {t,t2) and h(t2) around t 2 =  t and 

keep only lowest order term s. Using again the properties of the evolution 

operator, we obtain:

lx(M )) =  ~ i  f  ds F(s) h(t — s) |$/(<)) , (C.19)
Jo

where s = t —t 2. In order to simlify further, we have to substitu te in the above 

integral the explicit form of h(t), which is in the interaction representation 

(C.5). For the case considered in Chapter 2 it is:

h{t) = (e iH ltj 2 X aXa e - iH,t)j  dm e~iu>bt

+  l l  Z *X* e~iH't'SJ ^12 . (C.20)

In this expression for h(t — a) all functions are expanded around s — 0 

and only lowest order term s are kept, except for the exponents e_,wt< and 

e—i(2u>a—u/t)t Their variation is rapid and they are left as they are. We recall 

th a t the first term  in eq. (C.20) gives the interaction with radiation photons
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resulting from the transition 2 P  —> 15, while the second term  - from the 

transition 3D —■> 2P. It is convenient to obtain the constraint for each of 

these cases separately. This is possible, because the total radiation field is 

the sum of each of them .2 Using the identity [50]:

1 f°° 1 7 1

w '>  =  s j [  " ds = 2 i M ±  a * - * '  ( c - 2 1 )

where V  denotes the principal value and 77 —► 0+ , leads to the following 

result:

4°<->(() =  (C.22)

2z 3
T Wl “01

d0i e~iUbt ( l  -  4 "  r  duv3C { v f V — — } | ^ ( t ) ) .  
[ 7T JO LJb — V j

The first term  gives the w idth of the dressed state due to  fluorescent emission. 

The second term  gives the energy shift of this state due to coupling to the 

radiation field. The la tter is related to the Lamb shift. It is not possible to 

calculate it with this technique, but it is known to be small and it is dropped. 

Going back to the original representation by the inverse transform ation of 

(C.4) and (C.5) and replacing o>(, by Wio, we obtain the desired constraint

2See eq. (2.42).
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for the 2P  —> 1S  transition:

4 0(_,(<) !*(<)> =  *1 «■"*' I* (0 ) ■ (C.23)

We have also inserted in the above expression the missing constants c and 

The constraint for the 3D  —> 2P  transition is derived in the same way from 

(C.20) and (C.21). It is:

£ ” <->(() |* (0 )  =  du ( f ;  z.K) !*(<)) ■ (C.24)
0 = 1

The constraint is an expansion in the coefficient K j/W io ,  so th a t subsequent 

results are accurate only to lowest order in this param eter.

This form of the constraint is used in Chapter 2, section 2 for the three 

state Ps atom. In Chapter 5 and 6 the problem is considered in such a 

way as to allow for annihilation from the ground state and ionization by the 

laser(s) from the excited states. This leads to a nonherm itian Hamiltonian, 

because of a complex potential included in H '. This term  reflects the loss of 

Ps due to the transitions into continuum states (a free electron-positron pair 

or high energy gam m a quanta). The constraint can be derived for this case 

as well following the steps described above without modifications. The only 

difference is tha t the evolution operator is not unitary any more. But it is well 

defined and its other properties are preserved since we are working in a finite
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dimensional space. The constraint remains unchanged and the respective 

expression for h(t)  has to  be substituted in (C.19) in order to obtain its final 

form. The result for a two-state atom is given by the expression in eq. (5.16), 

while for the three state problem considered in the representation of the bare 

states - by eq. (6.19) and (6.20).
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