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Abstract

EXPLORATION OF UNKNOWN STRUCTURED ENVIRONMENTS

WITH MULTIPLE ROBOTS

by

Flavio Cabrera Mora

Adviser: Prof. Jizhong Xiao

Multi-robot systems are expected to perform faster than their single-robot coun-

terpart in different areas of robotics such as exploration, localization and mapping.

For exploration, a faster task completion is only one of the advantages of using multi-

robot systems. Among other benefits are better reliability, increased robustness and

improved efficiency. Coordination of the movement of the robots is required in order

to attain those benefits.

As such, a fundamental problem in multi-robot exploration is to know how the

robots should coordinate their movements inside the environment in order to perform

the exploration process either faster or more efficiently. In this work, we propose

two coordination algorithms that address two of the constraints imposed on multi-

robot systems: exploration time and total traversed distance. We characterize their

behavior mathematically and find out their performance in time and distance.

We consider the situation of multiple robots exploring a structured environment,

modeled as a graph, from a single starting vertex. The graph is initially unknown; the

existence of edges becomes known only when a robot sees one end of the edge from a
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vertex, and the other end of the edge becomes known only when the robot actually

follows that edge. This models an environment of sites with passages between them,

where the passages are opaque: from either end it is not clear where the passage goes.

The mathematical analysis allows us to obtain the main properties of the algo-

rithms and the bounds of the exploration time. In order to compare the efficiency of

the algorithms in time and traversed distance, we derive three criteria of performance

for multi-robot systems.

In the last part of this thesis we study the effects of the number of robots in

the exploration process. Given the fact that the exploration time cannot be reduced

indefinitely, even when the number of robots is increased infinitely, we perform an

analysis in order to obtain the limit on the number of robots that produces the

maximum reduction in the exploration time.
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Chapter 1

Introduction

1.1 Multi-Robot Exploration

The exploration of a completely unknown environment is one of the cornerstone ap-

plications on mobile robotics, along with localization and mapping, because the first

task of any autonomous robot is to find its way around it. This holds whether the

robot is a Mars Rover, a household cleaning appliance, or on a search-and-rescue mis-

sion in a collapsed building. The problem has been well-studied with many different

models for a single robot exploring the environment, under line-of-sight or distance

sensing constraints, in obstacle-dense or sparse environments, with various motion

constraints and many other model variants. A particular characteristic of these ap-

proaches is the way in which the environment is modeled: as a geometric structure

(Blum et al., 1991), (Papadimitriou & Yannakakis, 1991), (Deng et al., 1991); as a

grid (Yamauchi, 1997), (Moravec, 1988); or as a graph (Awerbuch et al., 1995; Awer-

buch & Kobourov, 1998; Panaite & Pelc, 2000; Dessmark & Pelc, 2002; Duncan et al.,

2006).
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1.1. MULTI-ROBOT EXPLORATION

The situation is much less clear for exploration by multiple robots. Multi-robot

systems have been regarded as the natural progression for many areas of robotics.

Multi-robot systems allow not only for a better reliability, but also provide benefits

in terms of increased robustness and improved efficiency. These benefits are attainable

only if there exist coordination among the robots (Zlot et al., 2002). For instance,

negotiation-based coordination algorithms prevent the robots to repeat tasks that

have already been performed by a different robot, reducing the exploration time and

traveling distance of the robots, thus increasing the efficiency of the system (Simmons

et al., 2000). Decentralized coordination algorithms, prevent the occurrence of the

single-point-of-failure problem, increasing the robustness of the system (Sheng et al.,

2006).

In this thesis, we consider the situation of multiple robots exploring a structured

environment, modeled as a graph, from a single starting vertex. The graph is initially

unknown; the existence of edges becomes known only when a robot sees one end of

the edge from a vertex, and the other end of the edge becomes known only when the

robot actually follows that edge. This models an environment of sites with passages

between them, where the passages are opaque: from either end it is not clear where

the passage goes. The model assumes that each edge can be traversed by a robot in

one time step. This assumption is the same used by other authors in the literature

(Awerbuch et al., 1995; Dessmark & Pelc, 2004; Duncan et al., 2006; Panaite & Pelc,

2000, 1999; Fraigniaud et al., 2006, 2008; Cormen et al., 2001).

A fundamental question in multi-robot exploration is how the robots should co-

ordinate their movements inside the environment so that the exploration process is

performed either faster or more efficiently. As such, we are interested in developing

different algorithms for multi-robot exploration, characterize their behavior mathe-
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1.1. MULTI-ROBOT EXPLORATION

matically and find out their performance in time and distance.

In particular, this work introduces two strategies that always explore completely a

graph. The algorithms represent the complete opposite on the way in which they allow

the robots to move in the environment: multi-robot depth first search produces the

maximum parallelism on the exploration process by allowing all the robots available

to perform the exploration and traverse the edges of the environment at will. On

the other hand, the flooding algorithm constrains the number of robots allowed to

traverse an edge on each step time to be only one.

The difference in the coordination models of the algorithms is intended to address

two different constraints imposed on multi-robot systems. The first constraint and

probably the one that has received more attention in the literature is time, since

multi-robot systems are expected to perform faster than its single-robot counterpart.

However, time is only one of the constraints that govern a multi-robot system. An-

other important constraint is the cost of exploration, which is related to a variety of

different issues on exploration systems such as energy, communication, computation,

monetary cost, or distance. In our work, cost of exploration refers only to the over-

all traversed distance of the robots, which is linked to other limiting factors such as

energy consumption.

Time and distance are usually conflicting optimization objectives: the time it takes

one robot to explore a given environment can be reduced by allowing a second robot to

help in the exploration; however, this will increase the combined traverse distance of

both robots. Generally speaking, adding more robots may reduce the exploration time

but will definitely increase the overall traverse distance. Consequently, an optimal

exploration strategy should i) explore the environment in the least amount of time,

ii) make the robots traverse the overall shortest distance, and iii) coordinate the

3



1.1. MULTI-ROBOT EXPLORATION

movement of the robots so that deadlocks are minimized. Thus, the multi-robot

depth first search algorithm is intended to address the time constraint while the

flooding algorithm is intended to address the traversed distance constraint. The

mathematical analysis we perform on the proposed algorithms aims to obtain the

bounds for the exploration time. These bounds allow us to observe the behavior of

the exploration time for either algorithm given only three parameters (the number of

robot k, the number of edges of the graph m and the diameter of the root vertex Dr)

and to compare their performance in time among them and with other algorithms

(e.g., single-robot DFS). Note that obtaining closed-form expressions that predict the

actual exploration time is an NP-hard problem (Fraigniaud et al., 2006) since multi-

robot exploration algorithms can have different performance in different graphs, when

they are not known in advance.

To further the above comparison of the algorithm, we derive three metrics of

performance for multi-robot exploration algorithms that consider the time and the

overall traversed distance of the robots. These metrics compare the performance of

any parallel algorithm to the optimal case.

Another parameter that has not received much attention in the literature is the

size of the multi-robot system. That is, multi-robot systems has been perceived as

a collection of unbounded number of elements that need not to be constrained in

order to allow the system to fulfill all its potentialities. In the area of exploration,

although it has never been directly expressed, the notion is that the more robots are

performing the exploration, the faster this exploration process is going to be. But a

careful observation uncovers the fact that the exploration process cannot be reduced

indefinitely, even if the number of robots is increased infinitely. There exists a limit

upon which the exploration time cannot be improved and that is determined by the

4



1.2. CONTRIBUTIONS AND OUTLINE OF THE THESIS

structure of the environment being explored. A consequence of this, is that there

should also exist a limit on the size of the multi-robot system. That is, we should be

able to specify the maximum number of robots that provides the maximum reduction

on the exploration time. Consequently, we dedicate a section of this dissertation to

study the behavior of the average exploration time of the multi-robot depth first search

algorithm, in order to obtain an expression in terms of the size of the environment

(i.e., number of edges and diameter of the root), that can constrain the size of the

multi-robot system.

1.2 Contributions and Outline of the Thesis

The contributions of this thesis are:

• We propose two algorithms for multi-robot exploration of unknown structured

environments: multi-robots depth first search (MR-DFS) and flooding algorithm.

Those algorithms are opposite to one another in terms of the level of parallelism

allowed for the robots to perform the exploration.

• For MR-DFS, we prove mathematically that the algorithm is always better

than single-robot DFS for both cases, general graphs and trees. For trees, we

obtain an expression for the upper bound of the exploration time that improves

a previous result presented on (Fraigniaud et al., 2006). For two robots on a

tree, we prove mathematically that the algorithm is optimal.

• For the flooding algorithm on trees, we prove mathematically that the algo-

rithm is never worse than classical single-robot DFS. For trees, we obtain an-

alytically the upper and lower bounds on the exploration time that, according

5



1.2. CONTRIBUTIONS AND OUTLINE OF THE THESIS

with simulation results, are tight, improving the trivial upper bound given by

the single-robot DFS approach.

• Based on the argument that the performance of multi-robot systems cannot

be judged exclusively by the time it takes for them to perform an exploration

process, we define three metrics of performance for multi-robot algorithms: the

total distance overhead µtotal, the time efficiency Et, and the distance efficiency

Ed.

• Based on the argument that there should exists a limit on the number of robots

(k0) upon which the exploration time cannot be improved, and that this limit

should be proportional to the size of the environment to be explored, we obtain

analytically an expression of k0 for the MR-DFS algorithm on trees.

This thesis is organized as follows. In chapter 2, background information of this

work is presented. In chapter 3, we provide a description of the scenario and the

main assumptions that make the analysis of the algorithms possible. Also in chapter

3, a set of definitions for the terms that are most widely used throughout this thesis

is presented, so that it serves as a quick reference guide for a better understanding

of our work. In chapter 4, the multi-robot depth first search algorithm is introduced

and a mathematical analysis on graphs and trees is performed in order to obtain

the main characteristics of the algorithm and the bounds (upper and lower) for the

exploration time on trees. Simulations are presented that corroborate the analytical

results. In chapter 5, the second strategy, flooding algorithm, is presented along with

a mathematical analysis for the bounds of exploration time in trees. In chapter 6, we

present three metrics of performance for multi-robot systems and perform simulations

in order to compare the algorithms of this work. In the second part of chapter 6, we
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1.2. CONTRIBUTIONS AND OUTLINE OF THE THESIS

present an analysis of the effect of the number of robots on the exploration time for

the MR-DFS algorithm. The analysis produces two expressions: one for the model

of the average exploration time, and the other one for the calculation of the limit of

the number of robots that produces the maximum reduction on the exploration time.

Simulations are performed to verify the accuracy of both models. Finally, in chapter

7, we state the main conclusions and present recommendations for a future extension

of this work.
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Chapter 2

Background and Related Work

2.1 Multi-robot Exploration

2.1.1 Exploration of Unknown Environments

The previous work on exploration can be roughly divided into the following classes,

according to the underlying model where the environment can be:

1. a geometric structure represented as union of polygonal obstacles

2. a geometric structure represented as raster cells

3. a graph structure with uniquely identifiable vertices

4. a graph structure with anonymous vertices which need to be marked to be

recognized

5. a directed graph structure

8



2.1. MULTI-ROBOT EXPLORATION

Each of these models has its motivation, and has been studied in numerous vari-

ants. The first model has been studied in (Papadimitriou & Yannakakis, 1991; Deng

et al., 1998; Blum et al., 1997); it typically assumes that the robot knows everything

within line-of-sight visibility, and is thus related to Art Gallery problems (O’Rourke,

1987), but differs from watchman tours (Chin & Ntafos, 1986; Ntafos & Gewali, 1994)

in that the polygons are initially unknown. This model is popular in the computa-

tional geometry community, as an example we cite (Hoffmann et al., 2001), where

a competitive algorithm for exploring the inside of a simple polygon is given, and

(Fleischer et al., 2008), where the optimal competitive ratio is studied.

The second model is more popular in the robotics community: the environment is

viewed as a grid in which some cells are open, others blocked, and still others unknown,

or more complicated cell states as in evidence grids (Moravec, 1989). This model is

more compatible with diverse types of sensing, like line-of sight, fixed radius, limited

viewing angle, etc. In this model, even the exploration of a mostly empty plane might

be nontrivial, solved in (Yamauchi, 1997), for instance, by maintaining and following

the frontier of the unexplored terrain; but in an obstacle-dense environment, that

frontier might decompose in many components.

The third model is the model assumed in this research: the environment is given

as a graph, nodes corresponding to locations and edges to passages between the

locations. Edges are assumed to be opaque: we know where an edge leads only when

we have explored it. This is a natural model, both as an abstraction of obstacle-

dense environments that we may divide into cells corresponding to the graph nodes,

and as a model for state space exploration when the state transitions work in both

directions. The assumption that the vertices are identifiable, and will be recognized

when revisited, is reasonable in this context, and an essential model property. It has
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2.1. MULTI-ROBOT EXPLORATION

long been known that depth-first search is an efficient method to explore any graph

by a single robot in this model, at most by a factor two slower than the optimum

exploration strategy. A number of papers studied the influence of further information,

and decreased the factor-two gap for specific graph classes (Panaite & Pelc, 2000;

Dessmark & Pelc, 2004), or simulated breadth-first search, where the robot always

maintains a short return path to the start vertex (Awerbuch & Kobourov, 1998;

Awerbuch et al., 1999; Duncan et al., 2006).

The fourth model, which differs from the third by the nodes being anonymous, and

recognizable only by a marker placed on them, or by their degree or other abstract

graph properties, comes from the labyrinth exploration setting. The question for

the smallest capabilities, like how many “pebbles” or how many bits of memory, that

allow an abstract robot to find its way out of a labyrinth, is a classic and much-studied

question in the theory of computation (Budach, 1975; Hoffmann, 1981; Bender et al.,

2002; H.Wang et al., 2008; Gasieniec et al., 2007). For real robots, the question seems

irrelevant, since the robot can recognize its position by other means like odometry,

GPS-coordinates, or a picture of the node environment.

The fifth model, exploring a directed graph, was studied in (Deng & Papadim-

itriou, 1999). The situation changes fundamentally from the undirected graph by the

fact that you cannot go back an edge and as such depth-first search becomes im-

possible. This model is equivalent to exploring the state space of an unknown finite

automaton; for any input, there happens some state transition, initially unknown to

us. The states correspond to vertices and the transitions to directed edges, and we

recognize states we have visited before. This has been proposed in (Deng & Papadim-

itriou, 1999) as model of learning: each action makes a change on the outside world.

Initially, we do not know the effect of the actions, but by trying the actions and rec-
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2.1. MULTI-ROBOT EXPLORATION

ognizing previous states we acquire knowledge about the possible actions. This model

again has been studied in theoretical computing (Kwek, 1997; Albers & Henzinger,

2000; Fleischer & Trippen, 2005). (Das et al., 2007) extends the research to exploring

a directed graph by multiple robots.

Of these different exploration models, only the second (grid) has received wider

study in the context of multi-robot exploration. A major problem for the grid model

is the fusion of the exploration maps of the individual robots. This problem does not

occur with the graph model, even when starting from a continuous or a grid model.

Thus, deriving a graph as a representation is a reasonable step (Dudek et al., 1991).

The graph might even be made physical by dropping nodes in the explored region

(Batalin & Sukhatme, 2004, 2007). The frontier approach is extended to multiple

robots in (Yamauchi, 1998). For multi-robot undirected graph exploration, which is

our underlying model, the most relevant paper is (Fraigniaud et al., 2006).

2.1.2 Multi-robot Exploration with Active Landmarks

The exploration of unknown environments using an arrangement of robots and active

landmarks (tokens) has been a topic of research in recent studies where one major

difference is the role played by the landmarks. Our proposed scenario considers

that the tokens are deployed every time a robot reaches a junction or when the

communication range of the previously deployed token is reached. Whenever another

robot reaches that junction, it will be able to identify the landmark. The purpose of

using landmarks is that they can provide some kind of information to the exploring

robots, either by giving direct instructions to the robots or by suggesting the presence

of another robot in the vicinity. This is a behavior that has been observed in nature

on some ant colonies in which foragers in search of food sources leave chemical traces
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indicating the best direction towards the source (Fourcassie & Deneubourg, 1994;

Detrain et al., 1999; Fourcassie et al., 2010).

Landmarks have been considered before in (Vaughan et al., 2002), where a robot

stores its own coordinates when an event has occurred and transmits this information

to other robots that can observe the same event through wireless communication.

The definition of an event is very loose (task-relevant occurrence) and in general

the robots do not mark the environment. This approach diverges from ours by the

fact that a landmark is not a physical element, so that it cannot provide any useful

information to robots far from the event.

In (Batalin & Sukhatme, 2004), the dynamic coverage problem is approached by

using a single robot that deploys nodes capable of communication and sensing, and

that are equipped with 2-bit compasses letting the node to have the four cardinal

directions. The robot deploys a node every time it cannot find a node within commu-

nication range. When required, each node can communicate locally with the robot

and recommend a preferred direction for it to take. The criterion for the suggestion

follows the least recently visited (LRV) direction policy. LRV uses a counter for each

one of the four possible directions. Each time the robot travels towards a specific

direction, the counter is increased by one. The suggested direction given by the node

is the one with the smallest counter value. The robot combines the node suggestion

with its own local sensing and makes a final decision about what direction to pur-

sue. In (Batalin & Sukhatme, 2007), the authors study two properties of the LRV

algorithm described above, namely completeness on graphs and optimality on trees.

Our approach considers a different criterion for the deployment of the nodes: a node

will be dropped not only when a connectivity criterion is met but also in the inter-

section where more than one path can be followed by the robot (junction). As stated
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in chapter 3, we are assuming that each robot is capable to determine when it has

reached a junction and to distinctively identify the direction of each unexplored path.

Consequently, we are not restricted only to the four cardinal directions.

In (Yamauchi, 1997), a frontier based method is used where an occupancy grid

map is filled up progressively as a single robot gets more information about the

environment. A frontier between known and unknown space is created and the robot

always moves toward the unknown space in order to increase its knowledge about

the environment. A multi-robot version of this approach is presented in (Yamauchi,

1998) where each robot has two different evidence grids: one for its local information

and the other, a global one, to save the information incoming from other robots. In

this case, each robot maintains its own local and global maps and when it encounters

another robot, both exchange their local maps, allowing the other robot to update

their respective global maps. There are two clear drawbacks to this approach: firstly,

all the robots must share the same coordinate system; and secondly, the exchange of

information is only possible when the two robots actually meet. This means that it is

possible for a robot to unknowingly explore a region that has already been explored

for somebody else. These drawbacks prevent this approach to be optimally efficient.

Another approach for multi-robot exploration using the frontier-based approach

is given in (Rooker & Birk, 2007) where a group of robots explore an environment

maintaining constant communication among them. This approach relies in a utility

function that weights the exploration of unknown area versus the preservation of com-

munication among the robots. A problem with this approach is that the exploration

is not being done by all the robots at a time since many of them are kept static to

maintain connectivity.

In a sense, we are applying the frontier concept mentioned in (Yamauchi, 1997)
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and (Yamauchi, 1998), where the frontier is kept not by the robots but by the nodes.

Since we are considering a multi-robot scenario, whenever a robot finds a node, the

latter will instruct the robot to go towards the unexplored direction. This means

that the decision about the next direction of the robot is mainly taken by the nodes,

creating a decentralized system, freeing robots resources for other tasks.

2.1.3 Exploration of Graphs

Exploration of graphs has been a well-studied problem in the mathematical and com-

puter science communities, especially for the single-agent case, for both directed and

undirected graphs, but the multi-robot scenario is still an open research topic. These

studies have relied on several different algorithms that have been developed in order

to accomplish graph exploration (graph traversal), such as those shown in table 2.1,

all with different degrees of efficiency depending on the purpose of the exploration.

From these, depth-first search has been regarded as one of the most efficient al-

gorithm to explore any graph by a single robot. As such, the algorithms we have

developed on this work are based on the depth first search algorithm. Another pecu-

liarity of our work is that we consider the use of low power transceivers as physical

active landmarks that are deployed by the robots while they explore the environ-

ment and that can give some directions to other robots that encounter them along

the way. Since the exploration of an unknown environment, specially an indoor one,

can be assimilated to the problem of traversing a graph (visiting all vertices and/or

traversing all edges) we are interested in the time it takes a set of robots to do the

complete exploration (i.e., the exploration time). Thus, we consider the exploration

time as a measure of efficiency. For us, this is the time until the entire graph has been

explored, and the last robot has returned to the starting position. Let us consider
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an arbitrary graph with m edges. In order to be explored, a robot must follow each

edge at least once. Thus, for a single robot the exploration time is at least m (the

exploration time will be equal to m steps in the special case that the graph is just

a loop with m edges). If the graph is a tree the time is at least 2m (because the

robot needs to return along each edge toward the starting vertex for the tree to be

considered explored)

In (Dudek et al., 1991), it was proven that by letting a single robot to mark the

environment with passive nodes the exploration time is dramatically improved. In

(Bender et al., 2002), it was shown that a single robot can learn its way through a

directed graph with n vertices in time polynomial in n, using only one pebble, if the

upper bound on the total number of vertices n is known. If, on the other hand, this

upper bound is not known, it is stated that Θ(log log n) pebbles are both necessary

and sufficient to perform the exploration. However, it is not mentioned how much

the exploration time will be improved when using more than one pebble.

Two main drawbacks with these approaches can be pointed out: Firstly, if we

consider that the nodes are anonymous, and recognizable only by either a marker

placed on them, by their degree, or by any other abstract property, the question to be

solved is not how efficient an algorithm will make a robot to explore the graph, but how

many “pebbles” will allow the robot to find its way out of the environment (labyrinth

exploration problem). This is due to the reduced capabilities of the nodes and the

fact that they cannot provide any useful information to the robot that contribute to

the exploration process. This is a classic and much-studied question in the theory

of computation (Budach, 1975; Hoffmann, 1981; Bender et al., 1998; H.Wang et al.,

2008; Gasieniec et al., 2007). For real robots though, the question seems irrelevant,

because in general a robot can recognize its position by other means like odometry,
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GPS-coordinates, or a picture of the environment. Especially in indoor environments,

where those tools for position estimation mention before are either unavailable (GPS),

or are regarded as inaccurate (odometry, environment picture), other means have been

studied. On the contrary, low power transceivers (LPTs) are active elements capable

of storing and transmitting information at will, make them easily distinctive to the

robots.

Secondly, exploring a directed graph has been studied in different works such as

(Deng & Papadimitriou, 1990). The fact that you cannot go back an edge makes

algorithms such as depth-first search impossible to implement. This model is equiva-

lent to exploring the state space of an unknown finite automaton: for any input, there

are some state transitions initially unknown to us. The states correspond to vertices

and the transitions to directed edges, and it is possible to recognize states that have

been visited before. This has been proposed in (Deng & Papadimitriou, 1990) as

a model for learning: each action makes a change on the outside world. Initially,

we do not know the effect of those actions, but by trying the actions and recogniz-

ing previous states we acquire knowledge about the possible outcome of the actions.

This model again has been well-studied in theoretical computing (Kwek, 1997; Al-

bers & Henzinger, 2000; Fleischer & Trippen, 2005). (Das et al., 2007) Extends the

research to exploring a directed graph by multiple robots. This scenario might apply

to the exploration of very restrictive environments such as collapsed buildings, where

a robot can traverse in one way but, because of debris, might not be able to come

back through the same edge. This can be considered as a special case of the more

general and unsolved problem that deals with undirected graphs. In this regard, an

undirected graph is a more realistic assumption because we can argue that if a robot

can move in one direction, it is likely that it can do it in the opposite direction as
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well.

A number of papers studied the influence of further information, and decreased

the factor-two gap for specific graph classes (Panaite & Pelc, 2000; Dessmark & Pelc,

2002), or by using breadth-first search, where the robot always maintains a short

return path to the start vertex (Awerbuch et al., 1995; Awerbuch & Kobourov, 1998;

Duncan et al., 2006).

Exploration of undirected graphs was considered previously in (Awerbuch et al.,

1999), where the goal is to achieve an efficient exploration under the constraint that

the robot must return to the root for refueling periodically. They defined efficiency

as the total traversed distance of the robot, and reported that with their strategy a

robot explores a graph with n vertices and m edges by traversing at most O(m +

n1+O(1)) edges with overhead O(log2n). In (Panaite & Pelc, 1999), the exploration

of all vertices and all edges was achieved while minimizing the total number of edge

traversals. They reported that the overhead in the number of traversals (penalty) of

their exploration algorithm is O(n) for every graph.

Multi-robot exploration of trees has been studied for example in (Dynia et al.,

2006), where an exploration algorithm explores sparse trees with k robots, and it is

shown that its competitive ratio is influenced only by the density and the diameter of

the tree. In this approach, the communication exists exclusively among robots and

it occurs only when robots meet in the same vertex. In (Fraigniaud et al., 2006),

k robots are used to explore a tree with m edges and root diameter Dr, using a

communication model that allows all robots to exchange information at every step of

the process through the use of tokens. The authors proposed an exploration algorithm

with a running time O(m/log k + Dr), which is O(k/log k) larger than the optimal

exploration time when the tree is known a-priori.
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2.2 Analysis of Multi-robot systems

Multi-robot systems performing the exploration of unknown environments is a prob-

lem that can be analyzed by considering other aspects different from time. For in-

stance, the cost of performing the exploration. The cost can be related to many

different factors such as how much the robots on the system must travel in order to

complete the exploration, or how many robots should be used to do it.

Cost of exploration has been previously evaluated particularly in task allocation of

multi-robot systems, where market economy-based approaches have gained relevance

in recent years because they allow for the successful minimization of the time and

traveling distance. It is noteworthy that cost of exploration relates to very different

issues on exploration systems such as time, energy, communication, computation,

monetary cost, or distance. In this thesis cost of exploration is related exclusively

to traveling distance, and as such, we use both expressions interchangeably. We

have restricted the cost of exploration to the traveling distance of the robots because

how far a robot needs to move in an unknown environment will determine other

parameters on the system, such as type of robots that need to be deployed, amount

of energy that will be consumed during the exploration process, etc. The market

economy-based approaches use the cost as a parameter of an auction process where

robots present bids to an auctioneer (the element offering the task) that determines

which robot wins the task. In (Zlot et al., 2002) a distributed multi-robot exploration

approach aims at maximizing the area being explored while minimizing the cost of

exploration, where cost is defined as the collective traverse distance of the robots. The

goal of the exploration process is the construction of a map of the environment which

is represented by an occupancy grid. The team of robots continuously negotiates with
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each other by means of single-item auctions. Similar approaches are used in (Dias &

Stentz, 2002), (Burgard et al., 2005) and (Gerkey & Mataric, 2002).

In (Berhault et al., 2003), for instance, robots negotiate using combinatorial auc-

tions, where bundles of targets are presented to the auctioneer, which in return decides

what target is assigned to each robot. The performance of the multi-robot system

is measured in terms of the travel cost and the travel time where the former is de-

fined as the sum of the travel distances of all robots, which determines the amount

of energy consumed; and the latter is defined as the total time needed to complete

the exploration task. As such, both criteria of performance used are similar to the

definitions of cost and time used in our work. The market-based approach has also

been studied using different world representations. In (Wu et al., 2007), for example,

a polygonal representation of the world is used in order to increase the efficiency of

exploration by dividing the available space using Voronoi diagrams. In (Elizondo-

Leal et al., 2008), a distributed multi-robot coordination algorithm for exploration

and mapping is presented, where each robot calculates the bids of the other robots

and make a decision on its own. The calculated bids consider the cost of reaching a

frontier between known and unknown area.

Our study is related to these market-based approaches in the sense that the robots

inform the active landmark in a vertex their interest to move there in the next step

(this can be seen as a bid placed by each robot attempting to reach that vertex). The

token then collects all the bids and give them to each robot in the auction. Each

robot acts as a local auctioneer that decides, using a strict set of rules, which robot

is allowed to arrive to the vertex in the next step. The bids of the robots are not

related to the cost of the movement itself but to the characteristics of such movement

(returning to a parent vertex, exploring an unused edge, etc). Since all the robots are
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knowledgeable of these set of rules given by the algorithm, all of them will draw the

same conclusion about who is the winner of the auction.
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Algorithm Brief description

A* It finds the least-cost path from a given starting vertex to a given goal.

Incrementally searches all routes leading from the starting point until
it finds the shortest path to a goal.

B* Related to the A* algorithm since it finds the least-cost path from a
given starting vertex to a given goal but it stores intervals for nodes of
the tree as opposed to single point-valued estimates.

Best-first search Explores a graph by expanding the most promising node chosen ac-
cording to some predefine rule in order to reach a given goal.

It may depend on the description of the goal, the information gathered
by the search up to that point, and most important, on any extra
knowledge about the problem domain.

Bidirectional
search

Runs two simultaneous searches: one forward from the initial state,
and one backward from the goal, and stopping when the two meet in
the middle.

It is a computationally expensive algorithm.

Breadth-first
search

Begining at the root, it explores all the neighboring nodes first. Then
for each of those nearest nodes, it explores their unexplored neighbor
nodes, and so on, until it finds the goal

Depth-first search Beginning at the root, it expands all its children by selecting one at a
time and exploring it until further progress is not possible. Then, it
backtracks to previous node.

A blocking point is a node without children.

The process is repeated until the goal is achieved.

Works well when there are many solutions for the search and all of them
are desirable

Hill climbing Beginning at the root, it expands the node that offers the greatest
promise of successfully reach the given goal. Then, it repeats the pro-
cess in the subsequent node it arrives, but it does not stores any infor-
mation about the parent node or other sibblings of it.

It requires a highly informative evaluation function in order to avoid
falling in local minima situations.

It is an irrevocable strategy because it does not let the robot to shift
the attention back to previously suspended alternatives.

Table 2.1: Summary of different algorithms for graph searching (Pearl, 1984)
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Chapter 3

Definitions, Scenario and

Assumptions

This chapter provides a description of the scenario used in our analysis and the most

important assumptions that are considered throughout the rest of this document. It

also includes a section with definitions, that it is intended as a reference guide for the

reader to navigate quickly through the terminology used in this work.

3.1 General Considerations

The scenario of our research is a structured environment, formed by corridors and ob-

stacles, predominantly present in indoor scenarios. We consider a multi-robot system

formed by multiple identical robots that explore the environment following the same

exploration algorithm. The robots enter the scenario from a single point and maintain

their own coordinate system. The robots are assisted by active landmarks/tokens that

are deployed by the robots while performing the exploration. Note that the terms
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active landmark and token are used interchangeably throughout this work. The ac-

tive landmarks help the robots on two areas: communication and navigation. The

active landmarks are elements capable of storing and transmitting information at will.

The type of information manipulated by these elements will be defined further down.

These landmarks provide directions to the robots that find them along the way. The

criteria for token deployment are i) the communication range, since we are interested

in maintain connectivity among the tokens and between tokens and robots, so that

in any event the robots can track back its route to exit the environment, and ii)

the presence of a junction. Junctions are places in the environment where there are

more than one path to follow and a robot is required to choose any of those paths to

follow in the next step. We assume that each robot is capable of determining when it

has reached a junction and distinctively identifying the direction of each unexplored

path. The process of exploring and dropping tokens creates a trail for each robot in

the scenario. Eventually, a robot may encounter either i) its own trail or ii) the trail

left by other robots. In the second case, both trails might merge creating a bigger one.

As such, the exploration process can be assimilated to a graph construction process,

where junctions represent vertices and paths between junctions represent edges (see

Fig. 3.1).

3.2 Definitions

In this section we present some terms that are widely used throughout this thesis and

deserve to be properly defined for a better understanding of our work. The following

definitions are terms commonly found in the graph theory literature:

Definition 3.1 (Connected Graph) A connected graph is one in which there is a
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Figure 3.1: Robot exploration of an indoor environment as a graph creation process

path from any vertex to any other vertex in the graph. In this work we consider only

finite connected graphs.

Definition 3.2 (Tree) A tree T is a connected graph in which there exists only one

path from one vertex to another vertex, and no loop paths exists.

Definition 3.3 (Loop) A path from a vertex to itself.

Definition 3.4 (Rooted Graph/Tree) A rooted graph/tree is one with a distin-

guished vertex called the root (r). The vertices in a rooted tree form a hierarchy, with

the root at the highest level, and the level of every other vertex being determined by its

distance from the root (Harris et al., 2008). A rooted graph is usually draw in such a

way that the root is at the top, and the vertices at each level are horizontally aligned.

Definition 3.5 (Root Vertex) The root of a graph/tree is a special single vertex

in the graph that allows for the graph to have a natural orientation toward or away

from that vertex.
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Definition 3.6 (Parents, Children and Leaves) A parent vertex is one with at

least one edge leading to another vertex in a downward direction. The latter vertex is

called a child vertex. A leaf is a vertex with no children.

Definition 3.7 (Internal Vertex) The vertices that are not leaves are said to be

internal vertices. The root counts as an internal vertex.

Definition 3.8 (Degree of a Vertex) The degree of a vertex v (degv) is the total

number of edges incident to the vertex.

Definition 3.9 (Distance) The distance d(u, v) between two vertices u and v of a

finite connected graph is the minimum length of the paths connecting them.

Definition 3.10 (Eccentricity) The eccentricity ǫ(v) of a vertex v is the maximum

graph distance between v and any other vertex u of G.

Definition 3.11 (Diameter) The graph diameter diam(G) is the maximum eccen-

tricity of any vertex in the graph.

Definition 3.12 (Radius) The graph radius rad(G) is the minimum eccentricity of

any vertex in the graph.

The following definitions are from terms specially created for the work and analysis

presented in this thesis.

Definition 3.13 (Diameter of the root) The diameter of the root Dr is equivalent

to the eccentricity of the root vertex ǫ(r)1.

1Throughout this work, we use Dr instead of ǫ(r) because the term diameter conveys the message
that our analysis considers the longest distance from r to any point in the graph. Do not confuse
with the diameter of the graph, since in general Dr ≤ diam(G)
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Definition 3.14 (Back-pointer) a list of all edges a robot has visited in order to

be in its current position. This list can be used later on by the robot to back-trace its

steps to the root r.

Definition 3.15 (Finished tree) A tree in which all edges have been traversed and

all vertices have been visited at least once by any robot.

Definition 3.16 (Completed tree) A tree that is finished and in which all robots

have exited the tree (i.e., all robots have returned to r).

Definition 3.17 (Finish exploration time - te) The time (in steps) needed for a

group of k robots to finish a tree.

Definition 3.18 (Complete exploration time - tc) The time it takes k robots to

traverse every edge, visit every vertex of a tree, and return back to the root.

Definition 3.19 (Total number of traversed edges - Λtotal) It refers to the

cumulative number of edges that all the robots that enter the tree (km) will traverse

from the beginning of the exploration process (step 0) until it is completed (tc). That

is

Λtotal =
km
∑

i=1

Λi, (3.1)

where Λi is the total number of edges traversed by robot i.

Definition 3.20 (Unused/Unexplored Edge) An edge that has not been traversed

by any robot.

Definition 3.21 (Open edge) An edge through which a robot left a vertex v, without

returning back to it or sending a message that it has reached a leaf (i.e., the robot is

still exploring downwards the subtree rooted at v).
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3.3 Scenario and Assumptions

In this section we formally define the scenario and establish the main assumptions

that make the analysis of the algorithms possible.

We assume that our environment can be modeled as a unknown, finite, connected,

undirected graph G = {V,E}, formed by n vertices and m edges. We consider that

k robots are initially located at the root vertex r of G. We consider that the robots

enter the environment by this single point, and that they return to this vertex once

the exploration is complete. We assume that the robots can move freely back and

forth between vertices. We consider that all vertices are identifiable, and will be

recognized when revisited. This is a reasonable assumption and an essential property

of our model.

Each robot is uniquely identified with an integer number from 1 to k. Robots

explore the environment by moving along the edges that link a pair of vertices. They

are helped by active landmarks (tokens) that the robots deploy while performing the

exploration.

An active landmark is a bookkeeping device that has communication capabilities

and is able to store at least the following information:

• The number of edges converging in a vertex, where each one of these edges is

locally labeled with an integer number from 1 to j.

• The ID of the robots that have visited the vertex and the edge each robot has

taken after visiting it.

• A list of available edges for robots to explore.

We assume that the robots are capable of:
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• Carrying an unlimited number of tokens.

• Assessing whether they have reached a vertex.

• Deploying a token if none is present in a vertex.

• Distinctively identifying every edge on that vertex.

We assume that the active landmarks are identical and their communication ranges

determine the length of each edge in the tree (i.e., the places where the active land-

marks are deployed constitute the vertices of the tree). Note that although the

communication range of each token may be different due to different conditions in

the environment, we assume that the time (measured in steps) that takes a robot to

move from one vertex to another is the same and equals one step.

We assume that the communication between a robots and a token in a vertex,

and between tokens, is either instantaneous or it takes the same amount of time. In

any case, we consider that the time spent performing the required communication is

negligible.
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Chapter 4

Multi-Robot Depth First Search

Algorithm

The first algorithm we have developed considers the use of a fixed number of robots

to explore the environment. The algorithm offers the maximum parallelism on the

exploration an unknown environment because it allows the robots to enter the envi-

ronment all at once, and does not restrict the number of robots that traverse an edge

simultaneously or the number of robots that can arrive at a vertex in each step of the

exploration process.

In this section we present in detail this algorithm, called from now on Multi-Robot

Depth First Search, discuss its properties, perform a theoretical analysis concerning

its performance on general graphs and on trees, prove that the algorithm is never

worse than depth-first search with a single robot, prove that on trees the algorithm is

optimal for two robots, and perform simulations in both tree and graph explorations

to corroborate these mathematical results.

29



4.1. GENERAL CONSIDERATIONS

4.1 General Considerations

The algorithm, Multi-Robot Depth First Search (MR-DFS), is a natural adaptation

of Depth First Search (DFS) to parallel search by multiple robots. The idea of the

algorithm is simple: an edge is considered finished, if a robot, leaving a vertex v,

follows an edge and later returns to v by that same edge. By this we assume that the

robot has explored everything that can be reached by that edge. As long as there are

unfinished edges, the robot selects one of them to explore; only if all edges have been

finished, it returns by the edge by which it originally entered the vertex.

This natural strategy can be used in many settings; most relevant to real imple-

mentation would be a completely asynchronous movement of the robots. For our

analysis, we assume the robots to move synchronously in time-steps, and we want to

minimize the total number of time-steps before the robots return to the start vertex

and declare the search completed. In each time-step, we assume that robots standing

at the same vertex have an initial negotiation phase in which they decide which robot

takes which edge. The robots at the same vertex announce one after another which

edge they will follow. The decision of each robot is based on the edges that have been

already taken. Since there is wireless communication between robots standing at the

same vertex, we can assume it to be instantaneous, and does not contribute to the

duration of the exploration.

Beyond this local communication, our algorithm requires only very weak com-

munication between the robots: a robot arriving at a vertex must be able to see

whether this vertex has been visited before. If that is the case, it should be able to

know by which edges the robots have left the vertex, and by which edges they have

returned. This communication is classically achieved for human explorers by leaving
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chalk marks on the exits; for robots, the first robot to enter a vertex would drop

a bookkeeping device, on which every robot, that visits this vertex afterwards, will

register the sequence of its entering and leaving edges. Note that, at first, additional

communication does not appear useful, since in our lower bound we allow complete

shared information, and the algorithm almost reaches the lower bound even with this

vertex-local information only. Furthermore, this is the same communication model

used in (Fraigniaud et al., 2006).

4.2 MR-DFS Algorithm

Algorithm 4.1 provides a description of the MR-DFS for general graphs. On trees,

the algorithm becomes simpler since all robots enter a vertex by the same edge for

the first time, coming from the root, and it cannot happen that a robot reenters a

vertex by a different edge than the one by which it left that vertex.

At each vertex, a bookkeeping device is dropped by the first robot to visit that ver-

tex, and updated by all further robots on every visit. MR-DFS requires the following

minimal set of information to be stored at each vertex:

• the number of edges converging in this vertex.

• the ID of the robots that have visited this vertex before.

• for each of these robots, the original entrance edge of the robot

• For each edge, the IDs of the robots entering and leaving through that edge

Thus, every edge that is followed by a robot will be recorded, including the direction,

by the bookkeeping devices at either end. If we assume that each robot, entering a
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Algorithm 4.1: Algorithm Multi-robot DFS - general graph version

1 Let robi be a robot arriving at a vertex v through edge e;

2 if robi has been at v before, and the edge e by which it returned is different
from the edge by which it last time left v then

3 Mark e as finished edge, go back through edge e;
4 else
5 Either v is a new vertex for robi , or it returned to v after exploring the

component to which edge e leads;
6 if robi has never been at v before then
7 Mark e as the original entrance edge of robi to v;
8 else
9 robi has been at v before, and returned by the same edge e by which

last time it left v;
10 Mark e as finished edge;

11 end
12 if there is an edge leaving v that is neither finished, nor the original

entrance edge of any robot to v then
13 Choose one of those edges, preferring edges that have been used by the

least number of other robots before, and leave v by that edge;

14 else
15 Return from v by robi ’s original entrance edge;
16 end

17 end
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Algorithm 4.2: Algorithm Multi-robot DFS - tree version

1 Let robi be a robot arriving at a vertex v through edge e;
2 Either v is a new vertex for robi , or it returned to v after exploring the subtree
to which edge e leads;

3 if v is a new vertex, not visited by any robot before then
4 Mark e as the original entrance edge to v;
5 end
6 if robi has been at v before then
7 Mark e as finished edge;
8 end
9 if there is an edge leaving v that is neither finished, nor the original entrance
edge to v then

10 Choose one of those edges, preferring edges that have been used by the
least number of other robots before, and leave v by that edge;

11 else
12 Return from v by robi ’s the original entrance edge;
13 end

vertex, finds the same exits and find these exits in the same sequence (e.g., starting

north and enumerating clockwise), we need to store the information for each exit only

if a robot has entered the vertex through that particular exit (therefore, the edge is

either finished or its original entry edge). If, on the other hand, the robot has not

used it, we need to store the number of robots that have left through that edge. This

information is sufficient for the algorithm and its analysis; the actual identity of the

robots does not need to be stored on the bookkeeping device.

To summarize, each robot running the MR-DFS algorithm follows essentially a

tree, starting at the common start vertex. If a robot meets his own tree by a different

edge, it will immediately leave along that edge again (line 2–3, Algorithm 4.1). If a

robot meets the tree of another robot (i.e., two robots meet at the same vertex entering

it through different edges), they will divide the outgoing edges for exploration, each

choosing some unexplored edges, as long as possible (line 12–13: Algorithm 4.1). At
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any time and for each robot that has visited a vertex, there is at most one edge

by which a robot left without returning back. If several robots jointly explore the

outgoing edges of a vertex, and a returning robot finds no unexplored edge any more,

it will join another robot in the branch the other is still exploring. Only when each

edge has been followed by a robot in both directions, the robot returns from that

vertex by its original entry edge (line 7: Algorithm 4.1).

Fig. 4.1 shows two robots exploring a graph from a common starting vertex, with

their path after five, eight, eleven, and fifteen steps. The dotted blue line represents

the path of robot roba, and the dashed red line represents the path of robot robb.

start
(a)

start
(b)

start
(c)

start
(d)

Figure 4.1: Path of two robots after a) five, b) eight, c) eleven, and d) fifteen steps
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4.3 Theoretical Analysis

In this section, a theoretical analysis of the MR-DFS algorithm is proposed. The goal

is to provide a characterization of the MR-DFS exploration time on general graphs

and trees.

4.3.1 Preliminaries

Let us consider a graph G = {V,E} modeling an environment to be explored. The

graph is considered to be completely explored if and only if every edge is followed by

at least one robot and all the robots return to the starting vertex. This requirement

that the robots return to the starting point at most doubles the exploration time,

since they could just follow their way back. The number of rounds required in our

model to completely explore the graph is the complete exploration time tc.

If there is only one robot, the exploration time for a graph is at least tc = m = |E|,

since every edge needs to be followed. If the underlying graph is a tree, then every

edge a robot uses to leave a vertex must be the same one that the robot uses when

returning back to the vertex; therefore, the exploration time is at least 2m. Classical

DFS does explore any graph with one robot in 2m steps. Thus, the single-robot

scenario has an easy solution, which is optimal for trees and at most a factor two

slower for arbitrary graphs.

If there are k robots available, the best we can hope for is a speed up factor of k.

In each round, k new edges are explored, therefore, we need at least
(

m
k

)

rounds for

a general graph, and
(

2m
k

)

rounds for a tree. Unfortunately, this speed up factor is

not always possible: if the graph is just one long path of length Dr from the starting

vertex, one robot would need to travel all the length Dr and return back, regardless
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of the number of robots there might be available at the common starting vertex. If

Dr is the diameter of the root of the graph, that is, the longest distance from the

starting vertex to any other vertex in the graph, then one of the robots has to reach

that vertex at maximum distance, and return back. Therefore, we have the following

two lower bounds for the complete exploration time tc:

• m/k, since each edge needs to be traversed by at least one robot;

• 2Dr, since a vertex at maximum distance must be visited by at least one robot.

Therefore, for a given graph G with m edges and root diameter Dr, the general lower

bound for the exploration time can be defined as

tc ≥ max(m/k, 2Dr), for general graphs, and

tc ≥ max(2m/k, 2Dr), for trees.

Since the optimum strategy, which knows the graph in advance and just has to visit

all edges, takes at least this time, any algorithm that is within some factor of this

lower bound, is competitive and of interest.

4.3.2 Analysis on General Graphs

In order to characterize the exploration time of the MR-DFS on general graphs two

important properties must be introduced.

Lemma 4.1 In the MR-DFS algorithm, each edge is used by each robot at most once

in either direction.

Proof: To proof this lemma, we assume that robot robi departs vertex u in

direction of vertex v following the edge uv. Let us assume it follows this edge from
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u to v twice, at times t1 and t2. Between these times, robi returns at least once to

vertex u. Each time robi returns to u by a different edge than vu, it will immediately

return back using the edge by which robi just enter u (see lines 2 and 3 of algorithm

4.1). Therefore, robi must return once by vu, but then it will mark uv as finished

and will not follow this edge a second time.

Lemma 4.2 In the MR-DFS algorithm, all robots finish their exploration at the same

time step.

Proof: We prove this lemma by contradiction. Let us assume that a robot

rob1 has already returned to the origin and found no further eligible edge, thereby

declaring the search finished, whereas rob2 is still out at a different vertex at that

same time step. The robot rob2 is connected to the start vertex by its return path

[vp, vp−1, . . . , v1], with vp being the current position of rob2, v1 the start vertex, and

vq−1vq being the original entry edge of rob2 to vq for q = 2, . . . , p.

As per our assumption, rob1 has already returned to v1 and found no further

eligible edge; that is, the edge v1v2 was not eligible for rob1, otherwise it would have

followed that edge. Observe that there are two possible reasons why an edge becomes

ineligible; 1) the edge is finished, with a robot leaving and returning through that

edge, or 2) the edge is the original entry edge of a robot to that vertex. Note that

no edge can be the original entry edge in both directions, since it becomes ineligible

in the opposite direction as soon as it is first used. Since the edges along the path

[v1, v2, . . . , vp] are original entry edges of the robot rob2, they cannot be original entry

edges in the opposite direction. Thus, every edge along this path is either finished or

eligible. Let vi−1vi be the last edge on the path [v1, . . . , vp] that is finished, and let

rob3 be the robot that finished this edge. Let us consider the time step (tr3) when rob3

finished this edge. Since rob2 used the vi−1vi edge before it was finished, that edge
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is somewhere on the return path of rob2 at tr3. If rob2 is not at the same vertex as

rob3 , then there is an eligible edge on the return path of rob2 from vi in the direction

of rob2. Thus, rob3 would have followed that edge instead of returning by vivi−1. As

such, rob2 and rob3 must be at the same vertex at tr3; they both find no eligible edge

to go further down; and as a result they return together.

The same argument applies to any previous edge along the path [v1, v2, . . . , vp]. At

the time immediately before rob2 and rob3 return together, the edge vi−1vi was still

eligible. However, none of the earlier edges along that path can be finished, since for

each vertex there is still one eligible edge available. Consequently, rob1 at the start

vertex has still one eligible edge available, thus giving a contradiction to our initial

assumption.

Let us now state the main result concerning the exploration time of the MR-DFS

algorithm on general graphs.

Theorem 4.1 The algorithm MR-DFS explores any connected graph with m edges,

traversing each edge, in at most 2m steps.

Proof: The proof of the theorem is a consequence of the previous lemmas. In

particular, according to lemma 4.1 a robot uses each edge at most once in each

direction. Therefore, in the worst-case scenario, all the robots are going to traverse

2m edges. Furthermore, according to lemma 4.2 all the robots finish the exploration

at the same time. At this point, since at each step only one edge can be traversed,

the number of edges that each robot can traverse is at most 2m.

Remark 4.1 An important consequence of Theorem 4.1 is that the MR-DFS algo-

rithm explores any graph completely, and is never worse than classical single-robot

DFS.
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4.3.3 Analysis on Trees

The main objective of this section is to obtain an upper bound for the complete

exploration time on trees. To this end, we present two different results for the upper

bound; the first one is an approximation to a working upper bound, and the second

one is an explicit closed-form expression for this upper bound. Let us begin by stating

that the MR-DFS algorithm is generally much better on trees than single-robot DFS.

(a)

start

(b)

start

(c)

start

(d)

start

Figure 4.2: Path of two robots after a) five, b) eight, and c) twelve steps on a tree of
degree 4. d) Shows the edges traversed by both robots

Fig. 4.2 shows two robots exploring a tree of degree 4, showing the state after

5, 8, and 12 steps, and the edges used by both robots. Again, the dotted blue line

represents the path of robot rob1, and the dashed red line the path of robot rob2. At

the beginning, each robot enters a branch that has not been used before. Only the

last branch is entered by both robots. The robot that entered the last branch second

(rob2) meets after two steps the returning robot (rob1), that entered the branch first,
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and they both return together to the starting vertex.

The fundamental property of the MR-DFS algorithm on trees is the decreasing

branching property as described in the following lemma. To this end, let us first

define an incoming edge of a vertex as the edge in the direction of the root, and all

other edges as outgoing edges.

Lemma 4.3 The edges used by several robots form a subtree. If a vertex v with d

outgoing edges is visited by j robots, then among last j outgoing edges, there is at

most one edge that is taken by all j robots, and at most (i + 1) edges that are taken

by at least (j − i) robots, for i = 0, . . . , (j − 1).

Proof: To prove this lemma, we consider a vertex v that has d outgoing edges

and is entered by j robots. Each robot that enters this vertex chooses an outgoing

edge, explores a subtree, returns to the vertex and chooses another edge. This process

is repeated until it finds no further edges left. Each time it returns from an edge, that

edge becomes finished and unavailable for all the other robots that have not already

used it. Let us number the outgoing edges m1, . . . ,md in the sequence in which the

robots return to vertex v. Thus, the first robot to return will block m1 for all those

robots that have not already entered it by the time m1 is blocked. Initially one robot

will be assigned to enter one of the d edges. Additional robots will be allowed to enter

an edge only until all other edges have been used by at least one robot. As such, the

following holds:

• m1 will be used by only one robot if d ≥ j;

• m1 will be used by at most (j − d+ 1) robots if j > d.

The first statement holds because at the beginning the first j edges will be used by

only one robot, leaving unused the other (d− j) edges. In order for any other robot
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to enter m1, all unused edges must be used by at least one robot. But this will only

happen if robots return to v. By definition, the first robot to do it corresponds to the

one exploring m1. Since this will block m1, then this edges is used only by one robot.

The second statement holds because the first d robots will be assigned to one of the

available outgoing edges in v. The other (j − d) robots could be distributed among

all the edges. In the worst-case, all (j − d) robots could be assigned to m1. As such,

this edges could be used by at most (j − d+ 1) robots.

In the same way, for 1 ≤ a ≤ d, the edge ma is blocked for all robots that have

not entered it at the time a robot on ma returns to v. Again, additional robots will

enter ma only if all d edges have been used by at least one robot. Out of the (j − 1)

available robots to enter ma, at least (d − a) robots will be busy in other branches

(the ones from ma+1 to md). Thus, ma will be used by at most (j − 1) − (d − a)

additional robots. As such, we have that

• ma will be used by only one robot if j ≤ d− (a− 1), and

• ma will be used by at most (j − a+ d) robots if j > d− (a− 1).

The second statement holds because if more than one robot enters ma, then, for sure,

0 < (j − 1) − (d − a) which translates in that d − (a − 1) < j. Also, the maximum

number of robots that can enter ma is (j − 1)− (d− a) + 1 = j − a+ d. In any other

situation, ma will be used by only one robot; that is, when 0 ≥ (j−1)− (d−a). This

results on that d− (a− 1) ≥ j, corroborating the first statement.

Therefore, we have two cases: firstly, when j < d, some edges will be explored

by only one robot. After arriving at v, the first j edges will be used by one robot,

leaving (d− j) edges empty. Any robot that returns will go into one of these empty

edges. Consequently, the first (d − j) robots to return from their edges will go into
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the empty ones. Thus, it is guaranteed that at least the first (d−j) edges will be used

by only one robot. Next, let us consider the last j branches that at some point will

have only one robot in them; only the last edge md can be explored by all j robots

(once all other (j − 1) last branches have been finished); only one edge (md−1) can

be explored by (j − 1) robots (the other robot is in md); only one edge (md−2) can

be explored by (j − 2) robots (the other robots are in md−1 and md); and so on. In

summary, when j < d, at least the first (d − j) edges will be explored by only one

robot and the last j edges will be explored by at most [1, 2, . . . , j − 1, j] robots.

Secondly, when j ≥ d, some edges will, for sure, be explored by more than one

robot. At the beginning, each of the first d robots will be assigned to explore one

edge. The other (j − d) robots would be assigned to any edge. In the worst-case, let

us assume that all (j − d) robots are assigned to the first edge to be finished (m1).

Once they are back at v, all (j − d + 1) robots enter the second edge to be finished

(m2), and so on, until the last edge md is entered by all j robots. As a result, when

j ≥ d, the d outgoing edges would be used by at most [j−d+1, j−d+2, . . . , j−1, j]

robots.

As can be observed, in the worst-case in either case, at most one edge (md) will be

used by all j robots; at most 2 edges (md−1 and md) will be used by at least (j − 1)

robots (all other edges will be used by (j − 2) robots or less); and so on, until finally

we can say that at most the last j edges will be used by at least one robot. This

completes the proof of the Lemma.

Fig. 4.3 illustrates the worst-case situation of Lemma 4.3 for d = j = 4.

Let us now introduce the concept of excess multiplicity µ(mi) of an edge mi as the

number of robots that use that edge in addition to the first one to do it. By Lemma

4.1, each robot uses each edge at most twice, going out and returning; therefore, for
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Figure 4.3: Decreasing branching property: worst-case scenario. Path of the robots
after a) one step, b) three steps, c) six steps, d) eight steps, and e) twelve steps. In
f) the subtree of edges with multiplicity and the number of robots that used those
edges is shown
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each edge mi we have 0 ≤ µ(mi) ≤ k − 1, and the edge is used exactly 2 + 2µ(mi)

times. Fig. 4.4 shows the multiplicity of a subtree with three outgoing edges being

explored by four robots. The excess multiplicity plays a key role to define an upper

bound for the exploration time of the MR-DFS algorithm as described by the follow-

ing lemma.
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Figure 4.4: Multiplicity of a subtree with three edges being explored by four robots

Lemma 4.4 A tree with m edges is completely explored with k robots, using the MR-
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DFS algorithm, in time

tc =
1

k

(

2m+ 2
∑

mi

µ(mi)

)

. (4.1)

Proof: To obtain the bound on the total exploration time, we just add up the

work done by each robot, and divide by k: since all the robots finish at the same time,

we just count the total number of edges walked by the robots when they finish. Each

edge was taken at least once in each direction, plus 2
∑

mi

µ(mi) additional edges,

taken by several robots (multiplicity).

Lemma 4.5 The total excess multiplicity of all edges that are used multiple times by

the robots satisfies the following recursion:

f(k,Dr) ≤ f(k,Dr − 1) + f(k − 1, Dr − 1) +

f(k − 2, Dr − 1) + · · ·+ f(2, Dr − 1), (4.2)

with boundary conditions f(2, Dr) = Dr and f(k, 1) = (k − 1) + (k − 2) + . . . + 1 =

1
2
k(k − 1).

Proof: Let us start by recalling that the multiplicity of an edge being traversed

by j robots is (j − 1). As such, we are interested in finding how many edges are

traversed by more than one robot and how many times this happens. Let us restate

the problem as follow: what are the different combinations of paths traversed by k

robots (in a tree of root diameter Dr) such that those paths overlap the paths of other

robots (note that not all the robots overlap the paths of other robots). Define the

dominant branch as the branch of length Dr that specifies the diameter of the root.

Let us consider the kth robot. The path of this robot may or may not overlap
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other paths. If it does not overlap, the problem is reduced to find the overlapping due

to the other (k−1) robots. That is: f(k−1, r). If, on the other hand, the path of the

kth robot indeed overlap other paths, this will happen for sure in at least one edge.

Since we are looking for the upper bound, we are analyzing the worst-case scenario

which for a tree with root diameter Dr corresponds to all robots traversing at least

the first edge of the dominant branch. Thus, all possible combination of paths will

consider that first edge, and as such we can leave that edge out of consideration and

reduce the problem to find the overlapping due to k robots in a tree of root diameter

(Dr − 1) (because we already know that the first edge of the dominant branch will

always have overlapping): f(k,Dr − 1). Hence, the total multiplicity can be defined

as the multiplicity when the kth robot does not overlap plus the multiplicity when

the kth robot does overlap. That is

f(k,Dr) = f(k − 1, Dr) + f(k,Dr − 1). (4.3)

The same analysis can be repeated for scenarios with less robots:

f(k − 1, Dr) = f(k − 2, Dr) + f(k − 1, Dr − 1),

f(k − 2, Dr) = f(k − 3, Dr) + f(k − 2, Dr − 1),

f(k − 3, Dr) = f(k − 4, Dr) + f(k − 3, Dr − 1),

...

f(3, Dr) = f(2, Dr) + f(3, Dr − 1),

f(2, Dr) = f(1, Dr) + f(2, Dr − 1),

f(1, Dr) = 0.
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The fact that f(1, Dr) = 0 is self-evident since with only one robot there is not chance

that overlapping will occur. By substituting the previous results into (4.3) we obtain

the following recursion:

f(k,Dr) ≤ f(k,Dr − 1) + f(k − 1, Dr − 1) + f(k − 2, Dr − 1) + · · ·+ f(2, Dr − 1),

where the inequality is the result of knowing that not all the robots overlap the other

paths.

The boundary conditions for this recursion can be obtained when considering the

worst-case for the following scenarios:

• When k = 2, the worst-case scenario will occur when the tree is a long path of

length Dr and both robots must travel that distance. That is

f(2, Dr) = Dr. (4.4)

• When Dr = 1 the worst-case scenario will occur when every branch at starting

vertex v has an increasing multiplicity as shown in figure 4.5. In such a case,

the total multiplicity can be expressed as

f(k, 1) = (k − 1) + (k − 2) + . . .+ 2 + 1 =
1

2
k(k − 1). (4.5)

At this point we can introduce the first result on the upper bound for the explo-

ration time on trees.
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Figure 4.5: Worst-case scenario for multiplicity on a tree rooted at v with Dr = 1.
The numbers indicate in a) the number of robots that traversed each edge, and in b)
the multiplicity of each edge

Theorem 4.2 The algorithm explores a tree with m edges and root diameter Dr using

k robots, in time at most 2m
k

+O(Dk−1
r ).

Proof: The proof of the theorem is derived from solving the recursion for the

total excess multiplicity defined in Lemma 4.5. The recursion can be solved by using

generating functions. In general, a generating function for a given sequence a0, a1,

a2, . . . , an is defined to be (Anderson, 1989):

f(x) = anx
n + an−1x

n−1 + · · ·+ a3x
3 + a2x

2 + a1x+ a0, (4.6)

where the coefficients of x0, x1, x2, . . . , xn in f(x) are precisely the terms a0, a1, a2,

. . . , an of the sequence. For the recursion in (4.2), we need to obtain its generating

function by using the boundary conditions:

• For the boundary condition in (4.5), its generating function can be expressed
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as

f(k, 1) = (k − 1)(1)k−1 + (k − 2)(1)k−2 + · · ·+ 3(1)3 + 2(1)2 + 1(1) + 0

= (k − 1) + (k − 2) + · · ·+ 3 + 2 + 1.

• For the boundary condition in (4.4), its generating function can be written as

f(2, Dr) = (2− 1)(Dr)
2−1 + (2− 2)(Dr)

2−2

= Dr.

In general, we can expressed the recursion (4.2) as

f(k,Dr) ≤ (k − 1)(Dr)
k−1 + (k − 2)(Dr)

k−2 + · · ·+ 3(Dr)
3 + 2(Dr)

2 + 1(Dr) + 0

≤ (k − 1)Dk−1
r + (k − 2)Dk−2

r + · · ·+ 3D3
r + 2D2

r +Dr,

which is a polynomial of degree (k − 1) in Dr. As a result, the function f(k,Dr),

defined by the recursion (4.2) becomes

f(k,Dr) ≤ O(Dk−1
r ).

Finally, as per Lemma 4.4, we have that

tc =
2m

k
+

2f(k,Dr)

k
≤

2m

k
+

2O(Dk−1
r )

k
,

that yields

tc ≤
2m

k
+O(Dk−1

r ).
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The next step is to look for a closed form solution to the upper bound of the

exploration time on trees. To this end, we redefine the function f(k,Dr) in a way

that will allow us later to obtain the total excess multiplicity.

Lemma 4.6 The function f(k,Dr) defined by the recursion

f(k,Dr) =

(

k

2

)

+
k
∑

i=2

f(i,Dr − 1), (4.7)

with initial condition f(k, 1) =
(

k

2

)

can be solved as

f(k,Dr) =

(

k +Dr

k − 1

)

− k. (4.8)

Proof: To solve the recursion we rely on the following tools (Chen & Koh, 1992):

• Chu Shih-Chieh’s identity,

(

a

a

)

+

(

a+ 1

a

)

+ · · ·+

(

b

a

)

=

(

b+ 1

a+ 1

)

, (4.9)

for all a, b ∈ N with a ≥ b;

• the combinatorial identities,

(

a

0

)

=

(

a

a

)

= 1, (4.10)

(

a

b

)

=

(

a

a− b

)

, (4.11)

for a, b ∈ Z, with 0 ≤ b ≤ a; and
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• the factorial equation,

(

a

b

)

=
a!

b!(a− b)!
for 0 ≤ b ≤ a. (4.12)

We begin the proof by considering the case for Dr = 2. Using the recursion (4.7), we

have that

f(k, 2) =

(

k

2

)

+
k
∑

i=2

f(i, 1)

=

(

k

2

)

+
k
∑

i=2

(

i

2

)

=

(

k

2

)

+

(

2

2

)

+

(

3

2

)

+ . . .+

(

k

2

)

.

Applying Chu Shih-Chieh’s identity, (4.9), we get

f(k, 2) =

(

k

2

)

+

(

k + 1

3

)

.
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Repeating this process for Dr = 3, we obtain

f(k, 3) =

(

k

2

)

+
k
∑

i=2

f(i, 2)

=

(

k

2

)

+
k
∑

i=2

((

i

2

)

+

(

i+ 1

3

))

=

(

k

2

)

+
k
∑

i=2

(

i

2

)

+
k
∑

i=2

(

i+ 1

3

)

=

(

k

2

)

+
k
∑

i=2

(

i

2

)

+
k+1
∑

i=3

(

i

3

)

=

(

k

2

)

+

(

k + 1

3

)

+

(

3

3

)

+

(

4

3

)

+ . . .+

(

k + 1

3

)

=

(

k

2

)

+

(

k + 1

3

)

+

(

k + 2

4

)

.

Thus, for any Dr, we prove that

f(k,Dr) =

(

k

2

)

+

(

k + 1

3

)

+

(

k + 2

4

)

+ · · ·+

(

k +Dr − 1

Dr + 1

)

. (4.13)
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Observe that (4.13) can be written back in recursion form as follows:

f(k,Dr) =

(

k

2

)

+

(

k + 1

3

)

+

(

k + 2

4

)

+ · · ·+

(

k +Dr − 1

Dr + 1

)

=

(

k

2

)

+
Dr
∑

j=2

(

(k + 1) + (j − 2)

j + 1

)

=

(

k

2

)

+
Dr−2
∑

j=0

(

(k + 1) + (j − 2) + 2

(j + 1) + 2

)

=

(

k

2

)

+
Dr−2
∑

j=0

(

k + j + 1

j + 3

)

=
Dr−1
∑

j=0

(

(k + j + 1)− 1

(j + 3)− 1

)

=
Dr−1
∑

j=0

(

k + j

j + 2

)

.

We reduce (4.13) by using (4.11)

f(k,Dr) =

(

k

2

)

+

(

k + 1

3

)

+ · · ·+

(

k +Dr − 1

Dr + 1

)

=

(

k

k − 2

)

+

(

k + 1

(k + 1)− 3

)

+ · · ·+

(

k +Dr − 1

(k +Dr − 1)− (Dr + 1)

)

=

(

k

k − 2

)

+

(

k + 1

k − 2

)

+ · · ·+

(

k +Dr − 1

k − 2

)

.

Now, let us define f ′(k,Dr) as

f ′(k,Dr) =

(

k − 2

k − 2

)

+

(

k − 1

k − 2

)

+

(

k

k − 2

)

+

(

k + 1

k − 2

)

+ · · ·+

(

k +Dr − 1

k − 2

)

. (4.14)

Using (4.9), and considering that b = k+Dr − 1 and a = k− 2, we can rewrite (4.14)
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as

f ′(k,Dr) =

(

(k +Dr − 1) + 1

(k − 2) + 1

)

=

(

k +Dr

k − 1

)

. (4.15)

Using this result and the identity on (4.10), we can rewrite f(k,Dr) as

f(k,Dr) = f ′(k,Dr)−

(

k − 1

k − 2

)

−

(

k − 2

k − 2

)

=

(

k +Dr

k − 1

)

−

(

k − 1

k − 2

)

−

(

k − 2

k − 2

)

=

(

k +Dr

k − 1

)

−

(

k − 1

k − 2

)

− 1.

Finally, using the factorial equation in (4.12), we obtain

f(k,Dr) =

(

k +Dr

k − 1

)

−
(k − 1)!

(k − 2)! ((k − 1)− (k − 2))!
− 1

=

(

k +Dr

k − 1

)

−
(k − 1)(k − 2)!

(k − 2)!(1)!
− 1

=

(

k +Dr

k − 1

)

− (k − 1)− 1

=

(

k +Dr

k − 1

)

− k.

Let us now state the closed-form expression for the upper bound of the exploration

time of the MR-DFS algorithm, which bounds tighter the exploration time on trees.

Theorem 4.3 A tree with m edges and root diameter Dr can be explored by k robots

using the MR-DFS algorithm in time at most

min

(

2m,
2m

k
+

2

k

(

k +Dr

k − 1

))

<
2m

k
+

(

1 +
k

Dr

)k−1
2

k!
Dk−1

r . (4.16)
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Proof: The proof comes from the observation that the maximum total excess

multiplicity of all the edges that were used multiple times by the robots is the sum

of the excess multiplicities of the subtrees entered from the root, plus the excess

multiplicities on the edges from the root to those subtrees. In a tree with root

diameter Dr, each subtree entered from the root has root diameter at most (Dr − 1),

and by Lemma 4.3 there is at most one subtree entered by all k robots, at most

two subtrees entered by (k − 1) or k robots, etc., and at most (k − 1) subtrees are

entered by two or more robots. All other subtrees entered from the root are entered

only by one robot; therefore, they do not contribute to the total excess multiplicity

of the tree. Thus, the maximum total excess multiplicity g(k,Dr), as a function of

the number of robots k and the root diameter Dr, satisfies the recursion

g(k,Dr) ≤

(

k

2

)

+ g(k,Dr − 1) + g(k − 1, Dr − 1) +

g(k − 2, Dr − 1) + · · ·+ g(2, Dr − 1)

≤

(

k

2

)

+
k
∑

i=2

g(i,Dr − 1).

with boundary condition g(k, 1) = (k − 1) + (k − 2) + . . .+ 1 =
(

k

2

)

.

Note that this is the same recursion as in (4.7). From Lemma 4.4, we have that

tc =
1

k

(

2m+ 2
∑

mi

µ(mi)

)

≤
1

k
(2m+ 2g(k,Dr)) .

Using Lemma 4.6, we can rewrite tc as

tc ≤
1

k

(

2m+ 2

((

k +Dr

k − 1

)

− k

))

<
1

k

(

2m+ 2

((

k +Dr

k − 1

)))

.
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As such,

tc <
2m

k
+

2

k

(

k +Dr

k − 1

)

.

Solving the binomial coefficient term
(

k+Dr

k−1

)

with the factorial equation on (4.12),7

tc <
2m

k
+

2

k

(

(k +Dr)!

(k − 1)! ((k +Dr)− (k − 1))!

)

<
2m

k
+

2

k

(

(k +Dr)((k − 1) +Dr) . . . (2 +Dr)(1 +Dr)(1 + (Dr − 1)) . . . (2)(1)

(k − 1)!(1 +Dr)!

)

<
2m

k
+

2

k

(

(k +Dr)((k − 1) +Dr)((k − 2) +Dr) . . . (2 +Dr)(1 +Dr)!

(k − 1)!(1 +Dr)!

)

<
2m

k
+ 2

(

(k +Dr)((k − 1) +Dr)((k − 2) +Dr) . . . (2 +Dr)

k(k − 1)!

)

.

Evaluating the numerator term, we can rewrite it as

(k +Dr)((k − 1) +Dr) . . . (2 +Dr) = (k +Dr)(k +Dr − 1) . . . (k +Dr − (k − 2))

< (k +Dr)(k +Dr) . . . (k +Dr) = (k +Dr)
k−1.

As a result,

tc <
2m

k
+ 2

(

(k +Dr)
k−1

k!

)

,

which, by simply factorization, becomes

tc <
2m

k
+

(

k

Dr

+ 1

)k−1
2

k!
Dk−1

r .
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Remark 4.2 Note that for a larger k and Dr ≥ k, we have that

(

k

Dr

+ 1

)k−1
2

k!
Dk−1

r ≤ Dk−1
r ,

as the coefficient of Dk−1
r in the LHS decreases rapidly. Consequently, in this sit-

uation, the result of theorem 4.3 provides a tighter upper bound than the result of

theorem 4.2.

Remark 4.3 In its dependence on m, this is optimal and improves the O( m
log k

+Dr)

result of (Fraigniaud et al., 2006). The dependence on Dr, however, is not. This is

an interesting bound for trees with many edges and small root diameter (trees with

high branching factors) or for exploration with a small number of robots. As such,

this bound is tight for trees with very large m when compared to Dr. The bound on

the total excess multiplicity used in the proof above views it only as a function of Dr

and k, and leaves m open. To obtain a further improvement along these lines in the

bound would require an analysis with m as third parameter.

Remark 4.4 Lemma 4.3 can be improved if an equitable distribution of the robots is

considered. That is, whenever j robots arrive at a vertex with d outgoing edges, robots

will be distributed in such a way that each edge will have approximately
(

j

d

)

robots and

where the maximum difference in the number of robots among edges is at most one.

This equitable distribution can be achieved by considering a stronger communication

model where the bookkeeping devices have a more active role than the one it has been

considered so far. Recall that up to this point, the analysis has considered that the

bookkeeping devices behave as passive landmarks, providing the robots only with a

returning path to the root.

For two robots (i.e., k = 2) the following Theorem shows a type of optimality of
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MR-DFS: no strategy can guarantee a better competitive ratio against an optimal

explorer, who already knows the tree and always makes the best choices.

Theorem 4.4 For two robots, all the following statements are true:

• The MR-DFS algorithm explores a tree with m edges and root diameter Dr in

time at most m+Dr.

• This upper bound is at most
(

3
2

)

of the optimum exploration time.

• No algorithm (for two robots) guarantees a factor less than
(

3
2

)

from the opti-

mum exploration time.

Proof: For two robots (k = 2) Lemma 4.3 implies that there is at most one

branch used by both robots. All other branches will be used by only one robot. As

such, the subtree used by both robots does not branch; therefore, it is a path with

length at most Dr. Thus,
∑

i
µ(mi) ≤ Dr. From Lemma 4.4, we have that

tc =
1

2

(

2m+ 2
∑

mi

µ(mi)

)

≤
1

2
(2m+ 2Dr)

≤ m+Dr.

Furthermore, as explained in Section 4.3.1, the general lower bound of the explo-

ration time of a tree, using two robots, is max(2m
2
, 2Dr) = max(m, 2Dr). Then,

• if Dr ≤
1
2
m, then 2Dr ≤ m and as such, max(m, 2Dr) = m. Since, m +Dr ≤

m + 1
2
m = 3

2
m, then, tc ≤ 3

2
m. Thus, tc is at most

(

3
2

)

of the optimum

exploration time (m) for Dr ≤
1
2
m.

• if Dr ≥ 1
2
m, then 2Dr ≥ m and max(m, 2Dr) = 2Dr. Again, m + Dr ≤
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2Dr +Dr = 3Dr. This results in, tc ≤ 3Dr =
3
2
(2Dr). Thus, tc is at most

(

3
2

)

of the optimum exploration time (2Dr) for Dr ≥
1
2
m.

Finally, to see that no algorithm can guarantee a better approximation ratio than
(

3
2

)

from the optimum exploration time, we use an adversarial construction. Let us

consider a graph that has three branches with two of them of length t and one of

length 2t. This tree can be optimally explored by two robots in time 4t: one robot

explores the two short branches, the other robot explores the long branch. However,

any algorithm finds out whether a branch is a short branch or a long branch only

after a robot has reached the end of the branch. Thus, an adversary who reveals the

graph as it is explored can always make the last branch to be explored a long branch;

therefore, any algorithm can be forced to take exploration time at least 6t. Thus, no

algorithm for two robots gives a better competitiveness ratio than the
(

3
2

)

achieved

by the MR-DFS algorithm.

Remark 4.5 The adversarial construction described above is the special case of a

general construction described in (Graham, 1966) and (Fraigniaud et al., 2006), which

shows that with k robots, no strategy can guarantee a competitive factor better than

2−
(

1
k

)

.

4.4 Simulation Results

4.4.1 Objectives and Methodology

We implemented the MR-DFS algorithm and perform all simulations in Matlab. The

objective of the simulations presented in this section are 1) to test the bounds that

were obtained analytically (Theorems 4.3 and 4.4) and verify whether they hold, and
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2) to observe how tight they are with respect to the actual exploration time.

We run simulations applying the algorithm to randomly generated trees of in-

creasing size using different number of robots. The size of the tree was changed by

increasing the number of vertices m. Since for a given m different tree configurations

are possible, as shown in Fig. 4.6, and this directly affects how the tree is explored

and the time needed to do it, we have run 100 simulations for every value of m. The

mean and the standard deviation were then calculated in order to see the qualities of

the algorithm.

r

D
r
 = 2

r

D
r
 = 3

r

D
r
 = 4

Figure 4.6: Different tree configurations for the same number of edges (m=7)

Additionally, in order to obtain meaningful information out of the simulations,

we have categorized the randomly generated trees in three categories: long, wide and

symmetric trees. Long trees refer to trees in which increasing the number of vertices is

reflected in its root diameter. This kind of tree is characterized by a small number of

children per vertex and a big root diameter. Wide trees are those in which increasing

the number of vertices is reflected directly in the average number of children per

vertex. This yields that the root diameter of wide trees is small. Finally, symmetric

trees are those in which the growth of the size is reflected in both, the number of

children per vertex and the root diameter. The best example for a symmetric tree

is a full N-ary tree (called N-ary tree from now on) which is the one we use in our
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simulations. Examples of these three categories are shown in Fig. 4.7.

(a) Long tree (Dr = 16, n = 50) (b) Wide tree (Dr = 5, n = 50)

(c) N-ary tree (Dr = 4, n = 157)

Figure 4.7: Examples of long, wide and N-ary trees

The size of the tree was increased (in long and wide trees) by increasing the

number of edges. In N-ary trees, the size of the tree was defined by the number of

children N that each vertex was allowed to have and by the diameter of the root.

The way the robots were distributed in a vertex is as follows: let us assume k

robots arrive at a vertex v that has mv downward unexplored edges. The k robots

61



4.4. SIMULATION RESULTS

will distribute themselves in the most homogeneous way possible where the maximum

difference in the number of robots in every edge is equal to one. As an example

consider five robots arriving at a vertex with three unexplored downward edges: two

of those edges will be taken by two robots and the last edge will be taken by only one

robot. The idea is to obtain the maximum parallelism in the exploration process. For

long and wide trees, since the same number of edges m can produce very different

configurations of trees (each one with a different exploration time), we performed 100

runs of the simulation per each value of m.

4.4.2 Results

The results of the first set of simulations are shown in Figs. 4.8 and 4.9. The

plots show the upper bound defined by Theorem 4.3, the general lower bound (i.e.,

max(2m/k, 2Dr)), and the exploration time (mean of 100 runs) due to different num-

bers of robots exploring the tree.

For N-ary trees, only one simulation per tree configuration was run since, due to

the symmetry of the tree, the algorithm will make the robots explore the tree in the

same way all the time. The plots in Fig. 4.10 show the upper bound (straight line)

and the exploration time (dashed line) for this type of tree when the exploration is

performed by different number of robots ranging from two to six. The results for the

general lower bound were not shown in order to simplify the reading of the plots.

From the results of this set of simulations (Figs. 4.8-4.10) we can observe that the

bounds of exploration, as defined in this paper, hold at all times. An interesting result

is shown in Figs. 4.8 and 4.9 when using two robots: the curve of the upper bound

of Theorem 4.3 matches tightly that of the actual exploration time of the algorithm.

In particular in wide trees, the analysis presented in Section 4.3 produces bounds of
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Figure 4.8: Comparison of exploration times and bounds of exploration on long trees
of increasing number of vertices using a) two, b) three, c) five, and d) twenty robots.
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Figure 4.9: Comparison of exploration times and bounds of exploration on wide trees
of increasing number of vertices using a) two, b) three, c) five, and d) twenty robots.
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exploration that perfectly enclose the exploration time. Let us recall that tightness

on the bounds of exploration is desired in order to perform estimations on the actual

exploration time when no explicit expression for this exploration time has been found

(like in this case).

From the results on wide trees (see Fig. 4.9) it is evident that our lower bound

is very close to the exploration time. As such, it suggest the existence of a linear

function of k, Dr and m that actually defines the exploration time, or that, at least,

upper-bounds it more tightly. The results on all trees corroborate Remark 4.3, since

our upper bound is indeed prevalent on trees with many edges and small root diameter

(wide trees), particularly when using a small number of robots. For long trees, the

upper bound is basically defined by 2m.

The results on all trees also show that our MR-DFS algorithm is effective in

reducing the exploration time when increasing the number of robots and that this

exploration time is, at all times, better than the single robot DFS approach (which

is a desired characteristic of any multi-robot strategy). Finally, we can observe from

the simulations that when increasing the number of robots, the exploration time of

the algorithm is brought down closer to the lower bound, that is, the exploration time

is reduced closer to the optimal time of exploration.

Fig. 4.11 shows the behavior of the algorithm on a tree with a fixed configuration

when using up to fifteen robots. The fixed configuration corresponds to a N-ary tree

(N=7) and a root diameter of 5. The plot clearly shows how the exploration time is

consistently reduced when more robots are included in the system, which is a topic

that will be studied in more detail in chapter 6.

A second set of simulations was performed to corroborate the statement of Theo-

rem 4.4: with two robots the upper bound of the exploration time is (m+Dr). Fig.
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Figure 4.10: Comparison between upper bound (straight lines) and exploration time
(dashed lines) on N-ary trees of increasing root diameter and different number of
robots. Subfigures from top to bottom respectively show the curves for N=2, N=3
and N=5.
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4.12 shows the results for long and wide trees.
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Figure 4.12: Comparison between the exploration time and the upper bound defined
in Theorem 4.4 on long (left) and wide (right) trees of increasing number of edges
using two robots.
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The results show that the upper bound holds at all times and that, as expected,

it is tight with respect to the actual exploration time. Fig. 4.12 also allows us to

observe, in detail, the performance of the algorithm using two robots and how it

contrasts with the result of single robot DFS: in wide trees the average reduction

in the exploration time is approximately 50%, whereas in long trees the reduction

averages 30%.
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Chapter 5

Flooding algorithm

The second algorithm we have developed considers a coordination model that allows

a vertex to be occupied by only one robot and an edge to be traversed by only one

robot on each step of the exploration process. This coordination model determines

that, when the robots enter the environment, they do it one at a time, resembling the

way water flows through empty pipes filling them up. This resemblance derives in its

name: flooding algorithm. The coordination model of the algorithm is achieved in a

decentralized manner by the robots using a set of active landmarks that are dropped

by them at explored locations.

In this section we present the details of the algorithm, perform a mathemati-

cal analysis concerning its performance on trees, prove that the algorithm is never

worse than single-robot depth-first search, and perform simulations to corroborate

the results of the mathematical analysis.
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5.1 General Considerations

The motivation behind the flooding algorithm is that, due to its coordination model,

it represents the completely opposite to the MR-DFS algorithm presented in chapter

4, in terms of parallelism for multi-robot systems. The flooding algorithm deals

with a practical problem when multiple robots explore narrow passages where only

one robot can pass through at each time. As such, it is expected that the flooding

algorithm performs slower than the MR-DFS, and yet, faster than single-robot DFS.

Additionally, it is expected that the flooding algorithm outperforms the MR-DFS

algorithm in other aspects of the exploration process. Details of this will be shown

in Chapter 6.

Furthermore, having less parallelism, although make it slower, allows the flooding

algorithm to deal better with the foreseeable problem of deadlocks: lack of suffi-

cient space may cause that the robots exploring an environment obstruct each other,

preventing them to reach their destinations. In order to avoid such deadlocks, the

movement of one robot cannot be performed without considering the movement of

the other robots if they share a common working space. Consequently, multi-robot

systems require the coordination among its elements in order to be able to explore

an environment efficiently (Sheng et al., 2006). This coordination is only achievable

if communication among them is considered (Hsieh et al., 2008).

Thus, the flooding algorithm relies in a communication model where robots and

active landmarks are capable to exchange messages only with one-hop neighbors.

That is, if a robot is present at a vertex where an active landmark has been deployed,

the robot will be able to communicate with the landmark. As for the active landmarks,

they will be able to communicate with other active landmarks deployed on parent
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and children vertices of its current position. Indeed, this assumption reflects the

operational conditions of the majority of multi-robot applications where bandwidth

and range limitations are all so evident (Lucarelli & Wang, 2004; Ren & Sorensen,

2008; Zhang et al., 2011; Gasparri et al., 2011).

5.2 Flooding Algorithm

Our flooding algorithm consists of two different strategies that are executed indepen-

dently by the robots. Initially, the first robot deploys a token at r. Each time a

robot reaches a vertex where a token has been deployed previously, it will read the

information stored in the token (number of edges in the vertex, ID of robots that have

visited the vertex, the edge each robot has taken, available edges to take in the next

step). A robot arriving at a leaf will drop a token, marking the place. The token will

then transmit to its parent that no branches are available at this end. This will keep

robots from entering the edge again and will inform that the robot currently located

at the leaf is returning back to its parent in the next step.

At each step, every robot located at a vertex executes the target edge selection

strategy shown in Algorithm 5.1 in order to obtain an edge er that will be its goal

for moving in the next step. In one hand, if the selected target is an unused edge,

the robot will move through that edge in the next step. On the other hand, if the

selected target is an open edge, which implies that there exists a token in the other

end of the edge (vertex vr) of the selected edge, or if the robot expect to remain

in the current vertex, the robot will send a request to the token in vr. This token

will collect the requests of all robots that expect to traverse edges converging at vr.

Then the token will send this information to each requesting robot. Upon reception
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of the information, each requesting robot executes the edge allocation strategy shown

in Algorithm 5.2. This strategy deals with any conflict created by robots trying to

move to the same vertex in the same step or robots that want to remain static in the

next step. As a result, only one robot will be allowed to reach the expected vertex vr.

All other request will be denied and their corresponding robots will need to acquire a

new target edge by executing the target edge selection strategy once again. This will

be done until all requested moves are accepted. Snapshots of the the running process

of the robots executing the flooding algorithm can be seen in Fig. 5.1.
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Figure 5.1: Four robots exploring an environment using the flooding algorithm. Snap-
shots of the position of the robots after (a) two steps, (b) four steps, (c) five steps,
(d) seven steps, (e) eight steps, and (f) ten steps. Crossed lines mark that an edge
has been finished. Exploration is complete after twelve steps.

In a nutshell, the algorithm gives high priority to proposed moves along unexplored

edges. If a vertex has some open edges, the algorithm will send a robot to each open
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Algorithm 5.1: Target edge selection strategy

input : denial of any previous request
output: target edge for next step

1 let R be a robot arriving at a vertex v through edge e;
2 let ej be the ID of each edge at v;
3 let j be the total number of edges at v;

4 if there is no token present at v then
5 R drops one token at v;
6 end
7 if there are unused edges at v then
8 R selects one of the unused edges;
9 else if there are open edges at v then

10 if previous request has been denied then
11 R will choose a different open edge;
12 if there is at least one open edge at v different from the one selected

previously then
13 R selects a different edge;
14 else
15 R selects to remain in the current vertex;
16 end

17 else
18 R selects any of the available open edges;
19 end

20 else if there are no unused or open edges at v then
21 R will choose to return to the parent vertex of v;
22 if previous request has been denied then
23 R selects to remain in the current vertex;
24 else
25 R selects to return to the parent vertex of v using its back-pointer ;
26 end

27 end
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Algorithm 5.2: Edge allocation strategy

input : robots request er
output: request decision (accepted/denied)

1 if more than one robot requests to reach the same vertex vr in the next step
then

2 if R is returning to a parent vertex then
3 if more than one robot is returning then
4 if R has the smallest ID then
5 request of R is accepted;
6 all other requests are denied;

7 else
8 request of R is denied;
9 end

10 else
11 request of R is accepted;
12 all other requests are denied;

13 end

14 else
15 request of R is denied;
16 end

17 else
18 request of R is accepted;
19 end
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edge in increasing label order (recall that every edge in a vertex is uniquely labeled

with an integer number). For instance, let assume that vertex v has open edges

labeled 4, 5, 6 and 7. The next robot arriving at v will be sent by the algorithm to

edge 4 the next step. Any robot that arrives at v later will be sent to edge 5, and

so forth, until one robot has been sent to each open edge distributing the robots as

evenly as possible.

The next level of priority is for movements along open edges of robots returning

to parent vertices. If two or more robots request to move along edges that lead to the

same vertex v, the edge allocation strategy will select what robot is allowed to do so.

If the request of a robot is denied, that particular robot will execute Algorithm 5.1

once again to obtain a new target edge. If no new target edge is possible, the robot

will request to remain in its current position during the next step.

The algorithm exhibits three properties:

1. No edge is used more than twice by the same robot.

2. As part of the coordination process, some robots may be asked to remain static

at their current positions for a single time step.

3. No robot returns to r before every edge has been traversed and every vertex

has been visited at least once.

5.3 Theoretical Analysis

In this section, a theoretical analysis of the flooding algorithm is proposed. The

goal is to provide a characterization of the flooding exploration time on trees. We

consider a tree environment rather than a graph because the former represents a more
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constrained environment where there is only one path between any pair of vertices

and where deadlocks are more prone to occur.

5.3.1 Preliminaries

Let us consider that k robots are initially located at the root vertex r of an unknown,

finite, undirected tree T = {V,E}, formed by n vertices and m edges; and where

each robot is uniquely identified with an integer number from 1 to k. The tree is

initially unknown and existence of edges becomes known only when a robot sees one

end of the edge. The other end becomes known only when the robot traverses the

edge and arrives at the other vertex. The distance between vertices (the length of

each edge) is determined by the communication range of the active landmarks. The

tree is considered to be completely explored if and only if every edge is followed by at

least one robot and all the robots return to the root. Define km as the total number

of robots that actually enter the tree and help in the exploration process. Note the

subtle difference between k and km: the former is the total number of available robots

at r, whereas the latter is the number of robots that actually move inside the tree.

Robots explore the tree by moving along the edges that link a pair of vertices. Robots

enter the environment one at a time and only when they are allowed to do so, as it

was explained in Section 5.2.

The complete exploration time can be generally bounded as follows: if we consider

only one robot, the optimal complete exploration time of a tree is achieved DFS

(Cormen et al., 2001) and is equal to 2m. It is expected that with multiple robots

this time will be reduced. Ideally, the exploration time can be improved in an inverse

proportion to the number of robots used in the exploration (e.g., using twice the

number of robots would halved the exploration time). Consequently, the complete
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exploration time can be generally bounded as

2m

km
≤ tc ≤ 2m. (5.1)

5.3.2 Analysis on Trees

In this section, an analytical investigation of the properties of the algorithm is pro-

vided. Consider a tree T with m edges, rooted at vertex r and define degr as the

degree of r.

Lemma 5.1 A robot exploring a tree, using the flooding algorithm, uses an edge at

most once in each direction.

Proof: According to the algorithm 5.1, every time a robot returns to a vertex

through the same edge the robot used to leave it, the robot will mark the branch

that starts in that edge as finished and will block any robot to enter that edge again.

As such, let us consider that a robot robi is located initially at vertex v, choosing to

enter edge vu in the next time-step. Each time robi returns to v by a different edge

than uv, it will immediately return back using the edge by which robi just enter v.

Therefore, when robi returns by uv, it will mark that edge as finished and will not

follow this edge a second time. Thus, edge vu is used by robot robi only once in each

direction.

Lemma 5.2 Any tree can be considered as being formed by degr individual subtrees,

all of them rooted at r, where the degree of each root is one.

Proof: By definition, the algorithm feed one robot into each available unused/open

edge at every step. At the start of the exploration, there are degr unused edges in r,
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along with k robots. The first degr robots enter one of the degr unused edges in the

first step since there is nothing that prevent them to do so. The feeding process starts

at the same time on all the subtrees of r. Whenever a subtree is finished, the robots in

that subtree will start returning to r, but this will not affect the movement of robots

in the other subtrees of r. Thus, the exploration of a subtree of r is independent of

the exploration of any other subtree, and as such every subtree can be thought of as

an individual tree where its root has degree one.

Let us define a path S = [a0, a1, a2, . . . , al−1, al, al+1] as the path from the root

to the vertex that will be explored last, where a0 = r and the last element is a leaf.

Define Ts as the subtree of r where S is specified.

Lemma 5.3 The complete exploration time of tree T equals the time needed to com-

pletely explore the subtree Ts.

Proof: The proof of this lemma follows directly from the claim of lemma 5.2:

since each subtree of r is independent of each other, and because the subtree Ts is

the subtree that will be completely explored last, any other subtree will be completed

before Ts. Consequently, Ts will determine the time in which tree T is completely

explored.

Due to Lemma 5.3, from now on the analysis of tree T will be referred as the

analysis of Ts.

Lemma 5.4 The number of robots entering a tree is bounded by the root diameter

Dr and te. That is,

Dr ≤ km ≤ te.
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Proof: Since at each step one robot enters a tree, if conditions are adequate

(e.g., no returning robots blocking the movement of other robots), the algorithm

will keep feeding robots until time te is reached. Since te is the time when the last

unexplored edge is traversed, after te all robots in T will start returning to r. Thus,

km ≤ te. Now, consider a path of length Dr. At time te, there will be one robot at

each vertex of the path. There are Dr edges and (Dr+1) vertices. But we should not

count the root, since any robot in r is not considered as being inside the tree. Then,

one robot is stationed only in the last Dr vertices. The existence of branches in the

path may require additional robots to be explored. Thus, Dr ≤ km.

Lemma 5.5 The total time to complete the exploration tc equals the total time to

finish the exploration te plus the number of robots km inside the tree at time te. That

is,

tc = te + km.

Proof: One of the properties of the algorithm is that all robots that enter

the tree will remain in it until the exploration is finished either by moving along

open/unexplored edges, or by remaining static in a vertex. Assume that km = 1 at

time te. This means that the tree is only a link of two vertices. It will take exactly

one step to take that robot back to r. Next, assume the tree is a star with m edges.

If we mark one of its leaves as the root r, there will be (m−1) leaves and one internal

vertex (recall that an internal vertex is one which is not a leaf). Assume that at te

there is a robot in each leaf and in the internal vertex. That is, km = m. Since on

each step an edge can be traversed only by one robot, only one robot will reach r

in each step, and only one robot will be able to move from one of the leaves to the

internal vertex. The other robots will have to wait their turn. The last robot to move
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from a leaf to the internal vertex will have to wait that all other robots have done

that. That is, it will have to wait (m − 2) steps. Since it takes two steps for this

robot to reach the root, the last robot to exit the tree will do it in m steps after te.

As such, tc = (te +m) = (te + km).

Theorem 5.1 Our flooding algorithm completely explores a tree with m edges and

root diameter Dr in time at most (Dr +m). That is,

tc ≤ Dr +m. (5.2)

Proof: In the first part of the proof we consider how the algorithm perform in

small trees. Define “minimum tree” as a 3-edge tree with Dr = 2 and m = 3 that

will always be explored by two robots in time te = 3 (Fig. 5.2). From lemma 5.5,

the time for complete exploration will be: tc = (te + km) = 5. Note that tc can

also be defined, for this configuration, as: tc = (Dr + m) = 5. Define “extended

minimum tree” as a tree with Dr = 2 and me = (j + 1) edges, where j is the to-

tal number of leaves. The extended minimum tree is also explored by at most two

robots (see Fig. 5.3). In general, the exploration time of any extended minimum tree

with two robots can be defined as: te = me and tc = (te+km) = (me+2) = (me+Dr).

Now, consider a tree with root diameter Dr ≥ 3. According to the definition of

an internal vertex, the tree with the minimum number of edges and root diameter

Dr ≥ 3 has the configuration shown in Fig. 5.4a. This tree configuration can be

decomposed into (Dr − 1) minimum trees (see Fig. 5.4b). Since each minimum tree

is explored in t′e = m′

e with two robots, then the total exploration time will equal

te = (Dr − 1)m′

e. However, this result is inaccurate: there are some redundant edges,
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as shown in Fig. 5.4b. For each (Dr − 1) minimum trees in T there are (Dr − 2)

redundant terms. Thus, the total exploration time can be defined as

te = (Dr − 1)m′

e − (Dr − 2). (5.3)

The total number of edges in T can be obtained from the following analysis:

each minimum tree has m′

e edges, and there are (Dr−1) minimum trees and (Dr−2)

r
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Figure 5.2: Two robots exploring the “minimum tree”
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Figure 5.3: Two robots exploring an “extended minimum tree”
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redundant edges that belong to more than one minimum tree. Thus, the total number

of edges in T can be expressed as

m = (Dr − 1)m′

e − (Dr − 2). (5.4)

Comparison of (5.3) and (5.4) leads to: te = m.

The number of robots inside the tree in Fig. 5.4a at time te can be obtained

following a similar analysis: each minimum trees is explored by two robots. There

are some robots that are considered in more than one minimum tree (see Fig. 5.4b).

That is, for each pair of minimum trees, there is one redundant robot. Thus, the

total number of robots at time te can be defined as

km = 2(Dr − 1)− (Dr − 2) = Dr.

Using Lemma 5.5, we can express tc as

tc = te + km = m+Dr.

Thus, Theorem 5.1 holds for any small tree with root diameter Dr and with the

minimum number of edges in it.

In the second part of the proof, we study the behavior of the algorithm in any

larger tree. To this end, we use a full N -ary tree. A full N -ary tree is one in which all

leaves have the same depth (root diameter) and all internal vertices have degree N ,

where by definition N ≥ 2 and Dr ≫ N . Consider there exists a N -ary tree rooted

at a1 with root diameter h. The path S is defined in the N th subtree as shown in

Fig. 5.5.
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The total number of leaves in a N -ary tree equals Nh, and the number of internal

vertices can be calculated as

1 +N +N2 + · · ·+Nh−1 =
Nh − 1

N − 1
.

Since it is assumed that the N -ary tree is rooted at a1, the total number of vertices

n in T equals

n =

(

Nh − 1

N − 1

)

+Nh + 1,

where the one accounts for vertex a0. The total number of edges in T is

m = n− 1 =

(

Nh − 1

N − 1

)

+Nh =
Nh+1 − 1

N − 1
. (5.5)

Since h = (Dr − 1), then (5.5) can be rewritten as

m =
NDr − 1

N − 1
= NDr−1 +NDr−2 + · · ·+N + 1.

If our flooding algorithm is used in the N -ary tree, the first subtree of a1 will be

finished first, then the second subtree and so forth. Once finished, a subtree is blocked

for other robots to enter. By time te, it is likely that some robots have returned to

a1 and entered any other open subtree. This will block robots at r to enter the tree

on every step, resulting in the total number of robots in the tree at time te being less

than the maximum number of robots (recall Lemma 5.4). That is, km < te. As a
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result

tc = te + km < 2te. (5.6)

Now we can look for te: if the N -ary tree has in total Nh leaves, there are Nh−1

“extended minimum trees” in T . Assume that all extended minimum trees can be

labeled with numbers from 1 to Nh−1, where the latter corresponds to the one rooted

at al−1 that leads to the last vertex in the path S. Assume that all the Nh−1 ex-

tended minimum trees are explored by only one robot. This will guarantee that tc

is maximized. Moreover, any extended minimum tree will be entered by one robot

after the robot has traversed at least (h− 2) steps (i.e., the time it takes to go from

a1 to the root of the last extended minimum tree of the subtree). Finally, the first

robot to enter the N (h−1)th extended minimum tree will do so after a robot has been

sent to any other extended minimum tree. That is, the first robot will enter N (h−1)th

extended minimum tree after (N (h−1)−1) steps have passed. All these times are with

reference to the N -ary tree which is rooted at a1. To refer them to a0 we need to add

one additional step. As a result, the edge connecting al to al+1 will be traversed at

time

te = Nh−1 + 2N + h− 2. (5.7)

Using (5.7) into (5.6), and expressing tc in terms of Dr yields

tc < 2NDr−2 + 4N + 2Dr − 6. (5.8)
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On the other hand, the sum (Dr +m) results in

Dr +m = Dr +

(

NDr − 1

N − 1

)

= NDr−1 +NDr−2 + · · ·+N + 1 +Dr. (5.9)

Comparison of (5.8) and (5.9) reveals that tc < Dr +m. Thus, Theorem 5.1 holds

for any large tree. Finally, combining both parts of the proof yields that for any tree

tc ≤ Dr +m.

Corollary 5.1 Our flooding algorithm completely explores a tree in time never worse

than single-robot DFS.

Proof: The proof follows the result of theorem 5.1, since the diameter of the

root is at most equal to the total number the edges in the tree. That is, Dr ≤ m.

In fact, the only configuration in which both terms are equal is when the tree is a

straight path without branches. As such,

Dr +m ≤ 2m,

and as a result

tc ≤ 2m.

Theorem 5.2 Our flooding algorithm completely explores a tree with m edges and

root diameter Dr using km robots in time at least
(

2m
km+1

)

+Dr. That is,

tc ≥

(

2m

km + 1

)

+Dr. (5.10)
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Proof: Define the optimal finished exploration time (temin
) as the fastest time

any tree can be explored using the flooding algorithm. Since te is minimized, then tc is

minimized as well. Using Lemma 5.5, we can define the optimal complete exploration

time as

tcmin
= temin

+ km. (5.11)

Define Λi as the total number of edges traversed by robot i from the time it enters

the tree (t0i) until the time it return back at the root (tcmin
). Note that Λi can be

expressed as Λi = (Λ′

i+Λ∗

i ), where Λ
′

i is the total number of edges traversed by robot

i from t0i until temin
, and Λ∗

i is the total number of edges it traverses from temin
until

tcmin
. Then, we can define the total number of edges traversed by all robots as

Λtotal = Λ′

total + Λ∗

total =
km
∑

i=1

Λ′

i +
km
∑

i=1

Λ∗

i . (5.12)

If all robots km were to move at every step until temin
is reached, the first robot

will traverse in total temin
, the second will traverse one less edge and so forth. That

is,

temin
+ (temin

− 1) + (temin
− 2) · · ·+ 1 =

km
∑

i=1

Λ′

i

=
(km + 1)temin

2
. (5.13)

Equation (5.13) considers that the maximum number of robots enter the tree and

as such provides the maximum number of edges traversed by kmmax
robots. It is

expected, though, that the total number of robots that perform the exploration in

the optimal time is either less than kmmax
or that they do not move in every step.
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Thus,

Λ′

total ≤
(km + 1)temin

2
,

and, from (5.12), we obtain that

Λtotal ≤

(

(km + 1)temin

2

)

+ Λ∗

total.

In their return back to the root, the robots will at most traverse the same edges

they traverse until temin
. Thus,

Λ′

total ≥ Λ∗

total

(km + 1)temin
≥ Λ∗

total +

(

(km + 1)temin

2

)

(km + 1)temin
≥ Λtotal.

Note that the optimal case for multi-robot exploration will park all but one robot at

the root vertex and then use DFS to explore the tree. This will produce an overall

traversed distance of 2m. As such we can bound the total number of edges traversed

by all robots as follows:

2m ≤ Λtotal. (5.14)

Using this result, and solving for temin
we obtain that

temin
≥

2m

km + 1
,

and from (5.11)

tcmin
≥

(

2m

km + 1

)

+ km.
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Finally, using Lemma 5.4, we obtain

km ≥ Dr
(

2m

km + 1

)

+ km ≥

(

2m

km + 1

)

+Dr

tcmin
≥

(

2m

(km + 1)

)

+Dr,

and this proves the theorem because tc ≥ tcmin
.

5.4 Simulation Results

5.4.1 Objectives and Methodology

We implemented our flooding algorithm and performed all the simulation in Matlab.

The objectives of conducting the simulations presented in this section are twofold, 1)

to test the bounds that were obtained analytically in order to see if they hold, and 2)

to observe how tight they are in comparison with the actual exploration time of the

flooding algorithm.

We run simulations applying the algorithm to randomly generated trees of in-

creasing size using the same number of robots. The size of the tree was changed by

increasing the number of vertices m.

As it was mentioned in Section 4.4.1, different tree configurations are possible for

the same value of m (see Fig. 4.6); a fact that directly affects how the tree is explored

and the exploration time. As such, we run 100 simulations for every value of m, and

then the mean and the standard deviation were calculated. The results shown on

Section 5.4.2 correspond mainly to mean values.

89



5.4. SIMULATION RESULTS

Furthermore, we considered the categorization of the randomly generated trees,

described in Section 4.4.1, where trees are grouped as long, wide and symmetric trees

(see Fig. 4.7).

The categorization of the random trees is aimed to prevent that the results of the

simulations vary so much that makes them useless for any analysis. That is, since

the exploration time and the number of traverse edges vary greatly depending on

the configuration of the tree (wide or long) and since we are running the simulations

several times for each value of m, calculating the average and the standard deviation

of a whole set of simulations would produce very different values and it would not

be clear if such a variation is the result of the random tree generation algorithm

producing widely different trees or due to the actual performance of the exploration

algorithms. Thus, the categorization helps the analysis of the results, since similar

trees will produce similar results, being the difference how the trees were explored.

A special case is the N-ary trees: since the number of edges increases exponentially

with either the root diameter or the number of children, we increase the size of the

N-ary trees by changing its root diameter only. We set the number of children per

vertex fixed to three, except for the root (recall that in our analysis we consider that

the root always has degree one).

The number of robots used in each run of the simulation was determined by the

flooding algorithm. That is, both algorithms treat the robots in different ways: in

one hand, our flooding algorithm allows robots to enter the environment only one

at a time given that the conditions are favorable to do so; on the other hand, MR-

DFS allows all the robots to enter the environment all at once. Thus, the flooding

algorithm will explore a particular tree with the same number of robots (as stated in

Section 5.3.1, we assume that there are sufficient robots at r); whereas MR-DFS can
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explore a tree with a fixed number of robots from two to infinite. In order to make

both algorithms comparable, we run the simulation for the flooding algorithm first

and then we pass the number of robots used by it into the simulation for MR-DFS.

5.4.2 Results

The results for the complete exploration time using both algorithms are shown in

Figs. 5.6a and 5.6b. The size of the trees is increased from m = 4 to m = 100. The

results for N-ary trees are shown in Fig. 5.7. All plots show the upper and lower

bounds defined on (5.2) and (5.10), the complete exploration time tc for our flooding

algorithm (mean of a 100 runs and standard deviation), for MR-DFS (mean of 100

runs only), the mean value of the exploration time of single-robot DFS (which is also

the general upper bound) and the mean value of the general upper bound defined in

(5.1).

From the figures we can observe that not only both bounds are respected, corrobo-

rating the mathematical analysis on trees presented in Section 5.3.2, but also that the

bounds are tightly closed to the actual exploration time. The tightness of the bounds

is important since it allows for a better prediction of the exploration time for a given

environment. It can also be seen that the calculated upper and lower bounds defined

in (5.2) and (5.10), improve the general upper bound 2m given by single-robot DFS

and the general lower bound given by (2m/km). This is an important result for the

analysis since, in the case of the upper bound, any expression bigger than the general

upper bound, although valid, is useless for the analysis of the resources needed for

exploring an environment. Comparison of both algorithms shows that MR-DFS is

in general faster in performing the exploration in all tree configurations. This is an

expected result since MR-DFS has greater parallelism due to the fact that it allows
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all the robots available to start the exploration at the same time. Finally, the figures

show that the exploration time for trees with the same number of vertices is longer

when the root diameter of the tree is larger. This result shows that the exploration

time of our flooding algorithm is heavily influenced by the root diameter of the tree.

Fig. 5.8 shows the number of robots required in average to perform the explo-

ration. We observe that long trees require a lot more robots than wide trees. As

expected, the number of robots needed for N-ary trees fells just in between the other

two configurations, as can be seen when comparing the data presented in Fig. 5.7

with the plots of Fig. 5.8. A surprising result is the small amount of robots used

by the algorithm to perform the exploration of wide trees even when the number of

edges is high. In fact, from the plot it seems the curve reaches a maximum around

seven robots (around the 60 edges mark) and continues in a flat trend from then on.

This is a sharp contrast when compared with the curve for long trees which shows a

constant increasing tendency. These results show the heavy influence that the root

diameter of the tree has over the amount of robots needed to explore it.
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Figure 5.6: Time results on long and wide trees for both algorithms and single-robot
DFS
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Chapter 6

Analysis of Multi-robot systems

In this chapter we study two important aspects related to multi-robot systems and

their application on an exploration process. The first one is the measuring of the

efficiency of the exploration algorithms for multi-robot systems when parameters other

than time are considered. In our case, we use the total traversed distance of the robots

as an additional parameter to represent the exploration cost. The second aspect is

the influence of the number of robots on the exploration time and the specification of

a limit on this number of robots so that the system produces the maximum reduction

on the exploration time.

6.1 Study on the Traversed Distance on Multi-

robot Systems

In this section we study the total traversed distance of all the robots performing the

exploration of an unknown environment as the major indicator of the exploration

overhead (cost). We define three metrics of performance for multi-robot algorithms

95



6.1. STUDY ON THE TRAVERSED DISTANCE ON MULTI-ROBOT SYSTEMS

and then proceed to apply those metrics to the algorithms we proposed in Chapters 4

and 5. Through simulations we compare their performance along with that of classic

single-robot Depth First Search.

6.1.1 General Considerations

As it has been stated throughout this dissertation, multi-robot systems are expected

to perform faster not only in exploration but also other areas in robotics such as

localization and mapping. Particularly in exploration, time has always been regarded

as a critical parameter that needs to be minimized. One application that comes

rapidly to mind in which fast exploration is required is search and rescue.

However, time is only one of the constraints that govern a multi-robot system.

Take for example space, the most limiting constraint when exploring structured en-

vironments: lack of sufficient space may cause the robots to obstruct each other, pre-

venting them to reach their destinations (deadlock). Another important constraint is

distance. The overall traverse distance is linked to a variety of other limiting factors

such as energy consumption: mobile robots are usually powered by batteries with

limited capacity that restricts how much they can move. An exception to this ar-

gument could be unmanned aerial vehicles (UAVs) where the energy consumption is

linked more to the time of flight than to distance.

Time and distance are usually conflicting optimization objectives: the time it takes

one robot to explore a given environment can be reduced by allowing a second robot

to help in the exploration; however, this increases the combined traverse distance of

both robots. Generally speaking, adding more robots may reduce the exploration

time but will definitely increase the overall traverse distance.

Consequently, an optimal exploration strategy should i) explore the environment
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in the least amount of time, ii) make the robots traverse the overall shortest distance,

and iii) coordinate the movement of the robots in order to minimize the occurrence

of deadlocks.

Note that the overall traverse distance depends on the total number of robots that

perform the exploration. For instance, with the coordination model of our flooding

algorithm, robots that enter the environment will do it only one at a time. This

raises the question of what is the maximum number of robots required to perform the

exploration with this particular algorithm. The study of this maximum number of

robots could provide us with the maximum overall traverse distance for the algorithm.

As such, in this work, we assume that an unlimited number of robots k are stationed

at the root vertex, although only a limited number of robots km actually explore the

environment.

6.1.2 Criteria of Performance

For any multi-robot exploration algorithm we can define three criteria of performance:

the total distance overhead µtotal, the time efficiency Et, and the distance efficiency

Ed.

Total Distance Overhead or Multiplicity (µtotal)

It is the amount of additional edges that the robots traverse in order to achieve the

same result than that of the optimal approach. Distance-wise, the optimal solution

for multi-robot exploration will park all but one robot at the root vertex and then

use DFS to explore the tree. This will produce an overall traverse distance of 2m.

Additional robots will always increase this value. On the other hand, the worst that

multiple robots can perform is when all the robots traverse all the edges of the tree.
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As such, Λtotal can be generally bounded as

2m ≤ Λtotal ≤ km2m. (6.1)

Since the optimal solution is 2m, it is easy to see that Λtotal depends on the total

number of robots that enters the tree and how much each individual robot moves in

it. Recall that in order to complete the exploration, every edge must be traversed at

least twice (once in each direction). As such, multiple robots will traverse collectively

this amount of edges plus some edges in excess that will not contribute to the overall

exploration process. From Definition 3.19 we have that

Λtotal =
km
∑

i=1

Λi = 2m+ µtotal. (6.2)

The second term (µtotal) is the only one that we can expect to reduce in order to

make an algorithm more distance efficient. Thus a good metric of performance is to

determine how much the distance overhead of the parallel algorithm is.

Time Efficiency (Et)

It assesses how much faster the parallel algorithm arrives at the same solution than

the optimal algorithm. That is,

Et =
topt
tpal

,

where, topt is the time the optimal algorithm uses to explore an environment and tpal

is the time the parallel algorithm uses to do it. Using the general lower bound of

(5.1), which gives us the time of the optimum algorithm, the time efficiency can be
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defined as

Et =
2m/km

tc
. (6.3)

Distance Efficiency (Ed)

It measures how well the entire system is utilized so that the exploration is performed

in a way that less edges are traversed when compared with the optimal approach.

That is,

Ed =
Eopt

Epar

,

where, Eopt is the total traversed distance of all the robots using the optimum al-

gorithm, and Epar is the total traversed distance of all the robots using the parallel

algorithm. This criterion is related to the total distance overhead defined previously,

but allows us to see the proportion in which the overhead relates to the actual to-

tal traverse distance. That is, algorithm A can have a small overhead in large trees

when compare to algorithm B, but the difference can be more noticeable when both

algorithms are compared to the optimal case. Thus, the distance efficiency can be

defined as

Ed =
2m

Λtotal

. (6.4)

6.1.3 Simulation Results

Objectives and Methodology

We implemented our flooding algorithm and performed all the simulation in Matlab.

The objectives of conducting the simulations presented in this section are to study the

performance of the flooding algorithm with respect to those of the multi-robot depth

first search (MR-DFS) algorithm presented in Chapter 4 and classical single-robot
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DFS. We choose MR-DFS for our comparison because it embodies the main property

of other multi-robot algorithms in the literature: maximum parallelism in order to

minimize the exploration time.

We run simulations applying both algorithms to the same randomly generated

trees of increasing size using the same number of robots. The size of the tree was

changed by increasing the number of vertices m.

We study the performance of our algorithm using two aspects: traverse distance

and time. To this effect, we consider the criteria defined in Section 6.1.2: total

distance overhead, time efficiency and distance efficiency.

Results

Fig. 6.1 shows the total distance overhead for the three types of trees. From the

figure, we can see the main difference between our flooding algorithm and MR-DFS:

the number of edges traversed in excess by the system of robots in order to perform the

complete exploration. Higher overhead translates in a higher cost of exploration (bear

in mind that both algorithms are using the same number of robots). An interesting

result is that the curves for both algorithms have the same trend, which is due to the

configuration of the trees. This means, that both algorithms behave similarly when

facing the same environments, but MR-DFS is costly to implement than our flooding

algorithm.

The measurement for time efficiency is shown in Fig. 6.2: for all the scenarios MR-

DFS is more time efficient than our flooding algorithm. This comes not as a surprise

since it is clear that MR-DFS has a higher parallelism than its flooding counterpart.

Fig. 6.3 show the measurement for the distance efficiency for both algorithms.

This time our flooding algorithm outperforms MR-DFS, a result that is expected
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Figure 6.1: Total distance overhead
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Figure 6.2: Time efficiency of exploration
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since the main objective of our algorithm is to reduce the overall number of edges

that the robots need to traverse in order to complete the exploration.

It is interesting to note how the efficiency, both in time and distance, decreases

as the trees grow in diameter. Again, this is a direct consequence of having less

parallelism in long trees. As it was stated before, the optimal scenario for parallel

exploration is that the task is divided exactly into the different robots and with null

multiplicity. In long trees, many robots need to traverse the same edges in order to

reach a point where their contribution for the exploration is substantial, increasing the

multiplicity and reducing efficiency. This is less evident in wide or N-ary trees where

the robots start contributing to the exploration faster, yielding a smaller multiplicity.

6.2 Study on the Effects of k on the Exploration

Time

In this section we are interested in studying the effects of increasing the number of

robots k on the exploration time of an environment that is modeled as a tree. To

do it, we consider the MR-DFS algorithm presented in Section 4 since it allows all

the robots in the system to start the exploration at the same time, providing the

maximum parallelism for the exploration process. We develop an analysis that allow

us to specify the maximum number of robots that provides the maximum reduction

on the exploration time for a tree with m edges and root diameter Dr. We perform

simulations to corroborate the results and provide a discussion about the findings.
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Figure 6.3: Distance efficiency of exploration
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6.2.1 General Considerations

The main attribute of multi-robot systems is the parallelism that allows for a task

to be completed faster than when the same task is executed by only one robot.

Intuitively, the more robots are allowed to perform the exploration of an environment,

the faster the exploration would be completed. In fact, for the particular case of the

MR-DFS algorithm and the exploration time of a tree, it was proved in theorem 4.1

that the algorithm never does worse than single-robot DFS. As such, a degree of

improvement on the exploration time is expected from the multi-robot system. Yet,

this result arises several questions: i) how much is the ratio of improvement of the

exploration time when the number of robots is increased? ii) to what value does the

exploration time converges? iii) what is the maximum number of robots that produces

the maximum reduction in the exploration time? The last two questions are related

and are based on the fact that the exploration time cannot be reduced indefinitely,

even if the number of robots is increased infinitely. In fact, it is foreseeable that the

limit of improvement of the exploration time and its convergence value should be

determined by the structure of the tree because in order to be explored, according

to our definition of exploration (see Section 3.2), all the edges on the tree need to be

traversed at least twice by any robot.

In this section, we are interested in studying the effects of increasing k on the

exploration time tc. In order to do it, we need to obtain an expression that relates tc

with k and the structure of the tree. To define the structure of the tree, we consider

only two parameters: the number of edges m of the tree and the diameter of the root

Dr. We acknowledge that these two parameters are not sufficient to uniquely define

the structure of the tree but it provides a good enough approximation in order to

describe how the exploration time is affected by the number of robots. As it was
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shown in Section 4.4.1 different trees can be constructed out of the same value for

m (see Fig. 4.6). All these different trees produce completely different exploration

times. As an example, observe Figs. 6.4a and 6.4b. These figures show the effect of

increasing the number of robots on the exploration time of different long trees with

the same number of edges but different diameters (Fig. 6.4a), and with the same

number of edges and diameters (Fig. 6.4b). In red the average exploration time (tc)

for both cases is shown. As can be seen, by considering only one additional parameter

(the diameter of the root), the exploration time can be delimited more precisely (i.e.,

the standard deviation from the mean value of tc is clearly reduced). Adding more

parameters will allow us to obtain a more precise expression for the exploration time

but it will also increase the complexity of the analysis.

In Fig. 6.5 we observe how each pair {m, Dr} produce a different average value of

tc which is distinct for the result of any other pair. As such, and because its standard

deviation is small, the average value of tc characterizes the exploration time for a

given pair {m, Dr}. Since we are looking to find a function that describes how the

exploration time is affected generally by the number of robots, we settle for these two

parameters, and our analysis will compare our obtained function with the average

exploration time tc.

Let us define f(k,m,Dr) as such a function. Without further information other

than m, Dr and k, finding f(k,m,Dr) becomes an impossible task since there is not

direct relation between any of the variables. That is, there does not exists a well-

defined function that relates m with Dr, or m with k, or k with Dr. As such, in order

to solve this problem, we rely on the seminal work of (Graham, 1969) described in

the following section.
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Figure 6.4: Exploration time for different trees with same number of edges (m = 100),
explored by an increasing number of robots, with (a) no restriction on the diameter
of the root and (b) with the restriction (Dr = 32). The mean exploration time is
shown in red.
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Figure 6.5: Mean exploration time for trees with different pair {m, Dr}: same number
of edges (m = 100) but different diameter restriction.

6.2.2 Bounds of Multi-processing Systems and Its Applica-

tion to Multi-robot Exploration

In (Graham, 1969), a multi-processing system formed by n identical processing units

Pi, 1 ≤ i ≤ n, is to process a set of tasks T = {T1, . . . , Tr}. Given a partial order

≺ on T , Ti ≺ Tj denotes that task Tj cannot start until Ti is completed. Also given

is a linear order L : (Tk1 , . . . , Tkm) of T called a task list or priority list. Finally, a

function µ : T → [0,∞) is defined, in which µ(Tj) denotes the units of time required

to process task Tj.

In a system defined in this way, whenever a processor Pi starts executing a task, it

will do so until completion. The execution of the task cannot be interrupted. Once a

processor Pi finishes a task Tj , it searches the list L to identify the first task Tk which

has not being started yet. If all the tasks for which Ti ≺ Tk (i.e., the predecessors of
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Tk) have been finished, then Pi will start executing Tk. Otherwise, it will look for the

next available task T ′

k. If, after searching the list L, Pi found no task to executed,

then Pi becomes idle, and it will remain in this state until some other processor Pj

finishes the task it was executing. At this point, both Pi and Pj start searching the

list L for a task to execute. If two processors attempt to execute the same task, a

negotiation process starts in which the processor with the lowest index will be allowed

to execute the task. The process is repeated until some time ω in which all tasks have

been completed.

To have a better understanding of this process consider the following example that

has been taken from (Graham, 1966). Assume that three processors are required to

execute a list of eight tasks. Formally, we can define the priority list for this example

as L : (T3, T1, T2, T4, T6, T5, T7, T8), that needs to be executed by Pi, where 1 ≤ i ≤ 3.

The partial order and the function µ are given by a directed graph G(≺, µ) shown in

Fig. 6.6a. In the graph, the vertices correspond to the tasks Ti, and the directed edges

indicate the precedence of each task (i.e., the partial order Ti ≺ Tj). Each vertex is

labeled with the name of the tasks and the time required to execute that task (i.e.,

Ti/µ(Ti)). For instance, the vertex labeled as T1/4 indicates that the task T1 requires

4 steps to be executed. The activity of each processor is shown in the Gantt diagram

ς of Fig. 6.6b. When a processor becomes idle, the symbol ϕi is attached to the

corresponding processor.

At the beginning, each processor scans the priority list L. The first task on the

list, T3, cannot be executed because it is preceded by T1, as it can be seen on the

partial order of Fig. 6.6a. The second task T1 can be executed and it is assigned to

P1. At this point, the other two processors keep scanning the list. The third task

in the list, T2, cannot be executed because it is preceded again by T1, but the next
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task T4 can, and it is assigned to P2. The process is repeated until all processors are

assigned a task. The list is completed after nine steps (ω = 9).
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Figure 6.6: Example of a multi-processing system with three processors executing a
list L with 8 tasks. Taken from (Graham, 1966)

This method of defining the works of a multi-processing system allows for the

study of different situations, called by the authors “anomalies”, in which adding

more processors do not necessarily result in a shorter executing time. The authors

present different cases and their analysis yield bounds on the execution times of set

of tasks that can be influenced by such anomalies. One of such cases is of particular
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interest for our work and it is described as follows: assume that we execute a set of

tasks twice, once with the list Lw that produces the longest execution time ωL, and

once with the list Lo that produces the minimum possible (optimal) execution time

ω0. If we were to calculate the ratio between ωL and ω0, the best possible bound on

this ratio would be given by

ωL

ω0

≤ 2−
2

n+ 1
, (6.5)

where n is the number of processors.

For our study, we can relate the description of a multi-robot exploration process

into the form of a multi-processing system working on different tasks, as can be seen

in Table 6.1. This allows us to use the result on (Graham, 1969) shown above for our

analysis as it will be described in the next section.

n : number of identical processing units on the
system

⇐⇒ k : number of identical robots on the system

Pi : processing unit i for 1 ≤ i ≤ n ⇐⇒ ri : robot i for 1 ≤ i ≤ k

T : set of tasks to be processed by Pi that is
defined by T = {T1, . . . , Tr}

⇐⇒ E : set of edges that need to be traversed by ri
and that is defined by E = {e1, . . . , er}

L : list of tasks that needs to be executed in
order of priority

⇐⇒ L : list of edges that need to be traversed in
a given sequence in order to perform the
exploration.

≺ : partial order of tasks ⇐⇒ ≺ : partial order of edges to be traversed.

µ(Tj) : time it takes a processor Pi to execute task
Tj

⇐⇒ µ(ej) : time it takes a robot ri to traverse the edge
ej from vertex u to vertex v

ω : time it takes the multiprocessing system to
execute all the tasks in T

⇐⇒ tc : time it takes the multi-robot system to tra-
verse all edges and return back to the root.

Table 6.1: Relationship between multi-processing system and multi-robot exploration
process

The relationship in Table 6.1 allows us to redefine the multi-robot exploration

process as follows: assume that a tree T = {V,E}, formed by n vertices and m edges
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is to be explored by k identical robots ri, 1 ≤ i ≤ k. Assume that each edge of the tree

is distinctively labeled and that we can construct a set of edges E = {e01, e11, . . . , evw}

that need to be traversed by the robots. Due to the structure of the tree, we can

construct a partial order ≺ on E such that e01 ≺ e11 denotes that the edge e11 cannot

be traversed until the edge e01 is completely traversed. As such, it is possible to

create different priority lists L : (ev1 , . . . , evm) of E that determine the movement of

the robots inside the tree, all resulting in different exploration times. Additionally,

we can define a function µ : E → [0,∞) in which µ(evw) denotes the time it takes a

robot ri to traverse the edge evw (for simplicity, we can assume that µ(evw) = 1 step

for all the edges in E). In this scenario, tc is the time it takes to traverse all edges on

the list (i.e., the complete exploration time).

Let us assume that we explore the tree twice using the same number of robots

but different priority lists Lo and Lw, where Lo is the list that produces the minimum

possible (optimal) exploration time tco , and Lw is the list that produces the longest

exploration time tcw (of all possible lists). Using the result on (6.5), we can write the

ratio between both exploration times as

tcw
tco

≤ 2−
2

k + 1
. (6.6)

As an example, consider the tree of Fig. 6.7. To explore this tree we can define

the set of edges E = {e01, e11, e12, e13, , e21} and the following partial orders:

e01 ≺ e11,

e01 ≺ e12 ≺ e21,

e01 ≺ e13.
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Figure 6.7: Tree with labeled edges

These partial orders are the result of observing that, for example, a robot cannot

traverse e32 without traversing at least e01 and e12 first, and so on. if we consider

two robots to perform the exploration, it is easy to determine the optimal and worst

lists: Lo : (e01, e12, e21, e11, e13), Lw : (e01, e11, e13, e12, e21). Since we are considering

the MR-DFS algorithm, some edges can be traversed at the same time by more than

one robot. This tree can be optimally explored in time tco = 6 steps: upon reaching

the vertex 1, one robot explores the short branches e11 and e13, and the other robot

explores the longer branch formed by e12 and e21. On the contrary, in the worst case,

the tree will be explored in time tcw = 8 steps: upon reaching the vertex 1, one robot

takes e11, and the other e13, then both together explore e12 and e21. If we calculate

the ratio between both exploration times, we can observe that the result validates the

expression in (6.6). That is, tcw
tco

= 4
3
≤ 2− 2

k+1
.
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6.2.3 The Function f(k,m,Dr)

The main objective of this section is to obtain an expression for f(k,m,Dr) that

resembles the behavior of the average exploration time (tc) of trees with m edges and

root diameter Dr. To this end, we first characterize the behavior of the exploration

time of a tree when the number of robots is increased, using the approach presented

in section 6.2.2.

Lemma 6.1 The behavior of the average exploration time (tc) of the MR-DFS algo-

rithm on trees, when the number of robots k performing the exploration is increased,

can be characterized by an exponential function.

Proof: We start the proof by noting that an exponential function is character-

ized by the fact that over equal intervals, the ratio of change (percentage rate of

change) of the function is constant. As such, to prove that the average tc can be

written as an exponential function we need to prove that its ratio of change, with

respect to k, is constant. That is, we need to prove that

∆tc(k)

tc(k)
= b, (6.7)

where ∆tc(k) = tc(k +∆k)− tc(k), and b is constant.

To do it, we can use the result presented in Section 4.3.1 for the lower bound of

tc, and then combine it with the one in (6.6). We use the optimal exploration time

because without further information, other than them andDr, the behavior of tc with

respect to k cannot be known. The behavior of the optimal and worst exploration

times, that create an envelop around the exploration times produced by lists different

from Lo and Lw, allow us to have an insight of the behavior of tc.
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We can rewrite the lower bound defined in Section 4.3.1 for this analysis as

tco = max(2m/k, 2Dr). (6.8)

As observed, this expression is formed by two parts, one which varies and the other

that is constant, where the variable part, tco(k) = 2m/k, corresponds to the optimal

case where maximum parallelism is achieved when exploring a tree with k robots. This

expression differs from a regular hyperbola in the fact that after a point, kmax, the

expression is constant. Note that the lower bound in (6.8) cannot be achieved in all

trees, and in those in which is achievable, it does so at the point where 2m/k = 2Dr

(that is, at kmax). For all the other points in a tree, we can expect a constant

ratio of change that takes the value of tco from 2m all the way to 2Dr. In order

to find this ratio of change, let us consider two points: one at k = 1 and the other

at k = kmax. The optimal exploration times at those points are tco(1) = 2m and

tco(kmax) = 2m/(kmax) = 2m/(1 + ∆k) respectively. If we calculate the discrete

derivative ∆tco(k1)/∆k we get

∆tco(k)

∆k
=

(tco(kmax)− tco(1))

∆k

tco(kmax)− tco(1) =
2m

1 + ∆k
− 2m

= 2m

(

−∆k

1 + ∆k

)

= tco(1)

(

−∆k

1 + ∆k

)

.

Then, the ratio of change (from k = 1 to k = kmax) can be expressed as

∆tco(k)

tco(1)
=

(

−∆k

1 + ∆k

)

. (6.9)
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We can set this ratio of change as the one for the rest of the curve from 2m to 2Dr.

As such, for a ∆k = 1, which is the minimum variation on k allowable, we can set

a constant ratio of change of −1/2. This ratio is valid since, for each value of k, tco

decreases faster than a typical exploration time. That is, the ratio indicates that the

exploration time is reduced in half for every new robot into the tree, which is in fact

an optimal situation as it will be explained in the proof of the following theorem.

The next step is to consider the case for which the exploration time is the worst.

To this end, we use (6.6): the worst exploration time can be written as a function of

the optimal exploration time as

tcw ≤

(

2−
2

k + 1

)

tco . (6.10)

Since tcw is proportional to tco , which can be described by an exponential function,

then tcw can also be written as an exponential function.

Fig. 6.8 shows a typical behavior of this lower bound along with the upper bound

obtained from (6.10), applied to a tree with m = 30 and D = 2. The figure allows

us to observe the exponential decaying nature of the exploration time when more

robots are considered. Any other list L, different from the optimal list Lo, will

produce an exploration time that will lay in between both curves, maintaining an

exponential decay. As such, we can conclude that for any tree configuration, the

average exploration time (tc) will have a decaying exponential behavior when the

number of robots performing the exploration is increased.

With the following theorem we define f(k,m,Dr).

Theorem 6.1 The average exploration time of a tree with m edges and diameter of
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Figure 6.8: Lower (optimal) and upper bounds for exploration time a tree with m =
30, Dr = 2, and increasing number of robots

the root Dr, being explored by k robots resembles the curve produced by the function

f(k,m,Dr) = 2(m−Dr)e
τ(k−1) + 2Dr. (6.11)

Proof: The proof starts with the result of lemma 6.1: since the behavior of the

average exploration time (tc) can be characterized by an exponential function, then

our target function is an exponential function as well, of the form

g(k) = abk−1, (6.12)

where a is initial value of the function, and b is its ratio of change. We shifted

the function one step in order to account for the fact that the exploration time is

undefined at k = 0. As such, the function starts at k = 1 and converges at zero as

k increases indefinitely. Evidently, the exploration time can never converge to zero,
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either, so we correct our function once again so that it does it to a different value c.

The new function f(k) can then be written as

f(k) = abk−1 + c = g(k) + c. (6.13)

The independent term, c, is the value at which the exploration time converges

after enough robots are used to perform the exploration. It can be thought of as the

point in which the exploration time cannot be improved any more and as such it does

not depend on the number of robots. To find it, let us consider the longest path that

runs from the root to a leaf (i.e., the path that defines the diameter), as shown by

Fig. 6.9. In a tree, there could be many such paths. If enough robots are present in

the system, we can expect that at least one robot (let us call it rs) will explore this

path and return back to the root without traversing any other additional edge. All

the other robots will traverse all the other edges. It will take rs exactly 2Dr steps

to reach the leaf and return back to the root and this is the fastest a tree can be

explored. As such, this is the value the exploration time will converge to when the

number of robots is increased.

The initial value a can be found by using the fact that f(1) = 2m. Then,

2m = a+ 2Dr

a = 2(m−Dr).

The last term we need to look for is the decay ratio b. For simplicity and since

this ratio is the same for f(k) and for g(k), we use the latter to obtain it. Assume we

have two points g(k) and g(k +∆k). Using the definition on (6.12) we can calculate
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r
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Figure 6.9: Example of a longest path S. In this tree it is formed by edges {es1, es2,
es3}

the discrete derivative of the function as follows:

g(k +∆k)− g(k)

∆k
=

(abk+∆k−1)− (abk−1)

∆k

g(k +∆k)− g(k) = (abk−1b∆k)− (abk−1)

= abk−1
(

b∆k − 1
)

.

Dividing by g(k)

g(k +∆k)− g(k)

g(k)
=

abk−1
(

b∆k − 1
)

abk−1

= b∆k − 1.

For ∆k = 1 we have

b =
g(k + 1)− g(k)

g(k)
+ 1

=
g(k + 1)

g(k)
.
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Thus, to find b we need to known at least two point in the exploration time curve.

We consider the first interval for k = 1 and k = 2. When k = 1, we already know that

tc(1) = 2m. When k = 2, according with Theorem 4.4, we have that tc ≤ (m +Dr),

which is the best upper bound for algorithms using two robots. As such, we have that

m ≤ tc ≤ (m+Dr). In the worst case we can assume that tc(2) = (m+Dr). These two

points will be also part of the curve of f(k) and we can use them to calculate b. From

(6.13) we have that g(1) = f(1)− 2Dr = 2m− 2Dr and g(2) = f(2)− 2Dr = m−Dr,

and as a result

b =
g(2)

g(1)

=
m−Dr

2m− 2Dr

= 1/2.

Putting all the results together we get that (6.13) becomes a function not only of

k, but also of m and Dr. That is,

f(k,m,Dr) = 2(m−Dr)(1/2)
k−1 + 2Dr. (6.14)

Finally, since we can rewrite any exponential function with the natural base (recall,

f(x) = abx = a(eτ )x = aeτx, where τ = ln(b)), then we can express (6.14) as follows:

f(k,m,Dr) = 2(m−Dr)e
τ(k−1) + 2Dr,

where τ = ln(1/2).
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6.2.4 The Number of Robots and Its Influence on The Ex-

ploration Time

In this section we study how we can define the maximum number of robots (k0) that

produce a significant reduction on the exploration time (i.e., a limit on the number of

robots), where the key is to define what significant reduction stands for. Significant

reduction can be thought of as the minimum reduction in exploration time that we

allow our system to get when we use more robots. It can depend on many factors, for

instance, at a practical level we can define this parameter by analyzing if the gain in

time is proportional to (worthy) the cost of the additional robots. Our study looks

for a methodical and analytical way to obtain an expression for k0.

The following theorem summarizes the result of our analysis.

Theorem 6.2 In a multi-robot system using the MR-DFS algorithm, the maximum

number of robots k0 that produce a significant reduction on the exploration time can

be defined as

k0 =

⌊

2−
1

ln(2)
ln

(

α

m−Dr

)⌋

, (6.15)

for m 6= Dr.

Proof: let us define α as the minimum reduction in exploration time that is

allowed to occur when then number of robots is increased by one. That is,

∆f(k) ≥ α. (6.16)

Let us define k0 as the maximum value of k for which (6.16) holds. If we define k0−1
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as the second maximum value (i.e., k0−1 = k0 − 1), then we have

f(k0−1)− f(k0) ≥ α.

Using the definition for f(k) on (6.11) we obtain

(

2(m−Dr)e
τ(k0−1−1) + 2Dr

)

−
(

2(m−Dr)e
τ(k0−1) + 2Dr

)

≥ α

2(m−Dr)
(

eτ(k0−2) − eτ(k0−1)
)

≥ α

(

eτk0e−2τ − eτk0e−τ
)

≥
α

2(m−Dr)

eτk0
(

e−2τ − e−τ
)

≥
α

2(m−Dr)
.

To evaluate e−2τ and e−τ , recall that τ = ln(1/2). Then, we have that e−2τ −e−τ = 2,

and as such

eτk0 ≥
α

4(m−Dr)

τk0 ≥ ln(α)− ln(4(m−Dr)).

Since τ is a negative number, we can rewrite k0 as

k0 ≤
1

τ
(ln(α)− ln(4)− ln(m−Dr)) .

Using the definition of τ and the fact that ln(1/2) = − ln(2) we have

k0 ≤ −
ln(α)

ln(2)
+

ln(4)

ln(2)
+

ln(m−Dr)

ln(2)

≤ 2−
1

ln(2)
(ln(α)− ln(m−Dr)) ,
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which can be written as

k0 ≤ 2−
1

ln(2)
ln

(

α

m−Dr

)

. (6.17)

Finally, since by definition k0 is not any value but the maximum number of robots

for which (6.17) holds, and this number must be an integer, then we can define k0 as

k0 =

⌊

2−
1

ln(2)
ln

(

α

m−Dr

)⌋

. (6.18)

The result on (6.15) shows the dependence of the value of k0 on our definition of

the parameter α. As mentioned before, this parameter depends on the characteristics

of the system and its purpose. Without entering to define it specifically, we can

assume the very conservative approach of expecting an improvement of at least one

step on the exploration time when one additional robot is included in the process

(that is, α = 1). This assumption yields that (6.15) becomes

k0 =

⌊

2 +
ln(m−Dr)

ln(2)

⌋

, (6.19)

for m 6= Dr. That is, our solution excludes the case when the tree is a path, in which

case it is clear that k0 = 1.

The result on (6.19) suggests very interesting facts about the exploration process,

that will later be corroborated by simulations. For instance, that for trees in which the

number of edges is a lot bigger than the root diameter (like in the case of wide trees),

more robots will produce a bigger impact on the exploration time since k0 will be a

lot greater than 2. This is due to the greater parallelism that can be achieved on wide
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trees. On the other hand, for long trees, where the number of edges is comparable to

the root diameter, not many robots are required to produce the maximum reduction

on the exploration time. Take for example the case for a long path that only diverges

at the very end (a path with two leaves) like the one shown in Fig. 6.10. In this tree

r

one

e
01

e
11

e
i1

e
j1 e

j2

Figure 6.10: A long path with two leaves

we can define m = Dr + 1. Then, by using the result on (6.19) we have that k0 = 2.

If we consider two robots, the exploration time equals 2Dr. Including more robots

do not improved the exploration time, and as such the result produced by (6.19) is

correct.

6.2.5 Simulation Results

Objectives and Methodology

We performed all the simulation in Matlab. The objectives of conducting the sim-

ulations presented in this section are twofold, i) to test the fitness of the function

f(k,m, dr) defined on theorem 6.1 with respect to the actual average exploration time
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tc(k), and ii) to observe the accuracy of the function defined by theorem 6.2 to predict

the the maximum number of robots k0.

We run simulations applying the algorithm to randomly generated trees of in-

creasing size using the same number of robots. The size of the tree was changed by

increasing the number of vertices m. The size of the trees is increased from m = 10

to m = 150.

The methodology of the simulations is as follows: first a random tree is generated,

next the same tree is explored to completion by one robot, then by two robots, and

so forth until the tree is explored to completion by the maximum number of robots.

For these simulations we considered 500 robots as the maximum number of robots.

After this, a new random tree is generated and the process is started again.

As it was mentioned in Section 4.4.1, different tree configurations are possible for

the same value of m (see Fig. 4.6); a fact that directly affects how the tree is explored

and the exploration time. As such, we run 100 simulations for every value of m, and

then the mean and the standard deviation were calculated. The results shown on

Section 6.2.5 correspond mainly to mean values.

Furthermore, we considered the categorization of the randomly generated trees,

described in Section 4.4.1, where trees are grouped as long and wide trees (see Fig.

4.7). For this analysis we do not consider symmetric trees because in this case they

do not provide us with meaningful results different from the ones obtained for the

other two categories.

Results

The results for the comparison of the average exploration time and the calculated

function f(k,m,Dr) for both, wide and long trees, are shown in Fig. 6.11. Both, the
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values for tc(k) and the values for f(k,m,Dr), are the mean of the 100 simulation

runs performed for each value of m. Although the number of robots performing the

exploration on each randomly generated tree was increased from k = 1 to k = 500,

on the plots of Fig. 6.11 only the results up to k = 50 are shown. Also in Fig. 6.11,

the comparison between the value of k0 calculated using (6.15) and the actual value

of k0 obtained from the average exploration time tc(k) is shown. The actual value of

k0 is the mean of the 100 runs (per each value of m). The calculated value of k0 was

obtained by using (6.19), assuming α = 1 and with the mean value of the diameter of

the root, which is the only parameter that changes on each of the 100 runs for each

value of m. In order to verify the accuracy of the model of tc(k) defined by (6.11),

we calculate the root mean squared error (RMSE) of their mean values for each m,

and for both, long and wide trees, and then normalized it in terms of the average

exploration time. As explained before, the simulations consider trees of increasing

size from m = 10 to m = 150 in increments of 10 edges. The results are shown in

Fig. 6.12 and Fig. 6.13.

The figures allow us to observe that our model of tc, although not perfect, follows

closely the trend of the average exploration time, independently if the configuration

of the tree is long or wide. Particularly for wide trees, the convergence value of (6.11)

lies very close to the actual convergence value of tc. The error plots, show us a very

interesting result which is that the error of the model (f(k,m,Dr)) with respect to

the average exploration time increases linearly with the size of the tree. In fact we

can argue that the error of the model can be predicted and eventually eliminated,

since we could use the results of Fig. 6.12 to obtain an expression for the error. Being

beyond the objectives of this work, which is to find the results in an analytical way

and not heuristically, we leave this task for future consideration.
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Figure 6.11: Comparison between tc(k) and f(k,m,Dr), and between k0 and the
calculated k0, for long and wide trees with fixed number of edges m. The trees are
explored by an increasing number of robots from k = 1 to k = 50.
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Figure 6.12: Root mean squared error (RMSE) between tc(k) and f(k,m,Dr) for
long and wide trees
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Figure 6.13: Normalized root mean squared error (NRMSE) between tc(k) and
f(k,m,Dr) for long and wide trees
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The plot of the normalized error shows us the proportion upon which the error

increases, being prominent the case for wide trees. On this type of trees, although

the error does not increases as steeply as the one for long trees, the error is propor-

tionally greater and as a results, its impact on the overall accuracy of the model is

far more noticeable. This fact will not be apparent until we analyze the results of the

simulations for k0.

The plots on Fig. 6.14 show the mean value and standard deviation for both, the

value of k0 obtained using (6.15) and the one obtained from the actual exploration

process, for long and wide trees of different size ranging from m = 10 to m = 150.

From the plots, it can be observed that our model produces values of k0 that are close

to the actual values of k0. In these plots, we observe the impact of the error for our

model of tc into the calculation of the number of robots limit (k0), since the latter

was derived using the former. For instance, on wide trees the error of the models

make that the estimated value lies way on top of the actual value of k0. This is not

in itself a problem since we can consider that our model acts as an upper bound for

the limit number of robots (at least for wide trees).

In order to corroborate this observations, we calculate the root mean squared error

(RMSE) of the mean values for each m, and for both, long and wide trees, and then

normalized it in terms of the average value of k0 obtained from the actual exploration

process. The results are shown in Fig. 6.15 and Fig. 6.16.

The plot for the error on the estimation of k0 for wide trees corroborates our

statement that our model serves as an upper bound on this type of trees. Again, this

is not an undesired results because it still allows us to constraint the number of robots

needed to perform the exploration of an environment of a particular size, although

no as precisely as with a model with less error. We should highlight the case for long
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Figure 6.14: Comparison between the mean values of k0 and the calculated k0 using
(6.19) for long and wide trees
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Figure 6.15: Root mean squared error (RMSE) between k0 and the calculated k0 for
long and wide trees
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Figure 6.16: Normalized root mean squared error (NRMSE) between k0 and the
calculated k0 for long and wide trees

trees, where the error is relatively constant for trees of different size.

From the normalized error plots it is important to point out how the error reduces

with the size of the tree for both cases (long and wide trees). This is an interesting

fact because for trees with large size (either long or wide trees), where determine the

limit number of robots could be expected to be more difficult, our model will produce

values of k0 that are more precise to the actual needs of the environment.
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Chapter 7

Concluding Remarks

7.1 Conclusions

In this thesis, we have proposed two different algorithms for multi-robot exploration

of unknown environments: multi-robot depth first search (MR-DFS) and flooding

algorithm.

In chapter 4 we presented the MR-DFS algorithm, which is guaranteed to succeed

on any graph, and we proved that the algorithm is never worse than classical single-

robot DFS for both general graphs and trees. For the latter, we obtained an expression

for the upper bound of the exploration time that improves a previous result presented

on (Fraigniaud et al., 2006). For two robots on a tree, we proved that the algorithm

is optimal. For k robots we showed that the algorithm has optimal dependence on

the size of the tree, but not on its root diameter. In this specific graph-exploration

scenario, the robots are initially all located at a common starting vertex, they discover

the existence of an edge only when they see one end of it, and know where an edge

leads only when they have followed it. Vertices that have been visited before are
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recognized.

The proposed algorithm needs only a local communication model, where commu-

nication happens only between a robot, and a bookkeeping device left at that node, or

between robots standing simultaneously at the same node. So the robots are almost

completely unaware of the actions of the other robots. The bookkeeping devices are

not in contact with each other; they could be replaced by a piece of chalk leaving

marks on the possible exits of the rooms. This is a much weaker communication

assumption than global shared information; if global shared information is available,

no bookkeeping devices are needed.

In addition to our theoretic analysis, several simulations have been performed in

order to corroborate the mathematical results previously described. The result of

the simulations showed that our analysis on trees produces upper and lower bounds

on the exploration time that are close to the actual exploration time of the algo-

rithm, particularly when considering two robots. The simulations also showed that

the algorithm effectively reduces the exploration time when the number of robots is

increased and that this exploration time is at all times better than when using the

single-robot DFS approach. Moreover, it was shown how the performance of the al-

gorithm reaches closer to the optimal exploration time when more robots are used to

perform the exploration.

In chapter 5 we proposed a multi-robot exploration algorithm (flooding algorithm)

that aims to minimize the time of exploration, and the overall traverse distance by

coordinating the movement of the robots in the system. This coordination is per-

formed in a decentralized manner by the robots that relay in information that is

stored in active landmarks. The algorithm differs from other works in the literature

by the fact that robots are allowed to enter only one at a time and that edges can
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be traversed by only one robot in each step. We analyzed theoretically the flooding

algorithm and obtained its bounds on the exploration time (upper and lower bound)

on trees. We proved that the algorithm is never worse than classical single-robot DFS

for trees. We simulated the behavior of the algorithm on trees of different sizes and

showed that our theoretical analysis produced tight upper and lower bounds for the

exploration time, improving the trivial upper bound given by the single-robot DFS

approach. The simulations showed that both, the growth of tc and the number of

robots k needed to perform the exploration are linearly related to the size of the tree.

In chapter 6, we argued that time is only one of the criteria on which the perfor-

mance of multi-robots exploration of unknown environments can be evaluated on. As

such, we defined three metrics of performance for multi-robot algorithms (the total

distance overhead µtotal, the time efficiency Et, and the distance efficiency Ed), and

then performed simulations that aimed to compare the performance of the flooding

algorithm with that of the MR-DFS algorithm and single-robot DFS. The simulation

results showed that the flooding algorithm is effective in performing the exploration

while reducing the total distance overhead of the system. In contrast, the time effi-

ciency of our algorithm is not better than that of MR-DFS, but this is an expected

result since MR-DFS has higher parallelism which translates in a faster exploration

time.

The results on the number of robots used to perform the exploration, particularly

in wide trees, suggested that the exploration of any unknown environment can be

performed by a small number of robots. In long trees this effect is less evident,

but it raised the question if there exists a maximum number of robots for which

the reduction of exploration time reaches a maximum, and upon which adding more

robots will not be significant for the exploration time.
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In chapter 6, we studied this maximum number of robots and obtained analyt-

ically an expression that resembles the behavior of the average exploration time tc

when the exploration is performed by an increasing number of robots. This analy-

sis was performed on the MR-DFS algorithm on trees of different size. The goal of

obtaining such an expression is to be able to define the maximum number of robots

k0 (i.e., a limit on the number of robots) that produce the maximum reduction on

the exploration time. This is of particular importance because it will allow us to

constrain the size of multi-robot systems. The result of this analysis produced two

models, one for tc and the other for k0.

We performed simulations in order to test the fitness of both expressions and

obtained that although not perfect, the models produced results that are consistent

with the actual values obtained from the exploration process. For the model of tc,

we observed that the error on the model increases proportionally with the size of the

tree for both configurations. This yields the conclusion that it is possible to eliminate

the error in the model by simple modeling this error in terms of m, and then include

the value into the model. As for the fitness of our model for k0, the results showed

that the model produces a better fit for long trees than for wide trees where the

model resembles more an upper bound. Yet, the model allow us to constraint the

number of robots needed to perform a significant reduction on the exploration time.

We can observe that this value, even for trees of large size and with the conservative

approach of α = 1, is really small (around 6% of the total number of edges for long

trees and around 10% for wide trees). Another interesting fact about the model of k0

obtained from the simulations is that for trees with large size, where determine the

limit number of robots could be expected to be more difficult, the error is reduced

significantly, and as such, our model will produces values of k0 that are more precise
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to the actual needs of the environment.

7.2 Recommendations for Future Work

In this thesis we presented two algorithms that represent the complete opposite in

the spectrum of the way we can allow robots to move in an indoor environment: MR-

DFS allows the movement of robots with no restrictions, while the flooding algorithm

constraints to one the number of robots allowed to traverse an edge and to remain

static in a vertex at each step of the process. For both algorithms we performed a

theoretical analysis obtaining the bound of the exploration time.

Yet, the analysis of these algorithms was only for trees; the next most-important

theoretical problem is to provide an analysis for general graphs. No bounds on

multi-robot exploration of general graphs in this scenario are known. The bound

for trees could be improved, perhaps even giving optimality for further small num-

bers of robots, and the most-important problem for the practical applicability of this

algorithm is to remove the assumption of robot movement in time steps; the real-

robot movement is asynchronous, and the algorithm itself makes no assumption on

synchronization, i.e., artifact of the analysis.

For the analysis on trees of both algorithms, there exist still some room for im-

provement. As it was noted in remark 4.3, the upper bound of the MR-DFS algorithm

could be improved if in the bound on the total excess multiplicity a third parameter

(m) is included. For the flooding algorithm, the result for upper bound can be im-

proved if for the exploration process we consider a fixed number of robots. This will

yield the inclusion of k as a third parameter on the upper bound.

Throughout this work we have been able to demonstrate that modeling the envi-
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ronment as a graph (or a tree) is convenient for analysis purposes. Then, the analysis

of multi-robot systems performing the exploration of unknown environments can be

improved by closing the gap between the results produced by theoretical analyses and

real applications. This can be done by relieving the constraints and assumptions that

this type analyses are subjected to, what will result in the need for the modeling of

the movement of the multiple robots and their interaction with the structure of the

environment they are exploring. That is, there is a need for creating a unified model

for both the environment and the movement of the multi-robot system.
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