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Abstract

SYSTEMATIC STUDY OF BREMSSTRAHLUNG AMPLITUDE AND 

A NEW MODEL FOR BREMSSTRAHLUNG CALCULATION

by

Zheng Ming Ding 

Adviser: Professor Ming Kung Liou

A general parametrization which enables us to construct all possible

approximations to the bremsstrahlung amplitude is applied to explore

generalizations of existing soft-photon approximations. We establish

the existence of theoretical ambiguity in defining the soft-photon

approximations and we show how the bremsstrahlung cross section

calculated from a soft-photon amplitude depends on the parameters. We

also show that if bremsstrahlung spectrum exhibits resonant structure,

then the position of this structure and its width can be predicted

by either performing the detailed bremsstrahlung calculation or using

two simple formulas which relate K and r directly to the resonant0 6
energy E and the width r , of the resonant structure observed in the R © X
elastic scattering cross sections. This new information about K and r_4 4
can be used to study the validity of any bremsstrahlung amplitude.

All approximations have been divided into classes and the following 

approximations have been systematically studied: (i) The one-energy

one-angle approximation (OEOA), which is the generalized Low's 

approximation, (ii) the one-energy two-angle approximation (OETA), which 

is another version of the generalized Low's approximation, (iii) the 

two-energy one-angle approximation (TEOA), which is the generalized 

Feshbach-Yennie approximation, and (iv) the two-energy two-angle
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approximation (TETA), which is essentially a new approximation for

bremsstrahlung calculations. We find that all soft-photon amplitudes in

the OEOA or OETA fail to adequately describe the proton-carbon 
12bremsstrahlung (p CY) data near the 1.7-MeV or 0.5-MeV resonance.

These amplitudes predict the values of K̂ , and which do not agree with

the experimental ones. Although the problem comes from both the leading
A8term (A /K) and the second term (B ) of the amplitudes (M ), the major V V V

difficulty lies in the derivatives of the elastic scattering amplitudes

in the second term B . Our study also shows that the limited existing
V

data (which is available only in the soft photon region,K< 200 keV) can

be described by many (infinite) soft-photon amplitudes in the TEOA.

Since these amplitudes in the TEOA can be differentiated at higher
12photon energies (200 keV<K<600 keV), a new p Cy experiment is suggested

to test these amplitudes so that the best one can be selected.

Finally, we develop and test a new two-energy two-angle approximation

for describing bremsstrahlung processes. The natural choice of kinematic

variables (determined by the four external emission diagrams) leads to

the situation in which the second term of the amplitude vanishes, B^=0.

This approximation provides an excellent description of all the 
± 12available ir pY and the p CY data by means of a single soft-photon 

approximation.
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I In troduct ion

Historically, the most important reason for studying the radiation

accompanying a scattering process has been to investigate the off-shell

behavior of the process, information which is not available in the

elastic scattering process itself. For example, in studying nucleon-

nucleon bremsstrahlung, one hopes that from among the many different

phenomenological potentials one can distinguish, by its off-energy-shell

behavior, the best two-nucleon potential.* In addition to this important

goal in the study of bremsstralung, there are several areas in which one

hopes to use the radiation accompanying certain processes to obtain

specific information about these processes. The study of pion-proton

bremsstrahlung (î plf) was originally suggested for the study of
2electromagnetic properties of the A-resonance, and the nucleon-nucleus 

and nucleus-nucleus bremsstrahlung in the resonance region were 

motivated by the hope that this process could be used as a tool for 

investigating nuclear reactions.'*'4 '̂

The idea of using bremsstrahlung emission as a tool for

investigating nuclear reactions was first proposed by Eisberg, Yennie

and Wilkinson in I960."* Their classical treatment was extended later to
4a quantum mechanical treatment by Feshbach and Yennie. Briefly, the 

amplitude which represents the photon emission before nuclear scattering 

and the amplitude which represents the photon emission after scattering 

add coherently. Since these two amplitudes differ in phase by ux 

(w=radiation frequency, xstime delay), the bremsstrahlung cross section 

evaluated from these two amplitudes (and an internal amplitude obtained
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through the gauge invariant condition) will contain an interference term 

which depends upon the time delay t. For small values of wt, one obtains 

a typical, smooth bremsstrahlung spectrum with 1/K dependence (K = 

photon energy). As ut increases, the interference between the two 

amplitudes is altered, causing a change in the bremsstrahlungg spectrum. 

For example, when a long-lived resonant state is formed, the 

bremsstrahlung spectrum will show structure. A quantitative measurement 

of the bremsstrahlung cross section can then provide a measure of the 

time delay. This information about the time delay can be used to 

distinguish unambiguously between a direct nuclear reaction and a 

compound nuclear reaction. A serious attempt to measure the proton- 

carbon bremsstrahlung (pl2CJf) cross sections near the 1.7-MeV and

0.5-MeV resonances and to extract important information about the time
6 7 8delay was made by the Bologna group and the Brooklyn Group ' and these

9results have been confirmed by a group from Tokyo. Each group has

clearly observed the resonance structure in the measured p l2CI spectra
-2*

and used these spectra to extract a delay time of the order of 10 

second. In addition to the i^py and the p l2CI processes which have 

already been measured systematically, the proton-oxygen bremsstrahlung 

(pl*Oy) has also been studied recently by our Brooklyn group. 11

Most of the bremsstrahlung calculations performed in the past were 

either model independent calculations or potential model calculations. 

The model independent calculations are based upon a fundamental theorem,

known as the soft-photon theorem or the low-energy theorem for photons.
12 13It was first derived by Low and was extended by Adler and Dothan.

This theorem states that the first two terms in the series expansion of

the differential bremsstrahlung cross section (or the bremsstrahlung
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amplitude) in powers of the photon energy may be calculated exactly in 

terms of the corresponding elastic amplitude and the electromagnetic 

constants of the participating particles. Thus, the theorem provides a 

method to construct an approximate bremsstrahlung amplitude, which can 

be used to calculate the bremsstrahlung cross section in terms of the 

corresponding elastic amplitude.

However, the soft-photon theorem states nothing about the energy and

the scattering angle at which the elastic amplitude should be evaluated.

Since there are two different energies (s^ and ŝ ) and two different

scattering angles (t^ and t^) which can be defined for any

bremsstrahlung process, the elastic amplitude can be evaluated at any

linear combination of s. and s, (s = (os. +|Js,)/(a+3)) and any linearx r  op x r

combination of t and t (t ... = (a't +p't )/(a'+fl')). This is thep q a p p q
theoretical ambiguity involved in using this theorem, and this ambiguity 

implies that the prescription used to construct an approximate

bremsstrahlung amplitude is by no means unique. This can be seen from 

the fact that several approximations to the bremsstrahlung amplitude 

have been proposed by many other authors since Low first put forward his 

famous soft-photon theorem in 1958. These approximations, called soft- 

photon approximations (SPA) or on-shell approximations, have played an 

important role in the study of bremsstrahlung processes. Among the

approximations proposed so far. Low's original SPA (LSPA), the EED

(external emission dominance) approximation of Nefkens and Sober

(EED),14 the modified SPA of Nutt, Liu and Liou (MSPA),15 the Feshbach-
16 17Yennie approximation (FYA), and many other approximations have been

applied to predict either the it̂ pJT or the p l2CT cross sections.
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An important connection between the ambiguity problem of the soft- 

photon theorem and the validity problem of the soft-photon 

approximations was not fully understood in the past and the ambiguity 

problem was completely ignored. Realizing the importance of this 

problem, we have proposed a special parametrization which enable us to 

generate all possible linear combinations of energies and angles so that 

the most general bremsstrahlung amplitude can be constructed. We then 

used this general bremsstrahlung amplitude to study the range of 

validity of various bremsstrahlung approximations and the nature of the 

resonant structure predicted by these approximations in the resonance 

region. To study all approximations systematically, we have divided 

them into several classes. Four classes have been carefully studied. A 

comparison with all the experimental û pjr and the p,2CY data shows that 

the best approximation is a new two-energy two-angle approximation which 

has never before been studied.

The main purpose of this thesis is to report some important results 

of our study, especially to introduce the new two-energy two-angle 

approximation which can be used to describe almost all of the ir*pY and 

the p 12CY data.
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II B r e m s s t r a h l u n g  Ampli tude

We consider photon emission accompanying the scattering of two 

particles A and B:

A(qJ)  ♦ B(pV) - * ( q j )  ♦ B(pJ) + y(Kw)

Here anc* PjJ(Pf) are t îe initial (final) four-momenta for

particles A and B, respectively, and Kv is the four-momentum for the 

emitted photon. These five momenta are defined in the laboratory frame 

as

qV= (m+E , 0,0 , q .)

pV=(M,0,0,0)

q*!=(m+Eq, q^.sin0^cos0 ,̂ q^sin0^sin0 ,̂ q^cos0 )̂

p^=(M+Ep, pfsin0pcos0p , pfsin0psin0p, pfcos0p) (1)

Ky=(K, Ksin0 cos0 , Ksin0 sin0 , Kcos0 ),0 0 0 0 0
where

E . =(m2+q.2 J^-m
icEq=(m2+qf2) -m

Ep=(M2+pf2)Ss-M,

and m and M are the masses of particles A and B, respectively. These 

four-momenta satisfy energy-momentum conservation:

qj ♦ p{ - qj ♦ PJ ♦ K" . (2)

As we shall see later, our main purpose is to study how a given 

amplitude (or the bremsstrahlung cross section calculated from a given 

amplitude) depends on the choice of the total energy squared and the 

momentum transfer squared. The answer to this question does not depend 

on whether the particles (A and B) have spin or not. Therefore, for the 

sake of simplicity, we shall discuss only the spinless case and assume
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that particles A and B have charges Z.e and Z e, respectively, but theyA o
have no spin. In our actual calculations of the p 12CJ and the it̂ pl 

cross sections, however, the spin of the proton has been taken into 

consideration.

TIt is well-known that the total bremsstrahlung amplitude, M^,

consists of the external scattering amplitude, ME , and the internal

scattering amplitude, M*, :

MT = HE + M1. (3)V V P
ME can be determined exactly from four external emission diagrams (see 

Fig.1(a)-(d)). In these diagrams, (x=a,b,c,d) represent the half- 

off-shell T-matrices which depend upon three Lorentz invariants. 

Choosing these three invariants to be the total energy squared s, the 

momentum transfer squared t, and the square of the invariant mass A of 

the off-mass-shell leg on which the photon emission occurs, we can 

define four T-matrices as

Ta = T(v V V
Tb - T<v V V
Tc = T(sc, V Ac>

Td = T(sd , V Ad>, (4)

where

s =s =s. a c i

V sd=sf
tc=td=tq
w s
Aa=(qf*K)*

v (v K)2
Ac=(pf+K)2
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si=(V pi)2=(nn+M)2+2MEi
sf=(qf+pf)2=(qi+Pi-K)2

=s,-2(qi+pi)»K=(m+M)2+2M(Ei-K/N)

N=M/[(m+M+Ei)-(Ei2+2mEi)iscos0y]

tp=(p f-p i)2=[qi-(qf+K)]2
=tq-2(q.-qf).K

tq=(qf-qi)2=[pi-(pf+K)]2

=tp-2(Pi-Pf).K.

EIn terms of these four half-off-shell T-matrices, M can be written
V

in the form:
_ q, q.

M = Z ---^-T - Z  ~ T .y A q^»K a A q^*K b

Pfu Piu
*2B i y r Tc • <6)

E must be expanded in powers of K in order to obtain the leading term

of M* (the internal emission diagram is shown in Fig.1(e)) from the

gauge invariant condition. Such an expansion is not unique because

T (x=a,b,c,d) can be expanded, in general, about (s (K), t ,0,(K)), x a B a Bx wx  x wx
where,

s« B =lVi**.sf)/(V ,I>’XKX

< 7 »

and ox< &x , ox and f$x(x=a,b,c,d) are any arbitrary real numbers. Using 

the following expressions,
K



we obtain:

T. = I11 ♦2- A - <,i*pi>*KTIa Ha

-2- ^ - ' v <<f)’KIit2V <I£ ♦—fl d

Tb * Ib1 ^ - A - ' V P i ^ bD D

'2“^ <qi ' V Kib-2v Ki£ * ■ "

el *c sT = T +2 (q +p )»KTc c a + B i Ki cc Mc

*2- r ^ <',i'qf,’KI^'2pf,KTc *•••c c

Td ■ -2- ^ B 7 < V pi>*CT3a a

*2^ r <qi',f)‘KTq'2’’i'KTq
and

ME = 2 - ^  TCl - Z — ^ - T *1 + 2 Pfĵ Tel - 2 y A q^«K a A q^»K b B c B

e- 9*.. «= °b2 2   ---A ob+Pb

_  °d
+2Z'- - “    “ V

k V Pa
*c 

°c+ec 
, *«

 ̂T
qf.K \

pfy t!
pf»K <

qfy .
A °a+*a

1C•cr

“c pfy .
b o'+e' c pf«K

:»q t u +A ly b Z_p , T* Brfy i

*b

+2Zd i_ - cc.B

+ 2[2aq, TA + 2,q. T* + 2_p, TA + 2Dp. Tj] + A fy a A ly b Brfy C B'ly dJ
where



and = T(s , t represents the T-matrix evaluated at s .x a p a b a dxKx xpx “xpx
and t , , for the corresponding elastic (nonradiative) process (i.e.Q Dx x
the A-B elastic scattering process).

To obtain the leading term of M*. we follow Low's prescription to 

impose the gauge invariant condition:

k V  = -k *jm e
V P

= -(Z.Tel - Z.T^1 ♦ Z_Tel - ZJT*1]A a A b  B e  B d 1

3 a.
+ Z c -tS + Z t S}B ac+3c c B ad+Bd V

.2<v q | ) .K,-z •
a a D D

_ ac t _ °d _t,
R ' +ft' r- ” R ' +ft 'B ac+3c c B ad+3d d

-2[Z_q,«KTA + Z q .»KT^ + Z_p,*KTA + Z„p.*KT*]A f a A l b B f c 8*1 d
+   ( 10)

From Eq.(lO), we obtain

„I . . z 1 V ’f’u Tel . z / V P j ’v T«1 
u A (qf+pf)«K a A~^qT+pTT^K b

. z T« i . z / y p j ^  Tei
B (qf+pf)»K c B (qi+pi)«K d

•  * v £,~'l

* zb- ^ 7

- 2(<3i"(lf)y{"ZA_^Tj^~Ta + ZAo^+&^ Tb



The total bremsstrahlung amplitude is then obtained from the sum 

of and M* (i.e., to combine Eq.(9e) with Eq.(ll)) which can be 

written as

M = A (K)/K + B (K) + C (K)K + (12)
where (v pf>u ,-e

(qf+pf)*K a
el

and

B (K) = + 2Z 
V t

+ 2Z,

+ 2Z.

+ 2Z,

- 2Z,

+ 2Z.

+ 2Z.

- 2Z

A

+ 7 r.

q. »K 

%B

- V '

>a

pf»K

%q. «K 

[
V Pa 1 qf*K

°b [ ^
“b+eb 1 q. »K

»c -[ Pf-P-a + &c Kc 1 Pf*K

°d r Pi*
ad+Pd 1 p.*K *1
*a r Qfv

“a+»a [ qf*K

*b [ qip
°b+eb 1 q.*K

“c r
o ’+B' c Hc 1 Pf«K

°d r Pip

(V Pi>u ,,el
(qi+pi) b 
(V Pf>u .-el 

(qf+pf)*K c
(V Pi), ,,el

(qi+pi ) d (13a)

B “d+Pd

(q ■+p■)
— i— j— y-v-] (q • +p ■) *ktst*
^ i  pi)# a

■ ^ 7 ^ - I<V ' ,i >'KTITc

W u ........ .t1(vVKT.
‘V V , ......... t

~< v : Q » k  1(qr qf>,KTc

~<q?-q!)-K 1(qr qf),KId •

(13b)
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We can see from Eqs.(13a) and (13b) that A (K) depends only on T**,V x
(x=a,b,c,d), while B^(K) depends on T* and T^. Both A^(K) and B^(K)

are independent of the off-shell derivatives TA, but they are still

functions of K. (Since, in general, and and/or p ^  depend on K

implicitly.) As for C^(K) and the coefficients of other higher powers

in K, they involve the off-shell derivatives which cannot be determined

from the corresponding elastic amplitude. Therefore, only the first two

terms of the expansion given by Eq.(12) can be used to calculate the

bremsstrahlung cross section from a given elastic scattering amplitude.

The bremsstrahlung amplitude used in soft-photon approximations can be

written in the form

MAB = A (K)/K + B (K) . (14)V P  P
In some calculations, such as the EED approximation of Nefkens and 

14Sober for example, only the leading term of Eq.(12) has been used. In

that case, the amplitude becomes

MA = A (K)/K . (15)P P
AB AThe amplitude M (or M ) depends on sixteen parameters,a , B ><*' andy y X X X

B^(x=a,b,c,d), and is therefore very general. By varying these 

parameters, it can be used to study all possible soft-photon 

approximations.
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Ill  S o f t - p h o t o n  A pprox im ati ons

AB ATo study and systematically, we have divided them into the 

following classes:

(i) One-energy One-angle approximation (OEOA): This approximation

is defined by choosing aa=ab=ac=ad=a' &a=^b=^c=^d= '̂
a ' =a/=a' = a \ - a ' , (S ' = 6/=(T =6' =61 . The amplitude in this a b e d  a b e  d

approximation which depends only on s and t can be written asap a phD A
Mp <SoP,to,P,>a ) + Bp(Sap'ta'&'} ' (16a)

where

and
ẐA ( qf»K qi*K * + ZB( "pf«K p ^ K  SBp' t a ’ B ’ * (16b*

2{ZA - ^ B- ( ^ - P f * K - Pfp> 

+ZA^+F*~q~*K~Pi*K ’ Pip^

+ZB o+B ( pf»K qf*K *
P.•*•2-— Tg— ( _ q ^ K  - q itl) H T ( s  ,.t )/3sB a+p P^*K i ip op o p  ap

+2{Z  j—1 A a'+B' ' qi»K qf*K }

~ZB o' + &' * pi»K pf«K ^ qi‘qf)*K3T<Sa3'tc«l&' ̂ /3to'P' '
(16c)

In deriving Eqs.(16b) and (16c), we have used the fact that KwK^=0 and 

we have ignored those terms which are proportional to since e^K^O. 

Here cv is the photon polarization.
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The OEOA approximation is a generalization of Low's original SPA. 

To obtain Low's original result from Eq.(16a), we assume that particle A 

has charge e and particle B is neutral, i.e., we have Z =1 and Z =0. ByA D
choosing a=B=l, &’=0 and o'=l, we obtain, using s=(s^+s^)/2,

H" (IV  * (^ r  • - ^ r > T‘r V

*(1 7 K-pf,K • pf„ * - ^ r > V K ' piU>3T<* tp>/3' ■
(17)

which is precisely the Eq.(1.7) of Ref. 12. Low's original SPA has been 

extended and applied to calculate cross sections for various 

bremsstrahlung processes.

The EED approximation used by Nefkens and Sober is also a good
Aexample of the OEOA. This approximation uses the amplitude given by 

Eq.(16b) and it is evaluated at (s,t) or (s ,t ). That is, MA(s,t) or
O O y

A •M (s ,t ) is used. Here, s=(s+sf)/2 and t=(t +t )/2 are obtained by l i o o  i t  q P
choosing a=3=a'=&'=!, but s q and t , which are defined by

s = lim, s . = s. o k-*o «*3 i
and

t o ~ limk->ot0 ' 3* ' (18)
are independent of a, 3, a 1 and 3‘.

Another interesting example of the OEOA is the modified SPA used by 

Nutt, Liu and Liou18. This approximation uses the amplitude given by 

Eq.(16a) with the parameters chosen to be o=l, 3=0, a'/3,s

-(qc-q.-HR )»R /(pf-p•“HR )«R , where R and R are defined byf i q q f i p p  q p

- 13 -



q, = lim. q, +R fp k-*ô fp qp
p, = lim. p. +R rfp k->oKfp pp
R +R +K = 0. (19)qp pp p

If Eq.(19) is used to expand the amplitude further in powers of K,

Eqs.(41) and (42) of the Ref. 18 can be obtained. (In Ref. 18, both A 

and B are assumed to have charge e, i.e., Z =Z =1.) The amplitudeA D

obtained in Ref. 18 is evaluated at (s ,t ).o o

(ii) One-energy two-angle approximation (OETA):

The amplitude in the OETA approximation is evaluated at one energy 

but two different angles. For example, we can choose

aa=°b=ac=ad=a' &a=Pb=Sc=Pd=B' °a=ab=0»' “c^d*0*'
and anc* obtain the following amplitude:d D C O

AB AM (s t t ,.,) = M (s t t , ,) + B (s t t ,,.,), p ap ajPj a2P2 p afi aiPx a2B2 P a& a,Bi a2&2
(20a)

where
A qfu qiuM*(s t , t , ,) = + Z ( — $ ---- r- )T(s ft,t ,)p ap a,Bi a2p2 A qf»K q^»K ap a,Pi

+ ZB( p -K " p «K )T<8aB,taiei)
(20b)

and

B (s _,t ,ft,,t ,.,) = p ap ajBi a2p2

3 /
2ZA a+B ( qf.K"Pf*K ’ Pfp)aT(SaB,t:aiBi)/3SaB

*2V s V < ^ i r V K -

p,.K qf"K ‘ qfv,8T(saB'tai6i)/,SaB

- 14 -



+2ZB a+B ( Pi»^-qi#K ‘ qip)3T(SoB'ta2B2)/3SaB

A'oi + Bi" ("qT^K ijlf«K“ )(qi'qf)#K3T(SaB’ta;Bi)/3to;B;
“2 Pi.. P

+2Z

-22 ---------- ^ -----^ - ) (q -q ).K3T(s t ,ft,)/3t .B o2+B2 Pf*K i f  aB o2B2 a2B2
(20c)

An amplitude used by the UCLA group (Ref. 19) in the calculation of

the n^pf cross section is a good axample of this approximation. That

amplitude, which is obtained by choosing a=B=l. oJ=B2=l and O2=Bl=0,

is evaluated at (s,t ) and (s,t ).P q

(iii) Two-energy one-angle approximation (TEOA):

The amplitude in the TEOA approximation is evaluated at a common

momentum-transfer-squared t (i.e., we choose a'=a/=a'=ajro 1 anda B a b e d
B'=Bi1=B'=Bj=B' ) and two different energies which can be chosen fromA D C Q

s (x=a,b,c,d). An important example of this approximation can be
(X D XMX
obtained by choosing a =a =a^,a, =a ,=a2. B =B =Bi and Bu®3j=P2 leading toA C  D O  A C  D u
the following amplitude:

AR A
M U (S« R ,Sn R ' ^ ' R ^  = M ,.(S« R ,Sn R ' t„ ' R 1  ̂ + B , / S „ ft • S» ft 't- • R • > li OjPj 02P2 o p  V OjPx 02P2 o p  y °lPl °2P2 ° P

(21a)

where

qfu Pfu ^qf+P f \
fZA qf»K + ZB pf»K (ZA+ZB)_rqJ?P^K“JT(So1Bi'to,B,)

'[ZA q^K + ZB pi«K ‘ (ZA+ZB) (q^p^-K ]T(So2B2 ' V  B1 )
(21b)

and
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Bp^Sa1P1'Sa2B2'ta lB'^

&l qfu Pfu (V Pi>lJ2_______ fz  LH- + z  ̂ - (7 +Z )  i p 1a»+Bi 1 A qf»K ZB pf«K V  ( q ^ p ^ ' K  J

x(q +p.).iOT(s , t )/3s 
1 1 a l P l  O P  0 1P 1

*2^ « r |z*_v ^  * zb " v k -  ■

■“ . T l r ' ^ r  • < v^)»K  i < v V K

R '  q i , .  ( q i ' q f ) „

MI<‘«JBI't«'B')/at.'B' 

a °B- 1_P^K- -

’1,T<sa1B,'to,B')/3t«,B'

- 2 z B - r f B - ' - p ^ -  -  H V » f ) ,K

x,T<s«JB2't«'B')/,t.'B' •
(21c)

- 16 -



The approximation defined by this particular amplitude is a 

generalization of the original FYA,16 which corresponds to a1=P2=l and 

P,=a2=0. If Zft=l, ZB=Z and o’/B1 =-(qf-qi-1jRq)»Rq/(pf-pi-JiRp)»Rp are 

used, then we obtain an amplitude which is very similar to the Eq.(15) 

of Ref.16. (The Eq.(15) of Ref.16 can be precisely reproduced if q ^  and 

p ^  are also expanded in powers of K (using Eq.(19)) before we impose 

the gauge invariant condition to obtain the leading term of M*.)

(iv) Two-energy two-angle approximation (TETA):

The amplitude in this approximation is evaluated at two different 

angles, which can be chosen from t , , (x=a,b,c,d) and two differentB D X X
energies, which can be chosen from s „ (x=a,b,c,d). For example, ano pX X
amplitude can be obtained by choosing oa=oc=o,, ®jj=0(j=02< Ba=&c=&i<

Bb=Bd=Bz' °a=ab=a*' ac=ad=a2' Ba=Bb=B‘* and Bc=Bd=B2‘ We 
have



A Oi+3i 1 qf*K (qi+Pi)#K J
x(qi+Pi)«K3T(s '*'■•>/** ft 

l  i  o i p i  a i P  j °  i P i

°2 qi u  ( V p i } u+ 27 ______ f___ilL - ** 1
A a2+B2 qi«K ~(q~+P~TJK

♦2z J ± — , J ± jl . W l ,
B #!+&! p f *K (q i +Pi )*K

*<qi*Pi)*K3T(s •*■«•>/>* .
1 1  a l P >  a 2 P 2  a l P l

®2 Pi u  ( V Pi >U+ 2 7  __________ r XV m 1 ^ V 1
B a 2 + {J2 P i »K ( q i +P i ) * K

X< qi*Pi >’K>T< Sa2B2■t«;6j)/3s0!62

- 2 Z — ‘ ‘ ,-V - 1A a;*s; ' qf*K (qj-qjl'K ‘

Bi q<„ ( V P u+27______ r * - r—1
A a| + Bi qi»K (q±-qf>*K

, < V ” f > - K>T<s „ 2 62 ' V 16 ; > / 8 t , . ; s ;

“A Pfu (V qf>«+ 2 Z _______ f___ P— - _____ -__7 PB o2+Bi pf»K (qi-qf)»K
,<qi-,f).K,T(,i>i8i.t(>.(1.)/8ta .6.

- a  . / v y *  1B ai*Bi 1 P / K  (qj-qfl'K J
x(qi-,f).K8T(Sii!6j.ta.6.)/8.i>.6..

(22c)

Various TETA approximations can be obtained from Eq.(22a) by varying the 

parameters a,, Bi> a2, B2< «1< BJ. o2 and Bi- These new

approximations have never been studied.



From Eqs.(22a), (22b) and (22c), an interesting amplitude can be

obtained if we choose &j= a2= a2=0. Since B^=0, the total

bremsstrahlung amplitude has the following expression:

„AB _  r_ qf)J_ .  (qf*pf*y 1ir/ .  v

V " A qf*K <qf+Pf)#K i' P

-z . <V pi)y ]T(S t ,
A qi»K (qi+Pi)*K f' p'

p, (qf+pf)
+zn 1 .k----- in is-vr!-1T(5: ' ̂ >B Pf*K (qf+Pf)*K l q

P • (q .+p.)
-z r _ _ ^  1 * V. 1T(£ t )B p.«K (qi+Pi)*K JT'Sf ' V  *

This amplitude is the simplest amplitude we can construct since it

depends only on the elastic T-matrix (without any other terms involving
3T aT~js~ or We discuss this amplitude again in Chapter V

when the spin of the proton is taken into consideration. The main

reason this amplitude is so interesting is that it gives the best fit to

both the ir±py and the p*2Cy data.

Obviously, many more approximations, such as three-energy one-angle, 

four-energy two-angle, etc., can be defined.

- 19 -



IV B r e m s s tr a h lu n g  C r o ss  S ect ion  N ear a R eso n a n ce

We have used the proton-carbon bremsstrahlung process, p 12Cy, near

the 1.7-MeV resonance as an example to study the one-energy one-angle

approximation and the two-energy one-angle approximation. If 0q, $q,

0 , $ and K are chosen to be independent, then the bremsstrahlung cross 0 0
section in the laboratory system can be written as:

O =d*o/dQ dO dK = (2n)"*6‘(q.+p.-qf-pf-K){,-sZ en,_(M e V ( M We )} y q y  i i f  f poi.spm y y
xJ(qf2dqf/2Eq)(d3pf/2Ep)(K2/2K) , (23)

where

J=e2m2/[(p^«q^)2-m2H2]i 

H ^ u (qf,Uf)MjBu(qi,Ui)

or

V U(qf'Uf)H^U(qi'Ui>
AB Aand (or M^) is given by Eq.(16a) (or Eq.(16b)) for the OEOA

approximation and by Eq.(21a) (or Eq.(21b)) for the TEOA approximation

(with Z =1, Z =6). Here, we should point out that Eqs. (16a) and (21a)
A o

were derived originally for two (spin-zero) spinless particles. The 

main reason why they can also be used for the p 12Cy process, which is a 

spin-4 spin-0 case, is because the incident proton energy is about 1.7 

MeV and K < 500 keV (or K/q^<<l and K/q^<<l) which allows us to make the 

following approximations:

u ( q f  . o f ) r jj[ l / ( j r f +K-ni)] = u(qf,uf)yij[l/(^f+̂ -in)]

= u ^ . U j M q ^ y O / q ^ K  * u ( q f.Uf) - ^ -  

[i/(^i-X'm)irpu(qi,«i) =

[(_qiy+l̂ ,ry)/qi*Klu(qi'Ui) = q~^K~u(qi'ui) ’
where
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and X is the proton anomalous magnetic moment. (The contribution from

those terms which involve X is negligible in this case.) In this study,

particular attention is paid to two energy regions, the energy region

far from any resonance and the energy region of a resonance (in this
ABcase the 1.7-MeV resonance), and we shall concentrate mainly on how MV

A € Xand M depend on s . This can be done by evaluating T at a fixedU O D XH XMX
momentum-transfer-squared t (or at a fixed scattering angle) and varying 

only a and (5 (not a' and B')*X X  X X
We have obtained some interesting and important results which can be 

summarized as follows:

(i) OEOA: In the energy region far from any resonance, the

calculated bremsstrahlung cross section, o°EOA(s a,t ), for a given0 Otp CK P
set of a, B. a 1 and B1 decreases monotonically with increasing K. As a

and B are varied, (keeping a1 and B1 unchanged) we obtain various

spectra which form a band. All predictions within this band are equally

valid. This theoretical ambiguity cannot be avoided. The ambiguity

will be small if the width of this band is very narrow, and in this case

any set of (a,B) can be used. A set which was most commonly used in the

past was (a,B)=(l.l). i-e*. s =s=is(s.+s,). On the other hand, if theaB i 2
width of the band is wide, then a set of parameters (a.B.a'.B1) which 

give the best fit to the data can be determined from the experiment. In 

the case of p 12cy, the width of the band is found to be very narrow, 

indicating that the calculated p12Cy cross sections are quite 

independent of a and B* Fi9- 2 shows a narrow band for 0 < B/o <10 ancl

ta'B'=to’ 11 a*so s^ows that the p12Cy cross sections predicted by the



ABamplitude are *n 9ooc* agreenient with the experimental data

in the energy region far away from any resonance.

In the energy region of a resonance, the bremsstrahlung spectrum
AB Acalculated from M (s „,t .„.) or M (s .,t will show resonanty ap a p y ap a p

structure if s #s. (i.e., if 0#O). The predicted structure will beap l
centered about a photon energy K in the bremsstrahlung spectrum and it0
will have a width r . Both K and r will depend on a factor of the0 0 0
form (a+0)/0 when a and 3 are varied. Furthermore, we have found that K0
and T can be accurately given without actually performing a complicated 0
bremsstrahlung calculation. As shown in the Appendix A, if we assume

that the cross section oe  ̂ of the corresponding elastic scattering

process exhibits a resonance with the resonance energy E and the width

Te ,̂ then we obtain, based purely on kinematical arguments, the

following expressions for K and r :0 0

Ky=Ko(a+P)/B ' B*° <24)

ry=Nrel(a+B)/B ' (25)
where

K =(E .-EJN o i R
ic

N=M/[(m+M+Ei)-(Ei2+2mEi)^cos0y] .

Eqs.(24) and (25) enable us to predict (within 10% error) the values of

K and r in terms of the observed values of E and T ,. The dependence 0 0 K 61
of K and Tr on a and 0 is very interesting. It implies that a and 0 can 

0 0

be determined experimentally, by comparing the predicted structure with 

the observed one, and selecting the best approximation for OyE0A in the 

resonance region.
7In order to compare with the Brooklyn data , we have calculated the 

p l2cy cross section relative to the p 12C elastic cross section,
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OEOA OEOA^ as a function of K near the 1.7-MeV resonance. Some rel 1 el
results of the calculated o°E?A at E.=1.88 MeV for 0 =155° are shownrel l q
in Figs.3. As we have already mentioned, we have concentrated mainly on

how depends upon s Therefore, a fixed momentum-transfer

squared t has been used in all these calculations. We have chosen a 0
t to be t=1s(t +t ) or t =lim. t .... The values of (a,0) for those a 0 q p o k-»o a 0
spectra labeled I,II and III in Fig.3 are (1,0.5), (1,1), (1,2),

respectively, and ta ,g( used in these calculations is tQ. These figures

show clearly that every spectrum exhibits resonant structure in the form
Aof a peak. In Fig.3(a), the spectra are calculated from M (s „, t ).p a0 o

As we know, the levels associated with the 1.7-MeV resonance are two

closely spaced levels of and ^ in the compound nucleus 13N. Since

the main resonant peak in every spectrum arises from the level of y+,

we can use ER=1.734 keV to predict the position of the main resonant
12peak from Eq.(24). Using N=— , the values of Ky calculated from 

Eq.(24) are 404 keV, 269.6 keV and 202 keV for the spectra I,II and III,

respectively. These values are to be compared with the following exact

values calculated from o^E?A s 405 keV, 270 keV and 204 keV. Therel
agreement is excellent. We have also found that the values of

calculated from Eq.(25) are in very good agreement with those calculated

from o°E°A . In Fig.3b, the spectra are calculated from the amplitude
ABMp The 9*ant Peaks obtained in these calculations arise

mainly from the term involving 3Te^/3s . in B (k). The values of Kap v «
calculated from Eq.(24) are still in good agreement with those

calculated from o^ei** However, because OyE0A is roughly

proportional to |(s.-s a)3Tel/3s J 2 rather than to o ,/K, we havel ap a0 el
slightly modified Eq.(25) to take into account the variation of
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3Te*/3s „ in the resonance region, ap

Unfortunately, a comparison with the experimental data shows that

the OEOA approximation can not be used to describe the p 12CT spectra

near the 1.7-MeV resonance. The observed peak appears at

KQ=(Ei-ER)N -135 keV rather than at Ky=Ko(a+&)/P as predicted by Eq.(24)

or If we choose (J>>a such that (a+B)/B"*l, then we can obtain

a peak at Kq but the shape of the structure(the giant peak) will be in

complete disagreement with the observed one. In order to show this

point clearly, we have used (a,B)=(0,l) and t l0,=t to calculatea p o
OEOA. As s^ovn pig 4 we have obtained a giant peak at K =135 rel o
keV which is not observed experimentally. We must point out here that

this conclusion will remain unchanged even if tQ is replaced by any

other t , mainly because t , , (or the corresponding scattering a p a p
angle) changes slightly with K in the energy region of the calculated

spectrum, 0 < K < K'~600 keV, and K >>K'>K_ in this case. (If K'<K ,max # o

then no structure would appear.) Here is the maximum kinematically

allowed photon energy. To demonstrate this point, we have applied the 

EED approximation, evaluated at s=(s^+s^)/2 and t=(t^+tp)/2, to predict 

the spectrum in the region 0<K<400 keV. As shown in Fig.3(a), we have 

obtained a spectrum with a resonant peak around 270 keV, which is very 

similar to the spectrum II as expected.

Eq.(24) can also be applied to resolve a mystery found in the pion-
+ tproton bremsstrahlung, n“pf, calculation. The u p t  cross sections near

the A(1232) resonance have been calculated by the group from UCLA using
ABan amplitude in the OETA approximation, (s.tp.t^), in order to

2describe the spectra measured by the group. (Details of the
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experimental arrangement are shown in Appendix B.) Instead of getting a

resonant peak at the expected photon energy Kq=50-70 MeV, the calculated
19cross sections rise steeply with increasing K above 80 MeV . This

mysterious result can be explained as follows: Since s =s was used in
ap

ABM , a resonant peak would be predicted at K =2K since (a+8)/|S=2. If V j o
Kq is about 60 Mev, then a giant peak will be predicted at 120 MeV(not 

at 60 MeV as might be expected). Therefore the predicted spectrum 

exhibits a minimum around 60 MeV and tends to rise with increasing K

above 60 MeV. Our study shows that the giant peak comes from the B
AB e 1term of the amplitude M , especially the term which involves 3T /3s.

AThe predicted spectra will be in better agreement with the data if

is used. In fact, the EED approximation evaluated at s and t, which is

inadequate to describe the p l2Cy data, gives good results for the u*py

case. As we explain in the Appendix C, the reasons that the EED

approximation predicts a monotonically decreasing spectra in this case

are that t (or the scattering angle) changes substantially with K in the

region 0 < K < K'~120 MeV and that K is very close to K and K',y max
i.e., K ~K'~K . max y

(ii) TEOA : The generalized FYA defined by Eq.(21a) or Eq.(21b) is

the most important example of the TEOA approximation. The amplitude

used in this generalized FYA, which is evaluated at S and S ,
“lPl a 2&2

depends on four parameters(aj,8j,a2,B2). In the energy region far from
TEOAthe 1.7-MeV resonance, the calculated ore  ̂ for the p 12Cy process is 

very similar to the one obtained in the OEOA, because of the smooth 

energy dependence of the scattering amplitude. In the vicinity of the 

resonance, however, the generalized FYA predicts a quite different 

resonant structure from that predicted in the OEOA.
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The prediction of the resonant structure is the most interesting and

important test of the approximation. By varying four parameters, we

obtain various spectra with one or two resonant peaks depending on the

values of S „ and s . . If s . #S . f<s and s . *s „OjBi a2p2 OiBi i o2p2 OjP, a2p2
(i.e.,Bj^0,B2#0 and 8t*02), then two resonant peaks are predicted.

Applying Eqs.(24) and (25) to this case, we have K^ =K0( o anc*

rii}=Nr ,(<*■♦&•)/&•, i=l,2. On the other hand, if s . =S. and s *S.« el l l l a i B i l oi2 B2 1
(2)(i .e., Bl=0, p21*0), then only one resonant peak is predicted at K' . A0

typical example is the original FYA which predicts a single peak at 

K<2) =K with ri2)=Nr ,.0 O 0 Cl

Some results of the calculated are shown in Figs.5(a) and

5(b). The values of the parameters(a,,Bi.a2,B2) for those spectra

labeled I,II,III and IV are (1,0,0,1), (1,1,0,1), (1,1/2,0,1) and

(1,1/3,0,1), respectively. Again, tQ is used in these calculations.

Four spectra shown in Fig.5(a) are calculated from the amplitude
AM (s „ ,s „ ,t ). All of these spectra exhibit a common resonant y «»,&! a2P2 o

peak (the first peak) at Ky2^=KQ~135 keV since (a2+B2)/p2=l • The

spectra II, III and IV show also a second resonant peak at

Ky1^=Ko(o1+Bl)/Bj. The existence of the first peak at 135 keV has been

verified by the experiment but no data are available to verify the

existence of any other resonant peaks. All four spectra calculated from 
AM (s ,s ,t ) are in good agreement with the data in the energyy OjBj o2 B2 0
region k<100 keV, but the observed peak can not be satisfactorily 

described by any of these calculations.

Four spectra shown in Fig.5(b) are calculated from the amplitude
ABM (s „ ,s . ,t ). Like those shown in Fig.5(a), these four spectray ajp! b2B2 o
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have a common peak at 135 keV and every spectrum, except the spectrum I,

has a second peak at K ^ ^ K ^ c n + B ^ / B , . The contribution from the
ABB^(k) term of the amplitude is not negligible in the resonance

region. It increases the cross section substantially near the second

peak (mainly due to the term involving 3Te*/3s „ ) and decreases thex a jp j
magnitude of the cross section slightly near the first peak (mainly due

to the term involving As we can see from this figure, the

existing data in the energy region K<200 keV can be described by all

four calculations, but these four calculations give quite different

results in the energy region K>200 keV. Thus a precise measurement of

the cross sections in the region K>200 keV can be used to determine a

set of the best parameters. Finally, it should be pointed out that any

calculation with the parameters ( 1 , e , 0 , 1 ) ,  where e <K /(K -K ), willo max o
give a spectrum which is almost identical to the spectrum I.
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V T w o - e n e r g y  T w o -a n g le  A pproxim ation

In section Ill(iv), the two-energy two-angle approximation (TETA)

for bremsstrahlung production from the scattering of two spin-zero

particles was discussed. The most general expression for this

approximation is given by Eqs.(22a),(22b) and (22c). From Eq.(22c), we

can see that vanishes if 3,, o2, 31. a2 are chosen to be zero.

Since 0,= a2= 31= a2=0 implies that

s „ =s.<*i3j i
t , =t ai3i P
s =s, b232 f

ot232 q 
ABthe amplitude becomes

r qfp <qf+pfjy x
+ZA [T f.K ' "Tq7+ p ^ l T ,T<>i'tp)

qiu (V Pi)u
- ^ p T T ^ H ^ f V

Pfu <qf+Pf)u
+ZB [ pf»K " “(qf+Pf)«K jT(si'tq)

-z ,-JilL - ,(V Pi}u 1Tf= t vB pi«K (q^p.J.K 1T(sf'tq> '
This particular TETA approximation is very interesting for it depends

only on the elastic scattering T-matrix, evaluated at four sets of

(s,t): (s.,t ), (s_,t ), (s.,t ) and (s-,t ), but it does not depend on l p i p i q  r q
any derivative of T with respect to s or t. In other words, does

9T 3Tnot involve -js_ or Thus, the choice of the parameters 3X=

o2= 31= a2=0 gives us the simplest amplitude for bremsstrahlung which

can be constructed. Note that this amplitude should not be confused

(26)
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with the amplitude used in the EED approximation. There is a substantial 

difference between the two amplitudes. From Eq.(16a), we can see that

the most general amplitude in the OEOA approximation has the form
AB A

M <s ft'1 '«'> = M <s a'1 'ft') + B (s t ) , y a p  a  p y a p  a  p y a p a p
3T 3Twhere B which involves — —  and does not vanish in general,y 3s 3t ’

AThus, the EED approximation which uses only the amplitude for the

bremsstrahlung calculation has ignored an important contribution from

the B term without justification. In fact, our calculation (as well as 
V

the calculation of the UCLA group) shows that the B^ term dominates the

bremsstrahlung cross section in the vicinity of a resonance. The 
ABamplitude given by Eq.(26), on the other hand, does include the B^ 

term but its contribution is identically zero.

Simplicity is not the sole reason for choosing the amplitude given

by Eq.(26) for bremsstrahlung calculations. Our study shows that it is

also the best choice. Moreover, if the elastic T-matrix, which has been

used as imput for our bremsstrahlung calculations, varies rapidly with s

and/or t in the vicinity of a resonance, then the expansion of the four

half-off-shell T-matrices (included in the external amplitude) in powers

of s or t, which is the common technique used in the soft-photon

expansion, is obviously not valid. In that case, the amplitude given by

Eq.(26) is the only proper choice. The fact that the term which 
3T 3Tinvolves - - and/or — —  in any bremsstrahlung amplitude causes

some difficulty in describing the ir*pff and p 12Cy data is just an example 

of the problem related to this invalid expansion.

This idea of constructing the simplest bremsstrahlung amplitude can

- 29 -



be extended to the scattering of two particles with non-zero spin. In 

order to compare with the ir*py and pl2Cf data, let us show how the 

simplest bremsstrahlung amplitude for the scattering of a spin-4 

particle with a spin-0 particle can be constructed. As we shall see 

later, such extension is not trivial. For the spin non-zero case, the 

nonunique choice of the internal scattering amplitude from the gauge- 

invariance condition adds further complication in selecting the best 

bremsstrahlung amplitude.

For i^pl,

n^qj) ♦ P(pJ) - ^(qjf) ♦ P(pJ) + JT(KW),

the external scattering amplitude can be written as

ME = u(p,,u,){Z -~S-T_ - *bZ —U f f it q^^K a b it q^#K

+ry-[1/(pf+K"mp )1Tc
+Td(l/(pi-|t-mp)]rij}u(pi,ui) • (27)

Here, T , T. , T and T. are the half-off-mass-shell T matrices for irp a b e d
scattering (corresponding to Fig.1(a), 1(b), 1(c) and 1(d),

respectively), m^(m ) is the pion (proton) mass, Z^=l for n+ and -1 for

■n , and is given by

r =y -iXo KU/2m , ( 2 8 )u u uu P
where o =i[I ,J 1/2 and X is the proton anomalous magnetic moment which pu p o
is 1.79.

The four half-off-shell T-matrices have the following expressions:

a T< V ta' V
b = T(sb, tb' V
c T(sc, V V (29)

d = K s d. td' Ad) ,
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where
Aa= (qf+K) 2=mit+2qf «K

v (v K)2*nv2v K
Ac=(pf+K)2=mp+2pf«K (30)

2
A.= (p -K)2=m -2p.»K d *1 p ri

The idea which we have used to obtain the simplest amplitude is to

expand (i=a,b,c,d) only about A^(K=0). Since no further expansion

about any s or t is imposed, the constructed amplitude will not involve 
3T 3Tor —- — . Expanding T. about A (K=0) gives3s 3t l iT. - T<vy * -ff-2vK ♦ •••A

Tb ■ « * r * P> - - H 7 2qi,K * •••

Tc ■ T(si - V *  “l i 7 2pf,K * ••• <31)

Td -  I< * c V  • -fi7 2v K t  ••• •
Inserting Eq.(31) into Eq.(27), we obtain

<  = * -Is—2tJf*K1I A

-[T(s,,t ) - 23 ■ 2q-*K)Z qij!f p 34b n q '̂K

♦ - H 7 2pf ‘K]

,[I<5f V  ■ 4 i 7 2pi"<1|1/(»’i-'‘-mP)lrp!u<pi'"i) •

Using the following identities

cyu(pf,uf)ry.[l/(pf^-mp)]=cyu(pf,uf) Pf^ K P (33)

^[l/(pi+)(-mp )]ryu(p.,ui)=-ty- ^ - ^ u ( p i,ui) f

(32)
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where

W <|1*x<i W /2"pi/2
R . ^ i m i p ^ i / z y K y z ,

Eq-( 32) becomes
_ Qf <J-

Mf = u(p ,uf){Z — -;g-T(s t ) - T(s t )Z ^  p f i ir q^»K 1 p f p ir q^»K
Pr +Rr P' ”R-

+_ l v _ L L T(s.,t ) - T(s ,,t )pf«K l' q' f' q pi*K

+2Z qf -®*—  + 2Z q. -|?—  (34)it fp 3Aa it ip 3A^

+2p, —^  — + 2p . — —  + ...}u(p.,u) .Pfp 3AC Plp 3Ad 1 'Pl ' V

The leading term of the internal scattering amplitude M* can be

obtained from ME by imposing the gauge-invariance condition:

MTKp = (ME + M1) ^  = 0 (35)U U P
which gives

= ^(Pj.UjXZJCj.tp)- n . f.tp)z,

+T(s.,tq) - T(sf,tq) (36)
^  _ 3T  ̂ ,, _ 3T 
+2ZJ * c . . - n —  + 2Z-9it fp 3Aa it ip

+2pf p " 3 + 2pip_H ^ “ + •

It is clear that there is no unique expression for M* which can be

obtained from Eq.(36) even if we are interested only in the leading

term. To the best of our knowledge, this gauge ambiguity has never

before been carefully studied. It requires thorough study because we

have found that the calculated cross sections depend very sensitively on

the choice of M1. Many different expressions for M1, which all U V
satisfy Eq.(36), have
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been obtained and studied, and we have found that the following 

expression for M1 gives the best fit to both the x*pl and p 12CT data:

j ^ f +Pf+**f̂ uM1 = - u(Pf,uf){Z -7̂ -— -fvir-^-Ks t ) p f f it (cjf+Pf/** i p
(q.+p.-R.)

• V (8f'tp)T q iipi> K 1

♦ J w V l i(1.., )
(qf+pf)*K i q

(q.+p.-R.)
. T(s t )- -1 1 1 V-f' q (qi+Pi)»K

* 2z, % u - p r i2z.qiw-lV <37)

* 2fv H 7  * 2piUT l7  * •

Combining Eq.(34) and Eq.(37), we obtain the total bremsstrahlung 
Tamplitude M :P
T qfu (qf+pf+Rf)
”1 - “<■>£■ “£><Z, < ^  * (V Pf>-Kf V >T<Si. tp>

-ZI(S t „  qi, _ (V pi-Bi>v j 
11 f' p)l qi»K (q^+P^’K
p, +R, (qf+Pr+R^)

+ [- fy *v---- 7— S v ;,-1  ]T(s . , t ) (38)1 Pf »K ( q f +P f ) * K J l  q '
p. -R. (q.+p.-R.)

T .It is easy to check that is gauge invariant,

MTKp = 0,P
since R. K^R, Kw=0. In the on-shell approximation, the T-matrices,ip fp
T(s.,t ), T(s,,t ), T(s.,t ) and T(s,,t ), are treated as the elastic T-i p  r p  i q  i q
matrix evaluated at (s.,t ), (sr,t ), (s.,t ) and (s,,t ), respectively.i p  f p  1 q f q
Thus, if the elastic scattering T-matrix is given as a function of s and 

Tt, then M can be used to calculate the bremsstrahlung cross section.P
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TFurthermore, we are sure that will be valid for any bremsstrahlung
T aTprocess with or without a resonance since M is independent ofV 3s

3Tand . It should be pointed out that the four sets of (s,t) used in 

this particular two-energy two-angle approximation are solely determined 

by the four external diagrams shown in Fig.l. For example, 

T(s,t)=T(s^,t ) is used for Fig.la simply because s=(q^+p^)2= 

(q^+p^+K)2=s^ and t=(p^-p^)2=(q^-q^-K)2=tp for the diagram la. For this 

reason, the choice of the four sets of (s,t) is fixed and natural, not 

arbitrary, for this approximation.

The bremsstrahlung amplitude for the p l2CJ process,

P(qf) + l2C(pJ) - p(qj) ♦ »2C(pJ) + y(Kw),
Tis very similar to the amplitude given by Eq.(38) if carbon is

treated as a single elementary particle of spin zero, mass mc and charge

Ze where Z is the atomic number of the carbon. Moreover, since the

contribution from the proton anomalous magnetic moment is negligible in

the low energy scattering (the incident bombarding energy is less than 2

MeV) and the momentum of the detected photon is much smaller than the

momentum of the proton, i.e., K/q^<<l and K/q^<<l, the terms which

involve R ^  and R^ in Eq.(38) can be neglected. Thus, the final
Texpression for has the form:

"v ■ 1T(W

qiu <qi+pi)u
"l q^K ‘ (q^p^-K lT(sf'tp )

Pfu (qf+pf)u
'  T qf«pf)-K 'T< W  <” >

for the p 12Cy process.
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As we have already mentioned, two bremsstrahlung processes which 

have been systematically measured are the ir*p7 near the 

A(1232)-resonance and the p ,2CJ near both the 1.7-MeV resonance and the 

0.5-MeV resonance. The combined ■n±py and p ,2Cl data can provide a very 

sensitive test of the validity of various theoretical approximations and 

models.

The fact that the combined data cannot be described by the one-

energy one-angle (or the one-energy two-angle) approximation is almost

well established in Section IV. Briefly, the one-energy one-angle

approximation includes three well-known approximations: Low's original
12soft-photon approximation (LSPA) , the EED approximation of Nefkens and

Sober (EED)14, and the modified SPA of Nutt, Liu and Liou (MSPA).1^
+LSPA was applied to predict the u pY spectra by the UCLA group in order 

to describe the spectra measured by the group. We have repeated the 

calculation and have obtained essentially the same result as that 

obtained by the UCLA group. Typically, the calculated spectra at 298 

MeV rise steeply with increasing photon energy above K = 80 MeV in 

complete disagreement with experimental results. We have also applied 

the LSPA to calculate the p >2C? cross sections at 1.88 MeV for a 

scattering angle of 155° and we have found that the calculated cross 

sections show a giant resonant peak around K = 270 keV which is quite 

different from the small observed peak appearing around K = 135 keV. 

The EED approximation, on the other hand, can be used to describe most 

of the ir̂ pY data, but it fails to describe the p ,2cy data near the 

1.7-MeV resonance or the 0.5-MeV resonance. Finally, the MSPA 

approximation does not predict any resonant structure in the resonance 

region; it always gives a typical smooth spectrum with 1/K dependence.
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Therefore, it cannot be used to describe the structure observed in the 

p ,2Cy spectra even though the u*pjr data can be described by this 

approximation very successfully. In short, what we have established 

here is that the one-energy approximation (either one-angle or two- 

angle) is inadequate to describe the combined data. For this reason we 

will not compare the result calculated from the two-energy two-angle 

approximation with any result calculated from the one-energy 

approximation. Since the combined data can only be described by the 

two-energy approximation, we shall focus on the comparison between the 

Feshbach-Yennie approximation (a typical two-energy one-angle 

approximation, see Appendix D for the expression used in this 

calculation) and the simplest amplitude given by Eq.(38) for u4pjr and by 

Eq.(39) for p ,2CJ (the best two-energy two-angle approximation). The 

detailed comparison is shown in Fig.10-Fig.43.

The comparison between the predicted p l2Cy cross sections and the

experimental cross sections is shown in Figs. 10, 11 and 12 for the

incident proton energies of 1.594 MeV, 1.81 MeV and 0.591 MeV,

respectively. In the energy region far from any resonance, as shown in

Fig. 10, all approximations give about the same prediction, and the

result is in good agreement with the data. In the vicinity of the

0.5-MeV and the 1.7-MeV resonances, both the TETA approximation and the

TEOA approximation predict resonant structure which is more or less the
ABsame as the observed one, but the amplitude M^ in the TEOA 

approximation, which predicts a cross section increasing with increasing 

photon energy K for the 0.591 MeV case, is not better than the amplitude
AM^ in the TEOA approximation. Because of the finite size of the photon 

detector used in the experiment, the theoretical calculations should be
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averaged over the solid angle of the photon detector. The effects of

the finite size of the photon detector on our results are discussed in

Appendix E. In general, the averaged cross sections are in much better

agreement with the data than the unaveraged cross sections.

The comparison between the predicted •n±py cross sections and the

UCLA data is shown in Figs. 13-43. Except for the photon counter G18

(and G19 for some cases), the simplest amplitude in the TETA

approximation, Eq. (38), predicts spectra which are consistently in

excellent agreement with the UCLA data. As for the Feshbach-Yennie
ABapproximation in TEOA, the calculations based on the amplitude are 

in excellent agreement with the data for the photon counters Gil - G17, 

but the agreement becomes very poor for the other counters. The
Apredictions using the amplitude , on the contrary, are in poor 

agreement with the data for the counters Gil - G17, but the agreement is 

either good or excellent for the rest of the counters. In order to 

understand this peculiar change in the agreement between the Feshbach- 

Yennie approximation and the UCLA data, we have chosen three new

locations for the photon counter between G1 and Gil and have calculated
£ AB Athe it p! cross sections for them using both M and M in the TEOA

approximation. This is shown in the Appendix F.

From the over-all comparison between the simplest amplitude in the 

TETA approximation and the Feshbach-Yennie TEOA approximation, we 

conclude that the simplest amplitude in the TETA approximation is much 

better than the TEOA Feshbach-Yennie approximation. This fact supports 

our argument that the best bremsstrahlung amplitude to be used to

describe the bremsstrahlung cross sections near a resonance is the

amplitude which is free of terms involving 3Te^/3s orX Gt DxMx
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VI C o n c lu s io n

(i) We have constructed the most general bremsstrahlung amplitude

which can be used to study the predictive power of all possible

approximations or models, including those well-known approximations that

have previously been used. This general amplitude has been divided into

many classes of approximations and the two most interesting

approximations have been systematically studied. Special attention is

given to the understanding of how these approximations depend on the

choice of s . and t , The most important result which we havea B a pX X  X X
obtained from our study is that for a given amplitude we know what kind

of resonant structure it will give in the resonance region. More

precisely, we can predict the position of the structure in photon energy

K and its width r by either performing a detailed bremsstrahlung 0 0
calculation or using two simple formulas which relate K and r directly0 w
to the observed resonant energy and the width r^. This important new

information, which has never before been obtained, can be used to study

the validity of any bremsstrahlung amplitude (or to determine which set

of s and t , , is physically acceptable) when the predicted result a B a BXMX X MX
is compared with the experimental data. The formulas which determine K̂ ,

and r in terms of E and r , are very useful. An important application 0 K 61
of these two formulas is that they can be used to determine the energy 

region in which both the theoretical prediction and the experimental 

measurement should be performed.
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(ii) We have shown that there is a theoretical ambiguity which can

not be avoided. (This ambiguity can not be removed by imposing the gauge

invariant condition and, to the best of our knowledge, there is no other

first principle which can be used to remove this ambiguity.)

Mathematically, this ambiguity means that the bremsstrahlung amplitude

can be evaluated at s and t ,., where a , $ , o', and
a  d o D x x xxHx x*x

f5̂ (x=a,b,c,d) are arbitrary real numbers. Since not all of these 

parameters are physically acceptable and there is no other principle 

which can be used as a guide to select a set of correct parameters, we 

rely entirely on experiment to resolve the theoretical ambiguity. That 

is, we provide all possible results calculated from a given amplitude 

(or approximation) so that the validity of this amplitude (or 

approximation) can be determined by comparison with the experimental 

data.

(iii) We have shown that the one-energy one-angle approximation can

not be used to describe the p l2Cy data near the 1.7-MeV resonance or the

0.5-MeV resonance. This conclusion is drawn from a systematic study of

the amplitude in this approximation which is evaluated at all possible

values of s and t , ,. Generally speaking, the resonant structure 
“x&x °xPx

predicted in the OEOA approximation, including the EED, is quite 

different from the observed one (different in either the position of the 

peak or the shape of the structure or both).

(iv) We have shown that the existing experimental p 12Cy data 

(available only in the energy region K<220 keV) near the 1.7-MeV 

resonance can be described by the two-energy one-angle approximation
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evaluated at many (infinite) different sets of parameters. We have also 

shown that different sets of parameters give quite different cross 

sections in the energy region 220<K<600 keV, but no experimental data 

are available in that region. Since the data in that region can be used 

to rule out some sets of parameters which are physically unacceptable, 

our study provides strong justification for doing new experiments. New 

experimental data will play a very important role in constructing a new 

theory.

(v) Although more thorough studies are needed, the results of our

investigation seem to indicate that any bremsstrahlung amplitude which

involves 3Te^/3s will not be valid in the energy region of aX B p  X X
resonance. This implies that all one-energy approximations would be 

inadequate and hence the two-energy approximation would be required to 

describe the bremsstrahlung cross sections near a resonance.

(vi) We have constructed a new class of soft-photon approximation 

called the two-energy two-angle approximation. Various versions of the 

two-energy two-angle approximation have been studied and compared, and 

our study shows that the best choice is the simplest amplitude, which 

depends only on the elastic T-matrix, i.e., the amplitude which is

free of the term involving 3T*^/3s or 3T**/3t .».• We have alsoX 8 D X 8 DXKX XKX
compared the result of the predictions calculated in the one-energy one- 

angle approximation, the one-energy two-angle approximation, the two- 

energy one-angle approximation and the two-energy two-angle 

approximation; we were not able to find any approximation which can fit 

the x*pl and the p 12CT data better than this simplest amplitude in the 

two-energy two-angle approximation.
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Appendix A: The express ions  for Ky and

Let us assume that the elastic scattering cross section, oe ,̂ of the

corresponding elastic scattering process (the A-B system) exhibits a

resonance with the resonance energy E and the width r , and that theR ® X
bremsstrahlung spectrum, o^E° \  calculated from the amplitude

0
AB AM (s *, t ) or M (s _,t ) shows resonant structure, which isy op o p  y op a p

centered about a photon energy K in the spectrum and has a width
0 0

T . What we try to derive here are two simple expressions which relate 
0

K and r directly to E and r ,, respectively. These expressions are o o  K 01
good for the one-energy one-angle approximation, but they can be

extended very easily for the other approximations.
AB AAs we know M (or M ) involves four different T-matrices,P P

T(s o ,o.),x=a,b,c,d. In the OEOA approximation, we have s =sQ D CX D tt D QDxMx xMx xMx w
and t ,a,=t . Thus all four T-matrices are identical and they are

°xBx ° B
evaluated at the same energy s and the same scattering angle t :ap a p

axBx axBx aB ° B
If we use the following expressions for s^ and s^ (see Eq.(5))

s =(m+H)2+2HE.l l
sf=(m+M)2+2H(Ei-K/N) ,

we can write s „ as a function of K in the form aB
s (K)=(m+H)2+2H{E. fi~K/N} . (Al)aB i a+B

Now, suppose the elastic scattering cross section oe  ̂ shows a resonance

at the resonance energy ER. In terms of ER , we can define sR as

sR=(m+M)2+2MER . (A2)

If B*0 *nd s (0) is much greater than s (i.e., E.>>E and far away ap R x R
from any resonance), then a typical bremsstrahlung spectrum with a
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characteristic 1/K dependence will be predicted because the effect of

the resonance will be very small. As K increases, s (K) approaches s
op R

and the resonance effects become significant. In the energy region of 

the resonance,i.e., when

W - V  (A3)

we expect a resonant peak (structure) to appear in the bremsstrahlung

spectrum at K=K . Substituting Eqs.(Al) and (A2) into Eq.(A3) and 0
solving the equation for K , we obtain4

Ky=Ko(a+B)/B . B*0 , (A4)

where

V ' W "  . (AS)

To derive the expression for the width r . we write s „(K) in the
o a p

form

S ft(K)=(m+M)2+2ME (K> , (A6)ap ap
where

E „(K)=E. 5ft“K/N . (A7)ap l a+B
From Eq.(A7), for a given E. and 6„, AE . (the change in E ) can bel T ap ap
written in terms of AK (the change in K) as

AE   ^-AK/N . (A8)aB a+B
This equation is very useful. For example, if we choose AE a to be theaB
energy difference between the beginning point and the ending point of

the resonant structure observed in oe ,̂ then AK will be the energy

difference between the ending point and the beginning point of the

resonant structure predicted in o°E°A. Thus, we can define T ,=|AE .|o 61 ap
to be the width of the resonance observed in o , and T =|AK| to be theei I
width of the resonant structure predicted in oyEOA, and write the
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expression for Tj. in terms of as

ry=[(a^e)/B]Nrel , p*o . (A9)

It should be pointed out that the values of and r̂. obtained from

the actual bremsstrahlung calculaticn (not from Eqs.(A4) and (A9)) may
A AB Adepend upon which amplitude, M or M =M +B , is used in the
V  P W y

calculation of oyEOA. This is because oyE0A can be dominated either by4 4
AM , the leading term of the amplitude, or B , the second term of the 
V V

amplitude, in the energy region of a resonance. As we have already
A elmentioned, M depends only upon T =T(s , t ) while B depends upon 
V op o p y

cl cl3T /3s and/or 3T /3t . Therefore, in the case when the
a p  a  p

OEOA Acontribution from B is negligible, o„ calculated from either M
y f  y

ABor will be about the same and it will be roughly proportional to

o ,/K (or o ,/K plus a constant). In this case, the values of K and Cl Cl 4 4
calculated from Eqs.(A4) and (A9), respectively, will be in very good

agreement with those obtained from the exact bremsstrahlung calculation.
A OEOAOn the other hand, if B >>M in the resonance region, then o„

y y T
AB Acalculated from M will be much greater than that calculated from M .
V  P

Consequently, the width of the resonance predicted by the amplitude
AB Awill be much wider than that predicted by the amplitude and the

position of the resonant peak K predicted by these two amplitudes may4
OEOA Abe different. (or calculated from M is still roughly proportional4 P
OEOA ABto o ,/K but oy calculated from M will be approximatelyC1 4 p

proportional to |(s .-s 0)3Te*/3s al2. The contribution from the term
l  a p  a p

involving 3T* /3s is much more important than that from the term 
a p

involving 3T*^/3t in the resonance region.) In this case, K
a  p I

calculated from Eq.(A4) can be different from that obtained from the
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actual bremsstrahlung calculation using the amplitude . To get the

same value of K , E in Eq.(A4) has to be replaced by E'=E -C, where C i R R R
is a constant energy, if the expression for given by Eq.(A4) remains

unchanged. However, Eq.(A9) for ry must be slightly modified to take

into account the variation of 3Te*/3s « in the resonance region.
ap

Details of the modification will not be discussed here because the

result of our study seems to indicate that any amplitude which involves

3Te*/3s „ can not be used to describe the bremsstrahlung spectra in the ap
energy region of a resonance.
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»

Appendix B: The Locations of de tec tors  in i>±pT experiment

p?9i

13

Fig. i The coordinate system and relative locations of the photon 
counters G1-G19 used in the UCLA ir*py experiment.
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Counter * 1LI $
(4t i)

*
<4*3i

d (ca)(tl bfjif)
Cl 200. 0. 160. 0. 61.1
G2 200. -Id. 153.34 316.47 56.
G3 200. -36. 139.48 295.11 56.
G4 220. 0. 140. 0. 56.
CS 220. -18. 136.77 333.16 56.
G6 220. -36. 128.30 311.50 56.
G7 240. 0 . 120. 0. 56.
G6 240. -18. 116.39 339.43 56.
G9 240. -36. 113.86 320.01 56.

G10 160. -36. . 144. 270. 56.
Gil 160. 0 . 160. 160. 63.
G12 140. 0 . 140. 180. 63.
G13 120. 0 . 120. 180. 63.
G14 103. 0. 103. 180. 63.
G15 103. -20. 102.20 200.46 63.
G17 SO. 4. 50.12 174.76 300.
G10 320. -5b. 64.64 293.44 63.
G19 0. -59. 59. 270. 63.
plon 50.517. -10!2«* 50.5 180. 73.6*

proton 323127 -26126 0.'uff«r limit) (upp«r
d * horizontal projection of-the angle aeasured 

clockwise froo the bean line*
P = the angle of elevation eeasured upwords fro* 

the horizontal plane*
* distance to first plon spark chaaber.
% distance to first plane of counters*
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Appendix C: The EED Approximation

In this appendix, we try to explain why the u*Py spectrum, o^py- 

calculated in the EED approximation shows a typical bremsstrahlung 

spectrum with 1/K dependence without any resonant structure for most of 

the photon counters (i=l,2...,19), in good agreement with the

experiment.
EEDNefkens and Sober have calculated o r from the following■npJT

formula:
EED31

where

o ™  = GKDVD [do <s.t)/dn] , (Cl)“P 6 y irp

Q P Qr Pr
Dw=+ ^  i»L± (C2)q^K Pi*K 1 qf.K pf»K

G =(e2/16lt3]s!lqf3/{qi[qf2(sl'i-K)+ Eq(qf «K) ] } .

and do (s,t)/dfi is the n*P elastic scattering cross section evaluated up
at s and t. In the published EED calculations, do /dfi was evaluated atup
(i)s and t and (ii)s and t. Here s =s.=lim. s..,o o o l k->o f
t =lim. t =lim. t , s=is(s.+sr) and t=4(t +t ). The amplitude used in o k-»o p k-*o q ' i f  p q r

ftthe case (i) is identical to our amplitude M (so,tQ) given by Eq.(16b)
+with Z=l, Z =±1 for ii“ and the T-matrix evaluated at lim. s =s andB A k-»o aB o

lim^oto ,p,=to, which can be obtained by choosing 3/o=0 and a 1/3' =

-(qf-qi-SRq)*Rq/(Pf-Pi-4Rp)»Rp. The amplitude used in the case (ii) is

the same as that used in the case (i) except that the T-matrix in this

case is evaluated at s and t, which can be obtained by choosing a=3=l

(s =s) and a ,=3,=l (t lol=t). In order to obtain Eq.(Bl), Nefkens and ap a 3
Sober have made another approximation. They have ignored the

contribution from the proton anomalous magnetic moment X and they have
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used the elastic projection operator, A(p£> = lim^oA(p^) =

lim^ (p^+M)/2M in their calculation. This elastic projection operator,

combined together with the amplitude MA, enable them to write oEE^
V i»P I

in terms of do /dQ as shown in Eq.(Bl). up

Now let us explain why oEE|? shows no resonant structure for theirpl
u*py case and gives a typical bremsstrahlung spectrum with 1/K

dependence for most of the photon counters (i=l,2......19), in good

agreement with the experiment. In the case (i), do /dfi is evaluated atup
s and t . Since s and t are independent of K, do /dj) will not vary o o o o r up

EEDwith K. Therefore, if o j. is plotted as a function of K, its shape

will be determined mainly by the factor KDWD^, which is roughly

proportional to 1/K. This is why oEE^ decreases monotonically with
v p j

EEDincreasing K. To support this argument, we have calculated o v andirp a
we have obtained all spectra which are smooth curves with 1/K

dependence. Some of these calculations are shown in Figs.6,7, and 8 (the

dot-dashed curves). As for the case (ii), do /dQ is evaluated at I andup
t. Since s and t are functions of K, do /dft is no longer independentup
of K. This means that oEE^ will depend on both the factor KD^D ~1/Kupy u
and do (s,t)/dfl when oEE« is plotted as a function of K. The fact up upT
that t depends upon K implies that the scattering angle will change with

K. More precisely, as K increases the scattering angle used in the

calculation of do (s,t)/dR will be shifted from one angle to another,up
The change in the scattering angle is not small for the u*py case at 298

HeV. For G14, for example, the scattering angle is changed from 69° at

K=15 MeV to 100° at 140 MeV. This change will cause do (s,t)/dS2 toup
change slowly and smoothly with increasing K. There is another important
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factor which is directly related to s. As we know, when K increases, s

will reach the resonant energy s at a photon energy K : s(K )=s . InK # # R
other words, the predicted resonant peak, if any, is expected to appear 

at the photon energy K in the bremsstrahlung spectrum. Our calculationA
shows that K is about 110-140 MeV, depending on the photon counters andA
the incident energy, for this u*pT case. Since 110-140 MeV is close to

the maximum kinematically allowed photon energy K and the measuredmAX
photon spectrum is extended to about 120 MeV, no resonant structure can

be expected from do (s,t)/dfl for most of the photon counters. (Ifup
K <K and the photon spectrum is extended to K' with K >K'>K , then I max r  r max X

doifp(s,t)/dfl will show resonant structure in the energy region 0<K<K'.)

All these factors combined together cause do (s,t)/dft to vary slowlyup
and smoothly with increasing K (see Figs.7 and 8) for most of the photon

counters. Without any resonant structure from the elastic scattering

cross section do (s,t)/dfl, the shape of oEE? will be determined up up!
mainly by the factor KDWD . This is the the main reason why most of the

EED - ~calculated o v(s,t) decrease smoothly with increasing K. Some of irpT
these calculations are also shown in Figs.6,7 and 8 (the solid

curves).It should be pointed out that if t is replaced by tQ , which is

independent of K (i.e., the scattering angle is fixed), then the
EED —calculated cross section o „v(s,t ) will show resonant structure,up* o

just as we have pointed out in section IV. Some of these calculations 

are shown in Fig.6 (the dashed curves).

Although the EED approximation predicts u*pf cross sections which 

are in good agreement with the UCLA data, it gives very poor results for 

the p 12cy cross sections, (see section IV.) There is no contradiction
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between these two predictions because the predicted cross section

depends on the incident bombarding energy, s and t , Differentap a p
values of s , t and the incident energy would give quite different ap a p
cross sections in the resonant region. This is exactly the point we try

to emphasize in this work. In Fig.9, the p 12CI cross sections
EEDOpCy(s,t) are calculated in the EED approximation using Eq.(Bl). Here

again, dOpC(s,t)/dfl is evaluated at (i)sQ and tQ and (ii)s and t. If
EEDdo /dft is evaluated at s and t , then the predicted o „ shows no pc o o pc*

resonant structure as expected for the reason we have already discussed.

(See the dashed curve in Fig.9(c).) If do /dfl is evaluated at s and t,pc
on the other hand, then the predicted spectrum shows resonant structure

with a peak which appears at K =2K ~270 keV (since (a+3)/&=2). (See the0 O
solid curve in Fig.9(c).) Since the observed peak appears at Kq=135 keV,

the predicted spectrum is therefore in total disagreement with the

experiment. This kind of result is exactly what we have found in our
EEDone-energy one-angle case. To be more precise, the curve for o
p c  o

with dOpC/dfl evaluated at s and t is very similar to the spectrum
A —calculated from the amplitude M^(s,tQ). This is because t changes

slightly with K in the energy region 10<K<400 keV (The change in the

scattering angle is less than 1.0°), i.e., anc*

oEE?<s,t) ~ oEE?(s,t ). We have also found that K <<K for this pc? pc? o ? max
low energy p 12C? case. This fact, together with the fact that t~t , cano
be used to explain why the resonant structure is predicted in the p 12C? 

case.

Finally, we should emphasize that the EED approximation of Nefkens 

and Sober has not only neglected the second term of the
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bremsstrahlung amplitude but also ignored the contribution from the 

proton anomalous magnetic moment X. The contribution from these terms is 

not negligible for the i^pj processes near the A(1232) resonance. As we 

have already mentioned in section IV, the contribution from the B terms 

causes the calculated î pjr cross section to rise steeply with increasing 

K above 80 MeV. And our study shows that the contribution from X does 

change substantially the magnitude of the n^py cross sections for some 

photon counters. For some cases, the agreement between the predicted 

cross sections and the UCLA data becomes very poor.
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A p p e n d i x  D:  n p i  A m p l i t u d e  in F e s h b a c h - Y e n n i e  A p p r o x i m a t i o n

a <3* Pc +Rf (<)f+Pt+Rr)
M|i(si .Sf.t0 ) = 12,-- J -  ♦

q. p. -R. (q.p.-R,)
_ T ■ [7  R + R R /■» + 7  \  ^ R i
T [Z‘ q~*K + Z2—  p-piC (Z‘+Z2)- ^ . +P^ . K - 1

m*b(, , t ) = [7 - V  . 2 Pf / %  - (z ) <CJf+Pf+Bf)P 1T <si'sf ' V  lZ> qf«K p f -K  (Z‘+Z2} (qf+pfT5K---- ] T

q. p. -R. (q.p.-R.)

+'2 - - 5 ^ - (V t>*z* ' v ^ <V t)‘(Zl,<SWl,,2>,-!r
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Appendix E: Averaged P 12CI Cross Section

In p 12Cf case, because of the finite size of the photon detector,
the theoretical calculations are averaged over the disk-shaped photon 
detector. The efficiency is regarded as even all over the detector. 
The 16 points on which the average is made are defined in Ref. 21. The
(0,#) angles in spherical system centered at the l2C target can be
determined as follows:

cospCosa = z = cos0 = OP^
sin0 = y = sin0sin# = OP^

cos0sina = x = sin0cos# = OP^
that is,

cos0 = cosacosfl 
tan# = tanfi/sina , 

where the angle a is measured from the beam line on the Z-axis to OPX2
(the projection of OP on the X-Z plane) and 0 is the angle of elevation 
measured from Z-X plane (i.e., the angle between OP and 0PX2)* See
iii and Table A for details. The comparison of the averaged and 
unaveraged cross sections is given in Fig. iv.

A
Z

x z

fv
X

Fig. ii The definition of the angles a, 0, 0 and #.
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In c o m in g  p r o t o n

K

i

i
— » ..

Target

Az

Fig. iii The diagram of the photon detector disk and i t s  location 
relative to the incident beam and the target.
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TABLE A : T h e  location  o f th e  16 p o in ts  on  th e  p h oton  d e te c to r  in 
s p h e r ic a l sy s te m : ( 8 , # )  
w h ere

cosQ = cosacosft  
ta n f  = ta n fi/s in a

P oint e 8 8 4

1

ooQO 4 2 ° 138° 90 °

2 100° 6 0 ° 120° 90°

3 0° 60° 60° 90 °

4 0 ° 42° 4 2 ° 90 °

5 90° 42° 9 0 ° 42°

6 90° 60° 9 0° 60°

7 270° 60° 9 0° 120°

8 270° 42° 9 0° 138°

9 45° 42 ° 58° 52°

10 45° 60° 69° 68°

11 225° 60° 110° 112°

12 225° 42 ° 122° 128°

13 3 1 5 ° 42° 5 8° 128°

14 315° 60° 69° 112°

15 135° 60° 110° 68°

16 135° 42° 122° 52°
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E, *1.880 MeV 
6, * 155°I

>
0>

JC

20 -

Iv.
i/iCD
b

40 200

Fig. iv The relative p l2C2T cross section ore  ̂ as a function of 

photon energy K at an incident proton energy of 1.880 MeV. The solid 

curve represents the averaged p l2Cy and the dashed curve represents the 

unaveraged p l2Cy.
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A AB
A p p e n d i x  F:  V a r i a t i o n  of  a n d  in TEOA f r o m  G1 t o  G11

ABIn order to understand why in TEOA fits the data for photon

counter Gil but not the data for G1, we have calculated the cross

sections for the photon counter located at positions II, III and IV

(between G1 and Gil). Their locations are shown below.

As we can see from Fig.V , when the photon counter moves from G1 to
ABGil, the predicted spectra based on the amplitude get better

agradually, but the predicted spectra based on become worse and 

worse.

/p* E =269 MeVit

Photon counter

I(G1) II III IV V(G11)

e 160 170 180 170 160

* 0 0 0 180 180

Az

AX
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Fig. V The change of v p* cross sections at 269 MeV for the photon 

counter moving from G1 to Gil. The experimental u+pjr data are from 
Ref.2.
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( e )
Feynman diagrams for bremsstrahlung:

(a)-(d) the external scattering diagrams; 

(e) the internal scattering diagram.
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Ej «1.594 MeV 
0q * 155°
U , £ ) «  (1,0)— *0,10)

0.8

0.4

200120 1608040
K(keV)

Fig.2 The relative p l2CJ cross section ore  ̂ as a function of

photon energy K at an incident proton energy of 1.594 MeV. The solid

band represents the calculation using the amplitude MA(s „,t ) in theW op o'
OEOA approximation with (o,p) changing from (1,0) to (1,10) and the 

dashed band represents the calculation using the amplitude M*B(s p/tQ) 

in the OEOA approximation with (o,P) changing from (1,0) to (1,10). The 

data are from Ref. 10.

- 61 -



(a) I (1.0.5) 
n (l.D 1 (1.2)
E  EED(s.f)

&

(b) I (1.0.5)
n a . i )  
m  (i.2)

200 300 400 500 600 
K (keV)

Fig.3 The relative p l2Clf cross section o , as a function ofrel
photon energy K at an incident proton energy of 1.880 MeV. Curves

Arepresent calculations using the amplitude (a) M (s _,t ) in the OEOAp ap o
A ABapproximation and M^(s,t) in the EED approximation and (b) ŝ0p»t0)

in the OEOA approximation. The data are from Ref.>0,
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K(keV)

Fig.4 The relative p ,2Cf cross section ore  ̂ as a function of

photon energy K at an incident proton energy of 1.880 MeV. The solid

curve is calculated from the amplitude MA(s „,t ) in the OEOAp ap o
approximation with (o,p) = (0,l) so that (a+0)/0~l. The data are from 

Ref J O .
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(a) I a.0.0,1)
n  (i.i.o.i)I (1,0.5,0,1) E (1.0.33,0,1)

>  0.5

b  3.0 (b) I d.o.0.1) I (1.0.5,0,1)n (I.I.O.I) E  (1.0.33.0,1)
W

I I

100 200 300 400 500 600 
K (keV)

Fig.5 Relative p 12Cl cross section ore  ̂ as a function of photon 

energy K at an incident proton energy of 1.880 MeV. Curves represent
Acalculations using the amplitude ( a ) M ( s  , s „ ,t ) in the TEOAV OjPl <*2 02 O

approximation and (b) MAB(s , s ,t ) in the TEOA approximation.V OjPx a2P2 °
The data are from Ref.10.

- 64 -



>V
2Nw

J »

8
6
4

2

*  2.0 V
aTJ
a  1.5

T5 1.0

0.5

0

TT’pY.298 MeV 
61-10 AVERAGE
—  EED CM)
—  EED (s0lt0)
—  EED (*,t0)

TTV,298MeV
61-10 AVERAGE
— EED (M)
—  EED (softo)
— EED (§,t0)

40 80
K (MeV)
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Fig.6 A comparison of EED predictions (the average cross section 

over the ten photon counters G1 to G10) with the data at 298 MeV.

The solid curves represent the results of calculation using Eq.(Bl) with 

the elastic n*p cross section evaluated at (s,t). The dash-dotted curves 

and the dashed curves are also calculated from Eq.(Bl) but with the 

elastic n*p cross section evaluated at (sQ .t0) a"d (s,to), respectively. 

The average experimental data are from Ref.2.
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Fig.7 (Top): The »+p elastic cross section, evaluated at (s,t), as
a function of photon energy K at an incident pion energy of 298 MeV.
(Bottom): The » pf cross section as a function of photon energy K at 298 
MeV for the photon counter G14..The solid curve represents the result of
EED calculation _using Eq.(Bl) with the elastic »4p cross section 
evaluated at (s,t). (This elastic cross section is shown in the top 
figure.) The dash-dotted curve represents the same calculation but with
the elastic i+p cross section evaluated at (so,to). The experimental 

s*pf data are from Ref.2.

- 66 -



d3
cr

/d
av

dQ
yd

K 
(n

b/
sr

zM
eV

) 
da 

(s
,t)

/d
fl*

 
(m

b/
sr

)

12

ELASTIC CROSS SECTION(s,T)

Ej = 269 MeV

100
80

60

40

20
0

40 80
K (MeV)

120

TT+p K
269 MeV, 619
—  EED (s,t)
— EED (So,1J

40 80 120
K(MeV)

Fig.8 Seme as F ig .7 but at 269 MeV for G19.
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«» 200 300 405
K(taV)

Fig.9 (a) The p ,2C elastic cross section as a function of incident
protOi; energy for 0^=155°

(b) The p 12C elastic scattering cross section, evaluated 
at (s,t), as a function of photon energy K at an incident proton energy
of 1.880 MeV. Every point between the arrows A and B on this curve
(cross section) corresponds to a point between A and B on the curve 
shown in (a). Note that the cross section in (a) is plotted as a
function of E^ while the cross section in (b) is plotted as a function
of K (since s is a function of K).
(c) A comparison of EED predictions with the p l2CI data at 1.880 MeV for
6^=155°. The solid curve represents the result of EED calculation using
Eq.(Bl) with the elastic p 12C cross section evaluated at (s,t). (This
elastic p 12C cross section is shown in (b).) The dashed curve represents
the same calculation but with the elastic p X2C cross section evaluated
at (s ,t ). The experimental data are from Ref./O. o o
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OEOA (Low) 
overlops with TETA

y> 0.8

* 1

80 120 
K(keV)

Fig.10 The relative p l2Cy cross section ore  ̂ as a function of 

photon energy K at an incident proton energy of 1.594 MeV. The solid 

curve represents the calculation using TETA, The dashed curve represents
Athe calculation using the amplitude TEOA

appaoximation and the dotted curve represents the calculation using the 
ABamplitude (s^,s^,to) in the TEOA approximation. The curve calculated 

in Low's original OEOA overlaps with the solid curve. The data are from 

Ref. 10.
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Fig.11 The relative p 12Cy cross section ore  ̂ as a function of

photon energy K at an incident proton energy of 1.810 MeV. Curves
£

represent calculations using the amplitude MJJ(si>sf 9iven bV
A ABEq.(39) in TETA, M (s.,s,,t ) in TEOA and M (s.,s,,t ) in TEOA. The y i r o  y i t o

data are from Ref./®.
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Fig. 12 Same as Fig. 11 but at an incident proton energy of 0.591

MeV.
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Fig.13 The n+pl cross section as a function of photon energy K at

269 MeV for the photon counter Gl. The solid curve represents the

result of calculation using the TETA amplitude given by Eq.(38). The

dash-dotted curve represents the result of calculation using the

amplitude MA(s.,s,,t ) in TEOA and the dashed curve represents the 
y  1 f  O

A Bresult of calculation using the amplitude (s^,s^,tQ) in TEOA. The 

experimental ir+pl data are from Ref.2.
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Fig.14 Same as Fig.13 but for the photon counter Gil.
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Fig.15 Same as Fig.13 but for the photon counter G12.
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Fig.16 Same as Fig.13 but for the photon counter G13.
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Fig.17 Same as Fig.13 but for the photon counter G14.
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Fig.16 Same as Fig.13 but for the photon counter G15.
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Fig.19 Same as Fig.13 but for the photon counter G17.
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Fig.20 Same as Fig.13 but for the photon counter G18.
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Fig.21 Same as Fig.13 but for the photon counter G19.
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Fig.22 Same as Fig.13 but at 298 MeV for the photon counter G10.
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Fig.23 Same as Fig.13 but at 298 MeV for the photon counter Gil.

- 82 -



Cr
os

s 
Se

ct
io

n 
(n

b/
sr

 
Me

V)

P i o n <+)-Proton ScattQring
E-298 MeV Cl2

1--| T

10. 0

8.0

0.0
80 108 120 1447230 540 18

K(MeV) in Lab

Fig.24 Same as Fig.13 but at 298 MeV for the photon counter G12.

- 83 -



Cr
os
s 

Se
ct
io
n 

(n
b/

sr
2M

eV
)

Pion (+)-Proton Scattering
E-298 MeV Cl3ri

— J_ 
18 12872 108 1448038 540

K(MeV) in Lab

Fig.25 Same as Fig.13 but at 298 MeV for the photon counter G13.
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Fig.26 Same as Fig.13 but at 298 MeV for the photon counter G14.
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Fig.27 Same as Fig.13 but at 298 MeV for the photon counter G15.
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Fig.28 Same as Fig.13 but at 298 MeV for the photon counter 017.

- 87 -



Cr
os
s 

Se
ct
io
n 

<n
b/

er
*M

eV
)

60.0

40 .0

20.0

0.0

Pi on (+)-Proton ScattQring
E-298 MeV G18

18 36 54 72 00

K (MeV) in Lab
108 126 144

T ----

1J -L- I—

Fig.29 Same as Fig.13 but at 298 MeV for the photon counter G18.
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Fig.30 Same as Fig.13 but at 298 MeV for the photon counter G19.
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Fig.31 Same as Fig.13 but at 324 MeV for the photon counter Gil.

- 90 -



Cr
os
s 

Se
ct
io
n 

(n
b/

sr
lM

eV
)

Pion C-O -Proton Scattering
E-324 MeV G12

T — i  1 i i " i r r

20.0 *-

10.0

X —
80 94 72 00 120 144

K(MeV) In Lab

Fig.32 Same as Fig.13 but at 324 MeV for the photon counter G12.
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Fig.33 Same as Fig.13 but at 324 MeV for the photon counter G14.
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Fig.34 Same as Fig.13 but at 324 MeV for the photon counter G15.
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Fig.35 Same as Fig.13 but at 324 HeV for the photon counter G17.
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Fig.36 Same as Fig.13 but at 324 MeV for the photon counter G19.
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Fig.37 The u py cross section as a function of photon energy K at

263 MeV for the photon counter G1-G10(averaged). The solid curve

represents the result of calculation using the TETA amplitude given by

Eq.(38) and the dashed curve represents the result of calculation using 
ABthe amplitude M^ in TEOA. The experimental u py data are

from Ref.2.
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Fig.38 Same as Fig.38 but for the photon counter G12.
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Fig.39 Same as Fig.38 but for the photon counter G14.
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Fig.40 Same as Fig.38 but at 298 MeV for the photon counter 

Gl-GlO(average).
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Fig.41 Same as Fig.38 but at 298 MeV for the photon counter G14.
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Fig.42 Same as fig.38 but at 298 MeV for the photon counter G15.
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160

- 102 -



R e fe r e n c e s

1. M.I.Sobel and A.H.Cromer, Phys. Rev. 132, 2698(1963); An exten­

sive list of references can be obtained from the following 

review articles; (i) M.L.Halbert, Proceedings of Gull Lake Sym­

posium on the Two-body Force in Nuclei, (Plenum Press, New York, 

1972). (ii) M.J.Moravcsik, Reports on Progress in Physics, 35 

587(1972). (iii) E.M.Nyman, Physics Reports, 9, 179(1974). (iv) 

M.K.Liou, Proceedings of the International Conference on Few 

Body Problems in Nuclear and Particle Physics, Quebec, Canada. 

Edited by R.J.Slobodrian et al., Les Presses De L'Universite 

Leval, Quebec, (1975). (v) J.V.Jovanovich, Nucleon-Nucleon

Interactions - 1977 (Vancouver) AIP Conference Proceedings No. 

41, edited by H.Fearing, D.Measday and S.Strathdee).

2. B.M.K.Nefkens et al., Phys. Rev. D18, 3911(1978) and references 

therein.

3. R.M.Eisberg, D.R.Yennie and D.H.wilkinson, Nucl. Phys. 18, 

338(1960)

4. H.Feshbach and D.R.Yennie, Nucl. Phys. 3T_, 150(1962).

5. F.Janouch and R.Mach, Nucl. Phys. A158, 193(1970); A.M.Green, 

Proceedings of the International Conference on Few-body Problems 

in Nuclear and Particle Physics, (Les Presses De L'Universite 

Leval, Quebec, 1975)

6. C.Maroni, I.Massa, and G.Vannini, Nucl. Phys. A273, 429(1976).

- 103 -



7. C.C.Trail et al., Phys. Rev. C21, 2131(1980). D18, 3911(1978)

and references therein.

8. P.M.S.Lesser, C.C.Trail, C.C.Perng, and M.K.Liou, Phys. Rev. 

Lett. 48, 308(1982).

9. H.Taketani, M.Adachi, N.Endo and T.Suzuki, Phys. Lett. 113B, 

11(1982); H.Taketani et al., Nucl. Inst. Methods, 196, 

283(1982).

10. C.C.Perng, M.K.Liou, Z.M.Ding, P.M.S.Lesser, and C.C.Trail, 

Phys. Rev. C29, 518(1984).

11. C.C.Perng, Ph.D Thesis, City University of New York.

12. F.E.Low, Phys. Rev. 110, 974(1958).

13. S.L.Adler and Y.Dothan, Phys. Rev. 151, 1267(1966). T.H.Burnett 

ana N.M.Kroll, Phys. Rev. Lett. 20, 86(1968).

14. B.M.K.Nefkens and D.I.Sober, Phys. Rev. D14, 2434(1976) and

Ref.2.

15. M.K.Liou and W.T.Nutt, Phys. Rev. D16, 2176(1977); Nuovo Cimento

46A, 365(1978), and M.K.Liou and C.K.Liu, Phys. Rev. D26,

1635(1982).

16. M.K.Liou, C.K.Liu, P.M.S.Lesser, and C.C.Trail, Phys. Rev. C21, 

518(1980). C.K.Liu, M.K.Liou, C.C.Trail and P.M.S.Lesser, Phys. 

Rev. C26, 723(1982).

17. M.K.Liou, and Z.M.Ding, Preprint; More references can be found 

in Refs.2 and 15.

18. M.K.Liou, Phys. Rev. D18, 3390(1978).

19. D.I. Sober et. al., Phys. Rev. Dll, 1017(1975).

- 104 -



20. We must point out here that although the amplitude used by the

UCLA group is not valid in the energy region of the ^-resonance, 

it will be a good amplitude in the energy region very far from 

the ^-resonance. The work of Smith et al. (D.E.A.Smith et al., 

Phys. Rev. D21, 1715(1980)) provides further evidence in support 

of this argument. It is on the radiative scattering below

the (1232) resonance.

21. J. Soc. Indust. Appl. Math. Vol.5, No.2, June 1957.

- 105 -


