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Abstract

SYSTEMATIC STUDY OF BREMSSTRAHLUNG AMPLITUDE AND
A NEW MODEL FOR BREMSSTRAHLUNG CALCULATION
by
Zheng Ming Ding

Adviser: Professor Ming Kung Liou

A general parametrization which enables us to construct all possible
approximations to the bremsstrahlung amplitude is applied to explore
generalizations of existing soft-photon approximations. We establish
the existence of theoretical ambiguity in defining the soft-photon
approximations and we show how the bremsstrahlung cross section
calculated from a soft-photon amplitude depends on the parameters. We
also show that if bremsstrahlung spectrum exhibits resonant structure,

then the position of this structure K_ and its width r‘ can be predicted

by either performing the detailed bremsstrahlung calculation or using

two simple formulas which relate K_ and r‘ directly to the resonant

T

energy E_ and the width rel of the resonant structure observed in the

R

elastic scattering cross sections. This new information about K‘ and r‘

can be used to study the validity of any bremsstrahlung amplitude.

All approximations have been divided into classes and the following
approximations have been systematically studied: (i) The one-energy
one-angle approximation (OEOA), which is the generalized Low's
approximation, (ii) the one-energy two-angle approximation (OETA), which
is another version of the generalized Low's approximation, (iii) the
two-energy one-angle approximation (TEOA), which is the generalized
Feshbach-Yennie approximation, and (iv) the two-energy two-angle

- iii -




approximation (TETA), which is essentially a new approximation for
bremsstrahlung calculations. We find that all soft-photon amplitudes in
the OEOA or OETA fail to adequately describe the proton-carbon
bremsstrahlung (p12Cl) data near the 1.7-MeV or 0.5-MeV resonance.

These amplitudes predict the values of K_ and r' which do not agree with

4
the experimental ones. Although the problem comes from both the leading
term (Au/K) and the second term (Bu) of the amplitudes (H:B), the major

difficulty lies in the derivatives of the elastic scattering amplitudes
in the second term Bu. Our study also shows that the limited existing
data (which is available only in the soft photon region,K< 200 keV) can
be described by many (infinite) soft-photon amplitudes in the TEOA.
Since these amplitudes in the TEOA can be differentiated at higher
photon energies (200 keV<K<600 keV), a new plzcx experiment is suggested
to test these amplitudes so that the best one can be selected.
Finally, we develop and test a new two-energy two-angle approximation
for describing bremsstrahlung processes. The natural choice of kinematic
variables (determined by the four external emission diagrams) leads to
the situation in which the second term of the amplitude vanishes, Bv=0.
This approximation provides an excellent description of all the

2

available ntp! and the p1 CY data by means of a single soft-photon

approximation.
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I Introduction

Historically, the most important reason for studying the radiation
accompanying a scattering process has been to investigate the off-shell
behavior of the process, information which is not available in the
elastic scattering process itself. For example, in studying nucleon-
nucleon bremsstrahlung, one hopes that from among the many different
phenomenological potentials one can distinguish, by its off-energy-shell
behavior, the best two-nucleon potential.1 In addition to this important
goal in the study of bremsstralung, there are several areas in which one
hopes to use the radiation accompanying certain processes to obtain
specific information about these processes. The study of pion-proton
bremsstrahlung (ﬂip!) was originally suggested for the study of
electromagnetic properties of the A-resonance,2 and the nucleon-nucleus
and nucleus-nucleus bremsstrahlung in the resonance region were
motivated by the hope that this process could be used as a tool for

investigating nuclear reactions.3’4'5

The idea of wusing bremsstrahlung emission as a tool for
investigating nuclear reactions was first proposed by Eisberg, Yennie
and Wilkinson in 1960.3 Their classical treatment was extended later to
a quantum mechanical treatment by Feshbach and Yennie.4 Briefly, the
amplitude which represents the photon emission before nuclear scattering
and the amplitude which represents the photon emission after scattering
add coherently. Since these two amplitudes differ in phase by w1
(w=radiation frequency, t=time delay), the bremsstrahlung cross section

evaluated from these two amplitudes (and an internal amplitude obtained




through the gauge invariant condition) will contain an interference term
which depends upon the time delay (. For small values of wt, one obtains
a typical, smooth bremsstrahlung spectrum with 1/K dependence (K =
photon energy). As wt increases, the interference between the two
amplitudes is altered, causing a change in the bremsstrahlungg spectrum.
For example, when a 1long-lived resonant state 1is formed, the
bremsstrahlung spectrum will show structure. A quantitative measurement
of the bremsstrahlung cross section can then provide a measure of the
time delay. This information about the time delay can be used to
distinguish wunambiguously between a direct nuclear reaction and a
compound nuclear reaction. A serious attempt to measure the proton-
carbon bremsstrahlung (p!2C¥) cross sections near the 1.7-MeV and
0.5-MeV resonances and to extract important information about the time
delay was made by the Bologna group6 and the Brooklyn Group7'8 and these
results have been confirmed by a group from Tokyo.9 Each group has
clearly observed the resonance structure in the measured p!2CYy spectra
and used these spectra to extract a delay time of the order of 10-2
second. In addition to the ntpx and the pl2Cy processes which have
already been measured systematically, the proton-oxygen bremsstrahlung
(p!®*0¥) has also been studied recently by our Brooklyn group.lo'11
Most of the bremsstrahlung calculations performed in the past were
either model independent calculations or potential model calculations.
The model independent calculations are based upon a fundamental theorem,
known as the soft-photon theorem or the low-energy theorem for photons.
It was first derived by Low12 and was extended by Adler and Dothan.13

This theorem states that the first two terms in the series expansion of

the differential bremsstrahlung cross section (or the bremsstrahlung
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amplitude) in powers of the photon energy may be calculated exactly in
terms of the corresponding elastic amplitude and the electromagnetic
constants of the participating particles. Thus, the theorem provides a
method to construct an approximate bremsstrahlung amplitude, which can
be used to calculate the bremsstrahlung cross section in terms of the

corresponding elastic amplitude.

However, the soft-photon theorem states nothing about the energy and
the scattering angle at which the elastic amplitude should be evaluated.
Since there are two different energies (si and sf) and two different
scattering angles (tp and tq) which can be defined for any
bremsstrahlung process, the elastic amplitude can be evaluated at any

linear combination of si and s (qsi+ssf)/(a+8)) and any linear

3 (SaB =

combination of tp and tq (t (u'tp+a'tq)/(u'+5')). This is the

a'B'
theoretical ambiguity involved in using this theorem, and this ambiguity
implies that the prescription used to construct an approximate
bremsstrahlung amplitude is by no means unique. This can be seen from
the fact that several approximations to the bremsstrahlung amplitude
have been proposed by many other authors since Low first put forward his
famous soft-photon theorem in 1958. These approximations, called soft-
photon approximations (SPA) or on-shell approximations, have played an
important role in the study of bremsstrahlung processes. Among the
approximations proposed so far, Low's original SPA (LSPA), the EED
(external emission dominance) approximation of Nefkens and Sober
(EED),14 the modified SPA of Nutt, Liu and Liou (HSPA),15 the Feshbach-

6

Yennie approximation (FYA),1 and many other approximations17 have been

applied to predict either the ntp! or the p!2Cr cross sections.




An important connection between the ambiguity problem of the soft-
photon theorem and the wvalidity problem of the soft-photon
approximations was not fully understood in the past and the ambiguity
problem was completely ignored. Realizing the importance of this
problem, we have proposed a special parametrization which enable us to
generate all possible linear combinations of energies and angles so that
the most general bremsstrahlung amplitude can be constructed. We then
used this general bremsstrahlung amplitude to study the range of
validity of various bremsstrahlung approximations and the nature of the
resonant structure predicted by these approximations in the resonance
region. To study all approximations systematically, we have divided
them into several classes. Four classes have been carefully studied. A
comparison with all the experimental ntpx and the p!2Cy data shows that
the best approximation is a new two-energy two-angle approximation which

has never before been studied.

The main purpose of this thesis is to report some important results
of our study, especially to introduce the new two-energy two-angle
approximation which can be used to describe almost all of the wtp! and

the pl2Cy data.




ll Bremsstrahlung Amplitude

We consider photon emission accompanying the scattering of two
particles A and B:
u u u u M
A(q]) + B(p;) *A(qg) + B(pg) + ¥(K")
Here q!(q?) and p!(p?) are the initial (final) four-momenta for
particles A and B, respectively, and K¥ is the four-momentum for the

emitted photon. These five momenta are defined in the laboratory frame

as
qp=(m¢E.,0,0,q.)
i i i
p}=(4,0,0,0)
u= . . .
qf (m+£q, qf51n8qcosoq, qf51n8q51n¢q, qfcoseq)
u= . . .
P¢ (M+Ep, pfsxnepcosop, pfs1n8p51n¢p, pfcosep) (1)
B ; . .
K"=(K, stne'cos¢‘, K51n8151n¢‘, Kcosex),
where

Ei= (mz.'-qiz )!‘_m
Eq=(m?+qu)%-m

%-M,

Ep=(H2+pfz)
and m and M are the masses of particles A and B, respectively. These
four-momenta satisfy energy-momentum conservation:

q;’+p‘;=q¥+p¥*Ku. (2)
As we shall see later, our main purpose is to study how a given
amplitude (or the bremsstrahlung cross section calculated from a given
amplitude) depends on the choice of the total energy squared and the
momentum transfer squared. The answer to this question does not depend
on whether the particles (A and B) have spin or not. Therefore, for the

sake of simplicity, we shall discuss only the spinless case and assume
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that particles A and B have charges Z_ e and ZBe, respectively, but they

A
have no spin. In our actual calculations of the p!2Cy and the ntpt
cross sections, however, the spin of the proton has been taken into

consideration.

It is well-known that the total bremsstrahlung amplitude, M:,
consists of the external scattering amplitude, Hi, and the internal
scattering amplitude, Hi,

M* = nE 4 I, (3)
u u H
ME can be determined exactly from four external emission diagrams (see
Fig.l1(a)-(d)). In these diagrams, Tx (x=a,b,c,d) represent the half-
off-shell T-matrices which depend upon three Lorentz invariants.
Choosing these three invariants to be the total energy squared s, the
momentum transfer squared t, and the square of the invariant mass A of
the off-mass-shell leg on which the photon emission occurs, we can

define four T-matrices as

T ='r(sa,t,A)

]
I
-

(4)

where

= 2
s, (qf+K)
= - 2
8, (qi K)

= 2
8, (pf*K)




84=(p;-K)? (S)
s;=(q +p; ) 2=(mtM) 242ME
se=(qg*pg)?=(q +p,-K)?

=si-2(qi+pi)-K=(m+M)2+2M(Ei-K/N)

N=H/[(m+H+Ei)-(£i2+2mEi)%

cosG‘]

tp=(pf-pi)2=[qi-(qf+K)]2
=tq-2(qi°qf)~K

tq=(qf-qi)2=[pi-<pf+K)]2

=tp‘2(Pi°Pf)'K-

In terms of these four half-off-shell T-matrices, HE can be written

in the form:

q q,
E _ fu . iy
M= 2, 3K T, -2, ATq oK b
P P.
N SR e 'R (6)
B pfOK B P; oK d

HE must be expanded in powers of K in order to obtain the leading term
of Hi (the internal emission diagram is shown in Fig.1(e)) from the

gauge invariant condition. Such an expansion is not unique because

T (x=a,b,c,d) can be expanded, in general, about (s (K), (K))
X a B u
x x X x
where,
sax8x=(°xsi+ﬁxsf)/(°x+8x)'
= (ot B/ (3,78, (7)

and @y Bx’ a; and B;(x=a,b,c,d) are any arbitrary real numbers. Using

the following expressions,

BX
a
e -—.—-—x [ ]
S£7% 8 T2 a . (937Py)°K (8)
otays T arrey (9179
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a
=2 %X (q.
tq-t = 2 '*5; (qi qf)oK

°§Bx Ox
we obtain:
B
_ el a 3
Ta= T, +2-;—:E_-(qi*pi).KTa
a "a
22 (a.- t &
2 a;*ﬁ; (qi qf)OKIa+2qf0K‘ra +.. (9a)
_ -2l b s
Ty = Tp 2755 (q;*P; ) KTy
b "b
-2-——52—-(q -q )-KTt-Zq OKTA + (9b)
ab+8b i°>f b i b
B
- el c s
Te = T *2g g 1947Py) KT,
c ¢
+2———SE——( - )-KTt+2 oK‘rA + (9c¢)
agtB7 i) TP e e
_ el oq s
Ta = Ta "2 wp, (9i%Py) KTy
,2___39__( - )OKTt-Z OKTA + (9d)
agtBy i I TaTP g T
and
E Uy el Uy el Pey el Piy el
M =2 —HT1%° .z B, Mg 1Mo
n A qfOK a A inK b B pf-K c B pi-K d
B q a q.
a fu s b iy .8
+ (q.+p.)eK{22 T +22,-——— —b 7T
171 A aa+ﬁa qf-K a A °b+Bb qioK b
B P a P
c fu s d iy .8
+22 - T  + 22 . TS}
B ac+Bc pfoK c B “d*ﬂd piOK d
(] q B q,
a fu . t b iy .t
+ (q,-q.)eK{-2Z, ———; T 422, —7 T
i°f A ua+Ba qfoK a A ab+8b qioK b
a P a P,
c fu .t d iy .t
+22 T < T - 22 " T.}
B ac*sc pf K "¢ B °d+8d piOK d
+ 2[2,q TA + 2.9 TA +2.p TA + 2 p TA] + . (9e)
A%fy a A%iu'b B " fu'c B ipy'd ety
where
T = a,rel/as
x X “xsx
t _ el
T, = 3T /atu;‘s’,‘ (9f)
A
T, = aT(s st ,o..8.)/08 (x=a,b,c,d)
x uxbx chx x x
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ta'B

uxsx
and t ,
b
the A-B elastic scattering process).

,) represents the T-matrix evaluated at s

a_B

X' X

. for the corresponding elastic (nonradiative) process (i.e,

To obtain the leading term of Hi, we follow Low's prescription to

impose the gauge invariant condition:

K¥n! E
u u

-12,T

= -k"M

el
23T

Pa
a6,
B

_ ¢
B +
%e Bc

el
+ ZBTc

el _
a

TS

'Z(Qi*Pi)'K{ZA a

TS
C

+ 2

t
—z(qi-Qf).K{'ZA_;T:Ei‘Ta
a "a

a

c t
————T
B ac+sc

[

+ 2

A A
2[2,q KT, + 2,q. *KT, +

a9 b

From Eq.(10), we obtain

(Qe*Pe) . o) (

A_(qf+pf K "a

HI

u

(ag'Pe)y 1,

z T
[ 4
B iqf+pfs K "c

B
Ba S

z(qi*pi)uizh ua*g;_T!
BC Ts

B ac+8c c
Ba
z(qi-qf)v(-zﬁ_;::E:—

+ 2

Tt
a

%

+ 2 T

4

A
Aqfura

2{2z + 2 T

Aqiu

se oo

qi+pi)

* Ly (g KT
A qi+pi *K b

Ba'tB’ “c
%e Bc

b + 2

el
- 2gTy]

a

b s
+ 2 —T
A gb+5b b

a

d s
+ 2 ———T.}
B ad*Bd d

B
b .t

+ 2 ———
A ab*ﬂb b

a

a _t

B atB 1d
a*8a

A
*KT_ + Zgp, *KT

-2 }

A
ZgP¢ a)

(10)

el
(Qi+pi) Tel
Q;*P; K “d

a
b S
+Z2 ——7T
a “b*Bb b
%4

+ 2 —
B aytBy

s
131
_ B
A g£+5£
% .t
———T
B ud+§d d

Tt

+ 2 b

t

-2 }

A s
8PeTc * 2Py, Tl

(11)




The total bremsstrahlung amplitude H: is then obtained from the sum

of HE and Hi (i.e., to combine Eq.(9e) with Eq.(11)) which can be

written as
T

M= Au(K)/K + au(x) +C K+ e . (12)
where
q (qe*p,)
A(K)/K = + Z, [— B - L TB el
u qg°K Qg*Pg) oK
L VI (a;*p;), s
A q; *K (q.+p.)0K b
Pey (qf*Pf) el
* 2yl PeK  (agp) 1Te
9, (q;+p; )
- zB[ qi°K - (q +p )-K ]T (13a)
and
Ba %, (q;+P;)
BulR) =+ 22, a,*B, [ qg*K i (q;+p; )-K 1(a;*p; )'KT
% qip (q +p1{p s S
* ap,*By [ q;°K i (q+p ) *K J(a *p;) *KT, Ty,
Be P¢ (q;+p)
I, .
* Zya+p, Bk " T(a;p; yok1(a;*p;) *KT,TC
a4 Piy (q *P; ) .
" % ag*By [ p;°K i (é-*p )-K ](q Py )°KT d
Ba Q¢ (q, qf)
- ¥ R
2Zyorep gk T Ta-apek ) (%79 KT,
By, 9; (q qf)
. .
+ 2z, PN ( a K @ q‘)-x J(q;-q¢) KT
ac Pe, (q “qg)
MR T S CRE jok)(3;79g) KT
ad pip (qi-qf)p t

(13b)
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We can see from Egs.(13a) and (13b) that Au(K) depends only on T:l,

(x=a,b,c,d), while Bu(K) depends on T: and T;. Both Au(K) and BH(K)
are independent of the off-shell derivatives T:, but they are still
functions of K. (Since, in general, BX#O and qfu and/or pfu depend on K
implicitly.) As for CH(K) and the coefficients of other higher powers
in K, they involve the off-shell derivatives which cannot be determined
from the corresponding elastic amplitude. Therefore, only the first two
terms of the expansion given by Eq.(12) can be used to calculate the
bremsstrahlung cross section from a given elastic scattering amplitude.
The bremsstrahlung amplitude used in soft-photon approximations can be
written in the form
B

n: = A (K)/K + B _(K) . (14)
In some calculations, such as the EED approximation of Nefkens and
Sober14 for example, only the leading term of Eq.(12) has been used. 1In
that case, the amplitude becomes

MP = A (K)/K . (15)
v H

and

The amplitude HﬁB (or M:) depends on sixteen parameters,ax,ax,a;
5;(x=a,b,c,d), and is therefore very general. By varying these
parameters, it can be wused to study all possible soft-photon

approximations.
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111 Soft-photon Approximations

To study H:B and M: systematically, we have divided them into the

following classes:

(i) One-energy One-angle approximation (OEOA): This approximation

is defined by choosing e, “a a _“a 7a, Ba=8b=5c=8d=8,
n;=ué=ué=né=a', B;=56=5é=5é=5" The amplitude in this
approximation which depends only on suB and tu'B' can be written as
AB -
Mu (saB'tu'B') M (s b’ 'B') B (suB'ta'B') . (l6a)
where
A -
MuSap tarp)
q q; P
fu __Tip fu _
and
B , -
u5ap tarp)
q
B £ oK -
a i .
Zy o B ( 3K P, *K piu)
P
B £ .
Zga+p (poek 3K 7 9g)
a i _
Zgarg (prek 9%k - 93 ) IAT(s gt g, )/0s g
B dip ey
velz, g ¢ q A qfOK )

-2 a’ ( Piy - ) 3( ) *K3T(s )/ at
Ba+6 | p,K pf'K 379 ap*fa'p )/ % p

(16c)
In deriving Eqs.(16b) and (léc), we have used the fact that K"Ku=0 and
we have ignored those terms which are proportional to Ku since ¢¥K =0.

u

Here ¢" is the photon polarization.
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The OEOA approximation is a generalization of Low's original SPA.
To obtain Low's original result from Eq.(l6a), we assume that particle A

has charge e and particle B is neutral, i.e., we have Z =1 and ZB=0. By

A
choosing e=f=1, B'=0 and a'=1, we obtain, using E=(si+sf)/2,
q q. -
AB - - fu iy
My () = (o - gk
qu qiu - -

(17)
wvhich is precisely the Eqg.(1.7) of Ref. 12. Low's original SPA has been
extended and applied to <calculate <cross sections for various
bremsstrahlung processes,

The EED approximation used by Nefkens and Sober is also a good
example of the OEOCA. This approximation uses the amplitude H: given by
Eq.(16b) and it is evaluated at (s,t) or (so,to). That is, H:(;,E) or
M:(so,to) is used. Here, §=(si+sf)/2 and ?=(tq+tp)/2 are obtained by
choosing a=B=a'=f'=1, but S, and to’ which are defined by

S T limkﬂ_,smB =s;
and

t =1 (18)

o lmk*otu'B"
are independent of a, B, a' and B'.
Another interesting example of the OEOA is the modified SPA used by

15. This approximation uses the amplitude given by

Nutt, Liu and Liou
Eq.(16a) with the parameters chosen to be qa=1, B=0, a'/B'"

- - -l - -l %
(ag-q; 1Rq)oRq/(pf P; 1Rp)-Rp, where Rq and Rp are defined by

- 13 -




qfu = llmk*oqfu+un

pfv = llmk*opfu+Rpu
R _+R_+K = 0. (19)
qQu Pu ¥
If EQ.(19) is used to expand the amplitude further in powers of K,
Eqs.(41) and (42) of the Ref. 18 can be obtained. (In Ref. 18, both A

and B are assumed to have charge e, 1i.e., ZA=ZB=1') The amplitude

obtained in Ref. 18 is evaluated at (so,to).
(ii) One-energy two-angle approximation (OETA):

The amplitude in the OETA approximation is evaluated at one energy
but two different angles. For example, we can choose
°a=°b=uc=°d=“’ 8a=8b=sc=8d=8' a;=°6=u'l ) ué=aé=ué ,
B;=Bb=B‘ and 5c=5d=52 and obtain the following amplitude:

AB =
M (Sap tapt ezt ™ M (Sap taipl agpy) * B (Sap aip tazhy’”
(20a)
where
q
A - fu _ iy
Hu(saB'tciBi'taéBé) + ZA( qf°K qi°K )T(suﬁ'tuiﬁi)
P¢
u iy
+ Zg( PeeK p.°K )T(saﬁ'taéﬁé)
(20b)
and
Bu(suﬁ't0351 uzﬁé) )
22y u+ﬁ w8 gk 9 'K Pgok - pfu)ar(saﬁ't 181)/asa8
a q oK
r2z, ¢ N 3 PR - Py )AT(S gut ig) /08 g
P
B (k-
22y Bk ™ T g )T (Sgp 15, ) 350
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a {E_ o N
61 ql Qf
22— — (- - __ ¥ -q,)*K ot o)/t
* A a;*B; ( qioK qfoK )(ql Qf) 3T(saa talsl)/a a8
%2 Pi Pg
ko- B )(q.-q,)*KaT t .
ZZB ay+B, ( p.*K Pf°K >(ql Qf) 9 (suB'tuéBé)/a ajB}

(20c)

An amplitude used by the UCLA group (Ref. 19) in the calculation of
the ntp! cross section is a good axample of this approximation. That
amplitude, which is obtained by choosing a=f=1, a;=B,=1 and a«;=B;=0,

is evaluated at (§,tp) and (E,tq).
(iii) Two-energy one-angle approximation (TEOA):

The amplitude in the TEOA approximation is evaluated at a common

momentum-transfer-squared t (i.e., we choose a;=a =c'=aé=a' and

b ¢

cIBI
B'=B$=Bé=sé=5') and two different energies which can be chosen from
Sy B (x=a,b,c,d). An important example of this approximation can be
X" X

obtained by choosing a,a Sa, 0 Fa=a,, Ba=8c=5l and Bb=Bd=Bz leading to

the following amplitude:
AB

Mu (50181'50282 a' 5') B M ( a,B;'sazﬁz'ta'B') * BH(SG)B1'SGZBZItG'S')I
(21a)
where
A -
Hu(salsllsazszltals') -
Qe P¢ (qg*py)
B .
[th_f.{_ M O S N T pg ok 1T (%, )
q1 P, (q; +p-)
u iy _
(21b)
and
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B (s
¥ ﬁxBx'sazaz'tu'B') )
51‘ q
2 (2, LU Pt (
o 7B ek 2 oo q;*P4 )
R S s NG LN TIC R D
x(q.+p.)*K3T(s
a vl a,B8,’ t"‘B')/as 18,
2 q;
+2 [z, U Pi 'Tf__—_T_—_
w95 Bk + 2z Pi': (2,+25) qqipp )K
*

x(q.+p.)e
q1+p1) KaT(s )/ as

Y qf': i (q;qffov J(q;-ag) K
xaT(sulB NP LNPY

2z, a'fé' [ qu: ) (;ijjfzu J(a;-ag) K
xaT(suZBZ,tu,B.)/atu,B,

2y Sl | et Gy
xaT(sa;B ap /g

2yt [p:fg ) (c(:'iq:ﬁl}é J(a;mag) ek
xaT(s;ZB «'p )/ g

(21c)
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The approximation defined by this particular amplitude is a

16

generalization of the original FYA, which corresponds to a,=f,=1 and

B1=ap=0. If Z,=1, Zg=2 and q'/ '=-(qf-qi-%Rq)ORq/(Pf'Pi'%Rp)°Rp are
used, then we obtain an amplitude which is very similar to the Eq.(15)
of Ref.16. (The EqQ.(15) of Ref.16 can be precisely reproduced if qfu and
pfu are also expanded in powers of K (using EqQ.(19)) before we impose

the gauge invariant condition to obtain the leading term of Hi.)

(iv) Two-energy two-angle approximation (TETA):

The amplitude in this approximation is evaluated at two different

angles, which can be chosen from tu'B' (x=a,b,c,d) and two different

X X

energies, which can be chosen from su B (x=a,b,c,d). For example, an
XX

amplitude can be obtained by choosing a,=a Sa,. o =aTa,, Ba=Bc=B"

Bb=Bd=BZ' G;=GB=G;: a =°é=aé' B;:B{):B;' and 5(':’8&:55- We

have
AB A
’ ’ ’ lt ' ] = lt , ’ ’ [ [
Mu (Suxﬁx tu;Bxs“sz usz) Hv(suxﬁx 015xs°zﬁz t“252)
* Bu(suxsl'taiﬁis“zaz't“éaé) ' (22a)
where
A
’ ’ ’ It ’ ’ =
Mv(sﬂnﬁt tﬂxaxs°zﬁz 0282)
Qg (qgtpg)
uoo_ B
12yl 9g°K (qg*Pg) K ]T(s"xﬁx'taiﬁi)
q, (q,+p,)
_ ip iTiy
Zalgpek ™ ey ok 1T (50,8, taipy)
P (q¢tpe)
fu £Pgly
Tl TpeK T g K Caus, fagsy)
p. (q.+p;)
. ip ivi'y
Zl pj°K (q;+p;) K 11508, tagsy)  (222)
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and

B (s

u

a,B,’

t ’ ’ It ’ ’ =
“xﬂlsczsz °252)
8, q (q.+p.)
+22,— fu 2 S ¥
a, Bl qf.K (qi+pi).K
22 ao qiv (qi*Pi)p
+
A Gz+62 [ ql.K (q1+p1).x
x(qi+pi)-xar(s 28,
B, P (q.+p.)
+22,— f; : ;.p ]
(- 31 B) Pf° (qi pi K
x(qi+pi)°KaT(sulsl
2 az piu (qi*Pi)p
2
225,76, (B oK T T(a;+p;) K
x(qi+x>i)-1<aT(s“2Bz
) 8, qu (qi'Qf)u
«2Z - - L
NPIET Tyt S CYEC R
x(':4]..-qf)°Ka'l'(smIB
B, q, (q,-q,)
22, [ K 2 ‘§;§‘
a,+B, qi (qi qf
x(qi-qf)ﬂ(a‘r(sc By’
a; P (q.-q;)
ST TR .
a+B2 Pf (qi Qf K
x(qi-cif)-Ka'r(sm‘ﬁl
g 2 Piu (9;-9¢)
"5 aB; Bk T a;-ag oK )
X(qi'qf)'KaT(Suzsz

t ’ ’
a,B;

)/ as

a,B,

Bl)/as

a, axf,

a,B,

)
azp;)/ %

82)/as

az azB,

t '
aig;)’?tap;

a)

t ...
51)/3 a3B;

a,

L)/ et
ayBs )/ 3

ZBZ

)/at
(22c)

azB; azB;

Various TETA approximations can be obtained from Eq.(22a) by varying the

parameters

By,

02:

B,, a3,
2/ @)

Bi.

approximations have never been studied.
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From Eqs.(22a), (22b) and (22c), an interesting amplitude can be
obtained if we choose B,= a,= B;= a;=0. Since Bu=0, the total

bremsstrahlung amplitude has the following expression:

q (qetpy)
AB _ Uy £'Pg),
"w T Al T g 1Tt
q; (q.+p.)
. b iti'y
Zyl q, K (q,+p, ) *K IT(sg.tp)
Pe (agtpg)
_ o fu_ |
*2glp ek~ (agpp ok 1Tt
P (9;+p; )

Bl ok - a1 T )

This amplitude is the simplest amplitude we can construct since it
depends only on the elastic T-matrix (without any other terms involving
—::— or -g:—). We shall discuss this amplitude again in Chapter V
when the spin of the proton is taken into consideration. The main
reason this amplitude is so interesting is that it gives the best fit to

both the ntpx and the p‘2Cy data.

Obviously, many more approximations, such as three-energy one-angle,

four-energy two-angle, etc., can be defined.
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IV Bremsstrahlung Cross Section Near a Resonance

We have used the proton-carbon bremsstrahlung process, p!2C¥, near
the 1.7-MeV resonance as an example to study the one-energy one-angle

approximation and the two-energy one-angle approximation. If Bq, ‘q'

e!’ ¢l and K are chosen to be independent, then the bremsstrahlung cross

section in the laboratory system can be written as:

=A3 = “grh e e = 1 Myt LU
Oy d o/qudQldK (2n) %6 (qi+pi Q¢~Pg K){1zpol,spin(nut ) (M :u)}
2 35 2
xJ(q, dqf/ZEq)(d pf/ZEp)(K /2K) | (23)
where
1
J=e2m?/[(p,*q;)2-m2H?] "
- AB

Mu-U(qf.uf)Mu u(qi,ui)

or

Hu=ﬁ(qf,uf)M:u(qi.ui)

and M:B(or Mﬁ) is given by Eq.(16a) (or Eq.(l6b)) for the OEOA

approximation and by Eq.(2la) (or Eq.(21b)) for the TEOA approximation
(with ZA=1’ ZB=6). Here, we should point out that Eqs. (16a) and (21a)
were derived originally for two (spin-zero) spinless particles. The
main reason why they can also be used for the p!2Cy process, which is a
spin-% spin-0 case, is because the incident proton energy is about 1.7
MeV and K < 500 keV (or K/qi<<1 and K/qf<<1) which allows us to make the

following approximations:

quf,uf)rull/(g%+K;M)] = G(qf,uf)!ull/(gftK-m)]

_ _ q
= u(qf,uf)(qfu+krux)/qf°K ] u(qf.uf)———zﬁ—

qf-K
[1/(;(1-)(-m)]ruu(qi,ui) =
9y
-Tio—l%_u(qi'ui) ,

[('qiu*ﬁxiu)/inK]u(qi,ui)
where
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I =1 -i%do KY/m

U uv

o =i{y ,¥v ])/2

"1V ITRRAY

and )\ is the proton anomalous magnetic moment. (The contribution from

those terms which involve ) is negligible in this case.) In this study,
particular attention is paid to two energy regions, the energy region

far from any resonance and the energy region of a resonance (in this

case the 1.7-MeV resonance), and we shall concentrate mainly on how H:B

1

and Mt depend on s This can be done by evaluating T; at a fixed

a B’

b3
momentum-transfer-squared t (or at a fixed scattering angle) and varying

only ay, and Bx (not ay, and Bx).

We have obtained some interesting and important results which can be
summarized as follows:

(i) OEOA: In the energy region far from any resonance, the
OEOA .
- (sab'ta's')’ for a given

set of a, B, a' and B' decreases monotonically with increasing K. As a

calculated bremsstrahlung cross section, o

and B are varied, (keeping a' and B' unchanged) we obtain various
spectra which form a band. All predictions within this band are equally
valid. This theoretical ambiguity cannot be avoided. The ambiguity
wiil be small if the width of this band is very narrow, and in this case
any set of (a,B) can be used. A set which was most commonly used in the

past was (a,B)=(1,1), i.e., =§=%(si+sf). On the other hand, if the

saB
width of the band is wide, then a set of parameters (a,f,a',B') which
give the best fit to the data can be determined from the experiment. 1In
the case of p!2Cy, the width of the band is found to be very narrow,
indicating that the calculated p!2Cy¥ cross sections are quite

independent of « and B. Fig. 2 shows a narrow band for 0 < B/a <10 and

tu,8,=t°. It also shows that the p!2CY¥ cross sections predicted by the

- 21 -




AB

amplitude Hu ( to) are in good agreement with the experimental data

S ’
af
in the energy region far away from any resonance.

In the energy region of a resonance, the bremsstrahlung spectrum

calculated from HAB(S ) or MA(s .t ) will show resonant
¥ a u af

B'tulal cIBI
structure if suB#si (i.e., if B#0). The predicted structure will be

centered about a photon energy K_ in the bremsstrahlung spectrum and it

¥
will have a width Px. Both Kl and I‘x will depend on a factor of the
form (at+p)/p when a and B are varied. Furthermore, we have found that Kl
and I‘x can be accurately given without actually performing a complicated
bremsstrahlung calculation. As shown in the Appendix A, if we assume
that the cross section %1 of the corresponding elastic scattering
process exhibits a resonance with the resonance energy ER and the width
rel' then we obtain, based purely on kinematical arguments, the

following expressions for K! and rl:

K‘=K°(u+ﬁ)/ﬁ . B#0 (24)

T,=NT,, (a*8)/8 . (25)
where

K°=(Ei-ER)N

1
= -(E.2 1
N H/[(m+H+Ei) (Ei +2m£i) cosB‘] .
Eqs.(24) and (25) enable us to predict (within 10% error) the values of

K! and f‘ in terms of the observed values of ER and rel' The dependence

of Kt and T‘ on ¢ and B is very interesting. It implies that o and 8 can

be determined experimentally, by comparing the predicted structure with

OEOA

¥ in the

the observed one, and selecting the best approximation for ¢
resonance region.
In order to compare with the Brooklyn data7, we have calculated the

p!2CY¥ cross section relative to the pl!2C elastic cross section,
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oSE?A=02£OA/cel, as a function of K near the 1.7-MeV resonance. Some
OEOA

results of the calculated Orel at Ei=1.88 MeV for eq=155° are shown

in Figs.3. As we have already mentioned, we have concentrated mainly on

how °SE?A depends upon saB' Therefore, a fixed momentum-transfer
squared ta'B' has been used in all these calculations. We have chosen
ta'B' to be t=1(tq+tp) or to=llmk*ota'8" The values of (a,B) for those

spectra labeled I,II and III in Fig.3 are (1,0.5), (1,1), (1,2),

respectively, and t used in these calculations is to. These figures

a!Bl
show clearly that every spectrum exhibits resonant structure in the form
of a peak. In Fig.3(a), the spectra are calculated from H:(sas,to).

As we know, the levels associated with the 1.7-MeV resonance are two

closely spaced levels of 2 and %- in the compound nucleus !3N. Since

2
. . . +
the main resonant peak in every spectrum arises from the level of g—,

we can use ER=1.734 keV to predict the position of the main resonant

peak from Eq.(24). Using N=%§, the values of K! calculated from

Eq.(24) are 404 keV, 269.6 keV and 202 keV for the spectra I,II and III,
respectively. These values are to be compared with the following exact
values calculated from °SE$A’ 405 keV, 270 keV and 204 keV. The

agreement is excellent. We have also found that the values of r‘

calculated from Eq.(25) are in very good agreement with those calculated

from °SE$A' In Fig.3b, the spectra are calculated from the amplitude
M:B(sas,to). The giant peaks obtained in these calculations arise
mainly from the term involving a'I'el/as“B in Bu(k). The values of Kt
calculated from Eq.(24) are still in good agreement with those
calculated from °SE?A' However, because ogEOA is roughly
proportional to I(si-saa)a'rel/ascsl2 rather than to °e1/K' we have

slightly modified Eq.(25) to take into account the variation of
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aTel/asu in the resonance region.

B

Unfortunately, a comparison with the experimental data shows that
the OEOA approximation can not be used to describe the p!2Cy spectra
near the 1.7-MeV  resonance. The observed peak appears at

K°=(Ei-ER)N ~135 keV rather than at Kx=K°(a+B)/B as predicted by Eq.(24)

OEOA

rel ° I1f we choose B>>a such that (a+B)/8+1, then we can obtain

or o
a peak at Ko but the shape of the structure(the giant peak) will be in
complete disagreement with the observed one. 1In order to show this
G,B,=to to calculate

As shown in Fig.4, we have obtained a giant peak at K°=135

point clearly, we have used (a,B)=(0,1) and t

OEOA

Ore1 *

kev which is not observed experimentally. We must point out here that
this conclusion will remain unchanged even if to is replaced by any
ta'B" mainly because ta'B' (or the corresponding scattering
angle) changes slightly with K in the energy region of the calculated

other

spectrum, 0 < K < K'~600 keV, and K _ >>K'>K_ in this case. (If K'<K_,

max ¥
then no structure would appear.) Here Kmax is the maximum kinematically
allowed photon energy. To demonstrate this point, we have applied the
EED approximation, evaluated at §=(si+sf)/2 and ;=(tq+tp)/2, to predict
the spectrum in the region 0<K<400 keV. As shown in Fig.3(a), we have

obtained a spectrum with a resonant peak around 270 keV, which is very

similar to the spectrum II as expected.

Eq.(24) can also be applied to resolve a mystery found in the pion-
proton bremsstrahlung, nip!, calculation. The nipx cross sections near
the A(1232) resonance have been calculated by the group from UCLA using
an amplitude in the OETA approximation, H:B(;,tp,tq), in order to

describe the spectra measured by the group.2 (Details of the
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experimental arrangement are shown in Appendix B.) Instead of getting a
resonant peak at the expected photon energy Ko=50-70 MeV, the calculated
cross sections rise steeply with increasing K above 80 Hevlg. This
mysterious result can be explained as follows: Since saB=s was used in
H:B, a resonant peak would be predicted at K‘=2K° since (q+B)/p=2. If

Ko is about 60 Mev, then a giant peak will be predicted at 120 MeV(not
at 60 MeV as might be expected). Therefore the predicted spectrum
exhibits a minimum around 60 MeV and tends to rise with increasing K
above 60 MeV. Our study shows that the giant peak comes from the Bu
term of the amplitude MﬁB, especially the term which involves arel/as.

The predicted spectra will be in better agreement with the data if H:

is used. 1In fact, the EED approximation evaluated at s and t, which is
inadequate to describe the p!2Cy data, gives good results for the nip!
case. As we explain in the Appendix C, the reasons that the EED
approximation predicts a monotonically decreasing spectra in this case
are that t (or the scattering angle) changes substantially with K in the

region 0 < K < K'~120 MeV and that K_ is very close to Kma and K',

¥ X

i.e., K ~K'~K_.
max ¥

(ii) TEOA : The generalized FYA defined by Eq.(2la) or Eq.(21b) is
the most important example of the TEOA approximation. The amplitude

used in this generalized FYA, which is evaluated at S and S ,
a,8, a8,

depends on four parameters(a,.B,.a,.B,). In the energy region far from

the 1.7-MeV resonance, the calculated o:igh

very similar to the one obtained in the OEOA, because of the smooth

for the p!2CY process is

energy dependence of the scattering amplitude. 1In the vicinity of the
resonance, however, the generalized FYA predicts a quite different
resonant structure from that predicted in the OEOA.
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The prediction of the resonant structure is the most interesting and
important test of the approximation. By varying four parameters, we
obtain various spectra with one or two resonant peaks depending on the

values of S and s . 1If s £S.#s and s ts

0;8; 0252 016; 1 “232 0381 a282
(i.e.,B,#0,8,#0 and B,#B,), then two resonant peaks are predicted.
(1)_
¥

=Nrel(ai+si)/si, i=1,2. On the other hand, if sa,B,=si and sazsztsi

(2)
- A

Applying Egs.(24) and (25) to this case, we have K

(1)
¥

Ko(ai*ﬁi)/ﬁi and

T

(i.e.,p,=0,p,#0), then only one resonant peak is predicted at K

typical example is the original FYA which predicts a single peak at

K (2) (2)

¥ =K° with I‘x

=Nrel'

TEOA
rel

5(b). The wvalues of the parameters(a,,sl,az,az) for those spectra

Some results of the calculated o are shown in Figs.5(a) and

labeled I1,1I,111 and IV are (1,0,0,1), (1,1,0,1), (1,1/2,0,1) and
(1,1/3,0,1), respectively. Again, to is used in these calculations.
Four spectra shown in Fig.5(a) are calculated from the amplitude

MA( t ). All of these spectra exhibit a common resonant

u 53151'50282' °
peak (the first peak) at K§2)=K°~135 keV since (a2+32)/52=1. The
spectra II,II1 and IV show also a second resonant peak at
K§1)=Ko(u,+ﬁl)/5,. The existence of the first peak at 135 keV has been
verified by the experiment but no data are available to verify the

existence of any other resonant peaks. All four spectra calculated from

HA(s

,S
u a8, 0282
region k<100 keV, but the observed peak can not be satisfactorily

,to) are in good agreement with the data in the energy

described by any of these calculations.

Four spectra shown in Fig.5(b) are calculated from the amplitude

MAB(s s t ). Like those shown in Fig.5(a), these four spectra

u 0181’ GZBZI o}
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have a common peak at 135 keV and every spectrum, except the spectrum I,

(1)
¥

Bu(k) term of the amplitude H:B is not negligible in the resonance

has a second peak at K =K°(u,+B,)/B,. The contribution from the

region. It increases the cross section substantially near the second
peak (mainly due to the term involving aT:I/asqlBl) and decreases the

magnitude of the cross section slightly near the first peak (mainly due
to the term involving aT:I/ato). As we can see from this figure, the

existing data in the energy region K<200 keV can be described by all
four calculations, but these four calculations give quite different
results in the energy region K>200 keV. Thus a precise measurement of
the cross sections in the region K>200 keV can be used to determine a
set of the best parameters. Finally, it should be pointed out that any
calculation with the parameters (1,¢,0,1), where c<K°/(K =K ), will

max o

give a spectrum which is almost identical to the spectrum I.
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V Two-energy Two-angle Approximation

In section III(iv), the two-energy two-angle approximation (TETA)
for bremsstrahlung production from the scattering of two spin-zero
particles was discussed. The most general expression for this
approximation is given by Egs.(22a),(22b) and (22c). From Eq.(22c), we
can see that Bu vanishes if B8,, a,, B, a; are chosen to be zero.
Since B,= a,= B;= a,=0 implies that

s

=s,
B, 1

t .., =t
a8 P

s =s
azB, f

t v

t ’ I=
0282 q

the amplitude H:B becomes

M:B(si,tp,sf,tq) = H:(si,tp,sf,tq)
+zA[-a§§£— - —T;§§;§§:£-]T(si,tp)
-ZA[_agé%_ - .?é;igg%;%—]r(sf,tp)
sz p:f: . T;:f;:ﬂ%:—]‘r(si,tq) (26)
2 Piy (q;*p;)

- u
B[ pioK Yai+pi).x ]T(Sf,tq) .

This particular TETA approximation is very interesting for it depends
only on the elastic scattering T-matrix, evaluated at four sets of
(s,t): (si.tp), (sf,tp), (si,tq) and (sf,tq), but it does not depend on

any derivative of T with respect to s or t. In other words, H:E does

aT aT
as~ °F Tat”

a,= B a0 gives us the simplest amplitude for bremsstrahlung which

not involve - . Thus, the choice of the parameters B,=

can be constructed. Note that this amplitude should not be confused
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with the amplitude used in the EED approximation. There is a substantial
difference between the two amplitudes. From Eq.(16a), we can see that

the most general amplitude in the OEOA approximation has the form

AB A
M“(s ,t . .)=M(s .t ,)+B(s ,t ),
u ( af’ a’B ) u( ap’ a’B ) u( ap’ a’'B )
where Bu which involves :: and g: does not vanish in general.

Thus, the EED approximation which uses only the amplitude H: for the
bremsstrahlung calculation has ignored an important contribution from
the Bu term without justification. In fact, our calculation (as well as
the calculation of the UCLA group) shows that the Bu term dominates the
bremsstrahlung cross section in the vicinity of a resonance. The
amplitude H:B given by EqQ.(26), on the other hand, does include the Bu

term but its contribution is identically zero.

Simplicity is not the sole reason for choosing the amplitude given
by Eq.(26) for bremsstrahlung calculations. Our study shows that it is
also the best choice. Moreover, if the elastic T-matrix, which has been
used as imput for our bremsstrahlung calculations, varies rapidly with s
and/or t in the vicinity of a resonance, then the expansion of the four
half-off-shell T-matrices (included in the external amplitude) in powers
of s or t, which is the common technique used in the soft-photon
expansion, is obviously not valid. In that case, the amplitude given by

Eq.(26) is the only proper choice. The fact that the term which

aT T
s at

some difficulty in describing the ntpx and p!2Cy data is just an example

involves

and/or

in any bremsstrahlung amplitude causes

of the problem related to this invalid expansion.

This idea of constructing the simplest bremsstrahlung amplitude can
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be extended to the scattering of two particles with non-zero spin. In
order to compare with the ntpr and p!2Cy data, let us show how the
simplest bremsstrahlung amplitude for the scattering of a spin-%
particle with a spin-0 particle can be constructed. As we shall see
later, such extension is not trivial. For the spin non-zero case, the
nonunique choice of the internal scattering amplitude from the gauge-
invariance condition adds further complication in selecting the best

bremsstrahlung amplitude.

For ﬂiP!,
nt(a¥) + P(RY) + aT(a}) + P(Y) + A(KY),
the external scattering amplitude can be written as
HE = u(pf,uf){zn-ag%—ra - szﬂ—agé%—
+T - [1/ (pgtk-m )T,
+Td[1/(gi-ﬂ-mp)]Pu}u(pi,ui) . (27)

Here, T_, Tb' Tcand T, are the half-off-mass-shell T matrices for wp

a d

scattering (corresponding to Fig.l(a), 1(b), 1(c) and 1(d),
respectively), m“(mp) is the pion (proton) mass, Zﬂ=1 for n+ and -1 for
n , and ru is given by

ru=:u-ixowx"/2mp , (28)
vhere ouu=i[1v,ru]/2 and ) is the proton anomalous magnetic moment which
is 1.79.

The four half-off-shell T-matrices have the following expressions:

-3
n

a T(sa’ ta’ Aa)

T, = T(sb, ty. Ab)

)
]

c T(sc, tc' Ac) (29)

T, = T(sd. td' Ad) ,
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where
= 2=
Aa (qf+K) m +2qf°K
= - 2: -
Ab (qi K)2=m 2qiox

= 2=
8. (pf+K) m +2pf°K (30)

NTD N NA N

= - 2=m -~
Ad (pi K) mp 2pi-K
The idea which we have used to obtain the simplest amplitude is to
expand Ti (i=a,b,c,d) only about Ai(K=0). Since no further expansion

about any s or t is imposed, the constructed amplitude will not involve
T T

ETH or St Expanding Ti about Ai(K=0) gives
_ T
Ta = T(si,tp) + ~EZ——2qfoK + ...
= _ 9T
Tb T(sf,tp) 3Ab 2q K + ...
T = T(s,,t ) + -31;—2p K + .. (31)
c i'"q L f '
Td = T(sf,tq) - 3Ad e .

Inserting Eq.(31) into Eq.(27), we obtain

E_3 —fp .
Hu = u(pf.uf){zﬂ 3K [T(s;. p) + aA —3—29¢°K]
q.
- - 1
[T(sf,tp) aAb 5329, K]Z“—afzﬁ— (32)
T

*T [/ (PgrRom )} [T(s ) +

q 3, —a5_ 2Pg°K]

T
*[T(Sf'tq) - —5ZE-ZP1'K][1/(Pi'ﬂ'mp)lru}u(Pi,ui) .

Using the following identities

pf +Rf

bk (33)

e"u(Pg ugT - [1/ (pgrk-m )] =c ulpg.vp)

P. =R,
:"[1/(p1+ﬂ-mp)lruu(pi,ui)=-c"——3£7;%ﬂ—u(pi,ui)
i

’
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where
Rfu=;vx[1+x(yf+mp)/2mp]/2
Riu=[1+x(Pi+mp)/2mp}K!u/2.

EqQ.(32) becomes

ME = U(p,.v,)i{2Z -Efﬁ—r(s t ) - T(s.,t )z 4
u Pg.vgltey q K Citp £°p'“a q oK
P, *R P. -R.
+-—£E-££—T(s.,t ) - T(s,.,t )—B ¥
PeoK i'"q f'°q P,°K
aT aT
zzanu_aA—_ * zzﬂqiu—aﬁ; (34)
T aT
PPeyTan, * PiyTany Uy

The 1leading term of the internal scattering amplitude Hi can be

obtained from Mi by imposing the gauge-invariance condition:

E

MIKY = (M
u u

N ni)x" =0 (35)
which gives

Iu___— -
HuK = u(pf,uf){zﬂT(si,tp) T(sf,t )Zﬂ

p
+T(si,tq) - T(sf,tq) (36)
aT aT
+22ﬂqfu—532- + Zzﬂqiu—szg—
aT aT
*PPeyan, T Piyasy oo 1uPvg)

It is clear that there is no unique expression for Hi which can be
obtained from Eq.(36) even if we are interested only in the leading
term. To the best of our knowledge, this gauge ambiguity has never
before been carefully studied. It requires thorough study because we
have found that the calculated cross sections depend very sensitively on
the choice of Hi. Many different expressions for Hi, which all

satisfy Eq.(36), have
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been obtained and studied, and we have found that the following

expression for Hi gives the best fit to both the lipt and p!2Cy data:
(ag*Pg*Re),

a1ty

M = - u(pf:Uf){z
(q, itPi~Ry )
(q +p‘3-K
(qg*pe*Re)
(qg*pg) oK

- ZnT(sf

EfT(si,t )

(q;+P;-R;)
f‘tq) (q;+p; )-K
aT aT
2 9, ™ +zz“qiu-szg— (37)

T aT
* 2pg, a, 2p;, Ty

Combining EQ.(34) and Eq.(37), we obtain the total bremsstrahlung

- T(s

‘}u(pilui)

amplitude M::

q (Qetp *R.)
= fu _ f°f £y
= u(pfluf){z‘“[ qf.K (qf_',pf).K ]T(siltp)
2 T(s..t )[ qip ) (qi+pi-Ri)v
nTfpT q oK (g +p;)*K
P +R (QetpPstR.)
+— .i" ¢ : §;Kf B1(sg ) (38)
Pg AP
P, -R, (q;+P; "R, )
- iy iy
T(Sf,tq)[ pi.K T"’P y.K ]}U(P ,U )

It is easy to check that M: is gauge invariant,
MK¥ = 0,

i
since RiuK" £u KY=0. In the on-shell approximation, the T-matrices,
T sy . T(s,, , T(s,,t ) and T(s_.,t ), are treated as the elastic T-

(s5.8), T(sg.t)), T(s;.t) (sg.ty)
matrix evaluated at (si,tp), (sf,tp), (si,tq) and (sf,tq), respectively.
Thus, if the elastic scattering T-matrix is given as a function of s and

t, then H: can be used to calculate the bremsstrahlung cross section.
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Furthermore, we are sure that H: will be valid for any bremsstrahlung

T
as

. It should be pointed out that the four sets of (s,t) used in

process with or without a resonance since H: is independent of

T
at

this particular two-energy two-angle approximation are solely determined

and

by the four external diagrams shown in Fig.l. For example,
T(s,t)=T(si,tp) is used for Fig.la simply because s=(qi+pi)2=
(qf+pf+K)2=si and t=(pf-pi)2=(qi-qf-K)2=tp for the diagram la. For this
reason, the choice of the four sets of (s,t) is fixed and natural, not
arbitrary, for this approximation.
The bremsstrahlung amplitude for the p!2Cy process,
p(a}) + *2c(p}) » play) + 'Zc(py) + ¥(KY),

is very similar to the amplitude H: given by Eq.(38) if carbon is

treated as a single elementary particle of spin zero, mass me and charge
Ze where Z is the atomic number of the carbon. Moreover, since the
contribution from the proton anomalous magnetic moment is negligible in
the low energy scattering (the incident bombarding energy is less than 2
MeV) and the momentum of the detected photon is much smaller than the
momentum of the proton, i.e., K/qi<<1 and K/qf<<1, the terms which
involve Riu and Rfu in EQ.(38) can be neglected. Thus, the final

expression for H: has the form:

T _ A, (c;f'fpt-)p
Hu = u(Qf:Uf){[ qf.K - (qf+Pf). ]T(si:tp)
Q (q,+p;)
- ¥ 171y
[ q; K (q,+p;) K IT(sg.tp)
Pey (Qg*pg)
+Z| Pf°K - (qf+Pf)TK ]T(si'tq) (39)
P, (q,+p.)
- iy 11’y

for the p!2Cy process.
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As we have already mentioned, two bremsstrahlung processes which
have been systematically measured are the ntp! near the
A(1232)-resonance and the p!2CYy near both the 1.7-MeV resonance and the
0.5-MeV resonance. The combined nipl and p'2Cy data can provide a very
sensitive test of the validity of various theoretical approximations and
models.

The fact that the combined data cannot be described by the one-
energy one-angle (or the one-energy two-angle) approximation is almost
well established in Section 1IV. Briefly, the one-energy one-angle
approximation includes three well-known approximations: Low's original
soft-photon approximation (LSPA)IZ, the EED approximation of Nefkens and
Sober (EED)14, and the modified SPA of Nutt, Liu and Liou (HSPA).15
LSPA was applied to predict the nipx spectra by the UCLA group in order
to describe the spectra measured by the group. We have repeated the
calculation and have obtained essentially the same result as that
obtained by the UCLA group. Typically, the calculated spectra at 298
MeV rise steeply with increasing photon energy above K = 80 MeV in
complete disagreement with experimental results. We have also applied
the LSPA to calculate the p!2Cy cross sections at 1.88 MeV for a
scattering angle of 155° and we have found that the calculated cross
sections show a giant resonant peak around K = 270 keV which is quite
different from the small observed peak appearing around K = 135 keV.
The EED approximation, on the other hand, can be used to describe most
of the nipx data, but it fails to describe the p!2Cy data near the
1.7-MeV resonance or the 0.5-MeV resonance. Finally, the MSPA
approximation does not predict any resonant structure in the resonance

region; it always gives a typical smooth spectrum with 1/K dependence.
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Therefore, it cannot be used to describe the structure observed in the
p'2Cy spectra even though the nipx data can be described by this
approximation very successfully. 1In short, what we have established
here is that the one-energy approximation (either one-angle or two-
angle) is inadequate to describe the combined data. For this reason we
will not compare the result calculated from the two-energy two-angle
approximation with any result calculated from the one-energy
approximation. Since the combined data can only be described by the
two-energy approximation, we shall focus on the comparison between the
Feshbach-Yennie approximation (a typical two-energy one-angle
approximation, see Appendix D for the expression used in this
calculation) and the simplest amplitude given by Eq.(38) for nip! and by
EQ.(39) for p'2Cy (the best two-energy two-angle approximation). The
detailed comparison is shown in Fig.10-Fig.43.

The comparison between the predicted p!2C¥ cross sections and the
experimental cross sections is shown in Figs. 10, 11 and 12 for the
incident proton energies of 1.594 Mev, 1.81 MeV and 0.591 MeV,
respectively. In the energy region far from any resonance, as shown in
Fig. 10, all approximations give about the same prediction, and the
result is in good agreement with the data. In the vicinity of the
0.5-MeV and the 1.7-MeV resonances, both the TETA approximation and the
TEOA approximation predict resonant structure which is more or less the
same as the observed one, but the amplitude H:B in the TEOA
approximation, which predicts a cross section increasing with increasing
photon energy K for the 0.591 MeV case, is not better than the amplitude

A

M in the TEOA approximation. Because of the finite size of the photon

detector used in the experiment, the theoretical calculations should be
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averaged over the solid angle of the photon detector. The effects of
the finite size of the photon detector on our results are discussed in
Appendix E. In general, the averaged cross sections are in much better
agreement with the data than the unaveraged cross sections.

The comparison between the predicted uipx cross sections and the
UCLA data is shown in Figs. 13-43. Except for the photon counter G18
(and Gl19 for some cases), the simplest amplitude in the TETA
approximation, Eq. (38), predicts spectra which are consistently in
excellent agreement with the UCLA data. As for the Feshbach-Yennie
approximation in TEOA, the calculations based on the amplitude M:B are
in excellent agreement with the data for the photon counters Gl1 - G17,
but the agreement becomes very poor for the other counters. The
predictions using the amplitude H:, on the contrary, are in poor
agreement with the data for the counters Gll1 - G17, but the agreement is
either good or excellent for the rest of the counters. In order to
understand this peculiar change in the agreement between the Feshbach-
Yennie approximation and the UCLA data, we have chosen three new
locations for the photon counter between Gl and Gl11 and have calculated
the ntp! cross sections for them using both H:B and H: in the TEOA
approximation. This is shown in the Appendix F.

From the over-all comparison between the simplest amplitude in the
TETA approximation and the Feshbach-Yennie TEOA approximation, we
conclude that the simplest amplitude in the TETA approximation is much
better than the TEOA Feshbach-Yennie approximation. This fact supports
our argument that the best bremsstrahlung amplitude to be used to
describe the bremsstrahlung cross sections near a resonance is the

amplitude which is free of terms involving aT:]'/asu or

B

X X
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VI Conclusion

(i) We have constructed the most general bremsstrahlung amplitude
which can be wused to study the predictive power of all possible
approximations or models, including those well-known approximations that
have previously been used. This general amplitude has been divided into
many classes of approximations and the two most interesting
approximations have been systematically studied. Special attention is
given to the understanding of how these approximations depend on the

hoi f s and t ,_,.
choice o 8 B

“xx % x
obtained from our study is that for a given amplitude we know what kind

The most important result which we have

of resonant structure it will give in the resonance region. More
precisely, we can predict the position of the structure in photon energy

K! and its width P‘ by either performing a detailed bremsstrahlung

calculation or using two simple formulas which relate K_ and T‘ directly

¥
to the observed resonant energy ER and the width rel‘ This important new
information, which has never before been obtained, can be used to study

the validity of any bremsstrahlung amplitude (or to determine which set

of sa B and tu'B' is physically acceptable) when the predicted result

x"x x'x
is compared with the experimental data. The formulas which determine K‘

and r! in terms of E_ and rel are very useful. An important application

R
of these two formulas is that they can be used to determine the energy
region in which both the theoretical prediction and the experimental

measurement should be performed.
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(ii) We have shown that there is a theoretical ambiguity which can
" not be avoided. (This ambiguity can not be removed by imposing the gauge
invariant condition and, to the best of our knowledge, there is no other
first principle which can be wused to remove this ambiguity.)
Mathematically, this ambiguity means that the bremsstrahlung amplitude

’

can be evaluated at su B and tu'ﬁ' where @y Bx' ay and
X X x"x

B;(x=a,b,c,d) are arbitrary real numbers. Since not all of these
parameters are physically acceptable and there is no other principle
which can be used as a guide to select a set of correct parameters, we
rely entirely on experiment to resolve the theoretical ambiguity. That
is, we provide all possible results calculated from a given amplitude
(or approximation) so that the validity of this amplitude (or

approximation) can be determined by comparison with the experimental

data.

(iii) We have shown that the one-energy one-angle approximation can
not be used to describe the p!2Cy¥ data near the 1.7-MeV resonance or the
0.5-MeV resonance. This conclusion is drawn from a systematic study of
the amplitude in this approximation which is evaluated at all possible

values of s and t , Generally speaking, the resonant structure

B B,

“xPx %xPx
predicted in the OEOA approximation, including the EED, 1is quite

different from the observed one (different in either the position of the

peak or the shape of the structure or both).

(iv) We have shown that the existing experimental p!2Cy data
(available only in the energy region K<220 keV) near the 1.7-MeV

resonance can be described by the two-energy one-angle approximation
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evaluated at many (infinite) different sets of parameters. We have also

shown that different sets of parameters give quite different cross

sections in the energy region 220<K<600 keV, but no experimental data
are available in that region. Since the data in that region can be used
to rule out some sets of parameters which are physically unacceptable,
our study provides strong justification for doing new experiments. New
experimental data will play a very important role in constructing a new

theory.

(v) Although more thorough studies are needed, the results of our
investigation seem to indicate that any bremsstrahlung amplitude which

involves aT:l/as will not be valid in the energy region of a

B

a
XX
resonance. This implies that all one-energy approximations would be

inadequate and hence the two-energy approximation would be required to

describe the bremsstrahlung cross sections near a resonance.

(vi) We have constructed a new class of soft-photon approximation
called the two-energy two-angle approximation. Various versions of the
two-energy two-angle approximation have been studied and compared, and
our study shows that the best choice is the simplest amplitude, which
depends only on the elastic T-matrix, T;l, i.e., the amplitude which is

el
. W
o B or aTx /ata'B’ e have also

X X XX
compared the result of the predictions calculated in the one-energy one-

free of the term involving aT:I/as

angle approximation, the one-energy two-angle approximation, the two-
energy one-angle approximation and the two-energy two-angle
approximation; we were not able to find any approximation which can fit
the ntpt and the p!2Cy data better than this simplest amplitude in the

two-energy two-angle approximation.
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Appendix A: The expressions for K‘ and I“

Let us assume that the elastic scattering cross section, Ou1- of the
corresponding elastic scattering process (the A-B system) exhibits a

resonance with the resonance energy E
°OEOA

T ,
) shows resonant structure, which is

OEOA
Y ¥

r!' What we try to derive here are two simple expressions which relate

Kl and rl directly to E 1’

good for the one-energy one-angle approximation, but they can be

R and the width rel and that the

bremsstrahlung spectrum, calculated from the amplitude

AB

M (s ) or MA(s t
o TR

’ t (] ' L]
af’ a'B B' a'B
centered about a photon energy K

in the spectrum ¢ and has a width

and re respectively. These expressions are

R

extended very easily for the other approximations.

As we know MﬁB (or Mﬁ) involves four different T-matrices,

T(s .t ,..).,x=a,b,c,d. In the OEOA approximation, we have s =s

aBx  %xBx OBy b

and t , .=t , .. Thus all four T-matrices are identical and they are
axBx a'B

evaluated at the same energy s,

=]

and the same scattering angle tu'

)

B B’

T( t ,) = T(s
a

SuxBx' °§Bx B'tu'B'

If we use the following expressions for S5 and S¢ (see Eq.(5))
s.=(m+M)2+42ME .
i i
= 2 -
sf (m+M) +2H(Ei K/N) ,
we can wvrite saB as a function of K in the form
s, (K)=(m+M)242M{E, -—B__K/N} . (A1)
abf 1 atf
Now, suppose the elastic scattering cross section %el shows a resonance
R’ R
= 2
sg=(m+M)2+2ME_ . (A2)

at the resonance energy ER. In terms of E_, we can define s_ as

1f B#0 and saB(O) is much greater than s_ (i.e., £i>>£ and far away

R R

from any resonance), then a typical bremsstrahlung spectrum with a
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characteristic 1/K dependence will be predicted because the effect of
the resonance will be very small. As K increases, saB(K) approaches e
and the resonance effects become significant. In the energy region of
the resonance, i.e., when

suB(K‘)=sR, (A3)
we expect a resonant peak (structure) to appear in the bremsstrahlung

spectrum at K=Kt' Substituting Eqgs.(Al) and (A2) into Eqg.(A3) and

solving the equation for Kl' we obtain

K!=Ko(a*B)/B , B0, (A4)
where
K =(E,~EQN . (AS)
To derive the expression for the width rl' we write suB(K) in the
form
s _(K)=(m+M)2+2ME _(K) , (A6)
af af
where
- ._B
EGB(K) E; o+ B K/N . (a7)
. (A7 i , i
From Eq.(A7), for a given E1 and 8‘, AEuB (the change in EuB) can be
written in terms of AK (the change in K) as
B
=- K/N .
BE g™ gep OK/N (A8)
This eguation is very useful. For example, if we choose AEaB to be the

energy difference between the beginning point and the ending point of
the resonant structure observed in Oel” then AK will be the energy

difference between the ending point and the beginning point of the

resonant structure predicted in 02£OA. Thus, we can define rel='AEaB|
to be the width of the resonance observed in a1 and r‘=IAK| to be the

OEOA

width of the resonant structure predicted in oy , and write the
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expression for T‘ in terms of rel as

r‘=[(u+8)/B]NFe1 . B#O . (a9)

It should be pointed out that the values of K_ and P‘ obtained from

¥
the actual bremsstrahlung calculaticn (not from Eqs.(A4) and (A9)) may

depend upon which amplitude, H: or HAB=HA+B , is wused in the

u LI

calculation of ogEOA. This is because o:EOA can be dominated either by
A

Mu, the leading term of the amplitude, or Bu, the second term of the

amplitude, in the energy region of a resonance. As we have already

mentioned, H: depends only upon Te1=T(s° ) while Bu depends upon

B'tu'B'
el el .
T /asa and/or aT “/at Therefore, in the case when the

B alBl'
contribution from Bu is negligible, ogEOA

or M:B will be about the same and it will be roughly proportional to

calculated from either H:

°e1/K (or °e1/K plus a constant). In this case, the values of K_ and I‘x

¥
calculated from Eqgs.(A4) and (A9), respectively, will be in very good

agreement with those obtained from the exact bremsstrahlung calculation.

OEOA
¥

calculated from HﬁB will be much greater than that calculated from H:.

On the other hand, if Bu>>H: in the resonance region, then o

Consequently, the width of the resonance P' predicted by the amplitude

MtB will be much wider than that predicted by the amplitude H: and the

position of the resonant peak K‘ predicted by these two amplitudes may

be different. (02£0A calculated from H: is still roughly proportional
to °el/K but 02£°A calculated from H:B will be approximately

proportional to I(si-saa)arellasa |I2. The contribution from the term

B

involving aTellasu is much more important than that from the term

B

involving aTel/at in the resonance region.) In this case, K

alBl
calculated from Eq.(A4) can be different from that obtained from the

L4
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actual bremsstrahlung calculation using the amplitude H:B. To get the

in Eq.(A4) has to be replaced by E .=E_-C, where C

same value of K', E R“Er

R
is a constant energy, if the expression for K' given by Eq.(A4) remains
unchanged. However, Eg.(A9) for r‘ must be slightly modified to take
into account the variation of aTel/asuB in the resonance region.
Details of the modification will not be discussed here because the
result of our study seems to indicate that any amplitude which involves
aTel/asa can not be used to describe the bremsstrahlung spectra in the

B

energy region of a resonance.
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Appendix B: The Locations of detectors in n p¥ experiment

T YR Y XYY TYY

Fig. | The coordinate system and relative locations of the photon
counters Gl1-G19 used in the UCLA wtp! experiment.
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[ “Counter - [ ® ¢ d (cm)

! (deg) (deg) | _(¢e9) (de9) _ | (to targer) |
(3 200. 0. | 160. 0. 61.1

[ G2 200. -13. 153.34 | 316.47 S6.

C 763 200, =36, 139,48 295.11 6.,

[T"Ga 220. 0. | 140, 0. 56.

(TGS | 220 -18. | 3i36.77 | 333.16 S6.

" Gé 220. =36, | 128.30 | 311.50 6.

["'57 240. 0. | 120. 0. 56.

T G8 240. -18. 116,39 339,43 56.

B 240, =36. 113786 320,01 56.

"T610 | 180. -36. |. 144, 270. ~56.

(611 160. 0. | 160. 180. 63,
G12 140. | 0. 160, 180, 63,

t"&ia 120, e 120, 180, 63.
614 103, 0. | 303, 180. 63.
615 — " 103- 230, 163.20 | "200.86 | 63.

T G17 "50, 4. 50.12 174,78 | 300.

G 320. -Sb. | ol4.64 293.44 63.

T 619 0. =59, 59. 270, 63,

[~ pion 50.5%7. | -10224 | 50.5 180, 73.69

proton | 323227 -26226 92.,1°*

L (u"gr. timit) (uppg; Umity

d = horizontal projection of the angle measured
clockwise from the beam line.

@ = the angle of elevation measured upwords fros
the horizontal plane.

& Jdistance to first pion spark chaaver.
distance to first plane cf counters.
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Appendix C: The EED Approximation

EED
wpY’

calculated in the EED approximation shows a typical bremsstrahlung

In this appendix, we try to explain why the wiPx spectrum, o

spectrum with 1/K dependence without any resonant structure for most of
the photon counters Gi (i=1,2...,19), in good agreement with the
experiment.

Nefkens and Sober have calculated oEED from the following

Y
formula:
EED _ u
Oy = OKO'D ldo (s.t)/da) (c1)
where
q. P, q P
Du=; 1}] - iy + fu +_£L (CZ)

qioK pioK qf-K pf-K
) 1
=[e2 3135 3 2(ga 3 oK
G =[e?/16n3]s"q.*/{q, [q.% (s -K)+ Eq(qf'K)]}
and dc"p(s,t)/dn is the ntP elastic scattering cross section evaluated

at s and t. In the published EED calculations, doﬂp/dn was evaluated at

(1)s° and to and (ii)s and t. Here so=Si=11mk*osf'

t =lim t =1
(o)

t =L t=L i i
k+otp 1mk+otq’ s ,(si+sf) and t ,(tp+tq). The amplitude used in

the case (i) is identical to our amplitude M:(so,to) given by Eq. (16b)

with ZB=1, Z2.=%1 for “t and the T-matrix evaluated at lim and

A k+0°af ~o

1 t , which can be obtained by choosing B/a=0 and a'/B'=

lmk*ota'6'= °I

- - - - <l : : . .
(qf 9, 1Rq)oRq/(pf P 1Rp)oRp. The amplitude used in the case (ii) is

the same as that used in the case (i) except that the T-matrix in this

case is evaluated at s and t, which can be obtained by choosing a=g=1

(saa=§) and a'=g'=1 (t =t). In order to obtain Eq.(Bl), Nefkens and

G'B‘

Sober have made another approximation. They have ignored the

contribution from the proton anomalous magnetic moment )\ and they have
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used the elastic projection operator, A(Ef) = limk*oA(pf) =

limk4o(yf+ﬂ)/2H in their calculation. This elastic projection operator,

combined together with the amplitude H:, enable them to write oiig

in terms of do“p/dQ as shown in Eq.(Bl).

Now let us explain why oiig shows no resonant structure for the

wtpx case and gives a typical bremsstrahlung spectrum with 1/K
dependence for most of the photon counters Gi (i=1,2,...... 19), in good
agreement with the experiment. In the case (i), d°,p/d9 is evaluated at

s and to' Since So and to are independent of K, doup/dn will not vary

o
with K. Therefore, if oigz is plotted as a function of K, its shape

will be determined mainly by the factor KDuDu, which is roughly
proportional to 1/K. This is why o:sg decreases monotonically with
increasing K. To support this argument, we have calculated oigg

we have obtained all spectra which are smooth curves with 1/K

and

dependence. Some of these calculations are shown in Figs.6,7, and 8 (the

dot-dashed curves). As for the case (ii), do“p/dn is evaluated at s and

t. Since s and t are functions of K, do"p/dn is no longer independent

of K. This means that oEED
npY

- - EED
and do“p(s,t)/dn when o“px

that t depends upon K implies that the scattering angle will change with

will depend on both the factor KDuDu~1/K

is plotted as a function of K. The fact

K. More precisely, as K increases the scattering angle used in the
calculation of do“p(;,Z)/dQ will be shifted from one angle to another.
The change in the scattering angle is not small for the ntpt case at 298
MeV. For Gl4, for example, the scattering angle is changed from 69° at
K=15 MeV to 100° at 140 MeV. This change will cause do’p(g,z)/dn to

change slowly and smoothly with increasing K. There is another important
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factor which is directly related to s. As we know, when K increases, s

will reach the resonant energy s_ at a photon energy K_ : E(K‘)=sR. In

R ¥
other words, the predicted resonant peak, if any, is expected to appear

at the photon energy K_ in the bremsstrahlung spectrum. Our calculation

¥
shows that K! is about 110~140 MeV, depending on the photon counters and
the incident energy, for this ntpl case. Since 110~140 MeV is close to
the maximum kinematically allowed photon energy Kmax and the measured
photon spectrum is extended to about 120 MeV, no resonant structure can
be expected from doﬂp(g,i)/dn for most of the photon counters. (If
K1<Kmax and the photon spectrum is extended to K' with Kmax>K'>Kt’ then
doﬂp(é,i)/dn will show resonant structure in the energy region O<K<K'.)
All these factors combined together cause do“p(g,f)/dn to vary slowly
and smoothly with increasing K (see Figs.7 and 8) for most of the photon

counters. Without any resonant structure from the elastic scattering

cross section do“p(g,f)/dﬂ, the shape of oiED will be determined

PY
mainly by the factor KD"Du. This is the the main reason why most of the
calculated oigg(E,E) decrease smoothly with increasing K. Some of

these calculations are also shown in Figs.6,7 and 8 (the solid
curves).It should be pointed out that if t is replaced by to which is
independent of K (i.e., the scattering angle is fixed), then the
calculated cross section oi:g(g,to) will show resonant structure,

just as we have pointed out in section IV. Some of these calculations

are shown in Fig.6 (the dashed curves).

Although the EED approximation predicts uipl cross sections which
are in good agreement with the UCLA data, it gives very poor results for

the p'2CY¥ cross sections. (see section IV.) There is no contradiction
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between these two predictions because the predicted cross section

depends on the incident bombarding energy, saB and t“,B,. Different

values of S, and the incident energy would give quite different

8" “a'p’

cross sections in the resonant region. This is exactly the point we try

to emphasize in this work. In Fig.9, the p!2Cy¥ cross sections

oizg(s,t) are calculated in the EED approximation using Eq.(Bl). Here

again, dopc(s,t)/dﬂ is evaluated at (i)so and to and (ii)s and t. 1If
. . EED

dcpc/dQ is evaluated at S and to' then the predicted °pct shows no

resonant structure as expected for the reason we have already discussed.
(See the dashed curve in Fig.9(c).) If dopc/dQ is evaluated at s and t,
on the other hand, then the predicted spectrum shows resonant structure
with a peak which appears at KZ=ZK0~270 keV (since (a+B)/B=2). (See the
solid curve in Fig.9(c).) Since the observed peak appears at Ko=135 kev,
the predicted spectrum is therefore in total disagreement with the

experiment. This kind of result is exactly what we have found in our

EED
pcy

with dopc/dQ evaluated at s and t is very similar to the spectrum

one-energy one-angle case. To be more precise, the curve for ¢

calculated from the amplitude M:(s,to). This is because t changes

slightly with K in the energy region 10<K<400 keV (The change in the

(o}

scattering angle is less than 1.07), i.e., E~to and
EED - - EED - ,
°pcx(s’t) ~ °pcx(s’to)' We have also found that Kt(<Kmax for this

low energy p'2Cy¥ case. This fact, together with the fact that ?~t°, can
be used to explain why the resonant structure is predicted in the p!2Cy

case.

Finally, we should emphasize that the EED approximation of Nefkens

and Sober has not only neglected the second term Bv of the
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bremsstrahlung amplitude but also ignored the contribution from the
proton anomalous magnetic moment ). The contribution from these terms is
not negligible for the n:p! processes near the A(1232) resonance. As we
have already mentioned in section IV, the contribution from the Bu terms
causes the calculated nipx cross section to rise steeply with increasing
K above 80 MeV. And our study shows that the contribution from )\ does
change substantially the magnitude of the nipx cross sections for some
photon counters. For some cases, the agreement between the predicted

cross sections and the UCLA data becomes very poor.
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Appendix D: wip! Amplitude in Feshbach-Yennie Approximation

q P¢ *R (qetp +R.)
= [Z.— fW _fu fy ff fy
M (si,sf,to) (z, qpoK + 2, pK (Z2,+2Z,) (qf*Pf)'K T
q P, -R. (q,p;-R,)
-rr(z.— 2 3w 3y A 1y
T2 ——x * 22 p°K (z‘+zz)_(ai*P)'K )
q P¢, *R (Qe*p*R.)
AB - fu fu fu _ _ T fly
q. P, -R. (q.p.-R.)
-1 1y _ip iy - 1
T'[2Z, gk + 2, b oK (Z,+Z,) (q.+p) oK
1 1 1
q P
fu - U e eyo(z %Pz xTy 18T
tz, aook (8 t)+2, Bk (tq t) (z,xu+zzxu)] 2t
q, P,
1y 1. P q,,_aT'
-[z t -t)+2 —(t_-t)-(2,X +2,X
(’qiﬂ((p)zpi'K(q)(‘uzu)]at
where
T=T(s,.t), T'=T(s,,t)
t=11mk+otp=llmk+otq
=xPy ¥ =xIpH
t_-t)=X"K", t -t)=X"K
( p ) " ( q ) "
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Appendix E: Averaged P!?C7¥ Cross Section

In p!2Cy case, because of the finite size of the photon detector,
the theoretical calculations are averaged over the disk-shaped photon
detector. The efficiency is regarded as even all over the detector.
The 16 points on which the average is made are defined in Ref. 21. The
(6.¢) angles in spherical system centered at the !2C target can be
determined as follows:

CcosBCoSqg = 2 = c0os@ = OPz
sinf = y = sin@sing = OP
cosfsinag = X = sinfcos¢ = OPx
that is,
cosh Co0saCosf

tang = tanf/sing ,

where the angle g is measured from the beam line on the Z-axis to Osz

(the projection of OP on the X-Z plane) and B is the angle of elevation
measured from Z-X plane (i.e., the angle between OP and Osz). See Fig®

ii1 and Table A for details. The comparison of the averaged and
unaveraged cross sections is given in Fig. iv.

A
z

x>

Fig. i The definition of the angles a, B, 6 and ¢.
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Fig. ili  The diagram of the photon detector disk and its location
relative to the incident beam and the target.
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TABLE A : The location of the 16 points on the photon detector in
spherical system: (90,¢)

where
cos® = cosacosf
tan¢ = tanp/sina
Point a 8 ] ¢
1 180° 42° 138° 90°
2 180° 60° 120° 90°
3 0° 60° 60° 90°
4 0° 42° 42° 90°
5 90° 42° 90° 42°
6 90° 60° 90° 60°
7 270° 60° 90° " 1200
8 270° 42° 90° 138°
9 45° 42° 58° 52°
10 45° 60° 69° 68°
11 225° 60° 110° 112°
12 225° 42° 122° 128°
13 315° 42° 58° 128°
14 315° 60° 69° 112°
15 135° 60° 110° 68°
16 135° 42° 122° 52°
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\ plzc x
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Fig. iv The relative p!2C¥ cross section Oe) 35 2 function of

photon energy K at an incident proton energy of 1.880 MeV. The solid

curve represents the averaged p!2Cy and the dashed curve represents the

unaveraged p!2Cy.
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Appendix F: Variation of M: and M:B in TEOA from G1 to G11

In order to understand why H:B in TEOA fits the data for photon
counter Gll1 but not the data for Gl, we have calculated the cross
sections for the photon counter located at positions I1I, III and IV
(between Gl and Gl1). Their locations are shown below.

As we can see from Fig.V , when the photon counter moves from Gl to
Gll, the predicted spectra based on the amplitude H:B get better
gradually, but the predicted spectra based on M: become worse and

worse.

n p¥ E_=269 MeV

1(G1) 11 111 v V(G11)
8 160 170 180 170 160
¢ 0 0 0 180 180

> >

»>

?

\
mﬂaQDGG

11 v Vv
+

tn
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counter moving from Gl to Gll.
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The change of n+pt cross sections at 269 MeV for the photon

The experimental u+pr data are from
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a Pk a [Py
S @
p,-K
Q; Pi q; P;
A B A B
(c) (d)
K
Qy Py
q; Pi

A B
(e)

Fig.l1 Feynman diagrams for bremsstrahlung:
(a)-(d) the external scattering diagrams;

(e) the internal scattering diagram.
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T pCY
= 1.2} E; =1.594 MeV
E ) 9q=l55°
T (£, 8) = (1,0)=(1,10)
,30.8-
e |
® 04}
T S 0 N A
0 20 80 20 160 200

Fig.2 The relative p!2Cy cross section 0ol 35 @ function of
pPhoton energy K at an incident proton energy of 1.594 MeV. The solid
band represents the calculation using the amplitude ":(saﬁ'to) in the
OEOR approximation with (a,8) changing from (1,0) to (1,10) and the
dashed band represents the calculation using the amplitude H:B(sas,to)
in the OEOA approximation with (a,8) changing from (1,0) to (1,10). The

data are from Ref.|0,
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0, (1078sr 'keV™)

Fig.3 The relative p!2CY cross section rel

as a function of

photon energy K at an incident proton energy of 1.880 MeV. Curves

represent calculations using the amplitude (a) H:(su

approximation and H:(s,t) in the EED approximation and (b) M

in the OEOA approximation. The data are from Ref. 10,
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201 [T ]
p2CY
E; =1.880MeV
B I.S' eq'|55'
_}’ { W,B8) =0,
95 I.OF ”
S l
Fosl i l}
0 00 200 300 400 500 600

K(keV)

Fig.4 The relative p'!2Cy cross section Oel 25 2 function of
photon energy K at an incident proton energy of 1.880 MeV. The solid
curve is calculated from the amplitude H:(sus,to) in the OEOA
approximation with (a«,B)=(0,1) so that (a+B)/8=1. The data are from

Ref. 10,
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Fig.5 Relative p!2CY¥ cross section Orey 25 2 function of photon

energy K at an incident proton energy of 1.880 MeV. Curves represent

. , , A .
calculatio using the amplitude (a) M (s , .t in the TEOA
ns g plitu (a) u( a8, sazbz o)

approximation and (b) HAB(s .S .t ) in the TEOA approximation.
u a,B,” aB," ©

The data are from Ref.!0.
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T pY,298 MeV

8} G!-10 AVERAGE
— EED (3,1)
6} --= EED (s,1,)
ol --- EED (8,1,)
>
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s 2}
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I
¥ T*pY, 298 MeV
© 20 GI-10 AVERAGE
g — EED (&,1)
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b
[ 2]
° 1.0t
0.5}

36 80 120
K (MeV)

Fig.6 A comparison of EED predictions (the average cross section
over the ten photon counters Gl to G10) with the nipx data at 298 Mev.
The solid curves represent the results of calculation using Eq.(Bl) with
the elastic ntp cross section evaluated at (s,t). The dash-dotted curves
and the dashed curves are also calculated from EqQ.(Bl) but with the
elastic ntp cross section evaluated at (so,to) and (s,to), respectively.

The average experimental data are from Ref.2.
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Fig.7 (Top): The t+p elastic cross section, evaluated at (s,t), as
a function of photon energy K at an incident pion energy of 298 MeV.

(Bottom): The |*pt cross section as a function of photon energy K at 298
MeV for the photon counter Gl4. The solid curve represents the result of

EED calculation _using Eq.(Bl) with the elastic 1*p cross section
evaluated at (s,t). (This elastic cross section is shown in the top
figure.) The dash-dotted curve represents the same calculation but with

the elastic 1+p cross section evaluated at (so,to). The experimental

1*pt data are from Ref.2,
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do (8,t)/day (mb/sr)

®)
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Fig.8 Same as Fig.7 but at 269 MeV for G19.
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do'/da (b/sr)

203" cross secTIon
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‘& O3} E; «1.880 MeV

8

Ly Ee—
0200 %0
K (keV)

Fig.9 (a) The p!2C elastic cross section as a function of incident

proto.. energy Ei for 9q=155°

(b) The p!2C elastic scattering cross section, evaluated
at (s,t), as a function of photon energy K at an incident proton energy
of 1.880 MeV. Every point between the arrows A and B on this curve
(cross section) corresponds to a point between A and B on the curve
shown in (a). Note that the cross section in (a) is plotted as a
function of Ei while the cross section in (b) is plotted as a function

of K (since s is a function of K).
(c) A comparison of EED predictions with the p!2Cy data at 1.880 MeV for

eq=155°' The solid curve represents the result of EED calculation using

Eq.(Bl) with the elastic p!2C cross section evaluated at (s,t). (This
elastic p!2C cross section is shown in (b).) The dashed curve represents
the same calculation but with the elastic p!2C cross section evaluated
at (so,to). The experimental data are from Ref./0.
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2 0, = 155°
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= OEOA (Low)
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Fig.10 The relative p!2CY cross section Orey 25 2 function of
photon energy K at an incident proton energy of 1.594 MeV. The solid
curve represents the calculation using TETA, The dashed curve represents
the calculation wusing the amplitude H:(si,sf,to) in the TEOA
appaoximation and the dotted curve represents the calculation using the
amplitude M:B(si,sf,to) in the TEOA approximation. The curve calculated

in Low's original OEOA overlaps with the solid curve. The data are from

Ref. 10,
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Fig.11 The relative p!2Cy¥ cross section Oe] 25 2 function of
photon energy K at an incident proton energy of 1.810 MeV. Curves
represent calculations using the amplitude H:‘(si,sf,tp,tq) given by

. A . AB .
Eq.(39) in TETA, Hu(si'sf’to) in TEOA and Hu (si,sf,to) in TEOA. The

data are from Ref./0.
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Fig.12 Same as Fig.ll but at an incident proton energy of 0.591

MeV.

- 71 ~




Cross Section (nb/sr?MeV)

Pion(+) -Proton Sccttering
E=269 MeV Gl

10.0 - —-
i T T T | I EE N A T
{
|
8.0 |
-
8.0 |- -
4.0 .

\. — T~
N _ - ~ |
2.0 N N —
~—— N

oo e T S
0 20 40 60 80 100 120 140 180

KMaV) in Lab

Fig.13 The n+px cross section as a function of photon energy K at
269 MeV for the photon counter Gl. The solid curve represents the
result of calculation using the TETA amplitude given by Eq.(38). The
dash-dotted curve represents the result of calculation using the
amplitude H:(si,sf,to) in TEOA and the dashed curve represents the
result of calculation using the amplitude H:B(si,sf,to) in TEOA. The

experimental u+pt data are from Ref.2.
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Fig.14 Same as Fig.13 but for the photon counter Gll.
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Fig.15 Same as Fig.13 but for the photon counter G12.
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Fig.16 Same as Fig.13 but for the photon counter G13.
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Fig.17 Same as Fig.l13 but for the photon counter G14.
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Fig.18 Same as Fig.13 but for the photon counter G15.
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Fig.19 Same as Fig.13 but for the photon counter G17.




Pion(+) -Proton Scattering
E=269 MaV Gie
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Fig.20 Same as Fig.13 but for the photon counter G18.
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Fig.21 Same as Fig.13 but for the photon counter G19.
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Cross Section (nb/sr?MeV)

Pion(+)-Proton Scattering
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Fig.22 Same as Fig.13 but at 298 MeV for the photon counter G10.
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Same as Fig.13 but at 298 MeV for the photon counter Gll.
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Cross Section (nb/sr?MeV)
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Fig.24 Same as Fig.13 but at 298 MeV for the photon counter G12.
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Same as Fig.13 but at 298 MeV for the photon counter G13.
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Pion (+) —-Proton Scattering
E=298 MaV G14
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Fig.26 Same as Fig.13 but at 298 MeV for the photon counter Gl4.
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Fig.27 Same as Fig.13 but at 298 MeV for the photon counter G15.
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Cross Section (nb/er? MeV)
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Fig.28 Same as Fig.l13 but at 298 MeV for the photon counter G17.
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Cross Section (nb/er?MeV)
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Fig.29 Same as Fig.13 but at 298 MeV for the photon counter G18.
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Pion (+)—-Proton Scattering
E=208 MaV c19
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Fig.30 Same as Fig.13 but at 298 MeV for the photon counter G19.
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Pion (+) —Proton Scattering
E=324 MeV G11
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Fig.31 Same as Fig.13 but at 324 MeV for the photon counter Gll.
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Same as Fig.13 but at 324 MeV for the photon counter G12.

- 9] -

”‘I'”ﬂ”“”1“ I e L it B
i
n
R
!
|
bl a4 Yy T ]




Pion (+) -Proton Scattering
E=324 MeV C14
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Fig.33 Same as Fig.13 but at 324 MeV for the photon counter Gl4.
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Cross Section (nb/er?MaV)
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Fig.34 Same as Fig.13 but at 324 MeV for the photon counter G15.
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Fig.35
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Same as Fig.13 but at 324 MeV for the photon counter G17.
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Crose Section (nb/er?MeV)
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Fig.36 Same as Fig.13 but at 324 MeV for the photon counter Gl19.

- 9§ -




Cross Section (nb/sr? MeV)

Pion (=) -Proton Scattering
E=263 MaV GC1-G10 average
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Fig.37 The n-pl cross section as a function of photon energy K at
263 MeV for the photon counter G1-Gl0(averaged). The solid curve
represents the result of calculation using the TETA amplitude given by
EQ.(38) and the dashed curve represents the result of calculation using

B

the amplitude Mﬁ (si,sf,to) in TEOA. The experimental = p¥ data are

from Ref.2.

- 96 -



Cross Section (nb/sr?MaeV)

7.5

3.0

2.5

C.0

Pion(=)-Proctcn Scottering
E=263 MeV Gi12

'r‘"""'T"" 0 AR I R | ! | A
|
r
|
!
B
i
r—
I
{
!
i
!
-
'!
I
=~
. 1 l__ 1 1 i i L
0 18 s S4 72 90 108 128 144
K(Mae\V) in Lab
Fig.38 Same as Fig.38 but for the photon counter Gl2.
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Fig.39 Same as Fig.38 but for the photon counter Gl4.
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Cross Section (nb/sr?MeV)
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Fig.41 Same as Fig.38 but at 298 MeV for the photon counter G14.
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Fig.42 Same as F1g.38 but at 298 MeV for the photon counter G15.
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Fig.43 Same as Fig.38 but at 298 MeV for the photon counter G18.
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21,

We must point out here that although the amplitude used by the
UCLA group is not valid in the energy region of the A-resonance,
it will be a good amplitude in the energy region very far from
the lL-resonance. The work of Smith et al. (D.E.A.Smith et al.,
Phys. Rev. D21, 1715(1980)) provides further evidence in support
of this argument. It is on the radiative "p scattering below
the (1232) resonance.
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