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Abstract

CLOSURE PROBLEM AND NUMERICAL STUDIES OF TURBULENCE

by

Qian Jian

Adviser: Professor Chan Mou Tchen

A variational approach is proposed to solve the closure
problem of turbulence theory and to derive the Kolmogorov law
in an Eulerian framework. Two convergent integral equations
are obtained for two unknown functions. The Kolmogorov cons-—
tant Ko is evaluated numerically, obtaining Ko=1.2, which is

compatible with the experimental data.

The initial-value problem of a forced Burgers equation
is numerically solved by the Fourier expansion method. It
is found that its solutions finally reach a steady state of
'laminar flow' which has no randomness and is stable to dis-
turbances. Hence, strictly speaking, the so-called Burgers
turbulence is not a turbulence. A new one-dimensional model
of turbulence is proposed to simulate the Navier-Stokes tur-
bulence. A series of numerical experiments on this one-di-
mensional turbulence are made and successful in obtaining

5/3

Kolmogorov's k- inertial-range spectrum. The (one-dimen-

sional) Kolmogorov constant ranges from 0.5 to 0.65.

Finally the variational approach proposed in the first



part of this research is applied to the new one-dimensional
model of turbulence proposed in the second part. The Kolmo-
gorov's inertial-range law is derived analytically, the cor-
responding theoretical (one-dimensional) Kolmogorov constant
is 0.55, which is in good agreement with the results of the

numerical experiments on the one-dimensional turbulence.
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INTRODUCTION

Turbulence abounds in nature. In fact, turbulence
plays a vital part in the dynamics of the widest variety of
fluid motions on scales from millimeters to light years.
In a turbulent flow, mass, momentum and energy transport rate
greatly exceed the corresponding molecular transport rate.
The important characteristics of turbulent flows are their
apparent randomness and instability to small disturbances.
Although the dynamic state of the fully-developed turbulence
is extremely sensitive to triggering disturbances, the sta-
tistically average properties are not. On the other hand,
transition flows have statistical properties which are sensi-
tive to the nature of disturbances. In turbulence theory,
the turbulence is generally understood to be fully-developed,
so turbulence is a random flow field which are extremely sen-
sitive to small disturbances, but has statistical properties
which are not sensitive to disturbances.

The evolution of dynamic states of a turbulence is des-
cribed by the Navier-Stokes equations. In a sense, the tur-
bulence theory deals with the statistical solutions of the
Navier-Stokes equations, which are nonlinear and equivalent
to an infinite hierarchy of equations coupling together all
the moments of the random velocity fields. Any finite sub-
set of the infinite hierarchy of equations is not closed,
and possesses more unknowns than are determined by the sub-
set. The central problem of turbulence theory is to find

proper approximation methods of converting the infinite



hierarchy of equations into a closed subset, that is the
‘closure problem'1—4.

One well-known historical approach to the closure prob-
lem is the cumulant-discard approximation1’4. When we keep
the first, second and third-order cumulants but neglect the
forth-order cumulant, it is equivalent to assume that the
quadruple and the pair correlations are related as they
would be if the probability distribution was Gaussian. So
it is also called quasi-normal approximation. The quasi-
normal approximation is now completely discredited because
it gives negative energy SpectPaS- The physical reason for
its disqualification is its total neglect of the most impor-
tant dynamic damping effect due to the nonlinear interaction
between different modes.

Kr-aichnanG_14 developed a direct-interaction (DI) appro-
ximation to solve the closure problem and to take account of
the dynamic damping effect of the nonlinear interaction, ob-
taining two integral equations for two unknown functions: the
energy equation and the response equation. In an Eulerian
framework, the response equation is divergent at zero wave-

3/2

inertial-range spectrum obtained, in-
-5/3

number, and the k~
stead of Kolmogorov's k spectrum, which is supported by
experiments. Kraichnan identified the use of an Eulerian
framework as the cause of this divergence, developed further
the DI approximation in a Lagrangian formulation. Its mathe-

matics is complicated, because the work is done in a Lagran-

gian framework. Kraichnan proposed the test-field model



(TFM), which is mathematically simpler and consistent with
the Kolmogorov law. Unfortunately there is an artificial ad-
justable parameter in the TFM to make the result of TFM agree
with experiments. Hence the TFM is a semi-empirical theory.

7
15,16 and Herringl' proposed the Fokker-Planck

Edwards
method and self-consistent field method respectively, and ob-
tained the same energy equation as Kraichnan. Several forms
of response eguation of the F-P method have been suggested,
but they are all divergent at zero wavenumberl. Later
Edwards and McComb16 argued that the energy equation is an
expression of the principle of conservation of energy and the
response equation should be derived as the expression of ano-
ther physical principle, and developed the entropy method to
solve the closure problem. They applied the principle of ma-
ximum entropy to a stationary turbulence, and succeeded in
getting a Kolmogorov-type inertial-range spectrum in an Eule-
rian framework, but gave rather poor value of Kolmogorov
constant. Moreover the applicability of the principle of the
maximum entropy to turbulence is questionable.

Tchenlg’19

developed a kinetic approach to the closure
problem. By using a Liouville-type equation in phase space,
Tchen derived a kinetic equation for the probability distri-
bution of velocity and a transition equation for the proba-
bility distribution of paths, forming two master equations

consistent with the Navier-Stokes equations. The closure is

obtained by the scaling procedure which distinguishes three

basic processes: macro-evolution, micro-transport and sub-



micro-relaxation. Memory is present as a consequence of the
non-markovian processes, leading to tensor-type viscosity
and diffusivity instead of scalar ones. The memory-chain is
cut off by requiring the relaxation process for transport
properties to approach equilibrium. A scaled energy equation
is derived and the energy spectrum is obtained directly due
to the scaling procedure, yvielding Kolmogorov's inertial-
range spectrum. It is an elegant physical approach to the
closure problem of turbulence. Any approach to the closure
problem must contain some key approximation which have to be
justified. In Kraichnan's theory it is the DI approximation,
in Tchen's kinetic theory it is the scaling procedure and
the physical assumptions about the three basic processes of

turbulence.



CHAPTER I. VARIATIONAL APPROACH TO CLOSURE
PROBLEM
A variational approach is proposed to solve the closure
problem and to derive Kolmogorov law in an Eulerian frame.

15,16

Like Edwards' Fokker-Planck method and Tchen's kinetic

methodls’lg, probability distribution in phase space and
Liouville equation are introduced. In Tchen's kinetic me-
thod the probability distribution of velocity is used and
then a Fourier transform is made so that energy spectrum is
obtained by a scaling procedure, In the proposed variation-
al approach the Fourier transform is made at the beginning
and the probability distribution of modal parameters is used,
therefore the energy spectrum can be obtained without appea-
ling to the scaling procedure.

Instead of using complex Fourier components of velocity
as modal parameters as done in Edwards and Herring's forma-
lism, a complete set of independent real parameters and its
dynamic equations are worked out to describe the modal dyna-
mics of a turbulence. An approximate solution of the sta-
tionary Liouville equation is obtained by a perturbation me-
thod, based upon a Langevin-Fokker-Planck (LFP) model.

The error of the perturbation solution depends on the
error of the LFP model, which is expressed as a functional
of the dynamic damping coefficient ﬂh The functional as-
sume the form of mean-square error according to the opti-

mum-parameter-estimation method. The ﬁ’will be treated as

B s i e o e s e e



an optimum control parameter to minimize the error of the
perturbation solution. By a variational method we obtain
a convergent integral equation'for the optimum/ﬁﬁ which
-will be used to replace the divergent response equation of
Kraichnan's DI approximation. The energy equation and this
convergent integral equation form a closed set of equations
for two unknowns, solving the closure problem in a pure
Eulerian framework. This closed set of equations will be
used as basis for study of the statistical properties of
turbulence.

Finally the Kolmogorov law is derived and the Kolmogo-
rov constant is numerically evaluated, obtaining Ko=1.2,7

which is compatible with the experimental data.



1.1. Modal parameters and modal dynamic equations

For simplicity of mathematics, a homogeneous incomp-
ressible turbulence is supposed to be confined within a
large cubic box with sides L and cyclic boundary conditions.
The L will be let to approach infinity later. The Fourier

transform of Navier-Stokes equations is1
(S + v xP)u, (k) = -i3(k P, . (K)+k.P, (k))
dt it= 2V m ijt= " dmN =

)(jizuj(g)um(£)5;’g+£ : (1.1)
r

where Y is kinematic viscosity, H=(2ﬂ7L)3, é; p+f is the
. __’_ -
Kronecker symbol; k,p,r are discrete wavevectors,
u; (k) = (2m~3 u; (x)exp(-iksx) dx | (1.2)
box

are the Fourier transform of velocity components ui(g), and

P, 4(k) = 13 - kyky / K | (1.3)

is the projector operator. Due to incompressibility and

ui(§)being real quantities, ui(g)are not independent, and

kjug (k) = 0, u (k) = ug(=k) . (1.4)

The asterisk means complex conjugate. The complex Fourier
components ui(g) and u(-k)are often used as modal parameters
by some authorsls-17, similar to the notations used in quan-

tum field theory. In order to preserve a clear physical

- oeum S SR



meaning of the probability distribution in phase space in
the frame of classical statistical mechanics, a comblete

set of independent real modal parameters and its dynamic
equations are worked out in Appendix A to dgscribe the modal

dynamics of turbulence. The resulting modal dynamic equa-

tions are

G%?+)§)Xi = }E:Aijmxjxm , : (1.5)

J,m , '

)&éﬂka. Here, ahd afterwards, the Einstein summation conven-
tion is not used for indexes i,j,m, which are the combina-
tion of wavevector, component index and reai-imaginary— part
index. Do not confuse them with those in (1.1)-(1.4). The
(Xi, i=20) form a complete set of independent real modal pa-
rameters.

A,. =M +M

ijm ijm (1.6)_

15om Mo gm*Mi gm0

My = HS(i)S(j)S(m)Pabc(g,g,g)C%633;;2+£ . (1.7)

for further information see Appendix A. It is indispensable
for actual calculation to find a particular set of modal pa-
rameters and the explicit expression for Aijm’

For the study of high-wavenumber-range dynamics, the
model of stationary turbulence is assumed. Actually space
homogeneity and time stationarity are conflict conditions for
any turbulent flow, a homogeneous turbulence is at the same

2,3

time a decaying turbulence . The trick to solve this con-

flict is to assume that some external driving force is con-



tinuoﬁsly supplying energy to the turbulence at low wavenum-
ber to prevent it from decaying. The pafticular structure
of Ehis force is not relevant, for simplicify, supposing
that it has form ygxi. Hence the modal dynamic equation
(1.5) becomes |

d ', ' ‘

Xy = -O4-YX + ZAijmxjxm . (1.8)

Jsm

p A
Since )& is different from zero only at low wavenumber, at

later stage of analysis of the high-wavenumber range, it can

be omitted.



1.2. Liouville equation

By classical statistical mechanics, all possible dyna-
mic states'of.the turbulence, or all possible sets (Xi,iéo),
constitute a phase’space, which is called modal phase space
to emphasize the difference . between fturbulence and a canoni-
cal system. - The statistical behavior of the turbulence is
described By the probability distribution over an ensemble
of numerous realizations of the turbulence, denoted by P=
P(X,,i>0).

The evolution of the probability distribution satisfies

the following Liouville equation
Z+ir=-0 , (1.9)

~where L is the Liouville operator. Its structure is deter-

mined by the modal dynamic equation (1.8), andt

L= -Z( ()/i-)/i')a-%i.xi - ZAiijjxmsg—i ) . (1.10)
i Jj,m
The Liouville equation (1.9) is linear, although its corres-
ponding modal dynamic equation (1.8) are not linear. Notice
that the summation over indexes i,j,m in Egs. (1.5) (1.8)
and (1.10) are restricted to be over their nonnegative va-

lues.

10
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1.3. Langevin-Fokker-Planck (LFP) model

The terms on the right side of (1.8) represent the
forces acting on mode i. The second term is the nonlinear

interaction force, acting on mode i by all other modes in a

mode sea. Its simplified mode 159'15’17
§ :AiJm j“m = }'X + £, ' (1.11)
J,m

heré -j&xi is the dynamic damping force and is deterministic
for the mode i, represent the average effect of nonlinear
interaction,pn mode i fi is a random force of the type of

white noise. From (1.8) and (1.11) we have
d ~ ~ !
Ky S -RX v E . Po=5) + YY) . (1.12)

2
For the high—wavenumber-range )2:0, we have
%= S+ Y - - (1.13)

Ed; (1.12) is the Langevin equation, its Liouville
équation is the Fokker-Planck equation, and its correspon-

ding Liouville operator is the Fokker-Planck operator20

£(f) _ (=2 22X+ 2 (1.14)
3& aX 12X ¢

here ¢3 are related to the random force fi in (1.11). Hence
the simplified model (1.11) implies that the exact Liouville
operator (1.10) can be approximated by the Fokker-Planck

operator (1.14)

r =~ g(f) | (1.15)



l.4. Perturbation solution

For a stationary turbulence the Liouville equation can

be written as follows

() s g~y yp-o0. ~ (1.16)

According to the LFP model (1.11)-(1.15) 5i=(i—i(f)) can be
considered a small perturbation operator. Hence the appro-
ximate solution of (1.16) at zero order, denoted by P(O),

satisfies the following equation,

t(f) p(0) _ o | | (1.17)

Eq. (1.17) is Fokker-Planck equation, its solution is Gaus-~ .

sian density functionl’15
p(0) _ f-l (21f,) ™ 2exp (-2 / (2¢,) ) . (1.18)
i ) y
Let
p=p0 ,p(1) (1.19)

Since 5E=(i-i(f)) is a small perturbation operator, P(l) is
also small, substituting (1.19) into (1.16), using (1.17)

and neglecting product term of 0L and P(l), we have
£(f) p(1) _ 57 p(0) _ _g p(0) | (1.20)
From (1.10) and (1.18), Eg. (1.20) becomes
t(D)p(1) _ (Z(Vi-yi')(l-xf/¢i) + ZAiijinXm/fsi )p(O) .
i

ijm
(1.21)

12



By using the following equations

‘ i(f)xi?(o): %xip(o),_ £(f) (x2-¢)p(0). 27, (x3-4)P(9) (1.22)

we‘_;éolvég'Eq.(l.al) to get P('l). Then substitute it into

(1.19), finally we have

x; - ¢, . Ag X X

2
2 77:1 ?i iJm 1(771+7j+7m)

)P(O), (1.23)

P = ( 1 —Z(yi_){i.’)
i

A similar form of (1.23) was derived by Edwards in a diffe-

15,16

rent - formulation « The probability distribution (1.23)

satisfies the normality condition,

fp Max, =1 . o (1.24)

13



1.5. Energy equation

Using the Liouville equation (1.9) and (1.10), we have

‘aT:<Xi> fx Zp)[Max, = -ﬁc?ipr‘ldx

14

= -2V NEED Z 1gm<‘ . (1.25)

The last step is based upon an integration by parts. By

the probability distribution (1.23), the average modal inten-

sity

&> = |%3PMax, = 4, : (1.26a)

e

=1 - ()li-))i')/)/i . (1.26b)

“ !
In the high-~wavenumber-range, yi=o, SO

e; =1-Y%/7y =3‘i/7i . (1.27)

For isotropic turbulence, <?i>, ei, 32 and_Bi are functions

of k only, and

e(k) = () /P(K) , W) = Hk) + V2 . (1.28)

From (1.23) and (1.26), the triple correlation of modes

éclxaxm> fx sXPllax = 2Bijm/(77i+7zj+7/m) , (1.29)

1jm¢4) Jm1¢ ¢1 + Amij¢i¢j . (1.30)



Let
E(k) = 4Mk2q(k) (1.31)

be the three-dimensional energy spectrum, it can be proved

that1

a(k) = 28&S> , H= (2m1)3 . (1.32)

For the study of high-~wavenumber-range, the )é is omitted.
Let L, the size of the cubic box introduced at the begin-

ning of Section 1.1, approach infinity, from (1.25)-(1.32)
and the formula in Appendix B; after long manipulation, Eq.

(1.25) becomes
! M2 B '
x t 2Vk“)E(k) = T(k) , (1.33)

D
2// k3prb(k,p,r) G(r) [G(p) - F(k)]
T(k) = 167 dpdr

7](k) +77(p) + M)

a(k) = e(k)a(k) .

(1.34)

Here b(k,p,r) is a geometrical factor defined by (B.11) in

Appendix B. T(k) is the energy transfer spectrum function.

15



1.6. Variational app roach

The energy equation (1.33)-(1.34) contains two unknown
functions: the energy spectrum q (or E) and the dynamic dam-
ping coefficient 77 Anéther equation for q and 77 is needed
to solve the closure p:joblem.a-

The validity and errof'of the perturbation solution
(1.23) depends on the validity and error of the LFP modei
(1.11)-(1.15). There are two adjustable parameters 77and
¢'in the LFP model. Due to Eg. (1.26), the actual adjus-
table parameter is 77. The Lf‘P modei_can be made as good as
possible by choosing the optimum 7/ which mihimizes the error‘
of the LFP model.

. An- appropriate measure of the error of the LFP model is
expressed as an functional of 77, denoted by I=I (7). By vari-

21

a'tiona'l method™ ", the optimum 77, whi‘ch minimizes I, satis-

fies : ‘g?z =0 . (1.35)
Eq. (1.35) will lead to a convergent integral equation for q
and ‘7 to replace the divergent response equation of Kraich-
nan's DI approximation, thus solving the closure problem in
an Eulerian framework and at the same time making the error
of the perturbation solution (1.23) as small as possible in
the frame of the LFP model.
Actually 7/:(771,3'.20) is a vector of infinity dimension

in the preceding formulation, -so (1.35) is equivalent to

PrS

- 2L _p . (1.36)

16 -



1.7. Mean-square estimation of 77

The success of the variational approach depends on the
proper choice of the funcfional I=167), which expresses the
error of the LFP model. The mean;square error of optimum-
parameter-estimation for a stochastic process is to be used
to define the functlonal I.

The LFP model is based on the approximation (1.11),
which can be interpreted as follows: a simple model of sto-
chastic process -j;x +fi is used to approximate a compli-
cated actual process on the left side of (1.11). the mo-
del process is a linear transform of a giveﬁ stochastic
process Xi superposed by a white noise fi} The coefficients
of the linear transform,_Si OI'VE’ is to be adjusted so that
the model process will approximate the actual process as
well as possible. This is the typical formulation of opti-
mum-parameter-estimation problems in control theory22’23.
The usual approach is the mean-square estimation method,

i.e., the 'optimum' is interpreted in the mean-square sense.

' 2
i} Z«ZAiimxixm - (<5%)) > , (1.37)
i Jsm | -

Here <E..;> means ensemble average.

Hence

Making use of (1.13),(1.23),(1.26),(1.29) and (1.30) we

obtain

A.. B.. Yi s 0
= = 1Jm ijm _ _dijm ijm _ 1<& ><: > 1Jm ijm
5,650 Z< e s —2a).

(1.382a)

17



Here
Ciim = A15m 51 * Ayim EJ. + AL 5, (1.38b)
vyijm % + 73. + 77m . (1.38¢c)

Let L approach infinity. Similar to the derivation

|

from (1.25) to (1.33)-(1.34), from (1.38) we have

paN
kpr
(k) = )/k2 + 2//"f//dpdr b(k,p,r)d(r,p,k)
7 (K (7<k,p,r>>? [

X(v(k,p,r)-_g(k)+_§(p>> + b*(k,p,r)d(k,p,r)j(p)

2
. y‘“(?‘“é”q(k)q(r)(b(k,p,r><5<p>-3<k>)
(%))

+ b?kmm)(}(p)—f(r))}]-<1.39a>

Here Yssp,r) = Pk) + Yp) +77(r) , (1.39b)
a(k,p,r) = A(k)(@G(r) - T(p)) (1.39¢)
and * pr 3
b(k,p,r) =—-§(yz + x7) . (1.39d)
k

The x,y,2 are cosines of three angles of the triangle with
sides k, p and r (see Appendix B).

The energy equation (1.33) with (1.34) and the 77equa—
tion (1.39) form a closed set of equations for two unknown
functions q (or?é) and 77. In principle, by using the pro-
bability (1.23) and the closed set of equations for g (or:f)
and 7, we can calculated the statistical properties of tur-
bulence. As an example we apply them to study the inertial-

range and to derive the Kolmogorov law.
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1.8. Energy equation and 7/equation for inertial-range

In the inertial-range the viscous dissipation is neg-

ligible, Yk°=0, from (1.28) we have
3 (k) = 77(k) , e(k) =1 . (1.40)
Hence (1.34) becomes

7, blk.p.ralr)(alp)-a(k)
T(k) = 167° [dpdr x3pr . (1.41)

7](k)+.‘7](p)+ 7](1‘)*

T(k) is the energy transfer spectrum function. The ehergy

transfer function @

M) =[T(k')dK' k1.42)

is the ehergy flow rate across the spectrum. Due to Kraich-

nanl, it has the following convenient expression:

k p+k'’
k) =j§;'ﬁp f dr S(k'|p,r) , (1.43a)
k 0 p*
p* = max(p, k'-p) , (1.43b)
167k pr
S(k|p,r) = [o(x,p,r)a(r) (a(p)-a(k))

7+ Pp)+ 7 (r)

+ b(k,r,p)ap) (alr)-a(k))] . (1.43¢)

In the inertial-range, the energy transfer function

rj(k) is independent of k and is equal to the dissipation

19



rate of energy € =2 ysz(k)dk, therefore
' o
o0 k p+k'! o
€ ?/dk' 'ﬁp /ir S(k"p,r) . (1.44)
k 0 D

In the inertial-range Vk2=0,, S0 }7(k)=;(k) and e(k)=1,
Eq. (1.39) becomes

n |
= 2 ([ apa <pr b(k,p,
Yo = X ffp S e [b(,p.r)a(r)

X(a(k)-alp)) (27(p)+7(r)) + 57k,p.r)q(kf§

x(q(r)-q(p))ykp)] . (1.45)

The energy equation (1.44) -and .the 77 equation (1.45) consti-
tute a closed set of integral equations for q(k) and 77 (k)

in the inertial-range.
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1.9. Kolmogorov law and Kolmogorov constant -

The idealized model of inertial-range dynamics of a
turbﬁlence is: an energy source ié at zero wavenumber and an
“energy sink is at infinite wavenumber, with a energy flow
across the spectrum at the constant rate €. Egs. (1.44) and
'(1.45) form a closed set of equations for two unknowns q(k)
and 7[(k).  Supposing that q(k) and 7(14) have the form of

power function,

a(k) = cqikm~ ’ . 7/(k) = 07 k“l . | (1.46)

Substitute (1.46) into (1.44) and (1.45), we obtain

. 5+m-2n=0 |, 8+2m-n=20". (1.47)

Hence m=-11/3 and n=2/3. Let Cq=(Ko/47f)62/3 and 07 -0’3,

(1.46) becomes

a(k) 2/3,-11/3 (1.48)

77(k)

From (1.31) and (1.48) we have

(Ko/4me

E(k) = Ko g2/3 x"5/3 | (1.50)

which is the Kolmogorov inertial-range law. We are success-
ful in deriving Kolmogorov law from the first principle of
statistical mechanics. |

Substitute (1.48) and (1.49) into (1.44) and (1.45),

then calculating the two resulting double integrals by

pet/3,2/3 (1.49)
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numerical method, we obtailn

D/Ko® = 0.19 , D?/Ko = 0.0605 . (1.51)

The D/Ko® is first evaluated by Kraichnant. From (1.51)

the Kolomogorov constant is

Ko =X 1.2 .. (1.52)

The experimental value of Kolmogorov constant given by
Gibson and Schwar224 is 1.28-1.32. ‘At.the present stage of
experimental and theoretiéai research on turbulence, it is
unrealistic to require a turbulence theory to reproduce the
ekperimental data aécurately to more than two digits. In

this sense, the Kolmogorov constant given by (1.52) is com-

patible with the experimental data quite well.



CHAPTER II. NUMERICAL EXPERIMENTS ON ONE-
” . DIMENSIONAL MODEL OF TURBULENCE

The difficulties of the pfoblém of turbulence are of
twofold.nature: in part they are connected with the compli-
cated vectorial character of the Navier~-Stokes equation; in
part they are dependent upon the presence of nonlinear term.
The later feature is éssential for turbulence, a linear
dynamic equation cannot generate 'turbulence' solution.

Burgers proposed the equation25

2 .
;Eu(t,x) + u('t,x)o_—,as-cu(t,x) =)/a—i-§u(t,x) C(2.1)

as an one-dimensional analogy of the Navier-Stokes equation

in order to simplify the problem of turbulence by avoiding
its complicated vectorial character.

At present we can not numerically simulate the flow
field at sufficiently high Reynolds number to produce the
inertial-range in two-~ or three-dimensional flow, because of
insufficienﬁ computer capacityzs-za. An one-dimensional mo-
del is needed. The commonly-used model is Burgers equation
or its forced form, . the so-called Burgers turbulence.
The solution of Eg.(2.1) can be expressed in terms of
initial data and such a turbulence (without external force).

has been studied by many author529_34. The numerical expe-

riments dealing with an external force was made by Jeng35
for small viscosity and by Kida and Sugihara36 for the invi-

scid limit.

R e s i e e e e e e e
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- All the analytic and numerical studies lead to the con-

clusion that i".he_k"2

inertial-range spectrum is the charac-
teristic feature of Burgers turbulence. In contrast, for
Navier-Stokes turbulence the cascade fransfer of energy from
large eddies to small eddies yiélds the Kolmogorov's k-5/3
inertial-range spectrum. That is related to the essential
difference between Burgers equation and Navier-Stokes equa-
tion, and indicates that the Burgers equation is not a pro-
per one-dimensional model of the Navier-Stokes turbulence37.

First of all the Burgers equation with a steady exter-
nal force acting at the lowest wavenumber is numerically in- . -
tegrated in order to study the long-time evolution of its
solutions. The numerical results show that after sufficient
long time these solutions reach a steady state of flaminar
flow', which has no randomness énd is independent of the
initial conditions, i.e., absolutely stable to disturbances.
The essentiél characteristics of a turbulence are its ran-
domness and instability to small disturbances. Hence,
strictly speaking, the so-called Burgers turbulence is not
a turbulence.

A new mathematical model is proposed as an one-dimen-
sional analogy of the Navier-Stokes equation. It has a mo-
dified advection term and a pressure-type term. A series of
numerical experiments on this one-dimensional model are made

-5/3 iner-

and are successful in obtaining the Kolmogorov's k
tial-range spectrum. The (one-dimensional) Kolmogorov con-

stant ranges from 0.5 to 0.65.



Our numerical experiﬁents confirm the vital role of the
pressure term in hj&rodyndmic turbulence. The nonlinear in-
teraction of the advection term alone can not generate tur-
bulence.i,The commonly-used one-dimensional model of turbu-
lence (the Burgers turbulence) has a k"2 inertial-range
spectrum. We are successful in proposing a one-dimensional
model of the Navier-Stokes turbulence, which has avk-5/3
inertial-range spectrum. The results of our numerical expe-
riﬁents will be used to test the validity and error of the

variational approach to closure problem proposed in Chapter

I.
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2.1. Burgers equation and its Fourier transform

With a characteristic length L and a characteristic¢ ve-~
locity V, by means of the dimensionless quantities x'=x/L,

t'=tV/L and ¥'=Y/(VL), (2.1) becomes

2
2 2 - d
EAAAF L & v (2.2)

If we drop the primes in (2.2), (2.1) and (2.2) are identi-
cal. Hence (2.1) can be understood as the dimensionless
form of Burgers equation, and Y is the reciprocal of Rey~-
nolds number. Afterwards all quantities and equations are
assumed to be dimensionless.

Assuming the periodic boundary condition
u(t,x+27) = u(t,x) , (2.3)

we can expand u(t,x) into the Fourier series

u(t,x) = EEZU(k)exp(ikx) ’ (2.4)
k

where

27r
U(k) = (1/27) -jf u(t,x)exp(-ikx)dx (2.5)
0 .

is a function of time t. From (2.4), Burgers equation be-
comes

SEUG) = —ikW(k) - YKZU(K) , (2.6)

and

W(k) = (1/2)Zﬁ(fp)U(k-p) (2.7)
P



by the convolution theorem.

If there is an external force, which is assumed to have

the simple form A{(k)U(k), (2.6) can be generalized as fol~ .

!

}
lows ‘

(k) = —1uw(k) + HUEU(K) - MOU(K) . (2.8)

Both {(k) and M(k) in (2.8) are positive, (k)U(k) cor-
responds to the energy source and Y(k)U(k) corresponds to
the energy sink . When (k)=0 and )«k)=)k2, (2.8) becomes
(2.6), and the energy sink is due to viscous dissipation.
The Fourier component U(k=0) represents the mean flow
of the velocity field. From (2.6), we see that the mode
»k=0 has no inﬁeracfion with other modes. For simplicity,

we assume that U(k=0)=0, i.e., there is no mean flow.
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2.2, Energy equation

The intensity of mode k is
(k) = U(KIU* (k) . (2.9)

The'asterisk means complex conjugate. From (2.8) we have
\ ,

cha(k) = r(k) + 24(k)3(K) - 2MK)E(k) , (2.10)
here .
r(k) = -ik(W(K)U (k) - W*(K)U(k)) . (2.11)

From (2.7) and (2.11), it is easy to prove that

zz: r(k) =0 . | (2.12)

The total energy of all modes is

.Zé(k) = (1/4m) /2 u?(t,x) dx . (2.13)
=0 .

0

The energy flow rate across the k space is

k

500 = 77w« 7 v (210
k5k k=1

In inertial-range W (k)=Y(k)=0, From (2.10) and (1.14) we
have r(k)=0 and q(k)=constant for a steady state.

The ensemble average applied to (2.10) gives

%T:E(k) = R(k) + 2 U(K)E(k) - 2MK)E(k) |, (2.15)

here E(k) = <Gk (2.16)
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is the ehergy spectrum, and.

R = GO (2.17)

is the energy transfer spectrum function; <...> means en-

semble average. The energy transfer function ‘i's
k [y
Q(k) = <q(k)> E R(k') = -E R(k') - . (2.18)
k' >k k'=1

- In inertial-range A((k)=V(k)=0. From (2.15) and (2.18) we

have R(k)=0. and thus

Q(k) = € (constant) (2.19)

for stationary turbulence where € represents.the energy

dissipation rate.
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2.3. Inertial-range dynamics

The idealized model of inertial-range dynamics is that
an energy source is at the lowest wavenumber and a sink is
at infinite wavenumber, with an energy flow across the spec-
trum at a.constaht rate<é. It is impossible to work with an
infinite wavenumber in a numerical experiment. vThe trunca-

tion épproximation must be used, i.e., we assume

30

U(k) = 0 1if kDK . | (2.20a)

Here the kc is called cutoff wavenumber. The energy source

is sﬁpposed to be acting at the lowest wavenumber k=1 only,

i.e.,
Mk) =0 if k>1 . (2.20b)

~

The sink is supposed to be acting over the neighborhood of

the cutoff wavenumber kc only, i.e.,

Y(k) = 0 if kgky s (2.20¢)

where kd is less than kc but near kc.

By (2.20) the generalized Burgers equation (2.8) be-

comes
SU(L) = -aW(1) + M(1)u(1) (2.21a)
SEU(K) = -ikW(k)  if 2&kgky (2.21b)
SEU(K) = -ikW(k) - Y(K)U(K) if kg<k<k_ . (2.21c)

Eq. (2.21) describe the following process: the energy is
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dAnput at k=1, then is transfered to high wavenumbers by the
" nonlinear interéction W(k), finally is dissipated over the
neighborhood of kc. With the truncation approximation
(2.20a), after some manipulation, (2.7) becomes

k,-k k-1

W(k) = ZU(-p)v(k+p>_+ <1/2)Zu<p>u<k-p) . (2.22)
P= p=

which will be used in numerical experiments.



2.4. Energy source and energy sink

Tentafive numerical expefiﬁents of (2.21) show that
when AL (1) in (2.21a) ié too small the modal intensity (k)
decreaseé with time,'when,jl(l)ﬁis too large the e(k) inc—
reases with time, leading to overflow. It is more conve-
ﬁient to use a reservoir-tyﬁe‘enérgy source which is able
td adjust its input power autématically to keep thelmodal
intensity e(1l) constant.. There are many ways to construct
such an energy source. Qne way to do it is to replace

(2.212) by

U = —1w(1) + c(|uy ()] - Ju)] yueny . (2.23)
_Here C is a large positive amplification factor and Uo(l)

is the initial value of U(1l). The IQ..I means absolute
value. The advection term -iW(1l) in (2.23) transfers the
energy from mode 1 to other modes and reduces the intensity
of mode 1; the energy source represented by the last term
in (2.23) inputs energy to mode 1 as soon as its inténsity
becomes less than the initial value, similar to a simple
feedback system. An ideal reservoir-type energy source can
balance the advection term -iW(1l) exactly and keep U(1l) a

constant, i.e.,

%TCU(}) =0 . (2.24)

In our numerical experiments the (k) in (2.21c)

P
assumes the following form
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Y(k) = Y(k-k)" . (2.25)

Here )é

makes the transition from.the inertial-range to the dissipa~

and n are positive numbers. This structure of Y(k)

tion-range a smooth one. Our numerical experiments show
that the detailed structure of )/(k) does not influence the
outcomes of the inertial-range dynamics, so long as the in-
tensity of the energy sink matches the intensity of the
energy source.,

By (2.24) and (2.25), (2.21) becomes
d ' '
EEU(l) = Q0 or U(1) _.constant ’ (2.262a)

SLU(K) = -ikW(k) if 2€k<k (2.26Db)

d 9
d . n . '
-EEU(k) = -ikW(k) - }a(k—kd) u(k) if kd<kSkc « (2.26¢c)

When kc and-kd approach infinity, (2.26) corresponds to the
inviscid limit of the Burgers equation with an energy source
at k=1 and energy sink at k=oc. |

The introduction of an energy source is indispensable
for studying the long-time evolution of turbulence. If

there is no energy source, the turbulence will decay and

finally die out due to dissipation.
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2.5. Numerical experiments of Eq. (2.26)

The Adams method is used to solve the initial-value
problem of (2.26). The time step At=0.005 for kc=50 and
At=0.0025 for1%=100 in order for the numerical process to
be stable. Ten runs of such numerical experiments of (2.26)
have been made on computer, corresponding to four different
initial conditions, two cutoff wavenumbers and three types
of energy sink. They are summed up in Table 2 and Fig. 1-4.

The four initial conditions are

U(1l) = 1 (2.272)
U(k) = 0.3 if 2 <k<5 (2.27b)
U(k) = 0.001 if 6€kSk , (2.27¢)
C
U(1) = 1 (2.28a)
U(k) = 0.31623 if 25k<5 (2.28b)
U(k) = 0.001 if 6<ksSk, (2.28¢c)
rU(1) = 1 (2.29a)
4 U(k) = 0.21 if 2<k<<10 (2.29b)
LU(k) = 0.001 if 11Sksk_, , (2.29¢)
- U(1) = exp(ifr/2) (2.30a)
4 U(k) = 0.21exp(i?k/2) if 2<£k<10 (2.30b)
~U(k) = 0.00lexp(imk/2) if 11Sk<k, . (2.30¢)

The general behavior of the solutions of (2.26) is il-
lustrated in Fig. 1 which is the result of run 1 (the actual

numerical computation was done up to time t=15 instead of
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t=6). Although Fig. 1 shows the time variation of the total
energy only, the time variation of the intensity and phase
of each mode have the same behavior. During the early stage
the solutions of (2.26) undergo a transient process, the in-
tensity of each mode except mode 1 varies with time rapidly.
This transient process begins at t=0 and ends at t=4. After
t=4 the solutions of (2.26) reach a steady state of 'larmi-
nar flow', which is characterized by the k"2 law for the mo-
dal intensity in the range 3<fk<(kc/3. See Fig. 1-4.

In the final steady state of 'laminar flow!, the ampli-
tude and phase of all modes are independent of time, so
there is no randomness in the flow field at all. Moreover,
the final steady state of 'laminar flow' is independent of
the initial conditions, hence it is absolutely stable to
disturbances. A comparison of Fig. 2 and 3 shows that in the
final steady state of 'laminar flow' the behavior of the
inertial-range (3<W<<kk/3) is independent of the structure
of the energy sink, whose influence is limited to the neigh-
borhood of the dissipation-range.

In the runs 1-6 kc=50, in the runs 7-10 kc=100. The
increase of cutoff wavenumber kc leads to the broadening of
the inertial-range proportionally. It is logical to conc-
lude that the general characteristics of the solutions of
(2.26) will remain the same when kc approach infinity and
the inertial-range becomes infinitely wide, which corres-

ponds to the inviscid limit of the Burgers turbulence with
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an energy source at k=1 and an energy sink at k=60, If we
consider an ensemble of many realizations, corresponding to
different initial conditions (and maybe different external
forces at lower wavenumbers), the ensemble average will
yield the well-known k-2 inertial-range spectrum for the
so-called Burgers turbulence; since, according to our nume-
‘rical experiments, the modal intensity of each realization

2

is proportional to k ° in the inertial-range after the

transient process has ended.
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2.6. Burgers turbulence is not a turbulence

The essential characteristics of a turbulence is its
-apparent randomness and instability to small disturbances.
Two turbulent. flows that are nearly identical in defail
Cwill appear dramatically different at later time, i.e., the
extreme sensitivity of the solution of Navier-Stokes equa-
tion to the initial conditions. In the Burgers equation
'the only nonlinear term is the advection term, no pressure
term. According to our numerical experiments described in
Section 5, the nonlinear intefaction of the advection term
reduces the chaos of the flow field and builds coprelation
betweeﬁ modes, finally leads to a steady state of 'laminar
flow' which is stable to disturbances. Contrary to the case
of the Navier-Stokes equation, Burgers equation has solu-
tions .which are not random and are not sensitive to initial
conditions. Hence, strictly speaking, the so-called Burgers
turbulence is not a turbulence. The nonlinear interaction
of advection alone cannot generate turbulence, no matter
how high the Reynolds number is.

In the Navier-Stokes equation the pressure term plays
the role of a high-frequency random force to limit the
buildup of correlation between modes. The vortex structure
in the flow field is not stable. The chaos of the flow
field increases with time, finally leading to a state of
turbulence which is random and unstable to small distur-

bances.
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The essential difference between the Burgers equation
and the Navier-Stokes equation'lead to different inertial-

5/3 for

range spectrum: kfa for Burgers turbulence and k_
the Navier-Stokes turbulence. The Burgers equation is not
a proper one-dimensional model of the Navier-Stokes turbu-
lence. A challeﬁging problem logically arises: how to find
a proper one-dimensional model of‘turbulence Fhat has
Kolmogorov's k-5/3 inertial-range spectrum.

In the following we propose alnew one~dimensional model
of turbulence, which has. a modified advection ferm and a
pressure-type term. A series of numerical experiments om
this one-dimensionai turbulence is made, and is successful

5/3

in obtaining . Kolmogorov's k inertial-range spectrum.



2.7. One-dimensionai model of Nawvier-Stokes turbulence

The proposed one-dimensional model is
FUk) = -ikW_(k) + P(k) = Y)UK) . (2.31)

Here the Fikwm(k) is a modified édvectién term that trans-
fers the energy from one mode to the others but conserves
the total eﬁergy of alllmddééx The P(k) is a pressure-type
£tefm’ to simulate..the.role of the pressure term of Navier-
Stokes equation as a high-frequency conservative random
force

As mentioned in Section 1.1., the Navier-Stokes equa-

tion can be transformed into the following form

X, = -UX, + ZAijme.xm . (2.32)
Fom
Here the (Xi,i;O) is the complete set of independent real
modal parameters, and is related to the real and imaginary
parts of the complex Fourier components of the turbulent ve-
locity field. The remarkable property of the nonlinear in-
teraction coefficients Aijmis that
ijm = 0 if_any two of i,j,m are equal . (2.33)
The property (2.33) is related to the incompressibility
which requires the Fourier components of the velocity to be
perpendicular to its wavenumber vector. However, when we
transform the Burgers equation (2.6) into the form (2.32),

the corresponding nonlinear interaction coefficients will

il s Y L T e P B T Rt
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not satisfy (2.33) for no incompressibility condition. 1In
order for the one-dimensional model (2.31) to simulate the
Navier-Stokes equation as well as possible, the Wm(k) in

(2.31) is defined as follows

U_(k) = W(k) - 1088 (2x)U™ (k) if k is odd (2.34a)

Wm(k)

vy - 1082 (200 o) - 0.5¢0) (k/2))2

+ O.S(U(z)(k/Z))2 if k is even . (2.34b)

Here W(k) is given by (2.7), the U(l)(k) and U(Z)(k) are the
real and imaginary parts of U(k) respectively. We obtain
(2.34) simply by discarding these terms in W(k) that will
not satisfy (2.33).

Similar to (2.10), the energy equation of the one-di-

mensional model (2.31) is

-%EE(k) - rm(k)+U*(k)P(k)+U(k)P*(k)—2>«k)5(k) , (2.35)
here " %
rm(k) = —ik(Wm(k)U (k) - %n(k)U(k)) o (2.36)

From (2.34) and (2.36), we have

ZE: rm(k) =0 . (2.37)

k
Eq. (2.37) means that the nonlinear interaction term
-ikwm(k) conserves the total energy of all modes.
The pressure term in the Navier-Stokes equation is a
special 'isotropic' conservative force. It scarcely trans-
fers the energy from lower wavenumbers to higher wavenunbers,

but tends to equipartition the energy among all degrees of

ce -
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freedom for the same waveﬁumber. In the l-dimensional case,
there are only two degrees of freedom for the same wavenum-
ber, corresponding to the real and imaginary parts of U(k)
respectively. In order for the‘term P(k) in (2.31) to simu-
late'the pressure term of the'Navier—Stokes equation as an

'isotropic'! conservative force, it is required that
5% . .
U (k)P(k) + U(k)P (k) =0 . (2.38)
Let 79(k) be the phase of mode k, i.e.,
exp(1 (k) = k) lua)l (2.39)
fhen (2.38) means that
P(k) = 31|p(:k)|exp(igﬂ(k)) . (2.40)

Ifthe intensity of all modes is aﬁblified by the same
factor C, the pressure term in the Navier-Stokés equation
will be amplified by the same factor C also. Therefore we

choose :
P(k) = iA(k)lU(l)IZexp(i¢(k)) . (2.41)

Here A(k) is real (positive or negative). The pressure term
in the Navier-Stokes equation plays the role of a random
force to limit the buildup of correlation between modes,
hence, we simply let A(k) to be random variables.

In numerical experiments the A(k) is simulated by
uniformly-~distributed pseudo-random numbers over the inter-

val (-a,a), based on the recurrent use of residues38

"(n+1 = /30(n(mod M) . (2.42)
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Fér example P:?g and M_:-lolo. In the numerical expe-
riments, 4 =2, so the average amplitude of A(k) is equal to
1. The structure of A(k) will be described.in detail later.

It has to be pointed out that the above reasoning and
argument leading to the one-~dimensional model (2.31) with
(2.34) and (2.41) is plausible and rather arbitrary. The
final justification‘of this mathematical model is that it
is able tb simulate the essential characteristics of the
Navier-Stokes turbulence and yields a Kolmogorov's k-s/3
inertial~range spectrum.‘ We are not going to transform
(2.31) into (t,x) space and give the resultihg equation a
specious 'physical meaning'. We prefer to work in the (t,k)
space and consider ouf model (2.312 merely a mathematical

.(one~dimensional) model of turbulence.



2.8. Ensemble average and time average

According to Sections 2.3-2.4, for studying the inerti-

al-range dynamics, (2.31) becomes

%Eu(l) - iu(l) (2.432)
—g—t-U(k) = -1k _(K)+P(K)  2Sksky (2.43b)
a o . \n )

LU(R) = —ikd_(K)4P(K) -2 (k-k ) U(K)  ky<kgk, . (2.43¢)

If w=0, (2.432) is the same as (2.26a), then the energy
source is identical with that described in the Section 2.4.
The introduction of w in (2.43a) is for the convenience of
numerical computation. The energy transfer rate from mode 1
to mode 2, from mode 2 to mode 4, and so on, are gquite sen-
sitive to the phase of mode 1. In order to calculate the
spectrum and other statistical properties of a turbulence by
ensemble average, it is necessary to take account of all
possible phases of mode 1. VWhen using (2.26a) instead of
(2.432a), we have to solve the initial-value problem of
(2.43) for many different initial phases of mode 1. It

will require much computing time. When (2.43a) is used

with a proper value of w , the phase of mode 1 is rotating
with angular velocity w; 1t is possible to use the time ave-
rage over a finite period to replace the ensemble average
and save much time.

The stationarity of the turbulence is another reason
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ﬁhy.we can uée the time average to replace the ensemble ave-
fage. The energy source at mode 1 is continuously supply-
ing the enefgy to the turbulende to prevent it from decay-
ing. After the early transient process ended, the solutions
of (2.43) can be considered a stationary'stochastic process,
the time average is equal to the ensemble average. In our
numerical experiments the time average is taken over the in-
ferval from télo to t=60 or 110. The numerical results show
that the initial copditions have little influence on the
outcomes of the time-averaging of the solutions of (2.43),

thereby confirm the legality of using the time average.

The energy spectrum E(k), the energy transfer spectrum
function R(k) and the energy transfer function Q(k) are
~given by (2.16)-(2.19), but the »(k) in (2.17) has to be
replaced by rm(k) of (2.36), and the ensemble average is

replaced by the time average in the numerical experiments.
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2.9. Numerical experiments of Eq. (2.43)

The Adams me%hod is used to solve the initial-~value
problem of (2.43) up to t=60 Or 110, then the time average
from t=10 to t=60 or 110 is used to calculate the energy
spectrum E(k) and the energy dissipation rate €. The cut-
fgff’mév§ﬁ§@5§r3&ggf55o or 80. The time step 4t=0.005 for
ké=0.005 and.At=O;6633 for kc=80, in order for the numeri-
cal process to be stable.

The random variable A(k) in (2.41) is constructed by
the followihg procedure. First of all (2.42) is ﬁsed to
produce 5000 random number f£(Jj) uniformly distributed over

the interval (-Q;2),

,

—st(j)sa (j=1’2’0..’5000) * (2-44)

Then for time t=nAT (n=0,1,2,...) the computer generates
(kc-l) pseudo-random integer numbers s(k,n) (k=2,3,...,kc)
which can be any integer between 1 and 5000, by means of

(2.42). The AT will be defined later. Finally let
A(k) = f£(s(k,n)) for nATLt<L(n+1)aT . (2.45)

The average amplitude of A(k) is @/2. The AT can be roughly
considered the correlation time of the random processes A(k)
. In order for P(k) in (2.41) to simulate the pressure term
of the Navier-Stokes turbulence as a high-frequency random

force, we must let

AT <1 . (2.46)



In order for the Adams method to be suitable for solving
(2.43) which has a rapidly fluctuating term P(k),:we must

let .
AT>>At o | (2.47)

In the numerical experiments we choose AT=10At. For example
, for kc=50, At=0.005, s0 AT=0.05 which satisfies both |
(2.46) and (2.47).

More than ten runs of numericai experiments of (2.43)
have been made on computer, corresponding to different ini-
tial conditions, differeﬁt cutoff wavehumbers, different
sets of random numbers for A(k), different sources and dif-
ferent sinks. We succeed in obtaining the Kolmogorov's

~-5/3

k law for the inertial-range spectrum:

E(k) = Ko €2/83 ~8/3 . (2.48)

The dimensionléess constant Ko ié still called the (one-di-
mensional) Kolmogorov constant. The numerical results of
four df these runs are illgstrated in Fig. 5-8. The rele-
vant parameters for these numerical experiments are given
in Table 3. .

The initial conditions and the structure of the energy
sink have little influence on the inertial-range spectrum.
The influence of the energy sink is limited to the neighbor-
hood of the diSsipation range. When the cutoff wavenumber

increases from 50 to 80, the inertial-range 3<k<kc/4 becomes

wider proportionally, and the Kolmogorov constant seems to
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decrease slightly. ©See Fig. 5-7 and Table 3.

The average amplitude @/2 of A(k) has great influence
on the spectrum. When Q is very small, the term P(k) in
(2.31) can be neglected and (2.31) becomes a modified Bur-
gers eqguation, we get k—2 inertial-range spectrum. When Q@
is very large, the term P(k) will be dominant and the advec-
tion term can be omitted, the inertial-range spectrum is

neither k™2 nor k—5/3

-type. VWhen l€a<3, i.e., the average
amplitude is between 0.5 and 1.5, both the modified advec-
tion term and the pressure-type term are important in (2.31)
or (2.43), similar to the case of Navier-Stokes equation,

5/3 inertial-range spectrum

and we obtain the Kolmogorov's k
(2.48). The Kolmogorov constant increases by 10-20 percent
as the averase amplitude of A(k) increases from 0.5 to 1.5.
When using different sets of A(k), we still get the Kolmogo-
rov inertial-range spectrum (2.48) with a slightly different
Kolmogorov constant, so long as the average amplitude of
A(k) is the same and between 0.5 and 1.5. Figs. 5 to 8 cor-
respond to @=2 (so the average amplitude of A(k) is 1).

The introduction of the angular velocity w in (2.43a)
enables us to use the time average over a finite period to
replace the ensemble average to calculate the spectrum E(k)
and the energy dissipation rate €, but the value of W can
not be too large. When ¢ is greater than 3 in the case of

the modal intensity e(k)=1, the inertial-range spectrum be-

gins to be different from the Kolmogorov-type (2.48). Vhen



w 1ncreasés from 1 to‘W7?, the Kolmogorov constant inc-
reases a little, see Table 3 and Fig. 6 and 7.

As mentioned in the preceding section, when (=0 the
energy flow rate from mode 1 to higher modes strongly de-
pends on the phase of mode 1., If the phase of mode 1 is
ﬂ74, the energy flow rate is maximum; if the phase of méde.1
is 0, the energy flow rafe is nearly zero; if the phase of
mode 1 is 7/6, the energy flow rate is medial. Hence we e%-
pect that when =0 and the phase of mode 1 is 776, the time
average over a finite period will also correspond to the en-
semble average. In order td test this expeétatidn, we use’

the following initial condition

U(1l) = exp(if7/6) . (2.49a)
U(k) = 0.31623 if 2L k<5 (2.49b)
U(k) = 0.001 if 6SkSk, (2.49¢c)

and let =0 in (2.43a), then do the numerical experiment of
(2.43). The result is shown in Fig. 8, which confirms the
above expectation. .

The (one-dimensional) Kolmogorov constant obtained in
our numerical experiments of (2.43) ranges from 0.5 to 0.65.
Ko=0.5 is obtained in the case of =1, k_=80 and@=1. Ko=
0.65 is obtained in the case of w=%72, k. =50 and @ =3.

The outcomes of the time—averaging over longer time
interval are more smooth and have less fluctuation. Fig. 7

is for interval from t=10 to t=110; Fig. 5,6 and 8 are for

t=10 to t=60.
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CHAPTER I1IX. VARIATIONAL APPROACH APPLIED TO
ONE-DIMENSIONAL TURBULENCE

According to the numerical experiments, the one-dimen-
5/3

sional model of turbulénce (2.31) has the Kolmogorov's k_
iqebtial—range spectrum and the corresponding (one-dimenQ
sional) Kolmogorov constant ranges from 0.5 to 0.65. It
gives us an 6pportunity to test further the validity and er-
ror of the variational approach to the closure problem of
turbulence proposed in Chapter I.

First of all wé introduce a complete set of independent
real modal parameters for the one-dimensional turbulence
(2.31), and transform the dynamic equatioﬁ (2.31) into a
form similar to the form of Eg. (1.5) in terms o{ this com-
. plete set of real parameters. Then most of the resulfs 6f
Sections 1.2-1.8 can be applied to the one-dimensional tur-
bulence without much change. Finally the Kolmogorov's k_s/3
law is derived and the (one-dimensional) Kolmogorov constant
is numerically evaluated, giving Ko=0.55 which is in good
agreement with the results of the numerical experiments of
(2.43).

In order to use the results of Chapter I as much as -
possible, we will use the same notation as in Chapter I.

The readers are advised to keep in mind that in this Chapter

we deal with an one-~dimensional turbulence.



3.1. Complete set of independent real parameters

The complex modal parameters U(k)=U(1)(k)+iU(2)(k) sa-

tisfy the 'realness' condition‘U(—k):U*(k), i.e.,
v ) = v (k) and u@ (k) = v (k) . (z.1)

Hence the: complex modal parameters are not independent. As
done for the three-dimensional case, the wavenumber X and
the real-imaginary-part index o are combined into one index

i, i.e., let

i=(ly k) 5 -i=(dk, k) , (3.2)

\ \
and i >0 if k>0. The real modal parameters is

X,

3
ke

sci)u® ey (3.3)

here S(i) is defined by (A.17) in Appendix A. -Then Eg.
(3.1) means that

X. = X . . . ’ (3.4)

Hence (Xi, i;O) forms a complete set of independent real mo-~

dal parameters for the one—dimensional turbulence.
Similar to the derivation given in Appendix A, from

(%E' + vi)xi = ZA XX+ F§p) . (3.5)

ijm i m
J,m

Here w&=>Kk); and
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Aijm = 0 if any two of i,j,m are equal , '(3.6)
otherwise
k ABY| - .
Ay im = Brs()PY [s<a)s<m)é~ e prn * S(IS(-ME,

+ S(-j)scm)a”

epar * SEDSEME, T, @)

A .
here C Pz-is defined by Table 1. The Fép) in (3.5) corres-
ponds to the pressure-type term P(k) in (2.31) and (2.41),

and A
-s(0)u® (ay |un)|3/lua | irx=1

F(P) _ | . (3.8)

i
s(i)U(l)(k)A(k)|U<1)|.2/|U(k)| ifh =2
If the source term JZ(k)UCk) is introduced into (2.31),

(3.5) becomes

.g... L= =0 y YKy o+ ) Ay KXo+ F(p) . (3.9)

Jsm

Here y;=1u(k) which is zero at high wavenumbers.
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3.2. Liouville equation and perturbiation solution

Similar to the three-dimensional case, by classical me-
chanics all possible dynamic states of the one-dimensional
turbulence, or all possible (Xi,i?O), constitufe a phase
space. The tibuville equation for the probability distribu-

tion P in the phase space is

g_rl £(T + i(p))P =0 |, (3.10)
where -
Z( 0) y )ax ZAiJm J max ) (3.11)
Jsm
—(p) 2_ o(p) '
T = -a—}—(: Fi . (3.12)
1

According to a Langevin-Fokker-Planck model similar to that

in Chapter I, we have

§ : (P) ~
AlJmXJXm + Fi o2 o le + fi (3.13)
Jsm
and
T+ 0P D) | | (3.14)
here

. Z 771 X + %1;:%2{2) (3.15)

is the Fokker-~Planck operator, corresponding to the Langevin

equation

4d !
TRy T oYXy ¢t fy s W= -V (3.16)
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The fi in (2.13) and (2.16) is a random force of the type of

white noise. For the inertial-range, V= -0, we have
s = 3, (3.17)

For a stationary one—dimehsional turbulence, the Liou-

ville equation can be written as follows
(2P @ +® _EyYyp oo . (3.18)

According to (3.13) (3.14), (E+i(p)-i(f)) is to be consider-
ed a small perturbation operator. Hence the approximate so-

lution of (3.18) at zero order, denoted by P(O), satisfies

g8 p(0) _ o (3.19)

(3.19) is Fokker-Planck equation, its solution is the

Gaussian function (1.18). Let

p-p(® ,p() (3.20)
similar to (1.20) we have
“(f) (1) (L L( )-ﬂ(f))P(o) = —(i-l-i(p))P(o). (3.21)

In Appendix C we have proved that i(p)P(o)=O, so (3.21)

becomes

g(f) p(1) _ 5 p(0) | (3.22)

Similar to the derivation from (1.20) to (1.23), we have

[1 Z“’ -¥)- 7175 }:75(;/“ l{,iz/: ]pfO)“. (3.23)

ijm

;I
|



3.3. Energy equation

Using the Liouville equation (3.10)-(3.12), we have

‘dT:<X1> fxa( )l"]dx = --)(x (L+E(p))Pr'|dx

= -2(yi-vi)<x§> “‘"“2ZAijmé‘inxn>~“ f xit(p)Pden .
Jsm
(3.24)

From (2.9) (2.16) (3.1) and (3.3), we have

E(k) < o(i;<x§> = 2 <xi> | ( §.25)

| ’
Substitute (3.25) into (3.24), we have (neglecting‘yi)

(37 + 2AK)EK) = 4 Aijm<x‘ ,,> f L<P>pr'|dx ‘
‘ Jom’

(3.26)

In Appendix C we have proved that the last term of (3.28) is

zero, SO
&+ 2)(K))E(K) = X X . (3.27)
dt iJm TR J X .
Using probability distribution (3.23), (3;27) becomes

<§.,E + 2Y(K))E(K) = T(k) , (3.28)

T(k) = 2Z 'AiJ'm(AiJmE(p)E(r)“"AJmiE(k)E(r)+AmijE(k)E(P))

Jom h*r7h+ T

(3.29)

Using an integral to approximate the summation, by (3.6)

and (3.7) we can prove the following formula for a continuous
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function f(k,p,r) of k,p,r:

«+ 00

2 . .
E f(k’p’.r)Aiijijm z%‘/f(k,p,k-p)dp ’
. . . -w
J,m o -
400

E 'f(k’p’r)Aiij,jmi = ";%'ff(kspsk-p)pdp Y

Jsm -@

‘ + a0 .
;E:f(k,p,r)AiJmAmiJ 2 -%%//;(k,p§k—p)(k-p}dp :
oI .

-
Substitute (3.30) into (3.29), we have

400

» //’ k2E(p)E(r) - kpE(K)E(r) - KrE(k)E(p)
T(k) =
- 0

17<k) + J(p) +17<r)

dp ,

with k=p+r.

(3.30a)
(3.30b)

(3.30¢)

(3.31)
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3.4. Energy transfer function

The energy transfer spectrum function T(k) given by
(3.31) can be written as
00 +00

T(K) = fdpfdr s*(p,r;k) , (3.32)
- Q0 -00

N KE(p)E(r)-pE(K)E(r)-rE(K)E(p)
S (p,r3;k) = k5?k-p-r) . (3.33)

7Z(k) + 7(p) + N(r)

In order to see the physical meaning of (3.32) more

clearly, it is convenient to work with positive values only.

So we rewrite (3.32) as follows
o« P
3% 3 3*
T(k) = J/Epjfﬁr ( S (p,r;k)+S (-p,r;k)+S (p,-r;k)
0 [ %
+S (-p,-r:Kk) ) . (3.34)

¥*
For positive k,p,r, S (-p,-r;k)=0, so we have

0 o0
T(k) = d/;pJ[Ar S(p,r;k) , (3.35)
[+] (]
S(p,r;k) = S*(p,r;k)+s*(-p,r;k)+S*(p.~r;k) . (3.36)

Their physical meaning is that S(p,r;k)dkdpdr gives
the rate of energy transfer into modes (k,k+dk) due to the
nonlinear interaction between modes (p,p+dp) and (r,r+dr)

with the constraint k=p+r. It can be proved that

S(p,r;k) + S(r,k;p) + S(k,p3r) =0 , (3.37)

which expresses the detailed conservation of energy for the



57

microdynamic processes.

The energy transfer function is

DO )
Tik) = fdk"'l‘(k') " (3.38)
k"

From (3.35) (3.36) (3.38),. after long manipulation, we have

M) - /d [d kE(p)E(r)-pE(k)Btr)'-rE(k)E(p) (3.39)
k P r k. R .39
7(12“) + 7]<p) + 7](r>
with E¥p+r. Here
p* = max(p, k-p) . (3.40)

»

In the inertial-range the energy transfer function [ |(k) is
independent of k, and is equal to the energy dissipation
rate €=2) Y(k)E(k)dk, therefore

(< ,

kK A2 KE(p)E(r)-pE(R)E(r)-rE(R)E(D)
E=2]dpfdrk — s (3.41)
2 o 7(1:) + 7(p) +7(r)

with K=p+r.

LI S I LT P
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3.5. The 7 equation

The validity and error of the perturbation solution
(2.31) depends on the‘ 'smallness-‘ of the operator (L+E(p)
-(f) ), and, tbus on the validity, and error of the appro-
ximat'ion‘(s.ls).. We treat 3‘1 or 7i in (3.13)=(3.16) as
optimum control parémeters to m:;.himize the efror of the
approximation (3.13). The ‘optimum' is interpreted in the

mean-square sense, i.e., we choose or in such a way
s i i

A\
Z< ime.‘JXm"'F:gp) (- Sixi) ) > (3.42)

is minimum. According to the structure of F(p) given by

that

(3.8), there is no correlation between F(p) -and X due to
the randomness of A(k). Moreover <(F(p) 2) is independent

of Si‘ Hence the minimization of (3.42) leads to

771 - Z BHm(Zﬁjimn%Amij_( 77j+277m)Aijm) »  (3.43)
om B (Fs+ P+ T BRI

By im =71r( Ay E(P)E(r)+a, .E(k)E(r)-;-AmiJ.E(k)E(p)) . (3.44)

Similar to (3.30), we can prove that

+00
§ : 1 2
f(k’p’r)AJlm jim ? f(k,p,k=-p)p dp ’ (3.45a)
J,m et
. 400
E : 1
f(k,p, r)AJlm mlJ o é-[f(k,p,k-p)p(k-p)dp . (3.45b)
- 00

J,m
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By uing (3.30) and (3.45), similar to the derivation

from (3.29) to (3.31), (3.43) becomes

+09 ?7(p)
'mmmm ,[ i @ﬂwummmmn
- Loo ('7(k)+ ’){(p)-!-??(r))

¢ K2E(R) (EG0-E(e) + p2E(K) (E(r)-E(p)]

(3.46)
with k=p+r.
Eqs. (3.41) (or (3.28) with (3. 31)) and (3.46) form
a closed set of integral equations for two unknown functlons
E(k) and 77(k). As an application of this closed set of in-
tegral equations, in next section we will derive the Kolmo-

~-5/3

gorov's k inertial-range spectrum (2.48), and calculate

the corresponding Kolmogorov constant theoretically.



3.6. Kolmogorov law énd Kolmogorov constant

Following the same procedure of Section 1.9, we sup-
pose that in the inertial-range E(k) and 77(k) have the form

of power functions

E(k) = AK™ and N(k) = Bk . " (3.47)

Substitute (3f47) into (3.41) and (3.46), and we obtain

4 +2m-n=0 and 3 +m-2n=0 . (3.48)

2/3

Hence m=-5/3 and n=2/3. Let A=Koé§ .and B=D51/3, so that

(3.47).becomes .
E(k) = kKog2/3%/3 | (3.49)

M) = pet/3%2/3 |  (3.50)

Eq. (3.49) is the Kolmogorov's inertial-range law.

Substituting (3.49) .and (8.50) into (3.41) and (3.46),
and then calculating the two resulting integrals by numeri-

cal method, we have

p/ko® = 2.05 , D?fKo = 0.68 . (3.51)

From (3.51) the Kolmogorov constant is

Ko = 0.55 , (3.52)

which is in good agreement with the results of the numerical
experiments reported in Chapter II (which gives that Ko
ranges from 0.5 to 0.65). The success of the variational

approach to the closure problem is encouraging.



"CONCLUDING REMARKS

We.proposed a new (variational) approach to solve thé
¢losure problem of turbulence fheofy in an Edlerian frame-
work. By this approach,#étarting from the first principle
of the statistical mechanics, we derived the Kolmogorov

-5/3 inertial-range spectrum and evaluate the Kolmogorov

k
constant.

The Kraichnanfs DI approximation deals with multi-time
correlations. Its Eulerian formulation meets divergence dif-
ficuity and is unsuitable for deriving Kolmogorov law. The
variational approach proposed in th;s thesis deals with
single-time correlations ohly, so 1t can.solve the closure
prob}em in an Eulerian framework and implies the Kolmogorov
law.

The Edwards and McComb's entropy method is also an Eule-
rian closure approximation and implies the Kolmogorov law,
but gives a poor value of Kolmogorov constant. Its underly-
ing physical idea is questionable because they apply the
principle of maximum entropy (which is valid for an isolated
system at thermodynamic equilibrium) to a system that is
far away from thermodynamic equilibrium and interacts with
its surroundings.

Actually we need not appeal to another physical prin—
cible. The correct way to find another proper equation for
q and 17 should be intrinsically related to the LFP model it-

self as well as the essence of the 7ﬁ That is the method we
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have used in this thesis.

At present we have no formal proof of the conver-
gence of the perturbation method introduced in Section 1.4,
A relevant problem is the possibility of the perturbation
solution (1.23) being negative when the modal parameter X,
is very large. It is similar to the situation in the Chap-
man-Enskog nonequilibrium theory of dilute gases, where the
probability distribution of molecular velocity (obtained as
the perturbation solution of the Boltzmann's equation) has
a form similar to (1.23) and also becomes negative when the
molecular velocity is very 1arge39’4o. We know that the
Chapmann-Enskog nonequilibrium theory is a quite satisfacto-
ry one for the transport phenomena of dilute gases and is
confirmed by experiments. In our opinion, there are two
reasons why we can use the perturbation solution (1.23) as
an approximation of the exact probability distribution des-~
pite its possible negativeness. First, the probability of
Xi being large is small. Second, the two perturbation terms
in (1.23) are the summations over all modes, and the number
of modes is infinite; due to the law of large number of
probability theory, the probability of the two perturbation
terms being large enough becomes much smaller. Therefore,
although we cannot exclude the 'events' which make the per-
turbation solution (1.23) negative, the measure of the set
of these 'events' in probability space is very small or
nearly zero, therefore their contribution to the statistical

properties of turbulence can be neglected.
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The argument, which leads Kolmogorov to propose the
k"sl3 law for the inertial-rénge spéctrum of turbulence41,
is so general that it is logical to expect that the Kolmo-
gdrov's k'5/3 law is wvalid despite the dimensionality of
turbulence. . Unfortunately the commonly-used one-dimen-

sional model of turbulence (the Burgers turbulence) has k°2

inertial-range spectrum instead of k—5/3° Hence two ques-
tions arise. The first one is: what is the essential dif-
ference between the Burgers equation and the Navier-Stokes
equation thch leads to the different inertial-range spec-
trumé. The second question (which is more Challenging) is:
how to find a proper one-dimensional model of turbulence

5/3 inertial-range spectrum.

“which has the Kolmogorov's k
We hope the research reported iniChapter II can help to an-
swer the two questions.

The numerical experiments reported in this thesis con-
-firm the vital role of the pressure term in hydrodynamic
turbulence. The advection term builds up the correlation
between modes and reduces the chaos of the flow field, and ~
finaily all.modes are precisely locked in phase over the en-
tire spectrum. The nonlinear interaction of advection alone
can not generate turbulence. The pressure term acts as a
' high-frequency.conservative random force to limit the build-
up of correlation between modes and to destroy the spectrum-
wide phase locking, finally leading to a turbulence with

5/3

Kolmogorov's k spectrum for the inertial-range.
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In the author's opinion the-difference between Burgers
equation and the Navier-Stokes equation is more interesting
than their similarity. It is significant to have a one-di-
mensional model of the Navier-Stokes equation, which yields
Kolmogorov's k"s-/3 inertial-range spectrum. In this thesis
‘we are successful in proposing such a one-dimensional model.
Of course it is not the unique and best one-dimensional
model of turbulence which has a Kolmogorov-type inertial-
range spectrum. The numerical experiments on this one-
dimensional turbulence provide an opportunity to test va-
rious approéches to tﬁe-closure problem of turbulénce theory
. We used them'to-test the variational approach proposed
in this thesis and showed that the success of the varia-
tional approach 1is encouraging, as mentioned iﬁ Chapter~III:

It is advised to consider the one~dimensional model
(2.31) or (2.43) a purely mathematical model of hydrodynamic
turbulence. It is not recommended to transform the one-di-
mensional model (2.31) into (t,x) space and to extract the
'physical meaning' of the resulting equation. The most im-
portant thing is that the model (2.31) can sihilate the es-
sential feature of the cascade transfer of energy in a tur-

5/3 inertial-range spec-

bulence and has a Kolmogorov's k_
trum.

Our numerical experiments are over a wavenumber range
of 50-100. Of course nowadays computers allow us to do nu-

merical studies of the (3-dimensional) Navier-Stokes equa-

tion over a wavenumber range of almost the same order and a
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numerical study of the‘Burgers equation over a wavenumber
range of thousands. But the numerical study of the Navier-
Stokes equation'over a wavenumber range of the same order
(e.g. 32) could hardly provide any significant information
on the inertial-range dynamics of a turbulence. qu our
numerical experimenfs the wavenumber range of 50-100 is wide
enough to produce an inertial range containing enough ex-

perimental data to indicate whether the spectrum is k"2 or

-5/3 5/3

k and in the case of ki to obtain a quite accurate

Kolmogorov constant.



APPENDIX A. MODAL PARAMETERS AND MODAL DYNAMIC
EQUATIONS

The Fourier components ui(E) are not independent, be-
cause of (1.4). In order to define independent modal para-
meters, we introduce two orthogonal unit vector, 21(5) and
32(5), in the plane perpendicular to the wavevector k, so
that 21(5), 22(5) and ES(E)=(sign(k3)/k)/5 form a right-
handed orthonormal triad. The factor sign(kB) makes 33(5)

always point upwards. Let

a(5)= ( nal(E)’ nag(g)’ na3(5) ) ’ (A~1)

Yo) nai(g) is the ith component of vector ga(g), it is easy

to prove the following formula for nai(E)’

n; (k) = ng (k) (A.2)
nBi(E)ui(E) =0 ’ (A-S)
ng; 0By 5 (K) = ng (k)P (k) =0 (A.4)

(afterwards the indexes a,b,c are restricted to take value

1 or 2 only)

N,y (KIP; (k) = n (k) (A.5)

Ny (BIn, (k) = Py(k) . (A.6)
Let

vV (k) = n_,(ku, (k) , (A.7)

therefore
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u, (k)= V_(K)n_, (k) . (A.8)

Using (A.5) (A.7) and (A.8), the Navier-stokes equation

(1.1) becomes

(g-f-i-.yka)va(l_c_) = -mzpabc(l_g.g,r)é; p+r Vo (R)V (r) , (A.9)
P,r

where

be(KsB,sr) = g(k aj(k)+k Pam (k)0 (RI0 (2) (A.10)

From (1.4) (A.2) and (A.7), we have

Vo(k) =V (-k) . - (A.11)

Herice va(E) are not independent. Let V;I)(E) and V;a)(g)

be the real and imaginary part of Va(E) respectively, then

(A.11) means that

(1) (1) (2) (2)
Va (k) = VU VT = v T L (al12)

Introducing Va(g)=vgl)+iVéz)_}nte.LA,Q), we have

G v ) - HZ e 6rBaE)C P L B o ()

,p+r b c -7,
B,r

(A.13)

where the Cdpr is defined by the Table 1.

The discrete countable wavevector 'k', component index
‘a' and real-imaginary-part index 'A' are lumped together

to form a single index 'i' in the following way
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=(cd, a, k), -i=(o, a, -k) , (A.14)

i>0 1if (k3>0) or (k2>0, k3=_°) or (gl>0, k,= 3..0) .

(A.15)
The new modal parameters X1 are defined as follows
x, = sv@Pa (A.16)

where )
S(i) = -1 if (i<0,A=2), otherwise S(i) = 1, (A.17)

thereby we have S(1)S(i)=1. By using (A.14)-(A.17), Eq.

(A.13) becomes

where )&:Ykz, and

M

ijm = Hs(i)s(j)S(‘")Pabc“—"E’f)cdprgs,g+z y (A.19)

According to (A.14)-(A.17), Eq.(A.12) is equivalent to

X . =X , (A.20)

therefore (Xi’ i=0) forms a complete set of independent
real modal parameters of turbulence. From (A.18), the dyna-

mic equation for the independent real modal parameters are

o0
d
e+ )%y = ZE: ZE: ijm®%m = ZEZAiijJXm ’ (A.21)

J=0 m=0 Jsm
where

Aijm = Mijm+Mij—m+Mi-jm+Mi—j-m . (A.22)

Gz, - ;Mijmxjxm : (A.18)
s .
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Some useful properties of Mijm are

Mism = Ming (A.23)
M e = Mism o (A.24)
M = 0 if any two of i,j,m are equal . (A.25)

ijm
From (A.19) (A.22) and (A.23)-(A.25), we can prove that
A.. = A, . , (A.26)

A, =0 if any two of i,j,m are equal . (A.27)

Do not confuse the indexes i,j,m in (A.14)-(A.27) with

those in (2.1)-(2.4) and (A.1)-(A.13).
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APPENDIX B. IMPORTANT FORMULA FOR Ajin

All the formﬁla, needed for the derivations in Sections
1.7 and 1.8, are given below. }Their @etailed derivations
are too long to be listed here. Suppose f(k,p,r) is any
function of k,p,r, by uéing the formula in Appendix A and

the Table 1, we can prove the following formula

‘"‘Zf(k,p,r)Aiijjim = -EZf(k-prr)Js(k’p,P)EE”E"_E » (B.1)

J,m B,T

Zf‘k’p"""ijm%_riif‘ -0) Tetk,p, )30 ,PI 6 L, o (B.2)

Jm B,T -

E f(k’p’r)Aiiji,jm = +q f(k’psr)Jl(ksp’r)J-I;’2+£ ,» (B.3)
Jsm " PsT
,E £(k,par)Ay sy = —C E f(k.p,r)Js(p,r,k)é;,E+£ » (B.4)
Jm P,T
E f(k’p’r)AjimAjim = +C f(k,p,r)Jl(p,k,r)ég’B_‘_£ , (B.S)
Jsm BT
= 1.2 3
where C=zH" and H=(27T/L)", J, and J3 are the same as used by
Kraichnan?t.
J4(k,p,7) = Jo(p,k,r) = 2kp(xy+z®) (B.6)
Ja(p,r,k) = Jo(r,p,k) = 2pr(yz+x’) (B.7)

J,(p,k,r) = Js(p,k,r) + Jo(p,r,k) (B.9)
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p2+r2—k2 ~r2+k2-p2 pa-n-ka-r2

(B.10)

M
f

«
]
N
)

2pr 2kr _ 2kp

are the cosines of three‘angles of the triangle with sides
k, p and r. Kraichnan et al use the geometrical factor
b(k,p,r) to express J3(k,p,r), |
2 P 3 .
Js(k,p,r) = 2k"b(k,p,r), b(k,p,r) = ;:(xy+z ) . (B.11)
When the-cubic box, introduced at the beginning of
Section 1.1, becomes infinitely large, i.e., when L-00,

the summation in (B.1)-(B.5) becomes integrals, and

@mby , —> 6p-r) (B.12)

here 5?5—2—5) is Dirac delta function. The transform of

the bipolar integral is

' pa
/ff(k,p,r)&'l_c_-g-g)dpdr =//(277pr/k)f(k,p,r)dpdr )

(B.13)

here A indicates that the integration is restricted to the
following infinite slot in the first quarter of the p-r

planel,

A : (r >0, Ik-rl€pglk+r) or (p >0, lk-pl<rglk+p) .  (B.14)
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APPENDIX C. PROPERTIES OF T(P)

The operator L(p) defined by (3.12) corresponds to the

force Fip) given by (3.8). The force F§p) has the following

important property

2
(p) _
XiFi = 0 . (C.1)
A=1
From (2.9) and (3.3), we have
2
- 2
e(k) = Z Xi . (0-2)
oA=1

The physical meaning of (C.1) is that any function of the
modal intensity e(k) is a constant of motion for the force

‘Fip). Hence the operator f(p) has the following properties

tP)r(3(x)) = 0 , (C.3)

fF(E(k))T_,(p)Pﬂan =0 . (C.4)

where F(e(k)) is any function of the modal intensity e(k)
and P is the probability distribution. As special cases

of (C.3) and (C.4), we have

$(P)p(0) _ o (C.5)

2
fé(k)i(p)Pl—ldxn = [in]i(p)ii’rldxn =0 . (C.6)

=1
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Table 1. Definition of '

D( o F . a, C“FT
1 1 1, 0

1 “ 1 2 1
1 2' 1 1

1 2 2 0

2 1 1 -1

2 1 2 0
2 2 1 0

2 2 2 1




Table 2 Parameters for numerical experiments of
Eq.(2.26) (Figc 1-4)

Run Initial stggiiber Energy sink gigg

No. condition K, yé n kg At
1 Eq.(2.27) 50 0.2 3 40 0.005
2 Eq.(2.28) 50 0.2 3 40 0.005
3 Eq.(2.29) 50 0.2 3 40 0.005
a4 Eq.(2.30) 50 0.2 3 40 0.005
5 Eq.(2.27) 50 0.25 2 30 0.005
6 Eq.(2.29) 50 0.25 2 30 0.005
7 Eq.(2.27) 100 0.2 2 60 0.0025
8 Eq.(2.28) 100 0.2 2 60 0.0025
9 Eq.(2.29) 100 0.2 2 60 0.0025

10 Eq.(2.30) 100 0.2 2 60 0.0025

- S B P . QG S T
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Table 3. Parameters for numerical experiments of Eq.(2.43) (Fig. 5-8)

Fig. Initial -Cut-off. Energy Energy sink Interval Dissipa- Kolmogorov

wavenumber source of time tion rate constant
No.” Condition L ) Yy n Ky average € Ko

5 Eg.(2.28) 80 M2 0.2 ) 50 10-60 0.470 0.60
6 Eq.(2.28) 50 2 0.1 3 40  10-60 0.451 0.63
7 Eq.(2.28) 50 1 0.1 2 30 10~110 0.645 0.58
8 Eq.(2.49) 50 ' 0 0.2 2 30 10-60 0.457 0.61

(The average amplitude of A(k) is

/2 for Fig. 5-8)
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