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Abstract

CLOSURE PROBLEM AND NUMERICAL STUDIES OF TURBULENCE

by

Qian Jian

Adviser: Professor Chan Mou Tchen

A variational approach is proposed to solve the closure 
problem of turbulence theory and to derive the Kolmogorov law 
in an Eulerian framework. Two convergent integral equations 
are obtained for two unknown functions. The Kolmogorov cons­
tant Ko is evaluated numerically, obtaining Ko=1.2, which is 
compatible with the experimental data.

The initial-value problem of a forced Burgers equation 
is numerically solved by the Fourier expansion method. It 
is found that its solutions finally reach a steady state of 
•laminar flow1 which has no randomness and is stable to dis­
turbances. Hence, strictly speaking, the so-called Burgers 
turbulence is not a turbulence. A new one-dimensional model 
of turbulence is proposed to simulate the Navier-Stokes tur­
bulence. A series of numerical experiments on this one-di­
mensional turbulence are made and successful in obtaining 

— 5/3Kolmogorov's k inertial-range spectrum. The (one-dimen­
sional) Kolmogorov constant ranges from 0.5 to 0.65.

Finally the variational approach proposed in the first



part of this research is applied to the new one-dimensional 
model of turbulence proposed in the second part. The Kolmo­
gorov's inertial-range law is derived analytically, the cor­
responding theoretical (one-dimensional) Kolmogorov constant 
is o.55, which is in good agreement with the results of the 
numerical experiments on the one-dimensional turbulence.



ACKNOWLEDGEMENTS

The author would like to express his appreciation to 
Professor C. M. Tchen for his guidance and encouragement.

The author is grateful to Deans Professor 
David H. Cheng and Professor Paul R. Karmel for their 
support.

The author wishes to thank Professor P. Ganatos who 
has given him much help in using computer. He also wishes 
to thank many members of the Faculty of The City University 
of New York who have taught him or given him help.



Table of Contents

LIST OF TABLES...............................................vii
LIST OF FIGURES............................................. vii
INTRODUCTION................    1
CHAPTER I. VARIATIONAL APPROACH TO CLOSURE PROBLEM  5

1.1. Modal parameters and modal dynamic equations*••• 7
1.2. Liouville equation................................. 10
1.3. Langevin-Fokker-Planck (LFP) model............... 11
1.4. Perturbation solution.............................  12
1.5. Energy equation....................................  14
1.6 . Variational approach.........   16
1.7. Mean-square estimation of 7 ^ .....................  17
1.8. Energy equation and J J  equation for inertial- 

range ...............    19
1.9. Kolmogorov law and Kolmogorov constant..........  21

CHAPTER II. NUMERICAL EXPERIMENTS ON ONE-DIMENSIONAL
MODEL OF TURBULENCE......................... 23

2.1. Burgers equation and its Fourier
transform.......................    26

2.2. Energy equation...................................  28
2.3. Inertial-range dynamics ..........................  30
2.4. Energy source and energy s i n k ...................  32
2.5. Numerical experiments of Eq.(2.26)............... 34
2.6. Burgers turbulence is not a turbulence.........  37
2.7. One-dimensional model of Navier-Stokes 

turbulence......................................... 39
2.8. Ensemble average and time average............... 43
2.9. Numerical experiments of Eq.(2.43)............... 45



vi

CHAPTER III. VARIATIONAL APPROACH APPLIED TO ONE­
DIMENSIONAL TURBULENCE.....................  49

3.1. Complete set of independent real parameters  50
3.2. Liouville equation and perturbation solution*••• 52
3.3. Energy equation ..................................  54
3.4. Energy transfer function.........................  56
3.5. The y  equation....................................  58
3.6. Kolmogorov law and Kolmogorov constant.........  60

CONCLUDING REMARKS ......................................... 61
APPENDIX A. MODAL PARAMETERS AND MODAL DYNAMIC

EQUATIONS ....................................  66
B. IMPORTANT FORMULA FOR A. . ..................  70ljm
C. PROPERTIES OF L ^ ...........................  72

REFERENCES .................................................. 84



vii

LIST OF TABLES

Table 1. Definition of   73
Table 2. Parameters for numerical experiments of

Eq .(2.26) (Fig. 1-4)............................  74
Table 3. Parameters for numerical experiments of

Eq. (2. 43) (Fig. 5-8)............................  75

LIST OF FIGURES

Fig. 1. Time variation of total energy................... 76
Fig. 2. Modal intensity of final steady state of

'laminar flow'....................................  77
Fig. 3. Modal intensity of final steady state of

'laminar flow'....................................  78
Fig. 4. Modal intensity of final steady state of

'laminar flow'....................................  79
Fig. 5. Energy spectrum of one-dimensional

turbulence......................................... 80
Fig. 6 . Energy spectrum of one-dimensional

turbulence......................................... 81
Fig. 7. Energy spectrum of one-dimensional

turbulence......................................... 82
Fig. 8. Energy spectrum of one-dimensional

turbulence......................................... 83



1

INTRODUCTION

Turbulence abounds in nature. In fact, turbulence 
plays a vital part in the dynamics of the widest variety of 
fluid motions on scales from millimeters to light years.
In a turbulent flow, mass, momentum and energy transport rate 
greatly exceed the corresponding molecular transport rate.
The important characteristics of turbulent flows are their 
apparent randomness and instability to small disturbances. 
Although the dynamic state of the fully-developed turbulence 
is extremely sensitive to triggering disturbances, the sta­
tistically average properties are not. On the other hand, 
transition flows have statistical properties which are sensi­
tive to the nature of disturbances. In turbulence theory, 
the turbulence is generally understood to be fully-developed, 
so turbulence is a random flow field which are extremely sen­
sitive to small disturbances, but has statistical properties 
which are not sensitive to disturbances.

The evolution of dynamic states of a turbulence is des­
cribed by the Navier-Stokes equations. In a sense, the tur­
bulence theory deals with the statistical solutions of the 
Navier-Stokes equations, which are nonlinear and equivalent 
to an infinite hierarchy of equations coupling together all 
the moments of the random velocity fields. Any finite sub­
set of the infinite hierarchy of equations is not closed, 
and possesses more unknowns than are determined by the sub­
set. The central problem of turbulence theory is to find 
proper approximation methods of converting the infinite
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hierarchy of equations into a closed subset, that is the
•closure problem'"*'

One well-known historical approach to the closure prob-
1 4lem is the cumulant-discard approximation ' . When we keep 

the first, second and third-order cumulants but neglect the 
forth-order cumulant, it is equivalent to assume that the 
quadruple and the pair correlations are related as they 
would be if the probability distribution was Gaussian. So 
it is also called quasi-normal approximation. The quasi­
normal approximation is now completely discredited because

5it gives negative energy spectra . The physical reason for 
its disqualification is its total neglect of the most impor­
tant dynamic damping effect due to the nonlinear interaction
between different modes.

6—14Kraichnan developed a direct-interaction (DI) appro­
ximation to solve the closure problem and to take account of 
the dynamic damping effect of the nonlinear interaction, ob­
taining two integral equations for two unknown functions: the 
energy equation and the response equation. In an Eulerian
framework, the response equation is divergent at zero wave-

-3/2number, and the k inertial-range spectrum obtained, in-
— 5/3stead of Kolmogorov's k spectrum, which is supported by

experiments. Kraichnan identified the use of an Eulerian 
framework as the cause of this divergence, developed further 
the DI approximation in a Lagrangian formulation. Its mathe­
matics is complicated, because the work is done in a Lagran­
gian framework. Kraichnan proposed the test-field model
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(TFM), which is mathematically simpler and consistent with 
the Kolmogorov law. Unfortunately there is an artificial ad­
justable parameter in the TFM to make the result of TFM agree
with experiments. Hence the TFM is a semi-empirical theory.

1 5 X 6  *|Edwards * and Herring proposed the Fokker-Planck
method and self-consistent field method respectively, and ob­
tained the same energy equation as Kraichnan. Several forms
of response equation of the F-P method have been suggested,

1but they are all divergent at zero wavenumber . Later
1 0Edwards and McComb argued that the energy equation is an 

expression of the principle of conservation of energy and the 
response equation should be derived as the expression of ano­
ther physical principle, and developed the entropy method to 
solve the closure problem. They applied the principle of ma­
ximum entropy to a stationary turbulence, and succeeded in 
getting a Kolmogorov-type inertial-range spectrum in an Eule­
rian framework, but gave rather poor value of Kolmogorov 
constant. Moreover the applicability of the principle of the
maximum entropy to turbulence is questionable.

18 19Tchen ' developed a kinetic approach to the closure 
problem. By using a Liouville-type equation in phase space, 
Tchen derived a kinetic equation for the probability distri­
bution of velocity and a transition equation for the proba­
bility distribution of paths, forming two master equations 
consistent with the Navier-Stokes equations. The closure is 
obtained by the scaling procedure which distinguishes three 
basic processes: macro-evolution, micro-transport and sub­
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micro-relaxation. Memory is present as a consequence of the 
non-markovian processes, leading to tensor-type viscosity 
and diffusivity instead of scalar ones. The memory-chain is 
cut off by requiring the relaxation process for transport 
properties to approach equilibrium. A scaled energy equation 
is derived and the energy spectrum is obtained directly due 
to the scaling procedure, yielding Kolmogorov's inertial- 
range spectrum. It is an elegant physical approach to the 
closure problem of turbulence. Any approach to the closure 
problem must contain some key approximation which have to be 
justified. In Kraichnan's theory it is the DI approximation, 
in Tchen's kinetic theory it is the scaling procedure and 
the physical assumptions about the three basic processes of 
turbulence.
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CHAPTER I. VARIATIONAL APPROACH TO CLOSURE 
PROBLEM

A variational approach is proposed to solve the closure
problem and to derive Kolmogorov law in an Eulerian frame.

1 5 X 6Like Edwards' Fokker-Planck method * and Tchen's kinetic 
18 19method ’ , probability distribution in phase space and

Liouville equation are introduced. In Tchen's kinetic me­
thod the probability distribution of velocity is used and 
then a Fourier transform is made so that energy spectrum is 
obtained by a scaling procedure. In the proposed variation­
al approach the Fourier transform is made at the beginning 
and the probability distribution of modal parameters is used, 
therefore the energy spectrum can be obtained without appea­
ling to the scaling procedure.

Instead of using complex Fourier components of velocity 
as modal parameters as done in Edwards and Herring's forma­
lism, a complete set of independent real parameters and its 
dynamic equations are worked out to describe the modal dyna­
mics of a turbulence. An approximate solution of the sta­
tionary Liouville equation is obtained by a perturbation me­
thod, based upon a Langevin-Fokker-Planck (LFP) model.

The error of the perturbation solution depends on the 
error of the LFP model, which is expressed as a functional 
of the dynamic damping coefficient 7 J .  The functional as­
sume the form of mean-square error according to the opti- 
mum-parameter-estimation method. The will be treated as



an optimum control parameter to minimize the error of the 
perturbation solution. By a variational method we obtain 
a convergent integral equation for the optimum^, which 
will be used to replace the divergent response equation of 
Kraichnan's DI approximation. The energy equation and this 
convergent integral equation form a closed set of equations 
for two unknowns, solving the closure problem in a pure 
Eulerian framework. This closed set of equations will be 
used as basis for study of the statistical properties of 
turbulence.

Finally the Kolmogorov law is derived and the Kolmogo­
rov constant is numerically evaluated, obtaining Ko=1.2, 
which is compatible with the experimental data.



1.1. Modal parameters and modal dynamic equations

For simplicity of mathematics, a homogeneous incomp­
ressible turbulence is supposed to be confined within a 
large cubic box with sides L and cyclic boundary conditions. 
The L will be let to approach infinity later. The Fourier 
transform of Navier-Stokes equations is

&  + V k 2 )U l (k) =

XZ IUJ<E,U‘"<E)̂ .P+r ’
P s£

where V is kinematic viscosity, H=(2^/L)3, (C is theK,p+r
Kronecker symbol; k,p,r are discrete wavevectors,

J u±(*:u± (k) = <2 J7)“3 I u.(x)exp(-ik*x) dx (1.2)
box

are the Fourier transform of velocity components u^(x), and

' W &  " ~  kik j /  k2 (1-3)

is the projector operator. Due to incompressibility and 
u^xjbeing real quantities, ui(k)are not independent, and

kjU^k) = 0 , u^(k) = u*(-k) . (1.4)

The asterisk means complex conjugate. The complex Fourier
components u^(k) and u(-k)are often used as modal parameters

15-17by some authors , similar to the notations used in quan­
tum field theory. In order to preserve a clear physical



meaning of* the probability distribution in phase space in 
the frame of classical statistical mechanics, a complete 
set of independent real modal parameters and its dynamic 
equations are worked out in Appendix A to describe the modal 
dynamics of turbulence. The resulting modal dynamic equa­
tions are

<4t+>i>Xi = X l W / m  ’ (1‘5)
j.m

2)/=Vk . Here, and afterwards, the Einstein summation conven­
tion is not used for indexes i,j,m, which are the combina­
tion of wavevector, component index and real-imaginary- part 
index. Do not confuse them with those in (1.1)-(1.4). The 
(Xi, i^O) form a complete set of independent real modal pa­
rameters.

Aidm =

“ijm = HSCl)S(J)S(»)P^0<k,E .r)<fPr«k>E+£ . (1.7)

For further information see Appendix A. It is indispensable 
for actual calculation to find a particular set of modal pa­
rameters and the explicit expression for A. . .ijm

For the study of high-wavenumber-range dynamics, the 
model of stationary turbulence is assumed. Actually space 
homogeneity and time stationarity are conflict conditions for 
any turbulent flow, a homogeneous turbulence is at the same 
time a decaying turbulence2’3. The trick to solve this con­
flict is to assume that some external driving force is con­
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tinuously supplying energy to the turbulence at low wavenum- 
ber to prevent it from decaying. The particular structure 
of this force is not relevant, for simplicity, supposing 
that it has form J^X^. Hence the modal dynamic equation 
(1.5) becomes

H5Xi = + • 0-8)

Since y^ is different from zero only at low wavenumber, at 
later stage of analysis of the high-wavenumber range, it can 
be omitted.
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1.2. Liouville equation

By classical statistical mechanics, all possible dyna­
mic states of the turbulence, or all possible sets (X^i^O),

to emphasize the difference between turbulence and a canoni-

of numerous realizations of the turbulence, denoted by P= 
PCX^i^sO).

The evolution of the probability distribution satisfies 
the following Liouville equation

where L is the Liouville operator. Its structure is deter-

The Liouville equation (1.9) is linear, although its corres­
ponding modal dynamic equation (1.8) are not linear. Notice 
that the summation over indexes i,j,m in Eqs. (1.5) (1.8) 
and (1.10) are restricted to be over their nonnegative va­
lues.

constitute a phase space, which is called modal phase space

cal system. The statistical behavior of the turbulence is
described by the probability distribution over an ensemble

£  + l p  = o  . (1.9)

1mined by the modal dynamic equation (1.8), and

(1.10)



1.3. Langevin-Fokker-Planck (LFP) model

11

The terms on the right side of (1.8) represent the 
forces acting on mode i. The second term is the nonlinear 
interaction force, acting on mode i by all other modes in a 
mode sea. Its simplified mode is9 *15*17

£ Â ijmX jX m " A X i + fi » (l-ll)
j.ni

here is the dynamic damping force and is deterministic
for the mode i, represent the average effect of nonlinear 
interaction on mode i; fi is a random force of the type of 
white noise. From (1.8) and (1.11) we have

•as
.1For the high-wavenumber-range y. =0, we have

•

% = * A •

Eq. (1.12) is the Langevin equation, its Liouville
equation is the Fokker-Planck equation, and its correspon-

POding Liouville operator is the Fokker-Planck operator

^  %  (al~Xi4'Aj72} * (1-14)

here are related to the random force f.̂  in (1.11). Hence 
the simplified model (1.11) implies that the exact Liouville 
operator (1.10) can be approximated by the Fokker-Planck 
operator (1.14)

L L . (1.15)
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1.4. Perturbation solution

For a stationary turbulence the Liouville equation can 
be written as follows

( L(f) + (L - L (f)) )P = 0 . (1.16)

According to the LFP model (1.11)-(1.15) £ l= ( L - L ^ )  can be 
considered a small perturbation operator. Hence the appro­
ximate solution of (1.16) at zero order, denote by P^^, 
satisfies the following equation,

E (f) p (0) = o # (1.17)

Eq. (1.17) is Fokker-Planck equation, its solution is Gaus-
1 15sian density function *

p(0) = FI (2^ i ) ”1/2exp(-X^ f  (2f±) ) . (1.18)

Let
P = P (0) + P (1) . (1.19)

Since ^L=(L-L^f )̂ is a small perturbation operator, P^1  ̂ is 
also small, substituting (1.19) into (1.16), using (1.17) 
and neglecting product term of Si. and P^1 ,̂ we have

L(f> P ^  = -Sl> P (0) = -L P ^  . (1. 20)

From (1.10) and (1.18), Eq. (1.20) becomes

= ( Y l * m W / A  > (0) •
i ijm

(1.21)



By using the following equations

L (f)X±P (Q)= L (f)(X^-^)P(0)= 2 % ( X * - ^ ) P (0), (1.22)

we-solve Eq.(1.21) to get P^^. Then substitute it into 
(1.19), finally we have

r v—f / ~ v / n-_x. x .x_p = ( i - /  ( X - y )— — ~  + y .j .m „ )
V  z7?ih h&tiWi+W

P (0), (1.23)

A similar form of (1.23) was derived by Edwards in a diffe-
4 C <1rent•formulation * . The probability distribution (1.23)

satisfies the normality condition,
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1.5* Energy equation

Using the Liouville equation (1.9) and (1.10), we have

t̂<xi>=/xi<Ftp)n « n -

= * *V*iJa4lX3*  ̂ • (1-25)

The last step is based upon . an integration by parts. By 
the probability distribution (1.23), the average modal inten­
sity

<xi > - / x'pn dxn - ° A  ■ (1.26a)

= 1 - • (1.26b)

In the high-wavenumber-range, ^^=0, so

ei * 1 - y %  - Vft • (1-27)

For isotropic turbulence, <X2>. V  7̂  and ̂  are functions 
of k only, and

e(k) =>(k)/^(k) , k) = ̂ (k) + y k 2 . (1.28)

From (1.23) and (1.26), the triple correlation of modes

< ¥ j J. ) =/ w . pn « n  - - (i-29)

Bijm " Aijra^t + Ajmifmti + ‘ t1-30’
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Let
E(k) = 4flk2q(k) (1.31)

be the three-dimensional energy spectrum, it can be proved 
that1

q(k) = 2H<£2> , H = (27T/L)3 . (1.32)

For the study of high-wavenuraber-range, the y! is omitted. 
Let L, the size of the cubic box introduced at the begin­
ning of Section 1.1, approach infinity, from (1.25)-(1.32) 
and the formula in Appendix B, after long manipulation, Eq. 
(1.25) becomes

(“3t + 23/k2>E <k ) = T<k ) » (1.33)

2 n k3prb(k,p,r) cT(r) fq(p) - qr(k)]T(k) = 16 7T / / dp dr!/r-JJ "^(k) +7^(p) + 7/(r)

q(k) = e(k)q(k) . (1.34)

Here b(k,p,r) is a geometrical factor defined by (B.ll) in 
Appendix B. T(k) is the energy transfer spectrum function.
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1.6. Variational approach

The energy equation (1.33)-(1.34) contains two unknown 
functions: the energy spectrum q (or E) and the dynamic dam­
ping coefficienty. Another equation for q and 7̂  is needed 
to solve the closure problem.

The validity and error of the perturbation solution
(1.23) depends on the validity and error of the LFP model
(1.11)-(1.15). There are two adjustable parameters 7J and
<f> in the LFP model. Due to Eq. (1.26), the actual adjus­
table parameter is The LFP model can be made as good as 
possible by choosing the optimum which minimizes the error 
of the LFP model.

An appropriate measure of the error of the LFP model is
expressed as an functional of y, denoted by 1=1 (y). By vari-

21ational method , the optimum Yj, which minimizes I, satis- 
fies g—

q  =  0  •  u-3s)

Eq. (1.35) will lead to a convergent integral equation for q 
and to replace the divergent response equation of Kraich- 
nan’s DI approximation, thus solving the closure problem in 
an Eulerian framework and at the same time making the error
of the perturbation solution (1.23) as small as possible in
the frame of the LFP model.

Actually ^=(^,1^0) is a vector of infinity dimension 
in the preceding formulation, so (1.35) is equivalent to

%zr - 0 • (1.36)3 ^
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1.7. Mean-square estimation of

The success of the variational approach depends on the 
proper choice of the functional 1=1 (7j)9 which expresses the 
error of the LFP model. The mean-square error of optimum- 
parameter-estimation for a stochastic process is to be used 
to define the functional I.

The LFP model is based on the approximation (1.11), 
which can be interpreted as follows: a simple model of sto­
chastic process ^ is used to approximate a compli­
cated actual process on the left side of (1.11). the mo­
del process is a linear transform of a given stochastic 
process X.̂  superposed by a white noise f̂ . The coefficients 
of the linear transform, or is to be adjusted so that 
the model process will approximate the actual process as
well as possible. This is the typical formulation of opti-

22 22mum-parameter-estimation problems in control theory ’ .
The usual approach is the mean-square estimation method, 
i.e., the 'optimum1 is interpreted in the mean-square sense. 
Hence

1 = U  4  Z W A  “ ’ (1-37)i J.m

Here means ensemble average.
Making use of (1.13),(1.23),(1.26),(1.29) and (1.30) we 

obtain

x<*i>= *y\--s£ -3™ -
jTm i ijra Yi Vijm

(1.38a)
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Here
C . . = A. . $\ + A.. 5- + A . . V  , (1.38b)ljm Jim -'j mij •'m *

7 i j m =  ^  + %  + %  * <1-380)

Let L approach infinity. Similar to the derivation 
from (1.25) to (1.33)-(1.34), from (1.38) we have

7^(k) = Vk2 + / /dp dr    f b  (k,p , r)d( r ,p ,k)
( q(kV 7  (^(k,p,r))2 L

X(Y(k,p,r)-£(k) + £(p)) + b (k,p,r)d(k,p,r)^(p)

+ k.»Pr£lq (k)q(r)/b(k,p,r) (j(p)-^(k))
( (k)) * 1+ b(k,p,r)(^(p ) - £ (  r ) ) ^  J*(1.39a)

^(k,p,r) = Jjftk) + ^ ( p ) + ^ ( r )  , (1.39b)

d(k,p,r) = qftk^q^r) - <T(p)) (1.39c)
and # pr „

b(k,p,r) = — ^(yz + x ) . (1.39d)
k

The x,y,z are cosines of three angles of the triangle with 
sides k, p and r (see Appendix B).

The energy equation (1.33) with (1.34) and the ^ e q u a ­
tion (1.39) form a closed set of equations for two unknown 
functions q (or^>) and ^ . In principle, by using the pro­
bability (1.23) and the closed set of equations for q (or e j > )  
and?^, we can calculated the statistical properties of tur­
bulence. As an example we apply them to study the inertial- 
range and to derive the Kolmogorov law.

Here
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1.8. Energy equation and “̂ equation for inertial-range

In the inertial-range the viscous dissipation is neg­
ligible, V k 2=0, from (1.28) we have

% (k) = 7j{k) , e(k) = 1 . (1.40)

Hence (1.34) becomes
0

O fr rx b(k,p,r)q(r)(q(p)-q(k))
T (k) = 167T // dpdr k^pr-------------------------- . (1.41)JJ ^(k)+:^(p)+ ̂ (r)

T(k) is the energy transfer spectrum function. The energy 
transfer function ĈD

r v w  = i T(k ')dK' (1.42)£  T (k ' ) dK'

is the energy flow rate across the spectrum. Due to Kraich- 
1nan , it has the following convenient expression:

. p  j : r .k 0 p*

-k ^p+k'
ri(k) = I dk /dp / dr S(k'jp,r) , (1.43a)

p* = max(p, k ’-p) , (1.43b)

i e ^ k 3p r  r
S(k|p,r) =  ---- — ------ —  I b(k,p,r)q(r) (q(p)-q(k))

7f{k)+ ̂ (p)+7(r) L

+ b(k,r,p)q(p)(q(r)-q(k))] . (1.43c)

In the inertial-range, the energy transfer function 
no*> is independent of k and is equal to the dissipation
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rate of* energy £ =2 fyk2E(k)dk, therefore
- ' O

.eo  x -k  / * P + k •/eo x-K ^»p+K'
dk* /dp /dr S(k'|p,r) . (1.44)

k O p *

In the inertial-range )/k2=0, so 7̂ (k)=̂ (k) and e(k)=l,
Eq. (1.39) becomes

A  ^
V M  = £7^7 /Tdpdr --------— ---------- p“ [b (k »P»r)q(r)f qW  JJ ( ^(k )+ ^(p)+ ^(r))2 L

X(q(k)-q(P))(2^p)+7?(r)) + b(kfp,r)q(k)j 

X(q(r)-q(p))y(p)] . (1.45)

The energy equation (1.44) and the 7j equation (1.45) consti­
tute a closed set of integral equations for q(k) and (k) 
in the inertial-range.

i
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1.9. Kolmogorov law and Kolmogorov constant

The idealized model of inertial-range dynamics of a 
turbulence is: an energy source is at zero wavenumber and an 
energy sink is at infinite wavenumber, with a energy flow 
across the spectrum at the constant rate 6 . Eqs. (1.44) and
(1.45) form a closed set of equations for two unknowns q(k) 
and k). Supposing that q(k) and 9^(k) have the form of 
power function,

q(k) = Cq kra , ^(k) = kn . (1.46)

Substitute (1.46) into (1.44) and (1.45), we obtain

5 + m - 2n = 0 , 8 + 2 m - n = 0 ' .  (1.47)

Hence m=-ll/3 and n=2/3. Let Cq=(Ko/4ft)£2^3 and C ^ D ^ 1^3,
(1.46) becomes

q(k) = (Ko/4fir)£2/3k“11/3 , (1.48)

9^(k) = D ^ / 3 k 2 / 3  . (1.49)

From (1.31) and (1.48) we have

E(k) = Ko e2/3 k~5/3 , (1.50)

which is the Kolmogorov inertial-range law. We are success­
ful in deriving Kolmogorov law from the first principle of 
statistical mechanics.

Substitute (1.48) and (1.49) into (1.44) and (1.45), 
then calculating the two resulting double integrals by



numerical method, we obtain

D/Ko2 = 0.19 , D2/Ko = 0.0605 . (1.51)

2 1 The D/Ko is first evaluated by Kraichnan . From (1.51)
the Kolomogorov constant is

Ko ~  1.2 . (1.52)

The experimental value of Kolmogorov constant given by 
24Gibson and Schwarz is 1.28-1.32. At the present stage of 

experimental and theoretical research on turbulence, it is 
unrealistic to require a turbulence theory to reproduce the 
experimental data accurately to more than two digits. In 
this sense, the Kolmogorov constant given by (1.52) is com- 
patible with the experimental data quite well.
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CHAPTER II. NUMERICAL EXPERIMENTS ON ONE­
DIMENSIONAL MODEL OF TURBULENCE

The difficulties of the problem of turbulence are of 
twofold, nature: in part they are connected with the compli­
cated vectorial character of the Navier-Stokes equation; in 
part they are dependent upon the presence of nonlinear term. 
The later feature is essential for turbulence, a linear
dynamic equation cannot generate 'turbulence' solution.

25Burgers proposed the equation

J~u(t,x) + u(t,x)^|u(t,x) =J/-£^u(t,x) (2.1)
^x

as an one-dimensional analogy of the Navier-Stokes equation 
in order to simplify the problem of turbulence by avoiding 
its complicated vectorial character.

At present we can not numerically simulate the flow 
field at sufficiently high Reynolds number to produce the
inertial-range in two- or three-dimensional flow, because of

26-28 • insufficient computer capacity “ . An one-dimensional mo­
del is needed. The commonly-used model is Burgers equation 
or its forced form, the so-called Burgers turbulence.
The solution of Eq.(2.1) can be expressed in terms of
initial data and such a turbulence (without external force)

29—34has been studied by many authors . The numerical expe-
qcnments dealing with an external force was made by Jeng 

for small viscosity and by Kida and Sugihara for the invi- 
scid limit.
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All the analytic and numerical studies lead to the con- 
-2elusion that the k inertial-range spectrum is the charac­

teristic feature of Burgers turbulence. In contrast, for
Navier-Stokes turbulence the cascade transfer of energy from

—5/3large eddies to small eddies yields the Kolmogorov's k 
inertial-range spectrum. That is related to the essential 
difference between Burgers equation and Navier-Stokes equa­
tion, and indicates that the Burgers equation is not a pro-

37per one-dimensional model of the Navier-Stokes turbulence .
First of all the Burgers equation with a steady exter­

nal force acting at the lowest wavenumber is numerically in­
tegrated in order to study the long-time evolution of its 
solutions. The numerical results show that after sufficient 
long time these solutions reach a steady state of 'laminar 
flow', which has no randomness and is independent of the 
initial conditions, i.e., absolutely stable to disturbances. 
The essential characteristics of a turbulence are its ran­
domness and instability to small disturbances. Hence, 
strictly speaking, the so-called Burgers turbulence is. not 
a turbulence.

A new mathematical model is proposed as an one-dimen­
sional analogy of the Navier-Stokes equation. It has a mo­
dified advection term and a pressure-type term. A series of
numerical experiments on this one-dimensional model are made

— 5 /3and are successful in obtaining the Kolmogorov's k iner­
tial-range spectrum. The (one-dimensional) Kolmogorov con­
stant ranges from o.-5 to 0.65.
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Our numerical experiments confirm the vital role of the 
pressure term in hydrodyndmic turbulence. The nonlinear in­
teraction of the advection term alone can not generate tur­
bulence. The commonly-used one-dimensional model of turbu-

—2lence (the Burgers turbulence) has a k inertial-range 
spectrum. We are successful in proposing a one-dimensional

— 5/qmodel of the Navier-Stokes turbulence, which has a k 
inertial-range spectrum. The. results of our numerical expe­
riments will be used to test the validity and error of the 
variational approach to closure problem proposed in Chapter 
I.



2.1. Burgers equation and its Fourier transform

26

With a characteristic length L and a characteristic ve­
locity V, by means of the dimensionless quantities x'=x/L,
t'=tV/L and V  = (VL), (2.1) becomes

_ -2
rfi-u' + u s=“ tu  8 = y-£~^u* . (2.2)at a x  ^ ^ x ' 2

If we drop'the primes in (2.2), (2.1) and (2.2) are identi­
cal. Hence (2.1) can be understood as the dimensionless 
form of Burgers equation, and )/ is the reciprocal of Rey­
nolds number. Afterwards all.quantities and equations are 
assumed to be dimensionless.

Assuming the periodic boundary condition

u( t ,x+2/7) = u (t, x ) , (2.3)

we can expand u(t,x) into the Fourier series

u(t,x) = Y /U(k)exp(ikx) , (2.4)
k

where 2 7 T

U(k) = (1/27f) u (t,x )exp(-ikx)dx (2.5)
0

is a function of time t. From (2.4), Burgers equation be­
comes

4tU (k)= -ikW(k) - jAk2U(k) , (2.6)

and
W(k) = (l/2)yTu6)U(k-p) (2.7)

L . iP
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by the convolution theorem.
If there is an external force, which is assumed to have

the simple form >C((k)U(k), (2.6) can be generalized as fol-
)1 ows

-~U(k) = -ikW(k) + ^(k)U(k) - >/(k)U(k) . (2.8)

Both Mik) and y(k) in (2.8) are positive, Mik)U(k) cor­
responds to the energy source and y(k)U(k) corresponds to 
the energy sink . When ^(k)=0 and Mk)=>k , (2.8) becomes 
(2.6), and the energy sink is due to viscous dissipation.

The Fourier component U(k=0) represents the mean flow 
of the velocity field. From (2.6), we see that the mode 
k=0 has no interaction with other modes. For simplicity, 
we assume that U(k=0)=0, i.e., there is no mean flow.

o
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2.2. Energy equation

The intensity of mode k is

e(k) = U(k)U*(k) . (2.9)

The asterisk means complex conjugate. From (2.8) we have
\

~e(k) = r(k) + 2-#(k)e(k) - 2y(k)e(k) , (2.10)

here
r(k) = -ik(W(k)U*(k) - W*(k)U(k)) . (2.11)

From (2.7) and (2.11), it is easy to prove that

r(k) = 0 . (2.12)

The total energy of all modes is

e(k) = (1/47T) J* u2 (t,x) dx . (2.13)
c^O 0

The energy flow rate across the k space is
k

q(k) = y 7 r(k') = * r(k') . (2.14)
k5k k ^ l

In inertial-range „6/(k)=y(k)=0, From (2.10) and (1.14) we . 
have r(k)=0 and q(k)=constant for a steady state.

The ensemble average applied to (2.10) gives

*^EE (k) = R(k) + 2^/(k)E(k) - 2Kk)E(k) , (2.15)

here E(k) = <e(kj> (2.16)



is the energy spectrum, and

R(k) = ^ “(k^ (2.17)

is the energy transfer spectrum function; means en­
semble average. The energy transfer function is

k
Q(k) = <^q(k£> = T 7 R(k') = - V 7 R(k') . (2.18)

k*>k k ^ l

In inertial-range M.Ck)=>(k)=0. From (2.15) and (2.18) we 
have R(k)=0 and thus

Q(k) = £ (constant) (2.19)

for stationary turbulence where 6 represents.the energy 
dissipation rate.
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2.3. Inertial-range dynamics

The idealized model of inertial-range dynamics is that 
an energy source is at the lowest wavenumber and a sink is 
at infinite wavenumber, with an energy flow across the spec­
trum at a constant rate £. It is impossible to work with an 
infinite wavenumber in a numerical experiment. The trunca­
tion approximation must be used, i.e., we assume

U(k) = 0  if k >k' . (2.20a)

Here the kQ is called cutoff wavenumber. The energy source 
is supposed to be acting at the lowest wavenumber k=l only, 
i.e.,

MXk) = 0  if k > l  . (2.20b)

The sink is supposed to be acting over the neighborhood of
the cutoff wavenumber k only, i.e.,o

)Ak) = 0  if k ^ k d , (2.20c)

where k, is less than k but near k .d c c
By (2.20) the generalized Burgers equation (2.8) be­

comes
~U(1) = —iW (1) + ^(l)U(l) , (2.21a)

^U(k) = -ikW(k) if 2 ^ k ^ k d , (2.21b)

|^U(k) = -ikW(k) -V(k)U(k) if kd < k ^ k c . (2.21c)

Eq. (2.21) describe the following process: the energy is
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input at k=l, then is transferee! to high wavenumbers by the
nonlinear interaction W(k), finally is dissipated over the
neighborhood of k . With the truncation approximationc
(2.20a), after some manipulation, (2.7) becomes

V k k-i
W(k) = y ^ U(-p)U(k+p) + (l/2))7 u(p)U(k-p) , (2.22)

which will be used in numerical experiments
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2.4. Energy source and energy sink

Tentative numerical experiments of (2.21) show that 
when M-(l) in (2.21a) is too small the modal intensity e(k) 
decreases with time, when J / .  {1) is too large the e(k) inc­
reases with time, leading to overflow. It is more conve­
nient to use a reservoir-type energy source which is able 
to adjust its input power automatically to keep the modal 
intensity e(l) constant. There are many ways to construct 
such an energy source. One way to do it is to replace 
(2.21a) by

~ U ( 1 )  = -iW(l) + C( |u0 (l)| - |U(1)| )U(1) . (2.23)

Here C is a large positive amplification factor and UQ (1) 
is the initial value of U(l). The j***j means absolute 
value. The advection term -iW(l) in (2.23) transfers the 
energy from mode 1 to other modes and reduces the intensity 
of mode 1; the energy source represented by the last term 
in (2.23) inputs energy to mode 1 as soon as its intensity 
becomes less than the initial value, similar to a simple 
feedback system. An ideal reservoir-type energy source can 
balance the advection term -iW(l) exactly and keep U(l) a 
constant, i.e.,

7JtU (l) = o . (2.24)

In our numerical experiments the V(k) in (2.21c)
yassumes the following form
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y(k) = >^(k-kd)n . (2.25)

Here and n are positive numbers. This structure of >̂ (k) 
makes the transition from the inertial-range to the dissipa- 
tion-range a smooth one. Our numerical experiments show 
that the detailed structure of V(k) does not influence the 
outcomes of the inertial-range dynamics, so long as the in­
tensity of the energy sink matches the intensity of the 
energy source.

By (2.24) and (2.25), (2.21) becomes

-3
-g^U(l) = 0 or U( 1) = constant , (2.26a)

^ U ( k )  = -ikW(k) if 2 ^ k ^ k d , (2.26b)

~ U ( k )  = -ikW(k) - yd(k-kd)nU(k) if kd<k^kQ . (2.26c)

When kQ and kd approach infinity, (2.26) corresponds to the
inviscid limit of the Burgers equation with an energy source 
at k=l and energy sink at k=oo.

The introduction of an energy source is indispensable 
for studying the long-time evolution of turbulence. If 
there is no energy source, the turbulence will decay and 
finally die out due to dissipation.
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2.5. Numerical experiments of Eq. (2.26)

The Adams method is used to solve the initial-value
problem of (2.26). The time step At=0.005 for k =50 andc
At=0.0025 forkc=100 in order for the numerical process to 
be stable. Ten runs of such numerical experiments of (2.26) 
have been made on computer, corresponding to four different 
initial conditions, two cutoff wavenumbers and three types 
of energy sink. They are summed up in Table 2 and Fig. 1-4. 
The four initial conditions are

U(1
U(k
U(k

U(1
U(k
U(k

U(1 
U(k 
■ U( k

U(1
U(k
U(k

= 1
= 0.3 if 2 $ k ^  5
= 0.001 if 6 ^ k ^ k  ,c ’

= 1
= 0.31623 if 2 ̂ k  ̂ 5 
= 0.001 if 6^Tk$kc ,

= 1
= 0.21 if 2 $ k ^10
= 0.001 if l l ^ k ^ k  ,c

= exp (I T T / 2)
= 0. 21 exp (i7rk/ 2) if 2 < k ^ l 0  
= 0.001exp(i?rk/2) if l l ^ k ^ k

(2.27a)
(2.27b)
(2.27c)

(2.28a) 
(2.28b) 
(2.28c)

(2.29a)
(2.29b)
(2.29c)

(2.30a)
(2.30b)
(2.30c)

The general behavior of the solutions of (2.26) is il­
lustrated in Fig. 1 which is the result of run 1 (the actual 
numerical computation was done up to time t=15 instead of



t=6). Although Fig. 1 shows the time variation of the total 
energy only, the time variation of the intensity and phase 
of each mode have the same behavior. During the early stage 
the solutions of (2.26) undergo a transient process, the in­
tensity of each mode except mode 1 varies with time rapidly. 
This transient process begins at t=0 and ends at t=4. After
t=4 the solutions of (2.26) reach a steady state of 'larmi-

_2nar flow', which is characterized by the k law for the mo­
dal intensity in the range 3 < k < k c/3. See Fig. 1-4.

In the final steady state of 'laminar flow', the ampli­
tude and phase of all modes are independent of time, so 
there is no randomness in the flow field at all. Moreover, 
the final steady state of 'laminar flow' is independent of 
the initial conditions, hence it is absolutely stable to 
disturbances. A comparison of Fig. 2 and 3 shows that in the 
final steady state of 'laminar flow' the behavior of the 
inertial-range (3<‘k<"kc/3) is independent of the structure 
of the energy sink, whose influence is limited to the neigh­
borhood of the dissipation-range.

In the runs 1-6 k =50, in the runs 7-10 k =100. Thec * c
increase of cutoff wavenumber kc leads to the broadening of 
the inertial-range proportionally. It is logical to conc­
lude that the general characteristics of the solutions of 
(2.26) will remain the same when kc approach infinity and 
the inertial-range becomes infinitely wide, which corres­
ponds to the inviscid limit of the Burgers turbulence with
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an energy source at k=l and an energy sink at k=©o. If we
consider an ensemble of many realizations, corresponding to
different initial conditions (and maybe different external
forces at lower wavenumbers), the ensemble average will

_2yield the well-known k inertial-range spectrum for the 
so-called Burgers turbulence; since, according to our nume­
rical experiments, the modal intensity of each realization

-2is proportional to k in the inertial-range after the 
transient process has ended.
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2.6. Burgers turbulence is not a turbulence

The essential characteristics of a turbulence is its 
apparent randomness and instability to small disturbances. 
Two turbulent, flows that are nearly identical in detail 
will appear dramatically different at later time, i.e., the 
extreme sensitivity of the solution of Navier-Stokes equa­
tion to the initial conditions. In the Burgers equation 
the only nonlinear term is the advection term, no pressure 
term. According to our numerical experiments described in 
Section 5, the nonlinear interaction of the advection term 
reduces the chaos of the flow field and builds correlation 
between modes, finally leads to a steady state of 'laminar 
flow' which is stable to disturbances. Contrary to the case 
of the Navier-Stokes equation, Burgers equation has solu­
tions which are not random and are not sensitive to initial 
conditions. Hence, strictly speaking, the so-called Burgers 
turbulence is not a turbulence. The nonlinear interaction 
of advection alone cannot generate turbulence, no matter 
how high the Reynolds number is.

In the Navier-Stokes equation the pressure term plays 
the role of a high-frequency random force to limit the 
buildup of correlation between modes. The vortex structure 
in the flow field is not stable. The chaos of the flow 
field increases with time, finally leading to a state of 
turbulence which is random and unstable to small distur­
bances.



38

The essential difference between the Burgers equation
and the Navier-Stokes equation lead to different inertial-

—2 —5/3range spectrum: k for Burgers turbulence and k for
the Navier-Stokes turbulence. The Burgers equation is not 
a proper one-dimensional model of the Navier-Stokes turbu­
lence. A challenging problem logically arises: how to find
a proper one-dimensional model of turbulence that has 

—5/3Kolmogorov's k inertial-range spectrum.
In the following we propose a new one-dimensional model

of turbulence, which has a modified advection term and a
pressure-type term. A series of numerical experiments on
this one-dimensional turbulence is made, and is successful

-5/3in obtaining .Kolmogorov's k inertial-range spectrum.



2.7. One-dimensional model of Navier-Stokes turbulence

39

The proposed one-dimensional model is

^U(k) = -ikWm (k) + P(k) - VCk)U(k) . (2.31)

Here the -ikW (k) is a modified advection term that trans- m
fers the energy from one mode to the others but conserves 
the total energy of all modes. The P(k) is a pressure-type 
term*to simulate vthe role of the pressure term of Navier- 
Stokes equation as a high-frequency conservative random

As mentioned in Section 1.1., the Navier-Stokes equa­
tion can be transformed into the following form

Here the (X^i^O) is the complete set of independent real 
modal parameters, and is related to the real and imaginary 
parts of the complex Fourier components of the turbulent ve­
locity field. The remarkable property of the nonlinear in­
teraction coefficients A . . is that

The property (2.33) is related to the incompressibility 
which requires the Fourier components of the velocity to be 
perpendicular to its wavenumber vector. However, when we 
transform the Burgers equation (2.6) into the form (2.32), 
the corresponding nonlinear interaction coefficients will

force

(2.32)
j-,m

ljm

A . . = 0 if any two of i,j,m are equal (2.33)



40

not satisfy (2.33) for no incompressibility condition. In 
order for the one-dimensional model (2.31) to simulate the 
Navier-Stokes equation as well as possible, the Wm (k) in
(2.31) is defined as follows

W (k ) = W (k ) - iU^2)(2k)U*(k) if k is odd ; (2.34a)
W (k) = W(k) - il/2)(2k)U*(k) - 0.5(U^1^(k/2))2

+ 0. 5 ( 2 ̂ (k/2))2 if k is even . (2.34b)

Here W(k) is given by (2.7), the U^^(k) and U^2^(k) are the
real and imaginary parts of U(k) respectively. We obtain
(2.34) simply by discarding these terms in W(k) that will 
not satisfy (2.33).

Similar to (2.10), the energy equation of the one-di­
mensional model (2.31) is

-^e(k) = rm (k)+U*(k)P(k)+U(k)p"(k)-2y(k)e(k) , (2.35)

here # *
rm (k) = -ik(Wm (k)u' (k) - V7m (k)U(k)) . (2.36)

From (2.34) and (2.36), we have

^  rm (k) = 0 . (2.37)
k

Eq. (2.37) means that the nonlinear interaction term 
-ikW (k) conserves the total energy of all modes.

The pressure term in the Navier-Stokes equation is a 
special 'isotropic1 conservative force. It scarcely trans­
fers the energy from lower wavenumbers to higher wavenumbers, 
but tends to equipartition the energy among all degrees of
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freedom for the same wavenumber. In the 1-dimensional case, 
there are only two degrees of freedom for the same wavenum­
ber, corresponding to the real and imaginary parts of U(k) 
respectively. In order for the term P(k) in (2.31) to simu­
late the pressure term of the Navier-Stokes equation as an 
•isotropic1 conservative force, it is required that

U*(k)P(k) + U(k)P*(k) = 0 . (2.38)

Let (k) be the phase of mode k, i.e.,

exp(i^(k)) = U(k)/|u(k)l , (2.39)

then (2.38) means that

P(k) = ii|p<k)|exp(i^(k)) . (2.40)
/If .the intensity of all modes is amplified by the same 

factor C, the pressure term in the Navier-Stokes equation 
will be amplified by the same factor C also. Therefore we 
choose

P(k) = iA(k)|u(l)|2exp(i^>(k)) . (2.41)

Here A(k) is real (positive or negative). The pressure term 
in the Navier-Stokes equation plays the role of a random 
force to limit the buildup of correlation between modes, 
hence, we simply let A(k) to be random variables.

In numerical experiments the A(k) is simulated by 
uniformly-distributed pseudo-random numbers over the inter-

qoval {-Cl,a), based on the recurrent use of residues

(mod M) . (2.42)
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For example |S=79 and M=1010. In the numerical expe­
riments, Cl =2, so the average amplitude of A(k) is equal to 
1. The structure of A(k) will be described in detail later.

It has to be pointed out that the above reasoning and 
argument leading to the one-dimensional model (2.31) with
(2.34) and (2.41) is plausible and rather arbitrary. The 
final justification of this mathematical model is that it 
is able to simulate the essential characteristics of the 
Navier-Stokes turbulence and yields a Kolmogorov's k""5/̂ 3 
inertial-range spectrum. We are not going to transform
(2.31) into (t,x) space and give the resulting equation a 
specious 'physical meaning'. We prefer to work in the (t,k) 
space and consider our model (2.31) merely a mathematical 
(one-dimensional) model of turbulence.



2.8. Ensemble average and time average

According to Sections 2.3-2.4, for studying the inerti- 
al-range dynamics, (2.31) becomes

|^U(1) = iO)U(l) , (2.43a)

-~U(k) = -ikV/m (k)+P(k) 2 ^ k ^ k d , (2.43b)

4^U(k) = -ikWm (k)+P(k)-^(k-kd)nu(k) kd< k ^ k c . (2.43c)

If 6tP=0, (2.43a) is the same as (2.26a), then the energy 
source is identical with that described in the Section 2.4. 
The introduction of a? in (2.43a) is for the convenience of 
numerical computation. The energy transfer rate from mode 1 
to mode 2, from mode 2 to mode 4, and so on, are quite sen­
sitive to the phase of mode 1. In order to calculate the 
spectrum and other statistical properties of a turbulence by 
ensemble average, it is necessary to take account of all 
possible phases of mode 1. When using (2.26a) instead of 
(2.43a), we have to solve the initial-value problem of 
(2.43) for many different initial phases of mode 1. It
will require much computing time. When (2.43a) is used 
with a proper value of (jO , the phase of mode 1 is rotating 
with angular velocity it is possible to use the time ave­
rage over a finite period to replace the ensemble average 
and save much time.

The stationarity of the turbulence is another reason



why we can use the time average to replace the ensemble ave­
rage* The energy source at mode 1 is continuously supply­
ing the energy to the turbulence to prevent it from decay­
ing* After the early transient process ended, the solutions 
of (2*43) can be considered a stationary stochastic process, 
the time average is equal to the ensemble average. In our 
numerical experiments the time average is taken over the in­
terval from t=10 to t=60 or 110. The numerical results show 
that the initial conditions have little influence on the 
outcomes of the time-averaging of the solutions of (2.43), 
thereby confirm the legality of using the time average.

The energy spectrum E(k), the energy transfer spectrum 
function R(k) and the energy transfer function Q(k) are 
given by (2.16)-(2.19), but the r(k) in (2.17) has to be 
replaced by rm (k) of (2.36), and the ensemble average is 
replaced by the time average in the numerical experiments.
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The Adams method is used to solve the initial-value 
problem of (2.43) up to t=60 Or 110, then the time average 
from t=10 to t=60 or 110 is used to calculate the energy 
spectrum E(k) and the energy dissipation rate £ . The cut-
off'^avenumber k - = 50 or 80. The time step At=0.005 for —  •  c
k =0.005 and At=0.0033 for k =80, in order for the numeri- c c
cal process to be stable.

The random variable A(k) in (2.41) is constructed by 
the following procedure. First of all (2.42) is used to 
produce 5000 random number f(j) uniformly'distributed over 
the interval (-&*&>),

(j=l,2,... ,5000) . (2.44)

Then for time t=nAT (n=0,l,2,...) the computer generates 
(k -1) pseudo-random integer numbers s(k,n) (k=2,3,...,k )

G C

which can be any integer between 1 and 5000, by means of
(2.42). The AT will be defined later. Finally let

A(k) = f(s(k,n)) for nAT ̂  t ̂  (n+l)AT . (2.45)

The average amplitude of A(k) is & / 2 ,  The AT can be roughly 
considered the correlation time of the random processes A(k) 

In order for P(k) in (2.41) to simulate the pressure term 
of the Navier-Stokes turbulence as a high-frequency random 
force, we must let

A T « 1  . (2.46)
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In order for the Adams method to be suitable for solving
(2.43) which has a rapidly fluctuating term P(k), we must 
let

^ T » ^ t  .. (2.47)

In the numerical experiments we choose ,4T=iadt. For example 
,. for k =50, ^\t=0.005, soz*.T=0.05 which satisfies both
(2.46) and (2.47).

More than ten runs of numerical experiments of (2.43) 
have been made on computer, corresponding to different ini­
tial conditions, different cutoff wavenumbers, different 
sets of random numbers for A(k), different sources and dif­
ferent sinks. We. succeed in obtaining the Kolmogorov's 
—5/3k law for the inertial-range spectrum:

E(k) = Ko e2/3 k”5^3 . • (2.48)

The dimensioniess constant Ko is still called the (one-di­
mensional) Kolmogorov constant. The numerical results of 
four of these runs are illustrated in Fig. 5-8. The rele­
vant parameters for these numerical experiments are given 
in Table 3.

The initial conditions and the structure of the energy 
sink have little influence on the inertial-range spectrum. 
The influence of the energy sink is limited to the neighbor­
hood of the dissipation range. When the cutoff wavenumber
increases from 50 to 80, the inertial-range 3<k<k /4 becomesc
wider proportionally, and the Kolmogorov constant seems to
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decrease slightly. See Fig. 5-7 and Table 3.
The average amplitude O-/2 of A(k) has great influence

on the spectrum. When CL is very small, the term P(k) in
(2.31) can be neglected and (2.31) becomes a modified Bur-

_2gers equation, we get k inertial-range spectrum. When CL
is very large, the term P(k) will be dominant and the advec-
tion term can be omitted, the inertial-range spectrum is 

-2 -5/3neither k nor k -type. When 1^CL^3, i.e., the average
amplitude is between 0.5 and 1.5, both the modified advec-
tion term and the pressure-type term are important in (2.31)
or (2.43), similar to the case of Navier-Stokes equation,

-5/3and we obtain the Kolmogorov's k inertial-range spectrum
(2.48). The Kolmogorov constant increases by 10-20 percent 
as the average amplitude of A(k) increases from 0.5 to 1.5. 
When using different sets of A(k), we still get the Kolmogo­
rov inertial-range spectrum (2.48) with a slightly different 
Kolmogorov constant, so long as the average amplitude of 
A(k) is the same and between 0.5 and 1.5. Figs. 5 to 8 cor­
respond to a=2 (so the average amplitude of A(k) is 1).

The introduction of the angular velocity u) in (2.43a) 
enables us to use the time average over a finite period to 
replace the ensemble average to calculate the spectrum E(k) 
and the energy dissipation rate 6, but the value of CO can 
not be too large. When cO is greater than 3 in the case of 
the modal intensity e(k)=l, the inertial-range spectrum be­
gins to be different from the Kolmogorov-type (2.48). When
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Cl? increases from 1 to T//2, the Kolmogorov constant inc­
reases a little, see Tabie 3 and Fig. 6 and 7.

As mentioned in the preceding section, when (j)=0 the 
energy flow rate from mode 1 to higher modes strongly de­
pends on the phase of mode 1. If the phase of mode 1 is

the energy flow rate is maximum; if the phase of mode 1 
is 0, the energy flow rate is nearly zero; if the phase of 
mode 1 is 7/76, the energy flow rate is medial. Hence we ex­
pect that when Ci?=0 and the phase of mode 1 is 7/76, the time 
average over a finite period will also correspond to the en­
semble average. In order to test this expectation, we use 
the following initial condition

|-U(1) = exp (ITT/ 6 ) (2.49a)
U(k) = 0.31623 if 2^ k <  5 (2.49b)

LU(k) = 0.001 if 6 ^ k ^ k  (2.49c)c

and let =0 in (2.43a), then do the numerical experiment of
(2.43). The result is sho.wn in Fig. 8, which confirms the

9

above expectation.
The (one-dimensional) Kolmogorov constant obtained in

our numerical experiments of (2.43) ranges from 0.5 to 0.65.
Ko=0.5 is obtained in the case of Cl?=l, k =80 and Cl =1. Ko=c
0.65 is obtained in the case of CO = ffl2, k =50 andQ =3.o

The outcomes of the time-averaging over longer time 
interval are more smooth and have less fluctuation. Fig. 7 
is for interval from t=10 to t=110; Fig. 5,6 and 8 are for 
t=10 to t=60.
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CHAPTER III. VARIATIONAL APPROACH APPLIED TO
ONE-DIMENSIONAL TURBULENCE

According to the numerical experiments, the one-dimen-
—5 /3sional model of turbulence (2.31) has the Kolmogorov's k ' 

inertial-range spectrum and the corresponding (one-dimen­
sional) Kolmogorov constant ranges from 0.5 to 0.65'. It 
gives us an opportunity to test further the validity and er­
ror of the variational approach to the closure problem of 
turbulence proposed in Chapter I.

First of all we introduce a complete set of independent 
real modal parameters for the one-dimensional turbulence
(2.31), and transform the dynamic equation (2.31) into a 
form similar to the form of Eq.' (1.5) in terms of this com- 
plete set of real parameters. Then most of the results of
Sections 1.2-1.8 can be applied to the one-dimensional tur-

—5/3bulence without much change. Finally the Kolmogorov's k 
law is derived and the (one-dimensional) Kolmogorov constant 
is numerically evaluated, giving Ko=0.55 which is in good 
agreement with the results of the numerical experiments of
(2.43).

In order to use the results of Chapter I as much as 
possible, we will use the same notation as in Chapter I.
The readers are advised to keep in mind that in this Chapter 
we deal with an one-dimensional turbulence.
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3.1. Complete set of independent real parameters

The complex modal parameters U(k)=U^^(k)+itl^2^(k) sa­
tisfy the 'realness' condition U(-k)=U*(k), i.e.,

U (1)(-k) = U (1)(k) and U (2)(-k) = -U(2)(k) ... (3.1)

Hence the. complex modal parameters are not independent. As
done for the three-dimensional case, the wavenumber k and 
the real-imaginary-part index U are combined into one index 
i, i.e., let

i =( ok, k) , -i » (<*, -k) , (3.2)

s
and i > 0  if k>0. The real modal parameters is

X,. = S(i)U(o<)(k) , (3.3)

here S(i) is defined by (A.17) in Appendix A. Then Eq.
(3.1) means that

X± = X_± . (3.4)

Hence (X^ i^O) forms a complete set of independent real mo­
dal parameters for the one-dimensional turbulence.

Similar to the derivation given in Appendix A, from
(2.31) and (3.1)-(3.4), we have

4 + ̂i>Xl - T/ijmVrn + FiP> • <3-5)
j »m

Here = V(k); and
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Aijm “ 0 two of are eQual * (3.6)
otherwise
Aljm = (^SfDC^FfstdJSCm)^^ + S(j)S(-m)^jp_r

+ S(-j)S(m)<rk>.p+r + SC-JJSC-mJ^^p^] , (3.7)

Here C ^ F  is defined by Table 1. The in (3.5) corres­
ponds to the pressure-type terra P(k) in (2.31) and (2.41),
and

r -S(i)U(2 )(k)A(k)|u(l)|2/|u(k)| if<*=l
F (P)
Fi . (3.8)

L S(i)U(1)(k)A(k)|U(1) | 2/|U(k) | ltd =2

If the source term ^(k)UCk) is introduced into (2.31), 
(3.5) becomes

4 Xi = -CVi->£>X1 + 7 1 AijmXjXm + FiP) • <3'9>
J»m

Here yf̂=M.(k) which is zero at high wavenumbers.
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Similar to the three-dimensional case, by classical me­
chanics all possible dynamic states of the one-dimensional 
turbulence, or all possible (X^i^O), constitute a phase 
space. The Liouville equation for the probability distribu­
tion P in the phase space is

| |  C  (E + L (p))P = 0 , (3.10)

where
E = - £ (  (>?i“>i)ax7Xi “ y ^ AijmXjXmax: ) » (3.11)

l j,m 1

f(P) _ Y"7 ^~ / y ax± ri . (3.12)

According to a Langevin-Fokker-Planck model similar to that 
in Chapter I, we have

& j m xjxn. + FiP) - + fi <3-13>

and E + E (P) ^  L (f) , (3.14)
here

E = " X I  7 i ^ X " Xi + ) (3.15)
i i

is the Fokker-Planck operator, corresponding to the Langevin 
equation

-cTtxi = - 7 l Xl + fi ’ Ji ■ *i+ yi- K  ■ (3-ls>
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The in (2,13) and (2.16) is a random force of the type of 
white noise. For the inertial-range, yf̂ = >^=0, we have

(3.17)

For a stationary one-dimensional turbulence, the Liou­
ville equation can be written as follows

( L (f) + (Z + L(p) - E(f)) ) P = 0 . (3.18)

According to (3.13) (3.14), ( L + L ^ - L ^ f ̂ ) is to be consider­
ed a small perturbation operator. Hence the approximate so­
lution of (3.18) at zero order, denoted by satisfies

. L (f) P (0) = 0 . (3.19)

Eq. (3.19) is Fokker-Planck equation, its solution is the 
Gaussian function (1.18). Let

P = P (0) + P (1) , (3.20)
similar to (1.20) we have

£(f)p(D = ^(L+L(P).L(f ))p(°) _ _(l + L (p ))P(0). (3.21)

In Appendix C we have proved that L^p ^P^°^=0, so (3.21) 
becomes

L (f) P ^  = -L P (0  ̂ . (3.22)

Similar to the derivation from (1.20) to (1.23), we have
v2r v y v* v A. • X.X.X

=  [i 2J5..?- j m ip ^  . (3.23)
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3 . 3 .  E n e r g y  e q u a t io n

Using the Liouville equation (3.10)-(3.12), we have

4t(Xl > = / Xi(l?)rl<1Xn = =

- -2(yi - V < x?> + - R c (p)pn d x n .
(3.24)

From (2*9) (2.16) (3*1) and (3.3), we have
2E(k) - EXx'> -2 (xi> (3-25)

rt-i
Substitute (3.25) into (3.24), we have (neglecting )

+ 2V(k))E(k) - ~f(£[ 4) E 'P)pndZn .
(3.26)

In Appendix C we have proved that the last term of (3.26) is 
zero, so

% t  + 2^ k ))E(k ) = ^ A i .m <XiX.Xm)  . (3.27)

Using probability distribution (3.23), (3.27) becomes

(̂ fc + 2V(k))E(k) = T (k) , (3.28)

T(k) . ^y7 AijmCAi,imE(p)E(r)-fA,imiE(k)E(r)+AmijE(k)E(p))
7± + % + %

(3.29)

Using an integral to approximate the summation, by (3.6) 
and (3.7) we can prove the following formula for a continuous



55

function f(k,p,r) of k,p,r:

V^f(k,p,r)A±JmAij.m ^  / f(k,p,k-p)dp , (3.30a)
jTm “/—

f*°°T^f(k,P,r)Aij.mAjmjL —  “ TT/ f(k,P,k-p)pdp , (3.30b)

f(k,p,r)AjLjmAmij 4^ — / f (k ,p » k-p) (k-p)dp . (3.30c)
,.m o°

Substitute (3.30) into (3.29), we have 

+B>
T(k) = I

■"I M

k2E(p)E(r) - kpE(k)E(r) - krE(k)E(p)
dp , (3.31)

7 7 ( k ' )  +  I d ) j . 7 Z 7 tO
-CO 9^(k) + ^(p) + ̂ (r) 

with k=p+r.
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3.4. Energy transfer function

The energy transfer spectrum function T(k) given by
(3.31) can be written as

+ <» +«>
T(k) = J~dpf~dr S*(p,r;k) , (3.32)

-CO -oO
* _  kE(p)E(r)-pE(k)E(r)-rE(k)E(p)

S (p,r;k) = ko(k-p-r)-  . (3.33)
^(k) + ^(p) + ^ ( r )

In order to see the physical meaning of (3.32) more 
clearly, it is convenient to work with positive values only. 
So we rewrite (3.32) as follows

r°° r°°T(k) = j  dp /dr ( S*(p,r;k)+S*(-p,r;k)+S*(p,-r;k)
0 ° \+S (-p,-r;k) J  . (3.34)

*For positive k,p,r, S (-p,-r;k)=0, so we have

JX> O0 ^
T(k) = /dpJ dr S(p,r;k) , (3.35)

o o

S(p,r;k) = S*(p,r;k)+S*(-p,r;k)+S*(p,-r;k) . (3.36)

Their physical meaning is that S(p,r;k)dkdpdr gives 
the rate of energy transfer into modes (k,k+dk) due to the 
nonlinear interaction between modes (p,p+dp) and (r,r+dr) 
with the constraint k=p+r. It can be proved that

S(p,r;k) + S(r,k;p) + S(k,p;r) = 0 , (3.37)

which expresses the detailed conservation of energy for the
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microdynamic processes.
The energy transfer function is

.00

ri O O  = 'J* dk*T(k') . (3.38)
k

From (3.35) (3.36) (3.38), after long manipulation, we have

£E(p)E(r)-pE(£)E?^rE(£)E(p) n(k) = 2  / dp / dr £ ---------=--------    , (3.39)-■A/I
-k p 

with £=p+r. Here

)

p = max(p, k-p) . (3.40)

In the inertial-range the energy transfer function PUk) is
independent of k, and is equal to the energy dissipation
rate £ =2/V(k)E(k)dk, therefore 

Jo

„ kE(p)E(r)-pE(k)E(r)-rE(k)E(p)
k i — ■■■ ■■■!     ■■■

p* +
r r= 2 j dp J dr k ■—  ■ .... - ■■ — L:--------  , (3.41)

with k=p+r.



3 . 5 .  T he " r f  e q u a t io n

The validity and error of the perturbation solution
(2.31) depends on the1'Smallness-*' of the operator (L+E^p ^- 
-(f)L /), and,thus on the validity and error of the appro­
ximation (3.13). We treat ^  or ^  in (3.13)-(3.16) as 
optimum control parameters to minimize the error of the 
approximation (3.13). The ’optimum* is interpreted in the 
mean-square sense, i.e., we choose or in such a way
that

XI i Hvj vf1p)-(- >iV f ) (3-42)
i j ,m

is minimum. According to the structure of F.j?p  ̂ given by 
(3.8), there is no correlation between F^P  ̂ and due to 
the randomness of A(k). Moreover ^(F^p ^)2^ is independent 
of £ Hence .the minimization of (3.42) leads to

■ * £
Bi j m ^ Ajim+ % i Amij”  ̂ 7m^Aijm ) ^  ^

t e  E ( k ) (  7 i +

Bi jm A ijmE(p)E(r)+AjmiE(k)E(r)+AmijE(k)E(p) ^ * (3.44)

Similar to (3.30), we can prove that
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By uing (3.30) and (3.45), similar to the derivation 
from (3.29) to (3*31), (3.43) becomes

<7f(P)
?^k)E(k) = I dp -------- --------------  |kpE(r) (E(k)-E(p))

■loo (-y(k)+̂ (p) + 'Y(r))2
+ k2E(p)(E(k)-E(r)) + p2E(k) (E(r)-E(p))] ,

(3.46)
with k=p+r.

Eqs* (3.41) {or (3.28) with (3.31)) and (3.46) form 
a closed set of integral equations for two unknown functions 
E(k) and *^(k). As an application of this closed set of in­
tegral equations, in next section we will derive the Kolmo- 

—5/3gorov's k inertial-range spectrum (2.48), and calculate 
the corresponding Kolmogorov constant theoretically.



3*6, Kolmogorov law and Kolmogorov constant
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Following the same procedure of Section 1.9, we sup­
pose that in the inertial-range E(k) and Yj(k) have the form 
of power functions

E(k) = Akm and ^(k) = Bkn . (3.47)

Substitute (3.47) into (3.41) and (3.46), and we obtain

4 + 2m - n = 0 and 3 + m - 2n = 0 . (3.48)

Hence m=-5/3 and n=2/3. Let A^Kog2^3 and B=D£”̂ 3 , so that
(3.47).becomes

E(k) = K o ^ /3k"5/3 , (3.49)

•^(k) = D ̂ ^ 3k 2^3 * (3.50)

Eq. (3.49) is the Kolmogorov's inertial-range law.
Substituting (3.49) .and (3.50) into (3.41) and (3.46), 

and then calculating the two resulting integrals by numeri­
cal method, we have

D/Ko2 = 2.05 , D2/Ko = 0.68 . (3.51)

From (3.51) the Kolmogorov constant is

Ko = 0.55 , (3.52)

which is in good agreement with the results of the numerical
experiments reported in Chapter II (which gives that Ko 
ranges from 0.5 to 0.65). The success of the variational 
approach to the closure problem is encouraging. -



CONCLUDING REMARKS

We proposed a new (variational) approach to solve the 
Closure problem of turbulence theory in an Eulerian frame­
work. By this approach,.. starting from the first principle
of the statistical mechanics, we derived the Kolmogorov 
—5/3k inertial-range spectrum and evaluate the Kolmogorov 

constant.
The Kraichnan#s DI approximation deals with multi-time 

correlations. Its Eulerian formulation meets divergence dif­
ficulty and is unsuitable for deriving Kolmogorov law. The 
variational approach proposed in this thesis deals with 
single-time correlations only , so it can - solve the closure 
problem in an Eulerian framework and implies the Kolmogorov 
law.

The Edwards and McComb's entropy method is also an Eule­
rian closure approximation and implies the Kolmogorov law, 
but gives a poor value of Kolmogorov constant. Its underly­
ing -physical idea is questionable because they apply the 
principle of maximum entropy (which is valid for an isolated 
system at thermodynamic equilibrium) to a system that is 
far away from thermodynamic equilibrium and interacts with 
its surroundings.

Actually we need not appeal to another physical prin­
ciple. The correct way to find another proper equation for 
q and 'Yj should be intrinsically related to the LFP model it­
self as well as the essence of the That is the method we
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have used in this thesis.
At present we have no formal proof of the conver­

gence of the perturbation method introduced in Section 1.4.
A relevant problem is the possibility of the perturbation 
solution (1.23) being negative when the modal parameter Xi 
is very large. It is similar to the situation in the Chap- 
man-Enskog nonequilibrium theory of dilute gases, where the 
probability distribution of molecular velocity (obtained as 
the perturbation solution of the Boltzmann's equation) has
a form similar to (1.23) and also becomes negative when the

39 40molecular velocity is very large s . We know that the 
Chapmann-Enskog nonequilibrium theory is a quite satisfacto­
ry one for the transport phenomena of dilute gases and is 
confirmed by experiments. In our opinion, there are two
reasons why we can use the perturbation solution (1.23) as 
an approximation of the exact probability distribution des­
pite its possible negativeness. First, the probability of 

being large is small. Second, the two perturbation terms 
in (1.23) are the summations over all modes, and the number 
of modes is infinite; due to the law of large number of 
probability theory, the probability of the two perturbation 
terms being large enough becomes much smaller. Therefore, 
although we cannot exclude the 'events' which make the per­
turbation solution (1.23) negative, the measure of the set 
of these 'events' in probability space is very small or 
nearly zero, therefore their contribution to the statistical 
properties of turbulence can be neglected.



63

The argument, which leads Kolmogorov to propose the
/o • /\k” law for the inertial-range spectrum of turbulence ,

is so general that it is logical to expect that the Kolmo- 
—5/3gorov's k law is valid despite the dimensionality of 

turbulence. Unfortunately the commonly-used one-dimen-
m m Osional model of turbulence (the Burgers turbulence) has k

—5/3inertial-range spectrum instead of k ' . Hence two ques­
tions arise. The first one is: what is the essential dif­
ference between the Burgers equation and the Navier-Stokes 
equation which leads to the different inertial-range spec- 
trums. The second question (which is more challenging) is:
how to find a proper one-dimensional model of turbulence

—5/3which has the Kolmogorov's k inertial-range spectrum.
We hope the research reported inCChapter II can help to an­
swer the two questions.

The numerical experiments reported in this thesis con­
firm the vital role of the pressure term in hydrodynamic 
turbulence. The advection term builds up the correlation 
between modes and reduces the chaos of the flow field, and' 
finally all modes are precisely locked in phase over the en­
tire spectrum. The nonlinear interaction of advection alone 
can not generate turbulence. The pressure term acts as a 
high-frequency conservative random force to limit the build­
up of correlation between modes and to destroy the spectrum-
wide phase locking, finally leading to a turbulence with

—5/3Kolmogorov's k spectrum for the inertial-range.



In the author's opinion the difference between Burgers 
equation and the Navier-Stokes equation is more interesting 
than their similarity. It is significant to have a one-di­
mensional model of the Navier-Stokes equation, which yields

—5/3Kolmogorov's k inertial-range spectrum. In this thesis
we are successful in proposing such a one-dimensional model. 
Of course it is not the unique and best one-dimensional 
model of turbulence which has a Kolmogorov-type inertial- 
range spectrum. The numerical experiments on this one­
dimensional turbulence provide an opportunity to test va­
rious approaches to the closure problem of turbulence theory 

We used them to test the variational approach proposed 
in this thesis and showed that the success of the varia- 
tional approach is encouraging, as mentioned in Chapter III.

It is advised to consider the one-dimensional model 
(2.31) or (2.43) a purely mathematical model of hydrodynamic 
turbulence. It is not recommended to transform the one-di­
mensional model (2.31) into (t»x) space and to extract the 
'physical meaning' of the resulting equation. The most im­
portant thing is that the model (2.31) can similate the es­
sential feature of the cascade transfer of energy in a tur-

—5/3bulence and has a Kolmogorov's k inertial-range spec­
trum.

Our numerical experiments are over a wavenumber range 
of 50—100. Of course nowadays computers allow us to do nu­
merical studies of the (3-dimensional) Navier-Stokes equa­
tion over a wavenumber range of almost the same order and a
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numerical study of the Burgers equation over a wavenumber 
range of thousands. But the numerical study of the Navier- 
Stokes equation over a wavenumber range of the same order 
(e.g. 32) could hardly provide any significant information 
on the inertial-range dynamics of a turbulence. For our 
numerical experiments the wavenumber range of 50-100 is wide 
enough to produce an inertial range containing enough ex- 
perimental data to indicate whether the spectrum is k or
—5/3 ^c/ok~ and in the case of k"~ to obtain a quite accurate 

Kolmogorov constant.
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APPENDIX A. MODAL PARAMETERS AND MODAL DYNAMIC 
EQUATIONS

The Fourier components u^(k) are not independent, be­
cause of (1.4). In order to define independent modal para­
meters, we introduce two orthogonal unit vector, n^(k) and 
n2 (k), in the plane perpendicular to the wavevector k, so 
that n^k), n2(k) and n3 (k)=(sign(k3 )/k)/k form a right- 
handed orthonormal triad. The factor sign (kg) makes ^ ( k )  
always point upwards. Let

so nai(k ) is the ith component of vector na (R), it is easy 
to prove the following formula for n .(k),

311- "*

(afterwards the indexes a,b,c are restricted to take value 
1 or 2 only)

(A. 1)

(A.2)

n 3i(-)ui (-) = 0 (A.3)

(A.4)

(A.5)

(A.6)

Let
(A.7)

therefore
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u±(k)= Va(k)nai(k) . (A.8)

Using (A.5) (A.7) and (A.8), the Navier-stokes equation 
(1*1) becomes

<StW I '2 > V S ) - -1HH P ab o (£*S.E)<^>p+rVb (P)vc (r) , (A.9)
P »£

where

" § <V a d (S,+kf a m ^ ))nbJ(E>ncn(E) • (A-10)

From (1.4) (A.2) and (A*7), we have

va(k) = V*(-k) . (A.11)

Hence V (k) are not independent. Let V^^Ck) and V^2^(k)
c l  •“  S  •  SL —

be the real and imaginary part of V (k) respectively, then
SL "

(A.11) means that

vj^Uc) = v ^ 1)(-k) , V<2)(k) = -Va2)(-k) . (A. 12)

Introducing V (k)=vf^+iV^2  ̂ into .-(A.9), we have
Si “  SL. SL -*-• .

4 +J/k2) V ^ ( k )  = B ^ c(S,P,£)^,'fkiP„ v f  (PlV^lr) f
E*E

(A.13)
where the is defined by the Table 1.

The discrete countable wavevector ' k', component index 
•a' and real-imaginary-part index are lumped together 
to form a single index 'i * in the following way
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i = (d9 a, k) , -i = ( oi, a, -k) , (A. 14)

i > 0  if (kg >0) or (k2 >0, kg=0) or ( ^ > 0 ,  k2=kg=0) .
(A.15)

The new modal parameters X̂  ̂ are defined as follows

X± = S (i)V^}(k) , (A. 16)
V

where
S(i) = -1 if (i<0,o<=2), otherwise S(i) = 1, (A.17)

thereby we have S(i)S(i)=l. By using (A.14)-(A.17), Eq.
(A. 13) becomes 

d
=+ji'Ai - 1 

,m
2where V^=yk , and

“ijm - HS(i>a(J>s(">pabc(S»E.r)<^,X , E+r • <A -19>

According to (A.14)-(A.17), Eq.(A.12) is equivalent to 

X_± = X± , (A. 20)

therefore (X.̂ , i^O) forms a complete set of independent 
real modal parameters of turbulence. From (A.18), the dyna­
mic equation for the independent real modal parameters are

CO OQ

^ + Vi)Xi = Y, X AljmXjXm ■ J I A±JmXJXm • <A ‘21>
j=0 m=0 j ,m

where
A. . = M. . +M. . +M. . +M. . . (A.22)xjm ijm ij-m i-jm i-j-m
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Some useful properties of M . . are1 jm

M. . = M. . , (A.23)ijm lmj *

M . . = M. . , (A.24)ijm

M ± = 0  if any two of i,j,m are equal . (A.25)

From (A.19) (A.22) and (A.23)-(A.25), we can prove that

A. . = A. . , (A.26)ijm xmj *

A ijm = 0 two °f i *^»m are e<3ual • (A. 27)

Do not confuse the indexes i,j,m in (A.14)-(A.27) with 
those in (2.1)— (2.4) and (A.1 )-(A.13).
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APPENDIX B. IMPORTANT FORMULA FOR A . .Ijm

All the formula, heeded for the derivations in Sections 
1*7 and 1.8, are given below. Their detailed derivations 
are too long to be listed here. Suppose f(k,p,r) is any 
function of k,p,r, by using the formula in Appendix A and 
the Table 1, we can prove the following formula

F ! f ( k ,P,r)AijmAjim = - C ^ f ( k , p ,r)J3(k ,p , r ) ^ p +£ , (B.l) 
3 ,m p,r

V f ( k , p , r ) A ijmAmiJ = -cVf(k,p,r)J3(k, r , p ) ^ p+r , (B.2) 
J,m p,r

V f ( k , p , r ) A iJmAijm = +Cy^fCk,p,r)J1(k.p,r)^fP+r , (B.3) 
J»m p,r

= -5^f(k,P,r)J3 (p,r,k)^ p+J; , (B.4) 
J *m p,r

JJfCk,p.r)AjlmAjlm = ^ ^ ( k . p . r ^ p . k . r ) ^ ^  , (B.S) 
J »m p,r

— 1 2 3where C=^H and H=(2ft/L) , J1 and J3 are the same as used by
1Kraichnan .

J3(k,p,r) = J3(p,k,r) = 2kp(xy+z3) , (B.6)

J3(p,r,k) = J3(r,p,k) = 2pr(yz+x3) , (B.7)

J1(k,p,r) = J3(k,p,r) + J3(k,r,p) , (B.8)

J^p.k.r) = J3(p,k,r) + J3(p,r,k) , (B.9)



where
2 2 , 2  2 , 2 2  2 2 2  p +r -k r +k -p p +k -r

x = ----------  , y = ■ ---    ■ , z =    (B. 10)
2pr 2kr 2kp

are the cosines of three angles of the triangle with sides 
k, p and r. Kraichnan et al use the geometrical factor 
b(k,p,r) to express J3(k,p,r),

2 P qJQ(k,p,r) = 2k b(k,p,r), b(k,p,r) = — (xy+z ) . (B.ll)
3 k

When the-cubic box, introduced at the beginning of 
Section 1.1, becomes infinitely large, i.e., when L-*oo , 
the summation in (B.1)-(B.5) becomes integrals, and

(l/H)^>p+r---> <S7k-p-r) , (B.12)

here Six -p-r) is Dirac delta function. The transform of 
the bipolar integral is

A
f(k,p,r)^(k-p-r)dpdr = (2#pr/k)f(k,p,r)dpdr ,

(B.13)

here A  indicates that the integration is restricted to the 
following infinite slot in the first quarter of the p-r 
plane ,

A  : (r ̂ -0, Ik-r|^p^|k+r0 or (p ̂ 0, lk-p|<r^|k+p|) . (B.14)
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APPENDIX C. PROPERTIES OF

The operator l/p  ̂ defined by (3.12) corresponds to the 
force f |p  ̂ given by (3.8). The force F^p  ̂ has the following
important property

V x .
L x  1

f!p) = 0 . (c.l)1
u=i

From (2.9) and (3.3), we have
2

£(k) =  x ±  * (c*2)
o(=l

The physical meaning of (C.l) is that any function of the 
modal intensity e(k) is a constant of motion for the force 
f|p .̂ Hence the operator L^p  ̂ has the following properties

L (p^F(e(k)) = 0 , (C.3)

/ F(e(k) )l/P P̂| |dXn = 0 . (C.4)

where F(e(k)) is any function of the modal intensity e(k) 
and P is the probability distribution. As special cases 
of (C.3) and (C.4), we have

^(p)p(O) = 0  ̂ (C.5)

Ĵ i(k)L(p)pridxn = j L(p)PridXn = 0 . (C.6)



otfiTTable 1. Definition of C '

x  f r dT
  -  —    <   —   —  - -  -----------

1 1  1 0

1 1 2 1

1 2 1 1

1 2 2 0

2 1 1  -1

2 1 2  0

2 2 1 . 0

2 2 2 1
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Table 2 Parameters for numerical experiments of 
Eq.(2.26) (Fig. 1-4)

Run
No.

T ... , Cut-off 
ni ia wavenumber 

condition kc
Energy sink

>d n V

Time
step
At

1 Eq.(2.27) 50 0.2 3 40 0.005

2 Eq.(2.28) 50 0.2 3 40 0.005

3 Eq.(2.29) 50 0.2 3 40 0.005

4 Eq.(2.30) 50 0.2 3 40 0.005

5 Eq.(2.27) 50 0.25 2 30 0.005

6 Eq.(2.29) 50 0.25 2 30 0.005

7 Eq.(2.27) 100 C\J.O 2 60 0.0025

8 Eq.(2.28) 100 0.2 2 60 0.0025

9 Eq.(2.29) 100 CM•o 2 60 0.0025

10 Eq.(2.30) 100 o • ro 2 60 0.0025



Table 3. Parameters for numerical experiments of Eq.(2.43) (Fig. 5-8)

Fig.
No.'

Initial
Condition

Cut-Off
wavenumber

kc

Energy
source
CO

Energy

n

sink

kd

Interval 
of time 
average

Dissipa­
tion rate

e

Kolmogorov
constant

Ko

5 Eq.(2.28) ' 80 7f/2 0.2 2 50 10-60 0.470 0.60

6 Eq.(2.28) 50 7ft2 0.1 3 40 10-60 0.451 0.63

7 Eq.(2.28) 50 1 0.1 2 30 10-110 0.645 0.58

8 Eq.(2.49) 50 0 0.2 2 30 10-60 0.457 0.61

(The average amplitude of A(k) is /2 for Fig. 5-8)



-J __________ I__________ I__________ I
2 3 4 5

Time variation of total energy
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e(k)

Run 1 or 2 or 3.or 4

10

Numerical

law
10 Fig. 2. Modal intensity of* final 

steady state of 'laminar 
flow1

2 105 20 50



i(k)

Run 5 or 6

10

Numerical

law

Fig. 3. Modal intensity of final 
steady state of 'laminar 
flow'

10

2 5 10 20 50
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Run 7 or 8 or 9 or 10e(k)

10

10

Numerical

law

Fig. 4. Modal intensity of final 
steady state of 'laminar 
flow'

-410
10 205 50 100



eu

E(k)

Numerical

• •
Fig. 5. Energy spectrum of

one-dimensional turbulence • •

2 5 10 20 50



E(k)

10-1

10-2

• •

• ••••
• ••••

Fig. 6. Energy spectrum of
one-dimensional turbulence

10-3
10 20 50



E(k) r T T r

10-1

10-2

Numerical

10-3

% • •
v .

--------  k'5/3 law

Fig. 7. Energy spectrum of
one-dimensional turbulence ‘

10 20 50



E(k)

5

2

5

Numerical • •

Fig. 8. Energy spectrum of
one-dimensional turbulence

2 5 10 20 5 0
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