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CHAPTER 1

INTRODUCTION



This dissertation concerns itself with the
generation of nuclear energized radial pulsations in main
sequence population I stars. This is to be distinguished
from previous non-linear model calculations where the
pulsational dfiving sources were discontinuities in the
stellar opacity (i.e. ionization zones). Until recently
the only studies of nuclear energized pulsations were
done with linearized theory (Schwarzchild and Harm, 1959;
Stothers, 1968; Stothers and Simon, 1968; Simon and
Stothers, 1969).

There are basically three areas in which a linear
analysis of nuclear driven pulsations will supply
useful information:

(1) whether small perturbations will grow or damp
and their rate of growth or damping;

(i1i) the pulsational period of the fundamental mode
and, with some additional patience, the overtones;
(iii) a relative radius amplitude distribution for
each of the modes.

Interpretation of the information supplied by a
linear analysis is limited by the following considerations:

(1) If the analysis indicates the models are
pulsationally unstable, it is not known whether, in
fact, non-linear effects will quickly limit the
pulsational amplitudes, allow them to grow or even

invoke some mechanism (e.g. mass loss) that will cause



the pulsations to damp.

(ii) For large amplitude pulsations, the period may
be other than that indicated by the linear theory.
(iii) The linearized relative amplitude distributions,
are not necessarily adequate representations of the
distributions for large pulsations. It is fruitless
to attempt to relate a normalized spatial distribution
to observational parameters. '
(iv) The region in which linearized theory is valid
may correspond to exceedingly small amplitude
fluctuations (Simon, 1970a and 1970b), which in turn
would correspond to nearly unobservable pulsations

in real stars.

In addition to the unreliability of the
information supplied, there is a great deal of important
information unascertainable from the linear analysis. A
detailed knowledge of factors such as surface velocity,
surface luminosity and mass ejection rates are necessary
in order to adequately compare stellar models to actual
stellar objects. It is only with a complete non-linear
treatment that one can substantiate proposals such as the
recent one of Stothers and Simon (1969) indicating that
p Cephei variable stars are undergoing nuclear energized

pulsations.

In addition to the foregoing consideratiomns, our



non-linear investigation of nuclear energized pulsations
was prompted by an unpublished study of the luminosity
functions of very young stellar clusters conducted in 1968,
An abbreviated summary of this study is given in APPENDIX
E. It indicates a very sharp cutoff of young, spectral
type 0, main sequence stars at about bolometric magnitude
=10, corresponding to a mass of 70 Mo' The study indicates
that at least 9 superluminous objects should be present
out of some 280 stars studied in one of the samplings.
In fact, none were present in any of the samplings. The
lack of objects beyond the cutoff magnitude must be
attributed to non-genetic effects such as pulsational
instability. It is interesting to note that Schwarzchild
and Harm (1959) found that main sequence stars above
60 Mb would be unstable against nuclear energized
pulsations. What is even more interesting, is that
Schwarzchild and Harm's linear analysis employed electron
scattering as the sole source of opacity, which leads to
a cutoff mass that is too small by roughly a factor of
two (Ziebarth, 1970). The discrepancy between revised
theory and our luminosity functions may be resolved by
recent OAO and rocket observations indicating that the
bolometric corrections for the more massive stars in the
1968 study were underestimated by anywhere from 4 to 1
full magnitude.

Although in the above instance linear theory

accounts for the observational cutoff, it gives us no



clue as to what sort of objects young supermassive stars
become. This problem may only begin to be approached

after developing non-linear techniques.

A full non-linear hydrodynamic treatment has
been successfully employed in studying stellar pulsations
driven by ionization layers in connection with models of
classical Cepheid and RR Lyrae variable stars (Christy,
1964, 19§6a, 1966h, and 1967). However, the problem
posed by nuclear energized pulsations in massive main
sequence stars differs markedly from that of the objects
Christy studied. The approach developed in this
dissertation is therefore quite divergent from that of
Christy. We employ a fully explicit numeric scheme, as
explained in chapter six, giving us exceedingly high
resolution in terms of following the time development of
our models. Several unique techniques were instituted in
the course of developing the computer codes as explained
later on in the text. In.éeneral the code was designed
to take full advantage of the high speed and extensive
core storage available on the IBM System 360 Model 95
computer at the NASA Institute for Space Studies.



TABLE 1.1

FREQUENTLY USED SYIMBOLS

NOTE: Values of all constants are taken
from ASTROPHYSICAL QUANTITIES
' by C.W. Allen
second edition, 1963
Athlone Press, London



ALALUE OF CONSTANTS

SYMBOL QUANTITY (in CGS units)
a radiation constant 7.56h1-10'15
a, ez/hcz, classical electron 2.81785-10"13

radius
p ratio of gas pressure to
total pressure
10
c speed of light 2.997929-10
Cq viscous coefficient
€ nuclear energy generation
. rate per unit mass
G universal gravity constant 6.673°10"'8
Y ratio of specific heats
[3 adiabatic exponents, see
: I%, Chandrasekhar (1957}
102k
H proton mass 1.67333°10 )
X Boltzman Constant 1,38046-10716
e opacity
g b,rr/3H-a°2(1+x), electron
scattering opacity
Lr luminosity at radius r
(rate of energy flow)




solar luminosity
mass with radius r
solar mass

mean atomic weight
total pressure
artificial viscosity
radius

solar radius
density

entropy
temperature
optical depth
velocity

hydrogen abundance
C N O abundance
helium abundance

"metallic" abundance

3.90.10°3

1.989.1023

6.9598.10%0




CHAPTER 2

STELLAR STRUCTURE
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The laws governing the structure of a star in
hydrostatic and thermal equilibrium may be expressed by

the following equations (Schwarzchild, 1958, p. 96):

GM
dP
& = ..f:zE (2.1)
dM
dL
a}_‘_l_‘_ = hﬂr?fg (203)
aT _ _le..lsgf__é.l'r (radiative)
dr bal o3 ) op
(2.4)
%% = (1 - l) % %% (convective)

Oy

The first two differential equations are simply the
conditions for hydrostatic equilibrium. The third is the
thermal equilibrium condition. The fourth and fifth
differential equations are two alternative forms for the
energy transport condition.

It is well known that if the actual temperature
gradient of a region in a star's interior is less steep
than the adiabatic temperature gradient, this region will
be stable against small scale (convective) motions

(Clayton 1968, p. 2543 Schwarzchild 1958, p. 4Lk4).
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dT ' dT
&) a2
I(dr star| < ' (dr) ad|

Since stellar temperature gradients are generally
negative the condition for convective stability of a layer
may be expressed as:

(%-})Sta? (- %‘2> 5 (§) (2.5)

If a stellar layer is composed of a non-degenerate
convectively stable gas the mode of energy transport
through the layer will be by radiative diffusion (op.
cit.). Thus the first energy transport equation would be
the appropriate one.

If the assumption that the mode of energy transport
at a layer is radiative transfer leads to a superadiabatic
temperature gradieﬁt, we must surmise that the layer will
become convectively unstable and convective energy
transport becomes important. It has been shown (Chandrasekhar,
1957, p. 225) that in a convectively unstable core the
temperature gradient may be considered approximately
adiabatic to obtain a fairly accurate estimate of the _mwi
energy transport. In this case it would be appropriate to
use - -the second energy transport equation.

To solve the above mentioned system of differential
equations it is necessary to introduce several subsidiary

conditions:
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P

€

= r((j;,T,X,Y) relations for determining opacity

P(P,T,X,Y) equation of state (2.6)

E{P.T,X,Y) a set of equations for energy generation

It is to be noted that in general the above three
parameters depend on the thermodynamic variables and the
stellar composition.

All that remains to solve the above system of equations
is the specification of boundary conditions.

Physical continuity dictates that at a star's center

r=0,M =0, L =0

The surface boundary conditions may not be as readily
fixed. Since we are not primarily interested in equilibrium
models we will save our consideration of surface boundary

conditions until we discuss dynamic stellar models.



CHAPTER 3

STELLAR PHYSICS
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3.1 STATE OF STELLAR GAS

It is customary to treat the state of the
interior of a massive main sequence star as that of a
totally non-degenerate completely ionized gas. Since the
temperature everywhere up to the surface is well above
IOA(DK and the density from the center out well below
10 gm/cm3, the assumption of non-degeneracy is obviously
Jjustified.

At temperatures above 106 © K helium is double
ionized even at densities well above those occurring
in our models. There are two areas of consideration
where our assumption of complete ionization must be
examined. Firstly, we must consider the extent of ioniz-
ation of our major constituents (hydrogen and helium) in
the relatively low temperature region near the surface.
Secondly, we must consider the degree of ionization of
heavier ("metallic") elements throughout the star.

The lowest photospheric temperatures we achieve
in any of our models is in the vicinity of lw-lOZ+ k.
However, the corresponding photospheric density is of
order of magnitude 10_9gm/cm3. It has been shown (Simon,
1970a.) that in this temperature density domain all
hydrogen is completely ionized and in excess of 0.99
of the helium will be completely ionized, with the

remainder being singly ionized.



In general, in the outer regions of our models
the metallic elements are only partially ionized, but,
because of their low abundance, assuming total
ionization will not affect the thermodynamic properties of
the gas as a whole. The fact that some of the metallic
atoms are only partially ionized plays an important role
in determining opacity, and will be treated later.

The foregoing discussion has convinced
us that it is valid to treat the equation of state for
a massive main sequence star as that of an ideal gas.
However, since the radiative flux is so great, we must
take into account pressure due to the radiation field.

Therefore

=p = K 2
P =Puas + Prag = s FT + BTJ+ (3.1)
and for a completely ionized gas:

Z

j-

= 2% + %Y’+

i

(Schwarzchild, 1958, p. 54); substituting 1-(X+Y) for Z

= (1 + 3K + 3Y) (3.2)

e

In computing equilibrium models, P is
calculated by use of the structure equations with values

of the variables in the preceding zone (See Sec. 4.1).

15
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T is calculated in a similar fashion. The equation of
state (3.1) is then used to calculate Ji.

In computing pulsational models the equation of
state is made use of in a different manner. The variables
brought forward in the time integrations are r, v, and
S. We now define f ass

pe== &

bar<
We have derived (APPENDIX B) the following

expression for S.

3/2 3
S =F’§,1n(-"-'7/-) + § 37?— (3.4)

(where we have set const = 0).

Equation (3.4) is now solved implicitly for T

using a Newton-Raphson iterative procedure until
$T/7<10"12, P may now be found directly from
equation (3.1)

Summarizing, in the equilibrium schemes we use
the equation of state to determine j’, having
determined P and T as variables of integration. In the
dynamic schemes, we determine f and S from the variables
of integration. Utilizing the temperature and density
dependent expression for S along with the equation of



state we determine T and P,

17
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3.2 NUCLEAR ENERGY GENERATION

The source of nuclear energy generation in massive
(>10M,) main sequence stars is assumed to be conversion of
hydrogen to helium (hydrogen burning) by the Carbon-
Nitrogen-Oxygen Bi-Cycle (Stothers, 1969), The reactions

involved in this process may be represented as follows:

12 1 13
> C H N 4
* s * (3.5)

i3 _— ¢ o+ et o+ VW
13 _— Nlh + Y
AN 8 Sy -

015 —_— N15 + et 4+ pV
i

cl?2 4 pek

ol6 Y
|

1-9016+H1-%F17+Y

F17  — 017 + et 4+ v

017 + H

—_— qlh + Heh

The following energy generation formula for the above
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reactions is obtained from Reeves (1966)

- 1027 ‘m=2/3
exp (-152.31Tgl/% ergs/sec

where: th = fractional mass abundance of Nlh
X; = X = hydrogen abundance

T6 = temperature in units of 106 degrees Kelvin

f:“"1 is the electron screening factor and is

given by:

f1,,0=1+ 1.75J>*/T62/3 (3.7)

and the correction term:

B =1+ 1073(312/3 - 412/%) (3.8)

At temperatures and densities that typically
occur in the interiors of the stars under consideration
(i.e. T6~10) it is readily seen that flh,l is slightly in
excess of unity while 14,1 is slightly less than unity.
Their product is well within 10% of unity throughout the
range of density and temperature values occurring in' those

regions of the stellar models considered where
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significant contributions are made to the nuclear energy
generation,

Since from the error figure indicated in the energy
generation equation we see that the reaction rates are
only determined to within 10%, it is questionable whether
anything is to be gained by inclusion of the correction
terms flh,l and glh,l in our calculations.

Furthermore, as indicated in Reeves (1965), xlﬂerNO
for the conditions present in the prime energy producing
regions of the stellar models under consideration. In all

models calculated it was assumed that:
X1y, = Xono = 2/2

where:
Z = the fractional mass abundance of all elements
present other than hydrogen and helium
(i.e. the "metal"™ abundance).
For initial calculations the following equation

was used:

= 7 ge103l p=2/3
€ono = 7-9°107713,, 1814, 2p%on0* T

exp(-15231T"1/3).

(3.9)

where flh,l and gla,l were determined as indicated above.

A representative sampling of the models calculated using
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this energy generation equation were recalculated setting
flh,l =81),1 = 1., Since no discernable differences were
noted between the original and recalculated models, most
of the later models were calculated with the energy

generation equation:

=

€ono = 7-9'1031.5”"ch~zo'1"'2/3 exp (-15231171/3) (3.10)

Xono Was taken to be Z/2 for all models discussed in

this paper. Furthermore, since typically ECNO is down by
six orders of magnitude from the value at a massive star's
center when one reaches the boundary of the convective
core, it was frequently assumed thét ECNO = 0 throughout
the envelope or some region of the envelope above some set
mass fraction (e.g. the mass fraction corresponding to

the equilibrium model's fitting point mass).



FIGURE 3.1

C NO BI-CICLE
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3.3 OPACITY

Many of the models constructed were done so
with the simplifying assumption that the opacity was due
solely to electron (Thomson) scattering. The remaining
models enjoyed a more thorough treatment of opacity and
shall hereafter be referred to as the "total" opacity
models.
ELECTRON SCATTERING OPACITY

As has been previously stated, the gas composing
massive stars is ostensibly completely ionized. The only
place where bound-free transitions may play a considerable
role is in the outer regions where we do not have complete
ionization of the metallic elements. For massive stars,
therefore, it is not unreasonable to assume that the
opacity is due primarily to Thomson scattering by free
electrons (Stothers, 1969).

The cross section for Thomson scattering may be

given as (Eisberg, 1961, pp. 493-98)
81 e 12
= 8ure (3.11)
Ve '}mczj

Since the opacity represents the total interaction cross

section per unit mass

Kep =Vl (3.12)

Ne
and: Ke = VEJ;

2L



but: N = %(1+x)§ (Schwarzchild, 1958, p. 58)
2
. -— L e 2 ‘.
therefore: = %ﬁ[;;§] (1+X) (3.13)
e2
Now == = a, is the classical radius of the electron
me

and takes on the value 2.81785-1013cm.
After evaluating all the constants
e, = 0.198766(1+X) (3.14)

Thus the value for electron scattering opacity
is independént of the physical state of the gas and is
composition dependent only to the extent of being a
function of the hydrogen abundance (i.e. it is independent
of Z, the metallic abundance).

The use of electron scattering opacity obviously
greatly simplifies the construction of stellar models.
However, when constructing the pulsational models the
region of greatest departure from electron scattering
corresponds to the region of maximum pulsational
damping. For main sequence stars, the effect of using
a more realistic opacity is to raise the critical mass

for sustained pulsations (Stothers and Simon, 1970).
"TOTAL" OPACITY

Christy (1966h fitted the following analytic

formula to some tables of opacity available at the time!
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re =P [ 541073y /0, + %1% (22001} & 2011
e ~° L L L 4

+ [L.5 Tf + 1*1;'1(1,.10‘3/1'15+ + 2-107 0y 131

)L+ 1.5(100 + 0.1 78)~1]

+ Y[(1.4°103T, + 70 )

4 b

£ L 5y=1
+ z[qf(zom 5T, + TLP) 171

where: Th is the temperature in units of 10h degrees
K, and V is the specific volume. Py is the electron
pressure. Christy's formula, when compared to the
widely accepted opacity tables of Cox and Stewart (1965)
agrees rather well in the temperature-density domain
corresponding to models of classical cepheids. However,
when this formula is applied to our models, disagreement
is marked, particularly in the high temperature range.
This is probably due to the fact that at higher photon
energies, Compton scattering must be used in place of
Thomson scattering. The first term in the above formula
reflects the temperature independent contribution of
Thomson scattering and does not extrapolate to higher
temperatures. In addition the form of the terms reflecting
bound-free metal absorption is quite temperature dependent
and is therefore only "locally" fitted in the formula.

In order to ovefcome these difficulties, several
revisions to the above formula were proposed to the

author by R. Stothers in 1969. The revised formulae were

(3.15)
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tested against the Cox~Stewart Opacity Tables for a
Cameron Mixture I (X = 0.739, Y = 0.240) gas. The
following formula as revised by Stothers was adopted

for use in our total opacity models:
e = P_[ 4.85-10723[,T, (1 + 2.2-107°T, )]t
e . ‘P l{, . ll—

b z.le)'l (3.16)

+ x{f(z-loé%

R <l , Ey=19-1
+ L4570+ 1,7 (4-1072/0)% + 2010 ‘*//)4) ] }

+ Y[ (141071, + Tf)'1+ 1.5(10% + o.mf)"lj

T2
5 L
+ Z<Tf[20T1+ + BSTA

+ 3802(2-2)0+33 (143)0-33 p0-33p 71371 7
where the electron pressure:

P, = N_kT = $(1+X) {fkT (3.17)

The results of checking the above formula against
the opacity tables for the region of interest are shown
in Table (3.1 ). It is to be noted that the .formula
consistently gives rise to values that are well within
the 30% accuracy range of the tables. A thorough
investigation of the behavior of a slight variant of this
formula has subsequently been made by Stothers and Simon

(1970). In their version of the formula, the coefficient
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TABLE 3.1

STOTHERS~CHRISTY OPACITY FORMULA
COMPARED TO COX-STEWART OPACITY TABLES

Values listed represent

Mstoth =~ MCox

Hbox
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4. 6l+107

0.008

??;;‘\<ii\ 10 1071 1072 1073 1075 | 107 | 10 10710
5,80+ 10% -0.186 | -0.063
g.12-10% -0.501 |-0.217 | -0.038
1.16-10° -0.352 |-0.184 | =0.007
2.32-10° 0.188 |=-0.271 | =0.050
5,80+10° ~0.097 | 0.153 | 0.002
§.12-10° 0.017 | 0.239 | -0.002
1.16-10° 0.125 | 0.096 | 0.000
2.32-10° -0.135 0.057 | 0.035 | 0.005
oo 614+ 100 ~0.020 0.073 0.033 | 0.012
1.16-107 0.028 0.010 0.007

0.010
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18 replaces the expression 38OZ(2—Z)0'33. Strictly
speaking, the two versions will produce identical
results only for models where Z~0.038, but the results
do not differ significantly for other values of 2

within the range tested by the author.



3.4 LUMINOSITY

In the region above the convective core the mode of
energy transport is assumed to be entirely radiative and
the luminosity may be calculated from the radiative
transport equation (Schwarzchild, 1959 p. 96)

L
dT == f¢. r (3.18)
R

We may state the luminosity in a form suitable for a

Lagrange formulation by noting that dr = er/Lﬂri)

L, = - (bmr?)? 52 %'ITvri:, (3.19)
The luminosity in the convective core is found in
a uniqﬁe manner. Since it was felt desirable to retain
continuity of coding scheme between core and envelope, it
was decided to solve for the core luminosity distribution
explicitly. If this is done, all other quantities in the
core and envelope may be found with identical equations.
In fact, there is no reason to distinguish core from
envelope, except when considering luminosity. For
purposes of determining energy transport in convective
cores it is customary to approximate the temperature

distribution as adiabatic (Chandrasekhar, 1957, p. 125).
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%ﬁ = (1 - -%2-) %%ﬁ (3.20)

Assuming a more realistic temperature distribution
will probably change luminosity of the models considered
in this paper by less than 10% (Boury, Gabriel and
Ledoux, 1964). It is felt that a more realistic
treatment of convection is unlikely to qualitatively
affect any of the reults herein. The not inconsiderable
complications introduced by detailed description of
convection shall await future consideration along with
other planned refinements. In addition it is assumed
that the boundary of the convective core retains its
identiti, an assumption that is justifiable when
considering that typical mixing times are much greater
than the pulsational perieds for the models considered
(Boury, Gabriel and Ledoux, 196L4).

Equation (3.20) can be restated quite simply as

dsS _
=0 M=M;onvec. (3.21)

Taking the spatial derivative of ‘each side of.equation
(5.2 ) we have
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g% _ a4 J1 .. gL
didt ~ dM T dM

but in the convective core
am( ) = a-( ) =0

, .
d-L 1 4T dL
{éﬁ - ;ﬁ'aﬂ'<ﬁf' mp =0

2 £

L _ (L L, [dT j] -0 (3.22)
ar

At the model's center M = 0, L, = O. (3.23)

Since the luminosity must be continuous across the

core boundary at M=M con’

L = - (42 )2 8¢ dT", (3.24)

con con

con

where Méon = mass boundary of convective core:

We may solve for £ and T as functions of M (and
hence %ﬁ and %ﬁ) at any given time step before solving
for L.
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Hence, the problem of determining the luminosity
distribution in the core reduces to solving a second
order linear differential equation between two specified
boundaries; the luminosity at the outside boundary being
determined by the radiative transport condition.

There are many standard ways of solving such
equations. We chose to use a method outlined by
McCormick and Salvadore (1964). The finite difference
scheme utilized equal intervals in M which effectiyely
reduced the whole problem to the solution of a band

diagonal matrix with three elements per row.



3.5 STELLAR BOUNDARIES

For equilibrium models it is convenient to

consider the photosphere as a boundary. Then,

= (& Lyt (3.25)
Tm?

TR =
As discussed in section (4.1), the photosphere
may be considered as being at optical depth 2/3

1 2 |
TR = l{KJ]dr = § (3026)

If we equate the photospheric pressure to.

the weight of the overlying atmosphere

Py = é&gdr (3.27)

Since the mass of the atmosphere is concentrated near R
(see APPENDIX C) because of the small density scale
height,
~Y GM
PR"EEder (3.28)
R

Assuming n~ﬂh throughout atmosphere and combining
equations (3.26) and (3.28)

— (3.29)
"R

PR '3-
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Thus we may determine the photospheric

temperature and pressure from equations ( 3.25 ) and

( 3.29 ), If we are not interested in the stellar

atmosphere, the photosphere serves as the outer boundary

of our model. If we wish to calculate an approximate

atmosphere, the photosphere is used as an inner boundary

and after we compute our model between center and

photosphere the atmosphere is constructed by outward

integration from the photosphere.

We will now consider in somewhat more detail the

outermost layers of massive stars. If we substitute dTU for

rpdr in equation (3.18 ) we get:

L L
ar- _ .3 _r
dT” hﬂTz ac (3'30)

If we restrict our discussion to the region
above the photosphere (r>R), we may utilize the fact that
even after many density scale heights (r-R)/r>>1
and Lr/L ~ 1.

L
arT” . _3 L
afc' — hﬂRz ac for 2R (3031)

From equation (3.25) we now get

L
aT* 3 mk
T —23:Te (3.32)
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Assuming the radiation field is isotropic thraughout
the region r>R we find the photosphere is at optical
depth T = 2/3, which in conjunction with the above
considerations gives us the so-called Eddington

approximation (see Eddington, 1926, pp. 322-30)

L L 3mhb 2/ ' L
= = 1
Te = Tof = 17T, jodT = 3T,
where: To = boundary temperature
(i.e. temperature at T = 0)
Thus, TY = #T¥ or T, = 1.189T, (3.33)

substituting this back into equation (3.32)

l
$e= 3t forT< 2/3 (3.34)

The above equation is often referred to as the
Eddington approximation and, as indicated, is equivalent
to placing the photosphere at optical depth 2/3.

In the same spirit as the Eddington approximation
we may consider a boundary pressure due to the presence

of the radiation field

L _ aqh
Ty = 8T

g
R
Wi

leading to a modification of equation (3.29),

_ 2 _GM L
Pp = 28, anl (3.35)
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The pulsational problem amounts to the integration in
time of a set of first order differential equations from
an initial distribution between specified boundaries. At
the inner boundary m = O, r = v = %% = 0, If we choose the
photosphere as the outer boundary we may set up Neuman

‘s . dT
type boundary conditions relating aﬁhﬁto PR‘

Substituting 4T = - +£ 4m  into equation (3.32),
2
Lpr

gives us:

Th_

2 Jmh
16nR” 4T
Generalizing equation ( 3.35) we must add the
dynamic acceleration to the gravitational acceleration

term:

L
2 aT

2
R §F?§§+a 2/ + 7%

but the expression in parenthesis is nothing more than the

surface pressure gradient:

P

anh  8§R? 4P
R=8% ~ Tro —[M (3.37)

3R dm

To equations ( 3.36) and ( 3.37) we may add the

following two relations:

P = #r (g = 31 (.58)
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'NR = N(fR)Te) (3 39)

Since in any differencing scheme dThl and -ﬁl will
be expressible in terms of Te’ PR and known valueq of T
and P evaluated at other mass points, we may in principle
solve equations ( 3.36), (3.37 ), (3.38 ) and (3.39)
simultaneously. The exact approach to this problem will
depend on the numerical scheme employed and its discussion
is deferred until section (6.1).

The above method of describing the stellar boundary
will henceforth be referred to as the "Photospheric
Boundary Conditions". A more general method was
employed in specifying the "outer" boundary for some of
the earlier models. It was assumed that the outer
boundary was somewhere above the photosphere, and

expressing equation (3,36 ) in terms of the boundary

temperature
I, 8ar% gt

TS = (3.40)
R T R dm M

This is identical to the temperature boundary condition
employed by Christy (1964, and 1966a) in his dynamic
calculations of classical Cepheids. Christy imposed a
zero pressure boundary on his models. Because of the

strong radiation present in our models it is assumed

39



p T

in the outermost layers leading to
2
. _ 8mR° dp
Pr = = Ircg, anly, (3.41)

Equations (3.40 ) and (3.41) comprise what we refer to
as the "Eddington Boundary Conditions". For testing
purposes, some models were constructed with equation (3.41)
replaced by the simple condition PR = 0., These are refer-

red to as the "Zero Pressure Boundary Conditions" models.
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CHAPTER &4

EQUILIBRIUM MODELS

L1



4.1 GENERAL APPROACH

The hydrodynamical equations are most conveniently

written down in Lagrange form (i.e. with respect to a
coordinate system fixed to the star). A useful spatial
coordinate is M which represents the mass interior to
the shell where the hydrodynamic variables P(M,t),
(M,t), L(M,t), R(M,t), etc. are being considered. In
order to construct equilibrium models consistent with
the dynamic code it is necessary to recast the structure
equations of Chapter 2 in a form with M as the

independent variable. From Equation (2.4) we find:
_ 2
M = dM = brrpdr

The stellar structure equations may now be stated

as:

dP GM
= - i
) ;;;E (4.1)
%= ¢ (4.2)
(@ e - S - @
dr _ RAD RAD (4.3)
ax = dT dT dT .
y if - > -
L(EM)A i (EE)RAD (Eﬁ)AD
. dTy _ _3r _ L 1 .
where: (EM)RAD fac zz;;g;g P (Lok)
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a1 - (1 -1, cm
(@, -F T (h5)
& - L (4.6)

hﬂr%

From the Equation of State ( see Section 3.1 ) we may

find }9 for a given P and T:

P = e - 5] (b.7)

we may also specify

N (=) 1€ 20,
2 " T30 -1) (1B) (44p)

(see Chandrasekhar, 1957, p. 57)
where: B = Pgas/(Pgas + PRAD) (4.8)

and since for a monatomic ideal gas Y =5/3

- . 8/3-2p
"2 }32+2(1-}3) (4P (4.9)

Section (3.3) discusses the form of
Y= ¥(p1) (4.10)
Section (3.2) discusses the form of
¢ = E(j),T) (k.11)
For completeness we may compute

S = s(j),'r) (4.12)
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(See APPENDIX B). Although specification of S is not
necessary for solution of the foregoing structure
equations, it will be used to initialize the dynamic
models,

At the star's center (i.e. at M =0) L = O,

Thereforé, if we are able to specify Pc and Tc’
in principle the foregoing system of equations may be
solved as an initial value problem in four simultaneous
first order ordinary differential equations. We have
specified the four variables of integration at M = O and
all we need do is integrate forward in M until we reach
M = Mstar'
Of course the fatal drawback to this scheme is
that there is no way of exactly specifying Pc and Tc

a priori. However, if we choose to integrate only up to

the star's photosphere we know that:
L = LmR? et (ice. Ty = T pp) (4.13)
from the definition of photosphere, and

- 2 2
Pp = g GM/R (L.14)

from the assumption that the photosphere is at optical
depth 2/3 (see Schwarzchild, 1958 pp 89-90).
Thus it seems that by choosing the best ad hoe

values of Pc’Tc we may make a series of trial integrations



up to the photosphere seeing which trial values of Pc'

T, lead to the solutions which best satisfy equations (4.13)
and (4.14). We might then, either by trial and error or
through some error matrix eigen-value scheme, try to find
the correct Pc’ Tc by successive approximations.
Unfortunately, it has been shown (op. cit. p. 102) that
minute changes in Pc or Tc lead to large divergences of
the solution in the envelope region. This is due to the
fact that the envelopes of massive stars are in radiative
equilibrium, and as we approach the surface, T becomes
smaller and smaller in the denominator of the radiative
Equation (4.4).

An alternative initial value problem approach.
would be to consider the initial boundary as the
photosphere, M = Mstar; choose L and R; from equations
(4.13) and (4.1A4) calculate Ty and Py; and now integrate
backward to M = O.

Integrating inwards we first find good convergence
of the solutions,but as we approach the center r vanishes
and a divergence occurs because of the occurrence. .of .r in
the denominator of several equations. )

The approach used was a combination of the two
preceding ones. Trial values of P, and T, were chosen
and integrations were made outward to some fitting
point where,typically,nf was chosen to be something like

0.9M

stap * Then integrations inward to the fitting point



were made with several trial values for L and R. On the
basis of the differences between the results at the
fitting point of the inward and outward integrations, new
values of Pc'Tc’L and R were chosen. This process was
continued until the differences were considered negligible.
The exact method used is outlined in the next Section.
Since any of the integrations described above may
be considered the solution to a set of simultaneous
first order ordinary differential equations with initial
values specified, the problem lends itself well to
a numerical scheme such as that of Runge-Kutta. In
particular we employed the fourth order Runge-Kutta
scheme outlined immediately below.
Let y represent either P,T,L or r. Then any one
of the Equations (41} to (L6 may be written in the

generalized forms

%ﬁ a= fy(M,P,T,L,I‘)
If the current values of our variables are
Yo = (PO,TO,Lo,ro) at M, and we wish to find

y = (p,T,L,r) at M = M, +/AM, fourth order Runge-
Kutta leads to the following procedure:

define Fy(i) 2 0, for i=0

Fy(i) fy(M. P

5 i’Ti’Li’ri)’ i=1,2,3,4
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where: M, = M + Af&M
Y4 = Yo * AiFy(i—l)
and Al = Or%;%’ly for 1 = 172’3114'

then: y =y, + [F(1) + 2F(2) + 2F(3) + F(4)1/6
at M =M + AM

It is obvious that this powerful method may not
be directly applied to the outward integrations since
fy(O,Pc,Tc,Lc,rc) is singular for y = P,T and r. In
order to surmount this difficulty we start the outward
Runge-Kutta integration at some very small distance
from the center. We may obtain the values of P,T,L, and
r at this point from a simple series expansion; ignoring

the higher order terms:

M= AM
. AM)1/3
=~ "?c-
/
2 2.2
P_‘:—:Pc----B-r--rGr"Pc
2 2 2 1
TQ‘TC—'T"GI“PC [l--(-rfz)cjp'c'
L:scAM

The above approximations are readily obtained
from inspection of the Structure Equations.
No comparable difficulty arises for the inward

integrations.

L7



L8
4.2 FITTING POINT SCHEME

Ezer and Cameron (1963) initiated a fitting point
procedure utilizing successive solutions to an
eigen-value problem in the study of the early contracting
phase of solar evolution. The following represents a
major modification of this procedure. A total of six
integrations per step is required as opposed to seven
in the Ezer<Cameron method. In general, a difference
of less than 1 part in 1012 between determination of
the variables at the fitting point by outward and
inward integrations is achieved within eight steps.

We will perform outward and inward integrations
to a specified point Mf with the following sets of

trial eigen-values:

(1) P, Ty L, R
(2) P_+P,, T, L, R
(3) P, TH+ST,, L, R
(&) P, Ty I+l R
(5) P T,» L, R+§R

Note that outward integrations with set 4 or 5 will
produce the same fitting point values as outward

integrations with set 1. Similarly sets 2 and 3



produce the same fitting point values as set 1 for the
inwards integrations. Therefore, in order to compare

the results of inward and outward integrations with

each set of trial eigenvalues on the variables Pf,Tf,Lf

ry at fitting point Mf we need only perform 6 integrations.

Let us define:

s.P = P - P N
£ fout fin
§.T = T - T .th
f fout fin for the i set of
s ? trial eigenvalues
L = L - L
£ fout fin
r = r -1
i°f fout fin /

Now consider Pc',TC',L',R' as the "true" values
of their unprimed counterparts, resulting in 5Pf = ;Tf =
‘;Lf = <§:r:‘f = 0.

We may now define: Aiy =y' -y

where: y' = (Pc',Tc',L' or R')

and, ¥ is the ith

trial eigenvalue corresponding to
the quantity represented by y’'.

We may express the deviations of the trial
eigenvalues from their "true" values as functions of
the fitting point differences between inwards and

outwards integrations:

L9



Ay = £(8&Pe 6;Tps §5Le,d,ry)

If we have chosen our eigenvalues such that ‘they

are close to the "true" values, we should find that:
fy(O.O,O,O) = 0

In any event, we shall shortly see that making
this assumption leads to a determination of some set of
"true" values which we may choose to be set # 1 of a new
group of trial eigenvalues.

A simple first order Taylor series expansion leads

to:
af of
= X —
Ny = 33| 4Pr t ST diTr
fi, fi.
i i
af 2f
—
tosTy| dite t S| dite
i i
It is useful to abbreviate the derivatives such
that:
Ay = £PLP. + £XLT. + fESL
i¥ = tydfr yo-r yaitr
r
+ fyéirf

Finally, we may recast our fitting point formulas
into more useable form by introducing the following

definitions:



(Pc' - P

T' - T
AY = Aly = ﬁ

L' - L

R' =R

ViY = Aiy - Ay,
leading to the set of equations:
P p T
Viv = 580+ £o&T,
L r N
+fy%}f + fyé;..rf - Ay

The above set of equations may be handily

represented by the matrix relationship;

L\ P2 SV Y
where:
[0 0 0 0]
5P 0 0 0

Lo
V= o -§r, © 0
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2°f 2°f
L
shPf SLTf JLLf fhrf -1

5P §.T SLe St g

—ﬁ
P p P p
| fp fp L fr
T T T T
p Lo 1 r
Lo
_ L L L L
—F = | g £ £ £]
r r r r
fp fp fL L
P'-p 1T L'-L R'-R
C C c ¢
_ |

[
Examination of the fitting point matrix J’shows

us that it is nonsingular, and since we have determined
L
all its components we may find its inverse S 1. Our

original matrix relation may now be written as:

s L

-5V
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P
and Pé = 1‘51+Pc
™ = F..4T
c 52 c
L' = F..+1L
53

R' = F.,+R
51

Pl»

of trial eigenvalues, and the process is repeated until

Té, L', T' now form the basis for a new set

§1Pgs §1Tgs §1Lp and 31rf are less then some prescribed
minimum.

EMPLOYING THE SCHEME

For massive main sequence models, initial trial
values of P, T,, R and L were taken from the electron
scattering models of Stothers (1966). Simple linear
interpolation was used to determine the values for
models with masses intermediate to those of Stothers, In
a similar manner, Stothers and Simon (1969) served as the
source of initial trial values for our‘p Cephei models.

In all cases, it was found that rapid convergence
occurred withs 6P = 10~ 6 §T, = 10'6Tc’
5L = 10701, iR = 10"6

The criterion for a good fit was that § Pfﬁlo'lsz,

§ JES 10‘12rf, SLp<10 lsz, and Srp< 10~12,. re. This

criterion was usually met within 8 iterations.
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L.3 MASS ZONING SCHEMES

The manner in which each stellar model was divided
into concentric shells of incremental mass varied within
the framework of the five schemes outlined below. Note,
that each of the schemes involves the zoning of the model
into shells of equal mass increment from the center to
some point well above the boundary of the convective
core. This feature facilitated determination of the core
luminosity distribution by the method outlined in section

(3.4).
L.l UNIFORM ZONING

The model is divided into shells of uniform mass

from center to surface (i.e. M; - M, ; = AM, where AM

is constant). If we consider terms up through second

order we find that the derivative at any point in the model

may be expressed as (see APPENDIX D)

f., 1. - f. 2

daf i+ it d~f
=——-ﬁ——n——ﬂ+ [M.1+M._1,_-2M-]
aM|M=Mi Mg oM dM2|M 1+z 1=z 1

i

NOTE: that in the uniformly zoned model the

expression in the brackets of the second term of the

above equation disappears. Therefore one strong advantage

of the uniform zoning scheme is that the approximation:
a Yy~ fig

aM M
M; A
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is in fact good to second order, leading to second order
spatial integration schemes,

A strong disadvantage of the uniform goning scheme
is that in order to get good resolution at a model's
surface (where most physical quantities are changing
rapidly) an inordinately large number of zones must be

considered, slowing down calculation time.

L.5 PARABOLIC ZONING
The model is divided into shells of uniform mass
from the center to some fitting point above the core
boundary. The fitting point mass, Mf, is chosen to
satisfy the following relation:

21ip
My = mm (4.15)

where: i, = number of mass zones up to fitting point

N = total number of zones model is to have

M = total stellar mass
Above the fitting point, the stellar model is divided
into shells of varying mass in accordance with the
following formula:

M, = Ai? + BL + C 1pS1SN (4.16)

where: A = -M/(N2 - ifz)
B = = 2A°N
C=M+ A'N°
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Figure (4.l1) shows this mass distribution.

. dMQ
NOTE: that EI& is continuous at the fitting point and

dM;
that -_— = O’at Mi = MN = M.

1
This zoning scheme allows smaller increments of mass
near the surface than the equivalent uniform zoning scheme,
with only a moderate increase in the number of
zones. The continuity of the derivative at the fitting
point assures a minimal disruption due to changing mass
content of shells, Since the mass content is not constant
from shell to shell, spatial integration schemes employed
in the main code are no longer equivalent to second order
schemes., |
In practice this zoning scheme was implemented in
the following fashion: a value for ip and an approximate
value for Mf were chosen. On the basis of these values N
was calculated from wequation (4.15). Since an arbitrary
choice of Mf does not guarantee an integer value for N,
the result had to be truncated to the nearest integer.
Using this truncated (integer) value of N in Equation (4.15)
an exact value for Mf was calculated. The final value of
M

£
specified.

was always within a percent or two of the initial value



FIGURE 4.1

PARABOLIC MASS ZONING SCHEME
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Defining AM =M, - M, ,, for i<i,, we find
AM = Mf/if. Now let us find the value of mass in the

surface shell (i.e. M- My ,)
M-M . = AIN? - (N-1)?] + B[N - (¥-1)]
= (28 -1) A B = M
! (W2-12)

Because of the parabolic nature of the mass
distribution, the mass shells inward from the surface to
the fitting point may be calculated from the following

relation:

My = Mio(ee) = (R + DW/O2 - 17)

for: 0<k=<N - ip



L.6 EXPONENTIAL ZONING

As in the Parabolic scheme the zoning is uniform in
mass up to some fitting point Mf. Then the mass

distribution satifies the following relation:

--Mf .n
M, = Mp - (Mp - M) exp [W (?}- 1)] (4.17)

if:Ei<3‘

where: MT = M(star) + Mﬁtmo

(See APPENDIX C for calculating MAtmo)

The above exponential distribution displays the
following behavior:

The mass and rate of change of mass are continuous
across the fitting point.

The mass goes to MT as 1 —> o0

The rate of change of mass goes to 0 as i—> <°

The above scheme is implemented as follows:
A value for if and an initial value for Mf are

chosen. M; is set equal to M and equation (4.17) is

star
solved for i. The value of i is truncated to an integer
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i —’isurf = N. Now N is substituted back into equation

(4.17), which is solved for the adjusted value of M.

Now Equation (h.17) may be solved for all integer values,
if!;iSN, giving the mass distribution from fitting
point to surface., We may now choose any number of zones in

the atmosphere N with full confidence that our scheme

Atmo

adjusts zone sizes so as not to over-run MT. The mass

distribution in the atmosphere is then found by solving

435 €
for Mi for N4i &N + NAtmo'

The role of the parameter n is to adjust the
steepness of the distribution (i.e. to control number
of zones from fitting point to surface and zone size
within the atmosphere). Values of n are allowed to take on
positive integer values. As n is increased the number of
atmospheric zones necessary to reach a certain optical
depth decreases.

This zoning scheme enjoys all the advantages of the
Parabolic scheme with the increased flexibility of being
able to adjust the mass within the outer shells down to
arbitrarily small values in a chosen number of zones,
thus allowing for the inclusion of an atmosphere.

In practice a star zoned so as to include even

only one zone in an atmosphere will be thermally
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limited as opposed to Courant limited, thereby increasing
markedly the time for calculating a pulsational period
(See section 6.2). This scheme,as the Parabolic scheme,
leads to a first order solution of all integrations in

space.
4.7 CHRISTY TYPE ZONING

This scheme is an adaptation of the mass
distribution used by R. Christy (1964) for investigating
Cepheid variables. The star is uniformly divided into
shells of equal mass up to some fitting point Mf above
the convective core boundary, then each succeeding shell
has a mass which is some constant fraction of the mass

for the shell before.

(M

j4p — M) = Be(M; - M, 1) i.SiSN  where BS1 (4.18)

The closer B is to unity, the less disruptive is the

effect of mass zone size change on the difference scheme.
However, we must take more zones and move the fitting point
closer to the convective core boundary to achieve the

same minimum zone size as B approaches unity. We are

ultimately limited by the restriction that MfZMconvec.
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Assuming that the mass above the fitting point is

distributed in an integer number of zones, Nenv = N - if,
the following relations must be obeyed:
N nv
M o= M, +AM ): (4.19)
n=1

where AM is the sub-fitting point zone size.

multiplying both sides by B

B*M = B:M; - A\M + AM i[_LBn +B en" AM (4.20)

n=1
subtracting (4.19) from (4.20)

N
(B ~1)(M - M;) = B(B env _ 1) Am

yenv M-M
B(B - =1) _ 7§M£ (4.21)

In practice Nenv is chosen and B is found then
the mass is zoned in accordance with equation (4.18).
The advantages of this scheme are similar to those

of the Exponential scheme. The disadvantages are the

same as that of the two previously described schemes.
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4.8 SUBDIVIDED ZONING

The model is divided into a predetermined number of
uniform shells as in the uniformly zoned scheme. The last
shell is then subdivided into NSub uniform subzones, etec.

N for the equilibrium models, is always twice some odd

sub’
number. This implies that the dynamic models will

always have zones subdivided into an odd number of shells.
(See Figure L4.2). The reason for this is to allow for a
differencing scheme that results in second order space
integrations. Consider evaluating the derivative of a

quantity at a point within a mass shell. Then:

dr > Tigl — T4
aﬁM_‘% i4+41 T 4

where the values of r and M are those on the shell
boundaries and the above scheme guarantees centering of
these derivatives in the dynamic models. On the other
hand, when we consider derivatives at shell boundaries

we run into the following two cases:
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FIGURE 4.2

SUBDIVIDED MASS ZONING SCHEME

Numbers refer to zone boundary numbers
from center. At the surface N = 212,
in this case. Zone sizes are uniform
up through zone 199, then what would
be the last zone in a Pniform Zoning
Scheme is successively divided in
accordance with the text.
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Case Number 1: Boundary considered is between shells of
equal mass. The derivatives at this boundary are

guaranteed to be centered with respect to mass

P, - P,
(i.e. dPl — M%i%;-——i;% is a second order
am .1 =M 3

Mi itz 4

approximation if Mi+% -M o= M, - M g )

Case Number 2: Boundary considered is between shells of

unequal mass (i.e. at a point where a subdivision occurs).

the derivatives, if computed as above will not be
centered. Therefore we propose to approximate these

derivatives as follows:

P. - P, 4
dp o
Al recs e
J+z 1=z
where: j = i+ (Nsub -1)/2

Note, that from the definition of NSub

’

Mj+% - M =N - Mi-% is guaranteed and therefore the
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1

derivative as defined above will be mass centered
(See Figure 4.2).

Whenever the subdivision zoning scheme is used the
main code has been so modified as to take derivatives at
boundaries between shells of unequal mass in the manner
indicated above. The subdivision zoning scheme allows for
second order space integrations as in the uniform zoning
scheme while at the same time providing for decrease in
the mass zone sizes in the outer regions of the model

where better resolution is required.



CHAPTER 5

STELLAR DYNAMICS
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5.1 THE DYNAMICAL EQUATIONS

The dynamic system may be expressed by the
following generalization of the stellar structure

equations (4.1) and (4.2).

5 = -Q%-lmrz %ﬁ (5.1)
r

TR
ct

28 _ 1,0_ 2L
5% = w (g m) (5.2)
where: r = r(M,t), etc.
IfP, T,6, and L can be expressed in terms of
r, S and M, we may in principle solve equations (5.1)

and (5.2).

To this end let us consider the continuity equation

- 1 oM
p= mg? (5.3)

Then from the expression for entropy (equation 3.4),
we may find T for a given S, f .

Knowing T,it is a simple matter to get P from the
equation of state and £ from the energy generation
formulas of section (3.2). In the radiative envelope, L
may be gotten from the radiative transport equation. In
the convective region we get the distribution of L by the
spatial integration indicated in section (3.4).
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There are two factors that prevent an attempt of an
analytic substitution for P, T, £ and L into equations
(5.1) and (5.2). Firstly, the transcendental behavior of
the entropy equation ( 3.4 ) makes it impossible to solve for
T explicitly. Secondly, in the convective region L is
obtained only after a spatial integration of a second order
equation and therefore can only be expressed in integral
form, which could not preserve the simple differential
nature of equation (5.2).

A summary of the system of equations to be solved is
presented in Table (5.1). Equation (5.1) has been
converted into two first order equations by introducing
the velocity as an additional variable. This serves a
two fold purpose:?

Limiting our considerations to a set of first order
differential equations allows us to employ a powerful .
Runge~Kutta scheme for the numerical solution. The
explicit appearance of velocity allows us to conveniently
perturb our static models by imposing an initial velocity
distribution.

In order to solve the preceding set of equations
we must specify initial values of the primary variables
r, V, and S, as well as boundary conditions. The consider-
ations that go into choosing central and outer boundary
conditions are discussed in considerable detail in

section (3.5 ). It is assumed that the pulsating model



TABLE 5.1 STELLAR DINAMICS

Xy |
BASIC ot ~ MOMENTUM CONSERVATION
v _ _ GM _ 2 gP
EQUATIONS | 2% = 3 ynr® 25
S _ 1. _ 3L
% = 1€ - 5% ENERGY CONSERVATION
CONTINUITY
dM
CONDITION .JO 7*% i)
_1lk J?/? 2!3
TEMPERATURE S = % 1} +ét -+ K
CONDITION ) .
where 7= £(143%+3)
PRESSURE
P=%§pT+$T"  EQUATION OF STATE
CONDITION I
= 27 -2/3
ENERGY exp (_152.31,121 /3
CONDITION
where: flh,l =1 + 1_75P5/T63/2
g, =1+ 1073 (31513~ 422/%)
L= - Gnrd)2 ge 41 (RAD)
LUMINOSITY 2 |
d“L _ (1 4T, 4L dT _ df
- : - =0 (CON
coNpITIONS | | a2 = T PHR-GEm-® (CON)

2 2
where: n=u(3,T) .or %%[&-2-] (1 + X)
me
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will pass through an equilibrium state that may be
approximated by the static model distributions. Therefore,
the initial values for the distributions r(M,0) and

S(M,0) are taken as those of the static models. Several
schemes are used for determining initial velocity

distributions and are discussed in the following section.
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SECTION 5.2 -~ INITIAL VELOCITY DISTRIBUTION

The simplest initial velocity distribution to
impose on a dynamic model would be v(M,0) = O for all M.
At first it might appear that such a velocity distribution
would result in a static model. This is not the case. The
equilibrium model solutions (See section 4.1 ) do not
represent static solutions of the dynamic model equation
set. Parameters, such as j)’ are calculated in a different
manner for the dynamic models than for the equilibrium
models. Hence, the zero velocity initial condition results
in a starting model that is very slightly perturbed in
a pseudo-randem fashion. The major drawback of employing
such a starting model is that the amplitude of pulsations
will take a great many periods to grow (Schwarzchild and
Harm, 1959 have demonstrated that the e-folding time
for a massive star is about 106 periods). In addition
numerical devices introduced to facilitate computation
produce effects comparable to the perturbation
amplitudes.

A useful method for obtaining a starting
velocity distribution is to scale up the advanced velocity
distribution from a zero starting velocity model as it is
passing through an equilibrium configuration. This scheme
was employed in a majority of the models we considered.

A third method of obtaining a reasonable
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initial velocity distribution is to allow v(M,O)/r(M,'o) to be
proportional to %; , wWhere é; represents the radius
amplitude computed for models using linearized pulsation
theory (See APPENDIX A). In the models we considered,%?
was supplied by N. Simon (1969) and corrected for
departures from adiabaticity near the surface. It is
apparent that choice of such a starting velocity distribu-
tion should optimize stimulation of the fundamental mode
of pulsation. In practice this choice of starting velocity
does not lead to results substantially different from the
scaled up velocity method, previously discussed, providing
that the scaling factors are adjusted so that the initial
surface velocities are comparable.

Still another choice of starting velocity
distribution is one that would reflect a homologous
perturbation, i.e. v(M,0)ecr(M,0). This simplistic
distribution was used in most of the later models, after
it was discovered that it led to results not substantially
different from those obtained using the two methods
outlined above.

It seems that all of the initial velocity
distributions discussed will produce nearly identical
results provided they are chosen so that the surface
velocities are the same. This feature could have been
anticipated, in part, by considering that §r for the

linearized models is nearly homologous (i.e. é%ovconst).



Since the zero starting velocity models are all very
small amplitude models, they too will give rise to scaled

up velocities that are approximately homologous.
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CHAPTER 6

PULSATIONAL MODELS
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6.1 THE NUMERICAL SCHEME

To solve the equations of section 5.1 numerically,
we must subdivide the model into spati&l zones based on
one of the mass zoning schemes outlined in section 4.3 .
We will use integer subscripts to refer to the value of
variables at zone boundaries. The subscript i is appended

to a variable evaluated at the outer boundary of the ith

ith

zone. The inner boundary of the zone is of course

)*® one and variables

the outer boundary of the (i-1
evaluated at this point will be appended with the
subscript (i-1). The following variables are generally
evaluated at zone boundaries: M, r, v and L. The
thermodynamic variables represent the mass averaged
values for each zone and are presumed to be evaluated at
some mass point within each zone, designated by Mi-é’ The
thermodynamic variables are p,T, P, S, £ and K¢, Note
that variables evaluated within zones are subscripted
with half integers; i-% corresponding to the ith zone,
The numerical approximation corresponding to the

3 basic dynamic equations follows:

%E% = vy (6.1)

d P, 2-P
1;:!.. = - %?- ll'ﬂriz 3 ii (602)

ry
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ds 1
a?i-tk" 1-:% -Eﬁ——i (6.3)

where: AMi = Mi+'k - Mi-%
A (6.4)
Mag=¥, -8

We now have a set of 3N simultaneous first order
ordinary differential equations, where N represents the
total number of zones into which the model is divided.

This situation lends itself to a method of solution
similar to that employed in solving the equilibrium
models. We may use the same fourth order Runge-Kutta
scheme outlined in section 4.1. Of course, instead of
dealing with 4 equations we must contend with 3N equationms,
and our integration is carried forward in time as opposed
to space. The necessary supplemental conditions to

equations (6.1-6.3) may be presented as follows:

AM
Pt = fR r}'—%- :_. (6.5)
i+l “i

Piik =Fl§/i+&T1+i + %Tj_l",.; (6.7)




H‘( » T ) + f‘( sy T )
oy = Ll k] 2 Sk ah (6.9)
2v2ac Tivg = Ta
- ac i
L =~ (ln'rRi ) -5',;; —%M;-—i
(6.10)
where: 1ZN_ . (convec. core boundary)

L, for i<N, . comes from equation (3.22)

n

solved between the boundaries L, = 0 (6.11)

and Ly from equation (6.10)
con

A casual perusal of equations (6.1) through (6.10)

indicates that difficulties arise when tryfmg to determine

the value of some of the variables at the boundaries
(1 =0 and i = N). This difficulty is circumvented by

applying the boundary conditions discussed in section

(3.5). At the star's center, r . =v_ = L, =0, and it is

o o
unnecessary to calculate any of the other variables in

order to evolve the model in time. The surface boundary
poses a more complex problem. In order to calculate N
using equation (6.2), we must specify Py,s and Mg, Since
this amounts to0 evaluating P and M at points physically
not in the star, we resort to the following technique
which allows us to maintain the same indexing scheme
right up to the stellar surface., First, we choose

AMy in some convenient fashion such asAMy = My - My -
or AMy = 2(My - My ;). Then we specify
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PN+% so that

i%ﬁ = %ﬁlmu (6.12)

where the right side of equation (6.12) is evaluated in
one of the ways indicated in section (3.5 ). With the
help of procedures outlined in APPENDIX D we may calculate
PN+§ from physically tenable variables such as PN-% and
TN-%’ We may find LN in a similar fashion by substituting

L _ ok
__vtm:” S =§§§’*.1MN (6.13)

or equivalently, by calculating the effective temperature
when using photospheric boundary conditions.

Equations (6.1 - 6.13), together with the initial
distribution ri(O) and Si(O) taken from the equilibrium
models and vi(O) imposed as indicated in section (5.2),
completely defines the numerical problem,

In actual computation, additional factors had to
be taken into account. Realistic initial values for P
and T had to be supplied in order to guarantee rapid
convergence for some of the code's routines (e.g. the
Newton-Raphson scheme employed in finding T from the
entropy). Expression (6.4) had to be modified seo that

Ani corresponds to the correct mass interval when using



the subdivided mass zoning scheme of section (4.8).

In addition, when this zoning scheme was employed, the
expressions involving spatial derivatives had to be
modified so that variables were evaluated at the correct
points as indicated in figure (4.2). Yet another
complication was introduced when solving models of
non-homogenous chemical composition., The variables
defined by equations (6.6) through (6.9) had to be treated
as functions of chemical composition. Some of the other
"nitty-gritty" considerations that were involved in
actual computation will be discussed in sections (6.2)
and (6.3).

At this point it is useful to make some general
observations concerning the numerical integration scheme
outlined in this chapter. It is a completely "explicit”
scheme. That is, all equations are integrated forward in
time, and the new values of r, v, and S are determined
solely on the basis of the value of variables evaluated
during the previous time step. Thus we may consider the
problem as being redefined each time step so that we have
the integration of the same set of differential equations
with new initial conditions. Obviously, in terms of
computer usage, this expedites restarting the code so
that calculations for a particular model may be readily
segmented. It also has the further advantage of
minimizing the propagation of certain types of error.
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6.2 THE TIME STEPSIZE

In performing the integrations involved in
constructing the equilibrium models of Chapter 4, we imposed
no restriction on the mass integration stepsize. 1In
general, if too large a stepsize is chosen, the only
consequence is that the solution to the finite difference
scheme is not an accurate representation of the solution
to the corresponding differential equations., However when
dealing with the dynamic models, we are concerned with two
dimensional equations, the space and time stepsizes in the
numerical scheme defining a two dimensional mesh. When using
an explicit scheme, it is necessary to impose cbnditions
on the stepsize to guarantee stability of the numeric
scheme.

Equations (6.1) and (6.2) are numerical represent-
ations of a simplified hydrodynamic equation with the
gravitational potential included. Numerical representations
of the hydrodynamic equation have been extensively studied.
To guarantee stability of explicit representations; it is
sufficient to employ the well know "Courant" condition
(Courant, Friedrichs and Lewy, 1928; Courant, Issacson
and Rees, 1952).

In essence, the Courant condition restricts the
time stepsize so that a disturbance propagating at the

local sound speed is unable to traverse a spatial zone




within one time step. For the scheme described in section
(6.2), this condition may be written as follows (see
Richtmyer and Morton, 1967, p. 298):

et =1 for all i, j (6.14)
r - T J
i+l i

where the superscript denotes that ry and ry, are being
evaluated at the jth time step. We may put this in a
form more suitable for our Lagrangian scheme by noting
that, AM~hnr2PAr, leading to
JA¢d
c4 At

yrr(ed)?p3 Z_m?'_ <1 for all i, j

We are at liberty to . revaluate the time stepsize at the
end of each time step. Therefore we have appended the
superscript j to At, indicating that Atj is the new
stepsize determined at time step j. We may now drop the
superscripts entirely, with the understanding that the
procedures derived below are to be applied at each time

step to determine the stepsize to the next time step.

Ae< AM for all i (6.15)
t~ '_2- Ly or a .
wies fi°

8L
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()P
dpP 1’14
but c = A a-P T
Am,
At S L--lz-[(g)ipifi]'% (6.16)
ﬂI‘i

where the adiabatic exponent rl for an ideal gas plus
radiation is shown by Chandrasekhar (1957, p. 57) to be

(4-38)2 (v-1)
ﬁ'—m

which in our case reduces to

2(, _an2
=p + =37 (6.17)
B+ 8(17ﬁ)

To insure stability of the hydrodynamic equation, the
righthand side of equation (6.16) is evaluated for each
mass zone and the minimum value is retained. At is
then chosen as some fraction (usually 0.8) of this value.
We must now find an analogous condition to insure
the stability of the thermal equation (6.3). We shall
refer to the restriction imposed on the time step by
requiring stability of equation (6.3) as the thermal
stepsize, to differentiate it from the Courant stepsize

discussed in the preceding paragraph. If we examine equation



(6.3) in its original differential form (equation 5.2)

we see that it may be rewritten as

2
T T oT
%=a§;5+ag—r+b'T

where we have expressed L and £ in terms of T and its
mass derivative. Of course, g,a , and b will be
functions of‘P and T. On pages 195-198, Richtmyer and
Morton (1957) discuss equations of this form. We come

to the conclusion that

ot < 1,2 6.18
'(K;)vz,v/ ( )

guérantees stability in all situations. Detailed
stability analysis for the above equation is quite
involved; and stability criteria depend on the actual
values of the diffusion equation coefficients in a

complex way. It is readily seen that:

g = -IS- (6.19)

where K is the effective thermal conductivity (i.e. the
energy transport coefficient) and c, is just (gg}).

86



87

The radiative flux may be written as

L _-pdl
imr” dr

referring to equation (3.19) we find

K = %i'—}ﬁ (6.20)

For an ideal gas plus radiation,

U=%}f—§T+aTl’

where: U is the internal energy per unit volume

therefore: .
c, = %‘-/-fé + hat? (6.21)

finally leading to

s o LhacT/3r (6.22)
/zﬁ + LaT

The thermal time condition may now be stated as

y - Ow)®

At S (6.23)

where 0; is defined by equation (6.22)



Once again, in practice, the righthand side of
equation (6.23) is evaluated for each mass zone and the
minimum value multiplied by a fraction is chosen as the
thermally limited time stepsize.

Finally, the Courant stepsize determined through
equation (6.16) is compared to the thermal stepsize
determined through equation (6.23). The time stepsize
used to advance the model is determined as the minimum
of these two.

Quite fortunately most of our models are Courant
limited. When the models are thermally limited the time
stepsize goes as the square of the mass zone size, and
any tightening in zoning causes an amplified reduction
in stepsize, thereby increasing the computation time
for a pulsational period substantiallf. The optimum
zoning scheme would set the mass zone sizes so that the
equations would be on the verge of being thermally
limited. In terms of a Courant limited mesh, the Christy
mass zoning scheme has the interesting property of
decreasing the mass zone size roughly at the same rate as
the sound velocity decreases. This causes the Courant
stepsize determined for each zone to be roughly constant
throughout the outer regions of the models zoned in this
fashion. The Christy zoning scheme is therefore very

efficient in terms of packing into a model a maximum

number of zones with a minimal increase in computation time.
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6.3 ARTIFICIAL VISCOSITY

When dealing with non-viscous hydrodynamics, it
is possible to generate shock fronts that cause
discontinuities or near discontinuities in some of the
dynamic variables. The occurrence of these fronts
represent perfectly valid solutions to differential
equation (5.1). However, the development of such
features in the finite difference equations (6.1) and
(6.2) cause trouble, such as the crossing of mass zones
and other destabilizing effects. Ultimately, even if
the numeric scheme supports the development and propagation
of near discontinuities, we will run into trouble during
computation. If we are required to take spatial
derivatives of one of the variables such as pressure, we
may find the slope of the front exceeds the largest
number representable on the computer.

Another problem encountered when replacing
equation (5.1) by equations (6.1) and (6.2) is that
there exist_solutions to the numeric equations that do
not correspond to solutions of the original differential
equation (i.e. non-physical solutions). These
solutions usually consist of fluctuations which span
space and time intervals on the order of the mesh size.

In some instances they are referred to as "numeric
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shocks".

It is desirable to introduce some device that
will spread out the real shocks without overtly changing
the physics of the problem, while at the same time
damping out the numerical shocks. Such a device has been
extensively investigated by Lax and Wendroff (1960),
following up on a study by Lax and Richtmyer (1956).

The Lax-Wendroff form of artificial viscosity
has recently been used in a number of astrophysical
investigations involving solution of the hydrodynamical
equations (Arnett, 1966; Cocke and Cohen, 1969; Colgate
and White, 1966; Christy, 1964). The exact form of Lax-
Wendroff artificial viscosity we employed is that given
by Richtmyer and Morton (1967, p. 318).

The artificial viscosity enters into equation
(6.2) in the form of what one might loosely interpret as
a turbulent pressure term to be added to the total

pressure such that,
j J
Py —Prly+ oy (6.24)
jy 2
Cq(vi= v

RV X EEVEN
where: Qij = J (6.25)

» V3417 Vy
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The viscosity coefficient, C_, determines the number of

q
zones a shock front will spread over. It also determines
how rapidly the numeric shocks are dissipated. To minimize
its effect on the physical meaning of the solutionm, it is

desirable to keep C, relatively small.

q
It is difficult to establish a good compromise
value of Cq a priori. Many of the hore massive models

were run with varying values of Cq in order to determine
an optimum value. A survey of values used is given in
the next chapter.

In order for equations (6.2) and (6.3) to retain
their identity as conservation laws after equation (6.2)
has been altered by condition (6.2L), we must alter
(6.3) to take into account the thermal effect of viscous
turbulence that might generate a pressure gradient of
the form %% . We will call the term we must add
to the thermal equation (6.3) the thermal viscous term.

The thermal viscous term must take the form:

ds a(3)
g = - -3 (6.26)
giving rise to the following term which may be added

to equation (6.3) :
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3 3 by Ap - 1057
Sig S Y Obiy i) (6.27a)
dt dt TiJ+% At:j—

Although equation (6.27a)'was used in constructing
several models, most of the models which inclu@ed the
thermal viscous term used it in a slightly modified
form. In order to reference the change in entropy to
variables evaluated only during the current time step we

find:

= j‘h(%m‘3 )

“o|=

leads to

1

a%( 7 = lmadm(rzv)

allowing us to state the thermal viscous term as

ds as; Q1 (r21Vy4q - £:V,)
i i i i+l i+l i1

Examination of equation (6.25) reveals

Q # 0> gﬁ <0 or é%(gip‘< 0



In most instances when ad?(%ﬁ)< 0 we find a%(%‘;) < 0.
Referring to equation (6.26), we see that when the thermal
viscosity contributes to the entropy (i.e. when Q is
non-zero), it usually does so in such a way as to raise
the entropy. The effect of a passing shock front is to
also increase the entropy. We may therefore think of
one of the roles of the artificial viscosity as spreading
the shocks while (if the thermal viscous term is included
in the analysis) thermalizing the shocks'energy in such
a way that the energy balance is not grossly affected by
the spreading.

When the thermal viscous term was incorporated
into the computer code it was found that a value for Cq

of 5 worked well, spreading the shocks over three or four

zones, independent of shock strength.



6.4 RESULTS OF CALCULATION

The models constructed by the methods outlined in
the previous sections, may be divided into two major
categories. First we have the Zero Age Main Sequence
models of homogeneous chemical composition. These models
are of mass 30 Mb, 100 M° and 200 Mo' In all cases the
abundances are chosen as X = 0.70, Y = 0.27, Xgyq = z/2
= 0.015. Models in this category will be referred to
simply as the "massive star" models. Next we have the
models of inhomogeneous composition with helium
enriched envelopes. All of these models are of Mass
15 M,. Up to mass fraction 0.66 M, their composition
is identical to that of the massive star models. Above
0.66 M the abundances are X = 0.35, Y = 0.62, Xono = 0.015.
Since this mass and composition corresponds to a model
of a B Cephei star proposed by Stothers and Simon (1969a),
the models in this category will be referred to as the
%B Cephei star" models.

The massive star models played a major role in
the development, perfection, and testing of the computer
codes. Features, such as the pulsational period and
small perturbation damping rates, were well established for
these models from the linearized theory and served as a
check on the validity of the dynamic scheme.

Using the massive star models to find the

9%
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optimum configuration for running the code was a complex
and tedious task. Each of the five mass zoning schemes
described in chapter 4 was employed. Furthermore, models
of varying minimum zone size were constructed within the
context of each zoning scheme; the exponential zoning
scheme being used to construct models with and without
atmospheres. Some of the above models used an electron
scattering opacity while others used the Christy-Stothers
opacity (see section 3.3). In addition, each of the
three sets of boundary conditions enumerated in

section (3.5) had to be utilized in the construction

of these models. To compound the complexity, the

models were subject to each of the four types of initial
velocity distributions outlined in section (5.2), rumns
being made with several values of velocity scaling
factors for each class of distribution. Finally, the
manner in which artificial viscosity affects the
calculations was studied by running the models with
several different values of C_, the viscous coefficient.

q
Some of the models were run with a varying value of C

None of the massive star models included a viscous :
term in the thermal equation.

The attributes and effects of the various zoning
schemes, opacity laws, boundary conditions, initial
velocity distributions, and forms of the artificial
viscosity are discussed in the sections dealing with

these options., However it is useful to point out the
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following general features. Normally, the time stepsize
for a model was Courant limited at some point well within
the convective core. Inclusion of a stellar atmosphere in
a model caused the time step to be thermally limited

(see section 6.3). For the models considered, the

0~10 of the total mass.

atmospheric mass is about 1
Except for the very surface, the models were not strongly
dependent on choice of boundary conditions. Nor were
they greatly dependent on the form of the initial
velocity distribution. They were, however, quite
sensitive to the size of the velocity perturbation. If
the artificial viscosity was too small or too large the
models were destabilized. A value for Cq of 200 % a half
magnitude seemed to be the most effective range for

the massive star models.

More than thirty massive star models were
constructed. Most of these were run only for a short
time, with the end in mind, of observing the effect of
varying the computational parameters. Several common
features of some physical significance were noted for
these models. All the low initial velocity models
seemed to be relaxing toward sinusiodal light and
velocity curves, in agreement with linear theory. Larger
initial velocity perturbations produced structured light

curves which generally consisted of a major peak with one

or two side peaks. Corresponding to these light curves



were surface velocity plots indicating a single main peak

with the presence of a minor peak, usually trailing.

The p Cephei models, which were run after the
development of most of the computational techniques,
represent the main thrust of this dissertation. 1In all,
sixteen models were run. Their characteristics are
summarized in table (6.1) and figures (6.1) through (6.30).
The first column of table (6.1) identifies the model;
gives general information about the run; and where
pertinent, indicates the radius amplitude of the
pulsation. The second column indicates features of the
code employed such as: the type of boundary conditions
employed, what form the artificilal viscosity takes if it
is employed in the thermal term, and the type of initial
velocity distribution imposed along with the value of
surface velocity it produces. Column three indicates
the type of mass zoning used (as explained in Chapter L),
the total number of zones, and the mass content of the
smallest zone (invariably, the surface zone). The
fourth column indicates the value of Cq, the artificial

viscosity coefficient; and if C_ is changed during a rum,

q
the times of these changes. Columns five and six,which
appear on the second page of the table,indicate
schematically the shapes of the light and velocity curves

respectively. They contain information as to what
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interval in the time development the curves represent,
information about the period, and information concerning
the changes in amplitude and average value. Units of
time are either seconds or number of pulsational periods
from inception of the model. The last column contains
information about the subsurface luminosity, as well as
radius amplitude curves and other noteworthy information.
The standard subsurface luminosity and radius are gener-
ally considered to be those at ten zones from the
surface.

All the models utilize opacities as determined by
the Stothers-Christy opacity formula of section (3.3).
Furthermore, it has been assumed that the sole mode of
energy transport in the envelope region above the
convective core is by radiative diffusion. Stothers and
Simon (1969) indicate that such an assumption may give
rise to a small region in the vicinity of the composition
discontinuity where the temperature gradient is slightly
superadiabatic. In order to formally satisfy the
condition for convective neutrality, it would be necessary
to introduce a thin semiconvective zone (Schwarzchild and
Harm, 1958). However, such a refinement would scarcely
affect the energy balance near the surface, and is
totally unmerited in light of the crude assumption of

discontinuity in composition.
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Before evaluating our results, it is useful to .
comment on those features of each of the p Cephei models
which pertain to that model's credibility.

Model # 1: Exclusion of the thermal viscous term
and incorporation of Eddington boundary conditions
(section 3.5) employing a surface opacity derived by
averaging the opacity one zone in with electron
scattering opacity, leads us to categorize the "physics"
used in synthesizing this model as only "moderately"
realistic. The frequent changes in Cq make this model
useful for testing the effects of artificial viscosity,
but make it difficult to establish reliable trends.

We will not consider model 1 in our analysis.

Model # 2: Physics and zoning are similar to that
of model 1, but a thermal viscous term of the form
indicated in table (6.1) is included. From the viewpoint
of the differencing scheme, this is not the preferred form
for this term. Cq is reduced to 5 during course of run.
The only definitive observation to be made is that at low
Cq, the surface seems to be expanding while undergoing
pulsations.

Model # 3: Physics is the same as for model 2, but
the surface zoning is much cruder (-vloh)<1arger); We
will not consider model 3 in our analysis since its

zoning makes sinusoidal surface response highly unreliable.

Model # L4: A machine error occurred early in this



model's development. We.will disregard this model.

Model # 5: (Rerun of Model # L) Physics is
similar to that of model 2, but the surface zone size is
down by an order of magnitude. Cq goes from high value
of 20 down through 5 to value of 1. Results are to be
accepted with caution because of inadequate physics
coupled to moderate zone size.

Model # 6: Inclusion of the preferred form of
thermal viscous term and use of photospheric boundary
conditions, leads us to categorize the physics used in
synthesizing this model as "good" (i.e. more realistic
than in previous models). The surface zone size is an
order of magnitude smaller than that of model 1. Model
6 was run for less than L pulsational periods, because of
misinterpretation of the results at the time of
computation. The results of this model are highly
reliable. |

Models # 7 through # 10: All of these models
contain the same moderately realistic physics and
utilize the same mass zoning as model 1. They all use a
value of 200 for Cq. This turns out to be optimum when
there is no thermal viscous term. The models differ from
each other with respect to their initial velocity
distribution. The fairly small surface zone size makes

these models fairly reliable indicators of what good
physics models would be like if the shock energy could be
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radiated away.

Model # 11: This model has the same good physics
and zoning as model 6, Cq is at its optimum value of 5
(see section 6.3). Therefore, the results of this
calculation should be highly reliable.

Model # 12: This model is identical to model 11
except for initial velocity distribution, and its
results are therefore highly reliable.

Model # 13: This model is very similar to model
12, except for the axclusion of the artificial viscosity
term in the thermal equation. This makes both the
physics and zoning somewhat superior to that of models
7 through 10.. This model should be a quite reliable
indicator of the behavior of the proposed p Cephei
system with the shock energy totally dissipated.

Model # 14: This model runs less than 3 periods
because of some non-physical difficulties with one of the
computational schemes. It is not used in the analysis of
the results.

Model # 15: Here we employ the same good physics
as that of models 6, 12 and 13. The surface zone size
is a full order of magnitude smaller than that of these
models. The results of this model are extremely reliable,

Model # 16: This model is identical to model 15
except for initial velocity distribution and its results

are therefore extremely reliable.



We may divide the usable models into two classes:
those which include a thermal viscous term, and those
which do not. In the first category we find the highly
reliable models 6, 11, 12, 15 and 16; as well as the
questionably reliable models 2 and 5. Confining our
attention to this first category, we note that model
12 is essentially a rerun of the aborted model 6. It

is clear that the outer shells of these models are

blowing off and that mass loss is taking place. Model 11

differs from models 6 and 12 by its low initial velocity
distribution. It is anticipated that this model which
is apparently "quivering" at the surface would show

a behavior similar to that of model 12 if it were run
long enough to allow the underlying pulsations to build
up. Models 15 and 16 represent more finely zoned
versions of models 11 and 12. Model 15 which has an
initial velocity distribution somewhat higher than that
of model 11, essentially exhibits the behavior of model
11. Model 16 which has an initial velocity distribution
higher than that of model 15, but not as high as that of
model 12, acfs like model 15 for a while, but then
develops an expanding shell as in model 12. This tends
to confirm our hypothesis concerning the low initial
velocity models., It is to be noted that the relatively
high initial velocity marginally reliable models 2 and

5 tend to indicate mass loss by their expanding surface
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radius. In addition, model 5 suggests an increase in the
period of the light and radial velocity curves to several
pulsational periods as the surface expands. This is borne
out by figures (6.7) and (6.8) which display a computer
plot for the light curves of models 12 and 16 respectively.
Model 16 represents our most reliable and physically
realistic‘p Cephei model. Its coding would permit us to
detect a mass loss at the stellar surface as little as
10"8 M, The model's time resolution is approximately
1/2000 of the pulsational period. Restrictions on real
and computer time, allowed us to run model 16 out for
only about 8 pulsational periods. This was adeqﬁate to
show that qualitatively it was approaching the behavior
of model 12, Because of its finer zoning, we used model
16 to estimate the quantitative picture of mass loss
presented in chapter 7. Figures (6.1) through (6.10)
represent the time development of selected features
for models 12 and 16, We include model 12 because
of the relatively short duration of the more accurate
model 16. Figures (6.11) through (6.16) are computer
plots of the luminosity curves for model 12 at the
indicated masses below the surface. The deepest plot
is for mass fraction 0.9998. Figures (6.17) through
(6.23) are computer plots of similar curves for model 16,
These overlap, in mass, the curves for model 12, but

extend to the much greater depth of mass fraction 0.96. The
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deeper plots illustrate the strictly sinusoidal behavior
of the pulsations below the outermost regions of the
star. Note that the deep light curves vary with

exactly the pulsational period. One should also note

the manner in which the period lengthens as we approach
the surface, as well as the time development of this
lengthening for both models 12 and 16. Figures (6.24)
through (6.30) represent detailed computer plots of the
luminosity curves for model 12 corresponding to the time
interval between underlying pulsations number 19 and 38.
These curves allow us to follow the phase relations between
the luminosity fluctuations at various depths at a time
well after the surface zone is blown off the model.
Examination of figures (6.22) and (6.23) reveals that
there is no apparent luminosity phase shift below mass
fraction ~0.98. Comparison of figure (6.25) with

figure (6.26) and subsequent plots reveals a luminosity
curve phase shift with depth in a luminosity curve phase
shift with depth in the models outermost regions indicative
of an outwardly propagating supersonic disturbance. This
is born out when considering the behavior of other model
parameters. All of this is suggestive of shock wave
production. Our model is in many respects analogous to

a piston driven shock tube. Detailed analysis leads to



a shock build up cycle of several pulsational periods,
which is comparable to the characteristic time for
surface luminosity fluctuations as displayed in figure
(6.7). As table (6.1) indicates, the mass content of
the surface zone of model 12 is «v8o10"8 as compared
to «'8-10'9 for model 16. Moving inward, successive
zone sizes increase by approximately 50 per cent for
both models. We can follow any shock effects on the
outer zones of either model by comparing zone velocities
obtained from our detailed printed output with
calculated escape velocities. The significance of
the results from models 12 and 16 is summarized in
Chapter 7.

We now must examine the results of our usable
models which do not utilize the thermal viscous term.
The models to consider are models 7 through 10 and model
13. A cursory perusal of table (6.1) indicates not the
slightest inclination toward mass loss for any of these
models. The inclusion of artificial viscosity solely in
the hydrodynamic equation acts as a damping mechanism
for shocks without providing a means for pumping the
shock energy back into the envelope. The effect of this
is to remove the mass loss mechanism. These models

may,therefore, reflect the manner in which an under-
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lying B Cephei object should pulsate after undergoing
considerable mass loss. Their light and velocity curves
may be more suggestive of observational features than are
mass loss models. Referring to table (6.1), we find that,
with two reservations, the sequence of models 7 through
10 give rise to light and radial ielocity curves that
have common features. The light curves display a major
peak with a relatively well defined secondary peak
trailing by about 1/3 of a period. The radial velocity
curves are composed of a main peak with a closely
trailing sideband. The first reservation to the above
account comes when considering model 7 after Cq has been
raised to 400. This increase in artificial viscosity
produces a smoothing effect which obliterates the
structure for both light and velocity curves. Our
second reservation concerns the zero initial velocity
distribution model, which as time goes on seems to be
relaxing to sinusoidal light and radial velocity curves.
All the above curves show a consistent skewness as
evidenced by an examination of table (6.1). It is
important to note that the more reliable model 13 produces
results that are in substantive agreement with those
outlined above. The significance of these results is
discussed in Chapter 7.

In closing, we make the observation that all the

B Cephei models produce nearly identical results as we
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move a small mass fraction inward from the surface.
Furthermore, points of maximum intensity for each
model's light curve correspond to minimums of surface
radius. If a periodic velocity curve can be established

for a model, it invariably leads the light curve by 90°,
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TABLE 6.1

SUMMARY OF B CEPHEI MODELS



CODE FEATURES ZONING VISCOSITY
B CEPHET . |Viscosity in AM = 0.005M |10° at 0.0sec
hydro. eq. only{Last Zone sub- 50 at~9+-1oh
Eddington div. into 3 the sec
MODEL # 1 | 2% .g last of which .
T is subdiv. into|100 at 5
Centered 3 nested 8 deep|1.647-10
$R/R~0.1 |deriv's N = 216 50 at
Opac. at surf 2.411+10°
avg of subsurf —
and Elec Scat QAM)min -
v, (0)ev, 1% 17,6-2077n
MODEL # 2 |same as # 1 same as # 1 20 at 0.0sec.
5
BUT: 5 at 2.26'10
§R/R~0.09 (Lo 1) Bnd at .
pE T kT 3.38°10
at 2.26:.107] Q) i1
sec, T.
i
das
added to &
term.

MODEL # 3

SR/R~0.06

same as # 2

UNIFORM
AM
N

0.005M

200

20 at 0,.0sec.
5 at 5.45-10%
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SURF LUM SURF VEL SUBSURF &
DISTRIB
at ,9.10% ]
mooth
P2R65 103] v Vel | Transition
MODEL # 1 . }>,1-5.
2.68 -
( hrs) 107
1.6-10° .
at 6 107 1 zzze in
also o 107™*M in
310
almost
~» sine
Py Decreas-
MODEL # 2 ' ALAV>O ing Ampl}
~15.10
5 Subsurf jagged
1 zone at 2,26-10 Jagged distril
in
———) —
W = Rsurr
2.108  5.100
at 1.2:10° NOTE: ALL
MODEL # 3 sec Skew=— SINUSOIDAL

ness
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§R/R~0.01 at
h.é‘lO5 sec

§R/R indeterm

CODE FEATURES ZONING VISCOSITY
MODEL # L Same as # 2 AM = 0.005M 50 thruout
but: non-cent |to 0.9M, then
NOTE: MACHINE|derivs Christy Zoning
ERROR AT 10° |NOTE: DM(J) total N = 213
blows model |used in region (AM) _
‘ M(J)>'O‘9Mtot min ~
SR/R ~0.01 | 45 0he1y 6.2-10~0n
larger than
correct value
(< 0.05)
MODEL # 5 Same as # A Same as # L 20 at 0.0sec
SR/R~,025 at |[NOTE: same 5 at 2.76~105
5 error
2.7+107 sec 1 at h.69'105

BEnd at
6.06+10° sec

and 5
[RESULTS

right for

same as
1éresented at
2nd run

substantially

Non-cent diff.

at end

2 2.
MODEL # 6 -wnqﬁﬂﬁ%%%?libz AM = 0,005M |50 thruout

. 2 to 0.9M then
SR/R indeterm| Added to Christy Zoning
thermal term N = 223

NOTE: 1st run |photospheric
for Model 6 |B.C.'s AM)_. =
made with same|with true mn
errors as 4 opacity 7.14°10 "M
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SUBSURF &
SURF LUM SURF VEL DISTRIB.
Reversed from NOTE: After
T peak 2 per machine error
MODEL # A prior perturb all
and
subsurf
quantities
1'105 sec AAvel<’< 0 —— sine
ALAV>O
o= ALpy>0 LJoecoming basically
’ \ less same
MODEL # 5 2nd pronounced &
peak +5:107 to
getting smaller| _ g, 147 secondary
quite sine peak
M rﬁzz?i-c) m ecreasing
3§§Eo¥i§h 2?pl' Same as LUM similar
freq p See graphs
#Surf. Rad.
3 spikes blows up
MODEL # 6 leadine to subsurface
g erratic down
to 0.9998
then
LUM
last 2 per.

etc

Ml

3.10
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CODE FEATURES

ZONING

VISCOSITY

MODEL # 7
§R/R~0,05
and falling

Same as # 1

Same as # 1

200 at 0.0sec

LOO at
1.36L+10”sec

MODEL # 8
SR/R~0.002

Same as # 1

but Vi(O) = 0,0

Same as # 1

200 thruout

MODEL # 9
SR/R~0.08

Same as # 1
but Vi( 0)=R i( 0)
such that Vh

same as for
Model # 1

Same as # 1

200 thruout

IMODEL # 10
SR/R~0.04L

Same as # 9
but

(10) _ 2y (9)
Vh B éVh

Same as # 1

200 thruout
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SURF LUM

SURF VEL

SUBSURF &
DISTRIB.

MODEL # 7

at 1.3-10°

tended
toward at
high

visc,

SINE

MODEL # 8

s

per 5

#13

Subsurf Lum
sinusoidal
alternating
peaks of dif,
ampl. but
AA--O
(Same for
surf. rad.)

MODEL # 9

Similar to #7

MODEL # 10
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CODE FEATURES

ZONING

VISCOSITY

MODEL # 11
§R/R~0,018

same as # 6
but:

v, (0)<E, (0)
such that

6
Vn(O) = =10

same as # 6

5 thruout

MODEL # 12

surf. radius
blows out as
in # 6

same as # 6
but:

Vi(O)a:Ri(O)
such that Vh

sage as model

6
(V, =-8.7-10)

same as # 6

5 thruout

MODEL # 13
SR/R~0.09"

and falling
slowly

same as # 12

but viscosity
not included
in thermal
equation

same as # 6

100 thruout




SUBSURF &
SURF. LUM. SURF. VEL. DISTRIB.
MODEL # 11 SV VAV ST OV Erratic, possible| Erratic
modulation at down
3 peak 3 period past
structure at |{interval 0.9998M
rv106 sec,

MODEL # 12 sine of constant See
period ~~ Separate
6-10h sec. plots
at 5
3107 sec
(period
decreasing)

at Period
MODEL # 13 # 11
Lum beconies
= ~ sine at
AV SR Abyer™ O 0.998M
similar to
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CODE FEATURES

ZONING

VISCOSITY

ODEL # 14

ombs out
after 3
eriods/
ewt~Raphson
develops log
of neg. no.
because of
small zone
size

same as # 13

AM = 0.005M to
.9M then
Christy Zoning
total N = 228

Am) . =

min

7.7-107%

100 thruout

surf. radius
blows out as
in # 12

but:

6
Vn(0)=-6'10

MODEL # 15 same as # 11 same as # 14 5 thruout
SR/R~0.046 but:
6
Vh(0)=—3'10
NODEL # 16 same as # 11 same as # 1b 5 thruout




SURF. LUM.

SURF. VEL.

SUBSURF &
DISTRIB.

MODEL # 1L Very similar almost ident-| almost ident-
to model # 13 ical to 1lst ical to lst
(1st 3 periods)}3 periods of | 3 periods of
Slight depart-— [Model # 13 Model # 13
ures but model (in all
has not settled quantities
including
radius).
MODEL # 15 similar to similar to Similar to
’ Model # 11 Model # 11 Model # 11
MODEL # 16 Eratic to Similar to Similar to
point at Model # 11 Model # 11
which surf, until surf, Up to point
blows off, blows off, at which
then like then like surface blows
Model # 12 Model # 12 off(subsurf
lum. looks
like surf
lum. for
Model # 11)
Then like

Model # 12
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FIGURE 6.1

p CEPHEI MODEL # 12 *

RADIUS AT SUBSURFACE
ZONE # 10

(MM, = 10™7m)

* computer generated plot
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FIGURE 6.2

P CEPHEI MODEL # 16 *

RADIUS AT SUBSURFACE
ZONE # 10

(M-, = 1076m)

¥ computer generated plot
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FIGURE 6.3

P CEPHEI MODEL # 12 ¥

RADIUS AT SURFACE

¥ computer generated plot
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FIGURE 6.4

p CEPHEI MODEL # 16 *

RADIUS AT SURFACE

* computer generated plot
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FIGURE 6.5

‘ﬂ CEPHEI MODEL # 12 x

LUMINOSITY AT SUBSURFACE
ZONE # 10

(M-, = 10~5)

* computer generated plot
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FIGURE 6.6

}3 CEPHEI MODEL # 16 *

LUMINOSITY AT SUBSURFACE
ZONE # 10

(M-M; = 107°M)

* computer generated plot
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FIGURE 6.7

P CEPHEI MODEL # 12 *

LUMINOSITY AT SURFACE

¥ computer generated plot
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FIGURE 6.8

P CEPHEI MODEL # 16 *

LUMINOSITY AT SURFACE

¥ computer generated plot
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FIGURE 6.9

P CEPHEI MODEL # 12 *

VELOCITY AT SURFACE

* computer generated plot
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FIGURE 6.10

P CEPHEI MODEL # 16 ¥

VELOCITY AT SURFACE

* computer generated plot



138

.1000E9

.8000E8|

man \ “
) \\

T

m & » M 2V C »

<~ = — 0O O r Mm<

--6000B}" 180B5 360ES TSAOES T720E5 T900ES

T I ME

PULSATING STAR - 15 SOLAR MASSES

236 ZONES - MASS = 2.984D 34 OM - 8 CEPHRID MODEL NUMBER 16 - VISCOSITY COEF = 5.0D 00 - COMPLETE OPACITY 12/03/70



139

FIGURE 6.11

p CEPHEI MODEL # 12 %

LUMINOSITY AT SUBSURFACE
ZONE # 1

(MM, = 8.0- 10~8m)

* computer generated plot
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FIGURE 6.12

p CEPHEI MODEL # 12 *

LUMINOSITY AT SUBSURFACE
ZONE # 3

(M-M; = 4.0 10~ 7m)

* computer generated plot
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FIGURE 6.13

P CEPHEI MODEL # 12 ¥

LUMINOSITY AT SUBSURFACE
ZONE # 5

(M—Mi = 1.,2.107°M)

* computer generated plot
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FIGURE 6.14

p CEPHEI MODEL # 12 %

LUMINOSITY AT SUBSURFACE
ZONE # 8
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* computer generated plot
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FIGURE 6.15

P CEPHEI MODEL # 12 *

LUMINOSITY AT SUBSURFACE
ZONE # 12

(M-M; = 3.0-10™°M)

* computer generated plot
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FIGURE 6.16

p CEPHEI MODEL # 12 *

LUMINOSITY AT SUBSURFACE
ZONE # 16

(M-M; = 1.8-107"M)

* computer generated plot
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FIGURE 6.17

B CEPHEI MODEL # 16 *

LUMINOSITY AT SUBSURFACE
ZONE # 2

(M.--Mi = 2,2°107°M)

% computer generated plot
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FIGURE 6.18
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FIGURE 6.19

B CEPHEI MODEL # 16 *

LUMINOSITY AT SUBSURFACE
ZONE # 20
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.440EQ9

.280B39

"

I

/l
\

\

b

220 TONES - MASS = 2.984D 34 OM

LUMC 7) VS TIME  (Q=0.9999)

- 8 CEPHEID MODBL NUMBER 186

b




FIGURE 6.20
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(M-M, = 6.9 10™%m)

* computer generated plot

157



158

BLLLE o

.140B29}

.950E38

KR

I |

.500!3%'

228 20NES =~ MASS

Sy e

.J60BS

.5408B%

LUMC §) VS TIME  (Q=0.92442)

M - 8 CEPHEID MODEL NUMBER 16 -

viscosiTy coBr = 5,00 00

.T308%

- COMPLETE QOPACITY



FIGURE 6.21

P CEPHEI MODEL # 16 *

LUMINOSITY AT SUBSURFACE
ZONE # 28

(M-M; = 4.1-1073M)

* computer generated plot
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FIGURE 6.22
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LUMINOSITY AT SUBSURFACE
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FIGURE 6.23
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FIGURE 6.2,

p CEPHEI MODEL # 12 %

LUMINOSITY AT SUBSURFACE
ZONE # 1, PLOT II

(M-M, = 8.0-10~8m)

* computer generated plot
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FIGURE 6.25

p CEPHEI MODEL # 12 *

LUMINOSITY AT SUBSURFACE
ZONE # 5, PLOT II
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FIGURE 6.26
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FIGURE 6.27

B CEPHEI MODEL # 12 *

LUMINOSITY AT SUBSURFACE
ZONE # 10, PLOT II

(M-M, = 1. 2:107M)

* computer generated plot
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FIGURE 6.28

p CEPHEI MODEL # 12 %

LUMINOSITY AT SUBSURFACE
ZONE # 12, PLOT II

(MM, = 3.0+10™°M)

* computer generated plot
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FIGURE 6.29

B CEPHEI MODEL # 12 %

LUMINOSITY AT SUBSURFACE
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FIGURE 6.30
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* computer generated plot
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CHAPTER 7

CONCLUSIONS
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Perhaps the most fruitful consequences of our
investigations come from the qualitative agreement
between certain aspects of some of the inhomogenous
models described in section (6.4) and observations of
astronomical objects. Since these models are based on
the 15 M, B Cephei model of Stothers and Simon (1969), it
is not surprising that they agree with B Cephei observa-
tions in the same areas that Stothers and Simon's linear-
ized treatment does. However, our treatment lends
additional credence to the correlations between the model
and B Cephei stars. Stothers (1965) as well as Stothers
and Simon (1969) point out the evidence of observers such
as Struve, implying ejection of shells of matter from
B Cephei stars. As will be indicated shortly, this
phenomenon is a feature of the more physically tenable
treatments of our model. If we suppress mass loss by
lowering the magnitude of the initial velocity distribu-
tion, raising the value of the artificial viscosity
coefficient Cq, or omitting the thermal viscous term; we
achieve a two component radial velocity curve very similar
to those observed for p Cephei stars. We also achieve
a two component light curve that is reminiscent of
Cephei light curves except for a phase reversal of the
minor and major components. It must be noted that good
observations of B Cephei stars are rather sparse, and

hence any comparison between theory and observation is
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highly qualitative. Nevertheless, there are some well
established features of observation that correlate
strikingly well with those of our suppressed mass-loss
models. Both theory and observation indicate zero phase
shift between each component of the light curve and the
corresponding component of the radial velocity curve. It
is of considerable interest that a strong correlation exists
between several aspects of our ,B Cephei model and
observations of Wolf-Rayet stars. If we consider mass
loss as occurring when a mass shell becomes optically thin,
we find that our model is losing at least 5.10™° M,, but
probably no more than 10'h Mb, per year. This is within
the order of magnitude accuracy of the observationally
estimated mass loss from the rapidly expanding envelope
surrounding Wolf-Rayet stars made recently by Underhill
(1969). Furthermore, we project estimated cloud velocities
of 0.8:10° km/sec as compared to Underhill's estimate of
~103 km/sec. It has been suggested (Westerlund and
Henize, 1963; Johnson and Hogg, 1965; Smith, 1967; Simon
and Stothers, 1970) that the nebula surrounding some
Wolf-Rayet stars may be more massive than 7 Mb, structur-
ally consisting of many thin shells. If we follow the
development of our most finely zoned model, we find that
initially a mass shell consisting of 3 or 4 zZones is lost,
followed some time later by a loss of the next 2 or 3

mass zones., Thus, rather than losing mass continuously,

our models appear to be ejecting shells of from 5-10'8 Me



182

to 5-1077 M,. Tt must be noted that imposition of the
photospheric boundary conditions, as discuésed in section
(3.5), introduces inaccuracies near the surface of a model
in which mass loss occurs, after such a model has lost a
couple of shells. In the past Stothers (1965) has
contended that Wolf-Rayet stars form an "apparent
extension” of the p Cephei strip on the H-R diagram. This,
when considered in light of the above analysis, leads to
the conjecture that some Wolf-Rayet stars may either
represent an early evolutionary state of B Cephei stars,

or may evolve from similar but somewhat more massive

objects.

It is appropriate to summarize the nature and
importance of the computational techniques devised for this
study. A computer code has been developed that synthesizes
the full non-linear dynamic behavior of a spherically
symmetric fluid distribution. It takes into account
gravitational effects as well as energy transfer and
generation. Although the code was designed with an
inviscid fluid in mind it may be adapted to treat
viscous effects. The modular construction of the code
through its subroutine structure (see APPENDIX F) allows
for relatively simple modification, and thus makes it
applicable to a large class of astrophysical problems.

The code allows us to follow, with high resolution, the
time development of all pertinent physical parameters



throughout a stellar model. We have constructed subsidiary
routines which, when used in conjunction with the main
code, produce graphical displays of the light and
velocity curves during any time interval specified, as
well as radius amplitude curves for the surface and any
specified subsurface zones. Still other routines produce
plots of the spatial distribution of the physically
interesting variables at any point during the time
development. The code calculates many derived quantities
such as the spatially integrated kinetic, gravitational
and nuclear generated energies at each time step. These
are outputed in a form suitable for processing by
additional routines. One of the most important aspects
of our computer code is its ability to follow the
occurrence and development of mass loss from stellar

models.

The most casual consideration leads to a multitude
of interpretations of the data presented at the beginning
of this section. The conjectures that arise are too
numerous to enumerate. However, for any of these
conjectures to bear fruit, future investigations must
proceed along two lines. Firstly, we must obtain more and
better sbssrvations of both the Wolf-Rayet objects and
P Cephei stars. Secondly we must improve and expand our
theoretical investigations in several areas. A better

treatment of the stellar boundary is necessary to give a
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more accurate picture of the mass loss mechanism. A more
realistic composition gradient, as well as a more thorough
treatment of energy transport, is required to emhance the
model's credibility. Finally, models of other masses and
composition should be constructed. There is no guarantee
that such a program will provide an explanation for the
behavior of some identifiable class of stellar objects,
but, if not, it will most certainly aid in determining

the most promising directions for further research.
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APPENDIX A
LINEARIZED PULSATION THEORY

(for small adiabatic perturbations)

Let: r—>r' = r+ §r = (1+ %;)r
correspondingly ' = (1 +-§§0P
P = (1 + %;)P
T = (1+ %I:)T
o= (1+3h

Adopting the conventions of Schwarzchild, 1958,

pp 103 and 109,

dP
aT

o3

Mr = gM, r = xR, V= - g'%g, n+l=

The Equation of Continuity must hold for the perturbed .

star, therefore:

dr' _ 1
hnrvzfv
out: G = gl s or] = 1+ EVGE + v (8

from the continuity condition of the unperturbed model:
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dr_ _ _1 or d _ _1 4
d r hm‘lzf) EM; lmrja dr
thus: dr' 1 Jr 1 .4 (r
= (l + ) + (-—-) =
- hﬂr§° T hﬂﬁ% rar\ v

1 d d
Z;;?;[l + —% + Xa;(ii)]

A simple Taylor's Series expansion, ignoring terms greater

than first order, leads to:

1 1 ir _ &f
S S NG QY J
hﬂ’r'zf' h‘nr‘f r F
Therefore: 1 + 4L + x& (&) = 1 - o8& _ 4f
: T dx ' r T~ p

or x%;(‘%) = - ;{; - 34L

This corresponds to Equation (1) of Schwarzchild and
Hirm (1959).

Conservation of momentum dictates

4p! MG ,a%p!

il e dbve
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MrG

a%r[(1+§§)P] = y(1+-§;f-)w
r

r

2
- plas & a%[r(u )]

MG
@+ 0P - Zasloo

d2 .
- Jor;g(i;:)(l + &)

[NoTE: $£ = 0 by definition]
drt = (1 +‘£r£)dr + r-d(‘y?r

dr[l + {Fr + xa(-i;c- (E;r)]

using the previously derived value for If;(%.)

we find .
dr' = dr(1l - %‘,ﬂ - 2%)

therefore, to first order
@ + 0 +PHE = - 5L (1 - 4T
dr P/ dr — JD‘IT r

“Adr d2 Sr
fr( r)"lzi(r)
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dP MG
Noting that T = P for the unperturbed
r

model, and rearranging terms, we find:

2 MG
r(1 - 28E f;(i;l) - -ridh o
MG
- (- u{-f—‘)f)—“i-
r
(1 21?.) d2 (é‘z) - - P d(%&) + MrG(SP + 14.5—1:)
fr = “Tr Ef r’ r ax f?T r

finally, again to first order:

2 ¢ -
L - “:g.(lg + 6i5) - ﬁ?(l + 28 x L (EB)

%

If we assume: gr(r,t) = Srr(r)-é'tr(t) we find that

above equation separable in the variables x, t, since:

d} = X%P (adiabatic perturbation)

and & = -3 of ) - Grer(nf)

Therefore we may conclude that if we assume a time

dependency of the form: Sr = exp(iugt),
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d—tz r T
- wheres We = ,%,-071— and ’L; is the period of motion.
Thus: %2-‘%'- = f—%z(1+ 2%)::—5—){(%2) - %;-}(%3- + 6‘2_?-)
and once again to first order,
I R =
M Gp

i)
3
mn
<

but -=rF = -



d (3P SP %3 R30)§ dr
xZp) = V¥ + VIh o+ a-(m— ) 1%

| e . 2 _ 2R3
If we now substitute: w = ™M

where w represents a non-dimensional frequency,we get
Equation (2) of Schwarzchild and Harm (1959), except for
a sign difference between the 4 and uﬁ g— terms. This

difference of sign was also noted by Simon (1970a) and

attributed to a typographical error.

We may summarize as follows:

L
&l
]

I

<o

b
fo N
o~
Ao
[
<}
Qo
*dio
+
=
-
+
£,
a|
V\.A)
sl
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sp & : , 2 (1-38)*
< = ff’ with Yy = BW .

The non dimensional frequency w is defined by

2

. 3
2m \2 R
w = (Perioa)

GM
We may find the amplitude of the luminosity
perturbation by assuming that the perturbed envelope

is still in radiative equilibrium.

3
- 2 Lac T'- 4T'
LI" = = bm 3re p' odr!
3
. . 2 Lac T- 4T
buts L= - At 82 5 G

(Note that the perturbed and unperturbed opacities are
identical because we have assumed that the opacity is
due solely to electron scattering)

Dividing the foregoing equation into the one

preceding, and expanding all powers to first order:

SL '
1+ —Ei = (1 + 25%)(1 + BJT)(l §r)g§7 gT

but we have shown:

192
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Therefore:
1+ er = (1 + 35% dry 41’
I © * B5E) Fr

T

however:

(1 + ch)dT + T-d(%

[+ &+ 280 % L7 ar

ar’

and noting that:

Tdr _ P dr(I gg) _ _ h+l

rdalf ~ r dP P 4T’ v
we find that:

aT' T n+l _ 4 ,JT

ar = 1+ 5% - v X dx(ff)
finally:

SL
e RaE AL CR TR

giving us Equation (5) of Schwarzchild and Harm (1959)

JL
r n+1 sr
T = e m— ( ) + [,' ll_

the constriction of the perturbation being adiabatic

imposes the following condition:

JT S _ 2 b=
T—Q—’; and 9—3
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This completes the dynamic analysis of the
pulsational amplitudes. The linearization of the theory
results in a sinusoidal time development with the
amplitude time dependence eliminated. In order to
discover, whether the pulsations are growing or decaying
we must revert to energy considerations.

The pulsations will grow if the net energy
generation per period exceeds that radiated away. A
complete exposition on this aspect of the pulsational

stability may be found in Schwarzchild and Harm (1959).



APPENDIX B
ENTROPY OF AN IDEAL GAS WITH RADIATION

TdS = dU + PdV

qu -%2 dp

U= 2k T+ 2 T’+ for ideal gas and radiation
2 pH ?

195



= |22
S 'qu dp + £,(T) + const,

S = %l% %-PT— + f(P)-i-constl
S = 1nJ0 + £"-P—+f(T)+const2
f()‘—-k 1
1P/ = - aw ‘f
k
fz(T)=%’Tﬁ- n T

constl = const2 = const

S=%i{ﬁlnT-,%H-lr)o + %i}r—; + const
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APPENDIX C
DETERMINATION OF ATMOSPHERIC MASS

We may define an optical depth,’T, in terms of the

opacity as follows:

dT = -=ikpdr = - dm
f Lnr

leading to the relation

2
dm=-£"—KLd"C

From the theory of radiative transfer in stellar atmospheres,
we find, to first approximation, that the optical depth of
the photosphere is TR = 2/3 (Schwarzchild, 1959, p. 89);

0
- S&mﬁ T = %mi‘ﬁ
Matmo = ~ £—d7= %
2/3 0

For electron scattering K = g, is a constant. For the more
complete opacities used in computing some of the models
considered in this paper, it was found that opacity varied
from its photospheric value by less than 25 per cent

throughout the atmosphere. Thus we may consider j¢ = E”“R’



leading to

For all the models considered r is less than 3 parts
in 101P greater than R, even at several density scale heights

into the atmosphere. Therefore, we find

n _ 8nR?
atmo §“R
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APPENDIX D

NUMERICAL APPROXIMATIONS OF DERIVATIVES

D.1 Centered Derivatives

D.2 Derivative Based on Three Point
Parabolic Fit
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CENTERED DERIVATIVES

y(xo) = yO X+, y+
d
3§| =7, *0'¥o
Xs FIGURE
2 Dol
u = y"
dx2 -0 X
X, ¥ _

Consider expanding the function y(x) about Xo to

2nd order to obtain approximate values at x_ and x_.

+
(x,=x )%
' " 9]
' " (X"'_XO)2
Vo = Yo *yilx_-x )+ 5 —m—— + ...

Subtracting the last equation from the one

preceding,
" 2 2
Yy ~-Y. = y(')(x+—x_)+-29-[(x+-xo) - (x_-xo) T+ oes
but:
2_ .2 2
(x;—xo) = x§ - 2%, X + X
2_ .2 _ 2
(x_=x)%=xZ = 2x_x_ + x
Therefore:
2 2 _ 2 _ .2 _ o
(x,=x)° = (x_=x))° = x{ - xZ - 2(x,-x_)xg

(e =x_)[(x +x_) - 2x,]
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_ X, + x_
Defining, x = 5
We find that:
Ve~V = yilx=x)+ ydx~x_)(x -x]) + o(3™")

dividing thru by (x%—x_)

Dl -
—_ = v " -
X, =X Yo * Yo(x xo)
+ -
For the specific case in which Xo is centered
between x_ and x_,
X, =Xy = X, = X_
X, +x_ = 2%,
but: X, +x, = 2x
Therefore if x  is centered X = X, and our

second order expansion leads to

Y-V

= = ¥
X~ X_ o

Thus for centered derivatives

dy| . Visd " Vi

dx -~ X - X
: xi xl'i"% xl"‘%‘

turns out to be an approximation scheme based on a
second order expansion due to the vanishing of the

second order term.



DERIVATIVE BASED ON THREE POINT PARABOLIC FIT

FIGURE D.2

define: A x4

i
]
]
o]
>
t<
!
>
1
<
=

2
then from: Y1 = axq + bxy + ¢ (1)
2
Yo = ax, + bx, + ¢ (2)
2
y = ax“ + bx + ¢ (3)
I = 2ax + b (4)
. ¥y
we get: %% = a(x+x1) + b. (5)

by subtracting (1) from (3) and dividing through by

(x = x;) and similarly

’%% = alx+x) + b (6)

Eliminating b between (5) and (4) we get:

%=anl+§—;y% (7)

similarly from (6) and (4) we get:
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AV,

d
'd'% = anz + 'A';c_z (8)

Dividing (7) by Ax; and (8) by Ax, and subtracting
(8) from (7)

{A—l" ) ;.} dy _ éi’;: _ Ay,
ax = )
xl sz X Axl sz

15
|

1 x, Axq
sz - Axly {Axl Avy - E AYZ}

) Axy +Ax, ) Ax, vq . Axy 7,
Axlzgxz y AXq X=X AXy xq=X,
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APPENDIX E
LUMINOSITY FUNCTION STUDY FOR YOUNG CLUSTERS

Presented here is a partial summary of a study of
the luminosity functions of a group of very young galactiec
clusters conducted in 1968. A description of the methods
employed to construct these luminosity functions would be
rather extensive and is omitted in the interest of brevity.
We will, however, enumerate the five factors we required
for the construction of a cluster's luminosity function:
(i) a precise determination of spectral type for each

cluster member, based on the MK system of
classification;

(ii) photometric data for each member based on multi-
color photometry;

(iii) an accurate measurement of the cluster's distance
modulus;

(iv) an estimate of the amount of interstellar reddening
each cluster member undergoes;

(v) the appropriate bolometric corrections to translate
absolute visual magnitude into absolute bolometric
magnitude for each star in the clusters.

The last two factors may be further elaborated upon. In

correcting for interstellar reddening it is not, as is

customary, assumed that R, the ratio of total to selective

absorption, is a constant approximately equal to 3.



Variation in R from cluster to cluster was determined from
sources such as Reddish (1967) and Wampler (1962). The
values obtained by these means were verified wherever
possible by comparing photometric data for stars of
similar spectral type within a given cluster. Values
chosen for the bolometric corrections were based on those
supplied by Harris (1963), Johnson (1963), Morton and
Adams (1968), and Stothers (1968, private communication).
While the bolometric corrections for the very most
luminous stars were derived solely from models of stellar
atmospheres, the others were, at least in part, based on
observational evidence. Recent OAO and rocket observations
indicate that our bolometric corrections for the highest
luminosity stars may have been significantly underestimated.
In choosing clusters for this study we were highly
selective in terms of considering only those for which the
five factors enumerated above could be accurately determined.
Further criteria consisted of evidence for extreme youth,
observations of proper motion of cluster components, and
other evidence that allowed us to determine cluster
membership with a high degree of certainty. After careful
consideration of the clusters selected as well as other
clusters rejected because of less reliably determined data,
it was concluded that the selection process would not bias
our results, but rather produce truly representative
composite luminosity functions reflective of the data's

reliability.

205 -



206

Table (E.1l) lists the more important clusters
considered, along with some of the prime references used
in determining factors (i) through (iii) for each. In
addition to the tabulated references, the following served
as highly reliable sources for determination of distance
moduli for most of the clusters listed: Hoag and Applequist,
(1965); Hoag, Johnson, Iriarte, Mitchell, Hallam, and
Sharpless (1961); Johnson (1960); Johnson, Hoag, Iriarte,
Mitchell, and Hallam (1961).

Figure (E.1l) is a computer plot of the composite
luminosity function for the clusters indicated. é(Mbol)
is a normalized quantity representing the number of stars
in the magnitude range Mboli 4. In this plot % has been
calculated at 0.1 magnitude intervals., Notice the sharp
fall off in % at zero bolometric magnitude. Since this
corresponds to the relatively low luminosity members of our
clusters this phenomenon is simply reflective of an observa-
tional cutoff. Actually, for some of the more distant
clusters the observational cutoff should correspond to a
point one or two magnitudes brighter. Thus we may consider
the luminosity curve as increasingly depressed from magnitude
Mbol = 1,5 and fainter. It has been indicated that a truly
composite initial luminosity function should show some sort

of exponential behavior (Iben and Talbot, 1966; Idlis, 1957;



TABLE E.1

CLUSTERS USED IN 1968 STUDY

NGC 2261

(Morgan, Hiltner, Neff, Garrison, & Osterbreck,
1965; Vasilevskis, Sanders, and Van Altena,
1956b; Walker, 1956)

Cluster

NGC 6530 | (Hiltner, Morgan and Neff, 1965; Iben and
Talbot, 1966; Walker, 1957)

NGC 6611 | (Morgan, Code, and Whitford, 1955; Walker, 1961)

NGC 6067 | (Thackery, Wesselink, and Harding, 1962)

NGC 1893 | (Hiltner, 1956, data presented at IAU symposium)

NGC 2244 (Morgan, Hiltner, Neff, Garrison, & Osterbreck,
1965) -

IC 5146 (Walker, 1959)

IC 294l (Thackery and Wesselink, 1965)

IC 1805 (Vasilevskis, Sanders, and Van Altena, 1956a)

ORION (Sharpless, 1952; Strand, 1958; Johnson and

Aggregate | Hiltner, 1956, Ap. J., 123, 267)

HYADES (Crawford & Perry, 1966; Morgan & Hiltner, 1965)

Cluster

h & X

PERSEI (Schild, 1967)

Clusters

PLEIDES (Johnson and Mitchell, 1958)
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Salpeter, 1955; Sandage, 1957a and 1957b; Van Den Bergh,
1957). For convenience we choose to fit the composite
luminosity function of figure (E.1l) with a gaussian
distribution. We use only those objects brighter than O
magnitude to determine the curve's parameters through a
least squares fit. Notice that the portion of the curve
near the gaussian's mode approximates the effect of the
observational depression prior to the observational cutoff,
while the tail of the gaussian fit reflects the exponential
behavior of the luminosity function. The curve of figure
(E.1) has a mean of O and a standard deviation of A4.2.After
applying a minor correction to compensate in part for the
observational cutoff effect, we find by the usual
techniques an expectation value of somewhat less than 3%
for the occurrence of objects brighter than M, , =-10,
Note that because of the manner in which it is defined
$>0 up to magnitude - 10.5, even though the brightest

star in the survey is of magnitude -10, There are 283 stars
represented by figure (E.1l), leading to an estimate of at
least 7 stars brighter than Mbol = =10, if the sampling is
representative. Furthermore, consideration of figure (E.2)
indicates that our estimate is somewhat too low. By
omission of the nearest cluster, figure (E.2) emphasizes
the effect of observational cutoff for the more distant
clusters on the low luminosity end of the luminosity function.

In figure (E.2) we have forced a fit to a gaussian having
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the same mean as in figure (E.1). In this case our standard
deviation is greater than 5.4. When we extrapolate this
information to the data of figure (E.1), we should
conservatively expect to find at least 9 stars out of the
283 sampled to be brighter than Mpo1 = =10. In fact, we
find none in the sampling just discussed or in any other
sampling we considered.

Comparisons with other composites as well as the
individual cluster luminosity functions lead ostensibly
to the same conclusion; if the luminosity distributions
in young clusters are indicative of some exponential
initial luminosity, we find a lack of super luminous
(very high mass) main sequence stars, which must be
attributed to non-genetic effects. An independant
evaluation of our data by Simon and Stothers (1970) resulted
in the conclusion that when considering the normal O stars
in our young clusters, "a cutoff occurs at high luminosity
which is faster than the gradual tapering expected by
fitting the bulk of the O stars to an exponential
representation of the luminosity function; a simple
extrapolation of the fitted luminosity function predicts 2
'superluminous' objects per 20 normal O-type stars".
These predicted superluminous objects have not been
identified as main sequence stars. The significance of the

main sequence luminosity cutoff is discussed in Chapter 1.
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FIGURE E.1

LUMINOSITY FUNCTION I *

* computer generated plot
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FIGURE E.2

LUMINOSITY FUNCTION II *

* computer generated plot
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APPENDIX F

SAMPLE LISTINGS OF COMPUTER CODES

Because of the large variety of models and techniques

developed for this study, several different levels of
computer codes were developed. In this appendix we

consider the codes used in constructing p Cephei model #

16. We have omitted the subsidiary service routines such

as the one used in preparing the plots for this thesis.
We have, however, included routines that illustrate how
we might have employed a different zoning scheme or
boundary conditions for model 16. A list of routines
included in this appendix is given below. Each routine
is preceded by a brief explanation of its function. The
terminology employed is the same as that used in the

main text.

F.1 CEPHEI START

F.2 CEPHEI CALC

F.3 CEPHEI ZONE

Fol CEPHEI ZONE II

F.5 CE. PU. START

F.6 CEPH. PULS.

F.7 CEPHEI LIBRARY (subroutine package)
F.8 BNDRY

F.9 EQUILIB ZONE III
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F.1 CEPHEI START

This routine initializes the equilibrium model data
set with the first trial values of Tc'Pc'I‘ and R as well
as setting the composition and mass parameters xc’Yc'xf'

Y50 Mp, and M.



/1D 1444 T UNJAR,S. CPPHPID START 005 01 000
/DD 4  DSNAMP=CALC,DISP=SCR
/EXBC  FORTX

IMPLICIT RPAL®A(A-H,K-M,0-2,$%)

A = 7.5841D-15

H = 1.873330-24

KBOLTZ = 1.38046D-16

LSUN = 3.90D33

RSUN = 6.95598D10

SRRk kR kokk THESE  VALURS FROM STOTHER Sk dobnikk ook bk dok b kol

[« e Ne Nel

NMSUN = 1%

XC = 0.700

YC = 0.27D0

TC = 10.D0%%7.5200D0

RHOC = 10.DO0%%0.6900D0
MFPRAC = 0.66

XF = 0.3%

YP = 0.62

LO = 10.D0#%4 . 4600DOXLEUN
RO = 10.DO%%0.5800%RSUN

sk ookl konkiokokkokookotokiokolokok kool skokkokokokolop ok kokokolokk ok ok ook dok ok kb kbbb b od

aaQon

MUINV = 0.500 + 1.5DO%XC + 0.25D0%YC
C1 = KBOLTZMUINV/H
CS = As3.D0
PC = CI%RHOCHTC + CS#TCH%4
WRITE(4,98) NMSUN, XC, YC, PC, TC, MFFRAC, XP, YP, LO, RO
98 FORMAT(]5,1P9D25.16)
WRITR(3,99) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YP, LO, RO
99 PORMAT(///19,% SOLAR MASSES'/%0 XC ='F7.4/° YC =V ,PT.4/
Y PC =Y ,1PD23.16/° T =',1PD21.16/
"0 MFFRAC =',0PF5.2," OF THP STAR''S MASSY/
'0 XF =V ,F7.47° YF = ,FT.4//
’ LO =%,1PD23.16/° RO = ,1PD23.16////)

»x X x

STOP
FND
/1%
/EXPC LDR
/0D 4 DSNAWF =CALC ,DFVT=2314 ,RECFM=F ,LRFCL=250,D1 SP=KFFP
/EXEC *
/%
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F.2 CEPHEI CALC

These routines find improved values of Tc’ Pc’ L
and R by a series of successive iterations employing the

fitting point scheme of section (4.2).
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/1D 1444 T UNGAR,S. CFPHEID CALC 015 02 000
/DD & DSNAME=CALC, D1SP=PASS
/BXRC FORTA, *OPT=2"

c
c M 20 2 o 002020 2 20202002 0 o
¢
Y THIS PROGRAM 1S DFRIVED FROM FOUILIR CALC 11, WITH PROVISION MADK
C
c FOR A DISCONTINUITY IN CHFMICAL COMPOSITION AT MF,
c
c 2000002 0000 0202 2060 0o 20 0o 0 2030 o O o o o o
C
IMPLICIT REAL®B(A-H, L ,M,0-2,%)
RFEAL®8 KAPPA, KBOLTZ, KAPPAT
DIMENSION FPCON(S)Y, FTCONCS), FLCONCS), FRCONCS)
DIMENSION FPRAD(S), FTRAD(S), FLRAD(S), FRRAD(H)
DIMENSION PFO(5), TFO(5), LFOtH), RFO(D)
DIMENSION PFI(5), TFI(O), LFI(D), RFI(5)
DIMENSION AMAT(5,5), BMAT(5,4)
COMMON X, Y, Z, ALPHA, KAPPAT
DATA AD, RAD /7 * AD ‘', ' RAD v/
100 PORMAT(1H-,T33,’P U LS AT 1 NGU STAR Y, 15, SO0 LA
X R MASSFES (FQUILIBRIUM MODEL) ' /)

400 FORMAT(1HO,T5, MASS' ,T17,'RADIUS® , T34, 'HEAT' ,T4ab, ' PRESSURF®,
T62,'DENSITY®,T76, "TEMPERATURE ,TY2, *ENTROPY',T106,
YLUMINOSITY®,T122, 'ENERQY /T3, *FRACTION® ,T1n, Y (UMY T3,
*TRANSFER' , T45, ' (GM/S0.CM) Y, TH2, " (GM/CCY , TT76, " (DRG=-ARS)Y Y,
T89, *(FRAS/GM-DFG)* , T103, * (FRGS/SQ. CM-SF() ,T121,
YCERAS/GMY Y /)

500 FORMAT(FY.3,1PD15.3,7X,A8,1P6D15.3)

x X X X

READ MODEL'S MASS AND CHEM]CAL. COMPOSITION.

ARk AND oKk ok ko Kok
RRAD STARTING VALUES FOR CENTRAL PRESSURE AND TFMPFRATURF AS WFELL
AS STARTING VALUES FOR SURFACE LUMINOSITY AND RADIUS.

oo ReNsNoNe]

READ(4,98) NMSUN, X, YC, PC, T, MFFRAC, XF, YF, LO, RO
g8 FORMAT(15,1P9D25.16)
WRITE(3,99) NMSUN, XC, Y, PC, T¢, MFFRAC, XF, YF, L0, RO
99 FORMAT(///19,' SOLAR MASSES'/'0 X ZVRT. 470 YO =), F7.4/
0 PC =',1PD23.167" TC =0, 1PD23. 16/
10 MFFRAC =',0PF5.2,' OF THF STAR''S MASS'/
0 XF 2 ,F7.47° YF 2°,F7.4//
| Lo =',1PD23.16/° RO =',1PD23.16/7//)

> o X

C SET MAXIMUM MASS Z20NF SIZF.

N = 1000

Pl = 3.14159265358979320D0
FPl = 4.DO0%P1

FPITHD = FPI1/3.D0

A = 7.5641D-15

A0 = 2.81785D-13
2.997929D10

6.673D-8

1.67333D-24

ITC
u non
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1.38046D-16
.9508D10
MSUN .989D33

LSUN .90D33

SI1OMA = A%('/74.D0

c2 4.0D0%A/3.D0

Ca 4. D0OxA

(4] A73.D0

OPCON4G = 64 .DOAXCRPIxn2/3.D0
MSTAR = NMSUINRMSUN
DMM = MSTAR/N

KBOLTZ
RSUN

0nonw
W = > n

SET FITTING POINT MASS,

MF = MFFRAC®MSTAR

EXP1 = 1.D073.00
PXP2 = 2.D0/3.00
FPRAC = 8.D0/3.D0
GCONST = Q/PPI

SPT MAXIMUM PRFSSURF ZONF S1Z4F,
GCON2 = 1.0D-1/GCONST

SET S1ZF OF PERTURBATIONS.
DFLFAC = 1.D-6

CHOOSE NUMBFR OF SFTS OF SIX INTFGRATIONS FOR RUN,

NITFR = 8

DO 1000 ITFR=1,NITFR
DELPPC = DEUFAC%PC
DELTTC = DFLFACXRTC
DRLLLO = DFLFACxLO

DFELRRO = DELFAC®RO
ASSIGN 30 TO NI
CONTINUE

SET COMPOSITION DEPENDANT CONSTANTS.

xC

YC

Z231.D0-Xx-Y

ALPHA = KBOLTZ%(1.D0 + X)/7(2.D0%H)
KAPPAT = (FP1/3.D0)%A0%*2%x(]1.D0 + X)/H
MUINV = 0.5D0 + 1.5D0%X + 0.25D0%Y

C1 = KBOLTZxMUINV/H

C3 = 3.D00xC1

XCNO = (1.D0 - X = Y)/2.D0

FCONST = 7.9D31%xXkxXCNO

X
Y

SFT BRANCHING FOR ONLY ONE CONVECTIVE REGION,

ASSIGN 12 TO NLABFL
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START INTRGRATION FROM CENTER OUT, ookl (YR Fkkok ok ok
A0 o 20 20 o 220 02 a0 2o o 2 o o e o o o oo o o e o o o o ok

CALCULATE CENTRAL VALUKS.

v = AD

M= 0.D0
MFRAC = 0.D0
R = 0.D0

L =0.D0

T = TC

P < PC

RHO = (P = CH5&Twmd4}/(C14T)

S = C1aDLOG(T*®R] , 5DO/RHO)Y « (2%T%%3/RHO

F = BCONSTRRHORDEXP(=-1,5231D4/TxxFEXP1 )/ TReFEXP2
WRITE(3,100) NMSUN

WRITKF(3,400)

WRITK(3,500) MFRAC,R,V,P,RHO,T,S,L,F

CALCULATE VALURS ONF ZONE OUT BY APPROXIMATE KXPANSION,

BETA = Ci®RHO®T/P

GAMMAZ = 1.D0 + (FRAC - 2.DO*BFTA)/(8.D0 - 6. DO*RFTA - HFTA%R®Z)
s DMM

((3.D0/FP1 Y &DMM/RHO) =kFXP |

T = (FP176.D0)%CkRAk2%«RHO®*2%(1.D0 ~ 1.D0/GAMMAZ2 ) *xT /P
P - (FPI/6.D0)%GkR%%k2xRHO®&?

DMMxE

MFRAC = M/MSTAR

RHQ = (P - CO5»T%x%4)/(C1%T)

S = CIxDLOG(Tx%x1 ,5D0/RHO) + (2%Txx3/RHO

F = BECONST®RHORDEXP(-1.5231D4A/TxxEXP] )/ TexEXP2
WRITF(3,500) MFRAC,R,V,P,RHO,T,S,L,F

ro—<4=>xzx
n oM o4 on

BRGIN INTEGRATION.

CONTINUE
PM = P
T™ = T
LM = L
RM = R

DMP = GOONZ®R&%4%P/M
DM = DMIN}] (DMM, DMP)

PO 10 K=2,6

A= ((K - 1)/2)72.D0

MT = M + DM=xA

PTCON = P + FPCON(K-1)%A
PTRAD = P + FPRAD(K-~1)1%A
TTCON = T « PTCON(K-1)%A

TTARAD = Tx%4 + FTRAD(K-1)%A

TTRAD = TT4RAD%%0.25D0
LTCON = L + FLCON(K-1)%A
LTRAD = L + FLRAD(K-1)%A

RT3CON = Ruxx3 + FRCON(K-1)%A
RTCON = RTICON%%FEXP]
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30

40

50

105

R = RM

DM = MF - M

a0 ™0 8

CONTINUR

G0 TO Ni, (30,40,%50,70,80,90)
CONTINUE

WRITF(3,500) MPRAC,R,V,P,RHO,T,S,L,F
PRO(1)Y = P

TPOt1Y = T
LFO(1)Y = L
RFO(1)Y = R

PC = PC + DRLPPC

ASSIAN 40 TO NI

a0 T $

CONTINLUR

WRITR(3,500) MFRAC,R,V,P,RHO,T,S,L,F
PPO(2)Y = P

TRO(2) = T
o2y = L
RFPO(2) = R

PC = PC - DRLPPC
TC = TC + DELTTC
ASSIGN 50 TO NI

G0 TO §
CONTINUR
WRITR(3,500) MPRAC,R,V,P,RHO,T,S,L,F
PFO(3) = P
TRO(3Y = T
LFO(3) = L
RPO(3) = R
PRO(4) = PRO(1)
TRO(4) = TFO(1)
LFO(4)> = LPOC(1)
RPO(4) = RFO(Y)
PFO(5)Y = PFOC(Y)
TFO(S)Y = TFO(Y)
LPO(SY = LFOY)Y
RFO(S) = RFOL())

TC = TC - DFLTTC

" ASSIGN 70 TO NI

CONTINLUE

RESET COMPOSITION DEPENDANT CONSTANTS.

X = XF
Y = YF
2= 1.D0 ~X-Y

ALPHA = KBOLTZ%x(1.D0 « X)/(2.DO0%H)
KAPPAT = (PP1/3.D0)Y®A0%%2%(]1.D0 + X)/H
MUINV = 0.5D0 « 1.5D0%X + 0.25D0x%Y

C1 = KBOLTZxMUINV/H

C3 = 3.00%C)

XCNO = (1.D0 - X - Y)/2.D0

PCONST = 7.9D31%X%XCNO

el e i e e e e e A £ 3%
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START INTRORATION FROM SURFACFE IN, sokokokok ENVELO P Fatoksokox
A0 R0 020 0K 0 o 0 e 20 0o e o 0o o o o o o o o o o o o o oo o o
CALCULATF SURPACE VALURS.

vV = RAD

TO =2 (LO/(PPIRSTUMARRO®®2 )Y k() 25D0
PO = 2.DOXORMSTAR/ (3. DOKKAPPATRRO%%2) + (CH%TOx%4/2. DO
RHOT = (PO - C5&TO%%4)/(C1%T0)

ITHRATE TO FIND SURFACF PRESSURE AND DENSITY.

1045 CONTINUR

RHO = RHOT

PO = 2.D0%(*MSTAR/(3.D0OxKAPPA(RHO, TOYXRO%%2) + ("5%T0%k%4/2.D0
RHOT = (PO - CS5%«TOx%4)/(C1&T0)

1F(DABS( (RHO-RHOTI/RHOT)Y .OT. 1.D-12) GO TO 1045

M = MSTAR
MFPRAC = 1.00
L= Lo

R = RO

P = PO

T = TO

RHO = (P = C5%Txk4)/(C1%T)

S = C1=DLOQ(T%x]  SDO/RHO) ¢ (C2%Thxx3/RHO

B = BCONST®RHOXRDEXP(=1.5231D4/TxxEXP1 ) /ThxpEXP2
WRITE(3,100) NMSUN

WRITR(3,400)

WRITR(3,500) MPRAC,R,V,P,RHO,T,S,L K

BRGIN INTEGRATION,
106 CONTINUF

PM = P

™ = T

M = L

AM = R

DMP = GCONZ2®R&x4%P/M
DM = =DMIN1 (DMM, DMP)
108 DO 110 K=2,5
A= ((K =~ 1)/2)72.D0
MT = M + DMxA
PTRAD = P +« FPRAD(K-1)%A
TT4RAD = Txk4 + FTRAD(K-1)%A
TTRAD TTARAD®%(0 , 2500
LTRAD L ¢ PLRAD(K-1)%xA
RT3IRAD = Rxx3 ¢ FRRAD(K-1)%A
RTRAD = RT3RAD*xEXP!
RHORAD = (PTRAD - CS5%TTRAD*%4)/(Ci1xTTRAD)
FPRAD(K) = ~QCONST®MT&DM/RTRAD%*4
OPCON3 = OPCON4/KAPPA(RHORAD, TTRAD)
FTRAD(K) = -4 . DO%LTRAD®DM/ (QOPCON3®RTRAD®%4)
FLRAD(K)=FCONST®RHORADXDEXP (=1, 5231 D4/TTRAD®*EXP1 ) %DM/TTRADRREXP2
FRRAD(K) = DM/ (FPITHDXRHORAD)
110 CONTINUE
Mz Me DM

n



60

10

80

80

MPRAC = M/MSTAR

PRAD = P + (FPRAD(2)+2.DORFPRAD(3)1+2. DORFPRAD(4)+FPRAD(511/6.D0
T4RAD = T4+ (FTRAD(2)+2.DOXFTRAD( 3142,  DOXFTRAD(4)+FTRAD(5))1/6.D0
TRAD = T4RAD®%0.25D0

LRAD = L + (FLRAD(2)+2 . DOSFLRAD(3)+2.DOXFLRAD(4)+FLRAD(S))/6.DO
RIRAD = Rxk3e (FRRAND(2)+2 DOXFRRAD(3Y+2 DOXFRRAD( 4)1+FRRAD(5Y)/6.D0

RRAD = R3IRAD®RFXPI

P = PRAD
T = TRAD
l. = LRAD
R = RRAD
VvV = RAD

RHO = (P ~ CH&THk4)/(C1%T)

S = C1&DLOQ(T*=] ,5N0/RHO)Y + C2aT%x%3/RHO

P = PCONSTRRHO®DEXP(-1.5231D4/TkxEXP1 )/ ThkEXP2
t1P(M - MF) 116,60,106

M= M- DM

P = PM

T = T™

L= M

R = RM

DM = MF - M

G0 TO 108

CONT I NUR

00 TO NI, (30,40,50,70,80,980)
CONTINUR
WRITH(3,500) MFRAC,R,V,P,RHO,T,S,L,F
PPI(1) = P
TRPI(1)Y = T
LFIc1y = L
RPI(1) = R
PPI(2)Y = PPI(1)
TRPI(2) = TRI(1)
LPI(2)Y = LRIC1)
RFI(2) = RFI(Y)
PRIC3)Y = PFIC1)
TFI(3) = TFI(1)
LFRI(3) = LFI(1)
RPJ(3)Y = RPI(1)

LO = LO + DRLLLO

ASSIGN 80 TO NI

GO TO 105

CONT I NUFR

WRITE(3,500) MFRAC,R,V,P,RHO,T,S,L,F
PRI(4) P

TFI1(4)
LF1(4)
RPI(4)
1.0 = LO - DELLLO

RO = RO + DFLRRO

ASSIGN 80 TO NI

G0 TO 105

CONT I NUE

WRITE(3,500) MFRAC,R,V,P,RHD,T,S,L,F
PRI(5) = P

TRI(S5) = T

v oo
=

22,
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Fiop

, 151,40
=, 1PD24. 167 DRELT =*,1PD24 .16/
=, 1PD24 167 DFLR = ,1PD24. 167777

LPI(S5Y = L
RP1(S5)Y = R
RO = RO - DFLRRO
DO 95 1=1,56
AMAT(1,1) = PFO(IY - PRICI)
AMAT(1,2) = TFO(I)Y - TFI(1)
AMAT(1,3) = LFO(1)Y - LFI(1)
AMAT(1,4) = RFO(TY - R
AMAT(T,5) = -1.D0
DO 95 Jd=1,4
AMAT(1,J) = 0.D0
CONTINUE
WRITK(3,87) (AMAT(1,1)
87 FORMAT(///° DELP
' DFEL.L.
BMAT(2,1) = DRLPPC
BMAT(3,2) = DELTTC
BMAT(4,3) = DFRLLLO
BMAT(5, 4 = DFLRRO
CALL LEQ(AMAT,BMAT,5,4,5,5,FRR)
DELPC = BMAT(S,1)
DRLTC = BMAT(5,2)
DRLLO = BMAT(5,3)
DELRO = BMAT(5,4)
PC = PC - DELPC
TC = TC - DRLTC
Lo = L0 - DPLLO
R0 = RO - DELRO
CONTINUF
REWIND 4

/*
/EXFC
/EXEC
/P0J
/F0J
/F0J
/=

1

1

WRITE(4,98) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO
WRITE(3,99) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO

STOP
END

FUNCTION KAPPA(RHO,T)
IMPLICIT REAL®8(A-H,K,0-2,8)
COMMON X, Y, Z, ALPHA,
PF = ALPHA®RHOXT

1.D4
4.B5D-13%PF/((1,D0+2.2D-5%T4 )%RHOXT4)
PR&X*(T4%%0.5D0/ (2. D6/Ta%na+2.1D0*Ta%k61+1 . D0

/(4. 5DOKT4k%6+1 . D0/ (T4%k( 4 D-3/T4%kd+2, D-4/RHOK®0,25D0))))
PEXRY®(1.D0/(1.4D3I*KTA+TakkE)1+] . 500/ (1 .D6+0. 1 DOKTA%%E )
PREZ#TARKD . 5D0/ (2. DIAT4+3 . SDIkTANk4+3, BD2%Z

*(RHO® (2. D0~Z ) kk2%(1+X) 1%kk0 . 33ND0O*T4%%4 . T1D0)

KAPPA = KAPPAS + KAPPAX + KAPPAY + KAPPAZ

T4 =T /
KAPPAS
KAPPAX

KAPPAY
KAPPAZ

RFTURN
FND

LDR
»

KAPPAT



F.3 CEPHEI ZONE

These routines produce a zoned equilibrium model
in accordance with either the subdivided or uniform mass
zoning schemes from the values determined by one or more
passes of CEPHEI CALC (F.2). The output serves as an
input data set for CE., PU. START (F.5).

226
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/1D J444 T UNGAR,S. CRPHFID ZONE 005 02 000
/DD 4 DSNAME=CALC,DISP=PASS

/DD 8 DSNAME=TEMP,D1SP=SCR

/1BXEC FORTX, 'OPT=2"

¢
C 224 200 200 20 20 0 2 2 2 20 3 2o e o a0 e o e 30 o a0 xS e a2 o a0 ke b 2 e 0 o o sl e e o o o s e e e ok 3 s bk o ok o ok e
c
c THIS PROGRAM 1S DFRIVED FROM FOQUILIB ZONE V, WITH PROVISION MADE
C
c POR A  DISCONTINUITY IN CHEMICAL COMPOSITION AT MFF.
c
C 20500 100 200 70 70K 20K 20K 28K 8 200 2% 20 54 200 9K 0 3 30 20 30 36 20 206 3 e 30k 0 i 700 2 20 2 s b a4 of 2 28k b b e 30 30 3 b o0 ok a8 3 o8 ok ok b s e e e 28 3k oK o8¢ ok ok Kok
C
IMPLICIT REAL#8(A-H,L,M,0-%,%) ZNF00020
REAL#8 KAPPA, KBOLTZ, KAPPAT ZNF000 30
DIMENSION FPCON(5), FTCON(5), FLCON(5), FRCON(S) ZNEQ0040
DIMENSION FPRAD(5), FTRAD(5), FLRAD(5), FRRAD(5) ZNE00050
DATA AD, RAD 7 * AD ', RAD '/ ZNE00060
100 PORMAT(1H1,T33,'P UL S AT I NOJ STAR 1,15, & 0 L AZNF00070
XR MASSES (FQUILIBRIUM MODEL) /) ZNF00080
200 FORMAT('/%') ZNE00090
300 PORMAT(BASB) ZNE00100
400 PORMAT(1HO,T5, 'MASS',T17, *RADIUS',T33, "HRAT',T46, ' PRESSURE? ZNEQ0110
X T62, DENSITY',T75, '"TEMPERATURE',T92, 'ENTROPY',T106, ZNF001 20
X 'LUMINOSITY',T122, 'FENERGY ' /T3, 'FRACTION® ,T18,° (CM)*,T31,  ZNF00130
X 'TRANSFER® ,T45, ' (GM/SQ.CM)*,T62, ' (GM/CC)Y Y, T76, * (DFG-ABS)*, ZNE00140
X T89, ' (ERGS/OM-DEG) ', T103, ' (ERGS/SQ.CM-SECY*,T121, ZNE00150
X " (BRGS/OM) * /) ZNE00160
500 PORMAT(F9.4,1PD15.3,7X,A8,1P6D15.3) ZNE00170
c
c CHOOSE NUMBER OF OUTPUT ZONES FOR FQUIVALENT EQUALLE-ZONED MODFL. ZNE00180
c
NZONE = 300 ZNF00190
NZONF. = 500
NZONE = 600
NZONF = 400
c
c READ MODFL.'S MASS AND CHEMICAL COMPOSITION. ZNEO0200
C skkookRokaokk  AND  dkokokak ok xok K ZNE00210
c READ STARTING VALURS FOR CENTRAL PRESSURF AND TFMPFRATURE AS WRLL ZNF00220
C AS STARTING VALUES FOR SURFACF LUMINOSITY AND RADIUS. ZNFD0230
c
READ(4,98) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO
96 PORMAT(15,1P9D25.16)
WRITE(9,198) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO
198 FORMAT(A4,948)
WRITE(3,99) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO
99 FORMAT(///19,° SOLAR MASSFS'/'0 XC ='F7.4/° YC = ,F7.4/
X 0 PC =',1PD23.16/° TC =°,1PD23.16/ ZNF00300
X '0 MFFRAC =',0PF5§.2,' OF THE STAR''S MASS'/
X 0 XF 29 ,F7.4/" YF = ,F7.4//
X ) L0 =',1PD23.16/° RO =',1PD23.16////) ZNE00310
c
¢ SPT MAXIMUM MASS ZONE SI2F. ZNE00320
¢

N = 1000 ZNF00330
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Pl = 3.1415826535A97832D0
FP1 = 4.D0%PI

FPITHD = PP1/3.00

A = 7.5641D-15

A0 = 2.81785D-13

C = 2.997929M0

Q= 6.673D-A

H = 1.67333D-24
KBOLTZ = 1.380486N-16
RSUN = 6.95898D10
MSUIN = 1.989D33

LSUN = 3.90D33

S1GMA = Ax(/74.D0

(2 = 4.D0OxA/3.D0

Ca 4.D0xA

(¢4 A/73.D0

OPCONA = 64, DORARCHPI%%2/3. DO
MSTAR = NMSLUN®MSUIN

DMM = MSTAR/N

won

SPT RITTING POINT MASS.
MFF = MFFRAC%MSTAR

SPLECT VALUES FOR FIXED CONSTANTS,

BEXP1 = 1.D0/3.D0
BXp2 = 2.00/3.D0
PRAC = 8.D0/3.D0
OCONST = G/PP!

SPT MAXIMUM PRESSURE ZONE S1ZF.

1.D=1/0CONST
1.D-2/GCONST

GCON2 =
ACON2 =

CHOOSE CONSTANT ZONF StZF FOR CORF RFGION,

DMZONF = MSTAR/NZONF

RFVALUATF MFF TO ASSURF ALIGNMENT WITH MASS ZONES.

MFF = IDINT(NZONFRMFF/MSTAR + 9.D-1)%DMZONF
SET COMPOSITION DFPENDANT CONSTANTS.

X = xC

Y = YC

KAPPAT = (FP1/3.D0)%A0%%2%(1.D0 + X)/H
MUINV = 0.5D0 ¢ 1.5D0%X + 0.25D0%Y

C1 = KBOLTZ&MUINV/H

C3 = 3.00xC1

XCNO = (1.D0 - X - Y)/2.D0

ECONST = 7.9D31%X%XCNO

SPT BRANCHING FOR ONLY ONF CONVRCTIVE REGION,

ZNF0( 340
ZNFO0350
ZNF00360
ZNFQ0370
ZNE0O03H0
ZNFO0390
ZNF00400
ZNF00410
ZNF00420
ZNF00430
ZNF00440
ZNF00450
ZNFOQ4R0
ZNF0O0500
ZNF00S20
ZNFO0530
ZNF0Q540
ZNF00550
ZNFOOSRO

2ZNF00610
ZNE00620
ZNF00630
ZNF00640

ZNF.006850

ZNF00660

ZNF00730

ZNF00460
ZNE00470
ZNF00490
ZNEODO0S510
ZNEDO0590
ZNE00600

228
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ASSIGN 12 TO NLABRFL

a0l ol o0k 20 a0 ook e ok o oo o e ol oo o ool ool ko sk ool ok ke ol ook ok ok ke kol akokokok ko soklok ok okok R0k ZNE0 07 50

START INTEGRATION FROM CENTFR OUT. Aokokokk (GOR Fiskokokokok

ZNF00760

t“i‘#tttl*#‘*tt**#**tttt**tl‘l*****t*******#t**#******t********#***ZNF.O 0770

CALCULATE CENTRAL. VALURS.

An
0.D0

AC = 0.D0

0.D0

0.D0

TC

PC

= (P - CH%T%%4)/(Ci%T)
C1xDLOG( Tkl . 5DO/RHO) + (2%T*%k3/RHO
FCONSTR®RHO®DEXP (=1 .5231D4/THkFXP1 ) /ThkkFEXP2
WRITE(3,100) NMSUN

WRITE(9,300) M, R, RHO, P, T, §, L, F
WRITF(3,400)

WRITR(3,500) MFRAC,R,V,P,RHO,T,S,L,F

T XC
[T} n;n n

(R N B IR
nua

CALCULATR VALUFS ONE ZONE OUT BY APPROXIMATE EXPANSION,

BETA = C1&RHOXT/P
GAMMA2 = 1.D0 ¢ (PRAC - 2.DO%BETA)/(8.D0 - 6.D0%BETA - BETA%%2)

M = DMM

R 2 ((3.DO/FP1)%DMM/RHO)**EXP1

T =T = (FP1/6.D0)%0kRkk2kRHOK%2%(1.D0 - 1.D0/0AMMA2)%T/P
P = P - (FP1/6.D0)®CkRak2kRHO%%2

L = DMMxE

MPRAC = M/MSTAR

RHO = (P - C5&T#%4)/(CI%T)

§ = C1&DLOG(T#%1.5D0/RHO) + C2%Tx%*3/RHO

F = RCONST*RHO*DFEXP(-1.5231D4 /T#kFEXP1)/ThxFXP2
WRITF(3,500) MFRAC,R,V,P,RHD,T,S,L,F

BRGIN INTFGRATION,

MF = DMZONF

CONTINUFE
MM = M
PM = P
™ = T
LM = L
RM = R

DMP = GCONZ&R¥k4%P/M

DM = DMIN1 (DMM, DMP)

DO 10 K=2,5

A s ((K - 1)2)/2.00

MT = M « DM%A

PTCON = P + FPCON(K-1)%A
PTRAD = P ¢ FPRAD(K=-1)%A
TTCON = T + FTCON(K=-1)%kA

ZNE001780

ZNF00790
ZNE0080O
ZNF00810
ZNF00820
ZNF00830
ZNF00840
ZNF00850
ZNF00860
ZNF00870
2ZNF00880
ZNE00880
ZNF00900
ZNF00910
ZNF00920

ZNF00930

ZNE00940
ZNE00950
ZNR009680
ZNE00®70
ZNR00980
ZNE00990
ZNE01000
ZNE01010
2ZNF01020
ZNF01030
ZNF01040
ZNF01050

ZNF01060

ZNE01070
ZNE01080
ZNF01090
ZNF01100
ZNF01110
ZNE01120
ZNFO01130
ZNED01140
ZNE01150
ZNE01160
ZNE01170
ZNEQ1180
ZNE01190
ZNF01200
ZNF01210

229
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§&

TT4RAD = Thk4 + PFTRAD(K-1)%A

TTRAD = TT4RAD®%0.25D0
LTCON = L+ FLCON(K-1)1%A
LTRAD = L ¢ FLRAD(K-1)%A

RTICON = R%x%3 ¢ FRCON(K-1)%A
RTCON = RTICONKREXPY
RT3RAD = R#%3 ¢ FRRAD(K-1)1%A
RTRAD = RT3IRAD®®FXP1

RHOCON = (PTCON ~ COHRTTCON®R4 )/ ( C1RTTCONY
RHORAD = (PTRAD - C5%TTRAD%%4)/((C1%TTRAD)

BRTA=z C1®RHOCONKTTCON/PTCON

JAMMA2 = 1.D0 + (FRAC - 2.DORBFTAY/(B.DO - 6.DO%RRTA -
FPCON(K) = -(CONST®MT®DM/RTCONK® 4

FPRAD(K) = «~(QCONST®MT%DM/RTRAD%%4

PTCON(K)Y = (1.D0 - 1.DO/CAMMAZHY®TTCONRFPCON(K )Y /PTCON
OPCON3 = OPCON4/KAPPA(X,Y,RHORAD, TTRAD)

PTRAD(K) = -4, DO®LTRADRDM/ (OPCON3I®RTRAD®%4 )

FLCON(K ) =RCONSTRRHOCON®DEXP (~1.5231D4/TTCONKREXP1 1 %DM/ TTCON®REXP2
FLRAD(K)=RCONST*RHORAD®DEXP(-1.5231D4/TTRAD®%EXP1 1 %DM/ TTRADRREXP 2

FRCON(K)Y = DM/ (FPITHDRRHOCON)
PRRAD(K) = DM/ (FPITHD®RHORAD)
CONTINUE

M =M+ DM

MFRAC = M/MSTAR

PCON
PRAD
TCON

TRAD = T4RAD%%0.25D0
LCON

LRAD

RCON = R3ICON®*EXP1

R3RAD = Rk%x3+ (FRRAD(2)+2.D0O%*FRRAD(3)+2.DOXFRRAD(4)+FRRAD(5))/6.D0

RRAD = R3RAD®%FXP1

IF(TCON .QT. TRAD) GO TO NLABFL,

SPT BRANCHING FOR ONLY RADIATIVE RREGION CALCULATIONS.

ASSIGN 11 TO NLAREL,
CONTINUF
PRAD
TRAD
LRAD
RRAD

<D 37
wou oo

CONTINUFE

PCON

TCON

LCON

RCON

AD

CONT INUE

RHO = (P - COXTxk4)/(C1&T)

<390
[T R TR ]

S = C1&«DLOG(T#*%x) , 5D0/RHO) ¢ C2%THx3/RHO

BETA%®2)

P + (FPCON(2)+2, DOXFPCON(3)+2 . DOXFPCON(4)+FPCON(5))/6.D0
P + (FPRAD(2)+2.DO%FPRAD(3)+2.DO%FPRAD(4)+FPRAD(5)1)/6.D0
T ¢ (PTCON(2)+2.DOXFTCON(3)+2.DO%FTCON(4)+FTCON(5))/6.D0
T4RAD = Tuk4+ (FTRAD(2)+2. DOXFTRAD(3)+2 . DOXFTRAD( 4)+FTRAD(5))/6.D0

L ¢ (PLCON(2)+2.DOXFLCON(3)+2.DOXFLCON(4)+FLCON(511/6.D0
L + (FLRAD(2)+2.DO%PLRAD(3)+2.DOXFLRAD(4)+FLRAD(5))/6.D0
R3ICON = Ra%3+ (PRCON(2)+2.DOXFRCON(3)+2.DOXFRCON( 4)+FRCON(51Y)/6.D0

ZNF01220
ZNE01230
ZNF01240
ZNF01250
ZNF01260
ZNF01270
ZNF01280
ZNF01290
ZNF01300
ZNF01310
ZNF01320
ZNF01330
ZNF01340
ZNF01350
ZNF01360
ZNF01370
ZNF01380
ZNF01390
ZNF01400
ZNF01410
ZNF01420
ZNF01430
ZNF01440
ZNF01450
ZNF01460
ZNE01470
ZNEO01480
ZNE01490
ZNE01500
ZNF01510
ZNE01520
ZNF01530
ZNF01540
ZNE01550
ZNB01560

ZNF01580
ZNE01590
ZNE01600
ZNF01610
ZNE01620
ZNF01630
ZNF01640
ZNE01650
ZNF01660
ZNE01670
ZNE01680
ZNF01690
ZNE01700
ZNEO01710
ZNF01720
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0000200

]

1045

® = PCONSTRRHOKDEXP(-1.5231 D4/ TakFXP1 )/ TH&EXP2 ZNED1 730
IP(M - MF) 6,20,16 ZNF01 740
CONT I NUR ZNFO1750
Mz MM ZNF01760
Pz PM : ZNFO1T70
T z TM™ ZNFO1 T8O
L= LM ZNF01790
R = RM ZNFO1 800
DM = MP - M ZNFO1RI0
a0 TO 8 ZNFO1R20
CONT | NUF ZNFO1 R0
WRITF(9,300) M, R, RHO, P, T, 8, L, ¥ ZNFOIHA0
WRITF(3,500) MFRAC,R,V,P,RHO,T,S,l.,F ZNED1R50
MF = MF + DMZONP ZNFOIH60
IPIMP LB, MFF) GO TO 6 ZNFOT1HT0
WRITE(9,200) ZNRO1 6RO
PFO =z P ZNFO1490
TRO = T ZNF01900
LFO = L ZNF01810
RPO = R ZNF01920

RESPT COMPOSITION DEPFNDANT CONSTANTS.

X XP

Y YF

KAPPAT = (PP1/3.D0)%A0%%2%(1.D0 + X)/H
MUINV = 0.5D0 + 1.5D0%X ¢ 0.25D0O%xY

C1 = KBOLTZ#MUINV/H

C3 = 3.D0x%C1

XCNO = (1.D0 - X - Y)/72.D0

BCONST = 7.9D31&X%XCNO

S0l o o e S e e e ol s o s o e e e o ok e ke e ol b a e ool o s ok 2 e o R ok ok ok s sk e sk KRk ok ke sk kok kool ok ZNEO 1 930

START INTEGRATION PROM SURFACE IN, *kkk ENVELOP Pk ZNEO1 940
MR g g oo R o MR i ab o o o o a0 oA R o o R KoK kR KK K kR skl ok ok ok ok k ZNF0 1 950

CALCULATE SURFACF VALUFS. ZNF01860 -
vV = RAD ZNE019170
TO = (LO/(FPINSTCOMAXRO%%2 ) )%x0 . 25D0 ZNF01980
FO = 2.DO&GXkMSTAR/(3.DOXKAPPAT®RO%%2) + (5&T0O%%4/2, D0 ZNF0199(3
RHOT = (PO - CS5%TOx%4)/(Cl1%T0) ZNF02000
ITFRATE TO FIND SURFACF PRESSURFE AND DENSITY. ZNE02010
CONTINUE ZNF02020
RHO = RHOT ZNF02030
PO = 2.DO%(%MSTAR/(3,DO%KAPPA(X,Y,RHO,TO)Y*RO%%2) + C5kTO%%4/2.D0 ZNF02040
RHOT = (PO - COS5%TO%x%4)/(CI1%TO) ZNE02050
1F(DABS( (RHO-RHOT)/RHOT)Y .OT. 1.D-12) GO TO 1045 ZNE02060
M = MSTAR ZNE020170
MFRAC = 1.D0 ZNE02080
L = Lo ZNE02090
R = RO ZNE02100
P = PO ZNEO2110
T = T0 ZNF02120
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106

108

110

RHO = (P = CHRTR®4)/(C1%T)

S = C1aDLOG(TH%1 , SDO/RHO) + (12%Thkk3/RHO

F = BCONSTHRHORDEXP(=~1.5231D4/Th&FXP1)/ThkEXP2
WRITP(3,100) NMSLUIN

WRITF(3,400)

WRITF(9,300 M, R, RHO, P, T, &, L, F
WRITP(3,500) MFRAC,R,V,P,RHO,T,S,L,F

CHOOSF NUMBER OF ZONFS FOR ENVELOPF RFGION.

NOTF - FOR UNIFORM ZONF S1ZF SFT NFXP = 0, NFITZN

—
o

NFIT2ZN
NEXP =
NPITZN
NEXP
NEXP
NEXP

T O W
o

0 n n

SET OUTPUT MASS ZONE SI1ZES IN ENVELOPF RRGION,

CALL FITSFT(DMZONE,NFITZN, NFEXP)
MF = MSTAR - DMZONF

BREGIN INTEGRATION.

CONTINUE
MM = M
PM = P
T™ =T
IM =1L
RM = R

DMP = GQCONZ*Rx%k4%P/M

DM = -DMIN1 (DMM, DMP)

DO 110 K=2,5

A= ((K=-1)/2Y/2.D0

MT = M « DMxA

PTRAD = P + FPRAD(K-1)%A

TTARAD = Txx4 + FTRAD(K-1)%A

TTRAD = TT4RAD*x%0.25D0

LTRAD = L + FLRAD(K-1)%A

RT3IRAD = Rx%x3 + FRRAD(K-1)%A

RTRAD = RT3IRADR%FXP1

RHORAD = (PTRAD - CS5%TTRAD®%4)/(C1%TTRAD)
FPRAD(K) = -GCONST#MT*DM/RTRAD**4

OPCON3 = OPCON4/KAPPA(X,Y,RHORAD,TTRAD)
FTRAD(K) = -4 ,DOxLTRADADM/ (OPCON3IKRTRADN*4)

FLRAD(K)=FECONST®RHORAD®DEXP(-1,5231D4/TTRAD®KFXP1 ) %DM/ TTRADR*EXP2

FPRRAD(K) = DM/ (FP]THDXRHORAD)
CONTINUR

M= M+ DM

MFRAC = M/MSTAR

PRAD = P + (FPRAD(2)+2.DOXFPRAD(3)+2.D0O%FPRAD(4)+FPRAD(5)1/6.D0
T4RAD = Ta%d4+(FTRAD(2)+2.D0O%FTRAD(3)+2.DOXFTRAD(4)+FTRAD(5))/6.D0

TRAD T4RAD%%0 . 25D0

LRAD

o4

L« (FLRAD(2)+2 DOXFLRAD(3)+2.D0O%FLRAD(4)+FLRAD(5))/6.D0

ZNF02130
ZNF02140
ZNF02150
ZNF02160
ZNE02170
ZNE02180
ZNF0 21900

ZNF0220

ZNF02220

2ZNF02230
ZNE02240
2NR02250
ZNE02260
ZNR022170
ZNE02280
ZNF022980
ZNE02300
ZNF02310
ZNF02320
ZNF02330
ZNE02350
ZNF.02370
ZNF02380
ZNF02400
ZNF02430
ZNF.02440
ZNF02460
ZNF02500
ZNF02520
ZNF.02530
ZNF02550
ZNF02570
ZNF02580
ZNE02590
ZNE02600
2ZNE02620
ZNF02640
ZNE02650
ZNE02670
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RIRAD = RuxI+(FRRAD(2)¢2 DOXFRRAD(3V+2 DOXFRRAD( 4)+FRRAD(S5))/6.D0 ZNF02700

RRAD = R3IRAD®REXP] ZNF02710
P = PRAD ZNF02730
T = TRAD ZNE02740
L. = LRAD ZNF021750
R = RRAD . ZNF02760
V = RAD ZNF027170
RHO = (P = (CH%Th%4)/((C1%T) ZNE02860
S = C1xDLOGITA%] . 5D0/RHO)Y + (C2%Tkk3/RHO ZNF02870
F = RCONSTRRHORDEXP (=1 5231D4/TheFXP1 )/ ThkFEXP2 ZNF028R0
TF(M - MFY 116,60,106 ZNF02890
116 CONTINUE ZNF02900
M = MM ZNF02910
P = PM ZNF02920
T = T™M ZNF02930
L. = LM ZNF02940
R = RM 2ZNF02950
DM = MFP - M 2NF02960
GO T™O 108 ZNF02970
60 CONTINUP ZNF02980
WRITR(9,300) M, R, RHO, P, T, S, L, F ZNF02980
WRITF(3,500) MFRAC,R,V,P,RH0,T,S,L,F ZNF03000
FIND OUTPUT MASS ZONF STZ2FS IN ENVELOPF RFEGION,
CALL MASFIT (DMZONE)
MP = MPF ~ DMZONE
IP((MP - MPP)/MP .OT. 1.D-12) GO TO 106
IP(MF .BQ. MFF - DMZONE) GO TO 80
IR((MFF - MP)/MP .QT. 1.D-12) WRITE(3,95) MFF, MF
95 PORMAT(//' Z O NEBE OVERLAFP TOO LARGEF MFF =1,
X 1PD23.186,? MP =°1PD23.18//)
MF = MFF
30 TO 106
80 CONTINUF
WRITR(9,200) ZNE03030
PFI = P ZNF03040
TF1 = T ZNF030560
LF1 = L ZNF03060
RFI = R ZNF03070
DFLP = PFO - PFI ZNF04130
DELT = TFO - TFI1 ZNF04140
DRELL = LFO - LFI1 ZNF04150
DELR = RFO - RFI ZNFE04160
WRITE(3,97) DFELP, DFLT, DFLL, DFLR ZNF04170
97 FORMAT(1H1/'- GOODNESS OF FIT AT FITTING POINT'/// ZNF04180
X ' DELP =',1PD24.16/° DELT =°,1PD24.16/ ZNF04190
X ' DFLL =?,1PD24.16/" PDELR =',1PND24.16777/) ZNF04200
REWIND 8 ZNE04210
STOP ZNE04220
END ZNE04230
PUNCTION KAPPA(X,Y,RHO,T) ZNE05040
IMPLICIT REAL%*B(A-H,K,0-2,8) ZNE0S050
DATA H /1.67333D-24/, KBOLTZ /1.38046D-16/
Z:=1.D0 - X~-Y ZNE05100

ALPHA = KBOLTZ%(1.D0 + X)/(2,D0*H) ZNE05110
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20

10

/%
1EXEC
/DD
/BXEC
/DD
/EXRC

oo Ne e Ne!

10
20
30

90

100

A
L g .
PR = ALPHA®RHO®T e - ZNRO5140
T4 =T 7 1.D4 ZNF05150
KAPPAS = 4.85D-13%PF/((].D0*2.2D-5%T4 ) kRHOKTA) ZNF05160
KAPPAX = PRAX®(TA%K(, SN0/ (2. D6/T4kk4+2, 1DORTARREI>] DO ZNF05170
1 /(4 _5D0%TA%K6+1 . DO/ (Tak( 4. D-3/Tanndae2 D-4/RHOKS0 . 2600113 1ZNFOS1R0
KAPPAY = PPRYR(1.D0/(1 . 4AD3*T4+Takkb)+1 . 5D0/ (1 DE+0. 1 DOKRT4%uE 1) ZNF05100
KAPPAZ = PPRZ&T4x%0.5D0/(2.D1%T4+3 5D1&T4knded RAN2%7 ZNRO5200
1 R(RHO®(2 . D0=2 )42k (1 +X ) wk( . 3ID0ORT4%n4 . T1D) ZNF0O5210
KAPPA = KAPPAS + KAPPAX + KAPPAY + KAPPAZ ZNF05220
RPTURN ZNF0OR230
PND ZNF05240
SUBROUTINF FITSFT( DMZONF, NSUBZN, NFXP)
IMPLICIT REAL®BR(A-H,0-2,%)
IF (NSUBZN/2 .FQ. (NSUR2Ne11/2) GO TO 10
WRITF(3,20) NSURZN
PORMAT(/'-P R ROR R X 1T ODD NUMBFR OF SUHZONRS INDICATRD
X NSUBZN =% 13, 1S ILLRGAL'//7)
CALL BXIT
CONTINUE
NCOUNT = -2
SUBZNF = NSUBZN/2
NSURZN = NSUBRZN - 2
DMZONE = DMZONE/SUBZNP&:NEXP
NPIN = NEXP&NSURZN + 1|
ENTRY MASFIT(DMZONE)
IP(NCOUNT .QT. NFIN) RETURN
NCOUNT = NCOUNT + 1
IP(NCOUNT .LE., 1) RETURN
1P(MOD(NCOUNT ,NSUBZN) .FQ. 1) DMZONF = SUBZNF#DMZONF
RETURN
END
LDR
9  DSNAMB=TEMP,DEVT=(2314,FILPRO),RFCFM=CT, DI SP=KFFP
3
99 DSNAME=TEST,DISP=SCR
FORTX DATA SFT RFARRANGFMENT  BASFD ON VFRSION 3 9/b9
THIS PROGRAM REARRANGES THE OUTPUT FROM FQUILIBRIUM ZONE IV TO  ZNRO52b
BE COMPATABLF WITH THF INPUT TO THF CURRENT VFRSION OF THF STAR1 2NF05270
SUBROUTINE IN THF PULSF 111 CODE, ZNFO52R0
RFAL%8 XC, YC, PC, TC, MFFRAC, XF, YF, 1.0, RO
REAL*8 A(1000), B(1000), C(1000), D(1000) ZNF05310
RRAL&& R(1000), F(1000), G(1000), H(1000) ZNF05320
FORMAT ( BAB ) ZNE05330
FORMAT( ' /%) ZNF05340
PORMAT(////' TOTAL NUMBER OF POINTS CONSIDFRED =',14// ZNF05350
X * FITTING POINT IS NUMBFRY,14//
X ' NUMBFR OF POINTS IN ENVELOPE =1,14////)
DO 100 J=1,2 ZNE05380
CONTINUE ZNE05390
121 +1 ZNE05400
READ(8,10,END=100) A(I),B(1),C(1),D(1),E(1),F(1),G(1),H(I) ZNE05410
GO TO 90 ZNF05420
ZNE05430

CONTINUE

234



98

99

Iz
/BXRC
/0D
/DD
/EXEC
/DD
/F0J
/P0J
/F0J
’®

M M »

8
9

&

N=1-2
1 =0

REWIND 8
CONTINUR
1T 21«1

READ(R,10,FPND=2) ACT) RO, COY DO RO RO GOy HOD)

an TO
CONTINUF
NFIT = 1 - 2
1 =N
CONTINUF

1 =1 -1

READ(8,10,FNDz4) ACE)Y,BO1Y,CO1), DIV, RO FOEY, GO HEDY

a0 T0 3
CONTINUR
NMi = N - )

WRITP(9,10) (ACTY,BCIY,CO1Y, DO, RO, FOLY,GOTY  HOTY, 122, NMY)

WRITP(9,20)
REWIND 8

RRAD(8,98) NMSUN, Xx(, YC, PC, TC,
PORMAT (A4, BAR)

WRITF(3,99) NMSUN, XC, YC, PC, TC,
PORMAT(///19," SOLAR MASSFS'/'0

MFFRAC, XF, YP, L0, RO

MFFRAC, XF, YF, L0, RO

X" =2'F7.4/7°

YC =0, F7.4/
TC =',1PD23.16/

'0 MFFRAC =',0PF5.2,' OF THE STAR'’S MASS'/

'0 PC =',1PD23.16/°
"0 XF =',F7.4/"
, L0 =',1PD23.16/"

NTOT = NM1 - 1|

NENV = NTOT - NPIT
WRITR(3,30) NTOT, NFIT, NENV
STOP

BEND

LDR
DSNAME=THEMP, DISP=PASS

YF

VLFT. 407
RO =',1PD23.16///7)

DENAME=TRST,DFVT=(2314,F1L.PRO)Y,RECFM=C] , DISP=KFEP

*
DSNAMF=TFMP, D] SP=SCR

ZNF05440
ZNF05450
ZNE05460
ZNROS470
ZNF05480
ZNF05490
ZNE0OS500
ZNFOS510
ZNFO&K20
ZNF05530
ZNF065540
ZNFOLS50
ZNF05560
ZNFOH570
ZNFQO5580

ZNEFOSRT0

ZNFOSERO

ZNF05730

ZNF05740

ZNF05780
ZNF05800
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F.4 CEPHEI ZONE II

‘This set of routines performs the same functions as

CEPHEI ZONE (F.3), but produces a Christy zoned model.
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71D 1444 T UNGAR,S. CEPHERID 20NE 11 005 02 000
/DD 4 DENAMB=CALC,DISP=PASS

/0 8 DSNAMBzTEMP, DISP=SCR

/BXBC PORTX, *0PT=2"*

c
C kol
c
c REVISION OF CBPHEID ZONE WITH CHRISTY TYPE MASS ZONING SCHEME.
c
c
c
IMPLICIT RBAL#B(A-H,L,M,0-2,8) ZNB00020
RBAL#B KAPPA, KBOLTZ, KAPPAT ZNE00030
DIMENSION FPCON(S), PTCON(5), FLCON(5), FRCON(5) ZNE00040
DIMBNSION PPRAD(5), PTRAD(5), PLRAD(S), PRRAD(5) ZNE00050
DATA AD, RAD 7 ' AD ', ' RAD ‘' / ZNE00060
100 PORMAT(1H1,T33,'P ULS AT I NG STAR ',15,* 8§ 0 L AZNE00070
XR MASSES (BQUILIBRIUM MODEL)'/) ZNE00080
200 PORMAT('/&') ZNE00090
300 PORMAT(B8AB) ZNE00100
400 PORMAT(1H0, TS, MASS®,T17, 'RADIUS®,T33, "HEAT®,T46, 'PRESSURE", ZNED0110
X T62, 'DENSITY',T75, 'TEMPERATURE' ,T92, 'ENTROPY',T106, ZNE00120
X "LUMINOSITY',T122, *ENERGY ' /T3, 'FRACTION® ,T18,'(CM)*,T31, ZNE00130
X *TRANSPER ', T46, ' (GM/SQ.CM)* ,T62,*(OM/CC)*,TT6, ' (DEG-ABS) ', ZNE0O140
X T89, ' (ERGS/GM-DBG) ', T103, ' (RRGS/S0.CM-SEC)*,T121, ZNE00150
X ' (BROS/GM) /) ZNE00160
500 PORMAT(F9.4,1PD15.3,7X,A8,1P6D15.3) ZNF00170
c
c CHOOSE NUMBFR OF OUTPUT ZONRS POR RQUIVALENT EQUALLE-ZONED MODEL. ZNE00180
c
NZONB = 300 ZNE00190
NZONE = 500
NZONE = 600
NZONE = 400
c
c READ MODEL'S MASS AND CHEMICAL COMPOSITION. ZNE00200
C skt AND  sokekaiogolok gokok ZNB00210
c READ STARTING VALUES FPOR CENTRAL PRESSURE AND TEMPERATURE AS WELL 2ZNE00220
c AS STARTING VALUES POR SURFACE LUMINOSITY AND RADIUS, ZNE00230
c
READ(4,98) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, LO, RO
98 PORMAT(]5,1P9D25.16)
WRITE(9,198) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO
198 FORMAT(A4,9A8)
WRITE(3,89) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO
99 PORMAT(///19,' SOLAR MASSES'/'0 XC ='F7.4/° YC =°,F7.4/
X 0 PC =°,1PD23.16/° TC =',1PD23.16/ ZNE00300
X '0 MPFPRAC =',0PF5.2,° OF THE STAR'’'S MASS'/
X '0 XP =',F7.4/" YP = ,P7.4/7/
X v L0 =,1PD23.16/" RO =°,1PD23.16///7) ZNE00310
C .
c SET MAXIMUM MASS ZONE SI2E. ZNE00320
c
N = 1000 ZNE00330
Pl = 3.1415026535897932D0 ZNE00340
ZNE00350

PP] = 4.D0=P]



[e NeNe]

anaon

aaa anan

anoon

¢ NeNe]

PPITHD = PP1/3.D0

A x 7,5641D-15

A0 = 2.81785D-13

C z 2.997929D10

G = 8.673D-8

H = 1.87333D-24
KBOLTZ = 1.38046D-16
RSUN =z 6,9598D10
MSUN = 1.089D33

LSUN = 3.90D33

SIOGMA = A%C/4.D0

C2 = 4.D0%A/3.D0

C4 = 4.D0%A

Cd = A/3.DO

OPCON4 = 84 DORARCHPI*%2/3.D0
MSTAR = NMSUN&MSUN
DMM = MSTAR/N

SET PITTING POINT MASS.

MFP = MPFRACEMSTAR

SBLECT VALUES POR PFIXED CONSTANTS.
BXP1 = 1.D0/3.D0

BXP2 = 2.D0/3.D0

PRAC = 8.D0/3.D0

GQCONST = Q/FPI

SET MAXIMUM PRESSURE ZONE SI1ZF.

GCON2 = 1.D-17GCONST
GOON2 = 1.D-2/QGCONST

CHOOSP. CONSTANT ZONE SIZE POR CORE REGION.

DMZONE = MSTAR/NZONE

REVALUATE MFP TO ASSURE ALIONMENT WITH MASS ZONES.
MPF = IDINT(NZONBE&MFP/MSTAR + 9.D-1)%DMZONE

SET COMPOSITION DEPENDANT CONSTANTS.

X = XC
Y = YC
KAPPAT = (PP1/3.D0)%A0%%2%(1.D0 + X)/H
MUINV = 0.5D0 + 1.5D0%X ¢ 0.25D0%Y

C1 = KBOLT2#«MUINV/H

C3 = 3.D0xCl

XCNO = (1.D0 -~ X - Y)/2.D0
BCONST = 7.9D31%XaXCNO

SET BRANCHING POR ONLY ONE CONVECTIVE REGION.

ASSIGN 12 TO NLABEL

2ZNF00360
ZNF00370
ZNF00380
ZNE002390
2NF00400
ZNR00410
ZNFD0420
ZNED0430
ZNE00440
ZNE00450
ZNF.00480
ZNE00500
ZNE00520
ZNB00530
ZNF00540
ZNP00550
ZNE00580

ZNE00610
ZNE00620
ZNF00630
ZNR00640

ZNE00650

ZNF00660

ZNEQ0730

ZNEQ0460
ZNE00470
ZNF00490
ZNE00510
ZNE00590
ZNE00600
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[t HeNe Rz EsNeXe)

[e e Ne]

aan

3 3 4

*%ZNR00750

START INTEGRATION PROM CENTER OUT. ®okkk COR Pk

ZNE00760
ZNR00770

CALCULATR CENTRAL VALUES.

L Nl ] ’ X<
L I T I 1] [ ]
>
V0000
Qo0 - - o
gO"U
e o
I~
o
=S

RHO 2 (P - COXTa4)/(CI*T)
8 = C1#DLOG(Tax1,5D0/RHO) ¢ C2#T#%3/RHO

B = BCONSTRHO®DEXP(=1.5231D4/Th&EXP1}/ThkBXP2
WRITEB(3,100) NMSUN

WRITR(9,300) M, R, RHO, P, T, S, L, ®
WRITE(3,400)

WRITR(3,500) MPRAC,R,V,P,RHO,T,S,L,E

CALCULATE VALUES ONE ZONE OUT BY APPROXIMATE EXPANSION,

BETA = C1%RHO*T/P

GAMMA2 = 1 . D0 » (FRAC -~ 2.DO%BETA)/(8.D0 -~ 6.DO%BRTA - BFTA%%2)

z DMM
((3.00/PP1)1aDMM/RHO Y x%EXP1

T = (PP1/6.D0)&CaR&K2RHOKR2%(1.D0 ~ 1,D0/GAMMAZ )%T/P
P - (PP1/6.D0)%OsR&®2ERHO®%2

DMMEE

MPRAC = M/MSTAR

RHO = (P = C5%T%4)/(C1#T)

8 = C1%DLOG(T#%1.5D0/RHO) ¢ CZ¥T*%3/RHO

B = RCONSTSRHODEXP(-1.5231D4/T##EXP1)/Th&EXP2
WRIT®(3,500) MPRAC,R,V,P,RHO,T,S,L,F

rov-Hdxx

BEAIN INTEGRATION.

MP = DMZONE
CONTINUB

MM = M

PM = P

T™ = T

M =1L

RM = R

DMP = GCON2%Rak4%P/M
DM = DMIN1 (DMM, DMP)
DO 10 K=2,§

A= ((K = 1)/2)72.D0
MT = M ¢ DMxA

PTCON = P + PPCON(K-1)%A
PTRAD = P + PPRAD(K-1)%A
TTCON = T ¢ PTCON(K-1)%A

TT4RAD = Tax4 ¢+ PTRAD(K=-1)%A
TTRAD = TT4RADx%0.25D0

ZNE00780

ZNE00790
ZNE00800
ZNE00810
ZNE00820
ZNE00830
ZNEO00B840
2ZNR00850
ZNE00860
ZNB00870
ZNE00880
ZNE00890
ZNE00900
ZNE00910
ZNE00920

ZNE00830

ZNE00940
ZNB00950
ZNE00960
ZNE00970
ZNE00980
ZNF00990
ZNE01000
ZNE01010
ZNF01020
ZNE01030
ZNE01040
ZNE01050

ZNE01060

ZNE01070
ZNF01080
2ZNE01080
ZNEO1100
ZNEO1110
ZNE01120
ZNE01130
ZNEO01140
ZNE01150
ZNF01160
ZNEO1170
ZNEO01180
ZNE01180
ZNE01200
ZNE01210
ZNE01220
ZNE01230
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11

12

14

LTCON = L o PLCON(K-1)%A

LTRAD = L « PLRAD(K-1)%A

RTICON = Re%3 + PRCON(K-1)1%A

RTCON = RT3ICON®*BXP1

RTIRAD = Rxb) + FRRAD(K-])%A

RTRAD = RTIRAD®xEXP1

RHOCON = (PTCON - COH®TTCON&®4)/(CI%TTCON)Y

RHORAD = (PTRAD - CS5%TTRAD*%4)/(CI*TTRAD)

BETAZ C1%RHOCONSTTCON/PTCON

OAMMAZ = 1.D0 « (PRAC - 2.DO%BRTA)/(8.D0 - 6.DO%BRTA - BFTA%%2)
PPCON(K) = ~GOONST*MTEDM/RTOONKE 4

PPRAD(K) = ~OCONST*MT®DM/RTRAD**4

PTCON(KY = (1.D0 - 1.D0/0AMMAZ YSTTCONRFPCON(K)/PTCON

OPCON3 = OPCON4/KAPPA(X,Y,RHORAD, TTRAD}

PTRAD(K) = -4, DOSLTRAD®DM/ (OPCON3I%RTRADX%4 )

PLCON(K ) zBCONSTSRHOCONSDEXP( -1 .5231D4/TTCON®REXP1 )&DM/TTCONKKEXP2
PLRAD(K)=sRBCONSTRHORAD®DEXP (-1 .5231D4/TTRADK®EXP] ) %DM/ TTRAD®REXP2
PRCON(K) = DM/ (FPITHD®RHOCON)

PRRAD(K) = DM/ (PPITHD®RHORAD)

CONTINUE

Mz M+ DM

MPRAC = M/MSTAR

POCON = P ¢ (PPCON(2)+2 DOXPPCON(3)+2 DOXPPCON(4)+FPCON(5))/6.D0
PRAD = P + (FPRAD(2)¢2.DO%PPRAD(3)+2.DO%FPRAD(4)+PPRAD(5))/6.D0
TCON = T ¢ (PTCON(2)+2.DOSPTCON(3)+2, DOXPTCON(4)+PTCON(5)1/6.D0
T4RAD = Tox4+(PTRAD(2)+2 . DOXPTRAD(3)+2,  DOXPTRAD(4)+PTRAD(5))/6.D0
TRAD = T4RAD&%0,25D0

LOON = L ¢ (PLCON(2)¢2 . DO®PLCON(3)2 DOPLOON(4)+PLCON(5))/6.D0
LRAD = L + (FLRAD(2)+2.DO®PLRAD(3)+2 . DO®PLRAD(4)+FLRAD(5)1/6.D0
RICON = R&#3+ (RRCON(2)+¢2.DOXPRCON(3)+2. DOXPRCON( 4)+PRCON(5))/6.D0
RCON 3 R3CON®%EXP1

RIRAD = R&¥3+ (PRAAD(2)+2 . DOXPRRAD(3)+2. DOXPRRAD(4)+FRRAD(511/6.D0
RRAD = R3IRAD&&EXP1

IP(TCON .QT. TRAD) GO TO NLABEL, (11,12)

SPT BRANCHING POR ONLY RADIATIVE REGION CALCULATIONS.

ASSION 11 TO NLABEL
CONT I NUBE

PRAD

TRAD

LRAD

RRAD

RAD

<c®mC-av <P v
ll"llllll88

§ 3

z -

CONTINUR

RHO = (P = CO6%T&%4)/(C1%T)

§ = Ci1#DLOG(T*x%x1 . 5D0/RHO) + C2¥%Tk%x3/RHO

E = BCONST#RHO®DEXP(-1.5231D4/TkkFEXP1)/TkEXP2
IP(M - MP) 6,20,16

ZNEO01240
ZNB01250
ZNE01260
ZNB01270
ZNE0) 280
ZNE01290
ZNE01300
ZNR01310
ZNE01320
ZNE01330
ZNF01340
ZNF01350
ZNE01360
ZNEO01370
ZNB01380
ZNEO01380
ZNE01400
ZNB01410
ZNEO1420
ZNEQ1430
ZNE01440
ZNE01450
ZNR01460
ZNF01470
ZNE01480
ZNE01490
ZNED1500
ZNE01510
ZNE01520
ZNE01530
ZNE01540
2NB01550
ZNE01560

ZNE01580
ZNE01590
ZNEG1600
ZNE01610
ZNE01620
ZNE01630
ZNEQ01640
ZNEC1650
ZNB01660
ZNED1670
ZNE01680
ZNE01680
ZNE01700
ZNEO1710
ZNBD01720
ZNE01730
ZNEO011740
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non

[eReNeNeNeNeNe]

nnoao

16

20

1045

CONTINUR ZNE011750
Mz MM - ZNFO01760
P = PM ZNFO1T70
T = TM ZNF01780
L= LM 2NEO01790
R z RM ZNF01800
DM = MP - M ZNEO1810
G 1O 8 ZNRO1R20
CONTINUR ZNF01830
WRITR(9,300) M, R, RHO, P, T, §, L, F ZNF01840
WRITR(3,500) MFPRAC,R,V,P,RHO,T,S,L,F ZNEO1850
MNP = MF « DMZONE . ZNP01860
IP(MP . LB, MFPY GO TO 6 ZNF01870
WRITR(9,200) ZNR01880
PPO = P ZNF01880
TFO = T ZNF01600
PO = L ZNR01910
RPO = R ZNF019820

RESET COMPOSITION DEPENDANT CONSTANTS.

X X¥

Y Ye

KAPPAT = (PP1/3.DO)Y®AORK2%() . DO + X)/H
MUINV = 0.5D0 « 1.5D0%X ¢ 0,25D0%Y

C1 = KBOLTZsMUINV/H

C3 = 3.D0=Ch

XCNO = (1. DO - X - Y)/2.D0

BCONST = 7.9D31%X&xXCNO

200 e 300 00 e 2 o 3 0 a0 0k 2 30 b o e ok 2l o ko ZNE01930

START INTEGRATION PROM SURPFACE IN, xR ENVELOPExxkkx  ZNEO) 940
g0 e 2o e o 22 o 0 a0 oo e o oo o 290200 2000 2 o e 2000 gk 2 ok KoK ZNE01950

CALCULATE SURFACE VALURS. ZNF01960
V = RAD ZNF01870
TO = (LO/(PPI®SIOMAXRO®%2) %0, 25D0 ZNFE019880
PO = 2.D0=(OxMSTAR/ (3. DOKAPPAT®RO%%2) + C5%TO%x%4/2,K D0 ZNF01990
RHOT = (PO - C5%T0%%4)/(C1%T0) ZNE02000
ITFRATE TO PIND SURPACF PRESSURF AND DFENSITY. ZNE02010
CONT I NUR ZNE02020
RHO = RHOT ZNED2030
PO = 2.DO%C&MSTAR/(3.DOXKAPPA(X,Y,RHO,TO)%RO%®%2) + CS5&TO%%4/2.D0 ZNE02040
RHOT = (PO - C5%TO%%4)/(C1%T0) . ZNEQ2050
JR(DABS( (RHO~-RHOT)/RHOT) .QT. 1.D=12) GO TO 1045 ZNE02060
M = MSTAR ZNF02070
MFRAC = 1.D0 ZNE02080
L= L0 ZNE02090
R = RO ZNE02100
P = PO ZNE02110
T =T0 ZNF02120
RHO = (P - CS#Txx4)/(C1%T) ZNEQ02130
S = C1#DLOG(T==%],5D0/RHO) ¢ C2%Tk%3/RHO ZNE02140

L1
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R = BOCONSTH®RHO®DEXP(-1.5231D4/TxBXP1 ) /TheEXP2 ZNE02150
WRITE(3,100) NMSLUN ZNF02160
WRITR(23,400) ZNR02170
WRITF(9,300) M, R, RMHO, P, T, S, L, P ZNF02180
WRITP(3,500) MPRAC,R,V,P,RHO,T,S,L. R ZNF02180
Cc
C CHOOSE NUMBFR OF ZONRS FOR PNVRLOPR RRAION,
C
C NOTRE - POR UNIPORM ZONR S1ZR SHT NENV = (1 - MFF/MSTAR)I%N,
c
NENV = 115
NENV = 300
NENV = 200
NENV = 150
NENV = 250
NENV = 30
NEBNV = 50
NENV = 60
C
(ol SET OUTPUT MASS ZONING PARAMETFR.
Cc
MENV = 0. 99D0®=MSTAR
CALL MASPIT(MSTAR,MENV, DMZONE, NENV, ZNRCON)
c .
C PIND QUTPUT MASS ZONF S1ZES IN ENVELOPE RRGION, ZNE02200
C
DMZONF = ZNPCONR&NENV&DMZONE
MP = MSTAR ~ DMZONE
c .
Cc BRGIN INTRGRATION, 2ZNE02220
Cc
108 CONTINUR : ZNF02230
MM = M : ZNF02240
PM = P ZNER02250
™ = T ZNED02260
LM = L ZNF022170
RM = R 2ZNR02280
DMP = QCONZ2XRE%4mP/M ZNF.02290
DM = -DMIN1(DMM, DMP) 2ZNE02300
2ZNFE02310

108 DO 110 K=2,5

A=z ((K - 1)¥/2)/2.D0 2ZNF02320
MT' = M ¢ DMxA ZNE02330
PTRAD = P ¢ FPRAD(K-1)%A ZNE02350
TT4RAD = Txk4 ¢ FTRAD(K-1)%A ZNED2370
TTRAD = TT4RADx%0.25D0 ZNF02380
LTRAD = L + PLRAD(K-1)%A ZNFE02400
RT3IRAD = R*x%3 + FRRAD(K-1)%A ZNE02430
RTRAD = RTIRAD®%»EXP1 ZNE02440
RHORAD = (PTRAD - C5#TTRAD*%4)/(Cl1*TTRAD) ZNFE02460
PPRAD(K) = ~GCONSTxMT*DM/RTRAD%%4 2NE02500
OPCON3 = OPCON4/KAPPA(X,Y,RHORAD, TTRAD) ZNE02520
PTRAD(K) = -4, DO%LTRAD®DM/ (OPCON3I®RTRADK%4) 2ZNF02530
PLRAD(K )=P.CONST*RHORAD®DEXP(~1.5231D4/TTRAD®*FEXP1 ) %DM/ TTRADX*FEXP2 ZNE02550
PRRAD(K) = DM/ (FPITHD®RHORAD) ZNE025170
110 CONTINUF ZNE02580
2NF.02590

M= Me DM
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1e

80

L]
X

80

91
X
X

MPFRAC = M/MSTAR ZNF02600
PRAD = P + (FPRAD(2)+2 DO%FPRAD(3IV¢2 NORFPRAN(C4)+FPRAD(S))/6.D0 ZNR(02620
T4RAD = THa4+(PTRAD(2)¢2 DORPTRAD(I)¢2 . DORPTRAD(4)+FTRAD(511/76.D0 2ZNR02640
TRAD = T4RAD®%0.25D0 ZNR02650
LRAD = L ¢ (PLRAD(2)+2 DO%FLRAD(3)+2 DO*FLRAD(4}+FLRAD(5))1/6.D0 ZNR02670
RIRAD = Ram3+ (FRRAD(2)+2. DOXFRRAD(3)¢2 DOXFRRAD( 4)+FRRADIS)Y)/6.D0 ZNR02700

RRAD = R3IRADE&EXP] ZNF02710
P = PRAD ZNF02730
T = TRAD ZNF02740
L = LRAD ZNR02750
R = RRAD ZNR02760
V = RAD ZNR02770
RHO = (P = C5%Th&4)/(Ci%T) ZNRO2860
8§ = C1#DLOG(T®#1 . 5D0/RHOY ¢ C2#Tk%3/RHO ZNF02870
R = PCONST®RHO®DFXP(=1.5231D4/TheEXP1 )/ TH®FXP2 ZNFO2R80
1P(M - MP) 116,60,106 ZNR02890
CONTINUR ZNR02900
Mz MM ZNR02810
P s PM ZNR02920
T = T™ ZNF02930
L= M ZNR02940
R = RM ZNR02950
DM = MP - M ZNR02960
00 TO 108 . ZNR029170
CONTINUR : ZNF02980
WRITRE(9,300) M, R, RHO, P, T, S, L, F ) ZNF02980
WRITR(3,500) MPRAC,R,V,P,RHO,T,S,L,F ZNF03000
FIND QUTPUT MASS ZONE S1ZES IN FNVELOPR REGION.
TP (MENV-MP)/MENV LR, 1.D-12)  DMZONF = DMZ2ONR/ZNECON
MP = MP - DMZONPR
IP((MP - MPPY/MP .QT. 1.D-12) GO TO 106
IF(MP .BQ. MFP - DMZONF) QO TO 80
IP((MPP - MP)/MF 0T, 1,D-12) WRITF(3,95) MFF, MF
PORMAT(//* ZONF OVERLAP TOO LARGEF MFF =1,
1PD23.16," MP ='1PD23.16//)
MP = MPF
00 TO 108
CONTINUR
WRITR(9,200) ZNE03030
PPl = P ZNF03040
TP = T ZNF03050
LPY = L ZNE03060
RFI = R ZNE03070
DPLP = PRO - PPI ZNE04130
DFLT = TFO - TPI ZNE04140
DFELL = LFO - LPI ZNEO4150
DRLR = RFO - RFI ZNF04160
WRITF(3,97) DELP, DFLT, DFLL, DELR ZNF04170
PORMAT(1H1/°- OGOODNESS OF FIT AT FITTING POINT'/// ZNE04180
’ DRLP =',1PD24.16/° DFLT =',1PD24.16/ ZNF04190
) DFELL =°,1PD24.16/° DELR =',1PD24.16////)  ZNE04200
REWIND 8 ZNE04210
STOP ZNE04220
ZNF04230

FND
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50

/s
/EXBC
/DD
/BXEC
/DD
/BXRC

anononn

10
20
30

90

100

PUNCTION KAPPA(X,Y,RHO,T) ZNR05040
IMPLICIT RRAL&B(A-H,K, 0-2Z,8) ZNF05050
DATA H 71.67333D-24/, KBOLTZ /1.38046D-16/
Z 1,00 -X-+-Y ZNRO05100
ALPHA = KBOLTZ#(1.D0 ¢ X)/(2.DO%H) ' ZNR05110
PR = ALPHA®RHO»T ZNR05140
T4 2T /7 1.D4 2NF05150
KAPPAS = 4 . B5D-134PR/( (1 .D0¢2.2D-5*T4 )aRHOXT4) ZNE05160
KAPPAX = PRaX&(T4xk( . S5D0/(2 . DE/Taxxd+2 1DOT4RxEVe]1 . DO ZNED51170
1 704 . S5D0®TARREe] DO/ (TAR(4 . D-3/Ta4k%4+2 D-4/RHOX%0 ., 25D011I1ZNE0S5180
KAPPAY = PPaY®(],.D0/() . 4D3IT4+TARREI¢1 5D0/7 () . D60, 1DOTANRE Y ZNF051980
KAPPAZ = PPAZaT4%x%0 5D0/(2 . DIwT4e3 5S5DI4Taxk4+3 BD2%Z ZNR0S5200
1 S (RHO% (2 DO-Z)ka2®(1¢X)) %0, 3IN0*T4%%4 . 71D0) ZNRO0S5210
KAPPA = KAPPAS ¢ KAPPAX ¢ KAPPAY + KAFPPAZ ZNR05220
RETURN ZNR0O5230
R’ND ZNR0 5240
SUBROUTINE MASPIT(MSTAR,MPF, DM2ONR, NF, R
THIS SUBROUTINE GIVPES CHRISTY TYPF MASS ZONES OF UNIFORMLY
DECREAS ING MASSPS.
IMPLICIT RBAL&B(A-H,L. M, 0-Z,8%)
P(B) = (1.D0 -~ BxeNRI)®B/() . D0 - B) - (MSTAR - MFF)/DMZONF
DP(BY = (1.D0 - (NEe1)xBxkaNF + Bx(]1 DO-RxxNE)/(1.D0-8B)1/(1.D0-B)
BT = 0.95D0
CONTINUR
B = BT
BT = B - R(BYy/DP(R)
IP(DARS((B-RTY/BTY .OT. 1.D-12) GO TO 50
RPTURN
BND
LDR
9 DSNAMP=TEMP , DFVT=(2314,PILPRO),RECFM=C1 ,DISP=KFFP
Y
99 DSNAMB=TRST,DISP=SCR
PORTX DATA SET REARRANGFEMENT BASED ON VERSION 3 9/69
THIS PROORAM REARRANGES THE OUTPUT FROM EQUILIBRIUM ZONE IV’ TO ZNF0526
BF COMPATABLE WITH THE INPUT TO THF CURRFNT VERSION OF THF STAR1 ZNF05270
SUBROUTINE IN THFE PULSE 111 CODE. ZNE0S5280
RPRAL#B XC, YC, PC, TC, MFFRAC, XF, YF, LO, RO
APAL®B A(1000), B(1000), CC1000), D(1000) ZNE05310
RPAL%B R(1000), P(1000), G(1000), H(1000) ZNE05320
PORMAT (BAB) ZNFE05330
PORMAT( /%) ZNE05340
PORMAT( /777" TOTAL NUMBER OF POINTS CONSIDERFD =',14// ZNE05350
X * PITTING POINT 1S NUMHBFR®,14//
X ' NUMBFR OF POINTS IN ENVELOPE =',147/7//1)
DO 100 J=1,2 ZNE05380
CONTINUE ZNE05390
1 21 ¢« ZNF05400
RRAD(8,10,BND=100) ACI),B(1),CC1),DIT) ,R(1),FU1Y,GOT),H(TD ZNE05410
a0 TO 90 ZNE05420
ZNE05430

CONTINUR

2L4
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1 -2

N Y,

N
T =Q
REWIND &
. Y CONTINUR
t 1 ¢
RRAD(R,10,END=2Y ACTY,BE1Y ,CUY, DI, RO PO, G HOT)
a0 TO
2 CONTINUR
NPIT = § - 2
I =N
3 CONTINUR
t=1 -1
RRAD(B,10,PND=4) AC1) B, Ce1) DUy, RO RO, 001y HUDY
an T0 3
4 CONTINUP
NMT = N - )
WRITR(9,10) (ACT)Y B , COTY, DO, RO RO, G, HOT)Y (122 NMY)
WRITR(9,20)
REWIND @
RPAD(8,98) NMSUN, XC, YC, PC, TC, MFPRAC, XF, YF, L0, RO
98 PORMAT( A4, B8AR)
WRITR(3,09) NMSUN, X, YC, PC, TC, MFPRAC, XF, YF, L0, RO
99 PORMAT(///19,' SOLAR MASSES'/*0 XC ='P7.4/° Ye =
X '0 PC =',1PD23.16/" TC =°,1PD23 .16/
X '0 MPPRAC =',0PP5.2,' OF THF STAR''S MASS'/
X '0 XP =z ,PT. 4/ YP =, F7.4/7/
X ' Lo =*,1PD23.16/7° RO =',1PD23.167777)
NTOT = NMy - 1
NENV = NTOT - NPIT
WRITR(3,30) NTOT, NPIT, NENV
STOP
FND
/%
/BXRC LDR
/DD 8 DSNAME=TEMP, DISP=PASS
/DD 9 DSNAME=TEST,DFVT=(2314,FILPRO)Y ,RECFM=CT , DISP=KFFP
/RXBC =
/DD 8 NSNAMR=TEMP, DISP=SCR
/7P0OJ
/P0J
/780J

/s

ZNF05440
ZNF05450
ZNR05460
ZNF05470
ZNFO5480
ZNF05490
ZNR0S5500
ZNR0S510
INR0S5520
ZNF05530
ZNR0S5540
ZNPOS550
ZNFDO5560
ZNFOS570
ZNROS5R0

ZNFO5670

ZNFOS56H0

ZNF0OST30

ZNEOS 740

ZNF05790
ZNFOS800
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F.5 CE. PU, START

This is a version of the main hydrodynamic code
utilizing subroutines which read the initial input model,
produce velocity perturbations, and otherwise initialize
code parameters and data sets. The subroutines employed

are from CEPHEI LIBRARY (F.7).



/1D
/DD
/0D
/DD
/DD
/DD
/DD
/DD
/DD
/DD
/DD
/BXEC

1444
100 DSNAMP=BOMB, DEVT=2314

50 DSNAME=MODL,DISP=5CR
91 DSNAME=TLUM,DISP=SCR
55 DSNAMR=TNQY,DISP=SCR
66 DSNAME=ZNQGY,DISP=SCR
77 DSNAME=TPLT,DISP=8CR
8 DSNAMP=SAVE, DI SP=SCR
12 DSNAME=LUM,DISP=SCR

11 DSNAME=FNQY,DISP=SCR
21 DSNAMFEzPLOT,DISP=SCR

T UNGAR,S. CE. PU, START
JOB BOMBS IF |'M MULT1-PROGRAMMING. .. RESUBMIT,

247

020 02 005

PORTX, '0PT=2"

15 SOLAR MASS MODEL, HALF ZONTNG

IMPLICIT REAL®B(A-H,L,M,0-2,8)

REAL#%8 WAPPA

DIMENSION RHOZM1(605), Q(605)

DIMFENSION F(605,5),

G(605,5), H(605,5)

INTEGER®4 1LUM(12) /2,4,6,8,12,16,20,24,28,32,36,40/
COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(605), T(605),
COMMON /MASLUM/ M(1210),

§(605,2), F(605)

L{605), KAPPA(K05), N, NM)

DM(1210),

COMMON /CONST/P1,FP1,FPITHD,U,C1,C2,C3,C4,Ch,0PCON, PICON, ALPHA,
FCONST, EXP1,FXP2,FRAC, X, Y, 2, AQ, HATOM, VCOFF , NMODFL,

N= 281
NCON = 201
NSURF = N - 2
N = 281
NCON = 177

N = 351

NCON =223

N 231

N 291

N 301

NCON = 246
NCON = 164

N = 221
NCON = 164
NSUBZN = §
NRZNF1 = N - 21
N = 215
NCON =
NSURZN
NRZNF1
N = 2117
NRZNF1 = N -
N = 224

N = 229
NSUBZN
NRZNF1
NSURF
VCOFF
VCOFF
VCOFF
VCOFF
VCOFF
VCORF
VCORF

7

Z a -

o -

t
—
e ]

—
-3

=1
= N
.D3
.D=1

.M
.M
. DO
. Dy

O = a) e o e
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VOORF
VCORP
VCORF 5.D0
NMy = -1
NMi0 = N - 10
NP1 = N ¢
NMODPL. 14
NMODFEL. 15
NMODEL 16
XC 0.70D0
ye 0.2700
XF 0.35n0
YF 0.62D0
NP 133
NCON = 106
NCNO = NF - 1
NCONM1 = NCON - 1
CALL CONSPT(XC,YC,XF,YF,NF,NCONM1)
CALL. STAR1(NRZNF1)
CALL PUSH(~-6.D6)
DO 101 J=1,12
101 TLUMCJ)Y = N - TLUMCI)Y
CALL LUMSPT(ILUM)
CALL BNDSET(XF,YF)
DO 6 KK=1,301
DO 4 K=2,5
A= ((K-1)723)/2.D0
22 = 21 + DZ2%A
DO 1 I=2,N
var,2) Vil,1) + F(I,K-1)%A
R(1,2) R(I1,1) ¢« G(I,K-1)%A
1 CONTINUB
DO 2 1=1,NM]
S€(1,2) = S(1,1) + H(Y,K-1)%A
RHOZMI (1) = RHO(T)
RHO(1)Y = DM(2 *1)/(FPITHDR(R(1+1,2)%%3 ~ R(],2)%%3))
Q(1)Y = 0.D0 '
TF(V(iel,2) .LT. V(I,2))
X Q1) = VCORFR(V(T1+1,2)=V(1,2))%x%2/(1/RHO(T)Y+1/RHOZMI (1))
2 CONTINUE
CALL THFRMO
CALL ECNO(NCNO)
CALL OPACTY(NCON)
CALL. LUMRAD(NCON, NSUBZN, NRZNE1)
CALL LUMCON(NCON=-2)
CALL BNDRY
IF(K .NE.2) GO TO 25
CALL STFPS1(D2)
CALL OUTPUT(NCON,NSURF,Z1,D2,150,1,25,NM10)
CALL PULSEN(2],NSURF,'D*)
CALL LUMSAV(21,25)
25 CONTINUE
NREZNE = NRZNFE1
DO 3 1=2,N
J s 1
IF(1 .NFE., NREZNF) GO TO 27

2.02
1.02

Z n N
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1P(NREZNE .PQ. NM1) GO TO 27
NRRZNE = NREZNFE + NSUBZN - 1
J = 1 ¢ NSUB2ZN/2

27 CONTINUR
POI,K) = ~(URM(2%I-1)1/R(],2)%k2 + FPIRR(1,2)%k2%(P(J)=-P([~1)
X «QEJI-0CT=1)1/DM(2% -1 1%DZ
G(1,K) = Vi(1,2) %= D2
3 CONTINUR
DO 4 1=1,NM1
HOT,KY = (F(1) = (LOT+1)=L0T))/DM(2%1) )%D2/T(1)
HOT,K) = HOT,K) =~ FPIRQ(IIR(R(Te1,2)khk2uV(T+],2)
X = ROT,2)%%2%V(1,2))/(DM(2%]1))KDZ/T(1)
4 CONTINUE -
21 = 21 « DZ
DO 5 1=2,N
VIT,1) = VII,1) ¢ (F(1,2)+2.D0%F(1,3)+2.D0%F(1,4)+F(},51)/6.D0

ROI,1) + (O(1,2)¢2.D0%G(1,3)+2,DO%G(1,4)+0¢1,511/6.D0

DO 6 I1=1,NMi
SC1,1) 2 S(T,1) ¢ (H(1,2)¢2.D0%H(T,3)42,DO%H(T,4)+H(1,5)176.D0

6 CONTINUE
CALL STORE(21)
STOP
FND
/%
/JOBLIB DSNAMB=LIBP,DISP=PASS CEPHEID LIBRARY
/BEXEC LDR

/0D 8 DSNAMB=SAVE, DEVT=2314,RECFM=F, LRECL=56, DI SP=KEEP

/DD 9 DSNAME=TEST
/DD 11 DSNAME=ENQY,DEVT=(2314,FILPRO),SPACE=1000,RECFM=F,LRECL=58,DISP=KEFP

/DD 12 DSNAMB=LUM,DEVT=(2314,FILPRO),RECFM=F,LRECL=52,DISP=KEEP
/DD 22 DSNAMB=PLOT,DEVT=(2314,FILPRO),RECFM=F,LRFCL=24,DISP=KEEP
/DD 50 DSNAMEsSMODL,DEVT=(2314,FILPRO),RECFM=F, LRECL=128,DI1SP=KEEP
/DD 31 DPVT=2250

7EXEC *

/%



F.6 CEPH. PULS.

This is the main hydrodynamic code employed in its
customary fashion. It uses the current status of the
model for initial values, updating the current status
data set, while extending the data sets which store time
varying information. The subroutines employed are from

CEPHEI LIBRARY (F.7).
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/1D

/DD 9
1EXEC
/DD 7
/BXEC
/DD 5

BXEC
/DD 8
/DD 9
7EXEC
/DD 8
/DD 9
/BXRC
/BXEC

99

b b b 4

101

1444 T UNGAR,S. CEPH. PULS.

9 DSNAMB=PLS4,DISP=SCR
»
DSNAME=PLS4,DEVT=(2314,FI1LPRO) ,RECFM=CT ,DISP=KEFP
PRPU
DISP=

COPIFR, ' ,F, M
DSNAME=PLOT
DSNAME=TPLT, DEVTz (2314, FILPRO) , RFCFMzF, LRPCLZ24, DI SP2PASS
COPIFR,'1,F,M
DSNAME = ENQY
DSNAME=TNGY, DEVT=(2314,FILPRO), SPACE=1000,RECFM=F, LRFCL.256, DI SP=PASS
COPIFR, '1,F, M
PORTX, 'OPT=2" 15 SOLAR MASS MODFEL
IMPLICIT REALMB(A-H,L,M,0-Z,3)
REAL®S KAPPA
DIMENSION RHOZM1 (605), Q(605)
DIMENSION F(605,5), Gi605,5), H(605,5)
INTROFR®4 TLUM(12) /2,4,6,8,12,16,20,24,28,32,36,40/

HALF ZONING

COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(605), T(605), S§(605,2), R(605)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(605), N, NMI

COMMON /CONST/P1,FP1,FPITHD,U,C1,C2,C3,C4,(6,0PCON, PICON, ALPHA,
FCONST, EXP1,FXP2,FRAC, X, Y, Z, AD, HATOM, VCORF, NMODFL.

NSUBZN = 1

N = 229

NRZNF1 = N

NSURF = N

NML = N = |

NMIO = N - 10

NP1 = N o 1

NMSUN = 16

XC = 0.700

YC = 0.27D0

XF = 0.35

YF = 0.62

MFFRAC = C.b&

NF = 133

NCON = 106

NCONMI = NCON = 1

NCNO = NF = 1

WRITF(3,99) NMSUN, XC, YC, PC, TC, MFFRAC, XF, YF, L0, RO

FORMAT(//719,' SOLAR MASSES'/'0 XC ='F7.470 YC =2,F7.4/

'0 PC =',1PD23.16/° TC =1,1PD23.16/
‘0 MFFRAC =',0PF5.2,' OF THE STAR’'S MASS'/
'0 XF =',F7.4/? YF =',F1.4//

! Lo =',1PD23.16/? RO =',1PD23.16/7///7)

CALL CONSET(XC,YC, XF,YF, NF, NCONM1 )
CALL STAR2(Z1,NRZNE1)

DO 101 J=1,12

ILUM(J) = N = TLUM(J)

CALL LUMSFT(ILUM)

CALL BNDSET(XF,YF)
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6 Kh=1,401
4 KR=2,5
S ((K=1Y/722/72.D0
21 « DZ%A
I=2,N
y 2V 3 VL, 1) ¢ FPUT Rh=-1'%A
RC1,2% 2 REE,1) o GO1,h~1'%A
1 CONTINUE
DO 2 1=1,NM]
SC1,27 = SU1,1) » H(O1 ,k-1)%A
RHOZM1 (1Y = RHO(T)Y
RHO(1)Y = DM(2 w1V /(FPITHDR(R(T+) ,2)%ke3 = H(], K 2)kk3i))
QttyYy = 0.D0O
IF(V(L1e]1,2Y LT, V(1,2
) 3 QUIY =2 VOOFF®(VITe) 20=-V(] 21 %km2/(1/RHO(T Y1 /RHOZMY (1))
2 CONTINUE
CALL THERMO
CALL BCNOCNCNO)
CALL OPACTY (NCON)
CALL LUMRAD(NCON,NSUBZN, ZNRZNE1)
CALL LUMCON(NCON-2)
CaLl BNDRY
IFtK _NEF.2) 00 TO 25
CALL PULSEN(Z) NSURF,'D')
CALL LUMSAV(Z1,2%)
CALL STEPS1(DZ)
CALL OUTPUT(NCON,NSURF,21,DZ,200,1,25,NM10)
25 CONTINUR
NRRZNF. = NRZNF)
DO 3 1=2,N
J =1
IR . NF. NRFZNF) GO TO 27
TFONREZNF" . FQ. NM1) GO TO 27
NREZNE = NREZNF « NSUBZN - 1
J = 1 ¢ NSUB2ZN/2

R>88

=g
--'II

27 CONTINUR
FI,K) = ~(UsM{2%]-11/R(],2)%%2 ¢ FPIXR(],2)xx2%(P(J)=-P(]I~-1)
X «0(JI~Q(T1=1)1)1/DM(2%]~1))1%DZ
Gil,K) = Vv(1,2) = D2
3 CONTINUF
DO 4 1=1,NM)
HOT,KY = (RCTY ~ (Lol )=LAT ) /7DM(2%] ) 1 DZ/T()
H(TI,K) = H(1,K) ~ FPI®Q(I)®(R(J*1,2)%x2%kV(]+],2)
x ~ ROT,2)%k2%V(],2)1/(DM(2%]))1%DZ/T( )

4 CONTINUFE

21 = Z1 + D2

DO 5 1=2,N

Vii, 1) V(I,1) ¢ (F(],2)+2.D0%F(1,3)¢2.D0%F(],4)+F(1,5))/6.D0

R(I, 1) ROI,1) ¢ (G(],2)+2.ND0%G(1,3)+2.D0%CG(1,4)+G(1,51)/6.D0
5 CONTINUE

DO 6 1=1,NM)

SCI,1) = SC1,1) & (H(1,2)+2.D0%H(I,3)+2.D0U%H(],4)+H¢(1,51176.D0
6 CONTINUE

CALL STORE(Z1)

ENDFJLE &9

STOP
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DSNAME=L1BP,DISPzPASS CEPHEID LI HRARY
LDR

DSNAME=SAVE, DI SP=PASS

DSNAMEZTNGY, DI SPzKEEP

DSNAMEZTLUM, DI SP=KERP

DSNAMF=TPLT, DI SP2KERP

DSNAMF=6969, DFVT22314, DI SPzKERP

.

DUMMY ( 1, FOF)

DSNAMEz6969

DSNAME=LUM, D1 SP=SCR

DSNAMEzPLOT, DiSP=5CR

DSNAME=ENGY, DI SP=SCR

BEXIT

DSNAMB=TLUM

DSNAME=LUM, DEVT=(2314,FILPRO),SPACF21000,RECFMzF, LRECL=52, DI SP=KFEP
COPIFR,'1,F,C"

DSNAME=TLUM, D1SP=SCR

DSNAMP=TPLT

DSNAME=PLOT, DEVT= (2314, FILPRO),RFCFM=F, LRFCL=24, DISP=KREEP
COPIER,'1,F,C"

DSNAME=TPLT, DISP=SCR

DSNAMB=TNGY

DSNAME=ENGY, DEVT= (2314, FILPRO) , SPACE=1000, RECFM=F, LRECL=56, D1 SP=KFEP
COPIFR,'1,F,C°

DSNAME=TNOY, DI SP=SCR

DSNAMEz 6969, DI SP=SCR

SYSIN
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F.7 CEPHEI LIBRARY

This package contains the library of subroutines

used by CEPH. PULS. (F.6) and other main code related

routines. The function of each subroutine is briefly

stated below.

(a) CONSET - initializes physical and mathematical constants

(b)
(c)
(d)
(e)
(£)

(g)

(h)

(1)

(J)

in the main code and other subroutines

STAR1 ~ introduces values from the initial equilibrium

model into the code

PUSH

AMPUSH - produce initial velocity perturbations
VOPUSH

STAR2 = reinitializes the code with values computed

at the end of the previous run
QCALC - indicates where and when the artificial

viscosity is turned on; and supplies information
about pertinent physical parameters at these points.
QCALC2 - similar to QCALC, but compares viscous
pressure gradient to total pressure gradient

THERMO (entry THMSET) - Eomputes pressure and
temperature distributions from current entropy and
density distributions.

ECNO ~ calculates nuclear energy generation rate
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(k)

(1)

(m)

(n)

(o)

(p)

(q)

(r)

(s)

(t)

(u)

OPASET (entry OPACTY) - calculates either total or
electron scattering opacity depending on the calling
arguments ‘

LUMRAD - calculates luminosity in the radiative
envelope

LUMCON - solves for luminosity in the convective core
by the method indicated in section (3.4)

LUMSAV - stores values of luminosity at selected
points in the model on a disk data set for future
reference (e.g. for generating plots)

BNDSET (entry BNDRY) - sets up the photospheric
boundary conditions |
STEPSI - computes stepsize for time integration by
considering the Courant and thermal conditions
DZCALC - similar to STEPSI, but indicates how and
where the minimum stepsize condition is met

GAMMAL - calculates the value of the adiabatic
exponent [
OUTPUT - controls nature and format of output

information

PLTOUT - stores values of r, v, and L at selected
times and spatial points for iater plotting

STORE -~ stores those model: values at the end of a
run which are necessary to initialize the code
(through STAR2) for a subsequent run
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(v)

(w)

(x)

PULSEN - computes the spatially integrated values of
kinetic, nuclear and gravitational energies at each
time step and stores them along with the surface
values of radius, velocity and luminosity on magnetic
disk or tape, as specified

TAPSET - positions magnetic tape for addition of
PULSEN data

CALPRT - prints the output of QCALC, QCALC2, and
DZCALC from intermediate disk storage
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/1D 1444 T UNGAR,S. CEPHEID LIBRARY 005 02 000
/DD 99 DSNAME=LIBP,DISP=SCR SCRATCH OLD VERSION OF LI1BP LIBRARY
/EXEC  EBXIT DUMMY STEP TO PERMIT EXECUTION OF PREVIOS INSTRUCTION
/DD 7  DSNAME=L1BP,DEVT=(2314,FILPRO),RECPM=F,LRECL=80,DISP=PASS
/0D 6 UPD(2,0,1)
/0D 1 DUMMY(80)
/DD 9  DEVT=CORE
/BXEC  FORTX, 'DECK,OPT=2,XREF'  BASED ON LIBP VERSION VIII 2/20/70
.NOPRT
.NUM L1B0000O
c
c REVISED 6/8/70 TO ACCOMODATE CUMULATIVE STEP NUMBER AND MORE
c FLEX1BLE ZONE CHOICE FOR LUMSAV. THE FOLLOWING SUBROUTINES HAVE
c BEEN AFFECTED - STAR1, STARZ, OUTPUT, STORE, LUMSAV (LUMSET ENTRY
c ADDED), PLTOUT, BNDRY (PHOTOSPHERIC B.C.’S).....
c
c
c REVISED 5/12/70 ... TO ADJUST DIFFERENCE SCHEME TO ALLOW FOR MORE
c FLEXIBLE MASS ZONING. SUBROUTINES STAR1 AND STAR2 AFFECTED.
c
c

SUBROUTINE CONSET(XC,YC,XF,YF,NF, NCON)
c

IMPLICIT REAL%8(A-H,L,M,0-2,$)
REAL%8 KBOLTZ,KAPPA
DIMENSION XCHEM(605), YCHEM(605), ZCHEM(605)
DIMENSION CON1(6806), CON3(605)
COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(B056), N, NMi
COMMON /CONST/PI,FPI,FPITHD,G,C),C2,C3,C4,C5,0PCON, PICON, ALPHA,
X ECONST, EXP1,EXP2,FRAC, X, Y, 2,A0,H
X = XC
Y = YC
PI = 3.1415926535887932D0
FPI = 4.DO%PI
FPITHD = FP1/3.D0
PICON = 1/(4.DOXFPITHD)
A = 7.5641D~15
A0 = 2.81785D-13
C = 2.987929D10
G = 6.673D-8
H = 1.67333D-24
KBOLTZ = 1.38046D-16
RSUN = 6.9598D10
MSUN = 1.988D33
LSUN = 3.90D33
MUINV = 0.5D0 + 1.5D0%X + 0,25D0%Y
SIGMA = A%C/4.D0
Cl = KBOLTZ*MUINV/H
C2 = 4.D0%A/3.DO0
C3 = 3.DO%C1
C4 = 4.DOXA
€5 = A/3.D0
OPCON = 32.DOKAXCHPI%%2/3.D0
ALPHA = KBOLTZ%(1.D0 + X)/(2.DO%H)
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2=1D0-X-Y
XCNO = (1.D0 - X - Y)r2.D0
BCONST = 7.9D31%xX%xXCNO
= 1.D0/3.D0
BXP2 = 2.D0/3.D0
= 8.D0s3.D0
QCONST = QG/PFPI
DO 10 I=1,NP
XCHEM(1) = XC
YCHEM(1) = YC

ZCHBM( 1) 1.D0 - XCHEM(I) - YCHEM(I)
CON1(1) = (0.5D0 « 1,5DOXXCHEM(1) + 0.25DOX%YCHEM(1))%KBOLTZ/H
CON3(I) = 3.DO%CON1(1)
10 CONTINUE
DO 20 1=NF,N
XCHEM(1) = XP
YCHEM(I) = YF
ZCHBM(1) = 1.D0 - XCHEM(1) - YCHEM(I)
CoN1 () (0.5D0 + 1.5DO%XCHEM(1) + 0.25DO%YCHFEM(1))xKBOLTZ/H

CON3(T) = 3.DOXCON1(I)
20 CONTINUE
CALL THMSET(CON1,CON3)
CALL OPASET(NCON, XCHEM, YCHEM, ZCHEM)
RETURN
END

SUBROUTINE STAR1 (NREZNE)

c
c REVISED §/12/70 ... TO ADJUST DIFFERENCE SCHEME TO ALLOW FOR MORE
Cc FLEXIBLE MASS ZONING.
(o}
IMPLICIT REAL*B(A-H,L,M,0-2,%) LIB00430
REAL%8 KAPPA LIB00440
COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605) LIB00450
COMMON /STAVAR/ P(605), T(805), S(605,2), E(6805) L1B004680
COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(B05), N, NMi LI1B00470
COMMON /CONST/P1,FPI1,FPITHD,G,C1,C2,C3,C4,C5,0PCON,PICON, ALPHA, LIB00480
X ECONST, EXP1,EXP2,FRAC, X, Y, W, A0, HATOM, VCOEF, NMODEL, NTSTEP
300 FORMAT(8A8) LI1B00500
NTSTEP = -1
11 =1 +1 L1B00510
J=1/2 « 1 LIB00520
K= (] + 1)/72 LI1B00530
READ(9, 300, END=4) M(1),R(J,1),RHO(K),P(K),T(K),S(K,1),L(J),E(K) LIB00540
NTEST = NTEST + 1 LIB00550
GO TO 1 LIB00560
4 CONTINUE LIB00570
c THESE VALUES INSERTED TO ALLOW ELECTRON SCATTERING OPACITY TO BE LIB00580
c INAUGURATED BY CALLING OPACTY(N+1). VERSION 11, 8/26/69 LIB00S590
RHO(Ne1) = RHO(N) L1B00600
T(Ne1) = T(N) LIB00610
NVALS = 2%N - 1 LIB00620
IF(NVALS .BEQ. NTEST) GO0 TO § LIB00630
WRITE(3,200) NVALS, NTEST L1B00640

200 FORMAT(//* ER R OR DURING CALL TO STAR 1/ LIB008S5O



(e NoNoNe!

Q

X ' NUMBER OF STARTING VALUES REQUIRED BY CODE =*,14//
X * NUMBER OF STARTING VALUES RFAD BY ROUTINE =',14////)
CALL BXIT
5 CONTINUE
NM182 = NM1 % 2
DO 20 1=2,NM1S2
DM(I) = M(I+1) = M(I-1)

THE FOLLOWING TEST ALLOWS THIS ROUTINE TO BE USED WITH ZONES OF
CONTINUOUSLY VARYING MASS SIZE.

IF(NREZNE .GE. N) GO TO 20

IP(M(T+1) = M(I) NE, M(I) = M(I-1)) DM(1) = 2.DO%(M(T) = M(I-1D)

20 CONTINUB
DM(2%N=-1) = 2 ,DO%(M(2%N-1) - M(2%N-2))
WRITE(50,500) NM1, M(2%N-1), NMODEL, VCOEF

LIB0066O
L1B00670
L1800680
LI1B00690
LIB00700
L1B00710
LIBO0OT20

L1B00730
L1B00740

500 PORMAT(14,' ZONES - MASS =',1PE10.3,' GM - & CEPHEID MODEL NUM

XBBR®,13,*' -~ VISCOSITY COEF =',1PE8.1,
X * - COMPLETE OPACITY")
REWIND 50

RETURN

BND

SUBROUTINE PUSH(VSURF)

IMPLICIT RBAL%8(A-H,L,M,0-2,$)
REAL*8 KAPPA
COMMON /DYNVAR/ R(605,2), V(806,2), RHO(605)
COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(605), N, NM1
PROCON = VSURF/R(N,1)
DO 10 I=1,N
V(I,1) = PROCON®R(I,1)
V(1,2) = V(1,1
10 CONTINUE
RETURN
END

SUBROUTINE AMPUSH(PERIOD,FACTOR)

IMPLICIT REALXB8(A-H,L,M,0-2,$)
REAL#8 KAPPA
REAL*4 XX(500), YY(500)
DIMENSION Q(500), A(500)
COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605)
COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(B0S), N, NMi
COMMON /CONST/PI,FPI,FPITHD,U,C1,C2,C3,C4,C5,0PCON, P1CON, ALPHA,
X ECONST, EXP1, EXP2,FRAC,X,Y, 2, A0, HATOM
10 FORMAT(2F10.4)
SIGMA = 2.DO%PI/PERIOD
20K =K+ 1
READ(2,10,END=60) Q(K), A(K)
G0 TO 20
50 CONTINUE

L1B00790
L1B00800
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Q(K) = Q(K~1) + 1.D0

A(K) = A(K-1) + 1.D0

K=20

DO 30 1=1,N

MFRAC = M(2%1-1)/M(2%N-1)

XX(1) = MFRAC

K=K?=+

IP(MFRAC .GE. Q(K)) GO TO 40
K=K-=-1

RAMPL = A(K) + (MFRAC - Q(K))R(A(K+1) = A(K))I/(Q(K+1) - Q(K))
YY(I) = RAMPL

V(1,1) = FACTORXSIGMARRAMPL*R(1,1)
CALL GQWINK

CALL QTITLE('INITIAL RADIUS AMPLITUDE VS MASS FRACTION®,41,7673)
CALL GPLOT(XX,YY,N,7673)

DO 60 I=1,N

YY(I) = V(I,1)

CALL QTITLE(’INITIAL VELOCITY VS MASS FRACTION - 100MSUN MODEL’,
X 49,7873)
" CALL GPLOT(XX,YY,N,7673)

RETURN

BND

SUBROUTINE VOPUSH(PERIOD,FACTOR)

IMPLICIT REAL*8(A-H,L,M,0-2,8)
REAL*8 KAPPA

REAL#4 XX(500), YY(600)

DIMENSION Q(500), A(500)

COMMON /DYNVAR/ R(805,2), V(805,2), RHO(605)

COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(605), N, NM1
COMMON /CONST/P1,FPI,FPITHD,U,C1,C2,C3,C4,CS5,0PCON, P1CON, ALPHA,
X ECONST, EXP1, EXP2, FRAC, X, Y, Z, A0, HATOM
FORMAT(2F10. 4)

SIGMA = 2.DO%PI/PERIOD

K=K+l

READ(2,10,END=50) Q(K), A(K)

GO TO 20

CONTINUE

Q(K) = Q(K=1) + 1.D0

A(K) = A(K-1) + 1.D0

VFAC = FACTORXSIGMA®R(N,1)/A(K=1)

K=0

DO 30 1=1,N

MFRAC = M(2%I-1)/M(2%N-1)
XX(I1) = MFRAC
K=K-¢+?1
IF(MFRAC .GE. Q(K)) GO TO 40
K=K-=1

AVAL = A(K) ¢ (MFRAC - Q(K))k(A(K+1) - A(K))/(Q(K+1) - Q(K))
YY(I) = AVAL
V(1,1) = VFACHAVAL

CALL GDATE

CALL GWINK

CALL GWRITE(50,64)
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(e NeoNeoNel

[eNoNeNe]

Q)

CALL OTITLE(’®UNSCALED VELOCITY VALUES VS MASS FRACTION®,41,7673)
CALL GPLOT(XX,YY,N,7673)
DO 80 1=1,N
60 YY(1) = V(I,1)
CALL OWRITE(50,64)
CALL OTITLE(®INITIAL VELOCITY VS MASS FRACTION - 15MSUN MODEL’,
X 48,7673)
CALL GPLOT(XX,YY,N,7873)
RETURN
END

SUBROUTINE STARZ2(Z,NREZNE)

REVISED 5/12/70 ... TO ADJUST DIFFERENCE SCHEME TO ALLOW FOR MORE
FLEXIBLE MASS ZONING.
IMPLICIT REAL%8(A-H,L,M,0-2,%) LIB01660
REALX8 KAPPA : L1B01700
COMMON /DYNVAR/ R(6056,2), V(605,2), RHO(605) LIB01710
COMMON /STAVAR/ P(805), T(605), S(805,2), EB(605) LI1B01720
COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(60S), N, NMi L1B01730
COMMON /CONST/P1,FPI,FPITHD,G,C1,C2,C3,C4,C5,0PCON,PICON, ALPHA,
X BCONST, EXP1,EXP2,FRAC, X, Y, W, A0, HATOM, VCOEF, NMODEL, NTSTEP
300 FORMAT(7A8) LIB01740
500 FORMAT(I4,' ZONES -~ MASS =',1PE10.3,’ GM - 8 CEPHEID MODEL NUM
XBBR®,13,* =~ VISCOSITY COEF =',1PEB.1,
X ' - COMPLETE OPACITY")
READ(8,300) Z, VCOEF, NTSTEP, NMODEL L1801780
RBAD(B,300) (M(2%i-1), M(2xI), R(I,1), V(I,1), S(I,1), RHO(I), LiB01790
X ™D, I=1,N) L1B01800
THESE VALUES INSERTED TO ALLOW ELECTRON SCATTERING OPACITY TO BE LI1B01810
INAUGURATED BY CALLING OPACTY(N+¢1),. VERSION 11, 8/26/69 LIB0O1820
RHO(N+1) = RHO(N) LI1B01830
T(N+1) = T(N) L1B01840
NM1§2 = NM1 % 2 L1B01850
DO 20 I=2,NM182 L1801860
DM(I) = M(T+1) - M(I-1) L1B01870

THE FOLLOWING TEST ALLOWS THIS ROUTINE TO BE USED WITH ZONES OF
CONTINUOUSLY VARYING MASS SI1ZE.

IF(NREZNE .GE. N) G0 TO 20

IF(M(I+1) - M(I) NE. M(I) - M(I=-1)) DM(I) = 2,DO%(M(I) - M(I~1))

20 CONTINUE LIB01860
DM(2%N-1) = 2.DO%(M(2%N-1) - M(2%kN-2)) L1B01880
RETURN L1B01900
END ’ LIB0O1910

SUBROUTINE QCALC(Z,RHOZM1,Q, VCOEF)

IMPLICIT REAL%8(A-H,L,M,0-2,8)
DIMENSION RHOZM1(605), Q(605)
REAL%8 KAPPA
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OOMMON /DYNVAR/ R(605,2), V(605,2), RHO(606)
COMMON /STAVAR/ P(605), T(605), S(805,2), E(605)
COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(805), N, NM1

97 PORMAT(/°'-~MODEL AT TIME =',1PD23.16,' SECONDS®)

98 PORMAT( 'OVISCOSITY WAS TURNED ON IN THE FOLLOWING ZONES, WITH THE
X POLLOWING VALUES® / "0VISCOUS COEF
XFICENT =',1PD11.4/'0 ZONE NUMBER’,07X, 'MASS®, 14X, 'RADIUS®, 13X,
X *VELOCITY', 13X, 'DEL-VEL®, 12X, 'PRESSURE’, 11X, 'VISCOSITY® /)

99 PORMAT(110,1P6D20.9)

NDSRN = 90

JSWICH = 1

DO 2 1=1,NM}

Q(1) = 0.D0

IF(V(1+1,2) .GE. V(I,2)) GO TO 2

Q(I) = VCOERR(V(T+1,2)-V(I,2))%%2/(1/RHO(T)+1/RHOZM]1 (1))

IPCISWICH .NE. 1) GO TO 1

WRITE(NDSRN,97) 2

WRITE(NDSRN, 88) VCOEF

ISWICH = 2
1 CONTINUE

DELV = V(Ie+1,2) - V(I,2)

WRITE(NDSRN,99) I, M(2%I), R(I,2), V(I,2), DELV, P(1), Q(I)
2 CONTINUE

RETURN

END

SUBROUTINE QCALC2(2,Q,N1,N2,VCORF)

IMPLICIT REAL*8(A-H,L,M,0-2,$)
DIMENSION Q(1)
COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605
COMMON /STAVAR/ P(605), T(605), S(805,2), E(605)
COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(605), N, NMI
$7 FORMAT(/°'-MODEL AT TIME =',1PD23.16,' SECONDS®)
98 FORMAT('0VISCOSITY WAS CALCULATED IN THE FOLLOWING ZONES, WITH THE

X FOLLOWING VALUES® / *0VISCOUS COEF
XFICENT =',1PD11.4/°0 ZONE NUMBER',07X, *MASS', 14X, "RADTIUS?, 13X,
X 'DEL-VIS®, 12X, 'DEL-PRES?’, 11X, *ACC. TERM'/)

99 FORMAT(110,1P6D20.9)
IFCISWTCH .EQ. 1) GO TO 1
NDSRN = 80
Pl = 3.1415826535897932D0
FPI = 4,D0%PI
G = 6,673D-8
GCONST = G/FPI
NBEG = N1
NFIN = N2
ISWrCH = 1

1 CONTINUE
WRITE(NDSRN,87) 2
WRITE(NDSRN, 88) VCOEF
DO 10 I=NBEG,NFIN
DQ = Q(I) - Q(I-1)
DP = P(I) ~ P(I-1)
DV = DP + QGCONSTH*M(2%]~-1)%DM(2kI=-1)/R(T,2 k%4
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WRITE(NDSRN,99) 1, M(2%I-1), R(i-1,2), D@, DP, DV
CONTINUE

RETURN

END

SUBROUTINE THERMO

IMPLICIT REAL*8(A-H,L,M,0-2,8)
REAL%8 KAPPA

DIMENSION C1¢1), C3(1)

COMMON /DYNVAR/ R(805,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(805), T(805), $(605,2), E(605)

COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(805), N, NM
COMMON /CONST/PI,FPI,FPITHD,G,D1,C2,D3,C4,C5,0PCON, PICON, ALPHA,
X ECONST, EXP1,EXP2,FRAC,X,Y,2,A0,H

F(T) = C1(1)%DLOG(Tx#ok1.5D0/RHO(1)) + CawTak3/RHO(I) - §(1,2)
DF(T) = C3(1)/(2.D0%T) + CakT#k2/RHO(1)

DO 20 I=1,NM}

T = T(1)

TCIY = TT - F(TT)/DF(TT)

IF(DABS(T(})~TT) .GT. 1.D2) GO TO 10

P(I) = ClCI)%RHOCI)RT(T) + C5&T(1)%%4

CONTINUE

ENTRY THMSET(C1,C3)

RETURN

END

SUBROUTINE ECNO(NCNO)

IMPLICIT REALX8(A-H,L,M,0-Z,8)

COMMON /DYNVAR/ R(605,2), V(805,2), RHO(605)

COMMON /STAVAR/ P(805), T(806), S(805,2), B(605)

COMMON /CONST/P1,FPI1,FPITHD,G,C1,C2,C3,C4,C5,0PCON, PICON, ALPHA,
X BCONST, EXP1,EXP2,FRAC,X,Y,Z,A0,H

DO 10 I=1,NCNO

E(1) = ECONST*RHO(I)*DEXP(~1.5231D4/T(1)%kEXP1)/T(1)%kBXP2
CONTINUE

RETURN

END

SUBROUTINE OPASET(NCON,X,Y,2)

IMPLICIT REAL*B(A-H,K-M,0-2,8)
DIMENSION X(1), Y(1), 2(1)

DIMENSION ALPHAS(605), ALPHAX(805), ALPHAY(605), ALPHAZ(605)
DIMENSION ZCON(805)

COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(805), T(605), S(605,2), E(605)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(605), N, NMI
COMMON /CONST/P1,FP1,FPITHD,G,C1,C2,C3,C4,C5,0PCON, P1ICON, DUMALF,
X ECONST, EXP1, EXP2, FRAC, DUMX, DUMY, DUMZ, A0, H

KBOLTZ = 1.38046D-18

DO 10 1=1,NCON
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KAPPA(I) = (FP1/3.D0)%A0%%2%(1.D0 + X(1))/H
10 CONTINUE

KAPPA(N) = (FPI/3.D0)%A0O%%2%(1.D0 + X(N))/H

DO 20 1=NCON,NM1

ALPHA = KBOLTZ#(1.D0 + X(1))/(2.DO%H)

ALPHAS(1) = ALPHA%1.D4%4.85D-13/2.2D-5

ALPHAX(T1) = ALPHAX1.D4XX(1)/2.1D0

ALPHAY(1) = ALPHA®1.D4XY(])

ALPHAZ(I) = ALPHA1.D4%Z(1)/35.D0

2CON(I) = 3.8D2%Z(1)%((2.D0 - Z(I1))wk2%(1 + X(])))%k0,33D0/35,D0
20 CONTINUE

0CO = 1.D0/2.2D-5

0C1 = 2.D6/2.1D0

0C2 = 1.D0/4.5D0

0C3 = 0C2%2.1D0

0C4 = 20.D0/36.D0

RETURN

ENTRY OPACTY

DO 30 T1=NCON,NM1

T4 = T(1)/1.D4

RTT4 = DSQRT(T4)
T48Q = Te4*xT4
T4CU = T4SQ*T4

T4FIV = T4CUKT4SQ

KAPPAS = ALPHAS(1)/(0CO0 + T4)

KAPPAX = ALPHAX(I)&(RTT4/(0C1/T4FIV ¢ T4FIV) + OC3/(T4F]V + 0OC2
X /(4.D=-3/T4SQ + 2.D-4%xT4SQ/RHO(1)%%0,25D0)))

KAPPAY= ALPHAY(T)%(1.D0/(1.4D3 + T4FIV) + 15.D0/(1.D7/T4 + T4FIV))
KAPPAZ = ALPHAZ(T1)%RTT4/(0C4 + T4CU + ZCON(J)%RHO(1)%%0.33D0

X *T4%%3, 71D0)
KAPPA(T) = KAPPAS + (KAPPAX + KAPPAY + KAPPAZ)XRHO(I)
30 CONTINUE
RETURN
END

SUBROUTINE LUMRAD(NCON,NSUBZN,NRZNF1)

c
IMPLICIT REAL#8(A-H,L,M,0-2,$) L1B02920
REAL#8 KAPPA L1B02930
COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605) L1B02940
COMMON /STAVAR/ P(6805), T(805), S(605,2), E(805) L1B02950
COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(605), N, NM1 L1B02960
COMMON /CONST/P1,FPI,PFPITHD,G,C1,C2,C3,C4,C5,0PCON, PICON, ALPHA,  L1B02870

X ECONST, EXP1 , BEXP2,FRAC,X,Y,2,A0,H L1B02680
NREZNE = NRZNE1
DO 10 1=NCON,NM1 L1802990
J=1
OPCONZ = OPCON/(KAPPA(1)+KAPPA(I=1)) L1803000

IF(] .NE. NREZNE) GO TO 27
TF(NREZNE .BEQ. NM1) GO TO 27
NREZNE = NREZNE + NSUBZN - 1
J = 1 + NSUBZN/s2

27 CONTINUE
L(I) = OPCONZ2#R(],2)%k4k(T(T~1)%k4 ~ T(J)kkd)/DM(2%]I-1) LI1803010

10 CONTINUE L1803020
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RETURN L1B03030
END LTB03040

SUBROUTINE LUMCON(NPIVPT)

IMPLICIT RFAL%8(A-H,L,M,0-2,8)
REAL®8 KAPPA

DIMENSION A(1000,4)

COMMON /STAVAR/ P(605), T(605), S(605,2), F(6805)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(6056), N, NM!
COMMON /CONST/P1,FP1,FPITHD,G,C1,C2,C3,C4,C5,0PCON, PICON,ALPHA,
X FCONST, EXP1,EXP2,FRAC,X,Y,2,A0,H

DO 10 1=1,NPIVPT

COFF = DLOG(T(IN/T(1+1)3/2.D0

A(I,1) = 1.D0 - COFF

ACl,2) = -2.00

A(1,3) = 1.D0 + COEF

ACT, )= (T(I1) & TUI+1NIR(E(I+1)/T(1+1) = E(1)Y/T(1))%DM(2%]+1)/2.D0
CONTINUE

A(NPIVPT, 4) = A(NPIVPT,4) -~ A(NPIVPT,3)%xL(NPIVPT+2)

NPIVM1 = NPIVPT - 1

DO 20 1=2,NPTVM1

ACT,2) A(Y1,2)%A(T1=1,2) -~ A(1,1)%A(T1~-1,3)

A(1,3) = A(1,3)%A(T-1,2)

ACT,4) = A(T,4)%A(T-1,2) = A(T,1)%A(T-1,4)

LINPIVPT+1) = (A(NPIVPT,4)%A(NPIVM1,2) -~ A(NPIVPT,1)%A(NPIVM},4))/
X (A(NPIVPT,2)%A(NPIVM],2) = A(NPIVPT,1)kA(NPIVM1,3))
DO 30 I=1,NPIVMI

J = NPIVET - 1}

L(J*1) = (A(J,4) - A(J,3%kL(J+2)) / A(J,2)

RETURN

END

SUBROUTINE LUMSAV(Z,NSTEP)

ALTFRED 6/9/70 TO ALLOW FOR CHOICE OF ZONES WHERE DATA 1S GOTTEN
BY INDICATING WHERE IN LUMSET. LUM DATA SET WILL ONLY CONTAIN
MASS ZONING DATA IF LUMSAV 1S CALLED DURING FIRST 100 MODELS OR
IF LUMSAV IS NEVER REFERRED TO....

IMPLICIT REAL%B(A~H,L,M,0-2,%)

REAL%8 KAPPA

DIMENSION MFRAC(100), TLUM(100), ILUMIN(1)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(6805), N, NM]
COMMON /CONST/PI,FPI,FPITHD,G,C1,C2,C3,C4,C5,0PCON, PICON, ALPHA,
X ECONST, EXP1,EXP2,FRAC, X,Y, W, A0 ,HATOM, VCOEF, NMODEL,, NTSTEP

100 FORMAT(13A4)

NCOUNT = NCOUNT - 1
IF(NCOUNT .QT. 0) RETURN
NCOUNT = NSTEP

IF(ISWTCH .EQ. 1) GO TO 10
JDEL = N/12

JFIN = 12%JDEL

DO 5 K=1,12
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IP(ISWICH .NE. 2) 1LUM(K) = JDEL*K
MPRAC(K) = M(2xILUM(K)=1)/M(2%N=-1)
CONTINUB

WRITE(12,100) M(2%N-1), (MFRAC(K),K=1,12)
ISWICH = 1

CONTINUR

WRITE(12,100) 2, (L(TLUM(J)Y),J=1,12)
RETURN

ENTRY LUMSET(ILUMIN)

DO 20 J=1,12

ILUMCJ)Y = TLUMIN(O)

CONTINUE

ISWTCH = 2

IF(NTSTEP .GE. 100) ISWTCH = 1
RETURN

BND

SUBROUTINE BNDSET(X,Y)

IMPLICIT REAL*8(A-H,L,M,0-2,$)

REAL#8 KAPPA

REALx8 KAPPAS, KAPPAX, KAPPAY, KAPPAZ, KAPPAE, KAPPAT,KBOLTZ

COMMON /DYNVAR/ R(805,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(805), T(605), S(806,2), F(B805)

COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(605), N, NMI

COMMON /CONST/PI,FPI,FPITHD,G,D1,C2,C3,C4,C5,0PCON, P1CON, DUMALF,
ECONST, EXP1, EXP2, FRAC, DUMX, DUMY , DUMZ, A0, H, VCOEF

Zz1.D0 -X-Y

DM(2%N-1) = M(2kN=1) = M(2%N-2)

OPCON1 = 4.DOXFPITHD/DM(2%kN-1)

KAPPAE = (FP1/3.D0)%A0%k2%(1,D0 + X)/H

A = 7.5641D-15

C = 2.997929D10

OPCONZ = PI%A%C

KBOLTZ = 1.38046D-16

MUINV = 0.5D0 + 1.5D0%X + 0.25D0%Y

C1 = KBOLTZ*MUINV/H

ALPHA = KBOLTZ#(1,D0 + X)/(2.DO%H)

ALPHAS = ALPHAx1,D4%4,85D-13/2.2D-5
ALPHAX = ALPHAx1.D4%xX/2.1D0

ALPHAY = ALPHA%1 . DaxY

ALPHAZ = ALPHA%1.D4%Z/35.D0

ZCON = 3.8D2%2Z%((2.D0 - Z)wk2%k(1 + X))%%0,33D0/35.D0
0CO0 = 1.D0/2.2D-5

oCt = 2.D672.100

0C2 = 1.D0/4.5D0

0C3 = 0C2%2.1D0

0C4 = 20.D0/35.D0

RETURN

ENTRY BNDRY

CONTINUE

KAPPAT = KAPPAE
OPCONR = OPCON1%R(N, 2)%%2/KAPPAE
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TEATH = OPCONR®T(N~1)%k4/(OPCONR ¢ 1.D0)

TE = TE4TH*%0.25D0

PE = (OPCONRXP(N=-1) + CSxTE4TH)/(OPCONR + 2.D0)

RHOEB = (PE - COXTEATH)/(CI*TE)

T4 = TE/1.D4

RTT4 = DSQRT(T4)

T4SQ = T4%T4

T4CU T4SQ*T4

TAFIV = T4CU%T4SQ

KAPPAS ALPHAS/(QCO + T4)

KAPPAX ALPHAX®(RTT4/(OC1/TAFIV + TAFIV) + OC3/(T4FIV + 0C2
X /(4.D-3/T4SQ + 2.D-4%T4SQ/RHOER%0.25D0)))

KAPPAY ALPHAY®(1.D0/(1.4D3 + TAFIV) ¢ 15.D0/(¢(1.D7/T4 + T4AFIV))
KAPPAZ ALPHAZ®*RTT4/(0C4 + T4CU + ZCONKRHOE*%0,33D0%T4%%3,71D0)
KAPPAR KAPPAS + (KAPPAX + KAPPAY + KAPPAZ)%RHOE
IF(DABS(KAPPAT - KAPPAE)/KAPPAE .QT. 1.D-12) G0 TO 10

T(N) = TE

P(N) = PE

RHO(N) = RHOE

KAPPA(N) = KAPPAE

L(NY = OPCONZ2%R(N, 2)1%k%2%TF4TH

RETURN

END

SUBROUTINE STEPSI(DZ)

c

IMPLICIT REAL*B(A-H,L,M,0-2,$)

REAL%8 KAPPA

COMMON /DYNVAR/ R(605,2), V(805,2), RHO(605)

COMMON /STAVAR/ P(605), T(805), S(605,2), E(605)

COMMON /MASLUM/ M(1210), DM(1210), L(80S5), KAPPA(605), N, NM1
COMMON /CONST/PI,FPI,FPITHD,G,C1,C2,C3,C4,C5,0PCON, PICON, ALPHA,
X ECONST, EXP1,EXP2,FRAC,X,Y,2,A0,H

DZMIN = 1.D60

DO 10 1=2,NMi

DZI = DM(2%I)/(FPIXR(I,1 )%k2
X *DSQRT( GAMMA1 (RHO (1), T(1))%P (T )%RHO(1)))

OPCON3 = 4.DO*OPCON/ (KAPPA(I)+KAPPA(I-1))

DZI2 = (C3 + C4%T(T)%%3/(2.DOKRHO(T)) )k (DM(2%] )kk2 /
X (OPCON3®PI®R (1,1 )kk4xT (] )%%k3))

DZMIN = DMIN1(D21,DZ12,DZMIN)

10 CONTINUE

DZ = 0.8D0 * DZMIN

RETURN

END

SUBROUTINE DZCALC(Z,DZ)

c

IMPLICIT REAL*B(A~H,L,M,0-2,%5)

REAL%8 KAPPA

COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(605), T(605), S(605,2), E(605)

COMMON /MASLUM/ M(1210), DM(1210), L(805), KAPPA(605), N, NMi
COMMON /CONST/PI,FP1,FPITHD,G,C1,C2,C3,C4,C5,0PCON, P1CON, ALPHA,
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X ECONST,EXP1,EXP2,FRAC, X,Y, XZ, A0, HATOM .
97 PORMAT(///°'~MODEL AT TIME =',1PD23.16,' SECONDS®)
98 FORMAT('0STEPSIZE THERMALLY LIMITED'/'0ZONE NUMBER =',14,

X MASS FRACTION =°,F7.4,° RADIUS=z',1PD13.86,
X TIME STEP =',1PD23.16//)
99 FORMAT('0STEPSIZE COURANT LIMITED®/'0ZONE NUMBER =',1la,’
X MASS FRACTION =',F7.4,° RADIUS=',1PD13.8,
X o TIME STEP =',1PD23.16//)
NDSRN = 90

DZMIN = 1.D60
DO 10 1=2,NMi
DZ1 = DM(2%1)/(FPIRR(],1)%kk2
X *DSQRT(GAMMAL (RHO(1),T(1))%P(1)*RHO(1)))
OPCON3 = 4,DOXOPCON/(KAPPA(T)+KAPPA(T-1))
D212 = (C3 + C4xT(I)4k3/(2.DORRHOC(T)) k(DM 2%] yokk2/
X (OPCON3I®PIRR (1,1 )%k4%T (] )%%3))
DZMINT = DMIN1(DZ1,DZI2)
IF(DZMINT .GE. DZMIN) GO TO 10
DZMIN = DZMINT
IMIN = 1
MFRAC = M(2%IMIN-1)/M(2%N-1)
IF(DZMIN .EQ. DZ1) NDZ = 1
10 CONTINUE
WRITE(NDSRN,87) 2
IF(NDZ .EQ. 1) GO TO 20
WRITE(NDSRN, 98) IMIN, MFRAC, R(IMIN,2), DZMIN
Go TO 30
20 CONTINUE
WRITE(NDSRN,88) IMIN, MFRAC, R(IMIN,2), DZMIN
30 CONTINUE
DZ = 0.8D0 % DZMIN
RETURN
END

FUNCTION GAMMA1 (RHO,T)

IMPLICIT REAL%8(A-H,L,M,0-2,8)

BETA = 1.D0 7 ¢ 1.D0 + 1,8895D-23%T%k3/RHO )

GAMMA1 = BETA + (4.D0 - 3.DO%BETA)*%2/(12.D0 ~ 10.5D0%BETA)
RETURN

END

SUBROUTINE OUTPUT(NCON, NSURF, Z,DZ,NPSTEP, NPZONE, NPLOT , NZONE)

IMPLICIT REAL#8(A-H,L,M,0-2,8)
REAL#®8 KAPPA

COMMON /DYNVAR/ R(805,2), V(805,2), RHO(805)

COMMON /STAVAR/ P(805), T(605), S(605,2), B(605)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(605), N, NM1
COMMON /CONST/P},FPI1,FPITHD,U,C1,Cc,C3,C4,C5,0PCON, PTCON, ALPHA,

X ECONST, EXP1, EXP2,FRAC, X, Y, W, A0 , HATOM, VCOEF , NMODEL, NTSTEP
10 FORMAT(F9.4,1P8D15.3)
20 FORMAT(® TIME =',1PD10.3,' SECONDS',> - DT =',1PD9.2,* SECONDS’,

X ' - STEP NO.',I15,* =~?,15,° Z0NES - MASS =',1PD10.3,
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X *GM - RADIUS =1,1PD10.3,° CM'/
X T568,'BETA CEPHEID MODBL NUMBER',13,' -~ VISCOSITY COEF =%,
X 1PD8.1,*' - COMPLETE OPACITY')

30 PORMAT(¥F9.4,1P2D15.3,1PD75.3)

100 PORMAT(1H1,T33,’P ULS AT I NG S TAR 15 SsoLA

XR MASSES'Y
200 PORMAT(’ CONVECTI VR 20NE7/)
300 FPORMAT(' R ADI ATI VE ZO0NB'/
400 PORMAT(1HO,T5,'MASS’,T17, *RADIUS’,T31, 'VELOCITY®,T46, 'PRESSURE",
T62, *DENSITY’,T16, ' TEMPERATURE’,T92, ' ENTROPY®,T106,
'LUMINOSITY?,T12Z, '"ENERGY' /T3, 'FRACTION' ,T18, ' (CM)',T31,
*(CM/SEC)*,T45,*(GM/SQ.CM)*,T62,'(GM/CC)*,T76, ' (DEG-ABS) ",
T89, ' (tBRAS/GM-DEG) ', T106, * (ERGS/SEC)?,T119,
* (ERGS/GM=-SEC) /)
405 FORMAT(1HO,T5,'MASS’,T17, *RADIUS®,T31, 'VELOCITY',T46, 'PRESSURE’,
T62, 'DENSITY’,T15, *TEMPERATURE® ,T92, 'ENTROPY',T1086,
'LUMINOSITY',T122, 'OPACITY’ /T3, 'FRACTION?,T18, * (CM)*,T31,
' (CM/SEC)*,T45, ' (GM/SQ.CM)*,T62, ' (GM/CC)',TT76, ' (DEG-ABS) ',
T89, ' (ERAQS/GM-DEG) ', T106, * (ERAGS/SEC) * /)
500 FORMAT(/)
900 PORMAT(68A4)
NTSTEP = NTSTEP + 1
1PLOT = TPLOT - 1
IF(IPLOT .QT. 0) GO TO 8
WRITE(22,800) Z,R(NZONE, 2),R(NSURF,2),L(NZONE),L(NSURF), V(NSURF, 2)
1PLOT = NPLOT
8 CONTINUE
NSTEP = NSTEP - 1
IF(NSTEP .QT. 0) RETURN
NSTEP = NPSTEP
1 = 1 - NPZONE
NTEST = NCON - NPZONE
ASSIQGN 25 TO NLABEL
1 WRITE(3,100)
WRITE(3,20) 2, DZ, NTSTEP, NM1, M{(2%N-1), R(NSURF,1), NMODEL,VCOEF
WRITE(3,200)
WRITE(3,400)
DO 2 J=1,50
I = 1 + NPZONE
MFRAC = M(2%]I-1)/M(2%N-1)
WRITE(3,10) MFRAC,R(I,2),V(1,2),P(I),RHO(I),T(1),8(1,2),L(I),B(])
IF(1 .GE. NTEST) GO TO NLABEL, (25,5,8) .
2 CONTINUE
GO TO 1
25 CONTINUE
NTEST = NSURF - NPZONE
ASSIGN 5 TO NLABEL
3 WRITE(3,100)
WRITE(3,20) 2, DZ, NTSTEP, NM1, M(2%N-1), R(NSURF,1), NMODEL,VCOEF
WRITE(3,300)
WRITB(3,406)
DO 4 J=1,50
1 = 1 + NPZONE
MFRAC = M(2%I-1)/M(2%N~1)
WRITE(3,10) MPRAC,R(1,2),V(1,2),P(I),RHOCI),P(1),8(1,2),L(1),
X KAPPA(T)

o X XK X
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IP(1 .GR. NTEST) GO TO NLABEL,(25,5,6)
CONTINUE

G0 TO 3

CONTINUR

IF(NSURP .FQ. N) GO TO 6

I = NSURF

MFRAC = M(2&I=1)/M(2%kN-1)

WRITE(3,10) MFRAC,R(1,2),V(1,2),P(1),RHO(T),T(1),8(1,2),L(1),
X KAPPA(I)

WRITE(3,500)

NTEST = N - NPZONE

ASSTIGN 8 TO NLABEL

IF(] .OE. NTEST) GO TO NLABEL,(25,5,6)

a0 TO 4

CONTINUE

MFRAC = 1.D0

WRITE(3,30) MFRAC,R(N,2),V(N,2),L(N)

RETURN

END

SUBROUTINE PLTOUT(NSURF,Z,D2,NDEVT)

IMPLICIT REAL%8(A-H,L,M,0-2,$)
REAL%8 KAPPA

DIMENSION MASS(605)

COMMON /DYNVAR/ R(805,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(605), T(805), §(605,2), E(805)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(605), N, NMi
COMMON /CONST/P1,FP1,FPITHD,U,C1,C2,C3,C4,C5,0PCON, P1CON, ALPHA,

X ECONST, EXP1,EXP2,FRAC, X, Y, W, A0, HATOM, VCOEF, NMODEL, NTSTEP
DO 10 1=1,N

MASS(T) = M(2%I-1)

CONTINUE

NTRY = 1

GO TO 15

ENTRY ZNEPLT(NSURF,Z, D2, NDEVT)

DO 11 I=1,N

MASS(1) = 1

CONTINUE

NTRY = 2

CONTINUE

WRITE(50,20) 2, DZ, NTSTEP, NM1, M(2%N-1), R(NSURF,1), X, Y, VCOEF
FORMAT(® TIME =°,1PD10.3,® SECONDS®,®' - DT =',1PD8.2,’ SECONDS®,
X » - STEP NO.',15,° =-°,15,' ZONES - MASS =’,1PD10.3,
X » GM* / °* RADIUS =',1PD10.3,' CM - X =7,
X OPF5.2," -~ Y =',F5.2," =~ VISCOSITY COEF =,
X 1PD8.1,* - COMPLETE SCATTERING®) )

CALL GWRITE(50,63)
CALL OTITLE('R V £ M?,11,NDEVT)

IF(NTRY .EQ. 2) CALL QTITLE('R VS ZONE ',11,NDEVT)
CALL DGPLOT(MASS,R,N,NDEVT)

CALL GWRITE(50,63)

CALL OTITLE(’V V S  M’,11,NDEVT)

IF(NTRY .EQ. 2) CALL GTITLE('V VS ZONE °*,11,NDEVT)
CALL DGPLOT(MASS,V,N,NDEVT)
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CALL GWRITE(50,83)

CALL QTITLR('P V S M ,11,NDEVT)

IP(NTRY .PQ. 2) CALL QTITLE('P VS ZONE °,11,NDEVT)
CALL DOPLOT(MASS,P,N,NDEVT)

CALL OWRITR(50,63)

CALL OTITLE('R HO V § M',15,NDEVD)

IP(NTRY .EQ. 2) CALL QTITLE('RHO VS ZONE ',13,NDFVT)
CALL DGPLOT(MASS,RHO,N,NDEVT)

CALL OWRITE(50,63)

CALL QTITLE(T V S  M',11,NDEVD)

IF(NTRY .EQ. 2) CALL OTITLE('T VS ZONE ', 11,NDEVT)
CALL DGPLOT(MASS,T,N,NDEVT)

CALL GWRITE(50,63)

CALL OTITLE(’S V §  M',11,NDEVT) .
IF(NTRY .EQ. 2) CALL OTITLE('S VS ZONE ’,11,NDEVT)
CALL DGPLOT(MASS,S,N,NDEVT)

CALL GWRITE(50,63)

CALL OTITLR(’L V § M',11,NDEVT)

IF(NTRY .EQ. 2) CALL OTITLE('L V§ ZONE ',11,NDEVT)
CALL DGPLOT(MASS,L,N,NDEVT)

CALL GWRITE(50,63)

CALL QTITLE(’E V § M’,11,NDEVT)

IF(NTRY .EQ. 2) CALL QTITLE('E VS 20NE ',11,NDEVP)
CALL DGPLOT(MASS,E, N, NDEVT)

CALL GWRITE(S0,63)

CALL OTITLE('K AP P A V S M, 19,NDEVD)

IF(NTRY .EQ. 2) CALL OTITLE('KAPPA VS ZONE ', 15,NDEVT)

CALL DAOPLOT(MASS,KAPPA,N,NDEVT)
RETURN
END

SUBROUTINE STORE(2)

IMPLICIT REAL%8(A-H,L,M,0-2,8%)
REAL®B KAPPA

COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(605), T(605), S(605,2), E(605)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(605), N, NM1

COMMON /CONST/PI,FPI1,FPITHD,G,C1,Cz2,C3,C4,C5,0PCON, PICON, ALPHA,
ECONST, EXP1, EXP2 , FRAC, X, Y, W, A0, HATOM, VCOEF, NMODEL,, NTSTEP

FORMAT (748)
REWIND 8
WRITE(8,300) 2,VCOEF,NTSTEP, NMODEL

WRITE(8,300) (M(2%I-1), M(2%I), R(I,1)}, V(I,1), S(I,1), RHO(I),

T, 1=21,N)
RETURN
END

SUBROUTINE PULSEN(Z,NSURF, DEVT)

THIS SUBROUTINE CALCULATES THE TOTAL KINETIC ENERGY OF THE STELLAR

MODELS CALCULATED BY THE PULS 111 CODE.

IT THEN STORES THIS RESULT,

PRECEDED BY THE MODEL’S TIME PHOTOSPHERIC RADIUS, VELOCITY, AND
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LUMINOSITY Oii DSRN 11. IT UTILIZES COMMON CARDS OF THE PULS 111
CODE. IF DEVT .BQ. 'T’, IT 1S ASSUMED THAT DSRN 11 REFERNCES A
TAPE DATA SET AND TAPSET 1S CALLED. OTHFRWISE, IT 1S NOT.

NOTE - 2 IS THE MODEL TIME FROM THE PULS 11! CODE,

IMPLICIT RERAL%8(A-H,L,M,0-2,%)

REAL%8 KAPPA

LOGICALx1 DEVT, TAPE / 'T® /

REAL%8 EQCON(605)

COMMON /DYNVAR/ R(605,2), V(805,2), RHO(605)

COMMON /STAVAR/ P(605), T(605), S(605,2), E(605)

COMMON /MASLUM/ M(1210), DM(1210), L(605), KAPPA(605), N, NMi
COMMON /CONST/P1,FP1,FPITHD,Q,C1,C2,C3,C4,C5,0PCON, PICON, ALPHA,
X ECONST,EXP1,EXP2,FRAC,X,Y,W,A0,H

IFCISWPCH .NE. 0) GO TO &

SET POSSIBLE DATA TAPE TO PROPER POSITION,

IF(DEVT .EQ. TAPE) CALL TAPSET(11)

DO 1 I=1,NM

BGCON(I) = QaDM(2kI)IR(M(I) + M(I+1))

CONTINUE

ISWTCH = 1

CONTINUE

NUCLEAR (EN) AND GRAVITATIONAL (EGQ) ENFRGIES ADDED 8/7/69

oQao

[cNeNeNeNoNoNeNeNoNe Xe)

10

100

NOTE ~ NDSRN IS THE LOGICAL ADDRESS OF THE DATA TAPE.
(BUT NOT ESSENTIAL) THAT THE DATA RECORDS ARE 56 BYTES LONG.

INITIALIZE KINETIC ENERGY PRIOR TO INTEGRATION.

EK = 0.D0
EN = 0.D0
BG = 0.D0

INTEORATE KINETIC ENERGY THROUGHOUT STAR.
DO 10 1=1,NM1

EK = BK + (V(1,2)%%2 + V(1+1,2)%k2)%DM(2%x])/2.D0
EN = EN « E(1)xDM(2%1)

EG = EG - BGCON(I)/(R(I,2) + R(I+1,2))

CONTINUE

STORE DATA ON DSRN 11 (IDEAL LRECL=56).
WRITE(11,100) Z, R(NSURF,2), V(NSURF,2), L(NSURF), EK, EN, EG

FORMAT (7A8)
RETURN
END

SUBROUTINE TAPSET(NDSRN)

REVISED FROM 80 TO 56 BYTE READ + REWIND ON 9/16/69.

WHEN FIRST REFERENCED, THIS SUBROUTINE POSITIONS A DATA TAPE SUCH

THAT DATA MAY BE ADDED TO THE END OF DATA SET. IT REMOVES THE

ORIGINAL END OF FILE. SUBSEQUENT CALLS TO THIS ROUTINE RESULT IN

IMMEDIATE RETURNS TO THE CALLING PROGRAM.

REAL%8 A(T7)

IT IS ASSUMED
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10
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98
89

10

/%
/DD
/DD
/EXEC
/%

RETURN PARAMETER INITIALI1ZED.

DATA ISWTCH 7 0 7/

IP PIRST PASS PROCEED, OTHERWISE RETURN.

IR(ISWTCH .NE. 0) RETURN

REWIND NDSRN

TAPE IS READ TO END OF ORIGINAL DATA SET IN 56 BYTE RECORDS.
READ(NDSRN, 100,END=10) A

FORMAT(7A8)

G0 TO 5

CONTINUE

BACKSPACE OVER ORIGINAL END OF FILE .

BACKSPACE NDSRN

TAPE 1§ NOW READY TO HAVE DATA ADDED TO ORTGINAL DATA SET.

RETURN PARAMETER RESET FOR IMMEDIATE RETURNS ON FUTURE CALLS.

ISWTCH = 1
RETURN
END

SUBROUTINE CALPRT

DIMENSION COPY(33)
FORMAT ( 1H1)

FORMAT(33A4)

NDSRN = 90

ENDFILE NDSRN

REWIND NDSRN

WRITE(3,98)

CONT1NUE

READ(NDSRN, 99,END=10) COPY
WRITE(3,99) COPY

G0 TO 5

CONTINUE

WRITE(3,98)

RETURN

END

5 DSNAME=GPLT, DISP=PASS
7 DSNAME=LIBP, DISP=KEEP
PUNCH
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F.8 SUBROUTINE BNDRY

When included in CEPHEI LIBRARY (F.7), this

subroutine sets up the Eddington boundary condicions.,



/%
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SUBROUTINF BNDRY

IMPLICIT REALXB(A-H,L,M,0-Z,8)
REAL#S KAPPA

COMMON /DYNVAR/ R(605,2), V(605,2), RHO(605)

COMMON /STAVAR/ P(605), T(605), S(605,2), E(605)

COMMON /MASLUM/ M{1210), DM(1210), L(B05), KAPPA(605), N, NM)
COMMON /CONST/P1,FPI,FPITHD,Q,C1,(2,03,C4,C5,0PCON, PT1CON, ALPHA,
X FCONST, FXP1,FXP2,FRAC,X,Y, 2, A0,H

K = 2N - 1

OPCON1 = P1CONK(KAPPA(N)¢KAPPA(N-11)

PIN) = P(N-1)%(R(N,2)%%2~0PCONI&DM(K))/(R(N,2)%%2+OPCONIRDM(K) )
TN4TH =T(N-1)kk4dx{R(N,2)%k2-0PCONI®DMIK)}/(R(N,2)%%2+OPCONIRDM(K) ),
OPCON2 = OPCON/(KAPPA(N) +KAPPA(N=1))

LINY = OPCONZ®R(N,2)%k%k4x(T(N~1)%k4 - TNATH)I/DM(2%kN-1)

RETURN

FND



F.9 EQUILIB ZONE III

This set of routines serves as an example of an
equilibrium zoning scheme, for massive star models, which
utilizes an exponential mass zoning scheme and computes

a stellar atmosphere of a specified number of zones.
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71D 1444 T UNGAR,S. BQUILIB ZONE 11}

c SUBROUTINES MFIT3 AND MFIT4 UPDATED 9/11/69.
/DD 99 DSNAME=TEMP ,DISP=SCR

/EXEC EXIT

/DD 4 DSNAMF=CALC,D1SP=PASS

/DD 9 DFEVT=CORFE

/DD 5 DISP=PASS,UPDt2,0,22)

/DD 22 DISP=PASS,SYSPCH

/EXEC FORTX, '0OPT=2" VFRSION 2, B/13/68

.NUM ZNFQQ000
.NOPRT

c THIS PROGRAM MODIFIFD ON 8730769 TO ALLOW FOR A FORMAT DATA

& TRANSFFR TO THF PULS 111 (CODF.

IMPLICIT REALXB(A-H,L,M,0-7,%)

REALA8 KAPPA, KBOLTZ, KAPPAT

DIMENSION FPCON(S)Y, FTCON(&)Y, FLCONCS)Y, FRCONCH)Y
DIMENSION FPRAD(5), FTRAD(SH), FLRADISY, FRRAD(S)

DATA AD, RAD 7 * AD ', ' RAR r o/
100 FORMAT(1H1,T33,'P U 1.8 AT 1 NG S TAR 'LI5, SO0l A
X R MASSFS (FQUILIBRIUM MODKFL)Y /)

200 FORMAT(® /%)
300 FORMAT(BAB)
400 FORMAT(1HO,TSH, 'MASS® ,T17,'RADIUS',T33, 'HFAT' , T4t ,PRFESSURF,
T62,'DENSITY?,T75, *TEMPFRATURF* ,TY2, *FNTROPY ' ,T1 06,
'LUMINOSITY ,T122, 'ENFRGY /T3, "FRACTION ,T18,(CMY* ' T31,
*TRANSFFR® ,T45, ' (QM/8Q, CMY* ,Tb2,* (GM/CCHY Y ,T76, P (DFG-ARSHYY,
T89, ' (FRAS/GM-DFOY* ,T103, 't FROS/SQ.CM-SFCH* ,T121,
*(FRGS/OMY ' /)
500 FORMAT(F9.4,1PD15.3,7X,AR,1P6D1IS. )

CHOOSE NUMBER QOF OUTPUT Z0NES FOR FQUIVALENT FQUALLF-20NFD MODFL.

2 X 2 XM

Cc
NZONE = 300
C READ MODEL'S MASS AND CHFMICAL COMPQSITION.
Cc Aok ARNOE  AND ko koK ok ok ok
C READ STARTING VALUFS FOR CFNTRAL PRFSSURF AND TFMPFRATURE AS WFLL
Cc AS STARTING VALUFES FOR SURFACF LUMINOSITY AND RADRIUS.

RFAD(4,08) NMSUN, X, Y, PC, TC, L0, RO
98 FORMAT(15,1P6D25.16)

WRITF(9,198) NMSIN, X, Y, PC, TC, 10, RO
198 FORMAT(A4,bAR)

WRITF(3,99) NMSUN, X, Y, PC, TC, LO, RO

99 FORMAT(///19,*' SOLAR MASSFS'/1*( X ='F7.4/7° Y =, F7.4/
X '0 PC =',1PD23.16/" TC = ,1PD23.16/
X ! 1.0 =2,1PR23.1¢67" RO = ,1PD23.1¢&6/7/77)

C SFT MAXIMUM MASS Z0NF S1ZF.
N = 1000
Pl = 3.1415026535897032D0
FP1 = 4.D0%P]
FPITHD = FP1/3.D0
A = 7.5641D-15
a¢ = 2.81785D-13

C = 2.997929D10
G = 6.673D-8
H = 1.67333D0-24

KBOLTZ = 1.38046D-16
RSUN = 6.9598D10
MSUN = 1.989D33

4
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LSUN = 3,90D33

KAPPAT = (FP1/3.D0)Y®A0%%2%(] . D0 « X V/H
MUINV = 0.5D0 + 1.5D0%X + 0.25D0=Y
S1GMA = Ax(/74.DO

C1 = KROLTZ2xMUINV/H
2 = 4.D0xA/ 3. DO

C3 = 3,00y

Ca = 4.D0wA

5 = ar3.ne

OPCONA = 64 DO®AxCxPIa%2/73 DO
MSTAR = NMSUNKMSLUN

CHOOSF FITTING POINT MASS
MFF = 0. HADORMSTAR

DMM = MSTAR/N

XCNQ = (1.D0 - X = Yr/2.D0

FCONST = 7.9DR31mXmX('NO
FXP1 = 1.D0/s3. DO

FXP2 = 2.D0/3.D0

FRAC = #.D0/3.D0
GCONST = G/FPI

SET MAXIMUIM PRFSSURF ZONF S1/ZF.

GCON2 = 1. D-1/GCONST

NFF = NZONF»MFF/MSTAR + | D=6

SFT OUTPUT MASS ZONING PARAMPTER .

NFXP = 4

FIND THF ADJUSTFD FITTING POINT MASKS ANT Z0ONF NUMRER FOR OUTEUT
MASS ZONF DISTRIBUTION CORRFSPONRING TN NEXP AND MFF

CALL MFITI(NFXP ,MSTAR,MFF NFF 1.0 ,RC)

CHOOSF CONSTANT ZONF S1Z2F FOR CORF RFGINN

DMZONE = MFF/NFF

000 200 000 200 206 300 30 00 20K 200 200 20 200 0 o 20 a0 30000 20 0 200 300 okt a0 e o0 200 3 e e 20 0 280 0100 20 0K o 2 e R o e o R O
START INTEFGRATION FROM CFNTFR OUT anxnk"DRFxaxxs

00200 300 508 24K 00 200 900 30K 0 0 20 300 50K 20 700 300 20 20K 208 00 200K o0 20 200 a8 o0 o 30 ok R R a0 a0 ke o0 96K ol 020G 0 0 T O O O

CALCULATF CENTHAL. VALUFS.

v = AD

M= 000

MFRA = ¢, 1O

R =C.X

L= 0.0C

T = TC

P = PC

RHC = (P - ComT=x4)/(C1*T)

S = C1xDLOG(Txx] 5DO/RHOY « (gxTxx3/RHC

F = FCONST#RHO®DFXP(-1.5231D4/TwkEXPIV/Tuaxt"XP2

WRITE(3,100) NMSUN
WRITF(9,300) M, R, RHO, P, T, S5, L, F

WRITF (3,400

WRITF(3,500) MFRAC,R,V,P,RHO,T,S,L,F

CALCULATF VALUFS ONE ZONF OUT BY APPROXIMATF FXPANSION.
BPTA = Ci=RHOxT/P

GAMMA2 = 1. D0 ¢+ (FRAC - 2.DO%BFTAY/ (% D0 - €.NCxBFTA -~ BFTAx%2)
DMM

((3.DC/FPIIRDMM/RHO I®REXP1

T = (FP1/6€.D0)YxGxR&xk2%kRHO*k2%(1 . D0 - 1.DO/GAMMAZ ) %T/P
P - (FP1/6.D0 Y®OxRaxk2kRHO%®2

NMMxF

rvaIx
"nouwnunau
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MFRAC = M/MSTAR

RHO = (P - COxTwx4)/(C1%T)

S = C1xDLOGIT=®1  SDO/RROY o (C2%Tax i/RHD

F = FCONST®RHO®DEXP( =1 5231 D4/ TxxFXP1 Y/ Taukxp2
WRITF(3,500) MFRA{C R,V,P,RHO,T,8,L | F

BFGIN INTFORATION

MF = DMZONF

CONTINUR
MM = M
PM = P
™ = 7T
IM = L.
RM = R

PMP = QCONZ=Ram4uP/M
DM = DMINI (DMM DMP)

DO 10 k=2,5

A = ((Kh -~ 11¥727/2 DD

MT = M « DMia

PTCON = P + FPUON(K-1) %A ’
PTRAD = P + FPRAD(R-1)'=A

TTCON = T + FTCON(K-1) %A

TTARAD = Tx#4 + FTRAD(K-11ma

TTRAD = TT4RAD==( 25D0
LTCON = L.+ FLOON(K-1YmA
LTRAD = (. ¢ FLRAD(K~1 %A

RT3ICON = R&x3 + FRUON(K-1)'=A

RTCON = RTICON®=FXP1

RT3RAD = Ram3 ¢« FRRAD(K=-11ma

RTRAD = RT3IRADx=EXP}

RHOCON = (PTCON = CH%TTUON®=4) /(M1 aTTOON)
RHORAD = (PTRAD - CH®TTRAD®%4) /({1 =TTRAM
BETAz C1*RHOCONKTTCON/PTCON

GAMMAZ = 1.D0 + (FRAC - 2 DUxBFTAY/e» N = p PO2RARTA - RARTARE? "
FPCON(K)Y = =GCONSTaMTROM/RTCON®®4

FPRAD(K)Y = =GCONSTMTaUM/RTRADm=G

FTCON(KY = (1. .D0 = 1 DO/GAMMAZ v &TTUONRFPOAN K /PT N

OPCON3 = OPTONA/KAPPA(X,Y , RHORAD, TTRAD

FTRAD(KY = -4 . DOxLTRADRDIM/ (OPUONISRTRATE®RG
FLCONI(KY=ECONSTRRHOCON®DENP =1 5241 D4/ TTIONRREXP L 1w IM/ TT I ON®8F P2
FLRAD(K ) =FCONSTRHORADRDERP (=1 223104/ TTRADSSFEXF | yxOM/TTRADNKSFXE2
FRCON(K)Y = DM/ (FPITHDRRHOCON)

FRRAD(K) = DM/ (FPITHD=RHORAD)

CONTINUF

M=M+DM

MFRAC = M/MSTAR

P + (FPCON(2)+2 . DOXFPCON(31+2 DCFPCONCAYFPUON(ENY/E . DO

PCON =
PRAD = P ¢ (FPRAD(2)1+2 DOXFPRAD(3I1+2 DORFPRAD(41¢FPRAD(RYY /6. DO
TCON = T « (FTCON(2)+2.DORFTCON( 31«2 DORFTION(AYFTCONISY Y /€. DO

T4RAD = Tx=x4+(FPTRAD(2)+2.D0O%FTRAD(31+2 . NORFTRAD(4)+FTRAD(SY1/7¢.D0

TRAD = T4RADx%0.25D0
LCON = L « (FLCON(2)1+2 . DORFLCON(3)1+2 . DORFLOON(4)eFLCONIS Y /6.0
LRAD = L « (FLRAD(2)+2.DOxFLRAD(3)+2 DOxFLRAD(4Y+FLRAD(SYY /6. DT

RICON = Rax3«(FRCON(2)+2 DOXFROONC( 3142 DORFRCON(4)+FRCONISY1/76.D0

RCON = R3CON=xEXP1
R3RAD = Rxx3+ (FRRAD(2)+2.DO%FRRAD(3)+2 . DO®FRRAT(4)+FRRAD(5)11/¢.D0

RRAD = R3RADaxEXP1
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14

16

20

1045

TFCTCON .QT. TRADY (O TO 12

P = PRAD
T = TRAD
L. = LRAD
R = RRAD
V = RAD
GO TO 14
CONT INUIP
P = PCON
T & TCON
L= LUON
R = RUON
vV z AD
CONTINME

RHO = (P =« (CHhaTosdr/ (1T
S = CiaDIOM TRl ADG/RHOY o 28Tesi/kn

F = PFCONSTRRHO&DFXP{=1 A24104/ Tk k] v/ TwabnFy
1F(M - MFY 6,20,1¢

CONT I NUP

: MM

PM™

T™

L™

RM™

= MR - M

a0 1O K

CONT | N

WRITF(Y, 400y M, R, RHO, B, T, & v ¥

WRITKF( 3,500 MFRAU R,V P RHO T S |k

MF = MF « DNMZONF

TR(ME LR MFFY O T b

E 4

Hon o won

DB 40
f 4

WRITFt9,200"
PFN = P
TP = T
PO = o
RF = R

AEXEEEABREEEEXABE AN B EIR AR ER A A S ESN I LTSRN RB RN AR AN EBINSUAPARSIEDSSRES

START INTHFORAYTION FROV SikFACE N sasmal\,¥ Si-sssas

BEEEBEARESAAREEEEARAEAS P EEAES AV AEASA ARSI XSS AR TS RNBBEESEBASIRANBEERN

CALCULATE SURKACE VALt FS

vV = Rat

TO 2 (LC/(FFIMSIOMARROmsZ ! 1ma{ ¢&D0

PO = 2 DCwGaMSTAR/( s TDUSKRAPPATSR w2 o ThaT{xm4/?
RHOT = (PO ~ USeTCamgy /i1 &T)

ITERATF TC FINT SURFPAIE PRESSLHE AND NENSITTY

CONT INUF

RHO = RKOT

PO = 2.D0=GeMSTAR/(3 DCxKAPPAIX,Y RH™ TCi1wROwnl: o SaTlssqrs2 DO
RHOT = (PC ~ CH&TOxm4) /(71T

IF(DABS( (RHO-RHOTY/RHOTY OT. 1.0B=321y G TO 1{4af

ne

M = MSTAR
MFRAC = 1.D0
L=1L10
R = RO
P = PO
T:=TC
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RHO = (P - CS*Thk4)/(C1%T)
§ = C1%DLOG(TH%1 . 5D0/RHOY + (2&Twm3/RHO
F = ECONST*RHOXDEXP(-1.5231D4/ThkFXP1 )/ TxaEXP2
WRITE(3,100) NMSUN
WRITE(3,400)
WRITE(9,300) M, R, RHO, P, T, S, L, ¥
WRITE(3,500) MFRAC,R,V,P,RHO,T,S,1,F
FIND QUTPUT MASS ZONE S1ZFS IN FNVRLOPF RFGION
CALL MFITZ(MF)
BFGIN INTFGRATION,

106 CONTINUF

MM = M
PM = P
™ = T
LM = L
RM = R

DMP = (QCONZ#R&m4sP /M
DM = «DMIN](DMM, DMP)

108 DO 110 K=2,5 .
Az (K - 1Yy/2v/72.D0
MT = M + DMxA

PTCON = P ¢ FPUON(K-1mA
PTRAD = P ¢ FPRAN(K-1)®A
TTCON = T « PTCON(K-1)1%A

TTARAD = Twwk4d o FTRAD(RK-1)®A

TTRAD = TTARAD®&( . 25DD
LTCON = L+ FLCON(K-11%4
LTRAD = L« FLRAD(K-11%A

RTICON = Rax3 + FROON(K-))1%A

RTCON = RTICON==FXP1

RTIRAD = R#ax3 + FRARAD(K-1)%A

RTRAD = RT3IRAD%®EXP1

RHOCON = (PTCON - CHXTTCON%%4)Y/ (C1*TTCON)Y

RHORAD = (PTRAD - CHXTTRAD®%4)/(C1*TTRAD)

RPTAz Cl&RHOCONKTTCON/PTCON

JAMMAZ = 1.D0 « (FRAC - 2.DC0xBRTAY/(K.D0 ~ 6.N0OXBFTA - BRTA%%2)

FPOON(KY = =GCONSTRMTRDM/RTCONK®4

FPRATI(KY = =GCONSTRMTRDM/RTRADRx4

FTCON(KY = (1.D0 - 1.D0/GAMMAZ)YXTTCONKFPCON(K) /PTCON
OPUONY = OPCONA/KAPPA(X,Y,RHORAD, TTRAD)

FTRADIKY = -4 DORLTRADXDM/ (OPCON3I®RTRADX%4)

FLOON(K Y SFCONSTRRHOCONRDEXP(=1.5231D4/TTCONMKEXP 1 YXDM/TTCONKKEXP2
FLRAD(KY=FCONSTRRHORADADEXP(-1,5231D4/TTRADXKEXP1 Y%DM/TTRADRKEXP2
FROONIK)Y = DM/ (FPITHDRRHOCON)Y
FRRAD(KY = DM/ (FPITHD®RHORAD)

110 CONTINLF
M =M+ DM
MFRAT = M/MSTAR

PCON = P + (FPCON(2)+2 . DORFPCON(3)+2.DOXFPCON(4)+FPCON(S))/E. D0
PRAD = P + (FPRAD(2)+2 DUXFPRAD(31+2.DO%FPRAD(4)+FPRAD(5)1/6.D0
TCON = T « (FTCON(2)+2 . DORFTCON(3)+2 . DOXFPTCON(4)+FTCON(5Y1/6.D0

TARAD = Txk4+(FTRAD(21+2.NOXFTRAD( 3)+2. DOxFTRAD(4)1+FTRAD(SY)/6.D0

TRAD = T4RAD=%%0.25D0
LCON = L « (FLCON(2)+2 . DORFLCON(3)+2 . DOXFLCON{4)+FLCON(5))/76.D0
LRAD = L + (FLRAD(2)1+2.DOxFLRAD(3)+2 . DOXFLRAN(4)+FLRAD(511/6.D0

RICON = Rxx3+(FRCON(2)+2 . DOXFRCON( 312 DOXFRCON(4I+FRCON(SY)/6.D0
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114

116

60

RCON = RICONKKEXP1
RIRAD = Rkk3I+(FRRAD(2)+2.DOXFRRAD(3)+2,  DORFRRAD( 4)+FRRAD(511/6.D0
RRAD = R3RADKXEXP1

IF(TCON .LT. TRADY GO TO 112

PRAD

TRAD

LRAD

RRAD

RAD
TO 114
JONTINUE

PCON

TCON

LCON
RCON

AD

CONTINUE
RHO = (P - COXTh%4)/(C1%T)

S = C1&DLOG(T*%].5D0/7RHO)Y + C2%T*%3/RHO
E = FCONST*RHOKDEXP(-1.95231D4/ThkEXP1)/ThkkEXP2
IF(M - MF) 116,60,106

CONTINUE
= MM

PM
™

LM

RM
DM = MF - M

GO TO 108
CONTINUE
WRITF(9,300) M, R, RHO, P, T, S, L, F
WRITE(3,500) MFRAC,R,V,P,RHO,T,S,L,R
CALL MFITZ2 (MF)

IF(MF GF. MFF) GO TO 106

’)8<w[“—]'u

<XV 30
LI TRt R TR 1

I i B - B 4

WRITE(9,200)
PFi = P
TFI = T
LFI = L
RF1 = R

oK AR R A Ao 4 G KKK R oo o o 3K oo o 3k oo s o ok ok ok ok ok
START INTEGRATION FROM SURFACE OUT. *aokkk ATMOS PHER Faokskokk
o s o ok R o o o R 3 o 3B R 3o o o o K oo o ok ok o o o R Ko ko ok ol ek ok ok o ko o ko o o

CALCULATE SURFACE VALUES.

V = RAD

M = MSTAR

MFRAC = 1.D0

L = Lo

R = RO

P = PO

T = TO

RHO = (P - C5%Tx%4)/(C1%T)

S = C1xDLOG(Txx1, 5D0/RHO) + C2%Txk3/RHO

E = ECONST*RHO%DEXP(-1.5231D4/T*%EXP1)/TkkFXP2

WRITF(3,100) NMSUN
WRITF(3,400)
WRITF(9,300) M, R, RHO, P, T, S, L, F
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WRITF(3,500) MFRAC,R,V,P,RHO,T, 8,1 F
CHOOSE NUMBER QOF ATMOSPHER 1 Z0NKFS

NATMO = ¢

SFT ATMOSPHFRIC CUTORF MASK CORRFSEONDING TO NATMO
CALL MFIT 3UCNATMO  MF | MEFR)

REGIN INTEGRATION,

CONTINLE

MM = M
Pw = P
T™ = ¢
t™ =
RM = K

DMP = JUDON2RRaxqwE /W
DM 2 PMING{DMM, M)

DO 210 hRs2 s

A 2 (K = Y7272 B0

M = M« MMxid

PTION P e FPUONIR=-1 w4

PTRAP P+ FPRAT(R-11=d

TTCON 2 T o FTOONCR=-1)Y%A

TTARAD = Twmg » FTRAYIR=-] vwd

TTRHAD = TT4RATmm( 240

LTUON 2 1 ¢ FLOONIR-Y vma

ITRAD =2 1 o FLRADIR=-11mA

RTAON = Rewy o FROONIR-1 184

RTOON = HTACONmaWNE)

RTIRAD = Kam{ o FRRAN(R-: %A

RTRAT = HTHRAPmRFXF]

RHACON = (PTI'ON = SR T T00Nmxg /0 "y wTY 00N

RHORAD = (PTRAD = VoaTTRAD®®G Y /(M1 sTTHAT

BETAZ CVaHHMCONSTTUOON/PTOON

GAMMAZ = 1 D) e (FRAS - 2 DORBRTI /0w T - b T wRETA - WRTAsmg0
FPUONIRY = «0UNNSTVWTaDM/RT I ONax g

FPRANIKY = « i DNKTaMTEIM/ R TR ANxR g

BTOANGA S 2 01 N = 0 M0 5AMMA T CONEECONGR O PTITDN
CEUNING = CEUOONG/RABEA N Y RENR AT TTRAT

FTRADN A 2 ~4 D0l TRAT®DIM/ i NE TON ol THA x4

FLUDNIR Y ZFUONGT MR HOCANRIENE (o] =201 "4/ TT 0 Namb xF 1w TV TT N NP

"

FLREAN(AY 2R ONSTRRHOH AN B 1] =2 17 TIRA mENE ] ™/ TTR AP g

FE U 'ONIR® = "M/IER{THNMBHA DN

FREA™S A = W FR TR SN 3

SONTIND®

Mz M e IV

MFHRAC = M/MRTAR

BUON = B o (EBINNIZ1ez POEFRUONG 4142 SomEPINNI 41« FEINNTS 1 /p
1~

BRAT =

oo
\

s (FPRANI2 102 DOFPRADG $Ve2 “UaFPRAN(4 «FPRAT (A 1/ T
TUON T T e (PTUONI 2102 CORPTUONT Vo2 DUaBTOON(4YeBTIONIS VY 7 DD
T4RAT = Tuwkye (FTRANI 21 e DIxPTRATL 41 62 DIkFTATI 4V« FPTRADN SN/ DR
TRAT = T4RADx&( 2500

LGN =2 L & (FICON(2162 TOFLIONC 4«2 "OxF{ AN AVveFLOONCS VY 7. 00
LRAT = | « (FLRATI 2162 NOkFIRATII 02 TraFlRPAT g eFiBAan fr g DO
BTN 2 R Y« (FRIONON( 2102 DURFRIUANE 1o 2 TUORFRIGNI4VFRUONIS VY76 DD
FOON =2 R3U0N\NwxFXPI

RIFAN = Ram3e (FRRAN( 2142 DOxFRRAT 412 DUxFRRADIAV+FRRANISYIV /6, DO
BRAT 3 SiRANxxFXF)

TR{TOON 7T TRATY 0 10 212

283
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PRAD
TRAD
LRAD
RRAD
RAD
a0 TO 214
212 CONTINUR
PCON
TCON
LCON
RCON
AD
214 CONTINUF
RHO = (P - (CowTwxwma)/(C1xT)
S = C1=DLOG(Ta*1 , 5DO/RHOY « (12%Twx3/RHO
E = FCONSTARHORDEXP( -1 .5231D4/TauFXP1) /Tuekxp2

< XV
nonono1non

<X~ 30
LI T T 1 S 1)

IF(M - MF) 20b,80,216 o
216 CONTINUF

M = MM

P = PM

T=TM

L=1iM

R = M

DM = MF - M

G0 TO 20w

80 CONTINUF
WRITR(®,300) M, R, RHO, P, T, S8, {, F
WRITF(3,5600) MFRA(C,R,V,P,RHO,T,S,1 ,F
FIND QUTPUT MASS ZONF S1ZFS IN ATMOSPHFRF.
CALL MFIT4(MF)
ITFIMF  LF. MFF)Y GO TO 206

WRITF(9,200)

DELP = PFD - PF}

DFELT = TFO - TFI

DFLL = LFO - LFY

DFLR = RFO - RFI

WRITF(3,97) DFLP, DFLT, DFLL, DFLR

97 PORMAT(1H1/'- GOODNFSS OF FIT AT FITTING POINT///

X ! DFLP =',1PD24.1067° DFLT =?,1PD24 16/
X ’ DELL =',1PR24.1b/" BFLR = ,1PD24 Yk// 7/
REWIND 9

STOP

FND

SUBROUTINF MFIT1(NFXP,MSTAR,MFF,NFF,L0,R0)
IMPLICIT REALXB(A-H,K-M,0-2,8)

COMMON MSTART, MDFL., MFFAC, XNFF, XNF , NDUIM
COMMON NSTAR

NDUM = NFXP
X = 0.7D0
Y = 0.2700

Pl = 3.1415926535887932D0
FPI = 4.DO%P]
FPITHD = FP1/3.D0
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A= 7.5641D=-15
A0 = 2.811785D-13

C = 2.9979290D10
G = 6.673D-8
H = 1.67333D-24

KBOLTZ = 1.38046D-16

KAPPAT = (FP1/3.D0)%A0%%2%(] DO « X)/H
MUINV = 0.6D0 + 1,5D0%X ¢ 0. 25N0%Y
SIGMA = AxC/4.D0

C1 = KBOLTZ®MUINV/H

Cs5 = A/3.D0

TO = (LO/(FPI®STGMARRO®®2) )mk(} 256DC

PO = 2.D0O%O®MSTAR/ (3. DORKAPPATXR(%k%Z Y o (C5xTOkm4/2 N0
RHOT = (PO = CHxTO®®k4)/(CI1%TO)

CONT INUF

RHO = RHOT

PO = 2.DO=UsMSTAR/(3.DO®KAPPA(X,Y,RHO T wROwm2) ¢ (CHwTUwm4q/z DO
RHOT = (PO - CO5xTOmm4)/(C1xT)

TF(DARS T (RHO-RHOTY/RHOT)Y . OT. 1.D0=-12) GO TO 1045

KAPPAQ = KAPPA(X,Y,RHOT,TO)

MSTART = MSTAR + 2 . DO=FPITHD®RO»%2/KAPPAQ

CALL. CURFIT(NFXP ,MSTART ,MSTAR , MFF NFF NSTAR?Y

MDFL = MSTART - MFF

XNFF = NFF

XNF = NSTAR

MFFAC = MFF/ (NEXP&®MDFL)
RETURN

END

SUBROUTINE MFIT2(MF)

IMPLICIT RFALAA(A-H K=M,0-7,8)

COMMON MSTART , MDFL ,MFFAC , XNFF , XNF  NFXP
XNF = XNF - 1.P0

MF = MSTART - MDFLADEXP(MFFAU®(] D - EXNF/XNFE I aaNFXP
RETURN '
FND

SUHRDUTINF MFIT3(NATMO, MF , MFF)
UPDATFR Q/11/69 TC ACCOMODATF RUNS WITH NaTMOzQ

TMPLICIT RFAL%&(A-H,K=M,0-2,8)

COMMON MSTART , MDFL., MFFAC, XNFF , XNF , NEXP

COMMON NSTAR

XNF = NSTAR + NATMO

MF = MSTART - MDEL&DFXP(MFFACK(1.D0 - (XNF/XNFFIsNFXP 1)
MFF = MF

XNF = NSTAR + 1}

MF = MSTART - MDFEL#&DEXP(MFFAT&(1.D0 - (XNF/XNFFI®x&NFXP1)
IF(NATMO .NE. 0) RETURN

MF = MSTAR
MFF = MF
RETURN

END
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SUBROUTINE MFIT4(MF)
UPDATED 9/11/69 TO ACCOMODATF RUNS WITH NATMO=0.
IMPLICIT REAL®B(A-H,K-M,0-2,8)

COMMON MSTART,MDFL.,MFFAC, XNFF , XNF, NFXP

XNF 2' XNF + 1.D0

MF = MSTART - MDEL®DFXP(MFFACR(].D0 - (XNF/XNFFI1x&NEXP 1)
IF(NATMO .NF. 0) RFTURN

MF = MSTAR

MFF = MF

WRITFR(3,10)

FORMAT(/* N AT MO = 0 ALl VALUFS ON THIS PAJSF RFFFR
XTO PHOTOSPHERF® /)

RETURN

END

SUBROUTINF CURFITIN,Y,YS,Y0,NX(,NXS)
IMPLICIT RFAL%B(A-H,L,M,0-7,¥
QYD) = XNw(Y - YO &DLOGO(Y = YO)/LY - YS) ¥ /Y(Q

FIY0)Y = 1.D0 « G(YD)Y - (XS/X0) k=N
DF(Y0)Y = =(XN & (Y0 wY/(Y - YOYy/Y(D
XN = N

X0 = NXO

Y01 = YO

XS = XO®(1.D0 « G(YO ) mk(1 DO/XNY
NXS = IDINT(XS)

XS = NXS
NEWTON-RAPHSON 1TFRATION
YOT = YO

Y0- = YOT - F(YOTH»/DF(YOT»

IF(DARS(YO - YOT) .OT. 1.DN-14%Y0T* () TO 10
RETURN

END

FUNCTION KAPPA(X,Y,RHO,T)
IMPLICTIT RFALXB(A-H,K,0-7,8)

DATA ISWTCH / 1 /

IFCISWTCH .NF. 1) GO TO 2

H = 1.67333D-24

KBOLTZ = 1.38046D-16

Z=1.D0 - X =Y

ALPHA = KBOLTZ%(1.D0 « X)/(2.DOXH)

1SWTCH = 2

CONTINUE

PF = ALPHAXRHO®T

T4 =T / 1.D4

KAPPAS = 4.85D-13%PE/((1.D0+2.2D-5%T4)&RHOXT4)

KAPPAX = PFaX&(T4%%0.5D0/(2.D6/Tak%4+2 . 1DOXT4%%6)+1.D0
1 /(4. 5DORTa%m6+1 . DO/ (Ta%(4 . D-3/Tamk4s2, D-4/RHOXR0 . 25DOI I
PEAY®(1.D0/(1.4D3%TaeTdkmb1e1.5D0/(1.D6+0.1DORT4x%E1)

KAPPAY =

KAPPAZ = PE%ZxT4%%x0 5D0/(2.D1%T4+3 . 5D1xT4knde3 8D2%7Z
1 ®(RHOK(Z . DO-Z)%k2%k(1+X) )%x0, 33D0OxT4x%d . T1N0?
KAPPA = KAPPAS ¢ KAPPAX <+ KAPPAY + KAFPAZ

RFTURN

END
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/BXEC LDR
/DD 9 DSNAME=TEMP,DEVT=(2314,FILPRO)Y ,RFCFM=F ,LRF(CL =64 ,DISP=KFFP

/RXEC *

/DD 99  DSNAME=M200,DISP=S(CR
/RXEC FORTX DATA SET REARRANGFMENT VERSION 2, wu/156/89

[eReoNeNeNe]

THIS PROGRAM RAFARRANGFS THF OUTPUT FROM FQUILIBRIUM ZONF 111 TO
BF COMPATARLE WITH THE INPUT TO THF CURRFNT VFRSION OF THF STAR)
SUBROUTINE IN THFE PULSF 111 CODF.
THIS PROGRAM MODIFIFD ON 8730769 TO ALLOW FOR A FORMAT NATA
TRANSFFR TO THE PULS 111 CODF.
REALXx8 X, Y, PC, TC, LO, RO
REALXB A(1000), B(1000), €€1000), DL1000)
REALX8 F(1000), Fu1000), G1000Y, HOI1D00)
10 FORMAT(RAR)
20 FORMAT('/%*)
30 FORMAT(////* TOTAL NUMBFR OF POINTS CONKIDFRED =9 147/
X * FITTINO POINT IS NUMRFR',14//' SURFACE POINT 18 NUMRFR'
X 14,7/ NUMBFR OF POINTS IN ATMOSPHFRE =°,14///7)
DO 100 J=1,2
80 CONTINUF
1 =1+
READ(S,10,FND=100Y ACTY ,BOTY ,COTY DOTY ,FOTY FOTY GOTY HOT)
a0 TO 9¢C
100 CONTINUE
N=1-2
1 =0
REWIND &
1 CONTINUR
I =1 11
RFADCR,10,FND=2) ACTY ,BOTY , COYY DOTY ,FOTY FOTY,GOTY HOT)
GO TO 1
2 CONTINUF
NFIT = 1 - 2
1 =N
3 CONTINUF
i=1-1
READ(B,10,FND=z4Y ACT)Y ,BO1)Y ,CCIYV,DOTY ,FOIY FOTY GO HOTY
GO TO 3
4 CONTINUF
1 =N-2
5 CONTINUE
1 =1+
READ(B8,10,END=6) A(1),B(1)Y,C(1), D1, BT, F(1) ,GUIY , HUTY
GO TO 6
6 CONTINUE
NP1 = T - 1
WRITE(9,10) (ACTHY,B(,C(DH, DI, R(T),F(TY,GCT)  H(T)Y,122,NP1)
WRITE(9,20)
REWIND 8
READ(8,98) NMSUN, X, Y, PC, TC, LO, RO
98 FORMAT(A4,6A8)
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WRITE(3,99) NMSUN, X, Y, PC, TU, L0, RO

99 FORMAT(///19,' SOLAR MASSES'/'0
'0 PC =',1PD23.167°
' L0 =2,1PD23. 106/

X

/=
/EXPC
/0D A
/DD 9
/EXFPC
/DD 2

/x

NTOT = NP1 - 1

NSURF = N - 2

NATMD = NTOT - NSURF

WRITRF(3,30) NTOT, NFIT, NSURF, NATMO
STOP

END

L.DR
DSNAME=TFMP DISP=SCR

X ='F7 a7 Y = ,F7.4a/
TC =, 1PD23. b/
RO =°,1PD23. v b/s/ /0

DSNAMF=M200 ,DEVT=(2314,F11 PRO)Y (RFUFMzF L RFU 204, NIKFoRERE

2 DSNAMF:zFZNE, D} SPcKFFP
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