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Abstract

THE INTERSECTION THEOREM AND THE CORRELATION METHOD
by
Janet Pierce

Adviser: Professor Louls Massa

The Intersection Theorem and the Correlation Method
each provide for the handling of symmetry data involving
a system and its subsystems. The Intersection Theorem
makes a statement about the overall minimum symmetry of
a composite system, while the Correlation Method trans-
lates symmetry information about the parts of the system
into the framework of the complete molecule, In both
cases, the necessary information or resulting symmetry
data can be obtained by other methods, but comparisons
involving tensor properties of crystals and molecular
orbitals of isolated molecules will show that standard
methods are more time~-consuming and less conceptually

satisfying for composite systems,
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I. INTRODUCTION

The Role of Symmetry in the Description of Composite Systems

Experimental. chemistry involves not only observing and
measuring chemical compounds and their reactions, but also
fitting theoe observations into a framework of theory. The
study of symmetry and of symmetry changes through the
theory of groups has in particular aided in the interpreta-
tion of experimental data and in the design of new experi-
ments, Since the symmetry of the molecule or crystal
determines the number and variety of energy levels it may
possess, symmetry considerations alone limit the pathways
to be explored in many chemical problems,

The Intersection Theorem and the Correlation Method
each provide for the handling of symmetry data involving a
system and its subsystems, The Intersection Theorem makes
a statement about the overall minimum symmetry of a compos-
ite system, while the Correlation Method translates symmetry
information about the component parts of the system into
the frameworf of the complete molecule or crystal., In both
cases, the necessary information or resulting symmetry data
can be obtained by other methods, but comparisons will show
that standard methods are more time-consuming and less
satisfying conceptually for composite systems,

The Intersection Theorem was stated by J.A.McMillanl ia

a limited form applying to a crystal in a tensor field:

1, J.A. McMillan, Amer. J. Phys. 37, no. 8, p. 793



An exﬁériment in which a. crystal of
symmetry point group G is in a uniform
tensor field of symmetry point group
G' has the symmetry of the inter-
section of G and G', i.e.,

G* = GNG'

The application of the theorem was further limited to
the treatment of equilibrium properties of crystals as an
alternate method of determining the form of invariant ten-
sors under the symmetry operations of the crystallographic
point group. This involves a‘large class of applications
whose results are well known.2

Attempts to completely generalize the theorem as a
method‘of determining the symmetry of an arbitrary compos-
ite system when the symmetry and orientation of the com-
ponent parts are known led to difficulties immediately:
the symmetry of the whole may be greater than that of its
parts. Development of a generalized proof, based on per-
turbation theory, showed that the intersection symmetry
is the minimum symmetry for the composite system and clari-
fied the conditions under which greater symmetry will be
found,

While apﬁlying the Intersection to the molecular
orbitals and vibrations of composite systems, the Correlation
Method3 was employed in finding the symmetry classification
of normal modes and orbitals. The method involves considering
2, J.F, Nye, Physical Properties of Crystals

3. W.G, Fateley, et., al,, Infrared and Raman Selection.Rules

for Moleecules and Iattice Vihrationss The Correlzstion
Methad.




the site symmetgy of individual atoms, choosing a basis set
of atomic orbitals or vectors, and correlating the resulting
representation in the site symmetry to the overall symmetry
of the molecule or crystal by means of correlation tables
for the point groﬁps and their subgroups., Since the approp-
riate representation in the site group for translation
vectors or for s, p, and d orbitals is available by inspec=-
tion in the character tables, and the appropriate correla-
tions are already determined and collected in the correla-
tion tables, the time-consuming process of determining the
symmetry classifications of a basis set by performing the
operations of the group on the set and reducing the resul-
ting group representation is avoided,

Both the Intersection Theorem and the Correlation
Method find application in the composition and decomposi-
tion of systems, focusing attention on the significance of
the symmetry of the parts in relation to the whole, thus

aiding in the understanding of symmetry properties,



II. THEOREM OF GROUP INTERSECTION
Proof

J.A, McMillan stated the Theorem of Group Intersection
in terms of the symmetry of an exveriment involving a crystal
in a tensor~field4,

G" = GN G’ (I1.1)
where G is the symmetry of the crystal, G' of the tensor
field, and G" of the composite experiment, Wwe suggest a
proof of this theorem based on perturbation theory which
would extend its application to the symmetry of any two
combined systems.

| The Intersection Theorem may be rephrased as follows:
Let Physical systems A, A have point groups G(A),G(A) with
elements O(A), O(A). The operations O(A) act only on the
coordinates of system A, while the operations 0(A) act only on
those of A, Form a composite system AA in such fashion
that the invariant points of G(A) and G(A) coincide, and
the position of symmetry planes is specified, Now consider
the groups G"(A) and G'(A), isomorphic to G(A) and G(A)
respectively, but acting on the composite system AA., If
no symmetry operations exist which interchange the elements
of A and A then the point group G(AA) of the cdmposite
system is the intersection group of G'(A) and G'(A):

G(AA) = G'(A)NG'(A) - (II.2)

L, J,A. MeMillan, op. cit,



Here we point out that the Intersection Theorem may be
understood from the point of view of the perturbation
theory of coupled syst_ems.5 Suppose systems A, A to have
Hamiltonians H(A), H(4) invariant under point groups G(4),
G(A) respectively. TForm a composite system AA so that the
invariant points of G(A) and G(A) coincide, At first con-
sider A and A to be dynamically independent with separable
Hamiltonians:

H(AA) = H(4) + H(4) (II.3)
As long as the systems are uncoupled, a direct product may
be formed. A group G is said to be the direct product of
its subgroups G(1), G(2),...G(n) ifx6
(1) the elements of the different subgroups commute
(2) every element g of G is expressible in one
and only one way as g = g(1)g(2)g(3)...2(n),
where g(1) is in G(1), etc.
Symboliecallys G = G(1) X G(2) X *** X G(n) (IT.4)
From requirements (1) and (2) it follows that the subgroups
have only the identity in common, Since G(A) and G(A)
affect different coordinate systems, it follows that they
have only the identity in common and the operations of G(A)
commute with those of G(4). H(AA) is then invariant under
the direct product group:7
G(AA) uncoupled = G(A) X G(A) (II.5)
H, Weyl, The Theory of Groups and Quantum Mechanics,p.93.

5.
6. M, Hall, The Theory of Groups, D.32
», H. Weyl, op. cit.




where the operations of G(AA) consist of all possible
ordered pairs {O(A),O(ﬁf}. This corresponds to an alter-
nate definition of the direct product:8

Given two subgroups 4 and Z, we may

form the set of ordered pairs (a,b);

aeh, beB, These ordered pairs will

be the elements of a new group, the

direct product group A X B if we de-

fl?e our)%roduct by(the rule

a ,b 8,yD = (a,a,,b,b
Note isdmor hléms -i—% 1 2
> (b E)

where the sets (a,E) and (b,u) are

subgroups of the direct product. If

we identify A and B with these sub-

groups, we can say G = A X B,

Now couple the systems together with a pertur-
bation V, which is a function of the distance between
points in the two systems:

H(AA) = H(A) + H(A) + V (I1.6)
The effect of the perturbation is to reduce the symmetry
of the system to that of a subgroup of the direct product
group, Not every element R(A),S(A) of the direct product
group will leave the intersystem distances (and there-
fore V) unchanged, but only those elements {h(A),R(A)}
which subject both elements to the same geometric oper-
ation., But this particular set of elements {R(A),R(A)}
forms a subgroup of the direct product which is isomor-
phic to the intersection group G'(A)/) G'(A), as was to
have been proven., All elements of the intersection group

must be elements of the composite symmetry group:

G(AA) 2 G'(A)N G'(A) (II.7)

8. E.P, Wigner, Group Theory, p.171.




However, additional symmetry elements may exist which
also preserve the intersystem distances in the case of
two systems of like composition., Then a set of operations
rotating, reflecting or inverting system A into system A4,
called the interchange complex, I, increases the symmetry
of the composite group. Any element of the composite
group is either an element of the interchange complex
or of the intersection group,; since an element of the
composite group either interchanges the two systems or
does not, If it does, it is by definition a member of
the interchange complex, If it does not, it can be re-
garded as acting on each of the systems separately, so
taht it is a member of each original group, and hence of
the intersection group.
The additional symmetry elements in the interchange
complex are of two general categories:
1. Improper axes of rotation

a. horizontal mirror plane (=Si)

b, inversion point (=Sz)

‘c, S,

2n
2, Proper axes of rotation not colinear with =z

axis may be generated if Cne:(G'(A)[NG'(A))

a, set of n perpendicular C2 axes may be
generated if C & (G'(A)NG'(4))

b. perpendicular axes of higher order and
mirror planes containing them

¢, non-perpendicular Cn axis

2b., and 2c¢, can occur only at one specific separation



along the z axié, but are 6f particular interest since
examples include transition states and systems that have

non-identical molecules as components.

Figure 1 - Examples of Interchange Complexes

Glan)  G'(A) G'(A) I
Dan 02 Oay = Oy Co(x),C5(3). 4,
o(xy)
= 3 '
Dog CofdCoy = Cpy  Sys8y7,2C5

; = 3 '
Dyp  CENCEy = Coy  CyaCy”yCpiCh

" 3 3
202,1’34'54 I}

ch

- 2 5

D3h qngicgv = C2v 03,03 ,83,83 ’
ZCZ,ZGV

# In examples 3 and U4, the invariant points of systems
A and A do not coincide, as is required in the proof,

It will be shown below that the isolated symmetries may
be reduced to the site symmetries in a common coordinate
system, Ror example 3, G'(A) = G'(A) = Doy » but in the

common coordinate system G"(A) = G"(A) = C In

AT



example 4, G'(A) = Cyp,i G'(A) = Doy, » While in the
common coordinate system G"(A) = Cq,, and G"(A) = Coye
For these reduced groups, the invariant points do

coincide and the theorem applies,

Common Coordinate System

The Theorem of Group Intersection may be extended
to situations in which the invariant points of the two
systems do not coincide by redefining the symmetry of
each system in terms of a common coordinate system,
System A has symmetry G(A) with an implicit coordinate
system C(A), while G(A) and C(A) are similarly defined
for system A, Connect the origins ofIC(A) and C(A) to
establish a composite coordinate system, C(AA), with its
origin at the center of mass of the composite system, The
center of mass must be on the line connecting the origins
since the center of mass of each system is at its indiv-
idual origin. Treatings the systems as point masses and
connecting them allows us to treat the center of mass
of the composite system by determining the point on the
line which equalizes the two moment arms., This point
is the center of mass of the composite system and the
origin of the common coordinate system. Any other axis
not symmetry determined (occurring in both systems)
may be chosen arbitrarily.

As an example, consider the two systems, each with

isolated symmetry Qxh- For the composite system to
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have symmetry Qgh = Dmhf\Dgh, the intersection symmetry,
the systems must have their coordinate systems super-
imposed: C(AA) = C(A) = C(4), or the intersection
theorem as stated is not applicable. Defining C(AA)

allows us to treat arbitrary orientations,

Figure II - Common Coordinate System

/x(A) /X(AA)
z{A)=z(AA) / : /

Consider the situation when z(A) ié perpendicular
to z(A) at the origin of C(A). The line connecting the
origins establishes z(AA) (=z(A)) and y(AA) is chosen
to be parallel to z(A), determining the position of x(AA).
Now détermine the symmetry of each system with respect
to C(AA) - G"(A) and G"(A).

(1) If the system has a C, axis, it will be
a éymmefry element in G" if and only if the
C, axis is colinear with z(AA).

(2) A mirror plane in G(A) or G(A) will be
retained if and only if it contains z(AA),
(3) The resultant point group can contain
no inversion point or other Sn axis unless
C(AA) = C(A) = C(A). 1In this case the C(AA)
symmetry is clearly the full symmetry of the

isolated system,
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For the example shown aboves

isolated symmetry G(A) = Doy, G(A) = Doy,

C(AA) symmetry elements E ) Cagy, 1 @0, E,Cz(z),c(xz)
o(yz)

C(AA) symmetry grbup G"(A) = Casys G"(A) = Coy

Since the isolated points of G"(A) and G"(A)
coincide by construction, the Intersection Theorem now
applies and, in the absence of Interchange operations:

G(AA) = G"(A)Nn G"(4A) (II.8)
For the case under considerations:
G(AA) = Cu N Cy,

G(AA) = C

2v
It will be seen later in the development of the

Correlation Method9 that ‘the determination of G"(A) and
G"(A) in the common coordinate system is equivalent to
finding the site symmetry of A and A at the origin of
C(AA).

9. See below, p. 26
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Tensor FProverties of crystals

The Theorem of Group Intersection is directly
applicable to crystal properties relating an independent
variable tensor and a dependent quantity tensor:lo

D=PL (II.9)
It allows us to determine the symmetry of the property
tensor and the dependent variable tensor and thus
gives the form of those tensérs by indicating the
maximum number of independent variables allowed by
symmetry.

The proof indicates that the symmetry governing
the Hamiltonian of a composite system, G(AA), equals
the intersection group G'(A)NG'(A) for a crystal and
a field, since there are no interchange operations. A
connection can be made between the composite symmetry
and the symmetry of tensors of crystal properties, The
dependent variable D is a tensor representing a meas-
ureable property for a system consisting of a crystal in
a field., Like any other observable, its expectation
value can be:représented for a particular state of the
system in terms of an operator and the wave function

of the state:11

D(i) =< ‘-I’(Aéi)/ D APe(ani))d (II.10)

10, J.A., MecMillan, op. cit., p.793.
11, P, Stehle, Quantum Mechanics, p.254.




or, for a statiéﬁical ensemble with weighting factors cy 4
D=3 o, Yiani) /D /P*aan)) (1I.12)
For a non—degen;rate state, W(AAi) belongs to a
one~-dimensional revresentation of the group of the
Hamiltonian, so that %&q&* spans the totally symmeiric
representation of G(AA), If D(i) is <o be non-zero, the
symmetry group of D must also span the totally symmetric
represen*té.tion of G(AA). Therefore G(AA)CG(DR) and G(AA)
determines the minimum symmetry of G(Q); the intersec-
tion of crystal and field.symmetry is included in the
symmetry of the dependent variable,
The ranks of the independent variable and thé
dependent gquantity tensors determine the rank of the
. property tensor:12
' rank(p) = rank(D) + rank(L) (I1.13)
and the symmetry of the property tensor and of the
independent variable tensor determine the minimum
gsymmetry of the dependent quantity tensor, since any
element common %o both must be a symmetry element in
their product:
G{D) = G(R)NG(L) (II.14)
The Intersection Theorem, as stated by McMillan%BPredicts
the synmmetry, G(E), of the property tensor:

G(P) = G(crystal)NG(field) (IT.15)
sonme of the thermsl, ¢iectrical and mechaniecal

properties of crystals governed by this equation are

12, J.A. Mckillan, op., cit., p.793.
13. J.A. IMehillan, ibid.

13.



The relationships betweesn tha thermal, electrical and

mechanical properties of a crystal, showing the names
of the properties and the variables, and the corresponding
symbols, The tensor ranX of thes variables is shown in

round brackets and ths tensor rank of the properties in.
... 13a,
square bracketis, 3

in figure IIA, Several of these

properties will be discussed in more detail later,

(II.15) together with a knowledge of additional
symnetry elements required mathematically for a partic-

ular property tensor, allows us to write the general

Tform for the property tensor of a given symmetry

13a, J.F. Nye, op. cit,

14,
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in a particular orientation in a field of known symmetry. .
For all tensors of rank 1 (vectors) and polar
tensors of rank 2, the information necessary is immed-

14,

iately accessible in the character tables, 7o be non-

zero, a component‘must transform as the totally symmetric
representation of the Intersection Group. For polar
vectors, we consider the representations of x, y, and z,
, and RZ. An

N
example for a polar vector is developed by McMillanlS.

and for axial vectors those of Rx’ R

The magnetic polarization, an axial vector, can be treated
similarly by listing the point groups which are inter-
sections of one of the thirty-two crystallographic

point groups and the symmetry of the magnetic field, th.
The transformation of Rx' Ry’ and RZ is then considered

in each appropriate group to give the form of (Px’Py’Pz)'

Figure III, Form of the magnetic property tensor

Point groups RX' Ry RZ

01 Px Py Pz

Csz(lst) 0O 0 Pz
(2nd) 0 Py 0

C2, C3, 04, C6 0 0 PZ

C2n* C3nr Cone

Sur Sg

For all point groups which are not subgroups of Q”h no
rotation, and thus no axial component, transforms as

the totally symmetric representation.,

14, see Appendix B,
. J.A, MeMillan, op. cit., p.794,
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For rank 2 polar tensors corresponding results are
obtained by considering the tensor in dyadic form:
m 1 1 1 1 1r !
L1185 T12K1£2 T13¢1£3

r

Toylplty Thpkipkty Tpakpka

3

! k. k I.
Ty kaky Tgpkgky, Tagkgky (IT46)
Where kl corresponds to Xx, k2 to y, and k3 to z.
For the rank 2 property. tensors in electric polar-

ization, the character tables are used by observing the

transformation of pairs of unit vectors,

Figure IV, Form of the electric polarization property
tensor,

Point group XX Yy 22 Xy Xz vz

Cy T11 T T35 Ty Ti3 Taj
Cs(lst) Ty Too T33 Ty, O 0
(2nd) Tyy oo T33 0 T13 0
02(1st) Tyq4 Tpo TBB Typ O 0
(2nd) Ty Too T33 0 13 0
Cop Ty Top T33 0 0 0
CB’CLL’Cé’

GBV’CMV’Cév T11 T1g T33 0 0 0
Most second-rank property tensors are symmetrical
(Tij = Tji), so these coefficients define the tensor.
If we were considering a crystal in a second rank
tensor field (0(3), D e DZh) other intersection groups

would also be possible. gSince all point groups are

subgroups of 0(3), the rest of the 32 crystal point
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groups could also occur as intersection symmetries.

Figure V. Trorm of second rank tensors.

Point grouv XX Yy 22 Xy X2 g
Cs 11 Tep T33 Ty Ty3 Tpj
Copllst) T1g Top T35 Ty, O 0
CZh(an) T11 T22 T33 0 T13 0
DZ’DZh T11 T22. 'I‘33 0 0 0
C3n'Cun+Cn:

DB’DLF’Dé’DZd'

D3 Puyn+ Pens

-

DBd’CBi’SU Tll T11 L33 0 0 0
Oh,O,Td,Th,T T T T 0 0 0

These results can also be obtained by taking the

direct product of the representations of ki and k

jl

realizing that the product will contain the totally

symmetric representation only if ki and kj belong to the

same representation (the diagonals kikj obviously always

do).

If the pair (x,y) spans an E representation

(doubly degenérate), then xx+yy transforms as the

totally symmetric representation and Tll =

22°

In the

cubic groups, (x,y,z) spans a T (triply degenerate)

representation, so thet xx+yy+zz spans the totally

symmetric representation and Tll' T22 and T33 are the

same by symmetry.

This second method employing direct products of

unit vectors is more general and can be applied to the
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symmetry of a ténsor of aqy rank whose unit vectors are
either axial or polar, We can predict the symmetry of
the tensor in a narticular point group by determining
for every combination of unit vectors whether the
representation okaik-...k is totally symmetric.

J n

Double Groups

For both magnetic and electric polarization a
consideration of the point groups alone of the crystal
and field predicts the form of the property tensor and
polarization vectors. For electric polarization, the
point group determines whether there can be spontaneous
polarization - in the ahsence of an imposed field the
property tensor, and hence the Intersection Group, must
contain the symmetry of the crystal'(Neumann's Principlelé)
so that spontaneous polarization and the concommitant
pyroelectricity can be observed only when the inter-
section symmetry is equal to the crystal symmetry,
Magnetic polarization is stated by MchMillan®’ to occur
spontaneously: in all thirty-two crystallographic point
groups since it does not involve molecular rearrangement,

A more complete representation of the symmetry
can be obtained by using double, or bi-color, groups.

By introducing a time reversal operator, Rt’ in a magnetic
field, a new symmetry operator Rt.cb is defined, as

detailed in McMillan's paper.18 Similarly. Rc'i,

Nye, Physical Properties of Crystals, p.1k,.
MeMillan, op. cit., p.79%4.

16, J.F.
17. J.A,
18, ibid.
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determined by a charge cogjugation operator, is a sym-
metry operation for an electric field., ¥e can define
the full symmetry bi-color groups:

» (¢ = 2 4+ R.'c ‘C -7 1
G,(G) = G + R."0,"C (I1.17)

fl

and Co(G) = ¢ + R "i'C (11.18)
For the fields themselves we have:
Magnetics Dy (Capy) = Cop * Ri® 0,°Cop (II.19)
Electrict D (Ca,) = Cgy + R "1°C (I1.20)
Similar double groups can be defined for each point

group.

Figure VI, The full magnetic and electric groups for
C2v and C2h crystal point group symmetry, and their

intersections with the full magnetic and electric field

symmetry.

Coy E CZ(Z) o(xz) olyz)

th(xz)‘CZV th(xz) th(yz) Ry RtCZ(Z)
€y, (Cp,) = Cp, + R.O(x2)°C,,

Rci‘C2v Rci Rcd(xy) Rch(y) Rccz(x)
DZh(CZV) = CZV + Rci.CZV

Cop E Cz(z) i o(xy)

RtO’(xz)'C2h th(xz) th(yz) thz(y) RtCZ(X)
Dop(Coy) = Cpp + Ryolxz)°Cyhy

Rci‘C2h Rci ) Rcc(xy) R, Rccz(z)
c + Rci’C

2n(Con) = Cop 2h
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Magnetic Field Intersection

Doy, (G
CZV(CZV) CZV(CZ)
Doy (Coyp) DZh(CZh)

Electric Field Intersection

Dy, (Cong)
Doy (Coy) Doy (Cpy)
ConlCapn) Con(Cy)

In both the electric and magnetic groups the tensor
symmetry 1s given by the point group portion of the
intersection symmetry, C2v crystals will show spontaneous
polarization while C2h crystals will not, since a descent
of symmetry to C2 would be required by the Intersection
Theorem in the latter case, Both C2v and C2h crystals
may exhibit magnetic polarization since the crystal
itself does not have to distort to lower the symmetry
(in the case of a C2v crystal, to 02). since it can be
lowered by spin alignment., The Intersection Theorem,
then, predicts the total symmetry of +the coupled system,
but does not predict in what way the system must distort,
or whether it can distort, to attain this symmetry. For
those cases where molecular rearrangement would be
required, the Intersection Theorem imposes a condition

for spontaneity.
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Applications

1. Pyroelectricityl? AP, = p, AT (II.21)
Here we have a first rank tensor relating a scalar
and a vector for a crystal of symmetry GC with a spon-
tanecus electric field of symmetry qu. The Intersection
Theorem predicts the symmetry of P; to be at least

G(crystal)NC,.  and the spontaneity condition requires

v
that G(pi) contain the full symmetry of the crystal, so
that G(crystal) is limited to those crystal point
groups which are subOgroups of Cooyys From Melillan's

paper these arezos

Figure VII. Point groups exhibiting pyroelectricity,
and the form of the polar vectors

‘Point group X v Z

C1 PX Py Pz

Cs(lst) PX Py PZ
(2nd) P, O P,

Cz(lst; 0 0 Pz
2nd 0 P 0
(2nd) y

C3'C4’C6’

CZV’“@V’GHV'

and Cév 0 0 PZ

To show pyroelectricity, a crystal must correspond to
one of these ten point groups, and both p; and Pi

would have the form predicted above,

19, J.F. Nye, op, cit,
20, J.A.Mchillan, Op, cit., p.79%4.
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From equation (II.I&): G(D) = G(P)N\ G(I)
G( P,)2(G(crystal)N G(field))No0(3)

G( Pi);”_ G(erystal)n Coovy

2, Direct Piezoelectric Effect21
= o
Pi = dijkcjk (11.22)
(dijk = dikj since, in the absence of body torques,
Ty = ij.)

If a stress is applied to certain crystals they
develop an electric moment whose magnitude is propor-
tional to the applied stress, When a general stress Ujk
acts on a piezoelectric crystal, the polarization Pi

is linearly related to all the components of o, The

jk*

dijk are the piezoelectric moduli,
Since the stress tensor Gﬁk is symmetric, it is

diagonalizable:

ojk =( 0 Os5 0
0 23
0o . 034 (II.%29)
The expression above gives the most general form of the
stress tensor; even though it is of second rank, it is

defined by at most three variables,

Figure VIII, S+ress Symmetries,

1, uniaxial stress - Doy 2, biaxial stress - Don
o} 0 0 oy 0 0
0 0 0 0 62 0
0 0 0 0 0 0

21, J.F. Nye, op. cit, p.l110,
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3. triaxiai stress - D2h . 4, Hydrostatic pressure -~ 0(3)
S 0 -p 0 0
0 o, O 0 -p 0
0 0 oy 0 0 -p

5. pure sheer stress =- D2h

~

-0 0 0
0 log 0
0 0 0

The stress tensor, in common with the strain tensor,
can have any orientation within a crystal, and it can
exist just as well in isotropic bodies like glass as in
anisotropic crystals, In this respect it is like an
imposed electric field, which can, of course, have an
arbitrary direction in a crystal. Such tensors are called
field tensors,

A property tensor of rank three has twenty-seven
terms, but symmetry arguments reduce this to eighteen
(di 51 = dipz)e
imposed by the Intersection Theorem, is that a third-

An additional constraint, beyond that

rank tensor cannot be written for a point group that
includes inversion, since the character under the i
operation is -1, so the representation cannot transform
as the totally symmetric representation., This is also
true of a first-rank tensor, or of any tensor of odd
rank, This problem did not arise in considering the

symmetriés allowed to first rank tensors, since only
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symmetries correéponding to sub-groups of Q”v were given,
which could not, therefore, contain i.
This gives us another selection rule for spontaneous
phenomena, The maximum symmetry for a polar vector is
Cooyy» whether the &ector is describing a crystal in a
C“W field or not, Correspondingly, a property tensor of
rank three cannot have a center of symmetry, since in
centrosymmetric groups no third order term transforms as
the totally symmetric representation, Thus a centro-
symmetric crystal in a centrosymmetric rank two tensor
field will have an identically zero rank three property
tensor, and any physical property described by such a
oroperty tensor would not occur spontaneously,
For the non-centrosymmetric crystallographic point
groups the non~zero components of the property tensor
can be obtained from the character tables as follows,
1, x=1 y=2 z=3
2, In dijk the first subscript, i, corresponds to
the single terms in the character tables, while
Jk corresponds to the second-order terms,

3. Take the product of first-order terms with
second-order terms only when they correspond
to the same representation, so that their
product will correspond to the totally symmetric
representation,

4, A product of terms corresponding to a degenerate

representation has third order terms spanning
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the tofally symmétric representation as indicated

in the following examples,

Figure IX, Products of terms spanning degenerate repre=-
sentations and resulting relationships between terms in

third rank tensors.,

-— Py

(x,y) * (yz,x2)

A (x*yz.- y'x2),(y'yz + x'x2)

d =d

d 223 = 9413

= -d

123 213

(e8]

(x,y) * (xx-yy,xy)
A (x*xx - X'yy - 2y°'xy),(y'xx - y'yy + 2x'xy)

= -d = 2d

; d 222

211 112

Products involving non-degenerate representations
give only information about whether the value of dijk
is zero or non-zero, while products involving degenerate
representations give information about relationships

between different components of dijk'



III. The Correlation Method

2
The Correlation dethod used by Fa‘t‘.elc-:»y'~2 and others

to determine molecular and lattice vibrations zand infra-

red and Raman selection rules, applies the principles

of the correlation theorem in group theory according

to the rules provided by Halford and Hornig.

27,28

Using benzene as an example, a step-by-step process is

followed to determine the number, symmetry, and spectral

activity of the normal vibrations of the molecule,

22,

23.
24,
25.
26,
27,
28.
29.

29

1. The molecular symmetry must be known or deter-
mined.

2. The site symmetry for all equivalent sets of
atoms (a set of atoms that can be transferred into
one another by the symmetry overations present in
the molecule) must be known or determined. The
elements of symmetry of the molecular point group
contained in or passing through the atom in ques-
tion form a complete set of operations belonging
to a specific point group - the site symmetry -
which is clearly a subgroup of the molecular

W.G, Fateley, et. al., Infrared and Raman Selection
Rules for Molecules and Lattice ¥ibrations, ».120.

E. Rytter, Chem., Phys, 54, ».3293 (1976)
J. Choisnet, J. Sol. St, Chem. 26, p.83 (1978)

W.G, Harter, Rev, M, Phys. 50, p.37 (1978)
J.C. Decius, J, Chem. Phys. 68, p.1715 (1978)
D.F, Hornig, J. Chem., Phys, 16, p,1063 (1948)
R.S. Halford, J. Chem, Phys., 17, p.607 (1949)
W.G, Fateley, op. cit,

26,

23-26
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roint grouﬁ.

3. The symmetry representation of the translation
vectors is determined for each site group from

the character tables, The transformation of these
representatibns in the point group of the molecule
is determined from the correlation tables.30 Only
one representative atom of each equivalent set need
be considered, The number of atoms in the set (2)
is inherent in the site symmetry: to have CZV site
symmetry in a molecule of Déh symmetry, an atom
must occupy one of six equivalent sites. A single
translation vector in C2v will then correlate to a
set of representations in Déh‘whose dimensions add
up to six, insuring the appropriate total number

of molecular motions in the systen,

4, The irreducible representations for the molecule
(meOI) obtained include both the genuine normal
vibrations (F’m°1 Vib) and the pure rotations and
translations of the molecule, These non-genuine
motions can easily be removed by subtraction of the

representations for rotations (RX,R ,Rz) and

y
translations (Tx’Ty’Tz) obtained from the character
tables for the overall molecular symmetry,

[fmol vib _ /rmol _ fﬂtrans _ fvrot (III.1)
5. Identification of the spectral activity of each

species of the molecular point group.

See Appendix C



28,

3enzene Symmetry

1, The z axis is perpendicular to the molecule's
plane (ch) and passes through the inversion point (i)
found in the center of the hexagon., The 2z axis contains
the elements of symmetry C6' 03, CZ’ 36' and S3 not

shown in the figure below,

Figure X. Molecular and site symmetries of benzene. The

molecular point group is D6h;31
\ NA| C."

Symmetry ele-
ments: c'(yz)
oy (xy),C5"E

KJ

2., The isolated portion at the right of figuee X

considers only one hydrogen atom, It illustrates the
presence of only those symmetry elements E, C,', Gb(yz),
and cv(xy). Thus, the site symmetry of the hydrogen
is C2v‘ The carbon atoms are similarly situated, with
the same eleﬁents.of symmetry passing through them, so
the site symmetry of the carbon atoms is the same (CZV)'
3. From the C2v character tables, TZ transforms as
the totally symmetric representation (Ai)’ Tx transforms

as By, and T, as B2. Correlating the representations in

y

C to D6h (the 02' axis is retained in CZv)'

2V

31. W.G. Fateley, op., cit., p.67.
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e + ang + A2u

+ 2E1u + By, (I11.2)

+ Blu

Figure XI, The correlation between site and molecular

~
symmetry species for the hydrogen atom in benzene.j‘

site symmetry > molecular symmetry

4, The site symmetry and Z value (= 6) of carbon
are exactly the same as hydrogen; therefore.{jH =fﬂc.
rmol _ PH +PC
[mol vib =[ﬁmol _Iﬁrot _Iﬁtrans

rot _
™ = A +E1g

2g
iﬁtrans

= A u + E

2 1u

—~mol vib _

| = 2A1g(R) + Azg(O) + 232g(o) + Elg(R)

* LE, (R) + A, (IR) + 2B, (IR) + 2B,,(0)

+ 3E1u(IR) + 2E2u(0) (III1.3)

32, W.G, Fateley, op., cit, p. 68,
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5. (IR) indicates infra-red activity, (R) is Raman
active and (0) shows no spectral activity. This method
predicts four infra-red fundamentals, seven Raman
fundamentals, and no coincidences, as would be predicted

for a centrosymmetric molecule,

Applications involving normal mode vibrations

1, Ring distortions of cyclobutadiene

The correlation method is used to determine a set
of distortions for a hypothetical square-planar cyclo-
cutadiene ring. These are not necessarily vibrations
of the ring, since the geometry considered is not
necessarily a minimum in the potential curve for all
poséible distortions. Since any possible distortion
of the molecule from a given base geometry can be expressed
in terms of a weighted sum of the normal modes, the
set forms a useful coordinate system for discussing
possible stable geometries of the molecule.

For cyclobutadiene, the correlation method is
applied in finding the normal modes of the square-
planar geometry, and the symmetries of the six ring
vibrations are considered as alternate geometries, The
vibrations of the distorted cyclobutadienes can be
determined directly from the correlation table for
Duh' rather than by repeating the correlation method

determination for each distorted geometry,



31-

Figure XII., The correlation between site and molecular

symmetry for the carbon atoms of CBD (Z =4)

correlation
site symmetry > molecular symmetry

C cr - C. D,

2V 2 2 Lh

A (T
Al(Tz’
Bl(Tx) =7

B,y(T )= — —

XN ,G'v

' Q
N ‘
- N
. N\ '/ or o
_— e 4 __._}__.‘2_'__ P
"
/ Ve I\'»\
%/ \\h

!
y AN

Site symmetry CZV(Cé)' E,Cz.cb(xz),db(yz)

Molecular symwetryfg&hs E,zcu,cz,zc',zcg,i,zsu,ZGb,ZUa
2

N

EAN

¢ _ , .
[ = Ay gthp *By #By HE FA, 4B, FE (III.4)

Corrected for rotations and translations, these
will give the distortions of the ring. If we wish the
vibrations of a square-planar 04H4 molecule, we must also

include the hydrogen atoms, Since the site symmetry is
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the same, r’H =‘f7c, and

mol _ '
[P9% = 24y *2A, *+ 2B +2B, +24, +2B, +4E
nrot _ A 4E
. 2g g
rans _
M - Aoy
Fmol vib _ 24; (R) + A, (0) + zglg(R) + 28, (R)

| + Eg(R) + AZu(IR) + 2B2u(0) + 3Eu(IR)
Ring distortions: A1g + B1g + BZg + B, *E, (III.5)

Each ring distortion gives rise to a distorted
geometry, To find the appropriate geometry, consider
the highest symmetry in the correlation table for D4h
in which the totally symmetric representation corresponds
to the irreducible representation of the distortion.
Thus, the distortion of Alg symmetry belongs to the DL,,h
point group itself, while the Blg distortion corresponds
to a representation of D2h(Cé), the symmetry of a
diamond (rhombus), which is the distortion of a square
that retains the Cé axes (those containing the atoms).
For one-dimensional representations, this symmetry infor-
mation can also be obtained from the character tables by
noting those operations in the th character table
that are equal to 1 in the Blg representation, or the
representation of interest., The group formed by these
operations is the symmetry point group of the distorted
ring, and this method is clearly equivalent to the former.
For the other one-dimensional representations both
methods agree in assigning symmetry poiht groups to the
distortions, but for the two-dimensional representation
the character tables list only the trace of the represen-

tation, restricting us to the first method, Since Eu
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correlates to Ai+81 in CZV with either the Cé or the Cg
axis retained in the distortion, there appear at first
to be two =zets of degenerate Eu distortions, WWith the

Cé axis retalned, 2 set of degenerate kite-shaped
distortions is fofmed, with either x or y in Duh becoming
the major axis in CZV' If y is chosen as the new z axis,
the kite shape with y as its majof axis corresponds to
the Ay representation in CZV' while the‘kite symmetric
about the former x axis corresponds to Bl’ Choosing

to retain the two C% axes results in two trapezoilds,
again corresponding to Ay and B1 in 02v‘ However, if

the sum of the two degenerate kite-shaped distortions is
taken geometrically, it results in the trapezoidal
symmetry with one of the C% axes retained, while the
difference of the kites gives the other trapezoid,
Similarly, the sum and difference of the two trapezoidal
distortions yields the kites, showing that only one
independent E, distortion exists for the ring,.

The normal modes and their predicted spectral
activity can .be found for each of the distortions‘by
applying the correlation method as before, or simply
by correlation of the vibrations in Din into the lower
symmetry and finding the spectral activity from the
character tables. 3Both approaches are illustrated for
the diamond-shaped distortion resulting from the B1g
normal mode of square-planar cyclobutadiene (CBD), and
the results for the other distorted rings are obtained

by the second method,
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The Blg distortion of the ring gives rise to D2h

symmetry wi;h both Cé axes retained, along with the C2
operation colinear with the z axis, so the axis iden-
tification remains the same as in the original square,
Carbon atoms 1 and 3 occupy equivalent sites of site
symmetry CZV with the x axis retained as CZ‘ Carbons

2 and 4 are also on equivalent sites with site symmetry

C,,(Cyr(y)).

Figure XIV, The correlation between site and molecular

symmetry for the carbon atoms of rhomboid CBD

site sym, ——————> mol..sym. &————— gite sym,
Cov Cplx) Do Coly) Cov

) /
Al(Tz’ Al(TZ)

BI(TX) "/—;‘Bl(TX)
Bz(Ty)<L >BZ(Ty)
C _—H _
i 1\ ;:2Ag;231g+ By *Ba 2B, *2B,, *2B,
mo - = -
I ™ #7% = b _tuB, +23, +2B, +4B) 443, +4B.

(II11.6)




Figure XV, Correlati

geometries.

36.
ons between Dy and ring distortion

rectangle

diamond square
DoplC3) — > Dy € Don(C35)
A~ Ay = A
Bf\*‘é =,
BZ;:\\\Big%BZg
B3g::::::::=§;3254::;:::::::B3g
A E, A
Blu A1u 5 Blu
B2u AZu B2u
By Byy //4444555533u
Sz

square puckered ring
Dyp € Dpy(C3)
Alg Al

Aoy

Blz. A2

BZg

Eg 1

Ay \\\\\B

A2u 2

By \\\\\\
2=

E

=




37.

. trapezoid

CZV(Cg)

Figure XVI, Molecular vibrations in distorted geometries

mol vib=
DZh(Cz)

r1mol vib=
Dop(C3)

mol vib_
Dyy(C3)

mol vib;
s
CZV(CZ)

mol vib_
Cpy(C3)

4Ag(R)+3Blg(R)+B2g(R)+33g(R)+3Blu(IR)

+3B,,(IR)+38, (IR)

4Ag(R)+3B1g(R)+Bzg(R)+BBg(R)+2Au(O)
+B1u(IR)+332U(IR)+383u(IR)

uAl(R)+A2(o)+281(R)+3BZ(IR.R)+4E(IR,R)
7A1(IR,R)+A2(R)+6Bl(IR,R)+4B2(IR,R)

7A1(IR,R)+3A2(R)+6B1(IR,R)+2B2(IR,R)
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IR active Raman active
D&h square planar b 7
DZh(Cé) diamond 9 -9
DZh(Cg) rectangle 7 9
DZd(Cg) puckered ring 7 13
CZV(Cé) kite 17 18
CZV(CE) trapezoid 15 18

Molecule in a Ligand Field

The Intersection Theorem does not apply only to
crystal properties represented as tensors, but also to
any composite system, such as an ion in a crystal field.
While the Intersection Theorem applies to any ion in
a crystal, it gives us no additional information about
the problem when the symmetry of the free ion is 0(3),
since the intersection symmetry is merely the crystal
field symmetry. For an ion which is not monoatomic,
the Intersection Theorem is useful in determining the
appropriate symmetry,

Consider an ion of symmetry G(I) in a crystal field
of symmetry G(CF), For example, take the ammonium ion
(Td) in a square planar crystal(Duh). If the major
axes are parallel:

G

i

G(I)NG(CF) (II1.7)
D2d = Td/\ th (III1.8)
We would then expect that the vibrations of the NH4+ ion

would be governed by D2d rather than Td.
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The Correléfion iethod is used to determine the
vibrations of the isolated.ammonium ion, The vibrations
in all possible intersection symmetries (subgroups of Td)
are then obtained from the correlation tables, along
with the symmetries of crystal fields of higher symmetry
that would give rise to those intersections., Clearly,
the crystal field must have at least the intersection

symmetry.

Figure XVII, Correlation Method applied to NH4+

site sym, mol, sym, site sym
Ni Td > Ty £ Hs CEK
FZ(TX’T ,TZ) Ay Ai(Tz)

B E(T,,T,)

Py

F
mol vib for subgroups of Td IR R
Tq Aq(R)*E(R)+2F,(IR,R) 2
T A(R)+E(R)+2F(IR,R) 2
Dsg ZAI(R)+31(R)+282(IR,R)+ZE(IR.R) L
C3v 3A(IR,R)+3E(IR,R) 6

2

Sy, 2A(R)+3B(R)+2E(IR,R)
5 3A(R)+231(IR,R)+2BZ(IR,R)+233(IR,R)6

D

C2v uAl(IR.R)+A2(R)+231(IR,R)+2BZ(IR,R)8
03 3A(IR,R)+3E(IR,R) 6
C

> S5A(IR,R)+43B(IR,R) 9

O W O W W N O N

C 6A'(IR,R)+3A"(IR,R) S
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Ty Ty =T Ts Do = Coy (34=C,)
Tq DBh = CBV (33=03) Ty Con = Cs (SQ=C2)

llolacular orbitals

The form of the Correlation lethod lends itself
to determination of the symmetry of molecular orbitals
composed of linear combinations of atomic orbitals. An
atomic orbital or set of atomic orbitals is chosen on
each atom, the site symmetries of the atoms are deter-
mined, and the representation of each orbital in the site
symmetry is correlated with the molecular symmetry for
each equivalent site,

As- an example, the ¢ and pi-bonding orbitals are

determined for benzene,

Pi-bonding in benzene
1., A p orbital perpendicular to the ring is chosen
on each carbon,
2, All six carbons are equivalent and occupy CZV(Cé)
sites,
3. The p orbital perpendicular to the ring is of
Bl symmetry in CZV’ since the x-axis is perpendicular

to the plane of the molecule in CZv’
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Figure XVIII. Correlation Method applied to pi-bonding

in benzene.

site symmetry > molecular symmetry
]
C2 C2 Pen
By (D) \\Bzg
ng
A2u
E2u
Bzg’ pl‘p2+p3"p4+p5“p6

Elgz{Zp1 + D, - p3 - 2le_ - p5 + Pg
Dy * 2pp + Py - Py - 2p5 - Pg

AZu’ Pq + by + P3 + Py * P5 + DPg

Eoutl?py = 2y - Pq + 2py, - Pg = Pg

=Py * 2Py = P3 - Pyt 2Ps - Dy

The LCAO-MO's are determined by apprlying the oper-
ations of the group Déh to a representative orbital and
multiplying the result of each operation by its character
in the appropriate representation, The process 1s self-
correcting, since any representation not corresponding
to an orbital gives a result of zero. A less time-~
consuming method for one-dimensional representations
is to find in the correlation table for the group of
the molecule (Déh) the highest symmetry in which the
orbital representation correlates with the totally
symmetric representation. The appropriate orbital can
then be written by inspection. For example, BZg
correlates with A1g in Djd(Cg). By symmetry, then,

P1=P3=P5=-P2=-p4=-p6. The general form of multidimen-~
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sional representations can be determined in the same
manner, but coefficlients of non-equivalent positions nmust

be found in the character tables.

Sigma~bonding in benzene

1. The orbitals appropriate for sigma bonding are 1sH
(hydrogen),.lsc, 2s, and two 2p orbitals in the plane

of the molecule for the-carbon atoms,

2., The six carbon atoms form an equivalent set of
CZV(Cé) site symmetry, as do the six hydrogen atoms,

3. A1l s orbitals have Ay symmetry in Coye For the sake
of convenience, a set of symmetry related p orbitals

is chosen rather than using the x and y directions of
the benzene molecule, For each carbon there is one p
orbital along the Cé axis (positive direction outward)
and another perpendicular to the Cé axis, with the
positive lobe in a clockwise direction from the carbon
atom, The axial p orbital is then of Ay symmetry in

the C2v site symmetry, since it lies along the major

axis, and the perpendicular p orbital in the plane of

the molecule is of 32 symmetry in CZV'

Figure XIX., Results of correlation for sigma bonding

in benzene. site sym,—— Molecular symmetry
Cov C2 Dén
4A1——————# 4A1g+uE2g+431u+uE1u

Bo————y Ao MEp By *Ey
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Since the four A1 orbitals behave the same under all
the transformations of Déh' the LCAO-MO's for 1sH, 1sC.
2s,, and 2p, (the p orbitals along the C} axes) can be
expressed in terms of the set 84 8n, a3, 2 a5. Ag
where a, is any Ai orbital on carbon n or hydrogen n.

4A1g | a4 + a, + a3 + ay + ag + ag

4E2g 2a1 - a, - 33 + 2au - 35 = 3

-a4 + 2a2 - a3 - ay + 2a5 - ag

4B

14 a1 - a2 + a3 - au + a5 - a6

4E1u 2ay + a, - 2y = 2ay, - ag + ag
aq * 232 + ay - ay - 2a5 - ag
The p orbitals on the carbons perpendicular to the

Cé'axes form the other six orbitals:

A pl * P2 + p3 + pu + p5 + p6

2g
Eore 2Py = Pp = P3 * 2P, - Py - Py
—pl + ZPZ - p3 - p4 * 2p5 - p6
By 2Py T Py - Py - 2Dy - Py * g
Py * 2P, ¥ Py - Py - 2Dg - D
Bau Py = Pp ¥ P3 =Py ¥ Ps-Pg

There will, of course, be mixing of orbitals of
the same symmetry, with the linear combinations having
the lowest energy obtained from the appropriate secular
equation., In tﬁis case, it is obvious that s orbitals
on hydrogen and carbon and the in-plane p orbitals on

carbon can all be involved in the same bond, resulting
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in sp2 hybridizé%ion on carbon,
The hybridization may'be obtained more directly
and with greater generality by considering the bonds
of benzene rather than the atomic orbitals. The six
C-C bonds each have CZV(CE) site symmetry and the six
C-H bonds have sz(Cé) site symmetry. Correlating the
A1 represenfation of each with Déh yields twelve orbitals

Figure XX. Correlations of sigma bonds in benzene,

site symmetry — molecular symmetry
Cov C2 Pén
Al > A1g+E2g+B2u+E1u
Cov C2 . Dgy
Aq > A1 ot Eos By By

to find the contributing orbitals on carbon we
correlate the D6h representations with CZV(Cé)' the site
symmetry of the carbons, and determine the orbitals
of appropriaye symmetry in CZV'

site symmetry é——— molecular symmetry

Cov C2 Dén
Ay ¢ A g
Aq*B ¢ Eog
A1< Elu
B, ¢ By
Ag+By ¢ Z1u
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From the C,, character table, the orbitals s, P,

(z = C3), 4,2, 4.2, and dzé correspond to 4, while p.

and dyz transform as 32' This shows not only the ex-
pected sp2 hybridization, but also some possible con-
tribution from d orbitals of appropriate symmetry.
Symmetry representations for these orbitals in any
subgroup of.Déh formed by substituting other atoms for
hydrogen or otherwise reducing the symmetry of the benzene
ring may be found by correlating the new symmetry with
the Déh representations, For example, 1,3,5 trichloro-
benzene has D3h symmetry with the Cé axes of benzene

retained. The correlation tables yield the following

pi-orbitals:

Figure XXI. Pi-bonding orbitals in 1,3,5 trichlorobenzene.

Dén o5 7Pan
BZg A%
By, E"
A2u A%
E E*

2u
Cyclobutadiene - molecular orbitals
The highest possible symmetry, th, is assumed for
the purposes of calculation, Changes in the orbitals
caused by Jahn-Teller distortion or substitution are

determined from the correlation tables by the method

described for substituted benzenes.
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The four céfbon atoms.in square~-planar cyclobuta-
diene occupy equivalent CZV(Cé) sites, as do the four
hydrogen atoms., The p-orbitals involved in pi-bonding
are perpendicular to the plane of the molecule, and
therefore colinear with the x-axes in CZV' This corres-

ponds to a 31 representation in CZV'

Figure XXII- pi-bonding in cyclobutadiene

N\,
Coy CE Dun

Bl 7 Eg Aot BZu g

pi-bonding orbitals

Egl {il - p3
2~ Py

Sigma bonding in cyclobutadiene involves 2s, and two 2p
orbitals on cgrbon, and the 1s orbital on the hydrogens.
Carbon orbitais: 2s zpa Zpb Hydrogen orbital: 1s
site sym. CZV(Cé) Ay A B, sz(cé) Ay

The orbitals P, and b, are mutually orthogonal p-orbitals
on each carbon atom in the plane of the molecule, The
Py orbitals are colinear with the C! axes and the Py

2
orbitals are perpendicular, as in benzene.



As in benzene, all the A1 prbitals-transform into each

other in the same manner and are represented here as

al, az, a3 and aq.

Figure XXIII, Sigma bonding in C3D

hyg * FByg

Cov a3 7 Pun
34,
B, Ay, *+ B

sigma-bonding orbitals

3A,
3By,

a4
a4

L

a2 + a3 + ay,

a2 + a3 - ay
a

3;% or
ay

by + by - Dby

bg%
b

~

or

«

g "y

..au’
+ a

b1+b2-b3-bu_:%
by = by = by + by

The representations for the pi-orbitals of CBD can be

obtained by correlation of the D4h orbitals into the

lower symmetries:

Figure XXIV, distortions of CBD - pi-orbitals

Dyp Aay Boy By
D2h(cé) Blu Blu BZg + ng
DonfC3) By, A, Bpg * By
D,4(C8) B, Ay E

CoylC2) By By Ay * By
Cavicy) A, A, * B
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Comparison with Standard Méthods
Tetramethylenecyclobutane molecular orbitals are
obtained by standard methodszto contrast with the
correlation method, Using eight p-orbitals, a reducible
representation is‘obtained to which the pi-ii0's must
belong. The set of p-orbitals is operated on by each
of the symmetry operations of th' and the trace of
each resulting matrix forms the characters of the
reducible representation. A character will be zero
unless the operation leaves some atom in the same loca-
tion,
Figure XXV, Operations of th and reducible representation
of p-orbitals of tetramethylenecyclobutane,

D@h E 204 02 ZCé 205 i 284 N 2@% 26d

MM 8 o o o -4 0 0 -8 0 &4

™M™ 8 0 0 -4 0 0 0 -8 4 o0

The Cé and Cg labels are interchanged because of the
difference in convention.23 To reduce this represen-
tation, the product with each of the irreducible repre-
sentations of Dy, is taken and the result is divided

by sixteen, theyorder of the group.

{
22, F,A, Cotton, Chemical Applications of Group Theory, p.117.
23, See axis conventions,
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Figure XXVI, Reduction of pi-orbital representation

[Mx Ay, = B+0+0-8+0+0+0-8+8+0 = 0

[ Ay, = 8+0+0+8+0+0+0-8-8+0 = 0

[mx 3y, = 8+o+o~8fo+o+0-8+8+o =0

[x 32g = 8+0+0+8+0+0+0~-8-8+0 =.0

MM x B, =16+0+0+0+0+0+0+16+0+0= 32/16 = 2
T = - _ -

[Tx Ay, = 8+0+0-8+0+0+0+8-8+0 = 0

M A, = 8+0+0+8+0+0+0+8+8+0 = 32/16 = 2

[x By, = 8+0+0-8+0+0+0-3+8+0 = 0

[Mx B,, = 8+0+0+8+0+0+0+8+8+0 = 32/16 = 2
[ B, =16+0+0+0+0+0+0~16+0+0= 0
m_

["= 2B + 24, + 2By, (III1.9)

This result can be obtained from the correlation tables
as follows:

The inner four carbons have site symmetry CZV(Cé) and
the Parpendicular p~-orbitals belong to the 31 represen-
tation in CZV’ The four outer carbons are an equivalent

set with the same site symmetry and orbital representation.

Figure XXVII, Correlation method of determining pi-
orbitals of tetramethylenecyclobutane

C

2y T} ? Dun

2B 2A,  + 2B + 2E

1 2u 2u g

R
fm - 2Ry, *+ 2By, * 2E, (III.10)
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Vibronic Coupling

The Intersection Theorem and the Correlation liethod
are used to find a molecular geminal of symmetry approp-

riate to convert a reactant ground state to a

24

product ground state,. The reaction under consideration

25

is: ,
cut + CgH,~ — Cghy (III.11)

When we regard the reactants -separately, CH+has Q”v

symmetry, and C5H5- is an aromatic system of D5h symmetry.

CH+approaches the anion with its major axis colinear

to the z-axils of C5H5'. Since the invariant points

coincide, the intersection theorem may be applied:
Cme\D5h = C5v (I11.12)

In C5v the geminal ground state is 1

Px1P72 * Py2Py1 = ezs:} B
Px1P32 = Py1Py2 = €5¢
The product, CéHé, is considered in C5v symmetry,

.242!

> (I11.13)

rather than after it has rearranged to the more stable
benzene D6h symmetry., In CSv the product ground state
is 1A1, resulting from the interaction of the E2 ground
state of the CH+geminals formed from Dy and py orbitals,
and an appropriate vibration of the complex. The form
of the vibration must be such that

ezcvzc + ezsvzs has A, symmetry (III.14)
In general terms, the interaction between ground state
and vibration has the same symmetry as the vroduct

24, C, Trindle, J. Am. Chem. Soc., 92, 3251-3255 (1970)
25. C. Trindle, unpublished correspondence




510

ground state, .
(M5 Xlﬁqi> x[Mp = 4, (ITI.15)

In this case,[“R, the reactant ground state, transforms
as EZ’ while F@, the product ground state, spans Ala

(£, x Fai> X Ay = A (III.16)

rqi, the representation of the vibration in ij must

also be of E2 symmetry for the product with the E2 ground
state to include Al' To find out whether there is a
vibration of EZ symmetry, we apply the Correlation

[fethod,

Figure XXVIII, cH + CSHS" 1 symmetry and ground state

geminals of reactants, +Y

+X




Figure XXIX. Vibrations in C

" : L3 +a M
Equlvalent atoms Site -X,Ty,TZ—~———9'CSV

r la) ™ A =)

'JO ‘J5v Al + dmd 1‘;1+—o

HO CEV At + 3 A1+E
C19€2:72:C50C - Cg 2ATHA" 204 +A,+35, +32,

1 w ‘ ] " > 4 A jany N

Hl ’“'2 ,.L3 ’HQ'H-S Cs 24‘.\. +A ~4-\1+A2+3u1+3u2
Translations A1+E1

. . oy
Rotations ‘ A2+~1
Vibrations 5A1+A2+6E1+6n2

The Correlation Method reveals the presence of
six vibrations of E, symmetry, and also leads us to
expect no contribution from 'CH*since its vibrational
contribution does not correspond to the E2 symmetry

representation, The form of the vibration is now

determined from the E2 representation in C5v’26
_ - _
Co, IE 2. 2C¢ 50,
E 2 2c0s144°  2c0s72° 0

2
E2 is now applied to a set of orthogonal vectors on

each atom, . .

EZ(CXO) = 2xo+2coslb4°(xocos72°+yosin72°)+2008144°(yocos72°
—xosin72°)+Zcos72°(yocosl44°+xosin144°)+200s72°
(yocosluho-xosinlhuo)

2%y +Hx(-0.809)(0,309)+4x,(0.309)(-0.809)
Ex{(Cxq) = 0 = E,(Hxg) (III.15)

26, See Appendix B



53.

E,(Cyn) = 2y +Zcosl44°(y cos72%-x,.51n72%)+2cos1 44°
2770 0 Y0

0
(v cos72%+x.51n72°)+2c0s72° (v cos144®+x
0 0 0 0
sin144°)+2c0s72°% (yacos1bls®-x sin144®)
0 0

= 2y,thy,(-0.809)(0,309)+4y,(0.309)(~0,809)

T,(Cy,) = 0 = E,(Hy,) (III1.16)
Ez(Czo) = Zzo+2c05144°(zo)+Zcosl44°(zo)+200572°(zo)
+2cos72°(zo)
= Zzo+4zo(—0.809)+420(0.309)
= 2Z0-3.236ZO+1.236Z0
E,(Czq) = 0 = E,(Hzg) (I1I.17)

As predicted by the correlation method, CH+makes no

contribution to the vibrations of E2 symmetry.

E, vibrations of the CSHS' ring
On each atom a set of orthogonal vectors is deter-

mined, The vector s is perpendicular to the plane of

the ring at carbon i, a; is colinear with the Cé axis

passing through carbon i, and bi is perpendicular to

the a, vector in the plane of the ring. A similarly

defined set of vectors may be constructed on the hydrogen

atoms, which transform in exactly the same manner as

the corresponding Ziv 25, and bi vectors on the carbons,

EZ(Zi) = 2z1+2005144°z2+2005144°z5+200572°z +200s72°zu

3
221-2(0.809)ZZ+2(O.309)23+2(0.309)24‘ 2(0.809)25

Similar expressions are obtained for Zos ZB' Z) and 25.

The sum of any four is the additive inverse of the fifth,
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EZ(Zi) 1.00021-0.80922+O,309z +O.30924-O.809z

3 5
Ey(z,) 5 3 5
EZ(ZB) = 0.30921-0.80922+1.00023—0.809zu+0.30925

-0,809z

li

—O.809zl+1.000Z +O.309za+0.309z

E2(24) = 0.30921+Q.30922-0.80923+1.000z4-0.809z5

EZ(ZS) =—O.80921+O.30922+O.309Z3—O.809z4+1.00025 (I11.18)

The five vibrations are indistinguishable. However,
once one, for example E2(Z5).is eliminated as linearly
dependent on the other four, two sets are distinguished,
The vectors Zq and z), are adjacent to the omitted vector,

while 2, and z, are not. When the sets{?z(zl)+E2(zu);

3
Ez(zi)-EZ(zuﬁ'and {E2(22)+E2(23);Ez(zz)-Ez(ZBﬁ' are
formed, they are found to be distinguishable, while this
is not true of other pairings of vectors when the sums
and differences are formed, The z vectors on carbon

therefore give rise to two sets of degenerate E2 vib-

rationss {Ez(zi),Ez(zuz} and {EZ(ZZ)’EZ(ZBZ}'

Figure XXX, In-plane vectors of C5H5'
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The vectorélal,az,aB,éu,as and bl’bZ'bj’bh'b5
transform in the same manner as the Z35 vectors for the
rotational operations of C5v' Since the character for
the mirror planes in the EZ representation is zero, the o
overations have no effect on the E2 vibrations and the
ai's and bifs give rise to vibrations of exactly the

same form as have been determined for the zi’s.

In all, six sets of E2 vibrations are formed:

{E, (2, >,Ez(z4)} 2, (2,) By (a5 )]
P taV® (a B la VB (2 V2
%2(13 ),E (b4)5 {E,5(0,),Ex(b3)]

‘Figure XXXI, E, vibrations of C5H5°
Figw
{E (21 ’EZ(ZM% out-of-plane bending

E, (s
{ E (z ) =1, OOOZ -0, 8092 +0, 30923+0 3092 -0, 809Z

E (le = 1 uuu21 U, ouyzz?u )UyZB*U )uyzu-u ouyz5 5
Ez(zu) = O.309z1+0.30922-0.8O9z3+1.00024-0.809z5
J
5 P
w2 |

{Ez(zz),Ez(ZB)} out-of-plane bending

EZ(ZZ) =-0.809z1+0.80922-0.809z +O.309z4+0.309z

3
3

5

Ez(zj) = 0.309z1-0.809z2+1.0002 -0.809z4+0.309z5

{Ez(al),Ez(auzg in-plane angle stretching

Ez(al) = 1.000a1—0.809a2+0.309a +O.309a4-0.809a5

3

Ez(au) = O.309a1+0,309a2-0.809a3

+1'Oooa4—01809a5
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4

Ez(az),EZ(aB) in-plane angle stretching
E,(a,) =-O.§O9a1*1.000a2-0.809a3+0.309a4+0.309a5

E2(a3) = O.309a1-0.809a2+1.000a -0.809au_+0.309a5

3
Ez(b1>'E2(b4) in-plane bond stretching

E2(b1),= 1.000b1-0.809b2+0.309b +0.309b4—0.809b

3 5

Ez(bu) = 0.309b1+0.309b2-0.809b3+1.OOOb4-0.809b5
S D O
Ez(b1) Ez(bu) Ez(bz) Ez(b3)

Ez(bz)'Ez(bj) in-plane bond stretching

EZ(bZ) =-O.809b1*1.000b2-0.809b +0'309bﬂ+0'309b

3
3

5

E2(b3) = O.309b1-0/809b2+1.000b 5

-0.809b4+0.309b

Any of these E2 vibraticns would be appropriate

symmetrically’ to interact with the I

E2 geminal ground
state to produce the required 1A1 ground state of the
product, and some particular combination of these would
give the lowest energy. Since the eventual product is
benzene, the in-plane bond stretching seems particularly

promising as a major contributor towards the vibronic

coupling, since one of the bonds, 01-05, is stretched in

both degenerate vibrations.



57.

The direct product E2 X E, equals Al + A2 1

Given the basis set of geminals spanning the EZ

+ E

representation of CSV’ and the set of E2 vibrations
of the ring, it is known that a subset of the direct
product of vibration and geminal will span Al, the
totally symmetric representation of CSv'

The result of multiplying the set of geminals
given by any of the E2 sets of vibrations does not,
however, span Als
V2 * €,0V3 = dl(;O.809eZS*O.309eZC) + d,(1.000e

00.8O9ezc) + d3(—0.809ezs+1.000ezc) + d4(0.309ecs

-0.809e,.) + d:(0,309e,.+0.309e, )

Zs

where di is a vector on Ci‘

We considér here a product which has the form
of the sum of vibration vectors each multiplied by
a geminal whose mirror plane matches that of the
vector in question,

The set of geminals given differ by a rotation
of 45°,
e, gt x1 y2+x2y-'1 ‘ ‘e

e,0t x1x2-yly2 d

®zs ®2c
In general, any linear combination of the E2 geminals
will also span E2: as long as one geminal is not a simple
multiple of the other, the result is an E2 set:
m(e__.) + n(e_ )
Ez'{ Zs Zc m/k # n/q

k(eZS) + q‘ezc) ’
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We investigate here the effect of rotating ‘the
geminal set. 3By rotating a multiple of 72° a bvasis
set of geminals can be formed whose mirror planes
differ by the same angles as tie vibrations of inter-
est,

Rotation by O%1x1 - xlcos® - ylsin®
| x2 3 x2cosb - y2sin®
yi ylcos® + x1sin®
Yo 9 yycosQ + xzsine
®2s T ¥V T Xo¥y
RO (e,,)

(xlcose-yisine)(y2cos6+x2sin9) + (x,c086
-YZSine) (ylcose'*xlsine)

il

sinBcosz1xz-sinecoasyly2+cos29x1y2-sin%9x2y1
+sin80059x1xz-sinecoseylyz-sin%sx1y2+cos%9x2y1

=Zsin6co§9(x1x2—y1y2) + (cos%9-sin29)(x1y2-x2yl)
= sin20 (ezc) + cosZG(ezs)
Thus the rotation of e, s by any angle results in a
linear combination of e,s and €0 The set
: ezs.' s:.nze(ezc) + cosZS(ezs)
spans E, unless sin2@= 0. (@= 90° or multiple).
In particular, for rotations of 72° and 144°, the angles

separating the mirror planes of the vibrations, E2 sets

are formed:

e
ZS
"2 {iR?ZO(e )=0,588e__-0,809e
2877 zc = ° zs
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e
E, 2s .
R216
Consider the subset of szE2 formed by multiplying
a vibration by a geminal set with matching mirror
planes:
- _ 20
S = vye, vukzlé (ezs)
S

1]

(1.000d, -0.809d,+0.309d +o.309d4;o.809d5)ezs

- (0.309dd+0.309d2-0.809d3+1.00034-0.809d5)(O.309ezs*0.951ezc)

S = dy(0.905e,,+0.2%%e, )+d,(-0.905e,_ ~0.2%%e, )
+d4(0,559, *#0.769e  )+d), (0.951e, )+d(-0,559¢,.+0.76%e, )
Dividing through by -0.951, the coefficient of dqezc,
clarifies the results:

S = d,(-0.951e,+0.309¢__)+d,(0.951e,_+0.309, )
+d3(-o.588ezs-o.809ezc)+d4ezc+d5(o.588ezs-o.809ezc)
Comparing these results with the rotations of € 0t
obtained by the same method as those of e,s!

®zc T *1X27V1Y2

R.8(ezc)=-sin29(ezs)+c0526(ezc)

) _
R72 0 ——0.588ezs-0.809eZc
R1u4°ezc = 0.95%e, +0,309e
o -
R216 e —-O.951ezs+0.309ezc

) -
R288 €0 = 0.588ezs-0.809eZc

We may then rewrite S in terms of rotations of €yt

- o o o e}
S = d1R216 € + d2R144 ezc + d3R72 €0 +d4ezc + d5R288 e,c
This subset of the product is apparently of A1
symmetry. To check this, we strike it with the Ay

operator .t is sufficient to consider 05, rather than C5v)
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E. (S)= d1R216°ezc+d2R144°ezc+d3R72°eZc+duezc+d5R288°ezc
Cg(s)= d1R216°eZc+d2R14409Zc+d3R?2°ezc+d4eZc+d5R288°ez
Cy(S)= cg(s) = cg(S) = cg(s)

Ay (8) =(E(8) *+ o g(5) + cZ(s) + c2(s) + ci(sN1/s

1 o) o] o o]
Al(S) —3(5d1R216 ezc+5d2R144 ezc+5d3R72 ezc+5d4ezc+5d5R288 ezc)

c

A (8) = 8
Thus it has been shown that the product
1 20
Ve, - v4R216 e,
is of Alsymmetry.

Figure XXXII. Superimposed symmetry-oriented geminals

and ring vibrations,
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Axis Conventions

27

Fateley and Cotton28 differ in nomenclature
regarding Cé and C§ axes, In this work Fateley is
followed so that Cé axes pass through two equivalent
atoms on opposite'sides of the molecule, while C% axes
bisect opposite bonds., Correspondingly, o, mirror planes
include a Cé axis and the major axis, while T4 mirror
planes include C% and the major axis. In Cotton the
conventions are reversed,

Although the character tables are identical in
Fateley and Cotton, this difference in nomenclature
gives rise to different irreducible representations in
certain cases., For example, in benzene (Déh) the
;rreducible representation Blg has the character +1
with respect to reflection through Ty and -1 with respect
to Cye In BZg’ these characters are reversed, as are
those of the Cé and C% axes,

Consider the pi-bonding orbital of benzene:
[t= Py - Py + Py - by * Dg - Dg
In Cotton, this orbital would belong to Blg, while in
Fateley it corresponds to B

2g’

G. Fateley, op, cit,

27. W,
28, F.A, Cotton, op. cit,
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Figure XXXIITI, Benzene - axis conventions

\ GCy (Fateley)

. P ¢ rateley)
TUCL" (Cotton)

6; viCa! (,CcH’nn)

Examples drawn from Cotton and other sources using
his convention are translated into Fateley's nomencla-
ture to allow comparison between conventional results
and those of the Correlation lMethod,

Another crucial convention concerns location of
X, ¥y and z axes, All sources agree in establishing =z
as the major axis, However, in the correlations DL&h
—EET—QCZV and Duh——ﬁg%'c2v, the y axis appears to have
been chosen as perpendicular to the plane of the mole-
cule in the 02V site symmetries, To conform to standard
usage, the tables have been amended by reversing Bl and
B2 in these correlations, B1 is the representation
thet transforms as the x-axis, while the y-axis transforms

as B2,
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Appendix A - Suﬁmary of Crystal Propertie529
All vectors in groups (ii) to (vi) are polar, except

for the vectors H, 3 and I, which are taken as axial.

rroperty or coefficients Defining equation

(i) Scalar relating two scalars

heat capacity C AS = (C/T)AT

(ii) 1st-rank tensor relating a scalar and a vector

pyroelectricity . APi = piA»T
electrocaloric effect AS = 10} Ei

heat of polarization As = t; AP,
field due to temperature change E; = —tile
polarization by hydrostatic pres, P.l = 'dijjp

(iii) 2nd-rank tensor ralating two vectors

permittivity Dy =Kij Ej

dielectric impermeability E, = 5 3 Dj

dielectric susceptibility P, = K Xij Ej
permeability Bi = /&j Hj

magnetic susceptibility I, = M4, ¢ij Hj
electrical copduct;vity ji = Tk Ek
electrical reéistivity E; = /ik jk

thermal conductivity h, = —kij(aT/axk)
thermal resistivity 6&/&xi = =Ty h;
thermoelectricity QﬁVGxi = - Zik(aT/axk)

(not symmetrical)

29, J.F, Nye, op, cit,
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(iv) 2nd -rank tensor relating a scalar and a

second rank tensor

thermal expansion Ei5 = aﬁj'AT
piezocaloric effect v AS = dij Gij
thermal pressure Gﬁj = 'fij AT
heat of deformation AS = fij eij
strain by hydrostatic pressure eij = 'Sijkkp
Peltier coefficients , Myy = (T/e) Zik

(v) 3rd-rank tensor relating a vector and a
2nd-rank tensor

direct piezoelectric effect Pi = dijk

= E.
€sx = 915k Ei

ij

converse pilezoelectric effect

. s = - "
a plezoelectric effect djk eijk Es
éjk

13 7 Ziakik

a plezoelectric effect Pi = eijk

electro-optical effect AB

(vi) 4th-rank tensor relating two 2nd-rank tensors

elastic compliances éij = S35k Oy q
elastic stiffness 93135 T Cijkl €1
elasto-optical coefficients ABij = Pj k1 €K1
piezo-optical coefficients ABij = ﬂijkl o1
electrostriction ejk = TiljkEiEi

(vii) Axial 2nd-rank tensor giving the variation

of a pseudo~scalar with direction

optical activity (gyration vector) G = £ ; 1 ;if
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Appendix 2 Character Tables

The species of the translations x, y, and z and the rotations
Rx’ Ry’ and Rz in a right-handed system vparallel to the x, ¥,
and z axes, respectively, are given for each point group. Also,
the species of the polarization tensor elements,Ciij. is iden-
tified for each point group. This allows us to determine
immediately the spectiral activity of each species in a point
group; for example, all those species that contain a trans-
lation will be infrared active, whereas thcse species con-~
taining an element of the polarization tenscr'QEj will have

Raman activity.

Cs E %
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Ci E i

Ag 1 1 Rx'Ry’Rz KX, VY422, XY 1XZ,YZ
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2 E S
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C2h E 02 i %,

Ag 1 1 1 1 . R, KX YY1 Z2, XY
Bg 1 -1 1 -1 Rx'Ry XZ.y2

A, 1 1 -1 -1 Tz

Bu 1 -1 -1 1 Tx,Ty

CZV E C? oy 03'

Ay 1 1 1 1 Tz XX, YY,2%

A2 1 1 a1 a1 R Xy
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E CZ 5; GQ'
1 1 1 1 TZ XXy YYs 2%
1 1 -1 -1 RZ Xy
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-1 -1 1 1 -1 -1 1 R, yz

1 1 1 -1 -1 -1 -
1 -1 -1 -1 -1 1 1 T
14 1 -1 -1 1 -1 1 7
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Ag 1 1 1* 1 1 1* R xxtyy,.zz
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€ £ 1 &% ¢
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E U T -f.} (T,T,)
{1 £ € a - -
S E Sg C, S3 ¢, s§ ¢} si &= $2M/8
A 1 1 1 1 1 1 1 1 R XX+yy, 22
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E, {1 E i -€ a1 o€ -1 Eg(Tx.T )s
1 €% o2 a4 € 1 € (RyoRy)
E, {1 i -1 -1 1 i -1 -i } (XxX~y¥,Xy)
1 -i =1 i 1 -i -1 i
E, fn Y S Y B B L R (xz,yz)
U -€ 1 &4 & 1 -¢
o = o e s
v v
Ai—-Z"' 1 1 e 1 T, xXx+yy,22
A=3"1 1 L R,
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Ey=A 2 2cos2f *°t 0 (xx-yy,xy)
Eyj=@ 2 2cos3® *** 0
D E Zdi ‘** g, i 'Zéﬁ et Q(C
0h v 2 ——
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2 . 5 _ .2m/3
T E 4Cq 4C5 3C, 1 U4Sg USZ 3o, C=e
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Fzg 3 0 -1 -1t 1 3 0 -1 -1 1 (xy,xz,y2)
Aiu 1 1 1 1 -1 -1 -1 -1 -1
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Appendix C Correlation Tables
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Bu B Al .Au B2 B A" A' .
z : .
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B2 B A B Bl B A A2 A B A*
B3 B B A B2 B B1 Al A 3 A
E E B2+B3 B1+B2 2B  A+B A'+A"

2h 2 2v 2v 2v 2h 2h 2h 2 2 2 S S s b
Ag A Al Al Al Ag Ag Ag A A A A' A" AY Ag
Big Bi A2 32 B1 Ag Bg Bg A B B A' A" AV Ag
B2g 32 B1 Az B2 Bg Ag Bg B A A A" A' A" Ag
B3g B3 B2 B1 A2 Bg Bg Ag B B A A" A" A? Ag
Au A A2 A2 A2 Au Au Au A A A A" A" A" Au
Blu- B1 Al B1 B2 Au Bu Bu A B B A" A' A? Au
B2u Bz B2 A1 B1 Bu . Au Bu B A B A' A" A Au
B3u B3 B1 B2 A1 Bu Bu Au B B A Al .A' A" Au
C3h 03, CS C1 C3v C3 Cs _ D3 03 02
A' A Al A ’ A1 A A’ A1 A A
E* E 2A'#  2A% A2 A A" A2 A B
A" A A" A E E A'+A" E E A+B
E" E 2A"#  2A%



93(5 D3 ij 36=C31 C3 C2],1 Ci2 Cs ' Ci
L
Alg Ay A Ag A Ag A A Ag
A B B A" A
gzg gz E2 gg g A +§ A+B A'+A" 2%
g g g 8 ‘g
Ay Ay A, A A A, A A A,
’
Asy Ay, AL A A B, B & A,
w ] 1"
E, E E E, E A ¥B, A+B A'+A" 2A
k"lgﬁl@ S oy
Dj}_1 C3h D3 C3v oy C:3 02 CS Cs
A A* A, AL AL A A A' A
* ® ”n
A A A, A, 3, A B A A
E' E' E E A+B, E A+B 24" A'vA"
A} A" A A, A, A A A" A"
” " " 1
A3 A A, Ay By A B A A
E" E" E E A,+B; E A+B 2" A'+A"
Cy C, Cyp %y Sy Cpy Cp Cy Cy Gy
- 't A A
A A Ag A A Ag A A =
B A Bg B B Ag A A* A A
E 2B Eg E E 2B%¥ 2B* 2A"* ZAE 24%
A, A B A, A A" A, A
Bu B A Au A A Au A
E 3 * LK ¥* +*
E, E E  2BX 2B* 2A'* 2A% 24
6v  Gd Gy 4,
Clw Cl& CZV sz c2 Cs cs SI-L CZ Cl
A A Ay A A AY A A A A
A, A A, A, A A" A" B A A
By B Ay A, A A" av E 2B* 24
B, B A, A A A" AT
[ ] [1] ] -
E E By+B, By+B, 2B A'+A" A'+A
C;' C;, C]’ C;'
Dy, D, D, C, C, C, C, qjv C5 Cg
Ay A A A A A A A A Al
A, By B A A B B A, A A"
" 1]
By A B, B A A B Ey Eq A'+A
1 "
B, B, A B A 3 .| E, E, A'+A
E B E 2B A+B AB



Gy <,
rDU, Cl&v S8 Cy C2V CZ C2 Cs Ejh C‘i Cs
Ay AL A A A A A AT A A A
Ay, Ay A A A, A A A" E, 2A'*
Ay, A, 3 A A A B A' E, 2A'*
A, AL 3 A A A 3 Al A A"
E E E, E B;+3, 23 A+3 A'+A" A 2aAvx
By*B, By+3, E, 2B Aj+tA, 24 A+3 A'HA” 5 B, 2a"*
E E Ey E By+B, 2B A+B A'HA".
Cnl Cl" G ¢ 1‘! C; C;" Ca\Sv
Dy Dpg Dpg Cuy Cup Dpp Dy Cy Sy - D, D, Cpy
Ap AL AL A AL AL AL A A A A
Ay Ay Ay Ay A. B, B A A B 3B A
3 B B, B 8. & B B B A 3, Ay
B, B, B B, B, B A B B B, A A
E E E E E By *By,8,335,E  E By+By By+3y 843,
Ay By By A, A A, A, A B A A A
Ay By By A A, Byy By A BB B A
B, A A, B, B, A B B A -A B A,
B, A, 4 B B B A B A B A A
E E E E  Ey By3ByB#83 B E By+ByB,+B;B +B,B+
C;l C.;'.’ C2 Cz' C)" C, C{ ¢," G Sy P |
Cov Covy Con Gy Cpy G G, C, C € Co Oy
A . S O G
A2 52 N A A B A Ar av 40
B1 A2 Ag Bg Ag A B A A' A" A Ag
A % A é 2B° 4B A+h DB A+B A+B 24" A'HA" A'HA" 24
Erl E t W5 EE RE A A A am oan oam oA ®
2 2 u u u u
B, B A, B, B, A B B A" A" A' A
AZ By A, A, B, A A B A" A" A A
By A, A, B, A, A B A A" A" A" A
AfB, AFB, 2B A#B A#B 2B  A+B A+B 24" ATHA" A'+A" 24



S4

Dy Dy Cg G Cp G Cy D, c, ¢,
My A AL A A AT A A A A
Aoy Ay Ay A A AY A A, A B
By, 5 3 5 A3 AMA" 24 E, E, A+
Fo, B, Ep I, AYB ATHA" 24 E, £, A+
Ay, Ay A, A A At A
Apy Ay AL A B A A
Ey, By E; E; A+B A'hA" 24,
E,y Ep By E, A+B A'+A" 24
Gactzx) o G,
Dgy D Gy Co Cg R C,, C, c2 Y o c, ¢, ¢
A A, Ay A" A A A A A A A A A
A3 A, A, A" A B, 3 A' & 3 A B 4
E} E, E, Ej E, AtB, A+3 28' A'+a" E, E 23% 2%
Ej E, E, Ej E, AfB, A+B 24' A'+A" E, E A% 2%
Ay A A, A" A A, A Ar A
Ay A, A, A" A" B, B A" A
Ej E, E Ej E, A$B, A+B 24" A'+A"
Ej E, E, Ej E, A$3, A+B 24" A'+A"
Céen  C¢ C3p Sg Cop C3 G Gy Cy G
Ay AA AL A A A A g A
B, B A" A, B, A B A" A A
By, B E" E, 2% E 2B 24w 2a% 2ps
Epe Ep E' E, 243 E 2a% 2a'r 2af aae
A, A AT A, AL A A A" AL A
B, B A" A, B A B A" A A
E,, E E' E, 2B% E 2B% 28'% 24% 24
E,o B, E' E, 2A% E  28% 2a"F 24% 24
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