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Abstract

THE INTERSECTION THEOREM AND THE CORRELATION METHOD
by

Janet Pierce 
Adviser! Professor Louis Massa

The Intersection Theorem and the Correlation Method 
each provide for the handling of symmetry data involving 
a system and its subsystems. The Intersection Theorem 
makes a statement about the overall minimum symmetry of 
a composite system, while the Correlation Method trans­
lates symmetry information about the parts of the system 
into the framework of the complete molecule. In both 
cases, the necessary information or resulting symmetry 
data can be obtained by other methods, but comparisons 
involving tensor properties of crystals and molecular 
orbitals of isolated molecules will show that standard 
methods are more time-consuming and less conceptually 
satisfying for composite systems.
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I. INTRODUCTION
The Role of Symmetry in the Description of Composite Systems

Experimental- chemistry involves not only observing and 
measuring chemical compounds and their reactions, but also 
fitting these observations into a framework of theory. The 
study of symmetry and of symmetry changes through the 
theory of groups has in particular aided in the interpreta­
tion of experimental data and in the design of new experi­
ments. Since the symmetry of the molecule or crystal 
determines the number and variety of energy levels it may 
possess, symmetry considerations alone limit the pathways 
to be explored in many chemical problems.

The Intersection Theorem and the Correlation Method 
each provide for the handling of symmetry data involving a 
system and its subsystems. The Intersection Theorem makes 
a statement about the overall minimum symmetry of a compos­
ite system, while the Correlation Method translates symmetry 
information about the component parts of the system into 
the framework of the complete molecule or crystal. In both 
cases, the necessary information or resulting symmetry data 
can be obtained by other methods, but comparisons will show 
that standard methods are more time-consuming and less 
satisfying conceptually for composite systems.

1 -The Intersection Theorem was stated by J.A.McMillan 
a limited form applying to a crystal in a tensor field»

*

1. J .A. McMillan, Amer. J. Phys. 37, no. 8 , p. 793



An experiment in which a. crystal of 
symmetry point group G is in a uniform 
tensor field of symmetry point group 
G' has the symmetry of the inter­
section of G and G', i.e.,

G" = G 0 G ’
The application of the theorem was further limited to 

the treatment of equilibrium properties of crystals as an 
alternate method of determining the form of invariant ten­
sors under the symmetry operations of the crystallographic
point group. This involves a large class of applications

2whose results are well known.
Attempts to completely generalize the theorem as a 

method of determining the symmetry of an arbitrary compos­
ite system when the symmetry and orientation of the com­
ponent parts are known led to difficulties immediatelyj 
the symmetry of the whole may be greater than that of its 
parts. Development of a generalized proof, based on per­
turbation theory, showed that the intersection symmetry 
is the minimum symmetry for the composite system and clari­
fied the conditions under which greater symmetry will be 
found.

While applying the Intersection to the molecular 
orbitals and vibrations of composite systems, the Correlation 
Method-' was employed in finding the symmetry classification 
of normal modes and orbitals. The method involves considering

2. J.F. Nye, Physical Properties of Crystals
3. W.G. Fateley, et. al., Infrared and.. Raman.,.Sn.Ien.ti-on.-Rule-s. 

f o r  M o l e m i l P f l  a n d . . . I f l t t i  p p  V i  hr* a-hi rm.cn T ha. f l n r r p l  a t i n n
Method*



the site symmetry of individual atoms, choosing a basis set 
of atomic orbitals or vectors, and correlating the resultin 
representation in the site symmetry to the overall symmetry 
of the molecule or crystal by means of correlation tables 
for the point groups and their subgroups. Since the approp 
riate representation in the site group for translation 
vectors or for s, p, and d orbitals is available by inspec­
tion in the character tables, and the appropriate correla­
tions are already determined and collected in the correla­
tion tables, the time-consuming process of determining the 
symmetry classifications of a basis set by performing the 
operations of the group on the set and reducing the resul­
ting group representation is avoided.

Both the Intersection Theorem and the Correlation 
Method find application in the composition and decomposi­
tion of systems, focusing attention on the significance of 
the symmetry of the parts in relation to the whole, thus 
aiding in the understanding of symmetry properties.



II. THEOREM OF GROUP INTERSECTION 
Proof

J.A. McMillan stated the Theorem of Group Intersection
in terms of the symmetry of an experiment involving a crystal

Llin a tensor field ,
G" = Gfl G' (II.1)

where G is the symmetry of the crystal, G' of the tensor 
field, and G" of the composite experiment. We suggest a 
proof of this theorem based on perturbation theory which 
would extend its application to the symmetry of any two 
combined systems.

The Intersection Theorem may be rephrased as follows:
Let Physical systems A, A have point groups G(A),G(A) with 
elements 0(A), 0(A). The operations 0(A) act only on the 
coordinates of system A, while the operations 0(A) act only on 
those of A. Form a composite system AA in such fashion 
that the invariant points of G(A) and G(A) coincide, and 
the position of symmetry planes is specified. Now consider 
the groups G''(A) and G ’(A), isomorphic to G(A) and G(A) 
respectively, but acting on the composite system AA. If 
no symmetry operations exist which interchange the elements 
of A and A then the point group G(AA) of the composite 
system is the intersection group of G'(A) and G'(A):

G(AA) = G'(A)n G*(A) (II.2)

J.A. McMillan, op. cit.



Here we point out that the Intersection Theorem may be 
understood from the point of view of the perturbation 
theory of coupled systems. Suppose systems A, A to have 
Hamiltonians H(A), H(A) invariant under point groups G(A), 
G(A) respectively. Form a composite system AA so that the 
invariant points of G(A) and G(A) coincide. At first con­
sider A and A to be dynamically independent with separable 
Hamiltoniansi

H(AA) = H(A) + H(A) (II.3)
As long as the systems are uncoupled, a direct product may
be formed. A group G is said to be the direct product of

£
its subgroups G(l), G(2),...G(n) ifi

(1 ) the elements of the different subgroups commute
(2) every element g of G is expressible in one 
and only one way as g = g(l)g(2 )g(3 )... g(n), 
where g(l) is in G(l), etc.

Symbolicallyj G = G(l) X G(2) X *•* X G(n) (II.4)
From requirements (1) and (2) it follows that the subgroups
have only the identity in common. Since G(A) and G(A)
affect different coordinate systems, it follows that they 
have only the identity in common and the operations of G(A) 
commute with those of G(A). H(AA) is then invariant under

7the direct product groupi(
G(AA) uncoupled = G(A) X G(A) (II.5)

5, H. vVeyl, The Theory of Groups and Quantum Mechanics.p.93.
6 , M. Hall, The Theory of Groups, p.32
7 , H. Weyl, op. cit.



where the operations of G(AA) consist of all possible 
ordered pairs {o(A),0(A)}. This corresponds to an alter-

Q
nate definition of the direct product?

Given two subgroups A and 3, we may 
form the set of ordered pairs (a,b); 
aeA, b e  3. These ordered pairs will 
be the elements of a new group, the 
direct product group A X B if we de­
fine our product by the rule 

(a1 ,b1 ) (a9 ,b?) = (a.a^b.bp)
Note isomorphisms? a ^ (a, E)

b > (b, E)
where the sets (a,E) and (b,S) are 
subgroups of the direct product. If 
we identify A and B with these sub­
groups, we can say G = A X B,

Now couple the systems together with a pertur­
bation V, which is a function of the distance between 
points in the two systems?

H(AA) * H(A) + H(A) + V (II.6 )
The effect of the perturbation is to reduce the symmetry 
of the system to that of a subgroup of the direct product
group. Not every element R(A),S(A) of the direct product
group will leave the intersystem distances (and there­
fore V) unchanged, but only those elements -(R(A),R(A)} 
which subject' both elements to the same geometric oper­
ation. But this particular set of elements (r (A),R(A)} 
forms a subgroup of the direct product which is isomor­
phic to the intersection group G'(A)f] G'(A), as was to 
have been proven. All elements of the intersection group 
must be elements of the composite symmetry group?

G(AA) 2  G'(A)f) G ’ (A) (II.7)

8 . E.P. Wigner, Group Theory, p.171,



However, additional symmetry elements may exist which 
also preserve the intersystem distances in the case of 
two systems of like composition. Then a set of operations 
rotating, reflecting or inverting system A into system A, 
called the interchange complex, I, increases the symmetry 
of the composite group. Any element of the composite 
group is either an element of the interchange complex 
or of the intersection group; since an element of the 
composite group either interchanges the two systems or 
does not. If it does, it is by definition a member of 
the interchange complex. If it does not, it can be re­
garded as acting on each of the systems separately, so
taht it is a member of each original group, and hence of
the intersection group.

The additional symmetry elements in the interchange 
complex are of two general categories«

1. Improper axes of rotation
a. horizontal mirror plane (=S^)
b. inversion point (=S2)
:c. S2n axis may be generated if Cn e  (G'(A)flG'(A))

2 . Proper axes of rotation not colinear with z
a. set of n perpendicular C 2 axes may be

generated if C.n<£ (G' (A) P| G' (A))
b. perpendicular axes of higher order and 

mirror planes containing them
c. non-perpendicular axis

2b. and 2c. can occur only at one specific separation
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along the z axis, but are of particular interest since 
examples include transition states and systems that have 
non-identical molecules as components.

Figure I - Examples of Interchange Complexes
A

1 .

2 .

\
- - - .4 -  - -

if

<y

3.

. .0,V

o

G(AA) '(A) G ’(A)

D2h C2Q C 2v '2v

2d C2’P C2v " C2v

DH-h C*2̂ °*2v = C2v

}3h CSv = C2v

C2 (x),C2 (y),i, 
c(xy)

S ^ , S ^ , 2C'

GIj.*G »C2»C2 ’ 

2.0 ,

2C2 ,2av

©* In examples 3 and the invariant points of systems 
A and A do not coincide, as is required in the proof.
It will be shown below that the isolated symmetries may 
be reduced to the site symmetries in a common coordinate 
system. Bor example 3, G ’(A) = G ’(A) = Q»h , but in the 
common coordinate system G"(A) = G"(A) = C 2v* In



example k, G'(A) = ôcv > G '(A) = while in the
common coordinate system G"(A) = and G" (A) = C2v.
For these reduced groups, the invariant points do 
coincide and the theorem applies.

Common Coordinate System

The Theorem of Group Intersection may be extended 
to situations in which the invariant points of the two 
systems do not coincide by redefining the symmetry of 
each system in terms of a common coordinate system.
System A has symmetry G(A) with an implicit coordinate 
system C(A), while G(A) and C(A) are similarly defined 
for system A. Connect the origins of C(A) and C(A) to 
establish a composite coordinate system, C(AA), with its 
origin at the center of mass of the composite system. The 
center of mass must be on the line connecting the origins 
since the center of mass of each system is at its indiv­
idual origin. Treating the systems as point masses and 
connecting them allows us to treat the center of mass 
of the composite system by determining the point on the 
line which equalizes the two moment arms. This point 
is the center of mass of the composite system and the 
origin of the common coordinate system. Any other axis 
not symmetry determined (occurring in both systems) 
may be chosen arbitrarily.

As an example, consider the two systems, each with 
isolated symmetry For the composite system to
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have symmetry the intersection symmetry,
the systems must have their coordinate systems super­
imposed: C(AA) = C(A) = C(A), or the intersection 
theorem as stated is not applicable. Defining C(AA) 
allows us to treat arbitrary orientations.

Figure II - Common Coordinate System
'X(AA)/ x (A )

z(A)=z(AA) z (A)

x(A)

Consider the situation when z(A) is perpendicular 
to z(A) at the origin of C(A). The line connecting the 
origins establishes z(AA) (=z(A)) and y(AA) is chosen 
to be parallel to z(A), determining the position of x(AA). 
Now determine the symmetry of each system with respect 
to C (AA) - G” (A) and G"(A).

(1) If the system has a Cn axis, it will be 
a symmetry element in G" if and only if the 
C axis is colinear with z(AA).
(2) A mirror plane in G(A) or G(A) will be 
retained if and only if it contains z(AA).
(3) The resultant point group can contain
no inversion point or other axis unlessn
C(AA) = C(A) = C(A). In this case the C(AA) 
symmetry is clearly the full symmetry of the 
isolated system.



For the example shown above*
isolated symmetry G(A) = G(A) =
C(AA) symmetry elements E,C2 (z),d(xz)

cr(yz)
G (AA) symmetry group G"(A) = G ^  G" (A) = G2v

Since the isolated points of G"(A) and G"(A) 
coincide by construction, the Intersection Theorem now 
applies and, in the absence of Interchange operations*

G(AA) = G"(A)D G"(A) (II.8 )
For the case under consideration*

q(aa) = c«vn c 2v
G(AA) = C2v

It will be seen later in the development of the 
Correlation Method^ that‘the determination of G"(A) and 
G"(A) in the common coordinate system is equivalent to 
finding the site symmetry of A and A at the origin of 
C(AA).

9. See below, p. 26



Tensor Properties of crystals

The Theorem of Group Intersection is directly
applicable to crystal properties relating an independent

10variable tensor and a dependent quantity tensors
D = P I (II.9)A# ^

It allows us to determine the symmetry of the property 
tensor and the dependent variable tensor and thus 
gives the form of those tensors by indicating the 
maximum number of independent variables allowed by 
symmetry.

The proof indicates that the symmetry governing
the Hamiltonian of a composite system, G(AA), equals
the intersection group G'(A)flG'(A) for a crystal and
a field, since ther* are no interchange operations. A
connection can be made between the composite symmetry
and the symmetry of tensors of crystal properties. The
dependent variable JQ, is a tensor representing a meas-
ureable property for a system consisting of a crystal in
a field. Like any other observable, its expectation
value can be represented for a particular state of the
system in terms of an operator and the wave function 

11of the statej
B(i) = <  ^(AAi)/ D /f*(AAi) > (11.10)

10. J.A. McMillan, op. cit,, p.793.
11. P. Stehle, Quantum Mechanics, p.25^.



or, for a statistical ensemble with v/eighting factors c^?
D =  I  c.< ^ ( M i )  / 'D /f*(AAi)> (11.12)

For a non-degenerate state, j(AA±) belongs to a 
one-dimensional representation of the group of the 
Hamiltonian, so that * spans the totally symmetric
representation of G(AA). If D(i) is to be non-zero, the

Asymmetry group of D must also span the totally symmetric 
representation of G(AA). Therefore G(AA) C.G(J2,) and G(AA) 
determines the minimum symmetry of G(D); the intersec­
tion of crystal and field symmetry is included in the 
symmetry of the dependent variable.

The ranks of the independent variable and the
dependent quantity tensors determine the rank of the

1 ?property tensor? ~
rankQ?) = rank(JD) + rank (I,) (11.13)

and the symmetry of the property tensor and of the 
independent variable tensor determine the minimum 
symmetry of the dependent quantity tensor, since any 
element common to both must be a symmetry element in 
their product-.:

G(D) = G(P)f)G(I) (II.14-)/ V  / V

13The Intersection Theorem, as stated by McMillan, predicts
the symmetry, G(P>), of the property tensor?

G(P) = G( crystal ) D G  (field) (11.15)rv
Some of the thermalr electrical and mechanical 

properties of crystals governed by this equation are

12. J.A. McMillan, op. cit., p.793.
13, J.A. McMillan, ibid.
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Fig. H A .  Crystal Properties

- t

e

Electrical

T hrrw© elastic effedsfc]

\ V
\ \  

~'V

The relationships between the thermal, electrical and 
mechanical properties of a crystal, showing the names 
of the properties and the variables, and the corresponding 
symbols. The tensor rani of the variables is shown in 
round brackets and the tensor rank of the properties in.- 
square brackets, ̂ a '

diagramatically expressed in figure IIA, Several of these 
properties will be discussed in more detail later.

(11,15) together with a knowledge of additional 
symmetry elements required mathematically for a partic­
ular property tensor, allows us to write the general 
form for the property tensor of a given symmetry

13a. J.F. Nye, op. eft.

P
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in a particular orientation in a field of known symmetry. .
For all tensors of rank 1 (vectors) and polar

tensors of rank 2 , the information necessary is immed-
1lately accessible in the character tables. ’ To be non­

zero, a component must transform as the totally symmetric 
representation of the Intersection Group. For polar 
vectors, we consider the representations of x, y, and z, 
and for axial vectors those of Rx , R , and R z « An

1 *5example for a polar vector is developed by McMillan .
The magnetic polarization, an axial vector, can be treated 
similarly by listing the point groups which are inter­
sections of one of the thirty-two crystallographic 
point groups and the symmetry of the magnetic field, C°°h'
The transformation of R , R , and R is then consideredx y z
in each appropriate group to give the form of (P ,P ,P ).x y z

Figure III. Form of the magnetic property tensor
Point groups Rx Ry R z

ci PX py Pz
Cg (1st) 0 0 Pz

(2nd) 0 py 0

°2’ C3 * GV  C6 0 0 Pz
C2h ’ C3h ’ C6h ’
V  S6

For all point groups which are not subgroups of no 
rotation, and thus no axial component, transforms as 
the totally symmetric representation.
1^. see Anpendix B.15. J.A. McMillan, op. cit., p.79^.
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For rank 2 polar tensors corresponding results are 
obtained by considering the tensor in dyadic formi

Tllklkl T12klk2 T13klk3

T21k2kl T 22k2k2 'T23k2k3

T31k3kl T32k3k2 To-k-k- 33 .3 3
Where k^ corresponds to x, k2 to y, and k^ to z.

For the rank 2 property.tensors in electric polar­
ization, the character tables are used by observing the 
transformation of pairs of unit vectors.

Figure IV. Form of the electric polarization property 
tensor.

Point group XX yy zz xy xz yz
T11 T22 T33 t 12 T13 T23

Gs (lst) T11 T22 T33 t 12 0 0
(2nd) TU T22 T33 0 T13 0

C 2 (lst) TU T22 T33 T12 0 0
(2nd) T11 T22 T33 0 T13 0

C2v T11 T22 T33 0 0 0

C3 » C6 *
G3 v ’CJW’C6v TU T11 T33 0 0 0

Most second-rank property tensors are symmetrical
(T. • = T..), so these coefficients define the tensor.■*" J J ■**

If we were considering a crystal in a second rank 
tensor field (0(3), D h , °"ther intersection groups
would also be possible. Since all point grouos axe
subgroups of 0 (3 ), the rest of the 32 crystal point
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groups could also occur as, intersection symmetries, 

Fiffure V. Form of second rank tensors.
Point group XX yy zz xy xz y*

ci T11 T22 T33 T1 „ T13 T23
C2h (lst) T11 T22 T33 T12 0 0
C2h(2nd) T11 T22 T33 0 T13 0

D2 ,D2h T11 T22 • T33 0 0 0

G3h ,G^h,G6h ’ 
D3 >DI{.»D6 ,D2d' 
D3h ,EW D6h ’ 
D3d,G3i,S^ TU TU T33 0 0 0

°h,0 ,Td ’Th ,T T T T 0 0 0

These results can also be obtained by taking the
direct product of the representations of k^ and k.,
realizing that the product will contain the totally
symmetric representation only if k. and k. belong to theJ
same representation (the diagonals k.k. obviously always

1. J

do). If the pair (x,y) spans an E representation 
(doubly degenerate), then xx+yy transforms as the 
totally symmetric representation and T ^  = T22. In the 
cubic groups, (x,y,z) spans a T (triply degenerate) 
representation, so thet xx+yy+zz spans the totally 
symmetric representation and , T22 and T ^  are the 
same by symmetry.

This second method employing direct products of 
unit vectors is more general and can be applied to the



symmetry of a tensor of any rank whose unit vectors are 
either axial or polar. We can predict the symmetry of 
the tensor in a particular point group by determining 
for every combination of unit vectors whether the 
representation of k.k^...k is totally symmetric.4. J II

Double Groups
For both magnetic and electric polarization a 

consideration of the point groups alone of the crystal 
and field predicts the form of the property tensor and 
polarization vectors. For electric polarization, the 
point group determines whether there can be spontaneous 
polarization - in the ahsence of an imposed field the 
property tensor, and hence the Intersection Group, must

16contain the symmetry of the crystal (Neumann's Principle ) 
so that spontaneous polarization and the concommitant 
pyroelectricity can be observed only when the inter­
section symmetry is equal to the crystal symmetry,

17Magnetic polarization is stated by McMillan ' to occur 
spontaneously-, in all thirty-two crystallographic point 
groups since it does not involve molecular rearrangement.

A more complete representation of the symmetry 
can be obtained by using double, or bi-color, groups.
By introducing a time reversal operator, R^, in a magnetic 
field, a new symmetry operator is defined, as
detailed in McMillan's paper.1® Similarly. Rc ’i»

16. J.F. Nye, Physical Properties of Crystals, p.l^.
17. J .A . McMillan, op. cit., p.794.
18. ibid.



determined by a charge conjugation operator, is a sym­
metry operation for an electric field. We can define 
the full symmetry bi-color groups:

G,,(G) = G + Rt ’av -G (11.^7)
and G„(G) = C- + R *i*G (II.18)J-! C

For the fields themselves we have:
Magnetici D„h (cy) = C„.h + R g  ffv ,C,^ (II. 19)
Electric 1 + R g i ' C y  (II.20;

Similar double groups can be defined for each point 
group.

Figure VI. The full magnetic and electric groups for 
C2v and C2h crystal point group symmetry, and their 
intersections with the full magnetic and electric field 
symmetry.

C2v E C2 ( z )  cr(xz) cr(yz)

Rt f f ( x z ) - C 2v Rt cr( x z ) 

C2v^°2v'
Rt <r(yz) Rt  

= C2v + C2v
Rt C2 ( z )

V C2v V
: D2h(C2V>

y U y )  Rc, 0 2 ( y )  

■ C2v + V C2v
RcC2(x)

°2h E C2 ( z )  i o ( x y )

R^(T(xz > - ° 2 h  R t o-(xz)  Rt cr(yz) R ^ C ^ y )  Rt C2 ( x )

D2h^C2ĥ  = C2h + Rta x̂z^’C2h
V * C2h V  RCCT(xy) Rc RcC2<z>

° 2 h « W  " C2h + V C2h



Magnetic Field Intersection

C 2v^C2v^ G 2v ^G 2 ̂

Electric Field Intersection

In both the electric an# magnetic groups the tensor 
symmetry is given by the point group portion of the 
intersection symmetry. C2y crystals will show spontaneous 
polarization while C2^ crystals will not, since a descent 
of symmetry to C2 would be required by the Intersection 
Theorem in the latter case. Both C2v and C2h crystals 
may exhibit magnetic polarization since the crystal 
itself does not have to distort to lower the symmetry 
(in the case of a C2v crystal, to C2 ), since it can be
lowered by spin alignment. The Intersection Theorem, 
then, predicts the total symmetry of the coupled system, 
but does not predict in what way the system must distort, 
or whether it can distort, to attain this symmetry. For 
those cases where molecular rearrangement would be 
required, the Intersection Theorem imposes a condition 
for spontaneity.



Applications
1. Pyroelectricity1-̂  AP^ = (11.21)

Here we have a first rank tensor relating a scalar 
and a vector for a crystal of symmetry C- with a spon- 
taneous electric field of symmetry The Intersection
Theorem predicts the symmetry of p^ to be at least 
G(crystal)0 and the spontaneity condition requires 
that G(p^) contain the full symmetry of the crystal, so 
that G(crystal) is limited to those crystal point 
groups which are subOgroups of C ^ .  From McMillan's

4-u 20paper these are :

Figure VII. Point groups exhibiting pyroelectricity, 
and the form of the polar vectors 

Point group

c i
Cg(lSt)

(2nd)

C2 (lst)
(2nd)

^*^6'

and C6v
To show pyroelectricity, a crystal must correspond to 
one of these ten point groups, and both p^ and P^ 
would have the form predicted above.

X . y . _ z
p p PX y z
p p PX y z
Px 0 pz
0 0 pz
0 py 0

0 0 Pz

19. J.F. Nye, op, cit.
20. J .A .McMillan, Op. cit., p.79^.
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From equation (II.1*0 i G(D) = G(?)A G(I)
G( Pt) = G(Pi)0 G( T)
G( Pi) 2  (G(crystal)n G(field)) 00(3) 
C- ( ?.)2G( crys tal) 0  Q*v

2. Direct Piezoelectric Effect2*
(11.22)

since, in the absence of body torques,
Pi = dijkffjk

(dijk " dikj 
ajk = akj‘}
If a stress is applied to certain crystals they 

develop an electric moment whose magnitude is propor­
tional to the applied stress. When a general stress a.. 
acts on a piezoelectric crystal, the polarization P^ 
is linearly related to all the components of cr... The 
d. are the piezoelectric moduli.1J K

Since the stress tensor cr^ is symmetric, it is 
diagonalizable t

jk

The expression above gives the most general form of the 
stress tensor; even though it is of second rank, it is 
defined by at most three variables.

all 0
° 1

0 °22 0
0 0 *33 (II. 23)

Figure VIII. Stress Symmetries. 
1 . uniaxial stress -

f <r 0 0 \

0 0 0
0 0 0

I
21. J.F. Nye, op. cit. p.110,

/

2. biaxial stress - D2h
0 0

0 d2 0
0 0 0
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3. triaxial stress - D2h
°i 0 0
0 *2 0
0 0 O'.

5. pure sheer stress - D2h
1 -Cr 0 0

0 <T 0

I o 0 0

*4-. Hydrostatic pressure - 0(3)
\-p 0 0

0 -p 0

0 0 -p

The stress tensor, in common with the strain tensor, 
can have any orientation within a crystal, and it can 
exist just as well in isotropic bodies like glass as in 
anisotropic crystals. In this respect it is like an 
imposed electric field, which can, of course, have an 
arbitrary direction in a crystal. Such tensors are called 
field tensors,

A property tensor of rank three has twenty-seven 
terms, but symmetry arguments reduce this to eighteen 
( d ^ k = An additional constraint, beyond that
imposed by the Intersection Theorem, is that a third- 
rank tensor cannot be written for a point group that 
includes inversion, since the character under the i 
operation is -1 , so the representation cannot transform 
as the totally symmetric representation. This is also 
true of a first-rank tensor, or of any tensor of odd 
rank. This problem did not arise in considering the 
symmetries allowed to first rank tensors, since only
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symmetries corresponding to sub-groups of Qwv were given, 
which could not, therefore, contain i.

This gives us another selection rule for spontaneous 
phenomena. The maximum symmetry for a polar vector is 
CotfV , whether the vector is describing a crystal in a 
Cooy field or not. Correspondingly, a property tensor of 
rank three cannot have a center of symmetry, since in 
centrosymmetric groups no third order term transforms as 
the totally symmetric representation. Thus a centro­
symmetric crystal in a centrosymmetric rank two tensor 
field will have an identically zero rank three property 
tensor, and any physical property described by such a 
property tensor would not occur spontaneously.

For the non-centrosymmetric crystallographic point 
groups the non-zero components of the property tensor 
can be obtained from the character tables as follows,

1 , x=l y=2 z=3

2 , In the first subscript, i, corresponds to
the single terms in the character tables, while 
jk corresponds to the second-order terms.

3, Take the product of first-order terms with
second-order terms only when they correspond 
to the same representation, so that their 
product will correspond to the totally symmetric 
representation.

4, A product of terms corresponding to a degenerate
representation has third order terms spanning



the totally symmetric representation as indicated 
in the following examples.

Figure IX. Products of terms spanning degenerate repre­
sentations and resulting relationships between terms in 
third rank tensors.

2 (x,y) * (yz,xz)
A (x'yz,- y'xz),(y*yz + x ’xz)

d123 = “d213 d223 = d113

E (x,y) * (xx-yy,xy)
A (x 'xx - x ‘yy - 2y*xy),(y‘xx - y'yy + 2x'xy)

dlll = _d122 = “2d1 1 2 ; d211 = ~d222 = 2d112

Products involving non-degenerate representations 
give only information about whether the value of d. 
is zero or non-zero, while products involving degenerate 
representations give information about relationships 
between different components of d. .
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III. The Correlation Method

0 0 0 O, 2  £>The Correlation Method used by Fateley"- and others 
to determine molecular and lattice vibrations and infra­
red and Raman selection rules, applies the principles 
of the correlation theorem in group theory according

0*7 O Rto the rules provided by Halford and Hornig. *

Using benzene as an example, a step-by-step process is
followed to determine the number, symmetry, and spectral

29activity of the normal vibrations of the molecule. 7

1. The molecular symmetry must be known or deter­
mined.
2. The site symmetry for all equivalent sets of 
atoms (a set of atoms that can be transferred into 
one another by the symmetry operations present in 
the molecule) must be known or determined. The 
elements of symmetry of the molecular point group 
contained in or passing through the atom in ques­
tion form a complete set of operations belonging
to a specific point group - the site symmetry -
which is. clearly a subgroup of the molecular

22. W.G. Fateley, et. al., Infrared and Raman Selection
Rules for Molecules and Lattice Vibrations, p.120.

23. E. R.ytter, Chem. Phys. 5^. t>.3293 (1976)
2 k, J. Choisnet, J. Sol. St. Chem. 26, p . 83 (1978)
25. W.G. Harter, Rev. M. Phvs. 50, p.37 (1978)
26. J.C. Decius, J. Chem. Fhys. 6 8 , p . 1715 (1978)
27. D.F. Hornig, J. Chem. Phys. 16, p . 1063 (194-8)
28. R.S, Halford, J. Chem. Phys. 17, p . 607 (19^9)
29. W.G. Fateley, op. cit.
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point group.
3. The symmetry representation of the translation
vectors is determined for each site group from
the character tables. The transformation of these
representations in the point group of the molecule

10is determined from the correlation tables. Only
one representative atom of each equivalent set need
be considered. The number of atoms in the set (Z)
is inherent in the site symmetry* to have G2v site
symmetry in a molecule of symmetry, an atom
must occupy one of six equivalent sites. A single
translation vector in C2v will then correlate to a
set of representations in whose dimensions add
up to six, insuring the appropriate total number
of molecular motions in the system.

The irreducible representations for the molecule
(P^ol) obtained include both the genuine normal
vibrations (P mo^ V1^) and the pure rotations and
translations of the molecule. These non-genuine
motions pan easily be removed by subtraction of the
representations for rotations (R ,R ,R ) andx y z
translations (T ,T ,T ) obtained from the characterx y z
tables for the overall molecular symmetry,

pmol vib _ p m o l  _ ptrans _ p r o t  ( I I I  1

5. Identification of the spectral activity of each 
species of the molecular point group.

30. See Appendix G



Benzene Symmetry
1. The z axis is perpendicular to the molecule's 

plane (cr̂ ) and passes through the inversion point (i) 
found in the center of the hexagon. The z axis contains

shown in the figure below.

Figure X. Molecular and site symmetries of benzene. The

2. The isolated portion at the right of figuee X 
considers only one hydrogen atom. It illustrates the 
presence of only those symmetry elements E, C2 ', <Tv (yz), 
and o-v (xy). Thus, the site symmetry of the hydrogen
is C2 V  The carbon atoms are similarly situated, with 
the same elements of symmetry passing through them, so 
the site symmetry of the carbon atoms is the same (C^y)*

3. From the C2y character tables, Tz transforms as 
the totally symmetric representation (A.), T transformsX <*>

as , and Ty as B2 . Correlating the representations in 
C2v to Dgh (the C2 ' axis is retained in C2y)i

31. W.G. Fateley, op. cit. p.67.

the elements of symmetry Cg, C^, C2 , S^, and not

0 " Symmetry ele­
ments: cr (yz) 
ai(xy),C ',E

molecular point group is
\ y l C-;"
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P H = AIg + A 2g + B2g +. Elg + 2E2g + A 2u + Blu 
+ 2Elu + E 2u (III.2)

Figure XI. The correlation between site and molecular 
symmetry species for the hydrogen atom in benzene.'32

site symmetry- 
■ C2v

molecular symmetry
D6h

pH = r C_
The site symmetry and Z value (= 6) of carbon

are exactly the same as hydrogen; therefore, 
pmol _ pH + pC
pmol vib _ pmol _ prot _ ptrans 
prot

= A 2g + E lg

rtranS " A2u * Slu
pmol vib _= 2Alg(R) + A2g(0) + 232g(0) + Elg(R)

+ if'E2g(R) + A2u (IR) + 2Blu(IR) + 2B2u (0)
+ 3Elu(XR) + 2E2u (0) (III.3)

32. W.G. Fateley, op. cit. p. 68.



5. (IR) indicates infra-red activity, (R) is Raman 
active and (0) shows no spectral activity. This method 
predicts four infra-red fundamentals, seven Raman 
fundamentals, and no coincidences, as would be predicted 
for a centrosymmetric molecule.

Applications involving normal mode vibrations 
1. Ring distortions of cyclobutadiene

The correlation method is used to determine a set 
of distortions for a hypothetical square-planar cyclo- 
cutadiene ring. These are not necessarily vibrations 
of the ring, since the geometry considered is not 
necessarily a minimum in the potential curve for all 
possible distortions. Since any possible distortion 
of the molecule from a given base geometry can be expressed 
in terms of a weighted sum of the normal modes, the 
set forms a useful coordinate system for discussing 
possible stable geometries of the molecule.

For cyclobutadiene, the correlation method is 
applied in finding'the normal modes of the square- 
planar geometry, and the symmetries of the six ring 
vibrations are considered as alternate geometries. The 
vibrations of the distorted cyclobutadienes can be 
determined directly from the correlation table for 
D ^ ,  rather than by repeating the correlation method 
determination for each distorted geometry.
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Figure XII. The correlation between site and molecular
symmetry for the carbon atoms of G3D (Z =^)

correlation
site symmetry ----------------^ molecular symmetry

C,2v D^h
(Tz

(T --Bx

lu
‘2u
lu
2u

(Ty

Molecular symmetry f>h,h » i»2Sij>,2a’v ,2a'd
x

\ j /\
\ \/
/ s.1

/ 1 \
1y 1 V

K2 ,crv

—2-^d

Site symmetry C2v(C’), E,C7 ,o;r(xz) ,o;,(yz)2 ,wv'

r^ .
\°2,crv

0° = Alg+A2g+Blg+B2g+V A2u+B2u+Eu (ill.4)

Corrected for rotations and translations, these 
will give the distortions of the ring. If we wish the 
vibrations of a square-planar molecule, we must also
include the hydrogen atoms. Since the site symmetry is



the same, and

r”01 - 2Alg+2A2g+ 23lg+2B2g+2V 2B2u+itEu
r'rot = Ap +E2g g
ntrans - A +17
1 2u u
pmol vib = 2Alg(R) + A2g(0) + 23lg(R) + 2B2ff(R)

+ E (R) + A2u (IR) + 2B2u (0) + 3EU (IR)
Ring distortions! + B2g + B2u + Eu (III.5)

Each ring distortion gives rise to a distorted 
geometry. To find the appropriate geometry, consider 
the highest symmetry in the correlation table for 
in which the totally symmetric representation corresponds 
to the irreducible representation of the distortion.
Thus, the distortion of symmetry belongs to the 
point group itself, while the B^g distortion corresponds 
to a representation of D2h^2^' symmei::ry a 
diamond (rhombus), which is the distortion of a square 
that retains the C2 axes (those containing the atoms).
For one-dimensional representations, this symmetry infor­
mation can also be obtained from the character tables by 
noting those operations in the character table 
that are equal to 1 in the B^g representation, or the 
representation of interest. The group formed by these 
operations is the symmetry point group of the distorted 
ring, and this method is clearly equivalent to the former. 
For the other one-dimensional representations both 
methods agree in assigning symmetry point groups to the 
distortions, but for the two-dimensional representation 
the character tables list only the trace of the represen­
tation, restricting us to the first method. Since Eu
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-------------------V

rectangle

kite(x)

trapezoid

£

Normal vibrations of D 
Figure XIII.

u
(cp

E.u
(0 5 )

diamond

puckered ring

down

dowro

kite(y)

trapezoid



3^.

correlates to A^+B^ in C2v with either the or the C£
axis retained in the distortion, there appear at first
to be two sets of degenerate E distortions. V/ith theu
Ci, axis retained, a set of degenerate kite-shaped 
distortions is formed, with either x or y in becoming
the major axis in C^v’ If y is chosen as the new z axis, 
the kite shape with y as its major axis corresponds to 
the representation in C2v* while the kite symmetric 
about the former x axis corresponds to B^. Choosing 
to retain the two C2 axes results in two trapezoids, 
again corresponding to and B^ in C2y. However, if 
the sum of the two degenerate kite-shaped distortions is 
taken geometrically, it results in the trapezoidal 
symmetry with one of the C£ axes retained, while the 
difference of the kites gives the other trapezoid. 
Similarly, the sum and difference of the two trapezoidal 
distortions yields the kites, showing that only one 
independent Eu distortion exists for the ring.

The normal modes and their predicted spectral 
activity can -be found for each of the distortions by 
applying the correlation method as before, or simply 
by correlation of the vibrations in D^h into the lower 
symmetry and finding the spectral activity from the 
character tables. Both approaches are illustrated for 
the diamond-shaped distortion resulting from the B^g 
normal mode of square-planar cyclobutadiene (GBD), and 
the results for the other distorted rings are obtained 
by the second method.
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The B^ distortion of the ring gives rise to D2h 
symmetry with both C2 axes retained, along with the C2 
operation colinear with the z axis, so the axis iden­
tification remains the same as in the original square. 
Carbon atoms 1 and 3 occupy equivalent sites of site 
symmetry C2v with the x axis retained as C2 . Carbons 
2 and k are also on equivalent sites with site symmetry 
C2v(C2(y)).

Figure XIV, The correlation between site and molecular 
symmetry for the carbon atoms of rhomboid CBD

site sym. 
°2V C2(x)

mol. sym.
D2h "2

-------1 site sym.
c9(y) c2v

lu
2u

pC _ pH 2Ag+2Blg+ 32g+B3g*2Blu+2B2u+2B
pm ol _ pC + pH _ ^  +1JB +2B +2B + « .  +IB-g lg 2g 3g lu 2u
P r0t = B<_+B0_+B,

3u

P tra n s
lg 2g 3g

= B. +B0 +B~ lu 2u 3u
(III.6)
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Figure XV. Correlations between and ring distortion 
geometries.

diamond square rectangle

D2h<CP 4  D !»l f °2h<C2>

square

lu
2u'
lu

lu
2u

puckered ring 

D2d‘C2>

Is

lu
2u
lu



Kite
Oav(CJ)

square

D^h

. trapezoid 

C2v‘C2>

Figure XVI, Molecular vibrations in distorted geometries 
r S ^ ( C ' ) ’ ^ g (R)+ 3Blg(R)+B2g(R)+B3g(R)+3Blu(IR)

+3B2u (IR)+333u (IR)

r S ° J ( ^ r  ^ g (R)+3Blg( R ) « 2g(R)+B3g(R)+2Au (0)
+B1u (IR)+3B2u (IR)+333u (IR)

P 2 ° ^ ( C ”r  ^A1(R)+A2(0)+2B1(R)+332 (IR1R)+i»-E(IR>R)

r C g 1(C * )* ?Ai<IR *R )+A2(R)+6B1(IR,R )+^B2(IR,R)

r g f ( S ^  7A1 (IR,R)+3A2(R)+6B1(IR,R)+2B2(IRiR)
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IR active Raman active

DiJ-h square planar k 7
D a (0 p diamond 9 9

D2h (C2 > rectangle 7 9

C2d<°2 > puckered ring 7 13
c2v(cp kite 17 18
c2v (cj) trapezoid 15 18

Molecule in a Ligand Field
The Intersection Theorem does not apply only to 

crystal properties represented as tensors, but also to 
any composite system, such as an ion in a crystal field. 
While the Intersection Theorem applies to any ion in 
a crystal, it gives us no additional information about 
the problem when the symmetry of the free ion is 0 (3 ). 
since the intersection symmetry is merely the crystal 
field symmetry. For an ion which is not monoatomic, 
the Intersection Theorem is useful in determining the 
appropriate symmetry.

Consider an ion of symmetry G(I) in a crystal field 
of symmetry G(CF), For example, take the ammonium ion 
(T^) in a square planar crystal(D^h ). If the major 
axes are paralleli

G = G(I)0G(CF) (III.7)
D2d = Td A  (III.8 )

We would then expect that the vibrations of the ion
would be governed by D2d rather than T^.
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The Correlation Method is used to determine the 
vibrations of the isolated ammonium ion. The vibrations 
in all possible intersection symmetries (subgroups of Td ) 
are then obtained from the correlation tables, along 
with the symmetries of crystal fields of higher symmetry 
that would give rise to those intersections. Clearly, 
the crystal field must have at least the intersection 
symmetry.

T- +Figure XVII. Correlation Method applied to NH^
site sym. mol. sym. site sym

N' '  Td  -  Hl s3v

■E(Tx ,Ty )

mol vib for subgroups of Td IR R

Td A 1 (R)+E(R)+2F2 (IR,R) 2 k

mX A(R)+E(R)+2F(IR,R) 2 k

D2d 2A1 (R)+B1 (R)+232(IR,R)+22(IR,R) k 1

°3v 3A(IR,R)+3S(IR,R) 6 6

2A(R)+33(R)+2E(IR,R) 2 7

D2 3A(R)+231 (IR,R)+232 (IR,R)+2B3 (IR,R)6 9

°2v ^A1 (IRiR)+A2(R)+231(IR,R)+232(IR,R)8 9

C3 3A(IR,R)+3H(IR,R) 6 6

°2 5A(IR,R)+^3(IR,R) 9 9
n

S 6A'(IR,R)+3A"(IR,R) 9 9
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Td Th = T D =• C 2h 2v
mXd Di* = D2d ( V ' V r = o 3h J3 (o3=c3 )
Txd D3h " =3v / n — n \

'.“3 r C2h = C2 ( s ^ c 2 )

Molecular orbitals
The form of the Correlation Method lends itself 

to determination of the symmetry of molecular orbitals 
composed of linear combinations of atomic orbitals. An 
atomic orbital or set of atomic orbitals is chosen on 
each atom, the site symmetries of the atoms are deter­
mined, and the representation of each orbital in the site 
symmetry is correlated with the molecular symmetry for 
each equivalent site.

As- an example, the cr and pi-bonding orbitals are 
determined for benzene.

Pi-bonding in benzene
1. A p orbital perpendicular to the ring is chosen 
on each carbon,
2. All s.ix carbons are equivalent and occupy Cp^C^) 
sites.
3. The p orbital perpendicular to the ring is of
3^ symmetry in C2v* since the x-axis is perpendicular 
to the plane of the molecule in Cg.̂ .
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Figure XVIII. Correlation Method applied to pi-bonding 
in benzene.

site symmetry ---------- } molecular symmetry
p p * n~2v "2 6h

2 &

2u
2u

+

ElgJ f2Pl + P2 " P3 " 2%  - P5 + P6 

L?! + 2p2 + P3 ■ H  - 2?5 - P6 
A 2u* Pi + P2 + P3 + -Pĵ  + P5 + P6

E2u‘f2pi - Pa - 53 + 2%  - P5 ' p6
(_-?! + 2p2 - P3 - Pl(. + 2p5 - Pg

The LCAO-MO’s are determined by applying the oper­
ations of the group D^h to a representative orbital and 
multiplying the result of each operation by its character 
in the appropriate representation. The process is self- 
correcting, since any representation not corresponding 
to an orbital’- gives a result of zero. A less time- 
consuming method for one-dimensional representations 
is to find in the correlation table for the group of 
the molecule the highest symmetry in which the
orbital representation correlates with the totally 
symmetric representation. The appropriate orbital can 
then be written by inspection. For example, Bg
correlates with A^ in By symmetry, then,
p^=p^=p^=-P2=-pJij(=-p^. The general form of multidimen-



sional representations can be determined in the same 
manner, but coefficients of non-equivalent positions must 
be found in the character tables.

Sigma-bonding in benzene
1 . The orbitals appropriate for sigma bonding are ls^ 
(hydrogen), lŝ ,, 2sc and two 2p orbitals in the plane 
of the molecule for the carbon atoms.
2. The six carbon atoms form an equivalent set of 
C'2v^C'2  ̂ s -̂"te symmetry, as do the six hydrogen atoms.
3. All s orbitals have symmetry in C2v* For the sake 
of convenience, a set of symmetry related p orbitals
is chosen rather than using the x and y directions of 
the benzene molecule. For each carbon there is one p 
orbital along the axis (positive direction outward) 
and another perpendicular to the axis, with the 
positive lobe in a clockwise direction from the carbon 
atom. The axial p orbital is then of A^ symmetry in 
the C2v site symmetry, since it lies along the major 
axis, and the perpendicular p orbital in the plane of 
the molecule is of 32 symmetry in C2v#

Figure XIX. Results of correlation for sigma bonding
in benzene. site sym. > Molecular symmetry

C2v C2 °6h
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Since the four orbitals behave the same under all 
the transformations of the LCAO-MO's for ls^, 1sq *
2sq, and 2p^(the p orbitals along the C£ axes) can be 
expressed in terms of the set a^ , a? , a^, a^, a^, a^ 
where an is any A^ orbital on carbon n or hydrogen n.

N g  al + a2 + a3 + H  + a5 + H

^ 2 8  5 2al - a 2 - a3 + 2alt - a5 ■ a 6

L -a^ + 2a2 - - a^ + 2a^ - ag

4Blu al • a 2 + a 3 a 5 :
4E1u C 2at + a2 - a3 - 2a^ - a5 + afi

(_ a^ + 2a2 + a.j - a^ - 2a^ - ag .

The p orbitals on the carbons perpendicular to the 
Cg 'axes form the other six orbitals*

A2g Pt + P2 + Pj + P4 + P5 + P6

E 2g y  25l - P2 * P3 + 2P^ ' p5 - P6<

C-Pl + 2P2 - P3 - Plj. + 2P3 - ?6 

Elu 1 2pl + P2 ' P3 - 2Plt - P5 + P6i
_p1 + 2p2 + p3 - p^ - 2p5 - p̂

B2u pl  * P2 + P3 * Pit * P5-  P6

There will, of course, be mixing of orbitals of 
the same symmetry, with the linear combinations having 
the lowest energy obtained from the appropriate secular 
equation. In this case, it is obvious that s orbitals 
on hydrogen and carbon and the in-plane p orbitals on 
carbon can all be involved in the same bond, resulting



2in sp hybridization on carbon.
The hybridization may be obtained more directly 

and with greater generality by considering the bonds 
of benzene rather than the atomic orbitals. The six 
C-C bonds each have C^v^iP symmetry and the six
G-H bonds have C2v (C£) site symmetry. Correlating the 

representation of each with D^h yields twelve orbitals

in D6h-

Figure XX. Correlations of sigma bonds in benzene.
site symmetry ------   ^ molecular symmetry

C 2v C2____________ ^6h___________

A1 -------------------> Alg+E2g+B2u+Elu

C 2V C 2 - .____°6h___________

A1------------------- > Alg+E2g+Blu+Elu
to find the contributing orbitals on carbon we

correlate the representations with C^v^Sp* s "̂te
symmetry of the carbons, and determine the orbitals
of appropriate symmetry in C2v.

site symmetry <----- molecular symmetry
C2v C2 D6h



From the C2v character table, the orbitals s, pz
(z = dx2 * dy2 » and dz 2 correspond to , while p
and d transform as B«. This shows not only the ex-yz

2pected sp hybridization, but also some possible con­
tribution from d orbitals of appropriate symmetry.

Symmetry representations for these orbitals in any 
subgroup of formed by substituting other atoms for 
hydrogen or otherwise reducing the symmetry of the benzene 
ring may be found by correlating the new symmetry with 
the representations. For example, 1,3t5 trichloro-
benzene has symmetry with the Cl, axes of benzene 
retained. The correlation tables yield the following 
pi-orbitals:

Figure XXI. Pi-bonding orbitals in 1 ,3,5 trichlorobenzene. 

D6h ^°3h
B2g A5
Elg E"
A A"2u 2
E 0 E"2u

Cyclobutadiene - molecular orbitals
The highest possible symmetry, is assumed for

the purposes of calculation. Changes in the orbitals 
caused by Jahn-Teller distortion or substitution are 
determined from the correlation tables by the method 
described for substituted benzenes.



The four carbon atoms in square-planar cyclobuta- 
diene occupy equivalent C ^ 2 ) sites, as do the four 
hydrogen atoms. The p-orbitals involved in pi-bonding 
are perpendicular to the plane of the molecule, and 
therefore colinear with the x-axes in C2v. ^i^ 3 corres 
ponds to a representation in C2v.

Figure XXII- pi-bonding in cyclobutadiene

Sigma bonding in cyclobutadiene involves 2s, and two 2p 
orbitals on carbon, and the Is orbital on the hydrogens. 
Carbon orbitals: 2s 2p& 2p^ Hydrogen orbitals Is

The orbitals p& and p^ are mutually orthogonal p-orbitals 
on each carbon atom in the plane of the molecule. The 
Pa orbitals are colinear with the C2 axes and the p^ 
orbitals are perpendicular, as in benzene.

C 2v Cl ^ D4h
+ A

pi-bonding orbitals

A2u‘ Pi + P2 + P3 + p„,
B2u ' Pi - P2 + P3 - P4 /

site sym. C2v ( 0p Aj B2
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As in benzene, all the orbitals' transform into each 
other in the same manner and are represented here as 
a^, a2, and a^ #

Figure XXIII. Sigma bonding in C3D 

C2v cj y Difh
3*! 3Alg ♦ 3Blg ♦ 3EU
B2 A2g + B2g + Eu

sigma-bonding orbitals 
3A ig + a2 + a3 + a4

3Blg at - a2 + a3 - a^

3Eu i al - a3j or fal + a2 - a3 - ̂
a2 " a4 -̂al " a2 " a 3 + a.

A2g bj + b2 + b3 +
B2g bl ' b2 + b3 - \
Eu jbl - b3l or f l  * b2 - b3 '

L b 2 - b j  Lbj - b2 - b3 + b^

The representations for the pi-orbitals of CBD can be 
obtained by correlation of the orbitals into the 
lower symmetriesi
Figure XXIV. distortions of CBD - pi-orbitals

Dlrtl A2u B2u . . .

D2h( C p Blu Blu B2g + B3g
D2h<°2> Blu Au B0 + B_2 g 3g
D2d<C2> B2 A1 E

°2V(C2) B1 B1 A2 + B1
°2v(0^) B1 A2 A2 + B1



Comparison with Standard Methods
Tetramethylenecyclobutane molecular orbitals are

22
obtained by standard methods to contrast with the 
correlation method. Using eight p-orbitals, a reducible 
representation is obtained to which the pi-MO's must 
belong. The set of p-orbitals is operated on by each 
of the symmetry operations of and the trace of
each resulting matrix forms the characters of the 
reducible representation. A character will be zero 
unless the operation leaves some atom in the same loca­
tion.
Figure XXV. Operations of and reducible representation 
of p-orbitals of tetramethylenecyclobutane.
D^h E 2C^ C2 2C£ 2C» i 2S^ gh 2fy 2dd

8 0 0 0 -4 0 0 - 8 0 4
T *  8 0 0 -4 0 0 0 -8 4 0

The and C£ labels are interchanged because of the
23difference in convention. J To reduce this represen­

tation, the product with each of the irreducible repre­
sentations of: is taken and the result is divided
by sixteen, theuorder of the group.

22. F.A. Cotton, Chemical Applications of Group Theory, p.l
23. See axis conventions.
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Figure XXVI. Reduction of pi-orbital representation 
r*x = 8+0+0-8+0+0+0-8+8+0 = 0
pnx Agg = S+0+0+8+0+0+0-8-8+0 = 0
p nx 3lp. = 8+0+0-8+0+0+0-8+8+0 = 0
r»x 32g = 8+0+0+8+0+0+0-8-3+0 = JO 
P^x E =16+0+0+0+0+0+0+16+0+0= 3 2 /1 6 = 2o
p*x Alu = 8+0+0-8+0+0+0+8-8+0 = 0
f"x A2u = 8+0+0+8+0+0+0+8+8+0 = 32/16 = 2
r nx slu = 8+0+0-8+0+0+0-8+8+0 = 0
r*x b2u = 8+0+0+8+0+0+0+8+8+0 = 3 2 /1 6 = 2

ptc Eu =16+0+0+0+0+0+0-16+0+0= 0

This result can be obtained from the correlation tables 
as followst
The inner four carbons have site symmetry C2v^CP  and 
the perpendicular p-orbitals belong to the 3^ represen­
tation in C2v. The four outer carbons are an equivalent 
set with the same site symmetry and orbital representation.

Figure XXVII. Correlation method of determining pi- 
orbitals of tetramethylenecyclobutane

(III.9)

C2v

(III.1 0 )
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Vibronic Coupling-
The Intersection Theorem and the Correlation Method 

are used to find a molecular geminal of symmetry approp-

ph,product around state. The reaction under consideration
riate to convert a reactant ground state to a

>du
. 25is I

CH+ + C5H5~------> C6H6 (III. 11)
When we regard the reactants separately, CH^has 
symmetry, and is an aromatic system of symmetry.
CH approaches the anion with its major axis colinear 

to the z-axis of Since the invariant points
coincide, the intersection theorem may be appliedj

° ® / >  D5h -  c 5v ( I I I . 12)
1In C5v the geminal ground state is Eg«

px l py2  + px 2 py l  = e z s  7  ( I I I . 13)

px l px2 -  py l py2 = e zc  J
The product, is considered in C^v symmetry,
rather than after it has rearranged to the more stable
benzene Dgh symmetry. In the product ground state 

1is , resulting from the interaction of the Eg ground
*4"state of the CH geminals formed from p and p orbitals,x y

and an appropriate vibration of the complex. The form
of the vibration must be such that

e z A c  + e z s^ z s  has A1 ( I I I . 14)
In general terms, the interaction between ground state
and vibration has the same symmetry as the product

2k, C. Trindie, J. Am. Chem. Soc. 92, 3251-3255 (1970)
25. C. Trindie, unpublished correspondence
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ground state,

(Tr x T q .) x P p = A± (III.15)

In this case,pp, the reactant ground state, transforms 
as Sg, while Pp, the product ground state, spans

(S2 x Pq ) x A1 = (III.16)

p q , the representation of the vibration in G^v must 
also be of Eg symmetry for the product with the Eg ground 
state to include A ^ . To find out whether there is a 
vibration of Eg symmetry, we apply the Correlation 
Method.

Figure XXVIII, CH*"* ^5^5” 1 symme'try and ground state
geminals of reactants.

zs

-fi­

xe

-f %
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Figure XXIX. Vibrations in C^v
Equivalent atoms Site I , T , T ------ > C-X  ̂  ̂*

co n"5v A1 + 3 A1+E

n 0
n + E A. +E1

/-I p  r\ r\'-'I * 2 * " 1 ’0E ' 5
rt3 2A '+A" 2A1+Ag+3E1+3Eg

Hi>Kg »H3 °s 2A'+A" 2A1+A2+3E1+3Eg

Translations V E1
Rotations V S1
Vibrations 5A1+Ap+6E 1+6Eg

The Correlation Method reveals the presence of 
six vibrations of Eg symmetry, and also leads us to

texpect no contribution from CH since its vibrational
contribution does not correspond to the Eg symmetry 
representation. The form of the vibration is now 
determined from the Eg representation in C^v . ^

0 Ln <1 E 2C 5
20 5 .

^0 2 2cosl^° 2cos72° 0

Eg is now applied to a set of orthogonal vectors on 
each atom.

Eg(Cx0 ) = 2xQ+2cosl^°(x0cos72o+y0sin72o )+2cosl^o (y0cos72° 
-XQSin72°)+2cos72°(y0cosl W o+x0sinl^°)+2cos72° 
( y Q C o s l W ^ X Q S i n l W 3)

= 2£0+l*jc0 (-0.809)(0.309)+^x0 (0.309) (-0.809)
Eg(Cx0 ) = 0 = Eg(Hx0) (III.15)

26, See Appendix 3
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E2 (Cy0 ) = 2y0+2cosli#4o (y0cos72o~x 0sin72°)+2coslW3

(yQCOs72°+XQSin72°)+2cos720 (yQCosl^40+XQ
sinl W°)+2cos72°(y0cosl W^-XQSinl W 3)

= 2y0+^y0 (-0.809)(0.309)+^y0 (0.309)(-0.809)
S2 (0y0 ) = 0 = 2 2 (Hy0 ) (III.16)

E 2 (Czq) = 2z0+2cos1^ o (Zq)+2cos1^ o (zq)+2cos72°(z0)
+ 2 c o s 7 2 ° ( z q )

= 2 z 0+^zQ( - 0 , 8 0 9 )+^zq( 0 . 309)

= 2 z 0- 3 . 2 3 6 z 0+ 1 . 2 3 6 z 0

E 2 ( C z 0 )  =  0  =  E 2 ( H z q )  ( I I I . 1 7 )

As predicted by the correlation method, CH+ makes no 
contribution to the vibrations of E2 symmetry.

E2 vibrations of the ring
On each atom a set of orthogonal vectors is deter­

mined, The vector z^ is perpendicular to the plane of
the ring at carbon i, a^ is colinear with the C2 axis
passing through carbon i, and b^ is perpendicular to 
the a^ vector, in the plane of the ring. A similarly 
defined set of vectors may be constructed on the hydrogen 
atoms, which transform in exactly the same manner as 
the corresponding z^, a^, and b^ vectors on the carbons.

E2 (z1 ) = 2z1+2cosl^°z 2+2c o s l ^ 0z5+2cos720z3+2cos72°z/+
= 2z1**2 (0 .809)z2+ 2 ( 0 , 3 0 9 ) 2^+2 ( 0 , 309) 2^- 2 ( 0 . 8 0 9 ) z 5 

Similar expressions are obtained for z2 , z^» z^, and z^. 
The sum of any four is the additive inverse of the fifth.



54.

EgCzj) = 1.000z1-0.809z2+0.309z3+0.3092^-0.809z5 

S2 (z2) =-0.809z1+1.000z2-0,809z3+0.309z^+0.309z5 

S2 (z3 ) = 0.309z1-0.809z^+1.000z3-0.809z^+0.309z3 

SgU^) = 0.309z1+0,309z2-0.809z3+1 .000z^-0.809z3 

S 2 (z3 ) =-0.809z1+0.309z2+0.309z3-0.809z^'M.OOOz5 (III.18)

The five vibrations are indistinguishable. However, 
once one, for example E 2 (z3 ) is eliminated as linearly 
dependent on the other four, two sets are distinguished. 
The vectors z^ and z^ are adjacent to the omitted vector, 
while z2 and z3 are not. When the sets^E2 (z^)+E2 (z^); 
E2 (z1 )-E2 (zi+)} and |e2 (z2 )+E2 (z3 ) j E ^ z ^ - E ^ z ^  are 
formed, they are found to be distinguishable, while this 
is not true of other pairings of vectors when the sums 
and differences are formed. The z vectors on carbon 
therefore give rise to two sets of degenerate E2 vib­
rations* {e2 (z1) ,E2 (zi+)| and {e2 (z2 ) ,E2 (z3 )J- .

Figure XXX. In-plane vectors of



The vectors a- ,a0 ,a0 ,ai. ,ae and b., ,bof b0 ,bi. ,b ̂ » “ 3  * a4,»ajj dnu * 2 3 5
transform in the same manner as the z^ vectors for the

the mirror planes in the S2 representation is zero, the 
operations have no effect on the vibrations and the 
a^'s and b^'s give rise to vibrations of exactly the 
same form as have been determined for the z^’s.
In all, six sets of vibrations are formedi

E2 (z^) = 0,309z^+0.309z2-0,809z^+1.000z^-0.809z^

E 2 ( z 3 ) =  0 . 3 0 9 z 1 - 0 . 8 0 9 z 2 + 1 . 0 0 0 z 3 - 0 . 8 0 9 z ^ + 0 . 3 0 9 z 5

rotational operations of Since the character for

{E2 (a2 ),E2 (a3)}
^E2(b2 ) |E2 (b2) ,E2 (b3 )J

Figure XXXI, E 2 vibrations of 
{e2 (z^ ) ,E2 (z^)^ out-of-plane bending 
E 2 ( z 1 ) =  1 . 0 0 0 z 1 - 0 , 8 0 9 z 2 + 0 . 3 0 9 z 3 + 0 . 3 0 9 z ^ - 0 . 8 0 9 z 5 i

/e 2 (z2) .EgCz^)} out-of-plane bending
E 2 (z2 ) =-0.809z 1 +0.809z2 -0.809z3 +0.309zif+0.309z5

{®2 (al )»S 2 (a.̂ )Jf in-plane angle stretching 
E 2 (a1) = 1.000a1 -0.809a2 +0.309a3 +0.309a^-0.809a5  

E 2 (a^) = 0,309a1 +0..309a2 -0.809a3 +1.000ai|(-0.809a5



S 2 (a1 ) E2(a î)
S2(a2) ,.E2(a3) in-plans angle stretching 

S2 (a2) =-0.809a1*»“i.OOOa2-0.809a:3+0.309a^+0.309a5 

E2 (a3 ) = 0.309a1-0.809a2+1.000a3-0.809a^+0.309a5

E 2 (b^),E2 (b^) in-plane bond stretching 
E 2 (bi),* 1.000b1-0.809b2+0.309b3+0.309bZfr-0.809b5 

E2 (b^) = 0»309b1+0.309b2-0.809b3+1.000bij>-0.809b5

0

E 2 (b3 )
E2 (b2 ),E2 (b3 ) in-plane bond stretching 

E2 (b2) =-0.809b^l. 000b2-0.809b3+0.309b^+0.309b ̂
E 2 (b3 ) = 0.309b1-0/809b2+1.000b3-0.809blf+0.309b5

Any of these E 2 vibrations would be appropriate
symmetrically to interact with the *E2 geminal ground

1state to produce the required ground state of the
product, and some particular combination of these would
give the lowest energy. Since the eventual product is
benzene, the in-plane bond stretching seems particularly
promising as a major contributor towards the vibronic
coupling, since one of the bonds, C^-C^, is stretched in 
both degenerate vibrations.

W e 2< V E2 (b2 )
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The direct product E^ x equals + A2 + E ^ . 
Given the basis set of geminals spanning the E2 

representation of C^y , and the set of E 2 vibrations 
of the ring, it is known that a subset of the direct 
product of vibration and geminal will span , the 
totally symmetric representation of G^y ,

The result of multiplying the set of geminals 
given by any of the E2 sets of vibrations does not, 
however, span A^j

ezsv 2 * ezcv 3 = dl (-°-809ezs+0 *309ezc) * d2 (1'oooezs 
*0.809ezc) + d3 (-0.809ezs+1.000ezc) + d^(0.309ecs
-°.809ezc) + d5 (0.309ezg+0.309ezc)
where d^ is a vector on C^.

We consider here a product which has the form
of the sum of vibration vectors each multiplied by
a geminal whose mirror plane matches that of the
vector in question.

The set of geminals given differ by a rotation
of k5°.

ezss xly2+x2y"1 
ezc* xlx2-yly2

zs zc
In general, any linear combination of the E2 geminals 
will also span E2 j as long as one geminal is not a simple 
multiple of the other, the result is an E 2 set«

'm(e2 s > + n (®2 c ) 

k(lW  + (l<e 2c )
m/k ^ n/q
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We investigate here the effect of rotating the 
geminal set. By rotating a multiple of 72° a basis 
set of geminals can be formed whose mirror planes 
differ by the same angles as tlte vibrations of inter­
est.
Rotation by©°ixl ->xlcos©- ylsin©

x2 x2cos© - y2sin©
yl ylcos© + xlsin©
y2 y2cos0  + x2sin0

ezs = xly 2 + x2^1
R © ( e zg) = (x^cos0 -y^sin©) (y2cos6+x2sin©) + (x2cos©

-y2sin©) (y^cosO+x^sin©)
= sin©cos0 x1x2-sin0cos©y1y2+ c o s % x 1y2- s i n % x 2y1 

+s in©c o sQx^ x2 - s in©c o sQy^ y 2 - s in2© x^ y 2+c o s ̂ 9 x2y ̂

=2sin0co^9(x1x2-y1y2 ) + (cos^S-sin2©)(x1y2-x2y1 )
sin2©  (ezc) + cos2 © ( e zg)

Thus tiie rotation of e„o by any angle results in az s
linear combination of e„„ and e . The setzs zc

®zg» sin2 © ( e zc) + cos2 ©  (ezg) 
spans E2 unless sin2©  = 0 . ( ©  = 90° or multiple).
In particular, for rotations of 72° and 1^° ,  the angles 
separating the mirror planes of the vibrations, E 2 sets 
are formedj

E / S*S 
2 l_ R 7 2 ° (e z g ) = 0 . 5 8 8 e 2o- 0 . 8 0 9 e zs
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E  l S z S

2 £ r 216°
Consider the subset of E 2xE2 formed by multiplying 
a vibration by a geminal set with matching mirror 
planes»

S = vlezs - V 2t6°(ezS)
S a ( 1 . 0 0 0 d 1 - 0 . 8 0 9 d 2+ 0 .3 0 9 d 3+ 0 . 309(1^-0 .809d5 ) e 2g

-  (Q .309dd+ 0 .3 0 9 d 2- 0 . 8 0 9 d 3+ 1 .0 0 0 d ^ - 0 . 8 0 9 d 5 ) ( 0 . 3 0 9 e z s * 0 . 9 5 1 e 2C)

S = d1 (o.905ezs-0.29i+ezc)+d2 (-0.905ezs-0.29^ezc)
+d3 C 0.559e2 s + 0 . 7 6 9 e z c )+d^(^>.951ez c )+d5 ( - 0 . 5 5 9 e z s * 0 . 7 6 9 e z c )

Dividing through by -0.951* the coefficient of d4ezc*
clarifies the results:

S * d1 (-0.951ezs+0.309ezc)+d2 (0.951ezs+0.309ezc)
+d3 (-0 .588ezg-0 .809ezc)+d^ezc+d^(0 .588ezg-0 .809eZQ)
Comparing these results with the rotations of e ,z c
obtained by the same method as those of e :zs

ezc = xlx2"yly 2 
R 0(ezc)=:-sin2<9(ezg)+cos28(ezc)
R 7 2 °ezo = - 0 . 5 8 8 e z s - 0 . 8 0 9 e z(,

R M °ezc ’ °-951ezs+0l309ezs 
R 216°ezo = - 0 . 95 l e z s+ 0 . 3 0 9 e zo

R 2 8 8 °e zc  = 0 . 5 8 8 e z s - 0 . 8 0 9 e zo

We may then rewrite S in terms of rotations of e_„:zc
S = d1R 216°eZ0 + d2R l W ° e zo + d3R7 2 ° e z0 + V Z(J + d5R 288°ezo 

This subset of the product is apparently of 
symmetry. To check this, we strike it with the 
operator .(tt is sufficient to consider C<-, rather than c^v )
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E. (S)= <J1R216°ezo+d2R l W 0ezo+d3R720ezo+d1,ezo+d5R2880ezc 
C5 (S)= d1R2l60ezc+d2R l W 0ezo+d3R720e20+dltezc+d5R2880ezo
a5(s)- c|(s) = o|(s) = Cj(s)
Aj(S) =(E(S) + Cj(S) + c|(S) + C?(S) + Cj(S))l/ 5

Aj(S) =|(5d1R216°ezo+5d2R l W 0ezo+5d3R720ezo+5d1|ezo+5d5R2880ez(:,)
AjtS) = S
Thus it has been shown that the product

vlezs - V 2l6°ezs 
is of symmetry.

Figure XXXII. Superimposed symmetry-oriented geminals 
and ring vibrations.



Axis Conventions
27 28Fateley ' and Cotton differ in nomenclature

regarding C£ and C£ axes. In this work Fateley is 
followed so that axes pass through two equivalent 
atoms on opposite sides of the molecule, while C£ axes 
bisect opposite bonds. Correspondingly, o"v mirror planes 
include a C£ axis and the major axis, while cr̂  mirror 
planes include C£ and the major axis. In Cotton the 
conventions are reversed.

Although the character tables are identical in 
Fateley and Cotton, this difference in nomenclature 
gives rise to different irreducible representations in 
certain cases. For example, in benzene (D^) the 
irreducible representation has the character +1 
with respect to reflection through and -1 with respect 
to In these characters are reversed, as are
those of the C£ and C£ axes.

Consider the pi-bonding orbital of benzenei 

Rt= Pt - P2 + P3 - + P5 ~ P5
In Cotton, this orbital would belong to while in
Fateley it corresponds to B2g*

27. W.G. Fateley, op, cit.
28. F.A. Cotton, op. cit.
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Figure XXXIII. Benzene - axis conventions

tfrV'Cl C Ra.-te.ley)

°WCx" CCc+toô

Examples drawn from Cotton and other sources using 
his convention are translated into Fateley’s nomencla­
ture to allow comparison between conventional results 
and those of the Correlation Method.

Another crucial convention concerns location of 
x, y and z axes. All sources agree in establishing z 
as the major axis. However, in the correlations

—p —  ̂C2v and D^h— C""^ C2v* "tiie y ax^s appears to have 
been chosen as perpendicular to the plane of the mole­
cule in the C2v site symmetries. To conform to standard 
usage, the tables have been amended by reversing and 
Bg in these correlations. B^ is the representation 
thet transforms as the x-axis, while the y-axis transforms 
as B2 .
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Appendix A - Summary of Crystal Properties^
All vectors in groups (ii) to (vi) are polar, except 

for the vectors H, 3 and I, which are taken as axial.

Property or coefficients____________ Defining equation
(i) Scalar relating two scalars

heat capacity C AS = (C/T)AT
(ii) 1st-rank tensor relating a scalar and a vector

pyroelectricity A P i = piA.T
electrocaloric effect AS = pi Ei
heat of polarization As = ti A P i
field due to temperature change E i = -ti A T
polarization by hydrostatic pres. P. = -d. . .pi i.i r...

(iii) 2nd-rank tensor ralating two vectors
permittivity ci “ * i j  E j
dielectric impermeability Ei  Dd
dielectric susceptibility pi  " «o Xi3  e .
permeability Bi “ A i  H i
magnetic susceptibility h  ■ h  h i  H j
electrical conductivity •k = °ik Ek
electrical resistivity E i ~ d k  k
thermal conductivity hi =
thermal resistivity a r / ^ i  = -r i . hj

thermoelectricity a/ff/dxi = - l i k (aT /d xk )

(not symmetrical)

2 9. J.P. Nye, op. cit.



(iv) 2 nd -rank tensor relating a scalar and a
second rank tensor

thermal expansion 6'io= * i j A T
piezocaloric effect A s  =
thermal pressure ^i j “ "^ij A 1

heat of deformation AS ■ h j  £ij
strain by hydrostatic pressure £ij ~ ~sijkkp
Peltier coefficients T?ik = T̂/e)

(v) 3 rd-rank tensor relating a vector and a
2 nd-rank tensor

direct piezoelectric effect P. = d. a., i ijk jk
converse piezoelectric effect

6 jk = dijk Ei
a piezoelectric effect ajk = ~ei jk S i
a piezoelectric effect P • = e • • i • i i ijk jk
electro-optical effect AB. . - z • . i E,i.l i.ik k........

(vi) ^th-rank tensor relating two 2 nd-rank tensors
elastic compliances eij = sijkl °kl
elastic stiffness °ij = cijkl fekl
elasto-optical coefficients ABij -
piezo-optical' coefficients ^ i j  = %  jkl °kl
electrostriction e ik = ^il.ik^i

(vii) Axial 2nd-rank tensor giving the variation
of a pseudo-scalar with direction

optical activity (gyration vector) _G ...
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Appendix 3 Character Tables

The species of the translations x, y, and z and the rotations
R,,. and R in a right-handed system parallel to the x, y, x y z ^

and z axes, respectively, are given for each point group. Also, 
the species of the polarization tensor elements., , is iden­
tified for each point group. This allows us to determine 
immediately the spectral activity of each species in a point 
group; for example, all those species that contain a trans­
lation will be infrared active, whereas those species con­
taining an element of the polarization tenser will have 
Raman activity.

Cs E °h
A ’ 1 1 W R* xx,yy,zz,xy
A" 1 **• X V Rx*Ry xz,yz

Ci E i

A€ 1 1 Rx * V Rz xx,yy,zz,xy,xz,yz
Au 1 •“1 W Tz

C2 E C2
A 1 1 V Rz xx,yy,zz,xy
B 1 —1 Tx’Ty|Rx*Ry xz.yz

C2h E C2 5„ °ii
Ag 1 1 i 1 Rz xx,yy,z z,xy
Bg 1 -1 i -1 Rx’Ry xz.yz

Au 1 1 -i -1 Tz
3u 1 X -i 1 Tx'Ty

C 2 v E C2. ffv V
A1 1 1 1 1 Tz xx.yy,zz
A2 ' 1 1 -1 xy '
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C2 v C2 °V 9

A1 1 1 1 l Tz xx.yy.zz
A2 1 1 -1 -l Rz xy
31 1 -1 1 -l Tx‘Ry xz
32 l -1 -1 i V R* yz

D2 E C2(z)C2(y)c2(x)
A 1 1 1 i xx.yy.zz
B1 1 1 -1 -l V Rz . xy
B2 1 -1 1 -l V Ry xz
B3 1 -1 -1 l T *R Ax,,nx yz

D2d E 2S^ C2 2G2
' 2^d

A1 1 1 1 1 1 xx+yy,zz
A2 1 1 1 -1 -1 Rz
B1 1 -1 1 *X -1 xx-yy
B2 1 -1 1 -1 1 Tz xy
E 2 0 -2 0 0 (Tx,Ty); 

(Rx.Ry)
xz.yz

D2h E C2(z)C2(y)°2(x) i cr(xy)o-(zx)cr(yz)
Ag 1 1 1 i 1 1 1 1 xx,yy,zz
Bl* 1 1 -1 -i 1 1 - 1 -1 Rz xy
B2g
33g
Au

1
1
1 1

1

1
i
i

1 -1 -1
-1 Ry 
1 Rx

xz
yz

Blu 1 1 -1 -i -1 -1 1 1 Tz
B2u
33u

1
1

1
i -1 1 1 1 Ty 

-1 . Tx

°3 E C3 C23 £- e ^ 3
A 1 l l V Rz xx+yy, zz
E

e
£
e

£* , (Tx.Ty);(Rx,Ry) (xx-yy,xy),(xz.yz)
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°3h 3. c23 °h « e2 ^ 3
A' 1 1 1 1 1 1 Rz xx+yy,zz
E* 1 * 1 * (Tx,Ty) (xx-yy,xy)

1 * 1 it-

A" 1 1 1 -1 -1 -1 Tz
E" 1 * -1 - - * (Rx,Ry) (xz.yz)

1 * -1 _ * -

>
o E 20, 3°v

A1 1 1 1 T xx+yy,zz
A2 1 1 -1
E 2 -1 0 (Tx,Ty);(Rx,Ry) (xx-yy,xy),(xz,yz)

D? E 2C3 3C2
A, 1 1 1 xx+yy,zz
a 2 1 1 -1 V Rz
E 2 -1 0 < v Ty)s(Rx,Ry) (xx-yy,xy),(xz,yz)

V E ZC3 3C2 i 2S6 3°d
Alg 1 1 1 1 1 1 xx+yy,zz
A2g 1 1 -1 1 1 -1 Rz
Eg 2 -1 0 2 -1 0 (Rx,Ry)(xx-yy,xy),(xz,yz)
Alu 1 1 1 -1 -1 -1
A2u 1 1 -1 -1 -1 1 Tz
Eu 2 -1 o' -2 1 0 (Tx .Ty)

D?h E 2C3 3C2 °h 2S3 3°v
Ai 1 1 1 1 1 1 (xx+yy,zz)
A*2 1 1 -1 1 1 -1 Rz
E* 2 -1 0 2 -1 0 (Tx »Ty) (xx-yy,xy)
A M A1 1 1 1 -1 -1 -1
A "2 1 1 -1 -1 -1 1 Tz
E" 2 -1 0 -2 1 0 (Rx.Ry) (xz.yz)
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C4 E C2 c3
A 1 1 1 1 T «R xx+yy,zz
B 1 -1 1 -1 xx-yy,xy
s I1 i -1

i (Tx• V ,(R*’V (xz.yz)
u -i -1 ij

C2 c3 i s3

Ag 1 1 1 1 1 1 1 1 R_ xx+yy,zz
\ 1 -1 1 -1 1 -1 1 -1 xx-yy,xyo
Eg f1 i -1 -i 1 i -1 -i) (R ,R ) (xz.yz)

u -i -1 i 1 -i -1 Jj
Au 1 1 1 1 -1 -1 -1 -1 Tz
B U

1 -1 1 -1 -1 1 -1 1
Eu I1 i -1 -i -1 -i 1 i)(T x .T )

u -i -1 i -1 i 1 -ij

Ckv E 2C^ C2 ,2trv 2^d
A1 1 1 ' 1 1 1 Tz xx+yy,zz
A2 1 1 1 -1 -1 Rz
B1 1 -1 1 1 -1 xx-yy
B2 1 -1 1 -1 1 xy
E 2 0 -2 0 0 < V T./) * (RX*Ry) (xz.yz)

E 2C^ C2 2C* 2C"

A1 1 1 f 1 1 */, xx+yy,zz
A2 1 1 1 -1 -1 * V RZ
B1 1 -1 1 1 -1 xx-yy
B2' 1 -1 1 -1 1 xy
E 2 0 -2 0 0 <TX,T; ’ R̂x*Ry) (xz.yz)

D^d E 2Sg 2 ^ 2S38 C2 4°d

A1 1 1 1 1 1 1 1 "-'•;-;-,R£+yy,ZZ
A2 1 1 1 1 1 -1 -1 Rz
*1 1 -1 1 -1 1 1 -1

b2 1 -1 1 -1 1 -1 1 Tz
E1 2 V 2 0 -V2 -2 0 0 (Tx .Ty)
E2 2 0 -2 0 2 0 0 (xx-yy,xy)
Es 2 -■n O V? - 2 . o 0
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c k
E C2 c 3

A 1 1 1 1 V Rz xx+yy,zz
B 1 -1 1 -1 xx-yy,xy
2 i -1 (Tx * V ! (' V Ry ) (xz.yz)

U - i -1 a

Ĉ h E C2 c3 i s 3 •

Ag 1 1 1 1 1 l 1 1 R xx+yy,zz

Bg 1 -1 1 -1 1 - l . 1 -1 xx-yy,xy

Eg f 1 i -1 - i 1 i -1 (R ,R ) (xz.yz)
u - i -1 i 1 - i -1 i>

Au 1 1 1 1 -1 -1 -1 - 1 Tz
Bu 1 -1 1 -1 -1 1 -1 1

Eu ( ’ i -1 - i -1 - i 1 i) (TX.T )
V - i -1 i -1 i 1 -ij

Ĉ V E 2C4 C2 2trv ^ d

A1 1 1 1 1 1 m
Az xx+yy,zz

A2 1 1 1 -1 -1

bi 1 -1 1 1 -1 xx-yy

*2 1 -1 1 -1 1 xy
E 2 0 -2 0 0 <TX,T r) . ( s x ,Ry ) (xz.yz)

E 2C4 C2 2C' 2C2

A1 1 1 r 1 1 • V, xx+yy,zz
A, 1 1 l -1 -1 T jR2 z ’ z
B1 1 -1 l 1 -1 xx-yy
b2 1 -1 l -1 1 xy
E 2 0 -2 0 0 < V T:?),(RX,Ry ) (xz,yz)

°4d E 2Sg 2Ĉ 2SI C2 u c - 2 ““ d

A1 1 1 1 1 1 l 1 • ■ . . ,RX+yy,zz

A2 1 1 1 1 1 "1 -1 Rz
1 -1 1 -1 1 1 -1

*2 1 -1 1 -1 1 -1 1 Tz
E1 2 0 -V2 -2 0 0 (TX,I  )
V 2 0 -2 ■ 0 2 0 0

V
(xx-yy,xy)

Es 2. -V5 O V2 -2. o 0



M 
W

:o

'5h

F  •*1
IT » ~2
A"

F"2

u

C5 c25 G35 5
1 1 1 l
£. c 2 £2* £*
<T C2* £ 2 £
c2 c* £ C2*
c 2* c €* e2
1 1 1 1
e £2 £2* £*
c* £ 2* c 2 t
£ 2 £* £ £ 2*
c 2* £ d* d 2

S 5 S7
5

s 8
5

s 9 (f= e 2TTi/5

l 1 l 1- R x x + y y ,zz

€ £2 c 2* C | ( T x .Ty )

e* c2* C2 £ j
C 2 c* c £-2 £ ( x x - y y ,x ;

C 2 - c c* ( f 2 j
-1 -1 -1 -1
- f  -£ 2 -£ 2* -£*1(P.x ,Ry i
-<f -£ -t2 -£ V * y
-e2 -E* -£
-£ -£■ - e f j

(xz,yz,

2C. 2C 5C.

E«

1
1

1
-1 V ' Rz

2 3 s * l V  2 < a W  o (T T );(R R )
2 XudUP JLudTT o

xx+yy,zz

(xz,yz)
(xx-yy,xy)

2Cg 5C, 2S10 2S10 3<7d

l2g

S2g
4u
l2u
Slu
!2u

1 1 1  
1 1 - 1  

JcooZT ItttHH9 0 
jLitom* Stall0 o

1 1 1
1 1: -1

2 %uc£>12° JudiT 0 
2 toW0 Xtefl? 0

1
1
2
2
-1
-1

1
1

1
1

1
-1

3trfl9 icea/W* 0 (RX.R )
JuoW°Jt(a7 2 0  o

-1
-1

-1
-1 T.

-2 -lat>72*-luoH'f0 0 (Tx,Ty) 
•2 -Jtupm° -Taoir 0

xx+yy,zz

(xz,yz)
(xx-yy,xy)

15k.
2C - 2C! 5C. °h 2S5 2S1 2cr

A *2 
■1 
•2 

A" A1
A"2
F"L1
F "2

1 1 1 1  
1 1 1 - 1
2 ûo72° 0
2 XuolW0 Xaol2° o 
1 1 1 1  
1 1 1 - 1  
2 J.t&720 XuaW0 o
2 2ito/VV0 «2uo/20 0

1 1 1 1  xx+yy,zz
1 1 1 - 1  Rz
2 2cjfoMH° o (T ,T )
2 2aoW Xttoll o (xx-yy,xy)
-1 -1 -1 -1
•1 -1 - 1  1 T
-2 -2<®72°-2to/y?' o (Rx,R ) (xz,yz)
-2 -lu&lHH0 -2«a72° 0



C6 IT C6 C3 C2 C2°3 c56 C = e2l7i/6
A 1 1 l 1 1 1 V Rz xx+yy,zz
3 1 -1 l -1 1
E1

fi
C
e *

-e*
-e

-1
-1

<
-£*

c ( < v y ,(Rx,R ) (xz,yz)

S2
e.

- C

-£ *

1
1

-£*
-C

%

(xx-yy,xy)

C6v E 2G6 2C? C2 3<rv 3®d
A1 ■ 1 1 f 1 . 1 Tz xx+yy,zz
A2 1 1 1 1 -1 -1 Rz

1 -1 1 -1 1 -1
S2 1 -1 1 -1 -1 1
E1 2 1 -1 -2 0 ° < V V ,(R*.Ry) (xz,yz)
E2 2 -1 “1 2 0 0 (xx-yy,xy)

D6 E 2G6 2C? C2 3C£ 3C£
A1 1 1 1 1 1 1 xx+yy,zz '
A2 1 1 1 1 -1 -1 Tz‘Rz
31 1 -1 1 -1 1 -1
32 1 -1 1 -1 -1 1
E1 2 1 -1 -2 0 0 < W » < Rx,R ) (xz.yz)
E2 2 **• X “1 2 0 0 (xx-yy,xy)

D6d E 2S12 2C6 2S^ 2C3 2S?„ C„ 6CA 12 2 2 6̂ d ...........................................
A1 1 1 1 1 1 1 1 1 1 xx+yy,zz
A2 1 1 1 1 1 1 1 - 1 -1 Rz
B1 1 -1 1 -1 1 -1 1 -1 -1
B2 1 -1 1 -1 1 -1 1 -1 1 Tz
E1 2 VJ 1 0 -1 -Y5 -2 o 0 (Tx,Ty)
E2 2 1 -1 -2 1 2 0 0 0 (xx-yy,xy)
E3 2 0 -2 0 0 - 2  0 0
E, 2 -l -1 2 -1 - 1 2  0 0
E5 2 -VJ 1 0 -1 y j  -2 o 0 < W  (xz.yz)



C6h

g
Slg

'2g

u

Jlu

'2u

E C6(z )G3 G.

D6h E

Alg 1

A2g 1

Bl g
1

B2g 1

El g
2

E2g 2

Alu 1

A2u 1

Bl u 1

Elu 2

B2u 1

E2u 2

1 i 1 1 i i 1
-1 1 -1 1 -i l -1
1 -e* -i -£ C  i e
e* -f -l -£* £ i £*
-£* -e i -t* £ i -e
-e -e* i -£ -I* i <
i i l -i i -i -i
-i i -l l -l -l i
i -e* - i  4 r *

6 - i -i
C * -£ - i  -e* i - 1 -e*
- t * - t i  -£* -£ - 1 p*
~t -c 1 rt ~C - 1 £

2C6 2C? g2 3C* 30 2 1 2S3
i 1 l 1 1 1 1

l -1 - 1 1 1
l l -l 1 -1 1 -1
l l -l -1 1 1 - 1
l -l -2 0 0 2 1
l -l 2 0 0 2 - 1

1 1 1 -1 -1
l l 1 -1 -1 -1 -1
1 1 -1 1 -1 -1 1
l -l -2 0 1CM1O

l 1 -1 -1 i -l l
l -l 2 0 0 - 2  1

°h S6 S1
£  = e2TTi/6

xx+yy,zz 

(xz.yz)

(xx-yy,xy)

1 1 1 1 xx+yy,zz
1 1 -1 -1 r2
1 -1 1 -1
1 -1 -1 1

-1 -2 0 0 (Rx,Ry) (xz,yz)
-1 2 0 0 (xx-yy,xy)
-1 -1 -1 -1
-1 -1 1 1 Tz
-1 1 -1 1
1 2 0 0 (W-1 1 1 -1 A «y
I -2 0 0

ro

1 1 1 1 Rz
1 -1 1 -1
-C*
-£

-1 -i
- i  -e* e

t
(Rx .Ry)

1 -e -£
-£* 1 - £ -£*
- i - i  - i - l Tz
- l l - l le* i  e -e* ( ^ ^ y )

e i  €* -t
-1 £*e -1 c l

2S6 % 3<rd 3<SV
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12 IX
g

u
6

1
£

r*
£
1

6
1
C
c*
-1
-£
-£ *

£= e27ri/3

}
1 
£*
£
-i

3

(Rx,Hy)

(Tx.?y)

xx+yy,zz
(xx-yy,xy),(xz.yz)

S8 E S8 c4 S8 =2 s 58 c
A 1 1 1 1 1 1 i
B 1 -1 1 -1 1 -1 i
E1 fl £ i H1■Lr1 -i

u £* --i -£  -i -C i
E? p i --1 -i 1 i -1

u -i --1 i 1 -i -1
E3 fl -f -■i £ -l £* i

u -£ i £* -1 C -i

ÔOy E 2q£ .. ^

3 S74 8 £= e27ri/8
1
-1
£*'

R, 
T.

£ i (Rr.R )

xx+yy,zz

(xx-yy,xy) 

(xz,yz)

V s27* 1 1 1 Tz x x + y y ,zz

v r 1 1 * -1 Rz
e 1=tt 2 2COS56 * 0 (TX,T ) ; ( f i x .R ) ( x z ,y z )

E2 =A 2 2cos24> ‘ 0 ( x x -y y ,x y )

e 3 = <$
• • • •

2 
• •

20033^  * 
• • • •

0
• • • •

4>
E 2Cew * • <*crv i  2S£ *•* <^C2 ---

g
1+ 

A g
z u
Zu
TTU
A ,

l l
1 l
2 2cos^ 
2 2cos2<£

1
1
0
0

1 1
1 1
2 -2c o s £ 
2 2c o s 2<£

1
-1

0 < W0

xx+yy+zz

(xz,yz)
(xx-yy,xy)

• • •+ 1 1
1 1
2 2cos 4> 
2 2cos2<^

1
-1
0
0

-1 -1 
■1 -1
-2 2cos ̂  
-2 -2cos2^

-1
1

T.

o <ix. y  
0
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T I?w <** 3C2 C= e2«-i/3
A 1 1 1 1 xx+yy+zz
E c

i*
e*

£ 3
(xx+yy-2 z z,xx-yy)

F 3 0 0 -1 (T
(R
x ,Ty,Tz); (xy,xz.yz) 
x'Ry,RzJ

Td E 8C3 3C2 6s4 6<rd

A1 1 1 1 1 1 xx+yy+zz
A2 1 1 1 -1 -1
E 2 -1 2 0 0 (xx+yy-2zz,xx-yy)
F1 3 0 -1 1 -1 < W V
F2 3 0 -1 -1 1 (Tx ,Ty ,Tz) (xy,xz.yz)

Th E 4C3 4C? 3C2 1 4S6 3oh £ = e2Tri/3

Ag 1 1 1 1 1 1 1 xx+yy+zz
Eg £ £ 1 1 C c 1/ (xx+yy-2zz,xx-yy)

a £ £ 1 1 c* e ij
Fg 3 0 0 -1 3 0 0 -1 (Ex,Ry,Rz) (xy,xz.yz)
A 1 1 1 1 -l -1 -1u
E„ fl c £* 1 -€* -£* -du

U C* e i -1 i* -£ -iJ
Fu 3 0 0 -1 -3 0 0 1

0 E 8C- 3C2 6G2
A1 1 1 r 1 1 xx+yy+zz
A2 1 1 l -1 -1
E 2 -1 2 0 0 (xx+yy-2zz,xx-yy)
F1 3 0 -i 1 -1 < W V '

(Rx.Ry.Rz)
F2 3 0 -l -1 1 (xy,xz,yz)
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D6h °6 V % C6v C6h ■ V D3* D2h C6 C3h
3lu B1 Ai A2 B1 3u Alu A 2u 32u . B A«

B2u B2 A2 H B2 Bu A2u Alu B3u 3 A 9

Elu Ei Tp Ir- > 2 ' E1 2lu Eu Eu 3!2u+B3u E 1 E 1

2u E2
7 iti-i EM i72 S2u Eu Su Au+3lu E2 J-J

D6h
°2 C2

°3
ffv
C?v °3v S6 °2

C2
C2v

C2
C2v

C2
C2v

C2
C2h

C2
C2h

C"2
C2h

Alg A1 A1 A1 Ag A A1 A1 A1 Ag Ag Ag
A2g A2 A2 A2 A2 Ag Bl A2 B2 B1 Ag Bg 3g
Blg A 1 A2 A2 A2 Ag B2 B1 A2 B2 Bg Ag Bg
B2g A2 A1 A1 A2 Ag B3 32 B1 A2 Bg Bg Ag
Elg E E E E Eg B2B3 B?B2 AtBl 3£A2 2Bg A!Bg AI3g
E2g E E E E Eg A+B1 AfA2 AfB2 AfBl 2Ag A!Bg A!Bg
Alu A1 A1 A2 A2 Au A A2 A2 A2 Au Au Au
A 2u A2 S £ A1 A1 Au B1 A1 31 B2 Au Bu Bu
Blu A1 A2 A1 A2 Au B2 B2 A1 B1 Bu Au 3u
B 2u A2 A1 A2 A1 Au B3 B1 32 A1 Bu 3u Au
Elu . 2 . E E E Eu B2B3 BtB2 AtB2 AtBl 2Bu A+B u u ASBu
E 2u E E E E Eu A+Bl AtA2 A£B1 A£B2 2Au A+3 u u AS3U

D6h
C2
C2

C2
C2

CZ
C2 Cs Cs C B Ci

Alg A A A A A' A' A ’ Ag
A2g A A B B A' A" A" Ag
Blg A B A B A” A* A" Ag
B0 A B B; A- A" A” A* A„2g g
E1_ E 2B A+B A+B 2A" A'+A" A'+A" 2A„lg gE~ E 2A A+B A+B 2A' A'+A" A ’+A" 2A„2g g
Alu A A A A A” A" A" Au
A2u A A B B A" A* A* Au
Blu A B A B A* A" A' Au
B2u A B B A A* A ’ A” Au
Elu E 2B A+B A+B 2A ’ A'+A" A ’+A” 2Ay
E2u E 2A A+B A+B 2A” A ’+A” A ’+A” 2AU
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d!, <Tj GZr-tfizx) Cr c53c, C/ cX Co Co Co c c6v ■ 6 3v 3v 2v 3 ' 2 s s
At A Aj Aj Aj A A A' A'
A2 A A2 A2 A2 A A A" A"
B1 3 A1 A2 3x A 3 A’ A"
32 3 A2 A1 B2 A 3 A" A*
S1 Ej_ E E Bj+Bg E 2B A'+A" A’+A"
E2 .Eg E E Ax+A2 E 2A A'+A" A'+A".

c; c" c, c* c"Dx Ĉ- Do Dr Do Co Co Co Co6____  6 3 3 2 3 2 2 2
A1 A A1 A1
A2 A A2 A2
31 3 A1 A2
Bg B Ag A1
E1 E1 E E
Eg Eg E E

s6 °3
n w .1

-'1
-'I

AS A A,
&

*A
Eg s 2A*g 2A*
Au A Au >
2u IT 2A* 2 A*

S8 C2
A A- A A A A A A »

B1 A A B B 3 A A A
32 A B A 3 Ei E 23* 2A*
b3 A B B A 23* 2A* 2A*

12+B3 E 2B A+3 A+B E3 E 2B* 2A*
A+Bt E 2A A+B A+B

C2 22
D6d °6 C6v C6 D 2d D3 C3v D2 C2v C3 C2 °2 ~s
A1 A1 A1 A A1 A1 A1 A A1 A A A A
A2 A2 A2 A A2 A2 A2 31 A2 A A A B
B1 A1 A2 A B1 A1 A2 A A2 B A A A
B2 A2 A1 A B2 A2 A1 B1 A1 B A A B
E1 E1 E1 E1 E E E B2+B3 BtB2 E E 2B A+B
E2 E2 E2 E2 Bl+B2 E E A+Bt At32 2B E 23 A+3
E3 Bl+32 Bl+B2 23 E A1+A2 AfA2 B£B3 B£B2 £ 2B A+B
Ê E2 E2 E2 a x+a 2 E E A+Bx A?A2 2A E 2A A+3

Ei E, E, E E ’ E B±Bo B+3o E E 2B A+B

D6h D6
C2D3h

C2D
3h C6 v

C2
D2h c 6 C3h

Al g A1 ’ A ’ A1 A 'A1 A1 Ag Alg Al g ■ \
A A'

A2 g A2 A *2 A '2 A2 Ag A2 g A2 g Bl g
A A ’

Bl g B1
A " 
A1 A"

2 B2 Bg Al g A2 g 3 2g B A"
B2 g B2 A"2 A"A1 B1 Bg A2g Al g B3g

A A"

El g E1 E" E" E1 El g Eg V !2 g + 3 3 g E1 E"
E2 g . E , E' E' E2 E2g Eg Eg A g+Blg E2 E'
Al u A1 A " A1 A"A1 A2 Au Al u Al u Au A A"
A2u 

Blu .
A2 A"

2
A"2 A1 Au A2 u A 2u 3 1U A A"

r

A*
A'+A"
A'+A"
A ’+A"
A'+A"
A'+A"
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Qxrv °6 v Cl*v ■'3v u 2v T D2 C2 C1

A1 A1 A1 A1 A1 A A A A A

A2 A2 A2 A2 A2 E 2k* E 2A* 2A*

% E1 E E Bl +32 F B1+B2+b3 A+E^ A+2S 3A

E2 S2 3 l + 3 2 E V A2
E3 V 3 2 E A

C A;2 Bt 3 2
H  
• * •

S ,  A1+A2 Al +A2

°6h G 6v C3v Bkh C^v C2v C V

Z S Al g A1 A1 Al g A1 A1 A1
A2g A2 A2 A2g A2 A2 A2

TTg El g E1 E
Eg

E B;1+B2 E1
* g E2g E2 E Blg * B2g Bt B2 Al +A2 E2

it A 2u A1 A1 A 2u A1 A1 A1
Z u Al u A2 A2 Al u A2 A2 A2
TTU - El u E1 E Eu E B1+B2 E1

E 2u E2 • E B1u + B 2u Bt B2 At A2 E2

Td T D2d C3v D2 °2 v C3 C2 Cs
A1 A A1 A1 A A A^ A A A'
A2 A Bi A2 B A A, A A A"
E E Al+Bl E A+B 2A A1+A2 E 2k A'+A"
F1 F a 2+e a 2+e A+E BiB$B? A$BiB2 A+E A+2B A'+2A”
F2 F b2+E A^+E B+E BfBtB3 AtBjB2 A+E A+2B 2A'+A"

Th T °2h S6 D0 Co C 2 2v ’2h c3 C2 Cs Ci C1
Ag A Ag Ag A A1 Ag A A A ’ Ag A
Eg E 2A| Sg 2A* 2A£ 2A| E 2k* 2k'* 2k* 2k*

Fg F BlgB2gB3g AgEg*BtB£B3 A£Bf32 A+2Bg A+E*A+232A"+A'3Ag 3A
Au A Au Au A A2 A u  A A A" Au A
Eu E 2A* Sy 2k* 2k* 2k* E 2k* 2k"* 2AU 2k*

Fu • F B1uB2uB3u AuEu^BJB|B3 AJB̂ -Bg A+23u A+e1:A+2B2A '+A"3Au 3A
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JC hD h D bD 3 3 3
- d bO . b D P 3 w W 3 3 p q C d W

o «H p q + + + < o q + + +
bD hD bD 3 3 3
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°h
C2’°h 

2h •
c2'°h

2h C s

T7 ,
C s

C2
C2

C2 ' 
C2 C i C.

Alg Ag Ag A' A' A A Ag A

A2g Ag 3g A ’ A" A 3 Ag A

2Ag Ag+3g 2A ' A ’+A" 2A A+3 2Ag 2A

F u Ag+2Bg A «r+2 B «rg g ,A'+2A" A'+2A" A+23 A+23 3Ag 3A

F 2g Ag+2Bg 2V Bg
A'+2A" 2A'+A" A+23 2A+B

3Ag 3A

Al u Au Au A" A" A A Au A

A 2u Au Bu A" A' A B Au A
IT
" u 2Au V 3u 2 A" A ’+A" 2A A+3 2Au 2A
Flu Au+23u V 2Bu 2A ’+A" 2A ’+a" A+2B A+23 3Au 3A
F 2u V 2Bu 2Au+Bu 2A'+A" A ’+2A" A+2B 2A+B 3Au 3A

*h I
c 3 °3 C2 °1 ■

Ag A A A ' A A

Au A A A A A

Flg F1 A+Ej A+E A+2B 3A
Flu F1 A+E1 A+E A+2B 3A

F2g P2 a+e 2 A+E A+@B 3A
F2u F2 a+e 2 A+E A+2B 3A

°lg G1 Ei+E2 2A+E 2A+2B . kA

«iu G1 El+E2 2A+E 2A+2B kA

Hg H A+Et+E2 A+2E 3A+2B 5A
hu H a+e ^+e 2 A+2E 3A+2B 5A
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°h E 8C^ 3C2 6Ck  6C* i 8S6 3°h 6ŝ  6<rd
Al g

'1 1 1 1 1 1 1 1 1 1 xx+yy+zz

A2g 1 1 1 -1 -1 1 1 1 -1 -1
^ C

Eg 2 -1 2 -1 (x x + y y -2 z z ,x x
F 3 0 -1 1 -1 3 0 -1 1 -1 < v - V V
F 2g 3 0 -1 -1 1 3 0 -1 -1 1 ( x y ,x z ,y z )

Al u 1 1 1 1 1 -1 -1 -1 " I  — 1.

A2u 1 1 -1 -1 -1 -1 -1
Eu 2 -1 -2 1 -2
Flu 3 0 -1 -3 . 0 1 -1 1 < V V V
F2u 3 0 -1 -1 1 -3 0 1 1 -1

I E 12C- 12C^ 5 5 20C, 15C2
A 1 1 1 1 1
F1 3 .1-35 . i-H. 0 -1 <Tx,Ty,Tz); xx+yy+zz

F2
G

3
2 2 
1-i/s i+r? 0 -1

(Rx.Ry.Rz)

4
2 2 
-1 -1 1 0

H 5 0 0 -1 1 (xx+yy-2z z,xx-yy 
xy.xz.yz)

E 12C5 12C2 20C3 15C2 i 12S10 12310 20S6
Ag 1 1 1 1 1 1 1  1 1 1 xx+yy+zz
Au 1 1 1 . 1 1 -1 -1 -1 -1 -1
Flg 3 1& 5. 1^5 2 2

0 -1 3-1-15 i n 5  2 2
0 -l(Rx,Hy,Rz)

Flu 3 1±}5 i d 5  2 2
0 -1 -3-1-V? 1+y? 

2 2
0 i<Tx.Ty,Tz)

F2g 3 1 ^ 5  1+*52 2
0 -1 3 1+15 i..=25 2 2

0 -1

P2u 3 2 2
0 -1 -3.11?5 .1=252 " 2

0 1

G1g 4 -1 -1 1 0 4 -1 -1 0

Glu 4 -1 -1 1 0 - 4 . 1  1 -1 0 /fxx+yy-2zz
Hg 5 0 0 -1 1 5 0 0 -1 1 “S xx-yy,xy,
Hu 5 0 0 -1 1 - 5 0  o 1 -1 V, xz.yz)
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Appendix G Correlation Tables
o(zx) o(yz)

C2h C2 Cs Ci C2v C2 Cs Cs

Ag A
f

A Ag A1 A A' A'

Bg 3 A" Ag A2 A A" A"
Au A A" Au B1 3 A ’ A”
Bu B A* Au B2 B A" A' .

D2 Cz2 °S c x2 D2d-
C2‘C2

2 C2v
C2 C2 
C2 C2 Cs

A A A A A1 A A A1 A A A'
B1 A B B A2 A B1 A2 A B A"
B2 B A B bi B A A2 A B A*
B3 B B A *2

E
B
E

B1
B2+B3

A1
Bl+B2

A 3 
23 A+B .

A'
A*+A"

D2h °2
■C2
C2v c i v

C2 C2 
C2v < 4

c i
C2h

cy
C2h

C2 C2 
° l  C2

r x
: C2 C2 : 2 Cs

flr Hzx
s

Ag
Blg
B2g
B3g
Au

A
B1
B2
B3A

A1
A2
B1
B2
A2

Ai
B2
A2
B1
A2

A1 Ag 
B1 Ag 
B2 Bg 
A2 Bg
A2 Au

Ag
Bg
Ag
Bg
Au

Ag
Bg
Bg
Ag
Au

A A 
A 3 
B A 
B B 
A A

A A* 
B A* 
A A" 
A A" 
A A"

A'
A"
A ’
A"
A"

A'
A"
A"
A'
A"

A_«=.
A_
A~
a I

£
Au

Blu. B1 A1 B1 B2 Au Bu Bu A B B A" A ’ A' Au
B2u B2 B2 A1 B1 Bu - Au Bu B A B A ’ A" A' Au
B3u B3 B1 B2 A1 Bu Bu Au B B A A' A' A" Au

C3h C3 Cs G1 C3V C3 Cs D3 C3 C2
A' A A* A A1 A A* A1 A A
E ' E 2A '* 2k* A2 A A" A2 A B
A” A A" A E E A •+A" E E A+B
E" E 2k"* 2k*



S2

D?d D? G3v S6=C C2h C2 Gs Gi
A. Ah Ah A A A A A' Alg 1 1 £TO g g
A0 A0 A„ A A B B A" A_2g 2 2 g g g
E E E E E A +3 A+3 A'+A" 2Ag g g g g
A, Ah A„ A A A A A" A„lu 1 2 u u u
A- A0 Ah A A B 3 A' A2u 2 1 u u u
E E. E E , E A, +3 A+B A'+A" 2A_u u u u u

vsA+C/z'£ 0/
B,h °5h D? C3v ■ ^ T C3 G2 Gs Gs

A* Ah1 A1 Ai A A A ’ A'
A*2 A* A2 A2 B2 A 3 A' A"
E* E' E E A1+B2 E A+B 2A' A'+A"
A"A1 A" A1 A2 A2 A A A" A"
A”2 A" A2 A1 B1 A B A" A'
E" E" E E A2+Bl E A+B 2A" A'+A"

G^ C2 G^h G^ C2h C2 Gs Gi G1
A A A A A' A_ A A' A Ag g gB A B B 3 A_ A A' A_ Ag g gE 2B Eg E E 2BS 2B* 2k"* 2AS 2k*OA,, A B A A A" OA, Au u u

B, B A A„ A A" A„ Au u u
Eu E E 2B* 2B* 2k'* 2A£ 2k*

<5v SH Gy
C4v C* C 2 v  G 2 v C 2 Gs Gs C 2 G1
A1 A A1 A1 A A* A ’ A A A
A2 A A2 A2 A A" A" B A A

B A! A2 A A' A" E 2B* 2k*

*2 B A2 A1 A A" A*
E E Bl+B;2 Bl+B2 2B A'+A” A'+A•

c3' c.* Cx*
D 2 D 2 C4 C 2 C 2 G 2 V c5 Gs

A1 A A A A A A A1 A A'
A 2 • B1 B1 A A B B A 2 A A"
B1 A B1 B A A B *1

T?1 A ’+A1
B 2 B1 A B A 3 a * 2 E 2 A'+A
E -B2+B3 B2+&3 £ 3lB A+B A+B • ■
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D^d D* C^v S8 C2v
Cx
C2

cy
C2 Cs Cs '"l

A1 A1 A1 A A A1 A A A* A* A A' A
A2 A2 A2 A A A2 A A A" E1 2A'* 2A*
B1 a i A2 3 A A1 A B A ’ E2 E2 2A'* 2A*
B2 A2 A1 3 A A1 A 3 A ’ A” A A" A.

E1 E E E1 E Bl+32 23 A+3 A ’+A" IT''"I A 2 A"* 2A*
E2
E3

V B2
E

Bl+B2
E
<V

E2
E3

23
E

Al+A2V B2
2A
2B

A+3 A 
A+B A
ca"

•+A” 
’+AM .

E2
c;

2̂
c,"

2A"* 2A*

C*2a

D2d E2d Ckv Ci+h D2h D2h D2 D2 C2v r>w2v
Alg A1 A1 A 1 A1 Ag Ag Ag A A A A A1 A1
A2g A2 A2 A2 A2 Ag N Blg A A B1 31 A2 A2
Blg B1 B1 B2 B1 3g Ag- Blg B B A B1 A1 A2
B2g B2 B2 B1 B2 Bg Blg Ag B B B1 A A2 A1
Eg E E E E E B, +B, 3,+B» E g 2g 3g 2g 3g E Bg+B^ B2+B3 3tB2 3r3„i £
Alu A1 B1 B1 A2 Au Au Au A B A A A2 A2
A 2u k0 B2 B2 A1 Au Blu Blu A B B1 B1 A 1 a i
Blu A1 A2 B2 Bu Au Blu B A • A B1 A2 Ai
B2u B2 A2 A1 B1 Bu Blu Au 3 A B1 A A1 A2
Eu E E E E Eu B2jB3uB2;33uE E

c» c: Ct Cl c; Ci Ci Ci" <5* <5-v <5}Di)-h C2v C2v C2h C2h C2h C2 C2 C2 Cs Cs Cs Ci
Alg A1 Ai Ag Ag Ag A A A A' A' A* Ag
A2g B2 B2 Ag Bg Bg A B A A' A" A" Ag
Blg A1 B2 Ag Ag Bg . A A B A ’ A* A" Ag
B2g B2 A1 Ag Bg Ag A B A A ’ A” A' Ag
Eg A$*l A5B1 2Bg AgBg A+Bg g 2B A+B A+B 2A" j\'+A" A'+A" 2A(
Alu A2 A2 Au Au Au A A A A" A" A" Au
A2« B1 B1 Au V Bu A B B A” A ’ A* Au
Blu A2 B1 Au Au Bu A A B A” A" A' Au
B 2u B1 A2 Au Bu Au A B A A" A' A" Au
Eu AfB2 Af32 2Bu Au3u A53u 2B A+B A+B 2A' Jl'+A" A ’+A" 2A,

S

U



S4

DJd B5 V C5 C2 Cs Ci D5 C5 C2
A1 A1 A A A’ Ag A1 A A

A2g A2 A2 A A A" Ag A2 A B

Elg E1 E1 E1 A+B A'+A" 2Ag E1 E1 A+3
E2g E2 r*2 "Cp

"2 A+3 A'+A" 2Ag E2 ~2 A+3
Alu A1 A2 A A A" Au
A 2u A2 A1 A 3 A' Au
Elu E1 E1 E1 A+B A'+A" 2Au
E 2u E2 E2 E2 A+B A'+A" 2Au

ffl-*T(zx) ffL «T,
D5h V V C5 n r2v C2 Gs °s C2 C1
A *A1 A1 ai A' A A1 A A ’ A ’ A A A *rv

A •2 A2 A2 A ’ A B1 3 A' A" 3 A 3 .»A
Ei E1 E1 Ei E1 AtB2 A+3 2 A ' A'+A" E1 E 23* 2A*
E2 E2 1?~2 E2 E2 AfB2 A+3 2A' A ’+A" E2 E 2A* 2A*
A " A 1 A 1 A2 A" A A2 A A" A”
A"2 ■ A2 A 1 A" A" B2 3 A" A ’
E£ E 1 E 1 T?**

*1 E 1 A$B2 A+B 2A" A'+A"
E 2 IT2 E 2 E2 E 2 A^B2 A+3 2A" A'+A"

C6h C6 C3h S6 C2h C? C2 CS Ci C 1

Ag A A' Ag Ag A A A' Ag A

Bg B A" Ag Bg A B A" Ag A
Elg
E2g

E1 E" Eg
Eg

23*g
2Ai

E 2B* 2A"* 2A*
2AI

2A*
E2 E' E 2A* 2A'* 2A*

Au A A" Au Au A 'A A" Au A
Bu B A ’ Au Bu A B A ’ Au A
Elu E1 E' Eu 2Bu E 2B* 2A' * 2A* 2k*

E 2u T?"2 E" Eu 2K . E 2A* 2A"* 2AS 2k*
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