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Abstract

THE EFFECT OF TUBE CORRUGATION ON THE 

STABILITY OF A CORE-ANNULAR FLOW

By

Hsien-Hung W ei 

Advisor: Professor David S. Rum schitzki

We focus on the problem o f a core-annular flow  in a corrugated tube. The motivation 

for this study derives from liquid-liquid displacement flows in small pores, as occur in 

secondary o il recovery and core-annular flow in the bronchi. We focus on the effect o f 

tube, pore, or airway corrugation on the stability o f such a flow  arrangement and 

investigate whether and how the corrugation encourages or discourages instability 

compared with the situation o f a straight, cylindrical tube. Both viscous (Chapter II &  III) 

and inertial (Chapter IV) dominant theories have been asymptotically developed in the lim it 

o f thin annular films (e —> 0 ) and small corrugation ( <r —► 0 ).

Chapter II examines the linear stability o f a viscous core-annular flow . The wall 

corrugation leads to a spatially periodic base flow  to leading order. This base flow 

contributes spatially periodic coefficients to the partial differential equations governing the 

system’s stability. We employ Floquet-Bloch analysis to obtain the eigenvalue spectra o f 

these linear stability equations. We compare the results w ith the direct numerical solution o f 

the in itia l value problem o f the interfacial dynamics for a given initial condition and a range 

o f parameters. The eigenvalue spectra show multiple-branch structures. In contrast to the 

straight cylinder theory, an initial disturbance w ith wave length shorter than the 

circumference o f the undisturbed fluid-fluid interface can be modified due to this interaction
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with higher wall corrugation harmonics to excite unstable longer waves and thus lead to a 

linear instability.

In Chapter III, we extend the linear analysis to the weakly non-linear regime. Linearly 

unstable long waves saturate in the weakly nonlinear regime due to the non-linearity’s wave 

steepening. The weakly non-linear analysis in a corrugated tube leads to the competition 

between unstable long waves being shortened and stabilized on the one hand, and these 

shorter waves exciting new unstable longer waves on the other. We derive and numerically 

solve the weakly non-linear amplitude equations for this situation and explore the results o f 

this competition for various parameter regimes. For moderate or less strong interfacial 

tensions, the long wave linear instability excited by the corrugation, as discussed in 

Chapter Q, s till can be suppressed by the stabilization from the nonlinear steepening.

In Chapter IV , we study the effect o f corrugation on the linear stability o f an inviscid 

core-annular flow , which is a complementary problem to the viscous system analyzed in 

Chapter II. Many qualitative features o f the stability are similar to those in Chapter II. 

However, for a particular combination o f the parameters, there is a regime where resonant 

corrections to the eigenvalue can be so large that a “bridge”  o f positive growth rates 

connecting the primary and secondary unstable eigenvalue branches can be present. In this 

case, the primary wave competes with its first harmonic wave and neither dominates at long 

(linear) times. The long-term interfacial evolution (in  the linear regime) grows in an 

oscillatory manner.
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I. Introduction

1

A two-fluid core-annular flow  (CAF) consists o f two immiscible fluids flowing 

cocurrently in a tube or pore, where one (the annular) flu id  wets the tube wall and 

surrounds the other (core) flu id . CAFs are widely studied and serve as a useful model to 

analyze a number o f technologies and problems o f scientific interest such as o il recovery 

(Slattery 1974), liquid-liquid displacements in porous media (Park &  Homsy 1984), 

lubricated piping (Perziosi et al. 1989), and the lung surfactant problem (Otis et al. 1993, 

Halpem &  Grotberg 1993).

In secondary oil recovery processes, o il saturates capillary pores in rocks. One tries to 

displace the o il by using a second, immiscible liquid, usually an aqueous solution with low 

interfacial tension with the o il (Slattery 1974). I f  the displacing flu id is less viscous, it w ill 

finger into the extant flu id, which sticks to the wall due to its non-slip condition there 

(Saffman &  Taylor 19S8). This creates a CAF away from the ends o f the finger. The 

interfacial stability, however, can significantly affect the efficiency o f the recovery process. 

Growing interfacial disturbances can cause the wetting layer to snap and bring the non­

wetting phase in contact with the capillary pore wall. Contact line forces attaching the slug 

to the wall can retard train m obility, thereby make recovery more d ifficu lt. In addition, the 

pore structure may significantly contribute to instability, since uneven boundaries may 

potentially change flow pattern dramatically and excite an instability. In lubricated pipeling, 

one introduces a small amount o f a more wetting flu id, much less viscous to absorb the 

velocity gradient such as water and thereby drastically reduce the pumping-transport costs 

o f very viscous crude oil in steel pipes. However, any instability leading to film  rupture 

w ill bring the much more viscous flu id  in contact with the wall. The shearing o f this fluid 

w ill drastically increase the cost o f pumping. In the lung, air travels through a hierarchy o f 

branching tubes, called bronchioles whose inner surfaces are coated by a thin layer o f fluid. 

This cylindrical liquid layer typically maintains its integrity during respiration due to a
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2

surfactant produced in the lungs called DPPC which retards the time scale o f the capillary 

instability to times long compared with the breathing cycle. In premature infants and adults 

with adult respiration distress syndrome (ARDS), this surfactant is not present or does not 

function properly, and the air core may become blocked, destroying the CAF and inhibiting 

respiration. Obviously, whether the flow  is stable or not is critical to the proper functioning 

o f these systems.

Clearly, it is important to understand the mechanism o f the instabilities in CAFs. We 

would hope to achieve sufficient understanding to be able to control stability by 

manipulating the system’s parameters. It is essential to start with a simple model based on a 

perfect CAF (PCAF - perfect meaning co-axial and axisymmetric) through the idealized 

geometry o f a cylindrical tube. When the flow  is driven by a pressure gradient, the base 

flow for a PCAF, a Poiseuille flow  field and a purely circular interface, satisfies the 

Navier-Stokes equation and the appropriate boundary conditions exactly. PCAFs allow us 

to understand fluid mechanical factors affecting the system’s stability by decoupling the 

geometric complications o f a real CAF from the fluid factors. In most applications such as 

oil recovery and the lung problem, the thickness o f the annular fluid is typically much 

smaller than the tube radius. The dominant factors in the linear stability problems o f CAFs 

are surface tension and viscosity stratification effects. Surface tension is usually important 

for problems with interfaces and can give a rise to capillary instability where the interfaces 

are circular. In  response to an infinitesimal interfacial disturbance, Rayleigh (1879), 

Tomotika (1935), Goren (1962) and many others found that capillarity acts in two ways: it 

destabilizes the interfacial circumferential curvature and stabilizes the axial curvature o f an 

interfacial deflection. The competition is such that disturbances with wavelengths shorter 

than the undisturbed interfacial circumference are stable and those longer are unstable. This 

feature o f capillarity is independent o f the base flow, and arises simply from the cylindrical 

geometry o f the unperturbed flu id-flu id interface. In the presence o f viscosity stratification, 

as studied by Preziosi et al. (1989), and Georgiou et al. (1992), a shear flow
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3

configuration w ith a more viscous core fluid can stabilize the destabilization o f the 

capillarity for a band o f Reynolds number.

The non-linear aspect o f the annular-film system can provide a better understanding o f 

the system’s instability, particularly when disturbances that are amplified by the capillary 

instability grow to finite magnitudes. Gauglitz &  Radke (1988)’s study o f the no flow case 

suggested that the core can snap o ff when the unperturbed annular thickness is above a 

critical value; otherwise the film  can rupture and the system forms stable lobes along the 

tube as in Hammond (1983). However, the presence o f base flow  can significantly change 

the behavior in the non-linear regime. In the weakly nonlinear regime, where disturbances 

remain finite but much smaller than the annular film  thickness, Frenkel et al. (1987) and 

Papageorgiou et al. (1990) showed that for strong surface tensions, a Kuramoto- 

Sivashinky-like equation governs the system’s weakly nonlinear evolutions. Papageorgiou 

et al.'s equation included a direct coupling from the core’s dynamics through the viscosity 

stratification. The non-linear term that derives from the shear flow in the base state steepens 

interfacial deflections. This gives rise to shorter length scales, which become stabilized by 

the longitudinal curvature o f the interfacial tension. This mechanism saturates the capillary 

instability and can lead to either chaotic interfacial motions or, more typically, to nonlinear 

traveling curves having more than one length scales depending on the parameter values. As 

such, the interfacial stability o f a PCAF in a circular tube is fa irly well understood.

However, in  real core-annular flow  systems such as occur in o il recovery, two fluids 

flow  through uneven channels in a porous rock, and thus do not possess an ideal geometry 

like flows in a perfectly cylindrical tube. Similarly, the extensive branching o f the 

bronchiole system represents a system with a frequently changing cross-section. It is thus 

conceivable that pore corrugation may play a role in determining the real system’s stability 

that is at least as important as the effects already considered. But there are good reasons 

why one might neglect it in a first analysis. Let’s consider briefly how pore corrugations 

can complicate the problem. First, such a non-ideality w ill cause the base state to be
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significantly changed. Even if  the corrugated tube remains axisymmetric, the base flow 

pattern in a tube o f varying cross section w ill be two-dimensional rather than being a purely 

axial velocity as a function o f the radial position. This deviation from parallel flow  can 

interact strongly with the disturbance introduced in the stability analysis. For instance, 

consider the flow  o f a single flu id  in a sinusoidal tube. Even for a small Reynolds 

number Re, inertia can be significant when the axial variation o f the tube radius is as rapid 

as 0(\/Re). Moreover, it is unlikely that one would be able to solve for the base state 

exactly in closed form in such a geometry. Cylindrical tube theory clearly does not include 

these effects. To access them, it is necessary to extend the scope o f this theory to include 

geometric factors.

Our goal in this study is to develop a systematic approach to investigate the effect o f 

pore corrugation on the instability o f a core annular film  flow  and to see how a non-trivial 

base flow  interacts with a disturbance to determine the system’s stability. As expected, the 

existing works based on PCAF theory can be regarded as a lim iting case o f our analysis.

Clearly one would like to examine the effect o f wall corrugation in general. However, 

due to its complexity, we make a number o f simplifications to idealize the geometry and 

thus make the problem tractable. First, rather than a corrugation o f arbitrary structure, we 

idealize the geometry and consider a sinusoidal corrugation with amplitude ae . Here, 

similar to the PCAF treatments, we define the parameter e as the ratio o f the mean annulus 

thickness to the mean core radius. Small £ corresponds to the thin film  lim it. The 

corrugation parameter <r is measured with respect to the film  thickness and can be 0 ( 1 ) in 

general. O f course, a  = 0 should reduce to the straight tube case. Thus, ae is small 

relative to the macroscopic geometry o f the tube. However, when e « l and < r~0(l), 

even though ae is small with respect to the core radius, it is s till comparable to the film  

thickness; in that case the film  equations become difficult to handle due to quadratic terms 

arising when applying the boundary conditions at the corrugated wall. If, on the other 

hand, the corrugation is also small compared with the film  th ickness(i.e.,<r«l), then we
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can, at the cost o f introducing an additional small parameter, linearize the corrugation and 

simplify our formulation without abandoning our objective. Therefore, by means o f 

perturbation techniques, the steady base flow  can be expected to be a superposition o f a 

parallel flow  in the cylindrical tube and a correction fo r the nonparallel flu id  motion arising 

from the corrugation to leading order in the small corrugation parameter. One can then 

perform a stability analysis order-by-order in the perturbation parameter, o f the 

corresponding base flow.

This work examines three problems concerning the effect o f corrugation on the 

stability o f a CAF. We investigate a viscous system in Chapter II in which we derive the 

leading order base flow  and perform the corresponding linear stability. In  Chapter III, we 

extend the analysis to the weakly non-linear regime to see how the corrugation competes 

with the effect o f non-linearity. To access the inertial effect, we also examine the linear 

stability o f an inviscid CAF in Chapter IV . The study o f an inviscid system serves as a 

complementary problem to the viscous dominant theory in Chapter II and m .
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II The Effect of Tube Corrugation on the Linear 
Stability of a Core-Annular Flow

1. Introduction

A two-fluid core-annular flow (CAF) consists o f two immiscible fluids flowing 

cocuirently in a tube or pore, where one (the annular) flu id wets the tube wall and 

surrounds the other (core) fluid. Core annular flows are widely studied and employed as a 

useful model to analyze a number o f technologies and problems o f scientific interest such 

as secondary o il recovery (Slattery 1974), liquid-liquid displacements in porous media 

(Park & Homsy 1984), lubricated piping (Perziosi, Chen &  Joseph 1989), and the lung 

surfactant problem (Otis et al. 1993, Halpem & Grotberg 1993). To recover o il which is 

saturating capillary pores in rocks, one can try to displace the o il with a second, immiscible 

liquid, usually an aqueous solution with low interfacial tension with the o il (Slattery 1974). 

I f  the displacing flu id  is less viscous, it w ill finger into the extant fluid, which sticks to the 

wall due to its non-slip condition there (Saffman &  Taylor 19S8 ). This creates a CAF 

away from the ends o f the finger. Any interfacial stability, however, can significantly affect 

the efficiency o f the recovery process. Growing interfacial disturbances can cause the 

wetting layer to snap and bring the non-wetting phase in contact w ith the capillary pore 

wall. Contact line forces attaching the slug to the wall can retard train m obility, thereby 

make recovery more d ifficu lt. In addition, the pore’s structure may significantly destabilize 

the system since the uneven boundaries may potentially change flow  pattern dramatically 

and excite instability. In the lung, air travels through a hierarchy o f branching tubes, called 

bronchioles whose inner surfaces are coated by a thin layer o f flu id. This cylindrical liquid 

layer typically maintains its integrity during respiration due to a surfactant produced in the 

lungs called DPPC which retards the time scale o f the capillary instability to times long 

compared with the breathing cycle. In premature infants and adults with adult respiration 

distress syndrome (ARDS), this surfactant is not present or does not function properly, and
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the core can become blocked, destroying the CAF and inhibiting respiration. Obviously, 

whether the flow is stable or not is relevant to the proper functioning o f these systems.

Clearly, it is important to understand the mechanism o f instability in CAFs because it is 

often critical to either encourage or discourage the instability’s growth. It is not surprising 

that there are numerous investigations based on a perfect CAF (PCAF - perfect meaning co­

axial and axisymmetric) through the idealized geometry o f a straight, cylindrical tube. In 

these studies, the base flow  for a PCAF is a Poiseuille flow  field with a purely circular 

interface, which satisfies the Navier-Stokes equation and the appropriate boundary 

conditions exactly. The dominant effects that influence the linear stability o f a CAF are 

capillarity and viscosity stratification. Capillarity acts in two ways: it destabilizes the 

interfacial circumferential curvature and stabilizes the axial curvature o f an interfacial 

deflection. The competition is such that disturbances w ith wavelengths shorter than the 

undisturbed interfacial circumference are stable and those longer are unstable. This feature 

o f capillarity is independent o f the base flow, and arises simply from the cylindrical 

geometry o f the unperturbed fluid-fluid interface.

In the presence o f a base flow, Hickox (1971) used Y ih’s long wavelength technique 

to examine the linear stability o f a CAF with a more viscous film  fluid (m s  > 1> Mi 

and n2 being the viscosities o f the core and annular fluids, respectively) in the presence o f 

capillarity, viscosity and density stratification and gravity in a vertical tube. In his analysis, 

for both axisymmetric and non-axisymmetric disturbances, both capillarity and viscosity 

stratification were destabilizing for long waves (to the leading order in wave number a )  

and axisymmetric modes were the most unstable. Joseph and coworkers, in a series o f 

papers (Joseph, Renardy &  Renardy 1984; Preziosi, Chen &  Joseph 1989; Hu &  Joseph 

1989; Chen, Bai &  Joseph 1990; Hu, Lundgren &  Joseph 1990, Chen &  Joseph 1991), 

extensively investigated the combination o f capillarity and viscosity stratification, for m 

<1, for which the latter effect is stabilizing. They numerically solved the fu ll Orr- 

Sommerfeld equation and employed perturbation techniques, e.g. for small m « 1  in their
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analyses. In lubricated pipelining m <1 and viscosity stratification can stabilize the 

destabilization o f capillarity for a band o f Reynolds number. As such, they showed that 

there exists a window o f stability in Reynolds numbers space in which a CAF is linearly 

stable. Such window disappears when the film  become too thick or when enhancing the 

film ’s viscosity relatively to that o f the core. In most applications, the thickness o f the 

annular flu id  is typically much smaller than the tube radius. In such cases, Georgiou, 

Maldarelli, Papageorgiou & Rumschitzki (1992) developed thin film  asymptotic techniques 

to analytically examine the linear stability o f a PCAF in a vertical arrangement w ith gravity. 

They focused on axisymmetric, i.e., the most unstable, disturbances and extended 

Hickox’s a -» 0 analysis to the range o f intermediate waves, i.e., waves comparable to 

the tube circumference. For large surface tensions and for m < 1 , viscosity stratification 

can stabilize the capillary instability to the leading order in the ratio e o f the undisturbed 

annular thickness to the core radius, while viscosity stratification is destabilizing for m > 1 . 

A density difference is purely dispersive to the leading order ine and its stability 

contribution is a second order effect. In particular, the linear stability is primarily dominated 

by the flu id-flu id interfacial tension, i.e., capillarity, and viscosity stratification.

The non-linear aspects o f a thin-film  CAF is important to better understand the 

system’s stability in response to disturbances o f finite magnitude and to follow  the 

evolution o f linearly unstable waves, since the linear instability governs the dynamics o f 

only infinitesimal disturbances. Hammond (1983) studied the two-fluid CAF in a tube with 

a thin annular film  in absence o f a base flow  for parameter values where the core’s 

dynamics become irrelevant. His nonlinear analysis showed that long wave disturbances 

can grow non-linearly and could potentially lead to film  bridging the core and forming 

lenses when sufficient liquid was present. However, the extent o f validity o f his equation 

was limited by the thin film  approximation which particularly impacts the allowed mean 

curvature o f the interface. This 0(e) approximation admits a collar volume that never goes 

through a maximum so that the collar is always stable and need not form a lens. Gauglitz
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through a maximum so that the collar is always stable and need not form a lens. Gauglitz 

&  Radke (1988) extended Hammond’s analysis in an ad hoc manner by keeping the fu ll 

non-linear circumferential capillary but linearizing everything else in the normal stress 

balance at the interface. Interestingly, their analysis predicts the transition from collars to 

lenses, while Hammond’s thin film  analysis might be able to predict this transition only at a 

higher order (in e) approximation.

In presence o f a base flow  and in  the regime o f a very strong surface tension, Frenkel 

et. al (1987) found that the Kuramoto-Sivashinky (KS) equation governs the weakly 

nonlinear evolution o f fluids w ith matched viscosities and densities. In their case, only 

capillarity destabilizes and the core’s dynamics slave those o f the film . The non-linear 

coupling o f the base flow  through the kinematic condition can saturate the instability and 

lead to chaotic interfacial motions, as numerically demonstrated (Sivashinky &  Michelson 

1980). Papageorgiou, Maldarelli &  Rumschitzki (1990) developed a weakly non-linear 

analysis o f a CAF for generally different fluid-fluid viscosities and densities and for surface 

tensions where the core dynamics are integrally coupled to the interfacial evolution. They 

derived amplitude equations to describe the weakly nonlinear interfacial dynamics which 

turn out to be the Kuramoto-Sivashinky-like equations modified by the inclusion o f non­

local integral kernels involving core quantities. In the case o f slow and moderate flow, this 

kernel includes non-local terms reflecting the coupling o f the core’s dynamics by viscosity 

stratification to the interface’s evolution. The linear analysis yields unstable long waves for 

m> 1, and for some values o f the Reynolds number Re when m <1. The non-linear term 

that derives from the base state shear flow  steepens interfacial deflections, giving rise to 

shorter length scales. These scales then become stabilized by the longitudinal curvature

( it4) o f the interfacial tension. This mechanism o f saturating the instability can lead to either 

chaotic interfacial motions or, more typically, to nonlinear traveling waves having more 

than one length scales. More recently, Kerchman (199S) has developed a strongly 

nonlinear theory which includes large amplitude deflections. Whereas the above mechanism

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



is dominant when e2J/Re} (J  = , where p,, p,, /?, are the core flu id ’s density,

viscosity and undisturbed radius and y is the flu id-fluid tension) is small compared with 

one, for large e2 J/Rex, this steepening due to the base flow is weaker. The core annular 

arrangement may thus collapse due to the stronger capillary forces in this lim it that are at 

work in the neighborhood o f the interface’s trough which can cause the interface to 

strongly bulge into the core. As a result o f all o f these linear and non-linear studies, the 

interfacial stability o f a PCAF in a circular tube is fa irly well understood.

However, in a real core-annular flow  systems such as occurs in secondary oil 

recovery, two fluids flow  through uneven channels in the porous rock and thus do not 

possess an ideal geometry as in a perfectly cylindrical tube. Sim ilarly, the extensive 

branching o f the bronchiole system represents a system with a frequently changing cross- 

section. It is thus conceivable that pore corrugation may play a role in determining the 

system’s stability that is at least as important as the effects that have already been 

considered. But there are good reasons why one might neglect it in a firs t analysis. Let’s 

consider briefly how pore corrugations complicate the CAF stability problem. First, such 

geometric non-idealities w ill change the base state significantly. Even in an axisymmetric 

tube o f varying cross section, the base flow w ill be two-dimensional, rather than simply an 

axial velocity as a function o f the radial position. This deviation from parallel flow can 

interact strongly with the disturbance introduced in the stability analysis. For instance, 

consider the flow o f a single fluid in a sinusoidal tube. Even for small Re, inertia can

dR
become significant when the axial variation o f the tube radius —  is as rapid as 0(lfRe).

dz

Moreover, it is unlikely that one would be able to solve for the base state, the starting point 

for a stability analysis, exactly in closed form. Cylindrical tube theory clearly does not 

include these effects. To access them, it is necessary to extend the scope o f this theory to 

include these varying geometry factors.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



11

channel with varying cross-section (Chow &  Soda 1972) have been studied. These works 

employ perturbation techniques, by using either small corrugation or slow axial variation 

parameters, for flows at intermediate or high Reynolds numbers. Similar techniques have 

been applied in interfacial problems. Wang (1981) considered a film  flow ing slowly down 

a wavy inclined plate where the striations are parallel to the overall flow . He applied a 

perturbation method w ith respect to the small amplitude o f the corrugation and found that, 

for a fixed mean depth o f the film , the flow  transverse to the striations is decreased relative 

to that on a smooth plate, while the flow along the striations is increased. Dassori, Deiber 

&  Cassano (1984) analyzed a two-fluid system in a symmetrically sinusoidal, two- 

dimensional channel. They only focused on the case o f a wetting flu id layer with very low 

density and viscosity relative to the core. Both o f the above studies found that the fluid 

interface exhibited a wavy shape characterized by an amplitude and a phase shift relative to 

the wall, which are functions o f the surface tension, the density ratio, viscosity 

stratification, the flow rate and the wave number o f the wall. Recently, Kang &  Chen 

(1994) extended Wang’s analysis to cases with two fluid-fluid interfaces in the planar 

system and a similar picture resulted. In cases o f large corrugations, perturbation 

techniques as mentioned above are no longer applicable. Pozrikidis (1988) extended 

Wang’s problem to large corrugations by solving the two dimensional creeping flow 

problem numerically on a periodic domain using a boundary integral method.

Despite the work cited on base flows, linear or non-linear stability issues associated 

with flows in a corrugated configuration, especially interfacial problems, have only been 

explored in a preliminary manner. In the case o f no flow, Gauglitz &  Radke (1990) 

employed their previous analysis (1988) to examine how constrictions affect the foam 

formation in gas-liquid displacements for the case where the tube radius varies slowly in 

the axial direction. They showed that the time needed to snap a collar o ff strongly depends 

on the neck radius o f the constriction and that the length o f the constriction is not crucial to 

the instability. A similar conclusion was also drawn by Ransokoff, Radke &  Gauglitz
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on the neck radius o f the constriction and that the length o f the constriction is not crucial to 

the instability. A similar conclusion was also drawn by Ransokoff, Radke &  Gauglitz 

(1987) and Ratulowski &  Chang (1989) who analyzed the case when constrictions have 

varied cross-sections.

In the presence o f a base flow, Kelly (1967) first studied the inviscid linear stability o f 

a stationary wave without surface tension which is periodic in space and time in the base 

state. He derived a resonance condition in which the disturbances can excite an instability. 

Tougou (1978) investigated the stability o f a viscous film  flowing down an inclined, 

uneven wall in the presence o f surface tension. To leading order in a shallow thickness 

parameter s defined as the ratio o f the mean film  thickness to the wall’s wavelength, the 

linear stability o f the base flow  is identical to that for the plane wall case. The long-time 

interfacial evolution as governed by the KS equation, however, is no longer spatially 

periodic due to the non-parallel base flow.

Our goal in this study is to develop a systematic approach to investigate the effect o f 

pore corrugation on the instability o f a core annular film  flow  and to see how a non-trivial 

base flow interacts with a disturbance to determine the system’s stability. As expected, the 

existing works based on PCAF theory can be regarded as a lim iting case o f our analysis.

Clearly one would like to examine the effect o f wall corrugation in general. However, 

due to its complexity, we make a number o f simplifications to idealize the geometry and 

thus make the problem tractable. First, rather than a corrugation o f arbitrary structure, we 

carry out our detailed calculations for a sinusoidal corrugation with amplitude ae . Here as 

before, the parameters is the ratio o f the mean annulus thickness to the mean core radius. 

Smalls corresponds to the thin film  lim it. The corrugation parameters is measured with 

respect to die film  thickness and can be 0(1) in general. O f course, o  = 0  should reduce to 

the straight tube case. Thus, os is small relative to the macroscopic geometry o f the tube. 

However, when s « l and <r~0(l), even though os is small with respect to the core 

radius, it is s till comparable to the film  thickness; in that case the film  equations are thus
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d ifficu lt to handle due to the quadratic terms arising when applying the boundary conditions 

at the corrugated wall. If, on the other hand, the corrugation is also small compand with 

the film  thickness (i.e .,< r« l), then we can, at the cost o f introducing an additional small 

parameter, linearize the corrugation and sim plify our formulation without abandoning our 

objective. Therefore, by means o f perturbation techniques, the steady base flow can be 

expected to be a superposition o f a parallel flow in the cylindrical tube and a correction for 

nonparallel fluid motion arising from the corrugation, to leading order in the small 

parameter. One can then perform a stability analysis, order-by-order in the perturbation 

parameter with the corresponding base flow.

2. Governing Equations and Boundary Conditions

Two immiscible, viscous, incompressible fluids are flowing axisymmertically without 

gravity in a core-annular arrangement in a tube o f radius & (z) that varies in the axial 

direction with slight corrugation. See Figure 1. The interface is given by r  = S(z,t). The 

core region, defined by 0 < r  < S(z,f), is occupied by fluid 1 and the 

annulus, S(z,t) < r <  /2,(z), is filled by fluid 2. Since the flow fields are assumed to be 

axisymmetric, they only have velocity components (u, 0 ,w) in terms o f the cylindrical polar 

coordinates (r,0 ,z). We non-dimensionalize the velocity, pressure, length scales, and time

with the characteristic quantities W0, Rg, andi^/H ^, respectively, where W0 is the

axial velocity at the central line r  = 0  in the uncorrugated base flow, p is density o f the fluids 

taken for now to be equal, and R$ is the mean radius o f the core. Then the governing 

equations are given by

wr + uwr + vvw. = —p, + — V 2h>, (2 .1 a)
Ret

ut + uur + wuz = - pr + V2u -  j , (2 . 1 b)
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-(ru )r + w, = 0. (2.1c)

Ql , Q Ql
where V 2 = — 5-+ ----- + —5-, t = 1,2 denotes the core and the annulus, respectively and

dr r  dr &

the Reynolds number is given by Re, = -  —— , p, being the viscosity o f fluid i, /= 1, 2.
Vi

We use the capital letters U, W and P to denote the core’s radial and axial velocities and 

pressure and the smaller letter u, w, and p  for the corresponding film  quantities. We use 

Re, for the core as the reference Reynolds number. The annulus Reynolds number

is Re-, = — L, in which m = —  is the viscosity ratio o f the annulus to the core.
V\m

The following boundary conditions should be used: The velocities vanish at the wall, 

w = 0 , u = 0  at r  = /?j(z). (2 .2 a)

Define the jump notation [• ] = ( • ) ,- ( #)2- The velocities are continuous across the

interface,

[w ] = 0 , [u] = 0 at r  -  S(z,r). (2.2b)

The tangential stress and normal stress balances at the interface are

= 0  at r  = 5(z,r), (2 .2 c)

2 ( 2 \  2
p  u. -  \ ~p + — vv_ S. h (u. + wr)S.
F Re r \  Re ■) ‘ ReK ‘ r) '

at r  =  5 (z ,r), (2 .2 d)

o  Rawhere J  = , is the surface tension parameter used by Chandrasekhar (1968). The
P V

kinematic condition, which determines the shapes o f the interface, is

u = Sf + wS. at r  = S(z,t). (2.2e)

Finally, the core flow  field must be bounded at the central line, i.e.,
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w, u bounded as r  —> 0. (2.2f)

3. Base flow

3.1 Scalings

Consider the above arrangement, in the presence o f surface tension and viscosity 

stratification, but neglecting density differences and gravity. To zeroth order in the 

corrugation parameter a  (i.e., no corrugation), the flow  patterns in  both fluids are parallel,

i.e., vv = -^ — -— and fV -  I -  — , (3.1a ,b)
a + m - l  a '+ m - l

where a = 1 + e is the nondimensional (mean) radius o f the tube and e is the ratio o f the 

(mean, when a  *  0) undisturbed film  thickness to the (mean) core radius. The thin-film  

lim it requires e « 1. Since the film  variables vary over a radial distance e , we introduce a

r  _ 1
stretched film  variable y  := I  . Here y = 0, 1 correspond to r  = 1 + e, 1, i.e., the

€

(average) position o f the wall and the fluid-fluid interface, respectively. Then, since

m = 0 (1) »  £, the <t = 0  velocity profile o f the annular layer is a linear shear flow to

~ 2s  =  2s
orders: w = — y  +  0( e 2) .  The core flow is still parabolic, i.e ., W  = l - r ! + — r  +  CĤ s1) .  

m m

The interface is the perfectly cylindrical surface r= 1. The imposition o f a corrugation alters 

the flow fields. The thin film , unlike the core, can only support an axial correction to the 

driving pressure gradient in response to the corrugation and it transmits this variation to the 

core via an interfacial deflection. Let us begin by examining the scalings that govern the 

perturbed base flow.

The corrugated wall is given by/?,(z) = 1 + e(l + <r<f>{z)), where ^(z) is a prescribed

order one function o f z , the corrugation factor a  is assumed to be small compared with 1 , 

andfT= 0  gives the uncorrugated system. In terms o f y, the wall’s shape function 

isy = -<t0(z). Let the perturbed (due to a  *  0) quantities (w’ ,u ',p’ ) and (W*,U ',P ')
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correspond to the film  and core, respectively. We represent the steady interface, perturbed 

by the wall’s corrugation, by Sb(z) = l+6ri(z), where rj(z) is an unknown order one 

function. We shall seek scalings fo r the above dynamic quantities and for the perturbed

interface (5 ) in terms o f e and cr.

The introduction o f the thin film  variable y  makes the thin film  lim it (e  0) explicit 

It also separates the film ’s radial scale from its axial and from both scales in the core. As

d 1 8
such, radial derivatives in the film  are large, i.e., — = -—. To find the appropriate

dr e dy

scalings, we follow  the procedures used by Hammond (1983) or Papageorgiou et a l 

(1990). The scalings basically follow  from the fact that the thin annulus can support only a 

lubrication flow. Let us begin by considering the no slip condition for the axial velocity at 

the wall (y  = -a<p(z)) and Taylor expanding about y=0. This gives w' ~ ae/m . 

Continuity gives u’ ~ ew' ~ ae2 /m . Meanwhile, the steady state kinematic condition

gives6 ~ u /w  ~ os. This deflection causes a perturbed pressure across the interface. In 

general, thin film  shear flows develop dominant pressures that drive lubrication layer 

flows. Therefore, the film  perturbed pressure dominates the normal stresses and balances

the surface tension terms. One can estimate it as p' ~ J8 /R e2 -  Jeer/Re2. It follows

from (2.1a) that the perturbed axial velocity in the film  scaled as W ~ J8e2 /m Rel from the 

film ’s lubrication equations. Equating these orderings with those derived from the no-slip 

condition gives J/Rex ~ 1/e2. This is the scaling relation necessary in order to obtain the 

non-trivial base state and the corresponding stability analysis. Let us turn to the core 

scalings. So as to over-determine neither to film  nor the core problem, there needs to be a 

balance between core and film  quantities in either the tangential stress condition or the 

continuity o f axial velocity at the interface. The former case leads to a trivial solution to 

leading order in the core. Thus, the continuity o f the axial velocities at the interface gives

the W' scale. The lack o f r  -z scale separation in the core then determines that W' and U'
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arc both o f orderae/m andP'~ ae/mRex. Based on such scalings, the leading order 

tangential stress balance is dominated by the film  flow. As we shall see, the corrugated 

base state is film-determined as in Hammond’s analysis, and the core flow just slaves that 

o f the film .

There are two different consistent situations o f interest here. First, we consider slow 

fluid motions and large surface tension, i.e ., Re, ~ e and J  ~ 1 /e , and then order one

flows and very large surface tensions Rex = 0(1) and 7 ~ 1/e2  corresponding to moderate 

fluid motions. In the former case, the core’s inertia is negligible and the core flow  is 

governed by the Stokes equation. In the latter, the core’s inertia enters in a perturbative 

manner and its flow pattern is expected to be expressible in terms o f Kummer’s 

hypergeometric function. However, as previously mentioned, due to the core-slaving o f the 

film , these cases differ in their core flow patterns but have identical film  flows. 

Accordingly, the surface tension num ber/ and Reynolds number always appear in the film  

solution as J/Rex, i.e., together and not individually. In the present work, we concentrate 

on the creeping flows corresponding to the former case.

For Rex ~ e, J  ~ 1/e, we posit regular perturbation expansions and substitute these 

quantities into the governing equations and boundary conditions to formulate the leading 

order steady corrugated flow  problem.

3.2 The Leading Order Base Flow

Following the scales outlined, the film  flow  has the following asymptotic expansions:

W  =  W  +  <T£W +  0 (< 7 Z£ , o s 2) ,  

u = ae2u + 0 (£2 <t2 ,£3ct),

(3.2a)

(3.2b)

= cr _ cr
P = P + — P+CK— —). 

£ £ £
(3.2c)

For the core,
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W =  W + aeW + 0(*x2. £2a ), (3 2d)

U = aeU +0(£<J2,£2cr), (3.2e)

P = P + aP + 0(ex2, « r), (3-2f)

where denotes the uncorrugated base state which is a two-fluid Poiseuille flows and has

a uniform gradient in each region and denotes the corrugated base state correction. 

Substituting (3.1a), (3.1b) and (3.2a)-(3.2f) into the governing equations (2.1a)-(2.1c) and 

boundary conditions (2 .2 a)-(2 .2 f) expanded around the uncomigated state (cr= 0 ), 

eliminating the zeroth order o f corrugation and letting Rex = sk and J  = J0/£, where 

A and J0 are 0(1), gives the leading order equations in cr and £:

For the film ,

(3.3a)

(3.3b)

(3.3c)
dy Gz

For the core,

0 = -P; + ± V 2W, 
A

(3.3d)

(3.3e)

(3.3f)

The boundary conditions become the follow ing: 

A t y  = 0 (the a  = 0 wall),

(3.4a)
m
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At r  = 1 ox y  = 1 (the a  = 0 interface), the velocities are continuous :

W —2rj = w ——T],U = 0 . 
m

(3.4b)

Tangential stress:

■s
H

St II o (3.4c)

Normal stress: (3 4d)

Kinematic condition:
_ 2  
u = —I/, , 

m
(3.4e)

A t the center line,

A _  ('1  2 2
— PA - y - y +-—

m <2 m

A _ '1  3 \
— P j —y - - y +
m (6 )

as r  -> 0, W and U are bounded. (3.4f)

The solution o f (3.3), subject to (3.4a) and (3.4c), is the film ’s velocity profile in terms o f 

the prescribed wall function <p and the unknown interface function tj :

m  , (3.5a)

-♦ .M y  • (3.5b)
m

By substituting the film ’s velocity and pressure into the static kinematic condition (3.4e)

and integrating once dz, one gets an equation for the leading order static interfacial

deflection

3^ = ^ . . ) ^  = i f  (3.6)

We retain the common factor m for our discussion of the physical meanings o f the terms in 

(3.6) later in the stability analysis. Note that, when deriving (3.6), an additional constant o f 

integration appears. To see that one can, without loss o f generality, choose it to be zero, 

note that the film ’s flow rate Q is

Rj
Q!2n = j  w(r,z)rdr = £ j7| vvO') + vv(y,z)jafy

5k
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=  —  +  o e 2( — — (*?_, +  V : ) +  —(4 -  ° ( £ 3 > £2< j2> £3<t) -  (3 *7)
m v 3mk '  m J

The leading order in (3.7) comes from the shear flow at a  = 0, and the leading order

deviation due to corrugation is just the constant o f integration from (3.6). Choosing it to be

zero retains the a  = 0 flow  rate. Alternatively, we can leave the a  *  0 flow  rate on

prescribed and absorb the arbitrary constant C by redefining tj as r) '= tj + ~ C .

The perturbation pressure gradient drives a perturbed base flow  through the interfacial

deflection. Since the fluids are viscous, a shear stress in the core fluid balances this

pressure gradient, thereby retarding the core's motion. One expects the deflection rj o f the 

interface to be independent o f the viscosity ratio m, since both the normal and the tangential 

components o f the stress conditions are film-dominated, i.e., contain only film  variables to 

leading order. Observe also from (3.6) that the interface w ill be out o f phase w ith the wall: 

shear tends to align the interface and the wall, whereas the interfacial tension (in J0 ) 

introduces a phase-shift motion. As expected, the higher the interfacial tension, the higher 

the interface-wall phase shift.

From the solution o f (3.6) for the shape function rj o f the interface, one can obtain the 

complete solution fo r the film  by plugging into (3.5a) and (3.5b). The solution to (3.6) 

should be a linear combination o f a homogeneous and a particular solution. However, since 

the wave number o f the homogeneous solution is complex, we set its coefficients to zero 

because otherwise the homogeneous solution would lead to an unbounded interface as 

|z| -> ao. We therefore only retain the particular solution. I f  the wall function <j> is periodic 

to the leading order in the corrugated base flow , the interface should also be periodic and 

have the same periodicity as the wall. Thus, we consider a trial solution o f the form

?7 = c,cos(kz)+ c2 sin(kz) , or (<j>, !? )= (# . n)« p 0 *z )+ (# \ rf}exp(-ikz). Thus,
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> j= — r - !  i .  (3.8)

For the core flow at the leading order o f the corrugation, define a stream function such 

that

W . l B -  . V . - i f .  (3.9)
r  dr r  dz

Y satisfies the creeping flow  equations

E2E2W = 0, (3.10)

8 '2 1 8 d2
where £ 2 = —- ------- + — and is subject to (3.4b) and (3.4f).

8r~ r  dr 6z~

Since r\ is already known in terms o f one can solve the core flow  for 

*¥ = 'P(r)expO'Az) to get

* ( r )  = ArIx(Jkr) + Br2I0(kr), (3.11)

where

1 (3.12a)
(2 - * ) /„ ( * )  + */,(*) ̂  /,(* )

B = ------------   f(2  + l/m )f7 - — i \  (3.12b)
(2 - k ) l0(k) + klx(k ) \ :  n  m J

and I {(kr) and IQ(kr) are the modified Bessel functions o f orders 0 and 1.

The core velocities follow  from (3.9). We can summarize the corrugated base flow

patterns for each flu id  fo r an arbitrary 0 ( 1 ) wall function 0 (z) in the case

Rex ~ e, J  ~ l/s  as follows:

For the film ,

~  = — y + 0(£2) + ea(-^ -(r/_  + rj.)(^-y 2  - y )  + — 1 + 0(£ 2 ct.<t2£), (3.13a)
m \mA, 2 m )

wb = w + w
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ub = u =  “ / )  + — ̂ j  + O C fiV .aV ),
V/wA 6 2 m J

-  _ = O' / . „.< r cr
p6 = p + p = p + — ( v +Tis ) + ° i —>— );

e *  £  £

(3.13b)

(3.13c)

fo r the core,

Wb = W + W

, 2 2 £ 2= I -  r  + — r  
m

(3.13d)

1 1 x 1
+£°"E ^7 (2 + —)r*— * FfAy V m m J

Î k I Q(kr) + 2Ib(kr) + krIx(kr)\ + 0(e2a,e<j2),

{ / . = ( / =  -e a -
F{k)

Io(k)
m

W

I\(.kr) + r l0(kr) f(2 + —)rj.— -0 . + 0(£2o\£<t2), (3.13e) 
V m '  m ' J

pb=p+/>=p +o-i-f(2+!)„ - % | - ^ a * ) + m
F(k) V m m \  Ix(k)

+ 0(£cr,<r2), (3.13f)

where

C(<t) = ̂ ( /,( * 7 - ) - / 0 (Ar)) + - ^  ,
2 r

Z W  = (2 -  2*)/„(*r) + ( -  -  * !r)/,(*r) + / : (*r),
r

F (*) = (2 - * ) /„ ( * )+  */,(*).

In the above solution, the base flow  is film-determined and the core slaves the film . 

For a moderate flow  Rex -  0(1), J  ~ 1/e2, the perturbed pressures p’ ~ cr/e rather than

~<r/ £ 2 and P’ ~ ae rather than ~cr in the film  and core, respectively, and the perturbed 

velocities retain the same orderings as earlier. As a result, the formulation o f the film  

problem remains unchanged, whereas that o f the core flow  w ill be altered. L e t/ - J 0/e2 

and Rex = A. We give only the corresponding core flow  equations, which are
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-2 rU  + ( l- r )W z = -Pz + , (3.14a)

(3.14b)

and the continuity equation is (3.3f).

We can again introduce the streamfunction used earlier to eliminate P to obtain

(1 - r 2 ) ^ ( £ 2 47) = £ 2 £ 2 'F . (3.15a)

Following Papageorgiou et al. (1990) one can solve the core in terms o f Kummer’s 

confluent hypergeometric function M{b,2,2ar2) (Abramowitz &  Stegun 1972), where

a = j(k X ) ll2e~irc/4 and 6  = 1 + k2/8a -  a/2 .

The solution for the Fourier Transform o f the streamfunction in the core is

* ( r )  = Ax(Jk)rI\{kr) + Bx(k)rNx(kr), (3.15b)

A(k)

Bx(k)

((2 + l/m )j7  -  4>/rnjNx(k)

~ k[Nx(k)I0(k ) -N 2(k )U k)]'

( ( 2  + \lm)r\-q>lmjl, (k)

k[Nl(k)l0(k)-JV2(k)/l(k)y  

N{(kr) = \ ' [ l x{k)Kx(kt) -  /, (kt)Kx {kt)Ye~atZ M(b, 2, la t1 )dt, 

M (*r) = (or [/ 0 ( ^ I( fi)+ / 0 (h )^ 1(h )]j!r a' ! A /(i1 2 ,2 a/2 y i.

3.3 Results Pertaining to the Leading Order Base Flow

Since we only consider the particular solution, the base flow in the corrugated 

configuration exhibits the same periodicity as the wall. Because the film  is very thin, its 

inertia is negligible (this is a consequence o f its lubrication flow ) and the corrugation o f the 

wall propagates into the flow  via the viscous shear and the perturbation pressure. Typical
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streamlines in the film  are shown in Figure 2. The streamlines are almost in phase with the

wall (no-slip) near the wall and become increasingly out phase with increasing y. In 

addition, the magnitude o f the spatial oscillation o f streamlines decreases w ith increasing 

distance from the wall in the film  due to the interface’s resistance to being corrugated. To 

understand the key features o f the base flow, consider the amplitude o f rj and the interface 

-wall phase shift 8

Figures 3(a) and (b) show how Amp and 0 depend on the wave number k o f the wall, 

respectively. We also compare these results with Wang’s analysis o f a film  o f a single 

viscous flu id flowing down a wavy inclined plate in the thin film  lim it. For zero interfacial

k. For infinite interfacial tension, 17 = 0, and the interface remains r  = 1 for all k. For 

fixed, finite interfacial tension, the interfacial deflection or deformation becomes smaller as 

k increases, i.e., capillarity resists short wave corrugations.

The phase shifi reflects the relative effect o f capillarity and shear. Recall that i f  (3.6) 

contained only a shear flow  contribution, the interface would be in phase with the wall. 

However, derivatives from the capillary terms induce a phase shift, and thus the shorter 

waves (large £)> the larger the phase shift. Also, short axial waves do not see the 

circumferential curvature and thus reduce our case to the planar result

In the absence o f capillarity, rj = <f>. An in-phase and equal-amplitude wall-interface 

configuration means that the film  flow  is locally parallel. Capillarity resists short waves 

interfacial corrugations as seen by the first term in (3.6) partially balancing the wall 

corrugation's effect on the interface. Let us now examine physically why capillarity induces

Amp ~ (3.16)

(3.17)

tension, 7) = § and the interface and the wall remain in phase and o f equal amplitude for all
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a phase shift. Consider the film ’s flow rate calculated via (3.7) and evaluated at a node 

o f0 (z) where the wall’s corrugation does not directly cause a net flow  across this z-cut. 

That is, we require the corrugation to leave the flow  rate unchanged to leading order. This 

yields an equation o f the form f{ r ] t tjz, rjB2) = 0. I f  (ft and tj are periodic and in phase, 

this latter equation has no unknowns for a fixed k and cannot, in general, be satisfied. On 

the other hand, i f  rj and <f> are periodic and o f the same form but w ith a phase angle a 

between them, then f ( j \ ,  tjz, 7jm;a )= 0 allows solution for the phase angle a . Consider 

a simple sinikz) shape. Then, for short waves, the longitudinal contribution, which goes as 

k3cos(kz), dominates the circumferential contribution o f -kcos(kz) to give the planar 

result. However, for long waves, the latter dominates and lead to a negative phase shift. 

The magnitude o f this phase shift increases as the interfacial tension increases.

The special case k = 1 results in the circumferential and longitudinal curvature 

contributions balancing and thus in rj = <f>. Thus the interface shape again exactly follows 

the wall and the flow  pattern is locally parallel. As we shall see, the corresponding linear 

stability for this particular case is the same as that for the uncorrugated case to leading order 

in e.

Since this discussion focuses exclusively on the film , it applies equally well to the case 

o f 0 ( 1 )Reynolds number and very high interfacial tension 0 ( 1 /e2), where the capillary

force again appears asJ/Re^O il/e2). As we shall see below, the corresponding linear 

stability analysis w ill also not rely on details o f the core’s dynamics and both cases w ill be 

governed by the same interfacial evolution equation. Thus the cases differ only in the core’s 

dynamics.

The above analysis is based on the scaling J/Re, = l/Ca ~ 1/e2, where the Capillary

number Ca = nx tV(r = 0)/y = CaQ e2. As we shall see, the linear stability equation 

corresponding to small Ca0  is similar (to the leading order in e) to a linearized version o f
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Hammond’s (1983) problem with no base flow . I f  e2J/Rex » 1 , then the surface tension 

w ill dominate (p . w ill dominate wn in the equation o f motion), and to leading order in <r, 

the base flow  interface w ill simply be cylindrical and the wave number o f a disturbance 

a = 1 w ill be a neutral mode. I f  e «  e 2J/Rex « 1 , capillarity w ill not affect the interface’s 

shape (rj = <f>) to leading order (w^ w ill dominate the equation o f motion). These results 

agree with simply taking the corresponding lim it o f (3.6).

4. Linear Stability

4.1 Scalings

With the asymptotic, steady base flows derived above, we now begin the 

corresponding asymptotic linear stability analysis. Let us introduce an infinitesimal, 

axisymmetric disturbance o f size 8 (8  «  a,e) at the steady interface in such a way

thatS(r,f) = S4 (z) + #<£j(r,f), where Sb(z) is the interface o f the corrugated base state and 

£(z,/) is an unknown order-one function responsible for the disturbance. In analogy to the 

procedure used in treating the base flows, we first estimate the scalings o f the disturbed 

quantities before formulating the perturbation scheme. I f  (w ',u ',p ') and (W ',U ',P ') 

represent the disturbed quantities for the film  and the core, respectively, then following 

Georgiou et al. (1992), one can estimate the scalings o f these quantities in the case 

o fRex ~ e and J ~  1/e from the scaling relations used in the base flows and from the 

governing equations and boundary conditions. From the normal stress condition, 

p' ~ S/e2. Balancing w' w ith p' in the lubrication equations in the film  gives w' ~<5, and 

u'~e£ follows by continuity. By reasoning similar to that in the base flow  for the core, 

both W' and U‘ are order5, and P' is order#/e . As we shall see below, by plugging the 

appropriate asymptotic expansions into the governing equations and boundary conditions
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and extracting the corrugated base flow ’s contribution from these equations, one can derive 

a set o f equations that govern the system’s stability to leading order in 8 .

4.2 Formulation of the Linear Stability

Recall that the base flow at leading order in <r ande satisfies the leading order (also 

in a  ande ) dynamic equations and boundary conditions exactly. Thus, at zeroth order in 

8 , one should recover the base flow. The linear stability o f the system appears at first order 

in 8, after one extracts the base state relations.

Following the above scalings, and noting that the primed quantities all depend on in 

principle <r and e, we define the following asymptotic expansion for the disturbed flow 

quantities:

For the film ,

J
w = vv + 8vJ, u = u+e8ii, p  = p + —r f t , (4.1a, b, c)

e

and for the core,

W =W  + 8W, U = U + 8 lf ,  P = P + - P , (4. Id, e, f)
e

where the bar quantities denote the base flow  quantities, which have nontrivial cr ande 

expansions. I f  the asymptotic series converge, fu ll knowledge o f this base state to all 

orders in a  ande provides an exact solution o f the nonlinear, steady state Navier-Stokes 

equation subject to the corrugated boundary’s conditions. We have only solved the base 

flow  asymptotically and have thus far only determined its leading order contributions 

explicitly. However, when substituting (4.1) into (2.1) and (2.2), we w ill use the fact that 

the fu ll steady state solution satisfies the steady state equations and boundary conditions 

exactly and its truncated solutions satisfy these equations/conditions exactly up to the order 

o f truncation; this w ill allow us to retain only terms o f 0(8) and lower. The coefficients 

w ill only contain explicit contributions from the leading order corrugated base flow. As
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such, this step can be achieved without knowing any details o f the higher order solutions o f 

the base state.

The film ’s governing equations become

0 = -p '.+ y v v ^ , (4.2a)

0 = * (4.2b)

- t f y+Wt =0, (42c)

For the core,

0 = V2» \  (4.2d)
A

o = -P  +—\ ~  , (4.2e)

~(KU')r + W'„=Q, (4.2f)
r

subject to the boundary conditions below.

On the wall:

y -  -<r0, W = 0 , u' = 0. (4.3a)

A t the interface, one expands around the base state interface Sb(z). The leading terms in e

and 8 for each boundary condition, after one eliminates the contributions from the base 

flows, are the following:

The continuity o f the velocity components at the interface contributes the following 

0 (5 ) terms:

+ w '(y = l-< n j)«  -2 $ + W '(r  = l) + 0(oe),
\ m  Jym |

U'(r = \) = 0(e). (4.3b)

The tangential stress leads w ith 0(8 /e) and is dominated by the film :

= 1 - 0 7 7 ) + a t f ig iy  = 1) = 0(e), (4.3c)
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Note that the base film  flow  causes an 0(5 a/e) perturbation in the tangential stress at the 

interface due to the corrugation. In order to bring this effect o f corrugation into the leading 

order and at the same time to avoid any coupling with the core (i.e., 0(5 a /e )» 0 (5 )), we 

also assume a »  e.

Here again, the leading 0(5) normal stress balance condition has a contribution only 

from the film :

at y  = 1 -  0 7 7 , p r - ^ ( £ a +4) + 0(ae). (4.3d)

Note that unlike (4.3b) and (4.3c), the normal stress condition for the disturbed interface 

does not contain the base flow  (neither its interface nor its pressure) at leading order. From 

the normal stress (2 .2 d), the curvature tc can be split up as:

K = K „ + K \

where

<b = Sb_ -  J - ( l + S6 i) j( l + -Ŝ ) " 3 7 2  represents the curvature arising from the base state’s 

interfaces,, and the disturbed curvature is

k '  =  5 ( l + St ] ) ’ 3 , 2  + 0 (52).

The corrections to (4.3d) deriving from k ' are o f order os or higher and are thus not 

retained.

Finally, the leading order 0(5) o f the kinematic condition gives

-ae Uyl)(y = l)*£  + o /(y  = l —arj)

( 1 e  \  (  1  \  (4.3e)
= 4 ,+  — (l-< n 7) + <rew<l)0 ' = l)  £  + ----- 4  + tv'(y = l)  \aeri: + 0(e2).

\ m  J  v m  J

This suggests introducing a long time scale x = et to eliminate e from the leading order

kinematic condition.
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A t the central line,

as r  -> 0, W  and I f  remain bounded (4.3f)

Solving for W and u' from (4.2a)-(4.2c) gives

W = ^ t / y + C y  + D, (4.4a)
2m

U = ^ p ’ay , + ]-C !y1 + D,y + E, (4.4b)
6m 2

whereC = p' (1 -  0 7 7 ) + 0(cr2),D  = - —ptzo<j> + O(02)3ndE = 0 (a 2). We substitute 
m m

(4.4) into (4.3e) to derive an asymptotic form o f the film ’s evolution equation inclusive o f 

corrugation. With the knowledge o f the steady corrugated base flow  (3.5) and the 

corresponding interfacial shape determined by equation (3.6), the kinematic condition

(4.3e) yields the following leading order interfacial evolution equation involving

corrugation that describes the linear stability o f the system:

;(&  + « )„ + < ^ ( 1  - + « ) .) ! + ° ( * ’ <T") = 0- (4 '5)m ‘ 3mk

This equation consists o f an 0(1) straight tube contribution and o f a new 0(a) term in 

square brackets arising from the (small) corrugation. Recall that we have assumed a  »  e 

to bring the corrugation into the leading orders. The dependence on the corrugation is 

reflected by the variation o f the base film ’s thickness (q -  0 ), which is given by the 

solution to (2 .8 ).

4.3 Analysis of the Linear Stability

To order aeS, the interfacial evolution equation (4.5) derived for J  -  1/e, Rex ~ e 

does not contain core quantities, just the wall and base flow  interface functions 0 (z) and 

The equations fo r the film  velocities and w’ are explicit in 0 and 77 and are
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immediately determined by the solution £ (r,r). Calculation o f I f  and W require 

knowledge o f ti and w1. The core’s dynamics slave those o f the film .

For o '=0, i.e., the uncorrugated lim it, (4.5) gives,

(4 '6)

This agrees with Georgiou et al. (1992) in the case o f F  = -1 and I = 1 (their notation, i.e ., 

in absence o f gravity and density stratification). For a  * 0 , equation (4.5) is a partial 

differential equation involving the quantity (rj - 0 ), the film  thickness deviation in the 

steady corrugated base flow. In the special case o f fc= l, the film  thickness is uniform (i.e ., 

rj = <l>, and thus there is no corrugation correction) and flow pattern is locally parallel; thus 

the linear stability is the same as the case o f <7 = 0  at the leading order in e .

Before considering the detailed response o f the system to a general disturbance, we 

examine the lim iting cases o f very long waves and very short waves. Since the wavelength 

o f the disturbance may be modified by its interaction with the corrugation, the dominant 

wavelength(s) may vary during the system’s evolution from a monochromatic disturbance. 

Whether the wavelength o f the system’s response lies in one o f these extreme regimes

depends on the corrugation size cr, initial wavelength 2k / a  o f the disturbance, the

wavelength 2k / k o f the wall, and the time scale o f interest. For instance, as we shall see, 

a disturbance with a very short wavelength can interact with a comparably short wavelength 

wall; the resulting wavelength remains very short for short times, but at long times, as we 

shall see below, may result in a long wavelength response.

( i)  Long  wave lim it

To examine the long wave regime (a  « 1 ) , we introduce the long length scale

d d
r ~ 0 ( l / a ) » l  bythenew 0(1) variable x = az. It follows that—  = a  0 ( a ) « l .

dz etc
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Using this new space variable and expanding (or using Y ih’s 1967 technique on) (4.5) in 

powers o f a  up to 0 (a 2) gives:

+af e “  -  0

(4.7a)

Note that the corrugation term ( r j - 0 ). s till varies over the length scale 2 it/k  o f the

corrugated wall. I f  a »  o ,  the disturbance w ill not grow until times o f 0( cr'1). This

agrees with the normal long wave behavior discussed (Hickox 1971, Smith 1989, and

Chen &  Joseph 1991) extensively in the corrugation-free case<r=0. A  non-zero interfacial 

disturbance induces a temporal variation. Fora -> 0, (4.7a) becomes

l  + A(z)Z = 0, (4.7b)

4

where A(z) = <7 (7 7 - 0 ) — . The solution to (4.7b) is 
* m

£(z,r) = 4Q{z)exp{-A(z)T), (4.7c)

for a step change disturbance£0 (z) at r  = 0. Since the base flow ’s film  thickness

o ( tj -  0 ) r varies periodically in 2, a local negative value can lead to growth. This contrasts

with the straight-tube theory where, as a -» 0 , the Poiseuille base state has no growth. As 

we shall see in the eigenvalue spectrum, corrugation can excite (unstable) modes other than 

the cr- 0  mode as well.

(ii) Short wave limit

This short wave discussion holds only fo ra  -  0(1) compared with c, since it is 

derived from equation (4.5). Equation (4.5) is based on lubrication in the film , which 

requires length scales 0 (z )»  0{r). Therefore, the film  lubrication breaks down when the 

disturbance’s wavelength is comparable to the film  thickness.
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For very short waves (1/e »  a » 1 ), we use a stretched variable x = az. Thus

8 8—  = a  0 (a )»  1 which, instead o f the regular perturbation expansions in Y ih’s
6z dx

method, leads to a boundary layer type perturbation due to the dramatic variation deriving 

from the highest (4th) derivative. Then (4.5), in descending orders o f a , becomes

+ 0 (a 3,cra3) = 0. (4.8)

Since a »  k, the corrugation is locally flat with respect to the disturbance. Therefore, the 

dominant effect in this lim it is0 (a 4)from  the longitudinal capillarity. Its contribution is 

stabilizing, and the disturbance decays with the time. This argument is valid for a time scale 

r  < 0(<j~la~4). Otherwise, for longer times as we shall see, higher harmonics from an 

interaction with the corrugation can cause long wavelengths to develop and thus cause the 

system to evolve beyond the short wave range.

Note that viscosity stratification contributes a common factor 1/m to the spatial 

operator o f the interfacial evolution equation (4.5). This means that the magnitude o f the 

growth rate (including the corrugation correction) decreases as the film  flu id becomes more 

viscous. This is because a more viscous outer flu id retards fluid motion and makes the 

system more dissipative.

4.4 Methods to Solve for the Film’s Evolution

As noted, the inclusion o f corrugation leads to a base flow  that is no longer parallel

(except for£ = 1) and is non-uniform in the axial direction. This w ill also lead to a partial

differential equation for its linear stability which has non-constant coefficients that vary in 

the axial direction. For such an equation, the usual Fourier transform methods become 

much less useful. I f  we idealize the wall’s variation as a sinusoidal profile, one should 

expect that the resulting base flow w ill lead to stability equations that w ill also be spatially

3mA x
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periodic. We shall apply Floquet-Bloch theory to solve this partial differential equation. 

The basis o f this method is a theorem by Floquet which asserts that the solution o f a linear 

ordinary differential equation whose (non-constant) coefficients are periodic with a 

common period is the product o f an exponential and a periodic function, the latter having 

the same period as the coefficients. In practice, i f  one introduces, say, a monochromatic 

Fourier mode exp(iaz) (a  arbitrary) disturbance, one can expect that such a disturbance 

interacts with the periodic corrugation via the base flow . This interaction causes the 

disturbance to be modulated as exp(/(a±£)z). The modulated disturbance continues 

interacting with the periodic base flow  and generates further modulated waves as 

exp(i(a ± nk)z) (n =1,2,...). Since each individual wave pattern is clearly not a solution o f 

the interfacial evolution equation, it is reasonable that the overall behavior o f numerous 

modulated disturbances can act as an envelope o f a primary 2k I a -  wavelength wave

superimposed upon a secondary 2k ! k (and all o f its higher harmonics) -  wavelength

wave. Bloch functions are therefore the appropriate trial functions to describe the above 

phenomena and are employed instead o f Fourier modes for the temporal linear instability 

analysis.

Below we invoke two procedures using Bloch-type functions. First, we solve an 

eigenvalue problem deriving from (4.5) and construct a solution to (4.5) using this 

theorem. Alternatively, we directly solve (4.5) numerically for various fixed initial 

wavelengths o f the interfacial perturbations and see how the interface evolves in the 

presence o f a corrugation. We then compare the results o f the two procedures.

4.4.1 Eigenvalue Problem

Define the trial Bloch function expression fo r£(z,r) as
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ao

f a r )  -  exp{iaz) ^  kn exp(inkz + cur). (4.9)

Note that, as mentioned, the expression (4.9) is to be an eigenfunction o f (4.5). (0 is the 

eigenvalue or the complex growth rate arising in the temporal analysis (i.e., Q) is the 

Laplace transform variable) and, for a monochromatic initial disturbance, a  is the primary 

disturbance’s wave number. The prefactor to the sum acts as a modulating factor for the 

interaction between the disturbed and base flows. Use o f (4.9) guarantees a bounded 

solution in the z (the axial coordinate) domain i f  (4.9) converges as n - >  ao for each fixed 

instant r ,  and translates (4.5) into an infinite hierarchy o f algebraic equations for the

coefficients and ®. I f  the wall function is a pure mode o f wave number k, then from 

(3.8), T } - < f >  = ^ f j -  je *  ( 1 7  — 0 ) and this hierarchy becomes

Note that one can express (4.10) in terms o f a tridiagonal matrix whose the principal 

and off-diagonal elements are P(n) and a ^ (n ) ,  respectively. Note also a  « 1  means

diagonals only. I f  the wall function is an arbitrary function with period lie /k, the matrix 

may, in general, have all non-zero elements. It is worth mentioning that the infinite 

hierarchy (4.10) has, in general, an infinite number o f solutions®. We seek only the

(dominant) eigenvalue -  the one with the maximum real part.

oQ-{n) +(®  +P(n)) & +o0*(« ) £♦. = 0 , (4.10)

where, by defining (3(n) = a + nk,

(4.11a)

e »  = W (> ? -0 ) ' ^ - A .« < .  + l)(l-/3 : (n + l)) , (4.11b)

= i - ^ j - / 0 ( n - l ) ( l - 0 2 ( n - l ) )  . (4.11c)

that this matrix is in fact a diagonal matrix perturbed along its principal super and sub-
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(i) Numerical Solution o f the Eigenvalue Problem

The eigenvalue © is determined by setting the determinant o f (4.10) to zero, and w ill 

be a function o f J0, A, m, k, <r, and a . The determinant gives,

For a truncation at some value o f n, one can calculate the eigenvalues o f this matrix 

equation (4.10) numerically. One then increases n until the dominant eigenvalues (not only 

the dominant one) no longer change significantly with n. In addition, as a check, we also 

apply determinant / matrix perturbation theory in a  to determine the correction to the 

growth rate as the result o f a  *  0. Since (4.9) implies that all wave patterns (a ± nk) 

should belong to the same growth rate, as we shall see, since replacing a  by a  ± k leaves 

D in (4.12) unchanged, the eigenvalue spectra are ^-periodic in a-space. We thus need 

only calculate one (the “primary “ ) branch o f the spectrum with respect to that at cr = 0 , 

and we can then extend it periodically in a .

(ii) Matrix Perturbation Theory

By expanding (4.12) in a , we have

D =
aQ~(n-1 ) a + P ( n - 1) o Q \n - \ )

oQ~(n) to + P(n) aQ*(n)
aQ~(n + 1) o) + P(n + 1) oQ*(n + 1)

= 0. (4.12)

A + c t2 D2 + 0 (<t4) = 0 , (4.13)

where

A -n (-+ * /a
/

a  -  - S  n ( - + A /)te * (« x r(« + 1 ).
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Hence we expect that the growth rate a) has an expansion in powers o f a  :

0) =  G)0 + a 2a 2 + 0(a*). (4.14)

Note that the correction to the growth rate appears with coefficient a 2 and should require

observation times roughly o f order 1/a 2  to be distinguished from the straight tube case. In 

order to bring the effect o f the corrugation into the leading order correction, one requires 

a  »  £m so that the 0(e2) terms that arises from the straight tube PCAF analysis in 

deriving (4.S) are o f higher order than the corrugation terms.

In Appendix I, we carry out the matrix perturbation calculation and find for the 

dominant eigenvalue

a in k ,  i.e., by substituting (4.9) fo r4 into the 0 (a ) part o f (4.S) for an uncorrugated 

wall. Notice that coQ = -P(0) is the growth rate o f the uncorrugateda = 0 flow . The 

expressions / ’( t l) ,  P(0), F (± l), andF(0) in (4.15) only involve the interactions between 

the primary disturbance’s wave numbera and its first harmonics a ±k. In fact, (4.15) 

follows simply by truncating (4.12) into a 3 x 3 matrix with respect to the central element 

<u+P(0), expanding the matrix and solving when a  « 1 . The corrugated geometry is

reflected by a ||^ -^ ||. The numerators in (4.15) represent the off-diagonal interactions

from the 0 (a) terms o f (4.10). The large parenthesis, which we shall call / ,  in (4.15) can 

be understood as follows. Write the Laplace transform o f (4.5) in operator notation as 

aig+Ll; = 0 and let 4 = 4b + a 2%z + 0 (a 3) and L - L ^  +a£, + 0 (a 2). In Appendix 

II, we redo (4.15) by this method and show that the denominators originate from ,. In

a, g *(0 )g~0 ) , g * ( - 0 g~(0 )
2 m - m

(4.15)

+ —̂—f3(n)z( l-P (n )2) is a dispersion expression associated withm2 ' •where F(n)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



38

particular, they are related to the differences between eigenvalues, which encode 

information as to the time necessary for growth due to one branch to overtake growth due 

to the other.

( iii)  Growth Rate Correction in the Long Wave Limit

Turning once again to the long primary wave regime (i.e., a « I ), we can examine 

the correction to the growth rate in this lim it. Its a  expansion is

<0 , = ad) 1! 1 + a 2n>22) + 0(a3). (4.16)

As a  « 1, fi(n) -> in k . Thus F  and f  depend only on the w all’s wave number k. f

Aici
is real-valued, and with the convective part o f F(0), yields an 0 (a ) growth correction

m

o f

G>‘,} = 4 i|M |7 _ 2 C;+16k2 (4.17)
m A ^ 3 A

Here Ck = k2{\ —>t2) is the contribution from the curvature o f the base flow’s interface and 

A = J0/X)2Ck2 +Ak2. Since the0(a) growth correction is purely imaginary, it is purely 

dispersive and a correction to the stability first occurs at 0(a2).

< > = |r)- +  16k2) + — f k2( \ - I k 2) -  
I '  “  m X A \  3  J  m A ^ 3 A  *  3 A  V '  2 7 A  ,

(4.18)

Here q = 2k2( l - k 2) is the a  -> 0 lim it o f the interaction o f capillary terms from a  and 

from a ± k .
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4.4.2 Initial Value Problem

In order to confirm the stability behavior predicted by the eigenvalue spectrum 

discussed above and to see the (linear) dynamics o f the interface’s evolution, including the 

modulation o f the in itia l wavelength with time, it is useful to solve the initial value problem 

directly. To discretize the axial coordinate z, we employ a Bloch-type form in the sense o f a 

spectral method, i.e.,

5(z. t )  = £ a „(r)co s ((a  + nk)z) + bn(r)sin({a + nk)z), (4.19)
*—V

where N  is the mode number cutoff, subject to the initial condition £(z, r  = 0) = cos(az). 

an(r) and bn( t)  are the amplitude functions that depend onr. In comparison w ith the 

eigenvalue problem, £ should be a linear combination o f all eigenmodes rather than the 

single mode described in (4.9), i.e.,

{ ( :, r)  = J V « .-U , r ) , (4.20)
j

oo „ inkz+Q) .r
where £ .(z ,r) = eiaz . e J for the “ /  “  th mode. Therefore, in terms o f the

J _oo Jn

initial value problem, a„(r) and bn(z) should contain contributions from all possible 

eigenmodes and their asymptotic behavior as r  —> oo should correspond to the mode o f the 

eigenvalue spectrum with dominant growth rate. Notice that we retain only a finite number 

o f modes. Substituting (4.19) into (4.S) leads to a system o f ordinary differential equations 

for the amplitudesa„(r) and bn(r ) . We use a 12th order Adam-Moulton algorithm from the 

IMSL library to solve these ODEs. For a fixed number 2JV+1 o f modes, we determine the 

solutions a „(r) and b„(r )  w ithin a 0 .1 % absolute error tolerance. We keep increasing the 

number o f modes until the spatial evolution at a fixed time no longer changes significantly.
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5. Results and Discussion

5.1 Eigenvalue Spectrum

Using the methods outlined above for equation (4.S), we find features o f the 

eigenvalue spectrum that are rather different from those o f the straight tube. Since (4.5) is 

linear, an arbitrary disturbance can be decomposed into a linear combination o f functions

that spans A2 OR), and the solution is the same linear combination o f the responses to the 

functions in this set. I f  the basis is an eigenfunction basis, then the response to an 

eigenfunction is just the product o f that eigenfunction with its corresponding eigenvalue. In 

principle, every eigenstate corresponding to each eigenvalue should be taken into account in 

the response to a disturbance. As we shall see in Figure 4, the character o f the eigenvalue 

spectrum shows the existence o f a banded structure in which each band represents a 

continuous spectrum o f the corresponding eigenvalue as a function o f the initial 

disturbance’s wave number a . Such structures illustrate k -periodicity in a -space. This is 

obvious from the k -periodicity o f the coefficients in (4.5) or from (4.10).

The eigenvalue spectra (the real parts o f eigenvalues here) are shown in Figure 4 for 

different wall wave numbers with dotted curves (the primary branch) and dashed (the 

secondary branch) curves. Note that since we introduce a long time scale r  = et, the true 

eigenvalues should be eco. For comparison, the solid lines in Figures 4 represent the 

uncorrugated case for cr = 0. In contrast to the uncorrugated case a  = 0, most o f short 

wave disturbances give rise to growth. For k >2, there are narrow gaps o f stable wave 

number between the unstable branches in the short wave spectrum. This eigenvalue 

spectrum represents the direct effects o f capillarity and its interaction w ith the wall’s

harmonics (a+nJt) (i.e., <ur — — (a + nk)2( l - (a  ^ -n ^ W c ^ a 2)). The maximum
3mA v '

growth rate for a given in itia l disturbance wave number a  depends on the relative position

o f the unstable branches. As we shall see, i f  the branch with the highest growth rate fo ra

is not the primary branch, the long-time evolution may lead to the dominance o f a
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wavelength other than a . The initial value calculation in the next section w ill confirm this 

behavior. In addition to this effect o f the periodic spectrum due to corrugation, there is also 

an 0(cr2) deviation o f the primary branch from the straight tube growth rate. This latter 

correction can displace the critical wave number o f the primary branch in either direction 

from its straight tube value o f one.

5.2 Interfacial Evolution & Growth Rate Correction

Figures 5(a) and (b) show the interfacial evolutions at a particular position (z=0) for 

different sets o f initial and the wall wave numbers (a,fc)w ith fixed J0/k  =1, m = 1 and 

|a -  = 0.5, corresponding to spectra in Figures 4(a) and (b). Figure 5(a) is the case o f an 

in itia l long wavelength ( a < 1 ) disturbance and evolutions for both shorter and longer times 

are shown. The interface grows slowly until r  % 120 when it begins a noticeable 

exponential growth. Notice that the frequency o f later development is also quicker. Figure 

5(b) shows the case upon imposing a short wavelength initial disturbance that would be 

stable in an uncorrugated tube and has a negative growth contribution from the primary 

branch. Consequently, the short wave disturbance decays in itia lly; it then interacts with the 

corrugation (when r  *  10 ~ 20) and leads to growth. The change from decaying to growth 

implies that the apparent dominant eigenmode has changed from short to long times due to 

corrugation. The long-term linear interfacial behavior corresponds to the mode with the 

dominant growth rate predicted by the eigenvalue spectrum. Thus, to identify which modes 

contribute to the long-time evolution, we compare the solution o f the initial value problem 

with functional form,

Aco{ In{ a dom inan t  +  B) M Ri ‘aJominan,)T) ' <M >

where ^ ominan( is the eigenvalue w ith the largest real part discernible from the

eigenvalue spectrum for the given a  in Figures 4. We choose the prefactor A and phase
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angle B by matching the profile from the moment at which it develops a clearly oscillatory/ 

exponential pattern. Afterwards, as Figures 5 indicate, the linear growth oscillates as

dominant) “ d grows “ H ” dominant)' “  eXpecte(L T1*  agreOTent m

Figures 5 shows that fi)</ominanr belongs to the secondary eigenbranch.

Figures 6 (a) and (b) are the spatial evolutions corresponding to Figures 5(a) and (b), 

respectively. There are a number o f wavelengths that contribute to the observed evolution. 

For a long wave initial disturbance, Figure 6 (a l) shows the short time evolutions. The 

wavelength (~ 1 2 ) that dominates the later evolution is much shorter than the initial wave 

(-30 fo ra  = 0.2). Its wave number o f 0.5=|a -ifc| is just the first wall harmonic o f the 

in itia l disturbance and characterizes the long time (linear) behavior. The evolution for long 

times is shown in Figure 6(a2). The resulting capillary growth rate numerically matches

- ^ —(a - k ) 2( 1 -  (a -  k)2) approximately, which is consistent with Figure 5(a).
3 mX v ’

Similarly, in the case o f a short wave initial disturbance in Figure 6 (b), the short 

wavelength disturbance decays at the earlier stage o f the evolution, then gradually grows 

with a longer wavelength. The first harmonic interaction again leads to a predominant first 

harmonic’s wave number o f 0.5, but now this wavelength exceeds the initial value 

a  = 1.2. Therefore, in contrast to the straight tube, even an initial short wavelength 

disturbance can lead to the unstable growth o f a long wave due to the coupling to its higher 

wall harmonics through the corrugation. Figure 5(b) clearly indicates the transition between 

the decaying (primary) mode and growing first harmonic mode. One can understand this 

transition by expressing the time-dependent solution in terms o f all the eigenstates f t {2) as

i  =  • ( 5 .2a )
branchy
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The subscript p  represents the primary branch, which is related to the uncorrugated <r = 0 

stability. are coefficients determined by the initial condition. Let us consider only the

primary and secondary branches

4 *  apf P(z)e°pZ + a2 / 2 (z)e<0<2>T* • •, (5.2b)

2 J
where, from our analysis <o. = — ia  + ——a 2( l -  a 2) + 0(a2) and

m 3mA v ’

a <2> = ~—i{a -  k) + - ^ - ( a  -  *)2( l -  (a  -  k f ) + 0 (cr2 ). 
m 5mA.

By defining the eigenvectors corresponding to the different eigenvalues, one can show that 

ap ~ 0(1), a2 ~ 0(a ). Therefore, the short time evolution is governed by the primary

branch. However, the secondary unstable branch can dominate for long times if  real(rup) <

real(<u<2>) ( note: real(<up) < 0 here) and the system stays in the linear regime. A transition

that implies there exists a critical time r*, when the amplitude o f such a growing mode is

o)<,> re
(OX 

e p , when the growingabout q ~ 1 - 1 0  times that o f the primary, i.e.,cr<

mode becomes important. Clearly,

r* *  ln(q<j~' )/real(a)<2> -  (op) (5.3)

Therefore, the smaller the corrugation or real(o<2> - o p), the later the transition, and

short wave disturbances remain stable longer. The parameter in Figure 5(b) gives r* « 14 

for q = 10, which predicts this onset o f instability. Note that the time scale /n(l/<r) is

slower thanO(<T'‘ ) estimated from the evolution equation (4.5).

For r  «  r*, the primary branch dominates, and one may be interested in how its 

growth rate deviates from the a  = 0 case due to corrugation. Figures 7(a) and (b) show the 

growth rate deviation 8<or for the primary branch. The comparison between the numerical

and the analytical matrix perturbation results -  (4.16) gives its long wave lim it -  is very
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good and verifies that So)r is 0 (a 2) for small enough a . However, as Figure 7(b) shows, 

larger wall wave numbers k show larger discrepancies between the numerical and the 

matrix perturbation results at large <x. Since the off-diagonal elements in (4.10) may grow 

relative to the principal diagonal ones with increasing k, retaining the determinant 

perturbation equation (4.13) to 0(cr2)is  probably no longer adequate. To understand these 

curves, they should be viewed in conjunction with Figures 7. For k=1.7, the corrugation 

is slightly stabilizing for long waves (a  -*■ 0 ) and becomes destabilizing fo r short waves 

due to the corrugation's excitation o f unstable long wave wall-harmonics o f the initial short 

wave disturbance. Since 8<or therefore crosses zero, i.e., has a neutral point at about

a  = 1.4 for the chosen parameters, and since 8(or scales to leading order with c r, the 

three curves in Figure 7(a) a ll cross at a  *  1.4, 8cor=0. This is not the case in Figure 7(b) 

since, as Figure 4(d) shows, for £=2.7, corrugation is always destabilizing. The non- 

montonicity o f the derivative o f 8<or for Figure 7(b) and not for Figure 7(a) w ill be taken 

up below.

Let us now examine how the growth rate correction due to be corrugation varies with 

the parameter values k and J0/X  in Figures 8 (a) and (b), respectively. These figures again 

should be viewed in conjunction w ith Figures 4. There are a few trends worth noting. 

First, in Figure 8 (a), the effect o f corrugation disappears (for a  not too large) for small k. 

This simply states that a long wave wall corrugation appears essentially fla t relative to a 

short a  -wave disturbance, and thus does not affect its stability. Second, notice that all o f 

the curves in Figures 8  rise sharply for large a . As noted, this corresponds to the 

destabilization o f short wave disturbances via their ability to excite unstable long waves 

through coupling to higher corrugation harmonics. Thus short a -waves that would be 

stable in straight tubes are destabilized at order a 2, as we see for large a . Third, notice 

that the curves for k £ 2 no longer have monotonic first derivatives. This derives from the 

fact that the eigenvalue spectra in Figures 4 have a -gaps where the corrugated tube flow  is
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not unstable. This is not the case for k <2. Note that since corrugation has two effects on 

the system’s stability, the 0(<j 2) correction to the primary branch as well as the coupling to 

other branches, the absolute value o f the correction in Figures 8  is not just determined by 

the width o f this gap. Finally, both the capillary instability as well as its corrugation 

correction grow with JQf  A = 1/Ca0. Thus Figure 8 (b) shows the correction growing for 

different values o f J0 /A . This must be compared with the change in the primary branch 

Ja/X before drawing conclusions. Notice that the a 0 correction can change sign both 

with k and with J0 /A . Equation (4.18) shows that cu^’s sign is a balance between the 

k2 originating from the shear flow and the factors involving the capillarity contribution 

CkJ0/X from the w all’s corrugation. The entire corrugation is multiplied by ||n -0 || »

which is zero if  the base state maintains a parallel flow as in the k=\ case.

The analysis thus far has presumed JjRex ~ l/e 2. However, either a stronger or a 

weaker scaling for J/Rex can significantly change the stability characteristics. Fortunately, 

as we shall now see, we can extend the previous analysis to both stronger and weaker 

capillary cases with only minor changes in the analysis.

5.3 Strong Interfacial Tension Case

As discussed earlier in the content o f the base flow, a very strong interfacial tension, 

i.e., e2J/Rex » 1  (here J0 /A » 1 )  can smooth the base flow ’s interface. Let 

S = J0/X =ezJ/Rer  Recall from eqn (3.6), a strong interfacial tension S » 0(1) 

generates a flat interface to leading order with a correction one order o f S~l higher, i.e., a 

deviated base state film  thickness o f T}-<f> = -<(> + 0(S~l), due to the flatter interface. Its 

stability follows from examining (4.5). The convective term (from the film ’s base flow )

2 S 4 S
—4. becomes small relative to capillarity —(4- + 4) at and —4 «  ~ ( 4 = + £-)
m 3 “  ~ m m
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at 0(cr). For crS »  0(S?), the base flow is absent from the leading order. Together with 

the flatter interface, a rescaling o f the time variable brings the time derivative to 0 (5),

+ 0(5°) = 0. (5.4)

Therefore, the interfacial evolution reduces to that o f the static, no-flow case to the leading 

order in e, which is the linearized form o f Hammond's equation (1983) for a corrugated

tube. Capillarity dominates over flow, P(n) reduces to -C(n), where 

c
C(n) = —  p2(n^\ -  P2(n)) (see 4.11 ) and r\ drops out to yield the growth rate correction 

3m

(4.15) in this large 5 lim it:

« . W  c(1) + a ~l) W ) .  (5.5a)
m “ r r a \ - r m  n m - a - w  v ’\C (0 )-C (1 ) C (0 )-C (-1 )J 

whose long wave a -> 0  expansion is

co2 = —6||0| | 2 —a 2 + 0 (a 3) for a  0. (5.5b)

Large k or high tension enhances the effects o f C (± l). Here corrugations (||^| *  0) make a 

0 (a 2) stabilizing contribution to the 0 ( 1 ) unstable long waves and this contribution is 

independent o f k , except for the im plicit dependence through ||̂ || . The reason for this

stabilization is that for k »  a , the corrugation simply adds a short wavelength component 

to the disturbance, which capillarity stabilizes.

In the absence o f the base flow  at leading order, an interesting phenomenon occurs. 

Since <j> s till appears in (5.4), the spectrum w ill s till be k -periodic and there w ill be points 

where different branches cross, and thus where (5.5a) breaks down. Obviously, (5.5a) is 

not applicable there since its denominator becomes comparable to a 2. This leads to an 

0(a) resonant correction to the growth rate. Particularly when k <2  and such resonances 

occur at a  in the long wave regime whose the growth rate is positive, the corrugation can
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destabilize more significantly than the usual case where the base flow  enters leading order. 

To illustrate, we restrict our attention to 1 < k < 2 and consider a resonance that occurs at 

a = k/2  in the long wave regime. Since there may be corrections different o f orders for a 

given range o f a ,  we use an iterated perturbation scheme (see Appendix II fo r details) to 

solve the following modified determinant equation and to obtain the maximum growth rate 

in this range o f a :

(a> - A c c o ^ - A c d ) ^  -  A C( - l) j + <T2 G2 (a>0) = 0, (5.6)

where W  = - ( ; | [ |a O ) [ c ( l) ( f i ) 0  ~ C ( l) ) + C ( - l) ( f l) 0  ~ C ( 1 ) ) | ,  and o 0 is

the 0 (a°) eigenvalue o f either the primary (= -C (0)) or the secondary branch 

(=  —C(—1)). Fora *  k /2 , C (0)*  C (-l), this gives,

for the (K<j ) correction to the primary branch. This correction is one order larger in cr than 

that the correction that occurs when the base flow  enters at leading order. A  typical growth 

rate correction for this very high tension case is shown in Figure 9. The comparison 

between the direct numerical results o f the matrix equation (4.12) and those o f the 

asymptotic equation (5.6) is very good and confirms the enhanced unstable correction 

excited by this resonance.

5.4 Less Strong Interfacial Tension Case

In the straight-tube case, it  is well known (Chen &  Joseph 1991 and Georgiou et al. 

1992) that the presence o f a strong base flow  can prevent the capillary instability where 

the core flow  enters the leading order interfacial stability problem. Let us examine what 

happens when we decrease the strength o f capillarity relative to shear for the corrugated 

case.
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Consider a less strong interfacial tension, e.g., S = e2J/Rei « 1, which magnifies 

the importance o f the shear flow. Recall (eqn. (3.6)) that the base interface thereby follows 

the wall (i.e., T) = <j>) and the film  becomes o f uniform thickness w ith a resulting local 

parallel flow  to the leading order in a  and 5. For e «  S « 1 , the corrugation impacts the

leading order stability only indirectly via the deflection o f the base flow ’s film  thickness

a(rj -  0 )«  +</>) = 0(erS). An explicit corrugation correction must then be
6  "

OipeS). We use the constraint s «  S « 1  and the corresponding leading order base flow  

contribution. Without significant change from the previous analysis, one can expand (4.S) 

and its base flow  in 5 to obtain following evolution equation:

4 ,H ~ £ + s [ if e + 4 !] - o 5 [ ^ ( * = + 4 )$ ] + O(ES,OS2) = 0. (5.7)

Since there is no translational symmetry due to the w all’s corrugation, shear contributes to 

leading order. Capillarity comes in at 0(5) and corrugation at 0(o5). The growth rate 

correction (4.15) in powers o f 5 is

+ (5.8)

Corrugation enters co at 0(a2S2) in a purely dispersive manner and becomes non- 

dispersive only at the very high order 0(ct2 53); it has very little impact. Higher order 

contributions such as 0(e5) from the straight-tube PCAF w ill be comparable to such

corrugation corrections unless <r2 52  »  e, which would be restricted to extremely thin 

film s.

As Georgiou et al. (1992) and Papageorgiou et al. (1990) have shown, a surface 

tension 5 = e2J/Rex ~ e couples the core to the leading order interfacial stability, which 

for m < 1 can lead to a shear / viscosity stratification that can stabilizes long waves. In the 

presence o f corrugation, the evolution equation, inclusive o f core-coupling (see in 

Appendix III fo r details), becomes
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£ + —£ + - ^ - f e s + § )  + — y.-o ®  ' m * 3m i?e, ;= 2m ‘
+ 0 (e2 ,<r2 e) = 0 .

(5.9)

whereyo and are 0 ( 1 ), y and y represent the shear coupling from the disturbed and 

base core flow , respectively. As in (5.7), the correction to the growth rate due to 

corrugation is O fc V ) ,  which is o f even higher order than the 0 (e2) contribution from 

PCAF theory here and is probably negligible.

5.5 A Wall with Multiple Length Scale Corrugations

Pore waviness usually includes many wavelengths and its shape can be decomposed in 

terms o f Fourier components in such cases. It may lead to multiple modulations due to an 

eigenvalue spectrum with multiple periodicities. As an example, we consider a wall that has 

corrugations with two wave numbers, say, (&1,£2)=(1.6,2.4) and (2.4,3.2). We have 

chosen these pairs to have the greatest common divisor &=0 . 8  so as to yield identical long­

time dominant waves. The corrugated base flow  is simply (eqn. (3.6)) the superposition 

o f the two individual wall wave patterns for the given J0/  A, m ,a . The corresponding 

linear stability reduces to a penta-diagonal matrix eigenvalue problem.

oQz (n)L-nz + oQ; (n )i_ni + (fi) + P(n)) + Ql ( n ) i .n[ + aQ; {n)kĤ  = 0, (5.10)

where Q£(n) = Qt (n, k - *  k-ns), ns an integer, for j= l,  2. The traces o f the largest

eigenvalues as functions o f a  for both (&1,&2)=(1.6,2.4) and (2.4,3.2) are shown in 

Figure 10. Recall from the single wavelength wall, the growth rate o f the secondary branch 

may be higher than that o f the primary branch. For > 2 the growth rates have a  -bands 

that are stable and a judicious choice o f excitation wavelength a > 1  can lead to a stable 

system response. Figure 10 reveals that, fo r the pairs o f k’s chosen, no such gaps persist, 

despite their appearance in each (2.4 or 3.2) monochromatic wall’s spectrum. Moreover, as
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(&1,&2)=(2.4,3.2) shows, the peaks need not be symmetric.

In order to confirm the above eigenvalue spectra and understand two-wall wavelength 

interactions, we again adopt the initial value approach. The initial interface profile is 

£(z,r = 0) = 0. lcos(az). The in itia l wave number a  fo r both cases is 0.2 w ithin the range 

in which the growth rate o f the primary branch is quite small and the non-primary branch is 

expected to dominate. The interfacial evolutions at z = 0 for both (kl,k2)=(l.6,2A) and 

(2.4,3.2) are shown in Figures 11(a) and (b), respectively. Comparison between the long 

time evolution o f the initial value approach and the maximum growth predicted by the 

Bloch function method again shows excellent agreement. For (fcl,&2)=(1.6,2.4), the 

interface grows slowly before a transition signaling the dominance o f the secondary branch 

occurs a tr *  80. The later development shows faster growth and oscillation than the earlier 

portion. The case o f (kl,k2)= (2.4,3.2) is similar but the transition occurs at r  « 50. Thus 

the fastest growing modes have been changed after interaction and, as we shall see below, 

the corresponding wave patterns change concurrently.

The entire interfacial evolutions in the space for both cases are shown in Figures 12(a) 

and (b). The interfacial evolution grows with the initial wavelength from the primary 

branch at the earlier stage o f evolution, then interacts w ith the corrugations, where a shorter 

wavelength with a faster growth takes over for the long times. The wave number o f the 

fastest growing mode is about 0 . 6  because the initial wave a  has been modified to be 

\a + k l -  k2\. This wave’s growth rate dominates those o f the other harmonic modes. It 

also explains the meaning o f the non-primary branch for small a in Figure 10.

5.6 Application to Oil Recovery

As a typical example o f a liquid-liquid displacement, consider an o il film  o f /d2 = lOcP 

surrounding a water slug ( /i, = lcP) with an interfacial tension o f 10 dyne/cm in a 200/im 

diameter pore. A  typical velocity o f slug is about 1 cm/s. Consider a film  thickness o f
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10 pm or e ~ 0.1. These numbers give J/Rel ~ 1000 w ith /?e, ~1 and J  ~ 1000, which is 

within the range o f our analysis. With these parameters, the straight cylindrical pore theory 

gives a maximum growth rate o f 0.5 min*1 i.e., about a 1.4 min doubling time, w ith 

wavelength 8 8 8  /onand a wave speed o f 141 pm/s for a max =0.707 w ith a critical 

wavenumber o f one. Consider a sinusoidal (one-wavelength) corrugation, o f small 

amplitude, say 1 . 0  pm (s till detectable), giving a  = 0 . 1 , and a w all’s wavelength o f 

350pm ( it= 1 .8 ), shorter than the mean pore circumference o f 628 pm. Consider now a 

short wave disturbance o f 500 pm or a=1.26 >1, which would be stable in a straight 

tube. W ith the given corrugation, this perturbation excites an unstable wave o f 

a '=  [1.26 - 1.8| = 0.54 or L =1164 pm with a growth rate o f 0.4 min*1. This is the major 

effect o f corrugation. In addition, there is a more minor effects from the perturbation o f the 

primary branch which modifies the maximum growth rate to 0.48 min*1 and hardly changes 

the wave speed. It also shift the critical wavenumber for the primary branch to 0.99(3906) 

from 1. I f  the wall’s wavelength is equal to the pore diameter o f 200 pm (k  = z), then the 

maximum growth rate is slightly larger at 0.55 min' 1 and its wave speed is 145 pm/s.

6. Summary and Conclusions

We use asymptotic methods to study the effect o f pore corrugation on the base flows 

and the corresponding linear stability o f a core-annular flow  for the particular range o f

parameters J/Rel -  \/e2. The small parameters are the scaled film  thickness e and 

corrugation strength <r. We show that both the leading order base flow  and its leading 

order stability are film-determined in this lim it, and the core’s dynamics slaves those o f the 

film . The film  dynamics remains unchanged for slow or intermediate flu id motion, even 

though the core motion may be modified.

Corrugation does not only modify the magnitude (atO(cr2)) o f the unstable branch o f 

eigenvalues that appears in the straight-tube case and thereby, changes its critical wave
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number but, due to the (wall wave number) ^-periodicity o f the spectrum in (disturbance 

wave number) a-space, it also introduces other unstable branches to the eigenvalue 

spectrum. For example, in the straight-tube case, a short wavelength monochromatic 

simply decays w ith unchanged wavelength. In contrast, in the corrugated tube case for 

k<2, the short wave initial disturbances are stabilized at short times, but they excite 

unstable long waves via coupling to the corrugation harmonics for longer times o f 

0(ln(\/<y)). For £>2, however, there are stable short wave gaps between the adjacent 

branches and certain initial short waves w ill not excite unstable long waves, although 

others w ill. Since real systems contain more than one wall wave length, this stable gap may 

no longer appear due to an interaction between different wall wave lengths. Therefore, real 

pore systems are rarely linearly stable.

The theory can be extended to the range o f J/Rex » 1/e. The stability o f the very

strong surface tension case, i.e., J/Rei » 1/e2, reduces to the no flow  lim it because o f 

the relatively weak strength o f the base film  flow. The corrugation can contribute a stability 

0 (cr) correction to the primary branch growth rate in some ranges o f parameters due to a

resonance. For less strong tension as 1/e «  J/Rex « 1 /e 2, the growth rate correction is 

0 (<7 2 5 3) where S = e1J/Rex; at this order corrugation effects are negligible compared with 

non-leading order straight-tube corrections. A t J/Rex ~ 1/e, however, the dynamics o f the 

core contribute in determining the interfacial shape in the base flow  as well as to the 

system’s linear stability, but the corrugation effect on the growth rate is rather negligible.

An alternative way for the core-coupling to become significant is when the core fluid is 

much more viscous than the film  fluid, say m -  0 (e). Here, core-coupling should be 

expected for both the base flow  and its stability. However, a very weakly viscous film  fluid 

can destroy lubrication in the film .
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Appendix I: Matrix Perturbation Theory

Expanding (4.13) in a Taylor series incr about co = <o0 yields

3Dn
D0(o)=<d0)+<j 2o)2

dco (o=(on
(A2.1)

It follows from the fact D0((o = co0) = 0 that

(o2 = -D 2/ (A2.2)

where

A(®.) = - I  n h  + PU)]2'(")Q\n +1)
n « 0 . - l  J » n .n + l

- 1  I I K +puifrwarin+u.
h »0 .-1  j * n . n + \

(A2.3)

Each term in the second sum on the right side o f (A2.3) has the common factor 

(o 0 + />(0))=0. Sim ilarly,

, 8(0 , ( O = ( O 0 i *  0

= n K ^ o ) > , (A2.4)

Substitution o f (A2.3) and (A2.4) into (A2.2) results in

e+(O)0-(i) A Q\-\)orm
(o2 = (4.15)

P(1)-P(0) P(-1)-P(0)

An alternative route to (4.15) is to use the solvability condition for the perturbed matrix 

equation. Equation (4.10) can be expressed as

( — +<r- ) -  = H 0 - (A2.5)

where

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



54

A =

and

m • [0 ] 1
0 0

A , = 0 P(n) 0
v s

0 P(n +1) 0

. [0 ]
•  •

• • [°] '

Q -(n--1 ) 0 Q \ n - 1 )
Q-(n) 0 QT(n)

Q~(n + 1) 0 Q*(n + 1)

- [0] • •

X-- T
*

mH i  L ,  *T * 2-

Expand <o and x  in a  as

03 =  0 )Q + (7 0 ), + < T  0 )2 + . . . ,  

. 2  .X = Xo+<rZi + <r‘ &+•••• 

Substitute (A2.7) into (A2.5) to get, to the leading order in a ,

0 (a°): Z, X o = (-° io)Xo-

(A2.6a)

(A2.6b)

(A2.6c)

(A2.7)

(A2.8)

(A2.9)

2icc j
The zero-order eigenvalue o) 0  o f the primary branch is -P(0) = --------+ —^-c t2 ( l - a 2),

tn 5mA

and the corresponding eigenvector is Xa -  [•  0  1 0  • ]', with the 1 being the n = 0

component.

The next order in a  gives

0 (a ) : [lo  +fi)0/ j  Xi = “ ( A • (A2.10)

W ith (•,•) denoting the complex inner product, and (a*, b») = ab(*,«) for complex 

scalars a and b, the solvability condition requires
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(A 2 .ll)

where is the right eigenvector o f the adjoint o f £<, with eigenvalue (-co0) and 

(^ 0 . y0 ) = 1 .Since Lq is diagonal, it turns out that yo = X0 • Therefore,

®i = - [ ^ 0 . A  Xo y  (A2.12)

Since L, 2 o = [•  0 Q+( - l)  0 £T(1) 0 • ]', whose £T(-1) and (T (l) are the 

n = -1 and n = +1 components, respectively, (A2.12) gives <o, = 0. To solve Xv> êt ^e 

components o f X\ = [fly]» j  = 0, 1 ,.., iV. Then the components o f (A2.10) are:

fo r j  = 0 , (P(0 ) + a>0)a0 = 0 ;

for j  = ± 1 , (P (± l) + <o0 ) f l± 1  = - g T(± l);

otherwise, ( />(/') + <y0 )ay = 0 .

Solving (A2.13) for ap  one gives

(A2.13a)

(A2.13b)

(A2.13c)

Xt = 0

(P (-1) + (B0) 0  „)

where, since <o0 = -P (0 ), a0 is arbitrary.

We proceed to the next order in a  as

CKp1) '  Z n

Again, the solvability condition gives

(A2.14)

(A2.15)

Evaluating I ,  X\ = 

leads to (4.15).

A*)-

# 0  g *(-l)g ~ (0 ) g '( l)g * ( 0 ) 0

P(-1) + © 0  P ( l)+ o 0

(A2.16)

in (A2.16) then also
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Another way to derive (4.15) is to solve the differential equation (4.5) by eliminating 

its secular term (the Lindstedt-Poincare technique). It is instructive and straight forward.

Setting £ ( z ,  t )  = in (4.5) gives

(# 0+ 0 //,)$  = (-*> )!, (A2.16)

where

Hn
m 8z 3mA\dz2 dz* ,

4 8 d * } i . A f 4 + | L
m m k\dz dz ,m dz mk 

Again, we expand o  as in (A2.7) and,

|  = i + 4 + c r | 2+..., (A2.17)

Substitution (A2.17) and (A2.7) into (A2.16), the leading order equation in a  becomes

, (A2.18)

2 icc y
Taking the normal mode4  = eiaz results ina) 0 = --------+ ——a 2(l - a 2). The next

m 3mk x '

order in a  gives

0(<T): (Ha + coQ) i  = - ( //, + cox)eiaz . (A2.19)

Since the inhomogeneous part o f (A2.19) contains a secular or resonant term <Dxeiaz which 

would yields an unbounded solution for 4> it must vanish, or mx = 0 . As such, the

solution o f is

i — <o0 +P ( 1 ) + o 0+/>(-!)
G(a). (A2.20)
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where G(a) = — -  - ^ - ia ( l  -  a 2) and P(± l)are given in (4.1 la). 
m mk v 7

For O(o2),

(H0 + (oQ%  = -(o2e -  H &  .

However,

^ L ± H c (a  ♦ t) + ̂ Z * I c ( a  - t)
o>0  + P (l) V ; 6 ) 0  + n - l)  .

G(a)eictz

(A2.21)

(A2.22)

+  A ei(a + 2k)z + B e i( a - 2k)z . 

whose coefficient o f etaz contributes secular terms. <u, is thus obtained by combining

these with co2eiaz to eliminate the whole secular contribution in the inhomogeneous part o f 

(A2.22), which also gives (4.15).
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Appendix II

For S » \ ,  the Bloch matrix / determinant is obtained by just slightly changing the 

definitions o fP(n) and Q^in). For (5.4), (4.11) is modified to

The resulting determinant D  o f (4.10) is also modified by just following the above 

definitions for the elements. For 0 £ a < k w ith k > 1, © + P(0) (the primary a -branch) 

and © + P(-1) (the secondary (a - k ) branch) at theO(o'0) determinant D0 give the 

same ©„ at a = k/2 . Also, © + P (l) (the secondary (a + k) branch) and © + P (-1) have 

the same © 0  at a = 0. These multiplicities contribute at 0(<r) to the growth rate correction 

rather than at 0(a2).

In order to solve for © by taking the interaction between these three branches into 

account regardless o f the range o f a , we rearrange the determinant D  in the following

way. We first extract © + P(0), © + P (-l), and © + P (l) from D0  as the 0(a°)

determinant, and then combine the other terms o f D0 together with D2 into the 0 (a2) 

contribution. This modification yields

Jffl

Q'(n) = - i ' - P W P i n  *  1)(1 -  /3!(n +1)). 
m

QT(n) =  -  U(l 1)).
m

(A3.la)

(A3.1c)

(A3.1b)

C?0(©) + <t2 G2(©) = 0 ,

G0 = (© + P(-1)X& + P(0)X<o + P( 1)), 

which contains the primary and two secondary branches.

(A3.3a)

(A3.2)

(A3.3b)
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We solve (A3.2) for to by an iteration scheme by evaluating the right hand side o f (A3.2)

at oo = o)0 :

G0 ( o ) + <t2 G2 (<u0) = 0. (A3.4)

For the case in  Figure 9, to use (A3.4) for obtaining the maximum growth rate, we choose 

o)Q as -P (0 ) fo r 0  £ a £ k/2, and as - /* ( - !)  for k/2 £ a < 3k/2 .
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Appendix III

Let J  = J0/e  wherey0  is 0(1) and/te, = 0(1), We first develop the base flow  in a 

perturbation expansion in this lim it fo r small wall non-uniformity. Expansions in a  and e 

fo r a  « e  for the base flows o f both regions and the interface are the follows.

For the film ,

For the core,

Sb = 1 + CTBTJ, + <T£ZTJ2 +... .

w b =  w  +  crew, +  cxe2w, + ....,

ub = ae2ux +ae3u2 + ....,

pb = p + a p x +<rep2+.

W,L = W + oeWx+... ,

Ub = U + <teU, + ... ,

(A4.1)

(A4.2a)

(A4.2b)

(A4.2c)

(A4.3a)

(A4.3b)

Pb = P +txe^ + ... . (A4.3c)

Substitution o f the expansions (A4.1)-(A4.3) into the governing equations and boundary 

conditions which are also expanded incx and s, give at the leading order,

wiyy = 0> 

P\y ~

Uxy = W, 2

-2rU, + (l

(A4.4b)

(A4.4b)

(A4.4c)

(A4.5a)

(A4.5b)
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^ ( rU {)r  +  Wl z =  0 , (A4.5c)

2

at y = 0, w, = —0 , m, = 0, (A4.6)
m

at y  =  r  =  \ , W l =  f  2  -  — + ~ 0 »  fA = 0 *  (A4.7)
\  m j m

at y = r  = 1, vv,y = 0, (A4.8)

A - A O t e  + n,). (**•» )/te,

at y = 1, u, = — 171 2  . (A4.10)
m

The film  solutions are,

Tji ~ <f> ,it>, = —tp, i7j = —-y0~- (A4.11)-(A4.13)
m m

As discussed earlier for e2J/Rel « 1, this is consistent with the film  flow being a local 

parallel shear flow .

As in (3.15), introduction o f the streamfunction (3.9) in the core leads to a solution in 

terms o f Kummer functions as

'P,(r) = A(k)rlx(kr) + B(k)rNx(kr), (A4.14a)

where, let a = ^(kRex)lfte~'n^  and 6  = 1 + k2/8a -  a/2 ,

A(k) = —j   T , (A4.14b)

B(k) = — p  i,  (A4.14b)
k[Nl(k)I0(k ) -N 2(k)Il(k)Y

Nx(kr) = jJ / .O ^ fa )  -  /, (kt)Kx {kt)]t2e~atl M(b,2,2at2 )dt, (A4.14c)

N2(kr) = Jq[/0( ^ , ( ^ )  + I0(kt)Kx (kt)]/V " a * 2 A/(6 ,2,2af2  . (A4.14d)
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The leading order interface w ill generate the next order in £ o f the base flow  as well. Note 

that (A4.12) and (A4.13) result invv,̂  = 0 andujy y  = 0, respectively. For the film , the

governing equations and boundary conditions at the next order in e are

0 = ~P\z + ~ = ~P\z + wiyy * (A4.15a)

® = Piy + ~fe’Uxyy ~ f y *  (A4.i5b)

- u 2y  + « ,  + iv2 2  = 0, (A4.15c)

• t y - 0 , w2 - - f l - - V  (A4.16)
m \  m j

at y  = r  =  1, - m w 2y  =  y ,  (A4.17)

at y = r=  1, ^ + | “ “ >y + = ' ^ r ( T72zz+ rh)> (A4.18)

a ty  = l ,  E, = — f l - ~ l n i z + — t̂b* t (A4.19)
m \  m j  m

In (A4.17a):

r = ( » I r  + ̂ z k p  (A4.20)

represents the perturbed core’s shear stress at the unperturbed interface and can be 

evaluated from (A4.14). By using y = yexpiikz), this becomes

2 , 26)

Thus, vv2  and u2 follow  from (A4.15a), (A4.15c) and (A4.16) as

54 ’ ^ * * ( 1 ^  (A4-2ia)
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#zy . (A4.21b)

Substitution o f (A4.21) into (A4.19) along w ith (A4.9) gives the following equation for rj2

Therefore, r}2 can be determined because tj, and y are known from the leading order 

solutions. Note that 77, = # from (A4.11) here. Thus the capillary terms o f (A4.22) can be 

recast in terms o f the wall’s function#. p2 can be solved from (A4.15b) and (A4.18). Here

do not contribute to the linear stability at the leading order in a .

We now proceed to the leading order stability analysis. Following Papageorgiou et al. 

(1990), we introduce an infinitesimal interfacial disturbance to the interface such that 

S = Sb(z) + <5£(z, t). A scaling analysis similar to the one above results in the following 

expansion for the disturbed flows:

For the film ,

After substitution o f (A4.23) and (A4.24) into the governing equations and boundary 

conditions, we extract the corrugated base flow contribution and find the following 

equations and boundary conditions:

For the film ,

we give only the film  solutions. As we shall see, p2 and the core quantities ( W2, U2, P2 )

(A4.23)

and for the core,

W = W„ +8W'+..., U = Ub +8U '+ ... P = Pb +<5P*+..., (A4.24)

(A4.25a)

(A4.25b)
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-U'y+W'Z=Q, (A4.25c)

and for the core

( l - r^ W '- lrU '+ O ie ,  e re ) V 2 0 ", (A4.26a)
Rey

( l -  r 2 ) t/'z +0(e, ere) -  -P 'z • (A4.26b)

—(/•(/')_ + W'Z=Q. 
r

(A4.26c)

The 0(e) correction above arises from the introduction o f the long time scale r  = et in the 

kinematic condition. 0{ae) connections come from the corrugated base flow . As we shall 

see below, the disturbed quantities W\ U \ P' in the core contain 0(<t°) and 0(<r) 

contribution as do those o f the film  at the leading orders in a . CKae) terms are o f higher 

order.

At y  = -<x0, w '= 0 , u'= 0. (A4.27)

A t the base interface Sb,

(A4.28)

m (~w'y(y = l-<rr/,) + o$v2yy(y = 1)) = y + 0{ae), (A4.29)

(A4.30)

(A4.31)

In (A4.29) again,
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X=(FPr +£/’r )r;=1 (A4.32)

represents the disturbed core’s interfacial shear stress. (A4.28a) implies that (W , U \ P')

should have contributions at O(<x0) and 0 (<t).

In (A4.31), the long time scaler = et is the scale o f the interfacial motion. The film  

flow  can be solved by (A4.25), (A4.27) and (A4.29) in terms o f the core quantity/ as

, Re, , 3 f  yz Re, , W
' • = - r ± P z z S ~ \ L i - * — P 2Z H r

+CT

(A4.33a)

+ <V),

6 m m m

+<r
Re, _ _ Re, , \  y2 f  y , Rex ,

(A4.33b)
+ 0(a2).

Substitution o f (A4.32) and (A4.33) into (A4.31) along with the information from the base 

flow  given in (A4.22) results in (5.9)

m * 3m Re,
+ 0(£2,(T2S) = 0

The core’s interfacial shear y is an im plicit function o f £ and cr, and its value requires the 

solution o f (A4.26), (A4.28), and (A4.28) in terms o f £ from the film  solutions.
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R.(z)=l+e(I+o<Kz))J

z

interface

Figure 1. The flow geometry o f a core annular flow  in a corrugated tube.
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interface
1.0

0.8

0.6

0.4

0.2
wall

0.0
z

J0/A=1.0, m=1.0, k=4.0, <7=0.2 

Figure 2. A  typical streamline o f the base film  flow . Flow is to the right.
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Jo/A=1.0,m=1.0

1.2

1.0   present case
 planar case
  Wang0.8

0.
£ 0.6

0.4

0.2

0.0
651 2  3 4

Figure 3(a). The interfacial amplitude vs. k

0

Jo/A=1.0,m=1.0

  present case
 planar case
  Wang

-10

k

Figure 3(b). The phase shift between the interface and the wall vs. k
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  17=0.0
Jo/A =1 .0 ,m = l,<7=0.2 ------prim ary branch.

  2nd branch

(b)

k=0.7

(a)

(d)(c)

Figure 4. The eigenvalue spectrum (growth rate curves) for various k .
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a=0.2, k=0.7, <t=0.2

t-
©
IIN

300

initial value approach 
eigenvalue approach

200

100

0

-100

-200

-300
80 100 120 140 160 180 2006020 400

Figure 5(a). The temporal behavior o f the interfacial amplitude at z =0 for 
a -  0.2, k = 0.7, <r = 0.2

a=1.2,k=1.7, <7=0.2

  initial value approach 
 eigenvalue approach

0 10 20 30 40 50 60 70 80 90 100
r

Figure 5(b). The temporal behavior o f the interfacial amplitude at z =0 for 
a - 1.2, k =  1.7, < 7  = 0.2
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Figure 6 (a l). The corresponding spatial evolutions for shorter times for Figure 5(a)
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a=0.2,k=0.7,cr=0.2

250

200

150
/  \  

\100

-150

-200

-250

7̂ 131.1   r= 1 3 6 .2 ----------------7̂ =142.7

7^=149.2--------7̂ =155.8  7̂ =162.2

Figure 6(a2). The corresponding spatial evolutions for various long times for Figure 
5(a)
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Figure 6 (b). The corresponding spatial evolutions for various times for Figure 5(b)
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Figure 7(a). The growth rate correction due to various a  for k = 1.7. 
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Figure 7(b). The growth rate correction due to various <r fo rk -  2.7.
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Figure 8 (a). The effect o f the wall wave number k on the growth rate correction. 
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Figure 8 (b). The effect o f the surface tension on the growth rate correction.
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Figure 9. The growth rate as J0/A  = 600, m = 1, k = 1.3, a  = 0.2
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Figure 10. The growth rate in the presence o f two wall wavelengths.
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Figure 11(a). The interfacial evolutions at z =0 for (Arl,£2) = (1.6,2.4).
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Figure 11(b). The interfacial evolutions at z =0 for (/tl,£ 2 ) = (2.4, 3.2).
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Figure 12(a). The corresponding spatiaf evolutions for the case in Figure 11(a). 
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Figure 12(b). The corresponding spatial evolutions fo r the case in Figure 11(b).
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III The Weakly Non-Linear Interfacial Stability of 
a Core Annular Flow in a Corrugated Tube

1. Introduction

Core annular flows (CAFs) have recently been used as model systems for improving 

many technologies such as o il recovery (Slattery 1974) and understanding respiratory 

distress in the lung, including surfactant transport (Halpem &  Grotberg 1993). A perfect 

core annular flow  (PCAF) in a straight, circular tube o f uniform cross section is often 

adopted as an ideal model on which most studies are based. Understanding the mechanism 

o f instability in this system is important because one may want to encourage or discourage 

instability depending on the application. The linear stability, for both the case with and 

without a base flow, is characterized by capillary, viscosity stratification and density 

stratification. Infinitesimal disturbances arise at the flu id-fluid interface and they may grow 

or be damped. Capillarity generally plays the most decisive role in determining the 

interfacial stability in the cylindrical geometry and in particular in the CAF. Capillarity acts 

in two ways: it destabilizes the interfacial circumferential curvature and stabilizes the 

longitudinal curvature o f an interfacial deflection. The result o f this competition is that 

disturbances with wavelengths shorter than the undisturbed interfacial circumference are 

linearly stable and those longer are linearly unstable due to capillarity. For a combination 

o f capillarity and viscosity stratification, Joseph and coworkers (Preziosi, Chen &  Joseph 

1989, Hu &  Joseph 1989 and Chen, Bai &  Joseph 1990) have performed extensive 

investigations o f CAFs by numerically solving the Orr-Sommerfeld equation. They have 

found for the parameter regime characteristic o f lubricated pipelining (Preziosi et al. 1989) 

that viscosity stratification can stabilize the long wave destabilization o f the capillarity at 

large enough, but not too large, Reynolds numbers. There exists a window o f stability in 

Reynolds number space in which the CAF is linear stable. For most applications o f
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interest, the annular flu id ’s thickness is much smaller than the tube radius. Georgiou et al. 

(1992) has developed thin film  asymptotics to analytically examine the linear stability o f a 

PCAF in a vertical arrangement. With axisymmetric disturbances whose wavelengths are 

comparable to the tube circumference, they have shown analytically that viscosity 

stratification can stabilize the capillary instability for m < 1  while it is destabilizing for m 

> 1 .

Study o f the non-linear stability regime o f these thin-film  systems is important to better 

understand the system’s response to disturbances o f finite magnitude as well as to 

investigate the fate o f linearly unstable waves. Hammond (1983) studied the two-fluid 

CAF in a tube with a thin annular film  in absence o f a base flow, fo r which the core’s 

dynamics become irrelevant at leading order in the ratio e o f the film  thickness to the 

undisturbed core radius. His nonlinear analysis showed that long wave disturbances can 

grow non-linearly and this suggests that they could potentially lead to film  break up into 

lenses when sufficient liquid is present. However, the extent o f validity o f his equation was 

lim ited by the thin film  approximation, which particularly impacts the mean curvature o f the 

interface. This 0(e) approximation admits a collar volume that never goes through a 

maximum so that the collar is always stable and need not form a lens. Gauglitz &  Radke 

(1988) extended Hammond’s analysis in an ad hoc manner equivalent to a Pade, rather 

than a Taylor, approximate by keeping the fu ll non-linear circumferential curvature in the 

capillary but linearizing everything else in the normal stress balance at the fluid-fluid 

interface. Their analysis can predict the transition from collars to lenses, while Hammond’s 

thin film  analysis might be able to predict this transition only at a higher order in e 

approximation.

In presence o f a base flow  and a very strong surface tension, Frenkel et al. (1987) 

found that the Kuramoto-Sivashinky (KS) equation governs the weakly nonlinear evolution 

o f fluids with matched viscosities and densities. In their case, only capillarity destabilizes 

and the core’s dynamics slave those o f the film . The non-linear coupling to the base flow
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through the kinematic condition can steepen unstable interfacial long waves. This gives rise 

to shorter length scales which become stabilized by the longitudinal component (the fourth 

derivative o f the interfacial deflection) o f the interfacial tension force. The Kuramoto- 

Sivashinky equation has arisen in a variety o f applications and exhibits complex dynamic 

behaviors depending on the period length. Numerical solutions on a periodic domain have 

exhibited nontrivial steady states (Chang 1987), traveling waves (Hooper &  Grimshaw 

1989), and spatial and temporal chaotic motions (Sivashinky &  Michelson 1980, Hyman 

et al. 1986, Hyman &  Nicolaenko 1986). The most important feature o f these 

investigations is that KS seems to yield smooth and bounded solutions.

Frenkel (1988) suggested extending his approach to incorporate viscosity stratification 

and inertia o f the core flow, and anticipated that the small amplitude equation would include 

an additional term which may contribute dispersive and dissipative effects. Papageorgiou, 

Maldarelli &  Rumschitzki (1990) (referred to herein as PMR) systematically developed a 

weakly non-linear analysis o f CAF film  flows for generally different viscosities and 

densities and for surface tensions where the core dynamics are integrally coupled to the 

interfacial evolution. They derived an amplitude equation to describe the interfacial 

dynamics which turns out to be a Kuramoto-Sivashinky equation modified via the inclusion 

o f additional terms containing integral kernels involving core quantities. In the case o f slow 

and moderate flows, this equation has non-local terms that reflect the coupling due to 

viscosity stratification o f the core’s dynamics to the interfacial evolution. These core­

coupling terms also give rise to additional dispersive and dissipative effects. They can lead 

to either chaotic interfacial motions for weak dispersion, or more typically to nonlinear 

traveling waves having more than one length scales fo r strong dispersion. PMR’s 

additional terms demonstrate the regularizing effect o f dispersion. This complements and is 

consistent with the model results obtained by Kawahara (1983) and Kawahara &  Toh 

(1988) who added a simple third derivative dispersion term to the KS equation and found 

regularization.
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The point here is that, apparently, the Kuramoto-Sivashinky-like systems can saturate 

the linearly unstable waves in the weakly non-linear regime. Kerchman (1995) has 

extended these results to a more general investigation o f the strongly nonlinear interfacial 

dynamics o f a CAF, including large amplitude disturbances. His analysis includes the 

weakly nonlinear analysis as special case. KS-type saturation o f the instability occurs for

sufficiently small e2J/Rel (whereRex/J  = / jxW0/y , /r, being the core viscosity, Wa the 

centerline base flow velocity and y the interfacial tension, can be regarded as the capillary

number based on the core flu id). When e2 J/Rex is sufficiently large, though, the core- 

annular arrangement may collapse because the interface can strongly bulge into the core as a 

result o f strong capillary forces acting in the neighborhood o f an interfacial trough. As 

such, the interfacial stability o f a PCAF in a circular tube is fa irly well understood.

However, in real core-annular flow systems such as occur in secondary o il recovery, 

two fluids flow  through uneven channels in the porous rock, and thus do not possess an 

ideal geometry like flows in a perfectly cylindrical tube. Sim ilarly, the extensive branching 

o f the bronchiole system represents a system with a frequently changing cross-section. It is 

thus conceivable that pore corrugations may play a role in determining the system’s stability 

that is at least as important as the effects already considered. But there are good reasons 

why one might neglect them in the first analysis. Let us consider briefly how pore 

corrugations complicate the problem. First, such non-ideality w ill cause the base state to be 

significantly changed. Even the axisymmetric base flow  pattern in a tube o f varying cross 

section w ill be two-dimensional, rather than just a purely axial velocity as a function o f 

only the radial position. This deviation from parallel flow  can interact strongly w ith the 

disturbance introduced in the stability analysis. For instance, consider the flow  o f a single 

flu id in a sinusoidally varying tube, even for small Reynolds number Re. Inertial effects

dR
can be significant when the axial variation o f the tube radius —  is as rapid as 0(1/Re).

dz

Moreover, it is unlikely that one would be able to solve fo r the base state exactly in closed
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form. Cylindrical tube theory clearly does not include these effects. To access them, it is 

necessary to extend the scope o f this theory to include the varying geometry.

There have been several studies o f base flows without an accompanying stability 

analysis. Wang (1981) consider a film  flowing slowly down a wavy inclined plate, where 

the striations are parallel to the overall flow. He applied a perturbation method with respect 

to the small amplitude o f the corrugation. He found that for a fixed mean film  depth, the 

flow transverse to the striations is decreased relative to that o f a smooth plate while the flow 

along the striations is increased. Dassori, Deiber &  Cassano (1984) analyzed a two-fluid 

system in a symmetric sinusoidally varying two dimensional channel. They only focused 

on the case o f an outer flu id (e.g., a gas) with very low density and viscosity ratios relative 

to the core fluid. They found that the fluid interface exhibited a wavy shape, characterized 

by an amplitude and a phase shift relative to channel, which are functions o f surface 

tension, density, viscosity ratios, flow  rate, and the wave number o f the wall. Recently, 

Kang &  Chen (1994) extended Wang’s analysis to the case with two fluid-fluid interfaces 

in a planar system and a similar picture resulted. In cases o f large variation due to 

corrugation, perturbation techniques as above are no longer applied. Pozrikidis (1988) 

extends Wang’s problem to large corrugations and solves the two dimensional creeping 

flow numerically on a periodic domain by using the boundary integral method. He shows 

that Wang’s asymptotic analysis overestimates the effect o f the wall’s waviness on the 

deflection o f the interface, particularly at high flow  rates.

However, linear or non-linear stability issues associated w ith flows in the corrugated 

configuration, especially interfacial problems, have only been explored in a preliminary 

manner. In the case o f no flow , Gauglitz &  Radke (1990) employed their previous 

analysis (1988) to examine how constrictions affect foam formation in gas-liquid 

displacements fo r the case where the radius varies slowly in the axial direction. They 

showed that the time needed to snap a collar o ff strongly depends on the neck radius o f the 

constriction and that the length o f the constriction is not crucial to the instability. A  similar
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conclusion was also drawn by Ransokoff, Radke &  Gauglitz (1987) and Ratulcwski &  

Chang (1989), who analyzed the case where constrictions have various cross-sections.

Tougou (1978) investigated the linear and weakly nonlinear stability o f a viscous film  

flowing down an inclined, uneven wall in the presence o f surface tension. In  the leading 

order o f a shallow thickness parameter e, defined here as the ratio o f the mean film  

thickness to the wall's wave length, the linear stability o f the base flow is identical to that 

for the plane wall case. His weakly nonlinear analysis derived a KS-type equation 

incorporating the w all’s non-uniformity and showed that the long-time interfacial evolution 

for an asymptotically long wave wall and is no longer spatially periodic due to the non­

parallel base flow.

We have developed an analysis (Wei &  Rumschitzki, 2000-Chapter II) that uses 

asymptotic methods and Floquet-Bloch theory to analytically examine the linear stability o f 

a CAF in a corrugated tube. We develop steady base flows in an asymptotic sense in 

powers o f e and cr, the latter characterizing the strength o f the corrugation relative to the 

mean annulus thickness. We then derive the corresponding linear stability to the leading 

order in both small parameters. This procedure leads to a linear interfacial evolution 

equation w ith non-constant coefficients. Floquet-Bloch theory leads to the eigenvalue 

spectra as a function o f the wall’s wave number k and these spectra exhibit periodicity in 

a-space, where a  is the wave number o f the initial disturbance. Direct numerical 

solutions o f the interfacial evolution partial differential equation for a variety o f initial 

conditions are performed and compare very well with the eigenvalue spectra. The results 

reveal that the wave length o f the initial interfacial disturbance is modified due to 

interactions w ith the wall’s corrugation. As a result, in contrast to the case o f a CAF in 

straight tube, an in itia l disturbances whose wave length is shorter than the circumference o f 

the undisturbed flu id-flu id interface can also lead to an instability due to the unstable higher 

wall corrugation harmonics excited by the in itia l disturbance.
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The above discussion suggests two opposing trends in the weakly nonlinear regime o f 

a core-annular flow  in a tube o f varying cross section. On the one hand, coupling o f an 

in itia lly short wave length disturbance to the wall’s corrugation excites unstable long wave 

length wall harmonics o f the initial disturbance. On the other hand, the nonlinearity in KS 

and related equations steepen growing long waves, thereby shortening their effective wave 

length and stabilizing them via the fourth derivative capillary term. Our aim in this chapter 

is to systematically extend our previous analysis into the weakly non-linear regime in order 

to examine which o f these trends dominates. In particular, can the nonlinearity saturate all 

o f the unstable harmonics generated by the corrugation and w ill the resulting dynamics be 

chaotic or regular?

2. Mathematical Formulation

2.1 Governing Equations and Boundary Conditions

Two immiscible, viscous, incompressible fluids are flowing axisymmertically in a 

core-annular arrangement in a horizontal tube o f radius &  (z) that varies in the axial 

direction with slight corrugation. The interface is given by r  = S(z,t). The core region, 

defined by 0 £ r  < S(z,t), is occupied by fluid 1 and the annulus, S(z,t) £ r  £ /^ (z ), is 

filled by fluid 2. Since the flow  fields are assumed to be axisymmetric, they only have 

velocity components (u,0 ,w) in terms o f the cylindrical polar coordinates (r,0 ,z). We non- 

dimensionalize the velocity, pressure, length scales and time with the characteristic 

quantities #£, pW^ , ,  and/^/#£, respectively, wherefV0 is the axial velocity at the 

central line r=0 (NB: application to the respiratory problem requires a rescaling w ith y ip  

where y is the surface tension, rather than the center line velocity) in the uncorrugated base

flow , p  is density o f the fluids taken for now to be equal, and is the mean radius o f the 

core.
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The non-dimensional governing equations in each phase are given by

wt + uwr + vvWj = —pz +~~—V2wi (2 .1 a)
Ke(

u, +  uur +  wuz =  -p r +  ~  ( 2 * l b )

—(ru)r + w. = 0 , (2 .1 c)
r

^ 2  j  ^  qL
where V 2 = —5-+ ------+ —r  , 1 = 1,2 denotes the core and the annulus, respectively and

dr r  dr dz

the Reynolds number is given by Re, -  We use Rex fo r the core as the reference

Reynolds number. The annulus Reynolds number is Re2 = — L, in which m = —  is the
m p{

viscosity ratio o f the annulus to the core.

Define the jump notation [• ] = (•), - ( • ) ,.  The following boundary conditions are 

used: The velocities vanish on the wall

w = 0 , « = 0 , at r  = R j(r). (2 .2 a)

The velocities are continuous across the interface,

[w ] = 0, [«] = 0, at r  = S(z,t). (2.2b)

The tangential stress and normal stress balances apply at the flu id-flu id interface:

|"-^-(u. + wr )(1 -  S,2) + - | - urSz - w.S. = 0, at r  = S(z,t), (2.2c)
L Re Re Re J

-  p  — —ur -  f - p  + — w. |5 .  +  — ( u .  +  wr)S.
L Re K Re V  1  Rey * r i \

.,= )]( ,+5- r ,  at r = 5(2,0. (2.2d)
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w h e r e  J  =  - 2 - 2 -  is  th e  s u r fa c e  te n s io n  p a r a m e te r  u s e d  b y  C h a n d r a s e k h a r  (1968) a n d  w h e r e  

Pv i

y is  th e  in t e r f a c ia l t e n s io n .  T h e  k in e m a t ic  c o n d it io n ,  w h ic h  d e te r m in e s  th e  s h a p e s  o f  th e  

in t e r fa c e ,  is

u = St + wS,t a t  r  =  S(z,t), ( 2 .2 e )

F in a l ly ,  th e  c o r e ’ s  f lo w  f ie ld  m u s t  b e  b o u n d e d  a t  th e  c e n t r a l l in e ,  i . e . ,

w bounded and u = 0  as r  —► 0 . (2 .2 f)

2.2 Scalings and Asymptotic Formulation

I n  th e  p r e v io u s  s tu d y  o n  th e  lin e a r  s t a b i l i t y ,  w e  fo u n d  th a t  th e  s c a lin g  

r e la t io n  J/Rex ~  l / e 2  y ie ld s  a  n o n - t r iv ia l  c o r r u g a te d  b a s e  f lo w  in  th e  C A F  c o n f ig u r a t io n  

a n d  w e  h a v e  d e te r m in e d  th e  b a s e  f lo w s  a t  th e  le a d in g  o r d e r  in  e a n d  c r . T h e  s o lu t io n  f o r  

th e  f lo w  p a t te r n  is  d e te r m in e d  b y  th e  in t e r f a c ia l d e f le c t io n  7 7  ( Sb =  1  +  aerj+ . . . ) ,  w h ic h  th e  

f o l lo w in g  e q u a t io n  f o r  th e  in t e r f a c ia l  s h a p e  g o v e r n s :

+ + (2-3)

w h e r e  J  = JQ/e  a n d  Rex =  A e ,  X a n d  J0 b o th  o r d e r  o n e  c o n s ta n ts .  N o te  th a t  th e  

s o lu t io n  t o  77  is  in d e p e n d e n t o f  th e  v is c o s it y  s t r a t i f ic a t io n  m s in c e  th e  c o r e  d o e s  n o t  

c o n t r ib u t e  t o  le a d in g  o r d e r  a t  th e s e  s c a le s  a n d  J0/6X is  ju s t  th e  r a t io  o f  th e  c a p il la r y  t o  th e  

s h e a r  fo r c e s  ( ReJJ =  Ca). T h e n  th e  f i l m  s o lu t io n  is

wb =  w +  vv = —  y  +  £ < y ( - ( r j =  +  t?t ) ( ^ y 2  - y )  + —^1 +  0 ( e 2 ,  e 2 < r , <rze), ( 2 .4 a )
771 77IA  2  771 /

Ub = U =  £2 < * ^ j ( 7 + + °(e 3<T.<T2£2), (2.4b)

Pb = P + P  = P + ^ z(n  + ils ) +  CK— , — ) .  ( 2 . 4 c )
£ £ £

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



8 8

We briefly summarized the film  base flow  here and neglect the core since it merely slaves 

the film  (up to 0(1) Rex ) and does not contribute to the system's stability. Also, as noted 

in Chapter II, the previous analysis can also be extended to both e2 J/Rex » 1  and

e « e 2  J/Rex « 1 regimes without significant change to the formulation.

W ith the asymptotic, steady base flows derived from the previous study, we now 

begin the corresponding asymptotic weakly nonlinear stability analysis. Instead o f an 

infinitesimal disturbance for the linear analysis, we introduce a finite, axisymmetric 

disturbance o f size 8 at the steady interface in such a way thatS(z,r) = Sb(z) + 8%(z,t), 

where Sb(z) is the interface o f the corrugated base state, £ (r,0  is an unknown order one 

function responsible for the disturbance, and 8 is small compared with the undisturbed core 

radius and film  thickness, i.e., 5 « |S 6|, e. Clearly, 8 ->  0 recovers the base flows, 

and 0(5) leads to the linear stability problem. In general, the fu lly non-linear analysis 

allows 8 ~ e, which means that the size o f the disturbance is comparable to the film  

thickness. However, we would like to scale 8 = 8(<j,e)«  e to constraint disturbances 

within the weakly nonlinear regime.

We firs t determine the scalings o f the disturbed quantities before formulating the 

perturbation scheme. We follow the scaling procedure used in the linear analysis, which is 

sim ilarto Hammond (1983), Papageorgiou et al. (1990) and Georgiou et al. (1992). We 

usee, the ratio o f the undisturbed film  thickness to the mean core radius as the small

T  —  1
parameter. By introduction o f a stretched film  variable y  = 1-------- , we can make the thin

e

film  explicit and separate the film ’s radial scale from its axial scale and from both scales in

8 1 8
the core. As such, radial derivatives in the film  are large, i.e., —  = ----------. Let

or edy

(w \ p ')  and (W \ U \ P') represent the disturbed quantities for the film  and the core,

respectively. One can estimate the scalings o f these quantities in the case
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of/te j ~ e and J  ~ Me by using the scaling relation for the base flows together with the 

governing equations and boundary conditions. From the normal stress condition, 

p'~ 8/e3. Relating w ' with p' by the use o f the lubrication equations in the film  brings 

out w'~<5 , and u'~eS follows by continuity. For the core, which lacks separable length 

scales, both W' and U' are o f order S, which is a consequence o f the continuity o f 

velocity, and P' is o f order S/e  from the equations o f motion.

We now need to know the order o f S. Since the annular region is thin, the lubrication 

equations govern the flow  there. The film ’s non-linear inertia is o f higher order, and thus 

the non-linear terms in the stability analysis derive horn the kinematic condition. This 

condition couples the derivative o f the disturbed interface position either to the base flow  

velocity at the disturbed interfacial position, or directly to the disturbed flows. Thus, the 

kinematic condition should provide the scaling o f S in this weakly non-linear analysis. We 

begin with the expansions for the film ,

g
w = wb + Sw\ u = ub+e8u\ p = pb + — p ' (2.5a)-(2.5c)

£

and for the core,

W=Wb+ 8W\ U = Ub+ SU\ P = Pb+ - P \  (2.5d)-(2.5f)
£

where the quantities with subscript ‘b’ denote the base flow  quantities, which have 

nontrivial a  and£ expansions. Let (wb,ub) = (ew +..., adt + ...) for the film  base flow . 

Then the kinematic condition, evaluated at the base interface Sb expanded with respect 

to 5, gives

$(-<rcuy€ + eu ’) -  S2u 'y 4 + 0(<t82 )

= 84, + eSw4, + 8Sbl(-wf 4 + w ')+ S2 £.(-w y£ + w ')+ 0(S3). (2.6)

Note that Sbz ~ ae here. We introduce the long time scale r  = et to capture the dynamics 

o f the leading order o f (2.6) at 0{eS). Since the weakly non-linear analysis requires
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8/e «  1, 8/e should be scaled using the system’s small parameters e and a . Different 

scaling choices for the parameters may lead to different dynamic characters. Vv e shall 

discuss this in the next section.

As we shall see below, after plugging the appropriate asymptotic expansions into the 

governing equations and the boundary conditions and extracting the corrugated base flow 

contribution from these equations, one can derive an equation that governs the system’s 

stability up to 82 within the weakly nonlinear regime. At zeroth order in  8, one should 

recover the base flow. After using the base state relations, the linear stability o f the system

appears at the first order in 8, and S2 should give any additional weakly nonlinear effect. 

In order to allow a larger scope to this scaling analysis and to provide the context for a 

general discussion later on, it is more convenient to keep 8 unsealed in eqn. (2 .S) during 

the formulation.

A fu ll knowledge o f the base state to all orders in a  ande provides an exact solution 

o f the nonlinear, steady state Navier-Stokes equation subjected to the corrugated 

boundary’s conditions. We have only solved the base flow  asymptotically and have thus 

far only determined its leading order contributions explicitly. However, when substituting 

(2 .S) into (2 .1 ) and (2 .2 ), we shall use the fact that the fu ll steady state solution satisfies 

the steady state equations and boundary conditions exactly and its truncated solutions 

satisfy these equations / conditions exactly up to the order o f truncation. This w ill allow us 

to retain only terms o f 0(8) and higher. The coefficients w ill only contain explicit 

contributions from the leading order o f the corrugated base flow. As such, this step can be 

achieved without knowing any details about the higher order solutions o f the base states.

Let Ret = ek and J  = J0/e  , where k  and J0 are 0(1). In order fo r the corrugation 

terms to be o f lower order than the first e -order correction to leading order (see the 

tangential stress condition below), we assume a  » e ,  which for these scales, also
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decouples the core. From this point, we drop the primes fo r the disturbed quantities. The 

leading order o f the film ’s governing equations become

o = - f t + jw „ .  (2.7a)

0 = />,, (2.7b)

-uy + wz = 0. (2.7c)

For the core, we have

0 = -P 5 + -V 2 lF , (2.7d)
A

0 = -/>,+ j f v 2 C / - ^ \  (2.7e)

i(r£ /), + IP, = 0 , (2.7f)
r

subject to the boundary conditions below:

On the wall:

y -  -<T0 , w = 0 , u = 0 . (2 .8 a)

At the interface r  = S(z, r), we expand around the base state interface Sb(z). After

eliminating the base flow  contributions, the leading terms in e and 8 for each boundary

condition (other than the kinematic condition eqn. (2 .6 )) are:

Continuity o f velocity to 0 (6 )

+ +w (y = 1 -o tj)  - -2 4  + W(r = 1) + 0 (ae ); U(r = 1) = 0(e). (2.8b)
Jyrn I

The tangential and normal stress balances to leading order 0 (8 1e) are dominated by film  

variables:

-H .,0 ' = l-< n j)+ o 4 » ; l(y = l)  = O(e), (2 .8 c)

a ty  = l-< n ), p - i ( 4 „  + 4 ). (2 .8 d)
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In (2.8c), w<u is the coefficient o f the 0(ae) axial velocity in (2.3a) for the film ’s base 

flow . Note that the normal stress does not contain the base flow ’s interface to leading 

order. From (2.2d), one can separate the curvature K into the base flow  interface Sb's

contribution tch = Sbs “ (1+ Sbl )j( l + Sb2s ) ' 3 / 2  plus a the disturbed curvature

K' = s k + | r ( l + St ’ ) - |s ,£ - 4 ,S l , J - ( l + S,0 (l+ S t;)
- 3 / 2

The base flow ’s curvature Kb balances the base flow ’s normal stress. In k ' ,  the interaction 

terms, such as&S^ ~ Sere that derive from S.2 are o f higher order than 5(£s + £)•

Solving for w and u from (2.7a)-(2.7c) gives

w = — p.y2 + Cy + D,
2m

u = + ]r c .y2 +D,y + E ,
o m 2

(2.9a)

(2.9b)

whereC = - —p .(l-0 7 ]) + 0(<r2),D  = p . < r < p  + CKa2) and E = 0 {a 2). We then 
m m

substitute (2.9) into (2.6) and use (2.8d) to derive (2.10), the weakly nonlinear interface 

evolution inclusive o f corrugation.

«- + b ‘ +5) -  +4)-

K H 8 6 , »•

(2.10)

A t the leading order in 5, this equation recovers the linear analysis, which consists o f the 

straight tube contribution and o f the 0(cr) term in square bracket due to the corrugation. 

The dependence on the corrugation is reflected by the variation o f the base flow  film  

thickness (ri-<f>) with z. The next order in S (here 0(8fe)) gives the leading non-linear 

terms. The first nonlinear term comes from the shear flow  and is the usual (e.g.,
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Papageorgiou et al. 1990) Kuramoto-Sivashinsky term. The second nonlinear term arises 

from the capillarity. Note that we s till remain in the laboratory frame (that is, we retain the 

2
convective term —£z) instead o f switching to a moving frame because o f the presence o f m
the corrugation. As we shall see in the next section, special forms o f (2.10) apply to 

different scalings o f / 0 /A , and thus o f S.

2.3 Numerical Method

To examine the impact o f corrugation on the system’s stability, it is necessary to 

compare the numerical simulations for cr = 0  with those for cr *  0. Since the numerical 

solution must be calculated on a periodic domain, it is useful to employ spectral methods. 

Consider a periodic domain with period l i t /  p . We construct the solution to £ as

£(z, r) = a0 ( t)  + YXank)cos(Pnz) + bn sin(pnz)), (2 .1 1 )
«»!

subject to a cosine wave initial condition |(z ,r  = 0 ) = Acos(az) o f in itia l wave number a . 

We choose the amplitude A o f the initial interfacial profile is relatively small (e.g., 

A = 0.1) so that its development starts w ithin the linear regime. For a  = 0 , the linear

dispersion equation for mode n has a growth rate - ^ —(Pn)2( l -( f in )2), which suggests
3mA x '

that the modes with fin > 1 should decay w ith time and those w ith pn < 1 should grow as 

linearly unstable waves. For cr *  0, however, the wavelength 2k jk  o f the wall enters. 

Although k  can be an arbitrary real positive number independent o f the choice o f the initial 

wave number a , we choose it to have a rational ratio with a  so as to guarantee that there 

is a period over which both the in itia l disturbance and the wall are periodic. We can choose 

P to be the greatest common divisor o f k and a , and let (&, a ) = (nt , na )P where nk are 

na are fixed integers. We also choose a  and k such that a  belongs to the linear
ii
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unstable branch according to our linear theory (see Chapter II, Wei and Rumschitzki, 

2000). With this choice, inserting (2.11) into (2.10) results in a system o f ordinary 

differential equations for amplitudes an(r)  and bn(r). We employ a 4th order Runge-Kutta

method to solve these temporal equations and use time steps from 2 X1 0 - 4  to 1 0 "3, 

depending on the parameters. We choose the number N  o f modes retained large enough to 

resolve the spatial variation so that high harmonic modes decay. Typically N  -  16 is 

chosen for the most simulations. We determinean(r) and b„(r) w ithin 1% absolute error 

tolerance. We check the spatial convergence by doubling the number o f modes to verify 

that the spatial evolution does not change significantly.

3. Results and Discussion

We now examine the numerical solutions for the weakly non-linear interfacial 

evolution as given by (2.10). We examine the case when e2J/Rel is 0(1) and between 

0 ( 1 ) and 0 (e).

3.1 Strong Interfacial Tension Case ezJ/Rex ~ 0(1)

Let us first consider the strong interfacial tension case ezJ/Re] ~ 0(1). In the absence 

o f corrugation at a  = 0 , (2 .1 0 ) becomes

« -+ b - + « x )  ■ °- a , )

This equation is equivalent to those given by Aul (1989), Kerchman &  Frenkel (1994), 

Kalliadasis &  Chang (1994) and Kerchman (199S) in the small amplitude disturbance lim it. 

Note that there are weakly non-linear terms deriving from both shear and capillarity. Unlike 

the Kuramoto-Sivashinsky (KS) equation which only has a non-linearity due to shear that 

can saturate linearly unstable waves, the presence o f the capillary non-linearity can,
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depending on the relative strength o f the shear and capillarity, even amplify the linear 

instability. It can thus in principle cause growth beyond the weakly nonlinear regime. That 

is, even though the solutions to this equation may predict a long-term evolution whose 

interfacial disturbances may remain bounded, they may become comparable to the mean 

film  thickness, and so equation (3.1) may not be uniform valid in time (see Kalliadasis &  

Chang 1994 and Kerchman 1995). In the analysis o f Kerchman (1995), for relatively small 

order one values o f J0/X , the solutions show quasi-periodic or chaotic features similar to 

KS and thus the instability saturates in the weakly non-linear regime. For intermediate 

ranges o f J0/X (about 0.7 in our notation), more film  fluid can drain into the core. The 

film  generally becomes more flattened but has larger bulges into the core. However, for 

even larger J0/X (about 0.9), strong core-bulging processes cause large interfacial 

amplitudes. Even though this solution remains numerically bounded, it is no longer weakly 

nonlinear and suggests that the core may snap o ff and break the CAF topology. These 

results qualitatively agree with Aul &  Olbricht ‘s (1990) experiments.

Even though Kerchman’s work is based on a strongly nonlinear analysis, the weakly 

nonlinear equation (3.1) shall show most o f its qualitative features. When cr *  0, whether 

the corrugation or the non-linearity dominates or whether both are comparable, depends on 

J0/X  and the size o f perturbation 8. To bring the corrugation into the leading orders in the 

weakly non-linear regime, we choose 8 ~ ae so that the non-linearity and the corrugation 

compete at the same order o f a  in (2.10). We thus choose cr = 0.2 and 8/e = 0.15 

throughout this subsection. Note that even though 8 is scaled by the corrugation, we retain 

its size 8 = 0. 1  Se for the lim it cr -  0 for the comparison. We firs t numerically confirm the 

features o f (3.1) for a  = 0 and then directly compare them w ith the case o f (2.10) with 

corrugation. To do so, we remain in the laboratory flame throughout these simulations, 

even for a  = 0 , rather than going to a moving flame, because it is more convenient for the 

corrugation case.
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For <x = 0 , as suggested by Kerchman (1995), we choose yo/A  =0.7 and m = 1 to 

ensure that the resulting long-time interfacial evolution is bounded in the weakly nonlinear 

regime. We impose an initial disturbance a with small amplitude and a single unstable

wavelength (a  =0.6). Figure 1(a) shows a series o f snapshots o f the spatial-temporal 

interfacial evolution. A t the early stages o f the evolution, the interface grows according to 

the linear theory. When the interfacial amplitude size becomes sufficiently large (at 

about r  ~ 60), non-linear effects become important and the interface then undergoes a local 

curvature change due to nonlinear coupling. As in Kerchman’s results, the upper part o f the 

interface flattens and forms two humps and the lower part appears sharper with a high 

curvature around the trough. But unlike the symmetric humps formed in the no flow  case 

by Hammond (1983), these two humps are asymmetric due to the base state shear flow  at 

the leading order in e. The long-term development is shown in Figure 1(b). Steady waves 

are established at about r  » 1 0 0 , and travel with a speed c *  2  (due to the retention o f the

2
linear convective term — ) in space. Note that even though the waves appear to be

m  '

traveling backwards in the z-direction due to the time between traces, they actually travel 

forwards. During the given time interval A r =20, the waves travel over a distance cAr « 

40. The resulting waves move a distance slightly less than four-times the dominant wave 

length I n  fa  (4-2^/0 . 6  *41.9). Therefore, the waves look as i f  they are traveling 

backwards.

Corrugation has the potential o f complicating these pictures fo r a  = 0. Recall in the 

linear theory that the corrugation can respond to a short wave disturbance by exciting the 

growth o f long wave wall harmonics o f the in itia l disturbance at times o f order O iln ilja)). 

It may be interesting to see whether the nonlinearity accelerates or decelerates this 

corrugation-modified long wave instability. As such, we select the following cases for a 

preliminary examination o f the impact o f corrugation on the solution o f eqn. (2 .1 0 ):
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(a ,k)=(0.6,1.8), (1.2,1.8), and (1.8, 2.4). According to the linear theory, in  the first 

case, the primary interfacial action is growth (0 .6 < 1 ) w ith the initial unstable wavelength 

later augmented by the higher harmonics o f the wall corrugation. The latter two cases, 

however, w ill begin with a decaying initial disturbance which only at later times excites 

unstable harmonics whose resulting linearly unstable wavelengths coincide with those o f 

the previous case. That is, all three o f these cases have a dominant unstable wave number 

0.6 in the linear regimes. Figures 2 -4  show the spatial-temporal evolutions o f these three 

cases.

At first glance, these long-term evolutions generally show the same dominant 

wavelength and give similar interfacial shapes and traveling waves as does the cr = 0  case. 

However, there are some different details in the local interfacial behavior. In contrast to 

cr = 0 , temporally oscillatory motions are present in the quasi-steady traveling waves as 

they pass the crests and troughs o f the wall. In Figure 2 w ith (a,k)=(0.6,1.8), similar to 

Figure 1(b), the interface firs t amplifies the initial long wave mode. However, it then 

develops quasi-steady traveling waves with temporal oscillations visible every two frames 

in 20 time units. When imposing a short wavelength disturbance such that \a -  *| < 1, as in 

Figures 3 and 4, the interface undergoes a transition from the decaying mode w ith an initial 

short wave length disturbance to a growing mode w ith a long wave length in the linearly 

unstable regime; thus the time required to significantly enlarge the amplitude into the non­

linear regime is prolonged. For (<*,&)=( 1.2,1.8) as shown in Figure 3, the evolution 

reaches a quasi-steady state at r  *  2 0 0 , but then shows almost identical local oscillatory 

behavior to Figure 2. In the case o f (ct,fc)=(l .8,2.4), the transient state (not shown) takes 

even longer to develop because o f the more rapid decay o f the initial mode. The long-term 

interfacial motions are sim ilar to those in Figure 3 (note the sim ilarity in shape between 

waves at r=300 in Figures 2 and 3, and r  =400 in Figure 4), but the quasi-steady state 

behavior in Figure 4 is rather different from those in the previous cases. There are four
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frames per cycle o f oscillatory motions and they have stronger modulations than do the 

earlier cases. The different numbers per cycle again appear to coincide w ith the more 

frequent occurrence o f the wall crests and troughs for the large wall wave number k.

Figures 5 show the case o f (a,Ar)=(0.3,2.4) whose most unstable wave is 0.3, but 

whose wall’s wave number is the same as in Figure 4. Here the waves appear more 

intricate. As shown in Figure 5(b), they appear to require eight frames for an oscillatory 

cycle whenr = S00 ~ 660. This intricacy is not surprising since the dominant linearly 

unstable wave is different from the previous cases. Note that all o f these corrugation cases 

have a similar traveling wave speed c *  2  with a small corrugation correction for each 

case. The longer the dominant wave length, the longer the time a wave travels over a 

distance equal to its wave length. On the other hand, the shorter the wall wave length, the 

more frequently the interface with a longer wave length encounters the w all’s crests and 

troughs; therefore the time periodicity becomes longer. This time periodicity is roughly 

proportional to the ratio k/ad o f the wail wave number to the dominant wave number ad.

For the same w all’s waviness k = 2.4 as in Figures 4 and S, the dominant wave length in 

Figure S is twice that in Figure 4. The resulting oscillation period in Figure S is double that 

in Figure 4. Similarly, for the same dominant wave as in  Figures 3 (k  = 1.8) and 4 but for 

a different k t we estimate the period in Figure 4 as 1.5 (or 2) times that in Figure 3.

In summary, for 70/A  =0.7, the results above show that the nonlinear saturation 

overcomes the continual excitation o f new, unstable long waves by the corrugation and 

leads to steady or quasi-steady traveling waves.

I f  we increase the scaled inverse capillary number as S = e2J/Rex » 1 , the capillary 

force overwhelms the effect o f the base flow , and we might expect to approach 

Hammond’s lim it. Recall that in  this lim it, the leading order base state is cylindrical, i.e .,

rj = 0 + By assuming S »  a " 1 and restricting the time scale o f interest to 0(S~l ), 

one finds that the base flow  drops from leading order.
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4  + £ &  H i  + "£ [M 4 =  +4)1 - ( f ) f  [«(4= + 4 )1 +<K? ) = 0. (3.2a)

Recall from, Chapter n, section 5.3, in the linear theory the presence o f the corrugation can 

cause a resonance that amplifies the instability by 0(a) for some ranges o f wavelengths o f 

both the disturbance and the wall. For convenience, let r  -> (m/S)r . The leading order o f 

(3.2a) becomes

4  + j f e  + « ). + 4 *  ■-(4= + 4 )1  - ( f  ][4(4» + 4 )1 -0 . (3.2b)

At < 7  = 0, this equation reduces to the weakly non-linear version o f Hammond’s 

equation, that is, with a linearized version o f the cubic non-linearity. Consider an interface 

w ith a single long wavelength that is linearly unstable. For < 7  = 0, the capillary term can

be rearranged as 1̂ -  3—£ + 4 = ) -  + &=)• The firs t o f these terms involves

h3 = 1̂ » 1 - 3 —^j+0(((5 /e )2), the cube o f the film  thickness. This causes the

interface’s trough (with § < 0 ) to grow faster than its crest (w ith £ > 0), since in the 

weakly-nonlinear regime it slightly amplifies growth at the trough and suppresses it at the 

crest relative to the linearly growing interfacial position. The second term causes the 

interface to levitate to the wall side. It has its strongest effect at the node § = 0 but no effect 

on the trough and crest since £. = 0 there. As a result o f both o f these terms, the interface 

shape forms two symmetric humps at the upper part as well as a deeper and sharper trough 

at the lower part.

The numerical solution o f (3.2b) (w ith a  = 0.7) is shown in Figure 6. The rate o f 

change o f the solution slows down markedly at r  *90. The interface shape is sim ilar to the 

solution w ith Hammond’s retention o f the cubic factor, although the evolutions m 

Hammond’s case does not reach a steady state. For the case w ith corrugation, we choose 

k =  1 . 4  so that the resonance in the linear theory occurs at the in itia l wave number a  = 0.7
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o f disturbance. Even (0.1 cos(az)) and odd (0. lsirt(az)) (there is no difference for<r = 0) 

parities o f the initial condition are also chosen fo r comparison purposes, and the 

corresponding results are presented in Figures 7(a) and (b), respectively. Note that the wall 

profiles drawn in Figures 7 are not in true scale and only indicate a relative position 

between the interface and the wall. In general, the evolution for or *0  is more amplified 

than that for a  = 0. For an even initial interfacial profile, the interface appears to reach a 

steady state at r  *220. The two positive humps appear more pronounced than those 

fo r <T = 0 , possibly indicating a local influx into the hump region and less drainage into the 

trough. On the other hand, the odd initial disturbance leads to a more unstable evolution 

than the even case. The interfacial amplitude is order 10 at r=100, which is about 1.5 e and 

is clearly beyond the weakly non-linear regime. When the two humps form at the crest for 

the odd initial condition, they seem to grow faster w ith time rather than slowing down. 

Thus, this case shows no sign o f approaching a steady state. In a qualitative comparison 

w ith Gauglitz &  Radke (1990), the upper part o f our odd initial interfacial profiles 

corresponds to their “thick-thin”  case, which also showed a similar qualitative feature and a

faster growing evolution. We also choose an initial condition ^j=(cos(az)+ sin(az)) with

both even and odd profiles together. The result is shown in Figure 7(c). The evolution also 

shows features similar to the odd case in Figure 7(b) and grows faster than the even case in 

Figure 7(a). It seems that the odd initial condition triggers more instability. Note that we

restrict our attention to the above no flow lim it (3.2a) fo r time scales 0(S~'). For even 

longer time scales, the weak base flow  may continue to drive the film-drainage process 

even longer and form even larger lobes into the core, as shown in Kalliadasis &  Chang 

(1994) or Kerchman (1995).
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3.2 Less Strong Interfacial Tension Case e « e2J/Rex « l

As shown by Sivashinsky &  Michelson (1980) for the flow o f a thin film  on a vertical 

wall and Frenkel et al. (1987) for a core-annular flow  o f fluids o f matched densities and

viscosities, an intermediately strong interfacial tension e «  e2J/Rei « 1  can lead to the 

Kuramoto-Sivashinsky (KS) equation. Again, let S = e2J/Rel . The weakly non-linear 

interfacial evolution at a  = 0  is governed by

which, upon switching to a traveling reference frame, is just KS, whose dynamics are well 

known (e.g., Papageorgiou &  Smyrlis 1991). Without the capillary-derived non-linearity 

that causes film  drainage into large troughs, the shear non-linearity ££. shortens the 

growing linearly unstable long waves and the longitudinal component o f capillarity 

saturates its growth. Extensive numerical investigations on a periodic domain (Sivashinsky 

&  Michelson 1980; Frisch, She, &  Thual 1986; Hyman &  Nicolaenko 1986 and 

Papageorgiou &  Smyrlis 1991) have shown that depending on the number o f linear 

unstable waves per period, the solution generally exhibits complex chaos (long periods), 

dynamics such as uni- or multi-modal traveling waves, oscillations, or some combinations 

o f these (Hyman &  Nicolaenko 1986). However, as demonstrated by Kawahara (1983), 

the addition o f a linear dispersion term (e.g., a third derivative term) to KS can regularize 

the chaotic motions and form traveling waves. Similar conclusions fo r more complicated 

dispersion forms arise from Papageorgiou et al. (1990) and Kerchman (199S).

Recall that, in the presence o f wall corrugation, the base interface follows the shape o f 

the wall (i.e., tj = $ ). Thus the film  thickness is uniform and the film  flow  is locally 

parallel to the leading order in <r and 5. As a result, one can write the corrugation’s 

contribution to the interfacial stability (see eqn. (2.3)) in terms o f the wall function <fi alone 

without tj . To do this, we note from the base flow  that the leading order film  thickness is
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5rj-<f> = — (0 _  + 0 Z) + 0(S2). To derive a weakly nonlinear equation that has a leading
6

order corrugation contribution, we restrict our attention to a scaling ae »  S. Under these 

conditions, the capillary non-linearity 0(8S/e) is o f higher order than the corrugation 

0(aS), to which only a convective part contributes, while the capillary part o f the 

corrugation is o f higher order 0(aS2). Thus, one may choose S to be either o f order eS 

or aeS. In the former (latter) case, the non-linear term competes with the capillarity (the 

corrugation). Let us examine the latter case more closely. For5 ~ aeS, capillarity is the 

only leading order term, and both the non-linear and corrugation terms contribute at the first 

correction. Such a non-linear term competes with the capillary instability when the time

scale r  ~ 0(1/<tS). However, by this same time, % has grown to beO(eVa)4(* = 0), and 

thus causes the overall interfacial amplitude S% to beO(aeSeUa). This is beyond the size 

o f S presumed in this case. Therefore, we choose 6 ~ eS in the presence o f the 

corrugation and arrive at

l  + - &  + / - f e  + « ). **&)■ + = «• <3-4>m im  ~ im  * m

For S ~eS, the corrugation term is o f higher order than the nonlinear term. Thus, at 

leading order in 5, the evolution is primarily determined by the KS mechanism, and one 

should expect the linear instability to saturate. However, the coupling to the wall’s 

corrugation might s till alter the character o f dynamics. One interesting question is whether 

the introduction o f the corrugation can trigger chaotic states for situations where the 

uncorrugated KS does not lead to chaos, or whether it  might inhibit chaos where KS would 

yield such dynamics. Earlier numerical work on KS equations (Hyman &  Nicolaenko 1986 

and Papageorgiou &  Smyrlis 1991) suggests that corrugation might cause such effects. 

First, the presence o f corrugation can modify the wave lengths o f disturbances and, as a 

result, changes the number o f unstable waves per period. In the analysis o f Hyman &  

Nicolaenko (1986), chaotic solutions obtain a large number o f unstable waves per period,
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whereas steady or traveling states result i f  the period contains less than about four unstable 

waves. Thus the excitation o f higher wall harmonics by the initial disturbance might 

succeed in pushing the system towards chaotic motions. On the other hand, these wave 

interactions also can reduce the number o f unstable waves per period so that chaotic 

motions that originally occurred at cr = 0  may change to steady or traveling states. 

Alternatively, chaotic motions can be regularized to traveling waves by the introduction o f a

dispersion term. Since (3.4) also contains a dispersive corrugation correction +&)£>

we should expect such regularization.

A numerical solution is again necessary to examine the above possibilities. Since all o f 

terms in (2.14) (except the 0(1) convective term) are 0(S), we introduce a long time

scaler ~ 0(1/5) to access their dynamics. Let x = zV v, 0  = 6 ^/V v, and T = (vS/3m)r. 

These substitutions transform (3.4) into a canonical form that is usually adopted in the 

computation o f KS equations,

i /0  + -J=/Av Vv
= 0, (3.5)

where both f x = f^ k x /J v )  = <(>zar + <i)a and f 2 = f 2(kxf-Jv) = ^  + 0 X represent the

corrugation wall’s contributions. Here v is a parameter and represents the period v " , /2  

chosen in the z -domain. We can define the length o f the periodic domain in x  for (3.5) by 

controlling v. The w all’s wave number k from 0 in (3.4) transforms to a given number 

nk o f Fourier modes based on a 2  tt-periodic domain (k  -  nt V v). Consider now a balance 

o f the terms in (3.5). Balancing the circumferential © „ and longitudinal curvatures v0 Ixrt

again yields a length scale vl/2. The amplitude can be estimated as v ~ l / 2  by balancing the 

nonlinear and capillary terms. A balance with the unsteady term gives the time scale v. For 

chaotic motions, v is usually small. In our numerical simulations, we choose v=0.027 in 

the chaotic regime (Papageorgiou &  Smyris, 1991). To solve (3.5) numerically, a typical
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number o f modes is 36 and we apply Gear’s method to solve the temporal evolutions 

within 0.1% absolute error tolerance.

We first simulate (3.5) at <r = 0 with an odd-parity initial condition 

0(x,r = 0) = -sin(x), then compare with the case o f a  *  0 to see if  the chaos persists. 

Figure 8 presents the evolution in the straight pore case. For v=0.027 and S/m = 0.02, the 

new time T - l and the amplitude 0  = 1 in this simulation o f (3.5) correspond to the old 

tim er ~ 5000 and amplitude £ ~ 0.03 in (3.4), respectively. As expected, a typical KS 

evolution exhibits temporal and spatial chaotic motions w ith four or five wavelengths in a

period o f 2n. Upon imposing a small corrugation, the evolutions for different wall wave

lengths in terms o f nk are shown in Figures 9-12. These results do not indicate any loss o f 

chaotic motion due to the presence o f small corrugations o f arbitrary nk. A  comparison 

with the earliest profile (at T =0.4) for all o f the corrugated cases with that o f the straight 

pore shows a great sim ilarity in interfacial shapes and wave lengths. This indicates little 

effect o f corrugation for the non-linearly perturbed interfaces. The higher wall harmonics o f 

the initial disturbance do not seem to develop even for time T = 10 in the weakly nonlinear 

regime. On the other hand, i f  the in itia l disturbance has a small amplitude, the excitation o f 

higher harmonics may be effective during the earlier evolution and thus control the long 

time behavior. This would be consistent with the known initial condition dependence o f 

long time KS solutions (Frish et al., 1986).

For small amplitude waves, the nonlinear terms may be insignificant and thus not 

cause wave steepening. As a result, the active number o f unstable waves may not be 

sufficient to yield truly chaotic motions (Frisch et al., 1986). To put this in another way, 

one can modify (3.5) by rescaling 0  with the in itia l amplitude. As a result, a smaller initial 

amplitude is equivalent to the effect o f a larger v, where the evolution tends to be less 

chaotic. So, Figure 13 shows the evolution from the initial condition
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Q(x,T = 0) = -O.lsin(x) in a straight pore to somewhat chaotic motions, although some 

time snapshots appear almost periodic, e.g., T =4.8, 7.2 and 8 .8 .

The evolutions for corrugated pores with various wall wave numbers k = 0.1643 nk 

(n*=2,3,4, and 5) are shown in Figures 14-17. It is quite interesting to note that for nk~2 

(Figure 14) there is a long period where the interface shape is relatively flat and static 

before abruptly changing to chaos. Such an almost static period also occurs forn*=3 

(Figure 15), but there it occurs between chaotic periods and for a shorter duration than fo r 

nk=2. However, for larger nk such as 4 and 5 (see Figures 16 and 17, respectively), the 

evolutions seem as chaotic as in the straight tube case. An understanding o f the detailed 

mechanism o f these transitions and interactions that cause them requires further analyses. 

However, we have demonstrated here that the size o f the initial disturbance seems to plays 

a more important role in determining the detailed structure o f the nonlinear motions than the 

wave length o f the w all’s corrugation.

A ll o f above preliminary results suggest that, except for detailed interfacial evolutions, 

chaotic motions originating from the KS terms seem to overwhelm the influence o f the 

w all’s corrugation when that corrugation is weak. I f  we choose a  = 1 0 0 , for example, to 

(unrealistically) enhance the importance o f the periodic coefficients, we find Figure 18. 

Even though this case violates our small corrugation assumption, we see that the non­

constant coefficients indeed can regularize the wave pattern as long as they are strong 

enough.

4. Summary and Conclusions

Above we investigate the weakly nonlinear interfacial stability o f a core-annular flow  in 

the presence o f an asymptotically small corrugation. Previous work on the linear stability o f 

this system showed that the corrugation excited higher wall harmonics o f the initial 

disturbance which fo r the right choices o f a  and k  would be unstable. It was not clear 

whether the continuous generation o f new unstable long waves by the corrugation could be
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saturated by the wave steepening non-linear KS mechanism. We have found that all o f the 

waves induced eventually saturated in the weakly-nonlinear regime for moderate strong 

interfacial tensions (i.e.,J/Rel ~ l/e 2). As in earlier works, very strong tensions may still 

lead to solutions that blow-up, as demonstrated by our no-flow lim it. Thus, as the 

interfacial deflections grow large, our interfacial equation is no longer valid for 

asymptotically long times. For slightly weaker tensions (but s till in the strong tension

regime, i.e., l/e  «  J/Rex « l/e 2), the interfacial evolutions are governed by Kuramoto- 

Sivashinsky equations modified by small corrugation corrections. The introduction o f these 

corrugation correction does not appear strong enough to change the qualitative features o f 

the chaos that arises from the standard Kuramoto-Sivashinsky equations, even though 

smaller in itia l perturbations may result in a temporary regularization.
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IV The Linear Stability of an Inviscid Core- 
Annular Flow in a Corrugated Tube

1. Introduction

A two-fluid core-annular flow (CAF) consists o f two immiscible fluids flowing 

cocuirently in  a tube or pore, where one (the annular) fluid wets the tube wall and 

surrounds the other (core) fluid. It is called a perfect core-annular flow  (PCAF) if  the two 

fluids are coaxial, and this is the usual assumption (Perziosi et al. 1989, Georgiou et al. 

1992, Papageorgiou et al. 1990). Core annular flows are widely studied and employed as a 

useful model to analyze a number o f technologies and problems o f scientific interest such 

as o il recovery (Slattery 1974). The stability o f CAFs thus attracts attention since it plays a 

critical role in the efficiency o f such processes. Not surprisingly, there are numerous 

investigations (e.g., Georgiou et al. 1992) o f core-annular flows, where the fluids are 

viscous, but where surface tension dominates viscous effects (small capillary number) and 

where viscous effects are either comparable or large compared with inertia (order one or 

lower Reynolds number). Since the source o f the primary instability in the cylindrical 

geometry is surface tension, it may also be o f interest for low viscosity fluids or high 

velocity flows to examine the lim iting case where both surface tension and inertia dominate 

viscosity. Therefore, the inertia-dominated inviscid theory is a complementary problem to 

the order one or lower Reynolds number problem.

Plateau (1873) and Rayleigh (1879) firs t examined the capillary instability for a static 

thread o f an inviscid flu id. Surface tension acts in such a way that the longitudinal 

component o f the interfacial curvature is stabilizing and the circumferential component is 

destabilizing. The competition is such that disturbances with wave lengths shorter than the 

undisturbed fluid-fluid circumference are stable and those that are longer are unstable. The 

same basic physics applies to a liquid film  on the inside or the outside o f a cylindrical tube 

(Goren, 1962) and in two-phase systems where a cylindrical thread o f one flu id is
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surrounded by an unbounded second fluid (Tomitika, 1935). Similar features have been 

found in two-phase systems, whether inviscid or viscous, such as a two flu id  core-annular 

arrangement in a tube without flow (Mikami &  Mason 1975) or compound jets (Radev &  

Tchavdarov 1988, Chauhan et al. 1996, Chauhan et al. 2000), at least in the case where the 

two fluids are coaxial. As detailed elsewhere (e.g., Chapter II), the linear and weakly 

nonlinear stability o f the viscous PCAF in a straight, uniform tube is well understood 

(e.g., Hickox 1971, Preziosi etal. 1989, Georgiou et al. 1992, Papageorgiou et al. 1990, 

Kerchman 1995, etc.). Note that both in the static case (no base flow) as well as in the case 

o f a uniform base flow as in the je t problems, the base flow  plays at most a convective role, 

but does not contribute to the instability.

In practice, though, real systems such as rock pores are not straight, uniform 

cylinders. It is important to understand whether and how these deviations from an ideal 

geometry affect the interface’s stability and to see whether they, in fact, dominate the 

stability picture. Obviously, standard PCAF theory cannot describe such non-idealities. 

The governing equations are the Euler and continuity equations. The corresponding 

boundary conditions are wall impenetrability, bounded centerline flows, and continuity o f 

normal velocity, the balance o f normal stress and the kinematic condition at the fluid-fluid 

interface. For inviscid flows in straight, cylindrical geometries, one takes the base flow  to 

be unidirectional and uniform (to prevent the Kelvin-Helmholtz instability) w ith a purely 

circular interface. The inclusion o f a corrugated wall leads to a base flow  that is no longer 

parallel and its non-uniformity in the axial direction may interact strongly w ith even small 

interfacial disturbances.

There is an important class o f inviscid fluid problems with a free interface and a 

corrugated geometry that has received a significant amount o f attention. A  typical example 

o f these problems is the study o f wave propagation fo r a quiescent ocean with a non- 

uniform depth. These waves are usually generated by interfacial disturbances that interact 

with gravity and are thus called gravity waves. An inviscid theory can model the large-scale
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behaviors o f such systems. Rhines (1968) studied inviscid gravity waves over a 

sinusoidally corrugated bed. By assuming a small corrugation relative to the ocean’s depth 

and shallow water theory (i.e., long wave theory; both the water interface’s and the bed’s 

wave lengths are much longer than the mean water depth), he obtained a Mathieu equation 

governing the linear motions o f the free surface. His later (1970) analysis applied Floquet 

theory to study the properties o f this Mathieu equation. The results revealed that when the 

primary wave number a  o f the interface is ha lf o f the corrugation’s wave number k t the 

solution breaks down (it has a resonance) because the amplitude o f the first harmonic wave 

(a -  k) becomes unbounded.

Mitra and Greenberg (1974) investigated the effect o f a wavy bottom on the Kelvin- 

Helmholtz instability. An unbounded upper flu id flows with a uniform velocity over 

another lower stationary flu id on a wavy bottom, and the base flow ’s flu id-fluid interface 

remains flat. They applied a perturbation technique and a strained time variable based on a 

small parameter a , the ratio o f the bottom’s corrugation amplitude to the mean water 

depth. They showed that for a given wave number and upper flow velocity, i f  the free 

surface with a flat bottom and a constant depth is stable (i.e., has a steady traveling wave 

solution), then the corrugation case is also stable at the same mean depth. They also found 

the same wave resonance condition as the above. They later (1984) used a similar technique 

to study gravity water waves for an inviscid flu id  over a corrugated sea bed. For the non­

resonance case (a  *  k/2), the amplitude o f the a wave is 0 ( 1 ) and the corrugation 

correction to the wave speed is 0 (a ). On the other hand, at the resonance { a -  k/2), the 

resulting (a -  k) wave, whose wave number is negative, can travel backward w ith an 

0(1) amplitude and an 0 (a ) wave speed correction. This suggested that a reversal o f the

direction o f wave propagation is possible for a time scale o f 0 (a~‘).

Davies etal. (1989) applied linear shallow-water theory to a system o f a flat bed with 

finite-extent patches o f ripples with amplitudes much smaller than the mean depth. An
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incident wave with a fixed time frequency travels from an upstream, fla t bed section. It then 

enters the wavy section and generates modulated waves. One modulated wave (transmitted) 

wave continues propagating downstream and another (reflected) wave travels backwards 

upstream. This is equivalent to a Bragg scattering process. They showed that the ratio o f 

the magnitudes o f the incident wave (w ith wave number a ) to that o f the reflected wave 

depends on a/k . When the resonance again occurs at a  = k/2, this amplitude ratio tends 

to unity as the periodicity o f ripples increases. Liu &  Yue (1998) recently investigated the 

scattering problem o f surface waves over a bottom with corrugation small compared to the 

mean depth. They used a perturbation technique to study the general context o f nonlinear 

wave-wave interactions and justified several resonance classes involving higher order wave 

interactions. Nachbin &  Papanicolaou (1992) used an alternative approach to study a wave 

scattering problem similar to Davies et al.'s problem. In their study, the wave length o f the 

disturbance is much longer than the water’s depth but both the amplitude and wave length 

o f the ripples are comparable to the water’s depth. Thus shallow water theory is not 

applicable. They applied conformal mapping and perturbation techniques to develop a 

theory to analytically calculate the amplitude o f the reflected waves. They also numerically 

solved the fu ll problem by using a boundary-element method, and their theory showed a 

good agreement with these direct numerical results.

The above-mentioned theories do not include base flows. Another class o f free- 

surface, inviscid flu id problems with corrugated boundaries that includes a base flow  is the 

set o f models for sediment transport in river flows (Engelund &  Freds ̂ se 1982). The 

geometry in such cases does not possess translation invariance and one expects the effect o f 

corrugation to be non-trivial. Kennedy (1963) studied a free-surface inviscid flow  with a 

uniform, ambient velocity over a corrugated and erodible bed. In a frame fixed to the bed, 

this system can be formulated as a steady flow  problem. For a bed with small corrugation 

amplitude, his linear theory showed there can be a phase shift between the free surface and

the undulated bed. This phase shift is either 180° or non-existent, depending on the
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magnitude o f the mean velocity. K irby (1988) followed Kennedy’s analysis fc i a non- 

erodible bed with the same base flow. When the mean base flow velocity matches the wave 

speed o f the gravity waves in stationary water, this resonant solution becomes singular. He 

also considered a wave scattering problem for a uniform flow  over finite ripples on an 

otherwise fla t bottom. When close to the resonance state, the reflection process is enhanced 

by the presence o f a uniform flow. Bontozoglou et al. (1991) numerically solved a steady, 

ffee-surface, inviscid flow  with a uniform mean velocity over a periodic wavy wall. For a 

certain range o f parameters, there is also a series o f resonances between the wavy wall and 

interface, and these resonances cause the interfacial amplitude to become unbounded. They 

do not, however, perform a stability analysis.

The above-mentioned analyses o f wave propagation problems, either with or without 

mean flows, are linear theories. In the weakly non-linear regime, the evolution o f shallow 

water interfacial waves for stationary water o f a constant depth is governed by the well- 

known Korteweg-de Vries (KdV) equation (Korteweg &  de Vries, 1895). This equation 

admits solitary wave solutions, which have been observed in experiments (Russell 1844, 

Hammack &  Segur 1974) and confirmed by numerical simulations (Zabusky &  Kruskal 

1965, Fomberg &  Whitham 1978). Johnson (1973) studied the related problem that has a 

slowly varying water depth. Again invoking the shallow water theory and a scaling 

analysis, he asymptotically derived a KdV equation w ith non-constant coefficients. He 

showed that when the depth decreases to a certain level, an initial solitary wave breaks up 

into a finite number o f solitary waves. He later (1994) extended his earlier analysis to 

waves over a bed with a slowly decreasing depth. Similar KdV equations obtain 

asymptotically fo r different scalings. For a length scale o f depth variation much longer 

than the wave length o f the disturbance, his numerical results showed that the slowly 

decreasing depth causes the resulting solitary wave to form a series o f wave patterns with 

slowly-varying amplitudes (i.e., shelves) behind a primary wave.
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For the weakly nonlinear analysis in the presence o f a mean uniform flow , Zhu (1995) 

investigated the weakly-nonlinear interfacial evolutions o f a uniform inviscid flow  over a 

bottom with an obstacle in the presence o f surface tension at the free surface When the 

ambient velocity is close to the gravity wave speed (again, the resonance condition o f the 

base flow ), he used shallow water theory and scaling analysis to asymptotically derive a 

forced KdV equation with an additional inhomogeneous reflecting the effect o f the bottom 

topography. His numerical solution showed that for a flat initial interface, the Gaussian- 

shaped obstacle causes the interface to become convex. One convex wave travels upstream 

while another wave that travels downstream becomes concave. Sammarco et al. (1994) 

studied the weakly nonlinear evolution o f a free-surface, uniform ambient flow  over a 

bottom having a small corrugation amplitude compared with the mean depth. At various 

resonance conditions due to nonlinear wave-wave interactions, they applied a multiple scale 

technique based on a small wave parameter to derive a nonlinear evolution equation o f the 

complex interfacial amplitude near the resonances. They showed that i f  the ambient velocity 

has a slow time-varying harmonic coefficient, then the evolution may exhibit spatial or 

temporal chaos.

We are interested in the problem o f an inviscid, core-annular flow  in a circular tube 

with an axisymmetric cross-section that varies in the axial direction. Because o f the 

presence o f both a base flow and corrugation, we expect non-trivial interactions o f the two. 

What differentiates this analysis from those above is the circular geometry and the flu id- 

flu id interface. Capillarity, as noted is not purely stabilizing in this configuration, and this 

may interact with the corrugation. Moreover, it provides an additional length scale, the core 

or tube radius, that does not appear in the Cartesian geometries, and allows for non-trivial 

scalings appropriate to application that can sim plify the problem significantly.

We have developed a theory for the flow  o f two viscous fluids in a CAF (Chapter II, 

Wei &  Rumschitzki 2000) in a tube w ith asymptotically small corrugations. By means o f 

small parameters characterizing the ratios o f the mean film  thickness to the mean core radius
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and o f the mean corrugation amplitude to the mean film  thickness, we have asymptotically 

developed the fluids’ base flows and their corresponding linear stability to leading orders. 

We have employed Floquet-Bloch theory to solve the resulting eigenvalue problem, which 

exhibits a periodic structure in disturbance wave number a -space. Numerical solutions for 

interfacial evolutions show that a disturbance with a short wave length, which would be 

stable in a straight tube PCAF, can excite long wave instabilities due to an interaction with 

the w all's higher harmonic waves.

In this chapter we analyze the complementary case o f an inviscid CAF in a corrugated 

tube, where inertia is presumed to be dominant (over viscosity) to see whether these 

features also characterize the inviscid system. We apply techniques similar to those used in 

the viscous systems above. That is, as in that case, we systematically develop the 

corrugated base flows and the corresponding linear stability fo r the inviscid system using 

the same asymptotically small parameters as we did for the viscous case. The solutions for 

both the viscous and the inviscid cases w ill allow us to examine how small corrugations 

affect the system’s base state and its corresponding stability for strong surface tensions 

when either viscosity or inertia dominates the other.

2. Governing Equations and Boundary Conditions

Two immiscible, inviscid, incompressible fluids with matched densities are 

axisymmertically flowing in a core-annular arrangement in a horizontal tube o f radius /^(z) 

that varies in the axial direction with slight corrugation. The interface is given by 

r  = S(z,t). The core region, defined by 0 < r  < S(z,t), is occupied by flu id 1 and the 

annulus, 5(z,r) ^ r  < /^ (z ), is filled by flu id  2. Since the flow  fields are assumed to be 

axisymmetric with no azimuthal component, they only have velocity components (u,0 ,w) 

in terms o f cylindrical polar coordinates (r,0 ,z ). Let 1V0 be the sum o f the volumetric flow
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rates o f both fluids divided by the mean cross sectional area o f the tube. I f  one non- 

dimensionalizes velocities, pressure, lengths, and time w ith the characteristic quantities 

WQ, pW0\  Rq, and /^/^.re sp e ctive ly , where p is the density o f the fluids and/̂ > is the 

mean radius o f the core, the non-dimensional Euler and continuity equations for each fluid 

are

w( + ww. + uwr = -p .,  (2 . la )

u, + wu. +  uur = -p r , (2 . lb )

-{ru )r + w. = 0 . (2 .1 c)
r

We have suppressed the subscript i  0=1,2 denoting which fluid) on u ,w , and p in (2.1) 

for clarity and subscripts r  and z represent the corresponding partial derivatives. 

Introducing the stream function as

1 dy \d y  ,  „
w  =  — f -  ,  u = ---------- —  , ( 2 . 2 )

r  or r  cz

for each fluid automatically satisfies the equation o f continuity. I f  the flows are irrotational, 

then the flows satisfy

£ V =  0 , (2.3)

2 &  1 d d2where E2 = —  — —  + - j .
or r  or oz

The system is subject to the following boundary conditions. The velocity normal to the 

wall vanishes and the velocity normal to the interface is continuous there, or

n2 ‘ v 2  = 0 at r  = £2 (2 ), (2.4a)

v, n = v2  n at r  = S{z,t) . (2.4b)

Here n2{z) and n{z) are the unit normals o f the wall and the interface, respectively, both 

pointing outward. Since there is no viscosity to retard flu id  motions, there are no tangential

stresses. However, the normal stresses balance at the interface, or

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



133

where We = is the surface tension parameter, commonly referred to as the Weber

number. It is equal to the inverse o f the product o f the Reynolds and capillary numbers. 

The kinematic condition in terms o f film  variables is

Finally, the core flow  fie ld must be bounded at the central line, which is given by

3. Base flow

3.1 Scalings

Consider two immiscible, inviscid fluids w ith an interfacial tension between them 

flowing in a core-annular arrangement through a slightly corrugated tube. I f  there were no 

tube corrugation, any differentiable axial function v( = (0 , 0 ,w ,(r)), i  -  1 , 2 , w ith uniform 

pressure would satisfy the steady state base flow  equations, although for the flow  to be 

irrotational wf in each flu id  would need to be independent o f r. For simplicity and in order 

to avoid a Kelvin-Helmholtz instability due to interfacial slip o f the base flow , it is 

reasonable to assume the uncorrugated flow  profiles o f both regions are flat, i.e., uniform, 

and both equal to IV0. Since the uncorrugated tube is the zeroth order shape in the small 

corrugation parameter <r, this base flow  serves as the zero-order-in-cr base flow , and we 

thus choose ^  as the characteristic velocity. Let p  and P denote the film  and the core

pressures, respectively, and let double over bars denote the 0(a°) base flow . Because 

there is no viscous force to retard the film  flow , no pressure force is required to drive the

u2 = S, + w2Ss at r  = S(z,/). (2.4d)

“  V'lr > -V \;  bounded as r  0. (2.4e)
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zero order base flow; thus p. and Pz are both zero in <r. We take p = 0 and, from the

normal stress condition for the <x=0 base flow, P = We.

A small, non-zero corrugation w ill lead to a steady state base flow  that no longer 

possesses a cylindrical interface and whose velocity field w ill be perturbed from that o f the 

straight tube. Let ,p' )m d(U  ,W ,P )  represent the perturbed radial velocity, axial

velocity and pressure for the film  and core, respectively. In addition, let S be the scale o f 

the deviation o f the flu id-fluid interface from the cylindrical shape. Because the applications 

tend to have annuli that are much thinner than the mean core radius, we focus on the thin 

annular lim it. We introduce the parameter

(* ,) ’

the ratio o f the mean annular thickness to the mean core radius, where (•) = lim —  [•dz is

the average over z. e is, by hypothesis, much less than one. Using e, define a stretched

r — 1
radial film  variable y  = 1---------, which is order one in the film  region. The thin film

e

assumption, viay, separates the radial and axial length scales in the film  and leads to large 

0(1 /e) radial derivatives there. As we shall now see, the wall corrugation sets up a 

generally non-zero radial film  velocity which translates, by continuity into a perturbation 

axial velocity that depends on r  and z. This results in a velocity and pressure that vary with 

r  and z, forcing the interface to be corrugated and to propagate the axial non-uniformity 

into the core.

Let the wall’s shape be described by

r  = R fc) = 1 + e(l + o<f>(z)), (3.1)

or y  = -c t0 (z), where ^  is an order one function and a  is the small corrugation 

parameter. Let the steady state interface be r  = S(z) = 1 + Srj(z), where S is the as yet
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unknown magnitude o f the interface's deviation from the unit cylinder and rj(") is an 

unknown order one shape function. Taking the Taylor expansion o f the impenetrability 

condition (2.4a) about y  =0 gives u'~ ae. Continuity leads to w'~ u'/e -  cr. From the z- 

component o f Euler’s equation and a balance o f the gradient p', o f the perturbation 

pressure with tw . or w'z give p '— a . Finally, the normal stress condition translates this 

perturbed pressure into a corrugated interface via p '-P '~  SWe. The leading order o f the 

kinematic condition is u’(l) = 8r\z, which requires 8 -  ae. The core scalings follow via

the continuity o f normal velocity at the interface, which gives U '-o e . The continuity and 

Euler equations and the lack o f scale separation o f the radial and axial direction in the core 

give W'~ ae and P '-  ae. As a result, the normal stress condition is dominated by the 

film ’s pressure. This gives p'~ a  — Weae or W e -l/e .  We restrict our attention to this 

scaling o f We.

We assume a regular perturbation expansion for all o f the dependent variables and 

formulate the leading order corrugated base flow by substituting those quantities into the 

governing equations and boundary conditions. As we shall see, the film  flow and the shape 

o f the interface can be determined independently o f the core. We can then solve for the 

core flow in terms o f modified Bessel functions and the interface function rj(z).

3.2 Formulation of the Base Flow

From the above scaling relations, we postulate the following asymptotic expansions in 

the film ,

w = 1 + ow + 0(ae,a2), (3.2a)

u = aeu + 0 (a 2e, ae1), (3.2b)
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p -  p  +  op +  0( g £, <t2), (3.2c)

\p = if/ + aey  + 0 (tr2 £,oE2), (3.2d)

and those in the core,

W = 1 + asW + 0(cr2 e, ae2), (3.3a)

U = aeU+ 0(<j 2£, as2), (3.3b)

P = P + asP + Oia2s,a£2), (3.3c)

m = ¥  + + 0(<t2£. tre2). (3.3d)

Here stands for the uncorrugated ( ct=0) state whose flows are uniform with uniform

pressures in each region, and denotes the corrugation correction. Substituting these 

expansions into the governing steady state equations and boundary conditions and 

expanding about the uncorrugated state, yield the following first-order-in-cr problem:

For the film ,

vv = -<J/y , u = -<//.., (3.4a)

= 0, (3.4b)

and for the core,

W = - %  U  = (3.5a)
r  r

The core’s governing equation is s till

£ 2'F = 0. (3.5b)

The boundary conditions become

aty = 0, « = 0. , (3.6a)

a ty = 1, i7 = T)z, (3.6b)

a ty = 1, p = lFe0 (rjc + 77), (3.6c)

at r  = 1, t7 = u , (3.6d)
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as r  -> 0, - vi'r and - VF. bounded. (3.6e)
r  r

In (3.6c), we have defined We0 = Wee, where We0 is 0(1).

We solve (3.4) for the film ’s stream function and velocity profile in  terms o f the given 

wall function and the unknown interface function rj(z). We find

V (3.7a)

w = q-<j>, (3.7b)

u + (3.7c)

Note that the corrugated axial velocity in the film  is independent o f y , which reflects the 

slip boundary condition at the wall. In order to solve for the interface function 77(2 ), we 

connect the velocity field with the pressure by using the film ’s Euler equations. Its leading 

order radial and axial components are

py = 0 , (3.8a)

w, +p: = 0. (3.8b)

From (3.8a), p(y) = p(y = I). Using this, (3.7b) and (3.6c) in (3.8b), and integrating

once yield the equation for the leading order shape o f the steady state interface deflection:

+ n) + V -  0 + C. (3.9)

An integral constant C appears in (3.9). To find C, we first assume that the wall 

function 0 (z) is periodic with period 21 and its mean (over a period) deviation from the

straight tube is zero, i.e., j  ^  dz = 0. The conservation o f mass requires the mean o f the

interface displacement to also be zero, that is J ^  dz = 0 . Integrating (3.9) over the wall

period 21 along w ith the above conditions yields C =0. Alternatively, we may allow the

mass displacement due to corrugation be left open and s till eliminate the integration constant

C
C by redefining n - *  n + --------- .

I + We0
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We also perform a macroscopic force balance over a period o f the wall and assume that 

there is no net force on the core flu id, i.e.,

J P(-e.)dA + J PetdA -  JpndA = 0, (3.10a)
^o u r ^ tn

where AMt and are cross sectional areas normal to z-direction at the both ends o f the 

period, and As is the surface area o f the interface. Let nr = #i • er, and Sb be the base flow 

interfacial position. The r-component o f (3.10a) is

/  i  _
J p n e rdA = 2xjpSb(l + Sb) '' nrdz = 2 ;rJ [p  + qp ](l + aerfjdz 
As

i

=27t<rjpdz + O(<j2e) = 0, (3.10b)
- i

Because the wall is periodic, the inhomogeneous solution rj to (3.9) has the same 

periodicity as the wall. By using (3.6c), (3.8a), (3.9), and (3.10b), the homogeneous part

o f rj should vanish for (3.9) unless / = / ’ s  ^1+ Weo‘ /2 , where 21* is the system’s 

natural wave length. However, / = /* leads to resonant growth (and decay) o f rj for 

\z\ -> oo, and thus our asymptotic expansions would be no longer uniform. The z- 

component o f (3.10a) is

-  |  PdA+ jP d A - jp n  •eJA
^ o u  ^ in

/— _ \ S‘- “ I _
= -2 it  J lP+OEP\rdr+2n  J IP  + aeP jrdr-2k j ( p  + qp)(l + <T£T])(-o£Tiz)dz. (3.10c)

o o - i

Because, inferred from (3.10b), the interface has the same periodicity as the wall and p 

inherits this periodicity, the first two integrals o f (3.10c) cancel, and the last integral scales 

as 0 {a 2e). This thus satisfies the requirement o f no net macroscopic force up to 0{ae).

W ith the solution to (3.9) for the interface’s shape function one can obtain the 

complete leading order solution for the film  from (3.7). Eqn. (3.9) is a forced harmonic
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oscillator. Until now, we have assumed that the wall’s function <f> be periodic w ith a 

period 21 = 2 it/k , k being the 0(1) w all’s wave number. We now solve (3.9) for the

special case o f 0(z) = cos(kz). Note that we shall assume k *  k% s  1 + J/fVe0 ’ otberwise

the particular solution w ill grow in z due to a resonance when the wall’s wave number 

equals the system’s natural frequency k*. Since the homogeneous solution for rj does not 

contribute, due to the above macroscopic force balance, rj contains only the particular 

solution which has the same periodicity as the wall. We represent the solution as the real

part o f the complex solution. For the guess (0, rj, 'F) = (0, 17, 4')exp(ikz), and the 

solution o f (3.9) becomes

7 7  = ----------   t- ^ ottj = ------------------ -r-cos(kz), f k *  11 + Vw  \  (3.11)
1 \+We0( l - k 2y  1 1+ fVe0( l - k  ) I  V / We0)

From 77 and the film ’s solution, we can solve the core flow from (3.5), (3.6d) and (3.6e).

Thus,

V(r) = ~ i ^ r l t(kr), (3.12)

To summarize, the corrugated base flow  patterns for both flow regions are:

For the film ,

w = 1 + 0 ( 7 7 -  0) + O(tre, ct2), (3.13a)

u = cre((77. -<f>,)-y + <t>: ) + 0 (ct2£, <ye2), (3.13b)

p = r̂̂ Fe0 (r7=. + 77) + O(ae,o•2). (3.13c)

For the core,

W = 1 /„(4 r)r|(z) + 0(<r2 e,OE! ), (3.14a)

U  = o s -£ —Ix(kr)r) (z) + 0(<r2 e,os2), (3.14b)
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P  = fVe0e~l - o e - j —I t(kr)T](z) + 0(<j2e,<T£2).
m

(3.14c)

3.3 Results from the Base Flow

Let us begin by analyzing this steady base flow . As we saw above, the interface is 

wavy and has the same periodicity as the wall (where only the inhomogenous solution 

contributes). Since the fluids are inviscid, the effect o f the w all’s corrugation is to set up 

axial pressure gradients which convectively accelerate and decelerate the fluids as they pass 

through the narrow and wide parts o f the channel. The deflected interface propagates this 

motion into the core where the radial pressure gradient accounts for the convective 

acceleration in the radial direction in the core. Recall that (3.9) is in the form o f a forced 

harmonic oscillator. The solution (3.11) for the interface function77 contains two

frequencies, the forcing k o f the wall and the natural frequency k 's  ^ 1 + • The latter

contains the surface tension. There are two important indices o f the wall corrugation’s 

interfacial modulation: the ratio o f the interface’s amplitude to the wall’s

and the phase shift 6 between the interface’s and the wall’s functions, 77 and0 , 

respectively :

0 is either 0 ° or 180° and it depends on the difference k '2 - k 2 = ( 1  + We0(l - k 2))/We0 

o f the squares o f the two frequencies. Because o f (3.11), a positive (negative) sign o f

1 + WeQ{ 1 -  k2) corresponds to the interface and wall being in-phase (out-of-phase).

Figure 2 shows the dependence o f the interfacial amplitude on the w all’s wave number 

for various WeQ. Note that a ll curves cross at k = 1, where the wall’s wave length is equal

AmP ll + ^ o d - * 2)!’
(3.15a)

(3.15b)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



141

to the undisturbed circumference o f the interface. In this case, neither the pressure nor the 

velocities in the film  vary with z. Therefore, the overall flow  fields are locally parallel in 

order to maintain a constant flow rate. The resulting leading order interface shape follows 

the wall exactly, i.e .,rj = 0 (Amp = 1). This conclusion also obtains for the case o f zero 

capillarity in (3.9). In addition, for a given surface tension, there exists the singular point 

noted above where a resonance occurs at the natural frequency k \  The monotonically 

growing (k < km) and decaying (k > k’ )curves are separated by k = k \  and represent 

interface-wall in-phase and out-of-phase configurations, respectively.

Figures 3 show that the film  streamlines appear in-phase (a &  b) and out-of-phase (c)

for different relations between k and k ' = V2. A positive 1 + We0( 1 - k 2) can result from

either a weak longitudinal capillarity (k < 1) or when 1 > We0(k2 - 1) > 0. For k <1, the 

circumferential curvature o f the interface’s capillarity has a stronger effect than its 

longitudinal component. This yields (from (3.6c)) higher and lower film  pressures at the 

crests (maxima in SA(z)) and the troughs o f the interface, respectively. From Bernoulli’s 

theorem, the speed at the crest becomes slower and remains uniform across the film  (due 

to (3.7b)). Thus, the film  flow w ithin the interface’s crest requires a larger cross section in 

order to allow the flu id to obey mass conversation. Similarly, the interface’s trough 

requires a smaller cross section in the film . One should recognize that, in the thin film

lim it, the film  cross sectional area is n (rtj2  -S£) = 2/re(l + <r(0 -  rj))+ 0(e2, e2a ) . It is the

product o f the mean interface’s circumference 2k  and the film  thickness e (l+ a{$  -  rj)) at 

the leading order in e . The variation o f the interface’s circumference due to the corrugation 

is o f higher order 0(s2<t). Thus the variation o f the film  cross sectional area only arises 

from the variation eer(4 -  rj) o f the film  thickness. Accordingly, an in-phase arrangement 

between the interface and the wall is the only option for k < 1. Moreover, the interfacial 

amplitude is expected to be less than the wall’s in order to maintain a wider (narrower)
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cross section for the interface’s crest (trough) for this in-phase arrangement. Figure 3(a) 

shows this situation. The amplitudes o f the wall and the interface is 0.5 and 0.25, 

respectively, for the parameters in Figure 3(a). Note that a larger k decreases the film ’s 

pressure, thereby increasing the speed and shrinking the cross section, and raising the 

interfacial amplitude. This explains the left branches in Figure 2 for k < 1.

For k > 1, the film  pressure is lower (higher) at the interface’s crest (trough). When 

the wall’s wave number k is only slightly larger (a shorter wall wave length) than 1 (e.g., 

k =1.2 and We0 = 1), it is s till possible to have 1 > WeQ(k2 -1 )(>0), Amp > 1 and the 

interface has a slightly larger amplitude than the wall. This results in slightly faster (slower) 

speed and slightly smaller (larger) cross section at the interface’s crest (trough). One finds 

only slight differences in the cross section when the wall and interface are in-phase as in 

Figure 3(b). From another perspective, because in this case capillarity is not strong enough 

to push 6 to x, k -> P should tend towards the in-phase, no-capillary lim it o f k = 1 . 

Note that for k < k ', the interfacial amplitude increases as k increases.

On the other hand, negative 1 + We0(l -  k2) represents stronger longitudinal capillarity 

(k > 1). Again, in the film  flow , the interface’s crest has a faster speed with lower 

pressure, whereas the trough has the slower speed. Therefore, a narrower (wider) cross 

section is required for the crest (trough). This requires an out-of-phase arrangement This 

case is shown in Figure 3(c) for WeQ=\.0 and k =2.0. Note that a stronger capillary force 

tends to decrease the interface’s amplitude.

The resonant case o f 1 + WeQ(l -  k2)=0 or k = k \  is the critical state between the in- 

phase and out-phase configurations. The interface’s amplitude grows or shrinks linearly 

with z. When the film ’s thickness is no longer small relative to the core, or no longer large 

relative to the corrugation, our analysis breaks down.

Even though the above discussion assumes a strong surface tension We ~ 1/e, we can 

extend the range o f the We scale without changing the details o f our formulation. I f
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We » 1 /e , the capillary pressure dominates the z-component o f the Euler equations at the 

leading order in a . The leading order interface remains cylindrical in shape,

i.e ., 77 = 0(We~x). The resulting axial velocity w = 1 -  0 $ + OCaWeg1). It directly reflects a 

slower (faster) speed for a wider (narrower) tube cross section. However, unlike in the 

viscous case, a very strong capillarity does not lead to the no-flow lim it due to wall slip. 

Let us briefly turn into a less strong tension We « 1/e, where we restrict 1 «  We « 1/e 

here so as to keep the core’s dynamics decoupled and to maintain the above formulation. 

In such a case, inertial effects dominate. The resulting interface follows the shape o f the 

wall ( 7 7  = 0 ) at leading order in <r. An even weaker capillary force brings the core’s 

contribution to leading order via the normal stress condition, which w ill change the analysis 

significantly.

4. Linear Stability

4.1 Scalings

We now to begin the linear stability analysis o f the above base flow . Introduce an 

infinitesimal, axisymmetric disturbance o f size 5 (6 «  e,a) at the interface in such a way

thatS(r,r) = S4 (z )+S4(z.t) where Sb(z) is the interface o f the base state and £(z,r) is an 

unknown order one function that characterizes the interfacial disturbance. In analogy to the 

procedure for treating the base flows, one determines the scalings for the disturbed 

quantities before formulating the perturbation problem. Let (V .u '.p ')  and (W* ,IT ,F )  

denote the disturbed quantities for the film  and the core, respectively. Based on the 

assumption We ~ 1/e, one can estimate the scalings o f these disturbed quantities. For the 

film  flow , the normal stress sets up a capillary pressure p' ~ WeS ~ S/e. Relating w' 

with p ' by the axial component o f the Euler equation brings out that w '~ p '~  S/e. We 

thus have u '-S  from continuity. For the core flow, the continuity o f the normal velocity at
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the interface yields IF ~ 5. Continuity and the Euler equation in the core lead all o f the 

core’s disturbed quantities to have the same scale S. By applying the above scalings o f the 

disturbed flows and extracting the base flow contribution from the governing equations and 

the boundary conditions at the leading order in 5, we shall derive the linear stability 

equations below.

4.2 Formulation of the Linear Stability Problem

Define the following asymptotic expansions for the disturbed flow quantities. For the 

film ,

s s
(w, u, p ,v ) = (w6, ub, pb, v b) + ( -w ',  Su\ - p \  Sy'), (4.1)

e e

and for the core,

(W, U, P, ¥ ) = (» ;, Ub,Pb, ¥ „) + ($»", SU\ SP\ W ) ,  (4.2)

where “b”  denotes the base state. One substitutes (4.1) and (4.2) into (2.1)-(2.4), and

retains terms up to 0(S) by eliminating the contribution from the base flow . Recall that

velocities have been scaled with WQ. Dropping the primes, then, we have the following: 

For the film  flow, the dynamic Euler equations at 0(8/e) become

w, + w. + a  (vtw. + wrw -  wyu -  Wyuj = —p. + 0(ae) , (4.3a)

O = -/> ,+ 0 (£ ), (4.3b)
e

where quantities are the corrugation corrections to the base flow  in (3.2), and time has 

an 0(1) scale. Equation (4.3b) suggests that disturbed pressure remains uniform across the 

film  as typically occurs in situations, e.g. lubrication or boundary layer theory, where the 

transverse scales are much larger than the normal length scale. The stream function 

equation and the velocity are, to leading order,

\pn  = 0, w « - y y , u *  - w  (4.3c)
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Thus, these suggest thatw *  w(z,t) is independent o f y  as well to leading order. For the 

coreflow, the equations are

£ 2lF = 0, (4.4a)

W = - % ,  U = - - '¥ . .  (4.4b)
r  r

The boundary conditions are prescribed as the follows: The normal component o f the 

velocity along the corrugated wall is zero and gives,

at y = -<T0, u •  <7 0 . w. (4.5a)

A t the interface, the normal stress balance at 0(8/e) is

at y  = 1-07], p -  W e ^ + t f  + Oiea). (4.5b)

The film ’s disturbed pressure is primarily supported by the disturbed capillary force and the 

base interface’s contribution is o f higher order ( 0(ae)). A t 0(8), the continuity o f normal 

velocity at the interface requires

-o iT ^  t% + u(y = 1 -<jT})-dw(y = 1)^ = U(r = l)  + 0(tre). (4.5c)

The core perturbation velocities are bounded at the central line r  = 0. Finally, the kinematic

condition from the film  side at 0 (£) gives

- a  + u(y = 1 -o t;) = 4, +(1 + mv(v = 1))£. + aw(y = 1 )rjz. (4.5d)

We solve (4.3) w ith (4.5a) to yield the disturbed film  flow  fields

w *  -A(z, t ) , u m —A.y -  <t(A#). , (4.6)

where A is an unknown function o f both z and t .  Substituting (4.6) into Euler’s

equation (4.3a) and the kinematic condition (4.5d) and using (4.5b) yield the following set 

o f coupled stability equations for the film :

6 + 4 .+ e + o [(5 -^ X > I-« L -0 . (4.7a)

A , + A + o ( A ( n - t ) l  = W e ,^ + S ! ). (4.7b)
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Note that the time scale here is 0(1), rather than the longer 0(e) scale in the viscous case 

(Georgiou et al. 1992 and Wei &  Rumschitzki 2000) and thus causes more rapid capillary 

growth than in the viscous case. This is because the flow  accelerates or decelerates in 

response to the capillary pressure alone. Also note that the corrugation contribution is 

reflected by the variation o f the base film  thickness (tj-0 ) which depends on the wall 

function <f> and Weber number WeQ from (3.9).

4.3 Analysis of the Linear Stability

Up to order aS, the interfacial evolution equations (4.7) do not contain core 

quantities. That is, the core’s dynamics slave those o f the film . The <x=0, i.e., the 

uncorrugated lim it recovers the straight tube result.

6 + 4 + 4 *  0, (4.8a)

A,+A: = WeQ(Z=2 + S: ). (4.8b)

We can eliminate A(z, t) to obtain a single equation for £

4  + 2 4  + 4  + WeQ( ^  + 4 )  = 0. (4.8c)

This gives oj = -ia±a^jfV e0( 1 -a 2). It leads to long wave (o  < 1) destabilization while 

short wave disturbances lead to standing waves that do not decay. The real part o f o  in 

dimensional form is aV l - o r  (ey /  pR^) 'n  which is independent o f velocity. It also agrees 

w ith Goren’s (1962) eqn. (24) in the thin film  lim it o f his inviscid (w ith static base state) 

result Note that for the static case, the characteristic velocity and time scale should be

(y lp R ^ n  and (/^  p /y ) '2, respectively. The imaginary part o f a  arises from the 

uniform flow  and does not contribute to the stability. The straight-tube stability is thus 

identical to that o f the static inviscid case, since the two systems are identical up to a change 

o f (non-inertial) reference frame.
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For cr^O , eqns (4.7) have non-constant coefficients arising from the factor (r̂ -<f>). 

For the special case o f k =1, where the resulting film  thickness is uniform ( tj = <j>), the 

coefficients in (4.7) are constant. Therefore, due to the locally parallel flow fields, the 

corrugation does not contribute to the instability and the equations reduce to the cylindrical 

tube theory at the leading order in e and a . A similar argument also applies for a less 

strong capillarity, 1 «  We « 1/e or e «  We0 « 1; as discussed in the base flow section 

rj = <f> at the leading order. For these special cases, one should consider the next order in 

the small parameters to see the effect o f corrugation.

It is also instructive to consider two lim iting cases: very long and very short wave 

disturbances a . Because the initial disturbance’s and the wall’s wave lengths may be o f 

different length scales, the wall’s modulation can result in a wave length that may be either 

longer or shorter than that o f the initial disturbance. This modulated wave length depends 

on the corrugation size a, the wavelength 2k / a  o f the initial disturbance, the wall’s wave 

length In jk  and the time scale. Let us first consider the long wave (a  « 1 )  lim it with 

k = 0(1). We rescale z - a z  and expand equations (4.7) in powers o f a . This yields

£ + a(Ai + £,) + oa{r] -  $),($ -A )  + tra(rj -  fflg . -  A.) = 0, (4.9a)

A, + a (A; -  We0̂ )  + cra(rj -  <f>);A + aa(rj - <fi)A, = 0 (a 3) . (4.9b)

Because rj-<(> = f(kz/a) varies w ith the wall’s wave length scale2k / k rather than with 

the disturbance’s long wave length scale 2k / a , a(r} -  <p), = ( r j-  0). -  CXJk), not 0 (a ).

I f  a » <r, disturbances respond as if  the wall were uncorrugated and only had a 

circumferential curvature for times o f 0 (a  ') ; they grow and convect as

exp((ia ±a^JWe0)t) . For c r»  a  and k = 0(1), equations (4.9) in the lim it a ->  0

become

£ + < T (ri-0 )..($ -^ ) = O, (4.10a)
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A, + <j ( ti-<fi)2 A = 0. (4.10b)

with solution

A(z,t) = A(z, t = 0)exp(-<r(rj - (4.1 la)

4(z,t) = (£(z, t = 0) + a4(z, t = 0%tj -  4>)zt)expi-<r{n -  <f>)j)• (4-1 lb )

As a result, a local variation o f the base film  thickness can also cause growth in time.

On the other hand, one can expect a very short wave disturbance (e*1 »  a »  k) not 

to see the wall’s corrugation because the disturbance’s wave length is much shorter than 

the w all’s. In such a case, (rj -  ̂ ) varies slowly in z due to k /a  « 1. Suppose, as well, 

that a » 1. Now § and ̂ 4 vary over the short 2n/a  scale while varies over the 

longer In jk  scale. Then (4.7) in this lim it becomes:

^  + a(A, + S, + a(r] -  m  ~ A).) = 0 (a °), (4.12a)

At - a 3fVe0̂  = O(a). (4.12b)

Elim inating^ leads to

S', +a*  = 0 (a 3) (4.12c)

Note that for a  » 1 , varies slowly in z due to k /a  « 1 . As a result, for

times o f 0 (a ‘2cr‘ l/2), the corrugation is unimportant, the system shows no growth and it

just reduces to the a  = 0 case. For even longer times, an interaction w ith the wall results in

much longer 0(q  -  nk) waves which may destabilize the prior stable state or excite other 

unstable modes.

In general, our theory holds for wave numbers a  «  0(e ‘). Eqns (4.7) are based on 

the assumption that the axial length scale is much longer than the radial one in the film . 

When we would like to consider wavelengths short enough to be comparable to the film  

thickness, our theory breaks down.

Because the interface’s evolution equations (4.7) have non-constant coefficients, the 

usual Fourier transform methods are not useful. Following our previous approach fo r the
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analogous viscous system (Chapter n, Wei &  Rumschitzki 2000), we again employ 

Floquet-Bloch theory. The basic idea, in brief, is that an initial disturbance with wave 

number a  can interact w ith the w all’s corrugation (w ith wave number k) via the non­

constant coefficients whose periodicity is 2kIk. This interaction generates higher wall 

harmonics o f the initial disturbance (a  ± nk), and their superposition yields a Bloch 

function that is an appropriate eigenfunction for the system. We thus invoke two parallel 

procedures. First, we solve this eigenvalue problem. Second, we use an initial value 

approach to solve the film ’s evolution equations directly for a given initial interfacial 

disturbance. We then compare the results o f these two independent methods and analyze 

their predictions.

4.3.1 Numerical Solution of the Eigenvalue Problem

The basis o f our method is a theorem by Floquet which asserts that the solution o f a 

linear differential equation whose (non-constant) coefficients are periodic with a common 

period is the product o f an exponential and a periodic function, the latter having the same 

period as the coefficients. As such, we write the response (4, A) to a monochromatic 

disturbance o f wave number a  in terms o f a Bloch function as

\ 4i j

exp(mkz+m), (4.13)

where 0) is the complex growth rate from the temporal analysis (i.e., the Laplace transform 

variable) corresponding to the disturbance wave number a . This primary wave number a 

acts as a modulating factor in  (4.13). Use o f (4.13) guarantees a bounded solution in the z

domain i f  (4.13) converges as N  »  at any fixed instant t. Let = {p -fy e 1*  +
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e'0*. Then (4.13) translates (4.7) into an infinite set o f algebraic equations for

( l„ ,4 ) .

<«•(») -  4,., + 4 . .)  =0. (4.14a)

aQ~ (n)A„_x + (ffl + Pin)) An + oQ* (n )i„+l + C (n)|„ = 0, (4.14b)

where, by defining Pin) = a + nk,

Pin) = i)J(n), Q 'in) = (t)-# '0 (h ) , 0 +(w) = irf-<fi)'ipin),

d n )  = -W e jP in i\ -P in f) .  (4.15)

The eigenvalue to is determined by setting the determinant o f (4.14) to zero. to is a 

function o f We0, cr, k, and a . By truncating the matrices (4.14) for a given value o f N, 

we can calculate the eigenvalue numerically for a fixed value o f <j. We choose the 

dimension Af=2(2Ar+ l) o f the matrices (4.14) large enough (typical N=l 1) and check that 

converged eigenvalues do not significantly change when we increase N.

4.3.2 M a trix  Perturbation Theory o f the Eigenvalue Problem

Since (4.14) contains the small parameter a , we can also employ determinant / matrix 

perturbation theory in a  to determine the corrugation correction to the eigenvalue to. In 

order to facilitate the perturbation technique, we use the following procedure to make

(4.14) more tractable. We first add (4.14a) and (4.14b) to get the more symmetric from

a Q T W L i + (to + Pin) + d n ))  I ,  + (to + 2Pin))An + o Q + in )^  = 0 . (4.16)

We then write (4.16) and (4.14b) in matrix form as:

M* x+ P  a = 0, (4.17)

C x + N a  = 0, (4.18)

where x = » *  = [•••4,—] >
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• [°] ' [0 ] ‘

M * oQ~(n) (a + P (n ) + C(n)) oQ+(n) ,P = ( u + i m )

. [°] •
. [°]

[0 ] ■ • [0 ] '

c * C(«) ■ N * aQ'in) ((D+P(n)) oQ \n)

. [0 ] . [o ]
•

(4.19)

We assume that P is invertible, i.e., that a> *  -2P(n) for all n, for the following 

perturbation formulation and w ill compare perturbation results w ith those obtained by 

solving (4.14) numerically to see if  our purposed scheme is reasonable. We can thus 

eliminate a and obtain the following matrix equation for x:

(C-NP1M ) x = 0 .  (4.20)

A non-trivial solution to (4.20) requires that the matrix (C-NP'1M) have a zero 

determinant. This provides us with the following alternative equation for a). As we shall 

see below, it is convenient to solve forcu in a perturbative manner.

[0 ]

A =
<J2Q-(n) oQi(n) S(n) + a 2F(n) a $ {n ) a 2& (n )

+ O(o-4) + 0 (a 3) +0(<r4) +0(<r3) +0(<r4)

[°]

= 0, (4.21)

where

s (o>+P(n))2-P(n)C(n) 
<o + 2P(n)
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r f  ' g ~ (» )g + (* -1) , Q~(n + \)Q+(n)
} & + 2 P {n -\)  a  + 2P(n +1)

r £ (  \ - r £ t  /  o> + P(n) . o>+ P jn±  1) + C(n± 1)
e T ( « ) - 0 ^ ( « ) ^  +  2 / , ( w )  o ,  +  2 P ( n ± l )

g t («) = 0 ± («)g± (« + D,

Expansion o f (4.21) in powers o f a  yields

A0 + <r2A2 + 0(a*) -  0, 

where A0 = J"[S(y ),

Ar=ZIIs(‘W)-S
J i " j  j

n^eroiero-o

(4.22a-d)

(4.23)

(4.24a)

(4.24b)

The contributions to A2 only include 0(cr2) terms o f the principal diagonal elements

<j2F(n) and the product o f first off-diagonal elements oQ?(n) appearing in the

determinant, but do not include the second off-diagonal elements <y2(5f(n) which are 

always multiplied by off-diagonal elements in the determinant Note that the above is based 

on the base flows that we have developed up to 0(<j ). The (K<x2) base flows only 

contribute to the principal diagonal, the first off-diagonal, and the second off-diagonal 

elements to 0(<r4), (Xjlt 3), and 0(<r2) , respectively; they thus do not contribute to A2 for 

determining the leading order corrugation correction to the eigenvalue. As we shall see 

later, the eigenvalue spectrum exhibits a £-periodic structure in  a  -space. Therefore, we 

need only calculate the corrugation’s correction to the primary eigenvalue a>0 branch (the 

branch that reduces to the n=0 branch -P (0 ) at a  = 0 and is denoted j=0), and then extend 

that to the other branches via the ̂ -periodicity in a  -space.

For a given a ,  (4.23) normally gives the 0 (a 2) correction to the leading eigenvalue 

o>0, which we usually assume is a simple root o f A0 = 0 . However, since
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<o0 = ~ia ± a iJfVe0( l - a 2) can lead to double roots at a = ±1, one may, instead find an

0(a) correction around a = l. I f  we use the Taylor expansion o f (4.23) to solve for the

analytic and uniform (in  a ) expression to unify both the 0(p) and 0(cr2) corrections, we 

adopt an alternative perturbation scheme. As we shall see below, we take advantage o f the 

fact that A0 contains the dispersion relation for determining co0 o f the primary branch and 

the contributions from the other branches. I f  one only retains this dispersion relation at 

0(cr°), and lumps a ll corrections from A0 into A2 at the 0(cr2) contribution, the 0 (p 2) 

part o f this modified equation w ill vanish at <o=<u0 except for the contribution from the 

primary a  and its first harmonic a ± k  branches. This suggests that, instead o f using the 

Taylor expansion above, one should employ an iteration scheme to solve for <o to greatly 

sim plify the formulation.

Note that S(0) = [(co + »a)2-lF e 0a 2( l- a 2)]/(o + 2 ja ), whose numerator is the 

0(<j °) dispersion relation for <o0, and A0=

to + l id )  and removing terms not containing 5(0) from the sums in (4.24b).

These latter terms are non-zero at o)=co0 and we isolate them in a term that we call G 

below that only involves interactions w ith the first harmonics. The remaining terms that are 

zero at <u0 combine to give 2 as follows:

correction Stu to <o0, we find that Sa> -  -< t2A2(co0)

So). As a 1, —> 0. Thus Sco is not uniform in a . In order to obtain an

<o+2ia )  . We isolate 5(0) by dividing by
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[(ra + ia )2 -lT e 0 a 2 ( l- a 2 )]+ a 2 (<i) + 2 /a )|ja |i7 - ^ |  G+zj = 0, (4.25)

where

1 =  1
m iJm 0

zriF0)5(m)- z i \ s(m)QiU)QiU-1)
j* 0  m * j y*0.Im*y,y-l

G± =

G(n>) = (G++ G '), (4.26)

P(±1)C(+1)- iJW e,<.l-a2)P i±W °>+2P(.± l) + C (±1))-/>(±1)J .
i + 4 Weo ( i - « )

Again, the O(ct0) part o f (4.25) determines oj0 = - i'a ± a y ^ ,e0( l- a 2). One can solve 

fo r a) to the next order with an iteration scheme based on evaluating the 0 (a2) part o f 

(4.25). One evaluates the 0 (a 2) part o f (4.25) at the f 1 iterated cugy) o f o>0 and solves for 

the (/+1)* iterate o){0J*u from the 0(o-°) part, or

Co1/ * 1 ] + i a  =  ±^jfVe0a 2( l - a 2) - a 2(jo{ +  2/a)Q|?)- 0||2ia G (o J0) +  l(a > y)j . (4.27)

Thus, let ojg0 = <o0. Since Z(a>ol)) = 0, the 0(cr2) part o f (4.25) reduces to the term 

containing G , which only includes interactions between the primary wave a  and its first 

harmonics (a ±k). Therefore, the correction to the eigenvalue co0 is

Sa± s  o>t2)-a>0 = ±^FFe0a 2( 1 - a 2)-< r2|» j-# |2(a)0 +2 ia)iaG(<o0) T^We0a 2( 1 - a 2)

T<T2||j7-0|2(a)o +2ia)iaG(a>0)

^fVe0a 2( l  - a 2) - j f  (a>0 + 2ia)iaG(<o0) + -jWe0a 2( \~ a 2)
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From (4.28), one can verify that So* ~ 0(a) as a  ~ 1; otherwise So* -  0 (a 2). It is also 

worth expanding (4.28) around both special points a = 0 and a = 1 to understand the 

details o f the corrugation’s interactions.

Fora -» 0, the growth rate correction&ur (the real part o f So) becomes

-112

&>; = ■ % g ,;-' (3 -K l-  ^ X l - ^  a ^ + O C a 1). (4.29)
l + fre0( l - k ) s

This gives the 0 (aa2) correction to o r as a —> 0. The factor a^We0 comes from the

circumferential curvature part o f the capillarity. Recall that, as a - *  0, o Qr = a«JWe0 

destabilizes for the long waves. However, the corrugation may give rise to a more or less 

unstable correction for the long waves, depending on the sign o f

( 3  + ( l -  We0 )(l -  k2 ))(l + Wê  ( l -  k2))"'. Recall that l  + lFe0(l-/fc 2) > 0 (<0) leads to an 

in-phase (out-of-phase) interface-wall configuration o f the base flow.

When a  is close to 1, let a ' = l- a  « 1 . Assuming a ’« < x2, the expansion o f

(4.28) about a  = 1 (a '=  0) yields

Seo± = ±a v - -  We*- + - + We-0- - , I -J2W % a'*+(K<ja'1' 2, a ’ ), (4.30)
We0C .+ k2 W e,C _+ f)a=x ^  0  ^

where C± = (a ±fc)2( l ~ ( a ± k f }  denotes the coupling to the first wall harmonics (a±k) .

  ^
ĴWe0a ’* -  /̂lF<?0( l- a 2), which contains both the longitudinal and the circumferential 

capillary contributions that balance at a ’= 0. At a = l,  (4.30) gives the coefficient fo r the 

0(a) correction. Depending on fVe0 and k, when the expression inside the square root in 

(4.30) becomes positive, as we shall see later, the growth rate correction w ill show a 

dramatic change around a = l since it is 0 (a ). This 0(a) instability can dominate fo r a 

longtime scale that isC^c-1).
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Due to the corrugation, the neutral state a  is perturbed from a =1 and we now 

calculate it. Let 5a* = 1 -a * ,  |5a’ | « 1 . Set <o* = 0 (for the upper branch) in (4.27) to 

solve for 5a’ :

5a* = — <t2|i7 —0l| f  —— r  +  —— -  (4.31)
2 »1 'I We0C+ + k We0C_+k2) a = l

The shift o f the neutral state is 0(<r2). Interestingly, when 8co*>0 for (4.30) is

destabilizing, the 0(cr) instability excited at a -1  results in 5a *>0 and the neutral state is 

shifted to the right in a -space, thereby increasing the set o f unstable waves. However,

when 8a>* =0 but 8a>* *  0 at a = l,  the neutral state shifts to the le ft in a  and shrinks the

set o f unstable waves.

4.3.3 In itia l Value Problem

In order to compare the dynamics o f the interface’s evolutions with the results o f the 

eigenvalue spectrum calculated above, we also solve equation (4.7) directly as an initial 

value problem. We discretize the space variable by employing a Bloch-like form:

f t e o ' L  ________cos((a+nk)z) + sin((a + nk)z), (4.32)
a WJ

subject to the initial condition £(z,t = 0) = cos(az), A(z,t = 0) = -sin(az). Substituting 

(4.32) into (4.7) yields a system o f ordinary differential equations fo r the 

am plitudes^;), ^ ( r ) ,  A^it), andAs„(t). We implement a 12th order Adam-Moulton 

algorithm from the IMSL library to solve these ODEs. For a fixed number N  o f modes the 

numerical solution is accomplished within a 0.1% absolute error tolerance. The 

convergence is checked by increasing the number o f modes until the spatial evolution at a 

fixed time does not significantly change.
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5. Results and Discussion

5.1 Eigenvalue Spectrum

By using the Floquet-Bloch eigenfunctions above, our calculation finds features o f the 

eigenvalue spectrum that are rather different from those o f the straight tube. Figures 4 

show typical eigenvalue (real part only) spectra fo r various wall wave numbers k. Here 

we only show the part o f the eigenvalue spectrum in the upper half plane since the part in 

the lower half plane corresponds to negative growth and gives stable results. The solid 

curves represent the usual a  = 0  straight tube results and the primary branch (dots) only 

has a small 0(cr2) correction to this result. Thus this branch begins at the origin, goes 

through the maximum and intersects the a -axis close to one. The a —» 1 expansion above 

accounts for this shift from one. The eigenvalue spectra show that corrugations not only 

lead to a ^-periodic structure in a-space, which is obvious from the k -periodicity o f the

coefficients in (4.7) or from (4.14), but also illustrate the 0(<r2) deviation o f the growth 

rate from that o f <7 =0 . Depending on k, adjacent branches may overlap, particularly for 

k < 2  = 2 + 0 (c r), as shown in Figures 4(a) and (b). This leads to more than one positive

eigenvalue for a given initial disturbance for some range o f a . As a result, because the 

evolution contains a ll o f its modes, modes with different growth rates can compete until the 

dominant mode wins and characterizes the instability for long times within the linear 

regime. We shall demonstrate this effect below in the context o f the in itia l value approach.

5.2 Interfacial Evolution

We begin by solving the initial value problem, for the case o f We0 = 1.0, 

k - 1.8, <t = 0.2 corresponding to Figure 4(b), and impose an initial short wave 

disturbance with a  = 1.2. Recall that at a = 0 , such a disturbance yields non-growing, 

non-decaying temporal oscillations. Figures 5(a) and (b) show the growth rate and
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oscillation frequency respectively o f the interfacial evolution at a particular z position. To 

compare the initial value problem solution with the predictions from the eigenvalue 

spectrum, we first verify the temporal maximum o f interface’s amplitude to see if  it 

follows the growth predicted by the eigenvalue spectrum. This amplitude history for long 

times matches the growth predicted by the real part o f the eigenvalue spectrum very well, as 

shown in Figure 5(a). Here, we have used the (higher) value <ar from the secondary 

branch. Notice that even though the calculated amplitude grows over several orders o f 

magnitude, the calculation is only quantitatively relevant in the linear regime; otherwise the 

non-linear effects must be considered.

We would also like to compare the oscillation frequencies predicted by both 

approaches. Because the linear growth o f the interface is exponential and thus covers many 

orders o f magnitude, directly comparing the oscillation is inconvenient. Figure 5(b) factors 

out the growth rate that has been tested in Figure 5(a). The resulting scaled oscillation 

neither grow nor decay, even for long times. This indicates that the evolution follows the 

correct growth rate. Its regular oscillatory pattern agrees with the oscillation frequency 

predicted by the imaginary part o f the Bloch eigenvalue very well.

W ith the growth rate and frequency already confirmed, Figures 6 (a) and (b) show the 

corresponding evolutions in time o f the entire interface. As shown in Figure 6 (a), the 

initial short wave (a = 1.2) interface perturbation grows slightly at earlier times f=2.65. 

Then the interaction with the wall’s corrugation modifies the wave length. As a result, the t 

-5.61 curve has more than one wave length. Figure 6 (b) shows the further development o f 

the interface. Notice that by f=7.74, the dominant wave length is already evident and the 

interface grows dramatically fo r longer times. This dominant wavelength is about 10, 

which is significantly longer than the initial short wave disturbance. Its corresponding 

wave number, about 0 .6 , is just the w all’s first unstable harmonic \a -  it). The other first 

wall harmonic is a  + £=3.0, which is expected to have no growth from the primary and 

secondary branches, but growth at much longer times from the tertiary branch. Thus in
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contrast to the a  = 0  case, whose short waves are standing and purely convective, 

corrugation can modulate a short wave in itia l disturbance and excite unstable long waves.

There is a transition between the dominance o f the primary, originally stable and the 

secondary, unstable branches. One can express the response to an arbitrary disturbance in 

terms o f the superposition o f eigensolutions in the following form

<5(2.0= ^ a Jfji.z)e0<J>t, (5.1)
branchy

wherem<;> and f j ( z )  are the y'-th growth rates and the corresponding eigenfunctions, 

respectively, and ay are coefficients determined by the in itia l condition. We only consider 

contributions from the primary (p) and the secondary (2 ) branches:

£ (r,0  = a pf p( z ) e ° pt +  a 2f 2( z ) e ° <2>t + ..., (5.2)

For the case in Figures 5 and 6 , re a l^  -  tu<2>) = -real(a)<2>) < 0. One can solve for the

eigenvectors when the eigenvalue correction is 0 (cr) w ith an initial condition along the 

a  = 0 primary eigenvector. From this, one can show that ap~ 0 (l)  and a2~0(a). Eqn.

(5.2) then suggests that the oscillatory primary branch dominates for short times and the 

secondary unstable branch becomes important for long times. The transition between them

implies there exists a critical time r’ at which the instability sets in, when, say,a;eQ)<2>f is

(O t
about 1 - 1 0  times a.e p , i.e., or to^> t e < - > cop t e p for p  ~ 1-10. One can estimate this~ P

critical time as

r* *  ln(ptr _l)/real(fi)<2 > -<op). (5.3)

The parameters o f Figure 4(b) give t ' * 3 .3 - 8 . 0  fo r P ~ 1-10, which predicts this 

moment very well in a comparison with Figure 5(b). We can now explain the evolution 

shown in Figures 6 . The initial short wave disturbance (wave length -5.3) oscillates but 

does not grow since the primary eigenvalue is imaginary. By the firs t non-zero time
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shown, the secondary mode, whose wave length is about 10.5 (~ double the in itia l wave 

length) is smaller, but is no longer negligible compared with the initial disturbance. This 

results in every other minimum/maximum being enlarged preferentially. This latter wave

length becomes further amplified w ith time -  the two are comparable at around f <7.7. By

1 1 .2 0 , the in itia l short wave disturbance is small relative to the growing mode.

Ascr -» 0 (no corrugation), (5.3) leads to r* -> oo, which means that only the primary 

branch survives without any other branches contributing to the linear dynamics. Therefore, 

the smaller the corrugation, the later the transition from the primary to the secondary branch 

takes place. Thus, for the case o f a  = 0 or k = 1, both the eigenvalue method’s and initial 

value problem’s solution results reduce to those o f the straight with applying Fourier 

modes. A small deviation from cr = 0 or k = I w ill yield multiple branches as shown in 

Figures 4 that arise at long times.

In summary, the corrugated w all’s wave number k plays a critical role, by coupling to 

the wave number o f the initial disturbance, in determining the system’s stability. In 

particular, even disturbances that would otherwise be stable, by virtue o f this coupling, 

excite unstable harmonics. Thus the corrugated wall system is rarely stable for most 

disturbances a .

5.3 The Growth Rate Correction

As we have seen in Figures 4, in addition to the appearance o f eigenvalue branches 

besides the primary branch as a result o f wall corrugation, the corrugation also induces a 

growth rate deviation horn the a  = 0 primary branch. This correction can involve a 

complicated interaction among the disturbed flow, inertia and capillarity, with wave 

numbers from different eigenvalue branches, e.g., the primary a  w ith its first 

harmonics a ± k , contributing (see eqn. (4.27)). Figures 7 show this a  *  0 growth rate 

correction for the primary branch. These figures compare the analytical expression in
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(4.28) from matrix perturbation theory with the numerical results, and the agreements are 

very good. A  comparison below with the analytic lim iting forms (4.29) and (4.30) 

confirms that the corrugation correction to the growth rate is generally 0 (a 2) except near 

a  ~ 1.0, where it is 0(cr). The correction displays local maxima and minima between two 

asymptotic regions o f a=  0 and a =1.0. These should involve stronger inertia-capillarity, 

or capillarity-capillarity interactions between the a and a ± k  waves, particularly 

capillarity-capillarity interactions. Because different waves lead to different maxima or

minima for different capillary strengths, i.e., fVe0(a ± &)2( l -  (a ± fc)2), they interact in a

manner deriving from G* and result in a more complicated maximum/minimum curve for 

the correction to the growth rate.

(i) Long wave expansion

In the long wave regime, the growth rate correction given by (4.29) is 0 {p 2a). 

Whether this correction is stabilizing or destabilizing for long waves depends on the sign o f

[3 +(1 -  We0)(l - k2) j[l + We0(l - * 2)]"1. For k < 1, 1 + We0( l - l r ) > 0  and the base flow 

interface is in-phase with the wall. From (4.29), this correction is stable when

(Fc0 > ( 4 - * 2 ) /(1 -* ! ). (5.4)

In other words, interestingly, sufficiently high tension can contribute a stable correction at 

long waves.

For 1 < k < k \  where k ' is the natural frequency o f the base flow , the base flow 

configuration is s till in-phase and (5.4) is the condition for the correction being unstable.

The in-phase condition k < k* gives k <2. For 1 < k < k \  i f  We0> 1, then k‘<2. 

Combining w ith &>1 leads this case to automatically satisfy (5.4) and results in  an unstable 

correction fo r long waves. In other words, 1 < k < k* and We0> 1 can lead to an unstable 

correction fo r long waves.
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When the base flow  interface is out-of-phase with the wall ( l + ffi?0 ( l - * 2)<0 or 

k > £*>1), (5.4) is again the condition for a stable long wave correction. I f  £<2, the out- 

of-phase condition £>£* gives £*<2 or We0> 1. Therefore, 2> k > k *  automatically 

satisfies (5.4) and results in  a stable correction.

For the special case o f We0 = 1, (3 +(1 -  WeQ)(l -  it2)) >0 fo r all k in (4.29), all 

out-of-phase base flows ( 1  + JFe0 ( l - £ 2 )< 0 ) contribute to stable corrections while all in- 

phase situations (1 + fVe0(l - k 2 )>0) have unstable corrections for long waves. In Figures 

7, both cases (a) £=1.8 and (b) £=2.3 are out-of-phase configurations and thus show 

negative corrections near a=0. These long wave expansions agree w ith both the analytic 

and the numerical corrections very well. They all show stable corrections for long waves. It 

is interesting to note that this slightly stabilizing long wave correction seems to persist for 

an even larger a range for £=2.3 than for £=1.8. This is because (4.29) is less sensitive 

to a small a at large k .

(ii) The a = 1 Expansion

Recall that for cr = 0 ,  a  =  1 is the neutral state. Two eigenvalues 

a f  = - ia ± J fT e 0( 1 - a 2) merge at a  = I and lead to a linear growth with time, i.e .,

|£| ~ re 0H at leading order in e. The corrugation excites an 0(<t) unstable correction 

near a = 1 as shown in Figures 7. Due to the corrugation, a  = 1 is no longer a double root 

for cx *  0 , but it may lead to an 0(a) growth at a = 1. As also shown in Figures 7, the 

numerical curves around a  < 1  show much less unstable corrections than that at a  = 1 , and

agree well with the asymptotes given by (4.30). This suggests that this effect is due to 

- 4 Wes( i - f l2 ) — V2 WV * '  for a '— 1 —a « 1 , which arises from a slight imbalance 

between the circumferential and longitudinal curvatures o f the capillarity.
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Inspecting (4.30) for a  = 1, we find that C+ <0 for all k>0, and (We0C+ +fc2)<0 for 

We0 >1/5 and all Jt>0. When 0<A:<2, C_>0, and thus gives (We0C_ + k2)>0 for all We0. 

Using (4.30) w ith the above conditions, we find that We0 >1/5 and 0<k<2 are sufficient 

conditions for So)r(a = 1)>0, i.e., fo r exciting an unstable 0(cr) correction. This is also a 

sufficient condition to shift the neutral state to the right, which we now discuss.

A t (7=0, the neutral state occurs at a  = 1. As noted earlier, corrugation can shift the 

neutral state slightly from its value a  = 1 at a  = 0. Eqn. (4.31) suggests that this shift in 

the neutral state is 0 (c r). Figure 8  shows the plot o f the neutral state shift vs. k fo r 

different fVe0. Sa’>0(<0) corresponds to a positive (negative) shift from a  = 1, that is, to 

a shorter (longer) critical wave length than the mean circumference. Since each We0 

determines a corresponding k* (the natural frequency o f the base flow ), each curve 

separates into two branches near the singular point k = k \  As with the amplitude ratio o f 

the base flow 's interface to the w all’s in Figure 2, the left and right branch curves 

correspond to the in-phase and out-of-phase interface-wall configurations o f the base flow . 

Because k ' = ^ l  + \/We0, the curves shift to smaller k (>1) as We0 increases. A ll left- 

branch curves again cross at £ = 1  ( tj = <f>) and thus give no corrections to the neutral state. 

For 0<fc<l, the shift is small and positive, and it decreases slightly w ith k. For 1<£< k* 

(in-phase base flow), the shift is positive and increases with k; it also increases with We0

for a fixed k. On the other hand, for k> k ’ (out-of-phase base flow ), the shift decreases 

steeply and monotonoically with k , and appears to be negative for larger k . This case also 

shows a decreasing shift as We0 increases fo r a fixed k. As a result, the smaller We0, the
i

larger the k needed for a given negative shift. Note that, because o f (4.30) and (4.31), an 

| 0(er) growth (<5<or>0) at a  = 1 also implies a positive shift o f the neutral state, or vice
I

versa. The sufficient condition We0 £1/5 and 0<&<2 for exciting an 0(a) instability at
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a  = 1 also results in a positive shift o f the neutral state. As shown in Figure 8 , curves 

satisfying this sufficient condition contribute to positive shifts in their neutral states.

5.4 The Intersection Points of Different Eigenvalue Branches

As noted in the last section, a double 0(0°) eigenvalue can excite an 0(a)  stability 

correction. A t <r = 0, a double root occurs at a  =1.0 between the primary branch and its

mirror image about the a  axis (co = - ia  ±a^jWeQ( l - a 2) ). However, under certain 

circumstance, similar 0 (<r) corrections can arise when different eigenvalue branches cross 

for a  —> 0. For instance, such a situation can occur between the upper primary and the 

lower secondary sub-branches. At 0(ct°), the eigenvalue o f the primary branch is

Op = - i a ± a ^ W e 0{ l - a 2), and that o f the secondary branch is

o>*2> = - i(a  -  k) ± (a -  &|̂ lFe0 ( l - ( a  -& )2) , where the superscript “ +”  and “  - “  denote 

the upper and the lower sub-branches, respectively. At a  = 1, the primary branch has 

(Op = - i .  Similarly, at a = k - l ,  the secondary e>*2>= /.  However, when a =kj2  

=k '  = -J\ + \/We0, a particular relationship between fVeQ and k, (o* = ©”2> = 0, i.e., the 

upper primary and the lower secondary sub-branches form a double zero eigenvalue at this 

a . This occurrence at a -  k/2 produces a resonance condition very similar to those 

studied by Rines (1970) and Mitra &  Greenberg (1984). Here, however, this condition 

also requires that a  be equal to the natural frequency k‘ o f the base flow . We use (4.14) to 

directly calculate the maximum growth rate for We0 - 1 , k~2k’=2-j2  and a  = 0 . 2  to 

demonstrate this resonance. Figure 9 shows a plot o f the maximum growth rate vs. the 

wave number a o f an initial disturbance. A large jump appears from 1 < a < fr-1  ~1.8 

and seems to form a bridge between the primary and secondary branches. The growth rate

for this short wave range is just the correction to that (o 0r = 0  ) o f a  = 0  -  it has about the
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same magnitude as a ,  as shown in Figure 9. This effect clearly becomes more pronounced 

as a  increases. As we shall see below, this should be due to three 0(a) instabilities 

excited at a « l (from both primary sub-branches), k/2 (from one primary and one 

secondary sub-branches), and k - 1 (from both secondary sub-branches). We analyze the 

mechanism for these interactions below.

Figure 9 contains three multiple roots at O(a0) for a  £ k - 1: (i) at a  = 1, between 

both the upper and the lower primary sub-branches; (ii) at a  = k/2, between the upper 

primary and the lower secondary sub-branches, and (iii) at a = k - \ ,  between both the 

upper and the lower secondary sub-branches. As a result, for 1 < a  < fc-1 , both primary 

sub-branches interact with each other at a = 1 , and one o f them interacts with the other 

secondary sub-branch at a = k/2 . The two secondary sub-branches interact with each 

other at a  = k -1 . We shall again employ an iteration scheme as we did earlier to solve for 

o) for different ranges o f a .

For 0 £ a £ k/2 (or close to k - 1), the interaction branches include both the primary 

sub-branches and the secondary lower sub-branch. In our analysis o f A0 (4.24a), we

isolate the part o f 5(0) that contains the 0(cro) dispersion relation 

</(0)=(o + i a f  -  fVe0a 2{\ -  a2) which determines o>* in the firs t bracket o f (4.25). In a 

similar maimer, we isolate 5 (-l), which includes the 0 (a°) dispersion relation 

(-1)=  a) + i(a -  fc) + |a -  FFe0( l -  (a -  fc)2) that determines m“2>, as well. We can

r
thus rewrite A0 =</(0)<T(-1) f J 5 C/) S(0) /</(0)<T(-l) , and (4.23), by dividing by

\ j* o y\ j *  o

f ]5 ( / )  |5 (0 )/rf(0 )< T (-l) , becomes

[(g) + ia )2 -  We0a 2{\ -  a 2)|<u + i(a  -  k) + [a -  k\^WeQ( l -  (a  -  fc)2)J
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=<r2
-A ,

n*/>
y.o

<r(-iX«>+2P(0)) (5.5)

Q)pO

The 0(a°) part o f (5.5), which is the product o f the O(a0) dispersion equations, 

contains the primary (the first bracket) and the lower secondary sub-branches (the second 

bracket). To solve for <o by iteration, we begin by evaluating the right hand side at

cop0 = -ia+\a\*JWe0(\ - a 2) from the upper primary sub-branch and solve for the 1 “

iterated q>^1 ) from the left hand side. We then iterate.

At the initial round o f the iteration <»‘n = o)p0, and the right hand side o f (5.5) reduces

to,

-cr F(0)<T(-1)-
< T ( - 1 ) v  v ) }  5 ( 1 )  v '

(to +  2 P (0 )),

where d* (-l)= to  + i(a  -  k) -  \a -  k\^We0{\ -  (a -  kf^j is the 0(a°) dispersion relation

for determining the upper secondary branch to*2>0. Eqn. (5.5) only involves interactions 

between a  and a ± k  waves. The subsequent iterations contain the non-nearest neighbor 

interactions (as in 2 o f (4.25)) which vanish at o>pQ. Also note that when a = k - 1, the

right hand side o f (5.5) diverges because o f <P(-1 ) = 0  for <o=i. For a  =1, (5.5) becomes 

(to + i f  to + i( 1 - * )  + |l-* |^W e 0 (2A:-fc2)] = a 2H(cop0, a  = 1) with top 0  = - i  ,

where H  is the coefficient o f the 0 (a2) part o f (5.5). A simple perturbation Ansatz o f 

to = cop0 +<5to shows that the correction to co^ -  - i  is again 0(a).

For a = k/2 = k \  (to+2ifc*)to2 = a 2H(cop0, a = k/2)  with top0 =0, and the 

correction to top Q = 0  is also 0(a). Sim ilarly, for - 1  < a < (it may also be the case 

that a  somewhat smaller than £ - 1  also leads to a large eigenvalue because o f the above
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resonances), the interaction branches are both secondary sub-branches, and we have, in 

analogy w ith (4.25),

[(<D+/(a- k ) f  -  Wea(a - k f ( \ - ( a - * ) 2)] + 2A -1 ))

/ • - I

(5.6)

a*  A <2>0

The left hand side o f (5.6) has the secondary branches. The iteration for solving © is done 

similarly by evaluating the right hand side at <d*2>0 = -/(a  - fc )+ [a -  k\ ĵWeQ( \ - ( a - k ) 2) 

from the upper secondary sub-branch. Similarly, the right hand side o f (5.6) at the 1” 

iterated <o = g>*2> 0  becomes

-a gr(-i)gr(-2) gr(Q)gr(-i)
S(-2) S( 0)

(® + 2 /> (-l)),

which involves interactions between the a , a - k  , and a - 2 k  waves. For a = k - 1, 

(5 .6 ) gives an 0 (a ) correction to ©<2>o = 1 due to the merging o f two secondary sub­

branches.

For k = 2V2, a  = 0.2 and M?0 =1.0, and 0 S a £ k *  2.83, we use (5.5) and (5.6) 

to calculate the growth rate for k =[0,1.9] and k = [1 .2 ,3.0], respectively. The reason we 

choose a wider range o f k for each calculation is to see how far each interaction goes. Each 

calculation is first done with one iteration. The result is shown in Figure 10. We also 

compare them w ith those found by directly solving (4.14) numerically. The agreement is 

very good for most a  from 0 to 3.0, except for a  near 1.0 and 2.8. For 0 £ a  £  1, the 

equation (5.5) curve shows a typical capillary growth rate curve. It should follow  the upper

primary branch suggested from the O(a0) part o f (5.5). A t a  = 1, it has a positive growth 

rate (0.2288). This is due to an 0 (a ) correction from the interaction between both primary 

sub-branches. Upon increasing a  to a value slightly greater than one, as we check, the 

eqn. (5.5) curve does not go to zero. Instead, it has a small, sharp rise with respect to the
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growth at a  = 1 and seems to deviate from (4.14). However, when we iterate twice for to 

from (S.S) for the same range o f a , the results (including those near a  = 1 ) agree very 

well with the numerical solutions to (4.14). Since (S.S) includes two primary and one 

secondary sub-branches, the result suggests that even though near a  = 1 a major 

interaction comes from both primary sub-branches, the coupling o f the (lower) secondary 

branch to the primary branch probably dominates. This 0(cr) instability at a  = 1 seems 

strong enough to persist for even larger a as Figure 10 suggests. It then meets another 

0(<t) growth excited near a = k/2  *  1.4, where there is a strong interaction between the 

upper primary and the lower secondary sub-branches as well. Thus, the growth rate 

remains about the same magnitude between a  = 1 and a = k/2.  This strong interaction 

near a = k/2  continues further for k/2 < a  < k - l .  In this regime, the secondary 

branch’s influence appears to become more important since it dominates at a  « & - l= 1 .8 . 

When near a *  1 .8 , the (5.5) curve appears to become singular. Because the left hand side 

o f (S.S) contains the upper secondary sub-branch’s contribution < f( - l)  in the 

denominator, the resulting growth rate behaves more singularly near a = k - \ .  But the 

tendency o f the (S.4) growth rate seems to match that o f (5.6). This is because (S.4) 

includes the lower secondary branch; (S.6 ) contains both secondary sub-branches at

O(tT0) and the secondary branch should contribute most strongly to the growth rate near 

a = k -1  *  1.8. The growth rate o f (S.6 ) decays to zero for a  far smaller than k -1 . This 

is because the upper secondary sub-branch does not interact them with the primary branch 

at 0 (or°) in (5.6).

We have thus explained the interaction between the different eigenvalue branches. For 

k = 2k', the primary branch interacts with the secondary branch near a  = k /2 . Due to the 

periodicity o f the eigenvalue spectrum, we expect that this particular interaction should also 

occur at a  = nk/2 (n = 1, 3, ...), as found by Rhines (1970) and Mitra &  Greenberg 

(1984) in the wavy river bed problem.
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The interesting bridge between the branches in Figure 10 begs the question o f what the 

dynamic response o f the interface would be for an initial disturbance in this bridge regime. 

We now perform an initial value simulation to examine the interfacial dynamics o f this 

interaction for 1 < a < £ - 1  in Figure 10. We choose £(z, t = 0) = cos(az) and 

w(z, / = 0) = 0 as in itia l conditions. In order to more conveniently display and discuss the 

results, we let a0(t) and represent the temporal amplitudes o f the primary mode 

cos(az) and its first harmonics cos((a -  k)z) for £(z, t) in (4.32).

We begin at the center o f the bridge where a = k/2  « V 2, corresponding to the 

merging o f the upper primary and lower secondary sub-branches at 0 (0 -°). Figure 11 

shows the temporal evolutions for the interface in terms o f a0(t), and a_,(r) at a particular 

position. For short times, the interface oscillates and slowly grows. This is because the

in itia l disturbance is short wave a  = -J2 (> 1 ) and early times are dominated by the primary 

oscillatory branch. This oscillation gradually diminishes and the interface then shows 

purely exponential growth for longer times. We again compare this growth w ith that from 

the Bloch eigenvalue (the real part) spectrum and they also agree very well. The 

disappearance o f the oscillation for long times and the later purely exponential growth 

suggest that the dominant eigenvalue(s) is (are) real.

Since by choice o f parameters, a0(t) and a_,(f) correspond to the same wave number, 

both have almost identical oscillating-growing patterns, except that they are out-of-phase 

for the earliest times. However, a0(/) seems to dominate and remains about a factor o f 20 

times a_,(r). It is interesting to note that the interfacial evolution (Figure 12) a0(t) and its

primary (short) wave a  = V2  dominate throughout the evolution that we have followed, 

since, by choice o f parameters, the higher harmonics w ill not lead to any longer waves. 

Therefore, as shown in Figure 12, the spatial evolution shows that the interface 

monotonoically grows with time with the single wave number V2  with the shape o f the
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in itial disturbance. The figure displays neither oscillation nor traveling because the 

eigenvalue (suggested by Figure 11) has zero imaginary part.

Figures 13 show the temporal histories o f |ay(r)| 0  =0 , -1 ) for different choices o f

a , slightly away from the above special point a = V 2, in the bridge region. At first 

glance, the resulting behaviors seem rather different from Figure 11. They show that a0(t) 

and <*_,(/) alternatively dominate after the initial transient. The periodic rise and fall o f 

a0(t) and a_,(r) seems to indicate non-zero imaginary parts o f eigenvalues. The further

away a is from V2 , the faster this oscillation, i.e., the larger the imaginary part o f the 

eigenvalue. Note that a_,(f) is comparable in magnitude to a0(t) for long times. They 

oscillate out-of-phase and this suggests that they compete w ith each other even during the 

long-term evolution that is in the linear regime. One should thus expect that there may not 

be one dominant wave for such long times because neither a  nor (a -  k) can dominate.

Figure 13(c) examines the details o f the interfacial growth fora =1.20. For short times 

( r< 1 0 ), a0 (r) is non-growing and irregularly oscillating because o f a strong interaction

between the primary a and the first harmonic (a - k ) waves. Soon, a_,(t) starts to 

develop and has a magnitude similar to a0(t). For long times (/>10), both amplitudes

grow exponentially and show a constant oscillatory period. This again implies that there is 

a dominant eigenvalue controlling the dynamics for long times. Both amplitude curves 

(i.e., their maxima) agree very well for long times with the growth from the real part o f the 

Bloch eigenvalue. One half o f the period o f oscillation is 7.31 (f=10~60), corresponding to

the width o f one hump in Figure 13(c), since we plot |ay(r)|. It also agrees very well with

the value (7.322) deduced from the imaginary part o f the Bloch eigenvalue. Note that for 

long times, both waves not only grow, but they also have similar magnitudes so as to 

compete with each other as they oscillate out-of-phase. This is different from the usual 

cases in which, as previously shown in Figure 6 (b), only one (the firs t harmonic) wave
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dominates for long times. As we shall see below, the corresponding spatial evolutions also 

differ from those o f the earlier normal cases, particularly for long (linear) times.

Figures 14(a) and (b) show the corresponding spatial evolutions for a =1.2 for short 

and long times, respectively. As shown in Figure 14(a), for short times (f<5.0), the

interface slightly modulates and amplifies due to an interaction with the w all’s first 

harmonics. When / =10.0, the interfacial growth is evident, but the interface grows non- 

uniformly in space. For even longer times as in Figure 14(b), the interface further 

amplifies. The non-uniform growth in space still continues, and no clear dominant wave 

length appears. This implies that a competition between the primary (w ith wave number 

1 .2 ) and the first harmonic (with wave number ~1.62) waves is so strong that neither 

dominates for the long times. They simply jockey for dominance. This competition is 

indeed suggested by Figure 13(c) and the resulting evolution pattern can be seen by the 

following observation. We observe that the interface at t =5.0 and that at t =20.0 show 

fairly sim ilarly shaped wave patterns (o f different amplitudes), and so do those at r = 1 0 . 0  

and; =25.0. In addition, the interfaces at t =5.0 and t = 10.0 are roughly out o f phase, 

and so are those at t =20.0 and t =25.0. Recall that, the oscillation period is about 14.6, 

as suggested by Figure 13(c). These thus demonstrates oscillatory growing patterns 

resulting from a strong competition between the primary and its first harmonic waves in the 

bridge region.
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6. Summary and Conclusion

We have examined the base flows and the corresponding linear stability o f the core- 

annular flow  o f two inviscid fluids in a slightly corrugated tube in the asymptotic lim its o f a 

thin annular thickness e and a small corrugation amplitude a . For sufficiently strong 

capillarity relative to inertia (We ~ 1/e), both the leading order base state and its 

corresponding linear stability are determined completely by the film ’s flow . The core’s 

dynamics slave those o f the film . When the wave number o f the wall k is equal to the 

natural frequency k* o f the base flow, the base flow ’s interface grows in the r-direction 

because o f resonance. I f  the linear theory remains valid for large deviations as well, this 

suggests that the base flow  solution may break up downstream. The base flow ’s interface 

can have a phase shift relative to the wall. This phase shift depends on the difference

between k2 and k ’1. Unlike the viscous system whose the interface-wall phase shift is a 

continuous function o f the surface tension and k , the interface-wall phase shift in the 

inviscid case is either 0° (in-phase) for k < k \  or 180°(out-of-phase) fo r k > k \  For the 

special case o f k - 1 , where the wall’s wave length matches the undisturbed interfacial 

circumference, the capillary effect vanishes to the leading order. The base flow’s interface 

follows the shape o f the wall exactly and the resulting flow  field is locally parallel to 

leading order in a.  For this special case, the corresponding linear stability reduces to the 

straight-tube result to leading order in e. The effect o f corrugation first enters at the next 

order in a .

This theory can be extended to an even stronger capillarity We » 1/e and to a less 

strong capillarity 1 «  We « 1/e without a change o f formulation. For We » 1/e, 

c a p illa rity  dominates inertia. The base flow’s interface becomes less deformable and thus 

remains cylindrical to leading order. For 1 «  We « 1/e, inertia is dominant. As in the 

k~  1 case, this leads to a locally parallel base flow  and to the linear stability o f the straight 

pore to the leading order.
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With the leading order base flow  fo r asymptotically small corrugations, we 

asymptotically derive two coupled evolution equations that govern the linear stability o f the 

base flow  to this order. We apply Floquet-Bloch theory to derive the eigenvalue spectra 

and, in parallel, perform numerical simulations for the initial value problem defined by the 

coupled amplitude equations for various in itia l conditions. From the eigenvalue spectra, we 

find that the growth rate o f the inviscid system is 0 ( 0  f° r 1 non-dimensionalized by 

RqIW0. Not surprisingly, this growth is faster than that o f the viscous system whose 

growth rate is 0 (c ), as determined in our earlier work (Wei &  Rumschitzki, 2000-Chapter 

II). This is because in the inviscid system the inertia responds immediately to the capillary 

pressure to accelerate or decelerate the flow . In contrast, in the viscous system, the 

viscosity balances the capillary pressure and retards the response. As in the viscous 

system, the corrugation leads to periodic eigenvalue spectra because o f the periodic 

coefficients in the evolution equations. The eigenvalue spectra exhibit more than one 

growth rate for some ranges o f monochromatic in itia l disturbance wave lengths. Depending 

on the wave number o f the wall k, adjacent eigenvalue branches may or may not overlap. 

I f  they do, then there is no stable disturbance regime for a . But, for k>2, the eigenvalue 

spectrum generally has a gap o f stable disturbance between adjacent eigenvalue branches in 

the short wave regime. The eigenvalue branches’ overlapping also leads to a competition 

between the primary and other branches at different time scales. For an initial 

monochromatic disturbance, the dynamics follows the primary branch for short times. 

Depending on the wave number a o f the in itia l disturbance, the maximum growth rate may 

belong to the secondary branch. In such cases the secondary branch can dominate at longer

times o f 0(ln(a '1)). In contrast to the straight tube case, where a disturbance with wave 

length (a > l)  shorter than the undisturbed circumference only leads to steady convective 

waves, the w all’s corrugation couples short wave disturbances to the w all’s harmonics
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which can include unstable longer waves. These excited long waves (due to the secondary 

branch) can dominate for long times.

We have also developed a matrix perturbation theory to analytically calculate the 

corrugation’s correction to the eigenvalue spectrum. Also similar to viscous results, the

corrections are normally 0(<t2). The difference is that 0(a) corrections can also occur for 

the inviscid system. This 0 (a ) correction is the result o f the merging o f different 

eigenvalue branches at 0 (a°) and it can excite an instability for some ranges o f 

parameters. Such a merging generally occurs at a  » 1.0 for the primary branch whose 

upper and lower eigenvalue sub-branches at 0 (a °) merge at a = 1. However, another 

type o f the 0 (a ) instability can arise from the merging between the (upper) primary and 

(lower) secondary branches for the 0 (a °) eigenvalues. Such a merger is possible for short

waves a > 1 and k > 2 , particularly in the singular case when a -  k/2 = k ' , the natural 

frequency o f the base flow. The resulting eigenvalue spectrum is rather different from the 

usual one. This 0 (a ) type o f instability couples with the normal type around a = 1.0 

(from the primary branch alone) and k - 1  (from the secondary branch alone), and seems to 

form a bridge connecting the primary and secondary branches. As a result, a generally 

stable regime in short waves for k > 2 no longer exists in this case. Due to the periodicity 

o f the eigenvalue spectra, this instability also occurs at a  = nk/2 (n =1,3, ...), a situation 

similar to one found by Rhines (1970) and Mitra and Greenberg (1984) for the case o f a 

river flowing over a corrugated bed. In comparison with our earlier work for the viscous 

system, k > 2  always leads the viscous system’s eigenvalue spectra to have a stable gap 

between the primary and the secondary branches fo r short wavesa>l. For similar ranges

o f k and a , the inviscid system’s eigenvalue spectra normally also have such gaps o f 

stability. But, fo r the singular case o f k - 2 k \  i.e., for a particular combination o f
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parameters, such a stable region for short waves may no longer exist. Instead, it may 

induce an 0 (a ) instability that becomes dominant for time scales o f 0 (a _l).

Our viscous study was motivated by applications such as secondary o il recovery. 

Even though in  most applications viscosity plays an important role, when the inertia is not 

negligible or when one is interested in short-time dynamics, we hope that the viscous and 

inviscid theories can bracket the expected stability features (e.g., the growth rate). For a 

typical example, consider a liquid-liquid displacement. Consider an o il film  (10 cp 

viscosity) surrounding a water slug ( 1  cp viscosity) with an interfacial tension o f 1 0  

dyne/cm in a 200 fdm -diameter pore. For a film  thickness o f 10 ̂ im, e~  0.1. I f  the 

velocity o f slug is about 1 0  cm/s for an initial stage o f the displacement, the resulting 

Reynolds number based on core quantities is about 10. The Weber number is about 100. 

W ith these parameters, the inviscid straight pore theory gives a maximum linear growth rate 

about 1.S8 s'1, i.e., about a 0.4 s doubling time. In contrast, the viscous straight pore 

theory gives a corresponding maximum growth rate o f about 0.5 m in'1, i.e., a doubling 

times o f about 80 s. The inviscid theory predicts a growth about 200 times faster than the 

viscous one. Let us consider, for a moment, how pore corrugation can affect the inviscid 

system’s stability. Consider a monochromatic, sinusoidal corrugation o f small amplitude, 

say 1.0 fjm (s till detectable), giving a  = 0.1 and a wall wave length o f 350 fum (k =1 .8 ), 

shorter than the mean pore circumference o f 628 fxm. Imposition o f a short wave 

disturbance o f 500/im or a  =1.26>1 would not lead to growth in a straight tube. 

However, w ith the given corrugation, this perturbation excites an unstable wave o f 

a '=  [1.26—1.8| = 0.54 or L  =1164 im  with the growth rate 1.43 s' 1 after a time o f order 

/«(1/a) 16 s. This is the major effect o f corrugation.

The linear theory for which we have presented calculated figures is based on a wall 

whose corrugation is o f a single wave length. Real geometries may contain more than one 

wave length. By decomposing them into a Fourier series, the present theory can deal w ith a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



176

wall whose corrugation has multiple wave lengths. We can employ similar techniques to 

solve for the corresponding leading order base flow  and the linear stability due to the 

periodicity o f the eigenvalue spectra. In fact, equation (3.9) is s till valid for an arbitrary 

order one wall shape function and, likewise, (4.7) gives its linear stability. A more 

complicated wall shape w ill however, yield a matrix (4.14) which is no longer sparse. In 

such a case, the w all’s multiple wave lengths may lead to a serious overlapping between 

different eigenvalue branches. The upshot is that a corrugated wall rarely yields a stable 

inviscid system. This agrees w ith our earlier work for a viscous core-annular flow with a 

two-wavelength wall.
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In this thesis, we systematically examine the effects o f pore corrugation on the stability 

o f a core-annular flow  in a pore in the lim it o f a thin annular film  (e  —► 0 ) and a small 

corrugation (<r - *  0 ). Both viscous and inviscid systems are investigated. The former 

includes linear and weakly non-linear stability analyses, and the latter examines only the 

linear stability, including its fascinating resonant cases.

Chapter II examines the linear stability problem o f a viscous CAF. The leading order 

base flow  and the corresponding linear stability are asymptotically developed for the case o f 

a sufficiently strong interfacial tension. The linear stability is controlled by the film ’s 

interfacial evolution, and the core just slaves the film . It yields a partial differential equation 

whose coefficients are periodic in space, because they derive from the leading order 

periodic base flow. We employ Floquet-Bloch analysis to obtain the eigenvalue spectra for 

this linear stability equation and compare the results w ith the numerical solution o f the 

initial value problem for the interfacial dynamics for a given single initia l condition and a 

range o f parameters. In addition to a corrugation-derived 0 {a2) correction to the growth 

rate, the most striking results are that the eigenvalue spectra show £-periodic and multiple- 

branch structures that are unstable to short waves o f the initial disturbances. In contrast to 

the straight cylinder theory where an in itia l disturbance w ith wave length shorter than the 

circumference o f the undisturbed flu id-flu id  interface is stable, with corrugation it  can be 

modified by interaction with the wall’s corrugation (via the leading order base flow ) to 

become longer. It then leads to an instability. That is, an unstable higher wall corrugation 

harmonic is excited by the initial disturbance. As a result, the key to determining the 

features o f the linear stability is the wave number k o f the wall. The system is unstable for 

all wave number disturbances unless k>2. The spectrum for k>2 has stable gaps in the 

short wave ranges, and thus may be stable to certain specific monochromatic disturbances.
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Since real pores have more than one wall wave length, we have extended this study to the 

case with multiple wall wave lengths. As such, such flows are rarely linear stable.

In Chapter m , we extend the linear analysis into the weakly non-linear regime. In the 

weakly nonlinear regime, earlier studies o f straight tubes yielded Kuromoto-Sivashinsky 

type amplitude equations governing the interface’s evolution, or related equations 

depending on the exact scalings o f the system’s parameters. Linearly unstable long waves 

saturate in the weakly nonlinear regime because the KS non-linearity steepened, and 

effectively shortened the wavelengths o f the growing linearly unstable long waves. The 

longitudinal tension then stabilized these shortened waves. The weakly non-linear analysis 

in a corrugated tube leads to the competition between unstable long waves being shortened 

and stabilized on the one hand, and these shorter waves exciting new unstable longer 

waves on the other. We derive and numerically solve the weakly non-linear amplitude 

equations for this situation and explore the results o f this competition for various parameter 

regimes. For moderate or less strong interfacial tensions, the long wave linear instability 

excited by the corrugation as in Chapter II s till can be suppressed by the stabilization from 

the nonlinear steepening.

As shown in Chapter II and III, we have prelim inarily understood the role corrugation 

plays in determining a viscous CAF's stability. In Chapter IV , we again study the effect o f 

corrugation on the linear stability o f an inviscid CAF. This serves as a complementary 

problem to the viscous CAF to see how inertia interacts with the corrugation. By using 

similar techniques to those used in Chapter II, we again develop the leading order base 

flow  and its linear stability. The linear stability is governed by a coupled set o f film  

evolution equations for the case o f strong interfacial tensions. Floquet-Bloch analysis is 

again used for the linear stability analysis. Eigenvalue spectra sharing similar features w ith 

the viscous case are found. They exhibit multiple-branch and -periodic structures, but 

shortwave disturbances do not decay. The in itia l value approach shows an analogous 

instability due to the excitation o f higher wall harmonics. We develop a matrix perturbation

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



200

theory along with an iterative perturbation techniques to calculate the correction to the 

growth rate. We find that the correction to the growth rate is 0 (a 2) unless a double root o f 

the growth rate occurs in the 0(a°) eigenvalues arising from different branches. Such a 

case can lead to a large 0(a) correction to the growth rate. This occurs near the disturbance 

wave number a = 1 as a result o f the interaction between two eigenvalue branches that at 

a  = 0  differ only by their sign, and thus coincide when they pass through zero (for 

<r = 0) at a = I. For a particular combination o f parameters, another similar type o f 

interaction can arise as two different eigenvalue branches coincide, which can sim ilarly lead 

to an 0(a ) correction. In particular, for a certain value o f the Weber number, when the 

wave number k o f the wall equals twice that o f the natural frequency k ’ (> 1 ) o f the base 

flow, an 0(a) correction appears at a  = k ‘>\ in the short wave regime. The most striking 

result o f this interaction is that the eigenvalue spectrum forms a bridge connecting between 

the primary and secondary branches. For \< a  <k, the corresponding dynamics show that 

the primary a  wave competes w ith its first harmonic (a  -  k) wave and neither dominates 

even for long times in the linear regime. The long-term interfacial evolution grows in an 

oscillatory manner where these two modes alternatively predominate.

The research presented in this dissertation has led to a better understanding o f how 

corrugation affects the stability o f a core annular flow . This study brings to light the key 

role played by the wall corrugation and has hopefully provided new insights into the 

potential instability mechanisms that may be at work in secondary o il recovery and in 

respiratory bronchioles due to cross-sectional non-uniformity.
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