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Abstract

ANALYSIS AND REDUCED SIMULATIONS OF
LAMINAR/TURBULENT WAKE FLOWS

by
Nian-Zheng Cao

Advisor: Professor Nadine Aubry

Laminar and turbulent wakes behind bluff bodies are simulated by reduced
systems and analyzed through Biorthogonal and Proper Orthogonal Decomposition
techniques.

First, a reduced direct numerical simulation is proposed to integrate the
Navier-Stokes equations and simulate laminar wake flows, using a spectral expansion
based on basis functions satisfying the boundary conditions. More specifically, by
removing the body from the computational domain and imposing the spatial mean
velocity profile, we derive a reduced representation which successfully reproduces a
stable two-dimensional vortex street at Reynolds number Re = 56 (based on the di-
ameter of the cylinder and the speed of the fluid at infinity) and its three-dimensional
secondary instability at Reynolds number Re = 230. These results are similar to those
obtained at a significantly higher computational effort by direct numerical simulations
of the original system including the cylinder.

Second, the spatio-temporal structure of laminar and turbulent wake flows
is investigated through a biorthogonal decomposition analysis, particularly in terms
of spatio-temporal symmetries. We show for example how the spatio-temporal trans-

lation symmetry characterizing traveling waves is broken in a two-dimensional wake
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flow behind a half-cylinder. As far as turbulence is concerned, if the flow is assumed
to satisfy the scaling invariance of the Navier-Stokes equations, then biorthogonal en-
ergy spectra should decay exponentially fast. This is indeed observed in the analysis
of experimental data in a turbulent wake. We then construct a low-dimensional dy-
namical system for a laminar wake flow past a half cylinder based on the biorthogonal
decomposition. The efficiency of the truncation in the biorthogonal decomposition
technique is demonstrated by a successful numerical reproduction of the Karman
vortex street.

Third, the structure of a turbulent far-wake behind a circular cylinder (at a
downstream distance of 100 cylinder diameters) experimentally measured by Guezen-
nec and Gieseke (1991) is studied via the proper orthogonal decomposition, assuming
the homogeneity of the flow in the spanwise and streamwise directions. We show
that the first proper orthogonal mode presents the main features of typical coherent
patterns which have been discovered by other researchers, including the double-roller
structure and spanwise/ streamwise vortices. Finally, a low-dimensional dynamical
system based on the first proper orthogonal modes and derived from the Navier-Stokes

equations predicts turbulence statistics of approximately the right shape.
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Chapter 1

Introduction

Wakes behind bluff bodies furnish classical and important examples of flows
having numerous geophysical and industrial applications. Their theoretical signifi-
cance in fluid dynamics has been revealed by the understanding of the Karman street
formation and the persistence of coherent structures at higher Reynolds numbers.
Still nowadays, wake flows play a central role in fluid mechanics research.

Much work has been performed in the last twenty years to study the mecha-
nisms controlling the wake formation and the near-wake evolution behind bluff bodies.
Recent theoretical work has shown that the primary instability from a steady flow
to a large-scale periodic motion is due to an absolute instability mechanism. From
this viewpoint, it is very different from other flows with large-scale motions such as
boundary and mixing layers which are convectively unstable. In wake flows, the im-
portance of the formation of large-scale motions manifests itself, for instance, through
the strong feed back the flow has on the body itself, resulting in a large amplitude
unsteady lift and drag acting on the body with a possible strong aeroelastic or hy-
droelastic coupling. Furthermore, the large scale motions also create a strong noise
field both directly and through the elastic coupling with the body. Therefore, it is

very important to control the wake formation and the roll-up into an organized vor-



tex structure to reduce both steady and unsteady forces on the body and decrease or
alter the noise signature.

Bluff body wakes provide many basic flow phenomena whose fundamental
mechanisms are still not clearly understood, partially due to the lack of detailed anal-
yses and measurements, the difficulty lying in the complexity of the system beyond
low Reynolds numbers at which the flow is two-dimensional and periodic in space
and time. Although it is formally possible to numerically solve the Navier-Stokes
equations, it is difficult in practice due to the large computer memory and time units
required for a reliable integration. When the flow becomes turbulent, the situation is
even worse, involving an enormous amount of information carried by the fluctuating
field evolving in both space and time: a complete numerical description of the flow is
still not available, so that the following questions still remain open issues. What is the
detailed structure of the large-scale motions? What is the structure of small scales?
Is it possible to describe a wake flow by a reduced system? These questions have.
obviously important implications for understanding the mechanisms and controlling
wake flows.

This thesis is an attempt to answer these questions, from different ap-

proaches, as we outline below.



1.1 Numerical Simulation of Laminar Wake Flows

Numerical simulations which play an important role in predicting and an-
alyzing laminar, transitional and turbulent flows, are still limited to simple flow ge-
ometries and relatively low Reynolds numbers. Although numerical schemes differ
from one another in their detailed procedure, they all involve a discretization process
in which infinite dimensional (continuum) models are projected onto finite dimen-
sional, discrete forms. The minimal number of degrees of freedom required in flow
computations increases with both Reynolds number and the complexity of the flow
geometry and depends on the particular discrete modes used. Efforts to adapt the
modes to the spatial geometry and the dynamics of the flow have been made (Aubry
et al., 1988, Sanghi and Aubry, 1992, Cao and Aubry, 1992, Deane et al., 1991). Sig-
nificant progress in numerical simulations of turbulence should be possible by using
renormalized well-adapted basis functions, as given by the scaling symmetry of the
Navier-Stokes equations (Aubry et al., 1992(a), Lian and Aubry, 1993) and investi-
gated in turbulent wake flows (Aubry and Cao, 1993, Cao and Aubry, 1992). The
present approach, valid for statistically steady flows, concentrates on reducing the
order of the system by replacing the complex geometry of the flow by a simple one
(consisting of periodic boundary conditions) in which the spatial mean velocity is
imposed and maintained time independent. The information concerning the latter is
assumed to be known from experimental measurements, for instance. The question is
then whether such a reduced representation can reproduce the fundamental dynamics
of the original system, such as the primary and secondary instabilities. We test our
ideas on a wake flow behind a cylinder where such a method has an obvious practical
advantage. Indeed, the presence of the body generates a thin boundary layer near
its surface which requires high resolution in full numerical simulations. It is also of
high theoretical interest to compare the original system with the reduced one and

investigate the role of the mean flow/fluctuation interaction. The idea of removing



the object in wake flows is not novel and can be found in Abernathy and Kronauer
(1962) who simulated the instability of two parallel spatially periodic vortex sheets
and obtained a vortex street whose spatial and temporal periodicities are different
from that experimentally observed. More recently, Triantafyllou and Karniadakis
(1990) simulated a vortex street of the right frequency by initially imposing an inflow
equal to the temporal average flow taken at a location where it is the most linearly un-
stable. Although both studies reproduce a stable Karman street, they do not address
the development of the three-dimensional secondary instability as Reynolds number
increases.

The basic numerical techniques used to simulate fluid flow behavior can be
classified into four categories: finite differences, finite elements, boundary elements
and spectral methods. In fundamental investigations of laminar, transitional and tur-
bulent flows in simple geometries, spectral methods (Gottlieb and Orszag 1977) have
been mostly used, due to their high accuracy and efficiency. Since the development
of spectral Galerkin methods by Orszag (1969) and Eliasen et al. (1970), many use-
ful and efficient versions of this kind of methods have emerged. The basic concept
is as follows: Looking for solutions of a partial differential equation, we expand the
dependent variable into a truncated series of spatial orthogonal basis functions and
convert the partial differential equation into a set of ordinary differential equations
via a Galerkin procedure. Different types of basis functions have been proposed such
as Fourier modes, Chebyshev and Legendre polynomials, etc., depending on the flow
boundary conditions. Periodic boundary conditions lead to Fourier series expansions
which are accurate and efficient. For finite domains with physical boundary condi-
tions such as no-slip, polynomial basis functions are usually used (Rogallo and Moin
1984). In case of infinite domains, domain transformations have been used to recover
finite situations. Metcalfe et al. (1987) used algebraic and exponential mappings to

simulate the mixing layer flow with Fourier expansions in two periodic directions and



Chebyshev polynomials in the infinite direction. Spalart et al. (1991) designed a
spectral method for both a half-infinite domain and a full infinite domain combining
an exponential mapping with a Chebyshev polynomial expansion. Here, we propose a
Fourier series expansion in the infinite normal direction in terms of a tangent function
mapping, so that the quiescent boundary conditions are satisfied a priori. In the two
other directions classical periodic boundary conditions are applied, allowing the use
of Fourier modes. Consequently, the computation can be performed with accuracy
and efficiency due to Fourier expansions satisfying all boundary conditions.

The vortex wake of a two-dimensional circular cylinder has been extensively
investigated both computationally and experimentally. At small Reynolds numbers,
the flow is steady, two-dimensional and invariant under reflection about the center
plane. As Reynolds number increases above 40, a Hopf bifurcation to a laminar,
two-dimensional periodic state of a Karman street occurs. This primary instability,
observed in a number of experimental investigations and reproduced by numerical
simulations (Gresho et al., 1984, Karniadakis et al., 1985 and Braza et al., 1986),
has been theoretically explained by the linear stability theory by Triantafyllou et al.
(1986). While experiments clearly show that transition to turbulence occurs at a
Reynolds number between 200 and 400, two-dimensional numerical simulations still
predict laminar flows for Reynolds numbers as high as 500 (Karniadakis and Tri-
antafyllou, 1989).' The details of this transition, whose computation is CPU time
consuming, need further investigations, in contrast to the primary instability now
well-understood. Recently, the three-dimensional direct numerical simulation of Kar-
niadakis and Triantafyllou (1992), a mixed spectral and spectral element method,
performed on a Cray-Y/PM, used a mesh of 34 elements in the transverse plane and
16 Fourier modes in the spanwise direction. It shows that a secondary instability
to a three-dimensional periodic solution occurs when Reynoids number reaches 200,

followed by a period doubling bifurcation at about Re = 333 leading to a turbulent



flow as the Reynolds number is increased further.

We present in Chapter 2 a numerical simulation of a wake flow by a spectral
method (see also Cao and Aubry 1993). Instead of considering no-slip boundary
conditions on the surface of the body (here, a cylinder), we remove the latter from the
computational domain and decompose the flow into the fluctuation and the spatial
mean. We then impose the latter and maintain it constant as time evolves. This
permits the application of simple boundary conditions for the fluctuation, which are
periodic in the spanwise and streamwise .directions and quiescent otherwise. We
then use a Fourier mode expansion in all directions, making the code particularly
efficient. We show that our method can reproduce a Karman street and we compare
our results with those obtained experimentally (Kovasznay, 1949) and by instability
theory (Triantafyllou et al., 1986). As the Reynolds number increases, the secondary
instability to a three-dimensional state is obtained, as in the numerical simulation of
the original problem by Karniadakis and Triantafyllou (1992).

It is interesting to note that the reduced systems derived in the works men-
tioned above are shear flows characterized by simple (usually rectangular) geometries
and a main shear velocity profile. However, we have to keep in mind that although
periodic boundary conditions in the streamwise direction are the simplest compu-
tationally, they constrain the flow to be parallel, in which case the latter tends to
a uniform state under the action of the viscous dissipation, which is, of course, an
unrealistic asymptotic state. In order to keep the periodicity of the flow, we then
have to compensate this (artificial) effect. The most natural way for achieving this
goal seems to either maintain the spatial mean shear velocity profile independent of
time, thus feeding continuously the perturbation and preventing the uniform state to
settle, or impose a forcing compensating viscous diffusion. We then apply the latter
idea to a wake flow behind a circular cylinder to obtain another reduced numerical

simulation, and find satisfying results.



1.2 Spatio-temporal Analysis of Wake flows

Biorthogonal decomposition (BOD) methods proposed by Aubry et al. (1991,
1992(b)) have the advantage of offering a space-time dynamical system theory tool
which convergences optimally fast in a space-time sense. They also define a frame-
work in which spatio-temporal symmetries can be introduced in a natural manner.
More precisely, they consist in decomposing a space-time function u(z,t) into spa-
tial orthogonal modes and temporal orthogonal modes, the two sets of modes being
related by an isomorphism (a one-to-one correspondence). Spatio-temporal bifurca-
tions and chaos in one-dimensional systems such as numerically obtained solutions of
the Kuramoto-Sivashinsky equations and experimentally measured dispersive chaos
in binary-fluid convection (Aubry and Lian, 1993, Slimani et al., 1992) have been
quantitatively investigated using such tools.

The derivation of a low-dimensional dynamical system using the appropri-
ate modes is an attractive approach to fluid mechanics since it has the potential of
describing complex physical phenomena in a low-dimensional space, which would re-
quire a huge number of degrees of freedom, particularly at high Reynolds number, by
conventional approaches such as direct numerical simulations. As we will discuss in
the following section, a few low-dimensional dynamical systems have been proposed
to analyze different flow problems. In particular for laminar wake flows, Deane et
al. (1991) applied the POD method in two-dimensions to obtain a low-dimensional
dynamical system by prescribing the mean velocity of the flow. They neglected the
influence of the pressure term, supposing that their computational domain was large
enough to assume zero pressure at the outflow boundary and periodic conditions in
the cross-flow direction. Although decomposing the flow into a mean and a fluctua-
tion (via a Reynolds decomposition) and treating the mean flow separately has been
proven to be a successful method (Aubry et al. 1988, Cao and Aubry 1992), it is

not necessarily the most efficient approach in case of an inhomogeneous flow (Aubry,



Figure 1.1: The sketch of the flow past a half cylinder.

1991, Aubry et al., 1991). For this reason, in the following, we do not extract the
mean velocity from the flow systematically and therefore, we release any constraint
concerning the mean flow.

In Chapter 3, attempts are made to analyze the spatio-temporal symme-
tries of wake flows. First, we consider the laminar wake flow behind a half-cylinder
sketched in Figure 1.1. Flow patterns developing behind a full cylinder at different
Reynolds numbers have been investigated in computational and experimental stud-
ies. We recall that at small Reynolds numbers, the flow is steady, two-dimensional
and symmetric about the center plane. When the Reynolds number increases above
40, a Hopf bifurcation to a two-dimensional laminar periodic state of a Karman
street takes place. This vortex pattern persists until the Reynolds number reaches
200-400, when the flow becomes three-dimensional. However, by confining the flow
to a two-dimensional state in a two-dimensional computation, the periodic Karman
street is found to persist (Karniadakis and Triantafyllou, 1989). Although the tran-

sitions to three-dimensionality and turbulence are correctly predicted by the three-



dimensional direct numerical simulation (Karniadakis and Triantafyllou, 1992), the
two-dimensional numerical simulation reveals very different characteristics for a half-
cylinder wake flow. Karniadakis and Tomboulides (1992(a)) found that such a wake
flow undergoes a period doubling bifurcation associated with a vortex merging pro-
cess. Although this finding was robust to a finer resolution, it disappeared when
three-dimensionality effects were accounted for in the calculation. Moreover, period
doubling could not be experimentally identified by Brown (1992). Although such a
phenomenon may be a mere two-dimensional artifact in this particular flow, it re-
mains a robust and generic feature of the transition process in other flows such as
mixing layers. For this reason, we feel that the nature of the merging process is worth
investigating, particularly its impact on the spatio-temporal structure of the flow.
It is certainly a possible mechanism through which the flow becomes more complex
in space and time, as we show below. We should, however, keep in mind that it is
certainly one scenario for the route to turbulence, but it is not the only one.

We concentrate our spatio-temporal study of wake flows on the breaking
and creation of space-time symmetries, as the main features of various instabilities
through the transition process. For low Reynolds numbers, we show that classical
spatial symmetries, such as the streamwise translation and the reflection about the
mid-plane, are present statistically, or equivalently in a space-time sense. In these
simple cases, the configuration of the temporal component of the symmetry is easy
to determine. As Reynolds number increases, particular spatio-temporal symmetries
break while the statistical symmetry is maintained. The latter is responsible, as we
prove in this thesis, for the spatial structure of the flow in terms of sinuous and
varicose modes. At high Reynolds numbers, in the turbulence regime, it is likely that
the flow satisfies the space-time scaling symmetry of the Navier-Stokes equations. Our
findings concerning turbulent wake flows tend to indicate that this is indeed the case.

This has important consequences on the spectrum decay law and the spatio-temporal
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structure of the flow.

Based on the BOD expansion, we derive a low-dimensional dynamical system
at low Reynolds number which reproduces the Karman street. It is found that without
prescribing the mean velocity it is necessary to include the pressure term to keep the

amplitude of the oscillation from decaying to zero.

1.3 Turbulent Structures in the Wake behind a

Circular Cylinder

The identification of coherent structures in turbulent flows has attracted
a great deal of attention among turbulence researchers. It is found that despite
their randomness, most turbulent flows reveal certain types of organized, large scale
motions. Progress in the observation of these large structures has been achieved
both experimentally and computationally in various flows such as boundary layers,
mixing layers and wakes. However, researchers seem to have recently concentrated
their efforts in the study of the boundary layer and the mixing layer, wake flows being
more neglected, perhaps because a direct numerical simulation of a turbulent wake
has not yet been performed due to its relative complex geometry.

Coherent, large eddy structures in fully developed wake flows have been
detected experimentally since Grant (1958), wh§ first suggested the existence of the
double-roller structure (see Figure 1.2) and that of spanwise vortices from the observa-
tion of the correlations. Later, Payne and Lumley (1967) applying the proper orthog-
onal decomposition technique to analyze the correlations measured by Grant(1958),
obtained a “conceptual picture” of the double-roller structure shown in Figure 1.3.
While there is some similarities between Grant’s structures and those of Payne and
Lumley, the main difference lies in their orientation (see Figures 1.2 and 1.3). In

Payne and Lumey’s sketch, the roller axes are almost perpendicular to the wake
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centerplane, while the flow circulation is inclined to the (z,z)-plane (except at the
center-plane). In Grant’s sketch, the roller axes are inclined to the (z, 2)-plane, while
the flow circulation is in the (z,z) plane. Grant notices that such eddies cannot
gain energy through stretching by the mean shear and concludes that these eddies
have probably been formed in the near-wake region and should be decaying in time.
We note that the same is valid for Payne and Lumley’s eddies. Later, double-roller
eddy structures and spanwise vortices were observed in the far-wake region by Kef-
fer (1965), Townsend (1979) and Mumford (1983). Bisset et al. (1990) supported
Grant’s suggestion, confirming that the roller axis in the far-wake is aligned in the
principal direction of the mean strain by analyzing the probability density distribu-
tion function of the inclination of the vorticity vector. Ferré and Giralt (1989) also
identified the double-roller structure in the far-wake through a pattern-recognition
analysis. In spite of these discoveries, the theoretical and experimental investigations
concerning the large eddy structures in turbulent wake flows are far from being com-
plete. Clearly, there is a need for a better understanding of their configuration (e.g.
the orientation of their axis and their plane of circulation) and their (decaying or
self-sustained) dynamics.

In the near-wake region, experimentalists have concentrated their efforts on
measurements in spanwise or normal cross-sections. Conditional averaging methods
have been used to study the topology of the structures by Cantwell and Coles (1983),
Perry et al. (1982) and Hayakawa and Hussain (1989). They all conclude that large-
scale motions in the near-wake mostly consist of Karman street like vortices (Ferré
and Giralt 1989). While the investigation of coherent structures in the near-wake
is interesting by itself, it has also the potential of providing explanations for the
formation of coherent structures and the origin of far-wake flow patterns.

Coherent structures in turbulent shear flows were first visualized by Kline

et al. (1967) in a turbulent boundary layer and by Brown and Roshko (1974) in a



Figure 1.3: Double-roller structure from Payne and Lumley (1967).
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turbulent mixing layer. Conditional averaging methods then became the main tool
for identifying coherent structures from experimental data. The variable interval time
average (VITA) was perhaps the most popular one, used by Blackwelder and Kaplan
(1976) and Chen and Blackwelder (1978) for analyzing both the velocity and the
temperature in turbulent boundary layer flows. The VITA technique is successful
in separating random fluctuations from coherent motions by averaging the signal in
terms of an indicator function, a priori chosen, sensitive to the occurrence of a coherent
motion. Unfortunately, the VITA technique cannot serve as a general detection tool
for organized motions in turbulence because the success of the detection relies upon an
energy criteria which may differ from one type of organized pattern to another one.
The proper orthogonal decomposition (POD) method, proposed by Lumley (1965)
to extract coherent structures from turbulent flows, has proven to be an efficient
and objective method in studying boundary layer flows (Bakewell and Lumley 1988,
Herzog, 1986), jet flows (Glauser at el. 1990) and wake flows (Payne and Lumley
1967). The POD consists in decomposing the two-point correlation of a random, say
spatial, function into a set of deterministic spatial orthogonal eigenfunctions. The
original signal can then be expanded in terms of these eigenfunctions, with a priori
unknown random coefficients. Despite the efficiency of such a technique, one of the
main difficulties of the method is due to the loss of the phase information. The
expansion converges optimally fast in quadratic mean (i.e. in terms of the kinetic
energy). A review of the application of the POD to turbulence can be found in
Sirovich (1987), Aubry (1991) and Berkooz et al. (1993).

From a theoretical viewpoint, advances in dynamical systems theory suggest
that it may be possible to describe turbulence through the strange attractor concept,
although the connection is not yet clear, the latter concerning low-dimensional dynam-
ical systems in contrast with the high-dimensional, extremely complex turbulence pro-

cess (Guckenheimer, 1986). Since the early discovery by Lorenz (1963) of the presence
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of a strange attractor in a three-dimensional dynamical system, a severely truncated
model of the Boussinesq equations, low-dimensional dynamical models of turbulence
have been derived for closed flow systems such as Reyleigh-Bénard and Taylor-Couette
flows (Rand and Young (1981), Swinney and Gollub (1981) and Campbell and Rose
(1983)). More recently, attempts to describe open flow systems such as boundary
layers and jet flows have been made by Aubry et al. (1988), Glauser et al. (1990) and
Sanghi and Aubry (1992). In these works, the technique is similar and was first de-
veloped by Aubry et al. (1988). It consists in projecting the Navier-Stokes equations
onto a low dimensional space spanned by the first POD eigenfunctions, modeling the
action of small scales by an eddy-viscosity model.

In Chapter 4, we investigate the presence of coherent structures in a turbu-
lent wake behind a circular cylinder. We then derive a low dimensional dynamical
system to study the dynamics of these structures. The results of the integration
are exploited and compared with experimental results. To achieve this goal, we first
decompose the two-point correlation tensor experimentally measured by Guezennec
and Gieseke (1991) via the POD. The spatial resolution of these correlations is much
higher than those of Grant used by Payne and Lumley (1967). Moreover, our defini-
tion of coherent structures is different from that used by the latter authors, allowing
us to visualize, in the first eigenmode, a relatively complex pattern consisting of both
the double-roller structure and spanwise vortices. Contrarily to previous authors’
findings, our double-roller can sustain itself, which is indeed confirmed by the low-
dimensional dynamical system results. The latter is derived in a similar way as that
of Aubry et al. (1988), with, however, a different mean velocity profile representation.
The form of the turbulent Reynolds stresses is successfully recovered through this low

dimensional dynamical system, but their amplitudes are too low (as expected).
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Chapter 2

Numerical Simulation of a
Léminar Wake Flow via a

Reduced System

In this chapter, we propose reduced numerical simulations for integrating
the Navier-Stokes equations and simulating the laminar wake flows. By removing the
body from the computational domain and imposing the spatial mean velocity profile,
we derive a reduced system which is then solved by a spectral expansion based on
basis functions satisfying specific boundary conditions and rebroduces successfully
the dynamics of laminar wake flows.

The whole chapter is divided into three parts. In the first section, we for-
mulate the problem and describe the numerical method used. In the second section,
we test our numerical method and code by solving mixing layer flows. In the third,
fourth and fifth sections, we present the numerical results obtained, namely the Kar-
man street and its three-dimensional secondary instability. The conclusions are given

in the sixth section.
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2.1 Numerical Method

The incompressible Navier-Stokes equations are solved in the form

g—:=vxw—vn+uv2v (2.1)

vv=_0 (2.2)

where w = ¥ X Vv is the vorticity, I = p + Z|v|? is the pressure head and v is

decomposed into the spatial (i.e. streamwise and spanwise) mean and the fluctuation:
v=U+u (2.3)

where U is supposed to be known and time independent. We define the Strouhal
number St = fd/U, and the Reynolds number Re = U,d/v, where d is the diameter
of the cylinder, U, the free stream velocity at infinity, » the kinematic viscosity and
f the frequency of the oscillations when a (temporally) periodic solution is obtained.

Periodic boundary conditions are applied in the streamwise ( x or z;) and

spanwise (z or z3) directions for the fluctuation, i.e.
2m
u(z, + a‘,mg,xa,t) = u(z;, T2, Z3,1) (2.4)

2
u(zy, z2, T3 + -(;;,t) = u(zy, T2, T3,1) (2.5)

where a; and a3 are the smallest streamwise and spanwise wavenumbers. The fluc-

tuating flow can be assumed to be quiescent as £ — +00, namely

lim u=0 (2.6)

x3—+00

In the x2- or y-direction, the infinite domain is transformed into a finite one
through a coordinate transformation z; = Y(n) as in Metcalfe et al. (1987) and Cain
and Ferziger (1984). However, the specific form of Y () we use, different from theirs,
is

o= Ltany (|zq| < 00, |n| < 7/2), (2.7
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so that |n| tends to 7 /2 as |z2| becomes infinite. After the coordinate transformation,
the mesh of the domain is non-uniformly distributed in the z,-direction, leading to a
high resolution at low z;-values, namely near the center-plane where non-uniformities
of the flow are concentrated.

We use a spectral method with Fourier modes to solve equations (2.1),(2.2)
and (2.3) subject to the boundary conditions (2.4), (2.5) and (2.6). The time inte-
gration is performed by a fractional-step method similar to that used by Kim and
Moin (1985). The time advance of the momentum equations is performed by an im-
plicit second-order Crank-Nicholson scheme for the viscous terms and by an explicit
second-order Adams-Bashforth technique for the advection terms. The fractional-step
method is used to decouple the momentum and continuity equations, the fraction pro-
cedure 'consisting of two steps. In the first one, all terms except the pressure term
are used to calculate an intermediate velocity field v*; in the second one, the pressure
gradient term alone is considered to determine a corrected velocity field satisfying the

continuity equation. The temporally discretized equations are

vi—v} 3., 1. .. 1 . n
JAt i = ihj - Ehj 1y m(vzvj + v*}) (2.8)
nbl _ . a _n+l
vit —vi_ 9y
At - ax,- (2.9)
1 Ou?
2. ntl D 3 .
where

h=vxw. (2.11)

We recall that v = U 4 u, U denoting the (imposed) average spatial velocity and u
the fluctuation. The pressure p can be obtained from the intermediate function ¢

from the following equation

= (,0n+1 o+ —_ \V/ (Pn'i-l. (2.12)
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The spectral expansion based on Fourier modes in the streamwise and span-
wise directions, consistent with the periodic boundary conditions (2.4) and (2.5), can
be expressed as

f($1, I2,T3, t) = Z Z f(kh T, ka, t) exp i(klalml + k3&3$3) (2.13)
(k1|4 Ny [kal<4Ns

where f represents any physical quantity and f its Fourier Transform in the stream-

wise and spanwise directions.

The expansion in the zz-direction, satisfying the zero boundary conditions

at infinity, is proposed as follows:

A N2 A A
f(krymy ks, t) = 3 f-(n)sin 2nn + fi(n)cos (2n — 1)y (2.14)
n=1
where “;” (resp. “-") thus characterizes the coefficients of even (resp. odd) modes

in the variable 7. We can write the spectral expansion in the matricial form

f =  (sin2p,sin4p,...,sin2N,7) fT 4+

(cos n,cos83n,...,co8 (2N, —1)7) - f’f (2.15)

where
fe = (fu(1), fu(2),- .. fu(D2)). (2.16)
fi(n) = fe(kyyn,ks,t) where (n =1,2,...,N;) (2.17)

The differentiation with respect to z, can then be written under the form

ﬂ- =  (sin2p,sin4y,...,sin 2N277)G_f"f +

6:1:2
(cos 7, cos 31, ..., cos (2Nz — 1)) G £ (2.18)
22
g;:']; = (sin2p,sindy,...,sin 2Ny,
2

cos7,cos 31,...,cos (2Nz — l)r))G(f'_,f'+)T (2.19)
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where G is a band matrix in the form of

G 0
c=| " (2.20)
0 G2

G4, G11 and Gaz, which are all band coefficient matrices independent of time, will

be given in Appendix A.

Taking the spanwise and streamwise Fourier transform of equations (2.8),

(2.9) and (2.10), we obtain

Q307 + (93 + 0% — 2;‘3 b7 = —Q307 — (W + Q3 + ?Ai:)‘" + Re(3h7 — A271) (2.21)
" + (9 + Q9™ = (a5 + i + ) (2.22)
o7t = 97 — Q" AL (2.23)
where (Q; is defined as
o = zké ifJ:=1,3

By substitution of the spectral expansions (2.15), (2.18) and (2.19) of the fluctuating

velocity u and the intermediate function ¢ (and their derivatives), we obtain the final

discretized equations in spectral space in the following form

Gy(¥2;, V) = —=Gu(V2;, ¥3,) +b]  forj =1,2,3 (2.24)
G (¢2+1,93'_:_+1 T cT (2.25)

and
(\72':'1, vn-l-l)T (V_,,V_H)T _ dT (2.26)

corresponding to (2.21), (2.22) and (2.23) accordingly, where

G, =G- (V¥ +02+ 2——)1 (2.27)

Re
G, =G+ 2Z—t-I (2.28)
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bl = ——(3h"; - A7*,3R%; — hn;")T - 4-—(v_J, ) (2.29)

-J’

G1vi+Q Q392
cT:%’{ 1V + v T+ 0 (2.30)

\ G202 T + L + Qa0

AT, )T 5o
d’ = ~QAL (" o) =3 (2.31)
~AtIMGT , pHGT)T j=2.
in which I is a unit matrix.
Assuming that the velocity field at the n — 1 and n time levels are known,

we summarize the solving procedure for the velocity at the n+4-1 time level as follows.

1. Compute the Fourier Transform of the nonlinear term h by using a “pseudo
spectral” technique, i.e. first evaluate it at collocation points in physical space,
then transform it into spectral space. Then obtain b for the left hand side of

(2.24).
2. Solve ¥, from (2.24).

3. Evaluate cT for the left hand side of (2.25). Then solve (¢™**,$7%)T from
(2.25).

4. Substitute the results found in the previous steps into (2.26) to compute ¥3¥'.

We should mention that the computation performed for the inversion of the linear
algebraic equations in the second and fourth steps is efficient and accurate since the
coefficient matrices involved are band-matrices and time-independent.

In the next section, we test our code on the primary and secondary insta-
bilities of a mixing layer (without the decomposition (2.3)) before concentrating on

wake flow simulations.
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2.2 Shear Layer Flow

In order to check the stability, accuracy and convergence of our numerical
algorithm and code, we compute the instability of a temporally growing shear layer
and compare our results with those of Metcalfe et al.’s (1987) direct numerical simula-
tion. We choose this problem as a test example for its similarity to the wake problem
which we propose to solve. For the temporal instability of a shear layer, periodicity
in the streamwise direction can be assumed. Similarly to the wake flow, the shear
layer is homogeneous in the spanwise direction, and spanwise periodicity seems to be
a reasonable assumption. The temporal insfability is thereby simulated by numeri-
cally integrating the Navier-Stokes equations. The velocity field can be decomposed

as follows

v(ml,mg,ma,t) = Uo($g)81 + u(:vl,:z:g,:va, t) (2.32)

where Up is the laminar mean flow profile assumed to be Up(z;) = Uy tanh z,/6;. Here
; is the initial mean vorticity thickness. The boundary condition for u is assumed
to be u — 0 as z; — Fo00, i.e. the disturbance is quiescent at infinity. We then use
the numerical method proposed in the previous section (without imposing the mean

flow) to find the time-dependent solution, starting with the following initial condition

v(zy, T2, 23,0) = Ajouo(z2) cos a1 (zy + 0) + Anrue(z2) cos a1 (z1 + ¢) sinazzs (2.33)

Time is non-dimensionalized by Up/é; and the Reynolds number is defined by Re =
Uobi/v.

The two-dimensional instability is simulated with A;; = 0. Without initially
disturbing the subharmonic mode, pairing does not occur. As found by Metcalfe et
al. (1987), in this case, the flow evolves toward a quasi-steady state. Figure 2.1
shows the time evolution of the energy of the two-dimensional disturbance, Eq, for
different initial amplitudes A;o. The value of e, is chosen to be 0.4446, which is the

wavenumber corresponding to the largest growth rate determined by linear stability
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Figure 2.1: Result from a computation of the shear layer flow. Time evolution of the
energy Eyo for a two-dimensional disturbance with A;; = 0 and A, = 0.01,0.125.
The Reynolds number is Re = 400, the wavenumber a; = 0.4, and the resolution
8 x 32 x 1. The solid lines represent the results from our computation. The dashed

lines show the growth rate from the linear instability analysis.



Figure 2.2: Result from our computation of the shear layer flow. Instantaneous
spanwise vorticity contour at times (a) ¢ = 8 (Contour interval is 0.07) and (b)
t = 32 (Contour interval is 0.06) at Reynolds number Re = 83 for a two-dimensional
disturbance defined by A;; = 0, Ao = 0.2. Peak contour value is (a) —1.05, (b)
—0.96.
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theory (Michalke, 1964). The energy Ey¢ is defined as

N,
Elo(t) = z Iﬁ-(la kZaOat)P + |ﬁ+(1’k2’01t)|2 (2°34)
ka=1

and the growth rate as
. dEo/dt
~ 2Ey

The wavenumber of the most unstable mode predicted by linear stability theory

(2.35)

(Michalke 1964) is, by construction, our first non-zero streamwise wavenumber. Its
growth rate has been theoretically determined: o = 0.19. Figure 2.1 shows that our
numerically obtained growth rate is approximately the same.

Figure 2.2 displays the instantaneous spanwise vorticity contours at two
different times, from our calculation. It is consistent with Metcalfe et al.’s (1987)
corresponding result (see their figure 2): in particular, we check that the maximal
values are in very good ag;'eement (Peak values are —1.12 at ¢ = 8 and —0.96 at
t = 32 in Matcalfe et al. (1987)).

At Reynolds number Re = 56, a three-dimensional instability takes place
when the saturated two-dimensional flow is disturbed by a three-dimensional pertur-
bation. We first compute the two-dimensional flow obtained from an initial distur-
bance with the amplitude A;p = 0.22 until saturation. Then, we superpose a three-
dimensional disturbance of amplitude A;; = 0.003 to this two-dimensional state.
Similarly to Metcalfe et al.’s (1987) finding, the flow consists of spanwise vorticity
cores connected by smaller quasi-streamwise counter-rotating ;rortices, often called
ribs, as shown in Figure 2.3. These streamwise rib-like structures have been observed
experimentally by Breidenthal (1981) and Bernal (1981) and modeled by Lin and
Corcos (1984).
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Figure 2.3: Result from our computation of the shear layer flow. Three-dimensional
iso-surface of the sum of the absolute values of all three vorticity components |w;| +
|we| + |ws| at Reynolds number Re = 56 for a resolution of 32 x 32 x 32, for a three-

dimensional disturbance defined by A;; = 0.003, Ay = 0.22 and a;(¢ — 8) = 7/2.
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2.3 Two-Dimensional Wake Flow

As we recall in the introduction, the wake flow behind a cylinder undergoes
a Hopf bifurcation through which it loses its steadiness and becomes periodic in space
- and time. The resulting state is a traveling wave consisting of a vortex street (Karman
Street) where the vorticity is spanwise only and the flow two-dimensional, depending
strictly on = and y. An important feature for our method to be valid is that the flow
should reach a statistically steady state, more specifically the spatial (streamwise
and spanwise) mean velocity profile should be time independent. Physically, this
corresponds to a classical concept in turbulence: the mean flow continuously sﬁpplies
energy to the fluctuation. Such an assumption is satisfied for statistically steady
turbulent flows and traveling wave type flows. In the latter, the average in the
direction of propagation (usually streamwise) can be replaced by the time average.
Although wake flows decay downstream, the traveling wave approximation there is
still accurate (except of course in the near-wake region), especially if one is interested
in the instability processes and the local study of individual vortices. Qur calculations
include 16 x 32 normal and streamwise modes, although tests with 32 x 32 modes
were also performed, leading to the same results. In the following, we refer to this
reduced system as the reduced system A.

Our first numerical simulation of the wake flow behind a cylinder is per-

formed at Reynolds number Re = 56. The mean velocity profile is taken as
Us(z2) = —A + Atanh a(z2 — b) (2.36)

where A = 0.56, a = 1.60 and b = 0.50 (see Triantafyllou et al. (1986) who curve fitted
Kovasnay's (1949) experimental data). Here we choose our lowest nonzero streamwise
wavenumber to correspond to the most unstable mode predicted by Triantafyllou et
al. (1986), namely a; = 4.33, and restrict our computation to two dimensions, namely

(13=0.
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Figure 2.4: Time history of the velocity at the spatial location z; = 1.125,z, = 0 at

Reynolds number Re = 56 from a two-dimensional simulation of the reduced system

A for wake flow: a) z,-component; b) z2-component,
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Figure 2.4 shows the time evolution of the two velocity components u; and
ug at a specific (z1,z2) location where we observe that the flow reaches a periodic
state after a short transient. The Strouhal number computed is St = 0.139, which is
in good agreement with the instability theory result (Triantafyllou et al., 1986) and
Kovasznay’s (1949) experimental finding (St = 0.13). The periodic flow consists of
a vortex street traveling downstream. Figure 2.5 displays instantaneous iso-vorticity
contours of the flow,

As in the direct numerical simulation of the original problem by Karniadakis
and Triantafyllou (1989, 1992), in our reduced representation, we find that the two-
dimensional periodic vortex street is a stable solution as Reynolds number is increased
to Re = 230 and beyond. The (spatial) mean velocity we input here is that extracted
from data obtained by three-dimensional direct numerical simulation of the full system
(Karniadakis and Tomboulides, 1992(b)) at Re = 333, whose details will be discussed
in the next section. As shown below by our three-dimensional computations, the
exact form of the mean velocity profile, which can be taken at a slightly different
Reynolds number since its Reynolds number dependence is slow (compared to that
of the fluctuation), is not crucial here. The times series and structure of the Karman
street thus obtained at Reynolds number Re = 230 is shown in Figures 2.6 and 2.7.
Such obvious disagreements between computational and experimental studies (see the
introduction) indicate that, as Reynolds number increases, three-dimensional effects
develop and three-dimensional calculations, in the full system as in the reduced one,
are unavoidable if one wants to reproduce both the Karman Street’s instability and the
route to turbulence. The resolution which has been used in the previous computation
‘consists of 16 x 32 modes in the z;-and z;-directions. The solution thus obtained is
very close to that computed with a finer mesh (using 32 x 32 modes), as shown in

Figure 2.8.



CONTOUR FRON -4,4000 TO0 4,4000 CONTOUR INTERVAL OF IRREGULAR
X INTERVALs 0.62244 Y INTERVAL= 0.37417

Figure 2.5: Instantaneous iso-vorticity contour lines at Reynolds number Re = 56

from a two-dimensional simulation of the reduced system A for wake flow.
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Figure 2.7: Instantaneous iso-vorticity contours at Reynolds number Re = 230 from

a two-dimensional simulation of the reduced system A for wake flow.
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2.4 Three-Dimensional Wake Flow

While the parallel wake flow is more unstable to two-dimensional than to
three-dimensional disturbances, the vortex street is subject to a three-dimensional
secondary instability at a sufficiently high Reynolds number, as shown in experimental
works (Williamson, 1988). In this section, we show that our reduced system A is
capable of reproducing such an instability.

Again, assuming that the spatial mean of the flow is time independent,
we impose it in our numerical simulation and maintain it constant as time evolves.
Note that when the flow becomes three-dimensional, the temporal mean velocity
profile depends on both xz; and z3 while‘ the spatial mean, by definition, still depends
on z; only. The latter can then be approximately identified with the zero Fourier
component of the temporal mean. For example, Karniadakis and Triantafyllou (1992)
approximate the temporal average velocity U; close to the secondary instability onset
by

Ui(z2, z3) = Up(z2) + Ur(z2) cos aszs, (2.37)
so that we take the spatial mean velocity U to be Up, which is equivalent to imposing
only the first term in (2.37), the remaining part being computed. Note that this
requires the spanwise length of our periodic box to be a multiple of 1/a3. The
specific profile of Uy we use is extracted from data obtained by the direct numerical
simulation of the original system at Reynolds number Re = 333 (Karniadakis and
Tomboulides, 1992(b)). Due to the fact that this profile remains similar within the
range of Reynolds numbers of interest here, we use it in our simulations of the reduced
system for Reynolds numbers varying from 175 to 230. The number of Fourier modes
used in our simulations is 16 x 32 x 16 while tests including 32 x 32 x 32 modes were
also performed. ‘

The three-dimensional instability of the flow is studied for various Reynolds

numbers. For each run, we obtain the saturated two-dimensional periodic solution
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to which we superpose a three-dimensional disturbance. The resulting flow is then
taken as the initial condition of the three-dimensional calculation. At Re = 175,
the three-dimensional disturbance vanishes after a short transient time making the
two-dimensional flow stable again, as shown in Figure 2.9. As Reynolds number is
increased to Re = 230, the three-dimensional disturbance grows, leading to a three-
dimensional periodic flow displayed in Figure 2.10. These results suggest that there
is a value of Reynolds number between 175 and 230 at which the flow bifurcates from
a two-dimensional state to a three-dimensional one. The latter is compared to that
obtained from a direct simulation of the full system.

Figure 2.11 shows the temporal mean velocity profile we obtain as a func-
tion of spanwise coordinate at Reynolds number Re = 230. Only one frequency
is observed, indicating that (2.37) is indeed a good approximation. The p.a,rticular
wavenumber value is also identical to that obtained by direct numerical simulation
of the full system (Karniadakis and Tomboulides, 1992(b)). Figure 2.12 shows a

three-dimensional iso-surface of the sum of the absolute value of all three vorticity

components, revealing the spanwise modulation of a vortex pair.
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z3 = 0 at Reynolds number Re = 175 from a three-dimensional simulation of the
reduced system A for wake flow, showing that the three-dimensional perturbation
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Figure 2.12: Three-dimensional view of an iso-surface of the sum of all three vorticity
components |w;| + |wz| + |ws]| at Re = 230 from a three-dimensional simulation of the

reduced system A for wake flow.



39

2.5 The Karman Street as a Solution of Forced
Navier-Stokes Equations in Simple Geometry

In this section we introduce an external force in the Navier-Stokes equations
and derive a “reduced” system which we refer to our reduced system B. Our approach
can be regarded as an extension of the Komogorov flow (Arnol’d and Meshalkin, 1960)
defined in a periodic box, which is the solution of the two-dimensional Navier-Stokes
equations with a uni-directional, time independent, sinusoidal force (vsiny,0). It
was introduced by Kolmogorov in a seminar to study the phenomenon of transition
to turbulence. For large viscosity values, the only stable flow is the parallel shear flow
(siny, 0) which is referred to as the basic Kolmogorov flow. The stability analysis was
carried out by Meshalkin and Sinai (1961) who showed that this stationary flow is
unstable when the viscosity reaches a certain critical value. The subsequent sequence
of bifurcations as the viscosity decreases has been studied numerically by Nicolaenko
and She (1990). In the case of the simulation of a wake flow with periodic condition, it
seems also natural to introduce a forcing (see our introduction). The exact expression
of the force we choose is given below. The solutions of such a reduced system are
then investigated numerically. At low Reynolds numbers, a parallel shear flow is
stable, which we refer to as the basic flow in analogy with the Kolmogorov flow. At
higher Reynolds number, this basic flow becomes unstable, developing into a staggered
vortex street closely resembling the von Karman street experimentally observed or
that obtained by direct numerical simulation of the complete system resolving the

thin boundary layer around the body.
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2.5.1 Formulation of the Reduced System with External
Forcing

The incompressible Navier-Stokes equations with an external forcing can be
written in the following form
ov 1
vw—yil+ Be

5 v:v+F (2.38)
v-v=0 (2.39)

where w = 7 x v is the vorticity, Il = p + }|v|® the pressure head and F the
external forcing term we introduce to suppress the artificial viscous damping (see the
introduction). The Strouhal and Reynolds numbers are defined as St = fd/Us and
Re = Uyd/v, where d is the diameter of the cylinder, Uy the free stream velocity
at infinity, v the kinematic viscosity and f the frequency of the oscillations when a
temporally periodic solution is obtained.

Here we consider the two-dimensional problem only (although the method
could be applied to three dimensional problems as well). The periodic boundary

condition is applied in the streamwise (z,) direction
2T
v(zy + '&I,.’Bg,t) = v(z1, Za,1) (2.40)
where o is the smallest streamwise wavenumber in the computation. The flow reaches
the free stream as z, — 300, namely

lim v=Uge;. (2.41)

z9—+t00

The infinite domain in the z;-direction is transformed into a finite one
through a coordinate mapping z, = Y(57) where
o= Ltann (|z2| < o0,|n| < 7/2). (2.42)

The initial condition is assumed to be a parallel flow superposed to a small

disturbance, i.e.

V= U(mg)el + llo($1,$2) at t=0. (2.43)
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where the velocity distribution U(z;) is assumed to be known, as we will discuss in
detail later.

The numerical algorithms used here are the same as those used in the previ-
ous sections of this chapter which consist of a spectral expansion in Fourier modes for

the spatial discretization and a fractional-step method for the advancement in time.

2.5.2 The External Forcing Terﬁl

Our basic idea is to simulate a wake flow via a reduced system by replacing

the object with a forcing term F' for which we propose two forms. The first one is

1 &2U
F=<u-yu> —Emel’ (2.44)

the other one being the linearized version of the first one:

1 d?U ‘

F= —_RTed—wgel’

(2.45)

where U(z;) is a flow velocity profile with a defect which can be obtained, for in-
stance, from the experimental measurement of the mean velocity distribution of the
wake behind a cylinder, u represents the remaining velocity, once U(z2)e; has been

substracted, i.e.

v=Ue;+u (2.46)

and < > denotes the spatial average in the z,-direction

Ly 2.47
< >=g- ) do (2.47)

in which L, is the length of the domain in the x;-direction.

After substituting the forcing term F (2.44) or (2.45) into the incompressible
Navier-Stokes equations (2.38) and (2.39), it is straightforward to see that the parallel
flow U is a steady solution of the governing equations of the reduced system (2.38)

and (2.39). In analogy with the Kolmogorov flow recalled in the introduction, we refer
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to this flow as our "basic” flow. Therefore, the wake flow problem can be approached
through a stability analysis of the parallel basic flow. Indeed, following Triantafyllou
(1989) who connected the absolute instability of the flow to the existence of the
Karman street through a linear invicid theory, we can construct a corresponding
viscous stability analysis of the "basic” flow for the forced Navier-Stokes equations
(2.38) and (2.39).

We would like to point out that the necessity for introducing the external
forcing term in the forms (2.44) or (2.45) can be justified by examining the averaged
governing equations. Suppose that (2.46) holds in such a way that

<u>=0, (2.48)

where the brackets denote the spatial average in the streamwise z, direction. This,
of course, is exactly satisfied if U is the spatial mean velocity, which coincides with
the temporal mean for a traveling wave. We then substitute this decomposition into

the governing equations (2.38) and derive

1 d*U
viu+ Re 4" (2.49)

Oou ou dU 1
—+U——+Euzez+u'vu——Vp+E

Taking the spatial average < > of the previous equation and assuming that the flow

is a traveling wave, i.e.

ou _ 9u
ot - 3:1:1
where c is the traveling speed, we obtain
1 d?U
F=<u-yu> R a2 + (U + ¢)[u(0, z2, 1) — u(Ly, z2,t)] — ¥ < p > . (2.50)
2

The third term in the right hand side of (2.50) is zero due to the streamwise periodic
boundary conditions, and the fourth term representing the gradient of the mean pres-

sure can be neglected in an integration domain chosen not too close to the cylinder.

We then obtain (2.44).
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The forcing term (2.44) contains two terms. The first one, non-linear, rep-
resents the Reynolds stress involving the fluctuations (around the "basic” flow). The
second one provides a linear negative viscous force compensating the viscous damp-
ing. Slightly above the critical Reynolds number value, at which the parallel basic
flow loses its stability, the amplitude of the fluctuation can be expected to be small, so
that the linearization of (2.44) is reasonable, leading to the linearized external forcing

term (2.45).

2.5.3 Numerical Results and Discussions

We have performed the numerical integration of the reduced system de-
scribed above at a Reynolds number value of Re = 56, with a streamwise length
L = 4.33d (where d is the diameter of the cylinder, as we defined earlier). The paral-
lel basic flow U, which we need to input in the forcing term, is taken from Triantafyllou
(1986) who curve fitted Kovasnay’s (1949) experimental measurement of the temporal
averaged velocity profile at a downstream distance 3.5d from the cylinder.

First, we have numerically integrated the reduced system without the exter-
nal forcing term F. As discussed in our introduction, the initial disturbance grows at
first and then decays ultimately while the behavior of the real flow is that of a vortex
street. The corresponding results are shown in Figure 2.13.

After adding the linear forcing term F given by (2.45), we observe the growth
of the initial disturbance which eventually develops into a von Karman vortex street
as shown in Figures 2.14 and 2.15. The corresponding Strouhal number which can
be calculated from the obtained time series of Figure 2.14 is St = 0.16, close to .
the experimental value St = 0.13. Figure 2.15 displays the iso-vorticity contours
which show the alternating vortices characteristic of a von Karman street. A careful
examination of Figure 2.14 shows that the asymptotic time mean velocity of the

obtained solution deviates from the basic velocity profile U which we have chosen to
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be the experimentally obtained temporal mean velocity distribution in a wake flow
behind a cylinder. This discrepancy can be seen more clearly in Figure 2.16. This
is due to the error made in the linearization (2.45) of the forcing term, as we now
show by including the nonlinear term in (2.44). The results obtained by this new
computation are plotted in Figure 2.17 and Figure 2.18. They clearly demonstrates
that after a short transient the velocity oscillates around the basic velocity profile,

namely the mean velocity experimentally measured.

2.6 Conclusions

Numerical simulations of wake flows are time and memory consuming be-
cause of the thin boundary layer around the surface of the body. In this work, we have
replaced the complex no-slip boundary condition on the surface of the cylinder with
simple streamwise and spanwise periodic conditions by imposing at each time step
the (constant) spatial mean velocity profile. Such assumption is valid if the spatial
mean velocity is time independent and therefore can be used for statistically steady
flows only. An efficient numerical simulation, namely a spectral method using Fourier
modes, could then be derived and the reduced system integrated. Results of various
numerical simulations using this method include the occurrence of the primary and
secondary instabilities of the flow. Although the technique was implemented on a
wake flow behind a cylinder, it should be applicable to flows generated by bodies of
any shape, as well as other types of flows. It requires the input of the mean flow
velocity profile which, in most cases, is documented in the literature (and can be eas-
ily determined either experimentally or numerically) and slowly varies with Reynolds
number. A relaxation of this constraint has been achieved by adding a forcing term
in the Navier-Stokes equations which overcomes the unrealistic viscous diffusion oc-
curring for a parallel shear flow. An alternative reduced numerical system was then

derived, also reproducing successfully the Karman vortex street. Finally, we should
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Figure 2.13: Wake flow simulation via the reduced system B. Time series of the
velocity at the location z; = 1.35 on the centerline (z; = 0) numerically obtained by
integrating our reduced system (2.38) and (2.39) at Reynolds number (Re = 56, with
a zero forcing term, i.e. F = 0.): a) the streamwise velocity component u,, b) the
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Figure 2.14: Wake flow simulation via the reduced system B. Time series of the
velocity at the location z; = 1.35 on the centerline (z; = 0) numerically obtained
by integrating our reduced system (2.38) and (2.39) at Reynolds number Re = 56,
with the linear forcing term (2.45): a) the streamwise velocity component u;, b) the

normal velocity component u,.
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Figure 2.15: Wake flow simulation via the reduced system B. Iso-vorticity contours

of the same flow as in Figure 2.14.
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Figure 2.17: Wake flow simulation via the reduced system B. Time series of the
velocity at the location z; = 1.35 on the centerline (z; = 0) numerically obtained by
integrating our reduced system (2.38) and (2.39) at Reynolds number Re = 56, with
the nonlinear forcing term (2.44): a) the streamwise velocity component u;, b) the

normal velocity component u,.
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Figure 2.18: Wake flow simulation via the reduced system B. Iso-vorticity contours

of the same flow as in Figure 2.17.
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mention that preliminary results (see Chapter 4) indicate that numerical simulations

using reduced systems should be as successful for turbulent wakes as for laminar ones.
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Chapter 3

Spatio-temporal Analysis of Wake

flows

In this chapter, the spatio-temporal structures of laminar and turbulent
wake flows are investigated through a biorthogonal decorpposition (BOD) analysis,
particularly in terms of spatio-temporal symmetries and low-dimensional dynamical
system. |

The biorthogonal decomposition method will be briefly recalled in Section
3.1. In Section 3.2, the space-time symmetries of the flow behind a cylinder are
extracted via the BOD theory. Appearance and breaking of such symmetries will
be shown in Section 3.3 and Section 3.4 for a half-cylinder wake flow. Section 3.5
will focus on space-time symmetries of turbulent wake flows. In Section 3.6, a low-
dimensional dynamical system is derived for a laminar wake flow past a half-cylinder.

Finally, Section 3.7 concludes this chapter.
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3.1 A Tool for Space-time Analysis: Biorthogo-
nal Decompositions

We now briefly describe the tool we use to analyze the spatio-temporal struc-
ture and the symmetries of a wake flow, the biorthogonal decomposition technique
first introduced by Aubry et al. (1991).

According to the biorthogonal decomposition theory (originating in linear
operator theory), any given space-time function, in our case, the velocity vector u(z,t)
where = and ¢ represent the spatial and temporal variables, can be decomposed into
spatial orthogonal modes in a Hilbert space H(X) (z € X) and temporal orthogonal
modes in a Hilbert space H(T') (t € T') for which there is a one-to-one correspondence
between both sets of modes. Such expansions correspond to the spectral decomposi-

tion of the operators U defined as
U: H(X) - H(T)
such that
V6 € H(X), (U)t) = [ u(e,)é(z)du(a) (3.)

where du(z) (resp. dji(t)) denotes the measure defining the scalar product in H(X)
(resp. H(T)). The spectral analysis of U gives a biorthogonal decomposition of

u(z,t), which, in case of a compact operator, can be written as

N
u(mat) = Z An¢n($)’/’n(t) (3.2)
n=0
with
Ag2 A1 2...2 AN >0,
and

(d’m ¢m)H(X) = ("/’m"/’m)H(x) = 5n,m,
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where the parentheses denote the scalar products in the respective Hilbert spaces. We
call the elements of the orthonormal sequence ¢, in H(X) (spatial modes) “topos”
and those of the orthonormal sequence %, in H(T) (temporal modes) “chronos”.
The connection between spatial and temporal modes, or generalized disper-
sion relation, is given by
Udn = Antn (3.3)
A parf;icular example of such a decomposition is the two-dimensional Fourier decom-
position for plane waves. Moreover, the spectral decomposition of the operator U*U
or UU", where U* is the adjoint operator of U, coincides with the Karhunen-Loéve
(KL) expansion if the sampling set needed in the latter consists of consecutive times.

The spatio-temporal dynamics can then be studied as an orbit &;(z) defined by
Vz € X, &(z)= u(z,t)
in the spatial configuration space
x(X) = Ker(U)*
spanned by the @,'s or as an orbit 9,(t) defined by
VieT, n(t) =u(z,t)
in the temporal configuration space
x(T) = Ker(U*)*

spanned by the 1,’s, these two spaces which share the same, minimal dimension,
being related to each other via the isomorphism U.

In the framework of biorthogonal decompositions, a space-time symmetry
naturally appears as a pair of operators (S, S) (or a group of such operators), S acting

on H(T) and S on H(X), which interwines the operator U (3.1), i.e.

SU =US (3.4)
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Then each eigenspace in x(X) is S-invariant and, similarly, each eigenspace in x(T)

is S-invariant.

3.2 Some Space-time Symmetries in Wake Flows

In this section, we analyze the variety of space-time symmetries arising in a
certain number of wake flows at vafious Reynolds numbers. For this purpose, we first
need to clearly define a three- dimensional version of the BOD theory, a necessity due
to the three-dimensionality of wake flows, particularly at high Reynolds numbers.

A possible three-dimensional version of biorthogonal decompositions is the
following. Let us consider a space-time function u(x, ¢) defined on X3 x R, where X?

denotes a three-dimensional spatial domain. We then define the operator
U: H(R* X% — H(T)

Ve € H(E,X%), (Us)(t) =Y, [ ulx, i), (39)

i=1

the adjoint operator being
U*: H(T)— H(R? X?)
such that
Vi € H(T), (U*9)i(x) = / w1 (t)dt. (3.6)

The scalar product in H(R3, X3) is defined by

(48 = 3> | i FGRIix

i=1

and as usual the scalar product in H(T) is
.9 = [w(eyF @t

where the bar represents the complex conjugate. The biorthogonal decomposition

of the function u(x,t) consists of the spectral decomposition of the operator U, or
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equivalently, that of the matrix operator

0 u
V= (3.7)

U o0
defined on H(X) @ H(T'), the eigenvectors of V being

’ (3.8)
¥
If V is a compact operator, then u(x,t) can be expanded as
' N
u(x,t) = D Andn(X)9n(t) ‘ (3.9)

n=0

where the topos (resp. the chronos) are orthogonal in the sense of the scalar product
in H(R3, X3) (resp. in H(T)).

We can now define the spatial and temporal symmetry operators S and S
as usual

S: H(R,X® — H(RX®
and
S: H(T)— H(T).

Like in the one-dimensional case, we say that the function u(x,t) enjoys a

space-time symmetry if there exist symmetry operators S and S which, as well as

their adjoints, intertwin the operator U:
Us =SU (3.10)

and

Us* = §*U. (3.11)

These properties are equivalent to the commutation of the operator V with the sym-

metry matrix operator Q

Q= (3.12)

?

S 0
0 S
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such that

QV = VQ. (3.13)

As in the one-dimensional case, if u(x, t) enjoys a space-time symmetry, then

if
¢ (3.14)
¥

is an eigenvector of the operator V, then
S
~¢ (3.15)
Sy

is also an eigenvector of V associated with the same eigenvalue.
This implies that each spatial eigenspace in x(X) is S-invariant, and each
temporal eigenspace in x(T) is S-invariant.

Note that S, defined on H(R3, X?), can take the general form

Su Sz Sis &
¢ — S21 S22 Sas b2
Sa1 Ss2 Sas $a

which will be used later for describing interesting symmetries.

3.2.1 Translation Symmetries

Well-known examples of S and S are the translation symmetries character-
izing traveling waves, which have been described in terms of the biorthogonal decom-
position in previous works (Aubry et al., 1992(b)). In wake flows, traveling waves
are present at low Reynolds numbers, if we neglect the decay of the wake intensity

downstream, which is a reasonable assumption at least locally. Specifically, we need
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to consider the translation symmetry in the z;-direction at a fixed cross-stream posi-
tion x3,z3. Then the symmetry operators associated with u intertwine the operator

U

US, =§,U (3.16)
where S; and S, are defined by
$16(21) = é(z1 — T10) (3.17)
and
S13(t) = (¢ — to) (3.18)

for all real numbers z10 and t, satisfying the relation z;0 4+ cto=0, where c is the

traveling wave speed.

3.2.2 Statistical Reflection Symmetry

For wake flows behind a body whose shape is invariant by reflection with
respect to the mid-plane z; = 0, such as a full or half circular cylinder, a more
generalized, statistical form of the reflection symmetry exists at all Reynolds num-
bers. Statistical quantities, such as the temporal mean flow and the spatial two-point
correlation, are invariant by reflection symmetry. This symmetry can be clearly ob-
served at high Reynolds numbers where the flow is strongly turbulent as well as at
small Reynolds numbers, for instance when the flow is steady or consists of a Karman
street. In the intermediate range of Reynolds numbers, the practical observation of
the symmetry depends on the averaging procedure used to obtain the statistics, as
we will discuss later in Section 3.4.

We consider the space of functions of the variable zo € R with values in R3.
Let us denote this functional space by L?(R,C?), in which we define the following

inner product

(¢,0")z = Z/R¢i($2)¢§($2)d$2

=1
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where the bar refers to the complex conjugate. It is well-known that we can construct

an isomorphism between L?(R,C®) and C® ® L?(R) in the following way:

¢ 0 0
e1¢& | 0 Q0| ¢ ea®ée | 0
0 0 ¢
where ‘
1 0 0
ee=120 e=11 es=|0
0 0 1

define the canonical basis of C® and ¢ € L%(R).

The operator
G:C* Q@ L*R) —» C*® L*(R)
is defined as
Ve € C°® L*(R), G¢ = /R G2, o) (z})deh

in which

G=U"'U

is the operator whose kernel is the spatial two-point correlation tensor and the reflec-

tion operator

R : L*(R) — L*(R)

is such that
(Re)(z2) = ¢ (—22).

We now define what we refer to as the statistical reflection symmetry of the flow.

Definition 1 The flow u(z2,t) is statistically symmetric under reflection if

(K ®R)G = G(K ®R) (3.19)
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where
1 0 0
K=|0 -10
0 0 1

A problem which is statistically symmetric under reflection enjoys some

important properties associated with the operator G and R.

Lemma 1 The following properties hold.

(i) (K ® R)2 =1, where 1 represents the unit operator.

(i) Let
Pt =

O]

(1+KQ®R)

and

1

P‘=2(1—K®R)=1—P+

P* and P~ are two projectors such that
(iii)) G = P*GPt* + PGP~ as P*G = GP* and PG = GP~
Therefore the space C® @ L2(R) = H splits into two orthogonal subspaces,
each of them being invariant by G.
Proof
" (i) Notice that K? = 1 and also R? = 1, therefore (i) is proved.
(ii) Using (i), (ii) can be proved as follows

1 1
(P+)"’=Z(1+K®R)(1+K®R)=5(1+K®R)=P+

and

(Pt =-(1+K*Q@R*)=P*

(]

so that Pt is an orthogonal projection which in turn implies that P~ =1 — P*

is an orthogonal projection.
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(iii) Since (K ® R)G = G(K ® R) it is easy to see that

P*G = GP*
and
P"G=GP".
Therefore, we have
P*GP~ =P*G(1 -P*) =GP*(1-P*) =0. (3:20)
In the same way, we have
P GP* =0. (3.21)

We thus obtain

G = P*GP*+P+G(1 - P+)+ (1 - P+)GP* + (1 - P*)G(1 — P¥)
= | P*GP* + (1 - P+)G(1 — P*)
= P+GP* + P-GP- (3.22)

and

H=P*H@®PH, (3.23)

i.e. G is the sum of two projections, and H can be split into two orthogonal

subspaces PtH and P~H, the former corresponding to the set of vectorial

functions whose first and third (resp. second) components are even (resp. odd)

functions of z,, also called varicose modes, the latter corresponding to the set

of vectorial functions whose first and third (resp. second) components are odd
(resp. even) functions of z,, also called sinuous modes.

It is useful to find the relation between the statistical reflection symmetry

and a dilation symmetry, since the later plays an important role in turbulent flows,

as we will see in Chapter 3. We define a dilation symmetry by the operator Sy

Sy: C*®LYR) = C*® L*(R)
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such that
Vo € C°® L*(R), Sxré(z2) = ¢(Az2)

Lemma 2 If the flow u(x2,t) is statistically symmetric under reﬁectiop, i.e.

(K®R)G =G(K®R)
and statistically symmetric under dilation, i.e. there exists a real A € R such that

S\G = GS,,

then the operator Sy and K ® R commulte, i.e.

(K®R)S, =S\(K®R)

and

Sy =P*S, Pt +P~S, P~
where Pt and P~ are the projectors defined in Lemma 1.
Proof

Same as for Lemma 1.

Therefore, the dilation symmetry is satisfied inside the subspace H* on the

one hand and the subspace 1~ on the other hand.

The decomposition of the operator G and the splitting of the space H in case
of a statistical reflection symmetry lead to properties of the topos of the biorthogonal

decomposition of u(x,t), which we announce in the following theorem.
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Theorem 1 If a problem is statistically symmetric under reflection (see Definition
1), there ezists a set of topos ¢, where n =1,2,... such that
(K®R)¢, = +¢,
Proof If ¢, is a topo, it is an eigenfunction of G, so that

Gé, = Ald,. (3.24)
According to Lemma 1, we have

G=G*+G"

where Gt = P*GP* and G~ = P~GP~. Substituting this sum and the decompo-

sition
¢n=¢1 + ¢ (3.25)
where
¢: = P+¢n (3'26)
and
¢, =P ¢, (3.27)

into (3.24) and using equations (3.20) and (3.21) lead to
(G* +G)(97 +¢n) = 4n(dn + 67)
Gtot +G ¢, = Alén + Aley.

Since

H=Ht+H"

where Ht = P*H and H~ = P~H, the eigenvalue problem (3.24) can be split into

G+¢+ — A'z‘¢+
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and

G- = Ag-
where ¢ € H~ and ¢} € H*, which is equivalent to

Goy = Aoy

and

Go, = Al

namely ¢ and ¢ are eigenfunctions of G, which proves the theorem.

Remark 1 The previous theorem implies that each eigenspace of x(X) is spanned
by eigenvectors which belong either to H* or to H~. If the dimension of a given
eigenspace is one, then the eigenvector belongs necessarily either to H* or to H-™.
However, if the dimension of the eigenspace is larger than one, then any eigenvector
may not have this property, being a linear combination of a vector of H* and a vector

of H~. This point can be illustrated by the following one-dimensional example.

Ezample In this example, the (unique) eigenvalue has a degeneracy of order two and
even (resp. odd) eigenfunctions are only particular solutions of the eigenvalue/eigen-

function problem. Let
G(ya yl) = cos (y - y') Y, y, € ["7[',7!'].

It is then easy to see that G satisfies the one-dimensional symmetric condition of
Definition 1, the eigenspace has degeneracy of order two, and the eigenfunctions,

corresponding to the same eigenvalue, are

$1(y) =sin(y+y) and  ¢2(y) = cos(y + yo)

which are, obviously, either even or odd modes only for the particular value yo = 0.
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3.2.3 Instantaneous Reflection Symmetry

A trivial situation in which the statistical reflection symmetry is satisfied
is a steady flow which is invariant through reflection at each time. This is indeed
the case of wake flows behind cylinders (more generally, wake flows behind bodies
whose shape is invariant by reflection symmetry around their mid-plane) which are,
at low Reynolds number, steady, two-dimensional and invariant through reflection

about their mid-plane (z; = 0) so that, at fixed , z3 locations, the velocity satisfies
u1(22,t) = w1 (—221)

and

u2(a:2, t) = —U2(-.'B2, t)

at all times t. The operator U associated with u satisfies US = U where

In this case, the biorthogonal decomposition of u(x,t) reduces to one term whose
chrono is a constant and the topo belongs to H*.

We will discuss the changes in the flow behavior in physical space due to
the breaking of this instantaneous spatial reflection symmetry as Reynolds number

increases, observed in various flows such as wake flows.

3.2.4 Space-time Z; Symmetry

As Reynolds number increases, as the flow undergoes its primary instabil-
ity and becomes a Karman street where upper and lower vortices alternate in the
streamwise direction, the previous instantaneous reflection symmetry is broken. It is,
however, interesting to note that such spatial reflection symmetry can be recovered

after a time shift, leading to the natural introduction of a space-time symmetry. In
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this case, the reflection symmetry is still satisfied statistically in the sense of Defi-
nition 1. The space-time symmetry can be expressed by the intertwining operator

relation US = SU where § is defined as
§: L*(R) —» L*(R)

(S¥)(t) = bt + :-g-) (3.28)

where T is the period of the vortex shedding.
Applying Theorem 1 to the present situation, an eigenspace of x(X) associ-
ated with the eigenvalue A, can always be spanned by a particularly selected set of

topos ¢, where n = 1,2,..., such that
én = £Se,. (3.29)

Recall that this means that either ¢,; and ¢,; are odd functions of x2 and ¢y, is an
even function of z,, or ¢, and ¢,, are even functions of z; and ¢, is an odd function
of z,.

It is interesting to note that the knowledge of the full spatial symmetry (in-
cluding the temporal symmetry) allows us to deduce the following symmetry property
of the chronos

= £S5 (3.30)
where 1 is any chrono. This property is due to the dispersion relation

1

as we now show by applying S to both sides of the previous formula, which leads to

. 1~
S':b - ZSU¢1

in which we substitute the intertwining operator relation (3.10) and the spatial re-

flection symmetry (3.29). We then obtain

1

S¢=iA

Ugp = +v
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We should emphasize that the sign in (3.30) related to the evenness or oddness of the
chrono is necessarily the same as that of Equation (3.29) determining whether the
corresponding topo belongs to H* or to H~. This phenomenon is a consequence of
the isomorphism between space and time and the existence of a space-time symmetry.
This point confirms that the BOD connected to the concept of space-time symmetry is
an extremely powerful tool which permits to deduce spatial information from temporal
modes, and vice versa temporal information from spatial modes. For instance, in the
case of the spatio-temporal Z, symmetry described above, we can detect the evenness

or oddness of the chronos by checking the symmetry of the corresponding topos.

3.3 Appearance of Spatio-temporal Symmetries
through the Primary Instability

An example of these space-time symmetries is furnished by a wake flow be-
hind a half-cylinder (see the sketch in Figure 1.1) which we now present, although
this equally applies to a wake behind a full cylinder. In the following, the norms
defining the Hilbert spaces H(X) and H(T') are simply chosen as the L®-norms. Via
a two-dimensional biorthogonal decomposition, we now analyze the flow which was
originally computed by Karniadakis and Tomboulides (1992(a)) who numerically inte-
grated the two-dimensional Navier-Stokes equations. At Reynolds number Re = 100,
a coupling of the eigenvalues can clearly been observed in the spectrum (see Figure
3.1(a)) (except for the first term of the decomposition which corresponds to the tem-
poral mean of the flow) which indicates the presence of a space-time symmetry (3.4).
Topos and chronos present a certain coupling (see Figure 3.2 and Figure 3.3) which
can be élearly identified as translation symmetries of the type of (3.16), although
due to the wake attenuation downstream the amplitude of the topos decays with z;.

Another feature of the chronos and topos shows that a non-instantaneous determin-
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istic reflection symmetry of the type (3.29) associated with (3.28) is present. The
components of the topos are either odd or even as shown in Figures 3.4 and 3.5, while
the chronos have the property of being either invariant or opposite under a shift of a

half-period (see Figure 3.3) (see our discussions in the previous section).

3.4 Breaking of the Previous Space-time Symme-
tries: A First Step Toward ‘Complexity’

It is then fundamental to investigate the breaking of such symmetries as
Reynolds number increases and the flow becomes more and more complex, to even-
tually reach a turbulent state. From this viewpoint, it is interesting to note that
if a space-time symmetry represented by the equation (3.10) and (3.11) is satisfied,
then the spatial two-point correlation operator U*U is invariant under the spatial

component of the symmetry S, i.e.
SUU=U"US

and the temporal two-point correlation operator UU" is invariant under the temporal

component of the symmetry, S, ie.
SvU* = yUs.

'As the flow becomes more complex, the spatial two-point correlation still satisfies
the (spatial) symmetry, namely the flow enjoys a ‘statistical symmetry’. However,
because U realizes an isomorphism between the spatial space H(X) and the temporal
space H(T), there exists a temporal symmetry S but the latter may be different
from those characteristics of a Karman street (see above). For example, the spatial
translation symmetry is still present, manifesting itself by the homogeneity property
of the flow but the traveling wave disappears, indicating that the temporal symmetry

is no longer a translation as in (3.18). Similarly, the flow is statistically invariant under
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Figure 3.1: BOD analysis of numerical data of a flow past a half cylinder. Normalized
energy spectrum p, = A,/ Tk Ax with A, = A2, (a) Re = 100; (b) Re = 200.
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Figure 3.2: BOD analysis of numerical data of a flow past a half cylinder. The z;-
component of the topo ¢§"’ (n appears below the corresponding curve) at z; = 1.0 as

a function of z,, Re = 100.
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Figure 3.3: BOD analysis of numerical data of a flow past a half cylinder. Chrono
¥»(™)(t) at Reynolds number Re = 100. (a) n = 1; (b) n = 2,3; (c) n = 4,5; (d)
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Figure 3.4: BOD analysis of numerical data of a flow past a half cylinder. The z,-
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number Re = 100.
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75

reflection about its mid-plane but again, the corresponding temporal component of
the symmetry is no longer a shift by a half-period.

Examples of this symmetry breaking can also be identified in the wake flow
behind a half-cylinder at Reynolds number Re = 200. Figure 3.1(b) shows the spec-
trum in which we can notice an eigenvalue coupling, although the latter is not as
perfect as for that obtained at Re = 100 (actually, modes 2-5 appear to have a fourth
order (rather than second order) quasi-degeneracy). This indicates a slight symmetry
breaking, which can be more clearly observed from the chronos and topos. Coupled
chronos display an amplitude variation added to the translation symmetry as shown
in Figure 3.6. Coupled topos show a local violation of the translation symmetry (Fig-
ure 3.7), which is most visible between the second and third ones in the first part
of the spatial domain (upstream). Another interesting point is the deformation of
the topos with respect to Fourier modes which keep the same frequency through the
whole domain. Here, the oscillating period doubles at approximately one third of the
domain, indicating a vortex merging which also can be observed in Figure 3.8 display-
ing a velocity component in the space (z;) - time domain. Here, the breaking of the
space-time translation symmetry is due to a local dynamical event. Recall, that such
merging could be observed neither experimentally (Brown, 1992) nor numerically in
three-dimensional calculations (Karniadakis and Tomboulides, 1992(a)). However, it
seems to be the solution of the two-dimensional problem as checked by Karniadakis
and Tomboulides (1992(a)) who increased the computational resolution. Anyhow,
it is an interesting phenomenon from our viewpoint since it offers a scenario for a
space-time translation symmetry breaking and thus opens a route to more complex
states.

In the temporal domain considered here, i.e. one vortex shedding period,
the space-time reflection symmetry is also broken due to the fact that vortex merging

occurs either in the upper or lower part of the wake. This can be seen through the
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chronos which no longer satisfy the property given by (3.30). It should be however
mentioned that the reflection symmetry should still be valid in the statistical sense,
namely the spatial two-point correlations, in an appropriate temporal domain T,
should still be invariant. This is probably true if one considers a much longer time
including the vortex merging in both the upper and the lower parts of the wake.
In this case, the flow is still periodic but the period T' is now much longer and the
space-time reflection symmetry should still be valid when the period involved in the
temporal part of the symmetry (3.28) is precisely T. Note the important role of
the reflection symmetry which introduces this additional frequency in the system.

Without this constraint, we would only observe a local period doubling.

3.5 Space-time Symmetries of Turbulent Wake

Flows

According to the previous remarks, turbulent flows which satisfy ‘statistical’
spatial symmetries should also be invariant under selected deterministic space-time
symmetries, as we discussed earlier. Symmetries may then not be as simple as those
introduced earlier. In order to analyze these symmetries, a more generalized spatio-
temporal theory is needed. In this section, we present the analysis of turbulent space-
time symmetries which follows a brief review of the theoretical arguments developed

by Aubry et al. (1992(a)) and Cdo and Aubry (1992).

3.5.1 Dilation Symmetries of the Navier-Stokes Equations
and Biorthogonal Decomposition

In order to generalize the concept of space-time symmetries (3.4) and make

it applicable to the turbulent complexity, it is useful to generalize the operator inter-
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wining relation

US=SU
Us* =8§'U
and introduce the operator relation
US =4SU
USs* =4"18U

(where 7 is a real number, strictly smaller than 1), in which case the corre-

sponding part of the spectrum decreases exponentially fast with n, namely
Ang1 = 7An

and the associated spatial and temporal modes can all be deduced from one by the
relation dny1 = Sén and thpy = Stpn. Using such notion together with the space-time
invariance

X — AX
t— AR
u — Mu
of the Navier-Stokes equations

L

a—u-i-(u- Ju=-yp+ 2u

vV-u= 0,
and assuming that the flow itself is invariant under sush symmetries, namely
§\U = A~hUS,, (3.32)

we obtain scaling laws for both the spectrum and the basis modes and the spectrum

(Sad)(z) = ¢(A7'z),
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($a)(z) = p(A~(-My),
Al =2"hAL (3.33)

It is interesting to note that (3.32) implies that the spatial correlation op-
erator, U*U, and the temporal one, UU" satisfy the relation

S;1U'US, = A*U*U (3.34)

and
S;1UrUS, = AUy, (3.35)
so that if the scale transformation is assumed in a statistical sense, namely it is
satisfied only by the spatial two-point correlation, i.e. (3.34) is valid, but this is not
the case of (3.35), the spectrum law is unchanged and there still exists a temporal
symmetry S such that the commutation relations (3.32) and (3.35) hold if S, is
replaced by S.
These theoretical findings (see Aubry et al., 1992(b) and Lian and Aubry ,
1993 for more details) should have tremendous consequences on our ability to compute
turbulent, inhomogeneous flows through simplified equations derived from the Navier-
Stokes equations in which the velocity is expanded into such renormalized modes.
It should be, however, mentioned that the influence of finite boundary conditions,
finite discretizations as well as the fact that either the symmetry center is located
at infinity (as probably in wake flows) or its location is unknown may introduce
difficulties in an investigation of this kind of symmetries from realistic data. Moreover,
such instantaneous data in a three-dimensional spatial domain are not available in
turbulence, neither from experiments nor from numerical simulations. The most
complete accessible measurements are those of the correlation tensor measured under
various assumptions as we describe in the next paragraph and in more detail in

Chapter 4.
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3.5.2 Analysis for Turbulent Wake Flow behind a Circular
Cylinder

In order to illustrate the space-time symmetries of turbulent flows analyzed
in the previous paragraph, we now investigate a turbulent wake flow behind a circu-
lar cylinder at a Reynolds number Re = 5000 (this investigation will be described
" in Chapter 4). To decompose the three-dimensional velocity field, we consider the

operator such that

(U8)0) = [ 3wl ()

t=1

so that the kernel of U*U is the two-point correlation
/Tu,-(x,t)u,'(y,t)dt (zaJ = 172’3)

The nine components of the correlation matrix were measured by Guezennec and
Gieseke (1991) (see Section 3.1 for details).

A classical POD technique, decomposing the correlations thus measured,
into Fourier modes exp (ilz;),exp (ikz3) in the streamwise (z;) and spanwise (z3)

directions and POD modes in the inhomogeneous direction ()

R*'J'(wl - m;vx2’m,2’m3 - :L’é) = < ui(zlam2am3’t)u:i($'l’z,2’m.f3’t) >

= Z Z[A(l,k,n)]2¢‘(l.k.n)($2) .S‘l'k'n)(xlz) (3.36)

noLk
(where <> denotes the temporal average) was used to determine statistically relevant

Lk
s

spatial modes ¢ ) (z2) and energy spectra

/\(I,k,n) = [A(l,k.n)]2.

We refer to Section 4.2 for a detailed description of the procedure.
Although too many assumptions were made to enable a complete identifica-
tion with the deterministic biorthogonal decomposition which requires simultaneous

measurements at all spatial points, a rough comparison, based on the stationarity
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assumption, seems reasonable. Then, spectra should display an exponential decay,
which they do approximately for each pair of Fourier modes (Figure 3.9). As ex-
pected, the self-similarity is broken for the very first modes (especially at low Fourier
wavenumbers), due to the effect of boundary conditions and at the viscous end of the
spectra (especially at high Fourier wavenumbers).

At this point, it is however, difficult to draw any conclusions regarding
the three-dimensional structure of the symmetry which needs further investigations
relaxing, in particular, the streamwise and spanwise homogeneity assumptions. In
order to avoid this difficulty, we now concentrate on the structure of the flow in the
inhomogeneous direction. For this purpose, we consider the two-point correlations at

z, = zj and z3 = z}, namely R;;(0, z,,25,0), so that (3.36) becomes

Rij(0, 22, 25,0) = 3 A ¢{")(a5)¢{" (z}) (3.37)

The spectrum, displayed in Figure 3.10 shows a tendency to decay exponen-
tially fast. This tendency, however, is ﬁidden by the presence of other symmetries,
which are here the statistical reflection symmetry in the z; and z3-directions. On the
one hand, we have seen that the zs-reflection symmetry splits the space of spatial
functions into two orthogonal subspaces, one spanned by eigenvectors in H*, the other
one spanned by eigenvectors in 1~ (see our discussion in Section 3.2), both being
invariant under the dilation symmetry. On the other hand, the reflection (statistical)
symmetry in the zs-direction makes the two-point correlation necessarily satisfy the

following relation
Rij(z1, za, 29, —z3) = Ryij(z1, T2, T3, T3)6:6;

where
-1 if:=3

1 ifi=1,2
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Figure 3.10: POD analysis of the experimental data in a turbulent far wake flow.

One-dimensional spectrum A(™ on a logarithmic scale versus the mode index n.
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In particular, on the z3-axis (z; = z3 = 0) (to which we restrict the present analysis),

we get a correlation of the form

Ry Ry O
R=(Rij)=| Ryy Rp 0
0 0 Rs

The eigenvalue problem of the biorthogonal decomposition is therefore decoupled into

two independent sub-problems, one whose spatial part is governed by

Ry1 Ry ¢ &1

(.‘222, z;) ("D;)dm; =A (32)v
R?l R22 ¢2 ¢2

the other one whose spatial part becomes

f Ra3(z2, 75) ba(3)dzy = Ads(2).

Since these two eigenvalue problems are independent, the resulting eigenfunctions ¢

have zero third component

é1

or zero first and second components

¢s

This additional symmetry has the effect of accumulating the eigenvalues by
packets in the spectrum. A simple observation of the form of the modes permits
the identification and extraction of subgroups of self-similar modes. Modes inside
the same subgroup, denoted as o™ 1=1,2,..., show self-similar features and their

corresponding spectra decay exponentially fast, as illustrated in Figure 3.11, 3.12,
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Figure 3.11: POD analysis of the experimental data in a turbulent far wake flow.

Spectrum A(™ of a series of self-similar modes (n = 3,6,10,13).
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Figure 3.12: POD analysis of the experimental data in a turbulent far wake flow.

Series of self-similar modes ¢§"'), -—t=1, - —t=2,——i=3(n =3,6,10,13)

whose spectrum is displayed in Figure 3.11,
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Figure 3.13: POD analysis of the experimental data in a turbulent far wake flow.

Spectrum A(™) of a series of self-similar modes (n = 4,8,14).
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Figure 3.14: POD analysis of the experimental data in a turbulent far wake flow.
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Figure 3.15: POD analysis of the experimental data in a turbulent far wake flow.

Spectrum A(™ of a series of self-similar modes (i =1,7,12).
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3.13, 3.14, 3.15 and 3.16. Therefore, all (spatial) modes within a subgroup can be
deduced from one by dilation symmetry. (The restriction to a few modes within
each group is obviously due to the limited spatial resolution imposed by experimental
constraints). We then know that there exists a corresponding temporal symmetry for

which, however, we cannot get any insight from the previous experimental data.

3.6 A Low Dimensional Dynamical System

The unsteady velocity field, as a spatio-temporal vectorial function, can be
reconstructed by the summation of all spatial and temporal BOD modes (topos and
chronos), assuming that the latter are known. On the one hand, once the topos (resp.
topos) are known, we can determine the chronos (resp. topos) by using the one-to-one
(dispersion) relation (3.3). On the other hand, the chronos can be considered as the
normalized time coefficients of the decomposition of the operator U*U whose kernel is
the spatial two-point correlation, which can be recovered from a Galerkin projection
of the Navier-Stokes equations and the appropriate boundary conditions onto the set
of topos. The dimension of such dynamical system should obviously include all non-
zero terms in (3.36). However, a dynamical system of lower dimension, as the result
of a more severe truncation, may also be worth investigating since the POD converges
optimally fast in the sense of the L?-norm (kinetic energy) and if the influence of the
smaller energy terms onto the resolved scales are represented, namely modeled. Note
that the deterministic BOD and its properties in turbulent flows (see Section 3.5) may
allow to do this in a rational manner. Then, a low dimensional dynamical system
derived through the above procedure is expected to recover the basic dynamics of the
original flow system, as it is indeed the case for a turbulent wake flow (see Chapter
4). Furthermore, this strategy, when the obtained results are compared with those
of direct numerical simulations, provides a quantitative analysis of the influence of a

BOD truncation. In this section we construct a low dimensional dynamical system for
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wake flow past a half cylinder which successfully reproduces the flow pattern obtained

by direct numerical simulation.

3.6.1 The Derivation of Ordinary Differential Equations

The flow past a half cylinder (see the sketch of the flow in Figure 1.1) is

governed by the incompressible Navier-Stokes equations

3@ V= Vot g (3.3)
v-u=0 (3.39)
and the boundary conditions
u="Ug, on AB, BC and AD (3.40)
-g—:— =0 on DC (3.41)
u=0 on the body (3.42)

where the reader should refer to Figure 1.1 for the meaning of the boundaries AB,

BC, AD and DC. By substituting (3.9) into (3.38) and (3.39), we get

N dip; 2
Z —¢; +Zz/z.z/)n¢. Vo, — ezb;v ¢;=—Vp (3.43)

i=1 n=1

v $;=0. (3.44)

We then apply a Galerkin projection of the above equations onto the topos and derive

the following ordinary differential equations

.%.— % . 1/,¢ +_}_§b+ . (345)
di _i.n=l Hin¥i¥n Re i N “ '
where
AnAi
Gijn = = [ (81 Va) - 4 ymk (3.46)

b= [ (6;) 76 (3.47)
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(3.47) can be further reduced by applying Green’s formula
0¢;
by = [ 85gds = [ Va1 (ve:)TdD

where § denotes the computational domain and 952 its boundary. We now consider
the first term in the previous formula which is an integral over the boundary of entire
computational domain. Due to the boundary conditions (3.41) and (3.42), the part
of the integral over DC and the surface of the body is zero, since there we have either
¢;=0or -—'E'- = 0. As long as the computational domain is sufficiently large, 3 % =

on the boundaries AB, BC and CD is a good approximation. Therefore, the first term

is zero, and (3.47) reduces to

bis = — / Ve, : (Ve;)Tde (3.48)
Q
Furthermore, the contribution of the pressure, c¢;, can be written as
¢ = /ﬂ () - VpdQ. (3.49)

As discussed by Aubry et al.(1988), whether the pressure term needs to be considered
or not depends on the computational domain. Indeed, we can rewrite (3.49) in the
following form
¢; =/80p¢jonds—/npv-¢jd9

in which the second term vanishes due to the incompressibility condition. The first
term has a zero contribution if the domain is very large so that the pressure distur-
bance is zero on the outer boundaries AD, DC, CB and BA, as Deane et al. (1991)
considered in a similar system. It should, however, be noted that if the computation
domain is not large enough, the contribution of the pressure term can be critical, even
if it is small. We will demonstrate numerically below that neglecting such contribution
can destabilize the system,

The coefficients a;;, and b;; as well as the forcing term coming from the
pressure c;(t) are computed by a numerical integration based on a spectral element

interpolation whose details can be found in Karniadakis and Triantafyllou (1992).
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3.6.2 Numerical Results

The ordinary differential equations (3.45) previously derived are solved by
a sixth order Runge-Kuta method. The coefficients a;;, and b;;, and the forcing term
from the pressure c;(t) are computed by implementing the topos extracted from the
direct numerical simulation data of the wake flow behind a half cylinder obtained by
Karniadakis and Tomboulides (1992(a)) at Reynolds number Re = 100. The flow was
found to be periodic in time, organized as a Karman vortex stréet. The data analyzed
included ten points uniformly distributed over one temporal period and 6480 spatial
points.

Figure 3.17 shows the temporal eigenfunctions, i.e. the chronos, recovered
by the low dimensional dynamical system (3.45), in which all the ten BOD modes
were retained. Like in the original data, the resulting solution is periodic in time,
reproducing a Karman Street. Very good agreement was found between the results of
the dynamical system (Figure 3.17) and those computed directly from the BOD of the
original data (Figure 3.3). While the non-truncated dynamical system successfully
predicts the dynamical behavior of the original flow, we find that any truncated dy-
namical system fails to do so. This finding reveals that the small energy modes, whose
contribution to the spectrum is small (e.g. the tenth mode only contributes 107 to
the normalized total energy of fluctuation), play an important dynamical role, as was
observed by Aubry et al. (1993) in computed solutions of the Kuramoto-Sivasinsky
equation. Although we were not able to reduce the dimension of the dynamical
system, this set of ten ordinary differential equations is still much smaller than the
original direct numerical simulation of Karniadakis and Tomboulides (1992(a)).

As ;)ve mentioned before, the contribution from the pressure term ¢;(t) could
be very important. Figure 3.18 plots the temporal eigenfunctions, i.e. the chronos,
computed by the same dynamical system in which the pressure term c;(t) is sup-

pressed. We observe that, although the solution still oscillates with approximately
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Figure 3.17: Computation of the flow past a half-cylinder. Temporal eigenfunctions
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the same frequency as before, it decays in the long time behavior. It is interesting to
mention that this artifact disappears if we impose 9;(t) = constant, which amounts
to decomposing only the fluctuation (around the temporal mean) and maintaining
the mean flow constant in time. This procedure was indeed applied by Deane et
al. (1990) for a similar system. We show our stable limit cycle recovered in this
manner in Figure 3.19. Physically, the influence of the pressure term ¢;(¢) through
the outer boundaries of a finite computational domain supplies the dynamical system
with an external forcing which stabilizes the limit cycle. Without this forcing, the
solution escapes slowly from the right orbit as time increases. Meanwhile, imposing
¥1(t) = constant introduces an external forcing, which counteracts the damping in a

similar manner as the action of the pressure from the outer boundary.

3.7 Conclusions

The biorthogonal decomposition method was applied for the analysis of lam-
inar wake flows. The symmetries of the Karman street have been studied through
the notion of spatio-temporal symmetry. In particular, the non-instantaneous deter-
ministic reflection symmetry provides an interesting example illustrating the power
of the isomorphism between space and time intrinsic to the BOD. The breaking of
such space-time symmetry occurs as Reynolds number increases, which may give an
interesting insight into our understanding of the route to turbulence. There, how-
ever, the reflection symmetry is still satisfied in a statistical sense, which gives us
some information on the spatial structure of the flow in terms of sinuous and varicose
modes.

A hierarchy of modes, based on dilation symmetries, arises naturally in
fully developed turbulence, in the inertial range of the spectrum, when the flow is
assumed to satisfy, in a statistical or deterministic sense, one of the scaling symmetries

of Navier-Stokes equations. The presence of these self-similar modes leads to an
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exponential decay spectrum law, which indeed seems to emerge from the analysis of
experimental data extracted from a turbulent flow behind a cylinder.

A low-dimensional dynamical system was constructed from the Navier-Stokes
equations and the BOD expansion extracted from the output of a numerical simu-
lation. On the one hand, the Karman street was successfully reproduced via such
system whose dimension is much smaller than that of conventional numerical simu-
lations. On the other hand, the limitation of the method gave us some interesting
insight into the physics of the flow and the important dynamical role played by the

low energy modes, even of extremely small amplitude.
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Chapter 4

Turbulent Wake Flow Studied by
the Proper Orthogonal
Decomposition Method

This chapter is organized as follows. Section 4.1 briefly describes the flow
system and the experimental measurement of the correlation matrix. Section 4.2
describes the Proper Orthogonal Decomposition method which we use to analyze the
data. The analysis of the energy spectrum and the modes thus obtained in terms of
the physical eddies of the flow are presented in Section 4.3. We then use such modes
to derive a low dimensional dynamical system and we describe the results in Section

4.4. Finally we draw our conclusions in Section 4.5.
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4.1 Flow System and Experimental Measurements

We consider the turbulent far-wake behind a circular cylinder of diameter
d. As previously, z; denotes the streamwise direction, z3 the spanwise direction and

T3 the remaining direction. The computational domain is
0<az1 <L, —L/2<L 23< /2, 0L 23 < La.

and the axis of the cylinder is located at ; = —Xj. It is known that in the far-wake it
is reasonable to assume that the flow is homogeneous in the streamwise and spanwise
directions. Moreover, in this kind of flow, Taylor’s hypothesis based on the fact that
the mean flow magnitude is much larger than the root mean square of the fluctuation
is often used. We, however, keep in mind that it is only exactly satisfied in the case
of a traveling wave and, in all other cases (particularly turbulence), it is only a rough
approximation.

Measurements have been recorded at a downstream distance of 100d behind
the cylinder, in a wind tunnel (Guezennec and Gieseke 1991). The Reynolds number,
based on the diameter of the cylinder and the free-stream velocity, is Re = 5000.
Two probes (one fixed and one moving) scanned a two-dimensional grid consisting
of 17 points in the z,-direction and 17 points in the zs-direction. Instantaneous
measurements of the three velocity components were recorded simultaneously at two
different grid positions. The two-point correlations were then computed, based on

the assumption that the flow is statistically stationary.
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4.2 The Proper Orthogonal Decomposition

According to the Proper Orthogonal Decomposition (POD) theorem of prob-
ability theory, the two-point correlation of a random signal can be expanded as a series

of deterministic functions. We consider an energy integrable function
u,(z) € L*(X)

where + € X and w a random sampling variable of a statistical set 2. Then the

two-point correlation function
R(z,z') =< uy(z)uu(z') >u

(where < >, denotes the ensemble average over the statistical variable w) can be

expanded into

R(z,z') = f: /\(k)¢(k)($)¢(k)'(x')

k=1
where superscript * indicates the complex conjugate, and the A(*)’s and

¢¥)(z)’s are the eigenvalues and eigenfunctions of the integral equation
/ R(z, z")¢®)(z')dz' = AF) ¥ ().

Then the random signal u,,(z) can be decomposed into orthogonal deterministic basis

functions ¢(*)(z), so called POD modes, and random coefficients a*) in the following

way
uu(z) = Y al¢®(z)
k=1

where < >, denotes the ensemble average over the statistical sampling
variable w. Note that the random coefficients a*) are not determined by the decom-
position, hence the criticism (as recalled in our introduction) that the POD omits the
phase information.

An important property of the POD is that the deterministic mode or “struc-

ture” ¢(¥)(z) is selected in such a way that the projection of the signal onto the
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structure
(6, u)/ (¢, $)

is maximized, where the brackets denote the L3-inner product. We reiterate the
maximization process so that the expansion converges optimally fast in quadratic
mean.

The POD theorem (Loeve 1955) was first stated for a scalar function u,(z),
it has been generalized by Lumley (1967) for vectorial functions of multiple variables
for its application to the three-dimensional velocity field of turbulent flows. Under
the assumption of statistical stationarity, often made in turbulence, the ensemble
average can be replaced by a temporal average. Therefore, the correlations are usually
experimentally obtained by the simultaneous measurement of the velocity at two
points only and the average computed over a time domain containing several integral
time scales so that the flow can be assumed to be statistically stationary. Hence, in
the case of a turbulent wake flow, the components of the two-point correlation tensor

R are defined as

Rij(z1 — 3, T2, T3, T3 — 73) = u;(@1, T2, T3, t)u;(2, 23, 75, E) (4.1)

where the overbar denotes the temporal average in the sense previously
recalled. In (4.1) R;; depends on z; — z} and z3 — zj only, as we assume the flow
to be homogeneous in these two directions. In this case, the POD modes factorize
into Fourier modes in T1, &3 and eigenfunctions of z, (Lumley, 1967). Therefore the

velocity field can be expanded as

u(zy, 23, 23,8) = Y, VAR gUm) () kn) (315) exp i(lzy + k) (4.2)
Lkm

in which ! and k are the Fourier wavenumbers in the z;- and z3- directions, n being

the POD index. A*™ and ¢"*" are the eigenvalues and the eigenfunctions of the

following equation

+00
/ &M (9, 25) - ¥ (2})day = AW ¢ ) (z,) (4.3)

—00
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where ®(¥)(z,,2}) is the Fourier transform of the correlation tensor R in the z;-
and z3-directions. Due to the argument used for the biorthogonal decomposition
(see Section 3.2.2), it is easy to show that the first and third components of the
eigenfunction ¢(""‘)(:v2) are even in z; and the second component odd, or vice versa

as a result of the (statistical) reflection symmetry of the flow in the z2-direction.

4.3 Energy Spectrum and Large Eddy Structure

By solving numerically the discretized form of the eigenvalue problem (4.3)
for each wavenumber pair, we obtain the eigenvalue AU*") and the eigenfunctions
¢, Figure 4.1 shows the convergence of the accumulated energy e, including all
Fourier modes and only the first n POD modes

en = Z i A(tkm)
Lk m=1
Figure 4.2 plots the convergence of the reconstructed Reynolds stresses as the number
of POD modes n increases. We find that the convergence is reasonably good, although
much slower than that of the near-wall region of a turbulent boundary layer (Aubry
et al. 1988). Quantitatively, the summation over all Fourier modes and fifteen POD
modes captures about 90% of the total energy of the flow.

We now concentrate on the large eddy structures revealed by the POD
method. Lumley (1967) suggested that the first POD mode should represent the
large eddies of the flow. Due to the fact that Fourier modes are not localized in space
and therefore cannot represent coherent structures, Payne and Lumley (1967) sug-
gested to look at the first POD mode by summing over all Fourier modes. Since the
phase cannot be recovered from the POD only (see our previous remark), this can be
achieved only by a phase assumption consisting of setting all the phases to be equal
to 1. Since the time dependent coefficients should be uncorrelated, we know that this

is wrong for more than one coefficient. In order to avoid this difficulty, we consider
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a set of four basis eigenfunctions (I, k,n), (I, —k,n), (=1,—k,n), (—1,—k,n) (where
[ and k are positive) individually. The reconstructed function is necessarily real in
physical space and the phases are determined by assuming the reflection symmetry
in the zj-direction. Figures 4.3 - 4.6 display certain streamline patterns of modes
(1,1,1), (1,1,2), (1,0,1) and (1,0,3).

It is interesting to note that modes (1,1,1) and (1,1,2) represent the typical

double-roller structure, as described in our introduction, oriented as follows

Uy <0 when y>0

wuz >0 when y <O0.

This orientation is very important since it is responsible for a positive turbulence
production which maintains such structures alive.

Grant (1958) suggesting the presence of double-roller structures from the
observation of the two-point correlations presented a pair of counter-rotating vortices
separated in the zs-direction with their axes in the (z;,z;) plane at an angle of
sgn(zz) x 45° to the z;-axis. Their plane of fluid circulation is parallel to the (z;,z3)
plane, preventing any u; component of the velocity to be alive (see Figure 1.2). Due to
the fact that the contribution of such structures to the Reynolds shear stress is zero,
they cannot sustain themselves. Consequently, Grant suggested that these double-
roller eddies, present in the far-wake, had been initially formed in the neighborhood
of the cylinder and should be decaying in time. Obviously, this conclusion needs to
be supported by an experimental observation of similar structures in the near- wake
of the cylinder, for which, in our knowledge, there is no evidence. Payne and Lumley
(1967), analyzing Grant’s data, conceptually suggested the presence of a double-roller
structure from their POD modes, as we recalled in our introduction. They found that
the flow circulations of the rollers are inclined to the (z1, z3) plane such that they are
approximately normal to the sgn(z) x 45° direction to the x;-axis. The configuration

of such a vortex structure supplies a negative turbulence production to the flow and
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Figure 4.3: POD analysis of experimental data of a far-wake turbulent flow. Stream-

line pattern of mode (1,1,1).
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Figure 4.4: POD analysis of experimental data of a far-wake turbulent flow. Stream-

line pattern of mode (1,1,2).
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Figure 4.5: POD analysis of experimental data of a far-wake turbulent flow. Stream-

line pattern of mode (1,0,1).
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Figure 4.6: POD analysis of experimental data of a far-wake turbulent flow. Stream-

line pattern of mode (1,0,3).
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therefore should decay too.

Based on our findings (Figure 4.3), the double-roller structure has the fol-

lowing properties:

1. It is a pair of counter-rotating vortices displaced in the z3-direction.

2. The axes of the vortices are curved lines normal to the (z;,z3) plane at 2, =0
and oriented approximately at an angle sgn(z2) x 45° to the z;-axis at the outer

ends.

3. The fluid circulates in a plane whose normal direction coincides with the roller

axes.

Due to the difficulty to perform three-dimensional experiments, it is nowa-
days impossible to obtain a complete data base adapted to an appropriate identifica-
tion of coherent structures in turbulent flows. The double-roller structure extracted
here through the POD method leads to a reasonable mechanism which maintains
turbulence in the flow. However, there is no guarantee that the symmetric structure
exists instantaneously in the flow. A more complete set of data would be desirable
to extract spatio-temporal patterns in a manner described in Chapter 3. Moreover,
comparison with other coherent structure methods may give us insights for a deeper
understanding.

Modes (1,0,1) and (1,0,3) correspond to spanwise vortices, referred to as
“mixing jets” by Grant (1958). This demonstrates the capability of the POD proce-
dure to capture this large eddy motion of entrainment in wake flows as well. It also
shows the advantage of considering different modes individually without taking the
average over Fourier modes. Payne and Lumley (1967) could extract the double-roller
structure only. This was due to their averaging procedure over Fourier modes used in
accordance with their definition of large eddy structures and their phase assumption

(see our earlier discussion).
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4.4 Low-dimensional Dynamical System

In this section, we present a low dimensional dynamical system based on the
POD method. The velocity can be decomposed into the mean flow velocity U and
the fluctuation u, and the pressure into the mean flow pressure P and the fluctuation
p. Substituting this Reynolds decomposition into the Navier-Stokes equations, we

can derive governing equations for both the mean quantities and the fluctuations.

4.4.1 Mean Velocity Model

Aubry et al. (1988) derived a low dimensional dynamical system from the
POD expansion of the velocity fluctuation. The equations thus found are those gov-
erning the fluctuation, which interacts with the mean flow. The expression of the
latter in terms of the fluctuation was based on a parallel flow approximation. In spite
of the similarities between a turbulent far-wake and a turbulent boundary layer, we
find that an a priori parallel mean flow assumption is not appropriate for wake flows.
Instead, we use the similarity solution in which we neglect streamwise variations of
the mean velocity. (It is worth pointing out that such an expression for the mean
field cannot be recovered by an a priori parallel flow assumption.) |

The far wake flow is extremely elongated in the z;-direction, so that the
characteristic length scale in the normal direction is typically much smaller than
those in the streamwise and spanwise directions. As a result, the famous boundary
layer approximation can be used. This leads to governing equations for the mean flow

in the following form (Hinze, 1970)
auy, 0@

U°°6_:c1 = a—mzm (4.4)
oy | O,
6:1:1 + 6:::2 =0 (4‘5)

for which a similarity solution exists. The relation between the mean velocity and
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the Reynolds shear stress can hereby be written as follows

U _ 2(z1 + X4 + a) Tz

o=+ - o (4.6)
U (= 1Wmug
Tl (4.7)

where U = (U, U;) is the mean velocity, U the velocity of undisturbed incoming
flow, X; the distance between the cylinder and the downstream location of the ex-
perimental measurements (see above), a the distance between the virtual origin of
the wake (i.e. the origin of similarity) and the center of the cylinder. The constant
a = 111.1d can be determined by substituting the mean velocity U; and the Reynolds
stress Utz experimentally measured in (4.6).

The validity of the previous similarity solution has been experimentally con-

firmed under the condition that

z1+Xi+a
d

> 90
which is satisfied in our case.

After obtaining the expression of the mean flow under a similarity assump-
tion, it is now a reasonable approximation to neglect the streamwise variation of the

mean flow in the far-wake so that we can write

U; ~ y
U — Uy 2(221 + Xq + a)

which indeed means that the velocity component in the xz;-direction is negligible.

X1

Moreover, the length of the finite dimensional domain considered here in the z;-
direction is much smaller than the distance from the virtual origin to the domain

i.e.
L,
z1+X4+a

which indicates that the variation of U; with z; can be neglected. Consequently,the

L1

mean flow expression now becomes

U= Ul(mg)el (4.8)
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where Uj(z;) is given by (4.6).

4.4.2 Derivation of the Sets of ODEs
The equations governing the fluctuations can be written as follows
i + ui U + Upougbig + uijuj = —pi+ < uijuj > +RLeui,jj (4.9)
uii =0 (4.10)

where < > denotes the spatial average

1 L, (Ls
<>= L1L3/o /o da1dzs

and the spatial mean velocity is assumed to be identical to that of (4.8). Let N; =0

denote (4.9), and (-,-) represent the inner product

te)=[" [ i 7 figsdardzsdas

We now substitute the POD expansion (4.2) into (4.9), and project the

obtained equation onto the modes
¢ ™) () expi(lzy + kza)
by taking the inner product
(W™ (22) expi(lzy + kz3),N) = 0.

We then obtain a set of ordinary differential equations in the form

Ij—';‘ =Ba+ NL (4.11)

where I is the identity matrix and B a constant matrix. VL denotes the non-linear
terms and a represents the unknown coeflicients of the POD expansion describing the
dynamics of the flow. The linear terms originate in the viscous terms of the Navier-

Stokes equations while the non-linear terms are of two types, quadratic and cubic.
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The quadratic terms represent the non-linear interactions among fluctuations due to
the advection terms of the Navier-Stokes equations. The cubic terms originate in the
interaction between the mean and the fluctuating velocities. Apper}dix A presents
the detailed form of the equations (4.11).

Finite dimensional dynamical systems can then be derived by simply trun-
cating the previous infinite set of ODEs. The effects of unsolved modes onto the
resolved ones need to be included to account for the energy transfer between the re-
solved and unresolved modes. Recently, numerous studies including dynamical sub-
grid scale models in large eddy simulations, approximate inertial manifold techniques
and renormalization group methods, have concentrated their effort toward this goal.
Here, we simply introduce a primitive and classical eddy viscosity model, similar to

Smagorinsky’s technique, taking the eddy viscosity coefficient under the form

(0

Ren Usod

vr =

where a is a transport coefficient close to unity and

_ (Zl.k.n )\(I’k'")(f_lfi, |D¢(""'”)(z2)|2dz2 + 12 4 kz)LngL;;)l/z
= El,k.n A(likn)

where the triplets (1,k,n) denote the neglected modes. We do not use an alternative,

(4.12)

Rer

more accurate method, since a rough model should be adequate for our purpose.
Indeed, we do not seek to simulate a turbulent wake flow in complete details but,
instead, we are interested in recovering qualitatively right dynamics and statistics
from a low-dimensional dynamical system. On the one hand, as we discussed before,
the convergence of the POD is relatively slow in the turbulent far-wake so that we
know a priori that retaining only a few POD modes (namely one or two) will not
permit results quantitatively comparable with the real flow data. On the other hand,
the inclusion of an eddy viscosity model is necessary to mimic the energy cascade in
our truncated system.

We now discuss some general properties of the set of ODEs (4.11). It has
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all invariant subspaces possessed by Aubry at al. (1988)’s system, such as k-even
subspace, the pure real subspace and the phase invariance subspace. The wake system,
however, satisfies an additional symmetry due to the statistical normal reflection
symmetry. As shown earlier, this implies that POD eigenfunctions have either even
(in z3) first and third components and an odd second component, or odd first and
third components and an even second component. it is then easy to check that the n-
even subspace is also an invariant subspace of the system of equations (4.11). Aubry
et al. proved that their system is globally stable owing to the fact that all cubic
coeflicients are all negative. The latter argument cannot be used here as we find both
negative and positive cubic coefficients. Nevertheless, numerical tests show that the
solution is always attracted to a bounded region which is globally stable. This leads
us to believe that, in a certain average sense, cubic coefficients are negative in the
present system also, consistently with the orientation of our ‘main’ eddies for which

the turbulence energy production is positive (see our earlier discussion).

4.4.3 Numerical Results and Discussion

Since we concentrate our effort in understanding the structure of the wake in
the inhomogeneous direction and in reproducing the flow with a few POD modes, we
keep a reasonable number of Fourier modes and a minimum number of POD modes.
Moreover, since the convergence is slower in Fourier modes than in POD modes and
the spectrum maxima are not at zero wavenumbers, it would be rather tricky to
severely truncate the Fourier expansion, an operation which we choose to avoid. We
then study a dynamical system retaining 1 POD mode and 17 x 17 Fourier modes.
This systexﬁ has a dimension of 290, after we take into account the symmetries of the
coefficients a(’k").

We then numerically solve our dynamical system with a Runge-Kutta scheme

and numerically check all the invariant subspaces. Numerical tests showed that the
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Figure 4.7: Integration of a low dimensional dynamical system simulating a turbulent
far-wake. Time series of selected time dependent coefficients a*™)(t), with specific

values of (I, k,n) appearing on the left-hand side of each curve.
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value of the transport coefficient o does not influence the dynamics in a significant
way (beyond the steady regime corresponding to large a value). We arbitrarily chose
a = 4. Figure 4.7 shows the typical time series of the coefficients a(**"), which are
modulated sinusoids. A closer observation of these modes shows that the dynamics
consist of traveling waves propagating at a speed approximately equal to the mean
velocity. We should, however, refrain from going further into the interpretation of
these dynamics exclusively consisting of traveling waves since Taylor’s hypothesis has
been used for the space-time conversion of the experimental data. Figure 4.8 displays
the time history of the norm of vorticity at £ = y = 3.6d, z = 0. In figure 4.9,
we present the turbulence statistics, namely the Reynolds stresses, obtained from
the truncated low-dimensional dynamical system and those reconstructed from the
POD eigenfunctions and eigenvalues directly. Since the first POD mode contains
approximately 20% of the energy, we obviously cannot expect our truncated system
to quantitatively mimic the whole flow. Nevertheless, Figure 4.9 shows that our
low-dimensional dynamical system is capable of recovering the turbulence statistics
originally contained in the retained modes. This is probably due to the self-similarity
of the accumulated statistics curves (4.2), perhaps originating in the (dilation) sym-
metry relating the modes: At any level of the truncation, one sees that statistics are
well-represented, so that a truncated dynamical system is capable of reproducing a
self-sustained miniature flow, however, ‘weaker’ (in amplitudes, i.e. low statistics)
than the real one. Physically, this means that despite the relatively slow convergence
of the expansion, the large eddies have the main ingredients of the full flow.

Figure 4.10 illustrates a perspective view of an iso-surface of the norm of
the \'rorticity resulting from the low-dimensional dynamical system, in which we can
see the spanwise, normal and streamwise vorticity structures. These structures are
traveling downstream under the strong mean flow advection.

Some dynamical properties of the large eddies of a turbulent wake have been
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Figure 4.8: Integration of a low dimensional dynamical system simulating a turbulent
far-wake. Time series of the norm of the vorticity at the location z = y = 3.6d, z = 0,

where d is the diameter of the cylinder.
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Figure 4.9: Integration of a low dimensional dynamical system simulating a turbulent
far-wake. Reynolds stresses as functions of normal distance z2: (a) Ri2; (b) Ri; (c)
Rz, ; (d) Ras. The solid line and dash line represent respectively those computed
from the low-dimensional dynamical system and those reconstructed directly from

the POD eigenfunctions and eigenvalues with the same truncation of modes.
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Figure 4.10: Integration of a low dimensional dynamical system simulating a turbu-
lent far-wake. Three-dimensional representation of an iso-surface of the norm of the

vorticity.
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experimentally observed. For instance, Townsend (1979) found that the spanwise
vortices tend to appear in groups, each group containing three to five vortices, their
period of appearance within each group being in the range of 8ms to 14ms, or, in
non-dimensional variables, 10.1 to 17.7. An observation of Figure 4.8 reveals that the
time period of the large eddy structure from our low-dimensional dynamical system

is about 20 non-dimensional units, which is in reasonable agreement with Townsend’s

experimental findings.

4.5 Conclusions

The motivation of this work was to study the large eddy structures in a
turbulent flow behind a bluff body. The results presented above concern the far
wake (Xg/d = 100). The application of the POD method has allowed us to extract
large eddy structures according to the energy maximization principle. The results
show that the large eddies indeed share many characteristics with those visualized
in experiments. Particularly, we recover the celebrated double-roller structure which
qualitatively resembles that described by other authors. However, the detailed struc-
ture differs significantly, which seems to solve the existing paradox that such an eddy
should not be able to survive. The orientation of our structure, on the contrary, gives
a positive turbulence production, allowing the mean strain to stretch it. Moreover,
the decay law of the energy spectrum indicates the presence of a space-time sym-
metry which should have important consequences for our understanding of the flow
structure and our capability of simulating it. This may also be at the origin of the
success achieved by a (relatively) low dimensional dynamical system accounting for
one POD mode only. Finally, we would like to mention that, compared with other
methods used to identify large eddy structures, the POD technique is objective, it
is based on solid mathematical and physical grounds and it retains some important

symmetries of the original signal.
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Chapter 5

Summary and Discussion

We have proposed a reduced numerical simulation for laminar wake flows
behind circular cylinders, based on the statistical steadiness of the flow (more specif-
ically the spatial mean is time independent) and a Fourier spectral expansion which
satisfies all boundary conditions. The central point of this work was to replace the
influence of the cylinder by a stationary mean flow driving. Numerical results show
that such a system successfully simulates the primary and secondary instabilities of
the laminar wake. We should mention that it is reasonable to apply the same method
in the direct numerical simulation of turbulent wake flows, for which the statistical
steadiness assumption is still justified. In fact, the low dynamical system based on
the same assumption and an adapted spectral expansion (Cao and Aubry 1992, see
also Chapter 4) successfully reproduced adequate turbulence statistics. Both results
are encouraging, indicating that it will be possible to carry out the direct numeri-
cal simulation of a turbulent wake flow based on this method while it has not been
achieved via other techniques, due to the high computational effort required.

The spatio-temporal analysis of wake flows has been carried out via biorthog-
onal decomposition methods which define an isomorphism between space and time.

We have particularly focussed our attention on space-time symmetry breaking and
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generating as Reynolds number increases. A universal feature is that, although a
given space-time symmetry breaks, the corresponding (spatial) statistical symmetry,
due to the geometry of the flow, remains. For example, the non-instantaneous de-
terministic reflection symmetry in space obtained after a time shift by a half period
in a laminar wake flow provides an example of a well-defined space-time symmetry
which we have studied in detail in this thesis. As the Reynolds number increases,
this spatio-temporal symmetry breaks due to a change in the temporal component
of the symmetry, the spatial one remaining the same. The robustness of the lat-
ter is simply due to the fact that it depends strongly on the boundary conditions.
This results in a robust (spatial) statistical symmetry, namely the invariance of the
two-point correlation tensor by reflection with respect to the wake mid-plane, which
persists at all Reynolds numbers, including those at which fully developed turbulence
occurs. The result of our analysis shows that the spatial structure of the flow con-
sists of a set of sinuous and varicose modes due to such statistical symmetry. This
approach seems promising for a better understanding of the mechanisms governing
the routes to turbulence, the spatio-temporal structure of the flow and its bifurca-
tions as Reynolds number increases. The investigation of a turbulent wake flow where
the energy spectrum was found to decay exponentially fast suggests the existence of
another spatio-temporal symmetry, of the dilation type, which defines a hierarchy
among the varicose modes on the one hand and the sinuous modes on the other hand
(namely, all varicose (resp. sinuous) modes can be deduced from one mode only by
dilation symmetry). Then, we derived a low-dimensional dynamical system for the
half cylinder wake flow which reproduces the Karman street and we studied the dy-
namical importance of small scale structures and that of the pressure term coming
from the outer boundaries which were neglected in previous works (e.g. Deane et al.,
1991).

The spatial large-scale structures were studied by the proper orthogonal
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decomposition method for the turbulent far-wake flow. We were then able to detect
large eddies such as the double-roller structure and the spanwise “mixing jet”, whose
detailed description seems physically reasonable. In particular, the analysis of the
structure of the double-roller thus extracted shows that the latter is self-sustained,
contrarily to previous claims (Grant, 1958, Payne and Lumley, 1967).

The idea of studying fluid dynamics problems via reduced systems is impor-
tant and promising for reproducing complex physical phenomena. It is also essential
to propose and implement novel theories for understanding the spatio-temporal struc-
ture of such phenomena. In this thesis, we have analyzed wake flows in particular,
providing in-depth explanations and descriptions of the mechanisms involved. The
methods used here, however, can be applied to other fluid flow systems, such as jets
or mixing layers, and to other area of physics. Finally, we should mention that, in
‘many cases, the reduced systems lose some information one way or another, com-
pared to the original one. We should thus be careful and restraint ourselves from

hasty conclusions regarding these results.
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Appendix A

Coeflicient Matrices G1, G11 and
Ga2

The coefficient matrices introduced in (2.24) and (2.25)
Gy = {G:!:mn}
Gu = {G1imn}

and
G"22 = {G22mn}

can be written as

Gormn = 212201, m)

Gimn = 4?n1+(na m)

8n? 8n
Gllmn = —712(7‘,"7') - —7r"I3(n’ m)

2(2—";—1—)-2-14(71, m)+ ‘-‘-(3-’;"—1)15(11, m)

G22mn =
where I_ and I, are the following integrals
.8
I_(n,m)= i/z _ cos®n cos 2my cos(2n — 1)pdy
)

= -‘]-i-{Io(m + n) + Io(n - m) + Il(l,m + Tla) + Il(lvn - m)}



15, :
Li(n,m) = 1 _/_12: cos® 5 sin 2nn sin(2m — 1)ndy
1 .
= Z{—Io(m +n)+ Ip(n —m) — Ii(1,m +n) + (1,n — m)}
All the integrals I; above can be derived analytically as shown below.

Z
Iy(m) = /_n cos(2m — 1)ndn
2

2
2m -1

(-

I

L(m,n) = /2

. cos(2n — 1)n cos 2mndy
1
= 5{lo(m +n) + Io(n — m)}

b9
I(m,n) = /in cos? 7 sin 2m7 sin 2n9dy
2

T
= 55{65m,n+45m,n+1 + 45n,m+1 - 46m+n,l + 6m,n+1 + 6n,m+2

- m+n.2}

p: 3
Iy(m,n) = / in cos® 7 sin 2nn cos 2mn sin 2nydy

2
= 3_1‘:2'{26m+1.n - 26m.n+1 + 5n.m+2 + 5m+n.2 - 6m.n+2}
]
Ii(m,n) = / . cos? 5 cos(2m — 1)y cos(2n ~ 1)dp
-2

= :—;%{66m.n + 46m.n+l + 46n.m+1 + 6m'ﬂ+2 + 5n,m+25m+n.2}

I
Is(m,n) = /2 . cos® 9 sinn cos(2n — 1)n sin(2m — 1)dpy
-5 ,
T
= 5{26m,n+1 — 26m4n2 + Omnt2 + Onitna — Onmaz)}
Here, 6, denotes the Kronecker symbol, i.e.

1l fm=n

0 fm#m

mn =

130



131

Appendix B

The Ordinary Differential
Equations of the Dynamical

System For Turbulent Wake Flows

The details of the equations (4.11) are given in this Appendix.

dakm)

— - E bk (mn) akm) + E Z c(p.q.n) (K'p) 5 (k~k'\0) + Z Z d(r.p.q.ﬂ) a(kr) o (K'p) 5 (K'iq)

r9 k’ P Kk

where bﬁ"'"), cfg 'lg,'") and d{:, 'l’t’;q’") are constant coefficients written below.

L2/2 " 1
(p\qn) —_ [—(3 2 2 2, (kn) . (kl") P
b? [~GlRe+ P +k )6,,,,,+/_L2 D) . g tem)” ]

n L2/2 ' X! <! n)*
fram = (1 _5k0)/ Do) ek (k=K'sa) | o (kim)* gy,

=La/2

/2 * ' /
d("vPv‘hﬂ) —_ b 2 —— (k ﬂ) (k T) (k op) (k .P)
[ . Zgthn” . gl gl

¢gk»") ¢gk'r) [_a:_2 ¢gk'vp)¢gk'»9)* — _m_ (D(bgk"p)(ﬁgkl'Q) * +
2 2

P DL ")}
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where k = (L,k), D = Ed;’ b = 2(a + X4) is a constant, the star * indicates the
complex conjugate, and
il ifj=1
o ={ p ifj=2.
itk ifj=3
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