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2ABSTRACT

WAVE PROPAGATION IN AN ELASTIC HALF SPACE 

CONTAINING A RIGID-LUBRICATED CYLINDRICAL INCLUSION

by

Edward R. Johnson 

Advisor: Professor Raymond Parnes

The dynamic response of a linear elastic half-space containing 

a rigid semi-infinite cylindrical inclusion whose surface is lubricated 

and whose axis is perpendicular to the plane boundary is studied when 

an axisymmetric vertical normal line load is suddenly applied on 

the plane surface. Particular emphasis is given to the response 

at the plane boundary and the wave fronts there.

Using integral transform techniques and complex contour 

integration, the results are expressed in terms of finite integrals 

whose integrands consist of elliptic integrals and semi-infinite 

branch integrals.

The response at the wave fronts is studied analytically and 

numerical integration techniques are used to evaluate the complete 

solution. The results after the passage of the last wave front 

are shown to approach those of the corresponding static problem.
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CHAPTER 1 

INTRODUCTION

The propagation of waves in elastic bodies has been investi­

gated for over a century but in more recent years particular interest 

in this field has grown due to phenomena in such diverse areas as 

geophysics, seismology, and problems encountered in oil exploration.

The first studies of elastic wave propagation in an infinite 

elastic medium were published by Poisson [l] in 1829. This work 

was of particular importance in revealing the propagation of two 

types of waves: dilatation (P) waves and equivoluminal (S) waves.

The problem of wave propagation becomes much more complex when 

boundaries exist in a medium, for these permit reflections and 

refractions of waves. The simplest type of boundary occurs in a 

semi-infinite body where more complex patterns, known as Rayleigh 

surface waves are first encountered. These waves, which were first 

discovered by Rayleigh [2] in 1887, propagate parallel to the 

boundary of a half-space at a speed lower than that of P- or S- 

waves and decay rapidly in the direction normal to the boundary.

The propagation of waves due to the application of loads at the 

boundary of semi-infinite medium was first considered by Lamb [3] 

who studied the axi-symmetric propagation of a pulse created by a 

transient normal point load on the surface of the half-space. (Problems 

of this nature have subsequently been referred to in the literature as 

"Lamb's problem"). Using a Fourier synthesis of steady state solutions, 

Lamb showed that the Rayleigh surface wave was the dominant contribution
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to the surface displacement at large distances from the load. 

Furthermore, the magnitude of the disturbance vas found to vary 

inversely with the square root of the distance from the load.

In more recent years, Sauter [U], using an integral superposition 

of plane harmonic waves and contour integration, derived a closed 

form solution to the Lamb problem for the entire displacement field 

due to an impulsive line load consisting of normal and tangential 

components. Wave fronts in the half-space were determined and analyzed 
in great detail.

Using Sauter's solution, Broberg [5l» numerically evaluated 

the vertical component of displacement at the surface and verified 

the presence of a Rayleigh wave which Lamb had found.

A simpler method of solution of dynamic surface load problems 

which utilizes the Laplace transform was first given in 1955 by 

Pekeris [6] and later, in i960 by Chao [7]. The analytical expressions 

for the surface displacement components obtained by this method are 

much simpler than those obtained by either the superposition of plane 

harmonic waves or the Fourier synthesis of steady state solutions.

Pekeris considered the normal point load with a step in time, 

obtaining integral expressions for the Laplace transform of the 

boundary surface displacement components. The actual displacements 

are determined by applying the Laplace inversion to the integrands 

of the integral solutions. Upon integration, the vertical displacement 

component finally is given in terms of elementary functions and the
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horizontal component is expressed in terms of elliptic integrals.

Chao considered the tangential point load with a step in time. 

Using both the Hankel and Laplace transforms and employing the same 

inversion technique as Pekeris, simple expressions for the displacement 

components on the surface are obtained.

Problems of wave propagation due to applied loads in a half­

space containing internal boundaries are of current interest. Indeed, 

problems of this nature are more complex due to the reflections and 

refractions occuring at the internal boundaries.

In 1969, Gregory [8] considered a problem in this class, viz. 

a half-space containing a cylindrical cavity whose axis is parallel 

to and below the plane surface and subjected to a time-harmonic uniform 

radial pressure from within the cavity.

Using an infinite series of potential functions, each of which 

represents a line source, the amplitude of the dilatational component 

of the outgoing Rayleigh wave is obtained in the form of an asymptotic 

solution where the product of the forcing frequency and the cavity 

radius tends to zero. This method naturally provided only limited 

results.

From the present available literature, it is apparent that 

although the propagation of waves in semi-infinite media as well as in 

layered media has been exhaustively studied [9], the propagation due 
to applied boundary tractions, of elastic waves in semi-infinite 

media containing internal boundaries has, as yet, not thoroughly
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been studied.

A first problem in this category which is the subject of this 

dissertation, is that of a semi-infinite body containing a rigid- 

lubricated cylindrical inclusion (whose axis is perpendicular to 

the plane surface) and which is subjected to an axi-symmetric 

concentric line load applied dynamically as a step function in time 

at the plane surface. This model may be considered to represent 

a bore in which a shell of considerably greater material stiffness 

(e.g. a thick steel shell) is embedded. Such cases may be encountered, 

for example, in shafts for oil exploration. The complexity of this 

problem is greater than that of Lamb's problem and arises from the 

reflection of waves at the internal boundary.

The dynamic problem considered below is formulated in terms of 

two potential functions which satisfy uncoupled two-dimensional wave 

equations along with coupled boundary conditions. Using the Laplace 

transform, expressions for the transform displacement and stress 

components throughout the body are obtained in the form of infinite 

superposition integrals.

A significant simplification is achieved in the method developed 

below for the displacement and stress expressions at the plane 

boundary. Extending the integration of the set of infinite integrals 

to the complex plane, it becomes possible to reduce the set to 

finite integrals having discrete points of discontinuity. Indeed 

this may be considered to be one of the main features of the method, 

for the points of discontinuity are then easily shown to correspond
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to direct P- and S- wave fronts propagating along the surface of the 

medium as well as waves reflected from the rigid-lubricated inclusion 

boundary. Moreover, the derived paths of integration in the complex 

plane, which are based on necessary convergence criteria, establish 

clearly the differences of response for the field points inside 

and outside the source. The response due to direct incident waves 

are further expressed in terms of elliptic integrals. In addition, 

the poles of the solution are defined and are later identified with 

the contribution of the Rayleigh surface waves. Finally, expressions 

for the desired quantities are obtained by means of the Laplace 

inversions of the integrands of the finite integrals.

The discontinuities in the integral solutions are examined to 

determine the type and location of the various wave fronts. The 

singularities of the solution are analyzed and series expansions 

in the vicinity of each wave front Eire obtained. Additional singular­

ities occuring under the source are similarly analyzed.

Numerical results showing both the total response and the 

individual contributions of different wave types are presented graph­

ically for the displacement and stress components at the plane surface. 

The locations of the wave fronts as well as the arrival times of the 

respective wave fronts are depicted.

An interesting feature of the solution is found to be the pre­

dominant nature of the Rayleigh surface waves in relation to the total 

response.
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CHAPTER 2 

FORMULATION AND GENERAL SOLUTION

The problem considered is the time-dependent response of an 

isotropic linearly elastic half-space containing a rigid-lubricated 

cylindrical inclusion, whose axis is perpendicular to the plane 

surface. The half-space is loaded at the plane surface by means 

of an axi-symmetric concentric line load having a step function in 

time (Fig. l).

The inclusion is thus considered to be imbedded in the elastic 

half-space in such a manner that relative displacements in the 

axial direction at the interface are permitted although no relative 

radial displacements at the interface occur. Hence, the conditions 

to be satisfied on the cylindrical boundary are the vanishing of the 

normal displacement and the shear stress components:

u(a,*,0 - o (2.-L)

o r ^ . M )  • ° (2-2)

while on the plane boundary, the conditions to be satisfied are the 

vanishing of the shear stress component and the prescribed normal 

load:

~  °  ( 2 _ 3 )

V , o t )  .--S-SCr-v.')Wit) (2-1.)«  ' ' ' Z'tr r '

where Q is the total force applied, and & is the Dirac-delta function.

Using a theorem due to Helmholtz, u. * Vji -V V x  H  (2-5)
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the axi-symmetric problem may be formulated in terms of displacement 

potentials (f) (r, z, t), ijj(r, z» t), such that:

where u(r, z, t), and w(r, z, t), are the displacement components 

in the r and z directions respectively. Similar potentials have 

been used by previous authors. [10]

Substituting eq. (2-6) into the displacement equations of 

motion,

the potentials must satisfy the following two-dimensional wave 

equations:

(2-6)

(2-7)

where

(2-10)

(2-8)

(2-9)

X and y are the Lam6 constants, and pm is the mass density of 

the medium.

From the linear elastic stress-strain relations,

O' * A V - u I  +/U (V u  -+ u V) (2-11)

where I is the idem factor, the stress components may be expressed 

in terms of the potentials as follows:
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°rr ~ ^  + ^  **"

aeo = + 2/*Cf^.'1' f ' O

°ii s

= /^ ( +2

(2-12)

C W  <** = °

It is appropriate to change the independent variables (r,z,t) 

to the non-dimensional variables ( p, 5, T) defined as

_ r r _ _A_ -- - C st_ (2-13)
f* ~ / » ~ a >  a

respectively.

where

The governing equations then become 

v ^ i(i-v)rTr
v V  = y^t 

7 la £. + 1 L + £.
P <Jp

(2-lU)

(2-15)

and where v is Poisson's ratio.»P* f d/>
Similarly, expressions for the displacement and stress components 

in terms of the non-dimensional variables may be readily obtained.

A Laplace transform with respect to the non-dimensional time

r 1  e ' sr^ r (2-16)

having an inversion
w+i«»

^ < 1JUi -1*0
(2-17)

is now applied to yield the following governing equations for
A A

<J> ( p , £ , s ) and i|i(p,5 ,s):



~ ' (2-19)
The expressions for the corresponding transformed displacement

and stress components are then:

X Aa u
A  A

= cx4> + rJ7» V°f
(2-20)
(a)

Z Aa w
A A  A

(b)

a ’ a
7 T ° r r

(c)

A* °ee i ^ v  s V  +  + (d)

- _0 V  <-if + l a £  * + 2 ? -2 s*f (e)

a** nr /JL ft
(f)

Using for example the method of separation of variables, the 

following integral solutions to eqs. (2-l8, 2-19) are obtained:

* j^AfvOC^V,/>)«"*** d Y  (2-21)

C ^ e ^ d y  ( 2 - 2 2 )

where

* J 1CY)Y„(YPVY,(Y)J„tYp) (2-23)

and

s<" . s <® = V y 2 +  s*
(2-2lt)

and where Y is reed.



Solutions whose dependence on 5 enters as e+sa  ̂ ande"8^

are omitted to ensure boundedness of the solution at large | .

The integrals do not include the range of y from - “ to 0

because Co(y.p) is an odd function of y .

Furthermore, the above solutions automatically satisfy the

vanishing boundary conditions on the cylindrical surface p=l. This
A  ^may be seen by noting that both u(p, s) and q- ( p» s) depend

A A

on the first partial derivative of $ and ,j, with respect to p and 

that the dependence enters only through CQ(y ,p ) whose derivative 

with respect to p vanishes at p=l. This becomes readily evident, 

by noting that

where the recurrence relations of Bessel's functions have been 

employed.

The weighting functions A(y) and B(y) in the integral solutions 

can be determined from the conditions on the plane boundary, eqs.(2-3, 
2-1+) which in ( p, £, s) space become:

(2-25a)

where Ĉ ( y, p ) is defined as

(2-25b)

(2-26)
(2-27)

Using the stress-displacement potential relations, eqs. (2-20e, 

2-20f) and substituting eqs. (2-21, 2-22) in the above, equations
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on a (y ) and b (y ),

j^[-iftS«A(v) + U V Z + S1) B ( y ^ ' ^ C 0(y//>)<J* = 0  (2-28a)

jJ (Z Y V sl)<>A (v)-zyV B M l C .(»,^<iy= '  (2‘28b)

are established.

Eq. (2-28a) is satisfied if

2. sotq  A(V) - * S - fift) (2-29)

Substituting this result in eq. (2-28b) the following equation 

on B(y ) is obtained:

I M ( Y , S ) ^  C j Y ^ d Y  = - - ^ - S ( f - V d  (2-30)© Zs<x 6 tr txyups

where M(Y,s) = (ZY •+ S2) — 4 Y  S&Sfi (2-3l)

To determine the function B(y), use is made of the integral 

representation for the Dirac-delta function, eq. (A-l), 

r/ u/ A -  f £q(Y>^ C J K  /a) y  ,

which is established in Appendix A.

Comparison of eqs. (2-30)and (2-32) immediately yields

p/y'N _ Q Q  V  SQt Co(Y)*)a) (2—33)
B ( ) ‘ ' M(v-,sl[ X ’M  ̂ ( v ) ]

The solution in the transform space is now formally complete
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since by eq$ (2-20) the following integral solutions for the 

displacement and stress components at all points in the body may 

be written.

^  u  = - (a)

w  -- - ^-s 'S»P̂ (5XS))dV (b)

~cT t̂ 5?*(ftV‘,V/Ŝ (fXS)4̂ s'-y,̂ l?'v'^cly
(0

Q °'<>e = ‘ ^N.W’/^iTv *x?,(WS)d>f 
■f -^-uQ  P (d)

■q ^m  1 j|f7[<N0(f.,%)Y,s)[iy1̂(5,y,s)-Uyl+s1)(i(5.v/̂ <iv («)
t tOU - -1- (N/r>,*,s)zys#(ZYl-.s‘)[e's'’s- e'^Jd* (f)Z.1V S J0

(2-3M
where

P^C^V/S) =. 2S<*S0 e (2-35a)

P«U, y ,s) *tt.v\s*)e'

and

-SO? (2-35b)

Ki I V v c ) =  v^o(Vyb/a) CfcUjs) 
* r‘ *" ) * WV(Y,s^J(\,)

(2-36)



CHAPTER 3 

METHOD OF INVERSION
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The components of the stress and the displacement are evaluated 

on the plane boundary, z = 0, for Poisson's ratio v =lA.

In the Laplace transform space, according to eqs. (2-3^a,b), 

the displacement quantities on the boundary 5 = 0  are expressed 

in terms of the following integrals:

CJV,b/^ Co(V, p) s ¥sa

c m . v j c  (v. p) y1 kv  ̂  sx- z s* s a
[ J ^ - v X a CyJ m U . s)

(3-1)

(3-2)

(3-3)

where (3-U)

is the dilatation, and where

M y ,  s) = (iv2+ s1)1 - 4 Y ls* s e (3-5)

The stress components, expressed in terms of the dilatation and 

the circumferential strain, by Hooke's Law, eq. (2-11), become:
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where use has been made of the boundary condition on the normal 

component of stress, eq. (2-k).

Due to the nature of M( y, s) it is convenient to introduce 

the change of variable
y  =

into eqs. (3-1) - (3-3). Furthermore, it is expedient to express 

the Bessel functions appearing in these equations in terms of 

Hankel functions. The displacement expressions are then

(3-9)

(3-10)

oc?

w (p/°,s) = 6K

u(p,o,s) =

^  e(p,o,s) J 5 m eK)sW(p,%,S*;)d$ (3-n)
where

v t f M  - h:ks?){h:(Ps?)

_ L H.CssP (3_12)

u u  v o  ■
+  C c v«s>:){H“VfS'?') (3-13)

*■ u‘lT«;rVand where n * '■’ s'

"'*(?) * (gp ^ ) a) ( M W

" « « > *  ^ S l ~ p ^ Vj)V‘(gVl)Vl < « * »

m e W  (3-iUc)
and

DU) = Us1* \f - 4sI(s1*V,)V* i)v‘ (3-15)
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Upon extending the integration to the complex ? plane,

C = u + iv, the integrals along the real axis, which appear in 

eqs.(3-9) - (3-11), are reduced to an integration along the 
imaginary axis together with integrations along large and small 

circle contours.

The procedure requires choosing the proper quadrants for the 

paths of integration. The choice of quadrants is based on the 

convergence of the integral along the large quarter circle, which 

is determined by examining each of the terms appearing in eqs. (3-12) 
and (3-13) according to the following (large circle) lemma: [ll]

Let G(^) be a function on a path Ĉ , given by 5 = Re^, 
where R is large. If

where 0 is the angle of rotation of the position vector along the

Consider, as an example, the following term in the integrand of

Replacing the Hankel functions by their asymptotic expansions, [12]

lim KI G O O  » A  (constant) (3-l6a)

then

(3-l6b)

curve Ĉ .

eq. (3-9):

(3-17)

(3-l8a)
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and noting that the algebraic factor becomes

l im = 3/4  (3-19a)
U I - -

the following limit is obtained:

1. i ̂  i z' / -w\ _ 3 »S^(Va” p)L - J M S W  - (3-19b)

(3-21a)

This limit exists or vanishes if

4  ©  (3-20)

Hence, by the large circle lemma, eq. (3-l6), for

( bA - f > ' ) v  >  o

the integral vanishes, while for

p  = b /«  (3-2“ )

the integral will exist.

Therefore, for the particular term of the integrand considered 

above, it is seen from eq. (3-21a) that for p < b/a the contour must be 
taken in the first quadrant, while for b/a < p it is taken in the fourth 

quadrant. On the other hand, applying the above method to the term

Gfc) = S M W U ) H ^ ( b/a s x) v 0 p  s *) (3-22)

it can be shown that for p < b/a the contour must be taken in the 

fourth quadrant, while for b/a < p it is taken in the first quadrant.
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Hence, for the vertical displacement component, it is necessary 

to separate the solution for p < b/a (field point inside source) from 

the solution for b/a < p (field point outside source). In addition, 

in each case, the integrand must be split into two parts, one of 

which yields a convergent quarter circle contour in the first 

quadrant, while the other yields a convergent contour in the 

fourth quadrant. The behavior for points under the source, i.e. 

for p = b/a, is investigated further in the following chapter, where 

singularities of the solution are examined.

Treating the radial displacement component and the dilatation 

in the same manner it can be shown that the same separation is 

required. However, in the case of the dilatation, the large quarter 

circle contours are not convergent when p = b/a. This singularity 

may be removed by adding and subracting the following term from 

the integrand of eq. (3-11):

The former integral yields a convergent integral along the large 

quarter circles in the c-plane, while the latter may be evaluated 

in closed form using the integral representation for the Dirac-delta 

function given by eq̂ --(A-l).

(3-23)

thus obtaining
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The transform of the dilatation is then given by

Q  2.41* J0

 1 ( 3 - 2 5 )
where 4 ltP 5

m ^(^) = w \e ( 0  “ \  (3-26)

Finally then, denoting the responses for the field point inside 

and outside the source, by subscripts I and 0 respectively, the 

relevant quantities of eqs. (3-9, 10, 25) are given by the following:

(3"27a)

w Q (p,o, s) * (3-27b)

09
^ ■ u ^ p . o ^ s )  = J _ ^ Ih(\l(s')[l‘'(i,z/s>:)-* 1*^,1,S?]d? (3_27o)

^  1 (3-274)

2 ^ e r(A o,s) (3-27e)

(3-27f)

where

(3.26a) 
Hi CŜ J K *OJ

= HI’cVrsOH^psc) - Kltv- 5 <) Hj?p s ?) ikil!-1 (3.28b)
k k h ‘> « )
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and where the superscripts (+) and (-) denote that the integration 

in the complex plane is to he carried out in the first and fourth 

quadrants respectively.

Now, the integrands appearing in eq. (3-27) are multivalued 

due to the inherent multivaluedness of the Hankel functions and the 

multivaluedness of the terms jr>v , and m^. Each must he 

considered separately.

The appearance of the Hankel functions requires a branch 

cut along the negative real axis. In addition, due to the

multivaluedness of the algebraic terms and which arise
2 1/2 2 l/2through the terms + l) and + l/3) , appropriate branch

cuts must be established with branch points at C=±i , ±i

Noting further that the solutions for $ and \p (eqs. (2-21) and
P 1 /2 P T /P

(2-22)) depend on e“  ̂c + ^  S? and e-  ̂? + 1//3̂ s£ , it

is observed that in order to ensure a finite response for large 

positive values of £ , the branch cuts arising from these multi­

valued terms must be taken such that these terms have positive real 

parts along the paths of integration.

It can be shown (see Appendix B) that the 5-plane sheets given 
in Fig. 2 satisfy this criterion. Sheets 1 and 2 are used for 

contour integration in the first and fourth quadrants respectively. 

The appropriate values of the multivalued terms in each branch are 

also shown in Fig. 2.

Furthermore, simple poles of the integrands, determined from the
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roots of eq. (3-15) lie at

$ = ± iK (3-29)

where < = 1.08766...

It is recognized that this value of < is precisely the value 

of the ratio Cg/C^, where Cp is the speed of propagation of 

Rayleigh surface waves, and consequently the contribution of the 

residues at these poles to the solution may be identified with the 

Rayleigh surface waves.

Other poles, arising from the zeros of the Hankel functions, 

h|^(sc) and H^^(sc) , are outside the path of integration and 

will not contribute to the contour integral.

The small circle contours around the poles and branch points 

are evaluated using the following (small circle) lemma: [ll]

Let G(?) be a function on a path C g i v e n  by t, = Cq+ ee^, where 

e is small. If

where ® is the angle of rotation of the small position vector along

As an illustration of this procedure, consider the £-plane

K (constant), (3-30a)

then

linn £ - • k Q (3-30b)

contour integration of the radial displacement, Uj( p, o, s), when
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P <b/a <*)

^  u 3.(^0,5) - s) +?fc/»,s^a*; (3-31)

By contour integration, using the contours shown in Fig. 2, the 

displacement becomes

OO

M^/D.o.s) = -  iv l mu(iv) I ^ i s ^ d v

L <d\K.CM? ^

gjf | i *lwJ- • ̂  5., fr.1 ,* ‘ s'&d v

-  ^ R e s . { V m u(V)} i j 2A “' SK) (3-32)
$ = -«k

The factors ^"^and ^   ̂given by eq. (3-28) in terms of 

Hankel functions, and evaluated on the imaginary axis can now be 

expressed more conveniently in terms of modified Bessel functions.

Noting that [12] H <0(^  s H <U(?) (3_33a)

h T ( S )  -  H > )

it is seen that ' = I ^ z j s v )  (3_3k)

Furthermore, using the relations [12]
ill : 7

H 0(»v) - - ~ K 0(v) (3-35a)

- -  J L u  (3-35b)

III

H.’Uv) - -
(3-35e)

H,*(iv) = -~ K ,(v )  + l Zl^v)
it follows that

i, (U.isv) * ^ K <1(b/aSv){l1( f S v ) - K , ( ^ s v ) - ^ ^ ^  (3_36)
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Now the residues of the algebraic factor 5 1̂ (5) are found as 
follows:

= l i m  (.'S5iK)S‘' m l4(V) = ^ 4 -  (3-37)

Furthermore, the values of the factor on the imaginary axis are 

given by

m u(iv) = <

1-Zv* - Vx7l - V v
(1 - Z V *)* •+ 4 V V V ^ A 7^ 1 J

1 -2vl -i Zn/v 1-V3'7'I - V1
C1-2V

V < VT

i)l+ »4v\/vl- - v - ’ 1 /T f

1 - iv7 + z / v 1- w V v * -  r
,C1 - Z-V2)1 - 4 v V v 2- V3 y  v 1-1-

1 <  v

and by virtue of the complex conjugate relations

(3-38a)

(3-38b)

Substituting eqs. (3-3^, 36-38) into eq. (3-32), the following 

expression for the transformed radial displacement component at 

a field point inside the source is finally obtained.

(3, 9)

Following a similar procedure, the £ -plane contour integrations



32
on the remaining quantities of eq. (3-27) may all be expressed 

in the similar forms: viz.

T  = £i[G(v)!^>h(sv)dv + ^  =1,0

where

^  - K 0(%sv)[(-iflh(fsv) + , K-- 0,1

& =^PSv){l0(%Sv) + | ^ K 0CyaSv)y K-o/l

(:

(:

(:

The terms P ,G(v), and C, appearing in the generic q |K
expression above, are given conveniently in Table 1. Furthermore, 

the imaginary parts of the algebraic expressions are given by

O,

3 (i-z.vi )V v l - '/?

v <  V jj 1

Vfj < V  < 1A(v) '
3(1 -Z-VZ)V v l - Yi -+1 Zvz(vz - '’'W v  z- 1  ̂<

A(,v)
o , v<V >nr

G(ivx-1 )\Zvx- W  \/l-vz 
A(v)

(:

O

o ,

1 <v 

V < 14?
t- r n - j  u v l (zv -0> /v l -Vi>/i '-v l ‘ 17 „

^ ----------- , /yT<v< 1

K  V

(2

(3

P U 6where A(v) = 3 - 2Uv + 56v - 32v (3

5-UO)

i-Ula)

;-Ulb)

$-U2a)

l-l+2b)

\-k2c)

-U3)
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It is worth noting here that hy means of the above analysis, 

all the infinite integrals have been reduced to finite integrations 

with the exception of the case of the vertical displacement.

Furthermore, the discontinuties occuring in eqs. (3-1+2) at v = 1//3 

and v = 1 will be seen to correspond to the P and S body wave fronts 

respectively, and thus the immediate contribution due to each wave 

type may be evaluated.

The time functions of the transformed quantities, given by 

eq. (3-1+0) are now obtained by inverting the integrands in the 

integral terms and by direct inversion of the terms that arise 

from the residues at the Rayleigh poles.

As an illustration of the former case, the Laplace inversion of 

the integrand in the expression for the vertical displacement component, 

at a field point inside the source is examined.

From the Bromwich integral form of the Laplace inversion, eq. (2-17),

using eq. (3-1+0), the vertical displacement at the free surface may 

now be written as
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Introducing the change of variables

p = sv
T

(3-1+5) 
(3-U6)

the displacement becomes

SNjip.o,t) = - (x) (3-1+7)

(3-1+8)

and where the subscripts w and I refer to the vertical displacement 

component and the field point inside the source, respectively.

Now, considering the inversion of the residue terms, it is 

obvious from eq. (3-1+0), that the resulting expressions are of 

the same form as eq. (3-1+8) with v replaced by k , i.e.,

Since all of the required inversions are of the same form as the 

inversion for the integrand of the vertical displacement component, 

eq. (3-1+8), this case will be used to illustrate the method of 

Laplace inversion.

Before proceeding with the actual inversion of this integrand, 

it is profitable and indeed necessary to examine first the general 

nature of f ̂ (x)» for, as will be seen subsequently, the inverse 

vanishes and possesses discontinuities for certain values of x.

These properties of f^j(x) for finite values of x, may be
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investigated by considering the Bromwich integral contour closed to 

the right with a large semi-circle as shown in Fig. 3.

The function F^ (p) requires a branch cut along the negative 

real axis. Moreover, it possesses no poles and is analytic for

all Re {pj. >0. [12]

By Cauchy's Theorem, therefore,

(ABCA
and hence

Ft Cf>) e = o (3-50)

i i w  * - l c F <p)e*?dp <3_51a)
or, more explicity,

i i w -  tFT,1 '"J |c f /ap̂ °(p p)+
lpl~P>0*> 1 (3-51b)

The above integral along the infinite arc BCA is now examined 

for various ranges of x. Using the asymptotic expansions for the 

Bessel functions [12],

( 3 - 5 2 * ’b)

and letting | p the following limits, corresponding to the

two terms of the integrand of eq. (3-5Tb)» are obtained

v  fb/By r /  1 Lx -CVa -pU p (3-53a)

V  *?k/bj 1 Jn-(f>+bA - l h  (3-53b)
1 • rw p e  K l % p ) t \ > p )  77— : ~  i 'r=tr->e  l? |^.oor * ° ft/p) W f W d
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Using the large circle lemma,eq. (3-16), it follows that 

the integral of the first term vanishes for 0 <x< b/a-p , while 

that of the second term vanishes for 0< x < p + b/a-2.

Hence, the inversion is as follows:

It may be noted that the values of x at which the above discontin­

uities occur correspond to arrival time parameters of direct and 

reflected wave fronts; therefore the corresponding quantities are 

denoted as above by superscripts D and R respectively.

Following a similar procedure, the inversion of the integrands 

of the remaining quantities of eq. (3-̂ +0) are found to exhibit 

discontinuities at the same values of x.

Having established and located the discontinuities of the 

integrand it is now possible to proceed with the actual inversions for 

the two separate nonvanishing cases.

Consider first the case where b/a-p <x< p+b/a - 2.

Then,by eq. (3-5M,

l >(3_5Ub)

 ̂I  {koCVap^K/ppJj^ + 1 -fwI00 ( X (3.51*0)

f Ke( %?)!/p e* ? pEr
(3-55)

Letting x = b/a - p+ y, (3-56)
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the above may be rewritten as

( 3 - 5 7 )

Now the Laplace inversion of each factor above is readily 

known [13]: viz.

1  ’{K .0**) e M  = < 3-58a)

L n V4(Z/>-MV (3-5 8b)
where H(y) is the unit step function.

Application of the convolution theorem yields immediately

^ [H(n>
wi**0 ~ J0 1» V4! cip -1 ) (4 - - n+2W») n

or, for 4 <  Z/3, I.e.y x <

t *  . f4 ^
„ I  <*> • J,^V*i(Jp-»i)( '4-‘iX v vl* z v O

(3-59a)

(3-59b)

This integral reduces to an elliptic integral by the change of 

variable suggested by Cayley [lU],

-1= (3-60,
Zp "44.

yielding

i ®  1
+w l w  = K(wl (3-6l>

where _1 .
<*<1 (3-62a)

V O  - q*-)0 - m  4 1)
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is the complete elliptic integral of the first kind and

x * - ( % -pj1 (3-62b)

is the modulus. [13]

For the case p + b/a - 2 < x, the required inversion, according 

to eq. (3-5*+) is

Due to the multivalued character of the function K (p), an ^
branch cut is required and is taken along the negative real axis 

(Fig. It.). From Cauchy's theorem along the closed contour,

Using asymptotic expansions and series representations of 

the modified Bessel functions, and applying the large and small 

circle lemmas above, the integrals along the arcs BC, FA, and DE 

are found to vanish.

The remaining integrals along the branch cut are readily 

evaluated using the following relations: [12]:

|  [Ko( - Ko( e*P<ip
Bf

(3-6*0

it follows that

(3-65)

(3-66b)

(3-66a)



+iir -iirwhere p = ne along CD, and p = ne along EF. Thus, upon

the correct substitutions,

(3-67)

where

In a similar manner, the integrands of the expression for 

the vertical displacement at a field point outside the source maybe 

inverted. In addition, the required inversions for the radial 

displacement component are all obtained similarly.

A different approach however is appropriate for the dilatation 

due to the presence of Dirac-delta functions.

Noting that the integrands as well as the residue terms are simply 

those of the vertical displacement multiplied by p, the inversion 

may be obtained by use of the following theorem in Laplace transform 

theory. [15]

Let f(x) be a piecewise continuous function of exponential 

order, with finite discontinuities of magnitudes at x = x^ ,

k = 0, 1, ...

Then, if F(p) =l{f(x)| , (3-69a)
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Consider now the integrand for the dilatation at a field point 

inside the source.

Then
faIc*> ’ 1' (pFIoCp)} (3-70)

and, "by the above theorem,

= ^  C l  t o  .
X = Va-p

where the bracketed quantities indicate the discontinuities.

The discontinuities in f-.̂ (x) at x = b/a - p and x =p +b/a - 2 
may now be evaluated by means of the initial value theorem.

To illustrate this procedure, for the discontinuity at x = b/a -p , 

application of the initial value theorem to eq. (3-57) yields 
l> D

1 fw X (^ ’ liw
X-»Va“P o

‘ l'»m p ^ 0(b//<lf)e FI 0W e\p\
1 (3-72)

t-Jp b/a
where, again, use has been made of the asymptotic expansions of the 

modified Bessel Functions. [12]

In a similar manner, the discontinuity at x= p + b/a-2 may be 

obtained. Thus, subtracting eq. (3-54b) from (3-54c)

(irCi) * r ’{ i t W H . w f S }  ( 3 - 7 3 )
* - p ̂-Vc-Z *V?JJ

A change of variable, x = p + b / a - 2  + y and application of the 

initial value theorem yields,
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T-JpWcX = f + %~1
The derivative term in eq. (3-Tl) is readily evaluated from 

eqs. (3-5 *̂ 6l, or 67), where in the range h/a -p< x < p+b/a-2 
the following relationships are used: [l6]

d K ( wv) _ E(vw) - ( A - wQ KCm)

where

' V T r
a<l"o V1

is the complete elliptic integral of the second kind. 

Thus, eq. (3-7l)finally becomes

felCx.) = £^=-[.£( x-( X - (p + Va -zl)]

OP

where

S
e l 1

X  ̂  Va -/» 

% - ( •  < X <  /o+Va-Z.f
i i W  =

E(m^ - (A-wOKCwOj
rw ( \ - m) -I

and

f

(3-7*+)

(3-75a)

(3-75b)

(3-76)

(3-77a)

(3-77b)

The inversion for the field point outside the source is similarly 

obtained.
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Finally then, the inversions for all of the quantities given by 

eq. (3-40) may be expressed as follows, with the aid of the change 

of variable v = -1— given by eq. (3-46),

w (3-78a)

^  u bsO.xi 7 f  JL -f  ( p f r f t )
Q  (1,0) *  Ji * w-> u(i,o) e tr  *(1,0) (3-78b)

^  e ( P.o,t) = -

rC / ftT/V vi(v-ViP-%iO . v ^ v - ^ p ^ - Z ) ) !  t
• L w ^ / ^ z ^ i f . v r  z ^ S ( f + v a - z )  J a

UtrVe'ft , 5 (3-78c )

where the functions f̂  (̂p , b/a,f/v), are defined in their respective 

domains as follows:

\p-Va\ <  V

< >vr* * * > p +p + V a -2 < V < \ P T
(3-79)

P -V W a  - Z
The direct wave responses are given by 

1
■fP =fD -f"T„. T t  >.W V<T WO ft Jnfe H ( w O

4  ■ 5 £ * { k m - <pw;'Vv)Tr̂ - 4
< 0  = KC»» +  ir c n t>4

(3-80a)
(3-80b)

(3-80c)



44

fk _ V y  jT £(vn) -(A-w»)KCw\^j
e el eO 4 ,0’( f ^  (3-80d)

Where f ̂ v-1 V-V, -V
1T( n , w ) -  \Q b - n < £ )  ^  (3-81)

is the complete elliptic integral of the third kind, with modulus, 

m, and characteristic n, and where

m  - ( V v f - c v  P y

4 P ^ (3-82a)

*/v - ( % - « ■ ) (3-82b)

_ V y  - ( P - V a }
(3-82c )

2  V at
In addition, the response functions after reflections have occured 

are given hy

fR rR r* . e 'T/v<!
‘ t r U ’ 'o k ((>0 -•« 2 11 (3‘83a)

/  r^i(pX.Oe-T/̂.
T“l ‘ n

rR . _L ,
r»°' f Jo - trl T((n)

(3-83b)

(3-83c )

r? _ X* , XR _ _  f /v*\
e ' e l ' .O ' \  +  •t.’I f y *  ^ (3‘83a>

where

G aI - [ K ^ X / p n ^  - I ^ K ^ C p U ) K c( % Yi)■*K

G uo ( 3 " 8 U c )

(3-84a)

(3-8Vb)
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It should be noted that, for finite t , and P ^ b/a, the integrals 

with respect to v in all of the above quantities are finite and 

contain integrands consisting of the algebraic quantites of eq. (3-42), 

and either the elliptic integrals of eq. (3-80), or the semi­
infinite branch integrals of eq. (3-83). The singularites occuring 

at p= b/a are treated subsequently.

The stress components on the free surface are expressed immed­

iately in terms of the dilatation and the radial displacement 

component, by eqs.(3-6,7) as follows:
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CHAPTER U

ANALYSIS OF SINGULARITIES OF THE SOLUTION AND BEHAVIOR AT WAVE FRONTS

The response on the plane "boundary is seen to be a combination 

of the three fundamental wave types: dilatation (P), equivoluminal

(S), and Rayleigh (R) surface waves.

An analysis of the discontinuties in the expressions of eqs.

(3-78) leads to the type and location of the wave fronts. Consider 

for example, the radial component of displacement, i.e.

" ^ ( 1 , 0 ) ^ - '  « i v l j
^  (4-1)

The second term on the right hand side, which arises from the 

Rayleigh poles has, in view of eq. (3-79), discontinuities at

T  _ K  T  _ ^ (4-2a,b)
\P ~ b/a I ' /° + bA - i

or, in terms of the original variables, at
o s (U_3a)

* C R

and “t
R  (r -o i) -v (b-a)
R C R (4-3b)

D RIt is noted that t- and t_ are the arrival times of a Rayleighn n
wave traveling the direct (d ) and reflected (R) route from the source 

to the field point respectively.

Similarly, the integrand appearing in the integral of eq. (4-1)
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has discontinuities at

V = |/°-b/al ' V  = P  - b/a - ̂  (U-4a,b)

At a particular field point, p, as time, t , elapses, these discon­

tinuities interact with the limits of the integration. There are 

therefore, critical times at which the discontinuities in the integrand 

coincide with the end points of the domain of integration, viz.
r _ j_ T - a ,

|/°-bM  " /31 ; l/O-b/M (4-5a,b)

1; ,----- 1 (U-6a,b)P  +- b/oL - Z. p  -*■ 1

or, again in terms of the original variables,
o * s I r ^ b L  (U.Ta,b)

Lp C p  ) s cs
tR - , f r - a V ^ a )
p C p ) Ls cs

D RAs above, tp and t are the arrival times of the direct (D)
D Rand reflected (R) P-waves, while tg and tg are the arrival times 

of the corresponding S-waves.

Summarizing the above results, it is seen that a total of six 

wave fronts exist on the plane boundary: three direct outgoing

waves of the P, S, and R types, and three direct ingoing waves which 

reflect as three reflected outgoing waves of the same type.

The contribution of each wave in the region of the wave front can 

be analyzed by considering the wave profile, i.e. the variation of 

magnitude with position.
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To illustrate the procedure in the vicinity of a P-wave front, 

consider the profile for the radial displacement immediately behind the 

direct outgoing P-wave. Let

P p *  %  +  r t x  , Pp = P p - e. %  (," 9a'b)

where p^ and pp denote points at and immediately behind the P-wave 

front, respectively, and where e is a small (positive) parameter.

Then T _ 1
/°o -Vo, vT?

and -/o-_b/a VT' / ?T

(l|-10a)

(li-lOb)

Substituting eqs. (3-^2b) and (3-79) into eq. (lt-l), it 

follows from the above, that for any x »

^ - U0 lPP'°'r) = ° t n ,  ('“ llsl)
V/?0

, ^ 0 (/r > / 4 d V
(U-llb)

Now, eq. (k-llb) may be evaluated for small values of e 

by expanding the analytic portions of the integrand in a Taylor 

series, combining and integrating term by term.

It is noted that the factor - 7=, is not analytic at v= 

and therefore cannot be expanded in a Taylor series in any region
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containing that point. However, it can be shown that the term 

is analytic. To this end, consider the original 

expression, analogous to eq. (3-54), that led to tu q (x), eq. (3-80c):

From eq. (4-10b) and according to the relation x= f/v,the 

range of integration of v in eq. (4-llb) corresponds to an inte­

gration in the range
/£ - %  < X <  />“ - b/a + 6 % (4-13)

r° - tHence it follows that if it can be shown that A ,X )

is analytic at x=p~-b/a the analyticity in the range of integration 

is established.

Introducing a change of variables

X = /£ ' , P  * (4-l4a,b)

eq. (4-12a) becomes:

f l o M - l J i [  < ^ >
B r  4

Replacing the modified Bessel functions by their asymptotic 

expansions eq. (3-52), for small y, (X-^/^-Va) and using eq. (4-l4b), 

eq. (4-15) becomes:
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* t o W  a Zxxi P + Pl^ 8 %  * (U-l6)

from which, by means of the known Laplace inversions

i o W  = 2̂ = n [ 1 ^  - 0 1 ^)} (U17)

,.D -t>
Since Tao(y) is analytic at y=0, it follows that Tuo(x) 

is analytic at x=p~-b/a > and hence from the above also in the 

range of integration of eq. (l+-llb).

Moreover, since the algebraic term within the brackets of eq.

(lt-llb) is readily seen to be analytic, it follows that this equation 
may finally be written as

<r?t J
= F C v ^ x / v - V k  d> (U—l8)M3

where F(v), the analytic portion of the integrand, has the expansion

F « .  FC*) * 4E(£Vlv

The dominant term of eq. (U-l8) is readily found upon integration

to be

where A is constant.

It therefore follows that the radial displacement component is 

continuous, i.e. there are no Jumps in displacement across the direct
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P-wave front. Furthermore, it is noted that the slope
of the displacement profile is also continuous across the direct 
P-wave front.

In a similar manner, it can be shown that both the radial and 
vertical displacement components exhibit the same behavior behind 
the P-wave fronts and immediately in front of all the S-wave fronts, 
while behind the S-wave fronts, no discontinuity exists.

A similar procedure may be used for the dilatation, and to further 
illustrate the details of the method, the dilatation in the vicinity 
of the direct outgoing S-wave front is now considered.

The P- and S-wave contribution of the dilatation given by eq. (3-78c) 
becomes, upon substituting eq. (3-42c), the following.

a V f I v U V - W l - v W v * - 1/, .
Q  e°(p-0'r)- n 1 >/R  A  (v)

0: (p,bA'VvW . v S t v - p . b / . - i )

Let p s » %  + X (4-

p *  = ps ± € b/ a U -

where , p , ^  denote points immediately ahead, at, and behind 5 S Q

(4-22a)
(4-22b)

the S front respectively.

Then T (4-23a)

and
< * - V a

T (4-23b)
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Furthermore, let t be within the range

✓  _ L/°s +y* - t  v? (*»-2U)
thus restricting the analysis here to the case where the reflected

P-wave has not yet reached the field point p .s

Following a procedure similar to that above, the dominant 

terms of eq. (1+-21) yield the following:

<U25a)

^  [eo L -  = ~  B e
(U-25b)

where A and B are constants, and the bracketed quantities S+ and 

S indicate the variation immediately preceding and behind the S wave 

front.

Although there is no discontinuity in the dilatation in the 

vicinity of the S front, it is noted that due to the term with 

coefficient A, the slope of the dilatation profile approaches 

infinity just in front of the direct outgoing S-wave.

In a similar manner, it is found that such a cusp is present 

Just in front of the direct ingoing as well as the reflected S-wave 

and immediately behind all direct and reflected P-waves.

Furthermore, it follows from eqs. (3-85) and the above, that 

the profiles of the stresses,a rr and > exhibit the same cusps as 

the profile of the dilatation near the P-and S-wave fronts.

The behavior of the vertical displacement in the region of the
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R-wave front may be considered in a similar manner. 

For the case of an outgoing wave, let

/°R - b/ a + * A  , P* = />R ±  € b/a (l+-26a,b)

where p̂, indicates the position of the R-wave front and where then
(+) and (-) signs indicate positions immediately preceding and 

behind the front.

Then

= * 0  +  4 ^ - )  • (U-27)ri - v<\

Furthermore, let t be within the range

T  <  4 r
PR  + - t «  (lt-28)

thus restricting the analysis for the purposes of illustration to 

the case where the reflected P-wave has not reached the point Pp.

Then, from eq. (3-78a),

r 1  _
QM / ± _ \ _ \ \ 3 (1 - Z V 1 )1 / v 1 " Vi J* ( t fc/ ty\ k

o  ^ ' (' • ' «*J,:-----i M --------+wo(/»R ./“> )  dv

, _____
—  — x I (3 0 - 2vl)Vvl-1/3 -*-1 lvl(vx- V3)Vv^-ly •

-m

p0 / ± »,✓ t/A f Vt fyx(W»-V) \  k
^  + Kl - v l - - v* J

(fc-29)
where the term — , appearing in the second integral has been



expressed in terms of partial fractions.
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For small e , the above becomes

Upon expanding the bracketed term in a Taylor series about 

v = k (in a similar manner to the above) and performing the inte­

gration, the dominant term is found to be

where A is constant.

Thus a logarithmic singularity exists immediately in front of 

and behind the direct outgoing R-wave. Similarly, upon examination of 

the vertical displacements at the other R-wave fronts, it is found 

that the same singularity is present immediately preceding and behind 

both the direct and reflected R-wave fronts.

A different method is required for examination of the radial 

displacement and dilatation in the region of the R-wave fronts since, 

as noted above, these quantities occur in uncoupled form, viz. as the 

residues of eqs. (3-78b) and (3-78c) respectively:

(4-31)

(4-32a)

C4-32b)2* {py/Z £ v*> *»/*
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The discontinuities across the R-wave fronts of the terms 

appearing above are readily evaluated by the method used in obtaining 

eqs. (3-72) and (3-7*0* In the case of the dilatation, the Dirac- 

delta terms above define the additional singularities existing at the 

fronts.

Thus, combining the results, the following behavior is found 

to occur at the R-wave fronts:

W 5 -
Q JUQ h f

^  H}D ■ M D

W *  ■ Q MQ M *

%  <*$ ■ â - N c
^  {'of ■ N c

Q [*]’

(U-33a)

(U-33b)

(U-33c)

(fc-33d)

(U-33e)

(U-33f)

where the superscripts D and R denote the direct and reflected wave 

fronts respectively, and where

= *>/<* - V x  (U-3Ua)

= b/a -+T/x (**-3*+b)
r O

804 p R s 1 - b/a •+ t:/K (U-3**e)

indicate the locations of the various wave fronts.

The square brackets in eqs. (U-33) indicate the following finite
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jump discontinuities across the corresponding wave fronts.

^  W  = "

% u . r u iR -  3____Q  L J \ion\lp 6/«

(U-35"b)

(U-35c)

iSSLflr ( ^ W a ) V z

QZ/U rg 1°. _  p-W<k 
Q  L 0J » ̂ zxt (f> W a ) 3/*-

a V  rfl jOH-b/q-tfcypb/cv
/£  I? J " »Sl <vCpb/ a)3/l

(U-35d)

(U-35e)

(U-35f)

In addition, from eqs. (3-85a) and (3-85h), and the above

the behavior of the stresses a and at the R-wave fronts isrr 00
found to be as follows:

Ql
Q

a1
a (U-36a)

£> 
® 

 ̂
Put

{ * 4 ° r Q [̂ Yt-o] (U36b)

of1
Q ■ k f -

a1
Q I ' " ] '  + — T T —  ’/°R  ̂btrŷ o b/a (U-36c)

a1
Q

a1
Q M - (lt-36d)

a1
Q --

a1
Q [<Jeeo] + (U-36e)

a1
Q

a1
Q

r iR [o'aej + t + H ^ b / a  P  ^

(U-36f)
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where the square brackets indicate the following finite jump 

discontinuities at the corresponding wave fronts:

(f T/v 1* - ^ ' 7 ^£  M (U-37a)

-2! farJ D _  ^ - 7 b / q  (*-STb)
Q  I r K ll 481V Cp Wa")v ‘

-»7 V>/<k (o f b/(K (U-37c)

p + Z U / a  (U-37d)

£ N R :

" q * IpOfll] ■ V^ZTt ( ,0 b/ft)3/i

-i£ Itt ^ Z 3 fe/q (U-37e)
Q  L H  1 tqztMf w<Ov*

f . +  +<0fiiA - 2 Z ¥ < \ (U-37f)
Q  L ®eJ '  t92.tr

A significant aspect of the response which merits investigation 

is the behavior under the load at p =b/a, where it is recognized 

that two kinds of irregularities in the response may occur at 

this point: finite discontinuities and singularities.

In investigating the displacement quantities, it is necessary to 

recall that the relevant integral representation, eqs. (3-^0), 

which were derived from eqs. (3-27), are valid for points p 4 b/a

and were obtained by considering the contour integrations in the

l* -plane. Specifically, criteria for the convergence of the 

integrals of eqs. (3-27) were based on the behavior of the complex 
integrals along the large quarter circle arcs of the closed contours.

In the particular case of the dilatation, this investigation led
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to the determination of the Dirac-delta strength, as shown in 

eq. (3-T8c).

It is now necessary to reexamine the integrals along the large 

quarter circles for p =b/a for the cases of the vertical and 

radial displacement components. Using the identical procedures of 

Chapter 3, it is then found from the large circle lemma, eq. (3-l6), 

that the combined sum of the integrals along the large arcs in sheets 

1 and 2 of the ZJ -plane vanish for the vertical displacement, while 

for the radial displacement the sum becomes finite.

Upon taking the limit p -► b/a the large quarter circle 

contribution for the radial transform displacement then becomes

= -  TTtr/s' (U-38a)

while for p -+ b/a+

% (U-38b)

It is these quantites that are to be added to the expressions for 

the radial displacement, eqs. (3-1+0) and (3-78b), when p =b/a.

Points of finite discontinuity in the response may now be 

determined from examination of the behavior of the Laplace transforms, 

eq. (3-1+0). As an example, consider the jump in the transformed radial 

displacement at p =b/a. Eq. (3-1+0) yields:

(1+-39)
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where use has "been made of the Wronskian relation of the modified 

Bessel functions:

The Laplace inversion of eq. (U—39) is then readily obtained. 

The v-integral, which may be evaluated in closed form, is found 

to vanish, and consequently

where the square bracket denotes the jump (discontinuity) at the 

point.

Thus, it is seen that a time-independent finite discontinuity 

exists in the radial displacement under the source.

In a similar manner, it is found that the vertical displacement 

and the dilatation have no discontinuity under the source.

The significance of the expressions in eqs. (U-38) can now 

be assessed in view of eq. (1+-1+1). It is observed that the value 

obtained for the radial displacement at P = b/a is halfway 

between the values just inside and outside the source. This is a 

common feature in integral transform techniques, viz. the value 

at a point of discontinuity is the average of the values immediately 

to the left and to the right of the point.

The singularities of the response at p = b/a may be determined

(U-Ui)
f> a W a
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from an investigation of the final displacement quantities, given by 
the expressions of eqs. (3-78) as p-> b/a*'

Consider for example, the vertical displacement at a field point

outside the source, as given by eq. (3-78a).
pt/C/0- b/*)

VS/ (p,otr) = - (h-k2)

where f ( p, b/a, t /v ) is given by eqs. (3-79» 80a, 83a) and w
Im {mw> by eq. (3-^2). As p -> b/a, the upper limit of integration

xapproaches positive infinity. Furthermore, as v + jr-Wa"* °° *
the integrand terms behave as follows:

(U-U3a)

(lt-lt3b)

where in eq. (l+-l+3b) use has been made of the series representation of 

the complete elliptic integral of the first kind

(U-UO

with m -* 0 as v ->■-- ~p-b/a*

Thus, eq. (U-U2) can be written as the sum of two integrals

rN
1 i m  W  (f,o,̂ ) s - I X m  Jj (/>y ̂ Vv) <lv
P - *  *>/£ ^  °

iSXZcp-v3 r ■ av
N

(U —U 5)

where N is large.
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The second integral is seen to contribute a logarithmic singu­

larity to the vertical component of displacement under the source. 

Similarly, it can be shown, that as P + b/a the same type of 

singularity is present.

Following a similar procedure, the radial displacement is found 

to exhibit no singularity under the source. Moreover, no additional 

singularities are found to occur in the dilatation, aside from the 

Dirac-delta function previously established in eq. (3-78c), viz.

Using eqs. (3-85) the discontinuities and singularities of the 

stress components at the source ( p = b/a) are immediately established 

from the corresponding displacement quantities, and are summarized 

as follows:

where the square brackets denote the following time-independent 

finite jumps:

(U-U8b)

(U—U8a)
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CHAPTER 5 

NUMERICAL RESULTS AND CONCLUSIONS

a). Results for a given typical source location b/a = 3.0.

In the first part of this chapter, numerical results, evaluated 

from the relevant expressions of Chapter 3, are presented for the 

response at the plane surface boundary. Typical results are first 

given for a source at b/a = 3.0. (The numerical techniques and 

methods used in the calculations are discussed in some detail in 

Appendix C).

Typical profiles of the vertical displacement are shown in 

Fig. 5 for various non-dimensional times, t . Locations of the 

direct and reflected wave fronts are indicated. The logarithmic 

singularities at the R wave front (as given in eq. (^-31)), and at

the source (eq. (U—1+5)) are seen to be the dominant features of the

response. Indeed the effects at the P and S wave fronts appear 

to be relatively insignificant in the profile. It is also of

interest to note that the singularity of the R- wave does not

change sign upon reflection at the inclusion boundary.

The vertical displacement at a fixed field point p = 5.0, 

is presented as a function of time t in Fig. 6. The arrival times 

of the various direct and reflected wave fronts are given with the 

observed singularities occuring at the R- wave fronts. In particular, 

the response is seen to approach asymptotically the static response 

for large values of time.
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As noted in Chapter b, the contributions of the body waves 

(i.e. the P- and S- waves) and the Rayleigh surface waves to 

the radial displacement and dilatation sire uncoupled and it is 

therefore possible to present the effects of these waves separately. 

Furthermore, from eqs. (3-85)> the body wave and surface wave 

contributions to the stresses may also be presented separately.

Profiles of the radial displacement due to the body waves 

as well as positions of the wave fronts at various times x are shown 

in Figs. 7 and 8 for field points inside and outside the source 

respectively.

Direct ingoing waves and the corresponding reflected waves 

are shown in Figs. 7a and 7b respectively. From the former figure 

it is seen that the response between the P and S wave fronts 

consist of a single sine shaped pulse with a peak roughly equidistant 

from the end points of the pulse, while behind the S wave front the 

response is small in comparison to this peak. The peak increases as 

the waves approach the inclusion.

From Fig. 7b it is observed that the reflected pulse is opposite 

in sign to the incident pulse and the peak decreases as the waves 

diverge from the inclusion.

The interaction of the direct outgoing and the reflected waves 

at two typical times, t = 5.0 and t = 10.0, are shown in Fig. 8 where 

a reinforcement of the peak is observed. The apparent discontinuities 

in the slopes at the P and S wave fronts in the above figures are 

spurious due to the relatively small scales along the abscissas.
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Profiles of the radial displacement due to the Rayleigh surface 

waves for various times x are shown in Fig. 9 for outgoing waves.

The finite jump discontinuities at the direct and reflected R wave 

fronts are seen to decay with distance from the origin (eqs. (4-35))* 

Moreover, the discontinuity under the source, at p = 3.0 given by 

eq. (4-4l) is noted to remain constant for sill times. The profile 

of the static radial displacement is also shown and it is noticed 

that at points inside the source the displacement vanishes.

A clear representation of the variations of the jump discontinuities

in the radial displacement at the R-wave fronts is presented in

Fig. 10a where according to eqs. (4-34, 35) the discontinuity
- Cot *Cis plotted against a nondimensional time T * ~  . In

Fig. 10b the positions of these R-wave fronts are given as a function 

of time x (eqs. (4-34)). The jump at the direct outgoing wave 

front is seen to decay with time and hence with distance from the 

source while the direct ingoing discontinuity increases until the 

inclusion is reached ( x = b/a - l). The reflected discontinuity is 

of opposite sign and decays in the same manner as the direct outgoing 

wave.

A typical total radial displacement profile (representating the 

combined effects of all the waves) is shown in Fig. 11 for time t =5*0. 

The locations of the wave fronts are indicated and it is observed 

that for this value of time all the ingoing waves have been reflected 

at the inclusion. The figure therefore represents the case for 

sufficiently large times in which all waves are radiating outward.

It is again noted that the Rayleigh surface waves dominate the
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the contribution of the body waves.

The radial displacement at field points inside and outside the 

source is presented as a function of time x in Figs. 12 and 13, 

respectively. The arrival times of the various wave fronts are 

given with the observed discontinuities occurring at the R-wave 
fronts. The response is seen to approach asymptotically the static 

response for large values of time.

For the case of the stress components at the surface, it is 

again possible to separate the effects of the body waves from those 

of the Rayleigh surface waves.

Typical profiles of the stresses a06 and arr due to the body 

waves as well as the positions of the various wave fronts are shown 

in Figs. llta and lVb, respectively, for the field points inside 

the source at various times. The response between the P- and 

S-wave fronts is seen to be approximately an N-shaped pulse with 

the peak near the P-wave front being slightly larger than that near 

the S-wave front. There are cusps in the profiles immediately behind 

and in front of the P- and S-waves respectively (eq. (U-25a)). As in 

the radial displacement, the response behind the direct ingoing 

S-wave front is small in comparison to the above mentioned peaks. It 

is also noticed that the profiles of a and o are similar in shape00 TT

with the peaks in q being approximately four times as great as

those in a. . In addition, the reflected pulse is opposite in sign 66
to the incident pulse.

Due to the similarity of the profiles, the behavior of ctqq and a0 0 2*1*
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due to the body waves, for points outside the source may be illustrated 

for various times by means of typical profiles of the radial stress 

appearing in Fig. 15. Again, the positions of the various wave fronts 

are indicated. The interaction of the reflected and direct outgoing 

N-shaped pulses results in a decrease in the peaks near the reflected 

P-wave and direct S-wave fronts. The peaks are seen to decay as 

the waves diverge from the inclusion.

Profiles of Oqq and â  due to the Rayleigh surface waves are

shown in Figs. l6 and 17 respectively, for outgoing waves. The

Dirac-delta functions are illustrated by means of heavy solid

lines and their respective strengths indicated. The finite jump

discontinuities (eqs. (U-37)) and the Dirac-delta functions (eqs.

(U—36)) at the R-wave fronts, as well as the time independent finite

discontinuities under the source (eqs. (U-U8)) are the dominant

features. Decay with distance from the inclusion is again observed.

The results are seen to approach the static profiles where it is

noticed that both a and a vanish for field points inside the00 rr
source (eq. (D-26)).

As in the case of the radial displacement it is possible to

represent more clearly the jumps in the stress components at

the various R-wave fronts by considering the variation of the jumps

with time "r , (Eqs. (U-—37)) • Figs. l8a and l8b present these

variations for(JQQ and a respectively. The direct ingoing discon- 0 d rr
tinuities increase until the inclusion is reached ( t = b/a -l). The

reflected discontinuities are opposite in sign to the incident
2 2 & & discontinuities, where~q [ a0g] is observed to decrease while-Q b rr]
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increases immediately after reflection. For the circumferential 

stress, the direct outgoing discontinuity decays with time, while 

the reflected discontinuity decreases, changes sign, and finally 

decays for large values of time. The reverse is true for the 

radial stress; the reflected discontinuity decays with time 

while the direct outgoing discontinuity decreases, changes sign, 

and finally decays for large values of time.

As above, the behavior of aQQ and a may be illustrated byoo rr
means of a profile of the radial stress only. A profile of the total 

radial stress as well as the location of the various wave fronts is 

shown in Fig. 19 for outgoing waves. It is of interest to note 

that the N-shaped pulses arising from the body waves are larger 

than the direct R-wave discontinuity but much smaller than the 

reflected R-wave discontinuity. Moreover, the Dirac-delta strengths 

at the R-wave fronts (eqs. (U—36)) and under the source eqs. (lt-1+7)) 

dominate the response.
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b). Discussion of geometric changes of source location.

As noted previously, the numerical results presented above were 

calculated for a typical load located at b/a = 3.0. Consideration is 

now given to the effect of a variation in the location of the source, 

b/a, on the response. From the derived analytical expressions of the 

preceding chapter, it is evident that the qualitative aspects of the 

response cannot depend upon the position of the source, although the 

quantitative results will naturally be a function of this parameter.

It was observed above, for b/a = 3.0, that the dominant aspects 

of the response occur at the R-wave fronts. Furthermore, it may be 

recalled that the singularities at the R-wave fronts are expressed 

in terms of elementary functions (eqs. (U-31, *+-35» **-37)); it there­

fore follows that the relationship between the geometry of the source 

location and the behavior at these wave fronts is readily obtained.

At this point it is no longer advantageous to consider the 

dimensionless form of the results. This is so because the magnitude 

of the applied vertical stress depends upon the applied force Q 

and the location of the source b, and consequently, when considering 

a variation in the geometry of the problem it is necessary to 

decide whether to maintain the applied stress or the applied force 

constant.

Consider for example the effect of changing the location of the 

source b, while the applied force Q, the location of the field point r, 

and the radius of the inclusion a, are held constant. The behavior 

at the R-wave fronts is as follows: the jump discontinuity in the
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radial displacement [u], the magnitude of the vertical displacement w,

and the Dirac-delta strengths in the stresses aee and a vary

inversely as the square root of h; and for the field points at large

distances from the source, the Jump discontinuities in the stresses
3/2Oqq and arr vary inversely as b

On the other hand, consider the effect of changing the position

of the source b, while the applied stress g ^b~" , the position of

the field point r, and the radius of the inclusion a, are held

constant. In this case the following behavior at the R-wave front

is observed: the Jump discontinuity in the radial displacement [u],

the magnitude of the vertical displacement w, and the Dirac-delta

strengths in the stresses o and a , vary directly as the square00 rr
root of b; and, for r >>b, the Jump discontinuties in the stresses

Oqq and o vary inversely as the square root of b.
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c). General conclusions.

The complete response at the plane boundary has been evaluated 

and analyzed. The results obtained may serve as influence functions 

for arbitrary axi-symmetric normal loadings.

It was found that, at any given time, there are six wave fronts

present, thus indicating that each wave (P, S, or R) reflects as

a wave of the same type from the rigid-lubricated inclusion. The

vertical displacement reflects positively, while the radial displacement

and the radial and circumferential stress components reflect negatively.

In addition, upon reflection of the R-wave, there is a loss in the

magnitude of the jump [ Og0 ] and a gain in the magnitude of
P=1

[ 0 ]. 
rrp=l

The displacement and stress components are directly proportional 

to the total applied force, Q, as must be the case for a linear 

system. Furthermore, the stresses are seen to be independent of the 

material, constants, whereas, the displacements are found to vary 

inversely with u .

At large distances from the source, the stress and displacement 

components near the R-wave fronts decay as and are thus in

agreement with the Rayleigh wave stud of Lamb [3]*

For large values of time the dynamic response approaches the 

corresponding static response (Appendix E). In addition, for the 

radial displacement and the stress components on the plane boundary, 

the time independent finite discontinuities and Dirac-delta strengths
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under the source are identical to the singularities in the static 
problem.

The major dynamic effects which are found to occur at the 
Rayleigh surface wave fronts may be summarized briefly as follows: 
the vertical displacement contains a logarithmic singularity; the 
radial displacement contains a finite jump discontinuity; and the 
stresses contain Dirac-delta singularities as well as finite jump 
discontinuities.
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The following integral representation for the Dirac-delta 

function, required in the general solution, is established.

^  Jf t v)  -
(A-l)

The derivation proceeds as follows. Consider

vl// _ f  Ce(V'yV<0C1(Ytf) (A-2)
Jo j;(y)+ V M

where (A-3)

C, I * »  s T*(te) {A~k]

Expressing the integrand in terms of Hankel functions, eq. (A-2) 

may be written as
LllV X
- p ~ \  (a-5)
H, l*) u] -

- i C M K V  - H, (Y) J
The above integral may be evaluated by extending the integration 

to the complex plane Y= u + iv. The integration along the real 

axis is then replaced by integrals along the imaginary axis together 

with integrals along large and small arcs by Cauchy’s theorem.

This procedure required choosing the proper quadrants for the 

path of integration for each term in the integrand of eq. (A-5).

The appropriate choice is based on the convergence of the integral 

along the large quarter circle, which is determined by using the
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Let be the path y = |y|e^ and let G(y) be a function along 

this path. If

llW\ G(V) = ^  (constant) (A-6a)
|y | -*•

then

l iw \ - \
\Y\ •** C.̂  (A-6b)

where 0 is the angle of rotation of the position vector along the 

curve Ĉ .

Consider as an example, the tern

G M  = (a-7)

Using the asymptotic expansions of the Hankel functions [12]

•Cm

the following limit is obtained

i i  I lim IyI'GCv) = j— 0.

This limit exists or vanishes if

(A-8a)

(A-8b)

(A-9)

(A-10)

Hence, by the large circle lemma, the integral of this term vanishes 

for (b/a - p)v>0, and exists for p= b/a.



It is seen that for p< b/a the contour for this term must 

be taken in the first quadrant, while for b/a < p it is taken in the 

fourth quadrant. The remaining three terms in the integrand of 

eq. (A-5) are treated similarly, and it is found, contrary to the 

above, that for two of these terms, the contour for p <b/a must be 

taken in the fourth quadrant, while for b/a'fp it is taken in the 

first quadrant.

Thus it is observed that the convergence of the integral depends 

on the relative magnitudes of p and b/a, and therefore, it is necess­

ary to separate the expression for ¥ when P<b/a, from the 

expression when b/a < p .In addition, in each case, the integrand 

is split into two parts; one of which yields a convergent quarter 

circle contour in the first quadrant, while the other converges in 

the fourth quadrant.

and where the superscripts (+) and (-) denote that the integration 

in the Y-plane is to be carried out in the first and fourth quadrants,

Let

(A-llb)

(A-lla)

(A-12b)

(A-12a)
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respectively.

Now the integrands above require a branch cut along the negative 

real axis due to the multivaluedness of the Hankel functions. Further­

more, it is noted that the poles corresponding to the zeros of 
H^(y) and H^(y) lie outside the path of integration and therefore 

do not contribute to the contour integral; the integrands within 

the closed contour are then analytic.

UBing the integration paths shown in Fig. 20, and applying 

Cauchy's theorem, contour integration yields,

1 r ' a ,  = - { [  i w  - 1 1 ‘"  * \  r l  a* { A - i 3 a )
AS L SC c\ p* J

[ 2“'a> ' -[ iY'-J * I ? }  av u-i3b)
JAS L BC* cV t>‘A

Hence,k r - r v : - j  (i H l i ' M r j L
(- iC BC*' Cb c V  t>A p'A \ (A-ih)

The integrals along BC and BC' are evaluated by the large circle 

lemma, eq. (A-6) given above, and are found to vanish when b/a, 
Fran the following known relations [l2] ,

Hc*(v) * H ^ V )  (A-15&)

(A-15b)H l> )  --
and,

|W ,,.A _ . I 1/ ,.A n (A)/. „x _ 2
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H % )  = Z I . M +  - £ K . ( y )  (A-i6c)O ''

(A-l6d)

it follows that

i (U / V 4v) s 5  6,1#*v) (A-17a)

C-'J , —c+S r 1 0 ,1,-w) = $ (Z,\tv) (A-17b)
and

(A-17c)

(A-17d)

Upon direct substitution in eq. (A-lU) it is seen that the integrals 

along the paths CD and C'D' cancel for both of eqs. (A-ll).

The integrals along DA and D'A are evaluated by means of 

the following (small circle) lemma [ll].

Let G(y) be a function on a path C2, given by Y=Y0 + ee , 
where e is small. If

(Y-Y^) G(y) = h (constant) (A-l8a)
y-vv'0

then

li,* \ £(v)av = i A 0  (A-i8b)
€ - * ©

where 0 is the angle of rotation of the small position vector along 

C„.
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Using the series representation of the Hankel functions [12],

H jV >  *  1 *  ^  1 «  f (A-19a)

(A-19b)

(A-19c)

i
(A-19d)

it is seen from eq. (A-l8) that these integrals combine to yield

\ iCV,V)dY = O f> < %  (A-20a)
DA JD'A

and

1  f(2.IV)ay +i.A5 o U <V)dY= - -J- %  < f (A-20b)
DA p

Hence, from eq (A-ll) and (A—lU) the following result is obtained:

i ^ p . ^ O  * 0  P <  b/a (A_21a)

t ^ P . ^  ’ “f , *>/*< p (A-21b)

[
from which, according to eq. (A-2), it follows that

C 0 ( x , % )  C ^ ( y t e )  p  Y iw b/\
1 __2 .— rrr (A_22)
0 T,Differentiating both sides with respect to p, and noting that

± C t(Y,e) = V  C 0CV,p) (a-23)

yields the identity sought, viz.

CJvX)CdKe)fY^ C/. b, \------------— — <M » i f f -  /,) ( A _ 2 + )
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BRANCH CUTS FOR THE MULTIVALUED FUNCTIONS

It was observed in Chapter 3 that the branch cuts for the
2 1/2 2 l/2multivalued functions ( £ + l) and (c + 1/3) must be

chosen so that their real parts along the path of integration are

positive. It remains to be shown that the sheets given in Fig. 21

satisfy this criterion.

Since the two functions are of the same form, it is sufficient
2 l/2to consider only one of them, e.g. {t, + l) . Define the function

w(s) by the expression

W *  = + = ( T j V v K W )  (B_1)

and let r^, r^ and 0^, and ©2, denote respectively the magnitudes 

and angles of the position vectors from the branch points £= +i,

-i, to an arbitrary point in the S-plane, as shown below.

According to the branch cuts for the sheet 1 (Fig. 21), the

ranges of ©^ and ©2 must be

-Tr < On 4 iv
o < e z ^  2.1V

(B-2)

From the expression

w  - e B̂-3>

the function w can be assigned either of the following values:
• O, ♦ 0.

w , - e  2 (B-U)
: ©, ■+■ ©a -*• 2xr
\  1----- (B-Ub)
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1/2the first of which corresponds to choosing (-1) = + i, while

1/2for the second value (-1) = -i.

Considering w^, it is seen that its argument is in the range

O < 6n" 0a <  ^  (B-5)Z ^

for all £ in the first quadrant.

Therefore, the condition Re > ° is satisfied

in the first quadrant of sheet 1.

The analysis for sheet 2 is similar. In this case the ranges

of 0̂  and 0£ must he:
O < 0, ^ 2-1*

1 (B-6)
-tr < © t ^  ^

Then, considering w^, it is seen that its argument is in the range

3ir , , -
<  ----------1  <  t-vr (b-7)

for all ? in the fourth quadrant.

Therefore, the condition Re >  O is satisfied

in the fourth quadrant of sheet 2.
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APPENDIX C

NUMERICAL METHODS OF EVALUATION AND ERROR ANALYSIS

Quantitative results behind the wave fronts are obtained from 

the numerical evaluation of the expressions in eqs. (3-78). The 

discussion below is concerned with the general method of evaluation 

and provides an indication of the accuracy and errors arising in the 

calculations.

As is noted in Chapter 3, the direct waves requires integrations 

in the range

while the combined response to direct and reflected waves require 

integrations in the range

Within each of these ranges, the integrands are the products of

eqs. (3-80), (3-83), which must be evaluated numerically.

The errors in evaluation of the displacement quantities arise 

from two sources: numerical evaluation of the integrand and numerical

integration of the calculated integrands.

Consideration is first given to the evaluation of the integrands.

For the direct waves, as seen from eq. (3-80), it is necessary

(C-la)

(C-lb)

algebraic terms given by eq. (3-̂ 2) and functions of f^ j or f^
9
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to evaluate complete elliptic integrals of the first and third kinds. 
These quantities are expressible in terms of complete and incomplete 
elliptic integrals of the first and second kinds (l3| which may be 
evaluated numerically to six significant figures from available IBM 
subprograms in FORTRAN IVG programming language.

For the combination of direct and reflected waves, the relevant 
integrands eq. (3-83), contain semi-infinite branch integrals. These 
are readily evaluated by means of Gauss-Laguerre quadrature formulas 
[17] . The results, which were used to calculate the displacement 
quantities presented in Chapter 5 part a, were computed by means of a 
thirty-two term formula. The relative accuracy of the values, obtained 
by comparing the results using a twenty-four term formula, showed a 
relative difference of less than 0.2 percent.

Consideration is now given to the final numerical integration of 
the integral expressions of eqs. (3-78). However, it should first 
be noted, that in the case of the radial displacement and the dilatation, 
the Rayleigh wave and body wave effects are uncoupled, while in the 
case of the vertical displacement, the effects of the Rayleigh waves 
and body waves are not separable but are expressed simultaneously in 
terms of a single integral. This coupled representation thus gives rise 
to some difficulty: more specifically, the term Im£mJ^ In the range
1 v, is singular due to the simple Rayleigh pole at v s-K • Hence, 
the evaluation of the vertical displacement requires a separate 
treatment which will be considered subsequently.

Therefore, consider first the dilatation and the radial displace­
ment.
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In view of the above, it is immediately established that the uncoupled 

effect of the direct R-wave is determined to an accuracy of six 

significant figures, while the error in the calculated reflected R 

wave effect is less than 0.2 percent.

The body wave contribution which require a final numerical 

integration over v, are evaluated by means of trapezoidal integration 

formulae.

Since, as previously noted, the integrands are discontinuous, 

the range of integration is subdivided into regions where the 

trapezoidal formula is applied to sub-integrals having continuous 

integrands. Furthermore, due to the factor (2v -l), appearing in 

eqs. (3-l+2b) and (3-^2c) the integrands change sign only at v =~h~ ; 

by choosing this value as the end point of sub-interval, the 

integrand will not change sign in any sub-interval.

Hence, the manner and number of sub-integrals required is seen 

to depend on the values of \ / aj an^p'+b/a-2 '*'n relati°n to the 
critical points v = ^ — , v » and v = 1, (C-2)

and thus there are as many as three sub-integrals.

The trapezoidal formula is then applied successively to each

sub-integral, where at each successive iteration, the spacing is

bisected. Thus a series of iterated integrations is performed with 
li hspacing h, — , ^ ... respectively. In order to maintain a reasonable 

computational time it was found necessary to limit the iteration to 

a maximum of seven successive bisections, i.e. a spacing of order



33h ti~6 = (TU‘ ^he <̂*'*’erence value obtained from the last two 
successive iterations may be assumed to be the maximum error of each 

subintegral. Using this criterion, it was found that the stun of each 

of these errors over all of the sub-integrals was less than 3.2 percent 

of the body wave contribution to the dilatation or radial displacement 

in front of the direct Rayleigh wave, while behind the direct 

Rayleigh wave the maximum error was found to be less than 8.0 percent 

of the body wave contribution. However, it is important to note 

that in this latter region, the body wave effect is small compared with 

the Rayleigh wave effect (as shown in Chapter 5), and therefore the 

seemingly large relative error indicated above is effectively of 

a significantly smaller magnitude when compared to the total response.

Irrespective of the numerical integration scheme used, another 

possible source of error in evaluating these integrals arises from 

the relative error in the integrands. Since as established above, 

the integrands do not change sign in each sub-integral, the maximum 

relative error of this type in the sub-integral, is equal to that 

of the integrand, i.e. 0.2 percent for the response behind the 

reflected waves. This source of error is thus seen to be small 

compared with the errors from the trapezoidal formulae above.

Consider now the vertical displacement, where as noted above, 

it is not possible to evaluate separately the body and Rayleigh wave 

contributions.

First, it is observed that the singularity in the expression for 

the vertical displacement, corresponding to the Rayleigh pole, exists



84

due to the vanishing of a(v) (given by eq. (3-1+3)) at v = c . Since 
this value lies within the range of integration of eq. (3-78a), a 

means of performing the required integration must be devised.

The integration of this singularity is accomplished essentially, 

by subtracting out a singular portion of the integrand which can be 

integrated in closed form. To illustrate this process, consider as 

an example, the vertical displacement behind the direct R-wave, i.e. 

for values

The nature of the singularity becomes evident by noting that the

(C-3)

and in front of the reflected P-wave, i.e.

(c-U)

From eq. (3-78a) the vertical displacement is then given by

_ 1 fY i  v M v >  - f r W v S T f V  H. 
<t‘l  A M  w r ' (C-5)

term ■•T rewritten in terms of partial fractions as

1 _ V-Z Vit(̂ V3 - S) _ 1/iz(zV? + 3)
AN) ■ y*-v* (C-6)

Consider, as an illustration, the singular portion of the
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integrand appearing in the first integral of eq. (C-5)j viz.

4 (X - v l) ' ' (C-7a)

The order of this singularity, may he reduced by adding and 

subtracting the term

M  _ arfs-sKi-zv'iVv*-1', / i  v. * A  (c-Tb)
m ----- 4 0^  " e' '

The first integral of eq. (C—5) is then written as the sum of 
two integrals:

^ =' M y3<1 •

4 4 4  (C-8a)
V l p - b/*\ ______ _

T Cz/T-3)rVy \r vz-*/» »
and WC 6s J x x -Vx (C-8b)

The latter integral, Ig, may readily be evaluated in terms of 

elementary functions

1 ,  - - < « >

r v / k ^ + X N / ^ ? ̂ r / ? ) l  /  rr/ f . A / i  V 'V\ i "21 + 11V31 vV/K1- ^  + X s /v x ~<^}|')

v  = q/ \ P -
Moreover, since the former integral, 1 ,̂ contains a weaker singularity 

(in the form of -g— , at v =k ) than the original integral of eq. (C-5) 

a numerical integration becomes possible. However, in order to avoid
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divison "by zero numerically, it is necessary to divide this integral 

into two parts as follows:

e -+ 0. However, due to the indeterminate nature of the integrand 

at e = 0, the integral is evaluated for various values of e 

approaching zero, i.e. 1^ = -*0).

Before defining the criterion for choosing the most appropriate 

value of the parameter e , it is worth emphasizing that the total 

vertical displacement is given by the contribution of 1̂  and as 

well as the second integral appearing in eq. (C-5). Therefore in 

determining the value of € , it must be realized that its effect on 

the value of 1̂  is not of concern in itself but rather it is necessary 

to consider the effect of £ on the value of the total vertical displace­

ment.

Moreover, it should be noted that by changing the value of e 

the inherent error in the numerical integration by the trapezoidal rule 

is also affected since the region of integration is itself altered.

Consequently, the criteria for choosing the optimum value of e 

was determined by an empirical numerical analysis of the total vertical 

displacement and the corresponding errors arising from the trapezoidal

(C-10)

where the small positive parameter t has been introduced.

The integral 1̂ , may then be considered to be a function of e 

i.e. 1̂  = I^(e), which ideally converges to a definite value as
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rule, Typical results are shown in Table 2 for various values of £  . 
The parameters p , b/a, and T have been chosen to represent various 
positions with respect to the different wave fronts.

From this table, it is seen that as £ decreases the sum of the
errors arising from the trapezoidal integration formula tends
to increase while the change in the value of the total displacement

decreases. There is thus a value us n̂®’̂ k+l* 8̂-ves
an estimate of the total that is no better than the value w^
obtained from the previous £ . Moreover, further difficulty isk
encountered since the results do not converge uniformly with £, 
i.e. the appropriate value of £ changes with the variables p , b/a, 
and X  .

However, it may also be noticed from the table, that for 
€ = 0.001 the error term is the same order of magnitude as the change 
in the total quantity sought.

Consequently, the value £  = 0.001 appears to be the most appro­
priate value of £ for a wide range of parameters.
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D A T A £
p  = 1.8 0.002 0.0723 — 0.00015
b/'a = 3.0 0 .001 0.0719 0.000k 0.00011
t = 1.7 0.0005 0.0716 0.0003 0.00020

0.00025 0.071^ 0.0002 0.0002k
p  = 1.8 0.002 0.217 -- 0.00037
%  = 3.0 0.001 0.216 0.001 0.00035
T  = 3.2 0.0005 0.217 0.001 0.00108

0.00025 0.215 0.002 0.00079
p  = 5.0 0.01 0.00562 -- 0.00005
b/q = 3.0 0 .001 0.003k9 0.00213 0.00005

OJIIf- 0.0001 0.00266 0.00083 0.00057
P  = 5.0 0.01 -0.0602 -- 0.00005
b/q = 3.0 0 .001 -0.0623 0.0021 0.00005
X = 2.2 0.0001 -0.0631 0.0008 0.00053

TABLE 2. EMPIRICAL NUMERICAL ANALYSIS FOR THE PARAMETER e
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APPENDIX D

SOLUTION TO THE CORRESPONDING STATIC PROBLEM 

Formulation and general solution.

The response for large values of times after the arrival of the 

reflected Rayleigh wave corresponds to the response due to a 

statically applied load.

The solution to the corresponding static problem, therefore, is 

not only of interest per se, but will serve to confirm the accuracy 

of the solution to the main problem for large times, and also provide 

an indication of the order of the singularities in the solution.

Love [l8] and Timoshenko [19] have shown that a single stress 
potential may be used to solve a two-dimensional, axisymmetric static 

problem.

Defining the problem in terms of the non-dimensional variables

the non-dimensional displacement and stress components are defined in 

terms of the potential function X( P, C) as follows:

p  = , % = 2/ (D-l)

(D-2a)

Q
(D-2b)

(D-2c)

(D-2d)
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q " a i2 " Z q LU ‘ ' ^  V (D-2e)

—  I 
«Q'# « i r  * - X , 55] <*-«>

where

The stress equations of equilibrium and the compatibility 

equatiors are then satisfied if

V 4 X ( D-U)

The boundary conditions to be satisfied are

where

XIf.t>-J [fA(y')-B(v|e'yeC C v p <ii'

( D-5a,b)

° i r ^ ’ °  ■§■ =--£— S(e -%) (b-50.a)

Using e.g., the method of separation of variables, the 

following integral solution to eq. (D-U) is obtained:

(D -6)

(D-7)

It can be shown that this solution automatically satisfies the 

homogeneous boundary conditions on the cylindrical boundary, eqs. 

(D-5&,b). The weighting functions A(y) and B(y) are determined 

from the conditions on the plane boundary.
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From eq. (D-2f), the boundary condition of eq. (D-5c) is 

satisfied provided

A ( y ) = B M  (d-8)

The remaining boundary condition, eq. (D-5d), then leads to 

the following integral equation on B(y):

A  - - 5 7  «'-*> '«>

Using the relation, eq. (A-l),

* lf ( b - i o )

which was established in Appendix A, the weighting function B(y) is 

found by inspection as

T*(y\ o Q v  . (D-ll)

Hence the potential solution is

C M e > C M , ■a yYt rt--Ss.ffA < A « -  „ ] o \ y  Z ?J y* ”  (M2)

Substituting in eqs. (D-2), the stresses and displacements 

throughout the body are expressed explicity in terms of the following 

integrals:

ajji 1 f  [ ( w v ) - V 'O  e f)  (D-13a)

®aŵp t) r-i-f eq  2<* Jo .



ci-a)

W t‘£  ®f ^
(|SI-<1) A Y  ( i W j t x T f J ^ P 1 1

W , ‘x *  (*•>,■£ » nz
(*£i-a) A*vT*j V

(ptt-a) ^ j (p _ W , ‘X -  V),t «(■»,
”  ,Y* v ™ Z  + * p _ s a J  ̂  " ’ 

(»£i-a) ±  J L  + ,. K ^ L _ ° f  *  . ,
(l'J)nf toJ + P(.p'-<r3(%^Du -axJ  A

26

9JI9HA

= ( V ^ - o  -I
I

> ( 5 ^ 6eO - |

* £ < 0  & l o



Evaluation of components on the plane boundary.
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The displacement and unknown stress components on the plane 

boundary £= 0 become, from eq. (D-13):

Q/* m (p o') - - fy  (D-15a)<5 ^  i
-^-w(p,o) = - £ r  (( }
Q  ; Jo 3,1(V)

Q  'rr^ ^  JoQ

75r<WP*0>> - “ f V £«teX)CJX,e)' ^  + 2^4. l u(/0 0y D_15d)
Q  eor ^  Jo ^  p

Now the radial displacement component, eq. (D-15a), is immediately 

evaluated by making use of the following relation which was obtained 

in Appendix A , po. (A-P2).

Consider now the vertical displacement component, eq. (D-15b).

It is noticed that this integral is similar to the integral expression 

appearing in the dynamic problem, eq. (3-1). The present integral 

may be evaluated by contour integration in the complex plane Y =u + iv 

in the same manner as eq. (3-9) was reduced to eq. (3-̂ 0) by integration 

in the complex ?-plane. As in Chapter 3, the results are found 

to depend on the relative position of the field and source points.

Following this procedure, the results are given as:

Hence

(D-17)
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oO
â - w ow =  ow*b)

where the subscripts I and 0 refer to the field point inside and 
outside the source respectively.

The first integrals of eqs. (D-18a,b) consisting of products 
of the modified Bessel functions can be simplified further by means 
of the relation [20] ,

= K <* 1
where . t

xy\ = (D~2°)

is the modulus of the complete elliptic integral of the first kind

K(wO * J o - m q l ) (l-cf) (d-21)

Thus the displacement components w^ and w^ may finally be 
written as

(D-22a)

(D-22b)

Returning now to eq. (D-15), the expressions for the stress 
components are readily evaluated since the integrals are immediately 
expressed in terms of the Dirac-delta function, by eq. (D-10).



95

Making the proper substitutions from eq. (D-17) the stress components 
are written as:

(D-23)

i  ^  ■«p ■■ -i)
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Singularities of the solution.

Although the radial displacement, u( f> ,o), exhibits a finite 
jump under the load p = b/a, it contains no singularity. Therefore, 
the only possible displacement singularities occur in the vertical 
displacement, w(̂ o ,o), eq. (D-22a,b).

From the known properties of elliptic integrals, it is seen 
that the first term is singular for K(l), i.e. atp=b/a, and for 
no other values. The order of this singularity may be established 
from the approximation to the elliptic integral with argument near 
unity, viz. [l5|

Hence, this term contributes a logarithmic singularity, lnOb/a-p|), 
under the load.

The possible singularities arising from the integrals of eq. (D-22) 
must now be considered. Using the series representations of the 
modified Bessel functions, the value of the integrand for small values 
of the argument v, can be written as follows:

and thus it is seen that the integrand is finite as v approaches zero. 
For large values of v, the asymptotic expansions of the modified 
Bessel functions yield the following:

(D-26)

(D-27)
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Since, it has "been shown that the integrand is finite for all 

values of v, it follows that the only singularity that can arise 

is from the infinite range of integration.

Now, the following inequalities can be established for large 

arguments by considering the asymptotic expansions of the modified 

Bessel functions:

the exponential integral function, is known to be finite except when 

its argument is zero. Thus, a singularity in the integral can only 

occur if p = b/a = 1. Since the assumed loading circle is b/a>l, 

such a singularity must be excluded from consideration.

It is therefore finally established that the only displacement 

singularity existing is a logarithmic singularity in the vertical

V (D-28a)

(D-28b)

(D-26c)

Therefore

dv

where

(D-30)



displacement directly under the source. It should be noted that 
other cases of logarithmic singularities associated with a circular 
line load have been reported in the literature, jj2lJ

Stress singularities in the radial and circumferential components 
in the form of Dirac-delta functions also exist under the load.

Finally, it is worth noting that the radial displacement and 
the above stress components vanish for all points on the plane 
boundary within the interior of the circle of load application.



APPENDIX E

RELATION BETWEEN STATIC AND DYNAMIC SOLUTIONS
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The solution to the corresponding static problem, which is 

given independently in Appendix D, may be readily obtained from the 

dynamic solution by application of the Laplace final value theorem 

to the integrands of the integral expression of eqs. (2-3̂ ).

As an illustration, consider the transform of the vertical 

displacement, eq. (2-3^b).

4 *- w (fi.t, s) -  -  r*- f  (E-1)
*5 J» j;l(y) M  

hy'e-se* -(2y>+s«)e-Sa,̂ Xff_dy
L * sM(V,s)

From the definitions of sot and sB given by eq. (2-21+) the 

following limits are established:

lim S<» ~  V + S (E-Sa)st!S S -V)Y

sr,m S/I -  +  i f  ( M 0
thus yielding

Lm s . { z y «
V s| e - V t (E-3)

Hence, by means of the final value theorem, the long time vertical 

displacement becomes:
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c „ e O o c
6 y

-* X,*(V> (E-U)

It is noted that this expression is identical to eq. (D-13h) which 

was independently established.

Upon application of the final value theorem to the remaining 

dynamic displacement and stress components of eqs. (2-3*0, the 

resulting expressions are found to be identical to the corresponding 

quantities of the static solution given in Appendix D.
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FIGURE I. GEOMETRY OF PROBLEM
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