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ABSTRACT
WAVE PROPAGATION IN AN ELASTIC HALF SPACE

CONTAINING A RIGID-LUBRICATED CYLINDRICAL INCLUSION

by

Edward R. Johnson

Advisor: Professor Raymond Parnes

The dyneamic response of a linear elastic half-space containing
a rigid semi-infinite cylindrical inclusion whose surface is lubricated
and whose axis is perpendicular to the plane boundary is studied when
an axisymmetric vertical normal line load is suddenly applied on
the plane surface. Particular emphasis is given to the response

at the plane boundary and the wave fronts there.

Using integral transform techniques and complex contour
integration, the results are expressed in terms of finite integrals
whose integrands consist of elliptic integrals and semi-infinite

branch integrals.

The response at the wave fronts is studied analytically and
numerical integration techniques are used to evaluate the complete
solution. The results after the passage of the last wave front

are shown to approach those of the corresponding static problem.
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CHAPTER 1

INTRODUCTION

The propagation of waves in elastic bodies has been investi-
gated for over a century but in more recent years particular interest
in this field has grown due to phenomena in such diverse areas as

geophysics, seismology, and problems encountered in oil exploration.

The first studies of elastic wave propagation in an infinite
elastic medium were published by Poisson [1] in 1829. This work
was of particular importance in revealing the propagation of two

types of waves: dilatation (P) waves and equivoluminal (S) waves.

The problem of wave propagation becomes much more complex when
o h)b;ﬁgd;fies exist in a medium, for these permit reflections and
refractions of waves. The simplest type of boundary occurs in a
semi~infinite body where more complex patterns, known as Rayleigh
surface waves are first encountered. These waves, which were first
discovered by Rayleigh {2] in 1887, propagate parallel to the
boundary of a half-space at a speed lower than that of P- or S-

waves and decay rapidly in the direction normal to the boundary.

The propagation of waves due to the application of loads at the
boundary of semi-infinite medium was first considered by Lamb [3]
who studied the axi-symmetric propagation of a pulse created by a
transient normal point load on the surface of the half-space. (Problems
of this nature have subsequently been referred to in the literature as
"Lamb's problem"). Using a Fourier synthesis of steady state solutions,

Lamb showed that the Rayleigh surface wave was the dominant contribution
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to the surface displacement at large distances from the load.

Furthermore, the magnitude of the disturbance was found to vary

inversely with the square root of the distance from the load.

In more recent years, Sauter [4], using an integral superposition
of plane harmonic waves and contour integration, derived a closed
form solution to the Lamb problem for the entire displacement field
due to an impulsive line load consisting of normal and tangential
components. Wave fronts in the half-space were determined and ahalyzed

in great detail.

Using Sauter's solution, Broberg [5], numerically evaluated
the vertical component of displacement at the surface and verified

the presence of a Rayleigh wave which Lamb had found.

A simpler method of solution of dynamic surface load problems
which utilizes the Laplace transform was first given in 1955 by
Pekeris [6] and later, An 1960 by Chao [7]. The analytical expressions
for the surface displacement components obtaincd by this method are
much simpler than those obtained by either the superposition of plane

harmonic waves or the Fourier synthesis of steady state solutions.

Pekeris considered the normal point load with a step in time,
obtaining integral expressions for the Laplace transform of the
boundary surface displacement components. The actual displacements
are determined by applying the Laplace inversion to the integrands
of the integral solutions. Upon integration, the vertical displacement

component finally is given in terms of elementary functions and the
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horizontal component is expressed in terms of elliptic integrals.

Chao considered the tangential point load with a step in time.
Using both the Hankel and Laplace transforms and employing the same
inversion technique as Pekeris, simple expressions for the displacement

components on the surface are obtained.

Problems of wave propagation due to applied loads in a half-
space containing internal boundaries are of current interest. Indeed,
problems of this nature are more complex due to the reflections and

refractions occuring at the internal boundaries.

In 1969, Gregory [8] considered a problem in this class, viz.
a half-space containing & cylindrical cavity whose axis is parallel
to and below the plane surface and subjected to a time-harmonic uniform

radial pressure from within the cavity.

Using an infinite series of potential functions, each of which
represents a line source, the amplitude of the dilatational component
of the outgoing Rayleigh wave is obtained in the form of an asymptotic
solution where the product of the forcing frequency and the cavity
radius tends to zero. This method naturally provided only limited

results.

From the present available literature, it is apparent that
although the propagation of waves in semi-infinite media as well as in
lgyered media has been exhaustively studied [9], the propagation due
to applied boundary tractions, of elastic waves in semi-infinite

media containing internal boundaries has, as yet, not thoroughly
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been studied.

A first problem in this category which is the subject of this
dissertation, is that of a semi-infinite body containing a rigid-
lubricated cylindrical inclusion (whose axis is perpendicular to
the plane surface) and which is subjected to an axi-symmetriec
concentric line load applied dynamically as a step function in time
at the plane surface. This model may be considered to represent
a bore in which a shell of considerably greater material stiffness
(e.g. a thick steel shell) is embedded. Such cases may be encountered,
for example, in shafts for oil exploration. The complexity of this
problem is greater than that of Lamb's problem and arises from the

reflection of waves at the internal boundary.

The dynamic problem considered below is formulated in terms of
two potential functions which satisfy uncoupled two-dimensional wave
equations along with coupled boundary conditions. Using the Laplace
transform, expressions for the transform displacement and stress
components throughout the body are obtained in the form of infinite

superposition integrals.

A significant simplification is achieved in the method developed
below for the displacement and stress expressions at the plane
boundary. Extending the integration of the set of infinite integrals
to the complex plane, it becomes possible to reduce the set to
finite integrals having discrete points of discontinuity. Indeed

this may be considered to be one of the main features of the method,

for the points of discontinuity are then easily shown to correspond
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to direct P- and S- wave fronts propagating along the surface of the
medium as well as waves reflected from the rigid-lubricated inclusion
boundary. Moreover, the derived paths of integration in the complex
plane, which are based on necessary convergence criteria, establish
clearly the differences of response for the field points inside

and outside the source. The response due to direct incident waves
are further expressed in terms of elliptic integrals. In addition,
the poles of the solution are defined and are later identified with
the contribution of the Rayleigh surface waves. Finally, expressions
for the desired quantities are obtained by means of the Laplace

inversions of the integrands of the finite integrals.

The discontinuities in the integral solutions are examined to
determine the type and location of the various wave fronts. The
singularities of the solution are analyzed and series expansions
in the vicinity of each wave front are obtained. Additional singular-

ities occuring under the source are similarly analyzed.

Numerical results showing both the total response and the
individual contributions of different wave types are presented graph-
ically for the displacement and stress components at the plane surface.
The locations of the wave fronts as well as the arrival times of the

respective wave fronts are depicted.

An interesting feature of the solution is found to be the pre-
dominant nature of the Rayleigh surface waves in relation to the total

response.
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CHAPTER 2

FORMULATION AND GENERAL SOLUTION

The problem considered is the time-dependent response of an
isotropic linearly elastic half-space containing a rigid-lubricated
cylindrical inclusion, whose axis is perpendicular to the plane
surface., The half-space is loaded at the plane surface by means
of an axi-symmetric concentric line load having a step function in

time (Fig. 1).

The inclusion is thus considered to be imbedded in the elastic
half-space in such a manner that relative displacements in the
axial direction at the interface are permitted although no relative
radial displacements at the interface occur. Hence, the conditions
to be satisfied on the cylindrical boundary are the vanishing of the

normal displacement and the shear stress components:
ua,zt) =~ 0 (2-1)

o;_gq,i,’c) = 0 (2-2)

while on the plane boundary, the conditions to be satisfied are the

vanishing of the shear stress component and the prescribed normal

load:
o;r(r,o,t\ = O (2-3)
Q - -
0 ri0,t) == S(r-vYH (1) (2-4)

where Q is the total force applied, andls is the Dirac-delta function.

Using a theorem due to Helmholtz, \'é 2 V¢ + VxH , (2-5)
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the axi-symmetric problem may be formulated in terms of displacement

potentials ¢ (r, z, t), ¢ (r, z, t), such that:
us=g, +r, , w=g -t -L1x (2-6)

where u(r, z, t), and w(r, z, t), are the displacement components
in the r and z directions respectively. Similar potentiels have

been used by previous authors. [10]

Substituting eq. (2-6) into the displacement equations of

motion,

(A+Z)V(V- Q) -u(T2VU=U) = p A, (2-7)

~ ¢4

the potentials must satisfy the following twoe~dimensional wave

equations:
2 A
W ot Th (2-0)
2 - A -
S
where _
sz A+2u Cl= A
2 X (2-10)
o9 19 3
Virz 3= 4+ 19,9
! vt y Jr  J#
A and u are the Lamé constants, and Om is the mass density of

the medium.

From the linear elastic stress-strain relations,

o = AV-ul +ul(Vu +uv) (2-11)

where I is the idem factor, the stress components may be expressed

in terms of the potentials as follows:
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o'":-ac-;'ﬂt + (R ¥y ) )
Oy * -2:,6“_ +2u(F9 + T )
o * %}ﬂt + 2ulty + ¥y - é_’s')u?.tt) {? #e)
O =t (2hyq +2 ¥y = 2 Yows)
: 0., =0 )

O o
It is appropriate to change the independent variables (r,z,t)

to the non-dimensional variables ( p, £, 1) defined as

P=—§—/ E._:_:‘-T_’ T.,Sgt_ (2-13)
respectively.
The governing equations then become
‘ -1
Vl‘f’ - 7_}_(‘-_:)*“ (2-1L)
VY = Y (2-15)

1_ 1) 2
Wherev=3—p—1+f-"a—.ﬁ+ g—gl

Similarly, expressions for the displacement and stress components

, and where v 1is Poisson's ratio.

in terms of the non-dimensional variables may be readily obtained.

A Laplace transform with respect to the non-dimensional time

A o
fleg 9 = Lw[(p, £.1) e *far (2-16)
having an inversion .
W (w0
1 ) ts
et =-——=—S f(pt s)e d (2-17)
(ﬁgl ) Zﬂl u..‘:gpﬁ;/ ) S

is now applied to yield the following governing equations for

P

¢ (03E’S)andJJ(OaE,S)=
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A

L A-2v 7

VH- s sf = o (e-18)
1y P .

V' -s*Y¥Y =0 (2-19)

The expressions for the corresponding transformed displacement

and stress components are then:

~ a A (2—20)
a*O - c;é; + Z;E a
S (R R 2 (b)
aw q¢§.+)‘;_§ st
3
Qa ~ . av .1 1 ; (e)
A G T TS f +2a4, 2%
3
a - . QY 17 4 20} 2 ¢ d
/4 Ope '1-_'v5¢’+/°o°+/°rf>s @
ﬂz" ayv 2l 7 )z 'Z'I-P
0 = 25 s' +2adg tlh, -2SY, (e)
3 - a
a2 . N - (1)
WG v Rafy 2y~

Using for example the method of separation of variables, the

following integral solutions to eqs. (2-18, 2-19) are obtained:

3(,0, E,s) = )1 AN C (Y, e 5% 4v (2-21)

¥(p5,9) =5 BICv,pe #Fdy (2-22)
where

G, p) = TN =Y, (W) T, (¥p) (2-23)
and

s '\/Yl“”si%d—-%', sg =\[¥*+ st (2-24)

and where Y is real.
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¥sBE

+sag and e

Solutions whose dependence on { enters as e

are omitted to ensure boundedness of the solution at large [ .

The integrals do not include the range of y from - © to O

because Co(y,p) is an odd function of y .

Furthermore, the above solutions automatically satisfy the
vanishing boundary conditions on the e¢ylindrical surface p=1. This
may be seen by noting that both G(p, £, s) and G}Z( ps Es S) depend
on the first partisl derivative of ; and & with respect to p and
that the dependence enters only through Co(y ) ) whose derivative
with respect to p vanishes at p=1l. This becomes readily evident,

by noting that

%_; C,v,p = = ¥ (Y, p (2-252)

where Cl( Ys p ) is defined as
C,(xp = TMY, (¥ - Y, (N T, (¥p) (2-25b)

where the recurrence relations of Bessel's functions have been

employed.

The weighting functions A(y) and B(y) in the integral solutions
can be determined from the conditions on the plane boundary, egs.(2-3,

2-4) which in ( o, £, s) space become:

o, (po9 =0 . (2-26)
~ . - S _
,5(P08) = Twaips $(p -Ya) (2-27)

Using the stress-displacement potential relations, eqs. (2-20e,

2-20f) and substituting eqs. (2-21, 2-22) in the above, equations



on AlY) ana B(Y),

L -4

L[- Lo saAlY) + (2Y:~+ ‘)B(vi—}-{;— C.(xp)dy =0 (2-28a)

So[(7-71+5‘)a AW -2¥se B(’S_l C.(3,dY= - 2:/30 - S(P -%0) (2-28b)

are established.
Eq. (2-28a) is satisfied if

T 1

Y +S

AY) = _Z__B(\‘) (2-29)
a 2 so

Substituting this result in eq. (2-28b) the following equation

on B(y) is obtained:

>0

. BY) o e S )
LMW’S)Zsa C.(Y, P dY = Ton ps S(p - %a) (2-30)
vhere M(¥,s) = (27’*51)1—47150‘55 (2-31)

To determine the function B(Y), use is made of the integral

representation for the Dirac-delta function, eq. (A-1),

= Coy,A Cor,%)
J(P'b/a) = o J:(Y) - Y:(Y) PYdY (2—32)

which is established in Appendix A.

Comparison of eqs. (2-30) and (2-32) immediately yields

B(Y) = — a@ . Y s Co(Y)b/O) (2-33)
WS My, 9 T70) + Y]

The solution in the transform space is now formally complete
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since by eaqs

(2-20) the following integral solutions for the

displacement and stress components at all points in the body may
be written.
A
% “o= zﬂSSYN"(P'VatYl S{P(E S) ‘B,(EIY‘S] d¥ ()
L0 - - g (R haans9-sobexder
oA
<5, SN (¥, YR, 9475 5™ YR v o] oY
Y
g eu (e)
L5, oo ffj Yay,9 7 SR (5,5)a¥
Q o8 TS Pl ° 1~V (74 El 7
oy 2.5
+& Y (@)
LN o
% . ® -1T§°N Vvs)[pl‘P(gvs) (2Y +S‘)P(§Y%o\y (e)
1, o -SOE
S 0 = 21-&,“ (P .9 2¥sa (¥ +s)[e” 5. & > |dy (0)
(2-3k)
where
Pe(E ¥, 9) = 25458 e'sﬂE (2-358)
P (ex,s) 22 s)e 5F (2-350)

and

Ny vy s) = ¥ Co (¥, %) Cr(¥.¢) , (2-36)
o MO T2 + Y] T k=0
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CHAPTER 3

METHOD OF INVERSION

The components of the stress and the displacement are evaluated

on the plane boundary, z = 0, for Poisson's ratio v =1/k,

In the Laplace transform space, according to egs. (2-3k4a,b),
the displacement quantities on the boundary £ = O are expressed

in terms of the following integrals:

a " = _!_cho(y»b/"*‘ Cc(Y4 P) Sysa d Y (3-1)
-é Wip.0%) = 75 o[ T30 + Y2 O] MY, 5)

a0

Y ¥4 S*-2505 4] (3-2)
3 (po,s)= 2 QYcB/A)CJY,P)Y AY
75 wroo S° [J 0 + XS MER, 9)

2 > b . Py 2
au ~ it [ Co ¥ C LY, ) sylzyt+s?]

(p,0,8)=- —| == (3-3)
q strod ““i [0 + Y My, 9)
where e = MU + M + W (3-1)

dr Y o2
is the dilatation, and where
M(¥,s) = (2¥*+S%)" - 4¥*sasp (3-5)

The stress components, expressed in terms of the dilatation and

the circumferential strain, by Hooke's Law, eq. (2-11), become:

2

%A“=° e +95‘-%G (3-6)
a5 4ausf _ om 28 1 S(p -Y (3-7)
Q ' 43“6 _g Pt nps (p -%a)
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where use has been made of the boundary condition on the normal

component of stress, eq. (2-4).

Due to the nature of M( y, s) it is convenient to introduce
the change of variable
= Sc (3-8)
into egs. (3-1) - (3-3). Furthermore, it is expedient to express
the Bessel functions appearing in these equations in terms of

Hankel functions. The displacement expressions are then

% (f’, ,5) = S.tm (t)W(P,b/a SC) d§ (3-9)
% u(p,0,9) = SY m (‘Q)U(r.%« st)dg (3-10)
2 A
55 elp.os) = - = g Sme(5)sW(p,%,s%)d 3% (3-11)
where
[4)) (1) H )
W(e%a,5%) = HoGnst)H Tose) -Hy (pst) B2t H{.,‘(S‘&

W)
+He (/aSB){H (psy) - Hm(ps )H(,,((Sﬂ) (5.12)
-1

Ulp.%,s%) = ”o("/aSF){H,(psc) Hlps9) Hotox, “‘)}

5 H (stT)
b ]
+|{.,cvas:){u (05%) - Hps5) (D) (3-13)
and where H (SC)
&%+ ¥3)"
. N+ 7)) -1k
M, (%) 5 / (3-1ka)
1 2. 1y,
m,(s) = 25+ ‘?'D(ft; A) (549 (3-1kp)
2%t
Me () = 5% (3-1be)

and

1 ) Y.
D(3) = (23*+1) - 4-'91(‘<1+1/3)/ (x*+ 1)/ (3-15)
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Upon extending the integration to the complex 7 plene,
£ =u + iv, the integrals along the real axis, which appear in
eqs.(3-9) - (3-11), are reduced to an integration along the
imaginary axis together with integrations along large and small

circle contours.

The procedure requires choosing the proper quadrants for the
paths of integration. The choice of quadrants is based on the
convergence of the integral along the large quarter circle, which
is determined by examining each of the terms appearing in eqs. (3-12)

and (3-13) according to the following (large circle) lemma: [11]

Let G(z) be a function on a path Cy» given by ¢ = Re1¢,

where R is large. If
Lim R‘G('C) = A (constant) (3-16a)
R-—bovo

then

lim §G<<)a: = iAD (3-160)

R—=>= C,

where © is the angle of rotation of the position vector along the

curve Cl'

Consider, as an example, the following term in the integrand of

eq. (3-9):
)

G() = m(3) H, (% s %) H_ (p57) (3-17)

Replacing the Hankel functions by their asymptotic expansions, [12]

) ) 177 ) 18a
H:(:)z ;'2? en(§ 4){(1_1%§1,,)H(_§?g_.,% (3-18a)
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-1(3 -V
H‘f(;): ,/}2_;&!(% 4){(1_‘%;1,_,)_5(.81_;...)} (3-18b)

and noting that the algebraic factor becomes

Lim 13lm,(3) = 3, (3-19a)
\g| =~ '
the following limit is obtained:
3 18%3(Ya - p)
lim 151G(2) = 'Mrs—b_e‘ (Ma-e (3-190)
I5)—~= lp*la
This limit exists or vanishes if
Re{-ig(b/a-(o)} < o (3=20)
Hence, by the large circle lemma, eq. (3-16), for
b (3-21a)
(Ya-e)v > ©
the integral vanishes, while for
(3-21b)

p = ba
the integral will exist.

Therefore, for the particular term of the integrand considered
above, it is seen from eq. (3-21a) that for p < b/a the contour must be
taken in the first quadrant, while for b/a < p it is taken in the fourth

quadrant. On the other hand, applying the sbove method to the term

GR) = % m,_ (%) H‘:)( % s ) H‘;\( psT) (3-22)

it can be shown that for p < b/a the contour must be taken in the

fourth quadrant, while for b/a < p it is taken in the first quadrant.
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Hence, for the vertical displacement component, it is necessary
to separate the solution for p < b/a (field point inside source) from
the solution for b/a < p (field point outside source). In addition,
in each case, the integrand must be split into two parts, one of
which yields a convergent quarter circle contour in the first
quadrant, while the other yields a convergent contour in the
fourth quadrant. The behavior for points under the source, i.e.
for p = b/a, is investigated further in the following chapter, where

singularities of the solution are examined.

Treating the radial displacement component and the dilatation
in the same manner it can be shown that the same separation is
required. However, in the case of the dilatation, the large quarter
circle contours are not convergent when p = b/a. This singularity
may be removed by adding and subracting the following term from

the integrand of eq. (3-11):
%ZsW(‘o‘b/q,SI) (3-23)

thus obtaining

T S(p.0,9 = - g2 % lmg - E W, s 9

_i_:ﬁ o%st(f,"/a,S’;)dlI (3-24)

The former integral yields a convergent integral along the large
quarter circles in the g -plane, while the latter may be evaluated
in closed form using the integral representation for the Dirac-delta

function given by eg.-(A-1).
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The transform of the dilatation is then given by
2

Qa A - _ _1_ ~ ’ v
G- o TomicMle o

1 .
- -__J(F -Vob (3-25)
where ‘F1Tf>‘5
’ 3
M (%) =wm (7)) - 3 (3-26)

Finally then, denoting the responses for the field point inside
and outside the source, by subscripts I and O respectively, the

relevant quantities of egs. (3-9, 10, 25) are given by the following:

%‘?"1"" o) = ng mem[iia,z,sc) &71 1,55)dy (3-27a)
A - (4)
%Wo(p,o, s) -g-j M2 (12, 50+ @A 5ds  (3-2m)
%&I(P,Oﬁ) -;—g m“ﬂ[ (?1,1,“)*:{(2,1 Stic\E (3-2Tc)
A ‘ <, ) *
% UO(P' °3) = -81&&} m‘ft)[L(x'z,st,)a-}1(2,1,5';5_\ a5 (3-274)
a’z_ A \ L 1 2 e)) -
5 €plpos) =- TL s (5[F (2,59 +£@1, 57 85 (3-27e)
<i1 A } 4 > ; =) . €2
_'Q&eO(P' %) = g “S‘j \me(ﬁiié‘\,z,s() 1‘52'1'“)]6\; (3-27¢)
where
ch(v %)
S
:{ (. 1,5%) = H ("’asn)H (pS‘S) -H ("aS’s)H Psc) (3-28a)
o,
?J l‘Z
3 (t ).5%) = H(/ask)H (ps:) H (%St)H( sr,) (3-28b)

H (s c)
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and where the superscripts (+) and (-) denote that the integration

in the complex plane is to be carried out in the first and fourth

quadrants respectively.

Now, the integrands appearing in eq. (3-27) are multivalued
due to the inherent multivaluedness of the Hankel functions and the
multivaluedness of the terms Ty, Moo and mé‘ Each must be

considered separately.

The appearance of the Hankel functions requires a branch
cut along the negative real axis. In addition, due to the
multivaluedness of the algebraic terms ms My, and mé which arise

2 )1/2

through the terms (z“ + 1)1/2 and (;2 +1/3 , appropriate branch

cuts must be established with branch points at g=+i , +i 7%- .

Noting further that the solutions for ¢ and y (egs. (2-21) and

( ;2 + 1)1/2 St ong o ;2 + 1/3)1/255

(2-22)) depend on e~ , it
is observed that in order to ensure a finite response for large
positive values of £ , the branch cuts arising from these multi-
valued terms must be taken such that these terms have positive real

parts along the paths of integration.

It can be shown (see Appendix B) that the r-plane sheets given
in Fig. 2 satisfy this criterion. Sheets 1 and 2 are used for
contour integration in the first and fourth quadrants respectively.
The appropriate values of the multivalued terms in each branch are

also shown in Fig. 2.

Furthermore, simple poles of the integrands, determinedq from the
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roots of eq. (3-15) lie at
5 = tiK (3-29)
where Kk = 1,08766...

It is recognized that this value of k is precisely the value
of the ratio CS/CR’ where CR is the speed of propagation of
Rayleigh surface waves, and consequently the contribution of the
residues at these poles to the solution may be identified with the

Rayleigh surface waves.

Other poles, arising from the zeros of the Hankel functions,

(
1

will not contribute to the contour integral.

H 1)(Sc) and H{Q)(sc) , are outside the path of integration and

The small circle contours around the poles and branch points

are evaluated using the following (small circle) lemma: [11]

Let G(z) be a function on a path C,» given by ¢ = g+ Eei¢, vwhere

€ 1is small. If
1lim (§-§°)G(<) = A (onstant), (3-30a)
§'*’§>

then
lim (G(z)az = iA8 (3-300)

£E->0 C:z
where © is the angle of rotation of the small position vector along

Cs-

As an illustration of this procedure, consider the z-plane

contour integration of the radial displacement, uI( p, O, 8), when
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A (+ ()
% U lpo5) = ;—ﬂLE‘m“(:){_I1(1,1,s %) +-§1(z,1,s:~))d§ (3-31)

By contour integration, using the contours shown in Fig. 2, the

displacement becomes

o0 (&)

% C(I<P,°, ) =- -8—1?5 ivim (v $.02,isV) dv
(*]
+-—Re s.{‘clm u(c% E‘,’E\ 2,18 X)
L= K
- (~)
+ E%‘.liv"mu(-iv)}1(1.,1,-'tsv§dv
(o]

. . <) .
— L Res{5'm )} B2A-1o%)
T =~tKR

<1>1({+ )

(=)

The factors and ¢

«  &iven by eq. (3-28) in terms of

Hankel functions, and evaluated on the imaginary axis can now be

(3-32)

expressed more conveniently in terms of modified Bessel functions.

Noting that [12] D -\ [33)
oting tha Hh (t) . Hn (§)
D _ -
H. (Z) = H, (3
-) S
it is seen that }(_(1(2,1,'.'5'\/) T (1)(|'zlisv)

Furthermore, using the relations [12]

» )

H(iv) = - K.
M) = - KW
H:z)(iv) = -%‘-K.(v) + iZL(v)

it follows that
(+)

11 (1,2,isv) = %Ko("/qsv)(].‘(psv) ~K,(esV)

I(sv)
K lsv)

E

(3-33a)

(3-33b)

(3-34)

(3-35a)
(3-35b)
(3-35¢)

(3-36)
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Now the residues of the algebraic factor czh'\l(z;) are found as
follows:

Ree{‘qlm (t)} =lim (33103 'm (3) =;%— (3-37)
TaEiK x> i)

Furthermore, the values of the factor 'mu on the imaginary axis are

given by

rI-ZV" -2JVa-vt Je-V? 1 h

. ) \ A
(1-7.\!")2-# 4v? Ya-vEi/{-V? ! Y
3

: 1-2vi-izdvi-15 YA -v?
m (V) =< - Wesk ,
(A-2vi) i iavifvi vy f1-v? f‘

LV ? (3-38a)

1-2vie2(Vi- U vi- 1<y
((1-2v)* - 4V N AT y

and by virtue of the complex conjugate relations

My(=tv) = m (iv) (3-38b)

Substituting eqs. (3~3L4, 36-38) into eq. (3-32), the following
expression for the transformed radial displacement component at

a field point inside the source is finally obtained.

| ﬂQ& Ur,0,8) = - L Sv Im{m (l\l;}K (*‘/asv)[K (psvﬁ (:?) I.(fSV]dV
I,(s¥)
- __K (%S)()[K (psx)K( ” -I1(psxil (3-39)

Following a similar procedure, the ¢ -plane contour integrations
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on the remaining quantities of eq. (3-27) may all be expressed

in the similar forms: viz.

ad
N

T = %ngGM Fox(swdv + C F wGX), q-10 (3-ko)

where
(sv)

‘E.;-K(SV) '—'Ko(b/oSV ('ﬁklk(\os‘v)'t K\(s )K (ps;}, K=0,1 (3-41a)

]

A

FO (sv) = K (psv){l (Yas )-\-:\[,\((SV)) KO(%SV)}) k=04  (3-41D)

)

The terms Fq X +G(v), and C, appearing in the generic
9
expression above, are given conveniently in Table 1. Furthermore,

the imaginary parts of the algebraic expressions are given by

(o, v< 13 )
. v vE- ¥
Im{mw(w)} ={ 3¢ AW 3, 1/(; < v<«<1 &. (3-b2a)
3(1 -2V Y3 +12VEVE- AWV
\ A V) ’ y,
c 3
o, v<s
) eV V- V (3-42b)
Lim{m i} = < A Yp<V< [
~ O ) 1 < \Y J
[ o, v<Y%s
L L4 vEEVEDVVE-Ya vt (5420)
IW\{W\e(W)} = AN) ) /ﬁ<V< 1r c
k o, 1<v )

vhere A(v) =3 - 2lnr2 + 56vh - 32v6 (3-43)
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I [~ —— s i T I 1
e -
! . { . . ;
r B R
; , ,
%G’z -va{mw(iS} o I o
o il o o
} Q WO ; “VIW\" mw(\'V)J ! o O o)
| ;
r i i
’IRQ“ _.‘\J_& - —LIm lh\ \A{‘\er - %—T— ) I_ | {
A O G el - K 0
& Yo -V amTh (V) g 1 ]
,a‘l A S IS , - S
'7%8?: Mé—l-miwe(w” Y2 I o}
oM & vs r _ sX
"g’eo 'S“Imlhn e(\v\,r l T 0 o
. do PR ——— .
TABLE 1. FINAL EXPRESSIONS FOR TRANSFORM SOLUTION
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It is worth noting here that by means of the above analysis,
all the infinite integrals have been reduced to finite integrations
with the exception of the case of the vertical displacement.
Furthermore, the discontinuties occuring in eqs. (3-L42) at v = 1/v3
and v = 1 will be seen to correspond to the P and S body wave fronts
respectively, and thus the immediate contribution due to each wave

type may be evaluated.

The time functions of the transformed quantities, given by
eq. (3-40) are now obtained by inverting the integrands in the
integral terms and by direct inversion of the terms that arise

from the residues at the Rayleigh poles.

As an illustration of the former case, the Laplace inversion of
the integrand in the expression for the vertical displacement component,

at a field point inside the source is examined.
From the Bromwich integral form of the Laplace inversion, eq. (2-17),
1 2 (<)

using eq. (3-40), the vertical displacement at the free surface may

now be written as

> A
o3 el i
- ° ‘
A
- - ‘%iglmgmw}dv#gets\:l(osﬂvds (3-Lk)
(~]

Br
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Introducing the change of variables

P = sv (3-L5)
x = —1";'— (3-L6)

the displacement becomes

-%‘ W ( p.OT) = - -%‘-Lgolm{mw(iv)} ":wl (x)dv (3-47)
where
r l

and where the subscripts w and I refer to the vertical displacement

component and the field point inside the source, respectively.

Now, considering the inversion of the residue terms, it is
obvious from eq. (3-40), that the resulting expressions are of

the same form as eq. (3-48) with v replaced by « , i.e.,

xF 1.0, k-
g_k( ) = {: SBF (e dp, q=L0, k=01 (3-49)

¥

Since all of the required inversions are of the same form as the
inversion for the integrand of the vertical displacement component,
(3~-48), this case will be used to illustrate the method of

Laplace inversion.

Before proceeding with the actual inversion of this integrand,
it is profitable and indeed necessary to examine first the general
nature of f (x), for, as will be seen subsequently, the inverse

vanishes and possesses discontinuities for certain values of x.

These properties of va(x) for finite values of x, may be
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investigated by considering the Bromwich integral contour closed to

the right with a large semi-circle as shown in Fig. 3.

The function F. (p) requires a branch cut along the negative

Ip
real axis. Moreover, it possesses no poles and is analytic for

all Re {p} >0. [12]

By Cauchy's Theorem, therefore,

j F (p) e Pc\p = O (3-50)
ABCA 1©
and hence
'{' )“'—1"' 1im jF (P>ex?dp (3-51a)
2™ o= BCR

or, more explicity,

== g Lim {J06ALGenw L2k DK G

= B
H—’ BeA (3-51b)

The above integral along the infinite arc BCA is now examined
for various ranges of x. Using the asymptotic expansions for the

Bessel functions [12],

4n ) K(P) 1/"'& (1 &_ ) (3-52a,b)

and letting | p |» %9, the following limits, corresponding to the

two terms of the integrand of eq. (3-51b), are obtained

1 [x-(“/ -ellp 538
: }lm peTK (%R T (pp) ~ oo e a (3-53a)
pl->e

I® 1 x(pebthe (35,
P}_Lmape K(%P)K(pﬂm) eoa e 3b
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Using the large circle lemma,eq. (3-16), it follows that

the integral of the first term vanishes for O <x< b/a-p , while

that of the second term vanishes for O< x < p + b/a-2.

Hence, the inversion is as follows:

[ o o< x<%=p  Y(3-5ka)

’

YA - b
£, 109= < L {K.(b/“P)L("P)} = 1cwl(") , Yarp<x<p +%- ?(3-5%)

I {K (b/aP)[K (P? (?)*I(P'Fg} I(K) P*“/o. 1< XJ (3-54¢)

It may be noted that the values of x at which the above discontin-
uities occur correspond to arrival time parameters of direct and
reflected wave fronts; therefore the corresponding quantities are

denoted as above by superscripts D and R respectively.

Following a similar procedure, the inversion of the integrands
of the remaining quantities of eq. (3-40) are found to exhibit

discontinuities at the same values of x.

Having established and located the discontinuities of the
integrand it is now possible to proceed with the actual inversions for

the two separate nonvanishing cases.

Consider first the case where b/a - p <x< p+b/a - 2.
Then,by eq. (3-54),
D
{ 10 = —( K (b/aP)I (pp)e dp (3-55)

w

Letting x= b/a -p+ ¥y, (3-56)
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the above may be rewritten as
b LA .
.{:wl(’o = T:‘TSJKe(VoP)C P]{Io(ff)cpﬂ eqPAP (3-57)

Now the Laplace inversion of each factor above is readily

known [13]: viz.

-1 H(‘Q)
ooy bl o A -58e
A R 2 ) H(w) "H(‘G"ZP)

where H(y) is the unit step function.

Application of the convolution theorem yields immediately

¥D | 7 [H) = H(n-16)- H{y-n)
wI(K) = o “W(lp-ﬂ)(q-q}(q-n_,z\,/o) n (3-58)

or, for  y<2p, e, X< p+a,

dn

£ fq (3-590)
= 3-59b
WL LT ey g - 270

This integral reduces to an elliptic integral by the change of

variable suggested by Ceyley [1L],

2041 -9%)

h= 2p —qq" (3-60)
p -
yielding
A
WI (X) = “JPB_-/;‘ K(W\\ (3-61)
where dq (3-628)

1
K = SOW -9 (1 - mq?)
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is the complete elliptic integral of the first kind and

x* - (% - p)? (3-62b)
4 p %/

is the modulus. [13]

For the case p + b/a ~ 2 < x, the required inversion, according

to eq. (3-5k4) is

Lo «
fwl(x) = zﬂ i X[K (%P)IgPP) +K (%P)K (pp)K (P)] PAP (3-63)

Due to the multivalued character of the function Kn(p), a
branch cut is required and is taken along the negative real axis

Fig. L4.).From Caudw''s theorem along the closed contour,

§E,(°P7expd\> = o, (3-64)

it follows that

R A ¢
e (D) (§41)]
20 LM 8c PN Ccp EF  bE
Using asymptotic expansions and series representations of
the modified Bessel functions, and applying the large and small

cirele lemmas above, the integrals along the arcs BC, FA, and DE

are found to wvanish.

The remaining integrals along the branch cut are readily

evaluated using the following relations: [12]:
i
I(ne )

Kk('l‘-‘m) = o3k Kzirl | .on (3-66b)

e.“k“r IK(vO, K =0, (3-662)
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where p = ne+11T along CD, and p = ne-1TT along EF. Thus, upon

the correct substitutions,

W

f“ (x)=j e " Gulp¥n) dy (3-67)
! o Ki) +w? Tl '

where

G (o %,n) = [T ¥ (e +K I prlT (K (o) + K (T (% ) (3-68)

In a similar manner, the integrands of the expression for
the vertical displacement at a field point outside the source maybe
inverted. In addition, the required inversions for the radial

displacement component are all obtained similarly.

A different approach however is appropriate for the dilatation

due to the presence of Dirac-delta functions.

Noting that the integrands as well as the residue terms are simply
those of the vertical displacement multiplied by p, the inversion
may be obtained by use of the following theorem in Laplace transform

theory. [15]

Let f(x) be a piecewise continuous function of exponentisal
order, with finite discontinuities of magnitudes Bk at x = Xy s

k=0, l, os e

Then, it F(p) = {t(x} , (3-69a)

- £ f(x — )
I {PF(?)} = %‘_( ) E‘OBKS(X—XK) (3-69b)
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Consider now the integrand for the dilatation at a field point

inside the source.

Then -1 -~
tax = L {_PE_[’e(?)} (3-70)

and, by the above theorem,

f 100 = :;—x wl (¥ +{‘Fw-[] $(x- (%rf’)) *[‘Fwa $(x-(p+%a-2)

-]
Xz %-p X=p +%-2 3-11)

where the bracketed quantities indicate the discontinuities.

The discontinuities in fEI(x) at x = b/a - p and x =5 +b/a - 2

may now be evaluated by means of the initial value theorem.

To illustrate this procedure, for the discontinuity at x = b/a —-p ,

application 6f the initial value theorem to eq. (3-57)yields

D
1 ‘r B = lim £ ¢
x—v“;':-e wL'® %_‘.Q WwI (W

= Lim pYo(%pe Lipe ™
ipl >

1
e e (3-72)
2ye Ya
where, again, use has been made of the asymptotic expansions of the

modified Bessel Functions. [12]

In a similar manner, the discontinuity at x= p + b/a-2 may be

obtained. Thus, subtracting eq. (3-54b) from (3-5kc)

" L
({WI .x :‘T)*b/a I {K ( a?}K ((’PB K1(P) (3-73)

A change of variable, x = p+ b/a - 2 + y and application of the

initial value theorem yields,
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Eﬂ(";} -L,)'f,l\,-,; (3-7h)

Xzp*-1

The derivative term in eq. (3-T1) is readily evaluated from
eqs. (3-54, 61, or 67), where in the range b/a —p< x < p+b/a-2

the following relationships are used: [16]

dKw) _  El(w) =(1-m) K(m)

= (3-75a)
dm Zm(1-wm)
where
! 1-mq?
= —_—d _
E(m) j; '\ﬁ‘_ﬁz' qQ (3-75b)
is the complete elliptic integral of the second kind.
Thus, eq. (3-T1)finally becomes
4 )
f 100 = ZJ;—%[S(X-(‘%-Q\ +$(x-(p +"/°‘23\]
(o x <% -p
P
+ {‘F:I(x) Ya-p < X< p+P -1 (3-76)
L-FeI(x) f’*%"-z <X
where
-]
'FeI(x) = 417(["/@)%[ W\(\-W\) ]
and R
o> -%XN
-F (x) = - Gw(PIVQ;"—\e n d (
el 2 z 3-7Tb)
o K(n) + «* L (n)

The inversion for the field point outside the source is similarly

obtained.
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Finally then, the inversions for all of the quantities given by

eq. (3-40) may be expressed as follows, with the aid of the change

of variable v = —;— given by eq. (3-46),

t/{f =%\
% w(p,0,t) =~ #_L I-W‘{mw\S ‘Fw(fl\’/af/v) av (3-78a)
Y5y

1
a - 1 - a,
B U = ) Indmd e - ot fem ) (o,
H
1

1
_% e (P,O,t) = - 4—-1‘?—‘)-8(13“’/03"“1) + ;T,_L %’Imgmle} :
7

O

x Jv - /w-%d) vS(v-Yp+%-2))
(‘F(PI /V) ;r_ﬂle-\/a.\ Zm(f*s/G-Z) ]d

1 oy S(%-te-%l)  s(Y-(p *'%'2))}
- fet - S e e

vhere the functions f( )(p » b/a,1/v), are defined in their respective

domains as follows:

( o |, 'ﬁﬁ < VvV
R e Rl T=="1 A
RO v i
The direct wave responses are given by
v
f:« 2{:1 = {:WO - {\'3"‘,"\,7; K (w) (3-80a)
£ - ﬂ;ﬁz{‘“"‘“ <.m.%—f/v)ﬂ ! (3-80b)

(3-80¢)

» 4 ~Y%) (p+‘°/a A
*Fuo x Pb/q{. K( m) + W(n 3



‘D 4 \d Tv m) = - 124
+ f ""F - / E( 3 (‘\ )K( )‘g

e loI 0 40 (%2 m(1-m) (3-804)

where

§1 z-—'\ 1-‘/1 -‘/1
Tn,m = o(\-V\&) ("‘1) (1“'“‘]_1) dq (3-81)

is the complete elliptic integral of the third kind, with modulus,

m, and characteristic n, and where

A (s e)

- 4 p %o (3-82a)
n = - (Y -e) (3-82b)
A 2
P
-8
W, = N - (e =) (3-82¢)
YA 2 Y%

In addition, the response functions after reflections have occured

are given by

R 3{.& X "G p %) & /vd
o Kl v w2 Tiw) " (3-83)
‘F C“I(e,‘%,@e W
ul o Kn) ...1,11 my N (3-83b)
_1_ _‘Q(P,%L ‘2) e %
uO * P b K ('z) .t I D (3-83¢c)

] - /vﬂ.
#a f _F S‘ Gu(p.¥% e an

e ‘el o0 ° K‘(n) + '“’I,(n\

(3-834)

G, = [L(n\Kc( pn) + K}n\lo(mﬂ'hfn\\ﬂo( Y%n) *K‘(Q\Io(%ﬂ (3-8ka)
GuI = [K 1('[\ I1( pn) -1 1(!1\ K'\(Phsl'[IJ.n)Ko(‘/a‘l)*K1("l\L(b/0‘15& (3-8Lb)
Guo z [K1(® I,‘(fn} + I‘(,.DK“( 6711'[11"0\"9(?&"0*K,(Q)I.Q(B/G"IS} (3-8Lc)
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It should be noted that, for finite T , and ¢ # b/a, the integrals

with respect to v in all of the above quantities are finite and
contain integrands consisting of the algebraic quantites of eq. (3-k2),
and either the elliptic integrals of eq. (3-80), or the semi-

infinite branch integrals of eq. (3-83). The singularites occuring

at p= b/a are treated subsequently.

The stress components on the free surface are expressed immed-
iately in terms of the dilatation and the radial displacement

component, by eqs.(3-6,T) as follows:

1

a a au 2 (3-85a)
- (0,0,%) = aM + SM £ (p/ ) >
Q 0;0(1,0 elp,o) * 7 p Yo"

T

a 4a* oM 2 (3-85b)
— 0 _ (p,0,1) =% ( —_— —»&-—u(p,o,t)

+ —i’:\_P é(f‘ 'b/ob H(’C)
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CHAPTER 4

ANALYSIS OF SINGULARITIES OF THE SOLUTION AND BEHAVIOR AT WAVE FRONTS

The response on the plane boundary is seen to be a combination
of the three fundamental wave types: dilatation (P), equivoluminal

(s), and Rayleigh (R) surface waves.

An analysis of the discontinuties in the expressions of egs.
(3-78) leads to the type and location of the wave fronts. Consider
for example, the radial component of displacement, i.e.

B Y olpe. 9 - S

m{m }f (f’» /a V)dv - —‘(: (P:% A
“1,0) ’ (4-1)

¢< -

JJI

The second term on the right hand side, which arises from the
Rayleigh poles has, in view of eq. (3-79), discontinuities at

Tt e (L-2a,b)
= X —_—-— =K
‘,o-b/al ’ f’"'b/q'

or, in terms of the original variables, at

{vr-bl
t _—_CR

_tR (r-a) +(b-a)
and R C

(4-3a)

D
R

R (4-3b)

It is noted that tg and tR are the arrival times of a Rayleigh

R
wave traveling the direct (D) and reflected (R) route from the source

to the field point respectively.

Similarly, the integrand appearing in the integral of eq. (L4-1)
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has discontinuities at

= -—--3.-—- VvV = X
VEEAT p+Y4 -2 (4-4a,b)

At a particular field point, ¢, &s time, T, elapses, these discon-
tinuities interact with the limits of the integration. There are
therefore, critical times at which the discontinuities in the integrand

coincide with the end points of the domain of integration, viz.

——-—T = L —T =

oVl S ) potar o (k-5a,b)
- 1 T = 1 -
P+ -1 V3 ) P+ 5o -1 (4-62,b)

or, again in terms of the original variables,

D ¢y -bl| Y jr-bli
PR Shald B : =1 L-Ta,b
tP Ce ts Ce (4-7a,0)
R _ (r-a)+(b-a) R _ (r-a)+(b-a)
tP CP 3 ts et Cs (4 88.,b)

As above, tg and ti are the arrival times of the direct (D)

and reflected (R) P-waves, while tg and tg are the arrival times

of the corresponding S-waves.

Summarizing the above results, it is seen that a total of six
wave fronts exist on the plane boundary: three direct outgoing
waves of the P, S, and R types, and three direct ingoing waves which

reflect as three reflected outgoing waves of the same type.

The contribution of each wave in the region of the wave front can
be analyzed by considering the wave profile, i.e. the variation of

magnitude with position.
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To illustrate the procedure in the vicinity of a P-wave front,
consider the profile for the radial displacement immediately behind the

direct outgoing P-wave. Let

PP= b/a+V'3"‘t' , P.F; = /OP- €b/q (4-9a,b)

where pP and pE denote points at and immediately behind the P-wave

front, respectively, and where ¢ is a small (positive) parameter.

Then T = 1

,op - 5/Q NEN (4-10a)
and T = L(14 £

T = -=2) (4-10b)

Substituting eqs. (3-42b) and (3-79) into eq. (L-1), it

follows from the above, that for any - ,

ﬂé‘-uo(pp,o/r) e (L-11a)
- - ‘/ A
%—UO(PP,O,'Y) = ﬂtj Ve =

‘/B V3

"
o

'
6~

VA AR MR R AR e PR T
{ A Fuolh ¥, W

(L-11b)
Now, eq. (4#-~11b) may be evaluated for small values of ¢
by expanding the analytic portions of the integrand in a Taylor

series, combining and integrating term by term.

It is noted that the factor VV - \/l? is not analytic at v= ;,'—3_:‘—

and therefore cannot be expanded in a Taylor series in any region
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containing that point. However, it can be shown that the term

v, .
'('“o(fp,b/cf/v) is analytic. To this end, consider the original

D
expression, analogous to eq. (3-54), that led to 4;a(x), eq. (3-80¢):

{Fo(") . z-‘ﬁ—iKBIQ("/oP)KJP‘;P) e*Tdp

where

o= Y <X L Pl +Ya-1

From eq. (4-10b) and according to the relation x= t/v,the

(4-12a)

(k-12v)

range of integration of v in eq. (4-11b) corresponds to an inte-

gration in the range

Po-a <x L po-Ya+€

D
Hence it follows that if it can be shown that uQQ%.W%,X.)

(4-13)

is analytic at x=p;-b/a the analyticity in the range of integration

is established.

Introducing a change of wvariables

“F %Y, Pt
eq. (4-12a) becomes: - _
R S
‘Fu.o(") 'Z_ﬂl(I(%__)K )ee‘ﬁ 93?%?

(4-1ka,b)

(4-15)

Replacing the modified Bessel functions by their asymptotic

expansions eq. (3-52), for small y, (x—afgl-ﬁh) and using eq. (4-1bb),

eq. (4-15) becomes:
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D .
- A S S 0 N I O A\ g
‘ﬁo(x)::-—-—gavlm{P + Pz(8°/u+ SP;)*O’(P.J}& AP (4-16)

2avi a

from which, by means of the known Laplace inversions
D
(AL 3
fol = =1 +(zm ~ o)y + O
e Zm 8% 8pp)‘3 9 (b-1T)

.D V)
Since ‘+“O(y) is analytic at y=0, it follows that {Lo(x)

is analytic at x=p;-b/a , and hence from the above also in the

range of integration of eq. (L-11b).

Moreover, since the algebraic term within the brackets of eq.

(4=11b) is readily seen to be analytic, it follows that this equation

may finally be written as
<Y

1 &=
A UREE

%uo(,o;;o,fc) = L FODVY -Y5 dv (4-18)
3

where F(v), the analytic portion of the integrand, has the expansion

F) = F(E) + S5(E) v - 5 (4-19)

The dominant term of eq. (4-18) is readily found upon integration

to be
ﬂzg - LY
uo(Pp:O/t) = A € t ()4_20)
where A is constant.

It therefore follows that the radial displacement component is

continuous, i.e. there are no Jumps in displacement across the direct
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U
P-wave front. Furthermore, it is noted that the slope {_A po}p-e
(e

of the displacement profile is also continuous across the direct

P-wave front.

In a similar manner, it can be shown that both the radial and
vertical displacement components exhibit the same behavior behind
the P-wave fronts and immediately in front of all the S-wave fronts,

while behind the S-wave fronts, no discontinuity exists,

A similar procedure may be used for the dilatation, and to further
illustrate the details of the method, the dilatation in the vicinity

of the direct outgoing S-wave front is now considered.

The P- and S-wave contribution of the dilatation given by eq. (3-78c)

becomes, upon substituting eq. (3-42c), the following.

1
ot 4 ( v@viIVI-viJvi-vg
"—Q"& eo(Paolt)- %t g‘/ﬂ A (V)
x Tt
[$ g0y, YV -wR) | WS- sea=a)
Let P = Ta + T (4~
Letand P: = P +e%a (4=y

andwhore fg', f; ’ qg denote points immediately ahead, at, and behind)

+ -
where f% , f; ’ f; denote points immediately ahead, at, and behind

the S front respectively.

Then T = 1 (4-23a)
fs - /a
éb/a.
and X = 13 =5 (4-23b)
- - b/o;

S
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Furthermore, let T be within the range

L3 < L
Py +%/a - 2 5 (4-2k)

thus restricting the analysis here to the case where the reflected

P-wave has not yet reached the field point Pge

Following & procedure similar to that above, the dominant

terms of eq. (4L-21) yield the following:

A . 1 [

Q LOolg+
%’ e = 21"L{e( y-e (pdt~ Be (4-25b)
Olg- Q LSc\fs?” S0t sl ~

where A and B are constants, and the bracketed quantities s+ and
S” indicate the variation immediately preceding and behind the S wave

front.

Although there is no discontinuity in the dilatation in the
vicinity of the S front, it is noted that due to the term with
coefficient A, the slope of the dilatation profile approaches

infinity Just in front of the direct outgoing S-wave.

In a similar manner, it is found that such a cusp is present
Just in front of the direct ingoing as well as the reflected S-wave

and immediately behind all direct and reflected P-waves.

Furthermore, it follows from eqs. (3-85) and the above, that
the profiles of the stresses,crr and gee , exhibit the same cusps as

the profile of the dilatation near the P-and S-wave fronts.

The behavior of the vertical displacement in the region of the
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R-wave front may be considered in & similar manner.
For the case of an outgoing wave, let
= b/a + t/x | p = pere b/a (4-268,Db)
where pR indicates tﬁe position of the R-wave front and where the

(+) and (-) signs indicate positions immediately preceding and

behind the front.

Then
Y
T - € Ya
—Lt — =x(13 £2). (4=27)
fa =¥ ( “/x
Furthermore, let T be within the range
T < L
Pr+®a -1 V3 (4-28)

thus restricting the analysis for the purposes of illustration to

the case where the reflected P-wave has not reached the point PR*

Then, frcm eq. (3-78a),

1
ICIVL LY A9 ) D
B Wolhy 00 = - %15'3“ WAV olgl Ye, %) av
3
X(15 &2
B %X (30-2v N5 ATV (- Yo EoT) -
1

D +* b € '/l 1/1(lﬁ‘3) /1(ZF*3)
'Fwo(f;,/‘" /V)'{%-v" M .)("-v" 3/ -vt dv

(4-29)

——17—3 appearing in the second integral has been

where the term
Av
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expressed in terms of partial fractionms.

For small € , the above becomes

X =S50 1
Q. + ~_1 24K \EN3 - 3)
ﬂg-wo(PR’o't) - ﬂ"s.‘ X -V
v
{(‘5(1-2.v‘)"\/v‘-‘/3 *\1v‘(v‘-Vé)Jv‘-1xwo(f:, "/a,f/v) dv (4-30)

Upon expanding the bracketed term in a Taylor series about
v = Kk (in a similar manner to the above) and performing the inte-

gration, the dominant term is found to be

A
€
Ve % In (4-31)

B w (ph,0,7)
0''R X

Q

where A is constant.

Thus a logarithmic singularity exists immediately in front of
and behind the direct outgoing R-wave. Similarly, upon examination of
the vertical displacements at the other R-wave fronts, it is found
that the same singularity is present immediately preceding and behind

both the direct and reflected R-wave fronts.

A different method is required for examination of the radial
displacement and dilatation in the region of the R-wave fronts since,
as noted above, these quantities occur in uncoupled form, viz. as the
residues of egs. (3-78b) and (3-T8c) respectively:

Bugore? == 55 fg e % (k-320)

o

$Chcle-%)  $Ch-(o+ %)
2ipoR PON

gé‘-e (p,0,7) = -”_‘“ {e(f,b/a,t/u) +

-32b)
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The discontinuities across the R-wave fronts of the terms( fﬂ a, /%

appearing above are readily evaluated by the method used in obtaining
eqs. (3-72) and (3-T4). 1In the case of the dilatation, the Dirac-
delta terms above define the additional singularities existing at the

fronts.

Thus, combining the results, the following behavior is found

to occur at the R-wave fronts:

o uf - oo [’
%d - %
% - %M
R Ul G S
G s A mpmed
Bl R S

where the superscripts D and R denote the direct and reflected wave

fronts respectively, and where

£ s b/a - t/x (4-3ka)
p° = bla +T/x (4-3kD)
)

and LR . 2-bla + T/ (4-3ke)

indicate the locations of the various wave fronts.

The square brackets in eqs. (4-33) indicate the following finite
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Jump discontinuities across the corresponding wave fronts.
)

ajL - 1
Q IE“I T owe Vo (L-35a)
o [u . (4-35D)
0 e Vp o/
4R (4-35¢)
Q e - 1
2l - e
_é_a" [e ]b- — _Sa-p (4-354)
- 1921 (%) V2
2 D
a“um - P -bla (L-35e)
Q EEO] ) g91<y(f>bﬁa)%&
a’u R p+blatbpbla (4-35¢F)
Q [E ] - \ 92 (p Ya) /2

In addition, from eqs. (3-85a) and (3-85b), and the above

the behavior of the stresses O and cee at the R-wave fronts is

found to be as follows:

%z{ .-1} % rrI] - TLI_C'ZS(P'P;) (4-362)
{rrO} - %1 Lo'rrO] ‘E;}T‘-;T:S(P'f;) (4-36b)
21 0y }R= g :°'rr]R+ bwm —L__8(p-p£") (4-36c)
e% < [oueg] - e $(p-,7) (4-36a)

Q aaO} ‘gi:qoeo]o"‘ W#S(P'fg) (k-36e)
R (4-361)

(] r R
Flooel * Elow] + mrpmster
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where the square brackets indicate the following finite Jump

discontinuities at the corresponding wave fronts:

Cll b - P - 7 b/q )4-
Q [O""'I] T 48T (p Sa)VE (h-3Te)
a* ]D ] p- 7b/a (4-37b)
Q [o',. o] T FEalpoiaoe
at R p+To/a+bpd/a (4-3Tc)
E R B e a3
o .0 ]o _ p+23bla (4-374)
o Ledl] - \9Zw (p B/a)Vz
ot . > _ pP+23b/a (4-3Te)
Q ed T 192 (p bla)¥2
a [y ]R . p+bpth-23Y (4-37¢)
Q L8 19211 (pB/a)¥2

A significant aspect of the response which merits investigation
is the behavior under the load at p =b/a, where it is recognized
that two kinds of irregularities in the response may occur at

this point: finite discontinuities and singularities.

In investigating the displacement quantities, it is necessary to
recall that the relevant integral representation, eqs. (3-40),
which were derived from eqs. (3-27), are valid for points p # b/a
and were obtained by considering the contour integrations in the
% -plane. Specifically, criteria for the convergence of the
integrals of eqs. (3-27) were based on the behavior of the complex

integrals along the large quarter circle arcs of the closed contours.

In the particular case of the dilatation, this investigation led
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to the determination of the Dirac-delta strength, as shown in

eq. (3-78¢).

It is now necessary to reexamine the integrals along the large
quarter circles for p =b/a for the cases of the vertical and
radial displacement components. Using the identical procedures of
Chapter 3, it is then found from the large circle lemma, eq. (3-16),
that the combined sum of the integrals along the large arcs in sheets
1 and 2 of the § -plane vanish for the vertical displacement, while

for the radial displacement the sum becomes finite.

Upon taking the limit p + b/a” the large quarter circle

contribution for the radial transform displacement then becomes

au A N L 1

ﬂg- Uplpos) = - cnps (4-38a)
while for p =~ b/a+

amy 1

% gpod s o (-3

It is these quantites that are to be added to the expressions for

the radial displacement, eqs. (3-40) and (3-78b), when o =b/a.

Points of finite discontinuity in the response may now be
determined from examination of the behavior of the Laplace transforms,
eq.(3-40). As an example, consider the jump in the transformed radial
displacement at p =b/a. Eq. (3-40) yields:

%[&‘P""s)] - %{GO’GI]S

P z=b/a

1 1
- - ;%iSL/;£1]:"‘{}n;S (;;:17;)cbv - éﬁ;‘:ga;)(s)
3

(L-39)
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where use has been made of the Wronskian relation of the modified

Bessel functions:

I.WK,0m + I1(V\K°(V) = —;‘;— (L-40)

The Laplace inversion of eq. (4=-39) is then readily obtained.
The v-integral, which may be evaluated in closed form, is found
to vanish, and consequently

& [u(P'(:»'f?.]/o o 9:“”“ e (4-k1)

where the square bracket denotes the jump (discontinuity) at the

point.

Thus, it is seen that a time-independent finite discontinuity

exists in the radial displacement under the source.

In a similar manner, it is found that the vertical displacement

and the dilatation have no discontinuity under the source.

The significance of the expressions in eqs. (4-38) can now
be assessed in view of eq. (L-41). It is observed that the value
obtained for the radial displacement at ¢ = b/a is halfway
between the values Just inside and outside the source. This is a
common feature in integral transform techniques, viz. the value
at a point of discontinuity is the average of the values immediately

to the left and to the right of the point.

The singularities of the response at p = b/a may be determined
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from an investigation of the final displacement quantities, given by

(¢ 3]
the expressions of eqs. (3-78) as p»> b/a.

Consider for example, the vertical displacement at a field point

outside the source, as given by eq. (3-78a).

T/ (p-b/a)
% Wo(p,o,t') = - -1%8 IM{W\W} {w(f' b/a,"'/v)d\/ (L-42)
‘I/B

where fw( p, b/a, t/v) is given by eqs. (3-79, 80a, 83a) and

Im {mw} by eq. (3-42). As p > b/a, the upper limit of integration

. T
approaches positive infinity. PFurthermore, as v - 5:573» ® s
the integrand terms behave as follows:
Im{mwg — -3/4v (4-k3a)
(p % % — 1
o 4-L43b
+Wﬂ 4 V) 2 ’Pb/“ ( 3 )

where in eq. (4-43b) use has been made of the series representation of

the complete elliptic integral of the first kind

1Y 9m*
Ky = FLq+m 20,0 (4-b)
withm > 0 as v+—p:g-/j;.

Thus, eq. (4-42) can be written as the sum of two integrals

N
1.'mb . %wo(f,o,x) = - .1‘;1S Tm{m.} fulp, %) dv
P =%/ '/r
3
Tf(p-Sla) >

+ 3 S ——¢=‘—3 dv (4-b5)
" 8 ;obﬁx v -
N

where N is large.
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The second integral is seen to contribute a logarithmic singu-
larity to the vertical component of displacement under the source.
Similarly, it can be shown, that as p > b/a the same type of

singularity is present.

Following a similar procedure, the radial displacement is found
to exhibit no singularity under the source. Moreover, no additional
singularities are found to occur in the dilatation, aside from the

Dirac-delta function previously established in eq. (3-T8c), viz.

%{C(P,O,’t‘)} = - ;;—p S(p-¥a) H(T) (4-46)

Using eqs. (3-85) the discontinuities and singularities of the
stress components st the source { p = b/a) are immediately established
from the corresponding displacement quantities, and are summarized

as follows:

L) =< {o—": - 21:/0 S(p-Y)H()  (4oira)

2 T - 1
—22—{060} = -g—[o'eej - zp—S(,o-%)H(t) (4-b7b)

vhere the square brackets denote the following time-independent

finite Jumps:

a 1
Q [o;r] I He (4-L8a)
2

,
o (%] = S RO (1)
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CHAPTER 5

NUMERICAL RESULTS AND CONCLUSIONS
a). Results for a given typical source location b/a = 3.0,

In the first part of this chapter, numerical results, evaluated
from the relevant expressions of Chapter 3, are presented for the
response at the plane surface boundary. Typical results are first
given for a source at b/a = 3.0. (The numerical techniques and
methods used in the calculations are discussed in some detail in

Appendix C).

Typical profiles of the vertical displacement are shown in
Fig. 5 for various non-dimensional times, T . Locations of the
direct and reflected wave fronts are indicated. The logarithmic
singularities at the R wave front (as given in eq. (4-31)), and at
the source (eq.(4-45)) are seen to be the dominant features of the
response. Indeed the effects at the P and S wave fronts appear
to be relatively insignificant in the profile. It is also of
interest to note that the singularity of the R- wave does not

change sign upon reflection at the inclusion boundary.

The vertical displacement at a fixed field point p ? 5.0,
is presented as a function of time t in Fig. 6. The arrival times
of the various direct and reflected wave fronts are given with the
observed singularities occuring at the R- wave fronts. In particular,
the response is seen to approach asymptotically the static response

for large values of time.
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As noted in Chapter U4, the contributions of the body waves
(1.e. the P- and S- waves) and the Rayleigh surface waves to
the radial displacement and dilatation are uncoupled and it is
therefore possible to present the effects of these waves separately.
Furthermore, from eqs. (3-85), the body wave and surface wave

contributions to the stresses may also be presented separately.

Profiles of the radial displacement due to the body waves
as well as positions of the wave fronts at various times 1 are shown
in Figs. 7 and 8 for field points inside and outside the source

respectively.

Direct ingoing waves and the corresponding reflected waves
are shown in Figs. Ta and Tb respectively. From the former figure
it is seen that the response between the P and S wave fronts
consist of a single sine shaped pulse with a peak roughly equidistant
from the end points of the pulse, while behind the S wave front the
response is small in comparison to this peak. The peak increases as

the waves approach the inclusion.

From Fig. Tb it is observed that the reflected pulse is opposite
in sign to the incident pulse and the peak Jdecreases as the waves

diverge from the inclusion.

The interaction of the direct outgoing and the reflected waves
at two typical times, T = 5.0 and T = 10.0, are shown in Fig. 8 where
a reinforcement of the peak is observed. The apparent discontinuities
in the slopes at the P and S wave fronts in the above figures are

spurious due to the relatively small scales along the abscissas.
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Profiles of the radial displacement due to the Rayleigh surface
waves for various times Tt are shown in Fig. 9 for outgoing waves.
The finite Jump discontinuities at the direct and reflected R wave
fronts are seen to decay with distance from the origin (egs. (4-35)).
Moreover, the discontinuity under the source, at p = 3.0 given by
eq. (L-b1) is noted to remain constant for all times. The profile
of the static radial displacement is also shown and it is noticed

that at points inside the source the displacement vanishes.

A clear representation of the variations of the Jump discontinuities
in the radial displacement at the R-wave fronts is presented in

Fig. 10a where according to eqs. (4-34, 35) the discontinuity

- C
is plotted against a nondimensional time Ta ﬁ§1'= e? . In

Fig. 10b the positions of these R-wave fronts are given as a function
of time 1 (egs. (L-34)). The jump at the direect outgoing wave
front is seen to decay with time and hence with distance from the
source while the direct ingoing discontinulty increases until the
inclusion is reached ( T = b/a - 1). The reflected discontinuity is
of opposite sign and decays in the same manner as the direct outgoing

wave.

A typical total radial displacement profile (representating the
combined effects of all the waves) is shown in Fig. 11 for time« = 5.0.
The locations of the wave fronts are indicated and it is observed
that for this value of time all the ingoing waves have been reflected
at the inclusion. The figure therefore represents the case for
sufficiently large times in which all waves are radiating outward.

It is again noted that the Rayleigh surface waves dominate the
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the contribution of the body waves.

The radial displacement at field points inside and outside the
source is pfesented as a function of time 7 in Figs. 12 and 13,
respectively. The arrival times of the various wave fronts are
given with the observed discontinuities occurring at the R~wave
fronts. The response is seen to approach asymptotically the static

response for large values of time.

For the case of the stress components at the surface, it is
again possible to separate the effects of the body waves from those

of the Rayleigh surface waves.

Typical profiles of the stresses %8 and O due to the body
waves as well as the positions of the various wave fronts are shown
in Figs. 14a and 14b, respectively, for the field points inside
the source at various times. The response between the P- and
S-wave fronts is seen to be approximately an N-shaped pulse with
the peak near the P-wave front being slightly larger than that near
the S-wave front. There are cusps in the profiles immediately behind
and in front of the P- and S-waves respectively (eq. (4-25a)). As in
the radisl displacement, the response behind the direct ingoing
S-wave front is small in comparison to the above mentioned peaks. It
is also noticed that the profiles of P and O, 8re similar in shape
with the peaks in Grr being approximately four times as great as
those in o . In addition, the reflected pulse is opposite in sign

68
to the incident pulse.

Due to the similarity of the profiles, the behavior of 958 and O
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due to the body waves, for points outside the source may be illustrated

for various times by means of typical profiles of the radial stress
appearing in Fig. 15. Again, the positions of the various wave fronts
are indicated. The interaction of the reflected and direct outgoing
N-shaped pulses results in a decrease in the peaks near the reflected
P-wave and direct S-wave fronts. The peaks are seen to decay as

the waves diverge from the inclusion.

Profiles of 996 and Orr due to the Rayleigh surface waves are
shown in Figs. 16 and 17 respectively, for outgoing waves. The
Dirac-delta functions are illustrated by means of heavy solid
lines and their respective strengths indicated. The finite Jump
discontinuities (eqs. (4-37)) and the Dirac-delta functions (egs.
(L-36)) at the R-wave fronts, as well as the time independent finite
discontinuities under the source (egs. (4-48)) are the dominant
features. Decay with distence from the inclusion is again observed.
The results are seen to spproach the static profiles where it is

noticed that both ceeand orr vanish for field points inside the

source (eq. (D-26)).

As in the case of the radial displacement it is possible to
represent more clearly the jJumps in the stress components at
the various R-wave fronts by considering the variation of the Jumps
with time 7T, (Eqs. (4-37)). Figs. 18a and 18b present these
variations forO'ee and er respectively. The direct ingoing discon-
tinuities increase until the inclusion is reached (7 = b/a -1). The
reflected discontinuiti%§ are opposite in sign to the incident

2
a
discontinuities, whereea'[oee] is observed to decrease while-?si’rr]
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increases immediately after reflection. For the circumferential
stress, the direct outgoing discontinuity decays with time, ;, while
the reflected discontinuity decreases, changes sign, and finally
decays for large values of time. The reverse is true for the

redial stress; the reflected discontinuity decays with time ;,

while the direct outgoing discontinuity decreases, changes sign,

and finally decays for large values of time,

As above, the behavior of %98 and Opp TEY be illustrated by
means of a profile of the radial stress only. A profile of the total
radial stress as well as the location of the various wave fronts is
shown in Fig. 19 for outgoing waves. It is of interest to note
that the N-shaped pulses arising from the body waves are larger
than the direct R-wave discontinuity but much smaller than the
reflected R-wave discontinuity. Moreover, the Dirac-delta strengths
at the R-wave fronts (eqs. (4-36)) and under the source egs. (L4-L4T))

dominate the response.



b). Discussion of geometric changes of source location.

As noted previously, the numerical results presented above were
calculated for a typical load located at b/a = 3.0. Consideration is
now given to the effect of a variation in the location of the source,
b/a, on the response. From the derived analytical expressions of the
preceding chapter, it is evident that the qualitative aspects of the
response cannot depend upon the position of the source, although the

quantitative results will naturally be a function of this parameter.

It was observed above, for b/a = 3.0, that the dominant aspects
of the response occur at the R-wave fronts. Furthermore, it may be
recalled that the singularities at the R-wave fronts are expressed
in terms of elementary functions (eqs. (4-31, 4-35, 4-37)); it there-
fore follows that the relationship between the geometry of the source

location and the behavior at these wave fronts is readily obtained.

At this point it is no longer advantageous to consider the
dimensionless form of the results. This is so because the magnitude
of the applied vertical stress depends upon the applied force Q
and the location of the source b, and consequently, when considering
a variation in the geometry of the problem it is necessary to
decide whether to maintain the applied stress or the applied force

constant.

Consider for example the effect of changing the location of the
source b, while the applied force Q, the location of the field point r,
and the radius of the inclusion a, are held constant. The behavior

at the R-wave fronts is as follows: the Jump discontinuity in the
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radial displacement [u], the magnitude of the vertical displacement w,
and the Dirac-delta strengths in the stresses oee and orr’ vary
inversely as the square root of b; and for the field points at large
distances from the source, the Jump discontinuities in the stresses

3/2

oee and 0. Vary inversely as b .

On the 6ther hand, consider the effect of changing the position
of the source b, while the applied stress §;QS—’ the position of
the field point r, and the radius of the inclusion a, are held
constant. In this case the following behavior at the R-wave front
is observed: the jump discontinuity in the radial displacement [u],
the magnitude of the vertical displacement w, and the Dirac-delta

strengths in the stresses o and Oy vary directly as the square

66

root of b; and, for r >>b, the jump discontinuties in the stresses

Y and crr vary inversely as the square root of b.
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¢). General conclusions.

The complete response at the plane boundary has been evaluated
and analyzed. The results obtained may serve as influence functions

for arbitrary axi-symmetric normal loadings.

It was found that, at any given time, there are six wave fronts
present, thus indicating that each wave (P, S, or R) reflects as
a wave of the same type from the rigid-lubricated inclusion. The
vertical displacement reflects positively, while the radial displacement
and the radial and circumferential stress components reflect negatively.
In addition, upon reflection of the R-wave, there is a loss in the
magnitude of the jump [ o
[ o 1.

Tp=1

06 ] and a gain in the magnitude of
o=1

The displacement and stress components are directly proportional
to the total applied force, Q, as must be the case for a linear
system. Furthermore, the stresses are seen to be independent of the
material constants, whereas, the displacements are found to vary

inversely with u .

At large distances from the source, the stress and displacement
components near the R-wave fronts decay as 7%—- and are thus in

agreement with the Rayleigh wave stud of Lamb [3].

For large values of time the dynamic response approaches the
corresponding static response (Appendix E). In addition, for the
radial displacement and the stress components on the plane boundary,

the time independent finite discontinuities and Dirac-delta strengths
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under the source are identical to the singularities in the static

problem.

The major dynamic effects which are found to occur at the
Rayleigh surface wave fronts may be summarized briefly as follows:
the vertical displacement contains a logarithmic singularity; the
radial displacement contains a finite jump discontinuity; and the
stresses contain Dirac-delta singularities as well as finite jump

discontinuities,
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APPENDIX A

INTEGRAL REPRESENTATION OF THE DIRAC-DELTA FUNCTION

The following integral representation for the Dirac-delta

function, required in the general solution, is established.

C.0 ) () v
—ba - o 4 0 b/ -
$(p-"%) go rovvorel AN S <o (a-1)

The derivation proceeds as follows. Consider

N [ Cotr, ) Ca(¥,e) o)
%) T ) + Y ) v
where i (ae3)
C.(wp = l(Y)Ye(Yp) Y, () Jl¥e)
C,(%0) = T, Y (¥e) = (D T (%) (a-))

Expressing the integrand in terms of Hankel functions, eq. (A-2)

may be written as

R ARE S O AR

©

H?Zﬂ
—] (A-5)
H, 0 @

H,™
W% - WY H;,;y)]g ax
1

The above integral may be evaluated by extending the integration

to the complex plane Y= u + iv. The integration along the real
axis is then replaced by integrals along the imaginary axis together

with integrals along large and small arcs by Cauchy's theorem.

This procedure required choosing the proper quadrants for the
path of integration for each term in the integrand of eq. (A-5).
The appropriate choice is based on the convergence of the integral

along the large quarter circle, which is determined by using the
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following (large circle) lemma: [11]

Let C, be the path y = |Y|e1¢ and let G(Y) be a function along

this path. If

lim \Y\G(Y) = A (constant) (A-6a)
iyl > =2
then
lim | Gay = ine
\v|-wee VO (A-6D)

where 0 is the angle of rotation of the position vector along the

curve C:L .

Consider as an example, the term

%)) D
GO = Hlo) W L") (1)
Using the asymptotic expansions of the Hankel functions [12]
W &\/—1—' (v-oE T (A-8a)
n ¥ Y €
o — -ily-of T
H~\7y e (A-8b)
the following limit is obtained
1 CoD ) i ¥(%-e)
[ ¥l- oy — -
vl -::2" ‘ Ve Ya (A-9)
This 1imit exists or vanishes if
Re {_‘\Y(%"P\)} £ o0 (A-10)

Hence, by the large circle lemma, the integral of this term vanishes

for (b/a - p)v>0, and exists for p= b/a.



T4

It is seen that for p< b/a the contour for this term must
be taken in the first quadrant, while for b/a < p it is taken in the
fourth quadrant. The remaining three terms in the integrand of
(A-5) are treated similarly, and it is found, contrary to the
above, that for two of these terms, the contour for p <b/e must be
taken in the fourth quadrant, while for b/a¢p it is taken in the

first quadrant.

Thus it is observed that the convergence of the integral depends
on the relative magnitudes of p and b/a, and therefore, it is necess-
ary to separate the expression for V¥ when p<b/a, from the
expression when b/a < p . In addition, in each case, the integrand
is split into two parts; one of which yields a convergent gquarter
circle contour in the first quadrant, while the other converges in

the fourth quadrant.

Let
¥ (p %) %‘X (1,7.,7) 30, .\%AY , P< (A-11a)
a & o))
an Y (P/ %g{% (‘\’Zly) +1 (7_"\,\‘) ay , b/g‘<‘° (A-11v)
- . m Hm(r)
where ;IL. (!,3)’) H (%Y)H (PY) \'\ (/aY)H.\ f) “)LY) (A-121a)
S I H\(Y) 3,3 =Nt
_} LIJ‘\)Y) (Vax)H ((X "‘l % )H ) u) (A-12b)

and where the superscripts (+) and (~) denote that the integration

in the Y-plane is to be carried out in the first and fourth quadrants,
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respectively.

Now the integrands above require a branch cut along the negative
real axis due to the multivaluedness of the Hankel functions. Further-
more, it is noted that the poles corresponding to the zeros of
H(i)(y) and H(i)(y) lie outside the path of integration and therefore
do not contribute to the contour integral; the integrands within

the closed contour are then analytic.

Using the integration paths shown in Fig. 20, and applying

Cauchy's theorem, contour integration yields,

' [ +) ’ . " + _
gildi’ '{S}()*S?‘*S?\}dx (A-13a)
A% BC cy DA

oAy gle
Hence,
f@‘*&?‘]w -{(fgh& é) (g 3 «( fz°- &:-) "

The integrals along BC and BC' are evaluated by the large circle
lemma, eq. (A-6) given above, and are found to vanish when p# b/a,

From the following known relations [12],

(&)
)

HO(
A = HO)

‘*;u(’) (A-15a)

(A~15b)
and,

H“)(\‘X) < - -%%—KO(Y) , H(:)(ix) - 2KV (A-168,D)

©
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) = 210+ L2 K, (1160
@ )
H, G = Z{;Ki(y) +2i1 ¥ (A-164)

it follows that

}t-(zﬁ,-'w) = ENC'\ 1,iV) (A-1Ta)
E(.Z‘\ 2,-\V) = }”(Zl‘\‘ 1) (A-1Tb)
and
)
% (\,2,W) = —'K (%"b-_ (eV) - K,‘(pv) Ky )] (A-1Tc)
IM A,1v) =’%K1(e\i)§_1°(%v)1-b(‘(%v) BYON ("3] (A-174)

Upon direct substitution in eq. (A-1k) it is seen that the integrals

along the paths CD and C'D' cancel for both of egs. (A-11).

The integrals along DA and D'A are evaluated by means of

the following (small circle) lemma [11].

Let G(y) be a function on a path Cps given by y=y, + ee ié s

where ¢ is small. If

1-'\M (Y'YJG(Y) = A (constant) (A-18a)
Y3y,
then
Lim S G4y = iAD (A-18b)

€wo C'L
where O is the angle of rotation of the small position vector along

02.
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Using the series representation of the Hankel functions [12],

)
How) = 1+ 10 (r-192)
(%2 i 2
MW ~ 1- 2 10X (-19)
™ v _ il (A-19c¢)
(A-194)

it is seen from eq. (A-18) that these integrals combine to yield

g }‘(T?z,v)&y+ @Ml = o P <% (A-20a)
DA D'A
and
-\
g §_‘8.,|,v)dv +Sn\A§((|,7_,y)dy= - % "’/a < f (A-20b)
DA

Hence, from eq (A-11) and (A-14) the following result is obtained:

Yip%) = o p < Y4 (A-21a)
1
Y. (e YA e , ®/a < P (A-21Db)
from which, according to eq. (A-2), it follows that
o0
C.(%%) C,(v,e)
a( a) W, ele AY = H(P-b/‘s (A-22)

Z
o I:(ﬂ +Y, (¥)
Differentiating both sides with respect to P> and noting that

%Pc.(v,p) = ¥ Colv.p) -5 Clv,p (A-23)

yields the identity sought, viz.

S‘ CO ) ClX ey o S(p- %)

Tl + Xieo (a-24)
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APPENDIX B

BRANCH CUTS FOR THE MULTIVALUED FUNCTIONS

It was observed in Chapter 3 that the branch cuts for the

1/2 1/2

multivalued functions ( ;2 +1) and (C2 + 1/3) must be

chosen so that their real parts along the path of integration are
positive. It remains to be shown that the sheets given in Fig. 21

satisfy this criterion.

Since the two functions are of the same form, it is sufficient

)1/2

to consider only one of them, e.g. (c2 + 1 . Define the function

w(z) by the expression

wh = (R = (B0E-i) (3-1)

and O,, denote respectively the magnitudes

and let Ty Ty and Ol,

and angles of the position vectors from the branch points Z= +i,

2!

-i, to an arbitrary point in the Z-plane, as shown below.

According to the branch cuts for the sheet 1 (Fig. 21), the
ranges of Ol and 92 must be

-1 <(31 \d (B-2)

From the expression

Wt =y e (GO0 (8-3)
the function w can be assigned either of the following values:
" 01 *O! ( ).;)
W, -~ \/qr.,_ c 2 Bt
1 O, 40, ~2«w
w, Vhv, e' T 2 (5-k)
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. . 1/2 . .
the first of which corresponds to choosing (-1) = + i, while

for the second value (-1)1/2 = 1.

Considering Vs it is seen that its argument is in the range

o < 626 < T (B-5)
2 2

for all ¢ in the first quadrant.

Therefore, the condition Rc {W.\(KB >0 is satisfied

in the first quadrant of sheet 1.

The analysis for sheet 2 is similar. In this case the ranges

of 0, and 92 must be:

1
0 <0, < 2w
(B-6)

-“x <O, < N

Then, considering w2, it is seen that its argument is in the range

3‘“’ 61"'@‘*2""

= < = < 2ar (B-7)
for all ¢ in the fourth quadrant.
Therefore, the condition Re {_Wz(t)} 20 is satisfied

in the fourth quadrant of sheet 2.
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APPENDIX C

NUMERICAL METHODS OF EVALUATION AND ERROR ANALYSIS

Quantitative results behind the wave fronts are obtained from
the numerical evaluation of the expressions in eqs. (3-7T8). The
discussion below is concerned with the general method of evaluation
and provides an indication of the accuracy and errors arising in the

calculations.

As is noted in Chapter 3, the direct waves requiresintegrations

in the range

~ T
LV < -
p+Y% -2 e - %l (C-1a)

while the combined response to direct and reflected waves require
integrations in the range

T
P+Y -2 (c-1b)

V<

Within each of these ranges, the integrands are the products of

algebraic terms given by eq. (3-42) and functions of f? y oF f? )
9

eqs. (3-80), (3-83), which must be evaluated numerically.

The errors in evaluation of the displacement quantities arise
from two sources: numerical evaluation of the integrand and numerical

integration of the calculated integrands.
Consideration is first given to the evaluation of the integrands.

For the direct waves, as seen from eq. (3-80), it is necessary
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to evaluate complete elliptic integrals of the first and third kinds.
These quantities are expressible in terms of complete and incomplete
elliptic integrals of the first and second kinds Euﬂ which may be
evaluated numerically to six significant figures from available IBM

subprograms in FORTRAN IVG programming language.

For the combination of direct and reflected waves, the relevant
integrands eq. (3-83), contain semi-infinite branch integrals. These
are readily evaluated by means of Gauss-Laguerre quadrature formulas
[rﬂ o The results, which were used to calculate the displacement
quantities presented in Chapter 5 part a, were computed by means of a
thirty-two term formula. The relative accuracy of the values, obtained
by comparing the results using a twenty-four term formula, showed a

relative difference of less than 0.2 percent,

Consideration is now given to the final numerical integration of
the integral expressions of eqs. (3-78). However, it should first
be noted, that in the case of the radial displacement and the dilatation,
the Rayleigh wave and body wave effects are uncoupled, while in the
case of the vertical displacement, the effects of the Rayleigh waves
and body waves are not separable but are expressed simultaneously in
terms of a single integral. This coupled representation thus gives rise

to some difficulty: more specifically, the term Im(m% in the range
1< v, is singular due to the simple Rayleigh pole at v =X . Hence,

the evaluation of the vertical displacement requires a separate

treatment which will be considered subsequently.

Therefore, consider first the dilatation and the radial displace-

ment..
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In view of the above, it is immediately established that the uncoupled

effect of the direct R-wave is determined to an accuracy of six
significant figures, while the error in the calculated reflected R

wave effect is less than 0.2 percent.

The body wave contribution which require a final numerical
integration over v, are evaluated by means of trapezoidal integration

formulae.

Since, as previously noted, the integrands are discontinuous,
the range of integration is subdivided into regions where the
trapezoidal formula is applied to sub-integrals having continuous
integrands. Furthermore, due to the factor (2v2-1), appearing in
eqs. (3-L2b) and (3-42c) the integrands change sign only at v =7%—-;
by choosing this value as the end point of sub-interval, the

integrand will not change sign in any sub-interval.

Hence, the manner and number of sub-integrals required is seen

to depend on the values of 'P Zb/a.' andP+b/;_2 in relation to the
9
critical points v =¢%- s V =/§— , and v = 1, (c-2)

and thus there are as many as three sub-integrals.

The trapezoidal formula is then applied successively to each
sub-integral, where at each successive iteration, the spacing is
bisected. Thus a series of iterated integrations is performed with

spacing h %-... respectively. In order to maintain a reasonable

h
959

computational time it was found necessary to limit the iteration to

a maximum of seven successive bisections, i.e. a spacing of order
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-6

successive iterations may be assumed to be the maximum error of each

%h' The difference in value obtained from the last two

subintegral. Using this criterion, it was found that the sum of each
of these errors over all of the sub-integrals was less than 3.2 percent
of the body wave contribution to the dilatation or radial displacement
in front of the direct Rayleigh wave, while behind the direct

Rayleigh wave the maximum error was found to be less than 8.0 percent
of the body wave contribution. However, it is important to note

that in this latter region, the body wave effect is small compared with
the Rayleigh wave effect {as shown in Chapter 5), and therefore the
seemingly large relative error indicated above is effectively of

a significantly smaller magnitude when compared to the total response.

Irrespective of the numerical integration scheme used, another
possible source of error in evaluating these integrals arises from
the relative error in the integrands. Since as established above,
the integrands do not change sign in each sub-integral, the maximum
relative error of this type in the sub-integral, is equal to that
of the integrand, i.e. 0.2 percent for the response behind the
reflected waves. This source of error is thus seen to be small

compared with the errors from the trapezoidal formulae above.

Consider now the vertical displacement, where as noted sbove,
it is not possible to evaluate separately the body and Rayleigh wave

contributions.

First, it is observed that the singularity in the expression for

the vertical displacement, corresponding to the Rayleigh pole, exists
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due to the vanishing of A(v) (given by eq. (3-43)) at v = ¢ . Since
this value lies within the range of integration of eq. (3-T8a), =

means of performing the required integration must be devised.

The integration of this singularity is accomplished essentially,
by subtracting out a singular portion of the integrand which can be
integrated in closed form. To illustrate this process, consider as
an example, the vertical displacement behind the direct R-wave, i.e.

for values

T

—_—
|p - Yl x (c-3)

and in front of the reflected P-wave, i.e.

T 1
P+%% -2 < 5 (c-b)

From eq. (3-T8a) the vertical displacement is then given by

T/\f—Va\ T b
2 Wip,0) = _S 3(1-2vVVVE A 04T dv
1/ A(v)
/| - b/l
_1 g 12v (vl Y)YV -F (P %t/v)dv
re ) A (c-5)
The nature of the singularity becomes evident by noting that the
1
term XS] may be rewritten in terms of partial fractions as
A . Y2 Ya(23-3)  Vie(wvEed)
Alv) 1/4_\,1 X -v? 3/4_J§/4_V7- (c-6)

Consider, as an illustration, the singular portion of the
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integrand appearing in the first integrel of eq. (C-5), viz.

N = (WZ-3)(1-2V*)*Vvi-Y, .F,D Va ‘\‘:/v)
4 (X* -vY)

(C-Ta)

The order of this singularity, may be reduced by adding and

subtracting the term

1 2.1 b
W < GED0-2RNET (v, ) )

The first integral of eq. (C-5) is then written as the sum of

two integrals:

Ne -Y\
I,=-5) 30-2v Wy
Yin
(A ‘/n(aﬁs)); (t/)+‘/.z(24’s' -3) (f (%) f("&))}dv
e (C-8a)
T/lp A
. _(2d3-3) £y ~Y(\ zv‘) \/v1
ana L =" f( %) dv (c-8b)
The latter integral, 12, may readily be evaluated in terms of
elementary functions |
1, - 4022 Q4 LG (s 24 (c-9)

110 " 27+ 113 Iv\lk -y +kVvi-%
- — —1-(-' +VV ‘/ k¢
3(3 a3ty 3))+ 48W "/31 v, -xJv=-% }

V= 'V\P-Va\

Moreover, since the former integral, Il’ contains a weaker singularity

(in the form of —%— , 8t v = ) than the original integral of eq. (C-5)

a numerical integration becomes possible. However, in order to avoid
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divison by zero numerically, it is necessary to divide this integral

into two parts as follows:

‘ K-€ . t/ie -kl
om0 T (e
7 X+ €

where the small positive parameter € has been introduced.

The integral Il’ may then be considered to be & function of ¢ ,
i.e. I1 = Il(s), which ideally converges to a definite value as
e - 0. However, due to the indeterminate nature of the integrand

at €= 0, the integral is evaluated for various values of €

approaching zero, i.e. I, = Il(e >0).

Before defining the criterion for choosing the most appropriate
value of the parameter ¢ , it is worth emphasizing that the total
vertical displacement is given by the contribution of Il and 12 as
well as the second integral appearing in eq. (C-5). Therefore in
determining the value of € , it must be realized that its effect on
the value of I. is not of concern in itself but rather it is necessary

1
to consider the effect of € on the value of the total vertical displace-

ment.

Moreover, it should be noted that by changing the value of .
the inherent error in the numerical integration by the trapezoidal rule

is also affected since the region of integration is itself altered.

Consequently, the criteria for choosing the optimum value of ¢
was determined by an empirical numerical analysis of the total vertical

displacement and the corresponding errors arising from the trapezoidal
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rule, Typical results are shown in Table 2 for various values of £ .
The parameters p , b/a, and T have been chosen to represent various

positions with respect to the different wave fronts.

From this table, it is seen that as £ decreases the sum of the
errors arising from the trapezoidal integration formula tends
to increase while the change in the value of the total displacement
decreases. There is thus a value .1’ using Ek+1’ which gives
an estimate of the total that is no better than the value Wi
obtained from the previous sk. Moreover, further difficulty is
encountered since the results do not converge uniformly with &,
i.e. the appropriate value of £ changes with the variables p, b/a,

and T,

However, it may also be noticed from the table, that for
£ = 0,001 the error term is the same order of magnitude as the change

in the total quantity sought.

Consequently, the value £ = 0.001 appears to be the most appro-

priate value of £ for a wide range of parameters.
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DATA € Hw -(19) || AlGw)|- 19[S errORS -(40)
P =1.8 0.002 0.0723 -— 0.00015
Ya = 3.0 0.001 0.0719 0.0004 0.00011
T = 1.7 0.0005 0.0716 0.0003 0.00020
0.00025 0.071L 0.0002 0.00024
p =1.8 0.002 0.217 -— 0.00037
Y = 3.0 0.001 0.216 0.001 0.00035
T =3.2 0.0005 0.217 0.001 0.00108
0.00025 0.215 0.002 0.00079
P =5.0 0.01 0.00562 -—— 0.00005
Y = 3.0 0.001 0.003L49 0.00213 0.00005
T = 2.4 0.0001 0.00266 0.00083 0.00057
P =5.0 0.01 -0.0602 -— 0.00005
% = 3.0 0.001 -0.0623 0.0021 0.00005
T =2.2 0.0001 -0.0631 0.0008 0.00053

TABLE 2. EMPIRICAL NUMERICAL ANALYSIS FOR THE PARAMETER ¢
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APPENDIX D

SOLUTION TO THE CORRESPONDING STATIC PROBLEM

Formulation and general solution.

The response for large values of timesafter the arrival of the
reflected Rayleigh wave corresponds to the response due to a

statically applied load.

The solution to the corresponding static problem, therefore, is
not only of interest per se, but will serve to confirm the accuracy
of the solution to the main problem for large times, and also provide

an indication of the order of the singularities in the solution.

Love [18] and Timoshenko [19] have shown that a single stress
potential may be used to solve a two-dimensional., axisymmetric static

problem,
Defining the problem in terms of the non-dimensional variables
p=v/ia |k = 2/a (D-1)

the non-dimensional displacement and stress components are defined in

terms of the potential function ¥( o, &) as follows:

a 2 - (D-2a)
.?éf-b‘ 2:\CZ)LPE >

(D-2b)

Bw s gV S - & X

1 S -
r g TV X,

(D-2¢)

Q
1]

al
Q
T (D-24)
a N Y L
&% *aE RV - Ek



1
%0 [(7_ v) V X - XEEE] (D-2e)
a* 1 d ty -
& % = gl ISV X Xl (v-21)
where
HEPIE S I H W

The stress equations of equilibrium and the compatibility

equatiors are then satisfied if

4
VX =o ( D-b)

The boundary conditions to be satisfied are

u(l,e) = 0 o,.,(1¥ = o (D-5a,D)
O2rp0)= © % Tlp0) == 7-'.“"—P. Sle - %) (D-5¢,d)
Using e.g., the method of separation of variables, the
following integral solution to eq. (D-4) is obtained:
XApE) = _([EA(Y\*B(Y-] e C.ly ) AY (D-6)
where
Colrp) = MY =Y, (1 J, (vp) (D-7)

It can be shown that this solution automatically satisfies the
homogeneous boundary conditions on the cylindrical boundary, egs.
(D-5&8,b). The weighting functions A(y) and B(y) are determined

from the conditions on the plane boundary.
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From eq. (D-2f), the boundary condition of eq. (D-5c) is

satisfied provided

AW = %; B() (D-8)

The remaining boundary condition,eq. (D-5d), then leads to

the following integral equation on B(y):

aaf Y B(Y) C(YF)AY =_m S(P b/a) (D=9)

Using the relation, eq. (A-1),

(b, )C.,(r%w
$le- ") = PL Iix\ )

which was established in Appendix A, the weighting function B(y) is

(D-10)

found by inspection as

- _ aQv Co (¥, %) (p-11)
B(\A = ™Y I,z(*’) - Y.\z(ﬂ

Hence the potential solution is

_¥E
. - Qq < Z e . Co(Yle) Co(y/ VO)
X(P, E) = pu S‘o(_v + 7 E} ¥? J:(Y)*Y‘l(ﬂ day (D-12)

Substituting in eqs. (D-2), the stresses and displacements
throughout +the body are expressed explicity in terms of the following

integrals:

[(1 ) YE]Q gc (Y%)C (%) dy (D-13a)
T +~Y,

a 4
ss—u(p.s) =- o f

(D-13b)

2] e *Cv, %) Coly D 4y
au .4 (la-v+3Ftle AR,
Q wp,®) LA £ J, )« YY) .
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Evaluation of components on the plane bound

The displacement and unknown stress components on the plane

bor T - 0 N

fati- .- A- 23) CT(X 40<: (3363
a u(p,0) o T70) 20

"a - C(¥, % Co(¥.¢)
—é‘—W(p,o) 3 So T 2 20 dy (D-15b)

J' XCo(y, /QBC‘;(K‘C) Ax+ 2# Qu

=}I€

U (p,0) (5.
Th) « N & Je ©

Y (o (2, 9.)C.0%,€) d 2au A
Y + % —u(p,0)(D-154a)
o TN 08) pUF

3 o ~aolv, 'alvo\.vltl
(o}

TAD Y200

z
é%' U}Tlpﬂé
a

'l

-C_Q_ 00(.©)
-5— Ceelp.®) =

=*Iuiw

+ = u(,o,o)(D-l'Sd)

Now the radial displacement component, eq. (D-15a), is immediately
evaluated by making use of the following relation which was obtained

in Appendix A, eq. (A-22),

H(,O'VG) .(Oco(xl G\C( CB

ay (D-16)
T2 « YA
Hence
Q -_ -2
-.c%q[ﬁo\ z - Zﬁ H(F -"/o) (D-17)

Consider now the vertical displacement component, eq. (D=15b).
It is noticed that this integral is similar to the integral expression
appearing in the dynamic problem, eq. (3-1). The present integral
may be evaluated by contour integration in the complex plane vy =u + iv
in the same manner as eq. (3-9) was reduced to eq. (3-40) by integration
in the complex C-plane. As in Chapter 3, the results are found

to depend on the relative position of the field and source points.

Following this procedure, the results are given as:

_ L,
—é Wl = 1% K K.Ca) I fe)dv + va( &K (ev)K

! (D-18a)

(D-15a)
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—L w (P,O)— jKo(pv)I (89av + X — I K (e (&Y i*‘(‘") 4y (D-18b)

where the subscripts I and O refer to the field point inside and

outside the source respectively,

The first integrals of eqs. (D-18a,b) consisting of products
of the modified Bessel functions can be simplified further by means
of the relation [20],

golo(NV)Ko(lv)dv = -%-K(m) ) K <1 (D-19)
where = _'.(_:_. (D-20)
1l

is the modulus of the complete elliptic integral of the first kind
\ Y \
-72 _/1
K(m =§ 1-mq*) (1-q*) d
Y=1G-mq*) (1-¢q') dgq (p-21)

Thus the displacement components w, and w. may finally be

I 0
written as

o _ 1= U ool () L
-é}L W(p.0) = ,“15, K(b T ) i3 SoKo("")K°( 2 KW dv (D-22a)
au - b/a by dit0
a W(P.O) K( _(K( ZARE V)K,(V)dv (D-22b)

Returning now to eq. (D-15), the expressions for the stress
components are readily evaluated since the integrals are immediately

expressed in terms of the Dirac-delta function, by eq. (D-10).
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Making the proper substitutions from eq. (D-17) the stress components

are written as:

a' 3 1 b 1-2v b

Q qrr(P‘o)_—ZTpS(F'a ¥ ZIwe? Hp -2) (0-23)
t

a . % by_ 1-2v -] -

‘Q— Uee(P,O) = Xp S(P'a) 2.1\'91 H(P OA (D-24)
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Singularities of the solution.

Although the radial displacement, u(p ,0), exhibits a finite
Jump under the load P =b/a, it contains no singularity. Therefore,
the only possible displacement singularities occur in the vertical

displacement, w(p ,0), eq. (D-22a,b).

From the known properties of elliptic integrals, it is seen
that the first term is singular for K(1), i.e. at p=b/a, and for
no other values, The order of this singularity may be established
from the approximation to the elliptic integral with argument near

unity, viz. [13]
K = 3 In(552) -5 1n(t-m) (D-25)

Hence, this term contributes a logarithmic singularity, 1n(b/a-pl),

under the load.

The possible singularities arising from the integrals of eq. (D-22)
must now be considered. Using the series representations of the
modified Bessel functions, the value of the integrand for small values

of the argument v, can be written as follows:

b I(V) 2 by
Ko(aV)K,(PV)-m ~ V? 1n j'%’ln 5 (D~26)

and thus it is seen that the integrand is finite as v approaches zero.
For large values of v, the asymptotic expansions of the modified
Bessel functions yield the following:

B
- += -2
Ko(i\')Ko‘ev)I‘—M L Vet (D-27)

K1(V) ZV\/P %
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Since, it has been shown that the integrand is finite for all

values of v, it follows that the only singularity that can arise

is from the infinite range of integration.

Now, the following inequalities can be established for large

arguments by considering the asymptotic expansions of the modified

Bessel functions:

A ' (D-28a)

I <\,——\—/—.

K (v) <F e (D-28b)

-V

K, (W) >\5- € (D-28c)
Therefore

=4

SK e K.(8 \I‘M gy < j A (oD

(¢+%-2)
,/'_‘ (Nt %-2))

(D-29)

where

E,x < _( —,'1—_ “dn (p-30)
x

the exponential integral function, is known to be finite except when
its argument is zero. Thus, a singularity in the integral can only
occur if p=b/a = 1. Since the assumed loading circle is b/as>1,

such a singularity must be excluded from consideration.

It is therefore finally established that the only displacement

singularity existing is a logarithmic singularity in the vertical
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displacement directly under the source. It should be noted that
other cases of logarithmic singularities associated with a circular

line load have been reported in the literature, [21]

Stress singularities in the radial and circumferential components

in the form of Dirac-delta functions also exist under the load.

Finally, it is worth noting that the radial displacement and
the above stress components vanish for all points on the plane

boundary within the interior of the circle of load application,
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APPENDIX E

RELATION BETWEEN STATIC AND DYNAMIC SOLUTIONS

The solution to the corresponding static problem, which is
given independently in Appendix D, may be readily obtained from the
dynamic solution by application of the Laplace final value theorem

to the integrands of the integral expression of eqs. (2-3k4).

As an illustration, consider the transform of the vertical

displacement, eq. (2-34b).

K Wip, 9=~ L AT (2-1)
Q e T <Y

{ZY"e -Set —(2¥1+S‘)e-sa§ RAET I
s M(v,s)

From the definitions of so and sB given by eq. (2-2L4) the

following limits are established:

. (“-24) st
=~ Y (E-2a)
sim s fa-y
. . st
5-.]_‘,‘:‘ B = Y * oy (E-2b)

thus yielding

. 2, ~SP§ t c2)a~ %8 ¥ six
. - (2¥"+4S5°)e —_—
s]:,'g‘ S {ZY e ( ) sM(»s)

~fer-v+ Fite Tt (2-3)

Hence, by means of the final value theorem, the long time vertical

displacement becomes:
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v C (Y% Y -YEg
Yo%) C (¥ )|(A-V) + 5

Iim 28 w51 = 2 S NAMS. le)[ 2 zﬂe

tae R 2" % JIN +

ay
(E-4)

Tt is noted that this expression is identical to eq. (D-13b) which

was independently established.

Upon application of the final value theorem to the remaining
dynamic displacement and stress components of eqs. (2-34), the
resulting expressions are found to be identical to the corresponding

quantities of the static solution given in Appendix D.
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