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Abstract

GENERALIZATION OF THE WEINBAUM-JIJI BIOHEAT EQUATION 

AND STUDIES OF WHOLE LIMB HEAT TRANSFER 

by 

Min Zhu

Advisers: Professor Sheldon Weinbaum 

Professor Latif M. Jijl

In this dissertation the Weinbaum-Jiji bioheat equation (1985) is 

generalized to vessels of unequal size and then combined with a new 

theory for asymmetric countercurrent heat transfer to develop a three- 

dimensional variable geometry model for whole limb heat transfer. An 

experimental study is also conducted to verify the predictions of this 

theoretical model and to provide the input values for model parameters 

for a human arm.

A brief introduction to blood-tissue heat transfer is given in 

Chapter 1. In Chapter 2 an asymptotic analysis is derived to elucidate 

the relationship between the near field temperature of an unequal 

artery-vein pair and the local average tissue temperature. This analysis 

is used to rigorously prove the closure approximation relating the local 

arterial-venous temperature difference and the mean tissue temperature 

which had been derived by Weinbaum & Jiji (1985) using a more heuristic 

approach. Based on these results, the Weinbaum-Jiji bioheat equation is 

generalized for vessels of unequal size.

In Chapter 3 a three dimensional approximate analytic solution 

technique is developed for treating unequal countercurrent heat
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exchange. The solution describes the heat transfer between parallel 

paired countercurrent vessels with a laminar velocity profile

asymmetrically embedded In a long cylinder with surface convection. In 

Chapter 4 this solution Is extended to formulate a three dimensional 

variable geometry model for whole limb heat transfer. This model Is not 

limited by the restriction in the model by Song et al. (1988) which

assumes that the heat loss to the surroundings is small compared to the

heat exchange between the central vessels. The local microvascular 

temperature field in the muscle tissue is described by a new approach In 

which the Pennes (1948) and Weinbaum-Jij1 equations are applied in 

different flow regions. This model also allows for an arbitrary axial 

variation of the cross-sectional area and blood distribution between the 

muscle and cutaneous tissue. Furthermore, the computational time for the 

present model is much shorter than that of the model by Song et al.

(1988). Representative solutions for the axial variation of the average

skin and central artery and vein temperatures are in much better 

agreement with available experimental data than previous solutions.

In the experimental study described in Chapter 5, a plethysmograph- 

calorimeter apparatus has been constructed to measure the blood flow 

rates of the human arm and hand and the heat loss of the hand. The 

relationship between blood flow and heat transfer when the hand is 

placed in a water bath at different temperatures is examined. Also, the 

skin surface temperature distribution of the arm is measured and 

compared with the theoretical predictions of the whole limb model 

described in Chapter 4.
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Chapter 1. Introduction

The quantitative analysis of living tissue heat transfer has been 

the subject of numerous investigations since the work of Pennes [1], 

Most of these studies, which are summarized in [2], have been based on 

the simplified bioheat equation proposed by Pennes,

The crucial term in the Pennes equation is the blood perfusion term 

which describes the local heat transfer between blood and tissue. This 

term is treated as a volumetric and isotropic heat source which derives 

from the assumption that primary thermal equilibration between blood and 

tissue occurs in the capillary bed and the small arterioles and venules 

that feed and drain these smallest microvessels because of their very 

large surface area for heat eychange. However, this assumption has been 

questioned by several investigators [3,4,5]. The paper by Chen and 

Holmes [5] is of special importance since they showed that because the 

thermal conductivity coefficient is typically three orders of magnitude 

larger than the gaseous diffusion coefficient, thermal equilibration 

could not possibly occur in single vessels which are less than 50 /im 

under normal conditions.

A new fundamental bioheat equation has been derived by Veinbaum and 

Jiji [6] in which an important new blood-tissue heat transfer mechanism 

is described: the imperfect countercurrent heat exchange of the larger

thermally significant artery-vein pairs of the microcirculation. This 

new equation is

3 T'V " 7,ktVT + V b W  T) + S.d t
(i.i)

2 2 2
n

‘m
(1.2)
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where the effective tissue conductivity due to the conbined effect of 

both the countercurrent convection in the vessel pairs and small vessel 

bleed off from the countercurrent vessels is defined by

This equation, which is considered a major advance in living tissue heat 

transfer analysis, differs from the Pennes equation in that the 

macroscopic local average temperature is related for the first time to 

the local microvascular geometry and flow and that the basic mechanism 

for blood-tissue heat transfer is not due to capillary heat exchange, 

but due to countercurrent heat exchange and the small vessel bleed off 

mechanism just mentioned.

Recently, Charny et al. [7] have used a full three-equation one­

dimensional model to compare the Ueinbaum-Jij1 equation and the Pennes 

equation. The results show that the Ueinbaum-Jiji equation provided very 

good agreement with the three-equation model for the vessels which are 

located in the outer half of the muscle tissue layer of a limb, where 

the vessels diameters are under 500 /jm and the Pennes equation yields a 

better description of heat transfer for the vessels whose diameters are 

greater than 500 /ira. The analysis of the results in [7] has led to a

new interpretation of the source term in the Pennes bioheat equation.

Instead of describing blood tissue heat transfer in the smallest

microvessels and capillary beds, as has been commonly assumed, this

analysis shows that the Pennes equation actually described small vessel 

bleed off (20-40 /im thermally equilibrated microvessels) from the 

largest countercurrent vessels of the microcirculation. However, in the 

initial study [6] the criteria for the validity of the Veinbaum-Jiji

7 7 7

naa kb Pe 1i1J ) (1.3)
2
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equation and its region of applicability for the larger branching 

countercurrent vessels were not clear.

The original derivation in [6] is based on two fundamental 

hypotheses: (1) the primary vessels that control blood-tissue heat

transfer are at least 50 and more likely over 100 fu■ diameter and that 

virtually all vessels of this diameter in muscle tissue occur as 

countercurrent pairs and (2) the local temperature field in the vicinity 

of each thermally significant countercurrent pair is determined 

principally by the tissue conduction field in the cross-sectional plane 

and the local average tissue temperature equals the mean temperature of 

the artery-vein pair. The first hypothesis was initially supported by a 

detailed microvascular model for surface tissue energy exchange [8] and 

[9], which theoretically predicted the variation of the local arterio­

venous temperature difference in a model simulation of a branching 

microvascular network. This theoretical prediction was strongly 

supported by an extensive series of experiments reported in Lemons et 

al. [10] in which the local thermal field surrounding vessels > lOOjim 

was measured. The second hypothesis was based on a physically reasonable 

intuitive argument that did not have any rigorous theoretical or 

experimental verification at the time it was first proposed.

The second hypothesis involves both (i) the relationship between 

the local average tissue temperature and the average temperature of the 

artery and vein and (ii) the closure approximation introduced in the 

Weinbaum-Jiji equation relating the local arterial-venous temperature 

difference and the local mean tissue temperature gradient. This 

hypothesis and the closure condition, which determine the validity of 

the Ueinbaum-Jiji equation, are subtle and were not carefully examined 

using asymptotic analysis in the original formulation in [6]. The
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hypothesis has been critically questioned by Wissler [11] who believed 

that the axial variation of the artery and vein temperatures in 

microcirculation were uncoupled from the axial variation of the local 

average tissue temperature. A reply to his objection is given in a short 

paper by Weinbaum and Jiji [12], which shows that it is possible using 

rigorous asymptotic analysis to prove both the assumption about the 

definition of the local average tissue temperature and the closure 

approximation. For mathematical convenience the countercurrent vessels 

were assumed to be of equal size in the derivation in [6] and the 

analysis in [12].

The results of the experiments [10] showed that the countercurrent 

arteries produced more than three times the number of positive thermal 

identifications as the countercurrent veins and that the latter needed 

to be significantly larger to be detected. An analysis of the conduction 

field in the plane perpendicular to the vessel axes in [10] shows that 

this behavior could be accounted for if the local solutions took into 

account the significant difference in size between the countercurrent 

artery and vein in the microcirculation and a new local average tissue 

temperature introduced to describe the far field temperature several 

diameters removed from the thermal disturbance of the vessel pair. In 

particular, it was shown that the temperature fluctuation about the 

correct far field temperature was approximately 2.7 times as large for 

the countercurrent artery as for the vein when the diameter of the 

latter was three times the former and about 1.8 times as large when the 

diameter ratio was 2. Nearly all of the countercurrent vessel pairs 

examined in the experiment fell between these two diameter ratios. It is 

evident from these results that the new bioheat equation in [6] needs to 

be extended to artery-vein pair interactions where the difference in
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size between the vessels is accounted for and a revised definition of 

the local mean tissue temperature is required in the derivation of the 

new equation.

The Weinbaum-Jiji bioheat equation has been already successfully 

applied in developing a more sophisticated model of peripheral tissue 

heat transfer [13] and as the basis for the formulation of a new 

generation of combined macro and microvascular model for whole limb heat 

transfer [14]. The model in [14] has been developed with the flexibility 

to treat limbs of continuously varying cross-sectional area and an 

unknown surface temperature distribution, where the local distribution 

of the central arterial blood supply to the muscle and cutaneous tissue 

are considered for the first time.

The models for a whole limb, before [14], have either been based on 

simple one-dimensional models for a countercurrent heat exchanger 

[15,16] or on multi-compartment models using the Pennes equation in each 

compartment [17,18]. The prototype of the former is the paper by 

Mitchell and Myers [15], This model treated the central artery and vein 

as a countercurrent heat exchanger which experiences heat losses to a 

uniform temperature external environment along its length. The arterial 

and venous temperatures are set equal at the end of the limb since the 

effect of the extremity is neglected. In the multi-compartment models 

the limbs are treated as different radii cylinders in which the 

concentric layers of tissue are described by a Pennes equation with 

different capillary perfusion rates. The junctions between cylinders 

were matched by the overall energy balance on the blood entering and 

leaving each cylinder.

The model in [14] predicts a radial temperature profile which 

agrees well with the experimental data in [1] but inadequately describes
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Che axial temperature variation of the central vessels or the skin 

surface temperature. The inadequacy of the previous model [14] stems 

from an approximation used to describe the central vessels in the core 

which assumes that the heat loss to the surrounding is small compared to 

the heat exchange between the central vessels. In general, the results 

of [14] and [15] indicate that the heat loss to the environment is 

comparable or larger than the heat exchange between the central vessels 

when there is significant convective cooling at the skin surface. 

Furthermore, excessive computational time is required in [14] to solve 

the boudary value problem for the axial interaction. In order to couple 

the energy equation for the central vessels to the tissue cylinder, the

arm is discretized into 20 disk like elements in the axial direction and

a trial and error method is used in the solution procedure for each 

element. This leads to a large computation time (approximately 20 CPU

minutes on an IBM 4381 for each boundary value problem). Thus, a new

approach to modeling countercurrent heat transfer between parallel 

paired vessels embedded in a tissue cylinder is needed.

The bioheat equation which is used to describe the local

microvascular temperature field in the muscle tissue in [14] is the 

Weinbaum-Jiji equation. However, the study in [7] reveals that the 

Weinbaum-Jiji equation overestimates the magnitude of the countercurrent 

microvascular heat source term in the tissue region surrounding the 

first or first and second generations of vessel branching from the 

central vessels depending on the Peclet number of the blood flow in the

veesels, and a "hybrid" model which combines the Weinbaum-Jiji and

Pennes equations in different regions should provide a better

description of the temperature distribution in the muscle tissue. Thus, 

in the more accurate whole limb heat transfer model developed herein the
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local microvascular temperature field in the muscle tissue is described 

by a new approach in which the first or first and second generations of 

vessel branching, depending on the blood flow conditions, are described 

by the Pennes equation and all subsequent generations by the Veinbaum- 

Jiji equation.

A theoretical model for whole limb heat transfer needs experimental 

studies to provide the prescribed input parameters and to test the 

predictions of the model. Bazett et al. [19] has measured the axial 

temperature distribution in the major central vessels of the human arm 

and Pennes [1] has measured the radial temperature profiles in the human 

forearm and brachial arterial blood temperature. Because such 

measurements are invasive and potentially dangerous, few studies have 

attempted similar measurements. However, the skin surface temperature 

distribution of the arm is not difficult to measure and it also provides 

important data to confirm the predictions of the theoretical model. 

There is some previous available data for the temperature distribution 

in the arm [1] and the heat production from the hand [20]. There is also 

available data for the blood flow rates of the arm and hand under 

different conditions, which are summarized in [21]. However, experiments 

in which all of these data are acquired simultaneously have not been 

reported previously, and it was decided that to adequately test the 

theoretical model the input parameters, temperature measurments and 

blood flow rates should be gathered in a single experiment.

It is well recognized since the classic intravascular temperature 

measurements of Bernard [22] in dogs and Bazett et al. [19] in the 

radial artery and vein of the wrist that the extremities play a vital 

role in whole limb heat transfer. The early work of Brengelmann and 

Brown [23] showed that the blood flow to the hand in the resting state
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was only partly due to the oxygen demand of the tissue and that its most 

important role was thermoregulation. Raaan and Vanhuyse in a series of 

papers [16], [20], [24] and [25] provided the first detailed

quantitative experimental and theoretical studies exploring the relative 

importance of the deep tissue and cutaneous circulations in the human

hand. Their experiments measured the total blood flow to and heat loss

from the hand when immersed in a stirred water bath in the steady state. 

From the relationship between blood flow and heat transfer from the hand 

at different skin temperatures of the hand and assumptions about the

blood temperature entering the hand, they concluded that the

redistribution of blood flow within the hand as the skin temperature 

changed occurred. However, this conclusion has been questioned by 

Ducharme [26] and still remains to be confirmed or disproven.

The objectives of this research are: (a) Generalize the Veinbaum- 

Jiji bioheat equation to treat countercurrent artery-vein pairs of 

unequal size, (b) Present an analytic solution for the countercurrent 

heat transfer between parallel paired vessels embedded in a cylinder 

with surface convection. (c) Develop a three-dimensional variable

geometry macro and microvascular model for whole limb heat transfer, (d) 

Conduct an experimental study to verify the proposed theoretical model, 

to provide the model parameters and to examine the relationship between 

blood flow and heat transfer when the hand is placed in a bath at 

different temperatures. This dissertation is divided into four major 

chapters, one devoted to each of the four related principal objectives 

mentioned above.
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Chapter 2. Generalization of the Veinbaum-Jiji Bloheat Equation 

to Microveasels of Unequal Site

To generalize the Weinbaum-Jij1 bloheat equation [6 ] and the

conductivity tensor that appears in this equation for vessels of unequal

size, a solution for an unequal countercurrent artery vein pair at

infinite Nusselt number with heat loss to the far field will be

presented in this chapter using the superposition technique developed in 

Baish et al [27]. An asymptotic analysis will also be developed to 

elucidate the relationship between 'the near field temperature of the 

artery-vein pair and the local average tissue temperature. This analysis 

is used to rigorously prove the closure approximation relating the local 

arterial-venous temperature difference and the mean tissue temperature 

gradient which had been derived in [6 ] using a more heuristic approach.

2.1 Background

The Weinbaum-Jiji new bioheat equation [6 ] differs fundamentally 

from the traditional bioheat equation in that the macroscopic local 

average tissue temperature is related to the local vascular geometry and 

flow and that it describes an important new mechanism for blood-tissue 

heat transfer due to microvascular counterourrent heat exchange. The 

original derivation in [6 ] assumes that the thermally significant 

countercurrent vessels are of equal size and also introduces the two 

fundamental hypotheses mentioned in the general introduction. The 

detailed temperature profiles in the vicinity of the countercurrent 

vessels measured in [1 0 ] indicate that large asymmetries in the local 

temperature field can result from the significant differences in size 

between the countercurrent artery and vein. The diameter ratio of nearly
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all the countercurrent pairs examined In [1 0 ] In the mlcroclrculatlon 

fell between 2-3. Therefore, the Weinbaum-Jiji equation needs to be 

generalized for countercurrent arteries and veins of unequal size.

A detailed experimental verification of the first hypothesis 

relating to the size of the microvessels Involved In thermal 

equilibration has been completed and reported in [10]. Fine wire thermal 

traverses were analyzed In proximity to 137 vascular elements taken from 

all regions of the rabbit thigh. The precise trajectory of the 

thermocouple wire was established by using a tissue clearing technique 

in which the wire was left in place after the animal was sacrificed so 

that its relationship to vascular elements could be ascertained when the 

tissue was made translucent by treatment with glycerin and examined in 

serial sections. The result showed that rarely did the blood-tissue 

temperature difference exceed 0.2"C, even when temperature differences 

between the center of the limb and the skin surface were raised to the 

order of 10*C, except for the large central vessels. The smallest artery 

with a measurable temperature fluctuation field was approximately 1 0 0 pm, 

whereas the smallest vein was slightly greater than 300pm. These 

measurements showed that the thermal equilibration of even the largest 

countercurrent vessels of the microcirculation (500pm) was very 

efficient and that thermal equilibration occurred primarily in vessels 

larger than 100pm diameter. Furthermore, the order of magnitude of the 

measured blood-tissue temperature difference agreed well with the 

predictions of the theoretical model simulation for a branching 

countercurrent microvascular network in [9].

The second hypothesis involving the relationship between the local 

average tissue temperature and the mean temperature of the artery vein 

pair is discussed in a short paper by Weinbaum and Jiji [12] for vessels
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of equal size. This paper, which is based on the model equations in 

Baish et al. [27, 28], shows that if the equations are expanded in a 

parameter c defined as the ratio Le/L (normalized thermal equilibration

length), where L£ is the thermal equilibration length of the vessel pair

and L the characteristic length of the macroscopic tissue temperature 

gradient, then to 0 (0 , 0“ (Ta+Tv )/2 and the local arterial-venous

temperature difference T& -T^--€dB/ds, where s is the axial coordinate.

This asymptotic analysis, which is considerably more complicated for 

vessels of unequal size, will be presented herein.

Although the countercurrent heat exchanger is a classic problem 

that has been addressed in numerous previous investigations, there is no 

existing rigorous analytic formulation or solution for the case where 

the tubes are of unequal size and there is a net heat flux to the far 

field. For the case of a perfect countercurrent heat exchanger, where 

all the energy leaving one tube reenters the other, one can use the well 

known solution for the bicircular isotherms to compute the interaction 

shape factor for the conduction heat transfer in the cross-sectional 

plane and also the local average temperature T^ of the surrounding

medium. Vhen the heat exchange is imperfect and there is a heat loss to

the far field because T is not the same as the local far fieldm

temperature 8, these isotherms are distorted and the interaction shape 

factors describing the heat transfer between the tubes and the total 

heat loss from each tube are altered. A solution to this classic 

unsolved problem is presented herein. These solutions are then used to 

formulate a new set of model equations describing the heat exchange
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between the countercurrent vessels and the heat loss from these vessels 

to the tissue in the far field of the vessel pair.

2.2 Relation Between the Local Average Tissue Temperature and 

Microvessel Temperatures

2.2.1 Basic Equations

After writing some elementary mass and energy balances for a 

differential control volume which is penetrated by n countercurrent 

vessel pairs per unit area, one ends up with the following equations 

which provide the starting point for the derivation of the new bioheat 

equation in [6 ]

Vc8 * - V.ktW  - n(qa -qv ) ♦ 2*„b cbnaaga (Ta -Tv ) + qm (2.1)
a t

2 dT /O o X
' ^ b V . v  - (2-2a)ds

2 dT
np.c.a u v - -q (2 .2b)b b v v— r~ nvds

These results correspond to equations (17) and (19a,b) in [6 ]. Similar 

equations are also presented in Chen and Holmes [5]. T fl and Tv are the

local arterial and venous temperatures which are assumed to be constants 

in the plane perpendicular to the vessel axes, 8 is some mean tissue 

temperature that still needs to be defined, q& and q^ are the conduction

heat transfer per unit vessel length, ga is the local capillary bleed-

off per unit area of vessel wall leaving the countercurrent artery, q^

is the metabolic heat release per unit volume, s is distance along the 

countercurrent vessel pair and the other symbols have their usual 

meaning. In (2.1) we have assumed that the local bleed-off from the
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countercurrent artery re-enters the adjacent vein since the loss to the 

lymphatics Is very small. These equations are not useful as they now 

stand since they Involve three different temperatures and the primary 

objective of the derivation In [6 ] Is to reduce (2 .1 ), (2 .2 a) and (2 .2b) 

to a single equation In one unknown temperature, the local average 

tissue temperature. The first term on the right hand side of (2.1) 

results from the incomplete countercurrent exchange between the vessels 

and is the crucial term that gives rise to the effective conductivity 

tensor. In general, it is assumed that when a vessel pair crosses a
2 2

surface there is no net mass flow, m - u a - u a , but there isa a v v

energy transfer since the artery and vein having come from opposite 

directions retain a different memory of the neighboring tissue 

temperature. The second term on the right hand side (2.1) is the energy 

loss to the tissue due to the directed small vessel blood perfusion 

between the vessels.

To derive the local relationship between T fi, Tv and B, we consider

a small tissue cylinder of radius rQ surrounding the vessel pair. The

radius rQ is an asymptotically defined distance from the vessel pair at

which the thermal fluctuation from the vessel vanishes and one returns 

to the temperature of the surrounding tissue. Temperature measurements 

in [1 0 ] indicate that this is at most several vessel diameters. 6 can 

therefore be viewed as the far field temperature of an inner region 

containing the vessels in which there are large thermal gradients in the 

plane perpendicular to the vessel axes. From equations (2.2a) and (2.2b) 

the net heat flux crossing rQ and entering the interstitial space is
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V  V  V  “C1d (2.3)

9 can vary In general as an arbitrary function of s and the 

Important question Is to see how the axial variation of and Tv are

related to this variation of the surrounding tissue temperature. These 

axial gradients, however, will be much smaller than the thermal 

gradients in the cross-sectional plane for r < rQ .

2.2.2 Decomposition of Boundary Value Problem

Following the approach of Baish et al. [27] the boundary value 

problem for conduction in the plane perpendicular to the vessel axes can 

be exactly decomposed into two problems A and B as shown in Fig. 1. In 

problem A both vessels are the same temperature and the boundary

temperature at t q is 9, which is a constant. The temperature T^ is

unknown and must be determined as part of the solution to problem B by 

requiring that in this problem the temperature vanish and there be no 

heat flux crossing rQ . In this way the original problem has been split

into two components, one describing the total heat loss qg to the far

field in which there is no heat transfer between the vessels and the 

second describing the total heat exchange q between the vessels with no 

heat loss to the tissue. This superposition exactly satisfies the 

original boundary conditions and is strictly valid since the equations 

are linear. The expression for q can be written as

where o£ is a conduction shape factor that must be determined along with 

T^ as part of the solution to the second boundary value problem.

q - a k (T - T ) n e t a  v (2.4)
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In view of Che foregoing superposition Che interaction for the 

conduction loss from each vessel can be written as the sum of two 

contributors

the factors p and 1 -p describe the fraction of the heat loss to the far

field from each of the two vessels. For equal sized vessels p-1/2. All

together there are four unknown parameters in equations (2.5) and (2.6)

a , a , T and p. When (2.5) and (2.6) are subtracted and equated to c t m

(2.3) one obtains

2.2.3 Solution to Boundary Value Problem A

The solution to boundary value problem A is somewhat subtle since 

it involves an asymmetric and unequal dipole heat source near the 

origin. To solve this problem we introduce the transformation

where dv is defined in Fig. 2, 1/b is the distance of the infinity point 

from the origin in the transformed w plane and b is given by

dT
b * - -acw  V  - P W V  ”ds

(2.5)

(2 .6)

Here a^ and a are the conduction shape factors for problem A and B and

V qv- '“ b ^ V V  * W V  *>ds
(2.7)

W (2.8)
-b(z - d ) - a v v

b (2.9)
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Equation (2.8) is a variation of the general blclrcular transformation 

that maps the artery into a unit circle as shown in Fig. 2. The 

expression for Rfi is

2 2 2 I 7 7 2 7

1 -av ‘<V ' ' I(1+aa ) 'av ll(1 ‘aa ) 'av J R - v a________ a v (2.10)
a 2 a aa v

Similarly, the circle of radius t q  defining the far field maps into a

small circle of radius R defined byo J

2

(u + l) + v - R (2.11)
b

where,
7 2

a (b - 1 )
R - ________  (2.12)
°  2 

b ro

Since a is much smaller than r , the circle of radius R can be treated v o o

as a point in the w plane and the sink in the far field represented by a

logarithmic singularity at distance 1/b from the origin. This

singularity is given by G(u,v) - (qfi/kt )g(u,v) where g(u,v) is the unit

line sink
2

g(u,v) - _}_ ln[ (u + i )  + V  ] (2.13)
A n b

This simplification greatly reduces the complexity of the boundary value 

problem sketched in Fig. 2. One seeks a solution for TA which can be

written as the superposition of three terms, a harmonic function F which

is valid in region R<1, the singularity G in (2.13) and T

T - F + G + T (2.1A)A m

The boundary conditions for F are
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F(R ,a) - -G(R .a), a a F(l,a) - -G(lto) (2.15)

A solution summary for the boundary value problem defined by (2.13- 

2.15) is given in the Appendix including the expressions for the various 

coefficients. We shall present only the principal results here. The 

solution for the temperature field is

The contribution of the heat flux from the artery and vein to the sink 

at infinity can be obtained by performing a contour integration for the 

radial temperature gradient on the circles R“Rfl and R— l, respectively.

This integration is readily performed using residue theory. There are no 

singularities which lie in the region R<Rfi and the only singularity that

lies within the unit circle is the G function at (-l/b,0). The final 

result for the heat loss from each vessel is

For equal vessels Ra«l/b and p-1/2.

The far field flux qg is determined by evaluating (2.16) at r-rQ or 

the circle of radius Rq defined by equations (2 .1 1 ) and (2 .1 2 ) in the w 

plane where T^- T - 8

[aQ+bo lnR+ Z (akR K+bkR'K)coska+(ckR*+dkR'*)sinkal (2.16)

V  q + Pqe (2.17)

qv- q - a - p ) q e (2.18)

where,

P lnb
lnR

(2.19)
a

2



Equation (2.20) can be written In the form

1 ^7
V  *tkt(V  #> " (- (ln—* /ua (b -1 ) v

2
a + b lnbo o

® . a .  b, .
+ Z (-1) ( _  + _ ) )  k (T - 8) 
k- 1  bk b -k

(2.21)

which provides the solution for the shape factor a . at this point Is

still unknown but will be determined next as part of the solution to 

boundary value problem B.

2.2.4 Solution to Boundary Value Problem B

The classical solution to the boundary value problem shown in Fig. 

IB for the perfect conduction heat exchange q between two unequal 

circular pipes is

where 6 defines the origin of a bicircular coordinate system is given by

Equation (2.22) can be evaluated at the innermost point of the wall of 

each vessel. Using the algebraic identities for the inverse cosh, one 

obtains

4wkt y 2+ (x+ $ ) 2
(2.22)

(2.23)

cosh Ba (2.24)
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where Bfl and Bv are geometrical shape factors

d (1/a )*- (a^a )% 1 
B - - a (2.26)
8 aa 2 < V aa>

dv d / av)2‘ ( V av)2+ 1B - v - v a v (2.27)
V a 2 (1/a )V ' v

The sun and difference of equations (2.24) and (2.25) are, respectively, 

T + T - 2T - q (cosh* *B - c o s h ^ B  ) (2.28)
a v m ^

T - T - q (cosh *B + cosh *B ) (2.29)
a v 2^

If equation (2.29) is written in the form of (2.4) one obtains the

desired expression for the shape factor a

2*
a -
c .1 .1 cosh B + cosh B a v

(2.30)

Substituting (2.4) and (2.30) into (2.28) and solving for one obtains 

T - I [(1 -7 )T + (1+t)T ] (2.31)
ID ^  “  V

where 7 like a is a geometric shape factor given by

.1 .1cos B - cosh B
7 - a___________v_ (2.32)

. J -1cosh B + cosh B a v

One can readily show from symmetry considerations that the 

principal value of the integral

•Co /!.TB <x -y>dxdy ■ 0 (2 .3 3 )
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taken over the entire plane vanishes when Is given by equation

(2.31). One, therefore, concludes from (2.22) and (2.33) that both the

far field and average tissue temperatures for problem B are zero.

Multiplying equations (2.5) and (2.6) by (l-7 ) / 2  and (l+y)/2,

respectively, adding these results and introducing the expression of

from (2.31), one obtains 

dT
ic ” - -o k (T - T ) + P o J c r T  - 8) (2.34)D. e t a  v t t mds

where P - (l+y)/2-p is a factor that depends only on the vessel

geometry.

2.2.5 Derivation of Closure Hypothesis and Relation between 8 and T

Equations (2.7) and (2.34) are the two key relations coupling the 

axial variation of the local arterial-venous temperature difference T^-

Tv and to the local far field tissue temperature 8. These equations

will first be rewritten in a form which is more suitable for asymptotic

analysis and then put in a dimenslonless form in which a small

perturbation parameter can be identified. One differentiates each

equation once, treating the geometric parameters as constants, and

eliminates the first derivative terms of T -T and T on the right handa v m °

side of the resulting equations using (2.7) and (2.34). One obtains

after some algebraic rearrangement

2me, 2d T o me. a .
( _ )  ___ “ - ( _ )  (T - 8) + P ( _ ) ( _ ) _ ( T  - 8) (2.35)
<7 k . 2 a m o k o dsc t ds c e t c

2
me, «d (T - T ) <7 me, .. a 2
( _ ! L )  a V - ( J ) [ T  * T + ( _ L ) " l  - P(_!) (T - 8) (2.36)
o k . 2 a o k ds <7 mc t ds c c t c
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Equations (2.35) and (2.36) are now cast in dimensionless form by

introducing a scaled coordinate S-s/L where L is a length characteristic

of the macroscopic temperature gradient. The desired dimensionless

equations are
2

2d T o  a .
< ___ " - (__)(T ■ 6) + P<(__)__(T - 8) (2.37)

" o dS “dS c c
2

2 d (T T ) o o 2
€ a V - (__) (T - T + < _ )  - P ( _ )  (T - 8) (2.38)

* o a v dS o mdS c c

where,

me, wa P 2p, c, u a ab - a e a . p _  b b a a _ a p (2 39)
— ;— T ~ n— 7TT ea -----;-----  —  eva k L 2o Lk' k, ae t c  o v

Equations (2.37) and (2.38) contain three dimensionless factors,

P and t. ° t/°c 0(1) and 0<P<1. A typical radial dimension L

for a human limb is about 5 cm. For this value of L, t is always small 

compared to unity for vessels under 500 ^m of the microcirculation. 

Representative values of < are given in Table 1 for several artery-vein 

pairs of different dimensions. One situation where e may not be small 

compared to unity is where there is highly localized heating or blood 

flowing due to exercise as discussed in [28].

When t «  1, equations (2.37) and (2.38) are immediately recognized 

to be of boundary layer type, that is a small parameter multiplies the 

highest order derivative terms. Except for narrow regions of thickness 

0 (<) near the ends of the integration interval these highest derivative 

terms will not be important and the behavior is given by the reduced 

equations obtained by setting the right hand sides of (2.37) and (2.38)
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equal to zero. For vessels of equal size P—0 since p-1/2 and 7 -O. The 

reduced equations in this case become

7 T + T 2
e - T + 0(< ) -  1  + 0 (< ) (2.40)m 2

Af) 7
T - T - + 0(< ) (2.41)
a v dS

These two results for countercurrent vessels of equal size were

previously derived in [12], Result (2.40) confirms the validity of the

mean tissue temperature approximation 0-(Tfl+Tv )/2 when aa”av that had

been strongly attacked in [1 1 ] based on an Incorrect set of model 

equations whereas (2.41) is the closure approximation relating the local 

arterial-venous temperature gradient in the far field of the vessels 

(equation (25) in [6 ]) that had been obtained using a more physically

motivated approach in the original formulation of the Weinbaum-Jiji

bioheat equation for vessels of equal size.

For vessels of unequal size we shall modify the above approach 

since equation (2.38) contains an additional term on its right side when

Pp'O. Multiplying (2.37) by e ^ P</P « , one obtains
7

1_[(T - 0)eS/P<] - t( Tme S/P( (2.42)ds “ "tp ds2
The first integral of equation (2.42) is

2
o d T

Tm (S)-*(S) - [(Tm (0)-*(0)]e'S/P‘+ e j _  J* ___ " e'y/P‘dy (2.43)
a V  2t dy

The mean value theorem can now be applied to the last term in (2.43).

Si l V y/ P‘dy - d\ l  fS.(.-<S'P ‘)S (2.44)U 2 2 y-*s>
dy dy

r ~
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where 0<{<1. The first tern on the right hand side of (2.43) describes

the decay of the initial difference between T and 8 that might haven

existed at the boundary, whereas the second term determines the

deviation between T and 8 that arises from the physiological situation
10

there is no significant initial difference between and 8 since the

microvessels form a continuous branching network. However, even if such 

an initial difference did exist as an entrance condition it would 

disappear over a distance of order <PL.

From (2.43) and (2.44) it is apparent that, except for a small 

exponential correction, 8 is related to by

8(S) - T (S) + 0 (e**S/P‘) - (llZ)T + (2.45)
m 2 2

and thus the right hand side of (2.38) reduces to

ja 2 Ja
T (S) - T (S) - -cfl + 0 ( 0 “ - ( _ )  _  (2.46)
a v dS i;k dSc t

which is the same as result (2.40) above except that in the

expression for t is now given by equation (2.30) for vessels of unequal 

size. It is clear from results (2.45) and (2.46) and the previous 

discussion that the local solution for and Ta -Tv is independent of

boundary conditions and the relaxation to the local average tissue 

temperature and the closure condition is exponential with a decay length 

that is short compared to the macroscopic length over which the average 

tissue temperature changes under normal physiological conditions.

In the original formulation in [6 ] of the new bioheat equation 

different arguments were used to justify the approximations (2.40) and 

(2.41) above, which we now see can be demonstrated through much more
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rigorous analysis. In this earlier formulation we assumed in the 

derivation of the closure hypothesis that the heat transfer between the 

vessels q was much larger than the small, but non-negligible heat loss 

to the tissue *s clear from the present derivation that the

first approximation to this heat loss to the tissue is directly related 

to the closure condition (2.46). Furthermore, this small heat loss 

described by boundary value problem A does not significantly affect the 

near field temperature in the vicinity of the vessels and thus the 

solution for the average near field temperature (2.45) to lowest order 

in the small parameter t is the same as the far field temperature of the 

local tissue.

2.3 Generalization of the Weinbaum-Jij1 Equation

Ue are now in a position to express the blood-tissue heat exchange 

terms in equation (2 .1 ) in terms of the mean tissue temperature 6 and 

its derivatives using result (2.46). Substracting (2.2a) and (2.2b), 

multiplying this result by n and substituting the resulting expression 

back in equation (2 .1 ), one obtains

' V  ' V*kt™ " " pbcbnaiua^-(Ta’ V  + 2" b cbnaa8a(Ta* V  + qm at ds

(2.47)

Using equation (2.46) to express Tfl-Tv and its derivatives in (2.47) in 

terms of 6 and introducing the dimensionless Peclet number 

Pe (s) “ Pea" W a (s)ua (s)/kb

one h a s ,
2 2 2

a/1 x na k, , a P . 2g dfl
pc£!- V-k VS - _ _ L l ?  [ L ( - L !  — ) - 1 + q_ (2.48)

dt 4k e ds a ds a u dst c c a
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This is the basic new bioheat equation for vessel pairs of unequal size. 

This result is not in its most useful form since the derivatives on the 

right hand side of (2.48) are directional derivatives along the vessel 

axes rather than derivatives with respect to the coordinate axes, the 

reference frame in which the local mean tissue temperature gradient is 

measured.

Using tensor notation we can transform equation (2.48) to

rectangular Cartesian coordinates x ^ , as shown in [6 ], After some

algebra, regrouping of terms and simplification using the continuity 

equation,

is the effective tissue conductivity.

It is interesting to note that the final new bioheat equation for 

vessels of unequal size (2.50) and the expression for the effective 

conductivity tensor (2.51) are of identical form to equations (34) and 

(35) in [6 ] where the vessels were assumed to be of equal size. The two 

important differences are (i) the shape factor a is now given by (2.30)

and (ii) the local average tissue temperature has been generalized to 

describe the far field conduction temperature of the countercurrent

(2.49)

one obtains
2 2 2

'm (2.50)

where

2 2 2 2
naa V e 1i1J> (2.51)

2
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vessel pair defined by (2.31). Fortunately, the interaction parameters p 

and a , given by equations (2.19) and (2.21) do not enter into the final

equation (2.50) when the parameter « is small, since both these 

parameters are rather tedious to calculate because of the complicated 

relationship (2 .8 ) between the coordinates of the w plane and the 

physical plane. This simplification is possible because equation (2.46) 

provides a reasonable first order approximation to the net local axial 

heat loss from the vessel pair to the far field.

2.4 Discussion

In conclusion, the Weinbaum-Jiji bioheat equation is valid for
2

vessels of equal or unequal size provided the value of t is much 

smaller than unity. To apply equation (2.50) one must first construct a 

microvascular model for the spatial variation of the vascular parameters 

that appear in These parameters describe the largest

countercurrent vessel pairs in the differential control volume since, as 

shown in [6 ], these vessels will dominate the heat transfer in the 

control volume. In most tissues there is a continuous branching of the 

microvasculature after leaving the central artery and vein. The initial 

task is to construct a representative arterial-venous arcade that starts 

at the branching from the central supply vessels for the tissue in 

question. One also satisfies a continuity of flow relation along the 

arcade. This procedure is described in detail for peripheral tissue in

[9] and [13] and for an entire limb in [14]. For conditions of uniform 

capillary perfusion it is possible to separate the geometric parameters 

from the parameter that describes the inflow velocity at the initial 

branching. As shown in [13] it is then possible to write equation (2.50)
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in a much simplified form chat is not much more difficult to solve than 

the traditional bioheat equation. One then specifies boundary conditions 

on either the tissue temperature or heat flux at each boundary in the 

usual fashion. When major supply vessels are presented the tissue 

outside the core tissue cylinder surrounding these vessels is described 

by the Weinbaum-Jiji or Pennes bioheat equation and a separate analysis 

is developed for the core tissue cylinder containing these large

vessels. Matching conditions on temperature and heat flux are then

satisfied at the interface between regions this procedure will be

described in detail for the central vessels of the limb later in chapter 

l*. While it is a rather simple matter to change the tissue temperature 

or heat flux conditions at a surface using the new equation, changing 

the arterial supply temperature leads to a much more difficult boundary 

value problem since this usually involves changing the inlet temperature 

of the major supply vessels and not the local tissue temperature 

directly.

It has been assumed in the derivation of equation (2.50) that the 

tissue surrounding the thermally significant artery-vein pairs satisfies 

the usual conduction equation in the cross-sectional plane although this 

tissue contains numerous capillaries, arterioles, and venules. This 

assumption was based on the premise that these smaller vessels were for 

all practical purposes in thermal equilibrium with their surrounding 

tissue and thus did not contribute to local blood-tissue heat transfer. 

A  large scale laboratory model in [10] duplicating the geometry and flow 

conditions (Peclet number) of an in vivo experiment was specially 

constructed in an attempt to confirm this assumption. A purely 

conducting medium of clear gelatin was used in the laboratory model in

[10]. Panel B of Fig. 3 is representative of the highest resolution



28

tissue temperature profiles achieved by passing a very fine thermocouple 

wire in close proximity to a countercurrent vessel pair in [1 0 ]. 

Temperature measurements were taken at 20-40 pm intervals as the wire 

was drawn through by the microdrive system. This in vivo temperature

profile was simulated in the laboratory model by the thermocouple

traverse shown in panel B. The positioning of the thermocouple wire in 

the laboratory model was adjusted to take into account the thickness of 

the tube walls. Also shown in Fig. 3 by the dashed curve is the 

theoretical solution predicted by equation (2 .2 2 ) for a perfect

countercurrent heat exchanger in which the walls are at uniform but 

unequal temperatures.

There are two principal sources for the discrepancy between the 

theoretical and experimental curves in panel A. First in the laboratory 

model experiment it is not possible to maintain the tube wall at a 

uniform temperature in each cross-sectional plane. The inner margins of 

the adjacent tube walls will have a smaller temperature difference than 

the outer margins. This aspect of the laboratory model replicates what 

one would anticipate is happening in the in vivo measurements in panel 

B. The second source of discrepancy is the small heat loss to the far 

field that is described by boundary value problem A. Since this heat 

loss was not measured in the laboratory model experiment it is not 

possible to distinguish between these two sources of error in the

theoretical prediction. The close correspondence between the curves in 

panels A and B attests to the reasonableness of the conduction 

approximation used in the theoretical model for the heat transfer in the 

cross-sectional plane.
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Chapter 3. Heat Exchange between Countercurrent Vessels Embedded 

in a Cylinder with Surface Convection

In this chapter a three-dimensional approximate analytic solution 

will be presented for the unequal countercurrent heat transfer between 

parallel paired vessels asymmetrically embedded in a long cylinder with 

surface convection. This solution approach takes into consideration the 

axial thermal interaction and describes the asymmetric thermal field due 

to the vessels when their wall temperature is non-uniform in the cross- 

sectional plane (finite Nusselt number). The theory is needed to more 

adequately and efficiently describe the heat transfer between the major 

axial artery and vein in the arm and thereby overcome the serious 

limitations in the treatment of the axial thermal interaction in the 

whole limb model in [14],

3.1 Introduction

Countercurrent heat transfer has wide applications in industrial 

problems involving insulation of power plant steam and water 

distribution lines and certain types of heat exchangers. These more 

traditional applications are summarized in [32]. A new area of 

application which has been the subject of numerous studies in the past 

decade is the countercurrent heat exchange between the larger 

countercurrent vessels of the microcirculation [6-10] and [27-31] as 

well as the major axial arteries and veins that supply the human limbs 

[14, 15]. The countercurrent heat exchange between the thermally

significant vessels of the microcirculation has led to the development 

of the Weinbaum-Jiji new bioheat equation [6 ] which has been discussed 

in the last chapter.
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Despite the extensive literature cited above there is no existing 

three dimensional solution which considers the axial thermal interaction 

between the fluid in the countercurrent vessels when they are embedded 

in a cylinder of finite radius with a general convective boundary 

condition at the cylinder surface. This geometry can be considered as a

basic prototype for the axial heat transfer in a human limb. Most

previous studies of countercurrent heat exchange are either based on the 

two dimensional conduction shape factors for embedded vessels and pipes 

in the cross-sectional plane or are simplified analyses of the axial 

interaction in which there is a linear axial temperature distribution. 

In [27, 33, 34] approximate solutions are obtained for the conduction

shape factors by superposing solutions for an infinite line source and 

sink in an infinite medium. Exact solutions for these shape factors in 

an infinite medium, based on the bicircular coordinate geometry, are 

presented in [8 , 29, 35, 36] for vessels with either constant wall

temperature or constant heat flux. A related blcircular solution for a 

single buried pipe in a half space is given in Bau and Sadhal [37], The 

latter solution is novel in that the temperature of the fluid in the 

pipe is matched with the surroundings and the wall temperature is non-

uniform. In [27] the axial interaction equations are formulated for an

artery-veln pair and shape factors are derived for two equal sized 

vessels embedded in a surrounding tissue cylinder with constant wall 

temperature in the cross-sectional plane. The formulation for the axial 

interaction is based on a superposition which is a summation of the heat 

exchange between a perfect countercurrent heat exchanger and the heat 

loss from the vessel pair to the surface of the surrounding tissue 

cylinder. This analysis is extended in chapter 2 to vessels of unequal 

size which are at constant wall temperature.
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The motivation for the study in this chapter stems primarily from 

the model for whole limb heat transfer proposed in [14], An important 

restriction on the core energy balance in this model is that it requires 

that the heat loss from the central vessels of the arm to the 

surrounding tissue be small compared to the heat exchange between the 

vessels. The results of [14] and Mitchell and Myers [13] indicate that

the heat loss to the environment is comparable or larger than the heat

exchange between these central vessels. Therefore, a more general theory 

is required for countercurrent heat exchange in a cylinder in which 

there is no restriction on the convective boundary condition at the 

cylinder surface. The solution in [14] also assumes that the vessel wall 

temperatures are uniform in the cross-sectional plane and thus neglects 

the asymmetry in the wall temperature distribution created by the close 

Juxtaposition of the central artery and vein. Recently, Wissler [38] has 

presented an exact solution for the perfect countercurrent heat exchange 

between paired vessels in an infinite medium which includes this 

asymmetry. In this solution there is a linear and equal axial

temperature gradient in the medium and vessels, and the physical

properties of the fluid and medium are identical and constant throughout 

the region.

The objective of the study in this chapter is to present a more 

general three-dimensional approximate analytic solution for the unequal 

axial countercurrent heat transfer between parallel paired vessels 

asymmetrically embedded in a long cylinder with surface convection, as 

shown in Fig. 4. Taking the reciprocal of the Peclet number as a small 

parameter, a perturbation method is employed to obtain the solution to 

the temperature distributions both in the vessels and the surrounding 

cylinder. The analysis introduces several important modifications of
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Wissler's [38] basic approach. The line heat source and sink used to 

replace the convective heat loss/gain from each vessel are unknown 

functions of the axial coordinate and are related to the local bulk

fluid temperature gradients. The surrounding cylinder has a general 

convective boundary condition, which leads to an unknown axial variation 

of the heat transfer between the vessels and the vessel pair with

environment. The solution also allows for a lowest order asymmetric

positioning of the vessels within the cylinder.

Results will be presented for the temperature distributions inside 

and outside the vessels for several representative cases. The region of 

biological interest constitutes a small portion of these results. 

Explicit expressions are obtained for the vessel Nusselt number and the 

conduction shape factors and the results are compared with the

predictions of the models by Baish et al. [27] and Chato [29] for 

uniform vessel wall temperature. An important and surprising result is 

that the Nusselt number is the same as for the fully developed flow in a 

pipe with a constant wall heat flux. The theory is then used to develop 

a simple prototype model for the axial temperature distributions along 

the central artery and vein of a human limb in which the skin 

temperature is unknown and allowed to vary in both the axial and angular 

directions. The predictions of this model are compared with results of 

an earlier one-dimensional model by Mitchell and Myers [15] in which the 

skin temperature variation is not considered. The new model is shown to 

provide much better agreement with the experimental data of Bazett et 

a l . [19] for the axial variation of the central artery and vein

temperature.

3.2 Formulation
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A steady state temperature field is assumed in both the vessels and 

the surrounding tissue cylinder. The analysis further assumes that the
'ff

velocity profile in the vessels is parabolic (laminar flow) and the 

Peclet number is large compared to unity. The vessels are asymmetrically 

located in the central area of the cylinder, as shown in Fig. 5, and it 

is assumed that the radius of the cylinder is several times larger than 

the distances from the origin to the vessels. Ue shall also assume that 

the cylinder is sufficiently long for end effects to be neglected.

We introduce nondimensional parameters and variables as follows:

2p. c, a V k. V . . _
p . k-- 2  . v -  j  . e - L  . Br  “  . ; - !_ .

k V P k at v e t a

sa - sv - av R r ra rv
Sa‘ —  ' Sv" —  ' av“ —  ’ PR~ ~  ' P ~ ' pa“ —  1 Pv“ —a a a a a a aa a a a a a v

T -T
z -

a P T .-Ta e ai •

Although the theory is much more general in its application, we have 

used the biological notation where t, a and v represent tissue, an 

artery and vein respectively. The governing dimensionless equations in 

the artery and vein can be written as

, . ae . a* e 2a2e 2 ae
I L ( p  _ ! )  + I t + P  t - (1 -/> ) _ !  for P <1 (3.1)
' dp p a J  a z2 32

2 2
, 2 86 , 8 6 28 6 * 89
I f_(P — ) + I 1 + P ___ 1 - -V’(l-p ) _ 1  for p < 1 (3.2)
P *P *P p 7 d V  a z2 32

In the tissue, where there is no flow, the energy equation is:

* The Reynolds number in the arm or leg is typically 1000 or less.



dimensionless boundary conditions are:

0 - 0„ a.v t at p - 1  a.v (3.4)

80 30.
k' a 'v - C

dp dp a #v a ,v
at 'a.v- 1 (3.5)

" t  B i #
a—  —  t Pr

at p ■ p R (3.6)

Examination of equations and boundary conditions (3.1) through 

(3.6) reveals that a perturbation solution for 0fl v and 6t can be sought

2
of the form 6— 8q+ 08^ + 0(0 ) since 0 « 1  for large Pg number. Equations

(3.1), (3.2) and (3.3) reduce to 0(1) to
2

! a 08 . 8 6  2 06
1 0 .  ao. 1 ao /i v ao - . , /i-»\ (P _____) + ___________- (1-Pa ) _____  for p < 1 (3.7)
p 0p 0P 2 a 2p 0 <p

. , 80 . 0 7 8 2
1 3 /  V O .  . 1 V O  ,,,/v v v o  r  ^  1 / a  o \ (p _____) + ___________- -V'(l-P ) ____  for p < 1 (3.8)
p 0p 0p 2 a 2p 0 <p

2
80 8 0

_ _ ( P  tQ> +  ______^  - o for P a  1 and P a 1 (3.9)
P 3p 8 p 2 . 2 a VP o <p

Equations (3.7) and (3.8) are complicated by the convective terms

80 80
on their right hand sides. The partial derivatives ____  and ____  are

8 z 8 z

required to describe the entrance and exit regions at the cylinder ends 

where the temperature profiles develop from their initial conditions. 

Away from these end regions we assume the local temperature profiles can
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be related to the local axial temperature gradients in the fluid in much 

the same way that a velocity profile can be described by its streamvise 

pressure gradient. The choice of which temperature gradient to use

(centerline, average, bulk etc.) is subtle and will be discussed later.

Thus, the temperature gradients in the convection terms on the right

d9 d$A C  V Chand sides of (3.7) and (3.8) can be approximated by ____  and_____  in
dz dz

d$ d9A C  V Cthe artery and vein respectively, where ____  and   are unknown
dz dz

characteristic axial gradients in each vessel. This approximation

greatly simplifies the equations since the infinite series of

eigenvalues required to describe the axial development of the

temperature profiles for the full equations (3.7) and (3.8) will be

reduced to two characteristic eigenvalues describing the axial

interaction of 9 and 9ac vc

3.3 Solution Procedure

The solution for the 9 , 9 , 9 ^ ,  which we denote by 9 , canao vo to J o

be decomposed into two parts

90- tfH+ e? (3.10)

where 0^ is a homogeneous solution, and 6p is a particular solution. 9p

is defined as

9D- -Q 9 + 0 9  (3.11)P xa pa v  pv

in which

Q - - 1 ac (3.12)
a h dz
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1 2 d8
0 - - 1 V'k (3.13)

4 dz
2 1 4 3

p ~ 7 0 ~ 7 P < 1.  ̂ a.v 4 "a.v 4  ̂ a,v 3 1

Pa ’v k'ln, /> a 1a,v a,v

To satisfy boundary condition (3.6), we first expand 8p as a power

.a a
series in s^ ^/p and neglect terms of 0 (s ^ v ^ R ^  ‘ nOW re9u ^re that 

satisfy (3.6) at *3ne obtains the approximate homogeneous

solution after the unknown coefficients are evaluated

1 (Bi*1)aa*H- k'[(_ + lnPR+ _________  pcos(<p-<p )) )Q
H Bi (1+Bi>pR

1 PR (V 1)av- k'[( +ln  - __________ pcos«p) ] 0 (3.15)
Bi av <1+Bi W

Hence, equation (3.10) can be written in the form

, , (B.-l)s d 8
9 - _ [(-_ -lnpR - ________ i pcosiv-tp ))k' + 8 ] ff,
° 4 Bl R (1+B1 )p| aV Pa dz

. 3 .. (B.-l)s d 8
+ _ avv '(( +lnPR ’lnav - ________- pcos«p)k'- 8__ ]__^  (3.16)
4 V B1 (1+Bi W  dz

where 8 and 8 differ according to the regions defined in (3.14). It pa pv

is easily shown that 8q satisfies (3.4) and (3.7-3.9) with the

replacement on the right hand sides of equations (3.7) and (3.8), but 

can not satisfy (3.5) exactly unless k'-l. However, the vessels are much 

smaller than the cylinder so that 8 is a reasonable approximate
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solution when k'el. Equation (3.16) describes the tp dependence both in 

the vessels and the surrounding cylinder.
If the solution (3.16) is substituted in (3.7) and (3.8) and the

equations are intergrated over the cross-sectional area of each vessel, 
one finds that the resulting integrated average equation will be

satisfied only if 8 and 8 are the zeroth order bulk temperatures
J ac vc

68 68 „ A C  V C8 . and 8 . . The characteristic axial eradients and
abo v b 0  I T  dz

therefore are replaced by their corresponding bulk temperature gradients

68 . 68 .abo . vbo  and ____ .
dz dz

Substituting the solution (3.16) for 8& and 8 into the definitions 

of the bulk temperatures

O 1 2
8 £ [ f 8 (1 -p )o 6p dip (3.17)a,vb * q 0 a’ a,v/j a,v fa , v ra,v

and evaluating these double integrals, one obtains the differential

equations for 8 , and 8 .abo vbo

*ab - 1f(-1 -lngR)k,-11ld*ab0->-1 i V k ’t1 +l/R )dgvbo (3.18)
4 B. K 24 dz 4 B. sa dz1 I V

6 h - k 'r-1 -ln^R ) gabo->- 1 a V u 1 +ln*R )k,+ 11ld *vbo (3.19)
4 Bt s dz 4 V & i av 24 dz

The coupled linear equations (3.18) and (3.19) have solutions of the

form

*abo” ciAn exP(Aiz) + C2A21exp(A2z) (3.20)

*vbo“ CiAi2exp<Alz> + C2A22exp(A2z) (3.21)
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where eigenvalues are given by

1.2"
-E±VfeZ-16a (3.22)

a

with

sa B. s v i

E - 2(L+lnpB+ H - 2aV[(L+lnpB- Ini )k'+ “ ] , 
B1 K 24 v B1 K V 24

are the eigenvector coefficients of the equations and C1 and C. are

constants which are determined by the prescribed bulk temperatures at 
any station of vessels.

3.4 Results

Since the temperatures within the vessels are non-uniform and the 

mean temperature of the surrounding cylinder at the cross-sectional 

plane varies along the axial direction, it is appropriate to compute the 

mean temperature of the cylinder and to define the heat conduction shape 

factors in terms of the differences in the bulk temperatures, and mean 

medium and environmental temperatures. Because the area of the vessels 
is small compared to the area of the cylinder in the cross-sectional 

plane, the mean temperature of the cylinder at each cross-section can be 

approximated by

;2', -*<i ♦ ! x
*pl 0 0 °  4 B 2

(3.23)
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The mean excess wall temperatures of the vessels can also be computed as 

follows

If2** k'/ 1 i d#abo6 -__J « ----
awo 2 x 0  4 B 1 dz

i 2 i dj .
+_ a V'k'[ +lnp_+lns-lna 1 v ° (3.24)
4 v B i W Az

2* ’ d '.bo
9 - * f 0 d® - ^ -lm>_+lns).vwo 7 T~ J ~ vo v 7 ~  R2* a 0 4 B. ~ dzv 1

1 2  1 ^  h+ 1 a V'k'[ +lnpD -lna ] VDO' (3.25)7 v lr—  R-----v J— :---4 B^ dz

The Nusselt number of the artery is defined as

dT .2 ADO

N - q®° - dz _ 48 f3 26)

Ufl° ’V W  T awo> - V W W  11

It is easily shown that the Nusselt number of the vein, N , has this 
J uvo

same value. This value is also the same as for the fully developed

temperature profile in a single pipe with a constant heat flux to the

environment. For the present solution, the net integrated heat flux from

each vessel at any station is determined only by the particular solution

in (3.11). This solution is locally the same as the solution for fully

developed flow in a pipe with a constant axial temperature gradient. The

homogeneous solution (3.15) does not contribute to the net heat flux

since it does not contain heat sources or sinks.

Results (3.23) through (3.26) can be used to obtain the expressions

for the conduction shape factors acq and a describing the heat



transfer between the vessels, and between the vessel pair and the 

environment. These expressions are

^ a o ' ^ o  2w
a - _______________  -   (3.27)

V W W  H  + k«lni
2k

q +q AB.x
- *° - 1 (3.28)

k t<T „ o - T.> k '(2*l!l>
.2 2

It is interesting to note that to 0(8^ > °co d*Pends on the spacing

of the vessels only rather than their asymmetry with respect to the 

origin, and a is a simple function of the cylinder Biot number.

For convenience, we let the polar angle V flv“ * ar*d s - s^ in all

the following calculations. The blood bulk and mean tissue temperature

distribution 8 , and 0 along the axial coordinate for B.-0.5 anda ,vbo tmo ° i

10, which are typical values for the human upper limb in air and water

respectively, are shown in Figs. 6 and 7. The solution exhibits a saddle

point behavior. For each case, there is a critical bulk temperature of

the vein at z-0, £^(0), which separates two families of solutions. This

critical temperature corresponds to a very long cylinder with the right

end maintained at the ambient temperature. As the Biot number is

increased from 0.5 to 10, decreases from 0.45 to 0.32. The

dimensionless bulk temperatures grow exponentially positive or negative 

depending upon whether the bulk temperature ^v^(0) *s greater or less

than the critical value. In addition, the mean tissue temperature need 

not lie between the bulk temperatures of the vessels, as we assumed in 

chapter 2 for the case of small heat loss from a tissue cylinder in the
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microcirculation. Figs. 8 and 9 show the non-unifora circumferential 

temperature distribution at the vessel walls and the cylinder surface at 

three different cross-sections for "0*5, and B^-0.5 and 10

respectively.

3.5 Discussion

3.5.1. General Behavior

To evaluate the validity of the assumption that the axial 

temperature gradients in the convection terms of equations (3.7) and

(3.8) can be approximated by the bulk temperature gradients, the 

normalized difference between the local and bulk axial temperature

ae de . ae .
gradients ( a,v- a,v )/ a,v has been calculated. Fig. 10 shows the 

dz dz dz

difference distribution across vessel a for the axial boundary condition 

Sv jj(0)-0.9 and ^^(Ol-O.S at z-0. The maximum value of this normalized

difference in the cross-sectional plane occurs at the point in closest 

proximity to the other vessel. The maximum deviation is less than 19% 

for the boundary value problems in Figs. 6 and 7. Thus, it is reasonable 

to approximate the axial temperature gradients in equations (3.7) and

(3.8) by their bulk temperature gradients.

It is interesting to note that the temperature profiles in the 

vessels do not satisfy the definition of a fully developed temperature 

profile

L (!nl!i:2 L) - o 0.29)
^a.vb'^a,vw

throughout the vessels even though the Nusselt numbers of the vessels 

remain constant. The temperature profiles in the vessels continue to
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deviate somewhat from a fully developed profile due to the

countercurrent axial Interaction, regardless of the axial distance from

the entrance. However, the fully developed temperature profile defined

In (3.29) Is satisfied only for a constant axial temperature gradient In

the vessels and surrounding medium as shown In [38]. The temperature

profile (3.16) can thus be viewed as a quasi fully developed profile In

which the Nusselt number does not change but the bulk temperature

gradients slowly change to account for the heat loss at the cylinder

surface and the axial Interaction between the vessels.

Since the present analysis assumes that the vessels are located In
_2 2

the central area of the cylinder and neglects terms of 0(sfl > ch®

heat transfer between vessels and cylinder is determined by the relative 

spacing of the vessels and not the asymmetry with respect to the
.2 2

cylinder surface. In other words, to 0(sa y/P$) the heat transfer will

not change when the vessels are displaced as a pair from the origin. 

This partly explains why the bulk and mean wall temperatures of the

vessels are independent of the asymmetry parameters s^ and sv but depend

on the distance between the vessels and the ratio of their radii.

From Figs. 6 and 7, one observes that when ^v^(0)-0.5, the bulk

temperatures an<* ^v ,̂0 have a cross over point. The axial position

of this point decreases and the temperature distribution changes more 

significantly along the axial coordinate when the Biot number is 

increased from 0.5 to 10. Depending on the Biot number and the bulk 

temperature > the ®ean embedding medium temperature relative

to that of the artery may change along the cylinder. For Bj-0.5 and 8 ^
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(0)-0, ftao shifts from a level below the bulk temperature of the artery

to one above at z«0.9 as shown in Fig. 6. However, no such crossover is 

observed for this case when the Biot number is increased to 10 (Fig.7). 

A similar behavior is obtained for 0v^(O)**O.5. Thus the directions of

heat flows between the vessels and between the tissue and vessels may 

change along the cylinder, depending on * ^ ( 0 )  *nd th* Biot number of

the cylinder which describes the heat loss to the environment.

In Table 2 results for o c q  for several representative blood vessel

pairs are compared with the predictions of Baish et al. [27] and Chato 

[29], In [29] the vessels are embedded in an infinite medium whereas in 

[27] the surrounding cylinder has a uniform surface temperature. In the 

present solution <?co is based on the difference between the bulk

temperature of vessels, while in [27] and [29] it is based on the

difference between the vessels surface temperatures which are assumed 

uniform. This partly explains why the present model gives lower values 

for °c o - As che spacing between vessels is decreased from 2.5 to 2.1,

the effect of surface temperature non-uniformity on ?co becomes more

important, resulting in much lower values for o c q  than predicted by the

uniform wall temperature models [27] and [29], The solutions in Figs. 8

and 9 clearly show the large variation in wall temperature.

3.5.2. Application to Whole Limb Heat Transfer

In Fig. 11 the experimental data of Bazett et al. [19] for the 

axial temperature distribution for the artery and vein in a limb is

compared with the present model and that of Mitchell and Myers [15]. 

Both models assume (a) constant radii of the central vessels and the 

arm, (b) metabolic and perfusion heat sources in the tissue are



44

negligible, (c) ell blood end tissue properties ere constent, (d) the 

temperetures of ertery end vein ere equel et the wrist end. An lmportent 

difference between the two models is thet the verletlon of the skin

surfece temperature is neglected in [15]. Thus in [15] constent overell

heet transfer coefficients are assumed to characterize the heat transfer 

between vessels, end between vessel end the environment for a one- 

dimensional countercurrent exchange. Using the seme geometry parameters, 

the present theory is applied to determine the artery and vein axial 

temperature distribution for Bj-1.5, which accounts for the radiation

heat transfer, and two values of the Peclet number 7000 and 14000, which 

are typical of the arm between at rest and during minimal exercise. For 

the limb the dimensionless coordinate z is typically confined to the 

region z<0.07. Fig. 11, therefore, corresponds only to a small portion 

of Figs. 6 and 7. It is clear that the present model provides a much

better agreement with experimental data for the axial artery and vein

temperature distribution than the Mitchell and Myers' model. However,

the present non-tapered model can not predict the minimum in the axial

variation of the skin surface temperature observed in the experiments 

which will be discussed later.

The present theory can be used to develop a much more elaborate

model, which will not be limited by the restriction in [14] that the 

heat loss to the surroundings is small compared to the heat exchange 

between the central vessels, than the simple models just discussed. This 

new model will be presented in the next chapter.
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Chapter 4. A Simplified Three-Dimensional Countercurrent Model 

for Vhole Limb Heat Transfer

In this chapter the theory proposed in chapter 3 Is used to develop 

an Improved model for whole limb heat transfer. This model will consider 

the variable radii of the arm and central vessels and allow for a

countercurrent core flow that varies axially to account for the blood 

supply to the muscle and cutaneous circulations. The local microvascular 

temperature field in the muscle tissue is described by a new approach in 

which the first or first and second generations of vessel branching, 

depending on the value of the local Peclet number, are described by the 

Pennes equation and all subsequent generations by the Welnbaum-Jiji 

equation. Representative solutions for the axial variation of the 

average skin and central artery and vein temperatures and radial

variation of the tissue temperature are presented and compared with

available experimental data.

4.1 Introduction

A combined macro and microvascular model for whole limb heat 

transfer has been developed by Song et al. [14] which differs from

previous models [15-18] in a number of fundamental aspects. These 

include: (1) a continuity of flow relation which considers the local

arterial bleed off and venous return from the central vessels to the 

muscle tissue and the cutaneous circulation; (2) the use of a local 

microvascular equation to describe the radial variation of the effective 

thermal conductivity of the muscle tissue; (3) an unknown venous return 

temperature and skin surface temperature distribution which is 

determined as part of the solution to the overall boundary value
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problem; (4) a simplified formulation which allows one to treat a limb 

with an arbitrary axial variation in cross-sectional area.

The model in [14] predicts a radial temperature profile which 

agrees well with the experimental data in [1] but inadequately describes 

the axial temperature variation in the central vessels that was observed 

in the classic experiments of Bazett et al. [19], The solutions in [14]

do not predict the correct trend for the axial temperature variation of

the central vein or the minimum in the axial variation of the skin

surface temperature observed in our own recent experiments which will be 

discussed in the next chapter. The results of our new countercurrent 

theory developed in chapter 3 suggest that the inadequacy of the 

previous model [14] stems from an approximation Introduced in describing 

the central vessels in the core of the limb which required that the heat 

loss to the surrounding be small compared to the heat exchange between 

the central vessels. Another shortcoming of the model in [14] is that it 

requires excessive computational time. In order to couple the energy 

equation for the central vessels to the tissue cylinder, the arm is

discretized into 20 disk like elements in the axial direction and a 

trial and error method is used in the solution procedure for each 

element. This procedure requires approximately 20 CPU minutes on an IBM 

4381 for each boundary value problem.

The bioheat equation which is used to describe the local 

microvascular temperature field in the muscle tissue in [14] is the 

Weinbaum-Jiji equation [6], This equation was developed primarily to 

describe blood-tissue heat transfer in the microcirculation (vessels 

under 300^m diameter) and peripheral tissue (outer 2 cm of human limb) 

[11], and was intended cnly as a rough estimate of the heat transfer in 

the deeper tissue where larger countercurrent vessels are present. The



recent study by Cherny et al. [7] reveals that the Weinbaum-J1J1 

equation overestimates the magnitude of the countercurrent microvascular 

heat source term in the tissue region surrounding the first one or two 

generations of vessel branching from the central vessels, and a "hybrid” 

model which applies the Weinbaum-Jiji and Pennes equations in different 

flow regions provides a better description of the tissue temperature. 

The analysis of the results in [7] has led to a new interpretation of 

the source term in the Pennes bioheat equation. Instead of describing 

blood-tissue heat transfer in the smallest microvessels and capillary 

beds, as has been commonly assumed, this analysis shows that the Pennes 

equation actually described small vessel bleed off from the largest 

countercurrent vessels of the microcirculation. Thus, in the present 

model the local microvascular temperature field in the muscle tissue is 

described by a new approach in which the first or first and second 

generations of vessel branching, depending on the value of the local 

Peclet number, are described by Pennes equation and all subsequent 

generations by the Weinbaum-Jiji equation.

In chapter 3, a three-dimensional approximate analytic solution is 

presented for the unequal countercurrent heat transfer between parallel 

paired vessels with a laminar Poiseuille velocity profile asymmetrically 

embedded in a long circular cylinder with surface convection and non- 

uniform vessel wall temperature. This configuration can be considered as 

a basic prototype for the axial heat transfer in a human limb. The 

solution in chapter 3 is for vessels and an embedding cylinder of 

constant radii and uniform conductivity with a constant axial flow. In

this chapter this theory will be extended to include vessels and an

embedding cylinder with variable radii, a countercurrent core flow that

varies axially to account for the blood supply to the muscle and
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cutaneous circulations and muscle tissue with an effective radial 

conductivity that considers the axial variation of the local bleed off 

from the central vessels.

The primary objectives of the study in this chapter are to develop 

an improved asymmetric macro and microvascular model for whole limb heat 

transfer which: (1) allows for a substantially more efficient and

accurate determination of the axial interaction, (2) takes account of 

the asymmetry of the central vessel wall temperatures due to their 

interaction, (3) is not limited by the assumption that the heat loss to 

the surrounding is small compared to the heat exchange between the

central vessels, (4) provides an improved description of the heat 

transfer from the larger countercurrent radial vessels in the deeper 

muscle tissue where the closure approximation in the Weinbaum-Jiji 

equation is not valid and (5) still retains the fundamental features of 

the earlier model [14] mentioned at the beginning of this introduction. 

The present model is still limited to steady state heat transfer, 

neglects the axial conduction in the arm, the return circulation from 

hand in the subcutaneous veins and the bifurcation of the central 

vessels in the lower portion of the limb and requires a known input for

the hand or foot heat transfer to the environment.

4.2 Mathematical Model

It is assumed that the microvascular structure of the tissue is 

axisymmetric and the major axial artery and vein are located in the 

central area of the arm, and thus the radius of the arm is several times 

larger than the distances from the origin to the vessels. As shown in 

Fig. 12 and 13, the cross-section of the limb perpendicular to its axis 

can be divided into four basic regions: a) a central region or core of
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radius rj containing the central artery and vein; b) a deep muscle layer

of radius r2 which contains the first or first and second generations of

microvessel branching, depending on the value of the local Peclet 

number; c) a surrounding layer of muscle and fat tissue which extends 

to within 2 mm of the skin surface and contains all subsequent 

microvessel generations; d) a cutaneous layer. The cross-sectional area 

of the arm and the central vessels can be varied arbitrarily by 

introducing an axial shape factor G(Z) which when multiplied by the 

initial radii of the arm or the central vessels provides the local 

values for these radii.

As with the analysis in chapter 3 a steady state temperature field 

is assumed in both the central vessels and the tissue of the limb and 

the velocity profile in the vessels is assumed to be parabolic. Similar 

nondimensional parameters and variables to those in chapter 3 are 

introduced as follows:

2pb cb aaiVai ,, ^p k <_ “ . u - “ . U - . - * . B. , -
ei  k. F  a ~  V ~  P ~  i C kt ai ai ei t

q a . s s a aev ai - s  - a  - v  - a  - v7 -  , s -   , s - ___  , s -   , a -   , a - ___  ,
k (T ,-T ) a .  a a . V a . 3 a . V a ,t ai <*> ai ai ai ai ai

d r r _ T -TR r a v Z . «>
P R-  ------- . P “    . P -  —  . Pv~ —  . z  -  ---------------  . » -  --------------

a .  a .  a a a . P .  T . - Tai ai a v ai el ai «>

where the subscript i refers to the entrance of the limb. The inflow

Peclet number Pg ^ in the arm or leg is 3500 or larger. Thus the

parameter is much smaller than unity.

(A) The Core
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The dimensionless governing equations in the central artery and 

vein are
2 2

, , ae , d e  2a e 2 as
I  !_(p _ ! )  + 1_t + fi i - u (i-p ) _ !
't* ,* a , 9 a z2 az

for pa< 1 (4.1)

i a aK  l » "v_  _ ( p  _ ! )  +  _I + p  I - -u (i-p ) _ Z
p dp dp 2 a 2 a , 2p a <p a z

for pv< 1 (4.2)

The immediate surrounding tissue, which basically consists of bones and 

other non-muscle tissues, can be treated as a pure conduction region.

Therefore, the tissue temperature field satisfies

i a  3 , t  i  9t *a \_  _ ( P _ )  +   l + P  I - 0 for p<p, (4.3)
p dp dp 2 a 2 a ,2p a ip a z

The dimensionless boundary conditions at the interfaces between the

central vessels and the tissue are:

8 - at p -1 (4.4)a,v t a,v

as ae
k* a ’v - C at p -1 (4.5)

dp dpa,v a,v

(B) Deep Muscle Layer

The bioheat equation applied in this region, as discussed in the

Introduction, is the Pennes equation

i a aat i a ̂t 2  ̂ *
1 _ (p _!l) +  __ * + 0  1 + + * - o2 2 2 pm A C IDp dp dp , .p a ip a z

for p ^ p < p 2 (4.6)
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where 0* is the local bulk temperature of the blood leaving the central

artery, and A and A are the dimensionless blood perfusion and 
J pm m

metabolic heat production coefficients in the muscle respectively. The

latter are defined as
2 2W, c.a .p. q_a ,^ _ b b ai b ^ _ m al

Pm k m k (T -T )Kt t ai <*>'

(C) The Surrounding Muscle Layer

The Weinbaum-Jiji bioheat equation is used to describe the local

temperature field in this region. From [14] this is given by

i 2 ae ! d %  2a %  2 a ? 7 a e
_ _  [l+A(p)P )p _ ]  +   I + 0 _____ + P A(p)__________ + A
 ̂^  p 2 a *  a z 7 a z a  z

2 36
- B(p)P ___  for p2Sp<p3 (4.7)e

dp

where
2 4 2 2

n k'na u 1
A(p)- ___________ I (4.8)

4oa|u2

2 4 2 2 2
n k'na u 1 1 dl

B(p)- __________ (_! + _____1) (4.9)
4oa^u2 p 2 dp

Here a is the local vessel radius of the countercurrent microvessels, n

is the vessel number density, u is the local blood velocity, lf is the

direction cosine of the vessels in the radial direction, a is the local 

shape factor for countercurrent heat transfer, Pg is the local Peclet

R-6 -6
number and p 3- m s is the dimensionless radial coordinate of the

aa
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interface between the muscle layer and the cutaneous layer. The 

subscript 2 refers to the interface r2 between the deep muscle layer and

the surrounding muscle layer.

(D) The Cutaneous Layer

This layer is treated as in Song et al. [14]. In the inner region 

of the cutaneous layer, the energy equation is

1 8 39t 1 ^ ^t 2^ *
i — (p — l ) + z  I + fi _ + \>C( V V  " 02 2 2 pc C C
p dp dp , , _p a ip d z

for p3ip<pA (4.10)

*where 6 is the temperature at which blood from the central artery

tf(l-w)k'a3 .P , , ..arrives at the cutaneous plexus, A  -  ______  al el is the

dimensionless blood perfusion coefficient in this inner region and 

R-5
p4-____  is the dimensionless radial coordinate of the interface between

aa

the inner and outer cutaneous layers. The energy equation for the outer 

region is simply the conduction equation since all blood vessels are 

less than 50 pm diameter and in thermal equilibrium with the tissue.

The dimensionless boundary condition at the skin surface of the arm

is

39t B it_  - - _  9t - 7 at P “ PR (4 . 1 D
dp PR

where the Biot number describes the convective and radiative heat

loss and 7 is a dimensionless evaporation heat loss.

(E) Hand



53

Neglecting metabolic energy generation In the hand and the 

conduction heat transfer between the wrist and the hand, conservation of 

energy yields

Tab(L) ' Tv b (L> - —  - ----------------   (412)
V h  ’r(1-*)pbCb Vaiali

where Tab(L ) ‘Tv b ^  is t*ie artery‘vein bulk temperature difference at
the entrance to the hand, Is the blood flow rate of the hand, Is

the hand volume and 1-0 Is the fraction of the total blood flow to the 

limb that enters the hand. The total heat loss from the hand qH Is

specified.

(F) Continuity Equation

The muscle tissue In the limb Is assumed to be uniformly perfused. 

The local radial blood bleed-off rate to the muscle and cutaneous layers 

per unit length of the central artery, ^,,/Z) an<* can rclated

to the variation in the local cross-sectional area of the muscle and to 

the local perimeter for the cutaneous layer. These functions, which are 

derived in [14], are given by

Pm (Z) - i r t f w a ^ V ^ G ^ Z V j V t x J d x  (4.13)

Ps (Z)-if0(l-u>)a^iVaiG(Z)//^G(x)dx (4.14)

where 0 Is the fraction of the total blood flow to the limb that enters 

the arm as opposed to the hand and w Is the parameter which describes 

the fraction of the radial blood flow from the central artery that 

enters the muscle tissue.

Conservation of fluid mass In the central artery then gives



On the other hand, the continuity of fluid mass at the interfaces r-rj 

and r-r2 gives

The second term on the left hand side of (4.18) represents the blood 

perfusion in the deep muscle layer. Substituting the expression for

in (4.13) into (4.17) and (4.18), one obtains the relationships between

the local Peclet number Pg ^ at r-rt, ? ^ at r-r2 and the Peclet number

of the major artery at the entrance to the arm P ^

4.3 Model Properties and Parameters

The variation of microvascular variables in the muscle layer in 

[14] are modified herein since the initial vessel branching angles were 

overestimated in [14], The angles in [14] were based on an extrapolation 

of vascular studies for the peripheral tissue layer given in [13].

2 2
P - 2x r.n.a.u m i i i (4.17)

2 2 2 2 
P - w(r2 - rjJW^- 2n r2n 2a 2u 2 (4.18)

Pel G(Z)P (4.19)

2 2
(r - "

P (4.20)
2xa2a ,r2 .u ,n2 ai 2 i ai 2
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Further Investigation of the deep tissue has revealed that the initial 

branchings penetrate a small distance and then run parallel to the 

central vessels providing for an average direction relative to the skin 

surface that is much shallower. More realistic values of the branching 

angle measured relative to the radial coordinate are: 80* for the first 

generation of vessel branching from the central vessels, 70* for the 

second generation and 60* for the third generation. A linear variation 

of microvascular variables in the muscle layer is assumed between the

first and third generation of vessel branching. Convenient functional

forms for the variation of the vascular geometry of the muscle layer in 

the radial direction and the local blood velocity proposed in [9] can be 

used from the third generation of vessel branching on. These are:

a/a2- (1 + C,p) (4.21)

. C4n/n2- (1 + C 3p) (4.22)

a - ________ *_ (4.23)
-1 -Ct cosh (C6+Ctp )

lr- cos[C,(1-p)] (4.24)

2
rij &2 r • Tj

u/u2- _____(1 - _____) (4.25)
na2 R-r2

where

P-(r-r2 )/(R-5m -«s -r2) (4.26)

The quantities (1— 1-8 ) and a 2 and n 2 are listed in Table 3. The third

generation is the start of the true microcirculation (vessels under 

300/im diameter) and occurs roughly 2-3 cm from the skin surface, see
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Table 4.

A realistic approximation for a tapered arm is a linear axial 

variation with radius at the shoulder about twice that at the wrist. We

7thus choose G(Z)-(1-__). The dimensionless velocities in the vessels,
2L

and Uv , can be calculated from equation (4.13) using this 

relationship for G(Z)

u - _i_ - :̂<i-j;)+:(i-w)tf-[*(i-_!>,)+*-i)]/<i-_bJ <*.27>
a ” - ’ 3 21 2L

V a - ^ W 0 ( 1vT 7 2Lai

V a 2 a 2 0V - *U - _!(!<
a 2 aV a 2 7V 2L 3 3 21 2L

(4.28)

Several of parameters used herein are the same as those proposed in 

[14], The inflow Peclet number ranges from 3500 for a supine resting

state to 14000 during minimal exercise of the limb being modeled. The 

ratio 0  of the blood supply to the arm (shoulder to wrist) to the total 

blood supply to the entire limb is taken to be a constant whose value is 

0.75. The Blot number, B^t , which includes both convective and radiative

contributions, is 1.48 and the dimensionless evaporation heat loss 7 is 
. 3

1.524x10 at standard room conditions. However, the ratio w of the 

blood supply to the muscle layer to the total blood supply to the arm 

was not accurately described in [14]. During exposure to cold the skin 

blood flow can be reduced to virtually zero, whereas in severe heat 

stress the skin flow can comprise more than 50% of the total arm blood

* During heavy exercise the blood flow to the muscle can increase by a 
factor of 1 0 0 or more and the expression for the effective conductivities 
given by the "hybrid" model proposed herein is not accurate because the 
Pennes equation is no longer valid in the first generation of vessel 
branching.
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flow. During prolonged exercise In the nodeled linb the absolute value 

of the skin blood flow increases but the ratio w, which is approximately 

0.92 under normal conditions [21], does not decrease as assumed in [14], 

The validity of the Weinbaum-Jiji bloheat equation is characterized 

by the normalized thermal equilibration length of the microvessels < in 

chapter 2. It is defined as

t - *aPe (4.29)
2o(R-r1)

The asymptotic analysis in chapter 2 has shown that the Weinbaum-Jij1
J

equation is valid provided t « 1 .  From Table 4, one sees that the value 

of e decreases rapidly from the first generation of vessel branching 

onward. It is less than 0.3 from the third generation of vessel 

branching on during light exercise or from the second generation on in 

the supine resting state. This indicates that the deep muscle layer 

(Pennes Equation) includes the first and second generations of vessel 

branching during minimal exercise and includes the first generation only 

in the supine resting state.

The dimensionless metabolic heat production parameter A^ is assumed

to vary linearly with the blood supply to the muscle

Am- C 9^,Pel+ C 10 (4.30)

where the constants C 8 and C 10 are determined by evaluating (4.30) at

.«two known conditions; the value A^-2.897x10 for the supine resting

. 3
state where P .-3500, and A -2.897x10 for minimal exercise where ei m

Pe j-14000. C 9 and C 10 are found to be 3.598x10 and -5.795x10 

respectively.
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The temperature of the blood from the central artery when It

arrives at the cutaneous plexus 9 depends on the prior equilibration in

the large isolated riser vessels and is related to the blood flow rate

into the cutaneous layer. The relationship between 8 and the

temperature of the blood supply to the cutaneous layer, which can be 

considered as the local blood bulk temperature in the central artery

®ajj. is given in [14]

8*/8 1.9xlO'V(l-w)P .+ 0.502 (4.31)c ab el

The experimental results in the next chapter show that the inflow

Peclet number is approximately 3500 in the supine resting state and the

ratio 0 ranges from 0.729 to 0.772 under normal conditions. Moreover,

the artery-vein bulk temperature difference at the entrance to the hAnd,

Ta^(L)-Tv^ ( L ) , can be estimated from the experimental data for the heat

loss from the hand in the next chapter when the hand is placed in water.

4.4 Solution Procedure

Examination of the dimensionless tissue bioheat equations (4.3), 

(4.6), (4.7) and (4.10) reveals that the equations in the different

tissue regions can be written in a general form to 0 (1 ) if 0 « 1  as

, . 39. - a V  38.
k f A p . z ) l l  d_ { p  _ _ ^ ) + i ______ +♦»*,. + * “ 0 <4 -3 2 >p d p  d p a » d p t0 °p <p

where kg ££ and *^(i-0 ,l,2 ) are defined differently in different regions: 

ke ££-kt> $ ^ - 0  (i-0 ,1 ,2 ) in the core and outer cutaneous layer; ke ££-kt ,

$ 2-0, * 0 ” *pm^a+ *m ^eeP muscle layer (Pennes equation);
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3k
keff- k t(l+A(p)P*a) , * , - _ ! £ £  - B(p)P^j, *,-0, * 0->m in the surrounding

dp

★
muscle layer (Weinbaum-Jiji equation); ® 2" 0 . *o"Apc^a

in the inner cutaneous layer. The neglected terms in this approximation 
2are of 0(0 ).

4.4.1 Solution in Core

According to the theory in chapter 3, the temperature gradients in 

the convection terms on the right hand side of equations (4.1) and (4.2)

d*abo dtfvbocan be approximated by the bulk temperature gradients _____  and   in
dz dz

the central artery and vein respectively. Thus, the approximate solution 

for 6q to 0 (1 ) in the core can be decomposed into two parts

V  V  •? (4-33>
where 0^ is a homogeneous solution, and 0p is a particular solution. 0 p

is given by

0 - - 1 U a 2 d " a b °0 + lU a 2 d 'v b O 0 (4.34)
P 4 a a Pa 4 v v p v

in which 0 have been defined in (3.14) p a , v

The general homogeneous solution can be written as

0„- 2 d pncos(rup) + b pn sin(n<p) (4.35)n /% n nn- 0

We expand 0p as a power series in sfl ^/p and require that 0^+ 0p equal

.3 3
Hi(Pi.z) + H 2 (P! ,z)cos«p + H 3 (pt ,z)cos((p-<pav) + 0(sa y/Pi) at p-pv where
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(1— 1,2,3) are unknown functions to be determined. One obtains the

s 3
solution after adding and 0 p and neglecting terms of 0 (sa ^/Pi)

1 -a *lk '  ̂ d*abo
6o~ V  t V a [Eî cos(^ V ) + p C0B2(***aV> + 'pa1̂   +4 p J dz

. 2
1 2  s k' 2 d8 .
_ avUv [D1pcos<p + __ p cos2<p-g 1 V ° for p£px (4.36)
4 pJ p dz

where D0 , D , , and E, are unknown functions of z that need to be

determined. Similar to the solution In chapter 3, the solution (4.36) Is

valid both In the central vessels and In the core tissue where 8 Ispa,v

defined differently for each region, see (3.14). Note that the vessel

wall and core edge temperatures are non-uniform in the cross-sectional

plane due to the heat transfer between the vessels. In contrast to the
.a asolution In chapter 3, the solution (4.36) retains terms of 0(sa ^ / p j)

since the value of sfl ^/Pi not « 1 -  This brings cos29> and cos2(^>-^av) 

terms In (4.36) which are canceled by 8^  and 8^a respectively at p—p x

. 3 3
to 0(sfl p x). Although the radial gradients of these terms may not be

.3 3
canceled by 8 ^  and 8^a at p-px , they are of 0 (sfl ^/p,) and can be 

neglected.

4.4.2 Axial Variation

It Is difficult to find the unknown functions D , D« , and E, Ino

(4.36). The solutions for these functions is coupled to the solution to 

the overall boundary value problem In the radial direction for the 

temperature field In the muscle and cutaneous layers. However, an
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approximate solution for these unknown functions can be obtained by 

estimating the overall heat transfer in the muscle and cutaneous layers 

instead of calculating the detailed radial temperature field. Note that 

the square of the local Peclet number appears in the expression for the 

effective conductivity in the Weinbaum-Jiji equation and the blood 

perfusion term in the Pennes equation leads to an expression for the 

effective conductivity which is proportional to the Peclet number

One thus assumes the effective conductivity in the entire muscle layer 

to be a quadratic polynomial involving the local Peclet number. 

According to the calculation by Charny [39] for his three equation 

model, the radial effective conductivity of the entire muscle layer 

without metabolic heat production has an approximate relationship that 

varies with the local Peclet number of the microvessel at p~px

k - k (1 + 1.763x10*% ,+ 2 . 5 9 x 1 0 ' % ’.) (A.37)em t el el

This expression for k includes both the blood perfusion term in the

Pennes equation in the deep muscle layer and the countercurrent exchange

in the Weinbaum-Jiji equation in the surrounding muscle layer.

Substituting the model parameters into relation (4.19) between the

local Peclet number P , and the Peclet number P . at the entrance to theel el

artery, one obtains

P O.lliM* .(1-Z ) (4.38)
el ei 2L

Substituting (4.38) into (4.37), one finds k as a function of zem

k - k [ 1+1.939x10**V«wP ,(1-Z )+2 . 8 4 9 x 1 0 * % % % ’ . (l-^_)* ] (4.39)
em t el 2L cl 2L



62

Using equation (4.39), one can set up a simpler model to

approximate the overall axial heat transfer in the limb without using 

the detailed radial temperature distribution in the muscle and cutaneous 

layers given by equation (4.32). In this simpler model, the temperature 

field in the core still satisfies equations (4.1-4.3) and thus has the 

solution (4.36). However, in the muscle layers equation (4.32) is 

replaced by the single equation

i , a« , aY
k (z)[ (p ___ 2) + _________ 2)“ -A p xSp^ps (4.40)

0 dp dp o2 a Jp d (p

for the purpose of determining the axial interaction. The general 

solution to (4.40) which is required to satisfy the boundary conditions 

at p-Pi is

\ . i
*to- *__2 + A0 ln^ + V  (Ajp+A^p )cos«p + ( B ^

4kem
. l

+B_jp )cos((p-«pav) Pi^P^P s (4.41)

A simplified boundary condition at p-p3 is needed to determine the

unknown functions A^(z) and B^(z) (i— -1,0,1) in (4.41). In the inner

cutaneous layer equation (4.32) is approximated by 
2

3 9t — A ( 8 -  8 ) (4.42)2 pc t c
3 p

since the curvature of this thin layer can be neglected and the problem 

treated locally as one dimensional. Thus the general solution in the 

inner cutaneous layer can be written as

8 -  8*+ c,ew + c7e'tip (4.43)c c *

where
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H -  J\ PC

Since the temperature gradient does not change in the outer cutaneous 

layer and its thickness is small compared with the radius of the arm, 

the thermal variation in the outer cutaneous layer can be neglected. 

Therefore, the convective boundary condition can be considered to be 

applied on the inner cutaneous layer directly

dSt Hi  - - __ 8 - 7 at p - pA (4.45)
a, p r

Substituting (4.43) into (4.44), one has

p(clefip* • c2e tip*) - - ^  ( A  c le*lf>*+ c 3e ^ p*) - y (4.45)
PR

At p-p3

8t (p3 ) - A  cje^^s+ c 2e'MPs (4.46)

3*t(p3)

dp
- n( c 1etiPi- C j e * ^ 8) (4.47)

dtft(p3)
One obtains a relationship between 8(p3) and ________ by eliminating Cj

Bp

and c 2 in equations (4.45-4.47)

t<'3> * * * *- a 8 ( p 3) + b 8 + c (4.48)
dp C

where

a*- -n[ (M+^i)e**(p«*Pj)+ (/j-!i)e‘'i('’< 'Ps)]'l[(M+!i)e,i(''4'',j)
Pi Pi Pi

P 3
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Ps Pi Pi

( M - ! i ) e ^ (^ * Ps)- !i]
Pi Pi

Pi Pi

Equation (4.48) can be considered as the boundary condition at p-ps

for the muscle layer. The nine unknown functions D , D , , E , , A. and B.
o J  J

(J--1,0,1) in (4.36) and (4.41) are determined by applying boundary 

condition (4.48) and the continuity conditions for the temperature and

heat flux at the interface between the core and the muscle layer. There

are three boundary and matching conditions for each linearly independent 

term in (4.36) and (4.41). Note that the boundary conditions on the heat 

flux have not been satisfied for the cos2? and cos2 ( w av) terras for the

reason discussed following equation (4.36). The solution to this

simplified boundary value problem is

9 ~ i>- L  - 1  v l [Eo+2k p. 2k * 2 * * c 4 a a oem 1 em a p 2 a a

. 2
s k' A8 , , 2

E. pcos (cp-<p ) + a p 2cos2(<p-<p ) + 8 ] a o + a Ulr av z—  r av pa-- "---  - v v
p\ v dz 4

s ^ v b[D +D..pcos^ + V p 2 cos2^>- 8 1 V ° for pSpx (4.49)
p} PV dz

in which

Dq- -k'ln^J. - lijlnfi.
a k' p. * v a p,
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Di- fv + 1 ]'1 \ 1-a p3 + Lllfvk'
2 i * 2 Pi /I * \ 2 2 PiPi 1+a p3 p3 1 (1+a p3)p3 Pi

E - -k'lnli + k"[lnfi - J; ]
° a k' Pi *a 1 a pj

Ei- 1a + f(k"-p(1'a - <k"+i)L]'l[_iJLfi_ + i.
2 * 2  p * 2 2

Pi 1+a p3 ps 1 (1+a p3)p3 Pi

where k"-k /k .em' t

Substituting the solution (4.49) for 6 and $ into the°  A O  V O

definitions of the bulk temperatures (3.17) and evaluating those double

integrals, one obtains the differential equations for the axial
. 2 2

variation of *abo and 0vb{) to 0(sa ^/p^)

abo
 ̂ 2, P i a / 2 2w  1 1, c b *1.. -2 _ - 11,• m_Pilnll- m_(P2-Pi)(____ -_)*— -— 0 + U a  [E -E s - — ]

2k Pi 2k * 2 * * c 4 a a ° 1 a 24em 1 em a p2 a a

d 0 . , , d 0 .abo.l -2„ vbo+ a U CD -D..S coscp +k'lns) (4.50)7  v v o 1 v av--------— ---dz 4 dz

\ 2 „ \ ' 2 2 i i r * K *  * 1 - 2
»vb - - - V p i l n ^ - _ V ( p 2 - p , ) ( J _ ^ ) - ! _ - _ « + _  V a [E +E s +k'lns]
vbo 2k p. 2k * 2 * * c 4 a a ° L aem 1 en a p2 a a

^ a b o .  1 -2„ /r. - l l . ^ v b o+ a U (D +D,s cos<p - ) (4.51)—  v v o 1 v av 7 7  — jzm / v V V  X. V O V  At J _dz 4 24 dz

where 0* is given by (4.31). Equations (4.50) and (4.51) are now

integrated numerically to determine 0flbo and ^vbo and these results then

substituted in (4.36) to find the vessel and tissue temperatures in the 

core.
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4.4.3 Solution for Radial temperature profile in Muscle and Cutaneous 

Lavers

We are now In the position to determine the detailed radial

temperature distribution In the muscle and cutaneous layers since the 

temperature field In the core Is known from (4.36). Evaluating (4.36) at 

p-p1( one assumes that the solution to (4.32) In the muscle and

cutaneous layers can be written In the functional form 

*to- Hj (p,z) + H a(p,z)cos<p + H s(p,z)cos(«p-ipav)

for p,Sp<pR (4.52)

Substituting (4.52) Into (4.32), one obtains a set of three differential 

equations for the

k ff(p.z)l f_(p fHi) + + *,H1+ * - 0 (4.53)
p dp dp dp

keff(/>,z)l L ( P  ^ k ) ^ 2 ^ ^ i \ - k eff(p.z)!!}s. - 0 k-2,3 (4.54)
p dp dp dp p 7

The boundary conditions are the continuity conditions of temperature and 

temperature gradient at p-p, and

  - - __ H,- 7 at p - pR (4.55)
PR

^^k Bl_  - - _  Hk at p - pR k-2,3 (4.56)
P R

Equation (4.53) and (4.54) are solved numerically to determine the

radial temperature profile at any value of Z. These profiles reflect the

asymmetry of the central vessels and the non uniformity of the vessel 

wall temperatures.
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4.5 Results end Discussion

Figs. 14 and 15 show representative solutions for the axial 

variation of the central artery and vein bulk tenperatures and skin 

surface temperature. The corresponding solutions for the radial

temperature profiles are shown in Fig. 16. The asymmetric

circumferential temperature distributions at the central vessel walls 

and at the edge of the core p~px are shown in Fig. 17. The experimental

data in the next chapter for the axial skin surface temperature profiles

when the hand is immersed in 30*C and 35*C water are compared with the 

theoretical predictions of the model in Fig. 18. Fig. 19 shows the 

comparison between a representative radial temperature profile of the

human forearm [1 ] and the theoretical predictions of the present model

and the models in [1] and [14],

(A) Axial Variation of Central Artery and Vein Bulk Temperatures and

Skin Surface Temperature

Fig. 14 shows the axial variation of the dimensionless bulk 

temperature of the central artery and vein and the average

circumferential temperature of skin surface for different blood flow

rates to the entire limb as characterized by the inlet flow Peclet

number One observes that the temperatures of the central artery,

vein and surface increase with the blood flow rate and there is a higher 

metabolic heat production. The temperature difference of the central 

artery and vein and bulk temperature gradient are both small at the high 

blood inflow rate since the conductive heat loss from the central 

vessels is low due to the metabolic heating of the core and the longer

equilibration length of the central vessels.
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A fundamental difference between the present model and the model In 

[14] Is the prediction for the central vein temperature. In the present 

model, there is a continuous temperature decrease in the central artery 

and vein in their respective flow directions. This behavior had been 

predicted by Mitchell and Myers in their one-dimensional model [15] and 

observed by Bazett et al. in the human arm [19], The experimental data 

in [19] for the arm in the resting state at room temperature are also

shown in Fig. 14. In contrast, the vein temperature predicted in [14]

increases in the flow direction (wrist to shoulder) due to the

assumption that the heat loss to the surrounding is small compared to 

the heat exchange between the central vessels (close to perfect heat 

exchanger). The results of the present model and the model in [15], 

however, predict that the heat loss to the environment is larger than 

the heat exchange between the central vessels both in the resting state 

and during minimal exercise at standard room conditions (22*C).

As shown in Figs. 14 and 15, the present model predicts a non­

monotonic axial skin surface temperature profile that has not previously 

been reported. The minimum in this variation occurs in the forearm or 

the elbow. This behavior is believed to be attributable to a

contribution of the increasing vein temperature as one proceeds towards 

the wrist, the tapered geometry of the arm and the non-linear radial 

effective conductivity in the entire muscle layer ke m (Z)• The depth of

the minimum depends on the inflow Peclet number Pe ^. the artery-vein

bulk temperature difference tffl̂ (L)-^^(L) and the axial shape factor

G(Z). For the simple non-tapered arm model in chapter 3, this non­

monotonic profile appears only when ̂ a^(L)-^^(L) is negative, or when

the hand absorbs heat from the surroundings.
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(B) Radial Temperature Profiles

Fig. 16 shows that the tissue temperature is elevated throughout

the arm at the higher blood flow rate due to the higher metabolic heat 

production. It is also observed that the radial temperature gradient is 

small in the central region of the arm at the higher flow rate. This 

effect is due to the significant enhancement of the effective

conductivity in the muscle tissue that arises form the microvascular

heat exchange. For P ^ - 3 5 0 0  and w-0.92 (resting state), the radial

temperature profile inside the arm varies nearly linearly with the

radius of the arm outside the core region. This indicates that

conduction is more important than countercurrent microvascular tissue 

heat transfer at the low flow rates characteristic of the supine resting 

state. This linear relation has been measured by Ducharme et al. [40]

for the resting human forearm immersed in water. The non-uniformity of 

the profile for p<0 . 2 is due to the presence of the central vessels 

described next.

As shown in Fig. 17 the circumferential temperature distributions 

at the central vessel walls and the interface between the core and the 

muscle are non-uniform. Their non-uniformity depends on the bulk

temperature difference between the central vessels at the cross-section. 

The results of the relation for the radial tissue temperature profile 

show that the asymmetry of the circumferential temperature distribution 

in the tissue decays rapidly in the radial direction.

(C) Effect of Cutaneous Circulation

The importance of the cutaneous circulation in whole limb heat 

transfer can be easily seen from the cases for w-0.50 in Figs. IS and 

16. Fig. 15 shows that the axial temperature profile of the central
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vessels and skin surface are altered by increasing the fractional blood 

supply to the cutaneous layer. Decreasing u> leads to a decrease in 

temperature of the central vessels but an increase in skin surface 

temperature and thus more heat is transferred at the skin surface. This 

effect of the cutaneous circulation can be more easily understood with

aid of Fig. 16 which shows the corresponding temperature profiles in the

radial direction at Z/L>-0.95. Dilating the cutaneous circulation lowers 

the core tissue temperature but elevates the skin surface temperature 

since warm blood from the central artery is directly brought to the 

inner region of the cutaneous layer. The temperature gradient at the 

skin surface increases significantly at <^0.50 producing a substantial 

increase in heat transfer to the surroundings. In contrast, the

temperature gradient changes little in the same region for (<>-0.99.

(D) Comparison between Theoretical Predictions and Experimental 

Measurements

In Fig. 18 the predictions of the present model for the axial skin 

surface temperature distribution are compared with newly obtained 

experimental data in the next chapter. The latter represent average 

values from seven healthy men. In the experiment, the arms of subjects 

were exposed in 22*C air while their hands were immersed in 30*C and 

35°C water baths. Several of the input parameters, including ^ and

^a|j(L)-tfv^ ( L ) , in the theoretical model are taken directly from the

experimental measurements for each subject. Using the total blood flow

to the limb measured in the experiments described in the next chapter

and a typical radius of the central artery at the shoulder, the inflow

Peclet number P . is estimated to be 3582 and 4125 for the hand in 30*C ei

and 35*C water respectively. The theoretical results agree well with the
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data from the experiment In which the minimum in the average axial skin 

surface temperature variation has been observed.

The average radial temperature profile of the human forearm of nine 

subjects [1] is shown by the short and long dashed curve in Fig. 19. The 

dotted curve, the dashed curve and the solid curve are the theoretically 

predicted temperature profiles obtained from the Pennes model, the model 

in [14] and the present model respectively, for the resting state. The 

theoretical curve based on the Pennes equation is much fuller than the 

experimental curve due to the overestimation of the blood perfusion 

source term in the outer muscle layer. The Pennes equation, since it 

neglects countercurrent microvascular heat exchange, provides a poor 

description of the outer muscle layer and heat flux at the skin surface. 

The Weinbaum-Jiji equation allows for a much better description of 

peripheral tissue heat transfer for the reasons discussed in [7]. While 

there is a good agreement between the curve based on the model [14] and 

the experimental profile in the left half of Fig. 19, their agreement 

for the right half of the figure is not as close. The theoretical curve 

in [14] has a flat temperature distribution near the axis of the arm 

arising from the model assumption that the temperature of the core is 

the mean temperature of this area. The agreement between the present 

theoretical prediction and the experimental profile is reasonably good 

in both halves of Fig. 19 since the present model considers the lowest 

order asymmetric temperature variation and uses the more accurate 

"hybrid" model to describe the temperature field in the muscle.

In conclusion, the model developed herein has introduced several 

important modifications of the original model proposed in [14] for whole 

limb heat transfer. A much improved axial thermal interaction between 

the central vessels and the environment is described and thus more
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realistic axial temperature profiles for the arm are predicted. The CPU 

time for calculating each boundary value problem is less than 1 minute 

on an IBM 4381 compared to 20 minutes for the model in [14], A more 

appropriate "hybrid" model which applies the Pennes and Weinbaum-Jiji 

bioheat equations in different flow regions is used to describe the 

temperature field in the muscle tissue. The present model also predicts 

the first approximation for the asymmetric temperature field of the arm 

and provides a rational explanation for the minimum in the average axial 

skin temperature variation that has been observed for the human limb. 

The new model has the flexibility for some Important future refinements. 

These include a more realistic treatment of the central vessel location 

and its bifurcation in the lower arm, the inclusion of a separate 

superficial venous return circulation from the extremity and a separate 

model for heat transfer in the extremity.
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Chapter 5. Experimental Study 

5.1 Objectives

In this study several of the important input parameters of the 

proposed whole limb heat transfer model were directly measured or 

indirectly determined, including the fraction of the total limb blood 

flow entering the hand, the blood perfusion parameter in the arm, the 

inflow Peclect number of the arm and the artery-vein bulk temperature 

difference at the wrist. The axial skin surface temperature distribution 

of the arm was also measured to test the theoretical predictions. The 

experiments were carried out under steady state thermoneutral conditions 

in which the hand was immersed in water at temperatures ranging from 10 

to 40*C while the arm was exposed to the air at room temperatures of 21 

to 23*C. The relationship between blood flow and heat transfer at 

different skin temperatures of the hand was examined. Studies were 

carried out in accordance with guidelines of and with the approval of 

the Columbia University committee on human investigation. The subjects 

were seven healthy men between 22 and 38 years of age.

5.2 Method

An electrically calibrated mercury-in-rubber strain gauge (made by 

Hokanson Company) was placed around the forearm to measure the arm blood 

flow. A water filled plethysmogragh-calorimeter (Plethcal) apparatus 

(modified from the design of Raman and Vanhuyse [24]) was constructed to 

measure hand blood flow and heat transfer of the hand simultaneously. 

Both blood flow measurements were based on the venous occlusion 

technique whereby the changing volume of the tissue following proximal 

occlusion reflects the inflow rate. The Plethcal apparatus was fed by
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temperature controlled water bath and the difference between the inlet 

and outlet temperatures combined with the flow rate gave the hand heat 

loss.

The principle of the apparatus is shown in Fig. 20. Vessel A 

consisted of two concentric cylinders (A^n and Aout) . the inner one,

A^n< (inner diameter 14cm, length 24cm) had an aperture that allowed the

introduction of the hand. A^n was partly filled with water to a level

slightly above the hand. Between the two cylinders was a copper pipe 

coil (inner diameter 0.7cm) in which there was a water circulation of 

the same temperature as inside A £n - The coil kept the air temperature

between the cylinders uniform and equal to the water temperature inside 

A^^, and reduced the heat exchange between vessel A and the room. The

whole Plethcal apparatus was covered by foam rubber in order to reduce

the heat exchange between the Plethcal and the surroundings to a very

small amount. An Harvard infusion pump was connected to the lower part

of vessel A. . A. was connected via another vessel B (inner diameter in in

20cm, length 35cm) to a sensitive pressure transducer of the linear 

differential type F (LCCD Model made by Celesco Transducer Productions, 

INC.); V and R are the amplifier and recorder, which were connected to 

computer C. The purpose of vessel B was to minimize the pressure 

increase during blood flow measurements so that the blood flow was not 

disturbed in the hand by the measuring procedure. Vessel B contained 

some water in order to have it saturated with water vapor as was the 

case with vessel A. The other side of the transducer was connected to 

reservoir C which maintained atmospheric pressure. Before a measurement 

was started A and B were brought to atmospheric pressure by opening a
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computer controlled solenoid S which was then closed during the 

measurement Interval.

For blood flow measurements, venous occlusion was accomplished with 

two pneumatic cuffs. One cuff was placed on the upper arm above the

strain gauge and another one at the wrist as near as possible to the

Plethcal. The cuffs were rapidly Inflated to a pressure of 50-60 mmHg 

which was sufficient to stop venous return from the limb while still

allowing arterial Inflow. The cuff on the wrist and the cuff on the

upper arm stopped the venous return from the hand and the upper arm 

respectively so that the blood flow of the hand and the arm could be

measured Independently. The cuffs were fully Inflated In 0.5 second and

cuff pressure was maintained for 10 seconds. A time Interval of about 70 

seconds was allowed between successive cuff Inflations. The outputs of 

the strain gauge and the Plethcal were recorded and the Initial linear 

part of the slopes of these recordings are used to calculate the blood

flow rates of the arm and the hand respectively.

During the hand blood flow measurements at each water temperature 

to which the hand was exposed, one or two calibrations were carried out 

depending on the experiment time. The water was injected uniformly in 

vessel by the infusion pump (Injection rate Is known) providing a

linear change in volume over time. The slope of this recording was used 

as a standard output of the inflow rate to vessel A^n to calculate the

hand blood flow rate by comparing this slope to the initial slope of the 

Plethcal output during the venous occlusion.

Heat loss from the hand was found by measuring the temperatures of

the water entering and leaving vessel T^v and T q v , and the coll,

T. and T , and the rates of the water flow through vessel A. , J , andic oc 6 in v
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che coil, J (J -J in Che accual measurements). Flow was nainCained c v  c

wich precision flow meters. No major CeaperaCure gradiencs builc up in 

vessel as Che wacer was slighcly scirred via Che recirculacion.

Taking inco accounC Che adapCaCion period prior Co daCa collecCion which 

was abouC 30 ainuCes for each waCer CeaperaCure, we confirmed ChaC che 

heac exchange becween Che hand and Che wacer reached sceady sCaCe so 

ChaC Che race of heac flux from hand Co Che wacer could be deCermined

by means of Che equaCion

q„— c p [(T - T, )J + (T - T. )J ] (5.1)w rw l ov iv v oc ic c J

where ctf and p are che specific heac and Che densicy of Che waCer.

Eighc calibraced 36 gauge copper-constantan Chermocouples 

referenced Co a discilled water crushed ice slurry were placed axially 

on boch sides of che ara while cwo ocher chermocouples were placed on 

Che finger and Che palm respecCively. The measured cemperaCures were

obCained wich a resolution of 0.01*C when Che chermocouples were 

connecCed Co an HP3478A multimeter and HP3488A scanner. The HP3478A had 

integrating analog Co digital converter and 5 1/2 digit display. The 

output of Che HP3478A was connected to a computer for real time display 

and storage.

5.3 Results

Fig- 21 gives che mean ±1 standard deviation (SD) values of heat 

loss from che hand qu for all subjects as a function of Che water

temperature Tw> which is between T q v  and T^v and can be considered

uniform in vessel A. since Che difference becween T and T. is lessin ov iv
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than 1*C. As expected, was positive or negative depending on whether 

the water temperature, T , was lower or higher than 37*C. The graph of 

the figure shows a minimum for at Tw of about 15*C and a maximum at

T of about 25*C. For one subject the minimum value for qH occurred at

T -20*C. w

In Fig. 22 the mean ± SD rate of the blood flow to the hand in

.1 .1ml blood*mln •100ml tissue for all subjects is shown as a function of 

the water temperature Tw> increased gradually as Tw increased from

15*0 to 35*C, but when the water temperature reached 40"C there was a 

large R^ increment. When the water temperature was decreased to lower

than 15*C also increased. In the theoretical model in chapter 4, the

axial conduction heat transfer was neglected in the arm. Thus, the 

artery-vein bulk temperature difference at the entrance of the arm to 

the hand which was an important boundary condition in the model, was 

approximated by substituting the values of q^ and R^ into equation

(4.12) since the metabolic heat production of the hand is negligible 

which will be discussed later.

Fig- 23 shows the mean ±1 SD of arm blood flow per unit tissue R^

in ml*min 100ml Although the arm was exposed to the air at a 

constant room temperature 22*C, the blood flow rate to the arm changed 

as the water temperature in which the hand was immersed was altered. The 

arm blood flow rate increased when the hand blood flow rate increased. 

This effect shows that the blood flow of the arm is influenced by the 

hand temperature. The value of RA provides the blood perfusion parameter
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in che Pennes bloheat equation which is used Co describe Che deep muscle 

layer heat transfer in che theoretical model in chapter 4. The total 

blood flow rate to the arm, which is used to estimate the inflow Peclet 

number of the arm in the model, is obtained by multiplying by the

total volume of the arm.

The ratio of the blood supply to the hand to the total blood supply 

to the entire limb is shown in Fig. 24. It verifies that the value of 

this ratio, 0.25, which is used in the theoretical model is reasonable 

at standard room conditions.

The average skin surface temperature distributions along the arm 

(in a dimensionless axial coordinate with ±1 SD) for the water 

temperature at 10, 25 and 40 *C are shown in Fig. 25. The average skin 

temperature at the Z/I^O.93 (about 5 cm from the wrist) changed with the 

water temperature more significantly than those at other stations. The 

axial temperature gradient became considerable in the forearm when the 

water temperature was lower than 25*C. Results of the temperature 

measurements from the thermocouples on the palm and the finger show that 

the skin surface temperature of the hand was little different from the 

water temperature to which the hand was exposed.

5.4 Discussion

As shown in Fig. 25 the axial temperature gradient is expected to 

be small compared to the radial temperature gradient in the arm when the 

water temperature, T , to which the hand was exposed is from 25*C to

40*C. In the experiment by Raman and Vanhuyse [20] the conduction heat

transfer from arm to the hand was found to be less than 20% of the total

heat loss from the hand when T was in this range. Therefore, thesew



results confirm that the proposed whole limb heat transfer model, in 

which the axial conduction is neglected, is valid under these 

conditions. The total heat loss from hand consists of the conduction 

heat transfer from the arm to the hand, the metabolic heat production in 

the hand and the heat transfer due to blood flow. As the metabolic heat 

production is only about 4% of the total heat loss value [41] for a 

resting hand, it is reasonable to assume that possible changes of such a 

small value will be negligible. Assuming a doubling of hand metabolism 

with 10*C tissue temperature increase (Q10 of 2), metabolic heat

production could be eight times as high at 40*C as at 10*C. Since heat 

transfer due to blood flow is also increased over this temperature 

range, the metabolic heat would still be a small percentage of total 

hand heat loss. It is thus reasonable to estimate the artery-vein bulk 

temperature difference at the entrance of the hand by substituting the 

measured heat loss in (4.12) when the water temperature is from

25*C to 40°C. The comparison of the predictions of the axial skin 

surface temperature distribution by the theoretical model with the 

measurements in the experiment is discussed in chapter 4. As shown in 

Fig. 18 the theoretical results for the water temperature at 30 and 35*C 

agree well with the experimental data. The minimum in the axial 

variation of the skin temperature, which was observed for the water 

temperature was equal to or larger than 30*C, has been predicted by the 

model in chapter 4. However, when the water temperature is lower the 

model is not valid due to the considerable axial temperature gradient in 

the forearm and the wrist.

The blood flow rate and the heat loss rate of the hand measured 

here agree with the measurements by Raman and Vanhuyse [20]
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qualitatively. However, this does not necessarily confirm their 

conclusion that the blood circulation patterns must be different when 

the hand is immersed in warm and cold water. The heat loss from the hand 

due to blood flow is determined by

V  'bcb W Tbi- Tb.> (5-2)

where and c^ are the density and the specific heat of the blood

respectively, is the hand volume and and are the average

blood temperatures entering and leaving the hand. The conclusion in [20] 

was based on the assumption that T ^  and T^q are of the body temperature

and the water temperature respectively. However, as shown in Fig. 25 the 

temperature of forearm can be cooled to lower than 20*C when the water 

temperature is at 10*C. The blood temperature is thus very likely to be 

precooled before it enters the hand. In fact, cooling of radial arterial 

blood to 22*C at 9*C room temperature was observed by Bazett et al. [19] 

in human arm. Moreover, the blood temperature leaving the hand usually 

is not the water temperature either. The theoretical prediction in 

chapter 4 for the hand immersed in the 30*C water shows that the blood 

temperature leaving the hand is higher than 30*C. A larger difference 

between the water temperature and the blood temperature leaving the hand 

is expected when the water temperature is lowered.

In conclusion, whether the circulation pattern is changed when the 

hand is immersed in cold water is still not clear. More information 

about the blood temperature in the arm is required to confirm or 

disprove this hypothesis since the theoretical model developed in 

chapter 4 is not valid due to the considerable axial conduction heat 

transfer in the arm in this case.

r
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Chapter 6. Conclusion

The work presented in chapter 2 has completed an important step in

the development of the Welnbaum-JlJ1 new bloheat equation (6). A revised

relationship between the local average tissue temperature and the artery

vein temperatures for countercurrent microvessels of unequal size has

been derived. A rigorous derivation is also presented for the closure

approximation relating the local arterial-venous temperature difference

and the mean tissue temperature gradient. Based on these results, the

Weinbaum-Jiji bioheat equation has been generalized for microvessels of

unequal size. The equation is valid provided the square of the
2

normalized thermal equilibration length of the vessels < is much

smaller than unity. In chapter 4 the Pennes equation is implemented to 

describe the tissue temperature field in the muscle regions where <>0.3 

in the resting state and during minimal exercise. However, during heavy 

exercise, which may cause the muscle blood flow to increase more than 

100 times, the Pennes equation is no longer valid in the deep tissue 

layer [39]. Therefore, a more general approach is still needed to 

describe the tissue temperature field under all possible conditions, 

including heavy exercise. Note that equation (2.47) is exact without any 

approximations and assumptions. One may derive a more general bioheat

equation by exploring a general relationship between the arterial-venous 

temperature difference Tfi-Tv and the local mean tissue temperature 8 (in

the Weinbaum-Jiji equation this relationship is given by equation (2.46)
2

with the restriction that < « 1 ) .

An approximate three-dimensional analytic solution for describing 

the countercurrent heat transfer between a vessel pair embedded in a
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tissue cylinder of constant cross-section with surface convection has 

been presented in chapter 3. The solution is the first to describe the 

axially varying asymmetric thermal field that develops in both the 

vessels and in the surrounding tissue cylinder. The primary objective in 

obtaining this new solution is to develop a three dimensional variable

geometry macro and microvascular model for whole limb heat transfer.

However, the new solution approach is of more general interest since it

attempts to lay the foundation for the heat transfer analysis of quasl-

thermal fully developed flows (a flow whose axial temperature gradient 

varies across the vessel cross section, but its Nusselt number is 

constant). In this new approach the axial temperature gradients in the 

convection terms in the governing energy equations for the vessels are 

approximated by the bulk temperature gradients in the respective vessels 

while the wall temperatures are allowed to be non-uniform in the cross- 

sectional plane. This approximation greatly simplifies the equations 

since the infinite series of eigenvalues required to describe the axial 

development of the temperature profiles for the full governing equations 

in the vessels are reduced to two characteristic eigenvalues describing 

the axial interaction of the bulk temperatures. The theory is easily 

extended to any number of vessels in an embedding medium of more general 

cross-sectional geometry. Furthermore, the approach can be generalized 

to consider an arbitrary location of the embedding vessels and different 

conductivities of the fluid in the vessels and the embedding medium. 

This will be important in developing a more accurate whole limb heat 

transfer model in which the major axial artery and vein are located far 

from the axis of the arm.

The new model of whole limb heat transfer developed in chapter 4 

has provided a major improvement on the first combined macro and
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mlcrovascular model proposed In [14] In Chat (1) ic is not limited by 

the assumption that heat loss to the environment is small compared to 

the heat transfer between the vessels (ii) predicts an axial temperature 

distribution for the central vein which agrees much better with the 

experimental data in [19] (iii) provides a rational explanation for the 

minimum in the average axial skin temperature variation that has been 

observed for the human arm (iv) describes the asymmetric axial 

interaction between vessels of non-uniform wall temperature and (v) 

despite these added complexities requires two orders of magnitude less 

computer time. This substantial improvement in computational efficiency 

results from a greatly simplified and yet more accurate description of 

the axial interaction. Furthermore, the model has the flexibility for 

some important refinements. These include a more accurate treatment of 

the asymmetric location of the major axial vessels and their bifurcation 

in the lower arm, the inclusion of a separate superficial venous return 

circulation from the extremity, a model for the extremity heat transfer 

and the consideration of time dependent behavior.

The minimum in the average axial skin temperature variation for the 

human arm predicted by the theoretical model has been observed in the 

experimental study discussed in chapter 5. Several of the Important 

parameters for the model were directly measured or indirectly determined 

by the experiment. The relationship between the blood flow and the heat 

transfer at different hand skin temperatures indicates that more 

information is required to confirm or disprove the hypothesis that the 

circulation pattern is changed when the hand is placed in a cold 

environment (such as in cold water) but the arm is in warm air. For this 

case the present model for whole limb heat transfer developed in chapter
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4 is not accurate because there is significant axial conduction heat 

transfer in the wrist and forearm.

Similar experimental studies can be carried out for the rat tail 

and the human finger. The theoretical models for these appendages and 

the model for the cremaster muscle can constructed based on a theory 

that is an extension of the analysis in chapter 3. In conclusion, the 

present research has set the stage for a new generation of macro and 

microvascular heat transfer models. It has led to a better understanding 

of the fundamental mechanisms of microvascular heat transfer and a more 

accurate description of macro and microvascular heat transfer and their 

coupling in the human limbs.
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Appendix

The function F which appears In equations (2.14) and (2.15) 

satisfies the differential equation

LI ♦ 1 If ♦ 1 1 !  - o (ad
dR2 R 3R R 2 da

and boundary conditions

q q
F(R-fo) - _!g(R,o), F(l,o) - _!g(l.a) (A2)

k kKt Kt

Where g(u,v) Is the unit line sink defined In equation (2.13). This

boundary value problem can be solved by separation of variables in the

cylindrical coordinates R, a of the w plane. This solution is

F(R,a) - !!l[ao+b lnR+ Z (akRk+bkR ‘k )coska+(ckRk+dl£R'k )sinka] (A3)
k t ° ° k-1

The coefficients a^ and b^ are determined by the boundary conditions 

(A2) and are given by

a0- —  / 2,r 'g(liO)da (A4)
2 n 0

a0+ b 0lnR - J. J 2* -g(l,a)da (A5)
a  2k 0

akRa + bkRak“ - •g(Ra >0,)coskada
it 0

ak+ bk- }_ f 2* -g(l,a)coskada (A7)
n 0

CkRa+ dkRa*k“ " f 2* -g<Ra .®)»i"kada (A8)
IT 0

ck+ i  f 2* -g(l,a)sinkada (A9)
K 0
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The fraction of the heat transfer leaving the artery or vein and 

entering the far field is most conveniently determined using residue 

theory. These heat transfer fractions pq and (l-p)q (see equationsCl 6

(2.17) and (2.18)) are given by

P«e“ ^  I r - R a - V ^ - -2wb<*̂ e (A10)

and

(l-p)q - k r2' £I  I . •l»da-(l+2irb0)q (All)
e C 0 3R K 1 ®

The coefficient b 0 can be determined from equations (A4) and (A5) and

also evaluated using residue theory

In Rn -2»b0- f^*g(l,a) - g(R .<*)da - -In 1 (A12)
a 0 a b

Substituting (A12) into (A10) and (All) and comparing with equations

(2.17) and (2.18) one finds that p is given by

In 1
p - ______________________________________________________ (A13)

In Ra

which is result (2.19). One can show from equations (2.9) and (2.10) 

that p must fall in the range 0<p<l/2.
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Table 1 Typical Value* of Parameter t

Artery diam. Vein diam. Peclet number a t

urn nm of artery

300 300 120 5.06 .112

200 200 40 5.06 .024

250 500 120 5.83 .081

100 200 40 5.83 .011

150 450 120 6.20 .046

100 300 40 6.20 .010

r
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Table 2 Shape Factor a for Equal Sized Vessels

Type of vessel aa
fi m

'r s
Present

ac
Ref. [27] Ref.

Large artery 1500 40 2.5 4.571 5.275 5.284

Medium artery 500 35 2.5 4.571 5.268 5.284

Small artery 200 20 2.1 5.234 9.924 9.975



Table 3 Model Properties and Constanta

L - 70 cm cr -0.933

R^- 7 cm C2“ 0.7

r ^ -  1.5 cm C 3" -0.867

<p — nav V -2

s - s - 1.25 a v V 2.5

a , - 0.3 cm ai C6“ 9.5

a^- 0.05 cm C7- 16

n^- 0.14 pair/cm3 V 1.047

& 2 “ 0.015 cm V 3.598x:

nj- 0.56 palr/cm3 ^10” *5.795x10

Pb- 1.05 g/cm3 

cb- 3800 J/kg *C 

kb -kc« 0.5 W/m °C 

T - 22*CCO
6 - 6 - 0.1 cm m s

Wb« 2.17 ml/min/lOOg
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Table 4 Values of Vascular Variables 
and Normalized Thermal Equilibration Length <

generation 
of vessel 
branching

r/R a
cm

n
#palrs/cm2

1r e
P .-14000 el

<*>-0.92
P .-3500 el

u-0.92

1st 0.214 0.05 0.14 0.174 2.872 0.718

2nd 0.398 0.027 0.28 0.342 0.692 0.173

3rd 0.528 0.015 0.56 0.5 0.184 0.046
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Fig. 1 Superposition of boundary problems of countercurrent vessel pair in cross-section plane
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Fig. 2 Transformation from Z to W plane for boudary value problem A
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Fig. 3 Model and in vivo temperature measurments [10]. Panel A: Temperature
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Fig. 5 Geometry of cross-sectional plane and coordinate system
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