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A b stract

O N  T E N SO R S P R O D U C T S  FO R M U L A T IO N S OF A D D IT IV E  FA ST  

F O U R IE R  T R A N S F O R M  A LG O R ITH M S A N D  

T H E IR  IM PL E M E N T A T IO N S  

b y

D O M IN G O  R O D R IG U E Z

A dvisor: Professor R ichard Tolim ieri

One o f  th e  objectives o f  th is  work is  to  present a  m athem atical language or 

structure in  w h ich  to  analyze in  a  unified  form at sim ilarities and differences am ong  

th e  com m only know n fast Fourier transform  (FFT ) algorithm s. T his language is 

th e  language o f  tensor prod ucts, a  branch o f  fin ite d im ensional m ultilinear algebra. 

W e concentrate on  algorithm s w hich  tak e advantage o f  th e  ad ditive structure o f  th e  

indexing se ts  o f  input and  o u tp u t d ata  during an  algorithm ic com pu tation . One 

o f  th e  advantages o f  using tensor p rod u cts language to  describe F F T  algorithm s  

is  th a t th is  m athem atical language m ay b e  u sed  a s an  analytic to o l for th e  stu d y  

o f  algorithm ic structures for m achine hardw are and softw are im p lem en tation s as 

w ell as th e  identification  o f  n ew  algorithm s. For instance, an  inherent p a rt in  

th e  stu d y  o f  com puter im plem entation  o f  F F T  algorithm s is th e  analysis o f  th e  

d ata  com m unications asp ects o f  th e  a lgorithm s w hich  m anifest them selves during  

im plem entation  procedures. T hese d a ta  com m unication  asp ects can  b e  b est stu d ied , 

in  turn , through th e analysis o f  p erm utation  m atrices w hich appear in  our tensor  

p rod ucts form ulations o f  th e  F F T  algorithm s.

A n oth er objective o f  th is  w ork is  to  p resent a  m athem atica l characterization  o f  

linear sh ift invariant, fin ite im pulse response (LSI-FIR ) filters, and describe how  

to  u se th e  tensor p rod ucts language a s to o l to  aid  in  th e  im plem entation  o f  th ese  

filters usin g  F F T  algorithm s.
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Tnt.reAict.inn:

O ne o f  th e  objectives o f  th is  work is  to  p resent a  m athem atica l language or 

structure in  w h ich  to  analyze in  a  unified  form at sim ilarities and  differences am ong  

th e  com m only know n fast Fourier transform  (FF T ) algorithm s. T his language is 

th e  language o f  tensor products, a  branch o f  fin ite d im ensional m ultilinear algebra. 

W e w ill concentrate on  algorithm s w h ich  take advantage o f  th e  additive structure  

o f  th e  indexing se ts  o f  inp u t and  o u tp u t d ata  during an  algorithm ic com putation . 

W hy w e say th a t th ese  algorithm s rest on  th e  additive structure w ill b ecom e evident 

w h en  w e describe them  in oth er sections later on . T his approach did n o t sta r t w ith  

th is present w ork, and  below  w e g ive a  b rief account o f  prior work perform ed by  

oth er authors on  th e  subject o f  tensor p rod ucts form ulation  o f  F F T  algorithm s. 

T his present work itse lf  started  w ith  th e  lectures and n otes im parted  by  professor  

R ichard Tolim ieri [1], [2 ], [3], [4], on  th e  subjects o f  d ig ita l signal processing and  

algorithm  design  for scientific com putation .

O f th e  ad d itive algorithm s described  in  th is w ork, th e  C ooley-Tukey algorithm  

w as th e  first reported  to  com pute th e  discrete Fourier transform  (D F T ) o f  a  vector  

signal m uch m ore rapidly th an  any oth er available algorithm  know n a t  th e  tim e. 

Jam es W . C ooley  and  John  W . Tukey sta ted  in  their original p aper [5] th a t, by  a  

process o f  iterations on  a  g iven  1-dim ensional array o f  n d ata  va lues, th e  num ber o f  

arithm etic operations required to  com pute th e D F T  could  b e reduced significantly  

from  th e  n2 operations required for straightforw ard calculation . T he C ooley-Tukey  

F F T  algorithm  essentially  allow s for th e  transform ation  o f  a 1-dim ensional array  

o f  n d ata  values in to  an  m -dim ensional array o f  d ata  values, in  every case w hen  

n is a  com posite integer o f  th e  form  n =  n in 2 ...nm. A  serial com pu tation  o f  th is  

m -dim ensional array o f  d ata  values produces a  se t o f  m  recursive equations; each  

equation  describing a m odified Fourier sum .

A fter th e  reporting  o f  th e  C ooley-Tukey algorithm  b y  J .W . C ooley and  J .W . 

Tukey in 1965, a great m any im plem entations o f  th is  algorithm  w ere perform ed on  

sequential m achines, im proving th e  com putational perform ance o f  th e  algorithm s 

by resorting, som etim es, to  clever com puter program m ing techniques, proper han­

dling o f  th e in p u t/o u tp u t d ata  indexing sets, and  by  stu d yin g  th e  p rop erties o f  

th e  d iscrete Fourier transform  m atrix  itself. In  1968, M . P ease [6 ] proposed to

1
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further im prove th e  com putational perform ance o f  th e  C ooley-Tukey algorithm  by  

developing sp ecia l purpose com puters w hich  w ould  take advantage o f  th e  fact th a t  

som e operations in  th e  algorithm  could  b e  perform ed in  a  parallel fash ion, and  in  

th is  w ay im prove th e  com putational speed . P ease u tilized  th e  language o f  tensor  

p rod ucts to  express th e  C ooley-Tukey algorithm ; and  h e  u sed  som e properties of 

tensor p rod ucts to  form ulate variants o f  th e  algorithm  w hich  w ere su itab le for im ­

p lem entation  on  a  special purpose com puter. A fter  th e  w ork reported  b y  P ease, 

oth er authors, such as Corinthios [7] and T em perton [8], have u sed  th e language  

o f  tensor p rod ucts to  describe th eir  work on  C ooley-Tukey ty p e  algorithm s. M .J . 

C orinthios u tilized  th e  technique introduced b y  P ease to  design  an d  im plem ent al­

gorithm s obtained b y  factoring th e  order o f  th e d iscrete Fourier transform  (D F T ) 

m a trix  to  an  arb itrary rad ix , as opposed  to  P ease’s  rad ix  tw o (2 ) form ulation . C. 

T em perton h a s provided  tensor products form ulations for a  num ber o f  variants o f  

th e  C ooley-Tukey F F T  algorithm . H e h as a lso  introduced  an  algorithm  for com ­

p u tin g  th e  D F T  in  an  ordered in p u t, ordered o u tp u t form at w h en  th e  order o f  the  

D F T  m atrix  h as been  factored  to  a  m ixed  rad ix .

T his work adds to  th e  work o f  previous authors in  th e  sense th a t it  treats  

th e  tensor p rod ucts form ulation  o f  algorithm s in  a  unified  m anner, identifying the  

necessary  m athem atic to o ls  for th e analysis o f  th ese a lgorith m s, and providing the  

algorithm  user w ith  gu idelines w h ich  w ill a id  in  identify ing usefu l com puter im ple­

m entations. For instance, in  a  tensor p rod ucts form ulation  o f  a  C ooley-Tukey typ e  

F F T  algorithm , there ex ist three typ es o f  m ath em atica l en tities , n o t including the  

perm utation  op eration s, w hich  can  alw ays b e  identified . T hese en tities  are: diago­

n a l operations, w h ich  are usually  term ed  p hase or tw idd le factors, and  expressions 

o f  th e  form  (Jr ® A) or (B  ® / , ) ,  w here A  and  B  are m atrices w ith  specia l properties  

w hich  w e w ill describe la ter on  in  another section . O f th e  expressions (Ir 0  A)  and  

(B  0  I,) ,  it  w ill b e  show n th a t th e la tter  is  m ore su ited  for vector com puter im ple­

m en tation . T he form er, (Jr ® A),  i t  w ill b e  sh ow n, ad ap ts itse lf  b e tter  to  parallel 

com puter im plem entation . M anipulating th ese  m athem atica l en tities , through  the  

use o f  tensor p rod ucts properties, gives u s  som e o f  th e  necessary  inform ation  to  

effect efficient im plem entation  task s on  given  m achine architectures.

One o f  th e  advantages o f  u sing  tensor prod ucts language to  describe F F T  al-

2
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gorith m s is th a t th is  m athem atica l language m ay b e  u sed  a s an  analytic too l for 

th e  stu d y  o f  algorithm ic structures for m achine hardw are an d  softw are im plem en­

ta tio n s  as w ell a s th e  identification  o f  n ew  algorithm s. For instance, an  inherent 

p a rt in  th e stu d y  o f  com puter im plem entation  o f  F F T  algorithm s is th e  analysis  

o f  th e  d a ta  com m unications asp ects o f  th e  algorithm s w h ich  m anifest them selves  

during im plem entation  procedures. T hese d a ta  com m unication  asp ects can  b e b est  

stu d ied , in  tu rn , through  th e  analysis o f  perm utation  m atrices w hich  appear in our 

tensor p rod u cts form ulations o f  th e  F F T  algorithm s.

W e p resent, in  tensor p rod ucts form , th e  descrip tion  o f  F F T  algorithm s w ith  th e  

fo llow ing objective in  m ind. To provide th e  user o f  th ese  a lgorithm s w ith  guidelines 

w hich  w ill enable h im  to  effectively  stu d y  th eir im plem entation  on  either special 

p urpose or general purpose com puters. B y  “effectively stu d y  their im plem entation ,” 

w e m ean  to  b e  ab le to  prod uce algorithm s w h ich  b est conform  to  th e  inherent 

con strain ts identified on any g iven  m achine hardw are architecture.

F ast algorithm s for d ig ita l signal p rocessing , includ ing fa st Fourier transform  

(F F T ) a lgorithm s, are a lso  im plem ented  on specia l purpose hardw are using d igital 

d evices. One o f  th e  d ig ita l hardw are d ev ices m o st com m only  used  for th e  im ple­

m en ta tion  o f  F F T  algorithm s is  th e  fin ite  im pulse response (F IR ) filter [9]. A nother  

ob jective o f  th is  work is  to  present a  m ath em atica l characterization  o f  linear shift 

invariant, fin ite im pulse respon se (L SI-FIR ) filters, and d escribe how  to  u se  th e  ten ­

sor p rod u cts language as to o l to  a id  in  th e  im plem entation  o f  th ese  L SI-FIR  filters 

usin g  F F T  algorithm s. A  reason  for th e  m athem atica l characterization  o f  LSI-FIR  

filters is  th a t it  w ill help  describe an d  analyze d ig ita l signal processing (D S P ) ap­

p lica tion s w here th ese  system s are u sed , m id p ossib ly  ob ta in  further sim plifications 

o f  desired  im plem entations.

3
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C hapter I  

T E N SO R  P R O D U C T S:

1.1. Tensor P roducta Properties;

In  th is  section  w e  present som e o f  th e  basic prop erties o f  tensor p rod u cts w hich  

are encountered  in  th e  form ulations o f  th e  algorithm s th a t w e w ill b e  describ ing in  

fu tu re sec tio n s o f  th is  w ork. Tensor products a lgebra b ecom es an  im p ortan t to o l  

for p resentin g  m athem atica l form ulations o f  d ig ita l signal processing algorithm s so  

th a t  th ese  a lgorithm s m ay  b e  stud ied  and analyzed  in  a  unified form at. We first 

describe th e  tensor p rod u cts as b ilinear m aps and  present som e o f  th eir  properties. 

W e th en  define th e  tensor product o f  m atrices and describe som e o f  th e  properties. 

T hese prop erties are very  useful in  m anipu lating th e  D iscrete  Fourier Transform  

m atrix  in  order to  ob ta in  different form ulations o f  algorithm s.

F in ite  se ts , w ith  internal additive property, are u sed  as indexing sets  in  algo­

rithm ic com pu tation s o f  th e  d iscrete Fourier transform  (D F T ). C om plex fu n ction s  

m ay b e  defined on th ese  se ts , and linear vector spaces re la ted  to  th ese  functions  

m ay b e  identified. T he tensor product o f  tw o com plex  functions is  defined  in  thia 

ty p e  o f  scenario. F irst, w e  g ive the follow ing definitions:

L et

Z / m  =  { 0 ,1 , . . . , m — 1}, (1)

and  le t th e  com plex  field  b e  denoted  b y  C.  T he se t o f  all functions

/  : Z / m  — ► C

i * —* f U )  =  U

form s a  linear vecto r  space w hich  w e denote b y  L{Z/m).  D efine /  a s th e  m -tuple

/ =  V , f i  =  f U ) ,  j e Z / M  (3)

• fm—l  ■

T he se t o f  a ll m -tuples £  form s th e linear com plex  vector space C m. T he se t L(Z/m)  

is  isom orphic to  C m.

T h e se t o f  all functions

h : Z / m  X Z /n  — ► C, (4)

4
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defined on  th e cartesian product se t Z / m  x Z/n,  form s a  linear vector space w hich  

w e denote by L (Z /m  x Z/n) .  B y  identifying every fiinction  h €  L (Z /m  x Z/n)  w ith  an  

m  x n m atrix  Hi

H  =  , (5)

it can be  shown th a t the space L (Z /m  X Z/n)  is isomorphic to  the  space M mXn[0)  of 

m x n m atrices over C.

G iven tw o linear spaces L {Z /m ), L (Z /n ), w e  can define an  application  <8 from  

th e  cartesian  product space L(Z/m)  x L(Z/n ) to  L [Z /m  x Z/n)  as follow s

0  : L(Z/m)  X L(Z/n)  — * L (Z /m  x Z/n)

(f ,g)  i— *h =  f ® g

where h, evaluated a t  (j, k) €  Z / m  X Z /n ,  is given by

(6)

Mj‘i k) =  ( f ® g ) ( h k )  =  f { j )  g(k), j e z / m ,  k  e  Z/n.  (7)

th e  product on  th e  right being  perform ed in  C.

T he se t

{ S ^ y . j e Z / m } ,  %] e  L(Z/m),  (8)

where

=  w

form s a  basis for th e  space L(Z/m),  w hich  w e call the standard basis for L(Z/m).  

Sim ilarly, th e set

{S[ky . k e  Z / n } ,  fyt] €  L(Z/n),  (10)

where

=  fc’“ e z / n . HD

form s a  basis for th e  space L(Z/n) ,  w h ich  w e call th e standard basis for L[Z/n) .  

D efine e  L {Z /m  x  Z/n)  by

w<.»> = { j ; < i2>

T he set

€  Z/m ,  k €  Z / n }  (13)

5
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form s a  b asis w hich  w e call th e  standard  b asis for L(Z f m  x Z/n).

For functions /  e  L(Z/m),  g €  L(Z/n),  h e  L (Z /m  x  Z/n) ,  w e can w rite  the

follow ing respective expressions uniquely:

/  =  E  W » i ’
3=0
n—1

S' =  E  9{k)S\k] , (14)
fc=o
m —In —1

h = E  E m / ,  *)%.*]
i= o  *=o

C onsider th e  fu n ction  v =  f  ®g,  v €  L(Zfm)  0  L(Z/n) .W e  can  w rite
m—1 n—1

« =  /  0  g = (5 3  /(/)% ]) ® ( E  MMfy]) (15)
y=o fc=o

U sing th e  linearity  property  o f  L(Z/m)  0  L(Z/n)  resu lts in
m —1b-1

V =  f ® g  =  5 3  E  /( /M M fy l ® 5[fc] (1 6 )
3=0 k=0

W e n o tice  th a t

(%] ® fyfe]) (*,«) =  (0  • £[fcl («) =  %,fc] (*, u), J, t  €  Z /m ,  k, u <= Z /n  (17)

T hus, w e w rite
171—1 n—1 m—1 n—1

V =  f ® g  =  E E  /(/)s(&)%I ® = E  E  M/> (1 8 )
3=0 fc=0 3=0 fc=0

W e w ould  like to  introduce a t th is  p o in t som e o f th e  basic p roperties o f  tensor  

p rod ucts m atrices w hich  are useful for th e  ty p e  o f  analysis o f  F F T  algorithm s de­

scribed  in  th is  w ork. W e also re la te  som e tensor p rod ucts expressions to  specific 

com puter operations perform ed on  selected  m achine architectures. T hese identifi­

cation s w ill a id  in  our analysis o f  th e  structure o f  th e F F T  algorithm s, w ith  the  

objective o f  determ in ing feasible im plem entations on  g iven  com puter architectures; 

and  to  p ossib ly  produce n ew  variants, from  th e  com puter im plem entation’s poin t 

o f  v iew , o f  know n algorithm s. We proceed  to  give th e  follow ing definitions.

L et m atrices A, B,  C  b e  described  as follows:

A  =  [ a(t ',r') j «'€*/, —
r'ea/r

00,0 <*0,1 00,r— 1

<*1,0
•

“1.1 <*l,r—1 
• •

•

.<*{-1,0 <*{-1,1 . . .  <*{—1,1—1.

(19)
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B  — [ biui .i\ ] u'e*/» —

60.0 60,1
61.1 61,1

.flu-1,0 flu-1,1

*0,0 Co.l
*1,0 Ci.j

&0,«-l
bl , t - l

flu -1,«-l.

C0,n—1 
Cl.u-l

(20)

(21)

,cm—1,0 Cm—1,1 ••• Cm—l,n—1.
T he tensor p rod u ct A ®  B  o f  th e  m atrices A  an d  B  is  th e  m a tr ix  C  defined b y

C  — A ® B  — [ofti r<)5] t'ea/< —
r'eXJr

0(0,0) B  0(0,1) 2? . . .  fl(0,r-l)-S
fl(i.o)-S flfi.i)-0  ••• fl(i,p-i)-B

.fl(t-l,0)-B fl(t-l,l)J3 ••• fl(t—i,r—1).B. 

S ince C  is  an  m x  n  m atrix , th e  integer values m, n are g iven  by

m  =  t  • u, n  =  r ■ 3,

(22)

(23)

and w e w rite  C  as

C  =  A ®  B  =  [fl(t',p<) ]«[& («',.')] =  Ic(y,*) 1 (24)

W e can  see from  th e  expression  above th a t an y  (j, fc)-th en try  o f  th e  m atrix  C  

depends on four (4) indices:

t r 6  Zft j  t* €  Z /r , u' €  Z /u , s' S Z /s

T hus, w e rew rite C  as

C  =  l c(j.fc) =  [ct'.u'iP'.v] t'ei/1k£Z/n «'£,/«
r ' e z / r

or

c [ cm',n' ] — [ C(t»)U»*■',«') 1 =  [ fl(t',r' • 6(u'.«')l =
C(0,0;0,0) c(0,0;0,l) C(0,0;1,0) C(0,0;r-1,»-1)
C(0,1;0,0)

•
C(0,1;0,1)

•
C(0,1;1,0)

•
C(0,l;r-1,«-1)

= C(0,u-1;0,0)
• • •

C(0,u—1;0,1) C(0,u—1;1,0) C(0,u—l;r—1,«—1)
C(l,0j0,0)

•
C(1,0;0,1)

••
C(1,0;1,0)

•
C(l,0;r-1,«-1)

■ C(t—l,u—1;0,0)
• • •

C(t-l,u-lj0,l) • • •
•

C(t-l,u-lil,0) •• 1,«—l;r—l,a—1) .

(25)

(26)

(27)

A  close look a t th e  m atrix  <7 reveals th e  follow ing ordering im p osed  on  th is  m atrix: 

T w o ind ices, nam ely, r', s', rem ain  constant w h en  reading dow n any g iven  colum n

7
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o f  C.  T he tw o oth er ind ices, nam ely, t', u', rem ain  con stan t w h en  reading  along any  

given  row  o f  C.  T he tw o  ind ices w h ich  do n o t  rem ain  con stan t on  an y  given  row  

or colum n, are ordered lexicographically. C onsider th e  ind ex pair (t1, u') as b ein g  

an elem ent o f  th e  cartesian  se t  Z / t  x Z/u .  I f  w e order th is  se t  lexicographically, w e  

can  estab lish  a  one-to-one m apping b etw een  th e  ordered e lem en ts o f  th is se t and  

th e  first tw o ind ices, nam ely, i'ju ', o f  th e  entries o f  th e  C  m a tr ix  as w e read , in  

order, dow n any colum n o f  thiB m atrix . In  th e  sam e m anner, a  on e-to-one m apping  

m ay b e  established  b etw een  th e  lexicographically  ordered e lem en ts o f  th e  cartesian  

set Z / r  x Z/a  and  th e  la st tw o  ind ices, nam ely, r', s', o f  th e  en tries o f  th e  C  m atrix , 

again, as w e read, in  order, a long any row  o f  th e  m a tr ix  C.

W e can also  relate th e  elem en ts o f  th e  set Z / t  x Z/u ,  ordered lexicographically, to  

th e  elem ents o f  th e  se t Z / m  ordered in  th e  n atural order, i.e ., Z / m  =  { 0 ,1 , . . . ,  m — 1}. 

A  possib le  m apping is described  by  th e  follow ing table:

Z / t  x  Z /u  — ► Z / m

(0, 0 ) i— ► 0

(0, 1)— >1

(0,2) i—► 2 

•

(0 , u — 1) i— ► u — 1

(1. 0) i— ► u

(1. 1) 1— > u + l

(l ,  2) i— ► u +  2 (28)

( l ,u  — 1) i— ► 2u — 1 

•

(t — 1, 0) i— ► (t  — l)u  

( t - 1, 1) i— » ( t - l ) u + l  

(t — 1, 2) i— ► (t — l)u  +  2 

•

(t — 1, U — 1) I— ► tu — 1 

8
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(29)

We ca n  also describe th e  above tab le  b y  th e  follow ing mapping: 

a-.Z/t x  Z/u  — ► Z / m

ti l, to)  >—i►o(3i>*) =  t i)  =  3i +  t h  

In  th e  sam e m anner, w e can  establish  a m apping betw een  th e  se t  Z / r  x  Z / s ,  ordered  

lexicographically, and th e  set Z/n ,  ordered in  the natural order. We describe th is  

m apping in  th e  follow ing way:

/?: Z / r  X Z / s  — ► Z /n

(fci.AfcJi— ►£(&!, fe) =  (*) =  k i + r k 2 

U sin g th e  above m appings, w e can n ow  rew rite th e  tensor product o f  A  and  B  in  

th e  follow ing way:

(30)

C — A ®  B  =  [c(j,fc)] =  [ c(ji + 1]2,ki +  rk2) ] uez/tj,ez»kiBS/r
kies/.

(31)

W e define th e  tensor p roducts o f  tw o  vectors in  a  sim ilar way. T hus, i f  w e let 

x  an d  y b e  any tw o vectors o f  d im ensions r and s respectively , the tensor products  

operation  x  ® y is  defined as

* ® y  =

*o?£
ziy
x2y

LSr-lS/J

xoyo 

xoy(t-i)  

*(1—1) !/0 

* ( r - l)y ( .- l)  J

(32)

U sin g arbitrary n-th  order square m atrices, including th e  identity  m atrix  

w e s ta te  th e  follow ing identities w hich  can  b e  verified through direct com putation:

In ® Im — In (33)

{Ao ® A i ® . . .  ® ilm—x)~1 =  A o 1 ® A l 1 ® . . . ® A ~ 1_ 1 (34)

( i 4 o ® ^ l® . . .® i4 m - l ) T =  ^0 © ^1 © • • • ® ^ m - l  (35)

Ao ® {Bq +  Bi + . . .  +  Bm- 1 ) =  (Ao ® Bo) +  (.Ao ® -®i) + .  • • +  (Ao ® -®m-i) (36)

(j4o® j4i® ---® -4m -i)(jBo® B i® ...® B m_ i)  =  (i40S 0) ® (A iBi )® . . .®{Am- 1Bm- i )  (37)
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(AoA i A 2 . . .  A m_ i )  ®  I n  =  (Ao ® Jn) ( A i®  In ){A 2  ®  I n ) ® Jn) (38)

T here som e tensor p rod ucts expressions w hich m ay b e  read ily  identified  w ith  

specific operations perform ed on  a  g iven  com puter. T w o o f  th e  m ost im portant 

ones are th e  expressions ( /r ® A) an d  (B ® Ja), w here A an d  B  are square m atrices  

o f arbitrary order. T hese expressions m ay  b e  im plem ented  as parallel and  vector  

processing operations, respectively, on  m achines possessing th e  required hardw are  

structure. For exam ple, i f  w e le t Ft den ote th e  discrete Fourier transform  (D F T ) 

m atrix  o f  order a, th en  th e  expression

can b e  im plem ented  on  a  m achine w ith  vector processor architecture, w ith  a t  least 

3  v ector registers, w h ose vector len g th  is  a t  least r. W e call tin s  expression  th e  

s-point Fourier factor on  vectors o f  len gth  r.

T he expression

m ay b e  im plem ented  on  a  parallel m achine w ith  a t lea st r processing u n its . We 

term  th is  expression  th e  3 p oin t Fourier factor on  r parallel u n its . W e w ould  like to  

p o in t o u t th a t w h en  expressing ad d itive F F T  algorithm s in  tensor p rod ucts form , 

expressions o f  th e  form  (Jr ® A) or (B ® / , )  are prevalent in  th e  form ulations. T he  

m atrices A ,B  w h ich  appear in  th ese  expressions, respectively , are alw ays square 

m atrices corresponding to  either D iscrete  Fourier transform  (D F T ) m atrices or 

lower order Fourier factors as th e  ones described  above (Eqs. (39), (40)). I f  e ith er A 

or B  is further com posed  o f  o f  low er Fourier factors, th e associa ted  expression  can  

b e  further expanded  u ntil th e last n on-id en tity  m atrix  in  th e in  th e  Fourier factor  

expression  iB a  Fourier m atrix . T hu s, for instance, A m ay b e  o f  th e  form  (Ip ® Fq) 

or [Fp ® Iq), p, q any integers. In  th is  case , th e  expression  (Ir ® A) w ould  have the  

final form  (Jr ® Ip ® Fq) or (7r ® Fp ® /„), respectively.

In  th e  course o f  th is  w ork, as w e  try  to  form ulate m athem atica l expressions  

describ ing th e  various F F T  algorithm s, w e w ill classify th e  operations encountered  

in  th ese  algorithm s as belonging to  one o f  th e  type o f  expressions described  above  

so  th a t w e  can em phasize th e  m odular n atu re th a t th e  tensor p rod ucts form ulation

(F. ® Ir) (39)

( Ir  0  7*.) (40)

10
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brings a b o u t. I t  is  im p ortan t to  p o in t ou t th a t th ese  op erations are th e  ones, w h ich , 

w h en  prop erly  m atched  to  th e  architecture o f  a  g iven  m achine during an  a lgorithm  

im p lem en tation , account for th e  increase in  perform ance w h en  com pared  w ith  th e  

stan d ard  sequential scalar processing. W e w ill a lso  analyse in  d eta il th e  p arallel 

or v ec to r  processing n atu re o f  th ese  expressions and  stu d y  their interrelationships  

through  perm utation  m atrices.

W e u se , in  th e  follow ing exam ples, som e o f  th e  prop erties o f  ten sor o f  p rod ucts  

described  above. T he m atrices u sed  in  th ese  exam ples, unless o th erw ise s ta ted , are  

arbitrary m atrices; their order ind icated  m o st o f  th e  tim e b y  su bin dices. A t  other  

tim es, w e u se  subindices to  ind icate a  sequence o f  arbitrary m atrices o f  th e  sam e  

order, th e  order, in  th ese  cases, b eing  sta ted  exp lic itly  beforehand. F irst, le t u s  

m ake th e  follow ing definition

L et Um d en ote th e  vector defined by

"  [ WO U i • • • 1 ] ) « 0  “  t i i  =  • • •  =  t im _ i  =  1  ( 4 1 )

E xam nlp  I t

(^n ® ^m) =  {Fn ® fmjiinn  

(fn  ® fmjirnn =  {F» ® Fm)(In ® Im)

(•Fb ® ® im) =  FnIn ® I,n^m

® =  ® 

fn-fn ® iinfm  =  (fn  ® ®-^m)

T hus, w e have

(Fn ® Fb,) =  (^n ® ® fm )

E xam ple 2;

(•̂ »» ® Im)(.In ® Fm) =  FnIn ® ImFm

FnIn ® FmIm — InFn ® FmIm 

11
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InFn ® FmIm — (/ji ® Fm)(l>r» ® Im)

T hus, w e have

(F% ® Im)(Jn ® Fm) — (/„ ® Fm)(Fn ® JTO)

E xam ple 3:

= (^ ® /m)(/„®£^n)

Tor J’n a  sym m etric m atrix , w e have

(Fn ® £/m)r  =  Fm ® U l

T h u s, w e have

Fm ® U Z  =  [Im ® U^)(Fm ® / m)

Thrnrnpio 4;

L et CmXi and  D nxi b e  any tw o  m atrices o f  d im ensions m x l  and  n x  1, respec­

tively . B y  d irect com putation  w e can  show  th a t

® DnXl  =  UnXlCmxl

Taking th e  transpose, w e  have

Cmxl ® D%x l  =  Cmxl-D^xl

In  th e  fo llow ing exam ples all th e  square m atrices are considered to  b e  sym m etric. 

E xam p le 5;

Ft =  .F, ®

(It ® Um)(F. ® 0i) =  ItFtQUmUi =

A n d , w e  have

(^ ® £ ^ )  =  (/„ ® Um)F,

12
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T he factor [Ia ® Um) is term ed  a  parallel assignm ent factor, w h ich , in  th is case,

a ids in  reducing th e num ber o f  arithm etic operations involved in  th e  com putation  

{Fa ® Um). T hus, i f  w e le t  m =  3 and  3 =  2, w e see th a t

( f *2 ® Uz)s. =

■1 1 • " Xq +  X i '
1  1 X q +  X \
1  1 M  =

X q +  X i

1  - 1 [ * i j a 0

1 a

1  - 1 Xo — XX
. 1  - 1 . . Xo — X i .

(12 ® U3)F2X =

n  o i  
1 0 
1 0 
0 1 
0 1 

L0 1J

+  * i l  
- * 1 J

E x a m p le  fl:

T hus, w e have

F. =  Ux ®Fa 

{Um ®I„)(Ux®Fa) =  UmU i 9 l . F .  =  Um ® Fa

Um ® F a =  (Um ® I a)Fa 

W e term  th e  factor [Um ® Ia) a  vector assignm ent factor.

E xam p le 7:

Taking th e  transpose o f  th e  expression (Fa ® Um) g iven in  E x. 5 resu lts in

Fa ® U l  =  Fa(Ia ® U l )

T he exp ression  (7, ® U^)  is  term ed a  parallel pre-addition  factor in  th e sense th at 

th e  co m p u ta tio n  {Fa ® w here £  is  a d a ta  vector, can  b e  perform ed by first

perform ing th e  com pu tation  (/« ® U^)x  and th en  allow ing Fa to  act on  th e resulting  

vector.

E x a m p le  8:

I f  w e tak e th e  transpose o f  th e  expression (Um ®Fa) g iven  in  E x. 6 , it  resu lts in

U l ® F ,  =  Fa( V l ® I a)

13
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T he factor (U^ <8>Ia) is  term ed a  vector pre-addition  factor. L ettin g  m  =  4 and  s 

allow s u s to  ob ta in  th e  follow ing resu lt for th e  com pu tation  (U^ ® F»)x.

{ U j  ® F2)x =

F a i U f Q l a )  =

?a Ft. F2 F2 \

xo
Xl
x2
*3
x4
Xo
Xo
.Xf

■ [
®0 +  +  X 2  +  X3  +  ® 4  +  X o  +  356

X 0  — * 1  +  X 2  — X3  +  X4  — X s  +  35s
+ S7I
— 357 J

f 2

f2

[;
Xo  

I X l

0
1

0
1

0
1

+  X 2  +  ® 4  +  Xo  

+  X3 +  356 +  357] " [

'

X l  
X2

0 x3
1 X4

Xo 
Xo 

Lxr j

Xq  +  * 2  +  X4  +  ®6 +  X l +  353 +  Xo +  X7 
xo +  X2 +  X4 +  xe — xi — X3 — X5 — X7

14
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Chapter H  

PE R M U TA T IO N  M A T R IC E S

2 .1 . P rop erties o f  P erm utation  M atrices:

In  th is  section  w e sp en d  som e tim e describing th e  perm utation  m atrices th a t  

appear in  th e  various form ulations o f  th e F F T  algorithm s, and  th e  role th ey  p lay  

in  m anipu lating tensor products form ulations o f  algorithm s in  order to  ad apt th em  

to  su itab le m achine hardw are architectures. P erm u tation  m atrices p lay  a  crucial 

role w h en  try in g  to  ob ta in  variants o f  F F T  algorithm s to  fit g iven  com puter archi­

tectu res. T he actu a l d a ta  flow required to  carry ou t C ooley-Tukey ty p e  algorithm s  

can  b e  described  b y  perm utation  m atrices. A  ty p e  o f  perm utation  m atrices w hich  

play  an  im p ortan t role in  th e  m anipulation  o f  tensor p rod u cts expressions for the  

form ulation o f  F F T  algorithm s is called “stride” perm utation  m atrices. T hey  are 

term ed ‘‘stride” perm utations because th ey  can  essentia lly  b e  perform ed b y  strid ing  

or sam pling through th e  d ata  w ith  a  constant d istance or len gth . T hese perm u­

ta tion s are ea sy  to  v isualize w hen  th ey  are described  in  term s o f  tw o  dim ensional 

arrays. W e p roceed  to  elaborate on th is  description.

I f  w e associa te  an array X  w ith  th e  n-dim ensional d ata  vector x,  by w ritin g , in  

order, dow n th e  colum ns o f  X  the elem ents o f  s., th en  th e  “stride b y  s” perm utation  

m atrix  P (n ,a ), or Pn,e, w ill b e  com pletely defined by th e  equation

w here is  th e  d ata  vecto r  associated  w ith  th e  array X i ,  and ob tained  from  th is  

' array by reading, in  order, dow n th e  colum ns o f  th e  array. The array X x itse lf  is 

obtained  from  th e  array X  b y  perform ing a  m atrix  transposition . T hu s, i f  w e have  

n =  r • a, th e  array X  is  w r itten  as

=  P(n, s)sj n =  r • a (1)

X  =

Xq Z,
X1 X»+1

S-fr—1)» 
*(«•-1)»+1

(2)

,%a—1 x2a—1 ••• xn—l

T he array X i  =  X T is w r itten  as

‘ *o 
x»

Xl
X»+l

X , - l  ‘ 
*2« -l

(3)Xi =
•X(r—1 )a ®(r—1)»+1 ••• Xn— i  .

15
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an d  th e  vecto r  ^  becom es

S.1 =

* 0 Xo
x 9
••

Xl
•

•
S ( r - l ) .

Xl

•
X.

*«+x
Xa+ 1

•
*«+2

•
•

. * •» -! .
»

(4)

W e provide th e  fo llow ing exam ple.

E xam ple 1 : For »  =  6 , r =  2, a =  3, w e  have

Xq
Xl
x2
X3
3*4

La*

X  =
350 x3 r
251 — ► X l  =  = 250 251 252

X2 L®3 254 355 .256.
■ 2Li =  P( 6,3) x =

*o
Xs
Xl
354 
X2 

• *

For th e  specia l case o f  »  =  2 • m, th e  X  an d  X \  arrays, o f  d im ensions m x 2  and 2 x  m, 

respectively , are given  b y  th e  follow ing expressions:

X  =

' 250 X m
251 X m + 1

■ 2I»n—1 X n —1 •

*  -  [ ;
sco *1 • • • a?m-
Vi» ® m + l • • • ;] (5)

T he n x n  perm utation  m a tr ix  P (n ,m ), or P„,m, is  th en  given  b y  th e  rule:

S .1 =  Pn,m 2L' (6)

T he m a tr ix  Pn,m is  usually  term ed  th e  perfect shuffle perm utation  m atrix  w henever  

n =  2-m . W e p rovide th e  fo llow ing exam ples o f  p erfect shuffle p erm u tation  m atrices:

E xam p le 2 : Take n =  4. T hen

P ( 4,2) =

1 0  0 0 
0 0 1 0  
0 1 0  0 

L0 0 0 1

and

P ( 4 ,2 )*

x0 m
x2
Xl

.X3 J

16
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E xam ple S: Take n — 8. T hen

P (8,4) =

1 0 0 0 0 0 0 0 -

0 0 0 0 1 0 0 0
0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0
0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0
0 0 0 1 0 0 0 0

.0 0 0 0 0 0 0 1 .

and

P (8 ,4 )x  =

Xq

*4
Xl
X&
X2
X&
XS

Lxr.
E xam ple 4: Take n =  6 . T hen

P(6,3) =

and

1 0 0 0 0 0-
0 0 0 1 0 0
0 1 0 0 0 0
0 0 0 0 1 0
0 0 1 0 0 0

.0 0 0 0 0 1.

P(6,3)2l =

xo
x3
Xl
* 4
X2

L*6
T he group action  o f  P(n,  2) on  ss. is  found by p lacing dow n, in  order, th e  even  

indexed  d a ta  p o in ts  follow ed by? in  order, th e  odd  d a ta  p o in ts. In particu lar,

P(n, n/2)P{n,  2) =  In.

M ore generally,

P[n, r)P(n,  s) -  Int n =  r - s .  

E xam ple 5; Take n =  4 • 2. Then

(7)

(8)

P(S, 2)£ =

x 0
x 2
X i

X6
Xl
X3

X b

L*7

17
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and

P M * 2. =

’x0m 
X* 
Xl 
XB 
*2  
XB 
X3 

■ X7.
from  w h ich  w e see th a t

P (  8 ,2 )3 =  P(8,4).

P (8 ,2 )3 =  h .

I t  is som etim es useful to  represent perm utations b y  d iagram s w hich  give a 

picture o f  d a ta  flow .

E xam ple 6 ; The perm utation  P (4 ,2) can  b e  represented  by

Xo-
Xl.
x2.
x3.

-Xo
-X 2
-Xl
-x3

Thrample 7- T he perm utation  J2 0  P (4,2) and P(4,2) 0  J2 can  b e  represented

by
x0.
Xl.
x2.
*3-
X*.
XB.
XB-
X7.

.Xo X0---------- -----------Xo
•X2 Xl---------- -----------Xl
■Xl
•x3
■X4 < ^ / ^ - x 2
■XB *6-"-------
■XB x&---------- -----------X6
■X7 x7---------- -----------x7

E xam ple 8 ; The perm utations P(8,2) and P(8,4) can  b e  represented  by

.Xo Xo
•Xl Xl
■X2 x2
•Xz x3
,x4 X4
■XB XB
■X6 XB
,X7 X7

In  general, an  n  x  n perm utation  m atrix  ran  b e given  b y  a  p erm utation  o f  Z jn  

L et H b e  a  perm utation  o f  th e  indexing se t  Z / m

II: Z /n  — » Z jn

V) -* n0)
18
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T hen, th e p erm utation  II can b e  described b y  th e  tab le

0) n(y)
0 n(oj
1 n(i) (10)

n — 1 n(» — 1)
Or sim ply b y

n = (n(o),n(i),..Mn(n-i)) (n)

Identify w ith  every perm utation  11 a  perm utation  m atrix  d en oted  b y  ifr or P(II) 

and defined by

=  ^n-t(j)l> 3 €  z / n (12)

w here fyj 6  L(Zfn)  is a  standard basis vector, L(Z/n)  is  th e  linear vecto r  space

form ed by a ll n -point com plex sequences, and  II-1  is  th e  inverse o f  th e  perm utation

n.

T he m a trix  Pn can b e  w ritten  as

Pn =  [^in-»(o)]^n-»(i)l ••• ^ln->(n-i)]l

Or

Pn — [ Pj.fc lo</,fc<n —

Po,o P0,1
P l ,0 P l,l

P0,n—1 

Pl,n—1

w here
. P n —1,0 Pn—1,1 Pn—l,n—1

* =  n(y); j , k e z / n

(13)

(14)

n •«. =  / K5=1HJJi 3,K*=*/n . ,
*’ \  0, otherwise ' '

T hus, in  general, th e  j - th  row o f  Pa w ill have a  1 in  th e  fc-th colum n w henever

k =  II(y) and  a  0 otherw ise. We w rite

Pn =  [py.fc] =  [Pj\n(j) ] (16)

W e associa te  w ith  th e perm utation  II-1  (the inverse o f  II) a  perm utation  m atrix  

P n-i defined by

Pn-» =  [Py,n-»(y)l =  IPn(y),y]> Pn =  [py,n(y)j =  [pn~M*).*] (17)

U sing (16), (17) and th e  fact th a t a perm utation  m atrix  is unitary, w e arrive a t the  

follow ing resu lt

(18)

19
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Define the m atrix Hr  as the m atrix obtained by postm ultiplying the m atrix H  

by the perm utation m atrix Pn associated w ith  the perm utation II:

Hr  =  P nH , H  — [hy.fc ]o<y,fc<n (1®)

Direct com putation shows that H r  is given by

Hr  =  [hji(y),fc ]o<y,fc<n (20)

Thus, H r  is the m atrix obtained by perm uting the rows o f H .

Define the m atrix H e  as the m atrix obtained by prem ultiplying the m atrix H

by the perm utation m atrix associated w ith  the perm utation m atrix II:

Ha  =  H P r, H  =  [ hy.fc ]0<y,fc<n 

Direct com putation shows that H o  is given by

H a  =  [Ay,n-i(k)]

Thus, H a  is the m atrix obtained by perm uting the columns o f  H .

We notice that i f  w e let

(21)

(22)

m  =

ho,k 
h i ,k 
hz,k , k  e  Z /n , ( 2 3 )

.h n - l ,k .

b e the As-th column o f the m atrix H , then the A>th colum n of the m atrix H r  is given 

by

hR{k) = Pnh(k) =

hn(o),fc
hn(i),k
hn(2),k (2 4 )

.^ n (n -l),k .

Let E n b e  the m atrix formed by the vectors o f the basis set {ey£[y], j  e  Z /n }:

E n =  [cq£[o] ei6\i\ e2Sf2] ••• ] (2 5 )

The m atrix E n is the diagonal m atrix

co

E n =  diage = e2 (26)

20
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w here e is  th e  rc-dimensional vector

e =  [cq ei C2 ••• Cn-i]3 (27)

(28)

T he p rod uct Pi\En o f  th e  m atrix  En an d  th e  perm utation  m a tr ix  Pn is given  by  

PnEn =  [en(3),fc]

=  [e0tf[n-»(o)l Ci^n-x(i)] . . .  C n-ifyi-H n-i)] ]

D irect com pu tation  show s th a t th e  la st expression in  th e  id en tity  above (E q. (28)) 

can  b e  rew ritten  as

diag

cn(o)
en(i)

,en (n - i) .

(29)

or

PnEn =  diag

en(o)
en(i)

■Pn (30)

. e n (n - i) .
T his la st equation  a llow s u s to  m ake th e  follow ing observation:

O bservation 1:

PnEnPn 1 — d iag[Pn -e ] (31)

W e can  arrive a t  th e  sam e observation  in  a  slightly  different w ay  b y  u sing  som e 

o f  th e  resu lts g iven  above. W e sta r t b y  u sing  Eq. (22) to  ob ta in  th e  follow ing result

EnPji1 =  EnPn- i  =  [ey,n(fc) ] (32)

I f  th e  above expression  (Eq. (32)) is  postm u ltip lied  by  th e  p erm utation  m atrix  Pn, 

w e obtain

PnEnP n 1 =  Pn.En.Pn-» =  [ en(j),n(k) ] (33)

S in ce En is  a  d iagonal m a tr ix , w e have

P n E ^ 1 =  [cn (y),n(y) ] =  d ia g [ P a - s ] (34)

Suppose th a t n is  th e  com posite  n =  r • a, Tafce any j  €  Z/n .  T h is elem ent can  

b e  w r itten  uniquely  as

j  =  e + d r ,  0 < c < r ,  0 <  d <  s

21
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Consider any k  €  Z/n .  T his elem ent can b e  w ritten  uniquely as

k =  a +  ba, 0 <  a <  a, 0 <  6 <  r (36)

C orresponding to  th is  factorisation  o f  n (n =  r ■ a), w e define th e  perm utation  II o f  

Z jn  b y  settin g

11(6 +  or) =  (a +  6s), 0 <  a <  s, 0 <  6 <  r (37)

T he m atr ix  representing th e  perm utation  II is  given by

Pn =  [Pi.fc] =  [ P i,n (i)]

w hich  satisfies th e  condition

Pas. =  £

w here

yy =  zn(i)> o < y < n

T hus, th e  action  o f  Pa on  th is  ifc-dimensional vector z  resu lts in

(38)

(39)

(40)

‘ x 0  ‘ *11(0) Xo
Xl *n(i) X,

Pn X2
••

= xn(2)
•

= x2,
••

■Xn—1■ .Xn(n-l).

•

■̂ (i—!)»+«—X ■

(41)

T his resu lts s ta te s  th a t, in  general, i f  n  =  r • s  and II is  th e  perm utation  o f  Z jn  given  

b y  (37), th en

Pn =  Pn,, (42)

w here Pn,» is  th e  str ide by s perm utation  m atrix  defined Eq. (4).

We have previously  associated  an  n-th  order perm utation  m atr ix  Pa or P(II) 

w ith  a  perm utation  II o f  order n. D irect com putation  show s th a t th e m apping

n —>Pn (43)

is a  group-isom orphism  from  th e  group o f  perm utations o f  Z / n  und er com position  

onto th e  group o f n x n  perm utation  m atrices under m atrix  product. In  fact

P O ia-iix) =  p (n ! )p (n 2),

p f ir 1) = p( n ) - \

(44)

(45)

22
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C onsider th e  se t  o f n x n  perm utation  m atrices

{P (n ,3 ):a |n}.

We w ill describe th e  perm utation  m atrices in  th is  set in  term s o f  th e  u n it  

U(n — 1) o f  Z / n  — 1. T he u n it group U(n — 1) is g iven  by

U(n — 1) =  {0 <  t  <  n — 1: (f, n — 1) =  1 } .

I f  t €  J7(n — 1), th en  m ultip lication  by i  mod (n — 1) is  a  b y ec tio n  o f th e  set

{0 ,1  n — 2}.

D efine th e  perm utation  lit o f  Z / n  b y  th e  tw o rules

n t (j) =  j t  mod ( n -  1), 0 <  j  <  n — 1,

n t ( n - l )  =  ( n -  1)

O bserve th a t i f  t\n th e  (t,n  — 1) =  1 and w e can  define lit.

E xam ple 9: Take n =  12, s =  3 and  t  =  4. T hen

n 4 =  (0 ,4 ,8 ,1 ,5 ,9 ,2 ,6 ,10 ,3 ,7 ,11 )

W e see  th a t

114(0 +  36) =  6 +  4a, 0 < a < 3 ,  0 < 6 < 4 ,

and

P (n 4) =  P(12,4).

O bservation 2: I f  n =  at  then

P (n t) =  P(n,t)

P roof: W e w ill show  th a t

IIt(a +  6a) =  6 +  at, 0 <  a <  s, 0 <  6 <  t.

F irst i f  0 <  a <  3 th en  0 <  at <  n — 1 and

lit (a) =  at.

23
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Since n =  at =  1 mod (n — 1) w e have

n t (o +  a) =  1 +  at, 0 <  a <  a. (54)

C ontinuing in  th is  w ay, w e com plete th e  p ro o f o f  th e  theorem .

C onsider th e  se t  o f n x n  perm utation  m atrices

{P (n t) : t € C r ( n - l ) }  (55)

T his se t  is  a  group isom orphic to  U[n — 1). In  fact

P(n,)P(nt) =  P(IIa), u =  at mod (n — 1) (56)

P (n a)-1  =  P (n a- i ) ,  a-1  taken mod (n — 1) (57)

O bservation  3; I f  n =  2m, th e  set

{P (2m,2 , ):0 < j  <  m} " (58)

is a  cyclic group  generated  b y  P (2m,2 ). In  fact,

P (2m, 2J)P(2m, 2k) =  P(2m,2 ,+fc) (59)

w here j  +  k is taken m od  m.

Proof: C onsider integers 0 <  j ,  k <  m.  I f  j  +  k <  m  th en

2i+k =  2, 2fc mod (2m -  1) (60)

w hich  along w ith  (51) and (56) show s th a t

P(2m, 2} )P(2m, 2k) =  P(2m,2i+k). (61)

Suppose th a t m <  j  +  k.  S et 1 =  j  +  k — m.  w e have 0 <  I <  m  and I =  j  +  k m od  

m.  From

2'(2m -  1) <  2i+k <  (2l +  l)(2m -  1) (62)

It follow s th a t

2l =  23'2k mod (2m -  1) (63)

A pplying observation  2 com pletes th e  p ro o f o f  th e  theorem .

24
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M ore generally, w e  have th e  follow ing resu lt w h ich  w e offer w ith o u t p roof  

O bservation 4; I f  p is a  prim e th en  th e se t

{P(pr,a):a|p'} (64)

is  a  cyclic group o f  order r generated  h y  P(pr,p).

W e n ow  proceed  to  prove an  im portant special case o f  th e  com m utation  theorem  

w hich  describes th e  action  o f  th e  perm utation  m atrix  pn,SI a|n, on  tensor products  

o f  m atrices. Take n =  r • s. Let x  and  y b e  vectors o f d im ension  r and  a, respectively. 

T hen

£ ® £

*oy
x i y

(65)

.av-iyj
T h e vector £  ® |/ is  equivalent to  th e  2-dim ensional array (see (1) — (6) above)

• • • av-iy] (66)

T h e op eration  Pn,»(s® y) is equivalent to

[xoyxxy . . .  xP_ iy ]r  =  [y0* y i*  . . .  y ,- i* ]  (67)

T h e  above id en tity  a llow s u s to  w rite  th e  follow ing expression  w h ich  can  b e  verified  

b y  d irect com pu tation

Pn,«(*®|/) =  |/® s  (68)

W e now  sta te  th e  follow ing theorem

T heorem  1 ; I f  A  is  an  r X r m atr ix  and B  is  an  a x  a m atrix  th en

Pn,a[A ® B)P~*  =  B ® A  (69)

Proof; S et s. =  £® £ w here * is  an  r-dim ensional vector  and y is an  a-dimensional 

vector. T hen , by defin ition ,

(A ®  B ) { x ® y )  =  A x ®  Bq  (70)

A p p ly in g  (68),

Pn,t ( ( A ® B )£ )  =  B y ®  Ax  (71)

25
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Arguing in  th e  sam e w ay

(B ® A)P„jtz  =  B y ®  Ax,

proving th e  theorem .

Corollary!

Pn,s( fr<»F(s))P- i  =  F(s) ® Ir

26
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C hapter IQ

T E N SO R  P R O D U C T S  FO R M U LA TIO N  OF K A H A N E R ’S  ALG O RITH M :

5.1. B asic D escription:

In  h is  paper [10], D . K . K ahaner describes a  procedure for factoring th e  Fourier 

m atrix  F#  w h en  N  =  p7, p  and 7  any integers. K ahaner’s  factorization  m eth od  pro­

duces, up  to  m a tr ix  factor expansion , w h a t is  com m only know n as th e  Cooley-Tukey  

(C -T) decim ation  in  frequency algorithm . In  th is  section  w e describe K ahaner’s al­

gorithm  in  d eta il, an d  th en  present it  a  tensor p roducts form ulation . This w ill aid  

in  th e  understanding o f  th e  tensor p rod ucts language u sed  to  analyze other F F T  

algorithm s later on.

3.2. K ahaner’« M athem atical Form ulation:

K ahaner sta r ts  b y  defining th e d iscrete Fourier transform  o f  N  equally spaced  

d ata  p o in ts x k  =  0 JV — 1:

Fr =  xke~ 3*irk =  4  E  a* a'* » 0 < r < N ,  a = e~2ni/N (1)
fc=0 fc=0

In  m atr ix  form ,

F  =  j j A X , FT =  {F0 Ft  . . .  FVr_x ] (2)

w here A  is  th e  m atrix:

A =

1 1  1 . . .  1
1 a a2 . . .  aN~x
l a 3 a 4 . . .  a 2( w - i ) (3)

j  aW -l a2(W-l) _  a{N-l)(N-l)

K ahaner p roceeds to  w rite a  general expression  for FTi r  =  0 ,1, . . . ,  N  — 1:

^  =  4  E =  j r  I I  ( £ }  , M  =  p7"1, r =  0 , 1, . . . ,  N  -  1 
fc=0 fc=o U=0 J

(4)

(5)

W riting r =  pm +  1, th e  follow ing expression  is  obtained,

Fr =  Fpm+l =  4 ^  | E Xfc+*"fl'to'fcaPmfc}  * 8 =  *~2ni,Pfc=0 lt=o J
For each fixed  I, th e  follow ing vector is  formed:

[Fi Fp+i F2p+i . . .  F(m-i)p+i  ]r , / =  0 , l , . . . , p —1 (6)
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A fter  som e algebraic m anipu lations, th is  vector is  w r itten  as,

N

£?=0
£ £ = 0

(7)

or

Fp+i
(8)

L ^ m -D p+i .
B y  w ritin g  th ese  p vectors (1 =  0,1 .........  — 1) in  a  colum n, th e  fo llow ing result is

obtained:

•si1) _

Fq

Fp

•*

••
.F[m —i)p+o . 

Fi
Fp+i

•
«

.F(M-i)p+ i.

Fp-i
F^p-i

•••
.FpM-p+p-l •

1_
N

B

L 
-

B X «
••

B . -y t1)
.A p-1.

w h ere,
v<i)A o
X<1}

. A p-1

=  x (1) =  A ^ X

and,

a (°) =

/
D

I
6D

I
Op- ^ D

D 2 (6 D )2 . . .  (6P~l D ) 2

d p - 1 {ODy - 1 . . .  (9P-i D y - l m

(9)

(10)

, D  =  diag [ l, a, a2, . . . ,  aM x] (11)

T h e vector  differs from  th e  v ec to r  F  by th e  perm utation  m atr ix  ttq:

B.

A<°>X (12)

28

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



S in ce th e  m a tr ix  B  has th e  general form  o f  th e  m a tr ix  A,  th is resu lt is  generalized:

[A«»] X  (13)-tS 5̂ 0 « « a x* — 7T17T2 • • ■ 1
’A*1)

*

A ^ -1 ).
•

A W .

w here

71*  =

7Ti

r /

A ^  =

7T»
7

> * — 2> • • • , 7 — 1

I
gp - ip t i )£>(*') tfuW

(Z)(j))P-l (0£>(j'))P-l . . .  (0P-l£>(7))P-l

(14)

(15)

£>W =

o(p?-/-»_l)p7

3.3 . Tensor P ro d u cts Form ulation:

, 7 =  0 ,1 .........7 - 1 ,  I^ -1  =  [ll (16)

We p roceed  to  describe th is  m atrix  factorization  m eth od  in  tensor products  

form . W e sta r t b y  introducing th e  follow ing definitions:

T he m a tr ix  Pn,», o f  order n =  r  • a is called  th e  str id e b y  a p erm utation  m atrix , 

and is defined b y

Pf»,« ' d — (do, d», <̂ 2»i • • • i dl, da-j-l, • • •, d(,—!)«+*—l)^

for

d — (do, d i , . . . ,  dt —i,  d, , . . . ,  d(r—!)»+,—i)^  

T he d iagonal m a tr ix  o f  order a is  defined b y

A,,, =  diag [l, w„, .......to*-1] ,  wn = e-2” /”

(16)

(17)

(18)

T he tw iddle factor (phase factor) m a tr ix  Tn,a(r), o f  order n, is defined as th e  d irect 

sum  o f  a d iagonal m atrices Dr<n/ ,  o f  order n/az

I f  n  =  r • a, th en

Z n ,«(r) — ® D 3r,n /a
0< j < a

2 n ,« (n )  — I n , a  — 3̂ ® ^ n ,n / a  ~  53 ® ^ n , r
0< j < a  0< j <9

(19)

(20)
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To arrive a t  a general form  for th e Fourier m atrix  Fjf, N  =  p'1, expressed  in  

tensor p rod ucts, w e s ta r t w ith  an  expression  for th e Fourier m atrix  Fp and u se  

th is expression , and th e  C ooley-Tukey decim ation in  frequency algorithm  expressed  

in  tensor prod ucts, to  ob tain  h igher order Fourier m atrices expressed  in  tensor  

products form:

Fn  =  Fp,  =  Fp =  =  Tp.pA^"1) =  JpAfr-‘> , 7  =  1 (21)

w here
1 1 1 1
1 tp tp2 tpP"1
1 tp2 tp4 tp2(P“ 1)
••

.1 uF"1 . . .  tp ^ -^ P -1) .

_  g—2irt'/pto =  e (22)

T he C ooley-Tukey d ecim ation  in  frequency algorithm  allow s u s to  w rite  Fp? in  th e  

follow ing form:

Fpi =  Ppi tP(Ip ® JJ,)2J)sip(Pp ® 7P)

U sing

w e g et,

A (^ -2) =  Tp3,p(Fp ®Ip) 

Fp, =  Pp3,p(/p® Pp)A(7- 2)

w here,

^ p * i p  =  ^  ® - ® p , p  i  -® p i p = [ i >  w p >  * ^ p ............... ^  x ]

0 <J<P
U sing th e expression for Fp g iven  above, w e obtain ,

Pp3 =  Pp3,p(/p ® PP)1)(Jp ® A ^ -^ J A ^ " 2)

(23)

(24)

(25)

(26)

(27)

For th e  m atrix  Fps , w e  w rite  down again  th e e g r e s s io n  for th e C ooley-Tukey deci­

m ation  in frequency algorithm :

w here,

U sing,

Fpi — Ppi'P?(Ip ® Fpi)Tp3iP(Fp ® Ipi)

^ p * t P  =  53 ® ^ p a ,p  ’ ^ p ’ iP  =  [ l i u 'p J ) u ,p , f , i u ^ 3  ]
0<J<P

A(7- 3) =  TpS,p(Fp®/pO, 
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and th e expression  given  above for Fpx, w e g e t,

Fp3 =  -fp’.p3(fp ® ^pJ.p)(^p3 ® Ppti)'

(Ip* ® A ^ _1^)(Jp ® 

C ontinuing in  th e  sam e m anner:

Fp* — Fp*,p3{Ip ® -̂ ps,pj )(^p3 ® Fpitp)(Ip* ® Pp,i)-

(Jp» ® A ^ ~ ^ ) { I P,  ® A ^ - 2))(/p ® A ^ - 3) ) A ^ -4) 

In  general, for a  Fourier m a tr ix  Fp- , 0 <  k  <  7 , w e w rite:

(31)

Fp* — Fp*,p3{Ip ® Fp*)Tp*tp[Fp ® I^s) (32)

U sing

A h - 4) =  rp .tP(Fp® JpO (33)

we get,

(34)

F p n - k  —  P p i - k tp i - k - i ( I p  ® F p i - k - l ) T p i - k tp ( F p  ® I p - t - k - i )  (35)

W e, again, set

A (7-(7-fc)) =  A (fc) =  T p , - k y P ( F p  ® I p l - k - t )  (36)

w here

2p7-*,p =  ^  1 ®-^p7 -* tP7 -* - i  > 0 <  A <  7  ; (37)
0  < i < p

and th e identity

w p l - k - x  =  e-s^PfpVp’ ) =  (c-ampVp’ jP =  «,P7_t (38)

m ay b e  u sed  to  w r ite  dow n th e  elem ents o f  Dp-,-kpn-k- i  , 0 <  Jfc <  7  

T he general expression  for F p . , - k  th u s becom es:

JPpl—k (Jp ® Jpi-fc-l^-fc-slf/i)! ® ip^-fc-J^i-fc-s) • ■ •

. . .  (I p n - k - 1  ® P p , l ) ( I p n - k - x  ® A^', - 1 ^)(/p-j-»!-3 ® A ^ " 2* ) . . .  (7p ® A (fc+1))A (fc)
(39)
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C hapter IV

T E N S O R  P R O D U C T S  F O R M U L A T IO N S OF F F T  A LG O R ITH M S:

4 .1 .  B a s ic  D e f in it io n s ;

W e sta rt w ith  th is  section  to  describe in  ten sor p rod ucts form  th o se  F F T  algo­

rith m s w h ich  are m o st com m only know n, and  w hich  exh ib it th e  ad d itive  property. 

W e w ill u se  th e  tensor p rod ucts p rop erties an d , especially , th e  p rop erties o f  th e  

p erm utation  m atrices described  above to  analyze th e  in terrelationship  am ong these  

algorithm s; a n d  w e  w ill describe h ow  to  u se  th ese  p rop erties in  order to  obtain  

im plem entations w hich  fit g iven  architectures. F irst, w e  w ou ld  like to  introduce  

th e  fo llow ing defin itions.

T he d iagonal m atrix  A»,»> o f  order a is defined by

D n,t =  d ia g [ l,wn, to*-1 ] , wn =  e~2nifn (l)

T he tw idd le factor (phase factor) m a tr ix  T„ia(r), o f  order n , is  defined a s th e  direct 

sum  o f  3  diagonal m atrices A-,n/« o f  order n/a:

0-1

Zn,«(r) =  Xrf (2)
J=0

I f  n =  r.s, th en

7n,j(n) =  Tn<l =  ®^n,n/a ~  ®^n,r  (3)
3=0 3=0

T he discrete Fourier transform  (D F T ) o f  an  n-point sequence x  is  defined as

y(k) =  ^  x t i ) w * ,  0 <  fc <  n; to„ =  e-2 *"/" (4 )
0<3'<n

w here y(k) represents th e  fcth-term o f  th e  D F T  sequence y.  W ritten  in  m a tr ix  form, 

w e have

We d en ote  th e  above m atrix  b y  Fn or F(n),  and ca ll it  th e  D F T  m a tr ix  o f  order n.
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4.2. C oolev-Tukev A lgorithm :

T he general case Cooley-Tukey F F T  algorithm  is  p resented  in  th is  section  in  

ten sor p rod ucts form  for a  com posite o f  th e  form  n =  r-s  . In  th is  case a  sequence x, 

w h ich  serves a s th e  in p u t d ata  to  b e  transform ed, is  represented  a s a  2-dim ensional 

array w h ich  w e  d en ote by X .  T h e transform ed ou tp u t sequence y  is  also expressed  

a s a  2-d im ensional array w hich  w e denote b y  Y . T hese representations are th e  key to  

th e  redu ction  in  th e  num ber o f  operations required to  com pu te th e  D F T  o f  a  given  

sequence. T hrough  th ese  identifications, th e  original D F T  sum  is  turned in to  a  se t  

o f  2 recursive equations, each equation  describ ing a  m odified  Fourier sum . W e first 

s ta te  th e  identifications exp licitly  and th en  p roceed  to  form ulate th e  C ooley-Tukey  

algorith m , expressing it  in  tensor p rod ucts form .

U sin g  correspondences o f th e  form:

L et X i =  X ?  and  le t  s.t  b e  th e  vector form ed b y  read in g , in  order, dow n th e  

colum ns o f  X±.  T hen , by definition (4) given  in chapter II, w e  have

w h ere £  is  th e  vector representation  o f  th e  inp u t sequence x.  W e can  w rite

a  : Z / s  x  Z f r  — ► Z jn

( h , 3 i )  *-» a ( h , J i )  =  (j)  =  32 +  aj'i
(1)

fi : Z fr  X Z / s  — ► Zfn

(fci, k z )  *-+ P {ku  f e )  =  (k ) =  k i  +  r k 2 ,  

w e ob ta in  2-dim ensional array representations o f  th e  sequences x  and y:

(2)

X(32,3\) =  *(j2 +  s ji ) ,  0  < 3\ < r ,  0 <  j 2 <  3. (3)

Y(kx,  Afe) =  y(kx +  rfc), 0 <  ki <  r, 0 <  k  ̂<  s. (4)

*1 =  Pn,a£j n =  r • 3. (5)

X 1{ju j 2) =  x(j2 +  aji), 0  <  i i  <  r, 0 <  j 2 <  s. (6)

T he expression  for th e  for th e  D F T  o f  th e  sequence x:

n—1
(7)
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can  b e  rew ritten  as
«—1 r —1

N ow ,

N o tic in g  th a t

w e rew rite (8) aB

m.M = E E  ̂ '3+'yi)(fc,+rfca)̂ x(ji,j2)
33=031=0

(j*2 +  3j i ) {k i  +  rks) =  32  kx +  j i k i s  +  mod n.

«>» =  w r :  =  w r ,  <  =  =  tU4) u £  =  1 ,

) < ki) < 2ki" i ikx
33=0 Ji=0

I f  w e look  closely  a t  th e  inner Fourier sum

r —1

^(fci.ya) =  £  X i(y i,ja K 'lfcS
31=0

(8)

(9)

(10)

(11)

(12)

w e n o tice  th a t i t  com putes, for each evaluation 0 <  j 2 <  a, th e  r-point d iscrete  

Fourier transform  o f  th e  ^ th -co lu m n  o f  X x and it  p laces th e  result in  th e  j2th- 

coltm m  o f  Yx. I f  w e  le t  y ± b e  th e  vector form ed b y  reading, in  order, dow n the  

colum ns o f  Yi, th en  w e can  w r ite  th e  follow ing expression

r yx(°.°) 1
y i( i .o )  

yi (r — l,  o)

J/i (0, a — 1)

1 . . .

. y i ( r -  1 , 3 - 1 )

w hich , u sin g  tensor products n o ta tion , can  b e  w ritten  as

yx =  (I, ® Fr)xx 

U sin g  (5), w e  rew rite th is  expression  as

Jk =  {I, ® Fr)Pn,.s.

T he n ex t stage o f  th e com putation:

Y2 (kt , j 2 ) =  Y i(*i,ja)w £fcl

1 . . .

1 . . .

S i (13)

(14)

(15)

(16)
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can  b e  given  b y  th e  d iagonal m atrix  m ultip lication

&  =  (17)

w here Tn>a w as previously  defined by (3) above.

W e com plete th e  com pu tation  by
«—1

m . f e )  =  '5 2 Y 2(k1, j 2)w ? k>. ( is )
j'a=0

I f  w e d en ote b y  th e  vector ob ta ined  b y  w riting  dow n, in  order, th e  colum ns o f  

y2, w e can  w rite  th e  follow ing m atrix-vector product 

y(o,o)

y ( r - 1,0)
J/(0,1)

•
•

y(r ~ ii i)
y(o,2) 

y ( r - 1,2) 

y(0, 3 -1 )  

. y ( r ~  l . s - l ) .

Ir Ir
Ir tU,Ir

Ir
V>llr

I r  W%Ir  W * I r

[Ir  w T ' l r  W ,-2Ir

Ir

Wl~2l r

VJ»Ir

y2(o,o)
*

y2(> i ,o)  
y2(o, l)  

y2(r — l ,  l)  
y2(o, 2)

•

3/2 (1— 1, 2) 

y2(o, 3 — 1) 

.y2( r -  1,3 — 1).

(19)

w hich , w r itten  in  tensor products form , resu lts in  th e expression

y =  (■F(a) ® Ir)y2 (20)

C om bining th e  above results w e arrive a t  th e  tensor p rod ucts form ulation  o f  

th e  C ooley-Tukey F F T  algorithm  for com puting a given n-point sequence x:

S/ = i.I'i3') ® Ir)I'n,a[Ia ® Fr)Pn,e2L (21)

w hich  produces th e follow ing factorization  for th e  Fourier m atrix  F(n):

F(n) =  (F(s) ® Ir)Tn,t [I, ® Ff )Pn,s (22)

T he above factorization  is  com m only know n as th e decim ation  in  tim e (D IT )

C ooley-Tukey 2-factor F F T  algorithm . Perform ing a  m atr ix  transposition  on  b oth

sides o f  th e  equation  resu lts in  th e  decim ation  in  frequency (D IF ) F F T  algorithm :

F(n) =  P~l(Ie  ® Fr)Tni.(F(s)  ® Jr) (23)
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4 .8 . C en tra l 2fc F F T  Algorithm ;

H istorically , radix-2 F F T  algorithm s w ere th e  first to  b e  designed a n d  used  

exten sive ly  in  scientific applications [11] due to  th e  ease  o f  hardw are and softw are  

im plem entations. W e present in  th is  section  th e  general C ooley-Tukey decim ation  

in  tim e (D IT ) and  decim ation  in  frequency (D IF ) a lgorithm s for the case o f  n =  2fc. 

T hese a lgorithm s lead  to  o th er w ell know n algorithm s w h ich  w e w ill describe later  

on.

T he b it-reversal p erm utation  m atrix  Q is  un iquely  defined b y  th e  con d ition

Q ( * l  ®  ■ ®  £ ( , )  — (lEfc ®  • ■ • ®  * 1 ,) , ( l )

w here x}- is  a  2-dim ensional vector. T he m a tr ix  Q actua lly  corresponds to  th e  

indexing se t  perm utation  II given  b y  b it-reversal. E xplicitly , each integer 0 <  j  <  n 

can  b e  uniquely  w r itten  as

3 =  a0 +  2oi + . . .  + 2fc-1a * _ i , 0 < ay < 2, (2)

an d  w e call th e ordered A:-tuple

( a o ,a i , . . . ,  a*_i), (3)

th e  b inary b it  representation  o f  j .  D efine th e  perm utation

n(a0,o i  afc_i) =  (afc_ i l . . . Ia i ,a 0). (4)

T h e  corresponding perm utation  m atrix  satisfies (1). For th e  case w h en  n =  2k the  

follow ing identity  can  b e  established

Q(n) =  (P(4) ® In/4) . . .  (P (n/2) ® I2)P(n),  (5)

w here

P ( n /  2’ - 1) =  {n/2?-1, n/2?) , j  = 1 , 2 , . . . ,  k (6)

S ettin g  Nj =  2k~3+1, w e can w rite

Tj =  In/Nj ® T{Nj), j = l , 2 ........* (7)
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w here

T(NA  =  TNjj2{Nj)  =  TWii2 =  [ W *  DNjtirjla] ,  3 =  1 ,2  fc (8)

B y  su b stitu tin g  inductively  (6) and (7) on  (22) o f  §4.2, w e  arrive a t th e  general 

form ula for th e D IT  C ooley-Tukey F F T  A lgorithm :

F{n) =  {F{2 ) ® In/2)Tr . . .  r fc_ i( /„ /4 ® F(2) ® I2)(In/2 ® F(2 ))Q (9)

A n  a lternate Fourier m atrix  factorization  know n as th e  G entlem an-Sande [12] 

radix-2 F F T  algorithm , is ob ta ined  by sim ply tak ing  th e  m a tr ix  transpose o f  (9) 

resu ltin g  in

F(n) =  Q(In , 2  ® F(2 ) )Tk-i (In / 4  ® F(2) ® I2) . . .  T i(F(2) ® In/2). (10)

W e can  organize th e  com putation  o f  th e  G entlem an-Sande radix-2 F F T  algo­

r ith m  in to  th e  sequence o f  k  operations

X 3- =  T}-(In/Nj ® F{2) ® In s+1) i j =  1, 2, . . . , k  (11)

follow ed  b y  th e  o u tp u t perm utation  Q.  In  each sta g e , n /2  2-point d iscrete Fourier 

transform s are com puted; b u t, th e  d ata  flow  varies from  stage to  stage. V iew ed  as 

a  vector  op eration , one effect o f  varying th e  d ata  flow  is  to  change th e  vector length  

during th e  com putation . In th e  / - th  stage , th e  operation

In/Nj ® F(2) ® Ins+1 } (12)

is  n/Nj  independent 2-point d iscrete Fourier transform s on  vectors o f  len gth  JVy+1. 

In  p articu lar, during th e  com putation , vector len g th  varies from  n /2  to  1.
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4 .4 . Peaae F F T  Algorithm;

In  [6], M . C. P ease designed a  variation  o f  th e  C ooley-Tukey F F T  algorithm  he  

asserts is  “b etter  to  parallel processing in  a  special purpose m achine.” One o f  the  

m ain  featu res o f  the P ease F F T  algorithm  is  th a t it  h as constant d a ta  flow in  all 

stages o f  th e  com putation . To accom plish th is , th e  com m utation  theorem  o f  tensor  

m atrices described  in  th e  in  the section  on  perm utation  m atrices is u sed . We now  

derive th e  general case P ease F F T .

S et

P  =  (n, 2) , n =  2fc. (1)

D irect com putation  show s th at

P* =  P[n,  2'); (2)

an d , in  particu lar, pfc =  /„ . W e apply th e  com m utation  theorem  in  th e  form

I n / N j  0  F(2) ® INj+l =  P ’ (In/2 ® F(2))P~3 (3)

S et

c  =  In/2 0  P [2) (4)

W e can  v iew  th e  operation  C  as n /2  concurrent 2-point d iscrete Fourier transform s. 

T h e com m utation  theorem  in  form  expressed  in  (3) can b e  introduced into  the  

radix-2 G entlem an-Sande F F T  to  obta in  th e follow ing factorization

F(n) =  QCTk-iPk~1CP~(k~1) . . .  P 2CP~2Ti P C P~1 (5)

w here Q  and T}- have th e sam e m eaning as described in  §4.3. Introducing brackets, 

w e can  w rite

F(n) =  Q(CTk-.1Pk- l ) . . . ( C P 2T1P ) ( C P ~ l )  (6)

U sin g  P ~ x =  P k~x, w e have the set o f  form ulas,

C P ~ 2TxP =  C T[P ~X 

C P~3T2P 2 =  C T^P-1 

•

CTh- i P * - 1 =  C l U x P ' 1 
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w here T- is  th e  d iagonal m atrix

T>_ —  p - ( j + i ) < r .  P J + 1 (8)

T his d iscussion  leads to  th e  follow ing theorem  due to  P ease .

Theorem  1: I f  n =  2fc and Nj  =  2fc-3+1, th en

j ( n )  =  Q ( c r k_ l p - 1) . . . ( c r 1p - 1 ) { c p - 1) (9)

w here Q is  th e  b it-reversal perm utation  m atrix  and

C  — In/ 2 ® P(2), 

P  =  P(n, 2).

(10)

I f  w e se t T0 =  Tn and

Yi =  C T ; .p - \  0 < j < k , (11)

th en  th e  Fourier m atrix  factorization  given b y  (6) determ ines a  k stage com pu tation  

given by  th e  sequence

follow ed b y  b it-reversal Q.  In  th e  j - th  sta g e , w e begin  perm utin g  th e  d ata  b y  th e  

perfect shuffle m atrix  P ~ 1. We th en  perform  th e  tw iddle factor operation  Tj and  

com plete th e  com pu tation  by  th e  operation  C  w hich  can  b e  carried ou t b y  n /2  

concurrent 2-point d iscrete Fourier transform s. Each stage h as th e  sam e d ata  flow  

w ith , on ly  th e  tw id d le factor varying.

Y0,Y (12)
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4.5 . Korn-T.am hiotte F F T  Algorithm :

A  vectorized  variation  o f  th e  P ease F F T  algorithm  is  presented  b y  K orn- 

L am biotte in  [13] for im plem entation  on  th e  ST A R  100 com puter. W e w ill present 

tw o  vector variations. In  each case, w e replace th e  parallelizable op eration  C,  given  

b y (4) in  §4.4, b y  th e vectorizab le operation

G =  F(2) 0  J„/2 (1)

In  th e  first variation , w e refactor th e  operation  Yj,  g iven  b y  (11) in  §4.4, as a

vectorizab le operation . B y  th e  com m utation  theorem  o f  tensor m atrices,

C  =  In/2 ® F{2) =  P ~ 1{F {2 )® Inl2)P  =  P - ' G P .  (2)

W e can  rew rite Yj as

Yj =  P ~ 1G P T jP ~1. (3)

U sing

T" =  P T ; p - \  (4)

w h ere, Tj is given  b y  (8) in  §4.4, resu lts in

Yj =  P ~ 1GT". (5)

T his la st expression  allow s u s to  s ta te  th e  follow ing theorem  

T heorem  1: IF n =  2fc, th en

f ( n )  =  Q ( P - 1G rk’_ 1) . . . ( p - 1G), (6)

w here N j  =  2fc-,+1 and

G  =  F(2) 0  Inj 2,

T'j =  P-Hln/Ni  ® r(iVy))P+^ (7)

P  =  P{n,  2).

T h e second variation  is  obtained  b y  choosing a  different bracketing for (5) given  

in  §4.4. U sin g  (9) given in  §4.4, w e can w rite

P(n) =  (P~1G)(P~1 D k - i G ) . . .  (P~1DG),  (8)

w here D3 is  th e diagonal m atrix

Dj =  P - V - V T j P ’- 1 =  T(JVy) 0  In/N.. (9)

T he com m utation  theorem  w as u tilized  in  order to  ob ta in  th e  la st equality  in (9).
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4 .6 . S tockham  A u to-S ort F F T  A lgorithm ;

T h e  effort required to  perform  a n  n-point b it-reversal op eration , either on  ou t­

p u t or in p u t d a ta , can  b e  an  im portant segm en t o f  th e  overall task  o f  an  F F T  

com p u tation  o n  a  g iven  v ec to r  m achine. In  C ochran e t  al. [14], an F F T  algorithm , 

a ttr ib u ted  to  T . 6 .  S tockham , is described  w h ich  com pu tes th e  F F T  in  proper or­

d er, w ith o u t requiring p erm utation  either after or before com pu tation a l stages. We 

call su ch  an  a lgorithm  an  auto-sort a lgorithm . C . T em perton [8] exam ines in  detail 

th e  im p lem en tation  o f  th e  S tockham  F F T  an d  m ixed-radix  generalizations on  the  

C R A Y -1 com puter.

T h e m ain  idea underlying th e  Stockham  auto-sort F F T  is  to  d istribu te th e  n- 

p o in t b it-reversa l op eration  throughout th e  different stages o f  th e  com pu tation . A t 

th e  sam e tim e, a ll th e  d iscrete Fourier transform  com putations are vectorized . To 

design  th e  P ea se  F F T , perm utation  m atrices o f  th e  form  P(n, m), m\n,  w ere intro­

duced  in to  th e  C ooley-Tukey factorization  in  order to  vectorize  th e  d iscrete Fourier 

transform  factors. The Stockham  F F T  is  derived  by vectorizin g  th ese  factors by  

b it  reversal. C onsider th e  factorization

f ( n )  =  Q(n){Inl2 ® F(»))2i_i(J*/4 ® F(  2) ® I2) . . .  T1(F(2) ® Jn/2), (l)

w here n =  2k. From  th e  form ulas

Q[n)(Inp 9 F ( 2 ) ) Q ( n ) - 1 =  C (2)

( « ( n / 2 ) ® / 2)(/„/ 4 ® F ( 2 ) ®  l 2 ){Q [n /2 )® I2)~x =  C (3)

(g(4)®/n/4)(/2®F(2)®/n/4)(Q(4)®/n/4)-1 =  C (4)

w here C  =  F (2) ® /„ /2, w e have

F(n) =  CQ(n)Tk- i (Q (n /2 )  ® ® I2) . . .  TXC. (5)

D irect com p u tation  show s th a t

R { n jV )  =  {Q(nlV)  ® J2i)(Q(n/2^'+1) ® / 2i+1 )" 1 (6)

R(n/2’ ) =  ( Q i n / V K Q i n ^ 1) ® I2)) ® I2j 
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J2(n/2*) =  P { n / 2 \ 2 ) ® I 2i (8)

w here w e  have u sed  th e  fact th a t th e  b it-reversal m a tr ix  and its  inverse are equal. 

T h e above d iscussion  allow s u s  to  s ta te  th e  Stockham  F F T  algorithm .

T heorem  1: I f  n =  2fc, th en

F(n) =  (Crk_ l R(n)){Crk. 2R(nf2)...(CTiR[A))C  (9)

w here

I f  w e  se t

C  =  F(2) ® In/2 (10)

R{n/2’ ) =  P(n /23\  2) ® I2i (11)

2y =  Q ( 2 3 + 1 ) T j- Q ( 2 1 + 1 ) ~ 1 (12)

TL-1  =  Q m - r t l n ) - 1 (13)

2fc-2 =  (<?(»/2) ® h ) T k- 2[Q(n/2) ® I2)~1 (14)

=  ( g ( 4 ) ® / n/4)T1(Q (4 )®/„ /4) - 1 , (15)

th en , T[,T2, . . ■,Tlc_ 1 are diagonal m atrices; and  w e can  rew rite (5) as

F(n) =  ( C T U R ( n ) ) ( C r k_ 2R (n /2 ) ) . . .  (CT’R(4))C,  (16)

w here

JZ(n) =  Q(n)(Q(n/2)  ® I2) ~ \  (17)

R(n/2) =  (Q(n/2) ® I2)(Q(n/4) ® I4)~l , (18)

fl(4) =  Q(4)® Jn/4 (19)
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4.7. M ixed -R adix  Coolev-Takev F F T  A lgorithm ;

T he m ixed-radix decim ation  in  tim e (D IT ) and  decim ation  in  frequency (D IF) 

C ooley-Tiikey algorithm s are sim ply a  generalization  o f  th e  tw o-factor C ooley-Tukey  

F F T  presented  in  §4.2. W e proceed  to  give a  general description  o f  th ese  algorithm s.

Suppose

n  =  n in 2 . . . n fc, (1)

Nj 71 j  . . .  7lk. (2)

We see  th a t

n/Nx =  1, n/N 2 =  m , . . .  n/Nk =  nx . . . n k- i .  '(3)

T hen,

F(n)  =  Q{In/Nk ® ■f’(nfc)) •• • 2 i( f ’(n1) ® Jw2), (4)

w here Q  is  a  perm utation  m atrix  (described below ) and  2y is a  d iagonal m atrix  

given  by  th e  form ula

Tj =  {In/Nj ® l <  3 < k  (5)

w here w e tak e T0 =  T he com putation  can  b e decom posed  in to  sequence o f  

operations

■Xii •Xiji. . . ,  X kt (6)

follow ed by th e  output perm utation  Q.  In  particu lar, vector  length  varies during  

th ese com putation  stages as

N 2 , N s , . . . , N k, l  (7)

T he ou tp u t perm utation  Q  is  th e  m ixed-radix  analog o f  the b it-reversal perm u­

ta tion . I t  is given, by induction , b y  the follow ing factorization

Q  =  P (« ,N2 )(In/Nl ® P(N2, N3) ) . . .  [ I n f u ^  ® P(N k- l t Nk)) (8)

D irect com putation  show s th a t

Q(aii ® =  2 * ® . . . ® * x  (9)

Form ula (9) serves to  uniquely define Q.

To ob tain  a  decim ation  in  tim e (D IT) factorization , w e  sim ply take th e  trans­

pose o f  b o th  sides o f  (4). T he resu lt is

F(n) =  (F(m)  ® IN,)TX . . .  (In/Nli ® F(nk))Q~l (10)
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4 .8 .  A garw al-C ooley M ixed-R adix P F T  A lg o r i t h m ;

A  generalization  o f  th e radix-2 P ease F F T  to  m ixed-radix  w as designed by  

A garw al-C ooley [15] for im plem entation  on  th e IB M  3090 V ector Facility. T he goal, 

as s ta te d , is  to  produce “a fu lly  vectorized  m ixed-radix  F F T  algorithm  requiring all 

lo a d /sto re  [operations] w ith  on ly  sm all stride.” T he lo a d /s to r e  operations refer to  

com puter instructions devoted  to  th e  transfer o f  d ata  b etw een  th e  vector registers 

o f th e  vector facility  and th e  storage facility. We p roceed  to  describe th e  general 

case.

For

» =  (1)

w e b eg in  w ith  th e  factorization

F(n) =  (F(m)  ® In3 )Ti . . .  (In/Nk ® jF(njfc))Q- 1 . (2)

S et

— F(n3) ® In/Njj (3)

Pj  =  P(n ,Nj) ,  N  =  nj . . . n k. (4)

U sin g  th e  form ulas

In/Nj ® /Wj+i =  Pj (5)

w e can  rew rite (2) as

F(n) = C1T1 . . . P r 1C3P3T3 . . .P ^ 1CkPkQ~1 (6)

S et

n  =  P i T .P f K  (7)

T hen, is th e  diagonal m atrix

=  Tnj+i {Nj) ® In/Nj (8)

and w e  can  rew rite (6) as

F(n) =  (C1T,1){C2r2P2P f 1) . . . (CkPk)Q- 1 (9)

T he j - th  factor (from  th e  left) is

c 3t ;.p 3P7+\  (io )
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T hrough d irect com pu tation  w e  can sh ow  th a t

P(n,»V) =  P3PT+\  =  P{n ,Ni ) P {n ,n /N J+1) (11)

w h ich  a llow s u s  to  s ta te  th e  general theorem :

T heorem  1: I f  n =  n i . . . t i* ,  th en

P(n) =  ((P (m ) ® I n /n J T D K F f a )  ® In/n3 )T 'P(n,n 2) ) . . .  ((F(nk) ® nk) ) Q ' \

(12)

w here Zy is  g iven  b y  (8).

A fter  th e  in itia l d a ta  transp osition  Q-1 , w e have k  com pu tation a l stages. A  

typ ica l sta g e  con sists o f  th e  sequence o f  operations

1. P(n,  My)

2. t ;

3. F(ny) ® In/ nj.
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4 .9 . T em perton M ixed-R adix  A u to-S ort F F T  A lgorithm

T he generalization  o f  th e  m ixed-radix  au to-sort F F T  algorithm  is  due to  C . 

T em perton [8]. W e p roceed  to  describe th is  a lgorithm  b elow .

D en ote  b y  Qj th e  d a ta  transp osition  op eration  corresponding to  th e  ordered  

factorization

n /N j+ i  =  (1)

an d  set

Rj  =  Qj  ® In j+ 1  , 2 < j  < k .  (2)

In  p articu lar, Rk =  Q>T hen, th e  D IF  m ixed -rad ix  F F T  algorithm  can  b e  rew ritten  

as

F(n) =  (CkRkR ^ 1) . . . ( r i C jR jR jll ) . . .(T 1Cl ) (3)

w here

d 3 =  R{nj )  ® ^n/nj (4)

Tj =  R j T j R j K  ( 5 )

T he m atrices Tj are diagonal m atrices a n d  are called  th e  tw iddle factors o f th e  

factorization  o f  F(n) in  E q. (3) above. S ince

R jR j - i  = {Q j{Q j~i ® Ins)) ® (6)

RjRj—i ~  R{n/RTj+i>nj)  ® Inj+x> (7)

w e have

F(") =  (CkP(n ,n k) ) . . . ( T j C j ( P ( n / N j + 1 , n j ) ® I Uj+1) ) . . . m C 1). (8)

A s bracketed , w e have a  com putation  requiring k  stages to  b e  perform ed. W hen  

in  th e  j - t h  sta g e , th e  d ata  perm utation  is  g iven  b y

P{n /NJ+1, rtj) ® INj+l (9)

T his expression  should  b e  com pared w ith  th e  d a ta  perm utation  operation

P(n ,n j)  (10)

required in  th e  jf-th stage  o f  th e A garw al-C ooley F F T  algorithm . In  th e  auto-sort

F F T  w e no longer require n-point d a ta  transp osition  on  o u tp u t, or input; b u t, w e

pay  th e  price o f  replacing com putation  sta g e  d a ta  p erm utations (10) w ith  th ose  

given  in  (9).
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C hapter V

C O M P U T E R  IM PLEM ENTATIO N OP F F T  ALG O RITH M S:

5.1. Factor D ecom position:

One o f  th e  objectives o f  th is  work is  to  present an  analysis on  th e  com puter  

im plem entation  o f  additive F F T  algorithm s. W hen trying to  im plem ent an  F F T  

algorithm  on  a  com puter, th e  given hardw are architecture configuration evokes 

inherent lim itation s on  the feasib ility  o f  th e im plem entation . Our objective is to  

investigate th ese  inherent lim itations, and  to  form ulate guidelines w hich  aid  in  th e  

designing o f  a lgorithm s w hich  take th ese  lim itations in to  consideration in  order to  

produce optim um  resu lts relative to  th e  identified  constraints o f  th e  given  com puter  

hardw are architecture.

In  our stu d y  o f  com puter im plem entation  o f  F F T  algorithm s, w e use th e  lan­

guage o f  tensor p roducts to  present form ulations o f  com m only know n algorithm s. 

T he p urpose o f  th ese  form ulations is  to  allow  u s to  describe each algorithm  as a 

series o f  factors or m athem atical expressions w hich w e w ill analyze, each one sep ­

arately, and w ill try  to  im plem ent them  in  a  m anner th a t b est ad apts to  th e  given  

com puter architecture; i.e ., by  m atching th e  m athem atica l expressions to  com puter  

operations w hich  u se  th e architectural features o f  th e  given  m achine in  order to  

perform  th e  m ost efficient com putations relative to  som e know n standards.

A s an  exam ple o f  th e factor decom position  o f  an  algorithm , w e present the  

general tw o-factor Cooley-Tukey algorithm . T he general tw o-factor tensor products  

form ulation  o f  th e  Cooley-Tukey decim ation  in  tim e algorithm  m ay b e expressed  as 

follows:

L et n =  r-s ,  w here r, a are any integers. T he factor decom position  o f  th e  Fourier 

m atrix  Fn, w h ich  produces th e  Cooley-Tukey algorithm , is  given  b y

Fn =  F(n)  =  (Ft ® Ir)Tn,t(I t ® Fr)Pn,s (1)

w here T„|S is an  nth-order diagonal m atrix , term ed th e tw iddle or phase factor  

m atrix; and  Pn,«, or P(n,a),  is a  perm utation  m atrix  o f  order n term ed th e  “stride  

b y  a” perm utation  m atrix .

T he expressions (P«® /r), (It ®Fr) are term ed Fourier factors m atrices, and th ey  

represent th e  m ain  bulk o f  th e  com putational effort. A  question  w hich  m ay b e
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posed  to  an  algorithm  user is  how  to  b est im plem ent all o f  th e  factors s ta ted  above  

on  a  vector  com puter?. T he answ er to  th is  question  resides on  th e  m anipulation  

o f  th e  above Fourier m atr ix  or F F T  algorithm  form ulation through  th e  properties  

o f tensor p rop erties, w ith  th e  p urpose o f  obtain ing a form ulation  th a t m atches  

effectively th e  architecture o f  th e  m achine. In  th e  case o f  th is  particu lar C ooley- 

Tukey form ulation , a  first im provem ent m ay  b e  to  u se th e  com m utation  theorem  

o f  tensor p rod ucts m atrices defined by

P -' i**  ® ^r)P (n ,a) =  (Fr ® I .)  (2)

in  order to  ob ta in  th e  follow ing form ulation

Fn =  (Fr ® Ir)Tn<l)P(n, a)P~ 1 (n, s)(I.  ® Fr)P(n, a) (3)

Fn =  (F, ® Ir)Tn, .P(n,  a)(Fr ® I.)  (4)

T his form ulation  w ou ld  b e  an im provem ent over th e  previous form ulation i f  the  

architecture allow s th e  perform ing o f  th e  perm utation  P (n , a) w ith  relative ease, in  

addition  to  th e  requirem ents n eeded  to  b e  m et ab out th e  num ber o f  vector registers  

and  th e  len gth  o f  th ese  registers. B efore w e elaborate on  th ese  requirem ents, w e  

w ould  like to  p o in t ou t w h y  th is  form ulation  w ou ld  b e a  b e tter  form ulation. W e w ill 

show  in  th e  n ext section  th a t th e Fourier factor (Fr ® / , ) ,  w h ich  w ritten  in  m atrix  

form  is

(Fr ® / , )  =

Is Is . . .
I g  W r i t  . . .  W r  X I t

(5)

.Is W?-1/, ... wrl»
is b etter  su ited  for im plem entation  on a  vector com puter th an  th e  Fourier factor

(I, ®Fr). In  fa c t, th e  Fourier factor (Fr®/„) m ay be im plem ented  on  a  vector m achine

w ith  a t  lea st r vector registers o f  register len gth  a t least a. I f  th is requirem ents are

m et, th en  w e  w ould  have a  b etter  im plem entation .

E xpressions o f  th e  form  (Jr ® A ), or ( P ® /„), are prevalent in  th e  tensor product 

form ulations o f  ad ditive F F T  algorithm s. T he m atrices A, B  u sually  take th e  form  

o f  (Ip ® Fq), or (F,, ® Iq) , w here Fp,Fq are Fourier m atrices. T hus, it  is im portant to  

have an  understanding o f  expressions o f  th e  form  (Ir ® Fp ® Iq). T hese expressions, 

in  turn , depending on  th e  underlying com puter architecture, can b e im plem ented  

as either vector or parallel operations. W e proceed to  exp lain  below  h ow  these  

im plem entations m ay b e  carried ou t.
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5.2 . V ector Comp u ter Im plem entation  o f  Fourier Factors;

T he expression  (Ir ® Fp ® Iq) m ay b e Im plem ented o n  a m achine possessing a 

vector architecture. T he basic requirem ents im posed  on  th is  arch itecture are th at  

it  m ust have a t least p  vec tor  registers, and th a t th e  len g th  o f  th ese  registers m ust 

b e  a t  least q. I f  th ese  requirem ents are m e t, th en  w e can  sta r t b y  rew riting  th e  

expression

(Ir ® Fp ® Iq)

in  th e  form

and analyzing th e  term

(Ir ® (Fp ® Iq)),

(Fp ® Iq)

T his term , w r itten  in  m atr ix  form , becom es

(1)

(2)

(3)

Fp ® I q =
tUplg

Wplp

(4)

T his m atr ix  form  reveals th e vector nature o f  th e  expression  {Fp ® Iq),  i f  th e  com ­

p u ta tio n  (Fp ® Iq)x  w ere to  b e  effected  on a  vector com puter. T h is is due to  the 

fa ct th a t th e  d ata  vector  x  cou ld  b e loaded, in  order, w ith  str id e 1, on to p  vector  

registers and th en  th e  com pu tation  could  b e  perform ed on  th ese  vectors. To be  

p recise, th e  vector  x, o f  len gth  pq, could  b e  p artition ed  in to  p sm aller vectors o f  

len gth  q,  nam ely, so,   S p - n  w here

(5)

Xo
X X

X q

xq+l
*(p-l)g

So = ••

•%q—1-

. S.x = •••
i •• • i Sp-i  — •••

. Bpq—1 .

T hus, th e  com pu tation  (Fp 0  Iq)x cou ld  b e  w r itten  as

Iq Iq . . .  Iq ' ' 2o
Iq W p l q  . . .  t u g - 1 / . Si

•
••

Jq  t U g - 1 / ,  . . .  W p l q  .

••
.Sp- i .

*0 +  S \  +  • • • +  Sp- 1  

So +  WpZi +  • • • +  «,p~12 p -i
(6)

So +  Wp~1S.i +  . . .  +  wpSp—i  

T his expression  describes th e  vector com pu tation , w here each term  in  each sum* 

m ation  represents a  vector register.
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T he w h ole expression  (Ir®(Fp®Iq)) can b e  w ritten  in  m atrix  form  in  th e  follow ing

w ay:

»0»

B I D

( /r ® {Fp ® Iq)) =

Fp<sl9

F„®Iq
(7)

F p®  I q )

T hus, th e  term  Ir m ay  b e  interpreted  as ind icating repetition . Sum m arizing, the  

expression

(Ir ®FP® / ,)  (8)

m a y  b e  im plem ented  on  a vector com puter b y  repeating  th e  op eration  (Fp ® Iq) (a 

v ec to r  operation) r tim es, in  a  parallel fashion, i f  possible; w h ere th e  expression  

(Fp ® Iq) itse lf  could  b e  im plem ented  by using  p  vec tor  processors o f  vector len gth  q.
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5.3 . Parallel Im plem entation  o f  Fourier Factors;

U sin g  th e  com m utation  theorem  o f  tensor p rod ucts m atrices, w e  can take the

expression

and  rew rite as

(Ir ® FP ® Iq)

(Iq ® (I r ®Fp)) =  P(n,q)((Ir ®Fp) ® I q) p - ' ( n , q )

w h ere

P(n,q),  n =  rpq 

d en otes a  "stride b y  qn perm utation  m atrix .

We u se  th e  properties o f  tensor products to  rew rite ( / ,  ® (Jr ® Fp)) as

(Iqr ® Ip)

T his la st expression , w ritten  in  m atrix  form , becom es

(1)

(2)

(3)

(4)

(Iqr ® Fp)

»0»

»2»

(

V - i »  v F j

(5)

T his m atr ix  representation  reveals th e parallel n ature o f  th e com putation  (Iqr ® 

Fp)*, w h ere x is  a d a ta  vector o f  len gth  rpq. T h is can  b e  seen  b y  th ink ing o f  th e  

d ata  vector *  as a set o f  qr vectors o f  length  p, nam ely, ssq, asx ®̂ r- u  w here

(6)

and  assigning each vector m <  qr, to  a  given  processing u n it on a  parallel

com puter. T his im plies th a t for a  parallel m achine to  im plem ent the expression  

(Iqr ® Fp),  in  a  parallel fashion, it  m ust p ossess a t least qr individual units.

'®o'
X 1

xp
x p + i

x(«r-l)p 

x (fli—l)p+l
*0 = ..

.
t

IH H II •
•

_*2p-l.

i • • * i SLqr—1 — ••

. x r p q - 1 .
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5-4. C om puter Im plem entation  o f  S tride Perm utations:

A s w e have sta te d  in  th e  section  on  perm utation  m atrices, th e  perm utation  

operations on  a g iven  com puter d ic ta te  th e  m anner in  w hich  th e  d ata  needs to  be  

presented  to  th e  com putational stages o f  a  given  algorithm  im plem entation . These  

perm utation  operations can  b e  th ou ght o f  as specialized  d ata  assignm ents in  th a t, 

for th e  case o f  th e  stride perm utation  m atrices, their action  on  a  g iven  d ata  vector  

resu lts in  a  reordering o f  th e  elem ents o f  th e  d ata  vector according to  a  sim ple  

rule. W e present in  th is section  som e th ou ghts as to  how  these perm utations m ay  

b e  im plem ented  on  a  given  com puter, and  se t th e  stage for fu ture stu d y  o f  the  

procedures involved in  th ese  com puter im plem entations.

5 .4 .1 . V ector Im plem entation  o f  S tride Perm utations;

T h e stride b y  a perm utation  m atrix  P(n, a) m ay b e  im plem ented using a  vector  

com puter in  th e follow ing m anner:

Por n =  r  • a,

1) Load a vector registers, o f  vector length  r, w ith  d ata  from  m em ory (the 

d ata  vector i ) ,  u sin g  stride a.

2) Load th e d ata  from  th e  a vector registers to  m em ory, w ith  stride 1.

T he procedure for loading th e  vecto r  reg isters from  m em ory ought to  b e  done 

in  such a  m anner th a t, a t th e  en d  o f  th e  p rocess, th e content o f  each  vector register  

w ould  b e  th e  sam e as a  colum n o f  th e  array X t .

5.4.2. Parallel Tmr»1«»mPn tation  o f  S tride Perm utations;

Por th e  case o f  n =  r • s, th e  perm utation  m atrix  P(n, a) m ay b e  perform ed on a 

parallel m achine in  th e  follow ing way:

1) Load a  vector segm ent, o f len gth  r, from  "global” m em ory to  each "local” 

m em ory on a separate u n its. T his m u st b e  done usin g  stride a.

2) Load to  th e  global m em ory th e  vector d ata  segm ent on  th e  a separate  

processing u n its  using stride 1.
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C hapter V I  

LSI-FIR  SY ST E M S:

6.1 . T he Im portance o f  L SI-FIR  Svnfomg;

T his 'work p resents a  description  o f  th e  d iscrete Fourier transform  (D FT) op­

erator, and its  im portance in  th e  analysis o f  linear sh ift invariant, fin ite im pulse  

response (LSI-FIR ) system s. L SI-FIR  system s arise frequently in  th e  processing o f  

fin ite  len gth  sequences. T heir im portance stem s from  th e  fa c t th a t  th e  response o f  

an L SI-FIR  sy stem  to  an  inp u t sequence m ay b e  in terpreted  as a  p eriod ic sequence; 

i .e ., since th e  response sequence is  fin ite, say, o f  len gth  n, it  a llow s for its  representa­

tion  as a  periodic sequence o f  period  n. T hrough th is  represen tation , th e  processing  

o f  fin ite len gth  signals usin g  L SI-FIR  system s m ay b e an alyzed  th rou gh  th e  study  

o f  cyclic convolution. T he cyclic convolution  operation  tu rn s th e  linear space o f  

n-point com plex  sequences in to  an  algebra. A nother im p ortan t op eration  defined  

in  th is  algebra (actually, in  an  algebra isom orphic to  th is  algebra) is  th e  poin t-w ise  

m ultip lication  o f  tw o  n-point sequences, th is op eration  b ein g  term ed  th e  H adam ard  

p rod uct [16] o f  tw o sequences. T he cyclic convolution  and th e  H adam ard  product 

operations are re la ted , through th e  D F T  operator, u sing w h a t is  com m only know n  

as th e  cyclic convolution  theorem .

W hen L SI-FIR  system s are used  for th e  processing o f  fin ite  len gth  sequences, 

an  op portu nity  arises to  u se  som e o f  th e  properties o f  th e  D F T  op erator in  order to  

reduce th e  com putational effort involved; and one o f  th e  m o st im p ortan t properties  

u sed  is  th e  cyclic convolution  theorem , w hich  allow s, through  th e  D F T  operator, 

for th e  replacem ent o f  cyclic convolution  o f  sequences b y  p o in t-w ise  sequence m ul­

tip lication . In  tu rn , fast algorithm s have b een  d eveloped  for th e  com pu tation  o f  

th e  d iscrete Fourier transform  (D F T ) o f  a  sequence. T his h as lead  to  a  further 

redu ction  in  th e  com putational effort required to  perform  cyclic convolution.

A n oth er im portant p o in t to  m ake ab out L SI-F IR  system s is  th a t a  num ber 

o f  a lgorithm s are know n w hich  perform  th e  processing o f  fin ite len g th  sequences 

relatively  fa st w hen  com pared w ith  straightforw ard m eth od s o f  com pu tation . T he  

d igital hardw are im plem entation  o f  th ese algorithm s m ay b e  accom plished  through  

th e  u se  o f  L SI-F IR  system s. T h is m akes L SI-FIR  system s on e o f  th e  m o st im portant 

to o ls  in  d ig ita l signal processing.
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6 .2 . M athem atica l PrelimiTinriPH;

In  th is  section  w e introduce som e m athem atica l n otion s w h ich  w ill help  us 

d escribe som e o f  th e  m athem atica l operators com m on ly  u sed  for th e  analysis o f  

d iscrete  linear system s w ith  fin ite  im pulse response. T hese system s p lay  a  substan­

tiv e  role in  th e  d ig ita l processing o f  d iscrete signals. L et Z / n  d enote th e  se t o f  n

n on n egative  integers

{0 ,1 ,. . . , n -  1}. (1)

A n  n-point sequence over th e  com plex field  C  is  th e  m apping

f ’. Z / n  — ► C  (2)

T h e set Z / n  is ca lled  th e  indexing set o f  th e  sequence o f / .  T he value o f  th e sequence  

/  o n  j  e  Z / n  is  / ( / )  and  it  is  u sua lly  d en oted  b y  /,-.

W e d en ote b y  th e  sym bol /  th e  n-tuple form ed w ith  th e  values j  =  

0 ,1 ,2  n — 1:

L  =

fo 1 
h

(3)

• f n —l .

T he se t o f  a ll sequences / :  Z / n  —» C  form s a  linear vector space w hich  w e denote  

b y L[Z/n) .  T he se t L(Z/n)  is isom orphic to  th e  n-d im ensional com plex vector space  

C n.

T he se t o f  n n -point sequences

: A =  0 ,1 , . . . ,  n 1J , (4)

w here

* w - { 5  i - * s z / n , m

form s a  b asis  for th e  space L(Z/n)  w hich  w e call th e  standard  basis.

W e n ow  introduce th e  sh ift operator Sn over th e  space L(Z/n).  T his operator  

is  th e  central com ponent in  th e  characterization  o f  LSI-FIR. system s.

L et th e  operator Sn over th e  space L(Z/n)  b e  defined in  th e  follow ing m anner:

Sn’L(Z/n)  — ► L(Z/n)

fyfc]-1----" Snfyfc] =  fyfe+l] (6)

and S ^ n - i )  =  £[„) =  £[oi =  S
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T he sequence £[0] =  S is  called  th e  u n it sam ple sequence. I f  w e  replace th e  

argum ent j  e  Z / n  o f  th is  sequence b y  j  — 1, j  e  Z / n , w e ob ta in  the follow ing resu lt

{ 5  £ £ £  i & z / n  m

T h is resu lt o f  (7) is equivalent to  th e  definition o f  th e  sequence

«■> = {»: <«)

T hus, w e w r ite

or

(£f»£[o])0) =  fy)]0 ~  1)> 3 S Z / n  (10)

A s w e sta te d  above, th e  operator Sn is called  th e sh ift operator; and, i t  can  b e  

seen  by (10) th a t shifting th e sequence £[0j is  equivalent to  ‘delaying’ th e  sequence  

i f  its  argum ent is  thought to  be d iscrete tim e instances. In  general, w e have

($ » * h )( j )  =  f y n j U - 1). m e  Z / n  (11)

w here parentheses are p laced  around th e expression  5n5[m] in  order to  em phasize  

th a t it  is  a  sequence obtained  by operating b y  5„ on  th e  sequence 6[mj. We rew rite

( l l )  as

fyfej(l) =  f y s - i j t f - 1) .  3 , k e Z / n  (12)

and n otice  th a t

f y - i , ( / - l )  =  <J[fc_2] ( /  -  2) (13)

W e m ay  continue th is process and arrive a t th e follow ing expressions for £[*] (j):

fyfe](i) =  S [o\ { j -k)  =  6{ j  — k) j , k  e  Z / n  (14)

and

S|*]0‘) =  ^|fc-j](°) 3\ k e Z / n  (15)
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T he follow ing identities follow  from  defin ition  (6) o f  th e  sh ift operator

fy] =  S ^ o l

5 |2] =  £ „ £ [ ! ]  =  S n  (£ „ £ [()])  =  5 ^ [ o ]

£[3] =  Sa6[2] =  S ^ o ]

: (16) 

[̂fc] =  n̂̂ [fc—1] =  &n(.Sn —  (^n^[0]) • • •) =  ^n |̂0]

6[n] =  5flfi|„_1] =  S^6[ o]

S ince &n£[n-i] =  [̂o] b y  defin ition, it  follow s th a t

=  S[0] =  8 = > S Z  =  In (17)

w here /„  is th e  identity  operator. We can  rew rite (14) and  (15), respectively, as

*[*](/) =  (S*S[oj)(j) =  s U - k )  (18)

and

f[fc](?) =  ^ - ^ |0 ]  =  6 ( j - k )  (19)

G iven an  n-point sequence /  e  L(Z/n) ,  w e  can w rite  th is  sequence as a  linear  

com bination  o f  th e  se t  o f  b asis fim ctions {£[*;], k  €  Z /n }  in  th e  follow ing w ay

/ = E M*1 (20)
0 < k < n

w here /*  =  f (k) .  W e define th e  inner product ( ,  ) o f tw o  sequences f , g  & L[Z/n)  as 

follows
( ,  ):L[Z/n) X  L(Z/n)  — ► C

{f ,g ) '—*{f ,g )  =  E
0 < fc< n

(21)

w here L(Z/n)  X  L(Z/n)  defines th e  cartesian  p rod uct o f  th e  L(Z/n)  w ith  itse lf, and  

Qk — (?(&))*, th e  operation  ()*  im plying com plex conjugation . U sing { /, 5[fc]) =  /* , w e  

rew rite (20) as

/ = E {/.«W>«W (22)
0<fc<»

U sing th e  sh ift operator Sn, w e can  also w rite  /  e  L(Z/n)  as

/ = E M*] = E f*S*S[01 (23)
0<fc<n 0 < k < n
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w here

f t i ) = ( E /*£(*)) 0) = E (24)
0 < k < n  0 < k < n

m  = E /*(s»W) = E **(/-*) = u  (25)
0 < fc < n  0 < fc < n

O perating b y  Sn on /  resu lts in

(S»f)(i) =  ( sn J 2 f ksZsl0])(j)
k = 0

(26)
= E h s a m u )

0< fc < n

= E f ^ { S nSl0])(j)
0 < k < n

=  E /* ôj(j-i) = /(j-i)
0 < fc < n

B y  iterating  th e  procedure sta ted  above, tb e  follow ing resu lt follow s

( SZ f ) ( j )  =  E  /m^(5^Io])(i) = E  W l M  (27)
0 < m < n  0 < < n

E /™̂w(y) = E fms ? s ( j - k )  = /(,•-*) (28)
0 < m < n  0 < m < m

In  general, w e w ill d en ote by /[*] th e  fu n ction  obtained  b y  applying th e operator  

S* to  th e  function  / :

f [ k ] = s Z f =  E /ŷ Iil. /e£(Z/») (29)
iez /n

U sin g  th e  linearity  property  o f  th e  sh ift operator 5n, th e  follow ing evaluation  is 

determ ined

(£„(«* / + f o ) )  (A;) =  ( a S /  +  jM & )(*), f , g e L ( Z / n ) ,  (30)

( S n ( a f  +  0g))(fc) =  (« /[! ]  + ^ [ i ] ) ( f c )

=  « /[ i](* )+ ^ |ij (* )  (31)

=  a (S „ /)( fc )  +  /?(S„<7)(A:)

In  th e  n ext section  w e w ill describe a class o f  operators w hich  com m ute w ith  the  

sh ift operator. T hese operators are an  essentia l to o l in  th e  analysis o f d iscrete  

(d igita l) signals.
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6.8 . P rop erties L SI-FIR  System s;

In  th is  section  w e  w ou ld  like to  describe a  special c la ss o f  operators w hich  

are linear an d , m o st im p ortan t, sh ift invariant; i .e ., th ey  com m ute w ith  th e  sh ift 

op erator Sn. T hese operators p lay  a  m o st im p ortan t role in  th e  field o f  d ig ita l signal 

processing (D S P ). T h ey  are u su a lly  referred a s  linear sh ift invariant (LSI) system s. 

T he reason  for th is  nam e is n ow  exp la ined . A s  i t  w as s ta ted  in  th e  in trod uction , in  

order to  ex tract w h a t m ay  b e  considered  usefiil inform ation  from  a d ig ita l signal 

(num eric sequence), th is  d ig ita l signal is  u sua lly  a cted  on  b y  a  linear p rocess. T he  

resu lt (ou tp u t) o f  a  linear p rocess is  u sually  another d ig ita l signal. T h e process  

itse lf  m ay  b e  d escribed  as a  fin ite sequence o f  operations perform ed on  th e  input 

signal. I f  w e adopt th e  black b o x  con cept, th en  w e can  describe' th is  scenario as a  

black b o x  (the linear p rocess) w ith  an  input (th e inp u t signal) and a  response (the  

o u tp u t sig n a l). P h ysica l im p lem en tation  o f  th ese  black b o x es are ca lled  system s; 

w hereby, in  its  sim p lest form , a  sy stem  m ay con sist o f  a  hardw are device perform ing  

a single linear operation , u su a lly  sh ift invariant.

B y  a  process o f  analogy, th e  m athem atica l m odel o f  a  physical linear process  

m ay b e  described as a  fin ite com position  o f  linear operators w hich  a cts  on  a  given  

signal know n a s th e  input signal to  th e  process. A  linear p rocess, in  its  sim plest 

form , m ay  consist o f  a  single linear (usually  sh ift invariant) operator. I f  th e  ou tp ut  

(response) o f  an  L SI sy stem  is  finite; i. e ., th e  o u tp u t d ig ita l signal is fin ite , then  

w e further classify th ese sy stem s as fin ite  im pulse response (FIR) system s. Our 

objective in  th is  section  is  to  m ake th is  classification  precise.

L SI-F IR  system s are v ery  im p ortan t in  th e  analysis o f  d igita l signals. T his 

stem s from  th e  fa c t th a t i f  th e  respon se o f  a  g iven  system  T , acting on  th e  basis  

fu n ction  8, 8 €  L(Z/n)  is k now n, th en  th e  resu lt o f  th e  system  acting  on  any other  

in p u t signal /  €  L(Z/n)  m ay  b e  deduced . W e m ake th is sta tem en t m ore precise. 

L et A[0] — h b e  th e  sequence ob ta in ed  b y  applying a g iven  L SI-FIR  sy stem  T  to  the  

basis function  Si

T£[o] =  T6 =  A[o] =  h (1)

T he resu lt o f  T  actin g  on  any oth er b asis fu n ction  <?[*] S  L {Z/n ), k  S  Z / n  is  given  b y

T(*[fcJ) =  T(S*6)  =  S*(TS) =  S*h  (2)
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S ince any given  sequence /  e  L(Z/n)  can b e  w ritten  uniquely  as

/  =  E  f e H Z / n ) ,  (3)
keZ/n

w e have th a t
m  =  r (  e  / ( * > W

kBZ/n

= E  / ( W i* i )
keZ/n

=  X) f4l
keZ/n 1 ;

=  E  /(*)*£r *
k ez /n

= E  / M *
keZ/n

T h e sequence h is u su a lly  term ed th e  signal im pulse response o f  th e  acting system , 

in  th is  case , th e  sy stem  T.

We n ow  se t o u t to  define a  linear sh ift invariant, fin ite im pulse response (LSI- 

F IR ) system . L et L(Z/a) ,L[Z/b)  b e  subspaces o f  L(Z/c)  w here a,b,c are p ositive  

in tegers and  c = a +  b — 1. A n  L SI-F IR  system  is a  m apping

Th:L{Z/a)  x L{Z/b) — * L[Z/c)

(f>h) i ► 2fc(/)

w here

(5)

Tk =  E  * ( * ) #  (6)
0<k<c

and
( M f ) ) u )  = E

0<k<o

- E (7)
0<fc<c

W e som etim es w rite  Th{f) =  f  * h.

To show  th e  sh ift invariance and linearity properties o f  th e  system  Th w e proceed  

a s  follows:

For / , j £  L{Z/a),  h e  L(Z/b),  a ,P  e  C,  w e have

Th ia f  +  fa)  =  E  m S c i . * f  +  Pi1)
0<fc<c

= X) A(A)5cfc(a/)+ E h( k ) S ^ m  (8)
0<k<e 0<fc<c

=  aTh{ f) + l3Th(g)

59

R eproduced  with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



ScTh{f)  =  Sc £  h{k){Ske f )
0  <k<e

= E h(k)Sk(S f)  (9)
0 < k < c

=  ThSc(f)

B y  iterating th e  procedure given  above, th e  follow ing identity  is obtained

S ? T h =  ThS ?  (10)

We proceed  to  describe som e m ore properties o f  LSI-FIR. system s. W e start by  

setting

Th{S) =  E h(k)Sk6 =  £  fc(fc)fy] =  h, S e  L{Z/a),  h e  L{z/b)  (11)
0 <k<c 0 < fe< c

L et Tht Tf S  L(Z/c)  b e  any tw o L SI-FIR  system s:

Th{f) =  E  H k )S kf ,  f  G L(Zja),  h e  L(Zjb)  (12)
0< fc< c

T/(h) =  E f l k)Sch, h e  L[Z/b),  f<=L(Z/a)  (13)
0< fc<c

N otic in g  th a t /  =  S o < m < c  f(m)S™8,  w e  w rite

Th(f)  =  E * ( * ) # (  E /(*»)5om«) (14)
0< fc< c 0  < m < e

U sin g  th e linearity property o f  L(Zfc),  w e w rite

Th{S) =  E E f {m )S ? h {k )S k6 (15)
0 < m < c  0< fc< c

ThU) = E / M 5 cm (  E *(*)#*) = 2>(fc) (16)
0 < m < c  0< fc< c

T hus, w e arrive a t th e follow ing com m utation  identity

Th(})  =  f * h  =  h * f  =  2>(fc) (17)

For any b asis sequence £[*] €  L{Z/a), w e w rite

? U % ] )  =  E
0 < in < c

=  s k e
0 < m < c
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hen ce,

W [ * ] )  =  2 lM ( A) =  * h  =  S c h  ( 1 9 )

We th u s can  m ake th e  follow ing correspondence

r«w s c  (20)

We a lso  n otice  th a t

2 * ( W )  =  (A * W )  =  H i - k )  (21)

In  order to  characterize L SI-FIR  system s, w e s ta r t b y  identify ing  th e  sequence

ob ta ined  b y  le ttin g  th e sy stem  Th a ct on  the u n it sam ple sequence 8. S ince any n-th

order sequence /  can  b e  w ritten  as a  linear com bination  o f  sh ifted  versions o f  8,

know ing th e  response Th(£) w ill help  in  determ ining Th( / ) .  W e call th e  u n it sam ple

respon se or im pulse response o f th e  system  Th th e  resu lt ob ta ined  b y  applying Th

to  th e  u n it sam ple sequence 8 , w hich som etim es is  called  th e  im pulse function:

Th(S) =  h(™)S?S{o]

° ~ <C (22) 
=  E  A(™)£[m] =  h

0 < m < c

T hus, th e  u n it sam ple response an  LSI-FIR  sy stem  Th is  th e  sequence h. For any  

given sequence /  €  L)Z/a) ,  w e  can alw ays w rite

/ = E f ( k) &  = E /(*)*[*] (23)
fc£J?/c k ^ Z / c

E valuating /  a t j  S  Z/c  resu lts in

m  = E /(A)%]U) = E m s ( j - k )  (mj
k (£ Z /c  k S Z / c

A p p lyin g  Th to  th e  sequence /  (or, inputing th e  sequence /  to  th e  sy stem  Th) resu lts  

in

Th( n  = E AM̂cm( E (25)
m e z / c  k e z / c

U sing th e  linearity  property o f  L{Z/c),  w e  obtain

ThU) = E /(*) E k(m)S^8lk]
fcG2#/c m £ Z / c

= E /(*)**( E h ™)s ? s) (26)
k B Z / c  m G Z / c

= E /(*)̂ A
k e z / c

T his resu lt s ta te s  th a t th e  system  Th is com pletely characterized  b y  its  u n it sam ple  

response sequence h.
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8.4 . T he D iscrete  Fourier O perator:

W e w ou ld  like to  m ake a transition  from  th e  concept o f  linear m appings L(Z/a)  x  

L(Z/b)  —► L(Z/c)  involving three spaceB to  linear transform ations L(Z/n)  —» L(Z/n) .  I t  

is  im portant to  p o in t o u t th a t i f  w e m ake th e  identification  n =  c =  a+6—1 th e con cept 

o f  LSI-FIR  system s can  b e  incorporated  in to  th e  concept linear transform ation  on  

L(Z/n) .  TWb m ay b e  accom plished  b y  identify ing  subsets in  L(Z/n)  isom orphic to  

L(Z/a)  and L(Z/n)  respectively . T hen  sequences in  L(Z/a)  and  in  L(Z/b)  w ill b e  

represented  in  L(Z/n)  a s  n-point sequences w h ich  w ill h ave th e  value zero ou tsid e  

th eir  respective dom ain  o f  defin ition  (Z / a  and Z/b  respectively).

T he space L(Z/n)  w ill b e  u sed  to  represent tw o  related  ideas. In  th e  first p lace , 

L(Z/n)  w ill b e  th ou ght o f  a s representing th e  space o f  a ll fin ite  n-point com plex se­

quences w ith  dom ain  Z /n .  On th e  o th er  h and , th e  space L(Z/n)  w ill a lso  be th ou gh t  

o f  as representing th e  sp ace o f  a ll period ic com plex  sequences w ith  p eriod  n. T h is  

la tter  in terpretation  w ill allow  u s to  perform  m odulo  n operations o n  th e  ind exin g  

se t  Z / n , tu rn ing  th is  se t  t o  in to  an  ad d itive  group o f  order n. E valuations m od u lo  

n w ill becom e m ore clear a s w e d elve in to  th e  properties o f  specia l operators de­

fined  on  L(Z/n) .  O ne o f  th ese  operators is  th e  ubiquitous d iscrete Fourier transform  

(D F T ) operator. W e p roceed  to  d escribe th is  operator b e lo w . T he d iscrete Fourier  

transform  (D F T ) o f  an  n-point sequence /  is defined in th is  section  a s  a  linear op­

erator on  th e  space L(Z/n) .  H ow ever, before w e introduce th is  defin ition , w e w ou ld  

like to  describe som e prelim inary con cepts and  definitions.

T he indexing se t A  =  Z / n  =  { 0 ,1 , . . . ,  n — 1} form s an ab elian  group w ith  m od u lo  

n  ad d ition  as th e  internal b inary op eration . I ts  dual A is  defined as

A  =  {nxfc:* €  Z / n )  =  (Z/n)  ( l)

w h ere
nXk'Z/n  — ► C

(2)
0 )  nXk(i)  =  e - 2*ifc M /«

W hen n o  am biguities arise, w e drop th e  superscript n from  th e  expression  nXfc* T h e

value nxi(l) is usually  w r itten  as w n =  e~2ml n . T he functions xt are usua lly  term ed

exp on en tia l sequences, characteristic sequences, or, sim ply, characters.

T he se t o f  functions A  p lays a  v ery  im p ortan t role in  th e  an alysis o f  L SI-F IR  

sy stem s. We w ill show  th a t th ey  are eigenfunctions o f  th is ty p e  o f  system s. W e first
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show  th a t th ey  form  an  orthogonal se t , spanning an  n-dim ensional space w hich  w e  

denote b y  L{X) =  L{(Z/n)  ) . T his is done b y  look ing a t th e  inner p rod uct o f  any  

tw o  sequences in  A.  T his product is  g iven  by

(Xa> Xb)> a, b e  Z / n (3)

w here

T hus,

We w rite

{XatXb) =  X  e~2ni}a/ ne+2ni3b/ n 
jGZfn

=  X )  e~2ni^ a~b^ n =  0, a ^ b
jGZfn

<x«») = {°; **<>

{Xat Xb) =  n S ( a - b )  =  n 5 ^ [0](o) =  «%,](«), a, b e  Z / n

(4)

(5)

(6)

A  linear m apping F  m ay b e  defined b etw een  th e  spaces L(Z/n)  =  L[A)  and L{A) 

as follow s
F:L{A)  — >L{A)

w here

( / ) _ ! ? ( / )  =  /

m  =  r  =  x  f * *
iez/n

T he sequence /  can  also b e  w ritten  as

w here

/  =  “  X  < f ( f h x * ) x *
kez/n

( H f h X k )  =  X  ( E  f i X i ) i m ) X k M
mez/n ieZ/n

~  X  (  X  f j X i { m ) ) ’ Xk M
m€Z/n j&Zjn

=  X  f j  X  J C i M x J H
jeZ/n mez/n

=  X  f j ( X i , X k )
iez/n

=  X  f i ( nSU  ~  k) )  =  » / f c
iez /n
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E valuating F(f)  a t A; €  Z/ n  produces

(£ ( /) ) (* )  =  ( E  f i x j ) w
j<EZ/n

=  E  k e Z / n
3&Zln

(11)

N otic in g  th at

Xi(k) =  e-2,r*jfc/n =  =  XfcO) =  « « ,  (12)

w e w rite  (F(/)(fc) =  f(k) as

/(* )  =  E  fiXkU) = ( f , x t )  (13)
iez /n

Since th e  se t {x£: k €  Z / n } is  an  orthogonal basis, w e can w rite /  as

f  =  Z  E  </.x£>x£ (14)
fcez/r»

T hus, w e can represent an  n-point sequence /  €  L(Z/n)  in  tw o ways:

/  = E  (/>%])%] = E  f i Sli] (I5)
iez /n  iez /n

f  =  “  E  </.x£)x£ =  J  E  &x£ (ie)
k e Z / n  k e Z /  n

In  th is  settin g  w e can th ink  o f  th e vector sequence /  as b eing  represented w ith

respect to  tw o different sets  o f  bases. We proceed to  establish  a  relationsh ip  betw een

th ese tw o  bases. W e start w ith  th e identity

E  f i gu\ =  ; E / ^  =  /  (17)
f € Z / n  k€Z fn

E valuating (/,5[m]) resu lts in

(( E  f i Sli])>Slml) =  ” (( E  /fcXfc)><W -  U
j e Z / n  n  ke Z / n

=  “  E  ( E  /Xfc)(a)^[ml(a)
tezjn  keZ/n

=  z  E  /  E  x £ « « m «  (18)
ke Z / n  aeZ/n

=  J  E  Ax£(*») =  E  fkXm(k)
kez/n kez/n

=  < / . W  =  “ (/iXm)
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S tartin g  -with th e  id en tity

(20)

£ E Tkxt = E = / (19)
kez/n i e z /n

and evaluating (f,xX) produces

£(( E f r t D ’X'm) = <( E
kGZ/n jGZfn

“ E ( E /i*Ij])(s)Xm(s)
sGZ/n j€Z fn

= E /i E x»w«mw
jGZ/n o£Z/n

=  E /iX » W  =  </.Xm)
iBZ/n

W e now  rela te th e  vector coordinate representations j  s  Z / n  an d  /*,, jfc s  Z /n. 

We accom plish  th is  b y  m aking a  correspondence betw een  th e  m apping F  and a  

linear transform ation  Fn defined on  th e space L[Z/n).  T h is n ew  linear operator, as 

w e shall dem onstrate, perform s a  change o f  b asis  in  L{Z/n) .  W e start identifying  

th is  change o f  basis b y  m aking th e  follow ing definition

Fn: L(Z/n)  — ► L(Z/n)
(21)

Fnhi\

w here

Fns\i\ =  Xi, 3 e  z/n (22)

A llow ing Fn to  operate on  /  g ives

Fnf  =  f  =  Fn( £  fiSb]) =  E )  f jFnSu] =  X )  f iX i  (23)
i e z /n  i e z /n  i e z /n

S in ce Fn is  an operator defined on a  fin ite  dim ensional vector  space, it  h as a 

m atrix  representation . W e shall d enote by

l U'£fc]o<i,fc<n =  *’» (24)

th e  m a tr ix  o f  Fn w ith  respect to  th e  b asis se t {6\i\'j  G Z /n } .  W e, th u s, w rite

Xfc =  JW[*] =  E w* 6\3\ (25)
i e z /n
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Since /  =  £  'Ekez/n fkXU w e w rite

^ ~  E  Tkxi =  £  E  M F n ^ y  =  ^  E  E  "£*%!)*
k e Z / n  k e Z / n  k B Z f n  j ’G Z /n

=  ; E i  E  < < ‘ r% i =  E  E  K ‘ r t } « M (ae)
k & Z /n  j G Z / n  j G Z f n  k S Z j n

=  E  a<m
j& Z /n

T hus, th e  expression  w ith in  curly  braces represents

=  £  E  (<")*/*= =  £  E  (27)
l te z /n  t e z / n

and

Tk =  E  * (* > &  =  E  K * ) £  (28)
jez /n  iez jn

T he n-point sequence Xk can  a lso  b e  expressed  as

Xfc =  -Pn̂ fcl =  E  (29)
iez /n

C om paring th is  expression  (29) w ith  th e  expression  given  b y  (25), resu lts  in  the  

follow ing equality

u>;J* — (-Frxfyc]) (30)

It is  im portant to  observe here th a t w e  have b een  usin g  th e  sam e sym bol to  d enote  

b o th , a n  n-point sequence, say  \k> a s  w ell as i t s  vector  coord inate representation . 

For instance, th e  vector Xk is  th e  vector

Xk =  [Xfc(0),Xfc(l)»Xfc(2)........X k { n - 1 ) ] T (31)

w here th e  entries represent th e  vector coordinates o f  th e  sequence Xk w ith  respect 

to  a  given  basis set. R em em bering from  expressing (5) th a t, for j ,  k  e  Z/n ,

(Xi,Xk) =  J 2  Xj'Xjfc =  E  XmU)Xm(k) =  n S ( j - k ) ,  (31)
m G Z / n  m G Z / n

w e w rite

£  < J' ( i < fcr  =  E  « £ * ( £ « ? “)* =  S ( 3 - k )  (32)
m f z Z /n  m S Z / n

T hus, firom th e above relations and  th e  fact th a t Fn is  sym m etric (see expression

(12)), w e  obta in  th e  follow ing identity

F n 1 =  =  £ (* ? )*  (33)n n
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T his id en tity  re iterates th e  fa ct th a t th e  operator Fn is a  u n itary  operator w hose  

action  on  L(Z/n)  can  b e  th ou ght o f  as a  ro ta tion  o f  coordinate axes.

W e n ow  relate th e  concepts o f  L SI-FIR  system s and th e  Fn operator. G iven  

an  n-point im pulse response sequence h  €  L(Z/n)  and an in p u t sequence x =  Xki th e  

ou tp u t y  o f  th e  L SI-FIR  filter becom es

y =  h * x t =  5 2  hW i x t  =  Tkixt) (34)
jGZ/n

E valuating y a t m g  Z / n  resu lts  in

y(m) =  ( h * X% ) M  =  5 2  Mj)(S&dE)(m) =  £
i&Z/n i e z /n

=  5 2  hi X l ( m - 3 )  =  5 2  M +2’r,'fc(m"i) =  5 2  t +2*ikml n<’- 2*ikHn
iez /n  i e z /n  ie z /n

' =  Xfc(m) 5 2  hiXk{j)  =  Xfc("») 5 2  hiX3i k) =  X*k{™)%
jGZ/fi k£Zfn

R ew ritin g  th e  above resu lt in  operator n ota tio n , resu lts in  th e  follow ing identity

W k) =  (Fnh)(k)xt  (36)

T his equality  (36) s ta te s  th a t th e  exponentia l sequences k  €  Z / n  are eigenfunc­

tio n s o f  th e  LSI-FIR  system s. Specifically, for any given sy stem  Th, th e  sequence 

Xk, Z / n  is  an  eigenfunction , an d  (Fn/i)(fc) is th e  associated  eigenvalue.
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8 .5 . C yclic C onvolution;

S o  far w e have seen  a n  inp u t sequence /  €  L(Zfa)  b een  m apped  b y  an  LSI-FIR  

sy stem  Th in to  an  ou tp u t sequence Th(f) €  L(Z/c).  T his resu lt w as also  w ritten  as 

Th[f) — f * h ,  h e  L(Z/b).  T his system  operation  is  usually  term ed linear convolution; 

i .e ., th e  inp u t sequence /  £  L{Z/a)  is  convolved w ith  th e  u n it sam ple response  

sequence h £  L(Z/b).  We recall th a t b o th  L(Z/a)  and  L(Z/b)  are subspaces o f  L(Z/c)

T here is  another typ e o f  sy stem  convolution  called  cyclic convolution. This  

op eration  is  u sed  w hen  th e  spaces L(Z/a),  L(Z/b),  L[Zfc)  are defined to  b e  o f  the  

sam e dim ension , nam ely, L[Z/a)  =  L[Z/b) =  L(Z/c)  =  L(Z/n) .  C yclic convolution is 

defined in  th e  follow ing w ay

*: L{Z/n)  x  L(Z/n) — »L(Z/n)

,  , - w(/,&)(— f / * A = g

w here

9 =  £  W l f  (2)
ye z/n

E valuating A a t a  particu lar value k  £  Z / n  results in

T(f ,h)(k)  =  h(k) =  £  h{j ) (S i f ) (k)  =  £  h} f { k - j )  (3)
yez/n ye z/n

T his resu lt resem bles the resu lt o f  th e  linear convolution  operation , w ith  th e  major 

difference b ein g  th a t th e  index  evaluations are perform ed m odulo  n. In  th is  setting , 

cyclic convolution  can  b e thought o f  as a  b ilinear operation  actin g  on  th e  space 

L(Z/n) .  We w ould  like to  p o in t ou t th a t w e have u sed  th e  sym bol * to  denote cyclic 

convolution , w h ich  w as th e  sam e one previously u sed  for linear convolution. The 

reason  for doing th is  is th a t throughout th e rest o f  th is  work w e w ill concentrate  

m o stly  on  th e  u se o f  cyclic convolution  as opposed t o  linear convolution. In  addition , 

w e w an t to  keep operation  n otation s dow n to  a  m inim um .

S ince cyclic convolution  is a  m odulo  n operation , it  can b e  v iew ed  as a  linear 

operator actin g  on  th e  space o f  signals /  £  L(Z/n):

Th:L{Z/n)  — > L(Z/n)
(4)

( / )  —  Th(f)

w here

W )  =  £  hjS^f =  ( f ) * h  (5)
ie z /n
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T his operator Th can  b e  th ou gh t o f  as representing an  L SI-FIR  system  w h ose im ­

p u lse response sequence (function) is  h. In  th is  w ay, a s sta ted  in  §6.3, th e  system  

Th is  uniquely  characterized by th e  signal k

A  system  Th acting on th e  u n it sam ple sequence sh ifted  b y  j  u n its  produces th e  

follow ing response

r f t ( f y ) ) ( fc)  =  ( % ]  *  h ) ( k )  =  % ]

=  £  h ^ S ^ k )  =  £  hmS { k - j - m )
m e Z / n  me Z/n (®)

=  E  =  H k ~  3) =  s£h(k)
m€Z/n

Thus, w e conclude

^ ( ^ [ 0 ] )  =  Th(SiS) =  S ih  (7)

It is im portant to  rem em ber th a t th e  response o f  th e  sy stem  Th to  th e  u n it sam ple  

signal S is , essentially, Th(S) — h. T he resu lt sta ted  above in  (7) re iterates th e  shift 

invariance property  o f  th e  system  2*.

I f  th e  sy stem  Th takes a s  its  input a  sh ifted  version  o f  any g iven  signal /  €  L(Z/n),  

it  produces th e  follow ing response

Th(S£ / )  =  (Skf ) * h  =  £  h>s Z(s Zf)  =  E  hi s ? kf  (8)
i e z /n  i ez /n

S ettin g  m  =  j  +  k  resu lts in

n+fc—1

Th{S*f)  =  13 hm- kS ? f  =  X )  =  f * & h )  (9)
m = k  ie z /n

We also n oticed  th at

Th{Sknf )  =  13 h j S ? * f  =  S k{ x ;  h j S t i )  (10)
j"GZ/n j’SZ/n

T hus, w e conclude

Th{S*f) =  T(skh)U)  =  S k(Th(f)) (11)

T he resu lt s ta ted  above in  (11) im plies

T{s*h)(Si)  =  Si (TiSkh){f) =  S t kT(Th(f))  (12)
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W e have show n previously  th a t  a  given  system  Th, b eing  an  L SI-FIR  system , 

com m utes w ith  any com position  <S£ o f  th e  sh ift operator Sn; th a t is,

S ’nTh =  ThS l  j e Z / n  (13)

W e w ould  like to  show  th a t any tw o L SI-FIR  system s TU) Tv com m ute; and  fur­

therm ore, w e w ould  like to  show  th a t  th eir  com position  Tu o Tv resu lts in  another

L SI-FIR  system . We p roceed  as fo llow s

T he p rod uct Tu o T„ o f  any tw o  L SI-FIR  system s acting on  a  given  signal /  e  

L(Z/n)  resu lts in

TU(T„(/)) =  T„( E  *iS*nf) (14)
i e z /n

r«( E  V’ Sn f )  = E  u*s*( E  VS/)
k £ Z  f n  3 &Z J  n

= E*“( E  v i S ? kf )
k £ Z  f n  s G Z f n

= E  E
k € Z  f n  3 & Z f n

(15)

C ontinuing

We conclude,

TU(T„(/)) =  £  V’ SH  E û»/)> /6W») (16)
3 & Z fn  k € Z / n

T„oT„ =  T„T„, u , v e L { Z / n )  (17)

W e now  proceed  to  rearrange th e  term s given  in  (17) in  order to  ob ta in  a

different result

T M f ) )  = E E
k (E Z fn  j G Z  f n

= E ( E ”i S M s Z f
kez/n iez /n  /jg.

= E ( E vi{Sn't)k)8%f
k E Z f n  j G Z  f n

=  X )  (r - ( « ) ) * ^ /
kez/n

T hus, w e w rite

T«(2V(/)) =  T(t .(u) )U)  =  T«»«(/) =  / * « * «  (19)
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L ooking c losely  a t th e  action  Th(f),  f  6  L{Z/n) ,  w e  notice th a t

fc—0+1
T h { f ) { k )  Y ,  h A S Z f h  =  E  M ( f c - i )  =  E

jGZ/n m=k (20)

=  E  &(*£*)* =
iez/n

C om bin ing th is  resu lt w ith  th e  prev iou sly  sta ted  resu lt a llow s u s to  w rite  th e  fol­

low ing expression

T„(T„(/)) =  T „.„(/) =  2/*0 (v) =  r„ ./(u ) (21)

W e w ou ld  like to  em phasise th e  fa c t th a t th e  set o f  n-d im ensional LSI-FIR

sy stem s form s a  linear space:

T(au+fia) ( /)  =  E  (aU +  PV)iSnf> a« & G ^ /n> «>«,/<= L(Z/»)
iez/n

=  E  (««y +
j'ez/o (22)

=  E  aui 5o / +  E  ^wi 5o /
iez/n iez/n

=  aTu( f ) + 0 T v(f) ,  f  €  L(Z/n)
T hu s, w e w rite

Tfau+pv) ~  «TU +  f3Tv (23)

W e now  com bine th e  linearity  prop erty  o f  L SI-FIR  sy stem  w ith  th e  cyclic con­

v o lu tio n  property  o f  th ese  system s. Take, for instance, th e  system s Tx,Ty ,Tz . W e 

eva lu ate th e  expression  Txt[y+Z) a t  a  particu lar signal /  e  L(Z/n):

Tx*(„+Z)(f )  =  E  (X * ( y  +  Z)) iSn f
iez/n

=  E  C W * ) ) y # /
iez/n

=  E  (T y(x)+ T x(x))3S i f
iez/n  (24)

=  E  (2i(*))yflg/+ E
iez/n  iez/n

=  E  (** y ) i ^ / + E j e  * /»(* *
jGZ/n 

= ^**»(/) +
C om bin ing som e o f  th e  resu lts ob ta ined  above a llow s u s to  w r ite  th e  follow ing

Tx{Ty - \ r T z )  — TxTy+z =  Zx*(]/+s) =  Tx+y+x*z =  TxTy + TXTZ (25)
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6 .6 . P rop erties o f  th e  D F T  operator:

T his section  introduces additional properties o f  th e  d iscrete Fourier transform  

operator; in  particu lar, th e  section  describes relationsh ips b etw een  th e  D F T  opera­

to r  an d  th e  sh ift operator. I t  also describes D F T  properties relating to  exponential 

sequences Xj'J £  £/*>> au d  i t  sta te s  th e  cyclic correlation  an d  cyclic convolution  

th eorem s. W e sta r t by g iv in g  th e follow ing defin ition  o f  th e H adam ard product o f  

tw o  signals f , h  €  L(Z/n) i

W e define th e  H adam ard product o f  © o f  tw o  n-point sequences / ,  h e  L(Z/n)  

as follow s
©: L(Z/n) x  L[Z/n)  — > L[Z/n)

(1)
(ft h) 1— ► ( /  © h)

w here

(f<3h)(k)  =  /fc-ftfc, fc€ L (Z /n ) (2)

R eca llin g  Eq. (2) given  in  §6.4, w e rew rite th e Fourier transform  o f  a standard  basis 

fu n ction  tfjyj, j  e  Z / m

Fnfy] =  Fn{S3n6) =  x i ,  j  e  Z /n  (3)

For th e  particu lar case o f  j  =  0, expression  (3) b ecom es

(4)FnS =  Xo =  u =

L i J

w here u is called  th e  u n it sequence.

To ob ta in  th e  Fourier transform  o f  th e sh ifted  sequence f y j, w e proceed as 

follow s:

(f (/[y|)) =  ( M S i f ) )  =  £  =  J2f(m-3)e-awimk/n (5)
m e Z / n  m = 0

E valuatin g  a t  a  particular value k  €  Z / n  resu lts in

(Fn(Si f ) ) (k)  =  £  (/w )H x m (fc ) =  £ / ( m - ; ) e- 2*imfc/" (6)
m e Z / n  m = 0
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A llow ing a =  m  — j  resu lts in  

( F n ( S 3n f ) ) ( k )  =  (fM/[y]))(fc)

=  £ fae~2^ a+» k' n =  * ,(* ) £ /aXa(A)
ass-y a = - /

=  xy(fc)(/-j+ ix-j+ i(fc) +  /-y + 2Xj+2(fc) + . . .  +  f - i x - i  +  /oxo(fc)

+  /lX l(* ) +  / 2 X2 (A*) +  •. • +  fn-2-jXn-2-j{k)  +  /n - l-jX n -l-j (fc ))  (7)

=  Xj (*)(/oXo(*) +  f lXl(k)  +  h x i { k )  +  . . .  +  f n - 2 - j X n - 2 -A k)

+  f n - l - j X n - l - i { k ) +  • • • +  /n -j+ lX n-i+ 1  +  /n-j+2Xn-y+2 +  • • • +  /n-lX n-l(fc))

=  Xj'(fc) ^ ] fmXm{k) =  Xi(k)fk
m—0

Since A: £  Z /n  w as chosen arbitrarily, w e conclude

r n ( f h l )  =  ^ n ( ^ / )  =  X y © /  (8)

A s w e  noticed  above, th e H adam ard product is , essentially, p o in t-w ise m ultiplica­

tio n  o f  th e  given functions.

To obtain  th e  inverse d iscrete Fourier transform  o f  th e  sh ifted  sequence (/)[,], 

w e proceed  in  th e  follow ing m anner:

C^n1 ((/)[>])) =  ^  £ ( ( / ) [ j ] ) ( m)Xm =  ^  £  u>idehatf(m -  j ) X*m (9)
m=0 m=0

E valuating a t  a  particular k £  Z / n  resu lts in

( F - A S ^ m  =  i E ( ( / ) [ i l ) H X m ( * )  =  ^ f ( m - 3 ) x * m (k) (10)
m=0 m=0

L etting r =  m  — j ,  results in

W r H f lw D M  =  j f l f / t o x ; +, ( ‘ )
r= —j

=  E J /(r )x ;W ) (H)
r=s—y

=  Xy(*)(^ £  fmXm (A*)) =  x W ) f k
m=0

Since th e  choice o f  A; £  Z /n  w as arbitrary, w e have th e  follow ing resu lt

F n H S i f )  =  x } Q f  (12)
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or

(Xi © f )  =  S ' f (13)

W e n o tice  th a t

( S t f ) ( k )  =  E  S^ Slm](k) =
m = 0  m = 0
n—1 n - l

= E  = E
m=0 m=0

(14)

=  (fy] * /)(* )

T hus, Eq. (13) can b e  rew ritten  as

(Xj- © / )  =  %1 * f  (15)

We can  also  rew rite (8) as follow s

(%] * / )  =  Xi  © f  (16)

T h e generalization  o f  (16) is obtained  as follows: F irst,

Am(-F»(£[m] * / ) )  =  hm(Xm © / )  (17)

T hen, u sin g  th e  linearity  properties of, b o th , *, O, as w ell as th e  linearity property  

o f  th e  D F T  operator, w e  obta in  th e  follow ing resu lt

F ( h * f )  =  Fn((  £  hmSlm]) * f )  =  E  hmFn{S[m]* f )
m e Z / n  m SZ/ n

~  ^  > hm{Xm © f )  =  ( 5  1 hmXm) © f  (18)
m SZ/n  m eZ /n
A A

=  h*  f

T his resu lt is  know n as th e  cyclic convolution  theorem ; and  it  s ta te s  th a t th e d iscrete  

Fourier transform  o f  th e  cyclic convolution  o f  tw o  n-point sequences is  equal to  the  

n-point H adam ard p rod uct o f  their respective d iscrete Fourier transform .

T he generalization  o f  Eq. (15) can also b e  obtained  in  th e  sam e m aim er as th e  

generalization  obtained  for Eq. (16). F irst, w e m u ltip ly  by th e  scalar hm 6  C:

* f )  =  hm(x*m © / )  (19)
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T hen, usin g  th e  linearity  prop erties o f  *, ©, F ^ 1, th e  follow ing resu lt is  obtained

m = 0  m = 0
n—1 .  »—1 (20)

=  E  O f )  =  X )  © f
m=0

F ^ ( h * f )  =  n (& © /)  (21)

m = 0  m = 0

T hus,

or

F ( h ® f )  =  ± ( K * f )  (22)

T he above resu lt (22) s ta te s  th a t th e  d iscrete Fourier transform  o f  th e  H adam ard  

p rod u ct o f  tw o  n-point sequences is  equal to  th e  cyclic convolution  o f  th eir  respective  

discrete Fourier transform s, m odified  b y  a  scalar value.

T he cyclic correlation  o f  any tw o n-point sequences / , / i e  L(Z/n)  is  defined as 

g(fc) =  X  / A ’+fci fc =  0 , 1 ,2 , . . .  j n 1; g & L [ Z / n )  (23)
ieZ/n

L ettin g  m  =  j  +  k  resu lts in

E  fm-khm  =  fohk +  f lhk+1 +  / 2 f̂c+2 + •• •+ f n ~ k - l h n- l  
m=k

+  fn -kh0 +  fn -k+ lh i  +  . . .  +  /n - 2*fc-2 +  fn - lh k -1 

= hofn-k  +  h i f i - k  +  . . .  +  Afc—2/n —2 +  h k - l fn -1

+  Afc/o +  hk+ifi  +  ftfc+2/2  +  • • • +  hn- i f n - k - i  (24)

= E  /■>-*>»; = E
ie z /n  iez /n

= E  Ms£(/(-,)H*) = 2M/(_))(fc>
iez /n

=  (JW  **>)(*)
T hus, th e  cyclic correlation  m ay b e  defined as

L(Z/n)  x  L(Z/n)  — > L(Z/n)
(25)

(/j A) 1—*■ 9 =  -Ri»/ * h.
Talcing th e  d iscrete Fourier transform  o f  Eq. (24) w ill produce th e  follow ing resu lt

Fn(R n f * h )  =  i C f e h  (26)

U sin g  E q. (5) given  in  §7, w e have

F n i R n f * ^  =  nF^1f ® %  (27)
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6.7 . T he R eflection  O perator;

A n  im portant operator is  in troduced  a t th is  p o in t. W e call th is operator the  

reflection  operator and d en ote  it  b y  th e  sym bol iZ„. I ts  a ctio n  on th e  space o f  

sequences L(Z/n)  w ill b e  described  b elow . We first introduced its  definition:

Rn-.L(Z/n) — ► L{Z/n)

( /)  *~>Rnf =  /<“ > (1)

w here

{ R n f ) { k )  =  / ( - ) (fc) =  k e z / n  (2 )

U sin g  defin ition  (1), w e estab lish  th e  fo llow ing resu lt w h en  w e  com pose th e  discrete  

Fourier transform  w ith  th e  reflection  operator

= E  f j ^ x A k )  = E  fnr-iXiV*)
SGZfn  j G Z /u

= E  = E  f n - i e - 2 n i i k , n
j 'GZ/n j ( zZjn

S ettin g  m  — n — j , w e obta in

m=+l m=+1
»̂(/(“})(*) = E  = E

m —n m = n

=  e- 2"ink'n E  f me2nimk/n =  n F - 1 ( /)(* )
m B Z / n

(3)

(4)

T hus, w e  have th e  follow ing identity

fn iZ n/ =  /  G I ( 3 /» )  (5)

Or

N o tic in g  th a t

(7)n

w e w rite

1 =  -F nRn  =  (8)n n

We observe th a t th e  reflection  operator Rn com m utes w ith  th e  d iscrete Fourier 

transform  operator F„. We w ou ld  like to  show , how ever, th a t th e  reflection  operator
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d oes n o t com m ute w ith  th e  sh ift operator Sn. Shifting by j  u n its  th e  sequence / ( “ ), 

resu lts in

(S£(JW ))(*) =  ( R n f ) ( k - j )  =  f ( j - k )  (9)

A pplying  the reflection operator to  th e  sequence f y j resu lts in  th e  follow ing expres­

sion

(Rn(SU))(k)  =  (fW[ij)(fc) =  ( /W)(- }(*) =  (/[ ,])(-* )  =  f ( - k - j )  (10)

From  Eqs. (9) and (10), w e conclude th a t th e reflection  operator Rn d oes n o t com ­

m u te w ith  th e sh ift operator Sn.

We now  determ ine th e  response o f  an  LSI-FIR. system  Th to  an  inp u t sequence  

/ ( “ ) e  L(Z/n).  W e have

w (->)(fc) =  / < - > • *  =  E  w / ( - ) (*) ( i i )
3 £Z/n

R ecalling th at
W ( k )  =  E  (A) =  E  M[j](*)

j€.Z fn j&Z fn

= E  = H k )
3'eZ/n

and th a t

(12)

T»(f)(k) =  / * / * =  E  hi Si f { k )  =  E  (13)
jG Z fn  j t Z / n

w e w rite

Tfc(/<-))(*) = = E  h>SU {'Hk)  =  E  ^ f {~ H k - j )  (14)
j € Z f n  j €  ZJn

W ith  / ( “ ) (A; — j) =  f [ j  — ft), w e w rite

W (_))(*0 =  ( ( i Z n / ) * f c ) ( f c )  =  E  A y/(y -fc) (15)
jGZ/n

We continue below  describing th e  response o f  L SI-FIR  system s w h ose inp u t, or 

im pulse response sequences have been  acted  upon  by th e reflection  operator. For 

in stance, th e  response T(i2n/) (b) to  th e  system  Tr kj  is  n ex t determ ined.

2fo./)(*)(*) = (E(̂ /)y(S£*0)(*0
J-T _ x  W

=  E ( ^ / ) A i l ( * )  =  H f - M k - i )
3=0 3=0
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(17)

I f  w e set m  =  k — j ,  th en
—n+fc+l

^ ( R n f )  M  W  =  T .  f - k + m . h m
m = k

f o h k  +  f - l h k - 1  +  /-2 ^ fc -2  +  • • • +  f l - k h i

+  f - k h o  +  f - k - l h - l  +  . . .  +  / —n + 2 A —n + fc+ 2  +  f - n + l h - n + k + l  

f o h k  +  f n - l h k - l  +  f n - 2 h k - 2  +  • • • +

+  f-kho  +  fn—k—lhn—1 +  . . .  +  fzhk+2 +  flhk+1

h o f - k  +  h i f i - k  +  • .  • +  h k - z f n - 2  +  h k - l f n - 1

+  h k f o  +  h k + l f i  +  fcjfc+2/2 +  • • • +  fen-l/n—J—1

=  £  h3 f ( j  -  k)
3 = 0

T he above resu lt allow s u s to  w rite  th e  follow ing identity

Th{Rnf)  =  T(iW )(h) (18)

B elow , w e estab lish  som e additional identities involving th e  reflection  operator  

and L SI-FIR  system s. We sta rt by try in g  to  determ ine th e response o f  th e  system  

T f  to  th e  signal inp u t

TARnh) =  f  * Rnh, f , h e L ( Z / n )  (19)

A t any value k  e  Z /n ,  w e obtain

Tf (Rnh)(k) =  5 2  f M f - k )  (20)
ye z/n

I f  w e  se t m  =  j  — k,  it  resu lts in
n—k —1

T}(Rnf)(k)  =  5 2  hmfm+k
m ——k

— h-kfo  +  h - k + i f i  + .  • • +  h - i f k - i  +  h0fk

+  h i f k + l  +  . .  • +  /*n—fc—2 /n—2 +  h n - k - l f n - l

— h n - k f o  +  h n - k + l f l  +  • • • +  h n - l f n + k - l  +  h o f k  

+  h t f k + l  +  . . .  +  h n - k - 2 f n - 2  +  h n - k - l f n - 1 

=  h o f k  +  h i f k + l  +  • . .  +  h n - k - 2 f n - 2  +  h n —k —l f n —l  

+  h n - k f o  +  h n - k + i f t  +  . . .  +  h n - i f n - i + k

=  X )  h 3' f t i + h )
i e z / n
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To ob ta in  th e  response T(nnh) ( / )  <*f th e  sy stem  T(Rnf) to  th e  input sequence / ,  

w e p roceed  as follow s

TiRnh){ f )  =  f * ( R n h ) ,  f ,h<=L(Z/n)  (22)

E valuating (22) a t  an y  k €  Z / n  resu lts in

2 K h )( /) ( fc )  =  £  { R n h )A S i f ) { k )
ie z /n

n —1 (23)
=  £  *-,/[>](*) =  £ * - / / ( * - j )  

i ez /n  i=o

S ettin g  m =  —y resu lts in

- n + l

T{JZtth )(/)(^ ) =  ] £  f^mfm+k
m = 0

=  Ao/fc +  h - i f k - i  +  h - 2 fk- 2  +  • • • +  h-kfo

+ h - k - l f - l  +  . . .  + A _ n + 2 / - n + 2 + f c + f t f » + l / - n + l + f c
(24)

— Ao/ife +  h i f i - k  +  A2 / 2+I: +  • • • +  hn- k - l f n - l

+  h n - k f o  +  • • • +  h n - z f n + k - 2  +  A n - l / n + * - l

=  £  & * ( / - * )  
iez /n

W e, th u s estab lish  th e  fo llow ing result

T(flllfc) ( /)  =  Tf {Rnh) =  f * R n h  (25)

T he n ex t exercise w ill b e  to  ob ta in  th e  response o f  th e  system  T(Rnh) to  the  

in p u t sequence We w ou ld  like to  p o in t ou t th a t th e  objective o f  w ritin g  out

exp lic itly  th e  sum m ation  expression  effecting th e cyclic convolution  op eration  is to

g et fam iliarity  w ith  sequence m anipu lation  so  th a t th e  D S P  application  exam ples  

described  later o n  cou ld  b e  und erstood  w ith  m ore ease.

T(Rnh)(Rnf)  =  £  ( R n h h S ^ K f )  (26)
ie z /n

E valuating (26) a t any p o in t k  6  Z /n  resu lts in

T(Rnh)( R n f M  =  ( X )  (R n h )A S i( R n f ) ) (k )  =  £  * - , ( * » / ) , , ] ( * )
i e z /n  i e z /n

= X  h - i { R n f ) { k - 3 )  =  £  h - i f { j - k )
i e z /n  i e z /n
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S ettin g  m =  —/  resu lts in

—n + 1

T ^ v l J l n f H k )  =  Y ,  h m f [ - m - k )
m = 0

=  hof-k  +  A - i / i - f c  +  A - 2 / 2 - f c  +  • • • +  h-kfo

+  h - k - l f l  +  • • • +  / l - f i + a / n - f c - 2  +  h - n + l f n - k - l  

=  h o  f - k  +  A „ _ i / _ „ _ f c + i  +  /*n—2 / —n —fc+2 +  • • • +  h n - k f - n
(28)

+  h n —k —l f  —n + 1  +  • . .  +  h i f - 2 - k  +  h i f - i - k  

=  ^ o /_ f c  +  A 1 / - 1  +  h z i - 2 - k  +  • • • +  h n —k —i f —n + 1  

+  h n - k f - n  +  • • • +  h n - 2 f - n - k + 2  +  h n - l f n - k - l

= E
iez /n

P roceed in g  in  th e  sam e m anner, w e now  determ ine th e  response o f  th e  system  

T{Rnf) t o  th e  in p u t signal h(“ ). We proceed  in  th e  follow ing w ay

TiRnf){Rnh) =  E) (Bnf)iS*{Rnh),  f , h e L ( Z / n ) (29)
iez /n

E valuatin g  (29) a t  any k  e  Z / n  results in

T { R n f ) ( R n h ) ( k )  =  (  J 2  M i ( S k ( R n h ) ) ) ( k )  =  X )  / - i ( * n % l ( A : )

j € Z / n  j G Z / n

=  E  f - i { R n h ) { k - j )  =  f - M i - k )

i e z / n  i e z / n

S ettin g  m  — j  — k  resu lts in

n —k —l

T ( R nf ) ( R * h  ) ( k )  =  E  h m f - k - m
m = —k

=  h-kfo  +  h i - k f - i  +  h.2- k f -2  +  • • • +  h - i f i - k  

+  h o  f - k  +  h i f - k - l  +  • • .  +  A n - f c - 2 / 2 - n  +  h n - k - l f l - n  

=  h n - k f o  +  h n - k + l f - n - 1  +  h n - k + 2 f n - 2  +  • • • +  h n - l f n - k + l

+  h o f - k  +  h i  f —n —k —l  +  . .  • +  h n - k - 2 f - n + 2  +  h n - k - l f - n + 1  

=  h o f - k  +  h i f - i - k  +  • • .  +  h n - k - 2 f - n + 2  +  h n - k - l f - n + 1  

+  h n - k f o  +  h „ - k + l f - n - l  +  h n - k + 2 f n - 2  +  • • • +  h n - l f n - k + l

=  5 3  K f - k - i
J G Z /n
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A nd th e  follow ing identity  is  established

T(Rnh) (Rnf) =  T(Rnf){Rnh) (32)

W e w ould  like to  determ ine th e  resu lt o f  applying th e  reflection  operator to  th e  

sequences Tj(h),T h(f ) .  W e start w ith  th e  signal !} ,(/):

Rn{Th{f))  =  Rn{ ' 5 2  h jS i f ) ,  f ,h e L ( Z /n )  (33)
ie z /n

E valuating (33) a t any value k €  Z /n  resu lts in

( i M W ) ) ( * )  =  £  h ^ R n i s u m k )
iez/n

=  £  h A W u m  =  £  hs f ( - k - j )
ie z /n  iez /n

A lso , applying Rn to  T/(h) produces

A t any p o in t k  e  Z /n , w e obtain

(34)

Rn{Tf {h)) =  Rn( £  f i f th ) ,  f ,h e L ( Z /n )  (35)
ie z /n

M T / ( h ) ) ( k )  =  £ )  f 3h - k- i  (36)
i e z / n

S e t t in g  m  =  —k  — j  r e s u lt s  in

—n—k —l
R „ (T f (h )) (k )  =  £  f ^ f - k - m

m=—fc
=  h k fo  +  h - k - i f i  +  A -fc-2 / 2  +  • • • +  h - n+i  f n - i - k

+  h - n f n - k  +  A -n - l /n - f c + l  +  • • • +  ^ -n -fc + 2 /n -2  +  h - n- k+ l f n - l

=  h n- k fo +  hn- k - l f l  +  ftn -fc -2 /2  +  • • ■ +  k x f - l - k  

+  h o f k  +  h n —l f —k + 1  +  • • • +  h n - k + 2 f - 2  +  h n - k + l f - 1  

=  h o f - k  +  h i f - 1 - k  +  . . .  +  h n - k - 2 f - n + 2  +  h n - k - l f - n + 1  

+  h n - k f - n  +  . • .  +  h n - k + l f - n - 1  +  h n - k + 2 f - n + 2  +  • • • +  h n - l f - n - k + 1

=  £  h3 f - k - i  
i e z / n

(37)

T hus, th e  follow ing identity  follow s

Jtn(Th(f)) =  Bn(T/(h)), f ,h e L { Z /n )  (38)
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It is  w orth  n oting  th a t w e could  have used  th e  com m u tativ ity  property o f  th e  cyclic 

convolution  operation  to  prove th e  se t o f  identities sta ted  above; how ever, w e chose  

n o t to  do th is  so  th a t w e can  present in  deta il th e  work involving sequence indexing  

m anipu lations.

W e n ow  relate th e  reflection  operator Rn an d  th e  sh ift operator S„ through  th e  

S u ite  Fourier transform  operator.

T he fin ite Fourier transform  o f  th e  H adam ard product Xfc © (<$£/) is  now  ob­

tained:

Fn ( X k ® S £ f )  =  Xfc * ( / [y ] f  (39)

w here /  e  L {Z /n ), Sn is th e  sh ift operator and  Xfc S  L (Z /n ) is  a  characteristic se­

quence. E valuating X k  resu lts in

X k  =  nS£~k8 -  n£(„_fc] * 6 (40)

E valuating F n ( f y \ )  resu lts in

( / [ i ] f = X , © /  (41)

Com bining (40), (41) produces

F n { x  ©  S M )  =  X k  *  (X j  ©  f )

=  n^[n-fcl * (Xj © f )  =  n(Xi © f ) [ n - k ]

(42)

T he fin ite  Fourier transform  o f  th e  H adam ard p rod uct <S£Xfc © /  is  ob ta ined  as  

follows:

F n & X k Q f )  =  ( S i x k ) * f  (43)

w h ere /  €  L (Z /n ), Sn is  th e  sh ift operator, and Xk €  L (Z /n ) is  a  characteristic  

function . W e recall th a t

{SkXk) =  Xy © Xfc =  Xj © (nV-fcj) =  » X j(» -* )S  (44)

S u b stitu tin g  th is  resu lt in to  (43) produces

Fn (S’nX k O f )  = nxj[n — k)6 * f  -  nxi{n ~ k) f  (45)
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W e n ow  describe th e  fin ite  Fourier transform  o f  th e  com position  RnS^Rn, Rn and  

S„ th e  reflection  and  Bhift operators, respectively , actin g  o n  a  given  signal /  E Z /n ’.

(RnS’ Rnf)  =  B n i S U ^ )  =  M ( / (_)) | , l f

=  *n(Xi  © ( / ^ f  ) =  Rn{Xi © (/)<“ > ) ,  ,

w  *  .  ~  (46)= xj- © /  = Xj © S
=  (Fn1 (X iO T ) )  =  ( V - i ] * / r

Thus, w e  have

(RnS^Rnf )  =  ( f l r y/ f  (47)

Since th e  choice o f  /  e  L {Z /n ) w as arbitrary, w e  estab lish  th e  follow ing id en tity

RnS^Rn =  Sn (48)

W e now  determ ine th e  fin ite  Fourier transform  o f  th e  com plex conjugate o f  a  

given fu n ction  /  e  L(Z/n)', an d  relate it  to  th e  reflection  operator Rn an d  th e  fin ite  

Fourier transform  o f  th e  original signal.

i r f ( k )  =  E  f ix A k )  =  ( E  f i x m Y
ie z /n  ie z /n

=  ( E  UX4■(-*))* =  C M  E  fiX iik)))*  (49)
3&Z/n jQZ/n

=  ((*» /)(* ))*  =  M /) * ( * )

We conclude

( r f  =  M / ) *  (so)

To elab orate further on  th is  com putation , w e proceed  as follow s

F A r m  =  P(fc) =  E  f h i W
iez /n

=  ( E  / f x 5 ( f c ) )  =  ( E  f i* 2Ki’k /n Y
jGZfn j  GZ/n

l e t  m =  —j ,  th en

Fn(f*)(k) =  ( E  fie2ni3'k/nY  =  ( E  f t ]^ 2nimk/nY
iez /n  m=0

=  ( /o - ) Xfc(0) +  / I l 1)Xfc(—1) +  / i^ X f c M )  +  . .  • +  f ^ +1X k [ - n  +  1))'

(51)

=  (/o_)Xfc(0) +  /iXfc(l) +  • • • +  fL -\x k (n  -  2) +  f i- iX k (n  -  1))*

=  ( E f i ~ )e~2niik/nY  =  f^ H k )

(52)
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S in ce th e  choice o f  k&  Z /n  w as arbitrary, w e have th e  follow ing identity

T  =  ( f & r

We also  n o tice  th a t

( n  (*) =  £  r x A k )  =  ( £  M Y
jGZ/n j€ZZfn

= ( £  f3̂ klnY = ( £
j&ZJtx jGZjn

=  ( £  f s x A - k ) Y  =  ( / ( - * ) ) *
iez /n
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6 .8 . M atrix  R epresentation  o f  L SI-FIR  System s:

In  th is  section  w e d iscuss th e representation  o f  L SI-FIR  through m atrices. S ince  

each n-dim ensional L SI-FIR  sy stem  Th'L(Z/n) —► L(Z/n)  represents a  linear trans­

form ation  o n  th e  space L{Z/n) ,  Th is  determ ined b y  its  action  on  a  s e t  o f  basis  

vectors (signals) spanning L(Z/n).  I f  w e choose as reference th e standard basis set  

{6[j]:i  £  Z / n } ,  th en  each s ig n a l!)»(%)) €  L{Z/n)  can b e  uniquely expressed a s a  linear  

com bination  o f  th e b asis  set. We w rite

w here th e  se t o f  scalars

2fa(5[fc]) =  ^ 2  hj,k6[i]
iez /n

(1)

(2)

represents th e  vector coordinates o f  th e  given signal 2/» (£[*]), k  e  Z /n ,  w ith  respect  

to  th e  standard  basis se t . T he signal 2X(£[fc]) can  also  b e  w ritten  as

w here

2fc( [̂*]) =  £  r fc(5l*])(j)%I
j€Zfn

2MW) = £  M -C W ) = £
m£Z fn m€Z fn

=  £  K n S i i - k - m )  =  hS- k =  S*h)(j )  
m€Z/n

T hus, w e w rite

Tk{6[k]) =  £  ky,k%i =  £  V -*% ] 
iez /n  iez /n

=  £  {S*h){ j )S iS  =  T{Skh){h) =  S*h
iez /n

N e x t, w e define th e m atrix  Hn as follow s

Hn =  [ hj,k ]o<j,fc<n =  [ h] -k  ]o<y,fc<n 

T he m atrix  H„, thus, have th e  follow ing form

Hn =

ho hn—i hn—2 . . .  hi
hi ho hn- l  . . .  /»2
hz h i ho . . .  ho
• • • • •
•  •  •  *  •
•  •  •  •  •

h n —l  h n — 2  h n —3 • * • h o
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We n o tice  th a t th e  colum ns o f  Hn are form ed b y  sh ifted  version s o f  th e  coordinate  

v ector  representation  o f  th e  signal A; th a t is, w e can  w rite  Hn as

Hn =  [lnh ,Snh ,S Z , . . . ,S 2 - 1h\ (8)

w here Sn is th e  m atr ix  representing th e  sh ift operator S„; an d  A is  th e  coordinate  

v ector representation  o f  th e signal A.

W e w ould  like to  describe in  m ore d etails h ow  th e  m a tr ix  Hn, representing the  

sy stem  Th, is ob ta ined . S tartin g  w ith  expression  (1) above, w e rew rite

(fy]) =  £  hi * s &> hi*  e  C
iez /n

=  ko,fĉ lO] +  Al.kfy] +  • • • +
(9)

E valuating  th is expression  (9) a t  different values o f  k  e  Z /n  resu lts in  th e  follow ing  

se t o f  identities:

T„(5[0]) =  ko,o£[oJ +  k l.ofy] +  . • • +  A„_1)0S[„_1]

2fc(£[x]) =  Ao,l£[o] +  Al,i$[j] +  . . .  +  k n - i . i f y i - ! ]

Zfc(£[n-1]) =  Ao.n-lfy)] +  Ai,n_i5[x] +  . .  • +  1 ,„—!$[„—ij

W e w rite  these iden tities  in  an  array form  :

(10)

ZH*[0]) Ao,o Ai,o
Th{SW)

•

Ao,i
•

Ai.1
•
•

.2ft(^[n—1]).

•

.A o,n-l

•
•

Al.n—1

An-1,0
A n-1 ,1

fyl 
5I1]

(11)

W e know  obta in  a  vector-m atrix  representation  o f  a  cyclic  convolution  operation  

described in  §6.5. G iven a system  Th and a  signal /  e  L (Z /n ), th e  response g =  Th{f) 

is ob ta ined  as follow s

g = Th(f) = Th( £  f kS[k]) 
kez/n 

=  £  fkTh{S[k}) = £  g,6[3\
keZ/n ieZ/n

(12)

E xpanding th e  above su m , w e obtain

Th(f) =  foTh(S[0]) + flTh(6[i[) + ... + /n - l2 X ( ^ [ n - l ] )
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■where

/o2h(6[o]) =  /oAo,o [̂o] +  /oAi,o£[i] +  • • • +  /oAf»-i,ofy»-i]

/l2fc(^[l]) =  f l  *0,1^0] +  +  . . .  +

0

/n - l2 f c ( f y » - l ] )  =  /» —lAo.n—l f y ]  +  / n - l ^ l , n - l ^ [ n - l ]  +  • . .  +  fn-1  A » - l ,n - l ^ [ n - l ]  

T he ad d ition  o f  th e  above set o f  equations produces th e  follow ing expression

9 =  Th(f)  =  £  1* f e L { Z / n )
jGZ/n

=  (/o^ o ,0 +  f l h 0,1 +  • . .  +  / n - l * 0,» -l)£ [o ]

+  ( M l . O  +  f l h l , l  +  . . .  +  f n - \ h l , n - l ) f > [ l \  +  • • •

+  ( /o A » - l , l  +  f lh n- 1,1 +  . . .  +  / n - l / » n - l , n - l ) f y » - l ]

=  W )  =  £  ( £  a M ' m  
jGif/ti kGZ/n

where

g(m) =  Th{f) =  J 2  ( ] C  fkhi.k)Sy](m) =  ] T  fkhm,k 
ie z /n  kez/n  kez/n

in vector n o ta tio n  , w e  have
• v 'n —l  x l n

2-rfc=0 Jfĉ O.k
2 fc= o  fkh i,k 

£fc=0 fkh},k

(13)

(14)

(15)

go
91

•

•

9i
•

•

,9n—l .

(16)

■ Sfc=0 fkhn- l ,k .
Factoring ou t th e  vector /  form  (16) above, w e  ob ta in  th e  follow ing znatrix-vector  

representation

9o
91

9i
•

"

,9n—1.

*/,o

9o
9i
•
•

9i
•
•

.9n- 1.

h o , i • • • h o . k • • • ^0,n—l r f o  1
h i , i

•

• » • 

0
h i , k

0

h l , n -  
0 0

l f 1

••

h j ,  l  
•

00

• • •

0

00

h i , k
0

0 00 0

* • * ^Jl» — 
• •

l
•

f k
00

•

in-1,1

0 

• * *

0

h n —l , k

« •

• • • h n —ijf*- l . ■ f n -1 -

, j , k < = Z / n , w e rew rite (17) as

K %-1 • • • h n —k . . .  h i  ' r  f o
h o • • • 

0
h l - k

0
. . .  h 2  

0 0
a

h ' i - 1
0

00

• « • 

0

00

h j - k
0

0 0 0 0

• • • ^y+i 
• •

•
k

••

h n - 2

00

• • •
•

h n - l - k

• •• •
ho . ■fn -1 -

(17)

(18)
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T h e above m atrix -vector operation  g =  Hnf  represents th e  cyclic convolution  oper­

a tio n  g =  /  * h  =  Th{f)t w h ere w e have u sed  th e  sam e sym bols / ,  g to  den ote, b o th , 

th e  coord in ate vector  representation  o f  th e  signals / ,  g, respectively , as w ell as th e  

signals them selves; and  th e  m a tr ix  Hn represents th e  system  Th’.

Hn =  [̂ fc(̂ [0])» 2fc(^[l]), • • •, 2fc(£[n—1])]

=  [rfito](fc),rfi,i! (^)i ■ • •, (^)] (19)

=  [/n2X(*)f SnTh{ 6 ) , S ^ T h i S ) ]

H ere, aga in , w e have u sed  com m as to  separate th e  vectors; and  w e have used  

th e  sam e n o ta tio n  u sed  for th e  signals in  order to  d en ote  th e  coordinate vector  

represen tation  o f  th e  signals.

T he com p u tation  o f  th e  cyclic convolution  op eration

g =  f  * h  =  Th(f), f,h<= L (Z /n ) (20)

is  now  perform ed b y  d irect su b stitu tion  in to  th e  defining equation

g =  Th{f)  =  Tht f T f kSlk]) (21)
*=o

an d  p roceed  in  th e  fo llow ing m anner

Tn(f) =  Th ( A t y l) =  E
k e Z / n  k S Z /n

-  E  M  E  hi ~ kSii\) ~  E  ( E  v-*/fc)%]
kG Z /n  j& Z f n  j € Z  f n  kG Zfn

E valuating g €  L [Z /n ) a t  a  particu lar index value j  e  Z /n  resu lts in

(22)

ffU) =  Th{f)U) = E ( E fcy-fc/fc)%](5)
jGZfn kSZ/n

= E (E v*/*)5 = E Vfc/ft
iez /n  kez/n kez/n

(23)
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6.9 . S p ectra l P rop erties o f L SI-FIR  system s;

In  th is  sec tio n  w e w ill describe th e  spectral properties o f  L SI-FIR  system s. A  

sh ift invariant linear operator actin g  o n  an  n-dim ensional v ec to r  space m ay  b e  rep­

resen ted  in  th e  frequency dom ain  b y  usin g  th e  concepts o f  eigenfunctions (eigen­

vectors) and eigenvalues. T h e eigenvalues correspond to  th e  natural frequencies 

encountered  in  th e  spectral representation  o f  th e  im pulse response signal o f  a  given  

L SI-F IR  system . W e w ill b e  m ore exp lic it la ter  on  in describ ing th e  relationsh ip  

ex istin g  b etw een  th e  eigenvalues (and  th eir  associated  eigenfunctions) o f  a  given  

L SI-F IR  operator Th and  th e  frequency com ponents o f  th e  associated  im pulse re­

sp on se sequence h. We sta r t th e  section  describ ing som e properties o f  th e  system  

Tsw  w h ich  are essentia lly  th e  sam e as th e  properties o f  th e  sh ift operator Sn.

T h e sim p lest L SI-FIR  system , ap art from  th e  tr iv ial system , i.e ., th e  system  

represented  b y  th e  id en tity  operator Jn, is  th e  system  represented b y  th e  sh ift 

op erator Sn. T h is system  is  som etim es called  th e  u nit d elay system  b ecau se its  

d ig ita l electron ics hardw are im plem entation  m ay b e  accom plished by u sin g  a  single  

delay  elem en t. W e use th e  sam e sym bol Sn to  denote th e m atr ix  representation  o f  

th e  sh ift operator Sn. T h is m atrix  representation  is  now  given.

R ecalling  th a t

zVi = E  (!)
i e z / n

w e have,

Z«I1J (£ [* ]) =  £ [lj  * £[fc] =  Snfyfe] =  fyfc+1] (2)

T h e m a trix  Sn representing th e  sh ift operator Sn is  ob ta ined  b y  allow ing th e  vector

represen tation  (w ith  respect to  the standard  b asis se t {5[fcj: k e  Z /n })  o f  th e  signal

^ ’U](̂ [fc])> * €  Z / n> becom e th e  colum ns o f  th e  m a tr ix  Sn:

S n  =  [ 2 V ,  (fy)]). 2 V ,  (V ])>  ■ ■ • > 2fi(i, (fy i—i) )]
(3)

=  [Vi-fy*!’ ---! i]>V>i]
w here w e  have separated  by com m as th e  colum ns o f  Sn for legibility. T he m atrix  

Sn b ecom es
TO 0 . . .  0 11 

1 0 . . .  0 0
s n = 0 1 . . .  0 0

•  •  •  •
•  •  •  •
•  •  •  •  •  •  •

0 0 . . .  1 0.
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A n  im portant property  o f  th e  Sn operator m atrix  is th a t any L SI-FIR  system  

Th m ay  b e  represented  b y  a  m atrix  Hn w hich  can  b e  w r itten  as a  su m  o f  pow ers o f  

th e  m atr ix  Sn pre-m ultip lied  by a  diagonal m atrix  Dhji

* » =  £  D h,s *  =  £
jfzZfn y€Z/n

w here

Dhj =

A;
hi

h i J
hi =  h{j), j  e  Z /n

(5)

(6)

and th e  sym bol ® stands for tensor prod uct. We give th e fo llow ing sim ple exam ple  

to  illu strate th is  representation

lExanrnle 1;

Dh0 • h  =

Dha S i  =

ce n

'ho

=  4. 

0

W e have

0 o ■ ■ 0 0 0 h i !
0
0

ho
0

0 0 
ho 0 t Hhi • S i —

h i
0

0
h i

0
0

0
0

. 0 0 0 ho. 0 0 h i 0 .

■ 0 0 h z  0 • 0 ho 0 0 ■
0

hz
0
0

0 hz 
0 0 , F>ha • S f  =

0
0

0
0

ho
0

0
ho

. 0 hz 0 0 . .ho 0 0 0 .

H i = £  DhjS i  =  £  (h i®  S ’ ) 
i e z / i  iez/4,

=

’ho ho hz h i'
h i ho ho hz
hz hi ho ho
ho hz h i ho.

T he m atrix  Fn, called th e  D F T  m atrix  and  representing th e  d iscrete Fourier 

transform  (D F T ) operator Fn, is  obtained by first determ in ing Fn(5[fc]), fc €  Z/n:

Fn(̂ (fc]) =  "Xfc, h 6  Z /n , "Xfc(j) =  e_  nikifn _  wik (7)

T he m atr ix  Fn is obtained  by w riting th e  coordinate vector representation  o f  the  

signal se t  {.?„(£[*]): k G Z /n} as th e colum ns o f  Fn:

:n-i] (8)

Fn =

Fn — [Xo,Xi,X2> •

1 1 1
1 V>n
1
•

<
•

<
•••

.1

•

< - 1

•

« r a

1

.n -2

V>n

(9)
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We now  take an  L SI-F IR  system  2},, w hich  is  represented  b y  th e  m a tr ix  Hn, 

and obtain  th e  discrete Fourier transform  o f  th e  system  response to  a  g iven  input 

signal /  e  L {Z /n ). Taking th e  D F T  o f  th e  response g =  Th(f), and  u sin g  th e  cyclic  

convolution  theorem , produces th e  follow ing resu lt

Fn(Th(f))  =  Fn(h )® F n(f)

(Fn ° T h)( f )  =  (F„(h) © Fn)(f)

Since th e  choice o f  /  e  Z /n  w as arbitrary, we ob ta in  th e follow ing im p ortan t result

(10)

FTh =  Fn(h) © Fn (11)

or, em phasizing th e  d iagonalization  o f  Th by th e  a ction  o f  th e  Fn operator,

W  =  F n (h )Q ln (12)

T h e expression  Fn[h) © In is  denoted  by &F(h) — F>fr w here a  m atrix  representation  

o f  £>- is given  by

ho
hi

h i

hn—i

, hi =  (F (h))(j), j e Z / n (13)

T hus,

FnTnF-1 =  D~ (14)

The identity  (14), above, s ta tes  th a t th e  d iscrete Fourier transform  operator Fn 

diagonalizes every operator Th representing an  L SI-FIR  system . T he eigenvalues 

o f  th e system  Th are th e evaluations h(k), k e  Z /n . For th e p articu lar case w hen  

th e  operator representing a  given  L SI-FIR  system  is  th e sh ift operator Sn, th e  

diagonalization  process gives rise to  th e  follow ing resu lt

FnSnFn — FnTgm Fn «iij (15)

R ecalling th a t

?[i] =  -FnOW =  "X1 =  Xt x(j)  =  e~2ni,'/n =  w3n, j  e  Z /n ,
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w e w rite
1

£>- w n  =  e~ 2ni/ n (17)

T hus, th e  d iagonalization  o f  th e  sh ift operator Sn, perform ed b y  th e  D F T  operator  

F , resu lts  in  a  m atr ix  representation  w h ose entries are th e  n -th  ro o ts  o f  unity:

A s w e  d iscussed  previously  in  §6.4, th e  d iscrete Fourier transform  Fn can  b e  

in terpreted  as a  u n itary  operator w h ich  effects a  change o f  b asis  on  an y  given n- 

p o in t signal /  €  L(Z/n)~, th a t  is , th e  a ctio n  o f  th e  operator Fn on  a signal / ,  w hose  

vecto r  representation  is  g iven , for instance, w ith  resp ect to  th e  canonical (standard) 

basis {£[o]>6[i],•••,£[«—!]}> resu lts  in  a  fu n ction  F (f)  =  /  w hich  can  b e  interpreted  as  

th e sam e signal / ;  b u t, g iven  w ith  resp ect to  a  different b a sis  se t , th e  la tter se t  

form ed b y  th e  eigenfunctions o f  th e  sh ift operator Sn.

E xpression  (16) sta tes  th a t th e  eigenvalues o f  th e  sh ift operator Sn are the n-th  

ro o ts  o f  un ity; therefore, th ere  are d istin ct. Furtherm ore, th e  orthogonality  o f  th e  

eigenfunctions m akes th e change o f  b asis expressed  b y  (15) a  u n itary  transform ation . 

I f  w*, k e  Z jn , for in stan ce, is  a  given eigenvalue associa ted  w ith  th e  eigenfunction  /  

o f  th e  operator Sn, th en  th e  sam e eigenvalue u>£ is  associated  w ith  th e  eigenfunction  

F f  o f  th e  operator T he m apping j =  F nSnF '1 is  term ed a  sim ilarity

transform ation . B elow , w e g ive a  d iagram  d ep ictin g  th e  sim ilarity  transform ation

{1 ,w n,w *  u;”- 1}.

[{SU]: j e Z / n } ,  Sn]:L {Z /n )  — * L (Z /n ) 
t  F ~1 

L(Zfn)[{Xk-.k< = Z /n },D t[ii] : H Z /n )  — »
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6.10 . Im plem entations o f  LSI-FIR  Svstem a:

T his section  serves to  describe form ulations for hardw are im plem entations o f  

L SI-F IR  system s or filters using fa st Fourier transform  algorithm s. We have d is­

cussed  previou sly  th e  im portance o f  L SI-F IR  filters in  present and  future d ig ita l 

signal processing applications. M ost applications, sp ecia lly  real tim e applications, 

require fa st signal processing hardw are in  order to  p erform  th e  desired  task s effi­

ciently. T his im plies th e  necessity  to  im plem ent very fast L SI-F IR  filters [17], [18]. 

One w ay  to  ob ta in  fa st hardware im plem entations is  b y  an  ind irect approach w hich  

con sists o f  im plem enting th e  convolution  operation  perform ed b y  a n  L SI-FIR  fil­

ter  usin g  fa st Fourier transform  algorithm s [19] through th e  convolution theorem  

w hich  w e resta te  b elow . We propose in  th is  w ork to  im prove th is  approach b y using  

th e  language o f  tensor products as a  to o l to  aid  in ob ta in in g  sim plified hardw are 

structures. In  order to  im prove th e  hardw are sim plification  procedure, w e also  

take in to  consideration  properties o f  th e  im pulse response sequence w hich  charac­

terizes th e given  L SI-F IR  filter. To analyze th e  properties o f  th e im pulse response  

sequence, w e use, in  tu rn , som e o f  th e  linear algebra to o ls  th a t  w e developed in  the  

p reviou s sections dealing w ith  L SI-F IR  system s. We start th is  section  b y  review ing  

som e basic con cepts an d  introducing som e defin itions. We th en  proceed  to  describe  

form ulations for im plem entations o f  L SI-F IR  system s usin g  F F T  algorithm s.

I t  is  im p ortan t to  rev iew  th e tw o  m ain  m eth ods o f  representing LSI-FIR  filters 

for th e  p urpose o f  hardw are im plem entation . We w ill u se som e o f  th e  linear alge­

bra to o ls  described in  th e  previous sections on  LSI-FIR  system s. T h is w ill allow  

u s to  relate th e  resu lts o f  th is section  w ith  w ith  previous w orks an d  applications 

on  L SI-F IR  system s [20], [21]. T h e tw o  m ain  m eth od s for representing L SI-FIR  

filters are usua lly  called  th e  tim e dom ain  representation  and  th e  frequency dom ain  

representation . T he tim e dom ain representation  follow s read ily  w h en  w e express  

an  L SI-FIR  system  a s a  linear com bination  o f  pow ers o f  th e  sh ift operator; th a t is , 

th e  tim e  dom ain  representation  o f  a  given  LSI-FIR  filter Th is  given by

J GZfn

T he frequency dom ain  representation  is  obtained  b y  tak ing  th e  Z -transform  o f  

th e  im pulse response sequence w h ich  characterizes th e  g iven  system  Th- We w ould

(1)

93

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



like to  describe th is representation  in  m ore d eta ils since it  is m ost o ften  u sed . F irst, 

le t u s  discuss som e ideas ab out polynom ial functions and introduce th e  .Z-transform  

o f  a  n-point sequence h e  L (Z /n ).

A ssocia te  w ith  an  n-point sequence

h =  [Ao hi . . .  A „ -i] , (2)

th e (n — l)-th  degree polynom ial p/> in  th e indeterm inate a

Ph =  ho +  h ia  + . . .  +  h n-ia™ "1, (3)

and th e  polynom ial function

Ph(*_1) =  5 3  =  f f (2)> Z & C  (4)
jez /n

T he polynom ial function  Ph(z_1) belongs to  th e  ordered se t (the order induced  by  

th e n atu ra l order o f  Z /n )

Z(h) =  {pfc((z~1)fc): k e  Z /n }  (5)

w here

Pfc((2_1)fc) =  5 3  hJz ~3k> h e  Z /n  (6)
ye z/n

and th e  in d ex  prod uct j  ■ k is  taken m odulo n. S ince th e  elem ents o f  Z{h) becom e  

com plex num bers w hen  z e d s  fixed , w e can th ink o f  th is set as an  n-point sequence  

in  L [Z /n ). T hus, the &-th elem ent o f  th e  sequence Z  is given by

Z{h){k) =  ph(z~k) =  Hk{z), z € C  fixed (7)

A n oth er w ay o f  v iew ing th e  set Z  (h) is to  fixed  th e index value k  (the value o f  k

usually  chosen to  b e one (1)) and allow  z  to  becom e a  variable, tak ing  th e entire  

com plex p lane C  except th e origin. T he expression Z(h) is  th en  called  th e  Z -  

transform  o f  th e  n-point sequence h €  L (Z /n ), an d  is  w r itten  as

Z{h) =  ph{z~1) =  5 3  V ' -  =  H (z), z e C  (8)
ie z /n

We n o tice  th a t th e  se t Z(h) now  con sists o f  a  single elem ent, nam ely H {z)\ and  by  

allow ing z  to  take on  values on  (7, H (z)  becom es an  analytic function  on  th e entire
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complex plane except a t  the  origin. The function H (z)  is usually term ed the Bystem 

function associated w ith  the  impulse response sequence h.

W e now  proceed  to  obtain  th e  frequency dom ain  representation  o f  an  L SI-FIR  

system  Th. W e first recall th a t given  a  system  Th, i t s  action  on  a  inp u t sequence  

x  g  L (Z /n) resu lts in  th e cyclic convolution  o f  th is  sequence x  and th e  im pulse  

response sequence w h ich  characterizes th e  system  Th- T h at is , i f  w e call y  e  Z /n  th e  

o u tp u t sequence w hich  resu lts w h en  Th a cts  on  th e  in p u t sequence x, th is sec  nee  

is g iven  by

y  =  Thx =  5 3  hi Snx ~  x * h (9)
je z /n

W e also  w ould  like to  ob tain  th e  Z -transform  o f  th e  sh ifted  sequence x\j\ =  S^x, 

w hich  is obtained  a s follows:

z (xlil) =  1 3  xh\(m )z ~m
mGZ/n

=  5 3  x ( m - j ) z ~ m
m € Z /n

keZ/n

=  Z~3 5 3  Xkz ~H = Z~3X(z)  
keZ/n

w here X (z)  is  th e  Z -transform  o f  th e  n-point inp u t sequence x.

I f  w e  now  take th e Z -transform  o f  th e  cyclic convolution  given  above (Eg. (9), 

w e ob ta in  th e  follow ing resu lt

Z(y) =  Z {x  * y) =  Z (  5 3  hJS& )
j'GZ/n

=  E  hi Z & x) = E  h3z - * X { z )  (n)
3GZ/n j€Z/n

=  X (z)  5 3  h i* -*  =  X (z)H (z) =  Y (z)
}&Z/n

B y m aking an  analogy betw een  th e  expression

y =  5 3  h i S * x  =  x * h  (12)
je z /n

and the  expression

Y (z)  =  E  h f*-*X {z) =  X (z)H (z),  (13)
je z /n
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th e  expression

H(z) =  X  h>2' 3' (14)
jez /n

is u sually  term ed  th e  “frequency dom ain  representation*’ o f  th e  LSI-FIR. system  

Th. T hus, th e  frequency dom ain  representation  o f  a  g iven  L SI-F IR  system  Th is  its  

associated  sy stem  function  H (z).

T he hardw are im plem entation  o f  either th e  tim e dom ain  or frequency dom ain  

representations o f  an L SI-FIR  system  is  usually  accom plished  b y  identify ing either  

th e  sh ift operator Sn in  Eq. (12), or th e  m u ltip lication  elem ent z ~ x in  E q. (13), w ith

a  u n it delay elem ent device in  d igital signal processing hardw are.

I f  w e allow  z  in  th e  sy stem  function  H (z) to  take values on ly  on  th e u n it circle, 

w e ob ta in  th e  Fourier transform  o f  th e  n-point sequence h. T hu s, a t  z  =  eiv =  e1*'1 , 

w e obta in

H {* v ) =  p ^ z - 1 =  e - W )  =  X )  V 2wii/, 0 < / < l  (15)
jez/n

T he d iscrete Fourier transform  (D F T ) o f  th e  n-point sequence h is  ob ta ined  by  

settin g  fixed  z  in  th e  sequence Z(h) to  th e  p rim itive n -th  ro o t o f  u n ity  e2’"/'1 =  w~1. 

In  th is  w ay, th e  A;-th term  o f  th e  d iscrete Fourier transform  o f  h is  given  by

h(k) =  Fn{h)(k) =  x :  hse~2^ n =  fffc(e2ir</") (16)
jez /n

Since k takes on  values on  th e  se t  { 0 ,1 ,2 , . . . ,  n — 1}, th e  va lues (e2,ri/n)fc =  w~k 

form  th e  se t U{n) o f  th e  n roots o f  u nity , w hich  are spaced  uniform ly on  th e u nit 

circle o f  th e  com plex  p lane. T his elucidates th e  know n fa ct th a t  th e  D F T  o f  an  

n-point sequence corresponds to  th e  uniform  sam pling o f  its  Z -transform  on  the  

u n it circle.

We now  resta te  th e  cyclic convolution  theorem  in  order to  p resen t th e  procedure  

for obtain ing form ulations for th e  hardw are im plem entation  o f  L SI-F IR  system s:

Suppose th a t th e  sequence x  is  th e inp u t to  th e L SI-F IR  sy stem  Th• T he ou tp u t  

sequence y  is  g iven  by

V =  Th(x) =  h * x  (17)
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Taking th e  d iscrete Fourier transform  (D F T ) to  th e  above expression  resu lts in

T he expression  Fn(h )Q ln is  denoted  b y  Dp(h.) =  -Djj» w h ere a  m a tr ix  representation  

o f  JBg is  g iven  b y

T his last expression  serves as th e  basis for th e  form ulations o f  L SI-F IR  system s using  

F F T  algorithm s. T his is  accom plished b y  com puting, b o th , th e  d iscrete Fourier  

transform  and  its  inverse using fast algorithm s.

To ob ta in  form ulations for hardw are im plem entations o f  L SI-FIR  filters, w e  

proceed  as follows:

1) Perform  cyclic convolution operation  by usin g  fa st Fourier transform  

(F F T ) algorithm s.

2) U se  tensor p rod ucts form ulations o f  F F T  algorithm s to  express th e  cyclic  

convolution  operation .

3) U tilize  th e  properties o f  th e tensor p rod ucts to  m an ipu late th e cyclic con­

vo lu tio n  expression  w ith  th e  purpose o f  im proving possib le hardw are im plem enta­

tion s.

Fn(Th(x)) =  Fn(h )Q F n(x) (18)

or

(Fn oTh)(x) =  (Fn(h )Q F n)(x) (19)

S ince th e  choice o f  x  G L (Z /n ) w as arbitrary, w e ob ta in  th e  follow ing im portant  

resu lt

FnTh =  Fn(h) © F„ (20)

or, em phasizing th e  d iagonalization  o f  Th b y  th e  action  o f  th e D F T ,

FnThF~x =  Fn(h) © /„ (21)

%>
Tit

%

T hus, w e can  w rite

Th =  F ~ 1D~Fn (23)
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W e now  provide som e exam ples w here w e  use tensor properties and th e  prop­

erties o f  L SI-FIR  system s previously  described in  th is  w ork in  order to  present 

form ulations for p ossib le  im plem entations o f  these system s.

E ram n le 1;

Suppose th a t h  e  L(Z /n) is  th e im pulse response o f  th e  LSI-FIR  system  T&. I f  n is 

a  com posite  o f  th e  form  n  =  r s ,  w e can  factor th e m atr ix  H  =  F ~1D*Fn representing  

th e  sy stem  Th in  a  form  th a t u ses th e  Cooley-Tukey decim ation  in  frequency (DIF) 

algorithm  for th e  com putation  o f  th e  Fourier transform ; and  th e  Cooley-Tukey  

decim ation  in  tim e (D IT ) algorithm  for th e  com putation  o f  its  inverse:

H  =  (Fa* ® Ir)T *a(I, ® F :)P n,t D~P^s {It ® Fr)Tn,a(F. ® Ir)

w here th e  asterisk  (*) im plies com plex conjugation. W e ca n  now use th e  result 

presented  on  th e  chapter on  perm utation  m atrices and  w rite

‘So

D'z =  Pn<aD ~ p - \  =  d ia g [p n,, •£] = h2a

hn—1

T he factorization  for H  becom es

H  =  ( F ; ® J P)T * a( J .0 F ; ) D j ( I . ® j F r)Tn,.(F 4 ® J r)

w here in  th is  form ulation  th e  perm utations have b een  elim inated.

E x a m p le  2:

L et IT b e  an  n-th  order m atrix  representing a  g iven  L SI-FIR  filter T/,. A s w e  

have seen  in  th e  previous section , H  is  a  circulant m atr ix  g iven  in  th is  case by

H  =  [ hj,k ]o<j,fc< » hjyk =  h [j — k)

For n a  com posite o f  th e  form  n =  r • a, w e can p artition  th e  m atrix  H  so th a t  

w e ob ta in  a  block circulant m atrix  w ith  circulant b locks. T h is partition  is always 

circulant [22]; furtherm ore, th e  block size can  b e chosen to  b e  either r or s. We can
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generalize E q. 5 g iven  in  section  6 .0  an d  w rite  a p a rtitio n  o f  H  in to  subm atrices 

Hj,  0 <  j  <  r  o f  block size S i

H  =  £  # ® I f y  
je z /r

T he subm atrices, a s w e have sta ted  above, are circulant; h en ce, th ey  m ay  represent 

low er order L SI-FIR  sy stem s. D iagonalizing th e  sh ift operator Sr and th e  m atrices  

Hj  sim ultaneously  produces th e  follow ing resu lt w hich  also appears in  D avis’ book  

[22]:

h  =  ' £ ( Fr'lD o Fr) ® ( Fr 1Dj:(3)Ft 
sez/r

w here represents th e  d iagonalized  sh ift operator Sr, a n d  D%[j) is  a  diagonal 

m atrix  o f  order a corresponding to  th e  d iagonalization  o f  th e  eirculants Hj.  U sin g  

tensor p rod ucts p roperties, w e obta in

Z  i* " 1 ® ® ® f .)
ie z /r

and

H  =  (Fr V F . r ' l  E :  
yez/r

U sin g , aga in , tensor p rod ucts properties, w e w rite

h  =  ( f ;  ® / . j - ' a  ® f , ) - 1 [ E ( ^ o  ® ® l3)Vr ® F>)

A  user m a y  find th is form ulation  advantageous i f  efficient hardw are im plem entations  

for th e  Fourier factors have b een  obtained.

E xam ple 3:

We sta r t th is  exam ple b y  introducing th e  follow ing function:
r —1

f  =  E*M> 5 €  L{Z/n)
r = 0

T hus, w e have

p° =  6, =  { l , l , l , . . . l }  =  u

W e term  th is  function  th e  projection  fu n ction  fi (m aking an analogy to  projection  

op erators). W e notice th a t tak ing th e H adam ard product o f  th is  function  and any  

other fu n ction  /  e  L (Z /n ) resu lts in  th e  function  /  being null a t th e  p o in ts k <  j  <  m

0*‘ ® /)< y )M * ‘ (/)<>) =  { £ *  *

99

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



A pplying th e  sh ift operator Sn to  th e  fu n ction  p* resu lts in

■ W )  =  ( / ) h .

w ith

T hus,
_ /  m i  m <  j  <  m +  k

\  0; otherwise

I f  th e  fu n ction  f  — h is  th e  d iscrete Fourier transform  o f  th e  im pulse response  

sequence h G L (Z /n ) o f  a  given LSI-FIR  filter Th, th en  ((/x*)[m]) can b e  th ou ght o f  

a s a  filter, w h ose  a ttr ib u tes (bandw idth, passband) are determ ined  b y  th e  param ­

eters k an d  m . T hus, ((/ifc)[mj) can  b e  a  low -pass, band -p ass, h igh-pass, a ll-pass, or 

band-reject filter; hen ce, th is  function  allow s u s to  perform  filtering op erations on  

th e  im pulse response sequence h. T h is filtering op erations m anifest them selves as 

a ttrib u tes o f  th e  d iagonal m atrix  D~. We w ill show  in  th e  n e x t exam ple below  how  

to  u se  th ese  a ttr ib u tes to  sim plify tensor p rod ucts form ulations o f H  =  F ^D ^F n.

E xam ple 4 . F A ST  LO W -PA SS FILTER:

W e w ill take advantage o f  th e  follow ing fact w h ich  fo llow s readily from  our 

resu lts on  th e  chapter on  perm utation  m atrices:

For n =  r • a, w e  have

ri:
Pn,» K - i

0

ho
0

hi
0

0 Lk4_ i.

T his resu lt a llow s u s to  m ake th e  follow ing observation

O bservation 1: “R ow s o f  zeroes” w ill appear on

hi

Pn,t • ding h , - i
0
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T he fo llow ing fact follows:

I

ht - i
0

L o

P ~ l =•  vl a

ho
0

t i
0

.ha- l.

w h ich  allow s u s  to  m ake th e  n ex t observation.

O bservation 2: "Columns o f  zeroes” w ill appear on

diag

hi

ha- 1 
0 
•

L o  J

3-1 = D? • Pn, a- l

N o w , su pp ose w e have th e  follow ing tensor p rod ucts form ulation for Hi 

H  =  (F: 0  Ir)T*ta(Ia 0  F jP ^ .D - P - ^ I ,  0  Fr)Tn,,{F. 0  Ir)

x h e  "colum ns (rows) o f  zeroes” appearing on  th e  m atrices d iscussed  above can  

b e  p rop agated  throughout th e above form ulation  in  order to  o b ta in  a  sim plified  

expression . In  th is  w ay, propagating th e  "colum ns o f  zeroes” to  th e  right w ill 

eventua lly  show  th a t  i f  /  6  L [Z /n ) is  th e  inp u t v ector, th en  th e  follow ing decim ated  

version  is  o n ly  required:

[/o  0 • • •  f a  0 • • •  /2* 0 • • ■ f n —1 ] ,

an d , after propagating  th e  "rows o f  zeroes” to  th e  left, th e  follow ing sim plified  

version  o f  th e  form ulation  is  ob ta in  w here th e  m o st factors are reduced  to  "data 

assignm en t m atrices” for. th e  routing  o f  th e  in p u t d ata , and th e  relevant factor is the  

m a tr ix  (F, 0 / r). A fter b ein g  m asked h y  th e  "colum ns o f  zeroes” (th e factor [Fs ® Ir)‘
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is m asked  b y  th e “row s o f  zeroes”) ,  th e follow ing sim plification  is  obtained:

1 0 . . . 0 1 0 .......................... 1 0  . . . 0 ‘

0
•

0 . . . 0 0 0 ..........................
0 0 . . . 0

•

1 0  . . . 0 U>» 0 .......................... «o r 1 0  . . . 0
0
•

0  . . . 0 0 0 .......................... 0 0  . . . 0

1 0  . . . 0 0  .......................... 0  . . . 0
0
•

0 . . . 0 0 0 .......................... 0 0  . . . 0
•

.0 0 . . . 0 0 0 .......................... 0 0  . . . 0 .

th is  la st m atrix  te lls  u s  th a t th e  fast low -pass filter is m ay  h e  im plem ented h y taking  

th e  d iscrete Fourier transform  F, on  th e decim ated  in p u t d ata  sequence / .

E x a m p le  5;

W e b eg in  th is  exam ple by expressing th e  ft-th term  o f  th e  cyclic convolution  

y  =  h * f  in  inner p rod uct form:

J,(fc) =  £ ;  M 3D (fc) =  £  hs f ( k - j )
jBZ/n jeZ/n

=  £  h3f ( - ( j - k ) )  =  £  hi f M (3 ~ k )
jGZ/n jtZ jn

=  £  ( s W - ' m  =  £  M /( - > ) [fcJ(y) =
iGZ/n jGZ/n

T he inner p rod uct expression clearly show s th e  folding (hence, th e nam e convolu- 

tion ) o f  th e  function  /  around th e  origin; th is  resu lts in  w hich  is th en  shifted  

by k  u n its .

C yclic correlation , w hich w as previously defined as

g(k) =  ^ 2  h j f ( j  — k) mod n, k e  Z/n ,
jGZ/n

can  also  b e  w ritten  in  inner product form , resulting in

sr(k) =  < /[* ].**)»  k e z / n

A s, w e recall, th e  inner product { /, h*) can  te ll us ab ou t th e sim ilarity  (likeness) 

or d issim ilarity  (am biguity) betw een  th e  tw o signals /  and h. For instance, if

( / ,  h*) =  0, w e  m ay conclude th a t /  and  h are com pletely  dissim ilar. T his conclusion,

how ever, m ay  b e erroneous, since /  and h m ay b e  sim ilar u p  to  a  sh ifting operation
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perform ed on one o f  th e  signals. T his is  w h y  th e operation  (/[*], h*) is a  b etter  to o l 

for identify ing sim ilarity (hence, th e  nam e correlation) b etw een  th e  functions /  and  

h .

I f  th e  signal h is th e  im pulse response o f  a  given  L SI-FIR  sy stem  Th, th en , as it  is 

k now n, th e  operation  {/[*], h*) can  b e  th ou ght o f  as a  detection  operation  perform ed  

on  th e  incom ing signal / .  T his is  accom plished b y  allow ing

/  =  Rn(h) =  A<">

In th is  w ay, th e  convolution  operation  y  =  h *  f  becom es

y[k) =  ((/< -))[* ,,fe*> =  (fcjfcj.fc*), k e Z / n

T he signal /  is  sa id  to  b e  d etected  w hen  y(k), k e  Z /n  is a  m axim um . In  practical 

applications [21], th e  inp u t signal /  is m uch longer th an  th e  filter Th an d  th e  value  

k is  u sed  to  ind icate h ow  m uch shifting w as required (the identified  delay) before  

th e  signal w as detected . W e present in  th e  n ex t exam ple a  sim ple d etector w hich  

w e call th e fa st ton e correlator.

E xam ple 6. FA ST  T O N E  CORRELATOR; For n =  r -a

Let h e  L(Z /n) b e  th e  im pulse response sequence o f  th e  filter Th. Let its  Fourier 

transform  % =  F(h) b e  a  decim ated  sequence o f  th e  form

h — [ ho 0 0 . . .  hi 0 0 . . .  /1 2  0 0 . . .  hr—i  ]

satisfy in g  th e  condition

P n ,r'h  =  [ho hi h2 . . .  hr-1  0 . . .  0 ]T

N o w , i f  w e use th e follow ing tensor p roducts form ulation for H  =  F ^1D^Fn

H  =  {F; ® Ir)T* ,( I ,  ® F /)P n<tDt p - ^ I s ® Fr)Tn,.(F . ® Jr)

w e n o tice  th a t th e  decim ated  sequence h produces ‘to w s  o f  zeroes” to  th e right and  

“colum ns o f  zeroes” to  left; furtherm ore, th e  effect o f  th e  p erm utation  m atrices is 

to  gather th ese  “row s o f  zeroes” ( “colum ns o f  zeroes”) . A fter th e  cancellation , th e
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follow ing sim plified form ulation  results:

0 . . . 0-
I .
•

0 . . . 0

0 . . . 0.

D° f;

'- i .

Oj

r D°n,r Jr I r  
0 0

0 
IT' 

. . .  0

. . .  0  J

T his resu lt agrees w ith  th e  w ell know n resu lt th a t  decim ation  and  period ization  o f  

signals are related  through  th e  d iscrete Fourier transform . T he sim plified  form ula­

tio n  sta tes  th a t a  pre-addition , follow ed b y  forw ard and inverse D F T  Fri followed  

by a d ata  assignm ent operation , resu lts in  th e  fa st ton e correlator. T h is exam ple  

m ay aid  th e  com putational task o f  som e engineering applications [23].

We u sed  th e  form ulation

H  =  (F; ® / r ) T * , ( / .  ® F ;)P n,'D ~ p - l( I a ® Fr)Tn,e(F. ® Ir)

for m o st o f  our exam ples above. O ther sim plifications m ay b e  ob tained  by using  

other tensor p rod ucts form ulations o f  th e ad ditive F F T  algorithm s as presented  in  

chapter IV .

104

R eproduced with perm ission of the copyright owner. Further reproduction prohibited without perm ission.



Conclusion:

B elo w , w e p resen t th e  objectives w h ich  w e se t  out to  accom plish  in  th is  w ork. 

We feel w e w ere successful in  accom plish ing th ese  tasks, se ttin g  up  th e  stage for  

further work o n  softw are an d  hardw are im plem entations o f  additive fa st Fourier  

transform  algorith m s, and  fa st d ig ita l signal processing softw are an d  hardw are im ­

p lem en tation s u sin g  L SI-FIR  filters:

1) To p resen t tensor p rod ucts form ulations o f  com m only know n ad ditive fast 

Fourier transform  (F F T ) a lgorithm s.

2) To d escribe and  p rovide gu idelines for com puter im plem entation  o f  F F T  

algorith m s, u sin g  tensor p rod ucts language a s an  analytical to o l to  accom plish  th is  

ta sk .

3) To p resen t a  m athem atica l characterization  o f linear sh ift invariant, fin ite  

im p ulse respon se (L SI-FIR ) system s.

4 ) To u se  th e  tensor p rod u cts language as a  to o l to  a id  in  th e  im plem entation  

o f  L SI-F IR  sy stem s using F F T  algorithm s.
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