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Abstract

ON TENSOES PRODUCTS FORMULATIONS OF ADDITIVE FAST
FOURIER TRANSFORM ALGORITHMS AND
THEIR IMPLEMENTATIONS

by
DOMINGO RODRIGUEZ

Advisor: Professor Richard Tolimieri

One of the objectives of this work is to present a mathematical language or
structure in which to analyze in a unified format similarities and differences among
the commonly known fast Fourier transform (FFT) algorithms. This language is
the language of tensor products, a branch of finite dimensional multilinear algebra.
‘We concentrate on algorithms which take advantage of the additive structure of the
indexing sets of input and output data during an algorithmic computation. One
of the advantages of using temsor products language to describe FFT algorithms
is that this mathematical language may be used as an analytic tool for the study
of algorithmic structures for machine hardware and software implementations as
well as the identification of new algorithms., For instance, an inherent part in
the study of computer implementation of FFT algorithms is the analysis of the
data communications aspects of the algorithms which manifest themselves during
implementation procedures. These data communication aspects can be best studied,
in turn, through the analysis of permutation matrices which appear in our tensor

products formulations of the FFT algorithms.

Another objective of this work is to present a mathematical characterization of
linear shift invariant, finite impulse response (LSI-FIR) filters, and describe how
to use the tensor products language as tool to aid in the implementation of these

filters using FFT algorithms.
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Intrcduction

One of the objectives of this work is to present a mathematical language or
structure in which to'analyze in a unified format similarities and differences among
the commonly known fast Fourier transform (FFT) algorithms. This language is
the language of tensor products, a branch of finite dimensional multilinear algebra.
We will concentrate on algorithma which take advant#ge of the additive structure
of the indexing sets of input and output data during an algorithmic computation.
‘Why we say that these algorithms rest on the additive structure will become evident
when we describe them in other sections later on. This approach did not start with
this present work, and below we give a brief account of prior work performed by
other authors on the subject of tensor products formulation of FFT algorithms.
This present work itself started with the lectures and notes imparted by professor
Richard Tolimieri [1], [2], [8], [4], on the subjects of digital signal processing and
algorithm design for scientific computation.

Of the additive algorithms described in this work, the Cooley-Tukey algorithm
was the first reported to compute the discrete Fourier transform (DFT) of a vector
signal much more rapidly than any other available algorithm known at the time.
James W. Cooley and John W. Tukey stated in their original paper [5] that, by a
process of iterations on a given 1-dimensional array of n data values, the number of
arithmetic operations required to compute the DFT could be reduced significantly
from the n? operations required for straightforward calculation. The Cooley-Tukey
FFT algorithm essentially allows for the transformation of a 1-dimensional array
of n data values into an m-dimensional array of data values, in every case when
n is a composite integer of the form n = nyn,...n,. A serial computation of this
m~dimensional array of data values produces a set of m recursive equations; each

equation describing a modified Fourier sum.

After the reporting of the Cooley-Tukey algorithm by J.W. Cooley and J.W.
Tukey in 1965, a great many implementations of this algorithm were performed on
sequential machines, improving the computational performance of the algorithms
by resorting, sometimes, to clever computer programming techniques, proper han-
dling of the input/output data indexing sets, and by studying the properties of
the discrete Fourier transform matrix itself. In 1968, M. Pease [6] proposed to

1

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



further improve the computational performance of the Cooley-Tukey algorithm by
developing special purpose computers which would take advantage of the fact that
some operations in the algorithm could be performed in a parallel fashion, and in
this way improve the computational speed. Pease utilized the language of tensor
products to express the Cooley-Tukey algorithm; and he used some properties of
tensor products to formulate variants of the algorithm which were suitable for im-
plementation on a special purpose computer. Afier the work reported by Pease,
other authors, such as Corinthios [7] and Temperton [8], have used the language
of tensor products to describe their work on Tooley-Tukey type algorithms. M.J.
Corinthios utilized the technique introduced by Pease to design and implement al-
gorithms obtained by factoring the order of the discrete Fourier transform (DFT)
matrix to an arbitrary radix, as opposed to Pease’s radix two (2) formulation. C.
Temperton has provided tensor products formulations for a number of variants of
the Cooley-Tukey FFT algorithmn. He has also introduced an algorithm for com-
puting the DFT in an ordered input, ordered output format when the order of the
DFT mairix has been factored to a mixed radix.

This work adds to the werk of previous authors in the sense that it treats
the tensor products formulation of algorithms in a unified manner, identifying the
necessary mathematic tools for the analysis of these algorithms, and providing the
algorithm user with guidelines which will aid in identifying useful computer imple-
mentations. For instance, in a tensor products formulation of a Cooley-Tukey type
FFT algorithm, there exist three types of mathematical entities, not including the
permutation operations, which can always be identified. These entities are: diago-
nal operations, which are usually termed phase or twiddle factors, and expressions
of the form (I, ® A) or (B®I,), where A and B are matrices with special properties
which we will describe later on in another section. Of the expressions (I ® A) and
(B ® 1,), it will be shown that the latter is more suited for vector computer imple-
mentation. The former, (I ® A), it will be shown, adapts itself better to parallel
computer implementation. Manipulating these mathematical entities, through the
use of tensor products properties, gives us some of the necessary information to

effect efficient implementation tasks on given machine architectures.

One of the advantages of using tensor products language to describe FFT al-

2
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gorithms is that this mathematical language may be used as an analytic tool for

the study of algorithmic structures for machine hardware and software implemen-

tations as well as the identification of new algorithms. For instance, an inherent

part in the study of computer implementation of FFT algorithms is the analysis
of the data communications aspects of the algorithms which manifest themselves
during implementation procedures. These data communication aspects can be best
studied, in turn, through the analysis of permutation matrices which appear in our
tensor products formulations of the FFT algorithms.

We present, in tensor products form, the description of FFT algorithms with the
following objective in mind. To provide the user of these algorithms with guidelines
which will enable him to effectively study their implementation on either special
purpose or general purpose computers. By “effectively study their implementation,”
we mean to be able to produce algorithms which best conform to the inherent

constraints identified on any given machine hardware architecture.

Fast algorithms for digital signal processing, including fast Fourier transform
(FFT) algorithms, are also implemented on special purpose hardware using digital
devices. One of the digital hardware devices most commonly used for the imple-
mentation of FFT algorithms is the finite impulse response (FIR) filter [9]. Another
objective of this work is to present a mathematical characterization of linear shift
invariant, finite impulse response (LSI-FIR) filters, and describe how to use the ten-
sor products language as tool to aid in the implementation of these LSI-FIR filters
using FFT algorithms. A reason for the mathematical characterization of LSI-FIR
filters is that it will help describe and analyze digital signal processing (DSP) ap-
plications where these systems are used, and possibly obtain further simplifications

of desired implementations.
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Chapter 1
TENSOR PRODUCTS:
1.1. Tensor oducts s

In this section we present some of the basic properties of tensor products which
are encountered in the formulations of the algorithms that we will be describing in
future sections of this work. Tensor products algebra becomes an important tool
for presenting mathematical formulations of digital signal processing algorithms so
that thess =!gorithms may be studied and analyzed in a unified format. We first
describe the tensor products as bilinear maps and present some of their properties.
We then define the tensor product of matrices and describe some of the properties.
These properties are very useful in manipulating the Discrete Fourier Traﬁsform

matrix in order to obtain different formulations of algorith.as.

Finite sets, with internal additive property, are used as indexing sets in algo-
rithmic computations of the discrete Fourier transform (DFT). Complex functions
may be defined on these sets, and linear vector spaces related to these functions
may be identifled. The tensor product of two complex functions is defined in this

type of scenario. First, we give the following definitions:

Let
Z/m = {0,1,...,m—1}, (1)

and let the complex field be denoted by C. The set of all functions

f:Z/m—C
. ) (2)
I—f9) = f;
forms a linear vector space which we denote by L(Z/m). Define f as the m-tuple
Jo
h N
t=| " f=10) iezm 3)
fm—l

The set of all m-tuples f forms the linear complex vector space C™. The set L(Z/m)

is isomorphic to C™.

The set of all functioné
h:Z/mx Z[n— C, (4)

4
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defined on the cartesian product set Z/m x Z/n, forms a linear vector space which
we denote by L(Z/m X Z/n). By identifying every function h € L(Z/m x Z/n) with an
m X n matrix H:

H = [h(g,F)]seerm , (5)

it can be shown that the space L(Z/m x Z/n) is isomorphic to the space M, x,(C) of

m X n matrices over C.

Given two linear spaces L(Z/m), L(Z/n), we can define an application ® from
the cartesian product space L(Z/m) x L(Z/n) to L(Z/m x Z/n) as follows

®: L(Z/m) x L(Z/n) — L(Z/m x Z/n)

()
(.fv g) —h=f®g
where h, evaluated at (j,k) € Z/m x Z/n, is given by
h(7,k) = (f®9)(5,k) = f(5)-9(k), j€Z/m, keZ/n (7
the product on the right being performed in C.
The set
{:9 € 2/m}, & € L(Z/m), ®)
where
1, t=3; jteZ
gl = {425 Heedim, ©)

forms a basis for the space L(Z/m), which we call the standard basis for L(Z/m).

Similarly, the set

{6k € Z/n}, b € L(Z/n), (10)
where
bigj(u) = {(1): : ; :; ku € Zfn ) (11)

forms a basis for the space L(Z/n), which we call the standard basis for L(Z/n).

Define ;) € L(Z/m x Z/n) by

=qu=k jJte€Z Z,
an(t) = {g e 2duztk Hees/m bucdl (12
The set
{65125 € Z/m, k € Z/n} (13)
5
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forms a basis which we call the standard basis for L(Z/m x Z/n).

For functions f € L(Z/m), g € L(Z/n), h € L(Z/m x Z/n), we can write the

following respective expressions uniquely:

m~1

f=2 fa;,
=0
n—-1

g =3 gk}, (14)
k=0
m=—1ln-1

k=33 kG,k)x

§=0 k=0

Consider the function v= f® g, v € L(Z/m) ® L(Z/n).We can write

m-—1 n—1
v=fog= (D f(a) e (X 9(k)ow) (15)
i=0 k=0
Using the linearity property of L(Z/m) ® L(Z/n) results in
m~1in-1
v=fog= Y3 f(5)ak)é® s (16)
=0 k=0
We notice that
(b'[j] ® 6[k])(t, u) = 5[j](t) . 5[k](u) = 5] (t,u), Jte€Z/m, k,ucZ/n (17)
Thus, we write
m—-1ln-1 m-1n-—1
v=f®g= ) 3 fek)6; @6 = D > v(ik)bx (18)
3=0 k=0 =0 k=0

We would like to introduce at this point some of the basic properties of tensor
products matrices which are useful for the type of analysis of FFT algorithms de-
scribed in this work. We also relate some tensor products expressions to specific
computer operations performed on selected machine architectures. These identifi-
cations will aid in our analysis of the structure of the FFT algorithms, with the
objective of determining feasible implementations on given computer srchitectures;
and to possibly produce new variants, from the computer implementation’s point

of view, of known algorithms. We proceed to give the following definitions.

Let matrices A, B,C be described ag follows:

ap,0 Go,1 “ee ao,r—1
1,0 G3,1 ees 31,91
A= [a(g:,,-r) Jeespy = . . . . (19)
ries/r s . H H
at—1,0 OGt—1,1 o+ Gt—1,p-1
6
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bo,0 bop ... boe-1

b1,1 bin ... b1e-1
B = [b(u'v")]"e’l‘ = . . . t (20)
o'€S5/e . M . .

| Gy—-1,0 CGu—-1,1 -+ Ou—1,s-1

€o,0 Co,1 ves ¢o,n-1
€10 €1,1 .. Cin-1
C = [c(m',n') ]'n'es/m = o o . o (21)
n'ES/n : . . .

LClm-1,0 Cm-1,1 ... Cm—-1n-—1
The tensor product A ® B of the matrices A and B is the matrix C defined by

ap0B  apyB ... a@r-1B
a0B aeunB ... a@,-1B

C = A®B = [a(tl'rl)B]‘lEJ;g = . . . (22)
rfes)r H . ®e .
a¢-1,0B @¢-1,)B ... Gp-1,-1)B
Since C is an m X n matrix, the integer values m, n are given by
m=1%tu4, n=r-s (23)
and we write C as
C = A®B = [a@m]®[bwen] = [cik) Jogicm (24)

We can see from tie expression above that any (7,k)-th entry of the matrix C

depends on four (4) indices:
teZft, PeZlr, veZlu, deZs (25)
Thus, we rewrite C as

C = [¢; = |C¢t u: [ ’ 26
[ (4,%) ]{‘g/;: [eerursrr,or ] :,g;: (26)
v'es/r
=310

or

C = [le,nl] = [c(‘l,ul;,.l'.l)] = [a(g',.:) 'b(ur’,r)] =

¢(0,0;0,0) ¢(0,0;0,1) cee ¢(0,0;1,0) ces €(0,0;r—1,a—1)
¢(0,1;0,0) ¢(0,1;0,1) see ¢(0,1;1,0) aee €(0,1;r—1,8—1)
= €(0,u—10,0) 2(0,u—1;0,1) ses ¢(0,u—1;1,0) oee ¢(0,u~1;r—1,0—1) (27)
¢(1,0;0,0) €(1,0;0,1) soe €(1,0;1,0) eee €(1,0;r—1,0—~1)
L C(t—1,~1;0,0) ©C(t—1,u—1;0,1) <+ ©C(t—-1,u-1;1,0) --° OC(t—1,u—1;r—1,5-1) |

A close look at the matrix C reveals the following ordering iniposed on this matrix:

Two indices, namely, r/,s', remain constant when reading down any given column

7
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of C. The two other indices, namely, ¢/, v, remain constant when reading along any
given row of C. The two indices which do not remain constant on any given row
or column, are ordered lexicographically. Consider the index pair (t/,u’) as being
ﬁn element of the cartesian set Z/t X Z/u. If we order this set lexicographically, we
can establish a one-to-one mapping between the ordered elements of this set and
the first two indices, namely, t/,u’, of the entries of the C matrix as we read, in
order, down any column of this matrix. In the same manner, a one-to-one mapping
may be established between the lexicographically ordered elements of the cartesian
set Z/r x Z/s and the last two indices, namely, 1, s’, of the entries of the C matrix,

again, as we read, in order, along any row of the matrix C.

We can also relate thc clements of the set Z/tx Z/u, ordered lexicographically, to
the elements of the set Z/m ordered in the natural order, i.e., Z/m = {0,1,...,m—1}.
A possible mapping is described by the following table:

Z[tx Z[u— Z|m
(0,0)—0
(0,1) —1
(0,2) —+2
Ou—-1)r—u—-1
(1,0) — u
(,1) — u+1
(L2)—u+2 (28)

(Lu—1)—2u—1
(t—1,0)— (t—1)u
(t—1,1)— (t—1)u+1
(t—1,2) — (t— Du+2
(t-lu—1)r—tu—1

8
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0 -

We can also describe the above table by the following mapping:

a:Z[tx Zfu — Z[m
(29)
(1, 52) — e, 2) = (5) = A +tia
In the same manner, we can establish a mapping between the set Z/r X Z/s, ordered
lexicographically, and the set Z/n, ordered in the natural order. We describe this
mapping in the following way:

B:Z[rx Z|s — Z[n

(30)
(k1 kz) +— Blki, k2) = (k) = Ky + 1k
Using the above mappings, we can now rewrite the tensor product of 4 and B in

the following way:

C = A®B = [e(in)] = [cli +tiaiks +rka))| senr (31)

k1 E€S/r
kg3 E€S/e

We define the tensor products of two vectors in a similar way. Thus, if we let
z and y be any two vectors of dimensions r and s respectively, the tensor products

operation z® y is defined as

ZoYo
Zoy :
z1y Z0Y(s-1)
z®y = | L | = : (32)
: Z(r—-1)Y0
Zr-1Y :
L Z(r—1)Y(s-1) J

Using arbitrary n-th order square matrices, including the identity matrix I,

we state the following identities which can be verified through direct computation:

InQIm = Inm (33)
(A0®A1®...0 An-1)"! = A;'®ATI®...0 4L, (34)
(A0®A4:0...0 An-1)T = AT ®AT9...047 _, (35)

Ao®(Bo+Bl+...+B 1) = (Ao@Bo)'i'(Ao@Bl)+..-+(Ao®B —1) (36)

(A0®A1®...8An-1)(Bo®B1®...@Byn-1) = (ABo)® (A1B1)®...@(Am-1Bm-1) (37)

9
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(A0A1A2 ree Am—].) ® In = (Ao ® In)(Al ® In)(Az ® In) ven (Am-l ® In) (38)

There some tensor products expressions which may be readily identified with
specific operations performed on a given computer. Two of the most important
ones are the expressions (I, ® A) and (B ® I,), where A and B are square matrices
of arbitrary order. These expressions may be implemented as parallel and vector
processing operations, respectively, on machines possessing the required hardware
structure. For example, if we let F, denote the discrete Fourier transform (DFT)

matrix of order s, then the expression
(F.®I) (39)

can be implemented on a machine with vector processor architecture, with at least
s vector registers, whose vector length ig at least r. We call this expression the

s-point Fourier factor on vectors of length r.

The expression
(I ® ) (40)

may be implemented on a paralle! machine with at least r processing units. We
term this expression the s point Fourier factor on r parallel units. We would like to
point out that when expressing additive FFT algorithms in tensor products form,
expressions of the form (I, ® A) or (B ® I,) are prevalent in the formulations. The
matrices 4,B which appear in these expressions, respectively, are always square
matrices corresponding to either Discrete Fourier transform (DFT) matrices or
lower order Fourier factors as the ones described above (Eqgs. (39),(40)). If either A
or B is further composed of of lower Fourier factors, the associated expression can
be further expanded until the last non-identity matrix in the in the Fourier factor
expression is a Fourier matrix. Thus, for instance, A may be of the form (I, ® F;)
or (F, ® I), p,q any integers. In this case, the expression (I, ® A) would have the
final form (I, ® I, ® F;) or (I, ® F, ® 1), respectively.

In the course of this work, as we try to formulate mathematical expressions
describing the various FFT algorithms, we will classify the operations encountered
in these algorithms as belonging to one of the type of expressions described above

so that we can emphasize the modular nature that the tensor products formulation

10
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brings about. It is important to point out that these operations are the ones, which,
when properly matched to the architecture of a given machine during an algorithm
implementation, account for the increase in performance when compared with the
standard sequential scalar processing. We will also analyse in detail the parallel
or vector processing nature of these expressions and study their interrelationships

through permutation matrices.

We use, in the following examples, some of the properties of tensor of products
described above. The matrices used in these examples, unless otherwise stated, are
arbitrary matrices; their order indicated most of the time by subindices. At other
times, we use subindices to indicate a sequence of arbitrary matrices of the same
order, the order, in these cases, being stated explicitly beforehand. First, let us
make the following definition

Let U, denote the vector defined by

‘Um = [uo UL e u,,,_l]T, uo=u1=...=um_1=1 (41)
Example 1:

(Fa® Fn) = (Fo ® Fu)mn
(Fr® Fip)In = (Fr ® Frp)(In ® In)
(Fo ® Fr)(In ® Im) = Fol, ® I;p Fi,

FoI,® Frpl,) = FolI, ® I,F,
Rl ® P = (Frn @ I)(1n ® Fr)

Thus, we have

Example 2:

(Fn ® Im)(In ® Fm) = FnIn, ® ImFm

FoI,® Fply = InFp® Fu Iy

11
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I.Fn® Fm-rm = (In ® Fm)(Fn ® Im)

Thus, we have

(Fn ® Im)(In ® Fm) = (In ® Fm)(Fn (42 Im)

Example 3:
(Fn ® Um) = (Fn ® Im)(In ® Um)
For F,, a symmetric matrix, we have
(Fa®Up)¥ = F,eUE

Thus, we have

Fn®UL = (In@UZL)(Fm®I,)

Example 4:

Let Crnx1 and D,x; be any two matrices of dimensions m X 1 and n X 1, respec-

tively. By direct computation we can show that

C?r:xl ® Dpx1 = anlchl
Taking the transpose, we have

Cmx1 ® D31 = Crmx1Dy;

In the following examples all the square matrices are considered to be symmetric.

Example 5:
Fa = Fo ® Ul
And, we have

(Fo ®Un) = (I, ® Un)F,

12
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The factor (I, ® U,) is termed a parallel assignment factor, which, in this case,
aids in reducing the number of arithmetic operations involved in the computation

(F: ® Upn). Thus, if we let m =3 and s = 2, we see that

1 1 Zo + 23
1 1 o + 21
_l1 1 Zo| _ | 2otz
(FZQUS)'&" 1 -1 [31] - Zo — 1
1 -1 To— 1
1 -1 To— 21
1 0
1 0
_ 11 O} zo+=y
(mev)rz = |o 3| [2F2]
0 1
0 1
Example 8:
FI=U1®FG

(Um®Ig)(UI®F‘) = UmUl@IgF, = Um @F‘
Thus, we have

We term the factor (U, ® I,) a vector assignment factor.

Example 7:

Taking the transpose of the expression (F, ® U,,) given in Ex. 5 results in
F,@UL = F,(I,®UZ)

The expression (I, ® UL) is termed a parallel pre-addition factor in the sense that
the computation (F, ® UZ)z, where z is a data vector, can be performed by first
performing the computation (I, ® UZ)z and then allowing F, to act on the resulting

vector.
Example 8:

If we take the transpose of the expression (U, ® F,) given in Ex. 6, it results in

U,T.@E = E(Uz ®Ia)

13
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The factor (U ® I,) is termed a vector pre-addition factor. Letting m = 4 and s = 2
allows us to obtain the following result for the computation (UZ ® F,)z.

Zo
E5Y a
2
UT @ F =[F, F, F, F T3] _ To+ Ty +22+ 23+ 24+ 25+ 26 + 27
(4 ® 2)2 [ 2 2 2 2] xg Zo— 21 +23 — 23+ 24 — 25 + T — 27
T
Zg
L L7
20 T
z3
Z2
T _ 1 01 01 0 1 0}f]zs
FZ(U4®12)"F2[0 101010 1] 24
Zg
Zg
LZ7 J

Zot+z2+24+%e| _ | To+ T2+ T+ Ze+ 21+ 23+ 25+ 27
zy + z3 + 25 + T7 Zo+ 22+ 24+ 26— 21 — T3 — T — 27

14
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Chapter II
PERMUTATION MATRICES
2.1. Properties of ices:

In this section we spend some time describing the permutation matrices that
appear in the various formulations of the FFT algorithms, and the role they play
in manipulating tensor products formulations of algorithms in order to adapt them
to suitable machine hardware architectures. Permutation matrices play a crucial
role when trying to obtain variants of FFT algorithms to fit given computer archi-
tectures. The actual data flow required to carry out Cooley-Tukey type algorithms
can be described by permutation matrices. A type of permutation matrices which
play an important role in the manipulation of tensor products expressions for the
formulation of FFT algorithms is called “stride” permutation matrices. They are
termed “stride” permutations because they can essentially be performed by striding
or sampling through the data with a constant distance or length. These permu-
tations are easy to visualize when they are described in terms of two dimensional

arrays. We proceed to elaborate on this description.

If we associate an array X with the n-dimensional data vector z, by writing, in
order, down the columns of X the elements of z, then the “stride by s” permutation
matrix P(n,s), or P, ,, will be completely defincd by the equation

z, = P(n,s)z, n=r-s (1)

where z, is the data vector associated with the array X;, and obtained from this
‘array by reading, in order, down the columns of the array. The array X, itself is
obtained from the array X by performing a matrix transposition. Thus, if we have

n=r-g, the array X is written as

) T, see T(r—1)s
z Lo+l o+ T(r—1)a+1
X = L (2)
Za~1 T28—1 oo» Tn—1

The array X; = X7 is written as

Zo Z1 eese Tg—1
X, Z -'"‘:a To41 e T2~-1 (3)
Z(r-1)s ZL(r—1)o+1 +++ Tn-1
15
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and the vector z; becomes

Zo F Zo ]
T, o
. L
—_ Z(r—1)s — Ty
o= (11) = Pn,s) Tot1 ()
Za41 Tat2
. M
L] (]
L. Tn~-1 ] | Trn—1

We provide the following example.

Example 1: For n=86, r=2, s =3, we have

Zo Zo

o o 23 Z3

z . Zo T X z
z2= || —X=|z z| —oX=XT=|%0 & 2| __, . = P(6,3)z= | !

=1 ] =
13 zg Zy Tp 4
T2 Zp
Z4 T2
xg Zs

For the special case of n = 2-m, the X and X; arrays, of dimensions m x 2 and 2 xm,

respectively, are given by the following expressions:

Zo ZTm
1 Tm+1 z z vir Tme

X = . . , Xl = 0 1 m—1 (5)
: : zm zm.'.l ee e z,-,..]_

Tm—-1 ZTp-1

The n X n permutation matrix P(n,m), or P, ,, is then given by the rule:
z, = Pz (6)

The matrix P, ,, is usually termed the perfect shuffle permutation matrix whenever

n = 2-m. We provide the following examples of perfect shuffie permutatior matrices:

Example 2: Take n=4. Then

100 0
0010
P42 =15 5 o o
0 0 0 1
and
Zo
z
P(4,2)z = zf
z3
16
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Example 8: Take n=8. Then

P(8,4) =

COO0OHOOOO®
O OOO0OO0OOCO
COROOOOCO®
HOOOOOOO®

COO0OO0O0OOOm™
COO0OO0OO~MOOQ
COO0OOOOmO
cCoOoOoO~MOOCO

and

e
e

P(8,4)z =

8§88

L 27
Example 4: Take n = 6. Then

P(6,3) =

OCOCO0OO0OO=
QOO QO
OHOO0OOO
OOOO:HO
OO OO0OO0O
OO0 OOo

Zo
z3
z
T4
z2
zg

P(6,3)z =

The group action of P(n,2) on z is found by placing down, in order, the even

indexed data points followed by, in order, the odd data points. In particular,
P(n,n/2)P(n,2) = I,. (7

More generally,
P(n,r)P(n,s) = I,, n=r-s. (8)

Example 5: Take n=4-2. Then

&

I~ z o -
Z2
Z4
Zg
z1
z3
Zg

[ 27 )

P(8,2)z =

17
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and

from which we see that

P (8, 2)21 =

zo
T4
z
Zs
z2
Zeg
T3
LZ7d

P(8,2)% = P(8,4).

P(8,2)° = L.

It is sometimes useful to represent permutations by diagrams which give a

picture of data flow.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

Example 6: The permutation P(4,2) can be represented by
T o Zo
z: Z2
zg><zl
Z3 T3
Example 7: The permutation I, ® P(4,2) and P(4,2) ® I; can be represented
by
Zo Zo Zo Zo
I T2 Z3 Tl
$3><21 T2 T4
z3 : Z3 Zz3 Ts
T4 T4 7 Z2
$5><33 5 z3
Zg ZTs E13 Tg
Z7 7 7 Z7

Example 8: The permutations P(8,2) and P(8,4) can be represented by

Zo zo zg Zg
z Z1 z; z1
z2 Z2 z2 z2
Zz3 3 z3 Zz3
Z4 T4 z4 T4
zg 73 Zs z5
Ze Zg Zg Zg
z7 z7 zv z7

In general, an n X n permutation matrix can be given by a permutation of Z/n.

Let 11 be a permutation of the indexing set Z/n:
N:Z/n — Z/n

(7) = 11(5)

18
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Then, the permutation I can be described by the table

(4 1I(7)
0 1(0)
1 () (10)
n — 1 II(n:—- 1)
Or simply by
Il = (1(o0), I(1),...,H(n — 1)) (11)

Identify with every permutation Ii a permutation matrix denoted by F: or P(II)
and defined by

Falbiy) = G-y FE€2/n (12)
where §j;; € L(Z/n) is a standard basis vector, L(Z/n) is the linear vector space
formed by all n-point complex sequences, and II~! is the inverse of the permutation

I

The matrix P can be written as

Fn = [8ja-2(0)) fm-2(a)) -+ Gj-1(n-1);] (13)
Or
Po,0 Po,1 see Po,n-1
P10 P11 vee Pin—-1
Pq = [P_i,k ]051’.k<u = : (14)
Pn-10 Ppn-1,1 ... Pn—-in-1
where

o _ 1y, k=1(); 4k€Z/n
Pik = {0, otherwise (15)

Thus, in general, the j-th row of B; will have a 1 in the k-th columnn whenever

k =1II(j) and a 0 otherwise. We write
Pa = [pix] = [Pine] (16)

We associate with the permutation I~ (the inverse of IT) a permutation matrix
Pri-1 defined by
Po-r = [pin-1@)] = lPn@sls Poo = [pine)] = [pn-1x).e] (17)

Using (16), (17) and the fact that a permutation matrix is unitary, we arrive at the

following result
Pﬁ-l = PIII' = Pg-1 (18)

19
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Define the matrix Hy as the matrix obtained by postmultiplying the matrix H

by the permutation matrix Py associated with the permutation II:
Hp = PpH, H = [hjrlocjn<n (19)
Direct computation shows that Hy is given by
Hr = [hug)klogjk<n (20)
Thus, Hg is the matrix obtained by permuting the rows of H.

Define the matrix Hc as the matrix obtained by premultiplying the mairix H

by the permutation matrix Py associated with the permutation matrix IT:
He = HP, H = [hjklogji<n (21)
Direct computation shows that H¢ is given by
He = [hjn-1(x)] (22)
Thus, H¢ is the matrix obtained by permuting the columns of H.

‘We notice that if we let

ho,x
hyk
k) = | B2x |, kez/n, (23)
hp—1,k
be the k-th column of the matrix H, then the k-th column of the matrix Hy is given
by
hn(o),x
hr(1),%
ha(k) = Pub(k) = | Pk (24)
hn(n-1),%

Let E, be the matrix formed by the vectors of the basis set {e,-b'(,-l, jiez/ n}:
E, = [eofjo] e1fpy) e2bjz] ... en-1[n-1]] (25)

The matrix E, is the diagonal matrix

€o
€1

E, = diage = €2 (26)

€n—1

20
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where ¢ is the n-dimensional vector
T
e=1leo e e ... ep-1} (27)

The product PhE,, of the matrix F, and the permutation matrix Py is given by

PaEn = [en(),k]
(28)
- = [eofu-10) ebin-2q)] -e-  en—1fm-3(n-1))]

Direct computation shows that the last expression in the identity above (Eq. (28))

can be rewritten as

(o)
. én(1)
diag . -[6'[11-1(0)] Sm-1y .- S[H-l(n—l)]] (29)
eIl (n—1)
or
en(o)
. én(1)
PuE, = diag| i | -Pu (30)
er{n-1)

This last equation allows us to make the following observation:

Observation 1:

PaE,Py! = diag[Pq-¢] (31)

We can arrive at the same observation in a slightly different way by using some

of the results given above. We start by using Eq. (22) to obtain the following result
Enpl;l = E,,Pn—l = [%‘,n(k)] (32)

If the above expression (Eq. (32)) is postmultiplied by the permutation matrix Py,
we obtain

PuB.P7' = PaBoPa-i = [eng)n®] (33)

Since E,, is a diagonal matrix, we have
PuE.P5' = [en(j)n()] = diag|Pu-¢] (34)

Suppose that n is the composite n = r - s, Take any j € Z/n. This element can

be written uniquely as

j=c+dr, 0Lc<r, 0<d<s (35)

21
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Consider any k € Z/n. This element can be written uniquely as
k=a+bs, 0<a<s O0<ZLb<r (36)

Corresponding to this factorization of n (n = r - s), we define the permutation II of
Z/n by setting
I{b+ar) = (a+bs), 0<a<s O0Lb<r (37)

The matrix representi_ng the permutation II is given by

Pa = [pix] = [Pinw] (38)
which satiefles the condition
Piz=y (39)
where
Yi = Za(), 0<j<n (40)

Thus, the action of P; on this n-dimensional vector z resulis in

Zo Z1(o0) Zo
z3 Z11(1) Ty
Byl 22| = | mng | = Z2, (41)
Tn-1 Ti(n-1) Z(r—1)s+s—1

This results states that, in general, if n = r.s and II is the permutation of Z/n given
by (37), then
Pp = P,, (42)

where P, , is the stride by s permutation matrix defined Eq. (4).

We have previously associated an n-th order permutation matrix Pg or P(II)

with a permutation II of order n. Direct computation shows thai ihe mapping
I— Py (43)

is a group-isomorphism from the group of permutations of Z/» under composition

onto the group of n X n permutation matrices under matrix product. In fact
P(Il; - 1I;) = P(I;)P(IL,), (44)

P(II~*) = P(m)~ (45)

22
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Consider the set of n X n permutation matrices
{P(n,s): s|n}. (46)

We will describe the permutation matrices in this set in terms of the unit group
U(n—1) of Z/n — 1. The unit group U(n — 1) is given by

Urn—-1) = {0<t<n-1:(,n—-1)=1}. (47)
If t € U(n — 1), then multiplication by ¢t mod (n — 1) is a bijection of the set
{0,1,...,n—2}. (48)
Define the permutation II; of Z/n by the two rules
M(j)=jtmod (n—1), 0Lj<n-—1, (49)

Mi(n—-1) = (n—1) (50)
Observe that if ¢|n the ({,n — 1) = 1 and we can define II;.

Example 9: Take n = 12,5 =3 and ¢ = 4. Then
I, = (0,4,8,1,5,9,2,6,10,3,7,11)

We see that
I4(a+30) = b+4a, 0<a<3, 0<b<4,

and

P(IL,) = P(12,4).

Observation 2: If n = st then

P(I,) = P(n,t) (51)

Proof: We will show that
i(a+bs) = b+at, 0<a<s 0Lb<1i (52)
First if0<a<sthen0<at<n-—1and

Mi(c) = at. (53)

23
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Since n = st = 1 mod (n — 1) we have
Me(a+s) = 1+at, 0<La<s. (54)

Continuing in this way, we complete the proof of the theorem.

Consider the set of n X n permutation matrices
{P(I;):teU(n—1)} (55)
This set is a group isomorphic to U(n —1). In fact
P(I1,)P(II;) = P(Il,), u=stmod (n—1) (56)
P(IL,)~! = P(Il,-1), s~ taken mod (n— 1) (57)
Observation 8: If n = 2™, the set
{P(2™,27):0 <7 < m} (58)
is a cyclic group generated by P(2™,2). In fact,
P(2™,27)P(2™,2%) = P(2™,271F) (59)
where j + k is taken mod m.
Proof: Consider integers 0 < j,k < m. If j+ k < m then
274k = 979% mod (2™ - 1) (60)
which along with (51) and (56) shows that

P(2™,27)P(2™,2%) = P(2™,27FF), (61)

Suppose that m < j+ k. Set I=57+k—m. wehave 0<l<mand l =75+ k mod
m. From

2l(2™ — 1) < 27k < (2 + 1)(2™ - 1) (62)

It follows that
2! = 272% mod (2™ - 1) (63)

Applying observation 2 completes the proof of the theorem.

24
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More generally, we have the following result which we offer without proof

Observation 4: If p is a prime then the set

{P(p",3):5lp"} (64)
is a cyclic group of order r generated by P(p",p).

‘We now proceed to prove an important special case of the commutation theorem
which describes the action of the permutation matrix p, ,, s|n, on tensor products

of matrices. Take n =r-s. Let z and y be vectors of dimension r and s, respectively.

Then
202
:tly.
Z®y = . (65)
Zr-1Y
The vector £ ® y is equivalent to the 2-dimensional array (see (1) — (6) above)
[zoyz1y ... Ty—1Y] (66)
The operation P, ,(z ® y) is equivalent to
T
[Zoyz1y « o Zr-1y]” = [Yozrz ... Yo—12 (67)

The above identity allows us to write the following expression which can be verified
by direct computation
Pn,a(.@.@g) = y®z (68)

We now state the following theorem

Theorem 1: If A4 is an r X r matrix and B is an s X s matrix then

P..(A®B)P;! = B®A (69)

Proof: Setz = z®y where z is an r-dimensional vector and y is an s-dimensional

vector. Then, by definition,

(A®B)(z®y) = Az® By (70)
Applying (68), |
Pn.((A®B)z) = By® Az (71)
25
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Arguing in the same way
(B ® A)Pn,a.‘z = B_!,_l@ Az,

proving the theorem.

Corollary:
Pn,a(Ir ® F(S))Pn—':' = F(S) eI

26
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Chapter III '
TENSOR PRODUCTS FORMULATION OF KAHANER’S ALGORITHM:

3.1. Basic Description:

In his paper [10], D. K. Kahaner describes a procedure for factoring the Fourier
matrix Fy when N = p?, p and 7 any integers. Kahaner’s factorization method pro-
duces, up to matrix factor expansion, what is commonly known as the Cooley-Tukey
(C-T) decimation in frequency algorithm. In this section we describe Kahaner’s al-
gorithm in detail, and then present it a tensor products formulation. This will aid
in the understanding of the tensor products language used to analyze other FFT

algorithms later on.
3.2. Kahaner’s Mathematical Formulation:

Kahaner starts by defining the discrete Fourier transform of N equally spaced
data points z;, k=0,...,N —1:
V=2 g V-2 )
F. = 1 E zpe ik = i E za™, 0<r<N, a=e 20N (1)
k=0 k=0

In matrix form,

—_ 1 e
F = +4X, 7 =[Fp Fi .. Fy_i] (@)
where A is the matrix:
1 1 1 1
1 a a? a1
A= !. a? at a?(N-1) (3)
1 aN-1 g2N-1)  (N-1(N-1)

Kahaner proceeds to write a general expression for F,, r=0,1,...,N —1:

1 N-1 1 M~1 {p—1
F = “].V- Z zka'k = ‘IV- z {zzki-tMar(k-HM)}’ M=P‘7—11 r=0,1,...,N—1

k=0 k=0 \t=0

(4)

Writing r = pm + [, the following expression is obtained,

g M= (p-1 )
Fr = Fomy1 = N E {Z z"“Mo“a'kapm,c} , g=eTmle (5)
k=0 \t=0
For each fixed [, the following vector is formed:

[ﬂ Fori Fopyr ... F(M—I)P-H]T! 1=0,1,...,p~1 (6)

27
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After some algebraic manipulations, this vector is written as,

11 1 .. 1 roo menbt
1|1 a? a?r alM-1)p 2::3 Z14epm0'tal
w|: : (7
1 aM-2)p G2M-1)p = G(M-1)(M-1)p s Z(pe~ 1)_;_ eagfttal(M—1)
or
Fy
Foti 1 -1
: = TV'BXH l=0,...,p—1 (8)
Fiaa-1)p+i
By writing these p vectors (I = 0,1,...,p — 1) in a column, the following result is
obtained:
- Fo -
Fp
=F (M—1)p+0 ]
1 (1
Fpis B X,
7Y = : = —]1; B i ©)
Flag-1)p+1 ) :
L - =1
: Bl [x®,
Foy
F2p—1
- FpM—p+p-1_ -
where,
R
= XM = AOX (10)
1
%,
and,
I I ves I
D 0D ves 6r-1p
a0 — | D? (6D)* ... (6*71D)? , D=diag[l,a,d?..., aM~1] (11)

pe-t (6Dt ... (¢P-rD)P?

The vector F(l) differs from the vector F by the permutation matrix ng:

B
- B -
F = mF) = > . AOX (12)
B
28
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Since the matrix B has the general form of the matrix A, this result is generalized:

A1) B
F= -]—Vg Fiftz ... gy e, ‘e ‘oo [A(o)]‘}_{- (13)
A1) AW

where
rﬂ'i-
LI
o= . , $=1,2,...,9—1 (14)
o
I I cee I

. Dw o D) o gr-1p(7)

AW = . (15)
D(J'; p-1  (ap(Ne-1 . (gr—1pld))p—1
(D)) (6D1)) ( )
1
. o’

DU) = . y 3=0,1,...,y-1, D" '=[1] (16)

g(P?"i"t-1)p?
8.8. Tensor Products Formulation:

We proceed to describe this matrix factorization method in tensor products

form. We start by introducing the following definitions:

The matrix P, ,, of order n = r- s is called the stride by s permutation matrix,

and is deflned by

Pn,a -d = (dO: dn dzn eeey dls da+1’ eeey d(r—l)a+a—1)T (16)
for
d = (doydyy.evsdam1,dsy ey dir1)sgo—1)” (17)
The diagonal matrix D, ,, of order s is defilned by

D, , = diag [1 Wy w3, ..., w8 1] wy, = e~ 2"/ (18)

The twiddle factor (phase factor) matrix T, ,(,), of order n, is defined as the direct

sum of s diagonal matrices D, ,/, of order n/s:

T"o‘(") = Z eDr nfs (19)
0<5<s
Ifn=r-s, then
Tu”(n) = Tn,. = z eD”;t”/C = E epz;v' (20)
0<j5<s 0<ji<eo
- 29
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To arrive at a general form for the Fourier matrix Fiy, N = p7, expressed in
tensor products, we start with an expression for the Fourier matrix F, and use
this expression, and the Cooley-Tukey decimation in frequency algorithm expressed
in tensor products, to obtain higher order Fourier matrices expressed in tensor

products form:

Fy = Fpy = F, = By AU = T, AU = L AO-YD | 4=y (21)
where
11 1 ... 1
1w w? wP—1
A = |1 w? L T (22)
1wl 2= | yle-1)e-1)

The Cooley-Tukey decimation in frequency algorithm allows us to write Fj: in the

following form:

Fpa = Pp’,P(Ip ® Fp)Tp’.p(Fp e I,) (23)
Using
AL-2) = Tp’,p(Fp ® Ip) (24)
we get,
Fp = Pg (I, ® F,)A"~2) (25)
where,
Tp?,p = Z eD:;'p N Dp,p = [1, wp, wg, seey wg-l] (26)
0<j<p

Using the expression for F;, given above, we obtain,
Fpa = Ppap(l,® Pa)(l ® Ah—l))Ah_z) (27)

For the matrix F,:, we write down again the expression for the Cooley-Tukey deci-
mation in frequency algorithm:

Fps = Bps pa(lp ® Fp3) s o (Fp ® L) (28)
where,
Tpsp = Z QD:;g,p y Dprp= [1, wp:,w:z, . .,w:,_l] (29)
0<s<p
Using,
A0 = Tps.p(Fp ® Ip2), (30)
30
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and the expression given above for Fy,, we get,

Fps = Pps pa(Ip ® Py, p)(La ® Pp,1)-

31
(I ® Ab-D)( I, ® ALT-2)A(1-3) (1)
Continuing in the same manner:
Fos = Fpeps(Ip ® Fp3) T p(Fy, @ I3) (32)
Using
AU = T (Fp @ L) (33)
we get,
Fpe = Ppt,ps (Ip @ Fpa p3)(Ip3 ® P2 p)(Ips @ Pp,1)- (3)
(s ® ACDY(L: ® A=) (I, @ AT-))Al1-9)
In general, for a Fourier matrix Fp,-x , 0<k < v, we write:
qu—k = Pp'y—k'pq-k—l(.[p ® qu—h—l)qu—k,p(Fp @ Ip-’—k-l) (35)
We, again, set
AC-C=F) = AF) = T2 (F, @ Lyy-k1) (36)
where
T;,q-k,p = Z @D’;;-,_g’pq_k-x , 0<k<n; (37)
0<y<p
and the identity
Wor-k-1 = c—zm'p(pk/pv) - (e-zm'pk/p")P = w:-,-k (38)

may be used to write down the elements of Dyo—x jy-k-1 ,0< k<o
The general expression for Fp,-+ thus becomes:

Fpa-1 = Bpy-r pr—k=1{lp ® Ppa~t-1,pr-k-3){I;3 @ Ppy-k-3p1-k-3)...

vo s (Tpr=h=1 ® Pp 1) (Ipr-s-2 ® A" V) (I 3erm2 © ALY . (I, ® AT AK)
(39)
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Chapter IV
TENSOR PRODUCTS FORMULATIONS OF FFT ALGORITHMS:

4.1. Basic itions:

‘We start with this section to describe in tensor products form those FFT algo-
rithms which are most commonly known, and which exhibit the additive property.
We will use the tensor products properties and, especially, the properties of the
permutation matrices described above to analyze the interrelationship among these
algorithms; and we will describe how to use these properties in order to obtain
implementations which fit given architectures. First, we would like to introduce

the following definitions.

The diagonal matrix D, ,, of order s is defined by
D,,, = diag[1,w,,w3,...,w5"!], w, = e~2m/n (1)

The twiddle factor (phase factor) matrix T, ,(»), of order n, is defined as the direct

sum of s diagonal matrices D, ,,/, of order n/s:

a—1
Tn,a(r) = Z QD:',./, (2)
J=
If n =r.3, then . .
o— -
T”v‘(“) = T"" = Z eD:z.n/o = E @D,’.;',. (3)
= =0

The discrete Fourier transform (DFT) of an n-point sequence z is defined as

y(k) = Z z(j)wz;k, 0<k<n w,= e=2mi/n (4)

0<s<n

where y(k) represents the kth-term of the DFT sequence y. Written in matrix form,

we have .
% 11 1 1 .. 1 2o
v 1wy w2 w3 - wp—1 z1
2 | = |1 w? wi wd v wiln) R (5)
yn.—l i wp—l 2T Q31 n-t(n-) zn.—l

We denote the above matrix by F,, or F(n), and call it the DFT matrix of order n.
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4.2. Cooley-Tuk 1gori :

The general case Cooley-Tukey FFT algorithm is presented in this section in
tensor products form for a composite of the form n = r-s . In this case a sequence z,
which serves as the input data to be transformed, is represented as a 2-dimensional
array which we denote by X. The transformed output sequence y is also expressed
as a 2-dimensional array which we denote by Y. These representations are the key to
the reduction in the number of operations required to compute the DFT of a given
sequence. Through these identifications, the original DFT sum is turned into a set
of 2 recursive equations, each equation describing a modified Fourier sum. We first
state the identifications explicitly and then proceed to formulate the Cooley-Tukey

algorithm, expressing it in tensor products form.

Using correspondences of the form:

a:Z[sx Zfr — Z[n
83
(72, 51) = alda, 51) = (5) = j2 + 851
B:ZlrxZ|s — Z[n
2
(kI,kZ) = ﬂ(kls kZ) = (k) = kl + Tb 3
we obtain 2-dimensional array representations of the sequences = and y:

X(j2o51) = z(i2+s51), 0<h<r, 0<ja<s. (3)

Y(ky,kz) = y(kr+rk2), 0<ki<r, 0Zkz<s. (4)

Let X; = X7 and let g, be the vector formed by reading, in order, down the
columns of X;. Then, by definition (4) given in chapter II, we have

Z, = Pp,z, n=r-s. (5)

where g is the vector representation of the input sequence z. We can write
Xi(51,72) = z(j2+s851), 0<s<r, 0<z2<s. ()

The expression for the for the DFT of the sequence z:

n—1
Y = Z wkz;, 0<k<n, w,=e2"/" (7
=0
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can be rewritten as

6~1 r—1

Yk, ke) = D D wlrtenltrka x, (), ) (8)
J2=021=0
Now,
(42 + 871) (k1 + rka) = gaky + jik1s + jakor mod n. (9)
Noticing that
wp, = W, = W, W, =uw,=1w, uwl=1 (10)
we rewrite (8) as
-1 r~1 . . .
Y(kuka) = Y0 (D0 Xali, fo)ui*t)wirkr ke (11)
33=0 J1=0

If we look closely at the inner Fourier sum

r—1

Yilks,d2) = D Xa(ir, 2)withs, (12)

n=0
we notice that it computes, for each evaluation 0 < j; < s, the r-point discrete
Fourier transform of the j;th-column of X; and it places the result in the j,th-
column of Y;. If we let Y, be the vector formed by reading, in order, down the

columns of Y;, then we can write the following expression

y1(0, 0) T X .
¥1(1,0) 1 ... 1
: , (r~1)(r—1)
Y1 (T - 1,0) 1 Wy
‘ B . ¥ (13)
y1(0,3— 1) 1 1
vi(r 1 s—1) - 1 ... wirdE=1
| y1(r—1,8—1)

which, using tensor products notation, can be written as
¥, = (L®F)z, (14)
Using (5), we rewrite this expression as

uy = (Ia ® Fr)Pn,aE (15)

The next stage of the computation:

Ya(ki, 2) = Yi(ks,s2)wizk (16)
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can be given by the diagonal matrix multiplication
9, = Tney, (1)
where T;,, was previously defined by (3) above.

We complete the computation by

Y (ks k2) = f Ya(ky, j2)wits. (18)

Ja=0
If we denote by Ys the vector obtained by writing down, in order, the columns of

Y2, we can write the following matrix-vector product

[ (0, 0) i [ y2(0, 0) ]
y(r—1,0) - y2(r—1,0)
y(oi 1) y2(0; 1)
: I, I L. ... I :
y(r - 1, 1) Ir N w’Ir w?I,- coe w:_lIr yz(r - 1, 1)
¥(0,2) = | w2, wil, ... w?L|. ¥2(0,2) . (19)
y(r—1,2) I w™L w2 ... w,l, y2(r—1,2)
y(0,s - 1) y2(0,s - 1)
Ly(r—1,s—1)] [y2(r—1,5 — 1)

which, written in tensor products form, results in the expression
y = (F(s)® L)y, (20)

Combining the above results we arrive at the tensor products formulation of
the Cooley-Tukey FFT algorithm for computing a given n-point sequence z:
Yy = (F(s) ® I;)T5,s(Ls ® Fr)Py,ez (21)
which produces the following factorization for the Fourier matrix F(n):
F(n) = (F(s)® L)T0,s(Is ® F})Po,s (22)

The above factorization is commonly known as the decimation in time (DIT)
Cooley-Tukey 2-factor FFT algorithm. Performing a matrix transposition on both
sides of the equation results in the decimation in frequency (DIF) FFT algorithm:

F(n) = P,:}(I, ® F,-)T,-,,.(F(S) ® Ir) (23)
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Historically, radix-2 FFT algorithms were the first to be designed and used
extensively in scientific applications [11] due to the ease of hardware and software
implementations. We present in this section the general Cooley-Tukey decimation
in time (DIT) and decimation in frequency (DIF) algorithms for the case of n = 2.
These algorithms lead to other well known algorithms which we will describe later

on’

The bit-reversal permutation matrix Q is uniquely defined by the condition

Rz, ®...9z;) = (z:®...81), (1)

where z: is a 2-dimensional vector. The matrix Q actually corresponds to the

=3
indexing set permutation II given by bit-reversal. Explicitly, each integer 0<j5j<n

can be uniquely written as
j=oa+2u+...+2%_;, 0<a;<2, (2)
and we call the ordered k-tuple
(s0,81,...,8k-1), (3)
the binary bit representation (;f J. Define the permutation
II(ao,a1,...,0k-1) = (Gk-1,...,a1,0a0). (4)

The corresponding permutation matrix satisfles (1). For the case when n = 2* the

following identity can be established
Q(n) = (P(4) ® Injs) .- (P(n/2) ® I2) P(n), (5)

where

P(n/27"Y) = (n/27"%,n/27), §=1,2,...,k (6)
Setting N; = 2¥~7+1, we can write

Ty = Iyn;®T(N;), 3=1,2...,k )
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where

T(N;) = Ty, o(N;) = T,z = [’”f/* i=12...k  (8)

DNirNI/Z] ’

By substituting inductively (6) and (7) on (22) of §4.2, we arrive at the general
formula for the DIT Cooley-Tukey FFT Algorithm:

F(n) = (F(2) ® Lj2)T1 ... Ti—1(Inja ® F(2) ® 2)(In/2 ® F(2))Q (9)

An alternate Fourier matrix factorization known as the Gentleman-Sande [12]
radix-2 FFT algorithm, is obtained by simply taking the matrix transpose of (9)
resulting in

F(n) = QL2 ® F2))Ti-1(ln/s @ F(2) ® ) ... T1(F(2) ® I, /2). - (10)

We can organize the computation of the Gentleman-Sande radix-2 FFT algo-

rithm into the sequence of k operations
X; = I}(I%/N, ®F(2)® In;,,), 7=12,...,k (11)

followed by the output permutation Q. In each stage, n/2 2-point discrete Fourier
transforms are computed; but, the data flow varies from stage to stage. Viewed as
a vector operation, one effect of varying the data flow is to change the vector length

during the computation. In the j-th stage, the operation
In/Nj ® F(z) ® IN,‘+1 ’ (12)

is n/N; independent 2-point discrete Fourier transforms on vectors of length N;.;.

In particular, during the computation, vector length varies from n/2 to 1.
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4.4. Pease FFT Algori :

In [6], M. C. Pease designed a variation of the Cooley-Tukey FFT algorithm he
agserts is “better to parallel processing in a special purpose machine.” One of the
main features of the Pease FFT algorithm is that it has constant data flow in all
stages of the computation. To accomplish this, the commutation theorem of tensor
matrices described in the in the section on permutation matrices is used. We now

derive the general case Pease FFT.

Set
P = (n,2), n=2k (1)

Direct computation shows that
P7 = P(n,2%); (2)
and, in particular, p* = I,. We apply the commutation theorem in the form
L ® F(2) ® Iy, = P/(Lya ® F(2) P~ (3)
Set
C = I,;;® F(2) (4)

We can view the operation C as n/2 concurrent 2-point discrete Fourier transforms.
The commutation theorem in form expressed in (3) can be introduced into the

radix-2 Gentleman-Sande FFT to obtain the following factorization
F(n) = QCT..P*~*cp~(--1 p*CcP-*TyPCP! (5)

where @ and T; have the same meaning as described in §4.3. Introducing brackets,

we can write
F(n) = Q(CTx-1P*?)...(CP?*TyP)(CP1) (6)
Using P~' = P*-1, we have the set of formulas,
CP?TyP = CT.P!

CP3T,P? = CT.P!
(7)

CTy-1 Pk-1 = C‘T,€_1P—1
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where T} is the diagonal matrix
T! = p-U+)T, pitt,
This discussion leads to the following theorem due to Pease.
Theorem 1: I¥f n=2% and N; = 2¥—9+1, then
F(n) = Q(CTi_PY)...(CTi{P?)(CP™?Y)

where Q is the bit-reversal permutation matrix and
C = I,;;® F(2),
T = P~UYO(L,,y, @ T(N;)) P2,
P = P(n,2).

If we set Ty =T, and

Y; = CTIP™!, 0<j<Fk

G

()

(10)

(11)

then the Fourier matrix factorization given by (6) determines a k stage computation

given by the sequence

I’OsYI;"'JYic—l)

(12)

followed by bit-reversal Q. In the j-th stage, we begin permuting the data by the

perfect shuffle matrix P~!, We then perform the twiddle factor operation TJ’ and

complete the computation by the operation C which can be carried out by n/2

concurrent 2-point discrete Fourier transforms. Each stage has the same data flow

with, only the twiddle factor varying.
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4.5. Korn-Lambiotte F¥T Algorithm:

A vectorized variation of the Pease FFT algorithm is presented by Korn-
Lambiotte in [18] for implementation on the STAR 100 computer. We will present
two vector variations. In each case, we replace the parallelizable operation C, given

by (4) in §4.4, by the vectorizable operation
G = F(2)® L 4y
In the first variation, we refactor the operation Yj, given by (11) in §44, as a
vectorizable operation. By the commutation theorem of tensor matrices,
C=1IL,0F2 = P‘I(F(2)®In/2)P = PTIGP. (2)
We can rewrite Y; as
Y; = PTIGPT{P1. (3)
Usiﬁg
T" = PT{PY, (4)
where, T} is given by (8) in §4.4, results in
Y; = PGTY. (5)
This last expression allows us to state the following theorem
Theorem 1: IF n=2%, then
F(n) = Q(PIGT{_,)...(P7Q), (8)

where N; = 2¢~7+! and

G = F(2) ® In/Z’
1;{' = P—j(In/N,- Q T(Nj))P'*'j, (7)
P = P(n,2).
The second variation is obtained by choosing a different bracketing for (5) given

in §4.4. Using (9) given in §4.4, we can write
F(n) = (P"'G)(P~'Di-1G)...(P"1DG), (8)
where D; is the diagonal matrix
D; = P~U-UT;Pi~! = T(N;) @ I/n,. (9)
The commutation theorem was utilized in order to obtain the last equality in (9).
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4.6. Stockham Auto-Sort FEFT Algorithm:

The effort required to perform an n-point bit-reversal operation, either on out-
put or input data, can be an important segment of the overall task of an FFT
computation on a given vector machine. In Cochran et al. [14}, an FFT algorithm,
attributed to T. G. Stockham, is described which computes the F¥T in proper or-
der, without requiring permutation either after or before computational stages. We
call such an algorithm an auto-sort algorithm. C. Temperton [8] examines in detail
the implementation of the Stockham FFT and mixed-radix generalizations on the
CRAY-1 computer.

The main idea underlying the Stockham auto-sort FFT is to distribute the n-
point bit-reversal operation throughout the different stages of the computation. At
the same time, all the discrete Fourier transform computations are vectorized. To
design the Pease FFT, permutation matrices of the form P(n,m), m|r, were intro-
duced into the Cooley-Tukey factorization in order to vectorize the discrete Fourier
transform factors. The Stockham FFT is derived by vectorizing these factors by

bit reversal. Consider the factorization
F(n) = Q(n)(I,,/z ®F(n))Tk_.1(I,./4 QF(2)®L)...Ti(F(2)® L.2), (1)

where n = 2%, From the formulas

Qn)(L2 ®F(2)Q(M)™" = C (2)
(Q(n/2) ® L)(In/a ® F(2) ® I)(Q(n/2) 8 )™ = C (3)
QMW@ L) (L@ F(2) @ In/)(QU) @ Iny) ™ = C (4)

where C = F(2) ® I,,/2, we have
F(n) = CQ(n)Tx-1(Q(n/2) ® )~'C(Q(n/2® I2)...TyC. (5)

Direct computation shows that

R(n/2’) = (Q(n/27) ® Ii)(Q(n/27+") ® Lpi+a) ™ (6)
R(n/2’) = (Q(n/?')(Q(n/27*") @ I2)) ® Ls o)
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R(n/2’) = P(n/27,2) ® L;

(8)

where we have used the fact that the bit-reversal matrix and its inverse are equal,

The above discussion allows us to state the Stockham FFT algorithm.

Theorem 1: If n = 2%, then

F(n) = (CTi_,R(n))(CTi—3R(n/2)... (CTIR(4))C

where
C = F(2) @I
R(n/2’) = P(n/2?,2) ® L;
T; = Q) T;Q(2™+)
If we set

iy = Q) Tk-1Q(n)™*
Ti-a = (Q(n/2) ® I)Tk-2(Q(n/2) ® I) !
Ti = (Q(4) ® In/a)T1(Q(4) ® Inya) ™,
then, Ty,T3,...,T}_, are diagonal matrices; and we can rewrite (5) as

F(n) = (CT;-1R(n))(CTi—2R(n/2))...(CTIR(4))C,

where

R(n) = Q(n)(Q(n/2) ® k)™,
R(n/2) = (Q(n/2) ® I2)(Q(n/4) ® L),

R(4) = Q(4)® L4
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4.7. Mixed-Radix Cooley-Tukey FFT Algorithm:

The mixed-radix decimation in time (DIT) and decimation in frequency (DIF)
Cooley-Tukey algorithms are simply a generalization of the two-factor Cooley-Tukey
F¥T presented in §4.2. We proceed to give a general description of these algorithms.

Suppose
n = ningz...ng, (1)
N; = nj...np. (2)
We see that
n/Ny=1, n/Na=ny, ... /Ny =n3...01. {3)
Then,
F(n) = Q(In/n, ® F(ni))...Ti(F(n1) ® In,), (4)

where @ is a permutation matrix (described below) and T; is a diagonal matrix

given by the formula
T = (Lnyn; @ Th;pa(Nj)), 1<5<k (5)
where we take 7 = I,. The computation can be decomposed into sequence of

operations

X1, Xa,..., Xk, (6)

followed by the output permutation Q. In particulair, vector length varies during
these computation stages as

Nz, Ng,...,Ni,1 (7)
The output permutation @ is the mixed-radix analog of the bit-reversal permu-
tation. It is given, by induction, by the following factorization
Q@ = P(n,N;)(I,/n, ® P(N3, Ns))...(In/ny_y ® P(Ng—1,Ni)) (8)
Direct computation shows that
Az, ®...0z;) = 2, ®...0z (9)
Formula (9) serves to uniquely define Q.

To obtain a decimation in time (DIT) factorization, we simply take the trans-

pose of both sides of (4). The result is

F(n) = (F(n1) ® Iny)Ts - .. (T /v, ® F(n)) Q@ (10)
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4.8. Agarwal-Cooley Mixed-Radix FFT Algorithm:

A generalization of the radix-2 Pease FFT to mixed-radix was designed by
Agarwal-Cooley [15] for implementation on the IBM 8090 Vector Facility. The goal,
as stated, is to produce “a fully vectorized mixed-radix FFT algorithm requiring all
load/store [operations] with only small stride.” The load/store operations refer to
computer instructions devoted to the transfer of data between the vector registers

of the vector facility and the storage facility. We proceed to describe the general

case,
For
n=ny,...n (1)
we begin with the factorization
F(n) = (F(n1) ® In, )11 ... (Inyn, ® F(ni))@72. (2)
Set
C; = F(n;) ® In/n;s (3)
P; = P(n,N;), N=n;...n;. (4)
Using the formulas
Loy ® Ingyy = P:‘—ICJ'PJ" (8)
we can rewrite (2) as
F(n) = G\Ty...P]'C;PT;... B Ch PQ ™t (6)
Set
T} = PP @
Then, T} is the diagonal matrix
T} = TNy, (N7) © Ly, (8)
and we can rewrite (6) as
F(n) = (CiTI)(CoT3 PaF5Y) ... (CuPe)Q™! (9)
The j-th factor (from the left) is
CTIP P, (10)
4
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Through direct computation we can show that
P(n,n;) = PP} = P(n,N;)P(n,n/Nj1) (11)

which allows us to state the general theorem:

Theorem 1: Ifn=n;...ng, then

F(r) = ((F(r1) ® Injn, )T1)((F(n2) ® Infn,) Tz P(n,02)) . ... (F (1) ® Toyn, ) P(m, 7))@ 72,
(12)
where T} is given by (8).
After the initial data transposition Q~!, we have k computational stages. A
typical stage consists of the sequence of operations
1. P(n,n;)
2. T}

3. F(ny) ®lujn;e
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4.9. Temperton Mixed-Radix Auto-Sort FFT Algorithm
The generalization of the mixed-radix auto-sort FFT algorithm is due to C.
Temperton [8]. We proceed to describe this algorithm below.

Denote by Q, the data transposition operation corresponding to the ordered
factorization
n/Nigr = ny...nj (1)
and set
Ri = Q;®Iy,,,, 2555k (2)

In particular, R; = Q.Then, the DIF mixed-radix FFT algorithm can be rewritten

as
F(n) = (CkBiR:%)...(TIC;R;R}Y)...(TICY) (3)
where ‘
C; = F(n;)® I, (4)
T} = ByT;R; . | (5)

The matrices 7] are diagonal matrices and are called the twiddle factors of the

factorization of F(n) in Eq. (3) above. Since

R;RY, = (Qi(Q72,® L)) ® In,,, (6)
R;R7Y, = P(n/Nji1,n;) ® Iy, (7)

we have
F(n) = (CxP(n,nx))...(T;C;(P(n/Njs1,75) ® INyya)} - .- (T1C1). (8)

As bracketed, we have a computation requiring k stages to be performed. When
in the j-th stage, the data permutation is given by
P(n/Njy1,n5) ® Injps (9)
This expression should be compared with the data permutation operation
P(n,n;) (10)
required in the j-th stage of the Agarwal-Cooley FFT algorithm. In the auto-sort
FFT we no longer require n-point data transposition on output, or input; but, we
pay the price of replacing computation stage data permutations (10) with those
given in (9).
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Chapter V
COMPUTER IMPLEMENTATION OF FFT ALGORITHMS:

5.1. Factor Decomposition:

One of the objectives of this work is to present an analysis on the computer
implementation of additive FFT algorithms. When trying to implement an FFT
algorithm on a computer, the given hardware architecture configuration evokes
inherent limitations on the feasibility of the implementation. Our objective is to
investigate these inherent limitations, and to formulate guidelines which aid in the
designing of algorithms which take these limitations into consideration in order to
produce optimum results relative to the identifled constraints of the given computer

hardware architecture.

In our study of computer implementation of FFT algorithms, we use the lan-
guage of tensor products to present formulations of commonly known algorithms.
The purpose of these formulations is to allow us to describe each algorithm as a
series of factors or mathematical expressions which we will analyze, each one sep-
arately, and will try to implement them in a manner that best adapts to the given
computer architecture; i.e., by matching the mathematical expressions to computer
operations which use the architectural features of the given machine in order to

perform the most efficient computations relative to some known standards.

As an example of the factor decomposition of an algorithm, we present the
general two-factor Cooley-Tukey algorithm. The general two-factor tensor products
formulation of the Cooley-Tukey decimation in time algorithm may be expressed as

follows:

Let n = r-s, where r, s are any integers. The factor decomposition of the Fourier

matrix F,,, which produces the Cooley-Tukey algorithm, is given by
Fn = F(n) = (Fo ® Ir)Tn,a(Ia ® Fr)Pn,c (1)

where T;;, is an nth-order diagonal matrix, termed the twiddle or phase factor
matrix; and P, ,, or P(n,s), is a permutation matrix of order n termed the “stride

by s” permutation matrix.

The expressions (F,®I,), (I, ® F;) are termed Fourier factors matrices, and they
represent the main bulk of the computational effort. A question which may be
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posed to an algorithm user is how to best implement all of the factors stated above
on a vector computer?. The answer to this question resides on the manipulation
of the above Fourier matrix or FFT algorithm formulation ikrough the properties
of tensor properties, with the purpose of obtaining a formulation that matches
effectively the architecture of the machine. In the case of this particular Cooley-
Tukey formulation, a first iﬁmwmmt may be to use the commutation theorem

of tensor products matrices defined by
P~Y(n,s)(I, ® F;)P(n,s) = (F, ®1,) (2)
in order to obtain the following formulation
F, = (F. ® I)T,,,P(n,s)P~(n,s)(I, ® F.)P(n,s) (3)
Fn = (F, ® L,)T,,,P(n,s)(Fr ® L) (4)

This formulation would be an improvement over the previous formulation if the
architecture allows the performing of the permutation P(n,s) with relative ease, in
addition to the requirements needed to be met about the number of vector registers
and the length of these registers. Before we elaborate on these requirements, we
would like to point out why this formulation would be a better formulation. We will
show in the next section that the Fourier factor (F, ® I,), which written in matrix

form is
I, I, . I,
_ I w, I, eee wiTLLL
(Fr ®Ia) = ; o i ’ ’ (5)
I, w-i, ... wl,

is better suited for implementation on a vector computer than the Fourier factor
(I,®F,). In fact, the Fourier factor (F,®I,) may be implemented on a vector machine
with at least r vector registers of register length at least s. If this requirements are

met, then we would have a better implementation.

Expressions of the form (I, ® A), or (B® I,), are prevalent in the tensor product
formulations of additive FFT algorithms. The matrices A, B usually take the form
of (I, ® Fy), or (I, ® I), where Fy,, Fy sre Fourier matrices. Thus, it is important to
have an understanding of expressions of the form (I, ® F, ® I;). These expressions,
in turn, depending on the underlying computer architecture, can be implemented
as either vector or parallel operations. We proceed to explain below how these

implementations may be carried out.
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5.2. Vector Computer Implementation of Fourier Factors:

The expression (I, ® F, ® I;) may be implemented on a machine possessing a
vector architecture. The basic requirements imposed on this architecture are that
it must have at least p vector registers, and that the length of these registers must

be at least g. If these requirements are met, then we can start by rewriting the

expression
(I, eF®1) (1)
in the form
(I ® (F,® 1)), (2)
and analyzing the term
(e l) (3)

This term, written in matrix form, becomes

Iq Iq LR Iq
I w, 1, eee wPTLL

Rel, = -q o o (4)
I, wi™'l, ... wyl,

This matrix form reveals the vector nature of the expression (¥, ® I,), if the com-
putation (F, ® I,)z were to be effected on a vector computer. This is due to the
fact that the data vector z could be loaded, in order, with stride 1, onto p vector
registers and then the computation could be performed on these vectors. To be
precise, the vector z, of length pg, could be partitioned into p smaller vectors of

length ¢, namely, z,, z,, ... ,z,—;, Where

Zo Zq Z(p-1)q
T3 Tg+1 T(p—-1)g+1

Zo=| .|y =] L |y v 4 Zpy = . (5)
Tg-1 T2g—-1 Tpg—1

Thus, the computation (F, ® I)z could be written as

I, I, l'q1 Zo go+_z_1+...+:_cp_11

Ip wil, ... wh™'I z Zo+ wpzy +...+whTiz, ©)
-1 -1

I, v~ ... wpl Zpoy ot whTizy + . fwpz,

This expression describes the vector computation, where each term in each sum-

mation represents a vector register.
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The whole expression (I,®(F,8];)) can be written in matrix form in the following

way:

*0 [ F,®1,
nqn
LoFeL) = ! ol

. 3
.

(7)

By F,eI,
Thus, the term I, may be interpreted as indicating repetition. Sumimarizing, the

expression

(I, ®Fp,® 1) (8)

may be implemented on a vector computer by repeating the operation (F, ® I;) (a
vector operation) r times, in a parallel fashion, if possible; where the expression

(Fp ® I) itself could be implemented by using p vector processors of vector length g.
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3. el e jo! jer Factors:

Using the commutation theorem of tensor products matrices, we can take the

expression
(L.®F,®1I) (1)
and rewrite as
(Iq (e Fp)) = P(n,q)((I; ® e Iq)P—l(ns q) (2)
where
P(n,q), n=rpq ()

denotes a “stride by ¢g” permutation matrix.

We use the properties of tensor products to rewrite (I; ® (I, ® F})) as
(Ir ® Fp) (4

This last expression, written in matrix form, becomes

w (F )
(Igr ® Fp) = ngn F, (8)
?gr—1° \ F,J

This matrix representation reveals the parallel nature of the computation (I, ®
Fp)z, where z is a data vector of length rpg. This can be seen by thinking of the

data vector z as a set of gr vectors of length p, namely, z,, z,, ..., z,,_,, where

Zo Zp Z(qr~1)p
3 Zp+1 T(gr~1)p+1

Zo= 1| &= : voree oy Egr1 T . i (6)
Tp Z2p-1 Zrpg—-1

and assigning each vector z,,, 0 < m < gr, to a given processing unit on a parallel
computer. This implies that for a parallel machine to implement the expression

(Iqr ® Fp), in a parallel fashion, it must possess at least gr individual units.

51

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



5.4. Computer Im ati ide Pe jons:

As we have stated in the section 6n permutation matrices, the permutation
operations on a given computer dictate the manner in which the data needs to be
presented to the computational stages of a given algorithm implementation. These
permutation operations can be thought of as specialized data assignments in that,
for the case of the stride permutation matrices, their action on a given data vector
results in a reordering of the elements of the data vector according to a simple
rule. We present in this section some thoughts as to how these permutations may
be implemented on a given computer, and set the stage for future study of the

procedures involved in these computer implementations.

5.4.1. Vector Implementation of Stride Permutations:

The stride by s permutation matrix P(n,s) may be implemented using a vector

computer in the following manner:
Forn=r-s,

1) Load s vector registers, of vector length r, with data from memory (the

data vector z), vsing stride s.
2) ' Load the data from the s vector registers to memory, with stride 1.

The procedure for loading the vector registers from memory ought to be done
in such a manner that, at the end of the process, the content of each vector register

would be the same as a column of the array X;.

5.4.2. Parallel Implementation of Stride Permutations:

For the case of n =r - s, the permutation matrix P(n,s) may be performed on a

parallel machine in the following way:

1) Load a vector segment, of length r, from “global” memory to each “local”

ﬁxemory on s separate units. This must be done using stride s.

2) Load to the global memory the vector data segment on the s separate

processing units using stride 1.
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Chapter VI
LSI-FIR SYSTEMS:

6.1. The Importance of LSI-FIR Systems:

This work presents a description of the discrete Fourier transform (DFT) op-
erator, and its importance in the analysis of linear shift invariant, finite impulse
response (LSI-FIR) systems. LSI-FIR systems arise frequently in the processing of
finite length sequences. Their importance stems from the fact that the response of
an LSI-FIR system to an input sequence may be interpreted as a periodic sequence;
i.e., since the response sequence is finite, say, of length n, it allows for its representa-
tion as a periodic sequence of period n. Through this representation, the processing
of finite length signals using LSI-FIR systems may be analyzed through the study
of cyclic convolution. The cyclic convolution operation turns the linear space of
n-point complex sequences into an algei)ra. Another important operation defined
in this algebra (actually, in an algebra isomorphic to this algebra) is the point-wise
multiplication of two n-point sequences, this operation being termed the Hadamard
product [16] of two sequences. The cyclic convolution and the Hadamard product
operations are related, through the DFT operator, using what is commonly known
as the cyclic convolution theorem.

When LSI-FIR systems are used for the processing of finite length sequences,
an opportunity arises to use some of the properties of the DFT operator in order to
reduce the computational effort involved; and one of the most important properties
used is the cyclic convolution theorem, which allows, through the DFT operator,
for the replacement of cyclic convolution of sequences by point-wise sequence mul-
tiplication. In turn, fast algorithms have been developed for the computation of
the discrete Fourier transform (DFT) of a sequence. This has lead to a further
reduction in the computational effort required to perform cyclic convolution.

Another important point to make about LSI-FIR systems is that a number
of algorithms are known which perform the processing of finite length sequences
relatively fast when compared with straightforward methods of computation. The
digital hardware implementation of these algorithms may be accomplished through
the use of LSI-FIR systems. This makes LSI-FIR, systems one of the most important

tools in digital signal processing.
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6.2. Mathematical Preliminaries:

In this section we introduce some mathematical notions which will help us
describe some of the mathematical operators commonly used for the analysis of
discrete linear systems with finite impulse response. These systexhs play a substan-
tive role in the digital processing of discrete signals. Let Z/rn denote the set of n
nonnegative integers

{0,1,...,n—1}. (1)
An n-point sequence over the complex field C is the mapping
f:Z/n—C (2)

The set Z/n is called the indexing set of the sequence of f. The value of the sequence
fon je€ Z/n is f(j) and it is usually denoted by f;.

We denote by the symbol f the n-tuple formed with the values f;, 5 =

0,1,2,...,n—1:
Jo
h
I= : 3)
fr-1
The set of all sequences f:Z/n — C forms a linear vector space which we denote
by L(Z/n). The set L(Z/n) is isomorphic to the n-dimensional complex vector space

Cn.

The set of n n-point sequences

{Slk]:k=0,1,...,n—1}, (4)
where
6[,,](]') = {(1): ;::: J,kGZ/n’ 5)

forms a basis for the space L(Z/n) which we call the standard basis.

We now introduce the shift operator S, over the space L(Z/n). This operator
is the central component in the characterization of LSI-FIR. systems.

Let the operator S, over the space L(Z/n) be defined in the following manner:
Sp:L(Z[n) — L(Z/n)

G} ¥ Snbje) = ety (6)
and  Spljn-y] = ] = boj =6
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The sequence §jg) = § is called the unit sample sequence. If we replace the

argument j € Z/n of this sequence by j — 1, j € Z/n, we obtain the following result

. 1 1 —-1=0; j€Z
dai-1) = {5 Iga=0 <z Y

This result of (7) is equivalent to the definition of the sequence BB

. 1 =1, Jje€i/n
Su() = {o: e ! (®)

Thus, we write
o) = Go(G-1), j7€Z/n (9)
or

(Snbi0))(4) = (i ~1), 7€Z/n (10)

As we stated above, the operator S, is called the shift operator; and, it can be
seen by (10) that shifting the sequence bjo) is equivalent to ‘delaying’ the sequence
if its argument is thought to be discrete time instances. In general, we have

(Snglm]) (.7) = 5[m](j - 1)1 me Z/n (11)

where parentheses are placed around the expression Snbjm] in order to emphasize
that it is a sequence obtained by operating by S,, on the sequence Sim)- We rewrite

(11) as
o) (4) = Spp-j(i—1) s k€Z/n (12)
and notice that

Sjk-1)(7 ~ 1) = -g)(5 —2) (13)

We may continue this process and arrive at the following expressions for 61k (7):
6 (7) = oG — k) = 6(7 — k) jke€Z/n (14)

and
6 (9) = x-5(0) s k€ Z/n (15)
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The following identities follow from definition (6) of the shift operator
Sa1 = Snfpo)
8g) = Snbjyy = Sa(Sabjo)) = Spéjo)
Sis) = Sabiz) = Snbjo)

: (18)
6k = Snfik-1) = Sa(Sn---(Sndjo))...) = Sgéjo)

§n) = Snfin-2) = Spdjo)
Since Spfjn—1) = 8o by definition, it follows that

Spbo] = bjo) = 6§ =>85 =1, (17)
where I, is the identity operator. We can rewrite (14) and (15), respectively, as

ki (9) = (SE&o))(7) = 6(5 - k) (18)

and

by (7) = SE9810) = 6(5 — k) (19)

Given an n-point sequence f € L(Z/n), we can write this sequence as a linear
combination of the set of basis functions {§jx], k € Z/n} in the following way
f= 2 filw (20)
0<k<n
where f; = f(k). We define the inner product (, ) of two sequences f,g € L(Z/n) as

follows
(, ):L(Z/n) x L(Z/n) — C

(O —(fo) = D feat (21)

, 0<k<n
where L(Z/n) x L(Z/n) defines the cartesian product of the L(Z/n) with itself, and

g% = (9(k))*, the operation ( )* implying complex conjugation. Using (f,§jx)) = fx, we
rewrite (20) as

=2 {f6m)o (22)

0<k<n

Using the shift operator S,, we can also write f € L(Z/n) as

f= > fifig = D fuSkdyg (23)

0<k<n 0<k<n
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where

@) = (X fdw)l) = D fubiy(s) (24)
0<Lk<n o<k<n
f0) = X flSkqo)G) = DO fib(G—k) = f; (25)
0<k<n 0<k<n

Operating by S, on f results in

n—1

(8 H)(5) = (Sa Y fSE610)) (5)

=0

= Sp D fxSk8[0](5)

0<k<n (26)
= 0; f:5% (Snbio))(9)

<k<n
= > hSkfqi-1) = fG-1)

0<k<n

By iterating the procedure stated above, the following result follows

(SENG) = Y. fmSP(S*)(5) = D fmSr 6k (5) (27)
0<m<n 0<<n

D [mSPEG) = D fmSPE(i—k) = F(i—F) (28)

0<m<n o<m<m

In generz!; we will denote by fix] the function obtained by applying the operator
Sk to the function f:

fig = S¥f = D fiSk§;, feL(Z/n) (29)

IEZ/n

Using the linearity property of the shift operator S,, the following evaluation is

determined
(Su(ef + Bg)) (k) = (aSf+BSg)(k), fig€L(Z/n), af€ c (30)
(Sn(af +B9)) (k) = (afi) + Bap) (k)
= afpy)(k) + Bay (k) (31)
= a(snf) (k) + ﬂ(sng) (k)

In the next section we will describe a class of operators which commute with the

shift operator. These operators are an essential tool in the analysis of discrete

(digital) signals.
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6.3. Properties LSI-FIR Systems:

In this section we would like to describe a special class of operators which
are linear and, most important, shift invariant; i.e., they commute with the shift
operator S,,. These operators play a most important role in the fleld of digital signal
processing (DSP). They are usuaily referred as linear shift invariant (LSI) systems.
The reason for this name is now explained. As it was stated in the introduction, in
order to extract what may be considered useful information from a digital signal
(numeric sequence), this digital signal is usually acted on by a linear process. The
result (output) of a linear process is usually another digital signal. The process
itself may be described as a finite sequence of operations performed on the input
signal. If we adopt the black box concept, then we can describe’ this scenario as a
black box (the linear process) with an ‘input (the input signal) and a response (the
output signal). Physical implementation of these black boxes are called systems;
whereby, in its simplest form, a system may consist of a hardware device performing

a single linear operation, usually shift invariant.

By a process of analogy, the mathematical model of a physical linear process
may be described as a finite composition of linear operators which acts on a given
signal known as the input signal to the process. A linear process, in its simplest
fo'rm, may consist of a single linear (usually shift invariant) operator. If the output
(response) of an LSI system is finite; i. e., the output digital signal is finite, then
we further classify these systems as finite impulse response (FIR) systems. Our

objective in this section is to make this classification precise.

LSI-FIR systems are very important in the analysis of digital signals. This
stems from the fact that if the response of a given system T, acting on the basis
function §, § € L(Z/n) is known, then the result of the system acting on any other
input signal f € L(Z/n) may be deduced. We make this statement more precise.
Let hjo) = h be the sequence obtained by applying a given LSI-FIR system T to the
basis function §:

T8o) = T6 = hyoy = h (1)

The result of T ncting on any other basis function §j) € L(Z/n), k € Z/n is given by

T(su) = T(Sk6) = SH(T6) = Skh (2)
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Since any given sequence f € L(Z/n) can be written uniquely as

f

> (W6, feL(Z/n), (3)

kEZ/n

we have that

T( D f(R)o)

kEZ/[n

3> BT (5)

kEZ/n

= ) f(K)TSks @)

keZ/n

Y. f(k)skTs

k€Z/n

3 r(k)SEn

kezZ/n

7(f)

The sequence k is usually termed the signal impulse response of the acting system,
in this case; tk: system T.

We now set out to define a linear shift invariant, finite impulse response (LSI-
FIR) system. Let L(Z/a),L(Z/b) be subspaces of L(Z/c) where a,b,c are positive
integers and c=a+b—1. An LSI-FIR system T}, is a mapping

Tw:L(Z/a) x L(Z/b) — L(Z/c)
(fs k) — T0(¥)

(5)

where

T = Y h(k)s¥ (6)

0<k<e

2 kR)(SEANG)

0<k<ec

= Z hefi-k

0<k<e

and

(T &)

™

We sometimes write T,(f) = f * h.

'To show the shift invariance and linearity properties of the system 7}, we proceed
as follows:

For f,g € L(Z/a), h € L(Z/b), ,p € C, we have

T(af +89) = Y_ h(k)SE(af +B9)

0<k<ec

= 3 hH)SEHeN)+ 3 h(k)S(B9) (8)
0<k<e 0<k<e

= aTh(f) + BTn(9)
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SeTu(f) = Se Y h(k)(SEF)

0<k<e

>_ h(k)SE(sf) (9

0<k<c
= Thsc(f )
By iterating the procedure given above, the following identity is obtained

SITh, = TRSM (10)

We proceed to describe some more properties of LSI-FIR systems. We start by

setting

Tw(8) = D h(k)SE§ = D h(k)oy = h, 6€L(Z/a), heL(z/s) (11)

0<k<e 05k<e

Let Ty, Ty € L(Z/c) be any two LSI-FIR systems:

Tu(f) = Y, h(K)SEf, feL(Z/a), heL(Z/b) (12)
0<k<e

Ty(R) = ) f(k)S¥h, heL(Z[b), feL(Z/a) (13)
0Lk<e

Noticing that f =3, <,, <. f(m)ST6, we write

Tu(f) = Y h(E)SE( Y f(m)sro) (14)

0<k<e 0<m<c

Using the linearity property of L(Z/c), we write

Tu(f) = 3. D Ff(m)Sr™h(k)Sks (15)
0<m<c 0<k<e
Tu(f) = Y. f(m)S™( D h(k)SEs) = Ty(n) (16)
0<m<ec 0<k<e

Thus, we arrive at the following commutation identity

Tu(f) = foh = he f = Ty(h) (17)

For any basis sequence &) € L(Z/a), we write

Th(fig) = D h(m)Smsu

S¥ > h(m)srs = Skh

0<m<e
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hence,
Th(6wy) = Tiy(k) = Sy *h = Seh (19)
We thus can make the following correspondence
Ty < S& (20)

We also notice that

T(6m) () = (h*8w)(5) = k(7 —K) (21)

In order to characterize LSI-FIR systems, we start by identifying the sequence
obtained by letting the system 7}, act on the unit sample sequence §. Since any n-th
order sequence f can be written as a linear combination of shified versions of §,
knowing the response 7;(5) will help in determining 7},(f). We call the unit sample
response or impulse response of the system 7}, the result obtained by applying T}

to the unit sample sequence §, which sometimes is called the impulse function:
Th(6) = D h(m)S 6

0<m<c
= 2 Mm)om =k
0<m<e
Thus, the unit sample response an LSI-FIR system 7}, is the sequence k. For any

(22)

given sequence f € L)Z/a), we can always write

f= 2 flR)Sks = 3 f(K)o : (23)
kE€Z/c keZfc
Evaluating f at j € Z/c results in
16 = D0 HREmG) = D fR)SG-F) (24)
k€Z/c kE€Z/c

Applying T}, to the sequence f (or, inputing the sequence f to the system T},) results
in
Twlf) = 22 R(m)ST( D f(k)dw) (25)
meZfec k€Z/c
Using the linearity property of L(Z/c), we obtain
Tu(f) = 3 f() Y h(m)ST6

kE€Z/c meZfc

Y f(R)SE( D h(m)SIs) (26)

k€Z/c meZ/c
>, f(k)Str
kEZ/e
This result states that the system T}, is completely characterized by its unit sample

response sequence A,
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8.4. The Discrete Fourier Operator:

We would like to make a transition from the concept of linear mappings L(Z/a) x
L(Z/b) — L(Z/¢) involving three spaces to linear transformations L(Z/n) — L(Z/n). It
is important to point out that if we make the identification n = ¢ = a-+5—1 the concept
of LSI-FIR systems can be incorporated into the concept linear transformation on
L(Z/n). This may be accomplished by identifying subsets in L{Z/n) isomorphic to
L(Z/a) and L(Z/n) respectively. Then sequences in L(Z/a) and in L(Z/b) will be
represented in L(Z/n) as n-point sequences which will have the value zero outside

their respective domain of definition (Z/a and Z/b respectively).

The space L(Z/n) will be used to represent two related ideas. In the first place,
L(Z/n) will be thought of as representing the space of all finite n-point complex se-
quences with domain Z/n. On the other hand, the space L(Z/r) will also be thought
of as representing the space of all periodic complex sequences with period n. This
latter interpretation will allow us to perform modulo n operations on the indexing
set Z/n, turning this set to into an additive group of order n. Evaluations modulo
n will become more clear as we delve into the properties of special operators de-
fined on L(Z/n). One of these operators is the ubiquitous discrete Fourier transform
(DFT) operator. We proceed to describe this operator below. The discrete Fourier
transform (DFT) of an n-point sequence f is defined in this section as a linear op-
erator on the space L(Z/n). However, before we introduce this definition, we would

like to describe some preliminary concepts and definitions.

The indexing set A = Z/n={0,1,...,n — 1} forms an abelian group with modulo

n addition as the internal binary operation. Its dual A is defined as
A = {"xx:k € Z/n} = (2Z/n) (1)

wh
ere "xk:Z[n — C

s (2)
(j) ’—’”Xk(.'i) = e—2mik(i)/n
When no ambiguities arise, we drop the superscript » from the expression "x;. The
value "x;(1) is usually writteﬁ as w, = ¢~27/7, The functions x; are usually termed

exponential sequences, charaéteristic gequences, or, simply, characters.

The set of functions A piays a very important role in the analysis of LSI-FIR
systems. We will show that ti:ey are eigenfunctions of this type of systems. We first
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show that they form an orthogonal set, spanning an n-dimensional space which we
denote by L(4) = L((Z/n)'\). This is done by looking at the inner product of any
two sequences in A. This product is given by

(XM Xb)’ a, be Z/n (3)
where
(Xas X5) = Z e—2mija/n +2mwijb/n
I€Z/n
= E e—2mii(a-b)/n _— 0, a#b (4)
IEZ[n
Thus,
0 b
(Xar Xb) = {n” ';ib (5)
We write
(Xas x5} = né(a—1b) = nS’,'Ib‘[o](a) = nfjy(a), a,beZ/n (6)

A linear mapping ¥ may be defined between the spaces L(Z/n) = L(A) and L(A)

as follows
F:L(4) — L(A)
" " (7
(Nr—F(f)=f
where
ﬁ(.f) = .'fv = Z fixs (®)
JEZ/n

The sequence fcan also be written as

f= ',1; 3= (F(f), xk)xx (9)

kE€EZ/n

where

F)xe) = D0 (3 fixs)(m)xil(m)

meZ/n j€Z/n

= > (X fixs(m) -xi(m)

meZ/n j€Z[n

= > fi Y xi(mxi(m) (10)

J€Z[n mEZ/n

= Z f:‘(Xj, Xk)

JEZIn

= Y fi(ns(i—k)) = nfi

JEZ/n
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Evaluating F(f) at k € Z/n produces

FNE = (X fixs) k)

JE€ZIn

= Y fixi(k)y keZ/n

JEZ/n

1l

Noticing that
xi(k) = e73mik/n = wik = ,(5) = wl,
we write (F(7)(k) = f(k) as
F&) = 3 fixeld) = (Fix2)
IE€EZIn
Since the set {x;:k € Z/n} is an orthogonal basis, we can write f as
1 e
f=— 3 {hxidx
k€Z/n

Thus, we can represent an n-point sequence f € L(Z/n) in two ways:

f= 268000 = Y fifs

JEZ[n JE€ZIn

1 “\_ & 1 Yoo
f=_ 3 (fxmx Py > fxi

k€Z/n kEZ/n

(11)

(12)

(13)

(14)

(15)

(18)

In this setting we can think of the vector sequence f as being represented with

respect to two different sets of bases. We proceed to establish a relationship between

these two bases. We start with the identity

> fib = % N fxi =7+

J€Z/n kEZ/n

Evaluating (f, j,)) results in

(D Fi80)s b)) = %(( > 5ixi)sbim) = Im

F€Z/n kEZ/n

= ;11. S (X 7x)(6)6im(s)

2€Z[/n kEZ/n

=13 7Y xe)m()

k€Z[n s€Z/n

=23 fxiltm) = 3 Fixnl®)

kEZ/n kEZ[n
1.~
= (faalm]) = ;(f:Xm)
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(17)

(18)



Starting with the identity

S Gt = X st =S (19)

keZ/n JEZ/n

and evaluating (f, x;) produces

i

X Foxddoxmd = (X Fota)sx) =

kEZ/n i€Z/n

D (D £i8) (3)xmis)

8€Z[n jEZ/n

D 5 Y xm(9)85(9)

JEZ/n s€Z/n

= > fixm() = (Fixt)

JEZ[n

(20)

We now relate the vector coordinate representations f;, j € Z/n and f;c, ke Z/n.
We accomplish this by making a correspondence between the mapping F and a
linear transformation F,, defined on the space L(Z/n). This new linear operator, as
we shall demonstrate, performs a change of basis in L{Z/r). We start identifying
this change of basis by making the following definition

Fo:L(Z[n) — L(Z/n)

(21)
bis) — Fadis
where
Fobi5) = x50, JE€Z/n (22)
Allowing F,, to operate on f gives
Faf=f=F(3 fifn) = X fiFabig = Y fixs (23)
J€Z/n JEZ/n JEZ[n

Since F,, is an operator defined on a finite dimensional vector space, it has a

matrix representation. We shall denote by
(w5 logskan =Fn (24)
the matrix of F, with respéct to the basis set {§|;:5 € Z/n}. We, thus, write

Xe = Fufpy = Y wiks, (25)
JEZ/n
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Since f = %3 1cz/m Fexts we write

F=2 Y fad= 2 AEa) =2 T AT wita)”

kEZ/n kEZ/n k€zZ/n  3€3/n
1 ~ kY% 1 ke
=22 KD @ray = 3 (S 2 @Rl (o)
k€Z/n jJEZ/n JEZIn keZ/n
= D fifiy
JE€EZ[n

Thus, the expression within curly braces represents

fi=2 3 @h =2 T k6 (27)
kEZ[n k€eZ/n
and
o= 3 xi0)fs = Y (wiF) sy (28)
JEZ/n j€Z/n

The n-point sequence x; can also be expressed as
Xk = Fabjgy = D (Fubip, 613)813 (29)
i€Z/n
Comparing this expression (29) with the expression given by (25), results in the
following equality
vl = (Fabix)) (30)

It is important to observe here that we have been using the same symbol to denote
both, an n-point sequence, say xx, as well as its vector coordinate representation.

For instance, the vector yi is the vector

xk = [xk(0)x(2), xk(2)s o oy xR (n — 1) [T (31)

where the entries represent the vector coordinates of the sequence x; with respect

to a given basis set. Remembering from expressing (5) that, for 7,k € Z[n,

(Xixe) = Y xixk = O xm(i)xa(k) = né(5 — k), (31)
meZ/n meZ/n
we write
.1 ‘g 1 . .
> wp (mwp)* = > M (Zup™)* = 87— k) (32)
meEZ/n meZ/n

Thus, from the above relations and the fact that F, is symmetric (see expression
(12)), we obtain the following identity

_ 1 1 -
Fit= 2Fy = 2(7E) (33)
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This identity reiterates the fact that the operator F, is a unitary operator whose

action on L(Z/n) can be thought of as a rotation of coordinate axes.

We now relate the concepts of LSI-FIR systems and the F,, operator. Given
an n-point impulse response sequence h € L(Z/n) and an input sequence z = x;, the

output y of the LSI-FIR fllter 7}, becomes

y=haxi = D k(5)Sixi = Tu(xi) (34)
J€Z[n

Evaluating y at m € Z/n results in

y(m) = (h*x3)(m) = ) hG)SixR)m) = D k;iSixi(m)

IEZ/n IEZ/n
— Z hsz(m— J) — z: hje+21rik(m-j) = Z etamikm/n ~2nikj/n (35)
JEZ/n JEZ[n Jj€Z/n
v=xi(m) Y hixe(d) = xi(m) Y hixi(k) = xi(m)hs
JEZ/n k€EZ/n

Rewriting the above result in operator notation, results in the following identity
Tu(xz) = (Fah)(k)xk (36)

This equality (36) states that the exponential sequences x}, k € Z/n are eigenfunc-
tions of the LSI-FIR systems. Specifically, for any given system T}, the sequence
Xk, k € Z/n is an eigenfunction, and (F,k)(k) is the associated eigenvalue.
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8.5. Cyclic Convolution:

So far we have seen an input sequence f € L(Z/a) been mapped by an LSI-FIR
system 7}, into an output sequence T;(f) € L(Z/c). This result was also written as
Tw(f) = f*h, h € L(Z/b). This system operation is usually termed linear convolution;
i.e., the input sequence f € L(Z/a) is convolved with the unit sample response

sequence h € L(Z/b). We recall that both L(Z/a) and L(Z/b) are subspaces of L(Z/c)

There is vanother type of system convolution called cyclic convolution. This
operation is used when the spaces L(Z/a), L(Z/b), L(Z/c) are defined to be of the
same dimension, namely, L(Z/a) = L(Z/b) = L(Z/c) = L(Z/n). Cyeclic convolution is
defined in the following way

s: L(Z/n) x L(Z/n) — L(Z/n)

.. 1)
(f)h)'_"f*h=9 (

where
g = Z h,-S,’;f (2)
Jj€Z/n
Evaluating h at a particular value k € Z/n results in
T(f,R)(k) = (k) = D RG)(SIN(K) = 3 hif(k—3) ()
JEZ[n JjE€ZIn

This result resembles the result of the linear convolution operation, with the major
difference being that the index evaluations are performed modulo n. In this setting,
cyclic convolution can be thought of as a bilinear operation acting on the space
L(Z/n). We would like to point out that we have used the symbol * to denote cyclic
convolution, which was the same one previously used for linear convolution. The
reason for doing this is that throughout the rest of this work we will concentrate
mostly on the use of cyclic convolution as opposed to linear convolution. In addition,

we want to keep operation notations down to a minimum.

Since cyclic convolution is a modulo n operation, it can be viewed as a linear
operator acting on the space of signals f € L(Z/n):
Th: L(Z/n) — L(Z/n)

(4)
(f) = Tu(f)
where
T(f) = D mSif=(f)+h (5)
JEZ[n
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This operator T}, can be thought of as representing an LSI-FIR system whose im-
pulse response sequence (function) is k. In this way, as stated in §6.3, the system
T} is uniquely characterized by the signal k

A system T}, acting on the unit sample sequence shifted by ; units produces the

following response

Tu(851) (k) = (8151 * B)(k) = hy5)
= Y hmSTER) = D hmb(k~3—m)

me&Zfn meZ/n (6)
= Y hmbjj-g(-m) = h(k—7) = Sik(k)
meZ/n
Thus, we conclude
Th(S36[0]) = Tw(S%6) = Sih )

It is important to remember that the response of the system 7T}, to the unit sample
signal § is, essentially, 7;,(6) = h. The result stated above in (7) reiterates the shift

invariance property of the system 7}.

If the system T}, takes as its input a shifted version of any given signal f € L(Z/n),

it produces the following response

Th(SEF) = (SEf)sh = > h;iSi(Skf) = 3 h;Si**s (8)

j€zZn j€Z/n

Setting m = 5 + k results in

nitk-1
Th(Skf) = D hm-iSTf = D hikSif = f=(Skh) (9
m=k JE€Z[n
‘We also noticed that
Ta(Skf) = D hiS3Ef = SE( D hiSif) (10)
JEZ[n I€EZIn
Thus, we conclude
Tu(SEf) = Tisxny(f) = SE(Tu(S)) (11)

The result stated above in (11) implies

Tiskn)(S3) = S3(T(sumy(f) = ST (Tu(f)) (12)
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We have shown previously that a given system T}, being an LSI-FIR system,
commutes with any composition SJ of the shift olierator Sn; that is,

SiTh = TSI, jeZ/n (13)

We would like to show that any two LSI-FIR systems 7T,,7, commute; and fur-
thermore, we would like to show that their composition 7, o T}, results in another

LSI-FIR system. We proceed as follows

The product Ty o7, of any two LSI-FIR systems acting on a given signal f €
L(Z/n) results in

Tu(To(f)) = Tu( D viSif) (14)
JjE€Z/n
Tul Y viSif) = Y wSk( D v;8if)
JEZ[n kEZ/n JEZ/n

> w3 wsito) (1)

kE€Z/n  jE€Z/n

> Y vuwSitks

kEZ/nji€Z/n
Continuing
T(T() = D wSi( 3. wSkf), felL(z/n) (16)
JEZ/n k€Z/n
We conclude,
TuoT, = T,Tu, u,v€EL(Z/n) (17)

We now proceed to rearrange the terms given in (17) in order to obtain a

different result
Tu(To(f) = Y. D vimSitrf

kEZ[nji€Z/n

= > (Y viSiw)sks

k€Z[/n JEZ/n

18
- S (X wisiansts o
k€Z[/n jEZ/n
= > (T.(w)kSEf
k€Z/n
Thus, we write
Tu(To(f)) = Tr,@)(f) = Tus(f) =Frusv (19)
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Looking closely at the action 7,(f), f € L(Z/n), we notice that

k—n-1

Tu(5)K) X hslSifle = 3 hyflk—3) = Y h(k—m)fm
JEZ/n JEZ/n m=k (20)
= 3 fi(Sir = Ty(h)(k)

JEZ/n
Combining this result with the previously stated result allows us to write the fol-

lowing expressicn
Tu(To(f)) = Tuwo(f) = Tru(v) = Tous(v) (21)

We would like to emphasize the fact that the set of n-dimensional LSI-FIR

systems forms a linear space:

Tautpn)(f) = Z (au+pv);Sif, a,B€Z/n, u,v,f€L(Z/n)
JEZ[n
> (au; +pu;)Sif
JEZIn (22)
= D auSif+ Y puSif
JEZ[n J€EZ[n

= oly(f) + BT.(f), feL(Z/n)

Thus, we write

Tautpv) = oTu+ BT, (23)

We now combine the linearity property of LSI-FIR system with the cyclic con-
volution property of these systems. Take, for instance, the systems T, Ty, T,. We
evaluate the expression T;.(y.;) at a particular signal f € L(Z/n):

Teu(y+2)(f) = Z (z*(y+ Z))js,{f

JEZ/n

3 (Ty+s(2));Sif

JEZIn

> (Ty(=) + Tu(2));83 f
i€Z/n (24)

> (@(@)iSif+ Y (Te(a)
J€Z/n IEZ/n

E (z*y);Sif + Zj € Z/n(z *2);S.f
J€Z/n
= thy(f ) +Toez = thy+x~z(f )

Combining some of the results obtained above allows us to write the following

i

Tz(Ty'{"Tz) = TzTy-’-, = S*(u+8) = Tg‘y.*-z‘, = T;Ty'*‘Tsz (25)
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8.6. Properties of the e s

This section introduces additional properties of the discrete Fourier transform
operator; in particular, the section describes relationships between the DFT opera-
tor and the shift operator. It also describes DFT properties relating to exponential
sequences X;:J € Z/n; and it states the cyclic correlation and cyclic convolution
theorems. We start by giving the following definition of the Hadamard product of
two signals f,k € L(Z/n):

We define the Hadamard product of ® of two n-point sequences f,h € L(Z/n)

as follows
@:L(Z/n) x L(Z/n) — L(Z/n)
(1)
(fik)— (fOR)
where
(foh)(k) = fi-hx, ke L(Z/n) (2)

Recalling Eq. (2) given in §6.4, we rewrite the Fourier transform of a standard basis
function §;), j € Z/n:

Fnbiy = Fo(Si6) = x5, j€Z/n (3)

For the particular case of j = 0, expression (3) becomes

Fob = x0 = u= (4)

bt 00 jud i

where u is called the unit sequence.

To obtain the Fourier transform of thc shifted sequence fj;), we proceed as

follows:

n—1
(F(f[J])) = (Fn(sif)) = Z (f[,1)(m)xm = Z f(m_j)e—!!wl'mk/n (5)

meZ/n m=0

Evaluating at a particular value k € Z/n results in

n—1
(Fn (S%f)) (k) = Z/ (f[jl)(m)xm(k) = z:o f(m-— j)e-mrimk/u (6)
meZ/n m=
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Allowing ¢ = m — j results in

(Fa(S31)) () = (Fa(fis1) (%)

n—1—3 n—1-jy

= 2 fae—21rl'(a+.1')k/n___x:’_(k) z faXa(k)

a=-—y a=-—3

= X5 (B} (F-i+1x-s+1(K) + f-jyaxi+a(k) + ... + F-1X~1 + foxo(k)

+ fixa (k) + faxz(k) + . .. + fo-2-iXn-2-5(k) + fa~1-iXn-1-;(k)) (7
= x3 (k) (foxo (k) + fax1 (k) + faxa(k) + ...+ fa—2-jXn-2-5(k)

+ fr-1-jXn-1-3() + ... + facis1Xn-s+1 + fa-j+2Xn—j+2 + - .+ Fam1Xn-1(K))

= x;(k) 'f FmXm (k) = x5(k) fi

m=0

Since k € Z/n was chosen arbitrarily, we conclude

Fn(f[j]) = F,,(S;’;f) = ij)f (8)
As we noticed above, the Hadamard product is, essentially, point-wise multiplica-
tion of the given functions.

To obtain the inverse discrete Fourier transform of the shifted sequence (f) 13l

we proceed in the following manner:

n—1 n—1
FH D) = 2 AP mIxe = =3 widehatf(m— i) )
m=0 m=0

Evaluating at a particular k € Z/n results in

(FHSEN) k) = -:;:é((ﬂm)(m)x;.(k) = %:é Flm = 3)x (k) (10)
Letting r = m— 7, results in ) )
EH D) ®) = -,1;’:;21_::’ Fr)x745(k)
= 50 ':_Zl::f(r)x:(k)) (11)
= x}(k)(%:éfmx:n(k)) = X3 (k)i

Since the choice of k € Z/n was arbitrary, we have the following result

F;YSif) = x;0f (12)
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or

o) = sif

We notice that

n—-1 n—1
(SiNE) = 3 SiFmbimi(K) = Y FnSibm) (k)
m=0 m=0
n-1 n—1
= Z fm6[m+.1'](k) = Z fms[j](k"' m)
m=0 m=0
= (65 + N(¥)

Thus, Eq. (13) can be rewritten as

(30 f) = g +F
We can also rewrite (8) as follows

(Gg*f) = x;0f
The generalization of (18) is obtained as follows: First,

hm(Fn(alm] *f)) = hm(XmGﬂ

(13)

(14)

(15)

(16)

(17)

Then, using the linearity properties of, both, #,®, as well as the linearity property

of the DFT operator, we obtain the following result

Fhef) = Fo(( D0 Bmbim) *f) = . hmFulbjm) * f)

meZ/n meEZ/n
= E hm(Xm@f) = ( E thm)Q?
meZ/n meZ/n
— Fef

(18)

This result is known as the cyclic convolution theorem; and it states that the discrete

Fourier transform of the cyclic convolution of two n-point sequences is equal to the

n-point Hadamard product of their respective discrete Fourier transform.

The generalization of Eq. (15) can also be obtained in the same manner as the

generalization obtained for Eq. (16). First, we multiply by the scalar %,, € C:

”;merl(ﬁ[m] * f) = zm(X:n o f)
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Then, using the linearity properties of *, ®, F; !, the following result is obtained

F7i(hsf) = F;‘(('fﬁmﬂmx)*ﬂ = 'fﬁmF;‘(alml +f)
s o (20)
= Y Fnlin0f) = 05 Y hmxi) 01
Thus, = ' =
F'(h+§f) = n(hof) (21)
or
Fhof) = %@*ﬂ (22)

The above result (22) states that the discrete Fourier transform of the Hadamard

product of two n-point sequences is equal to the cyclic convolution of their respective

.discrete Fourier transforms, modified by a scalar value.

The cyclic correlation of any two n-point sequences f,k € L(Z/n) is defined as

ak) = > fikjer, k=0,1,2,...,n—1 geL(Z/n) (23)
JE€EZ/n
Letting m = j + k results in
n+k—1
D fa-khm = fohk + frhisr + fahkaz + ..ot fok—1hn-1
m=k

+ fa-kho + fo—kt1hr+ ...+ fa—2hr—2 + fa-1hr—21

= hofa~kt+hifi-k+...+h-ofn—a+ hp—1fa-2

+ hifo+ hesrfr + hes2fo+ .o+ Rt fa—k-1 (24)
= Y fi-khi = D (Rufle-shs
i€Z/n J€Z/n
= D KSIFNE = Tu(fFO) (k)
JEZIn
= (Raf *h)(k)

Thus, the cyclic correlation may be deflned as
L(Z/n) x L(Z/n) — L(Z/n)

(f,h)l——*g==.R;thh
Taking the discrete Fourier transform of Eq. (24) will produce the following result

(25)

Fo(Rofsh) = Rofoh (26)
Using Eq. (5) given in §7, we have
Fo(Rof*h) = nF7foh (27)
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8.7. The Reflection Operator:

An important operator is introduced at this point. We call this operator the
reflection operator and denote it by the symbol R,. Its action on the space of
sequences L(Z/n) will be described below. We first introduced its definition:

Rn:L(Z/n) — L(Z/n)

1
(f) = Rnf = §) ”

- where

(Buf)k) = fONK) = far, k€ Z/n )

Using definition (1), we establish the following result when we compose the discrete

Fourier transform with the reflection operator

Fa(fONK®) = X %) = 3 famixi(k)

JEZ[n s€Z/n (3)
= Z fa—ixi(k) = Z fagem2midkIn
jez/n jez/”
Setting m=n-— j, we obtain
m=+1 m=+1 .
FfO)E) = 3, foknem(]) = 3 fmem2rilnmmlin
men m=n (4)
= e—Zm'nk/u Z fmez’f"mk/ " = nkF, l(f ) (k)
meZ/n

Thus, we have the following identity

F.Rn.f = nF;'f, feL(Z/n) (5)
Or
-1 _ 1
Fo o= nFan (6)
Noticing that
F (B Fa = SF7(FaRa)F, ()
we write
F' = 1pR, = lR,F, (8)
n n

We observe that the reflection operator R, commutes with the discrete Fourier

transform operator F,,. We would like to show, however, that the reflection operator
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does not commute with the shift operator S,. Shifting by j units the sequence f{-),
results in

(SL(BaNE) = (Raf)(k—35) = flG—F) ©)
Applying the reflection operator to the sequence f|;) results in the following expres-
sion
(Bo(SENE) = (Rafi)K) = (i) O®) = (fia)-k) = f(-k~3)  (10)
From Eqgs. (9) and (10), we conclude that the reflection operator R, does not com-
mute with the shift operator S,.

‘We now determine the response of an LSI-FIR system 7}, to an input sequence
) € L(Z/n). We have
Tu(fONK) = fO)sh = D hiSEFO)(K) (11)
JEZ/n

Recalling that .

Tu(6)(k) = D hiSibio(k) = > ;b (k)
IE€EZ/n JEZIn (12)
= ) hib(j—k) = h(k)
JEZIn
and that
Ta(f)(k) = foh = 3 hSif(k) = > hif(k—3), (13)
JE€Z/n JEZ[n
we write

Tu(fONK) = fVxh = D BiSIfONK) = D kif O (k-3) (14)

JEZ/n JEZ/n
With f(-)(k - j) = f(7 — k), we write

Tu(FO) (k) = (Raf)*R)(K) = D hif(G—k) (15)

JEZ/n

'We continue below describing the response of LSI-FIR systems whose input, or
impulse response sequences have been acted upon by the reflection operator. For

instance, the response T(z,s)(h) to the system Tr, 7 i8 next determined.

n—-1
Tienn) (B)(R) = (2 (Baf)s(S5h)) (k)
"—._;-o n—1 (16)
= Z(Rnf)fhlil(k) = Z f-ih(k - j)
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If we set m =k — 7, then

. ~n+k+1
Tra)B)K) = Y fktmbm

m=k

fohk + f-1hg—1 + fozhp—2+ ...+ fi—xhy
+ f-kho + f-k—1b-1+ ...+ foni2hntkt2 + font1B-nik+1
fohk + fa~1hk-1 + fn~2hx—2+ ...+ fi-khy

(17)
+ f—rho + fa—k-1hn—-1 + ...+ fahrya + frhr4a

hof-x +hifi—k+ ...+ hg—afu~2 + hr—1fn-1

+ hifo+ hrg1fr + brgzfo+ .o o+ B fnoi-a

n~1

= E hif(i — k)

=0
The above result allows us to write the following identity

Tu(Raf) = T(rup)(R) (18)

Below, we establish some additional identities involving the reflection operator

and LSI-FIR systems. We start by trying to determine the response of the system
Ty to the signal input R(-):

Ty(Rb) = f+Raby f,he L(Z/n) (19)
At any value k € Z/n, we obtain
Ty(B.B)(K) = 3 fhl(i— k) (20)
JEZ/n

If we set m = j — k, it results in

n—k-~1

Ty (Baf)(K) = D hmfmets

m=—k

= hopfo+hopprfr+...+hoafe—1+hofr

+hifeer+ oot hop-2fp—2 + hp—k-1fa-1

= Bn—ifo+ hpkt1fi + ..o+ ha—1 fogr-1 + hof (1)
+hifesr+ ...+ ho—g-2fn-2 + ho—k-1fn-1

= hofx +hife+1+ ...+ hn—g—2fa—2+hn-k-1fn-1
+hn—ifothn-ks1fi+...+hn-1fn-1+k

= Y hif(G+k)

JE€EZ/n
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To obtain the response T(g,n)(f) of the system T(g,s) to the input sequence f,

we proceed as follows
T(R,..h) (f) = f= (Rnh)s fihe L(Z/n) (22)

Evaluating (22) at any k € Z/n results in

Tan) (H(K) = Y (Rah);(S51)(K)
I€EZ/n
=/ - (23)
= E h_,-f[_.,-](k) = Zh—jf(k"j)
i€Z/n 3=0

Setting m = —7 results in

-n+1

Tiran)(H)E) = Y hmfmte

m=0

= hofx + h-rfr1+bh-2fp-2+...+h-rfo

+ hop—rfrt oot hopiafonio4k +hag1 font1ik

= hofi + hafi-k +hafosk + ...+ Ank-1fn—1 24
+ hnifot...+hn-2fntk—2+ hn-1fatk-1
= Y fihli k)
j€z/n
We, thus establish the following result
Tizu(f) = Ty(Rak) = £+ Roh (25)

The next exercise will be to obtain the response of the system T(r.n) to the
input sequence f(~). We would like to point out that the objective of writing out
explicitly the summation expression effecting the cyclic convolution operation is to
get familiarity with sequence manipulation so that the DSP application examples
described later on could be understood with more ease.

Trut) (Bnf) = ZZ; (Rnh);5%(Rnf) (26)
JjEZ/n

Evaluating (26) at any point k € Z/n results in

Tiraw)(Baf)(B) = (D (Bah);i(Si(Baf))(k) = D h—j(Raf)isi(k)
JEZ/n JEZ/n (27)
= D hi(Baf)(k—35) = D h—if(i—F)
JE€Z/n JEZIn
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Setting m = ~j results in

~n+1

Z hmf(—m - k)

m=0

= hofep +hrfi-k+hafop+...+h rfo

T(r.n)(RaF)(K)

+ hog-1fit+...+honiafrnk-2 +honi1fa-k-1

= hofok +hn-1fon-kt1+hn2fpn-rsa+...+ hprfen .
+ ba—k-1f-nt1+...+hafoa g +hifork )
= hofop +hif-1+hefgr+...+hogp-1f-ns1

+ hn—kf-nt+.iotho-2f-pn-ki2 + hn-1fn-k-1

D hif-k-s

JEZ/n

Proceeding in the same manner, we now determine the response of the system

T(r,ys) to the input signal h(-), We proceed in the following way
T(ras)(Bak) = D (Raf)iSi(Rah), f b€ L(Z/n) (29)
JEZ[n

Evaluating (29) at any k € Z/n results in

(2 (BaDi(Si(Bab))(K) = D f-i(Ruh)ii(k)

JEZ[n JEZ/n

T(rat) (Bnh)(K)

. . (30)
= Y f-i(Rab)k=3) = D f-ih(i—F)
IEZ/n JEZ/n
Setting m = 7 — k results in
n—k-1
T(2a1)(Bab) (k) = Y hmfkem

m=-k
= hogpfo+hi-kf-1+hakfz+...+ho1fis
+ hof-x +h1f-k-1+...+ hp—g-2f2—pn + hn-p-1f1-n
= hn—ifo+ bn—k+1f-n-1+hpn—ri2fn-2+...+ bn-1fa—k+1 1)

+ hof-k +hifenek-1+ .o+ hp—g-2f-nt2 + Bnp-1f-n+1
= hof-k+hif-1-k+...+ bpap-2f-n+2 + hn-k~1f-nt+1

+ hn—k.fo + hn—k-l-lf—n—l + hn—k+2.fu-—2 4+...+ hn—lfn-—k+1

> hif-k-s

IEZ/n
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And the following identity is established
T(rah) (Bnf) = T(R.1)(Bnh) (32)

We would like to determine the result of applying the reflection operator to the
sequences Ty (h), T}, (f). We start with the signal 7, (f):
Ro(To(f)) = Ba( 3~ h;Sif), fihe L(Z/n) (33)
JEZIn

Evaluating (33) at any value k € Z/n results in

(Ba(Tu(A)(K) = D hi(Ra(SLF))(K)

JEZ/n

= D, Ri(Balfi)(k) = Y hif(—k-3j) )
JEZ/n JEZ[n
Also, applying R, to Ty(h) produces
Ru(Ty(h)) = Ra( D fiSih), f.he€L(Z/n) (35)
JEZ[n
At any point k € Z/n, we obtain
Ra(Ty(R))(K) = D fihk-j (36)
j€z/n
Setting m = —k — j results in
—n—k-1
R, (Ty (R)) (k) = m;k hm f-k—m
= hxfoth-grfithpafat...+h_pi1fo-1-x
+ henfak+hon1faktr + oo+ honekizfa-z + honki1fa-1
= hpetfo+hnte1fo+ Bnp-afo -t ... hifos i (57)
+ hofe +hAn-1f-k4+1+... +hp—gs2f-z+ hn—p41f-1
= hof-k+h1f-1-k+... + hn—k-2f-nt2+hn-k-1f-n+1
+ hp—kf-n+ .ot ba—kt1fon-1+ hn-rt2f-nt2+ ..o+ a1 fon—k+1
= D, hifkj
J€EZ[In
Thus, the following identity follows
Bn(Ti(f)) = Ba(Ty(R)), fih€L(Z/n) (38)
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It is worth noting that we could have used the commutativity property of the cyclic
convolution operation to prove the set of identities stated above; however, we chose
not to do this so that we can present in detail the work involving sequence indexing

manipulations.

We now relate the reflection operator R, and the shift operator S, through the

finite Fourier transform operator.

The finite Fourier transform of the Hadamard product i ® (S f) is now ob-

tained:

Fulxx © 837) = % *{fis) (39)
where f € L(Z/n), S, is the shift operator and xx € L(Z/n) is a characteristic se-
quence. Evaluating X results in

X = nSE7F6 = nbjy_py 6 (40)

Evaluating F,(f{;}) results in

(fa) = x;0F (41)
Combining (40), (41) produces

Fi(x©Sif) = % *(x;07)

(42)
= njn-k * (x; ® i) = n(x; ® ﬂ[n—kl

The finite Fourier transform of the Hadamard product SJx; © f is obtained as

follows:

FalSixe @ f) = (Sixi)*F (43)

where f € L(Z/n), S, is the shift operator, and x; € L(Z/n) is a characteristic
function. We recall that

(Sixx) = X; @Rk = X7 @ (nbjn—r) = nxj(n— k)6 (44)
Substituting this result into (43) produces

Fu(Sixx @ f) = nxj(n—k)6+f = nx;(n—k)f (45)

82

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We now describe the finite Fourier transform of the composition R, S R,, R, and
Sn the reflection and shift operators, respectively, acting on a given signal f € Z/n:

(BaSTRf) = Bo(SifC)) = Ra((F) )
= Ra(x; @ (f7))) = Ralxs0 (D))

“ R (46)
=xPNof=xj0f
= (F G OF)N = (Gjas ¢ 1)
Thus, we have
(RaSiRaf) = (S29f) (47)

Since the choice of f € L(Z/n) was arbitrary, we establish the following identity
R.SiR, = S, (48)

We now determine the finite Fourier transform of the complex conjugate of a
given function f € L(Z/n); and relate it to the reflection operator R, and the finite

Fourier transform of the original signal.

FY® = X 5360 = (X fixgE)

JEZ[n JEZIn
= (X fixi(-k)" = (Ba( X fixi(K)))" (49)
IEZ/n JEZIn

= ((Ra)(K)* = Ra(f)*(K)

We conclude

(5*) = Ra(F) (50)

To elaborate further on this computation, we proceed as follows

Fu(£)K) = T5(0) = > fixi(k)

JEZ/n

= (Y fixjk) = (Y fie?midkin)®

J€ZIn JEZIn

(51)

Let m = —7, then

n—1
F () (k) = (Z ijZm':ik/n)t = (Z f,(,,')e"z""'""/“)‘

JEZ[n m=0
= (fo 'xx(0) + F21 xk(=1) + f2 xk(—2) + ...+ fl L axk(—n +
(£ %6(0) + £S5 x6(=1) + £ xk(—2) G axr(-n+1)"

(52)
= (£ %(0) + Fixa(®) + --- + Fhxk(n = 2) + £ xa(n — 1)
n—1 ——
= (3 f)emamiskiny* < F(-)(k)
=0
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Since the choice of k € Z/n was arbitrary, we have the following identity

7 = (O (53)

We also notice that

Y®E = 3 = (3 )

JEZ/n JEZIn
= (E fJ.eﬁm'-fk/n)‘ = (Z fi c_z"ij(-k)/“)'
j€Z/n JEZ/n . (54)
= (X fixi(-R)" = (F(-k)*
JEZ/n
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6.8. Matrix Representation of LSI-FIR Systems:

In this section we discuss the representation of LSI-FIR through matrices. Since
each n-dimensional LSI-FIR system T4:L(Z/n) — L(Z/n) represents a linear trans-
formation on the space L(Z/n), Tj is determined by its action on a set of basis
vectors (signals) spanning L(Z/n). If we choose as reference the standard basis set
{6151:7 € Z/n}, then each signal T;(5};)) € L(Z/n) can be uniquely expressed as a linear

combination of the basis set. We write

Ta(Simg) = D hykdls) (1)
JEZ/n
where the set of scalars
{hik:i€Z/n}, keZ/n (2)

represents the vector coordinates of the given signal T}, (6x), k € Z/n, with respect
to the standard basis set. The signal 7} (f)) can also be written as

Tullw) = D Tul8w) ()6 (3)

JE€ZIn

where

Tu(6e)@) = Do hm(STO)G) = D hmbjpim) ()

meZ/n meZ/n

. (4)
= Y hmbli—k—m) = hy_x = SER)(5)
meZ/n
Thus, we write
TuB) = D hinbl) = Y hy-rdyy
JEZ/n J€EZ/n (5)
= Y (SER)(4)SiE = Tisxmy(h) = Skh
J€Z/n
Next, we define the matrix H, as follows
H, = [hj,k ]os;,‘,k<n = [h:'—k ]os_-;.k<'n (6)
The matrix H,, thus, have the following form
ho hp-1 hu—z ... hy
hy ho hp-z ... b2
H, = ha hy ho ees hs (7)
hn—i1 hn—a hu-s ... ho
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We notice that the columns of H,, are formed by shifted versions of the coordinate

vector representation of the signal h; that is, we can write H,, as
Hy = [Inh,Snh,S2,...,S77 k] (®)

where S, is the matrix representing the shift operator S,; and k is the coordinate

vector representation of the signal k.

We would like to describe in more details how the matrix H,, representing the

system T}, is obtained. Starting with expression (1) above, we rewrite

Gw) = D hixSis, hjxeC
J€EZ[n 9)
= ho,k8[o] + hy xbpy) + ...+ h,,..1,k5[,,_1] '

Evaluating this expression (9) at different values of k € Z/n results in the following
set of identities:
Ti(b10)) = ho,objo] + h1,08]1) + ... + hp—1,06[n-1)

Tu(811)) = ho,abjo) + h1,18)3) + ... + Bpe1,18jn-1)

: (10)
Th(bjn~1)) = hon—16j0) + A1n—161) + ... + Bn—1,0—16[n—1|
We write these identities in an array form :
Th(5(0) ho,0 hio ... hp-1p 6j0]
T(6133) ho, hip ... hp-1p 1)
. = . . . . . . (11)
Th(s[n—l]) ho.n—l hl,n—l cer hpin-y 5[1:—1]

We know obtain a vector-matrix representation of a cyclic convolution operation
described in §6.5. Given a system T} and a signal f € L(Z/n), the response g = T}(f)

is obtained as follows

g =Tu(f) = Tu( Y. frdiny)

k€EZ/n

(12)
= D ATu(6r) = D 956
kEZ[n JEZ[n
Expanding the above sum, we obtain
Tu(f) = foTn(bjo) + HTh(é1y) + - .- + fa-1Th(é[n-1)) (13)
86
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where

FoTu(8j0) = foho,08j0) + foh1,08[1) +--. + fohn-1,06n-1)
HTu(6yy) = frhoadio) + frhiadp) + ... + fiha—1,16/n—1)

. (13)
Fn-1Th(bjn-1)) = fa-1hon-18j0] + fa-1h1,n—10n—1j + ...+ fa—1hn-1,a~16(n—q]
The addition of the above set of equations produces the following expression
9="Tf) = Y g feL(Z/n)
J€Z/n
= (foho,o + fiho1 + ...+ fa—1ho,n~1)8)]
+ (fohi,o + fihs1+ ..o+ fao1hin-1)8py + ... (14)
+ (fohn-1,1+ fibpn-11+ ...+ fa—1hn-1,a-1)8(n-1
= Tu(f) = 3 (X fuhin)dy
JEZIn kEZ/n
where
gm) = Tu(f) = X (X fehin)fiy(m) = 3 fikmp (15)
JEZ/n kEZ/n k€EZ/n
in vector notation , we have
[ g0 ] T Yosg frhox T
9 kZo frhyk
9 Shso fehix 19
| gn—1] [ S22 fihn—1,k.

Factoring out the vector f form (16) above, we obtain the following matrix-vector

representation
[ g0 ] [ koo hog o« hogx .-v hom—1 1 T fo -
(471 hl’o h1'1 P h1,k ces hl,n—l h
N : : : 3 : : 1 17
g; hjo ks .es hjx vee hjn-1 fr (17)
L In—1 ] .hn—l,o hpo-11 ... hpagx ... bp-ygp-1l L fn-1d

Recalling that kjr == k(5 — k), j,k € Z/n, we rewrite (17) as

" g0 ] [ ho  ha-i oo Bpex ... R ] T fo T
a1 h1 ho e hl—k coe hz f]_
. = . . H . H H . M 18
g5 ki hj~1 ...  hj-g . hjt1 Tx (18)
| gn—1 | hnet hn-2 oo hBpoi-x ... ho ] Lfa-1d
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The above matrix-vector operation g = H, f represents the cyclic convolution oper-
ation g = f * h = T,(f), where we have used the same symbols f,g to denote, both,
the coordinate vector representation of the signals f, g, respectively, as well as the

signals themselves; and the matrix H,, represents the system T}:
Hy, = [Tu(810))s Tu(611))s- - - » T (6jn—13)]
= [Toto)(B), Topsy (R); - - Ty, .oy (B)] (19)
= [IaT5(5), ST (8), -- -, SE~T(6)]
Here, again, we have used commas to separate the vectors; and we have used

the same notation used for the signals in order to denote the coordinate vector

representation of the signals.

The computation of the cyclic convolution operation
g=frh="Tf), fheLZ/n) (20)

is now performed by direct substitution into the defining equation

n—1

g = Tu(f) = Tu(D_ fubp)) (21)

k=0
and proceed in the following manner

To(f) = Tu( D, fadiy) = D FfeThl(f)

k€Z/n k€Z/n

E Fie( E hi—kbin) = D (D hi—kfe)bi

k€Z/n  JEZ/n JE€EZ/n KEZ[n

(22)

I

Evaluating g € L(Z/n) at a particular index value j € Z/n results in

a) = TN = D (D hi—rfe)in(5)

JEZ[n KEZ/n

= Y (3 hjrfi)s = D hirfe

F€Z/n kEZ/n k€Z/n

(23)
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8.9. Spectral Properties of - st :

In this section we will describe the spectral properties of LSI-FIR systems. A
shift invariant liﬁear operator acting on an n-dimensional vector space may be rep-
resented in the frequency domain by using the concepts of eigenfunctions (eigen-
vectors) and eigenvalues. The eigenvalues correspond to the natural frequencies
encountered in the spectral représentation of the impulse response signal of a given
LSI-FIR system. We will be more explicit later on in describing the relationship
existing between the eigenvalues (and their associated eigenfunctions) of a given
LSI-FIR operator 7}, and the frequency components of the associated impulse re-
sponse sequence h. We start the section describing some properties of the system

Ts1ay which are essentially the same as the properties of the shift operator S,.

The simplest LSI-FIR system, apart from the trivial system, i.e., the system
represented by the identity operator I,, is the system represented by the shift
operator S,. This system is sometimes called the unit delay system because its
digital electronics hardware implementation may be accomplished by using a single
delay element. We use the same symbol S,, to denote the matrix representation of

the shift operator S,. This matrix representation is now given.

Recalling that

Toy = 3 6u()S5 = 8* = S, (1)
JEZ[n
we have,
To13) (bj) = 811 * 6y = Sabjn) = G+ (2

The matrix S,, representing the shift operator S, is obtained by allowing the vector
representation (with respect to the standard basis set {fj):k € Z/n}) of the signal
T534(61))s k& € Z/n, become the columns of the matrix S,:
Sa = [T (G101)s Toyay (6111)s -+ -5 Ty (1)) o)
= [t ety - -1 6in=112 1]
where we have separated by commas the columns of S, for legibility. The matrix

S, becomes

00 .. 01
10 ..00

S, =]01 ... 00 (4)
00 ... 10
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An important property of the S, operator matrix is that any LSI-FIR system
T, may be represented by a matrix H,, which can be written as a sum of powers of

the matrix S, pre-multiplied by a diagonal matrix Dj;:

Hy= ) DuSi= 3 (h®5]) (5)
I€Z/n JEZ[In
where
h;
k; a
Dhj = .. y hy= h(]), 7€ Z/n (6)
h;

and the symbol ® stands for tensor product. We give the following simple example
to illustrate this representation

Example 1: Take n=4. We have

‘he O O 01 0 0 0 hy
) 0 o ki 0 0 ©
Dro-la = | o ,:)o ke O]’ Dy, +Sa = o1 Ry 0 O
lo 0 o hoj 0 0 h O
0 O hy OF 0 hs 0 O
0 0 O 0 0 hs O
Dy, - 53 = ha 0 0O }:)2 » DnaoS3 =145 o o hs
L0 hy O 0. ks 0 0 O

Hy= Y Dnsi= 3 (h;®S])

jEZ/4 j€z/a

ho hs hz By
He = hy ho hs he
47 lha hi ho hs
hs hz hy ho

The matrix F,, called the DFT matrix and representing the discrete Fourier

transform (DFT) operator Fy, is obtained by first determining F,(ix)), k € Z/n:

Falb)) = "Xi» k€ Z/n, "xi() = e~2mkiln = it -
The matrix F, is obtained by writing the coordinate vector representation of the

signel set {F,(f[)): k € Z/n} as the columns of Fy:

F, = [Xo»Xqu,---,xn—ﬂ (8)
1 1 1 oee 1
1 w, w2 ... wr?
F,= (1 wi wi .. wi? (9)
1wl w2 . w,
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We now take an LSI-FIR system T}, which is represented by the matrix H,,,
and obtain the discrete Fourier transform of the system response to a given input
signal f € L(Z/n). Taking the DFT of the response g = T;(f), and using the cyclic

convolution theorem, produces the following result

Fu(Tu(f)) = Fa(h) © Fu(f)

(10)
(Fa o Tu)(f) = (Fa(h) @ Fu)(f)

Since the choice of f € Z/n was arbitrary, we obtain the following important result
FT,, = Fo(h)o F, (11)

or, emphasizing the diagonalization of 7}, by the action of the F, operator,
F,T,F;! = F,(h)o I, (12)

The expression F, (k) ® I, is denoted by Dppgy = D, where a matrix representation
of DAh is given by

ho
hy
Dy = ia . Bi=(FW)G), j€z/n (13)
”;n—l
Thus,
FaTuFt = D, (14)

The identity (14), above, states that the discrete Fourier transform operator F,
diagonalizes every operator T} representing an LSI-FIR system. The eigenvalues
of the system 7}, are the evaluations ﬁ(k), k € Z/n. For the particular case when
the operator representing a given LSI-FIR system is the shift operator S,, the
diagonalizaticr: process gives rise to the following result

FoSoF7t = FulTs Fit = Dz (15)

Recalling that

B = Fal) = "x1 = % x()=e?™/m=wi, jeZ/n, (16)
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we write

Wn
—_ w

SN

D?m , Wy =e 2m/n (17)

wi~1
Thus, the diagonalization of the shift operator S,, performed by the DFT operator
F, results in a matrix representation whose entries are the n-th roots of unity:

{1, wp,w3,..., w2 1},

As we discussed previously in §6.4, the discrete Fourier transform F, camn be
interpreted as a unitary operator which effects a change of basis on any given n-
point signal f € L(Z/n); that is, the action of the operator F, on a signal f, whose
vector representation is given, for instance, with respect to the canonical (standard)
basis {6[o},8[1]>- - -» f[n—1]} Tesults in a function F(f) = § which can be interpreted as
the same signal f; but, given with respect to a different basis set, the latter set
formed by the eigenfunctions of the shift operator S,.

Expression (16) states that the eigenvalues of the shift operator S, are the n;th
roots of unity; therefore, there are distinct. Furthermore, the orthogonality of the
eigenfunctions makes the change of basis expressed Ly (i5) a unitary transformation.
If wk, k € Z/n, for instance, is a given eigenvalue associated with the eigenfunction bi
of the operator S, then the same eigenvalue w¥ is associated with the eigenfunction
Ff of the operator ng. The mapping Da“ = F,S,F;! is termed a similarity
transformation. Below, we give a diagram depicting the similarity transformation

Dfm = FpSpFt:

[{81:5 € B/n}, Sa]:L(Z/n) — L(Z/n)
IR, TR
[{Xk:keZ/n}, D?m]:L(Z/n) —  L(Z/n)
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6.10. Implementations of LSI-FIR Systems:

This section serves to describe formulations for hardware implementations of
LSI-FIR systems or filters using fast Fourier transform algorithms. We have dis-
cussed previously the importance of LSI-FIR. filters in present and future digital
signal processing applications., Most applications, specially real time applications,
require fast signal processing hardware in order to perform the desired tasks effi-
ciently. This implies the necessity to implement very fast LSI-FIR filters [17], [18].
One way to obtain fast hardware implementations is by an indirect approach which
consists of implementing the convolution operation performed by an LSI-FIR. fil-
ter using fast Fourier transform algorithms [19] through the convolution theorem
which we restate below. We propcse in this work to improve this approach by using
the language of tensor products as a tool to aid in obtaining simplified hardware
structures. In order to improve the hardware simplification procedure, we also
take into consideration properties of the impulse response sequence which charac-
terizes the given LSI-FIR filter. To analyze the properties of the impulse response
sequence, we use, in turn, some of the linear algebra tools that we developed in the
previous sections dealing with LSI-FIR systems. We start this section by reviewing
some basic concepts and introducing some definitions. We then proceed to describe

formulations for implementations of LSI-FIR systems using FFT algorithms.

It is important to review the two main methods of representing LSI-FIR filters
for the purpose of hardware implementation. We will use some of the linear alge-
bra tools described in the previous sections on LSI-FIR. systems. This will allow
us to relate the results of this section with with previous works and applications
on LSI-FIR systems [20], [21]. The two main methods for representing LSI-FIR
filters are usually called the time domain representation and the frequency domain
representation. The time domain representation follows readily when we express
an LSI-FIR system as a linear combination of powers of the shift operator; that is,
the time domain representation of a given LSI-FIR filter T}, is given by

I, = Z h,-S;’; (1)
JEZ/n

The frequency domain fepresentation is obtained by taking the Z-transform of

the impulse response sequence which characterizes the given system 7;,. We would
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like to describe this representation in more details since it is most often used. First,
let us discuss some ideas about polynomial functions and introduce the Z-transform

of a n-point sequence h € L(Z/n).

Associate with an n-point sequence
h=[ho hi ... hu-1], (2)
the {n — 1)-th degree polynomial p; in the indeterminate «
pn = ho+hia+...4 hpya™?, (3)
and the polynomial function

pn(z™Y) = E hijz"!=H(2), zeC (4)
JEZ/n

The polynomial function p,(2~!) belongs to the ordered set (the order induced by
the natural order of Z/n)

Z(h) = {pn((z"1)*): ke Z/n} ()
where
pl(z7)) = D hiz™%%, keZ/n (6)
J€Z/n

and the index product j- k is taken modulo n. Since the elements of Z(k) become
complex numbers when 2z € C is fixed, we can think of this set as an n-point sequence

in L(Z/n). Thus, the k-th element of the sequence Z is given by
Z(h)(k) = pn(z7%) = Hi(2), 2z€C fixed (7)

Another way of viewing the set Z(k) is to fixed the index value k (the value of k
usually chosen to be one (1)) and allow z to become a variable, taking the entire
complex plane C except the origin. The expression Z(h) is then called the Z-
transform of the n-point sequence h € L(Z/n), and is written as
Z(h) = pa(z™?) = D hjz7=H(z), zeC (8)
JEZ/n
We notice that the set Z(h) now consists of a single element, namely H(z); and by

allowing z to take on values on C, H(z) becomes an analytic function on the entire
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complex plane except at the origin. The function H(z) is usually termed the system

function associated with the impulse response sequence h.

We now proceed to obtain the frequency domain representation of an LSI-FIR
system T;,. We first recall that given a system 7}, its action on a input sequence
z € L(Z[n) results in the cyclic convolution of this sequence z and the impulse
response sequence which characterizes the system 7},. That is, if we call y € Z/n the
output sequence which results when 7}, acts on the input sequence z, this se¢ nce
is given by

y = Thz= Z h_,-S,’;::::c*h (9)
IEZ/n

We also would like to obtain the Z-transform of the shifted sequence z|;; = S}z,

which is obtained as follows:

Z(zg) = D, ap(m)e™

meZ/n
= Y alm-j)="
meEZ[n (
= 3 zpe (k) {10)
kEZ/n
= z77 Z zrz™F = 279X (2)
kE€EZ/n

where X(z) is the Z-transform of the n-point input sequence z.

If we now take the Z-transform of the cyclic convolution given above (Eq.(9),

we obtain the following result

Z(y) = Z(z*y) = Z( > h,-S,’;z)
JE€Z[n
= ) hiZ(Siz) = Y hz7iX(2) (11)
JEZ/n JEZ[n
= X(2) Y hjz™7 = X(2)H(z) =Y(2)

J€Z[n

By making an analogy between the expression

y = Z hiSiz = z+h (12)
JEZ/n
and the expression
Y(2) = Y hjz7iX(2) = X(z)H{z), (13)
IEZ[n
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the expression

H(z) = Z hjz™7 (14)

JEZ[n
is usually termed the “frequency domain representation” of the LSI-FIR system
Ts. Thus, the frequency domain representation of a given LSI-FIR system 7}, is its
associated system function H(z).

The hardware implementation of either the time domain or frequency domain
representations of an LSI-FIR system is usually accomplished by identifying either
the shift operator S, in Eq. (12), or the multiplication element 2~! in Eq. (13), with
a unit delay element device in digital signal processing hardware.

If we allow 2 in the system function H(z) to take values only on the unit circle,
we obtain the Fourier transform of the n-point sequence h. Thus, at z = ¢/ = ¢2i/,

we obtain

H(e%) = pulz™ = e2™f) = )" hje2™9, 0<f<1 (15)
JEZ/n

The discrete Fourier transform (DFT) of the n-point sequence k is obtained by
setting fixed z in the sequence Z(k) to the primitive n-th root of unity ¢2%/* = y-1,

In this way, the k-th term of the discrete Fourier transform of & is given by
(k) = Fa(R)(K) = 3 hye ™" = Hi(&m/m) (16)

JEZ/n

Since k takes on values on the set {0,1,2,...,n — 1}, the values (2™/7)F = y-¥
form the set U(n) of the n roots of unity, which are spaced uniformly on the unit
circle of the complex plane. This elucidates the known fact that the DFT of an
n-point sequence corresponds to the uniform sampling of its Z-transform on the

unit circle.

‘We now restate the cyclic convolution theorem in order to present the procedure

for obtaining formulations for the hardware implementation of LSI-FIR systems:

Suppose that the sequence z is the input to the LSI-FIR system 7};,. The output
sequence y is given by

y = Th(z) = h*z (17)

9%
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Taking the discrete Fourier transform (DFT) to the above expression results in
Fo(Tu(=)) = Fu(h) © F,(2) (18)

or

(Fa o Tn)(z) = (Fu(h) © Fy)(2) (19)

Since the choice of z € L(Z/r) was arbitrary, we obtain the following important
result

or, emphasizing the diagonalization of 7}, by the action of the DFT,
F,T,F7! = F,(h)0o I, (21)

The expression Fy(h) © I is denoted by Dp() = Dy, where a matrix representation
of Dﬁ is given by

Dy = ha , ki = (FR)G), je€Z/n (22)

Thus, we can write

T, = F7'D~F, (23)

This last expression serves as the basis for the formulations of LSI-FIR systems using
FFT algorithms. This is accomplished by computing, both, the discrete Fourier

transform and its inverse using fast algorithms.

To obtain formulations for hardware implementations i LSI-FIR filters, we

proceed as follows:

1) Perform cyclic convolution operation by using fast Fourier transform
(FET) algorithms.

2) Use tensor products formulations of FFT algorithms to express the cyclic
convolution operation.

8) Utilize the properties of the tensor products to manipulate the cyclic con-
volution expression with the purpose of improving possible hardware implementa-~

tions.
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We now provide some examples where we use tensor properties and the prop-
erties of LSI-FIR systems previously described in this work in order to presert

formulations for possible implementaticns of these systems.

Example 1:

Suppose that h € L(Z/n) is the impulse response of the LSI-FIR system T},. If nis
a composite of the form n = r.s, we can factor the matrix H = F;’D;;F,, representing
the system T}, in a form that uses the Cooley-Tukey decimation in frequency (DIF)
algorithm for the computation of the Fourier transform; and the Cooley-Tukey
decimation in time (DIT) algorithm for the computation of its inverse:

H = (F} ® L)T; (I, ® F})Pr s Dy Py s (1, ® Fr )T o (Fa ® 1)

where the asterisk (x) implies complex conjugation. We can now use the result

presented on the chapter on permutation matrices and write

By= P, DyPt = diag[ R, ] = hao

n,

The factorization for H becomes
H = (F: @ L)T; (I, ® F})D(l, ® F,)T, o (Fs ® 1)

where in this formulation the permutations have been eliminated.

Example 2:

Let H be an n-th order matrix representing a given LSI-FIR fllter 7},. As we

have seen in the previous section, H is a circulant matrix given in this case by

For n a composite of the form n = r -3, we can partition the matrix H so that
we obtain a block circulant matrix with circulant hlacks. This partition is always

circulant [22]; furthermore, the block size can be chosen to be either r or s. We can
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generalize Eq. 5 given in section 6.9 and write a partition of H into submatrices
H;, 0 < j < r of block size S:

H = E S,‘i ® Hj
JjeZ/r
The submatrices, as we have stated above, are circulant; hence, they may represent

lower order LSI-FIR systems. Diagonalizing the shift operator S, and the matrices
H; simultaneously produces the following result which also appears in Davis’ book
[22]:

H= ) (F'DsyF) @ (FI1D(5)F,
JEZ[r

where o~ represents the diagonalized shift operator S,, and D;(5) is a diagonal
matrix of order s corresponding to the diagonalization of the circulants H;. Using
tensor products properties, we obtain
2 (F*@FY(Dgy © Di(3))(Fr ® F)
i€zfr
and

H = (ReF)[), (Dg @ Dy(4)](F. ® F.)
JEZ[r
Using, again, tensor products properties, we write

H = (F,® L)L, ® F,)[) (D ® Da(1)](F: © Is)(I, ® F.)

A user may find this formulation advantageous if efficient hardware implementations

for the Fourier factors have been obtained.

Example 8:

We start this example by introducing the following function:

r—1

B =6, 6 € L(Z/n)

r=0
Thus, we have
w =6, p” ) = 1,1,1,...1}=u
We term this function the projection function z (making an analogy to projection
operators). We notice that taking the Hadamard product of this function and any
other function f € L(Z/n) results in the function f being null at the points k < j < n: -

o6 =6 = {{0F 25isk
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Applying the shift operator S, to the function u* results in
Se(®) = (¥ mls

with
(#*)1m) ® £ = ((B5)m)) ()

Thus,
Hm)NG) = {§0F mS7=m+k

otherwise

If the function f = % is the discrete Fourier transform of the impulse response
sequence k € L(Z/n) of a given LSI-FIR filter Tj,, then ((1*)(,]) can be thought of
as a filter, whose attributes (bandwidth, passband) are determined by the param-
eters k and m. Thus, ((4*)jm)) can be a low-pass, band-pass, high-pass, all-pass, or
band-reject filter; hence, this function allows us to perform filtering operations on
the impulse response sequence h. This filtering operations manifest themselves as
attributes of the diagonal matrix D;,. We will show in the next example below how

to use these attributes to simplify tensor products formulations of H = F; 1DgF,,.

Example 4. FAST LOW-PASS FILTER:

We will take advantage of the following fact which follows readily from our
results on the chapter on permutation matrices:

For n=r-s, we have

- Eo - - ’}:0 -
hy 0
Pn.a ﬁ.-]_ = zl
0 0

0 J .?"J—IJ

This result allows us to make the following observation

Observation 1: “Rows of zeroes” will appear on

P, , - diag 2 1
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The following fact follows:

N T -
o Ro 1
hy 0
";0—1 Pn-,} = ";l
0 0
L 0 .'I;a—l.

which allows us to make the next observation.

Observation 2: “Columns of seroes” will appear on

diag | &

Now, suppose we have the following tensor products formulation for H:
H = (F; @ I)T; (I ® Fy) Pa,s Dz P} (1, ® F) T, 0 (Fa ® 1)

The “columns (rows) of zeroes” appearing on the matrices discussed above can
be propagated throughout the above formulation in order to obtain a simplified
expression. In this way, propagating the “columns of zeroes” to the right will
eventually show that if f € L(Z/n) is the input vector, then the following decimated

version is only required:

[fo O oo fo O wov fao O oo fn-1ls

and, after propagating the “rows of zeroes” to the left, the following simplified
version of the formulation is obtain where the most factors are reduced to “data
assignment matrices” for the routing of the input data, and the relevant factor is the

matrix (F,®1I,). After being masked by the “columns of zeroes” (the factor (F,®I,)*
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is masked by the “rows of zeroes”), the following simplification is obtained:

[1 0 o 1 0 1 o0 0]
00 0o 0 O o o ]
10 0 w, O w™t o 0
00 ..0 o0 O0 .. 0 o0 0
10 0 wil o w, O 0
00 o 0 O 0o o (]
joo ... 0o 0 0 .. .. O O .. O

this last matrix tells us that the fast low-pass filter is may be implemented by taking

the discrete Fourier transform F, on the decimated input data sequence f.

Example 5:

We begin this example by expressing the k-th term of the cyclic convolution

y = h* f in inner product form:

y(k) = D Ri(SI(K) = D hif(k—3)
JEZ/n JEZ/n
= 3 hif(-G-K) = Y kifOEG-k)
JEZIn JEZ/n
= Y (SEONE) = X mi(FONWG) = (T k)
JEZ/n J€EZ/n

The inner product expression clearly shows the folding(hence, the name convolu-
tion) of the function f around the origin; this results in f(~) which is then shifted
by k units. ‘

Cyclic correlation, which was previously defined as
g(k) = Z h;f(5 — k) mod n, ke Z/n,
JE€EZ/n

can also be written in inner product form, resulting in

g(k) = (fib*), k€ Z/n

As, we recall, the inner product (f,h*) can tell us about the similarity (likeness)
or dissimilarity (ambiguity) between the two signals f and h. For instance, if
(f,h*) = 0, we may conclude that f and h are completely dissimiler. This conclusion,

however, may be erroneous, since f and h may be similar up to a shifting operation
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performed on one of the signals. This is why the operation (fjx), ~*) is a better tool
for identifying similarity (hence, the name correlation) between the functions f and
h.

If the signal k is the impulse response of a given LSI-FIR. system T}, then, as it is
known, the operation (f[k], h*) can be thought of as a detection operation performed

on the incoming signal f. This is accomplished by allowing
f = Ra(h) = b0
In this way, the convolution operation y = A * f becomes
y(k) = (F ) b*) = (g, h*), k€ Z/n

The signal f is said to be detected when y(k), k € Z/n is a maximum. In practical
applications [21], the input signal f is much longer than the filter 7}, and the value
k is used to indicate how much shifting was required (the identified delay) before
the signal was detected. We present in the next example a simple detector which

we call the fast tone correlator.
Example 6 T TO C TOR: Forn=r-s

Let h € L(Z/n) be the impulse response sequence of the filter 7},. Let its Fourier

transform % = F(k) be a decimated sequence of the form
R=[h 00 ... B 0 0 ... B3 0 0 ... Ba]”
satisfying the condition
PErh=1(h B % «. By 0 ... 0]
Now, if we use the following tensor products formulation for H = F; 1D;F,.
H = (F; ® I)T; (L, ® F;)Pn , D4 P73 (I, ® F,)T,,.(F. ® I,)

we notice that the decimated sequence [ produces “rows of zeroes” to the right and
“columns of zeroes” to left; furthermore, the effect of the permutation matrices is

to gather these “rows of zeroes” (“columns of zeroes”). After the cancellation, the
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following simplified formulation results:

I‘ 0 0 F Dg.r [ F, :
I, o 0 "
: P",OD'];Pn,a .
I, 0 04 L 0] L
F, 17108, 17% L L
0 0 0
0. 0j Lo o 0

This result agrees with the well known result that decimation and periodization of
signals are related through the discrete Fourier transform. The simplified formula-
tion states that a pre-addition, followed by forward and inverse DFT F., followed
by a data assignment operation, results in the fast tone correlator. This example

may aid the computational task of some engineering applications [23].

We used the formulation
H = (F; @ L)T; (I, ® F})P,, D3P} (1, ® F, )T, o(F, @ I)

for most of our examples above. Other simplifications may be obtained by using

other tensor products formulations of the additive FFT algorithms as presented in

chapter IV.
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Conclusion:

Below, we present the objectives which we set out to accomplish in this work.
We feel we were successful in accomplishing these tasks, setting up the stage for
further work on software and hardware implementations of additive fast Fourier
transform algorithms, and fast digital signal processing software and hardware im-
plementations using LSI-FIR filters:

1) To present tensor products formulations of commonly known additive fast
Fourier transform (FFT) algorithms.

2) To describe and provide guidelines for computer implementation of FFT
algorithms, using tensor products language as an analytical tool to accomplish this
task.

8) To present a mathematical characterization of linear shift invariant, finite
impulse response (LSI-FIR) systems.

4) To use the tensor products language as a tool to aid in the implementation

of LSI-FIR systems using FFT slgorithms.
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