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Abstract
Holomorphic Motions and Extremal Annuli
by

Wang, Zhe

Advisor: Professor Frederick P. Gardiner and Professor Yunping Jiang

Abstract:

Holomorphic motions, soon after they were introduced, became an important
subject in complex analysis. It is now an important tool in the study of complex
dynamical systems and in the study of Teichmuller theory. This thesis serves on two
purposes: an expository of the past developments and a discovery of new theories.

First, I give an expository account of Slodkowski’s theorem based on the proof
given by Chirka. Then I present a result about infinitesimal holomorphic motions.
I prove the |eloge| modulus of continuity for any infinitesimal holomorphic motion.
This proof is a very well application of Schwarz’s lemma and the estimate of Agard’s
formula for the hyperbolic metric on the thrice punctured sphere. One application
of this result is that, after the integration of an infinitesimal holomorphic motion, it
leads to the Holder continuity property of a quasiconformal homeomorphism. This
will be presented in Chapter 3.

Second, I compare the proofs given by both Slodkowski and Chirka. Then I
construct a different extension of a holomorphic motion in the frame work of Slod-
kowsk’s proof by using the method in Chirka’s proof. This gives some opportunity
for me to discuss the uniqueness in the extension problem for a holomorphic motion.
This will be presented in Chapter 4.

Third, I discuss the universal holomorphic motion for a closed subset of the
Riemann sphere and the lifting property in the Teichmuller theory. One applica-

tion of this discussion is the proof of the coincidence of Teichmuller’s metric and



Kobayashi’s metric, a result due to Royden and Gardiner, given by Earle, Kra, and
Krushkal by using Slodkowski’s theorem. This will be presented in Chapters 5 and
6.

Fourth, I study the complex structure of the universal asymptotically conformal
Teichmuller space. I give a direct and new proof of the coincidence of Teichmuller’s
metric and Kobayashi’s metric on the universal asymptotically conformal Teich-
muller space, a result previously proved by Earle, Gardiner, and Lakic. The main
technique that I have used in this proof is Strebel’s frame mapping theorem. This
will be presented in Chapter 7.

Finally, in Chapter 8, I study extremal annuli on a Riemann sphere with four
points removed. By using the measurable foliation theory, the Weierstrass P-
function, and the variation formula for the modulus of an annulus, I prove that
the Mori annulus maximize the modulus for the two army problem in the chordal
distance on the Riemann sphere. Gardiner and Masur’s minimum axis is also dis-
cussed in this chapter.

Most of the results in this thesis have been published in several research papers

jointly with Fred Gardiner, Jun Hu, Yunping Jiang, and Sudeb Mitra.
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CHAPTER 1

Introduction

Contents
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1.3 Modulus of an rectangle and modulus of an annulus . . . . . . . .. 6
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1.6 Universal Teichmuller space T(A)or T(H) . . . .. ... ... ... 17
1.7 Beurling-Ahlfors Extension . . . . ... ... ... ... ....... 20
1.8 Complex structure of Teichmuller space . . . . . . .. .. ... ... 22

1.8.1  Schwarzian derivative and Bers embedding . . . . . . . . .. 22

1.8.2  Complex structure of To(A) and AT(A). . . . ... .. ... 26
1.9 Measured foliation . . . . . . .. ... L 27

Suppose C = C U {oo} is the extended complex plane. For any real number
r >0, we let A, be the disk centered at the origin in C with radius r and A be the
disk of unit radius.

1.1 Metrics of constant curvature

For a metric p(z)|dz| of class C?, the quantity

K(p) = —p*Alog p,
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where A is the Laplacian (Ap = 0%u/0x? + 02u/0y?), is known as the Gaussian
curvature, which is conformal invariant. To calculate the curvature, it is convenient

to use the complex form of the Laplacian:

0
0207

Paz + Hyy = Ap =4

A metric of the constant curvature 4 for the sphere is the spherical metric

d
ds = [d2] .
1+ |22

In the case of the complex plane C, the Euclidean metric |dz| is complete and
has constant curvature 0. For the punctured plane C\ {0}, the metric |z|~!|dz| is
complete and has zero curvature.

We turn now to the more interesting case, that of the hyperbolic plane H = {z :

I'mz > 0}. Here, the infinitesimal metric is

p(2)ldz] = 1L

It is called, interchangeably, either the non-Euclidean metric or the hyperbolic metric
or the Poincare metric.
The poincare metric for the unit disk A is

|dz]

p(z)|dz| = 1_7’2‘2

These two poincare metrics has constant curvature -4. Global poincare metric on
the unit disk is

1+ |z]
1— 2]

1
d(0,z) = 5 log

In general, if 2 is an arbitrary simply-connected domain and f is a biholomorphic

map from Q onto H (or A), we define the poincare metric of €2,

pa(z) = p(f(2))|f'(2)].

Moreover, the infinitesimal form pr(z)|dz| of the Poincare metric on a Riemann

surface R is given by the formula
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where the infimum is taken over all holomorphic functions g in the unit disk mapping
into the surface R with g(0) = z.

The largest subdomain of the Riemann sphere carrying a hyperbolic metric is the
sphere with three points removed. The infinitesimal form pg 1(z)|dz| of the Poincare

metric on the three times punctured sphere C \ {0, 1,00} is given by the Agard’s

|z0(20 — 1)
po,1(z0)” //<C|C _ZO)|d§d777

where ( = £ + 1.
For more properties about Poincare metrics, please read the book of Linda Keen

formula [1]:

and Nikola Lakic [47]. In Chapter 3, I will use the Poincare metric pg1(z)|dz| to
show the |elog | continuity of a holomorpic motion. And the above Agard’s formula
also can be proved by the extension theorem of holomorphic motions, I will give the

details of the proof in Section 3.1.

1.2 Definition of quasiconformal map

Let w = f(z) (w = u+iv and z = x +iy) be a C! homeomorphism from one region

to another. At a point zp, it induces a linear mapping of differentials
du = uzdxr + uydy
dv = vzdx + vydy

which we can also write in complex form
dw = f.dz + fzdz

with f, = %(fx - ny) and fz = %(fx +ify)'
The Jacobian
J(2) = |f.]* = | f=1?
is positive for an orientation preserving mapping. In this dissertation, We only

consider orientation preserving maps, i.e., |fz| < |f.|. I introduce now the complez
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dilatation

pg(z) = i,

and the dilatation

_l+dy Sl
L—dp [fd = 1fe

Then locally we have (|f.| — |fz])|dz| < |dw| < (|f:| + |fz])|dz|. This inequality

Dy(2)

implies that f maps an infinitesimal circle around z to an infinitesimal ellipse around

w = f(z). And Dy is the ratio of the major axis to the minor axis.

Quasiconformal
—_—

Figure 1.1: A Quasiconfomal mapping
Definition 1 (C!' Quasiconformal Map). A C' homeomorphism f(z) is said to be
quasiconformal if Dy is bounded, and it is K-quasiconformal if Dy < K.

Sometimes it is more convenient to consider dy, and the condition 1 < Dy < K
in this definition is equivalent to the condition 0 < df = |uf| < k = g—j& < 1. The

simplest examples of C! quasiconformal map are complex affine maps.

Example 1.

s a 3—quasiconformal map on the compler plane.

Actually, the condition C'-map is not necessary for quasiconformal mappings.

We have following three equivalent and more general definitions for quasiconformal-

ity.
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Definition 2 (Analytic Definition). The homeomorphism f from a plane domain €

to a plane domain f(Q) is quasiconformal if there exists 0 < k < 1 such that

1. f has locally integrable, distributional derivatives f, and fz on Q.

2. | fz| < k|f:| almost everywhere.

Definition 3 (Geometric Definition). An orientation preserving homeomorphism f
from a plane domain Q to a plane domain f(Q) is K-quasiconformal, if for every

topological rectangle (quadrilateral) Q contained in €2,
K~'mod(Q) < mod(f(Q)) < Kmod(Q),

where mod(Q) is the modulus for Q.

(please read the Section 1.3 for more details about definitions and properties of
mod(Q).)
For the last equivalent definition of a quasiconformal mapping, we use the ratio

distortion (or cross ratio distortion).

Definition 4. Suppose H : C — C is an orientation-preserving homeomorphism
such that H(oo) = co. Then one of the definitions of quasiconformality [51] of H is

that
lim su SUP|z—a|=r |H(Z) - H(a’)|
P50 get |\, [H(2) — H(a)

In [62], Sullivan and Thurston used this definition to show that a holomorphic
motion is quasiconformal for any fixed value of the time parameter ¢ for [¢t| < 1.
It is easy to see that Definition 1 is a special case of Definition 2. The fact that
Definition 2 is equivalent to Definition 3 was proved by Ahlfors in [3]. In the book of
Letho [52], there are more discussions about Definition 4 of a quasiconformal map.

Now let us look at some basic properties of a quasiconformal map:

1. fand f~! are simultaneously K-quasiconformal.

2. The composition of a Kj-quasiconformal mapping and a Ke-quasiconformal

mapping is K Ks-quasiconformal.
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3. =0 a.e. if and only if f is conformal.

4. Let u,o, and 7 be the complex dilatations of quasiconformal maps of f#, f?

and f7 with f7 = f9 o (f*)~!. Then

o—pl

= Jo (fr)!

1—Tioc 0
where 0 = % and p = %f”(z).
Proposition 1. {f,} is a family of normalized K—quasiconformal maps fizing

0,1, 00, then {f,} is a normal family, i.e., there is a converging subsequence { fn,} —

f, where the limit f is a K—quasiconformal map or a constant map.

For the proof of Proposition 1 and previous properties, please read [51] and [52].

It is also helpful to use the Geometric Definition to understand these properties.

1.3 Modulus of an rectangle and modulus of an annulus

Definition 5. For a rectangle S with length a and width b, the modulus of this

rectangle 1s defined by

a
mod (S) = 7
S
St ?
conformal
L4 f(z) .
f(z
— (2)
i ‘ \,\i\ I
__________ I ) . 1
refection i f(Z)=f(Z i
! |

Figure 1.2: Schwarz reflection of conformal maps

An interesting property of modulus is:

Proposition 2. Moduli of rectangles are conformally invariant.
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Proof Assume f is conformal from rectangle S; to S2. By Schwarz reflection
principle, we can extend f into S} in the lower half plane by f(2) (see Figure 1.2).
Similarly we can reflect f(z) with respect to other three sides of S;. Then we have
a new conformal map from a much larger rectangle to another larger rectangle.
Apply the Schwarz reflection principle to all sides of new rectangles again and
again, finally we have a conformal map from C to C fixing co. So f must be an
affine map, i.e., f(z) = az + b. The affine map does not change the modulus of a

rectangle, so the modulus of a rectangle is a conformal invariant.

-

R —~
Riemann map
conformal Mobius
* Christoffel-Schwarz
b S formula Upper Half Plane
-
—— & —0—0 ——
a Ak - 1 1k

Mod(U) = Mod(S)
Figure 1.3: Topological triangle

In the Geometric Definition of a quasiconformal map, I consider the modulus
of a topological rectangle, which is a simply connected region U # C with 4 or-
dered marked boundary points. Next, I will use the Riemann mapping theorem to

construct conformal maps from topological rectangles to real rectangles.

Theorem 1 (Riemann mapping theorem). Given any simply connected region U
which is not the whole plane, there exists a conformal map f which maps U onto

the unit disk A.

Proposition 3. Any topological rectangle U can be conformally mapped to a rect-
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angle S. (see Figure 1.3)

The lower map in Figure 1.8 is the Christoffel-Schwarz formula

w = ) do
1 /(1= - k2

which maps the upper-half plane onto a rectangle. More precisely, it will map the

real line to 4 sides of the rectangle, and {—%, —1,1, %} are mapped to the vertices
of the rectangle. At each corner of the rectangle, locally this map is \/z which maps

angles 180° to 90°.

Now, we can define the modulus for any topological rectangle U by

mod (U) = mod (S) =

s}

Most quasiconmal maps do change the modulus, for example, the modulus of the
image of the following horizontal stretch map f is only one half of the modulus of
its pre-image.

z—Zz

flzyy) =2z+iy=(2+2) + 5

is a 8-quasiconformal map, f, = 3/2 and fz =1/2.

The map f(z) = €* is a conformal gluing map which maps a rectangle with
length 27 onto an annulus. So we can also discuss the modulus of an annulus, and

in Chapter 8, I will talk about extremal annulus with respect to modulus.

Definition 6. Suppose A is an annulus with two boundary circles with radius Ry

and Ry, then the modulus of A is

Let E1 and E5 be two disjoint, connected, simply connected and compact sets
on the Riemann sphere C. Let A be the complement of F; and E», which is called

topological annulus, i.e., A= C — {E; U Ey}.

Theorem 2. Any topological annulus A can be conformally mapped to an annulus.
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Proof (following Zhong Li’s book [65], page 49.)

Stepl: By the Riemann mapping theorem, there is a Riemann map f which
maps AU Fj to A.

Step2: We can assume 0 is not in f(A), then we can use map w = log z, which
maps f(A) to a vertical topological strip. The right side of the strip is imaginary
axis and the left side is a Jordan curve which has period 2m%.

Step3: Choose a K-periods topological rectangle in this topological strip, then
it can be mapped to a real K-periods rectangle by Proposition 3.

Step4: Let K goes to oo, then the image is a real strip. And the exponential

map e will map it back to a real annulus.

conformal ﬂ
R2

Figure 1.4: A topological annulus

The modulus of a topological annulus A = C — {E; U Ey} is defined as

mod (E1,E2) = mod (A) = — log —.

Just like the modulus of a rectangle, the modulus of an annulus is also confor-

mally invariant.

Proposition 4. Moduli of annuli are conformally invariant.
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Idea of the proof: Reflect the conformal map in two boundary circles again and
again by Schwarz reflection principle. Then the resulting map is a conformal map

from C to C fixing co. So it is a affine map which keeps the modulus of an annulus.

In Chapter 8, I will discuss the Teichmuller annulus and Mori annulus.

1.4 Quadratic differential

Definition 7 (holomorphic quadratic differential). A holomorphic quadratic d-
ifferential ¢ on a Riemann surface is an assignment of a holomorphic function
v1(z1) to each local coordinate zy such that if zo is another local coordinate, then
©1(21) = @2(22)(dza/dz1)? If ||¢l] = [ [ le] < 00, ¢ is called an integrable holo-

morphic quadratic differential.

It is elementary (by switching to polar coordinates) to see that integrable ¢ only
have at most simple poles at the punctures of the Riemann surface R.
On the four punctured Riemann sphere C — {0, 1, a, oo}, an integrable quadratic

differential must has the following form

Ndz)? = c(dz)?
wa(2)(d2)” = 2(z—=1)(z—a)

where ¢ is a constant and {0, 1, a, 00} are simple poles of ¢,.

If the Riemann surface R is C — {0,1,a1,...,a,_3,00}, then the quadratic d-
ifferentials {¢q,} for i = 1,2,...,n — 3 are the basis of the space of all integrable
holomorphic quadratic differentials on R.

The natural parameter ¢ on R is defined by

= | Vo).

It is clear that if (;(z1) and (2(22) are two natural parameters coming from two
different local coordinates of ¢ and defined on the overlapping coordinate patches
U; and Us, then

(1 = £( + constant.
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Notice that d(?> = @dz? for any natural parameter ¢ associated with ¢. A
parametric curve v : I = [0, 1] — R is called a horizontal trajectory of ¢ if, given any
local coordinate z defined in a patch overlapping the image of v, the function z(~y(t))
satisfies @(z(7(t)))dz? > 0. It is called a vertical trajectory if o(z(y(t)))dz? <
0. This means in the (-plane where ( is the natural parameter, the curve (t) is

transformed into a horizontal line or a vertical line.

Horizontal and Vertical (dash-dot lines) trajectories for
m=1.

Figure 1.5: Horizontal and Vertical trajectories

In an obvious sense, the horizontal and vertical trajectories give two transverse
foliations. We say that two foliations are transversal at a singular point if they
have C'-topological structure equivalent to the horizontal and vertical trajectories

of 2™dz? for some integer m > —1.

Let ¢ have a zero of order m at p in R. At any such point there will exist a local
coordinate z with z(p) = 0 such that ¢dz? = 2™dz?. For the case where m=1, the

trajectories in the z-plane have the appearance shown in the Figure 1.5.

By definition , if 7 is a differentiable curve on R, its height with respect to ¢ is
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given by
o) = [ 11my/plz)dz).

Similarly, its width is given by

woln) = [ IRev/pE)ds].

We call a trajectory critical if, when it is continued in either direction, it meets

a singularity of ¢.

Theorem 3 (The minimal norm property). Let ¢ be a holomorphic quadratic dif-
ferential on R with

[l < o0

and for which every noncritical vertical trajectory can be continued indefinitely in
both directions. Let 1 be another quadratic (not necessarily holomorphic) differential
which is continuous on R. Assume there exists a constant M > 0 such that for every

noncritical vertical segment 3, one has hy(B) < hy(B) + M. Then

loll < / /R Ve@IVa@) | dedy.

& and [ are Horizontal and Vertical trajectories.

Figure 1.6: Trojecotries for four punctured Riemann sphere

Remark. (1) Any holomorphic quadratic differential ¢ on a compact Reimann
surface with finitely many punctures for which ||| < oo will satisfy the hypothesis

on the trajectories of (.



1.4. Quadratic differential 13

The curves in the Figure 1.6 are horizontal and vertical trajectories of

1
(z+a)(z—a)(z+b)(z—b)

p(z) =

for real numbers a and b.
(2) When we say the noncritical trajectories can be continued indefinitely in
both directions, we do not exclude the possibility that they may be closed.

The following theorem is a easy corollary of Theorem 3 and Schwarz’s inequality.

Theorem 4. For ¢ and ¢ satisfy the conditions in the Theorem 3, then

el < [191l,
and if this inequality is an equality, then ¢ = .

Now let’s look at some relations between quasiconformal maps and holomorphic

quadratic differentials.

Lemma 1. Let ¢ be a holomorphic quadratic differential on R with ||| < co. Let
f be a quasiconformal self-mapping of R which is homotopy to the identity. Then

there exists a constant M such that for every noncritical vertical segment 3, one has

he(B) < he(f(B)) + M.

The constant M depends on ¢ and f but not on .

This Lemma will help us to construct a holomorphic quadratic differential

that satisfies the condition of Theorem 3.

Lemma 2. Suppose f is a quasiconformal self-mapping of R with Beltrami coeffi-

cient p(z), then

_ 22_90(2)2
V() = DI = i)

18 a holomorphic quadratic differential and

[ [1oitsts< [ [ 1&lldods,
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Proof
An elementary calculation shows that 1) is a quadratic differential. From Lemma
1, hy(B) < ho(f(B))+M for all non critical vertical segments /5. From the definition

of hy,, we have

ho((8)) = /f e

Since df = f.(1 + u(dz/dz))dz, by introducing /1, this last integral becomes

BB = [ 1m0+ )0 ) el

Since pdz? < 0 along 3, one easily sees that ¢/|p| = —dz/dz along 3. The final

result is that

Hence hy () < hy(8)+M for all vertical segments 5. So we can use the minimal

norm property, Theorem 3, to get

[ [1eiasis< [ [ 1elvilasdy.

Now we are ready to prove the Reich and Strebel’s inequality, also called Main

inequality, for quasiconformal maps.

Theorem 5 (Reich and Strebel’s Main inequality). Let f(z) be a quasiconformal
map from R to f(R) with Beltrami coefficient u and py is the Beltrami coefficient of
f1 from f(R) to R with the property that fi o f is homotopic to the identity relative

to the boundary. Suppose ¢ is a holomorphic quadratic differential on R with norm

1. Then ) )
\1—/~6|£\ 114+ p1(f)o%]
R 7 R W N (S TER
where
fori _
0 = 7(1—u¢/!¢|)(1—u¢/lw\) L

If we assume f is a quasiconformal self-mapping of R which is homotopic to the

identity, then p; = 0 and the Main inequality is

- z z z 2
el < [ [ 1o AM2ADEON 4o,
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Here, I only give the proof of the Main inequality for quasiconformal self-mapping

of R.

Proof Let 1 defined by

_ Z2_90(Z)2
V() = PN = o)

From Lemma 2, [ [, |¢|ldzdy < [ [, ]v/@llV|dzdy.
Substituting the formula of v into this inequality yields

2))[1/2 _ ¢(2) 1/2 4
loll < [ [ oG = nE 5ol 2 dady

into the numerator and denominator of this

Introducing a factor of (1 — |p|?)/?

inequality and apply Schwarz’s inequality yields

1 2
ww<//w w;uwwmmwﬂ//w'fﬁ%MM@W?

The first integral on the right hand side of this expression is simply ||¢||'/2. Both

1/2

side of this inequality divided by ||¢||*/*, then I have the Main inequality.

If fl_l from R to f(R) is a Teichmiiller map with Beltrami coefficient p; = ko W’O‘

and Teichmiiller equivalent to f, then

_Hf|<P0|
Ko < // woldzdy.
1 — pyl? ol

This inequality implies the Teichmuller map is unique extremal (see Section 1.6).

1.5 Beltrami equation
The Beltrami equation is defined by
fE = ,ufz

for any 4 in the open unit ball of L>(C), i.e., ||it]]oo = sup,ec p(2)| < 1.
The existence and uniqueness of the solution of the Beltrami equation is given

by the following theorem.
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Theorem 6 (Riemann Measurable Mapping Theorem). The Beltrami equation gives
a one-to-one correspondence between the set of quasiconformal homeomorphisms of
C that fix 0,1,00 and the set of measurable complez-valued functions p on C for
which ||u||o < 1. Furthermore, the normalized solution f* to the Beltrami equation

depends holomorphically on p.

For the Beltrami coefficients p with compact support, we can show that
ff=z+Pu+ PuTu+ PuTpuTp+ ...

is a quasiconformal map for which the corresponding Beltrami coefficient iy is equal

to p almost everywhere. And it is also holomorphic on u for any fixed z, where

L O] P
[ [ EEL b c—cxim

Ti(: —;g%—// e e (=i

Three comments about this theorem:

and

1. The Beltrami coefficient py = p almost everywhere.

2. If p is defined on any sub-domain €2, we can extend p by defining y = 0 on
C-Q.

3. (Pf)z=/fand (Pf).=T/f.

We will discuss the continuity of P—operator in Chapter 2, and use this P—operator

to prove the Slodkowski’s extension theorem of holomorphic motions. For ¢t € A,
i =z 4 tPu+ P PuTp+ 3 PuT T+ ...

is an example of a holomorphic motion, which is a motion through quasiconformal

mappings.



1.6. Universal Teichmuller space T(A) or T'(H) 17

1.6 Universal Teichmuller space T'(A) or T(H)

Let M(H) be the unit ball of L*(H), i.e., M(H) = {p | ||p(2)||oc <1, z € H}.
Let f*(z) be the unique normalized solution of Beltrami equation fz = uf,

which is conformal in the lower half plane H* i.e. u(z) = 0 for z € H*. And let

fu(z) be the normalized quasiconformal self-map of H with Beltrami coefficient p

where p(z) = p(z) for z € H*. From the uniqueness of the solution of Beltrami

equation, it is easy to show that f,(2) = f.(Z) and f, maps the real line onto itself.

We say two Beltrami differentials ¢ and v are Teichmuller equivalent, p ~ v, if

and only if f*(z) = f“(z) (or fu(z) = fu(x)) for all z € R.

Definition 8 (Universal Teichmiiller’s space). The Universal Teichmiiller’s space

T(H) is the space of all the Teichmuller equivalent classes of Beltami differentials,

ie. T(H)={[u] | p~vifand only if f¥(x) = f“(z) for any real z}.

Since there exsits an Mobious map between the upper-half plane H and the unit
disk A, people sometimes also use the unit disk to define the Universal Teichmuller
space.

Let M(A) be the unit ball in L>(A). And let f#(z) be the normalized (fixing
1, -1 and i) quasiconformal map which is conformal in the complement of the unit
disk, A¢, and py(z) = p(z) for any z € A. Then the Universal Teichmuller space is
also can be defined by T'(A) = {[u] | f*(z) = f¥(x) for any x € S'}.

For the unit disk model, f,(2) is defined to be the normalized quasiconformal

map which is invariant under the conjugate of

So it maps the unit circle onto itself.
The definition of Teichmuller space for any other Riemann surface R is much
more complicated than the definition of the Universal Teichmuller space. There is

a homotopy condition for the Teichmuller equivalent classes.



18 Chapter 1. Introduction

Definition 9 (Teichmiiller equivalence). Suppose fo : R — Ro and fi : R — Ry
are quasiconformal maps with Beltrami coefficients po and py. We define fy to be
Teichmuller equivalent to fi (or uo to be Teichmuller equivalent to py) if there is a
conformal map c from Ry onto Ry and a homotopy through quasiconformal self-maps
gt of R such that

go =tdentity

g1=(f1) " oco fo, and

gt(p) = p for 0 <t <1 and for every p inthe boundary of R.

In this dissertation, I will focus on Universal Teichmuller space T'(H) or T'(A),
and I will study the Teichmuller’s metric and Kabayashi’s metric on the Universal
Teichmiiller space in Chapter 6 and on Tp, a subspace of T', in Chapter 7. Teichmuller

space of closed set F will be introduced and discussed in Chapter 5.

Definition 10 (Teichmiiller’s metric). For two elements [u] and [v] of T(H), Teich-

miller’s metric 1s equal to

dr([p), [v]) = inflog K (f* o (f*)71),

where the infimum is over all pu and v in the equivalence classes [u] and [V], respec-

tively. In particular,
1+ ko

4z 0. [1]) = log .

where ko 1s the minimal value of ||p||co, and p ranges over the Teichmiiller class [p].

Definition 11 (extremal quasiconformal map). A quasiconformal map f is said to

be extremal in its Teichmiiller equivalent class 7 € T(H) if K(f) < K(f) for any

fer

Finding an extremal map is a very hard problem for arbitrary Teichmiiller space
T(R). If a Riemann surface R is of finite analytic type, that is, conformally equiva-
lent to a compact Riemann surface possibly with finitely many points removed, then

the Teichmiiller space T'(R) is finite dimensional, and every 7 in T'(R) is represented
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by a uniquely extremal Beltrami coefficient p of the Teichmiiller form (see definition
12). However, when T'(R) is of infinite analytic type, the situation is more difficult
and all of the following cases can occur; (i) a Beltrami coefficient not of Teichmiiller
form may be uniquely extremal, (ii) it may be extremal but not uniquely extremal,
or (iii) it may be nonextremal. There are examples of these three cases in Chapter
9 of Gardiner and Lakic’s book [30].

For the Universal Teichmiiller space T'(H ), the existence of extremal map is easy
to show by Proposition 1. Suppose there is a sequence of quasiconformal maps f,
in a fixed point 7 € T'(A) such that K(f,) < K(fn—1) and K(f,) — infre. K(f).
Then {f,} is a normal family, so there is a limiting quasiconformal map fy and
fo(z) = fn(x) for any real number z and n > 0. So fy(z) is in the Teichmiiller

equivalent class 7.

Definition 12 (Teichmiiller map). If a Beltrami coefficient p has the form k%
where @ is a integrable holomorphic quadratic differential, then f* is called Teich-

miiller map.

If there is a Teichmuller map in some equivalent class, then it is unique extremal
in its equivalent class. To show that Teichmiiller map is uniquely extremal, we need

the Reich and Strebel’s Main inequality, Theorem 5 in Section 1.4.

Theorem 7 (Teichmiiller Uniqueness theorem). Suppose fo € 7 is a Teichmiil-

|<P0|

ler map with Beltrami coefficient pg = k:o then for any f € 7T with Beltrami

coefficient u, either there exists a set of positive measure in R on which |u(z)| > ko

or u(z) = po(z) almost everywhere.

Proof If |u(2)| < ko, we have the following inequalities:

L= pisy + + 1]l
Koz [ [ R iy < [ [ My < 2 e

Since the left and right ends of this string of inequalities are equal, each inequality

must be equality. The only possibility is that p = k‘o M" = uo almost every.



20 Chapter 1. Introduction

In Chapter 7, I will introduce the Strebel’s Frame mapping theorem. This the-
orem implies every point in T'(R), where R is finite analytic type, has a uniquely
extremal Teichmiiller map. And this theorem also shows that every point in Tp(A)
has a uniquely extremal Teichmiiller map. I will use the Streble’s Frame mapping
theorem and Reich-Strebel’s Main inequality for a Teichmiiller map to give a direct
proof of the theorem that Teichmiiller’'s metric is equal to Kobayashi’s metric on

To(A) [22] [38].

1.7 Beurling-Ahlfors Extension

In this section, I will talk about the boundary map of a quasiconformal map.

Definition 13 (M-quasisymmetric map). An orientation-preserving homeomorphis-
m of the real line R is said to be M-quasisymmetric if there exists a constant M > 1

such that

1 _ et
M= )~ fla—t

for all real x and t, where M is called a quasisymmetric constant for f.

IA

LY (1.1)
)|
Proposition 5. Let h = f,(2)|r for any p, then h is a M-quasisymmetric homeo-

morphism of the real azis where M is a constant only depend on K(f). (see [3] for

the proof)

On the other side, the Beurling-Ahlfors extension (see [10] or [3]) provides a
formula to construct a quasiconformal mapping F' as a representative for any given

point [f] in T

Definition 14 (Beurling-Ahlfors extension). Assume f is a quasisymmetric home-
omorphism of R. The Beurling-Ahlfors extension F.(z) of f is defined by F,.(z) =

u(z) +iv(z) with

1
u(z + iy) = % /0 Wz + ty) + h(z — ty)dt (12)
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and

r [l
v(z +1iy) = B /0 [h(z + ty) — h(z — ty)]dt. (1.3)

Theorem 8 (Beurling-Ahlfors Theorem). There exists a quasiconformal mapping of
the upper half plane with the boundary correspondence x — f(x) if and only if f(x)
15 a M-quasisymmetric map. More precisely, for some constant v > 0, the mazimal
complez dilatation of the Beurling-Ahlfors estension F of f dose not exceed M?>.
On the other hand, every quasiconformal mapping with boundary correspondence h

must have a mazimal dilatation > 1+ Alog M where A is 0.228/.

If h(z) = x, then it is easy to see that Fi(z) = z. Now let us fix r = 2 for any
h(zx), then Fy(z) = u + iv with

! / Yyt (1.4)

u(x + iy) = %
z—y

and
. B 1 T+y T
oa+iy) = | / h(t)dt — /x - h] (1.5)

It is clear that v(z,y) > 0 and v(z,y) — 0 as y tends to 0 for y — 0. Moreover,

u(z,0) = h(x). In Ahlfors’ book [3], he showed that if r = 1 then
K(Fi(z)) < 2M(M +1).

So
K(Fy(z)) = K(f o Fi(2)) < K(F1) - K(f) =4M(M +1)

where f(x,y) = x + i2y. This implies F»(z) is a quasiconformal map.

From the formulas to construct the Beurling-Ahlfors extension F' for f, one can
see that for a point z near the boundary line R, F'(z) is determined by the behavior
of f near x, where z = x + 1y. Therefore, if f satisfies certain smooth regularity
then F' may satisfy some regularity near the boundary. In chapter 7, I will study

symmetric homeomorphisms.
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Definition 15 (symmetric homeomorphism). By a symmetric homeomorphism we

mean an orientation-preserving homeomorphism f of R satisfying

L _ D f)
Tre) - 1f@) -0

for all real x and t, where (t) is a positive bounded function, independent of x, and

; <1+e(t) (1.6)

converges to 0 as t converges to 0.

It has been proved that the Beurling- Ahlfors extension and the Douady-Extension

of symmetric homeomorphism are asymptotically conformal [22] [30].

Definition 16 (asymptotically conformal). A quasiconformal map F from the upper
half plane H to itself is said to be asymptotically conformal if for any € > 0 there
exists a compact subset 0 in H such that the mazimal complex dilatation of F on

H\ © is less than e.

The following proposition in [36] follows from estimating locally the complex

dilatation of F' in the Beurling-Ahlfors theorem.

Proposition 6 ( [36]). If f is symmetric, then its Beurling-Ahlfors extension F' is

asymptotically conformal.

1.8 Complex structure of Teichmuller space

1.8.1 Schwarzian derivative and Bers embedding

In this section, I will introduce the complex structure of T'(A), To(A) and AT (A).
In Chapter 6 and Chapter 7, [ will talk about Kobayashi’s metric on these complex

Banach manifolds.

Definition 17 (Schwarzian derivative). if f(z) is holomorphic in @ C C. The
Schwarzian derivative of f is
f// 1 f//

S =Cg) - 55

S V3 i
) Q(f/

2
=7 )
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Lemma 3. S(f) =0 if and only if f(z) = Zjig

Proof If
S(f) = (=22 (f)72)" =0,
then (f’)% =0or ((f’)*%)” = 0. Hence f is a constant map or [’ = m, which

implies f(z) is a mobius map.

It is easy to show that

S(fog)(2) = S()(9(2)d'(2)* + 5(9)(2).
And from this formula we have:
Lemma 4. S(f) = S(g) if and only if S(go f~') = 0 which means g = M o f for
Mobius transformation M. If assume f and g are normalized, then S(f) = S(g) iff
flr=glr ie. f~g.
Bers realized that the Schwarzian derivative is a holomorphic quadratic differ-

ential, then he used the complex structure on the space of holomorphic quadratic

differential to define the complex structure on a Teichmuller space [7].

Lemma 5. S(f")(z) = ¢(z) is a holomorphic quadratic differential.

Proof  Since g is a Mobius map, S(f o g9)(z) = S(f)(9(2))d'(2)®> + S(g)(z) =
S(f)g(2))g'(2)*.

Let B be the Banach space of holomorphic quadratic differential with the norm
llpllg = sup,eq Qe(2)|p~2(2), where p is the infinitesimal form of the Poincare

metric for H or A.

Definition 18 (Bers embedding). The Bers’ map, ® : [u] — S(f*|g=) for any
f* € [f*] = [u], maps the Teichmuller space into the Banach space of Schwarzian

derivatives with norm ||S(f*)||z = sup [S(f*) - p~2(2)].
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The following two theorems shows that the image of the Teichmuller space under
the Bers’ map is contained in a ball with radius 3/2 and it contains a ball with radius

1/2.

Theorem 9 (Nehari Theorem). ||S(f*)||p = sup |S(f*) - p~2(2)| <

[\SJ[SN]

Proof  (from Zhongli’s old book [65]) Suppose f is holomorphic in A. For any

CeA, let ;
HED -0
"=
U O (S B
=2+ 51 =d )f’(C) ="+ ..
It is obvious that h(0) = 0 and A'(0) = 1.
Let
o) = o + G0~ P )

1 1
=2 = (1= 18507 + o

then it is a holomorphic function on A€ So

1
A= IKPIss (<1
by the Beiberbach Theorem.
The locally inverse map of the Bers embedding is given by the following theorem:
Theorem 10. (Ahlfors-Weill Chart) If ||¢l| < 3, let p(z) = —2y*p(z) for z in
H and p(z) = 0 for z € H*, then S(f*) = ¢. Here u(z) = —2y%>p(2) is called a

harmonic Beltrami differential.

Idea of the proof: For two linearly independent solutions of

1
n__ =+
n = 29077

normalized by n)n2 — nhm = 1, let us form
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for z € H and

for z € H*.

Then fg/fz = —y2p(Z) for z € H and fz =0 for z € H*. Since f has Beltrami
coefficient ||pf||oo < 1, we know f is quasiconformal.

(To show that f is a homeomorphism from C onto C, please read the book [30].)

Theorem 11. [30] The maps ® and ®~1 are continuous in a neighborhood of [id).

Hence the Bers embedding is a homeomorphism in the neighborhood of [id].
Composition on the right with a quasiconformal map gives a homeomorphism in
the neighborhood of any [f].

Now I am ready to show the complex structure of a Teichmuller space, I will look
at the transition map between two charts of Bers embedding, which is a holomorphic
map in Banach space.

For the Banach Space, we use the following way to define derivative:

Definition 19 (Frechet derivative). Let E and F' be Banach spaces over the complex
numbers, and U C E an open set. A function f: U — F has a derivative at a point
xo € U if there exists a continuous complex linear mapping Df(xg) : E — F such

that
o 10 + ) = £(w0) = Df ) (Bl

=0.
h—0 ||h]|E

The map D f(xg) is called the derivative of f at xy.

Let B be the map from T'(A) with the base point [id] to T'(A) with the base

point [¢] induced by the right composition with w,, i.e. B([w,]) = [wy, o w,].

Theorem 12. ( [30]) Let ¢ € B and let ¢ = joj(f*)(f*(¢)')? where j(z) =Z. Let

o= p;Q(C)gﬁ(C), where p, is the non-euclidean metric for the domain Q = wh(H)
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and fFowH =w,. Then
Pofod!:p = Swh)(w)(w(2))? + S(wh).

Hence, ® o B0 &~ 4s continuous and holomorphic in a neighborhood of the origin.

Moreover, the intermediate map g — S(f) is differentiable. We will follow
Lipman Bers’ [7] calculation to find the derivative of S(f™*).

From the Riemann measurable mapping theorem, it is easy to see that

Of(2)

e k==

Let w = f* then

8S(ft/,1)(z) B 85('11})(2) (w/)3w///_w/(w/)2w///_3w ( )2 //+6w/ / //

ot ot (w')*
If t =0, then w = 2. Hence v’ = 1,w” = w"” =0 and

dfdn
_1 —2)

9S(w)(2) — " =

Ot 823

o

This derivative is called Bers’ L—operator:

-

1.8.2 Complex structure of 7Ty(A) and AT(A).

)

Ty is a subspace of T' which is introduced by Gardiner and Sullivan in the paper [36].
Let Mo(A) = {p | p(z) — 0 as z — S}, and To(A) = {[u] | there exists

w(z) € [p] such that p(z) — 0, as z — St}

And we already know that the Beurling-Ahlfors extension of a symmetric maps

is quasiconformal, so the space of symmetric homeomorphisms is equivalent to Tp.
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Let By be the subspace of B consisting of those ¢ in B such that for every € > 0,

there is a compact subset A of H* such that |y?p| < ¢ for z € H* — A.

Theorem 13 (Gardiner and Sullivan [36]). The Bers embedding is well-defined, one

to one, complex analytic from Ty to By.

Proof From the Ahlfors-Weill Chart, if ¢ € By then the harmonic Beltami differ-
ential 4 = —y%p(Z) — 0 as z — R is in M,.

On the other hand, suppose p = 0 in a neighborhood U of H*, then we can find
S(f) in the U. Since S(f) is bounded on H*, u = —y2S(f) — 0 as y — 0. For any
p € My, let pu, = pon Dy = Ay_y/, and pi, = 0 on A — Dy, then ||p — pp|| — 0 as
n — 00. Such pu,, are dense in My, and By is closed in B (note: if ¢ is not vanishing
then there is a neighborhood of ¢ not vanishing.) and S(f) is continuous, then S(f)

maps Ty to By.

For general Riemann surface R, the complex structure of a general Tp(R) space is
not easy to obtain as Tp(A). Please read Gardiner and Lakic’s book [30] for details.
The complex structure of AT(A) = T(A)/Tp(A) is also studied in this book.

Theorem 14. Bers embedding of AT,

S AT 5

1s well defined.

I will study the complex structure for T'(E) in Chapter 5, where E is a closed
subset of C.
1.9 Measured foliation

In this section, I will assume that we are given two measured foliations |du| and

|dv| on a Riemann surface R of finite analytic type. For a definition of measured



28 Chapter 1. Introduction

foliation see [24] or [26]. In our notation measured foliation |du| is made up of a
family of C'-real valued functions u; each associated to an open subset U; of R.
If two of these subsets U; and Uy intersect then on the overlap U; N Uy there is a
constant cji such that

u; = Fup + Cjk.

Moreover, the level sets

u = constant

are well defined on the union U = Uj U; and determine continuous curves. For

smooth curves v contained in R we can form the line integrals

/ |du.
yNU

It is assumed that the union U = ; Uj covers R except for a finite number punctures
which can be points where the level curves u; = constant have singularities.

In any case the heights of |du| along homotopy classes of closed curves contained
in R are defined in the following way. For any particular smooth closed curve vy we

define
hi(y, dul) = / dul,

o

and for the free homotopy class [y] of 7, we define

ht([v], |dul) = inf{ht(Y, [dul)},

where the infimum is taken over all 74 in the same free homotopy class as .

We let S denote the set of all essential simple closed curves on R. By definition
a curve is essential if it is not homotopic to point and not homotopic to a puncture.
By the correspondence

|dul = (7] = ht([y], |dul)

the measured foliation |du| determines an element of the product space R‘JSF. We say
two measured foliations are height equivalent if they have the same image under

this map.
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Theorem 15. Given a measured foliation |du| on R and a complex structure on
R, there exists a unique holomorphic quadratic differential @ such that the folia-
tion given by the horizontal trajectories of ¢ and the measure I'm.,/pdz is measure

equivalent to |dul.

In addition to its vector of heights, any measured foliation also has a Dirichlet
norm. Because we are assuming the real valued functions u; have continuous first
partial derivatives, and because we are assuming R has a Riemann surface structure
R;, there is a star operator and so any measured foliation |du| has a well defined

Dirichlet integral

Dir(|dul) = / du A wdu = // (updz + wydy) A (—uydz + updy)
R, :

:// (ui—i—uz)dazdy.

Definition 20. M;(|dul) is the infimum of Dirichlet integrals [ [5 (42 + 4 )dxdy

where the infimum is taken over all |da| in the same height equivalence class.

Let M[v] = inf{||¢|| for all ¢ such that hy[y] > hy[7]}, then we can have an
equivalent definition of M, [|du|] = M[|luo f~|] where u = fz/f. and T = [u].

It is easy to see that the infimum M|[v] is achieved by a unique holomorphic
quadratic differential ¢ in the previous theorem. More precisely, hyly] < hy[y] =
hylv] which implies

el > [1¥]]

by minimal norm property and Theorem 4 in section 1.4.

Lemma 6.

K~ *Mv] < M,[v] < KM[v]

where K = (14 |ploo) /(1 = [ll]o0)-

Proof  Let ¢, be the unique holomorphic quadratic differential on R, for which

ho[y] = by, [f(7)]-
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We know that M,[v] = |[¢,]|. Let v be any loop in R. Then

| iy feutwidul = [ 1Imyfoulf) 5.0+ plaz/d)d) < (14 1Is0)
F(v) ol

where ¢ = ¢, (f(2))f? and l3(7) is the ¢ length of .
Since this inequality holds for every path v, we see that h, < (14 k)lz(y) for

all v. Therefore

1+ k)?
ol < 0407 [ [ lour G idedy < ol

and this yields M[v] < KM,[v]. The opposite inequality follows by applying
the same reasoning to the quasiconformal mapping f~.
Remark. This lemma shows that M,[v] is a continuous function on T'(R) since

clearly

K™ M, [v] < M,[v] < K M,|v]

where K is the dilatation of the mapping f7 o (f#)~!

Moreover, this function is not only continuous but also differentiable.

Theorem 16. [26,27,32] The Dirichlet norm M (|du|) of a height equivalence class
on a Riemann surface R, of finite analytic type is uniquely realizable by a measured
foliation given by the horizontal trajectories and vertical measure of a holomorphic

quadratic differential q. M, (|du|) is differentiable and its derivative is given by

2Re t
log My, (|du]) = log My(|du|) + Tall //uqdwdy—i—o

Idea of the proof: Let ¢, be the unique holomorphic quadratic differential on
R, with the same height as |du o f~!| where f : R — R, and p = ps. Form the

quadratic differential

~ _ 2 ‘P(Z) 2
¢ =¢u(f(2))f(1 - Mot )|) :

By Lemma 2 in Section 4, ¢ is a quadratic differential on R. And since hy,, [f(7)] =

hwm;
| [1elddn < [ [ 1v5l1/ldzay
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Upon multiplying the integrand on the right hand side of the previous inequal-

ity in the numerator and denominator by |f.|(1 — |x|?)'/? and applying Schwarz’s

inequality (with the term /@, (f)|f:|(1 — |12[*)*/? lumped together), we find that

1 —pu(e/le
HwH<Hs0uH1/2//I () L= 2/ leDIE |/'|2‘)’ dvdy)"?

Square both sides and dividing by ||¢]|||¢.l|, we get

lell _ 2R / [ medady + 0 lul).

and so

1 2
g | = llell + 2R [ [ o+ O(llul).
lell J Jr
For the inverse inequality we can apply a similar argument to the inverse mapping
=
In Chapter 8, we will use this formula to find extremal annulus under certain
conditions and discuss Gardiner and Masur’s minimal axis. For more details about

the Lemmas and Theorems in Section 1.4 and 1.9, please read [27], [30].
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Chapter 2 and 3 are joint works with Fred Gardiner and Yunping Jiang. We
study the Chirka’s proof of Slodkowski’s extension theorem of holomorphic motion

and tangent vector field of Holomorphic motion.
Definition 21. Suppose E C C is a subset. A map
h(c,z): Ax E—C
18 called a holomorphic motion of E parametrized by A and with base point 0 if
1. h(0,2z) =z for all z € E,
2. for every c € A, z + h(c, 2) is injective on C, and
3. for every z € E, ¢ — h(c, z) is holomorphic for c in A

We think of h(c, z) as moving through injective mappings with the parameter
c. It starts out at the identity when c is equal to the base point 0 and moves
holomorphically as ¢ varies in A.

We always assume E contains at least three points, pi1,p2 and p3. Then since

the points h(c,p1), h(c,p2) and h(c, p3) are distinct for each ¢ € A, there is a unique
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Mbobius transformation B, that carries these three points to 0,1, and oco. Since B,
depends holomorphically on ¢, h(c, z) = h(c, B.(z)) is also a holomorphic motion

and it fixes the points 0, 1, c0. We shall call it a normalized holomorphic motion.

Holomorphic motions were introduced by Mané, Sad and Sullivan in their s-
tudy of the structural stability problem for the complex dynamical systems, [54].
They proved the first result in the topic which is called the A-lemma and which
says that any holomorphic motion h(c,z) of E parametrized by A and with base
point 0 can be extended uniquely to a holomorphic motion of the closure E of E
parametrized by A and with the same base point. Moreover, h(c, z) is continuous
on (c,z) and for any fixed ¢, z — h(c,z) is quasiconformal on the interior of E.
Subsequently, holomorphic motions became an important topic with applications to
quasiconformal mapping, Teichmiiller theory and complex dynamics. After Mané,
Sad and Sullivan proved the A-lemma, Sullivan and Thurston [62] proved an im-
portant extension result. Namely, they proved that any holomorphic motion of F
parametrized by A and with base point 0 can be extended to a holomorphic motion
of C, but parametrized by a smaller disk, namely, by A, for some universal number
0 < r < 1. They showed that r is independent F and independent of the motion.
By a different method and published in the same journal with the Sullivan-Thurston
paper, Bers and Royden [9] proved that » > 1/3 for all motions of all closed sets E
parameterized by A. They also showed that on C the map z ~ h(c, 2) is quasicon-
formal with dilatation no larger than (14 |¢|)/(1 —|¢|). All of these authors raised
the question as to whether » = 1 for any holomorphic motion of any subset of C
parametrized by A and with base point 0. In [60] Slodkowski gave a positive answer
by using results from the theory of polynomial hulls in several complex variables.

Other authors [5] [15] have suggested alternative proofs.

In this chapter, we give an expository account of a recent proof of Slodkowski’s
theorem presented by Chirka in [12]. (See also Chirka and Rosay [13|.) The method
involves an application of Schauder’s fixed point theorem [14] to an appropriate

operator acting on holomorphic motions of a point and on showing that this operator
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is compact. The compactness depends on the smoothing property of the Cauchy
kernel acting on vector fields tangent to holomorphic motions. The main theorem

of this chapter is the following.

Theorem 17 (The Holomorphic Motion Theorem). Suppose h(c,z) : A x E — C
is a holomorphic motion of a closed subset E of C parameterized by the unit disk.
Then there is a holomorphic motion H(c,z) : A x C — C which extends h(c,z) :
A x E — C. Moreover, for any fived c € A, h(c,-) : C — C is a quasiconformal

homeomorphism whose quasiconformal dilatation

14|
K J) < .
(h(c7 )) — 1 _ ’C|
The Beltrami coefficient of h(c,-) given by
_ Oh(c,z) ,0h(c, 2)

e = =5 "oz

is a holomorphic function from A into the unit ball of the Banach space L2(C) of

all essentially bounded measurable functions on C.

We will study the modulus of continuity of functions in the image of the Cauchy
kernel operator. Then we apply the Schauder fixed point theorem to a non-linear

operator given by Chirka in [12].

2.1 The P-Operator and the Modulus of Continuity

Let C = C(C) denote the Banach space of complex valued, bounded, continuous

functions ¢ on C with the supremum norm

||]] = sup [¢(c)].
ceC

We use L to denote the Banach space of essentially bounded measurable functions

¢ on C with £>-norm

[9]loc = esssup |$(C)].
C
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For the theory of quasiconformal mapping we are more concerned with the action

of P on L. Here the P-operator is defined by
1 f(¢ :
Pre = [ [ L dean. v
s cC—c
where f € L% and has a compact support in C. Then
Pflc) — 0 as c¢— o0.

Furthermore, if f is continuous and has compact support, one can show that

I(Pf)
oc

(c) = f(e), ceC, (2.1)

and by using the notion of generalized derivative 3] equation (2.1) is still true
Lebesgue almost everywhere if we only know that f has compact support and is in
LP for p > 1.

We first show the classical result that P transforms £°° functions with compact
support in C to Hélder continuous functions with Hélder exponent 1 —2/p for every
p > 2. See for example [3]. We also show that P carries £ functions with compact

supports to functions with an |elog | modulus of continuity.

Lemma 7. Suppose p > 2 and

so that 1 < q < 2. Then for any real number R > 0, there is a constant Ar > 0

such that, for any f € L% with a compact support contained in AR,

IPSI] < Arllflloo

and

Pf(c) = PF(E)| < Arllfllsclc — ¢ 7, Ve, €C.

Proof The norm

s =sp | [ [ Hacin] <y [ [ e
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So
IPAI< S lesip - [ [ 1£1loc
where
//AR gdédn = 2R < .
Next
Pie-Pre) = | [ [ 10(= - =) dsan
< /K'fﬁ?yﬁ
<A ], raraem)” // ool )"
RN ) <czw|fuoo\c—c’\3*
where

CQ_ﬂ'P Rp // m) dxdy]) <00, z=1x+1y.

Hence Ar = max{C}, Cy} satisfies the requirements of the lemma.

Next we prove a stronger form of continuity.

Lemma 8. Suppose the compact support of f € L™ is contained in A. Then
Pf has an |eloge| modulus of continuity. More precisely, there is a constant B

depending on R such that

1
Ve, d €Ag, le—{d| < =.

[PA(E) = P < Il Ble — ¢ log ;

le—¢’

Proof Since

Pie - Pre) = | [ [ 10(= - =) dsan
<+ [ 1o)== - 7=t

o = 11l
dgd
=T //ch—cuc—c'r o
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if weput (' =¢—c=¢& +in/, then

|C_C/|||f||00// 1 gl
Pflc) - Pf(d) < ————2 d¢dn'.
PF(e) - P < 1=C) ek
The substitution ¢’ = ¢'/(¢' — ¢) = & +in” yields

_ / |C_C/‘Hf‘|oo 1 de" dn”
i)~ Pre < F=TE [ [

le/—cl

Since |¢ — /| < 1/2, we have (1 + R)/|¢’ — ¢| > 2. This implies that

[Pf(c) = PF()

’C_C/’”fHOO // 1 " . 1 // 1 " 1
< e ——de"dny" + ——d¢"dn
™ A [€7]IC7 =1 A g —Ay [C7IC" =1

le/—el

Let

1
C :// ¢’ dn".
’ Ay [C7[IC" =1
Then

/ |C_C,‘C3||f”oo ’C_C/|||f||oo 1 1" g N
— ——d&"dn".
‘,Pf(C) Pf(c )| = ™ + 7T //A 1+r —A2 K”HC” - 1‘ 5 7

o =]

If |¢"| > 2 then |¢" — 1] > |¢"]/2, and so

]' // 1 1 /! 1 // 2 1 Vi
- T d€Tdn” < — d€"dn
™) JA i —as [C7]IC7 =1 ) JA g —as [P

[/~ e/ el

1 (27 [ty 2 a1
g/ /l 27“d7“d0—4/| ‘fdr
™ Jo 2 T 2 T

+ R

- log2) =4(—log|c — | +log(1 + R) —log 2).
c

1

Thus,

c—c|C
W)O+4|c—c'|||f||m(—logc—c’|+log(1 + R)—1log?2)

[Pfle)=Pf()] <

dmlog(1+ R) + C5|| f|co — 47 log 2
j(Arlostit B+ ol i)

= —|c—|loglc—c¢
—mloglc— ¢

§B<—|c—cl|log|c—c'|)>

where
_ Armlog(l + R) + Cs| f||co — 4mlog 2

B
7 log 2

+ 4| flloo-



2.2. Extensions of holomorphic motions for 0 < r < 1. 39

Now we have the following theorem.

Theorem 18. For any f € L% with a compact support in C, Pf has an |eloge]
modulus of continuity. More precisely, for any R > 0, there is a constant C > 0

depending on R such that

1 1
|Pf(c) —Pf()| <C|lflloolc — | 1log P Ve, d € Ag, le—d] < 7

Proof  Suppose the compact support of f is contained in the disk Ag,. Then

g(c) = f(Rpc) has the compact support which is contained in the unit disk A.

Since
1 9(0) 1 / /f(RoC) 1
B =1 dédn = —-P f(Roc).
Py(c) W//cﬁ-cdfd” 7] o= &dn ROPf( 0c)
This implies that
C
PA(e) = RoPo( )
Thus
PA(E) — P = RolPo(-) — Py )|
C c)| = Ivy|Frg Ry q Ro
C C, C C/
< == _=1 e«
< BBl 1l - | — 1| e | — = ])
= BIflloo ( — e = ¢|(log |e — ¢| — log Ro)
log Ry
— _ o gl
= —le—¢l1ogle — ¢|B I (1 10g|c_cl|)
< C||flloo(=le = ¢'[log|e — ')
where
log Ry
= B(1 ,
¢ (1+ log2)

2.2 Extensions of holomorphic motions for 0 < r < 1.

As an application of the modulus of continuity for the P-operator, we first prove,

for any r with 0 < r < 1, that for any holomorphic motion of a set E parameterized
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by A, there is an extension to A, x C. We take the idea of the proof from the recent
papers of Chirka [12] and Chirka and Rosay [13].

Theorem 19. Suppose E is a subset of C consisting of finite number of points.
Suppose h(c,z) : A x E — C is a holomorphic motion. Then for every 0 < r < 1,
there is a holomorphic motion H,(c,z2) : A, x C — C which estends h(c,z) : A, x

E - C.

Figure 2.1: Holomorphic motion

Without loss of generality, suppose
E= {ZO :0721 — 17200 = 00,22, " ,Zn}

is a subset of n+2 > 3 points in the Riemann sphere C. Let A be the complement
of the unit disk in the Riemann sphere C, U be a neighborhood of A¢ in C and
suppose

h(c,2) : U x E— C
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is a holomorphic motion of E parametrized by U and with base point co. Define

file) =h(c,z) : U = C
fort=0,1,2,--- ,n,00. We assume the motion is normalized so
folc) =0, fi(c)=1, and foo(c)=o00, VYceUl.
Then we have that
a) fi(oo) =2, i=2,---,m;
b) for any i = 2,--- ,n, fi(c) is holomorphic on U,
c) for any fixed c € U, fi(c) # fj(c) and fi(c) # 0,1, and oo for 2 < i # j < n.

Since A€ is compact, f;(c) is a bounded function on A€ for every 2 <14 < n and

so there is a constant Cy4 > 0 such that
|fi(c)| < Cy, for all c € A° and all ¢ with 2 <i <n.
Moreover, there is a number § > 0 such that
| fi(c) — fj(c) |> 0, for all ¢ and j with 2 <14 # j <n, and for all ¢ € A°.

We extend the functions f;(¢) on A° to continuous functions on the Riemann sphere
C by defining
1 _
file) = fl<%>, for all c € A.

We still have
| file) = fi(c) |> 4, for all i and j with 2 <i# j <n and for all c€ C

and

|fi(e)] < Cy for all i and j with 2 < i # j <n and for all ¢ € C.

Since fi(c) is holomorphic in A€ and f;(c0) = z;, the series expansion of f;(c) at co
is

fil) =2+ 2424 I ce A VeeAn
c ¢

CTL
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This implies that
1 = —=\2 —\n N
file) = f1<%> =zi+ac+a(c)*+-an(@"+---, VceA.
We have that

ofi
Jc

(¢) = a1 + 2a9e+ - +nap (@™t +---

exists at ¢ = 0 and is a continuous function on A. Furthermore, (9f;/0¢)(c) = 0 for

c € A°. Since A is compact, there is a constant C5 > 0 such that

Ofi

Iaé(c)lscg, VeeC, V2<i<n.

Pick a C* function 0 < A(z) < 1 on R* = {x > 0} such that A(0) = 1 and
A(zx) =0 for © > §/2. Define
D(c w):i)\ﬂw—f‘(c) |)8fz(c) (c,w)eCxC (2.2)
Y 1 86 9 ) . .

1=2

1 ‘\\H

0 §5/2

Figure 2.2: smooth function for Chirka’s operator

Lemma 9. The function ®(c,w) has the following properties:
i) only one term in the sum (2.2) defining ®(c,w) can be nonzero,

ii) ®(c,w) is uniformly bounded by Cs on C x C,
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iii) ®(c,w) =0 for (c,w) ((Z)C X <c) U (@ X (ZR)c) where R = Cy + /2,

i) ®(c,w) is a Lipschitz function in w-variable with a Lipschitz constant L inde-

pendent of c € C.

Proof  Item i) follows because if a point w is within distance §/2 of one of the
values f;(c) it must be at distance greater than §/2 from any of the other values
fj(c). Item ii) follows from item i) because there can be only one term in (2.2) which

is nonzero and that term is bounded by the bound on B%-Ec) . Item iii) follows because

if ¢ € (A)¢, then (9f;/0¢)(c) = 0, and if w € (AR)¢, ®(c,w) = 0. To prove item iv),
we note that there is a constant Cg > 0 such that |[A(z) — A\(2')| < Cglx — 2'|. Since

[(0fi/02)(c)| < Cs,
|@(c;w) — (e, w')| < CsCs Y ‘ w = fi(e)| = [w' = fi(e)]]. (2.3)
1=2

Since only one of the terms in the sum (2.2) for ®(c,w) is nonzero and possibly a

different term is non-zero in the sum for ®(c, w’), we obtain
|®(c,w) — ®(c,w)| < 2C6Cs|w — w'|.

Thus L = 2C5Cs is a Lipschitz constant independent of ¢ € C.
Since ®(c, f(c)) is an £> function with a compact support in A for any f € C, we
can define an operator @ mapping functions in C to functions in £%° with compact

support by

Since ®(c, w) is Lipschitz in the w variable with a Lipschitz constant L independent

of ¢ € C, we have

1Qf(c) = Qqle)| = |®(c, f(c)) — (e, g(0)] < LIf(c) = g(c)]-

Thus
11Qf — Qglloe < LI|f — gl

and Q : C — L™ is a continuous operator.
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From Lemma 7,
P < Axl| flloo

for any f € £ whose compact support is contained in A, and so the composition

K =P o Q, where
L[ I L
[ [ g, =i

is a continuous operator from C into itself.

Lemma 10. There is a constant D > 0 such that
IKfll <D, Yfec

Proof  Since ®(c,w) = 0 for ¢ € A¢ and since ®(c,w) is bounded by C5, we have

IKf(C)Iz(i//W d&dn\z\l//Aq’(g’ff))dgdn
<o [ [ e
//A!C— dédn < 2C5 =

that

where ( = £ + in.

Lemma 11. Suppose p > 2 and q is the dual number between 1 and 2 satisfying

1 1
- 4+-=1.
p q
Then for any f € C, Kf is a-Hélder continuous for
2
O<a=--1<1
q
with a Holder constant H = A1C5 independent of f.

Proof From Lemma 7,

Kf(c) = KF ()] = [P(Qf)(e) = P(Qf)()]

< A1]|Qf||oolc = ¥ < A1Cslec — | = Hl|e — ¢|*.



2.2. Extensions of holomorphic motions for 0 < r < 1. 45

Lemma 12. For any € > 0, there exists an R > 0, such that |Kf(2)| < € for all

f€C(C) and z € C with |z| > R.

Proof From lemma 9, the numerator ®(¢, f(¢)) in the formula of I f(2) is bounded,

but when z is very large, the denominator of this integral is very large.

The above three lemmas imply that K : C — C is a continuous compact operator.

Now for any z € C, let
B. ={f eC|lIfll <zl + D}

It is a bounded convex subset in C. The continuous compact operator z + K maps
B into itself. From the Schauder fixed point theorem [14], z + K has a fixed point

in B,. That is, there is a f, € B, such that
fz(c) =24+ Kf.(c), VeceC.

Since Qf(c) has a compact support in A for any f € C, Kf.(c) — 0 as ¢ — co. So

f» can be extended continuously to co such that f,(c0) = 2.

Remark. We know that |[Kf(z)] — 0 if |z] — oco. However, to check com-
pactness of the operator I, we need a kind of uniformity around z = oo, like the
existence of R > 0 independent of f € C(C) in the lemma 12.

In fact, from Lemma 10, we know that the family {/Cf} rec(c) is uniformly bound-
ed, and from Lemma 11, it follows that the family is equicontinuous. Therefore, from
these lemmas, we merely conclude from the Ascoli-Arzela theorem that the family
is relatively compact with respect to the topology of the uniform convergence on any
compact sets of C, which is weaker than the topology of C(C). For example, let

2|

fn(z) = min { max {1, }’2€*\z|+2n}

n
for z € C. Then, each f, is 2-Lipschitz and satisfies ||f,|| < 2 and f,(z) — 0 as

|z| = oo (and hence it is an a-Holder function for all o € (0, 1] whose Hélder norm

depends ounly on «). However, the family {fy, }nen is not compact in C(C).
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Lemma 13. The solution f,(c) is the unique fized point of the operator z + K.

Proof Suppose f.(c) and g.(c) are two solutions. Take

(;5(6) :fz(c) _gz( ) (fz)( ) (gz)( )

Then ¢(c) — 0 as ¢ — oco. Now

8¢ of. dg. .
So(0) = ()~ () = e £.0)) — B(e,9:(0))

So by Lemma 9

9¢

8C()—O, Vee A“.

Since ® (¢, w) is Lipschitz in w-variable with a Lipschitz constant L,

gf( )| = 12(c, f2(¢)) = (e, 9:(0))| < Lf=(¢) = g:=(c)| = LIp(c)].

Assuming that ¢(c) is not equal to zero, define

and otherwise, define ¢(c) to be equal to zero. Then v (c) is a function in £ with

a compact support in A. So we have P in C such that

Py
ac ( ) w(c)
Consider e”¥ - ¢. Then
o 0) _,
gc

This means that €”¥ - ¢ is holomorphic on the complex plane C.

When ¢ — oo, Py — 0 and ¢(c) — 0. This implies that ¥ - ¢ is bounded
on C. So P ¢ is a constant function. But ¢(c0) = 0, so e”¥-¢ = 0. Thus ¢(c) =0
and f.(c) = g(c) for all c € C.

For z; € E, 2 < i < n, consider

Khile =—// S seay,
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where ¢ = £ + in. From the definition of ®(c,w), we have that

(¢, £1(C)) = 6;;

(€)-

So

K _ 1 %%(Qdd
o= [ [

This implies that

OKfi, . Of;
¢ (c) = ¢ (c)
and that
ofi —Kfi), . _

So fi(c)—K fi(c) is holomorphic on C. When ¢ — o0, fi(¢) — z; and K f;(c) — 0.

So fi(c) — Kfi(c) is bounded. Therefore it is a constant function. We get that

fi(e) = zi + Kfi(c).

Thus from Lemma 13, f;(c) = f.,(c) for all ¢ € C.
By defining H(c,z) = f.(c) for (¢,z) € A° x C\ {0,1} and H(c,0) = 0 and

H(e,1) =1 and H(c,00) = 00, we get a map

H(c,z) = f.(c) : A x C — C,
which is an extension of

hic,z): A°x E - C.

Lemma 14. The map

H(c,z) = f.(c) : A x C — C,
1s a holomorphic motion.
Proof First H(oco,z) = f,(00) = z for all z € C. From the fixed point equation

H(c,z) =2+ KH(c, 2),
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0H(c, z)

T = @(C7H(C7 Z))
Since ®(c,w) = 0 for all ¢ € A,
OH(c.2) _ o yoer"
oc

Thus, for any fixed z € C, H(c, z) : A° — C is holomorphic.

For any two z # 2’ € C, we claim that H(c,z) # H(c,2') for all ¢ € C. This
implies that for any fixed ¢ € A, H(c, z) is an injective map on z € C and that
H(c, z) is a holomorphic motion. To prove the claim take any two z, 2’ € C. Assume
there is a point cg € C such that H(cg,z) = H(co,2'). If ¢y = oo, then z = 2/,
because by assumption the holomorphic motion starts out at the identity. If ¢y # oo,

then
foleo) = farleo) = (2 = ) + Kfz(co) — Kfxr (<o),
and we can repeat the same argument we have given in Lemma 13.
Let ¢(c) = f.(c) — f.(c). Then ¢(cy) = 0. However,

06 . Of. . Of
Sole) = 2 (0) = (0 = B(e, £2(0) — Bl furle)).

This implies that

2o, .
%(c) =0

for ¢ € A°. Since ®(c,w) is Lipschitz in w-variable with a Lipschitz constant L,

(z;f(C)\ = [®(z, f2(¢) = @(c, f2(c))| < LIf=(c) = f(c)] = Lig(c)].
If ¢(c) # 0, define
10
v =25,
otherwise, define ¢(c¢) = 0. Then
PY .
Ge "¢ ¢(c) = 0.

oc
So €P¥ - ¢ is holomorphic on C. When ¢ — oo, Py(c) — 0 and ¢(c) — z—2'. So
eP¥() . ¢(c) is bounded on C. This implies that €7¥() - ¢(c) is a constant function.

Since ¢(co) = 0, eP¥() . p(c) = 0. So z = 2.
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Proof [Proof of Theorem 19] Suppose
h(c,z): Ax E—C

is a holomorphic motion. For every 0 < r < 1, consider a,(c) = r/c. Let U, =
o, (A,) D A°. Then
he(a;t(c),2): U x E—C

T

is a holomorphic motion. From Lemmas 13 and 14, it can be extended to a holo-

morphic motion

H.(c,z) : A°xC —C.

Then
H,(c,z) = H(ay(c),z) : A, xC— C

is a holomorphic motion which is an extension of h(c, z) on A, X E.

2.3 Controlling quasiconformal dilatation

To control the quasiconformal dilatation of a holomorphic motion there are two
methods available. One is given by the Bers-Royden paper [9] and the other is
obtained by combining methods given in the Bers-Royden paper and in the Sullivan-
Thurston paper [62]. We discuss the latter method first.

Consider a set of four points S = {z1, 22, 23,24} in C. These points are distinct
if an only if the cross ratio

21 — k3 k9 — Z3 21 — k322 — 24
Cr(S) = : =
() 21— R4 22— 24 Rl — R4 22 — 23

is not equal to 0,1, or co. If one of these points is equal to co, say z4, then this

cross ratio becomes a ratio
Cr(S) = L7 23,
Z9 — 23
Suppose H : C — C is an orientation-preserving homeomorphism such that
H(o00) = oo. Then one of the definitions of quasiconformality [51] of H is that

lim su Sup|;—qg|=r |H(Z) - H((I)|
r30 get inf |,y |H(2) — H(a)]
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In [62] Sullivan and Thurston used this definition to prove the following theorem.

Theorem 20. Suppose H(c,z) : A x C — C is a normalized holomorphic motion
of C parametrized by A and with base point 0. Then for each cy € A, the map

h(co,-) : C + C is quasiconformal.

Proof Let a € C be any point. Let z3 = a. Let z; and 29 be two distinct points
in C not equal to a and z4 = co. Then the cross ratio Cr(S) = (21 — 23) /(22 — 23).

Now consider z1(c) = H(c,z1), 22(c) = H(c, 22), z3(c) = H(c, 23), and z4(c) =
H(c, z4) = 00 and S(c) = {z1(c), 22(c), z3(c)}. The cross ratio

)
z1(c) — z3(¢)
Cr(S(c — <
(5(c)) = 2(0) = 23(0)
Since H(c, z) is a holomorphic motion, Cr(S(c)) : A — C\ {0,1} is a holomorphic

function. Then it decreases the hyperbolic distances from pa to po.1. So

1+ |eol
1 —co|

p0.1(Cr(S(c0)), C7(5)) < pa(0,co) = log
This implies that there is a constant K = K(cp) > 0 such that for any |Cr(S)| =1,
|Cr(S(co)| < K.

So we have that

lim sup SUP|z—a|=r ‘H(C()? Z) - H(CO) CL)|
=0 geC lnf|z al=r |H(607 Z) - H(COa (I)|

< 00,

that is, H(co, z) is quasiconformal.
Suppose L£>°(W) is the Banach space of all essentially bounded measurable func-
tions on W equipped with || - ||cc-norm. Bers and Royden [9] proved the following

theorem.

Theorem 21. Suppose h(c,z) : AXE — Cisa holomorphic motion of E parametrized
by A and with base point 0 and E has nonempty interior W, then the Beltrami co-
efficient of h(c,-)|w given by

(e, 2) = ah(gj)\w/ah(gj)lw
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18 a holomorphic function mapping ¢ € A into the unit ball of the Banach space

Lo(W).

Proof  Since the dual of the Banach space £!(W) of integrable functions on W is

L (W), to prove pu(c,-) is a holomorphic map, it suffices to show that the function

c— U(c // z)dzdy

is holomorphic in A for every a(z) € LY(W). Furthermore, it suffices to check this
for every a(z) € LY(W) with a compact support in W.

Suppose a(z) € LY(W) has a compact support supp(c) in W. There is an
¢ > 0 such that the e-neighborhood U, (supp(«)) C W. From Theorem 20, h(c,-) is

quasiconformal, it is differentiable, a.e. in W. Thus

_ yhele ) ihy(ez)
_//supp(a) ()hz( )_Zh( )d dy
hy(cz)

= (c,2)
7d dy
//upp(a 1— jlle?)

ha(c,z)
1 e(z, A
c—// az' +w(z )ddy

h(c,z +1i\) — h(c, 2)
h(c,z+X) —h(c,z)

For any fixed z # 0,1, 00 and A small,

where

oc(z,\) =

o(c) = 0c(2) : A C\ {0,1,00}

is a holomorphic function of ¢ € A. So it decreases the hyperbolic distances on A

and on C\ {0,1,00}. Since o(0) = 4, there is a number 0 < r < 1 such that for

1
oz ) il < 5. el <r
Therefore
1+ioc(z ‘_ —i+0c(z,\) %_1
1 —io.(z i+ o0c(z, ) %_3
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By the Dominated Convergence Theorem, for |c| < r, the sequence of holomor-

L +ioe(z 3
(c —// +Z,J (2 ’f)dxdy
upp(a 1_ZUc(Z )

converges uniformly to ¥(c) as n — oo. Thus ¥(c) is holomorphic for |¢| < r and

phic functions

this implies that
ple, ) A{el el <rp— LX(W)

is holomorphic.

Now consider arbitrary ¢y € A. Let s =1 — |¢g| and let
EO = h(CO,E) and Wo = h(CO, W)

and
9(1,¢() = h(co + s7,2), (= h(cg, 2).

Then Wy is the interior of Ey since h(c,z) is a quasiconformal homeomorphism.
Also
g:AxEy—C

is a holomorphic motion. So the Beltrami coefficient of g is a holomorphic function
on {7 | |7| < r}. Hence the Beltrami coefficient of h is a holomorphic function on

{c|le = co| < sr}. This concludes the proof.

Theorem 22. Suppose h(c,z) : A x E — C is a holomorphic motion of E
parametrized by A and with base point 0 and suppose E has a nonempty interior W.
Then for each ¢ € A, the map h(c, z)|w is a K-quasiconformal homeomorphism of
W into C with

K<1+|C‘.
T 1—|c|

Proof  Since u(c,-) : A — L£>(W) is a holomorphic map and since p(0,-) = 0.
From the Schwarz’s lemma, [|t]lcc < |c|. This implies that the quasiconformal

dilatation of h(c, ) is less than or equation to K = }f:j
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2.4 Extension of holomorphic motions for r = 1.

Theorem 23 (Slodkowski’s Theorem). Suppose h(c,z) : A x E — C is a holo-
morphic motion. Then there is a holomorphic motion H(c,z) : A x C — C which

extends h(c,z) : A x E — C.

Proof Suppose E is a subset of C. Suppose h(c, z) : A x E — C is a holomorphic
motion. Let Eq, Es... be a sequence of nested subsets consisting of finite number of
points in E. Suppose

{0,l, 0} CEyCEyC---CE

and suppose U F; is dense in E. Then h(c,2) : A x E; — C is a holomorphic
motion for every 1 =1,2,....

From Theorem 19, for any 0 < r < 1 and ¢ > 1, there is a holomorphic mo-
tion H;(c,z) : A, x C + C such that H;|A, x E; = h|A, x E;. From Theo-
rem 22, z — H;(e,z) is (1 + |¢|/r)/(1 — |¢|/r)-quasiconformal and fixes 0,1, oo for
all > 0. So for any |c| < r, the functions z — H;(c, z) form a normal family and
there is a subsequence Hj, (c, ) converging uniformly (in the spherical metric) to a
(1 + |c|/7)/(1 — |c|/r)-quasiconformal homeomorphism H,.(c,-) : C — C such that
H,(c,z) = h(c,z) for z € U(Ej,).

Let ¢ be a point in E. Replacing F; by E; U {(} and repeating the previous
construction we obtain a (14 |c|/r)/(1 — |¢|/r)-quasiconformal homeomorphism H,
which coincides with h(c,z) on UE;, U {C}. But z — H,(c,2) and z +— H,(c, z) are
continuous everywhere and coincide on UF;, , hence on E. So H,(¢,¢) = H,(¢,¢) =
h(c,¢) for any ¢ € E.

Now for any z # 0, 1, 00, since H;(c, z) : A +— C are holomorphic and omit three
points 0,1, 00. So the functions ¢ — H;(c, z) form a normal family. Any convergent
subsequence H;, (¢, z) still has a holomorphic limit H,.(c, z), thus H,(c, 2) : A, xC
C is a holomorphic motion which extends h(c,z) on A, x C.

Now we are ready to take the limit as » — 1. For each 0 < r < 1, let H,(c, z) :
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A, x C = C be a holomorphic motion such that H, = h on A, x E. From
Theorem 22, H,(c,-) is (1+|c|/r)/(1—|c|/r)-quasiconformal for every ¢ with |c| < 7.
Take a sequence Z = {z;}2°; of points in C such that Z = C, and assume 0, 1,
and oo are not elements of Z. For each i = 1,2,---, H,(c, z) : A, — C is holomor-
phic and omits 0,1,00. Thus {H,(c, z),c € A, }o<r<1 forms a normal family. We
have a subsequence r, — 1 such that H,, (c,z;) tends to a holomorphic function
H(c7 z;) defined on A uniformly on the spherical metric for all ¢ = 1,2,---. For a
fixed ¢c € A, Hy,(c,-) are (1 + |c|/r)/(1 — |¢|/rn)-quasiconformal for all r, > |¢]|.
So {H., (¢, ) }r,>|¢ is a normal family. Since H,, (c,-) fixes 0, 1, 0o, there is a subse-
quence of {H,, (¢, )}, which we still denote by {H,,, (c, )}, that converges uniformly
in the spherical metric to a (1+|c|)/(1—|c|)-quasiconformal homeomorphism H (¢, -).
Since H(c,z) = H(c,z) for all i = 1,2,---, this implies that for any fixed ¢ € A,
H(c,z) # H(c, 2;) for i # j. Thus H(c,2) : A x Z — C is a holomorphic motion.
For any 0 < r <1, H(c, 2) is (147)/(1—r)-quasiconformal for all ¢ with |c¢| < r,

it is a-Hoélder continuous, that is,
d(H(c,2),H(c,2')) < Ad(z,2)* for all z,2/ € C  and for all |¢| < 7,

where d(-, ) is the spherical distance and where A and 0 < o < 1 depend only on 7.

For any z € Z such that its spherical distances to 0, 1, co are greater than £ > 0,
the map H(c, z) is a holomorphic map on A, which omits the values 0, 1, and co.
So H(c, z) decreases the hyperbolic distance pa on A and the hyperbolic distance
po1 on C\ {0,1,00}. So we have a constant B > 0 depending only on r and € such
that

d(H(c,z),H(c,2)) < Ble— ¢

for all |¢|, || < r and all z € Z such that spherical distances between them and 0,

1, and oo are greater than € > 0. Thus we get that
d(H(c, 2),h(c,2")) < Ad(z,2")* + Ble —{|.

for |c|,|¢/| < r and 2,2’ € Z such that their spherical distances from 0, 1, and oo are

greater than € > 0. This implies that H(c, z) is uniformly equicontinuous on |¢| < 7
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and {z € Z | d(z,{0,1,00}) > €}. Therefore, its continuous extension H (c, z) is
holomorphic in ¢ with |¢| < r for any {z € C | d(2,{0,1,00} > ¢}. Letting r — 1
and ¢ — 0, we get that H(c,z) is holomorphic in ¢ € A for any z € C. Thus
H(c,z) : A x C — C is a holomorphic motion such that H(c,2)|A x E = h(c, 2).

We completed the proof.
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3.1 Agard’s formula for p;; and its lower bound

As an application of the extension theorem of a holomorphic motion, I will prove
the Agard’s formula for the Poincare metric pp 1 on the three punctured Riemann

sphere C — {0,1, 00}.

Theorem 24 (Agard [1]).

e

Proof Suppose g(t) is a holomorphic map from A — C — {0,1, 00} and g(0) = zo.

z0(z0 — 1)
C(¢—=1)(¢ = 20)

dédn.

Let h(t,z0) = g(t), h(¢t,0) = 0, h(t,1) = 1 and h(t,00) = oo, then it is a
holomorphic motion of four points 0, 1, 0o and zg.
By the Slodkowski’s extension theorem, h(t, z) can be extended to a holomorphic

motion H(t,z): A x C — C. Let

1S

O

Il
=
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then it is a holomorphic function of ¢ from A to the unit ball M in the space L.

From Schwarz’s lemma, if p; = tv + o(t), then ||v||o < 1.
Hence
)

27r//(cgzo—1 —zod§ = or — 20)

Let ¢(¢) = % and p = |¢|/p. Then the derivative of f%* at t = 0

equals to the right hand side of the previous inequality which is the maximum of
g'(0).
So

dédn.

—1)
—1 C— 20)

Po, 1 d&dn.

27T

The following lemma, a form of which appeared in [65, Zhongli|, is sufficient for
the proof of the main theorem 25 of this chapter, |¢logé| continuity of the tangent

vector of a holomorphic motion.

Lemma 15. If0 < |z| < 1, then

1
|z|(log r + log |71|)’

po1(z) >

where v is chosen so that

déd??
log r > max // ,4+ log4
sr et | e et ey

(Note that numerical calculation suggests that 4 4+ log4 is the larger of these two

numbers.)

Proof From Agard’s formula [1] (note that pp; has the curvature —1),

—1
déd .
po,1(2 <2W )‘ £ 77)
Since the smallest value of pg1(z) on the circle |2| = 1 occurs at z = —1, we see
that
1 Jed 1
<
log r |](zr|mip1 ¢—1)( C+1)‘ 577)




3.1. Agard’s formula for pp; and its lower bound 59

The infinitesimal form of the Poincaré metric p, = pax with curvature constantly

equal to —1 for the punctured disk A* ={z€ C|0< |z| <7} is

R ———— .
|z [logr + log ﬁ
Note that p,(z) takes the constant value loér along |z| = 1. Then
p(z) < poi(z) for all z with |z| = 1. (3.2)
Our next objective is to show that the same inequality
p(z) < poa(2) (3.3)

holds for all z with |z| < 6 when § is sufficiently small. In [2] Ahlfors shows that

O
= 1) 4+ log 1y

p0,1(2) (3.4)

for |z| <1 and |z|] < |z — 1|, where ¢ maps the complement of [1,400] conformally
onto the unit disk, origins corresponding to each other and symmetry with respect

to the real axis being preserved. ¢ satisfies

() 1
(o) e (3:5)
o Vl=z—-1 z
G i S OV e I (3.6)
with Re /1 — z > 0, and
Ol (5.7

as z — 0.
We now show that there is 6 > 0 such that if |z| < J, then
! 1 1
2 o
[ 4+ 10g L]~ Telllogr + 2]

&

From (3.5) this is equivalent to showing that

1 1
m) <logr +log —,

2]

V1 —z|(4+log
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which is equivalent to

log L —log4
VT = 2|(4+log4) < logr + { <log 1) <(1 ~V1-z2)) <g|€|1g>) }

|2 log 7=

||
log ﬁ —log4
log ‘71|

approaches 1 as z — 0 and the expression in the curly brackets on the right hand

(3.8)
From (3.7)

side of (3.8) approaches zero. Thus, in order to prove (3.3), it suffices to observe
that

4+ log4 < logr,

which is part of what we assumed.
We have so far established that pp1(z) > pr(2) on the unit circle and on any
circle |z| = ¢ for sufficiently small . To complete the proof of the lemma we observe

that since both metrics pg1(z) and pr(z) have constant curvatures equal to —1, if

2= () + (@)

—pa’%Alogng = —land —p,2Alogp, = —1.

we denote the Laplacian by

then

Therefore,

A(log o1 —log pr) = pg1 — pr (3.9)
throughout the annulus {z : ¢ < |z| < 1}. The minimum of pg/p, in this annulus
occurs either at a boundary point or in the interior. If it occurs at an interior point,

then its Laplacian of log(po,1/pr > 1 at that point and if it occurs on the boundary

then po.1/pr > 1 at that point. In either case

0 < A(log po,1 — log pr) = p(%,l - Pg

at that point, and therefore

po,1 = Pr
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throughout the annulus. This completes the proof of the lemma.

3.2 The |cloge| continuity of a holomorphic motion

In this section we show how the |e log | modulus of continuity for the tangent vector
to a holomorphic motion can be derived directly from Schwarz’s lemma. Then we

go on to show how the Holder continuity of the mapping z — w(z) = h(c, z) with

Holder exponent ;—Iz} follows from the |elog ¢| continuity of the tangent vectors to

the curve ¢ — h(c,z). In particular, since any K-quasiconformal map z — f(z)

1+|¢|
1—le|”

coincides with z — h(c, z) where K < we conclude that f satisfies a Holder

condition with exponent 1/K.

Lemma 16. Let h(c, z) be a normalized holomorphic motion parametrized by A and
with base point O and let V(z) be the tangent vector to this motion at ¢ = 0 defined

by
V(z) = lim M&2) =2

c—0 C

Then V(0) =0,V (1) = 0 and |V (2)| = o(|z|?) as z — oo.

(3.10)

Proof  Since h(c, z) is normalized, h(c,0) = 0 and h(c,1) = 1 for every ¢ € A,
and therefore V(0) = 0 and V(1) = 0. Since h(c,00) = oo for every ¢ € A if we
introduce the coordinate w = 1/z and consider the motion hi(c,w) = 1/h(c,1/w),
we see that hi(c,0) = 0 for every ¢ € A.

Put p(c) = h(c, z) and if we think of z as a local coordinate for the Riemann
sphere,

zop(c) =z 4 cV3(2) + o(c?)
and in terms of the local coordinate w = 1/z,
wop(c) =w+ V" (w) + o(c?).

Then V¥ (0) = 0. Putting g = w o 27}, the identity g(z(p(c))) = w(p(c)) yields

g'(2(p(0))2'(p(0)) = w'(p(0)). (3.11)
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Since g(z) = 1/2, ¢'(2) = —(1/2)? and since

VE(0) =0, S wlp(e))lemo = V" (w(p(0)

and V¥ (w(p(c)) is a continuous function of ¢, the equation

VE(a(p(e) o = VO (w(p(e))
implies
Vzgz) 0
as z — 0.

Let po1(2) be the infinitesimal form for the hyperbolic metric on C \ {0, 1,00}
and let pa(2) = 2/(1 — |z|?) be the infinitesimal form for the hyperbolic metric on

A. For any four distinct points a, b, ¢ and d, the cross ratio
g(c) = er(he(a), he(b), he(c), he(d))

is a holomorphic function of ¢ € A, and omitting the values 0,1 and co. Then by

Schwarz’s lemma,

alal@)ls ()] < 7a(0) = =
and
p0,1(9(0))[g'(0)] < 2. (3.12)
But
19/ (0)] = 9(0)] V(bz)) - :(a) 3 V(Ci - ;/(b) N V(dc)l - Z/(C) 3 V(aC)L - Zz/(d)
(3.13)
where g(0) = cr(a, b, ¢, d) = L=pl=5.

Lemma 17. If V(b) = o(b?) as b — oo, then

<V(b)—V(a) V(C)—V(b)> 0

—_ p— as b— oo.
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Proof

(V(b) —V(a) V() - V(b))
b—a c—b
simplifies to
cV(b) —bV(c) —aV(b) — cV(a) + bV (a) + aV(c)
(b—a)(c—0)

As b — oo the denominator grows like b2 but the numerator is o(b?).

Theorem 25. For any vector field V' tangent to a normalized holomorphic motion
and defined by (3.10), there exists a number C depending on R such that for any
two complex numbers z1 and zo with |z1] < R and |z3| < R and |z — 22| < 0,

C 1
o
0g

[V(22) = V(1) <[22 — 21](2 + )-

0g
3 |22 — 21

Proof By applying Lemma 17, inequality (3.12) and equation (3.13) to a = 2z1,b =

z22—21
zo

'V(b) —Via) V()=V®) Vd)-V() Via)=-V(d) ‘

z9,c=0,d = 00, we obtain g(0) =

— _|_ —

b—a c—b d—c a—d
_ Vi(z2) = V(z1) Vi(z2)
Z9 — 21 z2 ’
and
and so
_ 2
‘V(@) Viz) _Viz)| , (3.14)
29 — 21 z2 2-4

- 29—21
por (252)

Applying (3.12) and (3.13) again with a = 0,b = 1, ¢ = 0o, d = 292, we obtain

22

V(z
poa(en)]eaf [ 2] < o,
z2
and so
%4 2
Viz)l (3.15)
|22 po,1(22)|22]
and this together with (3.14) implies
— 2 2
zZ9 — 21 001 (Zzz_;l) 22—21 p071(22)|22|

22
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From (3.16) and Lemma 15 we obtain

V) = Vien)| < o2 =] (|

1
+ 2logr + 2log | 22| +210g\zz\> .
2 — 21

Therefore to prove the theorem we must show that for e = IOL
(1/9)

1
+ 2logr + 2log|za| + 2log ———

<(2+4+¢)log—.
2 |22 — 21 |22 — 21

'V(Zz)

This is equivalent to showing that

v
’ (22) + 2logr 4 2log |22] < elog

<2

22 — 21|

If |z2| < 1, from (3.15) and Lemma 15, we have

1
po.1(z2) > 22| (log 7 + log |712\) )
and
T < stogr o 20g
Hence

‘V(ZQ) + 2logr 4 2log |z2] < 4logr.

22

If 1 < |29 < R, then since ]%22” + 2log | 22| is a continuous function, it is bounded

by a number M, so

14
‘ (22) ’ + 2logr 4 2log |z2| < Mj + 2logr.
22

The constant C' = M7 +2logr does not depend on § and ’%’f) +2logr+2log|z| <

C for any |z2| < R. Thus, putting € = C/m, we obtain

V(z2) — V()| < |22 — 2|2+ ) <log m%) .

Applying the same argument at a variable value of ¢ we obtain the following

result.
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Theorem 26. Suppose 0 <r <1 and R> 0. If |c| <7, |z1(c)| < R, |22(c)| < R
and |z2(c) — z1(c)| < 4§, then

24+¢ 1

[V (22(c)) = V(21(c))| < 1—7\@2'22(6) — z1(c)|log m> (3.17)

where e < % and 6 > |21(0) — 22(0)|. Moreover, there is a constant C' such that

1—|c|

|22(c) — 21(c)] < C - |29 — 21| Tl

Proof Equation (3.17) follows by the same calculations we have just completed.
To prove the second inequality, put s(¢) = |z2(c) — z1(c)| and assume 0 < |¢| < 1.

Then (3.17) yields

, 2+¢ 1
< = 1 .
{(0) < 1 epee)los 5
So
1 2+¢ 1
—(1 r< 1
(log s(c)) ~1—|c|? ©8 s(c)
and
1 24¢
—(log(1 '< )
(log(lox _5))' < {5

By integration,

le|

c_ 24e.  1—]c

1
—| <
s(c)) 0~ 2 Og1—|—|c|

—log(log

0

and

1 1 1— e\ *2
loglog(—— ) — loglog(—) > 1 .
og og(s(c)) og og(s(o)) > log <1+ |C’>

Since log x is increasing,

and

1—|c|

T5]c[» We wish to show that

Putting s = s(0) and a =

alt

s*7 < Cs® or equivalently that s~ < C. (3.18)
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This is equivalent to showing that
a(a® —1)logs <logC

or that

M
— —1)logs < logC.
a(exp(log(l/s) loga) — 1) logs <logC

Since 0 < a < 1 and since we may assume s < e !, by using the inequality

e’ —1 < ze™ for 0 < x <z, we see that it suffices to choose C so that

M
O‘m log(1/a)eM 8 log(1/s) = aMlog(1/a)eM 8™ < log C.

The idea for the proof of Theorem 26 is suggested but not worked out in [29].
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This chapter is a joint work with Jun Hu. We try to study the connection
between Chirka’s proof and Slodkowski’s proof of the extension theorem of a holo-
morphic motion. We use Chirka’s operator to construct infinitely many extensions,
and the uniqueness of extension is also discussed here.

Intuitively, a holomorphic motion of E in C over A is a motion of the points in F
under which all points in £ move complex analytically in C from their initial posi-
tions and don’t bump to each other at any time z € A. Based on our understanding,
we think Slodkowski’s proof is intuitive, that is to fill analytic disks into a polyno-
mial convex hull, where the convex hull is constructed through the solution of an
ordinary differential equation and the analytic disks are filled in by using harmonic
functions and their conjugates determined by boundary values. It takes a great deal
to show those analytic disks are mutually disjoint. By contrast, Chirka’s proof is
simple but not intuitive, which applies Schauder’s fixed point theorem to an integral
operator (defined by a Hilbert transformation) on a proper functional space. The

following example shows the key idea and difference of these two extension methods.
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Example 2. Suppose holomorphic motion f(z,w) fizes 0,1 and co. And suppose
f(2,3) =34z f(2,6) = 6+z. Then Slodkowski’s extension of f at 4 is f(z,4) = 4+z
by filling in the disk. But the Chika’s extension of f at 4 is f(z,4) = 4 because the

4 4s not in the image of the motion of point 3 and 6.

After learning these two extension methods, we are interested to know if there
is a connection between them, or what is the motivation for Chirka to develop his
proof. First, we will present a motivation from which we are able to develop a
proof very similar to Chirka’s, which will be given in the second section. After
that, we apply our setting of Chirka’s method in many different ways to construct
the holomorphic extensions of a holomorphic motion f of E over A. A natural
question arises: are these extensions same? In the last section, we first summarize
briefly the known sufficient conditions for the extensions to be unique; then give a
naive necessary for the uniqueness of extension and some examples with non unique
extensions; and finally raise two questions concerning the necessary conditions for

the uniqueness of the extensions of the holomorphic motions of four points.

4.1 From Green’s Theorem to Chirka’s proof

The following two questions were posed by Sullivan and Thurston in [62], which now

are called Slodkowski’s theorems.

Theorem 27 (Extendability of Holomorphic Motions). Every holomorphic motion
f: Ax E — C of an arbitrary subset E of C can be estended to a holomorphic
motion F : A x C — C of C, that is F is equal to f if restricted on A x E and is

parameterized on the same time parameter space A.

Theorem 28 (Holomorphic Axiom of Choice). Let f(z,w) = f*(w) be a holomor-
phic motion of a subset E in C, parameterized by time variable z € A. Then for

every point w outside E, there is a holomorphic map g : A — C such that (i)

9(0) =w and (i1) g(z) & f*(F) for any z € A.
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It was pointed out by Sullivan and Thurston in [62] that Theorem 28 implies
Theorem 27. By using the limits of normal families and Hurwitz’s theorem, Slod-

kowski reduces the proof of Theorem 28 to the following finite version.

Theorem 29 (Finite Version of Holomorphic Axiom of Choice). Let f(z,w) =
f#(w) = fuw(2) be a holomorphic motion of a finite subset E = {w; : 1 < j <n} in
C, parameterized by a complex time variable z in a neighborhood of the closed unit
dist A in the complex plane. Then for every point w in C\ E, there is a holomorphic
map fu : A — C such that (i) fu(0) = w and (ii) fu(z) # fu,(2) for any z € A

and any w; € K.

Note: we always assume oo is in the closed set E and foo(2) = oo.

Chirka’s proof of Theorem 29 is short and elegant, but the intuition leading
to his proof is mysterious to us. After studying the main ideas in Chirka’s and
Slodkowski’s proofs, a possible clue from Slodkowski’s proof to Chirka’s appears to
us. Let us first briefly summarize the clue. Given a continuous function ¢ from the
unit circle §! into C, a naive way to construct a holomorphic map @ on A from ¢ is to
apply to ¢ the line integral in the Cauchy integral formula. Although the extension
of ¢ to the boundary §' of A may fail or be very different from ¢, it defines an
analytic function on A. Fortunately, the map ¢ in our consideration is an analytic
map defined on the neighborhood of A in C and then ¢ can be expressed through
the Cauchy integral formula. After applying Green’s theorem to the line integral
in the Cauchy integral expression of ¢, we obtain so-called Pompeiu’s formula and
realize:

(i) the two non-analytic summands have their non-analytic parts canceled to
form a holomorphic map, and

(ii) the double integral summand has holomorphic extension to the outside of
the unit disk.

From there, we first take that double integral to define a functional operator R. (It

looks same to Chirka’s but actually not.) The image under this operator is only
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holomorphic outside A. By using the same scheme as Chirka’s, we obtain R has a
unique fixed point ®. Then we work out the complex derivative of ® with respect
to the time variable z for any z outside A and we find their values equal to the
derivatives of the moves of the points in E under the given holomorphic motion at
1/z. Therefore through pre-composing the time variable in ® by the reciprocal map,
we obtain a holomorphic extension of the given holomorphic motion of the points
in F for the time variable z in A. Overall, by following this path, we work out a
proof for Theorem 29. Since it is essentially as the same as Chirka’s proof except
that the setting at the beginning is different, we think it is probably the motivation
to develop Chirka’s proof. In the rest of this section, we lay out the details.

Let H(A) be the set of holomorphic maps from A to C and H(A) be the set of
holomorphic maps from neighborhoods of A to C.

Given a map f € H(A), by Cauchy’s integral formula

PRS0 =g [ SO e (1.1)

where |z| < 1. We can also use the line integral in (4.1) to extend f to any point z

with |z| > 1, for which f(z) is constantly equal to 0. Clearly,

_ oy = L SOz g1 & 41
PO =10 = 55 [ G % T Jy 1T 4E

Now by substituting & by %, we obtain

! e
$O 0 =g [ e (42)
Since |¢| =1, € = 1/¢ and then
f(2) = F(0) = — 1O ge. (4.3)

_2771'7, l€|=1 g — ]./Z

Now we define a map f from (C\ A) U A to C by letting f(co) = f(0) and

f@—ﬂw%=;w@ﬂggﬂa (4.4)

Clearly, f(2) = f(1) if |2| > 1, and f(2) = 0if |2 < 1.
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When |z| < 1, let us apply Green’s Theorem to the right side of (4.4), then we

obtain the following so-called Pompeiu’s formula.

fe) = Floo) == | /A — 2 s e 1o (45

Let £ = n +i(, then

) . ()
fe) = floo) = = [ [ E== andc— 1(2). (16

Furthermore, if |z| < 1, then f(2) is constantly equal to 0 and hence %—derivative

of the double integral in (4.6) is equal equal to %f(z). Now we separate this double

integral as an operator acting on the functions in H(A), that is, we define

o= =L [ [ D

for any z € C. Then g¢(z) is holomorphic when |z| > 1 and %g(z) = 5zf(2) when

|z| < 1.

Given any f € H(A) with f(0) = 0, let us extend f to a function fon C
by defining f(z) = f(z) for |z| < 1 and f(z) = f(1/z) when |z| > 1. Then
f is holomorphic when |z| > 1 and %f(z) = %f(i) when |z| < 1. Therefore,
g — f is continuous on C and holomorphic on C \ S!, and then holomorphic on C.
Furthermore, lim,_,o(g— f)(z) = 0, by Liouville’s theorem ¢ — f is constantly equal
to 0, that is, g = f So we obtain f is a fixed point of the operator R.

Similarly, given an arbitrary point w € C, if one modifies the operator R as

R :—// f’ff — dnd( + w,

then for any function f € H(A) with f(0) = w the corresponding f is a fixed point

of Ry-

The previous observations help us realize how the functional operator in Chirka’s
proof comes into play. In the following, we extend the operators in our observation-
s to a functional operator similar to Chirka’s (but not same) and give a proof of

Theorem 29. As you have seen, through our operator, we will not obtain directly
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holomorphic motions in A and instead we first obtain holomorphic motions out-
side A and then we obtain holomorphic motions in A by pre-composing with the
reciprocal map z +— %

Since the following operator is similar to Chirka’s operator which has been dis-
cuss a lot in chapter 2, we only write down the main propositions and theorems
here. For details, please read chapter 2.

Let E = {w; : 1 <i < n} be a finite set in C. In this section, we assume f;’s are
n functions in H(A) with f;(0) = w; for each i and for each z € A, fi(z) # fj(2)
as soon as i # j. Then there exists § > 0 such that |fi(2) — fj(2)| > ¢ for any
i # j and any z € A. Now let A be a real C*°-smooth function from [0, co) to [0, 1]
with A(0) = 1 and A(t) = 0 for any ¢ > §/2. For each 1 < i < n, we extend f; to a
continuous function f; on C as follows: fi(z) = f;(2) for |2| < 1and f;(2) = fi(1/2) if
|z| > 1. Since z = 1/z when |z| = 1, f is continuous. Clearly, f; is anti-holomorphic

in A and holomorphic outside A. Define

plzw) = 3 Mo — fit)) 2, (4.7

i=1

where z € C and w € C. Clearly, it has the following properties:

Proposition 7. (1) ¢ is bounded on C x C;
(2) ¢ vanishes outside A x C;
(8) for any w € C and any time z € A, there exists exactly one 1 < i < n such

that A
dfi(z)

Pz w) = Mw = £i(5)) =5

(4) p(z,w) satisfies the Lipschitz condition in the w variable and the Lipschitz

constant is independent of the z variable.

Let X be the space of all continuous functions from C to C. Then X is a Banach

space under || - ||co-norm. Now define a functional operator K on X as

K1) = Pt sone =1 [ [ 28 Daae sy
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where f € X. From Propositions 7, one can see that the operator K has the

following properties.

Proposition 8. (1) K is a continuous map from X to X.

(2) K(f) is bounded by a universal constant M > 0 independent of f, and
furthermore K(f)(oc0) = 0.

(3) K(f) is a-Holder continuous for a constant 0 < o < 1 with the a-Holder

constant independent of f.

(4) %K(f)(z) = ¢(z, f(2)), and then K(f) is holomorphic outside A.

Given any point w € C, define a functional operator K,, on X as

Ku(f)(z) = K(f)(2) + w. (4.9)

In our understanding, the operator R,, in our previous discussion is a motivation to

define the operator K,,. Therefore K,, has the following property as R.

Proposition 9. For each 1 < j < n, fj is a fized point of K, where wj = fj(oo) =
f3(0).

Schauder’s fixed point theorem (see [14] for a reference) shows the existence of
fixed points for K,, for any w € C, and furthermore we know the fixed point is

unique.

Theorem 30 (Existence and uniqueness). For each w € C, the operator K., has a

unique fized point f,, in X, where X denotes the space of all continuous functions

from C to C.

So far, we have seen that for each 1 < j < n, fj is the unique fixed point of
K.;, is holomorphic outside A, and is equal to f;j(1/z) for any |z| > 1. In the
meantime, for any w # w; for any 1 < j < n, the unique fixed point f,, of K, is
also holomorphic outside A and f,,(00) = w. Then f,(1/2) is holomorphic in A

and takes the value w at z = 0. One can see f,(1/2) provides a proof to Theorem

28 after the following theorem is proved.
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Theorem 31 (Injectivity). For any two complex numbers wy and we, let fi,, and
fuw, be the fized points of Ky, and Ky, respectively. Then fu,(2) # fu,(2) for any

zeC.

Through pre-composing the time variable z by the reciprocal map, Theorems 30
and 31 together imply Theorem 29.

We now finish this section by briefly recalling the setting in Chirka’s paper [12]
with comparisons to ours.

Define a continuous function fi(z) : C — C as: fi(z) = fi(2) if z € A and
fi(2) = f(1/2) otherwise, where 1 < i < n. In order to obtain the holomorphic
map fy directly defined on A (without pre-composing by the reciprocal map in
our setting) for Theorem 28, in [12] Chirka used f;’s, instead of fi’s, to define the

K-operator and then applied Schauder’s fixed point theorem.

4.2 Different ways to construct p(z,w)

In this section, we apply the K-operators in infinitely many different ways to con-
struct holomorphic maps f,, satisfying the two conditions in Theorem 29.

Recall that in the previous section we let X be the space of all continuous
functions from C to C, which is a Banach space under Co-norm. Let f; be the same
as in the previous section with f;(0) = w; for 1 < j < n. Now given any integer k,
let g](-k) (z) = e** f;(2) for 1 < j < n. We define a function Qj(-k) from g](-k) as the same

as fj, that is, g](.k)(z) = ](.k)(z) if |z| <1 and g}](k)(z) = g](.k)(l/z).
(k)

[

(z) and g(-k)(z) for

For each z € A, fi(z) # fj(z) as soon as i # j, so are g i

each k. Then for each k there exists d; > 0 such that |g§k) (2)- J(k)(z)| > § for any
i # j and any z € A. Now let A\, be a real C*°-smooth function from [0, 00) to [0, 1]

with Ax(0) =1 and Ag(t) = 0 for any ¢ > 0 /2. Similarly, we define

n ~(k)
O w) = 3 Ao — o)) 2 ) (4.10)

i=1

where z € C and w € C. Again similarly, a functional operator K*) on X is defined
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as: given g € X,

K®(g)( / / ! 5’ 69D e g (4.11)

and for any complex number w,
KW (f) = K®(f) +w. (4.12)

The exact work in the previous section implies:

Proposition 10. For each integer k and each 1 < j < n, gj(.’“) 18 a fized point of

K, where wy = g (c0) = £;(0).

77

Theorem 32. (1) Fach operator Kl(vk) has a unique fized point gquk) in X.
(2) Each fized point @&k) satisfies: gquk)(oo) = w and gw ( ) # gw]( z) for any

z € C\ A as soon as w # wj.

Clearly, gJ (1/,2) = gj(-k)(z) if |2| < 1. For any complex number w # w; for
any 1 < j < n, let g ( ) = gw (1/z) for |z| < 1. Then gq(uk)(()) = w and for
any |z| < 1, g ( ) # g( (z) for any integer k and 1 < j < n. Therefore each
fw (2) = _kzg(k)(z) satisfies the conditions required for the map f, in Theorem
29, that is, each fw k) provides an extension to the holomorphic motion {f;}_; from
the set £ = {w; : 1 < j < n} to the set EU{w}, where w ¢ E.

A natural question arises: Assume k # k', is fw not equal to fw for some point
w outside the set E7 In the rest of this section we provide an example in which
two different operators produce the same extensions. Then in the next and last
section we briefly consider sufficient and/or necessary conditions for the uniqueness
of extensions.

Given any point w € C, let K, be the functional operator defined in (4.9), that
is,

Kl =K +w=—7 [ [EELED by ac 4w,

where & = n + (.
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Let f, be the unique fixed point of K,,. Now define a continuous function on A
by letting g(z) = 1 — || for any z € A and g(z) = 0 for any z in the complement
of A. Let fu(2) = fu(2) + g(2). Then

WolE) oz, fule)) - 2

for any z € A and W is equal to O for any z outside A. Now we define a new
operator K, by substituting the (&, f(€)) in Ky by (&, f(€)) — €. Then it has all
the properties that the K, operator has. Therefore fu is the unique fixed point of
the new operator Kw, which is continuous in A and holomorphic outside A. Since
g(z) = 0 for any z outside A, fw = fy outside A. Hence by pre-composing with

the reciprocal map, the two operators K, and K, produce the same holomorphic

extensions.

4.3 Examples of holomorphic motions

There is a naive necessary condition for a holomorphic motion to have a unique

extension.

Proposition 11. If a holomorphic motion f of a proper subset E of C over A has

a unique extension, then Uycp fu(A) is dense in C.
The next two examples show this condition is far from sufficient.

Example 3. Let E be the set consisting of four points co, —1, 0 and 1. A mo-
tion f of E in C over A is defined as: f fizes 0, —1 and oo for all z € A
and the move of 1 under f is defined by the holomorphic covering map from A
to C\ {0,—1,—2,-3,-,00} with 0 mapped to 1. Clearly, this motion satisfies the
previous necessary condition. But f can be extended to E U {2} in following two
different ways: one way is to define the motion to fiz the point 2 and the other is
define the motion on 2 as the shift of the motion of 1 to 2. Therefore, f has two

different extensions to C.
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More explicitly,

Example 4. Let E be the same in the previous example and a motion f of E fix three

)%,

points 0o, —1 and 0. The motion of the point 1 under f is given by f1(z) = (
where z € A. Then f1 maps A onto C minus the closure of the negative half real
azis. Then f can be extended to E'U {2} in the same two different ways as in the

previous example.

In 9], Bers and Royden include examples for which there are different extensions
and examples for which the extensions are unique. And here the uniqueness of
the extension of holomorphic motions is depending on the uniqueness of extremal

quasiconformal map.

Example 5.

z
f(z,w)—w—i-E
for any w € C — A, and f(z,w) = w + 2w for any w € A.

For every fixed z, f(z) maps the unit circle to an ellipse which is symmetric.
So f(z) = [f(z,w)] for w € S' is a holomorphic map from A into Tp(A). The
holomorphic motion f(z,w)] Ax(C—a) has unique extension into the unit disk, since
f(z,w) = w+ 2w is a Teichmiiller map which is unique extremal in its Teichmiiller
equivalent class.

This example also shows that the holomorphic maps from A to Tp(A) do not
always have the lifting property which will be discussed in Chapter 6. Suppose this
map f(z) : A — T can be lifted to a map g(z) : A — My, then g(z,w) is a extension
of the holomorphic motion f(z, w)|A><(5—A) and ¢g(z,w) is asymptotically conformal
in A for any fixed z. But f(z,w) is Teichmuller in the unit disk, so |us(z,w)] is
a constant in the unit disk for any foxed z. Hence f(z,w) # g(z,w) which is a

contradiction.
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5.1 Teichmiiller space of a closed set

This chapter is a joint work with Yunping Jiang and Sudeb Mitra. Let E be a
closed subset in C; we will always assume that E contains the points 0, 1, and oco.
A homeomorphism of C onto itself is called normalized if it fixes the points 0, 1, and

Q.

Definition 22. Two normalized quasiconformal self-mappings f and g of C are said
to be E-equivalent iff f~'og is isotopic to the identity rel E. The Teichmiiller space
T(E) is the set of E-equivalence classes of normalized quasiconformal self-mappings

of C. The basepoint of T(E) is the E-equivalence class of the identity map.

The following analytic description of T'(F) will be more useful for our purposes.
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Let M (C) denote the open unit ball of the complex Banach space L>°(C). Each
w in M(C) is the Beltrami coefficient of a unique normalized quasiconformal home-

omorphism w* of C onto itself. The basepoint of M (C) is the zero function.

We define the quotient map Pr : M(C) — T(FE) by setting Pg(u) equal to
the F-equivalence class of w#, written as [w#]g. Clearly, Pr maps the basepoint
of M(C) to the basepoint of T'(F). In [53] Lieb proved that T'(F) is a complex
Banach manifold such that the map Pg from M (C) to T(E) is a holomorphic split
submersion; see also [23] for a complete proof. The space T'(E) is intimately related
with holomorphic motions of the closed set E; see §5.2 for more details.

Two special cases Let E be a finite set (0, 1, and oo belong to E). Its
complement 2 = C\ F is a sphere with punctures at the points of E, and there is
a natural identification of T'(E) with the classical Teichmiiller space T'eich(S2). It is
defined by setting #(Pg(u)) equal to the Teichmiiller class of the restriction of w*
to Q. It is clear that 6 : T(E) — Teich(Q2) is a well-defined map. It is easy to see

that the map 6 is biholomorphic; see Example 3.1 in [57] for the details.

When E = C, the space T(C) consists of all the normalized quasiconformal
self-mappings of C, and the map Pg from M(C) to T(C) is bijective. We use it to

identify 7'(C) biholomorphically with M (C).

Contractibility of T(E): The following fact was proved in §7.13 of [23].

Proposition 12. There is a continuous basepoint preserving map s from T(E) to

M(C) such that Pg o s is the identity map on T(E).

Since M (C) is contractible, it follows that the space T'(E) is also contractible.

Forgetful maps: If E is a subset of the closed set E and wisin M(C), then the
E—equivalence class of w* is contained in the F-equivalence class of w*. Therefore,
there is a well-defined ‘forgetful map’ p ;; from T(E) to T(FE) such that Pp = P5.E°
Pg. Tt is easy to see that this forgetful map is a basepoint preserving holomorphic

split submersion.

Changing the basepoint: Let w be a normalized quasiconformal self-mapping
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of C, and let E = w(E). By definition, the allowable map g from T(E) to T(E)
maps the E—equivalence class of f to the E-equivalence class of f o w for every

normalized quasiconformal self-mapping f of C.

Lemma 18. The allowable map g : T(E) — T(E) is biholomorphic. If u is the
Beltrami coefficient of w, then g maps the basepoint of T(E) to the point Pr(u) in
T(E).

See §7.12 in [23] or §6.4 in [57] for a compete proof.

5.2 The lifting theorem and Universal holomorphic mo-

tions

The main purpose of this chapter is to give a self-contained proof of the following

theorem.

Theorem 33. Let E = {0,1,00,(1,-+,(n} where ¢ # ¢ fori # j, and ¢; # 0,1, 00
foralli=1,---n. Let E=EU {¢ni1} where Cuyq is any point in C\ {0,1,00}
distinct from ¢ for alli =1,---,n. Then, given any holomorphic map f from A into

T(E), there exists a holomorphic map ]?from A into T(E), such that pg o f: f.

Remark. This “lifting problem" was mentioned in §7 of the classic paper [9],
and the authors called it “a difficult open problem." With the publication of |60], it
became possible to give a quick solution of this problem, using Slodkowski’s theorem.
We shall discuss this in more details in §5.4. More recently, Chirka (in [12]) published
a new proof of Slodkowski’s theorem. See also [5], [15], and |41]. The novelty of our
present paper is that we use some ideas of Chirka and a theorem of Nag ( [58]) to
give a direct proof of the above theorem. Our approach, therefore, also gives a new

interpretation of Chirka’s methods.
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5.2.1 Universal holomorphic motions

In this section we study the interesting relationship between “holomorphic lifts" and
“universal holomorphic motions." The main purpose in this section is to prove a

result of Bers-Royden (Proposition 4 in [9]) in its fullest generality.

Definition 23. Let V' be a connected complex manifold with a basepoint xo and let
E be any subset of C. A holomorphic motion of E over V is a map ¢ : V x E — C
that has the following three properties:

(i) ¢(xo,2) = z for all z in E,

(ii) the map ¢(z,-) : E — C is injective for each x in V, and

(iii) the map ¢(-,2) : V. — C is holomorphic for each z in E.

We say that V' is a parameter space of the holomorphic motion ¢. We will assume

that ¢ is a normalized holomorphic motion; i.e. 0, 1, and oo belong to E and are

fixed points of the map ¢(z,-) for every x in V.

Definition 24. Let V and W be connected complex manifolds with basepoints, and
f be a basepoint preserving holomorphic map of W into V. If ¢ is a holomorphic

motion of E over V, its pullback by f is the holomorphic motion

[ @), 2) = o(f(x),2)  forall (x,2) €W X E
of E over W.
IfEisapropersubsetofﬁandgb:V><E—>@,$:V><E—>@aretwo
holomorphic motions, we say that ¢ estends ¢ if q?(:):,z) = ¢(z, z) for all (z,2) in
V x E.

Henceforth, we shall always assume that E is a closed subset of C and that 0,

1, and oo belong to F.

Definition 25. The universal holomorphic motion Vg of E over T(E) is defined

as follows:

Uie(Pr(p),z) = wh(z) for pe M(C) and z € E.
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The definition of Pg in §5.1 guarantees that g is well-defined. It is a holo-
morphic motion since Pg is a holomorphic split submersion and g — w#(z) is a

holomorphic map from M (C) to C for every fixed z in C (by Theorem 11 in [4]).

This holomorphic motion is “universal" in the following sense:

Theorem 34. Let ¢ : VxE — C be a holomorphic motion. IfV is simply connected,

then there exists a unique basepoint preserving holomorphic map f :' V — T(FE) such

that f*(\I/E) = ¢

For a proof see §14 in [57].

In what follows, B is a path-connected topological space. Let H(C) denote the
group of homeomorphisms of C onto itself, with the topology of uniform convergence
in the spherical metric. As usual, E is a closed set in C, and 0, 1, and oo are in E.

The following two lemmas were proved in [57].

Lemma 19. Let h: B — H(C) be a continuous map such that h(x)(e) = e for all
x in B and for all e in E. If h(xg) is isotopic to the identity rel E for some fized

xo in B, then h(x) is isotopic to the identity rel E for all x in B.

Proof Let z be any point in B. Choose a path « : [0,1] — B such that v(0) = xg
and (1) = . Tt is clear that the map (¢, 2) = h(y(t))(z) from [0,1] x C to C is an

isotopy rel E between h(xg) and h(x).

Lemma 20. Let f and g be two continuous maps from B to T(E), satisfying:
(1) Ye(f(x),z) =VE(g9(z),2) for all z € E and x € B, and
(1) f(xo) = g(xzo) for some xo in B.
Then, f(z) = g(z) for all x in B.

Proof By Proposition 13, there exists a basepoint preserving continuous map s :
T(E) — M(C) such that Pg o s is the identity map on T(E). For each x in B,

define p(z) = s(f(x)) and v(z) = s(g(x)). We will show that the quasiconformal
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map h(z) = (w*®)~ o w”® is isotopic to the identity rel E. That will prove our
lemma.

Since p and v are continuous maps of B into M(C) and H(C) is a topological
group, Lemma 17 of [4] implies that h is a continuous map of B into H(C).

By condition (i) and Definition 23, we have
u),u(:l:) (Z) = \I]E(f(x), Z) = ‘IJE(Q(ZE), Z) — wl/(x)(z)

for all  in B and z in E. Therefore, h(zx) fixes the set F pointwise for each z in B.
By condition (ii), h(zo) is isotopic to the identity rel E. It follows by Lemma 20,
that h(x) is isotopic to the identity rel E for all = in B.

Let E and E be any two closed subsets of C such that E C E (as in §5.1,
we assume that 0, 1, and oo belong to both E and E) Recall from §5.1, the
forgetful map pg p, from T(E) to T(E) such that Py = Pg.p © Pp. The following

is a consequence of Lemma 21. Here, U is the universal holomorphic motion of F

and V¥ is the universal holomorphic motion of E.

Lemma 21. Let V be a connected complex Banach manifold with basepoint, and
let f and g be basepoint preserving holomorphic maps from V into T(E) and T(E)

respectively. Then pp o g = f if and only if g*(Vz) estends f*(Vg).

See §13 in [57] for the proof.

5.2.2 A proposition

We prove the following generalization of Proposition 4 in [9]. This is an easy con-
sequence of Theorem 34 and Lemma 22, and shows the importance of universal

holomorphic motions.

Proposition 13. Let V be a simply connected complex Banach manifold with a

basepoint. The following statements are equivalent:

1. Every holomorphic motion ¢ : V. x E — C estends to a holomorphic motion

$:VXE~>@.
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2. For every basepoint preserving holomorphic map f :V — T(FE), there exists a

~

basepoint preserving holomorphic map g : V — T(E) such that f = PEg°Y-

Proof

(1) = (2): Let f : V — T(F) be a basepoint preserving holomorphic map.
Then, f*(¥g) := ¢ is a holomorphic motion of E over V. By (1) there exists a
holomorphic motion gg: V x E — C such that qg extends ¢. By Theorem 34, there

exists a basepoint preserving holomorphic map g : V' — T'(£) such that g*(¥3) = ¢.

Since ;#5 extends ¢, it follows by Lemma 22 that pz ,og = f.

(2) = (1): Let ¢ : V x E — C be a holomorphic motion. By Theorem 29, there
exists a basepoint preserving holomorphic map f : V' — T'(E) such that f*(Vg) = ¢.
By (2) there exists a basepoint preserving holomorphic map g : V' — T(E) such that
f= PER©Y- Let g*(Vg) = QAS; then, $ is a holomorphic motion of E over V. Tt
follows by Lemma 22 that $ extends ¢.

Recall from §5.1, that when E = C, we can identify 7(C) biholomorphically
with M(C). The pullback \TI@ of ¥ to M(C) by Pg satisfies

Ue(p, z) = Ve(Pe(p), 2) = w"(2)
for all (u,2z) € M(C) x C. So, when we use Pg to identify T(C) with M (C), the
universal holomorphic motion of C becomes the map
Uelp, z) = wh(z)

for (u,z) € M(C) x C.
Corollary 1. Let V be a simply connected complexr Banach manifold with a base-
point. The following statements are equivalent:

1. Every holomorphic motion ¢ : V x E — C eatends to a holomorphic motion

(ES\: V xC —C.
2. For every basepoint preserving holomorphic map f :V — T(FE), there exists a

basepoint preserving holomorphic map g : V. — M(C) such that f = Pg o g.
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5.3 Proof of the lifting theorem

Recall that E = {0,1,00,(1,- - -, (n} where ¢; # ¢ for ¢ # j, and ¢; # 0,1, 00 for
all i = 1,---,n. By Lemma 19, we may assume that f : A — T(FE) is a basepoint

preserving holomorphic map.

For a fixed 0 < r < 1, let f-(2) = f(rz) = [w"]g. Then we define n holomorphic
functions f;,(z) = wh(¢) for i = 1,--+,n. Let D = C \ A be the exterior of A. We

define n maps on D, which are holomorphic in a neighborhood of D, as
1
9:(2) = fir (5)
for |z| > 1 and for all 1 < i < n. Furthermore, we extend g; to C as follows:
1
9:(2) = 9:(5)
for |z] <1 and for all 1 <i < n. We have the following:
(a) gi(0) = gi(0) = fori=1,---,n;
(b) for any fixed z € C, gi(z) # gj(z) for 1 <i # j <n and g;(2) # 0,1, 00 for
alli=1,--- n;
(c) gi(2) is a bounded function on C.

Choose a C* function 0 < A(z) <1 on Rt = {z > 0} such that A\(0) = 1 and

A(z) =0 for = > §/2. Define

0gi =

O(z,w) =3 A(Jw — gi(z)|)$(z), (z,w) e Cx C. (5.1)

Let C(C) denote the complex Banach space of bounded, continuous functions ¢

on C with the norm
18]| = sup |p(2)].
zeC
As usual, L*°(C) denotes the complex Banach space of L* functions on C with the
L>-norm denoted by ||| co-

Since O(z, f(2)) is an L™ function with a compact support in A for any f €

C(C), we can define an operator Q mapping functions in C(C) to functions in L*>°(C)
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with compact support by

Qf(2) =0(z,f(2),  f(2) €C(C).

Since O(z,w) is Lipschitz in the w variable with a Lipschitz constant L independent

of z € C, we have
1Qf(2) — Qg(2)| = 10(z, f(2)) — O(2,9(2))| < L[f(2) — g(2)].

Thus,
1Qf — Qglls < LIIf — 4

and Q : C(C) — L*°(C) is a continuous operator.

Now consider the operator

K=PoQ.
Clearly, it is a continuous operator from C(C) into itself.
Lemma 22. There is a constant C3 > 0 such that
IKfI<Cs  forall f €C(C).
Lemma 23. Let p > 2 and
2
O<a=1--<1
p
Then, for any f € C(C), Kf is a-Hdlder continuous with a Holder constant
H = maz {A(1)Cy,2'7C3}
where H is independent of f.

Lemma 24. For any ¢ > 0, there exists an R > 0, such that |Kf(z)| < € for all
f€C(C) and z € C with |z| > R.

The above lemmas imply that K : C(C) — C(C) is a continuous compact op-
erator. Recall from the statement of the main theorem that (11 is any point in

C\ {0,1, 00} distinct from (i, - -+, Cu. For Cuyt, let

B={feC©):[fll < It + C5}.
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It is a bounded convex subset in C(C). The continuous compact operator (,+1 + K
maps B into itself. By Schauder fixed point theorem (see Theorem 2A on page 56

of [64]) (n4+1 + K has a fixed point in B. That is, there is a g,4+1 € B such that

In+1(2) = Gut1 + Kgn+1(2) for all z € C.

Since Qf(z) has a compact support in A for any g € C(C), Kgn+1(z) — 0as z — oo.

S0, gn+1 can be extended continuously to oo such that g,41(00) = (1.

Lemma 25. The solution gn+1(2) is the unique fized point of the operator (,+1+ K.

and g;(z) is the unique solution of the operator ¢; + K for all 1 <1i < mn.

We claim that g,11(2) # gi(2) for all z€ C and 1 <i < n.
Now, let
1
fn—i—l,r(z) = gn+1 (;) for ’Z‘ < 1.
Let
My = {we CH cw; # wj for i # jand w; #0,1foralli=1,---,n+1}.

We can define a holomorphic function

Fr(z) = (fl,r(z)a ty fn,r(z)a fn+1,r(z)) A — MnJrl-

Recall that E = E U {Cui1}.
By a theorem of Nag (see [58]), there exists a holomorphic universal covering

map 7 : T(E) — My, such that m maps the basepoint in T(E) to the point

(C1,+ -+, Cnt1)- Since A is simply connected, there exists a holomorphic map
fri A= T(E)

such that 7 o ﬁ = F,, and we can choose fr to be basepoint preserving.
Recall from the beginning of §5.3, that f.(z) = [w”]g. Suppose fr(z) = [w”] 5.

Then, by §5.1, we have
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~

Consider the two maps f, : A — T(E) and Ppofr: A — T(FE). They are
both basepoint preserving. Furthermore, at each (;, for ¢ = 1,- - -,n, we have
wh(¢;) = w¥(¢;). Therefore, by Lemma 21, we conclude that Pg.p© fr = f, on A.
This proves the lifting of the holomorphic map f, on A,.

Since fp41, misses the points 0, 1, and oo, the family {fn4+1,}o<r<1 forms a
normal family. Therefore, there exists a convergent subsequence fry1,, — fnt1

when 7, — 1. It is clear that f;,, — fi; when r; — 1. We claim that
Lemma 26. For all z € A, fp11(2) # fi(2).

See the proof at the end of this subsection.

For z in A, define
F(z) = (A(), - far(2)).
By §1.3, T(E) is identified with the classical Teichmiiller space Teich(C \ E), which
is finite dimensional. Since each ﬁ(O) = [id] € T(E) for all 0 < r < 1, the
family {ﬁ}0<r<1 is relatively compact, because of the completeness of the Kobayashi
distance (which is the same as Teichmiiller distance) on T(E) (see Proposition 3
in [48], and also [63]). The holomorphy of the limit function f then follows from
Weierstrass’ theorem, since T(E) is a bounded domain in C"*! via Bers embedding.

Since 7o fr = F,, we have m o f: F', by continuity.
Finally, suppose f(z) = [w”]g and f(z) = [wg]E. By §5.1, we have
pe.p([0715) = []s.
Consider two maps f : A — T(E) and pg Fia - T(E). They are both

basepoint preserving. Furthermore, at each ¢;, we have w#((;) = w”((;) (because

To ]?: F). It follows by Lemma 21 that pg o f: I

Proof of Lemma 27 Consider a set of four points S = {z1, 22, 23,24} in C.
These points are distinct if and only if the cross ratio

21 — k3 k9 — X3 Z1 —R3 29 — 24
Cr(S) = : =

21— R4 k2 24 21 T R4 22— 23
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is not equal to 0,1, or oo.

Consider S(z) = {fi(2), fj(2), fut1(2),00}. The cross ratio

_ fi(z) = far1(2)
Or(8=) = fi(2) = futa(2)

We only need to show that for any fixed 0 < rop < 1, Cr(S(z)) is not equal to
0,1, or oo for any z € A,, where A,, is the disk centered at zero with radius rg.

For any 0 < r < 1, let Sy(2) = {fir(2), fjr(2), fut1,(2),00}. Then

_ Jir(2) = fr10(2)
Cr(Sr(z) = [ir(z) = fas10(2)

Since C \ {0, 1} is complete hyperbolic and

Co(5,(0)) = S ¢ €\ {0,1)

Cj - Cn—f—l

for all 0 < r < 1, again by Proposition 3 in [48], the family {C;(S,(2))}o<r<1 is

relatively compact in the space of holomorphic mappings from A to C\ {0, 1}. Thus,

for any |z| < ¢ and for any 0 < r < 1, we obtain
1Cr(Sr(2))] < K

for some K > 0.

This implies that the cross ratio Cr(S(z)) is bounded away from oo by K, by
letting » — 17. Following a similar argument, we can show that the cross ratio
Cr(S(z)) is also bounded away from 0 and 1 for any |z| < 9. So fnt+1(2) # fi(2)
for any 1 <i <mon A,,. Since 0 < 79 < 1 is an arbitrary number, we conclude

that fr4+1(2) # fi(2) on A, for any 1 < i < n. This completes the proof. O

5.4 Some concluding remarks

In their papers [9], Bers and Royden showed the intimate relationship between
Teichmiiller spaces and holomorphic motions. They noted that the lifting problem
in §5.1 is nicely connected with the question of extending holomorphic motions. In

fact, in Proposition 14 of our paper, let V= A and F and E be the two finite
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sets given in the statement of our main theorem. Then, by our main theorem and
Proposition 14, it follows that every holomorphic motion of E over A extends to
a holomorphic motion of £ (over A). By Proposition 1 in [9], it then follows that
given any holomorphic motion ¢ : A x K — C, where K is any set in C (not
necessarily closed), there exists a holomorphic motion ngﬁ : A x C — C such that gg
extends ¢.

It is important to note that the lifting problem that we discuss in our main
theorem does not work if A is replaced by a domain in C™ (n > 2). In fact, let
E and E be the two given finite sets in our main theorem, and n > 2. Then,
by our discussion in §5.1, T'(F) and T(E) are the classical Teichmiiller spaces of
the sphere with punctures at E and E respectively. Consider the identity map

~

i : T(E) — T(F); if it has a holomorphic lift into T'(F), i.e. if there exists a
holomorphic map g : T(E) — T(E’) such that pg pog = i, then the map g will be a
holomorphic section of the map p BB This is impossible by a theorem of Earle and
Kra; see |20] (also proved by Hubbard in [40]). By Proposition 14, that also means
that the universal holomorphic motion ¥g : T(E) x E — C cannot be extended to

a holomorphic motion of the set E.
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6.1 Kobayashi’s and Teichmuller metrics

Suppose N is a connected complex manifold over a complex Banach space. Let
H = H(A,N) be the space of all holomorphic maps from A into A/. For p and ¢ in

N, let

1+7r
1—7r’

di(p, q) = log

where r is the infimum of the nonnegative numbers s for which there exists f € H
such that f(0) = p and f(s) = ¢. If no such f € H exists, then d;(p,q) = oc.

Let

dn(p,q) = inf Y di(pi-1,pi)

i=1
where the infimum is taken over all chains of points pg = p,p1,....,pn = ¢ in N.

Obviously, dn,+1 < d,, for all n > 0.

Definition 26 (Kobayashi’s metric). The Kobayashi pseudo-metric dg = di nr is
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defined as
di(p,q) = lim dn(p,q), p,geN.
In general, it is possible that dg is identically equal to 0, which is the case for
example if N = C.
Another way to describe dg is the following. Let the Poincaré metric on the

unit disk A be given by

1+ \12:7w|
pa(z,w) = log %, z,w € A.
T 1—Zw]

Then df is the largest pseudo metric on A such that

di (f(2), f(w)) < pa

for all z and w € A and for all holomorphic maps f from A into N. The following

is a consequence of this property.

Proposition 14. Suppose N and N’ are two complex manifolds and F : N' — N’

18 holomorphic. Then

drn(F(p), F(q)) < drn (P, q)-

Lemma 27. Suppose B is a complex Banach space with norm || - ||. Let N be the
unit ball of B and let di be the Kobayashi’s metric on N'. Then

L+ [v]]

dg(0,v) =log ——
O.v) =log T

=2tanh ™' [|[v]|, VveEWN.

Proof  Pick a point v in /. The linear function f(c) = ¢v/||v|| maps the unit disk

A into the unit ball N, and takes ||v|| into v, and 0 into 0. Therefore

di (0,v) < pa(0,]v]]),

where pa is the Kobayashi’s metric on A (it coincides with the Poincaré metric on

A).
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On the other hand, by the Hahn-Banach theorem, there exists a continuous
linear function L on N such that L(v) = ||v|| and ||L|| = 1. Thus, L maps N into

the unit disk A, and so

dg(0,v) > pa (0, []v]]).
Therefore,

1+ [v]]

—— 1 = 2tanh ™! ||v]|.
1= v]]

dK(Ovv) = pa(0, HVH) = log

Assume R is a Riemann surface conformal to A/T" where I" is a discontinuous,
fixed point free group of hyperbolic isometries of A. Let M = M(I") be the unit
ball of the complex Banach space of all £* functions defined on A satisfying the

T'-invariance property:

— u(2) (6.1)

for all z in A and all 7 in I'. An element p € M is called a Beltrami coefficient
on R. Points of the Teichmiiller space T' = T(R) are represented by equivalence
classes of Beltrami coefficients y € M. Two Beltrami coefficients p, v € M are in
the same Teichmiiller equivalence class if the quasiconformal self maps f* and f”
which preserve A and which are normalized to fix 0,7 and —1 on the boundary of

the unit disk coincide at all boundary points of the unit disk.

Definition 27 (Teichmiiller’s metric). For two elements [u] and [v] of T(R), Teich-

maller’s metric 1s equal to

dr([u], [V]) = inflog K(f* o (f*)71),

where the infimum is over all p and v in the equivalence classes [p] and [v], respec-

tively. In particular,
1+ kg
51— ko

dT(()’ [M]) =lo

where ko is the minimal value of ||1]|oo, where p ranges over the Teichmiiller class

(1]
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Lemma 28. Let dix and dp be Kobayashi’s and Teichmiiller’s metrics of T(R).

Then dg < dp.

Proof  Let a Beltrami coefficient p satisfying (6.1) be extremal in its class and
||it|]|lcc = k. This is possible because by normal families argument every class pos-

sesses at least one extremal representative. By the definition of Teichmiiller’s metric

1+k

ar(0,[1]) = log T

For such a p, let g(c) = [cu/k]. Then g(c) is a holomorphic function of ¢ for |¢| < 1
with values in the Teichmiiller space T(R), g(0) = 0 and g(k) = [u]. Hence

dK(Ov [:U’]) < dl(ov [:U’]) < dT(O7 [U])

Now the right translation mapping o([f*]) = [f* o (f¥)~!] is biholomorphic, so
it is an isometry in Kobayashi’s metric. We also know that it is an isometry in

Teichmuller’s metric. Therefore, the inequality

d([V]; [n]) < da(V], [u]) < dr([V], ()

holds for an arbitrary pair of points [u] and [v] in the Teichmiiller space T'(R).

In order to describe holomorphic maps into T'(R) we will use the Bers’ embed-
ding by which T'(R) is realized as a bounded domain in the Banach space B(R) of
equivariant cusp forms. Here B(R) consists of the functions ¢ holomorphic in A¢

for which

sup {[(|2[” = 1)?|io(2)[} < o0
z€EAC

and for which

@(’Y(Z))(’/(Z))z =p(z) forall y €T.

We assume I' is a Fuchsian covering group such that A/I" is conformal to R.

For any Beltrami differential x4 supported on A, we let w* be the quasiconformal
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self-mapping of C which fixes 1,7 and —1 and which has Beltrami coefficient p in A
and Beltrami coefficient identically equal to zero in A°. Let w* restricted to A° be

equal to the Riemann mapping g”. Then g* has the following properties:
a) g" fixes the points 1,7 and —1,
b) ¢g"(0A) is a quasiconformal image of the circle A,
¢) g* is univalent and holomorphic in A°.
d) g*ovyo(g")~!is equal to a Mobius transformation 7, for all v in I, and
e) g determines and is determined uniquely by the corresponding point in T'(R).

The Bers’ embedding maps the Teichmiiller equivalence class of u to the Schwarzian

derivative of g" where the Schwarzian derivative of a C? function g is defined by

- (5)-4(3)

For more details about Schwarzian derivatives and complex structures, please
read Chapter 1. In the next section we use this realization of the complex structures

to prove that dpy < dg.

6.2 The Lifting Problem

Let @ be the natural map from the space M of Beltrami differentials on R onto T'(R)
and let f be a holomorphic map from the unit disk into T'(R) with f(0) equal to
the base point of T'(R). The lifting problem is the problem of finding a holomorphic
map f from A into M, such that f(0) =0and ®o f = f.

In this section we prove the theorem of Earle, Kra and Krushkal [21] which says
that the lifting problem always has a solution. We follow their technique which
relies on proving an equivariant version of Slodkowski’s extension theorem and then

going on to show that the positive solution to the lifting problem implies dr < dg
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for every Riemann surface that has a nontrivial Teichmiiller space with complex

structure.

Theorem 35 (An equivariant version of Slodkowski’s extension theorem of Earle
Kra and Krushkal). Let h(c,z) be a holomorphic motion of A¢ = C\ A parametrized
by A and with base point 0 and let ' be a torsion-free group of Mdbius transforma-
tions mapping A€ onto itself. Suppose for each v € I and c € A there is a Mdbius

transformation 4. such that
h(c,fy(z)) = ﬁ/c(h(c, Z)), Yz € AC

Then h(c, z) can be extended to a holomorphic motion H(c,2) of C parametrized by

A and with base point 0 in such a way that

H(c,7(2)) = Ye(H(c, 2))
holds for v €T, c € A and z € C.

Proof Observe that 4, is uniquely determined for all ¢ € A because A° contains
more than two points. To extend h(c, z) to A, start with an point w € A. By
Theorem 17, the motion h(c, z) can be extended to a holomorphic motion (still
denote it as h(c, z)) of the closed set A°U {w}. Furthermore, we may extend it to

the orbit of w using the I'-invariant property:

h(t7 ’Y(w)) = :Yc(h(cﬂ w>)7

for all v € I". Since every v € T is fixed point free on A, the motion h(c, 2z) is well

defined and satisfies the I'-invariant property for all ¢ € A and all z in the set
E={y(w):y€T}U(C\A).

So we only need to show that h(c,z) is a holomorphic motion of E. Observe

first that h(0,z) = z since 59 = y for all v € I'. To show h(c, z) is injective for all
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fixed ¢ € A, suppose h(c, z1) = h(c, z2) for some ¢ € A. Since h(c, z) is injective on

A¢U{w}, we may assume that z; = g(w) for some g € I'. By I'-invariant property,
h(e,w) = (§e) " (e, 21)).

Thus,

h(e,w) = (§e) " (e, 22)) = h(e, g™ (22)),

and we conclude that z2 belongs to the I'-orbit of w. Let 29 = f(w) for some g € T'.
Then
h(c,w) = Fe(h(c, w)),

where v = g~! o 8. Therefore h(c,w) is a fixed point of .. On the other hand,
since + is a hyperbolic M6bius transformation, 7. is also hyperbolic, so unless 7, is
identity, it can only fix points on the set h(c, 0A)). Hence 7 is the identity map and
21 = 2o.

Finally, we will show that [ : ¢ — h(c, z) is holomorphic for any fixed z € E. we
may assume z = g(w), g € I'\ {identity}. Then l(c) = h(c,g(w)) = ge(h(c,w)).
Since ¢ — h(c,w) is holomorphic and g, is a M6bius transformation, it is enough to
prove the map k : ¢ — §.(¢) is holomorphic for any fixed ¢. Applying the I'-invariant

property to the three points 0,1, 0o, we obtain
9c(0) = h(c,9(0)),
ge(1) = h(c,9(1)),

ge(00) = h(c, g(00)).

The right-hand sides of these three equations are holomorphic, so the maps ¢ —
3c(0), ¢ = gc(1) and ¢ +— g.(o0) are holomorphic. Since . is a Mdbius transforma-
tion, k : ¢ — g.(¢) is holomorphic.

Therefore, we have extended h(c, z) to a holomorphic motion of

AU {the I orbit of z}.
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By repeating this extension process to a countable set of points whose I' orbits are

dense in A, we obtain the extension H(c, z) of h(c, z) with the property that

forally €T, c€ A and z € C.
This equivariant version of Slodkowski’s extension theorem leads almost imme-

diately to the following lifting theorem.

Theorem 36 (The lifting theorem). If f : A — T(R) is holomorphic, then there
exists a holomorphic map f : A — M such that

do f=f
If 1o € M and ®(ug) = f(0), we can choose f such that f(0) = .
Proof By using the translation mapping « of the Teichmiiller space given by
a([w"]) = [w" o (w”) 1],

we may assume f(0) = 0. For each ¢ € A, let g(c,-) be a meromorphic function
whose Schwarzian derivative is f(c). Then on C\ A the map g(c,-) is injective, and
we can specify g(c, ) uniquely by requiring that it fix 1,7 and —1. Thus ¢(0, z) = z.
It is easy to verify that

g(c,2) : Ax (C\A) = C

is a holomorphic motion. For every v € I' and ¢ € A, there exists a Mdbius

transformation 7. such that

9(e;7(2)) = Fe(y(c, 2))-

Using the equivalent version of Slodkowski’s extension theorem, we extend g to a
I-invariant holomorphic motion (still denote it as g) of C. For each ¢ € A, let f(c)

be the complex dilatation
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Then the I'-invariant property of g implies that f(c) € M. From Theorem 17 in
Section 4, we know that f(c) is a holomorphic function of ¢. By the definition of
the Bers embedding, ®(f(c)) is the Schwarzian derivative of g. So ®(f(c)) = g(c).

Now we will use the lifting theorem to show that the Teichmiller metric and

Kobayashi’s metric of T'(R) coincide.

Lemma 29. Suppose M is the unit ball in the space of essentially bounded Beltrami

differentials on a Riemann surface R. Let dg be the Kobayashi’s metric on M. Then

dg (p,v) = 2tanh™! L
1—7ul|
for all p and v in M.
Proof From Lemma 27, for any v € M,
dr(0,v) = 2tanh ™! ||v||
Observe the function defined by
v—A
A=
1—-7A
is a biholomorphic self map of M. Therefore
dr(pu,v) = 2tanh ™! u
1-7pl|

Theorem 37 (Gardiner [25], [26],and Royden [59]). The Teichmiiller’s and Kobayashi’s

metrics of T(R) coincide.

Proof In Lemma 28 we already showed that dg < d7, So we only need to prove
di > dp. Choose a holomorphic map f : A — T'(R) so that f(0) =0 and f(c) = [y
for some ¢ € A. Then the lifting theorem implies there exists a holomorphic map

f:A = M so that
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So

di (0, f(c)) < pa(0,0).

By Lemma 29 and definition of Teichmiiller metric,

dr (0, [1]) < dk (0, f(c)).

Therefore,

dT(07 [:u]) < pA(07 C)'

Taking the infimum over all such f, we have

dr (0, [u]) < dg (0, [1]).

Hence dr < dg.
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7.1 Kobayashi’s metric > Teichmiiller’s metric on 7

This chapter is a joint work with Jun Hu and Yunping Jiang. We study an interesting
sub-space of 7 which was introduced by Gardiner and Sullivan in [36]. It is the space
of all symmetric orientation-preserving homeomorphisms g of the unit circle modulo
the space of all Mobius transformations preserving the unit circle. Denote it by 7o,
it is also a complex Banach manifold modeled on another complex Banach space.
So it has two natural metrics: one is the restriction of Teichmiiller’s metric from T
to To and the other is Kobayashi’s pseudo-metric. As an immediate consequence of
Corollary 2 (30, pp.298|, Earle, Gardiner and Lakic concluded in Theorem 1 of [19]

that these two metrics coincide with each other, that is,

Theorem 38 ( [19]). Teichmiiller’s metric coincides with Kobayashi’s metric on

To.
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The purpose of this chapter is to give a direct proof of this theorem. The main
idea of our proof is to construct a sequence of holomorphic quadratic differentials
converging to a holomorphic quadratic differential ¢ for which the Beltrami coef-
ficient of the extremal map can be expressed by k'—gl for 0 < k < 1.(see the forth
paragraph in §7.4). By using the technique similar to the proof of Srebel’s frame
mappings theorem, we show that the limiting holomorphic quadratic differential is
not identical zero. It seems to us that this method can be generalized to give a

direct proof of Corollary 2 in [30, pp.298].

The space T is a sub-manifold of 7. The restriction of Teichmiiller’s metric dp
to it is also a metric. We use dg, to denote dr|7, and dk, to denote Kobayashi’s

metric on Tg. Proposition 12, in chapter 6, implies the following lemma,

Lemma 30. For any 7,7 € To,
diy (1, 7") > dg (1,7") = dr(7,7") = dg, (7, 7).
And in chapter 1, we already showed the following proposition,

Proposition 15 (Gardienr-Sullivan [36]). If f is symmetric, then its Beurling-

Ahlfors extension F is asymptotically conformal.

More importantly, the Beltrami curve tu(F'), t € A, induced by the Beltrami
coefficient of F', stays in the space of asymptotically conformal maps and hence in
the space of symmetric homeomorphisms. Furthermore, the space S of symmetric
homeomorphism is a manifold isomorphic to PSL(2,R) x Ty, that is, 7o is the
quotient space of S up to post-compositions by the isometries on H.

In order to complete the proof of Theorem 38, it is left to show
drcy (1, 7") < dr, (7, 7).

for any 7,7’ € To.
Before we show it in Section 7.3, we prepare some background about Teichmuller

maps in Section 7.2.
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7.2 Extremal maps of points in 7

In our efforts of trying to prove that Kobayashi’s metric is less than or equal to
Teichmiiller’s metric on 7y, we make a lot of use of the property that each point
[f] € To has a unique extremal map of the Teichmiiller form. Note that the property
fails in the space 7. In this section, we recall why it is so. Our major reference is
Reich’s chapter on extremal quasiconformal mappings in [49].

Given any point [f] € T, let fp be an extremal map in its class, an element
f1 € [f] is called a frame mapping for fy if there exists a compact subset  in A

such that

sup K (f1)(2) < K(fo),
zEA\Q

where K(f1)(z) = % and K (fp) is the maximal value of K(fy)(z) for all
points z € A. By Proposition 15, we see that any non-base point [f] in T has a
frame mapping.

A sequence {¢,} of quadratic differentials on A is called a Hamilton sequence

for pio if ||n]] = 1 for each n and limy, o0 sup [ [5 poendrdy = ||po|]oo-

Theorem 39 (Hamilton-Krushkal Theorem). Given any point [f] € T, if f*o is

extremal in [f], then po has a Hamilton sequence.

Theorem 40 (Strebel’s Frame Mapping Theorem). For any non-base point [f] € T,
if an extremal map fo for [f] has a frame mapping, then it has a unique extremal map
©o

whose Beltremi coefficient of the Teichmiiller form pg = kog, where 0 < kg < 1

and g is a holomorphic quadratic differential with ||¢o|| = 1.
Now for each non-base point [f] € 7o, we obtain
Theorem 41 (Teichmiiller’s Existence and Uniqueness Theorem). FEach non-base

point [f] in To has a unique extremal map whose Beltrami coefficient of the Teich-

mdller form.
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In the rest of this section, we prepare another proposition for the next section

(see also [30] and [61]).

Proposition 16. Assume that {p,} is a sequence of holomorphic quadratic differ-
ential on A with ||¢n|| = 1. Then there exists a holomorphic function o on A
with ||pol| < 1 such that a subsequence of {on} converges to o uniformly on any

compact subset of A.

Proof It suffices to show {y,} is uniformly bounded on any compact subset Q C A.
Suppose not, then there exists a compact subset © and a sequence of points {z,}
in Q and a subsequence of {yy}, still denoted by {¢,}, such that |@,(z,)] > n.
Since 2 is compact, {z,} has an accumulation point zp in Q. Then there exists a
subsequence of {zy}, still denoted by {z,}, such that z, converges to zy9. Choose
a small > 0 such that the closed disk B(zp,r) centered at zp and of radius r is
contained in A. Then z, € B(z, 7) when n is bigger than a large number N. For

any n > N, one can apply the Cauchy integral formula for ¢, (z,) to obtain

1 n
n < |on(zn)| < / lon(2)] 46
|z—20]

< r
2 — |2 — 2]
for each § <7’ <r. And then

1 4 2
n< — apnzrde—/ wn(2)|do.
enlMran =2 [ leala)

2w |z—z0|=1"

Multiplying the previous inequality by 7’ and integrating both sides in radial direc-

tion from 5 to 7, we obtain

gnrQ :n/

2

r L 2 T , / 2 2
dar < = | lon(2)|dOdr’ < =||pn|| = =
™ % |z—z0|=0" 7T

s

3

Hence %nr2 < % for any n > N. This is a contradiction when n is large enough.

Therefore {y,} is uniformly bounded on any compact subset  C A. By Fatou’s

Lemma, [|pof| < 1.
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7.3 The proof of Theorem 38, dx = dr on 7T

To complete our proof of Theorem 38, it is left to show that
dr, (1, 7') < dr, (1, 7")

for any 7,7' € To. Since the right translation map «a([f*]) = [f* o (f¥)~!] is an

isometry in the both Kobayashi’s and Teichmiiller’s metrics, it suffices to show

dKo ([0]> 7_) < dTo ([0]7 T)

for any point 7 € Tg. By Theorem 41, 7 has a unique extremal map fo with Beltrami

coefficient k:o‘:;—g‘, where 0 < kg < 1, and ¢ is a holomorphic quadratic differential

with [|¢o|| = 1. Let Ko = 1log %fllzg In the meantime, by the Beurling-Ahlfors
Theorem, 7 has an asymptotically conformal representative f, denote its Beltrami
coefficient by p. Let K be the maximal complex dilatation of f. fy is the unique

extremal map in 7,80 1 < Koy < K.

Let D,, denote the open disk centered at 0 and of radius 1 — % Then there exists
a large N such that K(f)(z) < Ko for any point z in A\ Dy.

Let n > N and hy(2) be the restriction of f on the boundary of D,,. Observe
first that the maximal complex dilation Ky(h,,) of any extremal map of h,, is greater
than or equal to Kjy; otherwise the maximal dilation of the extremal map of 7 can be
decreased. Hence the restriction of f to D,, is a frame map for h,,. Again by Theorem
41, hy, has a unique extremal representative f, : D, — f(D,) with boundary value
hy, and with the Beltrami coefficient fi,, = kn‘i—z‘, where [ [}, [pn|dzdy = 1.

Now we define f,, to be equal to fn on D, and f on A\ D,,. Let pu, be the
Beltrami coefficient of f,,, that is, yu, = p on A — D,,, and py, = jin, on D,,. Let K,
be the maximal dilation of f,,. Then for each n > N, (i) K,, > Ky, (ii) [un] = [y]
and (iii) [tuy] € Tp for each t € A. The holomorphic map
win]

g:A—>T0:tl—>[H'u T
mn||oo
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implies

di,([0],7) < di([0],7) £ zlog ———— = = log K,,.

We are left to show K,, — Ky as n — oo for a subsequence of n’s.
Similar to the proof of the previous Proposition 16, one can show that there
exists a subsequence of {¢,}, still denoted by {¢,}, converging uniformly to a

holomorphic function ¢* on any compact subset Q of A. For any D,, with n > N,

6", = / / ¢*|ddy < lim / / (onldady < 1.
D, n—oo D,

Thus [|¢*|| = [ J5 l¢"|dzdy < 1.

In the next step, we show ||¢*|| > 0 by applying a special version of the Reich-
Strebel main inequality and the idea to prove Strebel’s Frame Mapping Theorem.
Let us first recall the special version of the inequality for the maps in 7, which can
be proved by the Grotzsch argument. If f;° is an extremal representative of the

Teichmiiller form for a point in 7, that is, vy = kohz—g‘ for some 0 < kg < 1, then for

any f¥ € [fol,

2
Ky < // ||90|02|‘ lpoldzdy.
Suppose [|¢*|| = 0. Then {¢,} has a subsequence converging uniformly to zero
on any compact subset Q of A, we still denote it by {¢p}.
Now for any £ > 0, we first choose a compact subset € of A such that |||l < €
on A — Q. Then there exists N such that ||¢n||o = [ [, [¢nldzdy < e for all n > N
and Q C D,, for each n > N.
Now we assume that n is bigger than both N and N. Applying the previous

inequality to each f, and f on D, we obtain

+ ppe|?
K<// “$|%m@

(Clearly,

is

+M\P M%
Ky < — | |n|dzdy + Il |on|dzdy.
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Then
14+¢
Kng// llcpn]dxdy—i-K//]Lpn]dxdy,
D,—Q1—¢ Q
and hence
1+4¢ 14+¢
Ko< 1os [ [ ealdsay+ (6= 155 [ [ feudsay,
— & Dn 1_8 Q
Therefore
1 1
| < Ko< Kn< 54 (K-8
1—¢ 1—¢

This is a contradiction when ¢ is sufficient small. Therefore ||¢*|| > 0.
Now let p* = /{:*'i—i', where k* = lim,_,o kyn (a limit of a convergent subse-
quence). Then u, — p* a.e. on A. By the convergence theorem (see Theorem 4.6

in |?]) of families of quasiconformal maps, we know
lim f#|on = f*"|oa = fFloa = f* loa.
n—oo

By the uniqueness of the extremal map for [f#°], k* = ko. Thus K,, — Kpasn — 0o

for a subsequence of n’s. We complete the proof.

7.4 Approaching by frame mapping

Definition 28. If u is the Beltrami coefficient of a map f, then
n () = inf sl

where the infimum is over all compact sets E in A.

Let h(f) = inf h*(f) where the infimum is over all representative f of the Te-

ichmuller class of f.
The following theorem is the theorem 35 in Chapter 15 of the book [30].

Theorem 42. every class in AT is represented by a Beltrami p such that h*(u) =

h(w)
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Proposition 17. For every 7 in T and every € > 0, there exist a representative n

of T such that ||n||cc < ko(7) + € and h*(n) = h(n)

I think we also can use theorem 37 and frame mapping theorem to prove this
proposition. It is like a more general result of using Beurling-Ahlfors extension and
frame mapping theorem. So I think frame mapping theorem is the key point to get

global smaller complex dilatation p and keep the boundary dilatation A(u).

Proof For any fixed 7 € T, there is an global extremal representative pg. By
theorem 37, there is also a p such h*(u) = h(p). From the definition, h*(u) =
h(p) < B*(po) < k(po) = ko.

If h*(u) = h(u) = ko, then n = u. we are done.
If h*(p) < ko, then there exist a compact set E such that ||pla—gl|le < ko. So

we use can frame mapping theorem. The unique global extremal element has the

ol
wo °

Teichmuller form o = kg
For large enough n, E is a subset of D,, where D, is the disk centered at 0 and
with radius 1 — %
Let hy,(z) = f#(z) for z € OD,,.

Let ap = ||p|a-El|oo, then [|pla—p, |lcc < ap < ko

Then by Frame mapping theorem, there exists a unique global extremal element

—~

fa(z) : Dy — fH9(D,,) with boundary value h,(z) and with complex dilatation
tn = kn‘f;—"‘ where [ [, [pn|dzdy =1

n

(note: |¢p| may have pole on 0D, )
Let pn(2) = p(2) if z € A — Dy, and py, = iy, if 2z € D,

1. pn ~ pie up €T
2. It is clear K, > K11 > K.
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By normal convergence ¢, converges uniformly to ¢* on any compact subset of

A, so ¢* is holomorphic in A. For any fixed Dy,

WWMZ//‘WWmMﬂm//\%WWSL
DN DN

then ||¢*|| = [ [4 [¢*|dzdy < 1.

Claim: [|¢*|| # 0.
Proof

If ||¢*|] = 0, then ¢,, convergence to zero on any compact subset of A uniformly.

So we can find N, such that E C Dy, and ||¢n||e = [ [5 |¢n|dzdy < e for all n > N.
Now apply the main inequality to f* and f*" on D,.

Since f#» is the teichmuller map in D,, and since f* ~ fF#» on D,

ol

K < // | | ’d.’l?d
©n Y.
1 |” ’2

Then
1+ pur2e]? + pre
KnS// l%Z‘ |on |da dy—i—// ‘%3‘ |on|dxdy.
Wb 1=yl — |ul
Forn > N,
1+
Ko< [ %% pudady + K() [ [ Ienldod
Bl —ap E
1+aE 1+OéE
//|%mw+(u” 5) [ [ 1enldods
hence
1+ ag 1+ ag
Ko < K, < K(f") — —2Ey.
o< Ko < B (K () - 10

It is impossible for very small €.
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Since ¢* is not identically equal to zero, then p* = k*%is the teichmuller form
where lim k,, = k* .

Un — p* a.e. | then
lim f*|ga = f* |lon = f*loa = f* |oa.

So pu* € Tie. p~ p*. Hence kg = k* and ¢y = ¢*. So k, — ko. So we can just

let n = py,.



CHAPTER 8

Extremal Annuli on the Sphere

8.1 Extremal Length and Modulus of Annulus

An annulus in the Riemann sphere for which each complementary component con-
tains two points a minimal distance apart can be extremal in different ways. In
this chapter I want the modulus of the annulus to be as large as possible subject
to geometrical constraints on the locations of the points. This part is a joint work
with Fred Gardiner.

According to how one describes the constraints one can arrive at two types of
annuli called Teichmiiller and Mori annuli. We describe these constraints in a way
similar to Ahlfors’ description in [3] except that we use the chordal metric in place
of the Euclidean metric. We find the minimal configurations in a new way by using
variational techniques . Moreover, we show how the configurations relate to Minsky’s
intersection inequality [55,56] and to two general principles of Teichmiiller theory,
namely, the Dirichlet principle for measured foliations [26,32] and to the minimal
azis theorem [35].

The Teichmiiller space T'(R) of a Riemann surface R measures deformation-
s of its conformal structure. We assume S has the simplest possible, non-trivial
form, namely, it is the sphere with four points removed. Points of T'(S) parame-
terize homotopy classes of motions of four points up to postcomposition by Mdébius
transformations. Since Md&bius transformations act transitively on triples of points,
any such continuous motion can be postcomposed by a continuous curve of Mdébius

transformations so that three of the points remain fixed. Thus we can view T'(S) as
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homotopy equivalence classes of motions of one of the four points while the other
three remain fixed. A small neighborhood of the terminal location of the fourth point
determines a complex local coordinate for T'(S). Thus T'(S) is a one dimensional
complex manifold and by Teichmiiller’s theorem it is conformal to a disc.

The stereographic projection of the unit sphere centered at the origin in three
dimensional space projects along rays from the north pole at (0,0,1) to points
(z,9,0) in the zy-plane. This projection projects a point p on the sphere along the
line that passes through (0,0, 1) and p to the point of intersection with the xy-plane.
If z = x + 4y, the chordal distance from p; to py on the sphere is expressed by

2’21 — ZQ’
V(I [+ [22P)

dc(z1,22) =

In particular,
2

VIF]2

Note that for any two points z1 and 22, do(z1,22) < 2 and in terms of this metric

do(z,00) =

z1 and zy are antipodal only when d¢(z1, 22) = 2. The spherical distance dg from
z1 to 22, which measures the angle of the sector on a great circle spanned by p; and

P2, is related to the chordal distance d¢ by
dg(z1,22) = 2arcsin(deo(z1, 22)/2). (8.1)

The spherical metric is the integrated form of the restriction to the sphere of the
Riemannian metric dz? 4 dy? + dz? in three dimensional space. Between any two
points z; and zo with dg(z1,22) < 7 the unique geodesic joining z; and zy runs
along the great circle that passes through these two points.

In order to formulate the extremal properties of the Mori and Teichmiiller annuli,
it is necessary to define the modulus of an annulus. We assume we are given two
disjoint, connected, simply connected, compact and closed subsets F; and Fs of
C = CU{o0}. The region A = C \ (E; U Ey) is called an annulus and by definition

its modulus mod (A) is equal to extremal length A(FE1, E2) of the family of arcs in



8.1. Extremal Length and Modulus of Annulus 115

C\ (F1 U E») that join E; to Es. In particular,
L(p)®
mod (A) = A(Fy, Ey) = sup —+———~———,
(4) = MBw B) =sp Ty

where the supremum is taken over all metrics p(z)|dz| and L(p) is the infimum of

L p(2)ld

where « is any arc with initial point in £; and terminal point in Fjs.

(8.2)

the arc lengths

This is a general definition that defines the modulus of a family of curves on any
Riemann surface. When the family is the family of arcs that join the two boundary
components of a topological annulus A, it is equivalent to the following definition.
By uniformization, there is a conformal map f that carries A to a region in the
complex plane bounded by two circles concentric to the origin, that is, f maps A to

{z: Ry < |z|] < Ra}. Then the modulus of A is equal to
mod (A4) = (1/27) In(R2/R1).

Also, if we let A(A) be the extremal length of the family of closed curves in A that are
homotopic to any curve {|z| =} where Ry < 7 < Ry, then A(A) = (mod(A)) .

For more properties about modulus, please read chapter 1.

Let us define an annular configuration in C to be three disjoint subsets Fy, Eo
and A where both E7 and Fs are disjoint, connected, simply connected, compact,
closed and contain at least two points and A = C\ (E; U E3). A core curve « of
A is any simple closed curve in A that separates its two boundary components.
Given a curve « separating z1, zo from z3, z4 we can form a conjugate curve Ba,. It
is any simple closed curve in C \ {z1, 29, 23, 24} that separates two pairs of points
in {21, 22, 23, 24} such that i(«a, f2,) = 2n, where i(a, ) is the smallest possible
number of intersections of curves & and B in the same homotopy classes as a and
on C\ {z1, 22, 23, 24}

By definition the chordal diameter of a closed set E is

diam(E,dc) = sup dco(w, z). (8.3)
w,ze€E
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We now state the two extremal problems together so as to note their close

similarity; we will see that they lead to different extremal annuli.

The Mori extremal problem. Assume A; and Ao are two numbers between 0

and 2. Find an annular configuration such that
diam(FE1,dc) > A1 and diam(Es,dc) > Ao
and such that A(E7, Eq) is as large as possible.

The Teichmiiller extremal problem. Assume z1, 22,23 and z4 are four points
such that z; and z lie in Ey, 23 and 24 lie in B9, and do (21, 22) > A1, do(23,24) > Ao
and three of these four points lie on a great circle. Among all annular configurations

(E1, A, E5) with these properties, find one such that A(E1, Ey) as large as possible.

The following are the first two theorems of this chapter. Unlike the formulations

given in [3], the constraints here are expressed in terms of the chordal metric.

Theorem 43 (The Mori annulus). The Mori problem has a solution. Up to
spherical isometry it is unique and takes the form FE, = [—ib,ib], By = [—00,a] U

la, 00] where d=(—ib,ib) = Ay and dg(—a,a) = Ay.
We also have a parallel statement for the Teichmiiller annulus.

Theorem 44 (The Teichmiiller annulus). The Teichmiiller problem has a solu-
tion. Up to spherical isometry it is unique and takes the form E, = [—a,al, By =

[b,00) U {00} U (—00, —b], where a < b are positive numbers chosen so that
M = do(—a,a) and A = de(—b, b).

For the proofs we will use two general principles of Teichmiiller theory, namely,
the Dirichlet principle [26,27] and the minimal azis theorem [35]. These principles
enable us to view Teichmiiller and Mori annuli as special cases of one dimensional
families of minimal annuli corresponding to pairs of transversely realizable cylin-
drical differentials on the four times punctured sphere. In particular we prove the

following two results.



8.1. Extremal Length and Modulus of Annulus 117

Theorem 45 (The Mori minimal axis). Let four points z1,z2,23 and z4 in
C be given and let |du| and |dv| be measured foliations corresponding to simple
closed curves o and [ both of which separate {z1,z2} from {z3,z4} and such that
i(a, B) = 4.1 Then up to pull back by Mébius transformations the minimal Mori azis
corresponds to the Mori quadratic differentials:

(dz)?
(z —ib)(z +ib)(z —a)(z —a)’

q(2)(dz)* =

where a and b are positive numbers.

m E1

Eo—™
m2

m: and mzare midpoints of E: and E-.

Figure 8.1: Mori’s annulus

Theorem 46 (The Teichmiiller minimal axis). With the same notation let
|du| and |dv| be measured foliations corresponding to simple closed curves a and
B where « separates {z1,z2} from {zs,z4}, B separates {zo2,23} from {z1,2z4} and
i(a, B) = 2. Then up to pull back by Mobius transformations the minimal Teichmyil-
ler axis corresponds to the Teichmiller quadratic differentials:

(dz)?

¢(2)(dz=)? = (z=0b)(z+b)(z—a)(z+a)’
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where a and b are positive numbers with a < b. (see Figure 8.2)

We will also show how these extremal problems are special cases of extremal
problems for pairs of conjugate extremal annular configurations associated with es-
sential simple closed curves « and (B2, where the homotopy type of 82, is determined
by its intersection number with «, namely, i(«, B2,) = 2n on the four times punc-
tured sphere. The cases n = 1 and n = 2 correspond to the Teichmiiller and Mori
annuli.

In the final section we use the same techniques to describe a modified Mori prob-
lem on the Riemann sphere for continua F; and Es that contain regular polygons

of a given size.

8.2 The intersection inequality

In this section we prove Minsky’s intersection inequality. First, we need one more
definition. A closed curve is called essential if it is not homotopic to a point and

not homotopic to a puncture of any Riemann surface R.

Theorem 47. (Minsky’s intersection inequality [55]) Suppose o and (3 are

essential simple closed curves on any Riemann surface R. Then
A@)A(B) > i(a, B).

Proof By the Dirichlet principle for measured foliations there is a unique quadratic
differential g, holomorphic on R such that

a) all regular horizontal trajectories of g, are closed curves in the homotopy class
of a,

b) [ [ ldaldrdy =1, and

¢) A@) = L(|gal'/?)*.

|1/2

In particular, the metric |gq realizes the maximum in the definition of the ex-
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tremal length of the class «a, that is,

L(lga]'?)?

M vy

Furthermore, any curve § with i(a, ) = n must cross n times the cylinder deter-
mined by go. If we assume this cylinder has height b and width a, then A(a) =
a®/ab = a/b, and by plugging the same metric into the definition of the extremal

length A(5) we obtain

n2b? _ ob
A(ﬁ) > W =n a-
Thus,
A(a)A(B) > n?. (8.4)

Note that the only way we could have equality in (8.4) is by having all of the
regular horizontal trajectories of gg intersect the regular horizontal trajectories of g,
at right angles and by having g, equal to —gg. If the Riemann surface is planar, by
the Jordan curve theorem two homotopy classes of simple closed curve can intersect

only an even number of times, so in this case the value of n must be even.

8.3 The minimal axis theorem

In this section we shall assume we are given two measured foliations |du| and |dv| on
a Riemann surface R of finite analytic type. For a definition of measured foliation
see [24] or [26]. In our notation measured foliation |du| is made up of a family of
C'-real valued functions u; each associated to an open subset U; of R. If two of
these subsets U; and Uy, intersect then on the overlap U; N Uy, there is a constant

cjk such that

U; = iuk + Cjk-

Moreover, the level sets

u = constant
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are well defined on the union U = Uj U; and determine continuous curves. For

smooth curves v contained in R we can form the line integrals

/ |du.
~yNU

It is assumed that the union U = ; U;j covers R except for a finite number punctures
which can be points the level curves u; = constant have singularities.

In any case the heights of |du| along homotopy classes of closed curves contained
in R are defined in the following way. For any particular smooth closed curve vy we

define
hi(y, dul) = / dul,

”
and for the free homotopy class [y] of v, we define

ht([v], |dul) = inf{ht(Y, [dul)},

where the infimum is taken over all 7 in the same free homotopy class as .

We let S denote the set of all essential simple closed curves on R. By definition
a curve is essential if it is not homotopic to point and not homotopic to a puncture.
By the correspondence

|dul = (7] = ht([y], |dul)

the measured foliation |du| determines an element of the product space ]R‘?r. We say
two measured foliations are height equivalent if they have the same image under
this map.

In addition to its vector of heights, any measured foliation also has a Dirichlet
norm. Because we are assuming the real valued functions u; have continuous first
partial derivatives, and because we are assuming R has a Riemann surface structure
R;, there is a star operator and so any measured foliation |du| has a well defined

Dirichlet integral

Dir(\du!):// du/\*du:// (ugdz + uydy) N (—uyde + uzdy)

:// (ui—i—uz)dazdy.
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Definition 29. M (|du|) is the infimum of Dirichlet integrals ffRT (a2 + ﬂg)dajdy

where the infimum is taken over all |da| in the same height equivalence class.

Theorem 48. [26,27,32] The Dirichlet norm My (|du|) of a height equivalence class
on a Riemann surface R, of finite analytic type is uniquely realizable by a measured
foliation given by the horizontal trajectories and vertical measure of a holomorphic

quadratic differential q. M, (|du|) is differentiable and its derivative is given by

2Re t
log My du]) = log My dul) + o [ [ nadsdy + ot
For the proof of this theorem, please read section 1.9.

Definition 30. We say two measured foliations |du| and |dv| are transversal if the

following conditions are satisfied.
1. Away from singular points their horizontal leaves are transversal.

2. At singular points both |du| and |dv| have k-pronged singularities for the same

value of k and the prongs are transversal.

Definition 31. Two measured foliations |du| and |dv| on a surface R satisfy the
intersection hypothesis if there is a constant k > 0 such that for every essential

stmple closed curve v on R,
max{ht(~, |dul), ht(vy, |dv])} > k.

Theorem 49. (Condition for transversality) Two measured foliations on a
surface of finite analytic type satisfying the intersection hypothesis are transversely

realizable in their height equivalence classes.

Proof 'This theorem is a consequence of the following theorem which shows that
there is a Riemann surface R; on which the two height equivalence classes can
be realized as the real and imaginary parts of the square root of a holomorphic

quadratic differential on R.
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Theorem 50. (The minimal axis) Given any pair of measured foliations |du| and
|dv| satisfying the intersection hypothesis, there is a unique Teichmiiller line in the

T(R) along which the product
Mz (|dul) M (|dv])

is minimum. There is a point 79 on this line and a holomorphic quadratic differential
q on R, such that |du| and |dv| are height equivalent to the absolute value of the
real and imaginary parts of \/q. This minimal awis is spanned by the Beltrami line

t%for—1<t<l.

Proof  This theorem is proved in [35]. Also see [32].

Corollary 2. With the same hypotheses, if one holds M, (|dv|) fized there is a unique

point 1o on the minimal azis for which M, (|dul|) is minimum.

Proof The holomorphic quadratic g differential whose horizontal and vertical tra-
jectories realize the height equivalence classes of |du| and |dv| at any point on the
minimizing line is generated by the Beltrami line t%, —1 < t < 1, the product
M (|du|) M, (|dv|) is constant along this line and passes through the point 7.

In the special case where the Riemann surface S; is the four times punctured
Riemann sphere, the space of holomorphic quadratic differentials is one dimensional.

Any non zero differential in this space must have a one pronged singularity at each

of the four punctures.

Theorem 51. Let A1 and As be a pair of annuli on the four times punctured sphere
S with essential, non homotopic core curves ay and as. For a given complex structure
T on S and a given essential closed curve « let mod;(A) be the mazimal modulus
of an annulus with core curve homotopic to . Then the locus of points T for which

M, (A1) M, (As) is minimum forms a Teichmiiller line in T(S).

Proof Suppose two measured foliations |du| and |dv| are in the same measure class

as two essential simple closed curves o and ag on S. Then it is obvious that any
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other essential simple closed curve on S must cross either a; or as at least twice.

Thus |du| and |dv| satisfy the intersection property with k& = 2.

8.4 The Teichmiiller annulus

In this section we prove Theorems 44 and 46. Recall that Fq, A, E5 is an annular
configuration with E; containing z; and 29 and F» containing z3 and z4. Also assume
do(z1,22) > A1 and de(z3, 24) > Ao and three of the points z1, 22, and z4 lie on the

same great circle. We begin with an existence lemma.

Lemma 31. There exists an annular configuration E1, A, Es with four points z1, zo

i F1 and z3,wy in Fy satisfying the conditions described above with
dc(z1,22) = A1 and do(z3, 24) = Aa
and with A(E1, E9) as large as possible.

Proof We take as a standard annulus A\ A, where A is the unit disc and A; is
the subdisc with the same center and radius € < 1. For each annular configuration
E1, A, E; satistying the given conditions we form a univalent holomorphic function
fe that maps A\ A onto A where

27

In(1/e)

The family F is a normal family and the numbers ¢ satisfying these conditions have

= A(A).

a positive greatest lower bound eg. Since F is a normal family, the sequence f¢,
with &, decreasing to ¢ will have a subsequence converging to a univalent function
feo defined on A\ A, for which the annulus A = f. (A \ A,,) has maximum mod-
ulus among all annuli with two complementary components satisfying the described

conditions.

Lemma 32. Suppose E1, A, Es is an annular configuration with the property that
A(«) is as small as possible subject to the conditions described in the previous lemma.

Then all four points z1, z2, 23, 24 must lie on the same great circle.
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Proof We take a Mobius transformation that moves 21 to a point on the negative
real axis and 22 to 0 so that do(z1, 22) = A1. Since by hypothesis, three of the four
points lie on the same great circle, we are still free to move the point 24 to oo with
the same Mobius transformation that preserves the real axis. The condition that

do(z3,00) > Mg is equivalent to

2

—— > Ay,
14+ ’23|2

2 2
<[ — — 1.
va_(h)

By the extremal property for the Teichmiiller annulus |2, 3], making A(F1, E2) as

which implies

large as possible (which makes A(«) as small as possible) forces z2 to be a positive
real number. In particular, all four numbers z1, 29, 23, z4 lie on the extended real
axis, which is a great circle.

Our goal now is to give a different proof of Lemma 32 which depends on under-
standing the variation of the extremal length A¢(«) along a locus of points where
the values of A1y and Ay do not change. For this purpose we pick z3 = —1, 20 = 0
and z4 = oo and 21(t) = Re where 0 < 2m. We let A¢(a) be the extremal length
of the family « of simple closed curves that are homotopic in C\ {z1, 29, 23, 24} to a

curve that contains the interval [—1, 0] in its interior and z3 and z4 in its exterior.

Theorem 52. A(«) is a continuous periodic function of t, monotone increasing for
0 <t < m, monotone decreasing for m < t < 27, attaining its mazimum at t = w

and its minimum at t = 0.

Figure 8.2: Teichmuller minimal axis
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Proof The Weierstrass P-function

1 1 !
w=Pr(C) = §+Z <(C— (m+n7))2 (m+n7)2>’

where the sum is over all integers (m,n) € Z x Z with (m,n) # (0,0), induces a
two-to-one map from the period parallelogram with vertices at 0,1, 7 and 7+ 1 onto
the Riemann sphere with four branch points at the half periods and branch values

at e, eq, e3 and oo.

T

Weierstrass P-function

% two-to-one map

Figure 8.3: Weierstrass P function

. . . . 1
P(¢) maps the interior of the half parallelogram with vertices at 0,1/2, 337

-
)

one-to-one to the sphere taking the vertices to four points oo, e1, e3, e3 and taking the
quadratic differential 4(d¢)? to the quadratic differential to the quadratic differential

(dw)?

2 W (o w2:
4de)” = aa () ) = o N~ e —ea)’

(8.5)
because of the identity
P(C) = 4(P(¢) — e)(P(C) — e2)(P(¢) —e3).

The closed regular horizontal trajectories of (d¢)? are mapped by ¢ + w to closed

horizontal trajectories of ¢*(w)(dw)? on C\ {e1, e2, e3,00} which are homotopic to
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a. In particular, in the { = £ +in-plane the closed regular trajectory « is realized by
any horizontal line segment that joins the left and right sides of period parallelogram
with constant n between zero and Im7/2. In the w-plane « is a simple closed curve
that separates es and ez from e; and co.

The variation formula for the modulus of an annulus is

log At(a) = Agy () + 2Re (¢ Hq T //,utoqadudv+o(t—to) (8.6)

where g, is a holomorphic quadratic differential on the surface whose regular hor-
izontal trajectories are closed and homotopic to o and g is a Beltrami dfferential
which expresses infinitesimally the motion of the point p; = Re.
Now we change the coordinate on C by the transformation w = (e3 — e2)z + e3.
It transforms (wg, w3, w1, ws) = (€2, e3,€1,00) to
el —e3

(227 23, 21, 24) = (—L 0, ﬂa OO)

and the quadratic differential 4(d¢)?

(dw)? _ (dz)?

(w—e1)(w—ex)(w—e3) (e3—e2)(z+1)z(z—21)

We wish to look at the first variation in the extremal length A;(a) along the curve
21(t) = p(t) = Roe'. Since 2,23 and 24 are fixed, the tangent vector V% to
the curve t +— 2(t) is represented by p; = OV where ||u|| < oo and where

(V(21),V(22),V(23),V(z4)) = (i21,0,0,0). Therefore

/ / motudo = [ [V e e~ 6D

1
hm V(2 + ee'
e—02 |2—p|=¢ ( ! )(63 — 62)(2’1 + 1)21(2 — 2’1)

dz, (8.8)
where the line integral in (8.8) is taken in the counterclockwise direction. As e — 0,
V(21 + ce®) approaches iz; and dz = ieedt and (z — p) = ee'. Thus, since

€1 — €3

zZ1 = ;
€3 — €2

€1 — €2

z1+1= s
€3 — €2
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and (8.8) is equal to

—2mi —im . €1 — €9

2es— et D)  (e1—e2) e —eal (8.9
Since the first variation must vanish at an extremal value, that means e; —es must be
real valued. By carrying out the same calculation except for normalizing so that e
and es correspond to the points 0 and —1, respectively, we find that e; —e3 must also
be real valued. Since e; +ea+e3 = 0, we see that (ea—ej)+(es—e1)—(e1+ea+e3) =
—3e; is real valued, which in turn implies that all three of the points e1, ez and eg
lie on the real axis.

We conclude there can only be two critical points on the circle Re®, which occur
when ¢t = 0 and 7. Since z = (w — e3)/(e3 — e2), 21, 22 and z3 are also real valued
and these values must occur at a maximum and a minimum. It is obvious that for

R > 1, A(]-1,0],[R,00]) > A([0,1],[R,¢]), so the maximum occurs when ¢t = 7

and the minimum when ¢ = 0.

Lemma 33. Suppose 0 <a <1<b, E{ =R\ [~b,b] and Es = [—a,a]. Let T be a

Moébius transformation that fizes the real axis and the points —b and b. Then
do(T(—a),T(a)) < dc(—a,a)
unless T' is the identity.

Proof T is an isometry for the hyperbolic metric on the disc of radius b centered at
the origin. Since the segment [—a, a] is symmetrically placed about the origin, this
implies |T(—a) —T'(a)| < 2a unless T is the identity. But for line segments situated
on lines that pass through the origin, chordal length is a monotone function of
Euclidean length. In particular if the Euclidean length /g and the chordal length

Lo are related by
2lg

b= —————.
T 14 |p/2P

The lemma follows since

te([T(=a), T(a)]) <{&([-a,al).
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To begin the proof of Theorem 44, by a spherical isometry we normalize the
three points 21, 22 and z4 which lie on a great circle so that z; and 29 lie on the real
axis and z4 = 0o. With the same normalization we can make z; = —b, z9 = b where
b is determined by the condition that A\; = d¢(z1,22) = %, with b > 1. From
the hypothesis we can also assume that ws lies on the real axis between between
—b and b with de(z3,w3) = Ag. If @ is the homotopy class of simple closed curves
on C\ ((—o0, —b] U [b, 00)) with winding number +1 around both points z3 and ws,
with the property that subject to these conditions A(«) is as small as possible, then
by Lemma 32, z3 must also be real. By Lemma 33 the points z3 and ws must be

situated symmetrically at —a and a, and this completes the proof of Theorem 44.

The next theorem shows that the family of Teichmiiller annuli comprise a mini-

mal axis for a pair of measured foliations. It contains Theorem 46 as a corollary.

Theorem 53. Let S by the Riemann sphere with four points removed and « and (3

be two essential simple closed curves on S with i(a, B) = 2. Then
Ar(@)AT(8) > 4 (8.10)

and this product is equal to 4 along a unique Teichmiiller line in T'(S). Up to pull
back by a Mébius transformation the line is described by the locus of Teichmiiller
extremal annuli. One such point on this line corresponds to a surface conformal to
C\{-b,—a,a,b}, where 0 < a < b, and all other points lic on this line are generated
by the Beltrami coefficient t% where —1 <t <1 and

B (dz)?
1= 0 (zra)(z—a) (z—b)

(8.11)

Proof  Theorem 47 implies A;(a)A;(8) > 4 and Theorem 50 implies that this
inequality is strict unless 7 lies along a unique line where this product is minimum.
The line is generated by a Teichmiiller Beltrami coefficient with quadratic differential
q, such that the regular horizontal trajectories of ¢ are homotopic to a and the

regular vertical trajectories of ¢ are homotopic to 5.
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It is elementary to exhibit one Teichmiiller line that has these properties. We
let S =C\{-b,—a,a,b} with 0 < a < b, @ be a simple closed curve that surrounds
the interval [—a,a] and leaves b and —b in its exterior, and § be a simple closed
curve that surrounds [a,b] and leaves —b and —a in its exterior. Note that these
two curves satisfy i(«, 5) = 2. Up to conformal equivalence the Teichmiiller stretch
with Beltrami coefficient tg where —1 < ¢t < 1 and ¢ is given by (8.11) deforms S
to Sy = C\ {—b(t), —a(t),a(t),b(t)} where 0 < a(t) < b(t).

By a conformal map S is mapped to rectangle Sp ={z=z+iy: 0 <z < 1,0 <
y < 2B} such that S is reconstructed from Sy by certain side identifications. The
bottom of Sy is identified with the top by the translation  — x 4 2iB. The left
hand vertical side is identified with itself by the rotation z — —z+2iB and the right
hand vertical side is also identified with itself by the rotation z +— —z 4+ 2:B + 2.
Under this identification the curve made up of two horizontal segments [iy, 1y + 1]
and [2 — dy,2 — iy + 1] forms a closed curve in the homotopy class of o and the
curve made up of the vertical segment [z,x + 2Bi] forms a closed curve in the

homotopy class of 8. In this presentation A,(a) = % and A-(B) = (22?2 and so

Ar(a)A,(B) = 4.

8.5 The Mori annulus

In this section we prove Theorems 43 and 45 and also show that the Mori locus
coincides with the minimal axis where A-(a)A-(8) = 16 when i(a, §) = 4. For the
proof of Theorem 43 we will use Mdbius transformations that leave invariant ex-
tremal length problems and a special subclass of these that correspond to isometries
of the sphere, which are isometries both with respect to the spherical metric and
the chordal metric.

Since A(A) = A(FE1,FE2)~!, we can use Lemma 31 to show there is an an-
nular configuration FEp, A, Fy satisfying the conditions diam(FE1,d¢c) = A1 and

diam(Es,dc) = A\g for which A(E1, E») is as large as possible and this configuration
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makes A(A) as small possible. Let Ag be the annulus of such a minimizing configu-
ration and « be the homotopy class of a core curve of Ag in Sy, = C\ {21, 22, 23, 24}
Clearly, A;(a) < A;(Ap) and so the ring domain for the quadratic differential that
realizes the solution to the extremal problem for A(a) contains {z1,22} in one of
its complementary components and {z3, z4} in its other complementary component.
Moreover these four points are simple poles of the corresponding quadratic differ-
ential.

We begin by taking an extremal domain for the Mori problem with A\; = 2 with
23 and 23 equal to i and —i, z1(t) equal to Re with R > 1 and z4 = co. Now we

use the affine transformation

€9 — €3 €9 + €3
= . A2
w 2% Z+ 5 (8 )

The first variation in the formula (8.6) is

8VZ Zf—QRe /a Vv w = 8.13
° g ||/ Ml (8.13)

—7 times the residue at e; of V¥¢".
But V¥(e1) = Vz(zl)‘fl—lz“ = 21%5* and also since e; + e3 +e3 = 0,

2e1 — (62 + 63) 3ieq
zZ1 =1 = s
€2 — €3 €2 — €3

and we obtain V% (e;) = gzel Therefore the residue of V¥ ¢%dw at e; is equal to

3i61
2(61 — 62)<61 — 63)7

and on keeping track of the three factors of ¢ that enter into the calculation of the
first variation, one finds that (8.6) is equal to zero precisely if the imaginary part of

the fraction
€1

) 8.14
(e~ eler — 1) &40
is equal to zero, that is, precisely if
€1 .
is real valued. (8.15)

(e1 —e2)(e1 — e3))
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We also have the trace condition, namely,
e1+ex+e3=0. (816)

Note that the conditions (8.15) and (8.16) are invariant under the two reflections
ji(z) = Z and and j2(z) = —Z. By applying the reflection ja(2) if necessary, we may
assume Re e; > 0 and that —7/2 < arge; < /2.

From condition (8.16) the points 0,v3 = e; — e3,v2 = €1 — e2 and v; = 3e; are

the vertices of a parallelogram and condition (8.15) implies that
argvs + argve — argwv; = 0.
In the case where argv; > 0, we rewrite this equation as
argvs — argv; = — arg v

and we see that the angle between v; and w3 is equal to the angle between vy and
the positive real axis. This implies that the angle between vy and v; is larger than
or equal to the angle between v; and vs. By inspecting the triangle with vertices at
0,v2 and 3v1, and observing that the side opposite the larger angle is longer than
the side opposite the smaller angle we find that |vz| > |va|.

To show the reverse inequality consider the reflection j around the great circle on
the Riemann sphere that passes through oo and the minimizing point p = Re®. Since
it is a spherical geodesic it coincides with the straight line passing through 0 and
p. It preserves extremal length and chordal length and so realizes another another
(possibly different) extremal point. j fixes e; and carries e and e3 to é; = j(ez) and
j(é3). The same argument that showed that |03] > |02| now shows that |va| > |vs],
and consequently |vs| = |va].

This equality is possible only if v; and e; are real-valued and there are two

possible cases. Either
a) the Teichmiiller case, all three of numbers €1, e2 and e3 are real valued, or

b) the Mori case, e; is real valued and ez and e3 are complex conjugates.



132 Chapter 8. Extremal Annuli on the Sphere

Because in both cases the constants in (8.12) are real valued, the constants z1, z2
and zg fall into the same two cases. Since the Mori extremal problem involves fewer
conditions, necessarily the Mori extremal value for A(Fj, E2) cannot be less than
the Teichmiiller extremal value. In section 9.6 we show that this extremal value is

actually larger.

By the same type of argument given in Lemma 33 we can show that the minimal
chordal distances are realized by a configuration with E; is equal to an arc of the

unit circle passing through —1 and with endpoints w and @ where w has negative real

2(1—a?)
14a2 -

part and with By = [a,1/a], where 0 < a < 1. Here \; = 2 Im w and \g =

This completes the proof of Theorem 1.

To go on to the proof of Theorem 45, let 5y be a simple closed curve in S such
that i(ap, By) = 4. Note that Sy also separates the two sets {z1, 22} and {z3, w3}
so that the bounds A\; > 0 and A2 > 0 provide positive lower bounds for A(ag)
and A(Bp). We know that the product A;(cp)A+(Bo) is minimum along a unique

Teichmiiller axis in 7'(S) and for points 7 on this unique axis in 7'(5),

16 = Ar(@)Ar(8) = Ary (0)Ary (Bo)- (8.17)

By applying an isometry of the sphere, which of course preserves extremal lengths
as well as spherical lengths, we may assume the points z; and 29 lie at —a and a,
respectively, where a > 1 and A\ = % < 2. Now we consider the two reflections ry
and rg around the real and imaginary axes; r1(z) = Z and r2(2) = —%. The homotopy
classes of r2() and 72(B) in C\{—a, a, r2(23), 72 (ws3)} still satisfy i(r2(a), m2(8)) = 4
and Ay, (7o) (r2(a)) = Ay (). Also r2(E4),7m2(A), r2(E2) is an annular configuration
that maximizes A(E1, Ea) subject to the conditions on the chordal diameters of F;

and Fs. Therefore, along the same line

16 = Ar(@)Ar(B) = Ay (r) (T2(0)) Ary (70) (12(B0))- (8.18)

The same argument applies to the reflection by r; and therefore 1 and 79 leave g
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invariant. This implies 7y corresponds to the configuration where (21, 22, 23, w3) =
(—a,a,ib, —ib) where Ay = 11—%2 and Aoy < 2and 0 < b < 1.

Theorem 45 is a consequence of the minimal axis theorem applied to the mea-
sured foliations on R induced by the homotopy classes of simple closed curves o and

B with i(a, f) = 4.

Figure 8.4: Mori’s minimal axis

Theorem 54. Let A\ and Ay are the chordal diameters of the extremal sets Fy and
FEs for the Mori problem and assume that each of the arcs E1 and Fo has spherical
length less than or equal to w. Also, suppose X is the chordal diameter of the set Ey

in the special case that Eo has chordal diameter equal to 2. Then
A< A < 4N (8.19)

Moreover, for every ¢ > 0 there is a § > 0 such that if the chordal diameters of F,

and FEy are less than 6, then

4 <)\1)\2
1+ = A

< 4.

Proof We move the extremal configuration by the transformation w = jjri which

carries the unit circle to imaginary axis which preserves the extended real axis. It
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also is an isometry in the chordal metric. The sets Fo and F;p for the extremal
configuration are carried to a vertical intervals [—ib, ib] on the imaginary axis and
an interval passing through oo equal to {oo} U (—o0, —a] U [z,00). Here a > 1 and

b < 1. The chordal length A of E is 1j‘_‘22 and the chordal length Ay of Es is 1?_7%2-

The transformation w — w/a moves E; to a geodesic segment with chordal
length 2 and contracts the geodesic Eo to the vertical line segment [—ib/a,ib/al,

which by definition has chordal length equal to

4bfa  4ab
1+ (b/a)?2 a2+ b2
Therefore
A2 da 4b a? + b? B a? + b? B a? + b? <
A 1+a? 1402 4dab (1+a®)(1+b2)  1+a2+b2+a2b?
Since we assume 0 < b < 1, the fraction % becomes smaller if we replace

b? in the numerator by 0 and replace it by 1 in the denominator. We obtain

)\1)\2 a2
> 2 .
A T 144
But since a > 1, 2% > 1 and so
WECHY
N2

The second lower bound is a consequence of

. a® + b?
lim =
a—00,b—0 1+ a? + b2 + a?b?

8.6 Comparison of the Mori and Teichmiiller annuli

In this section we compare the modulus of the Mori annulus to the modulus of the
Teichmiiller annulus. We use the notation in Ahlfors’ book [2| which is adopted
from Kiinzi [50]. There are three standard annular configurations. The the moduli

of these annuli determine functions ®(R), ¥(P) and X (\) by the formulas:
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1 1
1. Alag) = glog ®(R), 2. Alag) = glog U (P),

1
3. A(a[][) = —logX(A).

2
1. Grotzsch:
z 1 R o0
2. Teichmuller:
-1 o P o0
3. Mori: '
',\ 0 o0

A

Figure 8.5: Extremal domains introduced by Ahlfors

Let

Therefore, the extremal modulus for the Teichmiiller configuration is

1 (a —b)? 1 l,a b
— log ¥ = —log¥U (=(=4+--2)]). .
o 8 < dab ) o 8 <4(b+a )> (8.20)
Let
z—b a—-0
M(z)_z—i—a. 20’
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Therefore, the extremal modulus for the Teichmiiller configuration is

1 (a —b)? 1 la b
If M(z) = Z-%, it carries the annular configuration with £y = [oo, —a] U [a, o0

and Ey = [—ib, ib] to M (E;) = [0,00] and M (E5) which is the arc on the unit circle
that joins M (—ib) to M (ib) passing through —1. Thus

—ib—a —tb—a a-+1b

(—ib) —ib+a —ib+a a+ib
that is,
~ —2abi
Im (N(=i)) = 5"
and
~ tb—a b—a a—1b
M(ib) = = .
) = e " ra a
~ 2abi
SO A = a24ibe and the extremal modulus of the Mori configuration is
1 4ab
—log X | ———= . .22
s 8 (a2+b2> (8.22)

In order to compare (8.20) and (8.22) we use the relations

X(\) =@ (‘/4 + QA;;\/‘L - 2A> and ®(R) = ¥ (i(\/ﬁ - 1/%?%)2>

to obtain

X< dab > . (2(a+b)/\/a2+b2+2(a—b)/\/a2+b2> _

a? + b2 4ab/(a? + b?)

. Vit B+ (e e,
Jab/(a® + %)

2atb) | 2(a—b)
VaZ+b2 | Va2+b?
4ab/ (aQ + b2)
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- —2
b 1 R
But ¥ is an increasing function and since a > b, 1 < a/b < va? 4+ b?/b and

\/a2+b2+ b
b Va2 + b2

by using (8.21) we see that the Mori configuration has larger modulus than the

() G0 )

>a/b+b/a,

Teichmiiller configuration.

8.7 Pairs of extremal of annuli on a four times punctured

sphere

On a four times punctured sphere S with quasiconformal structure the only possi-
bilities for the intersection number of any two non homotopic essential simple closed
curves « and S must be equal to 2n. The cases n = 1 and 2 correspond to the
Teichmiiller and Mori annuli. For any nonnegative integer n and Riemann surface
structure S; on S there are two integrable holomorphic quadratic differentials g,
and gg associated to a and . g, has the following properties:

a) every regular trajectory of g, is homotopic to a,

b) the set of all of these regular trajectories forms an annulus conformal to a
Euclidean cylinder and each boundary of the cylinder splits into two segments of
equal length that are isometrically identified on S,

1/2

c) The metric |go|'/* is extremal for the extremal problem A;(«),

d) ffST |q|dxdy = 1.
g has the same properties with o replaced by . Since the space of such differentials
has dimension 1, ¢, = cqg for some nonzero complex constant ¢ with |c| = 1. We let

|du| = Re(q/*dz) and |dv| = Re(qzlaﬂdz)'

Theorem 55. For every pair of essential simple closed curves o« and 8 on S, the
locus of points in T(S) for which A (a)A-(B) = (2n)? is a unique Teichmiiller line

in T'(S) along which the leaves of |du| are orthogonal to the leaves of |dv|.
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Proof This is just the minimal axis theorem applied to the measured foliations
determined by the simple curves a and 5. To see how « and 8 determine such
foliations, we realize S and « in a special way. Construct S from a rectangle with
vertical and horizontal sides joining the four points 0, 1, 2¢ and 14 2¢. The bottom of
the rectangle is identified with the top by z — 2z 4 2i. The left side is identified with
itself by z — 2¢ — z and the right side by z — 1 + 2¢ — z. The four punctures of S
correspond to the four vertices at 0, 1,7 and 1+:. The curve « is realized by the union
of the two horizontal line segments [i/2,1 4 /2] and [3i/2, 1+ 3i/2]. The homotopy
class of j3 is realized by the union of n translates by 1/n of a line segment that slants
upwards and to the right starting at a point « on the unit interval with slope 2n.
We choose the value x to be strictly between 0 and 1/n. Note that i(«, ) = 2n but

a is not orthogonal to 3. On the other hand the shear

1 —1/n
T = /
0 1

carries the rectangle S to a new rectangle S, where 7 = T'(i) and the straight line
segments that make up a and g are carried to new straight line segments o, and
Br, which are perpendicular. If we break up 7 into its real and imaginary parts,
T = 71 + 79, then the minimal axis along which the horizontal trajectories of gq,
and gg are realized perpendicularly along the vertical line in the upper half plane

defined by 7 = —1/n.

8.8 Mori type extremal problems

In cases with topological symmetry it is sometimes simple to identify the minimal
axis for a pair of measured foliations corresponding to two simple curves with the
intersection property. As an example consider the two simple closed curves o and

B shown in Figure 8.6.
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Theorem 56. Consider the Riemann sphere with siz points removed, namely,
(a1,b1,c1) = r(1,—1/24iv3/2,—1/2 — iv/3/2) where 0 < r < 1,

and

(az, b2, c2) = R(—1,41/2 4 iv/3/2,1/2 — iv/3/2) where 1 < R.

Then i(a, B) = 6 and the quadratic differential

z(dz)?

(z—a1)(z—=b1)(z —c1)(z —a2)(z — b2)(z — c2) (8.23)

q(2)(dz)* =

generates a Teichmiiller line which is the locus of points for which Ar (o)A (5) takes

its minimum value, which is 36.

Figure 8.6: Six punctured Riemann sphere

Proof Because of the symmetry under reflections around the lines through the
origin at angles in multiples of 60°, the regular horizontal trajectories of ¢ comprise
an annulus A, that fills the Riemann sphere except for the critical graph shown in
the figure. Moreover, the regular vertical trajectories of q comprise another annulus

Ap that also fills the Riemann sphere except for a similar critical graph.



140 Chapter 8. Extremal Annuli on the Sphere

Together with this description of the minimal axis there is a similar and more dif-
ficult Mori type problem. Consider annular configurations F1, A, F in the Riemann
sphere with the property that the continua E; and Fs contain equilateral triangles
of a prescribed size. That is, assume A1 and A2 are two positive numbers and each F;
contains three points aj, b; and ¢; such that min{dc(a;, b;), dc(b;, ¢cj), dc(cj,a5)} >
Aj for j =1 and 2. Under these conditions make A(E4, E») is as large as possible.

Conjecture: Under the conditions described above, up to spherical isometry
there is a unique annular configuration for which A(E, Es) is as large as possible.

We can take
(a1,b1,c1) = r(1,—1/24iv3/2,—1/2 — iv/3/2) where 0 < r < 1,

(a2, b2, c2) = R(—1,41/2 4 iv3/2,1/2 —iv/3/2) where 1 < R,

and the sets E; and FEo form the critical horizontal trajectory of the quadratic
differential

2(dz)?

2)(dz)? = )
W) = G =G — ) — ) — b =)

(8.24)

There are a pair of essential simple closed curves a and 8 on R, the Riemann sphere
minus six points for which i(«, ) = 6 and a unique line in the Teichmiiller space
along which A(a)A(8) = 36 and along which the extremal configurations lie for

variable A1 and As.
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