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Abstract
Ad-c.r. GEOMETRIES IN DIMENSION < 4
by
Ming Wang
Adviser: Professor Ravi S. Kulkarni

In this dissertation, I am studying a special kind of homogeneous geometries in
dimension < 4. A geometry means a pair (G,H) where G is a Lie group, H its closed
subgroup, both connected, such that G acts effectively on S = G/H, and S is simply
connected. The dimension of the geometry is the dimension of S. The linear isotropy
representation p : H — Aut(T,,(S)), 2= [H] being the basepoint of S, is closely
related to the adjoint representation of Hon the Lie algebra L(G) of G. We say that
(G,H) is Ad — c.r. if this representation is completely reducible and if p(H) is closed in
Aut(T,,(S)) ~GL,(R) ,n=dim S. In §1 - §4 of this dissertation, Ad—c.r. geometries in
dimension < 4 are classified. The topology of each geometry is given in §5. In §6, for the
most part of the classification list, their boundedness are determined (we call a geometry
(G,H) bounded, if there exists a subgroup I of G acting properly discontinuously on S
such that I'\S is compact).In §7, the flat complet compact pseudo- Riemannian space-
forms with signature (2,2) is classified upto finite covers (This is the study of co-compact
properly discontinuous subgroups in the geometry (S0,(2,2) x R, $0,(2,2))). Our main
theorem is: Suppose X is a flat compact complete space-form with fundamental group T
C 50.(2,2) x R*, then there is a uniquely determined subgroup H of S0,(2,2) xR*
that acts simply transitively on R and HNT has finite indez in I'. Then we need only
to find the simply transitive subgroups and their uniform lattices. To prove the main
theorem, we first proved that I’ is virtually solvable. This result confirms a conjecture by
J. Milnor in a special case: The fundamental group of a complete affinely flat manifold
13 virtually polycyclic. In §8, G-invariant pseudo-Riemannian, contact, symplectic and

complex structures on G/H in dim. < 4 are classified.
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INTRODUCTION

In this dissertation, I am studying a special kind of homogeneous geometries in
dimension < 4.

The first concern, of course, is to specify what constitutes a gecometry? Un-
doubtedly, the topology of the underlying space and the various possible constructions of
metrics, measures, geodesics . . . consistent with the topology are the salient features
of a geometry. In addition, however, in all parts of mathematics where one adopts a
geometric viewpoint—-explicity or implicity-the symmetry considerations are also usually
present—for, any explicit calculations beyond 1- or 2-dimensional situations, without sym-
metry considerations are tedious if not impossible. In particular certain geometries e.g.,
the Euclidean, projective, hyperbolic, Lorentz . . . geometries stand out and their
remarkable properties are to be traced back to the rich symmetry they possess. Histori-
cally, the symmetry was formulated only implicitly, such as e.g., in the synthetic axiom
system of Euclid, or the more sophisticated axioms such as the axiom of free mobility of
Helmholtz,the axiom of the infinitesimal isotropy of F. Schur [26], or the axiom of geodesic
planes of E. Cartan [3], ch. 5, cf. Lie [22] §21 and Freudenthal [7] for historical comments.
Of the same nature and on a much more sophisticated level is E. Cartan's characterization
of a locally symmetric space by the condition VR = 0. The idea to systemalize these
symmetry considerations based only on a general notion of a group with finitely many
parameters is due to Lie cf. the preface of [22]. With this hindsight, and reversing the
process we can now use the Lie theory to classify the geometries in a rigorous way.

In this paper a geometry means a pair (G,H ) where G i3 a Lie group, H its closed
subgroup, both connected, such that G acts effectively on $ = G/H, and § is simply
connected. The dimension of the geometry is the dimension of S. The first achievement of
Lie was to classify 1-dimensional geometries. In dimensions > 2 however the list of geome-
tries in this broad sense increases very rapidly making it imperative to be selective-and

even if the lists are compiled it is important to record in addition the relevant geometric
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information such as e.g., whether the geometry is unimodular i.e., whether S admits a
G-invariant measure, or whether the geometry is semi-Riemannian or symplectic i.e,
whether S admits an appropriate G-invariant bilinear form. It is also of great interest
to see whether the geometry has models with some finiteness properties, e.g., we call a
geometry (G,H) bounded, if there exists a subgroup I' of G acting properly discontin-
uously on S such that I'\S is compact. A basic invariant of a geometry which is useful
in deciding such questions is the linear isotropy representation p : H — Aut(T, (S)),
ro= [H] being the basepoint of S. A closely related and better manageable invariant
is the adjoint representation of Hon the Lie algebra L(G) of G. We say that (G, H) is
Ad—c.r. if this representation is completely reducible and if p( H) is closed in Aut(T,, (S))
~ GL,(R), n =dim S. For example, if H is compact or semisimple the geometry is
Ad—-cr..

When (G,H) is an Ad — c.r. geometry H is reductive, the isotropy representation is
injective and the weights of tori in H in the isotropy representation gives a good hold on
the geometry, allowing classifications. The Riemannian geometries are special cases in
which the weights are compact.

In §1 - §4 of this dissertation, I shall classify Ad — c.r. geometries in dimension < 4.
A good number of geometries are decomposable i.e., they are products of low-dimensional
ones. Usually while compiling lists we record only the indecomposable ones. The topology
of each geometry is given in §5.

In §6 I shall decide, for the most part of the classification list, their boundedness.
When His compact, (G,H) is bounded iff I' is a uniform lattice in G. A.l. Malcev, G.D.
Mostow, H.C. Wang, L. Anslander, A. Borel, G.A. Margulis and many others obtained
important results in this direction during 1950s to 1970s (cf. Raghunathan [25]). On
the other hand, when H is non-compact, the only important work we know is about
G/H =O(p+1,9)/0O(p,q) by R.S. Kulkarni and F. Raymond [21] and by R.S. Kulkarni
[20]. Using a theory about compact complete affine manifolds by Fired, Goldman and
Hirsh [10], [11], I am able to solve the boundeness problem for all the solvable and most

of the mixed Ad — c.r. geometries.
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In §7, I shall study the following example of flat compact pseudo- Riemannian space-
forms with signature (2,2) in complete detail (This is the study of co-compact properly
discontinuous subgroups in the geometry (50.(2,2) X R*,50,(2,2))). The case of sig-
nature (3,1) was studied by D. Fried [8]. Also W.M. Goldman and Y. Kamishima [13]

contains some general results in the case of signature (n, 1). Our main theorem is

Theorem.Suppose X 1is a flat compact complete space-form with fundamental group
I C $0,(22) & R*, then there 13 a uniquely determined subgroup H of SO,(2,2) x R*

that acts stmply transitively on R* and AT has finite indez in T .

Then we nced only to find the simply transitive subgroups and their uniform Lattices.
The case of signature (2,2) involves some new aspects but curiously the diffeomorphism
types of these space-forms is the same as those occurring in the case (3,1) studied by D.
Fried. To prove the main theorem, we first prove that I is virtually solvable. This result

confirms a conjecture by J. Milnor [23] in a special case:

Conjecture.The fundamental group of a complete affinely flat manifold 1s virtually

polycyelic.

My result, combined with Fried’s result, shows that this conjecture is true for compact
pseudo-Riemannian 4-manifolds.

In §8 I shall classify G-invariant pseudo-Riemannian, contact, symplectic and com-
plex structures on G/H in dim. < 4. This involves quite a few Lie algebra calcu-
lations. A part of it carries over to higher dimensions. The interesting among these
geometries are the Riemannian geometries E*,S" H" , the Hermitian Kahler geome-
tries of constant holomorphic curvature CP?,CH? | the analogies in indifinite metric,
EP9,SP9 p4q < 4,CP" CH'?, the nilpotent geometries NiI* and Nil* | certain solv-
able geometries and affine geometries, some total spaces of rank-2 vector bundles over S?
with Euler number 1 or 2. Following W. Thurston's revolutionary work in 3-dimensional
topology, G.P. Scott (c.f. [27]) gave a lot of information about the 3-dimensional Rieman-

nian geometries and showed the importance of topology in studying those geometries. In
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this thesis, Scott’s classification shall be obtained with a different proof based on standard
Lie theories. In Filipkiewicz’s thesis at Warwick (1984), a classification of 4-dimensional
Riemannian geometries was obtained. C.T.C. Wall [34], [35] has studied it further and
applied it in the classification of complex algebraic surfaces. Qur Ad — c.r. geometries

contain the above results as special cases, i.e., (G,H) with Hcompact.



§1.BASIC NOTATIONS
(1.1) Deflnition. A geometry means a pair (G, H) where G is a Lie group, H
its closed subgroup, both connected, such that G acts effectively on S = G/H, and S is
simply connected. The dimension of the geometry is the dimension of S.
Let z, = [H] be the basepoint of S, p : H — Aut(T,,(S)) be the linear isotropy
representation and Ad : H — Aut(L(G)) be the adjoint representation of H on the Lie
algebra L(G) of G.

(1.2) Definition. A geometry (G, H) is called Ad — c.r. if
(i) Ad: H — Aut(L(G)) is completely reducible and
(ii) p(H) is closed in Aut(T, (S)) ~GL,(R), where n = dim S.

(1.3) Definition. A geometry (G,H) is called decomposable if

(i) there are two geometries (Gy, H,) and (G;, H3) such that neither G, nor G; is
trivial and

(ii) G, and G, are Lie subgroups of Gsuch that G= G, x G3; H, and H;, are Lie
subgroups of H such that H = H, x Hj.

If (G, H) is not decomposable, it is called indecomposable.

If (G, H) is decomposable, G,, H, are as in the above definition and S; = G,/H,,
t=1,2, then $ = 5, x 5;.

(1.4) Definition. A morphism (G,, H,) %, (G2, H;) means a Lie group homomor-
phism 0 : G; — G, such that §(H,) = H;2. Such a morphism 1is called an equivalence if

8 is an isomorphism and 8(H,) = Ha.

In the first part of this thesis, we will classify, upto equivalence , Ad — c.r. geometries

in dim < 4. We will list only the indecomposable ones.

(1.5) Definition. A geometry (G, H) is abelian, resp. nilpotent, resp. solvable,
resp. semisimple, resp. reductive if L(G) is such respectively.

If L(G) is not of any of these types then the geometry is said to be mixed.
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It is naturally to divide our classification list into three groups : solvable, reductive
and mixed. Since abelian geometries are both solvable and reductive, there are overlaps
between solvable and reductive geometries. To avoid these overlaps, we will divide our

classification list into three basic types: nonabelian reductive, solvable and mixed.



§2. Reduction of the problem.

(2.1) Definition. An infinitesimal geometry is a pair (¢ ,H ) where ¢ is a real Lie
algebra and X its subalgebra such that M does not contain a nonzero subalgebra which
is an ideal in ¢ .

The notations of dimensions, morphism, equivalence of infinitesimal geometries are

defined similar to those for geometries.

(2.2) Proposition. The map (G, H) — (L(G), L(H)) induces an injective map from
the equivalence classes of geometries to those of infinitesimal geometries. The image of this
map consists of equivalence classes of the pairs (¢ ,H) such that if G is the connected,
simply connected Lie group with Lie algebra ¢ then the connected Lie subgroup of G
corresponding to H is closed.

Proof (Ravi Kulkarni):

Effectiveness of the G-action on G/H amounts to the fact that (| s 9Hg™' = {e},
i.e. equivalently H does not contain a subgroup # {e} which is normal in G. Linearizing
this condition we see that the pair (L(G),L(H)) satisfies (2.1). So the map (G, H)
— (L(G),L(H)) induces a map from the equivalence classes of geometries to those of
infinitesimal geometries. If (G, H) is a geometry G is the universal covering of G, « is
the covering map , then L(G) = L(G) and L((x~Y(H))o) = L(H ),where (x~)(H)), is the
identical component of #~!(H) and is closed. Conversely let (¢ ,) be an infinitesimal
geometry,G a connected, simply connected Lie group with Lie algebra ¢ and assume that
the connected Lie group H of G with Lie algebra H is closed. The long exact homotopy
sequence associated to the fibration H < G —— S shows that S is connected and simply
connected. Let Z be the kernel of the G-action on S. Clearly Z is a closed normal
subgroup, hence a normal Lie subgroup of G. So L(Z) is an ideal in ¢ and L(Z) C H.
By the condition in (2.1) L(Z) = {0}, ie. Z is a discrete normal subgroup of G, and
L(Z)C H. Set G = G/Z,H = H/Z. Clearly G/H = S and G acts effectively on
S. Moreover if G 5 G is the canonical projection then »~!(H) = H, so H is a closed

subgroup. Hence (G, H) is a geometry. Q.E.D.




(2.3) Corollary. Notations as in (2.2). Then Z = Z(G) N H.
Proof. C.f. Chevalley [4], Chap. II., §VII, Proposition 2. Q.E.D.

(2.4) The following example shows that the map (G,H) — (L(G), L(H)) from the
equivalence classes of geometries to those of infinitesimal geometries is not surjective.

Let ¢ = Ly & Ly , where L; = 30(3),t = 1,2, and H, C L;, s.t.

0 10 0 t 0
H=R -1 0 0}),f-t 0O )
0O 00 0 00

where t is irrational. Then (¢ ,H) is an infinitestimal geometry. We can choose G =
SU(2) x SU(2) D Hy x H3 ~ S0O(2) x SO(2),H C SO(2) x SO(2) but the closure of H
is H] X Hg.

(2.5) Let (G,H) be an infinitesimal geometry, then the restriction of ad : ¢ — End(¢)
on M induces a representation ad : H — End(G/H). If (G, H) is a geometry, the adjoint
representation Ad : H — Aut(T.(G)) ~ L(G) also induces Ad : H — Aut(L(G)/L(H)).
It’s linearizing is ad : L(H) — Ent(L(G)/L(H)). Let z, = [H] be the basepoint of
S = G/H, p the isotropy representation and 5 : L(H) — Ent(T,,(S)) its linearizing.

Then we have

(2.6) Lemma. Ad is equivalent to p .

Proof: (R. Kulkarni). Consider the map ¢ : L(G) — T,,(S) given by

HXf = 2 f(ezptX)z)lims

for all C* - functions defined near z,. For he H
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(&l X))f = T F(M(e2ptX)zeDlemo
= %f(h((c:th)h—lzo))h:o
d
= 2 f((ezpt( AdRX)zo)lexo

= &(Adh(X))f.
So ¢ is H-equivariant. One secs immediately that RKeré = L(H) Q.E.D.
(2.7) Corollary. ad is equivalent to 3.

(2.8) Definition. An infinitesimal geometry is called ad, —c.r. if ad : H — End(G)

is completely reducible.

(2.9) Proposition. Let (G, H) be an Ad — c.r. geometry. The map (G,H) —
(L(G), L(H)) induces an injective map from the equivalence classes of Ad—c.r. geometries
to those of ad, —c.r. infinitesimal geometries. The image of this map consists of equivalence
classes of the pairs (¢, H) satisfying the following condition:

(i) if G is the connected, simply connected Lie group with Lie algebra ¢ then the
connected Lie subgroup of G corresponding to  is closed;

(i) the connected subgroup of Aut(G/H) corresponding to ad (H) is closed.

Proof. By (2.2), (2.6) and (2.8). Q.E.D.

(2.10) Remark. The example given in (2.3) shows that there is such an ad, —c.r >

infinitesimal geometry which satisfies (2.9) (ii) but not (i}.

(2.11)Based on Proposition (2.9), we will classify ad, — c.r. infinitesimal geometries
first , then complete the classification of Ad — c.r. geometries by checking conditions (i)

and (ii) in (2.9).

(2.12) Definition. g€ def ¢ DrC, HE def H @ RrC, where G, H are real Lie algebras.
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(2.13) Deflnition. A pair of compex Lie algebras (L, K) is called an ad, — c.r.. pair

(i) L is a complex Lie algebra and K is its subalgebra such that K does not contain
a nonzero ideal of L.

(ii) ad : K — End(L) is completely reducible.

(2.14) Definition. A real form of an ad. — c.r. pair (K, L) is a pair of real Lie
algebras (G, M) such that ¢ = K and X€ = L.
The notations of dimensions and equivalence of ad, — c.r. pairs are defined similarly

to those of infinitesimal geometries.

(2.15) Proposition. An infinitesimal gecometry (G , H) is ad, — c.r. iff
(GC, HC) is ad. — c.r.. If (G, H,) and (G2 , H3) are
equivalent then (G , HE) and (¢ , HS) are equivalent.

Proof. We need the following Lemmas.

(2.15.1) Lemma. (i) If (¢, M) is ad, — c.r. , then M is reductive. If (L, K) is
ad; — c.r., then K is reductive.
(ii) M C ¢ such that H contains a non-zero ideal of G iff HC contains a nonzero ideal

of €.

The proofs of the above lemmas are simple. Now we only have to prove that ad :
M — End(¢) is completely reducible iff ad : H¢ — End(¢C) is completely reducible.

First assume ad : H — End(G) is completely reducible, then H is reductive by Lemma
(2.15.1) and H = Z(H) & [M , H) such that Z(M) is the centre of H and [H , H] is semi-
simple. By [33] ad(Z(H)) is completely reducible, i.e. ad(Z(HM))|g is diagonalizable. So
ad(Z(HC)|ge is diagonalizable , since Z(HC) = (Z(H))C. Since HC = Z(H) @ [HE,
HC) where [HC, HC] is semisimple. We know that a representation of a reductive Lie
algebra is completely reducible iff the restriction of this representation on the center of
the Lie algebra is completely reducible. So ad : HC — Ent(HC) is completely reducible.

The inverse can be proved similarly. Q.E.D.
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(2.16) Proposition. If (¢, M) is ad, ~ c.r. , then ad : H— End(¢/H) is injective.
Also ad® : H¢c — End(¢€/HC ) is injective.

Proof. Let ¢ = X + M, where M is an adH-invariant complement in . Let
M, = Ker ad|a. It's clear that ad : H — End(G/H) is equivalent to ad|r : H— End
(M). Every z € ¢ can be written in theform z =y + zsuchthaty€e H,z€ M. If h €
M., w € M, then [[h, z],w] = [[h,y],w] = [A, [y, w]] + [y, [w, A]] = 0, since [y,w] € M. So
[h,z] € Kerad|am, i.e. H, is an ideal of §. Since (¢, H) is ad, — c.r., Ho € H, 30 H, =
0. The second part of the Proposition can be proved similarly. Q.E.D.

(2.17) Corollary. If (¢, M) is ad, — c.r. , n = dim G- dim H, then

dim H< n?, dim ¢< n? +n.

Proof. By (2.16), H can embedded as a subalgebra of End(G/H) ~ End(R").
Q.E.D.

(2.18) By (2.9) and (2.15), we will complete our classification in 3 steps:

Step 1. Classify, up to equivalence, the ad. — c.r. pairs (L, K) in dim < 4;

Step 2. Find all real forms of each (L, K) and classify them upto equivalence;

Step 3. Use (2.9) (i) and (ii) to obtain the final list of those ad, — c.r. infinitesimal
geometries which are in the image of the map (G, H) — (L(G), L(H)), where the domain
of this map is the equivalence classes of Ad — c.r. geometries.

Since the map in Step 3 is bijective from its domain onto its image, we can write
down our classification list by describing (L(G), L(H)). Then we will try to describe the
corresponding (G, H), especially, if a linear model is available.

The list of our classification table will use the following symbols:

(2.19) Some notations

Type Sol™ : indecomposable, solvable ad, —c.r. infinitesimal geometries in dimension

Type Red" : indecomposable, non abelian reductive ad, — c.r. infinitesimal geome-

tries in dimension n
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Type Miz" : indecomposable mixed ad, — c.r. infinitesimal geometries in dimension

Id,, :the unit matix

1 0 0
01 . 0
00 1

Sn.a = R"*7! x(A), (A) = R[A] C gln—1(R)
T4,A = ¢V3 b, | (A)

On : sl3( R) — gla(R), the n-dimensional irreducible representation of slz(R).
(2.20) Basic Types

(2.20.1) nonabelian reductive:
Red? : (¢€ , HC) = (4;,C)

Red® - (i) : (¢€, HC) = (A;,0)

Red® - (ii) : (¢€, HC) = (A4, ®C,C)
Red® - (iii): (€, HC) = (4, ® Ay, A))
Red* - (i) : (€, HC) = (By, A, ® A;)
Red* - (ii) : (G€, HC) = (43,4, 0 C)
Red* - (iii) : (G, M) = (A1,C)r

(2.20.2) Solvable:
Soll - (i) : (R, 0)

Sol! - (ii) : (R M, H)
Sol? - (i) : (6, 0)

Sol? - (ii) : (R? % H, H)
Sol® - (i) : (6, 0)

Sol® - (ii) : (R® » M, H)
Sol® - (iii) : (N5 % H, H)
Sol® - (iv) : (83.4¥ M, H)

12



Solt - (i) : (€. 0)

Sol* - (i) : ( R » H, M)

Sol% - (iii) : (N¢ ¥ H, M)

Sol* - (iv) : (N3 ® R) x M, H)

Solt - (v): (Sea % M, H) = (R® x Mo, M) , HC M,
Solt - (vi) : (Tea @ M, H) = (N3 % H,, H), HC H,

(2.20.3) Mixed :
Miz? - (i) : (R? # M, H)

Miz® - (i) : (R® » M. H)

Miz® - (i) : (R? u H,, H), HC H,

Miz® - (iii) : (Nax M, H)

Mizt - (i) : (R* ¥ M, H)

Miz* - (i) : (R® % H, , M), HC H,

Miz* - (iii) : (R? » M,, H), HC H,

Miz* - (iv) : (Vs ® R) ® H, H),

Miz* - (v): (£ D af fine(1, R), H), ¢ semisimple.

13



§3. ad. ~ c.r. Pairs in dim < 4

(3.1) Definition. We call an ad.—c.r. pair (L, R') decomposableif L = L; ®L,, K =
K, ®K; and (L;, K;),i = 1,2 are ad. —c.r. . If an ad, — c.r. is not decomposable, we call
it indecomposable.

In this section, we only study indecomposable ad. — c.r. pairs. Then we can obtain
the decomposable ones easily.

We will call (L, K) nonabelian reductive, resp., solvable, resp. mixed if L is non-

abelian reductive, resp., solvable, resp., neither reductive nor solvable.
(3.2) Nonabelian reductive ad, — c.r. pairs in dim < 4.

(3.2.1) Theorem. The indecomposable nonabelian reductive ad. — c.r. pairs in

dim < 4 are given in the following table

No. dim (L,K)

i 2 (A,C)
ii 3 (A1,0)

iii 3 (4,9C,C)
iv 3 (A, @ Ay, A))
v 4 (B2,A) ® A))
vi 4 (A2,A4, 8 C)

In each of the above six cases, there is exactly one equivalence class.

Proof. First, let us prove the uniqueness of the equivalence class in each case.

Casei. L = A;,K =C,ie. dimK =1, adK acts on A, completely reducibly, so
K = CSAA,, i.e. K is one of the Cartan subalgebra of A;. We know that all Cartan
subalgebras of a semisimple Lie algebra are conjugate under the inner automorphisms of
Ay

Case ii. This is trivial.

14



Case iii. L = [L,L] & Z(L), where [L,L} = A, , dimZ(L) = 1. Since (L,K) is
indecomposable , we write K = Cz such that z = z, + 23,2, € A,,z7 € Z(L),z, #
0,z # 0. Then it's clear that Cz, is an CSA of A, and we can extend any inner
automorphism of A, to an automorphism of L which keeps [L, L] and Z(L) invariant. If
(L,K') is another pair such that K' = Cy, y = y1 + ya,y1 € A, = [L,L],y1a € Z(L).
Then there is 8 € Int(A;) such that §(Cz,) = Cy;. Let 8(z;) = Ay, y1 # 0, and extend
6 linearly to 6 on L such 8(z;) = Ay1,0(z2) = Ayz then §(K) = K’ and 8 is clearly an
automorphism of L.

Case iv. It's well known that if K = A, is a subalgebra of L = A; A, then either
K is one of the ideal of L or K is conjugate under Aut(L) to {(z,z),z € A;}.

Case v and vi. Rank(L) = Rank(K) = 2. Since ad : K — End(L) is completely
reducible, any CSA of K is a CSA of L. Using the conjugation of CSA's of L, we may
choose a fixed CSA of L, say, T which is also a CSA of K. Then we have the root-space
decomposation of L w.r.t T :

L=To® EQG,L La
where @, is the root system of L, and the root-space decomposation of K w.r.t T

K=T®Y,eax Ka =T ® YL oy La
where @, is the root system of K, and we must have &, C ¢,. .

¢, = {+ay,taz, t(a; + az), +(20y + a2)}

Since K = A, & A, ®x = {$1,—51,52,—P2} such that [K'y4,, Ki,] = 0. So either
Pk = (a1, +(a; +a3)} or x = (+az,+(2a; +a32)} If ®x = {+a;,+(a; +a2)} , then
(K, K] = L. Contradiction! So ®x = {+a2,+(2a; + a3)}, i.e. ¥k is the long root set
of ¢ which is independent of the choice of the simple roots {a;,az2}. So A is uniquely
determined by T.

In Case vi the root system of A; is

¢, = {ta), taz,+(a; + a3}

K =A4,8C, &k = {5, -3} can be any pair of {+a;}, {taz},0r {+(a; + az)}. We
know that there is an automorphism of A; which keeps T invariant and sends {Lo + L_4}

to {L, + L_,} for any given two pairs of roots in ¢.
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Now let us prove that the above six cases are all the possible cases. Corollary (2.16)
shows if dimL — dimK = n, then dimK < n? dimL < n? + n. For n < 4, dimL <
20. Since L = [L,L]}® Z(L),K = [K,K]® Z(K), where [L, L] is semisimple, [K, K] is
semisimple or zero. By Levi' Lemma, if [K, K] is not zero then (K, K] is conjugate under
Aut(L) to a semisimple subalgebra of [L, L]. So we may assume that (K, K] C [L,L]. We
need the following definition.

(3.2.1.1) Deflnition. If L is reductive, RankL ° Rank[L, L]+ dimZ(L)

The following Lemma is easy to prove.

(3.2.1.2) Lemma. If (L, K) is indecomposable, then

i) dimZ(L) 2 dimZ(K);

ii) dim[L, L) > dim[K, K] + n, where n = dimL — dimK;

iii) K semisimple =% L semisimple;

iv) RankL > RankK;

v) If RankL = RankK, then L is semisimple. and dimL — dimK = n is even.

The following Lemmas can be obtained by discussing the root systemns of semisimple

Lie algebras .

(3.2.1.3) Lemma. If (L, L) is indecomposable ad. — ¢.r. , RanK L = RankK and
K is semisimple, then

i) RankL # 3.

i) RankL = 2 = (L,K) is (B, A} ® A3),(G2, Az) or (G2, 4, & Ay).

(3.2.1.4) Lemma.

i)B2 L AIDAD .. DA D Az D A ... DAy,

i) A2 Z A1 DA D...D Ay,

M) A3 C A1 D...OA  PA DA DA,.. DA EB,B..BB2BG2D ... DGy

iv) G2 € As.

From (2.15) and (2.16), we know that if (L, L) is ad. — c.r. , then K is isomorphic
to a subalgebra of End(C"), where n = dim L - dim KA. So for any given n, K, upto
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isomorphism, has only limited choices. In (3.2.1.5) we will list, upto isomorphism all

reductive subalgebra of End(C™) for n < 4. Then for every such a reductive subalgebra

K, we will check if there is an L such that (L, K) is indecomposable ad. — c.r. .

(3.2.1.5) Table of non trivial reductive subalgebras of End(C"),n < 4.

—

o ol e e W W WY N

- W N

- W

K (upto isomorphism)

C

C, A

L AeC

C, A

C* A, A 0C

C3 A 0C, A BC?

C, A

C* A DA LA BC A B,

C, A1 ®C* A & ®C, A, ®C,B, B C, Ay
C A BC LA BABC? A0 C? A0 C

To determine the above table, we decompose End(C") = A, & C, for n = 2, 3, 4,

then use Lemma (3.2.1.3) and (3.2.1.4) to find all K's.

The final step of this proof is to check if there is an L for each given n and K such

that (L, ') is indecomposable ad, — c.r. . Here we will only give an example to show this

method.

Let n = 4, RankR =4,dimL = dimKk + 4.
Case i) K = C*. So dimL = 8,dimZ(L) < dimZ(K) = 4 by (3.2.1.2)-), i.e. 4
< dlm[L,L] < 8 So [L,L] can be Ay D Ay or Az, 1ie. L = A DA D C? or Aq.

Since RankK = 4 > RankA,, so L cannot be A;. So L can only be 4; @& A, ® C?,

i.e. RankL = RankK = 4, then L must be semisimple by (3.2.1.2) - v} and we have a

contradiction.
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Case ii) K = A; ® C3. Sodim L =10, 7 < dim [L,L] < 10 by (3.2.1.2) - i), i.e.,
[L,L) must be A3, Ay ® Ay ® Ajor Band Lmustbe A; ®C?, A; DA, d A B Cor
B;. Since RankL > Rank K = 4 , L can not be B;. In the other two cases Rank L =
Rank K, L must be semisimple which leads to a contradiction.

Caseiii). K = A ® A & C*, dim L = 12, dim Z(L) < 2i.e. 10 < dim [L,L} <
12. So [L,L] must be By, A; ® A, or A; ® A, & A ® A;. So L must be B; & C?, 4,
DA DBCorA; ® A D A & A, ,ie Rank L = Rank K, L must be semisimple. So
L canonly be A, & A; ® A; ® A; . Let T4 be the common CSA of L and K, we can
write root-space decomposition of L and K:

L=T+%\, (La, + L_q,),

K=T+%., (Ks, +K_p,),
where dim L3, = dim Kip, = 1,1 =1234, j=1,2. Since K C L and the root-space
decomposation of L is unique, there must be some 1, j such that Ky, + K_5, = Lo, + L-q,,
i.e. K contains a non-zero ideal of L, so (L, K) is not an ad, — c.r. pair.

Caseiv). K= A; & C? ,dim L =14 ,dim 2(L) < 2,12 < dim [L,L] < 14. [L, L]
must be G, B; & Ay, A2 0 A; @ Ajor A; ® A; & A @ A,. So L must be G, A;
DA DA,B, A ®CorA) & A & A & A & C? Since Rank G, < Rank K ,
L cannot be G;. Rank (B; & Ay ® C) = Rank K , 30 B3 & A, & C is semisimple by
(3.2.1.2) then we have a contradiction. By (3.2.14) A € A, @ A, ® A, ® A s0oL #
AlDA DA DA PA DA &C? Finallyif K C A2 & A; ® A, we can show that
K contains a nonzero ideal of L as we did in Case iii).

Casev). K=A3®8C ,dim L =20 ,dim Z(L) <1,dim [L,L] = 13 or 20. By
(3.2.1.4) - iii), [L, L) must have a simple ideal whose rank is at least 3 , i.e. {L,L] = A;
@® W,dim W = 4 or 5. But there is no semisimple Lie algebra in dim 4 or 5.

Q.E.D.

(3.3) Mixed ad, — c.r. pairs in dimension < 4.
In this section let o, : sl3(C) — gl3(C) be the i-dimensional irreducible representation

of sl(C).

18



(3.3.1) Theorem. The indecomposable mixed ad, - c.r.

are given in the following table:
dim=2,(L,K)=(C? % K,R), where K =
i) sha(C),
i) gha(C),
dim = 3, Type i, (L, K) =(C?® % K,K), where K =
i) o3(sa(C)),
ii) o3(s2(C)) @ Clds,
iii) al3(C),
iv) ghh(C),

v) (’l’(()c) 8)@0(((11 (1)) ‘:),t;eo,

0

dim =3 ’ Typc 'iiv (Lv I\’) = (C? X glg(C),Jlg(C)) ’
dim = 3, Type -iii , (L, K) = (NE # K, K), where K =

) (40 9).
1 00

pairs, upto equivalence,

In Type iii , V€ = Ce; + Cey + Cej such that [e;, e3] = e3,[e3,¢;] =0, = 1,2.

dim = 4, Type-i , (L, K) = (C* x K, K), where K =
1) gli(C),
i) sly(C),
iii) 304(C),
iv) 304(C) & Cldy,

v) (sls(()C) 8)60 1 . t#0,




1 0
. [ 8l3(C) 0 1
vi) ( 0 sz,(C)) @C( ¢ ) t# 0,

vii) a4(sl2(C)),
viii) 04(sl2(C)) @ Cldy,

1 0
. [ a3(slz(C)) 0 1
m)( 3 5 0)@0( 1 ).t;é().
0 t
1 0 (0 1) 0 (o o) 0
1 00 1 0
x)c( 1 )‘BC 0 0o 1\ |9€ 0 0 0
0 -1 0 0 1 0
- RN
) € 1 0o 1\ | 8¢ 0 0o 0\ |
0 1 0 0 1 0
1
eac( 1
0
(52) o
sih{(C) 0 0 t
‘0 0) ®C ’

) o (o1))

xii) ( +)

0 (o 1)
®C 00
_ 0
0
t )
t
t, 0
0
C((o o)
0 1
¢
tita # 0

1 0
i) ("’((,C) 8)@0( ! ) ),z,t”eo,
0

t2
xiv) o(sl3(C) @ sl (C)),
xv) o(sl2(C) @ sly(C)) ® Cldy,
In xiv) and xv) o is the product representation.
dim = 4, Type-ii, (L,K) = (C* x K',K)
i) K' = gl3(C), K = sl3(C),



i) K' = 03(sl3(C)) ® Cldy, K = a5(sl3(C)),
1 0

ﬁi)K=(”’(()C) 8),1(’:1(&90 1 |Le#0,
0 t

10
iv)K:("l’(()C) g)@c(o 1 t),t;é(),

a 0
K’=("12(()C) 8)69{ a ;a.bEC}
0 b
dim 4 , Type-iii , (L,K) = (C? » K',K)

g . Af1 0
1)1\_31,(0),1\_0(0 1)'

i) K’ = glj(C), K = {(g 2) abeC)

dim 4, Type-iv , (L, K) = ((Nf & C) %K, K), where NEB®C =Ce;+Ce3+Ces+Ceq,

s.t. [e1,e2] =es,[es, 6] =0,i=1,2, [eq,¢,] =0, =1,2,3, then
1 0

A’:("I’(()C) 8)®C 1 , 140,

0 t
dim 4 , Type-v, (L,K) = (af fin(1,C) ® sl2(C),C) , where af fin(1,C) = Ce; + Cey,

such that [e;,e3] = ¢; and

weel(3 )

Proof. Let L = R % S be a Levi's decomposation of L. By Malcev-Harish-Chandra
Theorum, we may assume that [K, K] C Sif [K,K]# 0. Let Pr: K - R,Ps: K = S
be the projection map from K to R, S respectively. Z, = Z(K) N R, Z, = Ps(Z(K)).

The following lemma will play the key role in this proof.

(3.3.1.1) Lemma. If (L, K) is a mixed ad, — c.r. pair in dimension n, then
i) Ps(K) is reductive, Z(Ps(K)) = Ps(Z(K)) = Zs, [Ps(K),Ps(K)] = |K, K],
Ps(R) = Z; & [K,K].
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i) Ps(K) acts (as the adjoint representation on L) completely reducibly.

iii) n = (dim R- dim 2Z,) + (dtim S— dim Z; - dim [K,K]).

The first part of the Lemma is based on the fact that Ps: K — S is a Lie algebra
homomorphism. To prove the second part, we only have to show that S is invariant
under adZ, and adZ; is diagnolizable, so Z;|s can be contained in a CSA of S and any
representation of S (which is semisimple) restricted on its CSA is diagonolizable, this
implies the complete reducibility of ad(Ps(K)) on L. The last part of this Lemma is

tnvial.

(3.3.1.2) Corollary. Ps(K) is isomorphic to a reductive subalgebra of ¢l,,(C).

For n < 4, all such reductive subalgebras are given in (3.2). OQur first step is to find
all such pairs (S, P) that S semisimple, dim S < n? + n, P is a reductive subalgebra
of S and adP|s is completely reducible, i.e. any CSA of P is a subspace of a CSA of
S. The second step is to find all indecomposable mixed ad. — c.r. pairs (L, K') such that
L =R x S and Ps(K) = P. The following Lemma shall be needed in step 2.

(3.3.1.3) Lemma. If (L, K) is an indecomposable mixed ad. — c.r. pair in dimension
n,L = R x S as before, Z, = Z(K) N R, then

i)dim S - dim Ps(K)<n-1;

ii)2dim Z, <dmR;

iii) R abelian = Z; = {0} ;

iv)n <4 = dim S— dim Ps(K)# 3;

Part 1) in this Lemma is based on the requirement of indecomposability. Part ii)
and iii} are based on the fact that K can not contain a non zero ideal of L, i.e. we can
prove that otherwise K N Z(L) # 0 by finding an element z € Z, such that adz|L is both
nilpotent and diagonalizable. Part iv) is a corollary of ii) and iii).

Using (3.3.1.3) and the list obtained in Step 1, plus the well known results about the
dimensions of irreducible representations of simple Lie algebras, we obtain a table of all

possible pairs (S, P) which will be used to build indecomposable mixed ad; — c.r. pairs.
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(3.3.1.4) Table of all (S, P), where S semisimple, P is a reductive subalgebra of
S such that there may exist an indecomposable mixed ad, — c.r. pairs (L, K) in dim < 4

with the Levi’s decomposation L = R x S and Ps(K) = P.

dim S - dim P (S, P)

(A1, 4,)

(A ® Ay, A1 B Ay)

(Az, 4z)

(B3, B3 )

(As, Ay )

(A;,C ), where P = CSA(A;) ~ C

<
A —
v © o © o

In Table (3.3.1.4) case i) - v) , we have Ps(K) = P = § = (K, K] semisimple,
so Z3 = Ps(Z(K)) = Z(Ps((k)) = 0 and Z(K) = Z, ““ KNR So we can write
(L,LK)=(R»S,Z(K)® S)=((V+ 2Z2(K)))x S,Z(K) ® S) , where V is a complement
of Z(K) in R such that [K,V]C V,dimV =n < 4, dim Z(K) < dim V by (3.3.1.3) -
). On the other hand, K has to be isomorphic to a reductive subalgebra, so by Table
(3.2.1.5) if K is not abelian, dim Z(K) < 1if S = [K, K] = A; or By, dim Z(K) <
2if (K K] is A; or A; & Az and dim Z(K) < 3 if (K, K] is A;. So in each case, the
dimension of R has very limited choices.The semisimple Lie algebra S = [K, K] acts on
V as a derivation as well as a representation of S on a space whose dimension is < 4.
All such representations of S in Case i) - v) are well known and are finite many (upto
equivalence). So to complete step 2, we need only to consider all possible representations
of S on V, then consider all possible Z(K) = {0},C,C? or C? ( depends on S), such that
V + Z(K) forms a Lie algebra [V + Z(K')] acts on V + Z(K) as a derivation. Here we
will only give some examples to show this method.

Case iii) (S, P) = (Az , A3)

By Table (3.2.1.5) ncanbe 3or4. If n =3, Z(K) = {0} or C,if n = 4, Z(K) =
{0}, C or C2.



If L = R » S such that [R,S] = 0, then S is an ideal of L contained in K. So we
only consider the case when [R,S] # 0.

First let us recall some facts about A;. Let {a; , a;} be the simple root-system of
Az. Let A}, Az be the fundamental weights s.t. A\, =(1/3) (2a; + a3), A2 = (1/3) (a4
+ 2a;). Let V(A) be the irreducible module of A; with the highest weight A= m;\; +
m3z);, where m; , m; are nonnegative integers, then dim V() = (1/2)(m; + 1) (m; +
1) (my + mg + 2). So dim V(0) = 1, dim V(A,) = dim V()g) = 3, dim V(2),) = 6, i
=12, and dim V(A +203) =8, ... .

It'sclear that if L=R 4 S, K =S ® Z(K), Z(K) C R and (R, S] # 0, then there
is a vector space V C R such that V + Z(K) = R, [Z(K) + S, V] C V,[S.V] # 0. So
V, as a A;-module, must contain an rreducible A;-module with dimension at least 3.
Since dim V < 4, this irreducible module must be V(};), 1 = 1 or 2. We may assume ¢
=1,then V(X)) CV,dimV - dim V(4\;) = 0or 1. We have V = V(\,)if n = 3 and
V=V(0)+V(\)ifn = 4.

We know the weights set of V(A)) isTI(A\1) = {A1, A1 - a1, Ay - a) - az},i.e {(1/3)
( 20y + a3 ), (1/3) (-a; + a3), 1/3 (a1 -2a3)}, each of these weights has a single
multiplilicity. Since [S, Z(K)] = 0,(S, V(0)] = 0, we can write

R=Ro+ 3 enr,) Ras
where R, is the weight space of weight a for a € II(\,), Ry is the weight space of
weight zero and Ry = Z(K') + V(0). Since S acts on R as the inner derivation , i.e.

[z, [y, 2] = [z, 9], 2] + [, [z, z]), we must have

[Ra, Rg) C { ﬁ)u}d,-ﬂ, gtl(:e:\hfsi )
We see immediately that [Ry, V(A)] € V(Ay), [V(A1), VA;)] =0, i.e. V(A) is abelian
and [Ry, Ro) € Ry. Since [Z(K)+ V(0)] € V(0) + V();) , we must have [Z(K),V(0)]
C V(0) in case n = 4. Notice that [Ry, S] = 0 and V(\,) is an irreducible module,
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adRg|v(y,) must be scalers, also adZ(K)|v (o) is scalers since dim V(0) = 1, i.e. whenn

= 4, we must have the following relations

/ Z(K)
b ]
V(Al )/ X
b |
V(0)

where all 7 x ”'s are scalers.
Claim. If Z(K) # 0, then [V(0), V()] = 0
Proof of the Claim. Let 0 # X € Z(K),0 #Y € V(0),0 # Z € V(7)) s.t.
adX|vr,) = a,adX|y) = b,adY |yu,) = ¢,
then (X, [Y, Z])] = [[X, Y], Z] + [Y,[X, Z]] implies
[(X,cZ] = [by, Z] + [Y,aZ],
acZ = beZ + acZ,
be =0,
Sob=0 orc=20.If b= 0, then a # 0, otherwise [Z(K),S+ V(0) + V(A\)] =0, K N
Z(L) # 0, i.e. K contains a non-zero ideal of L. Then
ad(-£X +Y)lvaa, =0,
ie.
(L,K)=((V(M) + Z(K)) x 5,5) + (C(-£X +Y),0)
is decomposable. So ¢ must be zero.

So we will have

V()
| N
&b Z(K)
| pd
b |
V(O)/
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if Z(K) # 0. In this case, if dim Z(K) = 2, then it's easy to show that Z(K)=C & C

such that
V(A\)—x—C
N
V({0)— x—C

and again we have a decomposable case
(L,K) = (af fin(1,C), 0) + (C* n gl3(C), gls(C)).
Sodim Z(K) < 1.
Similarly we can prove that if n = 3, dim Z(R') < 1.
Summarizing our results in matrix forms , we get
n=3:
i) (C* » sl3(C), sl3(C)),
i) (C* x gl3(C), gla(C)),

n=4:

i) (C* {(sla(()C') g) iC (1 1 0)}' (als(()C) g) +C (1 1 0)),t #0
0 t 0 t

i) (C? x gl3(C),sl3(C)).

It’s easy to show for different 0 # t € C, we will get unequivalent pairs in Case n =
4, ).

The rest cases in Case i) - Case v) can be solved in the same way. The proof of
Case i) is much more complicated than that of Case iii) since dim Z(K') is higher and
consequently the structures of V and R are much more complicated and more interesting.
But the discussion is too long and we are not going to write it here.

Finally, we will give a brief discussion about Case iv) which is the only case that P
# Sin (S,p).

Case vi). (S,P)=(A,,C), where C = P =a CSA of A;. We can choose a basis of
Ay :{Z,X,Y}, such that [X,Y] = Z,(Z,X] = 2X,{Z,Y] = —=2Y and P = CZ. Suppose
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that (L, K') is an indecomposable mixed ad. — c.r. pair such that L = R 5,5 = A,,
[K,K] =0, Ps(K)= 23 = C. Now K = Z(K) is abelian. By (3.3.1.1) - iii),

n=(dim R -dim 2,) + (dim S - dim Z; - dim [K,K]),

Now Z, =KNR,[K,K]=0,dimS -dim 2, =2 ,s0dimR-dim Z, =n -2.
Then by (3.3.1.3) -1)dim Z, <dim R-dim Z, =n—2. By (3.3.13)-i),n -1 > 2,
n=3o0or4. SodimZ, <l,dm K <2forn=3,dimZ, <2,dim K <3forn=4.
The rest discussion is similar to that of Case i) - Case v).

Q.E.D.



(3.4) Solvable ad, — c.r. pairs.

(3.4.1) Definition. An ad.—c.r. pair (L, K) is called nil-affine if there is a nilpotest
ideal \V of L such that L = .V » K.

(3.4.2) Definition. An ad. —c.r. pair (L, K) is called truncated-nil-affine if there
is a nilpotent ideal .V of L and a subalgebra K1 of L such that L = ¥x K and K C K.

(3.4.3) Proposition. A solvable ad. — c.r. pair (L, K) in dimension < 4 is either
nil-affine or truncated-nil-affine.

To prove (3.4.3) we need the following Lemma due to Ravi Kulkarni:

(3.4.3.1) Lemma. (L, K) as in (3.4.3), then

i) K is abelian;

ii) if L is nilpotent then K = {0};

iii) let L = Lo + Y, cq La be the root space decomposation of L w.r.t. K, where ®
is the set of nonzero roots. Let Ly = Y 4 Lo and n, be the nilradical of L, then the
geometry is nil-affine under any of the following conditions.

a)dim K + dim n, < dim L;

b)K = Lo;

c)dim Lg - dim K = 1 and L; is not an ideal in L.

Proof of the Lemma.

Consider i). Since K ~ ad,, /k(K) is solvable and acts completely reducibly, K must
be abelian.

Consider ii). adK acts on L both nilpotently and completely reducibly. So adK =
0. Hence K = {0} .

Now consider iii). Since A" N n, acts both nilpotently and completely reducibly, we
have K Nn, = 0. So by a) dim K + dim n, = dim L. Since [K,n.] C [L, L] which is
nilpotent hence must be contained in n, , so [K,n,] € n, and (L, K) = (n. x K, K). By
b), we have L, = [K,Ly] C [L,L] C no, so L, is nilpotent and we can write L = L
x Lo = Ly x K. In this case L4 = n,. Finally consider ¢). Since Ly C n, and L, is
not an ideal by assumption, we must have L, # n,. So

dmL=dimLo+dimL,=dimK + 1+ dim L+ <dim K + dimn, .
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Again the conclusion follows by a).
Q.E.D.

(3.4.3.2) Corollary. dim K = dim {span{a; a in & }}.

Proof. Since a € K* and dim K* = dim K, we have

dim K > dim {span{a; a € ¢ }}.

But if dim K > dim {span{ a€ ® }}, then thereis 2z € K,z # 0,3t. a(z) =0 Va€ ®.
So [z,L] = 0, namely KNZ(L) # 0, contradicts that K can not contain a nonzero ideal
of L.

Q.E.D.

Proof of Proposition (3.4.3). We only have to consider the case when (L, K) is
indecomposable. We also assume that K # 0 since if K’ = 0, the Proposition is obviously
true . Let n = dim L— dim K be the dimension of the pair (L, K'). We will consider n
=1, 2, 3 and 4 separately.

(3.4.3.3) n = 1.

Since L =Ly + Ly, K C L, we must have dim Ly =1 and K = Ly . By Lemma
(3.4.3.1)-1ii)-b), the Proposition is true. By (3.4.3.2) dim K = 1 since there can only be
one root. So (L,K) = (C » C,C).

(3.4.3.4)n =2

We have two cases : dim Ly =2or 1. f dim Ly = 2 then Lo = K. By Lemma
(3.4.4.1)-ii1)-b) the pair is nil-affine, namely L = L, % K , where L, is nilpotent. Sicne
dim Ly = 2, L, must be abelian. So (L,K) = (C? % K,R). Since (L, K) is indecom-
posable dim R must be 1. So (L, K') has the form (C? » C,C).

If dim L, = 1, then dim Ly - dim K = 1. Since we have only one non- zero root,
dim K = 1 by (3.4.3.2). So dim Lo = 2. Since [Lo,L+] € L4, dim Ly = 1, adLg acts
on L, as scalars. Since dim Lo = 2, thereis z € Lo,z # 0,z € K,[z,L4] = 0. So
(L,K)=(L+ n K,K)+(Cz, 0) which is decomposable.

(3.4.3.5) n = 3.

‘e have 3 cases according to dim Ly =1, 2 or 3.
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i) dim Ly = 3. Then we must have K = Lo, n, = Ly and (L,K) = (L4 % K, K)
by (3.4.3.2). As 3-dimensional nilpotent Lie algebra , L, ~ N€ or C?, K has 3 nonzero
roots on L,. We will determine (L, R') later.

ii) dim Ly = 2. dim Lg - dim K = 1. Consider (L, L] which is a nilpotent ideal of
L and contained in n, . We have

Ly C[L,L)C n, .

If Ly is not an ideal, L, C n,, but Ly # n,. By (3.4.3.2), the Proposion is true. Since
(Lo, L4) € Ly, we must have (L4, Ly) C Ly. So Ly C [L,L]) = no, dim [L,L] = 3.
Hence [L,L) = no ~ NE, (L,K) = (Nf % K,K) and K has two nonzero roots and one
zero root on NE. We will determine K later. If L is an ideal, then {L4, L4] = 0, i.e.,
Ly ~C? (L,K) = (C? u Lg, K) so the pair is trucated-nil-affine. Since dim L4 = 2, we
can write L, = L, + Lg where a and 8 are independent, L, = L, + Ly, where t # 1,
t# 0,or Ly = L,. In the first case dim K = 2; in the rest two cases dim K = 1. Since
(Lo, La) € La, [Lo, Lta) € Lta, adLg acts on L4 completely reducibly. dim L = 3 implies
that there is 0# z € Lg s.t.[z,L4]) = 0. So the pair is decomposable: (L, K) = (Lq, R})
+ (Lg, K3) + (Cz,0)where Ky + Ky = K. If Ly = Lg + Lea, t # 1,t # 0 wealso
have [Lo, Lta]C Lta, i-e., adLg acts on Ly completely reducibly and [Lo, L) = 0. adLy
must act on L, with two indpendent roots, otherwise there is 0# 2 € Ly s.t. [z,L4] =
0 and again it leads to a decomposable case
(L,R)=(L+,K)+(Cz,0).
So the indecomposable pair is

(LK) = (C? » {(‘(’)l 2);a,bec},c((l) ‘t’)),t;e 0,t# 1.

10

Finally consider Ly = Lo, Ly Xx K =C* x C (0 1

reducibly, then

(LK) = (C? x {(8 2);a,beC},C<(1) ‘1’))

If adLy doesn’t act on L, completely reducibly, we can write, w.r.t. a suitable basis

). If adLg acts on L, completely
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(L.Ix’):(C’x{(g Z);a,beC}.C((l) ‘1’))

It’s easy to see that (L, ') is equivalent to

1 1
(NExc| o .C 0 ),
1 1

where the matrix is w.r.t. the basis { X, Y ,Z } of N§ s.t. [X,Y] = 2,Z € Z(.NF). So
this is a nil-affine pair.

i) dim L, = 1. We have only one nonzero root, sodim K = 1,dim Ly - dim K =
2,dim Lo = 3. Since adL, acts on L, completely reducibly, [Lo, Lo] = 0 will lead to a
decomposable pair

(LK) =(Ly ¥ K.K)+(C,0) +(C,0).

If (Lo, Lo] # 0, we have Lo = N + k', K" ~ C « C,[K,K'] = 0 since [Lo, K] = 0,
(Lo, Lo | C Lo. Hence dim [L,L] = 2,[L, L] is abelinn since it is nilpotent. If we write
K'=CX+CY st [X.Y]=Y. Then[Y,L,] = 0,CY + Ly = [L,L] = C?, ad(K +CX)
acts on [L, L] completely reducibly. So the pair is decomposable

(Ly * K,)+(C « C,0).

(3.4.3.6)n = 4.

Since [L, L] is nilpotent, [L,L] N K = {0},[L,L] + K is a direct sumn. adK keeps
([L.L] + K invariant so L = [L, L] + K + K, s.t. [N, K] C K,. Hence Iy, C [L,L]N K,
= {0}, namely K’y C Lo. Since L4 C [L, L], we can decompose [L, L] into

(L, L] =Ly + K,

s.t. K3 C Lo. Since [, N3] = {0}, we must have

(K1, K2} € [Loy Lo ) N [L,L] € Lo N [L, L] = Iy,

(K1, Ly] € (Lo, Ly] C Ly,

(Lo, Lo)]=[N+ K+ K3, K+ Ry + K] =[Ny + Ko, Ky + Iy
Since [L,L] = [Ly + Lo, Ly + L) = Ly + (Lo, Lo], we have

(K1 + K2, Ry + K] =K,

So L has the following structure
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/

7/
L=L+—Kz/ )
N\ \ﬂ’\
X\K

Since dim L— dim K = 4,dim L, + dim K; + dim K, = 4,0< dim K, < 3. We will
discuss dim Ry, = 0, 1, 2, and 3 separately.

i) dim Ky =0. L =[L,L] x K . The pair is nil-affine. [L,L]is C*,N{ or N & C.
We will discuss the derivation of K on (L, L] later. A

i)dim K, =3.dimLy =1, K, =0. So [K), K;) =0. Ky ~ C3 adL, acts on L
completely reducibly and (L, K) is decomposable.

(L,K)=(Ly ¥ K,RK)+(C,0) +(C,0) + (C,0).

iii) dim K, = 1. Then dim [L,L] = 3, so [L,L] is N€ or C* and the pair is
truncated-nil-affine

(L,K)=(C* % (C ® K),K) or (N % (C ® K),K).

We will classify them later.

iv) dim K, = 2. Then dim (L, L] = 2,[L, L] ~ C? is abelian. We have two subcases:
dmL, =2, dimK; =0 anddim Ly =dim K; = 1.

Consider the first one: [L,L) = Ly,K; = 0. Then [K;, K] C K2 = 0, namely K,
is abelian. If Ly = L, + Ls where @ # B, then [Lo, La]) € L4, [Lo , Lg) € Ly, Lo
~ C* acts on Ly ~ C? completely reducibly with k > 3. So the pair is decomposable

(L,K)=(Ly n Ly, K)+(Cz, 0),
where Cz + Ly = Lo st. [2,L4]) =0. So Ly = Lg, namely dim K =1,

adK|, = C ((1, ‘1))

Let z € K,, then w.r.t. a suitable basis,
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b
adz|,, = (8 a).

and there is ' € K s.t.

0
ad,z’h“ = (g a),

then ad(z — z')| ., is nilpotent. Similarly if{ e,, €3} is a basis of K, then ad(e; —¢})|L,
and ad(e; — ¢)|L, are nilpotent. Replace K3 by K3' = C(e; - ¢}) + C(e2 — ¢3) then
for every r € K3', adz|L, is nilpotent since K3’ C Lo which is abelian. So adK;’|;, is
a nilpotent representation. By a corollary of the well known Engel’s Theorem, there is a
basis of L4 s.t. with respect to which the matrix of each adz|,,,r € K;’, has the form
(g 8) Since dim K3’ = 2, there is z € K3’ s.t. [z, L4] = 0, namely [z, L] = )Hence
the pair is decomposable

(L,K)=(Ly » Ly, K) +(Cz,0),
where Cz + Ly = Lo .

Now consider the second case : dim Ly = dim K; = 1. We get dim K = 1. Then
[Ky + K3, K, + K3]) = K;. So K; + K3 is a 3-dimensional solvable subalgebra of L,
st. dim [Ky + K, K; + K;) = 1. If K, + K3 is decomposable, then K} + K; ~C &
C » C; if Ky + K3 is indecomposable, then K, + K, ~ Nf.

Subcase i) Ky + K3 > C @ Cx C, then

™~ (C % C)

Hence ad(K & C) acts on L, completely reducibly, since dim Ly = 1. So
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thereis 0 # z€ K® CC Ly st. [z,L4) = [2,L] = 0. Hence the pair is

decomposable
(L,K)=(Ly »(CnC ® K), K)+(Cz,0).

Subcase ii) is also decomposable since L has the following structure

b |
/
L=(Ly~C)
\)‘

But 1-dimensional representation of N is trivial, so
[Ly,NE] =0 and
(L,K) = (L4, K) + (N5, 0).
We have completed the proof of (3.4.3)
Q.E.D.

(3.4.4) Corollary. An indecomposable ad. — c.r.

upto cquivalence, have one of the following forms:

dim1:1)(C x C,C),
dim2:i)(C7xC((1) ?)C((l) ?)),t;é 0,

dim 3:i)(C*® % K,K),dim L, =3,
i) (V¢ % K,K),dim L, = 2or 3,

iii) (C? {(g 2);a,bec},c((1) ?)),t;é 0,

dim4:i)(C* x K,K), L, =|L,L} = C*,
i) (N§ %« K,K),Ly =[L,L) = NE,
i) (N & C) x K,K),Ly = [L,L}=NF & C,
iv) (C* x (C & K),K),[L, L) = C3,
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v) (Nf % (C & K),K),[L,L] = Nf.

(3.4.5) Classification of indecomposable ad. — c.r. pairs in dimension <4.

The list in (3.4.4) is not a classification list (upto equivalence). We need to determine
R as derivations in the nil-affine case. In the truncated-nil-affine case, we need to find
one more derivation which commutes with the action of K. The following Lemma is due

to Ravi Kulkarni.

(3.4.5.1) Lemma. Let (L,K) be an ad. — c.r. pair.

i) If L = NE % K, then the root set of K on N{ must have the form

{a, B, a+ B};

ii) If L = NC » K, then the root set of Kon N must have the form

{a, B, a+ B, 2a+ B};

iii) L = (N @ C) % K, then the root set of K on N$ @ C must have the form

{a, B, a+ B, 7}.

Proof. Let k € K, N be a nilpotent Lie algebra s.t. adk acts on N as a derivation.
Then adk keeps the centre Z(V) invariant. adk also keeps [V, N] invarient. N has
a basis{ x, y, z} s.t. Z(Nf) = Cz,[z,y] = z.NE has a basis { x, y, z, w} s.it. [z,y] =
z,[z,2) = w,y,z,w commutes and Z(NE) = Cw. N @ C has a basis {x, y, z, w}
st. [z,y] = 2,Z(NE ®C) = Cz & Cw. Then [NF,N] = Cz + Cw.[Nf & C,Nf
®C) = [NE,Nf] =Cz.

Now consider i). Since adK keeps Z(N{) = C:z invariant, let N, be a root space of
adK with root a, then we can write N = NV, + N',s.t. N, = Cz and adK(N') = N'.
So N' = N, + Np. Then [Ng, Ng) = [Na+ N, Na+ Ng] = [N, N'] = [N ,N§f]=C=z
=N, e,y =a+f.

Consider iii). adR keeps Z(NE & C) and [N€ & C,NE & C)] invariant and we have
[NE @ C,NE & C) € Z(NE & C). By the complete reducibility of adk’, we can write
NE@®C =N +N"+N"s.t. adK keeps N',N” and N" invariant, N' + N" = Z(N{

®C),N" =[NEF & C,NEF & C). So [N"'N")=[NF ® C,NF & C)=N". Let N' =
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N,y N" = Ny, N = No+ Ng. Then [Ng, N3] = [N N") = [NE & C]=N",30 A =
a+8.

Finally consider ii). We have Z(N{) C [VC, NE]. Let

' = {z € N§i [z, [N, NE)] = 0},
It's easy to show that dim N’ = 3, adK(N') C N'. So we have

Z(NEYC[NE,NETC N,
and we can assume that V& =V, + Ny, + Vg + Ny st. NV, = Z(NE), N, +
Ny = [NENE), Ny + Na + Ny =N It'sclear that 0 # [Va, Ng] C (VE,NE] =
N, + Ny, and 0 # [No, Vi € [V, [NE,NE] = Vo, namely v = a + A. We only
have to prove that [V, Ng] = Ny. Ify # A, then [Ng, Ng| = Ny or N,. But if [V,, Ny]
= .V,, then [NC,NE] = [Na, N3 + N, + N,] = V,, we have a contradiction. If y = A
# 0,a + A= 1yimpliesa=0,a + 3 = Aimplies 8 = A. So the root set is { 0, 3, 3,
3}, a special case of {a,f,a + B, 2a +8}. fA =y =0, then we have a =8 = A =v
= 0. In all cases, we can assume that No= Cz, Ny= Cy, Nayp = Cz, N4+ = Cuw.

Q.E.D.

(3.4.5.2) Corollary. Upto equivalence, indecomposable nil-affine ad, — c.r. pairs in
dim 3 and dimn 4 are
dim 3:1)(C? ¥ K,K),dimK =2,® = { a, 3, t)a+ t38}, where

a, pare independent, (¢, , t2) # (0, 0);

1) (C* » K, K),dim K =1, ® = {a, tja, t;a}, where

12t 2t thty # 0

iii) (V¢ x K,K),dim K =2, & = {a,5, a+ 3}, where

a, § are independent;

iv) (V¢ ¥ K,K),dim K =1, ® = {a, ta, (1 + ta)};
dim4:1)(C* ¥ K,K),dim K =3,® = {a,3,7, tja+ t23+ t3v}, where

(t1,t2,t3) # (0,0,0), a, 3, vy are independent;

i) (C* » K,K), dim K =2, ® ={a,8, tia+ t:8, t3a+ t,3}, where

a, B are independent, (t; ,t;) # (0,0), (t3, ty) # (0, 0);

i) (C* ¥ K, K), dim K = 1,9 = {a, t)a, t;a, tza}, where
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121 2t 2t3, tityty # 0

iv) (VE % R K),dim K =2, ® = {a, 3, a+ 8, 2a+ 3} where

a, 8 are independent;

v)(NE » K,K),dim K =1,¢ = {0, 3, 3, 8);

vi) (N % K, K),dim K = 1,® = {a, ta, (1+t)a, (2+t)a};

vii) ((NJC ®C) K K),dimRK =2,¢={a, 8, a+ 3, tija+ t28}, where

(t1,t2) # (0,0), a, 8 are independent;

viii) (NE ® C) % K,K), dim K = 1,® = {a, t1a, (1 + t,a), t;a} ,where

t, # 0.

Proof. By (3.4.5.1) and (3.4.3.2).

Q.E.D.

(3.4.5.3) Corollary. If (L,K) is a truncated-nil-affine indecomposable ad, — c.r.
pair of dim 4 which is not nil-affine and the nil-radical of L is NE, then (L, K) = (N
M Ky, K) s.t.

i)dim K = 1,dim K, = 2,

ii) K, is abelian, K C Ky, adk) acts on N completely reducibly with roots {3, 7,
B + 1},

iii) adK acts on N{ with roots {a, ta, (1 +t)a}, t # 0.

Proof. In (3.4.5.1) we have proved that L = N ¥ K;, K C K,, K, is abelian and
NE =N, + Ng + N, st. a, 3, v are roots of adly on NE, No, N3, N, are the
corresponding root spaces and a + 8 = v, [Na, N3] = N,, NV, = Z(NE). By (3.4.3.2),
dim K €2 Ifdim K =2, then a, 3,a + 3 are three different roots. Since K’} C
Lo, Ly is the root space of ad\’ on L, we must have (K}, N,] C N,, [y, N3] C Ng,
(K1, ¥,) € N,, namely, adl¥; acts on NE completely reducibly. Since dim A’} = 3 but
dim adl\'y = 2, thereis an z € 'y s.t. adz|, = 0, then (L, K’} is decomposable

(L,K)=(NF % K,K)+(Cz, 0).

So we must have dim L' = 1 and we can rewrite Nsc as No + Nea + N(14¢a) With

ta =3, (14t)a= v. If a, ta and (1+t)a are three different roots, we can repeat the
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above argument to show that adK’;, acts on N completely reducibly, so we only have
to conasider two special cases: t = () ort = 1.

Subcase 1: t = 1. N€ = Ny + Nzq, where dim N, = 2. Now (K, N35) € Naa, [K),
Na) € Na. So adK; actson Nf completely reducibly iff adR’; acts on VN, completely
reducibly. If adK'y, doesn’t act on N, completely reducibly, then we can find z € K, s.t.
adz|x, has the form (8 (1)) w.r.t. a suitable basis. then N +Cz ~ NE (LK) = (N€
% K, K) which is nil-affine.

Subcase 2: t = 0. NC = Nq + No + Z(NE), [Na, No] = Z(NE). adK|x, + z(ng)
are scalers. As derivations, adK fixes Z(NE). If {e),e2,¢3} is a basis of N s.t. Cey =

No,Cez = No, Cez = Z(NE), then there is an z € KAy, s.t. ad:z:l,;f has the form

ah

namely [z,¢;] = [z,e3]) = 0, [z,¢e3] = ¢3. Then ad(z - c,)lN;: = ad(z — ¢))|r = 0, namely

[ i R ]
oS0 o

(L, KR) is decomposable

(LK) = (NE » K,K) +(Cz, 0).

The remaining part is trivial.

Q.E.D.

(3.4.5.4) Corollary. If (L,K) is a truncated-nil-affine indecomposable ad. - c.r.
pair of dim 4 s.t. the nil-radical of L is C?, then dim K=1o0r2,L = C® x K,, K C K,
dim K, = dim K+1. K, is abelian. We have three subcases.

(3.4.5.4..1) dim K = 2 and K, acts on C? completely reducibly with three inde-

pendent weight a, 8, ¥ and any two of the following

alk, Blk, ik

are independent. In matrix form, we can always write

a
K1={( b ;a,b,¢, € C},
c
a
K={( b ;a,b,cEC},tltg# 0.
t1a+tgb
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(3.4.5.4.2) dim K = 1 and K; acts on C? completely reducibly with weights
{ a, B, tia+ 38}, (t1, t3) # (0,0), a and S are independent. The restriction of

these weights on K gives a classification.

(3.4.5.4.3) dim K = 1 but K, doesn’t act on C* completely reducibly. Using the

Jordan form, we have two cases:

a+t3d 0
l) l\"':{( 0 (t;a tgb));a,bé C},
0 ta
a
K={ tia ;a,bEC}
tija

where t; # 0O;

i) K, = {((302) :;) ;a,bec}

where 2 # 0.
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§4. Real Forms of ad. — c.r. Pairs

(4.1) Definition. Let 7 be an abelian real Lie algebra, V a vector space, p :
T— End(V) be a completely reducible representation of 7. Then V decomposes into a
sum of 1- or 2-dimentional subspaces. let a's, resp. (8,8)’s the corresponding weights and
Va, resp. V,, 5,the sum of all 1-, resp. 2-dimentional irreducible subspaces with weights
a, resp. (B, B). Then

V=(0a Vo) ® (&5 Ypm)-

The multiplicity of a, resp. 8 is dim V,, resp. -;—dim ij).
We call a a real weight. We know that there is a basis {1, €2} of V(5 3, s.t.

A2y, 5 = (}gg —7?(:))) 2€T,
where v : T— R,6: T— R are linear functions, § # 0. If ¥ = 0, we call (8, B) a compact
weight. If v # 0, we call (8, #) a mixed weight.
When V is a real semisimple algebra and 7 is its CS A, these weights are its roots.
If two representations are equivalent, then the set of weights and their mulitiplicities

are exactly the same.

(4.2) Real forms of nonabelian reductive ad. — c.r. pairs.
In {30}, the CSA’s of real semisimple Lie algebras are classified upto congugacy. We

will use these results.

(4.2.1)(€€, H€) = (B2, 41 ® A)).

It’s claerly that ¢ has to be s0(5),s0(1,4) or s0(2,3), and H has to be 30(3) &
30(3) ~ s0(4), 30(3) ® slz(R) ~ 30*(4), sh(R) @ sly(R) ~ 30(2,2) and sly(C) ~ s0(1,3).
Always Rank = Rank H.

(4.2.1.1) Lemma. Let (¢, H;) and (¢, M3) be two ereal forms of (B2, A; ® 4,).
If CSAH; = CSAM,, then H; = H;.
Proof. Let Gy = CSAM, = CSAM;, then G§ = CSAB,. W.rt. G we have a

root-space decomposation

B? = gg + ZQEQGE'




where @ = {ta,;, ta;, +(a; + a3), +(2a; + a3)} with a, as the short simple root and
a3 as the long simple root of B;. In (3.2.1) we proved that the root-spaces of H¢ w.r.t.
¢S must be 2368, where § runs through all long roots, i.e. MC is uniquely determined
by the common CSA of A; @ A; and B;. So 'Hf = H,f, H, = H,.

(4.2.1.2) Corollary. Let Gy be a CSA of ¢, then there is at most one Msuch that
Co is also a CSA of H and (G, HS)) = (B3, A; & A)).

(4.2.1.3) Corollary. Let (¢, H) be a real form of (B;, A; & A,),then

No.{equivalent classes of (¢, M) } < No.{ conjugate classes of CSA’s in ¢}.

(4.2.11.4) ¢ = 30(5). By [30], all CSA’s in so(5) are conjugate, so there is just one

real form (so(5), s0(4)).

(4.2.1.5) ¢ = 30(1,4). We know that so(1,3) and so(4) can be embedded in G;
(s0(1,4),s0(4)) and (s0(1,4),30(1, 3)) are not equivalent since so(4) and so(1,3) are not
isomorphic. By (30], there are only two conjugate classes of CSA in so(1, 4), so by (4.2.1.3)

we have exactly two real forms.

(40201'6) g = 3«2, 3).
By {30}, there are four conjugate classes of CSA, their representitives w.r.t. a given
basis are
hy 0
h,
i) CSA, = { —hy shi € R},
—hy
0 0

0 h 0 —hy
hy 0 hy O
ii) CSA; = { 0 ~hy 0 <—h
hy 0 ~—h 0
0 0 o0 o0

;h.‘GR}.

S0 000
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0 h, 0 ~-hy 0
—h, 0 h, 0 0
iv) CSA4 = { 0 ~h, 0 hy 0] :h € R}.
h, 0 -hy 0 0
0 0 0 0 0
and

an a2 0 aiy  ays
ayn a; -ay 0 az

80(2,3) = { 0 a3z —a;; —azp ajz; 184y € R}
—ay; 0 =-a;3 —-an ag
ay; a4 a3 a0

It's clear that CSA;, CSA; and CSA, are contained in
30(2,2) — ("’(3’2) g) ,

so CSA,, CSA,; and CSA, correspond to the same equivalence class (s0(2,3),30(2, 2)).
CS A, 1s contained in

0 —d -a —h]

0
-a h, a 0 b
H={ 0 d 0 a h, ;a,b,c,d,h,,thR}
-d 0 d -hy ¢
h] [ —h] b 0
and H =~ so(1,3) (see (4.2.1.7) for a proof). We get the second equivalent class

(s0(2,3),380(1,3)).

(4.2.1.7). To show H = s0(1,3), we first show [H, H] = H by direct computation;
so H has to be one of s0(4),30(1,3), 50(2,2),30%*(4). W.r.t. their own CSA’s, their roots

are
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so(4) 2 pair of compact roots,

s0(1,3) 2 pair of mixed roots,

30(2,2) i) 4 real roots,
ii) 2 real roots and a pair of compact roots,
ii) 2 pair of compact roots,

30*(4) 1) 2 pair of compact roots,

ii) 2 real roots and a pair of compact roots.

so we only have to show that H has mixed roots only. And it is easy to show that the
roots of H have the form {(8, 8), (-8, -8)}, two pair of mixed roots.
Q.E.D.

(4.2.2) (€, HC) = (4;, A, ® C).

¢ must be one of su(3),su(1,2) and sl3(R), H must be isomorphic to either su(2)
& Ror su(l,1) ® R~ slz(R) & R.

Notice that Rank ¢ = Rank H, so if (G, H;) is equivalent tc (¢, Hz), any CSA of
M, must be conjugate under Aut(¢) to a CSA of M;. We will first find all conjugate
classes of CSA’s in ¢ from [30), then for a given representation of each conjugate class
decompose ¢ into root-spaces w.r.t. the same CSA, finally we figure out all the possible
H’s.

(4.2.2.1) ¢ = sly(R) .
¢ has two CSA’s upto conjugacy. They are
(h, 0 ) ( hy ~ha 0 )
i) CSA; = hy ,ii) CSA; = | =hy  hy 0 |
0 —hy — hy 0 0 —2h

Case i) sl3(R) = CSA) + 3 ,c4 Ga» where & has real roots only. f H = CSA; + 3.468,
then # € ® has to be areal root,i.e. H = CSA; + G3 + G_4. Since su(2) ® R has a
pair of compact roots, slz( R) has two real roots, or a pair of compact roots, it is clear that
‘H can only be slo(R) ® R. The root-space decomposition tells us that there are three
pairs of root-spaces: {Ga, + G-, },t =123, and H = H, = CSA; + {Ga, + G-a:}
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for some i. But it’s easy to show that all three H,’s are conjugate under Aut(sly(R)): we
only need to change the order of the basis in R3.

Caseii) ¢ = CSA; + Gaz + Os3 + G_s _5- The root-system has a pair of compact
roots {a, @} and two pairs of mixed roots. So if M contains CSA4;, H = CSA; + Gaz-

Since

a b 0
so K ={ c d ;a,b.c,dER}
0 —a-d

and we see that this is a special case of Case i). So

(stR, (24 g)m((éo?) "))

is the unique real form of (Az, 4; @ C) such that ¢ = sl3(R).

(4.2.2.2) ¢ = su(3). It has only one CSA upto conjugacy and it’s easy to show

there is only one (¢, M) upto equivalence:

v-1 0
su(2) 0 —
(su(3),( 0 0) +R( . v-1 L _1)).

(4.2.2.3) ¢ = su(2,1). It has two CSA’s upto conjugacy. They are

u h 0
i) CSA,:{ h u 0 ;uE\/—lR,hGR},
00

u; 0
u) CSAQ = { us2 s U € V“IR}
0 —u; — Uy

By an argument similar to (4.2.2.1), we can prove that we get

v-1 0
su(2) 0 —
(su(2,1),< 0 0) +R( . v—1 L _1))




from i) and

-2v/-1 0
(su(2,1),(g su((l).l))+R( 0 v-1 \/___1_))

from ii). Upto equivalence, they are the only real forms.
(4.2.2.4) 2-dimentional and three dimentional cases can be solved similarly.

(4.2.2.5) We have discussed the real forms of indecomposable nonabelian reduc-
tive ad. — c.r. pairs. But a very important fact is that if (¢,) is an indecompos-
able infinitesimal geowetry, (€, H¢) may be decomposable. For example, (G, H) =
(slh(C),C ((1) _01 )) where s3(C), resp. C ((1) _01) is considered as a 6-dimentional,
resp. 2-dimetional real Lie algebra. (G, M) is indecomposable, but (¢€, H€) = (4,,
C) + (A1, C). So we have to be careful to find out such cases. In the nonabelian re-
duvtive ad, — c.r. case, this example is the only such case in dim < 4. The general

method is to find also the real forms of decomposable ad. — c.r. pairs and then to find

the indecomposable ones among them.

(4.3) Real forms of mixed ad, — c.r. pairs.

The following fact play the key role in (4.3).

(4.3.1) Lemma. Let ¢ =r x sand ¢ = R % S be the Levy’s decomposation of
¢ and ¢€ respectively, then r¢ =R,s¢ ~8S.

By this lemma , we need only to find all "real form” r and s of R and S respectively,
then check wether there is a real representation of r on s (as derivation), such that the
complixification of this representation is equivalent to the representation of (as derivation)
of S on R. The following example shows how to do it.

Let (L, K) = (C? x sly(C), sl3(C)). By Lemma(4.3.1), the real form of C? is R? and
the real form of S is sl2(R) or su(2). But it’s well skown that su(2) has no 2-dimentional

irreducible real representation, so we only have to consider s = sl;( R). There is a unique
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2-dimentional irreducible real representation of sl3(R) on R?, so (R? x sl3(R), sl3(R)) is
the only real form of (C? x sl3(C), sl(C))).

Of course, the above example is the simpliest acase, other cases needs much longer
discussion. Using the result in (32], we can determine whether an irreducible complex
representation of a simple Lie algebra is of the Real Type, i.e. whether there is a real
representation whose complexification is this complex representation. Let us show another
example.

Let (G€, HS) = (C® x gl3(C),sl5(C)). ¢ =r x s, ¢ = A;. If [s,r] = r, then
[s€.r€]) = rC, ie. [S,R] = R, contradicts that [S,R] = C¢ # R. So [s,r] =1y # r.
Since ads acts on r completely reducibly, there is a complement r; such that r = r; +
ra, [8,71) € r1. [8,73) = 0. Since [s€,r€) =r,€ = C? s0odimr, =3,dimr; =1. So s
must have a 3-dimentional representation which is of Real Type. We know from (3.3.1.4)
Case iii) that the A;-module C® has the highest weight ;. A; has three real forms:
sl3(R),su(3) and su(2,1). by Tits’s table([32]), the irreduvible representation with the
highest weight A, is of Real Type iff s = sl3(R).

(4.4) Real forms of solvable ad. — ¢.r. pairs.

In (19}, R. Kulkarni classified indecomposable real Lie algebras in dim < 4. He
proved that every indecomposable solvable ad, —c.r. geometry is either nil-affine (including
affine) or truncated-nil-affine. He used a method which is different from mine to classify
affine and nil-affine geometry in dim < 4. His results , with miner refinments and being
rewritten in matrix form, are included in Table 11, 12, 13, 15 and 16. He didnt classify
truncated-nil-affine cases. My method is similar to that we used in (4,3). After classifing
indecomposable adc — c.r. pairs in dim < 4, it’s easy to find their real forms and we omit

the detail.



§5. Indecomposable Ad — c.r. geometries of dim < 4 and their topology.

In this section we will solve the following problems

i) If an ad, —c.r. infinitesimal geometry (G, M) is given, is there an Ad—c.r. geometry
(G,H)st. L(G)=¢ and L(H) = M?

ii) If the answer to question i) is 'yes’, give a representitive of the equivalence class
containing (G, H).

iii) Describe the quotient space S = G/H, especially the topology of S = G/H.

Of course we will only deal with indecomposable ad, — c.r. infinitesimal geometries

of dim < 4.
(5.1). Solvable geometry. We have such a well known result

(5.1.1). Theorem. Let G be a solvable analytic group. If G is simply connected,
then every analytic subgroup of G is closed and simply connected.

Proof. C.f. Varadarajan (33}, Theorem 3.18.12.

So by (2.8), for a solvable ad, — c.r. infinitesimal geometry (¢, M), we only have
to check if the connected subgroup of Aut(G/H) corresponding to ad(H) is closed; or
equivalently we can find a geometry (G, H) first (by (2.2) and (2.8) such a (G, H) exists),
then we only have to show that p( H) is closed in Aut(T;,(S)) ~ GL,(R) (cf. (1.1) and
(1.2) for notations). We will solve the problem case by case.

First we prove a Lemma which is needed for both solvable and mixed cases.

(5.1.2) Lemma. Assume an infinitesimal geometry has the form (G, H) = (R* x,
H,H), where H acts on R* through the derivation o : H — gli(R). Let H be the
connected, simply connected Lie group with Lie algebra™. Letd be the representation ¢ :
H — GLi(R)s.t. d5 = 0,and Z = Keré. Let H= H/Z, 7 be the induced representation
of 5 on H, and G = R* uzH, Then

(i) (G, H) is a geometry ,

(i) G/H ~ R*,

(iii) if (¢, M) is ad, — c.r., then (G,H) is Ad — c.r. iff 3(H) is closed in GLi(R).
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Proof. The proof of part (i) is exactly the same as the proof of (2.2) and the only
thing we have to do is to show that H, embedded in R* x; H, is closed; but since the
topology of R* »; H is the product topology, this is clearly true.

To prove part(ii), we will establish a model. Let E = R* and Aff(E) be the group
of affine motions. Then G = R* 3 H acts on E as a subgroup of Aff(E) s.t. R* acts
on E as translations, H acts on E via . The action of G on E is transitive since all
translations are in G and effective since the kernal of this action must be in H which
cannot contain any normal subgroup of G except { e} . Choose X =(0,0, ... ,0)asa
base point in E, then the isotropy subgroup is H. So £ = G/H.

To prove part (iii) , we only have to prove that Ad: H — Aut(G/ H) is equivalent to
7, or to prove that ad: H— End(G/ H) is equivalent to d7. But we know ad is equivalent
to o, so we only have to show that o is equivalent to do. By the definition of ¢, & and 7,
this is clear.

Q.E.D.

In our classification list of ad, — c.r. infinitesimal geometries, we always express ( R*
X, H, H) as ( R* x o(M), (W), where a(H) C gls(R). Since when (¢, H) is ad, —c.r.,
o ~ ad: H — End (¢/ H) = gli(R) is injective, we can identify H with o(H). So G C
aff(E),E = R*. Then there is a natural way to find (G, H), namely , taking G as the
connected subgroup in Af f(E) with Lie algebra ¢ and H the connected subgroup of G
with Lie algebra M. Since G contains all translations, the action of G on E is transitive,
and the action is clearly effective with the isotropy group H at (0,0, ...,0) € E. So E
= G/H and (G, H) is a geometry. since (¢, H) is ad, — c.r., we only have to check the
closeness of H in GL(E). H is exactly the connected subgroup of Aut(R* ~ E) with Lie
algebra ad(H) ~ M.

We use the following formula to compute the exponential map from af f(E) into
Aff(E). We identify af f(E) with

{(3 (";) L € g(E).c € E}
and identify Af f(E) with

{(é ;);ze GL(E),c € E}.
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Then

(5.0.9). (exp( § 6 ))00) = (explix) + (£, HL)Cel
for x€ E.

Using this formula , we first obtain (G, H) from (¢, M), then check if H is closed in
GL(E). This method can be applied to the case Sol'-i, Sol*-ii and Sol*-ii and we see
that in most of these cases, H is closed, exceptions happen only in Sol!-ii-4, Sol*-ii-9,

sol*-ii-10 and Sol*-ii-13.
(5.1.4). In Solt-ii-4, we have
(G, H) = ( R* “4R,R), where A = 0 -t St # 0.
o (1 7)
By (5.12) - (5.1.3) , the corresponding (G, H) is (R* » H,H), where
cosl  sinb 0
—stind cosb

0 (coato sintO) ;OGR"#O}’

—sintd costl

H=

If t is an irrational number, then the set {tk27x mod(2x); k = 0,1,2...} is dense in [0, 2x].
So the closure of

( cos2knw .sin2k1r)

—3tn2kx  cos2kx 0

0 cos2ktx  sin2ktrx ;k=0v1‘2....}
—sin2ktx  cos2ktx

{((‘1’0(1)> 2) ‘Be 50(2)}.

Similarly the closure of

( cos(2kx ft) sin('zkw/t)) 0

—s7 2

sin(2kx[t)  cos(2kx[t) . k=0,1,2, ...

0 cos2kx  sin2kx
—stn2krx  cos2kr
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(¢ @)oeem)

So SO(2) xSO(2) € H . Since dim H=1, H is not closed in GL*(R). It's easy to show
that if t is rational, then H is closed in GL(R).

A similar argument can be applied to Sol*-ii-9, Sol*-ii-10, and Soi*-ii-13.

(5.1.5). Type (N s H. H) and (S u, H, H), where NV and S are nilpotent and

solvable respectively. Following an argument similar to that of (2.2), we obtain

(5.1.5.1). Propostition. If (G, H)} = (M %, H, H) is an infinitesimal geometry
where H acts on M via derivation ; M and A are connccted, simply connected Lie
groups with Lie algebra M and M respectively; & is the induced representation of H in
M whose differential is ¢ . Let 7 : H — Aut(M) be the homomorphism s.t. d(7(t)) =
a(t)forevery t € H. (It’s well known the existence and uniqueness of such 7(t)). Let Z C
H be the kernal of 7, then (G, H) = (M », H, H), wherer i3 the induced homomorphism
of fon H/Z = H.

When H = 0, i.e., Type Sol%-i , Sol*-i and Sol!-i, there is nothing to do. If H #
0 we need not only to find Z, but also to check if (G, H) is Ad — c.r..

(5.1.5.2) Corollary. Notations as in (5.1.5.1.). If (¢, H) is a solvable ad, — c.r.
infinitesimal geometry, let A = {X € o(M); the eigenvalues of X are of the form 2kx\/~1,
k=0,+1, £2,...], then Z ~ A, A is a free abelian group of finite Rank < dim H.

Proof. We have proved that if (¢, M) is solvable 2d, — c.r. then H is abelian. Since
H is connected, simply connected, the exponential map ezp : H — H is a diffeomorphism.
Assume g € Z, then there is X € H, s.t. expX = g. Since 7¥(g) : M — M is an identity
map, so is d(7(g)) : M — M, ie. d(g9): M — M is an identity map. The following
diagram is commutative (see Helgason [15]):
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ezpl ezp |
“H-5 Aut(M) CGL(M)

where 8(M) is the set of all derivations of M. The image of H in M) under o is
abelian. The exponetial map exp : H( M) — Aut(M) is defined by ezpD = eP for D €
HM). We know that 0 is1-1and ezp: H — H isalso 1 - 1. So the kernal of
& is isomorphic to the kernal of ezp : o(H) — Aut(M). We have proved that, up to
conjugation, o(H) is diagonalizable in C. We can prove that the restriction of ezp: gi(M)
— GL(M) to any one dimensional subspace of o(H) is injective if and only if this space
has a real or complex non-zero root. Assume an subspace is of the form RX, X € gl(M),

then, w.r.t. a suitable basis, .X has the form
")
Az

Ay
B,

(4

By

G
&

\ 0 o)

where A;,1 <1 <, is of the form (—a;: ZE) st.a; # 0,a;# 0; B;,1 <i<wuisof the
form (__Ob._ l(’)') s.t. b # 0; C, 1 <1t <s,isof the form(C;), s.t. C; # 0,and I +u+s
# 0 since M contains no non-zero ideal of . It's clear that exp:tX — e'X,t € R, is
injective if l or s is not zero. f I =3 =0, u # 0, then e'* = Id, if and only if the system

of equations
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costh, = 1
sinth; =0, 1=12,..,u,

has a solution. For each i, the solution of

costh; =1
sinth; =0

is the set {2kx/b;;k € Z} . So the solution of this system is the set

¢ =nr_,{2kx/bj; k€ Z}

which is isomorphic to Z if there is t€ R s.t. {tb;}1cica € Z or {0} if such a ¢
doesn't exist. The kernal of exp: o(H) — Aut(M) consists of exactly those matrices in
o(H) such that (i) all nonzero entries of them are of the form 2kx for some k € Z, (ii)
all entries on the diagonal are zero. Equivalently, we can say that the kernal consists of

those clements of o(?) that their eigenvalues are either zero or 2kx+/—1, for some k €

Z. This kernal is a free abelian group under addition.

(5.1.5.3.). Corollary. Notations as in (5.1.5.2). For indecomposable solvable
Ad - c.r. geometry, Z # 0 happens only when (G, M) is of Type Sol?-ii-(2) and (4),
Sol’-ii-(5) if t; = 0, Sol*-iii-(3) and (5), Sol*-iv-(3), Sol*-ii-(4) if ¢ is rational, Sol*-ii-(9)
if t; = 0, t, is rational, Sol*-ii-(12) if t; = 0, Sol*-ii-(13) if t; = 0 or t3 = 0, Sol*-iv-(6) if
t2 = 0, Sol*-v-(7), Sol*-v-(9) if t; = 0, Sol*-v-(4). If H is nontrivial, then H is compact
only if (G, M) is of Type Sol*-ii-(2), Sol3-iv-(3), Sol*-ii-(4) if t is rational, Sol*-v-(7), and
Sol*-vi-(4).

(5.1.5.4) Corollary. Notations as in (5.1.5.1). If (¢, H) = (Mx H, H) is an
ad, — c.r. infinitesimal geometry, then (M x, H/Z, H/Z) is an Ad — c.r. geometry iff
5(H) = ¢°™ is closed in GL(M).

The checking of closeness of e?™) in GL(M) for the remaining solvable cases is easy

and similar to (5.1.4), and we omit the detail.

(5.1.5.5) Proposition. If (G, H) is a solvable Ad — c.r. geometry, then S = G/H =
R k =dim S, topologically.



Proof. Notice that every solvable Ad — c.r. geometry has the form (M H, H) where
the topology of G = A x, H is the product topology of M and H, so the quotient
topology of M H over H is homeomorphic to M. It's well known that a connected, simply
connected solvable real Lie group of dim k is diffeomorphic to R*.

Q.E.D.

(5.2) Mixed Ad - c.r. Geometry.

We know that Proposition (5.1.5.1) applies not only to solvable cases, but also to
mixed cases. So if (¢, H) = (Mx, H, H) . then the corresponding geometry is (M x,
H/Z,H/Z) (for notations, see (5.1.5.1)). Most of our indecomposable mixed Ad — c.r.
geometries in dim < 4 are of this type. So we need to determine Z. As we did in (5.1.5.2),

we have the following commutative map

H"s M) C gi(M)
expl expl

A Aut(M) € GL(M)
where &(.M) is the set of all derivations of M. Then Z = Kerd, and 6 induces an injective
homomorphism & : H/Z — Aut(M). It's clearly (H/Z) is a connected subgroup of
Aut(M) with Lie algebra o(H). So H = H/Z is isomorphic to &(H), the connected
subgroup of Aut(.M) generated by{e?; D € o(M) } and the geometry is Ad — c.r. if and
only if this subgroup is closed. H — H is a covering map. Since H is simply connected,
Z can be determined by finding the fundamental group of H ~ (H). Since 5(H) is a
connected subgroup of GL(.M), there are some well known facts (cf. Helgason [15]).

(5.2.1) Lemma. Let A be a connected Lie group and B an analytic subgroup. Let
A and B denote the corresponding Lie algebras.

(1) Assume A = GL,(C). If B is semisimple, then B i3 closed in A.

(ii) B is closed if expB is closed.

(5.2.2.) Corollary. Notations as in (5.1.5.1), If (¢, H) is ad, — c.r. , then
(M»,H,H)is Ad — c.r. if 0(H) is semisimple or ¢°‘™ is closed in GL(M).
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Most of our mixed ad, — c.r. geometries in dim < 4 are of the following type: (Mx,
M, H), where M is either semisimple or H = [H, H] ® Z(H), dim Z(H) = 1 or 2, o(Z(H))

is diagonalizable. Then we have the following Lemma.

(5.2.3.) Lemma. Let (G, H) be the geometry corresponding to a mixed ad, — c.r.
geometry of the form (M, H, M) as mentioned above. Then (G, H) is Ad — c.r. if and
only if e?(Z(M) i3 closed in GL(.M).

Proof. Let H* be the connected subgroup of G L(.M) with Lie algebra o(*). Then
e?(Z(M) ig & closed subgroup of H* . So if H* is closed in GL(M), so is ¢?(Z(")_ Let H*
= Ax S be the Levi's decomposition of H* . Then A = ¢?{Z("); § i3 semisimple. So S
is closed in GL(M). We can assume that S C SL(.M). Since GL(M) = D x SL(M)
where D is the solvable radical of GL(M), GL(.M) is the semi-direct product of D and
SL(M). Now A is closed in GL(M), A C D, s0 Ais closed in D; S is closed in GL(M),
SC SL(M), so S is closed in SL(M}), 30 Ax S is closed in DX SL(M) = GL(M).

Q.E.D.

(5.2.4). Corollary. Notations as in (5.2.3). Then if dim M < 4, then (G, H) =
(Mx, H,H)is ad, — c.r. if and only if (G,H) is Ad — c.r.
Proof. Using (5.2.3), we can check the list of mixed ad, — c.r. geometries case by

case easily.

Q.E.D.

(5.2.5). Corollary. Notations as in (5.2.3). Then G/H is homeomorphic to the
simply connected, connected Lie group whose Lie algebra is M. Since M is a solvable
ideal of G, G/H = R* k = dim G/H.

There are a few indecomposable mixed ad, — c.r. geometries which is not of the form
(G, M) = (Mx, H, H), where M is a solvable ideal of §. They are Miz*-iv, (1)-(4)
and Mizt-vi,(1)~(3).

(5.2.8). Type Miz*-iv is of the form (R? » H,, H)s.t. H C M., Ho = sl3(R) or

gl2(R); M is the maximal Cartan subalgebra of H,. The simply connected, connected
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Lie group with Lie algebra R? x  sl;(R) is R? x5 SLy(R) whereo is the induced
representation of the standard representation of SLz(R). Let SEQ(R) = N AN be the
Iwasawa decomposation. Then the connected Lie subgroup corresponding to a Cartan
subalgebra is conjugate to either A or A. Both A" and A are closed. The quotient space
is S ~ R? xﬁf,(R)/A or S = R? anNL;(R)/K. The center Z of S‘Z’I(R) is contained
in I\'; The covering map p : K’ — SO(2) satisfies p~!(e) = Z2' C Z, st. Z/Z' =~ {+1}.
The action of an element = € A on R? is trivial if and only if : € Z'. So (G, H) = ((R?
xa.S?:Cz(R))/Z’, K/2') ~ (R*%SLy(R), SO(2)) is the corresponding geometry. It's easy to
check that this geometry is Ad — c.r. This is the Type Miz*-iv-(2). In Type Miz*-iv-(1),
the quotient space is S = R? )4[,512()?)/.4. where A = exp{R ((1) _?1)} Let r € A,
st. r acts on S trivially. Then r acts on SLy(R)/A trivially, ie., ryd = yd for every
y € SZQ(R). Soylryd = A, e,y 'ry € A. Since A = exp{R ((1) _01)}, we can

0

0 _11 ) We know y~(ezpX)y = exp(Ad(y~ 1) X).

assume r = exp.X for some X € R (

Then Ad(y)X € R ((1) _01) for every y € S‘\ZQ(R). But this is impossible, except for
X = 0, since if y = expY. then Ad(erpY )X = ¢*¥Y(X) and we can choose a suitable
Y € sly(R) so that e*?Y(X) € RY if X # 0. So the corresponding geometry is (G, H) =
(R? %3SLy(R), A). The Iwasawa decompositions of SLy(R) and 5722(17) tell us that the
topology of the above two geometities is R,

Now let us turn to Type Miz!-iv-(3) and (4). Similar discussions show that the
corresponding geometries are (R?x (R4 x SN-LIQ(R)),R.* x A)and (R? » GL}(R), R+
x S0(2)). Their topology is R'. All the geometries are Ad — c.r. . This can be proved

by checking the closeness of e*d(M) i GL4( R).

(5.2.7). Type Miz*-(v). The ad, — c.r. infinitesimnal geometry is of the form (I &
aff(1,R), H), where | ~ su(2) or sl3(R). dim H = 1. The projection of H inlis a
Cartan subalgebra; the projection of H in af f(1,R) is Rey if af f(1,R) = Re, b Rea,
le1, 2] = e2. The simply connected, connected Lie group G with Lie algebra G is SU(2)
N f) :a>0.b€ R}. The
connected subgroup H with Lie algebra H is of the formn {(z.y}}, where y assumes all

x Aff(1,R) or §-[:2(R) x Aff(1,R) where Aff(1,R) = {(
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(8 (1)), a € R. And such y actson Aff(1, R) /{y} trivially if and only if y = ((1) ?)
So if (z,y) acts on G/H trivially y must be ((1) ?) This implies r = e, the identity
element of SU(2) or .S?ZQ(R). So (G, H) is the corresponding geometry and it is Ad - c.r.

(by computing e2d() directly).
(5.3). Nonabelian reductive cases.

(5.3.1). Red?i: (¢, M) = (so(1,2),30(1,1)).

The connected simply connected Lie group §Zg(R) has Lie algebra sl3(R) = so(1.2).
Let H be the connected subgroup of Eig(R) with Lie algebra R ((1) _(_)1 ): so(1,1). If
SL,(R) = KAN is its Iwasawa decomposation, then H = A. As we have studied in

(5.2.6), the corresponding geometry is (ﬂg(ﬁ), A). Its topology is R2.

(5.3.2). Red?-ii : (G, H) = (s0(1,2), 30(2)).
The corresponding geometry (S0,(1,2),S0(2)) is well known. The quotient space
is §92 ~ R2,

(5.3.3). Red-iii; (G, M) = (so(3), 30(2)).
The corresponding geometry is (S0O(3), SO(2)),S ~ §% .

(5.3.4). Red®-i-(1) and (2) are trivial.

(5.3.5). Red®-ii-(1) : (¢, H) = (g3(R),R ((1) g))
The simply connected Lie group with Lie algebra gly(R) is G = Ryx SL,(R).

Since R ((1) g) =R ((1) (l)) +R ((1) _01), the connected subgroup with Lie alge-

bra H is H = {ea:pt(((l) (1)),((1) _01));t € R} = {(c',ca:pt((l) _01));t € R},

where {ezpt ((1) _?1 ) it € R} = A. Since the only element in 4 which acts on SL?(R)/A

trivially is the identity, (G, H) is the corresponding geometry.

(5.3.8). Red3-(iii)-(3) (¢, M) = (u(2)vR(‘/§T 8

V=19
(r),{ (c 0 (1)) ;0 € R}) is the corresponding geometry. There is an one to one

)) It is clearly that (G, H) =
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correspondance between G/H and SU(2) : gH — gH N SU(2). Then it is clearly that
G/H ~ SU(2) ~ S? topologically.

(8.3.7). Red-iii-(1) : (s0(4),30(3)), Red®-iii-(4) : (s0(1,3),30(3)) and Red®-(iii)-(3)
: ((30(3,1),30(2,1)) lead to well known geometries (S0(4),50(3)),(S0.(1,3),S0(3))
and (S0,(3,1), S0.(2,1)), with topology S3, R?,5? x R respectively (c.f. [20]).

(5.3.8). Red®-(iii)-(2) : (¢, H) = (s0(2,2),30(1,2)).
‘e know that (50,(2,2),50,(1,2)) is not a geometry since S0,(2,2)/50,(1,2) =

§12 and 7,(5'?) = Z. We have to go to the simply connected, connected Lie group
G = SLy(R) x SLy(R) whose Lie algebra is sly(R) & shy(R) ~ s0(2,2). sla(R) (~
30(1,2)) is embedded in ¢ in the following way: H = sl(R) ~ {(X,X); X € sly(R)} .
The connected subgroup of SLa(R) x SLz(R) with this subalgebra is # = {(z,); s €
SL3(R)}* SLa2(R)*. Then G/H ~ SLy(R) under the diffeomorphism:

(91,92)H — g197".
If (f,f) € H acts on G/H trivially, then for ¢ € G,(f,f)g.e)H = (g,¢)H, i.e.,
(fg,.f)H = (g,¢)H, or (fgf~',e)H = (g,¢)H. But under the diffeomorphism

(faf~'e)H v fgf~!,

(9.¢)H — g.
So fgf~! = g for every g € G, i.e., f € Z(SLa(R)). Let Z** = {(f,f): f € Z(SLa(R))},
then the corresponding geometry is (G, H) = (SL3(R) x SLy(R)/Z**,SLy(R)*/Z°*).
We know that SLy(R)*/Z** ~ PSLy(R).

(5.3.9). Red®-(ii)-(2) (¢, M) = (gh(R), R (} ‘11)).

The simply connected, connected Lie group with Lie algebra gl;(R) is G = R,
x SL3(R). Let SLy(R) = K AN be the Iwazawa decomposation. L(K) = R ((1’ ’01>
L(A) = R(é _01) Let X, = ((1) ?),xz = (‘1’ ‘01). Then L(Ry x K) = RX,

1 -1
1 1
with Lie algebra®. Then H = {(exptX,,ezptX;);t © R} which is closed in Ry x R, so

B RX;. Let X = ( ) Then RX = H. Let H be the connected subgroup of G
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it is also closed in G. If for some ¢, (ezptX,,ezptX;) € H acts on CJ/fI trivially, then for
any r € Ry and y € SLi(R), we have
(CIPLY],CI}‘.YQ)(I. V)f! = (t, !/)ff.

ie.

(ezptXy,exptXy)(z,y)(ezp(—tX,y),(ezp(-tX3)) = (z,y)H,
i.e.

(z,(ezptXa)y(ezp( ~tX2))H = (z,y)H.
Let z = 1, then

(1.(ezptXo)y(ezptXa) ' H = (Ly)H.
Since there is an one to one correspondance between G/H and é\iq( R) given by (z,y)H —
(r.y)H N (I,S\fg(R)), we have (exptX;)y(ezptX,)™ ! =y, ie., ezptX; € Z(SZ;(R). So
it's clearly that the corresponding geometry is (R4 X S’ZQ(R)/Z., H/Z*), where Z* =
{(ezptX,,ezptXs)}; ezptXs € Z(SLy(R)). Then H/Z* ~ SO(2)/{+1}.

(5.3.10). In Type Red* we have many well known geometries:

(850(5),50(4)),(506(1,4),50(4)),(50,(4,1), SO,(3,1)), (S0.(3,2),50.(2,2)),
with quotient spaces

S4, HY, S, §22
and topology

S, R S*x R, §* x R?
respectively (c.f. [20]). But for Riemannien symmetric spaces C P? and C H?, the usual
pairs (c.f. [15]) (SU(3),S(U(2) x U(1)) and (SU(2,1),S(U(2) x U(1))) are not ge-
ometries since the isotropy subgroup contains the center of the group in each case. By

Corollary (2.3) the corresponding geometry is (G/Z, H/Z), where Z =~ Z,.

(5.3.11). Type Red*-i-(4): (s0(2,3),s0(1,3)).
First we notice that (50,(2,3), 50,(1,3)) is not a geometry since
50,(2,3)/50,(1,3) = §'3 ~ S x R?
which is not simply connected (7;(5'?) & Z). Let p: G — G = S0,(2,3) be the covering
map from the simply connected Lie group G = S0,(2,3) with Lie algebra s0(2,3) to
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G = S0,(23). Let G = KAN and G = KAN be the Iwasawa decomposation of G
and G respectively. Then A =~ A,N ~ N and both A and N are simply connected.
7(G) = x(K) = 7 (SO(2) x SO(3)) = Z x Z;. We notice that SO,(1,3) has finite
center (= Z3). As before, let H be the connected subgroup of G with Lie algebra s0(1,3)
and A = K, A,.V; be the Iwasawa decomposations.t. K; C K. L(K;) = s0(3) C s0(2)
s0(3) = L(K). K ~ R x SU(2). We must have K, = SU(2). So Z(G)NH = Z(SU(2)) ~
Z, and the corresponding geometry is (500(2,3)/2Z2, S0.(1,3)/Z;) = (S0.(2.3)/Z3,

S0,(1.3)). It's easy to show that the quotient space is S'3 with topology R*.

(5.3.12).Type Red*-ii-(4):
—-2v/—-1 0

(g"H)z(su(Z,l),(g w(?’l))@}z( . V-1 \/—_1))'

It's easy to see that G = SU(2,1) has a connected subgroup
H=5U1)xUQ1,1) = {(""‘OB—l g) B eU(1,1)}
with Lie algebrea M. H contains the center Z of G(Z =~ Z;). Let PSU(2,1) =
SU(2,1)/Z3, then the corresponding geometry is (PSU(2,1), S(U(1) x U(1,1))/Z,) .
To find out the topology of this geometry, we set up the following geometric model.
Let
E={-51? = |z2]* + |23|* = - 1;2;,1 = 1,2,3,€ C}.

Under the mapping

2] 23
12112 + |2212" |2112 + |22]

(31’229‘.’3)'_’( 2123)

‘e sce that E ~ §3 x R. Group U(2,1) acts on E transitively. At the point (1, 0, 0)
the isotropy subgroup is {( (1) 2) ;u € U(1,1)}. The following equivalent relation
(21,22,23) ~ (216", 22¢*%23€%),0 € R
introduces a principle fiber bundle
S'wE—- M.
Since the following diagram
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(21, 22, 23) — 9(z1, 22, 23)

| |

(21", 22¢*, z3¢") — g(z1¢", 20¢%, z3¢'")

is commutative for any ¢ € U(2,1), the action of U'(2,1) on E introduces an action of
U(2,1) on M. The isotropy subgroup of this introduced action of U'(2,1) at »(1,0,0) is
{(8 2) ;ve U(l),u € U(1,1)}. Now

M ~U(2.1)/U(1) x U(1.1)

~ SU(2,1)/S(U(1) x U(1,1))

~ PSU(2,1)/S(U(1) x U(1,1) / 2y .

Let us consider the topology of M.

Claim: M ~ CP? — D* |, where D* = {r € R%;||z|| < 1} .

Proof of the Claim.

By the definition

CP? = C?* - {0}}/z ~ Az, where z € C3— 0, A € {C - {0}}.

C* — (0} = {|21]* + |22]* = |23]* > 0}

U{lz1? + |z2)® — |23 < 0;(21,22,23) #0).
Then it’s clear that

{121 + Jz2l* = |z3]* > 0}/z ~ Az, A € C - {0}

= {|z;]* + |22)* = |23]? = 1}/z ~ Az (]\|=1). The right hand side is M.

Since |2;]? + |22 — |23]> <0, and z # 0, we must have z3 # 0, so

2
+

2
<1

i ’

2
23

i
i3

this lead to D* under "~".

Q.E.D.

(5.3.13). Type Red*-ii-(1):

1 0
(6. ) = (sh(R), (47 3)+R( I ))
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Let S = {(x,p)}, where = is an oriented plane in R? through the origin and p is
an oriented ray through the origin in R%, p € = so that the orientation of x plus the
orientation of p is the standard orientation of R®. It's easy to see that G = SL3(R) acts
transitively on S.

At * = < XY > - plane, p = the positive Z-axis, the isotropy group is
A0 ).AeGLI(R)} ~ S(GLH(R) x Ry)
0 detA™!' )’ 2 - 2 )

Every x corresponds to a unique ray A(x) through the origin which is perpendicular
to r 30 that the direction of » plus the direction of A(x) is the standard direction of R®.
A(x) has an intersection with S?, say, L. p has an intersection with S?, say, P. Then
we can identify x with L, p with P and (L, P) is an ordered pair of points in S?. Since
p € =, the angle between A(x) and p is less than %r. So by the sterographic projection.
we can identify point P with a unique vector on the tangent plane T(S?) of S? at point
L.

So we have set up an one to one correspondance between S and T(S?). It’s easy to
show that they are diffeomorphic. It’s well known that T(S?) is simply connected. So

T(S?)~ S ~ SL3(R)/S(GL}(R) x Ry).

It can be proved directly that the action of SL3(R) on S is effective.

(5.3.14). Type Red*-iii-(1):
(6.7) = (5h(©).C (&) )) = (so8.1), so(2)@ sof1.1),
where 30(2) @ s0(1,1) forms a Cartan subalgebra of s0(1,3)

0 —a)
0
(a 0 ;a,bER.
0 0 b
b 0
SL2(C), as a real Lie group, is simply connected, the connected Lie subgroup with

Lie algebra C ((1) _01 ) is

{(g 091);“6(:‘{0}}
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So we have G = SLy(C), H ~C*, 2(G) C H, and

X 1 0 -1 0
26~ {(0 1)( 0 —1)} ~ 2.
So the corresponding geometry is (SLy(C) / Z,3, C* [ Z3) = (PSLy(C),C* [ +1). It's
well known that topologically, this geometry is T(S?).
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§6. Boundedness of a geometry.

(6.1) Definition A geometry (G, H) is called bounded if there is a subgroup I' C
G which acts on G/H properly discontinuously with compact quotiet.

There are many bounded geometries in our classification list of indecomposable Ad -
c.r. geometries in dim < 4. Besides the trivial case that G/H is itself compact, the

following proposition covers the majority of our list.

(6.1.1) Proposition. If (L(G),L(H)) = (Mx, H, H) s.t. the connected Lie
subgroup M C G with Lie algebra M has a uniform lattice, then G/H is bounded.
The proof of (6.1.1) is easy, since G/H >~ M diffeomorphically. Since R*, N:il3, Vil4,

Nil® x R have uniform lattices, we have

(6.1.2) Corollary. The following geometries are bounded: Miz?, Miz3-(i) and (ii),
izt - (i), , Sol?-(ii), Sol®-(ii) and (iii), Sol*-(ii), (iii) and (iv).
1‘! 4 ( Soll S 12 (..) S 13 (..) d(...) S l‘ (..) (...) d(. )
If H is compact, then G/H is bounded iff G has a uniform lattice. So we have

(6.1.3) Corollary. The following geomtries are bounded:

(i) symmetric spaces: S?,8%, 54, H? H3 H*,CP? and CH?.

(i) those (G, H) that H is {e¢} or compact and G is semisimple.

The proof of (6.1.3) is based on the fact that a connected non-compact semisimple
Lie group has unifrom lattices. (c.f. Rughunathan [25)).

In Wall’s paper [35], we find a list which tells when (G, {¢}) has a uniform lattice
(c.f. also Fried [8]) for dim G < 4. It solves the following cases: Type Sol?-(i), Sol*-(i),
Solt-(i). We need the following list for (6.2).

(6.1.4.) The bounded geometrie among Sol®-(i), Sol*-(i) and Sol*-(i) are (given in
the infinitesimal form (G, 0)

Type Sol*-(i) : none;

Type Sol*-(i) :
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No. 1. (JVJ N 0),

No. 2. when t = —1, i.e. (R? x R((I) _01).0);

No. 3. when 8 = (k + 1)x, i.e. (R? x R((l) '01) ,0):

Type Sol*-(i) :

No. 1. (N4, 0);
a 0

No. 3. (R* 4 R b , 0), where a,b,c are real, a + b+ ¢ = 0, abc # 0 and
0 c

a. b, c satisfy either

(1): @ > b > c and ¢°,¢?,ec are the roots of A3 ~mA? + nA -1 =0 withm # n

positive integers or

1 0
(2):a=b#c,ie. (R*x R 1 , 0);
0 -2

1 -t
No. 4 : only if a = —2cos@ , i.e. (R® % R((t 1) 0),0);
0 -2

No. 8 : only if a = —1. This corresponds to the matrix group

1 b ¢
G={ 0 a a ;a,a,b,cER.a)O}.
0o 0 1

‘e will study the remaining cases in (6.2) , (6.3) and (6.4).

(6.2) Other bounded solvable geometries.

The following proposition will play the key role.

(6.2.1). Proposition [Goldman and Hirsch]. Let M be a compact complete affine
manifold. Suppose that # = x;(M) is virtually solvable. Then M has parallel volume.

For a proof, c.f. [11].

Soif E=R",G C Af fine(E) with G acting on E transitively and H is an isotropy '
subgroup of G at some point of E, then E ~ G/H. If G is solvable, I C G is solvable

discrete and I' acts on E properly discontinuously with compact quotient, then by a
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lemma of Selberg (10], I' contains a normal subgroup I'; with finite index s.t. T, acts
on E freely. f T\E is compact, so is I'|\E. Then By (6.2.1), E has parallel volume and
the linear part of I'j must be contained in SL(E). So if a solvable geometry (G, H)
is bounded, G/H can be identified with E = R™ with G C Affine(E) acting on E
transitively and H is an isotropy subgroup of G at some point of E, then the intersection
of SL(E) and the linear part of G must contain the linear part of a discret subgroup I' of
G s.t. T acts properly continuously and freely on E with compact quotient.

Based on the above observation, we first try to express a solvable geometry into the
above "affine” form, then study the linear part of G. Let Pj(.4) be the linear part of A C
Affine(E).

‘e also try to use other methods, if the above method doesn’t work or there is a

better way to do it.
(6.2.2) Type Sol® -(iv). (G, M) =(S3.4 ¥ M, H) = (R? # o(RA + H), H).

(6.2.2.1) No.1. a(H):R(l t),t#o,A: (0 1). G is
0
R? »n {(8 a);a,bGR}
If t # -1, then R? x R(l _1) C G, and
t
G/H ~ R* x {(c c_,);teR}(diﬂ'comorphism)
t
Since R? x {(c c_,);tGR} has a uniform lattice I', so

I\G/H ~ T'\R? {(" c_,) ;e R)

is compact. If t = —1, then it is easy to show that(G, H) ~

¢ 0 a c 0 0
({ (0 —c+d 0) (2) ;a,b,c,déR},{ (0 - 0) (‘c’) ;ceR}).
0 0 0 0

Then the corresponding geometry is (G, H) =

e’ . a e 0
({ ( e™* 1) (3) ;a,b,c,dGR},{ ( e 1) (g) ;ceR})
1

0 1 0
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and G C Af fine(E), E = R®. The action of G on R® is transitive. At (0,0,0) the isotropy
subgroup is H. If (G, H) is bounded, then there is a I' C G s.t. T'\E is compact, the liner
part Py(T) C SL(E), ie.,

cC
P(T) C {( e ) c€ R} = Py(H).
1

So we must have

e a
I c { e ) (l; ;a,b.cER}
0 1

ie. T\E ~ (I'\R?) x R which is not compact. We have a contradiction, so if t = —1,

the geometry is not bounded.

(6.2.2.2) No.2. We have

ecos(tc+8) —e‘sin(tc+8) 0 a
_ e‘sin(tc +60) ecos(tc+6) 0 b
G—{ 0 0 1 8 ;a,b,c,0 € R).
0 0 01
0 e 0
At (0) JH = { e ) ;CE R} is the isotropy subgroup.
0

cosf —sind 0
P(G) = { siné 0030 ;0 € R . Soif (G, H) is bounded,

then there isI' C G, s.t. I'\E is compact and P(T) C Pi(G).So

cosf —sinb

0 a
rg{ wnb cosb 04 ;a,b,0€R}=G'.
0 0 01
We also have
ING/H ~T\G'.

But G’ has uniform lattices according to (6.1.4) L(G') ~ R* x R ( _01 (1)) We can take
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1

_ 1 ] L
I = { 1 2kx i k€ Z}.)
0 1

(6.2.2.3) No. 3. It's easy to show that
6.1 = ({ru (¢ ) HER)) % SO}/ {14y}, SO {£1d)), -
H = PS50(2) is compact. So we only need to find if G has a uniform lattice. Since G is
not unimodular, dim G = 4, according to our list in (6.1.4), G has no uniform lattices.

So (G, H) is not bounded.

(6.2.2.4) No. 4. It is easy to show that (G, H) =

e‘cos(tc +0) —esin(tc+6) 0 a
( ccsin((t)c+0) c"cos((t)c+ 9) (l) z ‘a.b, c,OER},
0 0 01
e‘costc —eCsintc 0
{ csintc  e‘costc . ;cER})
0 1

G acts transitively on R* = E, H is the isotropy subgroup at {0, 0, 0} . Again, the

maximal subgroup contained in SLy(R) is

cos@ —sinf 0 a
G’={ 31610 cczso ? z ;a,b,c,OER},
0 0 01

as we know from (6.2.2.2), the geometry is bounded.
(6.2.3) Type Solt-v.
6.2.3.1) No.1. (G, H) ~

0 1 1
(R® x (R 1 +R t) ), R t) ) ~
s ty ty
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f a
d+t f b
({ t3d+t2f c ;a,b.C.d,fGR}.
0 d
0 0
f 0
thf
t.f :fERY).
0
0 0
(G,H) ~
Cf a
cd+'|l b
({ c‘ad+f2[ c ;a‘b‘c‘d'feR}’
1 d
0 1
et 0
c‘l/
{ et ;fER}).
1
0 1

G acts transtively on R* with isotropy subgroup H at (0,0,0,0).
We have two cases
Case 1: t3 = —1 then G has subgroup G’ s.t.
G' ~ R x (R* n {(co‘ c?,) ;s€R}) (Lie group isomorphism)
and G’ bas a uniform lattice . So I''G’ ~ I'G/H (diffeomorphism), the geometry is

bounded.

Case 2: t3 # —1,1+t; + t; = 0. Then if the geometry is bounded, there isa I' s.t.
I'\G/H is compact and I' must be contained in

et
ch/
{ c‘:/
1

and I'\R' = (I'\R?) x R, it’s a contradiction. So the geometry is not bounded.

;mEQfGR}

- 200 o
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Case 3: t3# —1,1+¢; +t2 #£0.
As we can see from Case 2, ' can not be contained in a subgroup of G, s.t. d = 0.
And I' can only be contained in a subgroup s.t.
f+d+t1f)+tad+taf =0,
i.e.
M+t +t)f+(1+t3)d=0.
and
f= -4,
i.e. T, if exists, should be contained in

e~ T Ed a
cl‘lz‘.—l,;.d b

Gl:{ c‘_‘h’*_".l\.z*'i:uad c ;a’b‘c,deR}
1 d
1

e—(1+ta)d 0
~ RJ » e(l-H:-—t.ta)d ;dG R
0 c(—(z+‘.+‘|l.)d

and I'\G/H ~ G’ (diffeomorphism), i.e. [\G/H is bounded iff ' is a uniform lattice of
G'.

Claim: The matrix

e—(1+t3)d
(‘) e(1+ta—tits)d
e(—lz+‘a+!|(3)‘

has eigenvalues {A, ), -2A} iff t; = -1, t +¢t; +¢;, =0,and A = 0.
Proof of the Claim:
Case 1.—(1+t3) = (1 +t3 — tyt3) = =2(—t2 + t3 + t1t3).
Then
ty = t)ty — t3 — 2,
—(141t3) = =2(~t1ty +t3 + 2 + t3 + ty13).
= —1—t3=-2(2+2t;)

=>t3='-‘1
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=14+t +t;=0.

Case 2. —(14t3)=(—t3 +t3+11t3) = =2(1 +t3 — t;t3).
Then

ta =142t +t1t3

—(1+1t3)=-2(1+4+1+2t)

=ty = -1

=21+t +t =0.

Case 3. —=2{—(1+4+t3)} = (1+t2 —tyt3) = (—t3 + t3 + t1¢3)
Then 2(t3 — t;t3) = —1 + 13

2 21+t)=1+1(-1+t;)=1(1+13)

=ty = -1

214+t +t2=0.

Q.E.D.

So under the condition t3 # —1, the matrix (») cannot have eigenvalues as

{c‘\,c‘\,c'”}
and we must have three eigen values {e*i, e*?, e*s} st. A\; # A, for i # j. Then by
(6.1.4), G has a uniform lattices iff {c’\',e*’,c’\'} are solutions of A} —mA? + nA -1 =
0 with m # n positive integers. We can find t,,¢3,¢; by setting

—(1+1t3) = A,

1+t — ity = Aq,
and

—ty + 13+ tity = A;.

=t =-A -1t = A -2 + (- -1)

Since A1 + A2 + A3 = 0, the solutions of the system of equations are not unique. So
if t3 # —1, the geometry is bounded iff t;,1t,,¢; satisfy:

t3 =- )7 -1

t2 = A -1 + ti(-XA1-1) |
where \; # 0, e*1,e*? ¢! =217z are solutions of

A3 - mA? + n) -1 = 0 with m # n positive integers.
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(6.2.3.2) No. 2. and No. 11. In both cases, G has a normal subgroup isomorphic to

cosf —sinb

sin@ cosb
G = { |
1

Lol S e W~ I~

which has a uniform lattice I', and
NG' ~T\G/H

so the geometry is bounded.

(6.2.3.3) No. 3. If t3 = -2, then G has a normal subgroup isomorphic to

c.
C’=R3x{( e’ );sGR}
6—2'

which has a uniform lattice I' so the geometry is bounded.

If t3 = 1/t;, then G has a normal subgroup isomorphic to G’ as in (6.2.3.2) so the
geometry is bounded.

If t3 # -2, t3 # 1/t,, we have (G, H) =

cd(a+f

a
edttiScost, f —edtt sint, f b
({ edttiSsint, f  edtScosty f c ;a,b,c,d,fER},
1 d
1
et
e Jeostyf —et sinty f
{ et Jaintyf  et*fcosty f ;fER}.
1 d
1

If the geometry is bounded, then there is a I’ contained in G C SL;(R), i.e. in G’ =

e(2-204ta)f a
eltita=DScogty f —eltita=Dsint, f b
{ etits=Dfgint, f e(tits=DScost, f ¢ ;a, b, c, fER}.
1 —(1+424)f
1
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Since T\G/H ~ T\G'. If t; # -1/2, G’ must be in the list of (6.1.4). We know from
(6.1.4) that G’ has no uniform lattices. f t, = —1/2, [\R* = (T\R®) x R which is not

compact.

(6.2.3.4) No. 4. Asin (6.2.3.3) , if the geometry is bounded, we can find I', s.t. T is

contained in

e~ S a
et Jeostyf —et sinty f b
G = { efJsintyf e costy f c ia, b, c, fGR}
1 -1+ 2t) f
1

also I'\G/H ~ I'\G' ~ T'\R*. If t; = -1/2, then T\R* = (T'\R®) x R which is not
compact. If t; # -1/2, G’ is indecomposable solvable Lie group of dim 4, but G’ is not

in the list (6.1.4), so the geometry is not bounded.

(6.2.3.5) No. 6. Asin (6.2.3.4), if the geometry is bounded, I' should be contained in

elcos(=2tf) —elsin(-2tf) a
efsin(-2tf) efcos(-2tf) b
G = { e ¥ ¢ ;a,b,c, fER},
1 -2f
1

I'\R* ~ G'. Since G' has no uniform lattices, the geometry is not bounded.

(6.2.3.8) No. 7. The geometry is

et 0 +1 0
(mx{ ta ;aeR} w (S0(2) 0}, 1 | Pso@)
(7 e D)o (2 (5

where H is compact. So the geometry is bounded iff G has uniform lattices. If G has

uniform lattices, G must be unimordular, i.e. t = —1/2. If t = -1/2,
e~ to
G' = R® x { P L ;aER} has uniform lattices T,
cﬂ

I'\G’' ~ I''\G/H, where I’ is the image of I' in G. So the geometry is bounded iff
t=-1/2.
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(6.2.3.7) No. 8. If t; = —1/2, then G has a normal subgroup isomorphic to

eof( e L)oo

which has a uniform lattice so the geometry is bounded. If t; # —1/2, and if the geometry
is bounded, I' must be in

eTMiFTcostyf —eTiFTgint, f

c"'ll'”.sintgf c"':l'”costgf
o]

cﬁi—; ;a,b,c.fER}.

MG’ ~T\G/H. Since G’ has no uniform lattices, the geometry is not bounded.

(6.2.3.8) No. 10. Since

et et
(G, H) ~ (R? » {( et ) ;a,b,ceR}, { ( et ) ;a,bER})
e cl|a+t;b

SOlftl #—1 ’
e ¢
G'=R3x{ 1 ;cGR}QG,
e€
ift? # -1,

1
G'=R3x{( e ¢ );ceR}QG.
cC

In both cases G’ is normal in G, G’ has a uniform lattice and I'\G/H ~ I'\G' so the
geometry is bounded if t; # —1or t; # —1.

Iftl = tg = ~1,(G,H)~

;a,b,c,d,f,yER},

e,
[y ]

(4]

La}

1

(-]

|

o

-0 QYA
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C.
{ et ;a,b € R}).
1

1
G acts transitively on R* with isotropy subgroup H at (0,0,0,0). If thereis I C G, s.t.
'\ R* is compact, then I' must be contained in
c® d

et f
G’ { e—o?b ;a,b,d, f.g € R}.

—
f= =Y

Then I'\R* ~ (I'\R3?) x R can not be compact. The contradiction means the geometry

is not bounded.

(6.2.3.9) No. 5. (G, H) ~

Chd+! a
et det) b
({ et/ c ;a,b,c,d,fGR},
1 d
1
ot
c‘lf
{ eftS i f€ R}).
1
1
If the geometry is boundeg,lthen I' should be contained in G’ s.t.
e % a
et ._.l_i;ﬂxfc‘lf b
2
Case 1: G’ = et/ c ;a,b,c,d€E R
1 2 ¢
‘1:
if t #£0; or
e/ a
C—I/2 dc_ll2 b
Case 2: G' = { e I? ¢ l;abecd fe€ R}
1 d
1

ift=0andt; = -1/2;0r

4




;a,b,c,d € R}

1
@
Q
W
P,
fowy
— a6 o0

ift;=0,and t, £ -1/2.

In Case 1, '\G' ~ I'\G/H, but G’ has no uniform lattices, so the geometry is not
bounded.

In Case 2 and Case 3, G has a normal unipotent subgroup

1a,b,c,d€ R}: Nil® x R.

x
il
" —
—
~ Q.
—
— AN o8

U has a uniform lattice I' and I'\U ~ I''G/H. The geometry is bounded.

(6.2.3.10) No. 9. We have (G, H) ~

e det a
et b
({ etd ¢ ;a,b,c.d.f&R},
1 d
1
e/
et
{ 1 :fGR})
1
1

Since t # 0, if the geometry is bounded, I' should be in

e/ —%fc’

a
e/ b
G = { e~ c ;a b, f € R}
>
1

1 f

and I'\G' ~ I'\G/H. But G’ has no uniform lattices, so the geometry is not bounded.

(6.2.4) Type Sol*-iv.

(6.2.4.1) No. 1 and No. 5. It’s casy to show that there is a normal subgroup G’ s.t.
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c'
G = Nil® » {( e~ );JER}.
1

By (6.1.4), G' is Sol*-i- No. 8, G' has a uniform lattice I', then I'\G’ ~ I'\G/H, so the

geometry is bounded.

(6.2.4.2) No. 4. Since H is compact, the geometry is bounded iff G has a uniform
lattice. But G is not unimodular, so it has no unifrorm lattice. The geometry is not

bounded.

(6.2.4.3) No. 2. 1It’s easy to show that ¢ can be identified with a subalgebra of

affine(E), E = RY, ie.

d c a
d+ f b
G'z{ —f c ;a,b,c.d,fGR},
0 d
0
and
ed §(ct+S - ed) a
edts b
G ~ { et —-?(c'! —_ 1) ;a,b,c,d,fE R},
1 d
1

where if f = 0, replace f(c'“’f — ), resp. —?(e‘! —1) by ce?, resp. c. The action of G

is clearly transitive on R* = E. The isotropy subgroup at (0, 0, 0, 0) is
1

i
H = { e/ ;fGR}.
1

1
So (G, H) is the corrosponding geometry of (G, H).G/H ~ E = R*. Now we can use the
fact that if (G, H) is bounded then thereisI' C G, s.t. I acts on E properly continuously
and freely with compact quotient. By (6.2.1) I' must be contained in
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1 $(ef-1) a
2 b
G' = { e’ -§(e/-1) ;a.b.C.feR}.
1 0
1

So I'\E ~ (I'\R®) x R which is not compact. The contradiction means that (G, H) is
not bounded.

(6.2.4.4) No. 3. It's easy to show that if V = Re; + Rez + Rej s.t. [e),e3] = e3 €
Z(N3),t #0 is a fixed real number, then

1 0 -1 1 -t
(Nax{R. 1 +R|1 O )},R(z 1 ))~
2 0 2

2d ¢ 0 -b a 2 0
0 d 0 —ft b 1 ~t
({ 0O 0 0 0 d-f ;a,b,c,d,fGR},R 0 ).
0 ft 0 d c t 1
0O 0 0 0 0 0 0

We know that

(i) edcos(tf) = U0 Srazeci(~10% - 52,
(i) esin(tf) = Lo Trazemroal -~ 6 - Y50

Claim.
(l) Fl(d)dé‘ 2?_—1 *Z(‘Q.).:k—l(—l).gﬁ'- . gé_?;':
L ifd =0,
B { £ {e%(cos(dt)) + tsin(dt)) — 1}, otherwise;

e . 2s-1
(i) R E T 4 Siaeimaa (0§ - Gy
1, ifd=0,
- { Td;:?l!{cd(—tco-’(dt) + sin(dt)) +t}, otherwise.
Proof of Claim.
Since

‘25

dFi(d) =30, % EH—?:-I: (=1 DIk
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(dR(d) = 332, d* ' Epygcaa (-1 4 - %223
= Efil ZH"J-:&-](—I).* ) %?%"
= edcos(dt).
Similarly we have the derivative of dF;(d):
(dF3(d) = edsin(dt).
Solving

{ (dFy(d)) = e%cos(dt)
(dFy(d)) = edsin(dt)’

we have

{dF,(d) = 1o {e4(cos(dt) + tsin(dt)} + Cy,Cy = — 13,
dFy(d) = Lz {ed(~tcos(dt) + sin(dt)} + C2,C; = 1.

Then using the formula (5.1.3) we have

e*® A(b,c,d, ft) 0 B(b,c,d, ft) a
0 edeos(ft) 0 —edsin(ft) C(b,c,d,ft)
G’={ 0 0 1 0 d-—f ;a,b,¢,d, f € R},
0 edsin(ft) 0  elcos(ft) D(b,c,d, ft)
0 0 0 0 1

where
C(b,c,d, ft) = bX(d, ft) — Y (d, 1),
D(bd,¢,d, ft) = bY (d, ft) + cX(d, ft),
X(d f) = $52,  Siagemir (1% - Y27,
Y(d,ft) = 52 4 Siazecrcac (1) - Y550

Since if f = 0, G contains a subgroup
e??  A(b,c,d,0) 0 B(b,c,d,0) a

ed g(ed—l)
G = 1 d ;a,b,c,de R

ed ﬁ(cd -1)
1

(if d = 0, replace ﬁ(c“ — 1) by b, and replace {j(e" ~1) by ¢), the action of G on E = R*
is transitive. Now let us compute the isotropy subgroup H of G at (0,0,0,0). Since all the

translation parts must be trivial, we must have
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a=0 (1)
C(bye,d, ft)=0 (2)
d-—f=0 (3)
D(b,c,d, ft) =0 (4)

From (3) wegetd= f , s0
{ C(b,c,d,dt) =0
D(b,¢,d,dt) =0
i.e.
bX(d,dt) — cY(d,dt) =0
{ BY (d, dt) + cX(d,dt) = 0 (%)
The system of equations (5) will have nontrivial solution iff

X(d,dt) -Y(ddt)|_,
Y(d,dt) X(d,dt) |~

1.e.

X%(d,dt) + Y*(d,dt) =0,

X(d,dt) =Y(d,dt) =0.
Since X(d,dt) = Fy(d),Y(d,dt) = F3(d) , we must have d # 0 and

-,‘,;—,ly{cd(cos(dt) + tsin(dt)) -1} =0 o
%{cd(—tcos(dt) +sin(dt)) -1} =0

If we assume that sinf = 7Ly, co80 = 7,0 < 6 < x, then

e?{sinfcos(dt) + cosfsin(dt)} = siné M
¢4{~—cosfcos(dt) + sinbsin(dt)} = cosd

. edsin(8 + dt) = sinb 8)
—e4cos(6 + dt) = —cosd

Since cosf # 0 , we have from (8)
tan(8 + dt) = tané
So §+dt = §+ k=, k is an integer. and dt = kx for some integer k. Then (8) becomes

et*sind = (—-1)*sind
e*cosd = (—1)*cosb

So e** = +1 for some integer k. Since d # 0 , we have a contradiction. So the isotropy
subgroup is
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edcos(dt) —e4sin(dt)
H= { 1 ;d € R}

edsin(dt) e‘cos(dt)
1

So (G, H) is the corresponding geometry of (¢, ). If this geometry is bounded, there is

a discrete ' C G with compact quotien I'\E and I’ must be contained in

1 A(b,e,0,ft) 0 B(b,ec,0,ft) a
0 cos(ft) 0 —-sn(ft) C(b,ec0,ft)
G"={ 0 0 1 0 -f ;a,b,c,fGR},
0 sin( ft) 0 cos( ft) D(b,¢,0, ft)
0 0 0 0 1
where
A(b,c,0, ft) = —blmsqllt) 4 conl)
B(b,c,0, ft) = b2t _ cloesll),
C(b,c.O,ft) - bciu:‘!(! _Cl—co:“(!’
D(b,c,0, ft) = bL=codll) 4 c2inlf9)
if f#0, and
A(b,¢,0,0) = c,
B(b,¢,0,0) = -b,
C(b,c,0,0) = b,
D(b,¢,0,0) =c.
It's easy to show that ['\G" ~ I'\E, but
0 -1 0
L(G"Y~ N3 R[1 0 0] (see Type Sol*-(i)-(9) ),
0 0 0

and G has no uniform Lattices. So the geometry is not bounded.

(6.3) Other bounded mixed geometries.
We want to use Proposition (6.2.1) (Goldman and Hirsh) without assuming that G
is solvable. Then we must prove that I' is virtually solvable. We first prove the following

Lemma.



(6.3.1) Lemma. Let T C Affine(R*) s.t. T' acts on E = R* properly discontinu-
ously with compact quotient. If Pi(T), the linear part of ', fixes a non zero vector of E,
then I' is virtually solvable.

Proof. (Fried {8]) Let v # 0 be the vector fixed by P(I'). Let I'; be the normal
subgroup of I' with finite index s.t. T; acts on E freely. Then I';\E is a complete
compact affine space-form. Pi(T;) also fixes v. Let ¥ be the parallel vector field on E
determined by v and let ¥ be corresponding vector field on '\ E. The 1-form « on '\ E
dual to Y is parallel and hence closed.

Perturb « to a closed 1-form «; with rational periods P, where P is the set of
real number obtained by integrating «, around closed loops in I'})\E. As Iy is finitely
generated, P is discrete and R/P is a circle. Also «y(Y) never vanishes, assuming w; is
close enough to w.

Let b € T')\E be a basepoint and define § : I'/\E — R/P as the definite integral
6(y) = []«1. Then 8 is a fibration of I'}\ E over the circle (c.f. Tishler [31]). Let K be a
connected component of a fiber of 8. Then K is a connected cross-section to the flow ¢
on I')\ E generated by Y.

Since Y’ is parallel and 'y \ E is flat (in the meaning of [23]), the flow ¢ has a transverse
affine structure that induces an affine structure on K. Lifting ¢ to the universal cover
E one obtains the one parameter group ¢ of translations of E with velocity v. So K is
naturally identified with the orbit space of this flow, namele E/Rv, cf. Fried [10]. This
orbit space is just an affine 3-space so K is complete in its induced affine structure.

A complete compact affine 3-manifold has solvable fundamental group by Fried and
Goldman [10]. Thus, K is solvable. K is the fiber of a fibration of I'i\ E over the circle
so the homotopy exact sequence of this fibration shows that I'; is an extention of 7, S! =
Z. Hence T'; is solvable, i.e. T is virtually solvable.

Q.E.D.

(6.3.2) Type Miz*-(ii). (¢, H) = (R® u ( RIdy + H) , M), where H C sl3(R). We
notice that (¢, H) ~
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a
A b B
({ c ;a,b,cGR,AEA},{ 1 ;BEB}).
1 %ln(dctA) 1

where A, resp. B, is the connected subgroup of GL(R) with Lie algebra RId; + M,resp.
M. 1It’s clearly Py(G) fixes v = ¢4, if we write R* = }:::, Re,. G acts transitively on R*
with an isotropy subgroup H at (0,0,0,0). G/H ~ R* = E. If there is TC G ,st. T\E
~ I'\G/H i3 compact , Pi(I') fixes v, so by (6.3.1), I' is virtually solvable , then by the

Proposition of Goldman and Hirsh, P(T') C SL(E). In our case, we must have

B
r <
1

So I'\E ~ (T'\R®) x R which is not compact. So in Type Miz*-(ii), No. 1, No.2 and No.

;a,b,c€ R}.

- 200 o0

3 are not bounded.

(8.3.2.1) Type Miz*-(ii) - No. 4. Using the same method as we used in No. 1 - No.

3, we can show that I' is virtually solvable. Here (G, H) ~

e 0 a
Ax ( 0 c’) b

({ cd+‘l c ;avbvcsdwf € RvA € SL?(R)}v
1 d
1

e 0
A x ( 0 c,)
{ et/ ifER A€ SLg(R)}).
1
1
If t = -2, then I' must be contained in
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;avbvcvfe R‘A G SLQ(R)}.

[4]

|

»

-~
-0 6 o8

So I'\R* ~ (I'\R®) x R which is not compact.
If t # -2, there is a subgroup
c]

a
et b
G" = { e~ c ;a,b,c, f € R}
1 (-2-t)f
1

which has a uniform lattice I, s.t. T\G” ~T'\G/H.
So the geometry is bounded iff t # —2.

(8.3.2.2) Type Miz*-(ii)- No. 5. By the same method as in (6.3.2.1), I must be
virtually solvable, then I' must be contained in SL;(R). Then it’s easy to show that the

geometry is bounded iff t = -2.

(8.3.3) Type Miz*-(v). Since we can always find a normal subgroup G’ of G s.t. G’
has a uniform lattice I' and I'\G' ~ I'\G/H, all three geometries are bounded.

In No. 1: G' = SLy(R) x {((1) i’);be R},
In No. 2: G' = SLy(R) x {((1) ’;);be R},

In No. 3: G’ = SU(2) x {((1) :);beR}.

(6.4) Other bounded reductive geometries.

(6.4.1) Pseudo-Riemannion Space Forms.

Let V be a real vector space of dimension n+1 equipped with a nonsingular quadratic
form Q of type (p + 1,9); i.e., in appropriate coordinates

QT1s oo Ty Y1, Yg) = Tory 22 = I yiin=p+qp20.
Consider the quadric {v € V;Q(v) = 1}. The quadric has two components if p = 0, oth-

erwise it has one component. Let SP'7 denote the component containing (1, 0, ..., 0) and
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SO.(p+1, q) the orietation preserving subgroup of the full group of Q-othogonal trans-
formations which preserve $§?9. Then $?f ~ SO.(p+1,¢)/SO.(p, q), where SO.(p, q) is
the isotropy subgroup of SQO.(p+1,¢q) at (1, 0, ..., 0). S?9 ~ §? x RYif p > 0, and 5°9
~ RY via the map

(z.y) > (z/z]¥) ©
where £ = (z1,....,Zp41), ¥ = (Y1, ¥g), 30 71 (S5”9) = 0 or Z accordingly as p # 1 or
p=1

R. Kulkarni proved (c.f. [20]) the following Theorem.

(6.4.1.1) Theorem. If p > g, then only finite subgroups of O(p + 1,¢)) can act

properly discontinuous on S?9.
(6.4.1.2) Corollary. Type Red?-(iii) No. 3, Red*-(i) No. 3, No. 5 are not bounded.
(6.4.1.3) By a further argument in [20], Type Red*-(i) No.4 is not bounded.

(6.4.2) Type Red*-(ii) No.4. We use those notations in (5.3.12). Let T C G be a
discrete subgroup.

Claim 1. If I' acts on M properly, then I’ acts on E properly.

Proof. Let K C E be a compact set. Then since

s' - ELM
is a principle fiber boundle, P(K) C M is compact. Since I' acts on M properly, {7 €
[; P(K)N+yP(K) # 0} is finite. The action of G on M is the reduced action of G on E,

i.e., the following diagram is commutative:

E —_— M
gl lg
E P, M

So Po y = yo P. Since P(K NyK) C P(K) N P(vK), so K 0 vK # @ implies P(K) 1
P(vR) = P(R)NYP(K) # 0. So (eI ANYK # 08} C {y € T P(K)NyP(K) # 8},
ie. {y € ': RN~k # B} is finite.



Q.ED.
Claim 2. T is finite, if I acts on M properly.
Proof. By Claim 1, I' acts on E properly. Consider the set
{2z €Ejz3 =0} = {|zs]* + |za]? = 1} ~ S3.
It’s easy to show that if g € SU(2,1), then ¢S’ NS # 0. SoT = {y e [;9S° N S3 # 9}
which is finite.
Q.E.D.

So the geometry is not Bdd.

(6.4.3) Type Red®-ii-1.

We identify G/H with ﬁg(R) by the mapping 1:

. 1 0

t:(e',y)H > yexp(—t (0 __1)).

Let T be a uniform lattice of SL3(R), g € T. Then
I'\G/H ~T \SLy(R).

Let g € T, then the following diagram is commutative:

G/H -, ST2(R)
gl _ lg
G/H -, SLy(R)

So T acts on G/H properly discontinuously and the geometry is Bdd.
(6.4.4) Type Red®-ii-2.
Since H is compact, we only have to show that G has a uniform lattice. Let
I = {e%ezp(t (‘1’ ‘01)) € Z(SLy(R)).
Then
Ry x SEg(R)/I", X Z(ST;(R) = 8§' x PSL2(R),Z2* C T, x Z(S\ig(R)).
Let
x:G — S' x PSL,(R)
be the covering map, I'; be a uniform lattice of G. Then
I =x"1{(1,T,)}



is a uniform lattice of G. So the geometry is Bdd.

(6.4.5) Red®-iii-2.

We have three covering maps:

%y : SL3(R) x SLa(R) = SLy(R) x SLa(R)/Z**,
x2: SL3(R) x SLy(R) — PSLy(R) x PSLy(R),

x3 : SE2(R) x SLa(R)/Z** — PSLy(R) x PSLa(R).
And

X = X3 O My,

Let T, be a uniform lattice of PSL;(R), e be the identity element of PSLy(R), =7}
{Z(S\fg(R)) x T3}, 757! =T. Then, it's easy to show that
[ ~T; T'\G/H ~T;\SLy(R).

~
Since I'; is a uniform lattice of SL2(R), the geometry is Bdd.
(6.4.8) Cases remain unsolved. There are four geometries in our classification list,

we don't know if they are bounded or not. They are:

Red® - 1: (30(1,2),30(1,1))
Red* —iii—1: (R’xaIQ(R),R(l _1))

Red* —iii—2:  (R?x glg(R),{(a b) :a,bER})

Red*? —iii — 3: (R? xglg(R),{(z -;b);a,béR})

86



§7. The classification of flat compact complete

space-forms with metric of signature (2.2)

(7.1) In §6 we tried to determine if a given Ad — c.r. geometry (G, H) is bounded,
i.e., to determine the existence or nonexistence of such a discrete subgroup I' C G that
I acts on G/H properly discontinuously with compact quotient. If such I''s exist, we
naturally want to find all of them and to classify them up to some conjugacy. So far,
only a few special cases in dimension 4 have been solved, cf. [20], [21] . Recently D. Fried
(8] has classified those flat compact complete space-forms with metric of signature (1,3)
upto finite covers, i.e., he has classified those I'’s that are in R* » SO(1,3) and I' act
on R* freely and properly discontinuously with compact quotient. Since the classification
is upto finite covers, the condition of free action of I' is not necessary (see (6.2.1)). So
D.Fried's work solved the case (G, H) = (R* ¥ $0,(1,3),50,(1,3)). Fried’s method can
be applied to the case of signature (2,2) which corresponds to the geometry (G, H) = (R*
% S0,(2,2),50,(2,2)). The basic idea of Fried’s method is in the following Theorem.

(7.1.1) Theorem. Suppose X is a flat compact complete space-form with funda-
mental group I' C R* » S0O(2,2) , then there is a uniquely determined subgroup H of
R* x S0O(2,2) that acts simply transitively on R* and HNI' = = has finite index in T.

Since our classification is up to finite covers, we need only to find the corresponding

simply transitive subgroups and their uniform lattices.

(7.1.2) In (7.2) we classify those subgroups of R* x SO(2,2) that act on R* simply
transitively, up to the conjugacy of R* x (0(2,2) . Every such a subgroup, as a Lie group,
is isomorphic to one of the following:

¢
R, R x Nil®, Nil*, R x {R? » (‘0 c‘l,

All of them, except the last one, correspond to I''s. Their uniform lattices are known, cf.

(8] and [23).

) ;t € R}, R x {R? % SO(2)}

(7.1.3.) To prove Theorem (7.1.2), we first prove in (7.3) that I' is virtually solvable.

This result confirms a conjecture by Milnor in a special case. In {23], it is conjectured
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that the fundamental group of a complete affinely flat manifold is virtually polycyclic.
Qur result, combined with Fried’s result, shows that this conjecture is true for compact

pscudo-Riemannian 4-manifolds.

(7.1.4) In (7.4) we complete the proof of Theorem (7.1.1), using the theory of crys-
tallographic hull developed by Fried and Goldman, cf. {10]. In (7.5), we give our classifi-
cation. By comparing our list with Fried's, we obtain an interesting fact: as differential

manifolds, they are the same coset spaces of the form H/I', where H is a Lie group iso-
et 0
0 e!

lattice of H. These Lie groups have simply transitive representations as affine motions

morphic to R4, R x Nil3, Nil* or R x {R? % ( );t € R} and T is a uniform
and when the signature is (2,2) (resp. (3,1)), the images of the representations are in RY

X S0(2,2) (resp. R » S0O(3,1)).

(7.1.5) Notations and sotne properties of S(O(2,2) and 30(2,2). Throughout §7 we
will call {¢;},1 < ¢ < 4, a standard basis s.t. the metric @, w.r.t. this basis, has the form

Q(v,v) = vyv3 + vavy,
where v = 3°!_, v,ei. The full group of orientation-preserving isometries is B* » S0(2,2)
and

50(2.2) = {g € SLy(R)'g (‘} {)) o= (1 {,)} ,

1 0

where I = (0 1

) . The infinitesimal isometries are B! % 50(2.2) and

(7.1.5.1) 50(2.2) = {X € gla(R):* X (‘} (I)) + (‘} {)) X=0)=

a;; a0 b
a1 azpp b 0
a,; 1b, Al
{ 0 ¢ —a; —apy B Bre € R}
—C 0 —ai? —an?

(7.1.5.1) s0(2,2) = L, ® Ly , where L, ~ sl(R),1=1,2; and

a b

L,={ <YL L ;a,b,ceR}

-b a
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a 0 0 Y
'
L; = { g :, _:, g ;a' ¥, € R}
- 0 0 -d

(7.1.5.3) It is easy to show that any Cartan subalgebra of s0(2,2) is conjugate under

0(2,2) to one of the following:

a

(1){ b ;a.beR}.

b
0 a 0 b
(2){ —Oa 2 —Ob 2 ;a,bER}
-6 0 -a 0
a b

Q

(3){ - —a b ;a,bER}

-b -a

An immediate corollary is

(7.1.5.4) If X is in a Cartan subalgebra of s0(2,2) and detX = 0, then X must

conjugate under (3(2,2) to

0
(4) { —a }
0
or

0 a 0 a
—a 0 —-a 0

(5){ 0 a 0 a }
—a 0 —-a 0

(7.1.6) We identify Af f(n), resp. af f(n), with

{(3 '{);Ae GL(R),v € R},

resp.

{(g 8):-’( € gly(R),v € R*}
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w.r.t. agiven basis. Let P, be the natural homomorphism taking an affine transformation
(or an infinitesimal affine transformation) to its linear part. Let L(G) be the Lie algebra
of a Lie group G and A(G) be the algebraic hull of G. We will need the following well

known Lemma.

(7.1.6.1) Lemma. If G C Aff(n) s.t. G acts freely on R", then every A € Pi(G)

has 1 as an eigenvalue.

(7.1.6.2) Lemma. (Kostant and Sullivan, cf. [18]). If G is as in (7.1.6.1), then

every A € Pi(A(G)) has 1 as an eigenvalue.

(7.1.6.3) Corollary. If G is as In (7.1.6.1), then every X € P(L(A(G))) or X €
L(A(Py(G))) has 0 as an eigenvalue.

(7.2) Simply transitive subgroups.

We will classify subgroups of R* ¥ S0(2,2) that act simply transitively on R*. Our
classification is up to the conjugation under R* » 0(2,2). It is well known that a simply
transitive group of affine motions must be solvable, connected, simply connected and of
dimension 4, cf. {1]. We will start from a special case when the groups are unipotent.

The following Lemma from Auslander and Scheuneman plays the key role in this section.

(7.2.1) Lemma. Let U be a nilpotent Lie group which has a faithful repre- sentation
p:U — Aff(n), let p, be the induced monomorphism of Lie algebras

pe: L(U) — {((f (';) ;X € glu(R),v € R"} = af f(n),
and let P be as in (7.1.6), let P, be the projection from an element in af f(n) to its
translation part. Then p(U') acts on R" simply transitively if and only if

(1) Pro p.(L(U)) is nilpotent , and

(2) Py o pa(L(L)) is a linear isomorphism of L(U) onto R™.
For a proof, cf. [1]. So unipotent simply transitive subgroups are exactly the following

U’s s.t.
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(1.2.2) L(U) = {(X(()”) (';) ‘v € R"),
where X(v) is a linear function of v and P(L(U')) = {X(v);v € R™} is nilpotent.

Using Engel’s theorem, we can show

(7.2.3) Lemma. There is a vector v, € R* such that
(i) P(L(T))(vo) = 0,
(“) Q(vm Uo) = Q.

Let {¢;} be our standard basis. Then we can choose v, = ¢, since (2,2) is transitive

on
{v;Q(v,v) =0} /v ~ tv,
where t € R — {0}.

(7.2.4) Corollary. Wr.t. the above standard basis, X € P(L(U)) has the form

0 a 0 b
00 -b 0
X(")':{oo 0o o’
0 0 -a 0

where a = a(v) and § = §(v) are linear functions of v.

To find a(v) and b(v) , we compute the commutator of L(L').

X(v) v X') o\, _ [ X(¥') v
(7'2'5)[( 0 0)( 0 o)]‘( 0 0)’
where v" = X(v)v' — X(v')v, X(v") = X(v)X(v') - X(v')X(v) = 0. So
a(v") = bv") = 0.

Tite

(7.2.8) a(v) = Z:zl a,vi, v) = 2:21 b;v;.
Then we have
(7.2.7) 0= Y4 apv?,0= 31 6,00,
where v]'’s are linear functions of a;,b; and v.v; , 1<14,5 £ 4, and all coefficients of v,v]

must be zero. We obtain
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(7.2.8) Lemma.
(i)a; =b =0,

(i) azby + a3 =0,
(iii) azbs + aqaz = 0,
(iv) baby + byaq =0,
(v) b3 + byaz = 0.

(7.2.9) Corollary.
(i) be(b2 + a4) =0,
(ii) a2(bs + aq) =0,
(1) (by — aq)(by +a4) = 0.

(7.2.10) Now we can get some necessary conditions for the nonabelion unipotent
simply transitive subgroups. If b, + a4 # 0, then b = a; = 0. By (7.2.8) (i) and (v),

b3 = a2 = 0 :nd we get a contradiction. So b; + a4 = 0, and we have three subcases:

(7.2.10.1) b, = a4 = by = a; = 0, but (a3, b) # (0,0), i.e,

a(v) = a3v;
b(v) = byvs.

(7.2.10.2) b; + a4 = 0 but by # 0,a4 # 0. Then by (7.2.8) by #0,a2 #0, i.e.

a(v) = avy + azvy + agv,
b(v) = byva + b3vs + byvy.

(7.2.10.3) by = 0,a4 = 0,(az,bs) # (0,0). By (7.2.8), byaz = 0, s0

a(v) = av; + asv;
b(v) = b3v3,

or

a(v) = azv;
b(v) = bav3 + b4vy4.

(7.2.11) Theorem. Up to conjugacy under R* % ()(2,2), the nonabelian unipotent

simply transitive subgroups " of R* x S(0(2,2) have the following Lie algebras:

L) = {(X(()v) 8) ;v € R},
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where

0 a(v) 0 Hv)
v- (178 0 0,
0 0 —-a(v) 0

a(v) and ¥ v) are listed in the following table:

Type of L(V) alv) Ho) | “tbmeset Lic slgcben.
11 V3 V3 N;; @R
1—2 U3 V3 AV3 QB R
I-3 . v3 0 Ni®R
11-1 votvg+tuy, (¢ 20) ~Ug— U4 Ny
11-2 ~vatuvg+tvs, (2 20) ~v2+v3 Ny
]I~3 vUg [2K] JV4

The equivalence classes are uniquely determined by the type of L(U) and the parameter

t (in Type II).

Proof: The discussion of the conjugacy under R* x (0(2,2) is long and tedious. We

will only write down a brief one for subcase (7.2.10.2). We give the following lemma

without proof.

(7.2.11.1) Lemma. If a(v) # 0,v) # 0,a'(v') # 0,4 (v') # 0, and if there is a

matrix 4 = (a,,) € ((2,2) such that

0 a(v) 0 v) 0 d'(v')
20 0 —Hv) O 0 o0
1 =
4 0 0 0 0 A= 0 0
0 0 —av) 0 0 0

then either

a,

¥(v') = a_”lzl_vé + {=22_p, + by + 24

2
Pea Y . 82829 9 a22023 a 822d43 ’ a4 .0
(1) @lv')= vz +{ an 02+;ﬁ'03+ an a.}v3+¢“v4
331822 a},822 @11822

where aj1a22 # 0; or
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0 0 ’
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an

bl(v') = :“-l-il-v; + {-—“—2‘_02 + -’J—as + .—‘ﬂ—a‘}v:’, + _9.1,_02

I3 2
- {a'(v’) = 2y) 4 (2 py + 46y + Sy + Jvg
a11842 a1% 811842

Sn1ag,

where ayyaq; #0;

Write a/(v') = 1!, alv! and ¥'(v') = 3°¢_, b/v!, then from (7.2.11.1)
ﬂ’
ajb = ity = 2 =~ <0,
since aq = —b; # 0. So we can choose a;; such that a3b} = a}d; = -1, i.e. f—l‘l- = +1.

Next we use (1) (resp. (2)) if f:—= 1 (resp. -1), and choose az; (resp. aq2) to reduce

(aa a")

b b

(_11 ‘-11) if aa4 > 0,
(:} })ifaga4<0.

Now aj, b} have the form

to

or

bs = +z; + —r,—-a:;’

{ af, =27 + .':*Fb;

or i
67,942

where z; (resp. z;) depends on az3,a43 (resp. az3,a43) and 2,,i = 1,2 can assume any

real number. We can choose z; so that b} = 0 and we can choose the sign of az; (resp.

a42) so that aj 2> 0. So we can find an A € (0(2,2) such that
A7 0 X v A 0
0 1 0 0 0 1
is of Type II-1 or Type 1I-2. We can replace (‘g (1)) by (g tf) and show that the

translation part doesn’t contribute to the classification.

We omit the rest of the proof.

Q.ED.
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(7.2.12) To handle the general case, namely when the simply transitive group of

affine motion is non-unipotent solvable, we need the following lemma from Auslander, f.

(1]-

(7.2.12.1) Lemma. Let H be an ndimensional, connected, simply connected, solv-
able Lie group acting simply transitively as affine motions on R™. Let A(H) be the
algebraic hull of H and let U be the unipotent radical of A(H). Then U operates simply
transitively as afline motions on R".

Now all such non-abelion U’s are known from (7.2,11), and we'll study them first.

(7.2.12.2) Lemma. Let H, U be as in (7.2.12.1) and assume that U is not the
translation group T. Then H = U.

Proof: W.r.t. the standard basis {¢;}, 1 < i < 4, we know

0 a(v) 0 Hv)
L(P(U) = { g g —bév) g U E R‘}
0 0 -—a(v) 0

So L(P(U))(et) C et since e = Rey + Rey + Req. Notice A(H) is contained in the
normalizer of U. Also

[L(P(A(H))), L(P(A(H)))) € L(P(U)), so we have L(P(A(H)))(ei) C ef, ie.
every X € L(PL(A(H))) must have the form

* 5 % a;; ap 0 b a;; ajp 0 b
* % * % _ a2 a2 '—b 0 _ 0 az; —b 0
00 00 - 0 c —ay} —az] - 0 0 —ay) 0
* * * —C 0 —a172 —az2 0 0 —a12 —a

By (7.1.7.3) detX = 0, s0 a;az2 = 0. By computing the commutator

(3 ) (5 o)ezan,

where (:f g) € L(A(H)), (f) '(;) € L(U), and by using an argument similar to the
one we did in (7.2.5)-(7.2.7), we have aj;; = az2 = 0, i.e. A(H) is unipotent; so H is
unipotent. But any unipotent connected Lie group is Zariski closed, so H = A(H). U, as

the unipotent radical of H, must be H itself.
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Q.ED.

(7.2.12.3) Now consider the case when the unipotent radical of A(H) is precisely

the group T of translations of R*. Suppose H # T, i.e. H is not unipotent.

(7.2.12.3.1) Lemma. P,(H) is abelian.
Proof: P(H)~ H/Ker(Pily))=H/(HNT)C A(H)/T, but A(H)/T is abelian
(cf. [2]).
QED.

(7.2.12.3.2) Lemma. dim P(H) = 1, L(P(H)) is diagnolizable in C .

Proof: P(H) is a connccted abelian subgroup of $0,(2,2), so

dim P(H) < 2. By (7.1.7.3) detX = 0 for every X € L(P(H)), ie. 0 is an
cigenvalue of X. Since X € 30(2,2), so

e apz 0 b
Y — a1 a2 —b 0
* 0 [+ —ay) —an
-c 0 -aj2 -—axn

and det(X — Al) = A* + (2bc — 2a,2a2) —a?| —a3;)A? +(—anaz; +ajzay ++56c)? = A +
{—4a)za3; - (a1; —a;2)*}A?, since 0 is an eigenvalue. So the eigenvalues of X are(0,0,0,0}
or {0,0,A\,—=A}, A\ #0, A € Ror vV—1R. If dim P(H) = 2, then by (7.1.5.2) s0(2,2)
=Ly & Ly, Ly ~ sl3(R). So L(P(H)) = RX, + RX; where X, € L;;t =1,2. But by
(7.1.5.2)

det( Xy - AI) = A + 2(a? + bc)A? + (a® + be)?,
and

det(Xg - M) = M 4+ 2(b'¢ — a?)A? + (b - a'?)?.
So zero is an eigenvalue of X,,1 = 1,2, if and only if all the eigenvalues of X, are zero. This
means (A ) is unipotent and leads to a contradiction. Sodim P(H) =1, L(P(H) = RX
and X has eigenvalues{0,0,A,—~A}, A # 0, A € R or V/=1R. Since X is an infinitesimal
isometry, it is diagnolizable.

Q.E.D.




(7.2.12.3.3) Corollary. L(Pi(H)) is contained in a Carton subalgrbra of s0(2,2)

and is conjugate under ((2,2) to

a 0
0
(1) —a
0 0
0 a 0 a
-a 0 -a 0
(2) 0 a 0 a
—a 0 —-a 0

Proof: By (7.1.5.4).
Q.E.D.

Since H is simply transitive, the map P, : L(H) — R* is a linear isomorphism, so in

(7.2.12.3.3) we have a = Z::n a,v,, where

L4
v?
U3
471

is the corresponding translation part. Since T is the unipotent radical of A(H), we have
[L(H),L(H)] € L(T) = R*. By computing the commutator and using the fact that H
is simply transitive, we must have a(v) = azv; + aqvq,(a2,a4) # (0,0) in Case (1) and
a(v) = a;(v; — v3) + az(v2 — vq),(ay,a3) # (0,0) in Case (2). Finally, by considering the

conjugation under R* % (0(2,2), we get

(7.2.12.4) Theorem. If H C R* % S0(2,2) acts simply transitively on B! and H

is not unipotent, then H is conjugate under RY x (3(2,2) to one of the following:

a(v) 0
0 v
—a(v)
0 0

i) Type I1I-1:

where a(v):t(vl —v3),t>0and L(H): R & {}?2 X R((]; ’ )}
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0 a(v) 0 a(v)
—a(v) 0 —a(v) O v

0 a(v) 0 a(v) ’
—-a(v) 0 —a(v) O

i) Type 111-2:

where a(v) = t(vy —v3),t >0 and L(H) =R & {R* » R(._Ol (1))}

The type and the parameter t determine the equivalence classes uniquely.

(7.2.13) Combining (7.2.11) with (7.2.12.4) and denoting H = T, as Type 0, we
complete the classification of simply transitive subgroups of R* » S0(2,2). We summarize

our result in the following table. We denote

0 a(v) 0 b(v)

0 0 =H4v) O
A(a.b.v)={ 0 0 0 0 v ;veR‘},

0 0 =—a(v) O

0
a(v) 0
0

B(a,v) = { —a(v) Vl:ve R‘},

0 0

0 0

0 a(v) 0 a(v)
—a(v) 0 —a(v) O
C(a,v) = { 0 a(v) 0 a(v) v ;UGR‘}.
—a(v) O 0 -a{v) 0

Table of equivalence classes of simly trasitive subgroups of R* x S0O(2,2) (given in

the form of subalgebras of af f(n) w.r.t. a standard basis)
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1somorphism type

‘yL‘(”H‘;f affine form of L(H) ns abstract
Lie algebra
0 (9 ;;) v € RY) RS
I-1 A(a, b,v), Z&) oo R® N,
1-2 A(a.b,v), Z((:)) =n R® N,
13 Ala. b v), { ‘;(‘3 s R N
111 A(a, b, v), ‘;((:)’)) = ?v;*_"‘v::"zi‘ . N,
11-2 Ala,b,v), { o) = ~va F1a + n Ny
11-3 Ala.b,v), {‘;((:)) T N,
-1 B(a,v),a(v) = tvg + va,t € R R @ {R? n R((l) _"1)}
111-2 Cla,v), a(v) = t(vy — v3),¢ >1 Reo (RRuR (_01 (1)>}

The type of L(H) and the parameter t determine the equivalence classes uniquely.

(7.3) I is virtually solvable.

A group with a solvable subgroup of finite index is called virtually solvable.

(7.3.1) Theorem. IfI' C R* x SO(2,2) and T acts freely and properly discontin-

uously on R* with compact quotient, then I' is virtually solvable.

Proof: Let x = P(I') and A(x) be the algebraic hull of I'. The identity component
A, is of finite index in A(r). We will show A, is solvable. The following lemma is due to
D. Fried.

(7.3.2) Lemma. If A, fixes a vector v € R* of nonzero length, then A, is solvable.

For a proof, cf. [8].

Assume that A, is not solvable. As in (7.1.6.2), for every ¢ € A(7), det (¢ —I) =

0. This shows dim A, < dim S0(2,2). So A, contains a semisimple connected subgroup
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S such that dim S = 3 and L(S) ~ sl(R). By (7.1.5.2) s0(2,2) = L, & Ly, L, =
slz(R), 1=1,2. Let P, : L(S) — L, be the projection map: X = X; + X; » X,
where X € L(S), X, € L;,i = 1,2. Then we have two cases: L(S) = L, for some i
or P(L(S)) = L;, 1=1,2. But det(e"I) = 0 for X = diag.(a,Fa,Fa,a),a # 0. So
L(S)=L;,+ =1,2. So we must have P,(L(S)) = L;,1=1,2, and this means that L(S) is
a maximal subalgebra of 30(2,2), so A, = S.

(7.3.3) Claim: There is a nonzero vector v € R* such that

i) Q(v,v) =0;
i) Ao(v) = v.

To prove the claim, let 0 # X € L(A,) such that RX is a split Cartan subalgebra of
L(A,). Then h = Py(RX) & P;(RX) is a split Cartan subalgebra of s0(2,2). By (7.1.5.3)
h is conjugate under O(2,2) to {diag.(a,b,—a,—bd);a,b € R}, so we may assume that
X = diag.(a,b, —a, —b). Since det(eX — I} = 0, we have ab = 0 and X = diag.(a,0,-a,0)
or diag.(0,a,0,—a). Let{X,Y,Z} be the basis of L(A) such that [X,Y] = 2Y,([X,Z] =
~-2Z,[Y, 2] = X and X = diag.(a,0, —a,0) for some 0 # a € R. Then adX has three real
eigenvalues on 30(2,2): {2,0, —2}. Let E, be the corresponding eigenspaces, then

0 ¢ 0 e
0 0 —¢ 0
E?={ 00 0 0 'c'ceR}'
0 0 — 0
0O 0 0 0
d 0 0 0
E-g-{ 0 f 0 -d ,d.feR},
-f 00 0
cd—ef 0
&nd[Ez,E..z]:{ —cd—ef edef ;c,d,c,fGR}.
0 cd+ef

So there are ¢, e,d, f € R such that

0 c 0 e 0 0 0 0
. {00 - 0 d 00 0
Y=1o00 0 o 2=l 9 f 0 -d
00 —c 0 -f 00 0



and [Y, Z] = X implies

cd—cef=a
cd+ef=0

iecd=—cf =% cdef #0. Let v=L1e; - Le,. It's easy to check that Q(v,v) = L #0,
Aq(v) = v. When X = diag.(0,a,0, —a), we can prove it in a similar way.
Combining (7.3.3) with Lemma (7.3.2), we have a contradiction, so A must be solv-
able.
Q.E.D.

(7.4) Proof of Theorem (7.1.1)

The principal tool is the following theorem from [10].

(7.4.1) Theorem (Fried and Goldman). Let I' C Af f(n) be virtually polycyclic
and suppose that I act properly discontinuously on R™. Then there exists at least one
subgroup H C Af f(n) containing I' such that:

(a) H has finitely many components and each component meets I';

(b) H/T is compact;

(¢) H and T have the same algebraic hull inAf f(n);

(d) if T' has a subgroup I'; of finite index such that every element of P(I'y) has all
real eigenvalues, then H is uniquely determined by the above conditions;

(e) the identity component H, of H acts simply transitively on R™ and H,NT' is a
discrete cocompact subgroup of H, and is of finite index in T.

Such a subgroup H in (7.4.1) is called a crystallographic hull for I'. Since a discrete
solvable subgroup of a Lie group with finitely many components is polycyclic and we
proved in (7.3) that I in (7.1.1) is virtually solvable, by (7.4.1) we need only to check
for the uniqueness of H. By (7.4.1)-(d), we need only to show that Pi(T) has a subgroup
of finite index with real eigenvalues only. Since H, must occur in our table of simply
transitive motions and all these simply transitive motions, except Type 111-2, have linear

parts with only real eigenvalues, we need only to check Type 11I-2. By Bieberbach’s
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theorem (cf. [36]), any discrete subgroup of Type I1I-2 meets T in a subgroup of finite
index.

Q. E. D.
(7.8) Classification of T

(7.5.1) Lemma. Let I be a uniform lattice in a simply transitive group H C R*
X $0(2,2). Then H is the identity component of the crystallographic hull of I if and
only if H is not of Type III-2.

Proof: If H is of Type 111-2, then I' has a subgroup of finite index, say I'y, such
that I} € T. So I is virtually abelian. By [10], the crystallographic hull of a virtually
abelian affine polycyclic group is itself virtually abelian, so H doesn't arise from any T,

In the unipotent cases, the algebraic hull of H is H itself. So A(T), the algebraic
hull of T, is contained in H. Since H., the identity component of the crystallegraphic
hull H' of T, acts simply transitively on R*, the dimension of H, must be four, then by
(7.4.1)-(C) we have

H,CH CAH')=A(NCH.

So H =H,, then H' = H.

The only remaining case is Type I1I-1. Since I' is not unipotent, H;, the identity
component of the crystallographic hull #' of I', must be nonunipotent solvable, i.e. H.
is of Type I1I-1 and I’ C H N H.. Then it's easy to show that H, = H.

Q. E. D.

(7.5.2) Corollary. Up to finite covers, every flat compact complete space-form with
metric of signature (2,2) is of the form H /T, where H is a simply transitive subgroup of

R* % S0(2,2) of Type 0, Type 1, Type Il or Type 1II-1 and ' is a uniform lattice of H.

(7.5.3) Uniforin lattices.
The uniform lattices depend only on the structure of H as a Lie group and do not

depend on its embedding in R* ¥ S0(2,2). Since Type 0 ~ RY Type I~ R x N3,

102



t
Type 11 ~ Vil* and Type III-1 ~ R x {R? » (:.' 69,) it € R}, as Lie groups. they

are exactly the same groups as that listed in [8], and D. Fried gave a list of their uniform

lattices there. C.T.C. Wall also studied them, cf. (35]. Here we only write them down to

complete our classi fication.

(7.5.3.1) The uniform lattices of H are semidirect products Z* » Z 4, where
A € SLy(Z) has characteristic polynomial
det(t — A) = (¢t = 1)(t? = bt + 1),

where b > 2 is an integer. and .4 and b satisfy:

i) Type0 : A=1b=2;

ii) Typel : (A-I¥=0,A#1b=2;

i) Typell : (A-IP#0,(A-1?=0,b=2;
iv) Type I1I-1: 52> 3.

(cf. [8] and [35] for a proof)
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§8. Invariant Structures
(8.1) Unimodular Ad — c.r. geometries.

(8.1.1) Deflnition. A geometry (G, H) is unimodular if S = G/H admits a G-
invariant measure which is positive on open sets and finite on compact sets.

We have the following propositions (cf. (2.5) for notations)

(8.1.2) Proposition. (G, H) is unimodular iff detp(H) = 1, or equivalently
trace p(L(H)) = 0.
Proof. See R. Kulkarni [19].

Q.E.D.

(8.1.3) Corollary. If (G, H) is Ad — c.r., then (G, H) is unimodular iff

trace pl(z(L(Hy) = 0.
Proof. If (G,H) is Ad — c.r., then H is reductive L(H) = Z(L(H)) + (L(H), L(H))

where [L(H), L(H)) is semisimple. We know trace liLcH),LcHy) = 0.
Q.E.D.

(8.1.4) Recall that a locally compact group G is said to be unimodular if the left-
and right-Haar measures coincide upto a positive multiple. For a Lie group there is a

simple criterion to decide unimodularity.

(8.1.5) Proposition. Let G be a connected Lie group. Then G is unimodular iff
|detAd| = 1 or equivalently trace ad = 0.

For a proof, see Milnor [24] or Kulkarni (19].

With (8.1.2), (8.1.3), (8.1.4), it is easy to determine the unimodularity of Ad — c.r.

geometries in dim < 4,
(8.2) Semi-Riemannian Ad — c.r. geometries.

(8.2.1) Deflnition. A geometry (G, H) is said to be semi-Riemannian if S = G/H

admits a G-invariant semi-Riemannian metric, i.e. a continuous family of non-singular
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symmetric bilinear forms on T,(S),z € S. If the forms are positive definite then the

metric i3 Riemannian, otherwise they have a fixed signature (p, q) since S is connected.

(8.2.2) Proposition.

i) (G, H) is semi-Riemannian of signature (p, ¢) iff T;(S) admits p( H)-invariant or
A L(H ))-invariant nonsingular symmetric bilinear form of signature (p, ¢).

ii) Let (G, H) be a geometry. If H is compact then (G, H) is Riemannian. Conversely
if (G, H) is an Ad — c.r. Riemannian geometry then H is compact.

For a proof, see R. Kulkarni [19].

(8.2.3) Remark. In the converse part of the proof of (8.2.2) , we used the fact that
(G,H) Ad - c.r. implies H ~ p(H) is a closed subgroup of Aut(T;(S5)) (see (2.16)). It
is curious that (G, H) can be a Riemannian geometry without H being compact. This
happens if p( H) is not closed in Aut(T;(S)), equivalently, the compact-open topology on
G as a transformation on S, differs from its standard topology.

In §5, all H’s are determined. So it’s easy to find all Riemannian geometries by

checking whether H is compact. We can also do this on Lie algebra level.

(8.2.4) Proposition. Let (G,H) be Ad — c.r.. Then (G, H) is semi-Riemannian
with signature (p,q) iff ad(H) ~ so(p,q) w.r.t. a svitable basis.
The proof of (8.2.4) is trivial. By using (8.2.4), it's easy to find all Ad — c.r. semi-

Riemannian geometries in dim < 4.
(8.3) Symplectic Ad — c.r. geometries.

(8.3.1) Definition. A geometry (G, H) is said to be symplectic if S = G/H admits
a G-invariant symplectic structure, i.e. a G-invariant nondegenerate 2-form 2. In this
case dim S = n is necessarily even, n = 2k, and nondegeneracy of § is equivalent to the

fact that Q% # 0. We call such a  symplectic form.

(8.3.2) Definition. An Ad — c.r. geometry (G, H) is said to be almost symplectic
if ad(H) ~ sp(k, R), where k = %n,n is even = dim G/H.
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(8.3.3) Proposition. An Ad — c.r. symplectic geometry is also almost symplectic.
The proof (8.3.3) is directly from the definition. By this Proposition, we shall first
find all almost symplectic geometries then select those which are also symplectic. We
will use the symbol JAS , resp. IS to denote (G-invariant) almost symplectic, resp.

(G-invariant) symplectic geometry. W.r.t. a standard basis

- .Y] .Yz i .¥|,4Y3,‘Y3 real m x m,
spim. R) = {(X; -tX, ) ' X3, X3 symmetric )
When dim G/H = 2, it’s easy to find all JAS. When dim G/H = 4, m = 2, we need

the following well known facts.

(8.3.4) Lemma.

i) sp(2, R) ~ 30(3,2),sp(2, R)¢ = By;

ii) sp(2, R) has no subalgebra isomorphic to so(4) or s0(3) b slz3(R);

iii) The 4-dimensional nontrivial representation of sp(2, R) is irreducible, the 4-

dimensional irreducible representation of B; has wrights {+a,+8}, a, 8 independent.

(8.3.5) Corollary.

i) Let adX C sp(2, R), Z € M, s.t. adZ diagonalizable, then adZ has the form {);,
“A1, Az, A2}, (A1,A2) # (0,0), w.r.t. a suitable basis.

1) If (G,H) is IAS, then dim H < 10;

iii) If (G,H) is IAS and H is abelian, then dim H < 2.

The above Corollary enables us to reduce our list sharply. In existance case, we
have to find a suitable basis s.t. w.r.t. which ad C sp(2,R). For X € G, let X be its
equivalence class in G/H; also let ¢,, be the entry at the i-th row and the j-th colume of
a given matrix. In (8.3.6), we record JAS Ad — c.r. geometries in Lie algebra form (G,
H) and corresponding basises of G/H s.t. ad C sp(2, R) w.r.t. the given basis.

(8.3.6) Existence of IAS.
Red*-ii-1 : {e13,€23,€31,€32};

Red*-ii-2 : by (8.3.14) and (8.3.3);
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Red*-ii-3 : by (8.3.14) and (8.3.3);

Red*-ii-4 :

0 10 0 0 -1 0 V-1 0 0 o0 =1
{—100,000,\/—100,000};
0 00/ \-10 0 o o of \-v=T 0 o
Red*-iii-1 : let ¢; = (g é), e = ((l) g), then the basis is
{clv \ Y —161, —€2,V _157};
Mir4i-3 : trivial;
Miz*-i-11 : there is a basis of sl;(R) ., say {X.Y,Z}, st. [Z,X] = 2X,(2,Y] =
—2Y.[X,Y] = Z and a basis {ve,v1,v3,v3} of R* s.t.

adZ = diag.{3.1,-1, -3}, adX = ,adY =

o000

3
0
0
0

O 0O 0
SN DO

0
0
0
0

WO OO

0
1
0
0

SO NDO

Then we have a new basis {v/3v,, —v;, V3v3,v3} to show that adM C sp(2, R);
Miz4-i-15 : replace {e,,e3,¢3,¢4} in Table 5 by {e1, —e3,¢4,€3};
Miz*-i-16 : same as in Miz*-i-15;

Miz4-i-17 : replace {e;,¢€3,¢3,¢4} in Table 5 by {e1,e2,€3,¢4};
Miz4-i-25: let C? = Cey + Ceg,3l,(C) =

a, +v-laz b+ v-1b a.bc€R
¢ +vV-1lea —-ay—+v-laz /' v

then {e),/—1ley, —e2,V/—1lez} is a required basis;

Miz*-i-27: let C? = Cey + Ceq,su(2) = {(—b'+—\}¢-1—_lc bj-\/:—ilzc) ;ab,c, € R}

then {e;,e2,vV—1e;,V—1e;} is a required basis.

shi(R) 0

Miz%-ii-5 : it's easy to see that adH = ( 0 0

) w.r.t. the basis {e;1, e;,€3,¢€4}.
Then we can choose a new basis {e;,¢3,€2,¢4};
0
Mir*-iii-1 : let R* = Re, + Re; and choose {e,, (8 (1)) ,€2, (1 g)} as a new

basis;
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Miz*-iii-2 : let R? = Re; + Re; and choose {e), ((1) _?1) €2, ((1) (1)>}'

Solvable cases are trivial, since we can use (8.3.4)-iii and (8.3.5)-i,iii.

(8.3.7) The study of G-invariant symplectic structures on homogeneous spaces was
initiated by Kostant [17] and Souriau [28] and developed from a more general point of
view by Chu [5]. S. Sternberg [29] generalized their results and applied his results to
compute symplectic forms of some low dimensional geometries (dim G < 3). In general
situation, the computation of symplectic forms is still a problem. In my dissertation, I
shall either prove or construct a symplectic form for each "existence” case among Ad—c.r.
geometries in dim < 4. When G is semisimple, | shall give a more general result.

Let (G,H) be a geometry and x : G — G/H = S be the projection. Iff2 is an
invariant form on S then it is clear that 0 = 7*Q is a left invariant form on G which
satisfies

(1)i(X)o=0forall X € X = L(H);

(ii) o is invariant under right multiplication by elements of H, and hence invariant
under Ad for elements of H.

Conversely, it is clear that any left invariant form ¢ on G satisfying (i) and (i1) arises
from G/H. So to find a symplectic form on G/H, we only have to find a left invariant
2-form ¢ on G which satisfies (i}, (ii) and

(ii) do = 0;

(iv) o* # 0 everywhere, k = %dim G/H (When the dimension is 4, we need to show
oNho #£0).

Let (G,H)be Ad—c.r., L(G)=¢, L(H)=H. Theng =H + M s.t. [H, M| C
M. For X € G, let X = X9y + X ¢ where Xy € H, X4 € M. It is clear that condition
(i) and (ii) plus ¢ nonsingular is equivalent to that (G, H) is IAS. The following lemma

helps us to check condition (iii).

(8.3.8) Lemma. Notations as in (8.3.7) and assume (i) and (ii). Then do = 0 iff
for every X, Y, Z € G,
(X, Y}, Zaa + ([Y, Z) s X ) +([2, X]q, Yu) = 0.
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The proof is simple. The following corollary helps us to show that Red*-ii-1-4 are
IS.

(8.3.9) Corollary. If [M, M] C X, then do = 0.

(8.3.10) Corollary. do = 0 iff for every X,Y,Z € M,

o([X,Y)mo Zag) + o([Y, 2], X ) + 0([2, X, Yu) = 0.

The last Corollary enables us to check if do = 0 by computing no more than four
times since dim M< 4. We shall rely on the basis in (8.3.6) to construct o, i.e., we shall
first sclect a basis for M, then use the corresponding dual left invariant forms to construct

o. Let’s see two examples.

(8.3.11) Existence for Sol*-vi-3 : (¢, M) = (N3 x H,, M), where

1 0 0 -1 0
Ho=RA+H, A= 1 yH=R]1 0 0].
0 2 0 0 0

The matrices are w.r.t. the basis {¢),¢e3,e3} of V3, s.t. [e),e3] = €3 € Z(V;). Let ¢4 = A.
Then [eq,€1] = €1,[eq,¢2] = €2,[eq,¢3] = 2¢3. Now {e),e3,¢3,¢4} forms a basis of M,
and 0# [M, M] C M. Let {W;} be the dual to {e;} s.t. Wi(e,) = 6,, and W,(}) = 0
forl <1, <4.

Let W = E.Q a;,w,Aw,. W is adH-invariant iff

w(z,X],Y)+W(X,[Z2,Y])=0
for every X,Y € §, Z € H. Let X = ¢;,Y = ¢3,Z € H, then since {Z, e3] = 0, we have
W([Z,e;],e3) = 0 which implies az3 = 0. Similarly we get azq = aj3 = a;4 = 0. So we
must have

W = a0 Aw2 + azqwiAwy,

W2 £ 0 iff aypa34 # 0.

Now (8.3.10) becomes : dW # 0 iff for every e,,¢,, €4,

W(leire,) ) + W(lew, eil,¢,) + Wile,  exl &) = 0.
The above equality is an identity for 1 < i, 5,k < 4exceptfori =1, =2,k =4:

LHS = Wi(es,eq) + W(ey,e2) + W(—e3,61) = azq + 2ay2
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which is zero iff a3, = —2a;;. So we can choose
W = wAw; — 2w Aw,

and the geometry is IS.

(8.3.12) Existence and Non-existence for Sol*-i-9 :

¢c —s 0
(G, M) = (T, (0),0) where T, (o) = VN34 R (s c 0) ,€ = cosb,s = s1nb, 0 #
0 0 2
kx. Since H = 0, we only need W? # 0 and dW = 0. Again the matrix is w.r.t. the

same basis as that in (8.3.11) and we add

Let {w,} be the dual to {e;}. Then using the formula

dw, = —% qu ci)uvaw,, ([eise)) = ch)e*),
we have

duy = —cwAw; + sweAws,

dw, = —swAw; — cwgaAwy,

dwy = —w Awy — 2cwAwsy,

dwg = 0.
Let W = Z'q a,,w;Aw,. Then

dW = {-—26012 —aj4 }w,/\wg/\uu + { —3cay3 —say; }w,/\w;,/\w. + {8(113 —3cay; }wg/\w;,/\w..

2cay; +azq =10 (1)
dW = 0iff { 3ca;3 +3a23 =0 (2)
say3 — 3cazy =0 (3).

Since s # 0, from (2), (3) we must have a; + a3, = 0, i.e. a;3 = a3 = 0. We have two
subcases:

Subcase 1 : ¢ # 0. Let aj2 = l,a34 = —2¢, and W = w;Aw; — 2cwzAwy. Then
dW = 0,W? # 0. The geometry is IS.

Subcase 2 : ¢ = 0. Then (i) implies az4 = 0 and W = aj;w Awg + ayqunAwyg +

aqwyAwy. Since W2 = 0, we have non-existence.
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The other cases can be treated similarly and we omit the detail.

Finally, we study the following special cases : G is semicimple. Again let L(G) = §.
B(-,-) the killing form on ¢. Let 0 # X € §. Define §: ¢ — Rs.t. §(Y) = B(X,Y).
Then 8 € G*, df € A?¢*. Let H = (Y €¢; [Y, X] = 0} = Cx(¢) which is a subalgebra
of . Let Hy be the analytic subgroup of G with Lie algebra H. Then we have

(8.3.13) Proposition.

i} Hy is closed;

i1) df induces a symplectic form on G/H,.

Proof of i). Let H = {g € G; Ad*(g)0 = 8}. Then H is clearly closed. Let H, be
the identity component of H. We only have to show that L(H,) = H.

Let Y € H. Then [Y,X] =0,50 B([X,Y],Z) =0forevery Z € G, i.e.,, B(X,[Y, 2]) =
0 or 6([Y,Z]) = 0 for every Z € @, ie., (ad*Y(8))(Z) = 0 or ad’Y(8) = 0. So
Ad*(ezpY')0 = 0, ezpY € H. similarly ezptY € H, for Y € H, t € R. This implies
Y € L(H,).

Conversely, let exptY be an one-parameter subgroup of H,, then Ad*(exptY )8 = 6
or §(Ad(exptY)Z) = 6(Z) forevery Z € G, ie.,

6(3 0, ad*(tY)Z) = 0,
ie.,

o([tY, Z)) + 3.2, t"ad"Y(2) =0,

Y,Z]) + 3o, t* Tal"Y(2) = 0.
Let t — 0, we have ([Y, Z]) = 0 for every Z € §. So we have [X,Y] =0and Y € H.

Proof of ii). Now d# is closed, tydd = 0 iff Y € M. For the rest of the proof, cf.
Chu [5).

Q.E.D.

(8.3.14) Corollary. Red*-ii-1,2,3 and 4 are IS.
So we gave a different proof to (8.3.8).

(8.4) G-invariant contact structure.
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(8.4.1) Definition. (G, H) has a G-invariant contact structure iff there is a left
invariant 1-form 8 of G s.t.

1) ixd@ = 0 for every X € H= L(H),

ii) tx@ =0 for every X € H,

iii) 8 A (d8)* # 0 everywhere, dim G/H = 2k + 1.

Such a 8 is called a contact form and the geometry is said to be ICT.

We shall study G-invariant contact structures on 3-dim Ad — c.r. geometries. For

higher dimensions, we only study a special case: when G is semisimple with real rank 1.
(8.4.2) Existence.

(8.4.2.1) Red®-i-1: (G, H) = (sly(R),0). Let {X,, X3, X3} be a basis of sl(R) s.t.
(X1, X3) = 2X,,[X,, X3] = —2X;3,[X2, X3) = Xy, let {w;,wz, w3} be the dual forms to

{X.}. Then w; is a contact form.

(8.4.2.2) Red®i-2: (. H) = (30(3), 0) . Let {X;},i < 3, be a basis of § s.t.
[‘¥|,X2] = —X:;,[‘Y],.YJ] = .Yg,[.Yg,.Y;;] = —-X,, and {w.-},i < 3, be the dual to {X.}

Then w, is a contact form.

(8.4.2.3) Red-ii-1. (G, H) = (glg(R),R((l) g)) Let X; = ((1) g),.\f2 -

(g (1)) , X3 = (g (1)) , X4 = ((1) 8)’ {w,} is the dual to {X,}. Then w; is a contact
form.
(8.4.2.4) Red®ii-2 : (G, H) = (gla(R), R (_11 i)) {X:} and {w;} are the same

as that in (8.4.2.3). Then € = w; + w; — w3 + wy is a contact form.

1 0 1 0 0
(8.4.2.5) Red®-ii-3 : (G, H) ~ (so(3) + R 1 RO 1 1))



and {w,} be the dual to {.X,}. Then # = w3 — w4 i3 a contact form.

(8.4.2.8) Miz-ii-1: (¢, H) = (Vs % M, H), M = (le(()R) g)

the matrix is w.r.t. the basis { X, X3, X3} s.t. [X), X;3] = X, X3 € Z(N3). Let {w,}, <
3 be the dual to {X;} s.t. w,(H) = 0. Then w; is a contact form.

(8.4.2.7) Sol-i-1, sol-ii-1 and Sol*-ii-3. We have the same result as in (8.4.2.6).

(8.4.2.8) Sol*-i-2 : (S3(ab), 0). Let {X;} be a basis of § s.t. [X),X;] =
0,[Xs, X)) = aX,,[X3, X3] = bX;, let {w,} be the dual to {X,}. Then the geometry

is ICT iffa #b. If a # b,w; + w3 is a contact form.

(8.4.2.9) Sol’-i-3 : (G, M) = (Sy,(e), 0). Let {X,} be a basisof ¢ s.t. [X;,X] =
0,[X3, X1] = (cos0)X, + (31n0)X3,[ X3, X;] = —(3in8)X; + (cos8).X;. Then ajuw, +

azwy, (ay,az) # (0,0) is a contact form.

(8.4.2.10) Sol*-i-4 : (G, H) = (S3,0. 0). Let {X,} be a basis of G, s.t. [.X;,X;3] =
0, [Xg,aY]] =X+ 4¥2,[;¥3,.¥2] = X3, let {w.-} be the dual forms. Then a,w; + ayw; +

azws, az # 0 is a contact form.

(8.4.3) Non-existence.

Let L(G)=¢ =M + M st. [H, M] C M. Let {X,, X3,.X;3} be a basis of M and
{X4, -, Xa} be a basis of H, w; be the daul form to X,. Then if § € ¢*, then

1) tx0 =0forevery X € H iff § =a,uw; + a2wz + azw;.

Let C} be the coefficients in [X;, X,} = 3" C} Xi. Then it’s easy to show that if j >

4, then
i,\’,dﬂ = 2i$3(zl$k53 akC:‘J)wi_
So we have

1) txdf = 0 for every X € H iff zlskﬁii akC,»"J =0for4<jand:<3.

(8.4.3.1) Corollary. If dCt(C.",)xgn,tgs # 0 for some j > 4, then a) = a; = a3 =0,

i.e. we have non-existence.
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This simple computation covers many of our non-existence cases. Let’s see an exam-

ple.

(8.4.3.2) Non-existence for Miz3-i-2 : (R3 » sl3(R), sl3(R)). We may assume M =
R}, M = sly(R). Then let X, = diag.(1,1,2). It's easy to see that

-1 0
(C¥h<inca = -1 .
0 2

So det(CY) # 0 implies non-existence.

(8.4.3.3) In many truncated-nil-affine cases, we can find some X, € X, s.t. adX,

has the form

and dCt(C'k))]ShkSJ = (). But then ix,do = 0iff

a\C}, +a;C}, =0
a,C;), +02C'3J =0 )

So if det(C* hicik<z # 0, then a; = a; = 0 and we only have to check if § = w; is a

12

contact form. For example, if (¢, H) = (V3 # RA, RA), where

1 0O 10
A= -1 or| -1 0 0]},
0 0O 00

we try § = wj to obtain exastence. If a geometry is of type Sol3-iv, we can similarly
consider § = w3 = A" (see the classification list for notation). But C?) = 0 for any 1, j,
i.e. dws = 0 so condition iii) is not satisfied and we get non-existence.

The above method can be applied to geometries in higher dimensions.

(8.4.4) Semisimple Lie groups of real rank one.

Let G be a semisimple connected Lie group of real rank one (with finite center). ¢ =
L(G), B(-,-) the Killing formon G, G =t + p a Cartan decomposition. Let a C p be
a maximal abelian subspace of p. G i3 of real rank one if dim a = 1. Let 0 # W €
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a. Define 8: ¢ - Rby (X) = B(W,X),X € ¢. Then @ € G*, df € A’G*. Let H =
{(XeG: [X.W]=0},K ={X € H; B(W, X) =0}. H, K are subalgebras of §. Let K,
resp. Hy, be the analytic subgroup of G with Lie algebra K, resp. 1 . By (8.3.13), Hy is

closed in G. We shall show that Ky is compact and 8 induces a contact form on G/R,.

(8.4.4.1) Lemma. K, is compact.

Proof. First we show that K = tnK.

Since a C p is maximal abelian in p, if [X,W] = 0 for some X € ¢, we write
X = X¢+X, with X, €t, X, € a Then B(X,W) = B(X,W)+B(X,, W) = B(X,,W)
since B(t,W) = 0. Since B(Xp, W) > 0if X, #0,50 B(X,W) =0 means X € t,ie. K
= tNH.

Now let K’/ = K N Hy, where K is the connected maximal compact subgroup of G,
L(K) = t. Let K. be the identity component of R’. Since K is compact, K i3 closed, so
is K N Hy. So R, is closed. Since L(K,) = tNH, K, = K,.

Q.E.D.

(8.4.4.2) Proposition. 6 introduces an invariant contact form on G/K,.

Proof. Ky C He C H = {g € G;Ad*(g)0 = 8}, s0 0 is well defined on G/K,y and
is invariant by (8.3.13). We need only to show that 8 A (d8)* # 0, where 2t + 1 is the
dimension of G/ K.

Sinse B(-,-) <0ont, B(:,-) > 0 on p, we can define

Kt ={X €t; B(X,K)=0},

at = {X € p; B(X,a) = 0}.

Then ¢ = (K + K+) + (a + at).

(8.4.4.2.1) Claim. Let 0 # W € a. Then [W,at] = K, [W,K*] = at.

Proof. We know that [t, p] C p, [p, P] C t. So [W, al] C ¢, [W,KL] C p.
Since B(W,[W, X]) = B([W,W],X) = 0 for every X € G, [W,K*] C at. Let Y € G,
B(K,[W,Y]) = B(K,W].Y) = 0 since K C H = Cyw(G), 5o [W,at] € KL.
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If dim [W,at] < dim a*, then Ker.adW|,. # 0, but a is maximal abelian in p, i.e.
Ker.adWWi,. = 0. We have a contradiction. So dim [W.at] = dim at, ie. dim al <
dim K+,

If dim [W K1) < dim K%, then Ker.adW|x. # 0, ie. thereis X € K+ st. (W, X]
=0. So X € H, then X € K. We have a cotradiction. So dim [W, K] = dim K4, je.
dim K+ < dim at.

Combining above results, we get dim K+ = dim at and adW (K1) = at, adiV(at)
=K<

Let {X,},1 <<t beabasisof KL, s.t. —~B(X,.X,)=4,,. Then {(adWV],.)7'X,}
form a basis of at and

d8(X,.(adW1,.)"'X,)

= —8([ X, (adW )", ))

= B(W,[(adW|,.)"'X,,X.])

= B([W,(adWl,.)"1X,], X})

= B(X,, X))

=6,.

Let Y, = (adW|,.)~'X;, then it’s easy to check that

do(X,, X,) =d6(W, X;) = df(Y;,Y,) = dO(W,},) = 6(X,) = 6(Y,) =0,
and

ON(dOY (W, X1, Y1, X2, Y2, ... . X, Yy) = cB(W, W) #£0,
where ¢ is a nonzero constant.

Q.E.D.

(8.4.4.3) Examples.

i) G = S04(n,1), Ky = SO(n - 1);

ii) G =SU(n,1),Kg = S(U(n = 1) x U(1));
iii) G = SP(n,1), ks = SP(n— 1) x SP(1);
iv) L(G) = fu.(—20y s = SO(T).

(8.5) Invariant complex structure.
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Let (G,H) be an Ad — c.r. geometry. ¢ = H +.M, st. [H, M]C M. For X € G,

let X, be the image of X under the projection from X + M to M.

(8.5.1) Defination. An invariant almost complex structure (/AC) on G/H is a
linear map
J: M- M

s.t.

i) Jo Ad(g) = Ad(g)o J, for every g € H.
Condition ii) can be replaced by
i) Joad(X) = ad(X)oJ for every X € H.
An invariant almost complex structure is said to be integrable if
X, 7Y )m = [X,Y]m = I[X,JY})a = J[JX, Y], =0
for every X,Y € M. Then we say G/H has an invariant complex structure (IC).
By Kobayashi and Nomizu [16] Vol.I, Chap.X, §6.5, our definations are equivalent to

the usual definations of almost complex and complex structures invariant under H.

(8.5.2) Corollary.
i) (G, H) is IAC iff there is a basis of M w.r.t. which adM|ym C (gls(C))g, where
= LdimM, and gly(C) = A+ =1B,(gls(C))r = (_AB i), where A, B are k x k

real matrices;

ii) If (G,H) is TAC, then for any X € H, any real eigenvalue of ad.X| ¢ must have
even multiplicity;

iii) If (G,H) is TAC, dim H < 2k?, where k = 1dim M;

iv) If [M,M] =0 or [M, M] C H, then every TAC is IC.

‘e shall use the above corollary to determine the existence or non-existence of TAC.

The following examples shall show how to do it.

(8.5.2.1) Red*-1to-5. Every H is semisimple. adH|rq C (gl2(C))g implies adH |

C (8l2(C))r ~ s0(1,3). So we know that we have non-existence for H = so(4) or
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30(2,2). When (¢, H) = (s0(1,4),30(1,3)), we can decompose so(1,4) into root-spaces
w.r.t a Cartan subalgebra of so(1,3) and write:

30(1,4) =30(1,3)+ Lo + Lg + L, 5,
where a, B are real roots of multiplicity 1, {¥,7} is a pair of compact roots. We can find
X € 50(1,3) s.t. adX | = diag.(1,-1,0,0). Then by (8.5.2)-ii), we have non-existence.

Similarly we have non-existence for (so(2,3), s0(1, 3)).

1
(8.5.2.2) Non-existence for (sly(R), ("’(()R) 8) +R ( 1 ).
—2

We can choose {e,3,€32,€3), €23} as the basis of M. ¢;; —e2;3 € M, ad(e)) —ez2)|m =

diag.(1,1,—1,-1). Since adX o .J = J 0 adX for every X € H, we must have

a b 0
c d
J = a b
0 d d
0O 0 00 00 0 1
0O 0 00 00 -1 0
Butaden)lm=|q _y o glo¥eddlm=14 o o ol
1 0 00 00 0 0

so ad(ezy) 0 J = Joad(ey ),ad(ey3) 0 J = J oad(eyy) iff
ad V\_(d -c
d &) \-b a /)
Also
1
ad( 1 s = diag.(3,-3,-3,3),
-2

which is commutitive with .7, so .J must has the form

*= 0 0 »
0 » » 0
0 = = 0
= 0 0 »

So .J is diagnolizable in R, J? # —1. (We can also use corollary (8.5.2) - ii to show
non-existence).
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—-2v-1
(8.5.2.3) Existence for (su(2,1),su(1,1)+ R v—-1 ), where
v—-1
0 0 0
su(l.l):{ 0 wy 1wy ;w,E\/-—lR,wQEC}.
0 wp, —uwn
Let {e¢,} be a basis of M s.t.
0 1 -1 0 -v-1 —-v-1
¢ = -1 0 0 ,€2 = —\/—1 0 0 ’
-1 0 0 v-1 0 0
0o V-1 -1 0 11
€3 = \/-1 0 0 €4 = -1 0 0
v-1 0 0 1 00
Then
1 0
A 0 o 0
atru = (§ 4)iAcsh® iR g < (gh(C)a.
0
0 -1

The remaining three Red* cases are CP? CH? and (PSLy(C),C"/{%1}) and they
are IC (then TAC). We omit the details of mixed and solvable TAC cases. Then we
check the integralbility of each .J to find JC among JAC. The following method, which
was developed in C.T.C. Wall [34] for Riemanian geometries, works well for our Ad — c.r.

geometries.

(8.5.3) Let § = H +M as at the beginning of (8.5). Assume that M is a
subalgebra of ¢ (then M is an ideal of G). It is well known that there is an one to one
correspondence between the invariant complex structure on G/H and the almost complex
structure .JJ on M which satisfies

i) JoadX = adX o .J for every X € H,

ii) the /—I-eigenspace of .J on M€ = M ®xC is a Lie subalgebra.

Let W = {X e MC;JX = /=1X}. fdim M =4, thendim cW =2 fWisa
subalgebra of MC, then W is abelian or (nonabelian) solvable. So we can find a basis of

W, say {U,V}, s.t.
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(a) [U,V] =0, 0r

(b) [L,V]=V.
Then we call W is of type (a) or (b) respectively. We have the following propositions
similar to those in Wall [34].

(8.5.4) Proposition. If W is of type (a), then
(i) dimgZ(M) is even;
(ii) Rank ad(JX) = Rank adX for every X € M.

(8.5.5) Proposition. If W is of type (b), then dim [M, M] > 2.

When studying IC in dim 4, we first apply (8.5.4) and (8.5.5) to Ad — c.r. geometries
(¢, 0). Then we apply obtained results to those (¢, M) with ¢ = M x M, where M is
an ideal of ¢. All solvable and most of the indecomposable mixed cases are of this type.
The only exceptions are Miz4-iii and Miz*v. But using (8.5.2), we can easily show
that Miz%-v and Miz4-iii-1 and 3 are not JAC (so are not IC). If we only ask that
M is a subalegbra but not necesserely an ideal, i.e. without the condition (M, M] C
M, then (8.5.3) also holds and can be applied to AMiz*-iii-2 and 4 as Wall did in [34].
In Wall [34], Wall studied invariant complex structures of Riemannian geometries (G, H)
s.t. G contains a discrete subgroup I' with '\G/H of finite volume (this is not our
Boundedness though in many cases I' can be chosen so that I'\G/H is also compact).
Wall’s result covers a small part of our Ad—c.r. geometries, but his method can be applied
to all of our mixed and solvable geometries. Here we only record a few cases which are

not covered by Wall’s paper.
(8.5.6) Existence and non-existence for some (g, 0)’s.

(8.5.6.1) Existence.

Sol*-i-2: G = R* n {(: 2) :a,b € R}. R? = Re, + Re,.
10 0 0 . ,
Let {c,}:{c,,c;,(o 1),(1 0)}beaba513. Let U =¢; +vV-1e3,V =€ +

v—1leq. Then we have type (a).
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Sol*-i-3: Let R® = Rey + Rea + Rey, {e,} = {e1,¢€3,¢€3,¢4 = diag.(a,b,c)} be a basis.
If (a,b,¢) = (a,a,c), then let U = ¢; + V=1e3,V = Leg + V=1e3, we get type (b) (Wall
studied the case a + b + ¢ = 0).

1 00
Sol*-i-5: R = Rey + Reg + Res,eq =11 1 0.
0 0 a

fa=1let U =eq+ V-1le;,V = e3 + V~ley, we get type (b).
Sol*-i-8 : Ny = Rey + Rea + Ry, [e1, €3] = e3 € Z(N;). Let ey = diag.(1,a,1+a),a #
0. Thenlet U = %(q +v=1€;),V = e3+ vV—1le3, we get type (b) (Wall studied the case

a=-—-1).
1 00
Solt-i-10 : ey,eq,e3 83 in Sol*-i-8,e4 =1 1 0.
0 0 2

let U =eq— vV~16),V = €2 + V—1e3, we get type (b).

(8.5.6.2) Non-existence.

0 00
Sol*-i-6 : R = Rey + Rea + Res,eq =1 0 0].
0 0 1
V4 has a center Re,, so by (8.5.4), it is not of type (a). If it’s of type (b), we should
have [U,V] = V C [¢,G]€ = Ce; + Cey. Since [G, Rez + Re3] = Rey, we must have
V =aej3,a € C,ie. Jey = /—1le;. We have a contradiction.
Sol*-i-7: W, has a basis {¢;} where Re; + Re; + Rey = R® and

100
Cq = 11 0].
011

Let 0 # X = a)e) +aze; +a3zes +aqeq. It’s easy to see that adX has rank 3 if a4 # 0 and
rank 1 otherwise. If this is type (a), then adX and ad.JX must have the same rank, i.e.
J has an 1-dimensional invariant subspace. Since J? = -1, this is impossable. Assume
that this is of type (b). Since [G,6] = R3, we must have V = a,¢; + aze; + aze;. Let
U=bey+U', L' € Cey +Cez + Ce3. Then [U,V] =V leads to

bay(e; +e2)+ baz(e; + e3) + baze; = aye; + aze; + azes,
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i.e.
(b - 1)01 =0
ba, +(b-1)a; =0
baz +(b—1)a; =0.

Ifb#1, wehavea; =a; = a3 =0. If b=1, then a; = a3 =0, i.e. V € Cey, we must

have Jey = /—1e3. Again we have a contradiction.
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Table 1. Type Red’

Topelogy melric
No (6. X) (G, H) of ngneture UM taC IC Bdd
G/H (r.2).0>¢
1 (l«l,?),ldl,l» (SLi(R)lA). R (,vl) « - -
3 (s(1,3), s0(3)) (50.(1,3),50(3)) R (2.0) v v v v
3 (+0(3),00(3)) (50(3), 50(2)) s? (3,9) v v v v

(#): SL2(R) = KAN is the Iwasawa decomposation.
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Table 2. Type Red®

topology metric
No (9.}) (G, H) of sgnafure UM IcT Bdd
a/H (p.0)p>q
i-1 (s13( R),0) (SLAR),{e}) R v v v
i-3 (#u(2),0) (5U(3),{s}) s? v v v
w1t oRLR(y ) | RexSLaR)H=R) r ay | v | v | v
v ee 1 -1 (R < SLA(R)/Z, (3,0)
#2 waim.a (] ') H50(2)/ (£14)) B (2.1) Vi vy
of
23 | (V)T ) | wo( D)iemy | s oy | v v |V
id - 1 (#0(4), 20(3)) (50(4),50(3)) s? (3,0 v - v
e B N C A I R s e @ | v | - |V
i -3 (v0(3,1),90(3,1)) (50,(3,1),50:(3,1)) R? (3,1) v -
i -4 (va(1,3),00(3)) (50.(1,3), SO(3)) R (3,0) v - v

»: H = {(c* exp(t ((1) _01)));t € R}, where

0

(eapte (5 0 )stem=a

SL2(R) = KAN is the Iwasawa decomposation.

»+ : Let SZQ(R) = KAN asin =,
K = {ezp(t (‘1’ ‘01));1 € R},

Ry = {e';t € R},
Z* = {(e*, exp(t ((1) —01>)); exp(t ((1)
H = {(e* exp(t ((1) -1

o pe ziszam),

0 ));t € R}/2".
sxv: SLyR)® = {(X,X):X € SLy(R)}, 2" = {(X,X); X € Z(SLy(R)}. H =
SLy(R)*/Z*".
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Table 4. Type Red*

Toology metree
Ne [CR)] (o.n of ngnature UM 1AC 1AS s
a/n ITXON >
" (se(3), su(4)) (S0(3),30(4)) ) s vl - - -
o) (oal1. 4), se(4)) (50.(3,9), 30(4)) x “” vl - - |-
w3 (ve(4.1), 00(3.1)) ($O.(4.1).50,(3. 1)) fen (3.0) v - - -
($0.(2.3)/%, 3 A i
[ (9e(2.3), 00(1,3)) .(1.3)/8) [ (33) v
- (+e(2.3), (2,3} (SO.N500.7) | A 22 v - - -
(ol R),
. . (SLa M), 3
& (i o)d( . )) AL A R) s 02 v v |V
[ ] [ Y
(vd¥),
p - (PSU(3),
S (4 %) H T y | svarwosy | P wy v Y
o 0 w-T
(nd2.1). (PSU(2.1)
(e e y | swanvows ~ wy v VoV
o o W
(od2.1),
" A (PSU(2.1),
] e o -1 i cp - Dt (13) v | v v v
4 n-u.n))"'( VAt ﬂ), SO0, 1))/ %)
@ (.uc,-),c(; fl)) (PSLACLC/{£1)) | T(ST (2 v | v v | v
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Table 4. Type Miz?
(G, H)=(R*%, H,H)

topology meiric
No o(N) of ngnetwre UM I1AC | {o4 Bdd
_G/R (p.9).0>¢
1 ol3(R) R - v - - v
3 #:(R) R? - - - - v
Table 5. Type Miz3-i and -iii
P2 (G, M)=(RO M, H); i : (G, H)=(N3n, H,H)*
{opelogy meiric
No o(H) of sgnature UM ICT Bdd
G/H (p.9),p>9¢
1 so(3) R (3.0) v - v
-3 shy(R) R’ - v - v
3 #l2(R) R - - - v
]
it ("’,(,R) g)ut( i ').1;60 L - W, - v
s 10(3) + R(1dy) R - - - v
6 00(2,1) R (3,0) v - v
7 s0(3,1) + R(1dy) R - - - v
i1 (™ 3) L - v v v
1
w2 | (R 0) +n( , ) » ] ; v
»: o(H) is w.r.t. the basis {e;,e2,¢3} s.t. [e1.e7) = e3 € Z(N3).
Table 6. Type Miz3-ii
(G, H)=(R*x,H,, M)
topology metric
No o(M) a(H. of signature UM ICT Bdd
G/H {p.9).p>¢
1 sl2(R) 91 R) R? - v = -
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Table 7. Type Miz*-i

(6, M) = (R'x, M, M);

every geometry is Bdd with topology R*

metric
Ne o M) nymetere UM 1AC ic 1AS IS
ITXIN2L
1 #y(R) - - - - - -
? oly(R) - v - = - .
3 9(R) - v - - v v
! pi(R) + R(14y) - - - - - -
T
s ('ht()ﬂ) :)4}'( 1 : ).1#0 ) ‘|:l'J ) B ) B
'
s 10(4) (4.0) v - - - -
7 1o(4) + R(1dy) - - - - - -
. 09(2,2) (22) v - - - -
9 00(2,2) + R(1dy) - - - - - _
r
h(R) 0 1 f ) B} . )
10 (o g :I,(R)) +R( . ) 1£0 - i
'
1 LAUNE )] - v - - - -
12 ei(sh(R)) + R(14d) - - - - - -
T
13 (“‘(,” g) + R( ! . ) J1#£0 - ':‘_3 - - - -
!
T
7] ("("g(n’) :) + R( ' ) J1£0 - oy - - - -
1
18 (* (23) v v v v v
T
(2.2) . ,
1 ff f if off f
16 (-)+R( ‘ ) 1-‘1 A (=1 Z Rl o1
. = -
] Y
1 (.)+R(_, ° ’) (2.2) v v v v Y
-1 0
T ]
1 (-)+R(_, 'y ').«#o - - v v - -
_' l

(continued on next page)




Table 7. (from previous page)

metrs.
No (M) updu‘n UM 1AC Ic 1AS s
. ; (p,2h0>¢
1 " 2 " :'
11 (*)+R 1 +R ° Y. - 9y = -g - - - -
9 1 h=-
[N [N F
I T Y B L1 R WORSPX) - w=-1 | - | -] - |-
1 ) =0
! o
N (o») + ! ‘ A #0 - 1 +1y - - - -
1 =0
12
n 09o(3.1) an v - - - -
» so(.1) + R(14y) - - - - - -
u (#:(C)s - - v v - -
3 (/2(C)a - v v v v v
2 (#12(C))a + R(14y) - - v v - -
7 pu(rw(2))* (4.0) v v v v v
2 s{su(2)) + R(1dy)** - - v v - -
1 0 1
-1 1 0 0
(»)=R ) +R ol +7 0 ;
-1 0 1 0

slz(R)
(*%) = ( 0 );
0

s+ % p, is the 4-dimensional irreducible real representation of sp;(R).
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Table 8. Type Miz*-ii,iii and iv

(R? xo Ho,H),HC M,

in Type ii,

(¢, H) = ¢ (R* xo Ho,H),H C H, in Type iii,
(N3 ® R) xo H, H) in Type iv.
melrsc
Ne M) o) nometure UM 1ac | 1c | 1as | 15 Béd
(.0)0>2
1 h(m L) - v -
2 ) 014 0 v ~
3 #(oh(R)) M)+ 14} .(.(’5.';;
1
e (im0 :).q 14'),:;4 .(u)mr 0 |) X, -
1 .
o3 ("™ 3) mmj 1 ').-tn v v g
. 1
) n(o _:) (R (2
P ‘i; .) (k) (40) v | v
-3 K; j,.,kn) PN
' (7 )oesenr iR v v
b o
; .
o (R) ) P
i [] R S0
A GDEENE «

»: W.r.t. the basis {¢;}1<icq 8.t. [€1,¢2] = e3,[ei,e,] =0 for {i,j}#(1,2}.
Table 9. Type Miz4-v
(G, M) = (Idaff(1,R), H)

fopeiogy melric
Ne ] N of ngneivre UM 1AC 10 1AS 18 Bdd
G/H (,g).0>g
\ A R) n((; _°l),-.)~~ o . . v
KL a(} ) » - v
s ) n((‘/;_’ -}:y).-.)" s R - - . v
#+: af f(1, R) = Rey + Re, s.t. [e), €3] = e3.
Table 10. Type Sol’
Tolesy ez
Ne (9. ) (W) of ngnelwe UM Béd
o8 (.0).029
. (R.0) R (19) v v
i (Rx, M. M) R R v
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Table 11. Type Sol?

{opelogy meiric
No (¢, X) o(H) of ngneture UM 1AC Ic Bdd
G/H (p.g).0>¢
i (e/1(1, R),0) - R? - - - -
- o ”
@1 (R, M) R((‘) 1)"#0 R iﬂ(t"_-l)—l ':-1 1=1 ':n v
B3 | (R',HN) &(, 1) R (20) v v v | v
&3 | (Rwnn) | R (: ‘,') 120 P - . v y y
. s -b 3
i3 (R, M, M) ((. . );o,lGR) R - - v v v
Table 12. Type Sol®-i
Topology meiric
No (6, X) g of ngneture UM ICT Bdd
G/H (p.0)p2¢
| (¢.0) Ny R v v v
i iff iff
2 | @0 | Sw® ® “, o Nl
. if iff
3 ©.0 Sa.0” B 0=(k+d)r v 0=+ by
) (¢,0) S0t R - v -

(): Sagun = Rxaa= (1) g0

("”") : 53'(0) =R? X4 R, A= (

cosb
sinf

11

(tt#):Smo:R")ﬂAR'A:(l 0)
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Table 13. Type Sol*-ii and iii

(R® g M, M) in Type-ii,
(G, H) = () .
(N3 %o M, H) in Type-iii.
fepology metric
No o(M) of ngneture UM
G/’ (p.0).0>¢
! "
i1 R N ') ,L1:£0 R - 4ty = -1
]
2 R (] ——1) RF) R - -
t 0
1 .
) R 4y -1,) 13 £0 R - . '_'
L7 ST =4
¢ if
¥ { [} ;.,0eR}.t,1,¢o R? - e = 1
1;0 + 1]! h=h=-
18 +‘3‘ F
5 {( PR ;u.ben}.(n.h)#(o.o) R - 4 = -3
b a 13 =0
1 .
2,1) if
= R( ' 1+1) R iﬁ(tz-l t=-1
1 -t
- L) e ] -
\ 2
o -1 (3,0)
i3 R () 0 ) R ot v
0 (3,1)
e
B4 {( J ) ;-.kn} R - -
a+b
s -¥
) {(5 a 7;..‘61!} R - -
3o

(#): 0(H) is w.r.t. the basis {e;,e3,¢3} 3.t. [e;,e2] = ¢3€Z(N3).
Table 14. Type Sol*-iv

(G, M) = (S3,4 4 H,H) = (R? ¥, (RA + H),H)

fopology metric
o(H) o(A) of ngnature UM cr Bdd
G/H (. 0).p>¢
1 0 2,) i if
R( '),1¢o ( 1) R iﬂ'S:)—l t=-1 - 1#£-1
o -1 _ _ -
R(ldy) (l o) ® v
01 3,0)
R(l o) I4; R ox((z.x) v - -
1 -t -
r(y 3)wr (T 3) o - - - v
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Table 15. Type Solt-i

(Gv H) = (Gv 0)
The topology of every geometry is R*

No ¢ UM Ic IS Bdd
1 Ny v - v v
2 R’xB,B:((: :);-.kR) - v v -
" § o
. & o= e+d=0
or ot
3 5........,=R'xn( ’ ).-bqéo stdsec b=e btc=0 (=)
¢ =0 ot ot
e=¢ st+c=10
corl -l if f
0 - -
4 su,_.,:R’xR(nn' cosd .).;:k. e = -2cool P=(k+{)r
1P 0 f F 3 of
s Swioar = RxR[1 1 «#0 «=-2 e=1 e=-1 N
e
00
s v.=R'xn(1 0 ) - - v -
1
1
7 W, =R'xR|1 1 ) - - - -
11
1 © if if if
s Toq1e) = NaxR . ) 18 #0 e=-1 v e# -1 o= -1
14
col -nnf © F of
9 Toqe) = NaxR | onl  coef ) N 71T 0:(};*): - '#(b#*)l -
2col
(O
1 0
10 no=N,xn(1 1 ) - v - -
2
n o100 = Rx((] ') ieter) - v v -

(*): w.r.t. the basis {e;,e2,€3} s.t. [e1,€2]) = e3 € Z(N3);

a 1
(##) : The geometry is Bdd iff R b =R 1 ora>b>cand
c -2

{e® €, e} are the roots of A — mA? + nA = 0 with m and n integers, m # n.



Table 16. Type Sol*-ii and iii

_ [(R*xoeH,H), in Typeii,
(¢, M) = {(N. xo M, M), in Type iii.

Every geometry is Bdd with topology R*.

~ 2

[ v | 00 agtwrs tu 1ac © 148 18
T, lﬁ.ﬁ - ™ " " "
[ 3} L ' ty it #® §W=-t heth+h =1 h=l ey hel)
“ otz =-1 tyaty ity 3 -ty ty = ~ty
-(("1‘}) . - . " ]
[] .
i< R ) l -1)""" 'll f= -1 =1 t=) 1 = -0 =1
= -
-
- ]
Lad ( " v.) flaten® - ";_’l' W=l (s
A
. o
= (' d ,) an v v v v v
-
[ )
T i -« «
s r(" § ] Gtpe W, W, v v | e | w=a
': "A —u ’ 1y =+t 1y =+,

Cia)
. (7, ) I B RV
) ] ;

1180 .I?;.
er { e+t (. “)’“ ” - =th4tg
_uettd 21
[ %) R( " ° )ol( " -1) U,
[ ] 1 8/
(4.3)
) [ ] © [] -
) 1 e 1,.02)#(0,0) fh=-1 b
bl R ( " -l.) R ( " -t.) " (1, WIA(0.0) et i v v
th 4 “ n “Ww=e »=
w=1
1 o —1 (O]
o n( ', --.)“‘(' ‘. -,') s 90,00 - - v v
u__o D )
.
"
3 bR
n {( ¢ ) et Ay
; BERETY PYN ;.'l
[ 10 ) h#o ty= -2
12 R ° +R ° +R ) s (1, 1) - $=0
#0.9) ’
HY % [ h=-1
1 * ° |8 []
i n( ! " ).n(' ¢ “ )on( 0 “ _,) .‘;(‘,',_"‘ - ':;',' v v
L LY 14 $h=0
1 Toey
i R( 'y ) IR - =4 -
-t

(#): See (5.1) to find when (G, H) 1s Ad - c.r;

(##): o is w.r.t. the basis {e1,€2,¢3,e4} 3.t. [eq,€3] = €2,[e4,€62] = €1 € Z(Ny).

133




Table 17. Type Solt-iv

(G, M) =((Ns ® R) x¢ H, H)

Every geometry is Bdd with topology R*

matre
Ne (N} signetere UM 1AC 1c 1AS 18
(2.9,
4 “.”) 4 . a P -
B O O I PR el P Il
1-4 t, = -} ’—* ,-’ -1 -1
L R]
2 l " f o
R o —h Hitr fh=-4 fHh=4¢ =}
h
1
3 ( . ‘ ) s
-1
1
(]
! ( ' -v) AP
[
" " (,4) «
! 1 1,0 c. i
3 R( o )*R( 1 )'ﬁ'o,;) :;=_;
1 .
" ", ot '} . 1
¢ 1y 6 = -4 0" =13 =1 _ _
R( ) l)4’( : —l)'#(...) :,3. ';=. ';'.

(+): w.r.t. the basis {e,}1<i<q, 3:t. €1 € R,[e3,¢4] = €3 € Z(N3).




Table 18. Type Sol*-v

(G, H) = (Sen X H, H) = (Ry Xo Mo, M), Ho = RA + X
The topology ofeLg).: eometry is R

~ e o0 [ e[ [ .: s
() (o) ;” S P EEAEN el

() "(' L) ;
) T e
) T )

L (Mse) (1) " -

‘ (° . ),. .(‘ ; ) v

() () el ] s
(e ) a(n T, e vl W
ol () (') v o
(o) [ ) e e
) T HETL) :

(#): iff t;,¢2,t3 satisfy:
t3 = —A) - 1, t? = /\2 -1+ tl(—A] - 1), where A]#O, C'\',C’\’,Cl_'\‘—'\’

are solutions of A3 — mA? + nA — 1 = 0 with m, n positive integers, m#n.
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Table 19. Type Sol!-vi
(G, H) = (Tqa x M, H) = (N3 xg Ho, H), Ho = RA + X

The topology of every geometry is R*

metr
o(AYS) (MY np!i:cn UM IAC | IC | 1AS
(p.0).0>¢
) 1 1£0
COlCe D
0 1 (32.2)
(l) R —l) or J - - -
1 o (3,1)
1 1 -t
(,)n(l),m -
2 3
1 0 -1 (¢4,0)
( 1 ) Rl1 O ) (3,2) v v v v
2 0 (3.1)
1 (]
EEDEEREE
0 1

(#): w.r.t. the basis {e], ez, €3} s.t.[ey,e2] = e3 € Z(N;).
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