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Abstract

THEORETICAL STUDIES IN MEDIUM AND HIGH ENERGY
HADRON-NUCLEUS AND NUCLEUS-NUCLEUS COLLISIONS
by

Girish Kumar Varma
Advisor: Professor Victor Franco

A variety of nuclear collisions ranging from hadron-
deuteron to those involving heavy-ions are studied in a
theoretical framework which is based upon extensions of
the high energy diffraction theory due to Glauber, The
approximations leading to the Glauber theory of particle-
nucleus scattering are discussed in the first section and
its extension to nucleus-nucleus collisions is compared
with an exact nucleus-nucleus multiple scattering series.

In the second section an exact solution (within the Glauber

framework) is obtained for the charged hadron-deuteron scat-

tering problem with both the incident hadron and the bound
proton having extended charge distributions. An approxima-
tion is obtained which leads to simple analytic formulas

for the analysis of experimental date and applications are

iv



made to p-d scattering measurements below 70 GeV., The p-n
scattering parameters extracted in this way are found to
differ significantly from those of earlier analyses.

Coulomb effects in scattering of charged hadrons from other
nuclei are then studied in the third section. Several fre-
quently used approximate models are also considered and
thelr accuracy investigated. In the fourth section we treat
the problem of deuteron scattering from complex nuclei. For
simple wave functions, the exact Glauber amplitude is ex-
pressed as a finite series which converges rapidly. These
exact results are compared to those obtained from several
approximations to the Glauber amplitude which have been

used in the past. The effects on elastic scattering inten~
sities due to the Coulombd field and the quadrupole defor-
mation of the deuteron are also investigated. Deuteron-
nucleus total cross sections are calculated at 0,87 and 2.1
GeV/n using harmonic oscillator wave functions for the tar-
gets, and excellent agreement is obtained with the available
data. The formulas are also applied to 650 MeV dgec elastic
scattering and a comparison is made with the data. In the
fifth section we study the general case of nucleus-nucleus
collisjions., A recently observed discrepancy between high
energy total cross section measurements and existing theo~-
retical calculations is shown to be due to the breakdown

of the optical limit approximation rather than that of the
Glauber theory. The optical limit amplitude which has been

widely used for analyses of nucleus-nucleus collisions is



shown to be inaccurate, Systematic corrections to the
optical phase shift function are obtained which provide

a basis'for accurate calculations with realistic wave
functions for light and medium-A nuclei, With these
corrections, our theoretical predictions for nucleiis=-
nucleus total cross sections, inelastic cross sections
and forward elastic scattering slope parameters show good
agreement with recent experimental measurements at 0,87

and 2.1 GeV/n.
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I. INTRODUCTION: Nuclear Collisiqns and

the Glauber Approximation

In recent years a large number of experiments, in-
volving the scattering of medium and high energy nucleons
andlpions from various nuclear targets, have been performed.
The theoretical analyses of such experiments are expected
to yield information about the nuclear structure as well
as about the inéident particle~nucleon interactions. Theo- -
retical studies in the field have generally involved the
Glauber theoryl, some approximate versions of the Watson

serie82’3

and some optical potential calculationsh’s. Al-
so of current interest are high energy collisions between
heavy ions., In addition to being relevant to speculations
regarding super-heavy nuclei, and to providing a new tool
for probing nuclear structure, these collisions are useful
for testing general concepts such as factorization and
limiting fragmentation, The past theoretical analyses have:
again employed the Glauber approximation or some variants
of it6-lo, and there have been some folding modelll calcu=-
lations at lower energies.

The present theoretical work is based upon extensions
and generalizations of the Glauber approximation. An attempt °
is made to understand both the hadron-nucleus and nucleus-
nucleus scattering processes in terms of the basic hadron-

nucleon (or nucleon-nucleon) scattering amplitudes., Theo~-

retical results are obtained for the various nuclear colli=-



1k

sions to the same degree of accuracy and applied to the
availeble data with the view that a good agreement between
theory and measurements, for nucleon-nucleus and nucleus-
nucleus collisions simultaneously, would give increased
confidence in the theory and in its inherent approximations.
Alternatively, it could provide an excellent check of the
input nuclear density and nucleon-nucleon scattering para-
meters which are obtained by independent means. It also
provides a practical way of extracting scattering para-
meters involving elementary particles which are scarce or
short-lived. .

The approximations leading to the Glauber theory are
discussed in the remainder of this section. In SectioniII,
we study the case of charged hadron-deuteron scattering
with emphasis on extraction of hadron-neutron amplitudes.
The theoretical results are then extended to include tars:
gets other than deuterium in Section III, The scattering
of deuterons from complex nuclei is treated in Sec. IV.

In Sec. V, we study the general case of nucleus-nucleus
collisions, Finally a dbrief summary of our results is
given in Sec. VI,

Let us first consider the scattering of a single par-
ticle (with himiltonian h) from a. nucleus with mass number
A (and hamiltonian HA)° The corresponding eigenstates are

given by

| B> = (FRAM) (42N | )
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Ptq )ntq:> = £311’7%:> (1.2)

where m is the reduced mass, The schrodinger equation for

the scattering is then

(Hat 4+ VIIE>= (B+EE)IEY (.,

where, assuming two body interactions between projectile

and the target consituents, we have
A .
= = ‘
V ==V (¥-%) . (1.4)

4=1

The free particle Greens function (with outgoing

boundary condition) is
-1
+ _ﬁzil __1{ .
6; - []E;_+ 2 m —-}{H 1-4”027 ‘
The total wave function is then given by

1= |hded+6TV I T, (1.6)

. - 3, ¢
Now using a complete set of states j_-%fd.k /’1;,4!‘1.,){1“4&,'1)

(1.5)

we obtain
127> = 1% ey +3 Ity Gtk I v [ E

2.
where ‘kn — '&’."' éha J é'no = zm(En"Eo)/'hz,

6'th) = 2 [ |9 <Hel

> (1.7)

R +4 (1.8)
In coordinate space this becomes
| ite, | -7
G +(’ﬁn,'7":1‘-’l) =-2m £
A | ¥-¥/| *(1.9)

In Eq. (1.7) one has to sum over all the intermediate states
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Iﬁz>. Considerable simplification can be achieved by
noting that, at high energies, the energy transferred to
the target, in the intermediate states of the scattering
process, is quite small compared to the incident energy
i.e., éﬁo<<k2 or kﬁ:: k2, With this approximation, we
have G+(kn)=G+(k) and one can use the closure property

%;ld%)fﬁJ= 1 in Eq. (1.7). The solution of (1.7) now

takes the form

> = |FE > %>, (1.20)

+
where the projectile wa.ve-z:function'iﬁ. satisfies

1By = |de>+G RV |3 > (1.12)

The elastic scattering amplitude is related to the matrix
. -'ol -2 - - = o1 o+

element K| T | k> = Tpg =<Ysin| W%’). vhich with

Eq. (1.10), becomes

—7%"7: — <"}’°/ 7.:,;‘,% /Aro> ) (1.12)

where the operator T now corresponds to scattering from A
fixed nucleons, and is given by

':li-,:,; = <<z | V/%;} , (1.13)
The Green's function G (k) now can be written in form (1.8)
with ki replgced by k2. At high energies, the scattering
is concentrated in the forward direction and so one may ex-
pand the momentum space dependence of G+ about k., Letting

s +Zf, we obtain

G ) = - (2m /) a8 | by D[RR B 82T < e 2

T =
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==(2m /h“)f‘*’“ | 4, g0 [2%8 ‘4'-0].‘[‘ B %Tm +"]<4ﬂa’
= &F(R)+G(R)+ ... , (1.1L)

~—5—%—<<1 (R and ¥
(B°x“/2m)
being the typical range and strengﬂuof the interaction),

Under the conditions kR>»>»1 and

it can be shown1 that replacing G by G is a good approxi-
mation, This approximation also indicates that the re-
sulting wave function, obtained via Eq. (1.11), will not
in general have a correct estimate of Fourier amplitudes
corresponding to large momentum transfers and is there-
for best suited for sﬁall angle scattering.

In order to obtain an explicit solution, one can

go over now to the coordinate respresentation where G:

becomeslz-lh 2 9
. AR(Z-Z
+ - —im e -,
. )= = -k 2 -2
G, (#;77')="313 SHER) 6L ) 1o1s)
where P =T + z 2. With this, Eq. (1.11) yields®*?
-+ S -
P) = LR T~ 4 / ¢ F==5
§E(r)—-ex/o[.¢.‘£r _ﬁLV(B:i‘)cLi‘], U _—'é- (1.16)

The scattering amplitude operator, by means of Eq. (1.13),
is given by

F (3;%,, A)_-(zm/qw#) ,,,,,( R -
4k e 15 AD 4-%"3‘5"&]

(1.27)
wvhere we have defined a = ‘k k’ -?3'-'- '-'S:a+ 233 5
= b adz
Cb) f\/ ( »7) (1.18)

The result can be generalized immediately to the case of



A
. . - 2 - = - d
nucleus-nucleus scattering, With V —:Ei Viﬁ(r-ri+i¥l,
we obtain i=1 =1
. Ay : 't?+”0
21 f2a) = A% (2 “H[ i Fey *‘aJ
FosTARLITH =g Jabe "7 1- &= .
(1.19)

Inverting Eq. (1.17) for the case of nucleon-nucleon (NN)

scattering (A=1), we have

.y =

. (B — - ~49-b "
|- e = [ (B) = (e [y T )

(1.20)
We cen also rewrite A A
i Z % T |- I
[—e *d ¢ = | i='gZ£$ ( ‘J')
— - AL r
"Zalza 1%‘ A.a [;Ae + [ . ( , )
() ¥R ) .21

Eq. (1.215, when subsituted in (1,19) provides the Glauber
. multiple scattering series which terminates after A1A2
terms. Furthermore, the terms in the series are on-shell
as they can be expressed in terms of measured NN amplitudes
by means of Eq. (1.20). This is to be compared with the
exact multiple scattering series (described in Appendix A)
which is an infinite series and also has contributions com-
ing from NN t matrices off the energy shell. Now, since
the Glauber series is the solution of the exact series when
¢* is replaced by Gy 1t follows that the off shell con-
tributions and the contributions from the terms of order

higher than A A, must cancel exactly (in the high energy

limit G+iG:). This cancellation which was shown explicitly,
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for the special case of particle-~deuteron scattering,

by Harrington12 is, in part, responsible for the remarkable
accuracy of the Glauber theory. It also emphasizes the
caution required in obtaining corrections to the theory.

In particular, the Glauber theory is not a truncated
version of the Watson series but is an alternative series
(generated by the approximate propagator G:) where a large
number of terms cancel resulting in a series which is both

on-shell and finite,
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II. Small Angle Scattering of Hadrons by Deuterium

IZ (a). Introduction

When charged hadrons collide with nuclei, the scat-
tering cross sections are influenced by both the strong
and the Coulomb interactions. At very small momentum
transfers, the contributions of the Coulomb interactions
and of the strong interactions are comparable, and hence
the elastic scattering intensities are quite sensitive
to the interference between them. Information regarding
strong interactions, such as the real parts of the strong
interactions amplitudes, can be extracted from the analysis
of the interference region., Since direct hadron-neutron
scattering experiments, for the most part, are not feas-
ible because of the unavailability of neutron targets or
the scarcity or shoft lives of most elementary particles,
small angle hadron-deuteron scattering is of particular
interest., Hadron~-deuteron scattering experiments can be
used, together with hddron-proton-measurements, to extract
information about the hadron-neutron amplitudes by means
of the Glauber approximation. In earlier analyses,16’17
a number of additional approximations and simplifications
were made., In this section we obtain an exact solution for
charged hadron-deuteron scattering in the Glauber approxi-
mation, with both the incident hadron and the bound proton
having extended charge distributions., Some approximate

and simpler formulas are also considered and their accur-
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acy discussed. We then apply the results to p-d measure-
ments18 between 10-T0 GeV to extract p-n scattering para-

meters.

(b)., Basic Formulas
From Sec. I, the hadron~deuteron scattering ampli-
tude operator can be written sas
L] L -
F,(3.3) = 4R [a* *V'® [ (E%)
ol 27T (2.1)
where-nf is the incident momentum,‘ﬁ?’is the momentum
transfer,'? is the impact parameter and ¥ is the projection
of the internal deuteron coordinate ¥ on a plane perpen-
dicular to f. The profile function [ for the deuteron is

d
given by

Cb = | — ex/.) [A.xp(6+"'5)+,tﬂﬁ CB'J-s)] (2.2)
where xha.nd xpare the phase shift functions for the scatter-
ing of the incident hadron by the neutron and proton, re-

19

spectively. At high energies, we further assume that

XPC-E) = ?Cc(/a)‘i'xhsfr) (2.3)
whereﬁa:is the phase shift function for the Coulomd scats
tering from the proton a.nd'X’b‘is that for scattering by the
strong interaction alone, If we separate out of the Coulomd

phase shift function xztﬁue to a point charge, we can write

D)= xf%8)+ 25 (&
X CB)= %2 (B)+ % (&) o)

E
where *% denotes the correction to the Coulomb phase shift
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function due to extended charge effects. (In Appendix B
E

we calculate:xc explicitly for a specific charge distribu-

tion of the incident particle and the target proton.)

Let us write the hadron-nucleon profile function as

,}(L") = ) — exﬁ[:i')%(g)_]) d="P5  (2.5)

and also write
. '—-‘
LBy = | —exp[inf(E)] i-pt,E
2" (&) - + e ),. PESE (206
There are many ways of separating point charge and
charge distribution effects. For example, one way that

exhibits various multiple scattering effects explicitly

is given by

> t
[((E5) = IZP+I;’E+);,fS+/';,-/2’°t[r;s+/‘;,]
14 t
= Tasl - RE[ P 4+ ] + 2P
E 1 t t
S 40 R gy MR Sl o3 L

where the argument of f;: is —b.-(l/e)'é. end the argument of
all other [ is??#-(llz)iﬁ

. The terms involving a single fﬂcan be viewed as re-!
presenting single scattering by the interactions denoted
by the subscripts or superscripts, while a product of [Mes
corresponds to multiple scattering. The effects of charge
distribution are embedded in the second, eighth, ninth,
tenth and twelfth through fifteenth terms. The second
term represents single scattering by the extended charge

corrections to the Coulombd field. The eighth, ninth and



tenth are double scattering terms. For example, the
tenth term represents double scattering by the extend-
ed charge corrections to the Coulomb field and by the
neutron. The twelfth, thirteenth and fourteenth terms
have similar triple scattering interpretations; the

last term can be thought of as quadruple scattering by

a point Coulomd field, the extended charge effects of
the Coulomb field, the proton strong interaction and
neutron, In the absence of an extended charge distribu-
tion, TZEvanishes and Eq. (2.7) reduces to the results

of Ref., 19,

Another way of writing Eq.(2,7 which is more con-

venient for numerical evaluation 1320
cobt,
— t,~ (b+45) -
(B35 = TPE )+ &% CHEV ey,
+e»¢.'¥¢(5‘+£s) r;s(L'+.£§')+ r,',,(l? L 57)
_ f—Lanig)m(;i‘g)J- (2.8)

For a screening radius R and q)1l/R, we havet

XEE(E) = 2ndn (b/2R) | <R
e , b>R (2.9)

where n=e2/ﬁv and v is the relative velocity between the
projectile and the bound proton in the target.

For R of atomic dimensions, this is valid for
2 2

23

1%q >p10” _$G_§V/c) Using Eqs. (2.6) and (2.9) we obtain
__gfdzbe‘-‘kbaf”(l,)c[}b- 2nkq- "=¢[-'n£uC$R) -arg i+ in)]

— e-z:-n.l.n (1*’?)_{_‘ Pt(a’)

r
where we have defined the Coulomb amplitude for a point
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charge as

_gi[ndn (gratk)-argrCiring]

pt n?oe
—F (9)=" 9* < (2.10)

with ["(z) being the gamma function.

Hadron-nucleon profile functions are related to
hadron-nucleon scattering amplitudes by
() = amakY [y et "4? (F), g=nsbs
Using this relation together with Eq. (2.1) we obtain
7.5)= g Mndn kR ‘17"{-FP(1,)+4.f7(75) 6 (R el
fd" ‘43 et[‘)-‘})z(*whn 4.’1"(5')[_70#5 _.,)
S RV e [y Y B
X (Rb)IPiFT "x’f“)-/-‘ RN CY BNORTS

We will omit the phase exp E2indn(2kR)] from now
on as it does not contribute to physically measured quan-
tities. .

We point out that the scattering amplitude for hadron-
proton scattering fp(q) can be obtained as a special case
by setting s and f_ equal to zero in Eq. (2.11).

The differential cross section for elastic scattering

by deuterium is given by ‘
rR
= |F
vhere the elastic scattering amplitude is the expectation
value of Fd(€;§3 in the deuteron ground state and is given

by

(a.o) = S("'°')J_—‘FM($)+A_/T(°,L) (RBPHRE L) ol
fdl ol-"b c‘(- (? ‘}) b(_kb)ll-h .‘7‘ cb)_[‘ (@D,)]



25

q-nz Jettgrolh e FHY B 21 AR L () S45F)
j‘dz ‘o2 "d‘be" (3-3-37). b{&w:m A AE ()
x _p,,scq 4, (57) SCEF-FY)  (2.13)
Here S{T) is the form factor of the ground state of the
deuteron,
If we parametrize the hadron-nucleon scattering ampli-

tudes by

£ )= Cq exp %V /2 gzmaps

with .

¢z = -feog C4+e&)/ﬂ7f‘
where 03 are incident hadron-nucleon total cross sections
and Q}ame ratios of real to imaginary parts of the forward

hadron~nucleon elastic scattering amplitudes, and if we

also define

TCb) = (REY™ b exp[LAF(b)]

then Eq. (2.11) simpllfies to
Fem) = EPE [Ntca,)“fr (96)(%b)* "M sy a

+(Cplap) j L abITChIE B/ 2%y,

(2.15)

- & /.?a..,

+cc../a,.)e‘7‘~f GUFAE ) Teo) € e
e _ / _(Cn"qh)b
ti_i;_aoi s “"ﬁo{:-_ub)'r&)e 1&ap f(2,16)

)
where

I3 - Li; ) = (§*- 24%.5/ap—~ s?/ajd )
In this and future equations we supress the subscript
s in cps and aps. For hadron-nucleon amplitudes given by
Eq. (2.14) and a deuteron form factor given by a sum of

Gaussians
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N .
S@')"a— Ay e=p (- F3F7) ) (2.17)
the expression for the elastic scattering amplitude can
be reduced to one dimensional integrals and is given by
R (9) = [£1) + & [T (30) (R0 7 58) oL b rr5¥
+cC,./a.,.)f T Cc;,b)ch)e"’”“PoLb] € 7
. Cndz- (d /'9;) —ﬁa‘i/‘l ‘94"/’”3[ﬁ'(6375/ﬂa)7'“)
x ¥4y + L f:r(aaapb/ﬂa)m) K 1ay % %ibl (2.10)

vhere G,j =a *+ ﬂj, AJ = G + /3 and HJ = AJ+ap.

For the special case of point charges, 2%'vanishes

and Eq. (2.18) can be evaluated analytically to yield

Fer (9) = [—P"(tp)ﬂza J'ml'"(l-nn)c,.e i ﬂ;wn N “’?;)]

ae"pﬁ' 4_;.20( e R ¥4 (206) c,., 7¢I +tn)
en
x['e “”a'F(-m,;_,Gaﬂp /2ﬁa)+?h4'—Ha( )

a
X e(ﬁ; ~2p2n) 9, /-?Ha F‘(_"HJ IJD'I'G q,)J
Zﬂ‘ Ha ’

which is & simple generalization of the results of Ref. 19

(2.19)

to the case of the deuteron form factor given by Eq. (2.17).
We can obtain an explicit expression for x:ib) by con-
sidering the incident hadron and the bound proton to have
Gaussian charge distributions, If the respective charge
form factors are given by exp(-dzqzlh) and exp(-czqg/h),
we obtain
xECb) = “E:[cwa] 5 (2.20)
vhere El(x)=-Ei(-x) is the expondential integral. This
result is derived in Appendix B,
Since Eq. (2,18) requires numerical integration for

its evaluation, it will be convenient to also consider
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an average phase approximation which leads to analytic
results. For this approximation, which will be described
in Appendix C, the scattering amplitude operator for

hadron-deuteron collisions, is given by

i35 Aen,

Fz3) = e 3VE[£.03)+ e"'x‘/’_,l),s(?)]*e* e (7)
+2fr& L%Im ""l‘blet? Ipsfz?’ar)ﬁﬁ"’r*‘i'); (2.21)
where ’X,cp, on® 'X are average values of the Coulomb

phase shift functions. Anelytic expressions for them are
derived in Appendix C for the case of Gauséian charge dis-
tributions for the incident hadron and the bound proton.
The Coulomb amplitude may also be written in an analytic
form as ﬁ
£¢3) = £F6)4.3) % (3) (2.22)

vhere fz (q) is given by Eq. (2.10) and gg(q) and.?;(q)
are the electromagnetic form factors of the proton and the
incident hadron. The result that the Coulomb amplitude is
proportional to the form factors of the colliding particles
can be easily derived in the Born approximation. 1In
Appendix C we show that this result can be derived from the
more accurate Coulomb amplitude, given by fﬁe first two
terms in Eq. (2.11), by dropping terms of 0(n?).

For deuteron form factors given by Eq. (2.27) eand
hadron-nucleon amplitiudes given by Eq. (2.14), the ground

state expectation value of Fav reduces to

) = [£.3)+ e %k fpatq) +er¥end (‘P)]

4 450 ek 8 (“h*an)qz ‘“P’“»)"v/a HJ
+ £ Ry © . (2.23)

ﬁa 374
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Below 2 GeV, charge exchange effects are important and
it is straightforward to extend this formulae to include
them, The final expression is given in Appendix D.

Measurements of the sum of p-d elastic and quasi-
elastic (i.e. deuteron breakup) scattering have also been

13

used to obtain values for e « The angular distridution

for such processes is given by

e 2
(av/an ), = -ZF: K’*f’&c%s)"*d#}’ : (2.24)

At high energies we'can neglect the energy differences
between the final state of the deuteron, and the complete-

ness relation

= Ifo<tf] = 1

(2.25)

can be utilized to yield

(v iar), = <Y {lRaol iy

This expression can be evaluated using Fd(EIE) given
by Eq. (2.11) but the result is a tediously long expression
involving double integrals and an infinite sum. We shall
write down the result in the average phase approximation
where once can obtain an anglytic result, Using sz(q,S)

in Eq. (2.26) we obtain
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II.(c). Comparison 6f Theoretical Expressions

In this section we compere the various approximations

discussed in the text with the more exact results, Through-~
out our analysis, the proton charge form factor is assumed
to have the form e-caqz/h. The value of ¢ is taken to be
0.66fm which .corresponds to a r.m.s, radius of 0,81fm.
This value fits the experimentally observed form factor in
the region 0.001< -t £0,.05 (GeV/c)2 vhich is the momentum
transfer region in which we perform our analysis of the pd
data,

The form factor used for the deuteron 1s a sum of
Gaussians fit to form factors obtained from "realistic"
deuteron wave functions and will be described in detail in
Sec. II(d). In Fig. 2.1 we show the percent error in the
pd differential cross sections near the interference region,
for the point charge solution given by Eq. (2.19) and for
the formula used in Ref., 14 in an ahalysis of p-d data.

The "exact" values of the cross sections are obtained from
Eq. (2.18). The error in the average phase approximation

of Eq. (2.23) is exceedingly small in this region and hence
is not shown. The maximum error in the formula of Ref, 1L
in the interference region is ~L4,6%., For -tg0,1 (cev/e)?
the error in the point charge approximation is 50.5%,'whi:le
the error in Eq. (2.23) is even smaller (£ 0.1%). However,

near the minimum in the differential cross sections (-twOéB

(GeV/c)zx the error in Eq. (2.23) is as large as~ 22% while
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the error in Eq. (2.19) is only~2%. For even larger

angles, the error in the Coulomb amplitude due to the

point charge approximation increases, but Coulomb con-

tributions themselves become unimportant compared to

nuclear contributions. The errors in Eq. (2.19) and

(2.23) depend negligibly upon the energy while the error

in the formula of Ref. 14 increases slightly with energy.
The reason for the increase in the error of the point

charge solution with the momentum transfer is that the

large angle scattering results from small impact para-

meter collisions where the point charge assumption starts

to break down. On the other hand, the error in the form-

ula of Ref. 14 is in some measure due to the assumption

that ’)ccp, ’)(cn,and ’chn are all equal to 0.06 (at 70.2

GeV/c, for exasmple, their values are respectively 0.086,

0.098, 0.085), but is mostly due to the Coulomb amplitude

in which Bethe's phase has been used incorrectly. We

point out that Bethe's phase is the relative phase between

the Coulomb amplitude (without its phase) and the strong

interaction amplitude for the hadron-nucleus collisions,

and it should not be present in the formula of Ref. 14 which

has been obtained from a multiple scattering series where

the strong interaction terms are already modified by a phase

factor arising from the Coulomb interaction. The correct

Coulomb amplitude that should be used is given by Eq. (2.22)
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II (d). Analysis of p-d Scattering Data

We first describe the deuteron form factor which‘will
be used in our analyses, We note that the extended charge
expressions derived in Sec. II (b) are relatively easy to
evealuate for deuteron form factors given by & Gaussian or
sums of Gaussians., In order to both preserve this ease
in numerical evaluations and have an accurate form factor,
wve have fitted sums of Gaussians to form factors given by
"realistic" deuteron wave functions. The first wave func-
tion we choose is that obtained from the hard core potential
of Reidzl which is fitted accurately to the nucleon-nucleon
(NN) phase shifts up to 350 MeV. Our secondchoice is the
wave function obtained by Humberstonel by slightly modify-
ing the Hamada-Johnstongl potential to give the observed
binding energy of the deuteron. Since both these wavefunc-
tions are obtained from hazrd core potentials, we also con-
sider a wave function due to Bressel and Kerme.n21 which is
obtained from finite soft core potentials that reproduce the
NN phase shifts very well, All these wave functions have
a small admixture of D state. We obtained the form factors
from these wave functionSby numerical integration and we
fitted sums of Gaussians to them. A sum of Gaussians which
is consistent with each of the three form factors is given

by

2 A -
—IQI'F _25'/? 155 2
S(‘Z/)= 0.34 € q’+0~ﬁ‘gc -+0.08€E ?'(2.28)

with q in GeV/e.



In the interference region -t £0.01 (GeV/c)e, the
form factor S(q/2) given by Eq. (2.28) agrees with those
given by realistic wave functions to better than 0.2%

For larger momentum transfers 0.01&-t% 0.2l(GeV/c)2 it
agrees to within 2,4%; but in this region the values of
S(q/2) given by the Reid and by the Bressel-Kerman wave
functions themselves differ by ~3%. The region where the
form factor given by Eq. (2.28) differs significantly from
that given by the above wave functions is at large momentum
transfers, However since the deuteron form factor is sharp-
ly peaked in the forward direction, the contribution from
this region to the scattering amplitudes is negligible.

We can now utilize thelproton-deuteron elastic scat-
tering data obtained at éerpukhov in the energy range 10 to
T0 GeV to extract proton-neutron scattering parameters such
asezf the ratio of real to imaginary part of the forward
proton-neutron elastic scattering amplitude, and a s the
slope parameter. We do our calculations in two steps. For
the purpose of calculating§ we restrict the analysis to
small momentum transfers —tgéQoll(GeV/c)a since beyond this
the interference effects are negligible and also because we
assume a constant phase for the hadron-nucleon strong inter-
action amplitudes (i.e., the same value as at q=0), an
approximation which becomes less accurate away from the for-
ward direction, In this -t region, e; is insensitive to
moderate variations in 8 s Therefore, we first calculate

gmby assuming that an=ap. Then using this value of gmwe

3k
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can use the larger momentum transfer region -tg;O.OS(GeV/c)2
to calculate 8. Using this value for a s We can then re-
calculate gmand perform this iteration untilfLand a, do not
change in value,

In our calculations the value of ap are taken from
Ref 22, g% from Ref. 23 and values of 0y and G; are from
Ref. 24, At any particular energy we have interpolated be-
tween the experimentally measured values if necessary and
the actual values used in our calculations are given in
Table I, For the calculation of ?n’ the angular distribu-
tion obtained from Eq. (2.18) was fitted to the proton-
deuteron data by minimizing the chisquare with 9; béing the
only free parameter. The values of chisquare per data point
in these fits vary from 0.6 to 2,5 and the typical error
bars for ?n are~+ 0,07 which also include the effects of
varying the various experimental parameters that we used
within their statistical errors., It also includes an uncer-
tainty of~+ 0.01 obtained by wvarying our Gaussian form
factor of Eq. (2.28) to fit more closely the form factors
given by the Reid hard core and Bressel-Kerman wave func-
tions, The systematic errors in ?h can be as large as +0.13,
the main source being the proton-deuteron elastic scattering
datal®,

In Table II, we list the values of ?n obtained from
various formulae by assuming an=ap. The second column gives
the results obtained from the extended charge expression Eq.

(2.18) and also from Eq. (2.23). These two formulae yield



Input nucleon-nucleon parameters used for

TABLE I

calculating ?; and a

n

?Z::;:l;m (cev/’-2)  (ob) ) €p
11.2 9,20 39.68 40.80 -0.326
15.9 10,30 39.25 39.5h -0.281
20.5 10,37 39.02 39.03 -0,249
26,5 10.50 38,72 38.80 =0.216
34,8 10,62 38.50 38.60 -0,185
418.9 10,85 38.46 38.45 -0.160
5T.2 11,10 38.L43 38.40 -0,136
60.8 11.07 38. L4 38.51 -0,119
64.8 11,37 38.khk 38.51 -0.105
70.2 11.L48 38, 4l 38.51 -0,090

36



| TABLE II. Results for 9n and a from the analyses of pd data.

The second and fourth columns give the values of ?n obtained by chisquare fits to
the p-d elastic scattering data using either Eq. (2.18) (extended charge) or Eq. (2.23)
(average phase) and point charge Eq. (2.19) with assumption 8,=8,e The fifth column
gives the results of Ref., 17 and the sixth column gives the result when the formula of
Ref. 17 is used with the form factor given by Eq. (2.28). 1In the seventh column, we list
the values of a, obtained by using the values of SL from the second column as imput. The
results at 19.3 GeV/c are from the analysis of p-d elastic plus quasi-elastic scattering

data and are given in the third and eighth columns.

P n ?n Sn ] gn gn &pn > &n 2

(GeV/e) Eaqs.(2.18) Eq. (2.27) Eq. (2.19) Ref. 17 Ref. 17 with (GeV/e) ¢ (Gev/e)

and (2.23) Eq. (2.28) Eqs. (2.18) Eq.{(2.27T)

and (2.23) N

11.2 -0.29 -0.28 -0.21 -0.26 7.3
15.9 -0.50 ~-0.k9 -0.38 -0.L46 T.0

19.3 -0,32 10.25
20.5 Z0.48 -0 b7 -0.35 -0.4} 6.5
26.5 -0.45 ~0.hLk -0.35 -0.40 T.2
34,8 -0.38 ~0.37 ~0.25 ~0,3k 8.3
48.9 -0.33 -0.32 -0.14 -0.28 8.3
57.2 -0.36 -0.35 -0.20 -0.31 8.7
60.8 +0,06 +0,06 : +0,1h 11.7
64,8 -0.05 -0.0k +0,13 -0,03 9.3
70.2 -0.24 - -0,23 -0.0Lk -0.18 8.k

LE
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the same results to two significant figures. The fifth
column gives the results of Beznogikh et gl.lh vho used a
formula similar to Eq. (2.23) in their analyses with the
25

deuteron form factor given by
2 2
S°(Lg) = exﬁ (-25°99°+ 607’4‘) . (2.29)

There is a significant difference between the two
values of 9n which is not only due to the different formula
but also due to the difference in the form factors used.

The deuteron form factor given by Eq., (2.29) is a fit to

the numerical values of Se(q/2) obtained by fitting the
formula of Ref. 14 to the proton-deuteron cross section data
for 0,002<& -t <0,17 (GeV/c)? from 10 to 26 GeV with the

assumptions that gn = ? and an=ap. This form factor for

p
fmall momentum transfers is not consistent with the form
factors obtained from the three “"realistic" deuteron wave
functions that we considered. 1In order to isolate the
effects of the form factor, we have repeated the analyses

of Ref. 14 with the deuteron fgrm factor given by Eq. (2.28).
The results are given in the sixth column and we find that
the use of a more accurate form factor leads to a difference
in ?n of 0,1 on the average. We should also point out

that even though data exist at 60.8 GeV/c, they were not
used in Ref. 1l for calculating f; and a_ . The fourth

column in Table II shows the results for Qn obtained from

Eq. (2.19) (point charge). If charge exchange effects are

included (using the formula given in Appendix D), we find



that ?n changes by € 0.01 at these energies.

We can now use the value of 9; obtained from Eq. (2.18)
to calculate a by analyzing the data for 0.002<£-t £0.05
(GeV/c)z. Again Eqs. (2.18) and (2.23) give identical
results and the values of a, are listed in the last columns
of Table II. One can now perform an iteration to recalcu-
late gn and then a, but the values change very little be-
cause ?n is relatively insensitive to variations in 8, In
our chisquare fit for as the chisquare minimum varies from
1.0 to 2,3 per data point and typical results of our chi=
square fit to the data are shown in Fig. 2.2. The error
bars in a, in Table II aree~ss 1.5 and include the error due
to the uncertainty in g;. The smaller value of a, compared
to ap are surprising since direect measurements26 of a (from
n-p scattering) and of ap at larger momentum transfers seem
to agree with each other., However, the valug of a, is quite
sensitive to the input wvalue of ap in our analyses, If the
values of ap are lowered, the values of a, increase by rough-
ly the same amount. The input values of ap that we have
used are from Ref. 22 and are slightly higher than the recent
Fermilab measurements in the overlapping energy region.

Since all the above results are based on the experi-
ments of the same group, we have also used the elastic plus
quasi-elastic scattering data at 19,3 GeV/c of Bellettini

et. al.t3 to extract E;. Using Eq. (2.27) with input para-

meters again from Refs. 22-2k (with values given in Fig.

23) we find 9n =-0.32 and & ~ra . The fit to the data
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is shown in Fig. 2.3. If we use the same input parameters
i = — -2

as used in Ref. 13 ( ., Gi—38.9mb,an—ap-lo(GeV/c) R

?p=-0.33) we find en=-0.25. In Fig. 2.4 we show for

comparison our calculated results for g; together with

dispersion relation calculations by Barashenkov and

27 and also by Carter and_Bugg.28

Toneev
We should point out that our theoretical results

for p-d scattering do not include the effect of inelastic

intermediate statesag(for example, an N* can be created

coherently in the nucleus and then decay back into a pro<

ton) on the elastic scattering. The Glauber approxima-

30 But

tion can be extended to include these effects,
quantitatively reliable calculations of theée effects are
lacking because they depend critically upon the phases of
the production amplitudes which are not well known., On

the other hand, rough estimates of the effect that are not
included in the Glauber approximation can be obtained from
the p-p, p~d and n-p total cross section measurements. Let

us define the experimental cross section defect in deuterium
by

§Gup = Tnp + Thp — Tpd
and the inelastic cross section defect by

J‘G:Lze = §§0:;qb - é?‘ﬁ;t
where S@;tis calculated from the double scattering term of
the elastic scattering amplitude in the Glauber approxima-

tion. By using experimental data wherever they exist at
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. roughly the same energy,2%,3l we find that]b‘%.ﬂzO.l:OJmh
from 15 to 35 GeV. (For example, near 3L GeV,S'G:,(,, =3,.16 mb
and using the deuteron wave function given by the Reid hard
core potential we find that SUZT =3 ,05mb.) Sinae the
effect of these inelastic processes on the invariant ‘
differential cross section(do/dt)pd in the forward direc-
tion is roughly proportional to Sqauj » these effects are
quite small compared to the statistical errrors in the p-d
data and hence should have very little effect on our
results. However, for much higher energies the intermed-

iate production processes may have significant effect.
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III. Scattering of Charged Hadrons from Nuclei other
than Deuterium
IIT (a). Introduction

The study of Coulomb effects is of considerable im-
portance for the accurate description of collisions of
charged hadrons from various nuclei and for the investi-
gation of hadron-nucleon interactions by means of such
collisions, The minima which occur in hadron=-nucleus
elastic scattering intensities are gquite sensitive to
Ph and hence the experimental measurements in that region
can be used to determine P, However, the Coulomd effects
play a significant role near the minima, and hence they
must be treated accurately. In this section, we extend
tpe formalism of Sec. II to derive hadron-nucleus scatter-
ing amplitudes, including the €ffects of the Coulomb in-
teraction where the charged hadron and the bound proton are
treated as extended charges. We shall also examine some
approximate models.where the Coulomb interaction is assumed
to originate from the nucleus as a whole rather than from

each individual proton,

III (b). Basic Formulas
The:amplitude for elastic scattering between hadrons

and nuclei with mass number A is given by

Fg) = 4R [Py 5, .%) £3(n £7)
A
x{=1 [1=GEDIf Y, 6T )T, a7, ol

(3.1)
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whereﬁ% is the ground state wave function of the nucleus
and the other symbols are defined in preceding sections.
The S~function in (3.1) represents the centre of mass
constraint., Since we will only be comparing theoretical
expressions to exhibit the charge distribution effects

@nd since accurate wave functions are needed only to
reproduce the details of the structure in the differential
cross section at large momentum transfers) we will assume
that the nucleus can be described by a simple independent
particle model where each nucleon is represented by a

Gaussian, i.e,
_3/2 _ b
(%) e”
AR AT 7T/+a /= 7f°< ;G2
where o{is related to the r.m.s, radius of the nucleus.,

Now, using the result of Appendix H to eliminate the

S;function, we obtain
F(a)= % "'ﬁ K(v) fot"bf“’ 2 {1—-7F<+,.I[' NG
1+P>"7r<~+hl[:-: (5-30)] /4».>}

!

(3.3)

where Z is the atomic number of the target nucleus and K(q)

=exp (q2/hAe(2). Again by writing

alt s e
I, (B&) = I:MCE-?,_)+ e ")fZE(b"r)
X, CE-3p) -
+ &t [0 Cb-5,
ps . ) (3.4)
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we obtain
S |[1- R3] | 4. = (2R zihc’‘&z-r‘(:-1—4‘.»-;)
X F (4n+1;5) -.fé’ e 8 e ) T, (24 b1 el 2

. 20 . E
AT Qp 5

: 2
x e 22 ]

= (24R) " AR ),

(3.5)
s ) oL _ B/ 1+20na%)
K| [1-Ta BB | ba> = 1 - A S ra) € "
=  An(b) . (3.6)

Eq. (3.3),as it stands, converges very slowly because
of the large impact parameter scattering by the Coulomb
field and hence is not well suited for numerical evaluation.
It can be made to converge rapidly by subtracting out the
Coulomb amplitude due to a point nucleus of charge Ze., The

. . pt .
Coulomb phase shift functlon,]ﬁcz(b), due to the point

nucleus is given by

XL (b) = 202 dn (B/2R)

pt (3.7)
By eadding and subtracting ef 2in the integrand of
Eq. (3.3) we obtain
~2tnZ Ln (2kR) pt
F(g)=¢ K () { 1o 5 (9)— 1%

X ﬁ A,,CA)zﬂncb)ﬁ-i (#6)* %] T (46) b alb}

(3.8)



where fﬁi(q) is given by Eq..(2.10) with n replaced by
Zn., Now the phase factor can be dropped as it does not
contribute to the cross section.

If we consider the special case where the ineci-
dent hadron and the bound proton are point charges, Ap(b)
can be evaluated analyticaily and is given by

. 2
Ap(b) = (R /)P % ”r‘uw'-n)[,;:, (in+i; 15"62)
LthH

- T (-8 2™ 4y
4 vy, Rapdlb
H7r ap I+aa,,-L") lF; (LhH) l TT-:%Z;(T))J

(3.9)

This case has been considered in detail by Lesniak

and Lesniak33

for light nuclei.

Another way to ineclude the Coulomb effects is by
means of an approximétion where one considers the Coulombd
phase to originate from the nucleus as a whole rather
than from each individual proton in the target. 1In
that case the total phase shift function for the nucleus
can be written as

W (B) = XF BV RZE+ BT

3.10)

wherefts(b) is the strong interaction phase shift function
for the nucleus andefz(b) is the correction to the Coulomb
phase shift due to the extended charge of the nucleus. One
way to write the;gzofile func%%pz'for the nigléfs is then
[; (B) = [/—e""‘:“il 21 4 e_""x‘*“)[/— et ez “_i/
x5 B) +i xE (B

cz (B) <2 /;' (Z)

-+ &
(3.11)
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where

[;'(.b_') = <’1‘A/ i’_ eixscbgsl)-“)sﬁ)} ”*4> ‘

This can be rearranged for convenience in numerical

evaluation and the elastic scattering amplitude is given

by

t [~.-]
F(q)= K(%){-,Cc}; (3)—+ Lkab)
XD _ e.c.'XcE;(b)(l__ r;cu)JJ;(a,b)aLb}

2en2+1

(3.12)
where we have again dropped an unimportant overall phase
factor,

Another formula which has been frequently used is
that due to Bethesswho showed that, under certain assump-
tions, the elastic scattering intensity for charged
hadron-nucleus collisions may be written as

de/din = | —l; (3)+ -feq.)e""qu[ £

(3.13)
vhere fs(q) is the strong interaction amplitude and fe(q)
is the Coulomb amplitude of the nucleus (apart from its
phase). The amplitude fe(q) includes the electromagnetic
form factor of the nucleus, The relative phase was given

by

P ~-2Ln (ag/1.06),

where a is related to the strong interaction radius of the

P

nucleus. Using relativistic methods, West and Yennie
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obtained for the relative phase

P> -2dn(a’y)—C
(3.1h)
with

¢
a = - (ﬂ-z't"Raz'f‘sz') 5 C=0.577. ..

and where the charge form factors of the incident and
e 2

2 2
R1a“/4 ona e~Rod /4 por

target particles are given by e
the case of point charge particles incident on a point

nucleus, this reduces to the phase given by Bethe,
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III (c). Comparison of Approximate Models

Here we shall investigate the accuracy of the various
approximate models. In Fig. 3.1 we show the percent error
in the differential crosssections obtained from the Egs.
(3.9), (3.12) and (3.13) compared to the “exact” Glauber
result given by Eq. (3.8). 1In Fig. 3.1(a) we show the
results for p-lzc elastic scattering at 1,04 GeV. For
-t <£0.01 (GeV/c)2, the error in the approximation given by
Eq; (3.12) is £0.8% while the formula given by Eq. (3.13)
(together with Eq. (3.14)) has errors of £1.5%. But at
large momentum transfer the errors are as large as ~1h4%
and 45% for the two expressions.

We find that the assumption of point charge for each
proton in the target (i.e. Eq. (3.9), is quite accurate
except at the diffraction minima. At 1.0L GeV, the percent
error in this approximation is:&l%.near the minimum, How-
ever, at energies where the real part of the nucleon-nucleon
amplitude is ve?y small, almost the entire contribution to
the cross sections near the minima is from the Coulomb scat-
tering and the error in the point charge solution is larger.,
This error also depends on whether the Coulomb interaction
is attractive or repulsive. For example at 180 MeV, the
error at the first diffraction minimum in 97 -hHe scatter-
ing is~ 3% while for wf -hHe scattering it is ~8%.

In figures 3,1(b) and 3.1(c) we show the results for
p-iBNi and p-208Pb scattering at small momentum transfers.

Ve note that Eq. (3.13) becomes worse than it was for light
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nuclei, with rather large errors even at small momentum

transfers. For -t 0,01 (GeV/c)? the errors are~ 8%

for p-Ni and A,.30-80% for p-Pb. However, in this region,
the approximate phase result of Eq. (3.12) does reason-~
ably well with errors 1% and 4% for the two nuclei,
Near the first diffraction minimum, the error in Rq.
(3.12) is ~T% for both nuclei but increases at the other
ﬁinima. For example, at -t~0.25 (GeV/c)2 the error in
Eq. (3.12) for p-Ni scattering is 23%.

It is interesting to note that treating the protons
a8 point charges instead of extended charges in the exact
Glauber series, leads to a greater relative error in the
scattering from deuterium than from other nuclei, The
reason for this is that since in the heavier nuclei there
are many protons close together, the point charge protons
are smeared over the nuclear volume when the expectation
value in the nuclear ground state is taken, and the result
of smearing the extended charge protons is not much differ-
ent. This is not true for the deuteron which has only one
proton and is a loosely bound system, However,since the
Coulomb effect itself is much smaller in deuterium, the
point charge assumption does not lead to much error in
the cross sections,

Among the other simpler formulae, the approximate amp-
litude of Eg. (3.12) is reasonable for small angles but
leads to appreciable errors near the diffraction minima.

At these larger angles one must consider the interference



of Coﬁlomb effects with strong interaction effects of
each nucleon sepérately instead of considering the over-
all Coulomd phase resulting from the nucleus as a whole.
Eq. (3.13) is good only for light nuclei at very small
angles, Its derivation uses the average Coulomb phase

- shift of nuclear scattering evaluated at q=0 and neglects
terms of O(Zzn2 e« It can be improved by introducing the
q dependence of the phase but the formula will still be
inaccurate for collisions where Zn>0,1. We should
mention, for completeness, that Coulomb effects can also
“be included by means of the "optical limit". However, it

33 that this approxi-

was pointed out by Lesniek and Lesniak
mation leads to significantly lower cross sections at

large angles compared to those obtained from the full
Glauber series with the assumption of each proton in the
target being a point charge, Since we find that this point
charge assumption is fairly accurate (except at the mini-
ma when the real parts of nucleon-nucleon amplitudes are

small), our conclusions for the case of light nuclei are

very similar to those of Ref. 33.
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IV, Scattering of Medium and High Energy

Deuterons from Complex Nuclei

IV (a). Introduction

There have been some theoretical studies in the past,
of deuteron-~nucleus collisions.Bh-hl However, except for
the case of deuteron-~deuteron collisions,6 the analyses make
a number of additional approximations and simplifications
within the framework of the Glauber approximation,. For
example, in the case of d-lzc scattering, only terms up to
fourth order in multiple scattering were included,hl an
approximation which is inadequate except at very small
angles. The Coulomb.interaction and the deuteran D-state
were generally neglected and unrealistic wave functions
were used for the deuteron,

Recently high energy deuteron-nucleus scattering
experiments have been performed at Bevala.c.h2 It is there=-
fore important to undertake a careful theoretical study of
deuteron-nucleus collisions., In the present analysis we
retain the explicit multiple scattering form of the Glauber
theory and express the deuteron-nucleus amplitude in terms

of nucleon~nucleon amplitudes. Since the Exact Glauber

amplitude is difficultto evaluate for general forms of NN

amplitudes and wave functions, we also consider some approxi-

mations and investigate their accuracies., The influence of

the Coulomb field and the deuteron D-state on elastic scat-

25



tering intensities are also examined. Finally, the
theoretical predictions are compared with the available

data.

[y

IV (b). Basic Formulas

The scattering amplitude operator for collisions
between deuteron and nuclei with mass number A, can be

written as -

: (b, ,r}..“?) A
- foc‘/,e"%[ o N A ](m)

')) )

where 4k is the incident deuteron momentum, ¥ is the inter-
nal deuteron coordinate and ?1,"', ?k are the coordinates
of the target nucleons. The deuteron-nucleus total phase
shift function di in turn, can be expressed in terms of the

nucleon-nucleon phase shift XNN by

A
H)=> +X, % 5,
X f2TT ) - f"m(z PRS- ()
where bp =7 + '% g, ?; =B - % s and we have explicitly
written z k to indicate that the momentum for each incident

2
nucleon is Hk/2, Rewriting Xyy in terms of NN profile

function, as in Sec. II, we obtain

eol,%d,ﬁ —-ﬁ‘_[j (’* Ab— J) /_' (2
d ( 166,, ?)f;&(.l.k bn'a) ] (4.3)
The elastic scattering amplitude is again given by

taking the expectation value of operator F between the

dA

ground states of the deuteron and the target nucleus. For

an independent particle model for the target nucleus, i.e.
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RAGHERI] =],Z |45, )

the elastic scattering ampli?ude becomes
Fip(3)= KDk fs e T2y |{) ";7.-77 [1=<Tkg
—</;'J>+</;J[;;J>]} l'/)bal.>) (h.5)
where K(q) is a centre of mass correlation- function for
the target nucleus described in Appendix H and
CTug> = <yl oy (2% 557 ) [ #47
it — / / . =pn
=221‘kfa-"3 (‘VleI)'FNg(é*ﬂ)Sn[‘*’M Ao’ 5 "6

and similarly 9 Aif/Z’
. -l z ol * _"
(g g > = (4TR) __/’ot_?’e "’—QJ (4%,3)
"'. ,I‘ b~ -.' —./’ .
X folif £V L kG Sp(5F) T

SA(q) being the nuclear form factor. Now if we make the

simplifying assumption that all NN amplitudes are equal

(which is roughly true at high energies), i,e.
Fop = Fpn = Fnp =Fon = 7

Eq. (4.5) leads to

N A
Fia(s)=—K@)ik [d'b e""’(f&/{% (;)é (%)
- k-
<ErI B AR Taml P> oo

In order to obtain analytic results, we shall repre-

(4.8)

sent the deuteron wave function by a sum of Gaussians

4 -3/2 _ T4
2 7
I (P ‘JZ;/ kg (474) e (4.10)

which corresponds to the deuteron form factor of Eq. (2.17).

T



For the target nucleus, we assume, for simplicity

/421( )= e : (b.11)

Although such a wave function is reasonable only for
light nuclei, it describes the qualitative features of the
scattering well and is quite useful for comparing different
theoretical approximations. However, for comparing the .
theoretical predictions with the data, we shall use more
realistic wave functions.

Using Eq. (4.10) and (4.11) and the high energy para-
meters of Eq. (2.14) for f(q), the elastic scattering ampli-~

tude (4.9) reduces to p - aﬂ{
1-4
e l(9)= - K(@)UQZ )Z‘(/< )Z( ) 27)‘(3-:’2)4)

T2¢i-ae)? ]{ L =¥ F[J’ &, 4,m)
167" )
me=l| g(})[)E(&;*,zam)

7'a (R4a
K(g) = exp (a,lk’-/l-mz) 5 Go13)
R E— Pm DC3,k,0)
F(&J*;Z,M)_ 2n(13k;-e) '+ E(:)k.l.m) )
Elﬂa":lam)—': | — 2,6,.,[13"(3:&!)__ 2/3-/() ,Z[R?'-I-Zs)
A(Q2) Ri*4+2a 2a (R 4_)

—= 1. - Bl k2)
Dig, kL) = % A g

Blg, k. 0) = 2(g-k)/(R%3a) + L/(R*+a)
Al L) = 2(03-8)/(R%2a) + 2{/(R%a) .

) (4.12)

where

This result, although exact within the framework of
the Glauber approximation, is valid only for Gaussian wave
'functidns. It is of considerable interest to investigate

some approximations which lead to scattering amplitudes
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that can be conveniently evaluated for general forms of
deuteron and target nucleus wave functions and for more
general NN amplitudes. In order to obtain the first

approximation, we note that one can write
| — kA _ (,_c‘f"‘oba) +(1-€e“3 %)
—(1-e*Tt)(1-e“F*) | (s

Upon substitution in Eq, (4.1), this leads to
3 : :

Fan () = & = (4.16)

= ol e P g PR
X 7Y ) |7V

= 2 F,;:,q (‘ﬁ' *a ?) SoL ("'ﬁ‘?) )

(4.17)
where FNA is the N-nucleus elastic scattering amplitude
and Sd’ the deuteron form factor. In a similar fashion

E;:: 2,F§”9(E££5§L)5Q,(éﬁ$) ‘ (4.,18)

The third term can be written as A‘Z N
= -é._;r_& <Ayl Ju?s e"’"‘<nf,,/[l—e‘a Feg C* ?)f
X%/’)}><’fe/i/~e‘§x”d“-%>} /"f'n>/’7"d,>g ,
where we have introduced 1 =Zlql k)("fk[ s 170, > being a
k

complete set of states for the target nucleus. Now we
make the approximation that, in the intermediate states,
only the ground state ’ﬁ&)of’the target nucleus makes a

significant contribution, i.e. we can write

= <l = Ia><tal
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Such an approximation is expected to be reasonable because
the deuteron is loosely bound and is more likely to break
up rather than excite the target nucleus, This approxima-
tion should also be very good for uncorrelated nuclei. If
one target nucleon is struck and the nucleus is excited,

it can deexcite to ground state only if the same target
nucleon is struck again by the 6ther nucleon of the inci-
dent deuteron. The number of such double scattering (where
same target nucleon is struck twice) is Ail times that of
the other types of double scatterings, With this approxima-

tion=

..-.Z: - 13
F.-3='§"‘7f <’f;c/fol—2££‘? //Z,t;('f"'""Li'E’)/';"’(M”b-‘L )/“> (4.19)

Rewriting the N-nucleus profile functions r&A in terms of
N-nucleus amplitude, we finally obtain
Ea(3)= 2Fa(3%3)S0 Ci7)+2 £, (34.3)5,(3)
+ 2L [y 5 (F) By R 35700 (44,3545
(4.20)
This result which we shall refer to as approximation I, ex-
presses the deuteron-nucleus elastic scattering amplitude
in terms of nucleon-nucleus scattering amplitudes, An al=-
ternative derivation of Eq. (4.20) is given in Refs, 34 and
35.
For f(q), S (q) and.q%(rj) given by Egs. (2.14), (2:17)
and (4.11), we obtain

(1-4€8) ] &
)y n(?)’*— é tm A—* (R—*Za)a% -[—-Q" [;)[o:;r(lﬂ +2.J]
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A FRL
2 o*RY: 2‘ L]wCi-ig) ]
%—Eﬁ&) ":-'& € 8?}2 +za.)zaz'_ ) erue 277 (R 2a)
N
> dm ex/b{ 3’—[5.,.‘;;)0" GZ (g ‘?”"
m=1 &, Gt An k| [c:,,qmm.:

2 1
vhere Gi-(?ak):'(ﬁ_i:‘.}i)[ji;] ‘

The second approximation (Approximation II), we shall

consider, was obtained first by Faldt and Pilkuhnho. In

(k.21)
P

this slternative expansion of the Glauber series, the lead-
ing term corresponds to a configuration where both proton
and neutron in the deuteron scatter at the same impact para-
meter (the impact parameter of the deuteron centre of mass)
and higher order terms then, correct for the true impact
parameters. The formulas are given in Appendix D, They are
generalizations of the results of Ref. 40 for the case of
deuteron form factor given by a sum of Gaussians and for NN

anplitudes having real parts different from zero.

IV (¢) Total Cross sections
(i) Gaussian Wave Functions and Comparison of
Theoretical Expressions
Deuteron-nucleus total cross sections may be obtained
from the elastic scattering amplitude by means of the optical

theorem

- &7
Tan = % Lm Fun (). (4.22)

Using Eq. (L4.12), we obtain
OZiA? a}Cér) ,

a—l
(4.23)
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where
T(1-4€) 4

gip=am e (§) 2 (2 (5[ 52

T2c/-a€)? 4 & .(
x m L
167 a (R%2) ,,,Zﬂ A(3,2) E (gs % £ ) (h.2k)

For the scattering of deuterons from a heavy nucleus, there

‘will be a large number of terms in the series (4.23). The
series; however, converges quite rapidly. One:can obtain sa
crude estimate of the number of terms needed in the series
by using geometrical arguments similar to thosein particle-
nucleus sca.ttering:;.b'l+ If we consider the inecident deuteroné
as a particle traversing the nucleus, (and since at high
energies almost all scattering is concentrated in forward
direction) the number of significant terms in the series
will be determined, roughly, by the number N of nucleons
with which the incident deuteron collides, If we consider
the nucleus aé a uniform sphere of radius R, the number of

3

nucleons/volume is 3A/LTR” while the effective volume swept

by the deuteron through the nucleus is 2RO being the

dan ? G-dN

deuteron~nucleon interaction ¢~~~ - Eﬁ‘“ oo i/3N
o Taking R= 5 1. 25 A

is then equal to 3AodN/2ﬂR fm

). we obtain N=6.3%}/3.
and (g = 83mb (at 2.1 GeV/n), we obtain N=6.3A"/>, For

2OTPb, for example, N is 38. By evaluating the series
(4.,23) with deuteron form factor given by Eq. (2.28), we
find that first 36 terms yield total crosssections which
are accurate to six significant figures. In order to

exhibit the rate of convergence more clearly, we define

partial crosssections
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Cald) = 4 %2 : (h.25)

In Fig. 4.1 we plot GEAQJ)as~a function of § for

27

target nuclei GhCu and Al., It is clear that the series

(4,23) converges very rapidly and requires less than 6.31\.1/3
terms for excellent accuracy. However, it is also evident
that a premature truncation of the series can lead to

quite erroneous results,

Figure 4.2 illustrates the percent errors in total
cross sections predicted by approximation I (i.e. G}A from
Eq. (4.21))and approximation II (Eq. (D.,1l) ) compared to
the exact crosssections given by Eq. (4.23). Approximation
I is quite accurate for the entire range of target nuclei
with errors less than 1.6%. Approximation II is of compara-
ble accuracy only for A;60 and it can lead to inaccurate
results for light nuclei with errors~30% for hHe,ﬂfl3%

12 16

for C and ~10% for 0. This approximation, on the other

hand, becomes quite accurate for A 2100.

(ii) Realistic Wave Functions and Comparison with Data

Since we have seen that approximation I is extremely
accurate, we shall use it to perform realistic calculations
of G}A.and compare it with the measurements. From Egs.
(4L,20) and (L4.22), we obtain

.,.% !5“(?,) Fon (-ik,tp’)F;m(fﬁ,‘V)‘f/o’&'_]) (L.26)
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vhere thé first two terms can be readily recognized as

p-nucleus and n-nucleus total crosssections at momentum

Xk/2., We shall now take the nuclear form factor to be
S, (3) = (1~ 59%) exh(-9*R¥4)

2 n-l
o= (A/e-2/3)RA (4.27)

Again assuming all NN amplitudes to be equal and of the
form (2.,14), the N-nucleus amplitude can be evaluated

anglytically with the result

a (K5%) = """‘/e JLﬁr‘(z:/e"al:ua. Z(;) [ roi-io) 74

4 2/ ( R 2a)

-4 ~ 4t (RYM2a) /4
xé( )[I c}T.Zw] [(le)] =¥ K| - P RM G
x Lg [9CR%22)/4] , (4.28)

where Lk(z) is the Laguerre polynomial. Using Eq. (4.28)
for Fy., Eq. (4.26) can also be evaluated analytically if

a sum of Gaussians is used for S Alternatively, for

d.
general forms of Sqs Ea. (4,26) can be evaluated quite
easily by numerical integrations., The parameter:R in the

nuclear form factor, upon making centre of mass and finite

proton size corrections, is given by
“r 5 .
= ( G )/E 24" (4.29)

where vb and 11 are the experimentally mea.surédhs rms
radii of the proton and the nucleus,

We shall perform the calculations for Gaa at 0.87
and 2.1 GeV/n, incident energies at which data have been
obtained at Bevala.c.h2 From Refs. 46 and 47, at 2.1 GeV/n

we take a=6.2 (GeV/c)jf §=-0.28, Since different values
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have been obtained for Unp and cpn’ we have used two
different values 42,7 and Lhmb for average NN total

cross section 0. Similarly, at 0.87 GeV/n we take

8=5.0 (GeV/c)™2, P=-0.2 and = 42.4 and 43.3mb. We have
evaluated Eq. (4.26) by numerical integrations with the
deuteron form factor obtained from the Gartenhaus-
Moravesik wave function, In Table III, we show the theo-
retical results together with the available experimental
measurements, The agreement between them 1s quite good.
Since ﬁaA is calculated by using nuclear radius and NN
scattering measurements, we have also estimated the total
uncertainties in GEA by assuming uncertainties of +0.1lfm
inT,, +0.5 (GeV/c)™2 in a, #0,05 in § and *lmb in 0~

The separate effects of these uncertainties for 120 target
is shown in Table IV. The largest effect is due to the
nuclear radius; a change of +0.1fm leads to a~3% change

in UEA‘ The total uncertainty in 0, is, roughly~5%.

dA

IV (d). Elastic Scattering Intensities:

(i) Comparison of Theoretical Cross sections

In this section we shall investigate the accuracy of
the differential crosssections predicted by approximation I
and II, compared to the exact Glauber results given by Egq.
(4.12). The differential cross sections for d--2C elastic
scattering at 2,1 GeV/n are shown in Figs. 4.3(a) and 4.3(b).
We see that approximation I agrees very well with the "exact"

results out to the first diffraction minimum and agreement



TABLE IXII. Deuteron-nucleus total cross sections, as predicted by Eq. (4.26), at
0.87 and 2.1 GeV/n together with the available measurements. (For d-d cross section
the formula is derived in Appendix F.) The two theoretical values correspond to two
different values of input NN total cross sections. The last column shows the total
uncertainty in FEA’ introduced by small variations in nuclear radii and NN scattering

parameters.,

Target Ty T g5 (mp) A3

Nucleus (fm) 2.1 GeV/n 0.87 GeV/n (mb)
Theory with ¢~ Exp. Theory withg Exp. o
equal to equal to
b2, Tmd - hlmb 42, hmb 43, 3mb

P 0.81 81.2 83.6 8L4.,1+0.6 | 80.h 82,0 81.8+0.9 +1.9

D - 152 156 156+0.8 149 152 151,6#1.1 +h
bye 1.71 255 262  266.9+2.4 250 254 254,8+2.9 +1h
611 2,43 389 399 383 389 317
IBe 2,42 511 522 501 508 +26
10 2.45 54) 556 533 540 27
12¢ 2.453 603 612  630,5%k.6] 590 597 618.246.1 31
1hy 2.48 659 671 6L 652 +37
169 2,71 757 771 Th1 750 +ho
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TABLE IV. The resulting uncertainties in deuteron-
carbon total cross sections at 2.1 GeV/n arising from
the separate uncertainties in the NN scattering para-

meters and in nuclear r.m.s, radii,

AOdA(mb)
Ao = £1.0 mb +8
Ae = £0.5 (GeV/c)™2 +2
Ap = +0,05 +3
Ar, = 0,1 fm +18
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T2
is reasonable out to the second minimum. The disagreement
between the two curves increases with increasing momentum
transfer, For example, for 0.85q2;§ 2 (Gev/c)z, the pre-
dictions of approximation I are lower by a factor of~s2-6,
Approximation II, on the other hgnd, is quite inaccurate
even at small momentun transfers.

Another approximation has recently been used in Ref.
41, and good fit was obtained with 650 MeV a-*2c gata., In
this approximation only terms up to fourth order in multiple
scattering were retained and an unrealistic wave function
used for the deuteron, In Fig. 4.4 we show the curves ob-
tained by making these approximations, Dashed curve is ob-
tained by retaining terms only upto fourth order and the
dot-dash curve is obtained from exact Eq. (L4.12) with deuter-
on wave function of Ref, 41. The solid curve is the exact
Glauber result of Eq. (4.12) with realistic deuteron form
factor (2.28). We see that the two approximations made
together in Ref, 41 can lead to substantial error in the
cross sections, We also note that in the angular region
where data exist, i.e. @,.,%13°, approximation I (dotted

curve) is quite accurate.

(ii) Coulomb and Deuteron D~-state Effects

In deuteron-nucleon collisionshg, the deuteron D-state

20 the Coulomb interactions are

and in heavy ion collisions
important near the first minimum, In deuteron-nucleus
collisions, -since we have seen that approximation I is quite

accurate out to.the first minimum, we shall use it to investi-
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gate these two effects. Assuming the Coulomb interaction
to originate from the target nucleus as a whole, we can

write for the scattering amplitude operator
[ W d — x -
(7,5)=2¢%"° [FE (1k.7) + " F R ('5.*:1')_]

X '
P Faa(4%.3) + 25 *¥erm

X Joy/ €V Ry R TF)E, , 4, F43)

Fd.n
[

J  (h4.30)

where we have used an average phase approximation similar
to the case of N-deuteron scattering of Sec. IXI. The aver-
age Coulomb phase shift functions ’ch, ’ch, and ()(cpn are
given by the formulas of Appendix B, except that the NN
amplitude fNN(k’q) is replaced by N-nucleus amplitude

FNA(%R’Q)' Fc, the p-nucleus Coulomb amplitude is given by

- ank -24'.[7”2”(4'/2*)"4-7'3-/"CI+491)]

a5 e LRELF)
PR, (431)

W
where n = Ze2/‘1’iv and ?p and ?A are the charge form factors
of the proton and the target nucleus.
Now if the D-state is included, the deuteron wave

k9

function can be written as
/(%)= @nrt "[ucYHs'%S (F)w( )]Xm
L =Qr)r et YA, (h.32)

where (X_bf are spin-one spinors and S is the usual tensor

12
operator., The differential cross section is then given by

A =42 |<U T B GOl | *

= (A T/an)g + (45/dn), | (4.33)

h



where

(dr/d.ﬂ-) = , cpn (ﬂl)s ( 7);{- 2; e&'xglbh
de-‘y'.fg('?) ,bn(z. F ( { q”‘“b)}

2
(A5/An)g =%Ia,,,,(¢)5aci@’)/ +4 | Fepn(§) Sq (ﬁc;
+;‘. "’xc’/"’fol IS& ’)F-,q.(a,z,, (o 3h)
X Fap (3%,%+37) |7 ?
with

- X - e .
Fopn (5)= 2[R GRF)+ TP R, (4RF) +e TR, UAT)]
J

and spherical and quadrupole form factors are defined as

S.(4) = [t tamuimrwiem]dr |

gy -4
Sal(9)= zfa‘;_(‘}’f) ZJ(T)ELC'Y)—S zJ(r)] v,
o
(4,35)

In order to illustrate the effects of the deuteron
D-state clearly, we neglect the Coulomb interaction (i.e.
let Fgo, ﬂ%p, ctcn and gvcpn go to zero) and take the
nuclear wave functions as Gaussians. We obtaincthe
deuteron form factors Ss and SQ from the Gartenhaus-

. . 21 . .
Moravesik wave functions®”, TFigures 4.5(a) and (b) show
the d-hHe and d-lac differential cross sections at 2.1
GeV/n, with and without the D-state, The effect of D-
state is significant in the case of d-hHe scattering but
it is less than that in caseof d-N scattering. The effect

is much smaller in case of d-lec scattering., The reason

for this can be understood in the following manner., When



dc/dQ (mb/sr)

(O o

103 .

Fic. 4.5 (2)

0 |

{ o l | |
d —*He elastic scattering
- 2.1Gev/n

——S +D state |
--—=S state only

—-—D state only

007 009

O 0B OB o7 0B 02l
~t (GeV/c)?

76



Fia,. 4.5 (b)
3
10 l J l | | l
d - 12C elastic scattering
2.1 GeV /n
S+D state
~—= S state only
‘— -— D state only
102
~
&
&
0
E
bld
hce] e
101
100 !
0.04 0.05 0.06 0.07 0.08 0.09 - 0.10 O.11

1T

-t (GeV/c)?



78

deuteron D-state is neglected, a minimum appears aﬁ

q%x 0.33 (GeV/c)2 in case of d-N scattering because of the
destructive interference between the single and double
scattering amplitudes. The cross sections before the mini-
mum are predominantly due to single scattering and are pro-
prortional to S:(%q). When the D-state is included, the
cross sections in this region become proportional to sg(%q)
+ %f(%q). However, at q2:g0.33 (GeV/c)a, ﬁz(%q) happens to
be comparable in magnitude to Ss(%q) and therefore the
minimum is almost completely filled. In the case of d-hHe
scattering, on the other hand, the minimum occurs at q2250.13
(GeV/c)?. At this value of q2, %s(%q) is smaller than
%f(%q) by a factor of~20 and hence the minimum is only
partially filled due to SQ « For heavier target nuclei,

the position of the minimum moves to even smaller qz. With

decreasing momentum transfers, S, increases (toward unity)

S
and q& decreases (toward zero) and, consequently, the effect

of quadrupole form factor becomes less and less significant.

(1ii) 650 MeV a-12C Scattering
As mentioned earliers good fit to the 650 MeV d-t2¢
data was obtained in Ref. 41l. But, as we have seen, the
.additional simplifications made in that calculation in-
crease:the cross sections substantially and hence lead to
significant errors. We have performed the theoretical cal-
culation again using Eqs., (4.33), (4.3%4) which include the

Coulomb effects, The NN parameters at 325 GeV used arehs’h8
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-2 = b
Top = 24,1 mb, Bop = 0.35 (GeV/e) ™, Q = 0.8, Onp 33mb,

PP
a = 2,8 (GeV/c)";2 and enp = 0,25, For deuteron S and D

np
states we again use Gartenhaus-Moravesik wave functions?l
and for carbon form factor we use Eq. (4.27). Figure L.6
shows the theoretical results with the data. We see that,
as expected, the Coulomb effects are important at small
angles., They are,.howéver, alsg noticeable at the minimum,
even though the real parts gNN are quite large. At ener-
gies where gNN are small, Coulomb effects, near the mini-
mum, become much more significant. Also shown in Fig, 4.6
is the curve obtained by assuming fpp=fnp and using the
mean values (as was done in Ref, 41), The error introduced
by this procedure is not negligible except at very small
angles and such an averaging should not be done in a de-
tailed analysis of the data. From Fig. 4.6 we notice that
the theoretical predictions, at larger angles, are syste-
matically lower than the data, even thoughthe error bars in
data are large. For total cross sections we obtain& LTomb
vhich agrees well with the experimental value of 456+18mb.
We should point out that this calculation can only be
regarded as qualitative because of the use of a Gaussian
form of NN amplitudes and the neglect of spin effeets, both
of which are not realistic at 325 MeV. Before conclusions
regarding the validity of the theory are drawn or an attempt
is made to extract information about nuclear correlations,

spin dependent - effects must be carefully included. The eval-

uation of exact Glauber amplitude with spin effects is guite
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difficult. Such a calculation, however, can be carfied out
starting from the approximate Eq. (4.30), at least for angles
out to the secondary maximum where Eq., (4.30) is a good
approximation to the full Glauber series, This approxi-
mation can also be used to study deuteron-nucleus inelastic
interactions, for example, deuteron dissociation from

various nuclear targets.
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?. Medium and High energy Collisions between Heavy Ions
V.(a). Introduction

Interest in heavy ion collisions at medium and high
energies has increased rapidly in the past few years.6_9
Many theoretical studies have involved the Glauber approxi-
mation or some variants of it. The full Glauber multiple
scattering series ig difficult to evaluate for general
forms of nuclear wave functions and therefore an optical
limit result has generally been used.7-9 However, there
are serious theoretical problems associated with the opti-
cal limit. It yields accurate results at small angles only
when the centre of mass correction is used (although,tech-
nically this correction should go to unity in the optical
limit), but on the other hand, this correction also leads
to an unphysical rise in cross sections at larger angles.
Furthermore, even for total cross sections)the recent 120-120
measurements show serious disagreementhe with the prediction
of the optical limit, In this section we study nucleus-
nucleus scattering and the validity of the optical limit.
The full Glauber amplitude is converted into a series where
the first term is the optical limit amplitude. The higher

order corrections are calculated and the results compared

with the measurements,
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Vv (b). Basic Formulas
The elastic scattering amplitude for collisions

between nuclei with mass numbers Al, A2 can be written as

F;I,A(‘w = K,zm).ef;fd*e B[~ “»,AJF)_])

I [y (555 o,

Here Klz(q) is a correction factor obtained by re-

(5.1)

moving the d-function constraints due to the centers of
mass (See Appendix H) ahd'gi, gi‘ are the projection of
the nucleon coordinates on the impact parameter plane,

If we define
A A

£ = <t | T, [1-A15; [, (5°54%)) My ta>
we can write

/"xA/Az = /é""_’[’(ﬂ)/a:/

= ilr -+t 0 ],

Now using the notation

/. z-P(a)/
—; = = ﬂ A=0

and so on, we obtain
L%, = £/ )
ey =4[+ 4]
w%s = L2 fapypry f”’]
Xy =;‘-5)__-610’&12-P’i"”—s-f”fw?”'—i— £ , (5.3)

wvhere (using the result 22_ = . )
i<k i #£k
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—

p A s e
—F’:-Z.ZL <7A,’TA;./ rlJ' (b=54%) /’YM’*AL>J

=l g=1
"o /
£7 = % <'7f4.’7$1,,//:; [t //YA/’YA? P
£ S <’YA,'1'A,_) I:.'J r/.gg ﬂnn/%,’r/},_>) (5.4)

13 ke mn
etc, Here the prime over the summation sign indicates that

no two pairs can be exactly equal, e,g. if i=k then j#1
and vice versa, If we now assume for simplicity, that

all NN amplitudes are equal, we obtain
) .
‘F :“A,A‘LC,Cb) )
£ AA[CACDIA)GIEB) + (A1) C20h) +( A1) G cb)_]
)
£ =-A, A,[(‘*F‘)( Ap=2)( A1) (A1) €3 (b) + 3 (A7) (A1) L, b
x (A2, () + (A2)¢s () f + & (A1)(A1)
X Cy(b)+ (A-1)(A-2)Cs (b) + (AFI)AF2) G “)_7)

£ 4 A;[(ﬁl")(n'—z)(ﬂ'_';) (Ay-1) (Ay-2) ( Ar-3) C,"(b)

+ 6 (A1) AR2)(A ) Ar2)Cli8) { (A3, (8)
+ (A-3)C; (b)} + 4 (A1) (A1) G () {(/4;2)(,4,-3)
X Cg () + (A=2)(A=3) Cq (b) + (A1)(Ar2) (A1)
X (Az2)] 24.C,Cb)Cy(8) + 6 €, Cb)G (1)
+ 3 CAFI(A ){ (A2)(A;-3) sz( b) -+ (Ar2)(A3) Cjz (b)
+ 4 (A2) €y (b) + 4 (A2)Ca(b) +2 Cq(b) |
+ (A1)(A=2)(As3) 5 (b) + (A1) (B-2)(A3) C)y (b)
12 (A-1)(A-1) { (Ai-2) Cig (b) + (A1) Cpa( b)}_] ,

(5.5)
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where Ci(b) can be expressed in terms of generalized

&im

B8, T+ 3y T+, )
S? qu‘)—;b)q,q ﬁr d 4.(10 2k T3 T V4 Tm

I 8 "')' )|
by
(1:) =(27F.L'ﬁ~)—’fdzaf 3—@7)5 (57)0,0 o) S ("77,0 o 0)
Cy (8= (2mekyY *fa M, g ) [el, §(8) S, (0,945,098, 5 zm
Ca(b)= Cy [ Sa,¢>Sa, ] | )
Coy (0= (2mat, 7> [y, 3C3,) Jol'y, §5) b, 3F5)

CL(b)=(214Ky] JOY) NNV 12)I"V3d V3)
X «SA, (¢, 3 +‘}“‘i’3 ,0) 'Sﬂz.(o’ 7&) U ‘3’3,0)
Cs (b)= (amratY* [y, §3,) [%y, §5,) [oi?s, § (F5)
X Sa, (0,0, %+%,+%,0) Sa, (%15%,,-93,0) |
Ce(b)= Cg [ 54, ¢> Sy, ] ,
C (b)=(amikyy qf"dh?(‘mf“% 3[73’.["‘ 33‘73)-[”[,7‘1 3(1"')
X Sa, (0:0,%,4%,+%;,%,,) S, (0% 7% - 9W)
Ca(b)= Cq[Sa, > 54, |
Cq (b) =@mek, Sl 965) [, 350 [oy,3 Go) &9, § (F0)
X Sa (0% %"‘%, :%""i'q)sﬁ,, (2:0,-51 % -‘h 'h,)
Cio (b) =20k Yoty 3.05,) [y, 3 05, ft'ys § (5o ) o §F2)
X Sa,(0:0,0,34%,4%:+%u)Sy (-4:,-% ,7%3,-54 )
Cy(b)= Cie [ Sa, > S, ],
€9 Cb) =(amakes) "fa 3 6)) [el'9, 305 [ 33(?3).[4 Y )
X 5a,00,54%,,0,7,4%,) Sa, (%% %, %)
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C,3(b) = C]z [-SA., > SA:.] )
§(%) = et ¥Fregy (5.6)"

In the series expansion (5.2) for the nucleus-nucleus
phase shift function, the first term, i.e.,L)Cl --AlAacl(b)
is the usual optical 1limit” result of the Glauber theory.
In order to illustrate the relative importance of the

higher order terms, we shall take the independent particle

model (4.4) for the nuclear wave functions so that
- - —
SA‘.(E?“"‘)C"H) = —S&'(‘i‘l)’ "SA"[%,) v (5.7)

With SA.(Q) given by exp (-qug/h) and NN amplitudes of
i
form (2.14), Cl(b)-°-Cl3(b) can all be evaluated analytically,

and the explicit formulas are given in Appendix G.
V (c). Theoretical Results and Comparison with the Data

Before considering nucleus-nucleus scattering, let
us first discuss briefly the case of particle-nucleus

scattering. In this case (i.e. A =1, A,=A, Ri=0), we have

2
from (5.3) and (5.4) in coordinate space

¥ = — A Jat¥ reEE) e )
,«.'x;_="‘f“ 43 [ C8-5)) [(F 5)

xDql ""’)e‘”(-r)—f}(ﬁ—')e ( 71)], (5.8)
(1) (2)

where p and p are one and two particle densities. The
coefficient of Aa, in 1]5, is the two-particle correlation
function which vanishes for an uncorrelated nuclear wave

funetion, The coefficient of remaining term in ijte
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A (as in those of iltl). More explicitly, for Gaussian
NN amplitudes and wave functionsdescribed in the pre-

ceding section, we have (with R2=Rg+2a)

2/pd 2
atyB)=-Ay et Ly s )Y R

_3bYRE

_bV/r? - 3
é PN ORISR A

J

Lg(b)= (4B)Y
3
(5.9)

1/3 2/3

where y = G(l-ip)/2ﬂR2. Since Rec A~/ ~, we have yoc A~
and the optical limit result i'x= ixl,for particle-nucleus
scattering, becomes a good approximation for large A,

This, however, is not the case with nucleus-nucleus
scattering. In this case (assuming A1=A2), the coefficient
of the surviving terms in i:xz, for uncorrelated nuclei, are
proportional to A3 (wvhereas that for the term in iﬁa, is

oCAa). The detailed expressions for ixl,'-',i'xh are given

2

in Appendix G. For the special case A1=A2>>l, R1=R229a)we

have

%o (o)~ Xy (o) [-0.33 (AN ] | Fy(R)~ % (R)[-0.59CAY)] \
Xylo) ~ o) [0.33(AVE] | yr)~ Ky (R o3 (VY]

Xy o) ~ %, (9 [ 0.5[147)? R %y (R) ~X (R[04 08
(5.10)
One difference between (5.10) and (5.8) is that (5.10) is
oscillatory. This is because of the occurence of new typeé
of multiple scattering in nucleus-nucleus case, Further-
more, the expansion parameter in this case is yAa(Al/3 which
may become greater than one for large A, In order to make

qualitative estimates, let us first take Ri=l.25Ai/3 fm,
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(1=1,2). At incident energy of 2.1 GeV/n, o=42.7 mb ,and

ve obbtain yA = 0.220%/3, For the-case 208pp-208

Pb colli~-
sions, for example, yA = 1.3, -

On the other hand, if we choose the parameter R? to
fit the rms radius r; then R, =\[§ r;. For Pb, er=5.h9 fm
vhich yields yA~3.3. In fact in the limit Al,Aa*@ (with
o=constant), the series (5.2) for the phase shift function
appears to diverge, For Al, A2 not too large, the series
converges, but the optical limit result (iX= i}ﬁ) is still
inaccurate. For light and medium nuclei, accurate results
may be obtained by retaining sufficient number of terms
in the series (5.2),

Before comparing our results with the data, we should
comment briefly upon a frequently used approximation whe:r'e'?'IJ
one takes [ (3)€ 5°(3). (Equivalently fy,(a)—>ry (o), or

for fy..(a) of form (2,14), a-0,) That such an NN ampli-

NN
tude is not consistent with the Glauber approximation, is
exhibited in multiple scattering terms of order four and
higher. The term C9(b) which corresponds to two nucleons
of the projectile interacting with the same two nucleons of
the target (for example, the quadruple scattering in deu-
teron-deuteron collisions) diverges in the limit a-0.

We have performed theoretical calculations at incident
energies of 0,87 and 2.1 GeYfusing the formulas given in
Appendix G. The functions')[_l,-...’)\’_h were calculated by
means of Eqs. (5.3), (5.5) and (G.1)., Tables V-VII show

the theoretical predictions for nucleus-nucleus total cross
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sections, slope parametersof nucleus~-nucleus forward
eléstic scattering amplitude and total inelastic cross
sections, together with the available measurements. The
agreement between them is quite good and the correction
terms give significant contributions, The earlier large
discrepancyha between theory and data for l20-120 total
cross section does not indicate a breakdown of the Glauber
approximation but rather indicates the breakdown of the
approximations leading to the optical limit result. In
Figs. 5.1{(a) and (b) we show the elastic scattering angular
distribution for hHe-hHe and 120-120 collisions at 2.1
GeV/n. Again the errors are quite large if one uses the
optical limit, However, accurate results can be obtained
by retaining sufficient number of terms in the series (5.2).
For He-He collisions, for example, terms upto 2& lead to
excellent convergence in the total and inelastic cross
sections, in the forward slope parameter, and in the elastic
scattering differential cross sections out to the second
minimum. Convergence can beobtained at larger momentum
transfers by considering the higher order terms in (5.2),
Before concluding we should comment briefly upon the
validity of the optical limit for the case of hadron-hadron
collisions. If one considers the hadrons to be made up of

°9

an infinite number of constituents x (or equivalently a

continuum of hadronic matter), the appropriate limit in

(5.2) is F;x—+ o as A, ,A,~>% with U;xAlAé*constant. In

1’
this 1imit we have yA~-Z. A const.

RO R2p . Ve see that, in this
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case, iX— i’X—l (the optical limit) for A,,A, —>= . If
we make the further assumption that the hadron form factors
are much more sharply peaked in forward direction, than

the x~-x scattering amplitudes, the optical limit résult

51
2

becomes identical to the Chou-Yang model which has been
quite successful in fitting, for example, the high energy

p-p cross section data,



TABLE V. Nucleus-nucleus total cross sections at 2.1 GeV/n

The values in parantheses are the total crosssections at 0.87 GeV/n. The quoted ex-
perimental errors are statisticeal only. The two experimental values in the second row
correspond to hHe-lzc and 120-hHe scattering respectively. The nucleon-nucleon para-

meter used in our calculations o=k2.7 mb, a=6.2 (GeV/c)—g, p=-0.28 at 2.1 GeV/n, and

o=k2.4 mb, a=5 (Gev/c)'?, p=-0.2 at 0.87 GeV/n.

Nucledi O,y (mb) WithXgg equal to Ogot \EP)
’xl X l+x2 9{1+;tz+x3 7514- ;\,2_,_ x3+7(h Experiment
fe-tHe L29 38L 387 386 o8 + 2.5
(420): (373) (377) (375) (390 + L4.2)
bye_120 909 788 810 802 835 +5,826+5.9
L 6 (885) (767) (192) (781) (820%13,790%0.7
He-150 1097 961 989 979
hpe-2hyg 1387 1217 1260 12LL
bpe-b0.. 1939 1720 1778 1757
12¢-12¢ 1605 1365 1453 1420 1347
5. 16 1580) (1329) (1430) (138L) (1256+31)
12¢_19q 1880 1599 1712 1669 -
12¢_2hy, 2272 1931 2086 2026
12c_k4oca 3010 2584 2786 2709
160.16¢9 2180 1855 1996 1942
120-2hMg 2607 2212 2406 2332
ého‘hoﬁ& 3ho02 2916 3165 3071
Mg-24Mg 3077 2607 2861 2765
2hyg_LOcy 3949 3385 3698 3577
40ca_40ce Lokl 4307 L662 4512

T6



TABLE VI. The slope parameter of nucleus-nucleus forward elastic scattering cross

sections. The other details are the same as in Table V.,

Nuclei Slope [(GeV/c)-zl with'x,,lnf.qual to Slope [(GeV/c)-al
7('l ?Ll+x2 7‘1+x2+13 /Xl+x2+x3+xh Experiment
bHe-ue 73.4 T1.h 71.8 71.8 70 & b
(72.0) (65.9) (70.3) (70.4) (63 + 10)

Yge-12¢  121.9 116.9 117.7 117.8 129+4,117+2.b
(120.0) (114.8) (115.7) (115.9) (1204£13,117+3)

“ge-1%0  113.5 137.3 1384 138.1

hHe-thg 173.8  165.5 167.0 167.0

bre-"%ca  235.0 223,k 225.4 225,2

120120 1931 179.8 183.0 © 182.5 204 + 11
(189.5) (176.8) (180.3) (179.8) (254 + 18)

1?c-lso 2213 206.4 210.7 " 209.8

12, 2k, 261.8 242,8 248.9 247.3

12, k0o, 340.8 315.4 32L,1 321.5

164165 553,90 235,2 240, 7 239.3

160:2hMg 296.8 27h.3 282.3 279.8

160-hOCa 381.3 351.6 363.0 359.2

QhMgoahMg 3kk.9 316.6 328.3 324,2

2hMg-hOCa 436.9 399.4 416,6 - 410.6

400,100, 540.6 492,6 517,2 509.1

26



TABLE VII. Nucleus-nucleus inelastic cross sections., The other details are the same

as in Table V.

Nuelei Uineli(mb) with)%%fqual to oinel'(mb)
Xy x+X, Kt ot ks X r R Aok, Experiment

" re-tne 305 282 283 283 276+3.7
(301) (275) (278) (277) (262%13)

“He-12¢C 583 53k 543 5k1 5k7+3,4232h .6
(576) (522) (534) (530) (542£16,516+5.3)

b re-160 698 641 652 649

b re-2lyg 863 795 810 806

bHe-"0cs 1184 1099 1118 1113

1202126 973 880 910 902 888+19
(963) (862) (899) (887) (939£17)

12,_16, 1128 1021 1058 . 1049

l?‘c-zl‘Mg 13kY 1218 1265 1253

125_kog, 1759 1603 1622 1647

160-160 1296 117k 1219 1207

160-2hMg 1529 1385 1443 1428

l60-1‘0% ) 1972 1796 1869 | 1850

2hyg 2y 178 1612 1689 1669

2hy g 10cq 2265 2054 2153 2128

400, %0c, 2807 2548 2680 2649

€6
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VI. Summary of Results

Since Coulomb-nuclear interference studies are im-
portant for obtaining Pn and &, indirectly from p-d
scattering measurements, we have examined various approxi-
mate formulas together with the exact results within the
diffraction theory. We find that the aﬁerage phase approxi-
mation Eq. (2.23) gives results almost identical to the
more accurate expressions given by Eq. (2.18), and to-
gether with Eq. (2.27) for (do/dQ)sc, provides simple
analytic formulas for the study of charged hadron-deuteron
elastic and elastic~plus-quasielastic scattering. 1In
this approximation one can easily include the effects of
the gquadrupole deformation‘of the deuteron, the momentum
transfer dependence of p, charge-exchange effects, and
spin dependent effects which are important at médium
energies, Using the experimental p~d measurements from
10 to 70 GeV, we have calculated the parameters Py and a
for the p-n forward scattering amplitude. Our theoretical
results have also'been used recently to analyze the high
energy p-d data obtained at Fermi La.b.52

For hadron-nucleus scattering, we find that the form-
ula obtained by Bethe and subsequently modified by West
and Yennie gives reasonable results for light nuclei at
very small angles. The approximate phase result of Eq.
(3.12), where the Coulomb effects are considered to orig=-

inate from the nucleus as a whole works well for all
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nuclei at small angles but gives too large a cross section
in the vicinity of the diffraction minima. However, if
the Coulomb effects are incorporated in each proton, then
the assumptions of point charges for éhe bound protons
and the incident hadron is much more accurate than the
previous approximations. Nevertheless, at the diffrac-
tion minimum this approximation can lead to errors-rang-
ing from~0.5 to~8% depending on the charge of the
_hadron and the real parts of the hadron-nucleon amplitudes.
Therefore, in any analysis of hadron-nucleus scattering
data, to obtain the real parts of the hadron-nucleon ampli-
tudes, the "exact" Eq. (3.8) should be used.
Deuteron-nucleus scattering has been treated within
the framework of the Glauber theory without any further
approximations, For simple wavefunctions, the total cross
sections and the elastic scattering intensities are ex-
pressed as finite series which converge rapidly. An
approximation, where the deuteron-nucleus scattering ampli-
tude is expressed in terms of nucleon-nucleus amplitudes,
is found to be fairly accurate for total cross sections and
for differential cross sections at small momentum trans-
fers. The Coulomb effects are found to be significant
near the diffraction minimum but the effects of the deut-
eron D-state are found to become less important as the
target nucleus becomes heavier, The theoretical predictions
agree very well with the deuteron-nucleus total cross

section data at incident energies of 0.325, 0.87 and 2.1
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GeV/n. However, at 0.325 GeV/n the theoretical calculatiors
(without spin effects) do not agree well with the a-+2c
elastic scattering data at larger angles, We also show
that a recent impressive fithlto this data is due to the
additional approximations made in that calculation,

Since high energy nucleus-nucleus cross section
datahalmyenow become available, we have also studied the
problem of nucleus-nucleus scattering. The observed
disﬁgreementhz between theory and measurements is found
to be due to the failure of the optical limit rather
than of the Glauber approximation. The optical limit
result which is considered to become accurate for colli-
sions between large nuclei, is in fact found to be the first
term of a series of phase shift functions which diverges
for large nuclei. We have derived corrections to the op-
tical potential (or the optical phase shift function) which
provide a basis for realistic calculations, The theoretical
predictions (with the corrections) agree well with the 0,87
and 2,1 GeV/n data on nucleus nucleus total and inelastic
cross sections and on the slope of nucleus-nucleus scatter-

ing amplitudes,



APPENDIX A: Exact Multiple Scattering Series for

Nucleus~nucleus Collisions

For collisions between nuclei with mass numbers Al

and A,, the Schrédinger equation can be written as
(HA:+ Ha,+ V)I'Z>=E IE> . (A.1)
The free Green's function with outgoing boundary condition
is |
Y
G] = (E"‘ HA"‘HA +1¢00)
2 J
(p.2)
which leads to
|1F>= |é>+ GV IE>
(A.3)

Here |¢)>is the solution of (A.l) without the interaction

V. We define a wave operator S2such that

nld>=172E>"

(A.Y)

The transition matrix is then given by

KRNTIRY =<k VI Ee) =<K lva]R)

or T = VIL. (A.5)
Upon substituting (A.4) in (A.3), we obtain
A = | + & \/JTL
(A.6)

When operated upon by V from left, this yields

-

I

v+ VeaT, (A.7)
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_which is

the Lippmann-Schwinger equation for the T
matrix.

Now for
V= §% VA’J’ (A.8)
we have
= 4"Z'_a' 7?«.2,) (A.9)
where
713'J: V&J '4' VZJ é;‘gi-:ﬁtf ¢D
_ VL g3
¢ VJ G E"J + Vg 65;:-},«.,‘;/“
(A.10)
Therefore, we can write
~ 7z
P
o By = (1+vy6) V4‘,+(l+v434)v GZ-; 1)
The matrix t!

i3 for scattering of the ith bound
nucleon of projectile with Jth bound nucleon of the

target satisfies the.equation

thy = Vag + Vig G iy

/ .y
o T, = (1-V,6) Vi
“4 “¢ ) ¢ (A.12)
With this Eq. (A.l11) becomes
/?ca": t;.} +t1‘;. a2 Pk{
ko £#4,d (A.13)
and finally (A.9) yields

t /
T= 2ty e S ke *

kt+ 44 (A.1lL)



The -mltiple scattering series (A.lh) represents an exact
formal solution to the nucleus-nucleus scattering prob-
lem. It reduces to the Watson series for the case of

a single incident particle. At this stage, one can

also make a weak binding approximation

/
Fag = T

' y (A.15)
vhere the free nucleon-nucleon matrix tij satisfies an
equation parallel to Eq. (A.12) with HAl and HAa(in G)
replaced by the corresponding kinetic energy operators.
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APPENDIX B: Coulomb Phase Shift Function for Extended

Charges
For collisions between point charges Zpe and Zte,
we have
t, '
9(! (E) = 2mdn(b/2R)
(B.1)

where = ZPZ e2/ﬁv. If the projectile and the target

t
are considered to have extended charge distributions

ep and ?t’ the Coulomb phase shift function becomes

-~ 3 - e -:.‘ -~y
X CE)= 2, Jor & € () €72l (12320)

(B.2)
where r2=52+z'2 and r'gs'2+z'2. For the case
2
- -3/1 ,-3 ~v*/d;
?A-_(v = Ziem ;" e ") L=h1
“ (B.3)
Eq. (B.2) becomes ,
a,.* by Il’-s-fsl
x ca)_ﬂ"z("'d/-dt) faLSdS e t,ln(
(B.h)
Letting 5-5'=% and utilizing the resu1t553 R
2”ﬂ9¢ 00- /d
fe P = 2T, (Z), fc _z;(z,ax)xdx—
o 2& J

we obtain

2, (E)= x"“u:)+

mzlf'z

(B.5)
Now w1th the result

2
f,en(uo. - Jaxlnd)old = 274 2 , a?>)
= o , a*«l
Eq. (B.5) yields (E,(z) being the exponential integral”-)

cf _.Z’QZ -+ E z
x.CE) )+ 7 ,(4 +,,t) . -

ff& dr‘+4c,£,(l+x -2* God) Xl

loz2



APPENDIX C: Average Phase Shift Functions

In this Appendix we obtain an-.approximation to Eq.
(2.11) which leads to analytic results for both elastic
and elastic plus quasi-elastic scattering by deuterium.
In terms of profile functions, Eq. (2.11) can be written

as (apart from the unlmportant phase factor)
F (&5)=¢€ 39 [ £P03) + 4 fmb)aeu""*' 820l |
E
+ L% [arbet¥ P 4% cbus)[,;s (515

+ L CEAN-REHNL ) |

Since for high-energy hédron-proton scattering n is
small (for example,for'ﬂi-p or p-p scattering n<10'2 at

medium and high energies), we can write,to 0(n),
| — exp[in E, (6]

2~ -4in E (b/r?) , Ti= cirol? ;

1l

E
75 )

(c.2)
where we have éssumed that the form factorsF_ (q) and
F (q) for the incldent hadron and the bound proton are
given by e~ /h
amplifude in Eq. (C.1l) is then given by
£G)=4£) i [T 0087 LanE, (87 olb.

° (c.3)
The integration can be performed by expanding the

Bessel function in a power series and we obtain

”"'/ < C—I)m(q.r)zmr'(én-f-m-n)

and e c 1 /h respectively. The Coulomb

pt n cer)’
f@)=+ ¢)+ 7 227 | (intm+) Fm$) -

m=o
(c.k)
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For ftt(Q) given by Eq. (2.10),-by dropping terms

of O(na),we obtain
g !
£ =41+ = C-')'”'w‘r‘/‘l-)m}
m=o Gri+D |
= -Ppt(‘v) exp (-321%/4)

pt
= £ ) FL(3)Fp(y) . (c.5)

The last three terms in Eq.(f.1l) can also be approxi-
ma.ted.s7 In these terms since the strong interaction profile
functions become negligible for impact parameters which
are larger than the sum of the deuteron size and the hadron-
nucleon interaction radius, the long range part of the
Coulomb interaction has little effecty; and over the range
of impact parameters where these terms are not negligible,
the Coulomb phase shift varies slowly. We can therefore
use Coulomb phase shift functions averaged over the appro-
priate profile functionsand the deuteron ground state,.

They are defined as '
Tep = i U B e CGILAIE) il [ BRI 12
K= <ES2BRT (b, )atzb/4->/<tlf/"(6»)ol’-b/,,>
(c.T)
Xe pn= | [HCBIR BRI ()b 14D /
<l 2 psCBRI I C Chy)ad?b | £ > , (c.8)

-ty

vhere €;=§+§/2, bn=§-§/2 and [i)refers to the ground state
of the deuteron. We will evaluate ﬁépn’ which is the most
complicated of the three, explicitly. Tor nucleon-nucleon

amplitudes given by Eq. (2.14) we obtain
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For fgt(q) given by Eq. (2.10),-by dropping terms

of 0(n®),ve obtain

£ =45 1 + Z_ en™* (g r‘/ao"’“}
£513) exp (—1 r‘/‘f) '
—fpw) Fr (3) Fp (3) .

(c.5)

The last three terms in Eq.(C.1) can also be approxi=-
mated.s7 In these terms since the strong interaction profile
functions become negligible for impact parameters which
are larger than the sum of the deuteron size and the hadron-
nucleon interaction radius, the long range part of the
Coulomb interaction has little effect; and over the range
of impact parameters where these terms are not negligibdle,
the Coulomb phase shift varies slowly. We can therefore
use Coulomb phase shift functions averaged over the appro-
priate profile functionsand the deuteron ground state,

They are defined as .
Yep = <il [HeCB (BRI I4) il s BIAB 142
Ng= <l [HeCB) G (BB 16> /<AL BB |13,
(c.7)
e pm= <41 JHCBIE CBI; n(B)db 14D/
il [RRsCBIT,ch)d?b |45 | (c.8)

- .

where ﬂ;=b+s/2, 3£=g-§/2 and [i)refers to the ground state
of the deuteron. We will evaluate Qgpn’ which 1s the most
complicated of the three, explicitly. For nucleon-nucleon

amplitudes given by Eq. (2.14) we obtain



Y= 0 (1-46) - b*/2a,
Mo CB) . t—m-n € ) + (c.9)

Yy — Oo(1-if) -b%/3a
r;DsCl:) = g___a_i__é & P, (c.10)

Now using the relation

[1eeoPaz = earife ¥ ise)ay

i (c.11)

where1$(?) is the wave function for the deuteron ground

state, we may express Q%pn as

e - b%/2 * an 92/2
ofxc‘“‘-‘-’ a'i:al-b_[‘-’ " L3 4)503)9dq
e - (&, /2
“‘P.[ scy) e t* *apd g g da

/Xc/:n =
(c.12)
For the special case in wvhich the form factor is a

sum of Gaussians, as in Eq., (2.17), Q%pn reduces to

N ©0 _él(a*_l_*n.—’)/z
Aepn = Z2,0%"%) [ € +77;

N
ap = (&, /H:)

41 (C.13)
where A;=a +28 and Hi=an+ap+2ﬁ&;

with f2%as defined in Eq. (2.10), the phase shift
function.*é(b) for Gaussian charge distributions Egs:

(B.3) and (B.6) is (see Appendix B)

X, (b)= 2m An (kb)) + 1 E, (b*/7Y)

' (C.1h)

105



106

2 2, .2 .
where r =c +d~ and n= leze /ﬁv. To evaluate xépn with

this expression forlxc(b), we note that

f”—‘(,bz' y) /02
& """ [2mdn (kL) +mE, (b /7%)] bolb
= 2o {dn[R3 (22 L) c}

where C is Euler's constant, C=0.,577T..., Using this

(c.15)

result in Eq. (C.13), we obtain

Neeppn = wa Ho b, [#* (724 24 ,._. ]/z K H' —mcC.

L2 (C 16)
In a similar fashion) we find
2
Xep = nAn [% ("z‘f’-a-p)] -nC, (c.1T)
. v ’
Nop= N2 X An [‘f?z(Tz'“—Aa)] -n(C .
s (c.18)
Using these approximations for edl"xc(b in Eq. (C.1) to-

gether with Eq, (C.5),we obtain as an approximation to Eq.

(c.lf), the result

which leads to Eq, (2.21).
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APPENDIX D: Charge Exchange Effects

In this Appendix, we show that the effects of
charge exchange in collisions of hadrons of isospin %
~with deuterons can be easily incorporated in the aver-
age phase approximation, Since we are considering elastic
scattering where no net transfer of charge occurs, we
have to allow for a pair of successive collisions with
two cancelling exchanges of charge. For elastic scat-

0
tering; therefore, Eq.(2.21)can be rewrittenSh as

F:'?w) = [£6)+ e el hs () + ﬁﬂ‘"ﬁn(;)] SG)

2 4.’)[ . o, Y,
+ & TP 5504 [ 3304, (4579
+ Fo G4V s (477 ) £ T+ £, (45|
(p.1)
where fcéa)=f (g)-f (q). Using the forms for S(aq),

ps n

fps and fn given in Sec, II, we obtain, upon integration,

the result
Le
Fy(9)=[f.ca)+e "'x°/°-F () +e TN )] Scd9)

22
ot o (%t s¥/8 & (- 2n )4 /aH,
IR S TR z_a w nl oty

hEg{Ee ol '“"d'%]]
o +P4) (an+£y) (D.2)




APPENDIX E: Approximation II for d-A Scattering

In this apﬁendix we describe the theoretical results
of an approximation first used by Faldt and Pilkuhn., The
details of derivation are given in Ref. 40, Generalizing
the results to deuteron wave function of Eq. (4,10), and
NN amplitude of Eq. (2.1h), we obtain

Fa3) = FRG)+ R (%) (E.1)

where

F (4)= ,c-kf:n(%)[l— -7 T“”]Aou,
+L‘&;o—fa;(1b)e TT ) AT(b) bolb Zv(mﬁm

(1= -1k o Ten e TS (o),
(E. 2)

with o' = o(1-ip).

For nuclear wave functions given by Egs, (k.4) and

(h,11),
4 - bY/R2
T(b) = ;F“ =
R Ll/k’-
ATC(b) = £ -'] (.3)
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APPENDIX F: Deuteron-Deuteron Cross sections

Deuteron-deuteron scattering is studied in detail
in Ref. 6, Here we can obtain it as & special case of

the results of Sec. IV, We have

(F.1)
Now assuming that all NN amplitudes are equal, Eq. (b4.1)

leads to
F ()= 8F@)S)(49)+ 24 [asdfh)fd‘w )£ 15%)
¥ £A745) + 2 faw;'sd (59 £ 455944759 |
- _3__ [ o’y S (P 4 ‘7'-‘;').[ A" 5,047 A3 FARTY

ol ) (a’l) %S (3") A ("7//
__.—(M) w7 [y Sy (3) [l £.C57)
x -F( .a-, "'I)$(Ja‘+ilL;"l)$($ II+?///)

(F.2)
where f{q)= f£(%k,q). With NN amplitudes and deuteron

form factor, given by Eqs. (2,1k), (2.17) respectively,

this reduces to

2
Fad(9) = 8»‘ Si‘(h)e 1097, 4id? dey’ [25.4nZ % 5 &

" Xidy . aded esB) )
32 £3.4% ts A 1_ atyd(a +0; 1Py
+ %3 (a.-i-p,-_-}ﬂ‘) ] [ "J e Hﬂ..a.

4 £ Lag
:;4’-: s Z x 0(3/(2#‘1-@)(23}“’) ) (m3)

where fo—ko(1+p)/hw and Qid-h(ﬁ2+a)(ﬁ5+a)-a .




APPENDIX G: Nucleus~-Nucleus Cross sections

Por the case of NN amplitudes and nuclear form

factors given by Eas. (2.14) and (5.7) respectively, the

multiple integrations in Eq. (5.6) can be performed analy<-’

tically with the results

2
¢ (b) = (7/R?) &~ AZ/RJ = v;r(/-z.e) R’z R, +2a.+?
c)_(b):- (v./z/o(’)e—ZLz/(R-H?'l)j {'-‘: R —qu ,
C3Cb)= CZ. E, e&]
2- 2

Cud) = (TR, ) exp[- 28 (1+32) | 5 A= 4-RY
Cg(b)= (T, B)) exk[——“—(!“ﬁ' )5 A= RERE
Cc(b)= Cs [1e>2]
€5 () = (TR, ) exp]- 6"(§z+m.¢ ).7

R= R*[n-pRA"], 8= R"[za— AR 4]
CgCb)= & [1 > 2]

A, ARR

Cq (b)""' Q-IQ/RZ‘('zT)ezk{A R"-{-R. Rl-‘(u( £ .;llel'I‘_’.Jj

S= 1— REB; - R (P +RIRER) (R RERI ;)

T= RUpnd -« RN (R +R‘f.<;l)

C(b) =_T/4R* ex -62-3-'—-4'_9_1._-]- U
* Vi (<2-RHPE) P { R v éﬁ‘—]} ?

o - B, R2) 2p%R"
U= B (%-A oW~ 28R
1™ REC4 488D ° R"[ ¢4, +p,R%

C,(b)= Cio [} é—-—).?.J )

- +20)]
.C,,_(b)—RV;:('S'e ﬁ[l:(m REARP '3‘_:‘)])
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Y= Rl_R‘-rR.‘ ) &= "'?‘%7‘3 )
C,g(é): CIZ I_-l 4——92]
(¢.1)

The total phase shift function XA

A is now given by Eqgs.
(5!2), (503) and (5.5).

172

For the special case A1=A22>1,
§=R§ Ya, we obtain

2, - b/R? = (1-4€)/2TR*
LK (b)— - Ay e > VF )

2/352
L%ylb) = L) (A [ € /R o B3R

-4b _bYR?
LUy () > 4 (BIAY? [167€ PRy & 1383 g - Vi
+0.67e /2R

2 2 . EbY3RY
Ay Cb) = L% (k) (AY) [3 5 g 3R :ze‘“/”' ye

3 43/R* _3b2/2RY  _7bY5R* -3‘5&17
e ¥ R o3 PR LT 276 3K

(¢.2)
The nucleus-nucleus total cross sections is now given
by

Y, .(b)
Tt = 4T T, F ()= 2Re Jatb [i- e+ %aa("]

(¢.3)
and the inelsstic cross section by
0:-”&' = - = 27"_['[’ /e" Aﬂab))z}bdb (6.1)

If the nucleus-nucleus forward scattering amplitude,is
taken to be 2
Foo(3) = F e 28%
AIAZ 1 - o J
the slope parameter is given by

au

B= Lo [-2 (aF;,,.‘/a«r)]__) b) &34b

Yo Fayn, Zf':‘(A)baLb " (6.5)
o MA,

We should point out that in obtaining Eq. (G.4);; for con-
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venience in numerical calculations, in o, Ve have
neglected the c.m. correlation-function Kla(q). This
approximation is expected to be good since nucleus-
nucleus amplitudes are sharply peaked in forward direction
and the dominant contributions to Vo come from very small

q region, where Klz(q) has little effect,
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APPENDIX H: Center of Mass Correction

For harmonic oscillator wave functions, the center

of mass correlation function is given by32

K (3) = exp (3R /4n) |
(H.1)
However, in Sectioﬁs ITII-V, use has been made of the fact
that (H.l) is ﬁhe correct form for Gaussian wave functions,
That this is so,will be demonstrated in this section.
Utilizing the expansion

A
1—77': =20 -2 L+
{ } a:-la J#kak

? (H.2)

the hadron-nucleus amplitude (3.1) (without the §-function)

can be rewritten as
Fa(9)= 4%, [MN)"% [4%.4 (3) 5,4,) 5%5-3))
- ceay ny" 2 [y Ay, £ A S0
#k

z - b s
XSA (13) 5 ("’%l.?J) ""’ A ) J . (H. 3)
Now let us consider the §-function constraint due to c.m..
. -
With A.Z a_'};

IH (T, B ST = [(L'fhﬂ'/*(*ﬂ]én':’fome L
ilN1-5 +0:%)/A
Ly I ;—3f¢3a7r[/43, a2t A

(H.b4)

in (3.1) we will obtain a series for F, similar to (H.3)

A
with S (qs -8 (qi+A) and factors of type exp (-NA R /hA )

[N=(A-1), (A-2) and so on, for first, second terms etec.],



With Gaussian form (L4.11) for H5'2, we have SA(€;+ 2%)
= S (q ) exp (=R 2a /hAa- R AL/EA) Upon performing
integration over A, we obtain a series exactly like (H.3)

qu /hA

except that thereare additional factors e in first

term, e(ql+q2) R™/4A in second term and so on. But due
to the §-functions occuring in (H.3), this leads to a
contribution of exp (qaRa/hA) from each term, Therefore,

the net effect of introducing the c¢c.m. constraint is to

multiply the amplitude by the factor K, (q) given by (H.1).

This result can be extended to nucleus-nucleus collisions,

in a straight forward manner, to yield a correction term

Kiz (9)= exp (4*R /44 + YR 144, )
(H.5)
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