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Abstract

THEORETICAL STUDIES IN MEDIUM AND HIGH ENERGY 
HADRON-NUCLEUS AND NUCLEUS-NUCLEUS COLLISIONS

by
Girish Kumar Varma 

Advisor: Professor Victor Franco

A variety of nuclear collisions ranging from hadron- 
deuteron to those involving heavy-ions are studied in a 
theoretical framework which is based upon extensions of 
the high energy diffraction theory due to Glauber, The 
approximations leading to the Glauber theory of particle- 
nucleus scattering are discussed in the first section and 
its extension to nucleus-nucleus collisions is compared 
with an exact nucleus-nucleus multiple scattering series.
In the second section an exact solution (within the Glauber 
framework) is obtained for the charged hadron-deuteron scat­
tering problem with both the incident hadron and the bound 
proton having extended charge distributions. An approxima­
tion is obtained which leads to simple analytic formulas 
for the analysis of experimental data and applications are
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made to p-d scattering measurements "below 70 GeV. The p-n 
scattering parameters extracted in this way are found to 
differ significantly from those of earlier analyses.
Coulomb effects in scattering of charged hadrons from other 
nuclei are then studied in the third section. Several fre­
quently used approximate models are also considered and 
their accuracy investigated. In the fourth section we treat 
the problem of deuteron scattering from complex nuclei. F6r 
simple wave functions, the exact Glauber amplitude is ex­
pressed as a finite series which converges rapidly. These 
exact results are compared to those obtained from several 
approximations to the Glauber amplitude which have been 
used in the past. The effects on elastic scattering inten­
sities due to the Coulomb field and the quadrupole defor­
mation of the deuteron are also investigated. Deuteron- 
nucleus total cross sections are calculated at 0.87 and 2.1 
GeV/n using harmonic oscillator wave functions for the tar­
gets, and excellent agreement is obtained with the available

*12data. The formulas are also applied to 650 MeV d- C elastic 
scattering and a comparison is made with the data. In the 
fifth section we study the general case of nucleus-nucleus 
collisions. A recently observed discrepancy between high 
energy total cross section measurements and existing theo­
retical calculations is shown to be due to the breakdown 
of the optical limit approximation rather than that of the 
Glauber theory. The optical limit amplitude which has been 
widely used for analyses of nucleus-nucleus collisions is

v



shown to be inaccurate. Systematic corrections to the 
optical phase shift function are obtained which provide 
a basis for accurate calculations with realistic wave 
functions for light and medium-A nuclei. With these 
corrections, our theoretical predictions for nucleus- 
nucleus total cross sections, inelastic cross sections 
and forward elastic scattering slope parameters show good 
agreement with recent experimental measurements at 0.87 
and 2.1 GeV/n.
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I. INTRODUCTION: Nuclear Collisions and
the Glauber Approximation

In recent years a large number of experiments, in­
volving the scattering of medium and high energy nucleons 
and pions from various nuclear targets, have been performed. 
The theoretical analyses of such experiments are expected 
to yield information about the nuclear structure as well 
as about the incident particle-nucleon interactions. Theo- • 
retical studies in the field have generally involved the
Glauber theory1, some approximate versions of the Watson

2 3 H 5series * and some optical potential calculations * . Al­
so of current interest are high energy collisions between 
heavy ions. In addition to being relevant to speculations 
regarding super-heavy nuclei, and to providing a new tool 
for probing nuclear structure, these collisions are useful 
for testing general concepts such as factorization and 
limiting fragmentation. The past theoretical analyses have 
again employed the Glauber approximation or some variants 
of it^”10, and there have been some folding model11 calcu­
lations at lower energies.

The present theoretical work is baBed upon extensions 
and generalizations of the Glauber approximation. An attempt 
is made to understand both the hadron-nucleus and nucleus- 
nucleus scattering processes in terms of the basic hadron- 
nucleon (or nucleon-nucleon) scattering amplitudes. Theo­
retical results are obtained for the various nuclear colli-



ll+

sions to the same degree of accuracy and applied to the 
available data with the view that a good agreement between 
theory and measurements, for nucleon-nucleus and nucleus- 
nucleus collisions simultaneously, would give increased 
confidence in the theory and in its inherent approximations. 
Alternatively, it could provide an excellent check of the 
input nuclear density and nucleon-nucleon scattering para­
meters which are obtained by independent means. It also 
provides a practical way of extracting scattering para­
meters involving elementary particles which are scarce or 
short-lived.,

The approximations leading to the Glauber theory are 
discussed in the remainder of this section. In SectionTII, 
we study the case of charged hadron-deuteron scattering 
with emphasis on extraction of hadron-neutron amplitudes.
The theoretical results are then extended to include tar­
gets other than deuterium in Section III. The scattering 
of deuterons from complex nuclei is treated in Sec. IV.
In Sec. V, we study the general case of nucleus-nucleus 
collisions. Finally a brief summary of our results is 
given in Sec. VI.

Let us first consider the scattering of a single par­
ticle (with himiltonian h) from a.nucleus with mass number 
A (and hamiltonian H^). The corresponding eigenstates are 
given by

I ‘tg.y =  (-ftf/im) } (i.D
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H a  / ' ? „ > =  £ * . ! % >  <i-2>
where m is the reduced mass. The schrodinger equation for 
the scattering is then

( H A +  <  +  V ) l ‘2 > =  (1.3)
where, assuming two body interactions between projectile
and the target consituents, we have

V  =  f l y  ^  ( y~ ~ Y<.) ■ U A )

The free particle Greens function (with outgoing 
boundary condition) is

The total wave function is then given by

i ' 2 + > =  . (1.6)
Now using a complete set of states jL = 
we obtain

l ^ r> =  , (l-7)
where ^  =  j =

«*«•> =  ^ ' ' * > £ 5 5 ;
In coordinate space this becomes

&  ( 4 n i  T J y*A —  -  2J23. *=-----------.
| -r-r'i ‘ (1.9)

In Eq. (1.7) one has to sum over all the intermediate states
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\% >. Considerable simplification can be achieved by-
noting that, at high energies, the energy transferred to
the target, in the intermediate states of the scattering
process, is quite small compared to the incident energy 

2 2 2i.e., £ <<k or k ~  k . With this approximation, we* "no n
have G (kn)SG (k) and one can use the closure property
5L K,l= 1 in Eq. (1.7). The solution of (1.7) nown '
takes the form

l ^ + > =  | 3 * >  , ( 1 -10)
where the projectile wave: functionj J^satisfies

i $ i >  • d.ii)
The elastic scattering amplitude is related to the matrix 

element <?'\T | k> . Tf.j I Vl€g>, which with

Eq. (1.10), becomes

1 % , %  =  < - t J  T f a  I 'f. >  , (l#ie)

where the operator T now corresponds to scattering from A 
fixed nucleons, and is given by

"T£/£ =  < ’$ £ '  I V  I j§#+  >  . (1.13)
The Green's function G+(k) how can be written in form (1.8)

2 2 with kn replaced by k . At high energies, the scattering
is concentrated in the forward direction and so one may ex­
pand the momentum space dependence of G+ about k. Letting
k' = k +£L , we obtain

Q +m =-  c*"/*1)p «  i ■»!< V +  s I
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?=.£, + (~k)+6* (~k)+ . t (1.1U)
v / —Under the conditions kR »1 and — -x  <<1 (R and V

(*fi k /2m )
being the typical range and strength of the interaction), 
it can be shown"*- that replacing G+ by G* is a good approxi­
mation. This approximation also indicates that the re­
sulting wave function, obtained via Eq. (l.ll), will not 
in general have a correct estimate of Fourier amplitudes 
corresponding to large momentum transfers and is there­
for best suited for small angle scattering.

In order to obtain an explicit solution, one can
*4*go over now to the coordinate respresentation where G 

becomes12-^

where ? = tT + z z. With this, Eq. (l.ll) yields’*"*'1'̂

£ > )  =  i f - - a  (l>l6)

The scattering amplitude operator, by means of Eq. (1.13), 
is given by

f* O f r ■■;%)=■- <**>/*■■* **) )

—* "7* -r* / ij*  • y\where we have defined — ft-R t t

-do
The result can be generalized immediately to the case of



With Vnucleus-nucleus scattering
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A i  a p—.1  V . "  C  /  - *  —*  , H»|

we obtainobtain

(1.19)
Inverting Eq. (1.17) for the case of nucleon-nucleon (NN) 
scattering (A=l), we have

Eq. (1.21), when subsituted in (1.19) provides the Glauber 
multiple scattering series which terminates after ^A,, 
terms. Furthermore, the terms in the series are on-shell 
as they can be expressed in terms of measured NN amplitudes 
by means of Eq. (1.20). This is to be compared with the 
exact multipie scattering series (described in Appendix A) 
which is an infinite series and also has contributions com­
ing from NN t matrices off the energy shell. Now, since
the Glauber series is the solution of the exact series when

+ +G is replaced by Gq , it follows that the off shell con­
tributions and the contributions from the terms of order
higher than A^Ag must cancel exactly (in the high energy 

*1* **" *$* \limit G This cancellation which was shown explicitly,

(1.20)
We n.n dlsn revrltp

Ujf)-£[■&>£) (1.21)
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for the special case of particle-deuteron scattering,
12by Harrington is, in part, responsible for the remarkable 

accuracy of the Glauber theory. It also emphasizes the 
caution required in obtaining corrections to the theory.
In particular, the Glauber theory is not a truncated 
version of the Watson series but is an alternative series 
(generated by the approximate propagator Gq) where a large 
number of terms cancel resulting in a series which is both 
on-shell and finite.
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II. Small Angle Scattering of Hadrons by Deuterium
II (a). Introduction

When charged hadrons collide with nuclei, the scat­
tering cross sections are influenced by both the strong 
and the Coulomb interactions. At very small momentum 
transfers, the contributions of the Coulomb interactions 
and of the strong interactions are comparable, and hence 
the elastic scattering intensities are quite sensitive 
to the interference between them. Information regarding 
strong interactions, such as the real parts of the strong 
interactions amplitudes, can be extracted from the analysis 
of the interference region. Since direct hadron-neutron 
scattering experiments, for the most part, are not feas­
ible because of the unavailability of neutron targets or 
the scarcity or shoft lives of most elementary particles, 
small angle hadron-deuteron scattering is of particular 
interest. Hadron-deuteron scattering experiments can be 
used, together with hadron-proton measurements, to extract
information about the hadron-neutron amplitudes by means

l6 ITof the Glauber approximation. In earlier analyses, * 
a number of additional approximations and simplifications 
were made. In this section we obtain an exact solution for 
charged hadron-deuteron scattering in the Glauber approxi­
mation, with both the incident hadron and the bound proton 
having extended charge distributions. Some approximate 
and simpler formulas are also considered and their accur-
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acy discussed. We then apply the results to p-d measure- 
1 Aments between 10-70 GeV to extract p-n scattering para­

meters .

(b). Basic Formulas 
From Sec. I, the hadron-deuteron scattering ampli­

tude operator can be written as

F. ( f , T )  =  k k  U a<jLV T * 3.7T J (2.1)

where -ilk is the incident momentum, iiq is the momentum
■1 ̂  mtransfer, b is the impact parameter and s is the projection 

of the internal deuteron coordinate on a plane perpen­
dicular to 1c. The profile function for the deuteron is
given by

=  I -  ex-fa (2<2)

where and ^are the phase shift functions for the scatter­
ing of the incident hadron by the neutron and proton, re-

19spectively. At high energies, we further assume that

I

(2.3)
where is the phase shift function for the Coulomb scat*
tering from the proton and'/l^is that for scattering by the
strong interaction alone. If we separate out of the Coulomb

/yMphase shift function JL̂ due to a point charge, we can write

(2.U)
where a* denotes the correction to the Coulomb phase shift
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function due to extended charge effects. (in Appendix B 
^  Ewe calculateXc explicitly for a specific charge distribu­

tion of the incident particle and the target proton.)
Let us write the hadron-nucleon pfofile function as

rt c V )  =  i -  ^ j  = (2-5)

and also write

Q*' ( b ) =  / —  % c ( &)J  ̂ i =jot jE .

There are many ways of separating point charge and 
charge distribution effects. For example, one way that 
exhibits various multiple scattering effects explicitly 
is given by

where the argument of is b-(l/2)sT and the argument of 
all other P's is "iT + (l/2)s*.

The terms involving a single P*can be viewed as re-’ 
presenting single scattering by the interactions denoted 
by the subscripts or superscripts, while a product of P*'s 
corresponds to multiple scattering. The effects of charge 
distribution are embedded in the second, eighth, ninth, 
tenth and twelfth through fifteenth terms. The second 
term represents single scattering by the extended charge 
corrections to the Coulomb field. The eighth, ninth and
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tenth are double scattering terms. For example, the 
tenth term represents double scattering by the extend­
ed charge corrections to the Coulomb field and by the 
neutron. The twelfth, thirteenth and fourteenth terms 
have similar triple scattering interpretations; the 
last term can be thought of as quadruple scattering by 
a point Coulomb field, the extended charge effects of 
the Coulomb field, the proton strong interaction and 
neutron. In the absence of an extended charge distribu- 
tion, £  vanishes and Eq. (2.7) reduces to the results 
of Ref. 19.

Another way of writing Eq.(2,7) which is more con-
20venient for numerical evaluation is

+  Z ' C f r i ? ) *  r „ ( r - ± r j

- q.s c V H * > n , c r - i * ) 3 .  (2-8)
For a screening radius R and q»l/R, we have1 

=  2 n i n  C b / S R )  j b* R

-=.0 j b > R  (2.9)

where n=e /■Ev and v is the relative velocity between the
projectile and the bound proton in the target.

For R of atomic dimensions, this is valid for
'ft2q2>>10~1 _̂( GeV/c )2. Using Eqs. (2.6) and (2.9) we obtain 
JLfk Cm  cLzb sr - * >1 ft 1 e - a * C \ *)- a *2 PC t+
27T C g2.LnJ.ti I * * * ) ( y )

where we have defined the Coulomb amplitude for a point
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charge as ^
» . * *  s a  - * * C < » / « * >
■f M =  - m g e  £ 1-1 (2.10)

with f(z) being the gamma function.
Hadron-nucleon profile functions are related to

hadron-nucleon scattering amplitudes by
=■ (*7r4.-kYl Jclxy  £ ( ? )  j •

Using this relation together with Eq. (2.1) we obtain
FeiC$>* ) =  c  iinhncxkR>£- i -£ /% )+ if7.C‘)a llEci)(M’UMUb

+frfJV* i  m
+  4nC^')e^'S]  +s- i ^  J c i y ^ S U 1b 
x (■kbfL,’ei3"sei'xf<s>-fl>s(?')-f„Cf" ) } . (2.11)

We will omit the phase exp b2in>£n(2kR) ] from now
on as it does not contribute to physically measured quan­
tities.

We point out that the scattering amplitude for hadron- 
proton scattering f (q.) can be obtained as a special case

S r

by setting s and f equal to zero in Eq. (2.11).
The differential cross section for elastic scattering 

by deuterium is given by

(cL<rMA)4,l = lF€tt V l 2' ) ( 2 . 1 2 )

where the elastic scattering amplitude is the expectation 
value of Fd(cf,s) in the deuteron ground state and is given

by ««

ckb)iLn*‘Qecb-) uh 

+ 4 , c* V *  w* 1- V  ̂ £(% s  (?>]
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+  j f c *  £ ^ 5 " - ^  • r ( * t ) 2 t V  (f')SCir?)
+  f u t y e t t y c i ' i e * h(-(li>)iL* e ± ‘xf(.i>')

X -Ftstf'Wnt?*) SC-if-l") (2-13)
Here Sfqf) is the form factor of the ground state of the 
deuteron.

If we parametrize the hadron-nucleon scattering ampli­
tudes by

V * ) =  c*  ! * * • * •  (2-lM

Wlth C3 =  ikcj U + ^ i )/M7T

where 0̂ , are incident hadron-nucleon total cross sections
and ft are ratios of real to imaginary parts of the forward 

Q
hadron-nucleon elastic scattering amplitudes, and if we 
also define

Tffc) = C-kb)%L* b  ( b ) ]  > (g i5)

then Eq. (2.11) simplifies to

•+£Va/>)f i lC ‘i h ) T C t ) e ‘, l / l a l‘cLb

- h C C n O f - ^ l b )  T C b )  e  ‘‘1’/a a ”aL b

+j £ r ^ r  e sVa" fi.<$-gjh)ra)«e 7 & ? k]( 2. l6 j
Ja 9 J

where •-*. „ j . , JSl
sjA h)

In this and future equations we supress the subscript
s in CpS and apS« For hadron-nucleon amplitudes given by 
Eq. (2.lh) and a deuteron form factor given by a sum of 
Gaussians
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.  ( a . x r )

the expression for the elastic scattering amplitude can
be reduced to one dimensional integrals and is given by
fk 6*) =  y f c ^  +  * f t  w  c-kk)^'rc ect )cLh> »,

+ CCp/a./.) ft, c ^ T C k i & ' ^ ^ c L h } ^  *3e 

k e * & d k  (2.18)
K. ‘1 /b  a >

where G, = a + f&,, A. = G.+ /3 and H, = A.+a .J n j j j j  j j
For the special case of point charges, ^c-vanishes 

and Eq. (2.18) can be evaluated analytically to yield
f k . W -  [ - f A *  5 + C2*h)X» r i  I +kn)Cf, (-l„- lA^fji

n < U ;

x £e"^a”i|’iF, +  ̂ h3
M a ( )

which is a simple generalization of the results of Ref. 19 
to the case of the deuteron form factor given by Eq. (2.17).

We can obtain an explicit expression for ^,(b) by con­
sidering the incident hadron and the bound proton to have
Gaussian charge distributions. If the respective charge

2 2 2 2 form factors are given by exp(-d q A )  and exp(-c q A ) ,

l i n  r 1
£ iL~eLx4UL]  >

we obtain
EfL\ =  m  /=\ I (2.20)

where E^(x)=-Ei(-x) is the expondential integral. This 
result is derived in Appendix B.

Since Eq. (2.18) requires numerical integration for 
its evaluation, it will be convenient to also consider
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an average phase approximation which leads to analytic 
results. For this approximation, which will be described 
in Appendix C, the scattering amplitude operator for
ftp d>>nn-flBii+.pi*nn on! H  q< nnn . Is  rH von Viv

phase shift functions. Analytic expressions for them are 
derived in Appendix C for the case of Gaussian charge dis­
tributions for the incident hadron and the bound proton. 
The Coulomb amplitude may also be written in an analytic

are the electromagnetic form factors of the proton and the 
incident hadron. The result that the Coulomb amplitude is 
proportional to the form factors of the colliding particles 
can be easily derived in the Born approximation. In 
Appendix C we show that this result can be derived from the 
more accurate Coulomb amplitude, given by the first two 
terms in Eq. (2.11), by dropping terms of 0(n ).

Por deuteron form factors given by Eq. (2.17) and 
hadron-nucleon amplitudes given by Eq. (2.1b), the ground
g+.n+.o oTTifip+.flt.l nn .m l no n f  T? .eiliiK oo +.0 .

where 'Y, , %  t are average values of the Coulombwcp cn* ' cpn c

form as

where f^(q) is
(2.22) 

and (q.)
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Belov 2 GeV, charge exchange effects are important and 
it is straightforward to extend this formula to include 
them. The final expression is given in Appendix D.

Measurements of the sum of p-d elastic and quasi­
elastic (i.e. deuteron breakup) scattering have also been 
used"^ to obtain values for The angular distribution
for such processes is given by

At high energies we-can neglect the energy differences 
between the final state of the deuteron, and the complete­
ness relation

This expression can be evaluated using F^(q,s) given 
by Eq. (2.11) but the result is a tediously long expression 
involving double integrals and an infinite sum. We shall 
write down the result in the average phase approximation

(2.25)
can be utilized to yield

( c L T / c L n . ) s c  - (2.26)

where once can obtain an analytic result. Using F^v(q,s) 
in Eq. (2.26) we obtain
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) s c ~  <*> 1

+  2 Re [ J c C^)-+ ^ ^ ■ f - f . s ^ } j  [ e lXcV»  < V
3m

x z . ^  e - W  +  * cb c* e ‘^ > »  

y e 4»V*h* j  + i  /?e ■[[e.L'Xch-fn^)]*^^-

**!+ ' * » * ]
4 H} J

. | cn CpI1 - J<i____

(2.27)
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II. (c). Comparison of Theoretical Expressions

In this section we compare the various approximations 
discussed in the text with the more exact results. Through­
out our analysis, the proton charge form factor is assumed

-c^q^Ato have the form e * . The value of c is taken to be
0.66fm which .corresponds to a r.m.s. radius of 0.8lfm.
This value fits the experimentally observed form factor in 
the region 0.001-C-t <0.05 (GeV/c) which is the momentum 
transfer region in which we perform our analysis of the pd 
data.

The form factor used for the deuteron is a sum of 
Gaussians fit to form factors obtained from "realistic” 
deuteron wave functions and will be described in detail in 
Sec. 11(d). In Fig. 2.1 we show the percent error in the 
pd differential cross sections near the interference region, 
for the point charge solution given by Eq. (2.19) and for 
the formula used in Ref. A  in an analysis of p-d data.
The "exact" values of the cross sections are obtained from 
Eq. (2.18). The error in the average phase approximation 
of Eq. (2.23) is exceedingly small in this region and hence 
is not shown. The maximum error in the formula of Ref, lU 
in the interference region is^-A.6#, For -t^O.l (GeV/c) 
the error in the point charge approximation is < 0.5$, white 
the error in Eq. (2.23) is even smaller (£0.1$). However, 
near the minimum in the differential cross sections (-t^O.33 
(GeV/c) \ the error in Eq. (2.23) is as large a s ^ 22# while
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the error in Eq. (2.19) is only»^2^. For even larger 
angles, the error in the Coulomb amplitude due to the 
point charge approximation increases, but Coulomb con­
tributions themselves become unimportant compared to 
nuclear contributions. The errors in Eq. (2.19) and 
(2.23) depend negligibly upon the energy while the error 
in the formula of Ref. ll* increases slightly with energy.

The reason for the increase in the error of the point 
charge solution with the momentum transfer is that the 
large angle scattering results from small impact para­
meter collisions where the point charge assumption starts 
to break down. On the other hand, the error in the form­
ula of Ref. lU is in some measure due to the assumption
that X  .and X. „ are all equal to 0.06 (at 70.2cp cn cpn
GeV/c, for example, their values are respectively 0.086, 
0.098, O.O85), but is mostly due to the Coulomb amplitude 
in which Bethe’s phase has been used incorrectly. We
point out that Bethe’s phase is the relative phase between 
the Coulomb amplitude (without its phase) and the strong 
interaction amplitude for the hadron-nucleus collisions, 
and it should not be present in the formula of Ref. lH which 
has been obtained from a multiple scattering series where 
the strong interaction terms are already modified by a phase 
factor arising from the Coulomb interaction. The correct 
Coulomb amplitude that should be used is given by Eq. (2.22)#„
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II (d). Analysis of p-d Scattering Data

We first describe the deuteron form factor which will 
be used in our analyses. We note that the extended charge 
expressions derived in Sec. II (b) are relatively easy to 
evaluate for deuteron form factors given by a Gaussian or 
sums of Gaussians. In order to both preserve this ease 
in numerical evaluations and have an accurate form factor, 
we have fitted sums of Gaussians to form factors given by 
"realistic” deuteron wave functions. The first wave func­
tion we choose is that obtained from the hard core potential 

21of Reid which is fitted accurately to the nucleon-nucleon
(NN) phase shifts up to 350 MeV. Our secondchoice is the

21wave function obtained by Humberston by slightly modify-
21ing the Hamada-Johnston potential to give the observed

binding energy of the deuteron. Since both these wavefunc-
tions are obtained from hard core potentials, we also con-

21sider a wave function due to Bressel and Kerman which is 
obtained from finite soft core potentials that reproduce the 
NN phase shifts very well. All these wave functions have 
a small admixture of D state. We obtained the form factors 
from these wave functionsby numerical integration and we 
fitted sums of Gaussians to them. A sum of Gaussians which 
is consistent with each of the three form factors is given
ty

with q in GeV/c.



2In the interference region -t^O.Ol (GeV/c) , the 
form factor S(q/2) given by Eq. (2.28) agrees with those 
given by realistic wave functions to better than 0.2%
For larger momentum transfers 0.01*£-t*~0.2l(GeV/c) it 
agrees to within 2.U$; but in this region the values of 
S(q/2) given by the Reid and by the Bressel-Kerman wave 
functions themselves differ by ,^3$. The region where the 
form factor given by Eq. (2.28) differs significantly from 
that given by the above wave functions is at large momentum 
transfers. However since the deuteron form factor is sharp­
ly peaked in the forward direction, the contribution from 
this region to the scattering amplitudes is negligible.

We can now utilize the!proton-deuteron elastic scat­
tering data obtained at Serpukhov in the energy range 10 to 
70 GeV to extract proton-neutron scattering parameters such 
a s P , the ratio of real to imaginary part of the forward'I*
proton-neutron elastic scattering amplitude, and an, the 
slope parameter. We do our calculations in two steps. For 
the purpose of calculatingJ^we restrict the analysis to 
small momentum transfers -t ̂ O.Oll( GeV/c ) since beyond this 
the interference effects are negligible and also because we 
assume a constant phase for the hadron-nucleon strong inter­
action amplitudes (i.e., the same value as at q=0), an 
approximation which becomes less accurate away from the for­
ward direction. In this -t region, ^n is insensitive to
moderate variations in a , Therefore, we first calculaten 9

"by assuming that a =a . Then using this value of Q wen* n p *i\



2can use the larger momentum transfer region - t ^ 0.05(GeV/c) 
to calculate an. Using this value for an, we can then re­
calculate P. and perform this iteration until-? and a do not ■'/I * n
change in value.

In our calculations the value of a are taken fromP
Ref 22, 9K from Ref. 23 and values of <j“ and (T" are from * n p
Ref. 2k. At any particular energy we have interpolated be­
tween the experimentally measured values if necessary and 
the actual values used in our calculations are given in 
Table I. For the calculation of 9n» ‘tlie angular distribu­
tion obtained from Eq. (2.18) was fitted to the proton- 
deuteron data by minimizing the chi-square with 9n teing the 
only free parameter. The values of chi-square per data point 
in these fits vary from 0.6 to 2.5 and the typical error
bars for \ are^i 0.07 which also include the effects of * n
varying the various experimental parameters that we used 
within their statistical errors. It also includes an uncer­
tainty of^+ 0.01 obtained by varying our Gaussian form 
factor of Eq. (2.28) to fit more closely the form factors 
given by the Reid hard core and Bressel-Kerman wave func­
tions. The systematic errors in 9n can as la**ge as ±0.13,
the main source being the proton-deuteron elastic scattering
, . Ik data .

In Table II, we list the values of 9 obtained from * 'n
various formulae by assuming a =a . The second column givesn p °
the results obtained from the extended charge expression Eq. 
(2.18) and also from Eq. (2.23). These two formulae yield
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TABLE I

Input nucleon-nucleon parameters used for
calculating Y and a .an n

Momentum a cr~P  ̂P n(GeV/c )_______ (GeV/c“2 ) (mb ) (mb )

11.2 9.20 39.68 0CO•0 -0.326

15.9 10.30 39.25 39.5U -0.281

20.5 10.37 39.02 39.03 -0 .21*9
26.5 10.50 38.72 38.80 -0.216
3U.8 10.62 38.50 38.60 -0.185
1*8.9 10.85 38.1*6 38.1*5 -0.l60
57.2 11.10 38.1*3 38.1*0 -0.136
60.8 11.07 38.1+1* 38.51 -0.119
61*.8 11.37 38.1*1* 38.51 -0.105
TO.2 11.1*8 38.1*1* 38.51 -0.090



TABLE II. Results for Q and a from the analyses of pd data.•»n n
The second and fourth columns give the values of obtained by chisquare fits to

the p-d elastic scattering data using either Eq. (2.18) (extended charge) or Eq. (2.23)
(average phase) and point charge Eq. (2.19) with assumption a =a . The fifth columnn p
gives the results of Ref. 17 and the sixth column gives the result when the formula of 
Ref. 17 is used with the form factor given by Eq. (2.28). In the seventh column, we list 
the values of a& obtained by using the values of ^ from the second column as imput. The 
results at 19.3 GeV/c are from the analysis of p-d elastic plus quasi-elastic scattering 
data and are given in the third and eighth columns.

p
(GeV/c) Eqs.(2.18) 

and (2.23)
?n

Eq. (2.27)
?n

Eq. (2.19)
?n

Ref. 17
Sn

Ref. 17 with 
Eq. (2.28)

-2(GeV/c)
Eqs. (2.18) 
and (2.23)

&n -2 (GeV/c)
Eq.(2,27)

11.2 -0.29 -0.28 -0.21 -0.26 7.3
15.9 -0.50 -0. 1*9 -0.38 -0.1*6 7.0
19.3 -0.32 10.25
20.5 -0.1*8 -0.1*7 -0.35 -0.1*1* 6.5
26.5 -0.1*5 -0 .UU -0.35 -o.Uo 7.2
3U.8 -0.38 -0.37 -0.25 - o . 31* 8.3
1*8.9 -0.33 -0.32 -0.il* -0.28 8.3
57.2 -0.36 -0.35 -0.20 -0.31 8.7
60.8 +0.06 +0.06 +0.11* 11.76U.8 -0.05 -o.oi* +0.13 -0.03 9.3
70.2 -0.2U -0.23 -o.oi* -0.18 >8.1*

to —;
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the same results to two significant figures. The fifth
lHcolumn gives the results of Beznogikh et̂  al_. who used a

formula similar to Eq. (2.23) in their analyses with the
25deuteron form factor given by

t 0 4 ft) . (2.29)

There is a significant difference between the two
values of §*n which is not only due to the different formula
but also due to the difference in the form factors used.
The deuteron form factor given by Eq. (2.29) is a fit to
the numerical values of S (q/2) obtained by fitting the
formula of Ref. lU to the proton-deuteron cross section data
for 0.002< -t^0.IT (GeV/c)^ from 10 to 26 GeV with the
assumptions that Q = \ and a =a . This form factor forJ n Jp n p
Small momentum transfers is not consistent with the form
factors obtained from the three ’'realistic" deuteron wave
functions that we considered. In order to isolate the
effects of the form factor, we have repeated the analyses
of Ref. ll+ with the deuteron form factor given by Eq. (2.28).
The results are given in the sixth column and we find that
the use of a more accurate form factor leads to a difference
in of/^0.1 on the average. We should also point out
that even though data exist at 60.8 GeV/c, they were not
used in Ref. lH for calculating 9 and a . The fourth*n n
column in Table II shows the results for 9 obtained from*n
Eq. (2.19) (point charge). If charge exchange effects are 
included (using the formula given in Appendix D), we find
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that 9n changes by*, 0.01 at these energies.
We can now use the value of 9 obtained from Eq. (2.18)■'n

to calculate aR by analyzing the data for 0.002*-t £ 0 .05
(GeV/c)2. Again Eqs. (2.18) and (2.23) give identical
results and the values of a are listed in the last columnsn
of Table II. One can now perform an iteration to recalcu­
late 9 and then a but the values change very little be- J n n
cause 9n is relatively insensitive to variations in aR. In 
our chisquare fit for aR, the chisquare minimum varies from 
1.0 to 2.3 per data point and typical results of our chi­
square fit to the data are shown in Fig. 2.2. The error
bars in a in Table II are <v ±1.5 and include the error due n
to the uncertainty in ^  . The smaller value of aR compared

2 6to a are surprising since direct measurements of a (from p * ° n
n-p scattering) and of a^ at larger momentum transfers seem
to agree with each other. However, the value of an is quite
sensitive to the input value of â  in our analyses. If the
values of a are lowered, the values of a increase by rough- p n
ly the same amount. The input values of ap that we have 
used are from Ref. 22 and are slightly higher than the recent 
Fermilab measurements in the overlapping energy region.

Since all the above results are based on the experi­
ments of the same group, we have also used the elastic plus 
quasi-elastic scattering data at 19.3 GeV/c of Bellettini 
et. ajL. ̂  to extract J* . Using Eq. (2.27) with input para­
meters again from Refs. 22-2U (with values given in Fig.
2,3) we find 9 =-0.32 and a a . The fit to the datan n —  p
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is shown in Fig. 2.3. If we use the same input parameters
~ 2as used in Ref. 13 ( - 0“ =38.9mb,a =a =10(GeV/c) ,n p n p

9 =-0.33) we find ? =-0.25. In Fig. 2.U we show for 'p 1 n
comparison our calculated results for together with
dispersion relation calculations by Barashenkov and

27 28Toneev and also by Carter and Bugg.
We should point out that our theoretical results

for p-d scattering do not include the effect of inelastic
29 / #intermediate states (for example, an N can be created

coherently in the nucleus and then decay back into a pro­
ton) on the elastic scattering. The Glauber approxima-

30tion can be extended to include these effects. But 
quantitatively reliable calculations tif these effects are 
lacking because they depend critically upon the phases of 
the production amplitudes which are not well known. On 
the other hand, rough estimates of the effect that are not 
included in the Glauber approximation can be obtained from 
the p-p, p-d and n-p total cross section measurements. Let 
us define the experimental cross section defect in deuterium

ty
=  irn £  ■+ * bb ~

and the inelastic cross section defect by

&  ^  -  &  Vfrt
where is calculated from the double scattering term of
the elastic scattering amplitude in the Glauber approxima­
tion. By using experimental data wherever they exist at
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roughly the same energy,^U,31 we find that ^ o. 1+0. 9mb
from 15 to 35 GeV. (For example, near 3^ GeV, £ = 3 . 1 6  mh
arid using the deuteron wave function given by the Reid hard
core potential we find that =3.05mb.) Since the
effect of these inelastic processes on the invariant
differential cross section(da/dt) , in the forward direc-pd
tion is roughly proportional to S G2nej£ , these effects are 
quite small compared to the statistical errrors in the p-d 
data and hence should have very little effect on our 
results. However, for much higher energies the intermed­
iate production processes may have significant effect.
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III. Scattering of Charged Hadrons from Nuclei other
than Deuterium 

III (a). Introduction 
The study of Coulomb effects is of considerable im­

portance for the accurate description of collisions of 
charged hadrons from various nuclei and for the investi­
gation of hadron-nucleon interactions by means of such 
collisions. The minima which occur in hadron-nucleus 
elastic scattering intensities are quite sensitive to 
Pn and hence the experimental measurements in that region
can be used to determine p . However, the Coulomb effectsMn *
play a significant role near the minima, and hence they 
must be treated accurately. In this section, we extend 
the formalism of Sec. II to derive hadron-nucleus scatter­
ing amplitudes, including the effects of the Coulomb in­
teraction where the charged hadron and the bound proton are 
treated as extended charges. We shall also examine some 
approximate models where the Coulomb interaction is assumed 
to originate from the .nucleus as a whole rather than from 
each individual proton.

Ill (b). Basic Formulas 
The;.amplitude for elastic scattering between hadrons 

and nuclei with mass number A is given by

x{>-T [i-WHO
(3.1)



where'V' is the ground state wave function of the nucleus 
A

and the other symbols are defined in preceding sections. 
The 6-function in (3.1) represents the centre of mass 
constraint. Since we will only he comparing theoretical 
expressions to exhibit the charge distribution effects 
(and since accurate wave functions are needed only to 
reproduce the details of the structure in the differential 
cross section at large momentum transfers), we will assume 
that the nucleus can be described by a simpLe independent 
particle model where each nucleon is represented by a 
Gaussian, i.e.

( 3 2 )
q a ’

where #̂ is related to the r.m.s. radius of the nucleus.
Now, using the result of Appendix H to eliminate the 

^-function, we obtain

F ^ ) =  KCf)

I<*>>'7T<4„|[)-rn(ff-s* )] I 4 n > }
(3.3)

where Z is the atomic number of the target nucleus and K(q) 
2 2= exp (q /HA«( ). Again by writing



1*7

we obtain

< % I ['- I % > = W * * V  A [ro+in)

x  ,E ('ih+'j1 j °<1^) - J e  x* in c  W - 0 i .1 I O

-  (i-i?f>) r % c  ( rD (icdifz)
47r a p  £

x  j

<4,i [.-c,<i-s.i] I • * . > » ! - Av"w '
=•  Ah Cb) . <3- 6 >

Eq. (3.3), as it stands, converges very slowly because 
of the large impact parameter scattering by the Coulomb 
field and hence is not well suited for numerical evaluation. 
It can be made to converge rapidly by subtracting out the 
Coulomb amplitude due to a point nucleus of charge Ze. The 
Coulomb phase shift function, ̂ £^(b) , due to the point 
nucleus is given by1

=  . ( 3 - T ,

By adding and subtracting £ in the integrand of 
Eq. (3.3) we obtain

2t,nZt*C2kfi) C fat. .
F C0̂ ) —  £  l<(f) £  j  ^

(Hkf1**] T, tyk) kcLkl
O J

(3.8)
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where f’̂ (q) is given by Eq. (2.10) with n replaced by
Zn. Now the phase factor can be dropped as it does not 
contribute to the cross section.

If we consider the special case where the inci-

Another way to include the Coulomb effects is by 
means of an approximation where one considers the Coulomb 
phase to originate from the nucleus as a whole rather 
than from each individual proton in the target. In 
that case the total phase shift function for the nucleus 
can be written as

where OC (*>) is the strong interaction phase shift function s

phase shift due to the extended charge of the nucleus. One 
way to write the profile function for the nucleus is then

dent hadron and the bound proton are point charges, A^(b) 
can be evaluated analytically and is given by

(3.9)
This case has been considered in detail by Lesniak 

33and Lesniak for light nuclei.

(3.10)

for the nucleus and / (b) is the correction to the Coulombruc z

(3.11)
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where
rscV) =  < % l { i -

This can he rearranged for convenience in numerical 
evaluation and the elastic scattering amplitude is given

K h ) U ci^)-t

x[ i -  a ^ ^ l - G c v f l r ^ h U b ]
(3.12)

where we have again dropped an unimportant overall phase 
factor.

Another formula which has been frequently used is 
56that due to Bethfe who showed that, under certain assump­

tions, the elastic scattering intensity for charged 
hadron-nucleus collisions may be written as

A r / e L f L  =. I 63,) H- 1
(3.13)

where f (q) is the strong interaction amplitude and f (q)
S 6

is the Coulomb amplitude of the nucleus (apart from its 
phase). The amplitude f0(q) includes the electromagnetic 
form factor of the nucleus. The relative phase was given

^  - X  /&». ( A. /!• 0 6  ) j

where a is related to the strong interaction radius of the
56nucleus. Using relativistic methods, West and Yennie
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obtained for the relative phase

4> -1 Ik Lot%) — C
T K (3.U 0

with
-̂r

of -  ±  (z.1-+Rl3-+Ri)  ̂ £ = o . s n .  . . ^

and where the charge form factors of the incident and
2 2 2 2 

target particles are given by e”^!^ ^  and e""R2q- ^ . For
the case of point charge particles incident on a point
nucleus, this reduces to the phase given by Bethe.
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III (c). Comparison of Approximate Models
Here we shall investigate the accuracy of the various

approximate models. In Fig. 3.1 we show the percent error
in the differential cross-sections obtained from the Eqs .
(3.9), (3.12) and (3.13) compared to the “exact" Glauber
result given by Eq. (3.8). In Fig. 3.1(a) we show the 

12results for p- C elastic scattering at 1.01+ GeV. For
2-t^O.Ol (GeV/c) , the error in the approximation given by 

Eq. (3.12) is^O.8  ̂while the formula given by Eq. (3.13) 
(together with Eq. (3.1*0) has errors of^l.5^. But at 
large momentum transfer the errors are as large as 
and **5$ for the two expressions.

We find that the assumption of point charge for each 
proton in the target (i.e. Eq.- (3.9), is quite accurate 
except at the diffraction minima. At l.OU GeV, the percent 
error in this approximation is^l#.near the minimum. How­
ever, at energies where the real part of the nucleon-nucleon 
amplitude is very small, almost the entire contribution to 
the cross sections near the minima is from the Coulomb scat­
tering and the error in the point charge solution is larger. 
This error also depends on whether the Coulomb interaction
is attractive or repulsive. For example at 180 MeV, the

-  Uerror at the first diffraction minimum in 7]" - He scatter­
ing isr*3% while for yf" -^He scattering it is^v8$.

In figures 3.1(b) and 3.1(c) we show the results for 
p-^Ni and p-^°^Pb scattering at small momentum transfers.
We note that Eq. (3.13) becomes worse than it was for light
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nuclei, with rather large errors even at small momentum 
transfers. For -t<0.01 (GeV/c) the errors are*>sB% 
for p-Ni and^30-80# for p-Pb. However, in this region, 
the approximate phase result of Eq. (3.12) does reason­
ably well with errors£1% and U# for the two nuclei.
Near the first diffraction minimum, the error in Eq.
(3.12) is r*7% for both nuclei but increases at the other 
minima. For example, at -tr*»0.25 (GeV/c) the error in 
Eq. (3.12) for p-Ni scattering is 23$.

It is interesting to note that treating the protons 
as point charges instead of extended charges in the exact 
Glauber series, leads to a greater relative error in the 
scattering from deuterium than from other nuclei. The 
reason for this is that since in the heavier nuclei there 
are many protons close together, the point charge protons 
are smeared over the nuclear volume when the expectation 
value in the nuclear ground state is taken, and the result 
of smearing the extended charge protons is not much differ 
ent. This is not true for the deuteron which has only one 
proton and is a loosely bound system. However^ since the 
Coulomb effect itself is much smaller in deuterium, the 
point charge assumption does not lead to much error in 
the cross sections.

Among the other simpler formulae, the approximate amp 
litude of Eq. (3.12) is reasonable for small angles but 
leads to appreciable errors near the diffraction minima.
At these larger angles one must consider the interference



of Coulomb effects with strong interaction effects of 
each nucleon separately instead of considering the over­
all Coulomb phase resulting from the nucleus as a whole.
Eq. (3.13) is good only for light nuclei at very small 
angles. Its derivation uses the average Coulomb phase
shift of nuclear scattering evaluated at q=0 and neglects 

2 2terms of 0(Z n ). It can be improved by introducing the
q dependence of the phase but the formula will still be
inaccurate for collisions where Zn>0.1. We should

*

mention, for completeness, that Coulomb effects can also
be included by means of the "optical limit". However, it

33was pointed out by Lesniak and Lesniak' that 1his approxi­
mation leads to significantly lower cross sections at 
large angles compared to those obtained from the full 
Glauber series with the assumption of each proton in the 
target being a point charge. Since we find that this point 
charge assumption is fairly accurate (except at the mini­
ma when the real parts of nucleon-nucleon amplitudes are 
small), our conclusions for the case of light nuclei are 
very similar to those of Ref. 33.
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IV. Scattering of Medium and High Energy 
Deuterons from Complex Nuclei

IV (a). Introduction

There have been some theoretical studies in the past,
3h-Ulof deuteron-nucleus collisions. However, except for

the case of deuteron-deuteron collisions,^ the analyses make
a number of additional approximations and simplifications
within the framework of the Glauber approximation. . For

12example, in the case of d- C scattering, only terms up to
Infourth order in multiple scattering were included, an •. 

approximation which is inadequate except at very small 
angles. The Coulomb interaction and the deuteron D-state 
were generally neglected and unrealistic wave functions 
were used for the deuteron.

Recently high energy deuteron-nucleus scattering
k2experiments have been performed at Bevalac. It is there­

fore important to undertake a careful theoretical study of 
deuteron-nucleus collisions. In the present analysis we 
retain the explicit multiple scattering form of the Glauber 
theory and express the deuteron-nucleus amplitude in terms 
of nucleon-nucleon amplitudes. Since the £xact Glauber 
amplitude is difficult to evaluate for general forms of NN 
amplitudes and wave functions, we also consider some approxi­

mations and investigate their accuracies. The influence of 
the Coulomb field and the deuteron D-state on elastic scat-



56

tering intensities are also examined. Finally, the 
theoretical predictions are compared with the available 

data.
*

IV (b). Basic Formulas

The scattering amplitude operator for collisions 
between deuteron and nuclei with mass number A, can be 
written as

where *Kk is the incident deuteron momentum, "r is the inter­
nal deuteron coordinate and 5^ are the coordinates
of the target nucleons. The deuteron-nucleus total phase 
shift function x ^  in turn, can be expressed in terms of the 
nucleon-nucleon phase shift Xjjjj by

(it.2)
where b = b + r s, b « t) _ — s and we have explicitlyp c. n d
written ^ k to indicate that the momentum for each incident 
nucleon is *fik/2. Rewriting Xjjjj in terms of NN profile 
function, as in Sec. II, we obtain

__f r _ r>3(i*A-V-r„,(i*Sr.-s3)*  + %(**>%-&r„tc**.£-*> J. <«••»>
The elastic scattering amplitude is again given by' 

taking the expectation value of operator F ^  between the 
ground states of the deuteron and the target nucleus. For 
an independent particle model for the target nucleus, i.e.



If,
the elastic scattering amplitude becomes.
Fkn (ti = KOt) e I { i - r f  [ ‘~<rn>

- < r „ i > + < r N r„3 >  J j / o k X  (*-5)
where K(q) is a centre of mass correlation- function for 
the target nucleus described in Appendix H and

<r„}> = < h  I r„} a *> K~ri ) l

= hk &  ^  J N ft.6>
and similarly -*/t*

< rN r » j> = a T T i t f j d . y e ^ ' ^ a * . r )

x f a y e * * " - h% 3 a *,?")s „ c ? + f O  , (h'J)

S^(q) being the nuclear form factor. Now if we make the 
simplifying assumption that all NN amplitudes are equal 
(which is roughly true at high energies), i.e.

"£/»/» ~  ^ ~  A n  2=1 (U.8)

Eq. (1̂ .5) leads to /) , A \ S  /1\

Fu a <*) =  -  K M O k J ^ eirk*tLl{fs 0

x f  <r̂ %  t f J P  H l  >  ■
In order to obtain analytic results, we shall repre­

sent the deuteron wave function by a sum of Gaussians
9 M y  /, „ r v ;  _ t x/ 4 A *

W  *  (..10)
which corresponds to the deuteron form factor of Eq. (2.17).
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For the target nucleus, we assume, for simplicity

l+i<ri>l = n r £ .
Although such a wave function is reasonable only for 
light nuclei, it describes the qualitative features of the 
scattering well and is quite useful for comparing different 
theoretical approximations. However, for comparing the 
theoretical predictions with the data, we shall use more 
realistic wave functions.

Using Eq. (U.10) and (H.ll) and the high energy para­
meters of Eq. (2.lU) for f(q), the elastic scattering ampli­
tude (U.9) reduces t o j  d - . / f  . o

X  1  f "  <<r»
n 71% (*'**.')] ft  f o t ) E  f a * , ! , ' * ' )

> (U .12 )
where

K < > )  =  > (k. 1 3 )
P'S* ■& P m  } —  —    -f /9/”FCh1'>£>*n) -  jZfiCiM) >

/ -  2 fj-M) 1
L fr-Ĉ tO /tz4-la. 2eu

*  AC4,i> 9

K> ^  •+ £  /(RX+4j

& ( ! * < )  •=. i (j-*)/c**+2A)-+ 2</l r '-+<0 . (utlh)

This result, although exact within the framework of 
the Glauber approximation, is valid only for Gaussian wave 
functions. It is of considerable interest to investigate 
some approximations which lead to scattering amplitudes



that can "be conveniently evaluated for general forms of 
deuteron and target nucleus wave functions and for more 
general NN amplitudes. In order to obtain the first 
approximation, we note that one can write

( i - +  ( I - %n0  
_  ( i - £<•?**>>)( 0 - e £,F**j,) . (1..15)

Upon substitution in Eq. (U.l), this leads to

— ^ 7  > (it, 16)

F, =  <rtj ig S f W & H

x i ^ y  i'teL>

=  V  ,
(U.17)

where is the N-nucleus elastic scattering amplitude
and S^, the deuteron form factor. In a similar fashion

Fz =  3. F n t C - L W )  Sj,C-i^) . (1| i8)

The third term can be written as ^
F2 =  - $ *  <*£ / J x H  e C^ > ]

X % .  I ^ X - % 1  I't*>11.k > j
where we have introduced 1 =

k
complete set of states for the target nucleus. Now we 
make the approximation that, in the intermediate states, 
only the ground state of the target nucleus makes a
significant contribution, i.e. we can write

% . 1 ' t k X t M l  ~  I ' f r X ' t * !
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Such an approximation is expected to be reasonable because 
the deuteron is loosely bound and is more likely to break 
up rather than excite the target nucleus. This approxima­
tion should also be very good for uncorrelated nuclei. If 
one target nucleon is struck and the nucleus is excited, 
it can dfrexcite to ground state only if the same target 
nucleon is struck again by the bther nucleon of the inci­
dent deuteron. The number of such double scattering (where 
same target nucleon is struck twice) is times that of
the other types of double scatterings. With this approxima­
tion"

F3 = ~ S ¥  I%t>

Rewriting the N-nucleus profile functions f in terms of 
N-nucleus amplitude, we finally obtain

This result which we shall refer to as approximation I, ex­
presses the deuteron-nucleus elastic scattering amplitude 
in terms of nucleon-nucleus scattering amplitudes. An al­
ternative derivation of Eq. (U.20) is given in Refs. 31* and 
35.

For f(q), sd(q) and^j(rj) given by Eqs. (2.lU), (2il7) 
and (lull), we obtain
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£ - i ^ > _ ^ l R V a ? R W :

m -‘ ] *• 

re S ± <»>*) =  j *
The second approximation (Approximation II), we shall

1*0consider, was obtained first by Paldt and Pilkuhn . In 
this alternative expansion of the Glauber series, the lead­
ing term corresponds to a configuration where both proton 
and neutron in the deuteron scatter at the same impact para­
meter (the impact parameter of the deuteron centre of mass) 
and higher order terms then.correct for the true impact 
parameters. The formulas are given in Appendix D. They are 
generalizations of the results of Ref. HO for the case of 
deuteron form factor given by a sum of Gaussians and for NN 
amplitudes having real parts different from zero.

Deuteron-nucleus total cross sections may be obtained 
from the elastic scattering amplitude by means of the optical 
theorem

Using Eq. (U.12), we obtain

IV (c) Total Cross sections
(i) Gaussian Wave Functions and Comparison of 

Theoretical Expressions

(U.23)
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where . fa

(U.2U)
For the scattering of deuterons from a heavy nucleus, there 
will be a large number of terms in the series (U.23). Th6 
series, however, converges quite rapidly. One.can obtain a 
crude estimate of the number of terms needed in the series 
by using geometrical arguments similar to those in particle- 
nucleus scattering. If we consider the incident deuterons 
as a particle traversing the nucleus, (and since at high 
energies almost all scattering is concentrated in forward 
direction) the number of significant terms in the series 
will be determined, roughly, by the number N of nucleons 
with which the incident deuteron collides. If we consider 
the nucleus as a uniform sphere of radius R, the number of

Onucleons/volume is 3A/UttR while the effective volume swept 
by the deuteron through the nucleus is 2RadN, being the
deuteron-nucleon interaction cross-section. The number N

(^.23) with deuteron form factor given by Eq. (2.28), we 
find that first 36 terms yield total crosssections which 
are accurate to six significant figures. In order to 
exhibit the rate of convergence more clearly, we define 
partial cross-sections

is then equal to 3 A a ^ /27TR2.
and 83mb (at 2.1 GeV/n
207Pb, for example, N is 38. By evaluating the series

For
fm
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£ , * * * >  ■ H . 2 5 )

In Pig. U.l we plot 0^A( j) as a function of J for 
6 U 27target nuclei Cu and Al. It is clear that the series

1/3(U.23) converges very rapidly and requires less than 6.3A 
terms for excellent accuracy. However, it is also evident 
that a premature truncation of the series can lead to 
quite erroneous results.

Figure k.2 illustrates the percent errors in total 
cross sections predicted "by approximation I (i.e. Cf"*̂  from 
Eq. (l+.2l))and approximation II (Eq. (D.l) ) compared to 
the exact cross-sections given by Eq. (It.23). Approximation 
I is quite accurate for the entire range of target nuclei 
with errors less than 1,6%. Approximation II is of compara­
ble accuracy only for A £60 and it can lead to inaccurate

. 1* .results for light nuclei with errors ̂ 30% for He, "^13%
22for C and ~10$ for 0. This approximation, on the other 

hand, becomes quite accurate for A £100.

(ii) Realistic Wave Functions and Comparison with Data
Since we have seen that approximation I is extremely 

accurate, we shall use it to perform realistic calculations 
of (TdA and compare it with the measurements. From Eqs. 
(U.20) and (U.22), we obtain

m [ z  (-L-k.O) -h Z F „ „

JSztf') Fj.fi (1*. 26)
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where the first two terms can be readily recognized as 
p-nucleus and n-nucleus total cross-sections at momentum 
•fik/2. We shall now take the nuclear form factor to be

SA M  -  (I- * V )  ) J'A
S's ( A / & -  . (u<27)

Again assuming all NN amplitudes to be equal and of the 
form (2.lU), the N-nucleus amplitude can be evaluated 
analytically with the result *
r- \ yLk' - r / / » i i  r - r a - i f )  1 °

x £ ( i ) P - &  Y ' kr ^ -  k iI t * 1 ctHrti L ckH i*.)J 2* - e

V Lf, ] (U.28)
where L^(z ) is the Laguerre polynomial. Using Eq. (It.28) 
for Eq. (U. 26) can also be evaluated analytically if
a sum of Gaussians is used for S^. Alternatively, for 
general forms of S^, Eq. (U.26) can be evaluated quite 
easily by numerical integrations. The parameter R in the 
nuclear form factor, upon making centre of mass and finite 
proton size corrections, is given by

R 1 =  h ]  u . 29)
ll 5where y  and T. are the experimentally measured rms P A

radii of the proton and the nucleus.
We shall perform the calculations for (7T. at 0.87a A

and 2.1 GeV/n, incident energies at which data have been
1+ 2obtained at Bevalac. From Refs. 1*6 and 1+7, at 2.1 GeV/n 

we take a=6.2 (G e V / c ^ =-0.28. Since different values



have been obtained for CT and a , we have used twonp Pn
different values 1+2.7 and 1+1+mb for average NN total 
cross section a. Similarly, at 0.87 GeV/n we take 
a=5.0 (GeV/c)“2, f=-0.2 and (T*= 1+2.1+ and 1+3.3mb. We have 
evaluated Eq. C1+. 26) by numerical integrations with the 
deuteron form factor obtained from the Gartenhaus- 
Moravcsik wave function. In Table III, we show the theo­
retical results together with the available experimental 
measurements. The agreement between them is quite good. 
Since 0"̂ A is calculated by using nuclear radius and NN 
scattering measurements, we have also estimated the total 
uncertainties in (T̂A by assuming uncertainties of +0.1fm
in +0.5 (GeV/c)”2 in a, +0.05 in f and +lmb in (P.

12The separate effects of these uncertainties for C target 
is shown in Table IV. The largest effect is due to the 
nuclear radius; a change of +0.1fm leads to a/v3$ change 
in rdA. The total uncertainty in (T̂ A is, roughly~5$.

IV (d). Elastic Scattering Intensities:
(i) Comparison of Theoretical Cross sections

In this section we shall investigate the accuracy of 
the differential cross-sections predicted by approximation I 
and II, compared to the exact Glauber results given by Eq.

1 9(1+.12). The differential cross sections for d- C elastic 
scattering at 2.1 GeV/n are shown in Figs. 1+. 3 (a) and U.3(b) 
We see that approximation I agrees very well with the "exact 
results out to the first diffraction minimum and agreement



TABLE III. Deuteron-nucleus total cross sections, as predicted by Eq.. (U.26), at 
0.87 and 2.1 GeV/n together with the available measurements. (For d-d cross section 
the formula is derived in Appendix F.) The two theoretical values correspond to two 
different values of input NN total cross sections. The last column shows the total 
uncertainty in introduced by small variations in nuclear radii and NN scattering
parameters.

Target ^A ^ 7 A(mb) **dA
Nucleus (fm) 2.1 GeV/n 0.87 GeV/n I mb;

Theory with Exp. Theory with(T Exp.
equal to eqrual to

U2.7mb UUmb k2.Umb U3.3mb

P 0.81 81.2 83.6 8U.1+0.6 80.U 82.0 81.8+0.9 +1.9
D1

— 152 156 156+0.8 1^9 152 151.6+1.1 ±h
^He 1.71 255 262 266.9±2.U 250 25U 25U.8+2.9 +1U
Li 2.U3 389 399 383 389 +17

9 Be 2.U2 511 522 501 508 ±26
10B 2.U5 5UU 556 533 5^0 +27
12g 2.U53 603 612 630.5±^.6 590 597 6l8.2±6.1 +31
1UN 2.U8 659 671 6UU 652 +371 6q 2.71 T57 771 7kl 750 +1|0

o\0 3
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TABLE IV. The resulting uncertainties in deuteron- 
carhon total cross sections at 2.1 GeV/n arising from 
the separate uncertainties in the NN scattering para­
meters and in nuclear r.m.s. radii.

Act ,.(mb) dA

Act = ±1.0 mb +8
Aa = ±0.5 (GeV/c)"2 +2
Ap = +0.05 ±3
Ar = +0.1 fm +18
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is reasonable out to the second minimum. The disagreement
between the two curves increases with increasing momentum

2 2transfer. For example, for 0.8^q ^ 2  (GeV/c) , the pre­
dictions of approximation I are lower by a factor ofr*i 2-6. 
Approximation II, on the other hand, is quite inaccurate 
even at small momentun transfers.

Another approximation has recently been' used in Ref.
12Ul, and good fit was obtained with 650 MeV d- C data. In 

this approximation only terms up to fourth order in multiple 
scattering were retained and an unrealistic wave function 
used for the deuteron. In Fig. H.H we show the curves ob­
tained by making these approximations. Dashed curve is ob­
tained by retaining terms only upto fourth order and the 
dot-dash curve is obtained from exact Eq. (U.12) with deuter­
on wave function of Ref. 1*1. The solid curve is the exact 
Glauber result of Eq. (U.12) with realistic deuteron form 
factor (2.28). We see that the two approximations made 
together in Ref. Ul can lead to substantial error in the 
cross sections. We also note that in the angular region 

where data exist, i.e. aPProx^ina',;ion * (dotted
curve) is quite accurate.

(ii) Coulomb and Deuteron D-state Effects
hoIn deuteron-nucleon collisions , the deuteron D-state

20and in heavy ion collisions the Coulomb interactions are 
important near the first minimum. In deuteron-nucleus 
collisions, since we have seen that approximation I is quite 
accurate out to the first minimum, we shall use it to investi-
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gate these two effects. Assuming the Coulomb interaction 
to originate from the target nucleus as a whole, we can 
write for the scattering amplitude operator

F<u> (ftS) =  % + « * * *  ]

^  + z e i !i't e'-V c n R , /l( i i > 1 )  +  f ± e * ' )Cc>n 

x a*. a*, t 4 ' )  J u  3o j

where we have used an average phase approximation similar 
to the case of N-deuteron scattering of Sec. II. The aver­
age Coulomb phase shift functions Of , OC » and 0/ are ° ‘■cp cn "*cpn
given by the formulas of Appendix B, except that the NN 
amplitude is replaced by N-nucleus amplitude
F^(~k,q). Fc, the p-nucleus Coulomb amplitude is given by

2where n = Ze /dl v and and ̂  are the charge form factors
of the proton and the target nucleus.

Now if the D-state is included, the deuteron wave
>9function can be written as

J. A 1 ? 7.r/-\l 'V ̂ (1*. 3 2 )

where 0C± are spin-one spinors and is the usual tensor
operator. The differential cross section is then given by

< 2 ^  =  ~3 I I I J

= (cLV'/ot̂)S -#■ C j (I*.33)
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V( T ^ U n ) s =  e ^ n t

x J A '  ss (?) f„  a  *, |4o f a c a ,  i*?)\ j
a ^ n )A I Fcf,nC p S A Ci$)ll+ i  I % „  c?) s& C W

+ # i  * * * * « / • *  W t f >  fa a*,i-v
X * . » & & * ' )  I* ^

withwitn

Fch„ (0=2 [Fi Ci*rf)+ e ^ f a ( i W  + elXc%»(tffy

and spherical and quadrupole form factors are defined as
r°°

Ss ( 0  - Je t» c1'r ) [ u l M + * r ,-Cr}] c L r

S fl (f ) =  zf k  W  W [ u(r:>' s " u M ] cL'r ■
° (u.35 )

In order to illustrate the effects of the deuteron
D-state clearly, we neglect the Coulomb interaction (i.e.
let Fn, 'y , *Y and /)C S° to zero) and take theC* /wcp* /l*cn ^cpn °
nuclear wave functions as Gaussians. We obtainothe
deuteron form factors S and Sn from the Gartenhaus-s Q

2 XMoravcsik wave functions . Figures U.5(a) and (b) show
U 12the d- He and d- C differential cross sections at 2.1

GeV/n, with and without the D-state. The effect of D-
kstate is significant in the case of d- He scattering but

it is less than that in caseof d-N scattering. The effect
12is much smaller in case of d- C scattering. The reason 

for this can be understood in the following manner. When
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deuteron D-state is neglected, a minimum appears at
2 2 q.«0.33 (GeV/c) in case of d-N scattering because of the

destructive interference between the single and double 
scattering amplitudes. The cross sections before the mini­
mum are predominantly due to single scattering and are pro-

2 1prortional to Sg(̂ -q). When the D-state is included, the
2 1cross sections in this region become proportional to ss (jt4)

+ However, at q2~'0.33 (GeV/c)2, Ŝ (̂ -q) happens to
be comparable in magnitude to S (^q) and therefore the

S b
kminimum is almost completely filled. In the case of d- He

2scattering, on the other hand, the minimum occurs at q of 0.13;
(GeV/c)2. At this value of q2, is smaller than
2 1 a fac,tor of^20 and hence the minimum is only

partially filled due to . For heavier target nuclei,
2the position of the minimum moves to even smaller q . With 

decreasing momentum transfers, Sg increases (toward unity) 
and decreases (toward zero) and, consequently, the effect 
of quadrupole form factor becomes less and less significant.

(iii) 650 MeV d-12C Scattering
12As mentioned earlier a good fit to the 650 MeV d- C 

data was obtained in Ref. Ul. But, as we have seen, the 
additional simplifications made in that calculation in- 
crease:;the cross sections substantially and hence lead to 
significant errors. We have performed the theoretical cal­
culation again using Eqs. (It.33), ( U. 3^ ) which include the

Us U8Coulomb effects. The NN parameters at 325 GeV used are *
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= 2U.1 mb, app = 0.35 (GeV/c)"2, ?pp = 0.8, <rnp=33ml3»
a = 2.8 (GeV/c)"2 and ? = 0.25. For deuteron S and Dnp Jnp

21states we again use Gartenhaus-Moravcsik wave functions 
and for carbon form factor we use Eq. (1+. 2T). Figure U.6 
shows the theoretical results with the data. We see that, 
as expected, the Coulomb effects are important at small 
angles. They are, however, also noticeable at the minimum, 
even though the real parts are quite large. At ener­
gies where are small, Coulomb effects, near the mini­
mum, become much more significant. Also shown in Fig. U.6
is the curve obtained by assuming f =f and using the6 pp np
mean values (as was done in Rdf. Ul). The error introduced 
by this procedure is not negligible except at very small 
angles and such an averaging should not be done in a de­
tailed analysis of the data. From Fig. U.6 we notice that 
the theoretical predictions, at larger angles, are syste­
matically lower than the data, even thou^i the error bars in 
data are large. For total cross sections we obtain- U70mb 
which agrees well with the experimental value of U56+l8mb.

We should point out that this calculation can only be 
regarded as qualitative because of the use of a Gaussian 
form of NN amplitudes and the neglect of spin effects, both 
of which are not realistic at 325 MeV. Before conclusions 
regarding the validity of the theory are drawn or an attempt 
is made to extract information about nuclear correlations, 
spin dependent"effects must be carefully included. The eval­
uation of exact Glauber amplitude with spin effects is quite
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difficult. Such a calculation, however, can be carried out 
starting from the approximate Eq. (U.30), at least for angles 
out to the secondary maximum where Eq. (U.30) is a good 
approximation to the full Glauber series. This approxi­
mation can also be used to study deuteron-nucleus inelastic 
interactions, for example, deuteron dissociation from 
various nuclear targets.



82

V. Medium and High energy Collisions between Heavy Ions
V.(a). Introduction

Interest in heavy ion collisions at medium and high
6-9energies has increased rapidly in the past few years.

Many theoretical studies have involved the Glauber approxi­
mation or some variants of it. The full Glauber multiple 
scattering series ih difficult to evaluate for general
forms of nuclear wave functions and therefore an optical

7-9limit result has generally been used. However, there
are serious theoretical problems associated with the opti­
cal limiti It yields accurate results at small angles only 
when the centre of mass correction is used (although, tech­
nically this correction should go to unity in the optical 
limit), but on the other hand, this correction also leads
to an unphysical rise in cross sections at larger angles.

12 12Furthermore, even for total cross sectionSjthe recent C- C
h,2measurements show serious disagreement with the prediction 

of the optical limit. In this section we study nucleus- 
nucleus scattering and the validity of the optical limit.
The full Glauber amplitude is converted into a series where 
the first term is the optical limit amplitude. The higher 
order corrections are calculated and the results compared 
with the measurements.
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V (t>). Basic Formulas 
The elastic scattering amplitude for collisions 

"between nuclei with mass numbers A^, A2 can he written as

Fa , # )  =

Here K12(q) is a correction factor obtained by re­
moving the 6-function constraints due to the centers of 
mass (See Appendix H) and ŝ ,, "s " are the projection of 
the nucleon coordinates on the impact parameter plane. 
If we define

(5.2)

t n )  =  < % ? Ai\ r t l ' - * f t * ? * ? .

we can write

^ ^ A , A Z ~  4  (A) ) /

-=• ji [ % - h /Xi.+ *3'+ * ' • J

Now using the notation
s /  =  I

?f pi h - o
and so on, we obtain

a . % 3  =  - £ [ 2 - - f ' 3-  3 - f ' - f " +  - f " ' J
iV P  6 ^  V"'-+ f " " ]  t '5.3)

A. 
A.

where (using the result = V  )
i<k i  ̂k
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etc. Here the prime over the summation sign indicates that
no two pairs can be exactly equal, e.g. if i=k then j^l
and vice versa. If we now assume for simplicity, that

55all NN amplitudes are equal, we obtain

■f'= - fi,AzC,Cb) ,

-f"= A t A t J i A r O f A r O c f t u - H A x - O C i C i ) +«,-i)c3(yj
= - d, /», f o - 0  ( A ,  - D l f l f O  + 3 ( A r l ) ( A x- l ) C ,C b )

x { ( A r 2)c2a>)^ Cflri)Cj(t)J + C  (A r0 (A j. -0  

* C t , ( b ) +  ( a2- i)(A 2- i ) cs ( t )  4 (Ar 0 ( A r ^ cc < b )J

■+ 6 (At-l)CAri)(Acl)(Ai-2)cfcb) fa-3X2(b)
+ (A,-3)C3 Cb)} + A (A r0 (A 3.-0 q C b ){(A C2)(A2-3) 

X Cs-(b) +  (A -z X A rV C iC b )}  +  (A ,-0 (A ,-i)(fk -l) 

x(Ar 2 ){2 4 C l Cb)CH(i.) +  6 C2 Cb)C3 C b ) j  

+- 3 Cf)r l)(A2rl){(A j.-i)(A 2r3)Cz1(b) + (A,-i)(A,-b) c j( t )

4 4 CAi-i) c7 Cb) 4 4 CA,-l)Ca Cb) +  2 C, C b )J  

4 (Ar 0(A2-*)(A2-3) C,a (b ) +  (A r i)(A r l)(A ,-3) C„(b)

- + n  (/>,-')(AjtQ { ( Cn (b) 4 Cflr/)c(3('4;j]
(5.5)
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where C^(h) can he expressed in terms of generalized 
nuclear form factors

S A .| t / v >%)\]

y
Cia)=(2rr,ij'jd%̂ (pSAi ($>0,0,0) SAj(-$,0,0,0) f

C/h)- (itta-KJ

C3 fi>)= Cj_ [ $A, *-* S AX ] ,
c Li( h ) - ( i 7 r A . i J 2 fc L \, % (.? ,) fu % , )

X SAl(o, *!,,+$>$,0) SAl̂ ( o , ii0)  ̂
Cs (b) = (27r*-i»T3Jd\, %C$,)fd.\ %L%) 3 £  C$a)

x SA,(0 ,0 , %+$,+%,0) - % ( -$ , -% ,-$3, o) 3 
C6 Cb) =  Cs-[  SA, ■*-* S A>2 ,

X S Al f a  t>, S /tJO j- 1? , , ,

Ca (b )  =  C7 E sAi 4-& S A lJ }

Cc, ci>) §(̂ )
x SA  (o, $ + $ , 0, $3-t%)SAl(°‘0,-$-$,-%-h)} 

clo cb) = i f ($)M% )
x  s,i, c°j a, 3

C|( (b )=  ^10 rsA, -Sfli ] J
c li.(b)= cjTrx^r Y<i\ j j ($j) J A h ? (%)

X  SAl Co, $ + % > 0 , $ + % ) ,
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Cl3Cb) - C j 2 [ -S/i, 3 ;
%( $ ) =  e - t f ' tyc?)  . (5.6)

In the series expansion (5.2) for the nucleus-nucleus 
phase shift function, the first term, i.e. i.r)C-̂  =-A^A2C^(b) 
is the usual ̂ optical limit** result of the Glauber theory.
In order to illustrate the relative importance of the 
higher order terms, we shall take the independent particle 
model (U.U) for the nuclear wave functions so that

SA. (f, , - ■ % )  = sA. (?H) . (5.T)

2 2With (q.) given by exp (-q. R^/U) and NN amplitudes of 
form (2.lit), C^b ) • • • (^^(b ) can all be evaluated analyti callŷ  
and the explicit formulas are given in Appendix G.

V (c). Theoretical Results and Comparison with the Data

Before considering nucleus-nucleus scattering, let 
us first discuss briefly the case of particle-nucleus 
scattering. In this case (i.e. A1=l, A2=A, R^=0), we have 
from (5.3) and (5. *0 in coordinate space
i'll., =  -  A U 3? r(L-t) ?“>(■?)

X |V ?Wri5K"te)-* ( 5 . 8)

where and p^2  ̂ are one and two particle densities. The
coefficient of A2, in i)C,, is the two-particle correlation 
function which vanishes for an uncorrelated nuclear wave 
function. The coefficient of remaining term in i % 2 *-8
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A (as in those of i More explicitly, for Gaussian
NN amplitudes and wave functions described in the pre-

2 2ceding section, we have (with R =Rg+2a)
x X , C h ) = - A y e - i‘l/R>' , A.XtCi)= ,

* (5.9)
P 1/O _p/Qwhere y = a(l*ip)/2TTR . Since R«cA , we have y *>c A

and the optical limit resillt i% - iflL^for particle-nucleus
scattering, becomes a good approximation for large A.

This, however, is not the case with nucleus-nucleus 
scattering. In this case (assuming A^=Ag), the coefficient 
of the surviving terms in i , for uncorrelated nuclei, are

o
proportional to A (whereas that for the term in is

2eC A ). The detailed expres sions for i , • • • ,i‘ are given
2 2in Appendix G. For the special case A^=A,,»1, R^=Rg }>a^we 

have
)l-o.

% 3Co) ~  {AVf] t % 3 CR)

o.sCAyf) ̂ ')tl'(K)~'X<(*>£-0 l*(Ay)!] ■
(5.10)

One difference between (5.10) and (5.8) is that (5.10) is
oscillatory. This is because of the occurence of new types
of multiple scattering in nucleus-nucleus case. Further-

1/3more, the expansion parameter in this case is ykeik which
may become greater than one for large A. In order to make

1/3qualitative estimates, let us first take R^=1.25A^
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(i=l,2). At incident energy of 2.1 GeV/n, a=l*2.7 mb^and 
we obtain yA ~  0.22A‘L̂ . For the:-case ^®®Pb-^®Pb colli­
sions, for example, yA 1.3,

2On the other hand, if we choose the parameter Rĵ  to 
fit the rms radius r^ then R^ = r^. For Pb, rp^=5.^9 fm
which yields yA~3.3. In fact in the limit Â Â̂ -*-6? (with 
a=constant), the series (5.2) for the phase shift function 
appears to diverge. For A^, A^ not too large, the series 
converges, but the optical limit result (i%= i ^ ) is still 
inaccurate. For light and medium nuclei, accurate results 
may be obtained by retaining sufficient number of terms 
in the series (5.2).

Before comparing our results with the data, we should
Y_30comment briefly upon a frequently used approximation where

2one takes Equivalently fNN(q) —>fNN(0)» or
for form (2,lU), a->0.) That such an NN ampli­
tude is not consistent with the Glauber approximation, is 
exhibited in multiple scattering terms of order four and 
higher. The term C^(b) which corresponds to two nucleons 
of the projectile interacting with the same two nucleons of 
the target (for example, the quadruple scattering in deu- 
teron-deuteron collisions) diverges in the limit a-»0.

We have performed theoretical calculations at incident 
energies of O.87 and 2.1 Ge^using the formulas given in 
Appendix G. The functions »*•*, were calculated by 
means of Eqs. (5.3), (5.5) and (G.l). Tables V-VII show 
the theoretical predictions for nucleus-nucleus total cross
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sections, slope parameters of nucleus-nucleus forward 
elastic scattering amplitude and total inelastic cross 
sections, together with the available measurements. The 
agreement between them is quite good and the correction
terms give significant contributions. The earlier large

1*2 12 12 discrepancy between theory and data for C- C total
cross section does not indicate a breakdown of the Glauber
approximation but rather indicates the breakdown of the
approximations leading to the optical limit result. In
Figs. 5.1(a) and (b) we show the elastic scattering angular

h k 12 12distribution for He- He and C- C collisions at 2.1
GeV/n. Again the errors are quite large if one uses the
optical limit. However, accurate results can be obtained
by retaining sufficient number of terms in the series (5.2).
For He-He collisions, for example, terms upto lead to
excellent convergence in the total and inelastic cross
sections, in the forward slope parameter, and in the elastic
scattering differential cross sections out to the second
minimum. Convergence can be obtained at larger momentum
transfers by considering the higher order terms in (5.2).

Before concluding we should comment briefly upon the
validity of the optical limit for the case of hadron-hadron
collisions. If one considers the hadrons to be made up of
an infinite number of constituents^? x (or equivalently a
continuum of hadronic matter), the appropriate limit in
(5.2) is G~v—* o as A. ,A0-*«o with (T* A, A0-*cons tant. In

XX X c. XX X c.

this limit we have yA''-’-—  —°p3^* . We see that, in this
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case, i % —> ■̂̂ '2. optical limit) for A^,A2 -5> °o . If
we make the further assumption that the hadron form factors
are much more sharply peaked in forward direction, than
the x-x scattering amplitudes, the optical limit result

51becomes identical to the Chou-Yang model which has been 
quite successful in fitting, for example, the high energy 
p-p cross section data.



TABLE V. Nucleus-nucleus total cross sections at 2.1 GeV/n
The values in parantheses are the total cross-sections at 0.87 GeV/n. The quoted ex­
perimental errors are statistical only. The two experimental values in the second row

U 12 12 Ucorrespond to He- C and C- He scattering respectively. The nucleon-nucleon para-
—2meter used in our calculations a=U2.7 mb, a=6.2 (GeV/c) , p=-0.28 at 2.1 GeV/n, and 

a=U2.U mb, a=5 (GeV/c)"?, p=-0.2 at 0.87 GeV/n.

Nuclei fftot with^^equal to °tot Ub)
Oil * l +*2 *i+V * 3 Experiment

^He-^He I k29 38U 387 386 h08 ± 2.5
1(^20): (373) (377) (375) (390 + U.2)

**He-12C1 . r
f 909 788 810 802 835 +5,826+5.9 

(820+13,790*0.71(885) (767) (792) (781)
^He-1 0 1097 961 989 979
^He-fHlg 1387 1217 1260 12kk
UHe-J°Ca 1939 1720 1778 1757
12C-12C 1r 1605 1365 1U53 1U20 13U7
12C-l60

K1580) (1329) (1U30) (138U) (1256+31)
1880 1599 1712 1669l2C-2UMg 2272 1931 2086 2026

l2C-^0ca 3010 258U 2786 2709
2180 1855 1996 19^2
2607 2212 2U06 2332

ibQ-UOca
2^Mg-2^Mg

3U02 2916 3165 3071
3077 2607 2861 2765

2^Mg-fOCa 39^9 3385 3698 3577
^°Ca- Ca U9U1 U307 U662 U512



TABLE VI. The slope parameter of nucleus-nucleus forward elastic scattering cross 
sections. The other details are the same as in Table V.

Nuclei

h b He- He

1,He-12C

^He-^Mg
ltHe-1*0Ca
1 2 c-1 2 c
1 2 c - l6o
12C-2UMg
12C-U0Ca
l6o - l 6 o
l60-2l;Mg 
l60-U°Ca 
Mg- Mg

2h Uo _Mg- Ca
ltO„ U0_ Ca- Ca

* 1

Slope [(GeV/c )“2] with 3^equal to Slope C(GeV/c)“2] 
Experiment

73.U 71. k 71.8 71.8 70 ± U
(72.0) (69.9) (70.3) (70.lt) (63 ± 10)
121.9 116.9 117.7 117.8 129+U ,117+2. It
(120.0) (lilt. 8) (115.7) (115.9) (120±13,H7±3)
1U3.5 137.3 138. b 138.lt
173.8 165.5 167.0 167.O
235.0 223.lt 225.lt 225.2
192.1 179.8 183.0 182.5 20U + 11
(189.5) (176.8) (180.3) (179.8) (25U + 18)
22i;3 206. k 210.7 209.8
261.8 2U2.8 2U8.9 2lt7.3
3U0.8 315.U 32lt. 1 321.5
253.0 235.2 2lt0.7 239.3
296.8 27lt.3 282.3 279.8
381.3 351.6 363.0 359.2
3*tlt.9 316.6 328.3 32k. 2
^36.9 399. b ltl6.6 U10.6
5U0.6 U92.6 517.2 5Q9.1

voro



TABLE VII. Nucleus-nucleus inelastic cross sections. The other details are the same 
as in Table V.

Nuclei
*1

O. -l(mb) with^^equal
^ + % 2 V V * 3 .

to a. . (mb ) inel
Experiment

^He-^He 305 282 283 283 276+3.7
(301) (275) (278) (277) (262+13)

UHe-12C 583 53k 5U3 5Ul 5U7±3,l*23±l+.6
(576) (522) (53*0 (530) (5U2±l6,5l6±5.3)

UHe-l60 698 61+1 652 6U9
UHe-2UMg 863 795 810 806
UHe-U°Ca 1181+ 1099 . 1118 11130OJH1

 1
O

<MH

973 880 910 902 888+19
(963) (862) (899) (887) (939+17)

12c - l 6 o 1128 1021 1058 10U9
12C-2llMg 13UU 1218 1265 1253
12C-1(0Ca 1759 1603 1622 16U7
160-160 1296 1171* 1219 1207
l60-2l,Mg 1529 1385 11+1+3 11+28
l60-'*0Ca . 1972 1796 1869 1850
2h 2kMg— Mg 178U 1612 1689 1669
2^Mg-^°Ca 2265 205^ 2153 2128
U0Ca-U°Ca 2807 25U8 2680 261+9

vou>
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VI. Summary of Results

Since Coulomb-nuclear interference studies are im­
portant for obtaining pn and an indirectly from p-d 
scattering measurements, we have examined various approxi­
mate formulas together with the exact results within the 
diffraction theory. We find that the average phase approxi­
mation Eq. (2.23) gives results almost identical to the 
more accurate expressions given by Eq. (2.18), and to­
gether with Eq. (2.27) for (da/dfi)sc, provides simple 
analytic formulas for the study of charged hadron-deuteron 
elastic and elastic-plus-quasielastic scattering. In 
this approximation one can easily include.the effects of 
the quadrupole deformation of the deuteron, the momentum 
transfer dependence of p, charge-exchange effects, and 
spin dependent effects which are important at medium 
energies. Using the experimental p-d measurements from 
10 to 70 GeV, we have calculated the parameters pfi and aR 
for the p-n forward scattering amplitude. Our theoretical
results have also been used recently to analyze the high

5 2energy p-d data obtained at Fermi Lab.
For hadron-nucleus scattering, we find that the form­

ula obtained by Bethe and subsequently modified by West 
and Yennie gives reasonable results for light nuclei at 
very small angles. The approximate phase result of Eq. 
(3.12), where the Coulomb effects are considered to orig­
inate from the nucleus as a whole works well for all
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nuclei at small angles but gives too large a cross section 
in the vicinity of the diffraction minima. However, if 
the Coulomb effects are incorporated in each proton, then 
the assumptions of point charges for the bound protons 
and the incident hadron is much more accurate than the 
previous approximations. Nevertheless, at the diffrac­
tion minimum this approximation can lead to errors1 rang­
ing fromfv.0.5 to <^8% depending on the charge of the 
hadron and the real parts of the hadron-nucleon amplitudes. 
Therefore, in any analysis of hadron-nucleus scattering 
data, to obtain the real parts of the hadron-nucleon ampli­
tudes, the "exact” Eq. (3.8) should be used.

Deuteron-nucleus scattering has been treated within 
the framework of the Glauber theory without any further 
approximations. For simple wavefunctions, the total cross 
sections and the elastic scattering intensities are ex­
pressed as finite series which converge rapidly. An 
approximation, where the deuteron-nucleus scattering ampli­
tude is expressed in terms of nucleon-nucleus amplitudes^ 
is found to be fairly accurate for total cross sections and 
for differential cross sections at small momentum trans­
fers. The Coulomb effects are found to be significant 
near the diffraction minimum but the effects of the deut­
eron D-state are found to become less important as the 
target nucleus becomes heavier. The theoretical predictions 
agree very well with the deuteron-nucleus total cross 
section data at incident energies of 0.325, 0.87 and 2.1
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GeV/n. However, at 0.325 GeV/n the theoretical calculations
12(without spin effects) do not agree well with the d- C

elastic scattering data at larger angles. We also show
Ulthat a recent impressive fit to this data is due to the

additional approximations made in that calculation.
Since high energy nucleus-nucleus cross section 

U2data have now become available, we have also studied the
problem of nucleus-nucleus scattering. The observed 

U2disagreement between theory and measurements is found 
to be due to the failure of the optical limit rather 
than of the Glauber approximation. The optical limit 
result which is considered to become accurate for colli­
sions between large nuclei, is in fact found to be the first 
term of a series of phase shift functions which diverges 
for large nuclei. We have derived corrections to the op­
tical potential (or the optical phase shift function) which 
provide a basis for realistic calculations. The theoretical 
predictions (with the corrections) agree well with the 0.87 
and 2.1 GeV/n data on nucleus nucleus total and inelastic 
cross sections and on the slope of nucleus-nucleus scatter­
ing amplitudes.
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APPENDIX A: Exact Multiple Scattering Series for
Nucleus-nucleus Collisions

For collisions "between nuclei with mass numbers A^ 
and Ag» the Schrodinger equation can he written as

( H A + HA^ V ) l ^ > = E  l ^ >  .

The free Green’s function with outgoing boundary condition 
is

G, =  (E-Ha,-Ha
' 1 ‘ (A.2)

which leads to

!'¥> =  l * >  +  &
(A.3)

Here l*> is the solution of (A.l) without the interaction 
V. We define a wave operator -Q such that

ji I4> ■=■ I -3E> ■
(A.l.)

The transition matrix is then given by

c Z ' i r  i Z >  = < P i  vi '¥g/>= <J</lvsi l£>

"  T =  V J l  . (A 5)

Upon substituting (A.M in (A.3), we obtain

sl i + <3, vsi
(A.6)

When operated upon by V from left, this yields

r = V +  V & ~ T , (A. T)



which is the Lippmann-Schwinger equation for the T 
matrix. Now for

v x 2 Q (A.8)
we have

T* = 21 Vxa +Z. VimGiT
-  Z- 'Ri'i . (A.9)

<a* ® J
where

^  ^  ■+ v*j &  x̂-e

=  v*i. +  &  fii +  Vt* 6  2 1  **ta a a a
(A.10)

Therefore, we can write

err

(I + Yc}6) aj - -f l

^  =  r,+ V ) - V  . (Aill)

The matrix t!^ for scattering of the ith hound 
nucleon of projectile with jth hound nucleon of the 
target satisfies the equation

t i *  =  vi# +  n ,  a

°rr "t xj. -z (I “ Gt) Va. £ .
With this Eq. (A.ll) becomes

(A.12)

P+* =  ^  ^  P** a d d  k,£^x,^ (a. 13)
and finally (A.9) yields
T  = SL tL+Sl t' GtL-h...

W * * #  (A.lM
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The multiple scattering series (A•1U) represents an exact 
formal solution to the nucleus-nucleus scattering prob­
lem. It reduces to the VJatson series for the case of 
a single incident particle. At this stage, one can 
also make a weak binding approximation

where the free nucleon-nucleon matrix t^j satisfies an
equation parallel to Eq. (A.12) with H. and H. (in G)

A1 2
replaced by the corresponding kinetic energy operators.

t
t

(A.15)
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APPENDIX B: Coulomb Phase Shift Function for Extended
Charges

For collisions between point charges Z^e and Z^e, 
we have

(B.l)
2where ")?= Z Z.e /liv. If the projectile and the targetP w

are considered to have extended charge distributions 
^ and ^  , the Coulomb phase shift function becomes

Xc c t ) ~  J j - r  A '  f ,  ( r )  t t m A ,  ( ! £ * * , )  t
(B.2)

2 2 2 2 2 2 where r =s +z and r'=s' + z' . For the case

O s -7 J-3=  ZieTT oLx e ±~k>t
J J (B. 3 )

Eq. (B.2) becomes s5.il2, v
- t W Z g - 1).

6 (B.M
_ r <3

Letting s’,-s,=3T and utilizing the results .
J  e *  =  * 7 T T 0 C r t ,  J e  JTa ( i p x ) x d x  =  £ _
• 0
we obtain ~  ziT j £ —

•V ? ; = e_ r  «*■> *
^  ° ° (B.5)

Now with the result
r + iAJtCn^oL*}* =  ZTTMkO*' , nl>!

0 "52. O  ̂ I
c oEq. (B.5) yields (E^(z) being the exponential integral )

x c a )  =  %:ta )  + ' n E , ( $ TSt) .
(B.6)
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APPENDIX Cj Average Phase Shift Functions

In this Appendix we obtain an approximation to Eq. 
(2.11) which leads to analytic results for both elastic 
and elastic plus quasi-elastic scattering by deuterium. 
In terms of profile functions, Eq. (2.11) can be written 
as (apart from the unimportant phase factor)

($,*) =  e  * *  * [ -f/U) +  * t'UUh*'GeW < * * ]  

+  rK c P - i s ) - r „ s a * ir ) r H c E ’- i S ) ]  { c i )

Since for high-energy hadron-proton scattering n is
x _ 2small (for example, for yf -p or p-p scattering n<10_ at 

medium and high energies), we can write,to 0(n),

rc £ d>) -  / —  F, (Afyr*)]

PC -lr\ HJ (£/r%) r 2 a cz+oLz
( C . 2 )

where we have assumed that the form factorsF (q) and
X

F (q) for the incident hadron and the bound proton are
-d2q2/U -c2q2/l+given by e  ̂ and e ^ ' respectively. The Coulomb

amplitude in Eq. (C.l) is then given by

-f E, (frvyjdb .
° ( C. 3)

The integration can be performed by expanding the 
Bessel function in a power series and we obtain
C fa  ̂ > 4  ■" c* - r f ChHx  y  C-jSnt ‘>r)a'Mra » + r*+ i)

Tc 2 ftxtnm!C±n+m+0rCrr\+0 •

(c.U)
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For fM(q) given by Eq. (2.10),-by dropping terms 
2of 0(n );ve obtain

=. 4 ? ( y )  { i +  £  c-oh'+l( S r W n,*'l 
ht L «  = » ( r r ,+ 0 !  ■>

=  -fc M  eot/o

=  £ ■ % )  F * C y ) ^  Cy) . (c>j )

The last three terms in Eq.(C.l) can also be approxi- 
57mated. In these terms since the strong interaction profile 

functions become negligible for impact parameters which 
are larger than the sum of the deuteron size and the hadron- 
nucleon interaction radius, the long range part of the 
Coulomb interaction has little effect; and over the range 
of impact parameters where these terms are not negligible, 
the Coulomb phase shift varies slowly. We can therefore 
use Coulomb phase shift functions averaged over the appro­
priate profile functions and the deuteron ground state.
They are defined as

t c / b  =  6 )

Xc  n  =  <  MfXc'Q r>» c£" ̂

He/**-- I f * a ‘V £ . C $ > G  * > /

4il Jq,s C%.) I f (0.8)

where b^=b+s*/2, bn=b-'s/2 and /^refers to the ground state
of the deuteron. We will evaluate jC , which is the most' cpn *
complicated of the three, explicitly. For nucleon-nucleon 
amplitudes given by Eq. (2.1U) we obtain
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For f£* (q) given by Eq. (2.10),-by dropping terms
2of 0(n )twe obtain

- A C * )  =■ A / V f  ' +  f- s o * *
L m  = « +-1J ! *

=  ft?)

=  - f / % )  F * C y ) F , . ( + )  . (c>5)

The last three terms in Eq.(tJ.l) can also be approxi- 
57mated. In these terms since the strong interaction profile 

functions become negligible for impact parameters which 
are larger than the sum of the deuteron size and the hadron- 
nucleon interaction radius, the long range part Of the 
Coulomb interaction has little effect; and over the range 
of impact parameters where these terms are not negligible, 
the Coulomb phase shift varies slowly. We can therefore 
use Coulomb phase shift functions averaged over the appro­
priate profile functions and the deuteron ground state.
They are defined as

2 ^  =  < ;  I I x > . 6)

n  =  <  r» <$> ) < A 'l> U Z k  U >>

Oic.jan- (*• I c ‘‘p d f , ) ) - * ■ > /

r„Ct„)eULl> /* >  (c.8)

where b’=b+s‘/2, bn=b~‘s/2 and /^refers to the ground state
of the deuteron. We will evaluate jC , which is the most^cpn *
complicated of the three, explicitly. For nucleon-nucleon 
amplitudes given by Eq. (2.lU) we obtain
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r.cr). > L i g . ,t))

n..

Now using the relation

f  -  & 7ry i f e ^ - t s C y ) o t \ i
-* (C.ll)

where ̂ (?) is the wave function for the deuteron ground
state, we may express X  as * * cpn

_  J %LCh) e~ k /taid.i /<='"* * /Z%(y L) Sfylfdy 

/>n~  ° 1 > f s c > ) m e* + W \ eL9

( C . 1 2 )

For the special case in which the form factor is a
sum of Gaussians, as in Eq, (2.17), OC reduces to* cpn

= 4 . ̂  £  4 ̂  ̂ lj/*  *
Z T I T T ^ T h j )  " '  ,
r -*** (c.13)

where A.=a +2A and H.=a +a +2)3,.i n *1 i n p ' l
With f^as defined in Eq. (2.10), the phase shift 

function /tc(b) for Gaussian charge distributions Eqs; 
(B.3) and (B.6) is (see Appendix B)

X r C&) =  +  ^ V r M
Cm S

’ (C.HO
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where r2=c2+d2 and n=Z1Z2e2/,Kv. To evaluate ^ Cpn with 
this expression forO£c(b), we note that

[z r ,£ »  (-kb) + • »  E, ( b V r 1) ]  boLb

m  .

(C.15)
where C is Euler's constant, C=0.577..*» Using this 
result in Eq. (C.13), we obtain

Hi'A> 2-ifc£j / 5 ,  ̂
(c.16)

In a similar fashion^ we find

X c p  = L * * ( rl- n ‘>+)] ~ »  c > (0.17)

** (0.18)
AX ( )Using these approximations for e C p in Eq. (C.l) to­

gether with Eq. (C.5)»we obtain as an approximation to Eq. 
( C ,l.)j the result

F ? C 9 , t )  =  e ^

+ a^*r„an)-eiX*»r ap rh a j]
t

(c.19)
which leads to Eq. (2.21).
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APPENDIX D: Charge Exchange Effects

In this Appendix, we show that the effects of 
charge exchange in collisions of hadrons of isospin Jg 
with deuterons can be easily incorporated in the aver­
age phase approximation. Since we are considering elastic 
scattering where no net transfer of charge occurs, we 
have to allow for a pair of successive collisions with
two cancelling exchanges of charge. For elastic scat-

51). &teringj therefore, Eq.(2.2l)can be rewritten •iras

fJ-%) =  4  eiXĉ s * ‘ " 4  (?)] S(iy)

4  A *  i  a W ' ) - f n art')

+ -fn a  ?+*') i s  art') ~ie<i rt') i e a
(D.l)

where f ('f) = f (q)-f (cf). Using the forms for S(q),C£ ps n
f and fn given in Sec. II, we obtain, upon integration,
the result

= R  a ) •+ M + * lXc%  r»J s c m

l J*cl>nr & 8  y  e <°-f
La  " p, Hj.

- j
3"' L j J  • (D. 2)



APPENDIX E: Approximation II for d-A Scattering

In this appendix we describe the theoretical results 
of an approximation first used by Paldt and Pilkuhn. The 
details of derivation are given in Ref. ^0. Generalizing 
the results to deuteron wave function of Eq. (U.10), and 
NN amplitude of Eq. (2.lU), we obtain

with a' = a(l-ip).
For nuclear wave functions given by Eqs. (V.1+) and

(E.l)

where
fo fy) =  sL-k TCh)]t>oLb

+  ̂  r''f?tC}b)e'r T U ) At(6)iioLt>
M  o msi

r r'TCh)
j

(E. 2)

(U.ll),
TCb)

(E. 3 )
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APPENDIX P: Deuteron-Deuteron Cross sections

Deuteron-deuteron scattering is studied in detail 
in Ref. 6. Here we can obtain it as a special case of 
the results of Sec. IV. We have 

e *  [ i - f a

x P - Q l [i-u r J  • (F . 1)

Now assuming that all NN amplitudes are equal, Eq. (H.l) 
leads to
%LtLty)= 8-fh)sfCi*)+2% [‘tSJMjdS'Sjyl-fCiy’i') 

x ■fCi’f+W 4 2 Jdty&p-PCi&'i-fC 
- 1 _  fA'S^O-PdrV) UfSd cy) tiifyWm1')

n*-k*■J
-  f c it y  sd f u y s d c \" ) J o ity u ? ")

(F.2)
where f(q)= f(%k,q). With NN amplitudes and deuteron 
form factor, given by Eqs. (2.lU), (2.17) respectively, 
this reduces to , » ^

-  ^  j (F>3)

where fQ=ka(i+p ) /Utt and j = M ^  + a) (#j+a)-a2.
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APPENDIX G: Nucleus-Nucleus Cross sections

For the case of NN amplitudes and nuclear form 
factors given hy Eqs. (2,lH) and (5*7) respectively, the 
multiple integrations in Eq. (5.6) can he performed analy-' 
tically with the results

C. (b) =  (r'/R1) e~ , fil= tf+m+tf
* J  -2 7T * i

c^cb) —  (tr'W,) ^  = r ^ r ,h

C3 Cb) =  C4 [I

cM(k) = )e*k[-(1 ; 4 i  = •<,-*»*
<V'5*,a) £*-!>[-- & C > + y£)] j P, = **-R?} 

c£ C b ) =  C *  [ I*-* 2 j  , ^ ^

c n C b ) -  (r,‘,/R1P,<t,)ex.)3[-bl(TiS§2 + % ■ ) ] ;

P, =  fi,=
Ca C b ) =

c ,  cb) ~(<r' VrinT) * f  '<!«*+^  I/;
S =  l-RtP,*;1- R-\l‘(•<!h + ) ( R,l- t j ; ‘)̂

T  = RV,! of,-' - of, (R'+ ;
C l4Cb) = _ T ^ _ e i /,f < £ + 4 M L J J

(Jl=r A  . ! / - ! [ / -  - E A V .  1

c„(b)= c/a E ) *-**■ J ,

^l3-(h)~ -ZTTx e*-b[~l>i("R*~l'̂ s:+iill ̂  ~ft)] J 
R *1*/ '
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V  —  _Bjl — J5a— . c  —  __
*1 R2- Px+R,z J °! /?* ->

C/3 ( L > ) ~  C/2 r >  * — > 2 ]
(G.l)

The total phase shift function^. fl is now given by Eqs.
1 2

(5.2), (5.3) and (5.5). For the special case A1=A2»1, 
2 2R^=I^ ^a, we obtain
xn,a>)-̂ > - A2ye ii/Rl , y= ra-*)/™*1,
ViCh)—> y)[y*VR- /. 33 e t‘i/3Rl] i
0£, a)-S>

 -  L " ^ o ~ f 7 ^ - tX/VRl],

, -  alV/?* -3kl/2fil ^yb1/ ™ 2- -3bz/SR27
+  8 *  +2‘£ie -c.iie -o>zie J.

(G.2)
The nucleus-nucleus total cross sections is now given

by

=  Z K t f ' f l D - e 4' ,*** "fe ^  ; ( g . 3)
and the inelastic cross section by

(F«-,i2!= 27rJ { l -  l e * X* 4 i)l X} i> ‘l t  .
* (G.U)

If the nucleus-nucleus forward scattering amplitude,is 
taken to be .

the slope parameter is given by

a = ^ r - * ^ w ? w j _ >
Fam. j ' (0.5)

0 */*a.
We should point out that in obtaining Eq. (G.U)jj. for con­
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venience in numerical calculations, in , we have* el
neglected the c.m. correlation - function K12(q). This
approximation is expected to he good since nucleus-
nucleus amplitudes are sharply peaked in forward direction
and the dominant contributions to cr-, come from very small’el
q region, where K12(q) has little effect.
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APPENDIX H: Center of Mass Correction

For harmonic oscillator wave functions , the center
32of mass correlation function is given by

K.cy) .
(H.l)

However in Sections III-V, use has been made of the factA *
that (H.l) is the correct form for Gaussian wave functions. 
That this is soywill be demonstrated in this section. 
Utilizing the expansion

/ - 7T f  /- n ? = £ q - Z r)rk + . . .
i*' )-< 3 ' (H.2)

the hadron-nucleus amplitude (3.1) (without the J-function) 
can be rewritten as

Fft (+U [uhr'z C%)SAC%)S1̂ )
- C4.'kt,Yl(in)~l SeL\ i A  

fr* *
4* * . . J  (H.3)

Now let us consider the ̂ "-function constraint due to c.m.

With * in 3 r ,
*  * > = p #  y j w ]  ** i ^ e j *

=  J [ IVfl e J
(H.U)

in (3.1) we will obtain a series for F^ similar to (H.3) 

with sA(<lj) SA ^ i +A^ Bnd factors of type exp (-N A^R2A A 2) 
[N=(A-l), (A-2) and so on̂  for first, second terms etc.].
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With Gaussian form (U.ll) for M j|2» we have “̂jf)
= SA(q.) exp (-R2ft?/1+A2- R2q^# ^J,/2A). Upon performing

A  jL M  X

/ \integration over /I , we obtain a series exactly like (H.3)
2 2

except that thereare additional factors eqlR in first
4. (?n+"q0)2R2/1*A • .  . ~  . ,term, e ^1 ^2 in second term and so on. But due
to the J'-functions occuring in (H.3), this leads to a

2 2contribution of exp (q R /UA) from each term. Therefore, 
the net effect of introducing the c.m. constraint is to 
multiply the amplitude by the factor (q) given by (H.l). 
This result can be extended to nucleus-nucleus collisions, 
in a straight forward manner, to yield a correction term

(H.5)
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