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Abstract

NANO-SCALE INTERACTIONS OF PARTICLES AND DROPS WITH
HETEROGENOUS SURFACES

by

Rui Zhang

Adviser: Joel Koplik

Recent technological developments enable one to study the behavior and interactions
of particles and drops with heterogeneous surfaces at microscopic resolution, and
investigate their possible applications. In this thesis, we use the microscopic calcu-
lational technique of molecular dynamics simulation, augmented by other continuum
methods as appropriate, to study some prototypical examples. For applications to
particle separation, we consider on the transport of particles by flow through a narrow
channel of which one side has a stripe pattern of alternating wettabilities. We first
consider van der Waals forces alone. The particle-wall interaction can either trap par-
ticles on the attractive stripes or deflect the trajectories of mobile particles away from
the mean flow direction. Using molecular dynamics we determine how the migration

angle of finite-sized rigid particles differs from the imposed fluid flow. The effects of



electrostatic interactions are considered by decorating the particles and walls with
opposite charges, resulting in significantly more trapping and larger deflection angles.
We then use Langevin equations to simulate larger particles in the van der Waals
case, and compare the results to the MD simulations. From the analysis of the asso-
ciated Fokker-Planck equation we further obtain bounds on the deflection angle. The
second problem involving fluid-solid interactions is that of nano-sized drop impact on
a surface, which are flat, curved or pillared, with either homogeneous interactions or
cross-shaped patterns of wettability. From the simulations we observe drop bounc-
ing, sticking, spreading or disintegrating, depending on impact velocity and surface
properties. In contrast to macroscopic observation, MD shows that the presence or
absence of vapor has no effect on the onset of splashing. We argue that this differ-
ence is a direct consequence of drop size. For low velocity impacts, we compare MD
results with continuum lattice Boltzmann methods at the same Reynolds and Weber
numbers. In most situations we observe similar drop behavior at both length scales,
with the best quantitative agreement for low impact velocities on wettable surfaces.
We attribute the discrepancy for relatively high impact velocities to compressibility
effects, while the disagreement on non-wetting surfaces is associated with different

treatments of the liquid-solid boundary conditions.
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Chapter 1

Introduction

Motivated by the idea of ”lab-on-a-chip”, various micro or nano fluidic devices are
invented and studied in the past decades[1, 2, 3, 4, 5]. Recent developments in fabrica-
tion techniques provides well-characterized surface structures with specified properties
and allow ones to study the new phenomena and possible applications brought by the
surface heterogeneity. Surfaces that are available for study range from chemically ho-
mogenous to randomly disordered, from hydrophilic to super-hydrophobic, and from
atomically smooth to geometrically or randomly rough(6, 7, 8, 9]. By incorporating
appropriate substrate surface with the multi scale fluidic device, one can use it for a
wide applications. On a ratchet surface, particles or drops can be precisily manipu-
lated, collected or removed[10, 11, 12, 13]. On a chemically gradient surface, drop can
be directionally guided towards more wetting regions [14, 15]. On a 2D periodic ob-
stacle arrays, particle transport shows directional locking effect, i.e. moving in a few
specific commensurate directions of the array lattice, regardless of the flow or force
field directions. The apparatus can be used for particle sorting, chromatography or
clinical diagnostics [16, 17, 18, 19, 20, 21]. Drop may bounce, spread or splash as the
outcome of the impact on solid surfaces and this is fundamental for the purpose of
printing and quenching, etc. [22, 23, 24]

In this thesis we are attempting two prototypical problems. One is to test in
multi scale that whether surface gradient method can be used to separate particles of

different sizes or charges. The other one is to observe the phenomena of nano meter



sized drop impact on heterogeneous surfaces and compare the results to the macro
scale drop impact.

The separation of different particulate constituents in solution has long been an
important process in many industrial applications, and numerous techniques have
been developed for this purpose [25]. Frequently, separation methods take advantage
of the variation in physico-chemical properties between the target particles, and dis-
criminate between them based on the small differences in their properties, leading
to the fractionation of complex mixtures. Techniques such as field-flow fractionation
[26] utilize a single physiochemical property to separate particles and are inherently
batch processes, or else require external fields to drive separative displacement. How-
ever, continuous operation is a desirable property in any chromatography method, and
techniques with this advantage that do not require external fields include pinched flow
fractionation [27, 28, 29|, hydrodynamic filtration [30] and hydrophoresis [31, 32, 33].
Filtration techniques lead to local accumulation of particles which then require fur-
ther manipulation, but a particularly attractive feature for nanoscale processing would
be autonomous operation, where the device does not require mechanical interaction,
operator intervention or other forms of tuning.

These difficulties may be avoided by method based on wvector chromatography
(34, 35], a continuous separation method based on a combination of transport in
one dimension with selective displacement in the orthogonal direction, which not
only operates autonomously but has greater resolving power than many of the one-
dimensional techniques above. [36]. In contrast to ordinary chromatography, vector
chromatography separates particles not only by different transport velocities but also
by their distinctive mean migration angles. One such method, deterministic lateral

displacement [16, 17, 37, 38, 39] uses a two-dimensional sieving matrix which effec-



tively blocks the linear motion of larger particles and forces particles of different size
to move at different angles. Although very effective in practice, the underlying mech-
anism leading to separation is not completely clear, and the corresponding designs

are hard to optimize [40, 20, 41].
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Figure 1.1 : Tllustration of vector chromatography based on surface gradients.

We focus on one type of vector chromatography, the gradient surface method
illustrated in Fig. 1.1, which makes use of the geometrical inhomogeneities of an at-
tracting surface to separate particles by selectively varying the direction (and perhaps
the speed) of motion according to the particle’s characteristics.

We report on numerical simulations and theoretical analyses of this process, tra-
jectory separation in the presence of a striped chemical pattern on one surface of
a microfluidic channel. The results are obtained from two distinct but related cal-
culational methods, molecular dynamics and Langevin dynamics, and a theoretical
analysis based on the Fokker-Planck description of the latter method.

The impact of liquid drops on solid surfaces is an everyday phenomenon with

important applications in material transport processes in industry, and whose under-



standing poses challenging questions in fluid dynamics [22, 24, 42]. The variaty of
physical properties of the solid provide us with potential on the new phenomena of
drop impacts[6, 7, 8, 9]. Furthermore, there are numerous possibilities for the out-
come of an impact: the drop may bounce, stick, spread as a disk, spread into fingers
or form a splash [43, 44, 45, 46]. A spreading liquid lamella may rupture during
impact into satellite drops or fragments [46, 47, 48|. If the substrate temperature is
above the liquid boiling point, the drop may levitate (the Leidenfrost effect [49]) or
even leave the surface entirely, depending on its size[50]. A recent systematic review
of the phenomena can be found in [43].

We provide numerical simulations with two principal motivations. First, we aim
to predict in a general way how the behavior of an impacting drop is affected by the
chemical and structural characteristics of the surface. Although slightly simplified
physical models are used for surface properties, we hope to elucidate the trends and
compare the results to experiments and earlier calculations where possible. We em-
ploy two distinct numerical simulation methods: molecular dynamics (MD), which
accurately captures the behavior at the scale of individual atoms in modestly-sized
systems, and the lattice Boltzmann method (LB), which solves the continuum equa-
tions of motion using a particle-based algorithm. Ostensibly the two methods operate
at very different length and time scales, but in principle address the same phenomena.
Our second goal in this paper is to compare the results of the two types of calculation
in the non-trivial flow configurations arising in drop impact. An earlier comparison
of the two methods for the confined (Poiseuille) flow of a wetting liquid [51] found
good agreement, but drop impact is a more stringent test.

To anticipate the results somewhat, we find that at low values of the Reynolds

and Weber numbers (Re < 20 and We < 100) the two methods produce very similar



drop behavior on wettable surfaces. On nonwettable surfaces and at higher impact
velocities, and in particular in the splashing regime, deviations appear. The issue in
wettability is that in the LB method, surface interactions are governed by a Cahn-
Hilliard potential, and standard forms for this interaction do not appear to treat
strong hydrophobicity and the consequent surface velocity slip properly. In contrast,
MD methods are quite well suited to this regime, and agreement between the two
methods is poor. In high velocity impacts, there is first the general issue that any
splash produces a highly ramified fluid body and secondary droplets, and resolving
this structure in terms of individual molecules requires a very large scale simulation.
A further difficulty is that a drop several nanometers in diameter with high Re and
We has a high velocity O(100 m/s), comparable to the atomic thermal velocity.
One consequence is that the Mach number becomes significant and compressibility
effects may appear, and a second is that impact produces temperatures exceeding the
liquid /vapor coexistence value [46], and the liquid drop tends to disintegrate rather
than splash in the conventional sense. Neither of these features is present in most
experiments and continuum calculations, and we therefore focus on slower impacts.
A number of earlier papers have studied drop impact on heterogeneous surfaces
of various kinds, using both experimental and numerical methods. Cross, stripe and
chessboard chemically-patterned surfaces have been studied numerically in the lu-
brication approximation by Schwartz and collaborators [52, 53|, using a geometry
identical to one considered below. Experimentally, Vaikuntanathan et al. [54] consid-
ered drop impact at the junction of hydrophobic and hydrophilic half-plane surfaces,
and Mock et al. [55] studied impacts onto hydrophilic spots and arrays of spots. A
pattern made of radiating thin spokes is the subject of experiments by Lee et al.

[56] and annular patterned surfaces are studied by Kim et al. [23]. Experiments by



Katsuragi [57] involve a drop impact on a granular layer surface and multiscale pillar
surfaces are studied by Lohse et al [6, 9, 58, 59, 60].

The thesis is organized in the following: In Chapter. 2, we introduce several the-
oretical or numerical methods that are going to be employed in this thesis, including
molecular dynamics, Langevin equations, Fokker-Planck equations and Lattice Boltz-
mann method. In Chapter. 3, we investigate how a stripe patterned surface can be
used to separate particles by their sizes. In Chapter. 4, by comparing molecular dy-
namics and lattice Boltzmann method, we study the dynamics of drops impact on

homogeneous or patterned surfaces of various kinds.



Chapter 2

Methodology

In this chapter, various methods, including our main approach Molecular Dynamics,

are discussed.

2.1 Continuum Theory

Nano scale fluidic system involving solid particles and surfaces is considered here.
In principal, Navier-Stokes equations[61], coupled with appropriate boundary con-
ditions, is feasible in nano scale. However, two issues can not be covered by the
Navier-Stokes framework: (1) Brownian Motion: at micro or nano scale, dispersed
particles do "random walk” due to the thermal motion of the fluid molecules [62];
(2) Nonhydrodynamic interactions: in some applications, particle-particle interaction
becomes nonhydrodynamic(hard collision) and it dominates the transport properties
of the particles[20]. In addition, the liquid-solid boundary conditions are nontriv-
ial and should be measured from a separate experiment or a molecular dynamics
simulation[63, 64]. Therefore alternative theories should be considered.

To include the Brownian Motion effect of particles, Fokker-Planck equation and
Brownian dynamics are introduced. Fokker-Planck equation claims that the spatial
probability distribution function Q(r,t) of particles which are at position r at time ¢

satisfies an equation of continuity[65]:

%:V-J:uQ—M-VV—kBTM'VQ (2.1)



where the particles have mobility tensor M and move in a velocity field u under a
potential V' at temperature kgT', subject to some initial condition. An equivalent form
of Fokker-Planck equation is the Langevin equation which expresses the equation

of motion of a single particle by[66]

dv

mo = —y[v—u(r)] + Fep + I'(2), (2.2)

where u(r) is the local flow velocity at the position r of the particle, v = 67uR is the
Stokes drag coefficient(y is the fluid viscosity and R is the particle’s hydrodynamic
radius), and F.,; is any external force acting on the particle. The fluctuating collisions
between the particle and the surrounding fluid molecules are approximated by a

stochastic force I'(t) whose correlation function satisfies

_ 29kT

(LOI(t)) = — =08, 8(t = 1), (2.3)

with ¢;; the Kronecker delta. Brownian dynamics is essentially the numerical simu-

lation of the Langevin equation.

2.2 Molecular Dynamics

Molecular dynamics(MD) simulation incorporates Newtonian mechanics to the indi-

vidual atom and models the atom-atom interaction by Lennard-Jones potential[67]:

) = aefa, (2" —e ()] v

with o the characteristic length scale and € the potential depth. r is the atom-atom
distance. The potential is cut off at distance 7.. ¢;; and d;; are the interaction
coefficients between species 7 and j. Here we fix d;; = 1.0 to retain the repulsive

forces between atoms but tune ¢;; to see the wettability effect. Polyatomic molecules



are modeled by a chain of atoms bounded by a finitely extensible nonlinear elas-
tic("FENE”) potential between neighboring atoms[68]. The bounding force takes the

form
]CFI'
1—r2/rd’

Frene =
where kp is the strength of the force and 7y is the upper limit of the bound length.
Solid(wall) atoms are kept in their equilibrium positions by a spring force with the
spring constant k, = m, = 100m,;. Solid atom mass m,, is chosen to be much
heavier than the liquid atom mass m;. The calculations are performed by standard
MD methods, including a layered linked-cell list[69], a predictor-corrector algorithm
and a Nosé-Hoover thermostat|70] which fixes the system’s temperature. To avoid
singularities in computation, the equation of translational and rotational motion of
rigid particles is described in terms of quaternion variables[71]. Depending on the

geometry of the system, periodic boundary conditions may be applied to one or more

dimensions.

2.3 2D Ewald Summation

The implementation of electrostatic(Coulomb) interactions is nontrivial in MD. In
order to correctly account for the periodic images of the charged particles, one has to
use Ewald summation in the calculation[72]. Generally, the naive summation of the
Coulomb potential in a periodic system,

U, _1 1 al N/ 495
0_54_7%222 vy — 15 + Lol + 1L

lo,l, i=1 j=1

is only conditionally convergent. Here, L, and L, are the lattice vectors, r; and r;
are the intra-cell position vectors of the i’th and j’th particle respectively, N is the

number of charges in the primary simulation cell. and the prime notation means j##i.
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In the 2D Ewald summation method [72, 73, 74], the potential is rewritten as a sum:
Uc=U"+ Ui+ Uiy + U°.

The real space sum U" is

U" 4iq;
i + Ly + L),
Q‘WZ;Z oy Ly + L] e e+ L)

lI7Z

where r;j=r;—r; the relative position vector and « is a constant controlling the width
of the Gaussian distribution of screening charges. Ulf;éo and Uf_, are the contributions
from reciprocal space sums with and without k=0 term:

cosk r;.)
U1’:7go 47r62|L ><L ]ZZZ L ’

k#0 i=1 j=1

k k
{e'kyiferfc (% + ozyi]) + e Wisepfe (% — ozyij)] ,

! v o
Vo =~ e ,ZZ qz%{—e o) +Wyza€rf<&yu>}

=1 j=1

and U? is the self energy

The force is obtained by differentiating with respect to r;.

Since the functional form of the force is complex, various approximate formulas
are commonly used to reduce the computational load [73, 74, 75, 76]. As with the van
der Waals forces above, we prefer to use the exact expression but construct a look-up
table in advance and interpolate during the simulation to perform a fast calculation
of the Coulomb forces. For the forces arising from Uy

N
q;2m
Fk
(Ficzoh = 47T6|L < L, |ZZ%

k#£0 j

’ K| Ky K|
{e'ky” erfe (2— +ayi; | + e Mierfe o5~ Wi || (A=uz,2)

«
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we build the table of f{(r;;) which is a function of relative position r;;:

fe(r..)_zk'r/(k) x |k erfe MJFQ ) 4 e Kvierfe M_a g
AV k| A 200 Yis 20 Yij

k£0

and the x and z forces can be evaluated from

2T
jou di ;£ 2.4
(Fiso)x = 47T€|L L. |Z (rij). (2.4)

For y-force

qi2m
EF (k-
( k;AO) 47T€|L % L | kzﬂzlq] COS I‘

[e/¥lvis erfe (|2 | + ozyw) + e ki erfe (| _ ozyz-j)

21 ] ks - K\’
ﬁ|k| Xp ylj 20{ aij

Introducing a function of relative position r;;:

+ exp

klyi; — ('2% + Oéyz'j>2] } J

k k
£)(ri;) Z cos(k - rj;) X [e IKlyis o fe (% + Oéyij> + e~ ki erfe (% — ozyz-j>

k£0

20 1 K K| 2 N K |k|+ 2 |
_ —— ex — 'Y — — QY;; ex i —_— Y, i s
ﬁ|k| p Yij 2% Yij p Yij 2% Yij
the y-force becomes
(Rl = 120 Zq r (2.5)
kA0 47re|L x L[ &7 i) '

Before the simulation, the reciprocal space summations are carried out for f§(r;;) and
f¢(ri;) on a spatial lattice and the results stored in a table. During the simulation, an
interpolation is used for each needed value of r;;, leading to an efficient and accurate

evaluation of the forces.
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2.4 Lattice Boltzmann Method

Unlike the traditional CED(Computational Fluid Dynamics) methods, Lattice Boltz-
mann method(”LB”) models the fluid by fictive particles which perform consecutive
propagation and collision processes over a discrete lattice mesh[77]. LB method is
essentially equivalent to the Navier-Stokes equations. In order to model two-phase
flows in LB one has to incorporate intermolecular interaction forces into the gov-
erning equations for the particle distribution functions. Here we employ the scheme
developed by Lee and Liu [78, 79] using a scalar order parameter C', which satisfies
the convective Cahn-Hilliard equation 9,C' + V - (uC) = M V?1[80], involving an ad-
justable mobility M and a chemical potential y. The local density is determined by
C in a linear way:

p=Cpi+(1—=C)p2,

with the bulk densities of the two phases p; and p,. C' is given by the gradient of a

free energy density

U = / [EO((J) + g|vo|2} dV +/ (00 — ¢1Cs + 2C2 — ¢3C2 + .. dS. (2.6)
\% S

involving a bulk free energy Eo(C) = BC?*(C — 1)?, where f3 is a constant, a gradient
term whose coefficient x controls the surface tension and interfacial thickness, and
surface terms which control the solid-liquid interactions, involving the the surface
concentration Cs. The liquid/vapor interface profile is found by minimization of the
free energy, with appropriate boundary conditions at a solid surface. The discrete
Boltzmann equation governing the transport of the mixture density and momentum

of the incompressible binary fluids is given by [79]:

Dfa
Dt

0 1 1
= (a +eo¢> fa = _X<f04 - f;q) + g(ea - ll) : FFom

S
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where f, is the particle distribution function, e, is the microscopic particle velocity
in the a-direction, p is the density, ¢, is the sound speed, A is the relaxation time and

F is the intermolecular force which satisfies
F = Vpc — (Vp - CVp),

with the dynamics pressure p. By numerically solving the above Boltzmann equation
on a discrete spatial and temporal lattice, one can simulate any binary fluid problem.

The LB method is validated by simulating a liquid drop impacting solid surfaces.
We first test the resolution issue. We use a D2Q9 lattice for a 2D grid and find
that the drop spreading dynamics becomes stable when the resolution reaches 135 x
135. Next we compare our LB calculations to the benchmark results. For a 3D
calculation, we use a 135 x 135 x 112 computational domain for a D3Q27 lattice.
The boundaries are all symmetric except at the solid surface where we impose a
boundary condition introduced by Liu and Lee [81]. The impact is described by three
independent dimensionless numbers, the contact angle (0), Weber number (We), and

either the Ohnesorge number (Oh) or the Reynolds number (Re), defined as follows:

5

2
puo~Do n
> and O ~oD: or Re oh

where ug is the drop impact speed, Dy is the drop diameter prior to impact, and 7

We

(2.7)

and p are the liquid’s viscosity and density. (Note that in the previous paper [46],
Re and We are defined differently, using the drop radius instead of the diameter.)
The maximum spreading factor, defined as &4 = Rimae/Ro , measured for 6 = 180°,
Oh = 0.002 and Weber number ranging from 8 to 90, is found consistent with the

experimental data. The validations are shown in Fig. 2.1.
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Figure 2.1 : LB validation. (Left) Mesh dependency results: spreading ratio vs. time
for the three resolutions indicated. (Right) Maximum diameter of the spreading drop,
normalized by the drop radius, as a function of the Weber number. The solid line

indicates slope 1/4.
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Chapter 3

Nano Particles Transport By Flow Past Patterned
Surfaces

In this chapter we focus on the transport dynamics of nano particles by flow past a
stripe-patterned surface. Firstly we work out the formalism of the particle-substrate
interaction. Next, we use MD method to look at how point and finite sized particles
interact with the substrate in presence or absence of the background flow. Lastly we
use continuum theory to investigate the transport of macro scale particles by flow

past the same type of substrate.

3.1 Model Description

We consider a pressure-driven flow in a three-dimensional rectangular channel bounded
on two opposing sides by atomistic walls, with periodic boundaries in the other two
directions. One bounding surface (the “bottom”) has a periodic array of two stripes
of equal width with different wettability, shown in Fig. 3.1, while the opposite (“top”)
surface has uniform interactions. The normal to the two walls is along the y-direction
while the flow is driven by a body force parallel to the z-z plane. The underlying idea
is that particles flowing over an array of strongly attracting stripes will be deflected
by their attraction to the surface, to a degree that depends on particle characteristics,
leading to different average trajectories for particles of different type. Referring to
Fig 3.1, the particles see an alternating attractive and repulsive potential landscape

in the xz-direction, arising from the surface. Since the particles preferentially occupy
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Figure 3.1 : Geometry of the gradient surface method. Particles flow past a solid
surface containing alternating regions which do or do not attract them strongly. In
response, the particles move at an orientation angle 6 which differs from the orienta-
tion O of the underlying fluid flow.

the regions above the attracting stripes, any motion away from the stripes along z is
discouraged which reduces the transport in that direction. In the z-direction parallel
to the stripes, however, there is no such spatial preference and particles advect more
freely. The x-velocity is therefore reduced while the z-velocity is unaffected, and we
expect § > Op. Particles of different radii (or suitably different physical properties)
will interact in different ways with the patterned wall and a difference in the migra-
tion angles is expected. In the laboratory, instead of periodicity one would have a
relatively large region of x-z plane, and even a small difference in average trajectory
angle will eventually drive different particles to different spatial regions where they

may be selectively collected.
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3.2 Particle Interacts With Patterned Substrate

We consider flow through a channel bounded by atomistic solid walls, where one
“bottom” or “substrate” wall is heterogeneous with a striped pattern of alternating
attractive and repulsive regions. The other “top” wall serves to confine the fluid and
suspended particles, and is taken to be homogeneous and repulsive for simplicity.
The calculations occur in a primary computation box, illustrated in Fig. 3.2, which
is periodically replicated in the x and z directions. We assume that the interaction of
a fluid or particle atom with a wall is given by the sum of the individual atom-atom
potentials. The wall atoms near the solid-liquid interface are responsible for the wall’s
atomic structure, and produce the corrugated potential seen by fluid atoms near the
solid, and these are treated as distinct (tethered) atoms in the simulations. However,
the atoms further in the interior of the wall are never very close to fluid atoms, and it
is a reasonable approximation to replace the sum of their individual contributions by
an integral, weighted by the wall atom density. In practice, for the bottom wall we
retain the two layers of wall atoms closest to the fluids explicitly, and the remainder
of the wall is replaced by a half-space of atoms. Since the top wall serves only for
confinement, it suffices to use just the explicit atomic layers there.

The interaction potential between a fluid or solid atom at position 7 and a wall

atom at position 77, is then

. D(rw) C(rw)
w wH = 4 — — - S — -1
Uwp(Toy T) TR oD (3.1)
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Figure 3.2 : Geometry of the computation box: fluid flows parallel to the z-z plane,
confined between a uniform and repulsive top wall and a bottom wall divided equally
into attractive and repulsive regions. The box repeats periodically in the z and z
directions. The LJ coefficients C' and D for wall-particle interactions are as indicated,
where the parameter A controls the wall attraction strength.

where D(r,,) and C(7,) are periodic functions

A, 2na <z, < (2n+ 1)a
I, 2n—1)a <z, <2na
A, 2na < xy, < (2n+1)a

C(rw) = 1 (3.2)
0, (2n—1)a <z, <2na

where a is the the width of a single wall stripe and n runs over all positive and negative
integers. As illustrated in Fig. 3.2, we assume that the bottom wall is composed of
adjoining semi-infinite slabs of material, so that 7, runs over all values of z and all
y < 0. (A simpler model would have a few layers of alternating stripes atop a uniform
substrate, but such a weaker interaction would be less effective in separation.) The

two stripes will be referred to below as attractive (C' = \) and standard or repulsive
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(C' = 0), respectively. The parameter A\ will range from the reference value 1.0 to
a strongly-attracting wall value of 8.0. This choice will be employed for the bottom
wall in the simulations, while the top wall will be treated as standard and assigned
the reference values for C' and D.

The interaction between a fluid or particle atom at 7= (zg, yo,0) and the bottom

wall integrals of the form

I:/Zdz/ldy/jdxc*(x)[zu(y_y0)2+<g;_g;0)2]—?

where
c1, 2n<x<2n+1
C(r) =
cy, 2n—1<x<2n
Note that the interaction is translationally invariant in z, and for the moment we set

a = 1 for ease of writing but restore a at the end of this section. The values m = 6

and 12 occur in the attractive and repulsive terms, respectively, and n = 0, &1, +2, ...

Although the integral I cannot be computed analytically, it can be expressed
as a power series from which we construct a look-up table for use in the numerical

simulations. The integral over z can be done easily to give

—1

I= m; / dx/ dyC(x + zo) (x> + y*) 77 .
7
Defining

1) = VIO [Ty st and gl = [ swa,

and writing g(4+00) = geo, g(—00) = —guo, One has:

I= /oo dxC(x + x0) f ().

—00
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Figure 3.3 : Typical variation of forces near the bottom wall. for ¢; = 2.0, ¢; = 0.0.
The solid, dashed and dash-dotted curves represent y = 1.2, y = 1.0 and y = 0.8
respectively. The x-force vanishes at the center of stripe and is maximum at the
stripe boundaries, while the y-force takes its maximal values at the center of the
stripe.

which can be integrated by parts to give

I =C(x0—)[9(0=) + goo] — C(z0+)[9(0+) — goo]

—(C1=Co) | D (=1)"[g(n —x0) + gl = Y _ (—=1)"[g(n — z0) — g]

n<xo n>xo

The derivatives of I give the force components:

s _% __ / T de O+ m) f(@) = —(Ci - C) S f(n - w0), (3:3)

—00 n
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Figure 3.4 : Competition between attractive and repulsive forces near the bottom wall.
Far from the wall, the x-force is small and attractive towards the stripe boundaries,
but reverses on closer approach. The y-force similarly reverses in sign on approach
to the wall.

Iy = o /_OO dx C(z + xo)h(z) =

= JoclClao=) + Claot)] + (Cr = Co) D (=1)"[J(n—w0) + Jx]  (3.)

n<xo

+(Cr = Co) Y [J(n— o) — Juo]

n>xo

h(z) = 8£?5:) = —ﬁﬁ(%)T_) (z° + yg)_mT_1 and J(z) = /Or h(z")dz'

Note that J(z) is an odd function with limits J(£o00) = £J.
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It is useful to define an intermediate function K,,(x,y) via

T Ku(z,y) _ Vrl("5) /wdy,(x2+y,2)m_ (3.5)

= 2 2
m—2 xm2 rs)
Note that K,,(z,y) is a function only of the ratio z/y, and in particular

32y + 213

Ke¢(z,y) = W7

31528y + 840253 + 1008z4y® + 5762%y" + 128y°

Klz(l‘,y) = 128(:1:2 n y2)9/2
If we define
- w1 — Kin(n—x0,0)
tm('z'O? yO) = Z (_1) (m _ 2)(n — $0)m72’ (36)

then from Eq. (3.3) the z-component of the force can be written as
f;n = —7T(Cl — CQ)tm.

Likewise, defining

$m (0, Yo) = ﬁ [Z (=)™ (= Km(yo,n —0) = 1) + Y (=1)"(=Km(yo,n — o) + 1) | ,
(3.7)

n<xo n>wo

from Eq. (3.4) the y-component of the force due to an mth power potential is:

Y m—2 m — 2

fm T {20(%)
Yo

(a1 = o).

Finally, we restore the width a of the stripes by rescaling the variables in the

starting integral I, leading to

fot = —mla =)t 70), (3.8)
= [2C(jc°2>+<c1—@>sm<ﬁ,@>], (3.9)
Yo m a a
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Figure 3.5 : Complete force field at various distances from the wall, combining discrete
wall atom and continuum wall interactions. (a) z-force near the wall, (b) z-force away
from wall, (c) y-force near the wall and (d) y-force away from wall.

where

¢, 2na<z<(2n+1)a
Cz) = (3.10)

c2, (2n—1)a <z <2na
The full LJ potential arising from a continuum wall is the difference of the m = 12
and m = 6 results; the individual terms in the force are shown in Figs. 3.3 and the
sum in Figs. 3.4. Unsurprisingly, the force is strong only in the vicinity of the wall.
When the particle is near the wall, the repulsive (m = 12) part of the force increases
rapidly, but at intermediate and larger distances, the attractive force decays much

more slowly and dominates the repulsive force. The net force behaves roughly as y; *°

due to the 712 repulsive potential when near the wall, and as y;* at larger distances.
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The complete force field acting on any atom is the sum of the continuum contribu-
tion above and the two-body potentials of the explicit wall atoms, shown in Fig. 3.2.
The principal features are a stronger force near the wall and a rapid oscillation on
the scale of the wall atom spacing. The y-component of the force is, as expected
strongly attractive towards the wetting region, while the z-component force peaks at
the stripe boundaries and tends to push the particles towards the wetting region. In
the subsequent discussion, we characterize the non-uniform distribution of particles
resulting from the surface interactions by the partition coefficient P, defined as the

probability of finding a particle above the wetting stripe.

3.3 Simulation Results
3.3.1 Point Particle Without Flow

In the simplest case, the fluid and the suspended particles are individual atoms,
which amounts to a two-component liquid with comparable sizes for the molecular
components. The advantage of this assumption is that smaller particles have a larger
diffusivity which leads to faster simulations, while retaining the essential physics of
separation. In a simulation of a monatomic liquid in a patterned channel, a fraction
¢ of fluid atoms are randomly chosen to be point “particles” subject to modified
particle-wall interactions while the remaining “solvent” atoms interact with a uniform
substrate. The key quantity of interest is the partition coefficient P, defined as the
fraction of particles located above the wetting stripe.

The calculations are performed using standard MD methods, including a layered
linked-cell list, a predictor-corrector algorithm with a time step of 0.0057, and a Nosé-

Hoover thermostat which fixes the temperature at kgT = 1.0e. The system contains
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13,824 liquid and particle atoms at an overall density 0.80 73 and 2,704 (explicit) atoms
in each wall, in a box of dimensions (X,Y,7) = (41.04,13.68,41.04)0. Initially, the
particles are uniformly dispersed in the liquid, and during a 1007 equilibration period
the enhanced wall attraction is turned off (A = 1 so as to produce an unbiased initial
state. The wall interactions are then restored, and the simulation is run until the
particle distribution reaches a steady state; the time required varies from 4,500 7 to
7,500 7, depending on the interactions used. We consider particle concentrations of
1, 2, 5 and 10%, and attractive wall strengths A=2, 4, 6 and 8, and in each case we
average over 10 realizations. All interactions ezcept the enhanced wetting interactions
between the particles and the substrate wetting stripe are cut off at a separation
r. = 2.50, at which point the resulting force is quite weak. However, the interaction
between the particles and the attractive parts of the bottom wall, including both the
explicit atoms and the half space below it, has no cutoff. This choice is made to
maximize the effect of the stripes on the particles while speeding up the calculation
by omitting parts of the interaction inessential for continuum fluid behavior.

At equilibrium, one expects the particles to accumulate near the attractive (wet-
ting) stripe, forming a roughly uniform layer, while depleting the regions near the
other parts of the walls and the middle of the box. The simulation results are in
agreement with this reasoning up to a point: the complete set of final states for the
range of ¢ and \ considered here is shown in Fig. 3.6. We see that there is always an
accumulation near the wetting stripes, to an extent that increases with both A and ¢,
but because there are a fixed number of particles each occupying a finite volume, they
may form either filled or partially filled layers, depending on the attraction strength
and the number available. The region very close to the non-attractive walls where

the interaction is purely short-range repulsion always remains depleted of particles,
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Figure 3.6 : Point Particle Model: Final configurations at 7500 7 for various parameter
sets. From top to bottom: ¢= 0.01, 0.05 and 0.1; From left to Right: A = 2.0, 4.0,
6.0 and 8.0.

and furthermore increasing \ tends to draw particles closer to the attractive stripe.
The time evolution of the particle distribution is indicated quantitatively in Fig. 3.7,
which shows the probability distribution function of distance from the attractive wall
time at different times in the course of a simulation run, separately for the particles
above the attracting and repulsive parts of the bottom wall. Each plot represents an
average over a 4507 time interval. During the equilibration phase before the wetta-

bility is turned on the usual density oscillations are seen at both walls; in this time
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Figure 3.7 : Probability distribution of particle’s distance from the wall, averaged over
various time intervals, for ¢ = 0.02 and A = 1.5. (a) Before and (b) just after turning
on the wetting interactions, (c) in the middle of the run, and (d) at equilibrium. Full
(red) and dashed (blue) lines are the distributions above the wetting and nonwetting
stripes, respectively.

interval the particles are indistinguishable from the solvent atoms, and a confined and
dense liquid always exhibits density oscillations near a planar wall. At later times the
particles in the attracting region are drawn downwards and enhance the peak near the
lower wall while depleting the profile elsewhere, in this case leaving so few particles
elsewhere that there is no longer any close-packing issue and the systematic density
oscillations are replaced by structureless fluctuations. The height of the attractive
peak increases with time until about 1500 7 and then decays to its equilibrium value.

The partition coefficient P is plotted as a function of time in Fig. 3.8 for various
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Figure 3.8 : Time dependence of the partition coefficient (left) and the fraction of
stuck particles (right), for ¢= 0.02(top) and 0.1(bottom), for various values of the
interaction strength.

particle concentrations. In each case, P starts at the equilibration value 1/2 and then
increases with time until a steady state plateau is reached. Naively, one would expect
the plateau value to increase monotonically and and the time to reach it to decrease
monotonically with A, but in fact for most cases there is a distinct difference between
the results for A = 2 and higher values 4, 6 and 8, and little or no significant difference
among the three higher values. Evidently. the effect of increasing the attraction
strength saturates, which we attribute to the fact that the enhanced attraction is

nonetheless weak except very close to its part of the solid wall, and once the first layer
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forms this somewhat weak interaction is competing with the strongly fluctuating LJ
interactions with the solvent. Similar conclusions follow from evaluating the “stuck
fraction” S, defined as the fraction of particles within a distance o of the attracting
solid. Here, the steady-state value is usually below one, because any particle in a
second layer at higher ¢ is certainly at a larger distance from the wall, and even
particles remaining in the first layer may fluctuate slightly away from the solid. The

variation of S with ¢ and A has the same qualitative features as P does.
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Figure 3.9 : Effects of varying the attraction strength. Left: asymptotic partition
coefficient at different concentrations. Right: width of the gap between particles and
the attracting solid wall.

The ability of the wall to attract particles in the absence of a flow is summarized
in Fig 3.9, which shows the variation of the final state partition coefficient with
interaction strength A, for different concentrations. As mentioned above, except at
the lowest concentrations, the accumulation saturates beyond A = 4 or so, because the
region in which the wall attraction is strong becomes filled with particles. However,
further increases in A do affect the configuration in that the particles draw closer to

the solid: the average gap A decreases systematically.
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3.3.2 Flowing Finite Sized Particles

Our main interest is in the separation of finite-sized particles, which are treated here
as a rigid body composed of atoms with fixed relative positions. The MD simulations
involve 27,648 fluid and particle atoms and 10,816 wall atoms contained in a box of size
(X,Y,Z) = (51.71,17.24,51.71)0, bounded by top and bottom walls in y-direction
and periodic boundaries in z- and z-directions. Roughly 5% of the atoms are used to
construct the particles, and the remainder are left as individual fluid (solvent) atoms.
Both walls have two layers of explicit atoms, which are tethered to fixed lattice sites
by springs. The bottom wall (substrate) is divided into two equal parts, where the
right half (wetting stripe) interacts with all particle atoms with a variable interaction
coefficient A, while the left half (nonwetting stripe) and top wall exert a short-distance
repulsion of fixed strength. A body force ¢ is applied to each fluid atom parallel to the
x-z plane at various orientations with respect to the stripe boundaries. Simulations
were performed with the following parameters: the particles contain either 7, 33, 81
and 203 atoms, corresponding to radii 1.08, 2.15, 2.64 and 3.88c, respectively, the
body force g ranges from 0.005 to 0.2mo /7%, and the interaction coefficient A takes
on values 1.0, 1.1, 1.5 and 2.0.

The flow field may be characterized by the Reynolds number, based on the channel

width w ~ 12.90 and the average fluid velocity V/,

1p2
Re = p/Vw 2L w? g (3.11)
Ju 8

where in the second part of the equation we have substituted the usual expression
for average velocity in Poiseuille flow. The viscosity p =~ 2.0 as obtained from our

simulations, so numerically Re ~ 43¢ and is O(1) in these simulations. The particle
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motion is characterized by the Péclet number

2 2

rV. pgrw® 3mpw?r
D 8uD  4kgT

Pe = g (3.12)

where we have again inserted the Poiseuille flow expression for V', and then used the
Stokes-Einstein relation for spheres, D = kgT/6mpur. Numerically, in these simula-

tions Pe = 1255¢g for a particle of radius 2.0.
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Figure 3.10 : Three examples of typical particles motion for the case A = 1.5, r = 2.15
and g = 0.02 oriented at 45°. The trajectories are the irregular lines and the mean
flow direction is the dashed line. From left to right, we see trapping, restrained motion
and free motion.

Typical individual particle trajectories are shown in Fig. 3.10 for a particular
parameter set. The three cases illustrate a trapped particle which becomes bound to
the substrate, a mobile particle whose translational motion is restricted by substrate
interactions, and a particle moving almost freely in the center of the channel. In all
cases the duration of the trajectory is 15,000 7. The distinct behaviors are manifest in
the time-averaged gap distances between the lowest point of the particle and the mean
position of the inner layer of substrate atoms, A = 0.5, 1.6 and 5.40, respectively. in
the three examples. Note the upward jumps in the first trajectory, which occur when
the particle crosses the stripe boundary (recall that the periodicity of the pattern is

approximately 520) and its z-motion is slowed by the substrate interaction. When
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the particle is at an intermediate distance from the substrate (middle subgraph), the
jumps are less obvious but still visible, while if the particle is far from the substrate
(right subgraph), the trajectory simply appears noisy. Not surprisingly, as the particle

moves away from the striped pattern its trajectory smoothes and its velocity increases.
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Figure 3.11 : Final configurations for the case A = 1.5, r = 2.0 and ¢ = 0.02 and
45° applied flow. (a) Variation of the average particle-substrate gap with time, (b)
Side view of the final configuration, (c) Positions at the end of the simulation in the
substrate plane, (d) Trajectory angle vs. mean in-plane velocity.

The final state of the same simulation, showing the positions of all of the particles,
is shown in Fig. 3.11. The x-z plot gives the actual positions in the plane parallel to the
stripes, which involves unfolding the trajectories from their periodic images within
in the primary simulation box. There is a wide distribution of distances traveled,

but a characteristic trajectory deflection is apparent. The x-y plot shows the final
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displacement above the substrate plane, in this case in the primary box for simplicity,
and we see a group of trapped particles just above the wetting stripe along with
mobile ones at larger separations. The time variation of the mean gap A between the
particles and substrate shows a systematic decay from an initial value corresponding
to a uniform distribution to the small asymptotic value when eventually most of the
particles are near the wetting stripe and strongly interacting with it. Lastly, the
velocity plot shows that the largest deflection angles are associated with low-velocity
particles which are probably trapped or diffusing within the attractive stripe, or
perhaps colliding with other particles in the same situation. The very highest velocity
particles show a smaller but significant deflection, consistent with the trajectory in the
left-hand frame of Fig. 3.10. Although these particles are further from the substrate
on average they do diffuse in the y-direction, and evidently spend enough time near

the wetting stripe for their motion to be affected.
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Figure 3.12 : Variation of deflection angle Af with imposed pressure gradient angles
0 at various pressure gradient g.
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Next we address the effects of varying the mean flow direction. As shown in
Fig. 3.12, particles transporting with 45° flow have the greatest deflection in gen-
eral. When the mean flow is either parallel 90° or perpendicular 0° to the stripes
the deflection is approximately zero, due to symmetry. Other flow angles produce
results intermediate in magnitude, and in the following discussion we focus on 45°

flow simulations in order to maximize the deflection.
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Figure 3.13 : Transport angle 6 versus pressure gradient g for particle of different
radius. Left to right: A=1.1, 1.5 and 2.0.

The results for particle deflection are shown in Fig. 3.13, and some obvious trends
are apparent. First, the maximum deflection increases with the attraction strength
A, over the range plotted. At still higher values there is little change, because the
region just above the wetting stripes where the interaction is strongest eventually
becomes saturated with particles, forcing the other particles away into regions where
the wall potential is weaker. This observation alone means that it is possible to
separate particles based on their chemical properties, specifically the strength of their
interaction with the wetting stripes. Secondly, the velocity of the background flow,
controlled here by the pressure gradient ¢, should be intermediate in value for the

strongest deflection. At low velocities the particles move slowly and are subject to

obstruction by the other particles present, rather than exploring uncovered regions
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of substrate which may more readily be approached. This consideration is not an
overwhelmingly important one, but does explain the rise in € seen at the lowest g
values. At high flow velocities the deflection drops off to small or negligible values —
in this limit the particles are likely to be advected with the flow and the Stokes drag
force overcomes the substrate attraction. The effect of the background flow on the
particle velocities can be observed in a different format by a scatter plot of average
particle speed in the x-z plane vs. position y above the substrate, shown in Fig. 3.14.
At low g the speed is controlled by molecular diffusion so that low speeds are common
and the higher-speed particles are located at any y, but at higher g most particles

are moving and the effect of the solvent’s parabolic velocity profile is apparent.
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Figure 3.14 : Scatter plot of velocities in the z-z plane against y-position for A = 1.1
and r = 2.64. Left: g = 0.01, right: g = 0.10.

The final qualitative result of these simulations is that the deflection angle is a
function of particle size, so that separation based on particle size alone is possible. Our

results do not show a simple monotonic trend however. For the three smaller radii,
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at the lower g-values where the deflection angle is largest it increases with particle
radius, reflecting a stronger substrate interaction because there is more material to
interact with. The largest-sized (r=3.880) particle does not fit this pattern; a physical
reason is that the interaction has more variation over the extent of a larger particle,
which then has regions both more and less attracting to the substrate than a smaller
particle, complicating its behavior. (A further technical issue is that we have fewer
realizations for the larger particles, because they are more likely to trap a fluid atom
between themselves, leading to closer approach and higher interatomic forces and a

greater likelihood of a computational error which halts the program.)
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Figure 3.15 : The effect of continuum half-space interactions on particle motion. Final
particle positions, Left: with, and Right: without, for a simulation with parameters
r=2.15, A =15 and g = 0.02.

Finally, we provide some a posteriori justification for adding a semi-infinite half-
space of continuum substrate atoms in addition to the explicit atomic wall layers.
Although the interaction with the explicit atoms at the surface of the wall provides
the dominant force numerically at any fixed position, the half-space of continuum

atoms does have a significant quantitative effect. Visually, in Fig. 3.15, the most
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With Without Difference

D, 43200 53280 25%
Dy -4.40 4.10 7%
D. 503.1c  597.00 19%
0 49.3° 48.3° 2%

Table 3.1 : Quantitative effects of the continuum half-space interaction. Spatial
components of particle mean transport distance and angle with and without the
continuum interaction, for » = 2.15, A = 1.5 and g = 0.02.

obvious effect is to trap some particles near their starting points, and produce a more
uniform distribution of final positions. Quantitatively, however, Table 3.1 shows a
clear difference of as much as 25% in the various components of the mean transport
distance. The effect on the transport angle is present but much smaller — 2%, but
recall that even a small change in angle leads to a substantial spatial separation over a
long enough distance. One might have thought that the half-space interaction would
be negligible because the surface layers of explicit wall atoms are much closer to the
fluid and particle atoms than the continuum part of the wall. However, the former
interaction falls rather rapidly as the inverse sixth power of separation, whereas the
latter incorporates an infinite amount of interacting material and has a much slower
decay, as the inverse third power, and is effective even in the middle of the channel.

In the simulations just described, the interaction between the particles and the
solvent fluid was fixed, at the standard LJ values C = D = 1. If this interaction is
varied, the influence of the substrate interaction takes on more or less importance and
the particle motion changes. In Fig. 3.16 we compare the final positions for a range

of particle-fluid interaction If we fix C' = D, then values smaller than the standard
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Figure 3.16 : Comparison of the final configurations with different particle-solvent
interaction coefficients: (a) C' = 1.0, D = 1.0, (b) C = 0.0, D = 1.0, (¢) C' = 0.5,
D =0.5,and (d) C =15, D = 1.5.

(1.0) result in less particle motion while values greater than this result in stronger
particle advection. If C'=0 there is no attraction and the fluid tries to expel particles,

resulting in their accumulation at the walls of the box and little transport.

3.3.3 Flowing Charged Particles

The trajectory deflections produced by van der Waals interactions with a substrate are
generally small, because this interaction falls off rapidly with distance. In particular,
the particles moving near the substrate which experience the strongest forces also have
relatively low velocities and are more influenced by molecular diffusion, and may be

trapped at an early time before the trajectory develops. To produce a stronger effect,
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we turn to longer-ranged Coulomb interactions. There are innumerable possibilities
of distributing charges among the atomic species in an MD simulation, and in the
following discussion we focus on several specific scenarios in which electric charge is
placed on the particles and bounding walls only. In reality, the solvent may be charged
as well, leading to a finite screening length for the Coulomb interaction, which could
be implemented through a dielectric constant which can reduce the magnitude of the
interaction. In most cases we omit this effect, but examine the effect of using the
dielectric constant of water in one example below. The particle motion is simulated
using the MD methods described in Sec. 2.2, with the new feature that the long-
ranged Coulomb interactions from the periodic copies of the primary simulation box

are included using Ewald summation methods described in Sec. 2.3.
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Figure 3.17 : Illustration of the different charge distribution schemes. Positive (wall)
and negative (particle) charges are shown as plus and minus symbols, respectively,
and the wetting stripe is shown in thick line.

For definiteness, we assume the particles have only negative charge while the
walls have only positive charge, subject to overall electrical neutrality. Four different
wall charge arrangements are considered, shown in Fig. 3.17. Scheme 1 distributes
charges randomly on all of both walls, scheme 2 has charges on all of the bottom
wall only, scheme 3 places half the charges on the wetting stripe of of bottom wall
and the other half on the complementary region of the top wall, and scheme 4 has

all charges on the wetting stripe of the bottom wall. Fig. 3.18 shows the the final
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configurations in simulations with these charge distributions. For system with charges
on both walls (schemes 1 and 3) the particles are divided into two groups, one near
the top wall moving with high velocity, and the second near the bottom wall moving
with low velocity, due to the attractive interaction with the substrate. The behavior
in these two schemes is qualitatively similar to the uncharged case discussed above:
the particles have some new attraction to either wall but not a specially enhanced
attraction to the wetting stripe, and the principal effect of the electrostatic interaction
is to draw the particles away from the center of the channel and thereby slow them
down somewhat. If instead only the bottom wall is charged (schemes 2 and 4),
particles tend to move near the bottom wall and their mean transport velocity is
relatively small. Here the charges act in concert with the wetting interaction and
increase the degree of trapping. We see from the figure that scheme 2 is most effective
at altering the transport angle but tends to trap the particles. Schemes 1 and 3 are
only modestly effective in producing a trajectory deflection but do permit transport
over large distances. Scheme 4, which has the strongest patterning interaction, and
which one might have anticipated to be the most effective choice, is in this case
apparently too strong and simply traps the particles.

At this point we can compare the explicitly two-dimensional version of the Ewald
sum to a common approximation in which the full three dimensional method is used
but the effects of periodicity in the unwanted (y) direction is lessened by making the
box size much larger than the actual width of the system L,, so as to reduce the
influence of those periodic copies. Fig. 3.19 shows a comparison of the two methods,
where in the approximate 3D method the periodicity in y is chosen to be 5L,. In
most cases the differences are small; the difference in transport distance is probably

insignificant but, again, even a small difference in trajectory angle has a large effect
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Figure 3.18 : MD results for charged system with particle radius r 2.15, A =
1.5, g = 0.02 and a charge per particle of Ge. Left to right: schemes 1 to 4; Top
row: final positions in the (z-z) flow plane; Middle row: side (z-y) view of the final
configurations; Bottom row: transport angle 6 vs transport distance Awx.

of the particle position.

The effect of varying the particle charge is indicated in Table 3.2, which gives
the trajectory angle # and distance traversed A, for each scheme, averaged over the
particles. In general, increasing the charge per particle leads to the decrease in Ax
and increase of . The decrease of covered distance results from increased attraction
or trapping, which in turn causes an increase in ¢ because such particles tend not
to leave the wetting stripe while being relatively free to move parallel to it. Note
that this argument would imply that the trapped particle deflections are almost as
likely to be negative as positive, in contrast to the deflections of mobile particles
which by the argument given in the introduction should be positive. The numerical

results support this interpretation. The results in Table 3.2 again indicate very similar
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Figure 3.19 : Comparison of 2D and 3D Ewald Sum: transport angle vs transport
distance Az for particles of radius » = 2.15 with charge 6e. Hollow symbol: 3D
method, solid symbol: 2D method; scheme 1 (triangle), scheme 2 (square), scheme 3
(diamond) and scheme 4 (circle).

behavior for charge schemes 1 and 3, and scheme 2 shares the feature that increasing
charge increases 6, but scheme 4 surprisingly has the opposite behavior.

The simulations in schemes 2 and 4 were extended to longer times, three times
the duration shown above, to decisively determine their asymptotic behavior. In
scheme 2, some particles are trapped near the wetting stripe on the bottom wall,
but others continue to move indefinitely with a large deflection angle. In contrast,
in scheme 4 all of the particles eventually become trapped on the wetting stripe,
and the difference between them is presumably that in this case the charge density
is higher than in scheme 2 and when combined to the wetting interaction leads to
a very strong trapping effect. However, in scheme 2 the particle are not far from
the lower wall and the wetting stripe, so even if not trapped they interact strongly

enough to produce large trajectory deflections. Indeed, the deflections are larger than
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in the uncharged case in Fig. 3.11, because many of the particles there do not feel any
significant wall interaction at all. The net wall interaction therefore requires careful
tuning for optimal separation: large enough for the particle motion to be affected but
not so large as to trap them.

In these simulations the dielectric properties of the solvent were ignored; in fact
in these simulations the only effect of dielectric permittivity of the solvent material
is to renormalize the charge and we have accounted for this effect in Table 3.2. For
example, if we use the room temperature dielectric constant of water, ¢, ~ 81, the
Coulomb force is the same as if each charge were reduced by a factor of 9. Figure 3.20
shows the simulation results of different schemes with permittivity turned on. Both
the argument and the simulation suggest that higher charge density is needed for

larger deflection angles
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Figure 3.20 : Results of MD simulation with water’s dielectric constant accounted
for: transport angle 6 vs transport distance A, for particles of radius r = 2.15 with
charge 9e. Water’s relative permittivity ¢, = 81. Triangle: Scheme 1, Square: scheme
2, Diamond: scheme 3 and Pentagon: scheme 4. Circle: uncharged system.



44

46—
o 1 2 3 4 5 6 7 8
q

Figure 3.21 : Mean transport angle ¢ as a function of charge density ¢ in mixture
system. Particle number: 12 small particles with r = 2.150 and charge per particle ¢
and 12 big particles with radius r = 4.30 and charge per particle 4q.

To demonstate particle separation in a more practical sense we consider a mixture
of charged particles of different sizes transporting in a nanochannel with a surface gra-
dient. We consider an MD simulation of a binary mixture consisting of equal number
of particles with different radii, assigned different amounts of charge proportional
to their surface areas. To neutralize the particle charges scheme 2 is used, i.e., all
compensating charges are uniformly distributed on the bottom wall where the surface
gradient is present, with affinity parameter A = 1.5. The flow is directed at 45° in
the xz plane by a body force g = 0.02. The results, shown in Fig. 3.21, indicate that
small particles have a higher transport angle than big particles, by approximately
2°. The observation of the positive correlation between ¢ and 6 is consistent with
the fact that the particle deflection can be enhanced by the attractive wall force of

which the Coulomb part is proportional to ¢?. The origin of the difference can be
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Figure 3.22 : Left: Side view of final configurations for mixture system at ¢ = 3e;
Right: Transport angle 6 versus transport distance A, for individual particle for
mixture system at ¢ = 3e.

seen in Fig. 3.22, which shows individual particle behaviors for the binary system at
q = 3e. It is well known that when a binary mixture flows the large particles tend
to occupy the center and exclude the small ones, which preferentially populate the
region near the walls. The small particles are then more stroingly attracted to the
substrate, and because of their high diffusivity can quickly respond to the attrac-
tive wall force. When the small particles saturate the region above the attracting
substrate they effectively screen charge from the big particles, which then move in
the weak potential region with higher velocities and smaller deflection angle. If the
charge is large enough, however, the electrostatic forces overcome the hydrodynamic
segregation and all particles will be drawn to the substate. In this limit the particle
trajectories are relatively insensitive to size, as seen by the convergence of the two
curves in Fig. 3.21 at large q.

We conclude that Coulomb potential can enhances the deflection of trajectories,
but at the same time may increase the amount of particle trapping, and furthermore

may not have an adequate sensitivity to particle radius for separation applications.
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3.4 Continuum Model

3.4.1 Brownian Dynamics

The MD simulation method could be used for particles of any size, but as the particle
size increases the amount of fluid solvent which must be included in order to simulate
a dilute suspension increases in tandem, and the computational cost eventually be-
comes prohibitive. We turn instead to a simpler computational method, the Langevin
equation, which has the further advantage that its accuracy increases with particle
size. In this approach, the velocity of a suspended particle of mass m and radius R

satisfies
dv
mes = —y[v —u(r)] + Feue + I'(2), (3.13)
where u(r) is the local flow velocity at the position r of the particle, v = 6ruR is the
Stokes drag coefficient (u is the fluid viscosity), and F.,; is any external force acting
on the particle. The fluctuating collisions between the particle and the surrounding
fluid molecules are approximated by a stochastic force I'(t) whose correlation function
satisfies

_ IRT s — . (3.14)

(L) I5(H))
In reality this force has finite temporal and spatial correlations due to the structure
of the solvent fluid, but for large particles whose size is greater than the correlation
length different regions of neighboring fluid will act independently, and furthermore
large particles will not move very far over the correlation time of the solvent, and it
is reasonable to approximate the solvent interaction as random kicks. Frequently a
further approximation is made that the particle’s motion is overdamped and the left
hand side of Eq. 3.13 is set to zero, but we will retain the full equation here.

In the present situation, the external force arises from the spatially-dependent
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substrate interactions, which are evaluated in the same way as in the MD simulations.
The local flow velocity just corresponds to Poiseuille flow and could be inserted either
analytically or from the velocity profile obtained in the MD simulations, which have
little difference in this case. When the Langevin equation is solved by a time-stepping
algorithm with step-length At, the random force is implemented as

ri) = [ 2 60, (3.15)

where at each step () is a new Gaussian random number with zero mean and unit
variance.

The predictor-corrector method used in the MD simulations does not lend itself
to a stochastic and velocity-dependent differential equation, so instead we use an
algorithm suggested by the Verlet method in MD [67]. For each component of Eq. 3.13

we write
r(t+ At) = r(t) +v(t) At + %a(t)AtZ + éa(t)AtS + O(AtY),

where v(t) is the velocity, a(t) the particle acceleration (the terms on the right-hand
side of Eq. 3.13 divided by m) and At is the numerical time step. Combining this

equation with its counterpart for r(t — At), we can update the position using

r(t 4+ At) = 2r(t) — r(t — At) + a(t) At + O(AtY). (3.16)
The velocity can be updated to third-order accuracy via

v(t + At) = v(t) + %[a(t) +a(t + At)]At + O(A?).

where the new acceleration is simply given by the Langevin equation at time t + At.
Substituting and rearranging the result, we have

2w a0 = 1= 2o + i + ot A0 @D

m m 2m
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where ¢ = yu + Fopy + 1.

The Langevin simulation is performed within a box of the same size as the MD
simulation of finite sized particles, again with periodic boundary conditions applied in
the x and z directions. The particle’s explicit interaction with the substrate surface
layer, which would not be resolved at the level of resolution the Langevin equation, is
replaced by a simple repulsive force to prevent penetration into the walls. The exter-
nal force then consists of this short-ranged repulsion plus the long-ranged attractive
force from the wetting stripes. We again focus on a flow directed at 45° within the
x-z plane by a body force g = 0.01. Initially, 100 (non-interacting) particles are dis-
tributed uniformly along the y-axis and the Langevin equations is integrated up to
time 300,0007 with time step At = 0.017.

First, we test the agreement between the Langevin equation and its simulation
method and the corresponding Fokker-Planck equation discussed in the following
section. The latter is solved analytically in 2D theory. The test uses a simple periodic
function for the potential, V(z) = A sin(2rz/L). and the two solutions are compared
in Fig. 3.23. The relation between flow velocity u, and Péclet number Pe is Pe =
3843u, given the particle radius » = 2.0. The two methods match very well when
the Péclet number is not too small, Pe > 20,and even in the worst case when the
fluctuations in the Langevin solution are large the Fokker-Planck equation generally
agrees. Note that for this potential small Péclet number(Pe < 200) and small radius
(r <4.0) leads to a large deflection angle.

Next we compare the results of MD and Langevin simulations in Fig. 3.24. Note
that the two methods are not expected to produce the same solution here, because
physically they are meant to apply to particles of distinctly different sizes (compa-

rable and much larger than the atomic scale, respectively) and algorithmically the
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Figure 3.23 : Comparison of solutions of the Fokker-Planck (red solid line) and
Langevin solutions (blue dashed line). Transport angle 6 vs. Péclet number for
(a)A = 10.0 and r = 2.0 and (b) A = 3.0 and r = 2.0; Transport angle thetavs.
particle radius r at (¢) A =10.0 and u, = 0.03 and (d) A = 3.0 and u, = 0.03.

Langevin particles are points which see a continuum wall and while not interacting
with each other. The plots indicate that at small Pe the two methods give somewhat
similar results, but at high flow velocities the MD particles tend to move with same
velocity while the Langevin particles distribute relatively uniformly in velocity space.
Furthermore, unlike the MD situation, because the Langevin particles are non-self-
interacting points, they are free to accumulate next to the patterned wall without

any packing limitations and readily become trapped.
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Figure 3.24 : Comparison of MD and Langevin simulations at » = 2.15 and A = 1.5.
Top row: MD, bottom row: Langevin; Left to right: g = 0.005, 0.01, 0.02 and 0.05.

3.4.2 Fokker Planck Formalism

The Langevin equation for individual particle trajectories used in the previous section
is equivalent to a Fokker Planck equation for the probability distribution of the par-
ticles [65], which allows us to study this situation by analytical methods and derive
bounds on the trajectory deflection. The discussion here is motivated by Bernate and
Drazer’s [19] macroscopic treatment of particle motion across striped substrates.
The spatial probability distribution function Q(r,t) of particles which are at po-

sition r at time t satisfies an equation of continuity

0

a—?:v-J:uQ—M-VV—kBTM-VQ (3.18)
where the particles have mobility tensor M and move in a velocity field u under a
potential V', subject to some initial condition. We are interested here in the steady

state distribution in a 2D periodic geometry, so it is advantageous to consider the

long-time limit of the distribution with respect to the primary periodic cell alone,

P(r) = limi o0 Y Q(r + Ry, 1), (3.19)

n,m



o1

where Ry, m is the location vector of cell (n,m) in the plane and r is the intra-cellular
position vector. By using the above notation, one can focus on a finite domain with
periodic boundary conditions. The steady-state current satisfies V -J = 0.

We begin by simplifying the problem from three dimensions to two, by noting that
the velocity field is in the z-z plane, ignoring the variation across the narrow gap in

y and taking the potential to be a periodic function of x alone. We then have

oJ, 0J,
=0 3.20
ox + 0z ’ ( )
where
P
Jy = u, P — a—‘/]\4]3 — k:BTMa— and J, =u,P. (3.21)
ox oz

Note that J, is simple because the potential varies only in z and in the long-time
limit of diffusion makes P independent of z. Note that steady flow conditions imply
that u, and u, are constants in time.

To nondimensionalize the above equations, define ' = z/L, V' = V/kgT, P’ =
LP,J = LJ/u, and Péclet number G = u, L/(kgTM). Here L is the period of V' (z),
and we use G for Péclet number in the interests of readability. Dropping the primes,
Eq. (3.21) becomes

ov opP

= (G- =—)P - —. 22
GJ, = (G ax) 9 (3.22)

P obeys periodicity and normalization conditions
1
P(z+1) = P(z), / P()de = 1. (3.23)
0

and should be independent of z, so from Eq. (3.20) one finds that J, = J.(x) and J,
1s constant.

To calculate the flux J, we introduce f(z) = @6 A(z) = [ f(2/)dz’ and
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A; = A(1). In Appendix. .2 we show that

=0 [1 —— 01 fﬁ) - / ?<<>) dg““} | (324

If the potential V(z) is constant the corresponding flux J? can be easily calculated

from Eq. (3.24): J? = 1. We denote the ratio of J? to J, by

mzj—fza[ A Olf‘z)—/ol%dx]. (3.25)

1—e¢ T
Since J, is a constant it automatically equals its mean flux, J, = fol Jodx/ fol dr = J,
and due to the constancy of J, and the non-dimensionalization above the mean z-flux

J, = fol J.dx/ fol dx = u,/u,. The mean migration angle of the particles # satisfies

tan = j—z =G L _A;_G 1 fii) - /01 % dx] tanfp = ktanfp. (3.26)
and so x describes the amount of trajectory deflection, independent of the value of the
flow angle 0. We shall see later that necessarily x > 1, which implies J, < J° and
0 > Or. 1t is straightforward to show that the maximum deflection angle A0 = 0 —0p,
occurs when 0% = arctan(x~'/2). In the MD simulations x turned out to be close to

one and the maximum deflections occurred art, fr ~ 45°, consistent with this result.

In Appendix. .3 we show that Eq. (3.26) can be rewritten as

1 1
: G_G/ d:v/ da! [eG(m’fxfl)eV(m)fvw’)_i_eG(xfx’)eV(x’)fvw) 7 (3.27)
— € 0 T

kK =
and defining an intermediate function

1
ply) = [ dweie v (3.28)
0

which is periodic and has the property p(0) = p(1) = 1, one can rewrite the previous

equation as

G

K =
1—e G

' -Gy — e -Gy
/Odye ply) =G /0 dye” " p(y) (3.29)
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which is the product of G and Laplace transform of p(y) with respect to G. In

Appendix. .4 we show that p(y) > 1 which establishes a lower bound on &:

G 1
K> 1—_G/ dye ©v =1. (3.30)
el A

The lower bound is reachable: when G' — oo, eventually the e terms in the integrand

of Eq. (3.27) dominate the ¢" terms and this equation reduces to

G 1 1 , ,
K — 1—G/ / (eG(x —z—1) + eG(xfx)) d.fL'd.’L'/ -1 (331)
— € 0 Jz

The lower bound of x implies that the deflection angle A = 0 — 0 is always nonneg-
ative, again consistent with the MD results. Furthermore, in Appendix. .5, we show
that within the Fick-Jacobs approximation to the fully 3D version of the problem,
the lower bound on x still holds.

The lower bound can be restated as the property that the flux at steady state will
always become slower when a periodic potential is present compared to zero potential
case, t.e., J, < J2. This reduction in flux may be understood by considering two
limiting cases. In the absence of convection, Jackson and Coriell [82] pointed out that
a zero-mean potential with a one-dimensional periodic variation reduces a particle’s
effective diffusivity. Since the diffusivity is proportional to the mobility, by Einstein’s
relation, this result is equivalent to stating that a particle’s mean transport velocity
decreases. Another limiting case concerns the Newtonian mechanics of a particle in
the same class of potentials. If a particle has mass m and energy FE, the transit time

across one period of the potential is

L

T = ,/ﬁ/ de (3.32)
28 )y J1-V(z)/E

Write the potential as V(z) = af(x) where f(z + L) = (z), the maximum value of

f(x) is unity, « is the maximum value of the potential and we choose E > « so that
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the particle is not trapped in a sub-interval. The zero-mean condition is

/0 de B(z) =0 = /B(m)>0 dx f(x) — /B(a:)<0 dx |5(z)| = 0. (3.33)

To show that the potential retards the motion it suffices to show that d7T'/da > 0.

ar dz B(z
do 8E3/ (1—af(x /E)3/2

B dx B(x) B dr [8()|
= [/ﬁwo (0= aB(a)/E)P /Wo 0= ap)y/Epe) ¢34

The first integral is greater than |, B(z)>0 dz f(x) because the denominator is less than

Now

one everywhere in its range of integration, while the second integral is less than

J5(s10 A |B(x)] because its denominator is everywhere greater than one. Hence from
Blz)<

dT m
T > 1/@ |:/ﬁ(x)>0 dx f(x) — /ﬁ(m)<0 dx ]6(3:)\] =0 (3.35)

Therefore, within the approximations used above, the Fokker-Planck equation

Eq. 3.33

shows when that a particle advects in a constant flow field its mean transport velocity
at steady state is reduced by the action of any periodic potential. Note that applica-
tion of a constant force is equivalent to adding a constant flow velocity Au = MF,
and the conclusion and bounds still apply in this case.

There is also an upper bound on x which depends only on the potential: in

Appendix. .6 we show

1 1
k< // dzxdy eQ(V(‘”)_V(y))/// drdy eV @=V©), (3.36)
0 0

This upper bound need not be saturated, and in this connection, it is instructive to

consider the small-Péclet number limit. When G — 0, Eq. (3.27) becomes

1 1 1
K — Ko = / dx/ dx’ [ev(’”)_v(x/) + ev(x,)_v(x)] = // drdy eV @YW (3.37)
0 T 0
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which, by the Cauchy-Schwarz inequality, is smaller than the upper bound.

The lower bound x > 1 is slightly unsatisfying because the previous arguments
suggest that any deviation from a constant potential would deflect the particles.
While we do not have a general analytic argument, in Appendix. .7 we relate the
trajectory deviation to the variance of the potential in the limit that the latter is
weak compared to kgT'. If furthermore, the Péclet number vanishes we show that
(k — 1) is proportional to (AV?).

Finally, note that the formula for x is asymmetric in the spatial variable z. If the
flow is driven in the opposite direction with the same Péclet number G, it is easy to

show that Eq. (3.27) becomes

G 1 1 / ! ! !
o — - e—G/ dm/ da’ [ec(x —e=1) V(1=2)-V(1-a)) | Gle—a') V(- )4/(1790)] _
- 0 T
(3.38)

If the potential is asymmetric, the forward and backward values of x differ.
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Scheme Charge A,(0) 0(°) Al(o) 61°) A%(0) 6%*°)

x x

1 2 2074 46.18 102.2 46.44 312.6 45.92
1 6 147.8 48.31 52.1 4942 253.0 47.10
1 9 120.5 47.90 45.3 46.50 203.3 49.44
2 2 137.2  46.80 - - - -
2 6 39.8 49.51 - - - -
2 9 15.9 57.48 - - - -
3 2 2171 4590 139.2 46.12 321.0 45.81
3 6 158.0 46.60 48.2 4581 2579 47.33
3 9 116.3 47.07 33.6 43.66 191.5 50.17
4 2 137.2  46.92 - - - -
4 6 22.0 45.50 - - - -
4 9 16.2  36.25 - - - -
- 0 1719 46.47 - - - -

Table 3.2 : Transport distances and orientations for different charge schemes and
values of charge per particle. In cases where there is a clear distinction between
trapped and mobile particles, separate averages are presented; these are denoted by
superscripts 1 and 2. The last row is a control group: the results for an uncharged
system.
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Chapter 4

Nano Drop Impacts On Heterogeneous Surfaces

In this chapter, we discuss the dynamics of a nano meter sized drop impact on surfaces
with various properties. We first describe the physical properties of the drop and how
to measure them in the MD simulations. Next we look at the typical behaviors of
drops impact on homogeneous non-wetting or wettable surfaces and compare the
results with LB method. In last section we simulate drop impact on various types of

patterned surfaces.

4.1 Properties of Nano Drop
4.1.1 Surface Tension

Surface tension is an important dynamic property to any multiphase system. It is
a contractive tendency of the surface of a phase that allows it to resist an external
force. In thermodynamics, it can be regarded to be how the free energy responds to

the change of surface area. Namely, Helmholtz free energy F' can be expressed by
dF = —SdT — PdV + ~vdA,

where A is the surface area and + is the so called surface tension. S, T', P and V are
the system’s entropy, temperature, pressure and volume, respectively. The principle
of minimum free energy can easily yield the principle of minimum surface area, which
can be used to explain a wide range of phenomena, e. g. the shape of a liquid drop

without contacts is always a sphere at equilibrium. Due to the interfacial tension,
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the pressure between the inside and outside of a liquid drop is different. Generally
speaking, given a smooth interface with principal radii of curvature R; and Rs, the

pressure jump AP across the interface can be related to the interfacial tension by

1 1
AP = —+—.
! (Rl R2)
By measuring the radius and the pressure inside and outside a sphere liquid drop,
one can determine the surface tension of the liquid. If the interface is flat given its

normal is in the z direction, it can be shown by the thermodynamical relation that ~

can be calculated by
1 too
=5 ] ew) = e
where py(z) and pr(z) are the pressures normal and tangential to the interface,

respectively. The Virial form of the stress tensor is

- 1 . o . 1 L o=
=y Z—mi(ui — () (a; — (7)) + eriszj
i i#]
The pressure tensor p; = —oy, ¢ =2, y and z. Thus v can be rewritten by the

particle’s positions and intermolecular potentials:

322

1 ry — 3%,
Y= ﬂ<z -V (ris)),

i<j t
where () is the ensemble average, r;; is the distance between particle i and j, and
—V'(r;;) is the inter particle force between i and j. This formula can be easily
implemented in the molecular dynamics. We’ve measured various one component
systems by the above formula and list some of the results in the following table:
The surface tension of nano liquid is in the order of 1mN/m?, compared to

72mN/m?, the typical value of water-air interfacial tension at room temperature.
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L ksT(e) p(mo™) py(mo™®)  ~(c/o?)

108 0.65 0.052  0.17+0.02
2 0.8 0.80  28x107% 0.49+0.02
4 08 0.86  1.3x107° 0.69 % 0.02

Table 4.1 : Surface tension v for different polymer length [. p; is the liquid phase
density and p, is the vapor phase density.

4.1.2 Contact Angle

Youngs’s equation states that the contact angle can be related to the surface tension:

Vv
where [, v and s refer to liquid, vapor and solid phase, respectively. In the MD
simulation, The correspondence between the contact angle 6 and ¢ can be either
roughly estimated by cosf = 1 — 2c¢p,s/pi[83], where p,,; are the liquid and solid
densities, respectively, or more precisely measured by a separate simulation, with the

results given in Table. 4.2.

c 0 04 067 08 09 1.0

6 180° 134° 96° 73° 50° 0°

Table 4.2 : The contact angle 6 as a function of the wettability ¢ for dimer system of
density p = 0.8mo 3 at temperature T = 0.8¢/kp.
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4.1.3 Viscosity

Viscosity is the measure of the resistance of a liquid to the shear or tensile deformation.
In microscopic view of point, viscosity is due to the friction between neighboring
parcels of the fluid that are moving at different velocities. Dynamic(Shear) viscosity
1 is defined by the ratio of the shear stress to the velocity gradient:

Ouy

Several methods can be used to measure the viscosity in MD. The most straight-
forward one is to create a Couette or Poisseuille flow in a flat channel bounded by
two walls and measure the stress and velocity gradient respectively. An alternative
method which does not involve solid walls is the Lees-Edwards boundary condition.
Another method measures the correlation function of the equilibrated liquid sys-
tem. Given the shear stress in the Virial form
|
Opy = ; m;x;yYi + 3 ; Frijryis,

Green-Kubo relation states that the shear viscosity can be calculated by

n=" / " dt{0my (1) (0))

I plmo=3) u(me=tr71h)

1 0.8 22+0.1
2 0.8 2.7£0.1
4 0.86 3.9£0.1

Table 4.3 : Viscosity p for different polymer length [ at temperature 7' = 0.8¢/kp.
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4.2 Model Description of Drop Impacts Heterogeneous Sur-

faces

Figure 4.1 : Snapshot of a volatile dimer drop and vapor above a solid surface before
impact in an MD simulation.

In a typical molecular simulation, shown in Fig. 4.1, a drop plus vapor system of
115,392 dimer molecules floats above a flat surface composed of 245,650 wall atoms
arranged into one layer of fec cells, all placed in a box of size (3000, 1200, 3000). To
quantitatively describe the drop dynamics after impact some numerical characteriza-
tion of the drop shape is needed. A typical drop shape slightly after impact is shown
in Fig. 4.2, along with its boundary. Provided that the solid surface is uniform and
we avoid the splashing regime, the drop is observed to spread with approximate radial
symmetry in the plane of the surface. Using a cylindrical coordinate system whose
(y-)axis is a vertical line through the center of the drop, three obvious geometrical
parameters characterizing the r-y profile are the drop height h, the spreading radius
R, and the radius of the contact area R.. The intrinsic length scales of the MD and

LB calculations are different, and to facilitate a comparison we normalize all lengths
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by the initial drop radius Rj.

In drawing Fig. 4.2 the boundary of the drop is assumed to be a line, but in fact in
both computations and in reality a liquid vapor interface is a transition region of finite
thickness. Our procedure is based on the fluid density field p(r,y) in the cylindrical
coordinate system above. Before impact we observe that away from the interface the
density has constant values p; and p, in the center of the drop and in the distant
vapor regions, respectively, and we identify the interface as the midpoint curve on
which p(r,y) = (o1 + p»)/2. Typical MD values are p; = 0.8 mo=3 and p, = 1073,
with an interfacial thickness O(2-3 o). Strictly speaking, in MD simulations at any
single time p is a sum of delta-functions centered at the current atomic positions but
if we time-average over a 1 7 interval a smoothly-varying field results. In the LB
the situation is simpler because this continuum density field is a direct output of the

calculation.

Figure 4.2 : Snapshot of an early stage of drop spreading (left) and the corresponding
interfacial contour (right), as obtained by the method described in the text. The
definitions of h, Dy and D, are illustrated and the dashed line is the wall.
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While h and R,, are now well defined, there is some further ambiguity in the
measurement of R, because “contact” is ill-defined at molecular scales. There is
always a finite distance between the adjacent liquid and wall atoms (due to the
repulsive core of the potential), whose value depends on the wettability of the surface.
Our rule is to choose a critical value b, of the gap between the interface contour defined
above and the average position of the top wall atoms, and say that contact occurs
where the gap b(r) < b,.

In analyzing the time dependence of the drop parameters a starting time must be
chosen, which is also ambiguous because of the finite range of the interaction. Our
convention is to start the measurement at the moment when the drop “geometrically”
touches the surface, meaning when when h = 2R,. In the MD simulations, at this
time there are always drop molecules within the critical gap thickness and contact in
the sense of the previous paragraph has been made, but in the LB case we find that the
drop height A is distorted by up to 5% before the contact line forms. In experiment an
additional complication may arise - an air bubble trapped in the center immediately
after drop impacts the wall [84], which may delay the formation of a contact line, but

such bubbles are not observed here.

4.3 Nano Drop Impacts Homogeneous Surfaces
4.3.1 Non-wetting Surfaces

As a simplest case, we first look at non-volatile liquid drops impact on non-wetting
surfaces. The drop is composed of 39, 304 tetratomic molecules. Three typical out-
comes are observed, shown in Fig. 4.3. The drop shape is depicted in terms of the

mean "liquid-vapor interface”, the surface on which the fluid density is half of that
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Figure 4.3 : Snapshots of the impact of a non-volatile drop on a non-wetting surface,
at velocities 1 (top row), 1.5 (middle row), and 2 o/7 (bottom row). Each plot depicts
the mean interface of the drop at the time indicated in the upper right corner of the
frame.

in the original drop interior.

In all cases the drop initially spherical and after impact continues to fall vertically
and distorts at first into a hemisphere. When impact velocity vg = 1o /7 or equiv-
alently Re = 10.3 and We = 56.4, the drop bounces, first expands radially into a
flat-topped lamella or pancake with maximum extension at around 1007, and later
curling up at the edges and beginning to withdraw while remaining in contact with
the surface. Subsequently, the drop lifts off the wall and continues to contract into
a sphere, although the completion of the latter process requires several hundred 7
beyond the last frame shown. The bouncing drop contour in cylindrical coordinates
at selected times is shown in the first row of Fig. 4.4.

At impact velocity vo = 1.50/7, or Re = 15.5 and We = 127.0, the drop also
bounces, but at intermediate times develops a remarkable transient toroidal shape
before surface tension acts to restore it back to a sphere. The contours are shown
in the middle row of Fig. 4.3 and 4.4. The density contours are similar to the lower

velocity case up to time 1007 but then show the drop continuing to spread and a
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Figure 4.4 : Density contours of impacting drops on non-wetting surfaces in cylindrical
coordinates. Each frame is an average over 107 interval preceding the time indicated
on the figures. The initial density at the center of the drop is 0.8mo 3, the outer
contour in each frame represents density 0.2, and the inner contours are spaced by
0.2. Top to bottom: impact velocities 1.0, 1.5 and 2.0 o /7.

hole opening at the drop center. To compare with the lower velocity case, here the
spreading lamella moves outwards so rapidly as to evacuate the central region about
the impact point. Aside from its transience, the toroidal state is somewhat special as
it only appears in a narrow velocity range for tetramer drops and the identical state
is not observed in volatile dimer system.

At still higher impact velocity vy = 2.00/7, or Re = 20.6 and We = 226.0, the
thickness and density of the spreading lamella decrease with time, and instead of
contracting it develops a splash and eventually evaporates as the drop disintegrates.
The mean surface falls apart into isolated liquid regions, implying that lower-density
fluid fills the simulation region. A liquid jet is in fact emitted from the edge of the

lamella(a prompt splash) around time 307, but this is a low-density phenomenon not
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evident in these plots and will be illustrated below. At even higher velocity, 3.00 /7,
the surface and density plots are similar (on a faster time scale) but the drop seems

to disintegrate without a distinct splash phase.

(@) o (b):

Figure 4.5 : Simultaneous top and side molecular views of an impacting tetramer
drop at velocity 1.00/7(a) and 2.0c/7 (b) at indicated time.

Figure 4.6 : Simultaneous top and side molecular views of an impacting dimer drop
at velocity 2.00/7 at indicated time.

The molecular detail of the impacting drop is shown in Fig. 4.5. At low impact
velocity, the amount of vapor slightly increases and the liquid-vapor interface and
contact angle are well-defined. Hence the mean interface and density plots accurately

capture the shape evolution of the bouncing drop. At twice the impact velocity,
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however, we see from Fig. 4.5(b) that as the liquid spreads on the surface, a sig-
nificant amount of molecules are emitted into the vapor from the drop rim. This is
an example of a prompt splash: at time 367, there is a crown-like rim rising above
the surface and droplets breaking off at roughly regular angular spacing around the
edge. Subsequently, the crown collapses as the drop evolves into a single pancake-
like lamella, which continues to spread but becomes inhomogeneous and ruptures,
meanwhile steadily emitting vapor from its entire surface. Eventually, the liquid
reduces to a fragmentary pattern resembling spinodal decomposition, while enough
vapor is produced to almost uniformly fill the simulation box. If the impact velocity
is even higher, the drop emits vapor from the entire lamella while the edge of the
rim has a radially-decreasing density with the little angular variation. The final state
in this case (not shown) has a few irregular droplets on the surface and otherwise a
low-density fluid filling the simulation box.

We find that the splashing or disintegration behavior is generic, independent of
the choice of molecular liquid and the presence or absence of the surrounding vapor.
The conclusion is based on repeating these simulations with dimer liquids, with vapor
present initially, and mixed tetramer-liquid/dimer-vapor drops with the same initial
radius and impact velocities as those above. In all these cases, the drop contour and
density fields are very similar to those of tetramers and the only difference lies in the
amount of vapor present after impact. In Fig. 4.6 we show the molecular snapshots
of the dimer drop at impact velocities 1.0 and 2.00 /7 at two of the same times as the
tetramer simulations shown in Fig. 4.5(a), respectively. The dimer drop disintegrates
in essentially the same way as the tetramer, and the vapor molecules are simply
floating in the background. The threshold We number for splashing/disintegration

is O(100), comparing to the experimental transition We number O(500). And this
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is why we speak of disintegration rather than splash. The insensitivity to vapor is
in contrast to the behavior of larger, millimeter-sized drops, where vapor appears
to form a lubrication layer, which causes a splash at sufficiently high velocity. The
key difference is that although the vapor density in these simulations is similar to
that at room conditions, the amount of vapor lying beneath a falling 12 nm drop is
very small— tens of molecules, and insufficient to show any significant hydrodynamics
behavior. When a drop impacts the surface, these vapor molecules are either adsorbed

by the drop or pushed aside but have little effect on the drop splash.

50. 100, 150,

\\\\\\\\\\\\\\\\

Figure 4.7 : Cylindrical averaged velocity field for non-volatile drop impacting on
non-wetting surface at vy = 1.00/7.

The velocity field of the spreading drop is shown in Fig. 4.7. At time 507, there is
a roughly hyperbolic flow in which the original bottom of the drop is forced outwards
while the upper half is still moving downwards. The radially outwards flow produces
the spreading lamella. At time 1007, the radial motion at the edge of the rim has
ceased and the rim is bending upwards, while the top of the drop continues to fall. At
time 1507, the velocities in the center of the drop become very small, while a faster
contraction to a sphere is underway at the rim. The same sequence is observed for
all bouncing drop cases, whereas when the surface is wetting the velocities simply

decay to small random fluctuations when the initial rapid-spreading stage ends. In
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splashes or disintegrations, the velocity field is simply radially outwards at later times
before decaying away. In these figures, the vapor region is not shown because it con-
tains too few molecules for averaging to produce a robust signal above the statistical

fluctuations.

4.3.2 Wettable Surfaces

Drop spreading on wettable surfaces is considered here. A direct comparison between
MD and LB simulations on the (azimuthally-averaged) contours of spreading drops
at Re = 24 and We = 128 at two contact angles is given in Fig. 4.8. The drop shapes
are very similar at the earlier times after impact, for times below t* = Ry/vg, and
begin to differ afterwards although there are no gross differences. The shape very
near the contact line, however, is somewhat different throughout the process, which
presumably reflects differences in the modeling of the solid/liquid interactions.

For a more quantitative comparison, we consider the variation of drop height and
radius with time. First, in Fig. 4.9 we plot the height of the drop in the two methods
for four impact velocities at a 50° contact angle. Lower angles behave somewhat
similarly, but there are substantial discrepancies in strongly non-wetting case. In the
figures, the drop height h is scaled by the initial drop radius Ry and time is scaled
(inertially) by the free-space transit time across a radius, t* = Ry/vg. Generally,
the height decreases linearly until impact, then less rapidly as the drop is squeezed
against the solid, and then a weak nearly-linear rise as the drop re-expands upwards
to its final state. The two methods are in reasonable agreement at the lower impact
speeds but do not agree at higher Re. Next, we compare the results for different
contact angles at a fixed impact velocity Re = 24 and We = 128. We see in Fig. 4.10

that as a function of contact angle, the h(t) curves for the two methods are similar
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Figure 4.8 : Azimuthally-averaged drop shapes during impact for Re = 24 and We =
128. First row: MD at # = 96°. Second row: LB at § = 96°. Third row: MD at
0 = 50°. Forth row: LB at # = 50°. From left to right: ¢/t* = 1,2,4,8. The length
unit is the initial drop radius Ry and the time unit is t* = Rg/uo.
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for low contact angles but deviate as 0 increases and the wettability decreases. For a
completely non-wetting surface (0 = 180°) where the disagreement is largest, the MD
drops simulated here have no attractive interactions at all with the solid surface and
tend to float off unless there is a significant impact velocity, whereas this property is
absent in the LB case. Note that the scaling behavior in these results is rather erratic:
the curves for different impact velocities overlap only at early times, while those for
different contact angle in wetting and partially-wetting cases form a nearly-universal
curve in the LB case but do so only approximately in MD.

The variation of drop radius with time is consistent with this behavior. Since the
drop shapes are irregular and not simple functions there is no unique characterization
of their radius, so we have examined the two obvious choices — the maximum value

R,,, corresponding to the drop size as projected from above, and the contact radius of
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Figure 4.9 : Time dependence of the drop height after impact for various impact
speeds at contact angle 50°. Left: MD, Right: LB. o: Re=10; A: Re=19; [
Re=23.7; V: Re=35.6.

liquid on the surface R., which might be viewed from below in suitable experiments
on transparent solids. The two radii are most sensitive to different physical effects.
The maximum radius begins at the initial value Ry at contact, increases due to
inertia, slows due to viscosity, and may withdraw due to surface tension, although
this depends on the surface properties. The contact radius is very sensitive to the
liquid /solid interaction, and tends to be less than the maximum radius on nonwetting
surfaces. It is difficult to anticipate the relative values of radii on partially-wetting
surfaces and crossovers may occur. The dynamic contact angle itself is generally quite
different from the equilibrium angle, since it starts at 180° at impact and tends to
relax to the equilibrium angle when spreading halts.

We begin with Fig. 4.11 which shows the variation of the two radii with velocity
for a weakly-wetting surface at contact angle 50°. In the MD case drops at all impact
velocities spread and then contract, consistent with approximate incompressibility
and the previous observation that the drop height rises after impact. In microscopic

terms, the contraction results from weak solid/liquid attraction being overcome by
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Figure 4.10 : Time dependence of the drop height after impact for various wettabili-
ties. at Re = 24. Left: MD; Right: LB. Contact angle: o: 6§ = 180°; [I: § = 96°; A:
0 =50° +: 0 =0°.

liquid /vapor surface tension, whereas in continuum terms the inertially-driven spread-
ing (Fig 4.8) drives the contact angle to a value above the equilibrium angle and the
drop withdraws to return to the proper value. In contrast, on a completely wettable
surface, both radii increase indefinitely as the drop attempts to cover the surface,
although rather slowly after initial impact on the time scale of these simulations. In
general, a receding stage may or may not be observed, depending on the surface wet-
tability. In the LB case, a noticeable withdrawal of the drop after initial spreading
is seen only in the maximum radius, and there the effect is rather weaker than in
MD. The contact radius hardly withdraws at all, suggesting differences in the LB and
MD treatment of surface interactions. Furthermore, as in the height variation, there
is a rough agreement between the two methods at least at early times only at lower
impact velocities.

A possible source of discrepancy at higher velocities is in the treatment of slip. In
MD, the contact line motion is that of the atoms in that region, as controlled by the

interplay of interactions with the solid and with the rest of the liquid. It is well known
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Figure 4.11 : Time dependence of the drop radii after impact, for fixed equilibrium

contact angle (50°) and various impact speeds. (a) R,, in MD; (b) R, in LB; (¢) R.
in MD; (d) R, in LB. o: Re=10; A: Re=19; [I: Re=23.7; V: Re=35.6.

that the resulting slip length increases systematically as the fluid velocity increases
and as wettability decreases. In the highest-velocity impact (Re = 35.6) substantial
slip is observed on non-wetting surfaces [46] which promotes rapid spreading. In
the LB method, the surface interactions are constructed so as to produce a non-slip
boundary condition for the velocity, but in fact the motion of the contact line is due
to diffusion of the Cahn-Hilliard concentration field. (It has been shown [?] that

reducing interfacial thickness while keeping the mobility constant gives the sharp

interface limit with a diffusion length scale corresponding to the slip length, and in
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agreement with the asymptotic analysis of Cox [?]). The resulting value of the contact
line velocity differs in the two methods, as illustrated in Fig. 4.12. In both models,
the contact line velocity is obtained from the time-dependence of the concentration
midpoint value in the row of bins (sampling and computational in the MD and LB
methods, respectively). Except at early times, the contact line velocity is somewhat
larger in MD, which enhances the spreading. Note also the anomalous behavior in
MD in the nonwetting 180° case, which shows distinctly more slip than for the other

contact angles.
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Figure 4.12 : Time-dependence of the contact line velocity for unit impact velocity,
comparing MD and LB results for different contact angles as indicated in the inset.

There are also distinctions in the drop shapes between the two methods, arising
from the fact that the MD simulations operate near the boundary of the splashing
regime whereas the LB calculations produce smooth and stable drop shapes in these
conditions. At the higher Reynolds numbers, the MD drops exhibit features which
might be thought of a precursors to splashing: an irregular edge and transient holes

appear in the spreading lamella during the expansion stage, as shown in Fig.4.13.
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Furthermore, the drop at Re = 36 on a nonwetting surface does in fact splash, and

the results for this case in the figures above are restricted to times before the splash.

Figure 4.13 : Top view of the drop shape at Re = 36 and We = 288 for different
wettabilities at t = 6t*. Left to right: § = 0°, § = 96° and 6 = 180°.

A second source of the discrepancy between the MD and LB calculations as impact
velocity increases is the effect of Mach number. At Re = 10, in these MD simulations
the Mach number Ma =~ 0.1 [46], which at first glance is worrisome for comparisons to
normal liquids in typical impact experiments and simulations, but from the average
density output of the calculation (the volume enclosed by the interface contours) we
estimate that the maximum variation in drop volume is at most only about 2% —
see Fig 10. However, the Mach number increases linearly with impact velocity and
correspondingly the volume variation rises to about 7% when Ma = 0.24, which is a
cause for concern. In the LB calculations, the Mach number may be varied to some
degree to address this point, but beyond Ma = 0.1 the calculation fails to converge
properly. However, if we extrapolate the LB calculations to the values of Ma relevant
to the MD simulations, then as shown in Fig. 4.14 the disagreement in maximum
spreading radius is significantly reduced.

The wettability dependency of the spreading radii is shown in Fig. 4.15. Note the

anomalous behavior of the fully non-wetting § = 180° case: except at the earliest
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0.4

Figure 4.14 : Mach number effects in the LB calculations. Left: volume change during
impact. Right: variation of the maximum spreading factor with Ma. The curves are
computed for Ma < 1 and linearly extrapolated to larger values.

times, the variation of the radii is entirely different from the other cases where there
is some degree of wetting. Furthermore, the contact radius varies erratically in the
MD plot, while the maximum radius grows very rapidly and then decays very rapidly,
corresponding to a drop which is barely in contact with the solid surface while rapidly
expanding and then contracting from a lamella state. The LB results partly echo this
behavior, although contact with the solid is maintained so that R. varies smoothly
and time-dependence of R,, is is less rapid. In the other cases, there is approximate
agreement between the two methods and some uniform scaling behavior at early times
up to 2-3t* suggesting that inertia dominates the spreading dynamics there. Notice
that the radii grow at long times in the two wetting cases (0§ = 0° and 50°) but
decay after initial growth in the non-wetting case (# = 90° and 180°). Furthermore,
the scaled time at which the two radii reach their maximum values in non-wetting
situations is in the range 1.8-3.9 in Figs. 4.11 and 4.15, consistent with the data of

Dong et al. [22] (note that a different definition of scaled time is used in this paper).
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Figure 4.15 : Variation of spreading radii with wettability at Re = 24 and We = 128.
(a) Maximum radius from MD; (b) Maximum radius from LB; (c¢) Contact radius
from MD; (d) Contact radius from LB. x: 6 = 180°%; +: 6 = 96°; A: 6 = 50°; [:
0 =0°.

Lastly, we compare the present simulations to results in the literature. There
are direct experimental results on hydrophobic surfaces by Clanet et al. [85], which
indicate that the We number dependency of the maximum spreading factor is &4, ~
Wel/* [85], where &4, is the maximum spreading diameter during impact scaled
by the initial drop diameter Dy. An empirical extrapolation from experiments by
Scheller and Bousfield [86], a combination of data and theory by Roisman [87] and
models based on energy balance arguments by Pasandideh-Fard et al. extrapolated

to the fully hydrophobic case show slightly different behavior, a scaling law with a



78

30 40 60 80 100 150 200 300 20 30 40 60 80 100 150 200 300
We We

Figure 4.16 : We number dependency of maximum spreading factor, for contact
angles left: 180° and right: 96°. MD (filled) and LB results (open triangles): A or
A: &nae calculated from D,,; ¥ or V: &, calculated from D.. Experiments and
extrapolations thereof: -x-: Clanet et al. [85]; -x-: Scheller and Bousfield [86]; -+-:
Roisman [87]; -00-: Pasandideh-Fard et al. [88]; -0-: Chandra and Avedisian [89].

different prefactor and a smaller exponent. Our MD results Fig. 4.16 lie in between the
data, and exhibit qualitatively consistent behavior: we find almost the same scaling
exponent (0.24) at lower We, where the calculation is in the best correspondence to
experiment (lower Ma) but a more rapid variation with exponent around 0.5 at higher
impact velocities: For We > 120, &nae scales as Wel4? for D,, and We®% for D,
(the two dashed lines in the figure). At still higher We the spreading lamella in the
MD simulations begins to break up at its edges (see Fig. 4.13), and the results there
are uncertain. The LB results instead vary as a single power-law which is bracketed
by the experimental points and overlaps the MD points at low We. For the weakly
wetting case § = 96° there are only extrapolated or theoretical previous results, which
again have some spread. The MD simulations again show distinct power-laws at low
and high We, and are only in rough agreement with previous work at the higher We
values. The LB points again have uniform power-law behavior and have the same

relation to the other data as in the nonwetting case.
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4.4 Nano Drop Impacts Textured Surfaces
4.4.1 Surfaces With A Cross Pattern

As a prototypical example of a heterogeneous surface we consider drop impact on a
surface with a cross-shaped region of one wettability superposed on a background with
a different value. Since different regions of the edge of a drop on a cross pattern have
different contact angles, its motion will no longer be radially symmetric and inter-
esting spreading patterns result. The surface is indicated schematically in Fig. 4.17,
where two complimentary cases are shown: a wettable cross pattern on a nonwetting
substrate (case A), and a nonwetting cross pattern with a wettable background (case
B). The width of the cross b is set to Ry/2, and the drop impact is centered at the
middle of the cross, so that the drop necessarily covers regions of both wettabilities.
The equilibrium contact angles inside and outside the cross are denoted as 6; and 6,
respectively, and the specific values used are 73° and 180° for wetting and nonwetting
regions, respectively. In MD simulations, we treat the wall atoms in different regions
as different species and set the liquid-wall interaction strength ¢ so as to produce the
appropriate contact angle. In LB simulations, the contact angles are direct inputs
and we simply assign different 6’s to the different wall region.

A similar problem was previously studied numerically by Schwartz et al. [52,
53], although the configuration included a thin wetting layer covering the substrate
to avoid a no-slip singularity in the lubrication approximation calculation. Various
drop motions resulted, including spreading, migration and drop breakup, but the
differences in assumptions preclude a detailed comparison with the present work.

Snapshots of the two simulations for Re = 24 and We = 128 for the two patterns

are given in Fig. 4.18. In the MD simulations, during the spreading stage after impact,
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Figure 4.17 : Illustration of the cross patterns of wettability. Left: case A; Right:
case B. Dark and light regions are wettable and nonwetting, respectively.

for t < 2t* in the figure, the drop spreads more slowly on wetting than on nonwetting
surfaces, resulting in a rectangular shape in case A and a diamond shape in case B.
When the drop recedes, it likewise does so more slowly on the wetting region, leaving
a squarish shape with nodes along the wetting stripes in case A and an approximate
disc with indentations along the cross in case B. The corresponding LB simulation
results show a much smoother drop shape at all times, as well as a much weaker
variation of the drop radius with time, but the shape are qualitatively similar in
terms of protuberances and indentations along the cross.

To quantify the shape for this pattern geometry, we measure the spreading radii
of the drop along the four axes and four diagonal (45°) directions. Averaging along
symmetry directions yields two radii, one along the axes (the cross) and the other
along the diagonals (outside the cross). The time evolution of the two spreading
radii can be compared to that on homogeneous surfaces with the same wettabilities,
as shown in both cases, the early stage of spreading are identical to that on a ho-

mogeneous wall, but differences occur when the drops recede. In case A in the MD
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Figure 4.18 : Snapshots of the top view of the drop shape during impact at Re = 24
and We = 128. First row: MD for case A; Second row: LB for case A; Third row:
MD for case B; Fourth row LB for case B. left to right: ¢t/t* = 2,4, 6, 10.

simulations, the drop recedes more rapidly along the wettable cross then for a homo-
geneously wettable surface, because it is puller inwards by the rapidly-receding fluid
in the nonwettable diagonal regions. In the corresponding LB figures the radii hardly
differ until times around 3t*, and then the behavior on the two regions is close to
their respective homogeneous cases. In case B, the MD fluid along the nonwetting

cross is slightly slowed by the slow-moving fluid in the wetting diagonals, and the
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Figure 4.19 : Drop spreading radius on a cross patterned surface with Re = 24 and
We =128. (a) Case "A” in MD; (b) Case "B” in MD; (c¢) Case ”A” in LB; (d) Case
"B” in LB. o: wetting pattern; —: uniform wettable surface; x: nonwetting pattern;
- - uniform nonwetting surface. Case "A”: o: along axes and x: along diagonals;

Case "B”: o: along diagonals and x: along axes.

effect is weaker because the amount of fluid there is less. Here, again the LB results
differ from MD and resemble case A.

Interesting behavior occurs if we consider higher impact velocity, Re = 36, which
was previously shown to produce a splash on a homogeneous nonwetting surface
[46] but, as discussed in the previous section, simply deforms the drop on wettable
surfaces. On the cross patterns, the result is a mixture of these behaviors: snapshots
at time t = 2t* are given in Fig. 4.20. In case A most of the the solid beneath the drop

is nonwetting, to an increasing degree as the drop spreads, and the behavior in the
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Figure 4.20 : Higher velocity impact in MD. Top view of the drop shape at time
t =2t" at Re = 36 and We = 228. Left: case "A”; Right: case "B”. Dark region is
wetting and light region is nonwetting.

four diagonal nonwetting directions away from the cross pattern is splash-like. Along
the cross the motion is slower with a stable interface, and these segments of the drop
surface act to stabilize the entire drop, somewhat mitigating the unstable splashing
behavior on the diagonals. The result is an irregular pattern with holes and satellite
drops, but far less disordered as that on a fully nonwetting surface. Because the drop
breaks up, it does not contract at later times. In case B the surface is reversed and
most of the drop spreads along a wetting surface which is stable at this Re. The
result is a spreading pattern with rapidly moving fingers along the nonwetting cross
axes which break up at later times and a slower and slightly irregular circular edge
advancing in the diagonal directions.

The cross-patterned surfaces provide a vivid illustration of the difference between
LB and MD in fully nonwetting cases. We consider an impact at ”zero velocity:”
a drop is placed at rest just within interaction range of the surface (separation less

than the cutoff distance 2.50 of the Lennard-Jones interaction in MD) and allowed
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Figure 4.21 : Static drop shapes above a cross pattern. (a) Initial shape of a drop near
the surface. (b) Equilibrium shape in case A. (¢) Equilibrium shape in case B, viewed
along the z-axis. (d) Equilibrium shape in case B, viewed along a 45° diagonal.

to move freely. The drop is drawn to the surface by the attraction from the wettable
regions, but the final state depends on the pattern. Side views of the initial and final
drop shapes (which stabilize after 4007) are shown in Fig. 4.21. In case A the drop
is attracted to the cross and nearby fluid molecules approach the solid closely. Fluid
above the nonwetting solid regions would tend to float away, but the result would be
a significant distortion in the drop shape and surface tension suppresses this. The
resulting drop is a near-sphere, slightly flattened at the surface. In case B the cross
repels nearby fluid molecules but the diagonal regions attract them, and since there
is more surface along the diagonals the drop is still bound to the solid. However,
as seen in the figure, a cavity opens above the cross. In contrast, LB simulations of
a static drop in case B do not exhibit a cavity. Evidently, there are differences in
the surface interactions between the two simulation methods: the sharp distinction
between attracting and non-attracting surface atoms in MD is not entirely equivalent
to a spatial variation of the boundary coefficients in the Cahn-Hilliard potential in

LB.
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4.4.2 Pillared Surfaces

Realistic solid surfaces are not often atomically smooth, as in the examples discussed
above, and a variation in height is the general case. A weak variation would presum-
ably produce local variations in shape, while strong variations would lead to pinning
effects, and a rather extensive study would be needed to explore the range of fluc-
tuation amplitudes and correlation lengths present in different materials. Here we
focus on the effects of periodic pillar arrays on spreading, since such surfaces are both
practically relevant because they can exhibit superhydrophobic behavior and theoret-
ically interesting because of the interplay of Cassie and Wentzel states [90, 91] which
have different degrees of liquid filling in the gaps between the pillars. In fact, some
earlier MD simulations [92, 93] have specifically explored the transitions between the

various filled states, but only for drops initially at rest.

F 3
h

Figure 4.22 : Geometry of pillared array surfaces. Left: top view, where grey squares
indicate the tops of the pillars. Right: side view, where the solid is shadowed. The
pillars have width w and height h and are separated by a gap s.

The geometry is given in Fig. 4.22; and consists of square pillars of width w and

height h, arrayed on a square. We vary the pillar density by changing the spacing ratio



86

pp = w/(w—+s) while keeping w+s =~ 0.2R,. The contact area is awkward to quantify
in simulations here, since liquid may coat part of a pillar, and difficult to measure
experimentally for the same reason, so we consider the projected or maximum radius

R,, only.
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Figure 4.23 : Side views of spreading drops on nonwetting pillars Re = 17 . First
row: p, = 5/8 in MD; Second row: p, = 5/8 in LB; Third row: p, = 3/8 in MD;
Bottom row: p, = 3/8 in LB. Time from left to right: ¢/t* = 0.5, 1,2, 3.

The pillar spacing has a strong effect on drop behavior, as shown in Fig. 4.23. For
non-wetting pillars, when p, = 5/8, the gap between pillars is small and the pressure

in the drop is too small to overcome the capillary pressure necessary for the fluid to
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invade a narrow channel, giving a Cassie state of fluid advancing atop the pillars.
If the pillar are more widely spaced, at p, = 3/8, the gaps are wide enough to be
invaded, resulting in a partially-filled state. Here, because the surface is nonwetting,
the drop will eventually evacuate the gaps but this process delays the advance of the
drop and leads to considerably smaller spreading diameters. Note that gap-filling is

rather more rapid in the MD case.

t=t_=2.08t t=3.6t t=4.6t

Figure 4.24 : Late-time evolution of drop shape on wettable pillars with 8 = 50° at
Re = 17 and We = 63. Top row: p, = 2/9 and h = 0.16Ry; bottom row: p, = 3/8
and h = 0.3r¢. t,, is when the drop reaches its maximum deformation and the last
column is the top view at t = 4.6t*.

If instead the solid surface is wetting, the gaps are always fully invaded and pro-
duce a Wentzel state, but the time-dependent dynamics depends on the geometry. In
Fig. 4.24, we show the drop states at the time of maximum spreading for a partially
wetting surface with equilibrium contact angle 50° and two choices of pillar shape.

If the pillars are shallow and widely spaced the drop first deforms to its maximum
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extension with a dynamic contact angle greater than 90°, filling the gaps as it spreads,
and then gradually increases its contact area while decreasing the contact angle as
the gap filling at the edge of the drop adjusts. However, if the pillars are deep and
slightly more densely packed, the gaps are incompletely filled during spreading, and
as they fill afterwards the drop withdraws to provide the necessary fluid and lowers
R,,. The top view of the drop at late stage of impact shows how the surface irregu-
larities perturb the shape of the lamella: the fluid is attracted to the pillars and the

rim of the drop is flattened parallel to the axes.

Figure 4.25 : Maximum drop spreading radius for impact on non- and partially-
wetting surface for pillars of various sizes at Re = 17 and We = 63. Left: 8 = 180°;
Right: 6 = 180°. x: p, = 5/8; +: p, = 3/8; A: p, = 3/8 with shallower depth
h/Dy = 0.09; —: p, = 1(flat surface).

For the quantitative time dependence, first in Figs. 4.25, we consider the effects of
varying the pillar shape, for two choices of wettability. Unsurprisingly, in both cases
the spreading rates and maximum diameters on a pillared surface is less than those
of a flat one. In the nonwetting case, the drop always expands and then contracts,
and increasing the pillar areal density and decreasing the pillar depth both promote

spreading. In the partially-wetting case the relative amount of spreading exhibits the
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same trend as the pillar geometry varies, but in the presence of the pillars the drops
halt or contract at later times. On a flat surface this liquid would spread until the
contact angle reaches the equilibrium value of 50°, at times beyond those simulated,
but here the maximum spreading radius is less because liquid is “lost” in starting to

fill the gaps, and the late-time decay results as the gaps fill completely.
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Figure 4.26 : Drop spreading radius on pillars of various wettabilities with Re = 17
and We = 63. (a) p, = 2/9 and depth 0.16Ry; (b) p, = 3/8 and depth 0.3R,. +:
0 = 180°; o: 0 =96°; A: 6 =50° []: 8 =0°.

The interplay of pillar geometry and wettability can be illustrated by comparing
the spreading curves for four contact angles in two geometries, in Fig. 4.26. We refer
to the two pillar arrays as case C, with spacing ratio p, = 2/9 and depth 0.16 Ry, and
case D with p, = 3/5 and depth 0.16 Ry, respectively, and and the ratio of their gap
volumes is about 0.6. The figure indicates a qualitative difference in behavior between
the two less-wetting and the two more-wetting contact angles. On the nonwetting
surfaces, drops always spread and contract, both at slower rates than in the case of
a flat surface (see Fig. 4.15 above). The reduction in rate is due to the transition to
a Wentzel state, as discussed earlier, and the fact that the reduction is similar in the

two geometries even though the gap volumes differ can be attributed to incomplete
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filling of the gap due to the nonwetting nature of the liquid in this situation. For
the two wettable surfaces, the effect of the pillars is again to halt the advance after
the initial spreading, at times around 2t*, but the subsequent behavior in the two
geometries differs. Here, the liquid will fill the gaps completely, but more is required
to fill the higher volume in case D, so that in case C there is additional liquid available

for the drop to continue to spread to reach its final contact angle.

4.4.3 Curved Surfaces

A different form of deviation from a flat surface is curvature, which may be though
of as a model of large scale roughness appropriate to a drop which is smaller than
the characteristic size of surface features. There are again numerous distinct impact
configurations available, depending on the local value of the curvature and the orien-
tation of the impact velocity with respect to the surface, but we focus on the simplest
cases of normal impact on a concave or convex but otherwise homogeneous surface.
Examples of both cases are shown in Fig. 4.27 for two choices of wettability and a
radius of curvature of 4R,.

Generally the spreading drop attempts to move along the surface and its bottom
follows the local curvature for both wettabilities, even after the drop floats off the
nonwettable concave surface. Presumably this is an an effect of inertia: the drop
molecules’ initial downward momentum is first redirected laterally by the impact,
and a concave shape acts to redirect this lateral momentum upwards and towards the
drop axis, carrying the drop upwards and slightly inwards. In the convex case, instead,
some of the downward component of the initial momentum persists and pushed the
drop downwards along the surface. The drop then spreads further along the surface

and the lamella thins in comparison to the concave case. The quantitative results
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Figure 4.27 : Side view of spreading drops on walls with radius of curvature 4R,. The
solid and dotted lines lines are the drop and wall shapes, respectively, with concave
in red and convex in blue. Top row: 6 = 180°; Bottom row: 6 = 50°. Time from left
to right: t/t* =1,2,5.

for the thickness are given in Fig. 4.28, which indicates that convex and nonwettable
surfaces have thinner lamella than concave wettable ones.

The influence of the value of the curvature on spreading is shown in Fig. 4.29, for
three different wettabilities (the completely wetting case is similar to that at 50°).
The spreading radius in this situation is taken to be the circumferential distance
along the surface. If we take the sign of the curvature to be negative for concave and
positive for convex, the overall qualitative effect is that both the maximum spreading
radius and the time required to reach it increase with curvature. More precisely, when
these quantities are plotted directly in Fig. 4.30, there is a very strong variation with
curvature on nonwetting surfaces, for the reasons discussed above. In the wetting

case the liquid tends to wrap itself around the solid whatever its shape and spread
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Figure 4.28 : Drop thickness at the center after impact on curved surfaces at We =
128 and Re = 24. Left: § = 180°; Right: 6 = 50°. Open(blue) symbols refer to a
convex surface and filled(red) markers are for concave and the solid lines refer to a
flat surface. Radius of curvature: { or ¢: R = +2Dy; o or e: R = +6Dy; /A or A:
R =+10Dy; —: R = o0.

until the impact kinetic energy and momentum are dissipated, almost independently

of the curvature.
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Figure 4.29 : Drop spreading on surfaces with different curvature at Re = 24 and
We = 128. (a) # = 180°; (b) 8 = 96°; (c)# = 50°. Open (blue) markers are convex
surfaces, filled (red) markers are concave surfaces and the solid line is for a flat surface.
The radii of curvature shown are ¢ or ¢: R = £4Ry: o or e: R = £12Ry; A\ or A:
R = £20R,.
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Figure 4.30 : Left: Maximum spreading factor &,,,, on surface of curvature Ry/R;
Right: Time to reach maximum deformation t,,/t* on surface of curvature Ry/R.
Wettability: A: # = 180°; [1: = 96°; {: 8 = 50°. t,, for # = 50° is not shown.
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Chapter 5

Conclusion

We have presented numerical evidence based on simulations at two length scales, ac-
companied by an approximate analytic arguments, that striped patterns of enhanced
interactions on a substrate will deflect particle trajectories away from the direction
imposed by pressure-driven flow. The amount of deflection varies with the particle
size or interaction parameters, and therefore a microfluidic device based on patterned
wall interactions may be used to provide continuous and autonomous particle sepa-
ration. Patterned interactions based on both van der Walls and Coulomb forces were
studied, and both produce generally comparable results. As in the analogous problem
of separation by flow through an obstacle array [18], we expect that the form of the
driving mechanism is immaterial, and similar behavior would be found if the particles
were driven past the pattern by an external force.

The numerical results for nanometer-sized particles were obtained from MD sim-
ulations, while the behavior of larger (but still colloidal) particles arises from simu-
lations of the corresponding Langevin equation. By investigating the Fokker-Planck
equation corresponding to a 2D (FIck-Jacobs) limit of the Langevin system, we are
able to demonstrate the generality of trajectory deflection, obtain some general limits
on the results, and partly guide parameter optimization. The results of the simu-
lations indicate optimal parameter choices for the particular particle and substrate
models considered, but we are unable to state completely general criteria. The diffi-

culty is that large particle deflection angles are preferable for separation, which sug-
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gests strengthening the interactions, but in this limit particle trapping is enhanced as
well and thereby reduces the efficiency of separation. The ideal balance between these
two considerations is then rather system dependent. Nonetheless, we have found that
selective trajectory deflection and particle separation are ubiquitous consequences of
flow past a patterned interaction, and a device based on this principle is viable.

We then use both molecular dynamics and lattice Boltzmann simulation tech-
niques to simulate drop impact on surfaces with various shapes and textures for a
range of moderate impact velocities ( 10 < Re < 36 and 20 < We < 300) and
fixed Ohnesorge number Oh = 0.4774. Lower velocities lead to smaller initial defor-
mations and dynamics dominated by quasi-static spreading considerations. Higher
velocities lead to drop splashing, for which neither method is appropriate. Aside from
illustrating the evolving drop shapes, we quantify the behavior in terms of the time
dependence of the drop height and spreading radius. Since MD operates at atomic
length and time scales while LB is constructed to solve the Navier-Stokes equations
at continuum scales, a comparison of the results of the two methods is of some inter-
est. We find reasonable agreement between the methods for slow impact on wettable
surfaces, and some deviation otherwise. There are two sources of disagreement: com-
pressibility in the MD case and boundary effects in LB. In order to increase the
Reynolds number to higher values for a nanometer-sized drop the impact velocity
exceeds the thermal velocity of the fluid and begins to approach the sound speed.
The observed variation in volume at the highest impact velocities discussed in this
paper is around 5% at Ma =~ 0.3. In principle the LB calculations can be modified
to finite Ma, but convergence issues arise at the relevant high velocities. The second
distinction between the methods is in the treatment of solid boundaries. Both MD

and LB work well for surfaces which are at least partially wettable, where a no-slip
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boundary condition is appropriate at low shear rates. Otherwise, MD predicts sys-
tematically increasing slip lengths and, for very low wettability, only tenuous contact
between the drop and the surface. In LB the surface interaction is implemented in an
entirely different way, and the slip velocity is independent of wettability during the
spreading stage.

Aside from a comparison of two methods, we have explored the behavior of drops
impacting surfaces which are not atomically smooth and homogeneous. To study the
effects of the variability of surface wetting properties, we considered an example stud-
ied previously involving a surface with a cross pattern of one wettability embedded in
a differently wettable background. The fact that spreading is more rapid as wettabil-
ity decreases leads to final drop shapes with various indentations and protuberances,
and different degrees of spreading. In the case of surface structural heterogeneity, we
focused on periodic arrays of pillars, a configuration relevant to super-hydrophobic
behavior. Here the filling of the gaps between pillars leads to lower areal coverage
by the drop, related to transitions between Cassie and Wenzel states. Finally, we
considered surfaces with various curvatures which reflect larger scale rough features.
Curvature has a pronounced effect in the nonwetting case, and leads to spreading
distances and times which increase with curvature, a thinner spreading lamella and
more of a tendency for an impacting drop to bounce, although the effect is small in
the wetting case.

The results indicate a partial overlap in the results of the two computational meth-
ods, along with distinct limitations on the range of operating conditions where this
agreement holds. The MD method does not have many internal “computational” pa-
rameters to adjust: once the potential is specified, quantities such as the time step are

fixed by numerical accuracy and stability requirements, the material properties and
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transport coefficients are determined, and the numbers of the various atomic species
present are in direct correspondence to the physical size of the system being studied.
The LB method is, like the Navier-Stokes equations themselves, not restricted to a
particular system scale, but it does involve a number of internal variables without
a direct physical counterpart, such as the Cahn-Hilliard potential and the mobility,
which allow the material and dynamic properties to be adjusted to some degree. In
this paper the particular LB algorithm has allowed some improvements along these
lines, which might be regarded as calibrating the method using the results of (exter-
nal, numerical) experiments, but a robust computational tool spanning the full range

of hydrodynamic phenomena needs further development.
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Appendix

Appendix

.1 Sound Speed

The sound speed is given generally by

- (3),(3),
* op) g p \9OV /g

where p and p are the pressure and density of the medium, respectively. The second
form is useful in MD calculations, where it can be implemented by a sequence of NVT
simulations in which the volume V' is slowly varied while the constant entropy (S)
constraint is satisfied by isolating the system thermally so that there is no heat flux.
We first equilibrate a system of 16, 000 dimer molecules in a periodic cube of size
34.20 at temperature 0.8¢/kp and density either slightly above or below the target
value 0.8mo 3. The volume is then either decreased or increased by 0.5% over a 4007
time interval, approximately an adiabatic variation in volume, so as to bracket the
target density. The resulting pressure variation is shown in Fig. .1(a), from which the
slope of the linear least-squares fit gives us = (4.1 £0.1)o/7.

As a check on the result, we use a second method: direct simulation of a sound
wave. Here we place a dimer liquid at the desired density in a rectangular simulation
box of dimension (X,Y,Z) = (20.5,215.5,20.5)0, bounded by two solid walls in the
(long) y-direction. After equilibration, one wall is rigidly oscillated in y at frequency
w = 0.677! and amplitude 0. The opposite wall is fixed in place and thermostated

to absorb the energy flux resulting from the oscillation. After a transient period,
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we observe a traveling wave of spatial variation in density, shown at one time in
Fig. .1(b). For reference, the density variation due to the oscillation is compared to
that resulting from equilibrium fluctuations in the same fluid in a fixed volume. A
clear signal is present near the oscillating wall, although the wave decays near the
fixed wall due to energy adsorption there. From the spatial variation of density, a
wavelength can be extracted and, given the frequency, we find u, = (4.8 +0.3)0/7.
The two methods are in qualitative agreement, but we consider the first to be more
reliable. Some deficiencies of the second method are (1) the temperature of the liquid
is not controlled, (2) we have not taken into account any reflected wave, and (3) a
rather high frequency is needed in order to have a wavelength well below the size of
the simulation box.

The measurements are repeated for monoatomic and tetratomic Lennard-Jones
fluid, and the results are summarized in Table. .1. The point of the monomer measure-
ment is that this simulated material is a reasonable approximation to liquid Argon,
whose sound speed has been measured experimentally to be 853 m/s at 44.4 MHZ
and 85 K and atmospheric pressure, close to the simulation result for method I. The
fact that the sound speed in dimer liquids is lower than in monomer liquids is con-
sistent in trend with ideal gas theory where u, = (ykgT/m)(1): the adiabatic index
~ is lower for dimers than monomers. Monomer liquid of the same density is also

measured using the above two methods. We conclude all the results in table .1.

.2 Expression for the particle flux

If we introduce f(r) = '@~ Eq. (3.22) can be written
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Figure .1 : (a) p-V diagram for dimers; (blue)pints are simulation results are the
(red)line is a fit. (b) Density profile produced by an oscillating wall: o, oscillating
wall, X, stationary wall.

Liquid  p(mo~3) Method I Method II

Monomer 0.8 50+0.1 57+0.6
Dimer 0.8 414+£0.1 484+0.3

Tetramer 0.86 48+£02 55+04

Table .1 : Measurements of the speed of sound at 7" = 0.8¢/kg. Method I refers
to the isentropic process simulation and Method II refers to the direct simulation of
sound wave.

equation Integrating from 0 to z,

ey / " p) i = F(x)P(x) — F(0)P(0). (1)

If we define A(z) = [; f(2/)da’ and Ay = A(1) = fol f(2")dx', and evaluate the above

equation at x = 1 we have

—G J, Ay = (79 = 1)f(0)P(0),
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which gives P(0). Equation (.1) become

—G J, A(x) = f(x)P(2) + G J. Ay e_al

-1’

Dividing both sides by f(x) and integrating from 0 to 1 gives

L A(x) GJ, A (1 de
—GJ, dr = .
G‘]/o RS

Solving for J,, we find

c-ole [ L]

.3  Other forms of the solution

To prove Eq. (3.27), first introduce the definition of A; in Eq. (.2):

k=G _1 _1€_G /lf(x’)dx’ ld—x —/1 ’}1(%) dx}
el ([ [ 5 [ 00 5 [
:GG%“O/%#Mﬂ>P;A$¢“W4

1 ! ! N
- q 1_8_0/ dx/ dr’ eGle— z') _V(z")-V(z +1_6_G/de/x dxleG(zﬂ—an)eV(m)—V(a:):|7

Changing the order of integral variables in the first term above, one has

K = [1_6_G/d$/d$€ z—z') V(z')— V(:r 1_6_G/dx/dl,/€G(x z') V(:r (m):|

and then switching x and 2’ in the first term gives

1 ! ! :
1 G(z'—z) V(z)-V(z') / G(:r z') V(:p )=V (x)
K= [1_6_G/dx/dx —i—l_e_G/de/dx }

:1 —G/ dﬂ?/ d&}l eG(wl*zfl)eV(x)fv(wl)_|_€G(93*:E’)€V(ac’)—\/(;p)] .
—e 0 ;

(:3)
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To prove Eq. (3.29), use the periodicity of V(x):

1 1
/ dx/ da’ |:6G(37/—(1"+1))eV(m—&-l)—V(x/) 4 Gla—a) V(@) =V ()
0 x

K =

1—e ¢

In A, changing the order of integration:

1 z’
:/ d:c’/ di O —(@+1) V)=V
0 0

and let y = x 4+ 1 — 2/, so that:

1
/ d / dy -G VeV @) V() _ / de / dy -G vV @)=V (@)
0 1—x

Similarly, let y = 2’ — x in B to give:

1 11—z
:/ dilf/ dy e—Gye\/(x-i-y)—V(r)’
0 0
1 1
G / dx/ dy efGye\/(:Jchy)fV(x)
1—eC ), 0 ’

and using the definition of p(y) in Sec. 3.4.2, we recover Eq. (3.29).

Combining,

K =

.4 Proof of p(y) > 1

Since V(x) can be shifted by a constant without changing the integral defining p(y),
we may assume that 0 < V(z) < Vp. If V < 1, the exponential function ¢ @+¥)-V()

can be expanded as

p(y) Z/()ldiv

the first term of which is 1 after integration and the second term is 0. Since |V (z +

y) = V()| <1,

+[V(z+y) —

x —V(z)]*" Viz — V()2 !
+Z( +y - (@), [V( +<‘7§3L+1>(!)] )]

(V(:E + y) — V(x))Qn S ' (V(x + y) _ V(l’))2n+l
(2n)! - (2n +1)!
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and the third term is nonnegative, which implies p(y) > 1.

If V) > 1, one has

o= [l (0 1)

By Holder’s Inequality, one has

p(y) > {/Oldx exp (V(xvzr y) VXZ))}%.

Since 0 < V(z)/Vy < 1, the same argument gives

1 V(ty)  V(z)
dee Yo Vo >1,
0

and since Vj > 1, p(y) > 1.

.5 Use of the Fick-Jacob approximation

The Fick-Jacob approximation [94, 95| is appropriate for narrow channels, and as-
sumes that the particle density comes to equilibrium rapidly in that direction, and

the conditional probability density p(y, z|x) is Boltzmann,

p(y, 2|7) = p(y, 2]x)eq = eV O *8T /I (),

where I(x) is some normalization function. Firstly consider that particle is drifted

purely by an external force F. According to Eq. (25) in Drazers’ paper([19]),

G Jydy M > Ve
K= 1. / dy e~ / p—
e fo dy My Yy

Introducing an effective potential U(x) which satisfies

1
e*U(m) :/ dyl M(yl) €7V(z7y/),
0
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U(z) is also a periodic function, thus:

G 1 1
. / dy G / i VU@
1—e ¢ J, 0 ’

which is identical to the formula in 2D theory. Therefore x > 1. One can use the

same trick for particle convected purely by a flow u(y). According to Eq. (32) in

Drazer’s paper([19]):

G ! ! - x — x x — x
k= m/ dy/ i oG H)—8(@) U -U(),
0 0

where ¢(x) = —A-Z%, ®(x) = [, da'$p(x’). If the flow is invariant longitudinally(along

x), ¢(x) = ¢ = 1, () = x, the above equation reduces to

G 1 1
g — —/ dy/ dr e~ CveU@+y)=Ulx)
1—e @ )y 0 ’

which is again identical to the pure force case. Thus k > 1.

.6 Upper bound on «

Defining the average of p(y) as

1 1
By) = / dy ply) = / / dady P@PE),
0 0

and letting z = = 4 y, one has
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By the Cauchy-Schwarz inequality,

1
= /// dxidrodr eV (@) =V(22) JV (z+y) =V (@)
0
1
= /// dridxodx eV @)=V (@) V(@+y) =V (z2)
0

1 1 X )
S </// dxidxodx 62V(z1)_2v(z)) ) </// dxidredr 62V($+y)—2V(zz)> ’

(// didz 2V @)=V iz > (/// drdry e?V @)= 2‘/“))
:// dridx e (V(z1)=V(2))
0

Thus an upper bound of p(y) is

o) < supply) = [ / Ay da 2V V@) ()

_ / / dady VW) / / ddy V@V,
0 0

and therefore an upper bound on « is

1
< 1_6_0/ dy e ¥ - sup p(y).

= sup p(y // dady 2V @=VW) /// dady V@~V

.7 Weak potential approximation

1
[ e <

Appendix .6 shows that the upper bound of k is K = ffol dadye?V@=Vw)/ ffol dzdyeV @)=V ),
Suppose that the potential is weak, in the sense that 0 < V(x) <1 (recall that V' has

been nondimensionalized by kgT’), which implies that |V (z) — V(y)| < 1. Since

//Oldxdy (V(z)—V(y))* =2 /Olda: V(r)* -2 (/Olde(g;))Q = 2(AV?),
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one has

//o dady 2V @V —1—|——// dxdy (V 4‘ // dady (V(x) — V(y)* + ...

<142 // dady (V(z) — V(y))?

=1+ (2 +e?—-2)(AV?),

because the odd terms vanish identically, and

1

U/Oldxdy evu)\/(y)] i =1+ %//Oldxdy (V(z) — V(y))?
" % / /Oldmdy (V@)= V(y)*+ .7

<[1+(avy]".
Thus,

2 -2 2
oo LH(E e - 2)(Avy)
- 1+ (AV?)

<1+ (24 e 2=3)(AV?) ~ 1+ 4.52(AV?).
If the Péclet number G — 0:

K — Ko = // dady e —1+—// dxdy (V(z) —V(y)? +... > 1+ (AV?),

showing a non-vanishing deflection. For a more refined estimate, write

n0_1+—// dady (V . // dedy (V(z) — V() + .
<14(2 // dudy (V(z) — V(y))?

=1+ (e+e ! —2)(AV?)
=1+ 1.086(AV?).

Therefore in general 1 < k < 1+ 4.52(AV?) and in slow flow k ~ 1+ 1.1{AV?).
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