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Abstract

Effective Computations with Dense Structured Matrices
and Applications to

Polynomial Evaluation and Interpolation by

Olen Dias

Advisor: Professor V. Y. Pan

In recent years the research has demonstrated the power of combin-
ing the technique of algebraic and numerical computing. In the past,
numerical algorithms for matrix computations and algebraic algorithms
for polynomial computations were developed and implemented indepen-
dently of each other with very little interaction.

In this study, we attempt to take some topics from both areas and
show various correlations between them, in particular, via the study
of computations with dense structured matrices ( e.g. Toeplitz, Han-
kel, Vandermonde and Cauchy matrices ) and of their applications to
computations with both polynomial and general matrices. The main
objective is to find a numerically stable as well as arithmetically fast
algorithms for some selected fundamental problems of algebraic and
numerical computations.

The computational cost is very high if n is large in many applications
of n x n matrices. Hence it becomes important to develope algorithms
that will reduce the burden on the computational resources of time and
space. Since the applied problems often impose some structure on the
matrices, the structure can be used to reduce the complexity bound

for some major computations with structured matrices dramatically.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



A4

This is usually achieved by means of direct methods, based on matrix
factorizations, but there are also some alternative iterative methods.

Here we use two different iterative methods to accomplish our goal.
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1 Introduction

The research done in recent years has demonstrated the power of com-
bining the techniques for algebraic and numerical computing. Histori-
cally, numerical algorithms for matrix computations and algebraic al-
gorithms for polynomial computations have been developed and imple-
mented independently of each other with very little interaction. We
took some topics from both areas and showed various correlations be-
tween them, in particular, via the study of computations with dense
structured matrices ( e.g. Toeplitz, Hankel, Vandermonde and Cauchy
matrices ) and of their applications to computations with both polyno-
mials and general matrices. Our main objective is to find a numerically
stable as well as arithmetically fast algorithms for some selected fun-
damental problems of algebraic and numerical computations. For some
computational problems , the computatitonal cost of getting their exact
solution is too high, and then we shift to the approximation algorithms
that at a lower computational cost compute the desired output values
within a fixed bound ¢ > 0 on the output errors.

Polynomial and matrix computations are classical subjects, and
they play a major role in present day practical computations in sciences,
engineering, statistics, and processing information. Thus, the study of
algorithms and complexity of these computations is fundamental for

both theory and practice of computing . Frequently, matrices encoun-
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tered in practical computations have some special structure, which can
be exploited to simplif)" the computations. In particular, computations
with Toeplitz matrices have numerous applications ( in particular, to
algebraic coding, control, algebraic computing, and partial differen-
tial equations). Large linear systems with Hermitian positive definite
Toeplitz matrices arise also in some major signal processing computa-
tions. As another example, given an nxn Vandermonde matrix V and a
vector z, the computation of the product Vz is equivalent to multipoint
polynomial evaluation, whereas solving the system of linear equations
Vz = b is the same problem as polynomial interpolation. The Cauchy
matrices appear in the study of integral equations, conformal mappings
and singular integrals, where, in particular, Cv and C~!v are sought
for given C and v. Computations with structured matrices ( such as
Toeplitz, Cauchy, and Vandermonde matrices ) can be facilitated (so
that the computational time and memory space decrease dramatically)
by means of representing these matrices with their low rank generators
associated with operators of displacement (shift) and/or scaling [KVM],
[KKM], [CKLA], [GKK], [GKKL], [HR], [P90], [GO], [BP], [H], [GKO],
[GO1], [KO], [KS]. The main idea is, for a given structured matrix A,
we look for an operator F that transforms A into a low rank matrix
F(A) such that we could easily recover A from its image F(A) and then
we may take all the advantages of operating with low rank matrices,

even though the input matrix may have full rank. The operators F' that

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



shift and scale the entries of the matrices turns out to be appropriate
tools for defining the Toeplitz-like, Vandermonde-like and Cauchy-like
matrices, which generalize Toeplitz, Vandermonde and Cauchy matri-
ces.
Furthermore, technically, computations with dense structured ma-
trices, including their numerous reductions and correlations to each
~ other, are closely related to polynomial computations and greatly ex-
ploit the power of Fast Fourier Tranform ( hereafter, FFT ), so as to
arrive at a dramatic acceleration of the algorithms versus the case of
general matrices. FFT is numerically stable and allows effective parallel
implementation. Many major problems of practical computing reduce
to solving a linear system of equations with a structured coefficient ma-
trix. For a system of linear equations Az = b, for any n x n matrix
A, the solution requires O(n®) ops. Since in many applications n is
very large, it becomes important to develop algorithms that will reduce
the burden on the computational resources of time and space. Since
the applied problems often impose some structure on the matrices, the
structure can be used to reduce the complexity bound for some major
computations with structured matrices dramatically, to O(n) words of
storage space and to O(nlogn) or O(nlog?n) arithematic operations,
with small overhead constants in comparison with n x n general matri-
ces, that is, from O(n®) words of storage space and O(n“) arithmetic

operations with 2.37 < w < 3 in the best algorithms. This is usually
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achieved by means of direct methods, based on matrix factorizations,
but there are also some alternative iterative methods.

The iterative methods generate a sequence of approximate solutions
{z®} and essentially involve matrix A only in the context of matrix-
vector multiplication. An iterative method depends on how quickly
the iterates z(*) converage. Iterative methods are in many situations
quite attractive for use on vector or parallel computers. Many, if not
most, of iterative methods are based upon the following approach. The
matrix A is split into an easily invertible part P and a remainder Q.
With easily invertible matrices P the systems Pz = r can be solved
"cheaply”. When A is symmetric, positive definite, then the number
of iteration steps required to decrease the norm of the error matrix
below € > 0 is roughly proportional to the square root of the condition
number of the matrix A.

Again, by using the properties of structured systems, with Toeplitz-
like, Vandermonde-like, and Cauchy-like matrices, we may confine the
computations to operations with short generators of the involved ma-
trices, thus decreasing their computational cost dramatically.

Stating our complexity estimates , we will assume the customary
sequential and parallel random access machine (RAM) models. The
RAM models allow us to read one memory location, to execute an op-
eration from a fixed set, or to write into one memory location. To

each operation its time-cost is assigned. Generally, the cost may vary
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depending on the kind of operation involved, and under the logarith-
mic cost criterion, it may also vary depending on the precision of the
operands. The overall sequential time-cost is defined as the sum of the
time-cost values assigned to all the operations involved. The RAM is
called arithmetic because the basic operations are arithmetic. For the
arithmetic RAM’s, the input consists of one or more than one sets of
variables, the set of constants and the set of operations allowed in the
computation.

We will measure the computational cost by the number of arith-
metic operations required in order to compute or to approximate
( within a prescribed error bound ) the desired output values. We will
assume infinite precision computations and will focus on estimating the
arithmetic time-complexity ( the space-complexity of O(mn) words
of memory suffice for the computations with m x n matrices by our

algorithms ).

2 Some Definitions and Basic Facts

In our exposition we will use the common definitions and some simple
known facts summarized in [BP].

Let n be a positive integer, and 1, j, k integer parameters, ranging
from 0 to n — 1. Matrix rows and vector components are represented

by i, columns by j. W7 is the transpose of a matrix (vector) W; wH
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is the Hermitian transpose of W.

Complex vectors e, f, g, u, v, w, x and y are of the form
h = [hoy.. hni)T ( where h can represent any listed vector ).
r: = r*, where r = exp(2rv/~1/n), is a primitive n-th root of 1. Let
the components u; of u be pairwise distinct and not equal to integer
powers of r.

A B, C, H I J R, S T, V, W and Z represent appropriate

matrices. In particular, the matrices

(0 e cee eee 0]
1 0
Z=10
0 1 0
and
[0 0 17
0
J =
0
i1 0 --- 0]

satisfy J2 = I (the identity matrix), and
Ju= [un—la ses ’uO]T)

Zu=[0,uo,...,un_2]T, ZTUZ‘—'[UI,...,‘U,."_I,O]

Definition 2.1 A matric V = V(u) € Fnyi1n+1 s @ Vandermonde
matriz if

V(w) = [ud)-
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V(r) = [r¥]ocij<n-1 is the matriz of discrete Fourier transform
(DFT) on n points, so that V(r)u = [ vy r""u,-]T is the DFT of a

vector u.

Definition 2.2 Given two vectors u and v such that (u; # v; for
alli and j ), the m x n matriz C(u,v) = C is a Cauchy ( generalized

Hilbert matriz ) where

1

Ui — vi} 0<i,j<n—1

C(u,v) = [

Definition 2.3 . T is a Toeplitz matriz, if
T = [ti;! = [tivrsel, £ 2 1,

that s, if all the entries of T are invariant in their shift in the diagonal
direction. Thus, the matriz T is completely defined by its first row
and its first column. TJ and JT are Hankel matrices for any Toeplitz
matriz T'; hence all the entries of H are invariant in their antidiagonal
shift, and

H = [hij] = [hioy,i41]-

Definition 2.4 An m x n matriz

Zs(z) = (2],
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for a vector x = [Zo,...,Tm-1]T and for a scalar f # 0, is called an
f —circulant metriz if zij; = Ti—jmod m JOrt 2 J; zij = fTicjmod m

fori<j.

o fzs fro fzx

Ty To fzz fz2
Zy(x) =

T2 I Zo f."L‘3

X3 T2 T Xo

is a 4 x 4 f-circulant matrix. In particular, Z; = Z;(e!")) and Z = Z,.

Definition 2.5 Let F' : Fi,, — Fpnn be an operator, let A € Fiixn,
and let G € Fiaxa, H € Fuxo denote two matrices such that F(A) =
GHT. Then a = rank(F(A)), the rank of the matriz F(A), is called
the F-rank of A, and the pair of the matrices G and H is called an

F-generator of A of length a.

A generator of A is a matrix of lower rank a , @ < n ( associated

with a given structured n x n matrix A ) usually written in the form
Ars(A) = A—- RAS=GHT, for F=A (2.1)

or

Vrs(A) = RA—AS=GHT, for F=V (2.2)

for two fixed matrices R and S, representing scaling and/or displace-

ment, and for some n x o matrices G and H. Scaling is represented by
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diagonal matrices,

D, = diag(z,,x,. .. ,Za) (2.3)

for fixed zy,...,T,, whereas such matrices as

00 --- 0 f
10 -- 0 0

Zr={01 . 0 O (2.4)
00 --- 1 0

or aZ¢+bZg +cZy!

for some fixed scalars a, b, ¢, f, ¢ and 9 # 0, represent displacement.

Remark 2.1 The key-idea of using operators and associated gener-
ators is that the original matrit A can be easily recovered from its
generator (2.1) or (2.2) ( see [BP] chapter 2 ) and, moreover, the basic
operations ( such as multiplication, addition, subtraction, and inver-
sion ) with n x n structured matrices of certain classes can be reduced
to operations with their generators; represented by O(an) parameters.
This leads to a dramatic saving of the computational time and memory
space, if a is much less than n.

For Toeplitz, Cauchy ( generalized Hilbert ), and Vandermonde ma-

trices the length a of the associated generators (2.1) and (2.2), for some
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apppropriate choices of the matrices R and S among the matrices of
the classes (2.8) and (2.4) is as small as 1 or 2, in particular,

1) for Toeplitz matrices R, S € {Z;,Z]}

2) for Vandermonde R, S € {Z,D,} for some z.

8) for Cauchy matrices R, S € {D., D,} for some x and y.

These & classes of matrices are naturally extended to Toeplitz-like,
Cauchy-like, and Vandermonde-like matrices, for which a is bounded
by a fized ( and not too large ) constant. ( These classes include or
are closely related to some other well-known classes of structured ma-
trices, such as Sylvester, Subresultant, Hankel, Hankel-like, Lowener,
Bezout, and Chebyshev- Vandermonde matrices [HR], [BP],[H], [GO1]
, [KO] ). It was observed in [P90] that some simple correlations among
the operators associated with the matrices of the 3 cited classes can be
ezploited in order to reduce the computations for matrices of any of
the & classes to computations with matrices of the class for which most

effective algorithms are available.

Definition 2.6 An m x n matriz is called a Toeplitz-like matrix if it
has F-rank bounded from above by a constant independent of m and n,

where F is the operator defined in (1).

Hereafter, let f =1, Z = Z,.

10
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Definition 2.7 For a vector v = (v;), we write |V]jeo = maz;|v;| and
Ivile = (& Iv.-l")%, for q = 1,2, and the associated h-norm of a matriz

A is defined as

lAvis
[T

for h = 1,2,00. The condition number of a nonsingular matriz A

associated with the h-norm of A is defined as
condn(A) = || Alln | A~ {In,

forh=1,2,00.

Definition 2.8 A matriz A is called Hermitian if A# = A, real sym-
metric if AF = AT = A. A matriz A is called Hermitian nonnegative
definite (h.n.d.) if it can be represented as a product WHW for some
matric W. If W is nonsingular, then so is A, then A is a Hermitian

positive definite (h.p.d.) matriz.

In practical numerical computations on a computer with a fixed
precision, if the output precision would not be much less than the pre-
cision of the computations and of the input data, then it is customary
to call the algorithm "numerically stable”.

The error affecting the result of a floating point computation has two
main components. The first component collects the errors generated

in each arithmetic operation performed with floating arithmetic

11
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( called the arithmetic errors ) ; the second component collects the
errors induced by the approximation of the input data by means of
floating point numbers ( called the inherent errors ).

If arithmetic error is "large” with respect to the precision of compu-
tation, then algorithm is "numerically unstable” and if "small” changes
in the input produce "large” changes in the output, then the computa-

tional problem is called "ill-conditioned”.

12
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3 A Fast, Preconditioned Conjugate Gra-

dient Toeplitz and Toeplitz-like Solvers

Toeplitz Solver: Given a vector v and a nonsingular Toeplitz matirx
T, compute the solution vector T-'v to the Toeplitz linear system

Tx =v.

3.1 Background

The Gohberg-Semencul formula [GS] gives a compressed representation
of the inverses of Toeplitz matrices . This formula represents the inverse
of a Toeplitz matrix in the form of the sum of products of triangular

Toeplitz matrices. Namely, if for the Toeplitz matrix T the equations

szeo, Ty=en—11

n-1

have solutions x = (z:)%d, ¥ = (%) and if zo # 0, then T is
invertible.

0T~ ! = L(x)LT(Jy) — L(Zy) LT (Z Jx)

where, L(v) is a lower triangular Toeplitz with first column v, and
can be computed in O(nlog®n) ops by means of different algorithms,
presented in [BGY], [BA] and [MORF] ( with larger overhead constants
in both cases ), and in [AG], [CK], [DH] and [MUS] ( with smaller

overhead constants). There are also O(n?) ops algorithms, which are

13
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' superior for smaller n. Finally, there are effective iterative Toeplitz
solvers that use various preconditioners, Newton'’s iteration and the
steepest descend method ( see [P92], [LV] ).

Many applicatons have motivated both mathematicians and engi-
neers to try to develope 'fast’ algorithms for solving Toeplitz systems
of equations. Most of the early work on fast algorithms for Toeplitz
systems focused on direct methods requiring O(n?) ops. Many other
fast direct algorithms have been proposed since that time, and there
has been also a recent surge of interest in iterative methods, specifically
conjugate gradient.

The preconditioned conjugate gradient (PCG) algorithm is a pop-
ular iterative method for solving linear systems. Although the PCG
algorithm is tyes problems exist. There are essentially two computa-
tionally expensive steps of the PCG algorithm is typically used for Her-
mitian positive definite ( h.p.d. ) systems of equations, its extensions to
non-Hermitian, indefinite, and overdetermined least-squares problems
exist. There are essentially two computationally expensive steps of the
PCG algorithm. One is a matrix-vector multiplication with the coeffi-
cient matrix T at each iteration, which, if T is a Toeplitz matrix, can
be done in O(nlogn) operations. The other possible expensive com-
putation is preconditioning step. The preconditioning step should not
be more expensive than the cost of all matrix-vector multiplications in-

volved, so that on average iteration of PCG for a Toeplitz linear system

14
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of n equations should require only O(nlogn) operations.

In contrast to the direct Toeplitz solvers using order of n? or nlog?n
arithmetic operations [T}, [CB], [CK], [AG], [BA], [BGY], [DH], the
preconditioned conjugate gradient method requires O(knlog n) opera-
tions, where k = k(T') is the condition number of T". Therefore, the
method is particularly effective for well-conditioned Toeplitz linear sys-

 tems, which motivates the search for good preconditioners that would
decrease the condition number and preserve the Toeplitz structure.

In [PS] such effective preconditioning was proposed for Hermitian
( or real symmetric ) positive definite ( hereafter h.p.d.) Toeplitz sys-

tems, based on factorization of T into the product
T = (T + p)(I = (T + pI)™)

for a scalar p. The key idea of [PS] is that an appropriate choice of the
scalar u defined by two extreme eigenvalues of T implies a substantial
decrease of the condition number of both factors relatively to k and
thus substantially accelerates the solution of an associated Toeplitz
linear system. This algorithm, however ( as well as other competitive
iterative preconditioned Toeplitz solvers [C1], [C2], [CS], [S] ), works
neither for the unsymmetric nor for Toeplitz-like cases, which are also
highly important in computational practice.

The present section gives a desired extension of the algorithm of [PS]

to these cases. The extension relies on the properties of the circulant

15
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and skew-circulant displacement operators associated with Toeplitz and
Toeplitz-like matrices and, in particular, on the recent explicit formulae
expressing the displacement generators of the inverses of such matrices
via few vectors associated with the inverses [GO]. More specifically,
we replace T by its symmetrization 77T and respectively change the
factorization. THT + pI and I — p(THT + pI)™! are still Toeplitz-
like matrices, which we represent by using their short displacement
generators and the explicit formulae from [GO]. This still enables fast
multiplication of the matrix I —u(T#T+uI)~! by a vector and leads to
the desired extension of the algorithm of [PS], defining fast Toeplitz-like
solvers, in the case of an ill-conditioned input.

In this section, we try to follow the line of [PS]. In the next sub-
section, we recall some relevant results on displacement representation
of Toeplitz-like matrices. In subsection 3.3 we show a general outline
of the method. In subsection 3.4 we specify various policies of choos-
ing the parameter u and their influence on the number of arithmetic
operations required for the solution of Toeplitz and Toeplitz-like linear
systems. In subsection 3.5 we specify a more effective solver in the

Toeplitz case.

3.2 Some Properties of Toeplitz-like Matrices

We have the following basic lemmas.

16
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Lemma 3.1 [BP]. Let A € Fyxn, B € Fpym be two Toeplitz-like
matrices given with their F-generators of lengths as and ap, respec-
tively. Then AB is a Toepiltz-like matriz having an F-generator of

length asp < as + ap.
Proof: follows from the observation that

F(AB) = F(A)B + ZAZTF(B).

Lemma 3.2 ( compare [BP], [GO], [KKM] ). Let A be a nonsingular
Toeplitz-like matriz with an F-generator F(A) = G HT, of length l4.
Then A~! is a Toeplitz-like matriz with an F-generator equal to GHT,

where G = ~A~'G,, and HT = HFZA-'27T.

Proof: Immediate. From these results, we have the following corol-

lary.

Corollary 3.1. Let T be an n x n Toeplitz-like matriz with an F-
generator of length ar. Then B = THT + ul , C = I — uB~! are
Toeplitz-like matrices with ap < 2ar and ac < 2ar, provided that —pu

is not an eigenvalue of THT.

Hereafter, a will stand for az.

17
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3.3 A Condition-Improving Matrix Factorization

Lemma 3.3 [PS]. Let A be ann x n matriz, B = A+ ul, C =
I—puB~'. Then A= BC = CB. If —pu is not an eigenvalue of A, then

both B and C have inverses, and A~! = C~'B~! = B~1C-L.
Let the eigenvalues of A, B and C be given by

Bn < Pua ... < B = A4),

Yo < M1 < - 1= A(B),

bp S b1 <... <6 = XNO).
By the definition of B and C, we have

vi=Bitun &=1-py".

Lemma 3.4 [PS]. Let A, B and C be as above and let p > 0. Then

the condition numbers of B and C are given by

_Btu

k(B) = oy (3.1)
and
_bB (Bt
T
so that for all u > 0 , we have
k(A) = k(B)k(C). (3.3)

Lemma 3.5 [PS]. Let p = \/BiBn. Then k(B) = k(C) = /k(4) .
18
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3.4 A Fast Toeplitz-like Solver

Consider the linear system

Tz =", (3.4)

where T is an n x n nonsingular Toeplitz -like matrix, given with its
F-generator of length . Apply the matrix factorization of the previous

section to the linear system,
THTz = THb. (3.5)

Let A= THT, then Aisannxn h. p. d. Toeplitz-like matrix, a4 < 2a.
Define B = A+ ul, C = I — uB~!. Suppose that —u is not an
eigenvalue of A. Then, by the results of the previous section, B and
C are nonsingular Toeplitz-like matrices with ap < 2o and ac¢ < 2a.
By the results of [GO], B~! is completely defined by its last row and

its F-generator :

2a

B = Zu+ 17 3. Zum) a0, (3.6
m=1

where f is arbitrary, f # 1, Z; is the l-circulant matrix with the

last row equal to yT . Furthermore, %m, vm and yT satisfy following

equations:
Bum = gm, (3.7)
Btn, = ~ZThn,, (3.8)
tm = Zitm, m=12,...,2a, (3.9)
By = en.1, en1=1(0,0,...,1)7, (3.10)
19

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where G = [g91,-..,92), H = [y, - .-, haa] of A. Therefore, we have the

following algorithm:

Algorithm 1
Input: An n x n nonsigular Toeplitz-like matriz T, a vector b, and a

shift value p.

Output: T'b.

Stage 1: solve the equations (3.7)-(8.10).
Stage 2: solve Bz = THb.

Stage 3: solve Cz = z; return z.

We use conjugate gradient (CG) method [GL] to obtain the solution
at stages 1 and 3 in np and nc iteration steps, respectively. Stage 2
amounts to 2a + 1 multiplications of f-circulant matrices by vectors
for f =1 and f . Therefore, by the well-known results ( see [GO] ),
the arithmetic cost of performing stage 1, i.e. the arithmetic cost of

performing ng steps of the CG iteration on B, equals
cost(B) = (da + 1)(4a + 3)¢(n)np,
and similarly at stage 3, we have
cost(C) = (4a + 3)¢p(n)nc,
for n¢ iterations of CG, where ¢(n) is the cost of an n-point FFT.
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3.4.1 The Optimal Shift

We will next follow [PS] by choosing the optimal p such that the total
work

[(4a + 1)(4a + 3)np + (4a + 3)nc)é(n)

is minimized, where ng and n¢ are the numbers of steps of the CG

 iteration at stages 1 and 3, respectively. Let

ng = F\/k(B), (3.11)

ne = F\/k(C), (3.12)
where F is a constant. Then by (3.3),
ng nc = F*\[k(A) = M = constant.

Define

M
f(ng) = Lng +nc = Lng + —,
ng

where L = 4a + 1. Then f(ng) is minimized at

ng = ‘/-ALi , nc = Lnpg. (3.13)

In view of (3.11)-(3.13), we choose p satisfying
k(C) = L*k(B). (3.14)
Use (3.1), (3.2) and let u = m+\/B1B.. We have the following equation:

m2(L2 — k(A)) + m [2(1,2 ~ 1)/kA) ] + (L2k(A) = 1) =0,
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SO

_ —(L? - 1)y/k(A) £ L(k(A) - 1)
M = L — k(A) ’

where k(A)=4}, L = 4a + 1. Since L > 5, k(4) 2 1,

we have m_ > 0 only for k(A) > L2.

Lemma 3.6 [PS]. Let p = m/Bif., where m = m_ (see above).

Then
k(B) = L! \/k(A) , (3.15)
k(C) = L\/k(A) . (3.16)

Now assume (3.13) and choose g = m_1/B108.. Then the total cost is
(4a + 3)[(4a + L)ng + nclé(n)

= (4a + 3)(Lng + nc)d(n)
= 2(4a + 3)F\/k(C) ¢(n)
= 2(4a + 3)VAcx + 1 k<(A)F ¢(n). (3.17)

For comparison, let nce be the number of iterations required by CG

for A. We have
Cost(CG) = (4a + 3)nce d(n) = (4a + 3)ki(A)F $(n).  (3.18)

Comparing with (3.17) we can see an improvement for

k(A) > 16(da + 1)2.
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3.4.2 Recursive Preconditioning

We may use the factorization A = THT = BC recursively. In par-
ticular, we may solve equations (3.7), (3.8) and (3.10) at stage 1 of
algorithm 1 by choosing one optimal shift y;, and we may choose an-
other optimal shift y, to solve the system Cz = z for z at stage 3 of
algorithm 1. Since we have ap < 2¢, ac < 2a ( where aw denotes the
length of an F-generator of W, for W = B, W = C ) , it follows from
(3.17), that the total computational cost of performing stages 1 and 3

is bounded by

28a + 1)(8a + 3)VBa + 1 k4 (B)F ¢(n) (3.19)
and
2(8a + 3)VBa + 1 ki(C)Fo(n), (3.20)

respectively. Now we choose p so as to minimize the sum of (3.19) and
(3.20). Since k(A) = k(B) k(C),
we have the solutions

kz(A)

BatiP k(C) = (8 + 1)2k1(A),

k(B) =

and

_ Bak3(A)[k3(A)Ba +1)* — 1]
B k3(A) — (8a + 1)2 '

We have p > 0 for k(A) > (8a + 1)4, and the total computational

cost of recursive preconditioning is
4(8c + 1)(8a + 3)Fé(n) k¥ (A). (3.21)
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This is less than the cost (3.17) of non-recursive preconditioning for

28(8a + 1)%(8a + 3)8
(4a + 1)4(4a + 3)®

k(A) >

and is also less than the cost of application of the unpreconditioned

(CG) method to Az = b (see (3.18)) when

4(8a + 1)(8a + 3)]g .

k(A)>[ da+3

For a = 2,3, we compare the estimates (3.17), (3.18) and (3.21)

and show the results in the next table.

a 2 3

cost

CG method | 11kz(A)F¢(n) 15k (A)F¢(n)

non-recursive | 66k%(A)F¢(n) | 30v/13 ki(A)F¢(n)

recursive | 1292k (A)Fg(n) | 2700ks (A)Fe(n)

3.5 Preconditioned CG Method for a Toeplitz Ma-
trix

In this section, we use the same notation as in the previous section,
except that T now denotes a nonsingular Toeplitz matrix ( so that
=2). Since B = THT + pI , multiplying the matrix B by a vector

costs 8¢(n) + O(n). Thus in algorithm 1 we have cost(B) = 72¢(n)
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at stage 1. By [GO], cost(C) = 11¢(n) at stage 3, for each iteration.

Therefore, the overall work is equal to

(7205 + 11n6)g(n) = 11(Ens + no)in), =13,

where ng and n¢ denote the number of the CG iterations at stages 1

and 3, respectively. Assume the optimal value of u = m_+/B1 5., where

(A~ 1)y/k(A) £ L(k(A) - 1)
- L2 — k(A) ‘

My

Then, similarly to (3.16), we derive the following cost bound for the

entire computation:
22nc ¢(n) = 12v22 k< (A)F ¢(n). (3.22)

We may compare the bound of (3.22) to the cost of the solution via the
CG method (without preconditioning), which is estimated similarly to

(3.18) and is bounded by
8k3(A)F(n). (3.23)

The comparison shows that our preconditioning improves the CG method
for

k(A) > 2450.25.

Now, we use the factorization A = BC recursively. We choose y; so as
to minimize the cost of performing stage 1 of Algorithm 1, which gives

us the bound
9-12- V22 k(B)F¢(n) = 108v22 k<(B)Fé(n), (3.24)
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where, the factor 9 comes from the equations at stage 1. At stage 3,

choose p; so as to decrease the cost to
A(8-4+1)(8- 4 + 3)Fp(n)ks (C) = 4620F p(n)k? (C) (3.25)

[ compare (3.21) ]. Now we choose x so as to minimize the sum of

(3.24) and (3.25). Then we obtain that

8 1
KB) = (5) o7 KA,
K(C) = (j;‘s) -@2)f - ki(4),

and the overall cost is bounded by

[108(22)% (%) + 4620( 1‘;’45) 22%} k% (A)Fo(n)

= E kY1(A)Fé(n), (3.26)
where,
1155 54 N
E= [108( = ) 4620(1155) }226 = 400,993.268 . . .

[ compare(3.21) |. Therefore, the recursive method is superior to the

nonrecursive method only if k(A) is enourmosly large:

k(A) > (

)6
12\/“
We also compare (3.26) and (3.23) and conclude that the recursive
method improves the unpreconditioned CG method only for extremely

large k(A), k(A) > (%)"5’"
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4 Inversion of Cauchy-like Matrix

4.1 Background

After some permutations of the columns and the rows of a Cauchy

matrix, the matrix takes the form

a,Tb,- T T
C=|222|  AT=la,...,an, BT =[by,...,bdl,
t,'—Sj

where a;,b; € C®*!, D, = diag(ty,...,tn), Ds = diag (s1,...,5a),

ti #s;, foralli,j=1,2,...,n (cf. [H], [GKO] ). This allows pivoting
techniques into fast algorithms for generalized Cauchy matrix. It is
a well known fact that the inverse of structured matrix also posses a
similar displacment structure ( [KKM], [HR], [GO2] ). In particular,

the inverse of the above Cauchy matrix is a matrix of the form

T

_ u; w;
Cc-! = - [s—l—t’] ,  where u;,w; € C**Y,
i

D, = diag(ty, ..., ts), Ds = diag (si1,...,8n), ti # s;, for all
i,j=12,....,n.

A fast algorithm with partial pivoting was suggested by Heinig [H]
for the inversion and solving linear system with generalized Cauchy ma-
trices. This algorithm computes in O(an?) ops, where a is the length of
the displacement operator and the vectors »; and w; as above, then the
linear system Cz =b is solved by computing matrix-vector product.
In [GO3] , [GO4] a fast implementation of Gaussian elimination with

partial pivoting was designed for Cauchy-like matrices. The algorithm
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uses O(an?) ops for the triangular factorization of C, then the linear
system can be solved in O(n?) ops via forward and back substitution
[GL]. Whilein [GKO], the partial pivoting was incorporated into fast
algorithm not only for Cauchy-like matrices but also for Toeplitz-
like, Vandermonde-like and Chebyshev—Vandermonde-like matrices.

The concept of a Toeplitz-like matrix was first introduced in [KKM]
using the displacement operator Zo. Later on, different authors stud-
ied Toeplitz—like matrices, using various displacement operators of the
forms (2.1) and (2.2), with different choices of matrices R and S ( [HR],
[AG), [GO1], [GO2] ). For Toeplitz and Toeplitz-like matrices R and
S are not diagonal matrices. This fact makes it difficult to directly
introduce pivoting into fast Toeplitz solvers.

On the other hand, due to a simple reduction ( available-like FFT )
matrices, Toeplitz-like and Vandermonde-like matrices to Cauchy-like
matrices ( [H], [GKO] ), effective algorithms for computations with
Cauchy-like matrices could play most fundamental role.

In this paper, we consider the solution of a nonsingular Cauchy-like
linear system, Cx = v and the inversion of a nonsingular Cauchy-
like matrix C , immediately extendable to the Vandermonde-like and
Toeplitz-like cases, as well as to the Chebyshev—Vandermonde cases
([GO1}, [KO) ).

Newton’s iteration is one of the most general and very powerful
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numerical algorithm. We will apply it to the matrix equation
I-AX"'=0
in which case it takes the form
X1 = Xi(2I - AX), for k=0,1,....

Newton’s iteration converges very fast and is stable algorithm, its con-
vergence rate is quadratic [ I — AXky; = (I — AXi)?]. Thisis a
customary tool for numerous polynomial computations that can be re-
duced to solving the equation of the form f(X) = 0.

It is well known that Newton’s iteration may rapidly improve a
rough initial approximation to the matrix inverse ( cf. e.g. [BP] ),
but such an iteration also rapidly destroys the structure of Cauchy-
like, Toeplitz-like and Vandermonde-like matrices . In ( [P92], [P93],
[P93a] ), it was proposed to modify Newton’s iteration in order to pre-
serve the initial displacement structure of a Toeplitz-like input matrix
during the iteration. The idea was to control the growth of the length of
short displacement generators by periodically chopping-off their com-
ponents corresponding to the smallest singular values in the SVD of
these generators.

In the present paper, we consider a similar problem of controlling
the length of the associated generators in a modification of Newton'’s

iteration, where the inverse of a fixed Cauchy-like input matrix C is
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sought. The problem is substantially simplified in this case ( in par-
ticular, we do not need to involve the SVD ), due to the formula for
the inverse matrix C~! available from ( [H] ); this should motivate the
reduction of Toeplitz-like case to the Cauchy-like case ( by means of
FFTs ) and applying the techniques of the present paper, instead of
the inversion of Toeplitz-like matrices by applying the techniques of

( [P92], [P93], [P93a] ).

We present our results in the following order. In the next subsection,
we describe our modification of Newton'’s iteration for the refinement
of an initial approximation to the inverse of a Cauchy-like matrix. In
subsection 4.3, we estimate the computational cost of each iteration,
performed by operating with short displacement generators of matrices,
rather than with the matrices themselves. In subsection 4.4, we specify
the assumptions about the initial approximation of the inverse that
guarantes rapid convergence of the iteration, and we also specify the
number of iteration steps sufficient for convergence to an approximation
within a fixed output error bound. In the appendix, we briefly recall
the reduction of the inversion of Toeplitz-like, Vandermonde-like, and
Chebyshev~Vandermonde-like matrices to the inversion of Cauchy-like

matrices.
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4.2 Modified Newton’s Iteration for the Inversion
of Cauchy-like Matrices

Let C be an n x n nonsingular Cauchy-like matrix with the associated

scaling operator

V(0.0.}(C) = D,C - CD,= ABT, (4.1)

a,-Tbj T T
C= t——-; 4 A =[a11"'ra'n]7 B =[b1,---,bn], (4'2)
t J

where a;,b; € C**!, D, = diag(t,,...,t.), D, = diag (s1,.--, Sn),
t; #sj,forall i, =1,2,...,n (cf. [H], [GKO] ). Assume that an ini-
tial approximation X to C~! is available with its V{p,,p,}-generator of

length at most a. Then we recursively define matrices X7}, X;, X3, Xa, . ..

as follows :
Xeq =Xe(@I-CXy), k=0,1,..., (4.3)
k+1\T, k+177"
Xe=— |9 o (4.4)
Si — tJ 5,7=1

where the vectors uf*!, wf*! € Co*! are defined by

(u'f“)T

Uger = : = X4, (4.5)

(uﬁ+l)T -
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Wl = [wht,... wf*] = BTX},,, (4.6)

Equation (4.3) represents a step of Newton’s iteration for matrix inver-
sion ( cf. e.g.[BP] ), and equation (4.4) "corrects” the results X, of
(4.3) so as to turn X3, into a Cauchy-like matrix, associated with the

same scaling operators as C~!. Namely,

VD..0:}(Xes1) = ~Uen Wiy,

that is, Xe41 is a Cauchy-like matrix whose Vp, p,}-generator has a

length of at most . Furthermore, we have,

Proposition 4.1 For any k= 0,1,..., the matriz
Xy = 2Xi — XiC X

is a Cauchy -like matriz whose V(p, p,} - generator has a length of at
most 3a.

Proof: By observing that

ViD..0}(XeCXi) =

V(0.0 (Xk)C X + XiV(D,,0,} (C) Xk + XkCV (p,,D,} (X&),

we obtain that

V{D..Dt}(XIZH) = V{D,,Dt}(2.Xk - XkCXk)
= 2V (D, p}(Xk) = Vb, D} (XkCXk)
= 2V{D"D'}(Xk)_V{D--Dt}(X")CX"_X’CV{D.,D.}(C)Xk—XkCV{D“D‘}(Xk)
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= V(p.,.0:}(Xk)(2] — CXi) = XiV(D,.0,}(C) Xk — XiCV (p, D, }(Xk)-

We have
V0.0 (Xk) = UeWT, Vip,.p,)(C) = ABT,

where Ux, Wi, A, B € C™*®. Therefore Vip, p,(X2e1) = U i(We)T,
where

Upr = (U, ~XeA, =XkCUy| € C™C),

Wi = [(2f = CXe)™Wi, X[ B, Wi] € ™).

4.3 Computational Complexity of an Iteration Step

Next, we estimate the arithmetic cost of computing the matrices X, 1,
Ukt1, W1, and X§,, based on (4.3)-(4.6). Since C and Xj are
Cauchy-like matrices, the computation of the Vp, p,} ~ generator of
length 3a for Xi,, [ according to (4.3) | uses O(a*nlog?n) ops ( see
e.g. [GOJ, [BP}, chapter 2, section 4,11 and 12 ). Therefore, (4.5)
and (4.6) together enable us to compute the n X o matrices Ui+, and
Wi by using O(a?nlog®n) ops. An additional attractive feature of
this compututation is the economization of computer memory due to
representation of all involved matrices by means of their short genera-
tors occupying only O(an) words of memory. We also refer the reader
to [BP], pages 130, 261-262, on some alternative methods for faster

numerical approximation of the product of a Cauchy matrix C by a
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vector, which may lead to a further decrease of the computational cost

of our iteration steps.

4.4 Estimating Convergence Rate of Newton’s iteration

In the following, we will estimate how fast X, approaches C~!. From

[H], we have
T
-1 Uu; Wy
=~ | 4.
¢ [Si - t:‘] ’ *7)
where
uj
U=| : |=C'A, WT=,...,u]=BTC™, (4.8)
uy

AT = [a,,.. .,an]., BT = [by,...,bs]. We recall from (4.4)-(4.6) and
(4.8) that
(uf)T(wf)}

X = —
k [ S;‘—tj

U= X A= (X —C YA+ C'A= (X} -C WA+ U,
wl =BTX;=BT(X; -CY)+WT.
Then we obtain the following matrix equation:
UWI =
(Xg—CHABT (X} -C)+UWT+UBT(X;—C )+ (X —-CHAWT.
From this equation and (4.8) and we obtain that

Ex = UWT - UWT

34

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



= (X;—C™Y)ABT(X;—C")+C~'ABT(X;~C~")+(X;—C~1)ABTC"!,

(4.9)

Hereafter, we use the column-norm of matrices,
Wl =IWl,= mJ@XZWijI,
i

where W = (wij)mxn (see [GL], p.57).

Proposition 4.2 Let e} = [|X; — C~!||. Then
Bkl = |UWT — UWT|| < |ABT|le; (ex +2C1D)-

Proof: Proposition 4.2 immediately follows from (4.9).

Proposition 4.3 Let ex = || Xx—C™!||, for nonsingular matriz C, and

let X¢,, be defined by (4.3), for k=0,1,.... Then we have
et < ICI €. (4.10)

Proof: Due to (4.3), we have I-CX},, = (I-CXy)?, k=0,1,....
It follows that

€1 = [ Xee = CI

=ct T - CXp )l

= |C-1(I - CXi)?|

= [C-'(I - CXi)CCH(I - CXi)

=I(C! = X)C(C™! ~ Xi)|| < |ICll €.
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Proposition 4.4 For any k = 1,2, ..., we have
ex < seep, ery < (sier)” [C|

where

1

se=pllABT|| (e; +2/IC7'l), p=max—
W |si =t

(4.11)

Proof: We recall (4.4), (4.7)—(4.9), and proposition 4.2 and obtain that

k k
| (u)Tw!® — uTwy|

|si — ¢

e =[Xe —C7Y| = m,axZ
i
k k k
< p max 37 |(wf) wf ~ Py
= pllExll < pIIABT| (ex + 21C"I) ek = skey-

for s of (4.11). Combining the latter bound on e* with (4.10) gives us

proposition 4.4.

Proposition 4.5

If el<1 (4.12)

and

e)PlClsi<1, for 6<1 (4.13)
and for s, of proposition 4.4, Then
ey < ()0 <... <), fork=12.... (414)
Proof: By virtue of proposition 4.4, we have
e; < (€1)*IC st
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Combine this bound with (4.13) and obtain that
e < (eD*. (4.15)
Since
<1, 2-6>1,

we obtain from the latter inequality and (4.12) the bounds
e;<e <1, (4.16)

which extend (4.12). Substitute the first inequality of (4.16) into (4.11)
and obtain that s, < s;. Substitute the latter bound and the bound
e; < e} of (4.16) into (4.13) and obtain that (e3)°]|Clls3 < 1, which

extends (4.13). Inductive application of this argument enables us to

extend (4.12)~(4.15) to the bounds
er <1, (e)VlClst <1, e < (ex-)*”’

for k = 3,4,..., and we arrive at proposition 4.5.

We will next restate proposition 4.5, by replacing e} by e3{|C||, based
on proposition 4.3 for k =0, ro = [|[I ~ CXo||

1l

le < =%

follows from the next inequalities,

IC=H = 1%l £ IC7! = Xoll £ C o
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Proposition 4.6 If ey (/[IC[| <1 and if
ey lIC'*s* < 1, (4.17)

for8<1, and

s = plABT||(€SICI +2IC 1),

and for p of (4.11), then
. —ak
ere < (€NIC))E,

fork=0,1,....

Proof: Proposition 4.3 for k£ = 0 implies that
ef < IClleg. (4.18)

Therefore, the bound e} < 1 of (4.12) holds if eo\/m <1, and we
also have that s; < s for s; of (4.11). Combining the latter bound,
(4.17) and (4.18) gives us (4.13). Therefore, the assumptions of propo-
sition 4.6 imply the ones of proposition 4.5, and consequently, imply

(4.14). Subtitute (4.18) into (4.14) and obtain proposition 4.6.

We are not supposed to have the values ¢y and ||C~!|| readily avail-
able, when we are given the matrices C and X,, but we may use more

readily available parameters. Indeed
eo < rollCH|

where rq = |[I — XoC]|,
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and

NXoll
(110

(The latter implication immediately follows from the next inequalities:

I < ¢ if ro < 1.

ICl = 1Xoll < IC™" = Xoll < 1C7 ro.)

We are going to substitute the latter estimates into the statement of

“proposition 4.6. We write

T‘o"Xo”

+
€
1—7'0

0 =

(4.19)

—_oyk , 2] X
st = 1487 [+ 224 2o

k=0,1,...,s0 that el > ep and s{,; > Sk41

if sp,, < ((ed)2ICI)R",
20 X
st <1487 1+ 3] 2al), (421)

for all k, if ed \/||C|| < 1. We now summarize our results also by taking
into account the bound ex+1 < Sk+1€f4; ( from the proof of proposi-

tion 4.4 ), which enable us to estimate ez, as soon as we estimate

b 4
Ck+1-

Corollary 4.1 Let
ro=I-CXoll <1, ey/IICII<1, 6<1, (4.22)

(eN*ICI™*(sg)* < 1, (4.23)
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for e and st of (4.19) and ({.20) respectively. Then
et < (ICNE, k=0,1,...,

and
ek'{'l S s;'l'le;'i-l’ k = 0, l, ceoe
Let us write

Tog((eq
log(2 - 6)

‘= [log l*)":ucu)l (4.24)

og((eg

log(2 - 6)

el

(4.25)

_ Fog 1—35)5"—6[5] '

where § < 1, ef and s}, are defined by (4.19) and (4.20), so that
(4.21) holds. Then under the assumptions of corollary 4.1, it suffices
to perform k+ 1 > k* + 1 recursive steps of the iteration (4.3), (4.4) in

order to ensure that
el:+1 = "XI:+1 - C-l" <€,

and it suffices to perform k+1 > k+1 recursive steps in order to insure
that

eks1 = [ Xy — C7Y|| < esfyy-
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5 Polynomial Evaluation and Interpolation

Let

w(z) = iw.-m‘,

i=0

be a polynomial of degree n.
Polynomial Evaluation:
Given the coefficient of polynomial w(z) of degree n, Evaluate the
values v; = w(u;) at points ug,. .., Un_1,m > nN.
Polynomial Interpolation:
Given several points ug, ..., un and values of the polynomial at these

points v; = w(u;), Calculate the coefficients of the polynomial w(z).

5.1 Background

It is known that interpolation and evaluation ( on any set of n
nodes ) of an n-th degree polynomial can be performed in O(n log? n)
( arithmetic ) operations [AHU], but recursive application of several
polynomial divisions is involved, and this makes the resulting algo-
rithms highly unstable numerically ( thus, restricting their application
to the case of computers performing exact rational arithmetic ). Fast
Fourier transform (FFT) enables us to solve both of these problems in
O(nlogn) operations [AHU] with no numerical stability problems [GS],
in the special case where the nodes are roots of unity, and similarly in

some other special cases [BP]. In particular, for the input nodes lying
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on a bounded real interval, the estimate O(nlog?n) can be improved
[P90a, Ro88]. However, for a general set of nodes on the complex plane,
the order of n? operations is required in the known numerically stable
solutions.

In this section, we propose a new approach to both problems, which
we solve approximately, within a given tolerance Ke to the error,
K denoting the condition number of some auxiliary computational
problem [ see subsection 5.3 ]. Then Solution time is proportional to
n(log® n+log(1/e)), which turns into O(n log? n) if log(1/¢) = O(log® n).
Polynomial divisions are avoided in this approach, based on the appli-
cation of computations with structured matrices.

The solution involves Toeplitz-like linear systems, which for many
inputs may still cause some numerical stability problems [BUN], not as
devastating, however, as ones caused by recursive polynomial divisions.
In particular, we may shift to symmetrized systems which are still of
Toeplitz-like , and if they remain sufficiently well-conditioned after
their symmetrization, then numerical stability problems are avoided
[BUN]J.

Our algorithms have the feature of many iterative algorithms: their
output errors and their running time decrease with the condition num-
ber of the auxiliary linear system ( in our case of Toeplitz type ) to
which we reduce the solution. Furthermore, we may try to use a ran-

dom transformation of some input parameters in order to improve the
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condition of the latter linear system ( see remark 5.1 and the deriva-
tion of the complexity estimates based on our first algorithm of
subsection 5.3 ).

It is known that the Vandermonde matrix ( defining the interpola-
tion problem ) is ill-conditioned for a very large class of sets of inter-
polation nodes, and the parameter K of equation (5.6), defining the
approximation error of our computations, tends to be large. Thus we
cannot, as of now, recommend our algorithms for practical computa-
tions, except for the special cases of node sets defining well-conditioned
Vandermonde matrices.

From the theoretical point of view, however, the new algorithms
may be of interest since they demonstrate some previously hidden cor-
relations between computations with polynomials and with structured
matrices. Specifically, we represent the original computational prob-
lems of polynomial evaluation and interpolation in the form of opera-
tions with a Vandermonde matrix. Then we apply the techniques of
[P90] for computations with structured matrices and reduce the origi-
nal problem with any set of nodes to the case of roots of unity as the
nodes; in this case FFT applies. The reduction involves Toeplitz-like
computations ( with matrices having displacement rank at most 3 )
and a single multiplication of a generalized Hilbert matrix by a vector,
at which stage we apply the fast approximation algorithm of [Ro85],

known to be effective and reliable in numerous computations, in par-
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ticular, for integral equations and n-body mechanics. We present and
analyze our algorithms in subsection 5.3 after some definitions and aux-

iliary results.

5.2 Auxiliary Results

We recall the following simple and/or well-known results :
C(u,v) = —CT(v,u). (5.1)

V() =VT(r), VHE)V(r)=nl. (5.2)

Fact 5.1 The values of a polynomiel w(z) = Y2 wiz’ ( with coef-
ficient vector w ) on the set of points ug,...,un-1 are given by the
vector

v =V(u)w. (5.3)

Fact 5.1 defines the problem of interpolation and multipoint eval-
uation of a polynomial w(z) in terms of a vector equation (compare

Problem in 5.4 ).

Remark 5.1 It is simple to shift from polynomial w(z) to t(z) =
w(az + b) for any fixed complex numbers a and b, and vice versa, at
the cost of O(nlogn) operations [ASU]. Even simpler is the transition
to the reverse polynomial wre,(z) = z"w(1/x). These transformations

enable us to vary ( to our convenience ) the input matrix V(u) of the

44

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



problems of polynomial interpolation and multipoint evaluation. For
evaluation, we may also vary the input node set, for instance, by par-
titioning it into two or several subsets, complementing each subset to

n points at our choice and solving two or several evaluation problems.

Fact 5.2 [AHU|. Given vectors u and r, it suffices to use O(nlogn)
 arithmetic operations to compute V(r)u and VH(r)u ( that is, to per-

form the forward and inverse DFT of a vector u ).

Fact 5.3 a) [AHU]| Given a vector v and a Toeplitz matriz T, it suffices

to use O(nlogn) arithmetic operations to compute the vector Tv.
b) [AG], [BA], [BGY], [DH] Furthermore, O(nlog®n) arithmetic

operations suffice to compute T-'v if T is nonsingular.

Fact 5.4 The estimates of the previous fact hold even if the matriz
T is replaced by any matriz of the form VT(u)V(u), W(u,r) and

WT(u,r), where, W(u,r) = VT (r)C(r,u)V(u) .

Proof. The extension of fact 5.3 to the matrix VT (u)V(u) =
[ e uffj] follows since this is a Hankel matrix. The extension of
fact 5.3 to W(u,r) and WT(u,r) follows from [P90]. ( Specifically,
proposition 6.1 of [P90] implies that W (u,r), WT(u,r) are Toeplitz~

like matrices defined with their n x 3 displacement generator matrices
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( see definitions in [CKLA, P90] ), and to such matrices both parts of
fact 5.3 can be extended [ see [CKLA] and/or [MUS] on the extension

of part a) and [BA] or [MUS] on the extension of part b ) | ).

Propositon 5.1 [Ro85]. Given a natural n, positive a, q, s, and €
and three complez vectors u, v and y of dimension n, it suffices to use
(5n — 1)s arithmetic operations to compute, within the error bound e,
the values

n—-1

Cv,u)y)i=Y &

?
k=0 Ui — Uk

fori=0,1,...,n— 1, provided that

_, log(an) ~ log((1 = g)e)

§2 , 5.4

log(1/a) (G4

> 1%, 1>9>ZE| foralli and k. (5.5)
Uk Uk

Proof (see appendix A).

Remark 5.2 a) If, say, ¢ < 1/2,loga = O(logn), log(1/¢) = O(logn),
then (5.4) can be satisfied for s = O(logn).

b) In our algorithms of the next section, v = r, and the vector u
can be linearly transformed, according to remark 5.1. This enables us

to insure the last inequality of (5.5) for g = 1/2 and for all i and k.
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5.3 Interpolation and Multipoint Evaluation

Problem 5.1 Interpolation.

Input: vectors u and v.

Note that, by assumption about vectors u and r , V(u) is non-
singular, and C(r, u) can be defined. Let C(r,u) be non-singular

( until the end of this paper ).
Solution: successively compute the three vectors:
1. f=C(r,u)v,
2. g = VT(r)f = V(r)f,
3. w=W-!(u,r)g.

The correctness of this algorithm follows since for the computed

vectors w and g , we have:
W(u,r)w = W(u,r)W(u,r)g = g = VT (r)C(r, u)v,

and (5.3) follows since V'(r) and C(r, u) are nonsingular.

We apply the algorithm for approximate evaluation of w, so as to
decrease the estimated computational complezity:

At stage 1, approximating the components of f ( within ¢ > 0 )
requires (5n — 1)s operations, for s defined by (5.4);

Stage 2 requires O(n logn) operations (see fact 5.2);
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Finally, at stage 3, we need to compute the matrix W(u,r), of
Toeplitz-like , or more precisely, to compute its displacement generator
of length ( at most ) 3. For this, we just need to compute the products
w(l) = (W(u,r) - ZW(u,r)Z7) v(f), £ = 1,2,3, for three general
vectors v(1), v(2), v(3).

Moreover, we may choose these vectors in the form
v(£) = b(¢) = [1,5(8), (b())?,..., (5@,

where b(¢) is a random parameter, £ = 1,2,3. [Indeed, the n x n
matrix B = [(b(2))’] has rank n, if all the b(z) are distinct numbers,
i,7=0,1,...,n — 1; therefore, with a high probability (see [SCHW]),
for a random choice of b(7), the matrix (W(u, r) — ZW(u, r)ZT) B has
rank 3, and so has any of its random n x 3 submatrices. The vector
V(u)b(4), £ = 1,2,3, can be computed in O(nlogn) operations, since

the evaluation of V(u)b(¢) amounts to evaluation of the polynomial

1 - (b(&)x)" _ = i

at the points ug, - - ., Un-1-

Therefore, the complexity of approximate evaluation of the vectors
w(f), for £ = 1,2, 3, is still within the bounds of O(n(s + logn)), for s
defined by (5.4), provided that e denotes the tolerance to the errors of
the appproximate multiplications of C(r,u) by vectors in the process

of the evaluation of w(f).
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Given w(£), £ = 1,2,3, we can, by using the algorithms of facts 5.3
or 5.4, find W-lg at the cost O(nlog?n). Therefore, stage 3 can be
done at the cost of O(n(s + log®n)), s defined by (5.4).

The bound € on the approximation errors of all the multiplications
of vectors by the matrix C(u,r) is not substantially magnified in the
subsequent multiplications of the resulting vectors by the matrix V(r)
( having 2-norm equal to 1 ) but may be substantially increased in the

evaluation of W~!g unless
K =cond W (5.6)

is small.

Problem 5.2 Ewvaluation.
Input: vectors u and w .

Output: vector v satisfying (5.3).

Solution: successively compute

1. U(u) = VT (u)V (u),
2. e = Uu)w,

3. x=WT(u,r) e,
4.y =V(r)x,

5. v = CT(r, u)y.
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Correctness.

Premultiply both sides of (5.3) by V7 (u) and obtain that
e=VT(u)V(uw = VT (u)v.
Then substitute v = CT(r,u)y = CT(r,y)V(r)x, obtain that
WT(u,r)x = e,

and thus verify the correctness of the above solution.

Comgplezity.

Follow [CKL)] to perform stage 1 in O(n log? n) operations. Specifi-
cally, first compute at this cost [AHU] the coefficients of the polynomial
[Ti—o(u—uk). Then obtain the power sums 3725 ui in O(nlog n) opera-
tions from the system of Newton's identities ( see e.g. [P90a], appendix
A).

We need O(nlogn) operations at stage 2 and O(n(s + logZn)) at
stage 3, for s defined in Proposition 5.1 [ use fact 5.4 and the algorithm
for the evaluation of W (u, r) shown above ], and O(nlogn) operations
at stage 4 ( due to fact 5.2 ).

At stage 5, we approximate all the components of the vector v

within the error bound € at the cost (5n — 1)s, where s is defined by

Proposition 5.1.
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A  Proof of Proposition 5.1
Substitute the expressions

(v—1 w) ‘51: g,(f;)h

and obtain the power series representation

oo n-1
k
pw) =Y put =Y 2
h=0 k=0 ¥ — Uk
S TS
k=0 Uk l- ('U/'U.k)’
n-—-1
Dh = — %‘, h=0,1,..
k=0 Uk

p(v) converges when [v] is small enough. Approximate p(v) by the s-
term partial sum and estimate the error in terms of s, |v;/uk| and a.

Due to (5.4) and (5.5), we obtain:

p(v:) - § prol| < f 1_1?; <e foralli
h=0
It remains to compute first py, ..., ps—1, by using (3n — 1)s operations,
and then
Yoot fori=0,1,...,s -1,
by using 2ns operations.
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B Extension to the Inversion of Vandermonde—
like and Chebyshev—Vandermonde—like

matrices

Let V be an n x n Vandermonde-like matrix such that
vwé,m(V) =DV - vZT = GBT,
where G € C™*#, B € CP*". Then, due to a result from [GKO] , VF*
is a Cauchy-like matrix such that
V{D%,D;}(VF‘) = GHT.

Here, HT = BTF*, D= diag(F-y-- -1 )

Tn
£ -2xi(n-1)
),

D; = diag(l,e;’nL,...,e

1 " .
Fe— [C’T(k-l)(J—l) "

n kj=1"'
010 ---0

zT = ,
000 ---1
100 ---0

so that F stands for the ( normalized ) matrix of Discrete Fourier
Transform (DFT) , and F* is the Hermitian tranpose of the matrix F.
F*=F"1=/n.

Let Xo, C, and @ satisfy the assumption of thr corollary(4.1). Let

€= -5; and let X;. denotee the matrix obtained in k* + 1 steps (4.3),
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(4.4) [ for k* defined by (4.24) ] at the arithmetic computational cost

O(k*B%nlog?n). Then we have
IVF)™ = Xl < v/

Next, we consider a Chebyshev-Vandermonde-like matrix R , which

has generators G , B such that
V(2p..2:+27}(R) = 2D:R — R(Z, + Z2]) = GB”, G, B € C**".

By the virtue of a result from [KO], C = RF* is a Cauchy-like matrix

such that
V(2D..000}(RF*) = 2D, RF* — RF* D, = G B'F",

where, F', D., Z; are as above, and
Deos = diag(2,2cos(Z),...,2cos(22)).

By using the latter equations, we may extend the inversion of C to
the inversion of R, similarly to the case of a Vandermonde-like matrix
V.

Finally, we recall how to reduce the inversion of Toeplitz-like ma-
trices to the Cauchy-like case.

Proposition B.1[GKO]. Let T € C™*" be a Toeplitz~like matrix ,
such that

Viznz}(T) = Z,T - TZ_, = GB7,

where G € C™*# and B € C™A. Then C = FTD;'F* is a Cauchy-like
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matrix:
V{Dl,p_l}(FTDo'lF‘) = DI(FTD‘,‘lF‘) - (FTD;,“F‘)D_1 = GHT.

Here D_,, F, F*, and Z, are defined above,

Ari(n~—1

D1=diag(l,egn2,...,e ),

Dy = diag(l,e":ri,... ,em.'v‘-_1 )s
G =FG, and AT = BTD;'F*.
Suppose that Xp, C, and @ satisfy the assumptins of the corollary

(4.1) , let € = €*//n, and let X., be the matrix obtained in k* + 1

steps (4.3),(4.4) for k* of (4.24) and such that
IC~! - X.| £ ¢/n.

Then we have
I(FTD5'F*)™" = Xg |l < €/m.
We have (FTDg'F*)~! = FD,T-'F*,
F*D;Y[(FTD;'F*)~! - XeyJF=T"'~F*'D5'X;. | F,
and therefore, by writing Xk~+1 = F*Dy ‘X,:. +1F, we obtain that
1T~ = X sall < [P NIDG M| Flle/m = e,
since |Dg'|| = L, |F|| = | F*|| = v/n.
Thus, in k* + 1 steps (4.3), (4.4), at the arithmatic computational
cost O(k*B%n log® n), we will arrive at a desired matrix Xe 41 = F*D5 X2 F

approximating T—! within the error norm e.
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