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Abstract

Word problems on balanced semigroups and balanced groups

by

Dong Wook Won

Advisor: Professor Alexei Myasnikov

We study the word problems on a certain type of semigroups and groups,

for which we know that there is no algorithm to solve the word problem.

We find some common characteristics on those algebraic structures. Then

we find a generic solution of the word problem on those structures including

famous known examples of groups and semigroups where the word problem

is undecidable.
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Introduction

Decision problem is the problem of finding, for a given class of questions

which depend on certain parameters, an algorithm that answers, for a given

input, ”Yes” or ”No” correctly. It is, by nature, an algorithmic problem. One

of the most outstanding algorithmic problems in group theory and semigroup

theory is the word problem.

The word problem in group theory(similarly semigroup theory) asks whether

there exists an algorithm that answers correctly if any two words are equiva-

lent in the group(respectively semigroup). The word problem was first stated

by M. Dehn in 1910 for groups. For semigroups, A. Thue in 1914 first stated

the word problem.(See [1]) Since then many mathematicians have made huge

efforts to resolve this problem. For example, Dehn himself solved the word

problem for the trefoil knot group in 1914. In 1926 E. Artin solved the word

problem for braid groups. In 1932 W. Magnus solved the word problem for

one relator groups.(See [22]) But the general question of whether the word
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problem is solvable on any group or any semigroup turns out to have a neg-

ative answer. The history of this negative aspect of the word problem goes

back to the 1930’s.

In 1936, Turing introduced his model of computation, the Turing machine.

The Turing machine, which is equipped with an infinite tape and a tape head

with a finite alphabet and a finite set of tape head states, has been accepted as

a computation model that captures the core of human computation. With

Church’s thesis, the Turing machine is used to prove the unsolvability of

algorithmic problems.

In 1936 Turing proved that there is a decision problem that no algorithm

on the Turing machine can solve. This was a special case of the halting prob-

lem and later it was realized that the halting problem on the Turing machine

can not be decided by any Turing machine, hence the halting problem is

undecidable.

In 1947, Markov and Post independently constructed finitely presented

semigroups with unsolvable word problems. They were able to construct

the semigroups by simulating the computation of the Turing machine in

their semigroups and they were the first algebraic structures that contained

an undecidable decision problem. The presentation of the semigroup is not
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simple, since it contains a huge number of generators and relations. However,

several mathematicians showed later that there are even much more simply

presented semigroups where the word problem is unsolvable. For example,

Tseitin, Makaninn, and Matiyasevich all came up with much more simply

presented semigroups with unsolvable word problems.

The undecidability result on semigroups could not be applied to groups

directly. For example, Post’s semigroup can not be embedded in a group. For

groups, it was in 1955 that Novikov constructed the first group that contains

an unsolvable word problem, and one year later Boone constructed his group

with an unsolvable word problem. Thus the word problem for semigroups and

groups has, as we all know now, a negative solution, unsolvable in general.

So far the decidability of the word problem has been the main question.

But with the rapid development of the computer and complexity theory, other

aspects of the word problem have been considered by many mathematicians,

such as, ’when the word problem on an algebraic structure is decidable how

fast can one solve the word problem?’ This question addresses the practical

solvability of the word problem with current computational devices. Several

groups which have the solvable word problem have a fast algorithm - we

mean an algorithm whose complexity is polynomial in the length of input, for
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example, word-hyperbolic groups and linear groups over the field of rational

numbers. However, for some groups where the word problem is decidable, it is

very difficult to analyze the complexity of the algorithm; the famous example

is the Magnus’ algorithm for the word problem for one relator group, whose

complexity is still unknown.

When one runs a computer program to solve a problem, one often ex-

periences the cases that for ”most” inputs the program runs quite fast but

for some small number of inputs the program runs very slowly. From this

observation one can classify the inputs into two categories: the set of inputs

where the algorithm answers quickly( or in a reasonable amount of time) and

the set of inputs where the algorithm answers quite slowly and even possibly

don’t answer. This classification has been applied in group theory, and [9]

Kapovich, Myasnikov, Shupp, and Shpilrain proposed the following approach

to the word problem for groups and semigroups : given a finitely generated

group( or semigroup) G = 〈 X | R 〉, decide whether the word problem is

solvable on a generic subset of X∗ ×X∗ with a suitable measure ρ on X. If

one can find such an procedure, then we say the word problem on G is gener-

ically decidable. In [9], the authors note that this approach could be adapted

to algebraic structures where the word problem is known to be unsolvable.
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The idea of this approach is, although one may not solve the word problem

completely on certain difficult algebraic structures, one may be able to answer

the question of word problem on ’most’ cases by measuring the set of inputs

where the word problem is solvable.

The aim of this thesis is to show that several semigroups and groups with

unsolvable word problems do have generic solutions of the word problem. In

chapter 1, we review the Turing machine, undecidable problems on the Tur-

ing machine, semigroups and groups with undecidable word problems, and

the generic-case complexity of a decision problem. In chapter 2, we define

first a certain type of presentation of semigroups, called a balanced presenta-

tion, then show that the word problem is generically solvable for semigroups

that have those presentations. Then we observe that several well-known

semigroups with unsolvable word problem, such as Post semigroup, Tseitin

semigroup, Makaninn’s semigroup and Matiyasevich semigroup, do have bal-

anced presentations, hence the word problem is generically solvable for these

semigroups. In chapter 3, we extend the idea of balanced presentation to

groups and show that the word problem for a finitely generated group with

a balanced presentation is generically solvable. Then we observe that many

well-known groups with unsolvable word problem, such as Novikov’s group,
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Boone’s group, Borisov’s group and Collins’ group, do have balanced pre-

sentations as well, hence the word problem is generically solvable for these

groups.

In the last chapter we show a generic solution of the conjugacy problem

on HNN extension using the blackhole. This work is based on the paper

[5]. In [5], the authors show a generic solution of the conjugacy problem

for amalgamated products using the blackhole. In chapter 4, we show that a

similar approach to the HNN-extensions using blackhole solves the conjugacy

problem generically.
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Chapter 1

Decision problems and generic
case complexity

1.1 Turing machines and the halting problem

In this section we introduce Turing’s computational model, the Turing ma-

chine and an undecidable problem on the Turing machine.

A Turing machine is assumed to have a tape and a tape head. The tape

of a Turing machine is assumed to be infinite in both directions and it has

infinitely many cells in it. Each cell in the tape can contain a tape letter

symbol from a finite set of symbols or can be blank. The tape contains only

a finite string as an input and the rest of the cells in the tape are blank.

At each moment of the computation, the tape head scans a cell in the tape,

reads the tape letter in a cell at the current position and can change the

7



tape letter as well as move the position of tape head back or forth. To

direct the movement of the tape head, Turing realized that it needs only a

finite number of internal states. To describe a Turing machine completely,

one needs a finite set of tape symbols Σ, a finite set of internal states Q, a

transition function ( or a program ) P : Q × Σ → Q × (Σ ∪ {L, R}), which

directs the movement of the tape head with L being the symbol to move the

tape head one cell to the left and R being the symbol to move the tape head

one cell to the right, a starting state from Q, which we denote by q1 and

an halting state from Q, which we denote by q0. The formal definition of a

Turing machine is the following:

Definition 1.1.1. A Turing machine is a 5-tuple, (Q, Σ, P, q0, q1), where

Q, Σ are all finite sets and

1. Q = {q0, q1 · · · ql} is the set of internal states,

2. Σ = {e0, e1, · · · em} is the tape alphabet, where e0 is used to denote the

blank symbol,

3. P : Q× Σ → Q× (Σ ∪ {L, R}) is the transition function,

4. q1 ∈ Q is the start state,

5. q0 ∈ Q is the halting state.
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The core of a Turing machine is the transition function P , which de-

scribes how to move the tape head of the machine at any moment during the

computation. It is the instructions as below:

For any (qi, ej) ∈ Q × Σ with i > 0, the transition function P of Turing

machine is defined as below;

1. P (qi, ej) = (qk, er), which means if the tape letter in the scanned cell

in the tape of Turing machine is ej with current internal state qi, then

change the letter ej to er and the state qi to qk.

2. P (qi, ej) = (qk, L), which means if the tape letter in the scanned cell in

the tape is ej with current state qi, then change the state qi to qk and

move the tape head one cell to the left.

3. P (qi, ej) = (qk, R), which means if the tape letter in the scanned cell in

the tape is ej with current state qi, then change the state qi to qk and

move the tape head one cell to the right.

At any moment during the computation, the sequence of letters of the

form KqiajM where qi is the current tape head state, aj is the scanned

tape letter inside the cell in the tape, and K, M ∈ Σ∗ are the sequences of

letters to the left and to the right of the current cell in the tape respectively,
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describes the next move of the Turing machine. We call this word KqiajM ,

the configuration of the Turing machine at the current state.

Once a Turing machine starts, the computation proceeds according to the

rules described by the transition function. The computation continues until

the tape head enters the halting state. If it does not occur, the machine goes

on forever. If a Turing machine begins in a configuration q1A and halts in a

configuration Bq0C then we say the Turing machine accepts a word BC.

We say an algorithmic problem is decidable if there exists an algorithm

of a Turing machine that answers correctly ”Yes” or ”No” for a given input.

Turing machines are powerful computational models that do everything

computers do, but as it was shown, the following problem can not be decided

by any Turing machine.

Halting problem : For a given Turing machine T = (Q, Σ, P, q0, q1) and

an input u ∈ Σ∗, find an algorithm that decides whether T halts.

The halting problem of Turing machines is algorithmically unsolvable

implies the following theorem:

Theorem 1.1.1. There is a Turing machine for which no algorithm solves

the halting problem.

For detail and history of the halting problem of Turing machines, see [1]
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and [22].

1.2 Semigroups and groups with unsolvable

word problem

In 1914, A. Thue first proposed the way of defining a semigroup in terms of

generators and defining relations: Let A be a set. A word on A is a finite

sequence a1a2 · · · ak, where each ai, 1 ≤ i ≤ k, is an element in A. Let A∗

be the set of all finite words generated by elements of A. Then A∗ together

with concatenation operation of two words called a free semigroup generated

by A. We denote this semigroup by 〈A | −〉 or simply 〈A〉.

A relation in a semigroup is an ordered pair of words. If (u, v) is a relation

in 〈A〉 where u, v ∈ A∗, we denote it by u = v. Let R be a set of relations.

One can define an equivalence relation withR on 〈A〉, that is, for w1, w2 ∈ A∗,

we say w1 is equivalent to w2 if and only if w1 can be transformed into w2

through a finite number of applications of relations in R. Then the set of

equivalence classes on 〈A〉 with respect to R with induced concatenation

operation on the equivalence classes is a semigroup and denoted by 〈A | R 〉.

We say the semigroup 〈A | R 〉 is generated by the generating set A and the
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set of defining relations R.

For a group presentation, let A be a set and, for each a ∈ A, let a−1 be a

new symbol, which we call the inverse of a. Let A−1 be the set of all inverse

symbols of elements of A, i.e. A−1 = {a−1 | a ∈ A}. The empty word is

denoted by 1. For each a ∈ A relations of the form aa−1 = 1, a−1a = 1 are

called trivial relations. Then

FA =
〈
A ∪ A−1 | aia

−1
i = 1, a−1

i ai = 1 for all ai ∈ A
〉

is a group and we call FA a free group generated by A, simply denote it by

FA = 〈A | −〉 or 〈A〉. A relation is an equation of the form W (a1, a2, · · · , ak) =

1 where W (a1, a2, · · · , ak) is a word on A∪A−1. Let RG be a set of relations.

Then one can define an equivalence relation with respect to RG on FA, that

is, two words w1, w2 ∈ (A ∪ A−1)∗ are equivalent if and only if w1 can be

transformed into w2 through a finite number of applications of trivial rela-

tions and relations in RG. The set of equivalence classes on FA with respect

to RG with induced group operation on equivalence classes is a group and

is denoted by 〈A | RG 〉. We say the group 〈A | RG 〉 is generated by the

generating set A and the set of defining relations RG. The generating set of

a semigroup or a group is sometimes called an alphabet.
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The word problem on semigroup and group can be formulated as below.

Semigroup Let A be a finite alphabet that generates a semigroup S =

〈A | R〉. The word problem with respect to the generating set A is:

For any two words u, v ∈ A∗, construct an algorithm to determine whether

or not u and v are equivalent in S.

Group Let A be a set of generators for a finitely generated group G =

〈A | RG〉. The word problem with respect to the generating set A for G is

defined as below :

For an arbitrary word w ∈ (A ∪ A−1)∗, construct an algorithm to deter-

mine whether or not w is equivalent to the identity element in G.

In 1947, Post and Markov independently constructed a semigroup with

unsolvable word problem. The semigroup is constructed from a Turing ma-

chine with undecidable halting problem and we briefly show below the Post’s

construction of his semigroup:

Let T = (Q, Σ, P, q0, q1) be a Turing machine where Q = {q0, · · · , ql} is

the set of internal states, Σ = {e0, · · · , em, L, R} is the set of tape letter

symbols with left move and right move symbols, P is the transition function

and q1 is the start state. From a Turing machine T = (Q, Σ, P, q0, q1), one can

construct a semigroup ST in the following way; ST is generated by Q∪Σ∪{h}
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and defining relations RST
of ST are presented below;

(i) For each instruction in the program of T of the form P (qi, ej) = (qk, el),

include a relation qiej = qkel.

(ii) For each instruction in the program of T of the form P (qi, ej) = (qk, L),

include relations esqiej = qkesej for all s = 0, 1, . . . ,m and one more

relation hqiej = hqke0ej.

(iii) For each instruction in the program of T of the form P (qi, ej) = (qk, R),

include the relations qiejes = ejqkes for all s = 0, 1, . . . , m and one more

relation qiejh = ejqke0h.

(iv) q0ei = q0, eiq0 = q0 for all 0 ≤ i ≤ m and hq0h = q0.

We call a semigroup constructed from a Turing machine in this way a

Post semigroup.

Post showed that if Tu = (Q, Σ, P, q1, q0) is a Turing machine with un-

decidable halting problem then the semigroup STu constructed from Tu as

shown above has an unsolvable word problem. Markov also proved the same

result independently in a similar way.

Theorem 1.2.1 (Markov, Post). Let Tu be a Turing machine with unde-

cidable halting problem. Let STu be a semigroup constructed from Tu by the

14



method described above. Then the problem of deciding whether an arbitrary

word w generated by letters from the generators of STu is equal to q0 in STu

is unsolvable.

For groups, in 1955, Novikov constructed the first group with unsolvable

word problem.

Theorem 1.2.2 (Novikov). Let Γ =< g1, g2, · · · , gn | L1 = R1, · · · , Lm =

Rm > be a semigroup such that Li, Ri for 1 ≤ i ≤ m are not the empty word

and, for some word u, the problem of deciding whether X = u is unsolvable.

Let G be a group presented by G = < g1, · · · , gn, l, r, c, t, k | RG > where

RG consists of the following relations;

gil = lm+1gi, rgi = gir
m+1 for 1 ≤ i ≤ n,

cgi = gic, (liLir
i)c = c(liRir

i) for 1 ≤ i ≤ m,

ct = tc, lt = tl, ck = kc, kr = kr, (q−1tq)k = k(q−1tq).

Then G has an unsolvable word problem.
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1.3 Generic-case complexity

Computational complexity measures how much time, space or other resources

are required to solve a given decision problem. The computational complex-

ity of a decision problem depends on the model of computation, for instance,

whether it is a single-tape Turing machine or a multi-tape Turing machine,

and the mode of computation, for instance, whether the Turing machine

is deterministic or nondeterministic. In this paper all computational com-

plexities are assumed to be measured with a multi-tape deterministic Turing

machine and we are only concerned with the time complexity of the machine.

Definition 1.3.1. Let T be a multi-tape deterministic Turing machine that

halts on all inputs. The time complexity of T is defined by the function

r : N → N, where r(n) is the maximal number of steps that takes for T to

reach the halting state on an input of length n.

The generic-case complexity of a decision problem measures how fast

an algorithm solves a given decision problem on ”most” inputs. For this

approach to a decision problem we need a measure to say ”most” inputs. We

use an asymptotic density as a measure for that, which is suggested in [9].

Definition 1.3.2. Let X be a finite set of letters. We define the length
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of (u, v) ∈ X∗ × X∗ to be |u| + |v|. Let U ⊂ X∗ × X∗. For any positive

integer n, let Sn be the set of all ordered pairs in X∗ × X∗ of length n,

Sn = {(u, v) ∈ X∗ ×X∗| |u|+ |v| = n}. The asymptotic density ρ(U) for U

is defined by

ρ(U) = limsupn→∞ρn(U),

where

ρn(U) =
|U ∩ Sn|
|Sn| .

If limn→∞ρn(U) exists, we denote it by ρ̂(U).

We say a set U ⊆ X∗×X∗ is generic if ρ̂(U) = 1 and a set V ⊆ X∗×X∗

is negligible if (X∗ ×X∗) \ V is generic.

Having this probability function ρ on X∗×X∗, we define the generic-case

complexity of the word problem.

Definition 1.3.3. Let WP ⊆ X∗ ×X∗ be the word problem on X and let

C be a complexity class. Let P be a partial algorithm for WP on X . We

say that P solves WP with generic-case complexity C if there is a generic

subset U ⊆ X∗×X∗ such that P solves WP on all inputs from U within the

complexity bound C.
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Chapter 2

Balanced semigroup

2.1 Balanced semigroup presentation

In this section we define a certain type of presentation of semigroups, which

we call a balanced semigroup presentation, and we present a generic solu-

tion of the word problem for finitely generated semigroups with balanced

presentations.

Let Π be a semigroup presented by a finite alphabet X and a set of

defining relations R = {li = ri | i ∈ I}, where li, ri ∈ X∗ and |I| < ∞. For

a ∈ X and w ∈ X∗, let us denote by σa(w) the number of occurrences of a

in w. We call the set of defining relations R a-balanced if, for every i ∈ I,

18



σa(li) = σa(ri). If a semigroup Π is presented by a set of a-balanced relations

R, then we say Π is a-balanced and a is a balanced letter.

Lemma 1. Let X be a finite set and let a ∈ X. Let Π = 〈X | R 〉 be an

a-balanced semigroup and let u, v ∈ X∗. If u =Π v then σa(u) = σa(v).

Proof. Obvious.

Hence two equivalent words in a balanced semigroup have the same num-

ber of balanced letters. This property of equivalent words turns out to be

a sufficient condition to solve the word problem for a balanced semigroup

generically:

Let a ∈ X and let B ⊂ X∗×X∗ be a set of all a-balanced pairs of words,

i.e.

B = {(u, v) ∈ X∗ ×X∗ | σa(u) = σa(v)}

We claim that the set B is negligible in X∗ ×X∗.

Let S(n) = {(u, v) ∈ X∗ ×X∗| |u| + |v| = n } be the sphere of radius n

in X∗ ×X∗. We show that

|B ∩ S(n)|
|S(n)| → 0

as n →∞.
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Observe that a pair of words (u, v) ∈ X∗ × X∗ can be represented by

a pair of one word and a natural number (w, n) ∈ X∗ × N, where w is the

concatenation of u and v and n is the length of u, i.e. (w, n) = (uv, |u|).

We say the latter presentation (w, n) ∈ X∗ × N is a-balanced if there exists

u, v ∈ X∗ such that w = uv and σa(u) = σa(v). Hence there is a one to

one correspondence between balanced pair of words (u, v) ∈ X∗ × X∗ and

balanced pairs (w, n) ∈ X∗ × N.

When we count the cardinality of B ∩ S(n), we use the latter presenta-

tion (w, n) ∈ X∗ × N for a pair of words (u, v) ∈ X∗ × X∗. Then S(n) is

equinumerous to the set Sn where

Sn = {(w, r) ∈ X∗ × N | |w| = n, 0 ≤ r ≤ n}

and to count |B ∩ S(n)|, we count the a-balanced pair of words in Sn.

Let Wn be the set of all words on X with the length n and let w ∈ Wn.

Let γa(w) be the length of a longest factor of w which contains no a symbol.

Lemma 2. Let X be a finite set containing at least two letters and let a ∈ X.

Let w be a word on X. There are at most γa(w) + 1 a-balanced ordered pairs

in (w, 0), . . . , (w, |w|).

Proof. Obvious.
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We say a word w′ is a factor of a word w if w = uw′v.

Lemma 3. Let X be a finite set containing at least two letters and let a ∈ X.

Let Wn = {w ∈ X∗ | |w| = n}. Then, for any positive integer k ≤ n,

|{w ∈ Wn | γa(w) ≥ k}| ≤ (n− k)(|X| − 1)k|X|n−k.

Proof. Let w ∈ Wn and let w′ be a factor of w of the maximal length which

does not contain a. Assume that w′ is located at the beginning of w. Then

the number of words w’s that have initial factor w′ of length at least k, is

(|X| − 1)k|X|n−k. w′ can be placed in any n− k positions in w and the same

formula works for each positions, thus adding all together gives an upper

bound of |{w ∈ Wn | γa(w) ≥ k}| in the statement of the proposition.

Lemma 4. Let X be a finite set containing at least two letters and let

a ∈ X. Let Bn = {(w, r) ∈ Sn | w = w1w2 for some w1, w2 ∈ X∗, |w1| =

r and σa(w1) = σa(w2)}. Then, for any positive integer n such that d(log2n)2e ≤

n, the following inequality holds:

|Bn| ≤ d(log2n)2e|X|n +(n+1)(n−d(log2n)2e)(|X|−1)d(log2n)2e|X|n−d(log2n)2e.

Proof. We partition Wn = {w ∈ X∗ | |w| = n} into two classes

Wn = {w ∈ Wn | γa(w) < d(log2n)2e} ∪ {w ∈ Wn | γa(w) ≥ d(log2n)2e}.
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Then

Sn = Wn × {0, . . . , n}

= {w ∈ Wn | γa(w) < d(log2n)2e} × {0, . . . , n} ∪

{w ∈ Wn | γa(w) ≥ d(log2n)2e} × {0, . . . , n}.

Every w in (w, 0), · · · , (w, n) in the first set has γa(w) < d(log2n)2e, thus

by the Lemma 2, there are at most d(log2n)2e many a-balanced pairs in

(w, 0), · · · , (w, n) for each w in {w ∈ Wn | γa(w) < d(log2n)2e} of the first

set. Hence the number of a-balanced pairs from the first set is bounded above

by d(log2n)2e|X|n. The number of a-balanced pairs from the second set is

bounded above by (n + 1)(n − d(log2n)2e)(|X| − 1)d(log2n)2e|X|n−d(log2n)2e by

Lemma 3 since this is the case when k = d(log2n)2e.

Now we can show that B = {(u, v) ∈ X∗ × X∗ | σa(u) = σa(v)} is

negligible in X∗ ×X∗.

Proposition 1. Let X be a finite set containing at least two letters and let

a ∈ X. Then the set B of all a-balanced pairs of words on X is negligible in

X∗ ×X∗.

Proof. Let S(n) = {(u, v) ∈ X∗ × X∗ | |u| + |v| = n}, the sphere of radius

n in X∗ ×X∗ and let B(n) = {(u, v) ∈ S(n) | σa(u) = σa(v)}, the set of all
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pairs of a-balanced words in S(n), hence B(n) = B∩S(n). As we mentioned

before, S(n) is equinumerous to Sn and B(n) is equinumerous to Bn. Hence

|B(n)|
|S(n)| = |Bn|

|Sn| . By Lemma 4,

|Bn|
|Sn| ≤

d(log2n)2e|X|n + (n + 1)(n− d(log2n)2e)(|X| − 1)d(log2n)2e|X|n−d(log2n)2e

(n + 1)|X|n

=
d(log2n)2e

n + 1
+

(n− d(log2n)2e)(|X| − 1)d(log2n)2e|X|n−d(log2n)2e

|X|n

=
d(log2n)2e

n + 1
+ (n− d(log2n)2e)

( |X| − 1

|X|
)d(log2n)2e

.

Since both d(log2n)2e
n+1

and (n − d(log2n)2e)
(
|X|−1
|X|

)d(log2n)2e
converge to 0 as

n →∞, B is negligible in S.

Theorem 2.1.1. Let X be a finite set containing at least two letters and let

a ∈ X. Let Π = < X | R > be a finitely presented a-balanced semigroup.

Then the word problem on Π is generically solvable by a linear time partial

algorithm.

Proof. Let u, v be two words in Π. The algorithm counts the number of

occurrences of balanced letter a in u and v and compares them. If σa(u) 6=

σa(v) then the algorithm concludes that u 6=Π v. Certainly this process can

be done in linear time on |u|+ |v|. Since B = {(u, v) ∈ X∗ ×X∗ | σa(w1) =

σa(w2)} is negligible in X∗×X∗ by Proposition 1, the set {(u, v) ∈ X∗×X∗ |
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σa(w1) 6= σa(w2)}, where the algorithm works, is generic in X∗ × X∗ and,

hence, this algorithm solves the WP for Π generically.

2.2 Post semigroup

As we saw in section 1.2, the Post’s construction of a semigroup is based

on a Turing machine. For a semigroup with unsolvable word problem, they

constructed a semigroup from a Turing machine with undecidable halting

problem. In this section we show that the algorithm which counts the bal-

anced letter in the presentation described in the previous section solves the

word problem for the Post semigroup generically.

Let Tu = (Qu, Σu, Pu, q0, q1) be a Turing machine with undecidable halting

problem where Qu = {q0, q1, · · · , ql−1} is the set of internal states and Σ =

{e0, e1, · · · , em−1} is the set of tape letter symbols. Let STu be the Post

semigroup constructed from Tu by the construction described in section 1.2.

The presentation of the Post semigroup STu does not have a balanced letter

in general, but the number of Qu symbols in both sides of the relations are

the same. Hence we can apply the method in the section 1.2 to solve the

word problem generically for STu .
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Theorem 2.2.1. Let Tu be a Turing machine with an undecidable halting

problem and let STu be a Post semigroup constructed from Tu. The word

problem in STu is generically solvable by a linear time partial algorithm.

Proof. Let Tu = (Qu, Σu, Pu, q0, q1) be a Turing machine with undecidable

halting problem where Qu = {q0, q1, · · · , ql−1} is the set of internal states

and Σ = {e0, e1, · · · , em−1} is the set of tape letters. Let STu be a Post semi-

group presented by 〈 e0, . . . , em−1, q0, . . . , ql−1, h | RT 〉 where Rt consists of

the relations of the type described in section 1.2. Although STu may not have

a balanced letter in its relations, the number of qi symbols in both sides of

relations are the same. Thus if two words in STu are equivalent then they

have the same number of qi symbols. We show that counting qi symbols in

a word w ∈ STu solves the word problem on STu generically:

Let S = {e0, e1, . . . , em−1, q0, q1, . . . , ql−1, h} and let Q = {q0, · · · , ql−1}.

For w ∈ S∗, we denote by σQ(w) the number of qi ∈ Q symbols in w. Let

B = {(w1, w2) ∈ S∗×S∗ | σQ(w1) = σQ(w2)}. We claim that B is negligible in

S∗×S∗. As in the previous section, we will work with the pair (w, r) ∈ S∗×N

for a pair of words (w1, w2) ∈ S∗ × S∗, where w = w1w2 and r = |w1|, to

show that B is negligible in S∗ × S∗. We say a pair (w, r) is Q-balanced if

w = w1w2 for some w1, w2 in Q∗ and σQ(w1) = σQ(w2). For each w ∈ S∗,
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let us define γQ(w) to be the length of a maximal factor in w which does not

contain any qi symbols in Q.

Lemma 5. Let S be a finite set containing at least two letters and let Q be

a proper subset of S. Let w be a word on S. There are at most γQ(w) + 1

Q-balanced pairs in (w, 0), . . . , (w, |w|).

Proof. Obvious.

Lemma 6. Let S = {e0, e1, . . . , em−1, q0, q1, . . . , ql−1, h} and let Wn = {w ∈

S∗ | |w| = n}. Then

|{w ∈ Wn | γQ(w) ≥ k}| ≤ (n− k)(|S| − l)k|S|n−k.

In particular, for a sufficiently large positive integer n, that is for every n ≥

d(log2n)2e,

|{w ∈ Wn | γQ(w) ≥ d(log2n)2e}| ≤ (n−d(log2n)2e)(|S|−l)d(log2n)2e|S|n−d(log2n)2e.

Proof. The proof is almost the same as the proof of Lemma 3 when one

replaces |X| with |S| and |X| − 1 with |S| − l where l = |Q|.

A sphere of radius n in S∗ × S∗, S(n), is equinumorous to the set

Sn = {(w, r) | w ∈ S∗, |w| = n, 0 ≤ r ≤ n} ≡ {w ∈ S∗ | |w| = n}×{0, . . . , n}.
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Let Bn = {(w, r) ∈ Sn | w = w1w2 for some w1, w2 ∈ S∗, |w1| = r and σQ(w1) =

σQ(w2)}. Combining Lemma 5 and Lemma 6, one obtains the following up-

per bound for the number of pairs of balanced words in Sn:

|Bn| ≤ d(log2n)2e|S|n + (n + 1)(n− d(log2n)2e)(|S| − l)d(log2n)2e|S|n−d(log2n)2e.

Hence

|Bn|
|Sn| ≤

d(log2n)2e|S|n + (n + 1)(n− d(log2n)2e)(|S| − l)d(log2n)2e|S|n−d(log2n)2e

(n + 1)|S|n

(2.2.1)

=
d(log2n)2e
(n + 1)

+ (n− d(log2n)2e)
( |S| − l

|S|
)d(log2n)2e

(2.2.2)

Since (2) converges to 0 as n → ∞, B is negligible in S∗ × S∗. This proves

the Theorem.

2.3 Other semigroups with unsolvable word

problems

The Post semigroup STu constructed in the previous section has a huge num-

ber of generators and relations that come from the Turing machine Tu. Af-

ter the construction of STu , Tseitin, Makaninn and Matiyasevich showed
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that there are much more simply presented semigroups with unsolvable word

problem. These semigroups have much smaller numbers of generators and

relations, although some of the relations might be quite long. Interestingly,

many of these semigroups have a balanced letter in their presentations, so

that one can solve the word problem generically for those semigroups.

Example 2.3.1. In 1956, Tseitin constructed an amazingly simply presented

semigroup Ts with 5 generators and 7 relations that has an unsolvable word

problem.

Ts = < a, b, c, d, e | ac = ca, ad = da, bc = cd, bd = db, ce = eca, de = edb, cca = ccae >

Example 2.3.2. In 1966, G. Makanin constructed a semigroup Π4
6 presented

by four generators and six relations with unsolvable word problem.

Π4
6 =< a, b, c, d, | ab = ba, add = dda, dab = bda, cba = bc, cddda = ddc, aabb = aabbc >

Proposition 2. The word problems on Ts and Π4
6 are generically solvable by

a linear time partial algorithm.

Proof. Ts has balanced letters c, d in its presentation. Π4
6 has a balanced letter

b. Thus the word problems on these semigroups are generically solvable by

Theorem 2.1.1.
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2.4 Matiyasevich semigroup

In 1966, Yu. Matiyasevich constructed a semigroup with unsolvable word

problem. What is remarkable about this semigroup is that it has only two

generators and three defining relations. This is the best known example of a

semigroup so far in terms of numbers of generators and relations. To see the

presentation of Matiyasevich semigroup, let us follow the construction of the

semigroup.

Let T0 be a Turing machine with undecidable halting problem and let

ST0 be the Post semigroup constructed from T0. Then we make the relations

in ST0 of the form Li = Ri, where |Li| = 1 and |Ri| = 2. We also make

this semigroup have 2k many relations for some positive integer k where 2k

is greater than the number of generators of ST0 . We call this semigroup Π1;

Π1 =< g1, g2, · · · , gn | L1 = R1, · · · , Lm = Rm >

where |Li| = 1, |Ri| = 2, m = 2k for some integer k and m > n + 3.

Now let us define a map Ψ from Π1 to {a, b}∗ recursively by

Ψ(gi) = a2biabm−i−3 for i = 1, 2, . . . , n, and

Ψ(XY ) = Ψ(X)Ψ(Y ) for X,Y ∈ {g1, · · · , gn}∗.
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Let us denote the image of Li and Ri under Ψ by

Ψ(Li) = li1li2 · · · · · · lim,

Ψ(Ri) = ri1ri2 · · · · · · ri2m.

Now let A and B be two words in {a, b}∗ defined by

A = l11l21 · · · lm1l12l22 · · · lm2 · · · l1ml2m · · · lmm,

B = r11r21 · · · rm1r12r22 · · · rm2 · · · r12mr22m · · · rm2m.

Then the semigroup Π2 is defined as

Π2 =< a, b, c | ac = caa, ac = cba, bc = cab, bc = cbb, A = B >

Let us define a map τ from Π2 to {α, β}∗ recursively by

τ(a) = β, τ(b) = βα, τ(c) = αα, τ(1) = 1, and

τ(XY ) = τ(X)τ(Y ) for X,Y ∈ {a, b, c}∗

Observe that τ transforms the relations in Π2,

ac = caa, ac = cba, bc = cab, bc = cbb, A = B,

to

ααβαβ = βαα, ααββ = βαα, ααβαβα = βαα, ααββα = βααα, τ(A) = τ(B)
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Matiyasevich semigroup Π3 is then defined as

Π3 = < α, β | ααββ = βαα, βαα = ααβαβ, τ(A) = τ(B) > .

Theorem 2.4.1 (Matiyasevich). The word problem on Π3 is unsolvable.

Matiyasevich semigroup is a little different from the previous semigroups

with unsolvable word problems. Observe that in the presentation of Π3 none

of the generating letters is balanced in the defining relations of Π3. However,

one can observe that the first two defining relations of Π3 have the same

number of αα’s. Since τ(A) and τ(B) do not have a αα inside, the number

of αα’s is the same in both sides of all defining relations of Π3. Hence if two

words u and v are equivalent in Π3 then the number of αα’s in both u and v

are the same, i.e. two words have a balanced word αα. We show below that

a slightly modified balanced letter argument in 2.1 solves the word problem

on Π3 generically.

Let X = {α, β}. For w ∈ X∗, we count the number of αα’s in w in such

a way that two occurrences of αα’s in w should not have a common α. For

example, we count 1 αα in ααα. Let B = {(w1, w2) ∈ X∗ ×X∗ | σα2(w1) =

σα2(w2)}. We claim that B is negligible in X∗ × X∗. As before, we work

with the pair (w, r) ∈ X∗ × N for (w1, w2) ∈ X∗ ×X∗ where w = w1w2 and
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r = |w1|. We say a pair (w, r) ∈ X∗ × N α2-balanced if w = w1w2 for some

w1, w2 ∈ X∗ and σα2(w1) = σα2(w2). For each w ∈ X∗, define γα2(w) to be

the length of a maximal factor in w which does not contain αα’s.

Lemma 7. Let X = {α, β}. Let w be a word on X of length n. There are

at most γα2(w) + 1 many α2-balanced pairs in (w, 0), . . . , (w, n).

Proof. Let w be a word on X of length n. If (w, i) ∈ X∗×N is an α2-balanced

pair then w is a word of the form w = uw′v where w′ is a maximal factor

between u and v that does not contain α2 and u and v are factors of w such

that σα2(u) = σα2(v) or σα2(u) = σα2(v) − 1 or σα2(u) = σα2(v) + 1. If

σα2(u) = σα2(v) then there are at most |w′|+ 1, which is less than γα2(w) +

1, many α2-balanced pairs in (w, 0), · · · , (w, n). If σα2(u) = σα2(v) − 1 or

σα2(u) = σα2(v) + 1 then there are at most |w′|, which is less than γα2(w),

many α2-balanced pairs in (w, 0), · · · , (w, n).

Lemma 8. Let X = {α, β} and let Wn = {w ∈ X∗ | |w| = n}. Then, for

any positive integer k ≤ n,

|{w ∈ Wn | γα2(w) ≥ k}| ≤ 4(n− k)

(
1 +

√
5

2

)k

2n−k.

In particular, for a sufficiently large positive integer n, that is for every n ≥
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d(log2n)2e,

|{w ∈ Wn | γα2(w) ≥ d(log2n)2e}| ≤ 4(n−d(log2n)2e)
(

1 +
√

5

2

)d(log2n)2e

2n−d(log2n)2e.

Proof. Let w be a word of length n in X∗ and let w′ be a factor of w of the

maximal length which does not contain αα’s. Assume that the length of w′

is k. Let us count the number of words of length k which does not contain

αα, which we denote by uk. If k = 1 then there are only two words α and β,

hence the number of u1 = 2. If k = 2 then there are three words which do not

contain an αα, that is, αβ, βα, ββ, hence u2 = 3. Suppose k ≥ 3. Let ak be

the number of factors w′ of the length k which ends with α, i.e, the last letter

of the factor is α, and let bk be the number of factors w′ of length k which

ends with β, so uk = ak + bk. Observe that bk = uk−1 and ak = bk−1, hence

ak = uk−2. Therefore uk = uk−1 + uk−2, which is the Fibonacci sequence

whose first two terms are u1 = 2 and u2 = 3 and, hence, the formula of uk is

uk =
1√
5

(
1 +

√
5

2

)k+3

− 1√
5

(
1−√5

2

)k+3

.

Since

uk ≤ 2√
5

(
1 +

√
5

2

)3(
1 +

√
5

2

)k

≤ 4

(
1 +

√
5

2

)k

,

the number of factors w′ of length k which does not contain αα’s is bounded

above by 4
(

1+
√

5
2

)k

.
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Assume now that w′ that does not contain αα’s is placed at the beginning

of w. Then the number of words in X∗ with initial factor w′, which has a

length at least k, is bounded above by 4
(

1+
√

5
2

)k

2n−k. w′ can be placed in

any n−k position and the same upper bound works for each position. Hence

the Lemma is true.

Proposition 3. Let Π3 be the Matiyasevich semigroup presented by

Π3 = < α, β | ααββ = βαα, βαα = ααβαβ, τ(A) = τ(B) > .

The word problem on Π3 is generically solvable by a linear time partial algo-

rithm.

Proof. Let X = {α, β}. We show that B = {(w1, w2) ∈ X∗×X∗ | σα2(w1) =

σα2(w2)} is negligible in X∗×X∗, hence counting ααs in words w1, w2 ∈ X∗

solves the word problem generically.

A sphere of radius n in X∗ ×X∗, S(n), is equinumerous to the set

Sn = {(w, r) | w ∈ X∗, |w| = n, 0 ≤ r ≤ n} = {w ∈ X∗ | |w| = n}×{0, . . . , n}.

Let Bn = {(w, r) ∈ Sn | w = w1w2 for some w1, w2 ∈ X∗, |w1| = r and σα2(w1) =

σα2(w2)}. By Lemma 7 there are at most γα2(w) + 1 pairs of α2-balanced
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words in (w, 0), · · · , (w, n). Combining that fact and Lemma 8, one obtains

the following upper bound for the number of pairs of balanced words in Sn:

|Bn| ≤ d(log2n)2e2n +4(n+1)(n−d(log2n)2e)
(

1 +
√

5

2

)d(log2n)2e

2n−d(log2n)2e.

Hence

|Bn|
|Sn| ≤

d(log2n)2e2n + 4(n + 1)(n− d(log2n)2e)
(

1+
√

5
2

)d(log2n)2e
2n−d(log2n)2e

(n + 1)2n

(2.4.1)

=
d(log2n)2e
(n + 1)

+ 4(n− d(log2n)2e)
(

1 +
√

5

4

)d(log2n)2e

(2.4.2)

Since (2.4.1) converges to 0 as n →∞, B is negligible in X∗ ×X∗. This

proves the proposition.
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Chapter 3

Balanced group

3.1 Introduction

For groups, we cannot use the method on the word problem for semigroups to

find a generic solution because of inverse elements. For example, the relation

ab = ba2 has a balanced letter b, but an equivalent relation b−1ab = a2 doesn’t

have a balanced letter. So we don’t have a ’semigroup type’ balanced letter

of defining relations in groups. However, we can define a balanced letter

for groups, that is, a letter whose sum of positive exponents and negative

exponents in the left hand side of the relation is the same as that of the right

hand side of the relation, as b in b−1ab = a2. We define the balanced letter
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in groups more precisely as follows.

3.2 Balanced group presentations

Let X be a finite set of letters that contains at least two letters. Let a ∈ X.

Let l and r be freely reduced words on X. In groups, the relation l = r

is equivalent to lr−1 = 1, so we will consider only the relations of the type

r = 1. We define a balanced relation in a group in the following way: we say

a relation r = 1 is a-balanced and a is a balanced letter if σa(r) = σa−1(r),

i.e, r has the same number of a’s and a−1’s in it. Observe that if r coincides

graphically with r1r2 and r is a-balanced, then σa(r1)−σa−1(r1) = σa(r
−1
2 )−

σa−1(r−1
2 ), thus if l = l′ is a relation that is equivalent to an a-balanced

relation r = 1 then the difference of the number of a’s and a−1’s in l is the

same as the one in l′.

Let R be a set of defining relations of the form R = {ri = 1 | i ∈ I}, where

ri are words from X and |I| < ∞. If all relations ri = 1 in R are a-balanced

relations, we call R a-balanced. If G is a group presented by G = < X | R >

with a-balanced R , then we call G a-balanced.
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Lemma 9. Let X be a finite set, not empty, and let a ∈ X. Let G = <

X | R > be an a-balanced group and let u be a word on X. If u =G 1 then

σa(u) = σa−1(u).

Proof. If u =G 1, there is a finite sequence of transformations of words u =

u1 → u2 → · · · → uk = 1 where ui → ui+1 means that ui+1 is obtained from

ui by applying a relation that is equivalent to rj = 1 ∈ R. Since σa(ui) −

σa−1(ui) = σa(ui+1) − σa−1(ui+1) for 1 ≤ i ≤ k − 1 and σa(1) − σa−1(1) = 0,

the lemma is true.

As in semigroups, it turns out that the word problem on groups which

have ’group type’ balanced relations is generically solvable. Interestingly,

among these groups are groups with unsolvable word problem including

Novikov’s group.

In groups, the word problem is equivalent to the identity problem, so we

consider the identity problem instead of the word problem.

Proposition 4. Let X be a finite set containing at least two letters and let

a ∈ X. Let BX
a := {u ∈ (X ∪ X−1)∗ | σa(u) = σa−1(u)}. Then BX

a is

negligible in (X ∪X−1)∗.

Proof. Let S(n) = {u ∈ (X ∪ X−1)∗ | |u| = n)} and let (BX
a )n = {v ∈
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S(n) | σa(v) = σa−1(v)}. Suppose X = {a, a2, · · · , ak} with k ≥ 2. The

number of all group words u randomly generated from X ∪ X−1 with the

length n is (2k)n and the number of all group words u on X ∪X−1 such that

its length is n and σa(u) = σa−1(u) = i is
(

n
i

)(
n−i

i

)
(2k − 2)n−2i. Thus the

number of all group words u whose length is n and σa(u) = σa−1(u) is

bn
2
c∑

i=0

(
n

i

)(
n− i

i

)
(2k − 2)n−2i.

If we show that

∑bn
2
c

i=0

(
n
i

)(
n−i

i

)
(2k − 2)n−2i

(2k)n
→ 0

as n →∞ then we are done. Since
(

n
i

)(
n−i

i

)
=

(
n
2i

)(
2i
i

)
,

∑bn
2
c

i=0

(
n
i

)(
n−i

i

)
(2k − 2)n−2i

(2k)n
=

∑bn
2
c

i=0

(
n
2i

)(
2i
i

)
(2k − 2)n−2i

(2k)n
(3.2.1)

Since 2k − 2 ≥ 2, the righthand side of (3.2.1) converges to 0 as n →∞

by the following Lemmas.

Lemma 10 (Chebyshev’s sum inequality). If {ai}n
i=1, {bi}n

i=1 are sequences

of positive numbers such that a1 ≥ a2 ≥ · · · ≥ an and b1 ≥ b2 ≥ · · · ≥ bn then

n

n∑
i=1

aibi ≥
n∑

i=1

ai ·
n∑

i=1

bi.
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If {ai}n
i=1, {bi}n

i=1 are sequences of positive numbers such that a1 ≥ a2 ≥ · · · ≥

an and b1 ≤ b2 ≤ · · · ≤ bn then

n∑
i=1

aibi ≤
∑n

i=1 ai ·
∑n

i=1 bi

n
.

Lemma 11. For any real number k ≥ 1,

lim
n→∞

∑[n
2
]

i=0

(
n
2i

)(
2i
i

)
(2k)n−2i

(2k + 2)n
= 0. (3.2.2)

Proof.
∑[n

2
]

i=0

(
n
2i

)(
2i
i

)
(2k)n−2i

(2k + 2)n
=

∑[n
2
]

i=0

(
n
2i

)
kn−2i (

2i
i )

22i

(k + 1)n

Observe that
(
2i
i

)

22i
≤ 1√

2i + 1

since

(
2i
i

)

22i
=

(2i)!

(i!)2
· 1

22i
=

2i− 1

2i
· 2i− 3

2i− 2
· · · 1

2

≤
√

2i− 1

2i
· 2i− 3

2i− 2
· · · 1

2

√
2i

2i + 1
· 2i− 2

2i− 1
· · · 2

3

=
1√

2i + 1

Hence
∑[n

2
]

i=0

(
n
2i

)
kn−2i (

2i
i )

22i

(k + 1)n
≤

∑[n
2
]

i=0

(
n
2i

)
kn−2i 1√

2i+1

(k + 1)n
(3.2.3)

Consider the ratio of two terms in
∑[n

2
]

i=0

(
n
2i

)
kn−2i.

(
n

2i+2

)
kn−2i−2

(
n
2i

)
kn−2i

=
(n− 2i)(n− 2i− 1)

(2i + 2)(2i + 1)
· 1

k2
.
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Thus if n−2i
2i+2

> k ≥ 1, then, from n−2i
2i+2

> 1, n−2i−1
2i+1

> n−2i
2i+2

> k and hence

(
n

2i+2

)
kn−2i−2

(
n
2i

)
kn−2i

> k · k · 1

k2
= 1. (3.2.4)

By (3.2.4), for each i satisfying n−2i
2i+2

> k, that is, i < b n
2
+1

k+1
− 1c, (

n
2i

)
k2i <

(
n

2i+2

)
kn−2i−i. Hence,

kn <

(
n

2

)
kn−2 < · · · <

(
n

2b n
2
+1

k+1
c
)

kn−2b
n
2 +1

k+1
c. (3.2.5)

Now the numerator of the right-hand side of (3.2.3) is

[n
2
]∑

i=0

(
n

2i

)
kn−2i 1√

2i + 1
= (3.2.6)

kn +

(
n

2

)
kn−2 1√

3
+ · · ·+

(
n

2b n
2
+1

k+1
c
)

kn−2b
n
2 +1

k+1
c 1√

2b n
2
+1

k+1
c+ 1

(3.2.7)

+

(
n

2b n
2
+1

k+1
c+ 2

)
kn−2b

n
2 +1

k+1
c−2 1√

2b n
2
+1

k+1
c+ 3

+ · · ·+
(

n

2bn
2
c
)

kn−2bn
2
c 1√

2bn
2
c+ 1

(3.2.8)

Since

1 >
1√
3

>
1√
5

> · · · > 1√
2b n

2
+1

k+1
c+ 1

, (3.2.9)

by combining (3.2.5) and (3.2.9) with Chebyshev’s sum inequality, one

obtains an upperbound for (3.2.7);
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kn +

(
n

2

)
kn−2 1√

3
+ · · ·+

(
n

2b n
2
+1

k+1
c
)

kn−2b
n
2 +1

k+1
c 1√

2b n
2
+1

k+1
c+ 1

(3.2.10)

≤
(

1

b n
2
+1

k+1
c+ 1

)
1 +

1√
3

+ · · ·+ 1√
2b n

2
+1

k+1
c+ 1




(
kn +

(
n

2

)
kn−2 + · · · · · ·+

(
n

2b n
2
+1

k+1
c
)

kn−2b
n
2 +1

k+1
c
)

≤

√
2b n

2
+1

k+1
c+ 3

b n
2
+1

k+1
c+ 1

(
kn +

(
n

2

)
kn−2 + · · ·+

(
n

2b n
2
+1

k+1
c
)

kn−2b
n
2 +1

k+1
c
)

(3.2.11)

since

1 +
1√
3

+ · · ·+ 1√
2b n

2
+1

k+1
c+ 1

< 1 +

∫ b
n
2 +1

k+1
c+1

1

dx√
2x + 1

=

√
2b

n
2

+ 1

k + 1
c+ 3−

√
3 + 1

<

√
2b

n
2

+ 1

k + 1
c+ 3 (3.2.12)

On the other hand, it is obvious that the summation (3.2.8) has an up-

perbound as below;

(
n

2b n
2
+1

k+1
c+ 2

)
kn−2b

n
2 +1

k+1
c−2 1√

2b n
2
+1

k+1
c+ 3

+ · · ·+
(

n

2bn
2
c
)

kn−2bn
2
c 1√

2bn
2
c+ 1

≤ 1√
2b n

2
+1

k+1
c+ 3

((
n

2b n
2
+1

k+1
c+ 2

)
kn−2b

n
2 +1

k+1
c−2 + · · ·+

(
n

2bn
2
c
)

kn−2bn
2
c
)

(3.2.13)
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Hence, combining (3.2.12) and (3.2.13), we obtain an upperbound of

(3.2.6);
[n
2
]∑

i=0

(
n

2i

)
kn−2i 1√

2i + 1

≤ Max{

√
2b n

2
+1

k+1
c+ 3

b n
2
+1

k+1
c+ 1

,
1√

2b n
2
+1

k+1
c+ 3

}{kn +

(
n

2

)
kn−2 + · · ·+

(
n

2b n
2
+1

k+1
c
)

kn−2b
n
2 +1

k+1
c

+

(
n

2b n
2
+1

k+1
c+ 2

)
kn−2b

n
2 +1

k+1
c−2 + · · ·+

(
n

2bn
2
c
)

kn−2bn
2
c}

=

√
2b n

2
+1

k+1
c+ 3

b n
2
+1

k+1
c+ 1

[n
2
]∑

i=0

(
n

2i

)
kn−2i ≤

√
3

b n
2
+1

k+1
c+ 1

[n
2
]∑

i=0

(
n

2i

)
kn−2i

Now,

∑[n
2
]

i=0

(
n
2i

)
kn−2i 1√

2i+1

(k + 1)n
≤

∑[n
2
]

i=0

(
n
2i

)
kn−2i 1√

2i+1∑[n
2
]

i=0

(
n
2i

)
kn−2i

≤
√

3

b n
2
+1

k+1
c+ 1

(3.2.14)

Since
√

3

b
n
2 +1

k+1
c+1

→ 0 as n →∞, this proves the lemma.

Hence the Proposition 4 is true.

By the Proposition 4, we have the following theorem.

Theorem 3.2.1. Let G be a finitely generated group with balanced relations.

The word problem in G is generically solvable by a linear time partial algo-

rithm.
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3.3 Groups with unsolvable word problem

We list groups with unsolvable word problem which have balanced relations.

Using Proposition 4, one can determine the word problem for these groups

generically.

Example 3.3.1. In 1955, P.S. Novikov first constructed a group GN with un-

solvable word problem as follows; Let Γ =< g1, g2, · · · , gn | L1 = R1, · · · , Lm =

Rm > be a semigroup such that Li, Ri for 1 ≤ i ≤ m are not the empty word

and, for some word u, the problem of deciding whether X = u is unsolvable.

Let GN be a group presented by GN = < g1, · · · , gn, l, r, c, t, k | RGN
>

where RGN
consists of the following relations;

gil = lm+1gi, rgi = gir
m+1 for 1 ≤ i ≤ n,

cgi = gic, (liLir
i)c = c(liRir

i) for 1 ≤ i ≤ m,

ct = tc, lt = tl, ck = kc, kr = kr, (q−1tq)k = k(q−1tq).

Then GN has an unsolvable word problem.

Example 3.3.2. In 1956, Boone constructed a finitely presented group with

unsolvable word problem as the following;

Let SB be a semigroup with unsolvable word problem presented as below.

SB =< s1, · · · , sM , q1, · · · , qN , q | Σ1 = Γ1, · · · , ΣP = ΓP >,
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where each Σi and Γi, i = 1, · · · , P, is of the form ∆qαΠ, ∆ and Π being words

on s1, · · · , sM and qα being q1, · · · qN , or q. Let XB = {s1, · · · , sM , q1, · · · , qN , q}

and let RB = { Σ1 = Γ1, · · · , ΣP = ΓP}. The group GBN is presented as

below.

GBN = <XB, t1, t2, k, x, y, li, ri | RB, Σi = liΓiri, sβli = yliysβ, sβy = yysβ,

tαli = litα, tαy = ytα, risβ = sβxrix, xsβ = sβxx, rik = kri,

xk = kx, kq−1t−1
1 q = q−1t−1

1 t2qk > .

Example 3.3.3. Borisov constructed a group with unsolvable word problem

with 10 generators and 27 relations:

GBR =〈a, b, c, d, e, p, q, r, t, k | p10a = ap, p10b = bp, p10c = cp, p10d = dp,

p10e = ep, qa = aq10, qb = bq10, qc = cq10, qd = dq10, qe = eq10, ra = ar,

rb = br, rc = cr, rd = dr, re = er, pacqr = rpcaq, p2adq2r = rp2daq2,

p3bcq3r = rp3cbq3, p4bdq4r = rp4dbq4, p5ceq5r = rq5ecaq5,

p6deq6r = rp6edbq6, p7cdcq7r = p7cdceq7, p8caaaq8r = rp8aaaq8,

p9daaaq9r = rp9aaaq9, pt = tp, qt = tq, k(aaa)−1t(aaa) = (aaa)−1t(aaa)k〉.

(3.3.1)

Example 3.3.4. Collins constructed a group with 14 defining relations that

has an unsolvable word problem. Collins’ construction is as below:
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Let S = < s1, · · · , sM | L1 = R1, · · · , LN = RN > be a Thue system with

M generators and N defining relations. From S, we define a Thue system

S∗ = < s1, · · · , sM , q | L1q = qR1, · · · , qLN = qRN , s1q = qs1, · · · , sMq =

qsM > . Let u0 be a word in S. Then Collins’ group has the following

presentation:

GC = < s1, · · · , sM , q, k, t, a, d |

as1 = s1a, · · · , asM = sMa,

ds1 = s1d
M+N+1adM+N+1, · · · , dsM = sMdM+N+1adM+N+1,

Liq = d−ia−1d−1qRid
iadi, for 1 ≤ i ≤ M + N

s−1
i q = d−ia−1d−1qsid

iadi, for 1 ≤ i ≤ M + N

ta = at, td = dt,

ka = ak, kd = dk,

k(u−1
0 q−1tqu0) = (u−1

0 q−1tqu0)k >

where Li is obtained from Li by replacing sj’s by s−1
j for 1 ≤ j ≤ M .

Collins showed that GC has an unsolvable word problem if the individual

word problem to decide whether w = u0 is unsolvable in S. Observe that

GC has 3M + N + 5 defining relations. By choosing S to be a Matiyasevich

semigroup, which has two generators and three defining relations, Collins
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obtained a group with 14 defining relations which has an unsolvable word

problem.

Proposition 5. The word problem for groups GN , GBN , GBR and GC in

example 3.3.1, 3.3.2, 3.3.3 and 3.3.4 are generically solvable by a linear time

partial algorithm.

Proof. In GN , the letters c, t, k among generators of GN act as balanced

letters. In GBN , the letters q and k are balanced letters In GBR, the letters

t and k are balanced letters. In GC , q, k, t are balanced letters. Hence, by

Theorem 3.2.1, the word problem for GN , GBR, GBN and GC is generically

solvable.
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Chapter 4

Conjugacy problem in HNN

extensions

In this chapter we present an algorithm to compute a normal form and cycli-

cally reduced normal form of an element in an HNN extension of a finitely

presented group provided that the base group accepts an algorithm. After

that we define the black hole in the HNN-extension and show that the conju-

gacy problem is decidable for ’regular type’ elements in the HNN-extension

of a group provided that the HNN extension accepts a few algorithms.
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4.1 Some preliminary definitions and theo-

rems in HNN extensions

Let G be a finitely presented group, let A,B be subgroups of G and let

φ : A → B be an isomorphism. Let G∗ = 〈 G, t | t−1at = φ(a), a ∈ A 〉 be an

HNN-extension of G. In this chapter G∗ is used as an HNN-extension of G

as above unless otherwise stated. Some preliminary definitions and theorems

about HNN extensions of groups are the following;

Definition 4.1.1. Let G∗ = 〈 G, t | t−1at = φ(a), a ∈ A 〉 be an HNN-extension

of a group G and let g ∈ G∗. We say g is reduced if either g ∈ G or g is a

word of the form g = g0t
ε1g1t

ε2g2 · · · tεngn where

1. εi = 1 or −1 for all i ∈ {1, 2, · · · , n}.

2. If εi = −1 and εi+1 = 1 then gi /∈ A. If εi = 1 and εi+1 = −1 then

gi /∈ B.

For each reduced word g = g0t
ε1g1t

ε2g2 · · · tεngn ∈ G∗, we define the length

of g to be
∑n

i=1 |εi|, which we denote by |g|.

Lemma 12 (Britton’s lemma). Let G∗ be an HNN-extension of a group G

and let g ∈ G∗. If g = g0t
ε1g1t

ε2g2 · · · tεngn is reduced and n ≥ 1 then g 6= 1
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in G∗.

Definition 4.1.2. Let G∗ = 〈 G, t | t−1at = φ(a), a ∈ A 〉 be an HNN-extension

of a group G and let g ∈ G∗. We say g is a normal form if either g ∈ G or g

is a word of the form g = g0t
ε1g1t

ε2g2 · · · tεngn where

1. εi = 1 or −1 for all i ∈ {1, 2, · · · , n}.

2. g0 ∈ G.

3. If εi = −1 then gi is a coset representative of A in G.

4. If εi = 1 then gi is a coset representative of B = φ(A) in G.

5. If εiεi+1 = −1 then gi 6= 1.

Theorem 4.1.1 (The Normal Form Theorem for HNN Extension). Ev-

ery element g in G∗ has a unique representation as a normal form g =

g0t
ε1g1t

ε1 · · · tεngn (n ≥ 0).

Definition 4.1.3. An element g = g0t
ε1g1t

ε1 · · · tεn in G∗ is called cyclically

reduced if all cyclic permutations of g0t
ε1g1t

ε1 · · · tεn with respect to gi, t
εj ’s

are reduced.

Theorem 4.1.2 (The Conjugacy Theorem for HNN Extension). Let

G∗ =
〈

G, t | t−1at = φ(a), a ∈ A
〉
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be an HNN-extension of a group G. Let u = g0t
ε1g1t

ε1 · · · tεn, n ≥ 1 and v

be two cyclically reduced elements in G∗. If u, v are conjugate in G∗, then

|u| = |v| and u can be obtained from v by taking a suitable cyclic permutation

of v, which ends in tεn, and then conjugating by an element z, where z ∈ A

if εn = −1 and z ∈ B if εn = 1.

4.2 Algorithms to compute normal forms and

cyclically reduced normal forms

Let

G∗ =
〈

G, t | t−1at = φ(a), a ∈ A
〉

=
〈

X, t | RG = 1, t−1at = φ(a), a ∈ A
〉
,

where G = 〈 X| RG = 1 〉 is a finitely presented group and A is a subgroup

of G.

In this section we describe an algorithm to compute a normal form of

an element in G∗ provided that the Coset Representatives Search Problem

(CRSP) Algorithm for A and B = φ(A) in G are given.

Algorithm 4.2.1 (Computing normal form). Input: g ∈ F (X ∪ t).
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Output: g = g0t
ε1g1 · · · tεngn, which is reduced, g0 ∈ G, εi ∈ {1,−1}, gi’s,

i ≥ 1, are coset representatives of G modulo A or B depending on εi and

gi 6= 1 if εiεi+1 = −1 for 1 ≤ i ≤ n− 1.

Signature: Normalform(g)

Computations:

1. Present g as a word of the form g = g0t
ε1g1t

ε2 · · · tεkgk where each

gi, 1 ≤ i ≤ k, is a reduced word in X, εi ∈ {±1}.

Induction on i: i runs from k to 1.

2. If εi = −1 then rewrite gi = aiui (using the CRSP algorithm) where

ai ∈ A and uk ∈ S, S is a set of representatives of coset of A in G.

Then put tεigi = t−1aiui =: φ(ai)t
−1ui.

If ui = 1 and εi+1 = 1 then put tεigit
εi+1gi+1 =: φ(ai)gi+1.

3. If εi = 1 then rewrite gi = bivi (using the CRSP algorithm) where

bi ∈ B and vk ∈ S ′, S ′ is a set representatives coset of B in G. Then

put tεigi = tbivi =: φ−1(bi)tvi.

If vi = 1 and εi+1 = −1 then put tεigit
εi+1gi+1 =: φ−1(bi)gi+1.

4. Run 1 to 3 again until the number of t±1 can not be reduced further.
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Algorithm 4.2.2 (Computing cyclically reduced normal form). Input: g ∈

F (X ∪ t).

Output: g = g0t
ε1g1 · · · gn−1t

εn is reduced, g0 ∈ G, εi ∈ {1,−1}, gi’s, i ≥ 1,

are coset representatives of G modulo A or B depending on εi, and ε1εn = 1.

Signature: CycNormalform(g)

Computations:

1. Put g := Normalform(g) using algorithm 4.2.1. Let g = g0t
ε1g1 · · · gk−1t

εngn.

2. Put g0 := gng0, reduce g0 and g =: g0t
ε1g1 · · · gn−1t

εn.

If k ≥ 2 then

3. If ε1εn = −1 then

(a) If g0 = 1 then put g := gn−1g1t
ε2g2 · · · gn−2t

εn−1. Return to 2.

(b) If g0 = a0 ∈ A\{1} and εn = −1 then put g := φ(a0)g1t
ε2 · · · tεn−1gn−1.

Return to 2.

(c) If g0 = b0 ∈ B\{1} and εn = 1 then put g := φ−1(b0)g1t
ε2 · · · tεn−1gn−1.

Return to 2.
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4.3 Regular elements in HNN extensions

In this section we define and study regular elements in G∗. They are elements

that accept a good algorithm for conjugacy search problem, which is the sub-

ject of the next section. We conclude this section by showing that regularity

of elements in G∗ is decidable provided that G∗ accepts a few algorithms.

Definition 4.3.1. (s, g) ∈ G∗ × G∗ is called a bad pair if s ∈ A ∪ B,

g ∈ G∗ \ (A ∪B), and gsg−1 ∈ A ∪B.

Lemma 13. Let s ∈ A ∪ B \ {1} and let g ∈ G∗ \ (A ∪ B). If g =

g0t
ε1g1 · · · gn−1t

εn , n ≥ 1, is a word of cyclically reduced normal form in G∗

then (s, g) is a bad pair if and only if the following system of equations Sg,g has

a solution ( s, s2, · · · , s2n+1 ) in
∏2n+1

n=1 Si where Si = A or B for 1 ≤ i ≤ 2n

and S2n+1 = A ∪B.

tεnx1t
−εn = x2 (4.3.1)

gn−1x2g
−1
n−1 = x3

tεn−1x3t
−εn−1 = x4
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...

tε1x2n−1t
−ε1 = x2n

g0x2ng−1
0 = x2n+1

Proof. Directly follows from the Lemma 14 when g′ is replaced by g in the

Lemma 14.

Definition 4.3.2. Let G be a group and let A be a set of G. The generalized

normalizer of A in G, which we denote by N∗
G(A), is the set defined as

N∗
G(A) = { g ∈ G | A ∩ Ag 6= 1 }

Definition 4.3.3. The set BH = N∗
G∗(A∪B) is called a black hole. Elements

in BH are called singular, and elements that are not singular are called

regular.

Hence if (g, c) is a bad pair then both g and c are in the set BH.

Lemma 14. Let g = g0t
ε1g1 · · · gn−1t

εn and g′ = g′0t
δ1g′1 · · · g′n−1t

δn , (n ≥ 1)

be two words of cyclically reduced normal form in G∗. Then the equation

gx = x′g′ has a solution s, s′ ∈ A ∪ B if and only if the following system of

equations Sg,g′ has a solution (s1, s2, · · · , s2n, s2n+1) = (s, s2, · · · , s2n, s′) in
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∏2n+1
n=1 Si, where Si = A or B for 1 ≤ i ≤ 2n and S2n+1 = A ∪B;

tεnx1 = x2t
δn (4.3.2)

gn−1x2 = x3g
′
n−1

tεn−1x3 = x4t
δn−1

...

tε1x2n−1 = x2nt
δ1

g0x2n = x2n+1g
′
0

Proof. Let s, s′ be a solution of gx = x′g′. Then gs = s′g′, which is

g0t
ε1g1 · · · gn−1t

εns = s′g′0t
δ1g′1 · · · g′n−1t

δn . (4.3.3)

Note that the right hand side of the equation 4.3.3 is already a cyclically

reduced normal form. Thus applying the Algorithm 4.2.1, we can rewrite

the left hand side of the equation 4.3.3 into its canonical normal form. That

process is to find a solution (s, s2, · · · , s2n, s′) of the system of equation Sg,g′ .

Note that si ∈ A or B depending on εi. Conversely, if (s1, s2, · · · , s2n+1) is a

solution of Sg,g′ then (s1, s2n+1) would be a solution of gx = x′g′.

We use the following definition and lemma for characterizing the solution

set of the system Sg,g′ .
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Definition 4.3.4. Let G be a group and let M be a subset of G. If u, v ∈ G

then uMv is called a G-shift of M . For a set µ of subgroups of G denote by

Φ(µ,G) the least set of subsets of G which contains µ and is closed under

G-shift and intersections.

Lemma 15. Let G be a group and let A be a subgroup of G. If D ∈ Φ({A}, G)

and D 6= ∅ then D is a set of the form D = (Ag1 ∩ · · · ∩ Agn)k for some

g1, · · · , gn, k ∈ G. In particular, nonempty sets in Φ({A}, G) are particular

cosets from G.

Proof. Induction on the number of operations that are used for D.

Observe that if C,D are two subgroups of G, g, g′ ∈ G and h ∈ Cg ∩Dg′

then Cg ∩Dg′ = (C ∩D)h.

Now if D = aAb for some a, b ∈ G then D = Aa−1ab. If D = Aah1 ∩Abh2

where a, b, h1, h2 ∈ G and h ∈ Aah1 ∩ Abh2 then D = (Aa ∩ Ab)h.

Suppose D = (Ag1 ∩ · · · ∩ Agm)k and D′ = (Ag′1 ∩ · · · ∩ Ag′l)k′ where

g1, · · · , gm, g′1, · · · , g′l, k ∈ G. Then

aDb = a(Ag1 ∩ · · · ∩ Agm)kb

= (Ag1a−1 ∩ · · · ∩ Agma−1

)akb
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and if h ∈ (Ag1 ∩ · · · ∩ Agm)k ∩ (Ag′1 ∩ · · · ∩ Ag′l)k′ then

D ∩D′ = (Ag1 ∩ · · · ∩ Agm)k ∩ (Ag′1 ∩ · · · ∩ Ag′l)k′

= (Ag1 ∩ · · · ∩ Agm ∩ Ag′1 ∩ · · · ∩ Ag′l)h.

The following lemma characterizes the solution set of the system of equa-

tions Sg,g′ .

Lemma 16. Let G∗ be an HNN-extension of a group G. Let g = g0t
ε1g1 · · · gn−1t

εn

and g′ = g′0t
δ1g′1 · · · g′n−1t

δn , (n ≥ 1), be two elements of cyclically reduced nor-

mal form in G∗. Let Eg,g′ be the set of all s ∈ A ∪ B for which Sg,g′ has a

solution (s, s2, · · · , s2n, s2n+1) ∈
∏2n+1

j=1 Sj where Si = A or B for 0 ≤ i ≤ 2n

and S2n+1 = A ∪B. Then

Eg,g′ = S1 ∩ p−1
1 S2p

′
1 ∩ · · · ∩ p−1

1 p−1
2 · · · p−1

2n S2n+1p
′
2n · · · p′2p′1,

where pi =





gn− i
2
, if i is even

tεn− i−1
2 , if i is odd

and p′i =





g′
n− i

2

, if i is even

tδn− i−1
2 , if i is odd

.

In particular, if Eg,g′ 6= ∅ then Eg,g′ = Ag,g′ag,g′ for some Ag,g′ < A, ag,g′ ∈ A

or Eg,g′ = Bg,g′bg,g′ for some Bg,g′ < B, bg,g′ ∈ B.

58



Proof. The system of equations Sg,g′ for g = g0t
ε1g1 · · · gn−1t

εn and g′ =

g′0t
δ1g′1 · · · g′n−1t

δn , is the following:

tεnx1 = x2t
δn

gn−1x2 = x3g
′
n−1

tεn−1x3 = x4t
δn−1

...

tε1x2n−1 = x2nt
δ1

g0x2n = x2n+1g
′
0

Denote by Vi the set of all solutions (s1, · · · , si+1) ∈
∏i+1

j=1 Sj of the system

formed by the first i equations of Sg,g′ . Let Di
m be the projection of Vi

onto its mth component. The first equation of Sg,g′ is tεnx1t
−δn = x2. Thus

D1
2 = tεnS1t

−δn ∩ S2, D
1
1 = t−εnD1

2t
δn and (s1, s2) ∈ V1 if and only if s2 ∈ D1

2

and s1 = t−εns2t
δn . Note that D1

1, D
1
2 ∈ Φ({A}, G∗) or Φ({B}, G∗) ( if S1 = A

then replace B in Si, i is even, by t−1At and similarly if S1 = B then replace

A in Si, i is odd, by tBt−1) Now rewrite the ith equation( i ≥ 1) ) in Sg,g′ in

the form of pisip
′−1
i = si+1 where

pi =





gn− i
2
, if i is even

tεn− i−1
2 , if i is odd

and p′i =





g′
n− i

2

, if i is even

tδn− i−1
2 , if i is odd

.
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Then Di
i+1 = piD

i−1
i p′−1

i ∩ Si+1 for i = 1, · · · , 2n when we set D0
1 := S1.

In particular D2n
2n+1 = p2nD

2n−1
2n p′−1

2n ∩ S2n+1. Hence (s1, s2, · · · , s2n+1) is a

solution of Sg,g′ if and only if s2n+1 ∈ D2n
2n+1 and si = p−1

i si+1p
′
i for i = 2n to

1. More precisely, since D2n
i = p−1

i D2n
i+1p

′
i for 1 ≤ i ≤ 2n it follows that

D2n
(2n+1)−i = p−1

(2n+1)−iD
2n
(2n+1)−i+1p

′
(2n+1)−i

= p−1
(2n+1)−i(p

−1
(2n+1)−i+1D

2n
(2n+1)−i+2p

′
(2n+1)−i+1)p

′
(2n+1)−i

= · · ·

= p−1
(2n+1)−ip

−1
(2n+1)−i+1 · · · p−1

(2n+1)−1D
2n
2n+1p

′
(2n+1)−1 · · · p′(2n+1)−i+1p

′
(2n+1)−i

= p−1
(2n+1)−ip

−1
(2n+1)−i+1 · · · p−1

(2n+1)−1(p2nD
2n−1
2n p′−1

2n ∩ S2n+1)p
′
(2n+1)−1

· · · p′(2n+1)−i+1p
′
(2n+1)−i

= · · ·

= D
(2n)−i
(2n+1)−i ∩ p−1

(2n+1)−iS(2n+1)−i+1p
′
(2n+1)−i ∩ · · ·

∩ p−1
(2n+1)−ip

−1
(2n+1)−i+1 · · · p−1

(2n+1)−1S2n+1p
′
(2n+1)−1 · · · p′(2n+1)−i+1p

′
(2n+1)−i.

By Lemma 15, after the replacement of A’s in Si’s with tBt−1 or B’s in Si’s

with t−1At, D2n
1 = S1 ∩ p−1

1 S2p
′
1 ∩ · · · ∩ p−1

1 p−1
2 · · · p−1

2n S2n+1p
′
2n · · · p′2p′1 = Hu

for some H < G∗ and u ∈ G∗. If S1 = A then Eg,g′ = Ag,g′ag,g′ for some

Ag,g′ < A and ag,g′ ∈ A. Similarly, if S1 = B then Eg,g′ = Bg,g′bb,b′ for some
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Bg,g′ < B and bg,g′ ∈ B.

Denote by Sub(A) the set of all subgroups of A. Then by Lemma 15

nonempty subsets of Φ(Sub(A), G∗) are some cosets of subgroups of G∗.

The Cardinality Search Problem for Φ(µ,G) is the following decision

problem: Let µ be a set of finitely generated subgroups of G. For a given

set B ∈ Φ(µ,G) determine whether B is empty, finite, or infinite and if B is

finite, then list all elements of B.

Corollary 1. Let G∗ be an HNN-extension of a group G. Let g = g0t
ε1g1 · · · gn−1t

εn

and g′ = g′0t
δ1g′1 · · · g′n−1t

δn , (n ≥ 1), be two elements of cyclically reduced nor-

mal form in G∗. If the Cardinality Search Problem is decidable for Φ(Sub(A), G∗)

and Φ(Sub(B), G∗) then one can effectively find the set Eg,g′. In particular,

one can effectively check whether or not Eg,g′ is empty, singleton, or infinite.

Proof. Since Eg,g′ = D2n+1
1 = p−1

1 p−1
2 · · · p−1

2n D2n
2n+1p

′
2n · · · p′2p′1, it suffices to

solve the cardinality search problem for D2n
2n+1. From Di

i+1 = piD
i−1
i p′−1

i ∩Si+1

for 1 ≤ i ≤ 2n and Lemma 15, one can see that each Di
i+1 is a coset of the type

SDi
sDi

where SDi
< A and sDi

∈ A or SDi
< B and sDi

∈ B. Now observe

that if K, H are subgroups of G and a, b ∈ G then Ka ∩Hb = (K ∩H)h for

some h ∈ Ka∩Hb. Thus one can effectively write Di
i+1 as SDi

sDi
by finding
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sDi
as suggested in the method of finding h in Ka∩Hb = (K ∩H)h for some

h ∈ Ka ∩ Hb. Furthermore one can effectively find the cardinality of SDi
,

which is a subgroup of A or B, with the algorithm for Cardinality Search

Problem for Φ(Sub(A), G∗) and for Φ(Sub(B), G∗). Thus one can solve the

cardinality search problem for Di
i+1 for each i ∈ {0, · · · , 2n} and hence for

Eg,g′ .

Lemma 17. Let g, g′ ∈ G∗. If |g| = |g′| ≥ 1 and Sg,g′ has more than one

solution in A ∪B then g, g′ are singular.

Proof. Let (s1, · · · , s2n+1) and (s′1, · · · , s′2n+1) be two distinct solutions of

Sg,g′ . Then

tεns1 = s2t
δn , tεns′1 = s′2t

δn

gn−1s2 = s3g
′
n−1, gn−1s

′
2 = s′3g

′
n−1

tεn−1s3 = s4t
δn−1 tεn−1s′3 = s′4t

δn−1

...
...

tε1s2n−1 = s2nt
δ1 , tε1s′2n−1 = s′2nt

δ1

g0s2n = s2n+1g
′
0, g0s

′
2n = s′2n+1g

′
0.
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Rewrite both systems of equations for tδi ’s and g′j’s;

tδn = s−1
2 tεns1, tδn = s′−1

2 tεns′1

g′n−1 = s−1
3 gn−1s2, g′n−1 = s′−1

3 gn−1s
′
2

tδn−1 = s−1
4 tεn−1s3 tδn−1 = s′−1

4 tεn−1s′3

...
...

tδ1 = s−1
2n tε1s2n−1, tδ1 = s′−1

2n tε1s′2n−1

g′0 = s−1
2n+1g0s2n, g′0 = s′−1

2n+1g0s
′
2n.

Now equate both equations;

s−1
2 tεns1 = s′−1

2 tεns′1

s−1
3 gn−1s2 = s′−1

3 gn−1s
′
2

s−1
4 tεn−1s3 = s′−1

4 tεn−1s′3

...

s−1
2n tε1s2n−1 = s′−1

2n tε1s′2n−1

s−1
2n+1g0s2n = s′−1

2n+1g0s
′
2n.
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We can rewrite this system as below;

tεns1s
′−1
1 t−εn = s2s

′−1
2 ,

gn−1s2s
′−1
2 g−1

n−1 = s3s
′−1
3 ,

...

tε1s2n−1s
′−1
2n−1t

−ε1 = s2ns′−1
2n ,

g0s2ns′−1
2n g−1

0 = s2n+1s
′−1
2n+1.

Since (all or some but definitely at least one) sis
′−1
i are nontrivial, g is singular

by the Lemma 13. g′ is also a singular element for a similar reason.

Let G be a group and let H be a subgroup of G. We say H is malnormal

if H ∩Hg = 1 for all g ∈ G \H. Then the Malnormality Problem for H

in G is the problem of deciding whether a given subgroup H is malnormal in

G.

Lemma 18. Let G∗ be an HNN-extension of a finitely presented group G.

Assume that G∗ allows algorithms for the following problems;

1. Coset Representatives Search Problems for the subgroup A and B.

2. Cardinality Search Problem for Φ(Sub(A), G∗) and Φ(Sub(B), G∗).

3. Malnormality Problem for A ∪B in G.
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Then regularity of elements of G∗ is decidable.

Proof. Let g ∈ G∗. We compute the cyclically reduced normal form of g

using the Algorithm 4.2.2. If |g| ≥ 1 then g is singular if and only if Sg,g

has a nontrivial solution of the form (s, s2, · · · , s2n, s2n+1) in
∏2n+1

n=1 Si, where

Si = A or B for 0 ≤ i ≤ n and S2n+1 = A ∪ B for some s ∈ (A ∪ B) \ {1}.

If Sg,g has no solution of the form (s, s2, · · · , s2n+1) then g is regular. If Sg,g

has one solution (s, s2, · · · , s2n+1) then we can check whether it is a trivial

solution or not, hence we can determine whether g is regular or not. If Sg,g

has more than one solution of the form (s, s2, · · · , s2n+1) then one of them

will be nontrivial, thus g is singular. If |g| = 0, i.e, g ∈ G then we need

to determine whether g ∈ N∗
G(A ∪ B). Since the Malnormality Problem for

A ∪B in G is decidable, we can determine the regularity of g.

4.4 Conjugacy Search Problem for Regular

Elements

The conjugacy search problem for a given set of pairs of elements Θ is defined

as following: Let Θ be a set of pairs of elements of a group G. For a given

(g, h) ∈ Θ determine whether g is a conjugate of h in G and if it is, find a
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conjugator.

Lemma 19. Let G∗ be an HNN extension of a finitely presented group G and

let g ∈ G∗ be a cyclically reduced regular element. Assume that G∗ allows

algorithms for the following problems;

1. Coset Representatives Search Problems for the subgroup A and B =

(φ(A)).

2. Cardinality Search Problem for Φ(Sub(A), G∗) and Φ(Sub(B), G∗).

Then the Conjugacy Search Problem in G∗ is decidable for g of length l(g) ≥

1.

Proof. Let g be a regular cyclically reduced element of G∗, and let g′ be an

arbitrary element of G∗. We can rewrite them into their cyclically reduced

normal forms g = g0t
ε1g1 · · · gn−1t

εn , g′ = g′0t
δ1g′1 · · · g′m−1t

δm using Algorithm

4.2.2. By Theorem 4.1.2, g and g′ are conjugate if and only if n = m and

x−1π(g′)x = g has a solution s in A or B (depending on εn ) where π(g′) is

a cyclic permutation of g′. By Lemma 14 the equation x−1π(g′)x = g has

a solution s in A or B if and only if the system of equations Sπ(g′),g has a

solution (s, s1, · · · , s2n, s) in
∏2n+1

i=0 Si where Si = A or B. Since g is regular

and l(g) ≥ 1, Sπ(g′),g has at most one solution in A or B by Lemma 17.
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Now using the Algorithm for Cardinality Search Problem for Φ(Sub(A), G∗)

and Φ(Sub(B), G∗), one can find first Eπ(g′),g, the set of all s ∈ A or B

for which Sπ(g′),g has a solution (s, s1, · · · , s2n+1) and, then, one can check

whether Sπ(g′),g has a solution and if it does, one can find the solution. Now

in case Sπ(g′),g has a solution one can check whether this solution is of the

form (s, s1, · · · , s2n, s). If it is, then x−1π(g′)x = g has a solution s in A or

B and if it is not, then x−1π(g′)x = g has no solution in A or B.

Lemma 20. Let G∗ be an HNN extension of a finitely presented group G.

If G∗ allows an algorithm for the conjugacy Search Problem in G then the

Conjugacy Search Problem in G∗ is decidable for cyclically reduced regular

elements g of length l(g) = 0.

Proof. Proved as it is stated.

Theorem 4.4.1. Let G∗ be an HNN extension of a finitely presented group

G and let g ∈ G∗ be a cyclically reduced regular element. Assume that G∗

allows algorithms for the following problems;

1. Coset Representatives Search Problems for the subgroup A and B =

(φ(A))

2. Cardinality Search Problem for Φ(Sub(A), G∗) in G∗ and
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for Φ(Sub(B), G∗) in G∗

3. Conjugacy Search Problem in G

4. Malnormality Problem for the subgroup A and B in G∗

Then Conjugacy Search Problem in G∗ is decidable for g.

Proof. Follows from Lemma 19 and Lemma 20.
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