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SECTION 1

INTRODUCT ION

Let G be a graph. By the line graph of G denoted by L(G),
we mean the graph whose points are the lines of G with two points of
L(G) adjacent i{f and only if the corresponding lines of G are incident,
(our terminology and definitions are from Harary [6]). We shall be con-
cerned in this thesis with the characterizations of certain families of
line graphs.

In the past, two different kind of characterizations have been con-
sidered. The first is by properties of the spectrum of the adjacency
matrix of the graph (see l4], [5], i8], [9], (10}, {11], [12], (13],

[15] and [16]). 1In general, these results were of the following form:
each family of graphs was defined by a few parameters, and for all but
at most finitely many values of the parameters the line graph was chara-
cterized by its spectrum. By way of illustration [12] let T be a
(v,k,A) design, Consider the graph whose points are the totality of
blocks and varieties (2v altogether) with two points adjacent 1f and only
if one corresponds to a block, the other to a variety and the variety is
contained in the block. Let G{v,k,A\) be the graph so defined and
L(v,k,A) its line graph 1s a regular connected graph on vk points
whose adjacency matrix has 2k-2, k-2 + JETX and -2 as its distinct
eigenvalues. The result is that any regular connected graph on vk
points whose adjacency matrix has the given spectral properties 1s a
L(v,k,A\) unless v =4, k =3, A =2, where there 1s exactly one ex-
ception.

The other kind of characterization deals with "incidence'' properties

of graphs, of which the following is a typical and early example (17].
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Let Knn be the complete bipartite graph on n+n points. By this we
mean that Knn has 2n points partitioned into two sets Sl’ 52 with
\Sl| = \82| = n. Two points are adjacent {f and only if they belong to
different S's. Then L(Knn) has the following properties: it is a
regular connected graph of degree 2n-2 on n2 points any two non-

ad jacent points are mutually adjacent to two points, any two adjacent

points are mutually adjacent to n-2 points. Then L(Knn) is character-

{zed by these properties unless n = 4, where there is exactly one ex-

ception,

Another result is contalned in [7] and [14], Let Kmn be a graph
whose points are partitioned into two sets S1 and 52 with lsll = m,
‘Szl =n, m>n < 2 and two points adjacent 1f and only 1if they are in

different S's. Then L(Kmn) satisfles the following conditions: it
is a regular connected graph of degree m + n - 2 on mn points, any
two non-adjacent points are mutually ad jacent to two points ,n\Z) of
the palrs of adjacent points are mutually adjacent to m-2 other points
and the remaining m\g) pairs of adjacent points are mutually adjacent
to n-2 other points. The result is that L(Kmn) s characterized by
these conditions with no exceptional values of m and n . We shall

in §{4 establish this result under slightly weaker hypotheses without
involving the use of spectral methods as was done in [7] to handle the
possible exceptional cases left over from [14].

In [1], [2] and [3], L(Kn) {s treated where Kn is the complete
graph on n points, i.e., every pair of points in Kn is adjacent.
Then L(Kn) satisfies the following properties: 1t is a regular con-
nected graph with degree 2{(n-2) on \;) points. Any two non-adjacent

points are mutually adjacent to exactly four points. Any two ad jacent

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-3-
points are mutually adjacent to exactly n-2 points. The result is that
L(Kn) is characterized by these properties, unless n = 8 where there
are exactly three exceptional graphs satisfying these properties.

The main part of this thesis will be concerned with the line graphs
of complete multipartite graphs. Let Kn,n,n (for n < 2) be the graph

on J3n points, partioned into subsets Sl’ SZ’ 5, with ISi| = n,

3

{ =1,2,3 and two points are adjacent if and only if they are in dif-

ferent S's. Then L(Kn,n,n) can be easlly seen to satisfy the follow-

ing conditions: it is a regular connected graph with degree 4n-2 on

3n2 points, any two non-adjacent points are mutually adjacent to elther

2 or 3 points. Any two adjacent points are mutually adjacent to elither

2n-2 or 2n-l1 polnts. We shall prove in {2 that for n < &4, these con-

ditions characterize L(Kn,n,n)' For n =2 and 3, we do not know.
Before stating the other results of the thesis, we make a remark about

spectral characterization of L(I(n n n). In an unpublished manuscript

» >

with Professor A.J. Hoffman, we have shown that for n « 2, L(Kn,n,n)
may be characterized by the fact that it is a regular connected graph on
3n2 points whose adjacency matrix has 4n-2, 2n-2, n-2 and -2 as its
distinct eigenvalues. This manuscript is included here as a supplement
in §5.

Next, let Kn,n,n..,.'n (t-times)(= Kn(t)), be a graph on nt points,
partitioned into subsets 51,52,...,5t such that lSil =n, L =1,2,...,t,
t 4 and n < 2 with two points adjacent if and only if they belong

to different S's. Then L(Kn(t)) can be easlly seen to satisfy the

following conditions: {1t is a regular connected graph with degree

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



—ly
t 2

2(t-1)n-2 with \2/“ points, any two non-adjacent points are mutually

adjacent to elther 2, 3 or 4 points, any two ad jacent points are

mutually adjacent to (t-1)n-2 or (t-1)n-1 points. We shall prove in

£3 that these conditions characterize L(Kn(t)), except for thz fol-

lowing four cases: (t = 4; n =2 and 3) and (t =5 and 6; n = 2),.

In all of these cases, we do not know what the situation is.
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SECTION 2

THE CHARACTERIZATION OF L(;(Irl a n)

Theorem (2.1): For an integer n < 2, a regular connected graph G with

the valence 4n-2, satisfying the following conditions is the line graph
of Kn,n,n except for n =2 and n = 3, if and only 1f

M V@] = 3’

(2) Any palr of adjacent points in G {is mutually ad jacent to
either 2n-2 or 2n-1 distinct points in G,

(3) Any pair of non-adjacent points In G is mutually adjacent

to 2 or 3 more points in G,

For n = 2 and 3 we do not know what the sttuation is.

Definition (2.1): A claw in a graph is an induced subgraph with & points

such that one of the points is adjacent to all the remaining 3 mutually

non-ad jacent points.
Lemma (2.1): The graph G 1in Theorem (2.1) does not contain a claw.

Proof: Suppose the contrary and let the graph G have a claw with a point
0 adjacent to the three mutually non-ad jacent points 1,2 and 3. Let
Si , £ =1,2,3 be the number of points in G adjacent to the points O

and 1, and let (1 43, 1=1,2,3 and j = 1,2,3 be the number

Sij
of points in G adjacent to the points 0,i and j and 5123 be the
number of points in G adjacent to the points 0,1,2 and 3. Clearly by

the hypothesis of the Theorem (2.1), we have

Sip * S1g3 s Syy * Sppy =2 and S,y t 85 %2
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which gives 812 + 513 + 823 + 38123 = 6 and since 8123 < 0 therefore
h + + = 6. A
we have 312 513 823 + 2S123 b gain by the conditions of the
Theorem (2.1) we have
s, + 8 + 5 + 8 < 2n-2

1 12 13 123

Sy + Sy3 + St 8yyy 0 202

S3 + 813 + 523 + 8123 < 2n-2

and by adding we get

S. + 5.+ 85, + 2(S12 + S

1 5 3 + 523) + 38 < 6n-6 .,

13 123

Sy, = Sy3 7 S, 7 28,43 < -6 . Therefore

. + g _
S1 + 32 + S3 + 512 + S13 + 523 3123 6bn-12 .

But we also have

Since the valence of 0 is 4n-2,
+ + S -2)-3.
S1 82 + S3 + 512 + S13 523 + S123 (4n-2)-3

S50 we have

4pp - 9 < bn - 12, or n s % .
This implies that the lemma holds for n - &4 .

Definition (2.2): A line in G 1is called a (2n-2) line, 1f both the

end points are mutually adjacent to exactly 2n-2 distinct points In G,

Similarly we can define a (2n-1) line in G.

Lemma (2.2): If p is a point in G such that every line on p 1s a
(2n-1) line, then p 1is common to exactly 2 line disjoint complete

subgraphs in G, each equal to K2n

Proof: Let A = [pl’pz""’pZn-l s ql’q2"°°’q2n-l} be the set of
4n-2 points in G adjacent to p. Let A1 = [pl’p2""’p2n-2’ q2n-11
be the subset of 2n-1 points that are adjacent to both p and Pon-1

and let A2 = {ql’qZ""’q2n-2] be the subset consisting of the points
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in G adjaeent to p but not to p, 4 -

First we shall prove that two non-adjacent points in A must be
mutually adjacent to exactly 2 points in A, Suppose not and let Py

not be adjacent to By the hypothesis of the Theorem (2.1) Py

92n-1

and q,,., 2re not mutually adjacent to more than 2 points in A since

both are already adjacent to p . So we suppose that Py and Aop-1

are mutually adjacent to exactly one point, namely in A . In

p2n—1

this case note that by the hypothesis p and p, are mutually adjacent

to 2n-1 points in A and p and are mutually adjacent to 2n-1

92n-1

points in A . But other than and there are 4n-5

P1» 92q4-1 Pon-1

points in A . But on the other hand, we need 4n-4 points In A  other

than to he adjacent to P, and 99 0-1 which is impossible., So

Pon-1
any two non-adjacent points in A are mutually adjacent to exactly 2
points in A .

Now since is not adjacent to any point in A2 therefore

P2n-1
every point in A2 must be adjacent to exactly 2 points in Al and by
the hypothesis each point in A2 must be adjacent to exactly 2n-3 more
polnts in A and clearly all of these points must be in A2 therefore
this implies that all the points in A2 are mutually adjacent. This
also implies that all the points in Al are not mutually adjacent,

Without loss of generality let Py not be adjacent to Aoy * slnce

both of these points are already mutually adjacent to therefore

Pon-1
both are mutually adjacent to one more point in A,
Suppose this point (adjacent to both p, and an-l) is in Al’

sy P, . Since each one of P and 99n-1 is adjacent to 2n-3 more

distinct points in A other than p2 and p2n-l and there are 2n-2
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total number of points in A2' therefore Py is not adjacent to at

least one point, say 94 in A2 and 49 pne1 i3 not adjacent to at

least one point in A other than say . Since all the points
qli q2

2

in A2 are mutually adjacent and two non-adjacent polints in A are

mutually adjacent to exactly 2 points iIn A therefore each one of Py

and a, is adjacent to at most 2 distinct points in A2 . But other

n-1

than p2 and each one of p1 and must be adjacent to

Pon-1 92n-1

exactly 2n-3 more distinct points in A . Therefore we have

(2n-3) + (2n-3) < (2n-1)-3 + 4

#
w

which gives n - 3 . So this is possible only if n =2 and n
which are the exceptional cases.

The other possibility is that Py and 99n-1 are mutually adjacent
to one point in Az namely q1 . We shall prove that this case is valid
only if any one of these two non-adjacent points is adjacent to all the

points in A2 because otherwise suppose that is not adjacent to

Q2n-1
m points in A where 1 < m < 2n-3. 1In this case note that all the

2
points in A that are not adjacent to E PYNRY must be adjacent to p]
and vice versa, since pl and q2n~1 are not mutually adjacent to any
point in A other than q1 and p2n—1 and other than these two points
Py and q2n_1 are adjacent to 4n-6 total number of points in A and

there are the same number of points in A other than p q1 and

1’ p2n-l’

This implies that p is adjacent to the same m 2 1 points in

Aop-1 * 1

A that are not adjacent to

o and since m < 2n-3 therefore Py

Uon-1

is not adjacent to at least one point 1in A2 namely q2 . So we have p
not adjacent to q, and both are mutually adjacent to m+l points in A

because all the points in A are mutually adjacent therefore q2 is

2

adjacent to all the m points in A that are adjacent to Py and p

2 1

is also adjacent to a; in Az . But since for m > 1 we have m+l > 2,
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therefore this is a contradiction, and for m = 1 we have not

Ion-1

adjacent to one point say 4, in A2 and both are mutually adjacent

to 2n-3 points in Az which is also a contradiction. This implies

that is either adjacent to no point in A other than g or

Qon-1 2 1

is adjacent to all the points in A_ . Without loss of generality

9on-1 2

suppose is adjacent to all the points in A2 then this implies

Yon-1

that pl must be adjacent to all the points in Al other than q2n-1 .

Now since q is not adjacent to any point in Al and all

2n-1

the points in A are adjacent to which is adjacent to ¢

1 Pon-1 2n-1

and two non-adjacent points in A are mutually adjacent to exactly two

points in A therefore this implies that each one of p2,p3,...,p2n_2

is adjacent to exactly one point in Az and since each one of these points
is adjacent to 2n-1 total number of points in A therefore all of these
points must be mutually adjacent, Note that each one of these points is

adjacent to a distinct point in A2 gince otherwise if,say p and p3

2

are adjacent to the same polnt, say q2 in A2 then we have q2 adjacent

to more than 2n-1 points in A which is contrary to the hypothesis,
Hence p is common to two complete subgraphs each equal to K2n + Clearly
these two subgraphs are line disjoint since they are peint disjoint other

than the point p.

Remark (2.2): It is interesting to note that although Lemma (2.2) plays sa

vital role in the proof of our theorem, the case it considers does not

happen when G = L(Kn,n.n)' Since then we have Kn,n,n with 3n points
in the sets Sl’ S2 and S3 where Isll = l82| = ‘SS| = n and two points
in Kn 0o Pre adjacent if and only if they belong to the distinct S's.

Now let p be a point in G corresponding to a line uv 1in Kn a.n
¥ ]

joining a peint u 1in Sl to & point v 1in 52 . Now since the point
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u is adjacent to all the points in 82 and 53 and the point v is

adjacent to all the points in S1 and 33 therefore by the definition

of a line graph this implies that p 1s common to 2 complete subgraphs

in G each equal to Kzn . Since the n-1 1lines joining the point u

to n-1 points in 52 are not incident with the 2n-1 lines joining

the point v to n-1 points in Sl and n points in S3 and the

n-1 lines joining the point v to n-1 points in S1 are not incident

with 2n-1 1lines jolning the point u to n-1 points in 82 and n

points in S3 therefore this implies that n-1 points in one of the two
complete subgraphs on the point p in G are not adjacent to n-1 points
in the other complete subgraph and each one of the remaining n points in
one of the two complete subgraphs in G must be adjacent to exactly one
distinct point out of the n remaining points in the other complete sub-
graph in G . This implies that out of the 4n-2 1lines in G with p

as one of their end point, there are exactly 2Zn of (2n~-1) lines and the

remaining 2n-2 1lines are (2n-2) lines.

Lemma (2,3): If p 1is a point in ¢ such that at least one line on p
is a (2n-2) line then p 1is common to exactly 2 line disjoint complete

subgraphs in G each equal to K2n

Proof: Let B = } be the set of 4n-2

{p1-p2;--o¢pzn_ll ql.Qz.-.-‘qzn_l

points in G adjacent to p . Let B, = fp2,p3,...,p2n_1} be the sub-
get of 2n-2 points adjacent to both p and p1 and let
B, = {ql,qz,...,qzn_l} be the subset of 2n-1 points adjacent to p but
not to pl .

First we shall prove that all the points in B1 are mutually adjacent,
Suppose not and let Py not be adjacent to Py Now since Py belng

adjacent to p must be adjacent to at least 2n-2 points in B and
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other than the points and p there are only 2n-4 points in B

Po 3 1

and p2 is already adjacent to the point p1 therefore there is at

least one peint in B2 which is adjacent to p and let this point be

2

. Now since p

q is not adjacent to q1 and both are adjacent to p

1 1

therefore there are the following 4 possibilities:

(1) p

and q1 are mutually adjacent to one point in B and g

1 1

is adjacent to 2n-2 points in B .
(i1) P and q1 are mutually adjacent to 2 points in B and q1
is adjacent to 2n-2 points in B .

(1il1) P and ql are mutually adjacent to 2 points in B and q

1 1

is adjacent to 2n-1 points in B .

(iv) p and q1 are mutually adjacent to one point in B and q

1 1

is adjacent to 2n~1 points in B .

We have 2n-2 points in B2 other than q1 and since in (i) q1 is

ndjacent to one puint in B (since pl is only adjacent to the polnts in

1

Bl) therefore there 18 exactly one point, gay a, in Bz not adjacent

to ql and hence to p1 . Similarly in (ii) there are 2 pcoints, namely

and q in B not adjacent to both q1 and p1 and in (iii) there

a4y 3 2

is exactly one polint, say q2 in B2 not adjacent to both p1 and q].

This implies that in (i), (11), and (iti) we have a claw consisting of

4 points, namely p, P q1 and q2 and therefore by Lemma (2,1)

1°
(1), (11), and (111) are not valid for n 2 4 .

In case (iv) first notice that all the points in B2 must be mutually
adjacent since otherwise if q2 ig not adjacent to q3 then we have a
claw consisting of 4 points, namely p, pl, q2 and q3 which is not

possible for n 2 4 by Lemma (2,1). Similarly all the points in Bl

other than the point are mutually adjacent since otherwise if ©p
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is not adjacent to p4 then we have a claw consisting of 4 points, namely
P, Gy, Pqy and Py which again contradicts Lemma (2,1) for n 2 4 ,

This implies that 18 adjacent to at most one point in B and at

Pa 2

most one point in B other than the point pa , because otherwise if

1

p., 18 adjacent to say q2 and q3 in B2 then since there are 2n-2

points in Bz other than ql and moreover P, is already adjacent to

q1 and pl therefore there exists at least one point q4 in B2 not

adjacent to Py s0 we have g not adjacent to p2 and both are mutual-

4
ly adjacent to 4 points, namely p, ql, q2 and q3 which contradicts the

hypothesis of Theorem (2.1), On the other hand, 1f is adjacent to

Pa

and p in B_. , then we have p

98y Py 5 1

2 not adjacent to p3 and both

are mutually adjacent to 4 points, namely p, pl, p4 and p5 which

contradicts the hypothesis of the Theorem (2,1). So p is adjacent to

2

at most 4 points in B . But since p 1is adjacent to P, therefore there
are at least 2n-2 points in B adjacent to p2 . So this implies that
M-2 < 4 or n< 3. Hcnce case (iv) is also not valid for n & 4 , BSo

all the points in B must be mutually adjacent for n 2 4 ,

1

Now it is easy to check that if all the points in B1 are mutually

adjacent then all the points in B must also be mutually adjacent since

2

otherwise if q1 is not adjacent to q2 then we have a claw consisting

of 4 points, namely p, Py q1 and a4, which contradicts Lemma (2,1).

So this implies that the point p is common to exactly 2 complete sub-
graphs K2n , one is on the points in 32 U {p] and the other one is on
the points in B1 U {p,pl} . Since both of these th are polnt disjoint

other than the point p therefore they are also line disjoint,

Lemma (2.4): G 1is a line graph.

Proof: By Lemmzs (2,2) and (2.,3) we have proved that every point in G

is common to exactly two complete subgraphs each equal to Kzn and since
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these complete subgraphs are line disjoint and G 1is regular of degree
4n-2 therefore this implies that every line in G must be on one and

only one 1(2[1 . This implies that all the lines in G <can be partitioned

into complete subgraphs K2n such that every point is common to exactly

two of the complete subgraphs, Hence by [6] G 1is a line graph.

Proof of Theorem (2.1): It is easy to check that the conditions in the

theorem are necessary, since, If G = I.(Kn n n) then by the definition
3ty

of a line graph the number of lines 3n2 in Kn non i1s the number of
L I
points in G, therefore lveey | = n? .

Next, let Sl’ 52, S3 be the distinct subsets of points in Kn,n,n
such that lSl\ = ‘Szl = lSBl = n and let le be the subset of lines
in K consisting of n2 lines joining the points In § to the

n,n,n 1

points In 52, L and 1 can be defined accordingly. Now since two

13 23
incident lines from the same subset of lines, say le , are mutually
incident with 2n-2 more lines in Kn and two incident lines from

| Rk |
two distinct subsets of lines are mutually incident with 2n-1 more lines
in K and since G = L{K } therefore this implies that two
n,n,n n,n,n
adjacent points in G are mutually adjacent to either 2n-2 or 2n-1
more points in G . Since two non-incident lines in the same subset of
lines, say le , are mutually incident with exactly two more lines,
and two non-incident lines from two distinct subsets of lines are mutually
incident with exactly 3 more lines and G = L(I(n n n) therefore this
3ty

implies that two non-adjacent points in G are mutually adjacent to 2
or 3 more points in G .

To prove that the conditions are sufficient we proceed as follows:
By Lemma (2.4) G is a line graph, Let G be the line graph of a graph

H . We have to prove that H = Kn oo Since G = L(H} and G is
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regular and connected therefore by [5] H 1is either regular or H is
bipartite and not regular. We shall prove that H is not bipartite
and irregular. Suppose the contrary and let H be bipartite and ir-

regular and let V(H) = V, U V, such that Vv (1 V, =@ and lv.] = n

i 2 2 1 1

1
and lvzl = n, where n, # n, and let H = Knln2 . Now since the
valence of G 1is 4n-2 therefore every line in H 1s incident with

4n-?2 lines in H and since H = K n therefore we have

(2.5) n, +n, - 2 =4n - 2

But in this case note that two incident lines in H are mutually incident
with either n1—2 or n2-2 more lines in H., Since G = L(H) therefore
this implies that two adjacent points in G are mutually adjacent to
elther n1-2 or n2-2 more points in G and by the hypothesis of the

Theorem (2.1) we have nl-2 = 2n-2 or n1—2 = 2n-1 and n2-2 = 2n-2

or n2-2 = 2n-1. Since n; £ n, therefore if nl-2 = 2n-2 then
n.-2 = 2n-1 or if n, -2 = 2n-1 then n2-2 = 2n-2, But in any case, we
have n, t n, - 4 = 4n-3 or n) + n, - 2 = 4n-1 which contradicts
(2.5). So H must be regular.

Now since H 1s regular and every line in H s incident with
4n-2 more lines in H because the degree of G 1is 4n-2 this implies
that each end point of a line in H 1is adjacent to exactly 2n-1 more

points in H and this implies that H must be of degree 2n. Since

2
lV(G)l = 3n2 therefore total number of lines in H = 3n . Let

|V(H)[ pe the total number of points in H , therefore we have
v | x 2n 2
= 3n
yi
or
vy} = 3n .

So H 1is regular of degree 2n with In polnts.
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Now let P be the set of 2n points in V(H) that are adjacent

to a point p In H and let Q be the set of n-1 points in

that are not adjacent to p. We shall prove that all the points in

Q must be adjacent to all the points imn P, Suppose the contrary

and let a point q € Q not be adjacent to a point r &€ P, Since the

degree of q 1is 2n and there are 2n points in P and ¢
adjacent to v In P therefore there exists at least one point
s £ Q and adjacent to gq . Now since G = L(H) therefore let
the point in G corresponding to the line jolning the points

i H d
n an p2

be the point in G corresponding to the line joining

the points q and s in H . Clearly the point Py is not adjacent

to the point Py in G and since p 1s not adjacent to q and

H and q 1is not adjacent to r In H therefore this implies that there

is at most one point in G (only if s 1s adjacent to r in

ad jacent to both Py and Py which contradicts the hypothesis of the

Theorem (2.1). So all the points in Q must be adjacent to all the

points in P ., Hence H =K , and this establishes the Theorem

n,n,n

(2.1).
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SECTION 3

THE CHARACTERIZATION OF L(Kn(t))

Theorem (3.1): If t and n are integers such that t . 4 and n < 2,

then a regular connected graph G with the valence 2(t-1)n-2, satisfying
the following conditions is the line graph of Kn(t), except for the cases
when (t = 4; n =2 and 3) and (¢t = 5 and 6; n = 2}, if and only if

MW @l Gl

(2) Any pair of adjacent points in G 18 mutually adjacent to
either (t-1)n-2 or (t-1)n-1 distinct points in G ,

(3) Any pair of non-adjacent points in G 1s mutually adjacent to
2,3 or 4 points in G.

We do not know what the situation is for (t = 4; n = 2 and 3) and

(t =5 and 6; n = 2) .

Lemma (3.1): The graph G in Theorem (3.1) does not contain a claw.

Proof: Suppose the contrary and let the graph G have a claw with a
point 0 adjacent to the three mutually non-ad jacent points 1,2 and 3.
Using the notations of Lemma (2.1) and by the hypothesis of Theorem (3.1)

we have

. =
S1p* 8,553, 83+ 8,353 and S,, % 85,,,°3

which gilves 512 + 813 + 523 + 35123 = 9 and since 8123 < 0 therefore

+ 523 + 28 < 9 , Again by the conditions of the

we have 123

S12 % 513

Theorem (3.1) we have

s1 + 512 + 513 + 5123 < (t-1)n-2

52 + S23 + 512 + 5123 < {(t-1)n-2

S3 + 513 + 523 + 5123 < (t-1)n-2
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and by adding we get

S. +S. + S, + 2(S12 + S

1 9 3 + 323) + 3512 < 3(t-1)n-6 .

3

-812 - 813 - 823 - 25123 < -9 therefore

+ 512 + 813 + 523 + 8123 < 3(t-1)n-15.

i3

But we also have

S, +S§_+ 5
2

1 3

Since the valence of 0 is 2(t-1)n-2 ,

8, + 8, + 53 + 8, 513 + 523 + 5123 s [2(t-1)n-2]-3 .

S0 we have

3(t-1)n-15 - 2(t-1)n-5 or n = %%T .

This implies that the lemma (3.1) holds except for (t = 4; n = 2 and 3)

and (t =5 and 6; n = 2).

Definition (3.1): A line in G 1is called a [(t-1)u-2] line, if both

the end points are mutually adjacent to exactly (t-1)n-2 distinct points

in G and similarly we can define a [(t-1)n-1] line in G .

Lemma (3.2): If p 1is a point in G such that every line on p 1is a
[(t-1)n-1] line then p 1s common to exactly 2 line disjoint complete

subgraphs in G each equal to K(t-l)n .

: = - ven b h
Proof: Let A [pl’p2’ ’p(t-l)n—l'ql’qZ’ ’q(t-l)n—I] e the set of
2(t-1)n-2 points in G adjacent to p . Let Al = [pl,p2 ""’p(t-l)n-z s

q(t-l)n-l] be the subset of (t-1)n-1 points that are adjacent to both

p and and let A } be the subset of

2 [ql’q2""’q(t-l)n—2

points in G adjacent to p but not to

P(t-1)n-1
P(t-1)n-1
First we shall prove that the two non-adjacent points in A must be

mutually adjacent to exactly 2 points in A. Suppose not and let Py not

be adjacent to and both be mutually adjacent to 3 points in A

(t-1)n-1
namely 4,59, and p(t-l)n-l ., By the hypothesis each one of the points
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P and q(t-l)n—l must be adjacent to (t-1)n-4 more distinct points

in A other than the three points 4,59, and This implies

Plt-1)n-1
that there are 2(t-1)n-8 total numbers of points In A that are adja-

cent to either p, or to but not to both. But other than

Q¢t-1)n-1
the 5 points pl’p(t-l)n-l’ql’qz and q(t-l)n-l there are exactly
2(t-1)n-7 points in A, this implies that there i{s exactly one point in
A i .

namely dq which is not adjacent to both Py and q(t-l)n—l So we
have a claw in G consisting of 4 points PsP11d; and q(t-l)n-l which
is a contradiction to Lemma (3.1).

Now suppose that Py and q(t-l)n-l the two non-adjacent polnts are

mutually adjacent to exactly one point namely in A. In this

P(t-1)n-1
case we have 2(t-1)n-5 points in A other than the three points P>

P(t-l)n-l and Ue-1)n-1" But each one of Py and q(t-l)n-l must

be adjacent to (t-1)n-2 more distinct points in A, therefore we have
2¢t-n-5 « (t-1)n-2 + (t-1)n-2

which is not possible. So any two non-adjacent points in A must be

mutually adjacent to exactly 2 points in A,

Now since is not adjacent to any point in A2 therefore

P(t-1)n-1
every point in A2 must be adjacent to exactly 2 points in Al and since
all the points in A are adjacent to (t-1)n-1 points in A therefore
this implies that all the points in Al are not mutually adjacent and all
the points in A2 must be mutually adjacent. Without loss of generality
b
let p, not be adjacent to Ae-1)n-1 since both the points are
already adjacent to p(t-l)n-l therefore both are mutually adjacent to

one more point in A, Suppose this point is in Al namely Py - Since

each one of Py and At 1)n-1 i{s adjacent to (t-1)n-3 more distinct
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points in A other than P, and and there are {t-1)n-2

Pe-1)n-1

total number of points in A2 therefore ) is not adjacent to at least

one point say q; in A2 and q(t-l)n—l fs not adjacent to at least one

point in A2 other than q; 587 q,- Since all the points in A2 are

mutually adjacent and two non-adjacent points in A are mutually adjacent

to exactly 2 points in A therefore each one of is

d
Py 80 Q(e-1)n-1
ad jacent to at most 2 distinct points in Az . But other than Py and
p(t-l)n-l each one of Py and q(t-l)n-l must be adjacent to exactly

(t-1)n-3 more distinct polnts in A, Therefore we have

(t-Dn-3 + (t-)n-3 = [(t-D)n-1] - 3 + 4

6
t-1

or {(t-1)n -~ 6 or n = s0 it is impossible except for n = 2 when

t = 4 which {8 an exceptional case.
The other possibility is that P and q(t-l)n-l are mutually adja-

cent to a point in A2 namely q;- This case is valid only if any one of

theee two non-adjacent points is adjacent to all the points in Az because

otherwise suppose that i{s not adjacent to m points Iin A

Ut-1)n-1 2

where 1 “m < (t-1)n-3. In this case note that all the points in A that
are not adjacent to q(t~1)n-1 must be adjacent to Py and vice versa,
since Py and q(t-l)n-l are not mutually adjacent to any point in A
other than q, and p(t-l)n-l and other than these two points p1 and

Ae-1)n-1 2T€ adjacent to 2(t-1)n-6 total number of points in A and

there are the same number of points in A other than Py» p(t—l)n-l’ N

t ]
and qUt-1)n-1 ° This implies that p, is adjacent to the same m < 1

points in A that are not adjacent to 9(¢-1)n-1 and since

2

m< (t-1)n-3 therefore Py is not adjacent to at least one point in A2

namely 4, - So we have Py not adjacent to q, in A and both are

mutually adjacent to m + 1 points in A2 because all the points in A2

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-20-
are mutually adjacent, therefore q, is adjacent to all the m points
in A2 that are adjacent to Py and Py is also adjacent to q in A

But this is a contradiction since for m > 1, m+ 1 > 2 and for m =1

2'

we have not adjacent to one point say a, and both are

Ut-1)n-1

mutually adjacent to {(t-1)n-3 points in A_ which is again a contra-

2

diction, This implies that is either adjacent to no point

9¢e-1)n-1

in A2 other than 95 °C A 1yn-l is adjacent to all the points in

A, W ' tt
9 fithout loss of generality suppose that q(t-l)n-l is adjacen o

all the points in A then this implies that must be adjacent to all

2 Py

the points in A

1 other than q(t—l)n—l .

Now since is not adjacent to any point in Al and all the

¢t-1)n-1

points in A are adjacent to p(t—l)n—l and two non-ad jacent points in

1
A are mutually adjacent to exactly 2 points in A therefore this implies
that each one of p2’P3""’P(t-1)n-2 is adjacent to exactly one point in
A2 and since each one of these points Is adjacent to (t=-1)n-1 total
number of points in A therefore all of these points must be mutually
adjacent, Note that each one of these points is adjacent to a distinct

point in A since otherwise 1if say p2 and p3 are adjacent to the

2
same point say q, in A2 then we have q, ad jacent to more than

(t=1)n-1 points in A which 18 a contradiction., Hence p is common
to two complete subgraphs each equal to K(t-l)n +« Clearly these two

subgraphs are line disjoint since they are point disjoint other than

the polnt p.

Remark {3,2): It is interesting to note that although Lemma (3.2) plays
a vital role in the proof of our theorem, the case it considers does not

happen when G = L(Kn(t)). Since then we have Kn(t) with tn points
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in the sets 81,52,...,8 where lSll = lSzl = L4 = lSt‘ = n and two

t
polnts in Kn(t) are adjacent if and only if they belong to the distinct
$'s, Now let p be a point in G corresponding to a line uv in Kn(t)

joining a point u in S to a point v in § Now since point u {is

1 2°
ad jacent to all the points in 52, 53""’St and the point v 1Is adjacent
to all thc points in Sl’ S3""’St therefore by the definition of a line
graph this implies that p is common to two complete subgraphs in G each
equal to K(t-l)n . Since the n-1 1lines joining the point u to n-l
points in 82 are not incident with the (t-1)n-1 lines joining the point
v to n-1 points in S, and (t-2)n  points in S,eese,S, and the n-1

lines joining the point v to n-1 points in S1 are not incident with

(t-1)n-1 lines jolning the point 1 to n-1 points in 82 and {(t-2)n

points in 53,...,5 therefore this implies that n-1 polnts in one of

t ?
the complete subgraphs on the point p 1in G are not ad jacent to n-1
points in the other complete subgraph and each one of the remalning

(t-2)n points in one of the two complete subgraphs in G must be adjacent
to exactly one distinct point out of the (t=2)n remaining points in the
other complete subgraph in G, This implies that out of 2(t=1)n-2 1lines

in G with p as one of their end point, there are exactly 2{(t-2)n of

[(t-1)n=1] 1lines and the remaining 2n-2 lines are [(t-1)n-2] lines.

Lemma (3.3): If p is a point in G such that at least one line on p
is a (t-1)n-2 line then p is common to exactly 2 line dis joint complete

K
subgraphs in G each equal to (t-1)n °

PrOOf: Let B = {PI,PQ,....P(t_l)n_l,ql,...,q(t_l)n_l} be the set of
2(t-1)n-2 points in G adjacent to p . Let B1 = [p2’p3""’p(t-l)n-1]

be the subset of (t-1)n-2 points adjacent to both p and Py and let
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B be the subset of (t-l1)n-1 points adjacent to

2 ° [ql’qZ"°"q(t-l)n-1)
p but not to p1 .
First we shall prove that all the points in B1 are mutually adja-

cent. Suppose not and let not be adjacent to Pq » Now slnce Py

P2
being adjacent to p must be adjacent to at least (t-1)n-2 points in

B and other thanm the points and Py there are only (t-1)n-4 points

Py

in Bl and Py is already adjacent to Y therefore there 1s at least

one point 1in 82 which is adjacent to Py and let this point be q; -

Now since ¢, {5 not adjacent to p1 and both are adjacent to p there-
fore there are the following 6 possibilities:

(i) »p

i and q, are mutually adjacent to one point in B and ay
Ls adjacent to (t-1)n-2 points In B,
(is) Py and q, are mutually adjacent to 2 points in B and qy
is adjacent to (t-1)n-2 points in B,
(1i1) Py and N are mutually adjacent to 3 points in B and 4,
is adjacent to (t-1)n-2 points in B,
(iv) Py and q, are mutually adjacent to one point in B, and 4,
is adjacent to {(t-1)n-1 points in B,
(v) Py and q, are mutually adjacent to 2 points in B and a,
i{s adjacent to {t-1)n-1 points in B,
(vi) Py and q, are mutually adjacent to 3 points in B and d;
is adjacent to (t-1)n-1 points in B,
Since we have (t-1)n-2 points in 82 other than q, and in (1)
q, is already adjacent to one point in B1 (since Py is only adjacent

to the points in Bl) therefore there is exactly one point say q, in 82

not adjacent to q, and hence to p, . Similarly in (v) there is exactly
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one point in 82 say q, which is not adjacent to 4y and Py - in

(ii) and (vi) there are exactly 2 points in 52 namely q, and q,

which are not adjacent to 9, and p1 and similarly in (1i1) there are
exactly 3 points in B2 which are not adjacent to q and Py- So this
implies that in (i), (ii), (iii), (v) and (vi) there is at least one
point in 32 namely q, not adjacent to both p1 and 9, sthis implies
that in these cases there is a claw in G consisting of the 4 points
namely P,p,,q; and q, which contradicts Lemma (3.1) therefore these
cases are not possible.

In case (iv) where all the points in B2 are adjacent to 4y first
notice that all the points in B2 must be mutually adjacent since otherwise
if 5 is not adjacent to say 9, then we have a claw consisting of 4
points namely p,P;,q, and q, which contradicts Lemma (3,1), Similarly
all the points in Bl other than the point

since otherwise 1if Py is not adjacent to

p, are mutually adjacent

P, then we have a claw con-

sisting of 4 points namely P,qy,P; and p, which contradicts Lemma (3.1).

This implies that p2 is adjacent to at most 2 points in 32 and at most

2 points in B1 other than the point Py because otherwise if p2 is

ad jacent to more than 2 points in 32 BaY q,9d4 and q, then since

there are (t-1)n-2 points in 82 other than q, , and Py is already

ad jacent to q, and Py in B therefore there exists at least one
polnt in 82 not adjacent to P, and let {t be 9 - So we have Py
not adjacent to 9 and both are mutually adjacent to 5 points in B

namely Psdipsdydy and q, which contradicts the hypothesis of Theorem

(3.1). On the other hand, if Py is adjacent to more than 2 points in

B, say P,,Pg and p. then we have p, not adjacent to and

i Pq
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both are mutually adjacent to 5 points in B namely PyPysP,s Py and P,
thich contradicts the hypothesis of Theorem (3.1). So P2 fs adjacent
to at most 6 points in B, But since p 1is adjacent to p2 therefore
there are at least (t-1)n-2 points in B adjacent to p, . So we

have (t-1)n-2 = 6 or n = ;%T . Hence case (iv) is also valid except

5, n = 2) which are the exceptional cases.

n

when (t = 4; n=2) and (t
So all the points in B1 must be mutually adjacent,

Now it is easy to check that if all the points in B1 are mutually

ad jacent then all the points in B2 must also be mutually adjacent since
otherwise 1if 4y is not adjacent to 1, then we have a claw consisting
of 4 points namely p,pP;s9; and 9, which contradicts Lemma (3.1). This
implies that the point p 18 common to exactly 2 complete subgraphs

one is on the points in 82 U [p] and the other one is on the points in
B1 U {p,pI] . Since both of these K(t-l)n are point disjoint other than

the point p therefore they are also line disjoint,
Lemma (3.,4): G 1s a line graph,

Proof: By Lemma (3.2) and (3.3) we have proved that every point in &
is common to exactly two complete subgraphs each equal to K(t-l)n and
since these complete subgraphs are line disjoint and G is regmlar of
degree 2(t-1)n-2 therefore this implies that every line in G 1is on
one and only one K(t-l)n . This implies that all the lines in G can
be partitioned into complete subgraphs K(t-l)n such that every point
{s common to exactly two of the complete subgraphs, therefore by [6] G

is a line graph,
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Proof of Theorem (3.1): It is easy to check that the conditions of the

theorem are necessary, since if G = L(Kn(t)) then, by the definition
of a line graph, the number of lines \;)nz in Kn(t) {s the number
of points in G , therefore lV(G)l = \;)nz .

Next, let SI’SZ"'°’St be the subsets of points in Kn(t) such

that ‘S = [Szl = L,e = lStl =n and let L where 1 < j and

ll 1j

f=1,2,...,t, § = 1,2,...,t be the subsets of lines in Kn(t) such

that Lij consists of n2 lines joining the points in S1 to the points
in Sj . Clearly 1in Kn(t) two incident lines from the same subset of
lines Lij are mutually incident with (t-1)n-2 more lines in Kn(t)

and two incident lines from distinct subsets of lines are mutually in-
cident with (t-1)n-1 more lines in Kn(t) and since G = L(Kn(t))
therefore this implies that in G, two adjacent points are mutually adja-
cent to either (t-1)n-2 or (t-1l)n-l more points.

Now since two non-incident lines in the same subset of lines say le

are mutually incident with exactly two more lines and since two non-incident

lines in two distinct subsets of lines Lij and ij where 1 < J <k
are mutually incident with 3 more linea and two non-incident lines in two
distinct subsets of lines Lij and LkL where i -k or 4 or

j - k or & are mutually incident with exactly 4 more lines

and since G = L(Kn(t)) therefore this implies that in G, two non-

ad jacent points are mutually adjacent to 2,3 or 4 more points.

To prove that the conditions are sufficilent, we proceed as follows:
By Lemma (3.4) G 1is a line graph. Let ¢ be the line graph of a graph
H . We have to prove that H = Kn(t) .

Since G = L(H) and G 1is regular and connected therefore by [5]

H 1is either regular or H {is bipartite and not regular. We shall prove
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that H 18 not bipartite and irregular. Suppoge not and let H be
bipartite and irregular and let V(H) = V1 U V2 such that IVI\ =n
\ =n, and Vlll V2 = § where 0y ¥ n, and let H = Knlnz .

Now since the valence of G 1is 2(t-1)n-2 therefore every line in H

and le

{s incident with 2{(t-1)n-2 more lines in H and since H=K

therefore we have

(3.5) n, *m, - 2 =2(t-)n-2 .

But in this case note that two incident lines in H are mutually incident

with either nl-2 or n2-2 more lines in H, Since G = L(H) therefore this

implies that two adjacent points in G are mutually adjacent to either n1-2
or n2-2 more points in G and by the hypothesis of Theorem (3.1) we have

n1-2 = {t=1)n-2 or n1-2 = (t-1)n-1 and n, -2 = (t-1)n-2 or n2-2 = {t-1)n-1

2
since ny # n, therefore if n1~2 = (t-1)n-2 then n2-2 = (t-1)n-1 or if

n1-2 = (t-1)n-1 then n2-2 = (t-1)n-2, But in any case we have n1+n2-& =

2(t-1)n~-3 or n1+n2-2.= 2(t-1)n-1 which contradicts (3.5). So H must be regular.

Now since H 1s regular and every line in H 1is incident with
2(t-1)n-2 more lines in H since the degree of G 1s 2(t-1)n-2, this
fmplies that each end point of a line in H 1is adjacent to exactly
(t-1)n-1 more points in H and this implies that H must be of degree
(t-1)n. Since lV(G)l = t(e-1) n2 therefore total number of lines in

2

H 1is Ei%:ll n2 . Let lV(H)l be the total number of points in H

then we have

lvaD | x (t-1n _ t(t-l]nz
2 2

which glves |V(H)l = tn . So H 18 regular of degree (t-1)n with tn

points.

Now let P be the set of (t-1)n points in V(H) that are adjacent
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to a point p in H, and let Q be the set of n-1 points in V(H)

that are not adjacent to p. We shall prove that all the points in Q

must be adjacent to all the points in P. Suppose not and let a point

q € Q not be adjacent to a point r € P, Since the degree of

q 1is

(t-1)n and there are (t-1)n points in P and q 1s not adjacent to

¢ in P therefore there exists at least one point s € Q adjacent to

G. Now since G = L(H) therefore let Pi be the point in

ing to the line joining the points p and r fn H and Py
point in G corresponding to the line joining the points q
H. Clearly P, is not adjacent to P, in G and since p
adjacent to q and s in H and q 1is not ad jacent to r

therefore this implies that there is at most one point in G

correspond-
be the
and s In
is not
in H

(only 1f

s 1s adjacent to r ia H) adjacent to both Py and Py which contra-

dicts the hypothesis of the Theorem (3.1). 5o all the points

in ¢ must

be adjacent to all the points in P. Hence H = Kn(t) and this esta-

blishes the Theorem (3.1}.
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SECTION 4

THE CHARACTERIZATION OF L(Kmn)

Theorem (4.1): A graph G with the tollowing properties is isomorphic

to L(Kmn) where m and n are integers such that m 2 n 2 2, if and
only if

(1) G 1is regular of degree m+n-2, with mn points,

(2) Two non-adjacent points are mutually adjacent to exactly two
points in G.

(3) Two adjacent points are mutually adjacent to either m2 or
n-2 points in G.

For m - n = 4 the theorem does not hold and there i3 a counter-
example by Shrikhande [171].

Proof: It is easy to check that the conditions of the theorem are

necessary. To prove that the conditions are sufficient, we shall first
prove that G 1is a line graph of a graph say H by [6) showing that
all the lines in G can be partitioned into a family of cliques such
that any two cliques of the family have at most one point in common, Then
we shall prove that H = Kmn

To prove that G 1is a line graph, let p be a point in G adjacent
to m+n-2 polnts in a subset A of V(G). Llet B be the set of
(m-1)(n-1) points in G which are not adjacent to p. By (2) every
point in B 1is adjacent to exactly two points in A, By pairing p with
each one of the points in A, we get m+n~2 pairs of adjacent points,
Let, for some integer k, m+k of these palrs be mutually adjacent to m2
points in A and rest of n-k-2 palrs be mutually adjacent to n-2

points in A. Since the degree of each point in @ is m+n-2 therefore

each one of the m+k polnts in A s adjacent to n-1 points in B and
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each one of the n-k-2 points in A 1{s adjacent to m1 points in B.
Since each point in B 1is adjacent to two points in A, therefore we

have

(m+k)(n~1) + (n-k-2)(m~1) = 2{m1)(n~1)
which gives k = -1, So for m > n, we have a subset AI of A con

aisting of m1 points such that each point in A is adjacent to m-2

1
points in A and n-1 points in B, and we have a subset A2 of A
conststing of the rest of n-1 polnts such that each point in A2 is
adjacent to n-2 points in A and m1 points in B, For m = n, every
point in A 1is adjacent to n-2 points in A and n-1 points in B.

For m > n there exists at least one point namely gq € A2 which is
not adjacent to at least one point, namely r '3 Al (since q 13 adjacent
to exactly n-2 points in A and there are m1 points in Al). For
m = n, {there Aare no subsets Al and A2 of A) there are at least two
points in A which are not adjacent to each other and without loss of
generality let these pnints also be gq and r.

Now we claim that for m 2 n » 4, q and r are not mutuaslly adjacent
to any point in A,

To prove our claim, suppose the contrary and let a point say s 1in

A be adjacent to both q and r. By (2) g and r are not mutually

adjacent to any other point in G. This implies that there is exactly

]

N (m+n-2) - 2 -~ 1-[(m3) + (n-3)] 1 point say t in A which is
neither adjacent to q nor to r and 8ll other points in A are either
adjacent to q or to r but not to both except s, Now t 1s either
adjacent to n-2 points in A or to m-2 points in A. Since m > n

therefore t is adjacent to at least n-2 pointas in A, Since n-2 > 2

therefore t 1is adjacent to at least 3 points in A. Since all the
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points in A other than s are either adjacent to q or to r, this
implies that at least 2 of the 3 points in A which are adjacent to
t wmust also be adjacent to either g or to r which along with the
point p contradicts (2), So q and r are not mutually adjacent to
any point in A. Let Al] be the set of m=2 points from A adjacent
to r and let A be the set of n-2 points from A adjacent to gq.

22

For m = n, All contains n-2 points of A adjacent to r and A22
contains the remaining n-2 polnts of A adjacent to q.
Now we claim that for m 2 n » 4, no point in A}l is adjacent to
a point in A22.
To prove this, suppose the contrury and let a point say a € All be
adjacent to a point say b € A22' Now b 1is adjacent to either n-4 or
m-4 more points in A other than the points g and A and since m 2 n
therefore this implies that b 1is adjacent to at least n-4 > 0 more points
in A. Now if any one of these n-4 polints is in All say ¢ then we have
r not adjacent to b and both are adjacent te 3 points p, a and
¢ which contradicts (2). This implies that all of the n-4 points adjacent
to b must be in A22. Since there are n-3 polnts in A22 other than b

and b 1is adjacent to n-4 points in A22 therefore there is exactly one
point in A22 which i3 not adjacent to b and without loss of generality,
let this point be d. Now d is adjacent to either n-3 points or to m-3
points in A other than q and since m2 n therefore this implies that
d 1is adjacent to at least n-3 more points in A. Since n-3 > 1, there-
fore d 1is adjacent to at least two more points in A other than q., Now
if any one of these two points is in A22 say e then we have b not

adjacent to d and both are adjacent to 3 points p, 9 and e

which contradicts (2), and if both the points are in All then these two

points along with the point p are 3 points adjacent to two non-adjacent

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



-31-
points r &and d, which contradicts (2), This proves our claim,
Now for m 2 n, s8ince no polint in A22 is adjacent to any point in

{r] UA_ , therefore this implies that each point in A, 6 must be adjacent

11 22

to the remaining n-3 points in A and since all the points in A are

22 22

adjacent to q therefore this implies that A, = {q} U A22 and the induced

subgraph on n points in fel U A2 is Kn and this in turn implies that

Al = fr} U ALy and the induced subgraph on m points in {pl U Al ls K .
Now we have to prove that for m > n and n £ 4 the induced subgraph on

m—1 points in Al is Km-l and the induced subgraph on n-1 points in Az is

Kn-]' Suppose not and let a point say r in Al not be adjacent to a point

say u in Al. Since r and U are already adjacent to p therefore by
(2) r and y are mutually adjacent to at most one point in A, So there
are two cases:

(1) r and u are mutually adjacent to no point in A,

(11) r and u are mutually adjacent to one point in A,
In case (i) since each one of r and u 1is adjacent to distinct m-2 points

in A and A has (m1)+(n-1)-2 points other than r and u therefore we

have (-2) + (m=2) < (m1) + (n-1) - 2

which gives m < n, which is contrary to the hypothesis m > n. In case (ii)

we have (m3) + (m3) + 1 < (m1)+ (1) - 2

which gives m < n + 1 which is contrary to the hypothesis m > n except for
the case when m = n + 1 and n < 4 which we shall consider later. This im-
plies that the 1nduced subgraph on m1 points in Al is Km—l and this further
implies that the induced subgraph on n-1 points in A2 must be Kn—l' Since

p 18 adjacent to all the points in A therefore the induced subgraph on

m points in {p} U A, 1s K _and the induced subgraph on n points. in

fpl ua, ts K.
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Now we shall consider the exceptional cases when n <€ 4 and
m=mn+1 and when n < 4 and m = n . So there are the following
possibilities other than @m = n = 4,

(4.2) m

It

n= 2 (4.3) m=n= 3 (4.4) m=3, n=2

fl

(4.5) m

i
"

4, n= 3 (4.6) m=15, n =4

The cases (4.2), and (4.4) are trivial therefore we
shall only consider the cases (4.3), (4.5) and (4.6).

In case (4,3), let A = } be the set of points adja-

(PypsPy3Pp1sPy)

cent to a point Now each point in A 1is adjacent to exactly one

P11 *

point in A and without loss of generality, let be adjacent to

P12 P13

then must be adjacent to This {mplies that A, = {p12’p13]

Pa1 Pgp -

and A ]. So the subgraph on the points in Al U {pll] is

2 [921’931

K3 and the subgraph on the points A2 U {pll] is also K3 .

} and A, = | } and

In case (4.5), let Al = [Plz,Pl3,P14 2

Pr12P4

A=A UA , Let

1 2 Since

be ad jacent to and not to

Pi2 P21 P1g »

each point in A is adjacent to only one point in A therefore the

2
point to which both P19 and Py, are ad jacent must be P32 89 Py

must be adjacent to Pi4 since Py and P, are not mutually adjacent

to a single point in A therefore both are mutually adjacent to one
point in B (B 48 the set of points in G which are not adjacent to

pll) and let 1t be and let and Py be adjacent to and

Pa3 Po1

and P3, be adjacent to Pyy and not to Pyy

P22

not to and let

P31 P33

and let be the point not adjacent to both p21 and p31. Since

P13

is not

L

and Pay are mutually adjacent to p11 and p12 therefore p13

ad jacent to any point in B which is also adjacent to and similarly

P21

is not adjacent to any point in B which 1s also adjacent to

P13 P31
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and this is impossible because there is only one point in B name ly p32

which is not adjacent to any one of the points Pyl and Pyy. But Pjyq

must be adjacent to 2 points in B. So the Induced subgraphs on the points

in A
n A, U {pll} is l(4 and on the points in A2 U [pll} is KB'

In case (4.6),let A = Al U A } and A_ =

2
{pzl,p31,p41} and let Pio be adjacent to Poy but not to Pyg: There are twocases,

h A
where A,

2 = (PP 3iP,sPy s

(1) The point which is adjacent to both is in A

P12 Pis 1
(2) The point which is adjacent to both p,, and p,, is in A

and

2

In case (1) without loss of generality, let be adjacent to

P14

both P1y and P15 - Now is adjacent to 3 points in A and two

P1g

are already in Al and for the third one there are two cases:

(i) The third point adjacent to p,, is in Al .
(ii} The third point adjacent to Pla is in A2 .
p11. P12 P13 P1a Pis
P21
P31
Pay
In case (i) the third point adjacent to pl& must be Pig Let Pio
be adjacent to P1ys and Pis be adjacent to Pay and Pu1e Now the

must be in A gince each one of the rest

third point adjacent to P13 2

of the points in Al is already adjacent to 3 points in A, Now Iif P13

is adjacent to then we have not adjacent to and both are

Pa1 P21 P1y

adjacent to 3 points P112P)2 and Pi3 - If Pi3 is adjacent to Pyq

then we have Py not adjacent to Pia4 and both are adjacent to 3 points
P11°P13 and Py and 1f p13 is adjacent to Pl then we have P14 not
adjacent to P41 and both are adjacent to 3 points Pi1°P13 and P15

which contradict (2).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 34_

In case (ii) first notice that the third point in A2 ad jacent to

P14 cannot be Pa1 because otherwise P13 must have to be adjacent
to both Pyy and P41 and we have Pa1 not adjacent to Pul and both
are adjacent to 3 points P,,,P,4 and Py 4 contradiction.
i
P21
P31
Pa1
3 -
© Py is adjacent to any one of P3y and Pry Without loss of gen
erality, let Pis be adjacent to P31 then P13 is adjacent to Ps1
and p .
41 P11 Prz P13 P1a P15
L J
P21
P3
P41
Now consider the points pu‘,pm,p31 and Py Since Py is not

adjacent to and both are already adjacent to two points in A,

Py

therefore each one of them 1s adjacent to & distinct points in B,

So we have 8 distinct points in B adjacent to and Py Similarly

Pa1

the 4 points in B adjacent to must be all distinct from the 4

P21

points in B adjacent to P - Since and Pay are not mutually

P21

ad jacent to any point in A and Pa1 is not adjacent to therefore

P31
Py and Pa1 are mutually adjacent to exactly one point in B, This

implies that there are exactly 11 points in B which are adjacent to

i d tt
p21,p31 and Pi1 and only one of the 1l points in B 1s adjacen o

both and both

Pyy and Pqy - Now since Py {s not adjacent to Pyq
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P11 and Pio- Moreover is not adjacent to and

P14 P41
both are adjacent to P11 and P1s therefore P14 could be adjacent

to either 3 points in B which are only adjacent to but not to

P31 Py

or p&l; or else pl& could be adjacent to the one remaining point in B which

is not adjacent to any one of and and 2 out of 3 points

Pr12P3 Pi1

in B which are adjacent to only p31 . But in either case we have two

ad jacent points and both adjacent to more than 3 points which

P1g P

contradicts condition (3) of the hypothesis.

In case (2) without loss of generality, let be the point in A

Po1 2

adjacent to both and Now we have two cases,

P12 P15 *

(1) and are adjacent to two more distinct points in the

P1o Pis

same Subset Al or Az .

(i1) Among the other two points adjacent to one is in A and

P12 1

the other is in A2 and from the two points adjacent to Py5 oOne is in
Al and the other is In AZ
In case (i) either Pio is adjacent to Py and Pai? and Pys is
ad jacent to p13 and p14 or vice versa. Since the proof is the same in
either case therefore we shall consider the case where P is adjacent
to P13 and Plg? and Pis is adjacent to Pyy and Pu1 *
P11 Prz P13 Pia P15
[ ]
P21
P
Pa
Now Lt {s easy to see that Pay cannot be adjacent to Ps1 because

otherwise we have and both adjacent to only 2 points in A

P13 P14

(pl3 is ad jacent to P1o and P14 and P14 is adjacent to P and p13)
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which 1s contrary to the fact that each point in Al {s adjacent to
3 points in A, So P31 is not adjacent to Pii and without loss of
generality, let P31 be adjacent to Pyg» and P41 be adjacent to 278

and Py be adjacent to Now both the points in the pairs (p21,p31),

P1g

(p21,p41) and (p31,p41) are not adjacent to each other and both are
ad jacent to a point Pys in A. This implies that each one of the points
PypsPqy and Ps1 {s adjacent to a distinct set of 4 points in B.
Let Poy be adjacent to & points in A3 = {p22’p23’p24’p25} R

Py be adjacent to 4 points in A4 = {p32,p33,p3a,p35} s

Py be ad jacent to 4 points in AS = [942'943’paa’pa5] .
Now P13 is not adjacent to Pa1 and both are adjacent to P12 therefore
Pi3 is not adjacent to any point in A3 . Similarly Pl3 is not adjacent
to P,y and both are adjacent to Pig therefore P13 is not adjacent to
any polint in A5 ., This implies that all the 3 points in B which are
ad jacent to P13 are in A& and this implies that P13 and Pyy two

ad jacent points are both adjacent to 3 points in B and the fourth
point is pyy which contradicts (3). Similarly we can prove that p,,
must be adjacent to 3 points in AS to prove that P1a and pl‘1 are

both adjacent to 4 points, another contradiction.

In case (il), without loss of generality, let Py be adjacent to

. d .
P3y and P13 ; and Pys be adjacent to p,, an Pi1
P11 P12z P13z P14 P15
. - -
P2
I;)31
P41

It is easy to see that P31 cannot be adjacent to Pi1 therefore let
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Pay be adjacent to P13 and Psi1 be adjacent to Prge Agaln Py 1s

not adjacent to and both are adjacent to therefore and

Py P12 Py

p31 are adjacent to distinct subsets of points im B each consisting of

4 points. Let be adjacent to the peints in A3 and Py be adjacent

Py

to the points in A Similarly and are adjacent to distinct

Pai Pu1

be adjacent to all the points in A6 =

£+ -
points in B and let Psui

[p32,p&3,p4a,p45], The reason we have A4 N Aﬁ = {p32] is that P31 and

Pa1 both are not mutually adjacent to any point in A therefore both

must be adjacent to one point in B. Now P13 1s not adjacent to Poq

and both are adjacent to Pyg therefore {s not adjacent to any point

Pi3

in A3 and similarly P13

out of the 3 points in B to which P13 is adjacent could be

is not adjacent to any point in Aﬁ. Now one

Py2 (since

is not adjacent to and ). So at least 2 of the 3 points

Pa2 P21°P31 Ps1
to which p,, 1s adjacent in B must be in A, - {PJZ}‘ This implies

that and P31 two adjacent points In G are both adjacent to at

P13

P112P)2 and at least two points in A4 other than

which contradicts (3). Similarly P1s is not adjacent to p,, and

least 4 points namely

P3p

both are adjacent to therefore is not adjacent to any point

P14

is not adjacent to any points in AB and

P13

in A4 and similarly P14

moreover could be adjacent to Py So if P14 i3 adjacent to

{s adjacent to at least 2 points 1in

P14

then this implies that

Pu2 P14

Ab - [p32} which in turn implies that P14 and Pu1 both are adjacent
to at least 4 polnts and two of the 4 points are P11 and Pys which
contradicts (3). Hence the induced subgraphs on the points in Al U [pll}

is K5 and on the points in A2 U [p11] is K4 .
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We have now seen that, in all cases that concern us, G contains
a family of cliques and that

(1) for each point p of G, there exist exactly two cliques
of the family whose union contains all points adjacent to Pp.

(11) any two cliques of the family have at most one point of G
in common.

It follows [6) that G 1is a line graph. We further know that

}

(iit) 1if K and KZ are the two cliques containing p, and if
1 2 .
p#fq, g €K, pfr, r €K, then q and r are not adjacent.
This means that, if G = L(H), H contains no triangle. It
follows that H must be bipartite, If not, let C be the smallest

(odd) cycle contained in H., C cannot be of order 3, since H contains

no triangle, If C is of order 5, say

then in G, point a and point d are mutually ad jacent to exactly one
point of L(H) = G, contradicting (2)., Clearly, the same argument works
{f order of C = 7,9,... so H 1is bipartite. Indeed, H must be a
complete bipartite graph, otherwise H would contain a cycle of {even)
order < 4 with no chords, again contradicting (2). Hence, H is a
complete bipartite graph, say Kab' a » b. Now since ]V(G)| = mn there—
fore ab = mn, moreover the valence of G is m+n-2 therefore a+b-2 = m+n-2.

From these two equations it follows that a = m and b = n, therefore
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Supplement: Spectral Characterization of L(I{n n n)
el §
i. INTRODUCT IO

If G is a graph, its lne graph L(G) has for its vertices the edges

ol G, with two vertices of L(G) adjacent i1 the corresponding edges of G

have . cobmon vertex. 10 G is a graph, it adjacency matrix A(G) = (ai,)
]
is defined by the tolae: ;111 = 1 it i and | oare adjscent vercices of
0 otherwise,  The svabol K stands lor a graph with 2n vertices, parti-
n,t

tioned inte two sets of n vertices evach, such that two vertices are adjacent
if and only it thev are in ditferent parts, The symbol K denotes 3

: : n,n,n
praph with 3n vertices, partitioned into three sets of novertices cach,
such thiat two vertices are adjacent It oand only If they are in different
parts.  The matriz which has all entries unity is denoted by J.

In [h], &. sirikhande proves the dollowing theorem about

LK ). Lot

n,n

)
(r.1) N(x) = 715(}(;-'(11‘{0)1-1 - (en=4)).

<

If ¢ is a praph with \V(!J): - n , n=-2 and i1 A = AG), Q(A) = T,

where Q(x) is delined by (1.1), then 6 = I.(K1 ) unless n = 4 (where thern»
1]

is exactly one exception). We shall discuss the analogous question for

L(K

n,n,n

Hirorer. et

(l1.2) P{x) = é (x-{ 0n-2)) (x-(u-2)) (x+2).
' 1 L2 .
It € is a4 graph with (V{0 ] = 307, n_2, and i1 P(A{G)) = J, where

P(x) is detined by (1.2), then G = I(} ).

n,n,n

Hote that, by countrast with [6], there are ne exceptional values of n.
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2. POLYSOMTAL OF A GRAP'H

In this section, we [irst show thar l’(z’\(L(Kn N n))) = J, Then we
» *
3
prove that, if P(a(e)) - 1, where !V({I)i'—- dnT, then G is a regular connected

graph with valency 4n-2, whose adjaceney vt rix has cipenvalues 4n-2 (of
multiplicity 1), Mn-2 (ot wmultiplicity 3n-3}, n-2 (of maltiplicity 2},
: S 2

and -2 {of multiplicity In~ inj.

e begin by explaining the concept of polvnomial of a graph [4 1.
If H is anv praph such that there is some polynomial R{x} with R(A()) = J,
then H is repular and connected.  Conversely, assume H ropular and con-
nected of valenco d, |V(H}i = m, aund A(E) has clvl.l -f<r as its distinet

cipenvalues.  Define Q(x) by

cfi—, i)
(2.1) QUx) ~ 1 ———— .

“(d—ii)
Then Q(x) is the unique polynonial R{x) of least depree satisfylng
RCA(H)) = J; §i R(x) Is anv polynomial such that wiA(H)) = J, then
R{x) = 0(x) + S(x) (x-d)n(XHui), where S(x) is an arbitrary polynomial.

Let us therofore find the eigenvalues of A(L(Kr,n’ Y. As ex-—
plained in {2 |, i1 . is a repular connected graph on m vertices of valence
d, with distinct eipenvalues d»bl>...>hr of respective multiplicities
l,ml,...,mr, and if Hr>—d and (md)}/2-m, then L{G) is & regular connected
graph on (nd)/2 vertices of valence 2d-2, with distinct vigenvalues
Edv2»ﬁl+d—2'...-;r+d—2-"!. ot respeetive naltiplicities l,ml,...,mr,(md)fz-m.
Now K 0 has 3n vertices and distinet eipenvalues Zn of multiplicity

1,0 of multiplicity dn-3, -no of multiplicity 2. {t Follows that

(2.2) ;\(I,(KI'l 1) has eigenvalues

,Nh,n
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4n-2

2n-2

n-2

From

e

(2.1), we

Low suppuose that Qs

where P(x)
arce piven b the nuubers in
thie second

until Tatere B

polynomial ot 1 or Plx) Qs t

multiple ot
The

is impossible, first o

By [41 6 is a cligue on nT ove
P{x).

But this is Impossibl

has 3 distinet eipenviloes d

(x=) (x-'t]) {(x=1)

This implies that G and 4
Une of then mast bhe -2, sinc
(2.3 and {1.2) we have eith
24 | n

La ]t ———— )

( ) ‘ (d+)) (1 (n 21)

ar

3

Thn =

(2.9) -d+ WE2 -2 21
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In both (2.4) and (2.5), this implics d = 4n=2. But there is no regular
2 . , . . o .

counected graph on In~ vertices with distinet oivenvalues 4n-2, n-2, -2
or with distinet eivenvialues 4n-2, 2n-2, -!.  lhe reason is that, in bota
cases, one can caleulate the multiplicitics of the remaining cipenvalues,
using TrA = 0 and the fact that the soltiplicity of 4dn-2 is 1. Lhen
2 .2 . , . L2 .
Tra“ = In " (4n-2), since the diagonal entrics of. AT are all 4n-2.  But the
other caleulation or TrA~ is the sum ob the sguares of the eigenvalues of A
reveals a contradiction,

Mhis proves that the numbors appearing in (2.2) are the complete

list of diotinet cipenvalues ot G, To verify thet the mudtiplicities are
3

correct, let " be the multiplicity ot 2pn=2,w, the multiplicity of n-2, m

the multiplicity ot -2, We know

'J
m1+m2-+-m:j = jn" -1
(n=-2) m r(-Du +(~2)m., =-(an=2), sinve TrA = U
1 2 }

) It 4 ) .
e M) hmi+ (:1—2)711.) +(=2) ‘rl,iiiut {(4n=-2)- (u’an—Z)2 ,

» 3
since TraA™ = 3n"(4n-2).

This system of equations can be solved, giving the desired answers,

But we can avoid the calculation by appealing to a principle of sufficient

information. 5Hince we know the answer is unique, because the Vandermonde
mitrix is nonsingular, and the only intormation neceded is that (1.2) 1s the
polynomial of G, we can know the unique answer §t we know it for any graph

(. satisfying the condlition, namely L{K
: n,n,n
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. PROO¥ OF THEOREM

Qur object 1x Lo establish (3.15) and (3.16) below, Very recent
results ol Cameron, toethals, Seidel and Shalt [1] enable one to go di-
rect]ly trom the preceding matervial to (3.195) it n-2. The following nore
pedestrian aryuent (covering also n=2) may nevertheless be of some interest,

Woe begin by considering the matrix

¥

(3.0 B = 3I-t=A) F (20-1) A - AT + (4n-=-1)1,
where 0 satistics (1.2) and A = A(G), Observe that every diagonal ontry of

) , 2 . .
B ois 1. Ve Tirst prove that B has eigenvalues nooof maltiplicity 3, and 0
of multiplicity $n -3, The proof 1s to use the resulis of the preceding

i ) , 2

section, and the fact that b and A commute, with the evipenvalue 3n” of ]
corresponding to the eipenvalue 4n-2 of A, une can then calculate.  Al-

ternatively, one can use the principle ot sufticient information to describe

B0if A= ACL{E 3
Ny, n
Next, woe prove that cevery entry in B is 0 or 1. To do this, it

1
ig sulticient to show that, for each i, },hi, = . b 'Ii. But we can calculate
S i
b

“

the former sum by using the ltact that Je=73n e, Av=(4n-2)e, where ¢ is the

)
vector of 1's.  We can caleulate the latter sum by observing it (B )ii.

., .
Since we Fnow ) = A“, (4n-2) = (‘\L)ii‘ and (:"«j)jj and (AZ')ii can be cal-

b

d oo . 2
culated Trom (1,2), and Sy, = dn", (A1), . = (IAY . = 4u=2, (A"J).,, =
ii {i i il
5 ¥ ")
(.IA")“ = (4n-2)" it follows that we can calculate (Iih)“. The desired
result will tollow trom the calceculation, and ve inveke the principle of

sufficient Information and avold the calculation.

Since ecach b - 1o and Iods positive semi-detinite, 1t follows
i
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that hij = 1, ll]k = 1 fmplies hik = 1. Gthervise
11D
111
011

which tias 12 0 tor one ot its eicenvalues, wonld be a principal submatrix

ol B, contradicting the fact that B is positive semi-detinite, S50 B is
A matrix with bhlocks of I's on the diaponar, O everywhere else,  But since

“}
B has exactly 3§ nonsero cigenvalues, each n”, B in fact has exactly 3 0's

2
on the diaponal, cach of order n”. We call the cvorresponding three sets
of vertices V UV V and they partition Vo= V(). the corresponding

11 ‘1! ,)I

induced subrrapns we call ¢ io. dow the detinition ot B in (3.1)

1ty
tells uy

(3.2) it v, '\'i(i-1,._’,")). v and w not adjacent there are exactly two
vertices in Y oadjacont to both,

(3.3 10 v, wev (i 1,2,3), v oand w adjacent, there are exactly 2n-2
vertices in V adjacent to both.

(3.4) i vi-\"i, \']-‘Jj(ifj), v, and v} not adjacent, there are exactly
3 yvertices in Vo oadjancent to both,

(3.5) If vi-\’i.vi-‘-"i(i#j), v, and ‘.'] adjacent, there are exactly JIn-|

vertices in V adjacent to both,

Hext wi show
(3.6) cvery vertex in ‘s’j(-i=],2,'3) s valence 2n-2 In l‘;i. This follows
from observing that the piven valence is a diagonal entry in AB.

3.7) Lverv vertex in V. is adjacent to exactly n vertices in V. and
i J . i

exactly n o vertices in \-‘k, i,i,k distinct.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



- 45-

To prove (1.7), tirst partition A{0) as

A]]_ nlz f\l,}

ALY - Ao Mo By

Ay A Ay

§
here NG i 1,2,3. Let €, = ; )= . We
whery Aii A i), P1,2,13 Let (l |A“,A12.\].5!, i] [“12,;\_1_‘}.] We

: . R
calculare the sum of the square of the entrics of ['1('1 in two ways, namely

o

T .
e'(('.l(,‘])(- = (e-'t'.l)(l',:(-). The matrix (II(I]I iu the tirst diagonal block ot

] ‘1

AL By 3.2y, (3.4, and the dact that cach diagonal eatry ol AT s

) 1 . I | Yo _T
hn-2, o© ((,11.1)0 can be caleulated. oo the other hand (e (1)((.,10) 1s the
sum of the squares of the suns ol the colurms of (j] . The column sums
. gl : o . Z,.
in A]l Are all 2n=2 by (3.6). The remaining column sums add up to n {2n).
The mininum possible value tor the sum of the squires of the column sums in
[)1 occurs If and onlv if they are all equal, nancely n. But that minimum
is what happens (by the principle of suilicient information). lence, each
vertex in V., and cach vertex in \’,3 is adjacent to exactly n vertices in

y Clearly this argument proves (3.7) for all i,j,k.

1

LY I o vowe v, (E=1, 2, 3) and are not oadjacent there are exactly two
i L] . ¥ y

vertices in \-’i adjacent to v oand w.

To prove (3.8), assume vw V], not adjacent , v \’J adjacent to both
v and w (recall (3.2)). Let y be the other vertex adjacent to v and w,
Suppose first that v is adjacent to x. Then by (3.9) there are exactly 2n-2

other vertices adjacent to x and v, but not Lo w, and exactly 2n-2 other

vertices adiacent to x md w, but not ta v.  Counlime v, W and v, this glves

3

il

An-1 vertices adiacent to x, which b valence A= a contradiction,
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suppose v is not adjacent to x.  Then we get 4n vertices adjacent to x,

also a contradiction,

(3,93 4 V., the novertices in V. (i41) adjacent to u in (3.7) torm a
1 I

conplete sabyraph in V.
i

Utherwise, we wonld have two vertices in Vo onot adjacent, and a
A
vertex in v, adjacent to both, contradicting (3.2) and (1.8).
i )

(3.10) 1t u, ‘.-"“u"{.ll,‘f awliacent, then there are cxactly n=-2 vertices in V.
L

adjacent to both,

Since the valence of u oin G, is 2n=2, and there are 2n=2 vertives
i

in V adjacent to hoth, there mast be at least one vertex x in Vo, 4,

)
adjacent to both u and v Br (3.9), there are at least n-2 other vertices
in ‘\.'i vhich are adircent to v and v, Now consider any row of the matrix
o )

(1\“);. The sum o0 the entries in that row is (Mn=-2)7. on the other hand,

the diagenal entry in that row is Ju-2, the ot diagonal entries are 2 in

case the corresponding entry ot :\“ is O, and at least -2 it the corres-
ponding entry in Aii is 1. But the second way of calculating the sum of
the entries yields the same number as the tivst only if there are exactly

n=2 vertives in V, adjacent to u and v.
i

3.11) Bach 0, is isomorphic to LK .
( ) i l n.n)

¥
LFach 6. has n™ vertices, each vertex has valence 2n-2, and (3.8)
i

and {3.10) show that the hypotheses of Shrikibande's theorem [6] hold, so
(3.11) is true cxcept possibly it n o= 4. DBut in that exceptional case,
it is talse that the vertices adjacent to two adjacent vertices are ad-
jacent to each other.  But the proof o) (3.10) shows that to be true.

lience we do not have the exceptional case even it no o= 4,
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(3.12) It u,l-\fi,u,l-\’i, U adjacent to nj' t£j, there is exactly one

vertex u - \:l" k#i,1, which is adjacent to u, and u, .,
i ]

By (3. 9), there are exactlv n-1 vertices in ‘Ji adjacent to i
and ui , exactly n-1 vertices in Vo adjacent to uoand u,. By (3.5), there
. B ! 1

is exactly one other vertex in Vo oadjacent to u, and v, which must be in
! J

e
¥

e

{(3.13) it ui-".‘i and u]’\.’,!, i#j, are adjacent, the 2n-2 vertices in Vi
and ‘v'j adjacent to both, toupether with u. and u], form a clique in G.

[t UI.VI anh WV e adjacent, Vl- \’1 adjacent tuo iy and u.,,

voo V. adjavent to u, and u . We must show ¥ and v, are adjacent, so0 we as-
Fal . - A s

sume othervise. wow by (3.12) there s a Ly V.} adjacent to both i and e

Ir u,}

is adjacent to neither v, nor v, then these 3 vertices (g, 0,0,V ,V )
' 1 2 1*7223 1772

determine an induced subpraph which cannot be an induced subgraph of a

repular connected praph which has -2 tor its least cipenvalue, by [9].

Therefore, u, is adjacent to at least one of v oand v, . Suppose u, {s ad-

3 1

jacent to v, - Then the vertices Hoalhystl WV violate (3,12).

(3.14) Each point in V is commun to exactly two distinct complete sub-
graphs on Jo paints in 6.

Proof. Let v.o¥.. By (3.7) and (3.9) there exist tws complete subgraphs

e i
(j) (k) .
n

and l(‘ in f;1 and (;k respectively (i,) and

on n vertices each, namely K X
1 K .
n

boare all distinet) such that v, is adjacent to all the n vertices i

i{
p (1)

n

and n vertices in . onow by (3.0) vy is adiacent to 2n-2 points in Vi

and by (35.113) voois ona complete subpraph namely K ,:1'” of G which has the

3D

n vertices of K and n-1 vertices in Vi other than Vi and similarly vy
13 ]

. (k) . , (k)

is also on a complete subgraph }\“n of ¢ which has the n vertices of ]\n

and n-1 verticves in \’i olther than v
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. . i) ik
e claim that v, is the only vertex conmon to both }(,( 1) and K.(, ).
i . Z2n 2n
: , . . L Cel e lan comma (13)
Suppose not and let u bhe a vertex 1in \i which i also common to K, and
2n

K‘(Ei.k)' Then we hiave vy adjacent 1o u in \'i and both are adjacent to more
than Jn vert jees in Vo owhich contradicts (3.3) . lience cach point in Vo is
comron Lo exact Iy teo distinet complete subpraphs E"!” in t.
(3.19) ¢ is a line praph.

3

Since G 1o repnlar ot depgree dn-2 and !U((;)i! = In” therefore total

number ot edpes in G is dn"(4n=2)/2=3n"(2n-1} and total number of edges

L . dn(n-1) , vt P
in K i1y ———— ni.n-1). %o In” (2n-1) edges can be partitioned Into

n .

"
in"(2n-1) L, ) )
-—-g————*i -t oedpe disjoint K, 's such that each vertex 1s common to
n(2n-1) 2n

exactly two o the distinet }L,,“'s;. This fmplies [3) that € is a line

praph.

(3.16) . Qs Lt

,n,n

Since o= L) tor some gprapho i, and 0 is vepular and connected,
then Il is repular, or 1 is bipartite and uot regular [2].  The results of
[2] show that H is regpular and not bipartite. [t follows from Section 2
that U is a regular graph on In vertices of valence 2n-2 with distinct
eigenvalues 2o, 0, -n of respective multiplicities 1,4 n=3 and 2. lhere-
fore 1-A(H) is a (U,1) matrix with vipenvalues n amd O of miltiplicities

1 oand jn-3 respectivelv. Dot this means Hois F .
u,n,n
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