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Abstract

AVERAGED DYNAMICS OF THE ADVECTION-DIFFUSION EQUATION AND
APPLICATIONS TO OCEAN FLOWS

by Yauheni Dzedzits
Adviser: Professor Tobias Schäfer

This dissertation presents some aspects of an advection-diffusion equation and its appli-

cations to physical oceanography. We propose a perturbative scheme of averaging the

advection-diffusion equation in the limit of vanishing diffusivity. Under the restriction

that the time-dependence of the advective field is completely separable we construct an

exact solution of the purely advective part via action-angle coordinates and treat diffu-

sion as a perturbation using Lie transform techniques. The developed method is applied

to a regularized vortical flow field which is periodically modulated in time. Numerical

simulations of the vortical flow advection in presence of small diffusion are discussed.

We present numerical evidence that the spectrum of of the averaged time-independent

advection-diffusion operator converges to the spectrum of the operator with fully enabled

time dynamics. A formal generalization of the method for three-dimensional time-periodic

flows is discussed.

We also discuss the importance of advection and diffusion in problems of transport and

mixing in complicated dynamical systems, such as hydrodynamical systems, in particular

describing ocean currents. We propose a method to visualize and analyze the structure

of complex flows using data from HYbrid Coordinate Ocean Model (HYCOM) as an

example. We present results of simulations obtained with highly parallel Co-array Fortran

code that can be run on modern computing systems that support partitioned global

address space (PGAS) programming model.



Acknowledgements

I acknowledge with deep and sincere gratitude all the help, support and encouragement of
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Chapter 1

Averaged dynamics of

advection-diffusion equation with

time-periodic advection field.

Advective evolution of passive tracers is a problem of great practical importance in many

applications. Problems of transport induced by fluid advection emerge in engineering,

astrophysics, plasma physics, turbulence and, of course, ocean/atmospheric science. Real

systems are usually subjected to diffusive forces of different nature. It is not surprising

that understanding of the advective dynamics of passive scalars in the presence of diffusion

has been a subject of intensive research reaching back to at least as far as Batchelor [1].

The processes of advective and diffusive motion are described by a linear differential equa-

tion, however the complete analytic description of the dynamics is still problematic even

1



Chapter 1. Averaged dynamics of the advection-diffusion equation 2

for smooth planar flows. Tracer trajectories in the real systems of interest (plasma flows,

oceanic/atmospheric currents, etc...) usually are turbulent with velocity fluctuations in

time and space. In cases when the length scales of these turbulent excitations are small

in comparison with a typical length scales of advective forces (lv) rigorous homogeniza-

tion techniques can be applied [2, 3] which leads to renormalization of the diffusion. For

large turbulent variations of the velocity field, reaching the characteristic lengths of both

advection lv and domain size L, a different approach is required.

In this chapter we discuss a time-periodic advection field with fully separable time-

dependence u(t, x, y) = ū(x, y)f(t) in the so-called Batchelor regime, when the advective

spacial scale is assumed to be much larger then the diffusive length scale: lv � ld. Addi-

tionally the velocity field is suggested to be time-periodic and mean-free. The particular

form of the time dependence of the advective term allows the original equation to be

rewritten in action-angle coordinates. By applying a Lie transform we derive an approxi-

mate averaged equation with time-independent coefficients, thus dramatically simplifying

the original problem. The technique we use was first developed for the finite-dimensional

problem [4] and then extentedned to systems with infinite number of degrees of freedom

[5, 6].

We first provide a general outline of the transformation that rewrites the original advection-

diffusion in stream-lines coordinates. A Lie transform is then used to average the equation.

We apply the developed methods to a particular vector field, namely, a time-periodic reg-

ularized vortex. Numerical simulations of this vortex field using Chebyshev methods are
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presented to support the analytic results. At the end of the chapter, a generalization for

a three dimensional case is discussed.

1.1 Introduction

We start discussion of the advection-diffusion equation by postulating, following the phe-

nomenological first Fick’s law [7], that the flux of the diffusing substance is proportional

to the local density gradient (we write a one-dimensional formulation for simplicity):

jx = −κ(x)
∂c(x, t)

∂x
(1.1)

which is simply the statement that the substance tends to spread from the region with

high concentration to regions with small concentration. In the above equation c(x, t) is a

local density, which is a function of time and posotion, and κ(x) is the local diffusivity.

Following the derivation in [8], consider a small volume δV = δxδyδz shown in Fig. 1.1.

j
(in)
x j

(out)
x

δx

δy

δz

Figure 1.1: Fickian diffusion.
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Flow of the mass through this volume is given by the difference between the incoming

and outgoing fluxes

∂(δm)

∂t
= δyδz(j(in)

x − j(out)
x ) = −κδyδz

(
∂c

∂x
|x=x −

∂c

∂x
|x=x+δx

)
=

using Taylor expansion

= κδxδyδz
∂2c

∂x2

(1.2)

Keeping in mind that δm = cδV = cδxδyδz, we immediately obtain that, generalizing

for the three-dimensional system,

∂c

∂t
= κ∇2c (1.3)

The last equation is, probably, the most famous (and the simplest) equation of fluid

dynamics, known as the diffusion or heat equation.

In a very similar manner we can consider flux through the volume δV , that occurs not

only due to the diffusion, but simultaneously with advection. In this situation total flux

is a combination of the advection and diffusion-induced Fickian flux (1.1) and is given by

jx = uc− κ(x)
∂c(x, t)

∂x
, (1.4)

where u is the component of the velocity ~V = {u, v, w}. Again, considering the flux

through a small volume along the x-direction and computing a change of mass inside the

volume we come to the following equation:

ct +∇ · (~V c) = κ∇2c. (1.5)

This equation is known as the advection-diffusion equation since evolution of the scalar
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c is dictated by both of these effects. In the case of an incompressible flows ∇ · ~V = 0

this equation can be simplified since ∇ · (~V c) = (∇ · ~V )c + ~V · ∇c and incompressibility

implies that

ct + ~V · ∇c = κ∆c. (1.6)

We are going to make certain assumptions about the time dependence of the velocity field

and develop a method that handles periodic flows under small diffusive perturbations.

1.2 Stream-lines coordinates.

We start off with the advection-diffusion equation in the form

ct + (u · ∇)c = κ∆c, (1.7)

where the scalar c and the velocity vector field u are functions of spatial coordinates (x, y)

and time t. This is an initial value problem with given initial state of the scalar:

c(0, x, y) = c0(x, y) (1.8)

We consider a divergence-free incompressible velocity field which means that there exists

a stream function Ψ such that:

u(t, x, y) = ∇×Ψ(t, x, y), (1.9)

where cross in the above expression denotes two-dimensional curl: ∇× = (∂y,−∂x). We

further assume that the time dependence of the stream function Ψ is completely separable
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so that

Ψ(t, x, y) = H(x, y)f(t), (1.10)

where f(t) is a mean-free periodic function of time with period T :

〈f〉 =
1

T

∫ T

0

f(t) = 0. (1.11)

In non-dimensional variables, equation (1.7) takes the form

ct +
1

St
(u · ∇)c = ε∆c. (1.12)

Here St = L/UT is a Strouhal number – the ratio of an advective time-scale to a forcing

period [9], and ε = Tκ/L2 � 1, the ratio of the forcing period to diffusive time-scale

Td = L2/κ. From now on we will assume St = O(1) and for simplicity use u = u/St.

To proceed we introduce a function F such that Ḟ = f(t) or, in other words

F (t) =

∫ t

0

f(t′)dt′ (1.13)

and write the tracer coordinates (x, y) as functions of F . Differentiating (x, y) with

respect to F we obtain

dx

dF
=
dx

dt
· dt
dF

=
ẋ

f(t)

dy

dF
=
dy

dt
· dt
dF

=
ẏ

f(t)

(1.14)

and therefore

u = (ẋ, ẏ) = ∇×Ψ = (∇×H)f(t) = (
dx

dF
,
dy

dF
)f(t) (1.15)
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leads to

d(x, y)

dF
= ∇×H. (1.16)

The latter can be now viewed as a Hamiltonian system where F plays the role of time:

dx

dF
=
∂H(x, y)

∂y

dy

dF
= −∂H(x, y)

∂x

(1.17)

It is well know from classical mechanics that such an autonomous integrable Hamiltonian

system allows for a canonical transformation to action-angle variables [10]

C : (x, y)→ (J, θ). (1.18)

In these coordinates, the evolution of the system (1.17) can be written in extremely simple

form

J = J0,

θ = θ0 − ω(J)F (t),

(1.19)

where ω(J) is some function of action coordinate and depends on the particular choice

of the stream function H. The original advection-diffusion equation (1.7) in these coor-

dinates is written as

ct − f(t)ω(J)cθ = ε(Γ : ∇∇+ δ · ∇)c. (1.20)

Here

Γ : ∇∇ = Γ11∂θθ + Γ12∂θJ + Γ21∂Jθ + Γ22∂JJ ,

δ · ∇ = δ1∂θ + δ2∂J .

(1.21)



Chapter 1. Averaged dynamics of the advection-diffusion equation 8

We can now use stream-lines J̄ = J and θ̄ = θ + ω(J)F (T ) as new coordinates via the

transformation

c(t, J, θ) −→ v(t, J̄ , θ̄) (1.22)

with the following transformation rules:

ct = vt + vθ̄ωf

cθ = vθ̄, cθθ = vθ̄θ̄

cJ = vJ + vθ̄ω
′F

cJJ = vJJ + vθ̄ω
′′F + 2vJθ̄ω

′F + vθ̄θ̄(ω
′F )2.

(1.23)

This transformation to stream-lines coordinates is nothing but a transformation to a new

“co-moving” reference frame. In these coordinates, the advective term in equation (1.20)

disappears and we finally obtain an equation for c̄ of the form

vτ = (Γ̄ : ∇∇+ δ̄ · ∇)v. (1.24)

Here the rescaled time τ = εt is used. All effects of the influence of the advective field are

now contained in the time-dependent coefficients Γ̄ and δ̄ and, therefore, equation (1.24)

is now suitable for averaging.

1.3 Lie transform averaging.

In order to average equation (1.24) we explore the idea of applying a near-identity Lie

transform that eliminates the explicit time dependence of the coefficients in the equation
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for

vτ = X(v, τ), (1.25)

and instead leads to an equation with time-independent coefficients of the form

Vτ = Y (v). (1.26)

This is achieved by transform of the type

v = exp(φ · ∇L)V (1.27)

where the operator φ · ∇L is chosen to eliminate the time dependence in (1.25).

Since the operators X and Y depend on v and all its spatial derivatives, the operator

φ · ∇ can be defined as

φ · ∇L =
∑
n,m

φnx,my
∂(n+m)

∂Vnx,my
, (1.28)

where φnx,my = ∂(n+m)φ/∂xn∂ym and Vnx,my = ∂(n+m)V/∂xn∂ym. The subscript L on ∇L

distinguishes this operator from the usual ∇. The generating function φ also depends on

V and all its derivatives. The idea is to hide all explicit time dependence of the equation

for V in the generating function φ, which therefore will also be periodic in time. The

general transformation rule that uses (1.27) to transform (1.25) to (1.26) is [11]

Y · ∇L +
( ∂
∂τ
eφ·∇L

)
e−φ·∇L = eφ·∇L(X · ∇L)e−φ·∇L . (1.29)
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Both terms can be conveniently expanded using the Campbell-Baker-Hausdorff formulae

[12, 13]

( ∂
∂τ
eφ·∇L

)
=
(
φτ +

1

2!
[φ, φτ ]L +

1

3!
[φ, [φ, φτ ]L]L + ...

)
· ∇L, (1.30)

eφ·∇L(X · ∇L)e−φ·∇L =
(
X + [φ,X]L +

1

2!
[φ, [φ,X]L]L + ...

)
· ∇L (1.31)

where the Lie commutator is defined through [A,B]L = (A · ∇L)B − (B · ∇L)A. We now

expand both Y and φ in a series in a small parameter ε as

Y = Y0 + εY1 + ε2Y2 + ..., φ = εφ1 + ε2φ2 + ... (1.32)

where O(Yn) = O(φn) = εn and differentiation by τ lowers the order of φn by one

O(
∂φn
∂τ

) = εn−1 (1.33)

Using (1.32) we can rewrite (1.30) and (1.31) just for the first few orders in ε

( ∂
∂τ
eφ·∇L

)
≈

(
φ1τ + ε

{
φ2τ +

1

2!
[φ1, φ1τ ]L

}
+

ε2
{
φ3τ +

1

2!
([φ2, φ1τ ]L + [φ1, φ2τ ]L) +

1

3!
[φ1, [φ1, φ1τ ]L]L

})
· ∇L,

(1.34)

eφ·∇L(X · ∇L)e−φ·∇L ≈

(
X + ε[φ1, X]L+

ε2
{

[φ2, X]L +
1

2!
[φ1, [φ1, X]L]L

})
· ∇L

(1.35)
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Here φnτ = ∂φn/∂τ . These expansions can now be used to solve (1.29) order by order.

We will explicitly write down the first three orders in ε

ε0 : Y0 + φ1τ = X (1.36)

ε1 : Y1 + φ2τ +
1

2
[φ1, φ1τ ]L = [φ1, X]L (1.37)

ε2 : Y2 + φ3τ +
1

2

(
[φ2, φ1τ ]L + [φ1, φ2τ ]L

)
+

1

6
[φ1, [φ1, φ1τ ]L]L =

[φ2, X]L +
1

2
[φ1, [φ1, X]L]L (1.38)

...

Averaging of the first order equation (1.36) immediately yields the result Y0 = 〈X〉 since

φ1 is periodic and a zero-mean function of time. Since the original advection-diffusion

equation was written in a form

vτ = L̄v, L̄ = Γ̄ : ∇∇+ δ̄ · ∇, (1.39)

the averaged version at leading order becomes

Vτ =
〈
L̄
〉
V (1.40)

where 〈
L̄
〉

=
〈
Γ̄
〉

: ∇∇+
〈
δ̄
〉
· ∇. (1.41)

As follows from (1.40), for the first order in ε, the time-dependent coefficients of the

full equation are simply replaced by their time averages. At the same order in ε, the
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generating function φ1 is given by

φ1 = L1V ≡
(∫ τ

0

L̄−
〈
L̄
〉)

V. (1.42)

Introducing Γ1 and δ1 as

dΓ1

dτ
= Γ̄−

〈
Γ̄
〉
,

dδ1

dτ
= δ̄ −

〈
δ̄
〉

(1.43)

we can write L1 explicitly as

L1 = Γ1 : ∇∇+ δ1 · ∇. (1.44)

The second-order correction may be derived using the next term in the expansions of

the Campbell-Baker-Hausdorff formulae, namely the expression (1.37). Using (1.40) and

(1.42) we find for the next order for Y

Y1 =
1

2
〈[L1V, L1τV ]l〉+ [〈L1〉V,

〈
L̄
〉
V ]l (1.45)

where the last equality follows from the definition of the Lie commutator and integration

by parts. Finally, collecting first and second orders, we arrive at the averaged equation

for V in the form

Vτ =

(〈
L̄
〉

+ ε
(〈
L̄L1

〉
− 〈L1〉

〈
L̄
〉))

V. (1.46)
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1.4 Regularized vortical flow field.

In order to study this theory and check it against numerical simulations, we consider a

regularized vortical flow field with a stream function given by

H(t, x, y) = ln
(√

a2 + x2 + y2
)
f(t) = Ψ(x, y)f(t) (1.47)

Introducing F (t) as in (1.13), we derive that the stream-lines equations are given by

dx

dF
=
∂Ψ(x, y)

∂y
=

y

r2 + a2
= ω(r)y,

dy

dF
= −∂Ψ(x, y)

∂x
= − x

r2 + a2
= −ω(r)x,

(1.48)

where the following notation was introduced

ω(r) =
1

a2 + r2
. (1.49)

Since r2 = x2 + y2 is an integral of motion (which is easy to verify, for example, by

demonstrating that Poisson brackets {Ψ, r} = 0), solutions of the above stream-lines

equations are obviously given by

x(F (t)) = x0 cos(ω(r)F (t)) + y0 sin(ω(r)F (t)),

y(F (t)) = −x0 sin(ω(r)F (t)) + y0 cos(ω(r)F (t)),

(1.50)

The procedure of transforming to stream-lines coordinates described in section 1.2 can

now be followed by performing the canonical transformation to action angle variables. For

the particular vortical flow considered in this section, the transformation (1.18) is simply

the usual transformation to polar coordinates (x, y) → (r, θ). In (r, θ) coordinates, the
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advection-diffusion equation (1.7) is written as

ct − ω(r)f(t)cθ = ε
(1

r
cr + crr +

1

r2
cθθ

)
= ε∆c (1.51)

Furthermore, we should conduct a transformation to stream-lines coordinates as suggested

by (1.22). Using the transformation rules (1.23), we rewrite equation (1.51) as

vτ =

(
∆v + F

((ω′
r

+ ω′′
)
vθ̄ + 2ω′vθ̄r

)
+ F 2(ω′)2vθ̄θ̄

)
(1.52)

Here, we are using t instead of the rescaled time τ . We can now exploit the result obtained

in section 1.3 and derive the averaged counterpart of (1.70) to the leading order by simply

replacing the time-dependent coefficients by their time averages as

Vτ =

(
∆V + 〈F 〉

((ω′
r

+ ω′′
)
Vθ̄ + 2ω′Vθ̄r

)
+
〈
F 2
〉

(ω′)2Vθ̄θ̄

)
(1.53)

It is not difficult to compute second-order corrections to an averaged equation for this

flow field. In order to clarify our notations we introduce two operators L1 and L2

L1 ≡
(ω′
r

+ ω′′
)
∂θ̄ + 2ω′∂θ̄∂r (1.54)

L2 ≡ (ω′)2∂θ̄∂θ̄ (1.55)

and introduce F1 ≡ F and F2 ≡ F 2. The first-order averaged equation (1.53) becomes

then

Vt = ε(∆V + 〈F1〉 L1V + 〈F2〉 L2V ). (1.56)



Chapter 1. Averaged dynamics of the advection-diffusion equation 15

For further simplification of notations we introduce functions G1 and G2 that can be

found explicitly from F1 and F2 as

Gj(t0) =

∫ t0

0

(FJ(τ)− 〈Fj〉)dτ, j = 1, 2. (1.57)

Finally, the averaged advection-diffusion equation to second order can be written down

as

Vt = ε(∆V + 〈F1〉 L1V + 〈F2〉 L2V )

+ ε2

(
[∆, 〈G1〉 L1]V + [∆, 〈G2〉 L2]V

+
(
〈F1G1〉 − 〈F1〉 〈G1〉

)
L2

1V +
(
〈F2G2〉 − 〈F2〉 〈G2〉

)
L2

2V

+
(
〈F1G2〉 − 〈F2〉 〈G1〉

)
L1L2V +

(
〈F2G1〉 − 〈F1〉 〈G2〉

)
L2L1V

)
,

(1.58)

where [A,B] ≡ AB −BA denotes the usual commutator.

1.5 Numerical simulations.

It is important to justify our results by numerical simulations. We want to integrate

numerically both the original equation and the averaged equation to the first order. In

other words, we want to compare solutions of equations (1.70) and (1.53). This can be

done in Cartesian coordinates by transforming differential operators according to

r∂r = x∂x + y∂y, ∂θ = x∂y − y∂x,

∂θ∂θ = − x∂x − y∂y + y2∂x∂x + x2∂y∂y − 2xy∂x∂y

r∂r∂r = x∂y − y∂x − xy∂x∂x + (x2 − y2)∂x∂y + xy∂y∂y

(1.59)
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For more details of simulations in Cartesian coordinates see [14]. However, taking into

account symmetries of the regularized vortical flow field that we considered as an example

in section 1.4, it is a more natural choice to keep working in polar coordinates.

Numerical simulations of a 2D system on R2 is problematic for obvious reasons. Dealing

with unbounded domains involves, for example, the usage of the method of local cor-

rections [15, 16] in the finite differences context or infinite elements for finite element

methods [17, 18]. Another possible approach is to use mapped Chebychev spectral meth-

ods [19–21].

For our purposes these technical complications, however, are unnecessary and, therefore,

we consider the advection-diffusion equation on a unit disc (0 ≤ r ≤ 1, 0 ≤ θ ≤ 2π) with

zero Dirichlet boundary conditions v(r = 1, θ) = 0. We compare two solutions of the

equations (1.70) and (1.53) at Poincaré sections where F = 0. We use Chebychev spectral

methods to numerically approximate spatial differentiation operators and a second order

Crank-Nicolson finite difference scheme in time. Details of the numerical scheme and

algorithm are discussed in chapter 3.

From now on we assume an initial condition of the form

v0(r, θ) = re−br
2

cos(πr/2) (1.60)

where the parameters a from the expression for angular velocity (1.49) and b are chosen

to be a = 0.05, b = 20 and cos(πr/2) is introduced to match the boundary conditions.

As follows from (1.70) and (1.53), the impact of the averaging procedure is dictated by
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the choice of time-dependence f(t). We explore the case f(t) = sin(2πt/T ) such that the

period of the driving advective force is T = 1. For this choice of f(t), the averaged 〈F 〉

and 〈F 2〉 are found to be

F ≡
∫ t

0

sin(2πt′/T )dt′ =
T

2π
(1− cos(2πt/T ))

〈F 〉 ≡ 1

T

∫ T

0

F (t)dt =
1

T

∫ T

0

T

2π
(1− cos(2πt/T )) dt =

T

2π〈
F 2
〉
≡ 1

T

∫ T

0

F 2(t)dt =
1

T

∫ T

0

(
T

2π
(1− cos(2πt/T ))

)
dt =

3T 2

8π2

(1.61)

It is clear that, in the case when the advection field is absent, the evolution of the scalar
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1

−1 0 1
−1

0

1

Figure 1.2: Evolution of the scalar tracer field in a time-dependent vortical velocity
field. The figure on the left represents the initial condition, the figure on the right shows

the state of the system after 10 periods.

tracer field will be described by a purely diffusive equation:

vt = ε∆v (1.62)

The effect of pure diffusion will appear as simple broadening and widening of the initial

condition with the preservation of the spatial symmetries of the initial state of the tracer
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field. Considering the action of an exclusively advective force alone, particles would

move alongside stream-lines trajectories returning exactly to their original positions after

each period. This motion would obviously preserve symmetries as well. However the

combination of these two types of motion destroys the original symmetries due to the

interplay between advection and diffusion. The given initial condition develops a “twist”

that is clearly seen on Fig. 1.2.

In order to provide a visual validation of similarities between solutions of equations (1.70)

and (1.53), we plot the difference between the solution of the advection-diffusion equation

and the pure diffusion equation vad − vdiff for both cases of the fully time-dependent

equation (1.70) and its averaged companion (1.53). This is presented in Fig. 1.3. The

−1 0 1
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0

1

−1 0 1
−1

0

1

Figure 1.3: Left figure shows the difference between equation (1.70) and the pure
diffusion equation vad−vdiff. The figure on the right shows the same difference between

two solutions Vad − Vdiff but for equation (1.53).

averaged equation is obviously capable of qualitatively demonstrating the effect of a
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time-dependent velocity field. Comparing actual solutions of the full equation with time-

dependent advection and the averaged equation as displayed in Fig. 1.4, we confirm

again that the averaged equation captures very well the dynamics of the time-dependent

equation.

−1 0 1
−1

0

1

−1 0 1
−1

0

1

Figure 1.4: Scalar field after 20 periods as computed by the full time-dependent
equation (1.70) (left) and the averaged equation (1.53) (right). Parameter ε here was

chosen to be ε = 10−3.

As a quantitative measure of the accuracy of the averaged approximation we introduce

the L2-norm of the difference as

||v − vav|| =
(∫

Ω
|v − vav|2 dx dy∫

Ω
|v|2 dx dy

)1/2

(1.63)

Assuming that ||v− vav|| ∼ εn we find from the analysis of the data presented in the Fig.

1.5 that the convergence rate is ∼ ε0.82.

In order to get a better understanding of the differences between the behavior of the full

and approximate equations we introduce the following operator that maps the scalar field
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Figure 1.5: L2-norm of a difference between solutions to full and approximate equa-
tions as a function of parameter ε. Convergence rate is found to be ∼ ε0.82.

between two consequent Poincaré sections:

Q : u(r, θ, t+ T ) = Qu(r, θ, t)

Qav : uav(r, θ, t+ T ) = Qavuav(r, θ, t)

(1.64)

We can now study how the eigenvalues λj defined via

Qψj = λjψj (1.65)

change with ε. Fig. 1.7 shows the first 40 eigenvalues (their absolute values) of the

operator Qav whereas Fig. 1.6 depicts those of the operator Q for the chosen set of

values of ε. First of all we see that eigenvalues corresponding to the same “quantum

number” decrease with increasing value of ε. This simply means that solutions of the

equation with higher ε decay faster. Secondly we observe that the structures of the
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spectra of both operators are extremely similar and it is impossible to distinguish one

from the other by looking at the plot. This serves as another indication of the validity

of the approximate equation. Finally, we note that many of the eigenvalues are doubly

degenerate.
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Figure 1.6: First 40 eigenvalues of the full one-period evolution operator Q.

If we consider the map (1.64) applied to eigenstates of ψj we will immediately conclude

that in the limit of time t→∞ (or in other words after applying map (1.64) many times

) only modes corresponding to larger eigenvalues will survive, QNψj = λNj ψj, and all the

modes with smaller eigenvalues will decay exponentially faster. Therefore, it is interesting

to see how the first eigenmode depends on ε for both operators. These data are presented

in Fig. 1.8

There are two important things to note here. First, the largest eigenmode is exactly the

same (up to machine precision) for both operators Q and Qav! Second, the dependence of
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Figure 1.7: First 40 eigenvalues of the averaged one-period evolution operator Qav.
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Figure 1.8: Logarithm of the largest eigenvalue of the one-period evolution operator
as a function of ε. It is a straight line that is fitted by y = −5.7832x+ 0.0.
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the logarithm of the first eigenvalue on ε is linear, log(λ1(ε)) ∼ ε, with a proportionality

coefficient k = −5.7832. To understand this behavior we need to recall the solution

of the heat equation on a unit disc. The ground state eigenfunction of the Laplacian

in polar coordinates with zero Dirichlet boundary conditions on a unit disc is given by

J0(λ0
1r) – the 0th-order Bessel function with corresponding eigenvalue (λ0

1)2. Here λ0
1 is

the first root of J0(r) defined as J0(λ0
1) = 0. This value is known to be λ0

1 ≈ 2.40482. If

used as the initial condition for the diffusion equation, its time evolution is described by

u = u0 exp(−ε(λ0
1)2t). Returning back to the world of Poincaré maps of period T = 1 we

state that such map for the heat equation considered above is written as

Qψj = λjψj = exp(−ε(λ0
1)2)ψj (1.66)

This explains the linearity observed in Fig. 1.8 and explains the coefficient of proportion-

ality k as (λ0
1)2 ≈ 5.7832. It is also clear why the lowest eigenvalues of both operators

Q and Qav are equal to each other up to 12 digits. The lowest eigenvalue corresponds

to the eigenfunction with a maximal symmetry – axial symmetry in this case. Obvi-

ously, axially-symmetric advection does not play any role in the dynamics of the axially

symmetric distribution of the passive tracer.

Thus, the dynamics of such a system is described equivalently by both full the time-

dependent operator Q and the average operator Qav (and, as a matter of fact, is simply

a dynamics of the heat equation). Eigenmodes that correspond to real eigenvalues will

possess axial symmetry. For the reason that the real eigenstates are not affected by

advection, such modes of the full operator and of the average operator will be exactly the
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same independently of ε. We present first the 16 eigenmodes of operator Q in Fig. 1.9

and Fig. 1.10, and first 16 eigenmodes of operator Qav on Fig. 1.11 and Fig. 1.12. Both

cases are shown for ε = 0.01

As we can see from figures 1.9 - 1.12, most of the eigenmodes come in complex-conjugate

pairs. Those that do not have a conjugate partner correspond to a real eigenvalue and

possess axial symmetry. Obviously, the procedure of averaging introduces an error to the

result of the eigenvalues calculation. However, the average operator Qav has exactly the

same structure of its eigenmodes.

In this consideration an important question needs to be addressed. How much of the

error between eigenvalues of the full and average operators is generated by the numer-

ical discretization imprecision? To answer this question we study how the difference

between the eigenvalues of both operators depends on the time steps used in the numer-

ical difference scheme. We illustrate the contribution of the time-step error by plotting

|λj(∆t) − λj(∆t/2)| for several eigenvalues λj as a function of the time-step ∆t. As

seen from the Fig. 1.13, the higher the “quantum number” is, the more sensitive are the

computations to the time discretization. Whereas the numerical scheme used to compute

eigenvalues of the time-dependent operator is stable up to ∆t = 0.01, it becomes unstable

for the average operator at certain values of ∆t, and the results become compromised.

The tendency of the scheme for the average operator to become unstable with increasing

∆t is more obvious for higher values of ε. In other words, to provide stability of the

scheme for bigger values of ε, one has to decrease the time discretization ∆t. Similar

observations for the dependence of the results on spatial discretization show that there
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Mode 1   (λ = 9.438e−01) Mode 2   (λ = 8.354e−01)

Mode 3   (λ = 8.354e−01) Mode 4   (λ = 7.445e−01)

Mode 5   (λ = 7.445e−01) Mode 6   (λ = 7.373e−01)

Mode 7   (λ = 6.449e−01) Mode 8   (λ = 6.449e−01)

Figure 1.9: Eigenmodes 1-8 of the full time-dependent one-period evolution operator
Q.
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Mode 9   (λ = 5.438e−01) Mode 10   (λ = 5.438e−01)

Mode 11   (λ = 5.355e−01) Mode 12   (λ = 5.355e−01)

Mode 13   (λ = 4.729e−01) Mode 14   (λ = 4.469e−01)

Mode 15   (λ = 4.469e−01) Mode 16   (λ = 4.308e−01)

Figure 1.10: Eigenmodes 9-16 of the full time-dependent one-period evolution oper-
ator Q.
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Mode 1   (λ = 9.438e−01) Mode 2   (λ = 8.335e−01)

Mode 3   (λ = 8.335e−01) Mode 4   (λ = 7.434e−01)

Mode 5   (λ = 7.434e−01) Mode 6   (λ = 7.373e−01)

Mode 7   (λ = 6.441e−01) Mode 8   (λ = 6.441e−01)

Figure 1.11: Eigenmodes 1-8 of the one-period evolution operator Qav that describes
averaged dynamics.
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Mode 9   (λ = 5.432e−01) Mode 10   (λ = 5.432e−01)

Mode 11   (λ = 5.292e−01) Mode 12   (λ = 5.292e−01)

Mode 13   (λ = 4.729e−01) Mode 14   (λ = 4.464e−01)

Mode 15   (λ = 4.464e−01) Mode 16   (λ = 4.264e−01)

Figure 1.12: Eigenmodes 9-16 of the one-period evolution operatorQav that describes
averaged dynamics.
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are no signs of instability of the scheme as long as the number of Chebychev points is

kept reasonably high. We performed simulations for N = 61 and N = 31 and did not

see any significant difference in result. For details of the numerical scheme please refer to

Chapter 3.
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Figure 1.13: Influence of the time discretization error on computations of eigenvalues
λj . Upper plot shows λj of the full operator Q and lower plot shows those of the

operator Qav. The parameter ε used here is ε = 0.01.

We present the dependence of the relative difference in the eigenvalues of operators Q

and Qav for the jth mode as given by

δλj =
|λj − λ(av)

j |
λj

(1.67)
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in Fig. 1.14. This is to be viewed as a function of ε. It is immediately seen from this plot

that modes 1 and 13 possess axial symmetry, and, therefore, the procedure of averaging

does not have any effect on the one-period evolution. We also note that for ε & 0.05 the

numerical scheme becomes unstable. This indicates the effect of the time-discretization

error. We demonstrate it by measuring the same dependence (1.67), but with smaller

time discretization ∆t = 0.0001. As seen in Fig. 1.15, the error introduced by averaging

is well-behaved on the whole range 5 ∗ 10−5 ≤ ε ≤ 10−1, which supports our reasoning

about the time-discretization error introduced into calculations of eigenmodes.
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Figure 1.14: Difference in the calculation of eigenvalues of the full and average oper-
ators (as given by (1.67)) as a function of parameter ε. These data were obtained using

time-discretization ∆t = 0.001.
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Figure 1.15: Difference in the calculation of eigenvalues of the full and average op-
erators (as given by (1.67)) as a function of parameter ε obtained with finer time-

discretization ∆t = 0.0001. Compare to Fig 1.14

.

To conclude, we illustrate how the averaging procedure works for different types of the

time dependence of the velocity field. Considering f(t) = cos(2πt), we easily find that

in this case 〈F 〉 = 0 and 〈F 2〉 = T 2/8π2. Evolution of the same initial condition for 10

periods is shown on Fig. 1.16 (here and to the end of this section, states of the scalar

field are computed for ε = 10−3). We show that the convergence of the error introduced

by averaging in this case is similar to the case of using a sin-force (see Fig. 1.17).
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Figure 1.16: Evolution of the tracer field subjected to cos(2πt) advection after 10
periods computed by the full time-dependent equation (left) and the averaged equation

(right).
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Figure 1.17: L2-norm of a difference between the solutions to thre full and the approx-
imate equations as a function of parameter ε for the case f(t) = cos(2πt). Convergence

rate is found to be ∼ ε0.88.
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Finally, we consider time dependence given by

f(t) =


2 : 0 ≤ t ≤ T/4

−2/3 : T/4 ≤ t ≤ T

(1.68)

It obviously is a zero-mean function as required in (1.11). This choice implies 〈F 〉 = T/4

and 〈F 2〉 = T 2/12. The tracer’s state after 10 periods and L2-norm are shown in Fig. 1.18

and Fig. 1.19 respectively. For this case, the convergence of the averaged solution to the

true solution is slower, namely it goes as ε0.65. Thereby, one has to go to the second order

approximation as given in (1.58) if better accuracy is needed.
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Figure 1.18: Evolution of the tracer under the non-harmonic force (1.68) after 10
periods computed by the full time-dependent equation (left) and the averaged equation

(right).

Finally we want to make a remark about the type of the flow time-dependence restric-

tions. So far we only discussed time-periodic flows with zero mean: f(t+ T ) = f(t) and∫ T
0
f(t)dt = 0. However, the method discussed above may be expanded to a slightly more
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Figure 1.19: L2-norm of a difference between the solutions to the full and the ap-
proximate equations as a function of parameter ε for the case of a non-harmonic force

given by (1.68). Convergence rate is ∼ ε0.65.

general class of flow fields, namely, we can consider flow with time dependence in the

form

f(t) = f0(t) + f1, (1.69)

where f0(t) is periodic and mean-free function of time and f1 is a constant. Using this

time-dependence in the equation (1.47) we obtain equations, analogous to (1.70) and

(1.53) in the form

vτ =

(
∆v + F

((ω′
r

+ ω′′
)
vθ̄ + 2ω′vθ̄r

)
+ F 2(ω′)2vθ̄θ̄

)
+ f1ωvθ̄, (1.70)

Vτ =

(
∆V + 〈F 〉

((ω′
r

+ ω′′
)
Vθ̄ + 2ω′Vθ̄r

)
+
〈
F 2
〉

(ω′)2Vθ̄θ̄

)
+ f1ωVθ̄, (1.71)

with F being in this case F (t) =
∫ t

0
f0(t′)dt′. This motion corresponds to the rotation
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Figure 1.20: Full time-dependent and averaged dynamics of the tracer under the
influence of the constant mean flow shown for 1 period, 10, 20 and 30 periods. The top

raw shows results for full operator ans bottom raw — averaged evolution.

of the system as a whole with a constant angular velocity ω (which still is a function

of r) and periodic oscillations superposed with this rotational motion. Because of the

fact that rotational motion is dependent upon r, large gradients are constantly created

in the scalar field. These gradient are exposed to the action of diffusive smearing. The

enhanced stretching of the tracer field creates somewhat richer dynamics and provides for

faster mixing. We demonstrate evolution of the initial state (1.60) for the case of the flow

(1.69) and ε = 0.01 in the Fig. 1.20. Clearly, states as computed using full time-dependent

operator and averaged operator are almost indistinguishable. In fact, convergence of the

averaged solution to the true solution, defined by (1.63) is as good as for mean-free field

and in this particular case is ∼ ε0.88. The L2-norm is presented in Fig. 1.21
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Figure 1.21: L2-norm of a difference between solutions to full and approximate equa-
tions as a function of parameter ε. Convergence rate is found to be ∼ ε0.88.

We finally show evolution of the system for the case of very small effective diffusivity

ε = 10−5. For such small value of the parameter ε, tracer field does not diffuse trough

the boundary for a long time, and, therefore, large twists can be created by the mean

component of the circular flow. We illustrate it in the Fig. 1.22.
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Figure 1.22: Large-time evolution if the tracer field for the case of extremely small
diffusivity ε = 10−5.

1.6 Example of the averaging procedure for 3D advection-

diffusion equation.

Consider a volume-preserving system of ordinary differential equations

dxi
dt

= fi(x1, x2, x3, t), i = 1, 2, 3 (1.72)
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that has a one-parameter spatial volume-preserving symmetry group. It was shown [22,

23] that there exists a local change of variables

xi = φi(z1, z2, z3), i = 1, 2, 3 (1.73)

that transforms systems (1.72) to the form

dz1

dt
=
∂H(z1, z2, t)

∂z2

dz2

dt
= − ∂H(z1, z2, t)

∂z1

dz3

dt
= k3(z1, z2, t)

(1.74)

If the latter is autonomous, H is a first integral of motion. Restricting ourselves to a

class of autonomous advection fields (or those that allow separation of time and spatial

variables), we consider the system

dz1

dF
=
∂H(z1, z2)

∂z2

dz2

dF
= − ∂H(z1, z2)

∂z1

dz3

dF
= k3(z1, z2)

(1.75)

where F is time or parametric time as it was introduced in (1.13) - (1.17). The variables z1

and z2 of such a flow field are independent of z3 and, therefore, the first pair of equations

(1.75) can be transformed to action-angle variables such that (z1, z2)→ (J, θ). Moreover,

there exists a subsequent transformation of variables (J, θ, z3) → (I, φ1, φ2) that takes
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(1.75) into the form

İ =0

φ̇1 =Ω1(I)

φ̇2 =Ω2(I)

(1.76)

For details of this transformation, see [22]. Here “ ˙ ” denotes the derivative with respect

to time or the derivative with respect to parametric time as discussed above, depending

on the properties of the original flow. Summing up, there exists a way to write stream-

lines equations for a volume-preserving flow (1.72) in action-angle-angle coordinates form

as given by (1.76).

In order to demonstrate the application of methods developed in section 1.3 to a three

dimensional problem, let us now consider (with some loss of generality) a particular flow

u in action-angle-angle form

u = {ur, uθ, uz}

ur = 0

uθ = −ω(r)f(t)

uz = −Ω(r)g(t).

(1.77)

Both f(t) and g(t) are assumed to be time-periodic functions with period T . Coordinates

θ and z are periodic angular coordinates. The solution of these equations of motion is
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trivial and given by

r = r0

θ = θ0 − ω(r)F (t)

z = z0 − Ω(r)G(t),

(1.78)

where F (t) =
∫ t

0
f(t′)dt′ and G(t) =

∫ t
0
g(t′)dt′. (Compare these expression to (1.13) and

(1.21)). Expressions for the stream-lines therefore are

r̄ = r

θ̄ = θ + ω(r)F (t)

z̄ = z + Ω(r)G(t).

(1.79)

Using (1.77), the 3D counterpart of the original advection-diffusion equation (1.7) is

rewritten as:

ct − ω(r)f(t)cθ − Ω(r)g(t)cz = ε∆c. (1.80)

Here ∆ is the three-dimensional Laplacian in cylindrical coordinates

∆ =
1

r

∂

∂r

(
r
∂

∂r

)
+

1

r2

∂2

∂θ2
+

∂2

∂z2
(1.81)
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Now, we use the stream-lines (1.79) as new coordinates via the transformation c(t, r, θ, z)→

v(t, r, θ̄, z̄) with the following transformation rules:

ct = vt + vθ̄ωf + vz̄Ωg

cθ = vθ̄, cθθ = vθ̄θ̄, cz = vz̄, czz = vz̄z̄

cr = vr + vθ̄ω
′F + vz̄Ω

′G

crr = vrr + vθ̄ω
′′F + vz̄Ω

′′G+

+ 2vrz̄Ω
′G+ 2vrθ̄ω

′F + 2vθ̄z̄Ω
′ω′FG+

+ vθ̄θ̄(ω
′F )2 + vz̄z̄(Ω

′G)2

(1.82)

Using the transformation rules (1.23), we can rewrite the original equation (1.7) in the

form

vt = ε
[
∆v + F

((ω′
r

+ ω′′
)
vθ̄ + 2ω′vrθ̄

)
+G

((Ω′

r
+ Ω′′

)
vz̄ + 2Ω′vrz̄

)
+

+ (Fω′)2vθ̄θ̄ + (GΩ′)2vz̄z̄ + 2FG(ωΩ′)vθ̄z̄

] (1.83)

This equation is written in the form suitable for averaging. It is straightfroward to notice

that the structure of this equation is exactly the same as the structure of equation (1.70).

Obviously, because of the extra dimension, there are more terms in the equation. However,

again, we were able to hide all time-dependence of the advection field into the coefficients

of the linear operator. This equation can now be averaged using the technique developed

in previous sections. Obviously, the averaged approximate equation to leading order in ε

is given by replacing the time-dependent coefficients in (1.83) by their time averages. In

order to obtain the next order correction and rewrite it in a compact form, we introduce
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operators

Lf ≡
(ω′
r

+ ω′′
)
∂θ + 2ω′∂r∂θ

Lg ≡
(Ω′

r
+ Ω′′

)
∂z + 2Ω′∂r∂z

Lff ≡ (ω′)2∂θ∂θ, Lgg ≡ (Ω′)2∂z∂z

Lfg ≡ 2ω′Ω′∂θ∂z

(1.84)

We also introduce variables

Af = F, Ag = G

Aff = F 2, Agg = G2

Afg = 2FG

(1.85)

And, finally, we need to introduce functions

Bα(t) =

∫ t

0

(Aα(t′)− 〈Aα〉)dt′ (1.86)

Here, α takes the values (f, g, ff, gg, fg). Using these notations, we write a first order

averaged equation in the form

Vt = ε
(

∆V +
∑
α

〈Aα〉 Lα
)

(1.87)

(Compare it to (1.53)). At second order in ε, the equation is

Vt = ε
(

∆V +
∑
α

〈Aα〉 Lα
)

+

+ ε2
{∑

α

〈Bα〉 [∆,Lα] +
∑
α,β

(
〈AαBβ〉 − 〈Aβ〉 〈Bα〉 LαLβ

)} (1.88)

This equation is to be compared to the analogous result obtained for the 2D problem

(1.88).



Chapter 2

Numerical simulation of

advective-diffusive transport in the

ocean.

2.1 Introduction

The problem of transport of a scalar field is of extreme practical and theoretical interest

in many scientific and engineering areas, such as astrophysics [24, 25], plasma physics

[26, 27], turbulence [28] and, of course, ocean/atmospheric science [29, 30]. One of the

key problems of physical oceanography is the problem of transport and mixing of large

water masses (and at the same time transport of heat, salinity, plankton, contaminants

and other tracers). These processes may be important in many ways: they may have great

43
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influence on the weather and climate, flora and fauna environments, affecting biodiversity

of a region and eventually having impact on public health and wellness.

In many cases it is reasonable to assume that the advected physical entity does not

affect its fluid environment. If additionally the particle being advected inherits the phase

velocity of the flow without any significant retardation such that inertial effects can be

neglected, they are said to be passive scalars (or tracers, or Lagrangian particles) and

the advective flow itself is called passive advection. A passive scalar has extremely simple

equation of motion:

d~r

dt
= ~v(~r, t), (2.1)

where ~r = (x, y, z) and ~v = (u, v, w) are the position of the particle and the velocity

vector. Traditionally, in physical oceanography, the problem is considered to be solved

when the hydrodynamical equations of motion are solved. However, from the point of

view of the scalar transport problem, this is just the beginning. The Eulerian velocity

field is taken as a known parameter and then is used in the right-hand side of equation

(2.1) for passive tracers dynamics. The velocity field can be found experimentally, from

some kinematic considerations or as a result of numerical simulations of some more or

less consistent flow models. Therefore, the dynamics of tracers is described by a system

of nonlinear differential equations with fully determined right-hand side.

In the real physical systems, in particular in oceanic flows, advective dynamics is always

accompanied by diffusion. First of all, this is due to simple molecular diffusion that only

depends on the nature of the passive tracer. However, typical fluid flows of geophysical
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interest are usually extremely complex and are excited on a very wide range of length

and time scales. This has great impact on the choice of spatial disctretization of the

grid used in computations (and therefore on the temporal disctretization due to stability

requirements of the numerical scheme being used). Therefore, very often, small scale

fluctuations are integrated out such that the resulting mean velocity field is smoothed

on the typical scales of interest but is still realistic enough to possess some of the real

physical properties of the flow. This averaging or homogenization leads to an effective

change of the diffusion [2, 3]. The new effective, renormalized diffusion incorporates not

only regular molecular diffusion but also effects of averaging small-scale excitations of the

flow. This approach was successfully applied to a wide range of problems, including flows

in porous media [31, 32], composite materials [33, 34], turbulence [35, 36] etc...

It is well known from the theory of dynamical systems that even solutions of such averaged

and “smooth” systems can exhibit chaotic behavior in the sense that they are exponen-

tially sensitive to small variations of initial conditions. Dynamical chaos is not an exotic

phenomenon and is well studied, found even in extremely simple systems and observed

in laboratory experiments. In the main part, the motion in phase space is determined

by so-called invariant manifolds — geometric structures that are the subject of study in

the theory of nonlinear dynamics, such as stationary points, attractors (including strange

attractors), invariant tori and so on. In fluid dynamics these structures are sometimes

called Lagrangian structures. There exists an extensive literature regarding the subject

(for example see [37–39]). Analysis of Lagrangian coherent structures emerging from

solutions of equations of motion (2.1) gives a lot of useful information about transport
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barriers, zones of active mixing etc...

The term “transport” itself in the theory of dynamical systems is simply used to describe

the motion of fluid particles in space. It is measured quantitatively by the total mass

of liquid passing through a given cross-section of the flow and spatial sizes of the tracer

field distribution. Under certain circumstances, the material surfaces formed by the

trajectories of the liquid particles emerge in the flow. They act as barriers to transport

effects since trajectories of liquid particles cannot cross these surfaces. For example,

so-called Kolmogorov-Arnold-Moser (KAM) tori act as absolute barriers for transport

[37–39].

The term “mixing” is one of the key concepts in fluid dynamics and can be given a rigorous

mathematical definition. Consider a basin A and some contaminant occupying region B

such that at t = 0 it’s volume is V (B0). For some different region C ∈ A the amount of

contaminant in it at some time t is V (Bt ∩ C) and the concentration of contaminant is

V (Bt ∩ C)/V (C). Full mixing occurs at time t when for ∀C in A, the concentration of

the contaminant in C is the same as in the whole A: V (Bt ∩ C)/V (C) = V (B0)/V (A).

The Gulf Stream — a powerful warm Atlantic ocean flow that starts at the southern

end of Florida and extends all the way to northern Europe — has an enormous effect on

the climate of the American east coast and Europe. The Gulf Stream gathers all of its

water from the warm tropical Caribbean basin and the Gulf of Mexico and transports

it along its path affecting climate of surrounding areas, making them warmer and more

hospitable. Florida, for example, has mild and warm weather all year round. The Gulf



Chapter 3. Numerical simulation of advective-diffusive transport in the ocean. 47

Stream has a huge impact on the climate in Europe. It brings large masses of warm

water into the North Atlantic Current and keeps European waters much warmer than

they would be otherwise at such a high latitude. For example, the average low in London

in December is 42◦F (5◦C) while in St. Johns, Newfoundland, the average is 27◦F (-3◦C).

The Gulf Stream and its warm winds and waters also have a big impact on the weather

system of Scandinavian mountains, keeping Norway’s coast free of ice and snow. Besides

this, the warm waters of the Gulf Stream increase rates of cyclones generation and affect

their strengths.

This is just one (probably the most famous) example of how important a meso-scale

ocean phenomena can be. Together with the Gulf Stream there are many other different

instances of meso- and submeso-scale coherent structures in the ocean. Coherent struc-

tures are stable formations that exist on time scales that are sufficiently larger then any

local Eulerian time characteristics of the flow. Modern techniques of flow visualization

by means of buoys, drifters, satellite imaging help to reveal and explore large-scale co-

herent structures such as planetary scale eddies, major streams, meso-scale eddies and

rings, meanders and so on. On Fig. 2.1, a satellite image of the western North Atlantic

(courtesy of NASA) is presented. We clearly see large formations such as mesoscale swirls

and meanders.
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Figure 2.1: Distribution of surface temperature in the western North Atlantic. Source:
NASA.

2.2 Results of numerical simulations for HYCOM

ocean flows.

In this work we want to suggest a tool that allows visualization and the study of advective-

diffusive dynamics of some self-consistent velocity field that comes from either an ana-

lytical solution of the equations of motion, from experiments, or as a result of numerical

simulations. Once the external velocity field (possibly extremely complicated) given as a

parameter is known in one or another form (as an analytic expression or in the form of a

space-time grid) — what are the possible approaches to analyze it, study the structure of

the field, or make conclusions about coherent Lagrangian structures that might or might
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not exist? Figure 2.2 shows the structure of a typical ocean flow. One of the most typ-

ical approaches is to simulate a large number of hard particles that are advected by the

velocity field which is known as the method of smoothed-particle hydrodynamics [40, 41].

This method however requires the simulation of an enormous number of particles to suc-

cessfully resolve and visualize complicated flows and therefore is very computationally

demanding. Instead we directly solve the advection-diffusion equation (equation (2.1)

with an extra diffusive term and possibly source terms on the right-hand side) as a Cauchy

problem for given initial condition.
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Figure 2.2: A snapshot of the horizontal vector field generated by HYCOM and
used as a parameter in the simulations of advective-diffusive transport. Color indicates

temperature. One can see multiple cyclone-anticyclone dipoles.

In our simulation, as an example of such an advective field, we used the tree-dimensional
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velocity field generated by HYbrid Coordinate Ocean Model (HYCOM). The HYCOM

model is a data-assimilative hybrid isopycnal-sigma-pressure (generalized) coordinate

ocean model. The hybrid coordinate is one that is isopycnal in the open, stratified ocean,

but smoothly reverts to a terrain-following coordinate in shallow coastal regions, and to

z-level coordinates in the mixed layer and/or unstratified seas. The HYCOM effort is

funded by the National Ocean Partnership Program (NOPP), as part of the U. S. Global

Ocean Data Assimilation Experiment (GODAE). HYCOM data is available at HYCOM

dataserver [42] in NetCDF format [43] on a longitude-latitude grid with the step of 1/12◦.

The numerical scheme used for these computations was based on the MPDATA (multidi-

mensional positive definite advection transport algorithm) which we discuss in Chapter

3. Diffusion was simulated by a usual second-order accurate finite difference scheme. The

general algorithm that we used for simulations incorporates the following procedure:

• Read velocity data from HYCOM data files.

• Interpolate all three components to a finer grid using a B-spline routine (IMSL

library was used [44]).

• Partition prepared data for parallel computations. The decomposition is done in

the X − Y directions only such that each computational core handles tree dimen-

sional arrays: its portion of the X − Y grid and all of the values in Z direction.

Interaction between domains is implemented using a standard approach known as

“halo exchange”.
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• Initialize initial state of a scalar tracer field and partition it for parallel computa-

tions.

• On each computational core perform the first MPDATA donor-cell step (MPDATA

algorithm is discussed in the section 3).

• On each computational core compute anti-diffusive velocities and perform corrective

MPDATA donor-cell step.

• On each computational core perform diffusive step.

• Write result to the file and repeat the computations proceeding to the next upwind

donor-cell step.

This algorithm was implemented in Fortran with the parallel part written with Co-array

Fortran (CAF). Co-Array Fortran is a PGAS (Partitioned Global Address Space) lan-

guage, a class of parallel programming languages. It was created by Robert Numrich and

John Reid in 1990s to be the smallest change required to convert Fortran into a robust

and efficient parallel language [45, 46]. It allows one to efficiently write highly parallel

codes following the SPMD (single program, multiple data) parallelization scheme. Each

process (called image) has its own private variables. Variables which have a so-called

co-dimension are addressable from other images. This extension is part of the Fortran

2008 standard (ISO/IEC 1539-1:2010).
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2.2.1 Deep Water Horizon

First, we present the results of the simulation of an advective-diffusive transport with a

line source term. We place the source at the coordinates of the Deep Water Horizon —

oil drilling rig notorious for its failure in 2010 that caused the largest off-shore oil spill

in the history of U.S. The source was placed at coordinates (28.737, -88.3869) from the

surface to the bottom. Figure 2.3 depicts the set-up.

Figure 2.3: Deep Water Horizon set-up. Red asterisks denotes the position of the rig
(28.737, -88.3869). Color indicates the temperature of the water.

We show the evolution of the tracer field generated by the line source on Fig. 2.5. One of

the interesting questions is the effect of the vertical component of the velocity on the dy-

namics of the tracer. The HYCOM model computes velocities in the isopycnal coordinates
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and the vertical component is obtained after interpolation onto the “longitude-latitude-

depth” based grid. Usually, the vertical component is orders of magnitude smaller than

the horizontal components, and it is important to estimate the impact of vertical velocity.

We can easily set the vertical velocity to zero and run simulations with otherwise exactly

the same parameters. In the absence of diffusion, the solution exhibits fully stratified

behavior. On the Fig. 2.4 we show results of the simulations of the tracer’s dynamics

for the case when vertical velocities are completely suppressed, but there exists diffusive

coupling along Z-axis. On the countrary, Fig. 2.5 presents the same system but with the

vertical component of the velocity. It is easy to see that the effect of the vertical velocity

is rather dramatic.
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Figure 2.4: Evolution of the tracer field. Vertical component of the velocity field is
turned off.
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Figure 2.5: Evolution of the tracer field. Vertical component of the velocity field is
present.
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2.2.2 Loop Current

One of the most powerful currents in the Gulf of Mexico has the name of Loop Current.

It originates in the channel between the Yucatan Peninsula and Cuba (as a Yucatan

Current), flows northward, loops east and south and exits east through the Florida Straits

joining the Gulf Stream. It plays an important role in hurricane creation [47, 48] and is

known for the mechanism of creating large rings of warm water that pinch off the main

flow and drift at speeds of about 5cm/s towards Texas or Mexico [49, 50]. We can study

this current by setting a source of the tracer field on the path of the flow as depicted in

Fig. 2.6.

Figure 2.6: Loop Current set-up. The source is placed in the middle of the meso-scale
flow entering the Gulf of Mexico between Yucatan Peninsula and Cuba — the Yucatan
Current. Color indicates temperature of the water. Two black asterisks denote the

position of the source term.
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Figure 2.7: Advection in the Loop Current. Full 3D case with vz 6= 0.

Results of these simulations are presented on Fig. 2.7 (for full 3D case with vz 6= 0) and

on Fig 2.8 (for stratified dynamics with vz set to zero).
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Figure 2.8: Advection in the Loop Current. Stratified case of 2D advection vz 6= 0
and full 3D diffusion.
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2.2.3 Interaction of two eddies.

Finally, we want to apply this method to the problem of mixing introduced by large scale

structures such as large persistent flows of eddies. Large swirls that break off the Loop

Current may reach up to about 200 kilometers across and may last for many months.

Such structures drift across ocean basins at speeds of about 4-5 kilometers per day, and,

depending on their source, stimulate mixing of either warmer or colder water than their

surroundings. Besides the temperature, such eddies may facilitate mixing of water masses

with different levels of salinity, or solutions of other chemicals (including pollutants)

critical to long- and short-term climate variations and the health of the environment.

In this simulation we present the initial distribution of a scalar field and evolve it in

time without additional source terms. To do this, we studied HYCOM data to find the

cyclone-anticyclone dipole and carefully measured sizes of both eddies, Fig. 2.9. At time

t = 0, we partially filled the volume of both eddies with contaminants. Evolution of the

tracers that shows interaction between the two swirls is presented in Fig. 2.10.

In Fig. 2.11 we present the displacement of the center of mass of the initial distribution of

the contaminant as a function of time in three directions. Obviously, for the case vz = 0,

the vertical displacement is exactly equal to 0 (Fig. 2.11(c)), whereas turning the vertical

component on leads to substantial downward motion of the tracers (we observe that the

contaminant of type “red” that was originally placed closer to the surface undergoes a

much bigger displacement than the “blue” contaminant; the curve flattens after tracers

reach a certain depth that may serve as an indication that there exists some kind of barrier



Chapter 3. Numerical simulation of advective-diffusive transport in the ocean. 60

−93.5 −93 −92.5 −92 −91.5 −91

23.5

24

24.5

25

25.5

26

longitude

la
ti
tu

d
e

 

 

Figure 2.9: Example of the vector field with two interacting eddies. Slice for z =
400m. This cyclone-anticyclone system is clearly distinguishable from 20-30 to 1300m

deep. Red dots depict centers of vortices.

for transport). On Fig. 2.11(a) and 2.11(b), we see that, for almost a month, a longitudinal

motion of the “red” contaminant would have exhibited truly periodic properties without

a vertical component of the flow field. Turning the vertical velocity on quickly kills these

periodic patterns. At the same time we can conclude that the overall displacement of the

center of mass in horizontal directions is not affected by the vertical component of the

flow to a very big extent. These observations illustrate how the proposed method can be

used to to visualize, study and analyze properties of various flows.
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Figure 2.10: Interaction between two eddies with opposite vorticities. Full 3D case
with vz 6= 0.
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(a) Longitudinal displacement.
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(b) Latitudinal displacement.
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Figure 2.11: Displacement of the center of mass of the initial distribution of the
contaminant in longitudinal (subfigure (a)), latitudinal (subfigure (b)) and vertical
(subfigure (c)) directions as function of time. Red and blue colors correspond to red
and blue tracers shown in Fig. 2.10. The solid line shows results of full 3D simulations
(with vz 6= 0) and dashed lines show the result of simulations for the case of no vertical

velocities vz = 0.

2.3 Co-array Fortran

Co-array Fortran (CAF) is one of three language extensions that support explicit parallel

programming together with Unified Parallel C (UPC), developed at George Washington

University [51] and Lawrence Berkeley National Laboratory [52], and Titanium — a
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Java extension developed at University of California, Berkeley [53]. These programming

languages are called Partitioned Global Address Space (PGAS) languages for that they

have a common feature of partitioning the data and affinity of the data with processors.

The CAF model first appeared as a small extension of Fortran 90 (F−−) that would

enable the programmer to create programs that run on multiple computing processors

with minimal changes to the standard Fortran syntax. CAF is a Single Program, Multiple

Data (SMPD) programming model, where all processors simultaneously execute the same

program. In Co-Array terminology, these independent replications are referred to as

images. SPMD is most often implemented using the Message Passing Interface (MPI)

— a C library (with bindings to Fortran) that is unaware that the program has multiple

instances and implements communication between the images by passing messages via

library calls on both the sending and receiving image. In this model, both sending and

receiving images must be aware of the communication, which creates additional burden

for the programmer.

In CAF all off-processor (off-image) data is available via special bracket notation. At

the same time, all data that is local to the image is accessible via standard Fortran

syntax. The programmer is responsible for explicit data decomposition. Affinity between

data and physical processors is established by a run-time system. All images execute

the program asynchronously and all data and all computations are local to the image.

The programmer is responsible for explicit synchronization. The programer accesses and

moves remote data to local data through, and only through, explicit co-array syntax.
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During the execution of the program, the number of images is fixed and is retrieved during

run-time. The number of the images may be obtained using the function num images()

≥ 1. Each image has its own index that is assigned during run-time: 1 ≤ this image ()

≤ 1 num images(). The declaration of co-arrays and regular arrays and their properties are

presented in the Table 2.1

Regular array Co-array

real :: x(n) real :: y(n) [∗]

Every image has one of these objects Every image has one of these objects

The name is the same on all images The name is the same on all images

The size is the same on all images The size is the same on all images

Elements of the array in local memory
are indexed by the dimension

Elements of the array in local memory
are indexed by the dimension

Arrays on remote image are invisible Arrays on remote image are visible
through co-dimension

Table 2.1: Properties of co-arrays compared with regular arrays.

The only difference lies in the visibility of the data that is remote with respect to the

particular image. Otherwise the programmer can treat regular arrays and co-arrays in

a similar manner, simply keeping in mind that value [p] is the value on p-th processor.

Similarly, the declaration real :: x(n) [∗] means that there is an array x(n) on each of

num images() processors.

There can be more than one co-array dimension. Consider for example the following dec-

laration: real :: data(nx,ny)[p ,∗] . This replicates the instance data(nx,ny) — a 2-dimensional
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array of size nx × ny — on each image (as many as are available at run-time). The last

co-dimension computes as num images()/p. A schematic of the idea of the 2-dimensional

decomposition is presented on the Fig. 2.12.

[p, q]

[p+ 1, q]

[p, q − 1]

[p, q + 1][p, q − 1] (i, j) (i+ 1, j)(i− 1, j)

(i, j − 1)

(i, j + 1)

Figure 2.12: Decomposition of a two dimensional grid using co-arrays. Each image
[p, q] of P ×Q total images handles a computational grid (i, j) of the size nx × ny.

The code that was used for the solving advection-diffusion equation as described in the

previous sections was based on exactly the same idea of 2D decomposition. All compu-

tational domains were split among multiple cores in such a way that one core handles

one array data(nx,ny,nz) — a portion of the X − Y domain and all of the values along

the direction Z. The actual Fortran code that implements a similar 2D decomposition is

shown on listing 2.1.

In conclusion we mention that since every image executes independently of all other

images in an asynchronous manner, there is a need to control synchronization between

images. Luckily, co-array Fortran provides the programmer with tools that allow to

control execution of the code. This is done through barriers: hidden barriers (allocation
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of a co-array automatically forces synchronization of images), explicit barriers — full

(sync all ) and partial (sync images( list (:) )), locks and critical regions.

Listing 2.1: Example of 2D decomposition.

1 a l l o ca te ( d a t a l o c a l ( n ,m) [ q , p ] ) ! number o f images must be p∗q
2 i f ( t h i s ima g e ( ) == 1) then
3 a l l o ca te ( d a t a g l o b a l ( p∗n , q∗m) ) ! a l l o c a t e g l o b a l a r r a y on image = 1
4 c a l l i n i t i a l i z e ( d a t a g l o b a l ) ! c a l l r o u t i n e tha t w i l l i n i t i a l i z e

i t
5 do r =1,p
6 do s=1,q
7 d a t a l o c a l ( 1 : n , 1 :m) [ r , s ] = &
8 d a t a g l o b a l ( ( r−1)∗n+1 : r ∗n , ( s−1)∗m+1 : s ∗m)
9 end do

10 end do
11 end i f

We illustrate the difference between the MPI-based implementation and CAF implemen-

tation of the halo exchange problem in Appendix A. It is seen that the co-array model

indeed provides the programmer with a very elegant, easy-to-use and economical way to

write highly parallel applications or to parallelize existing codes.
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Numerical Methods.

3.1 Introduction.

It is hard to under-estimate the role of numerical simulations in various fields: from

engineering science and physics to finance [54, 55] and biology [56, 57]. A variety of

problems that require a numerical approach includes numerical integration, nonlinear

equations, differential equations, both ordinary and partial differential equations (PDEs)

with complicated boundaries, signal processing, images processing and so on. The number

of areas where numerical approximate methods find their use is limitless. There are

many reasons for such great importance of numerical analysis. Very often, an analytical

solution simply does not exist or it is extremely hard to obtain one. Simulations and

numerical modeling are a very good and in many areas de-facto tool that can be used to

check analytical results. Experimental verifications may be too expensive (aerodynamics,

67
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automotive crash tests, etc...), or they may be simply impossible (one example of such an

area is cosmology where numerical modeling is extensively used to test theories describing

early stages of the universe [58–60]).

Numerical simulations constitute an entire self-contained branch of mathematics. Because

of the extreme importance of numerical methods, there exists an enormous number of

methods and techniques used for solving various mathematical problems on computers.

Among others we are interested in computational approaches of solving PDEs. A detailed

discussion of this problem alone is impossible within the scope of this work; however, we

provide a brief discussion of some of the most famous numerical schemes. We first discuss

possible ways to approximate derivatives of functions and give an overview of the so-called

“Chebychev spectral” method. Then, we mention a few numerical schemes that could be

used to integrate partial differential equation. And finally we discuss MPDATA — the

more elaborate method that was used for simulations of the mass transport in the ocean.

3.2 Numerical differentiation.

In order to solve partial differential equations numerically one has to provide an efficient

method of computing derivatives of the function. We discuss some typical ways to handle

this task.
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3.2.1 Finite Differences.

Our starting point is a very basic question: given a set of points xi and a set of values of

some function f at these points f(xi), what is the way to approximate the derivative of

the function f ′(x)? From here on, we consider a uniform grid x1, ..., xN , with xi+1−xi = h

for every i. The first and most obvious way to answer this question is to introduce a finite

difference approximation

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
≈ f(x+ h)− f(x)

h
(3.1)

Using Taylor expansion f(x+ ∆x) = f(x) + f ′(x)∆x+ 1/2f ′′(x)(∆x)2 +O((∆x)3) in the

above equation we see that f ′(x) = f(x+∆x)−f(x)
∆x

+ O(∆x). This finite difference scheme

correctly accounts for the first order of ∆x term. The truncation error is proportional to

(∆x)2 and the approximation (3.1) is said to be a first order approximation. In order to

get a better approximation, consider two Taylor series:

f(x+ ∆x) =f(x) + f ′(x)∆x+
(∆x)2

2
f ′′(x) +

(∆x)3

3!
f ′′′(x) +O((∆x)4)

f(x−∆x) =f(x)− f ′(x)∆x+
(∆x)2

2
f ′′(x)− (∆x)3

3!
f ′′′(x) +O((∆x)4)

Subtracting the second equation from the first, we get

f ′(x) =
f(x+ ∆x)− f(x−∆x)

2∆x
+O((∆x)3). (3.2)

We see that this finite difference equation correctly accounts for the term proportional to

the (∆x)2 and the truncation error is proportional to the third power of ∆x. Therefore,

this finite difference is called a second order approximation of the derivative. We will

come back to discussions of finite differences later in this chapter.
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3.2.2 Periodic grid. Spectral differentiation.

Another approach — spectral differentiation — can be developed for the approximation

of a derivative of the function defined on a periodic grid. To introduce this method, let

us first impose periodicity u1 = uN and rewrite equation (3.2) in a slightly different form,

namely 

f ′1

f ′2

...

f ′N



=
1

h



0 1
2
· · · −1

2

−1
2

0 · · ·

. . .

· · · 0 1
2

1
2

· · · −1
2

0





f1

f2

...

fN



. (3.3)

Here, we assume N to be even for simplicity. The matrix in (3.3) is a Toeplitz matrix

with constants along diagonals that “wrap” around the matrix due to the periodicity of

the problem [61, 62].

The same result may be obtained if f(x) is locally interpolated by a polynomial. Let pi

for every i be a polynomial of a degree ≤ 2 such that pi(xi−1) = fi−1, pi(xi) = fi and

pi(xi+1) = fi+1. Once pi is found, we can obtain the first derivative as f ′i = p′i(xi). For
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the simple case (3.3), the sought polynomial is given by

pi(x) = Afi−1 +Bfi + Cfi+1,

where

A = (x− xi)(x− xi+1)/2h2,

B = − (x− xi−1)(x− xi+1)/h2,

C = (x− xi)(x− xi−1)/2h2.

(3.4)
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Taking the derivative of (3.4) at x = xi, we obviously recover (3.2). In a similar way we

can construct a matrix that will approximate derivatives to fourth order:

f ′1

f ′2

...

f ′N



=
1

h


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



f1

f2

...

fN



. (3.5)

An analogous interpolation procedure may be performed with polynomials of the degree ≤

4. This process can be continued to the infinite limit. In the end we should obtain a dense

matrix that represents an infinite order accurate differentiation matrix. As discussed in

[21], for a bounded periodic grid, a different interpolant (called the Fourier interpolant
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for the choice of basic functions) should be used:

p(x) =
N∑
i=1

fiSh(x− xi), where

Sh(x) =
h

2π

sin(πx/h)

tan(x/2)

(3.6)

The first derivative of the interpolant Sh(x) at grid points x = xi is given by

S ′h(xi) =


0 : i = 0(modN)

(−1)i cot(ih/2)/2 : i 6= 0(modN)

(3.7)

Therefore, the first differentiation matrix is given by

DN =



0 −1
2

cot 1h
2

−1
2

cot 1h
2

. . . . . . 1
2

cot 2h
2

1
2

cot 2h
2

. . . −1
2

cot 3h
2

−1
2

cot 3h
2

. . .
...

...
. . . . . . 1

2
cot 1h

2

1
2

cot 1h
2

0



. (3.8)
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To compute the second derivative, we differentiate the interpolant (3.6) twice and obtain:

S ′′h(xi) =


− π2

3h2
− 1

6
: i = 0(modN)

− (−1)i

2 sin2(ih/2)
: i 6= 0(modN)

(3.9)

The double differentiation matrix therefore takes the form

D
(2)
N =



. . .
...

. . . −1
2

csc2(2h
2

)

. . . 1
2

csc2(h
2
)

− π2

3h2
− 1

6

1
2

csc2(h
2
)

. . .

−1
2

csc2(2h
2

)
. . .

...
. . .



. (3.10)
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We illustrate the accuracy of this method by computing the first and second derivatives

of a periodic function defined on domain [−π, π]

f(x) = cos(x)esin(x),

f ′(x) =
(
cos2(x)− sin(x)

)
esin(x),

f ′′(x) = cos(x)
(
cos2(x)− 3 sin(x)− 1

)
esin(x).

(3.11)

Results of numerical computations of the first and second derivatives are presented in

Fig. 3.1 and Fig. 3.2 respectively. We are plotting f ′(x)analytical − f ′(x)numerical (and simi-

larly for the second derivative). It is clear that good convergence can be reached already

for 20-30 grid points for both first and second derivatives.

Another possible (and extremely popular) approach for approximating a derivative of a

periodic function is, of course, the Fourier transform that is given by
F (ω) =

∫ +∞
−∞ e−iωxf(x) dx

f(x) = 1
2π

∫ +∞
−∞ eiωxF (ω) dω

(3.12)

Differentiating the second expression with respect to x, we find that the Fourier trans-

formation is given by f ′(x) → iωF (ω). The algorithm of finding the nth derivative is

trivial:

• transform f(x) to Fourier space

• multiply F (ω) by (iω)n

• transform the result back to the direct space
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Figure 3.1: Numerical approximation of the first derivative on a periodic domain
obtained by using the differentiation matrix (3.8). Here N is the number of grid points.

The discretized version of the Fourier transform — the discrete Fourier transform (DFT)

— is probably the most often used algorithm in computational analysis [63, 64]. The

reason for such great popularity is the fact that the direct and inverse DFT can be

efficiently computed using the so-called fast Fourier transform that dates back to a famous

paper published by John Tukey of Princeton University and John Cooley of IBM Research

in 1965 [65]. The FFT algorithm allows one to perform the discrete Fourier transform

in N log(N) operations whereas a direct usage of DFTs requires N2 operations. One

of the very widely used implementations of FFTs is “The Fastest Fourier Transform in

the West”, a software library, developed by Matteo Frigo and Steven G. Johnson at the
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Figure 3.2: Numerical approximation of the second derivative on a periodic domain
obtained using the differentiation matrix (3.10). Here N is the number of grid points.

Massachusetts Institute of Technology [66, 67]. This and related questions are discussed

in a great details in [68]

3.2.3 Non-periodic domain. Chebychev differentiation matri-

ces.

Suppose we need to evaluate a numerical approximation of a derivative of the function

f(x) for a function that is not periodic and is defined on a finite domain [−1, 1]. A first idea

would be to try to periodically extend f(x) onto whole R so that it becomes a piecewise
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smooth, periodic function with jump discontinuities and to apply Fourier interpolation

as described above. However, by introducing a discontinuity at the boundary, we loose

accuracy which appears as an “overshoot” in the DFT representation of a function near

the boundary. This effect is known as the Gibbs phenomenon [69, 70].

Another possible approach would be to use algebraic polynomials to interpolate f(x). It

also happens to be bad decision because polynomial interpolation is known to generate

high-amplitude oscillations at the edges which is known as the Runge phenomenon [71,

72]. This divergence of the polynomial interpolation has even more dramatic effects

than the Gibbs effect, however there are some techniques developed to suppress Runge

divergence (for example see [73] or [74]).

An alternative approach is to use polynomial interpolation on a non-uniform grid. Dif-

ferent non-uniform grids were suggested [75], however one of the most popular ones is a

grid of so-called “Chebychev points” or “Chebychev nodes”, that are given by

xj = cos(jπN), j = 0, 1, · · · , N. (3.13)

Geometrical interpretation of the set xj of Chebychev nodes is presented on Fig. 3.3.

We see that grid points cluster around domain edges which has an dramatic effect on

the accuracy of polynomial interpolation [19, 21]. In fact, polynomial interpolation on a

Chebychev grid (or on any grid with asymptotic N →∞ density of points on the interval

[−1, 1] behaving like 1/
√

1− x) is completely free of Runge’s phenomenon.
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xN = −1 xN/2 = 0 x0 = 1

Figure 3.3: Chebychev points can be geometrically interpreted as projections of points
uniformly spaced on the unit circle onto the x-axis.

In order to approximate the derivative, we therefore first interpolate f(x) by a polynomial

p(x) of degree ≤ N , i.e. we find p(x) such that p(xk) = fk and after that we set

f ′k = p′(x)|x=xk . As before, this can be written as

f ′ = DNf (3.14)

(compare to (3.3) and (3.5)). Let’s consider the case N = 1 to illustrate the principle.

There are only 2 grid points x0 = 1 and x1 = −1 and the function f(x) interpolates as

p(x) =
1

2
(1 + x)f0 +

1

2
(1− x)f1. (3.15)

Therefore, the derivative of the function is found to be

f ′(x) ≈ p′(x) =
1

2
f0 −

1

2
f1. (3.16)
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Which in matrix form (3.14) is written as
f ′0

f ′1


= D1


f ′0

f ′1


=



1
2
−1

2

1
2
−1

2




f0

f1


. (3.17)

Similarly, for case N = 2, there are three grid points x0 = 1, x1 = 0 and x2 = −1. The

interpolating function is

p(x) =
1

2
x(1 + x)f0 + (1 + x)(1− x)f1 +

1

2
x(x− 1)f2, (3.18)

and the derivative is obviously

f ′(x) ≈ p′(x) = (x+
1

2
)f0 − 2xf1 + (x− 1

2
)f2. (3.19)

The differentiation matrix for this case looks as

f ′0

f ′1

f ′2



= D1



f ′0

f ′1

f ′2



=



3
2
−2 1

2

1
2

0 −1
2

−1
2

2 −3
2





f0

f1

f2



. (3.20)
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In general case of arbitrary N , the components of the differentiation matrix are given

by[21, 76] :

(DN)ij =
ci
cj

(−1)i+j

(xi − xj)
for ∀ i, j 6= 0, N and i 6= j,

(DN)ii = − xj
2(1− x2)

for ∀ i 6= 0, N,

(DN)00 =
2N2 + 1

6
, (DN)NN = −2N2 + 1

6
,

where

ci =


2 i = 0 or i = N

1 i = 1, 2, · · · , N − 1

(3.21)

Now finding the approximation of a derivative of a function defined on a grid of Chebychev

points (3.13) numerically is done by a matrix-vector multiplication (3.14), where the

components of a matrix DN are given by (3.21). Higher order (kth-order) derivatives will

be of course approximated by powers of the matrix, (DN)k. We illustrate the accuracy of

this method by computing first and second derivatives of some function and comparing

the numerical approximation as given by the Chebychev differentiation matrices to the

analytical expression. Consider the “probe” function and its derivatives

f(x) = ex
(
x− x3

)
f ′(x) = ex(1 + x− 3x2 − x3)

f ′′(x) = −ex(−2 + 5x+ 6x2 + x3)

(3.22)

The difference f ′(x)analytical − f ′(x)numerical is presented in Fig. 3.4 and similarly for the

second derivative in Fig. 3.5.
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Figure 3.4: Numerical approximation of the first derivative on a non-periodic domain
obtained using the Chebychev differentiation matrix (3.21) for different numbers of grid

points.

We see that even for N = 10 somewhat reasonable accuracy is achieved! Increasing N to

∼ 30 we get a more than satisfactory approximation of derivatives.

3.2.4 Approximations of partial derivatives.

It is clear now how to proceed in the case when we need to approximate more complicated

derivatives. Consider for example some function defined in polar coordinates f(r, θ).
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Figure 3.5: Numerical approximation of the second derivative on a non-periodic do-
main obtained using the square of the Chebychev differentiation matrix (3.21) for dif-

ferent numbers of grid points.

Imagine that we have to compute something like:

∆f =
d2f(r, θ)

dr2
+

1

r

df(r, θ)

dr
+

1

r2

d2f(r, θ)

dθ2
, (3.23)

which of course is recognized as the Laplacian of f . To compute it numerically on a disc

of unit radius we should sample f at Chebychev grid points in r-direction and on regular

uniform grid in θ-direction. However, the Chebychev grid as it is introduced above is

defined on the interval [−1, 1], whereas r ∈ [0, 1]. This complication can be resolved in

many ways. One possibility is to simply map regular Chebychev grid from xj ∈ [−1, 1] to

rj ∈ [0, 1] via the transformation r = (x+ 1)/2. Then d/dr = (dx/dr) · (d/dx) = 2(d/dx).
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We see that this transformation will simply multiply the Chebychev differentiation matrix

(3.21) by a constant. But the rest of the formalism is still applicable. Another method

would be to use r ∈ [−1, 1], θ ∈ [0, 2π] and explore the symmetry [75, 77]

f(r, θ) = f(−r, (θ + π)(mod 2π)). (3.24)

Various other methods that deal with polar or spherical coordinates are discussed in great

details in [19].

Whatever approach we pick, the approximate Laplacian is written as

∆f(ri, θj) =
[
D̄2

chebf(r, θj)
]
i
+

1

ri

[
D̄chebf(r, θj)

]
i
+

1

r2
i

[
D(2)f(ri, θ)

]
j

(3.25)

here D̄cheb is the Chebychev differetiation matrix (3.21) and the bar on top of it is used to

indicate that it may possibly be multiplied by a coefficient emerging from the grid trans-

formation; D(2) is a matrix, (3.10), for differentiation in the periodic (angular) direction;

f(r, θj) is a vector of values of function f for fixed θj. The product Df(r, θj) is a vector

itself and the notation [Df(r, θj)]i is used to select ith component of this vector.

3.3 Methods of solving partial differential equations.

Consider the differential equation

ft = Lf (3.26)
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where L is some operator. It may be a differential operator, in Cartesian, polar, spher-

ical etc... system of coordinates or it may simply denote multiplication by some (time-

independent) factor. For example, if L = ∆, equation (3.26) becomes a well-studied

parabolic partial differential equation known as the “heat equation”. If L = a· — simple

multiplication by a constant, then (3.26) is an ordinary differential equation with the

trivial solution f(t) = f0 exp(at). In previous sections we discussed some of the possible

ways to carry out numerical differentiation, so, if L is differential operator, we know how

to perform computations of Lf . Nevertheless, we still want to use a simple ordinary

differential equation with operator L being just a multiplication by a constant. This

will still allow us to to briefly describe some of the most typical approaches to integrate

differential equations numerically.

3.3.1 Euler method.

We are trying to integrate equation

f ′ = af, (3.27)

where f ′ means df/dt. The first and the most natural idea is to use discretized time and

to approximate the time-derivative by a finite difference as it is described in section 3.2.1.

We use slightly different notation here and denote f (n) = f(n∆t) — the value of function

f at the nth time step. Equation (3.27) is approximated as

f (n+1) − f (n)

∆t
= af (n) (3.28)
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Knowing f (0) we can now find f (1) as f (1) = f (0) + ∆taf (0). Continuing this iterative

process until the desired time is reached, we can obtain an approximate solution of (3.27).

We know that the exact solution of this equation at time ∆t is given by

f (1) = f(∆t) = f (0)ea∆t ≈

≈ f (0) + af (0)∆t+
1

2
a2f (0)(∆t)2 +

1

3!
a3f (0)(∆t)3 + · · ·

(3.29)

Comparing this to our analytical solution we see that the first term that we got wrong is

const · (∆t)2. This truncation error will be introduced at every computational iteration.

To get to the final time we need to make Nt ∼ 1/∆t of such steps and, therefore, the

total accumulated error will be ∼ ∆t. This is very slow convergence and, as we will show,

much better convergence can be easily achieved. Another important aspect is the notion

of stability. We see that the error grows by (1 + a∆t) at every time step, so this scheme

is only stable for |1 + a∆t| ≤ 1.

We can slightly modify (3.28) and write is as

f (n+1) − f (n)

∆t
= af (n+1) (3.30)

It is easy to find that in this case

f (n+1) =
1

1− a∆t
f (n) ≈ (1 + a∆t+ a2(∆t)2)f (n) (3.31)

Again term ∼ (∆t)2 is wrong (compared to (3.29)) and, therefore, this method has the

same convergence. However, we see that it has much better stability properties. In fact, it

is stable for ∀ a and ∆t. These two numerical schemes have names forward and backward

(or alternatively explicit and implicit) Euler schemes.
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3.3.2 Crank-Nicolson Scheme.

A quite natural idea that was first suggested by John Crank and Phyllis Nicolson in 1947

[78] is to combine both of the two methods described above and write down the numerical

approximation of (3.27) as

f (n+1) − f (n)

∆t
= a

f (n) + f (n+1)

2
(3.32)

The right-hand side is taken as the average of values of f at nth and (n + 1)st time

steps. Due to this symmetry, this scheme is also sometimes referred to as the trapezoidal

method. Similarly to what we did for Euler methods we find that

f (n+1) =
1 + a∆t/2

1− a∆t/2
f (n) (3.33)

We see that the stability condition |(1 + a∆t/2)/(1− a∆t/2) ≤ |1 implies that scheme is

stable for ∀ ∆t and a < 0. Expanding it to a Taylor series we get

f (n+1) ≈
(

1 +
a∆t

2

)(
1 +

a∆t

2
+

(a∆t)2

4
+

(a∆t)3

8
+ · · ·

)
f (n)

≈
(

1 + a∆t+
(a∆t)2

2
+

(a∆t)3

4
+ · · ·

)
f (n)

(3.34)

Comparing this to the exact solution given by (3.29), we notice that the Crank-Nicolson

scheme evaluates the approximate solution correctly up to the term ∼ (∆t)2. So this

method is said to be of second order for much better accuracy. It is in fact an extremely

popular method of numerical integration of PDEs exactly for this combination of second-

order accuracy and great stability properties. However, its “semi-implicit” nature creates

some computational expenses. In our simplistic example, the evaluation of subsequent
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time-steps only costs a multiplication of previous time-step by a factor 1 + a∆t/2 and a

division by a factor 1−a∆t/2. If we were to solve a PDE instead of an ordinary differential

equation, the expression (3.33) would become a system of linear algebraic equations for

every f
(n)
i = f(tn, xi).

3.3.3 Adams-Bashforth’s method.

In a Crank-Nicolson scheme, the better accuracy (∼ (∆t)2 as opposed to ∼ ∆t for the

Euler method) is achieved due to the fact that the estimate for f (n+1) is computed by

considering the right-hand side of (3.27) an average of the values of f ′ at the nth and

(n+ 1)st time steps. This trick allowed to increase accuracy but introduced some exctra

computational costs.

Another possible approach to reach good accuracy (at least to second order in ∆t) and

to keep at the same time the derivation fully explicit would be to use information about

values of f at nth and (n − 1)st time steps while computing the (n + 1)st value. Let’s

approximate the left-hand side as

f (n+1) − f (n)

∆t
= a

(
Af (n−1) +Bf (n)

)
(3.35)

The coefficients A and B are to be picked such that this approximation correctly restores

the term proportional to (∆t)2 in (3.29). By expanding f (n−1) into a Taylor series and

comparing (3.35) to the exact solution, it is easy to show that these coefficients have to
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be A = −1/2 and B = 3/2, such that (3.35) resolves for f (n+1) as

f (n+1) = f (n) + ∆t

(
3

2
af (n) − 1

2
af (n−1)

)
(3.36)

We see that this method is fully explicit (which should be read as “easy-to-compute”)

and has second order accuracy. In a similar manner, one can create a method that would

include more of the previous time-steps

f (n+1) − f (n)

∆t
= a

(
Af (n−1) +Bf (n) + Cf (n−2) +Df (n−3) + · · ·

)
(3.37)

Each of the terms (with correctly picked coefficients) will increase convergence. The

family of these methods is known as a family of multistep Adams-Bashforth’s methods

[79, 80]. To determine the stability properties of the method (3.36), we rewrite it as

f (n+1) −
(

1 +
3

2
a∆t

)
f (n) +

1

2
a∆tf (n−1) = 0 (3.38)

In this finite difference equation, we furthermore substitute an ansatz f (n) = pn and

obtain (after canceling the common term pn−1)

p2 −
(

1 +
3

2
a∆t

)
p+

1

2
a∆t = 0 (3.39)

The two roots of this quadratic equation for p are given by

p1 =
1

2


(

1 +
3

2
a∆t

)
+

√(
1 +

3

2
a∆t

)2

− 2a∆t


p2 =

1

2


(

1 +
3

2
a∆t

)
−

√(
1 +

3

2
a∆t

)2

− 2a∆t


(3.40)
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The finite difference equation (3.36), in the limit of ∆t → 0, reduces to the actual

differential equation (3.27). In this limit, the roots p1 and p2 are

lim
∆t→0

p1 = 1 + a∆t, lim
∆t→0

p2 =
1

2
a∆t. (3.41)

We see that the solution f (n) corresponding to p1 (in the limit of ∆t→ 0) becomes exactly

the solution of the original equation (3.27), as

lim
∆t→0

pn1 = lim
∆t→0

(1 + a∆t)n = lim
∆t→0

(1 + a∆t)t/∆t = eat. (3.42)

However, the solution of a difference equation that is obtained with the second root p2

does not have a relation to any actual solution of ODE (3.27). For this reason, the root

p2 and its difference equation solution f (n) = pn2 are called parasitic solutions. To require

stability of a difference scheme (3.35) we should obviously need to require that both p1

and p2 are smaller than 1:

|p1| ≤ 1 and |p2| ≤ 1 (3.43)

These are rather complicated conditions for a∆t due to (3.40). However, the point we are

making here is that (3.43) is a restriction on a and ∆t. Another statement that we will

not prove here is that the higher the order of the Adams-Bashforth’s method, the smaller

is the stability region. A detailed discussion of this question may be found in [81, 82].

3.3.4 Backward differentiation methods.

In order to illustrate a general statement about role of fully explicit and implicit methods

let us briefly consider yet another numerical scheme. One can choose an implicit approach
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to achieve second-order accuracy by considering the following difference method

3f (n+1) − 4f (n) + f (n−1)

2∆t
= af (n+1) (3.44)

This is an improvement of the implicit Euler scheme that we considered above. It is

easy to verify that this scheme it second order by expanding f (n−1) into a Taylor series,

collecting terms with powers of ∆t and comparing the expression for f (n+1) to the Taylor

series of the exact solution (3.29). A similar analysis shows that this method due to its

implicit nature becomes stable for ∀ ∆t and a < 0. This method can be improved by

including values of f at older time-steps. Similarly to Adams-Bashforth’s improvement

(3.37), each additional term will increase accuracy by an extra power of ∆t (see [83] for

more on this subject).

Every nth-order backward difference method will have a much wider stability region than

an nth-order explicit method. On the downside, there are additional computations that

have to be done at each time-step of the implicit method. Therefore picking the correct

approximation that will be implemented in the code is a constant trade-off between desired

accuracy and stability requirements (which are also dictated by available computational

resources).
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3.3.5 MPDATA — multidimensional positive definite advection

transport algorithm.

Unfortunately, the schemes listed in the previous chapters have problems with handling

advection of sharp wave-fronts, or shocks. Those schemes are very usefull as long as

we are dealing with fairly smooth wave-forms. However, they have poor performance

at advecting wave-forms with sharp leading or trailing edges. Use of these methods

for a numerical solution of a constant velocity advection of the initial condition results

in distorted and oscillatory solutions. A typical illustration of this effect is presented

in Fig. 3.6(a). We consider the following equation for simple advection with constant

velocity u in the form

ft = −ufx (3.45)

and integrate it numerically using the Crank-Nicolson formula. We see that this solu-

tion generates spurious oscillations, does not preserve maximal value and, what’s more

important, is not positively defined. Using higher-order methods, it is possible to sub-

stantially reduce the impact of these oscillations, however, it turns out that all central

difference schemes for solving the advection equation suffer from a similar problem [84].

Further discussion and examples of this may be found in references [84–86]. This effect

can be extremely important when the evolution of the positively defined scalar is studied.

Sometimes results of such simulations are used as input parameter in a different problem,

and having negative values may ruin the stability of the whole system. Therefore, it is

extremely important to pay special attention to positiveness of the solution (for example
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[87]).

A typical approach to solve hyperbolic partial differential equations constitutes another

class of numerical schemes that is called upwind methods. The key idea of these methods is

to construct a finite difference approximation based on the direction of the local velocities.

To illustrate the method, let us again consider equation (3.45). A first-order upwind

approximation for this equation is written as

f
(n+1)
i − f (n)

i

∆t
= −u

f
(n)
i − f

(n)
i−1

∆x
for u > 0 (3.46)

f
(n+1)
i − f (n)

i

∆t
= −u

f
(n)
i+1 − f

(n)
i

∆x
for u < 0 (3.47)

If u 6= const , the condition u < 0 should be checked at each computational step (both

time- and space-wise). Depending on the result, (3.46) or (3.47) must be used. This

scheme is first order accurate and stable when the so-called Courant-Friedrichs-Lewy

condition condition holds true [88]:

U =

∣∣∣∣u∆t

∆x

∣∣∣∣ ≤ 1. (3.48)

Besides being only first order accurate, this method is known to suffer from strong implicit

diffusivity. We demonstrate the diffusive behavior in Fig. 3.6(b). Clearly, the upwind

scheme does not only advect initial condition it the direction of the flow, but also imposes

substantial intrinsic (numerical) diffusion. Therefore, alternatives are required.

One such alternative — a numerical scheme called MPDATA (multidimensional posi-

tive definite advection transport algorithm) — was proposed in the early eighties by P.

Smolarkiewich. It originated as a simple positive-definite advection scheme with small
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implicit diffusion for problems of atmospheric cloud models [89]. Over last thirty years,

MPDATA has found numerous applications in atmospheric simulations, geophysical fluid

models, chemical processes modeling, fluid models from biomechanics and solar physics

thus covering scales of motion from micro to stellar [85, 90]. It was also adapted to general

time-dependent curvilinear coordinates [91, 92] and unstructured meshes [93, 94]. Appli-

cation of MPDATA to the “toy problem” of constant advection is shown in Fig. 3.6(c) to

illustrate the efficiency of this method.

In order to discuss this method, we again consider the advection equation (3.45) and

a first-order upwind approximate scheme given by (3.46) and (3.47) (this is sometimes

called donor-cell approximation). It can be written in flux form by introducing the flux

function

F (fl, fr, U) = U+fl + U−fr, (3.49)

where indices at fl and fr mean “left” and “right” and denote the position of the donor

cell with respect to the cell of interest (where scalar field is currently computed); U(+)

and U(−) are nonnegative and nonpositive parts of the local Courant number defined as

U ≡ u∆t

∆x
,

U(+) ≡
1

2
(U + |U |),

U(−) ≡
1

2
(U − |U |).

(3.50)

The flux form of (3.46) and (3.47) now can be compactly written as

f
(n+1)
i = f

(n)
i −

(
F (f

(n)
i , f

(n)
i+1, Ui+1/2)− F (f

(n)
i−1, f

(n)
i , Ui−1/2)

)
. (3.51)
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(a) Crank-Nicolson method.
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(b) First-order upwind scheme.
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(c) MPDATA algorithm.

Figure 3.6: Problem of the simple advection with constant velocity (from left ot
right) computed by three different methods. Left side of each graph depicts initial
condition and right side — state after some time. Crank-Nicolson scheme exhibits
spurious oscillations (subfigure 3.6(a)). Upwind algorithm introduces severe diffusion
into the dynamics of the system (subfigure 3.6(b)). The best result is demonstrated

by the MPDATA algorithm (subfigure 3.6(c)).
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The idea of the method is illustrated in Fig. 3.7.

xi−1

f(xi−1) = fl

xi xi+1

f(xi+1) = fr

xi−1/2 xi+1/2

ui−1/2 ui+1/2

Figure 3.7: Schematic of MPDATA. The tracer field is defined at integer points
(xi, i = 1, 2, 3...) — the cell centers. The velocity vector is defined at half-integer points
— the cell walls. We compute fluxes from one cell to a neighboring cell based on the

direction of the advective flow.

Expanding f (n+1), f (n) and f (n−1) into a Taylor series around (xi, t
(n)), the approximate

equation (3.51) may be written as

∂

∂t
f
∣∣∣(n)

i
= − ∂

∂x
(uf)

∣∣∣(n)

i
+
∂

∂x

((∆x)2

2∆t
(|u| − u2)

∂f

∂x

)∣∣∣(n)

i
. (3.52)

The last expression is a second-order approximation to the advection-diffusion equation

ft + ufx = − ∂

∂x

(
−Kimpl

∂f

∂x

)
, (3.53)

where

Kimpl =
(∆x)2

2∆t

(
|U | − U2

)
(3.54)

is the implicit diffusion that we mentioned above. In the limit when both ∆x and ∆t

approach zero, (3.53) approaches to (3.45). However, actual computations always have

finite non-zero ∆x,∆t. This, on the one hand, makes the upwind scheme stable but, on

the other hand, does not describes equation (3.45) itself but rather an advective-diffusive

equation with some effective diffusion. The idea of MPDATA is to rewrite the diffusive



Chapter 3. Numerical Methods. 97

term in the form of a flux −Kimpl(∂f/∂x) ≡ udf . This new pseudo velocity ud is called

diffusive and is given by

ud = −(∆x)2

2∆t

(
|U | − U2

) 1

f

∂f

∂x
. (3.55)

Now, the effect of the implicit diffusive flux of the scheme (3.51) can be compensated by

an additional upwind step with anti-diffusive velocity û ≡ −ud. The term (1/f)(∂f/∂x)

in (3.55) can be approximated as

1

f

∂f

∂x
≈ 2

∆x

f
(n+1)
i+1 − f (n+1)

i

f
(n+1)
i+1 + f

(n+1)
i + ε

(3.56)

An arbitrary small ε > 0 has to be introduced to guarantee stability of the corrective

step.

This scheme easily generalizes to a multidimensional advection equation. Consider the

three-dimensional analog of the equation (3.45):

ft = −ufx − vfy − wfz. (3.57)

The first order upwind approximation (3.51) becomes

f
(n+1)
i,j,k = f

(n)
i,j,k −

(
F (f

(n)
i,j,k, f

(n)
i+1,j,k, Ui+1/2,j,k)− F (f

(n)
i−1,j,k, f

(n)
i,j,k, Ui−1/2,j,k)

)
−
(
F (f

(n)
i,j,k, f

(n)
i,j+1,k, Vi,j+1/2,k)− F (f

(n)
i,j−1,k, f

(n)
i,j,k, Vi,j−1/2,k)

)
−
(
F (f

(n)
i,j,k, f

(n)
i,j,k+1,Wi,j,k+1/2)− F (f

(n)
i,j,k−1, f

(n)
i,j,k,Wi,j,k−1/2)

)
,

(3.58)

where separate local Courant numbers are used:

U ≡ u∆t

∆x
, V ≡ v∆t

∆x
, W ≡ w∆t

∆x
, (3.59)
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Similarly, the truncation error analysis via expanding f (n+1), f (n) and f (n−1) into the

Taylor series around (xi, yj, zk, t
(n)) shows that (3.58) is a second-order approximation to

the advection-diffusion equation:

ft + ufx + vfy + wfz =

(∆x)2

2∆t
(|U | − U2)

∂2f

∂x2
+

(∆y)2

2∆t
(|V | − V 2)

∂2f

∂y2
+

(∆z)2

2∆t
(|W | −W 2)

∂2f

∂z2
−

UV∆x∆y

2∆t

∂2f

∂x∂y
− UW∆x∆z

2∆t

∂2f

∂x∂z
− VW∆y∆z

2∆t

∂2f

∂y∂z
.

(3.60)

The compensation of diffusive flux can now be done by an additional upwind step with 3

components of the antidiffusive velocity given by

û =
(∆x)2

2∆t
(|U | − U2)

1

f

∂f

∂x
− UV∆x∆y

2∆t

1

f

∂f

∂y
− UW∆x∆z

2∆t

1

f

∂f

∂z
, (3.61)
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(∆y)2

2∆t
(|V | − V 2)

1

f

∂f
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− V U∆y∆x

2∆t

1

f

∂f

∂x
− VW∆y∆z

2∆t

1

f

∂f

∂z
, (3.62)
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(∆z)2

2∆t
(|W | −W 2)

1

f

∂f

∂z
− WU∆z∆x

2∆t

1

f

∂f

∂x
− WV∆z∆y

2∆t

1

f

∂f

∂y
. (3.63)

Afterwards, the terms (1/f)(∂f/∂x), (1/f)(∂f/∂y) and (1/f)(∂f/∂z) are approximated

as in (3.56), and stability of this corrective iteration is guaranteed.



Chapter 4

Conclusion.

We have proposed the method of averaging time-periodic dynamics of the advection-

diffusion equation akin to one suggested by Krol. The proposed scheme exploits a trans-

formation to action-angle coordinates in which the original equation can be written in a

form suitable for averaging. The diffusion is taken to be small and is treated as a perturba-

tion to purely advective periodic motion via a Lie transform. We consider the application

of this method to a particular flow field, namely a time-periodic regularized vortical flow,

and provide numerical evidence that the dynamics of the averaged time-independent equa-

tion adequately approximates the dynamics of the complete advection-diffusion equation.

We provide a detailed analysis of the spectra of both full and averaged equations, defined

on a circular domain with the Dirichlet boundary conditions, using Chebychev spectral

approach for the numerical approximations of finite differences. Spectral structures of
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both equations are shown to converge with the decrease of the diffusion coefficient. A

detailed discussion of the convergence and accuracy of the approximation is provided.

We illustrate that, for the flows with certain properties of time-dependence (periodic and

mean-free), purely advective motion is conservative and symmetry-preserving (with the

Poincaré map of the flow being an identity), whereas arbitrary small diffusion breaks the

symmetry of the initial state of the tracer field.

We only considered the rather restricted class of advective fields with periodic tracer tra-

jectories. For this type of flow, the transformation to action-angle coordinates enables the

averaging procedure. Development of a similar approach for other classes of velocity fields

will be important to understand general regularities of the interplay between advection

and diffusion. We provide a brief discussion of a way to generalize the developed method

to the three-dimensional case.

The advection-diffusion equation is one of the key equations in the problem of transport

and mixing effects in complex flows. An important problem of the theory of dynamical

systems is the detection of coherent structures, which can be responsible for enhancement

or suppression of transport and mixing effects in the flow. We discussed a method to

visualize flow properties that is based on a highly parallel finite-differences solver of

the advection-diffusion equation implemented using co-array Fortran (CAF). CAF is the

extension of the Fortran language, that supports the partitioned global address space

(PGAS) programming model. CAF is a a representative of SPMD (“single program,

multiple data”) parallelism methodology and naturally maps to the algorithmic structure
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of finite- difference methods. We apply the developed method to illustrate how it can be

used to study oceanic flows using the example of the HYCOM data. In particular, we

illustrate how the solver can be used to model and visualize the evolution of a contaminant

spill, study the effect of diffusion on the tracers propagation, or detect visually possible

coherent structures in the flow.



Appendix A

Comparison of co-array Fortran and

MPI

Listing A.1 illustrates implementation of halo-exchange problem using Message-Passing

Interface (MPI). Listing A.2 is the code that does the same but using co-array Fortran.

It is easy to see how economical, compact and elegant co-array Fortran is.
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Listing A.1: Halo exchange. MPI

1 r e a l : : data ( 0 : nx+1, 0 : ny+1, 0 : nz+1)
2 r e a l : : l o c a l r e s u l t , g l o b a l r e s u l t
3 i n teger : : mype , i e r , nx , myr ight , my l e f t
4 i n teger : : s tag , r tag , status , i z
5
6 c a l l MPI i n i t ( i e r )
7 c a l l MPI comm rank (MPI COMM WORLD, mype , i e r )
8
9 ( s e tup )

10
11 ! exchange ha l o c e l l data wi th ” l e f t ” and ” r i g h t ” p r o c e s s o r s
12 do i z = 1 , nz
13 s t ag = s tag + 1
14 r t a g = r t a g + 1
15 c a l l MPI sendrecv ( data (1 , ny , i z ) , nx , MPI REAL8 , myr ight , s tag , &
16 & data (1 , 0 , i z ) , nx , MPI REAL8 , my le f t , r tag , &
17 & MPI COMM WORLD, status , i e r )
18 s t ag = s tag + 1
19 r t a g = r t a g + 1
20 c a l l MPI sendrecv ( data (1 , 1 , i z ) , nx , MPI REAL8 , my le f t , s tag , &
21 & data (1 , ny+1, i z ) , nx , MPI REAL8 , myr ight , r tag , &
22 & MPI COMM WORLD, status , i e r )
23
24 enddo
25
26 ! Do some u s e f u l work on my new ha l o c e l l data then sum r e s u l t s
27 l o c a l r e s u l t = u s e da t a ( data , nx , ny , nz )
28
29 c a l l MPI reduce ( l o c a l r e s u l t , g l o b a l r e s u l t , 1 , MPI REAL8 , &
30 & MPI SUM, 0 , MPI COMM WORLD, i e r )
31
32
33 i f (mype . eq . 0) p r i n t ∗ , ” F i n a l = ” , g l o b a l r e s u l t
34
35 c a l l MP I f i n a l i z e ( i e r )
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Listing A.2: Halo exchange. Co-array Fortran

1 r e a l : : data ( 0 : nx+1, 0 : ny+1, 0 : nz+1) [ ∗ ]
2 r e a l : : l o c a l r e s u l t , g l o b a l r e s u l t [ ∗ ]
3 i n teger : : myr ight , my l e f t , me , i x , i z
4
5 me = th i s ima g e ( )
6
7 ! exchange ha l o c e l l data wi th ” l e f t ” and ” r i g h t ” p r o c e s s o r s
8
9 do i z = 1 , nz

10 do i z = 1 , nx
11 data ( i x , 0 , i z ) = data ( i x , ny , i z ) [ my l e f t ]
12 data ( i x , ny+1, i z ) = data ( i x , 1 , i z ) [ myr ight ]
13 enddo
14 enddo
15
16
17 ! Do some u s e f u l work on my new ha l o c e l l data then sum r e s u l t s
18 l o c a l r e s u l t = u s e da t a ( data , nx , ny , nz )
19
20 c i r t i c a l
21 g l o b a l r e s u l t [ 1 ] = g l o b a l r e s u l t [ 1 ] + l o c a l r e s u l t
22 end c r i t i c a l
23
24 sync a l l
25
26 i f (me . eq . 1) p r i n t ∗ , ” F i n a l = ” , g l o b a l r e s u l t
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[14] Tobias Schäfer, Andrew C. Poje, and Jesenko Vukadinovic. Averaged dynamics of
time-periodic advection diffusion equations in the limit of small diffusivity. Physica
D: Nonlinear Phenomena, 238:233–240, 2009.

[15] Christopher R Anderson. A method of local corrections for computing the velocity
field due to a distribution of vortex blobs. Journal of Computational Physics, 62:
111–123, 1986.

[16] Gregory T. Balls and Phillip Colella. A finite difference domain decomposition
method using local corrections for the solution of poisson’s equation. J. Comput.
Phys., 180:25–53, 2002.

[17] Peter Bettess. Infinite Elements. Penshaw Press, 1992.

[18] Renato Pavanello Euclides Mesquita. Numerical methods for the dynamics of un-
bounded domains. Computational and Applied Mathematics, 24, 2005.

[19] John P. Boyd. Chebyshev and Fourier Spectram Methods. Dover, New York, 2001.

[20] D. Gottlieb and S.A. Orszag. Numerical analysis of spectral methods. Industrial and
Applied Mathematics, Philadelphia, 1977.

[21] Lloyd N. Trefethen. Spectral Methods in MATLAB. Society for Industrial and Ap-
plied Mathematics, Philadelphia, 2000.
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