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Abstract

AVERAGED DYNAMICS OF THE ADVECTION-DIFFUSION EQUATION AND
APPLICATIONS TO OCEAN FLOWS

by Yauheni Dzedzits
Adviser: Professor Tobias Schafer

This dissertation presents some aspects of an advection-diffusion equation and its appli-
cations to physical oceanography. We propose a perturbative scheme of averaging the
advection-diffusion equation in the limit of vanishing diffusivity. Under the restriction
that the time-dependence of the advective field is completely separable we construct an
exact solution of the purely advective part via action-angle coordinates and treat diffu-
sion as a perturbation using Lie transform techniques. The developed method is applied
to a regularized vortical flow field which is periodically modulated in time. Numerical
simulations of the vortical flow advection in presence of small diffusion are discussed.
We present numerical evidence that the spectrum of of the averaged time-independent
advection-diffusion operator converges to the spectrum of the operator with fully enabled
time dynamics. A formal generalization of the method for three-dimensional time-periodic

flows is discussed.

We also discuss the importance of advection and diffusion in problems of transport and
mixing in complicated dynamical systems, such as hydrodynamical systems, in particular
describing ocean currents. We propose a method to visualize and analyze the structure
of complex flows using data from HYbrid Coordinate Ocean Model (HYCOM) as an
example. We present results of simulations obtained with highly parallel Co-array Fortran
code that can be run on modern computing systems that support partitioned global

address space (PGAS) programming model.



Acknowledgements

I acknowledge with deep and sincere gratitude all the help, support and encouragement of
my advisor Professor Tobias Schéfer. Working with Professor Schafer was a great pleasure
as for he is a bright scientist always full of ideas and ready to share them. I am honored
to be one of his first graduate students and thank him for his patience throughout this
endeavor. Above all I thank him for being an inexhaustible fountain of optimism. His

sincere smile and positive thinking always fill me with enthusiasm.

I thank Professor Andrew Poje for the great amount of time and effort he spent teaching
me fluid dynamics, both theoretical and computational aspects of it. I appreciate his
attitude that is always spiced with a little bit of irony and sarcasm. He taught me one
important philosophical concept — do not philosophize about the problem, instead solve
it here and now. I am grateful to Professor Poje for introducing me to the world of
Matlab — great piece of software that allows to obtain non-trivial results with just a few

lines of code.

I express my deepest gratitude to Dr. Michael Kress for his support and for provid-
ing me with opportunity to join the CUNY High Performance Center and participate
in its growth and development. It surely was an extremely interesting and fascinating

experience.

I am indebted to Professor Anatoly Kuklov and Professor William Schreiber from the

department of Engineering Science and Physics. A. Kuklov is undoubtedly a talented

v



physicist who taught me passion and enthusiasm in research and set an example of per-
sistence and commitment. I am thankful to Professor Schreiber for helping me to squeeze

through the dense forest of bureaucratic procedures.

I specially thank the director of the CUNY Hight Performance Computing Center Paul
Muzio for his support. His intelligence and broad spectrum of interests always was a great
source of discussions and debates. Physics, philosophy, politics or music — whatever we
discuss over a cup of coffee or glass of wine — Paul would turn it into an intellectual
exercise that I always found entertaining and yet useful. In particular, I want to thank

Paul for teaching me to love opera, fine italian cooking, and of course the ocean.

I am thankful to Dr. Robert Numrich for his help with Co-array Fortran and for discus-

sions that are much appreciated.

Most of the computations I performed at the CUNY HPC Center, which would not be
possible without excellent staff members Richard Walsh and Nikolaos Trikoupis. 1 am
glad to have such a great friends not only because I can always rely on their help but
because they are very intelligent, bright and interesting people and it always is a pleasure

to be around them.

Many thanks to my friend Dr. Pavel Ivanushkin. He hosted me when I was a newbie lost

in the jungle of New York City skyscrapers and I will always appreciate our friendship.

I want to thank Liudmila Zagusta and Alexander Gorbatsievitch. L. Zagusta was my first

teacher of physics and I am thankful to her for helping me to choose the right direction in



vi

life. Dr. A. Gorbatsievitch from Belarusian State University will always be an example

of an ideal researcher, lecturer, teacher that I will follow in my career.

Finally, I express my warmest thanks to my parents, Liudmila and Yury Dzedzits and
my sister Kristina. Despite the large distance they were always nearby. And, of course, I
cannot overstate my gratitude to my dear wife Tatiana, who was my shadow in the desert
and my light in the dark night. I owe her billions of things “Yes, after my thesis, dear”.
Their love, care and support, their understanding and patience is what kept me afloat all

these years.



Contents

Abstract iii
Acknowledgements iv
List of Figures ix
List of Tables xi

1 Averaged dynamics of advection-diffusion equation with time-periodic

advection field. 1
1.1 Introduction . . . . . . . . . .. 3
1.2 Stream-lines coordinates. . . . . . . . ... ... L 5
1.3 Lie transform averaging. . . . . . . . . . .. ... 8
1.4 Regularized vortical flow field. . . . . .. .. ... ... ... 13
1.5 Numerical simulations. . . . . . . . . .. ... ... ... ... .. 15
1.6 Example of the averaging procedure for 3D advection-diffusion equation. 37
2 Numerical simulation of advective-diffusive transport in the ocean. 43
2.1 Introduction . . . . . . . ... 43
2.2 Results of numerical simulations for HYCOM ocean flows. . . . . . . .. 48
2.2.1 Deep Water Horizon . . . . . . ... ... ... ... ....... 52
2.2.2 Loop Current . . . . . . . . .. ... 56
2.2.3 Interaction of two eddies. . . . . . . . ... ... ... ... 59

2.3 Co-array Fortran . . . . . . . . . ... 62
3 Numerical Methods. 67
3.1 Introduction. . . . . . . . ... 67
3.2 Numerical differentiation. . . . . . . .. ... ... ... 68
3.2.1 Finite Differences. . . . . . . . . . ... o 69
3.2.2 Periodic grid. Spectral differentiation. . . . . . . ... ... .. 70
3.2.3 Non-periodic domain. Chebychev differentiation matrices. . . . . 77
3.2.4  Approximations of partial derivatives. . . . . . . . . .. ... ... 82

Vil



Contents

viii
3.3 Methods of solving partial differential equations. . . . . . . . . ... . .. 84
3.3.1 FEuler method. . . . . . . . .. ... ... 85
3.3.2 Crank-Nicolson Scheme. . . . . . .. ... ... ... ....... 87
3.3.3 Adams-Bashforth’s method. . . . . . ... ... ... ..... .. 88
3.3.4 Backward differentiation methods. . . . . . . . ... ... ... .. 90

3.3.5 MPDATA — multidimensional positive definite advection transport
algorithm. . . . . .. . oo 92
4 Conclusion. 99
A Comparison of co-array Fortran and MPI 102
Bibliography 105



List of Figures

1.1
1.2
1.3

1.4
1.5

1.6
1.7
1.8
1.9
1.10
1.11
1.12
1.13
1.14

1.15

1.16
1.17
1.18
1.19
1.20

1.21
1.22

2.1
2.2
2.3
24

Fickian diffusion. . . . . . . . . . ... ...
Evolution of the scalar field in time-dependent vortical field. . . . . . . .
Difference between solutions of the purely diffusive and the advection-
diffusion equation for averaged and time-dependent cases. . . . . . . . . .

Comparison of full advection-diffusion equation and averaged approximation.

L?-norm of the difference between solutions to the full and approximate
equations as a function of parametere. . . . . . . . .. ... ... ...
Spectra of the full one-period evolution operator Q. . . . . . . . .. ...
Spectra of the averaged one-period evolution operator Qay. . . . . . . . .
Highest eigenvalue of one period evolution operator as a function of €. . .

Eigenmodes 1-8 of the full time-dependent one period evolution operator Q.

Eigenmodes 9-16 of the full one-period evolution operator Q. . . . . . . .
Eigenmodes 1-8 of averaged one-period evolution operator Qay. . . . . .
Eigenmodes 9-16 of averaged one-period evolution operator Qgy. . . . . .

Influence of the time discretization error on computations of eigenvalues ;.

Difference in the calculation of eigenvalues of full and average operator as
a function of parameter e. . . . . . . . ... ... L
Difference in the calculation of eigenvalues of full and average operator as
a function of parameter € for finer time discretization. . . . . . ... ..
Evolution of scalar field for f(¢) = cos(2mt). . . . . ... ... ... ...
L? difference norm for the case f(t) = cos(2wt). . . . . ... . ... ...
Evolution of the scalar field for a non-harmonic force. . . . . . . . . . ..
L? difference norm for the case of a non-harmonic force. . . . . . . . ...
Full time-dependent and averaged dynamics of the tracer under the influ-
ence of the constant mean flow. . . . . . . .. ... ... ... ...

L? difference norm for the case of a flow with mean rotational component.

System evolution for small € and large times. . . . . . . .. .. ... ...

Satellite image of the Gulf Stream. . . . . .. . ... ... ... .....
Example of the HYCOM vector field structure. . . . . . . ... ... ..
Deep Water Horizon set-up. . . . . . . . . . . ... ... ... ...
Dynamics of the tracer field for Deep Water Horizon simulations without
vertical velocity. . . . . . . . ...

1X

17

18

20
21
22
22

26
27
28
29

30

31
32
32
33
34

35
36
37

48
49
52

54



List of Figures X
2.5 Dynamics of the tracer field for Deep Water horizon. . . . . . . .. . .. 5%)
2.6 Loop Current set-up. . . . . . . . . . ... 56
2.7 Advection in the Loop Current. Case v, #0. . . . . .. ... ... ... 57
2.8 Advection in the Loop Current. Case v, =0. . . . ... ... ... ... 58
2.9 Cyclone-anticyclone dipole set-up. . . . . . . . .. ... ... ....... 60
2.10 Cyclone-anticyclone. Case v, #0. . . . . . . . ... ... ... .... 61
2.11 Motion of the center of mass of the initial distribution of contaminant. 62
2.12 Decomposition of the grid with co-arrays . . . . . . . ... ... .. ... 65
3.1 Numerical approximation of the first derivative on a periodic domain. . . 76
3.2 Numerical approximation of the second derivative on periodic domain. . . 77
3.3 Geometrical interpretation of Chebychev nodes. . . . . . . .. ... ... 79
3.4 Numerical approximation of the first derivative on a non-periodic domain. 82
3.5 Numerical approximation of the second derivative on a non-periodic domain. 83
3.6 Different methods applied to the problem of simple advection. . . . . . . 95
3.7 Schematic of MPDATA. . . . . . . .. ... .. 96



List of Tables

2.1 Properties of co-arrays compared with regular arrays. . . . . . .. .. .. 64

X1



Chapter 1

Averaged dynamics of
advection-diffusion equation with

time-periodic advection field.

Advective evolution of passive tracers is a problem of great practical importance in many
applications. Problems of transport induced by fluid advection emerge in engineering,
astrophysics, plasma physics, turbulence and, of course, ocean/atmospheric science. Real
systems are usually subjected to diffusive forces of different nature. It is not surprising
that understanding of the advective dynamics of passive scalars in the presence of diffusion

has been a subject of intensive research reaching back to at least as far as Batchelor [1].

The processes of advective and diffusive motion are described by a linear differential equa-

tion, however the complete analytic description of the dynamics is still problematic even

1



Chapter 1. Averaged dynamics of the advection-diffusion equation 2

for smooth planar flows. Tracer trajectories in the real systems of interest (plasma flows,
oceanic/atmospheric currents, etc...) usually are turbulent with velocity fluctuations in
time and space. In cases when the length scales of these turbulent excitations are small
in comparison with a typical length scales of advective forces (,) rigorous homogeniza-
tion techniques can be applied [2, 3] which leads to renormalization of the diffusion. For
large turbulent variations of the velocity field, reaching the characteristic lengths of both

advection [, and domain size L, a different approach is required.

In this chapter we discuss a time-periodic advection field with fully separable time-
dependence u(t, z,y) = a(x,y)f(t) in the so-called Batchelor regime, when the advective
spacial scale is assumed to be much larger then the diffusive length scale: [, > [;. Addi-
tionally the velocity field is suggested to be time-periodic and mean-free. The particular
form of the time dependence of the advective term allows the original equation to be
rewritten in action-angle coordinates. By applying a Lie transform we derive an approxi-
mate averaged equation with time-independent coefficients, thus dramatically simplifying
the original problem. The technique we use was first developed for the finite-dimensional
problem [4] and then extentedned to systems with infinite number of degrees of freedom

[5, 6.

We first provide a general outline of the transformation that rewrites the original advection-
diffusion in stream-lines coordinates. A Lie transform is then used to average the equation.
We apply the developed methods to a particular vector field, namely, a time-periodic reg-

ularized vortex. Numerical simulations of this vortex field using Chebyshev methods are
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presented to support the analytic results. At the end of the chapter, a generalization for

a three dimensional case is discussed.

1.1 Introduction

We start discussion of the advection-diffusion equation by postulating, following the phe-
nomenological first Fick’s law [7], that the flux of the diffusing substance is proportional

to the local density gradient (we write a one-dimensional formulation for simplicity):

i = (@) 5 (11)

which is simply the statement that the substance tends to spread from the region with
high concentration to regions with small concentration. In the above equation ¢(z,t) is a
local density, which is a function of time and posotion, and x(x) is the local diffusivity.

Following the derivation in [8], consider a small volume 0V = dzdydz shown in Fig. 1.1.

ja(:in) 0z J(OM)

ox

FIGURE 1.1: Fickian diffusion.
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Flow of the mass through this volume is given by the difference between the incoming

and outgoing fluxes

a(om) (i) s(out)y _ dc dc _
at - 5y62(jx —Jz ) - —K,(Sy(SZ 833 |x=a? - al.'x:ac—&-&c —
using Taylor expansion (1.2)
0?%c
= KOXOYdz——
KOTOYOZ 92

Keeping in mind that om = ¢dV = cdzdydz, we immediately obtain that, generalizing
for the three-dimensional system,
dc

i kV2c (1.3)

The last equation is, probably, the most famous (and the simplest) equation of fluid

dynamics, known as the diffusion or heat equation.

In a very similar manner we can consider flux through the volume §V, that occurs not
only due to the diffusion, but simultaneously with advection. In this situation total flux

is a combination of the advection and diffusion-induced Fickian flux (1.1) and is given by

Oc(x,t)
or

(1.4)

Jz = uc — k(x)

where u is the component of the velocity Vo= {u,v,w}. Again, considering the flux
through a small volume along the z-direction and computing a change of mass inside the

volume we come to the following equation:
¢+ V- (Ve) = sV (1.5)

This equation is known as the advection-diffusion equation since evolution of the scalar
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¢ is dictated by both of these effects. In the case of an incompressible flows V - V=0
this equation can be simplified since V- (Ve) = (V- V)e+ V - Ve and incompressibility
implies that

¢+ V-Ve=rAc. (1.6)

We are going to make certain assumptions about the time dependence of the velocity field

and develop a method that handles periodic flows under small diffusive perturbations.

1.2 Stream-lines coordinates.

We start off with the advection-diffusion equation in the form
¢+ (u-V)e = kAc, (1.7)

where the scalar ¢ and the velocity vector field u are functions of spatial coordinates (x, y)

and time t. This is an initial value problem with given initial state of the scalar:

C(O,f,y) = Co(l’,y) (18)

We consider a divergence-free incompressible velocity field which means that there exists

a stream function ¥ such that:
u(t,z,y) =V x U(t, z,y), (1.9)

where cross in the above expression denotes two-dimensional curl: Vx = (9,,—0,). We

further assume that the time dependence of the stream function ¥ is completely separable
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so that

U(t,z,y) = H(z,y)f(1), (1.10)

where f(t) is a mean-free periodic function of time with period T

1 [T
=7 sw=o (1.11)
0
In non-dimensional variables, equation (1.7) takes the form

1
—(u - = eAc. 1.12
Ct+St<u V)ec = eAc (1.12)

Here St = L/UT is a Strouhal number — the ratio of an advective time-scale to a forcing
period [9], and € = Tx/L? < 1, the ratio of the forcing period to diffusive time-scale

T; = L*/k. From now on we will assume St = O(1) and for simplicity use u = u/St.

To proceed we introduce a function F' such that F' = f(t) or, in other words

F(t) = /0 et (1.13)

and write the tracer coordinates (z,y) as functions of F. Differentiating (z,y) with

respect to F' we obtain

dx_d:c dt T

dF — dt dF ~ f(t)

(1.14)
dy _dy dt _ gy
dF — dt dF ~ f(t)
and therefore
o dr dy
w=(9) = VX0 = (V x H)f(t) = (55 52 f(0) (1.15)
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leads to

d(z,y)

o=V xH. (1.16)

The latter can be now viewed as a Hamiltonian system where F' plays the role of time:

dr _ OH(z,y)

¥ Oy (1.17)
dy  O0H(z.y)

dF ox

It is well know from classical mechanics that such an autonomous integrable Hamiltonian

system allows for a canonical transformation to action-angle variables [10]

C: (z,y) — (J,0). (1.18)

In these coordinates, the evolution of the system (1.17) can be written in extremely simple

form

J = JO7
(1.19)
0 =0y —w(J)F(t),
where w(.J) is some function of action coordinate and depends on the particular choice

of the stream function H. The original advection-diffusion equation (1.7) in these coor-

dinates is written as

¢t — f(H)w(J)cg =€(I' : VV +6-V)e. (1.20)
Here

I': VV =T110p0 + 12095 + 121059 + T'220,, )
(1.21

0V = 0109+ 020,.
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We can now use stream-lines J = J and 6 = 0 + w(J)F(T) as new coordinates via the

transformation
c(t, J,0) — v(t, J,0) (1.22)
with the following transformation rules:
¢t = v +vgwf
Co = Vg, Coo = Vpg
(1.23)
cy=vy+vgw'F
cry =5+ " F + 20,50 F + vgg(w' F)?.
This transformation to stream-lines coordinates is nothing but a transformation to a new
“co-moving” reference frame. In these coordinates, the advective term in equation (1.20)

disappears and we finally obtain an equation for ¢ of the form
v, = :VV+4-V)u. (1.24)

Here the rescaled time 7 = et is used. All effects of the influence of the advective field are
now contained in the time-dependent coefficients I' and & and, therefore, equation (1.24)

is now suitable for averaging.

1.3 Lie transform averaging.

In order to average equation (1.24) we explore the idea of applying a near-identity Lie

transform that eliminates the explicit time dependence of the coefficients in the equation
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for

v, = X(v,7), (1.25)

and instead leads to an equation with time-independent coefficients of the form
V. =Y (v). (1.26)
This is achieved by transform of the type
v=-exp(op-Vp)V (1.27)
where the operator ¢ - V, is chosen to eliminate the time dependence in (1.25).

Since the operators X and Y depend on v and all its spatial derivatives, the operator
¢ -V can be defined as

Hntm)
¢-VL = Z(bnx,myav ) (128)
n,m nx,my

where ¢z my = 0™ ¢ /02" 0y™ and V,p pmy = 0™V /92" 0y™. The subscript L on Vi,
distinguishes this operator from the usual V. The generating function ¢ also depends on
V and all its derivatives. The idea is to hide all explicit time dependence of the equation
for V in the generating function ¢, which therefore will also be periodic in time. The

general transformation rule that uses (1.27) to transform (1.25) to (1.26) is [11]

Y -V, + (%e‘b'w)ed)'vL = e¢'vL(X . VL)e’qs'vL. (1.29)
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Both terms can be conveniently expanded using the Campbell-Baker-Hausdorff formulae

12, 13]
<5%_6¢VL) = (¢T + %[Q G-l + %[@ (9, &7 )] + ) Vi, (1.30)
€¢-VL<X . VL)€*¢-VL = (X -+ [¢7 X]L + %[¢’ [¢7X]L]L + > -V (131)

where the Lie commutator is defined through [A, B], = (A-V)B — (B -V)A. We now

expand both Y and ¢ in a series in a small parameter € as

Y =Yy+eV1+ Yo+ ..., ¢=cp + g+ ... (1.32)

where O(Y,,) = O(¢,) = €" and differentiation by 7 lowers the order of ¢, by one

Oon

o or

)=¢"t (1.33)

Using (1.32) we can rewrite (1.30) and (1.31) just for the first few orders in €

0 1
<E€¢.VL)% <¢1T +e€ {¢2T + 5[¢17 ¢1T]L} +

. ' (1.34)
€2 {qbgr + 5([¢2,¢1T]L + [P1, P2rlL) + 5[@, [¢1,¢1T]L]L} ) Vi,

V(X -V)e Ve x| X +€[ér, X]p+
(1.35)
€ {[@,X]L + %[%, [¢17X]L]L} ) -V,
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Here ¢,,, = 0¢,/0T. These expansions can now be used to solve (1.29) order by order.

We will explicitly write down the first three orders in €

¢ Yo+, =X (1.36)
e Y+ dor + %[051, 17 = (01, X1 (1.37)
€ Yo+ ¢+ %([%, Ol + (01, ¢2r]L> + %[Cbl» [P1, P1-]L]L =

[f2, X]1 + %[¢1,[¢1,X]L]L (1.38)

Averaging of the first order equation (1.36) immediately yields the result Yy = (X) since
¢ is periodic and a zero-mean function of time. Since the original advection-diffusion

equation was written in a form

v,=Lv, L=T:VV+0-V, (1.39)
the averaged version at leading order becomes
V,=(L)V (1.40)

where
(L) = () : VV + (8) - V. (1.41)

As follows from (1.40), for the first order in €, the time-dependent coefficients of the

full equation are simply replaced by their time averages. At the same order in e, the
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generating function ¢; is given by

b= LV = </07z_ <E>) V. (1.42)
Introducing I'; and 6, as
Dot D5 ) (1.43)
we can write Ly explicitly as
Ly=T7:VV+4-V. (1.44)

The second-order correction may be derived using the next term in the expansions of
the Campbell-Baker-Hausdorff formulae, namely the expression (1.37). Using (1.40) and

(1.42) we find for the next order for Y

Vi = S ([LaV, Ly Vi) + [(L1) V. (L) V], (1.45)

N | —

where the last equality follows from the definition of the Lie commutator and integration
by parts. Finally, collecting first and second orders, we arrive at the averaged equation

for V in the form

v, = (<L> +e((LLy) = (L) <£>)>v. (1.46)
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1.4 Regularized vortical flow field.

In order to study this theory and check it against numerical simulations, we consider a

regularized vortical flow field with a stream function given by

H(t,z,y) = n (Va2 + 27+ ) (1) = W(a,y) f (1) (1.47)

Introducing F'(t) as in (1.13), we derive that the stream-lines equations are given by

de  0V(z,y) y
oy S em = .
dy 0¥ (z,y) x |
dF ~— 0r  r2+a —w(r)e,
where the following notation was introduced
1

2 = 2% + y? is an integral of motion (which is easy to verify, for example, by

Since r
demonstrating that Poisson brackets {U,r} = 0), solutions of the above stream-lines

equations are obviously given by

x(F(t)) = zgcos(w(r)F(t)) + yo sin(w(r)F(t)),
(1.50)
y(F(t)) = —wosin(w(r)F(t)) + yo cos(w(r) F (1)),
The procedure of transforming to stream-lines coordinates described in section 1.2 can
now be followed by performing the canonical transformation to action angle variables. For

the particular vortical flow considered in this section, the transformation (1.18) is simply

the usual transformation to polar coordinates (z,y) — (r,6). In (r,0) coordinates, the
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advection-diffusion equation (1.7) is written as
1 1
e —w(r)f(t)cg = e(—cr + ¢pp + —2099> = eAc (1.51)
r r

Furthermore, we should conduct a transformation to stream-lines coordinates as suggested

by (1.22). Using the transformation rules (1.23), we rewrite equation (1.51) as
/
vy = (AU + F((i + w") vg + Qw'v9r> + F2(w,)2'099> (1.52)
r

Here, we are using t instead of the rescaled time 7. We can now exploit the result obtained
in section 1.3 and derive the averaged counterpart of (1.70) to the leading order by simply
replacing the time-dependent coefficients by their time averages as
W
v, = (AV +(F) ((7 + w”)Vg + 2w'V9r> +(F?) (w’)2V99> (1.53)
It is not difficult to compute second-order corrections to an averaged equation for this
flow field. In order to clarify our notations we introduce two operators £; and L,

/

w " /
L= <7+w >a§+2w 950, (1.54)
Ly = (W)20505 (1.55)

and introduce F} = F and F, = F?. The first-order averaged equation (1.53) becomes
then
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For further simplification of notations we introduce functions G; and G5 that can be

found explicitly from F} and F; as

Gj(to):/OtO(FJ(T)—<Fj>)dT, =12 (1.57)

Finally, the averaged advection-diffusion equation to second order can be written down

as

+ €2 <[A, (G1) L)V + [A(Gy) L]V
(1.58)
+ ((FiG1) — (F1) (G1) LIV + ((F2Ga) — (Fy) (Ga)) L3V

+ ((FGa) — (F) (GV) L1LaV + ((FyGh) — (Fy) <Gz>)cgclv>,

where [A, B] = AB — BA denotes the usual commutator.

1.5 Numerical simulations.

It is important to justify our results by numerical simulations. We want to integrate
numerically both the original equation and the averaged equation to the first order. In
other words, we want to compare solutions of equations (1.70) and (1.53). This can be

done in Cartesian coordinates by transforming differential operators according to
70, = 20y + Y0y, O = 20y — YOy,
090p = — 20, — YO, + yQ(?z&E + :C2(9y(9y — 2xy0,0, (1.59)

70,0, = 10, — Y0, — Y9y, + (v* — y*)d,0, + 2y, 0,
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For more details of simulations in Cartesian coordinates see [14]. However, taking into
account symmetries of the regularized vortical flow field that we considered as an example

in section 1.4, it is a more natural choice to keep working in polar coordinates.

Numerical simulations of a 2D system on R? is problematic for obvious reasons. Dealing
with unbounded domains involves, for example, the usage of the method of local cor-
rections [15, 16] in the finite differences context or infinite elements for finite element
methods [17, 18]. Another possible approach is to use mapped Chebychev spectral meth-

ods [19-21].

For our purposes these technical complications, however, are unnecessary and, therefore,
we consider the advection-diffusion equation on a unit disc (0 <7 < 1,0 < 6 < 27) with
zero Dirichlet boundary conditions v(r = 1,0) = 0. We compare two solutions of the
equations (1.70) and (1.53) at Poincaré sections where F' = 0. We use Chebychev spectral
methods to numerically approximate spatial differentiation operators and a second order
Crank-Nicolson finite difference scheme in time. Details of the numerical scheme and

algorithm are discussed in chapter 3.
From now on we assume an initial condition of the form
vo(r, 8) = re="" cos(mr/2) (1.60)

where the parameters a from the expression for angular velocity (1.49) and b are chosen
to be a = 0.05,b = 20 and cos(wr/2) is introduced to match the boundary conditions.

As follows from (1.70) and (1.53), the impact of the averaging procedure is dictated by
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the choice of time-dependence f(t). We explore the case f(t) = sin(27t/T) such that the
period of the driving advective force is 7' = 1. For this choice of f(t), the averaged (F)

and (F?) are found to be
t T
F= / sin(2rt!/T)dt' = o (1 cos(2t/T)
0 T
T

(F) = l/T F(t)dt — %/T% (1~ cos(2mt/T)) dt = o (1.61)

(F?) = %/OT F2(t)dt = %/OT <% (1-— cos(27rt/T))) dt = 2

It is clear that, in the case when the advection field is absent, the evolution of the scalar

1 1

1 - R - -
1 0 1 1 0 1

FIGURE 1.2: Evolution of the scalar tracer field in a time-dependent vortical velocity
field. The figure on the left represents the initial condition, the figure on the right shows
the state of the system after 10 periods.

tracer field will be described by a purely diffusive equation:
vy = €Av (1.62)

The effect of pure diffusion will appear as simple broadening and widening of the initial

condition with the preservation of the spatial symmetries of the initial state of the tracer
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field. Considering the action of an exclusively advective force alone, particles would
move alongside stream-lines trajectories returning exactly to their original positions after
each period. This motion would obviously preserve symmetries as well. However the
combination of these two types of motion destroys the original symmetries due to the
interplay between advection and diffusion. The given initial condition develops a “twist”

that is clearly seen on Fig. 1.2.

In order to provide a visual validation of similarities between solutions of equations (1.70)
and (1.53), we plot the difference between the solution of the advection-diffusion equation
and the pure diffusion equation v,4q — vgig for both cases of the fully time-dependent

equation (1.70) and its averaged companion (1.53). This is presented in Fig. 1.3. The

-1 - B - -
1 0 1 1 0 1

FIGURE 1.3: Left figure shows the difference between equation (1.70) and the pure
diffusion equation v, g —vq;g- The figure on the right shows the same difference between
two solutions V, 4 — Vi but for equation (1.53).

averaged equation is obviously capable of qualitatively demonstrating the effect of a
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time-dependent velocity field. Comparing actual solutions of the full equation with time-
dependent advection and the averaged equation as displayed in Fig. 1.4, we confirm

again that the averaged equation captures very well the dynamics of the time-dependent

equation.
1 1
O O;
-1 : : -1 s .
—1 0 1 1 0 1

FIGURE 1.4: Scalar field after 20 periods as computed by the full time-dependent
equation (1.70) (left) and the averaged equation (1.53) (right). Parameter € here was
chosen to be e = 1073,

As a quantitative measure of the accuracy of the averaged approximation we introduce

the L?-norm of the difference as

/2
fg v — vay|? dw dy '
— = 1.63
HU UaVH ( fQ |U|2 dxdy ( )

Assuming that ||v — vay|| ~ €* we find from the analysis of the data presented in the Fig.

1.5 that the convergence rate is ~ €%82.

In order to get a better understanding of the differences between the behavior of the full

and approximate equations we introduce the following operator that maps the scalar field
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1

10
10°
=
> 107"
>
107}
-3
10 1 il 1
107° 107 107 107 107"
e = Ti/L?

FIGURE 1.5: L?-norm of a difference between solutions to full and approximate equa-
tions as a function of parameter e. Convergence rate is found to be ~ €282,

between two consequent Poincaré sections:

Q: wu(r,0,t+T)= Qu(r,0,t)

(1.64)
Qav : uav(r,0,t +T) = Qavuay(r,0,1)
We can now study how the eigenvalues A; defined via
QY =AY (1.65)

change with e. Fig. 1.7 shows the first 40 eigenvalues (their absolute values) of the
operator Qayv whereas Fig. 1.6 depicts those of the operator Q for the chosen set of
values of €. First of all we see that eigenvalues corresponding to the same “quantum
number” decrease with increasing value of €. This simply means that solutions of the

equation with higher e decay faster. Secondly we observe that the structures of the
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spectra of both operators are extremely similar and it is impossible to distinguish one
from the other by looking at the plot. This serves as another indication of the validity

of the approximate equation. Finally, we note that many of the eigenvalues are doubly

degenerate.
1 \
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FIGURE 1.6: First 40 eigenvalues of the full one-period evolution operator Q.

If we consider the map (1.64) applied to eigenstates of 1; we will immediately conclude
that in the limit of time ¢ — oo (or in other words after applying map (1.64) many times
) only modes corresponding to larger eigenvalues will survive, QN¢); = )\jy ¥;, and all the
modes with smaller eigenvalues will decay exponentially faster. Therefore, it is interesting
to see how the first eigenmode depends on € for both operators. These data are presented

in Fig. 1.8

There are two important things to note here. First, the largest eigenmode is exactly the

same (up to machine precision) for both operators Q and Qay! Second, the dependence of



22

Chapter 1. Averaged dynamics of the advection-diffusion equation
p g Y q
1 —
Filevn,,
* ¥ % ***%%****
0.9+ *x * * **%%** B
*Kp ks  kkyx %%*%%******
0.8 Kok k¥ Tk Tk
. ****
0.7 A ek 1
* % e s
* ¥
&—06 *x **** * ok ks
%%%
* ¥ *
0.5 *HK K ]
* g= 0.0075 X .
0.4 * €= 0.005 * % 1
+ €= 0.0025 *rHkx T
0.3 * &= 0.001 %%%%%% T
*
02 Il Il Il Il Il Il Il **%96
"0 5 10 15 20 25 30 35 40

0.02

0.04

0.06

0.08

0.1

FIGURE 1.8: Logarithm of the largest eigenvalue of the one-period evolution operator
as a function of e. It is a straight line that is fitted by y = —5.7832x + 0.0.
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the logarithm of the first eigenvalue on € is linear, log(A;(€)) ~ €, with a proportionality
coefficient k = —5.7832. To understand this behavior we need to recall the solution
of the heat equation on a unit disc. The ground state eigenfunction of the Laplacian
in polar coordinates with zero Dirichlet boundary conditions on a unit disc is given by
Jo(A%7) — the 0'order Bessel function with corresponding eigenvalue (A\%)2. Here A0 is
the first root of Jy(r) defined as Jy(\?) = 0. This value is known to be A} & 2.40482. If
used as the initial condition for the diffusion equation, its time evolution is described by
u = ug exp(—e(A?)%t). Returning back to the world of Poincaré maps of period T' = 1 we

state that such map for the heat equation considered above is written as

Qu; = \ji; = exp(—€(A])?)v; (1.66)

This explains the linearity observed in Fig. 1.8 and explains the coefficient of proportion-
ality k as (A\))? ~ 5.7832. Tt is also clear why the lowest eigenvalues of both operators
Q and Qgayv are equal to each other up to 12 digits. The lowest eigenvalue corresponds
to the eigenfunction with a maximal symmetry — axial symmetry in this case. Obvi-
ously, axially-symmetric advection does not play any role in the dynamics of the axially

symmetric distribution of the passive tracer.

Thus, the dynamics of such a system is described equivalently by both full the time-
dependent operator Q and the average operator Qay (and, as a matter of fact, is simply
a dynamics of the heat equation). Eigenmodes that correspond to real eigenvalues will
possess axial symmetry. For the reason that the real eigenstates are not affected by

advection, such modes of the full operator and of the average operator will be exactly the
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same independently of e. We present first the 16 eigenmodes of operator Q in Fig. 1.9
and Fig. 1.10, and first 16 eigenmodes of operator Qay on Fig. 1.11 and Fig. 1.12. Both

cases are shown for € = 0.01

As we can see from figures 1.9 - 1.12, most of the eigenmodes come in complex-conjugate
pairs. Those that do not have a conjugate partner correspond to a real eigenvalue and
possess axial symmetry. Obviously, the procedure of averaging introduces an error to the
result of the eigenvalues calculation. However, the average operator Qayv has exactly the

same structure of its eigenmodes.

In this consideration an important question needs to be addressed. How much of the
error between eigenvalues of the full and average operators is generated by the numer-
ical discretization imprecision? To answer this question we study how the difference
between the eigenvalues of both operators depends on the time steps used in the numer-
ical difference scheme. We illustrate the contribution of the time-step error by plotting
I\ (At) — X;j(At/2)| for several eigenvalues A; as a function of the time-step At. As
seen from the Fig. 1.13, the higher the “quantum number” is, the more sensitive are the
computations to the time discretization. Whereas the numerical scheme used to compute
eigenvalues of the time-dependent operator is stable up to At = 0.01, it becomes unstable
for the average operator at certain values of At, and the results become compromised.
The tendency of the scheme for the average operator to become unstable with increasing
At is more obvious for higher values of e. In other words, to provide stability of the
scheme for bigger values of €, one has to decrease the time discretization At. Similar

observations for the dependence of the results on spatial discretization show that there
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FIGURE 1.9: Eigenmodes 1-8 of the full time-dependent one-period evolution operator

Q.
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FIGURE 1.10: Eigenmodes 9-16 of the full time-dependent one-period evolution oper
ator Q.
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FIGURE 1.11: Eigenmodes 1-8 of the one-period evolution operator Qay that describes
averaged dynamics.
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FIGURE 1.12: Eigenmodes 9-16 of the one-period evolution operator Qayv that describes
averaged dynamics.
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are no signs of instability of the scheme as long as the number of Chebychev points is
kept reasonably high. We performed simulations for N = 61 and N = 31 and did not

see any significant difference in result. For details of the numerical scheme please refer to

Chapter 3.
T T T
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FIGURE 1.13: Influence of the time discretization error on computations of eigenvalues
Aj. Upper plot shows A; of the full operator Q and lower plot shows those of the
operator Qay. The parameter € used here is € = 0.01.

We present the dependence of the relative difference in the eigenvalues of operators Q

and Qv for the jth mode as given by

(1.67)
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in Fig. 1.14. This is to be viewed as a function of €. It is immediately seen from this plot
that modes 1 and 13 possess axial symmetry, and, therefore, the procedure of averaging
does not have any effect on the one-period evolution. We also note that for e 2 0.05 the
numerical scheme becomes unstable. This indicates the effect of the time-discretization
error. We demonstrate it by measuring the same dependence (1.67), but with smaller
time discretization At = 0.0001. As seen in Fig. 1.15, the error introduced by averaging
is well-behaved on the whole range 5 * 107° < ¢ < 107!, which supports our reasoning

about the time-discretization error introduced into calculations of eigenmodes.

J

V|

J

AP A

- 10

FIGURE 1.14: Difference in the calculation of eigenvalues of the full and average oper-
ators (as given by (1.67)) as a function of parameter e. These data were obtained using
time-discretization At = 0.001.
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FicURE 1.15: Difference in the calculation of eigenvalues of the full and average op-
erators (as given by (1.67)) as a function of parameter € obtained with finer time-
discretization At = 0.0001. Compare to Fig 1.14

To conclude, we illustrate how the averaging procedure works for different types of the
time dependence of the velocity field. Considering f(t) = cos(27t), we easily find that
in this case (F) = 0 and (F?) = T?/87%. Evolution of the same initial condition for 10
periods is shown on Fig. 1.16 (here and to the end of this section, states of the scalar

field are computed for € = 1073). We show that the convergence of the error introduced

by averaging in this case is similar to the case of using a sin-force (see Fig. 1.17).
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1 ' B ' '
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FIGURE 1.16: Evolution of the tracer field subjected to cos(27t) advection after 10
periods computed by the full time-dependent equation (left) and the averaged equation

(right).
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FIGURE 1.17: L?-norm of a difference between the solutions to thre full and the approx-
imate equations as a function of parameter e for the case f(t) = cos(2nt). Convergence
rate is found to be ~ €088,
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Finally, we consider time dependence given by

2 L 0<t<T/4
f(t) = (1.68)
—2/3 : T/A<t<T

It obviously is a zero-mean function as required in (1.11). This choice implies (F) = T'/4
and (F?) = T?/12. The tracer’s state after 10 periods and L?-norm are shown in Fig. 1.18
and Fig. 1.19 respectively. For this case, the convergence of the averaged solution to the

0.65

true solution is slower, namely it goes as €. Thereby, one has to go to the second order

approximation as given in (1.58) if better accuracy is needed.

1 - B - -
1 0 1 1 0 1

FIGURE 1.18: Evolution of the tracer under the non-harmonic force (1.68) after 10
periods computed by the full time-dependent equation (left) and the averaged equation
(right).

Finally we want to make a remark about the type of the flow time-dependence restric-
tions. So far we only discussed time-periodic flows with zero mean: f(t+T) = f(t) and

fOT f(t)dt = 0. However, the method discussed above may be expanded to a slightly more
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FIGURE 1.19: L?-norm of a difference between the solutions to the full and the ap-
proximate equations as a function of parameter € for the case of a non-harmonic force
given by (1.68). Convergence rate is ~ €262,

general class of flow fields, namely, we can consider flow with time dependence in the

form
f@t) = folt) + f1, (1.69)

where fy(t) is periodic and mean-free function of time and f; is a constant. Using this
time-dependence in the equation (1.47) we obtain equations, analogous to (1.70) and

(1.53) in the form

!/
v, = (Av + F((i + w”) vg + Qw'veT> + FQ(w’)Qv%) + fiwvg, (1.70)
r
!/

v, = (AV + (F) ((“’7 + )V + Qw'%-,,> +(F2) (d)%) + AWV (LT1)

with F' being in this case F(t) = f(f fo(t')dt'. This motion corresponds to the rotation
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1 0 1 ~1 0 1 -1 0 1 -1 0 1
(a) t=T (b) t=10T (c) t=20T (d) t=30T
1 1 1 1
0 i ' : 0
gy 0 1 - 0 1 - 0 1 - 0 1
(e) t=T (f) t=10T (g) t =20T (h) t=30T

FiGURE 1.20: Full time-dependent and averaged dynamics of the tracer under the
influence of the constant mean flow shown for 1 period, 10, 20 and 30 periods. The top
raw shows results for full operator ans bottom raw — averaged evolution.

of the system as a whole with a constant angular velocity w (which still is a function
of r) and periodic oscillations superposed with this rotational motion. Because of the
fact that rotational motion is dependent upon r, large gradients are constantly created
in the scalar field. These gradient are exposed to the action of diffusive smearing. The
enhanced stretching of the tracer field creates somewhat richer dynamics and provides for
faster mixing. We demonstrate evolution of the initial state (1.60) for the case of the flow
(1.69) and € = 0.01 in the Fig. 1.20. Clearly, states as computed using full time-dependent
operator and averaged operator are almost indistinguishable. In fact, convergence of the
averaged solution to the true solution, defined by (1.63) is as good as for mean-free field

and in this particular case is ~ €88, The L?norm is presented in Fig. 1.21
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FIGURE 1.21: L?-norm of a difference between solutions to full and approximate equa-
tions as a function of parameter e. Convergence rate is found to be ~ %88,

We finally show evolution of the system for the case of very small effective diffusivity
€ = 107°. For such small value of the parameter ¢, tracer field does not diffuse trough

the boundary for a long time, and, therefore, large twists can be created by the mean

component of the circular flow. We illustrate it in the Fig. 1.22.
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FIGURE 1.22: Large-time evolution if the tracer field for the case of extremely small
diffusivity e = 107°.

1.6 Example of the averaging procedure for 3D advection-

diffusion equation.

Consider a volume-preserving system of ordinary differential equations

d!L‘i
dt

- fi(xlax%‘r&t)a 1= 17273 (172)
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that has a one-parameter spatial volume-preserving symmetry group. It was shown [22,

23] that there exists a local change of variables
X :¢i<21722723>7 1= 17273 (173)

that transforms systems (1.72) to the form

le 8H(z1, 29, t)

% 822

dn _ _ O0H(u,2,t) (1.74)
dt 821

dz

d_tg = k3(21, 22, 1)

If the latter is autonomous, H is a first integral of motion. Restricting ourselves to a
class of autonomous advection fields (or those that allow separation of time and spatial

variables), we consider the system

le . 8[—](21, ZQ)

ﬁ n 822

dzy _ O0H(21,2) (1.75)
dF 821

dz

d_F3 = k3(21, 22)

where F' is time or parametric time as it was introduced in (1.13) - (1.17). The variables z;
and 29 of such a flow field are independent of z3 and, therefore, the first pair of equations
(1.75) can be transformed to action-angle variables such that (zy, z2) — (J, ). Moreover,

there exists a subsequent transformation of variables (J,0,z3) — (I, ¢1, ¢2) that takes
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(1.75) into the form

1=0
= (I) (1.76)
¢2 =a(1)
For details of this transformation, see [22]. Here “” denotes the derivative with respect

to time or the derivative with respect to parametric time as discussed above, depending
on the properties of the original flow. Summing up, there exists a way to write stream-
lines equations for a volume-preserving flow (1.72) in action-angle-angle coordinates form

as given by (1.76).

In order to demonstrate the application of methods developed in section 1.3 to a three
dimensional problem, let us now consider (with some loss of generality) a particular flow

u in action-angle-angle form

U= {ur7 Ug, uz}

(1.77)

uz = =Q(r)g(t).

Both f(t) and g(t) are assumed to be time-periodic functions with period 7. Coordinates

0 and z are periodic angular coordinates. The solution of these equations of motion is
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trivial and given by

0 =0y —w(r)F(t) (1.78)
z =z — Qr)G(t),
where F(t) = fot f(&Hdt' and G(t) = fotg(t’)dt’. (Compare these expression to (1.13) and

(1.21)). Expressions for the stream-lines therefore are

=i
Il
~

(1.79)
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Using (1.77), the 3D counterpart of the original advection-diffusion equation (1.7) is

rewritten as:
e —w(r)f(t)cg — Qr)g(t)c, = eAc. (1.80)
Here A is the three-dimensional Laplacian in cylindrical coordinates

10 0 1 02 02
A= (rar) taaE T o (1.81)



Chapter 1. Averaged dynamics of the advection-diffusion equation 41

Now, we use the stream-lines (1.79) as new coordinates via the transformation c(¢,r, 0, z) —

v(t,r, 0, z) with the following transformation rules:

e = v+ vgwf +v:ldg
Co = Vg, Cop = Vpg, Cr = Uz, Cppz = Uzz
¢ = v, + v’ F +v:XYG
(1.82)
Crr = Upp + 0" F + 0:Q"G+
+ 20,20 G + 20,50 F + 205:Q0' W' FG+
+ vgg (W' F)* 4+ v2(VG)?
Using the transformation rules (1.23), we can rewrite the original equation (1.7) in the

form

v = e[Av + F((z + w”)vg + 20/@,@) + G((g + Q”>U5 + 29'1172)—1—

" r (1.83)

+ (Fo/)ogg + (G)2vsz + 2FG (w8 Yvg |

This equation is written in the form suitable for averaging. It is straightfroward to notice
that the structure of this equation is exactly the same as the structure of equation (1.70).
Obviously, because of the extra dimension, there are more terms in the equation. However,
again, we were able to hide all time-dependence of the advection field into the coefficients
of the linear operator. This equation can now be averaged using the technique developed
in previous sections. Obviously, the averaged approximate equation to leading order in €

is given by replacing the time-dependent coefficients in (1.83) by their time averages. In

order to obtain the next order correction and rewrite it in a compact form, we introduce
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operators

/

L, (“’7 + ") 0y + 20,0

<7 + Q) 0. + 200,0. -

Lyp=(w)0p0p, Lgg = ()?0.0.

L,

Ly, = 2w 0,0,
We also introduce variables
Ar=F, A, =G
App=F? Ay =G (1.85)
Ay =2FG

And, finally, we need to introduce functions

Ba(t) = / (Aalt') — (Ao))dt (1.86)

Here, o takes the values (f, g, ff,gg, fg). Using these notations, we write a first order

averaged equation in the form

Vi = G(Av +3 (A La) (1.87)
(Compare it to (1.53)). At second order in ¢, the equation is

V, = e(AV + Z <Aa> £a>+
@ (1.88)
n 62{2 (Ba) A, Lo] + Z((AaBm — (4p) (Ba) ﬁaﬁﬂ)}
o,p

«

This equation is to be compared to the analogous result obtained for the 2D problem

(1.88).



Chapter 2

Numerical simulation of
advective-diffusive transport in the

ocean.

2.1 Introduction

The problem of transport of a scalar field is of extreme practical and theoretical interest
in many scientific and engineering areas, such as astrophysics [24, 25], plasma physics
26, 27], turbulence [28] and, of course, ocean/atmospheric science [29, 30]. One of the
key problems of physical oceanography is the problem of transport and mixing of large
water masses (and at the same time transport of heat, salinity, plankton, contaminants
and other tracers). These processes may be important in many ways: they may have great

43
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influence on the weather and climate, flora and fauna environments, affecting biodiversity

of a region and eventually having impact on public health and wellness.

In many cases it is reasonable to assume that the advected physical entity does not
affect its fluid environment. If additionally the particle being advected inherits the phase
velocity of the flow without any significant retardation such that inertial effects can be
neglected, they are said to be passive scalars (or tracers, or Lagrangian particles) and
the advective flow itself is called passive advection. A passive scalar has extremely simple
equation of motion:

dr

==

<y

(7, 1), (2.1)
where 7 = (x,y,2) and ¥ = (u,v,w) are the position of the particle and the velocity
vector. Traditionally, in physical oceanography, the problem is considered to be solved
when the hydrodynamical equations of motion are solved. However, from the point of
view of the scalar transport problem, this is just the beginning. The Eulerian velocity
field is taken as a known parameter and then is used in the right-hand side of equation
(2.1) for passive tracers dynamics. The velocity field can be found experimentally, from
some kinematic considerations or as a result of numerical simulations of some more or
less consistent flow models. Therefore, the dynamics of tracers is described by a system

of nonlinear differential equations with fully determined right-hand side.

In the real physical systems, in particular in oceanic flows, advective dynamics is always
accompanied by diffusion. First of all, this is due to simple molecular diffusion that only

depends on the nature of the passive tracer. However, typical fluid flows of geophysical
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interest are usually extremely complex and are excited on a very wide range of length
and time scales. This has great impact on the choice of spatial disctretization of the
grid used in computations (and therefore on the temporal disctretization due to stability
requirements of the numerical scheme being used). Therefore, very often, small scale
fluctuations are integrated out such that the resulting mean velocity field is smoothed
on the typical scales of interest but is still realistic enough to possess some of the real
physical properties of the flow. This averaging or homogenization leads to an effective
change of the diffusion [2, 3]. The new effective, renormalized diffusion incorporates not
only regular molecular diffusion but also effects of averaging small-scale excitations of the
flow. This approach was successfully applied to a wide range of problems, including flows

in porous media [31, 32|, composite materials [33, 34], turbulence [35, 36] etc...

It is well known from the theory of dynamical systems that even solutions of such averaged
and “smooth” systems can exhibit chaotic behavior in the sense that they are exponen-
tially sensitive to small variations of initial conditions. Dynamical chaos is not an exotic
phenomenon and is well studied, found even in extremely simple systems and observed
in laboratory experiments. In the main part, the motion in phase space is determined
by so-called invariant manifolds — geometric structures that are the subject of study in
the theory of nonlinear dynamics, such as stationary points, attractors (including strange
attractors), invariant tori and so on. In fluid dynamics these structures are sometimes
called Lagrangian structures. There exists an extensive literature regarding the subject
(for example see [37-39]). Analysis of Lagrangian coherent structures emerging from

solutions of equations of motion (2.1) gives a lot of useful information about transport
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barriers, zones of active mixing etc...

The term “transport” itself in the theory of dynamical systems is simply used to describe
the motion of fluid particles in space. It is measured quantitatively by the total mass
of liquid passing through a given cross-section of the flow and spatial sizes of the tracer
field distribution. Under certain circumstances, the material surfaces formed by the
trajectories of the liquid particles emerge in the flow. They act as barriers to transport
effects since trajectories of liquid particles cannot cross these surfaces. For example,
so-called Kolmogorov-Arnold-Moser (KAM) tori act as absolute barriers for transport

[37-39].

The term “mixing” is one of the key concepts in fluid dynamics and can be given a rigorous
mathematical definition. Consider a basin A and some contaminant occupying region B
such that at ¢ = 0 it’s volume is V(By). For some different region C' € A the amount of
contaminant in it at some time ¢ is V(B; N C) and the concentration of contaminant is
V(B: N C)/V(C). Full mixing occurs at time ¢ when for VC in A, the concentration of

the contaminant in C'is the same as in the whole A: V(B,NC)/V(C) =V (B,)/V(A).

The Gulf Stream — a powerful warm Atlantic ocean flow that starts at the southern
end of Florida and extends all the way to northern Europe — has an enormous effect on
the climate of the American east coast and Europe. The Gulf Stream gathers all of its
water from the warm tropical Caribbean basin and the Gulf of Mexico and transports
it along its path affecting climate of surrounding areas, making them warmer and more

hospitable. Florida, for example, has mild and warm weather all year round. The Gulf
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Stream has a huge impact on the climate in Europe. It brings large masses of warm
water into the North Atlantic Current and keeps European waters much warmer than
they would be otherwise at such a high latitude. For example, the average low in London
in December is 42°F (5°C) while in St. Johns, Newfoundland, the average is 27°F (-3°C).
The Gulf Stream and its warm winds and waters also have a big impact on the weather
system of Scandinavian mountains, keeping Norway’s coast free of ice and snow. Besides
this, the warm waters of the Gulf Stream increase rates of cyclones generation and affect

their strengths.

This is just one (probably the most famous) example of how important a meso-scale
ocean phenomena can be. Together with the Gulf Stream there are many other different
instances of meso- and submeso-scale coherent structures in the ocean. Coherent struc-
tures are stable formations that exist on time scales that are sufficiently larger then any
local Eulerian time characteristics of the flow. Modern techniques of flow visualization
by means of buoys, drifters, satellite imaging help to reveal and explore large-scale co-
herent structures such as planetary scale eddies, major streams, meso-scale eddies and
rings, meanders and so on. On Fig. 2.1, a satellite image of the western North Atlantic
(courtesy of NASA) is presented. We clearly see large formations such as mesoscale swirls

and meanders.
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FIGURE 2.1: Distribution of surface temperature in the western North Atlantic. Source:
NASA.

2.2 Results of numerical simulations for HYCOM

ocean flows.

In this work we want to suggest a tool that allows visualization and the study of advective-
diffusive dynamics of some self-consistent velocity field that comes from either an ana-
lytical solution of the equations of motion, from experiments, or as a result of numerical
simulations. Once the external velocity field (possibly extremely complicated) given as a
parameter is known in one or another form (as an analytic expression or in the form of a
space-time grid) — what are the possible approaches to analyze it, study the structure of

the field, or make conclusions about coherent Lagrangian structures that might or might



Chapter 3. Numerical simulation of advective-diffusive transport in the ocean. 49

not exist? Figure 2.2 shows the structure of a typical ocean flow. One of the most typ-
ical approaches is to simulate a large number of hard particles that are advected by the
velocity field which is known as the method of smoothed-particle hydrodynamics [40, 41].
This method however requires the simulation of an enormous number of particles to suc-
cessfully resolve and visualize complicated flows and therefore is very computationally
demanding. Instead we directly solve the advection-diffusion equation (equation (2.1)
with an extra diffusive term and possibly source terms on the right-hand side) as a Cauchy

problem for given initial condition.
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FIGURE 2.2: A snapshot of the horizontal vector field generated by HYCOM and
used as a parameter in the simulations of advective-diffusive transport. Color indicates
temperature. One can see multiple cyclone-anticyclone dipoles.

In our simulation, as an example of such an advective field, we used the tree-dimensional



Chapter 3. Numerical simulation of advective-diffusive transport in the ocean. 50

velocity field generated by HYbrid Coordinate Ocean Model (HYCOM). The HYCOM
model is a data-assimilative hybrid isopycnal-sigma-pressure (generalized) coordinate
ocean model. The hybrid coordinate is one that is isopycnal in the open, stratified ocean,
but smoothly reverts to a terrain-following coordinate in shallow coastal regions, and to
z-level coordinates in the mixed layer and/or unstratified seas. The HYCOM effort is
funded by the National Ocean Partnership Program (NOPP), as part of the U. S. Global
Ocean Data Assimilation Experiment (GODAE). HYCOM data is available at HYCOM

dataserver [42] in NetCDF format [43] on a longitude-latitude grid with the step of 1/12°.

The numerical scheme used for these computations was based on the MPDATA (multidi-
mensional positive definite advection transport algorithm) which we discuss in Chapter
3. Diffusion was simulated by a usual second-order accurate finite difference scheme. The

general algorithm that we used for simulations incorporates the following procedure:

e Read velocity data from HYCOM data files.

e Interpolate all three components to a finer grid using a B-spline routine (IMSL

library was used [44]).

e Partition prepared data for parallel computations. The decomposition is done in
the X — Y directions only such that each computational core handles tree dimen-
sional arrays: its portion of the X — Y grid and all of the values in Z direction.
Interaction between domains is implemented using a standard approach known as

“halo exchange”.



Chapter 3. Numerical simulation of advective-diffusive transport in the ocean. 51

e Initialize initial state of a scalar tracer field and partition it for parallel computa-

tions.

e On each computational core perform the first MPDATA donor-cell step (MPDATA

algorithm is discussed in the section 3).

e On each computational core compute anti-diffusive velocities and perform corrective

MPDATA donor-cell step.

e On each computational core perform diffusive step.

e Write result to the file and repeat the computations proceeding to the next upwind

donor-cell step.

This algorithm was implemented in Fortran with the parallel part written with Co-array
Fortran (CAF). Co-Array Fortran is a PGAS (Partitioned Global Address Space) lan-
guage, a class of parallel programming languages. It was created by Robert Numrich and
John Reid in 1990s to be the smallest change required to convert Fortran into a robust
and efficient parallel language [45, 46]. It allows one to efficiently write highly parallel
codes following the SPMD (single program, multiple data) parallelization scheme. Each
process (called image) has its own private variables. Variables which have a so-called
co-dimension are addressable from other images. This extension is part of the Fortran

2008 standard (ISO/IEC 1539-1:2010).
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2.2.1 Deep Water Horizon

First, we present the results of the simulation of an advective-diffusive transport with a
line source term. We place the source at the coordinates of the Deep Water Horizon —
oil drilling rig notorious for its failure in 2010 that caused the largest off-shore oil spill
in the history of U.S. The source was placed at coordinates (28.737, -88.3869) from the

surface to the bottom. Figure 2.3 depicts the set-up.

latitude

longitude

FIGURE 2.3: Deep Water Horizon set-up. Red asterisks denotes the position of the rig
(28.737, -88.3869). Color indicates the temperature of the water.
We show the evolution of the tracer field generated by the line source on Fig. 2.5. One of
the interesting questions is the effect of the vertical component of the velocity on the dy-

namics of the tracer. The HY COM model computes velocities in the isopycnal coordinates
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and the vertical component is obtained after interpolation onto the “longitude-latitude-
depth” based grid. Usually, the vertical component is orders of magnitude smaller than
the horizontal components, and it is important to estimate the impact of vertical velocity.
We can easily set the vertical velocity to zero and run simulations with otherwise exactly
the same parameters. In the absence of diffusion, the solution exhibits fully stratified
behavior. On the Fig. 2.4 we show results of the simulations of the tracer’s dynamics
for the case when vertical velocities are completely suppressed, but there exists diffusive
coupling along Z-axis. On the countrary, Fig. 2.5 presents the same system but with the
vertical component of the velocity. It is easy to see that the effect of the vertical velocity

is rather dramatic.



Chapter 3. Numerical simulation of advective-diffusive transport in the ocean. 54

day 8 day 16

day 24

day 40 day 48

FIGURE 2.4: Evolution of the tracer field. Vertical component of the velocity field is
turned off.
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day 8 day 16

day 24 day 32

day 40

FIGURE 2.5: Evolution of the tracer field. Vertical component of the velocity field is
present.
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2.2.2 Loop Current

One of the most powerful currents in the Gulf of Mexico has the name of Loop Current.
It originates in the channel between the Yucatan Peninsula and Cuba (as a Yucatan
Current), flows northward, loops east and south and exits east through the Florida Straits
joining the Gulf Stream. It plays an important role in hurricane creation [47, 48] and is
known for the mechanism of creating large rings of warm water that pinch off the main
flow and drift at speeds of about 5¢m /s towards Texas or Mexico [49, 50]. We can study
this current by setting a source of the tracer field on the path of the flow as depicted in

Fig. 2.6.

latitude

longitude

FIGURE 2.6: Loop Current set-up. The source is placed in the middle of the meso-scale

flow entering the Gulf of Mexico between Yucatan Peninsula and Cuba — the Yucatan

Current. Color indicates temperature of the water. Two black asterisks denote the
position of the source term.
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FIGURE 2.7: Advection in the Loop Current. Full 3D case with v, # 0.

Results of these simulations are presented on Fig. 2.7 (for full 3D case with v, # 0) and

on Fig 2.8 (for stratified dynamics with v, set to zero).
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FIGURE 2.8: Advection in the Loop Current. Stratified case of 2D advection v, # 0
and full 3D diffusion.
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2.2.3 Interaction of two eddies.

Finally, we want to apply this method to the problem of mixing introduced by large scale
structures such as large persistent flows of eddies. Large swirls that break off the Loop
Current may reach up to about 200 kilometers across and may last for many months.
Such structures drift across ocean basins at speeds of about 4-5 kilometers per day, and,
depending on their source, stimulate mixing of either warmer or colder water than their
surroundings. Besides the temperature, such eddies may facilitate mixing of water masses
with different levels of salinity, or solutions of other chemicals (including pollutants)

critical to long- and short-term climate variations and the health of the environment.

In this simulation we present the initial distribution of a scalar field and evolve it in
time without additional source terms. To do this, we studied HYCOM data to find the
cyclone-anticyclone dipole and carefully measured sizes of both eddies, Fig. 2.9. At time
t = 0, we partially filled the volume of both eddies with contaminants. Evolution of the

tracers that shows interaction between the two swirls is presented in Fig. 2.10.

In Fig. 2.11 we present the displacement of the center of mass of the initial distribution of
the contaminant as a function of time in three directions. Obviously, for the case v, = 0,
the vertical displacement is exactly equal to 0 (Fig. 2.11(c)), whereas turning the vertical
component on leads to substantial downward motion of the tracers (we observe that the
contaminant of type “red” that was originally placed closer to the surface undergoes a
much bigger displacement than the “blue” contaminant; the curve flattens after tracers

reach a certain depth that may serve as an indication that there exists some kind of barrier



Chapter 3. Numerical simulation of advective-diffusive transport in the ocean. 60

26

255

o 25
©
2
©
245
24
23.5
-93.5 -93 -925 -92 -91.5 -91
longitude

FIGURE 2.9: Example of the vector field with two interacting eddies. Slice for z =
400m. This cyclone-anticyclone system is clearly distinguishable from 20-30 to 1300m
deep. Red dots depict centers of vortices.

for transport). On Fig. 2.11(a) and 2.11(b), we see that, for almost a month, a longitudinal
motion of the “red” contaminant would have exhibited truly periodic properties without
a vertical component of the flow field. Turning the vertical velocity on quickly kills these
periodic patterns. At the same time we can conclude that the overall displacement of the
center of mass in horizontal directions is not affected by the vertical component of the
flow to a very big extent. These observations illustrate how the proposed method can be

used to to visualize, study and analyze properties of various flows.
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FIGURE 2.10: Interaction between two eddies with opposite vorticities. Full 3D case
with v, # 0.
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FIGURE 2.11: Displacement of the center of mass of the initial distribution of the

contaminant in longitudinal (subfigure (a)), latitudinal (subfigure (b)) and vertical

(subfigure (c)) directions as function of time. Red and blue colors correspond to red

and blue tracers shown in Fig. 2.10. The solid line shows results of full 3D simulations

(with v, # 0) and dashed lines show the result of simulations for the case of no vertical
velocities v, = 0.

2.3 Co-array Fortran

Co-array Fortran (CAF) is one of three language extensions that support explicit parallel
programming together with Unified Parallel C (UPC), developed at George Washington

University [51] and Lawrence Berkeley National Laboratory [52], and Titanium — a
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Java extension developed at University of California, Berkeley [53]. These programming
languages are called Partitioned Global Address Space (PGAS) languages for that they

have a common feature of partitioning the data and affinity of the data with processors.

The CAF model first appeared as a small extension of Fortran 90 (F~~) that would
enable the programmer to create programs that run on multiple computing processors
with minimal changes to the standard Fortran syntax. CAF is a Single Program, Multiple
Data (SMPD) programming model, where all processors simultaneously execute the same
program. In Co-Array terminology, these independent replications are referred to as
images. SPMD is most often implemented using the Message Passing Interface (MPI)
— a C library (with bindings to Fortran) that is unaware that the program has multiple
instances and implements communication between the images by passing messages via
library calls on both the sending and receiving image. In this model, both sending and
receiving images must be aware of the communication, which creates additional burden

for the programmer.

In CAF all off-processor (off-image) data is available via special bracket notation. At
the same time, all data that is local to the image is accessible via standard Fortran
syntax. The programmer is responsible for explicit data decomposition. Affinity between
data and physical processors is established by a run-time system. All images execute
the program asynchronously and all data and all computations are local to the image.
The programmer is responsible for explicit synchronization. The programer accesses and

moves remote data to local data through, and only through, explicit co-array syntax.
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During the execution of the program, the number of images is fixed and is retrieved during
run-time. The number of the images may be obtained using the function num_images()
> 1. Each image has its own index that is assigned during run-time: 1 < this.image ()
< 1 num_images(). The declaration of co-arrays and regular arrays and their properties are

presented in the Table 2.1

Regular array Co-array

real ::

y(n)[+]

real ::

x(n)

Every image has one of these objects
The name is the same on all images
The size is the same on all images

Elements of the array in local memory
are indexed by the dimension

Arrays on remote image are invisible

Every image has one of these objects
The name is the same on all images
The size is the same on all images

Elements of the array in local memory
are indexed by the dimension

Arrays on remote image are visible

through co-dimension

TABLE 2.1: Properties of co-arrays compared with regular arrays.

The only difference lies in the visibility of the data that is remote with respect to the
particular image. Otherwise the programmer can treat regular arrays and co-arrays in
a similar manner, simply keeping in mind that value[p] is the value on p-th processor.
x(n)[+] means that there is an array x(n) on each of

Similarly, the declaration real ::

num_images() Processors.

There can be more than one co-array dimension. Consider for example the following dec-

laration: real :: data(nx,ny)[p,x]. This replicates the instance data(nx,ny) — a 2-dimensional
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array of size n, x n, — on each image (as many as are available at run-time). The last
co-dimension computes as num_images()/p. A schematic of the idea of the 2-dimensional

decomposition is presented on the Fig. 2.12.

[p+1,q]/,/"’/’ (i,7+1)
[paq_l] [ JQ] [p7q+1] (Z_L]) (Zaj) (2+17]>
[p,q—\l\]\“‘x\\ (i,j —1)

FIGURE 2.12: Decomposition of a two dimensional grid using co-arrays. Each image
[p,q] of P x @ total images handles a computational grid (,j) of the size ny x n.
The code that was used for the solving advection-diffusion equation as described in the
previous sections was based on exactly the same idea of 2D decomposition. All compu-
tational domains were split among multiple cores in such a way that one core handles
one array data(nx,ny,nz) — a portion of the X — Y domain and all of the values along
the direction Z. The actual Fortran code that implements a similar 2D decomposition is

shown on listing 2.1.

In conclusion we mention that since every image executes independently of all other
images in an asynchronous manner, there is a need to control synchronization between
images. Luckily, co-array Fortran provides the programmer with tools that allow to

control execution of the code. This is done through barriers: hidden barriers (allocation
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of a co-array automatically forces synchronization of images), explicit barriers — full

(sync all) and partial (sync images(list ())), locks and critical regions.

Listing 2.1: Example of 2D decomposition.

allocate(data_local(n,m)[q,p]) ! number of images must be pxq
if(this_.image() = 1) then
allocate(data_global(pxn, qxm)) / allocate global array on image = 1
call initialize(data_global) I call routine that will initialize
It
do r=1,p
do s=1,q
data_local (1:n, 1:m)[r,s] = &
data_global ((r—1)%n+1 : rxn, (s—1)sm+1 : sxm)
end do
end do
end if

We illustrate the difference between the MPI-based implementation and CAF implemen-
tation of the halo exchange problem in Appendix A. It is seen that the co-array model
indeed provides the programmer with a very elegant, easy-to-use and economical way to

write highly parallel applications or to parallelize existing codes.
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Numerical Methods.

3.1 Introduction.

It is hard to under-estimate the role of numerical simulations in various fields: from
engineering science and physics to finance [54, 55] and biology [56, 57]. A variety of
problems that require a numerical approach includes numerical integration, nonlinear
equations, differential equations, both ordinary and partial differential equations (PDEs)
with complicated boundaries, signal processing, images processing and so on. The number
of areas where numerical approximate methods find their use is limitless. There are
many reasons for such great importance of numerical analysis. Very often, an analytical
solution simply does not exist or it is extremely hard to obtain one. Simulations and
numerical modeling are a very good and in many areas de-facto tool that can be used to

check analytical results. Experimental verifications may be too expensive (aerodynamics,

67
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automotive crash tests, etc...), or they may be simply impossible (one example of such an
area is cosmology where numerical modeling is extensively used to test theories describing

early stages of the universe [58-60]).

Numerical simulations constitute an entire self-contained branch of mathematics. Because
of the extreme importance of numerical methods, there exists an enormous number of
methods and techniques used for solving various mathematical problems on computers.
Among others we are interested in computational approaches of solving PDEs. A detailed
discussion of this problem alone is impossible within the scope of this work; however, we
provide a brief discussion of some of the most famous numerical schemes. We first discuss
possible ways to approximate derivatives of functions and give an overview of the so-called
“Chebychev spectral” method. Then, we mention a few numerical schemes that could be
used to integrate partial differential equation. And finally we discuss MPDATA — the

more elaborate method that was used for simulations of the mass transport in the ocean.

3.2 Numerical differentiation.

In order to solve partial differential equations numerically one has to provide an efficient
method of computing derivatives of the function. We discuss some typical ways to handle

this task.
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3.2.1 Finite Differences.

Our starting point is a very basic question: given a set of points x; and a set of values of
some function f at these points f(z;), what is the way to approximate the derivative of
the function f’(x)? From here on, we consider a uniform grid x1, ..., xy, with x;,1 —x; = h
for every ¢. The first and most obvious way to answer this question is to introduce a finite

difference approximation

o) = i LT =S S+ = S )

Using Taylor expansion f(z+ Ax) = f(z)+ f'(x)Ax +1/2f"(x)(Ax)? + O((Az)?) in the
above equation we see that f/(x) = W + O(Ax). This finite difference scheme
correctly accounts for the first order of Az term. The truncation error is proportional to
(Ar)? and the approximation (3.1) is said to be a first order approximation. In order to

get a better approximation, consider two Taylor series:

fla+ Ax) =) + £ )dr + B )+ B ey 4 o((aay
o= 20) =)~ P)aa+ B ey~ B ey o((aay
Subtracting the second equation from the first, we get
oo fle+ Ax) — f(z — Ax) 3
F(a) = - +o((ax)). (32)

We see that this finite difference equation correctly accounts for the term proportional to
the (Ax)? and the truncation error is proportional to the third power of Az. Therefore,
this finite difference is called a second order approximation of the derivative. We will

come back to discussions of finite differences later in this chapter.
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3.2.2 Periodic grid. Spectral differentiation.

Another approach — spectral differentiation — can be developed for the approximation
of a derivative of the function defined on a periodic grid. To introduce this method, let

us first impose periodicity u; = uy and rewrite equation (3.2) in a slightly different form,

namely
fi 0 3 -3 J1
f -5 0 f2
_ % (3.3)
0
fn 3 -5 0 fn

Here, we assume N to be even for simplicity. The matrix in (3.3) is a Toeplitz matrix
with constants along diagonals that “wrap” around the matrix due to the periodicity of

the problem [61, 62].

The same result may be obtained if f(z) is locally interpolated by a polynomial. Let p;
for every i be a polynomial of a degree < 2 such that p;(z;_1) = fi_1,pi(z;) = f; and

pi(ziy1) = fix1. Once p; is found, we can obtain the first derivative as f/ = p(z;). For
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the simple case (3.3), the sought polynomial is given by

pi(z) = Afio1 + Bfi + C fin,
where
A= (z—z;)(x — 2i11)/2h7, (3.4)
B = —(x—zi)(w —zin)/1?,

C = (z—x;)(xr — m;_1)/2h%
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Taking the derivative of (3.4) at © = x;, we obviously recover (3.2). In a similar way we

can construct a matrix that will approximate derivatives to fourth order:

f{ % _§ f1
fé _1_12 1_12 f2
2
3
1
I 3.5
; 0 (3.5)
_2
3
_1 1
12 12
Iy R In

An analogous interpolation procedure may be performed with polynomials of the degree <
4. This process can be continued to the infinite limit. In the end we should obtain a dense
matrix that represents an infinite order accurate differentiation matrix. As discussed in

[21], for a bounded periodic grid, a different interpolant (called the Fourier interpolant
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for the choice of basic functions) should be used:

N
p(r) = Z fiSn(x — x;), where
i—1

(3.6)
h sin(mx/h
5, (0) L sinGre/h)
27 tan(z/2)
The first derivative of the interpolant Sp,(x) at grid points z = x; is given by
0 ;i =0(modN)
Sy (x;) = (3.7)
(—1)%cot(ih/2)/2 : i # 0(modN)
Therefore, the first differentiation matrix is given by

h

0 —5 cot 17

—5 cot % ’ % cot %

% cot % —35 cot %
Dy = . (3.8)

h
—% cot 37
h
% cot 17
h
% cot 17 0
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To compute the second derivative, we differentiate the interpolant (3.6) twice and obtain:

2

) —ar : i =0(modN)
S(x;) = (3.9)

(" i % 0(modN)

" 2sin2(ih/2)

[

The double differentiation matrix therefore takes the form

%CSC2(%)

DY = PR (3.10)
T3 6
%CSC2(%)

—Lesc?(2)
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We illustrate the accuracy of this method by computing the first and second derivatives

of a periodic function defined on domain [—, 7]

f (@) = cos(z)e™™ ),
f'(z) = (cos®(z) — sin(x)) (@), (3.11)
1" (x) =cos(x) (cos®(z) — 3sin(x) — 1) ).
Results of numerical computations of the first and second derivatives are presented in
Fig. 3.1 and Fig. 3.2 respectively. We are plotting f'()analytical — f' () numerical (and simi-
larly for the second derivative). It is clear that good convergence can be reached already

for 20-30 grid points for both first and second derivatives.

Another possible (and extremely popular) approach for approximating a derivative of a

periodic function is, of course, the Fourier transform that is given by

Flw) = fjoooo e~ f(x) do
(3.12)

@) =& [ (W) du

o0

Differentiating the second expression with respect to x, we find that the Fourier trans-
formation is given by f'(z) — iwF(w). The algorithm of finding the n'® derivative is
trivial:

e transform f(x) to Fourier space

e multiply F(w) by (iw)"

e transform the result back to the direct space
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FIGURE 3.1: Numerical approximation of the first derivative on a periodic domain
obtained by using the differentiation matrix (3.8). Here N is the number of grid points.

The discretized version of the Fourier transform — the discrete Fourier transform (DFT)
— is probably the most often used algorithm in computational analysis [63, 64]. The
reason for such great popularity is the fact that the direct and inverse DFT can be
efficiently computed using the so-called fast Fourier transform that dates back to a famous
paper published by John Tukey of Princeton University and John Cooley of IBM Research
in 1965 [65]. The FFT algorithm allows one to perform the discrete Fourier transform
in Nlog(N) operations whereas a direct usage of DFTs requires N? operations. One
of the very widely used implementations of FFTs is “The Fastest Fourier Transform in

the West”, a software library, developed by Matteo Frigo and Steven G. Johnson at the
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FIGURE 3.2: Numerical approximation of the second derivative on a periodic domain
obtained using the differentiation matrix (3.10). Here N is the number of grid points.

Massachusetts Institute of Technology [66, 67]. This and related questions are discussed

in a great details in [68]

3.2.3 Non-periodic domain. Chebychev differentiation matri-

ces.

Suppose we need to evaluate a numerical approximation of a derivative of the function
f(z) for a function that is not periodic and is defined on a finite domain [—1, 1]. A first idea

would be to try to periodically extend f(z) onto whole R so that it becomes a piecewise
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smooth, periodic function with jump discontinuities and to apply Fourier interpolation
as described above. However, by introducing a discontinuity at the boundary, we loose
accuracy which appears as an “overshoot” in the DFT representation of a function near

the boundary. This effect is known as the Gibbs phenomenon [69, 70].

Another possible approach would be to use algebraic polynomials to interpolate f(x). It
also happens to be bad decision because polynomial interpolation is known to generate
high-amplitude oscillations at the edges which is known as the Runge phenomenon [71,
72]. This divergence of the polynomial interpolation has even more dramatic effects
than the Gibbs effect, however there are some techniques developed to suppress Runge

divergence (for example see [73] or [74]).

An alternative approach is to use polynomial interpolation on a non-uniform grid. Dif-
ferent non-uniform grids were suggested [75], however one of the most popular ones is a

grid of so-called “Chebychev points” or “Chebychev nodes”, that are given by

x; =cos(jnN), j=0,1,--- N. (3.13)

Geometrical interpretation of the set x; of Chebychev nodes is presented on Fig. 3.3.

We see that grid points cluster around domain edges which has an dramatic effect on
the accuracy of polynomial interpolation [19, 21]. In fact, polynomial interpolation on a
Chebychev grid (or on any grid with asymptotic N — oo density of points on the interval

[—1,1] behaving like 1/4/1 — x) is completely free of Runge’s phenomenon.
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xny = —1 IN/Z:O w0 =1

FI1GURE 3.3: Chebychev points can be geometrically interpreted as projections of points
uniformly spaced on the unit circle onto the z-axis.

In order to approximate the derivative, we therefore first interpolate f(z) by a polynomial
p(z) of degree < N, ie. we find p(x) such that p(z;) = fr and after that we set

fi. = P'(2)|2z=z,. As before, this can be written as
f'=Dnf (3.14)

(compare to (3.3) and (3.5)). Let’s consider the case N = 1 to illustrate the principle.

There are only 2 grid points g = 1 and z; = —1 and the function f(x) interpolates as

p(e) = 51+ 2o + 51— )i (3.15)

Therefore, the derivative of the function is found to be

fl(x) = p(z) = %fo - %fl- (3.16)
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Which in matrix form (3.14) is written as

fé fé % _% Jo
fi fi : o) | A
Similarly, for case N = 2, there are three grid points zo = 1,27 = 0 and xo = —1. The
interpolating function is
1 1
p(z) = §$(1 +2)fo+(1+z)(1—2)fi + §$($ —1)fs, (3.18)
and the derivative is obviously
, , 1 1
f(x) = p'(x) = (5U+§)fo—2xf1+($— §)f2- (3.19)
The differentiation matrix for this case looks as
f6 fé % —2 % Jo
=D, = . (3.20)
f{ f{ % 0 _% 1
fé fé _% 2 _% fa
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In general case of arbitrary N, the components of the differentiation matrix are given
by[21, 76] :

e (_1)i+j
cj (v — ;)

for Vi,7#0,N and i # j,

(Dn)ii = _Q(Tjﬂ)

2N? 4+ 1 2N?2 +1
Ta ( N)NN:_Ta

for Vi #0,N,

(DN)OO =
(3.21)

where

Now finding the approximation of a derivative of a function defined on a grid of Chebychev
points (3.13) numerically is done by a matrix-vector multiplication (3.14), where the
components of a matrix Dy are given by (3.21). Higher order (k*-order) derivatives will
be of course approximated by powers of the matrix, (Dy)*. We illustrate the accuracy of
this method by computing first and second derivatives of some function and comparing
the numerical approximation as given by the Chebychev differentiation matrices to the

analytical expression. Consider the “probe” function and its derivatives

fl(z) =e"(1 4z — 32° — 2°) (3:22)
f"(z) = —e"(=2 + bx + 62% + z°)
The difference f'(2)anaiytical — f'(Z)numerical 15 presented in Fig. 3.4 and similarly for the

second derivative in Fig. 3.5.
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FIGURE 3.4: Numerical approximation of the first derivative on a non-periodic domain
obtained using the Chebychev differentiation matrix (3.21) for different numbers of grid
points.

We see that even for N = 10 somewhat reasonable accuracy is achieved! Increasing N to

~ 30 we get a more than satisfactory approximation of derivatives.

3.2.4 Approximations of partial derivatives.

It is clear now how to proceed in the case when we need to approximate more complicated

derivatives. Consider for example some function defined in polar coordinates f(r,@).
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FIGURE 3.5: Numerical approximation of the second derivative on a non-periodic do-
main obtained using the square of the Chebychev differentiation matrix (3.21) for dif-
ferent numbers of grid points.

Imagine that we have to compute something like:

_Rir0) | 1df(n0) | 1 Ef(0)

At dr? r dr r2  dez

(3.23)

which of course is recognized as the Laplacian of f. To compute it numerically on a disc
of unit radius we should sample f at Chebychev grid points in r-direction and on regular
uniform grid in #-direction. However, the Chebychev grid as it is introduced above is
defined on the interval [—1, 1], whereas r € [0,1]. This complication can be resolved in
many ways. One possibility is to simply map regular Chebychev grid from z; € [—1,1] to

r; € [0,1] via the transformation r = (x+1)/2. Then d/dr = (dz/dr)- (d/dzx) = 2(d/dz).
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We see that this transformation will simply multiply the Chebychev differentiation matrix
(3.21) by a constant. But the rest of the formalism is still applicable. Another method

would be to use r € [—1,1],0 € [0, 27| and explore the symmetry [75, 77]
f(r,0) = f(—r, (0 4+ 7)(mod 27)). (3.24)

Various other methods that deal with polar or spherical coordinates are discussed in great

details in [19].

Whatever approach we pick, the approximate Laplacian is written as

Af(ri’ 0]) = [Dghebf<r7 QJ)L + 7“1 [Dchebf(ra QJ)L + % [D(Q)f(rh 6)]j (325)

here Dy, is the Chebychev differetiation matrix (3.21) and the bar on top of it is used to
indicate that it may possibly be multiplied by a coefficient emerging from the grid trans-
formation; D® is a matrix, (3.10), for differentiation in the periodic (angular) direction;
f(r,0;) is a vector of values of function f for fixed 6;. The product Df(r,6;) is a vector

itself and the notation [Df(r,6;)]; is used to select i™" component of this vector.

3.3 Methods of solving partial differential equations.

Consider the differential equation

fe=Lf (3.26)
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where £ is some operator. It may be a differential operator, in Cartesian, polar, spher-
ical etc... system of coordinates or it may simply denote multiplication by some (time-
independent) factor. For example, if £L = A, equation (3.26) becomes a well-studied
parabolic partial differential equation known as the “heat equation”. If £ = a- — simple
multiplication by a constant, then (3.26) is an ordinary differential equation with the
trivial solution f(t) = foexp(at). In previous sections we discussed some of the possible
ways to carry out numerical differentiation, so, if £ is differential operator, we know how
to perform computations of Lf. Nevertheless, we still want to use a simple ordinary
differential equation with operator £ being just a multiplication by a constant. This
will still allow us to to briefly describe some of the most typical approaches to integrate

differential equations numerically.

3.3.1 FEuler method.

We are trying to integrate equation
' =af, (3.27)

where f’ means df /dt. The first and the most natural idea is to use discretized time and
to approximate the time-derivative by a finite difference as it is described in section 3.2.1.
We use slightly different notation here and denote f™ = f(nAt) — the value of function

f at the n'" time step. Equation (3.27) is approximated as

f(n+1) _ f(n)

(n) 9
A7 af (3.28)
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Knowing f(© we can now find f® as f0 = fO + Ataf(©. Continuing this iterative
process until the desired time is reached, we can obtain an approximate solution of (3.27).

We know that the exact solution of this equation at time At is given by

IO = (a0 = [0
(3.29)

~ fO +afOAt + %aQ FOA? + %af‘ FOAL)S + -
Comparing this to our analytical solution we see that the first term that we got wrong is
const - (At)?. This truncation error will be introduced at every computational iteration.
To get to the final time we need to make N; ~ 1/At of such steps and, therefore, the
total accumulated error will be ~ At. This is very slow convergence and, as we will show,
much better convergence can be easily achieved. Another important aspect is the notion

of stability. We see that the error grows by (1 + aAt) at every time step, so this scheme

is only stable for |1 4+ aAt| < 1.

We can slightly modify (3.28) and write is as

f(n+1) _ f(n)

— (n+1)
- af (3.30)

It is easy to find that in this case

1
f) = e f & (Lt alst o+ a?(An)?) £ (3-31)

Again term ~ (At)? is wrong (compared to (3.29)) and, therefore, this method has the
same convergence. However, we see that it has much better stability properties. In fact, it
is stable for V a and At. These two numerical schemes have names forward and backward

(or alternatively explicit and implicit) Euler schemes.
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3.3.2 Crank-Nicolson Scheme.

A quite natural idea that was first suggested by John Crank and Phyllis Nicolson in 1947
[78] is to combine both of the two methods described above and write down the numerical

approximation of (3.27) as

flrtD ) f) 4 fntD)
=a

At 2

(3.32)

The right-hand side is taken as the average of values of f at n' and (n + 1)* time
steps. Due to this symmetry, this scheme is also sometimes referred to as the trapezoidal

method. Similarly to what we did for Euler methods we find that

1+ aAt/2

(n+1) _
/ 1 —aAt/2

) (3.33)

We see that the stability condition |(1 4 aAt/2)/(1 —aAt/2) < |1 implies that scheme is

stable for V. At and a < 0. Expanding it to a Taylor series we get

2 3
f(n+1) ~ (1 + GTAt) (1 + aﬁt + (CLA415) + (aA8t> + .. ) f(”)

At)? At)3
z(l—{—aAt—l—(a;) +(a4t) +---)f(”)

(3.34)

Comparing this to the exact solution given by (3.29), we notice that the Crank-Nicolson
scheme evaluates the approximate solution correctly up to the term ~ (At)% So this
method is said to be of second order for much better accuracy. It is in fact an extremely
popular method of numerical integration of PDEs exactly for this combination of second-
order accuracy and great stability properties. However, its “semi-implicit” nature creates

some computational expenses. In our simplistic example, the evaluation of subsequent
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time-steps only costs a multiplication of previous time-step by a factor 1 + aAt/2 and a
division by a factor 1 —aAt/2. If we were to solve a PDE instead of an ordinary differential

equation, the expression (3.33) would become a system of linear algebraic equations for

every ") = f(tn,z:).

3.3.3 Adams-Bashforth’s method.

In a Crank-Nicolson scheme, the better accuracy (~ (At)? as opposed to ~ At for the
Euler method) is achieved due to the fact that the estimate for f™* is computed by
considering the right-hand side of (3.27) an average of the values of f’ at the n'® and
(n + 1) time steps. This trick allowed to increase accuracy but introduced some exctra

computational costs.

Another possible approach to reach good accuracy (at least to second order in At) and
to keep at the same time the derivation fully explicit would be to use information about
values of f at n'® and (n — 1)** time steps while computing the (n + 1) value. Let’s

approximate the left-hand side as

f(n+1) _ f(n)

= (Af"T + Br™) (3.35)

The coefficients A and B are to be picked such that this approximation correctly restores
the term proportional to (At)? in (3.29). By expanding f"~V into a Taylor series and

comparing (3.35) to the exact solution, it is easy to show that these coefficients have to
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be A= —1/2 and B = 3/2, such that (3.35) resolves for "+ as

3 1
FldD) — ) 4 Ay (ﬁaf(n) _ 5af(n—l)> (3.36)

We see that this method is fully explicit (which should be read as “easy-to-compute”)
and has second order accuracy. In a similar manner, one can create a method that would
include more of the previous time-steps

f(n+1) — f(n)

Each of the terms (with correctly picked coefficients) will increase convergence. The
family of these methods is known as a family of multistep Adams-Bashforth’s methods

[79, 80]. To determine the stability properties of the method (3.36), we rewrite it as
(n+1) 3 ) o L Agpn-1)
o = (1 Sadt ) S0+ ZanefY =0 (3.38)

In this finite difference equation, we furthermore substitute an ansatz f™ = p" and

obtain (after canceling the common term p™~1)
9 3 1
p— 1+ §aAt P+ EaAt =0 (3.39)

The two roots of this quadratic equation for p are given by
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The finite difference equation (3.36), in the limit of At — 0, reduces to the actual

differential equation (3.27). In this limit, the roots p; and py are
lim py — 1+ aAt, Tim ps — ~aAt (3.41)
AP T F T ash - QP2 T 5est '

We see that the solution f(™ corresponding to p; (in the limit of At — 0) becomes exactly

the solution of the original equation (3.27), as

lim pY (1+ alt)"

— lim m (1 + alt)/2 = e, (3.42)
At—0 At—0 —0

=4
However, the solution of a difference equation that is obtained with the second root ps
does not have a relation to any actual solution of ODE (3.27). For this reason, the root
p, and its difference equation solution f(™ = py are called parasitic solutions. To require
stability of a difference scheme (3.35) we should obviously need to require that both p;

and py are smaller than 1:

;] <1 and  |po]| <1 (3.43)

These are rather complicated conditions for aAt due to (3.40). However, the point we are
making here is that (3.43) is a restriction on a and At. Another statement that we will
not prove here is that the higher the order of the Adams-Bashforth’s method, the smaller

is the stability region. A detailed discussion of this question may be found in [81, 82].

3.3.4 Backward differentiation methods.

In order to illustrate a general statement about role of fully explicit and implicit methods

let us briefly consider yet another numerical scheme. One can choose an implicit approach
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to achieve second-order accuracy by considering the following difference method

34 — g f() 4 fn=1) B
20t N

afty (3.44)

This is an improvement of the implicit Euler scheme that we considered above. It is
easy to verify that this scheme it second order by expanding £~ into a Taylor series,
collecting terms with powers of At and comparing the expression for f*+ to the Taylor
series of the exact solution (3.29). A similar analysis shows that this method due to its
implicit nature becomes stable for V. At and a < 0. This method can be improved by
including values of f at older time-steps. Similarly to Adams-Bashforth’s improvement
(3.37), each additional term will increase accuracy by an extra power of At (see [83] for

more on this subject).

Every n''-order backward difference method will have a much wider stability region than
an n'-order explicit method. On the downside, there are additional computations that
have to be done at each time-step of the implicit method. Therefore picking the correct
approximation that will be implemented in the code is a constant trade-off between desired
accuracy and stability requirements (which are also dictated by available computational

resources).
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3.3.5 MPDATA — multidimensional positive definite advection

transport algorithm.

Unfortunately, the schemes listed in the previous chapters have problems with handling
advection of sharp wave-fronts, or shocks. Those schemes are very usefull as long as
we are dealing with fairly smooth wave-forms. However, they have poor performance
at advecting wave-forms with sharp leading or trailing edges. Use of these methods
for a numerical solution of a constant velocity advection of the initial condition results
in distorted and oscillatory solutions. A typical illustration of this effect is presented
in Fig. 3.6(a). We consider the following equation for simple advection with constant

velocity u in the form
Ji=—uf: (3.45)

and integrate it numerically using the Crank-Nicolson formula. We see that this solu-
tion generates spurious oscillations, does not preserve maximal value and, what’s more
important, is not positively defined. Using higher-order methods, it is possible to sub-
stantially reduce the impact of these oscillations, however, it turns out that all central
difference schemes for solving the advection equation suffer from a similar problem [84].
Further discussion and examples of this may be found in references [84-86]. This effect
can be extremely important when the evolution of the positively defined scalar is studied.
Sometimes results of such simulations are used as input parameter in a different problem,
and having negative values may ruin the stability of the whole system. Therefore, it is

extremely important to pay special attention to positiveness of the solution (for example
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[87])-

A typical approach to solve hyperbolic partial differential equations constitutes another
class of numerical schemes that is called upwind methods. The key idea of these methods is
to construct a finite difference approximation based on the direction of the local velocities.
To illustrate the method, let us again consider equation (3.45). A first-order upwind

approximation for this equation is written as

(n+1) _ r(n) (n) _ r(n)
% = —u sz—Zszl for u>0 (3.46)
(nt1) _ r(n) (n) _ r(n)
u:—uu for u<0 3.47
At A
x

If uw # const, the condition u < 0 should be checked at each computational step (both
time- and space-wise). Depending on the result, (3.46) or (3.47) must be used. This
scheme is first order accurate and stable when the so-called Courant-Friedrichs-Lewy

condition condition holds true [88]:

ult

U= Az

<1. (3.48)

Besides being only first order accurate, this method is known to suffer from strong implicit
diffusivity. We demonstrate the diffusive behavior in Fig. 3.6(b). Clearly, the upwind
scheme does not only advect initial condition it the direction of the flow, but also imposes

substantial intrinsic (numerical) diffusion. Therefore, alternatives are required.

One such alternative — a numerical scheme called MPDATA (multidimensional posi-
tive definite advection transport algorithm) — was proposed in the early eighties by P.

Smolarkiewich. It originated as a simple positive-definite advection scheme with small
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implicit diffusion for problems of atmospheric cloud models [89]. Over last thirty years,
MPDATA has found numerous applications in atmospheric simulations, geophysical fluid
models, chemical processes modeling, fluid models from biomechanics and solar physics
thus covering scales of motion from micro to stellar [85, 90]. It was also adapted to general
time-dependent curvilinear coordinates [91, 92] and unstructured meshes [93, 94]. Appli-
cation of MPDATA to the “toy problem” of constant advection is shown in Fig. 3.6(c) to

illustrate the efficiency of this method.

In order to discuss this method, we again consider the advection equation (3.45) and
a first-order upwind approximate scheme given by (3.46) and (3.47) (this is sometimes
called donor-cell approximation). It can be written in flux form by introducing the flux

function

F(flv fTa U) = U+fl + U—fm (349)

where indices at f; and f,. mean “left” and “right” and denote the position of the donor
cell with respect to the cell of interest (where scalar field is currently computed); U,

and U are nonnegative and nonpositive parts of the local Courant number defined as

_uar
T Az’
1
Ue = 5(U + U], (3.50)
1
U = §(U— 1UJ).

The flux form of (3.46) and (3.47) now can be compactly written as

10 = 1 = (PO, 180 Ui ) = PO S, Ui ) ) (3.51)
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(a) Crank-Nicolson method.
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(b) First-order upwind scheme.
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(¢) MPDATA algorithm.

FIGURE 3.6: Problem of the simple advection with constant velocity (from left ot

right) computed by three different methods. Left side of each graph depicts initial

condition and right side — state after some time. Crank-Nicolson scheme exhibits

spurious oscillations (subfigure 3.6(a)). Upwind algorithm introduces severe diffusion

into the dynamics of the system (subfigure 3.6(b)). The best result is demonstrated
by the MPDATA algorithm (subfigure 3.6(c)).



Chapter 3. Numerical Methods. 96

The idea of the method is illustrated in Fig. 3.7.

Ui—1/2 Uit1/2
f(-%'fl) = fi f(33i+1) = fr
° — . — °
Ti—1 x; Tit1
Ti-1/2 Lit+1/2

FicURE 3.7: Schematic of MPDATA. The tracer field is defined at integer points

(x4, =1,2,3...) — the cell centers. The velocity vector is defined at half-integer points

— the cell walls. We compute fluxes from one cell to a neighboring cell based on the
direction of the advective flow.

Expanding f*1, f and =V into a Taylor series around (z;,t™), the approximate

equation (3.51) may be written as

0 |(n) 0
E ; ——%(Uf)

M 9 /(Ax)? L OFy ™
tan Coar (ul=w)50) |

7

(3.52)

The last expression is a second-order approximation to the advection-diffusion equation

0 of
fetufy = _%<_Kimpl%>a (3.53)
where
(Az)®
Kimpt = 0 (lu]-0?) (3.54)

is the implicit diffusion that we mentioned above. In the limit when both Ax and At
approach zero, (3.53) approaches to (3.45). However, actual computations always have
finite non-zero Ax, At. This, on the one hand, makes the upwind scheme stable but, on
the other hand, does not describes equation (3.45) itself but rather an advective-diffusive

equation with some effective diffusion. The idea of MPDATA is to rewrite the diffusive
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term in the form of a flux — K, (0f/0x) = ugf. This new pseudo velocity ug, is called

diffusive and is given by

(Az)? 1of
oar (V1= )fax

(3.55)

Ud = —

Now, the effect of the implicit diffusive flux of the scheme (3.51) can be compensated by
an additional upwind step with anti-diffusive velocity @ = —ug. The term (1/f)(0f/0z)

in (3.55) can be approximated as

19f 2 fin =g (3.56)
faZL’ Al‘fn+1 _'_fn—i-l +e .

An arbitrary small € > 0 has to be introduced to guarantee stability of the corrective

step.

This scheme easily generalizes to a multidimensional advection equation. Consider the

three-dimensional analog of the equation (3.45):

ft: _ufx_vfy_wfz' (357)
The first order upwind approximation (3.51) becomes

n+1 n (n
fz(]k ) = fi(,j,)k - ( (fljk’f+1]k7 z+1/2yk:) (fi—%,j,k’ﬁ]k? i— 1/2Jk)>
_<F(fi(,?,)k7fi{?il,k"évj'f‘l/zk) (fz] lkvfzjka 1,j—1/2, k)) <358)
(R oy e O O
(fz‘7j7k7 fi7j7k+17 z,J,k+1/2> (fz‘,j,k—h fz’,j,kv w7k—1/2) )

where separate local Courant numbers are used:

, W=—— (3.59)
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Similarly, the truncation error analysis via expanding f™+9, f and f=1 into the
Taylor series around (z;, y;, 2k, t™) shows that (3.58) is a second-order approximation to

the advection-diffusion equation:

ft+ufm+vfy+wfz =

(Az)? 2 *f  (Ay)? 2 Pf(Az)? 2 *f
ot _yy s —wn L (360
aae WWI=0050 + 5ar WI=V05e + 5ar (W =155 (3.60)
UVArAy °f  UWAzAz &*f  VWAyAz &*f
2At  Oz0y 2At  Ox0z 2At  Oydz’

The compensation of diffusive flux can now be done by an additional upwind step with 3

components of the antidiffusive velocity given by

. (Ax)? o 10f  UVAzAy10f UWAzAz10f
= Sa WWI=U055; oAt oy N (3.61)
. (Ay)2(| - 2)18_]0 _ VUAyAz10f  VWAyAz10f (3.62)
YT oA f oy oAt f Oz N '
. (Az)? o 10f WUAzAz10f  WVAzAy10f
b= VI =WI55, oAt f Oz oAt foy (3.63)

Afterwards, the terms (1/f)(0f/0x), (1/f)(0f/0y) and (1/f)(0f/0z) are approximated

as in (3.56), and stability of this corrective iteration is guaranteed.



Chapter 4

Conclusion.

We have proposed the method of averaging time-periodic dynamics of the advection-
diffusion equation akin to one suggested by Krol. The proposed scheme exploits a trans-
formation to action-angle coordinates in which the original equation can be written in a
form suitable for averaging. The diffusion is taken to be small and is treated as a perturba-
tion to purely advective periodic motion via a Lie transform. We consider the application
of this method to a particular flow field, namely a time-periodic regularized vortical flow,
and provide numerical evidence that the dynamics of the averaged time-independent equa-
tion adequately approximates the dynamics of the complete advection-diffusion equation.
We provide a detailed analysis of the spectra of both full and averaged equations, defined
on a circular domain with the Dirichlet boundary conditions, using Chebychev spectral

approach for the numerical approximations of finite differences. Spectral structures of
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both equations are shown to converge with the decrease of the diffusion coefficient. A

detailed discussion of the convergence and accuracy of the approximation is provided.

We illustrate that, for the flows with certain properties of time-dependence (periodic and
mean-free), purely advective motion is conservative and symmetry-preserving (with the
Poincaré map of the flow being an identity), whereas arbitrary small diffusion breaks the

symmetry of the initial state of the tracer field.

We only considered the rather restricted class of advective fields with periodic tracer tra-
jectories. For this type of flow, the transformation to action-angle coordinates enables the
averaging procedure. Development of a similar approach for other classes of velocity fields
will be important to understand general regularities of the interplay between advection
and diffusion. We provide a brief discussion of a way to generalize the developed method

to the three-dimensional case.

The advection-diffusion equation is one of the key equations in the problem of transport
and mixing effects in complex flows. An important problem of the theory of dynamical
systems is the detection of coherent structures, which can be responsible for enhancement
or suppression of transport and mixing effects in the flow. We discussed a method to
visualize flow properties that is based on a highly parallel finite-differences solver of
the advection-diffusion equation implemented using co-array Fortran (CAF). CAF is the
extension of the Fortran language, that supports the partitioned global address space
(PGAS) programming model. CAF is a a representative of SPMD (“single program,

multiple data”) parallelism methodology and naturally maps to the algorithmic structure
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of finite- difference methods. We apply the developed method to illustrate how it can be
used to study oceanic flows using the example of the HYCOM data. In particular, we
illustrate how the solver can be used to model and visualize the evolution of a contaminant
spill, study the effect of diffusion on the tracers propagation, or detect visually possible

coherent structures in the flow.



Appendix A

Comparison of co-array Fortran and

MPI

Listing A.1 illustrates implementation of halo-exchange problem using Message-Passing
Interface (MPI). Listing A.2 is the code that does the same but using co-array Fortran.

It is easy to see how economical, compact and elegant co-array Fortran is.
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Listing A.1: Halo exchange. MPI

real :: data(0:nx+1, 0:ny+1, 0:nz+1)
real :: local_result, global_result
integer :: mype, ier, nx, myright, myleft
integer :: stag, rtag, status, iz

call MPIl_init(ier)
call MPIl_comm_rank (MPI.LCOMM WORLD, mype, ier)

(setup)

! exchange halo cell data with "left” and "right” processors
do iz =1, nz

stag = stag + 1

rtag = rtag + 1

call MPIl_sendrecv(data(l,ny,iz), nx, MPI_REAL8, myright, stag,

& data(1,0,iz), nx, MPI_REAL8, myleft, rtag, &
& MPI.COMM_WORLD, status, ier)
stag = stag + 1
rtag = rtag + 1
call MPIl_sendrecv(data(l,1,iz), nx, MPI_REAL8, myleft, stag,
& data(l,ny+1,iz), nx, MPILREAL8, myright, rtag, &
& MPI.COMM_WORLD, status, ier)

enddo

! Do some useful work on my new halo cell data then sum results
local_result = use_data(data, nx, ny, nz)

call MPl_reduce(local_result, global_result, 1, MPI_REALS, &
& MPISUM, 0, MPLCOMMMWORLD, ier)

if (mype .eq. 0) print *,”Final =", global_result

call MPI_finalize(ier)

&

&
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Listing A.2: Halo exchange. Co-array Fortran

1| real :: data(0:nx+1, O0:ny+1, 0:nz+1)[*]

2| real :: local_result, global_result[x]

3 integer :: myright, myleft, me, ix, iz

4

5| me = this_image()

6

7 ! exchange halo cell data with "left” and "right” processors
8

9 do iz =1, nz

10 do iz = 1, nx

11 data(ix, 0, iz) = data(ix,ny,iz)[myleft]

12 data(ix, ny+1, iz) = data(ix, 1, iz)[myright]
13 enddo

14| enddo

15

16

17| ! Do some useful work on my new halo cell data then sum results
18| local_result = use_data(data, nx, ny, nz)

19

20| cirtical

21 global_result [1] = global_result[1l] + local_result
22| end critical

23

24| sync all

25

26| if(me .eq. 1) print x,"Final =", global_result
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