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Abstract

Multiplicities of Galois Representations in the Higher Weight Sheaf Cohomology
Associated to Shimura Curves
by
Lei Yang

Advisor: Professor Bruce Jordan

Let Ty be the Hecke algebra attached to Sp(To(N),€) where ¢ is a Dirichlet character.
For a maximal ideal m of Tp with residue characteristic £, assume that the modular
Galois representation py of Gal(Q/Q) attached to m is irreducible. We generalize
Ribet’s theorem regarding the multiplicities of py, in jacobians of Shimura curves to

higher even weights. The iwo main results of this paper are as follows:

(1) Let p, q be two distinct primes not equal to ¢, and M a positive integer prime to pg?.
We show that for a Shimura curve Vg(M) arising from an Eichler order of conductor
M in the indefinite quaternion algebra B of discriminant pg over Q, if pp,.is ramified
at at least one of the primes dividing the discriminant, say p, the multiplicity of pm in
HY(Vp(M) x Q,¥,)[m] is 1, unless pyy, is unramified at g and Frob, acts as a scalar in
Pm whose square is £(g). In this exceptional case, the multiplicity is 2. We show that

this exceptional case does occur.

(2) We give an upper bound for the multiplicity in the case when the discriminant of B
is arbitrary and py, is ramified at at least half of the primes dividing the discriminant.

We prove that higher multiplicities also exist in this case.
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Preface

Let k > 2 be a positive integer. For each positive integer N, set

To(N) = {(‘C‘ 3) GSL(2,Z)|cEO(modN)}.

For a Dirichlet character ¢ : (Z/NZ)* — CX, define the space Sx(To(N),¢) of weight &
cusp forms of level N and Nebentypus ¢ to be the set of all holomorphic functions f on the

Poincaré upper half plane, such that

(i) For all ( (cl Z ) € T'o(N), we have f (%ﬁ%) = g(d)(cz + d)* f(2);

(ii) f is holomorphic at the cusps.

The second condition above means that the Fourier expansion of f at oo is of the form
};1 an(f)e?™". Let T = Tn be the standard Hecke algebra generated by the Hecke opera-
n2

tors {T;}r>1 on the space Si(To(N),¢). If we let Z[e] be the ring of rational integers joined
with the values of ¢, T is then a projective Z[¢]-module of finite rank. Let F be a finite

field of characteristic £ > 3. Fix an algebraic closure F of F. Let

p: Gal(Q/Q) — GL(2,F),

be a continuous representation. Let x be the mod £ cyclotomic character, and identify €
with a character of Gal(Q/Q) via the surjective homomorphism Gal(Q/Q) — (Z/NZ)*.

The representation p is said to be modular of level N and weight k with Nebentypus ¢ (of
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type (N, k,¢€) for short) if its determinant is x - ¢*~1, and there is a homomorphism

w:T-F,

such that

trace (p(Frob,)) = w(T;)

for all prime numbers r { N, where Frob, is a Frobenius element for  in the Galois group

Gal (Q/Qr).

The problem of this paper stems from the so-called Multiplicity One Principle, first con-
sidered by Mazur in [21] in the case of jacobians of modular curves. To be more specific, let
Xo(N) = Yo U {cusps} be the complete modular curve of level N, and Jo(V) its jacobian.
For a maximal ideal m of the Hecke algebra T, let py, be the modular Galois representation
attached to m (see [25], Chapter 5 for more detail). Consider the T/m[Gal(Q/Q)])-module
Jo(N)[m], the kernel of the action of m on Jo(N). If py is absolutely irreducible and
(¢,2N) = 1, Mazur ([21), Proposition 14.2) shows that Jo(N')[m] is isomorphic to the repre-
sentation pm. It is interesting to see if the Multiplicity One Principle holds for the jacobians
of other curves. One immediate choice is to look at the Shimura curves. Let J be the jaco-
bian of a Shimura curve. When pyy, is irreducible and £ is odd, a general result proved in
[1] shows that J[m)] is semisimple. Mazur’s standard argument then shows that J[m] is a
direct sum of copies of py,. The number of copies in the direct sum is the multiplicity of

pm in J[m]. In [26], Ribet studies the case when py, is of type (N, 2,id), and the Shimura

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

vii

curve Vp arises from an indefinite quaternion algebra B over Q with Disc B = pg, a product
of two distinct primes. It turns out that the Multiplicity One Principle is true under most
circumstances but fails to hold in one particular case. Namely, when py, is unramified at
exactly one of the two primes in the discriminant of B and the Frobenius element at that

prime acts as £1 in py,, the multiplicity becomes two.

In this paper we generalize Ribet’s multiplicity theorem cited above to higher even weight
with arbitrary Nebentypus in two stages: first we consider Shimura curves Vg when Disc B
is a product of two distinct primes; then we remove this restriction and consider the case
when Disc B is arbitrary. The generalization is, however, not without its limitations. The
assumption on the weight (namely, even) is probably not essential. One should be able
to work out similar results when the weight is odd, using the method provided here with

k=2 representation of BX and the {-adic

some adjustments on the construction of the Symm
sheaf ¥;. But we do need the condition that the representation py, is dominantly ramified
at the discriminant (Definition 4.4), so that we can equate the weight £ dual character
groups of two Shimura curves (localized at a maximal ideal of the Hecke algebra), and relay
the multiplicity information encoded in the first Shimura curve arising from a quaternion
algebra with (two) fewer prime factors in its discriminant to the second curve. So we

begin by observing modular curves. And here we also inherit the restriction of ¢ > k from

Faltings-Jordan’s Multiplicity One Principle for higher weight modular curves (Theorem



viii

3.1) obtained via crystalline cohomology theory. Under these conditions, we will be able to
completely classify the multiplicity in the first stage of the generalization (Disc B = pq). As
for the second stage (arbitrary discriminant), we provide an upper-bound of the multiplicity.
However, we do not claim that it is effective. But we prove that higher multiplicities do
exist. We also wish to remove the dominant ramification condition on the representation
pm in the future. In the case when Disc B = pq, Fred Diamond, in a conversation with the
author, first raised the question about the multiplicity of pm in Jo[m] in the case that pm is
unramified at both p and ¢. This was never an issue in Ribet’s case: if pm were unramified
at both p and ¢, by applying conjecture “epsilon,” one would conclude that pm would be
modular of level 1. But there is no weight two cusp form in S2(I'o(1)). In higher weight,

however, it is entirely possible that pp, is unramified at both primes.

Let us now describe a little more about our method in this paper. In Chapter 1 we
construct the weight k analogue of the weight two (dual) character groups of the special
fibers of Shimura curves in two different ways. Firllst in Section 1.1 we describe Jordan-
Livné’s theory on local systems attached to models of Symm*~2 representations of Eichler
orders in definite quaternion algebras over Q. Here the language of Jacquet-Langlands
provides a natural connection between the space of automorphic forms on the multiplicative

group of a quaternion algebra and the groups of cochains of the dual graph of the special

fiber of the curve. And that makes it possible to transport the Hecke structure of the former
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ix
to the latter. In Section 1.2 we use étale cohomology of a certain weight k sheaf 9, defined
by Carayol to give another construction of the character group. The Hecke-compatibility of
the two constructions will be provided in a forthcoming joint work by Jordan and Livné. In
Chapter 2 we study the structure of the group H(C, ¥¢)(k—1), the higher weight equivalent
to the jacobian of the curve C in weight two. In Section 2.1 we prove a formula (Theorem
2.5) relating the fixed part and the toric part of H'(C,?,)(k — 1) with the locally constant
sheaf ¥;. For semistable curves with constant sheaves, the theorem was established in [13]
and called Orthogonality Theorem by Grothendieck. It was reformulated by Illusie in [14]
to explicitely realize Grothendieck’s monodromy pairing on character groups. Our method
used here is a close study of Illusie’s. In Section 2.2 we prove several important formulas
concerning the bad reductions of a Shimura curve C. Then we make a little adjustment in
Section 2.3 to extend our results in the previous sections to the case when C is a modular
curve. In Chapter 3 we give a proof of conjecture “epsilon” for higher weight. Even
though this result was given in [16], [28] and [9], we still find it beneficial to include its
proof here in order to provie the necessary language to be used later. The method used
here, however, is based on a proof used in [26]. Chapter 4 deals with the generalization
of the multiplicity problem. The proof of the two-prime case requires Faltings-Jordan’s
Multiplicity One Principle, conjecture “epsilon,” as well as various results on Hecke actions
proved in the previous chapter; the arbitrary discriminant case is obtained by two recursive

inequalities. See Theorems 4.3 and 4.5 for the results. In the end we show that there are
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infinitely many kernels with multiplicities at least two. For this, ir addition to the tools we

mentioned above, one also needs a result of “raising levels” from Diamond-Taylor [10].

This paper is the author’s doctoral dissertation at the Graduate School and University
Center of the City University of New York. It is the author’s great pleasure here to ac-
knowledge his indebtedness to his advisor Bruce Jordan for introducing him into this field
and laying the foundation of this paper in his joint works with Gerd Faltings ([12]) and
Ron Livné ([16], [17] and [18]). Many ideas in the first three chapters of this paper were
originated in [16](construction of local systems, Theorems 2.8, 2.9, 2.13 and 2.15 to be
specific). Without his generous support through the past several years the completion of
this paper would not be possible. The author also would like to take this opportunity to
express his gratitude to Ron Livné, for his continuous interest in this paper and valuable
suggestions made during his several visits to the States; to Ken Ribet, for his ubiquitous
influence through his works, especially {25] and [26], and for insightful discussions and cor-
respondences; and to Fred Diamond, for helpful conversations and posing the question of

multiplicities without the dominant ramification condition.
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1 Constructions of high weight character groups

1.1 Local system a la Jordan-Livné

In this section, we describe the results established in [17] on structures of local systems
induced by Symm*-? representations arising from definite quaternion algebras, and their
relationship with certain spaces of automorphic forms. We also explain how Hecke algebras
are attached to these spaces. In presenting Jordan-Livné’s theory here, we will basically

follow their notation in [17].

We begin by recalling Serre’s definition of an oriented graph in [29]. Hence a graph &

consists of two sets Ver(®), Ed(®), and two maps
Ed(®) — Ver(®) x Ver(8), e (o(e),t(e))
and
Ed(6) — Ed(®), e €
satisfying the following conditions: for each e € Ed(®), we have €= e, & # eand o(e) = t(&).
An element in Ver(®) is called a vertex, while a member of Ed(®) is called an edge. The

edge € is the inverse of e. By an orientation of the graph & we mean a partition of the set

of edges & : Ed(®) = E; U E; such that E; = {éle € E1}.

Let A be a commutative ring with identity. We now define the notion of a local system

on a graph &.
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Definition 1.1 An A-local system on ® is a collection
L = {L(v),v€Ver(B); L.,ec Ed(S)},

such that each L(v) is an A-module, and each L. is an A-isomorphism from L(o(e)) to

L(t(e)). Furthermore, L = L5 for all e € Ed(B).

For a graph ® endowed with a local system £, we define the group of 0-cochains to be the

group

CY®,L)={s: Ver(®) » [[ £L(v)]s(v)€ L(v), Yo}
vE Ver(®)

and the group of 1-cochains as the group
CY®&,L) = {f: EdB)— I L(o(e))| f(e) € L(o(e)), f(&) = —Le(f(€)), Ve}-
ecEd(8)

The coboundary operator d : C%(®,L) — C(8, L) sends {s(v)}vever(e) t0 {f(€)}ecrd(s)

such that

f(e) = £T(s(4(e))) = s(o(e))-

Let B/Q be a definite quaternion algebra of discriminant Disc B. Let B* be the algebraic
group over Q associated with BX, the multiplicative group of B. The adeles and finite
ideles of B are denoted by B¥(A) and B*(AY), respectively. Let M be an Eichler order of
conductor M in B with (M, Disc B) = 1. Suppose p is a prime such that (p, MDisc B) = 1.
Let A be the well-known tree attached to SL(2,Q,) (cf. [29], Chapter II, §1), and ¢ :

(Z/MZ)* — CX a Dirichlet character. For any positive even integer k, Jordan and Livné



have constructed in [17] a Z[%]-model Ly._3 for the Symm*~2 representation of M[%]" . The

group M [;7]" then acts on L£;_ naturally via this representation. Set
1 .
F={ye ./‘\/l[;]x | Nmp;q(7) has even p-adic valuation}.

\Fix an embedding of M into M(2,Z,), so that M* is mapped into the subgroup K, of
matrices in GL(2, Z,) with the element on the lower left corner divisible by M. The group
T is then viewed as a discrete co-compact subgroup of GL(2,Q,). It therefore acts on the
tree A via this embedding since it is a standard fact that A is a quotient of GL(2,Q,).
Denote the ring of values of £ by Z[e], and let T' act on it via multiplication by e(d(7o))™?

where, for 75 = ( a b ) , we have d(70) = d (mod M). Put L;._[g] def Li—2 ® Z[g]. Then

c d
the group T also acts on the product by applying the diagonal action. In case I' has no
elliptic elements, it acts freely on A. According to [15], Section 1.7, the above data will
then induce a local system £ on the finite graph G = I'\A which can be calculated by

equivariant cochains on A. Namely, for i = 1,2, if we let Cf\(__, _) be the subgroup of

elements of C‘(_, _) fixed by the action of I', then there are natural isomorphisms

C%G, L)

14

CR(A, Li-2(¢))

CYG, L)

4

CHA, Li-2(e))

By calculating the action of —id € Ty on these groups, we find that they vanish unless

g(-1)=(-1)f =1
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To define Hecke actions on these groups, we need to find their connections with certain
spaces of automorphic forms on BX. Let w be a Hecke character of Q with cond (w)| M.
Fix an isomorphism: B®C = M(2,C). The natural representation of GL(2, C) on C? gives

the Symm! representation of BX. Let (SymmF*-2 ,CF-1) be its (k — 2)"d symmetric power.

Definition 1.2 For an open U C B*(AY), the space Bi_2(U,w) of automorphic forms on
U induced by Symm*~2 is the set of all the functions y: B*(Af) — Ck-1, satisfying the
following condition

¢(7 2gu) = w(2)Symm*~*(70 )p(9) (1)

for all y € B,z € Center(BX(A7)),g € BX(AY), and u € U.

In general, let G be a locally profinite group, and U C G is a open compact subgroup. Let

#u be the unique Haar measure on G satisfying pu(U)=1.

Definition 1.3 The Hecke algebra H(G,U) is the U-bi-invariant convolution C-algebra of
compactly supported distributions on G. The set U\G/U forms a basis for H(G,U). For
a double class UzU € U\G/U, the corresponding distribution Ty,y is called a standard

generator. It sends a test function f on G to

Tueu f(g) = /U _ fE ) duo ().

The group BX(A/) acts on the finite-dimensional space By_2(U,w) by right translation,

and the action is U-invariant. Let the Dirichlet character ¢ be determined by w5« via the
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isomorphism Z%(1 + MZX) = (Z/MZ)*, where Z is the inverse limit of all cyclic groups.

If we choose the open subset U to be the following

U=Uj={((cl 3>€MX| dEl(modM)},

the space By_,(U,w) is then equipped with integral Hecke structure. To be more precise, de-
compose U/ componentwise into a product U/ = [T, Up. The Hecke algebra H(B*(AY),Uf)
is then the restricted tensor product of H(B)X, Uy), where B is the p-component of BX(A/).
Therefore, it is generated as an Z[c]-module by the Ufa:pr, with z, € By for p prime.
These generators are called standard generators at p by Jordan-Livné. The integral Hecke
algebra T, is then defined as the Z[e]-submodule with 1 of H(B*(AY), U/) generated by
specific standard generators at primes called Hecke operators. For the detailed construction
of these Hecke operators, the reader is referred to [17], Definition 1.4. For a representation
V of BX(AY), the group U/ acts on the space VU’ of U/-invariants of V(loc. cit.). The
integral Hecke algebra T (V) attached to V is then the image of Ty, in End(VY’).

Recall that we have fixed an isomorphism M* 2 I, and the Iwahori subgroup of K, is

Ip={<z Z)EKPMEO(modp)}.

Then there is a unique Eichler order M’ C M of conductor Mp corresponding to I, under

the group

this isomorphism.
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Proposition 1.4 Let UP = ker (d : M*? — (Z/MZ)*), and let | |7%2 be the real char-
acter t — t=%+2_ Assume further that w is unitary. Then there are isomorphisms of finite

dimensional C-vector spaces

o

Bk—-Z(UpM;))(’w l |_k+2)2 — C[Q(A) L:k—Z(e)) ®Z[s] C, ( )
2
Bio(UPM¥,w | [742) = CMA, Li-o(€)) @z C. .

Proof. This is [17], Proposition 3.6. 0O

The above proposition allows us to transport Hecke structures from the spaces of au-
tomorphic forms to the groups of 0- and 1-cochains. Let ¢’ : (Z/MpZ)* — CX be the

composition of £ with the natural map (Z/MpZ)* — (Z/MZ)*. Set

TO

TM,C(Bk—2(UpM;)z(’w I I_k+2)2),

T! Tptrer(Bro2(UPMX w | [TFH2)),

Proposition 1.5 Each CL(A, Li_a(€)) is a projective Z[e])-module of finite rank, preserved

by the Hecke algebra T*.

Proof. See [17], Proposition 3.11. O
For a prime 7|pM, we can also define the operator w, on Bk_z(U”M;,x,w | |=*+2). For a

test function f on B*(AY) (or on BJ), w, sends f to

wrf(y)=f(g(2 é))



Theorem 1.6 (i) There is an ezact sequence of Z[c]-modules
0 — HR(A, Li-2(e)) = CR(A, Lr-2(e)) = CH(A, Li—s(e)) — HMA, Li—(€)) = 0

It is equivariant for all the standard generators away from p. Furthermore, the standard
generator T, at p acts as —w, on the group HA(A, Li._,(¢));

(ii) Replace Li_o(€) by Li_2(€)e = Li—2(€) ® Z; with any prime £ not dividing Disc B.
There is then an exact sequence of Zy-modules analogous to the one in (i), and the other

claims remain true.

Proof. (i) The exactness of the sequence is tautological. As for the Hecke action part, see
[17], Theorem 3.19.

(i) This can be proved similarly. [

1.2 Local system attached to the dual graph of an admissible curve

Another way to construct the group H}(A,Li-2(€)) in § 1.1 is to use étale cohomology
with a suitably defined locally constant sheaf of Z,[¢]-modules on a Shimura curve arising
from an Eichler order of an indefinite quaternion algebra over Q. In fact, our construction

given here applies to the extent of admissible curves (in the sense of [15]).

Let § = Spec R be the spectrum of a strictly Henselian ring with residue characteristic
of p. Let C be an admissible curve over §, i. e., a proper and flat $-scheme, whose generic

fiber is a nonsingular curve, and whose special fiber is smooth outside a finite set ¥ and
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has rational irreducible components. For each z € X, C is locally, for the étale cohomology,
S-isomorphic to a subscheme of S[X;, X3] defined by the equation X;X> = a,, where a, is
a nonzero element in the maximal ideal of R. We put e, = valy(a;) the valuation of a..
The generic and special fibers of C are denoted by Cgen and Y, respectively. We also let
Y(z) be the strict localization of Y at a geometric point Z of z. The normalization of Y is
Y, with 7 the canonical morphism ¥ — Y. Let I be the inertia group of Gal (Q,/Q,) at
p. For a Dirichlet character ¢ and a prime £ distinct from p, let ¥, be a locally constant
sheaf of Z[¢]-modules on C. Finally, since the largest pro-p quotient I(£) of I is canonically

isomorphic to Z¢(1) = lim ¢, we have a canonical projection t¢: [ — Z(1).
n

For an admissible curve C, one can attach to its special fiber Y an oriented graph, called

the dual graph.

Definition 1.7 (cf. [15], 3.2) The dual graph G(Y) of the special fiber Y of the curve C is
the following graph:

(i) The set Ver(G(Y)) consists of the irreducible components of Y;

(ii) The set Ed(G(Y)) consists of the irreducible components of Y contributed by the double
points of Y. The contribution from each double point x € T is the two components, inverse
of each other in Ed(G(Y)), whose images under 7 are the two components of Y passing
through z,

(iii) For e € EA(G(Y')), o(e) is the component w(e) of Y, and t(e) = o(€).

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



10

To simplify our notation, from now on we will just write G for the dual graph G(Y) when
there is no ambiguity about the curve Y in the context. The sheaf 9, induces a sheafon Y
which, by abuse of notation, will also be denoted by ¥#,. We would like to use this sheaf to
attach a Zg[¢]-local system £ on G. Each x € £ may be considered as an (unoriented) edge
of G. Let z; and z; be the two points of Y above z, and let ¥; and Y; be the two components
of Y containing z; and =3, respectively. With the choice of o(z) = n(Y1), t(z) = n(Y¥2), the

double point = becomes an edge of G. Define

L{o(z)) 'Yy, 7"Y),

L(t(z)) = T(Ya,m"0).

To define the transition map between the fibers of o(z) and t(z), first let us observe that
for a=1 or 2, since Y, is rational, the sheaf 9, induces a constant sheaf on Y;, hence the
natural map

g1 T(Ya, 7" d¢) = (7°9¢)z,
is an isomorphism. Also it is a standard fact (see, e. g., {22], Theorem 3.2 (a)) that, for

o =1 or 2, there is a canonical isomorphism
ot (7"0¢)za—(Pe)z
The transition map L is then defined as the composition map
-1
2

. . . '...1
T(Y1,m00) =5 (1*0p)z, 25 (9)r 2 (7°0¢)ey 2 T(Y2, m*De),

We call £ so defined the local system of G induced by J,.
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Now let C(z, £) be the cokernel of the injection (9¢). — L(o(z)) x L(t(=)) defined by

a (i7Y 0 j7 ¥ (a),i3" 0 5 (a)). So we have an exact sequence
0 — (9e)s — L(o(x)) X L(K(2)) *= C'(z, L) - 0 (3)

Definition 1.8 The weight k dual character group X,(C) derived from C is defined by the

following ezact sequence
C%(G, £) = BrexC’(z, £) — Xel€) — 0, @

where the map 8 is the sum of compositions C%(G, L) — L(o(z)) x L((z)) B C(z, L) over

the set . The weight k character group X¢(C) is defined as the group Hom(X¢(C), Z¢[e))-

Let us define a map

t: CYG, L) = &exC(z, L),
{s(z)}eex — Bex Pa(s(2), —Lz(s(2))).
Lemma 1.9 The map ¢ is an isomorphism.

Proof. To see that ¢ is an injection, let {s(z)}zex in C1(G, L) be such that it is mapped
to 0 by ¢. Then for each = € I, there exists an element a; € Y, satisfying the following two

identities:

s(z) = i7" 57 (),

~Lz(s(z)) = igljz-’-l(az)-
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By our definition of the transition map L;, we find that the second identity is equivalent

to the following identity
—s(z) = iy i (az)-
Hence s(z) must be 0 for all = in £. To see that ¢ is also surjective, we will show that ¢ is

surjective on the components, i. e., that the restriction ¢z = tl£(o(z))?
L(o(z)) == C'(, L)
is a surjection for each z € . Observe that for a € L(o(z)),
tz(a) = pz(a, —La(a)) = p=(20,0).
Also, for any p:(€,7) € CY(z, L), we have
ps(€,m) = po(€ — £ (1), 0).

Therefore, we may choose a to be the element 5'—%—1121, and it will satisfy the desired
identity

tz(a) = p<(§,m)-
The denominator is justified since U is a sheaf of Z,[¢]-modules, and 2 acts as an invertible

scalar on any Z,-module since (2,£) =1. O

Lemma 1.10 Let d be the coboundary operator of the local system L. Then tod = —20.
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Proof. Let s = (8(v))yever(c) be any element in C%G, L). By the definition of the

coboundary operator d, for each z in ¥ we have

vod(s)(z) UL3(s(t(2))) — s(o(=)))

= @qes Po(L71(s(4(2))) = (0(2)), La(s(0(2))) — s(t(=)))

= {@sex (L7 (5((2))), La(s(0(2))))} — 8(s)(2)

= {@sex pa(i7 " 057" 0 (2 0 ia(s(t(2))))y i3 0 5" 0 (32 0 i2(s(4(2)))))
+ @sex Pe(iy? 047" 0 (10 ia(s(t(2))), i3t 045" 0 (41 0 i (s(¥(2)))))}
—{@zex po(s(0(2)), 5(1(2)))} — 8(s)(2)

= —20(s)(2).
The last step above is due to the definition of p in the sequence (3). O

Proposition 1.11 There is an isomorphism Xi(C) = HYG,L). The isomorphism is

unique up to an orientation of Ed(G).

Proof. Since (2,£)=1, the above lemma shows that the group X¢(C) is isomorphic to the
cokernel of the coboundary operator d which, by definition, is the group H'(G, L). The

uniqueness is trivial. O

Remark 1.12 The above proposition can be viewed as a mild generalization of Grothen-

dieck’s result (12.3.8) in [13], where he treats semistable curves with constant sheaves.
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Since Homgy)(?Je, T 0p) & Homs(‘-,)(w*ﬂg, 7*d;), there is an étale morphism 9 — m.w™J,
corresponding to the identity morphism in the latter group. Further consideration at the

stalks finds that this morphism is injective. Form the exact sequence of étale sheaves on Y
0= mrn*dy—(—0 (5)

Proposition 1.13 The dual character group X¢(C) is embedded in the following ezact se-
quence

0 — X¢(C) 5 HY(Y,9¢) = HY(Y,mur*¥g) — 0 (6)
Proof. Form the long exact sequence associated to the exact sequence (5)
0 — T(Y,9;) = T(Y, mn*d;) — (Y, () = HY(Y, 9) —» H'(Y,mx"9) — H' (Y, ().

It is easy to see that ¢ is such that for U % ¥ in ((é6)/Y)at, ((U) = @reswyns C1(@:£)-
Hence I'(Y, ¢) = CY(G,&). Furthermore, We have I'(Y, m.7*¥;) = @yy,_y [(Yi, 7*9¢) =
CY%G, L). Since (mum*d¢)e = Hr(y)m(w*t?g)y,(; is then supported on X, i. e., (; is trivial if
z ¢ ¥. Therefore H(Y,() & HY(Z,(|z) & @zex H'({z},{s) = 0. Now to complete the

proof, just apply Proposition 1.11. O
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2 Vanishing cycles and sheaf cohomology

Let C be a modular or Shimura curve over Q. We prove in this chapter an extension of
Grothendieck’s Orthogonality Theorem (cf. [13], Théoréme 2.4) using a method modeled
on [14]. It requires Deligne’s theory of vanishing cycles. Also we prove several important
formulas concerning the structures of the cohomology groups of the generic and special fibers
of the curve C. Let N be a positive integer, and £ { N a prime number. For a Dirichlet
character ¢ : (Z/NZ)* — CX, define a locally constant sheaf of Z¢[e]-modules ¥, = Je(¢)
on C as follows: if C is the modular curve Yo(N), and ¢ : E — Y(N) is the universal elliptic
curve, let @, be the sheaf Symm*~2R'¢,Z;; if C is Vg(M), a Shimura curve associated to an
Eichler order of conductor M in an indefinite quaternion algebra B/Q with N = M Disc B,
let ¢ : A — V(M) be the universal abelian surface; let the sheaf J be defined by an
idempotent splitting F & F = R'¢.Z,, and we put O, = Symm*~2F. Now we define the
sheaf 9, both on a modular curve and a Shimura curve, to be the largest subsheaf of the
sheaf @, ®z, Z[e] such that (d) acts as the scalar d*~2 for all d € (Z/NZ)*. We deal with
Shimura curves in the first two sections, and treat the case when C is a modular curve in
the last section. There is a word of caution before we move on: In order to apply Deligne’s
theory, the curve C should be proper. So whenever we have the open modular curve Yo(V),
we will be using on it the parabolic cohomology H},, :=im(H} — H') with the sheaf J¢ or
equivalently, using on the complete modular curve Xo(N) the usual étale cohomology H 1

with the sheaf jiv,.
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2.1 Orthogonality Theorem

Let C = Vg(M) be a Shimura curve associated to an Eichler order of level M of an indefinite
quaternion algebra B/Q with discriminant Disc B. Let p be a prime dividing Disc B. We
will continue to use the notation defined in the beginning of Section 1.2. So Cgen and Y are
the generic and special fibers of the curve Vg(M)/r,, respectively. For each singular point
z € I, fix a geometric point Z of « and let Y[, be the strict localization of Y at . Recall
that X, = X,(Ve(M)), is the weight k character group attached to Y. The following exact
sequence

0 — Ci(z, £) =+ £(o(z)) x L(t(x)) — (@e)s — 0 Q)

is the Z,[¢]-dual sequence of (3) in Section 1.2. The weight k character group X, is embedded

in the Z[e]-dual sequence of (4)
0 — X¢ = ®zex Ci(2, £) = Co(G, L)

Choose a @)z-basis §8!, for the group Ci(z, £), and let §; be its dual basis in the group

CY(z, L).

Let us recall Deligne’s vanishing cycle theory in [6] and [7]. There is an exact sequence

of sheaves defined over the special fiber Y

0— 9 — RV, — R®Y; — 0 (8)
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The following -theorem cites some basic properties of the sheaves R¥9, and R®J, that we

will need in later proofs.

Theorem 2.1 (i) There is an isomorphism H'(Y, R¥9;) = H¥(Cgens V) for any i > 0;
(il) The sheaf R®Y, is supported on T, i.e., (R®Y,) ly—z=0;

(iii) Specialization: There is an ezact sequence

0 — HNY,9)(k-1) B HYY,R¥9)(k-1) — Bres(REV)o(k—1)

9)
— HXY,9)(k-1) — HYXY,RU9)(k-1) — 0
(iv) Cospecialization: The dual of the above ezact sequence is the following
0 — HYY,RU9,) — HOY,9) = ez Hi(Y,RYY,)
(10)

5 gy, R¥9,) — H(Y,9) — 0
where o is the composition of the map HOY ,95) = ®zes HO(Uy, 9¢)(where Uy, := Y(x)—{m})

and the sum of the boundary maps HO(Uy,9¢) = HO(Ug, R¥9;) — HL(Y, R¥Y,).

Proof. The basic theory of vanishing cycles was established in [6]. One can also look into

[7] , Chapters 2 and 3 for more direct explanation of these above statements. 0O

Proposition 2.2 The map 3 in the cospecialization ezact sequence (10) above induces an
embedding

e & HV (Y, 90).

Proof. First observe that the group H O(Y,¥¢) is just another expression for the 0-cochain

C%G, L). Deligne proved in [7], in the case J; = Zg, there is an isomorphism

HMY, RY9,) = C(x, L).
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It certainly extends to the case of ¢ being any constant sheaf, and it is also valid in our
case since J, here is locally constant. Under this identification, the map a in (10) is then
the map & in Lemma 1.10. To complete the proof, we need to show that the image of
is contained in HY(Y,?,). Consider the long exact sequence of cohomology supported at =

associated to (8)
HO(Y, R®9,) — HM(Y,¥¢) — HY(Y,RUD) — Hy(Y, R®De) 5 v, 9 (1)
The group HS(Y, R®Y,) is triyial. Also the composition
n: (R®V,); = HL(Y, R®Y,) - H2(Y,9,)

gives a commutative diagram

(RB9)o(k — 1) "5 HZ(Y,9e)(k — 1)

IR

! !

Ci(e,L) 5 Llo(z)) x £(1(=))

where the map i, is the same map in (7). Hence 7 is injective since i is. Knowing this,
plus the fact that the map (R®¥%), — HX(Y,R®9,) is an isomorphism (easily deduced
from Theorem 2.1, (ii)), the map & then has to be an injection. This shows that the map
HL(Y,9;) — HXY,R¥9,) in (11) is an isomorphism. Denote its inverse by B.. It fits in

the following commutative diagram

-1
GoesHAY,00) 5 @uexHL(Y,RUD,)
ol 1B (12)

Hy,9) PUSY gy, Ruy,).
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By Theorem 2.1), (iii), the specialization map sp is injective, hence so is its (1 — k)-Tate-
twist sp(1 — k). As a result, the image of 3 is inside H\(Y,9,). O
We now compare the images of two embeddings 8 and 7 (cf. (6) in §1.2) of the weight k

dual character group X, in H(Y, V).
Lemma 2.3 im§ =im4.

Proof. The question is essentially of local nature. Recall that Y(;) is the strict Henselization
of Y at the chosen geometric point & of ¢ € . Set Uz = Y{z) — {2}. Let o be the canonical
map ®zex HL(Y,9¢) — H'(Y,9;) in the commutative diagram (12). Let us rearrange the
diagram into the following commutative diagram
®sex HI(Y, RUDe) > @cex HAY,RUY,)
8= | LB (13)
@oez H3(Y,0)) — HY(Y, )

Also let 7, be in the following commutative diagram

o

Bees HY(Y,() — HO(Y,()
s | Ly . (14)
Orex HA(Y,9¢) — H'(Y,9)
We are going to show that for each « € ¥, the images of 8; and 7. in H(Y,?,) are the same.

Our lemma then clearly follows because of the diagrams (13) and (14). By functoriality, we
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have a commutative diagram of exact sequences
HAY,9;) —  H'(Yg,9) — HUn9%) 2 HAY,9)
! 1 lid !
HAY,mum*9g) — HOYi),mr*®y) B HO(Us,ma*dy) — HUY,m.7"d;)
! Pzl ! !
H(Y,Q) B H(Ye,0) - HUn0=0 - HYY()
Yz | 1 ! |
HXY,9) —  H'(Yq,%) —  H'(U9) —  HXY,%)
where the horizontal sequences are “long exact sequences with support at z,” and the
vertical ones are long exact sequences associated with the exact sequence (8) The group
H%Uy,() is trivial because the sheaf ( is supported on {z}. We may further identify both
HO(Y 3y, mum*d¢) and HO(Uz, mer™d,) with L(o(z)) X L(¢(z)), and H*(Y(z),() with C'(z, L).
One checks that the horizontal p, in the above diagram is an isomorphism, while the vertical
one is the natural projection. According to a standard result in homological algebra, there
is an identity
vz 0id"lop, = —80id™ o p,.
As a consequence, im 9, = im . Now observe the commutative diagram
HO(U,,RY9,) 25 HLY,RUd,)
=1 | Bz

HOWU.,9) -2 HY(Y,9,)
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where the map & is in fact the projection p; : L(o(z)) x L(¥(z)) — CY(z,L). Therefore

imfB; =imd =im7v;. O

Let Ny : R®(9¢)o(k — 1) — HL(Y, R¥9;) be the variation morphism Deligne defined in

(6], Section 2.1. So for a € R®(V); and o € I, Ny is the map
N (t5Y(0)a) = ~est; (o) - (abz) - &,

where the symbols I, t¢ and e, are defined in the beginning of Section 1.2, and (aé,) is the
coefficient of a in Cy(z,L)(1 — k) with &, as the basis. Let A: Xp — X be defined by the

commutative diagram

X: —  &Ci(z,L)
Al ! , (15)

X; « @CYz,L)

where the vertical map on the right sends 6, to —ezfz. It is easy to see that A embeds into
the following commutative diagram
H'(Cgeny 9e)(k — 1) L Xt — @oex RE(W)a(k —1)
N 1A 1 &Nz (16)
H'(Cgeny9e) 2= X¢ —  @ues HY(Y,RUD,)
where N is the monodromy logarithm sending tf'l(a) .a to (0 —1)(a). And the composition

of the maps in the top row is the map in the specialization sequence (9) between the same

two groups, while the maps in the bottom row gives $ in the cospecialization sequence (10).
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Definition 2.4 Let U = H(Cgen,V¢)(k — 1). Define the fized part of U to be V =U!, and

the toric part of U to be W = (imv)(k — 1).
Recall that the Poincaré duality theorem furnishes a perfect paring
@:UxU(1-k)— Zge] (17)

This pairing is equivariant with respect to the action of Galois. It is Hecke-equivariant only
in the sense that
@(Tra,b) = p(a, T7b)

where T is the adjoint operator of T;. The two actions on the group U make it imperative
to use the jargon “Hecke-equivariance” with extra care. So we often refer the first action
(when T acts as T}) as the natural Hecke action on H'(C,9,) and call the second action
the dual action. For the time being, we will make sure that the relevant maps in our future
discussion are Galois-equivariant (seen from the appearances of Tate-twists), and point out

the Hecke action whenever necessary. Now we can prove the following

Theorem 2.5 (Orthogonality Theorem) Let VL be the orthogonal complement of V with

respect to the paring . Then there is a natural isomorphism Vi =W(@{1-k).

Proof. By definition, we have V = ker N. Since the map A is the symmetric bilinear form
induced by the quadratic form — ¥ e62 over ®zecxCi(z, L), it is then injective. Since 3 is
also injective, we have ker N = ker 3’. Since § and 3’ are duals, we have im 8 = (ker Bt

In view of Lemma 2.3, this completes the proof of the theorem. O
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2.2 Reduction formulas of Shimura curves

Let V(M) and 9; be defined as in the previous section. Let p be a prime such that p|Disc B,
and £ > 3 is a prime such that (,p) = 1. Set N = M - Disc Vp(M), and Dpi = D¢/l
for any positive integer ¢. Let Tn the classical full Hecke algebra associated to the space
Sk(T1(N)). It acts on the group H'(Vp(M) x Q, 9;) because of the Shimura isomorphism
(cf. [5]). The compatibility of the two Hecke structures on the subgroup Xp(Ve(M))e, Tn

and the one introduced in Section 1.1, is established in [17}, Section 4.

Lemma 2.6 For each positive integer i, there are a natural isomorphisms
(i) H'\(Va(M) x Qp, 95) = H'(VB(M) X Qp, 92) ® (2/'Z);
(i) HY(V(M) x Fp,05) = HY(VB(M) x Fy,9,) ® (Z/62);

(iii) H}(V(M) X Fp, mur*(94i)) = H\(Va(M) x Fp, man*9,) @ (2/€°2)
Proof. For (i), apply cohomology to the exact sequence
0——*193x—£i>19£—>1§gi——>0,

we get an exact sequence
H\(Ve(M) X Qp9) 25 H'(Va(M) X Qp,9e) — HY(VB(M) X Qp, Vi)

— HAVa(M) X Qp0g) 25 HA(V(M) x Qp, 92).

Since £ # p, Poincaré duality theorem furnishes an isomorphism

H2(Va(M) x Qp,92) = Hom(T(Va(M) X Qp,3¢), Ze(1 — k)[e]).
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Hence multiplication by & on H%(Vg(M) x Qp,7,) is injective. This proves (i). The last
claim can be proved similarly. Since H'(Vg(M) x F,, V) is embedded by the specialization

map sp in H!(Cgen, J¢), (ii) is then obvious. O

Definition 2.7 The weight k group of connected components attached to the curve Vg(M)

at the prime p is the group ®,(V(M))¢ = coker (A : X,(VB(M))e(1 - k) — Xp(Ve(M))e).
The Tate-twist in the definition is to let A become a Galois-equivariant embedding.

Theorem 2.8 There is a natural Ty -equivariant isomorphism of Gal (F,/F,)-modules
Xo(VB(M))e ® (Z/£2) = H (Vp(M) x Fp, 95). (18)
where the Hecke algebra acts naturally on both groups.
Proof. Apply Proposition 1.13 and Lemma 2.6, there is an exact sequence
0 — X, (Va(M))e ® (2/£Z) — H'(Va(M) x Fy, 05) = H (Vp(M) X Fp, mur* ).
To see that the last group above is trivial, observe first that the map
™ ((€)/Va(M)g,)a — (60)/Va()p, e

is exact. Hence its right adjoint 7. preserves injectives ([22], Lemma 1.2). Therefore, there

is a natural isomorphism

HY(V(M) X Fp,mu1*0p) & H(Va(M) x Fpy1*04:).
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Since Vg(M) is admissible, our claim reduces to the statement that
II‘(P‘FP, F)=0,
where F is a constant sheal. This is trivial since the arithmetic genus of Plis0. O

Theorem 2.9 There is an ezact sequence of Gal (Fp/Fp)-modules

0 — HY(Va(M)xF,0s) — HWVB(M)XQpdp)

2 e(VRM)E] - 0

It is also Hecke-equivariant with Ty acts naturally on all groups.

Proof. The following commutative diagram is derived from a part of the diagram (16)

after tensoring each term with (Z/¢°Z)(1 — k)

0 0

! !
HY(Va(M) x Qp00)] 2 B,(C)[€]

! !

H(Ve(M)x Qpds) 5 [Xp(Va(M))e ® (Z/6Z))(1 - k)

N Al
H\(Va(M) x Q)1 - k) & X (Va(M))e® (2/€2)
Lo
2,(C) ® (2/£'2)
!
0

Notice that we have adjusted the group X,(Va(M)) ® Z/€'Z with a Tate-twist in order

to make the vertical exact sequence on the right Galois-equivariant. The map ¢ is induced
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by the map #'. It is surjective since B is surjective. Also it is clear that ker ¢ = ker g =

HY(Vg(M) x Fp,9;)(k — 1). The Hecke-equivariance is due to functoriality. O

Remark 2.10 When 7 = 1, Theorems 2.8 and 2.9are the Shimura curve part of Theorem
5 and Theorem 6, respectively in [16]. The modular curve part of the two theorems will be

given as a part of Theorems 2.13 and 2.15 in the next section.

We give one more formula below linking the generic fiber, the special fiber and the character

group.

Theorem 2.11 There is a Ty -equivariant ezact sequence of Gal (F,/F,)-modules
0 — [Xp(VB(M))(k-1)]®(Z/6Z) — H'(VB(M)x Qp,de)(k 1)

- Xo(Ve(M)): ® (Z/0'Z) - 0.

The Hecke algebra’s actions on the first two groups are the dual actions, and its action on

the last group is induced by its natural action on X,(Vg(M))e.
Proof. The pairing ¢ in (17) induces a natural isomorphism
U/V = Hom(V*, Ze)). (19)
By Theorem 2.5, we get
Hom(V*+, Z[e]) = Hom(W(1 — k), Z¢[e]) = Hom(X,p(VB(M))e, Zele]) = Xp(VB(M))e.
So there is an exact sequence of Gal( F,/F,)-modules

0 — HY(Va(M) X Fpy 0)(k — 1) — H(Va(M) X Qp, 9e)(k = 1) = X,(Va(M))e — 0. (20)
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Now tensor the above sequence with Z/¢£Z, and apply Theorem 2.8, we then have the
desired exact sequence. The Hecke-equivariance is obtained by tracing the exact sequence

back to the Poincaré pairing . O

2.3 Reduction formulas of modular curves

In this section we treat the subjects discussed in the previous section with the curve C being
a modular curve. It is necessary to separate this case with admissible curves because the
reduction of a modular curve at a bad prime yields two components that are also modular
curves (hence not the rational curve P!). There is then no canonical way to define the
transition maps if we are to attach a local system to the dual graph of the special fiber Y.
But the notion of a local system is only useful to relate our construction of the group X in
Section 1.2 to Grothendieck’s in [13], i. e., that the character group is the first homology
"group of the dual graph (see [13], formula (12.3.8) and compare to our Proposition 1.11).
In what follows all we need is the modular curves analogues of the two reduction formulas,

Theorems 2.8 and 2.9.

Let k£ > 2 and N be two positive integers, and p a square-free prime factor of N, and
¢ is a prime such that (£, N) = 1. Let Y, be the open modular curve of level N, and
Xo(N) = Yo(N) U {cusps} the complete modular curve. Let J¢ be the locally constant

¢-adic sheaf on Yg(N) we defined in the beginning of this chapter. Recall that E)(N)/FP is
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the normalization of Xo(N)/g,, and
i Xo(N)sp, — Xo(N)g,
is the canonical map, and the sheaf ¢ is defined by the exact sequence (5).
Definition 2.12 The weight k dual character group Xp(Xo(N)) is the cokernel of the map
L(Yo(N) g, mam*de) = T(Yo(N)/g,,¢)

induced by the construction map

TPy — (

in the ezact sequence (5).

Thanks to Deligne-Rapoport’s work, we know completely the structure of the special fiber
Xo(N)/k, — It is two copies of Xo(IN/p) intersected at the supersingular points via Frobe-

nius morphisms (cf. [8], Théoréme 6.9). Hence by considering the exact sequence (5) locally,
0 — (Vo) — (Mu*Vp)e ~2 Cz — 0,

we find that the sheaf { is supported on the set ¥, i. e., {; = 0 if z ¢ X. Moreover, for each
T €, (s is a free (9¢)z-module of rank 1. For a supersingular point z € X, the group (; will
then play the role of the group C!(z,L) in the previous two sections, while its Z[e]-dual
¢V will substitute for the group Cy(z,L). Fix a J¢-basis 6, for {; and write §, for its dual

in ¢Y.
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Theorem 2.13 (i) There is an ezact sequence
0 — Xp(Xo(N))e —— HL(Yo(N) x Fp,9e) = H} o (Yo(N) X Fp, muw*dg) — 0. (21)

(i) There is an ezact sequence of Gal(Fp/Fp)-modules

0 — X (Xo(N))e®(Z/6Z) — HL(Yo(N)x Fp,Pp) o
22
= [HAM(Yo(N/p), )R — 0.

Both ezact sequences are equivariant for the natural actions of the standard generators

T, # T

Proof. (i) The sheaf ¢ is supported on the set of supersingular points ¥ of Y(;(N)/Fp.
Hence HL, (Yo(N) X Fp,{) = 0. The exactness is now clear by the definition of the group
Xp(Xo(N))e-

(ii) The construction of the sheaf 9, allows us to apply the same argument used in the proof

of Lemma 2.6 when we tensor each term in (21) by the group Z/¢'Z. The fact that
Hll)ar(YO(N) X FP’”*W*ﬂf) = [H;ar(YO(N/p)vﬂt’)F
is due Deligne-Rapoport’s results mentioned above. [

Definition 2.14 The weight k group of connected components attached to Xo(N) at the

prime p is the group

®,(Xo(N))e = coker(A: Xp(Xo(N))e(1 = k) = Xp(Xo(N))e)-
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Theorem 2.15 The group ®,(Xo(N))[f] of £-torsion points on ®p(Xo(N)), is trivial.

There is a Hecke-equivariant isomorphism of Gal(F,/F,)-modules
HY o (Yo(N) x By, Be) 2 Hpoo(Yo(N) X Qp, J2)’
where Hecke acts via natural action on both groups.

Proof. We only need to show the first statement. The second statement then easily follows
since we have an analogous exact sequence to the one in Theorem 2.9 for modular curves.
For Xo(NV), the scalars e, only have 2 or 3 as possible divisors (cf. [25], Proposition 3.2).
In particular, we have (e, £) = 1 for all z € X. Therefore the map X (induced by A mod ¢)

is still injective. Since
Card(X ® Z/£Z) = Card(Hom(X ® Z/¢Z,Z/tZ)) = Card(X @ Z/(Z),
we find that X is an isomorphism. Now in the four-term exact sequence
0 — 2,(O)]f] — () Z5 B,(C) — 25(C)/£25(C) — O,

the last group is trivial. Since the group ®,(C) is finite, the first group above must also be

trivial. O

Remark 2.16 The results of this section can be generalized to what Deligne and Rapoport
in [8] called “fausses courbes elliptiques.” So consider the curve Vp(N)g, with p| N. The

group of connected components is defined the same as we did in Definition 2.14. Theorem
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2.13 extends (with Xo(V) and Yo(NN) replaced by Vg(N) and parabolic cohomology by étale
cohomology) because of the work of Carayol [3] and Buzzard [2]. To see that Theorem 2.15
extends, recall Ribet’s description of the integer e, in [25], Section 4 in terms of the group
automorphisms of an abelian variety. Namely, for a maximal ideal L in the quaternion
algebra B, fix over F,, an abelian surface A and an embedding L — A. The abelian surface
A is also furnished with an L-stable cyclic subgroup D of A[M] of order M? and cyclic over
L. If we let Endz(A, D) be the ring of L-invariant D-stable endomorphisms of A, we then
have the identity

er = % - #Aut(A, D).

Since there exist two lattices L1 and Lz in C, such that
Autr(A, D) C Aut(C/L1) x Aut(C/Ly),

our claim is now clear since it is well-known that the order of any element in the automor-

phism group of an elliptic curve divides 24.
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3 Lowering the level

3.1 Action of Hecke algebra

Let M be a positive integer, and p, q be two distinct primes not dividing M. Throughout
this section, we fix a Dirichlet character ¢ : (Z/MZ)* — CX. For any N such that M|N, ¢
can be extended naturally to a character of (Z/NZ)* by the map (Z/NZ)* — (Z/MZ)*.
We will again denote this extension by ¢. Also we write Sx(To(pgM)) for Sk(To(pgM),¢).
The weight k& Hecke algebra attached to Sk(To(pgM)) is as usual T=Tpeps. Let m be a
maximal ideal of T with residue characteristic . We assume £ > k and ({,pgM) = 1.
Let pm be the unique modular Galois representation attached to m. This is a semisimple
representation:

pm: Gal (Q/Q) — GL(2,T/m),

satisfying
trace (pm(Frob,)) = Tr(mod m), det (pm(Frob,)) = &(r) *~}(mod m)

for almost all primes r. Furthermore, the representation pp, is unramified at all primes r
not dividing £pgM, and the above two identities hold for all such primes. For C a modular
curve with level N structure, or a Shimura curve with discriminant D and level M structure
satisfying: DM = N, recall that we have defined on C the sheaves ©, and 9, in Chapter 2.
The main purpose of this paper is to compute the T/m-dimension of the group H[m]} =

HY(C x Q,?;)[m). It is worth noting that we have two actions of T on the group H'.
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One doesn’t know a priori that the two actions yield the same kernel on H!. When py, is

irreducible, since the Eichler-Shimura relation
T, = Frob,+ < r > Frobi

holds for all primes r not dividing N, the Boston-Lenstra-Ribet theorem shows that the
T/m[Gal(Q/Q)]-module H'(k — 1)[m] is semisimple. The Cebotarev and Brauer-Nesbitt
theorems then show that H'(k — 1)[m] is a direct sum of copies of pm with T taking the
dual action. Hence H![m)] consists of p,, the dual representation, as direct summands.
According to Shimura [30], the Hecke operator T, acts as wyT,wy' on H!(k — 1) with the

classical w-operator wy. One thus defines a T-homomorphism
r: H'— HY (k-1)

by sending a to wy-a®(®* 1) with ¢ some choice of generator of Z¢(1). This homomorphism
is actually an isomorphism since the operator wy is invertible. Thus the groups H![m]
and H'(k — 1)[m] are isomorphic as T-modules after all. Their dimensions as T/m-spaces
therefore coincide. In our ensuing discussion, we often consider the ramification condition of
Pm at a prime 7 and the action of a Frobenius element in py,. The following two statements
give us the convenience to ignore the difference between the two Hecke actions when these
factors are our main concerns: (1) py, is unramified at 7 if and only if pY}, is unramified at r;
(2) If p is unramified at 7, then Frob, acts in pm, as a scalar if and only if it acts in pyy, as

the inverse scalar. The verification of these statements is an easy exercise of the definition
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of the dual representation.

The point of departure of our study of the multiplicity problem is the following Multi-
plicity One Principle for higher weight modular curves proved by Faltings and Jordan ([12],

Theorem 2.1).

Theorem 3.1 Suppose the representation py is irreducible. Then Hy, (Y1(N) x Q,0,)[m]

is isomorphic to the T /m [Gal(Q/Q)]-module corresponding to pY,. In particular, we have
dimT/m H;M(Yl(N) X Q,(:)g)[m] =2

Let B(pgq) be the indefinite quaternion algebra over Q of discriminant pg. The Shimura
curve arising from an Eichler order of conductor M in B(pq) is denoted by Vp(pq)(M). We
begin our approach by defining certain quotients of the Hecke algebra T. Then we study

the actions of T on various groups through these quotients.

There are two natural degeneracy maps
81,64 1 Xo(pgM) = Xo(pM) (23)

between the two modular curves. From a modular point of view, the curve Xo(pgM) is
the moduli space classifying triples (E,Cpp,Cy) of an elliptic curve E with two cyclic
subgroups of orders pM and p, respectively. The curve Xo(pM) is the space classifying

pairs (E,Cppr). The map §; then sends the triple (F,Cpar,Cy) to the pair (E,Cpa), and
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6, sends (E,Cym,Cy) to the pair (E/Cq,(Cppr @ C,)/Cy). They both induce embeddings
of Si(To(pM)) into Sk(To(pgM)). Specifically, the embedding induced by 6, sends a cusp
form f(z) € Si(To(pM) to the cusp form f(z)€ Si(To(pgM ), while the embedding induced
by 6, maps f(z) to ¢*~1f(gz). The g-old subspace Si(To(paM))s-cla of Sk(To(pgM)) is
defined as the direct sum of these two embeddings. The corresponding g-new subspace
Si(To(PgM ))g-new is the orthogonal complement to Si(To(pgM))s-ola With respect to the
Petersson inner product on the space Si(To(pgM)). Interchanging the primes ¢ and p,
we can symmetrically define the p-old and p-new subspaces. We also define the following

composite subspaces:

Sk(To(pgM))pg-old
Sk(To(paM))pg-new = [Sk(To(paM))pg-oral*
Sk(Co(pgM))p-oldfq-old = Sk(To(pgM))p-ota N Sk(To(paM ))g-old

Sk(ro(p‘lM))p-o]d/q-new = Sk(ro(qu))p-old n Sk(PO(P‘}M))q-new

S1(Co(pgM))p-oa + Sk(To(paM ))g-o1a

Sk(ro(qu))p-new/q-old = Sk(FO(qu))P‘neW n Sk(ro(qu))Q'Old

All these subspaces are stable under the action of T.
Definition 3.2 Let Q be the set of symbols
{p-old,q-old,p-new,q-new,pg-old, pg-new, p-old/g-old, p-old/q-new,p-new/q-old}.

For x€Q, the quotient T, is the image of T in the endomorphism ring End(Sk(To(pgM)).)

of the space Si(To(pgM ).
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As usual, we let XP(VB(pq)(M))l be the dual character group attached to the mod p reduction
of the Shimura curve Vpg(,,)(M). We also let X'q(Xo(qM))e (resp. Xq(Xo(qu))g) be the
dual character group attached to the mod g reduction of the modular curve Xo(gM) (resp.
Xo(pgM)). Let us reconsider the exact sequence in Theorem 1.6 (ii) in more depth. In
there, we used a definite quaternion algebra B to construct a finite graph I'\A with an
attached local system L. In our present context, the quaternion algebra B is related to the

indefinite quaternion algebra B(pq) here by the discriminant identity

Disch%::;(p@-ooz

qoo
Indeed, here lies deeply Drinfeld’s geometric description ([11]) of bad reductions of Shimura
curves at primes dividing the discriminants (“Interchanging local invariants at p and oo”).
His theory allows us to identify the dual graph of the special fiber of VB(pg) With I'\A with
the prescribed local system £. We refer the reader to [15], Section 4 for more detail on
this. By Proposition 1.11 we then find that the group HE(A, Li_z(€)e) is isomorphic to the
dual character group X’,,(VB(N)(M))e- We may further identify the groups X,(Xo(gM))?

and X, o(Xo(pgM)), with the subgroups of “degree-0 divisors” of the cochain groups in that

sequence, i.e.,
XQ(XO(qM))g = {f € Cg(Av £k—2(£)f) I 2vEVv:r(A)f(v) = 0}7
and with a fixed orientation Ed(A)=Ed*(A) Ll Ed~(A) of T\A,

Xq(XO(qu))l 2{fe CII‘(Avﬁk—Z(E)l) l Egemd+(A)f(e) = 0}.
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Moreover, there is a Hecke-equivariant exact sequence, called the Ribet Exact Sequence,
0 — Xo(Xo(gM)); — Xo(Xo(pgM))e = Xp(Vi(pg)(M))e — 0. (24)

This important formula was proved by Ribet in [25], Section 4 in the case (k,&) = (2,id).
The most general version of the Ribet Exact Sequence is the sequence (32) in Section
4.2. Its proof will be explained in a forthcoming joint work by Jordan and Livné [19].
Now recall the exact sequence (21) in Theorem 2.13 (i), if we take the mod ¢ reduc-
tion of the modular curve C = Yo(pgM), the group H, (Yo(pM),?;)* may be regarded
as a T-module via the projection w. If we apply Theorem 2.13 again to the T-module
Hio(Yo(pM),9¢)? (for mod p reduction), the group H1,.(Yo(M),9,)* may be viewed as a
T-module as well. The dual character group XP(VB(N)(M ))¢ is naturally a sub-T-module
of the group HI(VB(W)(M), ¥¢). These are the T-module structures we are going to take

for these groups in the following theorem.

Theorem 3.3 (i) The action of the Hecke algebra T on the group H], (Yo(pM),V¢)? cuts
out its q-old quotient Ty, i.€., an element t € T acts as 0 on Hlim(Yo(pM),ﬂg)2 if and
only if its image in Tq.qq is 0;

(ii) The action of T on Hp,(Yo(M),9,)* cuts out its p-old/g-old quotient T p-old/g-old;

(iii) The action of T on XP(VB(,,q)(M))g its pg-new quotient Tpg-new.
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Proof. (i) By functoriality, the two degeneracy maps 61,68, : Xo(pgM) — Xo(pM) in (23)

induce two degeneracy maps
63,67 1 Hpo(Yo(pM),9e) — H}oo(Yo(pgM ), De).
These two maps together furnish a map
a: Hy(Yo(pM),9¢)* — Hpp(Yo(paM), 9¢) (25)

such that
(z,y) — =61(z) + 65(v)-
Set U = Hgm.(Yo(qu),‘l’g) and let Uj-glq = im . Define U9™¥ by the following exact

sequence

0—>Uq d—=U=U"™" =0

-ol

Dualizing the above sequence and adjusting with a (1 — k)-Tate-twist, we have
0 — Ugnew = U — UM 0,
where Uy-new = (UT™¥)V(1 — k), and Uyequa = (UT°)V(1 — k). We claim the map
U — poold i gra-new

induced by natural projections is an injection. To see this, let f € U be mapped to (0,0) in

the product. Then f is in the group Uj-o1a N Up-new. Since

Uq-new = (Uq-new)V(l - k) = (Uq-old)'L(l - k)’
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we have ¢(f, f) = 0, where ¥ is the Poincaré pairing
U x U — Zge)(1 - k).

Since ¥ is positive definite, f must be 0 and the claim is proved. Therefore we can represent
each element f of U in a unique way by its image ( fo-od, famew) in the product U g-old y
U9mew . To prove (i) of the Proposition, let us reproduce the exact sequence (21) for the

curve Yo(pgM) below
0 — Xo(Xo(paM))e — Hlu(Yo(paM) X Fy,9e) S (Hpar(Yo(pM), 92)* — 0.

A result of Jordan and Livné ([17], Theorem 4.8) identifies over C the group of 1-cochains
CL(A, Li—2(€))e with the classical Sk(To(pgM))g-new- So the first group on the left in the
above sequence consists of those elements of the form f = (0, f9™™**). Hence an element ¢

acts as 0 on HJ,(Yo(pM),?)? if and only if it acts as 0 on the group
U(F,)" M = {f79 f € H}u(Yo(pgM) X Fy,90)}-

Since the map Uy-q1q — U factors through the map Ug-qia — U(F,) induced by a via the

mod g reduction of Yo(pgM), we find that there is an identity
U(Fq)q-old - Uq-OId.

Therefore ¢ acts as 0 on Hgm(Yo(pM),ﬂg)2 if and only if it acts as 0 on U9°M, which is

equivalent to ¢ acting as 0 on Uyoq. And part (i) of our proposition is now obvious since
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the last statement is equivalent to ¢t = 0 in Ty 4.

(i) It is clear now that in the following exact sequence derived from (21)
0 — Xo(Xo(pM))? — Hiue(Yo(pM) X Fp, 9)* — Hyue(Yo(M), 92)" — 0,

the middle group is isomorphic to U 9-old_ Split the space Sg-old further by its orthogonal
subspaces Sp-new/g-old a0d Sp-old/g-olds We then represent each frod e HY (Yo(pM),e)?
by a pair (f”'°1d/q'°ld,f”'“e“’/q"’ld). And we find all elements in the first group on the left in
the above sequence have the form (0, fernew/a-oldy  The proof of (ii) is now straightforward.

(ii) This can be obtained by using the sequence (24) and imitating the proof above. 0O

Remark 3.4 It is not difficult to see that if the T-actions on the three groups above are
(induced by) the dual actions, the statements of the theorem remain valid. Also, another
proof of the this theorem can be easily obtained if one is willing to apply the Shimura

isomorphism ([5], Théoréme 2.10).

Proposition 3.5 Assume the representation py, is ramified at p. Let T acts on the groups
below naturally, then
(i) The localization of X,(Xo(gM))? at m is trivial.

(ii) There is an isomorphism of T /m-vector spaces
(Xo(Xo(pgM))e ® Z/Z)[m] = (Xy(Vp(pg)(M))e ® Z/¢Z)[m].

(iii) The localization of ®p(Vp(e)(M))e ® Z/EZ at m is trivial.

Again, if T takes dual action on all the groups above, the statements remain valid.
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Proof. We will only consider the case when T acts naturally.

(i) Let us assume the contrary. Then [HJ,(Yo(gM), 9¢)?]m is nontrivial. By Theorem
3.3 (i), we know m must be p-old, i. e., a pullback of a maximal ideal in Tp.q4. Hence
the representation pp, is modular of level ¢M. In particular, py, is unramified at p which
contradicts our choice on p made above.

(ii) Tensor each term with Z/¢Z in the exact sequence (24), then localize it at m. Applying

(i), we get an isomorphism of T/m-modules
(Xo(Xo(paM))e ® Z/tZ)m = (Xp(VB(pe)(M))e ® Z/{Z)m.

Now taking kernels of the actions of m on the two groups above gives the relation we want.
(iii) Take the Z¢[e](k — 1)-dual of the exact sequence (24) and then localize each term in

the dual sequence at m. By (i), there is an isomorphism of T-modules
[(Xo(Xo(pgM))e ® Z/€Z)(1 ~ k)]m = [(Xp(Va(pe) (M))e ® Z/LZ)(L = K)lm.

By the definition of the group of connected components, we have

IR

@,(VB(pg)(M))e)m (Xo(VB(pg)(M))e)m /[(Xp(VB(pg)(M))e)(1 — £)m

114

(Xo(Xo(paM)))m/(Xo(Xo(paM))e)(1 ~ K)lm.

Now tensor Z/¢Z above and the last group becomes zero because of the argument we used
in the proof of Theorem 2.15. 0O

Recall we have defined in §1.1 the operator w, for any prime r dividing the level pgM.
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It serves as a link between the Frobenius element Frob, and the irregular Hecke operator
T, when studying their actions on the character groups. Here are three properties of the

operator wy.

Lemma 3.6 On the group X,(Xo(pgM))e, we have
(i) wg = —Ty;
k—2.

(i) wi = ()"

(iii) wq = —Frob; 1.

Proof. The first two parts of this lemma are proved in [17] as part of Proposition 3.13
and part of Theorem 3.19, respectively. As for (iii), Faltings and Jordan have shown in [12]
that the relation holds on the group HL(Xo(pgM) x Qq,9¢). In the following commutative

diagram derived from long exact sequences

HL(Xo(pgM) x Qq,9¢) - H' (Xo(pgM) x Qp,9¢) —  H'(Xo(pgM) — ,9)

w | 1€
HY(Xo(pgM),mm*dy) — HY(Xo(pgM) — E,m.m*0y)

The map € is an isomorphism since the sheaf ¢ defined in (5) is supported on . As a

consequence im g D kerw = Xq(Xo(qu))g. And the claim is now clear. O

Proposition 3.7 Assume the representation py, is irreducible. If we also have
dimy/m(Xq(Xo(pgM))e ® Z/¢2)[m] > 1,

then pm is unramified at q and Frob, acts in pm as a scalar whose square is e(q).
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Proof. Due to the definition of the sheaves @, and J;, the group H;N.(Yo(qu )X Qq,F¢)isa
subgroup of H}, (Yo(pgM)xQy, ®;). By Theorem 3.1, the group H},(Yo(pgM )X Qq,J¢)[m]
is a T/m-vector space of dimension at most two. Consider the following T-equivariant

embeddings

(Xo(Xo(paM))e®Z/LZ)[m] — H)(Yo(pqaM)x Qq,9¢) [m] — HJ,.(Yo(pgM) X Qq, De)[m].

Our assumption in the proposition then forces all three groups above to be identical. The
equality between the second and the third groups above shows that pY, is unramified at
q. Hence py, is also unramified at q. By Lemma 3.6, the equality between the first group
and the last group shows that Frob, acts in pyj, = H;M(Y()(qu) X Qg,7¢)[m) as the scalar
T; 1. Therefore, the action of Frob, in pm = Hly(Yo(paM) X Qq,9¢)(k — 1)[m] is given by

T, mod m. Since det (pm) is the mod £ cyclotomic character, we find that
det (pm (Frob,)) = e(q)¢"~! = ¢(¢)¢*~? (mod m).

From this we easily find

g=1 (mod £).

This congruence relation indicates that Frobg = ¢(¢) mod m and the proof is complete. O

3.2 Conjecture “epsilon”

Let N be a positive integér and g is a prime exactly dividing N. Let £ and & be two positive

integers with & even and £ > k. Let T = Tpn be the Hecke algebra acting on the space of
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weight k cusp forms with a Nebentypus ¢ of conductor dividing N.

Theorem 3.8 Let p: Gal(Q/Q) — GL(2,F,) be an irreducible representation modular of

type (N, k,¢). Assume that (,N)=1 and p is unramified at q. Then p is modular of level

N/q.
Proof. We first prove the theorem for the following special case:

Case I (¢ is unramified at q) Since p is modular of level N, there is 2 homomorphism
w: T — Fy such that

trace (p (TFrob,)) = w (T3)

for almost all prime numbers r. Set m = ker w and let pm be the modular Galois represen-

tation attached to the maximal ideal m. It is easy to see that

P = pm

as representations of the Galois group Gal(Q/Q) over F,. So we will replace p by pm for
the rest of this proof. Set n = N/q. It suffices to show that m is g-old. We prove this in
several steps.

(i) The maximal ideal m is either g-new or g-old.

Suppose this is false. Then we are able to find an element @ = (ag,a;) in m, where ap and
a; are the images of @ in Ty-q1q and Tynew, respectively, such that ag is a unit in Ty-q1q.

Multiply by a suitable element in T if necessary, we may assume that ag is 1014, the identity
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element in Ty.oq. By the same argument, we may find an element b = (bg, lnew) in m. Let

idp be the identity element of T. Then we have
(idT — a) - (id - b)=0.

This shows at least one of the two factors on the left-hand side above must be in m. In
either case, we conclude that idy is an element of m, which is absurd. From now on for the
rest of the proof of case I, we assume that m is g-new. By the Cebotarev Density theorem,
there is a prime @ such that (Q,2N¢) = 1, and Frobg acts in pm as a complex conjugation.
Let us regard both of the T and Tgn,g-old as subrings of End(Si(To(@N),€)?). They
share a common subring R generated by the Hecke operators {T}},zq. To avoid possible
confusion of the names of the Hecke operator Ty in different Hecke rings, let us reserve the
usual Ty for the Q" Hecke operator in Tgn,g-old, and let T be the Q' Hecke operator
in T. Also put T/ = Ton. Therefore, Tf._gq = R[Tg] and T = R[r]. Set R = R[Tg,T].
Following [26] we say a maximal ideal M of Tfy_q is compatible with m if the image of M
in Tf_,q and m are contained in a same maximal ideal Z of R.

(i) There exists a maximal ideal M of T’ compatible with m.

Apply the second formula of Theorem 3.16 of [17], the action of Tq is given by

. 0Ok-2
TQ:[g E(Q)TQ ]7

a simple calculation then produces the following identity

Tg-7-To+e(Q)-@*" =0 (26)
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This shows that the ring R is integral over T. By Cohen-Seidenberg’s Going-up Theorem
there is a maximal ideal 7 of R, such that ZNT = m. Let M’ be the intersection of 7
and Tg_gq- Then M'is maximal in Tg_,4 and its pullback M in T/ is a maximal ideal
compatible with m. Note that pm 2 pa over Fe.

(iii) The maximal ideal M is g-new.

We would like to show that M is the pullback of a maximal ideal in Tj.pe,. Consider the
following diagram, where arrows are natural projections and R’ is the image of R in the

ring End(Sx(To(NV), E)q-new)'
R = R[Iq,7] = R

U u U

T D R C Toow < T

! ! ) !

Tq-new ) R c T;-new/Q-old - T:;-new
The maximal ideal Z of R, traveling through the route

ROT— Tq-ncw D R

with two intersections and a projection, comes down in R’ as a nonunit ideal of R’ since we

assume that m is g-new. Therefore, following the other route
RD T,Q-old - T;-new/Q-old 2 R'1

the ideal Z will also become the same nonunit ideal in R'. In particular, the image of M

in T} w/Q-ola 15 DOt the unit ideal. Pull back this image to Tj.pey, we get an ideal # (1).



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

47

Since this ideal also coincides the image of M in T}_,,,,, M is then g-new.
(iv) M is g-old
Since the g-old quotient T_,; of T acts faithfully on the group H},(Yo(nQ), 9¢)? (this is

Theorem 3.3 (i)), it suffices to prove that
[Hpar(Yo(nQ), )’ 1 # 0.
Let us assume the contrary. Then Theorem 2.13 furnishes an identity
(Xo(Xo(ngQ))e ® Z/EZ)M] = Hpor(Yo(ngQ) X Fo, 9e)[M].

The representations py, and pas are isomorphic over F, so pa is unramified at ¢ as well.

Therefore, according to Theorem 2.15
H;N(Yg(an) x Fg,9¢)[M] = H:,M(Yg(an) X Qq,9e)[M].
The above two identities plus Theorem 3.1 show that
dimyr/pm(Xo(Xo(naQ))e ® Z/EZ)M] = 2

Applying Proposition 3.1 (with the letters n,q and @ here being the letters p,q and M
there, respectively), we see that Frobg is a scalar in py. This is a contradiction, since we
have chosen Frobg such that it acts in py, as a complex conjugation. In particular, Frobg
can not act as a scalar.

(v) M is g-old/Q-old. By Theorem 3.3 (ii), it will be enough to prove that the localization
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H! (Yo(n ,0,)4 A is not trivial. 1f this is not true, Theorem 2.13 will provide an equality
par
(“(Q("(U(“'Q ))% ® Z/fZ)[M] H[lmr()o(“‘Q) X I_Q’ 6—5)2[M]'

The representation pp is unramified at Q. Therefore the group on the right-hand side above
is isomorphic to H}, (Yo(nQ) X Qq,¥¢)*[M]. Consider it as a T'/ M[Gal(Q/Q)]-module.
Since M is g-old, this group is nontrivial. Its semisimplification is a direct sum of copies of
the unique T’/ M[Gal(Q/Q)]-module Vo that gives the representation p},. Therefore Vq
can be viewed as a subgroup of (Xo(Xo(nQ)); ® Z/£Z)[M]. Then Frobal, —wg and Ty all
agree in p%,. This shows Frobg is a scalar in pp, again contradicting our choice of Frobg.
(vi) The ideal mp = mN R is g-old.

Let Ro be the image of R in the ring End(Sk(To(N),¢)*). The meaning of our statement
above is to say that mp is the pullback of a maximal ideal of Ry. Observe the following

diagram where arrows again indicate projection maps.

R = R[Ig,7] = R
U U u
T > R C Thaa
l ! i

Tead O R0 C T og/qeoia

As we have shown in (v) above, M is g-old/Q-old. Therefore im M’, the image of M’ in
T;_old/Q_old does not generate the unit ideal. Hence imn M'N Ry # Ro. Pull back im M'N Rop

into R, we get mp, which is then not the unit ideal in R.
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(vii) m is g-old.

Since T is a free Z-module of finite rank, 7 is therefore integral over R. Hence Tg.qq
is integral over Ry. Again by the Going-up Theorem, there is a maximal ideal mgq of
Tg-old such that mgq N Re = im M’ N Ry. Let m’ be the pullback of myy in T. Clearly
m’ N R = mp. We are going to show that m = m’. Since m’ is g-old, this will complete
our proof of the theorem. Consider the image of T in T/m x T/m'. First for any element
of R, its image can not be (0,1). As for the image of 7, let us apply the Cebotarev Density
theorem to the representation pm X pm¢. According to it, there is a T; € T with ¢ # @, such
that T} and 7 have the same image. Therefore 7 is also not (0,1) in T/m X T/m’. By the
Chinese Remainder Theorem, this is impossible if m # m’. Now we extend our theorem to

the following general case:

Case II (¢ is arbitrary mod N) Choose a prime 7 such that r = 2 (mod 3) and
71 NE. From step (ii) of case I, we find that p arises from a form on I'1(N) N To(r), where
the Nebentypus associated with this form is the natural mod N extension of ¢. By abuse
of notation, we denote this character by €. Since our condition about the representation
p at ¢, and because of the fact that det(p) = ex?~!, there exists a Dirichlet character &’
unramified at ¢ and congruent to € mod m. We now are able to apply Carayol’s lemma
([4], Lemme 1) to conclude that p arises from a form on I'y(N/q) N To(gr) with &' as the
associated character, provided that we are not in some exceptional case. This exceptional

case occurs only if £ is 3 and when p is induced by a character of Gal(Q/Q(+v/=3)). Futher,
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it occurs only if there are supersingular elliptic curves in characteristic 3 with T'y(N)NTo(r)
structure which have automorphism of order 3. This then requires, in particular, that r is
congruent to 1 mod 3. By our choice of =, however, this exceptional case does not occur
here. Now we apply what has been proved in case I to get rid of ¢ and r successively and

conclude that p arises from a form on I'1(N/q). O

Remark 3.9 The theorem is one of several closely related results with the “lowering the
level” theme. Ribet has treated some cases in his paper [28]. Most recently in [9], Diamond
has proved a result (Theorem 1.1) that deals this topic in the braodest sense. Another proof
of this theorem, by Jordan and Livné, is forthcoming in [20], where they will complete their
program announced in [16]. Thanks are due to Ken Ribet, who has suggested to me the

method used here in case II.
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4 Multiplicity in higher weight
4.1 Ribet’s theorem in higher weight

Let p and g be two distinct primes. Let Vg be a Shimura curve arising from a maximal order
of the indefinite quaternion algebra B = B(pg) of discriminant pg over Q. For a maximal
ideal m of the Hecke algebra Tp, of weight two cusp forms of level pg with trivial Neben-
typus, let pm be the usual modular Galois representation attached to m. In this section
we generalize the following Ribet’s theorem on multiplicities of Galois representations to
higher weight. As Ribet has explained in the introduction of [26}, pyn can not be unramified

at both of the primes p and ¢ if the weight is two. Let us assume it is ramified at p.

Theorem 4.1 Let J be the jacobian of the Shimura curve Vg. Assume the mazimal ideal
m is pg-new and the representation py, is irreducible. Then the multiplicity of pm in J[m)]
is one unless py, is unramified at q and the Frobenius element Frob, at q acts as £1 in py.

In this latter case, the multiplicity is two.

Proof. This is [26], Theorem 3. O

"The pg-new condition above is to guarantee positive multiplicity, due to the fact proved
in Theorem 2.11 that the pg-new quotient of T,, acts faithfully on J. Let us explain this
in more detail in our generalized case. The weight & is any even integer greater than 2.
The Shimura curve Vg(M) comes from an Eichler order (the intersection of two maximal

orders) of conductor M in the quaternion algebra B. The Hecke algebra T = Tpops is the
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one attached to Si(To(pgM),€), where ¢ is a character of (Z/pgMZ)*. As before, £ is the
characteristic of the field k = T/m satisfying £ > k and (£,pgM) = 1. Let J; be the sheaf
defined on Vg(M) as in Chapter 2. The combination of Theorem 2.8 and Theorem 2.11

provides an exact sequence
0 — X (Va(M)):®Z/tZ  — H(Vs(M)xQp,Jk) ”r
— [Xp(VB(M)) ® Z/tZ)(1 - k) — 0. 0
According to Theorem 3.3 (iii), if m is not pg-new, the localization of X,(Vp(M)), at m is
zero. Hence the multiplicity of pm, in HY(Vg(M) x Qp,?¢)[m] is zero. In order to consider
more interesting cases, we thus assume that py, is pg-new. Let m be the image of m in
Tpg-new, and for A C T, let V() be the set of maximal ideals of T containing . Under the
assumption that m is pg-new, since the character group Xp(Ve(M))e is a finitely generated
T-module on which Tpg-new acts faithfully, we have
Suppr, .. (Xp(Va(M))e/ X, (Va(M))e)
=V(m+ Annr, ., (Xp(VB(M))e))
= V(m)
# 2,
So the quotient X,(Va(M))e/mX,(Ve(M))e is nontrivial. Hence H'(Vp(M) X Qp,J¢)[m]

contains a nonzero subgroup
(Xp(VB(M))e/€X,(VB(M))e)[m] = Hom (Xp(Va(M))e/mX,(VB(M))e, Zele)),

and this will ensure that the multiplicity of py, in H(Ve(M) x Q,, 9;)[m] is positive.
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Proposition 4.2 Let m be pg-new. We further assume py, is irreducible and unramified

at g, and Frob, acts in py, as a scalar with Frobg =¢e(q). Then
dimi(Xo(Xo(paM))e ® Z/¢Z)[m] = 2.

Proof. Let U = H}])M(YO([JQM },9¢). Recall U7V is defined as the cokernel of the degen-
eracy map ¢ in (25), and Ug-new is its Zg[e](1— k)-dual. The Shimura isomorphism furnishes

a Hecke-equivariant isomorphism
Uq-new RC= Xq(XO(qu))f ® C.

Since T, = —w, on X,(Xo(pgM))¢, we find it holds on Uy-new as well. By assumption m is
pg-new, it is a fortiori g-new. Since Ty-new acts faithfully on Ug-new, this shows Ug-new[m] is
nontrivial and is a direct sum of copies of pY,. In particular, pY, is inside Uj-new[m]. Hence
T, = —w, in pY,. Since Frob, = £1, we see that ¢ = 1 (mod ¢). By comparing their actions
on the subgroup X (Xo(pgM))e[m], we find that w, = =T, = —Frob™'¢ = +1in p},. Next

let us consider the exact sequence induced by the degeneracy map «
0 — ker a[m] — H}(Yo(pM),3e)*[m] = H} . (Yo(pgM ), J¢)[m]. (28)

Combining Theorem 4.3 of [23] and Theorem 1 of [24], Ribet finds the kernel of a is Eisen-
stein. His methods can extends to higher weight context without difficulty. Hence we find
ker & has trivial extension with the kernel of m. This shows that a becomes an embedding

when restricted on HJ, (Yo(pM), J¢)*[m]. Since py, is unramified at ¢, m is then g-old by
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Theorem 3.8. Hence the group H}  (Yo(pM), 9¢)*[m] is nontrivial. By Theorem 3.1, there

is an isomorphism
i Hp(Yo(pM),9:)tm] = Hyo(Yo(pgM), 0¢)[m).

Knowing this, plus the fact (easily deduced from the fourth formula of Theorem 3.16 of

[17]) that w, acts on the group H}, (Yo(pM),?,)? as the matrix

0 —e(g)g"?

-1 0 ’
we find that

H;M(Yo(qu)vgl)[m] - {((L‘,y) € H;M(Yo(pM),'g[)2 | T = "wqy}'
Recall we have used the letter w for the surjection
Hy(Yo(pgM) x Fq,¢) = Hpur(Yo(pM), 9)”
in the exact sequence (22). Set
w (a) = (@1(a), w2(0)).
The map « induces via mod ¢ reduction a map
o, H o (Yo(pM) X Fy,9¢)> — H)p(Yo(paM) x Fy,d¢).

Sice 63 = —w, 6}, the action of w o a/p, on Hy, (Yo(pM) x Fy,9,)*[m)] is then given by the

matrix
~wi08] —wy- w06

~wp08] —wg:wz06]
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Therefore,

H}(Yo(pgM), 9¢)[m] C ker @ o (a5 |13, (vo(pM)xF . 90)2(m))

= ker @ = X (Xo(pgM))e ® Z/(Z.
This shows that X,(Xo(pgM))e® Z/€Z[m)] is of k-dimension at least 2. This completes our
proof since Theorem 3.1 asserts that this dimension can not exceed 2. O

Now we can state and prove the generalization of Theorem 4.1.

Theorem 4.3 Let m be a mazrimal ideal of T = Tpqpm such that py, is irreducible. Assume
also that py, is ramified at p, and the characteristic { of the field k=T /m is prime to pgM.
Set d = %dimk HL, (VB(M) x Q,9;)[m]. Then
(i) d = 0 if and only if m is not pg-new;
(ii) d = 2 if and only if m is pg-new, the representation pmis unramified at ¢ and Frob,
acts in py as £1;

(i) d = 1 in all other cases.

Proof. We only need to show (ii). Consider “multiplication by £” on each term of the

exact sequence (24)

0 — Xp(V(M)) — Xp(VB(M)) — @p(Va(M))e — 0
| x¢ | x¢ | x¢ (29)

0 — Xp(V(M)e — Xp(Va(M))e — &p(VB(M)) — 0
Applying the Snake Lemma, we get a four-term exact sequence

0 = (VB(M))ll] — Xp(VB(M))®Z/tZ

- Xp(VB(M))® Z[¢Z — &,(Va(M))®Z[tZ — 0.
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After localizing each term at m, the groups at the two ends disappear (due to Proposition
3.5 (iii)). Hence in the following exact sequence derived from (27)
0 — (Xp(VB(M))e ® 2/¢Z){m] —  H'(VB(M) x Qp, 9¢)[m]
- (Xp(VB(M))e ® Z/€Z)(1 - k)[m].
the first and last groups have the same dimension over k. According to Proposition 3.5 (ii),
this common dimension is the dimension d’ of the space (X,(Xo(pgM)), ® Z/¢Z)[m). By
Theorem 3.1, d’ < 2. Hence d < 2 by the above exact sequence. We claim d = d'. If d = 2,

this is clear; if d = 1, it is impossible that d’ = 2 — otherwise, we would have
(Xp(Va(M))e ® Z/€2)[m] = H' (VB(M) X Qp, U¢)[m].

This is a contradiction since the action of Gal(Q/Q) on the left group above is unramified,
and we have already assumed that py, is ramified at p. This proves our claim. Apply the

results in Propositions 3.1 and 4.2 and the proof is now complete.

4.2 The case p,, is dominantly ramified at D

Let B(D) be the indefinite quaternion algebra over Q with discriminant D = py - p2 ++ - pan,
where the p;’s are 2n distinct primes. For a positive integer M prime to all the p;’s, let
Vp(p)(M) be a Shimura curve associated with an Eichler order of conductor M in the
quaternion algebra B(D). Let m be a maximal ideal of residue characteristic £ of the Hecke
algebra T = Tppr. Set k=T/m. As usual, we assume (£, DM) = 1, {> k, and we also

assume that the modular Galois representation py, is irreducible.
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Definition 4.4 Let r be the number of the primes in the set {p1,p2,---,p2n} at which py

is unramified. Then py, is dominantly ramified at the discriminant D if r < n.

In general, if pm is unramified at 7 primes of the 2n primes in the discriminant D of the curve
VB(p)(M), we define d(n,r) to be the maximal dimension of the group HY(V(p)(M), 9¢)[m]
with d and r fixed. We can define, as we did in § 3.1, various subspaces of Si(To(DM),¢).
For instance, the D-old subspace is the space generated by the images of the degeneracy
maps coming from levels D/p, with p ranging through the prime divisors of the discriminant
D. The D-new subspace is then the orthogonal complement to the D-old subspace with
respect to the Petersson inner product. The D-new quotient Tp-new of T is the image of
T in Si(To(DM),&)p-new. The maximal ideal m is said to be D-new if it is the pullback

of a maximal ideal in T p-pew. The purpose of this section is to prove the following

Theorem 4.5 Assume that m is D-new. If py is dominantly ramified at D, then
d(n,r) < 21,

Proof. By assumption, pp, is totally ramified at D. Denote p = pan, ¢ = p2n—1 and
P = D/pq. The exact sequence (27) for the curve Vg(p)(M) is the following

0 - Xo(Vpp)(M))e ® Z/Z - H'(Vgp)(M) x Qp,0¢) %

— [Xp(VB)(M))e ® Z/LZ)(1 ~ k) — 0. e

Since m is D-new and the T-action on XP(VB(D)(M))g cuts out T p-pew, this formula shows

that d (n,0) > 2. Take kernels of m in the above sequence. We claim the k-dimensions of
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the first axld the last groups are the same and will be denoted by d. To see this, it suffices
to show the identity

(25(Va(D)(M))e) ® Z/EZ)m =0 (31)
holds. This can be done by an argument similar to the one we made in the proof of
Proposition 3.5 (iii). Let us give this argument here again. First observe the fact that T
acts on the group (X'q(VB(D/pq)(qM))? through its p-old quotient. Since py, is ramified at
p, we have an identity

(Xo(VB(D/pg)(@M))Dm = 0.

The generalized Ribet Exact Sequence in this context is the following

0 — Xo(Va(npa)(aM))s = Xo(VB(D/oa)(PAM))e = Xp(VB(D)(M))e — 0. (32)

This then shows that the last two groups are isomorphic after they are localized at m.

Therefore,
(®,(VB(D)(M))e ® Z/{Z]m

(Xo(Va(D)(M))e ® Z/€Z)m/(Xp(VB(D)(M))e ® Z(1 — k)/{Z]m

[Xe(VB(D/pa)(PaM))e ® Z/0Z)m [(Xo(VB(Dfpg)(PIM))e(1 — k) ® Z/£Z]m

114

=0

where the last step is due to Remark 2.16. The sequence (30) then gives an inequality

d(n,r) < 2d. (33)
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Consider the natural injection
(Xo(Va(py(paM))e ® Z/£Z)[m] — H'(Va(p)(paM) X Qq,J¢)[m].

From the argument above we find that d is also the dimension of the T/m-vector space
(Xq(VB(p)(qu))g®Z/€Z)[m]. If pm is also ramified at g, the injection above can not be an
identity since the action of Galois on the group (X',,(VB( p)(pgM))¢ is unramified. Therefore

in this case the dimension d satisfies the following inequality
d+1<d(n—1,r). (34)
I pm, is unramified at ¢, we then simply have

d<d(n-1,r-1). 51)

Combining (33) and (34), we find that under the condition r < n, there is an inequality
d(n,7) < 2[d(n-1,7)-1]. (85)
The combination of (33) and (34’) yields the relation

d(n,7)<2d(n-1,r-1).
(35)

Now apply (35') repeatedly, we have the following inequality

d(n,1)<2"-d(n—r0). (36)
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To obtain the value of d (n — 7,0), apply (35) successively, we have

n—-r-1
d(n-r0)<2"™1.d(1,0)- Y 2 =2"T (2T -2)=2
i=1
where d (1,0) = 2 is due to Theorem 4.3 (jii). Take into account what we have shown in
the beginning of the proof, the dimension d (n — r,0) is exactly 2. Now go back to (36), we
find that

d(n,r)<2t. O

Corollary 4.6 If the representation py, is ramified at all the primes in the discriminant,

the multiplicity is then equal to one.
Proof. This is contained in the proof above. O

Remark 4.7 Our proposition above shows that the Multiplicity One Principle is preserved
by a D-new form f in S(To(DM),¢) if it is not congruent (modulo £) to any other form of
lower level dividing DM or, in Mazur’s language, if fusion does not occur between f and

any form coming from any lower level modulo £.

4.3 Existence of higher multiplicity

For the remainder of this chapter, we would like to discuss the existence of higher multi-
plicities. Let us first consider the case D = pg. For simplicity we let M = 1 and ¢ = 1.
We shall begin with a new form f in S¢(I'o(p)). Choose a proper prime £ (i. e., (£,p) = 1,

and £ > k + 1 just to be safe). The cusp form f (mod £) is then associated to a maximal
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ideal m in the Hecke algebra T, such that the modular Galois representations attached to
f and m, p; and pm, respectively, are isomorphic. In light of our remark above, in order to
obtain higher multiplicity, we need to create a fusion between f and some form from level
pg. This is done by the usual trick of “raising the level,” i. e., we use the Cebotarev Density
theorem to find a prime ¢ away from pf such that pm(Frob,) is 41 or —1. As is explained
in Section 3.2, the two Hecke algebras T, and Typg q-ola can be regarded as R[7] and R[Ty],
respectively, where R is the largest common subring they share while 7 and T;; are their
respective ¢qt* Hecke operators. As before, we set R = R[Tg,7]. The two operators T, and

T are related, they satisfy the identity (26)
T2 - T, + ¢ 1 =0.

Since pm(Frob,) = +1, we have ¢ = 1 (mod £). Hence 7 = £2 (mod m). Let us insert a
word here about a convention: with py(Frob,) set as £1, the symbol % in front of a term
means that we take the same parity of signs between that term and pm(Frobg); and with F
we mean by taking the opposite parity between their signs. As we have shown in the proof
of Theorem 3.8, there is 2 maximal ideal M’ of R[T,] compatible with m, i. e., both m and
M’ are contained in a same maximal ideal Z of R. Let M be the preimage of M’ in Ty,.
There is an obvious embedding

Tp/m— R/T.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

62
View (26) as over R/Z, we find that
(T, F1)*=0.

This shows that T, = +1 (mod I). Thus the embedding above is in fact an isomorphism.

Similarly, since 7 is 42 in the field R/Z, the embedding
Tpgg-old/ M' =~ R/T

is also an isomorphism. The Hecke-equivariant isomorphism between the residue fields
of m and M then necessarily induces an isomorphism between the Galois representa-
tions pm and ppq. According to Theorem 4.3, in order to find a four-dimensional kernel

HY (Vg (pq)(1),9¢)[M], we must check that the following four conditions are satisfied:
o (C1) paq is irreducible;
o (C2) M is pg-new;
e (C3) pa is unramified at ¢ and Frobg acts in pap as £1;
o (C4) pa is ramified at p.

The condition (C1) is easily seen to be satisfied since f is non-Eisenstein (see, for instance,
[12], Theorem 3.38). As for (C2), there are several theorems, beginning with Ribet’s [27],
Theorem 1, on how to add new primes to the level without losing the previous primes in

the level. To add more primes to the level we apply Diamond-Taylor’s criterion on lifting
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" modular representations ({10], Theorem 3). By the choice of g, we find
trace {pam (Frob,)) = £2, det (pas (Froby)) =1

and

g = 1(mod £).

The congruence identity in that theorem then holds for the prime g. Hence M is pg-new.
We have selected ¢ to satisfy (C3). For (C4), by conjecture ¢ we need to select f such that
it does not come from a lower level, in this case the only choice of a lower level is one. In
general, to determine if f comes from a lower level form or not requires case by case study.
But for our purpose, to avoid further calculation, we can simply choose & to be one of the
following five integers: 4,6,8,10,14. Now f can not possibly come from Sx(I'o(1)) since the
space is trivial for such k (cf. [30), Proposition 2.26). We summarize our discussion above

as the following

Proposition 4.8 Let k = 4,6,8,10,14. Fiz a prime £ > k + 1. There exist infinitely
many distinct primes p and q such that (pg,£) = 1, and a mazimal ideal M of residue

characteristic £ in Tpq, such that
dimp/p H (Vp(pg) (1), 9e)[M] = 4.

In weight two, Ribet gives a specific numerical example for the exceptional case in [26].
The only thing needed to achieve this in our case is an auxiliary prime whose existence is

guaranteed by the Cebotax_‘ev Density theorem. It will be interesting to see such an example.
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Finally let us examine the existence of higher multiplicities when D is arbitrary. Our
plan is to show a procedure of producing a higher multiplicity kernel for a Shimura curve
with four primes in its discriminant from the known existence of higher multiplicities for
Shimura curves with two primes in their discriminants. Then induction will provide the
construction for arbitrary D. We start with a fixed prime £. Choose two distinct primes 7
and s away from £. Take a form f in Sk(To(rs)) such that the modular Galois representation
pj associated to f modulo £ is ramified at both r and s. To see a numerical example of
such f, we can take £ = 7, r = 3, s = 5 and f to be the form f; € S4(To(15)) listed in
[31). Hence f = —q — 4¢% + 2¢° + Tq* — 2¢° + - - -. Since both S4(To(1)) and S54(T'o(3)) are
trivial (loc. cit.), f modulo € can not come from level 1 or 3. The space S4(I'o(5)) is one
dimensional with g = —q + 4¢® — 2¢° — 8¢* + 5¢° + - - - as a basis. Since f # m - g (mod £)
for any m € Z, f does not come from level 5 either. Now we use the Cebotarev Density

theorem to find two distinct primes p and ¢ not equal to 7, s or £ such that

{ps(Frob,), ps(Froby)} C {-1, +1}.

By Diamond-Taylor’s theorem cited above, there is a maximal ideal M of T = Tpgrs such

that pap & py and M is pgrs-new. Consider the following Ribet Exact Sequence

0 = Xp(Va(s)(P))i = Xp(VB(gs)(Pr))e — X (VB(pgrs))e — 0.
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The localization of X p(VB(q,)(p))f at M is trivial since T acts on it through its 7-old quotient

and pa is ramified at r. Therefore, we have an isomorphism of T /M-vector spaces
(Xp(Vi(gs)(Pr))e ® Z/LZ)M] = (X (Vi(pars) e ® Z/LZ)M].

Let m; be the common T/M-dimension of the above two vector spaces. According to

Remark 2.16, we have an exact sequence

0 = Xp(Va(ge)(Pr))e ® Z/4Z — H(Vp(4s)(pr) X Fp,9¢) S H'(Vp(gs)(7),0e)* — 0.

Also we have

HY(Va(gs)(pr) x Fp, 30 M] = H(Vp(gs)(pr) X Qp, Be) [M]

& H'(Vp(gs)(pr) X Qpy D) M]

since paq is unramified at p. By Theorem 4.3,
dimp/ s H (Vi (gs)(pr) X Qp, De)[M] = 4.
So if we set ma = dimy/p H(Va(4s)(7), ) [M], we get an inequality
my +mg 2 4.
We claim m; > 2. Assume the contrary. Then we have mo > 2. Similarly to (28), the two

degeneracy maps

61,6p 1 Vp(ga)(PT) =2 VB(gs)(7)
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induce, by functoriality, two maps 6] and 6; between the cohomology groups of these

curves (in the opposite direction) and give rise to an exact sequence
0 — kera — Hl(‘/');"~(q‘.,)(7‘),1513)2 N HI(VB(qs)(pT), 19[)

where a sends (z,y) to —6§(z)+6;(y). One finds kera[M] = 0. The calculation is verbatim

to that in the proof of Proposition 4.2. Hence we find an isomorphism
H(Vig(g5)(r), 9)e)* [M] = H'(Vp(qs)(pr), De) [ M].
Further calculation shows that there is a subgroup W C H(Vp(gs)(T), ¥¢) such that
H'(Vp(gs)(p7), 9)IM] = {(z, —2)|z € W}
if ppm(Froby) = 1 and
H' (V(gs)(pr), 9e)IM] = {(,2)|2 € W}

if pm(Froby) = —1. Then one finds in either case

HI(VB(qs)(pT),'Bg)[M] C kerwoayp, = kerw

= Xu(Va(gs)(pr))e ® Z/€Z.

This shows m; > 4 which contradicts our assumption. So we have proved our claim that

my > 2. Now by Theorem 2.11, we have an exact sequence
0 = X, (VB(pgrs))e ® Z/LZ — H'(Va(pgrs) X QrsDe) = [Xr(VB(pgrs))e ® Z/LZ)(1 — k) — 0.

Hence we have

my <m= dimT/MHl(VB(pqrs) X Qr,'gl)[M]
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Since pa4 is ramified at r, we must have m > m; > 2. Using induction on the number of

prime divisors of D, we then obtain the following

Proposition 4.9 Let M be a new mazimal ideal of the Hecke algebra Tp,p;...pn-qigz-an
such that the Gelois representation ppq is unramified at the pi’s and ramified at the q;’s
(1 < i< n). Assume further that the Frobenius elements at the p;’s act in ppm either as +1

or —1. Then

dimT/MHl(VB(Px P2Pn q192°qn)? 19[)[.1\4] 2 4.

It is worth noting that there are two interesting problems still remaining: (1) Find an effec-
tive upper bound for the multiplicity in the context of Theorem 4.5. The only occurrence
of higher multiplicity we are able to find so far is the case in the above proposition. Even
finding a kernel with multiplicity at least three seems to be quite difficult. (2) Describe
the multiplicity when p; is dominantly unramified at the discriminant. This is the question

raised by Diamond we mentioned in the Introduction. -
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