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Abstract

NUMERICAL COMPUTATION OF THE SIGN OF THE
DETERMINANT WITH ADDITIVE AND MULTIPLICATIVE

PRECONDITIONING

by

Islam A.T.F. Taj-Eddin

Advisor: Distinguished Professor Dr.Victor Y. Pan

Accurate computation of the sign and the value of a matrix determinant at-

tracts a great deal of attention. Various algebraic and geometric computations

boil down to it. This includes the computation of a convex hull and a Voronoi dia-

gram as well as the evaluation and expansion of scalar, univariate and multivariate

resultants.

In the present day computing environment, it is most effective to compute de-

terminants numerically with IEEE standard double precision floating-point num-

bers provided rounding errors are controlled. That control is difficult where the

input matrix is ill conditioned but easy where the matrix is well conditioned. This

motivates the application of preconditioning methods.

In this thesis, recent techniques of additive preconditioning are applied, the

technicalities of this application are elaborated, and the power of the approach is

demonstrated with numerical experiments.
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1 DEFINITIONS AND PRELIMINARY RESULTS 1

1 Definitions and preliminary results

1.1 Matrices

Consider the square matrix A, A = (ai)
n
i=1 = (ai,j)

n
i,j=1 is an n × n matrix of

dimension n, with elements ai,j, 1 ≤ i ≤ n, 1 ≤ j ≤ n,
a1,1 a1,2 a1,3 . . . a1,n

a2,1 a2,2 a2,3 . . . a2,n
...

...
...

. . .
...

a3,1 a3,2 a3,3 . . . a3,n

an,1 an,2 an,3 . . . an,n


ai = (ai,j)

n
j=1 is its ith column vector. Ai,j = ai,j is its (i, j)th entry.

The determinant of A, written as det(A) is a function of this matrix,

det(A) =
n!∑

i=1

(p[πi(n)].
n∏

j=1

aj,πi,j
) (1.1)

where πi(n) is the ith distinct permutation on the indices < 1, 2, . . . , n > and

πi,j is the jth member of the ith permutation. p[πi(n)] is the parity of the ith

permutation, which is +1 or −1 according to whether the number of inversions

in the permutation is even or odd. An inversion occurs whenever an index in

the permutation list is greater than one which follows. For instance, suppose

πj(6) =< 6 1 4 2 3 5 >, then the number of inversions in this list is 7 and

p[πi(n)] = −1. As an example of the foregoing, consider the 3× 3 matrix

A =

 1 2 3
2 −1 2
3 3 1

 (1.2)

with index permutation data displayed in table 1.1. Then the computation of this

determinant goes as follows: det(A) = 1× (−1)× 1− 1× 2× 3 + 2× 2× 3− 2×

2 × 1 + 3 × 2 × 3 − 3 × (−1) × 3 = −1 − 6 + 12 − 4 + 18 + 9 = 28. The cost

of computing the determinant by using equation (1.1) is n! multiplications and

(n− 1)! additions. The complexity is not satisfactory for the practical evaluation

of large matrices.



1 DEFINITIONS AND PRELIMINARY RESULTS 2

j πj(3) inversions p[πi(3)]
1 1 2 3 0 +1
2 1 3 2 1 -1
3 2 3 1 2 +1
4 2 1 3 1 -1
5 3 1 2 2 +1
6 3 2 1 3 -1

Table 1.1: Permutation Data

Hereafter computations are assumed in the field of real numbers. ”Ops” stands

for ”arithmetic operations”.

|A| is the matrix (|ai,j|)n
i,j=1. Write |A| ≤ |W | ⇐⇒ W = (wi,j)

n
i,j=1 and

(|ai,j|)n
i,j=1 ≤ (|wi,j|)n

i,j=1 for all i and j.

AT = (aj,i)i,j is the transpose of A = (ai,j)i,j.

Ik is the k × k identity matrix.

0k is the k × k null matrix.

rankA is its rank.

An m×n matrix A is orthogonal if AT A = In, is lower triangular if ai,j = 0 for

i > j, is upper triangular if ai,j = 0 for i < j, and is diagonal if ai,j = 0 for i6=j.

A = diag(ai,i)
n
i=1 is an n× n diagonal matrix. A = diag(B, C) is a 2× 2 block

diagonal matrix with diagonal blocks B and C.

For an m × n matrix A of rank ρ, its left nullity lnul A = n − ρ and its right

nullity rnul A = m − ρ are the dimensions of its left and right null spaces N(A)

and LN(A), respectively. Its nullity nul A = min(m− ρ, n− ρ) is the minimum of

lnul A and rnul A.

ν-nullity is the total number of singular values σ of the SV D(A) ≤ ν.

ε denotes the unit roundoff, also called machine epsilon.

The following properties of determinants are well known and readily verified

(see, e.g.[H64], [CD80]).
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Theorem 1.1. Consider an n× n matrix A. The following properties are true:

• If any columns or rows of A is a linear combination of any set of other rows

or columns, respectively, then det(A) = 0.

• If det(A) 6= 0 then A has full rank (i.e. rank(A) = n).

• Interchanging any two columns or rows of A changes the sign of det(A).

• det(A) = det(AT ) for all square matrices A.

• | det(Q)| = 1 if Q is an orthogonal matrix.

• det(A) = det(B)× det(C) if A = B × C as well as if A =

(
B X
0 C

)
.

• det(A) =
∏n

i=1 ai,i if A is a triangular matrix.

The matrix A−1 is called the inverse to A if A × A−1 = A−1 × A = I. A matrix

whose determinant is zero is said to be a singular matrix, and a matrix has an

inverse if and only if it is non-singular.

1.2 Matrix factorizations

Definition 1.1. A = PLUP1 is a PLUP1 factorization of a (generally rectangular)

matrix A if L and UT are lower triangular matrices and P and P1 are permutation

matrices. This includes LUP1, PLU , and LU factorizations as special cases where

P = I and/or P1 = I.

One can compute PLUP1, PLU , LUP and LU factorizations by applying

Gaussian elimination with complete pivoting, partial pivoting (with row or col-

umn permutations), and without pivoting, respectively. For an n×n matrix these

computations use (2
3
)n3 ops; also (2

3
)n3 and O(n2) comparisons are required for

complete and partial pivoting, respectively [GV96], [H02], [S98a]. Here and here-

after drop the lower order terms in the ops and comparisons bounds.



1 DEFINITIONS AND PRELIMINARY RESULTS 4

Definition 1.2. A = QR is a QR factorization of a (generally rectangular) matrix

A if R is an upper triangular matrix with nonnegative diagonal entries and Q is

an orthogonal matrix.

The factorization is unique if the matrix A has full rank. One can compute

numerically the R-factor in the QR factorization of an n×n matrix in (4
3
)n3 ops by

applying Householder reflections or in 2n3 ops by applying either Givens rotations

or alternatively the modified Gram-Shmidt algorithm [GV96, Section 5.2].

Besides ops, computation of a QR factorization of an n × n matrix requires

computation of O(n) square roots. This is a minor part of the overall computa-

tional cost, but the implied rounding errors can be unpleasant. A rational version

of the modified Gram-Schmidt algorithm in [C92] avoids computing square roots

and contains only rational ops.

QRP factorization of a (generally rectangular) matrix is its QR factorization

with column pivoting [GV96, Section 5.4.1] , [S98a, Algorithms 4.1.2 and 5.2.1]

(see also [GV96, Section 5.4.2]). It is computed in (4
3
)n3 ops (due to Businger and

Golub 1965), see [GV96, Algorithm 5.4.1] and [S98a, Algorithm 5.2.1]. Pivoting

enables the bounds |rk,k|2 ≥
∑k−1

i=1 , k = 2, . . . , n. A random unitary matrix is the

Q-factor in QRP factorization of a random matrix, which is the Q-factor in its QR

factorization if this is a matrix of full rank.

1.3 Matrix norms, Condition number

Definition 1.3. ||A|| = maxv:||v||=1
||av||

v
is an operator norm of a matrix A consis-

tent with a vector norm ||v||. ||.|| = ||.||h denotes a fixed operator matrix norm, in

particular the 2-norm ||.||2 will be used, the row norm ||A||∞ = maxi

∑
j |ai,j|, and

the column norm ||A||1 = maxj

∑
i |ai,j| for a matrix A = (ai,j)

n
i,j=1 (cf. [GV96]

or [H02]).
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Theorem 1.2. For a nonsingular matrix A and any operator matrix norm ||.|| the

following is true minB||B − A|| = 1
||A−1|| where the minimum is over all singular

matrices B.

Proof. See [EY39], [K66].

||A||2 = σ1 is the 2-norm of a matrix A, consistent with the Euclidean vector

norm ||v|| = (
∑

j |vj|2)
1
2 .

1

||A−1||2
= σn (1.3)

for a nonsingular n× n matrix A.

Definition 1.4. The ratio cond2A = σ1

σr
is called the condition number of a matrix

A of a rank r. cond2A = ||A||2||A−1||2 for a nonsingular matrix A. cond2A for a

matrix A of a rank r is the ratio σ1(A)
σr(A)

of its largest and smallest singular values.

Cond2A = ||A||2||A−1||2 for a nonsingular matrix A. For two nonnegative integers

g and h, g +h < r, define the (g, h)-condition number of the matrix A as the value

cond2,(g,h)A =cond2(A(g,h)) = σg+1

σr−h
.

1.4 Schur complements and
the Sherman–Morrison–Woodbury formula

For a 2× 2 block matrix

B =

(
B11 B12

B21 B22

)
,

the matrix S22 = B22 − B21B
−1
11 B12 (respectively, S11 = B11 − B12B

−1
22 B21) is the

Schur complement of the northwestern block B11 (respectively, the southeastern

block B22) in the matrix B provided B−1
11 B11 = I and/or B11B

−1
11 = I (respectively,

B−1
22 B22 = I and/or B22B

−1
22 = I) [GV96, page 103], [S98a, page 155]. The following

lemma will be verified.
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Lemma 1.1. Let the above block matrix B be nonsingular and let

B−1 =

(
W X
Y Z

)
for some matrices W , X, Y and Z. Then W = S−1

11 (resp. Z = S−1
22 ) if the block

B11 (resp. B22) is nonsingular.

Theorem 1.3. For n × r matrices U and V and an n × n matrices A, let the

matrix C = A+UV T be nonsingular. Then the matrices A and S = Ir−V T C−1U

are the respective Schur complements of the blocks Ir and C in the matrix

W =

(
C U
V T Ir

)
such that

det(W ) = det(A) = (det(C)) det(S). (1.4)

Furthermore [GV96, page 50], [S98a, Corollary 4.3.2], if the matrix A is non-

singular, then so is the matrix S, and the Sherman–Morrison–Woodbury formula

(C − UV T )−1 = C−1 + C−1US−1V T C−1 holds.

1.5 Random matrices

Random sampling of elements from a finite set ∆ is their selection from the set

∆ at random, independently of each other, and under the uniform probability

distribution on ∆. A matrix is random if its entries are randomly sampled (from

a fixed finite set ∆).

A random unitary matrix is the Q-factor in a QRP factorization of a random

matrix or the Q-factor in its QR factorization if the matrix has full rank.

Lemma 1.2. [DL78] (cf. also [Z79], [S80]). For a finite set ∆ of cardinality |∆|,

let a polynomial in m variables have total degree d and not vanish identically on

the set ∆m and let the values of its variables be randomly sampled from the set ∆.

Then the polynomial vanishes with a probability of at most d/|∆|.
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1.6 The SVDs

The compact Singular Value Decomposition of an m×n matrix A of a rank ρ (also

called the compact SVD of this matrix) is the decomposition

A = S(ρ)Σ(ρ)T (ρ)T =

ρ∑
j=1

σjsjt
T
j

where S(ρ) = (sj)
ρ
j=1 and T (ρ) = (tj)

ρ
j=1 are unitary matrices, S(ρ)T S(ρ) = I(ρ),

T (ρ)T T (ρ) = I(ρ), Σ(ρ) = diag(σj)
ρ
j=1 is a diagonal matrix, sj and tj are m- and

n-dimensional vectors, respectively, and σ1 ≥ σ2 ≥ · · · ≥ σρ > 0. ||A||2 = σ1 and

||A||2F =
∑ρ

j=1 σ2
j .

Write l = lnul A = m − ρ, r = rnul A = n − ρ and, for a pair S(nul) =

(sj)
m
j=ρ+1 and T (nul) = (tj)

n
j=ρ+1 of left and right unitary null matrix bases for

the matrix A, define the square unitary matrices S = (S(ρ), S(nul)) = (sj)
m
j=1 and

T = (T (ρ), T (nul)) = (tj)
n
j=1 and the m×n matrix Σ = diag(Σ(ρ), 0l,r). The equation

A = SΣT T is the Singular Value Decomposition of the matrix A, also called its

SVD and full SVD.

Hereafter write σj = 0 for j > ρ and σj = +∞ for j < 1. The scalars σj for

j ≥ 1 are the singular values of the matrix A. The vectors sj for j = 1, . . . , m and

tj for j = 1, . . . , n are the associated left and right singular vectors, respectively,

so that the null vectors are the singular vectors associated with the singular value

zero.

Atj = σjsj and sT
j A = σjt

T
j for all j, AT = TΣT ST , AT A = TΣT ΣT T , and

AAT = SΣΣT ST .

1.7 Generalized inverses and conditioning of a matrix

cond(A) = σ1(A)/σρ(A) = ||A||2||A−1||2 is the condition number of a matrix A

of a rank ρ (under the 2-norm). Effective norm and condition estimators can be

found in [GV96, Section 3.5.4] and [S98a, Section 5.3].



1 DEFINITIONS AND PRELIMINARY RESULTS 8

Write n >> d where the ratio n/d is large.

A matrix A of a rank ρ is ill conditioned if σ1 >> σρ and is well conditioned

otherwise. A matrix A of any rank ρ > 1 can be ill conditioned where σ1(A) ≈

σj(A) >> σj+1(A) ≈ σρ(A) for some j, 1 ≤ j < ρ, but for a larger rank ρ it can

be ill conditioned even if σj(A)/σj+1(A) ≤ c for all j and a smaller bound c. E.g.,

having cond(A) = 2100 for c = 2 and ρ = 101.

Fact 1.1. The matrices AT and A−1 share their singular spaces, whereas

σj(A
T ) = σj(A) = 1/σρ+1−j(A

−1) for j = 1, . . . , ρ, ρ = rank A,

σj(A
T ) = σj(A) = σj(A

−1) = 0 for j > rank A.

1.8 The g-head, h-tails, extended h-tails, and
(g, h)-matrices

The g-head, (g, h)-residue, h-tail, and extended h-tail of the SVD are the triples

(S(g), Σ(g), T (g)), (Sg,h, Σg,h, Tg,h), (Sh, Σh, Th), and (S
(ext)
h , Σ

(ext)
h , T

(ext)
h ), respec-

tively, where g and h are two nonnegative integers, g + h ≤ ρ,

S(g) = (sj)
g
j=1, Sg,h = (sj)

ρ−h
j=g+1, Sh = (sj)

ρ
j=ρ−h+1,

S
(ext)
h = (Sh, S

(nul)) = (sj)
m
j=ρ−h+1, Σ(g) = diag(σj)

g
j=1,

Σg,h = diag(σj)
ρ−h
j=g+1, Σh = diag(σj)

ρ
j=ρ−h+1, Σ

(ext)
h = diag(Σh, 0l,r),

T (g) = (tj)
g
j=1, Tg,h = (tj)

ρ−h
j=g+1,

Th = (tj)
ρ
j=ρ−h+1, T

(ext)
h = (Th, T

(nul)) = (tj)
n
j=ρ−h+1,

and M (0) and M0 are empty matrices for M denoting S, Σ, or T .

The spaces generated by the columns of the matrices S(g), T (g), S
(ext)
h , and

T
(ext)
h are the left and right g-leading and h-trailing singular spaces of the matrix

A, respectively.
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For a matrix A of a rank ρ and two nonnegative integers g and h ≤ ρ−g, define

the condition numbers for its g-head, (g, h)-residue, and h-tail as the ratios σ1/σg,

σg+1/σρ−h, and σρ−h+1/σρ, respectively. The g-head, (g, h)-residue, and h-tail are

ill conditioned if the respective ratios are large and are well conditioned otherwise.

A matrix A of a rank ρ is a (g, h) matrix if its (g, h)-residue is well conditioned,

whereas its (g + 1)-head and (h + 1)-tail are ill conditioned. A (g, h) matrix

is a strictly (g, h) matrix if its g-head and h-tail are well conditioned, whereas

σg >> σg+1 and σρ−h >> σρ−h+1. In this paper the (g, h)-matrices are usually

(g, 0) or (0, h) matrices.

1.9 (g, h)-SVDs

Write

A(g) =

g∑
j=1

σjsjt
T
j = S(g)Σ(g)T (g)T ,

Ag,h =

ρ−h∑
j=g+1

σjsjt
T
j = Sg,hΣg,hT

T
g,h, and

Ah =

ρ∑
j=ρ−h+1

σjsjt
T
j = ShΣhT

T
h .

Observe that
A = A(g) + Ag,h + Ah,

S = (S(g), Sg,h, Sh, S
(nul)),

Σ = diag(Σ(g), Σg,h, Σh, 0l,r), and

T = (T (g), Tg,h, Th, T
(nul)).

Now, for a pair of unitary matrices S
(ORT )
g,h of size m× (ρ− g − h) and T

(ORT )
g,h

of size n× (ρ− g − h) such that

S
(ORT )T
g,h (S(g), Sh, S

(nul)) = 0,

T
(ORT )T
g,h (T (g), Th, T

(nul)) = 0,
(1.5)
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write l = lnul A and r = rnul A, define the pair of unitary matrices

S̃g,h = (S(g), S
(ORT )
g,h , Sh, S

(nul)),

T̃g,h = (Tg, T
(ORT )
g,h , Th, T

(nul)),
(1.6)

and obtain the factorizations

A = S̃g,h


Σ(g)T (g)T

S
(ORT )T
g,h A

ΣhT
T
h

0l,n

 , (1.7)

A = (S(g)Σ(g), AT
(ORT )
g,h , ShΣh, 0m,r)T̃

T
g,h, (1.8)

A = S̃g,h diag(Σ(g), S
(ORT )T
g,h AT

(ORT )
g,h , Σh, 0l,r)T̃

T
g,h, (1.9)

which had been called the left (g, h)-SVD, the right (g, h)-SVD, and the (g, h)-SVD

or the two-sided (g, h)-SVD, respectively.

1.10 MPPs and APPs (definitions)

Definition 1.5. Multiplicative preprocessors. Any pair of nonsingular matri-

ces M of size m×m and N of size n×n is an MPP for a matrix A of size m×n,

whereas the transition A ← MAN is its M-preprocessing. Such an MPP is an

MPC and the M-preprocessing is M-preconditioning if cond(A) << cond(MAN).

Such an MPP is an MC if the matrix A is rank deficient, whereas the matrix MAN

turns into a full rank matrix after the deletion of its zero rows and columns. If

one of the matrices in the pair of M and N is the identity matrix, then the other

matrix is also called an MPP, MPC or MC, respectively.

Definition 1.6. Additive preprocessors. For a pair of matrices U of size m×r

and V of size n × r, both having full rank r > 0, the matrix UV T (of rank r) is

an APP (of rank r) for any m × n matrix A, the matrix C = A + UV T is its A-

modification, the matrices U and V are generators of the APP, and the transition

A← C is A-preprocessing of rank r for the matrix A. An APP UV T for a matrix A
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is an APC and A-preprocessing is A-preconditioning if cond(A) >> cond(C). An

APP is an AC and A-preprocessing is A-complementation if the matrix A is rank

deficient, whereas the A-modification C has full rank. An APP UV T is unitary if

the matrices U and V are unitary. An AC of rank r is balanced if r = nul A.

1.11 Some abbreviations

“CG” stands for “Conjugate Gradient”,

“SMW” for “Sherman–Morrison–Woodbury”,

“PPs” for “preprocessors”,

“PCs” for “preconditioners”,

“A” for “additive”,

“ACs” for “additive complements”,

“M” for “multiplicative”,

“MCs” for “multiplicative compressors”, and

“ASAs” for “advanced algorithms for floating-point summation”.

Also a combination of abbreviations is used, as in the previous two subsections,

so that

“MPPs” stands for “multiplicative preprocessors”,

“APPs” for “additive preprocessors”,

“MPCs” for “multiplicative preconditioners”, and

“APCs” for “additive preconditioners”.
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2 Introduction

The classical problem of computing det(A), the determinant of an n × n matrix

A, and its sign, has a long history and turns out to be important in geometric and

algebraic computations (see, e.g. [G72], [M60], [D61], [M55], [F64], [R52], [E67],

[B68], [P88], [BP94]).

It turns out that some of the most fundamental problems of algebraic com-

putations and computational geometry (such as the computation of convex hulls,

Voronoi diagrams and the arrangement of lines and line segments) are reduced

to the computation of det(A) or, more precisely, its sign, that is, testing whether

det(A) = 0, det(A) > 0, or det(A) < 0 for an associated n× n matrix A, whereas

many multivariate polynomial computations involve the evaluation and expansion

of scalar, univariate and multivariate resultants, which are the determinants of

some structured matrices (see [EP05, Sections 5-7] and the bibliography therein,

[BKMNSU95], [BEPP99], [ABDPY97], [EP05], [EC95], [FV93], [Y97], [YD95],

[AF92], [MA93], [FR94], [FV93], [E98], [BEPP99]).

In these cases the input data can be small. In many areas of computational

geometry, lower dimensional problems must be solved, and then n ranges between

2 and 10, usually staying below 5. In this class of applications, the matrix A is

filled with “long” numbers, representing the real data with a high precision (and

thus allowing to treat the important case of a nearly singular input). In another

major class of applications [DL94], [DL97], [ES87], [AF92], [FR94], [MA93], n is

large (say, in the range from 100 to 500), whereas the matrix A is filled with

relatively short integers (say, represented with 5 to 10 bits). Such applications

include the computation of the orientation of a polyhedron or an algebraic variety

in a high-dimensional space (for instance, such computations are required in the

area of convex optimization in statistical physics and chemistry).
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Let us comment on the affect of the input and rounding errors on the validity

of the computed value of sign(det(A)). If the absolute value of the error is denoted

by e(A) and the correct value of the determinant by D, then the computed result

is D− e(A) < det(A) < D + e(A). If det(A) is anywhere near e(A) in magnitude,

then the sign of det(A) is in question. Note also that the test whether (det(A)) = 0

test is essentially meaningless in the presence of any error whatever. Happily, e(A)

grows at a lower order than det(A) in the dimension of a matrix and the input data

size. So, in general, e(A) < | det(A)| when | det(A)| is large. And, also fortuitous,

| det(A)| is large most of the time. Real trouble comes in the near singular cases,

when | det(A)| is small. Sadly, the latter case is the quite interesting, e.g. in

applications to convex hull computations.

Now consider the linear systems Ax = f (where A and f are the input and x is

the output of an error-free solver) and (A+E)x′ = f (where A and f are the input

to a numerical solver, x′ is the output, and the matrix E represents the affect of

rounding errors). Then (see, for instance [GV96, Sec. 2.5, pp. 24-28], [ORT, Sec.

2.1.1, pp. 32-35)]:

||x− x′||
||x||

≤ cond2(A)× ||E||
||A||

up to smaller order errors.

Here the vertical bars denote the pair of compatible vector and matrix norms.

The essence of these bounds is that the relative error of the output is equal roughly

to the condition number of the problem multiplied by the relative computational

errors. The effect is that for poorly conditioned problems, that is, for the ones

where cond(A) is very large, moderate computational errors may easily be inflated

to yield useless output.

Under these conditions, the behavior of the algorithm will be unpredictable;

and it exhibits instability.
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There are several known cures for these ills. One is to increase the operand size

in software. This is the multi-precision approach. The idea has been widely used

in the exact arithmetic (symbolic) algorithms [K98], [FV93], [YD95], [Y97]. This

approach is expensive in the computational cost sense. A significant problem with

this “BigNum” approach is of how much multi-precision one needs. It is difficult

to tailor an algorithm so that the expensive multi-precision arithmetic would be

applied only to computations that need it and to the extent they need it.

The cited applications and problems have motivated extensive algorithmic

work on computing the value and the sign of the determinant (see [P87], [P88],

[C92], [BKMNSU95], [FV96], [ABDPY97], [BEPP99], [ABM99], [EGV00], [PY01],

[KV04a], [P04], [S04], and the bibliography therein). The cited papers, except for

[PY01] and partly [C92], rely on algebraic methods, but in [PY01] numerical meth-

ods were applied. They use less computer time and memory space. In particular

Gaussian elimination (with pivoting) is the customary approach to approximating

the triangular factors L and U of the input matrix (up to row/column permuta-

tions). As by-product, this produces the determinant. It is critical, however, to

certify that the rounding errors do not corrupt the output, in particular do not

change the sign of det(A).

The sign and the values can be immediately obtained from LU factorization of

the matrix A (with or without pivoting) as well as from its QR factorization or

SV D [C92], [PY01]. Indeed, det(AB) = (det(A)) det(B) and the determinants of

triangular and orthogonal matrices are readily computable.

In numerical implementation, the sign is certified if σn, the smallest singular

value of the matrix A, exceeds an upper estimate e(A) for its factorization error

[PY01] having (i.e. σn(A) > e(A)). From [H02], [S98a] then e(A) ≤ c||A||ε where

||A|| is the 2-norm or the Frobenius norm of the matrix A, ε is the output relative
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error for a fixed machine precision and is called the unit roundoff and also the

machine epsilon, and c is a small positive constant. Since the matrix A could be

normalized, so that ||A|| ≈ 1, this suggests decreasing the value cond2A = σ1

σn
while

keeping the sign of the determinant invariant or controlled.

The straightforward certification is by comparison of the magnitude of det(A)

with the error bound e(A) of its numerical computation. This works poorly where

relying on computing the SV D of the input matrix because the known error bounds

on the output value of the determinant are proportional to the Hadamard’s worst

case bound on | det(A)| (Hadamard’s bound is

| det(A)| ≤
n∏

k=1

||Ak||2

where Ak denotes the k-th column vector of A (cf. [H02, p.287]). Thus this bound

is overly pessimistic in the important case where the actual value of | det(A)| is not

large. The improved certification recipe in [PY01] employs the factorization error

norm bound eLU = ||LU(A)− A||2, which is typically much smaller than e(A).

The sign is certified if eLU is exceeded by the smallest singular value σn of the

input matrix A.

To approximate the required extremal singular values (or all singular values)

σj and the associated singular vectors, any SV D algorithm can be applied as long

as it fits the assumed framework and cost bounds.
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3 Previous work

In this section some previous works on algebraic and numerical computations of

the sign of the determinant have been covered.

3.1 Symbolic approach to the sign and the value of the
determinant

3.1.1 Introduction

The approach of Arithmetic filtering combines both symbolic and numerical meth-

ods to perform the computations both faster and correctly. One begins with nu-

merical algorithms, which rapidly compute the certified correct output. If the

algorithm fail to produce the reliable sign of det(A), then one relays the task to

symbolic methods, which are slower but reliable (cf., e.g., [PYS97]). The main goal

is to use faster numerical methods most of the time, and only in the rare cases

where they fail, to resort to the slower symbolic algorithms.

3.1.2 LU Decomposition Algorithm

Many algorithms can be implemented both numerically and in modular arithmetic.

Here, for the sake of comparison, is an example given by numerical and modular

LU matrix decomposition in the C language style.

Algorithm 3.1. Numerical LU factorization.

Input: Matrix A[n][n]; int i, j, k;

Output: L and U .

Computations:

for (i = 1; i < n; i + +)

for (j = i + 1; j < n; j + +) {
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A[j][i] = (A[j][i]/A[i][i]);

for (k = i + 1; k < n; k + +)

A[j][k] = A[j][k] + A[i][k] ∗ A[j][i];

}

Algorithm 3.2. Modular LU factorization, Mod Mtx LU (Mod Mtx x).

Input: Matrix x; int i, j, k, dim = Dim(x), ModM tx y(x); Pivoting preprocess-

ing not implemented.

Output: L and U .

Computations:

for (k = 0; k < dim; k + +)

for (i = k + 1; i < dim; i + +) {

y(i, k) = −(y(i, k)/y(k, k));

for (j = k + 1; j < dim; j + +)

y(i, j) = y(i, j) + y(i, k) ∗ y(k, j);

}

return y;

The latter algorithm is almost identical to the numerical LU algorithm. The

only change is the use of the modulus parameters (the ModM tx declarations) as

operands in the implementations and, of course, the modulus vector arithmetic

operations.

Divisions by zero stop the computations. Divisions by very small values may

cause overflow and large errors. A possible consequence is the instability of the

floating point output.
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In the modular version, instability is a crisp phenomenon. The algorithm either

generates undefined components, or it does not. If an undefined component is

generated in a pivot element, then all results in the right hand square below this

pivot will contain the same undefined components.

Let the modular LU algorithm operate on integers in the range [−2m, 2m]. Then

the overall bit complexity of the resulting algorithm in this domain is Õ(mn3), that

is, (mn3)1+o(1) for computing the factors LU .

Finally, an example is offered of computing the determinant based on LU de-

composition in modular arithmetic.
−26085 −114752 −24 60672 5080
117533 145857 884 −171619 −146386
−75942 −216371 −1288 177628 211880

235 672 4 −551 −658
178309 −258918 −1532 99849 249854


The determinant computed from this matrix based on floating point LU factoring

and the subsequent multiplication of the diagonal elements of U is

75649.28268318021.

If the determinant is re-evaluated using LU and diagonal multiplication in the

modular vector ring M2 = {F1009,F1013}, then the recomputed determinant, re-

covered from the modular result, is

1279.999999999944.

The correct value, known in this case, is ±1280. The determinant is certified to

be positive.

3.2 Numerical approach to the sign of the determinant

Numerical approach had been studied because it is faster than algebraic/symbolic.

The price is extra care of the affect of rounding errors on the output. The care

must be taken to insure that the rounding errors do not contaminate the output.
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3.2.1 Introduction

In [PY01] the authors propose some simple but novel techniques for the certifica-

tion of the sign of det(A) computed numerically. The presented algorithm either

certifies that the sign of det(A) has been computed correctly or shows which in-

crease of the precision of computing should yield the certified output.

If the computed approximation, d∗, to det(A) and an available upper estimate,

e+
d , for the error satisfy |d∗| > e+

d , then it is certified that sign(d∗) = sign(det(A)),

that is, sign(det(A)) is computed correctly. Otherwise, the result of the computa-

tions is not certified, and one must repeat numerical computations with a higher

precision or shift to exact integer or rational computations.

The major technical novelty of the paper is the estimation of the distance to

a closest singular matrix, instead of estimating the round-off error of computing

det(A). An estimate for the minimum distance from the matrix L̃Ũ to a singular

matrix, L̃ and Ũ being the computed approximations to the factors L and U of

the triangular (PLUP1) factorization of A.

By a well-known theorem [EY39], [K66], this distance is equal to 1/N , for

N = ||Ũ−1L̃−1||.

The idea is that det(A+E) does not change its sign when E ranges in the ball

of radius N centered in the origin.

On the other hand, since the matrices L̃ and Ũ are the two available triangular

matrices, it is not hard to obtain a quite tight upper bound on N at the cost of

performing O(n3) arithmetic operations and comparisons.

3.2.2 Roundoff errors of matrix factorization by Gaussian elimination

As had been said earlier, det(A) and its sign for a given matrix A can be immedi-

ately obtained from the triangular (PLUP1) factorization of A, but the problem

is to analyze the effect of the roundoff errors when the factorization is computed
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numerically.

In this analysis some known error estimates had been applied, which will be

recalled in this section.

Theorem 3.1. (Cf. [H02, Theorem 9.3, page 175].) Let

A = PA′P1,

Ã = A′ + E = L̃Ũ ,
(3.1)

where A, A′, Ã, E, P , P1, L̃ and Ũ are n× n matrices, P and P1 are permutation

matrices, L̃ = (l̃i,j) is a unit lower triangular matrix (so that det(L̃ = 1), and

Ũ = (ũi,j) is an upper triangular matrix, L̃ and Ũ are computed numerically, by

means of Gaussian elimination (with complete pivoting) applied to the matrix A

with unit roundoff ε (machine epsilon). Then |E| ≤ γn|L̃| · |Ũ |, γn = nε/(1− nε),

nε < 1, and close in magnitude to ε.

Two special cases of this result cover Gaussian elimination with partial pivoting

(for P1 = I) and with no pivoting (for P1 = P = I).

By (3.1)

det(A) = (det(P ))(det(A′))(det(P1)), (3.2)

det(Ã) = det(Ũ) = ũ1,1ũ2,2 . . . ũn,n. (3.3)

since det(P ) and det(P1) are readily available (they equal 1 or −1), the equations

(3.2) and (3.3) define sign(det(A)) provided the diagonal entries of Ũ are available

and ε is sufficiently small to guarantee that

sign(det(A′)) = sign(det(Ã)). (3.4)

In the next section it will be shown how to verify (3.4) by using the following

corollary of theorem 3.1.
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Corollary 3.1. Under the assumptions of theorem 3.1,

||E|| ≤ e = ||(|L̃| · |Ũ |)||γn (3.5)

for any fixed operator matrix norm.

The computation of the row and column norms of |L̃| · |Ũ | involves only O(n2)

arithmetic operations because ||(|L̃| · |Ũ |)||∞ = ||(|L̃|(ui)||∞, ||(|L̃| · |Ũ |)||1 =

||(ljT |Ũ |)||1, where (lj) and (ui) are two vectors with the components lj = Σi|l̃i,j|

and ui = Σj|ũi,j|.

In virtue of corollary 3.1 the rounding error of the computation of the PLUP1

factorization of A is bounded in terms of γn and the norm of the matrix |L| · |U |.

It is known that in the case of using complete pivoting, the (k, j)th entries ãk,j,

l̃k,j and ũk,j of the matrices Ã, L̃ and Ũ of (3.1), respectively, satisfy the bounds

|l̃k,j| ≤ 1, |ũk,j| ≤ ρk max
(g,h)
|ãg,h|,

for all k and j, where ρk ≤ k1/2(2 · 31/2 . . . k1/(k−1))1/2 ≤ 1.8k(lnk)/4 (cf. [GV96,

p.119]). The same bounds have been observed in practice in the case of partial

pivoting, but formally proved only for ρk ≤ 2k−1 (cf. [GV96, p.116]). Some

improvement of the worst case error bound (in both cases, of partial and complete

pivoting) can be obtained by means of symmetrization.

3.2.3 Certification of the sign in terms of the smallest distance to a
singular matrix

The following sufficient condition could be verified for (3.4),

| det(Ũ)| = | det(Ã)| > |(det(A))− det(PÃP1)| = ed,

by applying the straightforward crude estimate: ed ≤ n2e+D+, where e+ denotes

the maximum absolute value of the entries of E, and D+ =
∏n

k=1(||Ak||2 + ne+).
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This estimate is based on Hadamard bound,

| det(A)| ≤
n∏

k=1

||Ak||2 (3.6)

(cf. [H02, p.287]). It is not easy to compute e+, but e+ may be replaced by its

upper bound e∗ = γn maxi,j(|L̃| · |Ũ |)i,j implied by theorem 3.1. Here (|L̃| · |Ũ |)i,j

denotes the (i, j)th entry of the matrix (|L̃| · |Ũ |). Then the following estimate will

be obtained:

ed ≤ e+
d = D+n2e∗, D+ =

n∏
k=1

(||Ak||2 + ne∗). (3.7)

More refined techniques for the verification of equation (3.4) rely on the next two

results.

Proposition 3.1. For two given matrices W and W +4, for a fixed matrix norm

|| · || and for all singular matrices S, let

max{||W − S||, ||W +4− S||} > ||4||. (3.8)

Then

sign(det(W )) = sign(det(W +4)). (3.9)

Proof. Unless (3.9) holds, S = W + t4 is a singular matrix for some real t, 0 ≤

t ≤ 1. Clearly,
||W − S|| = t||4|| ≤ ||4||,

||W +4− S|| = (1− t)||4|| ≤ ||4||,
and (3.8) is violated.

The next theorem is due to Eckart and Young, 1939, [EY39], in the case of the

norm || · || = || · ||2 and to Gastinel, 1966, [K66], for the general norm || · ||.

Theorem 3.2. For any fixed nonsingular matrix W and any fixed operator matrix

norm || · ||, the following is true

1

min ||W − S||
= ||W−1||,
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where the minimum is over all singular matrices S.

Combining proposition 3.1 and theorem 3.2 implies the next result.

Corollary 3.2. Under the assumptions of theorem 3.2,

if
1

min{||W−1||, ||(W +4)−1||}
> ||4||, then (3.9) holds.

Apply corollary 3.2 to W = A′ and 4 = Ã− A′ to obtain the next result.

Corollary 3.3. The equation (3.4) holds if ||E|| < 1/ min{||(A′)−1||, ||Ã−1||}.

Now an algorithm will be described for computing sign(det(A)). Its stage 2

relies on the simple bound (3.7), which suffices for a large class of inputs, and its

stage 3 relies on corollary 3.3.

Algorithm 3.3.

Input: an n×n matrix A, a fixed matrix norm (||·||∞ or ||·||2), and a unit roundoff

ε.

Output: either the certified value of sign(det(A)) or FAILURE.

Computations:

1. Apply Gaussian elimination (with complete, partial, or no pivoting) using the

unit roundoff ε, to compute the matrices L̃ and Ũ of (3.1).

2. Compute an upper bound on ed (in particular, the simple crude bound e+
d of

(3.7)), may be used, and check if | det(Ũ)| exceeds this bound. If so, compute

and output sign(det(A)) based on (3.2)-(3.4).

3. Otherwise, estimate the norm N = ||Ã−1|| = ||Ũ−1L̃−1|| from above and/or

below to decide whether

eN < 1. (3.10)
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If the latter inequality is verified, compute and output sign(det(A)) based on

(3.2)-(3.4). Otherwise output FAILURE.

The complexity of the computations by the algorithm is dominated by the

complexity of its stages 1 and 3. The reader could be referred to [GV96] and

[BP94] on the complexity of stage 1 and to section 5 on the complexity of stage 3.

In both cases O(n3) arithmetic operations is needed. At stage 1, O(n3) or O(n2)

comparisons for complete or partial pivoting, respectively may also be needed.

3.2.4 Some recipes in the case of FAILURE

Suppose that algorithm 3.3 has output FAILURE and that an upper bound N+

on N and the value f = eN+ are available. Then several options could arise:

1. Repeat the computation but with the unit roundoff εnew = cεold/f for some

heuristic choice of c < 1. The value c can be adapted dynamically, depending

on the resulting change of the value eN+. If the latter value changes propor-

tionally to εnew (as can be expected unless A is a very ill-conditioned matrix),

then (3.10) holds for ε = εnew = cεold/f and for any c < 1. Recomputation

of L̃ and Ũ for εnew can be simplified because several leading digits in the

representation of the computed values stay invariant, and only the remaining

trailing digits must be recomputed (compare [EPY98]).

2. Unless it is known already that N−1 ≥ 1/e, try to improve the upper estimate

N+ for N = ||Ũ−1L̃−1|| at stage 3.

3. If the value f is too large so that numerical computations with a unit

roundoff εnew < εold/f become too expensive, shift to the symbolic algo-

rithms of [BEPP99]. In this case, one needs an a priori upper bound on

| det(A)|. Hadamard’s inequality, | det(A)| ≤
∏n

k=1 ||Ak||2, or the bound
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| det(A)| ≤ e+
d + | det(Ũ)| can be used, but it may pay to refine these bounds

by performing some additional computations.
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4 Further work

4.1 Preliminaries

First recall the notion of certifying the results of floating point computation [PY01].

The meaning of this is that the error, generated in the calculation, is estimated.

This estimate becomes a part of the algorithm. In most cases the data needed to

perform the computation is already available in the standard numerical algorithms.

The error estimate becomes just an additional output.

For example, suppose det(A) is computed using an efficient floating point al-

gorithm. Then if ed is also computed and output, this is a position to certify the

correctness of the sign of the determinant by comparing | det(A)| with ed. Then,

as seen above, if ed < | det(A)|, then the sign of the computed det(A) is certified.

Otherwise the computation is not certified to be correct, and exact arithmetic

method will be used just for this case.

To extend the approach of [PY01], modify the input matrix A keeping the sign

of its determinant invariant but decreasing its condition number by means of its

multiplicative & additive preconditioning proposed in [PIMRTYa].

Multiplicative preconditioning is a popular technique for solving linear systems

of equations Ax = b. The original idea was to shift to equivalent but better

conditioned linear systems BAx = Bb, ACy = b, or more generally BACy = Bb

for x = Cy, so that a more accurate numerical solution x can be computed faster

(see [C05] and the bibliography therein). The present study stems from this idea,

although the compression of the singular spectrum of the matrix A has become

an even more popular means towards the same goal. The latter direction is not

relevant to the task of determinant computation.

Additive preconditioning is adding a matrix of a bounded rank to the input

matrix A to decrease its condition number. It is a complement or counterpart to
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multiplicative preconditioning.

Hereafter the abbreviations of M-preconditioning and A-preconditioning will

be used for multiplicative and additive preconditioning and MPs and APs for

multiplicative and additive preconditioners, respectively.

By combining A-preconditioning and M-preconditioning with computing the

SV D of the matrix A, one can decrease the condition number to its minimum

value one, but according to some extensive tests a less radical decrease, achieved

with A-preconditioning at a lower computational cost, is usually sufficient even for

the harder inputs, where the determinant nearly vanishes.

It is planned to elaborate upon the details of this approach and to test it

numerically.

In the next section some definitions and preliminary results for the study of

A-preconditioning and M-preconditioning will be introduced.

4.2 Additive preconditioning: why and how?

Multiplicative preconditioners are closely linked to the Singular Value Decompo-

sition (SVD) of the input matrix. This is somewhat restrictive because the com-

putation of the smallest singular values and the associated singular vectors of an

ill conditioned matrix is costly.

As an alternative or complementary tool, in [P04] additive preprocessing or

additive modification A← C = A+UV T was proposed, i.e., a matrix UV T (having

a smaller rank and/or structured) is added to the input matrix A to decrease its

condition number. Here and hereafter MT denotes the Hermitian (that is, complex

conjugate) transpose of a matrix M , which is just its transpose MT where M

is a real matrix. Hereafter Ik will express the k × k identity matrix, M−H for

(MT )−1 = (M−1)T , Q(M) for the Q-factor in the QR factorization of a matrix M

of full rank, σj(A) for the jth largest singular value of a matrix A, ρ = rank A for its
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rank, and cond2 A = σ1(A)/σρ(A) for its condition number, and the abbreviations

of MPPs, APPs, MPCs, APCs, A-modification, and M- and A-preconditioning will

be used for multiplicative and additive preprocessors and preconditioners, additive

modification, and multiplicative and additive preconditioning, respectively.

We rely on additive preconditioning A ← C = A + UV T , i.e., add a matrix

UV T (which typically has a smaller rank) to the input matrix A to decrease its

condition number, and use the abbreviations of APPs, APCs, A-modification, and

A-preconditioning for additive preprocessors and preconditioners, additive mod-

ification, and additive preconditioning, respectively. (An APC is an APP that

decreases the condition number.)

Given a nonsingular n × n matrix A, a positive integer r < n, and the r-tail

(resp. r-head) of its SVD, that is the r smallest (resp. largest) singular values of

the matrix A together with the associated singular spaces, one can immediately

define an APC UV T of a rank r and the A-modification C = A + UV T such that

cond C = σ1(A)/σn−r(A) (resp. cond C = σr+1(A)/σn(A)). If both r-head and

r-tail are known and if 2r < n, one can readily obtain the optimal APCs UV T of

a rank r < n/2, such that cond C = σr+1(A)/σn−r(A) [W]. This can help even if

just r-tail and/or r-head had been approximated because an APC tends to remain

an APC in its small-norm perturbation.

One can obtain the r-head and r-tail of the SVD by applying the Lanczos

algorithm [GV96, Chapter 9], [S98b, Chapter 5], but according to [PIMRTYb] it

is possible to rely even on the less costly choice of an APP UV T of a rank r which

is

a) random (general, sparse, or structured [PIMRTYa]),

b) well conditioned, and

c) properly scaled so that the ratio ||A||/||UV T || is neither very large nor very
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small.

Then according to the analysis and extensive experiments in [PIMRTYb], it is

likely to arrive at an A-modification C = A + UV T with cond C of the order of

σ1(A)/σn−r(A).

For computing APPs with properties b) and c) as well as at the other stages

of computing and employing A-preconditioning, it is possible to apply the effec-

tive norm and condition estimators in [GV96, Section 3.5.4] and [S98a, Section

5.3]. With some additional SVD-free techniques in [PIMRTYa], [PIMRTYb] it is

possible to

• refine APCs UV T of a rank r wherever cond(A + UV T ) >> σ1(A)/σρ−r(A)

• compress reasonably good APCs of a rank exceeding r into highly effective

APCs of rank r and

• define dual APCs of a rank r whose associated dual A-modifications are

expected to have condition numbers of the order of σr+1(A)/σρ(A).
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5 SVD-based preconditioning

5.1 SVD-based MPPs

To solve a matrix equation AY = B, one can employ factorizations F = MAN or

equivalently MA = FN−1 for two nonsingular matrices M and N . One should seek

the matrices M , N and/or N−1 for which the solution is simplified. In particular

one can seek factorization F = MAN such that the matrix F

a) becomes a full rank matrix after the deletion of its zero rows and/or columns

and/or

b) is better conditioned than the matrix A.

The MPP {M, N} is an MC in case a) and/or MPC in case b).

Given the SVD A = SΣT T , it is possible to immediately obtain the MCs M =

ST , N = T , and (M, N) = (ST , T ) in the case of a rank deficient matrix A and the

MPCs M = Σ−1ST , N = TΣ−1, (M, N) = (Σ−1ST , T ), and (M, N) = (ST , TΣ−1)

in the case of an ill conditioned matrix A. The next two theorems, implied by

equations (1.7)–(1.9), show MCs and MPCs where the g-head and/or h-tail of the

SVD are only known.

Theorem 5.1. [PIMRTYb]. Let A = SΣT T be the SVD of an m× n matrix A of

a rank ρ and let S̃0,0 and T̃0,0 be two matrices in equations (1.6) for g = h = 0.

Then the deletion of the zero rows and columns of the matrices S̃T
0,0A, AT̃0,0, and

S̃T
0,0AT̃0,0 turns them into full rank matrices of sizes ρ × n, m × ρ, and ρ × ρ,

respectively, so that the matrices M = S̃T
0,0 and N = T̃0,0 as well as the matrix pair

(M, N) = (S̃T
0,0, T̃0,0) are MCs for a rank deficient matrix A.

Theorem 5.2. [PIMRTYb]. Keep the assumptions of Theorem 5.1 but use the

matrices S̃g,h and T̃g,h in equations (1.6) for any pair of nonnegative integers g
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and h ≤ ρ − g. Let σ lie in the closed interval [σρ−h, σg+1]. Write dj = σ/σj for

j = 1, . . . , g, ρ− h + 1, . . . , ρ,

D(g) = diag(dj)
g
j=1,

Dh = diag(dj)
ρ
j=ρ−h+1,

Dg,h,k(σ) = diag(D(g), Iρ−g−h, Dh, Ik)

for k = l and k = r,

Fl = Dg,h,l(σ)S̃T
g,hA,

F ′
r = AT̃g,hDg,h,r(σ),

Fl,r = Dg,h,l(σ)S̃T
g,hAT̃g,h,

F ′
l,r = S̃T

g,hAT̃g,hDg,h,r(σ).

Then cond2 Fl = cond2 F ′
r = cond2 Fl,r = cond2 F ′

l,r = σg+1/σρ−h, so that for a

(g, h) matrix A, the matrix pairs

(Dg,h,l(σ)S̃T
g,h, In),

(Im, T̃g,hDg,h,r(σ)),

(Dg,h,l(σ)S̃T
g,h, T̃g,h), and

(S̃T
g,h, T̃g,hDg,h,r(σ))

are its MPCs.

One can extend factorizations (1.7)–(1.9) and Theorem 5.2 by replacing the

unitary matrices above with their well conditioned approximations.

5.2 Null-based ACs and SVD-based APCs

It is possible to turn a singular (resp. rank deficient) matrix into a nonsingular

(resp. full rank) matrix by adding matrix UV T where U and V are null matrix

bases.
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Algorithm 5.1. Computing a null-based AC.

Input: an m× n matrix A of a rank ρ and the left and right unitary null matrix

bases S(null) = (sj)
m
j=ρ+1 and T (null) = (tj)

n
j=ρ+1 of the matrix A.

Output: two matrices U and V and the matrix

C = A + UV T =

ρ∑
j=1

σjsjt
T
j + σ

u∑
j=ρ+1

sjt
T
j (5.1)

of full rank u = min{m, n}.

Computations: Fix a positive σ and compute and output a pair of matrices

U = (σsj)j, V = (tj)j for j = ρ + 1, . . . , u. (5.2)

If σρ ≤ σ ≤ σ1 in equation (5.1), then it is possible to have cond2 C = σ1/σρ.

Unless σ1 >> σρ, the matrix C is well conditioned, and then so is the matrix

C + E if ||C||2 >> ||E||2. It is possible to extend Algorithm 5.1 to SVD-based

computation of APCs for (0, h) matrices because they lie near singular matrices.

Algorithm 5.2. [PMQRT]. Computing an SVD-based APC.

Input: an m×n matrix A of a rank ρ, two nonnegative integers g and h such that

g + h ≤ ρ, the g-head and the h-tail of the SVD A = SΣT T , and a positive

σ in the range [σg+1, σρ−h].

Output: a pair of matrices U of size m× r and V of size n× r such that

cond2(A + UV T ) = max{σ, σg+1}/ min{σ, σρ−h}. (5.3)

Here r = g + h for σg > σ > σρ−h+1, r = g + h− 1 for σ = σg > σρ−h+1 and

for σg > σ = σρ−h+1, and r = ρ− h− 2 for σ = σg = σρ−h+1.
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Computations: Compute and output a pair of matrices U of size m× r and V

of size n× r such that

UV T =

g∑
j=1

(σ − σj)sjt
T
j +

ρ∑
j=ρ−h+1

(σ − σj)sjt
T
j ,

U = ((σ − σj)sj)j,

V = (tj)j

(5.4)

for j = 1, . . . , g; ρ− h + 1, . . . , ρ.

To verify correctness of the algorithm, observe that

C = A + UV T =

ρ−h∑
j=g+1

σjsjt
T
j + σ

∑̂
j
sjt

T
j (5.5)

where the symbol
∑̂

j stands for a sum over j ranging from one to g and from

ρ− h + 1 to ρ.

Remark 5.1. Given the g-head and the extended h-tail of a (g, h) matrix A, it is

possible to combine Algorithms 5.1 and 5.2 to arrive at an APP UV T such that

the matrix A + UV T has full rank and satisfies equation (5.3).
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6 SVD-free preconditioning

This section relies on the results in [PIMRTYb]. They support the use of A-

preconditioning for computing determinants.

6.1 SVD-free ACs and APCs

6.1.1 SVD-free APPs versus SVD-based APPs and MPPs

Two problems with the SVD-based preconditioning could happen.

a) Realistically, approximations to the g-heads of the SVDs of an input matrix

A for smaller positive g are readily available, but the task is more costly for

the h-tails of the SVDs for positive h [GV96, Sections 9.1 and 9.2], [S98b,

pages 366 and 367], [BDDRV00], [LZ05].

b) The SVD does not preserve matrix structure.

Avoid both problems by using SVD-free low-cost random APPs.

6.1.2 Error-free A-preconditioning

Given a (g, 0) matrix A and its SVD-based or SVD-free APC UV T , the rounding

errors of computing the A-modification C = A+UV T are of the order of ε||A||2 =

εσ1(A) where ε is the unit round-off. They are large relatively to the output norm

σ̃ = ||A + UV T ||2 = max{σ, σg+1} if σ1 >> σ̃, and so they can ruin positive effect

of preconditioning.

We, however, avoid the problem by filling the generators U and V with shorter

numbers to yield an error-free A-modification C in double precision computations

[DH03] and [PS91]. Small-norm perturbations of the generators caused by the

truncation of their entries keep the matrix C well conditioned.
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6.1.3 Randomized ACs

We do not use the results of this section explicitly, but they have been included to

provide a more complete insight into A-preconditioning.

The next theorem [Pa] links the ranks of a random APP UV T and of the A-

modification C = A+UV T of an m×n matrix A. First we sketch the main claims

of this theorem by writing u = min{m, n} and using “=⇒” for “implies” and then

state and prove it formally.

{rank C = u} =⇒ {r ≥ nul A},

{r ≥ nul A for random unitary U and V } =⇒ {rank C = u (likely)}.

Theorem 6.1. For a finite set ∆ of cardinality |∆| in a ring R, u = min{m,n},

and four matrices A ∈ Rm×n of a rank ρ, U ∈ ∆m×r, V T ∈ ∆r×n, and C =

A + UV T , the following is true

a) rank C ≤ r + ρ,

b) rank C = u with a probability of at least 1 − 2r
|∆| if r + ρ ≥ u and either the

entries of both matrices U and V have been randomly sampled from the set

∆ or U = V and the entries of the matrix U have been randomly sampled

from this set,

c) rank C = u with a probability of at least 1 − r
|∆| if r + ρ ≥ u, the matrix U

(respectively V ) has full rank r, and the entries of the matrix V (respectively

U) have been randomly sampled from the set ∆.

Proof. Part a) is verified immediately. Now let r + ρ ≥ u, let a u × u submatrix

Au of the matrix A have rank ρ, and let Cu = Au + (UV T )u denote the respective

u × u submatrix of the matrix C. Then clearly, rank C = rank Cu = u if U = V

and if the entries of the matrix U are indeterminate. Since det(Cu) is a polynomial
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of a total degree of at most 2(u − ρ) ≤ 2r in these entries, part b) follows from

Lemma 1.2. Part c) is proved similarly to part b).

The following algorithm recursively generates random APPs UV T of ranks

r = 0, 1, . . . and stops where either it arrives at an AC or a fixed upper bound

r(+) on r is exceeded. Foreseeing an extension to numerical computation of APCs,

it is possible to choose random unitary matrices U and V .

Algorithm 6.1. [PIMRTYb]. Randomized computation of a unitary AC.

Input: a normalized m × n matrix A of an unknown rank ρ ≤ u = min{m,n},

an integer r(+) ≥ u− ρ, and a black box Subroutine FULL·RANK that tests

if a matrix has full rank.

Output: FAILURE or an integer r such that u − ρ ≤ r ≤ r(+) and a pair of

unitary matrices U of size m × r and V of size n × r such that the matrix

C = A + UV T has full rank u.

Initialization: Set r ← 0, U ← ∅m×0, and V ← ∅n×0 where ∅i×0 is the empty

i× 0 matrix.

Computations:

1. If r exceeds r(+), stop and output FAILURE.

2. Otherwise apply Subroutine FULL·RANK to test if the A-modification

C = A+UV T has full rank. If so, output the integer r and the matrices

U and V and stop.

3. Otherwise sample two normalized random vectors u and v of dimension

n such that UTu = 0 and V Tv = 0 (unless r = 0), set r ← r + 1,

U ← (U,u), and V ← (V,v), and go to Stage 1.
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In virtue of Theorem 6.1, Algorithm 6.1 is correct and is likely to output r =

u− ρ = nul A.

The most costly stage of the algorithm is the expected u − ρ applications of

the Subroutine FULL·RANK to the matrices C, but 2dlog2(u − ρ)e of them, are

needed at most, if the binary search for the nullity is incorporated.

6.1.4 Extension to computing APCs and their consistent scaling

To implement Algorithm 6.1 numerically, just replace Subroutine FULL·RANK

with estimating whether cond2 C exceeds a fixed tolerance bound. Applied to

(0, h) matrix A, the resulting algorithm either fails (in some pathological cases) or

outputs a well conditioned A-modification C = A + UV T .

Properly scaled and well conditioned, rather than unitary, random APPs can

be more readily consistent with a desired matrix structure and are still likely to

be APCs according to the analysis and the test results in Sections 6.2 and [P04,

section 6].

A specify for the proper scaling. An APP UV T is scaled consistently with a

(0, h) matrix A, and the pair of A and UV T is scaled consistently, if both the ratio

||A||2/||UV T ||2 and its reciprocal are bounded by a moderate constant, that is, if

this ratio is neither large nor small. It is possible to scale APPs by the powers of

two to avoid rounding errors.

6.2 APPs and conditioning

In this section assume a square matrix A. Part of this study extends to its rect-

angular submatrices and matrices embedding it.

First consider a normalized singular well conditioned matrix A with nullity

r and a random unitary APP UV T of rank r and show that the A-modification

C = A + UV T is expected to be nonsingular and well conditioned. Then extend
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this result to a consistently scaled pair of a (0, r) matrix A and a random and well

conditioned APP UV T of rank r.

6.2.1 ACs and conditioning

First factorize the A-modification C.

Theorem 6.2. [PIMRTYb]. Let A be an n× n matrix of rank ρ = n− r, so that

r = nul A. Let U and V be n×r matrices such that the n×n matrix C = A+UV T

is nonsingular. Let A = SΣT T be the SVD of the matrix A, where the matrices

ST and T T are unitary, Σ = diag(ΣA, 0r), and ΣA = diag(σj)
ρ
j=1 is the diagonal

matrix of the singular values of the matrix A. Write

ST U =

(
Uρ

Ur

)
, T T V =

(
Vρ

Vr

)
, RU =

(
Iρ Uρ

0 Ur

)
, RV =

(
Iρ Vρ

0 Vr

)
where the matrices Ur and Vr have size r × r. Then

a) C = SRU diag(ΣA, Ir)R
T
V T T , and

b) the matrices RU , RV , Ur, and Vr are nonsingular.

Proof. Write C̃ = Σ + ST UV T T . Observe that

C = A + UV T = SΣT T + SST UV T TT T = SC̃T T ,

RUΣRT
V = Σ,

ST U = RU

(
0
Ir

)
, and

T T V = RV

(
0
Ir

)
.

Deduce that C̃ = RU

∑
RT

V + RU diag(0, Ir)R
T
V = RU diag(

∑
A, Ir)R

T
V . Substitute

this expression into the equation C = SC̃T T to arrive at part a). Part b) follows

because the matrix C is nonsingular.
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Corollary 6.1. [PIMRTYb]. Under the assumptions of Theorem 6.2 the following

is true

|| diag(
∑

A, Ir)||2
||R−1

U ||2||R
−1
V ||2

≤ ||C||2 ≤ || diag(
∑

A

, Ir)||2||RU ||2||RV ||2,

|| diag(
∑−1

A , Ir)||2
||RU ||2||RV ||2

≤ ||C−1||2 ≤ || diag(
−1∑
A

, Ir)||2||R−1
U ||2||R

−1
V ||2,

so that

cond2 diag(
∑

A, Ir)

(cond2 RU) cond2 RV

≤ cond2 C ≤ (cond2 RU)(cond2 RV ) cond2 diag(
∑

A

, Ir).

Proof. The corollary follows from Theorem 6.2 because ||S||2 = ||S−1||2 = ||T ||2 =

||T−1||2 = 1, cond2 M = ||M ||2||M−||2 and ||MT ||2 = ||M ||2 for any matrix M .

A specify for the estimate for cond2 C provided the matrices U and V are

unitary and the matrix A is scaled properly.

Theorem 6.3. [PIMRTYb]. If the matrices U and V are unitary, then the fol-

lowing is true

||RU ||2 ≤
√

2, ||RV ||2 ≤
√

2,

||R−1
U ||2 ≤ 1 +

√
2||U−1

r ||2, ||R−H
V ||2 = ||R−1

V ||2 ≤ 1 +
√

2||V −1
r ||2.

Proof. The first two bounds of the theorem follow because RU = (In,ρ, S
T U),

RV = (In,ρ, T
T V ) where In,ρ =

(
Iρ

0

)
and because ||(X, Y )||2 = ||(X, Y )T ||2 ≤

√
2

for a pair of matrices X and Y with 2-norms of at most one.

To deduce the two other bounds, observe that

RU = diag(Iρ, 0) + (0, ST U) diag(0, Ir),

RV = diag(Iρ, 0) + (0, T T V ) diag(0, Ir),

R−1
U = diag(Iρ, 0) +

(
0 −Uρ

0 Ir

)
diag(0, U−1

r ),

R−H
V = diag(Iρ, 0) +

(
0 −Vρ

0 Ir

)
diag(0, V −1

r ),
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the 2-norms of the matrices S, T , U , and V are equal to one, ||Uρ||2 ≤ ||U ||2 = 1

and ||Vρ||2 ≤ ||V ||2 = 1.

Theorem 6.4. [PIMRTYb]. Under the assumptions of Theorem 6.2, suppose that

σn−r ≤ 1 ≤ σ1. (6.1)

Then || diag(ΣA, Ir)||2 = ||A||2 and ||(diag(ΣA, Ir))
−1||2 = σn−r.

Proof. Immediate by inspection.

Corollary 6.2. [PIMRTYb]. Write

pr = ||R−1
U ||2||R

−1
V ||2 ≤ (1 +

√
2||U−1

r ||2)(1 +
√

2||V −1
r ||2).

Under bounds (6.1) and the assumptions of Theorem 6.2, suppose the matrices U

and V are unitary. Then

a) ||A||2/pr ≤ ||C||2 ≤ 1 + ||A||2 ≤ 2||A||2,

b) 1/(2σn−r) ≤ ||C−1||2 ≤ pr/σn−r, and

c) (cond2 A)/(2pr) ≤ cond2 C ≤ 2pr cond2 A.

Proof. Part a) follows immediately from part a) of Theorem 6.2 because ||C||2 ≤

||A||2 + ||UV T ||2 and ||UV T ||2 = 1 ≤ σ1 = ||A||2.

To prove part b), combine Corollary 6.1 with Theorems 6.3 and 6.4.

Part c) immediately follows from parts a) and b).

6.2.2 Small-norm perturbation of an AC and conditioning

Any ill conditioned matrix Ã is a small-norm perturbations of a singular matrix

A = Ã − E. To extend Corollary 6.2 to ill conditioned matrices Ã, it remains to

bound the estimates in the corollary in a small-norm perturbation A→ Ã.



6 SVD-FREE PRECONDITIONING 41

Theorem 6.5. [PIMRTYb]. Under the assumptions of Corollary 6.2, let the ma-

trix C̃ = C + E be nonsingular. Write δ = ||E||2, and δC = δ||C−1||2. Then the

following is true:

a) ||C̃||2 ≤ δ + ||C||2,

b) if δC < 1, then ||C̃−1||2 ≤ ||C−1||2(1 + (1− δC)−1δC), so that

cond2 C̃ ≤ (1 + (1− δC)−1δC)(1 + δ/||C||2) cond2 C, and

c) if the matrices C and E are Hermitian and nonnegative definite, then

||C̃−1||2 ≤ ||C−1||2, so that cond2 C̃ ≤ (1 + δ/||C||2) cond2 C.

Proof. Part a) is proved immediately, similarly to part a) of Corollary 6.2.

To prove part b), apply the SMW formula in Theorem 1.3 to the matrices

C + UV T = C̃, U = −E, and V = In and obtain that C̃−1 = C−1(In + E(In −

C−1E)−1C−1). Part b) follows from this equation and the assumption that δC =

δ||C−1||2 < 1.

Part c) follows because the matrix E = C̃ − C is nonnegative definite and the

matrix C is positive definite.

6.2.3 The impact of scaling APPs

Under the assumptions of Corollary 6.2, the ratio cond2 C
cond2 A

is not large unless the

product pr = ||U−1
r ||2||V −1

r ||2 is large. Moreover, by relaxing the assumption (6.1),

assume that σ1 = 1/θ ≥ σn−r or σ1 ≥ σn−r = θ for θ > 1, and ignore the resulting

dynamics in the factors of ||U−1
r ||2 and ||V −1

r ||, then the upper estimate 2pr on

this ratio in Corollary 6.2c would increase by the factor of θ. In some extensive

tests, the value of θ tended to be nicely bounded for random, well conditioned,

and consistently scaled APPs.
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For random unitary n×r matrices U and V , it is also possible to view the n×r

unitary matrices ST U and T T V in Theorem 6.2 as random, so that the norms of

the inverses of their r × r southern-most submatrices Ur and Vr are likely to be

reasonably bounded for smaller r. (If these norms are large, then cond2 C is large,

and if this had been detected, it is possible to resample the random matrices U

and V .)

To define consistent scaling the 2-norms of the matrix A and the APP UV T

must be estimated. The effective algorithms in [S98a, Section 5.3.3] compute quite

tight bounds on both norms ||A||2 and ||A−1||2. Here are some cruder low cost

bounds in [GV96, Section 2.3.2 and Corollary 2.3.2],

1 ≤ ||A||2
maxi,j |ai,j|

≤
√

mn,

1 ≤
√
||A||1||A||∞
||A||2

≤ (mn)1/4.
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7 Solving linear systems of equations with APPs

The results of this section are from [Pa]. A similar simplified approach had been

applied to computing determinants.

7.1 APCs and aggregation (a brief outline)

Assume a singular or ill conditioned nonsingular n × n input matrix A, an APP

UV T of a rank r < n, and a well conditioned nonsingular A-modification C =

A+UV T . Then next goal is to reduce the original computational problem with the

matrix A (such as the solution of linear systems of equations) to similar problems

with some matrices of smaller sizes (it had been called aggregates) Ir − V T C−1U .

These aggregation methods are natural descendants of the ones in [MP80], which in

the eighties evolved into the Algebraic Multigrid. Unlike [MP80], the aggregation

and disaggregation methods in [PIMRTYa] preserve matrix structure and, besides

decreasing the size of the input matrix, also improve its conditioning. If needed,

apply aggregation recursively until no ill conditioned matrices are involved in the

computations. The original numerical problems do not disappear, but it is possible

to confine them to the stages of computing certain sums and products and then

solve by applying the known effective ASAs.

To solve a linear system Ay = b it is possible to apply the Sherman–Morrison–

Woodbury formula from Theorem 1.3 (also see equation (7.1) in the next subsec-

tion). The formula reduces the problem to computing the r × r Schur aggregate

G = Ir − V T C−1U and the matrix UG−1V T where r is the rank of the APC UV T

and C = A+UV T is an A-modification. This reduction had been called the Schur

Aggregation.

The singular values of the Schur aggregate G can be estimated via the val-

ues σ1(C), σn(C), and the r smallest singular values of the matrix A. If the
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A-modification C is well conditioned, then cond2 G has the order of the ratio

σn−r+1(A)/σn(A). For some ill conditioned matrices A this ratio is not large.

Then numerical problems are confined to computing the matrix G, and counter

them by applying iterative refinement and the ASAs.

7.2 APCs and aggregation (some technical details)

The Schur Aggregation is defined by the SMW formula

A−1 = (C − UV T )−1 = C−1 + C−1U(Ir − V T C−1U)−1V T C−1 (7.1)

of Sherman, Morrison, and Woodbury from Theorem 1.3. The formula reduces a

linear system Ay = b to linear systems with the coefficient matrices C = A+UV T

and G = Ir − V T C−1U , the latter matrix being the Schur complement (Gauss

transform) of the block C in the block matrix(
C U
V T Ir

)
.

If the A-modification C is well conditioned, then the numerical problems in the

inversion of the matrix A are confined to the computations of and with the Schur

aggregate G.

Theorem 7.3 relates the singular values of the matrices A, C, and G to each

other. Suppose A is an n × n nonsingular matrix, U and V are n × r matrices,

n > r, and all singular values of the A-modification C = A + UV T lie in a line

interval [c−, c+] where c+ ≥ c− > 0. Then by Theorem 7.3 it is possible to have

c2
−σj(A

−1) − c− ≤ σj(G
−1) ≤ c2

+σj(A
−1) + c+ for j = 1, . . . , r. It follows that

cond2 G = σ1(G)/σr(G) has the order of the ratio σn−r+1(A)/σn(A) unless the

ratio c+/c− is large, that is, unless the A-modification C is ill conditioned.

If both ratios c+/c− and σn−r+1(A)/σn(A) are not large, then the matrix G =

Ir − V T C−1U is well conditioned, and so the only remaining numerical problem
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is the computation of this matrix. In this case if the matrix A is ill conditioned,

then the above bounds imply that the matrix G has a small norm. Consequently,

the most significant bits of some diagonal entries are cancelled when subtract

the matrix V T C−1U from the matrix Ir. However, it is possible to control the

computational errors by applying iterative refinement and the ASAs.

By post-multiplying the SMW formula (7.1) by a vector y it is possible to

reduce a linear system of equations Ay = b to some systems with the matrices C

(the A-modification) and G = Ir − V T C−1U (the Schur aggregate). We call this

reduction the Schur Aggregation.

For smaller values r one can readily solve linear systems with the matrix G

by applying the algorithms of the CG/GMRES type, even if the matrix is ill

conditioned [GV96, Sections 10.2–10.4], [BBCDDDEPRV93]–[V03], but the con-

ditioning of this matrix can become the central issue where r is large.

7.3 The norms and conditioning of the Schur complements

Next estimate the jth singular values of the matrix G−1, j = 1, . . . , r, in terms of

the singular values σj(A
−1), σ1(C), and σ1(C

−1).

Theorem 7.1. [Pb]. Let W denote an m× n matrix of full rank ρ = min{m,n}.

Write σ+(W ) = σ1(W ), σ−(W ) = σρ(W ). Then the following is true

σj(M)σ−(W ) ≤ σj(MW ) ≤ σj(M)σ+(W ) and

σj(N)σ−(W ) ≤ σj(WN) ≤ σj(N)σ+(W )

for j = 1, . . . , ρ and ρ× ρ matrices M and N .

Proof. Since singular values are invariant in multiplication by a unitary matrix, it

is sufficient to consider the case of a positive diagonal matrix W . In this case the

claimed bounds readily follow from the Courant–Fischer Minimax Characterization

[GV96, Theorem 8.1.2], [S98b, Theorem 3.3.2].
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The next theorem is a special case of [S98b, Theorem 3.3.3] where E = In.

Theorem 7.2. [Pb]. The following is true

σj(W )− 1 ≤ σj(W + In) ≤ σj(W ) + 1

for an n× n matrix W and for j = 1, 2, . . . , n.

Theorem 7.3. [Pb]. For positive integers n and r, a normalized n× n matrix A,

and a pair of unitary matrices U and V of size n × r, write C = A + UV T and

G = Ir−V T C−U . Suppose the matrices A and C = A+UV T have full rank ρ ≥ r.

Then the matrix G is nonsingular, and the following is true:

σj(A
−1)σ2

−(C)− σ−(C) ≤ σj(G
−1) ≤ σj(A

−1)σ2
+(C) + σ+(C)

for σ−(C) = σρ(C), σ+(C) = σ1(C) ≤ 2, σj(A
−1) = 1/σρ−j+1(A), j = 1, . . . , r.

Corollary 7.1. [Pb]. Under the assumption of Theorem 7.1 the following is true

cond2 G = cond2(G
−1) ≤ (cond2 C)

σ1(A
−1)σ+(C) + 1

σr(A−1)σ−(C)− 1
.

Suppose A is an n × n nonsingular normalized strictly (0, r) matrix with

r = nnul A and UV T is a random or pseudo random unitary APP of a rank r.

Then the values σn−j+1(A) are small for j ≤ r and not small for j > r, whereas

the value σn(C) is expected to be of the order of σn−r(A) >> σn−r+1(A). There-

fore, all singular values σr−j+1(G) = 1/σj(G
−1) for j = 1, . . . , r are expected

to be at most of the small order of σn−j+1(A) and, furthermore (cf. Corollary

7.1), the condition number cond2 G is expected to be of the order of at most

(cond2 C)2σn−r+1(A)/σn(A).

Thus the matrix G is expected to have a small norm and to be well conditioned

if A is a strictly (0, r) matrix.
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7.4 Solving linear systems with APCs
and iterative refinement

Assume that A and C are nonsingular n×n matrices and A is a normalized strictly

(0, r) matrix and choose an APPs UV T of rank r according to the mentioned

recipes. Equation (7.1) reduces a linear system Ay = b to linear systems with

the matrices C and G = Ir − V T C−1U . Suppose that these two matrices are well

conditioned and the norm ||G||2 is small, as expected due to Sections 6.2, [P04,

section 6] and Theorem 7.3.

Since the norm ||G||2 is small, it may seem that it is necessary to use a high pre-

cision when compute the matrices W = C−1U (or V T C−1) and V T C−1U ≈ Ir. We,

however, apply the iterative refinement in [GV96, Section 3.5.3], [S98a, Sections

3.3.4 and 3.4.5], and [H02, Chapter 11] to compute the matrix C−1U , choosing

its less customary variant with dynamically decreasing residuals. Furthermore, all

numerical problems had been reduced to the summation and apply the known ef-

fective advance algorithms for this operation, [DH03] and [PS91]. Hereafter, refer

to them as ASAs.

The customary iterative refinement algorithm would output approximation W ∗

to the matrix W = C−1U with less than double precision, but add to the output

values as many correct bits as possible, even though keep performing the compu-

tations with double precision.

Fix a sufficiently large integer k and approximate the matrices W =
∑k

i=0 Wi

and G = Ir−V T W = Ir +
∑k

i=1 Fi by writing U0 = U and G0 = Ir and successively

computing the matrices Wi ← C−1Ui, Ui+1 ← Ui − CWi, Fi ← −V T Wi, and

Gi+1 ← Gi + Fi for i = 0, 1, . . . , k.

First examine the rounding errors in the subiteration

U0 = U, Wi ← fl(C−1Ui) = C−1Ui − Ei, Ui+1 ← fl(Ui − CWi) = Ui − CWi + Zi
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for i = 0, 1, . . . , k.

Theorem 7.4. [Pb]. For the above subiteration, the following is true

C(W0 + · · ·+ Wk) = U + Z0 + · · ·+ Zk−1 − CEk.

Proof. Due to the assumed equations, the following is true

CWi = Ui + Zi − Ui+1, i = 0, 1, . . . , k − 1.

Sum the latter equations to obtain that

C(W0 + · · ·+ Wk−1) = U0 − Uk + Z0 + · · ·+ Zk−1.

Substitute the equations U0 = U and Uk = CWk+CEk and obtain the theorem.

The theorem implies that the sum W0 + · · · + Wk approximates the matrix

W = C−1U with the error matrix C−1(Z0 + · · · + Zk−1)− C−1Uk. Annihilate the

error term C−1(Z0 + · · · + Zk−1) by applying the ASAs to compute all residuals

Ui+1 = Ui − CWi with no rounding errors. (Facilitate this task by filling the

matrices U and V with shorter binary numbers (cf. Section 6.1.2).) Likewise

avoid rounding errors at the stages of computing the products Fi = −V T Wi and

the sums Gi+1 = Gi + Fi for i = 0, 1, . . . , k.

Actually only the matrix G is needed, and Theorem 7.3 defines a small upper

bound η on its norm if A is a strictly (0, r) matrix. Therefore, dealing with (0, r)

matrices A, expect to have Gi = 0 for i = 0, 1, . . . , k and a reasonably large

integer k. Surely, it is not needed to store such matrices Gi. Furthermore, at the

ith step of iterative refinement for i ≤ k it is possible to overwrite the matrices

Wi−1, Ui, and Fi−1 with their updates Wi, Ui+1, and Fi, to reduce the memory

space.

It remains to show that the error term C−1Uk+1 converges to zero as k → ∞.

Write ei = ||Ei||2 and ui = ||Ui||2 for all i.
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Theorem 7.5. [Pb]. Let Zi = 0 for all i. Then the following is true

Ui+1 = CEi and consequently ui+1 ≤ ei||C||2 for all i.

Proof. Pre-multiply the matrix equation Ei = C−1Ui −Wi by C and combine the

resulting equation with the equation Ui+1 − Ui + CWi = Zi = 0.

Lemma 7.1. [Pb]. Let C and C + E be two matrices of full rank. Then

||(C + E)−1 − C−1||2 ≤ ||(C + E)−1 − C−1||F

≤ 2||E||F max{||C−1||22, ||(C + E)−1||22}.

Proof. See [GV96, Section 5.5.5].

Corollary 7.2. [Pb]. Assume that Wi = (C − Ẽi)
−1Ui = C−1Ui − Ei. Then

ei ≤ δui where δ = δ(C, Ẽi) = 2||Ẽi||F max{||C−1||22, ||(C − Ẽi)
−1||22}.

Combine Theorem 7.5 and Corollary 7.2, and obtain that ui+1 ≤ θui for θ =

δ||C||2 for all i. Recall that U = U0 and summarize the estimates in the following

corollary.

Corollary 7.3. [Pb]. Under the above assumptions the following is true

ei ≤ δui ≤ δθi||U ||2 for i = 1, 2, . . . , k.

The corollary shows linear convergence of the error norms ei to zero as i→∞

provided θ < 1. This implies linear convergence of the matrices W0 + · · · + Wi to

W and, consequently, U0 + · · ·+ Ui to U , F0 + · · ·+ Fi to F , and Gi+1 to G.

Finally estimate the overall number of ops in the computations for a normalized

strictly (0, r) input matrix A provided the A-modification C = A + UV T is well

conditioned. In this case, the matrix G has 2-norm in O(1/ cond2 A), and yielding

this matrix G within the error norm ε by stopping in O((log cond2 A)/ log(1/ε))
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steps of iterative refinement. O(MA,r) double precision ops per step is needed and

therefore O((MA,r log cond2 A)/ log(1/ε)) double precision ops overall provided it

is possible to multiply the matrix A by an n × r matrix in MA,r ops and have a

crude approximation to the inverse matrix C−1. The computational cost is low for

smaller integers r.

Due to the equation ((C−)−1)−1 = A−1 + V UT , it is possible to express the

solution y to the linear system Ay = b as follows (cf. [Pb]),

y = z− V UTb, (C−)−1z = b. (7.2)

If the q-head of the SVD A = SΣT T , is known then it is possible to choose

Uq =

((
1

σ
− 1

σj

)
sj

)
j

, Vq = (tj)j for j = 1, . . . , q,

and obtain that

(C−)−1 =

ρ∑
j=q+1

σjsjt
T
j + σ

q∑
j=1

sjt
T
j

and

Iq + UT AV = σ−1 diag(σj)
q
j=1.
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8 Computation of determinants

8.1 Introduction comments

Next it is shown how application of the techniques of M- and A-preconditioning

in the previous section helps us to simplify the computation of determinants.

8.2 SVD-based MPPs for the signs and
the values of determinants

Rounding errors can easily ruin the results of the SVD-based computation of the

determinants, but briefly this subject will be recalled for the sake of completeness.

Suppose the determinant of a (g, h) matrix A available with the g-head and/or

h-tail of its SVD is needed. (g = 0 or h = 0 are the cases usually dealt with.)

Recall that det(A) = (det(B)) det(C) if A = BC as well as if A = diag(B, C),

apply Theorem 5.2, and obtain that

det(A) = (det(F0))

(∏̂
j

(σj

σ

))
/ det(S̃g,h),

det(A) = (det(F ′
0))

(∏̂
j

(σj

σ

))
/ det(T̃g,h),

det(A) = (det(F0,0))

(∏̂
j

(σj

σ

))
/((det(S̃g,h))(det(T̃g,h))).

Here the symbol
∏̂

j stands for the product in j ranging from 1 to g and from

n − h + 1 to n, and assume the definitions of Theorem 5.2 for r = l = 0 and

m = n = ρ, so that the matrices S̃g,h and T̃g,h from equations (1.6) are unitary,

σn−h ≤ σ ≤ σg, and the matrices F0, F ′
0, and F0,0, from the theorem 5.2, are

expected to be better conditioned than a (g, h) matrix A. Recall that | det(U)| = 1

for a unitary matrix U .

It could be possible to further simplify the computation of the sign of the

determinant. Namely, by recalling that σj > 0 for 0 < j ≤ ρ, det(Σ(g)) > 0, and
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det(Σh) > 0, it is possible to deduce from equations (1.7)–(1.9) for r = l = 0 that

sign det(A) =

sign det

 T (g)T

S
(ORT )T
g,h A

T T
h

 sign det(S̃g,h),

sign det(A) =
(
sign det(S(g), AT

(ORT )
g,h , Sh)

)
sign det(T̃g,h),

sign det(A) =
(
sign det(S

(ORT )T
g,h AT

(ORT )
g,h )

)
(sign det(S̃g,h)) sign det(T̃g,h)

where the unitary matrices S
(ORT )T
g,h , T

(ORT )T
g,h , S̃g,h, and T̃g,h are defined in Section

1.9 (see equations (1.5) and (1.6)).

The three equations above also hold in numerical computation of the sign unless

the rounding errors of computing the matrices

S̃g,h, T̃g,h,

 T (g)T

S
(ORT )T
g,h A

T T
h

 , (S(g), AT
(ORT )
g,h , Sh), and S

(ORT )T
g,h AT

(ORT )
g,h

exceed their smallest singular values. These values equal one for the unitary ma-

trices S̃g,h and T̃g,h and equal σn−h(A) for the three other matrices, whose norms

equal σg(A), provided σn−h(A) ≤ 1 ≤ σg(A).

8.3 APC-based factorizations for the determinants

The same APCs could be used for determinants as in Section 6.1. Apply the primal

and dual Schur Aggregation and the recursive dual Schur Aggregation in Section

7 but substantially simplify them by using the factorization

det(A) = (det(C)) det(Ir − V T C−1U)

in (1.4) for C = A+UV T . Seeking the sign of the determinant it could be safely to

stop wherever the rounding errors in computing the auxiliary matrices are smaller

than their smallest singular values.

By that way, if C is a well conditioned matrix, this study task is reduced to

computing
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• the r × r matrix G = Ir − V T C−1U (known as the Gauss transform of the

matrix W and as the Schur complement of its block C [GV96, pages 95,103]

(for r < n it has been called an A-aggregate of the matrix A (cf. [MP80])),

and

• det G.
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9 Advanced summation and multiplication

In this section some effective semi-numerical summation/multiplication algorithms

from [PMQRa] will be covered, hereafter referred to as ASAs, that is, the advanced

algorithms for floating-point summation and multiplication, which yield a high

precision or error-free output for a sequence of double precision additions, subtrac-

tions, and multiplications, even where many leading significant bits of the output

are cancelled. The algorithms employ and extend the known algorithms in [H02],

[LDB02], [DH03], [ORO05], [ROO06], and the extensive bibliography therein.

We employ these algorithms for high precision computation of the Schur com-

plements G = Ir − V T C−1U . We use Matlab-like notation [M04] to reproduce

(for completeness) three old basic ASAs used as building blocks in the advanced

algorithms in [ORO05], [ROO06]. Assume the IEEE standard representation of

floating-point numbers as s = σ2ef where σ is equal to −1 or one, e is an integer in

a fixed range [1−r, r] for a fixed natural r, and f is either zero or a binary number

in the range [1, 2) represented with p+1 bits, including the leftmost bit one, which

is the leading and most significant bit. In particular r = 127 and p = 23 for the

single precision IEEE standard floating-point numbers and r = 1023 and p = 52

for the double precision IEEE standard floating-point numbers.

9.1 Splitting of a floating-point number into two parts

The floating-point multiplication algorithm by Veltkamp employs splitting of a

floating-point number into two parts by Dekker. Both algorithms appeared in

[D71]. Assuming that g is an integer, 0 < g ≤ p.
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Algorithm 9.1. Splitting of a floating-point number into two parts.

function[x, y] = Split(a)

c = fl(factor · a) % factor = 2g + 1

x = fl(c− (c− a))

y = fl(a− x)

9.2 Transformation of the product of two floating-point
numbers

The shorter precision numbers x and y satisfy the equation a = x2g + y. Under

the common assumption that 0 ≤ dp/2e − g ≤ 1, these are the half-precision

numbers. For any integer g, the output value y = a mod 2g =
∑

i<g ai is the

residue modulo 2g of a binary number a =
∑

i≤e ai, ae = 1, obtained by zeroing all

its bits that represent the powers 2i for i ≥ g. Algorithm 9.1 also computes the

remaining leading part x = (a− y)/2g in the binary floating-point representation

of the number a. a = 2gx for g < e− p − 1 where a =
∑e

i=e−p−1 ai and a = y for

g > e.

Algorithm 9.2. Transformation of the product of two floating-point num-

bers.

function[x, y] = TwoProduct(a, b)

x = fl(a · b)

[a1, a2] = Split(a)

[b1, b2] = Split(b)

y = fl(a2 · b2 − (((x− a1 · b1)− a2 · b1)− a1 · b2))

The output floating-point numbers x and y satisfy the equation a·b = x+y and

x = fl(a · b), so that the two latter algorithms reduce multiplication to addition.
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9.3 Error-free transformation of the sum of two floating-
point numbers

Similarly, the Knuth’s algorithm of 1969 [K98] below transforms two input floating-

point numbers a and b into two output floating-point numbers x and y such that

a + b = x + y and x = fl(a + b).

Algorithm 9.3. Error-free transformation of the sum of two floating-

point numbers

function[x, y] = TwoSum(a, b)

x = fl(a + b)

z = fl(x− a)

y = fl((a− (x− z)) + (b− z))

The Kahan–Babušhka’s and Dekker’s algorithm [B69], [D71] outputs the same

solution for the same problem provided |a| ≥ |b|. It uses fewer ops but includes

branches, which slow down the code optimization.

By combining the summation and multiplication algorithms, one can handle

the sequences of ring operations, in particular the dot product computation. The

computations boil down to summation of many numbers. The reader could be

refereed to [ORO05], [ROO06] on the detailed analysis of this approach and to

other cited bibliography on other successful techniques.

One can extend either of the two cited summation algorithms to floating-point

summation of h numbers for any h by applying the Kahan–Babuška cascaded

summation [H02]. Its variant in [ORO05] uses the Knuth’s basic algorithm and

approximates the sum
∑T

i=1 si of h numbers with an error of at most (h/(2p −

h))
∑h

i=1 |si| (cf. [ORO05, Lemma 4.2]).
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Even the above algorithms, however, are not sufficient for the task, where

having |s| = |s1 + · · · + sh| << |s1| + · · · + |sh|, and then applying some more

involved algorithms from [PMQRT], which approximate the sums with arbitrarily

high precision.
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10 Numerical tests

for signs of determinants with APPs

The following tasks need to be answered:

• Check if the approach of section 4.2 is also valid or is corrupted by rounding

errors in the hard cases.

• Compare the results with Matlab results and theoretically with symbolic

methods.

• How much of symbolic computation, within arithmetic filtering, is needed?

• The choice of highly accurate numerical floating-point algorithms for sums

and products (see sections 7.4, 9, [ROO06], [LDB02], [H02], [PIMRT07] and

[PIMRTYa]).

The signs of the determinants of nonsingular matrices A = PML have been

computed, where P denoted permutation matrices, each swapping k random pairs

of the rows of the matrix A, and where L and MT denoted random n × n lower

triangular matrices with unit diagonal entries and with integer subdiagonal entries

randomly sampled from the line intervals [−γ, γ] for a fixed positive γ. It followed

that det(A) = (−1)k. Such matrices for k = 2n and k = 2n− 1 and for γ ≥ 5, 000

have been generated.

Both numerical subroutines in Matlab and the algorithm based on factorization

(1.4) were applied.

To generate random APPs,

• first a positive integer r was fixed,

• then two random n × r unitary matrices were generated, their entries trun-

cated to represent them with 20 bits precision, thus obtaining two matrices
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Ũ and Ṽ .

• then computing and scaling the matrix Ũ Ṽ T of rank r to yield an APP

UV T = 2dŨ Ṽ T

for an integer d such that 1/2 < θ = ||UV T ||2/||A||2 ≤ 2 (cf. Section 6.2.3).

First assume that an APC UV T of rank one transforms an ill conditioned

matrix A into a well conditioned A-modification C = A+UV T . For this large and

important class of input matrices A and APCs UV T , det G = G = 1 − V T C−1U

is a scalar. Its numerical computation, however, is a challenge because the value

|G| is very small under the above assumptions, as follows from the Theorem 7.3

for r = 1. Consequently, the value V T C−1U is very close to one and must be

computed with a high precision.

The problem and its solution are quite similar in the more general case where

the ratios σ1(A)/σn−r(A) and σn−r+1(A)/σn(A) are not large, but the matrix A is

ill conditioned because σn−r >> σn−r+1. In this case it could be possible to obtain

a well conditioned A-modification C = A + UV T for an appropriate APC UV T of

rank r > 1 (see [PIMRTYa]).

The numerical subroutines in Matlab performed poorly for matrices of the se-

lected class. They lost the competition in accuracy not only to the slower symbolic

subroutines in MAPLE but also to numerical tests using the algorithms given

above. Already for n = 4 and γ = 5, 000, Matlab’s numerical outputs had the

wrong sign in over 45% out of 100,000 runs and were off from the true value of

det A by a factor of two or more in over 99% of the runs, whereas the algorithms

given above produced correct output in over 99% of the runs for substantially

larger n and γ.
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[BEPP99] H. Brönnimann, I. Z. Emiris, V. Y. Pan, S. Pion, Sign Determination
in Residue Number Systems, Theoretical Computer Science, 210, 1,
173-197, 1999. Proceedings Version in Proc. 13th Ann. ACM Symp.
on Computational Geometry, 174-182, ACM Press, New York, 1997.
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