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Abstract

Soft-photon Analysis of Pion-proton Bremsstrahlung 

and the Magnetic Moment of A(1232)

by

Dahang Lin

Adviser : Professor MingKung Liou

We have r i g o r o u s l y  d e r i v e d  a  s p e c i a l  tw o-ene rgy - tw o-ang le  am p l i t u d e  
♦

f o r  the  n 'p y  p roce s s  n e a r  t h e  A(1232) re sonance .  In o r d e r  t o  t a k e

i n to  account  b rem ss t r ah lung  em is s io n  from an i n t e r n a l  A l i n e  w i th  bo th

charge  and the  anomalous magnet ic  moment A(A. f o r  the  A++ and A ’ f o rA A
the  A°), we have a p p l i e d  a  r a d i a t i o n  decompos i t ion  i d e n t i t y  t o  modify 

Low’ s s t a n d a r d  p r e s c r i p t i o n  f o r  c o n s t r u c t i n g  a s o f t - p h o t o n  ampl i tude .  

We have a l s o  used th e  s p e c i a l  tw o-ene rgy - tw o-ang le  a m p l i tude  to
f

c a l c u l a t e  a l l  n py c r o s s  s e c t i o n s  which can  be compared w i th  the

expe r im en ta l  da ta .  T read ing  A a s  a f r e e  pa ram ete r  in  t h e s e

c a l c u l a t i o n s ,  the magnet ic  moments o f  the  A, p.  f o r  the  A++ and p ’ f o rA A
th e  A° , have been e x t r a c t e d  from the  UCLA d a t a  and the  SIN d a ta .  The

ave rage  va lue  o f  p.  de te rmined  from th e  exp e r im e n ta l  d a t a  isA
4.35e/(2nip)  (m^ i s  the  p ro to n  mass) ,  which i s  i n  good agreement  wi th  

the  va lue  4 .25  e /(2m^)  p r e d i c t e d  by a  m odif ied  SU(6) model. The



a ve rage  va lue  o f  p . ’ de te rmined  from the  e xpe r im en ta l  d a t a  i s  0 . 5A
e/(2n>p) , which i s  in  accord  wi th  the  va lue  p r e d i c t e d  by th e  SU(6)

model. F i n a l l y ,  we show t h a t  the  o v e r a l l  agreement  between t h e o r y  and

experiment  i s  e x c e l l e n t  i f  t he  s p e c i a l  tw o-ene rgy - tw o-ang le  a m p l i tude

i s  used in  the  c a l c u l a t i o n  w i th  t h e  e x t r a c t e d  p.  ( o r  p . ’ ) a s  a  inpu t .A A
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I . I n t r o d u c t  ion

H i s t o r i c a l l y ,  the  most impor tan t  r ea s o n  f o r  s t u d y i n g  the  r a d i a t i o n

accompanying a s c a t t e r i n g  p roce s s  has been to  i n v e s t i g a t e  the

o f f - s h e l l  behav io r  o f  the  p roces s ;  in fo r m a t io n  which i s  not  a v a i l a b l e

in the  p roce s s  i t s e l f .  In 1963, f o r  example,  Sobel  and Cromer*

s u g g e s t e d  t h a t  nuc leon-nuc leon  b rem s s t r a h lu n g  would be an i d e a l  ( th e

s i m p l e s t  and the most d i r e c t )  p r o c e s s  f o r  i n v e s t i g a t i n g  the  o f f - s h e l l

be ha v io r  o f  the  two-nucleon  i n t e r a c t i o n .  They in t r o d u c e d  a

n o n r e l a t i v i s t i c  p o t e n t i a l  model c a l c u l a t i o n  in  which th e  n u c l e a r

i n t e r a c t i o n  i s  t r e a t e d  e x a c t l y  by u s ing  a  phenomenological  p o t e n t i a l

and the  e l e c t r o m a g n e t i c  i n t e r a c t i o n  I s  t r e a t e d  on ly  t o  f i r s t  o r d e r  as

a p e r t u r b a t i o n .  S ince  v a r i o u s  phenomenological  p o t e n t i a l s ,  which a r e

e q u i v a l e n t  on the  energy  s h e l l ,  can be used t o  g e n e r a t e  the

h a l f - o f f - s h e l 1 T -m a t r ix  e lem en ts ,  d i f f e r e n t  p o t e n t i a l s  can  be

d i s t i n g u i s h e d  by b rem ss t r a h lung  measurements.  When t h e o r e t i c a l

p r e d i c t i o n s  a r e  compared wi th  the  exp e r im e n ta l  measurements ,  the  bes t
2p o t e n t i a l  may be s e l e c t e d .

In a d d i t i o n  to  the  s tu d y  o f  the  o f f - s h e l l  e f f e c t s ,  t h e r e  a r e  

s e v e r a l  a r e a s  in  which one hopes t o  use the  r a d i a t i o n  accompanying 

c e r t a i n  p r o c e s s e s  t o  o b t a i n  s p e c i f i c  i n f o r m a t io n  about  t h e s e  

p r o c e s s e s .  The use of  b rem s s t r a h lu n g  em is s io n  as  a  t o o l  f o r  

i n v e s t i g a t i n g  n u c l e a r  r e a c t i o n s  i s  a  wel l-known example.  Th is  idea
3

was f i r s t  proposed  by E i sberg ,  Yennie and Wilk inson  in  1960 . T h e i r  

c l a s s i c a l  t r e a tm e n t  was ex tended  l a t e r  t o  a  quantum mechanical
4

t r e a tm e n t  by Feshbach and Yennie . The th e o r y  behind t h i s  idea  i s  

ve ry  s imple.  B r i e f l y ,  the  am pl i tude  which r e p r e s e n t s  t h e  photon



- 2 -

e m is s io n  b e f o r e  n u c l e a r  s c a t t e r i n g  and the  am p l i tude  which r e p r e s e n t s

the  photon e m is s ion  a f t e r  s c a t t e r i n g  add c o h e r e n t l y .  S ince  t h e s e  two

a m p l i t u d e s  d i f f e r  in  phase by uz  (w  i s  the  r a d i a t i o n  f r e q u e n c y  and t

i s  the  t ime  d e l a y ) ,  t h e  b rem ss t r a h lung  c r o s s  s e c t i o n  e v a l u a t e d  from

t h e s e  two a m p l i tude s  (and an i n t e r n a l  ampl i tude  o b t a i n e d  th rough  the

gauge i n v a r i a n t  c o n d i t i o n )  w i l l  c o n t a i n  an i n t e r f e r e n c e  term which

depends upon the  t ime d e l a y  t . For small  v a lu e s  o f  uz,  one o b t a i n s  a

t y p i c a l ,  smooth b rem s s t r a h lu n g  spect rum wi th  1/k dependence (k i s  the

photon  ene rgy ) .  As wx i n c r e a s e s ,  the  i n t e r f e r e n c e  between th e  two

a m p l i tu d e s  i s  a l t e r e d ,  c a u s in g  a  change in  the  b r e m s s t r a h lu n g

spect rum.  In o t h e r  words, the  b rem s s t r a h lu n g  spec t rum w i l l  show

s t r u c t u r e  when a  l o n g - l i v e d  r e s o n a n t  s t a t e  i s  formed. A q u a n t i t a t i v e

measurement of  t h e  b rem s s t r a h lu n g  c r o s s  s e c t i o n  can  th e n  p ro v id e  a

measure o f  the  t ime de la y .  Th is  in fo r m a t io n  about  t h e  t ime d e l a y  can

be used to  d i s t i n g u i s h  unambiguously between a  d i r e c t  n u c l e a r  r e a c t i o n

and a  compound n u c l e a r  r e a c t i o n .  A s e r i o u s  a t t e m p t  t o  measure the

12p r o to n - c a r b o n  b rem s s t r a h lu n g  (p Cy ) c r o s s  s e c t i o n s  n e a r  t h e  1 .7 -  and

0.5-MeV res o n a n c e s  and to  e x t r a c t  u s e f u l  i n fo r m a t io n  about  t h e  t ime

5 6 7d e l a y  was made by the  Bologna group , t he  Brooklyn group ’ and the
g

Tokyo group . Each group has  c l e a r l y  obse rved  the  r e s o n a n t  s t r u c t u r e ,

-20and a  d e l a y  t ime of  t h e  o r d e r  o f  10 second has  a l s o  been e x t r a c t e d
g

from th e  measured r e s o n a n t  s t r u c t u r e  .

Another  impor tan t  a p p l i c a t i o n  o f  b rem s s t r a h lu n g  p r o c e s s e s  i s  to

s t u d y  the  e l e c t r o m a g n e t i c  p r o p e r t i e s  o f  r e sonances .  A t y p i c a l  example
+

i s  t h e  s t u d y  o f  p i o n - p r o to n  b rem ss t r a h lung  (n py ) in  t h e  r e g i o n  of  

th e  A(1232) resonance  which was o r i g i n a l l y  s u g g e s t e d  f o r  i n v e s t i g a t i n g
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the  e l e c t r o m a g n e t i c  m u l t ip o l e  moments of  t h e  A(1232) resonance .
+

The idea  o f  u s ing  the  n py p r o c e s s e s  to  de te rm ine  the

e l e c t r o m a g n e t i c  m u l t ip o l e  moments o f  the  A resonance  was f i r s t

proposed  by Kondratyuk and Ponomarev10 in 1968. I t  i s  wel l-known t h a t

the  magnet ic  moment o f  the  A(1232) cannot  be measured by the

c o n v e n t io n a l  s p in  p r e c e s s i o n  or  a tomic x - r a y  methods because  o f  the

s h o r t  l i f e  t ime of  t h e  A. The b rem s s t r a h lu n g  method works a s  fo l low s :  
+

One measures  the  n py c r o s s  s e c t i o n  as  a  f u n c t i o n  o f  the  pho ton energy

k a t  an i n c i d e n t  k i n e t i c  energy  about  the  r esonance .  I f  t h i s  i n c i d e n t

k i n e t i c  energy  i s  v e ry  f a r  from the  resonance ,  one o b t a i n s  a  t y p i c a l

b rem s s t r a h lu n g  spect rum wi th  a  c h a r a c t e r i s t l c  1/k dependence s i n c e  the

c o n t r i b u t i o n  from th e  resonance  e f f e c t  i s  sm a l l .  In the  v i c i n i t y  o f

the  resonance ,  however, such  e f f e c t s  become s i g n i f i c a n t  and one

e x p e c t s  a  r e sona n t  s t r u c t u r e  t o  appear  in  t h e  b rem s s t r a h lu n g  spect rum,

which can  be used to  e x t r a c t  the  magnet ic  m u l t i p o l e  moments o f  the  A

resonance .  Hoping to  see  such s t r u c t u r e  due to  the r esona nc e ,  an

11e xpe r im e n ta l  group a t  UCLA used 19 photon c o u n t e r s  a t  many d i f f e r e n t
+

a n g le s  t o  measure the  n py spectrum a t  t h r e e  bombarding e n e r g i e s  f o r  
+ —

each  of  t h e  n and n beams. As a  r e s u l t ,  108 s p e c t r a  were o b t a in e d ,  

bu t ,  s u r p r i s i n g l y ,  no r esonan t  s t r u c t u r e  was c l e a r l y  obse rved  in  t h e s e  

s p e c t r a .  Except f o r  some c a se s  wi th  bad s t a t i s t i c a l  accu ra cy ,  most o f  

them e x h i b i t  a s imple  1/k dependence,  implying v e ry  l i t t l e  

c o n t r i b u t i o n  from the  resonance.

I t  was t h es e  unexpected  expe r im en ta l  r e s u l t s  t h a t  r u l e d  ou t  most of  

the  t h e o r e t i c a l  c a l c u l a t i o n s .  The l a r g e  d i s c r e p a n c y  between the  UCLA 

d a t a  and most o f  the  t h e o r e t i c a l  p r e d i c t i o n s  has encouraged  two o t h e r
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12 13e xpe r im e n ta l  groups,  the  SIN group and the  CERN group , to  o b t a i n

new expe r im en ta l  r e s u l t s  which a g a in  confi rm  th e  o b s e r v a t i o n s  o f  the

UCLA experiment .  I t  has  a l s o  encouraged  t h e o r i s t s  to  s e a r c h  f o r  a

fundamental  t h e o r y  which can be used not  on ly  f d e s c r i b e  the

e xpe r im e n ta l  o b s e r v a t i o n s  but  a l s o  to  e x t r a c t  the  magnet ic  moment o f  
+

the  A from the  n py da ta .

Among v a r i o u s  t h e o r e t i c a l  models and a pp rox im a t ions  proposed  d u r in g

the  pas t  t h r e e  decades  f o r  b rem s s t r a h lu n g  c a l c u l a t i o n s ,  the  most

impor tant  and commonly used app rox im at ions  a r e  the  s o f t - p h o t o n

a pprox im at ion  (o r  the  model independent  a p p ro x im a t io n s ) .  The

s o f t - p h o t o n  a pprox im at ions  a r e  based upon a  fundamental  theorem, known

a s  t h e  s o f t - p h o t o n  theorem o r  t h e  low-energy theorem f o r  photons .  I t

14was f i r s t  d e r i v e d  by Low and was ex tended  l a t e r  by Adler  and

15Dothan This  theorem s t a t e s  t h a t  the  f i r s t  two terms in  the  s e r i e s  

expans ion  o f  t h e  b rem s s t r a h lu n g  am pl i tude  ( o r  d i f f e r e n t i a l  c r o s s  

s e c t i o n )  i n  powers o f  t h e  photon energy  k may be c a l c u l a t e d  e x a c t l y  in  

t erms o f  the  c o r r e s p o n d in g  e l a s t i c  ampl i tude  and th e  e l e c t r o m a g n e t i c  

c o n s t a n t s  o f  the  p a r t i c i p a t i n g  p a r t i c l e s .  Thus, the  theorem p r o v id e s  

a  method f o r  c o n s t r u c t i n g  an approximate  b r e m s s t r a h lu n g  ampl i tude ,  

which can be used to  c a l c u l a t e  the  b r e m s s t r a h lu n g  c r o s s  s e c t i o n  in  

terms o f  t h e  c o r r e s p o n d in g  e l a s t i c  ampl i tude .

However, the  s o f t - p h o t o n  theorem s t a t e s  n o th in g  about  t h e  energy  

and the  s c a t t e r i n g  a ng le  a t  which the  e l a s t i c  am p l i tude  shou ld  be

e v a lu a t e d .  S ince  t h e r e  a r e  two d i f f e r e n t  e n e r g i e s  ( t h e  i n i t i a l  

e ne rgy  V s .  and th e  f i n a l  ene rgy  V s^ )  and two d i f f e r e n t  s c a t t e r i n g  

a n g le s  ( de te rm ined  from t  and t  , q u a n t i t i e s  s . ,  s  , t  , and t  w i l l
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be d e f i n e d  in  s e c t i o n  I I .  ) which can be d e f i n e d  f o r  any

b r e m s s t r a h lu n g  p r o c e s s ,  the  e l a s t i c  am pl i tude  can be e v a l u a t e d  a t  any 

l i n e a r  combina t ion  o f  s .  and s„  [s  = (a s  +/3s ) / ( a + £ )  ] and any l i n e a r1 I ocp 1 I

com bina t ion  of  t  and t [ t  , „ , = ( a ’ t +0’ t  ) / ( a ’ +0’ ) ] ^ .  Th is  i s  the  
P q «  3  P q

t h e o r e t i c a l  ambigu i ty  invo lved  in  u s in g  t h i s  theorem, and t h i s

a m b igu i ty  impl ie s  t h a t  the  p r e s c r i p t i o n  used to  c o n s t r u c t  an

approx im ate  b rem ss t r ah lung  am p l i tude  i s  by no means unique .

Var ious  s o f t - p h o t o n  a m p l i tude s ,  which a r e  c o n s i s t e n t  wi th  the

s o f t - p h o t o n  theorem, have been c o n s t r u c t e d  by u s in g  Low’s

p r e s c r i p t i o n .  Low’s p r e s c r i p t i o n  in v o lv e s  the  f o l l o w i n g  s t e p s  : (A)

O b ta in  t h e  e x t e r n a l  ampl i tude ,  M̂", from th e  f o u r  e x t e r n a l  em is s io n
P

diag rams and expand in  powers of  k. (B) Impose t h e  gauge i n v a r i a n t

c o n d i t i o n ,  M rkM = -f^k*1, t o  o b t a i n  the  l e a d in g  term ( o r d e r  k°) o f  the  
P M

i n t e r n a l  ampl i tude ,  M1 . (C) Combine and M* to  o b t a i n  t h e  t o t a lP p p
b r e m s s t r a h lu n g  ampl i tude ,  M . The f i r s t  two terms  o f  t h e  expa n s io n  ofP
M̂ , which a r e  independent  o f  the  o f f - s h e l l  e f f e c t s ,  d e f i n e  a

s o f t - p h o t o n  am pl i tude .  Depending upon how many e n e r g i e s  and

s c a t t e r i n g  a n g le s  a r e  involved ,  s o f t - p h o t o n  a m p l i t u d e s  have been

16d i v i d e d  i n t o  the  f o l l o w in g  c l a s s e s :  (1) t h e  o n e - e n e r g y -o n e -a n g l e

(OEOA) approx im at ion ,  which in c lu d e s  Low’s  o r i g i n a l  s o f t - p h o t o n  

14app ro x im a t io n  , t h e  e x te r n a l - e m is s io n -d o m in a n c e  (EED) a pp rox im a t ion

17o f  Nefkens and Sober , and the  modif ied  s o f t - p h o t o n  a p p ro x im a t io n  o f

18Nut t ,  Liu and Liou , ( i i )  t h e  o n e -e n e r g y - tw o - a n g le  (OETA)

app ro x im a t io n  ( i i i )  the  tw o-ene rgy -one -ang le  (TEOA) a pprox im at ion ,

4 19which in c lu d e s  t h e  Feshbach-Yennie a pprox im at ion  (FYA) ’ , ( i v )  the

tw o-ene rgy - tw o-ang le  (TETA) approx im at io n ,  which i n c l u d e s  the
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20 21 Flscher-Mlnkowski  approx im at io n  (FMA) , H e l l e r ’ s  app ro x im a t io n  , and

22Ding-Lin-Liou  approx im at ion  , and (v) o t h e r  a pp rox im a t ions .

16 22Recent s t u d i e s  ’ show t h a t  the  OEOA and OETA ap p ro x im a t io n s  have
+ 12f a i l e d  t o  a d e q u a te ly  d e s c r i b e  the  rr py and p Cy da ta .  The combined 

+ 12
n py and p Cy d a t a  can on ly  be d e s c r i b e d  by s p e c i a l  two-energy  

am p l i t u d e s  ( i . e . ,  tho se  a m p l i tude s  which depend upon two s p e c i a l  

e n e r g i e s ,  the  i n i t i a l  ene rgy V s^ and the  f i n a l  ene rgy  V s^  ).

Moreover, TETAS ampl i tudes  ( i . e . ,  t h e  s p e c i a l  tw o - ene rgy - tw o-a ng le  

a m p l i t u d e s  which depend upon two s p e c i a l  e n e r g i e s  and two s p e c i a l  

s c a t t e r i n g  a n g le s )  a r e  found to  g ive  t h e  b e s t  f i t  to  the  combined 

da ta .

The TETAS a m pl i tudes  have been i n v e s t i g a t e d  by F i s c h e r  and

20 21 22 Minkowski , by H e l l e r  , and most r e c e n t l y  by Ding, Lin and Liou

The am pl i tude  o b ta in e d  by H e l l e r  has  ignored  th e  c o n t r i b u t i o n s  from

th e  magnet ic  moment o f  p r o to n  and th e  magnet ic  moment o f  t h e  A(1232),

whi le  t h e  ampli tude  o f  Ding-Lin-Liou  i n c l u d e s  t h e s e  c o n t r i b u t i o n s

g e n e ra t e d  from the  magnet ic  moment o f  p r o ton .  Both a m p l i t u d e s  can be

+  12s u c c e s s f u l l y  a p p l i e d  t o  d e s c r i b e  the  combined 7t py and p Cy d a t a ,  but

n e i t h e r  o f  them can be used to  de te rm ine  th e  magne t ic  moment o f  the  A 
+

from the  tt py da ta .  Let  us e x p l a i n  t h i s  p o i n t  more p r e c i s e l y .  As we 

know, b rem ss t r ah lung  e m is s ions  from t h e  i n t e r n a l  A++ l i n e ,  f o r  

example,  involve  two s o u rc e s  : one c o n t r i b u t i o n  comes from th e  charge  

o f  the  A++ and a n o th e r  c o n t r i b u t i o n  i s  due t o  t h e  magnet ic  moment o f  

the  A++. Low’s p r e s c r i p t i o n  cam be a p p l i e d  t o  f i n d  th e  e x p r e s s i o n  f o r  

the  charge  c o n t r i b u t i o n .  (The e x p r e s s i o n s  f o r  t h e  c ha rge  c o n t r i b u t i o n  

o b t a i n e d  in  Refs.  20, 21 auid 22 aire a l l  i d e n t i c a l  even though the
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e x p r e s s i o n s  a r e  w r i t t e n  in d i f f e r e n t  fo rm s . )  But i t  i s  ve ry  d i f f i c u l t  

to  o b t a i n  the  e x p r e s s i o n  f o r  the  magnet ic  c o n t r i b u t i o n  by u s in g  Low’s 

p r e s c r i p t i o n .  Th is  i s  because the  magnet ic  c o n t r i b u t i o n  i n v o lv e s  an

Important  term which depends upon the  anomalous magnet ic  moment o f  the

+ + 23A , A^, and t h i s  A^-dependent  term i s  s e p a r a t e l y  gauge i n v a r i a n t

( I f  i s  the  A^-dependent  term which i s  s e p a r a t e l y  gauge i n v a r i a n t ,

then  we have M^K^=0. In t h a t  c a se ,  cannot  be d e r i v e d  from the

e x t e r n a l  am p l i tude  by imposing the  gauge i n v a r i a n t  c o n d i t i o n .

Imposing the  gauge i n v a r i a n t  c o n d i t i o n  to  de te rm ine  the  l e a d in g  term

of  the  i n t e r n a l  am pl i tude  i s  the  most impor tan t  s t e p  in  Low’s

p r e s c r i p t i o n . )  This  e x p l a i n s  why a  s o f t - p h o t o n  am p l i tude  which t a k e s

i n to  accoun t  photon em is s ion  from the  A++ ( i n c l u d i n g  bo th  t h e  charge

c o n t r i b u t i o n  and the  magnet ic  c o n t r i b u t i o n )  has  never  b e f o r e  been

c o n s t r u c t e d .  Since t h e  am p l i t u d e s  o b t a i n e d  b e f o r e  do not  have the

A -dependen t  term,  t h e s e  a m p l i tude s  cannot  be used to  e x t r a c t  A. or  A A
t he  magnet ic  moment o f  the  A++ from the  n+py d a ta .

+
In t h i s  t h e s i s ,  we focus  our  s tu d y  on the  n py p r o c e s s e s  n e a r  the

A(1232) resonance .  The major  c o n t r i b u t i o n  o f  our  s tu d y  ( some o f  our
23

r e s u l t s  have a l r e a d y  been p u b l i s h e d  ) can be summarized a s  fo l l o w s :

( i )  A s o f t - p h o t o n  b rem ss t r a h lung  am p l i tude  in  the  s p e c i a l  

tw o-ene rgy - tw o-a ng le  (TETAS) a pprox im at ion  has been d e r i v e d  f o r  the  

n py p r o c e s s e s  nea r  t h e  A(1232) resonance .  The am p l i tude  i n c l u d e s  

bo th  the  e x t e r n a l  am p l i tude ,  which t a k e s  i n t o  account  photon  em is s io n s  

from the  p ions  and p ro to n s  (wi th  c ha rge  and magnet ic  moment), and the  

i n t e r n a l  am pl i tude ,  which r e p r e s e n t s  photon e m is s io n s  from the  

i n t e r n a l  A - l in e .  S ince  Low’s o r i g i n a l  p r e s c r i p t i o n  cannot  be used to
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o b t a i n  an i n t e r n a l  c o n t r i b u t i o n  which i s  s e p a r a t e l y  gauge i n v a r i a n t

( t h e  A^-dependent  term),  we have deve loped a  modif ied  p rocedure  to

23c o n s t r u c t  the  TETAS am pl i tude  which in c lu d e s  the  A -dependent  termA

The f i r s t  s t e p  in  t h i s  new procedure  i s  e x a c t l y  t h e  same a s  Low’ s

o r i g i n a l  p r e s c r i p t i o n ,  i . e . ,  to  o b t a i n  t h e  e x t e r n a l  ampl i tude  and

to  expand I t  in powers o f  photon energy  k. The second s t e p  Is  to

o b t a i n  an i n t e r n a l  c o n t r i b u t i o n  , which r e p r e s e n t s  photon  e m is s ion

from the  i n t e r n a l  A - l in e ,  and to  s p l i t  i n to  f o u r  q u a s i e x t e r n a l

24am p l i t u d e s  by u s ing  a  g e n e r a l i z e d  Brodsky-Brown i d e n t i t y .  The t h i r d
Q

s t e p  is  t o  o b t a i n  an a d d i t i o n a l  gauge i n v a r i a n t  term by imposing

the  gauge i n v a r i a n t  c o n d i t i o n ,  MG k^ = -  k^. Here, + M̂ .
P P P P P

The l a s t  s t e p  i s  to  o b t a i n  the  t o t a l  ampl i tude  by combining

wi th  : M =M^ + . The f i r s t  two terms o f  t h e  expa ns ion  o f  M ,p p p p p

which can be w r i t t e n  in  terms of  t h e  comple te  e l a s t i c  T -m a t r ix ,  d e f i n e

the  TETAS ampl i tude .

( i i )  Using the  TETAS ampl i tudes  o b t a i n e d  in  ( i ) ,  we have de te rmined

the  magnet ic  moments o f  t h e  A++, p . ,  and th e  A°, u . ’ , from th e  7r+pyA A

and the  n py d a t a ,  r e s p e c t i v e l y .  Our work r e p r e s e n t s  the  f i r s t

s u c c e s s f u l  a t t empt  to  e x t r a c t  p^ and by f i t t i n g  t o  more t h a n  85%
+

of  t h e  a v a i l a b l e  expe r im en ta l  7i”py da ta .  We have a l s o  demons t ra ted  

t h a t  the  o v e r a l l  agreement  between the  exp e r im e n ta l  d a t a  and the  

t h e o r e t i c a l  c a l c u l a t i o n s  ( based upon t h e  TETAS am p l i tude  w i th  the  

e x t r a c t e d  va lue  o f  the  magnet ic  moment o f  the  A a s  an i n p u t )  i s  

e x c e l l e n t .  To the  bes t  o f  our  knowledge, such  an agreement  has  never  

b e fo r e  been ob ta ined .

The p l a n  o f  t h i s  t h e s i s  i s  a s  fo l l o w s :  In s e c t i o n  I I ,  we d e r i v e
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the  TETAS am pl i tude  f o r  the  n+py p r o c e s s  n ea r  t h e  A++ resonance .  In

s e c t i o n  I I I ,  we de te rm ine  the  magnet ic  moment o f  t h e  A++ from the  UCLA

11 12 d a t a  and the  SIN d a t a  by u s in g  the  TETAS ampl i tude  d e r i v e d  in

s e c t i o n  I I .  The e x t r a c t e d  va lu e s  o f  p^ a r e  i n  good agreement w i th  the

va lue  p r e d i c t e d  by the  modif ied SU(6) model. In  s e c t i o n  IV, we show

t h a t  t h e  o v e r a l l  agreement between the  n py d a t a  and the  t h e o r e t i c a l

p r e d i c t i o n s  i s  e x c e l l e n t  i f  t he  e x t r a c t e d  v a lu e s  o f  p^ a r e  used a s  an

input  in the  TETAS am pl i tude  f o r  c a l c u l a t i o n s .  In s e c t i o n  V, we f i r s t

o b t a i n  a n o th e r  TETAS ampl i tude  f o r  the  rr py p r o c e s s  n e a r  t h e  A°

resonance .  We then use the  o b t a i n e d  am p l i tude  to  e x t r a c t  the

magnet ic  moment of  the  A°, p ^ ’ , from the  UCLA d a ta .  F i n a l l y ,  we

p r e s e n t  a  comparison between the  expe r im en ta l  n py s p e c t r a  and the

c a l c u l a t e d  s p e c t r a .  S e c t i o n  VI i s  devoted  to  f u r t h e r  s t u d i e s  and

d i s c u s s i o n s .  Our c o n c lu s i o n  i s  g iv en  in  t h e  l a s t  s e c t i o n .  There a r e

two Appendices .  Appendix A g i v e s  the  d e t a i l e d  e x p r e s s i o n s  f o r  the

e l a s t i c  T -m a t r ix  and th e  fo u r  h a l f - o f f - s h e l 1 T - m a t r i c e s  a t  the

t r e e - l e v e l  approx im at ion .  The e x p l i c i t  e x p r e s s i o n s  f o r  some o f f - s h e l l

terms a r e  shown in  Appendix B.
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11. Bremss t rah lung  Amplitude f o r  the  w*py Process

Th is  s e c t i o n  i s  d iv id e d  in to  t h r e e  p a r t s .  In p a r t  (A), we d i s c u s s  

the  n p e l a s t i c  s c a t t e r i n g  p roce s s  (Fig.  l a ) .  We d e f i n e  the  ge n e ra l

form f o r  t h e  n+p e l a s t i c  T-mat r ix ,  T, which i s  an impor tan t  input  f o r

b re m s s t r a h lu n g  c a l c u l a t i o n s .  In the  energy  r e g i o n  o f  the  A+ +
+ + + +

resonance ,  a t r e e  diagram g iven  by Fig.  lb,  n p ----» A — » it p,

becomes th e  dominant e l a s t i c  diagram. We d e r i v e  the  e x p l i c i t

e x p r e s s i o n  f o r  the  T-mat r ix  c o r r e s p o n d in g  to  Fig.  lb,  T, which w i l l  be

used to  d e f i n e  a TETAS am pl i tude  M̂ CTAS f o r  t h e  n py p r o c e s s  a t  the

t r e e  l e v e l .  In p a r t  (B), we t r e a t  Fig.  lb  a s  a  s o u rc e  graph  to

g e n e r a t e  n+p b rem ss t rah lung  diagrams a t  t h e  t r e e  l ev e l  (F igs .  2 a -2 e ) .

24By u s in g  a  g e n e r a l i z e d  Brodsky-Brown i d e n t i t y  f o r  photon  e m is s ion

from the  i n t e r n a l  A++ l i n e  (F ig.  2e ) ,  we d e r i v e  the  e x p r e s s i o n  f o r

M—  in terms o f  T and the  e l e c t r o m a g n e t i c  c o n s t a n t s  o f  jr+, p and

A*+. The am pl i tude  M*1"™5 p lay s  a  v i t a l  r o l e  in  our  d e r i v a t i o n  o f  a

more g e n e ra l  TETAS am pl i tude ,  f o r  t h e  n*py p r o c e s s .  In p a r t

TETAS(C), we use the  modif ied  Low procedure  to  d e r i v e  the  am p l i tude  

which cam be w r i t t e n  in  terms o f  the  ge n e ra l  form o f  the  e l a s t i c

T -m a t r ix  T and the  e l e c t r o m a g n e t i c  c o n s t a n t s  o f  n* , p, and A++. In

TETAS TETASd e r i v i n g  M , we have imposed a  c o n d i t i o n  t h a t  M re d u c e s  to
M M

~ TETAS . , „  + +in  t h e  energy r e g io n  o f  the  A resonance .

(A) »i+p e l a s t i c  s c a t t e r i n g  T -m a t r ix  :

We c o n s i d e r  the  n+py p roce s s ,

^ ( q ^ )  + P ( M) ----------- > w+ ( q f *1) + P t p ^ )  ♦ y f k ^ )  , ( 1 )

where and P i ^ P f ^  a r e  t *ie ( f i n a l )  four-momenta of

the  p ion  and p ro to n ,  r e s p e c t i v e l y ,  and k^ i s  the  four-momentum o f  the
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e m i t t e d  photon. These four-momenta s a t i s f y  energy-momentum 

c o n s e r v a t  ion:

♦ P i M = q f M ♦ Pf M ♦ k". (2)
+

In the  l im i t  when k approaches  ze ro ,  the  ti py p r o c e s s  r e d u c e s  t o

the  c o r r e s p o n d in g  n+p e l a s t i c  s c a t t e r i n g  p ro ce s s ,

^ ( q ^ )  + Pfpj*1) -----------» n+(q{. + P(pf  , (3)

where

p M = 11m p M 
k->0

q M = lim q M . 
k->0

The energy-momentum c o n s e r v a t i o n  becomes

<  + p im -  V + p /  ■ (4)
A diagram which r e p r e s e n t s  the  n*p e l a s t i c  s c a t t e r i n g  p r o c e s s  I s  shown 

in Fig.  l a .  In t h i s  diagram, T r e p r e s e n t s  t h e  ?r+p e l a s t i c  s c a t t e r i n g  

T-mat r ix .  Although we a r e  i n t e r e s t e d  In the  TETAS am p l i tude  

which depends only on the  e l a s t i c  ( o n - s h e l l )  T -m a t r ix ,  t h e  exac t  

b rem s s t r a h lu n g  ampl i tude  wi thou t  t h e  s o f t - p h o t o n  app rox im at ion  

invo lve s  o f f - s h e l l  T -m a t r i c e s .  Thus, we have to  show how a TETAS 

am p l i tude  which i s  independent  o f  t h e  o f f - s h e l l  e f f e c t s  can  be 

d e r i v e d .  All T -m a t r i c e s ,  o n - s h e l l  o r  o f f - s h e l l ,  can be w r i t t e n  in  

terms o f  s i x  Lorentz  i n v a r i a n t s  as

T ( s , t , p 2 , q 2 , p2, q2 ). (5)

Here, s  i s  the  t o t a l  energy  squa red  and t  i s  t h e  momentum t r a n s f e r  

squared .  For the  n+p e l a s t i c  s c a t t e r i n g  p r o c e s s ,  t h e  e l a s t i c  T -m a t r ix  

depends on ly  on two independent  v a r i a b l e s ,  s  and t ,  s i n c e  a l l  f o u r  

e x t e r n a l  l i n e s  ( l e g s )  a r e  on t h e i r  mass s h e l l s ,  i . e . ,  t h e
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o n - m a s s - s h e 11 conditions.

a r e  s a t i s f i e d .  Here m and m a r e  the  masses o f  p ro to n  andp » r

p i o n , r e s p e c t i v e l y .  A h a l f - o f f - s h e l 1 T -mat r ix  i s  d e f i n e d  i f  one o f  t h e

2 2e x t e r n a l  l i n e s  i s  o f f  i t s  mass s h e l l .  For example,  i f  m^, then  we

have a  h a l f - o f f - s h e l 1 T -mat r ix  which can be w r i t t e n  as

2 2 2 2T ( s , t , m , q , m , m ) .  (7)
P i P n

We can w r i t e  the  rc p e l a s t i c  T -mat r ix  in  t h e  s t a n d a r d  form

T{ s  , t  ) = T( s  , t  , m2 , m2 ,m2 ,m2 )p n p ir

=A( s  , t  ) + - i - (  t (  + ) B( s  , t  ) (8)

where

s  = ( Pj  + q t ) 2  = ( Pf  + q f ) 2

and

f r " ,2 , -  ,2t = ( Pf  -  Pj ) = ( qf  “ qj ) •

I f  s  and t  a r e  g iven  (o r  i f  the  i n c i d e n t  ene rgy  and th e  s c a t t e r i n g

a n g le  a r e  known), the  a m p l i tude s  A( s  , t  ) and B( s  , t  ) can be

c a l c u l a t e d  in  terms of  n+p phase s h i f t s  and I n e l a s t i c i t i e s ,  de te rm ined  

by the  n p e l a s t i c  s c a t t e r i n g  expe r im en t s .  The e x p e r i m e n t a l l y  

d e te rm in e d  T -m a t r ix  has  been used a s  an inpu t  f o r  a l l  b remss t  r a h  lung 

c a l c u l a t i o n s  u s ing  s o f t - p h o t o n  am pl i tudes .

In the  ene rgy r e g i o n  o f  the  A++(1232) resonance ,  the  Feynman 

diagram g iv en  by Fig.  lb i s  the  dominant  c o n t r i b u t i o n  to  t h e  7i+p
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e l a s t i c  p r o c e s s  and the  photon e m iss ion  from the  i n t e r m e d i a t e  A+ + l i n e

becomes s i g n i f i c a n t  in  t h a t  r eg ion .  Th is  diagram, which w i l l  be

t r e a t e d  as  a  sou rce  graph to  g e n e r a t e  photon em is s io n  d iag rams a t  the

t r e e  l e v e l ,  i s  important  in our  d e r i v a t i o n  o f  the  TETAS am p l i tude .  

The e l a s t i c  T -m a t r ix  c o r r e s p o n d in g  to  Fig.  lb  has  the  form:

T = t g qf P 1 Gp a (p) I g 1 O )
+ ++ u u uwhere g i s  t h e  n pA v e r t e x ,  p = p^ + q^ ,

i d  ( p)
G (p) = -------- ^ - (10a)pa 2 „2 ,p -  M + ie A

d (p) = ( #  ♦ M. )[ g -  - 4 -  y y -  — ( y p -  y p ) -  — - z - P  P 1pa A pa 3 p a  3M. p a  a r p „ u2 p aA JM.A

+ — -— ( p2 - M ^ ) [ y p  -  y p  * ( .p + M ) y y ] (10b)
o u 2 K A ’ p a  a  P A P a
3Ma

+ 4 2 2 “ 2 — 2 ~and i s  t h e  mass o f  the  A In terms o f  s . t . p ^ . q ^ . p ^ .  and q^,, T cam 

be w r i t t e n  a s

T -  T I 4 2 2 - 2  -2 .T = T ( s .  t ,  p r  q r  pf , qf  )

~ t 2 2 -2  -2 , 1 ,  -  , ~ , . 2 2 - 2  “ 2.= A ( s , t , p i , q i , p f , q f  ) + — ( ^  ) B ( s , t , p J , q 4, pf , q f ) (11)

where

~ , , 2 2 - 2 - 2A ( s ,  t ,  Pj ,  q ^ , pf , qf

. 2 
lg

s  -  M“T +ie  A

1 . . .  , [ 4 2 - 2  1 . - 2  " 2  2 2 , 1
~2~ A « f  '  T ^ - (S_Pf  + qf  ) ( s - p i ^ i  ML JM. J

(12a)

1 - 2  , 2 2 . , 2 , r 1 , - 2  - 2
qr  ( s - p .+  q t ) ♦ ( s -P j  f +qf

2s -3MT

6M. ^ f  A 3M
- ( M + m ) 2 A p
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ig
s  -  M. +ic A

[ 2 - 2  1 , - 2  “ 2  , ,  2 2 
' t + q i + qf  " ~ J ~ (S_Pf  + qf  ) ( S - P i +qi

JM.
(12b)

1 r i 2s "3M*1 2 ,  -2 - 2 ,  , 2 , 1 ,  2 2 .  A
~6M~ q i (S_Pf + qf  J + (S' Pi [GMT l +ql } + " 2 "A u A JM.

(M + m ) A p

and

n i 2 2 -2 -2 ,B ( s ,  t ,  P r  q . ,  pff qf  )

s -  M.+ic A M -
2 - 2  

t+ qj ♦ qf
3M

1 , - 2  - 2  , ,  2 2 ,1— ( s -  pf  + qf  ) ( s -  Pj + qj )

m
♦ _L(_2® - l -

2 3MaA A

D w -2 2 2 “ 2 . ,— H pf  -  P1 +qt - q f  ) + (
2S-3M7A, -2
 T ] q f3m:

(12c)

2mP 1^ [s - p? * ~4 > * -
A

( i r b  4 * '4 4  ♦ - 4  >(»- pt ♦ 4  )]
A v AA

1 , 2s m 2s-3M.- / 1 P \ / 2 “ 2 -2 2 , , A , 2 , ,  _ ,,+ - p - ( ----- -  1 " —^ - ) (  p. -  P- + q f  - q .  ) + ( --------— ) q, (12d)
3M. 3M. 1 1 1 1 3M2 1

A A A

-  2m
L -L6M

2s-3M?, 2 2 . A(s  -  Pj + ) + — — ----
3m:

( M + m ) A p

2 2 — 2 —2In Eqs. ( 1 2 a ) - (1 2 d ) ,  p , q j ,  p̂ . and q .̂ s a t i s f y  t h e  on -m ass -she l  1

c o n d i t i o n s  given  by Eq. (6 ) .  Without imposing t h e s e  o n - m a s s - s h e l 1

c o n d i t i o n s  e x p l i c i t l y ,  the  e x p r e s s i o n s  f o r  A and B can be extended

to  d e f i n e  the  h a l f - o f f - s h e l 1 T -m a t r ix  l a t e r .

(B) TETAS ampl i tude f o r  the  tt py p roce s s  a t  t h e  t r e e  l e v e l :
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As we have a l r e a d y  mentioned , Fig.  lb  w i l l  be used a s  a  so u rc e

graph  to  g e n e ra t e  photon e m is s ion  diagrams a t  the  t r e e  l e v e l .  Five

diagrams g e n e ra te d  by Fig.  lb  a r e  shown in Fig. 2. (We s h a l l  impose

th e  gauge i n v a r i a n t  c o n d i t i o n  l a t e r  to  t ak e  c a re  o f  the  r em ain ing  

c o n t r i b u t i o n s . ) The f i r s t  f ou r  Feynman d iagrams  (2a-2d)  r e p r e s e n t  the  

photon e m is s ions  from e x t e r n a l  p ion  l i n e s  and e x t e r n a l  p r o to n  l i n e s

and the  l a s t  Feynman diagram (2e) r e p r e s e n t s  photon em is s io n  from the  

i n t e r n a l  A l in e .

From the  fou r  e x t e r n a l  e m is s ion  diagrams (2a -2d ) ,  we can  d e f i n e  the

f o l l o w i n g  h a l f - o f f - s h e l 1 T -m a t r i c e s  f o r  n+p i n t e r a c t i o n s
, +  + +  +
( it p—»A —>n p ):

Ta = (g (q f +k)P l Gp a (p) [g q ^ ] . (13a)

(13b)

(13c)

and

-  k )P = (q f  + pf  )P .and

G (p) a r e  d e f in e d  by Eq. (10a) .  I t  i s  e a sy  to  show t h a t  u ( p _ ,v „ )  T pa  i t  sl

u ( p . , i O  and u(p^,i>jJ u fp^ .V j )  can be w r i t t e n  in  terms o f  A and B 

[g iv e n  by Eqs. (12a) and (12c) ,  r e s p e c t i v e l y ]  a s

(13d)

(14a)
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and

u Tb u = G |  A [ s f  , t p . p2 , Afa, p2 , q2 ]

+ -^-OTj + -  dc ) B [ s f , t p , p2, Ab , p ^ .q^  ] |  U (14b)

where

3 , — 1 ( p i
+

q i ) 2 = ( Pf  + q f  + k )2

s f = ( P f
+

q f ) 2 = ( P 1 + q l " k )2

t  = 
p

( P f -
p i ) 2

II<

( q f
+ k ) 2 = \  + 2 q f ‘ k •

and

Ab = ( q j  -  k ) 2 = -  2 q r k .

However, the  e x p r e s s io n s  f o r  T u (p . , i> . )  and u ( p , , i ; . )  T ,  invo lv e  e x t r ac 1 i l i d

o f f - s h e  11 ampl i tudes :

Tc u = {  A [ S i , t q , p 2 , q 2 , Ac , q 2 ]

+_2 ( ^ i + ^ f  } ® l s i ,  t q ’ p i ’ q i ’ Ac ’ qf  ]

+ - 4*f + *  -mp ) C [ s i t q , p2 , q 2 , Ac> q 2 ] j  u (15a)

and

u Td = u {  A [ s f , t q , Ad . q 2 . p2. q 2 ]

+~2~( + -*ff  ) § t s f l q ' Ad> P f  1

+4 ~  £ I s f ' V  Ad ’ V  Pf ’ qf  1( *1 ~mp >} (15b)

where

t  =
q

( ,2
qf  -  q i ) ,

A =c ( pf  + k )2 = mp + 2Pf -k

Ad = ( Pi -  k )2 =
2

m -  2 p . *k 
P P i
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and the  e x t r a  o f f - s h e l l  am pl i tude  C has  the  form

~ . 2 2 2 2 .C [ s , t ,  p . ,  q j , pf . q f  1

. 2

s-M2+ ie a

1 r . 2 2 1 ,  2 2 . , 2 2 , 1
2"I ^  ^  ^  Pi + q‘*" JM- JA

, „ m 2s-3M2 ̂ 1 , 2s , P w-, 2 2 2 2 , , A ,  2

~ ' ■ 3 ^ 7 ,( 2 s_  Pi • Pp q > vA A A

r2s-3M 2 ,
-2m -------- — ( m +M.) + — —( s -  m2 + m2 ) (16)

L 3M2 P A RM P n JP L 3M: ^ “ 6M.A A

f2s-3M 2
-2  j f ,  ------------("> + M») +-------- ( s -  m2 ♦ 11,2)

1 U m2 P A 6M. P 71A A

The e x p r e s s i o n s  f o r  A and B in  Eq. (15b) a r e  g iven  by Eqs. (12a)  and

(12c) ,  r e s p e c t i v e l y ,  but  the  e x p r e s s i o n s  f o r  A and B in  Eq. (15a)  a r e

2 2 2 2given  by Eqs. (12b) and (12d) ,  r e s p e c t i v e l y .  Again, p^, q j ,  p ,̂ and q ,̂ 

in Eqs. (14) and (15) s a t i s f y  the  on -m ass -she l  1 c o n d i t i o n s  g iv en  by 

E q . ( 6 ) .  Since  we a r e  i n t e r e s t e d  in the  s o f t - p h o t o n  a pprox im at ion ,  the  

e x t r a  o f f - s h e l l  am p l i tude  in v o lv in g  C w i l l  be n e g l e c t e d  l a t e r  in  our  

d e r i v a t i o n  of t h e  TETAS am pl i tude .  ( J u s t i f i c a t i o n  f o r  n e g l e c t i n g  the  

e x t r a  o f f - s h e l l  ampl i tude  w i l l  be d i s c u s s e d  a g a in  in  t h e  next

s e c t i o n .  )

From the  e x p r e s s i o n s  f o r  ( x = a , b , c , d )  g iv en  by E q s . (14) and

( 1 5 ) , we can see  t h a t  T^ depends on the  sq u a re  o f  t h e  i n v a r i a n t  mass A^

( x = a , b , c , d )  o f  the  o f f - m a s s - s h e l 1 leg  on which t h e  photon em is s io n
2

oc c u rs .  As k approaches  zero ,  A^ reduces  to  (mass) and r educes  to  

o n - s h e l l  ( e l a s t i c )  T -mat r ix .  S ince  the  TETAS am p l i t u d e  which we wish



t o  d e r i v e  depends on ly  on the  o n - s h e l l  T -m a t r ix  [ e v a l u a t e d  a t  f o u r

d i f f e r e n t  s e t s  : ( s . ,  t  ), ( s _ , t  ), ( s . ,  t  ) and ( s„ ,  t  ) ] ,  we1 p f ’ p i q f  q

must expand in  powers o f  k. Keeping on ly  terms t o  o r d e r  k, we 

o b t a i  n

9 T
u T  u = u [ T (s , , t  ) +  2q -k ( „ . &) + ......... ] u , (17a)a  i p f  6 Aa

u T. u = u [ T ( s _ , t  ) -  2q -k ( ~ . ) + ......... ] u , (17b)b f  P l o A,

a t *
T u = [ f ( s .  , t  ) + 2p -k ( s - r ^ J  + T ( s . . t  ) + ............. 1 u , (17c)c l q ' r  a A cc l q^ c

and

a T’
u T . = u [ T(s  , t  ) -  2p -k (^—*-5 + T , (s _ , t  ) +  ] , ( 17d)d f q  1 d d c f q

where
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T ( s „ , t  ) = A ( s „ , t  , m2 , m2 , m2 , m2 ) f q  f q p n p n

+ « i + ^ f  ) §  {sr l q - V ^ V ^ 1 ( 1 8 d )

T ( s  , t  ) = ~4— ( -Pr + 'K -  m ) C ( s  , t  , m2 , m2 , m2 , m2 ) cc i q 2 f  p 1 q p n p n

+ (pf -k)(  #  + -  m ) (d -C ) , ( 18e)
"  c

T . ( s  , t  ) = - i — C (s  , t  , m2, m2, m2, m2 ) ( jp -  dc -  m ) d c f q  2 f q p n p n  i p

-  (p -k) ( ^ ^ - )  ( qer -  -6 -  m ), ( 1 8 f )
l d

and and a r e  d e f i n e d  by Eqs. (15a)  and (15b) ,  r e s p e c t i v e l y ,  but

wi thou t  t h o s e  terms in v o lv ing  C .

The e x t e r n a l  s c a t t e r i n g  ampl i tude  c o r r e s p o n d in g  t o  t h e  fo u r

e x t e r n a l  diagrams (2a-2d)  a t  the  t r e e  l e v e l  can be w r i t t e n  i n  terms  o f

t h e  h a l f - o f f - s h e l 1 T - m a t r i c e s  T , T, , T and T asa  b c d

„ ( e ) , f ^aqf p  ~ ~ ^bq ipH„ = u<pf . p f > [ T.  -  Tv -p r f ’ f  l  qr •k a b q j - k

Q (p+R _)  Q.(p,+R.  ) -1

* Pf-t “ T c - i d  ■ > — **] "|Pi-“i1- <19)

where Qa =Qb r e p r e s e n t s  the  charge  o f  pion,  r e p r e s e n t s  t h e  charge

o f  p r o to n ,  and R. and R_ have th e  form : i p  fp

c MR: .. = -4-1  0  , *  1 + s r 2 -  {  [ ✓ . *  1. ^  j  . (20a)ip  4 ’ 8m
P

and

\

k ■ * 1 ♦ a r -  { [ '  • *  >• } (20b)
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In Eqs. (20a)  and (20b) ,  eP i s  t h e  photon p o l a r i z a t i o n ,  Ap i s  the

anomalous magnet ic  moment o f  p ro ton ,  and we have used [X,Y]s XY-YX and

(X,Y> s  XY+YX. [Note t h a t  R, , R_ and R ( Eq. ( 4 3 ) )  d e f i n e d  in  t h i sip  f p  M

paper  a r e  s l i g h t l y  d i f f e r e n t  from those  d e f i n e d  in  R e f . 29. There i s  a 

s i g n  d i f f e r e n c e  between the  two d e f i n i t i o n s  s i n c e  [ pr , 4c ]=-[ -4t, pr 

] . ]  The f a c t o r s  tQc ( P f +Rf ^  ^ and ^“Qc|^Pi +Ri V  /  P i in  Eci'

(19) a r e  o b t a i n e d  from the  f o l l o w i n g  r e l a t i o n s  :

u ( p f , ) [ -  iQc r ^] [ i / (  - ' "p))=u ( p f ,i»f )[Qc (p f +Rf ) / p f -k] ,  (21)

which d e s c r i b e s  photon e m is s ion  by an ou tg o in g  p ro to n  l i n e  wi th  

cha rge  Qc> anomalous magnet ic  moment Ap and momentum p^  ( F i g . 3 a ) ,  and

[ l / (  jp -  ■#. -m ) 1 ( -  IQ T  )u(p ,i> ) = (-Q (p +R ) / p  • k ]u (p .  , v. ), (22) i p d p i 1 d i I p 1 i i

which d e s c r i b e s  photon e m is s ion  by an incoming p ro to n  l i n e  wi th  

c ha rge  Qd , anomalous magnet ic  moment Ap and momentum p^P ( F ig .3 b ) .  

Here, Tp i s  t h e  ( o n - s h e l l )  e l e c t r o m a g n e t i c  v e r t e x ,

r  = y -  iA <r k" / (2m ) (23)p p p pi> p

wi th

<r = i I y  , r ]/2 .P  v p  v

I t  i s  e a sy  to  show t h a t  R and R a r e  s e p a r a t e l y

g a u g e - i n v a r i a n t , i . e . ,  t hey  s a t i s f y

R .-k  = Rf k = 0 . (24)

The i n t e r n a l  am p l i tude  ( a t  the  t r e e  l e v e l )  c o r r e s p o n d in g  to

Fig.  2e has the  form

fi£A) = u ( p f ,i;f ) [g q f P )Gp(r( p >) [ - i ( Q b+Qd ) r ^ c » i ]G0 a ( p ) [ g q i a ] u ( p i . u i ),

(25)

where pM = q ^ *  p ^  , p ,p  = pP- k M = qf P+ pf P , Gp<J.(p ’ ) i s  the
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p r o p a g a t o r  f o r  the  A+ + g iven  by Eq. ( 10a) and i s  the

e l e c t r o m a g n e t i c  v e r t e x  f o r  the  A++ ( i n  the  R a r i t a -S ch w in g e r  formalism 

but  n e g l e c t i n g  the  c o n t r i b u t i o n  from th e  e l e c t r i c  quad rupo le  and

magnet ic  o c tu p o le  moment o f  the  A + ),

_<rp p , *A ,, . <rp 1 , i r |3 1 , <r p p <r,
p c ( ^  +_2M_  *  g  3~~ *  y y  3~  c « c } (2 6 )

A

In E q . (26 ) ,  A. i s  the  anomalous magnet ic  moment o f  the  A++. TheA

am pl i tude  can be decomposed i n to  fo u r  q u a s i - e x t e r n a l  a m p l i t u d e s

24by u s ing  a  g e n e r a l i z e d  Brodsky-Brown decompos i t ion  i d e n t i t y .  To do
..n

t h i s ,  we in t ro d u c e  an o p e r a t o r  A (p),

A ^ C p )  = ( ft  - m ^ )  g 0^  — ^ - ( y ^ p ^ + y ^ p 0”) + - g -  y°"( ^  ♦ MA ) y ^  • ( 2 7 )

which s a t i s f i e s  the  c o n d i t i o n

d (p) A ^ I p )  = (p2-  M2 ) g P , (28)p<r A p

where d (p) i s  d e f i n e d  by Eq. (10b).  I t  i s  e a sy  t o  prove the  

fo l l o w i n g  u s e fu l  r e l a t i o n s  :

d ( p ’ ) d ( p ’

V " >  ■ "
P MA P “A

= [ r * V  d ft (P ) ♦ a ° V  ) r  _  S ]2_ M2 [ p pa  H H p . p a  J

-  g P r  _ c M . (29)P P. Pa

C ( p - ) r ° V  - gtt— } = [d ( p * ) r ° V  ♦ r  e P  a ^ ( p )1
P<r P r,2 M2 L P0" P P-Pa J r,2-M2

p  _ma P A

p,p«r a

and

d ( p ’ ) d (p)
- P f — -  r ' V  dfl (p) -  d ( p - ) r " V
p , 2 _ M2 p Pa p<r H P p2-  M2

-  r  g0- , (30)

d ( p ’ ) dQ (p)
= 2 ( p . . k ) _££ r ° V  (3 i )

K , 2 2 p 2_ 2p -  ma p  -  ma

Combining E q s . (29) ,  (30) and (31) ,  we f i n d
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d „ , ^ P ’ * do (p)  1 d ( p ’ )per p<T0 p 13a _ pa- r
. ,2 u2 p _2 w2 0_, ,2 2

p ’ -M, p -Ma 2p ’ •k p ’ -Ma
r ^ c "  h (pi  .  A°*(p’ >r c "  

p /3a p .p a

2p* k d ( p ’ ) r ° ^ c M + T c M A^Cp) 
po- P P.P<r

V p)
2 w2p -Ma

(32)

which g iv e s  the  f o l l o w in g  decompos i t ion  i d e n t i t y

C (p '  H Q . r ^ c ^ I C .  (p) = iG ( p 1 ) per A p pa r  pa r

\Q,0°- 1 A a r qaq; 3A p

2 p ’ k 2p- k
i G ^ f p )  , (33)

where

J3T0“ = r ^ c M d (p)  + A ^ f p ’ ) r  C 1a p pa r  p, Pa

o'^ = d ( P ' ) r ° ^ c M + r  e p A ^ ( p )p pa- p p.pa-

and

Qa = Q. + Q . = Q + Q .A b d a  c

(34)

(35)

(36)

I t  shou ld  be p o in te d  out  t h a t  t h e  f a c t o r  (Q^O a  /  ( 2 p ’ -k)]  in  E q . (33) 

can  a l s o  be o b t a in e d  from the  f o l l o w i n g  e x p r e s s io n ,

_ (A), ’ n f  -n r r 0#  P i l  - ( A ) ,  , , > [ yA u a "IV  (P *A) [ - lQA(V G U <r P [-2pTTk J ’
Q.  o

(37)

which d e s c r i b e s  photon e m is s ion  by an ou tg o in g  A l i n e  w i th  charge  QA>

anomalous magnetic moment A. and momentum pP= (p ’ + k )P . (See Fig.A

3c) .  Here the  v e c t o r - s p i n o r s  s a t i s f y  t h e  f o l l o w in g  c o n d i t i o n s  :<r

u^A)( p ’ ,A)( -  Ma ) = 0 ,

(A), i , i . .2  .,2, _u (p ,A)( p ’ -  M.) = 0 ,<r A
- ( A) , , . , or u (p , A) TS = 0  or
— (A), , ^ . .a- u^ ( p , A) p = 0

( 3 8 )

and

u ^  ( p ’ , A) A°^(p’ ) = 0
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The p roo f  i s  ve ry  s imple.  The l e f t  hand s i d e  o f  Eq. (37)  can be 

r e w r i t t e n  in  the  form

u ^ t p ’ .AJQ [ r ^ V 1 d ( p J + A ^ f p ’ ) T c ^ - A ^ p ’ ) T cMl  —v  A \_ P p , 0 a  r  p. 0a J 2 _M

u (A)( p \ A ) Q  [o<r -  A ^ t p ’ ) T £ <r A L a  ^ p, /3a 1 - L -
J 2 J2J P  -  M.

A

(39)

S ince  p2= ( p ’ + k ) 2 = M2 + 2p ’ -k and û _A^A°^ = 0 , we o b t a i n  E q . (3 7 ) .

S i m i l a r l y ,  we can a l s o  show t h a t

id ( p ’ )
po-
. 2  i i 2p -  M4

-IQ. r ° VA p
(A), .  ,

up ( p r  } =
q a  O’f  1A P

2p-k
(A) , . ,

U0 (FV A ) (40)

which d e s c r i b e s  photon e m is s ion  by an incoming A l i n e  wi th  c ha rge  , 

anomalous magnet ic  moment A^ and momentum pP . (See F i g . 3d) .

I f  we s u b s t i t u t e  t h e  e x p r e s s i o n  f o r  g iv e n  by Eq. (26)  i n t o

Eqs. (34) and (35) , we f i n d

0°" = [ 2 p ’ e + 2R •£ ) ga  + E*a  6 a  a (41

and

O’ l3= ( 2p-c  + 2R • e ] g ^ + E’ ^
P P P

where t h e  e x p r e s s i o n s  f o r  E0^ and E’J*  a r e  g iven  in  Appendix B and

(42)

R -c = ( pr , 8M. (43)

In Eq. (43) , pP = (p^ j )^ and we have used [X, Y]s XY-YX and (X, 

Y) = XY+YX. Again, i t  i s  ea sy  to  v e r i f y  t h a t  RP i s  s e p a r a t e l y  

g a u g e - i n v a r i a n t ,  R-k = 0 . I f  we compare Eq. (43)  w i th  Eqs. (20a)  and

(20b) ,  we f i n d  t h a t  R . - c ,  and R-c c a n  be w r i t t e n  in  t h e  same

(T ftform. I n s e r t i n g  Eq. (33) (w i th  the  e x p r e s s i o n s  f o r  0 ^  and 0^ g iv en
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by Eqs . (41 )and  (42),  r e s p e c t i v e l y )  i n to  E q . (25) and remembering t h a t  

cha rge  i s  conserved  (Eq.36)  , we o b t a i n

M ~(a) - r p’ 'c + R‘G ~ ~ p'c + R'c
M - u (p r V  V  11 Ta -  Qb Tb ( ------------------- >L p -k p-k

p ’ -e + R-e p-e  + R-e
♦ Q ( -------------------- ) J  -  Q f  (  ) U ( p , . y . )

c , , c d d , i l
p  k  p - k  J

+ u ( p f , i ;f,)[  c-D ] u ( p i ,i>1) (44)

where

p ’ -c + R-c
c-D = Q ( -------------------) [g  kP ]G ( p ) [ g  q “ ]

a p ’ -k P0L l

■e + R-c-,

* Qb [ g <’ f ‘>] V P' 1 [« k“ ] (^ -p ; - C) < «>

Since  Qa =Q^ and Qc =Q(j • i s  e a sy  to  show t h a t  t h e  l e a d i n g  term in  

Eq. ( 4 4 ) ( i . e . , the  ampl i tude  w i thou t  t h o s e  terms in v o lv i n g  e-R and

c-D ) i s  o f  o r d e r  k° and i s  independent  o f  kP when k—>0. Thus 

has  no k inem a t ic  s i n g u l a r i t y  a t  k=0.

Now l e t  us add the  i n t e r n a l  am pl i tude  g iv en  by Eq . (44 )  to  the

~ ( E )e x t e r n a l  am pl i tude  g iven  by E q . (19) .  We f i n d

c*' M = c^  M + Mv ' (46)
M M M

:P fi(EA) = cP M(E) ♦ cP MU )

= eP MTETA + u(p_,i» )[ cP -D ] u( p, , v . . M f  f  n M i

where
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~TETA ,M = u(p„,i>_)11 f  f
r (pf + v RV  ]
[ qf -k (pf +qf ) -k  J

r (p .+q  ,+R) -j
I ^  _ 1 1 M ]
[ q. -k ( P i +ĉ i } ' k J

r (pf +Rf V  (P f +V R)p I
L Pf ‘k (pf +qf ) 'k  J

- Qb Tb

+ Q„ (47)

[( p, + R, ) lw ,T4 . Tnj t
* 1 M _ 1 1 M 1

P j ' k ( P j + q j ) - k j

(p +q.+R),
u f P j . W j )

which i s  d e f i n e d  in  terms o f  fo u r  h a l f - o f f - s h e l 1 T - m a t r i c e s ,  T , T.a  b
~ ~ ~ teta, T and T . Although M i s  gauge i n v a r i a n t ,

mteta kP = 0 , (48)
^ | j

t h e  ampl i tude  does not  s a t i s f y  t h e  gauge i n v a r i a n t  c o n d i t i o n

s in c e

D k * 0 
M̂

 | |
That i s  not  gauge i n v a r i a n t  i s  not  s u r p r i s i n g  because  t h e r e  a r e

o t h e r  Feynman diagrams f o r  n*py p ro c e s s  which a r e  not  shown in  Fig. 2. 

To o b t a i n  the  t o t a l  b r em ss t r a h lung  am p l i tude  which i s  co m p le te ly

gauge i n v a r i a n t ,  we have to  impose the  gauge i n v a r i a n t  c o n d i t i o n

M = M(EA) ♦ M(G) ,
P M  M

* M( C I ) k "  -  0  . 
M

;(G)

M kP = ( Ml 
M M

(49)

(50)

The a d d i t i o n a l  gauge term M , which i s  r e q u i r e d  to  make th e  t o t a l
M

am pl i tude  gauge i n v a r i a n t ,  cam be de te rm ined  from t h e  gauge

i n v a r i a n t  c o n d i t i o n ,  E q . (50).  Such c a l c u l a t i o n s  a r e  ve ry  l e n g th y  and

the  f i n a l  e x p r e s s i o n  f o r  M can be w r i t t e n  as
M

CP ft = c P MTETA ♦ e p M X , (51)

where



~(r Sand the  e x p r e s s i o n s  f o r  C and a r e  g iven  in  Appendix B.
-V y

I t  i s  c l e a r  t h a t  the  am pl i tude  i s  gauge i n v a r i a n t ,  but  i t

canno t  be w r i t t e n  in  terms o f  the  n+p e l a s t i c  T -m a t r ix .  This  

am p l i tude  w i l l  be ignored  in  the  s o f t - p h o t o n  a pp rox im a t ion  mainly 

because  i t  canno t  be c a l c u l a t e d  i f  t h e  n p e l a s t i c  T -m a t r ix  and the

e l e c t r o m a g n e t i c  c o n s t a n t s  o f  p , n + and A++ a r e  t h e  o n ly  inpu t  f o r  the
+ ~ x

n p f  c a l c u l a t i o n .  In o r d e r  t o  e s t i m a t e  the  c o n t r i b u t i o n  from , we

have used two a m p l i tudes ,  and M̂ TETA, to  c a l c u l a t e  t h e  rr*py c r o s s

s e c t i o n s .  The average  c r o s s  s e c t i o n s  over  G1-G18 a t  298 MeV have been

c a l c u l a t e d .  When two r e s u l t s  a r e  compared, the  d i f f e r e n c e  between the

~  Xtwo c a l c u l a t i o n s  i s  w i t h in  WA. I f  i s  ignored ,  t h e n  the  t o t a l
~ ~ t e t aa m pl i tude  M reduces  to  M As we have a l r e a d y  mentioned,  the

M M  
~TETAa m pl i tude  M invo lv es  the  h a l f - o f f - s h e l 1 T - m a t r i c e s .  I t  can  be 

M
c a l c u l a t e d  i f  we have a  dynamical  model from which the  h a l f - o f f - s h e l 1

T-m a t r ix  e lem en ts  can be de te rmined .  However, s i n c e  we a r e  i n t e r e s t e d

in  the  o n - s h e l l  s o f t - p h o t o n  app rox im at ion  in  t h i s  work, the

p o s s i b i l i t y  o f  deve lop ing  a  new a pprox im at ion  based  on t h e  o f f - s h e l l  

~TETAa m pl i tude  M w i l l  not  be d i s c u s s e d  he re .
M

~TETAWith th e  h e lp  of  t h e  expans ions  g iven  by E q s . ( 1 7 a ) - ( 1 7 d ) , can
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be expanded as  fol lows:

MTETA = MTETAS + Moff 
M M V '

where

- t e t as  -  M = u( pf . r f ) ( q [ f  f  j a  [ qf 'k

-  Qb T (s

Mf  V  l 
( p f +q f ) - k  J

r Mi ( p , +q , +R) i
t i I lp  _  1 1 m I

r  p  L < V k ( p i +q i ) - k  J

♦ Q r ! v V e _ " w " 1* | f ( « t ,
c  [  P f - k  ( p f + q f ) - k  J 1* q

-  n t r t i r (P l ^ Rl V  _ ( p l + V RV  1
d S f ’ ^ L P i ' k ( p i + q i ) - k  J

T ( s . . t  ) 
1 P

U(fV V

and

SMrr “ Q(Pf ‘' r , {  2Qa [ q fM_ ( V k > ( p ^ q p - k  ]

31s
a F

81,

+ 2Qb ( arh } [  q i p -  ( V k )  Ip
(p,+q , >Fi 1
i +qi ),k J

r ( p r +q«J  i  a v
2QC [ Pf(1-  ( P f -k) T ^ T ^ ] <  5 T

3 T ’ r  ( p , +q ; ).
+ 2Q.( _ £  ) p -  (p -k) T—

d 8L L ^  1 ( p«

p t +q - ) ti i M 1
Y ^ T T k  J

+ Q.
r (pf >Rf V  (V V RV  i

:[ pf -k (p f +qf ) -k  J

r (p,+R, ) (p ,+q,+R) ,
o f  ( S . . t  I f 1 lJ“ -  ‘ ‘ Ml

d dc f  q |_ P ^ k  ( P i+ q j l - k J

cc i q

u(p

(53)

(54)

(55)

d e f in e d  by Eq. (54) i s  the  s p e c i a l  ( o n - s h e l l )  TETA a m p l i t u d e f o r  

the  n py a t  the  t r e e  l e v e l .  I t  i s  gauge i n v a r i a n t ,
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M ^TAS = 0 . (56)

and i t  depends on ly  upon the  e l a s t i c  T -m a t r ix ,  e v a l u a t e d  a t

( s  , t  ) , ( s _ , t  ), ( s , , t  ) and ( s _ , t  ). Moreover, I t  i s  e a sy  to  showi p f  p i q f ’ q

t h a t  has no k inem a t ic  s i n g u l a r i t y  a t  k=0. The am p l i tude

M°^^given by E q . (55) ,  on the  o t h e r  hand, i s  an o f f - s h e l l  am pl i tude .  

I t  depends upon the  o f f - s h e l l  d e r i v a t i v e s  and a l s o  upon the  e x t r a  

o f f - s h e l l  am p l i t u d e s  in v o lv in g  C. Thus, i f  we ignore  those  terms

which cannot  be e x p re s s e d  in  terms o f  t h e  e l a s t i c  T -m a t r ix  ( i . e . ,  t h e
~ X

a m pl i tude  M ) and those  terms which invo lve  o f f - s h e l l  e f f e c t s  

( i . e . ,  t he  ampl i tude  M°*'*'), then  we o b t a i n  t h e  TETAS am p l i tude  MTETAS,

M « MTETAS, (57)

which can  be e v a l u a t e d  e x a c t l y  in  terms o f  t h e  ir p e l a s t i c  T -m a t r ix
■f + +

and the  e l e c t r o m a g n e t i c  c o n s t a n t s  o f  p , n  and A

For the  purpose  o f  comparison between th e  m odif ied  p rocedu re  and

Low’s  s t a n d a r d  ( o r i g i n a l )  p rocedure  f o r  d e r i v i n g  a  s o f t - p h o t o n

a m pl i tude ,  l e t  us d e r i v e  a  d i f f e r e n t  v e r s i o n  o f  t h e  TETAS a m p l i tude  by

~(E)u s in g  th e  s t a n d a r d  procedure .  We f i r s t  expand in  powers o f  k.

S u b s t i t u t i n g  E q s . ( 17a)- (17d)  i n to  Eq. (19) ,  we o b t a i n

M<EI = G<pr , „ r )[Qa T ( s r t p ) -  T <sf . t p )

(p r +R~) ( P i +Ri \ ,
+ Q — ----^  T (s , t  ) -  T ( s _ , t  ) Q. „  (58)c p f -k i q f q  d p ^ k

3T 3T 3T’ 3T’
+ 2Q q ( _ ^  ) + 2Q. q, ( ^  ) ♦ 2Q p ( ^  ) + 2Q p ( —-  )a fix 3A b ill 3A, c fix 3A d ixi 3A,a  K b c d

+ ( terms i n v o lv in g  C ) +   J u ( p ^ .v ^ )  .
Since  th o s e  terms i n v o lv in g  C w i l l  be c o m p le te ly  ignored  l a t e r ,  we
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s h a l 1 n e g le c t  them in the  r e s t  o f  our  d e r i v a t i o n .  The second s t e p  i s  

t o  o b t a i n  the  l ead ing  term o f  the  i n t e r n a l  a m p l i tude  M^^by  imposing 

the  gauge i n v a r i a n t  c o n d i t i o n  :

kP M( I )  = - kp M(E)M P
-  T I Ftf 1

■ -  “ ‘ P f V  T * 2 ° a  V k ( a T  > * 2 Qb V k 'a S T  1 ( 5 9 )L a b

3T1 3T’ ,

+ 2Qc pf ’k ( a T  ] + 2Qdpi ,k ( 3aT } +  J u ( p i ’ ^ i ) ’c d J

where

~ ( FK) ~ ~ ~
= Q T(s  , t  ) -  Q, T(s  , t  ) + Q T ( s , , t  ) -  Q. T ( s _ , t  ) (60)a i p  b f p  c i q d f q

and we have Qa=Qb a nd Qc =Qd f o r  the  n+py p r o c e s s .  The am p l i tude

13 23has been s t u d i e d  by F i s c h e r  and Minkowski and a l s o  by H e l l e r .  For

example , H e l l e r  has used the  mean va lue  theorem f o r  d e r i v a t i v e s ,

3 T ( s _ , t J  3 T ( s ^ , t J
#

(61a)
s f  = s 0 a s i 

and

T( s . . t p )  -  T ( s f . t p ) = (S l - s f ) = 2 ( q i + P i ) -k  a ° P-

c  <  <5 <  q
s f  s o s i

(61b)

3 T ( s ’ , t  ) 3 T ( s ’ , t  )
T ( s r V  - T ( s r l q > -  ( s i ”s f 1 a“i  ~  ‘  2 ' V p i > k a s  q

s t  !  s r  s i  •

t o  o b t a i n

n  ^T(s  , t  ) 3 T ( s ’ , t  )

T = 20alqi*Pil >  - a S- * 2<3c lqr pi ) k  a s  q ■ 1621

I n s e r t i n g  Eq. (62) i n to  Eq. (59) ,  we f i n d

, n  _ 3T(s  , t  ) 3 T ( s ’ , t  )
M = u(p , r  ) [ -2Q ( q .+ p . )  — ^ — —  -  2Q ( q .+ p . )  —5------—p r f  f  a  u  *i  p 3 s  c l l p  3 s



I f  we a p p l y  E q s . ( 6 1 a )  and (61b)  a g a i n ,  we c a n  r e w r i t e  ^  i n  t h e  form

~(D - r (pf+Vu ~ ~ (pi*qi )M
Mi  = u ( p r V K  T ' “ i - V  + Qb T ( v

(pf +qf , |i ~ ~ (W u
-Q 7— -— r - £  T ) + Q, T ( S , . t  ) 7— -— i-Hc (pf +qf ) - k i q d f  q ( p J+q1 ) -k

3T 3T 3T’
- 2Q q ( —1  ) -  2Q. q, ( ^  ) -  2Q p_ ( ^  ) a  fu  3A b iu  3A, c fu  3Aa b c

dTH
~ 2QdPip (3A^ > + (64)

Here, we have used the  f a c t  t h a t  (q^+p^J-k = (q^+ p^J 'k ,  (q^+PjJ 'C  =

(qr +Pr ) -c. Q =Q. and Q =Q F i n a l l y ,  we add (Eq. (58) )  and ^i t  a b  c d  u u

( E q . (64))  to  o b t a i n  the  t o t a l  am pl i tude  M̂ :

. . . .  ( P r +q r )
Qa

r % lpf*V m H ,s
[qf -k ( p f +q f ) - k J 1

, t  ) 
P

-  Q. T ( s . ,  t  ) 
b  * P

r % .  ( p i +V M i
[ q j - k  ( p , +q , ) - k  J

♦ Q. ( V Rf ) M
P f - k

1 Mi

‘ P f f V  1
( p f + q f ) - k  J T (? ' h  ] (65)

-  QdT (s r V [
(v Ri V

Pi k

( p l +qi )p 1
(Pj+qj) -k J‘

which i s  t o  be compared w i th  the  ampl i tude  o b t a i n e d  by u s in g  the  

modif ied  procedure ,
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ft * ftTETAS + fto f f  (66)
M M  M

where fiEETASand a r e  g i ven by Eqs. (54) and (55) ,

r e s p e c t i v e l y .  (But we n e g le c t  those  terms Invo lv ing  ? cc and Tdc in

Eq. (55) in t h i s  comparison.  ) Two s u b s t a n t i a l  d i f f e r e n c e s  can be 

obse rved  : ( i )  Eq. (65) shows t h a t  the  f i r s t  two terms in  t h e  s e r i e s

e xpa ns ion  of  t h e  ampl i tude  ftj  ̂ in  powers of  k a r e  independent  of

o f f - s h e l l  d e r i v a t i v e s .  Eq. ( 6 6 ) , on the  o t h e r  hand, shows t h a t  the

a m p l i tude  ft^ does depend upon o f f - s h e l l  d e r i v a t i v e s  o f  o r d e r  k°. ( i i )

The am p l i tude  ft^ has e x t r a  terms in v o lv ing  R . These terms r e p r e s e n t

++ 3photon  em is s io n  from the  i n t e r n a l  A l i n e  w i th  s p i n — and the

anomalous magnet ic  moment A^. The am pl i tude  ft^ does not  i n c lu d e  any

term which i s  s e p a r a t e l y  gauge i n v a r i a n t ,  k^=0. Th is  i s  because

th e  s t a n d a r d  procedure  (o r  t h e  gauge i n v a r i a n t  c o n d i t i o n ,  Eq. (59))

cannot  be used to  de te rm ine  an i n t e r n a l  term which i s  s e p a r a t e l y  gauge

i n v a r i a n t .  (Note t h a t  both fi and ft’ inc lu d e  i n t e r n a l  t erms which a r e
M M

p r o p o r t i o n a l  to  e i t h e r  ( q . + p . ) o r  (q +p„) . These i n t e r n a l  termsi i m f  f  m

r e p r e s e n t  photon em is s io n  from th e  charge  o f  t h e  i n t e r n a l  A++ l i n e .  )

(c)  General  TETAS ampl1tude and modif ied  Low procedure :

The r e s u l t  o b t a i n e d  in  the  l a s t  s e c t i o n  w i l l  be used a s  an

impor tan t  gu ide t o  deve lo p  a  modif ied  p rocedu re  f o r  c o n s t r u c t i n g  a

more g e n e ra l  TETA am pl i tude  f o r  the  n+py p r o c e s s .  The f i r s t  s t e p  in

the  modif ied  procedure  i s  e x a c t l y  the  same a s  the  one used  in  Low’ s

( E)s t a n d a r d  procedure .  We o b t a i n  the  e x t e r n a l  ampl i tude  from f o u r

e x t e r n a l  e m is s ion  diagrams .  Fig.  4a-4d, which a r e  g e n e r a t e d  from the  

s o u rc e  d iag ram shown in  F i g . l a .  We f i n d
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Q q Q q
Mm  = u(p ,u ) [ T -  T 1H f f  q *k a b q *kf M

Q (p +R ) Q (p +R )
♦ -S------f ' M  T -  T ^ ------ L - L *  ] u (p  ) (67)p *k c d p *k * V if i

where R ^  and R a re  d e f in e d  by Eqs. (20a)  and (20b) ,  r e s p e c t i v e l y ,

and T (x = a ,b ,c ,d )  which a r e  the  h a l f - o f f - s h e l  1 T - m a t r i c e s  can be
X

w r i t t e n  in  the  form

u T u 5 u T [ s ,  t ,  p2=m2 , q2=m2 , p2=m2, A =(q  +k)2 ] u a 1 p 1 p 1 71 f p a f

= u { A (s , t  , m2, m2 , m2, A )(_ 1 p p n p a

+ i (  f f  + f f  + 3t ) B (s  , t  , m2, m2 , m2, A ) 1 u , (68a)c l  f l p p T l p a l

-  _ _ - T f  . 2 2 . ,  , . 2  2 2  2 2 ,b = u T I s f . t  p^m Ab= (q r k) . Pf=m q ^  ] u

= u |  A ( s f , t  , m2, A , m2, m2 )
p  p  b  p  ti

+ i (  f f  + s f -  *  ) B (s  , t  , m2, A , m2, m2 ) 1  u , (68b)
“ - "j 71 I' f  V  V  “ b* P

2 2  2 2 . ,  ,,2 2 2
T C U S  T  [ s i -  l q -  Pr V  W  A c = ( p f + k )  • q f =m77 ] U

A (s  , t  , m2, m2, A , m2 )1 q  p  77 c  77

a n d

- {

+ i (  f f  + jef ) B ( s . ,  t  , m2, m2 , A , m2 )2  i  q  p ti c  n

+ i (  jp  + dc -m ) C (s . ,  t  , m2, m2 , A , m2 ) 1 u , ( 6 8 c )c f  p i q p 71 c 7t I

. . ,  , , 2  2 2  2 2  2 2 ,
d =  U l5r  q ’ A d = { p i _ k )  ‘ W  P f = m p ’ q f = \  1

= U |  A ( s f , i « 2 2 2 ,t  , a ,, m , m , m ) 
q  d  7T p  7t



In Eq. (69c) and (69d) ,  the  e x p r e s s io n s  f o r  Tc and have e x t r a  

o f f - s h e l l  terms inv o lv in g  ampl i tude  C o r  C ' . These e x t r a  o f f - s h e l l  

terms van i s h  on the  m a s s - s h e l l .  The e x p r e s s i o n s  f o r  o f f - s h e l l  

am p l i t u d e s  A, B, C and C’ a r e  much more c o m p l ic a ted  than  those  f o r  

o f f - s h e l l  a m pl i tudes  A, B and C a t  the  t r e e  l e v e l .  (See Eqs. (12) and 

(15c) .  ) However, s i n c e  t h e  Feynman diagrams g iven  by F igs .  2a -2e  a r e

th e  dominant  c o n t r i b u t i o n  t o  the  v*py p r o c e s s  in  t h e  energy  r e g i o n  o f  

th e  A (1232) resonance ,  we expect  t h a t  A r ed u c e s  to  A, B r ed u c e s  to  

B, and C and C’ reduce  to  C when F igs .  4a-4e  reduce  to  F igs .  2a 2e, 

r e s p e c t i v e l y .  The o n - s h e l l  v a lues  of  t h e  a m p l i t u d e s  A, B, C and C' 

a r e  d e f i n e d  by

A(
V y = A( s , a V

2
V

2
V

2m ,
p

2m ) ,TT (69a)

B( s  , a y s  B( s  , a V
2m , 
P

2
V

2m , 
p

2m ) ,TT (69b)

C( s .  .l t  )
q

3 C( s i ’ t  ,
q

2
V

2m , n
2 m ,
p

2m ) , n (69c)

and

C’ ( s  , t  ) = C’ ( s_ ,  t  , m2 , m2 , m2, m2 ) , (69d)i q  I q p J i p T i

w i th  a  = i o r  f  and 3 = p o r  q. The o n - s h e l l  a m p l i t u d e s  A f s ^ . t ^ )  and

B(s , t „ ) ,  which de te rm ine  the  o n - s h e l l  ( e l a s t i c )  n+p T -m a t r ix  a (3

T f s ^ . t p ) ,  can be c a l c u l a t e d  in terms o f  n+p phase s h i f t s  and 

i n e l a s t i c i t i e s ,  de te rmined  by the  n+p e l a s t i c  s c a t t e r i n g  expe r im en t s .  

S ince  the  e x p r e s s i o n s  f o r  C ( s , , t  ) and C’ ( s _ , t  ) a r e  not  known, a l l
i q f  q

e x t r a  terms in v o lv in g  C and C’ have been c o m p le te ly  ignored  in the  

o n - s h e l l  s o f t - p h o t o n  approx im at ion .
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The second s t e p  i s  to  f i n d  an i n t e r n a l  am p l i tude  which

r e p r e s e n t s  photon e m is s ion  from the  i n t e r m e d ia t e  A++ l i n e .  The idea

i s  to  w r i t e  M ^ ^ as  a  l i n e a r  combina t ion  of  T ( x = a , b , c , d )  and D : p x

eP MU )  = u(p„,i> ) [ Y T + T Y + Y I  p f f  a a  b b  c c

+ Td Yd + C>D 1 u ( P i ' v l } ’ (70)

where Y ( x = a , b , c , d )  a r e  t h e  c o e f f i c i e n t s  t o  be de te rmined  and c-D x

r e p r e s e n t s  the  rem ainder  of  o t h e r  terms which cannot  be w r i t t e n  in

.(A) reduceterms o f  T . To de te rm ine  Y ( x = a , b , c , d ) ,  we demand t h a t  M 
x x  p

to  M̂ A^given by Eq. (44) when Fig.  4e r educes  t o  Fig.  2e. S ince  

T ( x = a , b , c , d )  reduce  to  T and D r educes  t o  D, we f i n d

Y = a

c • (Pj.+qj.) + e-R

( p f +q f ) k

c - ( P j +Qj ) + e-R

( p i +qi )

Y = -  Qc c

and

c - ( p f +qf ) + e-R 

(pf +qf ) -k

c - ( P j + q j ) + e-R
( P i + q j ) -k

Combining M ^ ^ w i th  , we o b t a i n

P  U(EA) P  TETA . .  p  _  , , ,
- = c mm + U(pf ,wf )[ ] u ( p i ,wi )

where

(71)

(71a)

,TETA
u( pf . )

r  q f p  _  ( W R V  ]
L q f - k  ( p f +q f ) - k  J

Qb Tb
‘ i p

•k
( p l + V R ) p  1 

( p l +CIi } *k -I

(P,.+q r +R)

f -
L q i '

r(V Rf V  _ ‘Hf Ty y  l
L Pf ' k (pf +qf ) -k J -

(71b)



S ince  cannot  be e xp res sed  in terms o f  T^, i t  has  been ignored  in 

t h e  s o f t - p h o t o n  approx imat ion.

The t h i r d  s t e p  i s  t o  impose the  gauge i n v a r i a n t  c o n d i t i o n ,  

kM( M(EA) + M( C ) ) = 0 , (72a)p  p

( G )in  o r d e r  t o  o b t a i n  an a d d i t i o n a l  gauge term so  t h a t  t h e  t o t a l

( E A ) ( G )a m pl i tude ,  M̂ = “if +Mp  , w i l l  be co m p le te ly  gauge i n v a r i a n t .  Since

^  mteta = 0,
M

t h e  c o n d i t i o n  (72a) g ives

M(C) = -k^D (72b)

( G)which shows t h a t  can be de te rmined  i f  t h e  d e t a i l e d  e x p r e s s i o n  f o r

i s  known. However, s i n c e  D has been ignored  i n  the  s o f t - p h o t o n  

( G)app rox im at ion ,  w i l l  a l s o  be ignored  in  ou r  d e r i v a t i o n .  Thus, the

t o t a l  am pl i tude  has the  form

M = MTETA (73)
M M

(G)i f  and a r e  n e g le c te d .  Eq. (73) shows t h a t  t h e  o f f - s h e l l  TETA

TETAa m p l i t u d e  i s  an approximate  am pl i tude  which can  be r i g o r o u s l y

d e r i v e d  f o r  the  n py p roce s s .

TETASF i n a l l y ,  to  o b t a i n  a  s p e c i a l  o n - s h e l l  TETAS am p l i tude  , we

have to  expand T^ ( x = a , b , c , d ) .  We o b t a i n

MTCT* = MTET,S * rf>f f  , (74)
M M M

where



- 3 6 -

-  Qb T ( s r . t j
r (p ,+q,+R) t

t ) I —lif - 1 . M I
f ’ p I k ( P j ♦ q j ) ' k  J

r (p + R J (p *q ♦R) 1
Q ----------- -------r   \~V T ) <7 5 i

c l pf -k (pf  qf } ' k J 1 q

r (p +R ) (p +q +R) 
t ) I 1 1 P _ 1 1 P 1

f ’ q [ P j -k  ( p j + q j ) -kj-  V  (s Pj  . Vj )

Offand r e p r e s e n t s  the  r e s t  o f  the  o t h e r  terms which inc lude

o f f - s h e l l  d e r i v a t i v e s  o f  the  a m p l i tude s  A and B and e x t r a  o f f - s h e l l

t erms inv o lv in g  a m pl i tudes  C and C’ The am p l i tude  M*ETAS , E q . (75 ) ,

i s  i d e n t i c a l  to  the  one g iven  by Eq. (1) in  R e f . 29. Because of

d i f f e r e n t  d e f i n i t i o n s  f o r  R. , R_ and R used in  t h i s  work, t h e r e  is
iM f p  P

a  s i g n  d i f f e r e n c e  f o r  those  terms i n v o lv in g  R, , R„ and R in  theip  f p  p
TFTA«5e x p r e s s i o n  f o r  M In Eq. (75) ,  T ( s . , t  ),  T ( s _ , t  ), T ( s . , t  ) and
P i P f  P i q

T ( s _ , t  ) a r e  the  e l a s t i c  7i+p T - m a t r i c e s ,  e v a l u a t e d  a t  ( s , , t  ),f  q r  i p
( s _ , t  ),  ( s . , t  ) and ( s „ , t  ), r e s p e c t i v e l y .  (See R e f . 28 f o r  a

f p  i q  f < 3
d i s c u s s i o n  on the  c a l c u l a t i o n  o f  t h e s e  T - m a t r i c e s . ) We have shown

t h a t  i f  we n e g le c t  those  terms which cannot  be e x p re s s e d  in  terms of

the  T -m a t r ix  ( i . e . , c - D )  and ignore  a l l  o f f - s h e l l  terms ( i . e . , c - M ° f f  ),

t h e n  we o b t a i n  the  am pl i tude  MTETAS which can be c a l c u l a t e d  e x a c t l y  In
P

+
terms  of  t h e  n p e l a s t i c  T -m a t r ix  and t h e  e l e c t r o m a g n e t i c  c o n s t a n t s  of

♦  » + ♦  p, n and A
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( I I I )  The "E xpe r im e n ta l " Magnet 1c Moment o f  A**( 1232)

E x t r a c t e d  from Experimental  Data :

We have used the  s p e c i a l  tw o-ene rgy- tw o-ang le  a m p l i tude ,  MEETAS 

g iven  by Eq. (75) ,  to  c a l c u l a t e  7i+py c r o s s  s e c t i o n s  a s  a  f u n c t i o n  o f

photon energy  k,

d 3 <r
d ( l  d f l  d k  , 5n r  ( 2 n)

<54 ( F V q l - pf - qf -k )

{ - g -  Z (MTETAScM) (M̂ ETASc y ) |  d V  , (76)
'  po  1 , s p i n   ̂ V J

where

i 2 2  / r i  2 2 , 1 / 2J = e m  / ( P , ' q , )  - m m p i 1 n p

d4F = [ q 2  dq „ / ( 2E )] (d3p_/(2E )] [k 2 / ( 2 k ) ]i t  n i p

-  , 2 -»2 , 1 / 2
71 = ( %  + qf  } ’

and

, 2 ->2 ,1/2 E = (m + p ,  )
P P f

In t h e s e  c a l c u l a t i o n s ,  the  anomalous magnet ic  moment o f  t h e  A++, ,

has  been t r e a t e d  a s  a  f r e e  parameter  and i t  i s  t o  be de te rm in e d  from 

the  UCLA d a t a ^ a t  t h r e e  bombarding e n e r g i e s ,  269, 298 and 324 MeV, and 

the  SIN d a t a 13a t  299 MeV.

The UCLA group has used 19 photon c o u n t e r s ,  G ^ ( i = l —19), t o  measure
+

7i py d i f f e r e n t i a l  c r o s s  s e c t i o n s .  As a  r e s u l t ,  18 s e t s  o f  c r o s s

s e c t i o n s  have been o b ta in e d  f o r  each bombarding energy.  (Cross

s e c t i o n s  f o r  the  photon c o u n te r  G16 have not  been de te rm ined .  ) In

each  s e t ,  t h e  UCLA d a t a  a r e  given  a t  t h e  f o l l o w i n g  photon  e n e r g i e s  :

k = 2 2 .5  MeV, k = 40 MeV, k = 60 MeV, k = 80 MeV. k = 100 MeV,k = 120 
1 c. o  4  b  b
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MeV and k^= 140 MeV. We s h e l l  use the  "spect rum " t o  l abe l  t h e  s e t  

o f  c r o s s  s e c t i o n s  o b t a i n e d  from the  photon c o u n t e r  G^. Thus, i f  we 

d e f i n e  Ej = 269 MeV, E2= 298 MeV and E3= 324 MeV, t h e n  the  UCLA d a t a

UCLAcan be denoted  by <r ( E ^ .G j .k ^ ) ,  which r e p r e s e n t s  c r o s s  s e c t i o n  a t

the  bombarding energy  E. ( i = l , 2 , 3 )  and the  photon e ne rgy  k ^ ( i = l , • • • ,

7) f o r  the  spectrum G ( J=1 , * - *, 19). The c o r r e s p o n d in g  t h e o r e t i c a l
«J

c r o s s  s e c t i o n ,  c a l c u l a t e d  u s in g  Eq. (76) ,  w i l l  be deno ted  by 

<r™<El .CJ . k J ).

UCLAUsing the  e xpe r im en ta l  c r o s s  s e c t i o n s  <r (E^ .G j .k^ )  and the

THt h e o r e t i c a l  c r o s s  s e c t i o n s  <r ( E ^ .G j .k ^ ) ,  we f i r s t  c a l c u l a t e d  the

f o l lo w in g  ave rage  c r o s s  s e c t i o n s  :

10

V i ^ i ’ V  = ^  <rUCLA(E1,G k ^ / 1 0 ,  (77a)
j=i

10

<ri - i o (Ei , k J ) = ^  «rTH(Ei ,GJ , k J ) /10  . (77b)

15
" n - t s ^ i ’ V  = E ,G . k ^ / 5  . (77c)

J =i i 
15

° u - i s (Ei ’k l ) = ^  «r™(E ,G . k ^ / 5  . (77d)
j = u  
is

<rUCLA( E. , k .) = T  o - ^ ^ E ,  , G , . k , ) / 1 5  , (77e)rT-i5 (Ei ’k J ) = E ^  (El f G . k j J / 1 5  ,
j=i

and

15

V i 5 ( E i , k i ) = E <r™(E ,C . k j J / 1 5  . ( 7 7 f )
j=i

f o r  a l l  photon e n e r g i e s  k^ ( 1 = 1 , • • • , 7 )  a t  t h r e e  bombarding e n e r g i e s ,  

E ( 1 = 1 ,2 ,3 ) .  The v a lu e s  o f  <r““ ^ ( E , , k  ) , (E k ) and
1 1s  10 l  a 11 5 1 i

^ i - i s ^Ei ’k l^ ’ “ i t h o u t  i n c l u d i n g  th e  e x p e r im e n ta l  e r r o r s ,  a r e  shown in

Table  1 . We then  use t h e s e  c r o s s  s e c t i o n s  t o  d e f i n e  t h e  f o l l o w i n g
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a ve rage  d e v i a t i o n s

™  |<rUCLA( E , , k . )  -  <r™ ( E. , k . )  j
D (E A ) = Y  1 10----        , (78a)

1-10 1 A L  <rUCLA ( E. , k .)
J 1 - 1 0  i  1

. U C L A  ( E  , _  ^  ( £  |

D (E , A ) = Y  n -------------------------------— -----—  , (78b)
11-15 ' A L  ,<*«■* ,

1 u - i s  i 1

and

D ( E. ,  A. )  = Y  —  ^ i-------- — — - -------  . (78c)
1 - 1 5  1 A /  U C L A , _  , >•—f a  (E. . k ,)

1 1 - 1 5  i 1

S ince  t h e r e  a r e  t h r e e  bombarding e n e r g i e s ,  we o b t a i n  n ine  d e v i a t i o n

f u n c t i o n s ,  which a r e  a l l  f u n c t i o n s  o f  A. .  Varying t h e  v a lu e  o f  A. ,  weA A

f i n d  n ine  d e v i a t i o n  cu rves .  As shown in  F igs .  5 a ,5 b  and 5c, e a ch  o f

t h e s e  n in e  d e v i a t i o n  c u rv e s  c l e a r l y  e x h i b i t s  a  minimum p o i n t .  The

v a lu e s  o f  A. a t  t h e s e  minimum p o i n t s  a r e  a s  f o l l o w s  : A^ 1 0 ( E , ) = 1.53 A A 1

A1-1°(E ) = 1.47 ,A1 _1°(E_)  = 1.20 , a ” ' IS(E , )  = 1.90 , a ” " 1S (E„) =A i  A 3  A 1  A 2

2 .0 0  , a " “ 1 5 (E,)  = 1.44 , A1_1S (E. )  = 1.86 , A1 _1S(E0 ) = 1.58 ,A 3  A 1 A 2
1 —15and A^ ( E^) = 1.36 . Taking an ave rage ,  we have

3
A = £  A1. " 10 (E. ) / 3  = 1 . 4  (79a)

A i = l A

f o r  s p e c t r a  G1 -  G10 ,

3
A. = £  a “ ~1 5 (E. ) / 3  = 1.8  (79b)

A i= l  A 1

f o r  s p e c t r a  Gil  -  G15 , and

3
A. = £  A1 ' 15 ( E . ) / 3  = 1 . 6  (79c)

A i= l  A 1

f o r  s p e c t r a  G1 -  G15 . Using t h e s e  r e s u l t s  f o r  A^, t h e  v a lu e  o f  the

i UCLA , _  , . TH . r  , . |cr ( E . , k ,) -  <r (E. , k ,)
1 1 - 1 5  i  1 l - i s  i J 1



- 4 0 -

"exper i  m e n t a l " magnet ic  moment o f  the  A++(1232) ,  p . ,  can beA
c a l c u l a t e d .  We f in d

m
p = 2 (1 ♦ A. ) = 2 (1 + A. ) r £ -  (2 M. ' A M .  2 m  A A p

3 .7  —  f o r  s p e c t r a  G1 -  G10
mp

4 .0  —  f o r  s p e c t r a  G1 -  G15 (80)
mp

4 .2  —  f o r  s p e c t r a  Gil  -  G15
mp

This  g iv e s  us a  range of  the  v a lue  o f  p.  which can be e x t r a c t e d  fromA
t he  UCLA da ta .

Of c ou rse ,  the  UCLA d a t a  s e t s  can be a n a ly z e d  t o g e t h e r  t o  y i e l d  a

s i n g l e  va lue  o f  p . Th is  has been done and t h e  v a lu e  i s  3 . 8  e / (2m ).A p
2

I t  s h ou ld  be p o in te d  out  t h a t  i f  t h e  x  a s  a  f u n c t i o n  o f  A^ were used

to  de te rm ine  the  va lue  o f  A., t h e n  we would a l s o  o b t a i n  abou t  t h e  sameA
r e s u l t  a s  t h a t  o b t a in e d  by u s in g  th e  d e v i a t i o n  f u n c t i o n  d e f i n e d  by

E q . (7 8 ) .  For s p e c t r a  G1-G10 a t  298 MeV, f o r  example,  t h e  x f i t  g i v e s

A = 1.4 while  the method based on E q . (78)  g i v e s  A s  1 0 (E_) = 1.47.A A A 2
2

In F i g .5 e ,  we show the  x cu rve  w i th  a  c l e a r  minimum p o i n t  a t  A^ = 

1.4.  Th is  cu rve  i s  to  be compared w i th  t h e  s o l i d  cu rve  e x h i b i t e d  in  

Fig.  5a.

We have used the  term "expe r im en ta l "  magnet ic  moment to  d e s c r i b e

t h e  r e s u l t  o b t a in e d  in  t h i s  work f o r  t h e  f o l l o w i n g  reason :  The

magnet ic  moment o f  the  A++ o b t a i n e d  in  t h i s  work i s  based  upon the

TETAS am pl i tude .  In d e r i v i n g  t h i s  a m p l i t u d e ,  we have ignored  the

em is s io n  from the  i n t e r n a l  p i o n - p r o to n  loop. In  a  r e c e n t  s tu d y  u s in g

30a n o n r e l a t i v i s t i c  dynamical  model, H e l l e r  e t  a l .  have r e p o r t e d  t h a t
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an " e f f e c t i v e "  magnet ic  moment o f  the  A++ can be d e f i n e d  i f  the  

c o n t r i b u t i o n  from the  loop diagrams i s  involved .  Th is  e f f e c t i v e

moment, which i s  d i f f e r e n t  from the  "bare"  moment p r e d i c t e d  by the  

SU(6 ) o r  the  quark model, i s  a complex and energy-dependen t  q u a n t i t y .  

Although th e s e  a u th o r s  have found t h a t  the  imaginary  p a r t  o f  the  

e f f e c t i v e  moment i s  not  n e g l i g i b l e ,  t h e  problem o f  d e f i n i n g  and 

c a l c u l a t i n g  the  e f f e c t i v e  moment f o r  an o f f - s h e l l  u n s t a b l e  A+ +

p a r t i c l e  remains unso lved mainly because  t h e y  were unab le  to  

de m ons t ra te  t h a t  t h e i r  model c ou ld  be used to  d e s c r i b e  most o f  t h e  

it py d a ta .  I t  i s  obvious t h a t  the  e f f e c t i v e  moment cannot  be 

c a l c u l a t e d  to  a r b i t r a r y  p r e c i s i o n  in  any model - independen t

c a l c u l a t i o n s  s i n c e  i t  i s  d i f f i c u l t  to  t ak e  i n t o  account  t h e  loop

c o n t r i b u t i o n  in  t h e  s o f t - p h o t o n  approx im at ion .  Th is  i s  why the  

magnet ic  moment o f  the  A++ e x t r a c t e d  from the  ir+py d a t a  by u s in g  the

TETAS am p l i tude  i s  an a pprox im at ion  wi th  t h e o r e t i c a l  e r r o r s  t o  the

e f f e c t i v e  moment. Since  i t  i s  a l s o  d i f f i c u l t  t o  i d e n t i f y  our  magnet ic  

moment wi th  the  "bare"  moment, we have t h e r e f o r e  used  the  

"expe r im e n ta l "  magnet ic  moment t o  d e s c r i b e  the  r e s u l t  o b t a i n e d  by us.

We have a l s o  e x t r a c t e d  the  va lue  o f  u.  from th e  SIN d a t a .  The SINA
+

group has  measured the  it py c r o s s  s e c t i o n s  a t  299 MeV. Depending upon

the  a n g u l a r  r e g i o n s  f o r  the  ou tgo ing  p ions ,  the  group has o b t a i n e d

t h r e e  s e t s  o f  c r o s s  s e c t i o n s .  We s h a l l  c a l l  t he  s e t  f o r  55°< 0 <
ji

95 a s  t h e  f i r s t  s e t ,  t h e  s e t  f o r  55°< 0  < 75° as  t h e  second  s e t ,7T
o o

and the  s e t  f o r  75 < 0  < 95 as  the  t h i r d  s e t .  In each  s e t ,  t h en

SIN d a t a  a r e  g iven  a t  t h e  f o l l o w i n g  photon e n e r g i e s  : k j=  2 7 .5  MeV,
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k2 '= 42 .5  MeV, k3 ’= 57 .5  MeV, k4 ’= 72 .5  MeV, k5 ’ = 87 .5  MeV, k g ’ = 102.5

MeV, and ky ’ = 117.5 MeV. Thus, the  SIN d a t a  w i l l  be de no te d  by

SIN T H<r. ( k . ’ ) and the  c o r r e spond ing  t h e o r e t i c a l  c r o s s  s e c t i o n  by <r (k ’ ).
 ̂ J  i  j

Here, k ^ ’ ( j  = 1 , - • • , 7 )  a r e  photon e n e r g i e s  and th e  s u b s c r i p t  i

i n d i c a t e s  the  s e t  number ( i  = 1 ,2 ,3 ) .  The v a lu e s  o f  <r?1M( k . ’ ),
i  J

withou t  In c lu d in g  the  exper im en ta l  e r r o r s ,  a r e  shown in  Table  1. 

SIN T HUsing c-j ( k j ’ ) and <r̂  ( k j *), we d e f i n e  t h r e e  d e v i a t i o n  f u n c t i o n s  :

■I
S I N , .  , , TH, .  , . I<r, (kj ) - «r, (kj ) |

Di < V  ■ )   T T i r — ;-------------- • (81» ’
' i  <kj  ’

■ I
I S I N , .  , , TH, .  , , ,| <r, ( k ,  ) -  <r ( k ,  ) |

D ( A ) = )  -------------— ----------------------  , (81b)
* A '  a 2 (kj ’ J

and

“3 ' V  I  ---------- ---------------------------  •
j  ° 3  J

which a r e  a l l  f u n c t i o n s  o f  A . Varying the  v a lu e  o f  A., we o b t a i nA A
t h r e e  d e v i a t i o n  cu rves .  As shown in  Fig.  5d, each  curve  has  a  minimum

p o in t .  The v a lu e s  o f  A^at t h es e  minimum p o i n t s  a r e

Aa = 2 . 1  A
f o r  t h e  f i r s t  s e t ,  55°< 0 < 95°

TT

Aa = 2 .2  A
f o r  t h e  second s e t ,  55°< 0 < 75° , and

TT

A = 2 .0A
f o r  t h e  t h i r d  s e t ,  75°< 0  < 95°. The v a lu e s  o f  u A c a l c u l a t e d  fromTl A
A* a r e  a s  f o l l o w s  :A

S I N , .  , , T H, .  ,
3 (kJ 1 -  ' 3  (kJ
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2  (1  ♦ A .  ) r ^ -  (M. 2 m A p

4 .7
2 m

P

2 m
P

f o r 55 < 

0

0 nr < 95

f o r 55 < 0 it < 75

f o r
0

75 < 0 < 95

4 .9  ~ —  f o r  55 < 0 < 75 (82)
2 m

P
4.6

The range  of  p. de te rmined  by the SIN d a t a  i s  t h e r e f o r e  4 .6  e / (2m ) A p

s p. s 4 . 9  e / (2m ). I f ,  on the  o t h e r  hand, a l l  t h e  SIN d a t a  s e t s  a r e  A p

ana lyz e d  t o g e t h e r  to  y i e l d  a  s i n g l e  va lue  o f  p . ,  we f i n d  p.  = 4 .6A A
e / ( 2 m ).

P
I t  i s  c l e a r  t h a t  the  v a lu e s  of  p^ e x t r a c t e d  from e i t h e r  the  UCLA

d a t a  o r  the  SIN d a t a  a r e  s m a l l e r  than  the  "bare"  magnet ic  moment,

26p =5.58 e/(2m ), p r e d i c t e d  by t h e  SU(6 ) model and the  quark  model.
A p

However, as  po in ted  out  by the  UCLA group,  a  m odif ied  SU(6 ) model

25( w i th  mass c o r r e c t i o n s )  su g g e s t e d  by Beg and P a i s  p r e d i c t s  p^= 
m

( - J* ) x 5 .58 e/(2m )= 4 .25  e/(2m ). Moreover, Meyer e t  a l .  have a l s o
MA p p

27p o in te d  out  t h a t  bag-model c o r r e c t i o n s  t o  t h e  quark  model g ive  p =A
4 .4 1 -  4 .8 9  e/(2m ). Thus the  v a lu e s  o f  p .  e x t r a c t e d  from the  d a t a  

p A
( th e  ave rage  value o f  p .  de te rm ined  from bo th  t h e  UCLA and the  SINA
d a t a  i s  4 .35 e/(2m )) a r e  in  much b e t t e r  agreement wi th  t h e  va lue

p

p r e d i c t e d  by the  modif ied  SU(6 ) model o r  t h e  quark model wi th

c o r r e c t i o n s .  The v a lu e s  o f  p .  p r e v i o u s l y  o b t a i n e d  by o t h e r  a u th o r sA
28 29were 3 . 6  ± 2 .0  by Musakhanov, 5 .6  ± 2 .1  by Pascual  and T a r rach ,

30 317 .0  ~ 9 . 8  by H e l l e r  e t  a l .  , and 5 .58  ~ 7 .53  by Wittman in  u n i t s  o f

e/(2m ). All of  t h e s e  r e s u l t s  were e x t r a c t e d  from th e  UCLA d a t a  u s ing  
P

q u i t e  d i f f e r e n t  approx im at io ns  and methods. Most r e c e n t l y ,  by f i t t i n g
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th e  asymmetry d a t a  to  p r e d i c t i o n s  c a l c u l a t e d  in  the  MIT model,

32Bosshard e t  a l . have found p = 4.58+0.33  e/(2m ). A comparison o f
A p

t h e s e  r e s u l t s  i s  shown in Table  I I .  For o t h e r  t h e o r e t i c a l

p r e d i c t i o n s ,  we r e f e r  t o  an a r t i c l e  p u b l i s h e d  r e c e n t l y  by

33Krivoruchenko e t  a l .
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IV T h e o r e t l e a l  n+py Cross  Sect  Ions and Comparison to  Exper imenta l  Data: 

Using the  v a lues  o f  p^ e x t r a c t e d  from th e  e x p e r im e n ta l  d a t a
T ETTAS(E q s . (8 0 )  and (82)]  as  Input ,  we have a p p l i e d  t h e  a m p l i tude  to

c a l c u l a t e  a l l  n+py c r o s s  s e c t i o n s  which cam be compared w i th  the

e xpe r im e n ta l  d a t a  a t  the  f i v e  bombarding e n e r g i e s ,  165, 269, 298,

2 9 9 , and 324 MeV. Some o f  t h es e  c a l c u l a t i o n s  a r e  shown in  F ig s .  6-12.

In t h e s e  f i g u r e s ,  the  c a l c u l a t e d  c r o s s  s e c t i o n s  a t  269, 298, and 324

MeV a r e  compared wi th  t h e  UCLA d a t a  o f  Nefkens e t  a l . and the

c a l c u l a t e d  c r o s s  s e c t i o n s  a t  165 MeV and 299 MeV a r e  compared w i th  the

UCLA d a t a  o f  Smith e t  a l ?  and the  SIN d a t a  . r e s p e c t i v e l y .

For Gil  -  G17, the  c a l c u l a t e d  c r o s s  s e c t i o n s  a r e  i n s e n s i t i v e  t o  the

v a r i a t i o n  o f  p .  between 3 .7  e/(2m ) and 4 .2  e /(2m ). As shown in A p p

F i g s . 8 ,9  and 10, t h e  c a l c u l a t i o n s  u s ing  p.  = 3 . 7 , 4 . 0  and 4 .2  e/(2m )A p

g ive  almost  i d e n t i c a l  s p e c t r a .  Although d i f f e r e n t  v a lu e s  o f  p ^ ( 3 .7  

e / ( 2 nip) 3  p^s  4 .2  e / (2nip)) p r e d i c t  s p e c t r a  which a r e  s l i g h t l y  d i f f e r e n t  

a t  k > 70 MeV f o r  G1 -  G10, F igs .  6 , 7 and 8  show t h a t  t h e  d i f f e r e n c e  

i s  s m a l l e r  than the  expe r im en ta l  e r r o r s .  The o v e r a l l  agreement

between th e o r y  and the  UCLA d a ta  i s  e x c e l l e n t .  Th is  f a c t  can a l s o  be

2 2 s e en  from the  fo l l o w in g  x va lues .  We have c a l c u l a t e d  the  x v a lu e s

f o r  th o se  UCLA c r o s s  s e c t i o n s  shown in  F ig s .  6  ~ 9 u s in g  p^= 4 .0
2

e/(2mp) a s  an inpu t  f o r  a l l  t h e o r e t i c a l  p r e d i c t i o n s .  The x  v a lu e s  

a r e  1 . 6 ( 0 . 9 ) ,  0 .4 ,  4 .1 ,  5 . 3 ( 2 . 1 ) ,  0 . 8 ( 0 . 3 ) ,  0 .5 ,  0 . 6 ( 0 . 5 ) ,  0 . 5 ,  1 .0 ,

0 . 6 ,  2 .8 ,  8 . 1 (1 .8 ) ,  3 . 6 ( 1 . 6 ), 0 .7  and 1.0 f o r  G1 a t  298 MeV ( F i g . 6 a ) ,

G2 a t  298 MeV (Fig.  6 b) ,  G3 a t  269 MeV (F ig .  6 c ) ,  G4 a t  269 MeV

( F i g . 6 d ) , G5 a t  324 MeV ( F i g .7 a ) ,  G6  a t  298 MeV (F ig .  7b ) ,  G7 a t  324

MeV ( F i g . 7 c ) ,  G8  a t  298 MeV ( F ig .7 d ) ,  G9 a t  298 MeV (F ig .  8 a ) ,  G10 a t
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269 MeV ( F i g . 8 b) ,  Gil a t  298 MeV ( F i g . 8 c ) ,  G12 a t  269 MeV ( F i g . 8 d ) ,  

C13 a t  269 MeV ( F i g . 9 a ) ,  G14 a t  269 MeV ( F i g . 9 b ) ,  G15 a t  269 MeV 

( F i g . 9 c ) ,  r e s p e c t i v e l y .  The x va lu e s  in  p a r e n t h e s e s  a r e  o b t a i n e d  

from the c a l c u l a t i o n  which does not  inc lude  the  l a s t  datum wi th  ze ro  

c r o s s  s e c t i o n .  Thus, the  TETAS am pl i tude  w i th  v a lu e s  o f  p^ in  the  

range  from 3 .7  to  4 .2  e/(2nip) can be used t o  d e s c r i b e  a l l  n+py d a t a  

o b t a in e d  by the  UCLA group excep t  f o r  the  measurements o b t a i n e d  f o r  

G18. Here , we must p o in t  ou t  t h a t  our  p r e d i c t e d  c r o s s  s e c t i o n s  f o r  

G18 a t  269, 298 and 324 MeV a r e  q u i t e  d i f f e r e n t  from the  UCLA d a t a  . ( 

These t h r e e  s p e c t r a  f o r  G18 a r e  the  o n ly  e x c e p t io n s .  The r e s t  o f  

o t h e r  s p e c t r a  a t  165, 269, 298 and 324 MeV f o r  Ĝ  ( i  = but  i

* 18) a r e  in e x c e l l e n t  agreement wi th  t h e  UCLA d a ta .  ) However, the  

agreement  i s  much b e t t e r  f o r  G18 a t  165 MeV. Th is  compar ison i s  shown 

in Fig .10b .

In Fig.  1 1 , we p r e s e n t  t h e  r e s u l t s  o f  our  c a l c u l a t i o n  u s ing  p. =A

4 .6 ,  4 .7  and 4 .9  e/ (2m^)  a t  299 MeV. These r e s u l t s  a r e  compared wi th

the  SIN d a t a .  Using p^ = 4 .6  and 4 .9  e/(2nip) as  inpu t  f o r  t h e o r e t i c a l
2

p r e d i c t i o n s ,  we have c a l c u l a t e d  t h e  x v a lu e s  f o r  the  t h r e e  s e t s  of
2

c r o s s  s e c t i o n s  shown in  F i g . 11. The x v a lu e s  [ co r r e s p o n d in g  to  p^ =

(4 .6 ,  4 .9 )  e / (2m )] a r e  (4 .3 ,  3 . 4 ) ,  ( 2 .6 ,  2 . 8 )  and ( 2 .2 ,  2 . 1 )  f o r  the  
P

second s e t  ( F ig .1 1 a ) ,  t h e  t h i r d  s e t  (F ig.  l i b )  and t h e  f i r s t  s e t

( F ig .1 1 c ) ,  r e s p e c t i v e l y .  We t h e r e f o r e  conc lude  t h a t  the  SIN d a t a  cam

be d e s c r i b e d  by the  TETAS ampl i tude  w i th  the  v a lue  of  p^ between 4 .6

e/(2m ) and 4 .9  e/(2m ).
P P

F i n a l l y ,  we have a l s o  used p = 5 .58  e /(2m ), the  va lue  p r e d i c t e d  byA p

SU(6 ), SU(3) and the  n a ive  quark  model, to  c a l c u l a t e  ti py s p e c t r a  a t
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298 MeV f o r  G7.G14, G15 and G 1-10 ( th e  average  c r o s s  s e c t i o n  ove r  the

t e n  pho ton c o u n te r s  G1 to  G10 ). As shown in Fig. 12, t h e s e  r e s u l t s

a r e  compared wi th  the  c a l c u l a t i o n s  u s ing  p.  = 3 .7 ,  4 .0  and 4 .2  e/(2m )A p

and a l s o  w i th  the  c a l c u l a t i o n s  u s ing  an approximate  TETAS am p l i tude

g iv en  by E q . (83) in the  next  s e c t i o n . ) Th is  compar ison r e v e a l s  t h r e e

impor tan t  f a c t s  : ( i )  For G14 and G15 , a l l  c a l c u l a t i o n s  g iv e  s i m i l a r

r e s u l t s  which a r e  in  e x c e l l e n t  agreement  wi th  the  UCLA d a t a .  Th is

c on f i rm s  ou r  s t a t e m e n t  t h a t  the  c a l c u l a t e d  c r o s s  s e c t i o n s  f o r  G11-G19

a r e  i n s e n s i t i v e  to  the  v a r i a t i o n  o f  p^. ( i i )  The d a t a  f o r  G7 and

Gl-10 can be used to  d i f f e r e n t i a t e  between the  c a l c u l a t i o n  u s in g  p^=

5 .58  e/(2m ) and the  c a l c u l a t i o n  u s ing  p =3.7 ~ 4 . 2  e / (2m ). TheP A p
l a t t e r  i s  in b e t t e r  agreement wi th  t h e  d a t a .  For  k>70 MeV, a l l

c a l c u l a t i o n s  wi th  p^=5.58 e / (2m^)  a r e  in  comple te  d i sa g re em e n t  wi th

th e  d a t a .  ( i i i )  The s p e c t r a  c a l c u l a t e d  u s ing  am approx im ate  TETAS

a m pl i tude  o b t a i n e d  in  Ref. 22 a r e  ve ry  c l o s e  t o  t h o s e  c a l c u l a t e d  u s in g

TETASt h e  a m p l i t u d e  M g iven  by Eq. (75) w i th  the  va lue  o f  p .  betweenp A

3 .7  e/(2m ) and 4 .2  e/(2m ).

[M ( t e t a s ) ]  o b ta in e d  in  Ref. 22. 
P (The e x p r e s s i o n  f o r  M ( t e t a s ) i s

P

P P
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V. The TETAS Amplitude f o r  the  rr py P rocess  and the  Magnet ic Moment

o f  t h e  A° (1232)

We have a l r e a d y  shown a TETAS ampl i tude  cam be r i g o r o u s l y  d e r iv e d  

f o r  the  7i py p rocess  near  the  A++(123 ) r e sonance  and we have a l s o  

d i s c u s s e d  how the  magnet ic  d i p o l e  moment o f  the  A++ can  be e x t r a c t e d  

from t h e  7T+py da ta .  The f a c t  t h a t  an e x c e l l e n t  r e s u l t  has  been 

o b t a i n e d  f o r  the  7i+py p ro c e s s  encourages  us t o  a pp ly  t h e  same method

to  c o n s t r u c t  a TETAS am pl i tude  f o r  the  n py p ro c e s s  nea r  the  A°(1232)

resonance  and to  e x t r a c t  the  magnet ic  d i p o l e  moment o f  the  A° from the  

UCLA da ta** .  We have found t h a t  the  am p l i tude  f o r  the  n py p ro ce s s  

has same form as  t h a t  f o r  the  7i+py p r o c e s s ,  exc ep t  t h a t  t h e r e  i s  no 

charge  c o n t r i b u t i o n  from the  i n t e r n a l  A° l i n e .  Thus, bo th  am p l i t u d e s  

have v e ry  s i m i l a r  f e a t u r e s .  S ince  t h e  magnet ic  moment o f  t h e  A0 has 

never  been de te rmined  from the  it py d a t a  by any group,  i t  i s  

i n t e r e s t i n g  to  i n v e s t i g a t e  ( i )  whether t h e  e x t r a c t e d  magnet ic  moment 

o f  the  A° i s  about  ze ro  as  p r e d i c t e d  by the  SU(6 ) model and ( i i )  

whether  t h e  tt py c ro s s  s e c t i o n s ,  c a l c u l a t e d  u s ing  the  TETAS ampl i tude  

and the  e x t r a c t e d  magnet ic  moment o f  the  A° as  t h e  in p u t ,  a g re e  wi th

the  UCLA d a t a  and the  CERN data*"*.

(A) The TETAS Amplitude f o r  the  ti py P rocess

At t h e  t r e e  l e v e l ,  t h e  ampl i tude  which r e p r e s e n t s  photon

em iss ion  from the  i n t e r n a l  A° l i n e  can be w r i t t e n  as

= u (pf , u f  ) [gqf P ] Gp<j. (p’ ) [ - i C j V f  c M] G^Cp)  [ g q ^ J u l  p. , v ̂ ).

(83)

Here, [ - i Q ° f ^ c p ] i s  the  e l e c t r o m a g n e t i c  v e r t e x  f o r  t h e  A° w i th  Q°= le
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( one u n i t  o f  p ro to n  c h a rg e ) .  Except f o r  d i f f e r e n t  e l e c t r o m a g n e t i c

v e r t e x ,  t h i s  e x p r e s s i o n  f o r  i s  i d e n t i c a l  t o  the  e x p r e s s i o n  f o r

g iven  by Eq. (25).  Since  A° has  on ly  t h e  anomalous magnet ic

moment A ’ , r ° h a s  t h e  form A p

<r0 <rf3 A , , v
r  = g . (y y -  y y ) k p 4M p i> u p (84)

where M^’ i s  the  mass o f  the  A . Let Q -  be the  charge  o f  it , t h en  we 

can w r i t e

Q° = 4 -  qd -  4 -  v  •c. p  d. 71 (85)

Applying th e  r a d i a t i o n  decompos i t ion  i d e n t i t y  t o  decompose M“(A)

f i n d

G (p ’ ) [Q°r0 flcMlG_ (p) = iG ( p 1)par 

where

P* pa

fQ°5- 1 r q° o *^a p
2 p ’ k 2 p- k

1CV P) ( 8 6 )

0*  = 4R’ • c g0- ♦ E0" a  a  a

5 ’ <*= 4R’ c g P + E’P 
P P P

and

R’ c = I6RT { 1 ^  ' *  1 ’ *  } •

(87a)

(87b)

(87c)

The e x p r e s s i o n s  f o r  E0^ and E’J*  can be o b t a i n e d  from t h e  e x p r e s s i o n s

f o r  Ea  and E’^ g iven  in  Appendix B. Changing A. to  A’ and M. to  M’a p A a a  A

in the  e x p r e s s i o n s  f o r  E ^  and E’^ and then  d ropp ing  th o se  terms which
~~cr   ga r e  independent  o f  A^p we o b t a i n  t h e  e x p r e s s i o n s  f o r  E a  and E^ , 

r e s p e c t i v e l y .  I n s e r t i n g  E q s . (85) and (8 6 ) i n t o  E q . (83) g iv e s

mm (V>
R’ e

p ’ k
( QW_ )  V7T b

R’ •€

p-k
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R’ • c

p ’ • k
T ♦ Q T . c p d

R’ -c

p-k ] u(FY * ' i

+ u (pf  ,i»f )[ c-D J u( p t . t ) , ( 88 )

where T , T T , and T a r e  d e f i n e d  by E qs .( 13 )  and D can be o b t a i n e d  a  b c d

from E q . (45) .  I f  we r e p l a c e  bo th  Q and Q. by ( -  Q - )  and (Q +Q,) bya  b n a  b

Q°, and d rop  those  terms Invo lv ing  p ’ -c and p -c ,  we ge t  c-D. The

—(E)e x t e r n a l  ampl i tude  M can  be o b t a i n e d  from Eq. ( 1 9 )  by chang ing  Q ,
P ®

Q, , Q , and Q to  Q - ,  Q -  , Q , and Q , r e s p e c t i v e l y .  Combining e.P
TT Tt

M(E) w i th  c MM(A) , we f i n d  
P P

c M = u (pf>uf )
qr -c 

k

'  (QW_) Th Ti b

f

q, -c

♦ Q.

■ Qo Th P a

-> [ -  * L v

[ -  L q i

L pf-k

R' -c -I

P’ -k J
R’ -c

P' -k

( p + R _ ) - c  R’ -c

P(p, +Rj ) -ep * V " i  
L P i ' '

p ’ -k J 

R’ -c

(89)

p-k

+ u (pf ,i>f ) (c-D) u f p ^ . i / j )  . 

. (EA)Obviously ,  the  ampl i tude  i s  not  gauge i n v a r i a n t ,  * 0,

even though K^R’ = 0. To o b t a i n  the  t o t a l  a m p l i tude  M which i s  
P P

c o m p le te ly  gauge i n v a r i a n t ,  we have to  Impose th e  gauge i n v a r i a n t

c o n d i t  ion:

M = M(EA) ♦ S (G) 
P P P

M kP = ( M(EA) ■ “ (G)+ M " " )  kp = 0 . 
P

(90)
P P

Without  r e p e a t i n g  the  d e t a i l e d  c a l c u l a t i o n s ,  which a r e  s i m i l a r  to
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those  g iven  by Eq. (50) f o r  the  n+py c a se ,  the  f i n a l  e x p r e s s i o n  f o r  

c pM can be w r i t t e n  as
M
cM M = eP MTETA + cM M X , O l a )

M M  M
u  r r rETAS u  - 0 f  r M w *  / n .  ic M + c M ♦ e M , (91b)

M p
where

q,-.. (Pr+q<.-R’ )_
(Q.

-TETA S .
M = u(Pf ’ yf ^ , r  f p  r  f  m i  T r2 -)  r  -  7 1 ■' T ( s . , t  )n I  q f -k (pf +qf ) -k  J i p

[ q. (p« +q,-R’ ) t

r(pf +Rf V  (W R , ) (r Ff f#u v i  ~
* ° P H y p -  i pf 4 f ) ^  ] T ‘W  ,92)

t . r ^ -r q '  I  P , - l

-(p, +R. ) (p, +q, +R’ )
- Q T ( s , , »  ' ' 1 1 P ± ~ l —  p

p f ’ q [ P , ‘k ( p i +ql
u t P j . ^ )

—TETTA ~  ~and the  e x p r e s s i o n  f o r  M i s  o b t a i n e d  i f  T (s ,  , t  ), T(s_,  t  ),
M 1 P f  P

T ( s , ,  t  ), and T(s_,  t  ) in  Eq. (92)  a r e  r e p l a c e d  by T , T. ,  T , and i q  f q  a b c

Td , r e s p e c t i v e l y .  Although the  e x p r e s s i o n s  f o r  and M°ff can be

o b t a i n e d  by s l i g h t l y  modifying  th e  e x p r e s s i o n s  f o r  M* and M°ff g iven
M M

by Eqs. (52) and (55) ,  r e s p e c t i v e l y ,  we omit  them here  mainly because 

th e y  w i l l  be ignored  in  ou r  num er ica l  calc? i t  ions .

We have shown how the  TETAS a m p l i tude  a t  t h e  t r e e  l e v e l ,
M

can be d e r i v e d  f o r  t h e  n py p ro c e s s  n ea r  t h e  A°(1232) resonance .  The 

r e s u l t  o b t a i n e d  he re  can  be used as  a  guide  t o  c o n s t r u c t  a  more
_ TETAS —g e n e ra l  TETAS am p l i tude ,  ( ji ), by u s in g  a  m odif ied  p roce du re  f o r

TETAS ~c o n s t r u c t i n g  the  s o f t - p h o t o n  am pl i tude .  I t  t u r n s  out  t h a t  (nr )

“TETA Shas the  same form a s  the  e x p r e s s i o n  f o r  excep t  t h a t  a l l

T - m a t r i c e s  [ T ( s . , t  ), T ( s „ , t  ), T ( s . , t  ),  and T ( s „ , t  )] a t  t h e  t r e e  l p f  p l q f  q

l e v e l  a r e  r e p l a c e d  by the  r e a l i s t i c  e x p e r i m e n t a l l y  de te rm ined  e l a s t i c

T - m a t r i c e s  [ T(s  , t  ), T ( s „ , t  ), T ( s . , t  ), and T ( s „ , t  )] : i p  f  p i q f  q



- 5 2 -

MTETAS( h ' )  = T  > T ) (93)
M M

where M̂ ETAS i s  g iven  by E q . (92).

(B) The Magnet ic Moment o f  the  A°(1232)

Using Eq. (76) wi th  the  ampl i tude  M̂ CTAS( ir ) g iv en  by Eq. (93) ,  we

have c a l c u l a t e d  it py c r o s s  s e c t i o n s  as  a  f u n c t i o n  o f  photon e ne rgy  k.

In t h e s e  c a l c u l a t i o n s ,  the  anomalous magnet ic  moment o f  t h e  A°, A. ’ ,A

has been t r e a t e d  a s  a  f r e e  pa ram ete r  and i t  i s  to  be de te rm ined  from 

t h e  UCLA data** a t  t h r e e  bombarding e n e r g i e s ,  263, 298, and 330 MeV.

As we have a l r e a d y  d i s c u s s e d  in  s e c t i o n  I I I ,  t he  UCLA d a t a  can  be

UCLAde no te d  by <r (E^, Gj, k ^ ), which r e p r e s e n t s  c r o s s  s e c t i o n  a t  t h e  

bombarding ene rgy E ^ ( i = l , 2 , 3 )  and th e  photon energy  k^ (1=1, 2, • • • ,

7) f o r  the  spect rum Gj ( j = l ,  2, 19). The d e f i n i t i o n s  f o r  k^ and

Gj a r e  the  same f o r  bo th  the  ir+py c a se  and th e  it py case .  The o n l y  

d i f f e r e n c e  between the  two c a s e s  i s  E^. For the  n py c a s e ,  we d e f i n e  

Ej= 263 MeV, E^= 298 MeV and E^= 330 MeV. Again, the  c o r r e s p o n d in g  

t h e o r e t i c a l  c r o s s  s e c t i o n ,  c a l c u l a t e d  u s ing  the  a m p l i tude  M*ETAS(n )
THg iv e n  by Eq. (93) ,  w i l l  a l s o  be deno ted  by <r (E^, G^, k^) .

UCLAUsing the  e xpe r im e n ta l  c r o s s  s e c t i o n s  <r (E j ,  Gj, k^) and the

THt h e o r e t i c a l  c r o s s  s e c t i o n s  <r ( E , , G., K ,) ,  we f i r s t  c a l c u l a t e
1 J 1

UCLA _  . . TH . . UCLA _  . . ,  TH „  , ,
<ri - i o ( i ’ k I K V i o (Ei '  k l ] ' <ri - i s (Ei- V ’ and V i 5 (Ei* k I } u s ln g  

E q s . ( 7 7 a ) ,  (77b),  (77e) and ( 7 7 f ) ,  r e s p e c t i v e l y .  The v a lu e s  o f

<rUCLA( E . , k  ) and o -^^ c E . ,  k . )  a r e  shown in  Table  I I I .  We th e n  use 
1-10 1 1 l - i s  i 1

t h e s e  c r o s s  s e c t i o n s  t o  c a l c u l a t e  average  d e v i a t i o n s  D (E. , A ’ ) and°  l-io i A

D (E. , A ’ ), which a r e  d e f i n e d  by Eqs . (78a)  and (78c) ,  r e s p e c t i v e l y .
1 -1 5  1 A

Varying the  va lue  o f  A ’ we o b t a i n  two d e v i a t i o n  cu rv e s  f o r  eachA



bombarding energy .  As shown in F igs .  14a, 14b, and 14c, each  cu rve

g i v e s  a minimum va lue  f o r  A ’ . We f i n d  th e  f o l l o w in g  minimum v a lu e s

f o r  A ’ from s i x  curves :  A. ’ ^1 1 0 \ e . )  = 0.001 ,  A. ’ ^1' 10  ̂( E_) = 1.0,A A 1 A 2

A , ( l ' 10)(E )= 0 . 0 0 1 , A , U ' 1S)(E )= 1.0.  A , ( l "1S ) (E_)= 1.0,A J A 1 A 2

A 15  ̂(E„) = 1.0. Note t h a t  we have chosen  A . ’ ^ 1 1 0 ^(E_)= 1.0A 3  A 2

main ly because  the  d e v i a t i o n  curve ( f o r  E^= 298 MeV and s p e c t r a

G1-G10 ) r ea c he s  i t s  minimum po in t  a t  A . ’ = 2 .0  and th e  cu rve  becomes
A 3

f l a t  in  the  r e g io n  0s A ’ s  2 .0 .  Taking an average ,  we have A ’ = Z
3  i = l

A / ( l ‘ 1 0 ) ( Es 1/3 = 0.33  f o r  s p e c t r a  G1-G10 and A . ’ = Z A . ’ (1_ls) (E, ) / 3  = A i A . , A i1 =  1

1.0 f o r  s p e c t r a  G1-G15. I f  we take  an a ve rage  a g a in ,  we f i n d  A ’ =

(0 .33  + 1 .01 /2  = 0.67.  Thus, the  range  of  A^’ e x t r a c t e d  from th e  n py

d a t a  o f  the  UCLA i s  0 s  A . ’ s 1.0 and th e  average  va lue  f o r  A , ’ i sA A

0.67 .  Now, the  magnet ic moment o f  the  A° can be c a l c u l a t e d  from the  

f o l l o w i n g  formula

• V  ’  ( - s r > -A p

T h e r e f o r e ,  the  average  p . ’ , c a l c u l a t e d  from A. ’ = 0 .6 7 ,  i s  0 . 5  e / (2m )A A p

and the  range  o f  p . ’ , c a l c u l a t e d  from 0 s  A. '  s  1 .0 ,  i s  0 s  p , '  s  0 .7 6  A A A

e/(2m ). The va lue  o f  p ’ in  t h i s  range  i s  in  a c co rd  w i th  t h e  va lue  
P A

p ^ ’=0 p r e d i c t e d  by the  SU(6 ) model. This  agreement i s  a l s o  su p p o r t e d

by the  fo l l o w i n g  two f a c t s :  ( i )  All those  d e v i a t i o n  c u rv e s  which g ive

A^’=1.0 a r e  f l a t  and i n s e n s i t i v e  t o  t h e  v a r i a t i o n  of  A^’ i n  t h e  range

0 s  A^’ s  2. ( i i )  The c a l c u l a t e d  n py c r o s s  s e c t i o n s ,  as  wi l l  be

shown in next  s u b s e c t io n ,  a r e  very  i n s e n s i t i v e  t o  t h e  v a r i a t i o n  o f  p . ’A

in  the  r e g i o n  0 £ p . ’ s  0 .5  e / (2m ). S ince  p . ’ has  never  b e f o r e  beenA p A
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d i r e c t l y  measured o r  de te rmined  from the  n py d a t a ,  no o t h e r  r e s u l t  

can  be used to  compare wi th  ours .

(C) T h e o r e t i c a l  n py Cross  S e c t i o n s  and Comparison to  Experim enta l  Data:

We have a p p l i e d  t h e  am pl i tude  ) t o  c a l c u l a t e  a l l  n py

c r o s s  s e c t i o n s  which can be compared w i th  the  UCLA d a t a  a t  263, 298,

and 330 MeV and the  CERN d a t a  a t  192 MeV. The inpu t  in  t h e s e

c a l c u l a t i o n s  i s  the  magnet ic  moment p ’ which i s  chosen to  be 0  andA

0 .5  e/(2m ). Some o f  t h e s e  c a l c u l a t i o n s  a r e  shown in F igs .  15-20.
P

As shown in F igs .  15-18, the  c a l c u l a t i o n s  u s ing  p . ’ = 0 and 0 .5A

e / ( 2 nip) g ive  almost  i d e n t i c a l  s p e c t r a  which a r e  in  e x c e l l e n t  agreement

wi th  the  UCLA da ta .  Thus, the  c a l c u l a t e d  n py c r o s s  s e c t i o n s  a r e

c om ple te ly  i n s e n s i t i v e  t o  the  v a r i a t i o n  o f  p . ’ in  the  range  between 0A

and 0 .5  e / ( 2m^) .  Such f i n d i n g  i s  expec ted  because  i t  i s  c o n s i s t e n t

wi th  the  behav io r  o f  t h e  d e v i a t i o n  cu rves  in  t h e  r e g i o n  0 < A ’ s  0 .67A

( see  F igs .  14a, 14b, and 14c). S ince  the  e x t r a c t e d  magnet ic  moment o f

the  A°, in  the  range  0 < p ^ ’ < 0 . 5  e/(2nip),  g i v e s  e s s e n t i a l l y  the  same

n py c r o s s  s e c t i o n s ,  we conc lude  t h a t  our  r e s u l t  i s  in agreement  w i th

t h e  va lue  ( p ^ ’=0) p r e d i c t e d  by t h e  SU(6 ) model.

Using p ^ ’ =0 (more p r e c i s e l y ,  we use ^ ’= 0 .0 0 1 ) ,  we have a l s o

c a l c u l a t e d  the  n py c r o s s  s e c t i o n s  a t  192 MeV. The r e s u l t  i s  compared

13wi th  the  CERN d a t a  As shown in  F igs .  19 and 20, the  agreement

between th e o r y  and experiment  i s  a l s o  good but  not  as  good a s  we would

l i k e  t o  see .  Th is  may not  be s u r p r i s i n g  s i n c e  t h e  agreement  between

17the  d a t a  and the  EED c a l c u l a t i o n s  i s  even worse. F u r t h e r  s t u d i e s  

a r e  r e q u i r e d  in  o r d e r  t o  unde rs t a nd  some d i s c r e p a n c y  between t h e  CERN
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d a t a  and our  c a l c u l a t i o n s .
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V. D isc u ss io n
+

I t  has  been r e p o r t e d  in  Ref. 22 t h a t  a lmost  a l l  o f  the  n py c r o s s  

s e c t i o n s  ob ta in e d  by the UCLA group can be d e s c r i b e d  by a  TETAS 

am p l i tude  of  the  form

qf u  (V Pf +V pM (TETAS)= u(p r  HQ [ — --------/  1 T ( s . , t  )p Kf  f  a q f -k (q f+ P f J -k  i p

q lu ( q i +Pi +V p-  Q. T ( s . . t  ) [ — ^ -------7   r - r l  (94)b f  p q ^ k  (q j+Pj  ) 'k

p„ +R_ (q_+p +R_)
+ Q _ f J L J U i ]  T( s , , t  )

c pf -k qf  Pf q

p. +R. (q. + p .+ R . )
-  Qd T(W  1 •

where R ^  and R a r e  d e f i n e d  by Eqs. (20a)  and (20b) ,  r e s p e c t i v e l y .

Th is  ampl i tude ,  which cannot  be r i g o r o u s l y  d e r i v e d ,  i s  s l i g h t l y

d i f f e r e n t  from the  am pl i tude  g iven  by Eq. (75) .  In s e c t i o n  IV,

a s  shown in Fig. 12, we have found t h a t  t h e  n+py c r o s s  s e c t i o n s

c a l c u l a t e d  wi th  the  ampl i tude  M^(TETAS) a r e  v e ry  c l o s e  to  t h e  c r o s s

s e c t i o n s  p r e d i c t e d  by the  am p l i tude  MT̂ TAS i f  the  v a lue  o f  p^ used in  

TETASM i s  about  4 e / (2m ). To u n d e rs t a n d  why th e  a m p l i tude  M (TETAS)p P P
TETASworks so wel l  and why the  two a m p l i t u d e s ,  M (TETAS) and M , canP p

g ive  s i m i l a r  r e s u l t s ,  l e t  us  compare t h e s e  two a m p l i t u d e s  c a r e f u l l y .  

From E q s . (75) and (94) ,  we can  s e e  t h a t  b o th  a m p l i t u d e s  have th e  same 

form f o r  the  e x t e r n a l  c o n t r i b u t i o n  but  t h e y  d i f f e r  from one a n o t h e r  in  

th e  e x p r e s s i o n  f o r  the  i n t e r n a l  c o n t r i b u t i o n .  They can p r e d i c t  about  

the  same c r o s s  s e c t i o n s  on ly  under  the  f o l l o w i n g  c o n d i t i o n :
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R. ~ R * R_ (95)
1M M fM

To s tu d y  t h i s  c o n d i t i o n  wi thou t  any a p p ro x im a t io n  i s  ve ry  d i f f i c u l t .

F o r t u n a t e l y ,  a  good approx im at ion  can be found.  I f  we r e p l a c e  j r  , jp^

and p- in  the  e x p r e s s i o n s  f o r  R. , R_ and R ( E q s . ( 2 0 a ) ,  (20b) andip f p  P
( 43) )  by m , and M̂ , r e s p e c t i v e l y ,  t h e n  we f i n d

R. = R_ = R (96)ip f p  p

p rov ided  t h a t

A = A . (97)A p

This  im p l ie s  t h a t  t h e  two a m p l i tude s  can produce abou t  the  same r e s u l t

i f  the  magnet ic  moment o f  the  A++ ( t r e a t e d  a s  a  pa ra m e te r  i n  the

a m p l i tude  MTETAS) i s  
P

p. = 2(1+A ) e / (2M .)A A A
m e

= 2(1+A )p M. 2m A p

= 2(1+1 .79)  9 3 8  e1232 2m 
P

= 4 .2 5  e/(2m )
P

which i s  e x a c t l y  the  va lue  p r e d i c t e d  by th e  m od i f ied  SU(6 ) model of  

25Beg and P a i s .  Th is  va lue  a l s o  a g re e s  v e ry  wel l  w i th  the  ave rage

va lue  o f  p , 4 .35  e/(2m ), e x t r a c t e d  from bo th  t h e  UCLA d a t a  and the  A p

SIN d a t a .  Thus, the  f a c t  t h a t  the  UCLA d a t a  can  be d e s c r i b e d  by the

a m p l i tude  NMTETAS) s u g g e s t s  t h a t  the  v a lu e  o f  p^ i s  about  4 e / (2mp ).

I t  i s  obvious  t h a t  the  modif ied Low p rocedu re  can be a p p l i e d  to

o b t a i n  TETAS am p l i t u d e s  f o r  o t h e r  b r e m s s t r a h lu n g  p r o c e s s e s  ne a r  a

s c a t t e r i n g  resonance .  For example, t h e  TETAS am p l i t u d e  f o r  t h e  p 12Cy

TETASp r o c e s s  has  the  same e x p r e s s i o n  a s  t h e  a m p l i tude  g iv en  by Eq.

22(75) but  w i thou t  th o se  terms i n v o lv in g  R. , R„ and R . Th is  i si p  f p  p
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because  the  c o n t r i b u t i o n  from R. , R„ and R terms i s  n e g l i g i b l e  f o r
1 m f  n n

12 33-35the  low energy  p Cy p roces s  n ea r  e i t h e r  t h e  1.7-MeV re s o n a n c e  o r
7

t h e  0.5-MeV resonance .  As shown in  R e f . 22, t h o s e  gauge terms 

in v o lv in g  (pj  + ) o r  (pf  + r e p r e s e n t  photon e m i s s io n s  from th e

13 •charge  of  the  i n t e r m e d ia t e  N resonance .

As we have a l r e a d y  mentioned,  the  e f f e c t i v e  moment which i s  a

30complex q u a n t i t y  has  been s t u d i e d  by H e l l e r  e t  a l .  We cannot

c a l c u l a t e  t h i s  moment t o  a r b i t r a r y  p r e c i s i o n  in  t h i s  work s i n c e  i t  i s

d i f f i c u l t  to  t ake  i n to  account  the  loop c o n t r i b u t i o n  in  the

s o f t - p h o t o n  approx imat ion .  N e v e r th e le s s ,  we have done a  numer ica l

s tu d y  by t r e a t i n g  A in  E q . (75) as  a  complex q u a n t i t y ,  A = A ♦ iA ,A A H  1

in  o r d e r  t o  e s t i m a t e  the  c o n t r i b u t i o n  from th e  imaginary  p a r t  Aj. We 

have chosen  A^ to  be 1.47+lAj,  1.6+lAj  and 2 .4+ iA j .  By v a ry i n g  Â

from - 1 . 0  to  1.0 in  each  c a se ,  we have used  th e  UCLA d a t a  ( a t  298 MeV 

f o r  c o u n t e r s  G1-G10) t o  c a l c u l a t e  a ve rage  d e v i a t i o n s  a s  a  f u n c t i o n  o f  

Aj As shown in  F i g . 13, we have o b t a i n e d  t h r e e  d e v i a t i o n  cu rv e s  

which have the  same i n t e r e s t i n g  f e a t u r e .  The va lue  o f  t h e  ave rage  

d e v i a t i o n  d e c r e a s e s  r a p i d l y  a s  Aj i n c r e a s e s  from - 1 . 0  t o  ze ro  and then  

i t  i n c r e a s e s  r a p i d l y  a s  Â  i n c r e a s e s  from ze ro  t o  1 .0 .  Thus, the  

minimum p o i n t s  f o r  a l l  t h r e e  average  d e v i a t i o n  cu rv e s  a r e  a round  A^=

0 , independent  o f  the  cho ice  o f  A^ , i n d i c a t i n g  t h a t  t h e  b e s t  f i t  to  

the  UCLA d a t a  ( a t  298 MeV f o r  c o u n te r s  G1-G10) can be o b t a i n e d  by 

choos ing  A^ to  be a  r e a l  q u a n t i t y ,  as  we have done in  t h i s  work. Th is  

r e s u l t  i m p l ie s  t h a t  the  dynamical  c o n t r i b u t i o n  (photon  e m i s s io n s  from 

the  n+p loop)  to  the  imaginary pairt Aj i s  ve ry  sm a l l .  I f  t h e r e  i s  no 

dynaunical c o n t r i b u t i o n  to  Aj , we a l s o  expec t  ve ry  l i t t l e  dynaunical



c o n t r i b u t i o n  to the  r e a l  p a r t  A . We may t h e r e f o r e  conc lude  t h a t  theH

whole dynamical c o n t r i b u t i o n  would be small  and hence the  

"expe r im en ta l "  magnet ic  moment shou ld  be v< - c lo s e  t o  the  e f f e c t i v e  

moment.

To unde rs tand  why the  bes t  f i t  to  the  LA d a t a  can be o b t a i n e d

on ly  i f  A. is  chosen to  be a  r e a l  q u a n t i t y ,  we have performed a n o th e r  A

s tudy .  Our numerical  i n v e s t i g a t i o n  of  the  am p l i tude  M*ETAS r e v e a l s

t h a t  the  b e s t  agreement  between th e o r y  and experiment  i s  o b t a i n e d  when

the  c o n t r i b u t i o n  from the  R^-dependent t erms c a n c e l s  t h e  t o t a l

c o n t r i b u t i o n  from those  terms in v o lv in g  R. and R„ in  Eq. (75) .  Thisip  fp

c a n c e l l a t i o n  occurs  when p.  i s  a round 4 e/(2m ). However, noA p

c a n c e l a t i o n  is  p o s s i b l e  i f  A^ i s  chosen  to  be a  complex q u a n t i t y  wi t h

a l a rg e  imaginary p a r t  s i n c e  the  anomalous magnet ic  moment o f  p ro to n

A i s  a  r e a l  q u a n t i t y  (A = 1.79) .  Th is  e x p l a i n s  why the  minimum 
P P

p o in t  i s  always found around A = 0 ,  independent  o f  t h e  c h o ic e  o f  A ,
I R

i f  the  average  d e v i a t i o n  is  p l o t t e d  a s  a  f u n c t i o n  o f  Aj. As we have

a l r e a d y  p o in te d  out ,  our  numerical  s t u d y  a l s o  i n d i c a t e s  t h a t  the

s p e c t r a  c a l c u l a t e d  by u s ing  E q . (75) a g re e  ve ry  well  w i th  th o se  s p e c t r a

p r e d i c t e d  by E q . (94) (which i s  i d e n t i c a l  t o  Eq. (1 6 )  o f  R e f . 22) i f  p.A

used in Eq. (75) i s  about  4 e /(2m ). Both r e s u l t s  a r e  in  e x c e l l e n t
P

agreement wi t h  the  expe r im en ta l  d a ta .

Now l e t  us d i s c u s s  what would happen i f  th o se  terms i n v o lv in g  R̂  , 

R ^  and R^ a re  c a n ce l ed  out  p r e c i s e l y .  We would o b t a i n  an am p l i tude

TETASM wi th  R. = R„ = R = 0 .  Such an am p l i tude  was f i r s t  proposed p ip fp  p r  r  r
21by H e l l e r  and i t  was d i s c u s s e d  in  g r e a t  d e t a i l s  in  R e f . 22 ( H e l l e r ’s

ampl i tude  i s  i d e n t i c a l  to  Eq. (3) o f  Ref. 22) .  I t  i s  a  wel l  known f a c t
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t h a t  H e l l e r ' s  am pl i tude  can be s u c c e s s f u l l y  a p p l i e d  t o  d e s c r i b e  bo th
i  12the  n py d a t a  and the  p Cy da ta .  This  f a c t  may have two p o s s i b l e

i m p l i c a t i o n s  t h a t  a r e  c o n s i s t e n t  wi th  our  f i n d i n g s .  (1) The

c a n c e l a t i o n  between the  c o n t r i b u t i o n  from the  magnet ic  moment o f  the

A +( I n c l u d i n g  a l l  p o s s i b l e  loop c o r r e c t i o n s )  and th e  c o n t r i b u t i o n  from

the  magnet ic  moment o f  p ro to n  e x i s t s ,  ( i l )  The imaginary  p a r t  o f  the

e f f e c t i v e  magnet ic moment o f  the  A++ i s  small  and th e  r e a l  p a r t  i s  3 .7

~ 4 .9  e/(2nip).  In s h o r t ,  the  d a t a  seem to  s u gge s t  t h a t  dynamical

c o r r e c t i o n s  from the  loop diagrams a r e  sm a l l .  In  o t h e r  words, our

b e s t  f i t  im p l ie s  t h a t  t h e  e f f e c t i v e  magnet ic  moment o f  t h e  A++ shou ld

be n e a r l y  equal  to  not  on ly  the  " expe r im e n ta l "  moment o b t a i n e d  in t h i s

work but  a l s o  the  bare  moment g iven  by the  modif ied  SU(6 ) model o r  the

quark  model wi th  c o r r e c t  ions .The  problem r e q u i r e s  f u r t h e r  c a r e f u l

s t u d i e s .
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VII .  C o n c l u s i o n

We conclude  the  fo l lowing .

( i )  We have d e r iv e d  a r a d i a t i o n  decompos i t ion  i d e n t i t y  f o r  

b rem s s t r a h lu n g  e m is s ion  from an i n t e r n a l  A l i n e ,  which in c l u d e s  the  

A++ l i n e  wi t h an anomalous magnet ic  moment A^ and the  A° l i n e  w i th  an 

anomalous magnet ic  moment A^’ . We show how t h i s  i d e n t i t y  can be 

a p p l i e d  to  modify Low’s s t a n d a r d  p r e s c r i p t i o n  f o r  c o n s t r u c t i n g  

s o f t - p h o t o n  am pl i tudes .

( i i )  Using the  modif ied  Low p rocedure ,  we have d e r i v e d  th e  TETAS 

a m p l i t u d e s  f o r  the  n 'p y  p r o c e s s e s  near  the  A(1232) r esonance .  The

TETAS +am pl i tude  f o r  the  n py p ro ce s s  i s  g iven  by Eq. (75) whi le  the

TETAS ~~__________________________________ _(n ) am pl i tude  f o r  the  n py p roce s s  i s  g iven  by E q . (93) .  These

TETAS a m p l i tude s  have many i n t e r e s t i n g  f e a t u r e s  (1) They a r e

r e l a t i v i s t i c ,  gauge i n v a r i a n t  and c o n s i s t e n t  wi th  the  s o f t - p h o t o n

theorem. (2) They depend on ly  on the e l a s t i c  T-mat r ix ,  e v a l u a t e d  a t

f o u r  d i f f e r e n t  s e t s  o f  ( s ,  t ) :  ( s . ,  t  ), ( s .  , t  ), ( s „  , t  ) and (s„i p  1 q i p f

, t q ) ,  but  they  a r e  f r e e  o f  any d e r i v a t i v e  o f  T w i th  r e s p e c t  t o  s  o r  

t .  (3) They t ak e  i n to  account  b r e m s s t r a h lu n g  e m is s ions  from (a)  the  

incoming pion  and the  ou tgo in g  p ion,  (b) t h e  incoming p r o to n  and the  

ou tg o in g  p ro to n  (w i th  change +e and the anomalous magnet ic  moment A^), 

(c)  the  i n t e r n a l  A++ l i n e  (wi th  charge  +2e and the  anomalous magnet ic  

moment A^) f o r  the  n+py case  and the  i n t e r n a l  A° l i n e  (w i th  the  

anomalous magnet ic  moment A^’ ) f o r  t h e  ?r py c a se ,  and (d) o t h e r  

s o u r c e s  by imposing the  gauge i n v a r i a n t  c o n d i t i o n .

( i i i )  We have used the  aunplitude to  c a l c u l a t e  7r*py c r o s s
3

s e c t i o n s  a s  a  f u n c t i o n  o f  photon  ene rgy  K, d <r/dfi dfi dK, a t  f i v eit y
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bombard ing e n e r g i e s ,  165, 269, 298, 299 and 324 MeV. T r e a t i n g  A^ a s  a

f r e e  pa ram ete r  in t h e s e  r a l c u l a t i o n s ,  t h e  " expe r im e n ta l "  magnet ic

moment o f  the  A++, p . ,  has  been e x t r a c t e d  from 45 s e t s  o f  t h e  UCLAA
d a t a  and 3 s e t s  o f  the  SIN da ta .  The e x t r a c t e d  v a lu e s  o f  p .  a r eA

3 .7  e/(2m ) f o r  photon c o u n te r s  G1-G10 
P

4 .0  e/(2m ) f o r  photon c o u n te r s  G1-G15 
P

4 .2  e/(2m ) f o r  photon c o u n t e r s  G11-G15 
 ̂ P

MA =

from the  UCLA d a t a  and

MA =

4 .6  e/(2m ) f o r  75° < 0 < 95°
P «

4 .7  e/(2m ) f o r  55° < 0 < 95°
P *

4 .9  e/(2m ) f o r  55° < O < 75° 
P *

from the  SIN d a ta .  These e x t r a c t e d  va lu e s  o f  p .  ( t h e  av e ra g e  i s  4 .35A
e /(2m ) ) ,  a r e  s m a l l e r  than  the  va lue  5.58  e/(2m ), the  "bare"  magnet ic  

P P
moment p r e d i c t e d  by th e  SU(6 ) model or  t h e  quark  model, but  t h e y  a r e

c l o s e  to  t h e  v a lue  4 .25  e/(2nip) p r e d i c t e d  by the  m od i f ied  SU(6 ) model

o f  Beg and P a i s  and a l s o  in  accord  wi th  t h e  va lue  4 .4 1~4 .89  e /(2m )
P

o b t a i n e d  by Brown, Rho and Vento. Using th e  am pl i tude  and the

v a lu e s  o f  p^ e x t r a c t e d  from the  e xpe r im e n ta l  d a ta ,  we have c a l c u l a t e d  

a l l  tt py c r o s s  s e c t i o n s  which cam be compared w i th  t h e  UCLA d a t a  and 

th e  SIN d a ta .  In g e n e r a l ,  the  agreement  between the  t h e o r e t i c a l  

p r e d i c t i o n s  and the  e xpe r im e n ta l  measurements i s  e x c e l l e n t .  This  

agreement  dem ons t ra te  t h a t  the  am pl i tude  M**"™5 i s  v a l i d  and i t  can  be 

used to  d e s c r i b e  almost  a l l  t h e  a v a i l a b l e  n+py d a t a  n e a r  t h e  A(1232) 

r e s o n a n c e .

( i v )  We have a l s o  t r e a t e d  A as  a  complex q u a n t i t y ,  A = An + iAT,A A K 1
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in o r d e r  t o  e s t i m a t e  the  c o n t r i b u t i o n  from th e  imaginary  p a r t  Aj. The

bes t  f i t  to  the  d a t a  g iv es  AT = 0, independent  o f  the  c h o ic e  o f  A .
1 K

This  f i n d i n g  s u g g e s t s  t h a t  f u r t h e r  dynamical  c o r r e c t i o n s  t o  the  

a m p l i tude  from the  open p l o n - p r o to n  channe l  a r e  small  and hence

the  " e f f e c t i v e "  moment, the  "expe r im en ta l "  moment, and the  "bare"  

moment p r e d i c t e d  by the  modif ied  SU(6 ) model o f  Beg and P a i s  shou ld  

have about  the  same va lue .

(v) We have shown t h a t  the  approximate  am p l i tude  g iv en  by Eq. (94) ,

an am p l i tude  used in Ref. 22, i s  t h e o r e t i c a l l y  j u s t i f i e d .  This

e x p l a i n s  why the  am pl i tude  (used in  R e f . 22 ) works r emarkably  wel l  f o r

t h e  7i+py p roces s .  We have a l s o  e x p l a i n e d  why th e  a m p l i tude  M7ETAS

12given  by Eq. (75) can be used to  d e s c r i b e  p Cy c r o s s  s e c t i o n s  nea r  

e i t h e r  the  1.7-MeV resonance  o r  t h e  0.5-MeV resonance .

T ETTAS — —( v i )  We have used the  ampl i tude  (n ) to  c a l c u l a t e  n py c r o s s

s e c t i o n s  a s  a f u n c t i o n  o f  photon ene rgy  k a t  t h r e e  bombarding

e n e r g i e s ,  263, 298, and 330 MeV. T r e a t i n g  A^’ a s  a  f r e e  pa ra m e te r  in

th e s e  c a l c u l a t i o n s ,  the  magnet ic  moment o f  the  A°, p ’ has beenA

e x t r a c t e d  from the  UCLA d a ta .  The range  o f  t h e  e x t r a c t e d  va lue  o f  p ^ ’

i s  0 s  p . ’ s  0 .76  e/(2m ) (w i th  an ave rage  va lue  about  0 . 5  e / (2m )) .  A p p

Since  th e  c a l c u l a t e d  n py c r o s s  s e c t i o n s  a r e  ve ry  i n s e n s i t i v e  t o  the

v a r i a t i o n  o f  p ^ ’ in  t h i s  range ,  we conc lude  t h a t  t h e  e x t r a c t e d  va lue

of  p ’ i s  in  acco rd  w i th  the  va lue  p . ’ = 0, p r e d i c t e d  by th e  SU(6 ) a  A

model. Using M^’=0 in  the  ampl i tude  M̂ CTAS(ir ), we have c a l c u l a t e d  

those  rt py c r o s s  s e c t i o n s  which can be compared w i th  t h e  UCLA d a t a  and 

th e  CERN d a ta .  The agreement  between the  t h e o r y  and th e  UCLA d a t a  i s  

e x c e l l e n t .  Although the  agreement  between the  t h e o r y  and th e  CERN
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d a t a  i s  mixed ( with some good agreement  and some f a i r  agreement ) ,  we

can s t i l l  conc lude  t h a t  the  am pl i tude  MTETAS(n ) can be used to
M

d e s c r i b e  the  n py d a t a  nea r  the  A°(1232) r esonance .



TABLE I

UCLAThe UCLA d a t a  and the  SIN d a t a  : t h e  v a lu e s  o f  <r (E . ,  k . ) ,
1 - 1 0  i I

UCLA , , UCLA , , , SIM . , , ,<r (E. ,  k , ) .  <r (E , , k . ) ,  and a  ( k ,  ) u - i s  i 1 1-15 i 1 i J

p h o t o n
energy(MeV) 22.5 40.0 60.0 80 .0 1 0 0 . 0 1 2 0 . 0 140.0

269

(UCLA)

average
Gl-10

2.53
±0.41

1.65 
±0. 27

1.25
±0 . 2 1

0 .79  
±0. 15

0.28
±0.08

a verage
G l l -15 31.8 15. 1 8 . 8 5 .8 2. 5 1 . 2

average
Gl-15 12.3 6 . 11 3. 77 2. 44 1.03 0 .55

298

(UCLA)

average
Gl-10

1.78
±0.28

1.03 
±0. 17

1.03 
±0. 15

0 .74  
±0. 13

0. 44 
±0.09

0. 44 
±0 . 12

average
G l l -1 5 25 .0 14. 1 7.62 5 .68 3.38 1. 14

average
Gl-15 9. 50 5.41 3. 21 2. 39 1.44 0.61

324

(UCLA)

average
Gl-10

1.05
±0.31

1.04
±0 . 2 2

0 . 6 6  
±0. 17

0 .77  
±0 . 18

0 .30  
±0 . 11

0 . 1 0  
±0 . 06

average
G l l -1 5 2 2 . 6 8.30 4.80 2 . 2 2 1.64 0. 58 0. 38

ave rage
Gl-15 8 .24 3.45 2.05 1.25 0.74 0 .43

p h o t o n  
e n e r g y !  MeV) 27 .5 42.5 57. 5 72 .5 87 .5 102. 5 117.5

299

( SI N)

average

55°-95°

1.57
±0.23

1.24 
±0 . 18

1.40 
±0 . 16

1 . 2 1  
±0. 14

1 . 1 2  
±0. 13

0 .85  
±0 . 1 0

0.71
±0.09

average

55°-75°

1.23
±0.28

1.31
±0 . 2 1

1.40 
±0 . 18

1 . 2 0  
±0 . 16

1.27 
±0. 17

0 .83  
±0. 13

0 .82  
±0 . 11

average

75°-95°

1.91 
±0. 30

1. 17 
±0.24

1.40
±0 . 2 0

1 . 2 2  
±0 . 18

0 .90  
±0 . 16

0 .90  
±0. 13



Present 
(UCLA data) 

Present 
(SIN data) '

T a b le  I I

H

H

Bosshard et a l . ....................
Wittman ......................................
Heller - Kumano - 
Martinez - Moniz

Pascual - T a rrach .................... i-

l 1

Musakhanov

0 1.0 2.0 3.0 4.0
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TABLE III

The UCLA d a t a  and the  CERN d a t a  f o r  n py p ro ce s s

p h o t o n
energy(MeV) 22 .5 40 .0 60 .0 80 .0 1 0 0 . 0 1 2 0 . 0 140.0

263

(UCLA)

ave rage
Gl-10

4.56
±0 . 8 8

3.48
±0.65

1.77
±0.42

1.28
±0.35

0 .50
±0 . 2 1

average
G l l -1 5

ave rage
Gl-15 4.63 3.34 2 . 2 1 1.78 0.51

298

(UCLA)

ave rage
Gl-10

5 .7  
± 1 . 1

4 .7
±0.9

2 . 2  
±0. 5

2 . 6
±0 . 6

0 .94
±0.34

0.61
±0.31

ave rage
G l l -1 5

ave rage
Gl-15 5 .9 4 .7 2 .4 2 .3 0.91 0.71

330

(UCLA)

ave rage
Gl-10

2 .9
±0.9

2 . 6
±0.7

1 . 8
±0 . 6

1.5
±0.5

1.5
±0.5

0. 4 
±0.3

ave rage
G l l -1 5

ave rage
Gl-15 3 .5 3 .3 1 . 8 1.7 1 . 0 0 .27

p h o t o n
energy(MeV) 50 70 90 1 1 0 130

192

(CERN)

ave rage

90-120°

5 .4
±3.3

3 .7
±2 . 0

2 .7
±0 . 8

2 . 2
±0.3

1.07 
±0. 19

ave rage

120-150*

3 .7
i ±1 . 6

2 .7
±0 . 6

1.3
±0 . 2

0 .95  
±0 . 1 2

0 .58
±0.09

ave rage

150-180

2 . 8
±0.9

1.5 
±0. 4

1 . 11  
±0.24

0 .69  
±0. 17

0 . 2 0  
±0. 13
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Appendix A

D e r i v a t i o n  o f  T - m a t r i c e s  T, T , T, , T , and T ,a ’ b c ’ d

( i )  The e l a s t i c  T - m a t r i x  T i s  d e f i n e d  by th e  f o l l o w i n g  e x p r e s s i o n :

T = I gq f  1 G (p)  [ g q " !  = — ^ --------  T

where

Te l  = (jr + Ma ) |  q f.q.  - - 3 i ^ ( ^ f  P*q i ' *i “ ^ T ^ f  P , Qi

^ - ( p 2-m^) i xf p *q j -  xi p»qf  +Cr +
3Ma

Us ing

P = dj+ Pj  = d f + P f  , s = p ,

u ( p f ) #. u ( p . )  = u ( p f ) x{ u ( P | )

= u ( p f ) ( Xf +Xj ) u ( p i ) . 

u ( p f ) Xf X K u ( p 4 ) = u ( p f ) [ X j  + ~ *f  1 X i u ( p . )

= u ( p f ) [ q 2 + 2 p . « q . -  2Mp q.  1 u f p j ) ,

t  = ( d j -  d f ) 2 = d /  + d j 2 -  2 q f . q . ,  q f . q i  = -  ,

2 2
/  ̂2 2 2 n s p i q is = ( q . + p . )  = p.  + q .  + 2 p.  * q . , p . *q . = —-— -  ——— -  — — ,l Fi Mi *1  * 1  Mi 2  2  2  ’



- 9 5 -

p*qi = { v  Pi}*qi = t
2 2

Z i  _ ! i  
2 + 2

and

p « q .  = ( q f + p f ) » q f
s
2 2 + 2

We o b t a i n

T = ( 'J ; )l A( s , t ) + - ± - (  * f  ^  ) B( s , t ) ] 

where

s-M. + i f  A

—2 2 —2 —2 2 2t  q .  q .  2 s pf  q f  s p.  q .
A ( s , t )  =(Mp+MA)[ 2~ + 2 2 2 ~  + T ~ ) ( _ 2 T ” + 2~ ) 1

3MA

1 s p? q? 1 s p 2 q 2 2s-3M?

- —  "?< —  r  * r> * ,8-'>?)l — - t  * r l l - ^ V V 1
uH^ A y\

t ql q\ 2  s pl ql a p 2 q\
B( s . t )  = “ ~ 2 ~^ 2 ~ + 2  ^ 2 ( - 2 ~  " 2 ~  + 2~ ) (~  _ 2~  + 2~ }

3MA

r ! L  , “ p _ w  5  f i  i  5 ,  *
3M2 3M 2  ~ 2  + 2  2  3 M2 Qfon^ A A

i —2 —2 n o u 21 s p .  q_ 2s-3M .

- 2 V — ' — ♦ —

T he se  e x p r e s s i o n s  f o r  A ( s , t )  and B ( s , t )  a r e  n o t  u n i q u e ;  t h e y  can be w r i t t e n  

in  o t h e r  fo rm s.  I f  we u s e  th e  f o l l o w i n g  r e l a t i o n s ,

4rjTf = 2 p . q f  -  ^ff  9  , = 2 p . q j  -  jr. # ,
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j r j f f = 2 p . q f j f .  -  2p .q .  jrf  + A f  ^  #  . 

and

u i f f  j f .  u = u ( 4 -. + jr. -  j r f  ) u = u ( q 2 + 2 p i »q i -  2 Mp ) u , 

then we f in d

t  q 2 q? 2  s Pf q j  s p? q?
A ( s , t )  = (Mp+M^)| 2 ^  2 ~  + 2  7 3 2 ( - 2 2 ~  + 2 ^  ( _ 2~~ " 2 ~  + 2_ )  1

jmA

, - 2  ~2 2 2
_ L ,  2 , J L  f t  ! ! l  - 2  , _ L

i 2  2  + 2  f  2  2  + 2
6 Ma

1 2 2 “ 2 “ 2 „ o u 21 p. q. p r q .  2s-3M.
2 W , 1 1 f f \  A,( , .  p . , ( , ,  -  ^  j L  ,  j L ,  .  — — T ^ l« p -MA) ]

6Ma 3Ma

and

t  q j  q- 2  8 p !  q !  s p 2 q 2

B ( s , t )  -  -£-+ j -  + j~ ~ “ T  ( _ 2~  " 2~ + 2_ ) ( _ 2_  " 2 ~  + 2” }

2s  M_ 2s-3M»
*(—  -  1 -  — ) ( 0  ) + — ( q j  ♦ q )

3M' 3Ma  3M* 1 1

1 “ 2 ~2 2 2 _ o u 2
1 Pr qr P- q- 2S-3M.

" 2M- ' ^ < ! '  r  * r  - r  ♦ r ’ * — W

( i i )  The h a l f - o f f - s h e l 1 T-mat r ix  T i s  d e f i n e d  by the  f o l l o w in g  e x p r e s s io n :fl

T ,  .  l g <v K ) ' l  0  ( p )  I = - j i a l _  J .pa . - u *p -M^+it

w here
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T'a=  ̂ + M^)( ( q f + k ) . q . -  | - (  jrf + *  ) 3 ^“ ! ( Xf+ *  ) P'Qj ~ P » ( q f +k) I
A

2
 r “ P » ( q f +k) p . q . I

3M2

+ — '( p2 -M^) I Urf +k) p»qj -  j f .  p» (q f +k) +Cff + M^) (qy+K) )

3MA

Us i n g

P  =  9 j + P j  =  9 f + K + P f  .

u ( p f ) *rf  = Mp u ( p f ) ,

u ( p f ) ( >rf +^R ) Xi u ( p . )  = u ( p f ) ( q 2 + 2 p . » q .  -  2 Mp Xi ) u ( p . ) ,  

u ( p f ) u ( p .  ) = u ( p f ) (tff + * ) u ( p . )

= u ( p f ) ( * f  + >tj + *  ) u ( p .  ) ,

2 2 S )  (<l f + k ) 2
t p = ( p i "  P f } = ( q i " q f  -  k )  ' ( V k ) # q i = " + 1 ------- *  —  •

2 2
• 2 8 i P i q i

S i = ( V  P i } ’ V q i = 1 -----------2~ ~ ~2~ ’

2 2
S . p.  q .

1 I 1p«q . = ( q . + p . ) » q . = —— -  — — + —-— .
1 1 1 1  2  2  2

s .  p 2 ( q f + k ) 2 
p . ( q f +k) = ( q f +k + pf ) . ( q f +k) =    ,

T can be wri t t e n  as a

u Tfl u = u (----- — )[ A( s . , t  ) + ^  + *  ) B( s j , t  ) ] u
s . -M. + i f 

1 A

w here
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t (qf +k)2 q 2. 2 s .  p2 (q .+k)2 9. p? q?
A ( s . , t p ) =(Mp+MA) | -  - L _  + -  —  ( ^ i  -  J -  + - L _  ) (^  -  i -  ♦ ^ > 1

A

1 s p2 q 2 1 s p 2 ( q . + k ) 2 29. -3M?

— ( q f + k ) 3 ( - ^  -  y 1 ♦ < - r " 2 ^  “ V "  )+ 2 (Mp+MA) 1
3MA * L 1  1  1 1 3Ma  * 1  * 3M^

and

t ( q . + k ) 2 q? 2 g.  p2 ( q f + k ) 2 9.  p 2 q2.
B(W  = -  - 2^  - V + 2 1  -  -  r + - V -  > h r  -  2 1  + r }

A

29 .

3m; 3M.

Pr P? q? ( q r + k ) 2 29 -3M?

2 2 ' 2 2 + Z 2 ((* f+k)3m:

1 9 . p j  ( q . + k ) 2 2s . -3M ?

-  2V — ( - 2 - -  T  + — } + — L _ T " (!V mA} 1P 3Ma  1 1 1 3M^

or

l D (<l f +k)2 2 s ; Pf  ( q f + k ) 2 9- p2 q 2

* l W = ' V " i 1 |- i p* - V  * T  -  - r (r  -  r  * - V  > h r  -  r  * r "
A

J < 9 i p r ‘ V 1 0 ’  . . . .  1 , s i p i ‘■f’  2 s j - 3 H ?
- —  qi (—  T  * 2 > *( , i - pi ) | — 1—  -  T  * r  >♦ — ^ r (V V

1

3m:

and

* r u \ 2 2 o 2  ̂ 1 \ 2 2 2
l n  ( d f + k ) d ,  2 g.  p .  ( q . + k )  9 .  p.  q.

B (v  V  = -  - V  * 2 1  -  r r < - r  -  r  * - V  > h r  -  r  * r >

29 . 
+ ( - 1 - 1  

3M2

**P , , Pf  Pi qi (V k) \  2V 3MA 2-> « - r * r - r * —
1 9 p2 q 2 29 -3M2

-  2M I ( — -  - i  + —i—) + ------1— -=-(M +M.) ]
P  3M 2 2 2 , u 2 p A3M:



( i i i )  The h a l f - o f f - s h e l 1 T-matrix is defined by the fol lowing expression:

= le « / '  V p) 1 e(v li,“l = - r 4 —  *by  p -M^+ic

where

T^=(^ + MA){qf * (q . -k ) -  ^ - / r f 0^"  *  )_ 3^ ’ * f  " U ’j " *  ) P»df l

2
p»qr p»(q. —k)12 *"Mf *"'Hi 

3MI

+ — ^ - ( P 2 -M^) ( Jff  p«( q j - k )  -  ( jf .  -< ) p . q f  + (*’ + M̂ ) (fl'j-*’))
3MA

Us ing
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We can express  in terms of  s .̂ and t as

-  -  -  1
u u = u (   ) ( A( Sj., t p ) + - £ - (  ^  -  <K ) B( Sj., t p ) I u

where

Sj.-M^+ic

2 t I \ 2  „ 2 2 2 / , >2t  q .  ( q . - k )  2  s f  pf  q .  s .  p. ( q . - k )
A(s f , tp)  = (Mp+MA)( -  —  + —  + 2  7Z2( 2 2~  + 2~  ) ( "2  2~ * 2 } 1

1 2 ®f Pi ((l i " k ) 2  2 1 ®f Pf  q f  2 8 i " 3MA
— V {- r + 2^ + “V "  } +(v p )[~ (~ r  ~ r + r> ~ ~ t (V ma) 13Ma 1 Z  ̂ 1 1 1 3M A 3M^

and

t q j  ( q . - k ) 2 2  s .  p 2 q 2 s .  p? ( q . - k ) 2
m  t \ __P 2 f  i ' / f f  f w f  i i
B ( s f ’ t p ) ~ 2 * 2 + 2  _ u 2 2  2  + 2  2  ~ 2  + -)

3MA

i!!i _  i  !± i .  ( q j ~ k ) 2  ̂ 2sr 3MA 2
2 2  2  2 + 2  2 q f3»J 3»4 3Mj

1 s .  p 2 q 2 2 s f -3M?

- 2 M p (— (: - r  ~ 2 + r '  + » (V ma} 1 •P 3Ma * 1  * 3M?a A

( i v )  The h a l f - o f f - s h e l 1 T -m a t r ix  i s  d e f i n e d  by the  f o l l o w in g  e x p r e s s io n :

*d = ' *  - f " '  V ’ ’ 1 8  O  ■ — r $ —  h

where

T ’=Uf’+ MA) [ q f . q . -  3 j r<  X f  P ’ -Qj  -  X{ P ’ «qf ) -  ~ V p ’ ^ f  P ’ - Q j l

3MA
+ — ^ - ( p ’ 2_m^ ) 1 X { p ’ #(i j  -  x i p ’*qf  + ( f  + ma ) i f i 

3Ma
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Using

p ’ = q f + p f  = Q j + P j - K  , 

u ( p f ) ^rf  = M u ( p f ) ,

u ( p f ) jf f = u ( p f ) [ q ? +  2 ( p i - k ) . q .  -  2Mp ( j r .  -  *  -Mp ) I ,

u ( p f ) fiTf = u ( p f ) | - | - (  X f  + Jfj ) + ~ *  ~Mp ) 1 ,

u ( p f ) #.  = u ( p f ) | - | - (  sTf ♦ Xj  ) ------1“ ( “ Mp ) l  .

t q -2 q?
, >2 , n 2  q  Mf  Mi

V  ( V  q f } = ( p i '  p f  " k )  ’ V q i = " 2 + ~2 + T  '
2 ,

s f = ( q f + Pf ) 2 , ( p . - K ) . q .  = - y -  -  - y -  -  %

s .  q? ( p . - k ) 2

P * q i = ~2 2~ + 2  ’

and

2 2 
_Pf

P *q f  2  2 + 2  ’

s f Qj ( p r k ) ‘

T, can be written in terms of s r and t as a f q

U Td U = U(----- I f - - ) [ A ( 8 f ’ t q )+4 _ (  V * i ) B ( s f * t p ) 'l4 ^ ( V V * i ) ( p r k_Mp ) l u

where

2 2 2 2 2 2 t qf q. 2 s f pf qf  s f p. q.
A( Sf ’ tq ) ~ (Mp+MA)l_  2 + 2 + 2~ " " 2  + 2 ) ( 2 ~ 2 + 2 ) 1

jma



- 1 0 2 -

1 s_ m2 ( p . - k ) 2 1 s f M2 m2 2 s f -3M2

-  ?  - ^ T 1  )+ l8 f - (p i - k)211— (" ^  '  ?  + ^ )+ " “ ^ V V  '
jm a j " a a

B( t ) A i  i  J U - ! i  i  % i - X  ql  ( pi~k)2)
f  q  “  2 *  2 + 2  Ql l2 2  2  + 2 ) (  2  2  2

j " a

2 s .  Mn M2 ( p . - K ) 2 2s , -3M»/ f ,  P x / p Ki f A _ 2
+ (— 2 ~ 1 ”   ̂ ( 2 ------2----) +------2— "V

3M2 3Ma  Z 3M2

1 s .  M2 m2 2s , -3M?
-  2M [ ( - r 1  -  ^  + -------— - = —( M +M.) 1 .

P 3M. 2 2 2 3M?A A

and

c(. . * i fi f£w_v 2i  (pi'k>i,
f  q , i 2 ^  2 2 2 -  2 + 2 2 + 2 2 1

A

,f!i , V , , Zi (pr K)i 2 ? 2I1 2v 3lla i
* 3Mj '  "  3» 4  r  2  ■ 2  * 2  3*’

1 s f  M2 m2 2s . -3M ?
-  2M [------( — 1  -  - £  + - I )  + --------1 A ( M +M.) ] .

P 3MA 2 2 2 3M2 P A

1 s .  M2 m2 2 s . - 3 M 2
~ 2  X :  [----- ( - o 1  -  O2  * +  ^ ^ Mn+V  1 •

1 3Ma 2 2 2 3M2 p A

(v)  The h a l f - o f f - s h e l 1 T -m a t r ix  Tc i s  d e f i n e d  by the  f o l l o w in g  e x p r e s s io n :

v 12 or'1 v p) 1 'O  ° . *;p -M^+ie

where

T;  = l q f*q i -  “ T P ' O f  p#qi 1( j r+MA) + P - q j - i T j  P*qf ]
A A



Using

P = df+Pf = Qj+Pj-K ,

( sf + M^) u ( p . )  = ( + Mp + M ^ )u (p . )  ,

u ( p . )  = | - | - (  * f  + * .  ) + - i - (  jrf + *  -M 

>rf  U (p . )  = | - | - (  Mf  +---------) -----1- (  If'f + *  -M

/(f <Tj u ( p . )  = l q 2 + 2 p i » q J-2Mp Jt- -  ( jrf  + *

t = ( q ^  q f ) 2 = (Pj -  P f  -  K>2 . q f «qj

s . = ( q . + p . ) 2 , P » q -
1 1 1  *i Mi

2 2

_ ! i  . A  _ ! i
P*q i 2 2 + 2 ’

and

s .  ( p f + k ) 2 q f 2

P#qf  = ~2~ 2 + ~ 2  ’

T can be w r i t t e n  in terms o f  s .  and t as  c l q

where
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t  q f 2 q . 2 2 s .  ( p f + k ) 2 q 2 s .  p? q?

A (s i ’ t q )  =(Mp+MA)1 2  + 2~  + 2  2  + 2 ~  ) ( 2  2 ~  + 2~ J 1
A

1 „ s .  m2 ( p . + k ) 2 ,  I s .  M2 m2 2 s . - 3 M 2

-  — ' % V *  r  -  - V  -  2 *  ♦ r > *  - H r ' V V
3M^ *  2 2  2 1 1 3Ma  2  2  2 3M2 P a

and

t , V i  i  * _ I i  i  s i ! i  i
i q " 2 *  2 + 2 _u2 2 2 + 2 ) (T ^  2 2 *

jmA

2 s . JL, M2 ( p . + k ) 2 2 s . -3M. i T  N , p r f  \ i A 2
+ ( —  -  1 -----------) ( ---------- g } + ---------2—  "V

3M2 3M^ 3M^

1 s .  M2 m2 2s . -3M?
-  2M_I ( - J .  -  J  ♦ j i )  ♦ ].

3M, 3m;

a .  t « - )  J a * ! t  f l  8 i f ! ,
C<sf ' V ^ i  ” 2  2  + 2  „ | | 2  2  2  * 2  -  "  >

jma
2 2

2 s .

+( \  ~ 1 3M2

“p pj  (p f +k ) 2 q 2 q 2 2S.-3M2

3Ma  V  2  '  '' 2  * 2  3»*

1 s . M2 m2 2s.-3M?
2M„i— ( - r  - /  ♦ r > + — !'~i (W 1 ■3M 3Ht

1 s .  M2 m2 2s.-3M?

2 1— ( ~ r  ~ f + r } + — l - t - (V ma ) 1 •
1 3MA 2  2  2  3M^
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Append i x B

The e x p r e s s i o n s  fo r  E*7 , E’^ , C°  and C’^ .a p afi pp

E<7a = ' / S a l - 2 P p’/9 - 4 p ’ « t / 9 - 2  p ■k/3+p’ • £ ( . £ ’ + ) / (9M^)

- ( p ’2+2p’«k) f  /(9M^)+2(p’2+2p’» k ) ( -p ’»f+ y  p ’ + f'-k )/(9M^)l

+eai  \ - jp ' -4  *  /3-2MA/3+(p,2+2p’ .k)/(3MA)+2(p’2+2p’.k ) ( /j»’+ *  )/(31lJ)|

+'/7cqI 7 p ’ /9+ *  +2MA/9+2(p’2+2p’.k)/(9MA) - 4 ( p ’2+2p’.k ) (>|f’+ * ) / (9Mj)  ]

+f<7( p ’+k)a l2/3+2(^+-Jc )/(3MA) - 2 ( p ,2+2p’.k)/(3Mj) ] + 2f<7k ;|/3 

+ ( p ’+k)<TfQ|-14 /9 -2 (  * ' + *  )/(3MA)+4(p,2+2p’.k)/(3MA) ] -  4kfffa /9 

+7*7( p ’ +k)a l -  ?  19-A ^ ( j f + ' k  )/(9MA)+2p’»c/(9MA)

+2(p’»t jr’ +p’»f /k  +p’V + 2 p ’»k /  )/(9MA) ] -  5 7 ^ ^  /  /9

+ ( p ’+k)<77Q ^ | l / 3 + ( j f  + -k )/(3MA) - 2 ( p ,2+2p’.k)/(3M2) ] + 2ka7a /  /3

- ( p ’+k)<7( p ’+k)a 2 /  { JL’ + + Ma )/(3Ma )

+Aa /(2Ma ){7<77qI-( P ) /3+2 fl'-k ( ^ ’+MA) ( p ’2-M2)/(3M2) 1

+P,tT7a / ^  (2p,2-MÂ ’-4M2)/(3M2)-7£7p’a (2p’2-MA -4M2 ) / ( 3M2 )

+(4ka t a- 4 f <7ka+2c<77a 4t - 2 f t  *. +2^ ka f'-21̂  f )  ( / ’+»»A) (2p’2-3M2 ) / ( 3M2)

+ | 2 /k  («<rp ’a-P ,a fa )+2  ̂ (p ,ak -kVa) W  -3Ma ) ( j f  +Ma)/(3M2)

- 2 p ’ap ’a < k (jj* +MA)/(3M2)}
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E ^ = l  -2# fs / 9 - 4 p . f / 9 - 2  t * / 3 + p . f (  ,p -  < ) / ( 9M^)- ( p 2- 2 p . k )  f- / (9M^)

+2( p2 -2p«k)  (-p«t+pr j t  -  -K y  ) / (9M^) I 

+ 1 - ^ + 4 *  /3-2MA/3 + (p 2 - 2 p .k ) / (3M A)+2(p 2 - 2 p . k ) (  #  -  *  ) /(3M2 )] ^  f ?

+17 f  / 9 -  < +2MA/9+2(p 2 -2p .k ) / (9M A) - 4 ( p 2 - 2 p . k ) (  #  -  ) /(9M2 )] t  - f

+ 1 2/3+2( . p ' - ' t f  )/(3MA) - 2 ( p 2 - 2 p .k ) / ( 3 M j )  ] ( p - k ) ^ f ^  -  2kp c/3/3

+ 1 —14/9—2( #  -  <  )/(3Ma ) + 4 ( p 2 - 2 p .k ) / (3 M A) l e ^ l p - k ) ^  + 4 c ^ / 9

+ 1- ^  / 9 —4( j r -  *  ) s '  /(9MA)+2p . t / (9M A)

+2(p»( p -p» f  +p2 ?  -2p«k p  ) / ( 9Ma ) K p - k )  + 5 jT k ^ j */9

+ | l / 3 + (  ^  )/(3MA) - 2 ( p 2 -2p*k)/ (3MA) ] * " ) ^ ( p - k ) ^  -  2  f ' ^ k P / Z

- 2 ( *  +Ma ) ^  ( P~k)^ (p-k )^ /(3MA)

+Aa / ( 2 Ma ) { [ - (  ) / 3  +2( y + M A) ( p 2 -M2 ) / (3M2) ] 7  ^

+ (2p 2 -MA iT -4M2 ) r 4 c  7pP^/(3Mj)  -  ( 2p 2 -MA ^ - 4 M 2) r  *  P T^/(3mJ)

+ ( 2 p 2-3MA) (  ^  +Ma ) (Ak̂ -At k?+2 & - 2  7^+2 fi 'ikP-2? k̂ j*) / ( 3M^)

+ ( 2  jT-3MA)( *  + Ma ) ( 2 *  U  p*-p e^)+2 / ' ( p  k^-k  p ^ ) ] / ( 3 M j )

- 2 ( ^ +  Ma ) p p^ /O M j)}
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C ^ ( p ’ .k) = ' f  7a I 2 (p ’2-  3M2 ) y *  /(9M2 ) + ( p ^ *  -  y p '  .k)/(9MA) 1

+ ' 'a  ( gp *  ~ k<T V  (_ ™ l  ~ MA r +  4 P ’ 2 ) / ( 6 MA}

+ f  (gaM*  '  ka  V  ( 15MA +4MA ^ -  6p, 2 )/(18M2)

+ 1 ( ka-  p ’ .k gQ#i) 2(M^+ pr* )/(9mJ)

+pa ( *  " k\ >  <2 Ma + * ' } 1 ( 3 MA}

+ (g/ ka “ (5M2+2MA#T -  3p, 2 )/(3M2 )

+ p,Cr(ea t i *  ~ ka V ^ ’ /(3MA) +p' V /  /(3MA)

+ Tfap ’a (-4MA + 2 ( p ^ *  -  'y/ip ' .k ) ] / (9M 2) - 2 p ’ap ’ay *  /(3M2 )

+ Aa /(2Ma ){ 7 a7 a l -  (pr* 7 ^ *  + y  <  * ’ ) /3  +2(p’2-M2)7 *  Cpr’+M^/OM2) J 

+p ’ (2p,2-MAir’ -4M2)/(3M2) -  l * p ’ay *  (2p’ 2-MA?r’-4M2)/(3M2)

+ ( 2p1 2-3M2 ) [ 4( kagQ/i-g^ka )+2 7 Q(g^ *  - k\ ) " 2 / ( g a/1 *  - * ay )  1 CP’ +M̂ ) / ( 3M2) 

+ 1 2 ( g /i<J*  - k t71T/ i ) p ; - 2 p ’<7( g a / i ^  - k a 7 # i ) ] ( 2 p r ’ -3 M A ) (  * ’ + Ma ) / O m J )

" 2p,<7pa  ( * ’ +MA) / ( 3 MA)}



.1 OP-

f p , k ) =  I 2 ( p 2 -3M^)7M ^  / (9M2 ) -  ( pp *  -  p . k  ^ ) / ( 9 M a )]  7 7 *

^(7M2 +MA ^ - 4 p 2)( <  -  7 ^ )  y ( 6 M2)

+ ( -15M2 -4MA ^ +6 p 2 )(  < gpft - ^ k p ) / / ( 1 8 M 2 )

♦2(-M4 - # ) ( P My p . k  gp#|) / / ( 9 M 2 )

+ (-2MA- ^  ) (  *  g ^ - ^ J P ,  / (3M*)

+ (-5M2 -2MA x + 3 p 2 ) ( k /jg /?/i -  g p#|k ^ ) / ( 3 M j )

-  jr  ( *  g -k  7  ) p * / ( 3 H j )  + 7  *  7 / / ( 3 M . )^  6pp P H  A H p  A

+l ~4Ma 7 ^ *  -  2(Pp *  '  ^  P»k) lpp7^/(9MA) - 2 7 ^ ^

+AA/(2MA) { | - (  *  1 ( i*  + 7 ^  <  *  ) / 3 + 2 ( p 2-M2)( *  +Ma )7m *  /(3M2 ) h p/

+ (2p2-MA<p -4M2 )7^>k 7pp^ / ( 3 M j) -  ( 2p2-MA jT -4M2 )7p *  p ^ / O M 2)

+ <2p2-3M?H ,p '+ M .) |4 (k  g^ -g k^)+2(4c g - 7  k ) t^ + 2 (7  k^-iT g^ ) 7  | / (3M?) 
A ^  A P M PM PM H P  M H P A

+ (2 *-3Ma )( jr+MAJ| 21 4c g ^ - T ^ P ^ ^ ^ - <  g ^ ) P p | / (3M2 )

-21 ^  + M.) 7 *  P P'^.'<3M?)l 
A m  P -A
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