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Abstract

Soft-photon Analysis of Pion-proton Bremsstrahlung

and the Magnetic Moment of A(1232)
by
Dahang Lin
Adviser : Professor MingKung Liou

We have rigorously derived a special two-energy-two-angle amplitude
for the utpw process near the A(1232) resonance. In order to take
into account bremsstrahlung emission from an internal A line with both
charge and the anomalous magnetic moment A(AA for the A'" and AA' for
the Ao). we have applied a radiation decomposition identity to modify
Low's standard prescription for constructing a soft-photon amplitude.
We have also used the special two-energy-two-angle amplitude to
calculate all ntpy cross sections which can be compared with the
experimental data. Treading A as a free parameter 1in these
calculations, the magnetic moments of the A, “A for the A*+ and uA'for
the Ao , have been extracted from the UCLA data and the SIN data. The
average value of My determined from the experimental data is

4.35e/(2mp) (mp is the proton mass), which is in good agreement with

the value 4.25 e/(2mp) predicted by a modified SU(6) model. The
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average value of “A' determined from the experimental data is 0.5
e/(2mp) ., which is in accord with the value predicted by the SU(B)
model. Finally, we show that the overall agreement between theory and
experiment is excellent if the special two-energy-two-angle amplitude

is used in the calculation with the extracted Hy (or uA') as a input.
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I.Introduction

Historically, the most important reason for studying the radiation
accompanying a scattering process has been to investigate the
off-shell behavior of the process; information which is not available
in the process itself. In 1963, for example, Sobel and Cr‘omer1
suggested that nucleon-nucleon bremsstrahlung would be an ideal (the
simplest and the most direct) process for investigating the off-shell
behavior of the two-nucleon interaction. They introduced a
nonrelativistic potential model calculation in which the nuclear
interaction is treated exactly by using a phenomenological potential
and the electromagnetic interaction is treated only to first order as
a perturbation. Since various phenomenological potentials, which are
equivalent on the energy shell, can be used to generate the
half-off-shell T-matrix elements, different potentials can be
distinguished by bremsstrahlung measurements. When theoretical
predictions are compared with the experimental measurements, the best
potential may be selected?

In addition to the study of the off-shell effects, there are
several areas in which one hopes to use the radiation accompanying
certain processes to obtain specific Iinformation about these
processes. The wuse of bremsstrahlung emission as a tool for
investigating nuclear reactions is a well-known example. This idea
was first proposed by Eisberg, Yennie and Wilkinson in 19803. Their
classical treatment was extended later to a quantum mechanical
treatment by Feshbach and Yennie4. The theory behind this idea is

very simple. Briefly, the amplitude which represents the photon



emission before nuclear scattering and the amplitude which represents
the photon emission after scattering add coherently. Since these two
amplitudes differ in phase by wt (w is the radiation frequency and T
is the time delay), the bremsstrahlung cross section evaluated from
these two amplitudes (and an internal amplitude obtained through the
gauge invariant condition) will contain an interference term which
depends upon the time delay t. For small values of wt, one obtains a
typical, smooth bremsstrahlung spectrum with 1/k dependence (k is the
photon energy). As wt increases, the interference between the two
amplitudes 1is altered, causing a change in the bremsstrahlung
spectrum. In other words, the bremsstrahlung spectrum will show
structure when a long-lived resonant state is formed. A quantitative
measurement of the bremsstrahlung cross section can then provide a
measure of the time delay. This information about the time delay can
be used to distinguish unambiguously between a direct nuclear reaction
and a compound nuclear reaction. A serious attempt to measure the
proton-carbon bremsstrahlung (p12C7 ) cross sections near the 1.7- and
0.5-MeV resonances and to extract useful information about the time
delay was made by the Bologna groups, the Brooklyn groups'7 and the
Tokyo group8. Each group has clearly observed the resonant structure,
and a delay time of the order of 10_20 second has also been extracted
from the measured resonant structureg.

Another important application of bremsstrahlung processes 1is to
study the electromagnetic propertlies of resonances. A typical example
is the study of pion-proton bremsstrahlung (ntpz ) in the region of

the A(1232) resonance which was originally suggested for investigating



the electromagnetic multipole moments of the A(1232) resonance.

The idea of using the ntpw processes to determine the
electromagnetic multipole moments of the A resonance was first
proposed by Kondratyuk and Ponomarev10 in 18968. It is well-known that
the magnetic moment of the A(1232) cannot be measured by the
conventional spin precession or atomic x-ray methods because of the
short life time of the A. The bremsstrahiung method works as follows:
One measures the ntpy cross section as a function of the photon energy
k at an incident kinetic energy about the resonance. If this incident
kinetic energy is very far from the resonance, one obtains a typical
bremsstrahlung spectrum with a characteristic 1/k dependence since the
contribution from the resonance effect is small. In the vicinity of
the resonance, however, such effects become significant and one
expects a resonant structure to appear in the bremsstrahlung spectrum,
which can be used to extract the magnetic multipole moments of the A
resonance. Hoping to see such structure due to the resonance, an
experimental group at UCLA11 used 19 photon counters at many different
angles to measure the ntpw spectrum at three bombarding energies for
each of the n+ and n  beams. As a result, 108 spectra were obtained,
but, surprisingly, no resonant structure was clearly observed in these
spectra. Except for some cases with bad statistical accuracy, most of
them exhibit a simple 1/k dependence, implying very little
contribution from the resonance.

It was these unexpected experimental results that ruled out most of
the theoretical calculations. The large discrepancy between the UCLA

data and most of the theoretical predictions has encouraged two other



experimental groups, the SIN group12 and the CERN groupla, to obtain
new experimental results which again confirm the observations of the
UCLA experiment. It has also encouraged theorists to search for a
fundamental theory which can be used not only * describe the
experimental observatlions but also to extract the magnetic moment of
the A from the ntpw data.

Among various theoretical models and approximations proposed during
the past three decades for bremsstrahlung calculations, the most
important and commonly used approximations are the soft-photon
approximation (or the model independent approximations). The
soft-photon approximations are based upon a fundamental theorem, known
as the soft-photon theorem or the low-energy theorem for photons. It

was first derived by Low14 and was extended later by Adler and

Dothanls. This theorem states that the first two terms in the series
expansion of the bremsstrahlung amplitude (or differential cross
section) in powers of the photon energy k may be calculated exactly in
terms of the corresponding elastic amplitude and the electromagnetic
constants of the participating particles. Thus, the theorem provides
a method for constructing an approximate bremsstrahlung amplitude,
which can be used to calculate the bremsstrahlung cross section in
terms of the corresponding elastic amplitude.

However, the soft-photon theorem states nothing about the energy
and the scattering angle at which the elastic amplitude should be
evaluated. Since there are two different energies ( the initial
energy V_EI and the final energy VFEE) and two different scattering

angles (determined from tpand tq. quantities s s tp, and tq will

i+



be defined in section II. ) which can be defined for any
bremsstrahlung process, the elastic amplitude can be evaluated at any
linear combination of s, and Sp [sa8=(asi+35f)/(a+3)] and any linear

combination of tp and tq (t ,=(a'tp+8’tq)/(a'*8')]16. This is the

«'B
theoretical ambiguity involved in using this theorem, and this
ambiguity 1implies that the prescription used to construct an
approximate bremsstrahlung amplitude is by no means unique.

Various soft-photon amplitudes, which are consistent with the
soft-photon theorem, have been constructed by using Low’s
prescription. low's prescription involves the following steps : (A)
Obtain the external amplitude, Mﬁ, from the four external emission
diagrams and expand Mﬁ in powers of k. (B} Impose the gauge invariant
condition, Mik“ = -Mﬁk“, to obtain the leading term (order ko) of the
internal amplitude, M; . (C) Combine Mﬁ and M; to obtain the total
bremsstrahlung amplitude, M“. The first two terms of the expansion of
MM' which are independent of the off-shell effects, define a
soft-photon amplitude. Depending upon how many energies and
scattering angles are involved, soft-photon amplitudes have been
divided into the following classes:16 (1) the one-energy-one-angle
(OEOA) approximation, which includes Low's original soft-photon
approximationl4, the external-emission-dominance (EED) approximation
of Nefkens and Sober17, and the modified soft-photon approximation of
Nutt, Liu and Liouls. {11) the one-energy-two-angle (OETA)
approximation (iii) the two-energy-one-angle (TEOA) approximation,
which includes the Feshbach-Yennie approximation (FYA)4’19. (iv) the

two-energy-two-angle (TETA) approximation, which includes the



Fischer-Minkowski approximation (FMA)ZO, Heller’s approximationZl. and

Ding-Lin-Liou approximationzz, and (v) other approximations.

Recent studiesls'22

show that the OEOA and OETA approximations have
fajled to adequately describe the ntpw and p12C7 data. The combined
ntpy and plsz data can only be described by special two-energy
amplitudes (i.e., those amplitudes which depend upon two special
energies, the initial energy V_EI and the final energy V—EF ).
Moreover, TETAS amplitudes (i.e., the special two-energy-two-angle
ampl itudes which depend upon two special energies and two special
scattering angles) are found to give the best fit to the combined
data.

The TETAS amplitudes have been investigated by Fischer and
Mlnkowskizo. by Heller21, and most recently by Ding, Lin and Liou22.
The amplitude obtained by Heller has ignored the contributions from
the magnetic moment of proton and the magnetic moment of the A(1232),
while the amplitude of Ding-Lin-Liou includes these contributions
generated from the magnetic moment of proton. Both amplitudes can be
successfully applied to describe the combined ntpw and p12C7 data, but
neither of them can be used to determine the magnetic moment of the A
from the ntpz data. Let us explain this point more precisely. As we
know, bremsstrahlung emissions from the internal A++ line, for
example, involve two sources : one contribution comes from the charge
of the A++ and another contribution is due to the magnetic moment of
the A+*. Low’s prescription can be applied to find the expression for

the charge contribution. (The expressions for the charge contribution

obtained in Refs. 20, 21 and 22 are all identical even though the



expressions are written in different forms.) But it is very difficult
to obtain the expression for the magnetic contribution by using Low's
prescription. This is because the magnetic contribution involves an

Important term which depends upon the anomalous magnetic moment of the

A+#. AA' and this AA—dependent term is separately gauge invariantzg.
(1f Mg is the AA—dependent term which is separately gauge invariant,
then we have MﬁKu=0. In that case, M; cannot be derived from the

external amplitude by Iimposing the gauge invariant condition.
Imposing the gauge invariant condition to determine the leading term
of the internal amplitude is the most important step in Low's
prescription.) This explains why a soft-photon amplitude which takes
into account photon emission from the AH (including both the charge
contribution and the magnetic contribution) has never before been
constructed. Since the ampllitudes obtained before do not have the
AA-dependent term, these amplitudes cannot be used to extract AA or
the magnetic moment of the 2" from the n+p7 data.

In this thesis, we focus our study on the ntpy processes near the
A(1232) resonance. The major contribution of our study ( some of our
results have already been published23 ) can be summarized as follows:

(1) A soft-photon bremsstrahlung amplitude in the special
two-energy-two-angle (TETAS) approximation has been derived for the
ntpz processes near the A(1232) resonance. The amplitude includes
both the external amplitude, which takes into account photon emissions
from the pions and protons (with charge and magnetic moment), and the

internal amplitude, which represents photon emissions from the

internal A-line. Since lLow’s original prescription cannot be used to
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obtain an internal contribution which is separately gauge invariant
(the AA-dependent term), we have developed a modified procedure to
23

construct the TETAS amplitude which includes the A,k -dependent term

A
The first step in this new procedure is exactly the same as Low’s
original prescription, i.e., to obtain the external amplitude Mﬁ and
to expand it in powers of photon energy k. The second step is to
obtain an internal contribution Mﬁ , which represents photon emission
from the internal A-line, and to split Mﬁ into four quasiexternal
amplitudes by using a generalized Brodsky-Brown identity.z4 The third
step is to obtain an additional gauge invariant term Mﬁ by imposing
the gauge invariant condition, MG kM = - MEA k. Here, MEA: ME + MA.
H u [ u b
The last step is to obtain the total amplitude M“ by combining MEA
G MEA G
with M : M = + M . The first two terms of the expansion of M ,
u [ [ M
which can be written in terms of the complete elastic T-matrix, define
the TETAS amplitude.
(11) Using the TETAS amplitudes obtained in (i), we have determined
++ 0o . +
the magnetic moments of the A , “A’ and the A, “A" from the n py
and the n-pw data, respectively. Our work represents the first
successful attempt to extract Hy and “A’ by fitting to more than 85%
+
of the available experimental n py data. We have also demonstrated
that the overall agreement between the experimental data and the
theoretical calculations ( based upon the TETAS amplitude with the
extracted value of the magnetic moment of the A as an input) is
excellent. To the best of our knowledge, such an agreement has never

before been obtained.

The plan of this thesis is as follows: In section II, we derive



the TETAS amplitude for the n+p7 process near the A++ resonance. In
section IIl, we determine the magnetic moment of the A+* from the UCLA
data11 and the SIN data12 by using the TETAS amplitude derived in
section II. The extracted values of Hy are in good agreement with the
value predicted by the modified SU(6) model. In section 1V, we show
that the overall agreement between the n+p1 data and the theoretical
predictions is excellent if the extracted values of “A are used as an
input in the TETAS amplitude for calculations. 1In section V, we first
obtain another TETAS amplitude for the n_py process near the Ao
resonance. We then use the obtained amplitude to extract the
magnetic moment of the Ao. “A' , from the UCLA data. Finally, we
present a comparison between the experimental n_py spectra and the
calculated spectra. Section VI is devoted to further studies and
discussions. Our conclusion is given in the last section. There are
two Appendices. Appendix A gives the detailed expressions for the
elastic T-matrix and the four half-off-shell T-matrices at the

tree-level approximation. The explicit expressions for some off-shell

terms are shown in Appendix B.
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I[I. Bremsstrahlung Amplitude for the n*py Process

This section is divided into three parts. In part (A), we discuss
the n+p elastic scattering process (Fig. la). We define the general
form for the n+p elastic T-matrix, T, which is an important input for
bremsstrahlung calculations. In the energy region of the AH

+ ++ +
resonance, a tree diagram given by Fig. 1b, " p — A — n p,
becomes the dominant elastic diagram. We derive the explicit

expression for the T-matrix corresponding to Fig. 1b, f, which will be

used to define a TETAS amplitude ﬁ;nAs for the u+p7 process at the
tree level. In part (B), we treat Fig. !b as a source graph to

generate n§p bremsstrahlung diagrams at the tree level (Figs. 2a-2e).
By using a generalized Brodsky-Brown 1dent.ityz4 for photon emission

from the internal A'" line (Fig. 2e), we derive the expression for

ﬁ;E“S in terms of T and the electromagnetic constants of n*, p and

a**. The ampl {tude ELE“S plays a vital role in our derivation of a
TETAS +

more general TETAS amplitude, Mﬂ , for the n py process. In part

(C), we use the modified Low procedure to derive the amplitude M;Ens

which can be written in terms of the general form of the elastic

+
T-matrix T and the electromagnetic constants of n , p, and AH. In
deriving MLEHS , we have imposed a condition that M;ETAS reduces to
ﬁ;E“S in the energy region of the A++ resonance.

(A) n+p elastic scattering T-matrix :

We consider the n+p7 process,
n'(q M)+ P(p,"1—— n"(a ) + P(pH) + 70 (1)
where qi“(qf.“) and pi“(pf“) are the initial (final) four-momenta of

the pion and proton, respectively, and k" is the four-momentum of the
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emitted photon. These four-momenta satisfy energy-momentum
conservation:
M H_ M M H
9" * py e+ pp ¢ k", (2)

In the limit when k approaches zero, the n+p7 process reduces to

the corresponding n+p elastic scattering process,

n*(qi“) + Plp ) —— n+(t_]f. ) + Pip, Hy (3)
where
5f“ = 1im pf“
k-0
af“ = lim qf“ .
k-0

The energy-momentum conservation becomes
a +pt = at +pt . (4)

A diagram which represents the u+p elastic scattering process is shown
in Fig.la. In this diagram, T represents the n#p elastic scattering

T-matrix. Although we are Interested in the TETAS amplitude
which depends only on the elastic (on-shell) T-matrix, the exact
bremsstrahlung amplitude without the soft-photon approximation
involves off-shell T-matrices. Thus, we have to show how a TETAS
amplitude which 1is independent of the off-shell effects can be

derived. All T-matrices, on-shell or off-shell, can be written in

terms of six Lorentz invariants as
2 2 2 2
T(s.t.pi.qi.pf, qg ). (5)
Here, s is the total energy squared and t is the momentum transfer
squared. For the n+p elastic scattering process, the elastic T-matrix

depends only on two independent variables, s and t, since all four

external lines ({legs) are on their mass shells, i.e., the
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on-mass-shell conditions,

2 _ 2 _ 2
Py = pp = mp (6)
and
2 _ 2 _ m2
qi qf- n ’

are satisfied. Here mp and mn are the masses of proton and

pion,respectively. A half-off-shell T-matrix is defined if one of the
external lines is off its mass shell. For example, if q?* mi, then we

have a half-off-shell T-matrix which can be written as

2 2 2 2
T(s, t, mp P mp .omo ). (7)

We can write the n+p elastic T-matrix in the standard form

=A(s , t )+ —(a +4,)B(s, t) (8)
where
s=(p +a )%= (p,+3q?
and
t= (pp-py )%= (3, - q )°

If s and t are given (or if the incident energy and the scattering
angle are known), the amplitudes A( s , t ) and B( s , t ) can be
calculated in terms of n+p phase shifts and inelasticitlies, determined
by the n+p elastic scattering experiments. The experimentally
determined T-matrix has been used as an input for all bremsstrahlung

calculations using soft-photon amplitudes.

In the energy region of the A*+(1232) resonance, the Feynman

diagram given by Fig. 1b is the dominant contribution to the n+p
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elastic process and the photon emission from the intermediate 2" line
becomes significant in that region. This diagram, which will be
treated as a source graph to generate photon emission diagrams at the
tree level, is important in our derivation of the TETAS amplitude.
The elastic T-matrix corresponding to Fig. 1b has the form:
T=tgq’1c () [gaq”] (9)

where g is the n+pA+‘ vertex, p“ = pi“ + qlu.

id a(p)
G (p) = P (10a)
pa 2o M+ ie
p A ,
d (p)=(pg+M g ~ 33 - (ap -7p)- p P, !
pa A pa 3 pla 3M pla a’p 2 "pa
A 3MA
2 2 2
+ - ( p° - MA)[ TPy ™ 74Py + (p+ MA ) 7,7, 1 (10b)
A

and MA is the mass of the A++. In terms of s.t,pf.qf,ﬁ? and a;. T can

be written as

~ oo 2 2 -2 -2
T=T (s, t, pyyap, ppe ap )
_ 2 2 -2 -2 1 ~ ~ 2 2 -2 -2
= A (s.t.pi.qi.pf,.qf )+ —5—(Aa& + g} ) B (s.t.pi.qi,pf.qf) (11)
where
~ 2 2 -2 -2
A(s, t, Py» dy» Pgr dg )
ig2 1 2 =2 1 -2 -2 2 2
= {7 My '“p’['“qi" Ap = 5 (s7Pg * ap )(s7pi*qy )]
s - MA +ie BMA
’ (12a)
1 -2 2 2 2 1 -2 =2 2s ~3M
M 9 (SR ap ) v (stey ’[@;‘S'Pf*qf b (M "‘p’]

SMA
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2
- ig RS h a2 T2 1 -2 —2 .2, 2
2 . 5 My mp)[ tragr ag o (s7pg + ap )(s-pi*qy )]
s - MA +ig 3MA
5 (12b)
2s -3M
ol g% (s-p2+ G2 )+ (5-p2 )|k (s-pPeq® ) ¢ ——B (M, + m )
6M i f f i 6M S § 2 A p
A A 3M
A
and
~ 2 -2 -2
B (s, t, P{» 4+ Pp. dgp )
i 2 1 2 -2 1 -2 -2 2 2
= 5 T[‘“ Ay * 9 587 e+ ap JsT By gy ’]
s- M +ie M
A
2s-3M

+ ——1—(—EE 1 - —P ¢ p2 -p +q2 -q2 ) o+ ( A) q2 (12¢)

2 3M2 M f i 1 f aM f

A A A
2s-3M
- 2m 1 (s ~ p2 + q2 ) + a (M, +m)
f f 2 A
M SMA

A
- ig’ 1 te g2+ a2 -1 (s- 52 + 3% )(s- 2 + g2 )
2 |79y Y 9 Pe * Q¢ Py * 9y

2
s- M +ic SMA
m 2s-3M
e B L PP - Rt et qd ) s (— By 2 (120)
2 M2 IM i f f i M2 i
A A A
2s-3M
2 A
- 2m (s -p, +q, ) + (M, +m_)
M i i 3M2 A
A A

In Egs. (12a)-(12d), pf. qf, 5? and i: satisfy the on-mass-shell
conditions given by Eq. (6). Without imposing these on-mass-shell
conditions explicitly, the expressions for A and B can be extended

to define the half-off-shell T-matrix later.

(B) TETAS amplitude for the n+p7 process at the tree level:
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As we have already mentioned , Fig. 1b will be used as a source
graph to generate photon emission diagrams at the tree level. Five
diagrams generated by Fig. 1b are shown in Fig. 2. (We shall impose
the gauge invariant condition later to take care of the remaining
contributions.) The first four Feynman diagrams (2a-2d) represent the
photon emissions from external plon lines and external proton lines
and the last Feynman diagram (2e) represents photon emission from the

++
internal A line.

From the four external emission diagrams (2a-2d), we can define the

following half-off-shell T-matrices for n+p interactions
+ +4 +
(n poA —n p):
= p «
T, (g (qf+k) ] Gpa(p) (g a 1. (13a)
o= P : @
Tb lg a 1 Gpa(p ) (g (qi k)1, (13b)
T = P a
TC (g ap ] Gpa(p) (g q ] . (13c)
and
T = P . a
Ty = [8 ;7] Gpa(p ) lga; 1, (13d)
B M M _ Ho_ K
Here, p (qi + Py ,oop (qi + Py k ) (qf * Py )" ,and

Gpa(p) are defined by Eq. (10a). It is easy to show that u(pf,vf) Ta

~

u(pi.ui) and G(pf.vf) T u(pi.vi) can be written in terms of A and B

b
[given by Eqs. (12a) and (12c), respectivelyl] as

- _ =[x 2 2 2
u Ta u=u { A ( 4 .tp, P> d;» Py Aa]

1 ~ 2 2 2
+—§—Uq% +,qf +4& ) B Si» tp, Pi» 9+ Pg. Aa] } u (14a)
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and

- =2 .
A—(qf+k) mn+2qfk.
and

A = ( -k )% =m®-2q -k

b 9 S TR

However, the expressions for fcu(pi.vl) and G(pf.uf) fd involve extra

off-shell amplitudes:

~ _ ~ 2 2 2
TC u = {A [Si’tq’ Py» dj» Ac. qe ]
1 ~ 2 2 2
ol A A ) B syt Py gy B, ap ]
+—l(.p +& -m ) C s t p2 q2 A q2 1} u (15a)
2 f p i, q9" i 7°1r’ c' f

and

A 2 2 2 ]
f\t qv dv qu pf' qf-

e
=]
[}
ci
~—
>
w
o

2 2 2
q Ad. 4, Pgr dg ]

1 ~
+—-( 4 + 4, ) B st
1 2 2 2 _x -

f'q

where

q
= 2=2 .
AC-(pf.+k) mp+2pfk.
-— - 2=2_ .
Ad—(pi k ) mp 2p1k.
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and the extra off-shell amplitude C has the form

2 2 2 2
C [S't" piv qi- pf-' qf‘ ]

.2
= _ 18 _1_ -t+ q2 +q2 - __1_(5- p2+ qz)(s- p2 + q2 )
2 2 i f 2 f f i i
s-M +ic 3M
A A 2
m 2s-3M
el (25 L P yas- p2 - p2 e qd v qd) -« ) 2
2 3M2 M i £ i f 3M2 n
A A A
2
s-3M
-2m ri——g—é—(m +MA) + ! (s- m° + mz )] (18)
p M, P EM, P

2

S—aMA 1 2 2

24 | ————(m + M) + {(s= m” + m)
I M p A oM, p

The expressions for A and B in Eq. (15b) are given by Egqs. (12a) and
(12c), respectively, but the expressions for A and B In Eq. (15a) are
given by Egqs. (12b) and (12d), respectively. Again, pf, qf, p? and q:
in Eqs. (14) and (15) satisfy the on-mass-shell conditions given by
Eq. (6). Since we are interested in the soft-photon approximation, the
extra off-shell amplitude involving C will be neglected later in our
derivation of the TETAS amplitude. (Justification for neglecting the
extra off-shell amplitude will be discussed again in the next
section. )

From the expressions for Tx (x=a,b,c,d) given by Egs.i(14) and
(15),we can see that Tx depends on the square of the invariant mass Ax
(x=a,b,c,d) of the off-mass-shell leg on which the photon emission
occurs. As k approaches zero, Ax reduces to (mass)2 and Tx reduces to

on-shell (elastic) T-matrix. Since the TETAS amplitude which we wish
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to derive depends only on the on-shell T-matrix [evaluated at four

different sets : (s,, t_ ), (s.,t_ ), (s,, t ) and (s., t_ )], we
i P f''p i q f q

must expand Tx in powers of k. Keeping only terms to order k, we
obtain

s L ) Ta

u Ta u=ul T (Si'tp) + 2qf-k (E—K;) + .. ] u, (17a)

L _ 8T

u Tb u=ul T (sf.tp) - 2qi-k (5—33) + .. ] u, (17b)

. 3 T'c .

Tc u = | T(si.tq) + 2pf-k (E—K;) + ch(si.t ) B ] u, (17c)
and

L a Ty

u Td = u { T(sf.Lq) 2p1°k (E—K;) + Tdc(sf,t ) o+ L. ] ., (17d)
where

T(s..t ) = A (s b, mz, m-, m°, m° )

i i'’p’ p
1 ~ 2 2 2 2
+ —2—( Ay *+ Ap +4k4 )B (si.tp,mp.m".mp.mn) (18a)
~ o 2 2 2 2
T(sf.tp) A (sf,tp, mp, mo mp, m )
1 2 2 2 2
+ _E_(‘qi + Ap % ) B (Sf'tp'mp’mn'mp'mn) (18b)

+ —2—4 ﬂq + A ) B (s..t ,m°,m",m°,m°) (18c)
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T(sf,tq) = A (sf.tq, m;, mi, mz. m_ )
¢ oa +a. ) B (sg.tg me, m2 02 n2) (18d)
Toolsyity) = o By K - n) € (st . me n2 02 n2)
+ (pf'k)(.p} + K - mp)(gzg—) , (18e)
Tdc(sf,tq) = —%— c (sf.tq.m:,m;,m:.mi)(.pi -k - mp)
- (pi-k)(%%;)(,pi - K - mp). (18f)

and Té and fé are defined by Egs. (15a) and (15b), respectively, but
without those terms involving c .

The external scattering amplitude corresponding to the four
external diagrams (2a-2d) at the tree level can be written in terms of

the half-off-shell T-matrices Ta , T., T and T, as

b’ ¢ d
452 So v Gy - % Wiy
PpVe q.°k a b q, -k
f i
Q (p.+R.) Q.(p,+R,)
c ' f f'u =z = d'7i i
+ ———B;TE——— T c Td _——E;TE__ ] u(pi.vi), (19)

where Qa=Qb represents the charge of pion, QC=Qd represents the charge

of proton, and R, and R. have the form :
ip fu

A
K _ 1 P
cRi“-—4[t.{]+8mp{[;‘,&].,p'i}. (20a)

and

A
u -1 P
e _—4-[¢,«1+8mp{[z,m.pf}. (20b)
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In Egs. (20a) and (20b), e is the photon polarization, Ap is the
anomalous magnetic moment of proton, and we have used [X,Y]= XY-YX and
{X,Y} = XY+YX. [Note that Riu' Rf“ and R“ (Eq. (43)) defined in this
paper are slightly different from those defined in Ref.29. There is a
sign difference between the two definitions since [ g , £ |=-( &k, g
1.1 The factors [Qc(pf+Rf)“ / pf-k] and [-Qd(pi#Ri)“ / pl-k] in Eq.
(19) are obtained from the following relations :

u(pf.vf)[-chru][i/( p + & -mp)]=u(pf.vf)[QC(pf+Rf)“/pf-k]. (21)
which describes photon emission by an outgoing proton line with
charge QC, anomalous magnetic moment Ap and momentum pf“ (Fig.3a), and

[1/(‘p’i - £ —mp)1(-1QdF“)u(pi,vl)=[-Qd(pi+Rl)“ /pi'kIU(pi'ui)' (22)
which describes photon emission by an incoming proton line with

charge Qd , anomalous magnetic moment Ap and momentum pi" (Fig.3b).

Here, r“ is the (on-shell) electromagnetic vertex,

r=y -ixe k¥ /(2m) (23)
u [ p w P

with
GMD =1 { 7“ ¥, 172 .

It is easy to show that Rlu and Rf“ are separately

gauge~-invariant, i.e., they satisfy

R.-k = R,k =0 . (24)

a)

The internal amplitude (at the tree level) ﬁ; corresponding to

Fig. 2e has the form

~(8) _ - .
et w8 u(pf.uf)(gqf"lcw(p )[—i(Qb+Qd)l‘ZBc“]GBa(p)[gqia]u(pi,ui).

(25)

where p“ = qi“+ pi“ , p’“ = pMtkH = qf“+ pf“ » G (p’') is the

po
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propagator for the A given by Eq.(10a) and is the

++ ra—ﬁcu

u
electromagnetic vertex for the A+* (in the Rarita-Schwinger formalism
but neglecting the contribution from the electric quadrupole and

+4
magnetic octupole moment of the A ),
A

1
Bk = (g8 ok g™ - L g 2%P - L %P-Be) (26)
H ZMA 3 3
In Eq.(28), AA is the anomalous magnetic moment of the A+’. The
amplitude ﬁLA) can be decomposed into four quasi-external amplitudes

by using a generalized Brodsky-Brown decomposition identity.z4 To do

this, we introduce an operator AUB(p).
1
Am(p) = (p-m) g‘r8 —5(r pBwBPG) * 5 7P+ P1A)7’3 . (27)
which satisfies the condition
oB _ 2 2 B
dpc(p) AT(p) = (p°- M, ) g8, (28)
where dpc(p) is defined by Eq.(10b). It is easy to prove the

following useful relations :

d

(p') d (p')
_PT . Beh g (p) = T [Pt a (p) + APy M
v2_ 42 M Ba v2_ 2 L H Ba u, Ba
PT - My P My
_ . B M
gp F“.Bac . (29)
d, (p) d, (p)
dp (p’) FGB H ga — = [d G(p’) rzﬁe“ + [‘p pcc“ AUB(p)] _gg—E—
p -M P ! P -M,
-r Mg (30)
K, po «
and
d (p') (p)
22 . rzBe“ dgg(P) = d_ (p") r‘"3 H g"‘
P - My p - MA
d (p’) d, (p)
= 2(p k) RI_ OBH _Ba T (31)
,2_ MZ 73 2_ MZ
A P ="

Combining Eqgs.(29), (30) and (31), we find
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o8, , [
€ dBa(p) + AT (p )r“’Bac }

d (p") d '
prP ) o %pa'P 1 dpelP )[rvﬂ T
v2 2 u 2 2 . v 2,2 M
P MA p MA 2p’ ‘k p MA
d, (p)
- i_l__[d (p’) r”ﬁe“ + T e Acﬂ(p)]——ﬁg——a (32)
p-k | po M u, po 2_2
P -M,
which gives the following decomposition identity
o ,B
Q,0 Q.0
, oB 1 , A a A p
G (p)IQ,r'"e™1G, (p) = 1G__(p’) +]- iG, (p) , (33)
po A p Ba po 2p’ -k 2p-k Ba
where
o _ oBnu B, , [
0] « F“ € dBa(p) + AT (p") F“'Bac , (34)
B _ ' o u p o8
Op dpc(p ) Fu e+ F“.pqc A" (p) , (35)
and
QA = Qb + Qd = Qa + Qc' (36)

It should be pointed out that the factor [QAOG; / (2p’ k)] in Eq.(33)

can also be obtained from the following expression,

o
id, (p) Q, O
-(4), . o _u Ba _ =), A«
Uo_ (p .A)[ IQA“—“ € )]——2—2 = UO’ (P »A)[—ZT_—E—-]. (37)
pi- M

which describes photon emission by an outgoing A line with charge QA'

anomalous magnetic moment AA and momentum p“=(p'+ k M (See Fig.
3c). Here the vector-spinors GéA) satisfy the following conditions :
-(a), , _
u_ (p". A g -~ MA) =0 ,
-(4a), , v2 2y _
u_ {p',A)( p MA) =0 |,
G;A)(p',l) =0 . (38)
-(a), , ,O
ua_ (p yA) p - 0 ’
and
(A)

- , B, ..\ _
u, (p’,A) A T{(p’) =0
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The proof 1is very simpie. The left hand side of Eq.(37) can be

rewritten in the form

"(A) ’ O'B o OFB ’ “_ a’ﬁ ’ 1 1
u_ (p .A)QA [F“ € dBa(p)+A (p') Fu'Bac AT (p') F“‘Bac ——
p —MA
_ =-(a), , o 08, , u 1
p - MA
Since p2= (p>+ K2 = Mi + 2p’ 'k and GﬁA)AUB = 0 ,we obtain Eq. (37).
Similarly, we can also show that
td (P oB (a) QAO'B (A)
-—25———3 -iQ, T eH ug” (pa ) = |- L ug (P2 ) (40)
p - My " 2p-k

which describes photon emission by an incoming A line with charge QA ,

anomalous magnetic moment A, and momentum p“. (See Fig.3d).

A

If we substitute the expression for Fzﬁc“ given by Eq. (26) into

Eqs. (34) and (35) , we find

o“a = [ 2p"-e + 2R ‘¢ | g’a + E“a (41)
and
0 B=(2pe+2R el gP+ph (42)
p [ P
where the expressions for Eca and E;B are given in Appendix B and
1 AA
Re=—1[g, K]+ —— lpg. %), 0P} . (43)
4 BMA

In Eq. (43) , p“ = (p1+qi)“ and we have used (X, Y]= XY-YX and (X,
Y= XY+YX. Again, it 1is easy to verify that M is separately
gauge-invariant, Rk = 0 . If we compare Eq.(43) with Egs.(20a) and
(20b}, we find that Ri-c. Rf-c and R-€ can be written in the same

form. Inserting Eq.(33) (with the expressions for Oaa and O;B given



-24-

by Egs.(41)and (42), respectively) into Eq.(25) and remembering that

charge is conserved (Eq.36) , we obtain
T R:€ pre + R-¢
poo(A) - [ prer ~ =
" M = -ulp,,vI)|Q(—M8 —) T_ -Q T (—m—m )
M ' f a P’k a b b bk
p''e + Re . p'e + Re
+ QC(————T—————) Tc - Qde (——————————)]u(pi,vi)
p’ ‘k p-k
+ u(pf.vf)[ €D ]u(pl.vl) (44)
where
N p ‘e + R-¢ o «
€D = Qa(~—~—f—————4[g k ]Gpa(p)[g q; ]
p’ -k
o « ‘€ + Ree
+ Qb[g Qe ]Gpa(p )[g k ][‘L——} (45)
p-k
pHE” Efo (m
U PR | [t N .t
2p’ *k 2p-k

Since Qa=Qb and Qc=Q it Is easy to show that the leading term in

d’
~(A)

Eq. (44)(i.e.,the amplitude M“ without those terms involving €-R and

€D ) is of order ko and is independent of kM when k—0. Thus ﬁLA)

has no kinematic singularity at k=0.

Now let us add the internal amplitude E(A)

1!
external amplitude ﬁLE)given by Eq.(19). We find

u ﬁ(EA) = M ﬁ(E) + M ﬁ(A) (46)
n H M

given by Eq.(44) to the

€

_ M NTETA |, - Mo
=€ M“ + u(pf.vf)[ € D“ ]u(pi,ui)

where



VAT VN Ay ) (Pf+qf+R)“ .
u Pg: Ve a qf-k (pf+qf)-k a
_ Q T g qi“ B (pi*ql*R)u
b ‘b | qi-k (pi#qi)'k
. q -(pf+Rf)“ ) (pf*qf*R)“ ] . an
c [ Pok TB}+qf7'k c
- QT r(pi+Ri)“ - (p1+qi+R) ul( v,)
d d |7 p, K (p,*+d,) "k Py ¥y

which is defined in terms of four half-off-shell T-matrices, Ta ,Tb

,TC and Td' Although FFETA is gauge invariant,

MTETA M = o (48)

M
the amplitude ﬁLEA) does not satisfy the gauge invariant condition

since

b kM =0

u
That ﬁLEA) is not gauge invariant is not surprising because there are
other Feynman diagrams for n+p7 process which are not shown in Fig. 2.

To obtain the total bremsstrahlung amplitude ﬁ“ which is completely

gauge invariant, we have to impose the gauge invariant condition :
M= ﬁ(EA) . R(G)
H H

KM

) (49)

M
u(EA) ﬁ:‘m) kK =0. (50)

The additional gauge term ﬁ;c), which is required to make the total

= (

X
r

amplitude ﬁ“ gauge Iinvariant, can be determined from the gauge
invariant condition, Eq.(50). Such calculations are very lengthy and

the final expression for ﬁu can be written as
P M o= M META s M u X , (51)
u [ [

where



(p.+q.)P(e kB—ch J+R-e kB
et M X = u(p.,v.) {Q 32 f f o P G, (p,+q,) q «
u £'7f a (pf+qf)-k Ba T1 i i
(k% -k cc)(p +q )* + k% R-¢
+ 0 gzq [e] G (p.+q.) [ B 2 171 (52)
b® f Tpoe Tf f (pl+qi)'k
G (prq) % e* €M PG (p.+q.)
+(Q. +Q )gzq p po "f 7 Tap pu Ba U1 i al v.)
b %d’8 9 2(p*a,) K 2(p,+q 0k [% Py ¥yt

and the expressions for EZ# and E;ﬁ are given in Appendix B.

It is clear that the amplitude ﬁux is gauge invariant, but it
cannot be written in terms of the n+p elastic T-matrix. This
amplitude will be ignored in the soft-photon approximation mainly
because it cannot be calculated if the n+p elastic T-matrix and the
electromagnetic constants of p.n+ and A‘N are the only input for the
n*pz calculation. In order to estimate the contribution from ﬁ“x. we
have used two amplitudes, ﬁu and ﬁ“TETA, to calculate the n’pz cross

sections. The average cross sections over G1-G18 at 298 MeV have been

calculated. When two results are compared, the difference between the

two calculations is within 11%. If ﬁ“x is ignored, then the total
amplitude ﬁ“ reduces to ﬁ;ETA. As we have already mentioned, the
amplitude ﬁLETA involves the half-off-shell T-matrices. It can be

calculated if we have a dynamical model from which the half-off-shell

T-matrix elements can be determined. However, since we are interested

in the on-shell soft-photon approximation 1in this work, the

possibility of developing a new approximation based on the off-shell
: ~TETA

amplitude M“ will not be discussed here.

With the help of the expansions given by Eqs. (17a)-(17d), ﬁ;ETA can
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ﬁTETA - HTETAS + ioff' (53)
M K "
where
q (pp+q.+R)
STETAS - fu f °f u ~
M“ = U(pf'uf‘) {Qa [q—f—? __——(Pf*qf-)'k ] T(Si.tp)
S Fsty | e b "
b °f''p q, K (py*a,) K
+Q PreRedy  (PraptRy T (s..t) (54)
c pP.'k (patq,.) -k i’ "q
£ S ¥
{p,+R,) (p,+q, +R)
B ~ 1 1 171 M
QdT (Sf.tq) [ pi,k (p1+qi),k] U(pl.vi)
and
(p.+q,) aT
~off = _ . f 'f'u _a
M“ —u(pf.uf){ 203 [qf“ (qf. k) rp—fm ]( aAa )
aT (p,+q,)
b P 17
+ ZQb( EK; )[ qiu (ql k) TB;IEITTE ]
+2Q_ | po.- (pn-k) Prdp)y ( e )
C fu f Ipf+qf5-k aAc
afé (pi+qi)u
. [(pfmf)“ ) (pf+qf.+R)“] Pt )
c pf-k (E}+qf)-k cc Ti''q
(p.+R,) (p,+q, +R)
-0 F 1 1m L ST B
QdeC(sf.,tq) [ pi'k 7pi+qi)'k] + u(pi.ui).
~TETAS X
M“ defined by Eq. (54) is the special (on-shell) TETA amplitudefor

the n+p7 at the tree level.

It is gauge invariant,
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HLET‘S k=0, (56)

and it depends only upon the elastic T-matrix, evaluated at

(s,,t ), {s.,t ), (s,,t ) and (s.,t ). Moreover, it is easy to show
i"'p £’ 'p i'"q f'q

that ﬁ;ETAS has no kinematic singularity at k=0. The amplitude

ﬁszgiven by Eq.(55), on the other hand, is an off-shell amplitude.
It depends upon the off-shell derivatives and also upon the extra
off-shell amplitudes involving C. Thus, if we lignore those terms

which cannot be expressed in terms of the elastic T-matrix (i.e., the

amplitude ﬁ“x) and those terms which involve off-shell effects

(i.e.,the amplitude ﬁsz), then we obtain the TETAS amplitude MTETAS
" ~ ﬁTETAS' (57)
K H

which can be evaluated exactly in terms of the n+p elastic T-matrix
and the electromagnetic constants of p.n* and AH
For the purpose of comparison between the modified procedure and
Low's standard (original) procedure for deriving a soft-photon
amplitude, let us derive a different version of the TETAS amplitude by
~(E)

using the standard procedure. We first expand M in powers of k.

Substituting Eqs.(17a)-(17d) into Eq. (19), we obtain

~(E) _ - qfu ~ o= qiu
M“ = u(pf.uf)[Qa E;TE T (Si'tp) T (sf.t ) Qb a; Tk
(p.+R.) (p,+R;)
f f'u = o= 1 i'p
+ Qc—pr T (Sl,tq) T (Sf.tq) Qd ——Pi'k (58)
afa aT aT' aTé
a b d
+ ( terms involving C) 4 »ovens ] u(pi,ui)

Since those terms involving C will be completely ignored later, we



shall neglect them in the rest of our derivation. The second step is

to obtain the leading term of the internal amplitude ﬁ(l)

by imposin
" Yy po g
the gauge invariant condition :
KM ﬁ(l) I E(E)
u
aT aT
- _ = ~(EK) . a v (b
= u(pf,vf)[ T + ZQa . k (EK; ) o+ 2Qb q,-k (aAb ) (59)
oT,, aT,
+ ZQcpf-k ( 38 )+ Zdei'k (a—A— ) + eeeee ]U(Pi.l’i) ,
c d
where
T(EK)

= Qa T(si,tp) - Qb T(sf.tp) + Qc T(Si'tq) - Qd T(sf,tq) (60)
and we have Qa=0b and QC=Qd for the n+p7 process. The amplitude T(EK)

has been studied by Fischer and Minkowskilsand also by Heller.z3 For

example , Heller has used the mean value theorem for derivatives,
aT(so,tp) aT(so,tp)
T(Sl,tp) - T(Sf.tp) = (Si—Sf)——aT-— = 2(qi+pi)'k —a—s——‘ R
s =s =s (61a)
f - 70" 7§
and
aT(s;.tq) BT(sé,tq)
T(Si'tq) - T(sf.tq) = (si-sf)——7y:;———— = 2(qi#pi)-k —Z s
sf < sb < Si ' (61b)
to obtain
aT(s ,t ) 8T(s’,t )
~(EK) _ . *p . o' 'q
T = ZQa(qi+pi) k — < * ZQC(qi+pi) k —5 s - (62)
Inserting Eq. (62) into Eq. (59), we find
(1) 8T(s ,t ) aT(s’,t )
M

=G - ° P _
L u(pf,uf)[ ZQa(qi+pi)“ 5 ZQC(qi+pi)“
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afa afb afé
- 2Q, qfu(EK; ) -2, qiu(éﬁg N T T (63)

afé
- Zdelu (5K; ) 4 e ]u(pl.ul)

~(I)

[f we apply Eqgs.(61a) and (61b) again, we can rewrite M in the form

(pptq.) (p,+q )
~(1)_ - B £ 1
M“ = U(pf-.l)f.)[ Qa (pf‘*qf X T (S p) Q T (S *Tij—

(pp*ag) (pi*q )

- Bz
QC W T (Sl.tq) Q T (S (—Tls—-

T aT a1’

st}

a b c
" 2Q, A, (g5 ) - 2Q, 9y, (55 ) - 2Q.Pg, 0 5 )
a b [
a?é
- Zdeiﬂ (5—5; ) + e ]u(pl.ui) (64)

Here, we have used the fact that (q1+p1)'k = (qf+pf)'k. (q1+pi)°c =

~(E) (1)

(qf+pf)-c. Qa=0b and QC=Qd. Finally, we add MM (Eq. (58)) and M

(Eq. (64)) to obtain the total amplitude ﬁh:
- - q (potag)
M= atpLvo) {o, [__Eg e ]r (5.t
Hu q. Petde ‘p
9, (pi+qi)“

-, T (spt) [5;75 BRCCRES ]

(p.+R_.) (p.+q,)
£ £ %]
* Qc[ Pk B (pf¢qf)‘k ] T (? ’a ) (65)
(p,+R,) (p,+q )
- T I 1 17 e

which is to be compared with the amplitude ﬁ“ obtained by using the

modified procedure,
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M ~ ﬁTETAS . goff ' (66)

M H M
where M ™%and ﬁsz are given by Eqgs. (54) and (55),
respectively. (But we neglect those terms involving fcc and Tdc in
Eq. (55) in this comparison. ) Two substantial differences can be
observed : (i) Eq. (65) shows that the first two terms in the series

expansion of the amplitude ﬁ; in powers of k are independent of
off-shell derivatives. Eq. (66),on the other hand, shows that the
amplitude ﬁ“ does depend upon off-shell derivatives of order ko. (11)
The amplitude ﬁ“ has extra terms involving R“. These terms represent
photon emission from the internal A++ line with spin——z— and the

2

anomalous magnetic moment AA.

The amplitude ﬁ; does not include any
R“ term which is separately gauge invariant, R“ k"=0. This is because
the standard procedure (or the gauge invariant condition, Eq. (59))
cannot be used to determine an internal term which is separately gauge
invariant. (Note that both ﬁ“ and ﬁ; include internal terms which are
proportional to either (qi+pi)“ or (qf#pf)“. These internal terms

represent photon emission from the charge of the internal A‘.+ line. )

(c) General TETAS amplitude and modified Low procedure:

The result obtained in the last section will be used as an
important guide to develop a modified procedure for constructing a
more general TETA amplitude for the n+p7 process. The first step in
the modified procedure is exactly the same as the one used in Low’s

) from four

standard procedure. We obtain the external amplitude MLE
external emission diagrams, Fig. 4a-4d, which are generated from the

source diagram shown in Fig.la. We find
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Q. q Q g
(E)y _ - a _ b ip
M“ —u(pr.vf) { —_—q{'k Ta Tb q|°k
Q (p +R) Q. (p +R)
c £ of _ qd TR AT
¥ p_*k Tc Td Pl'k ] U(pl’vl) (67)

where RW and Rf# are defined by Egs. (20a) and (20b), respectively,
and Tx {x = a,b,c,d) which are the half-off-shell T-matrices can be

written in the form

ﬁTuEGT[s,t,p2=m2. q2
a i p i p i

2 2_ 2 - 2
=m_, P mp. Aa (qr+k) ] u
=1-J{A(s.t.m2.m2.m2.A)
i P p n P a
1 2 2 2
+ 5( ﬂl AL +4& ) B (sl, tp. mp. L mp, Aa) } u ., (68a)
~ _ - 2_ 2 - k12 2.2 2_ 2
u Tbu =uT [sf.. tp, p=m . Ab (qi k), P=m s dg=my ] u
=G{A(s.t.m2.A
f' p’ p

2 2
, m, m )
b p n

1 2 2 2
+-2—(,q‘+)z(r &)B(sf..tp,mp.A m°, m )}u, (68b)
_ 2_2 2 2 - 2 2_ 2
Tu= T [si, tq’ pl—mp. q =m_. AC (pf.+k)  qe=mo ] u

={A(s,t.m2.m2,A.m2)
i’ q p m ¢ n

1 2 2 2
+ 5( A+ t.(f ) B (sl, tq' mp, mos Ac‘ L )
1 2 2 2
+ §( -’ + K -mp) c (si. tq, mLom A, m ) }u , (68c)

and

- (m k12 2_ 2 2_ 2 2_ 2
u Td= uT [sf. tq. Ad--(pi k) »qy=m_,  Pg mp, qg=m_ ]

2 2 2
= u{A (sf.. tq, Ad’ mo mp. m )
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1 2 2 2
+ i( Ki A ) B (Sf. tq' Ad' L mp, mo )

+ é- C' (sp tow Ay m, mz. me (g - —mp)} , (68d)
In Eq. (69c) and (69d), the expressions for TC and Td have extra
off-shell terms involving amplitude C or C’. These extra off-shell
terms vanish on the mass-shell. The expressions for off-shell

amplitudes A, B, C and C' are much more complicated than those for
off-shell amplitudes A, B and C at the tree level. (See Eqs. (12) and
(15c). ) However, since the Feynman diagrams given by Figs. 2a-2e are
the dominant contribution to the n#pz process in the energy region of
the a**(1232) resonance, we expect that A reduces to A, B reduces to
B, and C and C' reduce to C when Figs. 4a-4e reduce to Figs. 2a-2e,
respectively. The on-shell values of the amplitudes A, B, C and C’

are defined by

Als , t ) =A(s , t,_, 2, m2, mz, m2 ), (69a)
a B B" "p' T T

B(s, t)=B(s, t, m, m2, m, m), (69b)
(11 £ « [ o} n p n

Cls,, t)=Cls,, t_, mz. mz, mz. m> ) (63c)
i q i q p’ n p m

and

C'(s.,, t)=C(s. t, mz, mz, mz. m2 ), (69d)

f q f q p n pb n

with a = 1 or f and B8 = p or q. The on-shell amplitudes A(Sa.tB) and

B(sa,t ), which determine the on-shell (elastic) n#p T-matrix

B

T(sa,t ), can be calculated in terms of n+p phase shifts and

B

inelasticities, determined by the n+p elastic scattering experiments.

Since the expressions for C(s tq) and C‘(sf,tq) are not known, all

il
extra terms involving C and C’' have been completely ignored in the

on-shell soft-photon approximation.
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The second step is to find an internal amplitude MLA) which
represents photon emission from the intermediate A++ line. The idea
is to write MLA)as a linear combination of Tx(x=a.b.c.d) and D :

u (A _ -
€ Mu U(pf'vf) { Ya Ta * Tb Yb * Yc Tc
+ Td Yd + ¢'D ] u(pi,vl) . (70)

where Yx (x=a,b,c,d) are the coefficients to be determined and ¢-D

represents the remainder of other terms which cannot be written in

terms of Tx' To determine Yx (x=a,b,c,d), we demand that MLA) reduce

to

ﬁLA)given by Eq. (44) when Fig. 4e reduces to Fig. Z2e. Since

Tx(x=a,b.c,d) reduce to Tx and D reduces to 5. we find

C'(pf+qf) + e-R

Ya - T Qa (pf*qf)'k !
c-(p1+q1) + ¢°R
Y, = Q (py7a, Tk . (71)
c-(pf+qf) + ¢'R
Yc . Qc (p.+q,.)-k !
Pe*dp
and
e-(p,+q,) + ¢‘R
y = 9 SIS |
d d (pi+qi)-k
Combining MLE)with MLA) , we obtain
u J(EA) _ p TETA - n
€ M# =€ M“ + u(pf,uf)[ € D“ ]u(pi,ui) , (71a)
where
WETA o b1 qf“ ~ (pf+qf+R)“ .
1] Pe: Ve a qf-k (pf+qf5-k a

(p1+qi+R)
-Q T - _ H
b 'b [ qi-k ip1+q15-k ]

(po*+R,) (p.*+q.*+R)
[ f fu f £ n ] T, (71b)

pf-k (pf+qf)-k
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-Q, T

(pi+R1)“ (pi+qi+R)“
d 'd

- - - u(p,,v,)
P, k (pi+qi) k] 1"

Since D“ cannot be expressed in terms of Tx' it has been ignored in

the soft-photon approximation.

The third step is to impose the gauge invariant condition,

ke M ER) L Oy L g (72a)
[ u
in order to obtain an additional gauge term MLG) so that the total
. _ y(EA) (G) . .
amplitude, MM_ MM +M“ , will be completely gauge invariant. Since
kM MTETA _ 0,
7]
the condition (72a) gives
kMG o Mp (72b)
K M
(G)

which shows that M“ can be determined if the detailed expression for

D“ is known. However, since D“ has been ignored in the soft-photon

approximation, MLG) will also be ignored in our derivation. Thus, the

total amplitude has the form

M = MTHA
M m

if D“ and MLG) are neglected. Eq. (73) shows that the off-shell TETA

(73)

amplitude M;m] is an approximate amplitude which can be rigorously

derived for the n+p7 process.

TETAS

Finally, to obtain a special on-shell TETAS amplitude M“ , we
have to expand Tx (x=a,b,c,d). We obtain
MTETA - MTETAS + Moff ' (74)
u M 1]
where
MIE™S _ U(p..v.) {0 tn ———-—(pf+qf+R)“ T (s.,t_)
M = UiPpe Vel 14 a; K (pp+a,) K i'‘p
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S T st [ mo_ Py vy Ry
b f''p q -k ipi*qﬁ-k

. o [(pf+Rf)u (pf+qf+R)“
c Pk (pf*qf)'k

]T(s.t) (75)
1'"q

(p,*R,) (p,+q,+R)
B S USRS i ™
QdT (Sf.tq) [ pi,k (p1+q1j,k] U(pl.vi)

and Mgff represents the rest of the other terms which include

off-shell derivatives of the amplitudes A and B and extra off-shell

terms involving amplitudes C and C' . The amplitude M;ETAS , Eq.(75),
is identical to the one given by Eq.(1) in Ref.29. Because of

different definitions for Riu' Rf“ and Ru used In this work, there is
a sign difference for those terms involving Riu' Rf“ and R“ in the
TETAS

expr ion for M . In Eq. (75), T(s,,t ), T(s.,t ), T(s,,t ) and
press M 4 1" p £ °p 1" q

T( ) are the elastic n+p T-matrices, evaluated at (si.tp).

sf,tq
( ),

) and (s ), respectively. (See Ref.28 for a

sf.tp si'tq f'tq

discussion on the calculation of these T-matrices.) . We have shown

that if we neglect those terms which cannot be expressed in terms of

the T-matrix (i.e.,e-D) and ignore all off-shell terms (i.e..c-MOff ).

then we obtain the amplitude M;mms which can be calculated exactly in

terms of the n+p elastic T-matrix and the electromagnetic constants of

P, nt and A+* .
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(ITI1) The "Experimental” Magnetic Moment of A+*§1232!

Extracted from Experimental Data :

We have used the special two-energy-two-angle amplitude, M;ET‘S

given by Eq. (75), to calculate n*py cross sections as a function of

photon energy k,

d3¢ J 4
an_da_ dk 5 J 8 (p;*a;-pg-qpk)

n b's (2n)

1 +
{‘i‘ L S (T } a‘r (76)
pol ,spin
where
_ 22 . 2 _ 2 2 .1/2
J=e mp / [(pi qi) m mp ] ,

a'F = [q? da,. /(2E,)] [d33f/(2Ep)l [k 2/(2x)] ,

_ 2 32 ,1/2
E" = (mn * qg ) ,
and
2 )2 ,1/2
E = (m_ + )
p p  Pr

In these calculations, the anomalous magnetic moment of the A**, AA R
has been treated as a free parameter and it is to be determined from

the UCLA datallat three bombarding energies, 269, 298 and 324 MeV, and

the SIN data'Sat 299 MeV.

The UCLA group has used 18 photon counters, Gi(i=l—19), to measure
n*pz differential cross sections. As a result, 18 sets of cross
sections have been obtained for each bombarding energy. (Cross
sections for the photon counter G16 have not been determined. ) In
each set, the UCLA data are given at the following photon energies

k1= 22.5 MeV, k2= 40 MeV, k3= 60 MeV, k4= 80 MeV, k5= 100 MeV,k8= 120
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MeV and k7= 140 MeV. We shell use the "spectrum Gi " to label the set

of cross sections obtained from the photon counter G Thus, if we

i
define E1= 269 MeV, E2= 298 MeV and E3= 324 MeV, then the UCLA data

can be denoted by cu“A(Ei.G ‘kl)' which represents cross section at

J
the bombarding energy E.1 (1=1,2,3) and the photon energy k1(1=1, cee,

7) for the spectrum GJ(J=1.---, 19). The corresponding theoretical

cross section, calculated using Eq. (76), will be denoted by
TH

o (Ei'GJ’kl)'

Using the experimental cross sections omnA(Ei’GJ.kl) and the
theoretical cross sections O;H(Ei,G 'kl)' we first calculated the

J

following average cross sections :

UCLA

0 veLa
o (Ei'kl) =) o

1-1o (E;.G,-k;)/10, (77a)
1=
TH 10 1y
01_10(E1,k1) =J§1 (4 (Ei’GJ'kl)/lo . (77b)
UCLA 15 ucwa
031_15(Ei.k1) =Y o (El'GJ'kl)/s , (77c)
J=11
TH 5 1w
031-15(E1'k1) =y o (Ei'GJ’kl)/s , (77d)
=11
UCLA 1S sera
al_ls(Ei,kl) =J§1 o (Ei'GJ'kl)/ls , (77e)
and
TH 15
01—15(Ei’k1) =J§1 o (Ei'Gj'kl)/ls , (77F)
for all photon energies kl (1=1,---,7) at three bombarding energies,
_ UCLA UCLA
E, (1=1,2,3). The values of o ' (E k) , o, 5 Ej-K,) and
ofitg(Ei,kl), without including the experimental errors, are shown in

Table 1. We then use these cross sections to define the following
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average deviations :

SUCLA TH
l (E k ) - o _ (E  k )|
Do (Ej. A, = Z 1 ’°UC“ 7o 11 : (78a)
7 (E k )
UCLA
D (E,, A,) = Z 17015 oK) 7 % ’S(E )l (78b)
11-18 1 A UCLA (E k )
1 11
and
SUcLA TH
[0 (Epk)) - o - (E k)|
Dl-lS (Ei‘ AA) = E: = 15uctl.A e ’ (78¢c)
7 (E k )

Since there are three bombarding energies, we obtain nine deviation

functions, which are all functions of AA' Varying the value of AA’

find nine deviation curves. As shown in Figs. 5a,5b and Sc, each of

we

these nine deviation curves clearly exhibits a minimum point. The
values of AA at these minimum points are as follows : A;—IO(EI) = 1.53
1-10 _ 1 10 _ 11-15 - 11-15
AA (E2) = 1.47 , (E } = 1.20 , AA (El) 1.90 , AA (EZ)
11-15 - 1-18 - 1-18 -
2.00 , AA (E3) = 1.44 , AA (El) 1.86 , AA (E2) 1.58 ,
and Az_is(Ea) = 1.36 . Taking an average, we have
3 1-10
Ay= LA 0 (EN/3 = 1.4 (79a)
s A i
i=1
for spectra G1 - G10 ,
3 11-15
= = 7
AA .Z AA (Ei)/B 1.8 (79b)

i=1

for spectra G111 - G15 , and
3 1-15

AA = 1§1 AA (Ei)/3

for spectra Gl - G15 . Using these results for A

L]

1.6 (79c)

A’ the value of the
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"experimental” magnetic moment of the A+*(1232). My, can be

calculated. We find

uA=2(1+AA)29M=2(1+AA):L(zem)
A A p
( 3.7 22 for spectra Gl - G10
= {40 2: for spectra Gl - G15 (80)
| 4.2 2: for spectra G111 - GI1S

This gives us a range of the value of My which can be extracted from
the UCLA data.

Of course, the UCLA data sets can be analyzed together to yield a
single value of “A . This has been done and the value is 3.8 e/(2mp).
It should be pointed out that if the 12 as a function of AA were used

to determine the value of AA' then we would also obtain about the same
result as that obtained by using the deviation function defined by
Eq. (78). For spectra G1-G10 at 298 MeV, for example, the x2 fit gives
Ap = 1.4 uhlle the method based on Eq.(78) gives A,= A3”°(E2) = 1.47.

In Fig.5e, we show the xz curve with a clear minimum point at AA =
1.4. This curve is to be compared with the solld curve exhibited in
Fig. 5a.

We have used the term "experimental” magnetic moment to describe
the result obtained in this work for the following reason: The
magnetic moment of the A++ obtalned in this work is based upon the
TETAS amplitude. In deriving this amplitude, we have ignored the

emission from the internal pion-proton loop. In a recent study using

a nonrelativistic dynamical model, Heller et al.30 have reported that
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an "effective" magnetic moment of the AH can be defined if the
contribution from the loop dlagrams is involved. This effective
moment, which is different from the "bare" moment predicted by the
SU(6) or the quark model, is a complex and energy-dependent quantity.
Although these authors have found that the imaginary part of the
effective moment 1is not negligible, the problem of defining and
calculating the effective moment for an off-shell unstable A*+
particle remains unsolved mainly because they were unable to
demonstrate that their model could be used to describe most of the
n+p7 data. It is obvious that the effective moment cannot be
calculated to arbitrary precision in any model-independent
calculations since it 1is difficult to take into account the loop
contribution in the soft-photon approximation. This is why the
magnetic moment of the AH extracted from the n+p7 data by using the
TETAS amplitude is an approximation with theoretical errors to the
effective moment. Since it is also difficult to identify our magnetic
moment with the "bare" moment, we have therefore used the

"experimental” magnetic moment to describe the result obtained by us.

We have also extracted the value of My from the SIN data. The SIN
group has measured the n+p7 cross sections at 299 MeV. Depending upon
the angular regions for the outgoing pions, the group has obtained
three sets of cross sections. We shall call the set for 55 < 6" <
95° as the first set, the set for 55°< en < 75° as the second set,

and the set for 75°< o, < 95° as the third set. In each set, the

SIN data are given at the following photon energies :ki= 27.5 MeV,
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k,'= 42.5 MeV, k,'= 57.5 MeV, k,'= 72.5 MeV, k_'= 87.5 MeV, k_.'= 102.5

2 3 4 5 6

MeV, and k7’= 117.5 MeV. Thus, the SIN data will be denoted by
U?IN(kJ') and the corresponding theoretical cross section by UIH(RJ').
Here, kJ'(J = 1,---,7) are photon energies and the subscript i
indicates the set number (I = 1,2,3). The values of G?IN(kj’).

without 1including the experimental errors, are shown in Table 1

SIN

Using oy (kJ') and aIH(kJ'), we define three deviation functions :
SIN., ,y _ TH, ,
| o} (ky') - o (kJ ) |
D1 ( AA) = E: SIN , (81a)
3 oy (kJ')
SIN . TH.. ,
| o, (kJ ) - o, (kJ ) |
D2 ( )‘A) = Z SIN ’ (81b)
3 o, (kJ’)
and
SIN,, TH.. ,
| o5 (kJ ) - o (kj ) |
D, (A,) = , (81c)
3 A 3 US‘"(RJ')
which are all functions of A,. Varying the value of A we obtain

A

three deviation curves. As shown in Fig. 5d, each curve has a minimum

A'

point. The values of A,at these minimum points are

A
A, = 2.1

(-]

for the first set, 55°< o, <95

AA = 2.2
for the second set, 55°< Gn < 75° , and
AA= 2.0

for the third set, 75°< en < 95°. The values of Hy calculated from

AA are as follows :



4 3=

m
= P e
uy=2 s o=
A p
4.7 € for 55°¢< @_ < g95°
2m n
p
e o [}
= < <
{49 = for 55 CH 75 (82)
a6 ¢ for 75°< @_ < 95°
2mp n

The range of Hy determined by the SIN data is therefore 4.6 e/(2mp)
= Hy = 4.9 e/(2mp). If, on the other hand, all the SIN data sets are
analyzed together to yield a single value of Hyo We find My = 4.6
e/(2mp).

It is clear that the values of Hy extracted from either the UCLA
data or the SIN data are smaller than the "bare" magnetic moment,
uA=5.58 e/(2mp), predicted by the SU(6) model26 and the quark model.
However, as pointed out by the UCLA group, a modified SU(6) model
{(with mass corrections) suggested by Beg and Paiszs predicts Hy=

( Mp )x5.58 e/(2mp)= 4.25 e/(2mp). Moreover, Meyer et al. have also
A

pointed out that bag-model corrections to the quark model27 give “A=
4.41~ 4.89 e/(2mp). Thus the values of Hy extracted from the data
(the average value of “A determined from both the UCLA and the SIN
data is 4.35 e/(2mp)) are in much better agreement with the value
predicted by the modified SU(6) model or the quark model with
corrections. The values of Hy previously obtained by other authors

were 3.6 % 2.0 by Musakhanov?8 5.6 *+ 2.1 Dby Pascual and Tarrach?g

7.0 ~ 9.8 by Heller et al?o. and 5.58 ~ 7.53 by Wittmanalin units of
e/(2mp). All of these results were extracted from the UCLA data using

quite different approximations and methods. Most recently, by fitting
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the asymmetry data to predictions calculated in the MIT model,

Bosshard et al. have found Hp= 4.58+0.33 e/(2mp)?2 A comparison of

these results 1is shown 1in Table II. For other theoretical
predictions, we refer to an article published recently by
33

Krivoruchenko et al. .
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IV Theoretical n#py Cross Sections and Comparison to Experimental Data:

Using the values of Hy extracted from the experimental data
{Eqs. (80) and (82)]} as input, we have applied the amplitude M;E“s to
calculate all n+p7 cross sections which can be compared with the
experimental data at the five bombarding energies, 165, 269, 298,
298,and 324 MeV. Some of these calculations are shown in Figs. 6-12.
In these figures, the calculated cross sections at 269, 298, and 324
MeV are compared with the UCLA data of Nefkens et al. and the
calculated cross sections at 165 MeV and 299 MeV are compared with the
UCLA data of Smith et al? and the SIN data ,respectively.

For G11 - G17, the calculated cross sections are insensitive to the
variation of Hp between 3.7 e/(2mp) and 4.2 e/(2mp). As shown in
Figs.8,9 and 10, the calculations using My = 3.7,4.0 and 4.2 e/f2mp)
give almost lidentical spectra. Although different values of uA(3.7

e/(2mp)s p,s 4.2 e/(2mp)) predict spectra which are slightly different

A
at k > 70 MeV for Gl1 - G10, Figs.6, 7 and 8 show that the difference
is smaller than the experimental errors. The overall agreement
between theory and the UCLA data is excellent. This fact can also be
seen from the following 12 values. We have calculated the xz values
for those UCLA cross sections shown in Figs.6 ~ 9 using uA= 4.0
e/(2mp) as an input for all theoretical predictions. The 12 values
are 1.6(0.9), 0.4, 4.1, 5.3(2.1), 0.8(0.3), 0.5, 0.6(0.5), 0.5, 1.0,
0.6, 2.8, 8.1(1.8), 3.6(1.6), 0.7 and 1.0 for Gl at 298 MeV (Fig.6a),
G2 at 298 MeV (Fig.6b), G3 at 269 MeV (Fig.6c), G4 at 269 MeV

(Fig.6d), G5 at 324 MeV (Fig.7a), G6 at 298 MeV (Fig.7b), G7 at 324

MeVv (Fig.7c), G8 at 298 MeV (Fig.7d), GS8 at 298 MeV (Fig.8a), G10 at
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269 MeV (Fig.8b), Gl11 at 298 MeV (Fig.8c), Gl12 at 269 MeV (Fig.8d),
G13 at 269 MeV (Fig.9a), G14 at 269 MeV (Fig.8b), G15 at 269 MeV
(Fig.9c), respectively. The 12 values in parentheses are obtained
from the calculation which does not include the last datum with zero
cross section. Thus, the TETAS amplitude with values of Hy in the
range from 3.7 to 4.2 e/(2mp) can be used to describe all n*py data
obtained by the UCLA group except for the measurements obtained for
Gi8. Here , we must point out that our predicted cross sections for

G18 at 269, 298 and 324 MeV are quite different from the UCLA data . (

These three spectra for G18 are the only exceptions. The rest of
other spectra at 165, 269, 298 and 324 MeV for Gi (1t =1,:--,19 but i
# 18) are In excellent agreement with the UCLA data.) However, the

agreement is much better for G18 at 165 MeV. This comparison is shown
in Fig. 10b.

In Fig. 11, we present the results of our calculation using “A
4.6, 4.7 and 4.9 e/(2mp) at 299 MeV. These results are compared with
the SIN data. Using Hy = 4.6 and 4.9 e/(2mp) as input for theoretical
predictions, we have calculated the 12 values for the three sets of
cross sections shown in Fig.11. The 12 values [corresponding to My =
(4.6, 4.9) e/(2mp)] are (4.3, 3.4), (2.6, 2.8) and (2.2, 2.1) for the
second set (Fig.11a), the third set (Fig.11b) and the first set
(Fig.11lc), respectively. We therefore conclude that the SIN data can
be described by the TETAS amplitude with the value of Hy between 4.6
e/(2mp) and 4.9 e/(2mp).

Finally, we have also used Hp= 5.58 e/(2mp), the value predicted by

SU(6), SU(3) and the naive quark model, to calculate n+p7 spectra at



47~

298 MeV for G7,G14, G15 and G 1-10 (the average cross section over the
ten photon counters Gl1 to G10 ). As shown in Fig. 12, these results
are compared with the calculations using My = 3.7, 4.0 and 4.2 e/(2mp)
and also with the calculations using an approximate TETAS amplitude
[M“(TETAS)] obtained in Ref.22. (The expression for M“(TETAS) is
given by Eq.(83) in the next section.) This comparison reveals three
important facts : (i) For G14 and G15 , all calculatlions give similar
results which are in excellent agreement with the UCLA data. This
confirms our statement that the calculated cross sections for G11-G19
are insensitive to the variation of My - (i1) The data for G7 and
G1-10 can be used to differentiate between the calculation using M=
5.58 e/(2mp) and the calculation using uA=3.7 ~ 4.2 e/(2mp). The
latter is in better agreement with the data. For k>70 MeV, all
calculations with pA=S.58 e/(2mp) are in complete disagreement with
the data. (i11) The spectra calculated using an approximate TETAS
amplitude obtained in Ref.22 are very close to those calculated using

TETAS

the amplitude MM given by Eq. (75) with the value of My between

3.7 e/(2m_) and 4.2 e/(2m ).
P P
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V.The TETAS Amplitude for the n_pz Process and the Magnetic Moment

of the A% (1232)

We have already shown a TETAS amplitude can be rigorously derived
for the n#pw process near the A+*(123:) resonance and we have also
discussed how the magnetic dipole moment of the A"" can be extracted
from the n*py data. The fact that an excellent result has been
obtained for the u+p7 process encourages us to apply the same method
to construct a TETAS amplitude for the n_py process near the Ao(1232)
resonance and to extract the magnetic dipole moment of the Ao from the
UCLA data11. We have found that the amplitude for the n_pz process
has same form as that for the n+p1 process, except that there is no
charge contribution from the internal A0 line. Thus, both amplitudes
have very similar features. Since the magnetic moment of the a° has
never been determined from the n-py data by any group, it is
interesting to investigate (i) whether the extracted magnetic moment
of the A° is about zero as predicted by the SU(6) model and (ii)
whether the n_pz cross sections, calculated using the TETAS amplitude
and the extracted magnetic moment of the 8% as the input, agree with
the UCLA data and the CERN datala.

(A) The TETAS Amplitude for the m py Process
—(A)

At the tree level, the amplitude M# which represents photon

emission from the internal Ao line can be written as

oB e*1 6

c“ﬁ(A)
M M

= G(pf,vf)[gqu] G o (p") [-1Q°r aa(P) [gqia]u(pi,vi).

(83)

Here, [—iQorch“] is the electromagnetic vertex for the a° with Q°= le
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( one unit of proton charge). Except for different electromagnetic
vertex, this expression for ﬁLA) is identical to the expression for
E(A) given by Eq. (25). Since A° has only the anomalous magnetic
moment AA', Fzﬁ has the form

o o AA' v

ry =8 Eﬁ;r (7“70 - wku) ko, (84)

where MA’ is the mass of the A°. Let Qn- be the charge of n , then we

can write

o_ 1 1 -
Q = - Qp > Q- - (85)
Applying the radiation decomposition identity to decompose ELA), we
find
o o8 Qo5rra 005.8
G o (P QT e IG, (p) = 1G (p") o= —F—[1eg,tp) . (88)
p H P 2p’ -k 2p-k
where
0° = ar'-¢ g +E_, (87a)
a a a
o B- are gP LB, (87b)
P p P
and
*a
Ree= —d{[g,K].p}. (87c)
16M
A
The expressions for Eva and E;B can be obtained from the expressions
o B ' ,
for E « and Ep given in Appendix B. Changing AA to AA and MA to MA
in the expressions for Eaa and Eéa and then dropping those terms which
B

are independent of A,, we obtain the expressions for Eca and Eé ,
respectively. Inserting Egs.(85) and {86) into Eq.(B3) gives

R e _ . R

X Ta - (Qn-) Tb ok

u E(A)
M

€

= ﬁ(pf,vf)[(Qn—)
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R'-€ - - R’ ¢
-Q T +Q_T ]u(p T
P p' -k c p d p-k 1"71
+ Ulpg,ve)l €D Jutpy,vy) (88)

~ ~ -~

where Ta' Tb' TC. and Td are defined by Eqs. (13) and D can be obtained
from Eq. (45). I[f we replace both Qa and Qb by (- Q"—) and (Qa¢Qb) by

0

Q’, and drop those terms lInvolving p’'-e and p-e, we get €-D. The
external amplitude ELE) can be obtained from Eq.(19) by changing Qa'
- - H
Qb' Qc' and Qd to Qn , Qn , Qp, and Qp, respectively. Combining ¢
ME) Gith e*M8) | we find
M M
‘€ R’ -€
u o (E8) _ - [ 9% ~
€ M“ = ulpgp.vg) (Q.-) 3K + K T,
- q '€ R' €
"Qn"Tb[aTi* p—k—]
(p.+R.)-€ R’ e
f f ~
+ Qp [ pf'k - K ] Tc (89)
(p,+R, )¢ R' ¢
-Q T L - — u(p,,v,)
p d pi-k p-k "1
+ u(pf,uf) {(e-D) U(pl'"i)
Obviously, the amplitude MLEA) is not gauge invariant, K“MLEA)t o,

even though K“R"f 0. To obtain the total amplitude ﬁu which is
completely gauge invariant, we have to impose the gauge invariant

condition:

M = E(EA) . E(G) '
TR u
M, kM = ELE“ . ﬁ‘(‘m) =0 . (90)

Without repeating the detailed calculations, which are similar to
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those given by Eq.(50) for the n*py case, the final expression for

c”ﬁu can be written as

b M =M MTETA My X , (91a)
M H M
=gl MTETAS | M poff L M X , (91b)
H M M
where
q (p.*+q.-R’)
~TETAS fu fof u =
M = ulp,,v,.) (Q_-) [ ] T(s,,t )
u £ 7f { n ap k (pf.+qf.) k i
- @Q-) T (st ) iV e "
ety q K W
(p.+R.) (p.*tq.*+R') -
+Q[f£ (f+f)k]T(sl.t) (92)
pL P Petds q

(p,+R,) (p,+q,+R’)
P S O R T M
QpT (Sf'tq) [ pi'k (pi+q1)'k ]} u(pi.vi)

and the expression for i:f“ is obtained if 'f(sl, tp), T(sf., tp),

~ ~

T(sl. tq), and T(sf. tq) in Eq.(92) are replaced by Ta. Tb' Tc. and

Td, respectively. Although the expressions for b—f:: and ﬁ;" can be

obtained by slightly modifying the expressions for ﬁ:i and ﬁ;" given
by Egs.(52) and (55), respectively, we omit them here mainly because

they wiil be ignored in our numerical calc: ations.

We have shown how the TETAS amplitude at the tree level, g‘r‘tus.

can be derived for the n_py process near the Ao(1232) resonance. The

result obtained here can be used as a guide to construct a more

general TETAS amplitude, MLEHS(n_). by using a modified procedure for

TETAS

constructing the soft-photon amplitude. It turns out that M“ (n)

has the same form as the expression for E‘TIBAS except that all

T-matrices [ T(s.,t ), T‘( t ), f(s..t ), and T(s ,t )] at the tree
i''p P i'"q f'q

Sg
level are replaced by the realistic experimentally determined elastic

T-matrices [ T(Si'tp)’ T(sf.tp), T(Si'tq)' and T(sf.,tq)]
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MLE“S(H-) = ME™SCF 1) (93)

where EZETAS is given by Eq.(92).

(B) The Magnetic Moment of the a°(1232)

TETAS

Using Eq.(76) with the amplitude M“ (r ) given by Eq.(93), we

have calculated n-py cross sections as a function of photon energy k.

A ’

has been treated as a free parameter and it is to be determined from

In these calculations, the anomalous magnetic moment of the Ao, A

the UCLA data11 at three bombarding energies, 263, 298, and 330 MeV.

As we have already discussed in section III, the UCLA data can be

UCLA

denoted by o (Ei' GJ' kl)' which represents cross section at the
bombarding energy E1(1=1.2.3) and the photon energy kl (1=1, 2, ---,
7) for the spectrum GJ (j=1, 2, -+, 19). The definitions for kl and

G, are the same for both the n+p7 case and the n_py case. The only

J

difference between the two cases is Ei' For the n-pw case, we define

E1= 263 MeV, E2= 298 MeV and E3= 330 MeV. Again, the corresponding

TETAS

theoretical cross section, calculated using the amplitude M“ (n")

given by Eq. (93), will also be denoted by cFH(Ei, G,, k,).

J 1
. UCLA
Using the experimental cross sections o (Ei' GJ' kl) and the
theoretical cross sections ojH(Ei, Gj’ Kl)' we first calculate
UCLA TH UCLA TH .
61-10(Ei' kl)' 01-10(Ei' kl)’ °]-1s(Ei’ kl)' and o}-ls(Ei' kl) using
Egs. (77a), (77b), (77e) and (77f), respectively. The values of
UmJ(E..k ) and emnA(E , k,) are shown in Table III. We then use
1-10 i’ 1 1-15 i 1
these cross sections to calculate average deviations quo(Ei‘AA’) and

Dlls(Ei,AA'). which are defined by Egs.(78a) and (78c), respectively.

A we obtain two deviation curves for each

Varying the value of A
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bombarding energy. As shown in Figs. 14a, 14b, and 14c, each curve
gives a minimum value for AA'. We find the following minimum values
. ; ) , (1-10) - , (1-10) _
for AA from six curves: AA (El)- 0.001, AA (E2)— 1.0,
, (1-10) a , (1-18) _ , (1-18) _
AA (EB)- 0.001.AA (El)— 1.0, AA (EZ)_ 1.0,
A '(1'15)(E )= 1.0. Note that we have chosen A '(1-10)(E )= 1.0
A 3 A 2

mainly because the deviation curve ( for E2= 298 MeV and spectra

G1-G10 ) reaches its minimum point at AA'= 2.0 and the curve becomes
3

flat in the reglon Os AA'S 2.0. Taking an average, we have AA'= b
i=1

AA'““"’)(Ei)/:; = 0.33 for spectra G1-G10 and A,'= I AA'“"S’(Ei)/:a =

i=1

1.0 for spectra G1-Gi15. If we take an average again, we find AA' =

(0.33 + 1.0)/2 = 0.67. Thus, the range of A,' extracted from the n py

A

data of the UCLA is O = AA'S 1.0 and the average value for AA' is

0.67. Now, the magnetic moment of the Ao can be calculated from the
following formula

mp e

Therefore, the average pA', calculated from AA’= 0.67, is 0.5 e/(2mp)

and the range of “A" calculated from 0 s A,’ = 1.0, is 0 = “A’ = 0.76

A

e/(2mp). The value of “A' in this range is in accord with the value
pA’=0 predicted by the SU(6) model. This agreement is also supported
by the following two facts: (i) All those deviation curves which give

AA'=1.0 are flat and insensitive to the variation of AA' in the range

0 = AA' = 2. (ii) The calculated n py cross sections, as will be

shown in next subsection, are very insensitive to the variation of “A'

in the region 0 = “A’ = 0.5 e/(2mp). Since “A' has never before been



directly measured or determined from the n_pz data, no other result

can be used to compare with ours.

(C) Theoretical n-py Cross Sections and Comparison to Experimental Data:

We have applied the amplitude M;ETAS(

n’) to calculate all n py
cross sections which can be compared with the UCLA data at 263, 298,
and 330 MeV and the CERN data at 192 MeV. The input in these
calculations is the magnetic moment uA’ which is chosen to be 0 and
0.5 e/(2mp). Some of these calculations are shown in Figs. 15-20.

As shown in Figs.15-18, the calculations using uA'= 0 and 0.5
e/(2m_) give almost identical spectra which are in excellent agreement
with the UCLA data. Thus, the calculated n_py cross sections are

’

completely insensitive to the variation of Ha in the range between O

and 0.5 e/(2mp). Such finding is expected because it is consistent
with the behavior of the deviation curves in the region 0 = AA’ s 0.67
(see Figs. 14a, 14b, and 14c). Since the extracted magnetic moment of
the Ao. in the range 0 = “A' < 0.5 e/(2mp), gives essentially the same

n py cross sections, we conclude that our result is in agreement with

the value (uA'=0) predicted by the SU(B) model.

Using uA'=0 (more precisely, we use AA’= 0.001), we have also
calculated the n_p7 cross sections at 192 MeV. The result is compared
with the CERN data13. As shown in Figs. 19 and 20, the agreement

between theory and experiment is also good but not as good as we would
like to see. This may not be surprising since the agreement between
the data and the EED calculations17 is even worse. Further studies

are required in order to understand some discrepancy between the CERN
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data and our calculations.
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V. Discussion
+
It has been reported in Ref.22 that almost all of the n py cross
sections obtained by the UCLA group can be described by a TETAS

amplitude of the form

Aru (qf*pf+Rf)“1 T(s, .t )
‘k~ (q.+p.) 'k Si°'p
£ £*Pr

M“(TETAS)= u(pf.vf)(Qa[q

9, (9rptRy)y

- Q, Tlsp,t) | 3K " (qi+p1),k1 (94)
p,. +R (q.+p.+R.)
s (fe fu  ff LMy (g ¢
c pf'k (qf+pf)-k i1’ "q
p, *R (q,+p,*R,)
_ ip ip 1"P17
Qy T(sf.tq) ( b,k - (a,+p,) K Thulpy.v,)

where Rlu and Rfu are defined by Egs.(20a) and (20b), respectively.

This amplitude, which cannot be rigorously derived, is slightly

different from the amplitude M;ETAS

given by Eq. (75). In section 1V,
as shown in Fig. 12, we have found that the n*py cross sections

calculated with the amplitude M“(TETAS) are very close to the cross

sections predicted by the amplitude MTzTAS if the value of My used in
MLET“s is about 4 e/(2m ). To understand why the amplitude M (TETAS)
works so well and why the two amplitudes, M“(TETAS) and M;ET“i can

give similar results, let us compare these two amplitudes carefully.
From Egs.(75) and (84), we can see that both amplitudes have the same
form for the external contribution but they differ from one another in
the expression for the internal contribution. They can predict about

the same cross sections only under the following condition:



-57-

R, = R ~ R, . (95)
ip M fu

To study this condition without any approximation is very difficult.
Fortunately, a good approximation can be found. If we replace iﬁ’ 4?

and p in the expressions for Riu’ Rf“ and R“ (Egs. (20a), (20b) and

(43)) by mp. mp and MA' respectively, then we find

=R. =R (98)
1y fu u

provided that

R

AA = Ap . (97)

This implies that the two amplitudes can produce about the same result

if the magnetic moment of the A*+ (treated as a parameter in the

TETAS)

ampl itude Mu is

My = 2(1+AA) e/(ZMA)
mp e
= 2(14A ) —— 55—
P MA 2mp
_ 938 e
= 2(1+1.79) 232 om
p
= 4.25 e/(2m_)
p
which is exactly the value predicted by the modified SU(6) model of
Beg and Pais.25 This value also agrees very well with the average

value of Hp o 4.35 e/(2mp). extracted from both the UCLA data and the

SIN data. Thus, the fact that the UCLA data can be described by the

amplitude M“(TETAS) suggests that the value of My is about 4 e/(2mp).
It is obvious that the modified lLow procedure can be applied to

obtain TETAS amplitudes for other bremsstrahlung processes near a

scattering resonance. For example, the TETAS amplitude for the p12C7

process has the same expression as the amplitude M;ETMS given by Eq.

22

(75) but without those terms involving R, , R and R . This is
i’ fu u
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because the contribution from Riu' R and R“ terms is negligible for

33-35
or

fu

the low energy p‘2C7 process near either the 1.7-MeV resonance
the 0.5-MeV resonance? As shown in Ref.22, those gauge terms

involving (pi + qi)“ or (pf + qf)“ represent photon emissions from the

L]
charge of the intermediate 3N* resonance.

As we have already mentioned, the effective moment which is a

complex quantity has been studied by Heller et al?0 We cannot

calculate this moment to arbitrary precision in this work since it is
difficult to take into account the loop contribution in the
soft-photon approximation. Nevertheless, we have done a numerical

study by treating A, in Eq.(75) as a complex quantity, A,= A_+ iAI ,

A A R

in order to estimate the contribution from the imaginary part AI. We

have chosen AA to be 1.47+1AI, 1.6+1AI and 2.4+1AI. By varying AI

from -1.0 to 1.0 in each case, we have used the UCLA data (at 298 MeV
for counters G1-G10) to calculate average deviations as a function of

AI . As shown in Fig.13, we have obtained three deviation curves

which have the same interesting feature. The value of the average
deviation decreases rapidly as AI increases from -1.0 to zero and then

it increases rapidly as AI increases from zero to 1.0. Thus, the

minimum points for all three average deviation curves are around AI=

0, independent of the choice of A indicating that the best fit to

R ’
the UCLA data (at 298 MeV for counters G1-G10) can be obtained by

choosing A, to be a real quantity, as we have done in this work. This

A

result implies that the dynamical contribution (photon emissions from

the n+p loop) to the imaginary part A, is very small. If there is no

I

dynamical contribution to A we also expect very little dynamical

I 1
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contribution to the real part A We may therefore conclude that the

R -

whole dynamical contribution would be small and hence the

"experimental” magnetic moment should be v/ - closc to the effective
moment .
To understand why the best fit to the ~A data can be obtained
only if AA is chosen to be a real quantity, ~e have performed another
TETAS
study. Our numerical investigation of the amplitude Mu reveals

that the best agreement between theory and experiment is obtained when
the contribution from the Ru—dependent terms cancels the total

contribution from those terms involving Riu and Rf“ in Eq. (75). This

cancellation occurs when “A is around 4 e/(2mp). However, no

cancelation is possible if A, is chosen to be a complex quantity with

A

a large imaginary part since the anomalous magnetic moment of proton
Ap is a real quantity (Ap = 1.79). This explains why the minimum

point is always found around AI = 0, independent of the choice of AR'

if the average deviation is plotted as a function of AI. As we have

already pointed out, our numerical study also indicates that the
spectra calculated by using Eq. (75) agree very well with those spectra
predicted by Eq.(94) (which is identical to Eq.(16) of Ref.22) if My
used in Eq.(75) is about 4 e/(2mp). Both results are in excellent

agreement with the experimental data.

Now let us discuss what would happen if those terms involving Riu'

Rfu and R“ are canceled out precisely. We would obtain an amplitude

MTETAS with R, =R = R = 0. Such an amplitude was first proposed
“ ip fu M

by Heller21 and it was discussed in great details in Ref.22 (Heller’s

amplitude is identical to Eq.(3) of Ref.22). It is a well known fact
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that Heller's amplitude can be successfully applied to describe both
the n:pz data and the FJZCI data. This fact may have two possible
implications that are consistent with our findings. (1) The
cancelation between the contribution from the magnetic moment of the
A+*(1nclud1ng all possible loop corrections) and the contribution from
the magnetic moment of proton exists. (i1) The imaginary part of the
effective magnetic moment of the AH is small and the real part is 3.7
~ 4.9 e/(2mp). In short, the data seem to suggest that dynamical
corrections from the loop diagrams are small. In other words, our
best fit implies that the effective magnetic moment of the A** should
be nearly equal to not only the "experimental” moment obtained in this
work but also the bare moment given by the modified SU(B) model or the
quark model with corrections.The problem requires further careful

studies.
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VI1. Conclusion

We conclude the following.

(1) We have derived a radiation decomposition identity for
bremsstrahlung emission from an internal A line, which includes the

a*t line with an anomalous magnetic moment AA and the Ao line with an

anomalous magnetic moment AA'. We show how this identity can be
applied to modify Low's standard prescription for constructing
soft-photon amplitudes.

(11) Using the modified Low procedure, we have derived the TETAS
amplitudes for the ntpy processes near the A(1232) resonance. The

M;F“S amplitude for the n py process is given by Eq. (75) while the

M ETAS (1) amplitude for the m py process is given by Eq.(93). These
TETAS amplitudes have many interesting features : (1) They are
relativistic, gauge Iinvariant and consistent with the soft-photon
theorem. (2) They depend only on the elastic T-matrix, evaluated at
four different sets of (s, t): ( Sy tp). (s1 , tq). (Sf , tp) and (sf
, tq), but they are free of any derivative of T with respect to s or
t. (3) They take into account bremsstrahlung emissions from (a) the
incoming pion and the outgoing pion, (b) the incoming proton and the
outgoing proton (with charge +e and the anomalous magnetic moment Ap),
(c) the internal A*Y 1ine (with charge +2e and the anomalous magnetic
moment AA) for the n+p1 case and the internal A° line (with the
anomalous magnetic moment AA') for the n py case, and (d) other
sources by imposing the gauge invariant condition.
TETAS

(iii) We have used the amplitude Mu to calculate n‘pz cross

sections as a function of photon energy K, dae/dnndﬂvdK, at five
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bombarding energies, 165, 269, 298, 299 and 324 MeV. Treating AA as a
free parameter in these calculations, the "experimental” magnetic
moment of the A**. “A' has been extracted from 45 sets of the UCLA
data and 3 sets of the SIN data. The extracted values of “A are

3.7 e/(2mp) for photon counters G1-G10

My = 4.0 e/(2mp) for photon counters G1-G1§5

4.2 e/(2mp) for photon counters G11-G15

from the UCLA data and

4.6 e/(2mp) for 75° < o< g5°

_ o o
My = 4.7 e/(2mp) for 55 < O" < g5

4.9 e/(2mp) for 55° < o < 75°

from the SIN data. These extracted values of Hp (the average is 4.35
e/(2mp)). are smaller than the value 5.58 e/(2mp), the “bare” magnetic
moment predicted by the SU(6) model or the quark model, but they are
close to the value 4.25 e/(2mp) predicted by the modified SU(B) model
of Beg and Pais and also in accord with the value 4.41~4.89 e/(2mp)
obtalned by Brown, Rho and Vento. Using the amplitude M;ETAS and the

values of My extracted from the experimental data, we have calculated

all n+p7 cross sections which can be compared with the UCLA data and

the SIN data. In general, the agreement between the theoretical
predictions and the experimental measurements is excellent. This
agreement demonstrate that the amplitude MTETAS is valid and it can be

used to describe almost all the avalilable n+p7 data near the A(1232)
resonance.

(iv) We have also treated AA as a complex quantity, AA = AR + iAI,
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in order to estimate the contribution from the imaginary part AI. The

best fit to the data gives A. = 0, independent of the choice of A

I R’

This finding suggests that further dynamical corrections to the
amplitude MLEHS from the open plon-proton channel are small and hence
the "effective" moment, the “experimental” moment, and the "bare"
moment predicted by the modified SU(6) model of Beg and Pais should
have about the same value.

(v) We have shown that the approximate amplitude given by Eq. (94),
an amplitude used in Ref. 22, 1is theoretically Jjustified. This
explains why the amplitude (used in Ref.22 ) works remarkably well for
the n+p7 process. We have also explained why the amplitude M;E“S
given by Eq.(75) can be used to describe ;f2C7 cross sections near
either the 1.7-MeV resonance or the 0.5-MeV resonance.

(vi) We have used the amplitude M;E“S

() to calculate n py cross
sections as a function of photon energy k at three bombarding
energies, 263, 298, and 330 MeV. Treating AA' as a free parameter in
these calculations, the magnetic moment of the Ao, “A" has been
extracted from the UCLA data. The range of the extracted value of “A'
is 0 = uA's 0.76 e/(2mp) (with an average value about 0.5 e/(ZmP)L
Since the calculated n—py cross sections are very insensitive to the
variation of “A' in this range, we conclude that the extracted value
of “A' is in accord with the value “A' = 0, predicted by the SU(B)

model . Using uA'=0 in the amplitude M E™5(27), we have calculated

[T}
those n_pz cross sections which can be compared with the UCLA data and
the CERN data. The agreement between the theory and the UCLA data is

excellent. Although the agreement between the theory and the CERN
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data is mixed ( with some good agreement and some fair agreement), we

can still conclude that the amplitude M E™5(2”) can be used to

describe the n—py data near the A0(1232) resonance.
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TABLE |
UCLA
The UCLA data and the SIN data : the values of cr‘_10 (Ei' kl)'
UCLA UCLA SIN ,
11-15 1’ kl)' a}-xs (Ei' kl)' and o i ( kJ )
photon 22.5 40.0 | 60.0 | 80.0 100.0 | 120.0 | 140.0
energy(MeV)
average| 2.53 1.656 | 1.25 | 0.79 | 0.28
269 [G1-10 | #:0.41 +0.27| t0.21 | $0.15 | t0.08
(UCLA) |2Ver2a8e| 31 g 15.1 8.8 5.8 2.5 1.2
G11-15
average
i 12.3 | 6.11 3.77 | 2.44 1.03 0.55
average| 1.78 1.03 1.03 0.74 0.44 0.44
298 [G1-10 | t0.28 +0.17| $0.15 | $0.13 | *0.09 +0.12
(UCLA) |2Yera8e| 55 g 14.1 7.62 | 5.68 | 3.38 1.14
G11-15
average
el | 9.50 | 5.41 3.21 2.39 1.44 0.61
average| 1.05 104 | 0.66 | 0.77 | 0.30 | 0.10

324 Gl-10 $0.31 $0.22| #0.17 0. 18 0. 11 *0.06

(UCLA) |2YeT28¢| 56 | 8.30 | 4.80 | 2.22 1.64 | 0.58 | 0.38

G11-15
average
cloge| 828 | 3.45 | 2.05 1.25 | 0.74 | 0.43
photon 27.5 42.5 | 57.5 | 72.5 87.5 | 102.5 | 117.5
energy(MeV)
average| 1.57 1.24 | 1.40 1.21 1.12 | 0.85 | 0.71

299 55°-g5° $0.23 *$0.18] *0.16 $0.14 $0.13 $0.10 +0.09

(SIN) average| 1.23 1.31 1.40 1.20 1.27 0.83 0.82
55°-75° $0.28 $0.21 *+0.18 $0.16 $0.17 $0.13 $0.11

average| 1.91 1.17 1.40 1.22 0.90 0.80
75°-95° $+0.30 $0.24 $0.20 $0.18 $0.16 *0.13




Table 11

Present -

(UCLA data) .
Present H

(SIN data) E
Bosshard et al. ------------------ *—‘_'1
Wittman ---o---coceoemrcenconnseneacens —
Heller - Kumano - : p———q
Martinez - Moniz
Pascual - Tarrach -------------- k * {
Musakhanov ------------ = {
0 10 20 30 40

r—*—-—'—~—+—'—4—#—+—'—*—-+—‘—*—*—h+—> pA/pp

Brown - Rho - Vento f TSU(G)
Beg - Pais, Moditied SU(6) —

-yy-



TABLE Il

The UCLA data and the CERN data for n_pz process

-7~

photon 22.5 40.0 | 60.0 | 80.0 | 100.0 | 120.0 | 140.0
energy(MeV)
average| 4.56 3.48 1.77 1.28 0.50
263 G1-10 +0.88 +0.65| *0.42 | $+0.35 | *0.21
average
(UCLA) |y e
average
G1-15 4.63 3.34 2.21 1.78 0.51
average| 5.7 4.7 2.2 2.6 0.94 0.61
298 G1-10 1.1 $0.9 | $0.5 0.6 $+0.34 $0.31
average
(UCLA) gy 7 e
average
C1-15 5.9 4.7 2.4 2.3 0.91 0.71
average| 2.9 2.6 1.8 1.5 1.5 0.4
330 G1-10 0.9 *0.7 | $0.86 $0.5 $0.5 0.3
average
(UCLA) o 5oa8
average
C1-15 3.5 3.3 1.8 1.7 1.0 0.27
photon
energy(MeV) 50 70 90 110 130
average| 5.4 3.7 2.7 2.2 1.07
192 9091200 +3.3 2.0 0.8 0.3 $0.19
average| 3.7 2.7 1.3 0.95 0.58
(CERN) +
1209150q +1.6 | *0.6 0.2 $0.12 | $0.09
average| 2.8 1.5 1.11 0.69 0.20
1502180 +0.9 0.4 $0.24 | $0.17 | *0.13
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Appendix A

-~ -~

Derivation of T-matrices %, % , T., T, and %
a’ b’ "¢ d

(i) The elastic T-matrix % is defined by the following expression:

T = (gaP @) _
T = lgqfl Gpa(p) ( g9, ] =
where

T = 9. - 4 o S S - 0q.)e —2 oo
A

2
3M

2
A

Using

_ R N
P=Q,+p; = Qe+pc , 8 = P,

G(Sf) A, u(pi) = G(;f) Ef u(pi)

1

- ;(;f) — (;f + A& ) ulp,)

u(pg) A u(p,) =ul(py) | &, + &, - #p | &, ulp,)

1

= ;(;f) [q? + 2p,eq; - 2Mp q; ] u(pi),

t = (q,- a )2 = a L q.2 - 2; oq. a q. = - L + o + b
i f f i f i’ f i 2 2 2

2 2

6 =(a+0)% =p.2 402+ 200 v = s P9
U+ Py =P+ G Pi*4;. Pj*d; = T2 2 2
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2 2
s P 9
pea; = ( a4 pleay = 5= - 5=+ 5,
and
-2 -2
_ - - _ s Ps a¢
peq, = ( Qe+ pf)-qf= 5=~ 3 *t 3
We obtain

- .2 -
T= (—E—)[ A(s,t) + %( Ae + &, ) Bls,t)]

S—MA+IC
where
- - -2 2 2
t a aj 2 s P A s b q
Als,t) =M M- 5+ - v g - (- g ) -5 + 3]
auy
1 _ ) 2 q? 1 s Bz az 2s-3M2
QR e by b (sop) [ —— (o - oh + D) (——B(M M) |
IR A R R iy 2 2 "2 a? P A
A A A
- - - 2
t qz q? 2 s p2 q2 s p2 q.
B(s,t) = - ——+ ob + =0 « ——(—— = ot 4 L) (= - =~ + =1
' 272 *2 22 "2 Y2/ 3 "2 3
au}
-2 2 2 -2 2
2s Mp P Py 95 g 28-3Mp
H— -1 -—) (=5 + 5 - 5—) + g
am2 M 2 2 2 T
A A A
1 s ;; a: 2s—3MZ
L e S R A 7 (M +My) ]
3MA 3MA

These expressions for A(s,t) and B(s,t) are not unique; they can be written

in other forms. If we use the following relations,

B’Kf=2p°qf-ﬂ'f¥, f"i=2p’qi'“’i’v
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I“f H] = Zp'QfK‘ - 2p.q] 'qf +’;f ql"

and

- = - - - 2
utrf.;(iu_u(qi+yi—prf)giu_u(qi+2pioqi—2Mpg’i ) u ,

then we find

t E’ q? 2 s 52 E’ 8 92 q?
ACs,t) = (M aMO (- — ot 4 =+ - —(— - =L+ Dy— - 3+ 24
' - p A 2 2 2 2 2 2 2 2 2 2
SNA
) . -2 2 . 2
SRS A A S N S SR R £
i 2 2 2 f 2 2 2
6M
A
1 22 @ 2s-3M?
2 i i f f A
- (s- pi)l———( s -5 +3 7 * E—) + 7 (M +MA)]
6M, M, P
and
-2 - - 2
t q q? 2 s p2 q2 s p. q?
B(s,t) = - —+ — + =& -~ — (— - _f + f)(——— LI
! 2 2 2 2 2 2 2 2 2 2
3HA
2s M 2s-3M2
H— -1 - (0)+ 8 +at)
3MA 3MA 3MA
DR
-2 |—( 8§ = — + — - — + =—) + (M_+M,) |
2 2 2 2 2 p A
6M, 3My

(ii) The half-off-shell T-matrix %a is defined by the following expression:

~ . 2 -
T, = lga+K)?1 G (p) [ gq;%) = —L—T
pa i 2 . a

p —MA+|c

where
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~1 1 .._1__ - [
Taz(xq» MA){(qf+k).qi— 3—( v 6 + k& )gi— SMAH qf+4i ) Peq, - &; P (qf+k)l

- ——gg—po(qf+k) poqil

3My
" 22 (p7-M3) | rp+K) poa, - A, Polac+k) +0p + My) (O a;)
My
Using
P=0q;+P, = qp+ K +p¢ ,
u(pf)Ap} = Mp u(pf) ,

E(pf) Cap &) A, ulp,) = G(pf) (q§+ 2p;0q; - 24 ;) u(p,),

E(pf) &, ulp) G(pf) (ap+ % ) ulp)

u(p) —%— (g +q +%) up,)

, . t (aek)®  af
o= (Pi= Pg)” = (ay —ap - k)", (agrk)eq; = - 5=+ 55— + 5=,
8 2 2
s = (q.+ )2 _ i_pi_qi
iT 9t Py Pi*q; = 3 2 2
2 2
% P; 9
Pea; = ( ay+ pyleay = 5= - 5=+ 5,
2
s, Pe (qf+k)
po(qr+k) = qf+k + pf)o(qf+k) =3 -3 + 2 ,

Ta can be written as

.2
9 T - (—18 1
uTau-u( o ) A(si,tp) + =3 (xf+,qi + 4 ) B(si,tp)]u
si—MA+l£

where



t (qf.+k)2 q2 2 s, Pe (qf+k) s, p? q?
A(si,tp) =(Mp+MA)|-—2+ 3 +-2--—2(§-—2—+ 2 )(—2— 7 *t3
3MA
1 2 S p? q: 2 1 s, p: (qf.+k)2 2s.-3MZ
— —_— - =+ = - — (= - + {
- - (qf+k) ( 7 5 * 3 )+(si pi)lsl ( 2 T 3 ) " Mp+MA)]
A A A
and
t (q.+k)° gq 2 s, p2 (q +k)? s p? q?
B(s.,t ) = - f +—l-—(—‘——£+f Y=+ - =+ + 1)
i''p T~ 2 2 2 2 2 2 2 2 2 2
2 2 2 2 2
2si Mp Pe P 4 (qf+k) 2si—3M 2
+(——-l——)(2—-—-2—+2—— 2 ) + (qf+k)
3M aM au?
A A A
1 5, p: (qf+k)2 2si—3MZ
-2Ml—( == -+ ) + (M_+M,) ].
P ay 2 2 2 3M2 p A
A A
or
_fp (qf+k)2 q 2 s p: (qf+k)2 s p: q?
A(si,tp)=(Mp+MA)[- 2 * "3 +2—-—2(2—-2—+ 2 ) - -2—+2—)]
3IA
1 s . p2 (q +k)? 1 s, p? q.2 2s . —3M°
2 i f f 2 i i i i A
- = a, (—2--2—+ 3 ) +(s.-p)—(—— - — + — )4 ————(M +MA)]
3N 1 171 3M 2 2 2 3M2 p
A A A
and
t (q +k)? q? 2 s, p2 (q +k)? s, p? q?
B(s,,t ) = - f i AL, f =L - 2L+ 2
i’'p 2 2 2 2 2 2 2 2 2 2
BIIA
2 2 2 2 2
2si MP Pe P Qq (qf+k) 2s.—3MA 2
e -1 -—) (g + -5+ ) + > 9
3MA SMA SMA
1 S5 pf qi2 2si—3M
- B — — e, — {
2Mpl3M ( 2 2 *3 ) + ; \Mp+MA)l
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(iii) The half-off-shell T-matrix % is defined by the following expression:

b

.2 -
p) | g(qi—K)al =—9 71

T, =lg a.’1G_(
b £ pa p’-My+ie

where

T 1 1 k) - - .
Ty=(p + My age(a,-k)- = g (- & )- 3MAI A pola-k) - (a, % ) peql

- —2—poq pe(q.-k) |
2 f i
3MA

2
2

(pz—MZ) | ap pela;—k) = (g K ) peag +(# + My ap (X))
3M
A

Using
p = qf+pf = qi- k "’pi ’
u(pg) pp = M ulpg)
u(p,) e a- &) ulp,) = E(pf) [q§+ 2p;e(a;-k) - 2M (4 - % )lu(p;),

G(p,) (a, -%) ulp,) = E(pf) A ulpy)

u(p,) -;—(;rf s, -4 ) ulp,) ,

_ _ 2 _ - _ 12 ) = . —p 1
tp- (pi pf) = (qi 9 k)® qf'(qi k) = 2 * 3t 3 ,
2
sp= (qpa+ p )2 o(q.-k) = f - P - (qi K
£= “9¢* Pe/ Pi*tqy=%) = 2 2
po(qi—k) = (q.-k + pi)o(qi-k) =2 - ¢+ 2 ,
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We can express Tb in terms of 8¢ and tp as

9 T .0 (— B A1 -
u Tb u=u ( > ) A(sf,tp) + 3 ( q} + A X ) B(sf,tp)l u
s.—M.+i€
f A
where
t q 2 (q.—k)2 2 s p2 q 2 s p? (q -k)2
A( t )=(M +M, )| - _f + = - —--—-(--£ . + f )(--—£ -t )1
Sertp’T TpthA 2t 2 2 22 2 T2 2 ~ 2 2
3MA
2 2 2 2 2
1 .. S¢ P (qi—k) 2 1 se Pg ag 2si—8MA
- —q (_5_ t o+t —3 ) +(si—pi)[—-—(—§— 7 *3 ) 2 (M +MA)|
M 3M am; P
A A A
and
2 2 2 2 2
t q. (q.-k) 2 s p q 8 p. (q.-k)
9 ‘9 e P 9 B Py (9
B(sf,tp) = - —ng 7 *~ o -l T -7 *3 ) ( 2 7 * 3 )
3HA
2 2 2 2
. SO B S T T
2 2 2 2 2 2 f
3MA 3MA 3HA
2 2 2
1 S¢ Pe e 2sf—3MA
~-2M | —( — - =+ =) + (M+MA)|.
M, 2 2 2 M2 P
A A

(iv) The half-off-sheil T-matrix %d is defined by the following expression:
- ) a (a2 -
- , 21 7
Ty = le qp" | Gpa(p ) [ g q; ] = TR T
p —MA+1c

where

2

(e 1 1 o : 2 ,
Tg=W'+ My)lagea; - o= ap 3uA( Ap P'eq; - A; Pleqy) T *d¢ Peq;l
A

'2 42 , , ,
3“,23 (p""-My) l;rf P'eq; - &, P'eq. +(p'+ M,) A A ]
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Using

p’= qf*pf = q]"'p‘—K ’
- - 2
u(pf) oo A = u(pf) lqi+ 2(pi—k)oqi - 2Mp " - A, ( ¥ - % —Mp)l,

Upp) A = ulpp) 15— Ap + 4 ) + (B - K M)

- - 1 1
u(pf) g‘i—u(pf) |—2-(;{f+,qi)- 2(171. —J(—Mp)l.
t g, g
_ _ 2 _ o 12 - __—9, f "
tg= (a5-ap)” = (py - pp - KT, ggeq; = - R v 5,
f q (pi—k)2
S¢= (qf+ pf) , (pi_K)'qi = - - 3 ,
2
o S¢ i q . (pi-k)
P eq; = = 2 2 '
and
s 2 2
veq. = £ _Pr 3
P ede = 2 2

-~

Td can be written in terms of sf and tq as

2

- _ = ig 1 1 el
u Td u = u( : )[A(sf'tq)T( ;(f.ﬂri)B(sf.,tp)+«TC(sf.,t.q,ﬂi)(pi k Mp)lu

s.~M.+i€

f A
where

t q 2 q 2 2 s p2 q 2 8 p2 q2
- a9 f 5 - £ £ £, _f£_ i

A(sf,tq) —(Mp+MA)l 3+t t3 3M2(2 7 * 3 ) ( 2 5 *73 )]



2 2 2 2 2
1 S, m (p.-k) 1 s M m 2s .—3M
- PR T s (0 (5 - R v 5T B )]
IM r 2 2 2 f i 3N 3!2 p
A A A
2 2 2
t q q. 2 p q s, q;. (p.-k)
q, _f i f _f °f fo i 7
B(Sf,tq)=— 2 2—+T—;"—2(—2—-2 +2)(2 2 2 )
A
2 M M2 (p,-K) 2s -3M)
o o2y BT T
2 2 2 2 g
3MA 3MA 3HA
2 2 2
1 s M m 25 .-3M
- 2Mp[———( —§£ - 52 + EI) + f 2A (Mp+MA)|
SMA SIA
and
2 2 2 2 2 2
t gq q: 2 s p q 8 q: (p.-k)
.- -9, £, i_- _f£_ £ “f £ i '7i
Clsg,ty, & )= -5+ 5 +3 _:m’( 3 "2 *2)05 3 7 )
A
2 2 2 2 2
2sf Mp Pe (pi—K) a¢  q; 2sf.-3MA 2
+H(—-1-—) (sf 3 -3 *tg3 tg3 s M,
3MA 3MA SNA
2 2 2
1 s M m 25 .-3M
- —( - R ) By )
3M a2 P
A A
2 2 2
1 s M m 28 .—3M
oy —( =L R, Ty T8y,
LI 2 2 2 3!2 p A
A A

(v) The half-off-shell T-matrix %c is defined by the following expression:

- .2 -
= p a ___ 19
T.= lg a7 Gpa(p) ga;] =—3 — T,
p -MA+1e
where

o 2
Ti=lageai= —peap peg 1C.a oy « 2 (o*-M}) a; poa;- &; poa]
A My



2p”-3My 2p%-3M?
+ 7 A A (pr+ MA) + —2( 2peqs A, - 2pPeq; A; )
M 3N
A A
1
- S_MA( A Pea, - A; poqf)(- ]+MA)
Using

P = Qe+Pp = qi+pi—K ,

( p+ MA) u(pi) = (A’i + Mp + MA)u(pi) ,

A u(pi) = l%( A+ A )+ —;—( b A + K —Mp)]u(pi) ,
1 1
gf u(pi) = l—2-( ;{f +4i ) - T( ﬂf + K —Mp)]u(pi) ,

Ao A ulp,) = |q§ v 2p 00,2 & - (pp + X M) A lulpy)

2 2
t q q.
- _ 2 _ _ _r)? - __—aq, f _J
te” (a5-ag)” = (py - pe — K", qgeqy = - 50+ 5+ 57,
2 2
e o S %R
i 9t Py Pi*d; = T3 2 ~ 2
s 2 2
i i qi
Peq; = 9~ ¢ ¢ '
and
2 2
s, (pf+k) ae
PeQe = 5 -7 o * 73 >

-3

can be written in terms of s and tq as

¢ sr—MA+ic

where

. 2
-~ _ = ig 1 1 -~
uT u = u > )[A(si,tq)T( g’f+qi)B(si,tp)+T(1f+¥ Mp)C(si
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,tq,,q’i)]u



2 2
t q q. 2 s (po+k) q s p: q;
- _—a _f 7i _ e B SRS NS N §
A(si,tq) —(Mp+MA)[ 2+t *t3 3M2(2 2 +3 )(2 2 * 3 )1
A
2 2 2
1 s. m (p +k) 1 s, M m 28, -3M
- — F(5 ST - e )als -0l (—‘-52»,2—")»,—‘——(" M) |
aM, © 2 2 M, 2 M
A A A
and
2 2 2 2 2
t q q; 2 s, (po+k) q s. q. p
-9 £ i _ - i _f Ay, L _ 1
B(si,tq)-— 3t 5t 3 AN 3 -&2)(2 2 2)
3HA
28 M5 M2 (p.+k) 25 . -3M2
(- By Ry 8,
3MA 3MA SMA
1 si E:)_ m;_ 28 —SMA
- 2M [—( —/— - + =) + (M_+M,) ]
P 2 2 2 2 p
3MA 3MA
2 2 2 2 2 2
t q q: 2 s (p.+k) q 5. q. p
-9, f, i__— f fy—i, 1 _ 1
Clsgty, A = -3+ 5 +3 a2 7tz gty -3
A
2 2 2 2 2
25i MP P; (pf+k) 9 q; 28i—3MA 2
tH—-1-—)(8,-5--———+ 5 +35) - ——— n
3M2 M 2 2 2 2 3M2 4
A A A
1 s, _:)_ m2 2si—3M2
- oM | —( =% - + =5 (M _+M,) ]
p 2 2 2 2 A
1 s] Mz m;_ 2si-3M
-2 |—( =+ -2+ (M_+M,) ]
i 2 2 2 2
3MA 3MA
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Appendix B

The expressions for Eaa , E;p ) EZp and ékﬁ .

Eaa=707a|—2 g P’ /9-4p’e€/9-2 g K/3+p ec(p’ + X )/(QMA)
~(p'242p’ek) ¢ /(9MA)+2(D’2+2p'ok)(—p'°€+ vE + gk )/(9MZ)I
+e"7a| P-4 X /3-2MA/3+(p"+2p’.k)/(smA)+2(p"+2p'.k)(p'+ X )/(SMZ)I

10 118" 19+ & +2uA/9+2(p-’+2p'.k)/(suA)-«p"+2p'.k)w'+ m/(st) I

+e%(p +k) [2/3+2(p"+ % )/(3M,)-2(p" 2+2p’ ek) /(3M3) ] + 26%k /3
a A A a
+(p’+k)oeal—14/9-2( P+ & )/(SMA)+4(p’2+2p'ok)/(3MZ)] - 4koea/9

+70(p’+k)al— ¥ /9-4 ¢ (f'+ 4 )/(QMA)+2p'oe/(9MA)
+2(p’ec P’ +plee K +p' g +2p' ok & )/(9NZ)] - 577k, £ /9
w(p' )%y, g 11/3+(8" + & )/(BMA)—Z(p'2+2p'ok)/(3HZ)l + 2k%y g 13

’ 1 ] 2
—(p +k)7(p +k) 2 ¢ ( B + K + My)/(3M])

+/\A/(2MA)(70’70I-( gk g 4B gk 11342 ¢ Kk ( p’+MA)(p'2-MZ)/(3MZ)]

0%, £k (2p’2—MA5'-4MZ)/(3MZ)-'7op’a K (2p"-uA y'-mZ)/(suZ)
+(4kaea—4coka+250'ya/( -27"50 % +217k w27y, (8 +MA)(2p'2-3lZ)/(3IZ)
42 & (c"p'a-p"’ca)+2 e (p"’ka-k"p’a)l(zp' -3M,) (8’ +MA)/(3MZ)

-2p"’p'a 7k (p +MA)/(3MZ)}
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E"’ﬂzl—zp’f/ /9-4pe€/9-2 £ K /3+pec( p - K )/(QMA)—(p2—2pok) & /(QMA)

+2(p%-2pek) (-pec+p £ - K 5 )/(9M3) | »W/’

sl- g +4 K /3—2MA/3+(p2—2pok)/(BMA)+2(p2-2p-k)( P - X )/(3MZ)1 qpcﬂ

7 7 9-% +2MA/9+2(p2—2pok)/(9MA)—4(p2-2pok)( r-X )/(SMZ)] cp‘yﬂ
+12/3+2( g - & )/ (3M,)-2(p*-2pek) / (3M%) 1(p-k) €? - 2k €P/3
A A p [
+1-14/9-2( & - K )/(3My) + 4(p*-2pek)/(3M}) e (p-k)? + 4¢ ¥P/9
p p
+2(pee p -pece X +p° £ -2pek g )/(QHZ)I(p—k)p'Y@ + 57 kp'yﬂ/9

+11/3+( 8 - K )/(3My)-2(p*-2pek) /(3M}) | mp(p-k)" -2 »,pkf’/a

- - - Y 2
2( g - Kk +My) £ (p k)p(p )"/ (3My)

M- gk 5+ B g K )3 420 F +My) £ K (pz—MZ)/(SMZ)l 'yp«/’
+(2p%-M, g -4M2) £ K v pPr(am®) - (2p%-M, g -4M®) £ X p AP/ (3M3)
A A VpP A P —a A’ £R P, A

)

2_2 B_,, B 2k ~ P A
+(2-3MY) ( & +My) (ak cP-te WPz & sp»/’ 2k 7,efe2 g 1 K2y kp»/’)/(suA

- B__ B B, P 2
+(2 p 3MA)( ¥+ MA)|2'K (cpp Py )+2 /e/(ppk kpp )]/(BMA)

8 2
-2( g+ My) IZ 3 PP /(3MA)}
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= y o4 y 2 2 2 , ’
Cz"(p ) =97y 20p T My ), K /(9M) & (B K -y pTek)/(9My) ]
sy € g#"{ - 7)) (- ™) - My B+ 4p'2)/(6MZ)
2 y 2 2

o
+ 7 (By,

¢ 17 Cp) ko prok gy,) 2(Myr 57)/ (oMy)
+p(’!(g“6 X -k"fy“)(zuA+ s )/(3MZ)

o g 2 y 2 2
+ (g” ka -k gau) (5MA+2MA(- 3p )/(BMA)
+p%g. X - k1) &' /(3M}) +p'0'7a'y“‘l( /(3M,)

ap

+ '70p’al-4MA 7“{ + 2(p"‘{ - 'y“p'ok)]/(SMZ) —2p'0p’a'7”4( /(3MZ)

+ Ayl (2M0) »1"701- o v, K + 1"{4' )/3 +2(p'2—MZ)'7“ ¥ (,pf’+MA)/(3MZ)I
+p’”707“4( (2p”-MAp’ -4MZ)/(3MZ) - 1ap'a'7”‘l( (2p’3- Ap’—4MZ)/(3MZ)
+(20" -0 (4 (K8, gk, ) +27 (g5 & K7)-217 (g, & -k,,) 1 (8" +My) [ (3M])

(43 g y ,a ’ ’ 2
+l2(g“ -k 7u)pa-2p (ga“ X -ka'y“)](2 P -3MA)( P +MA)/(3MA)

-2p*%p 7, % Cp +MA)/(3MZ)}



~1nQ_

2 2

= AV 2 }
Cy (PkI= [20p7-3M1)y, & /(M}) - (b & — pok 7,)/(9My)] »mf’

2 2 ¢ Jej 2
+(TMy My g —4p") ( X g u - 1“;( ) 'yp/(GMA)

2 2 2
+(-15My ~4My & +6p") (K €, - Tk ) y"/(lenA)

2
+2(—MA- r )(p“kp—pok gm‘) Y /(QMA)
_oM B _ P 2
+( 2MA F)lkg u '7#k )pp /(3MA)

2—

4»(—5MA

2 B B8 2
- /
2MA 7 +3p )(kpg u gp“k ) (3MA)

_ _ ] 2 B
(X gp“ kp‘yu) p /(SMA) + ‘7“ X 'ypp /(3NA)

_ _ _ 2y B 2
+ 4MA '7#& 2(p“4€ ‘7“ pok)lpp’yﬂ/(9MA) 2-7“{ ppp /(3MA)

2 .2 2
+/\A/(2MA){I-—( 4 '7”‘( + '7“1( ¥ )/3+2(p —MA)( ¥ 4 +MA)'7“/K /(3MA)]‘yp7H

+(2p° My p ‘“Z”,ﬂ“ 7pp”/(3MZ)- (2p°-M, & -4MZ)’7u X ppq/’/(wZ)

2

2
A )

2, I Fe] B I
(2p°-3M5)( M ( -g kP)+2K -y k v +2(4 ¥7-K /(3M
vep My alk e gy K v2 K g o k) P (v, 8,07, 1/ (3%

. B B 8 2
2 p-3M, ) ( P - 2 k- K /(3M
+(2 p-3 A ,mMA)I t K gp“ '1“kp)p + ('7“ g “)ppl (3 A)

3 2.
) \ 3O}
).(14»‘1_\) 7“4{ ppp 3_\
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