Uniqueness Theorems for Some Nonlinear
Parabolic Equations

by

Yimao Chen

A dissertation submitted to the Graduate Faculty in Mathematics in partial
fulfillment of the requirements for the degree of Doctor of Philosophy, The
City University of New York.

2012



©2012

Yimao Chen

All Rights Reserved

11



11

This manuscript has been read and accepted for the Graduate Faculty in
Mathematics in satisfaction of the dissertation requirements for the degree
of Doctor of Philosophy.

Leon Karp
Date Chair of Examining Committee
Linda Keen
Date Executive Officer
Isaac Chavel
Jozef Dodziuk

Leon Karp

Supervisory Committee

THE CITY UNIVERSITY OF NEW YORK



v
Abstract

Uniqueness Theorems for Some Nonlinear
Parabolic Equations

by

Yimao Chen
Advisor: Leon Karp

We study the uniqueness of solutions of the Cauchy problem of two non-
linear parabolic equations in this thesis.
We first study the uniqueness of the solutions of the initial value problem

associated with the oco-Laplacian operators:

{ u = Aol (1)

U|t:0 = Ug
where A, denotes the oo-Laplacian. We prove the uniqueness of solutions
of (1) in a class of functions with exponential growth.

We also study the uniqueness of the solutions of the evolution associated



with the minimal surface equation:
up = div [ 22— ) in Sy
V/ 1+ Vul? (2)
U|t:0 = Ug
where Sy = RY x (0,7),T > 0.
We obtain a new uniqueness class of solutions for (2), which is reminiscent

of the classical results for the heat equation.
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Chapter 1

Introduction

1.1 Motivation

There is a vast literature (cf. [1],[5],[7],[8]-[11],[16] [20]-[22] and others)
devoted to non-linear versions of the Cauchy problem associated with the
heat equation. For example, Benilan, Crandall, and Pierre [11] studied the
uniqueness of the initial value problem associated with the porous medium
equation, and DiBenedetto and Herrero [9] studied the uniqueness of the
initial value problem associated with the p-Laplacian. All those previous
results show that the uniqueness of solutions can only hold if we impose
some conditions on the growth of the solution u(x,t) as |z| — oco. In the
second chapter, we consider the uniqueness of the solutions of the following

initial value problem:

{ U = Aol (1.1)

U|t:0 = Ug
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where A, denotes the infinity-Laplacian given by

(D*uDu, Du)
| Dul?

A =
Here and below the solution u is a real-valued function, Du and D?u denote
respectively its gradient and Hessian matrix. We also denote | - | and (,-)
the classical Euclidean norm and inner product in R".

For n = 1 the equation u; = A.u is nothing but the classical heat
equation, and the well-known counterexample of Tihonov shows that there
exists a nonvanishing solution to the classical heat equation with ug = 0. By
adding dummy variables, we obtain a counterexample to the uniqueness also
in higher dimensions. It would be interesting to know if the optimal growth
rate that guarantees uniqueness for the limit case, i.e. p = oo is O(e“'x‘Q)
as in the case of the heat equation. We give a partial answer to the above
conjecture in this thesis.

For quasilinear parabolic equations, Barles et al.[1] obtained a general
comparison result for solutions with polynomial growth but with a restriction
on the rate of polynomial growth of the initial data. Many authors studied
the corresponding Cauchy problem associated with the infinity-Laplacian

operator(see Juutinen and Kawohl[17] etc.). Juutinen and Kawohl obtained

a comparison principle of solutions and the uniqueness assuming a linear
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growth of the solution as || — oco. The aim of the second chapter is to
revisit the subject and obtain a new growth condition that guarantees the
uniqueness. We prove a new comparison principle and obtain a uniqueness
result in a class of solutions with exponential growth at infinity. It is also
worth noting that many solutions grow exponentially. For instance, it was
shown in [17] that Ce* cosh(y/u|x|), pp > 0 is twice differentiable everywhere
and satisfies the equation in the viscosity sense also at the points where the
spatial gradient vanishes. This particular solution grows exponentially at
infinity.

The object of the third chapter is to distinguish a new uniqueness class
for solutions of the following Cauchy problem:

—div [ ) j
u; = div (m) in St (12)

U|t:0 = U

where Sp =RY x (0,7), T > 0.
In the case of Cauchy problem for the classical heat equation,

{ u; = Au, on Sr=RN x(0,7T), (1.3)

U’t:o = Up
such classes are well-known. A classical theorem of Tikhonov says that if
u(z,t) solves the Cauchy problem for the heat equation with initial data
up(z) = 0 and

lu(z,t)] < aebk”'?,
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for some positive constants a and b for all t > 0,2 € RY, then u = O(see
[27]). Without additional conditions on the behavior of the solution for large
values of |z|, the solution generally cannot be expected to be unique if the
domain is unbounded. The broadest class is the Tacklind class(see [26]).
Tacklind’s theorem asserts that if a solution of the Cauchy problem for the
heat equation on the strip RY x (0,7) with a zero initial function satisfies

the inequality
u(x,t) < Celhlel - v(z 1) e RN x (0,7)
with a monotonically nondecreasing function A such the integral
/ T dr
o h(r)
diverges, then v = 0 in RY x (0, 7).

Gushchin (see[16]) distinguished a uniqueness class which is very close to

the Tacklind class.
Theorem 1.1.1. (Proposition 1, [16]) Let u = u(x,t) be a solution of u; =
Au with ug = 0. Assume that, for some xo € RY and for all R > 1,

/0 /B( o u?(z,t)drdt < exp(g(R)) (1.4)

where g(r) is a positive increasing function on [1,00) such that

/100 L dr = (1.5)

g(r)
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then v = 0.

The above growth conditions (1.4) and (1.5) are optimal for the unique-
ness of solutions of the Cauchy problem for the heat equation.

For complete manifolds, similar results have been obtained by Grigor’yan
[13] and Karp and Li [19].

Starting from the 1980’s, many authors (see [11], [9], [1] etc.) studied
uniqueness and existence of solutions of nonlinear versions of the Cauchy
problem (1.3). In the second part of this thesis we also study the uniqueness
of solutions of the nonlinear evolution associated with the minimal surface
equation (1.2).

We obtain a new condition on the growth of solutions that guarantees
the uniqueness of solutions as |z| — co. Some weaker results were obtained

earlier by Barles et al. in [1] as a by-product of a more general investigation.

1.2 Main results

The main result of the first part of this thesis is the following comparison

principle:

Theorem 1.2.1. Let u(z,t) and v(y,t) be, respectively, a viscosity subsolu-

tion and a viscosity supersolution of (1.1). If there exists a constant C' > 0



INTRODUCTION 6

such that
u(w,t) —u(y,t) < Cexp(B(jzf* + [y|*)|z — y| (1.6)
vz, t) —v(y,t) > —Cexp(B(|z* + [y*)) ]z — y] (1.7)
for some B> 0, for all (x,t) € RN x [0,T] and
u*(z,0) <ug(z) < v.(z,0)
then
u(z,t) <wv(z,t), (z,t) e RN x[0,7].
Remark 1.2.2. From the assumptions (1.5) and (1.6), we can deduce that
w(z,t) < Coe?™F and  w(x,t) > —Coe?l’,

for some B’ > 0. For instance, we can take y = 0 in (1.5), and since u(x, t) is
upper semicontinous function, u(0, t) is bounded on the closed interval [0, T7.

Similarly, we can get v(z,t) > —Coe®1*" from (1.6).

Using this comparison principle, we can prove a new uniqueness result:
Theorem 1.2.3. Let u(x,t) and v(y,t) be two viscosity solutions of (1.1).
If there exists a constant C' > 0 such that

u(w,t) —uly,t) < Cexp(B(|z[* + [y[*))|z — y| (1.8)

vz, t) —v(y, t) = =Cexp(B(|z]* + [y]*))|x - y] (1.9)
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for some B >0, for all (x,t) € RN x [0,T] and
u(z,0) = v(z,0)
then we have u = v.

Our comparison result should be compared with the following result of

Juutinen and Kawohl assuming a linear growth of the solutions as || — oc:

Theorem 1.2.4. (see [17], Theorem 4.9)Let u and v be a viscosity subsolution
and a viscosity supersolution, respectively, of (1.1) in R™ x (0,T) such that
there exists K > 0 and a modulus of continuity w so that

(A1) u(z,t) < K(|z|+1) and v(x,t) > —K(|z|+1) for all (z,t) € RY x(0,T);
(A2) u(z,0) — v(y,0) < w(|lx —y|) for all z,y € RY;

(A3) u(x,0) —v(y,0) < K(|z —y| + 1) for all z,y € RY.

Then u < v in RY x (0,7).

The condition (1.6) could be replaced by the upper bound of the gradient

of u and v, hence we state the following:

Theorem 1.2.5. Let u(z,t) and v(y,t) be two absolutely continuous viscosity

solutions of (1.1). If

|Du(x,t)| < Cexp(Blz|*), V(x,t) € RY x [0,T] (1.10)

|Du(z,t)| < Cexp(Blz?), V(z,t) € RN x [0,T] (1.11)
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for some >0, C' >0 and
u(z,0) = v(z,0)
for every (x,t) € RY x [0,T], then u = v.

The third chapter of this thesis is dedicated to the study of the unique-
ness of solutions of the Cauchy problem associated with the minimal surface

equation:

= di __Vu )
up = div (m) in St (1.12)

uli=o = ug
where Sp =RY x (0,7),T > 0.
We first obtain a uniqueness result, which is reminiscent of the classical

result, Theorem 1.1.1:

Proposition 1.2.6. Let u = u(x,t) be a solution to Cauchy problem (1.12)

with ug = 0. Assume that, for some xo € RY and for all R > 0,

t)
/ /B(:roR 1+|Vu|2d$dt<exp(f(3)) (1.13)

where f(R) is a positive increasing function on [1,00) such that

/1 f(r)dr =00 (1.14)

then v = 0.
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Our main uniqueness result for the Cauchy problem associated with the

minimal surface operators is as follows:

Theorem 1.2.7. Let u(x,t) and v(z,t) be two solutions to the Cauchy prob-
lem associated with the minimal surface operators (1.12). Assume that, for

some xo € RY and for all R > 0,

/0 /B( R) u?(z, t)drdt < exp(f(R)) (1.15)

/ / v (z,t)dzdt < exp(f(R)) (1.16)
0 B(zo,R)

where f(R) is a positive increasing function on [1,00) such that

/loo%dr:oo

If, furthermore, u(x,t) — v(z,t) in L2 (RY) ast — 0, then u = v.

loc

In [1], Barles et al. obtained a uniqueness result for the Cauchy problem
(1.12) for viscosity solutions that satisfy a polynomial growth condition with

a certain range of powers.



Chapter 2

The oo-Laplacian heat equation

2.1 Notations and definitions

The appropriate notion of solution when dealing with (1.1) is that of
viscosity solution. As there is more than one way of introducing the concept,
we fix ideas in the next definition (cf. Juutinen and Kawohl[17]). For more
background concerning viscosity solutions, see Giga et al.[12] and Crandall

et al.[2] (and cf. Dodziuk [5]).

Definition 2.1.1. Let S; denote the strip RY x (0,7). An upper semi-
continuous function u(z,t) is a viscosity subsolution of u; = Ayu in St if,

whenever (z,ty) € St and ¢(z,t) € C*(S7) such that
©(z0,t0) = u(wo, to)
and
o(x,t) > u(z,t), Y(x,t) € Sr, (x,t)# (zo,to)

10
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then

Sat(xOvtO) S AOOQO([L’(),to), if D@(%JO) 7& 0
pi(0,t0) < A(D?p(x0,t0)), if  De(xo,t0) =0

where A(D?p(x,to)) denotes the largest eigenvalue of the Hessian matrix of
¢ at the point (zo,to).
Analogously, a lower semicontinuous function v(x,t) is a viscosity super-

solution of v; = Ayv in Sy if, whenever (x¢,ty) € Sy and ¢(z,t) € C?(S7)

such that
©(xo,to) = v(xg, to)
and
o(x,t) <v(x,t), Y(x,t)e Sy, (x,t)# (xo,to)
then

> Asp(wo,to), if  De(xo,t9) # 0
> M D?*p(x0,t0)), if  De(xg,to) =0

@0, to)

vel? (QZO, tO)
where \(D?@(z9,1%)) denotes the smallest eigenvalue of the Hessian matrix
of ¢ at the point (zg, o).

Finally, a continuous function u(x,t) is a viscosity solution of (1) in St if

it is both a viscosity subsolution and a viscosity supersolution.
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Remark 2.1.2. The following type of function is a very useful barrier function
for viscosity solutions:
B, 1) = exp (28(Jaf? + 1)e)

The derivatives of the function are computed as follows:

¢i = 4Bxe" exp (26(|zf* + 1)e™)

¢ij = 165°z;2;¢" exp (2B(|z|* + 1)e™)

¢ = 165°x7e” exp (26(|z|* + 1)e"*) + 48 exp (28(|z]> + 1))

¢ = 29B(|z[* + 1)e™ exp (26(|z[* + 1)e™)
Hence
Ad — ¢y = (16ﬁ2]a;\2627t + 48ne™ — 2yB(|z|* + 1)6“) exp (25(|x\2 + 1)6'”)

= (168%™ — 29B)|z[*e™ + (4nB — 2vB)e™") exp (26(|z|* + 1)e™)
if we choose positive numbers v > 2n and 3 such that 77 < %, then
Asd — ¢y < 0. If v = 8fe, then € < e when t < %
We denote by

2*(x,t) = imsup{z(y,7) : |z —y| < s, [t — 7| < s}
s\0

the upper envelope of a given funtion z(x,t). The definition of lower envelope

z.(z,t) is analogous, with liminf replacing limsup.
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We recall the notion of the second-order semi-jets of a function which
plays a role of derivatives up to the second-order in usual calculus. Semi-jets
are infinitesimal quantities. We shall give an equivalent definition of viscosity
solutions by using semi-jets. Such an infinitesimal interpretation of viscosity

solutions is useful in proving comparison principles.

Definition 2.1.3. The parabolic super 2-jet of a continuous function z at
a point (w,r) € RY x (0,7T), denoted by P?*(z(w,r)), is the set of all

(1,9, 7) € R x RY x 8V such that

z(x,t) gz(w,r)+7(t—7")+q-(x—w)—i—%Z(a:—w)-(x—w)

+o(lt —r[+ |z —w|*),¥(x,t) € RV x (0,T)
Analogously, (7,4, Z) € P> (z(w,r)) if (7,4, 2) € —=P>H(—z(w,r)).
2.2 A Comparison Principle

We first introduce a family of auxiliary functions. For a,e,7 > 0 and 5y >

BB

/
max{E, Bk 1}, define

eﬁolx—y\2 -1

U(z,y,t) = exp((Bolz +y|* + 1)e™)( +a) (2.1)

e2

= K(z+y)P(zx —y) (2.2)

where [ is the same as in Remark 1.2.2.
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Here we have set

efolsl” — 1
K (w) = exp((Bolw[* + 1)e™), P(2) = —Q= T

The function ¥(z,y,t) serves as a suitable barrier for the function
W(I7y,t) = U’(I7t) - U(y7t> (23>

We also prepare the following fundamental result of User’s Guide to vis-

cosity solutions([2], Theorem 8.3).

Lemma 2.2.1. Let u(x,t) be upper semicontinuous and let v(x,t) be lower
semicontinuous. Let x(z,y,t) be continuously differentiable int € (0,T) and
twice continuously differentiable in (z,y) € RN x RY). Suppose that there

exists (2,9,1) € RV x RN x (0,T) such that

A

u(az,t) - ’U('Tﬂf) - X(-T,y,t) S ’LL(QAT,tA) - U(fﬁ,t) - X(QAj’:l),tA)

for all (z,y,t) € RY x RN x (0,T). Assume further that there exists w > 0

such that, for every M > 0, there is a Cy; > 0 such that 7,7 < Cy whenever

(7-17 q1, X) € P27+(U’(I‘7t>); (T27 q2, Y) € PQ’JF(_U(y’t));
o= 2|+ ly—gl+ |t -t <w

and

u(e, ) + || + [[X]] < M; Jo(z, 1)] + [gaf + (Y]] < M;
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then for each 0 > 0, there exists X, Y € SN such that
(a) (11, Dox(&.3,1), X) € P (u(#.1));
(r2, Dyx(&.3.1),Y) € P (0@, £);
(b) 71+ 72 = xi(2,9,1);

(c)

X 0 )
(3 ))<a+os

where A = D¢, x(&,9,1).

The main tool to prove the uniqueness part of our main theorem is the

following comparison principle for the co-Laplacian heat equation.

Theorem 2.2.2. Let u(x,t)(respectively, v(xz,t)) be a viscosity subsolution

(respectively, viscosity supersolution) of (1.6). If

u(z,t) — u(y,t) < Cexp(B(|lz* + [y*) |z — yl, (2.4)

v(a,t) —v(y,t) > —Cexp(B(|z]* + |y[*))|z — yl, (2.5)
for some B> 0 and C > 0, and if
u*(2,0) < ug(x) < v.(z,0) (2.6)
then

u(z,t) <wv(z,t), (z,t) € RN x[0,7]. (2.7)
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The following lemma is used in the proof of the comparison principle.

Lemma 2.2.3. Let 0 < T" < T" < T. Under the assumptions of Theorem
2.2.2, the supremum of w — WV is finite and is attained at a point (aé,g),f) €
RY x RN x [T',T"]. If, in addition, there exists (Z,t) € RN x [T",T"] such

that
uw(Z,t) > v(,t)

then we can choose parameters o« and € small enough in order to have a

positive supremum and | — y| < 1.

Proof. We first prove that w(x,y,t) — ¥U(z,y,t) — —o0 as |z|,|y| — o0
(uniformly with respect to ¢t € [0,7]). Since

ePolz—yl* _ 1

U(z,y,t) = exp((Bolz + y|* + 1)e™)( +a)

22
> exp((Bolz + y|* + 1)e™) min{a, 8—12}(exp(ﬁ()|x —y*) —1+1)

i 1
> min{, = (exp(Bolz — y|* + Bolz + yI*))
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From the above inequality and Remark 1.2.2, it follows that

w(z,y,t) — U(z,y,t) < wz,y,t)
~ minfa, E%} (exp(Bolz — yI> + Bolx + /)
< 2Cy exp(B'(|z]? + [y]2))
— minfa, 5} (exp(folz — yI? + ol +51%)

g
= 2Coexp(S (| =yl + |z +y[)

— min{a, %2} (exp(ﬁg|x — y|2 + Bolx + ?J|2)>

which proves the claim since 8y > %/ Since U(x,y,t) is smooth and w(x, y, t)
is upper semicontinuous, we deduce that there exists (Z, 9, f) € RY x RY x

[T, T"] where

t)— U t—T
vt (9 1) = W0 = T)

is achieved.

If there exists (7,%) € RY x [T",T"] such that

we have

u<j7£) o U(Z)7t) o ‘I;<;%7:g>£_ TI) > u('%at) o 'U(L%,t)

— avexp((Bo)2[2 + 1)e"T1)
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The right side is positive if « is chosen to be sufficiently small. Hence
u(ivtA) o U(?>£> o \I](i:7 gu tA - T/) >0

We see from remark 1.2.2 that
. Bolz—9|? _ 1
N N 7 [
exp((ﬁo|x + y\z + 1)€n(t T ))(5—2 + Oé)

< Cy(e?9 4 P1iP)
< 90y P P+ 1P
/6/
Using the fact that 8'|z]* + f'|y|* = 5(@ +y* + |z — y|?), it follows that
) TNE L L |
exp(Bol +gI* + e’ ™) (——5—— + )
s g X
< 20y exp( | + 9° + T = 9I°)

/ /
Since [y > % and ¢70=1") > 1, we obtain [ ent=1) 5 = B . Thus

!/

Poli—2 _ 1
L <acyem(D (- o)

g2

therefore

/

eBolz—il? < 20e? eXp(%@ - ?3|2) +1

and we obtain
1
exp(51& —91%)

eBo— =il < 9022 4

S 20052 + 1
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Using power series expansion of the left side, we obtain

2Ce?
- gt < 22
Bo— 5
. QC()EQ
hence if we choose € so small such that W < 1, then we conclude that
0™ o
|z — g < 1. O

Proof of Theorem 2.2.2. We will show that there exists no point
(z,1) € RY x [0, 7] with w(#,7) > v(&,%). Any such point would have to lie
in one of the strips RY x [T}, T,+1] with, T, = pT},p = 0,1,2,3, ... and we
will show inductively, that (Z,) can not lie in any of these strips, where T}
will be fixed later. We start with the first strip RY x [0,7}] and assume, by
contradiction, that (2.7) is violated in a strip RY x [0,7}]. Due to Lemma
2.2.3(with 7" = 0,7 = T)), the conclusions of Lemma 2.2.1 with 7" =
0,7" = Ty are valid in this strip. Recalling that ¥ is defined by (2.1) and w

by (2.3), we can then assume that there exists (2,7, %) in this strip such that

sup w(z,y,t) — VY(x,y,t) = w(i:,gj,f) - ¥(z,7, f)
RN xRN x[0,T}]

We first consider the case when the supremum is achieved at a point such

that ¢ > 0. By Lemma 2.2.1, applied with x(x,y,t) = ¥(z,y,t), for each
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0 > 0 there exist 71,7 € R and X,Y € SV such that

(1, Dy U(2,9,1), X) € P2 (u(d, 1))
(T2, =Dy W (&, 3,1),Y) € P~ (v(, 1))

T — Ty = qjt('f??%tt)

and

and

A= D, 0(i,3.0)

(z,y)

On the other hand, we can write (2.8) as, for all ¢,& € RY

(X, ¢) = (YE,8) <(D2,W(C+€),C+ &) +2(D5 (¢ +E),¢—€)
(2.9)

Since u(z, t)(respectively, v(x,t)) is a viscosity subsolution (respectively,

viscosity supersolution) of (1.6),

(XD,¥, D,¥)
AL

(YD,V, D, V)
| D, W[

71 < Ty 2

Subtracting the previous two inequalities, we obtain

oV _ (XD,¥, D, V) (YD,¥,D,¥)
ot = |DWP? D, W2

T — T2 =
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D,V D,V .
— and £ = —%— noticing that |[(| =
D, V| | Dy V|

|€| = 1. Using these two vectors and letting 6 go to 0, it follows from (2.9)

In (2.9), we can choose ( =

that

n(Bold + 9> + 1)e™ W < Ay + Ay + A; (2.10)
where

AL = (D, (¢ + ). ¢+
Ay = 2(D} 9(C+£),( =€)
Az = (D2, 0(¢—€),(—&)
Next we estimate A;, Ay and As.

(a). Estimate of A;.

We have

Ay = ||D2,0)|[¢ + €2 < (482]3 + §[2e® 0 + 26,Ne" D) - 4
< (16/2)2 + [ + 8B N)e" W

< e (Bl + 91> +1)T

where ¢; = 8Nf3y. Here we have used e < e, i.e. nt <1, and n will be fixed

later.

(b). Estimate of As,.
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An explicit computation gives D2 ¥ = DK ® DP, recall that

) . ePolz—=91* _ 1
K =exp((Bo|2 +9|* + 1)e™), P = —— ta
€

We assume without loss of generality that & # g or equivalently DP # 0,

since otherwise As; would be 0 and causes no problem. Then we obtain

Ay <2[DKI[DP|¢ +£]|¢ = £

eﬁolj_g‘2

< 1680| + gle™ exp((Bo|2 + 91> + 1)e"™)2B0|& — ] ©

? 1
25 ot
< 3265|124+ gle™ K(1 + @)P

: 1
<1685(|2 + 91> + 1)e" K (1 + a—€2)P

< e (Bol2 + 9> + 1)U

1
where ¢; = 163(1 + —;) and we have used | — §| < 1 and § > 1.
ag

(c). Estimate of Ajs
The computation of D2 ¥ gives

As < K|ID*PI|¢ = ¢][¢ — €]

eﬁO'i_gF

< (168312 — 9P + 8o N|i — g} K —,

< (1663 + 85N)(1 + —5)¥

< cse™ (Bl + 91> + 1)U

1
where c3 = (1635 + 86y N)(1 + —) and we have used [# — | < 1.
ae
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Plugging the above estimates in (2.10), we obtain
~ 3 ~
N(Bold + GI* + 1)e™ W <> A < (1 + ea+ es)e™ (Bold + §I7 + )T (2.11)
i=1

Here ¢q,c, and c3 depend on By, and €. For any specific choice of the
parameters [y, « and &, we can choose n = 19 > ¢; + ¢ + ¢3 and set T} =
min{%, T}, we get a contradiction. Thus, for all  sufficiently large, we must
have ¢ = 0.

From the previous step, we know that the maximum of the function

u(x,t) - U(yat) - \If(l‘,y,t)

is achieved at a point (z,9,0). Since t =0, we won’t have the factor e in

the following calculations. 1t follows from the assumption u(z,t) —v(z,t) > 0

that there exists & > 0 such that

0< 8 <u(@ ) —uv(E ) — aexp(Boe™|27* + 1) (2.12)

) ) o ePoli—l” _ 1
< u(,0) —v(g,0) — exp(Bo| + 9|* + 1)<€—2 +a) (2.13)
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for « sufficiently small. Then the above inequality, (2.5) and (2.6) imply

J Su(‘%a O) - U(Q, O) + u(@a O) - U(@, O)

ePola—3> _ |

—exp(Bol@ + 9|* + 1)( = + )
<Cexp(B(1Z]” + [9]*))|& — g
. o eﬂolf—?ﬂQ -1
—exp(fol|T +9|° + 1) (————— + )

e2
6, . . A PN
<Cexp(z (12 +9° +[& = gI")l& — 3l

o Poli—gl? _ 1
— exp(fo|T + g|* + 1)(T + )

Using the fact that | — g| < 1, we obtain

with ' = Cef/2,
Notice that

_ Ce V2Bl -9
VB2 €

B 1(0/262 N 260"% _ g’Q)
2" 206 g2

_ 0/262 ﬁo‘i._gP

4B * g2

|z — 9]

Setting % = (] and observing that

Bold — Z;|2 < eBola—il* _
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we obtain

(& + g2 (Cre? 4 Dol = 0P

d < exp( 5
€

@

ePoli—il> _ 1

— exp(Bo(|2 + gI” + 1))( +a)

2
2 é Ao A2 A )2
< Cie”exp(5 (12 +9[7) — aexp(Bo(|2 +9I° + 1))

<0

If we set ae® = Cye? and note that 3, > g, we get a contradiction also for the
case t = 0. Finally, we see that there can exist no point (Z,f) € RN x [0, 7}]
where u(%,t) > v(Z,t). In particular, we have u(, T1) < v(2,T}). Ty =T,
we are done with the proof.

If the point (Z,7) € RN x [T}, 2T1], then we use e”~T1) instead of ™. The
above argument applies, we conclude that the supremum is actually achieved

at a point (&, ¢, T7). In this case, as in the derivation of (2.13), we obtain

0 <6 < u(i,f) — v, 1) — aexp(Boe” T[22 + 1)

A ) o eBola=3l2 _ |
<u(@, Tr) = v( Tr) — exp(Bolé +* + 1) (——5—— +a)
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Hence

5 S u<i‘7Tl) - U(Z),Tl) + U(Q,Tl) - U(Qa Tl)

X o eﬁo\f—§|2 -1
—exp(folZ + 9|° + 1)(7 +a)

ePolz—al*> _ 1

< u<§37T1) - U(Q7TI) - eXp(ﬁOL% + g|2 + 1)( 2 + Oé)

< Cexp(Blz[* + Bl91*))2 — 9

X o 650\53—2?|2 -1
—exp(fo|z + g|° + 1)(7 +a)

where we have used the fact that u(g,71) — v(9,71) < 0 from the first strip.
The same argument for the first strip applies in this case, and hence for all

the points (x,t) € RY x [Ty, 27T}] in the second strip we have
u(z,t) < v(z,t)

Since such #,f must lie in some strip RY x [T}, T,41] with T, = pTy,p =
0,1,2,3,---, and the above argument leads to a contradiction in any of such

strip, iteratively. Thus the proof of Theorem 2.2.2 is complete.

Remark 2.2.4. If T} = T, then condition (2.4) could be replaced with

uo(x) — uo(y) < Cexp(B(|z> + [y*))|z — yl.
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2.3 Uniqueness

In this final section, we prove the uniqueness of solutions of the Cauchy

problem (1.1), in the class of functions with exponential growth.

Theorem 2.3.1. Let u(x,t) and v(y,t) are two viscosity solutions of (1.1).

If

u(a,t) —u(y,t) < Cexp(B(|z* + |y*) |z — yl, (2.14)

vz, t) —v(y, t) = —Cexp(B(|z* + [y*))lz — yl, (2.15)
for some B >0 and C > 0, and if
u(z,0) = v(z,0) (2.16)
then u = v.

Proof. Since u(x,t) and v(y,t) are two viscosity solutions of (1.6), u(x,t)
(respectively, v(x,t)) is a viscosity subsolution (respectively, viscosity super-

solution) of (1.6). Therefore, by Theorem 2.2.2, we have
u(z,t) <wv(z,t), (z,t) € RY x [0,T)]

Similarly, v(zx, t)(respectively, u(z,t)) is a viscosity subsolution (respectively,

viscosity supersolution) of (1.6). Notice that by symmetry in z,y, u actually
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satisfies (2.15) and v also satisfies (2.14). Therefore, by Theorem 2.2.2, we

have also

v(x,t) <u(z,t), (x,t) € RY x[0,7]
Therefore

u(z,t) = v(z,t), (x,t) € RY x [0,7).

The proof is thus complete. n



Chapter 3

The parabolic minimal surface
equation

3.1 Formulation of the problem

This chapter is devoted to studying the uniqueness property of solutions
to the time-dependent minimal surface equation. We consider the following

parabolic equation:

) Vu
up = div <\/TVU|2) (3.1)
The Dirichlet problem associated with this equation had been considered
by Lichnewsky and Temam(cf. [21]), they proved the existence and unique-
ness results of the so-called pseudosolution for the evolution problem associ-
ated with the minimal surface problem on 2 x (0,7") for some open bounded
domain 2 C RY. Lieberman (cf. [22], [23]) also studied the Cauchy-Dirichlet

problem and obtained the following existence result for cylindrical domains:

29
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Theorem 3.1.1. (Theorem 12.18 [23]) Let Q = w x (0,T) with Ow € C?

and denote by H' the mean curvature of Ow. Then the Cauchy Dirichlet
Vu

V14| Vul?

¢ € Hyyp with o, € L™ if and only if sup |p¢| < (n—1)inf H'.

problem u; = div ( ) n Q, u= @ on P is solvable for arbitrary

In this chapter, we obtain a new uniqueness class of solutions of Cauchy

problem associated with the parabolic minimal surface equation:

— 3 Vu :
u; = div (—\/m) in St (32)

uli=o = ug
where Sp =RY x (0,7),T >0 .
In [1], Barles et al. proved a uniqueness result for viscosity solutions of

(3.2) under a certain polynomial growth condition on the solutions.
3.2 Preliminaries

We first define two functions which will be used extensively in the proof
of the theorems in the sequel. Set p(z) to be the distance function from the

ball Bg, that is,
p(z) = (d(z,z0) — R)+
If we set s = 2b — a so that, for all ¢ € [a, b,

b—a<s—t<2(0b—a)
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then

<0

E(x,t) = — (z) < — pQ(_x)a

p?
is—t) = 8(b—a)

The distributional gradient Vp is in L®(RY) and satisfies the inequality

|Vp| < 1, which implies, for any s # t,

V(o) < gH0
Since
x__ Pl
ot~ 4(t—s)?
we obtain
% +|VEP <0

For a given R > 0, we define a function ¢(x) by

sty —ain (2 2529) 1)

From the definition, we see that ¢ is a Lipschitz function with Lipschitz
constant 1/R and |Vy| < 1/R.

Consider the function up?e¢ as a function of z for any fixed t € [a, b].
Since it is obtained from locally Lipschitz functions by taking product and
composition, this function is also locally Lipschitz on RY. Thus, up?e® €

WHRN).
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We now present a result used in the proof of our theorems, which uses

the ideas of Grigor'yan[13] and Gushchin [15].

Lemma 3.2.1. Suppose u(z,t) € L2 (RN) for allt € (0,T) and

loc

/K w?(x,t)dx

s continuous in t for every compact set K. Assume that for 0 <a <b<T,

u satisfies
2 2 4
/ u (l‘,b)dx—/ u(v,a)dr < —
Br Bar
where R satisfies
R2
—a< —. 3.3
"= Sf(R) 3

If u(z,t) — 0 in L2 (RY) ast — 0, and if f(r) is a positive increasing

loc

function on [1,00) such that

/ " dr =0 (3.4)
1
then u = 0.

Proof. Fix R > 0 and t € [0,T). For any non-negative integer k, set

R, = 4R



CHAPTER 3. THE PARABOLIC MINIMAL SURFACE EQUATION 33

and for any £ > 1, choose a (so far arbitrary) number 7, to satisfy the

condition
R2
0<m <c—2X 3.5
PRy (35)
h 1/128, since if £(r) = 12, then b— a < — L ond
T = ince 1 r)=r enb—a = and we
where ¢ , since , S STAR) 98
2
always want to choose 7, = c——~— = ¢ < b — a.
y k f(Rk) =

We next define a decreasing sequence of times {t;} inductively by ¢ty = ¢
and t, = t,_1 — 7. If t, > 0, then the function u satisfies all the conditions

of this lemma with a = t;, and b = t;,_;. Hence

J

If it happens that ¢, = 0 for some k, then by the initial condition we obtain

/ u? (-, ty)dz = 0.
Bg,

In this case, it follows from (3.6) that

4 C
2 E —
/BRU (7t)dx S i=1 Rz?fl B R2

which implies by letting R — oo that u = 0.

w? (-, tg_r)de < / w? (-, ty)dr + 4 (3.6)

R2
Ri_1 Bg,, k-1

Hence to finish the proof, it suffices to construct, for any R > 0 and

t € (0,T), asequence {t} as above that vanishes at a finite k. The condition
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tr = 0 is equivalent to t = 7 + 75 + -+ + 7. The only restriction is (3.5).

The hypothesis that f(r) is an increasing function implies that

Tdr Z/R’““ rdr Riﬂ
f (Rk)

Therefore, the sequence {7} can be chosen to satisfy simultaneously (3.5)

R

and

(o0
ETk:

k=1

By diminishing some of 7, we can achieve t = 71 + 75 + - - - + 73, for any finite

t, which finishes the proof. O
Remark 3.2.2. Tt is essential that for every R,
Z Rerl _
A
Otherwise, we may find some convergent sequence, for instance if f(r) = r3,

then

Ry — (4¥T1R)? C
Z k+1 Z TRy _

=0

If R is sufficient large (as was taken in the proof of the Lemma 3.2.1), then

Z Ri+1

would be sufficient small, and therefore we may not be able to get b — a =

71+ 7o+ - - - + 7 for time interval (a,b) and finite k.
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3.3 Uniqueness results

We have the following uniqueness result for the Cauchy problem for the

parabolic minimal surface equation:

Proposition 3.3.1. Let u = u(z,t) be a solution to Cauchy problem (5.2)

with ug = 0. Assume that, for some xo € RY and for all R > 0,

t)
/ /B(xo » 1+ [Vul? |Vu|2d$dt < exp(f(R)) (3.7)

where f(R) is a positive increasing function on [1,00) such that

/1 h mdr - (3.8)

then u = 0.

Proof. Multiplying equation (3.1) by up?e(y and ¢ were defined at the be-

ginning of section 3.2), and integrating over [a, b] x RY, we obtain

“—upet drdt = // div wp?et dadt
//RN i - 1+\Vu|2 i

Since both functions u and £ are smooth in t € [a, b], the time integral on

the left hand side can be computed as follows:

/ / —u<p2€£ dxdt = —u 2%t — —/ —u?p?eldt
]RN
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Applying the product rule and the chain rule to compute V (ugp?e?), we obtain

Vu
— . V(up®e*
V14| Vul? (ug"e”)

1
(—|VuP@?et — (Vu, VE)up®e® — 2(Vu, Vp)upet)

B V1+[Vul?
and we also have
— | Vurp?et — (Vu, VE up?e® — 2(Vu,V<p>u<pef

< —|Vu|2g02e5 + |Vu||V§||u|g026€ |Vu|2 2e€ 4 2|Vg0|2u2e5

Thus

Vu

Vi |Vu|

1+|V |2

-V (up?e®)

((——|Vu|2+ |Vu||V§||u|) 5—|—2|V<,0|2u265>
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Combining the above calculations and using the properties of &, we obtain

/u@eﬁd;p|b // €u2s0265dxdt
RN
+2// div S up?e® drdt
a JEN V1+[Vu?
b
1
=4 s | Vel et dadt
B /a /RN (1+ |vu|2>1/2’V90| u?etdx
1
+ L LIV — IVl 4 2Vl [Vl ) B2
L L (Ve = 19+ 29l Vel )
b
1
=1 =73 | Ve Puet dudt
/a/RN (1+|vu|2)1/2| ol uesdx
1 ) .
N NN NE) — |Vu oS
/W( Vel [u] - [Vul)’ )

b
! 2,2 ¢
S4/a /RNWMM u’eSdxdt

This immediately implies

/ u?(z,b)ef @V dy < / u?(z,a)ef @V dg
Bgr Bsr
4 /b / 1 2 e
+ = ——————ueSdxdt
R? Jo JByp\Bop (1+ |Vul)1/2

Consequently, we can drop the factor e* on the left hand side because & = 0

(3.9)

in B and drop the factor of e° in the first integral on the right hand side
because £ < 0. Clearly, if # € Byg \ Bag, then p(z) > R. Since

p*(x) p*(x)
-0 = d-a ="

§($at) ==

it follows from the above inequalities that

R2

§r,t) < _8(b —a)

n [a,b] X B4R\BQR
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We obtain from (3.9)

/ u2(x,b)dac§/ u?(z, a)dw
Bpgr Buyr
4 R? b 1 )
— —— ——————u"dxdt
+ R? eXp( 8(b—a)>/a /B4R (1_|_ ’VU’2)1/2u x

Therefore using

b
1 2
———’dxdt < SO
/a /B’4R (1+ [Vul?)!72 -

we obtain:
/ u?(z,b)dx < / u?(z,a)dx
Bgr Byr
4 R?
— - 4
+ gz b= g =gy + T4R)
Hence
?(x,b)d 2 i < =
u”(z,b)dx — u(x,a)x_ﬁ
Bgr Byr
Therefore, by Lemma 3.2.1, u = 0. O

It is worth noting that the above result is reminiscent of the classical

result (Theorem 1.1.1) for the Cauchy problem for the heat equation.

Corollary 3.3.2. Let u(z,t) be a solution to (3.2) satisfying

lu(z, )| < Ce”™ vt € (0,T), andx € RN (3.10)
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and ug = 0, then u(x,t) = 0. Furthermore, the same is true if u satisfies

instead of (3.10) the condition
lu(z,t)| < Ce!#D) vt € (0,T], andz € RY (3.11)
where f(r) is a convex increasing function satisfying (3.8).

Proof. Since (3.10) is a particular case of (3.11), when f(z) = c|z|*. Hence

we need only consider (3.11), which implies

T 2
/ / D) it < CRYS P = Coo® (3.12)
0 JB(zo,R) 1+ |

vV Vul?
where g(r) := f(r)+nlogr. The convexity of f implies that logr < C'f(r) for
large . Hence ¢(r) < Cf(r) and function g(r) also satisfies (3.8). Therefore,

by Proposition 3.3.1, the proof is complete. O

Before generalizing Proposition 3.3.1, we first derive some elementary

facts. By the product rule for divergence, we have

Vu 1 1
div| —— | =div(Vu) ——=+ Vu V| —/——
(\/1+|Vu|2> ( )\/1+|Vu|2 (\/1+|Vu|2>

20 Vv !
—_— u. —_—
V14 |Vul? V1+|Vu|?



CHAPTER 3. THE PARABOLIC MINIMAL SURFACE EQUATION 40
Then we have

Vu

 div ! d V(su+ (1—s)v
-4 /0 [ <\/1+|Vsu+ 1—s)v )

/ V(u—wv) s
V14 |V(su+ (1—s)v)?

iy [V =), Vsut (1= s)0))V(su+ (1= sp)
‘ /0 (14 |V(su+ (1 —s)v)[?)3/? d

ds

Therefore w = u — v satisfies
Wy = (ai’j(x,t)wi)j (3.13)

where

! 1
T) = ds 5@']’
) ( 0 1+ |V(su+(1—s)v)? >

1 1 3
) <¢1+|v<su+<1-s>v>|2> (su+ (1= s)o)ilou+ (1= s)u)sds

where A(x,7) = (a™(z,7))nxn is a positive semidefinite matrix satisfying

0< ai’j(a:,T)é,fj < agx, 7)|€)?, VEERY

1
\/1—|—|V su+ (1 —s)v )|2

Here we obtain a generahzatlon of Proposition 3.3.1:

where we take ag(x, 7)

Theorem 1.2.7 Let u(x,t) and v(x,t) be two distinct solutions to the
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Cauchy problem (3.2). Assume that, for some xo € RY and for all R > 0,

/T/ u?(z,t)dzdt < exp(f(R))
0 B(zo,R)

/T/ v* (2, t)dzdt < exp(f(R))
0 B(zo,R)

where f(R) is a positive increasing function on [1,00) such that

/1 mdr = 00 (3.14)

If, furthermore, u(x,t) — v(z,t) in L2 (RY) ast — 0, then u = v.

loc

Proof. Multiplying equation (3.13) by wp?e® (p and € were defined at the

beginning of this section), and integrating over [t;, 5] x RY we obtain

" Ow 5 ¢ " i\j 2 ¢
/ / —w e drdt :/ / (@™ (x, t)w;) jwp et drdt (3.15)
t1 RN 3t t1 RN

Since both functions w and £ are smooth in t € [a, b, the time integral on

the left hand side can be computed as follows:

1 (20w , 1 1 [ 0¢
- T 1028 dt = —wPp?ebltr — = =020t dadt
2/tl at *° 2“’306'“ 2/tl ar ¥

If we choose the test function we?e®, then
V(wpet?) Az, 1)V (wpet’?) = w?(x, 1)V (et ?) A(x, 1)V (pet/?)
+ 2w(z, t)pet?V (pet?) A(z, 1) Vw(z, t)

+ p*eVw(z, t) A(x, t)Vw(z, t)
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We combine the above results and note that
VewA(r, )V (wp?e®) = a9 (z, s (we®e),
to obtain

V(wpet?) Az, )V (wpet?) — w? (2, 1)V (pet?) Az, 1)V (pe?)
= 2w(z, t)pe?V (et A(x, t) Vw(z, t)
+ @*etVw(z, t) Az, ) Vw(z, t)
= 2w(w,t) et VpA(r,t)Vw(r,t) + w(z, t)p? et VEA(x, 1) Vw(x, t)
+ @*eVw(z, t) Az, t)Vw(z, t)
= VwA(z, 1)V (wp?et)

— a9 (x, i (wp®ef),
In conclusion,

/ w?(x, ty) et da —/ w(x, t,) et da
Botr

B0+R

to
+2 / / V(wpet’?) Az, )V (wpe/?)dadt
oc+R

to
= 2/ / w?(z, )V (pe?) Az, )V (pet/?)dxdt
U+R

/ / £u)2<,02(2£dxdt
Bsyr Jt1
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It follows that

/ 2z, ty) e dx —/ 2z, )% dr
Br

Bgr

to
+2 / V(wpet ) Az, 1)V (wpes?)dadt
1 Y BRr

g/ w(x, ty) et da — / w?(x, )t da
Ba—+R BaJrR

t2
+ 2/ / V (wpet?) Az, )V (wpet/?) dadt
oc+R

+ / W (m, ) et da
Boyr\Br

[2)
= 2/ / Wz, )V (pe?) Az, )V (pet/?) dzdt
U+R

/ / £w2g026§dmdt +/ W (x, t,)p2etda
Boyr Bys+r\BrR

Therefore

/BR W (x, ty)p2etda
<2 f ; / R S R

/ / 6c<12902656lx6l15+/ W (x, t,)p2etda
Byt r Botr

43
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Now we estimate |V (we®/?)|? as follows

IV (pe/?)? = |2V o + Vet 22
< (e?|Ve| + ¢|Ve?|)?
= & |Vipl? + Vet 2 + 20e* 2|V | [ Ve

1
= ef|Vo|® + 1¢26§|V€|2 + et |V || V¢

V2
— et 2 3 2
=Vl + 7 <p e VE + ef \/—90|V€| 1Vl
1 1
< £ 2 I3 24 L 2 2
< |Vl + 0% Ve + ((ﬂwlvﬁl) +<¢§|w|>)

1
= 265 [Vip|* + 5% VEP?
Combining the above estimates

/ 2(2, 1) o6t da

< 2/ / (z, 7)o (z,7)(2e5|Ve|* + go 2e8|VE?)dadr
O'+R

/ / gwzgergalxdt%—/ Wi (m, ) p?etda
Botr Botr

This immediately implies

/ w2<$:t2)€£(m’t2)dl‘ S/ w2(x,t1)ef(x’t1)dx
Br B4R

(x,t)w 2efdrdt
R2 / /B4R\B2R

Consequently, we can drop the factor e on the left hand side because & = 0

(3.16)

in Br and drop the factor of e° in the first integral on the right hand side
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because £ < 0. Clearly, if © € Byg \ Bag, then p(z) > R. Since

pPr) __ p)

t) = — <
o) =36 S "I —n) ="
it follows from the above inequalities that
RQ
)< —— i t1,t B B
§(z,t) < 8(ts — t1) in - [t1,t2] X Bag \ Bar

We obtain from (3.16)

/wQ(-,tg)de/ w(x,t))dx
Bgr Byr

4 R’ 2
R2 eXp( m) / / OéoCL)Zd.I'dt
t

1 Bsr

Therefore using

!

T
// uxtdxdt<e 4R)
0 4R
T
// xtdmdt<e 4R)
0 4R

os!

and

1
\/1 +|V(su+ (1 —s)v)|?

ds <1,

we obtain:

/wQ(x,tg)dxg/ w?(z,t,)dx
Br Byr

16 R?

+ — exp(——8(t2 )

o +[4R))
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Hence

16
/ wz(x,tg)d:vg/ w2(:c,t1)dx+ﬁ
Br

Byr

The uniqueness is thus proved as in Lemma 3.2.1, that is, u = v.
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