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Abstract

Uniqueness Theorems for Some Nonlinear
Parabolic Equations

by

Yimao Chen

Advisor: Leon Karp

We study the uniqueness of solutions of the Cauchy problem of two non-

linear parabolic equations in this thesis.

We first study the uniqueness of the solutions of the initial value problem

associated with the ∞-Laplacian operators:{
ut = ∆∞u

u|t=0 = u0
(1)

where ∆∞ denotes the ∞-Laplacian. We prove the uniqueness of solutions

of (1) in a class of functions with exponential growth.

We also study the uniqueness of the solutions of the evolution associated



v

with the minimal surface equation: ut = div

(
∇u√

1+|∇u|2

)
in ST

u|t=0 = u0

(2)

where ST = RN × (0, T ), T > 0.

We obtain a new uniqueness class of solutions for (2), which is reminiscent

of the classical results for the heat equation.
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Chapter 1

Introduction

1.1 Motivation

There is a vast literature (cf. [1],[5],[7],[8]-[11],[16] [20]-[22] and others)

devoted to non-linear versions of the Cauchy problem associated with the

heat equation. For example, Bènilan, Crandall, and Pierre [11] studied the

uniqueness of the initial value problem associated with the porous medium

equation, and DiBenedetto and Herrero [9] studied the uniqueness of the

initial value problem associated with the p-Laplacian. All those previous

results show that the uniqueness of solutions can only hold if we impose

some conditions on the growth of the solution u(x, t) as |x| → ∞. In the

second chapter, we consider the uniqueness of the solutions of the following

initial value problem: {
ut = ∆∞u

u|t=0 = u0
(1.1)

1
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where ∆∞ denotes the infinity-Laplacian given by

∆∞u =
〈D2uDu,Du〉
|Du|2

Here and below the solution u is a real-valued function, Du and D2u denote

respectively its gradient and Hessian matrix. We also denote | · | and 〈·, ·〉

the classical Euclidean norm and inner product in RN .

For n = 1 the equation ut = ∆∞u is nothing but the classical heat

equation, and the well-known counterexample of Tihonov shows that there

exists a nonvanishing solution to the classical heat equation with u0 ≡ 0. By

adding dummy variables, we obtain a counterexample to the uniqueness also

in higher dimensions. It would be interesting to know if the optimal growth

rate that guarantees uniqueness for the limit case, i.e. p = ∞ is O(ea|x|
2
)

as in the case of the heat equation. We give a partial answer to the above

conjecture in this thesis.

For quasilinear parabolic equations, Barles et al.[1] obtained a general

comparison result for solutions with polynomial growth but with a restriction

on the rate of polynomial growth of the initial data. Many authors studied

the corresponding Cauchy problem associated with the infinity-Laplacian

operator(see Juutinen and Kawohl[17] etc.). Juutinen and Kawohl obtained

a comparison principle of solutions and the uniqueness assuming a linear



INTRODUCTION 3

growth of the solution as |x| → ∞. The aim of the second chapter is to

revisit the subject and obtain a new growth condition that guarantees the

uniqueness. We prove a new comparison principle and obtain a uniqueness

result in a class of solutions with exponential growth at infinity. It is also

worth noting that many solutions grow exponentially. For instance, it was

shown in [17] that Ceµt cosh(
√
µ|x|), µ > 0 is twice differentiable everywhere

and satisfies the equation in the viscosity sense also at the points where the

spatial gradient vanishes. This particular solution grows exponentially at

infinity.

The object of the third chapter is to distinguish a new uniqueness class

for solutions of the following Cauchy problem: ut = div

(
∇u√

1+|∇u|2

)
in ST

u|t=0 = u0

(1.2)

where ST = RN × (0, T ), T > 0.

In the case of Cauchy problem for the classical heat equation,{
ut = ∆u, on ST = RN × (0, T ),

u|t=0 = u0
(1.3)

such classes are well-known. A classical theorem of Tikhonov says that if

u(x, t) solves the Cauchy problem for the heat equation with initial data

u0(x) = 0 and

|u(x, t)| ≤ aeb|x|
2

,
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for some positive constants a and b for all t > 0, x ∈ RN , then u ≡ 0(see

[27]). Without additional conditions on the behavior of the solution for large

values of |x|, the solution generally cannot be expected to be unique if the

domain is unbounded. The broadest class is the Tacklind class(see [26]).

Tacklind’s theorem asserts that if a solution of the Cauchy problem for the

heat equation on the strip RN × (0, T ) with a zero initial function satisfies

the inequality

u(x, t) ≤ Ce|x|h(|x|), ∀(x, t) ∈ RN × (0, T )

with a monotonically nondecreasing function h such the integral∫ T

0

dr

h(r)

diverges, then u ≡ 0 in RN × (0, T ).

Gushchin (see[16]) distinguished a uniqueness class which is very close to

the Tacklind class.

Theorem 1.1.1. (Proposition 1, [16]) Let u = u(x, t) be a solution of ut =

∆u with u0 = 0. Assume that, for some x0 ∈ RN and for all R > 1,∫ T

0

∫
B(x0,R)

u2(x, t)dxdt ≤ exp(g(R)) (1.4)

where g(r) is a positive increasing function on [1,∞) such that∫ ∞
1

r

g(r)
dr =∞ (1.5)
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then u ≡ 0.

The above growth conditions (1.4) and (1.5) are optimal for the unique-

ness of solutions of the Cauchy problem for the heat equation.

For complete manifolds, similar results have been obtained by Grigor’yan

[13] and Karp and Li [19].

Starting from the 1980’s, many authors (see [11], [9], [1] etc.) studied

uniqueness and existence of solutions of nonlinear versions of the Cauchy

problem (1.3). In the second part of this thesis we also study the uniqueness

of solutions of the nonlinear evolution associated with the minimal surface

equation (1.2).

We obtain a new condition on the growth of solutions that guarantees

the uniqueness of solutions as |x| → ∞. Some weaker results were obtained

earlier by Barles et al. in [1] as a by-product of a more general investigation.

1.2 Main results

The main result of the first part of this thesis is the following comparison

principle:

Theorem 1.2.1. Let u(x, t) and v(y, t) be, respectively, a viscosity subsolu-

tion and a viscosity supersolution of (1.1). If there exists a constant C > 0
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such that

u(x, t)− u(y, t) ≤ C exp(β(|x|2 + |y|2))|x− y| (1.6)

v(x, t)− v(y, t) ≥ −C exp(β(|x|2 + |y|2))|x− y| (1.7)

for some β > 0, for all (x, t) ∈ RN × [0, T ] and

u∗(x, 0) ≤ u0(x) ≤ v∗(x, 0)

then

u(x, t) ≤ v(x, t), (x, t) ∈ RN × [0, T ].

Remark 1.2.2. From the assumptions (1.5) and (1.6), we can deduce that

u(x, t) ≤ C0e
β′|x|2 and v(x, t) ≥ −C0e

β′|x|2 ,

for some β′ > 0. For instance, we can take y = 0 in (1.5), and since u(x, t) is

upper semicontinous function, u(0, t) is bounded on the closed interval [0, T ].

Similarly, we can get v(x, t) ≥ −C0e
β′|x|2 from (1.6).

Using this comparison principle, we can prove a new uniqueness result:

Theorem 1.2.3. Let u(x, t) and v(y, t) be two viscosity solutions of (1.1).

If there exists a constant C > 0 such that

u(x, t)− u(y, t) ≤ C exp(β(|x|2 + |y|2))|x− y| (1.8)

v(x, t)− v(y, t) ≥ −C exp(β(|x|2 + |y|2))|x− y| (1.9)
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for some β > 0, for all (x, t) ∈ RN × [0, T ] and

u(x, 0) = v(x, 0)

then we have u ≡ v.

Our comparison result should be compared with the following result of

Juutinen and Kawohl assuming a linear growth of the solutions as |x| → ∞:

Theorem 1.2.4. (see [17],Theorem 4.9)Let u and v be a viscosity subsolution

and a viscosity supersolution, respectively, of (1.1) in RN × (0, T ) such that

there exists K > 0 and a modulus of continuity ω so that

(A1) u(x, t) ≤ K(|x|+1) and v(x, t) ≥ −K(|x|+1) for all (x, t) ∈ RN×(0, T );

(A2) u(x, 0)− v(y, 0) ≤ ω(|x− y|) for all x, y ∈ RN ;

(A3) u(x, 0)− v(y, 0) ≤ K(|x− y|+ 1) for all x, y ∈ RN .

Then u ≤ v in RN × (0, T ).

The condition (1.6) could be replaced by the upper bound of the gradient

of u and v, hence we state the following:

Theorem 1.2.5. Let u(x, t) and v(y, t) be two absolutely continuous viscosity

solutions of (1.1). If

|Du(x, t)| ≤ C exp(β|x|2), ∀(x, t) ∈ RN × [0, T ] (1.10)

|Dv(x, t)| ≤ C exp(β|x|2), ∀(x, t) ∈ RN × [0, T ] (1.11)
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for some β > 0, C > 0 and

u(x, 0) = v(x, 0)

for every (x, t) ∈ RN × [0, T ], then u ≡ v.

The third chapter of this thesis is dedicated to the study of the unique-

ness of solutions of the Cauchy problem associated with the minimal surface

equation:  ut = div

(
∇u√

1+|∇u|2

)
in ST

u|t=0 = u0

(1.12)

where ST = RN × (0, T ), T > 0.

We first obtain a uniqueness result, which is reminiscent of the classical

result, Theorem 1.1.1:

Proposition 1.2.6. Let u = u(x, t) be a solution to Cauchy problem (1.12)

with u0 = 0. Assume that, for some x0 ∈ RN and for all R > 0,

∫ T

0

∫
B(x0,R)

u2(x, t)√
1 + |∇u|2

dxdt ≤ exp(f(R)) (1.13)

where f(R) is a positive increasing function on [1,∞) such that

∫ ∞
1

r

f(r)
dr =∞ (1.14)

then u ≡ 0.
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Our main uniqueness result for the Cauchy problem associated with the

minimal surface operators is as follows:

Theorem 1.2.7. Let u(x, t) and v(x, t) be two solutions to the Cauchy prob-

lem associated with the minimal surface operators (1.12). Assume that, for

some x0 ∈ RN and for all R > 0,

∫ T

0

∫
B(x0,R)

u2(x, t)dxdt ≤ exp(f(R)) (1.15)∫ T

0

∫
B(x0,R)

v2(x, t)dxdt ≤ exp(f(R)) (1.16)

where f(R) is a positive increasing function on [1,∞) such that

∫ ∞
1

r

f(r)
dr =∞

If, furthermore, u(x, t)→ v(x, t) in L2
loc(RN) as t→ 0, then u ≡ v.

In [1], Barles et al. obtained a uniqueness result for the Cauchy problem

(1.12) for viscosity solutions that satisfy a polynomial growth condition with

a certain range of powers.



Chapter 2

The ∞-Laplacian heat equation

2.1 Notations and definitions

The appropriate notion of solution when dealing with (1.1) is that of

viscosity solution. As there is more than one way of introducing the concept,

we fix ideas in the next definition (cf. Juutinen and Kawohl[17]). For more

background concerning viscosity solutions, see Giga et al.[12] and Crandall

et al.[2] (and cf. Dodziuk [5]).

Definition 2.1.1. Let ST denote the strip RN × (0, T ). An upper semi-

continuous function u(x, t) is a viscosity subsolution of ut = ∆∞u in ST if,

whenever (x0, t0) ∈ ST and ϕ(x, t) ∈ C2(ST ) such that

ϕ(x0, t0) = u(x0, t0)

and

ϕ(x, t) > u(x, t), ∀(x, t) ∈ ST , (x, t) 6= (x0, t0)

10
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then {
ϕt(x0, t0) ≤ ∆∞ϕ(x0, t0), if Dϕ(x0, t0) 6= 0

ϕt(x0, t0) ≤ Λ(D2ϕ(x0, t0)), if Dϕ(x0, t0) = 0

where Λ(D2ϕ(x0, t0)) denotes the largest eigenvalue of the Hessian matrix of

ϕ at the point (x0, t0).

Analogously, a lower semicontinuous function v(x, t) is a viscosity super-

solution of vt = ∆∞v in ST if, whenever (x0, t0) ∈ ST and ϕ(x, t) ∈ C2(ST )

such that

ϕ(x0, t0) = v(x0, t0)

and

ϕ(x, t) < v(x, t), ∀(x, t) ∈ ST , (x, t) 6= (x0, t0)

then {
ϕt(x0, t0) ≥ ∆∞ϕ(x0, t0), if Dϕ(x0, t0) 6= 0

ϕt(x0, t0) ≥ λ(D2ϕ(x0, t0)), if Dϕ(x0, t0) = 0

where λ(D2ϕ(x0, t0)) denotes the smallest eigenvalue of the Hessian matrix

of ϕ at the point (x0, t0).

Finally, a continuous function u(x, t) is a viscosity solution of (1) in ST if

it is both a viscosity subsolution and a viscosity supersolution.
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Remark 2.1.2. The following type of function is a very useful barrier function

for viscosity solutions:

φ(x, t) = exp
(
2β(|x|2 + 1)eγt

)
The derivatives of the function are computed as follows:

φi = 4βxie
γt exp

(
2β(|x|2 + 1)eγt

)
φij = 16β2xixje

2γt exp
(
2β(|x|2 + 1)eγt

)
φii = 16β2x2i e

2γt exp
(
2β(|x|2 + 1)eγt

)
+ 4βeγt exp

(
2β(|x|2 + 1)eγt

)
φt = 2γβ(|x|2 + 1)eγt exp

(
2β(|x|2 + 1)eγt

)
Hence

∆∞φ− φt =
(
16β2|x|2e2γt + 4βneγt − 2γβ(|x|2 + 1)eγt

)
exp

(
2β(|x|2 + 1)eγt

)
=
(
16β2eγt − 2γβ)|x|2eγt + (4nβ − 2γβ)eγt

)
exp

(
2β(|x|2 + 1)eγt

)
if we choose positive numbers γ > 2n and β such that eγT ≤ γ

8β
, then

∆∞φ− φt < 0. If γ = 8βe, then eγt ≤ e when t < 1
γ
.

We denote by

z∗(x, t) = lim sup
s↘0

{z(y, τ) : |x− y| ≤ s, |t− τ | ≤ s}

the upper envelope of a given funtion z(x, t). The definition of lower envelope

z∗(x, t) is analogous, with liminf replacing limsup.
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We recall the notion of the second-order semi-jets of a function which

plays a role of derivatives up to the second-order in usual calculus. Semi-jets

are infinitesimal quantities. We shall give an equivalent definition of viscosity

solutions by using semi-jets. Such an infinitesimal interpretation of viscosity

solutions is useful in proving comparison principles.

Definition 2.1.3. The parabolic super 2-jet of a continuous function z at

a point (ω, r) ∈ RN × (0, T ), denoted by P2,+(z(ω, r)), is the set of all

(τ, q, Z) ∈ R× RN × SN such that

z(x, t) ≤z(ω, r) + τ(t− r) + q · (x− ω) +
1

2
Z(x− ω) · (x− ω)

+ o(|t− r|+ |x− ω|2), ∀(x, t) ∈ RN × (0, T )

Analogously, (τ̂ , q̂, Ẑ) ∈ P2,−(z(ω, r)) if (τ̂ , q̂, Ẑ) ∈ −P2,+(−z(ω, r)).

2.2 A Comparison Principle

We first introduce a family of auxiliary functions. For α, ε, η > 0 and β0 >

max{β
2
,
β′

2
, 1}, define

Ψ(x, y, t) = exp((β0|x+ y|2 + 1)eηt)(
eβ0|x−y|

2 − 1

ε2
+ α) (2.1)

= K(x+ y)P (x− y) (2.2)

where β is the same as in Remark 1.2.2.
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Here we have set

K(w) = exp((β0|w|2 + 1)eηt), P (z) =
eβ0|z|

2 − 1

ε2
+ α

The function Ψ(x, y, t) serves as a suitable barrier for the function

ω(x, y, t) = u(x, t)− v(y, t). (2.3)

We also prepare the following fundamental result of User’s Guide to vis-

cosity solutions([2], Theorem 8.3).

Lemma 2.2.1. Let u(x, t) be upper semicontinuous and let v(x, t) be lower

semicontinuous. Let χ(x, y, t) be continuously differentiable in t ∈ (0, T ) and

twice continuously differentiable in (x, y) ∈ RN × RN). Suppose that there

exists (x̂, ŷ, t̂) ∈ RN × RN × (0, T ) such that

u(x, t)− v(x, t)− χ(x, y, t) ≤ u(x̂, t̂)− v(x̂, t̂)− χ(x̂, ŷ, t̂)

for all (x, y, t) ∈ RN × RN × (0, T ). Assume further that there exists ω > 0

such that, for every M > 0, there is a CM > 0 such that τ1, τ2 ≤ CM whenever

(τ1, q1, X) ∈ P2,+(u(x, t)); (τ2, q2, Y ) ∈ P2,+(−v(y, t));

|x− x̂|+ |y − ŷ|+ |t− t̂| ≤ ω

and

|u(x, t)|+ |q1|+ ||X|| ≤M ; |v(x, t)|+ |q2|+ ||Y || ≤M ;
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then for each θ > 0, there exists X, Y ∈ SN such that

(a) (τ1, Dxχ(x̂, ŷ, t̂), X) ∈ P 2,+
(u(x̂, t̂));

(τ2, Dyχ(x̂, ŷ, t̂), Y ) ∈ P 2,+
(−v(x̂, t̂));

(b) τ1 + τ2 = χt(x̂, ŷ, t̂);

(c) (
X 0
0 Y

)
≤ A+ θA2

where A = D2
(x,y)χ(x̂, ŷ, t̂).

The main tool to prove the uniqueness part of our main theorem is the

following comparison principle for the ∞-Laplacian heat equation.

Theorem 2.2.2. Let u(x, t)(respectively, v(x, t)) be a viscosity subsolution

(respectively, viscosity supersolution) of (1.6). If

u(x, t)− u(y, t) ≤ C exp(β(|x|2 + |y|2))|x− y|, (2.4)

v(x, t)− v(y, t) ≥ −C exp(β(|x|2 + |y|2))|x− y|, (2.5)

for some β > 0 and C > 0, and if

u∗(x, 0) ≤ u0(x) ≤ v∗(x, 0) (2.6)

then

u(x, t) ≤ v(x, t), (x, t) ∈ RN × [0, T ]. (2.7)
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The following lemma is used in the proof of the comparison principle.

Lemma 2.2.3. Let 0 ≤ T ′ < T ′′ < T . Under the assumptions of Theorem

2.2.2, the supremum of ω − Ψ is finite and is attained at a point (x̂, ŷ, t̂) ∈

RN × RN × [T ′, T ′′]. If, in addition, there exists (x̃, t̃) ∈ RN × [T ′, T ′′] such

that

u(x̃, t̃) > v(x̃, t̃)

then we can choose parameters α and ε small enough in order to have a

positive supremum and |x̂− ŷ| < 1.

Proof. We first prove that ω(x, y, t) − Ψ(x, y, t) → −∞ as |x|, |y| → ∞

(uniformly with respect to t ∈ [0, T ]). Since

Ψ(x, y, t) = exp((β0|x+ y|2 + 1)eηt)(
eβ0|x−y|

2 − 1

ε2
+ α)

≥ exp((β0|x+ y|2 + 1)eηt) min{α, 1

ε2
}(exp(β0|x− y|2)− 1 + 1)

≥ min{α, 1

ε2
}(exp(β0|x− y|2 + β0|x+ y|2))
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From the above inequality and Remark 1.2.2, it follows that

ω(x, y, t)−Ψ(x, y, t) ≤ ω(x, y, t)

−min{α, 1

ε2
}
(
exp(β0|x− y|2 + β0|x+ y|2)

)
≤ 2C0 exp(β′(|x|2 + |y|2))

−min{α, 1

ε2
}
(
exp(β0|x− y|2 + β0|x+ y|2)

)
= 2C0 exp(

β′

2
(|x− y|2 + |x+ y|2))

−min{α, 1

ε2
}
(
exp(β0|x− y|2 + β0|x+ y|2)

)
which proves the claim since β0 >

β′

2
. Since Ψ(x, y, t) is smooth and ω(x, y, t)

is upper semicontinuous, we deduce that there exists (x̂, ŷ, t̂) ∈ RN × RN ×

[T ′, T ′′] where

max
RN×RN×[T ′,T ′′]

(ω(x, y, t)−Ψ(x, y, t− T ′))

is achieved.

If there exists (x̃, t̃) ∈ RN × [T ′, T ′′] such that

u(x̃, t̃) > v(x̃, t̃)

we have

u(x̂, t̂)− v(ŷ, t̂)−Ψ(x̂, ŷ, t̂− T ′) ≥ u(x̃, t̃)− v(x̃, t̃)

− α exp((β0|2x̃|2 + 1)eη(t̃−T
′))
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The right side is positive if α is chosen to be sufficiently small. Hence

u(x̂, t̂)− v(ŷ, t̂)−Ψ(x̂, ŷ, t̂− T ′) > 0

We see from remark 1.2.2 that

exp((β0|x̂+ ŷ|2 + 1)eη(t̂−T
′))(

eβ0|x̂−ŷ|
2 − 1

ε2
+ α)

≤ u(x̂, t̂)− v(ŷ, t̂)

≤ C0(e
β′|x̂|2 + eβ

′|ŷ|2)

≤ 2C0e
β′|x̂|2+β′|ŷ|2

Using the fact that β′|x|2 + β′|y|2 =
β′

2
(|x+ y|2 + |x− y|2), it follows that

exp(β0|x̂+ ŷ|2 + 1)eη(t̂−T
′))(

eβ0|x̂−ŷ|
2 − 1

ε2
+ α)

≤ 2C0 exp(
β′

2
|x̂+ ŷ|2 +

β′

2
|x̂− ŷ|2)

Since β0 >
β′

2
and eη(t̂−T

′) ≥ 1, we obtain β0e
η(t̂−T ′) >

β′

2
. Thus

eβ0|x̂−ŷ|
2 − 1

ε2
≤ 2C0 exp(

β′

2
(|x̂− ŷ|2))

therefore

eβ0|x̂−ŷ|
2 ≤ 2C0ε

2 exp(
β′

2
|x̂− ŷ|2) + 1

and we obtain

e(β0−
β′
2
)|x̂−ŷ|2 ≤ 2C0ε

2 +
1

exp(β
′

2
|x̂− ŷ|2)

≤ 2C0ε
2 + 1
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Using power series expansion of the left side, we obtain

|x̂− ŷ|2 ≤ 2C0ε
2

β0 − β′

2

hence if we choose ε so small such that
2C0ε

2

β0 − β′

2

≤ 1, then we conclude that

|x̂− ŷ| ≤ 1.

Proof of Theorem 2.2.2. We will show that there exists no point

(x̃, t̃) ∈ RN × [0, T ] with u(x̃, t̃) > v(x̃, t̃). Any such point would have to lie

in one of the strips RN × [Tp, Tp+1] with, Tp = pT1, p = 0, 1, 2, 3, ... and we

will show inductively, that (x̃, t̃) can not lie in any of these strips, where T1

will be fixed later. We start with the first strip RN × [0, T1] and assume, by

contradiction, that (2.7) is violated in a strip RN × [0, T1]. Due to Lemma

2.2.3(with T ′ = 0, T ′′ = T1), the conclusions of Lemma 2.2.1 with T ′ =

0, T ′′ = T1 are valid in this strip. Recalling that Ψ is defined by (2.1) and ω

by (2.3), we can then assume that there exists (x̂, ŷ, t̂) in this strip such that

sup
RN×RN×[0,T1]

ω(x, y, t)−Ψ(x, y, t) = ω(x̂, ŷ, t̂)−Ψ(x̂, ŷ, t̂)

We first consider the case when the supremum is achieved at a point such

that t̂ > 0. By Lemma 2.2.1, applied with χ(x, y, t) = Ψ(x, y, t), for each
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θ > 0 there exist τ1, τ2 ∈ R and X, Y ∈ SN such that

(τ1, DxΨ(x̂, ŷ, t̂), X) ∈ P 2,+
(u(x̂, t̂))

(τ2,−DyΨ(x̂, ŷ, t̂), Y ) ∈ P 2,−
(v(x̂, t̂))

τ1 − τ2 = Ψt(x̂, ŷ, t̂)

and (
X 0
0 −Y

)
≤ A+ θA2 (2.8)

and

A = D2
(x,y)Ψ(x̂, ŷ, t̂)

On the other hand, we can write (2.8) as, for all ζ, ξ ∈ RN

〈Xζ, ζ〉 − 〈Y ξ, ξ〉 ≤〈D2
wwΨ(ζ + ξ), ζ + ξ〉+ 2〈D2

wzΨ(ζ + ξ), ζ − ξ〉

+ 〈D2
zzΨ(ζ − ξ), ζ − ξ〉+ θ〈A2(ζ, ξ), (ζ, ξ)〉

(2.9)

Since u(x, t)(respectively, v(x, t)) is a viscosity subsolution (respectively,

viscosity supersolution) of (1.6),

τ1 ≤
〈XDxΨ̂, DxΨ̂〉
|DxΨ̂|2

and τ2 ≥
〈Y DyΨ̂, DyΨ̂〉
|DyΨ̂|2

Subtracting the previous two inequalities, we obtain

τ1 − τ2 =
∂Ψ

∂t
≤ 〈XDxΨ̂, DxΨ̂〉

|DxΨ̂|2
− 〈Y DyΨ̂, DyΨ̂〉

|DyΨ̂|2
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In (2.9), we can choose ζ =
DxΨ̂

|DxΨ̂|
and ξ =

DyΨ̂

|DyΨ̂|
, noticing that |ζ| =

|ξ| = 1. Using these two vectors and letting θ go to 0, it follows from (2.9)

that

η(β0|x̂+ ŷ|2 + 1)eηt̂Ψ ≤ A1 +A2 +A3 (2.10)

where

A1 = 〈D2
wwΨ(ζ + ξ), ζ + ξ〉

A2 = 2〈D2
wzΨ(ζ + ξ), ζ − ξ〉

A3 = 〈D2
zzΨ(ζ − ξ), ζ − ξ〉

Next we estimate A1,A2 and A3.

(a). Estimate of A1.

We have

A1 = ||D2
wwΨ|||ζ + ξ|2 ≤ (4β2

0 |x̂+ ŷ|2e2ηt̂Ψ + 2β0Ne
ηt̂Ψ) · 4

≤ (16β2
0 |x̂+ ŷ|2eηt̂ + 8β0N)eηt̂Ψ

≤ c1e
ηt̂(β0|x̂+ ŷ|2 + 1)Ψ

where c1 = 8Nβ0. Here we have used eηt̂ < e, i.e. ηt̂ < 1, and η will be fixed

later.

(b). Estimate of A2.
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An explicit computation gives D2
wzΨ = DK ⊗DP , recall that

K = exp((β0|x̂+ ŷ|2 + 1)eηt̂), P =
eβ0|x̂−ŷ|

2 − 1

ε2
+ α

We assume without loss of generality that x̂ 6= ŷ or equivalently DP 6= 0,

since otherwise A2 would be 0 and causes no problem. Then we obtain

A2 ≤ 2|DK||DP ||ζ + ξ||ζ − ξ|

≤ 16β0|x̂+ ŷ|eηt̂ exp((β0|x̂+ ŷ|2 + 1)eηt̂)2β0|x̂− ŷ|
eβ0|x̂−ŷ|

2

ε2

≤ 32β2
0 |x̂+ ŷ|eηt̂K(1 +

1

αε2
)P

≤ 16β2
0(|x̂+ ŷ|2 + 1)eηt̂K(1 +

1

αε2
)P

≤ c2e
ηt̂(β0|x̂+ ŷ|2 + 1)Ψ

where c2 = 16β2
0(1 +

1

αε2
) and we have used |x̂− ŷ| < 1 and β0 > 1.

(c). Estimate of A3

The computation of D2
zzΨ gives

A3 ≤ K|D2P ||ζ − ξ||ζ − ξ|

≤ (16β2
0 |x̂− ŷ|2 + 8β0N |x̂− ŷ|)K

eβ0|x̂−ŷ|
2

ε2

≤ (16β2
0 + 8β0N)(1 +

1

αε2
)Ψ

≤ c3e
ηt̂(β0|x̂+ ŷ|2 + 1)Ψ

where c3 = (16β2
0 + 8β0N)(1 +

1

αε2
) and we have used |x̂− ŷ| < 1.
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Plugging the above estimates in (2.10), we obtain

η(β0|x̂+ ŷ|2 + 1)eηt̂Ψ ≤
3∑
i=1

Ai ≤ (c1 + c2 + c3)e
ηt̂(β0|x̂+ ŷ|2 + 1)Ψ (2.11)

Here c1, c2 and c3 depend on β0, α and ε. For any specific choice of the

parameters β0, α and ε, we can choose η = η0 > c1 + c2 + c3 and set T1 =

min{ 1

η0
, T}, we get a contradiction. Thus, for all η sufficiently large, we must

have t̂ = 0.

From the previous step, we know that the maximum of the function

u(x, t)− v(y, t)−Ψ(x, y, t)

is achieved at a point (x̂, ŷ, 0). Since t̂ = 0, we won’t have the factor eηt̂ in

the following calculations. It follows from the assumption u(x̃, t̃)−v(x̃, t̃) > 0

that there exists δ > 0 such that

0 < δ ≤ u(x̃, t̃)− v(x̃, t̃)− α exp(β0e
ηt̃|2x̃|2 + 1) (2.12)

≤ u(x̂, 0)− v(ŷ, 0)− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α) (2.13)
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for α sufficiently small. Then the above inequality, (2.5) and (2.6) imply

δ ≤u(x̂, 0)− u(ŷ, 0) + u(ŷ, 0)− v(ŷ, 0)

− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

≤C exp(β(|x̂|2 + |ŷ|2))|x̂− ŷ|

− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

≤C exp(
β

2
(|x̂+ ŷ|2 + |x̂− ŷ|2))|x̂− ŷ|

− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

Using the fact that |x̂− ŷ| < 1, we obtain

δ ≤ C ′ exp(
β

2
(|x̂+ ŷ|2))|x̂− ŷ|

− exp(β0(|x̂+ ŷ|2 + 1))(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

with C ′ = Ceβ/2.

Notice that

C ′|x̂− ŷ| = C ′ε
√
β0
√

2
·
√

2
√
β0|x̂− ŷ|
ε

≤ 1

2
(
C ′2ε2

2β0
+

2β0|x̂− ŷ|2

ε2
)

=
C ′2ε2

4β0
+
β0|x̂− ŷ|2

ε2

Setting C′2

4β0
= C1 and observing that

β0|x̂− ŷ|2 ≤ eβ0|x̂−ŷ|
2 − 1
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we obtain

δ ≤ exp(
β

2
(|x̂+ ŷ|2))(C1ε

2 +
β0|x̂− ŷ|2

ε2
)

− exp(β0(|x̂+ ŷ|2 + 1))(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

≤ C1ε
2 exp(

β

2
(|x̂+ ŷ|2))− α exp(β0(|x̂+ ŷ|2 + 1))

≤ 0

If we set αeβ0 = C1ε
2 and note that β0 >

β
2
, we get a contradiction also for the

case t̂ = 0. Finally, we see that there can exist no point (x̃, t̃) ∈ RN × [0, T1]

where u(x̃, t̃) > v(x̃, t̃). In particular, we have u(x̂, T1) ≤ v(x̂, T1). If T1 = T ,

we are done with the proof.

If the point (x̃, t̃) ∈ RN× [T1, 2T1], then we use eη(t̂−T1) instead of eηt̂. The

above argument applies, we conclude that the supremum is actually achieved

at a point (x̂, ŷ, T1). In this case, as in the derivation of (2.13), we obtain

0 < δ ≤ u(x̃, t̃)− v(x̃, t̃)− α exp(β0e
η(t̃−T1)|2x̃|2 + 1)

≤ u(x̂, T1)− v(ŷ, T1)− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)
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Hence

δ ≤ u(x̂, T1)− u(ŷ, T1) + u(ŷ, T1)− v(ŷ, T1)

− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

≤ u(x̂, T1)− u(ŷ, T1)− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

≤ C exp(β|x̂|2 + β|ŷ|2))|x̂− ŷ|

− exp(β0|x̂+ ŷ|2 + 1)(
eβ0|x̂−ŷ|

2 − 1

ε2
+ α)

where we have used the fact that u(ŷ, T1)− v(ŷ, T1) ≤ 0 from the first strip.

The same argument for the first strip applies in this case, and hence for all

the points (x, t) ∈ RN × [T1, 2T1] in the second strip we have

u(x, t) ≤ v(x, t)

Since such x̃, t̃ must lie in some strip RN × [Tp, Tp+1] with Tp = pT1, p =

0, 1, 2, 3, · · · , and the above argument leads to a contradiction in any of such

strip, iteratively. Thus the proof of Theorem 2.2.2 is complete.

Remark 2.2.4. If T1 = T , then condition (2.4) could be replaced with

u0(x)− u0(y) ≤ C exp(β(|x|2 + |y|2))|x− y|.
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2.3 Uniqueness

In this final section, we prove the uniqueness of solutions of the Cauchy

problem (1.1), in the class of functions with exponential growth.

Theorem 2.3.1. Let u(x, t) and v(y, t) are two viscosity solutions of (1.1).

If

u(x, t)− u(y, t) ≤ C exp(β(|x|2 + |y|2))|x− y|, (2.14)

v(x, t)− v(y, t) ≥ −C exp(β(|x|2 + |y|2))|x− y|, (2.15)

for some β > 0 and C > 0, and if

u(x, 0) = v(x, 0) (2.16)

then u ≡ v.

Proof. Since u(x, t) and v(y, t) are two viscosity solutions of (1.6), u(x, t)

(respectively, v(x, t)) is a viscosity subsolution (respectively, viscosity super-

solution) of (1.6). Therefore, by Theorem 2.2.2, we have

u(x, t) ≤ v(x, t), (x, t) ∈ RN × [0, T ]

Similarly, v(x, t)(respectively, u(x, t)) is a viscosity subsolution (respectively,

viscosity supersolution) of (1.6). Notice that by symmetry in x, y, u actually
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satisfies (2.15) and v also satisfies (2.14). Therefore, by Theorem 2.2.2, we

have also

v(x, t) ≤ u(x, t), (x, t) ∈ RN × [0, T ]

Therefore

u(x, t) ≡ v(x, t), (x, t) ∈ RN × [0, T ].

The proof is thus complete.



Chapter 3

The parabolic minimal surface
equation

3.1 Formulation of the problem

This chapter is devoted to studying the uniqueness property of solutions

to the time-dependent minimal surface equation. We consider the following

parabolic equation:

ut = div

(
∇u√

1 + |∇u|2

)
(3.1)

The Dirichlet problem associated with this equation had been considered

by Lichnewsky and Temam(cf. [21]), they proved the existence and unique-

ness results of the so-called pseudosolution for the evolution problem associ-

ated with the minimal surface problem on Ω× (0, T ) for some open bounded

domain Ω ⊂ RN . Lieberman (cf. [22], [23]) also studied the Cauchy-Dirichlet

problem and obtained the following existence result for cylindrical domains:

29
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Theorem 3.1.1. (Theorem 12.18 [23]) Let Ω = ω × (0, T ) with ∂ω ∈ C2

and denote by H ′ the mean curvature of ∂ω. Then the Cauchy Dirichlet

problem ut = div

(
∇u√

1 + |∇u|2

)
in Ω, u = ϕ on PΩ is solvable for arbitrary

ϕ ∈ H1+β with ϕt ∈ L∞ if and only if sup |ϕt| ≤ (n− 1) inf H ′.

In this chapter, we obtain a new uniqueness class of solutions of Cauchy

problem associated with the parabolic minimal surface equation: ut = div

(
∇u√

1+|∇u|2

)
in ST

u|t=0 = u0

(3.2)

where ST = RN × (0, T ), T > 0 .

In [1], Barles et al. proved a uniqueness result for viscosity solutions of

(3.2) under a certain polynomial growth condition on the solutions.

3.2 Preliminaries

We first define two functions which will be used extensively in the proof

of the theorems in the sequel. Set ρ(x) to be the distance function from the

ball BR, that is,

ρ(x) = (d(x, x0)−R)+

If we set s = 2b− a so that, for all t ∈ [a, b],

b− a ≤ s− t ≤ 2(b− a)
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then

ξ(x, t) = − ρ2(x)

4(s− t)
≤ − ρ2(x)

8(b− a)
≤ 0

The distributional gradient ∇ρ is in L∞(RN) and satisfies the inequality

|∇ρ| ≤ 1, which implies, for any s 6= t,

|∇ξ(x, t)| ≤ ρ(x)

2(t− s)

Since

∂ξ

∂t
= − ρ2(x)

4(t− s)2

we obtain

∂ξ

∂t
+ |∇ξ|2 ≤ 0

For a given R > 0, we define a function ϕ(x) by

ϕ(x) = min

((
3− d(x, x0)

R

)
+

, 1

)
From the definition, we see that ϕ is a Lipschitz function with Lipschitz

constant 1/R and |∇ϕ| ≤ 1/R.

Consider the function uϕ2eξ as a function of x for any fixed t ∈ [a, b].

Since it is obtained from locally Lipschitz functions by taking product and

composition, this function is also locally Lipschitz on RN . Thus, uϕ2eξ ∈

W 1
c (RN).
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We now present a result used in the proof of our theorems, which uses

the ideas of Grigor’yan[13] and Gushchin [15].

Lemma 3.2.1. Suppose u(x, t) ∈ L2
loc(R

N) for all t ∈ (0, T ) and

∫
K

u2(x, t)dx

is continuous in t for every compact set K. Assume that for 0 < a < b ≤ T ,

u satisfies

∫
BR

u2(x, b)dx−
∫
B4R

u2(x, a)dx ≤ 4

R2

where R satisfies

b− a ≤ R2

8f(4R)
. (3.3)

If u(x, t) → 0 in L2
loc(RN) as t → 0, and if f(r) is a positive increasing

function on [1,∞) such that

∫ ∞
1

r

f(r)
dr =∞ (3.4)

then u ≡ 0.

Proof. Fix R > 0 and t ∈ [0, T ). For any non-negative integer k, set

Rk = 4kR
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and for any k ≥ 1, choose a (so far arbitrary) number τk to satisfy the

condition

0 < τk ≤ c
R2
k

f(Rk)
(3.5)

where c = 1/128, since if f(r) = r2, then b − a ≤ R2

8f(4R)
=

1

128
and we

always want to choose τk = c
R2
k

f(Rk)
= c ≤ b− a.

We next define a decreasing sequence of times {tk} inductively by t0 = t

and tk = tk−1 − τk. If tk > 0, then the function u satisfies all the conditions

of this lemma with a = tk and b = tk−1. Hence

∫
BRk−1

u2(·, tk−1)dx ≤
∫
BRk

u2(·, tk)dx+
4

R2
k−1

(3.6)

If it happens that tk = 0 for some k, then by the initial condition we obtain

∫
BRk

u2(·, tk)dx = 0.

In this case, it follows from (3.6) that

∫
BR

u2(·, t)dx ≤
∞∑
i=1

4

R2
i−1

=
C

R2

which implies by letting R→∞ that u ≡ 0.

Hence to finish the proof, it suffices to construct, for any R > 0 and

t ∈ (0, T ), a sequence {tk} as above that vanishes at a finite k. The condition
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tk = 0 is equivalent to t = τ1 + τ2 + · · · + τk. The only restriction is (3.5).

The hypothesis that f(r) is an increasing function implies that∫ ∞
R

rdr

f(r)
≤

∞∑
k=0

∫ Rk+1

Rk

rdr

f(r)
≤

∞∑
k=0

R2
k+1

f(Rk)

Therefore, the sequence {τk} can be chosen to satisfy simultaneously (3.5)

and

∞∑
k=1

τk =∞

By diminishing some of τk, we can achieve t = τ1 + τ2 + · · ·+ τk for any finite

t, which finishes the proof.

Remark 3.2.2. It is essential that for every R,

∞∑
k=0

R2
k+1

f(Rk)
=∞.

Otherwise, we may find some convergent sequence, for instance if f(r) = r3,

then

∞∑
k=0

R2
k+1

f(Rk)
=
∞∑
k=0

(4k+1R)2

(4kR)3
=
C

R

If R is sufficient large (as was taken in the proof of the Lemma 3.2.1), then

∞∑
k=0

R2
k+1

f(Rk)

would be sufficient small, and therefore we may not be able to get b − a =

τ1 + τ2 + · · ·+ τk for time interval (a, b) and finite k.
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3.3 Uniqueness results

We have the following uniqueness result for the Cauchy problem for the

parabolic minimal surface equation:

Proposition 3.3.1. Let u = u(x, t) be a solution to Cauchy problem (3.2)

with u0 = 0. Assume that, for some x0 ∈ RN and for all R > 0,

∫ T

0

∫
B(x0,R)

u2(x, t)√
1 + |∇u|2

dxdt ≤ exp(f(R)) (3.7)

where f(R) is a positive increasing function on [1,∞) such that

∫ ∞
1

r

f(r)
dr =∞ (3.8)

then u ≡ 0.

Proof. Multiplying equation (3.1) by uϕ2eξ(ϕ and ξ were defined at the be-

ginning of section 3.2), and integrating over [a, b]× RN , we obtain

∫ b

a

∫
RN

∂u

∂t
uϕ2eξ dxdt =

∫ b

a

∫
RN

div

(
∇u√

1 + |∇u|2

)
uϕ2eξ dxdt

Since both functions u and ξ are smooth in t ∈ [a, b], the time integral on

the left hand side can be computed as follows:

∫ b

a

∫
RN

∂u

∂t
uϕ2eξ dxdt =

1

2
u2ϕ2eξ|ba −

1

2

∫ b

a

∂ξ

∂t
u2ϕ2eξdt
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Applying the product rule and the chain rule to compute∇(uϕ2eξ), we obtain

− ∇u√
1 + |∇u|2

· ∇(uϕ2eξ)

=
1√

1 + |∇u|2
(
−|∇u|2ϕ2eξ − 〈∇u,∇ξ〉uϕ2eξ − 2〈∇u,∇ϕ〉uϕeξ

)
and we also have

− |∇u|2ϕ2eξ − 〈∇u,∇ξ〉uϕ2eξ − 2〈∇u,∇ϕ〉uϕeξ

≤ −|∇u|2ϕ2eξ + |∇u||∇ξ||u|ϕ2eξ +
1

2
|∇u|2ϕ2eξ + 2|∇ϕ|2u2eξ

Thus

− ∇u√
1 + |∇u|2

· ∇(uϕ2eξ)

≤ 1√
1 + |∇u|2

((
−1

2
|∇u|2 + |∇u||∇ξ||u|

)
ϕ2eξ + 2|∇ϕ|2u2eξ

)
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Combining the above calculations and using the properties of ξ, we obtain∫
RN
u2ϕ2eξdx|ba =

∫ b

a

∫
RN

∂ξ

∂t
u2ϕ2eξdxdt

+ 2

∫ b

a

∫
RN

div

(
∇u√

1 + |∇u|2

)
uϕ2eξ dxdt

≤ 4

∫ b

a

∫
RN

1

(1 + |∇u|2)1/2
|∇ϕ|2u2eξdxdt

+

∫ b

a

∫
RN

1√
1 + |∇u|2

((
−|∇ξ|2u2 − |∇u|2 + 2|∇u||∇ξ||u|

)
ϕ2eξ

)
= 4

∫ b

a

∫
RN

1

(1 + |∇u|2)1/2
|∇ϕ|2u2eξdxdt

−
∫ b

a

∫
RN

1√
1 + |∇u|2

(
(|∇ξ||u| − |∇u|)2 ϕ2eξ

)
≤ 4

∫ b

a

∫
RN

1

(1 + |∇u|2)1/2
|∇ϕ|2u2eξdxdt

This immediately implies∫
BR

u2(x, b)eξ(x,b)dx ≤
∫
B4R

u2(x, a)eξ(x,a)dx

+
4

R2

∫ b

a

∫
B4R\B2R

1

(1 + |∇u|)1/2
u2eξdxdt

(3.9)

Consequently, we can drop the factor eξ on the left hand side because ξ = 0

in BR and drop the factor of eξ in the first integral on the right hand side

because ξ ≤ 0. Clearly, if x ∈ B4R \B2R, then ρ(x) > R. Since

ξ(x, t) = − ρ2(x)

4(s− t)
≤ − ρ2(x)

4(b− a)
≤ 0

it follows from the above inequalities that

ξ(x, t) ≤ − R2

8(b− a)
in [a, b]×B4R \B2R
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We obtain from (3.9)

∫
BR

u2(x, b)dx ≤
∫
B4R

u2(x, a)dx

+
4

R2
exp(− R2

8(b− a)
)

∫ b

a

∫
B4R

1

(1 + |∇u|2)1/2
u2dxdt

Therefore using

∫ b

a

∫
B4R

1

(1 + |∇u|2)1/2
u2dxdt ≤ ef(4R)

we obtain:

∫
BR

u2(x, b)dx ≤
∫
B4R

u2(x, a)dx

+
4

R2
exp(− R2

8(b− a)
+ f(4R))

Hence

∫
BR

u2(x, b)dx−
∫
B4R

u2(x, a)dx ≤ 4

R2

Therefore, by Lemma 3.2.1, u ≡ 0.

It is worth noting that the above result is reminiscent of the classical

result (Theorem 1.1.1) for the Cauchy problem for the heat equation.

Corollary 3.3.2. Let u(x, t) be a solution to (3.2) satisfying

|u(x, t)| ≤ Cea|x|
2

,∀t ∈ (0, T ], andx ∈ RN (3.10)
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and u0 = 0, then u(x, t) ≡ 0. Furthermore, the same is true if u satisfies

instead of (3.10) the condition

|u(x, t)| ≤ Cef(|x|),∀t ∈ (0, T ], andx ∈ RN (3.11)

where f(r) is a convex increasing function satisfying (3.8).

Proof. Since (3.10) is a particular case of (3.11), when f(x) = c|x|2. Hence

we need only consider (3.11), which implies

∫ T

0

∫
B(x0,R)

u2(x, t)√
1 + |∇u|2

dxdt ≤ CRnef(R) = Ceg(R) (3.12)

where g(r) := f(r)+n log r. The convexity of f implies that log r ≤ Cf(r) for

large r. Hence g(r) ≤ Cf(r) and function g(r) also satisfies (3.8). Therefore,

by Proposition 3.3.1, the proof is complete.

Before generalizing Proposition 3.3.1, we first derive some elementary

facts. By the product rule for divergence, we have

div

(
∇u√

1 + |∇u|2

)
= div(∇u)

1√
1 + |∇u|2

+∇u · ∇

(
1√

1 + |∇u|2

)

=
∆u√

1 + |∇u|2
+∇u · ∇

(
1√

1 + |∇u|2

)
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Then we have

(u− v)t = div

(
∇u√

1 + |∇u|2

)
− div

(
∇v√

1 + |∇v|2

)

= div

∫ 1

0

[
d

ds

(
∇(su+ (1− s)v)√

1 + |∇(su+ (1− s)v)|2

)]
ds

= div

∫ 1

0

∇(u− v)√
1 + |∇(su+ (1− s)v)|2

ds

− div

∫ 1

0

〈∇(u− v),∇(su+ (1− s)v)〉∇(su+ (1− s)v)

(1 + |∇(su+ (1− s)v)|2)3/2
ds

Therefore ω = u− v satisfies

ωt = (ai,j(x, t)ωi)j (3.13)

where

ai,j(x, τ) =

(∫ 1

0

1√
1 + |∇(su+ (1− s)v)|2

ds

)
δij

−
∫ 1

0

(
1√

1 + |∇(su+ (1− s)v)|2

)3

(su+ (1− s)v)i(su+ (1− s)v)jds

where A(x, τ) = (ai,j(x, τ))N×N is a positive semidefinite matrix satisfying

0 ≤ ai,j(x, τ)ξiξj ≤ α0(x, τ)|ξ|2, ∀ξ ∈ RN

where we take α0(x, τ) =

∫ 1

0

1√
1 + |∇(su+ (1− s)v)|2

ds.

Here we obtain a generalization of Proposition 3.3.1:

Theorem 1.2.7 Let u(x, t) and v(x, t) be two distinct solutions to the
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Cauchy problem (3.2). Assume that, for some x0 ∈ RN and for all R > 0,∫ T

0

∫
B(x0,R)

u2(x, t)dxdt ≤ exp(f(R))∫ T

0

∫
B(x0,R)

v2(x, t)dxdt ≤ exp(f(R))

where f(R) is a positive increasing function on [1,∞) such that∫ ∞
1

r

f(r)
dr =∞ (3.14)

If, furthermore, u(x, t)→ v(x, t) in L2
loc(RN) as t→ 0, then u ≡ v.

Proof. Multiplying equation (3.13) by ωϕ2eξ (ϕ and ξ were defined at the

beginning of this section), and integrating over [t1, t2]× RN , we obtain∫ t2

t1

∫
RN

∂ω

∂t
ωϕ2eξ dxdt =

∫ t2

t1

∫
RN

(ai,j(x, t)ωi)jωϕ
2eξ dxdt (3.15)

Since both functions ω and ξ are smooth in t ∈ [a, b], the time integral on

the left hand side can be computed as follows:

1

2

∫ t2

t1

∂(ω2)

∂t
ϕ2eξ dt =

1

2
ω2ϕ2eξ|t2t1 −

1

2

∫ t2

t1

∂ξ

∂t
ω2ϕ2eξdxdt

If we choose the test function ωϕ2eξ, then

∇(ωϕeξ/2)A(x, t)∇(ωϕeξ/2) = ω2(x, t)∇(ϕeξ/2)A(x, t)∇(ϕeξ/2)

+ 2ω(x, t)ϕeξ/2∇(ϕeξ/2)A(x, t)∇ω(x, t)

+ ϕ2eξ∇ω(x, t)A(x, t)∇ω(x, t)
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We combine the above results and note that

∇ωA(x, t)∇(ωϕ2eξ) = ai,j(x, t)ωi(ωϕ
2eξ)j

to obtain

∇(ωϕeξ/2)A(x, t)∇(ωϕeξ/2)− ω2(x, t)∇(ϕeξ/2)A(x, t)∇(ϕeξ/2)

= 2ω(x, t)ϕeξ/2∇(ϕeξ/2)A(x, t)∇ω(x, t)

+ ϕ2eξ∇ω(x, t)A(x, t)∇ω(x, t)

= 2ω(x, t)ϕeξ∇ϕA(x, t)∇ω(x, t) + ω(x, t)ϕ2eξ∇ξA(x, t)∇ω(x, t)

+ ϕ2eξ∇ω(x, t)A(x, t)∇ω(x, t)

= ∇ωA(x, t)∇(ωϕ2eξ)

= ai,j(x, t)ωi(ωϕ
2eξ)j

In conclusion,

∫
Bσ+R

ω2(x, t2)ϕ
2eξdx−

∫
Bσ+R

ω2(x, t1)ϕ
2eξdx

+ 2

∫ t2

t1

∫
Bσ+R

∇(ωϕeξ/2)A(x, t)∇(ωϕeξ/2)dxdt

= 2

∫ t2

t1

∫
Bσ+R

ω2(x, t)∇(ϕeξ/2)A(x, t)∇(ϕeξ/2)dxdt

+

∫
Bσ+R

∫ t2

t1

∂ξ

∂t
ω2ϕ2eξdxdt
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It follows that

∫
BR

ω2(x, t2)ϕ
2eξdx−

∫
BR

ω2(x, t1)ϕ
2eξdx

+ 2

∫ t2

t1

∫
BR

∇(ωϕeξ/2)A(x, t)∇(ωϕeξ/2)dxdt

≤
∫
Bσ+R

ω2(x, t2)ϕ
2eξdx−

∫
Bσ+R

ω2(x, t1)ϕ
2eξdx

+ 2

∫ t2

t1

∫
Bσ+R

∇(ωϕeξ/2)A(x, t)∇(ωϕeξ/2)dxdt

+

∫
Bσ+R\BR

ω2(x, t1)ϕ
2eξdx

= 2

∫ t2

t1

∫
Bσ+R

ω2(x, t)∇(ϕeξ/2)A(x, t)∇(ϕeξ/2)dxdt

+

∫
Bσ+R

∫ t2

t1

∂ξ

∂t
ω2ϕ2eξdxdt+

∫
Bσ+R\BR

ω2(x, t1)ϕ
2eξdx

Therefore

∫
BR

ω2(x, t2)ϕ
2eξdx

≤ 2

∫ t2

t1

∫
Bσ+R

ω2(x, τ)α0(x, τ)(|∇(ϕeξ/2)|2)dxdτ

+

∫
Bσ+R

∫ t2

t1

∂ξ

∂t
ω2ϕ2eξdxdt+

∫
Bσ+R

ω2(x, t1)ϕ
2eξdx
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Now we estimate |∇(ϕeξ/2)|2 as follows

|∇(ϕeξ/2)|2 = |eξ/2∇ϕ+ ϕ∇eξ/2|2

≤ (eξ/2|∇ϕ|+ ϕ|∇eξ/2|)2

= eξ|∇ϕ|2 + ϕ2|∇eξ/2|2 + 2ϕeξ/2|∇ϕ||∇eξ/2|

= eξ|∇ϕ|2 +
1

4
ϕ2eξ|∇ξ|2 + ϕeξ|∇ϕ||∇ξ|

= eξ|∇ϕ|2 +
1

4
ϕ2eξ|∇ξ|2 + eξ

1√
2
ϕ|∇ξ|

√
2

1
|∇ϕ|

≤ eξ|∇ϕ|2 +
1

4
ϕ2eξ|∇ξ|2 +

1

2
eξ
(

(
1√
2
ϕ|∇ξ|)2 + (

√
2|∇ϕ|)2

)
= 2eξ|∇ϕ|2 +

1

2
ϕ2eξ|∇ξ|2

Combining the above estimates∫
BR

ω2(x, t2)ϕ
2eξdx

≤ 2

∫ t2

t1

∫
Bσ+R

ω2(x, τ)α0(x, τ)(2eξ|∇ϕ|2 +
1

2
ϕ2eξ|∇ξ|2)dxdτ

+

∫
Bσ+R

∫ t2

t1

∂ξ

∂t
ω2ϕ2eξdxdt+

∫
Bσ+R

ω2(x, t1)ϕ
2eξdx

This immediately implies∫
BR

ω2(x, t2)e
ξ(x,t2)dx ≤

∫
B4R

ω2(x, t1)e
ξ(x,t1)dx

+
4

R2

∫ t2

t1

∫
B4R\B2R

α0(x, t)ω
2eξdxdt

(3.16)

Consequently, we can drop the factor eξ on the left hand side because ξ = 0

in BR and drop the factor of eξ in the first integral on the right hand side



CHAPTER 3. THE PARABOLIC MINIMAL SURFACE EQUATION 45

because ξ ≤ 0. Clearly, if x ∈ B4R \B2R, then ρ(x) > R. Since

ξ(x, t) = − ρ2(x)

4(s− t)
≤ − ρ2(x)

4(t2 − t1)
≤ 0,

it follows from the above inequalities that

ξ(x, t) ≤ − R2

8(t2 − t1)
in [t1, t2]×B4R \B2R

We obtain from (3.16)∫
BR

ω2(·, t2)dx ≤
∫
B4R

ω2(x, t1)dx

+
4

R2
exp(− R2

8(t2 − t1)
)

∫ t2

t1

∫
B4R

α0ω
2dxdt

Therefore using ∫ T

0

∫
B4R

u2(x, t)dxdt ≤ ef(4R)

∫ T

0

∫
B4R

v2(x, t)dxdt ≤ ef(4R)

and

α0(x, t) =

∫ 1

0

1√
1 + |∇(su+ (1− s)v)|2

ds ≤ 1,

we obtain: ∫
BR

ω2(x, t2)dx ≤
∫
B4R

ω2(x, t1)dx

+
16

R2
exp(− R2

8(t2 − t1)
+ f(4R))
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Hence

∫
BR

ω2(x, t2)dx ≤
∫
B4R

ω2(x, t1)dx+
16

R2

The uniqueness is thus proved as in Lemma 3.2.1, that is, u ≡ v.
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