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§ 0 I n t r o d u c t io n ,

L e t G be a  l o c a l l y  com pact group and H a  c lo se d  subgroup  

o f  G s u c h  t h a t  G/H adm its  a  f i n i t e  i n v a r i a n t  m easure (we c a l l  

su ch  a  subgroup  a g e n e ra l iz e d  u n ifo rm  subgroup  o f  G ) .  I n  [  1 ] ,  ■ 

B o re l showed t h a t  th e  c e n t r a l ! z e r  2 ^ (e )  o f  E i n  5  i s  eq u a l 

t o  th e  c e n te r  Z (g) o f  G when G i s  a  sem i-s im p le  co n n ec ted  

L ie  group w ith o u t com pact f a c t o r s .  R e c e n tly ,  G reen lea f-M o sk o w itz - 

R o th s c h i ld  C 6 2. ex ten d ed  B o r e l 's  r e s u l t  to  th o se  co n n ec ted  L ie  

g roups G w ith  th e  p r o p e r ty  t h a t  Z (g ) *= B (g) w here B (g) i s  th e  

s e t  o f  bounded e lem en ts  o f G (a n  e lem en t x o f  G i s  bounded i f  

th e  co n ju g ac y  c la s s  o f  x has com pact c lo s u r e ) .  I n  § 4  we p rove  

a  r e s u l t  an a lo g o u s to  t h a t  o f  G re en le a f-M o sk o w itz -R o th sc h ild  f o r  

l i n e a r  a lg e b r a ic  g ro u p s  ( s e e  C o r o l la ry  4«5)»

I n  g 1 we i n q u i r e ,  more g e n e r a l ly ,  f o r  a g e n e r a l i s e d  u n ifo rm  

subgroup H o f  a  l o c a l l y  com pact group G when Zg (H) i s  an 

C ED 3 g roup  ( s e e  g 1 f o r  a l l  com pactness c o n d i t io n s  on l o c a l l y  

compact g ro u p s ) . S. P . Wang [  22 3 showed t h a t  2^(H) i s  a.

C Z 3 g roup  and t h e r e f o r e  an  [  ED 3 group ( s e e  when G

i s  a  co n n ec ted  L ie  g roup  and H i s  d i s c r e t e .  I n  £ 1 4  3 ,  u s in g  

B o r e l 's  d e n s i ty  theorem  above D. H. Lee showed t h a t  ^^(H ) i s  an 

C ED 3 g ro u p  f o r  co n n ec ted  L ie  g ro u p s w ith o u t assum ing  t h a t  E i s  

d i s c r e t e .  G re e n lea f-M o sk o w itz -R o th sc h ild  C 6 3 a ls o  o b ta in e d  th e  

same r e s u l t  a s  D. H. Lee by  o th e r  means ( s e e  b e lo w ). A gain , u t i l i z  

- i n g  B o r e l 's  d e n s i ty  theorem  and a  m o d if ic a t io n  o f a  lemma o f  Lee 

we prove th e  fo llo w in g  theorem  i n  § 1 .

1 .2 .  Theorem . L e t G be  a  l o c a l l y  co n n ec ted  l o a c a l ly  com pact



group and H a  g e n e r a l i s e d  u n ifo rm  subgroup  o f  G. Then Zi^H) 

i s  an  C 3® .] ” g ro u p .

From t h i s  we a r e  a b le  to  deduce t h a t  Z ^ H ) i s  an  C l ® ] ”

group f o r  a  l a r g e  c l a s s  o f  l o c a l l y  compact g roups G ( s e e  1 .1 0 ,

1 .1 1  and 1 . 16) .  We a l s o  p ro v e  t h a t  u n d e r c e r t a i n  a d d i t io n a l  

c o n d i t io n s  on th e  group  G, Zg(H) i s  a  £ Z ]  group and a l s o

a b e l ia n  i n  c e r t a i n  c a s e s  ( s e e  1 . 1 3 * 1 - 1 4 » 1 .1 5  awcl 1 . 17)*

However, th e r e  i s  an exam ple o f  a  t o t a l l y  d is c o n n e c te d  group G 

su ch  t h a t  Zg(H) i s  n o t an  [  HD ] group ( s e e  i  1 ) .

I n  o rd e r  to  i n v e s t i g a t e  th e  s i t u a t i o n  f o r  t o t a l l y  d isc o n n e c te d  

g roups G we a re  l e d  to  s tu d y  th e  s t r u c t u r e  o f  b Cg) f o r  l i n e a r  

a lg e b r a ic  g roups G over a  l o c a l l y  compact f i e l d .

H ere we r e c a l l  some d e f i n i t i o n s  and f a c t s  ab o u t to p o lo g ic a l  

and a lg e b r a ic  g ro u p s . L e t ^ ( g) ( r e s p .  v_$(&)) Le th e  g roup  o f

to p o lo g ic a l  ( r e s p .  in n e r) , autom orphism s o f th e  l o c a l l y  com pact 

g ro u p  G. F o llo w in g  T i t s  we c a l l  an autom orphism  a o f G an 

autom orphism  o f  bounded d isp la c e m e n t ( a .  b . d . )  i f  th e  s e t  

{ a (g ) g” 1 I g  £ G } dds com pact c lo s u r e .  For x e G, x i s  

s a id  t o  be bounded i f  th e  co n ju g acy  c l a s s  ( th e  • 4 ( 0 )  - o r b i t )  F 

o f  x  has compact c lo s u r e .  The s e t  B (g) o f a l l  bounded e lem en ts

o f  G i s  a-:norm al subgroup  o f  G and i t  i s  e a sy  t o  see  t h a t  B (g)

i s  e x a c t ly  th e  s e t  o f  th o s e  x i n  G such  t h a t  th e  in n e r  a u to ­

m orphism  i s  an  a . b . d . .

L e t F be a  l o c a l l y  compact non d i s c r e t e  f i e l d  o f c h a r a c te r ­

i s t i c  z e ro . Hence F i s  e i t h e r  th e  f i e l d  R o f  r e a l  num bers, th e
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f i e l d  G o f  complex numbers o r  a  f i n i t e  e x te n s io n  o f  f t .  By anVv v^p

F -group  we mean an  a lg e b r a ic  subgroup  o f  GL(n) d e f in e d  over

F w here GL(n) d e n o te s  th e  g roup  o f nxn i n v e r t i b l e  m a tr ic e s  

o v e r an a lg e b r a i c a l l y  c lo se d  e x te n s io n  o f  'th e  f i e l d  F. By th e  

u n ip o te n t  r a d i c a l  o f  ^  we mean th e  maximal ( Z a r i s k i )  co n n ec ted  

norm al u n ip o te n t  subgroup  o f  JĜ . I t  i s  w e ll  known t h a t  ^  

i s  d e f in e d  and s p l i t  ( t r i a n g u l a r i z a b l e )  o v er F. By an F - s p l i t  

t o r u s  i n  G we mean an a lg e b r a ic  subgroup  T o f  G d e f in e d  and

d ia g o n a l iz a b le  over F. An F -g ro u p  ^  i s  s a id  t o  be F - s p l i t  o r 

s p l i t  over F i f  ^  has  a  maximal to r u s  w hich i s  F - s p l i t .  We 

d e n o te  by  G ( r e s p .  N , T ) th e  subgroup  o f a l l  F - r a t i o n a l

p o in ts  i n  ^Gj ( r e s p .  ^ f  i n  o th e r  w ords G = Ĝ  Q GL(n, F ).

I t  i s  known t h a t  G i s  Z a r is k i-d e n s e  i n  For th e  g e n e ra l

th e o r y  o f  a lg e b r a ic  g ro u p s , th e  r e a d e r  i s  r e f e r r e d  t o  [ 2 ] .

F o r th e  group G we s h a l l  m a in ly  c o n s id e r  th e  to p o lo g y  

in d u ced  by t h a t  o f  th e  f i e l d  F and u n le s s  o th e rw ise  s t a t e d  when­

e v e r  we m en tio n  any to p o lo g ic a l  p r o p e r t i t y  i n  c o n n e c tio n  w ith  G, 

we s h a l l  alw ays r e f e r  t o  t h i s  to p o lo g y . On th e  o th e r  hand, we 

o n ly  c o n s id e r  th e  Z a r i s k i  to p o lo g y  i n  An autom orphism  a  o f

Ĝ  i s  F - r a t i o n a l  ( o r  an F -autom orphism ) i f  a i s  d e f in e d  over

F. For su ch  F-autom orphism  a ,  a (ft) G and t h e r e f o r e  th e

r e t r i c t i o n  c t|G o f  a to  G i s  i n  6v(c0  and i s  i n  f a c t  a n a l y t i c .

F o r an autom orphism  a o f  Ĝ t we sa y  t h a t  a  i s  an  a . b . d . i f

t h e  r e s t r i c t i o n  o t|G i s  an a. b. d . o f  G, i . e .  { a ( g ) g  ^ 1 g  e G } 

h as  compact c lo s u r e .

I n  [  2 0 j ,  T i t s  s tu d ie d  th e  autom orphism s o f bounded
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d isp la ce m e n t o f co nnected  L ie  g roups and o b ta in e d  a  s t r u c tu r e  

theorem  f o r  B(G ). I n  § 2 o f t h i s  p a p e r , we s tu d y  th e  F -a u to -  

morphisms o f hounded d isp lace m en t o f F -groups i n  th e  s p i r i t  o f  

T i t s  and o b ta in ed  a  s t r u c tu r e  theorem  f o r  B(G). The m ain r e s u l t s  

th e r e  a re  th e  fo llo w in g  th r e e  theorem s I

2 .1  Theorem. L et G be a  connected  F -group  and a an F -a u to -.........WJ

morphism o f  JĜ . Then a  i s  an a . b . d. i f  and on ly  i f  

a (n )  = n  f o r  a l l  n  e M and f o r  any I ^ s p l i t  to ru s  T o f G

a ( t )  = t  f o r  a l l  t  e T^. M oreover when a i s  an a . b . d . ,

a (n )  » n f o r  any u n ip o te n t  elem ent n  i n  G.

2 .2  Theorem. L et ^  be a  connected  F -g roup . Then

B(G) = { ZG(T) | jT^ i s  an F - s p l i t  to ru s  in  Ĝ  } f ]  2fi(N) J

i n  p a r t i c u l a r  B(G) i s  c lo se d .

2 .^  Theorem. Let G be a  connected  F -group and a be an F-
— — —— —  w O

r a t i o n a l  a . b . d . . I f  G i s  F - s p l i t ,  th e n  a = i d .  I n  p a r t i -
W O

c u la r ,  B (g) = 2 ( g) .

L et G be a  l o c a l l y  compact g roup , G reen leaf-M oskow itz-R o th -

s c h i ld  £ 5 J  d e f in e d  a  la y e r in g  o f G as fo llo w s  i l e t  D be

c lo se d  <?((!) - in v a r i a n t  s e t  i n  G. A la y e r in g  of G te r m in a t in g

a t  D i s ’c o l l e c t i o n  o f  c lo se d  c ^ (G )- in v a r ia n t  su b se ts

G = X- —pX.. ^  X « D su ch  t h a t ,  f o r  each  x e X. — X . , . ,0 1 m j  0+1
0 = 0 , 1 , *•*,  m-1 , th e r e  e x i s t s  a  r e l a t i v e  neighbourhood V o f 

x in  X. w ith  i n f i n i t e l y  many p a irw ise  d i s j o i n t  c o n ju g a te s . S ince  

X j+1 i s  c lo se d , we may assume th a t  V d  X,. — J th e n  th e  con­

ju g a te s  ct (V) a ls o  l i e  i n  t h i s  " l a y e r " .  They £ 5 ]  a p p lie d  
S
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T i t s '  r e s u l t  on B(G) t o  p rove  t h a t  i f  G i s  a  co n n ec ted  l o c a l l y  

compact group th e n  th e r e  e x i s t s  a  la y e r in g  o f  G t e r m in a t in g  a t  

B(G) and any f i n i t e  c e n t r a l  m easure o f  G i s  su p p o rte d  i n  B(G).

I n  a l a t e r  p ap e r C 6 1 ,  th e y  proved  f u r t h e r  t h a t  B (g) i s  an 

H FD 3  group and f o r  a g e n e r a l iz e d  u n ifo rm  subgroup  H o f  G,

Zq(H) CZ B(g) and th e r e f o r e  Zq(h ) i s  an  [  PD J  g ro u p . (The 

l a s t  r e s u l t  b e in g  t h a t  o f  D. E. Lee m en tioned  i n  th e  second 

p a r a g ra p h .)

In  § 3 , we u se  te c h n iq u e s  su g g e s te d  i n  [ 5 ] and and .prove

th e  fo llo w in g  theorem  *

3 .1  Theorem. L et G be a  co n n ec ted  F -g ro u p . Then th e r e  e x i s t s— — —  w

a  l a y e r in g  o f G te r m in a t in g  a t  B (g) .

I n  § 4 , we a p p ly  th e  r e s u l t s  o b ta in e d  i n  § §  2 ,3  t o  g iv e  

a  su p p lem en ta ry  answ er f o r  th e  in c o m p le te  i n v e s t i g a t i o n  i n  § 2 ., 

S p e c i f i c a l ly  we p ro v e  th e  fo llo w in g  theorem  1

4*3 Theorem. L e t ^  be a  co n n ec ted  F -g ro u p  and H a  g e n e ra l­

iz e d  -uniform subgroup  o f  G. Then 2 (h ) i s  an  C 3® 2 g roup .

We n o te  t h a t  when th e  f i e l d  F i s  a  p - a d ic  f i e l d  G i s  t o t a l l y  

d is c o n n e c te d .

I n  g 4 , we a l s o  prove t h a t  any f i n i t e  c e n t r a l  m easure

on th e  a lg e b r a ic  g ro u p  G i s  su p p o rte d  on B (g) ( s e e  4*1) and

t h a t  i f  th e  g e n e ra l iz e d  u n ifo rm  subgroup H o f  ail a lg e b r a ic

group  G i s  a  c e n t r a l i z e r  o f  a  p o in t  i n  G, th e n  H i s  a
*

u n ifo rm  subgroup , i .  e . , G/H i s  compact ( s e e  4* 2 ).



I t  i s  my p le a s u re  t o  th a n k  my t h e s i s  a d v is o r  P r o fe s s o r  M a rtin  

M oskowitz who su g g e s te d  th e  problem  and gave g en ero u s  a d v ic e  th ro u g h  

th e  w r i t i n g  o f t h i s  p a p e r . I  would a l s o  l i k e  t o  th a n k  P r o fe s s o r  

S e rv e  J a c q u e t  who h a s  k in d ly  l e t  me c o n s u l t  him on a l l  m a t te r s  

co n n ec ted  w ith  a lg e b r a ic  g ro u p s.



g 1 C e n t r a l i z e r  o f  a  g e n e ra l iz e d  u n ifo rm  subgroup*

T hroughout t h i s  s e c t io n  G d e n o te s  a  l o c a l l y  compact group

and H a  c lo se d  subgroup  o f  G. A m easure on th e  l e f t  c o s e t

sp ace  G/H i s  i n v a r i a n t  i f  ^/a ( x E ) = /*•(E) f o r  a l l  x  £ G and 

a l l  B o re l s e t s  E i n  G/H* We s a y  t h a t  H i s  a  g e n e ra l iz e d  

u n ifo rm  subgroup  i f  th e  space  G/H ad m its  a  f i n i t e  i n v a r i a n t  

m easure. Our m ain c o n ce rn  i n  t h i s  s e c t io n  i s  to  p rove  theo rem s

1 .1  and 1 .2 .  I n  th e  c o u rse  o f p ro v in g  th e s e  two theo rem s we a ls o

o b ta in  some r e s u l t s  t e l l i n g  when an IT PC 3 g roup  i s  an C FD 3

group  ( s e e  1 .5  and 1 . 8) .

R e c a ll  t h a t  an  e lem en t g e G i s  s a id  t o  be  p e r io d ic  i f  g  

i s  c o n ta in e d  i n  a  com pact subgroup o f  G. We d en o te  by P(G) th e  

s e t  o f  a l l  p e r io d ic  e le m en ts  o f G f P(G) n eed s  n o t be c lo se d  n o r  

b e  . a  subgroup  o f G. B ut i n  th e  c a se  w here G i s  an H PG 3*" 

g ro u p  P(G) i s  a  c lo s e d  c h a r a c t e r i s t i c  subgroup  o f G ( s e e  Lemma 

E b e lo w ).

1 .1  Theorem. Suppose t h a t  G i s  co n n ec ted  and t h a t  H i s  a

g e n e ra l iz e d  u n ifo rm  subgroup  o f G. Then P (Z ^(h ) )  i s  com pact.

1*2 Theorem. Suppose th a t .  G i s  l o c a l l y  co n n ec ted  and t h a t  H

i s  a  g e n e ra l iz e d  u n ifo rm  subgroup o f  G. Then th e  com m utator 

subgroup o f Zq(h ) h a s  compact c lo s u r e .

B e fo re  p ro c e e d in g  t o  d e t a i l s  o f  th e  p ro o f  o f th e  m ain theo rem s 

we in tro d u c e  some n o ta t io n s  and l i s t  c e r t a i n  c l a s s e s  o f  l o c a l l y  

compact g ro u p s as  w e ll  a s  s e v e ra l  r e s u l t s  from  v a r io u s  p la c e s  f o r  

th e  co n v en ien ce  o f  f u tu r e  r e f e r e n c e  t



F o r s u b s e ts  D, E o f  G, we d e n o te  by  { D,E } th e  s e t

{ E e ]  -  d e d ^ e - '*' | d e D, e e E },

by  < E >  th e  subgroup g e n e ra te d  by E and b y  E th e  c lo s u r e  o f

E. The oom m utator subgroup  o f any subgroup  A o f  G i s  d en o te d

b y  A '.

(1 )  C IE 3  °  c la s s  o f  l o c a l l y  compact g ro u p s G such  t h a t  G 

p o s s e s s e s  a  com pact ^ ( G ^ i n a a r i a n t  n e ig hbourhood  o f  th e  

i d e n t i t y ,  1 .

(2 )  Q s m 3  «■ c la s s  o f  l o c a l l y  com pact g ro u p s G such  t h a t  ev e ry

n e ig hbourhood  of 1 i n  G c o n ta in s  an  ^ ( g ) - i n v a r i a n t  

neighbourhood  o f  1 .

(3 ) C f c X  = c la s s  o f  l o c a l l y  compact g roups G su ch  t h a t  e v e ry

e lem en t o f G i s  bounded.

(4 )  Q e d I T  = c la s s  o f  l o c a l l y  com pact g roups G su ch  t h a t  G1

i s  com pact.

(5 ) “  c l a s s  o f  l o c a l l y  com pact g roups G su ch  t h a t  c?fG) 

haB com pact c lo s u r e  i n  ^ _ ( g) w here ^.(G) i s  made in t o  a  

to p o lo g ic a l  group w ith  th e  com pact-open to p o lo g y  ( f o r  exam ple 

see  [ 1 9 ]  )•

( 6) CZ ]  = c l a s s  o f  l o c a l l y  com pact g roups G su ch  t h a t  G / Z (g) 

i s  com pact.

Lemma A (D ietzm ann Lemma, see  C 13, P .154  ]*  T h is  r e s u l t  was f i r s t  

p roved  i n  C 9 D *) I f  E i s  a  p e r io d ic  s u b s e t  o f  G su ch  t h a t  

E c o n s i s t s  o f  bounded e lem en ts  and t h a t  E i s  com pact, th e n

< E i s  a  compact subgroup  o f  G.



Lemma B £  15, p . 185 3* I f  G i s  d i s c r e te  and i s  a  f in i te ly -  

g en e ra ted  p e r io d ic  C FC 3  group, th en  G i s  f i n i t e .

Lemma C C9» p . 21 3 .  A com pactly  g e n e ra te d  £  PC 3 "  group G 

w hich c o n ta in s  a  d ense  s u b s e t  o f  p e r io d ic  e lem e n ts  i s  com pact.

Lemma D H l 9 »  Theorem 3D, p . 596 3* (T h is  r e s u l t  i s  s ta t e d  i n

C 19 3 w ith o u t p ro o f . A p ro o f  can  h e  found i n  C l5  3 » ) L e t 6

be an  £  FC 3  group , th e n  th e r e  e x i s t s  a  com pact norm al: subgroup  

K o f  G su ch  t h a t  G i s  an  e x te n s io n  1 — > K — > G — > V>d) — > 1, 

w here V i s  a v e c to r  g roup  and D c £  FC 3 i s  d i s c r e t e .

Lemma E (  A s p e c ia l  c a se  o f  C9» Theorem 3 .1 6 ,  p . 2 l 3 ) »  L e t G

b e  an  £  PC 3 "  g roup , th e n  P (g ) i s  a  c lo se d  c h a r a c t e r i s t i c  C FC 3 

subgroup  o f  G and G i s  an  e x te n s io n

1 — > P(G) — > G — > VxD — > 1 , 

where V i s  a  v ector  group, D a  d isc r e te  to r s io n fr e e  ab e lia n  

group, and VxD c £ FC 3 ~ .

Lemma P £  1 6 , p . 22 3*  L e t H d  L b e  c lo se d  subgroups o f  G. I f

G/H h as  f i n i t e  i n v a r i a n t  m easure  , th e n  G/L and L/H b o th

ad& it f i n i t e  i n v a r i a n t  m easu res  o f  v/hich i s  a  p ro d u c t.

We p ro v e  theo rem s 1 .1  and 1 .2  i n  a s e r i e s  o f  lemmas *

1 .3  Lemma. L e t H be a  g e n e ra l iz e d  u n ifo rm  subgroup o f  G, th e n

Zg( H) i s  an  C PC 3  g roup .

P ro o f . See Ci 4>  P*197 3* T here  he on ly  d e a l t  w ith  a n a l y t i c  

g roups $ b u t th e  p ro o f  i s  v a l id  f o r  any  l o c a l l y  compact g roup .

1 . 4 .  C o r o l la ry . L e t H be  a  g e n e r a l iz e d  u n ifo rm  subgroup o f  G.
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I f  G i s  such  t h a t  P(G) i s  com pact, th e n  Z ^ H ) e £ ED 3 • I n  

p a r t i c u l a r  i f  G i s  a p e r io d ic  ( i . e .  P(G) = { l } ) t  th e n  Zp(H) 

i s  a b e l ia n .

P ro o f . S in ce  Z^(E) i s  an  C PC 3 "  g roup , i t  fo llo w s  from  Lemma E 

t h a t  ZG(H ) ' C P ( Z &( H ) ) .  A s  p( Zg (h ) ) i s  c o n ta in e d  i n  F (g ) ,  

t h e  c o r o l la r y  fo llo w s  e a s i l y .

1 .5  Lemma. L e t G be an  E FC 3  group  and E be a  s u b s e t  o f  G

su ch  t h a t  f o r  a l l  e e E, th e  in n e r  autom orphism  a. o f  G
0

in d u ced  b y  e le a v e s  E s t a b l e  ( «e (p )  C l E ) . Suppose . th a t  th e

s e t  { E,E }” i s  com pact and t h a t  t h e r e  e x i s t s  a  f i n i t e  s e t

{ x^ = 1 , Xgj ***» d i s t i n c t  e lem en ts  o f  G such  t h a t

G = E \ J  x2E U  • * • U  x nE. Then G i s  an £ ED 3 group .

P ro o f . S e t C =* { x . x ,  | i ,  j  n } ,
A  J

^  = { C,C } , P 2 = { E ,E  }, D5 = { C,E } , D4 = { E,C } 

and D = ( J  T>2 \ ]  \ J  P , .

Then i s  f i n i t e  and Pg îas com pact c lo s u r e .  We w r i te  a s

t  J c {  e c ^ e ^  | e e E } . 
ceC

S in ce  e v e ry  e lem en t i n  G has bounded J ( O )  - o r b i t  and C i s  a
t

f i n i t e  s e t ,  i t  fo llo w s  t h a t  h a s  compact c lo s u r e .  S im i la r ly

has  com pact c lo s u r e  and hence D~ i s  com pact. N o tic in g  t h a t  

D C  G* C  P( G) , we may a p p ly  Lemma A to  co n c lu d e  t h a t  < I) > 

i s  a  compact subgroup  o f  G. Thus 1 .5  w i l l  b e  p roved  i f  we show 

t h a t  <D> = G*. For t h i s ,  i t  s u f f i c e s  to  show t h a t  

{ G,G } C  < D > .  In d e e d , ta k e  any g , g* e G, we have g  » e 

and g 1 = x .  e 1 f o r  some 1 <_ i ,  j  <. n  and e ,  e '  e E. Hence
t)



11

= Cx. , e l  Ce,e« J  [ e ' e  [ x .  , x .  ]  [ x . x .  , e ' 3  De'  , x . 3 »
1  -I- J  1  J  J  J- J

w here each  f a c t o r  i n  th e  p ro d u c t i s  an  e lem en t o f  D. So [ g » g '  3

i s  i n  < B > and th e  p ro o f  o f  1 .5  i s  co m p le te .

1 .6  C o r o l la ry . Suppose t h a t  G c C f c I ” i s  d i s c r e t e  and t h a t

H i s  a  subgroup  o f  G such  t h a t  G/H i s  f i n i t e .  Then H e  [_ HD 3 

im p lie s  G e £  HD 3 " .

P ro o f . I t  i s  obv ious t h a t  H i s  a  s u b se t  o f  G w hich s a t i f i e s  

a l l  th e  h y p o th e s is  o f  1 .5*  Hence G1 i s  com pact ( f i n i t e ) .

1 .7  Lemma. Suppose th e r e  e x i s t s  a  compact no rm al subgroup  K o f  

G such  t h a t  G/k i s  an  E HD 3 g ro u p , th e n  G i s  an C HD 3 

g ro u p .

P ro o f . S in ce  G 'K /k  = (G /k ) ' i s  com pact, t h e r e f o r e  G1 K and 

hence G1 a re  com pact.

1 .8  Lemma. Suppose t h a t  • G i s  an  E PC 3 "  group and t h a t  H i s

an  E HD 3 subgroup  o f G su ch  t h a t  G/H i s  com pact. Then G

i s  an C HD 3 group .

P ro o f . By Lemma D, th e r e  e x i s t s  a  compact norm al subgroup K o f 

G su ch  t h a t  G i s  an  e x te n s io n  1 — > K — > G — > VxD —> 1 , 

w here V i s  a  v e c to r  group  and D e [  FC ] "  i s  d i s c r e t e .

O b serv in g  t h a t  We/SC i s  a  c lo s e d  subgroup  o f  G/K w ith  

(G /k ) /(H K /k )  com pact, i n  v iew  o f Lemma 1.7»  we may assume t h a t  

G = V x D.

S in ce  V i s  an open norm al subgroup  o f  G, th e  c a n o n ic a l  

p r o je c t io n  B t G — > G/V i s  a  b o th  open and c lo se d  c o n tin u o u s



homomorphism. Hence "both t) ( g) /* 1 ( h) and f)(H ),,i ( = h Ch * ) ) a re  

com pact ( f i n i t e ) .  T h e re fo re  b y  ( 1 .6 ) ,  we have ti(G )' = P* f i n i t e .

S in c e  G,_  = P* , th e  p ro o f  o f  ( 1 .8 )  i s  th u s  co m p le te .

1 .9  Lemma■(Z a ssen h au s , A u s la n d e r) .  L et G be  a  co n n ec ted  L ie  group 

w ith  i t s  r a d i c a l  R , it * G — > G/R th e  p r o je c t io n  and L a  c lo se d  

subgroup  o f  G. I f  th e  1-com ponent Lq o f  L i s  s o lv a b le ,  th e n  

th e  1-com ponent ( k ( l ) " " )o o f  n (L )” i s  s o lv a b le .

1 .1 0  C o r o l la ry . L e t G be  a  co n n ec ted  L ie  group whose se m i-s im p le

p a r t  i s  com pact and L be a  c lo s e d  subgroup  o f  G su ch  t h a t  Lq

i s  s o lv a b le .  Then L i s  co m p actly  g e n e ra te d .

Remark. (1 .1 0 )  was o b ta in e d  by P . H. Lee •tising Lemma 1 .9  ( s e e  Ql4»  

Lemma C ] )  w hich i n  tu r n  was p ro v ed  by  H. C. Wang E 2 2 ,  Theorem A 3 

u n d e r  th e  f u r t h e r  a ssu m p tio n  t h a t  R i s  s im p ly  co n n e c te d . I n  o rd e r  

to  a p p ly  W ang's p ro o f  to  th e  p r e s e n t  c a s e , we f i r s t  g e n e r a l iz e  two 

t e c h n ic a l  lemmas i n  E 2 2 ] .

L e t E ’ be a  s u b s e t  o f  G, by  ^  n (E ) we mean th e  s e t  o f  

com m utators

C 11 e2 * [  • • * L enm l9Bn  1 • • * 3 3 3 f e e

o f  l e n g th  n , and by  lim  ^  (E) = 1 ,  we mean t h a t  g iv e n  anyn c’sN.n

neig h b o rh o o d  TT o f  1 , th e r e  e x i s t s  an  i n t e g e r  nQ su ch  t h a t  

£ n < E> CT P f o r  a l l  n  >_ n Q.

1 .1 1  Lemma (A u s la n d e r ) .  L e t S be a  norm al subgroup  o f  a  co n n ec ted  

L ie  g roup  G and it t G — > G/S be th e  p r o je c t io n .  I f  S i s  i s o ­

m orph ic  to  T x  TT, w here T i s  a  r e a l  to r u s  and V a  r e a l  v e c to r

s p a c e , th e n  th e r e  e x i s t s  a  ne ig h b o rh o o d  W o f  1 i n  g/S  su ch
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t h a t  f o r  any compact s u b s e t  K o f  G w ith  ti( k ) d  W,

lim  ^  _ (e )  = 1 .n  n  '

I n  th e  c a se  w here S i s  iso m o rp h ic  to  a  r e a l  v e c to r  sp a c e , ( l . l l )  

i s  C 2 2 ,  Lemma 1 , p . 2 l 0 ^ j ,

P ro o f  o f  ( l . l l ) . L e t 41 * — > G be a  u n i v e r s i a l  c o v e r in g  o f  G,

Y~ e  x V ), th e n  ^ j y -  * V  T x  T i s  a  u n iv e r s i a l

c o v e r in g  o f  T x  V. L e t jt~ t G~ — > G "/7 “ b e  th e  p r o je c t io n ,  

th e n  we have th e  induced  u n iv e r s a l  c o v e r in g  <|>~ * G“/V~ — > G/T x V 

w hich  s a t i s f i e s  th e  fo llo w in g  com m utative d iag ram  i

It

<1>‘
Tt

-> g" A

-> G / t x T

S in c e  V "  i s  a  v e c to r  s p a c e , we have by  C-22, Lemma l ]  a  n e ig h ­

borhood W~ of- 1 "  i n  G“/V  "  su ch  t h a t  f o r  any  s u b se t K "  o f 

G~ w ith  T t~ (ir) d  W~ , lim  £  (K “ ) =* 1 " .n  n
Suppose we have th e  fo llo w in g  I 

( l )  f o r  any compact s u b s e t  K o f  G w ith  tc(k ) (H

t h e r e . e x i s t s  a  com pact s u b s e t  K ~ o f  G~ such  t h a t  

< K K ~ ) = K  and n(K ~ ) C l  W * .

Then W » <!»'“( ¥ '“ ) i s  a  n e ig h b o rh o o d  o f  1 i n  g / t  x  T  su ch  t h a t  

f o r  any com pact su b se t K o f  G w ith  ti(K) CZ W, lim  5? n (K) = 1 .
n

In d e e d , l e t  TJ be any n e ig hborhood  o f 1 i n  G, th e n  i s

a  ne ig h b o rh o o d  o f  1“ i n  G~. So th e r e  e x i s t s  an nQ su ch  t h a t  

^ n ( K ~ )  C  +_1 (D) f o r  a l l  n  >_ n Q. Hence

£ n (K) = <5? n («KK")) = <K £ n (X ")) C T J ,  n > n 0.

Thus th e  p r o o f  o f  ( l . l l )  i s  co m p le te , i f  we e s t a b l i s h  ( l ) .
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I n  o rd e r  t o  p ro v e  ( l ) ,  we show f i r s t  t h a t  f o r  any k  e K, 

t h e r e  e x i s t s  an e lem en t k~ c G~ such  t h a t

7i(k " )  e  f f "  . In d e e d , l e t  k  e  I ,  th e n  th e r e  e x i s t s  bj k* e W~ 

su ch  t h a t  7t(k )  = ‘l’"'(k*') and hence a k^~ e G"* su ch  t h a t  

n * ( V >  » k* • T h e re fo re

n (k ) *» 4,"'(w'”(k 1 “) )  = o r  e T x  V,

Thus th e r e  e x i s t s  an  h" e V “ su ch  t h a t  «Kh~) = ( K k ^ k - 1 . L e t 

k~ = (h 'v)**^k^~, th e n  4 (k~) = k  and rc~(k~) c W" *

Now l e t  he  an  open ne ig h b o rh o o d  o f  k~ i n  G~ w ith

Uk  com pact and

k~ e nk c  \  a . ( O ^ C w ) .
Then { 4 (TIk) | k  e K } i s  an  open c o v e r in g  o f  K, and hence

th e r e  i s  a  f i n i t e  su b c o v e rin g  [ J  ' * * [_] So

th e  s e t

K~ = 4-1(K) n  t v "  u  *** U  \  ’ )
T . n

h as  th e  p r o p e r t i e s  s p e c i f i e d  i n  ( l ) .  The p ro o f  o f  ( l . l l )  i s  th u s  

co m p le te .

1.12  Lemma. L e t G, S, te, W he a s  i n  Lemma 1 .1 1 , L he a  c lo se d  

subgroup  o f  G su ch  t h a t  Lq i s  s o lv a b le .  Then L n (W) 

g e n e ra te s  a  s o lv a b le  g roup .

I n  th e  c a se  w here S i s  iso m o rp h ic  to  a  r e a l  v e c to r  s p a c e ,

(1 .1 2 ) i s  Q 22,  Lemma 2,  p . 210 3 . T h a t (1 .1 2 ) fo llo w s  from ( l . l l )

i s  e x a c t ly  th e  same as  C2 2 ,  Lemma 2 J  from C 22, Lemma 1 ]  f so

we om it th e  p ro o f  h e re .

The p ro o f  o f (1 .9 )  i s  s im i l a r  to  t h a t  o f  C 2 2 ,  Theorem A []
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w ith  one m o d if ic a t io n .  I n  th e  in d u c t io n  s te p ,  we r e p la c e  g / C r , r J  

by  g / E R » R  1 "  and th e  rep la c e m e n t i s  j u s t i f i e d  s in c e  R i s  

to p o lo g ic a l  s o lv a b le .

We a r e  now i n  th e  p o s i t io n  t o  p ro v e  Theorem s 1 .1  and 1 .2 . 

P ro o f  o f  ( l . l ) .  We show f i r s t  t h a t  i t  s u f f i c e s  t o  p rove  ( l . l )  i n  

th e  c a se  w here G i s  an  a n a ly t i c  g ro u p . L e t K be a  com pact 

norm al subgroup  o f G w ith  G/K a n  a n a ly t i c  group  and l e t

t G — > G/E be th e  n a t u r a l  p r o j e c t io n  w hich i s  c o n tin u o u s , open 

and c lo s e d . Then 'O(H) i s  a  g e n e r a l iz e d  u n ifo rm  subgroup o f  ^(G) .  

Hence by  assu m p tio n  B( V o / 1* 1* ) i s  com pact. I t  fo llo w s  from

Lemma 1 .3  and Lemma E t h a t  * ( Z„(H) ) i s  a  c lo se d  subgroup  o fG
Z q (h ) . And i t  i s  e a sy  t o  see  t h a t  t ) (P (  Zfi(H)) ) i s  a  c lo se d  

subgroup  c o n ta in e d  i n  P( ZT)(g)(T)^H)) ) -  Thus T)( P( ZG(H )) ) and 

h en ce  P( Zg(h )  ) i s  com pact. T h is  co m p le tes  th e  r e d u c t io n  to  th e  

a n a ly t i c  c a s e .

How we assume t h a t  G i s  an a n a ly t i c  g roup . L e t R be th e  

r a d i c a l  o f  G and C b e  th e  m axim al co n n ec ted  norm al compact 

subgroup  o f  a  sem i-s im p le  p a r t  o f  G. As R C/C i s  a  norm al 

subgroup o f  G /k, R C i s  a  norm al subgroup  o f G and G/k C 

i s  a  sem i-s im p le  co n n ec ted  L ie  group  w ith o u t com pact f a c t o r s .  L et 

n * G — > G/k.C b e  th e  n a tu r a l  p r o je c t io n .  As ji(h) i s  a  c lo se d  

subgroup  o f  n('G). such t h a t  m (G)/7t(H )r ( = G /(H R C )") ad m its  a ' f i n i t e  

i n v a r i a n t  m e a s u re ,-s o  by B o r e l 's  d e n s i ty 1'th e o re m , we have

Zn(G)( k( hD  = z (  71(G) ) .

S in ce

*( P( zG( H ) ) ) c  Jt( z G(H)) c  z„ (G)(  n ( H ) " ) ,
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i t  fo llo w s  t h a t  it( P( Zq ( H ) ) )  i s  an a b e l ia n  d i s c r e t e  norm al sub ­

group  o f  ji(g) and h en ce  i t  i s  f i n i t e l y  g e n e ra te d .  (We n o te  h e re  

t h a t  (Z G(H) RC)/feC = n( Z&(H) ) i s  a b e l ia n  ) t h i s  f a c t  w i l l  be 

u se d  i n  th e  p ro o f  o f  ..C o ro lla ry  1 J 1 8 .)  , Hence by Lemma B , we have 

7t( p ( z g ( h ) )  ) f i n i t e .  How

P( Zg(h ) ) / (  P ( Zg (h ))  f l  R c ) = rc( Pf ZG(H)) )

and

P ( Z G( H ) ) n H C  C l  p C z^ C h) ) ,

i n  o rd e r  to  p rove  P( Zg( h) )  t o  be com pact, i t  s u f f i c e s  t o  show 

t h a t  P( Z^ q(H)) i s  com pact.

S e t P = P( Z ^ g( h) )  and PQ th e  co n n ec ted  component o f  1 

o f  P . Then Pq w hich  i s  a  co m p actly  g e n e ra te d  p e r io d ic  E FC ]  

g roup  i s  com pact ( s e e  Lemma C). L e t S be th e  sem i-s im p le  p a r t  

o f  PQ and (X(S) ( r e s p .  j f ( S ) )  be th e  to p o lo g ic a l  ( r e s p .  in n e r )  

autom orphism  group o f  S . As S i s  norm al i n  P , we can  d e f in e

a  homomorphism <i* * P — > (3 ((s)  by  <Kx) = “x jg> x  e F. S in ce

(X(s)A2(s) i s  f i n i t e  and P/<1»“ 1 ( J ( s ) )  = 4 ( p ) / J ( S ) , th e r e f o r e

^ ( ^ ( S ) )  « Zp ( s )  S h a s  f i n i t e  in d e x  in  P . Thus P w i l l  be

compact i f  we show t h a t  zp( s )  i s  com pactly  g e n e ra te d .

S in ce  Pq = Z (P q) Q* S ,  i t  i s  e a sy  to  s e e  t h a t  Z p ( s ) Q =r Z (^ |3) Q. 

How Zp( s ) o C l Z p (s) CT RC» t h e r e f o r e  i t  fo llo w s  from ( 1 . 10) 

t h a t  2p ( s )  i s  co m p actly  g e n e ra te d . The p ro o f  o f  ( l . l )  i s  co m p le te .

P ro o f  o f  ( 1 . 2 ) . We may assume t h a t  H i s  norm al i n  G. S in c e  th e  

n o rm a liz e r  H_(h) o f  H i n  G i s  a  c lo se d  subgroup  o f  G c o n ta in -(t
i n g  H, i t  fo llo w s  from  Lemma P t h a t  Hg(H )/H  adm its a  f i n i t e
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( p o s i t i v e )  i n v a r i a n t  m easu re . A lso  we have 2^,(H) CL  and

\ < H ) W  -  ZG(H) '

A ssum ing t h a t  H i s  norm al i n  G, we have G/H com pact. 

L e t n  * G — >  G/H be th e  p r o je c t io n ,  th e n  { j i ( x  Gq) | x e G } ,

w here Gq d e n o te s  the'.. 1-com ponent o f  G, i s  an  open c o v e r in g

o f  G/H. L e t x^ = 1 , Xg» • • • ,  xm b e  d i s t i n c t  e le m en ts  o f  G 

su c h  t h a t
m m

g /h  = U Tt( x^Go) and G .  ( J  x iGoH.
1=1 i= l

Hence m

ZG<H> ■ U Zx . G H < H>- 
i . l  1  °

and we may a r ra n g e  th e  x ^ ' s  su ch  t h a t

Z -(H ) /  $  f o r  1 < i  < n  < m
i  o -  -  -

and

Zx G ^  f o r  & < 1 -  m*i  o
For 2 <_ i  <_ n , p ic k  e Z ^ ^ ( H) ,  i t  i s  e a sy  t o  se e  t h a t

i  o

V ,  h( h) -  M e  H<H>-i  o o

Thus Zr  H(H) i s  a  subgroup  o f th e  £  FC ]  group 2 ^ (h ) w ith  
*o

f i n i t e  in d e x . T h e re fo re  i n  view  o f  ( 1 . 8 ) ,  i t  s u f f i c e s  to  show t h a t

ZG H(H> i s  an £ FD ]  g roup , 
o

S in ce  G /G  f ]  H ( » 5 h /H  ) i s  com pact, i t  fo llo w s  from  o o o
( l . l )  t h a t  P( Zg ( Gq 0  H) ) i s  com pact. Thus i t  rem ain s  to

o’
show th a t

C  r l  ! s ( e o n i ) ) .
o o
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In d eed  l e t  c ,  o ' £ Z^ g(H) w ith  o = g h ,  g  e Gq and h  e H.
o

Then

C c» C  J  = g h c 1 h_1 g ”1 o ' -1  = g o 1 g ^ c ' -1  e Gq .

Hence

ZG H(H> ' C H Ze e (E) = Z (H) c  ZB (0o fl H ).
o o o o

Prom Lemma E, we see  t h a t  a l l  e lem en ts  o f  Z^ ^(H ) 1 a r e  p e r io d ic .
o

Hence we have jj(H) 1 c o n ta in e d  i n  p ( z 0 ( o o n  H) ) and t h i s
o o

co m p le tes  th e  p ro o f  o f ( 1 . 2) .

Prom ( 1 . 2 ) ,  we h av e , i n  p a r t i c u l a r  th e  fo llo w in g  th eo rem  *

1*15 Theorem . L e t G "be a  L ie  group and H a  g e n e ra l iz e d  un ifo rm

subgroup  o f  G. Then Zq (h ) e H PD 3~*

R e c a l l  t h a t  a  weak p ro -L ie  group i s  a  l o c a l l y  com pact group 

G w hich  c o n ta in s  a  com pact norm al subgroup K o f  G su ch  t h a t  

G/EC i s  a  L ie  g roup . We o b ta in  th e  fo llo w in g  c o r o l la r y  o f  (1 .1 3 )  » 

1*14 C o r o l la ry . L e t G be a  weak p ro -L ie  group and H be a

g e n e ra l iz e d  u n ifo rm  subgroup o f  G. Then Zfl(H) £ C p d 3" »

P ro o f. L e t K be a  compact norm al subgroup o f  G such  t h a t  G/k 

i s  a  L ie  group and s e t  Z *= Zq( h) .  By Lemma P, we se e  t h a t  HK/k 

i s  a  g e n e r a l iz e d  u n ifo rm  subgroup  o f G /k. Hence i t  fo llo w s  from

(1 .1 3 )  t h a t  ZĜ ( H K / E )  c As Z K / k  C Z  H K /k:)»

th e r e f o r e  we have ZK/K e £  PD 3  • Thus by ( l . 7 ) >  we have ZK

i n  C PD 3 and hence Z e C PD 3  •

1 .1 5  Rem ark. Suppose IC i s  a  compact norm al subgroup  o f  G such

t h a t  ZĜ (  HK/K ) 1 b an  C PD 3"" g ro u p , th e n  as  shown ab o v e , we

have Zg(H) an  C PD 3  group .
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1 .1 6  C o r o l la ry . Suppose t h a t  G i s  s o lv a b le  and co n n ec ted  and

t h a t  H i s  a  g e n e ra l iz e d  u n ifo rm  subgroup  o f  G. Then Z ^ f H ) '

i s  com pact and c e n t r a l .

I n  th e  s p e c ia l  c a se  w here G i s  a n a ly t i c  and H i s  d i s c r e t e

t h i s  c o r o l l a r y  was p ro v ed  b y  S. P . Wang E. 24

P r o o f  o f  ( 1 .1 6) .  S in ce  G i s  c o n n e c te d , th e r e  e x i s t s  a  com pact 

norm al subgroup  K o f G su ch  t h a t  G/k i s  a n  a n a ly t i c  g roup . 

T h e re fo re  b y  (1 .1 4 )»  we have Z-Xh)* com pact. L e t 

n * G — > G/k be th e  n a t u r a l  p r o je c t io n .  Then it(G) 1 i s  th e

n i l r a d i c a l  o f  n(G)« L e t L be th e  u n iq u e  com pact subgroup  o f

n ( G ) s“ . Then L i s  c e n t r a l  i n  it(G) 1 and h en ce  n o r m a l 'in
*L Hi

it(G ). T h e re fo re  it (L ) i s  norm al i n  G and by I I 12 , Iw asaw aH »

it ^ (L)  i s  c e n t r a l  i n  G. How lt( z g( h) ' “ ) i s  a  compact subgroup

c o n ta in e d  i n  L , th u s  Z^Ch) 1 C it ^(L ) and th e  c o r o l l a r y

fo llo w s .

1 .1 7  C o r o l la ry . L e t G be a  c o n n ec te d  s im p ly  co n n ec ted  L ie  group 

su c h  t h a t  G /rad(& ) h as  no cdm pact f a c to r s  and H*. be a  g e n e r a l ­

iz e d  u n ifo rm  subgroup o f  G. Then Z ( h) i s  a b e l ia n .

T h is  c o r o l la r y  h a s  b een  p roved  by P . H. Lee C 14 D and i n  'ttie

s p e c ia l  ca se  w here G i s  s o lv a b le  and H d i s c r e t e ,  i t  was proved 

b y  R. T o l im ie r i  C 2 l H .  I n  f a c t ,  we can  o b ta in  th e  same r e s u l t  on 

Z q (e ) by s l i g h t l y  w eakening  th e  c o n d i t io n s  on G ( s e e  C o ro l la ry  

1 .1 8 ) .  C o ro l la ry  1.16  was a ls o  p ro v ed  by G reen lea f-M o sk o w itz -  

R o th sc h a ld  b y  - d i f f e r e n t  m ethods C 6 3*

1 .1 8  C o r o l la ry . L et G be  a  co n n ec ted  L ie  g roup  such  t h a t  

G /rad(G ) h as  no com pact f a c to r s  and l e t  H be  a  g e n e ra l iz e d
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un ifo rm  subgroup  o f G. I f  th e  c e n te r  Z(n) o f  th e  n i l r a d i c a l  U

o f  G i s  s im p ly  c o n n e c te d , th e n  Z ( e ) i s  a b e l ia n .(i
P ro o f .  As m en tio n ed  i n  th e  p ro o f  o f  ( l . l ) ,  we have ( Z ^ ( h ) R  C)/fe C 

a b e l ia n  w here R = rad (G ) and C i s  th e  maximal co n n ec ted  com pact 

norm al subgroup  o f  a  se m i-s im p le  p a r t  o f  G w hich i s  t r i v i a l  i n  

t h i s  c a se . T h e re fo re  we have Z ^ ( h ) 1 CZ N*: L e t K be  a  

maximal compact subgroup  o f  R t h a t  c o n ta in s  Z ^ H ) '  f th e n  K

i s  co n n ec ted  and hence a b e l ia n  ( s e e  Q 12 3 ) .  L e t L be th e

i d e n t i t y  com ponent o f  th e  n o rm a lis e r  o f  K i n  R. S in ce  K i s  

a  compact norm al a b e l i a n  subgroup o f  ,L, i t  fo llo w s  from  Q 12 ]  

t h a t  TC CZ Z(L) and i n  f a c t ,  K CZ Z(l ) q . Now

Z ( L ) q CZ n i l r a d i c a l  o f  L = L,_ CZ R1"  * N, 

and so K i s  th e  u n iq u e  maximal com pact subgroup  o f  N and hence 

K CZ Z(TT). S in c e  Z(N) c o n ta in s  no compact su b g ro u p s , K = { l }  

and Z_(h) i s  a b e l ia n .

1 .1 9  C o r o l la ry . L e t G be an  £ IN 3 group and H be a  g e n e ra l­

iz e d  u n ifo rm  subgroup  o f  G. Then ' Z^f H) e [l!D  ]  .

P ro o f . As any  £ IN 3 group i s  a  weak p ro -L ie  g roup  H 9> Theorem

2 . 1 1 ^ ,  th e  c o r o l l a r y  fo llo w s  from  (1 .1 4 )  im m ed ia te ly . However,

we s h a l l  g iv e  a  d i f f e r e n t  p ro o f  w hich  i s  e lem e n ta ry .

As i n  th e  p ro o f  o f  ( 1 . 2 ) ,  we may assume t h a t  H i s  norm al i n

G and t h a t  G/H i s  com pact. L e t  Y  be a  com pact <$(&) - i n v a r i a n t

ne ighborhood  o f  1 i n  G and IT be an  open sym m etric n e ig h b o r -
2hood o f  1 i n  G su ch  t h a t  U CZ I t  ca3a Le se e n  e a s i l y  t h a t

we can s e l e c t  m d i s t i n c t  p o in ts  x̂  ̂ *= 1 , Xg, • x  i n  G such  

t h a t
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g = l k u b  m d  zg( h > '=
i  = 1  i  = 1 1

w here 1 <_ n  <_ m and

Zx TT E(S ) £  & f o r  i

Zx.TJ ^  ^  ^ ° r  n  ^ i  — m*

For each  1 < i  < n , p ic k  an  a.  ̂ e Z^ ^ ^ I I )  w ith  a^ = 1, th e n

i t  i s  easy  t o  see  t h a t  xJCT H C l  a J E .  Thus

ZĜ  = U Za.YĤ  " U aiZTĤÊ *
i s l  1 i  =1

I f  we show t h a t  Z ^ h (h) i s  J ( G ) -  i n v a r i a n t  and t h a t  

) Zv e (H) ,ZVH( H ) r  i s  com pact, th e n  we s h a l l  have ^ ( H )  e C FD 3  

h,y ( l - 5 ) *  I t  i s  obv ious t h a t  3 ^ . H) i s  ^ ( g ) - i n v a r i a n t  s in c e  

b o th  YH and Zq(h) a r e  ^ ( G ) - i n v a r i a n t  and Z^.0 (h ) =

Y H .P ^  Za (H ). F u rth e rm o re , we have { Z^ ^H ) , Z^ ^ H) } c o n ta in e d  

i n  VV \  In d e e d , f o r  any  x , x* e Z y ^ E ) ,  l e t  x 1 s  v h  w ith  

v  e Y and h e H, th e n

C x ,x * Z l = x v  h  x  h  " V 1 = x v x ” ^ v  1 e YV ^

Hence { Z .̂ ^ (h )  , Z .̂ H) } i s  com pact and t h i s  co m p le tes  th e  p ro o f  

o f  ( 1 . 19) .

I f  we im pose some c o n d i t io n s  on th e  g e n e ra l iz e d  u n ifo rm  sub­

group H i n  s te a d  o f  on G, th e n  th e r e  a r e  many c a se s  w here Z^fH) 

becomes an [] FD 3 group  o r  even a  Q_Z'l g roup  ( s in c e  CfD'J” CH f Z

6? e ; D .8,;?p.331 3 )  , show i n  th e  .p r o p o s i t io n  be low .. 1

1 .2 0  P r o p o s i t io n . L e t G be a  l o c a l l y  com pact group and H b e  a
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g e n e ra l iz e d  u n ifo rm  subgroup  o f  G.

( i ) I f  H i s  such  t h a t  H/Hq i s  com pact, th e n  Zg( h ) e  £  ED 3 .

(VI ) I f  ( a )  H i s  a  L ie  g ro u p  such  t h a t  ra d (H Q) i s  com pact o r

(b )  H i s  co m p ac tly  g e n e ra te d  su ch  t h a t  Hq i s  open and

com pact, th e n  Z_(h) C C ID 3 .Cj

( i l l )  I f  H i s  an C ED 3 ~  g ro u p , th e n  so i s  Zq( h) .

(Cv) I f  H i s  a b e l ia n ,  th e n  z g( h) e Q z 3 -

( v )  I f  jf (H )  i s  c lo se d  i n  61 (E ), th e n  ^ ^ (h ) e [  Z J ,

I n  p a r t ic u la r ,  i f  one o f  t h e  fo llo w in g  c o n d it io n s  i s  s a t i s f i e d ,  th e n  

3(H) i s  c lo s e d  in  (51(h) and (y  ) folloY rs.

( a )  H i s  a  sem i-s im p le  L ie  group E 7 , P*357 3 *

(b ) H i s  a  connected  L ie  g roup  and h a s  a  l a t t i c e  E 4 ]  • ( i n

p a r t i c u l a r ,  H i s  a  Q - r a t io n a l  s im p ly  co n n ec ted  n i lp o t e n t  

L ie  g ro u p  — ^ .c la s s ic a l  r e s u l t  o f  M alcev ).

( c )  H i s  a E Z 3 g roup .

(d ) H i s  d i s c r e t e  and f i n i t e l y  g e n e ra te d , ( i n  th e  p a r t i c u l a r

c a se  w here G i s  an  a n a l y t i c  group and H d i s c r e t e  (hence

f i n i t e l y )  , i t  was p ro v ed  b y  S. P . Wang E 25 3  t h a t  z g (h )

i s  an  C Z J  g ro u p .)

P ro o f  o f ( 1 .2 0 ) . As m en tio n ed  in  th e  p ro o f  o f  ( 1 .2 ) ,  we may assume

t h a t  H i s  norm al i n  G and t h a t  g/ h i s  com pact.

( V ) L e t h * G —> 6L(H) be th e  c o n tin u o u s  homomorphism d e f in e d  

D(g) = o | H. Then Tl” 1 ( $ ( H ) )  = Zg(h ) H . i s  a  c lo s e d  subgroup

o f  G and h en ce  Zg( h) h/ H  i s  com pact. S in ce  th e  map

Zr (H) ZG(H) E /H  i s  c o n tin u o u s  and th e  com pactness o f  

ZG(H )H /H  im p l ie s  t h a t  Zg( h) i s  cr-com pact, so  th e  map i s  open



and hence Zg(H )/2G(H) I i H ±b to p o lo g ic a l  iso m o rp h ic  to  

Zg( H) H/H > How Z q(h) H C ,  c e n te r (  Zg(h ) ) ,  th e r e f o r e

ZG( H ) /c e n te r (  Zg(H) ) i s  compact and ( V ) i s  p ro v e d .

(>V) i t  i s  easy  to  s e e  t h a t  H C  c e n te r (  Z^(H) ) CH Z^(H). S in c e , 

by a s s u m p tio n , G/H i s  com pact, i t  fo llo w s  t h a t  2 ^ ( h) e [ Z  3*

(H i) A ssum ing th a t  H i s  a  norm al Q ED ]  subg roup  o f  G, we have 

H1 a  com pact norm al subgroup  o f G. T h e re fo re  H/H1 i s  an 

a b e l ia n  norm al subgroup  o f  G/H1 w ith  compact q u o t ie n t  and i t  

fo llo w s  from  (W ) t h a t  Z ^ y ^ -fn /H *  ) c  [ z ]  and  i n  p a r t i c u l a r  

i n  Q ED . Thus by Rem ark 1 .1 5 , we have Z„(h) e Q ED .

( » \ )  ( a )  H ere rad(H  ) i s  a  com pact normal, subg roup  o f G and 

H /rad(H Q) i s  a  s e m i-s im p le  L ie g ro u p  w ith  com pact q u o t ie n t  i n  

{G /rad(H Q) .  Since $ (  H /rad (H Q) ) i s  c lo se d  i n  (3^(:Ej/rad(H0) )

C see  7 , p . 337 L  i t  f o l lo w s  from ( V ) t h a t  ^ (H /ra d (H Q) )

i s  [ED 3"  ersup  and  hence  Z(}(H) a [ » ] '  b y  ( 1 .1 5 ) .

(b )  S in ce  H/Hq i s  d i s c r e t e  and f i n i t e l y  g e n e ra te d  , i t  

fo llo w s  t h a t  ĉ (h /H q) i s  c lo se d  i n  (^(h /H q) and a s  in  th e  p ro o f  

o f  (a )  ab o v e , we have Z ^(h ) e Q ED 3  •

( \ ) S in c e  b o th  H/Hq and (g /S q) / ( h / H  ) a re  com pact, we have 

G/Hq and hence C /0 com pact. T h e re fo re  G i s  a  weak p ro -L ie  

group and ( t ) fo llo w s  from  ( 1 . 14) .

We now g ive  an  exam ple o f a  t o t a l l y  d is c o n n e c te d  group G 

w ith  a  d i s c r e t e  C !] g e n e ra l iz e d  subgroup  H su ch  th a t  Zg(H) 

i s  n o t  an  g ro u p . (S ee § 4 f o r  a  c la s s  o f  t o t a l l y  d is c o n ­

n e c te d  g ro u p s  such t h a t  Z&(H) e £  FD . )
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L et H be a  v/eak d i r e c t  sum o f  c o u n ta b ly  many c o p ie s  o f  a  

f i n i t e  s im p le  g ro u p , d i s c r e t e l y  to p o lo g iz e d . I t  i s  obv ious t h a t  

H e  Q f c I "  P |  Q s i N ]  = [ F I A ] "  [ s e e  8 , Theorem 4 .1 ,  p . 325 H* 

t h a t  i s ,  H)** i s  com pact. L e t G be th e  s e m i- d i r e c t  p ro d u c t

H J ( h ) ” , w here 1l(c t) (h )  = a ( h ) ,  h  e H and a  e ^ ( H ) ~ ,  w ith

th e  p ro d u c t to p o lo g y  C se e  1 1 1 .  Then H i s  a  c lo se d  norm al sub­

group o f  G w ith  G/H com pact. An e lem en t ( h ,  a )  e Z^Ch) i f

and o n ly  i f  f o r  a l l  h* e H,

(h * , id )  = (h ,  a ) ( h ' , i d ) ( h ,  a ) ”1 = ( h a ( h « )  h "1 , id )  , 

i n  o th e r  w ords, i f  and o n ly  i f  a  = .

Now c o n s id e r  th e  map 4 * B — Z-(H) d e f in e d  by  4 (h )  =Cr

( h ,  a _ i ) .  I s  obv ious t h a t  4 i s  an  one-one o n to  co n tin u o u s
h

map such  t h a t  4 ( h k )  = 4 ( h ) 4 ( k ) ,  h ,k  e H ( i . e .  4 i s  an a n t i -

homomorphism). S ince  H i s  a  c o u n ta b le  i n f i n i t e  d i s c r e t e  g roup ,

Z (H) = 4 (h ) i s  a c o u n ta b le  u n io n  o f  c lo se d  s u b s e t s ,  nam ely

U { (h , a _ i)} »  Hence one o f th e  s e t s  4 ({ h } ) = | ( h ,  a  _ i ) } 
h h

h c H
has a  n o n -v o id  i n t e r i o r  and i t  fo llo w s  t h a t  Z (H) i s  d i s c r e t e  

and 4 i s  a  homeomorphism. We c la im  t h a t  Z_(h ) ' i s  n o t com pact.(j

For i f  Z_(ll) were com pact, th e n  u s in g  th e  f a c t  t h a t  4 i s  an a n t i
It

homorphism and a  homeomorphism, we have 4 (H ‘ ) >= 4 (h)*  = Z^(h) 1 

and hence H1 would be  com pact. But H = H1 i s  i n f i n i t e  ( n o t  

com pact). So th e  c la im  i s  p ro v ed .
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§ 2 The s t r u c t u r e  o f  B(G^.

T hroughout t h i s  s e c t io n  3? i s  a  l o c a l l y  com pact non d i s c r e t e  

f i e l d  o f  c h a r a c t e r i s t i c  a e ro  ( i . e .  F i s  e i t h e r  R, C o r a  f i n i t e
1 u t . '  t & u

p o in t s .  By a  B o re l subgroup  o f  G we mean a  maximal s o lv a b le

co n n ec ted  subgroup  L o f  G. Any c lo se d  subgroup  o f  G w hich
V W  V W  V W

c o n ta in s  a  B o re l subgroup  i s  c a l l e d  a  p a r a b o l ic  subgroup . R e c a ll

t h a t  an  autom orphism  a  o f  G i s  an  a .  b . d . o f  G i f  th e
vnm vW

r s t r i c t i o n  a j G o f G i s  an a .  b . d . o f  G, i . e .  a(G) C H

and { <*(g) g1 ^ i g  e G } h as  com pact c lo s u r e .  An e lem en t x  e G
4

i s  bounded i f  th e  in n e r  autom orphism  a  o f  G i s  an  a . b .  d .X 1

and B(G) i s  th e  s e t  o f  bounded e lem en ts  . We d e n o te  by  H th eVi(J

u n ip o te n t  r a d i c a l  o f  and th e  c o l l e c t i o n  o f  a l l  F*-s|>lit

t o r i  T, i n  G. S e c t io n  2 co n cern s  i t s e l f  w ith  th e  p ro o f  o fW«J WJ r

th e  fo llo w in g  th r e e  th eo rem s.

2 .1  Theorem. L e t G be a  co n n ec ted  F -g roup  and a an F -a u to -

m orphism  o f J ly  Then a  i s  an  a .  b . d . i f  and o n ly  i f  a (n )  « n  

f o r  a l l  n .e  N and f o r  a l l  T a *7 , a ( t )  = t ,  f o r  a l l  t  e T.
VW  v W  J v w

M oreover i f  a i s  an a . b . d . , th e n  oc(n) = n  f o r  any u n ip o te n t  

e lem en t n  i n  G.

2 .2  Theorem. L e t G be a  c o n n e c ted  F-gxoup. Then

i n  p a r t i c u l a r  B (g) i s  c lo se d .

2 .3  Theorem. L e t G be a  co n n ec ted  F-nxouo and a  be an  F -“ ■ ■ 11 —  WV

r a t i o n a l  a . b . d . o f  G. I f  G, i s  F - s p l i t .  th e n  a -  id . and

G a  co n n ec ted  F -g roup  and G i t s  ' F - r a t i o n a l
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i n  p a r t i c u l a r  P (o )  “  Z(G ).

Theorems 2 .1  and  2 .2  p ro v e  th e  an a lo g u e  o f  T i t s '  r e s u l t s  f o r

r e a l  a n a ly t i c  g ro u p s  w h ile  ( 2 . 3 ) is - a n a lo g u e  t o  v a r io u s  r e s u l t s

o f  T i t s  and G re e n le a f-M o sk o w itz -R o th sc h ild .

We “b eg in  our p r o o f  w ith  th e  fo llo w in g  lemma *

2*4 Lemma. Suppose X, T e M(n, F) a re  n i l p o t e n t  m a tr ic e s  such

t h a t  th e  s e t  { (exp  tX )(e x p  - tY ) I t  £ P} h a s  compact c lo s u r e .

Then X = Y .

P r o o f . S in ce  X and Y a re  n i l p o t e n t ,  P ( t )  = (exp  tX )(e x p  -tY )

i s  a  p o lynom ial in  t  w ith  c o e f f i c i e n t s  i n  M (n, P ). I n  o th e r

w ords each  e n tr y  P . . ( t )  o f  P ( t )  i s  a  p o ly n o m ia l in  t  w ith

c o e f f i c i e n t s  i n  P. T h a t th e  s e t  { P ( t )  I t  e  P } has  com pact

c lo s u r e  i s  e q u iv a le n t  to  t h a t  each  s e t  { (P. . ( t ) |  | t  e P } i sX J
b ounded . Hence each  P . . ( t )  i s  a  c o n s ta n t  and P ( t )  i s  a  c o n s ta n t

X

m a tr ix .  Thus P «  0 and i n  p a r t i c u l a r

o -  H t) L_n -  -Y + X .d t  11=0

T h is  p ro v e s  th e  lemma.

Remark. Suppose t h a t  G i s  a  complex a n a ly t i c  group and i t s

L ie  a lg e b r a .  I f  X, Y e a r e  su ch  t h a t  { (ex p  tX )(ex p  - tY ) I 

t  e Ĉ } has com pact c lo s u re  i n  G, th e n  X = Y by L i o u v i l l e ’ s 

th eo rem . Hence b y  a  s im i la r  argum ent as  i n  th e  p ro o f  o f  ( 2 .1 )  below  

we have t h a t  any com plex a n a ly t i c  autom orphism  o f  bounded d i s p l a c e ­

m ent o f  G i s  t r i v i a l  on th e  c lo s u r e  o f  th e  ra n g e  exp §  . I n  

p a r t i c u l a r  any com plex a n a ly t i c  group o f  ty p e  (E) has no non  t r i v i a l  

com plex a n a ly t i c  a .  b . d. ( c f .  H 5 i Theorem 1 0 . 5  II)*
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B efo re  p ro v in g  ( 2 .1 ) ,  we r e c a l l  some f a c t s  ab o u t a  t o r u s .  The 

group  o f  a l l  c h a r a c te r s  o f  a  to ru s  T d e f in e d  and s p l i t  over F i s  

th e  s e t  o f  a l l  group homomorphisms t JT — > G L (l). S ince T̂  i s  

F - s p l i t ,  a l l  th e  c h a ra c te r s  o f  T a re  d e f in e d  o v e r  F. How T i sWs)
iso m o rp h ic  t o  G L (l)r  f o r  some n a tu r a l  number r ,  so we may w r i te  

f o r  each  t e T ,  t  = ( a 1 » * * * , a ) ,  a . e GL(l) and ta k e  th e  F-WV J. 3? X

r a t i o n a l  p o in ts  T o f  ^  to  be G L (l, F)r . The mappings

a .  t T - —> G L(l) d e f in e d  by c r .( t )  = a .»  t e T ,  i  = 1,  * •* , r
X v * l X X vw

form  a  b a s is  f o r  th e  group o f  c h a r a c te r s  o f T. T h e re fo re  f o r  eachWN
c h a r a c te r  <|> o f  T ,w ’ r  - T

K t )  = T T  o A t ) n ( i )  = T T
i= l  1 i= l  i

f o r  some in te g e r s  m ( i) .

We c la im  th a t  i f  th e  s e t  { tl’( t )  I t e T }  i s  bounded (w ith

r e s p e c t  to  th e  to p o lo g y  o f  F ) , th e n  ‘(’( t )  = 1 f o r  a l l  t e T .
■ ■

In d e e d , f o r  each  i  = 1 , * * *, r ,  l e t  t  = ( l ,  a^ , 1 , •• • ,  l )  ,

a .  e F^, th e n  we have 4*(t) = a . m^ ^  and { a .'ra^ ^  | a . e F* }*1* !L 1 H
bounded. T h e re fo re  f o r  each i  = 1 , •** , r ,  i ( i )  = 1 o r eq u iv a ­

l e n t l y  <|> = 1 .

P ro o f  o f ( 2 .1 ) . F i r s t  we show th e  o n ly  i f  p a r t .  L et .be an  F-

r a t i o n a l  a . b . d. o f  G and T e T ] ,  th en  pc( T ) i s  a g a in  anwj vw J  7 T vw '

F - s p l i t  to r u s .  L et { v , , •** , v } be  a  b a s is  o f  F11 c o n s is t in gi n  n
o f  s im u ltan eo u s  e ig e n  v e c to r s  o f a ( T ) and w = JC b . v . be a

^  i = l  1 1

s im u ltan eo u s  e ig e n  v e c to r  o f  We have f o r  each  s e a (T ^ ) ,

s (v i ) = 4̂ ( s )v _ .,  i  t= l ,  n  and f o r  each  t  £ Tj , t(w ) = / ( t ) w

w here each  i  = 1 ,* * * , n ( r e s p .  / )  i s  a  c h a ra c te r  o f a( Tj)

( r e s p .  T ) .
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S in ce  a  i s  an  a . b . d . , th e  s e t

(1 )  { « ( t )  t - 1  t t  c T }

h a s  compact c lo s u r e  and hence so  do es  th e  s e t

{ a ( t )  t _1 (w) | t e T }

o f  tra n s fo rm s  o f  w by e le m en ts  o f  ( l ) .  How f o r  a l l  t  e j f ,

a ( t )  t " 1(w) = ^ ( t " 1) oc(t)( £  b± v i ) = 4»±( « ( t )  )v ± .

"■l "*x -iD eiio te by / f ”  t h e  map d e f in e d  b y  /  ( t )  = ^ ( t  ) . I t  i s  easy

t o  see  t h a t  f o r  each  i  = 1 , n , i s  a  c h a r a c te r  o f

T and t h a t  f o r  b . 4  0 , • <1>. ooc i s  bounded on T. Hence f o r

b^ ^  0 , we have /  ^ o>ot = 1 o r j^ (t)  « a ( t )  ) f o r  a l l

t e T *  Hence f o r  a l l  t e T ,  we have
WJ> VsM

t(w) « jzf(t)w = £  b*+i( “(t) )vi = TL \  = “(iOU).

S in c e  w i s  a n  a r b i t r a r y  e ig e n  v e c to r  f o r  ; t  and b o th  t  and a ( t )  

a r e  se m i-s im p le , we have a ( t )  = t  f o r  a l l  t  e T .̂

How we show t h a t  f o r  any  u n ip o te n t  e lem en t c  e G, a{g) = g .

F o r th e n  i t  fo llo w s  from  t h i s  t h a t  a i s  t r i v i a l  on N s in c e  a
V W

i s  d e f in e d  o v e r F and H i s  Z a r i s k i - d e n s e  in  H. Thus l e t  da

b e  th e  d i f f e r e n t i a l  o f  a  and X be th e  n i l p t e n t  m a t r ix  i n  M(n, F)

su ch  t h a t  exp X = g . Then d a (x )  i s  a g a in  n i l p o t e n t .  S in c e  a

i s  an a . b . d . , th e  s e t

{ a(©cp tX )(e x p  tX) ^ I t  e  F } = { (ex p  td a ( X ) ) ( e x p  - t x )  I t  e F}

h a s  compact c lo s u r e .  So b y  ( 2 . 4 ) >  we have d a ( x )  = X .  Hence

a (e x p  X) = exp d a (x )  = exp X o r  a (g )  = g . Thus th e  o n ly  i f  p a r t

and th e  l a s t  s ta te m e n t o f  ( 2 . 1 ) a r e  p ro v e d .

To p ro v e  th e  i f  p a r t ,  we show f i r s t  t h a t  f o r  any  T e ,
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g e G, L “ (g )  g~  ( t  ]  = 1 f o r  a l l  t e T .  S ince  g  T g  i s  

a g a in  a  to r u s  d e f in e d  and s p l i t  o v er F, we h av e , f o r  a l l  t  e T ,̂

**1 “1 “ 1g  t g = a ( g  t g )  = a (g )  t a ( g ) .

And so [" a ( g ) g ’*1 , t  ]  = 1 .

How l e t  G = D • N and G = D • H w here D i s  a  L e v i F -su b -
WO ■+*) \t* 4  W J

group  o f G . ~ L e t P be a  m in im al p a r a b o l ic  subgroup o f  D .and
VM V ^ l

M be a  L ev i F -su b g ro u p  o f  P . Then th e r e  e x i s t s  a  m aximal F-

s p l i t  to ru s  S i n  M such t h a t  M = Z, ( S ) and M/s i s  compact
W J vW  W J 2> '

C see  3 t  C o ro l la ry  4*16 and P r o p o s i t io n  9*3 3* Hence th e r e  i s  a 

com pact s e t  C i n  M su ch  t h a t  M = C S . "By a  theorem  o f  B ru h a t 

and T i t s  C see  f o r  exam ple 8 Q , we have H = KMK w here K iB 

a  compact subgroup o f  H . H ence G = K C S K H  and f o r  any g

i n  G, we have g = k c s k ' n  w here k , k f e K, c e C, s e S and

n  £ H. So

“ (g ) g” 1 -  a ( k ) a ( c ) a ( s ) a ( k ') a ( n )  n- 1  k ' " 1 s -1  c” 1 k-1  

= a ( k ) a (  c) s  a ( k * ) k* ^ s ^ c ^ k  ^

= a ( k  c k ' ) ( k  c k * ) 

b ecau se  “ (n )  = n  and C “ ( k ' ) k 1 \  s ]  = 1 . Hence th e  s e t

{ “ (g ) g" I g s G }  Has com pact c lo s u re  and th e  p ro o f  o f  ( 2 . 1) i s

co m p le te .

R em ark .. I n  the.-above p r o o f , we n o te  t h a t  th e  com pactness o f  K and C 

i n  f a c t ,  im p lie s  t h a t  th e  s e t  { a (g )  g  1 | g  e G } i s  com pact and

hence  c lo se d . I n  p a r t i c u l a r ,  i f  x  e B(g) ,  th e n  th e  co n ju g acy  c l a s s  

I* o f  x  i n  G i s  c lo s e d , ( i n  g e n e ra l ,  f o r  any x e G, r  i s  

l o c a l l y  c lo se d  b u t n eed s  n o t t o  be  c lo s e d .)
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We a r e  now i n  th e  p o s i t io n  to  p ro v e  (2 .2 )  t 

R e c a ll  t h a t  x  e B(G) a  i s  an  a .  b . d . o f  G . I t  fo llo w s
X  w j

from  ( 2 . 1 ) t h a t

As Ze (H) and ZG(T ) ,  3  , a r e  d e f in e d  o v er F , so  i s  th e
Wl VW

subgroup

and 3 ( g) i s  e x a c t ly  t h e  F - r a t io n a l  p o in t s  o f in  p a r t i c u l a r

B(G) i s  c lo se d .

2 . 5  C o r o l la r y . L et ^  be  a  c o n n ec ted  F -group  and be  a s  above. 

Then i s  a  norm al F -su b g ro u p  o f jĜ  w ith  i t s  u n ip o te n t  r a d i c a l  

c e n t r a l  and every  F - s p l i t  to ru s  o f  B i s  c e n t r a l  i n  B . I f  GV Wsf V*/ wo

i s  r e d u c t iv e ,  th en  ^B  ̂ i s  a ls o  r e d u c t iv e  and F - a n is o t r o p ic  (any  

F - s p l i t  t o r u s  o f  i s  c e n t r a l  in  J3. See C 3 3*)*

P ro o f. S in c e  B(G) i s  norm al i n  G and s in c e  G i s  Z a r is k i-d e n s e

i n  G , B i s  norm al i n  G • The u n ip o te n t  r a d i c a l  TJ o f  B i s  a
VM VsM V a |  V lfj Vsa,

norm al subgroup  o f  G c o n ta in e d  i n  K and hence C TJ , B 3 = 1 .47 VNl VsM W J VM

The r e s t  o f  th e  c o r o l l a r y  i s  o bv ious.

Remark. When i s  r e d u c t iv e ,  B (g) i s  com pactly  g e n e ra te d  t  3» 

Theorem 15*4 3* When ^  i s  n o t r e d u c t iv e ,  th e n  i n  th e  ca se  where 

F i s  an  p -a d ic  f i e l d ,  B (g) i s  n o t com pactly  g e n e ra te d  s in c e  F 

and h ence  th e  r a t i o n a l  po in t's- TJ o f Uj. i s  n o t  com pactly  g e n e ra te d  

w h ile  a s  in  th e  ca se  w here F = R o r  C , th e n  B (g) i s  com pactlyw* WJ

g e n e ra te d  s in c e  i n  t h i s  ca se  b o th  th e  r a t i o n a l  p o in ts  o f  a  Levi 

subgroup  o f  B(g) and TJ a re  com pactly  g e n e ra te d . I n  f a c t ,  B (g)
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i s  co m p ac tly  g e n e ra te d  f o r  any co n n ec ted  l o c a l l y  compact group G 

G 6, P r o p o s i t io n  2 3* Though B(g) i s  n o t n e c e s s a ry  com pactly  

g e n e ra te d  f o r  a lg e b r a ic  g ro u p s G, i t  i s  alw ays an  £ FD 3 group

as  shown i n  th e  fo llo w in g  c o r o l la r y .  (F o r  d e f i n i t i o n  o f  [FD 3

g ro u p s, s e e  § 1 - )

2 .6  C o r o l la r y . Let 0^ he a  co n n ec ted  P -g ro u p . Then B(g) i s  

an G *31 3 group.

P ro o f . L e t B he a s  above and B° th e  co n n ec ted  component o f  B,--------  w  w /  w i

th e n  13° 0  GL(n, P) h a s  f i n i t e  in d ex  i n  B (g ) . Hence i n  v iew  o f

Lemma 1 .8 ,  we may suppose  t h a t  ^  i s  co n n ec ted .

L e t B = M * TI and b ( g) = M • If w here .M i s  a  Levi F -su b -WJ vaI Wl '  Wl

group o f  ^  and i t s  u n ip o te n t  r a d i c a l .  By ( 2 . 5) ,  H i s  c e n t r a l  

i n  M and hence B (g )1 » Jl’ . Thus i t  s u f f i c e s  to  show M e  G *33 3 * 

To see  t h i s ,  we o b serv e  f i r s t  t h a t  M i s  com pactly  g e n e ra te d  G3» 

Theorem 1 3 ,4  3* Now th e  G -o rb i ts  o f  e ach  p o in t  o f  b (g )  has 

compact c lo s u r e ,  i n  p a r t i c u l a r  so  does th e  B (G ) -o rb i t .  Hence b (g )  

i s  an CFO 3 group and a g a in  th e  c lo se d  subgroup M o f  B (g) i s

an  G FC 3 group. T h e re fo re  b y  a r e s u l t  o f  G ro sse r  and M oskowitz

G St Theorem  3 .2 0  3 t h a t  th e  c la s s  o f  com pactly  g e n e ra te d  G PC 3  

groups c o in c id e s  w ith  th e  c l a s s  o f  G FD 3 g ro u p s , we have M an 

G FD 3 group  and t h i s  co m p le tes  th e  p ro o f  o f ( 2 .6 ) .

P ro o f  o f  ( 2 . 3 ). L et T be an  F - s p l i t  maximal to ru s  o f  G. and L
■ “ ■ V /J  VW

be a  B o re l subgroup o f  ^  t h a t  c o n ta in s  >T( . I f  we p rove  t h a t  

a ( s )  *= S  a l l  g  e I*,, th e n  by a  r e s u l t  o f  B o re l C 2 , C o ro l la ry

H . 4 , p.263 3» we S h a l l  have a (g )  = g  for a l l  g  e Ĝ .

Mow L = T • L w here L i s  th e  subgroup o f  u n ip o te n t
VsM vn WU HI



e lem e n ts  o f  [ 2 ,  p . 244 I* By ( 2 *30» we Bave oc(g) = g f o r  a l l  

g  e T and f o r  a l l  ■unipotent e le m e n ts  g  e  ft and i n  p a r t i c u l a r  f o rwO

a l l  g e L . S in ce  oc i s  d e f in e d  over P and L i s  Z a r iB k i-°  u  u

d en se  i n  , i t  f o l lo w s - th a t  <x(g) « g f o r  a l l  g  e ^ . Thus

<x(g) = S  f ° r  a l l  S  £ Ij| and a  i s  th e  i d e n t i t y  m apping o f  Ĝ .

I t  i s  obv ious t h a t  Z (g) CH Eft*)* To s e e  th e  co n v e rse

i n c lu s io n ,  we n o te  t h a t  f o r  any x  e B(g) ,  th e  in n e r  autom orphism

a o f  G i s  an  P - r a t i o n a l  a .  b . d . . So a  = i d  and x  e Z (g) .  X v-j x  '
The p ro o f  o f  (2 ,3 )  i s  co m ple te .

Exam ples. P o r a  c o n n ec ted  F - s p l i t  group G , we know by  ( 2 .3 )
■■■"■ 1 ■■ 11 VwM

t h a t  th e r e  a r e  no n o n - t r i v i a l  P - r a t i o n a l  a . b . d . o f  G , b u tWJ

G may adm it n o n - t r i v i a l  non P - r a t i o n a l  a .  b .  d . . Por exam ple,V*J

ta k e  G = G = Cx , th e n  G i s  a  ( Z a r i s k i )  co n n ec ted  a lg e b r a icVW VW W4

group  d e f in e d  and s p l i t  o v e r C • The map a  * G - —> CX d e f in e dWsl VVvl W)

by a (z )  = z f o r  a l l  z £ ^  i s  o b v io u s ly  an a . b . d . f b u t  a  i s

n o t  d e f in e d  over C . However i f  we re g a rd  C a s  an a lg e b r a icVW VMvl

o v e r R , i . e . ,  as  th e  R - r a t io n a l  p o in ts  o f  th e  a lg e b r a ic  group

Then a i s  R - r a t io n a l  and i s  an  a .  b . d . o f  C . Por h e r e  G wo

i s  n o t R - s p l i t  wy *



§ 3 L a y e rin g s  o f  Q.

We s h a l l  u se  same n o ta t io n s  a s  d ev e lo p ed  i n  § 2 .  F or th e

d e f i n i t i o n  o f  l a y e r in g s ,  th e  r e a d e r  i s  r e f e r r e d  to  th e  in t r o d u c t io n .  

The m ain o b je c t  o f  t h i s  s e c t io n  i s  to  p ro v e  Theorem 3*1* We show 

t h a t  th e r e  e x i s t  l a y e r in g s  o f  G te r m in a t in g  a t  Z_(n ) and a t
I t

f 1 Zq( t ) j O  r e s p e c t iv e ly .  Then by means o f  th e  fo llo w in g

Lemma 3*2 a d a p te d  from  E 5 ]  and th e  s t r u c t u r e  o f  B (G ), we o b ta in  

a  l a y e r in g  o f  G te r m in a t in g  a t  B (g) .

3 -1  Theorem. L e t ^  be a  c o n n e c te d  F -g ro u p , Then th e r e  e x i s t s

a  l a y e r in g  o f  G te r m in a t in g  a t  B (G ).

We p ro v e  (3*1) in  -a s e r i e s  o f  lemmas and p r o p o s i t io n s  *

3*2 Lemma C 5» Lemma 2 .2  H . L e t C, D b e  two c lo se d  d ( 0 > -  

i n v a r i a n t  s u b s e ts  o f  a  l o c a l l y  com pact group G such  t h a t  th e r e  

a r e  l a y e r in g s  G = XQ ZD • • •  DD = C and G = ZD " 0 ^ = 1 1 .

Then th e r e  e x i s t s  a  l a y e r in g  o f  G t h a t  te r m in a te s  w ith

3*3 Lemma. L e t be equ ipped  w ith  th e  to p o lo g y  in d u ced  by  th e

norm o f  F. Then f o r  each  x ^  0 e F1 , th e r e  e x i s t s  a n  open

neighborhood  E o f  x  in  F and a sequence  o f  n a tu r a l  num bers

< kg < • • •  su ch  t h a t  & (i)E  a r e  p a irw is e  d i s j o i n t  w here we s e t  

k .
6 ( i )  = p w ith  p > 1 any n a t u r a l  number i f  F = R o r  C . and

w ith  p  eq u a l to  th e  c h a r a c t e r i s t i c  o f  th e  r e s id u e

f i e l d  i f  F i s  n o n -e u c lid e a n .

P ro o f . We d e n o te  by |x |  th e  norm o f  x  e F1". L e t x  /  O £ / ,  

th e n  |x |  /  0 .  L e t d be a  r e a l  number su ch  t h a t  d < | x | .  The 

s e t  E = { x + y | y e  F^, |y |  < d } i s  o b v io u s ly  an open n e ig h -
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borhood  o f  x . Now f o r  any x  + y  e E, we have

0 < |x |  -  d < Ixl -  |y | <_ |x  + y | <. |x |  + |y |  < |x ( + d .

L e t k^ he th e  s m a l le s t  n a tu r a l  num ber such  t h a t

| x | + d < p 1 ( l x l - d )

w here p i s  th e  c h a r a c t e r i s t i c  o f  th e  r e s id u e  f i e l d  i f  F i s  non -

e u c l id e a n  and p > 1 i s  any n a t u r a l  number i f  F = R o r G .
y v J  v w

F or i  > 2 .  we d e f in e  k . t o  b e  th e  s m a l le s t  n a tu r a l  number — i

su ch  t h a t

| x | +  4) < p N  Ixl -  4 ) .

Then th e  £> (i)E 's  a r e  p a irw is e  d i s j o i n t  s in c e

k *
sup | 6 ( i - l )  z | = [ b ( i - l )  | sup  | z |  <_ p lx | + d) <
zeE zeE

k  •
< P x( |x |  -  d) <_ l& (i) I i n f  |z |  = i n f  |6 ( i )  z [ .

zeE zeE

3*4 P r o p o s i t io n . L e t G  ̂ be a  co n n ec ted  F -g ro u p  and be i t s

u n ip o te n t  r a d i c a l .  Then th e r e  e x i s t s  a  l a y e r in g  G = XQ 13 H5

• • •  3  X^ = Zg(N) o f  c lo se d  norm al subgroups o f  G such  t h a t

f o r  each  x  e X. — X. , , »  th e r e  e x i s t s  a  r e l a t i v e  ne ighborhood  V 
0 0+1

o f  x  i n  X. such  t h a t  V h as  co u n t a b ly  many d i s j o i n t  c o n ju g a te s . 
0

P ro o f . L et N *=■ O  N^ 3  • • • "^3 Nm = {l}  be th e  c e n t r a l  d escen d ­

in g  sequence  o f N. Then f o r  each  j ,  S '1 i s  a  c lo se d  norm al sub ­

group  o f  G and i s  to p o lo g ic a l  iso m o rp h ic  to  f o r

some n a t u r a l  number r .  For e ach  j  = 0 ,  m, d e f in e

X = { x  e G | [ H ,  x ]  C l  } *
J

Then we have t h a t  G = XQ ^  D  • • •  3  X^ = Z^Cn ) and t h a t
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X: C l j  = 0 , *•*,  m. As each  X./fr^ i s  th e  c e n t r a l i z e r  o f
J J

N/irJ i n  G/tP1, so each  X./fcf^ i s  a  c lo s e d  norm al subgroup  o f
J

G/H** and hence each  X.. i s  a  c lo sed - norm al subgroup o f  G.

We show t h a t  th e  su b g ro u p s X. p ro v id e  th e  d e s i r e d  la y e r in g
J

o f  G. For j  = 0 ,  * • *, m -1, l e t  x  e X . — X.. ? s in c e  E N , x 3
J J+-1-

i s  c o n ta in e d  i n  b u t n o t  i n  lH +\  t h e r e  i s  an  e lem en t u e IT

su c h  th a t  E u  , x 3  £ N** — TT̂ +\  As th e  m apping y  | -----> [  u  , y  ]

from  X. to  i s  c o n t in u o u s , j i t  fo llo w s  t h a t  th e re  e x i s t s  a
J

oompact r e l a t i v e  ne ighborhood  V  o f  x  i n  X . su ch  t h a t
J

E u  , yH  e IT3 — JTJ+1 f o r  a l l  y  e V jj s in c e  X..+^ i s  c lo s e d , we* 

may suppose f u r t h e r  t h a t  V C  X. — X. . .

L et ~ * G — > G/F^+‘*‘ be  th e  n a t u r a l  p r o je c t io n  and 

u * x ,~  — > be th e  c o n tin u o u s  m apping d e f in e d  by *Ky~) »
t)

C u “ , y '” U , y e X .  S in ce  i s  to p o lo g ic a l  iso m o rp h ic  to
J

f o r  some n a tu r a l  number r  and ^ (x ” ) 4  l~ t  we h a v e , by (3*3)»

an  open s e t  E c o n ta in in g  T)(x~ ) i n  (N^)'" and a  seq u en ce  o f
6( i}n a tu r a l  num bers k^ < kg < •** such  t h a t  E '  a r e  p a irw is e

* v k  • / \ / k i
d i s j o i n t ,  w here 6 ( i )  = p 1 i f  F = A, o r  w  anii = 1 /P

o th e rw ise . S h r in k  .V i f  n e c e s s a ry ,  so t h a t  t](T") C  E.

L et W = P i  r “ V~“ 1 and W1/ 2 = { w1/ 2 1 w e W}
n

( n o te  h e re  t h a t  W i s  a sym m etric  ne ig h b o rh o o d  o f 1~ i n  (IT )~ ) .  

Then we have t

( l )  f o r  l a r g e  i  ( i  > i Q s a y ) ,

Tl(V "')^^i  ̂ • p a irw is e  d i s j o i n t .
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In d eed , s in c e  | l / 2 6 ( i )  | —— 0 as  i  — , W i s  com pact and

T)(V~) i s  a  compact s e t  c o n ta in e d  i n  th e  open s e t  E, th e r e  e x i s t s

an  i Q su ch  t h a t  f o r  a l l  i  1  i o» H(V~) • w1/ 2 6 ^  d  E. Hence

f o r  a l l  i  > i  ,— o

Tl(T“) 6 ( i )  ■ W1/ 2 = ( W1/ 26^ )  ) 5 W  C T  E6 ( i >

a re  p a i r w is e  d i s j o i n t .

We c la im  t h a t  f o r  i  i Q, u ^ " ^  V u " ^ ^  a r e  p a irw is e  

d i s j o i n t .  We o b serv e  f i r s t  t h a t  e v e ry  e lem ent i n  N h a s  a  u n iq u e

i - t h  r o o t  s in c e  exP |jj a s  a  h i j e c t i o n .  How f o r  any y  e 7 , s in c e
p “1 y j  +1
L n , y J  f  H , i t  i s  obv ious t h a t  f o r  any n a tu r a l  number i ,

b o th  C u ,  y l ^  and C u , y ] ^ ^  a r e  n o t i n  $ i n  o th e r

w ords, b o th  and H(y'“) ^ i  a re  d i s t i n c t  from  1~.

N ext we p rove t h a t  f o r  a l l  y  e 7 , i  = 1 ,2 ,  * • • ,  we have

(2 ) U - ^ V u - " 1/ 1 «= T)( y - ) 1/ i y -

( 2 ’) u "1 y "  U ~  ~ X  = T lfy-)1 y~ .

C onsider any u^ , Ug e N y  e V, L n ^  , y  3  e im p lie s  t h a t

H u g ,  C ^  , y  3 1  c N^+ 1 , hence C u ^ i  jT  1  Ug" = u ^ C  y~ 3  .

T h e re fo re  f o r  any y  e V and i ,  k  = 1 , 2 , • • • ,  we have

(3 )  C u - ^ . y - ]  C u - ^ . y ' l

- 1 / i  / - k / i  ~ ~ - lc / i  - - I n/ -  „ - l / i  ~ - lv  = u  '  ( u  7 y  u  '  y  ) ( y  u  7 y  )

r  -  (k + 3 )/i ^ - t= L n  ^  , y  J •
T I  * *

A pplying  ( 3 ) i  -  1 t im e s  to  th e  p ro d u c t £  u~ 7 > y~ 3  j we have

C n~ 1/ i  > y~ 3 = C n~, y~ 3  = T](y~) > o r e q u iv a le n t ly ,  C u "  1/ i , y~ 3

= ^ ( y " ) 1^ 1 * Hence (2 ) fo llo w s . S im i la r ly  a p p ly in g  (3 )  i  -  1
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tim es  to  th e  p ro d u c t C u ~ » y " , 3 1 , we o b ta in  ( 2 *).

Now suppose t h a t  th e r e  w ere k  > i  >_ i  such  t h a t

u ^ ( i )  y u b ( i )  f 'J  u^ (^ )  7 U &(k) _£ ^  t Then th e r e  would be y ^ , y,,

i n  V such  th a t  u ^ ^ y ^  u  = u ^ ^ )  u  Hence ■ by  (2 )  t

a n d .( 2 l ) ,  we would have

j?. 3̂ " - ityg")6^^ y2~

r5 /

1i ( y 2~) ~6 ( k  ̂ «  y2" yi “ "1 e  ^  v - t t - 1 »  w

Thus th e r e  would be w^, wg e / / 2 such  th a t

’K y ^ ) 6 ^  wx = T)(y2" ) 6 ^k  ̂ w2 .

T h is  c o n t r a d ic ts  to  ( l ) .  Hence th e  c la im  i s  proved  and th e  p ro o f

o f  ( 3 *4) i s  com plete.

3 .5  Lemma. L et be an  F - s p l i t  to r u s  and <1̂  4  42 be two

c h a r a c te r s  o f  T . Then th e r e  e x i s t s  a-v t  e T su ch  th a t  th ev*j o

norm ' i 4*1 ( t o) 4*2( t o)-1  I 4  1*

P ro o f . As m entioned  i n  s e c t io n  2 , we may assume t h a t  T̂  = G L (l)r ,

T =» G L(l, F )r  f o r  some n a tu r a l  number r  and 4 . ( t )  » j T a ^

where t  = (a . , a )  e T , i  = 1 , 2 and m (i, 0) a r e  some
J. 3? t V*/

s u i t a b l e  i n t e g e r s .  S ince  4^ 4  4g> th e r e  e x i s t s  a  j ,  1 <_ j  r

such  th a t  ra ( l , j )  4  m( 2 » j)*

L et t  = ( l f ***,  1 , a . j  1,  • • * ,  l )  w ith  a .  e FX su ch  th a t0 \ » j  ’ '  j

Ia^ I ^ 1 .  Then o b v io u s ly  4 - ,( t  ) 40 ( t  ) ^ = a . ra^'L,‘̂  ^  has3 1 0 2 o 3

norm d i f f e r e n t  from 1 .

3 .6  P r o p o s i t io n . L et T be an F - s p l i t  to ru s  o f  G . Then f o r
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any x  £ G — Z^Ct ) » th e r e  e x i s t s  a  compact n e ig h b o rh o o d  V o f  x 

su c h  t h a t  V C . G — Zg( t) and V h as  coun t a b ly  many d i s j o i n t  

c o n ju g a te s .

P r o o f . ; S ince  T i s  a. to ru s  d e f in e d  and s n l i t  o v e r F» th e r e  e x i s t s----------

a  b a s i s  v, , • * • ,  v  o f  F11 s u c h  t h a t  t ( v . )  = 4>-(t) v , , t  c  T ,•L XX 3# X X

i  = 1 , ***, n  w here each  4*. i s  a  c h a r a c te r  o f  T .  For eachi  wj
n

x e G , we have x ( v . )  *= x . . v . ,  i  = 1 , ***,  n ,  where each
1 3=1 J J

x . . i s  a  f u n c t io n  d e f in e d o v e r  F and x . . i s  c o n tin u o u s .i  j  i j  |G

How
x e Z ^ T )  = Z g( T )  < = $  (x  t ) ± . = ( t  x ) ±  ̂ , t e T ,  l ^ i ,  j ^ n

< = >  x i 3 * i ( t )

<=>  x . . “ 0 or x . . 4  0 and 41 . = 4>. •l  j  i  J l  t3

T h e re fo re

x e G — Z _ ( t)  <rr> 3  j  su ch  t h a t  x . . ^  0 and 4>. 4>.G '  —1 ’ ° l y  l  ' 3

So i f  we s e t  J  = { ( i  , j )  I 1 <. i ,  j  <. n, ' and . .i

XT. . = { x  e G 1 x . . ^ 0  }, th e n  i t  i s  ob v io u s  t h a t  each  TJ. .
i  0 1 i  j  1 3

i s  an  open s e t  i n  G and t h a t

G -  ZG(T) = \ J  { XT. . | ( i  , j )  £ J  } .

How l e t  x  e G — Z_(t ) ,  t h e n  th e r e  e x i s t s  ( i  , j )  c J  such

t h a t  x £ XI. , . F o r t h i s  f ix e d  ( i . ,  j ) ,  l e t  V be a  com pact

n e ig h b lrh o o d  o f  x in  G such  t h a t  Y  C  • • L e t c , c* be1 3  7
su ch  th a t
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0 < c = m in |x .  . |  < max |x .  . |  = c* .
xe7  " x e 7  13

S in c e  4 . /  4>. 9 i t  fo llo w s  from  (3*5) t h a t  t h e r e  e x i s t s  a  t e T1 J O

su ch  t h a t  I ^ C ^ q) ( t q) 1 | = a  ^ 1  . A lso  f o r  any t  e and

any  in t e g e r  k ,  we have

and i n  p a r t i c u l a r ,  we have

I t  k x t  k | = ak  |x .  .1 .0 0  1 j
k

So i f  we p ic k  an  in t e g e r  k  su ch  t h a t  a  c > o ' , th e n  th e

mlc ^uiksequence  o f  c o n ju g a te s  7^ = t Q 7  t Q a r e  p a irw is e  d i s j o i n t

s in c e

1 t (m + l)k  v mk , 1 1m m  |x .  .] = a v '  c > a  c ' = max |x . . |  .
x  e 7  ,  1 3  x  e 7  1 Jm+1 m

3 .7  P r o p o s i t io n .  L e t G be  a  co n n ec ted  F -g ro u p . Then 1,1 w0

5  C  f l   ̂ ) i s  a 1  “la y e r in g  o f  G*

P ro o f , 'fie r e c a l l  t h a t  n  z g(t>  ( )  i s  a  c lo se d  norm al 

subgroup  o f  G. How f o r  any x  e G — n z q( t )  , th e r e  e x i s t s  a

T e \ J su ch  t h a t  x  e G — Z _ (T ). Hence i t  i s  easy  t o  s e e  t h a tw*f G , ^

th e  p r o p o s i t io n  fo llo w s  from  ( 3 . 6) .

I t  i s  now c l e a r  t h a t  (3 -1 )  fo llo w s  from  ( 3 .2 ) ,  (3«4) and (3*7)'

Remark. I n  th e  p ro o f  o f (3»4)» i f  we d e f in e

X . = { x  e G | [ H , « ( x )  ]  C  a e g  }
tJ

w here (j^ d e n o te s  th e  g roup  o f  a l l  F - r a t i o n a l  a . b . d . o f

th e n  i t  can  be  shown t h a t  G = HD * ’ * 1!^ X = Z_(u) i s  a0 m G

la y e r in g  o f  G w ith  th e  a d d i t io n a l  p r o p e r t i t y  t h a t  th e  X . ' s  a r e
3
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- i n v a r i a n t .  A lso  th e  1 - la y e r in g  G O  ZG( T) ( ^  e °3 )

i s  ©  - i n v a r i a n t .  Hence we can  o b ta in  a  (5  ̂ - i n v a r i a n t  l a y e r in g  

o f  G te r m in a t in g  a t  B (g) .

§ 4 A p p lic a t io n s .

We u se  same n o ta t io n s  a s  d ev e lo p ed  i n  th e  p re v io u s  s e c t io n s .  

R e c a l l  t h a t  i n  g 1 we in v e s t ig a t e d  when ZG(^ )  i s  an  L H) ]  

g roup  i f  H i s  a  g e n e ra l iz e d  u n ifo rm  subgroup  o f  a l o c a l l y  compact

£roup G . We know t h a t  i n  many c a s e s  Z „(h ) i s  an Q HD ]  group
IX

( f o r  in s ta n c e  when G i s  l o c a l l y  c o n n e c te d ) , b u t  Z ^H ) f a i l s  to

be an C I® 3 group f o r  a  c e r t a i n  t o t a l l y  d is c o n n e c te d  group G •

We a r e  now i n  a  p o s i t i o n  to  g iv e  a  c la s s  o f  t o t a l l y  d isc o n n e c te d  

g ro u p s G , nam ely th e  c la s s  o f  p - a d ic  a lg e b r a ic  g ro u p s, f o r  

w hich  2 G(H) i s  an C ED 3  group  ( s e e  (4*4) b e lo w ).

R e c a l l  t h a t  a  m easure  jus, on a  l o c a l l y  com pact group G i s

s a id  to  be c e n t r a l  i f  /A i s  ^ ( G ) - i n v a r i a n t ,  i . e . ,  i f  

M « X A) = > ( A )  f o r  a l l  e ^ ( g) and a l l  B o re l se tB  A i n  G .

We have th e  fo llo w in g  r e s u l t s  t

4*1 Theorem. L et Ĝ be a c o n n e c ted  F -g ro u p . Then any  f i n i t e

c e n t r a l  m easure on G i s  s u p p o rte d  on B (g) .

4*2 Theorem. L e t G be a  c o n n ec ted  F -g ro u p  and H a  g e n e r a l iz e d
-------------------  w j

u n ifo rm  subgroup  o f  G su ch  t h a t  H i s  a  c e n t r a l i z e r  o f  some

x  e G . Then G/H i s  com pact.
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4#3 Theorem . L e t be  a  co n n ec ted  F -g ro u p  and H a  g e n e ra l iz e d  

u n ifo rm  subgroup  o f  G . Then Zg( h) i s  an  C FD 1  g ro u p .

A l l  th e s e  th eo rem s p rove  an a lo g o u s  r e s u l t s  o f  G re e n le a f -  

M o sk o w itz -R o th sch ild  f o r  co n n ec ted  l o c a l l y  com pact groups and r e a l  

a n a ly t i c  g ro u p s . When F = R . (4*2) i s  a l s o  a  ( s l i g h t l y  g e n e r a l -

iz e d )  r e s u l t  o f  a  p a r t i c u l a r  c a se  o f  a  theorem  o f Mostow C 16 , 

Theorem 7*1 3  w hich s t a t e s  t h a t  i f  G i s  a  co n n ec ted  L ie  g roup  and 

H a  g e n e r a l iz e d  u n ifo rm  subgroup o f  G w ith  f i n i t e l y  many 

c o n n e c te d  com ponents, th e n  g/ h i s  com pact.

M aking u se  o f  (3*1 ) and a  s im p le  in d u c t io n  argum ent would 

y i e ld  ( 4 « l )  and so  we om it th e  p ro o f  h e re  ( th e  r e a d e r  may a l s o  r e f e r  

to  C 5 H ) .

B e fo re  p ro v in g  (4 * 2 ) , we r e c a l l  some f a c t s  i n  harm onic 

a n a ly s i s .  L e t ^  be a  co n n ec ted  F -group  and G i t s  F - r a t i o n a l

p o in t s .  S in ce  F i s  o -com pact, i t  fo llo w s  t h a t  G and th e

c o n ju g a te  c la s s  T o f  x  e G a re  a -co m p ac t. As G/C and FIX! DC DC
a r e  s ta n d a rd  B o re l s p a c e s ,  th e  c a n o n ic a l  b i j e c t i o n  B t g/C — > T 

i s  a  c o n tin u o u s  B o re l isom orphism . F u rth e rm o re , T] i s  e q u iv a r ia n t  

w ith  r e s p e c t  to  th e  l e f t  t r a n s l a t i o n  of G on G/C and th e  a c t io nDC
o f  5 ( g ) on T Thus ( f i n i t e )  . l e f t  i n v a r i a n t  m easure on G/CX ' DC

can  be  t r a n s f e r r e d  to  ( f i n i t e )  v i ( G )  ̂ i n v a r ia n t  m easure on and

v i s e  v e r s a .  The l a t t e r  m easure can  be  re g a rd e d  as  c e n t r a l  m easure 

on G , supported**on F_̂  .

P ro o f , o f  (4 * 2 ). S in c e  G/C„ a d m its  a  f i n i t e  in v a r ia n t  m easure JU ,DC •

we may r e g a rd  / a a s  a  f i n i t e  c e n t r a l  m easure on G su p p o rte d  on



]?x  • Hence x e ( Z  B(®) an<t  th e r e f o r e  Tx i s  compact ( s e e  

rem ark  on p .2 9 ) . A pply ing  th e  fo llo w in g  lemma from L 6 ] ,  we have 

G/Cx  com pact.

Lemma Q 6 , Lemma 1 U . L e t G be a l o c a l l y  compact g roup , th e n  

G/C i s  compact i f  and o n ly  i f  T i s  com pact.X X

P ro o f  o f  ( 4 .3 ) . S ince  B(g) i s  an C FD H group (C o r o l la r y  2 .6 )

and s in c e  any c lo se d  subgroup o f an C FD 3 group i s  a g a in  an  1

C H) 3 g roup , th e  p ro o f  o f  ( 4 *3 ) w i l l  be com plete i f  we e s t a b l i s h

th e  fo llo w in g  p ro p o s i t io n .

4*4 P ro p o s i t io n .  L et G be a  connected  F-group and H a1T1 Wy)

g e n e ra l iz e d  un ifo rm  subgroup o f  G, th e n  Zp(H) d  "B( G).

P ro o f. Let x e Z_(h) .  Then H C  C and i t  fo llow s from Lemma FG '  x

i n  § 1 t h a t  G/C adm its  a  f i n i t e  in v a r ia n t  m easure. Hence, as

in  th e  p ro o f  o f  ( 4 . 2) ,  we have x £ d  b (g ) and so  th e  

p r o p o s i t io n  i s  e s ta b l i s h e d .

As an  im m ediate consequence o f  (4*4)»  we have th e  fo llo w in g  1 

4* 5 C o r o l la iy . Suppose t h a t  i s  a  connected  F -group  such 

t h a t  B(G) = Z(G) and H a  g e n e ra l iz e d  un ifo rm  subgroup o f  G.

Then Z„(H) = Z(G ).
(r
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