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g o0 Introductioﬁ.

Let G be a locally compact group and H a closed subgroup
of G such that G/H admits a finite invariant measure (we call
such a subgroup a generalized uniform subgroup of G ); In [ 11,
Borel showed that the centralizer ZG(H) of E in & is equal
to the center Z(G) of G when G is a semi-gimple connected
Lie group without compact factors; Recently, Greenleaf~Moskowitz-
Rothschild [ 6 ] extended Borel's result to those connected Lie
groups G with the property that 2Z(6) = B(G) where B(f) is the
set of bounded elements of ¢ (an element x of G is bounded if
the conjugacy clzss of x has compact closure). In § 4 we prove
a result analogous to that of Greenleaf-Moskowitz-Rothschild for

linear algebraic groups (see Corollary 4.5).

In §1 we inquire, more generally, for a generalized uniform
subgroup H of a locally compact group G when ZG(H) is an
Cmm]” group (see § 1 for all compactness conditions on locally
compact grouvs). S. P. Wang [ 22 ] showed that ZG(H) is a
[ 2] group and therefore an [ FD ] group {(see [ 8]) when G
is a connected Lie group and H is discrete. In [ 14 1, using
Borel!'s density theorem above D. H. Lee showed that ZG(H) is an
Cr]™ group for connected Lie groups without assuming that H is
discrete, Greenleaf-Moskowitz~Rothschild [ 6 ] also obtained the
geme result as D. H. Lee by other means (see below); Again, utiliz

-ing Borel's density theorem and a modification of a lemma of Lee

we prove the following theorem in § 1.

l.2. Theorem. Let G %he a locally comnected loacally compact



group and H a generalised uniform subgroup of G. Then ZG(H)

isan [ ] group.

From this we are eble to deduce that Z,(H) is en [P ]"
group for a large class of locally compact groups G (see 1‘.10,
1.11 and 1.16). We also prove that under certain additional
conditions on the group 6, 2,(H) isa [Z] group and also
abelian in certain cases {see 1.13, 1.14, 1;15 and 1;17).
However, there is an example of a totally disconnected group G

such that 2, (H) is not an [ T 17 group (see 81 ).

In order to investigate the situation for totally disconnected
groups € we are led to study the structure of B(G) for linear
algebraic groups G over a locally compact field.

Here we recall some definitions and facts about topological
and algebraic E:'roups.. Let Q@) (resp. 9(@)) be the group of
topologicel (resp. inner) automorphisms of th.e locally compact
group G. Following Tits we call an automorphism o« of G an
automorphism of bounded displacement (a. b. -d.) if the set
{ «(g) g-l | £ € ¢} has compact closure. For x & G, x is
seid to be bounded if the conjugacy class (the .J(G)-orbit) T
of x has compact c¢losure, The set B(G) of all bounded elements
of G is a-normal subgroup of G and it is easy to see that B(G)
is exactly the set of those x in G such that the inner aubo-

moxrphism o is an a. be ds

Let P be a locally compact non discrete field of character-

istic zero. Hence P ig either the field “13“ of real numbers, the



field \2} of compl\ex numbers or a finite extension of %p' By an
P-group we mean an algebraic subgroup §, of GL(n) defined over
P where GL(n) denotes the group of mnxn invertible matrices
over an algebraically cloged extension of 'the field F;. By the
unipotent radical of § we mean the maximal (Zariski) connected
normal unipotent subgroup N of G. It is well known that XN,
is defined and split (triangularizable) over F. By an F-split
torus in \Qq we mean an algebraic subgroup 3.\ of Eu defined asnd
diagonalizable over F. An P-group \E« is said to be PF-gplit or
split over F if &, has a maximal torus which is F—split‘. We
denote by ¢ (resp. N, T) the subgroup of all PF-rational

points in \gﬂ (resp. VIL, &'N) $ in other worc?.s G =G, ﬂ GL{n, F).
It is known that G 1is Zariski-~dense in \ﬁ,' For the general

theory of algebraic groups, the reader is referred to [ 2 ].

For the group G we shall mainly consider the topoleogy
induced by that of the field F and unless otherwise stated when-
ever we mention any topological propertity in connection with G,
we shall always refer to this topology. On the other hand, we
only consider the Zariski topology in \ﬁ). An automorphism o« of
G, is F-rational (or an F-automorphism) if o« is defined over
P, For such F-automorphism o, al) G G and therefore the

retriction « of ¢« to G is in G(6) and is in fact analytic.

|G
For an automorphism o of ﬁ!, wve say that o dis an a. b, d. if
the restriction %a is an e. b. d. of @, i.e. { a(g)g-l i gec}

has compact closure.

In [ 20], Tits studied the automorphisms of bounded



disphacement of conmected Lie groups and obtained a structure
theorem for B(G). In § 2 of this paper, we study the F-auto-
morphisms of bounded displacement of F-groups &, in the spirit of
Tits and obtained a structure theorem for B(G). The main results

there are the following three theorems $

2.1 Theorem. Let \ﬁ: be a connected F-group and o an P-guito-
morphism of G Then o is an a. b. 4. if and only if
@(n) =n for all n e X and for any F-split torus \?N of' &,
a(t)

o(n)

t for all t & I. Moreover when o is an a. b deo,

B

n for any unipotent element n in G.

2.2 Theorem. Let G, be o comnected F-group. Then
B(6) = () { 2,(T) | I, is an F-split torus in § } [) Z4(N) 3

in particular B(G) is closed.

2.3 Theorem. Let VCL be a connected PF-group and o« be an F-
rationgl a. b. 4. . If \EM is P~split, then « = id. In parti-

cular, B(G) = Z(G).

Let G bDe a locally compact group, Greenleaf~Moskowitz~Roth-
schild [ 5 ] defined a layering of G as follows 3 let D %be
closed J(@)-invariant set in G. A layering of G terminating

at D is ¢ollection of closed J(G)-inva.rian‘t subsets

|14

G = XO :?(l:)--- = X.m D sguch that, for each x € Xj -

x,j+1’
j=0, 1, »++, m-1, there exists a relative neighbourhood V of

x in Xj with infinitely many pairwise disjoint conjugates. Since

Jd

xj+1 is closed, we may assume that V ¢ X, — Xj_’_"l $ then the con~
jugates ag(v) 2lso lie in this "layer". They E5] applied



Tits' result on B(G) +to prove that if G is a connected locally
compact group then there exists a layering of G terminating at
B(G) and any finite central measure of G is supported in B(G).
In a later paper E 61, they proved further that B(G) is an

C FD:]- group and for a generalized uniform subgroup H of G,
ZG(H) < B(G6) and therefore ZG(H) is an [ F0] group. (The
last result being that of D. H. Lee mentioned in the second

paragraph. )

In § 3, we use technigues suggested in [B:Iand [18] and prove
the following theorem
3«1 Theorem. Let éL be a connected PF-group. Then there exists

a layering of G terminating at B(G).

In § 4, we apply the results obtained in §§ 2,3 to give
& supplementary answer for the incomplete investigation in § 2;
Specifically we prove the following theorem $
4.3 Theorem. Let G, be a connected F-group and H a general=-
ized uniform subgroup of G. Then ZG(H) isan [ ID 1" group;
We note that when the field P is a p-adic field G is totally

discommected.

In § 4, we also prove +that any finite central measure
on the algebraic group G is supported on B(G) (see 4.1} and
that if the generalized uniform subgroup HE of afl algebraic
group G is a centralizer of a point in G, then H is a

L)

uniform subgroup, i. e., G/H dis compact. (see 4.2).



It is my pleasure to thank my thesis advisor Professor Martin
Moskowitz who suggested the problem and gave generous advice through
the writing of this paper. X would also like to thank Professor
Herve Jacquet who has kindly let me consult him on all matters

connected with algebraic groups.
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§ 1 Centralizer of a generalized uniform subgroup.

Throughout this section G denotes a locally compact group
and H a closed subgroup of G. 4 measure M on the left coset
space G/H is invariant if M(x B)= M(E) for all x £ G and
all Borel sets E in G/H. We say that H is a generalized
uniform subgroup if the space G/H eadmits a finite invariant
measure. Our main concern in this section ia to prove theorems
1.1 and 1.2, In the course of proving these two theorems we also
obtain some results telling when an [ FC ]- group is an { m :[—

group (see 1.5 and 1.8).

Recall that an element g € G is said to be periodic if g
is contained in a compact subgroup of G. We denote by P(G) the
set of all periodic elements of G 3 P(G) needs not be closed nor
be. a subgroup of G. But in the case where G 1is an [:FC-I-
group P(G) is a closed cheracteristic subgroup of G (see Lemma

E below).

l.1 Theorem. Suppose that G is gonnected and that H is a

generaglized uniform subgroup of G. Then ?(ZG(H)) is compact.

1.2 Theorem. Suppose that G is locally comnected and that H
is a generalized uniform subgroup of G. Then the commutator

subgroup of ZG(H) has compact closure.

Before proceeding to details of the proof of the main theorems
we introduce some notations and list certain classes of locally
compact groups as well as several results from various places for

the convenience of future reference 3
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For subsets D, BE of G, we denote by { D,B } +the set
{[a,e] =aeate™ | aed, eckE},

by <B> the subgroup generated by E and by E  the closure of

E. The commutator subgroup of any subgroup A of G is denoted

by At,

(1) [IN] = class of locally compact groups G such that G
possesses a compact S(G) =ingariant neighbourhood of the

identity, 1 .

(2) (s ] = class of locally compact groups G such that every
neighbourhood of 1 in G contains an  J(G)-invariant

neighbourhood of 1.

(3) EFG]_ = ¢glass of locally compact groups G such that every

element of G is bounded.

(4) L™ " = elass of locally compact groups G such that G'

is compact.

(5) I:FIAJ- = class of locally compact groups G such that j(c)
has compact closure in (G{G) where &G) is made into a

topological group with the compact-open topology (i‘oz: example

see (9] ).

(6) [z ] = class of locally compact groups G such that G/ 2(G)

is compact.

Lemma A (Dietzmann Lemma, see [ 13, P.154 ]. This Tesult was first
proved in [93.) If E is a periodic subset of G such that
E consists of bounded elements and that E  is compact, then

CE¥Y is a compact subgroup of G,



Lemma B E15, p.185 ]. If G is discrete and is a finitely

generated periodic [ FC 1~ group, then 6 is finite.

Lemma C E9, p.21 ]. A compactly generated l: o group G

which contains a denge subset of periodic elements is compact.

Lemma D [ 19, Theorem 3D, p.596 1. (This result is statéd in

{19} without proof. A proof can be found in [ 1571.) Let &
be an [ FC |~ group, then there exists a compact normal: subgroup

K of G guch that G is an extension 1L —2> K—> G¢—> Td — 1,

where V is a vebtor group and D € [ FC ]~ is discrete.

Lemma B ( A special case of [ 9, Theorem 3l.16, p'.21 :[)'. Let €
be an [ FC ]~ group, then P(G) is a closed characteristic [ F¢ ]~
subgroup of G and G dis an extensicn
1= P(E) —> ¢6—> v —> 1,
where V is a vector group, D a discrete torsionfree abelian

group, and V>d € [ F¢ ]”.

Lemma F [16, p.22 1. Let H C L be closed subgroups of G. T
G/H has finite invariant measure A\ , then G/L and L/H both

admit finite invariant measures of which ),{ is a product.
We prove theorems 1.1l and 1.2 in a series of lemmas 3

1.3 Lemma. Let H be a generalized uniform subgroup of G, then
ZG(H) is an [ FC ]~ group.
Proof. See [ 14, p.197 ]. There he only dealt with analytic

groups § but the proof is wvelid for any locally compact group.

1.4. Corollary, Let H be a generalized uniform subgroup of G.
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If @ is such that P(G) is compact, then ZG(H) e [ ]-.. In
particular if G is aperiodic (i.e'. P(6) = {1}), then Z,(H)

is a‘bel:i.an..

__P_r_ogjl. Since ZG(H) is an [ FC ]~ group, it follows from Lemma E
that ZG(H)‘ C ¥ ZG(H) )-. As  P( ZG(H)) is contained in P(G),

the corollary follows easily.

1..5 Lemma. Let G be an [ FC ]™ group and E be a subset of G

such that for all e £ By, the innexr aubomorphism x of G

induced by e leaves E stable ( ae(E) - E)'. Suppose that the

get { E,E }' ‘is compact and that there exists a finite set

{ X, =1, Xy5 0y X, } of distinct elements of G such that

¢ =51} X B U anE.. Then G is an [ FD ]  group.

Proof. Set C = { Xg %
D1={C,C }, D2={E,E}, D3={ C,E }, n4={E,c}

and D=0 JD, Uns 2,

Then Dl ig finite and D2 hasg compact closure. We write D as

3
Uc{ec-le_ll eeE}_

ceC

Since every element in G has bounded g(G)—orbit and C is a

| i, j =1, '“sn}r

finite set, it follows that D3 has compact closure. Similarly
b 4 has compact closure and hence D is compact. Noticing that
D C & C P(G), we may epply Lemms A +o conclude that < D>

is a compact subgroup of 6. Thus 1.5 will be proved if we show
that <D» = G'. PFor this, it suffices to show that

{ ¢ } C<D>. 1Indeed, take any g, &' € G, we have g = x; e

and g'=xje' for some 1 i, j{n and e, e' € E. Hence
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[E’:g']
-1
= [xi,e] TejerJ[erteet ,xixj] [xi,xj] [xjxi,e'] [et ,xj],
where each factor in the product is an element of D. So [eye' ]

ig in <{D>» and the proof of 1.5 is complete.

l.6 gCorollary. Suppose that G € [Lre 1™ is discrete and that

H is & subgroup of G such that G/H is finmite. Then H e [ @]
implies G € f ¥ ] .

Proof. It is obvious that H is a subset of G which satifies

all the hypothesgis of 1.5. Hence &' is compact (finite).

1..7 Lemma. Suppose there exists a compact normal subgroup K of
G such that G/K is an [ F |  group, then ¢ is an [ ¥D ]~
groupl.

Proof. Since G'K/K = (6/K)'" is compact, therefore G' X and

hence G'  are compact.

1.8 Lemma. Suppose that G is an [ FC ]~ group and that H is
an [ F» ]  subgroup of G such'tha.t G/E is compact. Then G
is an [ ¥ ] group..
Proof. By Lemma D, there exists a compact normal subgroup K of
@ such that G is an extension 1 -9 K — G -2 Vxp —> 1,
where V is a vector group and D e [ F¢ ]~ is discrete..
Observing that HK/K is a closed subgroup of /K with
(¢/K)/(HK/K) compact, in view of Lemma 1.7, we may assume that
G =V xD.

Since V is an open normal subgroup of G, the canonical

projection N 3 @ —> G/V is a both open and closed continuous



12

homomorphism. Hence both n(G)/M(E) ana n(E)'" ( =n(E'")) are
compact (finite). Therefore by (1.6), we have 0(G)' =D'  finite.

Since @'~ =D'", the proof of (1.8) is thus complete.

1.9 Lemma.(Zassenhaus, Auslander). Let G be a connected Lie group
with its radical R, =n ¢ G —> G/R the projection and L a closed
subgroup of G. TIf the 1-component Lo of L is solvable, then

the l~component (=(L)7) = of (L)~ is solvable.

1,10 Corollary. Let G be a comnected Lie group whose semi-sgimple
part ig compact and L Ybe a closed subgroup of G such that L0

is solvable. Then L is compactly generated.

Remark, (1.10) was obtained by D; H. lee using Lemma 1.9 (see [ 14,
Lemma C ]) which in turn was proved by ﬁ. C. Wang [ 22, Theorem 4 ]
under the further assumption that R is simply connected; In ordex
to apply Wang's proof to the present case, we first generalize two

technical lemmas in [ 22 ].

Let B be a subget of G, by <;En(E) we mean the set of

commukators

Egla[gz,["°[3n_1’gn]“']:l:l: gieE

of length n, and by l%m.:ilnﬁE) =1, we mean that given any

neighborhood T of 1, there exists an integer n, such that

in(E) C U forall n)n.

1,11 Lemma (Auslander)., Let S be a normal subgroup of a connected

Lie group G and nt @ —> G/S be the projection. If S is iso-
morphic to T % V, where T is a real torus and V a real vector

space, then there exists a neighborhood W of 1 in G/S such
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that for any compact subset X of G with =n(K) C W,

lin Z (B) = 1.

In the case where 5 is isomorphic to a real vector space, (1.11)
is [ 22, Lemma 1, p.210 ].

Proof of (1.11). Let ¢ ¢ ¢~ —> G be = universial covering of G,

7T = ¢"H(r x V), then by~ ¥ => T x ¥V is = universial
covering of T xV. Let n~ s 6" —> ¢*/¥~ be the projection,
then we have the induced umiversal covering ¢~ 8 ¢°/V" — G¢/P x V

which satisfies the following commutative diagram
G~ ~—1‘~—-> e~ /v~
P
G ———— g/P T |
Since V™~ 1iB a vector space, we have by [-22, Lemma 1 | a neigh-~
borhood W~ of 1% in G6/¥~ =such that for any subset X~ of
6" with #(K”) C W7, lim L (k) =1
Suppose we have the following 3
(1) for any compact subset K of G with =n(K) C ¢~(W"™),
there exists a compact subset X~ of G such that
W(K~) =K and a(K~)C W~
Then W =¢"(W~) is a neighborhood of 1 in G/T x V such that
for any compact subset K of ¢ with =n{X) C W, I%m £n(K) = 1.
Indeed, let U be any neighborhood of 1 in @, then & (W) is
a neighborhood of 17 in G, So there exists an n, such that
£n(K“) - ¢—1(U) for all n ) n_. Hence
L) = L 6@ et R &N v, nyn,

Thus the proof of (1.11) is complete, if we establish (1).
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In order to prove (1), we show first thet for any Xk € K,
there exists an element Xk~ &€ &~ such that ¢(k™) =Xk and
(k™) € W“'.. Indeed, let k% £ K, then there exists ma k¥ e W~
such that n(k) = ¢"(k*) and hence a X~ € G such that
'n:"(kl"') = k*.. ~ Therefore

w() = ¢7(x"( 7)) = w(b(k7)) or WK e Tx .
Thus there exists an k™ € V™ such that (h”) = ¢(k ™)k ' Let
k™ = (h“)-lkl"', then ¢(kx™) =k and =™(k™) e W";

Now let U, he an open neighborhood of k¥ in G with

Uk- compact and

k" e T, C Uk- c (n")-l(w").
Then { ti:(Uk) | kxeX} 4is an open covering of K, and hence
there is a finite subcovering (U, ) {J -+ |J ¢(Ukn) DK, So

kl

the get
~ _1 - -
K =‘1’ (K) ﬂ('ﬁkl Uoo- UUkn)
has the properties specified in (1). The proof of {1.11) is thus

complete,.

1.12 Lemma. Let G, Sy, my W be as in Lemma 1,11, L be a closed
subgroup of @ such that L_ is solvable, Then L (W)

generates a solvable group.

In the case where § is isomorphic to a real vector space,
(1.12) is [ 22, Lemma 2, p.210 ]. That (1‘.12) follows from {1.11)
is exactly the same as [ 22, Lemma 2 ] from [ 22, Lemma 1} § so
we omit the proof here.

The proof of (1.9) is similar to that of [ 22, Theorem A ]
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with one modification. In the induction step., we replace G/[R,R]
by G/LR,R ] and the replacement is justified since R is

topological solvable.

We are now in the position to prove Theoremg 1.l and 1l.2.

Proof of (1.1). We show first that it suffices to prove (1l.1) in

the case where @ is an analytic group. Let K be a compact
normal subgroup of & with G/K an analytic group and let

11 ¢ —> G/K be the natural projection whieh is continuous, open
end closed. Then n(H) is a generalized uniform subgroup of 70(G).
Hence b'y assumption P( Z“]QG)(T](H))) is compac‘t;l. It follows from
Lemma 1.3 and Lemma B that P( ZG(H) ) is a closed subgroup of
ZG(H). And it is easy to see that n( P( ZG(H)) } is a closed
subgroup conteined in P( 32, G)('O(H)) ). T N(P(Z,(H))) and
hence P( ZG(H) } is compact. This completes the reduction to the

analytic case.

Now we assume that G is an analytic group. Let R be the
radical of G and C be the maximal connected normal compact
aubgroup of e semi-simple part of G‘. As RC/C is a normal
gubgroup of G/R, RC 1is a normal subgroup of G and G/RC
is g semi-gsimple commected Lie group without compact factors. Let
®$ 6 —> GRC be the natural projection. As =x(H) is a closed
subgroup of =n(G).such that =n(@)/n(H)”(= G/(ERC)™) admits a finite
invariant measure,- so by Borel's density theorem, we have

2y MDY = BC ().

_ Since

n( B( Z(B)) ) © wl 2(B)) C Zpy( n(B)7),
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it follows that n( P(Z (H))) is en abelien discrete normal sub-

group of n(G) and hence it is finitely generated. (We note here
that (Z(H) RC)/RC = (2 (H)) is abelian j this fact will be
used in the proof of _.G;Jroilary 1i18.) ., Hence by Lemma B, we have
n( B( ZG(H)) ) finite. Now

P( 5,(8) )/ 2 2,m) (VR C) = of B 2(m)) )

P( ZG(H)')ﬂRc C B zg 4(8)),
in order to prove P( ZG(H)) to be compact, it suffices to show

that P( ZHG(H)) is compact.

Set P = P Z, c=(H)) and P the connected component of 1
of P, Then P_ which is a compactly generated periodic Cre]J”
group is compact (see Lemma C)I. Let S ©be the semi~simple part
of P and G(s) (xesp. J(S)) be the topological (resp. inner)
auvtomorphism group of 8. As S is normal in P, we can define

a homomorphism ¢ 3 P —> Qi(s) by ¢(x) = o x € P. Since

Is?
G(s)/G(s) 1is finite and P/¢"1( J(s)) = 4(»)/ J(s), therefore
ll’-l(J(S)) = ZP(S) $ has finite index in P. Thus P will be

compact if we show that ZP( S) is compactly generated.

since P =Z(P ) -5, it is easy to see that zp(s)afz(Ps)_.;);-
Now ZP(S)O c zP(s) (— RC, therefore it follows from {(1.10)

that ZP(S) is compactly generated. The proof of (1.1) is complete.

Proof of (1.2). We may assume that H is normal in Ge. Since the

normalizer NG(H) of B in G is a closed subgroup of G contain-

ing H, it follows from Lemma F that NG(H) /H admits a finite
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(positive) invariant measure. Also we have Z. (H) (C N (H) and

Z.NG(H)(H) = ZG(H).

Assuming that H is normal in G, we have G/H compact.
Let mt ¢ —> G/H be the projection, then { n(x Go) | x e ¢},
where Go denotes thes. l-component of G, is an open covering

of G/H. Let X = 1, Xo ses, X be distinct elements of G

such that
m m .
G/HE = U w(x;e.) and G = U x;G H.
i=1 §=1
Hence

m
Zo(R) = |_J 2, ¢ 5B
and we may arrange the xi's such that

inGOH(H);!O' for 1{i¢ng¢m

inGOH(H) =¢ for m¢igm

For 2 ¢ igm, pick a, €2 _, o(H), it is easy to see that
i’o

inG gB) = &; % H(H)'
[o] Q

Thus 2, H(H) is o subgroup of the [ FC | group ZG(H) with
0
Finite index. Therefore in view of (1.8), it suffices to show that
Zg H(H) is an [ F ]~ group.
o

Since GO/GO n H( & GOH/H ) is compact, it follows from

(1.1) that ¥P( Zg (Go n H) ) is compact. Thus it remains to
o

show that

zGOH(H)' c P(’zGO(_GO n H)).‘.
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Indeed let c, c' £ 2 H) with c=gh, geG and heH

(
GOH
Then

-1 -1 -1

Coje'T=ghetntgtor e got glor €G.

Hence
Z, f(B)' C ¢, m Zy g(E) = Zq () C 2z, (e, ﬂ H).
0 0 0 o _
From Lemma E, we see that all elements of ZG H(H)' are periodic.

Hence we have ZG H(H)' contalned in P(Z, (G m H) ) and this
Gy
completes the prooi‘ of (1 2)

From (1.2), we have, in particular the following theorem 3

1,13 Theorem. Let € be a Lie group and H a generalized uniform

subgroup of G. Then ZG(H) e [m].

Recall that a weak pro-Lie group is a locally compact group
G which containg a compact normal subgroup X of G such that
Gﬂ{ is a Lie group., We obtain the following corollary of -(ll.l’j) |
l.. 14 Qorollary. Let G be a weak pro-Lie group and H be a
generalized uniform subgroup of G. Then ZG(H) £ EED]—..
Proof. Let K be a compact normal subgroup of G such that G/K
is a Lie group and set 2 = ZG(H). By Lemma F, we see that HE/K
is a generalized uniform subgroup of G/K. Hence it follows from

(1.13) that ZG/E(HK/K) e L™ ] . as 2KAk zG/K( EK/X ),

therefore we have ZK/K e [ F» ]~ . fThus by (1.7), we have ZK

in [P ]  and hehce Z € [F ] .

1l.15 Remark. Suppose K is a compact normal subgroup of G such
that ZG/K( HXK/XK) is an [ ¥ ]~ group, then as shown above, we

have ZG(H) an [ ¥ 1  group.
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1'.16 Corollary. Suppose that G is solvable and connected and
that H is a generalized uniform subgroup of G. Then ZG(H)'—
is compact and central.

In the special case where G 1is analytic and H is discrete
this corollary was proved by S. P. Wang [ 24 .

Proof of (1.16). Since G is connected, there exists a compact

normal subgroup K of G such that G/ is an analytic group.
Therefore by (1..14), we have ZG(H)'- compact. Let

13 G—> ¢/K be the natural projection. Then ={G)' is the
nilradical of n(G)'. Let I be the unique compact subgroup of
n(G)E-.. Then L is central in ={G)'  and hence normal in
n(G).. Therefore n-l(L) is normal in G and by [ 12, Iwasawa ],
11:-1(14) is central in G. Now = ZG(H)'—) is a compact subgroup
contained in L , thus Z(E)'" (T n (L) and the corollery

follows.

1-. 17 Corollary. Let G be a connected simply connected Lie group
such that G/rad{¢) has no compact factors and H. be a general-
ized uniform subgroup of G. Then ZG(H) is abelian.

This corollary has been proved by D. H. Lee [ 14 ] and in the
special case where G is solvable and H discrete, it was proved
by R. Tolimieri [:21:]. In fact, we can obtain the same reswlt on
ZG(H) by slightly weskening the conditions on ¢ (see Corollary
1.18). Corollary ll.lB was8 also proved by Greenleaf-Mogkowitz-

Rothschild by - different methods [ 6 ].

1.18 Corollary. Let G be a comnected Lie group such that

G/raﬂ(G) has no compact factors and let H be a generalized
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uniform subgroup of G. If the center 2Z(N) of the nilradical X
of G is simply connected, then ZG(H) is a.‘oelian'.
Proof. As mentioned in the proof of (1.1), we have (ZG(H)Iic)/htz
abelian where R = rad(G) and € is the meximal comnected compact
normal subgroup of a semi-simple part of & which is {rivial in
this case. Therefore we have ZG(H)'_ _ R‘.: Let K be a
maximal compact subgroup of R that contains 2,( H' 3 then X
is connected and hence abelian € see [ 12 ]1). Let L be the
identity component of the normalizer of K in R. Since K Gis
a compact normel abelian subgroup of .L, it follows from [ 12 ]
that K (C 2(E) and in fact, X Z(L)o. Now

z(L)  C mnilradical of L =1'"" CC R'” = X,
and so XK is the unique maximal compact subgroup of ¥ and hence
K  2(1). sSince 2Z(¥) contains no compact subgroups, K = {1}

and ZG(H) igs abelian.

l..19 Corollary. Let G be an [IN:] group and H be a general-
ized uniform subgroup of G. Then: ZG(H) e [m7].
Proof, As any EIW _-_l group is a weak pro-Lie group [ 9, Theorem
2.11 :l, the corollary follows from '(1‘. 14) immediately. However,
we shall give a different proof which is elementary.

As in the proof of (1.2), we may assume that H is normal in
G and that @#/H is compact. Let V be a compact ,Q(G) ~invariant
neighborhood of 1 in G and U be an open symmetric neighbor-
hood of 1 in G such that U2 C. V. It can be seen easily that

we can select m distinet points X = 1, Koy "ty X, in G such

that
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m n
¢=| JxU0E  end  Z(B)-= )2, 4g(0)
i=1 1j=1 <

where 1 {n {m and

zinH(H);é,ﬁ for 1 £1i ¢ m,

zinH(H);éﬁ for m< i m

For each 1 ¢ i¢m, pickan a, € inU H(H) with a = 1, then

it is easy to see that xi'UH C a.iVH. Thus

1

n
z25(m) = %a,V (8 = () &2y 5(D) -
i=1

i=1

If we show that 2, H(H) is J (@)~ invariant and that
{ 2y g(B) 524 (B) }~ is compact, then we shall have ZG(H) e Lm]™
by (1.5). It is obvious that ZVH(H) is 3(G)-—invariant gsince
both VH  end z,(H) are  J(C)-invariant and Zy (B) =
VEH m Z,(H). Purthermore, we have { ZV}_{H)’ZVH.{H) } contained
in VV, Indeed, for any x, x' € Zyp(B), let x' = vh with
veV andi heH, then

Cx,xt ] = xvhx tn vl xvxivt e vyl

Bence { ZVH(H)’ By H(H) }” is compact and this completes the proof
of (1.19).

If we impose some conditions on the generalized uniform sub-
group H in stead of on &, then there are many cases where ZG(H)
becomes an | FD ]  group or even a [ %] group (since [FD1-C {z1],

see: [+ 8,7p.331 1) @s.show in the .proposition below. . : .

1.20 Proposition. Let G be a locally compact group and H he a
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generalized uniform subgroup of G.

(V) If H is such that H/H_ is compact, then. z,(E) e Cwm]".

(\i) If (a) H is a Lie group such that rad(Ho) is compact or
(b) H is compactly generated such that H is open and
compact, then ZG(H) e [m™].

(W) If H is en [ ¥ ]~ group, then so is ZG(H)V.

() If H is abelian, then ZG(H) e (2.

(v) 1r J(E) is closed in @(E), then z,(8) e [2].

In particular, if one of the following conditions is satisfied, then

,9(1{) is closed in G\(H) and (v ) follows.

(a) ¥ is a sémi-simple Lie group [ 7, p.337 ].

(b) H is a connected Lie group and has a lattice [ 4. ]. (In
perticular, H is a &:-rational simply conﬁected nilpotent
Lie group =—iclassical result of Malcev).

(¢) H isa L[2Z] group.

(d) H 4is discrete and finitely generated. (In the particular
case where (G dis an ahalytic group and H discrete ( hence
finitely), it was proved by S. P. Wang [ 23 ] that ZG(H)

is an [ 2] group.)

Proof of (1.20). As mentioned in the proof of {1.2), we may assume

that H is normal in G and that G/H is compact.

(v) Let m 3 ¢ —> GR(H) be the continuous homomorphism defined
by wg) = N Then T}—l( :9(}1)) = ZG(H) H . is a closed subgroup
of G and hence ZG(H) H/H is compact. Since the map

ZG(H) SN ZG(H) H/H is continuous and the compactness of

ZG(H) H/H implies that ZG-(H) is o-compact, so +the map is open
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and hence ZG(H)/ZG(H) m H is topological isomorphic to
ZG(H) E/H. Now zG(H) ﬁ H o center( ZG(H) ), therefore

Zo(H) fcenter(Z,(H) )  is compact and (V) is proved.

(iv) It is easy to see that H (C center( ZG(H)) L ZG(H). Since,

by assumption, G/H is compact, it follows that ZG(H) e [2].

(i) Assuming that H is a normal [ FD ]~ subgroup of G, we have
B a compact normal subgroup of G. Therefore H/H'_ is an
abelian normal subgroup of G/H'- with compact quotient and it
follows from (1Y) that ZG/H,-(H/H'-) e [27] and in perticular

in [ ™ J°. Thus by Remark 1.15, we have ZG(H) e [m].

(1) (a) EHere rad(Ho) is a compact normal subgroup of G and
H/rad(Ho) is & semi-simple Lie group with compact quotient in
'fG/ra.d(Ho).l Since 3( H/ra.d(Ho)) is closed in G'L(.'H/rad(Ho))

[ see 7, p.337 J, it follows from (V) that zG/rad(Ho)(H/rad(Ho) )

is an [ FD ]~ group and hence ZG(H) e [L™M]" vy (1.15).

(v) Since H/Ho is discrete and finitely generated , it
follows that cSI(H/HO) is closed in GL(H/HO) and es in the proof

of (&) above, we have ZG(H) e (1.

(1) since both H/HE ~ and (G/Eo)/(H/HO) are compact, we have
G/Ho and hence G/Go compact. Therefore G is a weak pro-Lie

group and (i ) follows from (1.14).

We now give an example of a totally disconnected group G
with a discrete [ FC :I- generalized subgroup H such that ZG(H)
is not an [ FD ]~ group. (See § 4 for a class of totally discon~

nected groups such that Z,(H) ¢ L@ ]".)
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Let H be a weak direct sum of countably many copies of a
finite simple group, discretely topologized; It is obvious that
He [Fe1” (1 [smw] = CFa 1™ ['see 8, Theorem 4.1, p. 3257,
that is, dﬁ(H)- is compact. Let G be the semi-direct product
%, §(H)”, where n(a)(n) =e(h), heH and «e J(B)", with
the product topology [see 11 ]. Then H is a closed normal sub-
group of G with G/H compact. An element (h, «) € ZG(H) if
and only if for all h' ¢ H,

(n*, id) = (h, a)(n', id)(n, @)™t = (ha(n!) nt, id),
in other words, if and only if « = ahfl;

Now consider the map ¢ 3 H —~> ZG(H) defined by ¢(h) =

(h, ah_l). It is obvious that ¢ is an one-one onto continuous

map such that ¢{(hk) = ¢{(n)¢(k), h,k ¢ H (i.e. ¢ is an anti-
homomorphismbs Since H is a countable infinite discrete ETOUD,
Z2,(H) = ¢(H) is a countable union of closed subsets, namely

LJ {(n, ahfl)}; Hence one of the sets ¢{{h}) = {(n, ah_l)}
heH

hes a non-void interior and it follows +that ZG(H) is discrete

and ¢ is a homeomorphism. We claim that ZG(H)'— is not compact.
For if ZG(H) were compact, then using the fact that ¢ is an anti-
homorphism and a homeomorphism, we have ¢(H'") = ¢(H)' = ZG(H)'-
and hence H'  would be compact. But H = H' is infinite (not

compact). So the claim is proved.
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§ 2 DThe structure of 3B(G).

Throughout this section P* dis a locally compact non discrete
field of characteristic zero (i.e. F is either “1}‘, QH or o finite
extension of SP), &' a comnected F-group and G 1its - F-rational
points. By a Borel subgroup of “Cih we mean a maximal solvable
connected subgroup v{;” of v(i:‘ Any closed subgroup of ﬁ, which
contains a Borel subgroup is called a parabolic subgroup. Recall
that an autoplorphism ;x of ﬁv is an a. b. 4. of QN if the
ratriction &y, of G is an a. b. d. of G, i.e. ald) . G
and { a(g) g—l | £e G} has compact closure. An element x & G
is bounded if the inner sutomorphism a of & is an a. b-. d-.
and B(G) is the set of bounded elements . We denote by J, the
unipotent radical of G and I} the collection of all F-split

tori v%‘\, in ﬁ; Section 2 concerns itself with the proof of

the following three theorems.

2.1 Theorem. Let & be a connected Pegroup and « an P-auto-
morphism of G. Then o is an a. b, d. if and only if afn) =n
for all n.e N and for all T &%, a(t) =4t, for all + e T.

YA e VN
Moreover if o is an a. b. 4., then o{n) = n for any unipotent

element n in G,

2.2 Theorem. Let &J be a connected F-group. Then

ne) = (N {zgm | 1eT 1 MNzm s

in particular B(G) is closed.

2¢3 Theorem. Let G, be a connected F-group and « be an F-

rational a. b. d. of G, If @, is PF-split, then o = id. and
Aagd v
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in particular B(G) = z(g).

Theorems 2.1 and 2.2 prove the analogue of Tits! results for
real analytic groups while (2.3) is-anslogus to various resulis

of Tits and Greenleaf-hNoskowitz-Rothschild.

We begin our proof with the following lemma 3
2'.4 Lemma. Suppose X, Y € M(n, F) are nilpotent matrices such
that the set {(exp tX)(exp -tY) | + £ F} has compact closure.
Then X = Y;
Proof. Since X and Y are nilpotent, P(t) = (exp tX)(exp -tY)
is a polynomial in t with coefficients in M(n, F)‘. In other
words each entry Pij(t) of P(t) is a polynomial in t with
coefficients in F. 'That the set { P(t) | + € F } has compact
closure is equivalent to that each set { IPi j('l:)l | ¢t &P} is
bounded., Hence each P, j(t) is a constant and P(t) is a constant

matrix. Thus %-:b- P =0 gnd in particular

d
0 = 37 P(%) |,G=0 =-Y+X.
This proves the lemma.

Remark. Suppose that G is a complex analytic group and q its
Lie algebra. If X, Y e O} are such that {(exp tX)(exp ~t¥) |

t e &} has campact closure in &, then X =Y by Liouville's
theorem. Hence by & similar argument as in the proof of (2-.1) below
we have that any complex analytic automorphism of bounded displace-
ment of G is trivial on the closure of the range exp 9 . 1In
particular any complex analytic group of type (B) has no non trivial

complex analytic a. b. d. (ef. [ 5, Theorem 10.5 ]).
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Before proving (2.1), we recall some facts about a torus. The
group of 21l characters of a torus VEE'“ defined and split over T is
the get of all group homomorphisms ¢ 3 J— GL(1). Since D, is
F-split, all the characters of VEE'“ are defined over F. Now “I"d is
isomoxrphic to GL(l)r for some matural number r, so0 we may write
for each t e, t = (a.l, see, a.r), a; € 6L(1) and take the F-
rational points T of T o be GL(1, F}*. The mappings
o, 8 T~ GL(1) defined by o'i(t) =gy, tel, di=1, ¢,

form a basis for the group of characters of V%‘q. Therefore for sach

character ¢ of T,
et

o) =TT oi(t)m(i) - T:l:-L aim(i)

i=1

for some integers m(i).

We claim that if the set {¢{(t) | t e T} is bounded (with
respect to the topology of F), then ¢(4) =1 for all % le.“{,‘.
Indeed, for each i =1, ***, , let t = (1, =++,1, ) 1,000, 1),
a; € F*, then we have ¢(t) = aim(i) and {aim(i) | e e F}
bou.nded‘. Therefore for each i =1, ***, », m(i) =1 or equiva-

lently ¢ = 1.

Proof of (2.1). First we show the only if part. Iet .o .be an P-
rational a. b, d. of G and ,&esj s then qx(&;) is again an
F=split torus. Let {vl, vee, vn} be a basis of F' consisting

n
of simultaneous eigen vectors of af 2) end w ='Zl b, v, bea
simultaneous eigen vector of T. We have for each s € o( \?ﬂ),

s(vi) = ¢i(s)vi, i=1, **v, n and for each t & O, t(w) = g(t)w
where each ¢;, 1 =1,°**, n (resp. g) 1is a character of «(T)

(I‘esp- \E?M )o
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Since « dis an a. b. d. 4 the set
(2) {a(t)t™> | tem}
has compact closure and hence so does the set
foa(t)t 73w | tem)
of transforms of w by elements of (l)l. Now for all ¢ e T,

a($) 72w = FG6TH) a6 ( 2 by v,) = B by 467N 6, (a8 v, -

Detioté by g 0 the map defined by gf'l(t) = 4(% _1) . It is easy
to see that for each i =1, s+, n, gf—l- ¢, 0a is a charvacter of

D and that for b, # 0, 4. ¢; oo is bounded on T. Hence for

b, #0, we have ;6_1- ¢; @0 =1 or #(t) = tpi( o(t) ) for all
t+ € T. Hence for all +t € T, we have
N b

6(n) = Athw = 5% b, 4, (alt) Jv; = T by a(6)(v,) = a(4) ().

Since w is an arbitrary eigen vector for t and both + and «(t)
are semi-simple, we have oat) =t for all +t e 2.
Now we show that for any unipotent element g € @, alg) = g.

For then it follows from this that o is trivial on VIL gince «
is defined over F and N is Zariski-dense in \.I.\L‘ Thus let do
be the differentisl of a and X be the nilptent matrix in M™(n, F)
such that exp X = g. Then dux{X) is again nilpotent. Since «
is an a. b. d., the set

{ a(exp tX)(exp tX)-l | t eP}l={(exp taa(X))(exp ~tX) | t e F}
has compact closure. So by (2.4), we have da(X) = X'. Hence
«(exp X) = exp dﬁ:(x) =exp X or af{g) = g Thus the only if part
and the last statement of (2.1) are proved.

To prove the if part, we show first that for any E'Ne ? ’
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g E G, [a(g)g"l,t]=1 for all % eT. Since g-l\?”g is

again a torus defined and split over ¥, we have, for all + e \"g‘,

&l g= &( §lte) = ale) Tt ale) .

and so [ale)g™,t] = 1.

Now let G =D*N and G =D+N where D is a Levi TPF-sub-
. W W W WH

group of &. . - Let v}:‘ be a minimal parabolic subgroup of qu .and
EN be a Levi F-gubgroup of \5‘. Then there exists a maximal F-
split torus § in alb such that M = Zb'(\?") and M/S8 dis compact
[ see 34 Corollary 4.16 and Proposition 9.3 ]. Hence there is a
compact set C in M such that M =CS. By a theorem of Bruhat
and Tits [ see for example 8], we have ‘H = KMK where X is
a compact subgroup of H .« Hence G=XCSKXN and for any g
in G, we have g=kecsgsk'n where Lk, k" e X, c e G, 8 € 8 and
n € N. S0
1l -1 -1.=1

8 "o

(g &L = a(ic)ale)ols)a(itYa(n) n~t k1™ i

-1 c--l k—l

a(l)a(c) salk') kt™lg

a(kck!)(kokt)?,

because o(n) =n and [a(k')k'—l, s ] = 1. Hence the set

{ae()e™d | &

complete.

G} has compact closure and the proof of (2.1} is

vl

Remark. Inthe:xdbove proof, we note that the compactness of X and C
in fact, implies that the set { a(g) g_l | g€ G} is compact and
hence closed. In particular,if x e B(G), +then the conjugacy class
I, of x in G is closed. (In general, for any x &£ G, r, is

locally closed but needs not to be closed.)
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We are now in the position to prove (2.2) 1
Recall that x & B(G) <(—> &, is an 2. b. d. of “GH It follows

from (2.1) that

B(G) = m ZG(T) sz(N).

27
As 'Zg(w and ZG(".'E), Ie 3} » are defined over F, 5o is the
VA e
subgroup

2= [ ata) [ o

and B(G) is exactly the P-rational points of 3,3 in particuler

B{(¢) is closed.

2.5 (Corollary. Let \EA be a comnected TF-group and \PN be as above.
Then VZE' is a normal F-subgroup of G, with its unipotent radical
centrael and every F-gplit torus of B is centrgal in B. If G

Wt VWA waJ
is reductive, then B is also reductive and F-anisotropic (any
F-gplit torus of B, is central in B. See 3 3.).
Proof., Since B(G) is normal in G ond since G is Bariski-dense
in VE,‘:., v}i is normal in V(il. The unipotent radical "QN of ;BM is a

normal subgroup of G contained in N and hence I:U y B ] =1.
g vl W

The rest of the corollary is obvious.

Remark. When B, is reductive, B(G) is compactly generated [3,
Theorem 13.4 ] When B, is not reductive, then in the case where
F is an p-adic field, B(G) is not compactly generated since F
and hence the rational point's-U_ of VIL is not compactly generated
while as in the case where F =R or C,» then B(@¢) is compactly
generated since in this case both the rational points of a Levi

subgroup of B(G) and U are compactly generated. In fact, B(G)
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ig compactly generated for any connected locally compact group G
[ 6, Proposition 2 ]. Though B(G) is not necessary compactly
generated for algebraic groups G, it is always an [ FD 1" group
as shown in the following corollary. (For definition of ) _]_

groups, see § 1.)

2.6 Qorollary, Let &, be a connected F -group. Then B(g) is
an L[FI]  group.
Proof. Let B be as above and B° +the connected component of B,
E— wN Y WA
then ‘yf’ ﬂ Gl{n, ¥) has finite index in B(G). Hence in view of
Lemma 1.8, we may suppose that S, is connected.

Let B =M+TU and B(G) =M+U where M is a Levi FPF-sub-

VW vl v W

group of B and U ite unipotent radical. By (2.5), U is central
in M and hence B(G)! = M'. Thus it suffices to show M e [ FD | .
To see this, we observe first that M is compactly generated |:3,
Theorem 135.4 ]. Now the G-orbits of each point of B(G) has
compact closure, in particular so does the B(G)-orbit. Hence B(G)
is an [ PG ]~ group and again the closed subgroup M of B(@) is
an [ FC 1" group. Therefore by a result of Grosser and Moskowitsz

E 9, Theorem 3%.20 :[ that the class of compactly generated [: FC 1_

groups coincides with the class of [ FD ] groups, we have M an

E D ]- group and this completes the proof of (2.6).

Proof of (2.3). ILet T be an PF-split maximal torus of & and L

be a Borel subgroup of G, that contains J, If we prove that
a(g) = g for all ge L,» then by a result of Borel L2, corollary
11.4, p.263 ], we ghall have a(g) =g Tor all g € G.

Now L =TeL where L _ is the subgroup of unipotent
Wl wa Wil W
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elements of L [2, ps244 ]. By (2.1), we have o(g) = g for all
g e VI;J and for all unipotent elements g £ & and in particular for
all g € Lu. Since a is defined over F and I-u ig Zariski~
dense in L, it follows-that a(g) =g for all g el . Thus
x(g) =g for all g € L end o is the identity mepping of G.
It is obvious that 2Z(G) ¢ B(G). To see the converse

inclusion, we note that for any x € B(G), the inner automorphism
@ of f is an F-rational &a. be d.» S0 o = id and x € Z(G).
x v x
The proof of (2.3) is complete.
Examples. For a comnected F-split group €, we know by (2.3)
that there are no non-triviel F-rational a. b. d. of & s Dut
&, may admit non-trivial non PF-rational a. b. d.. For example,
take G =G = ¢* , then G is a (Zariski) connected algebraic

Al wa Wl .

. . % .
group defined and gplit over VQN. I"he map o % 'E'.; > & defined
by ofz) =2z forall z e G is obviously an a. b, do§ but o is

- not defined over EN. However if we regard vg':( as an algebraic

over vll, i.e., as the ﬁ—rational points of the algebraic group

2 v 2 2
G = | zywee, z" +w # 0
N .
-w oz

Ten « is Re-rational and is an &a. b. d. of Cx. ¥or here G
wel ) wi

is not R-~split.
vt
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8 3 Layerings of G.

We shall use same notations as developed in g 2; For the
definition of layerings, the reader is referred to the introduction,
The main object of this section is to prove Theorem 3;1. We show
that there exist layerings of & terminating at ZG(N) and at
ﬂ ZG(T) (a’s 7 ) respectively. Then by means of the following
Lemma 3.2 adapted from [ 5 ] and the structure of B(G), we obtain

a layering of G terminating at B(G).

3«1 Theorem. Let \954 be a connected P-group. Then there oxists
2 layering of G terminating at B(G).

We prove (3.1) in a seriesa of lemmas and propogitions 1
3;2 Lemma [ 5, Lemma 2.2 ]. Let C, D be two closed J;(G)-
invariant subsets of a locally compact group G such that there
are layerings G =X, s LR e X =C and G =Yy DD ++ DY =D.

Then there exists a layering of G +that terminates with C m D.

3.3 Lemma. Let  be equipped with the topology induced by the
nerm of ¥. Then for each x ;4 0 ¢ Fr, there exists an open
neighborhcod B of =x in F* and o sequence of natural numbers

kqy £ k2 ¢ *s+ such that &(i)E are pairwise disjoint where we set

k.

3(i) = p 1 with p > 1 any natural number if F =R or @

&, and

5(i) =1/p * with p equal to the characteristic of the residue
field if F is non-euclidean.
Proof. We denote by |x| the norm of x € o Let x £ 0 & F,

then |x| £ 0. Let d be a real number such that 4 < |x|. The

set BE={x+y | yve r, lyl < d} is obviously an open neigh-
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borhood of x. Now for any x + y € B, we have

0<¢ Ixl =a < Ixl = Iyl ¢ Ix + ¥yl < Ixl + Iyl < Izl + a.
Let kl be the smallest natural number such that
k
%] +d < p X {xl - a)

where p is the characteristic of the residue field if F is non-
euclidean and p > 1 1is any natural number if F =$i‘ or éL.

FPor i ? 2, we define k:i to be the smallest natursl number
such that

pki'l( Ixi+ a) < pki( lx] - a).

Then the &(i)EB's are pairwise disjoint since

k.
sup [8(i-1) z| = [8(i-1)] sup Izl ¢ p *~1( Ix]+ &) ¢
zel zeE
k3
< p H Ix| - a) ¢ [8(i)] inf lz| = inf |8(1) zl.
zeE zelR

3.4 Proposition. Let &, be & connected F-group and ~§r be its

unipotent radical, Then there exists a layering G =X, o 5 D
e DX = ZG(N) of closed normal subgroups of G such that

for each =x € xj - X there exists a relative neighborhocod V

J+1’
of x in Xj such that V has countably mény disjoint conjugates.
Proof. Let N = NO o] Nl D T N = {1} be the central descend-
ing sequence of N. Then for each J, Nj is a closed normal sub-
group of ¢ and Nj/Nj+1 is topological isomorphic to F-  for
gome natural number . FPor each j =0, *++, m, define

Xj={st | [H,xjcmj}*;

Then we have that G =X, D X, D+ DX = zG(m) and that
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X;] [l NJ, jJ =0y ¢+, m«s 4B each Kj/ﬂ‘j is the centralizer of

NAY in eAY, so each KJ./NJ is a closed normal subgroup of

G/Na and hence each Xj ig a closed: normal subgroup of G.

We show that the subgroups }Cj provide the desired layering

of G. For j =0, ***, m~1, let x £X,— X. since [ ¥,x]

3 j+1?
is contained in I\Tj but not in N'j+l, there is an element uw e N
such that [u,x | € Nj - Nj+l. As the mapping y |l=—> [wu,v]
from Xj to Hj is continuous,: it follows that there exists a
compact relative neighborhood V of x in X,j such that

[ ' y] e NJ -NJH' for all y e V § since Xj+1 is closed, we-

may suppose further that V C Xj - qu-l'

Let ~ 38 @ — G/'Nj+l be the natural projection and
7 s Xj" —_—- (NJ)” be the continuous mapping defined by N(y~) =
Luv,y 1, ye Xj. Since (N‘j)" is topological isomorphic to
F  for some natural number r and 0(x™) # 1™, we have, by (3.3),
an open set B containing n{x~) in (Nj)” and a sequence of

natural numbers kl < k2 { ®e» guch that Eb(l) are pairwise

k. kq
disjoint, where (i) =p i if F=R or ¢ and (i) = 1/p 1

Y

otherwise. Shrink V¥V if necessary, so that (V") C B.

Let W = (w9)~ M vl ena w2 {w1/2 | wew}
(note here that W is a symmetric neighborhood of 17 in (IIj)").
Then we have
(1) for large i (iz’_io s8y) 5

T](V")a(i) . WJ'/2 pairwise disjoint.
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Indeed, since [1/28(i)} —> 0 as i —>02, W is compact and
N{¥") 4is a compact set contained in the open set B, there exists

an io such that for all i ) io’ n(v™) .Wl/Zﬁ(i) .. BE. Hence

T](T")a(i) W1/2 ¢ n(v~)e wl/26(1) )6(1) — Eb(l)

are pairwise disjoint.

We claim that for 1) i, W1 7um8(2)  one pairwise
disjoint. We observe first that every element in N has a wnique
i=-th root sinoce exp |y is a bijection. Now for any ¥y € V, since
Cu, y1 ¢ Nj+1, it is obvious that for any natural number i,
both [u, y]i and Eu,y]l/i are not in Njﬂ' $ in other
words, both ﬂ(y")i and n(y")l/ 1 are distinet from 1~.

¥ext we prove that for all y eV, i =1,2, ***, we have
(2) w4 My
(21) T S [C R o
Consider smy w, v, eN and y eV, Eul ¥ 1 € n implies that
Lo,y Cuyr,y]le ¥, nence Cw™ vy Ju,™ =w,"Cw™yJ.

Therefore for any y eV and i, k¥ =1, 2, *++, we have
(3) Cu/t, = [u M, 577
o~ 1/ (u~ k/i v -k /i 7 (g~ u~ L /i 1
- [um (DA -7,
Applying (3) i -1 +times to the product [ u” 1/1 , y"]i , we have
[ u~ 1/1 s ¥  J=Cu"y™J=2(y"), or equivalently, [ u" 1/1, v~ ]

= n(y‘“)l/ 1. Hence (2) follows. Similarly applying (3) i -1
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times to the product L[u”,y~ 1, we obtain (21},

Now suppose that there were k> i > i =~ such that
u‘f’(.l) Vu—a(i) ﬂ u&(k) Vu-b(k) # ¢ . Then there would be Y1 Yy

and .(2'), we would have
m®(i) -~ mo(k) .
/:. ‘-\___ﬁ‘.‘ T](yl ) Y‘l - n(y2 ) yz
9_{.

4:

(3 .y ~B(K SO | i ~ .
10y, ) D 0y, B oyt e @y v oy

Thus there would .’be Wl’ v, £ Wl/a such that

(i) (k)
n(yl ) (1) v, = 1(y,") ( )w2 .
This contradicts to (1). Hence the claim is proved and the proof

of (3.4) is complete.

3.5 Lemma, Let T be an F-split torus and 41 # ¢, be two

characters of E'. Then there existg a-~ 'bo € T such that the

norn” | ¢, (%) q,z(to)'l | # 1.

Proof. As mentioned in section 2, we may assume that &'A = G—L(l)r,
7 = GL(1, F)r for some natural number r and ¢i(t) = TTa.jm(l' '])
where t = (al, oee, ar) el, i=1,2 and m(i, j) are some
switable integers. Since ¢ # 4, there exists a j, 1 £ J T

such that m(1, j) # m(2, j).

Let 'to = (1, *-, 1, aj, 1, *++, 1} with a.J. e P such that

|aj| £ 1. Then obviously ¢1(t0) 45(t,) -l a.].m(l"])_m(:2 » 3) has

norm different from 1.

3+6 Proposition., Let 23" be an F-split torus of V(i'. Then for
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any x £ G - ZG(T), there exists a compact neighborhood V of x
guch thet VvV C & — ZG(‘I‘) and V has countably many disjoint

conjugates.

P‘:eoof.;S:‘Lrlc:evgN is a. torus defined and split over P, there exisis
a basis vy, +++y v, Of F' such that tv;) =4;(8) vy, tel,

i=1, ***, n where each l.bi is a character of a['ﬂ. For each

n
x e G, we have x(vi) = 3 g 3750 i=1, ***, n, where each

J=1
xij is a function defined over TP and xij IG is continuous.
Now
X € ZG(T) =ZG(T) (= (xt)ij = (tx)ij, teT, 1<1i, j¢n
=t 3 q’i(‘b) = ¢j(t) x5
(=> x5 5" 0 or xij;!o and &, =¢j.
Therefore

x & 6 —2(T) ¢<=>3 i, j such that xij;!o and ¢i;é¢j
So if we set J =¢{(i,3)] 1¢i, j<nm q»i;!apj} © and

U, . ={xe6| x,. £0}, then it 'is obvious that each T,

ij iJ J

is an open get in G and that
G-—-ZG(T)=U{Uij | (i, 3) €J}.
Now let x e G — ZG(T), then there exists (i, j) £ J such
that x £ T, 3¢ Por this fixed (i, j), let V be a compact
neighblrhood of x in G such that V C Ui;j' Let ¢, ct be

such thst
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0<c=min |x, .| & max Ix; .| =ct.
xeV xeV J

since ¢, # tl:j, it follows from (3.5) that there exists a % €T
-1
guch that |¢i(to) d,vj('bo) | =2 £1 . Also for any t € I, end
any integer k, we_have
k_ .=k X -k _ e far=lnk
and in particular, we have

|4 &
[s]

xt _kl = a" |x. .} .
o ij

So if we pick an integer k such that akc > ¢t , then the

~ gseguence of conjugates Vm = tomk‘\fto-mk are pairwise disjoint
since
min |x, .l = s.(m”')kc > amkc' = max |x, .| .
m+l m

3.7 Proposition. Let &N be a connected F-group. Then

G C:m ZG(‘I') (m

!

€] ) is a 1l-layering of G.

Proof, We recall that [ | 2(7) ( 2,6 ) is a closed normal
subgroup of #. FNow for any x € G — n ZG(T), there exists a
De °7 such that x e 6 — ZG(T). Hence it is easy to see that

4

the proposition follows from (3.6).
It is now clear that (3.1) follows from (3.2), (3.4) and (3.7).

Remark. In the proof of (3.4), if we define
XJ. ={xec|] [N,alx)]C N, « e}
where 65 denctes the group of all F-rational a. b. de of &N,

then it cen be shown that G =Xy D *** DX = ZG(N) is a

layering of G with the additional propertity that +the Xj's are
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@) -invariant. 4lso the l-layering ¢ D ﬂ ZG(T) (&s 7))
is @-invaris.nt. Hence we can cobtain a 0?; =invariant layering

of ¢ terminating at B(G).

§ 4 Applications.

We use same notations as developed in ‘the previous sections.
Recall that 3a § 1 we investigated when Z,(H) is an L]
group if H is a generalized uniform subgroup of a locally compact
group G . We mow that in many cases ZG(H) isan [P ] group
(for instance when @ is locally connected), but ZG(H) fails to
be an [ 7 ]  group for a certain totally disconnected group G .
We are now in a position to give a class of totally disconnected
groups G , namely the c¢lass of p-adic algebraic groups, for

which ZG(H) is an [ ]  group (see (4.4) below).

Recall that a measure JA on a locally compact group G is
said to be central if M is J(6)-inveriant, i.e., if
M(axA) = M(4). for all a € S(G) and all Borel sets A in G.

We have the following results ¢

4.1 Theorem. Let vgq be a connected F -group. Then any finite

central measure on G is supported on B(G).

4.2 Theorem. Let ‘S‘L be a connected F-group and E a generalized
uniform subgroup of G such that H 1is a centralizer Gx of some

x € G . Then G/H is compact.
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4¢3 Theorem. Let 'Sv be a commected F-group and H a generalized

uniform subgroup of G. Then ZG(H) isan [P} group.

A1l these theorems prove analogous results of Greenleaf-
Moskowitz-Rothschild for connected locally compact groups and real
enalytic groups. When F =R, (4.2) is also a(slightly general~-
ized) result of a particular case of & theorem of Mostow [:16,
Theorem 7.1,] which states that if G is a connected Lie group and
H a generalized uniform subgroup of G with finitely many

connected components, then G/H is compact.

Making use of (3.1) and a simple induction argument would
yield (4.1) and so we omit the proof here (the reader may also refer

to [ 51).

Before proving (4;.2), we recall some facts in harmonic
analysis. Let &i be a commected PF-group and G its F-rational
points. 8Since F is o-compact, it follows that G and the
conjugate class Px of x € G are o-compact. As G/'Cx and Px
are standard Borel spaces, the canonical bijection T :G/bx " Px
is a continuous Borel isomorphism. PFurthermore, M 1is eqguivariant
with respect to the left transleation of & on G/’Cx and the action
of 9(&) on T . Thus (finite).left. invarient measure on G/bx
can be transferred to (finite) + §(G)~invariant measure on r, and
vise versa. The latter measure can be regarded as central measure

on G . supporied-on Px'

Proof. of (4.2). Since G/Cx adnits a finite invariant measure M,

wve may regard M a5 a finite central measure on G supported on
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I,+ Hence xel B(G) and therefore r_ is compact (see
remark on p.29). Applying the following lemma from [ 6], we have

G/cx compact.

Lemma, [ 6, Lemma 1 ]. Let G be a locally compact group, then

G/cx is compact if and only if T_ is compact.

Proof of (4.3). Since B(G) is an [ FD 1~ group (Corollary 2.6)

and since any closed subgroup of an EFD :[_ group is again an
EED 1- group, the proof of (4.3) will be complete if we establish

the following proposition.

4.4 Proposition. Let \E‘L be a connected ¥F-group and H =&

‘generalized uniform subgroup of G, then ZG(H) c 'B(G)‘.
Proof. Let x € Z,(H). Then H C G _ and it follows from Lemma F
in §1 +that G/Cx admits a finite invariant measure'. Hence, as
in the proof of (4.2), we have x ¢ r. < B(G) and so the

proposition is established.

As an immediate consequence of {4.4), we have the following 3
4.5 Corollaty. Suppose that ‘5:4 is a connected F-group such
that B(G) = Z2(¢) =and H & generalized uniform subgroup of G.

Then ZG(H) = 2(G).
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