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ABSTRACT

THE MIXED MODE FRACTURE OF FUNCTIONALLY 

GRADED MATERIALS

by

Xiang Long

Adviser: Professor Feridun Delale

The newly developed functionally graded materials (FGMs) may have wide 

technological applications. These materials are designed in a way that combines beneficial 

mechanical and strength properties o f different materials to create some new materials 

useful in practice. The composition and hence the properties of FGMs vary spatially, which 

make them suitable for specific requirements encountered in engineering applications.

Some crack problems in FGMs have been solved during the past decade, but most 

of these studies are limited to semi-infinite or infinite domains and symmetric problems. In 

this thesis, the more general problem of an arbitrarily oriented crack in a FGM layer is 

investigated. Specifically the stress intensity factors and crack opening displacements for a 

functionally graded layer bonded to a substrate are studied analytically. Variable 

mechanical loads are applied to make it more general.

The problem will be formulated in terms of a system of singular integral equations, 

which can be solved numerically. The stress intensity factors at the crack tips are
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computed. A complete parametric study, by varying both the geometric and material 

parameters, is conducted. When possible, results are compared to existing experimental 

data and other numerical results.

It is believed that the information obtained through this study will provide a solid 

foundation for further theoretical studies using the singular integral equation approach to 

fracture problems in advanced composites.
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1

Chapter 1 Introduction

In the recent past, there has been a strong increase in interest in Functionally 

Graded Materials (FGMs). FGMs are multiphase composite materials whose composition, 

microstructure and properties vary gradually. They can be tailored to meet the rigorous 

requirements encountered in practice through the design of their constituents. The materials 

are synthesized in a way that combines the desirable characteristics of each o f the 

constituents. FGMs have great potential for applications in safety-critical structures such as 

nuclear fusion, aircraft fuselages, microelectronic devices and biomaterials, but the greatest 

area of focus and initial emphasis appear to be in thermal barrier protection for turbines 

engines, etc. in high temperature environments.

FGMs are unique, from the viewpoint o f mechanics, because their mechanical 

properties vary spatially. This distinctive feature that makes FGMs such promising 

candidates for advanced technological applications, happens to create enormous difficulties 

for those who want to analytically study the fracture behavior of FGMs. It is well known 

that if  the mechanical properties of the material are not constant, the governing elasticity 

equations become partial differential equations with variable coefficients, which complicate 

the analysis significantly. Except for a few idealized cases, most crack problems for FGMs 

are not amenable to analytical treatments because of their intrinsic complexities. Some 

crack problems in FGMs have been solved in the past decade, but most o f them are limited 

to semi-infinite or infinite domains, simple load cases and certain assumed crack 

orientations, notably cracks perpendicular or parallel to the direction along which material 

property varies. The more general problem of crack propagation o f an arbitrarily oriented
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crack in a FGM layer does not appear to have been studied. In this thesis, a series of 

theoretical studies are carried out to determine the stress intensity factors and crack opening 

displacements for cracks in FGMs, leading to fracture studies under various loading 

conditions. Here, analytical expressions for stress intensity factors o f mixed-mode cracks in 

a strip have been derived for the first time. A parametric study, by varying both the 

geometric and material parameters, is conducted based on these analytical expressions.

It is believed that the fracture analysis proposed in this study will lead to a better 

design of FGMs and lay a solid foundation for further theoretical studies of crack problems 

in FGMs and other advanced composite materials.

1.1 Functionally Graded Materials and Thermal Barrier Coatings

The idea o f Functionally Graded Materials initially came from the need o f more 

efficient combustion process in many high temperature aerospace applications such as 

turbines, compressors and combustion chambers. Temperatures in these structures can go 

extremely high (up to 1800°C in the combustion chamber [11]). It seems that no simple 

metal or alloy material can withstand these temperatures and at the same time have enough 

strength and toughness to meet the design requirements. Thus, the use of structural 

ceramics to protect the hot sections becomes almost a necessity. Conventional thermal 

barrier coatings (TBCs) consist of a ceramic layer bonded to a metal substrate. Ceramics 

can withstand higher temperatures than metals, and consequently, a higher temperature 

achieved inside the engine chamber leads to a more efficient combustion process. However, 

conventional thermal barrier coatings are prone to fracture because of the brittle nature of 

ceramics and the thermal stresses generated due to the mismatch in thermal expansion
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coefficients between the ceramic coating and the metal substrate. Tne fracture modes may 

vary depending on the thermal and mechanical loads, and also the manufacturing process, 

but thermo-mechanical stresses and mismatch in thermal-mechanical properties always 

play important roles in the failure o f TBCs. An effective thermal barrier coating that can 

sustain very high temperatures, must be chemically compatible with the metallic substrate 

so that bonding can be achieved to have enough toughness to resist cracking and crack 

propagation. Obviously, pure ceramic coatings cannot satisfy all these demands 

simultaneously, thus comes the need for thermal barrier coatings made o f Functionally 

Graded Materials.

The name of Functionally Graded Materials (FGMs) was first coined by Japanese 

materials scientists in the Sendai area in 1984 as a means of manufacturing thermal barrier 

coating materials. Unlike conventional composite materials, which are macroscopically 

homogeneous while microscopically inhomogeneous because of the coexistence o f two 

different phases, FGMs are essentially two-phase particulate composites that are 

inhomogeneous macroscopically and microscopically. Most FGMs are made from 

ceramics and metals. Ceramics provide thermal and corrosion resistance o f the final 

materials while metals provide the necessary mechanical toughness and heat conductivity. 

The volume fractions of the constituents in a FGM usually vary continuously from 100% 

ceramic at the surface to 0% near the interface continuously. The conditions for both high 

temperature and high toughness can then be met simultaneously.

Though the concept of FGMs is relatively new, these kinds of materials have 

existed in nature for a long time and used widely in engineering practice. For example,
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many of the structures of living organisms, such as tree stems or human and animal bones 

are all some sort o f FGMs in nature [79]. Another interesting example is the interfacial 

regions created from the bonding process, such as cladding or welding o f dissimilar 

materials. Regardless o f the mechanism of the binding process, there always exists an 

interfacial zone between two bonded materials. In an interfacial region, the volume 

concentration o f different materials changes gradually because o f interdiffusion, thus 

making this region a perfect example o f FGM. The existence of the interfacial areas was 

the initial driving force o f the earlier fracture studies in nonhomogeneous materials before 

the idea of FGMs came into being. Those earlier works which will be discussed in the latter 

part o f this chapter contribute significantly to the study o f  FGMs 

[19,21,22,23,30,35,36,37,68,78],

Recent advances in the analysis, design and fabrication o f FGMs have marked the 

beginning of a revolution in materials science, as they have opened the door to tailor a 

material at the microstructural level for the specific performance requirements o f an 

intended environment. Although the development of FGMs is still at a rather early stage, 

gradation in many materials may be achieved through the addition o f particles or fibers 

during the manufacturing process. The methods most often used to fabricate FGMs include 

thermal spraying, powdered metal sintering, chemical vapor deposition (CVD), physical 

vapor deposition, combustion synthesis, thermo-chemical diffusion treatments, 

sedimentation and self-propagating high-temperature synthesis [65,70,71,87,90]. More 

manufacturing methods are currently being developed.
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1.2 Macromechanical Analysis o f FGMs

One of the main reasons o f developing FGMs is to avoid the problems associated 

with the low toughness of many ceramics. Thus, the fracture behavior of FGMs is 

extremely important. The mechanical analysis in functionally graded thermal barrier 

coatings can be done at the microstructural or macroscopic level.

At the microstructural level, the main task is to propose efficient models to 

determine effective thermal-mechanical properties based on constituent material volume 

fractions, properties and microstructures. On this subject, one may cite the excellent work 

o f Aboudi, Arnold and Pindera [1,2,3,4,5,6,7,81,82,83,84,85], In a series of papers, they 

have dealt with the microstructural theory for the analysis o f functionally graded materials, 

and have developed a higher-order theory that explicitly couples the microstructure o f the 

material with structural global analysis.

At the macromechanical level, the microstructural details are expressed by 

assuming that the material is nonhomogeneous and that the properties have a spatial 

variation. In one o f the early papers on nonhomogeneous materials [21], it was shown that 

if  the elastic constants vary exponentially, then the governing elasticity equation can be 

reduced to a partial differential equation with constant coefficients. The basic equations for 

plane mechanical fracture problems in FGMs will be given below.

From the theory of elasticity, the two-dimensional field equations of FGMs can be 

expressed by the Navier’s equations:
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(1)

where u and v are the displacement components in the x  and y  directions 

respectively. We assume an exponential variation in x for the Young’s modulus as:

where f  is a material constant describing the nonhomogeneity of the material.

The Poisson’s ratio v , has little effect on the stress intensity factors near the crack 

tips [21], thus, it is assumed as constant.

In equation (1)

Based on these basic equations, many fracture problems with different geometries 

and loadings in functionally graded materials have been studied. To make the problem 

mathematically tractable, most problems considered are either plane stress, plane strain, or 

axisymmetric. The loadings are in-plane mechanical, anti-plane shear or in some cases 

thermal. The crack orientation may be parallel or perpendicular to the free surfaces or along 

the interfaces. The geometry of most problems is limited to infinite or semi-infinite 

domains. In this thesis, the general problem of an arbitrarily oriented crack in a FGM strip 

on a homogeneous substrate is studied.

(2)

fo r  plane strain problems 

fo r  plane stress problems (3)
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1.3 Review of Previous Work

Many researchers have been concerned with solving crack problems in FGM media. 

Erdogan and his coworkers pioneered in theoretical analysis o f fracture mechanics of 

FGMs. They have solved some basic problems for cracks in FGMs under different 

mechanical and thermal loadings. An excellent review was given by Erdogan in 1995 [31], 

which summarized the most important fracture results of FGMs until that time. As more 

analytical and experimental results are being reported, it is almost impossible to give an 

exhaustive review of all the related studies. A short review will be given here, with its 

focus limited on important studies and results directly relevant to the present research.

1.3.1 Analytical Studies o f  a Single Crack in Single Phase Media

Before the concept of FGM was introduced, several researchers had investigated 

crack problems in nonhomogeneous media in which mechanical properties vary 

continuously with the spatial coordinates. From the viewpoint of fracture mechanics, FGMs 

are materials with inhomogeneous mechanical properties, thus these analytical works on 

modeling such materials laid important bases for studying the fracture behavior of FGMs.

Among the many mixed boundary value problems in nonhomogeneous materials, 

problems dealing with a single crack in an infinite plate under antiplane share are relatively 

simple. Not surprisingly, these problems were solved first. In two papers published in 1978 

(Clements et al [18] and Dhaliwal and Singh [24]), antiplane shear crack problems were 

considered in a nonhomogeneous media. In [18], the Young’s moduli were restricted to 

those enabling the displacements and stresses to be written in terms of a harmonic function.
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In [24], the Young’s modulus of the material was assumed in the form of 

E(x,  y ) = E 0e{â ^ ŷ  with the crack at y  = 0 .

In practice, mode III crack problems are not of great interest in themselves. Mode /  

cracks are far more common. Mode I  problems were first considered by Rogers and 

Clements using Bergman’s integral operator in [88], under a rather restrictive if  not 

unrealistic assumption that the Poisson’s ratio for the material was v = 0.5 , i.e., the 

material was incompressible. Gerasoulis and Srivastav [41] studied a Griffith crack 

problem for a nonhomogeneous medium, with the Young’s modulus assumed as 

En
E  = -

1 + c
c > 0.

E(x)

Fig. 1. Geometry o f problem in Ref. [21]

In perhaps one o f the most important papers in this area (Delale and Erdogan [21]), 

the relatively more complicated mode /  crack problem was studied. The Young’s modulus 

varied exponentially in the direction parallel to the crack as E(x) -  E ^  in an infinite 

plate, with the crack located on the y  = 0 plane (Fig. 1). Like most of the studies 

mentioned in the foregoing and latter, the Poisson’s ratio was assumed to be constant and 

the material was isotropic. The mixed boundary value problem was reduced to a singular
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integral equation with a Cauchy type kernel, and the stress intensity factors and crack 

surface displacements were determined for a variety o f loading cases. It was shown that as 

for homogeneous materials, the crack-tip stresses have the conventional square-root 

singularity, making the stress intensity factor concept well defined. One of the most 

important conclusions in this paper is that the effect o f the Poisson’s ratio on the stress 

intensity factors is negligible, and thus, it was invariably assumed to be a constant in 

subsequent studies [21].

The same geometry was investigated again by Schovanec [91], with the Young’s 

modulus varying perpendicular to the crack. Symmetry was imposed by assuming the

Young’s modulus as E(y)  = E0e^ . In both studies, stress intensity factors were found to

be affected significantly by the nonhomogeneity of the material.

The aforementioned analyses of crack problems concluded that the standard square 

root singularity at the crack tips is maintained if the material parameters are continuous and 

differentiable. In a brief note published in 1994 [53], Jin and Noda studied singular stress 

and heat flux fields at the tip of the crack in a general nonhomogeneous material. It was 

found that the crack-tip field singularities and angular distributions are identical to those in 

the homogeneous material provided that the properties o f the material are continuous and 

piecewise differentiable [53]. Hence, the stress intensity factor concept is still valid in these 

cases.
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Fig. 2. Geometry o f problem in Ref. [59]______________________

Most studies in the foregoing dealt with Mode /  or Mode ///problem s only. Konda 

and Erdogan first tried to solve a more general case of mixed mode crack problem in FGMs 

[59]. The problem studied was an arbitrarily oriented crack in an infinite nonhomogeneous 

medium (Fig. 2). Again, the Young’s modulus was assumed to be varying exponentially 

and the Poisson’s ratio was constant. Although the solution was given only for infinite 

domains, which greatly limited its practical importance, it is still unique in that it was the 

first time that a mixed-mode crack problem for FGMs had been solved analytically.

Konda and Erdogan’s work [59] somehow completed the research of single crack 

problems in infinite domain under plane strain or generalized plan stress conditions. Wu 

and Erdogan took another step in [39], by solving the mode /  crack problem in a FGM strip. 

Unlike previous studies that deal mostly with unbounded media, the geometry of this 

problem was an internal or surface crack in a strip with finite width (Fig. 3). The crack was 

perpendicular to the boundaries of the plate, and the Young’s modulus was given by

£(*) = V -
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E(x)

Fig. 3. Geometry o f problem in Ref. [39]

The mode /  crack parallel to the boundary of an infinite strip was solved by El- 

Borgi et al. [28], with the Young’s modulus varying exponentially in an arbitrary direction 

(Fig. 4).

E(x,)

Fig. 4. Geometry o f problem in Ref. [28]

1.3.2 Analytical Studies o f  Cracks in Bonded Plates

While some researchers focused on single crack problems in single-phase media, 

others solved crack problems in bonded plates. These problems first arose in investigating 

the interfacial zone between two dissimilar materials.

It appears that the problem of a crack between two bonded plates of 

nonhomogeneous materials was first studied by Delale [19]. The problem dealt with a
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crack between two dissimilar nonhomogeneous half planes subjected to anti-plane shear 

loadings. The crack was located along the interface of these two half-planes (Fig. 5). The 

shear moduli were assumed to vary exponentially with the spatial coordinates. That 

geometry with different loading (plane stress or plane strain) was reconsidered in [22] by 

Delale and Erdogan, with particular interest on the singular nature and the angular 

distribution of the stress state around the crack tips. It was concluded that “if  the material 

parameters are continuous functions with continuous derivatives”, “the asymptotic 

behavior o f the stress state around a crack tip is identical to that o f a homogeneous 

medium” [22].

A X

Fig. 5. Geometry o f problems in Ref. [19] and [22]

Chen and Erdogan studied the Mode I  crack along the interface of a 

nonhomogeneous coating and a homogeneous strip [13]. In their study, the thickness of 

coating and the homogeneous substrate were finite (with only layer 1 and layer 2 in Fig. 6). 

The shear modulus of the nonhomogeneous layer was assumed as an exponential function 

of x (perpendicular to the crack surface). This problem was further considered later by
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Shbeeb and Binienda [93] with one more homogeneous layer added on top of the FGM 

layer (Fig. 6).

Fig. 6. Geometry of problems in Ref. [93] and [13]

Erdogan also investigated a crack in a nonhomogeneous half-plane bonded to 

another half-plane under anti-plane shear loading [30]. The crack was located in one half­

plane, perpendicular to the interface (Fig. 7). The shear moduli of both planes were 

assumed as exponential functions of x (parallel to the crack line). As in [19], the loading 

was also antiplane shear, which greatly simplified the analysis, but reduced the practical 

importance of the problem.
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AX

Fig. 7. Geometry o f problem in Ref. [30]

In [23], Delale and Erdogan studied a crack in the interfacial region o f two bonded 

half-planes. The interfacial region of the bonded homogeneous half-planes was modeled as 

a nonhomogeneous layer of constant thickness. The crack was located parallel to the 

interface at an arbitrary position in the layer (Fig. 8). The shear modulus in the layer was 

assumed to vary exponentially in the direction perpendicular to the crack.

From these studies on bonded dissimilar materials through a nonhomogeneous 

layer, it can be observed that if the crack is along the material interface, the square-root 

behavior of the stress singularity remains unaffected. In a short note by Schovanec and 

Walton [92], it was further demonstrated that when the crack tip terminates at the 

interfacial line, the normal square-root behavior will also be maintained, despite the 

discontinuity of the derivatives of elastic moduli along such zones. This result validates the 

definition of stress intensity factors in these cases.
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Fig. 8. Geometry o f  problem in Ref. [23]

Fig. 9. Geometry o f problem in Ref. [36]

Erdogan et al tried to solve the crack problem in [30] under mode I  loading 

conditions [35] (see Fig. 7). To make the problem more tractable, the half plane containing 

the crack was assumed as homogeneous, and its shear modulus was given by /r, = ju0. The

second half-plane was nonhomogeneous with the shear modulus given as ju2(x) = jdaepx. 

In another paper published the same year by the same researchers [36], the mode III crack 

problem in two bonded homogeneous half planes with a nonhomogeneous interfacial zone 

was studied. The cracks were located in both the homogeneous half-planes and the
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interfacial zone (Fig. 9), and were all perpendicular to the interface. Again, the assumption 

that the cracks were under mode III deformations made this problem easier to solve, yet 

greatly diminished its applicability. It should be noted that in both papers, the stress states 

were found to have the standard square root singularity.

The mode /  problem for a more complicated geometry o f bonded layers was studied 

by Choi in [15]. The crack was located in a homogeneous semi-infinite substrate that was 

bonded to a surface layer through a nonhomogeneous interfacial layer. The crack was 

perpendicular to the nominal interface (Fig. 10). In another paper published in 2001 [17], 

Choi investigated the mode I  crack in the same geometry but at an arbitrary angle to the 

graded interfacial zone, instead of perpendicular to it. Ueda studied a similar problem, by 

restricting the substrate to a finite thickness (layer 3 in Fig. 10) [95].

Fig. 10. Geometry of problems in Ref. [15] and [95]

1.3.3 Experimental Investigations on Fracture o f  FGMs

In contrast to a growing body of analytical work on the fracture mechanics of 

FGMs, there is a relative scarcity of experimental research on this topic. This is primarily 

due to the difficulties of fabricating FGM specimens suitable for laboratory testing and the
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paucity of efficient methods to measure the fracture parameters o f FGMs. Optical 

measurements of crack tip deformation in FGMs which were done by Tippur, Rousseau, 

Marur and Butcher were reported in a series of papers [12,69,89]. Hill and Carpenter 

constructed the K R-curve for a layered ceramic-metallic FGM [46]. Li and Lambros [67] 

studied Mode I  edge crack problems in a strip. The results were compared with Erdogan 

and Wu’s theoretical work [39], and satisfactory agreement was noted. From this short 

survey it is clear that far more experimental data are needed to ascertain the usefulness of 

the theoretical studies.

1.3.4 Numerical Studies o f  Fracture Problems in FGMs

Another method to tackle the fracture problems of FGM is to study the near-tip 

fields for a crack numerically. Most of these studies relied on the Finite Element Method 

(FEM) [8,9,10,25,26,27,43,44,47,56,58,66,69]. For example, Dolbow and Gosz [26] 

computed mixed-mode stress intensity factors at the tips of arbitrarily oriented cracks in 

FGM, and the results were compared with the analytical solutions presented by Konda and 

Erdogan in [59]. Good agreement was reported. In [58], Kim and Paulino gave a rather 

general finite element modeling of fracture in FGMs, with many interesting numerical 

results reported in papers. Some of these results are used for comparison with the results 

obtained in this study.

From all of the studies mentioned above, we can conclude the following:

1. Most problems considered in the literature dealt with infinite or semi- 

infinite planes, studies on FGM strip problems are rather limited.
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2. The crack is usually parallel or perpendicular to the boundary o f  the plate. 

The material properties are also assumed to vary in the direction 

perpendicular or parallel to the crack line.

3. No arbitrarily oriented crack in a FGM strip has been systematically studied. 

The only problem that has been investigated is a crack in a strip 

perpendicular to the boundary, which was done by Erdogan and Wu [39], 

The rather general mixed-mode crack problem was considered by Konda 

and Erdogan [59], but in an infinite domain. El-Borgi et al. solved the mode 

I  crack problem for a crack in a FGM strip with the material properties 

varying in an arbitrary direction [28], but the crack was assumed parallel to 

the boundary, which greatly limited its technical importance.

4. For bonded layers, in most problems, the cracks are located in the 

homogeneous layer. For the problem of an arbitrarily oriented crack in a 

FGM coating bonded to a substrate, which is of great technical interest, no 

solution exists in the literature.

It is worthwhile to point out that in a Ph.D. thesis by Zhao [96], the crack problem 

in a FGM strip and a FGM strip bonded to a homogeneous substrate has been studied. 

Again, the crack was assumed to be perpendicular to the boundary.

1.4 The Singular Integral Equation Method Used in this Study

Most crack problems in FGMs are mixed boundary value problems. 

Mathematically, a linear elliptic partial differential equation (PDE) with suitable boundary 

conditions, such as Dirichlet, Neumann, or mixed type boundary condition can usually be
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recast into a system of singular integral equations, by inverting the elliptic operator 

properly.

This is usually done by either using Fourier transform, calculating the wave 

numbers as the function o f the eigenvalues, and then using the inverse Fourier transform, or 

by using a Green's function corresponding to the chosen boundary condition, and using 

Galerkin's approximation. Either way, the formulation leads to a system o f singular integral 

equations such as:

v = F(v) = ^  k(x, y)v{y)dy  (4)

where the kernel k(x,  y)  is a symmetric function with a singularity in the form of 

jx -  y \'', with r < 0. Here, Q is the domain under investigation.

Then the singular integral equation (4) can be solved using one of the well- 

developed algorithms (such as FFT, the spectral method, quadrature method or Galerkin’s 

method).

Erdogan [29] has written an excellent article on mixed boundary value problems. 

The article describes the most general mixed boundary value problems in fracture 

mechanics and explains the methods to reduce them to singular integral equations. 

Particular interest is given to the numerical methods to solve the resulting singular integral 

equations. Another intriguing review on integral equations in crack problems was written 

by Chen [14]. In it, the integral equation methods for crack problems in plane elasticity are 

discussed, with special emphasis on how to formulate Fredholm integral equations. Here a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

brief discussion of the singular integral equation method used to study the crack problems 

in this project is summarized below.

In this study, the crack surface displacements are defined as density functions. The

where g(t)is the density function, k{x, t) is a known regular Fredholm kernel and 

p(x)  is a prescribed function. Equation (5) is usually described as the generalized airfoil 

equation (GAE), since when k(x, t) = 0 ,  it reduces to the generalized airfoil equation 

modeling the flow around a slender airfoil [42,86]. One feature of this equation that needs 

to be pointed out is that the solution of this equation will always have singularities at 

x  — ±1 [42,80].

Since closed form solutions to most Cauchy-type Singular Integral Equations 

(CSIEs) are generally not available, intense research efforts were spent to develop 

numerical solutions. Over the past thirty years, substantial progress has been made in 

developing numerical solutions to CSIEs. The most developed methods to numerically 

solve equation (5) are quadrature and polynomial collocation methods [42].

Quadrature methods approximate both singular and regular integrals by numerical 

integration, and thus reducing them to a system o f linear algebraic equations. The Gauss- 

Chebyshev quadrature method was first developed by Erdogan and Gupta [33], and then

Fourier transform method is used to convert the Navier’s equations into a system of

Integral Equations with Cauchy type singularity in the form:

f —  g(t)dt  + |  k(x, t)g{t)dt = p{x)
•H f   y

- 1 < x < 1 (5)
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further refined in a series of papers by Erdogan and his associates [29,33,34]. The method 

was used to solve crack problems in half-planes or strips [21,32,45]. Ioakimidis and his co­

workers refined these methods by introducing the Lobato-Chebyshev method, to achieve 

higher accuracy with less computation [48,49,50,51,94], Krenk also contributed to the 

same methods and used them to solve a variety o f crack problems [60,61,62,63,64].

Polynomial collocation methods, or polynomial expansion methods, are closely 

related to quadrature methods. Most theories about quadrature methods are also useful for 

collocation methods. Collocation methods are based on the expansion o f the solution in 

terms of certain orthogonal polynomials, usually Jacobi polynomials. The singular integral 

equations are then reduced to an infinite system of linear algebraic equations. In this study, 

due to the nature of the integral equations, we used the Lobatto-Chebyshev collocation 

technique in solving the singular integral equations.
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Chapter 2 Preliminary Research on Internal or Edge 

Crack in a FGM Strip

In this chapter, the mode /  crack problem solved by Erdogan and Wu [39] will be 

reinvestigated as preparation for the mixed-mode crack problem in a FGM strip that will be 

studied in the next chapter.

The problem studied here is a FGM strip containing an internal or edge crack 

perpendicular to the boundary of the strip. To make the problem mathematically tractable, 

it is treated as a plane strain or generalized plane stress problem. All loadings are 

perpendicular to the plane of the crack. The shear modulus o f the material varies in 

exponential form along the direction of the crack line (Fig. 3). As it was pointed out in 

chapter 1, the effect of the Poisson’s ratio on the stress intensity factors is rather negligible 

[21], thus, it is assumed to be constant (taken as 0.3 in the numerical calculations).

This same problem was also studied by Zhao in his Ph. D. thesis [96] and different 

results were obtained. Since this problem is a special case of the problem studied in the 

next chapter, it will serve as a benchmark test for the results to be obtained later, and thus, 

it is necessary to resolve the discrepancy between the two solutions.

The methods used by the authors are identical. To compare the results the same 

procedure will be followed here. That is, the Navier’s equation will be reduced to a CSIE 

using Fourier Transform, and solved numerically using the Lobatto-Chebyshev collocation 

method. The stress intensity factors will then be calculated numerically.
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As this problem is only studied for the sake of comparison, thorough parametric 

studies will not be carried out here. Yet, from results obtained in this study, we conclude 

that the results given by Erdogan and Wu are more reliable and will be used as benchmark 

in the next chapter.

2.1 The Formulation

Consider the plane elastostatic problem whose geometry was described in Fig 3. 

The FGM strip has a thickness o f h . The external loads are assumed symmetrical with 

respect to the plane of the crack. The Young’s modulus is given by

E  = E0e *  (6)

where (3 is a material constant. The governing equations for the medium are:

d2u 1n32m _ d2v du dv
—y  + (k  -1 )  —y  + 2 ——■ + fi(te + 1) —  + /?(3 - k ) —  
ox dy dxdy ox dy

7 (7). . . f l v  d v  d u  a . . . . d v  du. n( ^ - 1) t t  + (^ + 1)^ T  + 2 — + /?(^-l)(— + —) = 0
ox'  dy dxdy dx dy

where u and v are the displacements in x  and y  directions. For plane strain problems, 

k  = 3 -  4v  and for plane stress problems, k  = (3 -  v)  /(I + v ) .

Considering the symmetry and regularity conditions, the solution o f equation 7 may 

be expressed in the form of:

u(x ,y )  = —  f  f ](y,a)e~,CKd a  + — f / 2( x , a ) cosayda  
2n  k

1 2  (8) 
V(^ T )  = —  f  g l(y,a)e~i“ d a  + — [g2{x,cc)smaydcc 

2 n  ^  n  *
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Substituting equations (8) into equations (7), and assuming g, (y ,a )  = D(a)eny and 

f x (y, a) = F{a)eny, we obtain the following relationship between F (a )  and D {a ) :

[f3(K-\)-2icc]n (9)

leading to the following characteristic equation: 

n A - ( y 2 +2iaJ3 + 2 a 2)n2 +(a  + ijB)2a 2 = 0  (10)

The roots of equation (10) are:

^  — -\jy2 +4 ( a 2 + ifia)nx = - n .
1 4 2 2

n2 = - n 3 = \  \  ylr2 + 4 {cr + if3a)
( 1 1 )

where y  = f3^](3 -  k ) /(I + k ) . Thus, we can rewrite g, (y, a)  and f x (y, a)  as: 

( y ,a )  = ' Z D J(cc)eniy

(12)
f ( y , a )  = Y j mj DJ(a)e"iy

j

where

(k  -  \ ) {a2 + ia(3) ~ { k  + Y)n . .
m, = --------------------------- — , j - 1,...,4 (13)

[{3(k  - 1) -  2ia]n

Similarly, we have:
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*i
& (*>«) = Z  4 - ( a ) * ''

j

4

f 2( x ,a )  = ' £ q JAj (a)e P j X

P ^ = - ^ - ^ / 3 2 + 4 a 2 +4iya  

p 2 = - ^ - ^ / 3 2 + 4 a 2 - 4 i y a  

3̂ = - y  + j V ^ 2 + 4 a 2 +4iya

p< = - y  + ^ V ^ 2 + 4 a 2 - 4 i y a

( 14)

(K -Y & p  + P )Pj - ( K  + \ )a  .
Vj =  -------77-----77-------- > J =1»-»4 (15)a 2p , + y 0 (?c -l)

(16)

Using Hooke’s law, the stresses can be written as:

<7,  --------- [ (1  +  k )  —  +  ( j  -  7C) —  ]
a : — 1 o r  5 y

G  , . d v  ._ , 5w n
ex =  -[( i + A) — + ( 3 - / r ) — ] (17)

k -  1 d y  e tc

5 v  5 m  
r n, =  G (—  + — ).ty \  /

o x : d y

where G is the shear modulus o f the material.

The boundary conditions of the problems can be expressed as:
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c* (0,;0  = 0, ^ ( 0,;/) = 0, 0 < y  < oo (a)
<7x(h,y)  = 0,rxy(h ,y )  = 0, 0 < y  < oo (b)
rxy(x,0) = 0, 0 < x < h (c)

a y(x,0) = p(x) , a < x  <b (d)

v(x,0) = 0, 0 < x < a , b < x < h (e)

(18)

where p ( x ) is a known surface traction.

For the stresses to vanish as y  -»  oo, one must have:

D3 (a)  = 0, DA(a)  = 0 (19)

Thus equations (12) become:

(20)
gx{y,a)  = Y JDj{ a ) en‘y

j

j

2.2 The Singular Integral Equation

We now introduce the following auxiliary function:

g(*) = ^ ;v (x ,0) (21)
ox

consequently, all 6 unknown functions above ( Z),(a) , D2(a)  and Ak(a)  

(k = 1,...,4)) can be determined in terms o f g ( x ) . After some lengthy algebra, D] (a ) and 

D2(a)  can be expressed as:
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i m a - l a y  J  ^
(/w2n2 - m , ^ , ) #  A

f l , ( g ) . U t y ’ d,
{m2n2 -m ^ n x)a  *

Using the boundary conditions, the unknowns Ak (a)  (k = 1 

determined from:

X  [0  + V p r f j  + a (  3 -  k ) ] A j  (a)  = jV, (a, t)g(t)dt

4 i*
Y X P j - a ^ M j i a )  = |  F2(a,t)g(t)dt

£ [ Q  + k)Pjqj + a(  3 -  K ) ] e Pih Aj{a) = |  F2(a,t)g(t)dt

Y , [P j ~ oal j y * Aj ( a )  = f  F4(a,t)g(t)dt

where

F,(a , t )  = ^ - [  1  { [(3 -K )n ,  - ( , l  + k)ipm,)  , ” ' (y  ip)  -
I n  ^ p  ( a ~ +n ]')(m2n2 - m ]n])

- [ ( 3 - K)n2 -(1 +  k)ipm2] 3 ^ 1  lP̂> -}eipldp
(a +n2 ){m2n2- m xn{)

Fi(a  = _ J _  f” 1 (cc{m2n2 - i p ) ( m xnx -  ip) 
2 2n ^  p  ( a 2 + n]1)(m2n2 - m ]n])

_  a ( m ^  - i p ) { m 2n2 

( a 2 + n { ) { m 2n2

(22) 

,...,4) can be

(23)

(24)

(25)

(26)

(27)

(28)
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F, (a,  t) = - L  f  I  {[(3 -  -  (1 + W ------
2k J-“p (cr +n, )(?w,«2 -/w,/?,)

- [ ( 3 - K)n2 - (1  + k)ipm2] ni(™M lP)  y p ^ d p
(a  + n2'){m2n2 - m )n])

(29)

77 ^  * l*° 1 ta{m2n2 - ip ) { m xn , - i p )
r A a">t)~ 0 I I , i

2 K ^ P  (a-  + w, ){m2n2 - « ,« , )

_ gCw,/!, - i p X m ^ - i p )  ^ )
( a 2 + n2~)(m2n2 -m ,n ,)

Using the theory of residues, and after some lengthy manipulations, Fk(a,t)  

(k = 1,...,4) may be evaluated as:

0 - 1  V 2p ',{W/!)
^ ( g , 0  =  - - V - - ^ - ; - 2 - T 7 [ ( 2 ^ -  + 2 2 , -  - ^ ) s i n ( V ) - M c o s ( V ) ]  (31)

2,2, 0c+  1)(2, + 2, )

F2{a,t)
r)ryp~,^F~P1-') R- R2 (321

—  [ 2 , ( V + V - —  )sin(220 - 22(A,2 + 222 + ^ -  )cos(2 ,0]
2 ,2,0c + l ) ( 2T+ 2 , ' )  4 - 4

a 20 - l V (/,_'Pl+/?/2) 7 2
F3(g , 0  = 7 ^7 - , ■ r K ^  + 2 2 ,2 +Alfi)sin(A2h -  2 ,0

2,2, (fC + 1)(2, + 2-, ) (3j )

+ /?2 , cos(2,/z -  2 , 0 ]

2 2 -(/w)Ul+/J/2) , 02
F * f )  =  2 27 ,v a 2 W (V + V  -1") s*W« -  2,02 ,2 ,0c+  1)(2, + 2 , ) 4

-  2, (2,2 + 2 ,2 + ^ - ) c o s (2,A -  2, 0 ]

(34)

where
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From the above equations, we can solvent (a )  to give:

where

Cj(a , t )  = ^ b IJ(a )FJ( a , t)
/=i

and the matrix ( 6;/) is the inverse o f ( a y):

%  («) = 0 + + (3 -  K)a

a2 j(<*) = P j - a q j

= [(1 + K)qjPj  + (3 -  K)a]ePjh 

a,j(cc) = (pJ - a q J)ePih

The stress component a y can be written in terms of unknown

D j ( a ) U  = l 2 )  and A j (a ) (J  = 1,..,4) as:

= 2 Q  {J _  £  £  [(i + k)rij -  (3 -  x:)iam, ]Dj (a )enjye~iaxd a  
ic ~ 1 Z# y

o  4

^ f Z [0  + k )a  + (3 -  ic)pJqJ]AJ(a)ePjX cos ay da}
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(35)

(36)

(37)

(38)

(39) 

functions

(40)



Using boundary condition (18.d) and rewriting equation (40) in terms 

auxiliary function g ( x ) , we obtain following equation

f  ih\ 0  +  K  ( x ,  t)]g(t)dt = p(x)
* G(x)

where

\  ( x ,  t) = lim —  f  K A y ,a )e ‘a('~x)da
j'->+° 2k  *Lm

Kx(y ,a)  = - ----------- ---------- -— { [ ( 1  +  a t ) « ,  - ( 3 - K ) i a m ]](m2n2 - i a ) e n,y
{m2n2 - m xnx)a

+  [ ( 1  +  a : ) « 2 - ( 3 - tc)iam2]( ia - mxnx)e'hy}

K 2 (x , t , a )  = ]T [(1 + k ) a  + (3 -  K)p f l j  ]Cy (a)ePjX

let a  oo, then the asymptotic value o f K x becomes:

K ]x( y ,a )  = - S ig n { a ) A i ^ — ^ - e My
K + 1

Then equation (42) can be written as: 

hx(x, t) -  lim f  [Kx( y , a ) - K Xa>(0 ,a)]e'ai'~x)d a  + lim f  K xJ a^ d a
y—y+o 2n  y-̂ +o 2n

with
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lim —  f  K l!Oeia0- x)d a  = — 1 £ l J ) ----
y->+o 2n  •*-» k {k  + l)(f -  x)

(48)

we have:

hx (x, t ) = 4 (y  —  + —  f  [M(a) + M i r a )  -  8 ^  sin a( t  -  x)]da  (49)
/t(k: + 1) t - x  2 x  * tc + 1

where

M { a )  = K x{Q,a)eia('-x) (50)

We here define the kernel as:

ka{x, t) = [M(a)  + M ( - a ) ~  8——— s i n a ( f - x ) ]  (51)
AT +  1

After some lengthy analysis, the asymptotic value of K 2 for a  - » oo is found to be:

, -(x+t)a+—(t-x) , -(2h-x-t)a+—(t-x)
K 2ta{x, t ,a)  = [Axa  +A2a  + A3]e 2 + [Bxa  +B2a  + B3]e 2 (52)

The values of At(i = 1,..3) and Bt{i = 1,..3) are giving below:

^  =  16^ J ) ^ _ sin ( l  ) sin( l  ) (53)
y  (fc + 1) 2 2

O/y 1
A-y = — r----------{[(-4k 2/3+ t y 2K + t/32K + \ 6 / 3 K - t y 2 -4 /3  - t / 3 2) s m ( -yx )

y  (k  + 1) 2

+ 6 y ( i c - \ )  cos(~  ft)]  s*n(^  + 2/(a : - 1) cos(^  f t ) f t ) }

(54)
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A3 = ------   — {[32^2 (/c — 1) cos(— ̂ x:)
3 8(/c + l ) r  T

+  4y ( y 2t +  4/? -  4k 2J3 -  tj32K +  / / ? 2 - y 2tK +  8/3 k )  s i n ( ~  ^ ) ]  c o s ( ^

+ [4 y{jc - 1)(31/32 +3 t y 2 + 20/?) cos(^  7*) (55)

+ H 2/?4 + t 2y AK + t2/3AK -  8//?3 + 64y 2K + 48/?2/r -  8y 2K 2 -  24jff V + 56/?2 

- n y 2 -%tfi3K2 -%tfiy2 - t 2y A + 2t2/32y 2K - 2 t 2f i 2y 2 -%tpy2K2 + 32f/?V

+ 3 2 ^ 2/c ]s in (^ )}

=  8 ( ^ - l ) o ^  [cog y ( x  + t - 2 h ) _ cQs y ( x - t ) ^  

y~(/c + 1) 2 2
(56)

5 ,  =  ° ----- { (—jchy2 + \ 6 k/3 +  t y 2K - t / 3 2 - 4 k 2/3 + t fi2K - t y 2
y  {k  + 1)

- Khp2 + h/32 + h y 2 -  4 /?)[cos ~  "~+ ^— — - c o s ^ * ^  (57)

+ 2f ( K  -  l)[si„ -  2 sinr i ^ f ..- .2*)]}
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B 1 = ~ T 7 r --------7 r r { [ ( ~ 4 t h f i 2y 2 -  32 tP y2K - 2 t 2 p 2y 2K - %k 2 f th y 2
\6{K + l )y-

+ %fiK2t y 2 -  l K h 2p 2y 2 +  2 tdhy4 +  2 h 2p 2y 2 +  32K ^ h  -  2 thy4 -  8p h y 2

-  2 th/3* - 8 K 2p 2h +  8p 3K2t -  32t p 2K + I t 2p 2y 2 +  8t f t y2 -  tdi2y A

-  t 2y AK -  t 2p AK -  Kh2p A -  56p 2 + 40/ 2 + h 2p A + t 2y A +  h 2y A + t 2p A

+ ¥lK.phy2 + 2KthpA + 24k 2p 2 -  48p 2K -  32y 2K -  8/?3/j + 8t p 2 + 8K2y 2

2_,2 \  y (x  + t - 2 h )
4 K th p  y  ) c o s

-  (~4thp2y 2 -  3 2 t p y 2K -  2t2p 2y 2K -  %k2 p h y 2

+  8p K 2t y 2 -  2 Kh2p 2y 2 +  2 K th y A +  2 h 2p 2y 2 +  3 2 K p 2h -  2 t h y A -  % p h y 2

-  2 t h p A -  8K 2p 2h +  8p 2K 2t  -  3 2 t p 3K  +  2 t 2p 2y 2 +  8 t p y 2 -  td i2y A 

- t 2y AK - t 2p AK - K h 2p A - 5 6 p 2 + 1 0 4 / 2 + h 2p A + t 2y A + h 2y A + t 2p A

+  3 2 K p h y 2 +  2 K t h p 4 +  2 4 k 2p 2 -  4 8 p 2K -  9 6y 2K -  & p 2h +  8 t p 2 +  8K 2y 2

4 x l h p 2y 2) c o s ^^X̂  ^

+  16y { t y 2 -  h p 2 - 3 P k  - t p 2K - y 2t K  +  K y 2h +  K h p 2 + 6 P

- K 2p  +  t p 2 - y 2h)  s i n ^ y - ^  ^

-  %y( 2. K2p  +  K y 2h +  t y 2 +  t p 2 -  14y6 k  -  t p 2K  -  y 2h

-  y 2tK  +  i d i p 2 +  8/?  -  h p 2) s in  -r - " Y ~ 2/Z' }

Repeating the same procedure, h2 can be rewritten as: 

h2(x, t)  = ks(x, t)  + kb(x, t)  (59)

ks(x , t)

2A , 4  , 4  , 2B, | J, , g3 (6°)
;r (f + *)3 O' + x)2 t + x  (2 h - x - t ) 2 (2 h - x - t ) 2 2 h - x - t

kb (x, 0  = -  JJ^ 2 (x, f, a )  -  (x, t, a)]da

Thus, the following integral equation is obtained:
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1 + ^(/c + l)

[ka (x, t) + ks (x, t ) + kb (x, r)] }g(t)dt = - + P  p(x) (61)
t - x  4(/c -1 ) 4G(x)

The single-valuedness condition completes the formulation:

|  g(x)dx = 0 (62)

The stress intensity factors may then be evaluated from following equations:

A,(a) = lim - - - — -J2(x -  a)g(x)
x̂ a 1 + AT (63)

k, (b) = -  lim p ( b  -  x)g(x)
x^ b l + /c

It should be noted that the kernel in equation (61) is different from those obtained in 

Erdogan and Wu’s paper [39] and Zhao’s thesis [96]. The discrepancy comes from the 

generalized singular part ks( x , t ) , which becomes unbounded in edge crack problems. 

Erdogan and Wu’s result is the same as the one for a homogeneous material [45,61]. It can 

be shown that when /? -»  0 , equation (60) will reduce to the same result in [39]. Zhao’s 

result looks closer to the one we got here, but his result is not compatible with the 

homogeneous result. The numerical solution further confirms that the kernel in equation 

(61) yields the same results as Erdogan and Wu’s kernel, while they are totally different 

from those in Zhao’s thesis.

2.3 The Numerical Solution and the Results

Solving equations (61) and (62) using one o f the quadrature technique described 

previously, the stress intensity factors are calculated for a variety o f geometry and loadings.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



35

Fig. 11 shows the normalized stress intensity factors at the crack-tips a and b for an 

internal crack in a FGM strip under fixed grip loadings £ (x ,±oo) =  sQ. The crack was 

assumed at the center o f the strip, that is, (b + a) / 2 = h / 2 . a ' = ( b - a ) / 2  is the half-

£
length o f the crack. cr0 = — ]— £o ' s the normalizing stress, where E] is the Young’s

l - v

modulus at the line of x  = 0 (Fig. 3). The nonhomogeneity factor (3 is given by:

Ph = ln(£ 2 / £ , )  = lnlO (64)

where £, = £(0) and E2 = E (h ) .

The curve shown in Fig. 11 fits exactly the corresponding curve obtained in [39].

Fig. 12 shows the variation of the normalized stress intensity factors K x for an edge 

crack in a FGM strip under fixed grip loading with b / h ,  for various E2 /£ ,  ratios. The 

loads are the same as above. Again, the results agree perfectly with Erdogan and Wu’s 

results.
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0.2 0.30.0 0.1 0.4 0.5

Fig. 11. Variation of the normalized stress intensity factors K ] I a  Q-Ja' with 
a' / h for an internal crack under fixed grip loading
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25 -

20  ~

E2/E1=10.

E2/E1 =5.15 -

E2/E1=3..

E2/E1=2.

0.0 0.2 0.4 0.6 0.8

b/h

Fig. 12. Variation o f the normalized stress intensity factors K J c r 0y[b with 

b / h  for an edge crack under fixed grip loading
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Chapter 3 Mixed Mode Crack Problem in FGM Strip

In this chapter, the general in-plane mixed mode problem for an arbitrarily oriented 

crack in a FGM strip is considered (Fig. 13). This problem is of great technical importance, 

as most cracks in FGMs are of the mixed-mode variety due to the variation of mechanical 

properties. Yet, the problem has not been solved before. The primary reason behind this is 

the extraordinary complexities and difficulties involved in trying to solve it analytically. 

The problem lacks the symmetry used in most previous studies to simplify the field 

equations, due to the mismatch between the orientation of the crack and the material 

property gradients. The loss of symmetry and the mixed-mode nature of the loading 

complicate the problem significantly.

Some related problems have been solved before, such as the mixed mode problem 

for an infinite nonhomogeneous medium studied by Konda and Erdogan [59]. El-Borgi et 

al. investigated an internal crack parallel to the boundary of a nonhomogeneous strip, with 

the material properties varying in an arbitrary direction [28], Delale et al. studied an 

inclined crack in an orthotropic strip [20]. In that problem, the material is orthotropic 

instead of nonhomogeneous, but the idea behind it is the same as our current problem.

In this chapter, for the first time, we solve this problem analytically. Fourier 

transforms are used to convert the two partial differential equations into a system of 

Cauchy-type singular integral equations. These equations are then solved numerically using 

the Lobatto-Chebyshev collocation method. The effect of the nonhomogeneity parameters 

and the orientation o f the crack line on the stress intensity factors are studied numerically.
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Fig. 13. Geometry of the mixed mode crack problem in a FGM strip 

3.1 The Formulation

Here we consider a FGM strip containing an embedded finite crack on the y ] = 0 

plane (Fig. 13). The material properties vary in the direction perpendicular to the 

boundaries. The Poisson’s ratio is assumed constant. The Young’s modulus E  and the 

shear modulus n  are defined by

E(x)  = Sx (65)

or

(66)

with

/? = 5  cos 9, y  = - 5  sin 9 , (67)

and

ju(x) = f l ^ (6 8 )
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M(xx,y ,)  = M\e‘k'+m (69)

The material's elastic Lame constant is:

= (70)
K -  1

Here, 8  is a constant that describes the nonhomogeneity of the material. The 

relationship between the two coordinates system is as below:

x, = x  cos 6  + v sin 0
(71)

y x = - x  sin 6 + y  cos 6

The direction o f 6 is as shown in Fig. 13 and it is assumed that \0\<k  12.  To 

simplify the discussion, we assume 8 > 0 .

This problem will be solved under in-plane conditions. The boundary and 

continuity conditions o f the problem are:

( x , , + 0 )  = ctj ,i ( x , -0 )

^ (* i» + 0 )  = ^ ( * i » - ° )
(72)

o-x(0,y)  = a x(h ,y)  = T (0,y) = rxJ h , y )  = 0 -co<y< co  (73)

» ( i „ + 0 )  =  v (x l , - 0 )  j

w(x, ,+0) = w(x, ,-0)

o-y,(x„0) = jp1(xI)
a < x, < b (75)

^ iyi(xi,0) = p 2(xi)
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where /?,(x,) and p 2 (x ,) are known crack surface tractions, which can be found 

by solving the elasticity problem for the uncracked strip under the given external loads.

The solution is expressed as the sum of two displacement sets in forms of 

Mi(xi =■ Ti) s vi(xi>.yi) u2( x , y ) m d  v2(x ,y ) where the coordinates (xp y ,) and (x ,y ) 

are defined in Fig. 13. The first set o f displacements, that is, ^ (x ^ y ,)  and v ^ x ,, ; ; , ) , are 

those obtained by Konda and Erdogan [59] for a crack in an infinite domain while the 

second set is for the strip without the crack and similar to that in [39]. Detailed steps to 

formulate this problem are shown below.

If we allow k  = 3 -  4v for plane strain and k  = (3 -  v)  /(I + v) for plane stress, the 

governing equations in (x ,, y ,) system may be expressed as:

dx{ dy{ dx^dy  ̂ fix, &y, dx, 8y]

(76)

Assuming w, (x ,, y ,) ,  v, (x ,, y ,) as

(77)

and substituting in (76), we get:
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O'!>«) = Z  mj Fi = PC tt»«) = Z  F / («)*"'* (78)
y=i >1

w h e r e  F , . ( a )  a r e  u n k n o w n  f u n c t i o n s ,  m ^ j  = 1 , . . . , 4 )  a r e  g i v e n  b y

[ 2 ax +  P( k  -  3 )}n +  iay{K  - 1 )  m = ---------------   i-------------------------------  ( 7 9 )
(k -1  )n~ + ( k -  1 )yn, ~ { k  + 1 ){a + if i)a

a n d  n i j  =  1 , . . . , 4 )  a r e  t h e  r o o t s  o f  t h e  c h a r a c t e r i s t i c  e q u a t i o n ,

F r o m  e q u a t i o n  ( 8 1 ) ,  t h e  v a l u e s  o f  nj a r e  o b t a i n e d  a s :

A, V A,2 + 4  ( a 2 + zaA2) _  A3 ^ /a32 + 4  {a2 + zaA4)
— — . yi __ —

2 2 2 2 2

A, i VAi2 + 4 (a 2 + iaA2) A3 ^ /a32 + 4 (cr + zaA4)j — I
2 2 4 2 2

Ai = r  + A p - r  A * = r ~ f i J ~ TV AT +  1 \l  V  +  1

a j K - P + A — TV AT + 1 v A" +  1

(80)
«4 + 2 ^ "  + [-2cr(a + z'/?) + y 2 + f i 2 ——- }n2 + a y ( - 2 a  -  ifi ~ ^ — )n

k  +  \  a t  + 1

+ a 2 ( a 2 + 2 i a f i -  f i 2 + y 2 - ——) = 0
AT +  1

Equation (80) may be simplified as,

[n2 + y n - a ( a  + i f i ) f  + - — - { a y - i f i n ) 2 = 0  (81)
AT +  1

(82)
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To satisfy the regularity conditions, u and v must vanish for x 2 + y 2 —> co, then 

the unknown functions F X a ) ( j  = 1,...,4) satisfy the relations:

(83)
F3(a) = F4(a)  = 0, y > 0

Fx(a) = F2(a) = 0, y < 0

Using Hooke’s Law, the stresses are found to be:

/+1

=    f  ^ [ - i c c m J {\ + K) + nJ { 3 - K ) ] F j { d ) e njyi~‘aXid a
2tz{k  — 1) •'-” 7^

° V ,( W i)  = T-7   f  j H a m / S  -  If) + b; (1 + (84)
2;t(a: -1 )  “ j=i

T v , ( W i )  = £ Z [ ^  - z a ] F / a ) e ”J™ J a
27T j =i

w h e r e  /  =  1 f o r  y  > 0 a n d  /  =  3 f o r  y  < 0.

A p p l y i n g  t h e  b o u n d a r y  a n d  c o n t i n u i t y  c o n d i t i o n s  ( 7 2 ) ,  a n d  t h e  e x p r e s s i o n s  o f  

s t r e s s e s  o b t a i n e d  i n  (84), w e  f i n d

F3(a) = Rx(a )F](a) + R2(a)F2(a), F4(a) = R3(a)Fx(a) + R4(a)F2(a)  (85)

w h e r e  Rj(a)  a r e  g i v e n  b y

R](a ) = { ( m 4 ~ m\)[Q-+ K)n\n* + (3 - a :)a2] + ia (n4 -  nx)[l + k  -  (3 -  K)mxm4]} / R0 

R2(a) = {{m4 - m 2)[{i + K)n2n4 + ( 3 - K ) a 2] + ia (n4 - n 2 ) [ l  + ic -  (3 -  rc)m2m4]} / R0 

R3(a) = ~{(m3 - m,)[(1 + K)nxn3 + (3 -  Ar)a2] + ia{n3 -« ,)[1  + k  - (3 - /c )^  zw3 ] } /R0 

R4(a) = ~{{m3 - mx)[(1 + K)nxn3 + ( 3 - k ) c c ] + ia (n3 - nx)[1 + k  -  (3 -  K)mxm3] } /R 0 

Rq(ct) —  (jn4 - m3)[(l + rc)n3n4 + (3 - K ) a 2] + ia(n4 - « 3)[1 + k - (3 - K)m3m4]
(86)
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To determine the two remaining unknown functions Fx(a)  and F2(a)  , we 

introduce the following new auxiliary functions in terms of the crack surface derivatives:

S\ (* i) = —  ’+0) ”  u\ (xi ’ a < lxi I < box,

d  (87)
§ 2  (X1) = —  [v, (x, ,+0) -  v,(x, -0)], a < |x,| < b 

oxx

From definitions o f g, (x,) and g 2 (x ,) ,  one can easily conclude that g, (x ,) = 0 

and g 2(x,) = 0 when 0 < Ix,I < a o r  jx,| > b and

{ g ; (0<* = 0, J = 1,2 (88)

Equations (88) are referred to as the single-valuedness conditions.

Substituting u,and v, into the definition o f g ,(x ,) and g 2(x ,) ,w e g e t

z  (X ) = _L f° ~ i a (l +  KM f u  +(/iz z -iax,d o .
2n  ■»-" R0

_1_ p  -  »g{[-(l + y ) / 3i + i a {3 -  x ) f 2i3^ + [-(1 + * 0 /32 + /«(3 -  k ) / 22]F2} ^
g 2  1 2 ? r  g o

(89)

where

f j  =  «3w4 («4 -  w,) + n4m3Mj(rtj - «3) + (n3 - n4)

f l j  =  /  ("4 “  » , )  +  W 3 ™ 7 ( « /  -  « 3  )  +  W 3 ( « 3  -  » 4  )
y = 1,2 (90)

/ 3, = «3m3("4 - +  «4^4(«; - ” 3 )  + «yWy(/*3 -  n4)

L j  =  ^ 3  ( « 4  -  n j  )  +  W 4 ( « >  -  » 3  )  +  ( » 3  -  « 4  )

Inverting the Fourier integrals of equation (89), we obtain
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j*° ^ (ty * dt = -za(l + Q[(/n- i a f M  + C/j2 - W aiW
i?0

r  g , (t)eicadt = ~ /'g ^ ~ (1 + ir)^3i + » g ( 3 - y ) / 2i ] ^ i  + [ - ( i  + y ) / 32 + » ' g ( 3 - y ) / 32 3^2}
J-CO “ Z?

(91)

Thus, we can solve F, and F2 in terms of g x and g 2 as,

p  =  (" [« (3  ~  K ) f u  +  *0  +  y ) / 32 3gi +  P/12 + X1 + * 0 g 2
1 (1 + Ar)a<n0

F  =  _  r  [ g ( 3  -  y ) / 2 i +  / ( I  +  y ) / 3 i ] &  +  ( i / i  1 +  <4*  ) ( i  +  k ) 8 2 e ^ d t

2 (1 + K)aco0

where

c y 0 = (ml - m 2)(m, - w 4 ) ( n , n 2 + n 3 ?74 )  + ( m 1 - m 4)(m2 - m 3)(n2n2 + n ] n 4 )  

-  (w, - m3)(m, - m4)(«j«3 +n2n4)

(92)

(93)

Then substituting F, and F, back into equation (84), we can express , <7 and 

r  in terms of g, and g 2, for y l > 0 as.

^ ' (,) (x' ’3/1} = 0 i + 1} ) r  | r (X] ’3/1 ’t )Sj  m

^ .v / V i ^ i )  = ~ -X|^  ( z ^ J (1)(X1>Ti, t)gj{t)dt (94)

7=1

where

V 1}(x„ T „ 0  = A: = 1,2; ;  = 1,2, (95)
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and

K , ( >„ « )  = -  ,'° ’” |(1 + 'C) " ' f  *° [a(3 -  0 / „  + /(1+ «:)/* ]«"•»
ar<a>0(Ar — 1)

/am, (1+ *:)-«, (3- /c ) r
+ ------------   4 -------------'  [ a ( 3  -  K ) f 2i + 1 (1  +  k ) / 31 ] e ™

aco0{ K - 1)

K n 'n (7 | , a)  = -  — + {yr, + ^ k x i  + ic K 1' 1
ary0(/r-l)

+ « i ( l « H ( 3 - r )

a, >a) = iam,(g 3) h-B|(H-«:) _ + ,( , +
aru0(* :- l )

iccm2 (k  -  3) + n, (1 + «•) ^  r  _ ;/1 , ^  1 njn
aco0( K - 1)

■ [a(3 -  k ) / 2] +  / ( I  +  t c ) / 31 j e '’2-1'

i n .  . / CKm,  (/sr — 3) + (1 +  a t)  . . .  . . . .  . n v
2̂2 }U,«) =---------7—̂ -----O/12 + ̂ 2X1 + *0*™

aco0{ K - l )

- I g | C £ l 2 ± a f l t * ) (y ; , + < X 1  + g ).v>

^31 O l > °0 = ~  -  K^22 + *0 + ^ ) / 32 ]£

(n,m , -  i a )

attf0

aa)0
[ a ( 3 - K ) f 2] +i(\ + K) f^]enih

K „ m ( y „ a )  =  ( n ' m ' m ) ( i f v  +  < * X 1  +  
a&)0

■ ( ( / i i  +  o f t ,  ) ( 1 +  * : ) « "
^ ”*2 (ff  j . ^ V1 4 -

aconJ0

(96)

(97)

(98)

Similarly, after some manipulation, we get 07 , <7 and t x when y, < 0 ,
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2

where

(2), . /ow?3( l +  / £ : ) - « 3 ( 3 - / c ) r
* i  i O ' !  > a )  = ---------------- -----------7 — ^ '  [a (3  -  K ) f „  +  / ( I  +  K ) f M ] e  ■'■

a a > 0 { K - 1 )

+ /am4(l + k ) -  n4(3 -  y ) _ + +
a(Sj0(A r-l)

„  _ _ /« » ,( l , . ) - n ( 3 - . )  + +
a t y 0 ( a:  - 1 )

a6>0(A r-l)

^ , <!) O ',. o )  = ,gm3(* 3)H-»3(l + y ) _  ̂ + K
QT<2?0 (/C — 1)

i a m A( k  -  3) -f « 4 (1 +  k ) ^  __ ^  ^ , ;/1 , ^  ,

y i

aco0( K - 1)
• [ a ( 3 - / f ) /23+z'(l + ^ )/3 3K

^ (y , , a )  = i ^ f c M ± £ ) K <  + ^ )(1 + , K „
aco0( K - 1) 

i_ara4 ( * - 3 ) + w4( l + * :) , . ,  , ^  V1 t ,
ao)0( f c - 1) ■0/l3+^43)(1 + ^ K

(99)

V 2)(xi»J/1>0= [ xKk̂ \ y v a)eiâ ]da, ^ = 1,2; y = 1,2, (100)

(101)

(102)
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*3I<2> O ',. a)  = (--]^ 7 ,g )  [0(3 -  * ) / M + i(l + * ) / , .  > *

(w4/n4 -  za)

".1 Ml

aco0

aco0
• \a(3 -  *r)/23 + /(I + K ) f^ ] e n̂

K / >  ( ^ , a )  = ^  ,g )  ( / / ,  + of„  XI + K)e’”'
aa>0

- ^ ‘m , ~ t a \ if a + c f , s)(l + K)e"^
aco0

where

f Xj= - { n xm2mj {n2 -  n + n2mxm } - n ^  + n ^ m ^ - n 2)] 

f i j  = - [ m2mj ( n 2 ~ nj ) + mlmJ(nj - n x) + mxm2{n̂  - n 2)\ 

f l j  =  ~ \ . n \ m \ ( n 2 ~ n j )  +  n 2m 2 ( n j  ~ n \ )  +  n j m j  O l  -  n 2 ) ]

f*j = “ [»», (»2 -  rij) + m2 (»y -  nx) + w ,(», -  «2)] j  = 3,4

(103)

(104)

In the coordinate system (x, y ) , the Navier’s equations for the elastic medium may 

be expressed as:

d2u , 1N32w .  d2v du . dv
— +  ( / c - l ) - y  +  2 - —  +  £ ( k  +  1 )  —  +  £ ( 3 - 0  —  
ax ' oy dxdy ox dy

(105)
/ i \ d 'v x „ d v d u  S( 5v du ( /c - l )—y  + (/c + l)——+ 2 —— + ^(/c-l)(— + — ) -  0 

ox oy oxoy ox oy

Assuming the solution of u2(x ,y )  and v2(x ,y ) as

w2(x,>0 = —  |°  qA(a)epx e~,ay da
lK  " (106)

v2(x ,y ) = — J° A{a)epxe layd a

the characteristic equations for p  and q may be expressed as
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[(* +1 ) p 2 - ( r e - 1 ) a 2 + 5 ( k  + 1 )p]q -  ia[2p + S(  3 -  a t ) ]  = 0 (a)
(107)

(k -1  ) p 2 + 8 {k - \ ) p  - ( k  +1 ) a 2 - iaq[2p + S ( k -1 )] = 0 (b)

solving equations (107), we have:

_ + 8 )p j  ~{K + \ ) a 2 .
qj cd[2p + 8 (k - \ ) ]  ’ J ~  5'" ’4 (108)

Define co = 5 - J ( 3 - k ) /( \ + k ) , using equations (108), equations (107) yields the 

roots p  as:

P\ = 

Pi = 

Pi = 

Pa =

-  —--V c > 2 +4 a 2 + Aicoa 
2 2

 — ̂ 8 2 + 4 a 2 -Aicoa
2 2

-  — + — y/<52 + 4 c r  + 4 iooa 
2 2

~ ^- + — ̂ S 2 + 4  a 1 -  Aicoa 
2 2

(109)

Then we can express u2 and v2 in terms of the unknown functions Aj(a)  as 

(7 = 1,.-,4)

ui(x ,y) = f x 'E^jAj(a )e/,jXe ‘ayda  

vi(x ,y) = ~  its Aj(a )ep,xe 'ayd a
( 110)

From Hooke’s law, the stresses corresponding to u2 and v, are
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(3) = M(x,y)
X

2 k { k  - 1)
ITT £  Z  K1 + k )Pj9j + (K ~  3)ia]Aj (a)eP/X~lc°'da

a y 3) = 2 n ( K - \ )  + k)iCC + (3” ^ P j V M M y ^ d a  (111)

r / ) = — ^ £ l > , - iaq j ]A j (a )e p̂ d a

3.2 The Integral Equations

At a given point in the medium, the stress state is the sum of the stresses given by 

equations (111) and (94) or (99), depending on the sign o fy ,. The free boundary conditions 

in equation (73) then yield the following set o f equations for the unknown functions 

Aj (a) ( j  = 1,...,4) in terms of the auxiliary functions g, and g 2,

X [(1 + k)p jq j  +(k -  3)ia)Aj(a)  = —  + ^  | FXJ(a , t )g j (t)dt

-  iaq jJAj ia ) = "j S  f  Fy (a ,t )g j {t)dt 

£ [ ( 1  + k )PjQj+ (K -3) ia]AJ( a ¥ ih = — X  f  Fy (a , t )g j {t)dt

(112)

- i a q J]Aj {a)ePlh = - J — ^ F 4j(a , t )g j (t)dt

where
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Fy (a , t )  = (1 -  * 0 X { ^ ly(,)( a , t ) cos2 0 + g2/(° (oc,t)sin2 9 -  2^3y(,)( a , t ) cos9 s in9}
;=i

F2j (cc,t) = - X  {(cos2 9 -  sin2 0 )£ ,,(,)(a, t ) -  [C2j0) (a , t) -  £ , (,)(a , f)] sin 9 cos

,=' 2 (113) 
Fij (a , t )  = ( 1 -k - )X { ^ /° (« ,0 c o s 2 9 + %2j0) (a, t )s in2 9 - 2 ^ J(‘\ a , t ) c o s 9 s i n 9 }

i=i
2

F4 / (a , t) = ~ X  {(cos2 0 -  sin2 0 )£ y(0 (a , /) -  [ £ / °  (a , t) -  (a , /)] sin 0 cos 9}
/=i

Functions ^ (,) (a , /) and ^ (,) (a , t) (k = 1...3, /  = 1 ..3, i = 1.2)  are defined as

=  £  f  K ll " ( y o o s 0 , p ) e “-'l- ’ M ^ d y d p

S,m(a .')= r  f  K "1 (>cos(? - /isin 0, p)e« " " ’■dydp
J J-co J i ta n 0  J

^ 2\ a , t ) = £  c o s 0 -A s in 9 , p ) e ipi‘-ysine-hcose)+̂ d y d p

(114)

(115)

From equations (112), the A f (a)  are obtained as:

AJ (“) = X  f  C> (a> r)g, (0* (116)
1=1

where

Cji(a , t )  = Y j bJk{a)Fki{a,t), ( j  = 1...4, z = 1...2) (117)
*=i

Here, the matrix(6 .k) is the inverse o f (ajk) given by
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a,y (a) = (1 + k ) p f l j  + {k  -  3) i a

a2j(a ) ~ Pj

<*3j(a) = [(1 + k)p jq j  + (k -  3)ia]ePjh ^ 18^

a 4y(a) = [Pj -  m j V lh

From the boundary conditions

<ryt(Xi,+G) = Pi(x l) ,TXiyi(xi ,+Q) = p 2(xl) (a < x < b ) (119)

where p x (x ,) and p 2 (x ,) are crack surface tractions, we obtain:

crJi(1)(x1,0) + sin2 #<7x(3)(x, cos#, x, sin#) + cos2 9 a y0)(x] cos8, x, sin#)
(3) (120j

-  2 sin 8 cos 8 t  ( x , cos 6, x, sin 6) = /?, (x ,)

Tx v <1)(Jci $ )  + r xv(2)(x \ cos^, x, sin#)(cos2 8 -  s in 2 9)
, (121)

+ sin#cos#[cry(3) (x, cos#, x, sin#) -  c r ^ ^ x ,  cos#, x, sin#)] = j?2(x 1)

Substituting the expressions o f stresses and extracting the singular parts of (120), 

noting that for a  -*  oo

K 21a = - 2 i — K \y
(122)

a

we obtain

( 123)

where the kernels are
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*u(,)(*i»0 = ; ^ i (1)(*i.O,0

^.2(,)(*i»0 = i  f  [K22° \ 0 , a ) - l i m K 22m (0,a)]eia{,-x')dcc4  J-oo cr—>00

*2 /0 (xi»0

= j ! + f  + + (K -3 ) ia ] s in 2 6
4(xr — 1) J-°° j

+ [-(1 +  &)/« + ( 3 - /r )p ,# (] cos2 9

-  2 sin 9 cos0 (*  -  \)[p, -  iaq,]}C,(a , t )ep‘x'ms6-iax'sm6d a

Similarly, equation (121) yields:

2//(x,,0)

with

k n 2)( h ’0  = ^ h 32O)(x \ & 0

*■ i(2) (*» 0  = j  f  ^ 3>0) (0, a )  -  lim K31U) (0, a)]eiaU' x']d a
A  J-<x> ar->ao

+ 2 sin 0 cos 0 ( 1 - a:) [z a  + p g } C ,(a ,/)e VlCOs8 im's"'Bd a

(124)

i f ( f ^  + t [ V !>( ^ . 0  + V a ^ i . ' ) ] ? J(O}d/ = ^ - f t ( I l ) (125)
n  * t - x ] 2z/fx, .0)

(126)

The single valuedness conditions (88) complete the formulation o f the problem 

[ g j ( t ) d t  = 0, j  = l,2 (127)
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3.3 The Numerical Solution

The Cauchy-type singular integral equations obtained above can be solved 

numerically, using one of the techniques outlined above. Here we use the collocation 

method used in [38,39].

First, to normalize the integral interval a < x, t < b to -1  < r,s  < 1, we define

b - a  b + a
t =  r + -------

2 2
b - a  b + a

x , = -------5 + --------
2 2 

g i(0  = < W  g 2(t) = ^ ( r ) 

Pl(x]) = f \ ( s )  P2(Xl) = f2 (S) 
ju(x | ,0) = m(s, 0)

(128)

Thus, the integral equations (123), (125) become:

2m(s,0)
(129)

2m(s,0)
(130)

The fundamental solution of these equations is ([42,80])

(131)
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so the solution of (123) and (125) may be expressed as an expansion of Chebyshev 

polynomials of the first kind:

« r )  = T =!=T 2 > , ll>7> >  - l < r < l
Vl — r~ /i=o 

M r ) = ~ r = ' Z c n{2)Tn (r ) - !  < r < 1

(132)

VT-"2r n= 0

where c„(1) and c„(2) (n = 0,1,2...) are unknown constants. From equation (127),

considering the orthogonality conditions o f Tn (r) , it can be shown that

c0m =0  

co<2) = 0
(133)

Using the properties

I f  /_ _
*  •L| ( r - s ) y f T - r 2

T„ (r )dr
Un.\(s)  H < 1  (« = 1,2,...)

( s - I s U f s ^ - l  / s)n , ,
11 H > i  ( » = u . . . )

sk/S' - 1  / j

(134)

where the (5) is the Chebyshev polynomial of the second kind [29], and

substituting (132) into (129) and (130), we obtain:
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t c „ mUh_, W  +  i £  +  ? , / V '•)]<:.“  - M +
n= l f t  n= l _/=! y X  —  r "

2tw(5,0)
2 (135)

»-i f t t ^ ^ T t  V I - r

“  1̂ + ^ - / 2(^) —1 < j  < 1
2m(s,0)

Equation (135) can be solved by truncating the series and choosing the collocation 

points sn as

TA 'O  = 0 = c o s ( ( 2 « - l ) ^ - )  » = 1,...,JV (136)
2N

After determining cn(1)andc„(2), we can express the stress intensity factors at the 

crack tips as ([59])

  K "=1 (137)

V ^ i  T* K

V /  1 +  X" n=1

and the crack surface openings as

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



57

u(x,,+0) -  u(x, -0 )  = -yl(a'2-x '2 ) ^ - c n0)Un_x( x ' / a ' ) 

v(x, ,+0) -  v(x, -0 )  = -J (a '2-x '2) £  1  c„(2)UnA ( x1 /  a 1)

( 138)

n=l

where

which is the half length o f tire crack and

3.4 Results and Discussion

To compare the results obtained in this study with previous results, several special 

cases are studied. First, we let h - » co, in which case the geometry is that of a crack in an 

infinite plane that was studied by Konda and Erdogan [59]. Table 1. shows the comparison 

of the stress intensity factors obtained here with those from [59]. The crack is under 

uniform crack surface traction:

(X, ,0) = cr0 

f t(* „ 0 )  = 0

The stress intensity factors are normalized by a factor of K 0,

K 0 = a 04a'  (142)

where
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a = (143)

fl'8 \

0° 45° 90°

Ref. [59]
Current
Study Ref. [59]

Current
Study Ref. [59]

Current
Study

0.10 Ki(a)/K0 1.023 T ° z g 1.021 1.021’ - 1.009 l o o f

K,(b)/Ko 0.975 < £ 9 7 | 0.987 0 98” 1.009
io o i !

K2(a)/K0 0.000
° ‘OO0J

0.022
1

0.022 | 0.026 0 026

K2(b)/K0 0.000 u.ooo -0.015 -0.015 ' -0.026 -0 026

0.25 K,(a)/Ko 1.055 1.061 ’ 1-061 |
1.036

103| !

Ki(b)/K0 0.936 U946 0.974 0.975 $ 1.036

K2(a)/Ko 0.000 U.OOO 0.061 0.061 j 0.065 0 065

K2(b)/K0 0.000 U.OOO -0.031 -0.032 -0.065 -° 06

0.50 Ki(a)/K0 1.103 1 104 1.141
» i*

1.140 1 1.101 1 1 ° ( |

K,(b)/Ko 0.871 0 874 0.960 0.961 | 1.101 110(1

K2(a)/Ko 0.000 " 0 :0 0 (8 0.141 0.141 0.129 0131

K2(b)/Ko 0.000 0 000 -0.048 .-0.050 -0.129 -0 1 3 |

1.00 K,(a)/Ko 1.189 ! W  1-327 1.328 . 1.258 1254

K,(b)/Ko 0.757 0.938 i i m i - 1.258 1  254-.

K2(a)./Ko 0.000 '-;b.000.?| 0.339 \Q 337;\ 0.263 026f j

K2(b)/Ko 0.000 t QO(S -0.065 -0.071' 1 -0.263 '° 26J

Table 1. Comparison of stress intensity factors from current study with those from Ref. [59] 

for an inclined crack in an infinite FGM plate under uniform crack surface traction

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



59

Different combinations of crack length and nonhomogeneity factors are used, while

from normal to the boundary to parallel to it.

From the table it can be observed that the data show excellent qualitative and 

quantitative agreement between previous and current results. The difference between the 

results is less than 3% , which can easily be explained by the different numerical 

procedures employed and the rounding of errors.

Another special case considered is that of a crack perpendicular to the boundary. 

This problem was studied by Erdogan and Wu [39] and Zhao in his Ph. D. Thesis [96].

The comparison between the two sets o f results is given in Table 2.

The results shown in Table 2 are stress intensity factors for a crack at the center o f 

the strip i.e. (a + b ) /2  = h / 2 , perpendicular to the boundary. The loading is uniform strain

Again the results compare well with those reported in [39] and calculated in chapter

2 .

the angle 6 varies from 0° to 90°, which means that the orientation o f the crack changes

^(x,±oo) = s 0 (144)

and the stress intensity factors are normalized by K 0 which is defined as

(145)
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Results showing the effect of crack length and crack orientation on the stress 

intensity factors have also been obtained. The loading is uniform strain at infinity, with

^ ( ^ ± co) = ^o (146)

a'/h K,(a)/K0 K,(b)/Ko K2(a)/Ko K2(b)/Ko

0.05

Results from 
Chapter 2 2.928

m H h |
3 477 I N/A

Current results 2.930 3.470 . 0.000 0 000 !

0.10

Results from 
Chapter 2 2.772 3 884 N/A N/A

Current results 2.780 3 880 j 0.000 0 000

0.20

Results from 
Chapter 2 2.691 5 U8* N/A

Current results 2.698 5 081 | 0.000 11 OU0

0.25

Results from 
Chapter 2 2.784

I
5 96" N/A N/A

Current results 2.790 5 970
S&KSNraSili*i>S8V&tf \ **«£>

0.000 0 000

0.30

Results from 
Chapter 2 3.001

— ■
7.147. ■ N/A - v J j / A / ^

Current results 3.010 7.150 0.000 0 000

0.35

Results from 
Chapter 2 3.417 8 806 N/A N/A

Current results 3.430 ‘ 8:820 ’ 0.000 0 non

Table 2. Comparison o f stress intensity factors from current study with results from chapter 

2  for a F G M  strip with an internal center crack under uniform s t r a in  loadings

The crack surface traction defined by (75) may be expressed as,
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o  . .  p Sxcose

/>,(*,,0) = “ ^ -------- 0̂ cos2 0
?  « ( 14?) 8 / /  e 0

p 2 (x, ,0) = — —-------- s0 cos 0  sin 6
1 +  K

We define the normalizing stress as

(148)
1 +  K

Calculations were carried out for various crack lengths, with the 6  varying from 

0° to near 90°. Figs. 14 to 20 show the stress intensity factors for a crack with varying 

crack lengths, for a ' lh  = 0.05,0.10,0.15,0.20,0.25,0.30,0.35 respectively. The stress 

intensity factors are normalized by

K . = a M '  (149)
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K,(b)

KI K,

K,(a)

K2(b)

K2(a)

o ■+- 
0.0 0.2 0.30.1 0.4 0.5

0/71

Fig 14. Variation of the normalized stress intensity factors K  / K 0 with
6  / k  for an internal inclined crack in a FGM strip under uniform strain,

a ' lh  = 0.05
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K,(b)

K/K,

K,(a)

K2(b)

K2(a)

o -f-  
0.0 0.1 0.2 0.3 0.4 0.5

e/ji

Fig. 15. Variation o f the normalized stress intensity factors K / K 0 with
d i n  for an internal inclined crack in a FGM strip under uniform strain,

a' I h = 0.\0
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K,(b)

Kl A'

K2(b)

K2(a)

o - r  
0.0 0.1 0.2 0.3 0.4 0.5

0/7C

Fig. 16. Variation of the normalized stress intensity factors K / K 0 with 
d i n  for an internal inclined crack in a FGM strip under uniform strain,

a ' / h  = 0.15
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K,(b)

K!K.

K2(b)'

K2(a)

0 -T- 
0.0 0.1 0.2 0.3 0.4 0.5

0/tt

Fig. 17. Variation of the normalized stress intensity factors K  / K 0 with

d i n  for an internal inclined crack in a FGM strip under uniform strain,
a' lh  = 0.20

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



66

K-|(a)

K/K,

K2(b)'

K2(a)

o - f -  

0.0 0.30.2 0.4 0.50.1
9/ti

Fig. 18. Variation of the normalized stress intensity factors K  / K 0 with
9 / n  for an internal inclined crack in a FGM strip under uniform strain,

a ' !h  = Q25
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K/K,

K2(b)'

A
o - r  

o.o 0.1 0.2 0.3 0.4 0.5
0/7C

Fig. 19. Variation of the normalized stress intensity factors K t  K 0 with
d i n  for an internal inclined crack in a FGM strip under uniform strain,

a' l h  = 0.30
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K,(b)

K/K.

o —.

K2(b)2 - -- o

K2(a)

o - r  
0.0 0.1 0.2 0.3 0.4 0.5

Q/n

Fig. 20. Variation of the normalized stress intensity factors K  / K0 with
9 1 n  for an internal inclined crack in a FGM strip under uniform strain,

a ' /h  = 0.35

It can be observed that the stress intensity factors for mode I  crack 

( K { (a ) and K ] (b) ) decrease when 9 increase from 0° to near 90° while the stress intensity 

factors for mode II  crack first increase then decrease as the crack angle increases. The 

stress intensity factors (Kx)s are always greater than (K2)s in the beginning, when the

problem is mostly under mode I  deformation. After 9 increases to a given point, (Kx)s 

become smaller than (K2)s , because mode II  loading starts to dominate. This trend is not 

affected by the length of the crack, while the values of stress intensity factors are. Fig. 21
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shows K ] (b) for different crack lengths with the orientation of the crack changing from 0° 

to 90°. Fig. 22 shows the stress intensity factors for different crack length when 6  = 45°.

a ' l h  = 0.35 

0.30 
0.25 

0.20 
0.15 

0.10 

0.05

o.o 0.20.1 0.3 0.4 0.5
B l n

Fig. 21. Variation of the normalized stress intensity factors K x (b) / K 0 with 
6 /  n  for an internal inclined crack in a FGM strip under uniform strain, for

various a' / h ratios
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3.0 -

K,(b)

2.5 -

Kz(b)

2.0  -

K2(a)

0.5 - K ,(a)

0.0
0.1 0.2 0.3 0.4

a ' / h

Fig. 22. Variation of the normalized stress intensity factors K /  K 0 with

a' / h for an internal inclined crack in a FGM strip under uniform strain,
0  = n ! A

The crack surface openings are displayed in Fig. 23 and Fig. 24. Fig. 23 depicts the 

crack surface opening in y x direction with the crack length a ' /h  = 0.35. Fig. 24 shows the 

corresponding opening in xx direction. For Fig. 24, since there is no crack displacement in 

x, direction, the orientations of the cracks are chosen as 4.5°, 45° and 67.5° respectively. 

In Fig. 23, the orientations of the cracks are chosen as 0°, 45° and 67.5°.
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25 -

20  -

>

10 -

- 1.0 -0.5 0.0 0.5 1.0

x'

Fig. 23. Crack surface openings in the y } direction for a ' /h  = 0.35, 0 = 0°,

45° and 67.5°
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8

6

3

4

2

0
-0.5 0.0 0.5- 1.0 1.0

Fig. 24. Crack surface openings in the x, direction for a' lh  = 0.35,

0 = 4.5°, 45° and 67.5°

Some preliminary numerical calculations have also been carried out for eccentric 

cracks, especially for cracks near interfaces. Fig. 25 shows the normalized stress intensity 

factors K x (b ) / K 0 for different eccentric cracks, where a'= 0.5 and 9  is a factor depicting 

the eccentricity o f the crack, defined as:

9  =
h - ( a  + b) 

h
(150)

It can be observed that when the cracks move closer to the interface (in our model, 

the Young’s modulus o f the material decreases in this direction), the stress intensity factors 

decrease. It is also worth pointing out that when studying eccentric cracks, the convergence
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speed of the numerical quadrature decreases significantly when the cracks are close to 

boundary, thus, making it extremely difficult to obtain accurate results.

3 =  0.04

0.08 

0.12 

0.16 

0.20

o.o 0.1 0.30.2 0.4 0.5
Q t n

Fig. 25. Variation of the normalized stress intensity factors K , (b) / K 0 with

01 n  for an internal inclined eccentric crack in a FGM strip under uniform
strain
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Chapter 4 The Mixed Mode Crack Problem in a FGM 

Strip Bonded to a Homogeneous Half Plane

In this chapter, the general in-plane mixed mode problem for an arbitrarily oriented 

crack in a FGM strip bonded to a homogeneous half plane is considered (Fig. 26). As 

mentioned before, FGMs layers are widely used in high temperature applications as 

thermal barrier coatings. These layers usually are bonded to metal substrates, which have 

same mechanical properties o f the bonding surface of the FGMs layers. Compared to 

FGMs layers, these substrates are generally much thicker. Thus, it is safe to model them as 

half-planes when studying fracture problems in FGMs layers. It is under these 

consideration that we model the general fracture problem as an arbitrarily oriented crack in 

a FGM layer bounded to a homogeneous half plane.

It appears that the general fracture problem has not been solved before. Some 

researchers have studied crack problems in bonded plates with at least one o f them 

nonhomogeneous, such as [13,15,16,17,19,22,23,30,35,36,37,40,57,68,93,95], to name but 

a few. It should be noted that in most of these problems, the loadings are anti-plane shears, 

which are rather easy to deal with but their practical importance is very limited. For some 

mode I  crack problems, the cracks are either interfacial or in aligned directions. The most 

noteworthy problems that are somewhat close to current research are the two studied by 

Choi ([15] and [17]). In [15], it is a mode I  problem of a crack located in a homogeneous 

semi-infinite substrate that is bonded to a surface layer through a nonhomogeneous 

interfacial layer. The crack is perpendicular to the nominal interface (Fig. 10). In [17], Choi 

investigated the mode I  crack in the same geometry but at an arbitrary angle to the graded
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interfacial zone, instead of perpendicular to it. For both problems, the cracks are located in 

the homogeneous layers, which greatly simplified the mathematical analysis.

In this chapter, based on the study presented in the previous chapter, we provide an 

analytical solution for the problem of an arbitrarily oriented crack in a FGM layer bounded 

to a homogeneous half plane. Again, Fourier transforms are used to construct a system of 

Cauchy-type singular integral equations. These equations are then solved numerically to 

obtain the stress intensity factors at the crack tips.

4.1 The Formulation

Fig.26. Geometry o f the crack in a bonded strip
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Here we consider a FGM strip (layer 1 in Fig. 26) containing an embedded finite 

crack on the y ’ = 0 plane; the strip is bonded to a homogeneous half plane (layer 2 in Fig. 

26).

In the FGM strip, the material properties vary in the direction perpendicular to the 

boundaries. The Poisson’s ratio is assumed constant. The Young’s modulus E  and the 

shear modulus ju are defined by

E(x) = E leSx (151)

or

E (x ' , y ' )  = E le/3x'+n'' (152)

with

f3 = 5cos9 ,  y ^ - S s m . 6 ,  (153)

and

M(x) = ju,e& (154)

M x '.y  ) = ««*■*”' (155)

and the Lame constant is:

A ( x , y )  = — (156)
K - l
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8  is a constant that describes the nonhomogeneity of the FGM. The relationship 

between the two coordinates system is as below:

x' = x  cos 9  + y sin 0
y '= - x s in #  + y co s0  (157)

with \9\ < 7t /  2 .

To simplify the analysis, we assume 8  > 0 .

For layer 2, which is homogeneous, the mechanical properties of the material are:

This problem will be solved under plane elasticity conditions, with the following 

boundary and continuity conditions:

(158)

cry (x',+0) = cr/ (x ',-0 )

Txy (x' ,+0) = Tty (x' >~0) 0 < x < h
(159)

o-x(+°,y)  = ° x( - Q’y)  

^xy(+o,y) = rxv( -o ,y ) -o o  <  y  <  oo
(160)

a x(h ,y )  = rxy(h ,y )  = 0 -o o  <  y  <  oo (161)

v(x',+0) = v (x ',-0 ) 

w(x',+0) = w(x',-0) x' <a or x ’> b and 0 < x < h
(162)

v(+0 ,y) = v(-0 ,y)
w(+0,y) = w (-0,y) -o o  <  y  <  oo

(163)
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o>(*'»0) = />,(*') 

Txy ( x ' , 0 ) = p 2(x') a < x ' < b
(164)

where p ,(x ')  and p 2(x')  are known crack surface tractions, which can be 

determined by solving the elasticity problem for the uncracked strip under the given 

external loads.

The solution o f layer 1 is expressed as the sum of two states o f strain as uv (x ', / ) ,  

v , , ( x ' , / )  and w,( x , y )  and v ,(x ,y )  where the coordinates (x ' , y ' )  and (x ,y )  are defined 

in Fig. 26.

With k  = 3 -  4v  for plane strain and k  = (3 -  v)  /(l + v)  for plane stress, Navier’s 

equations for the FGM layer may be expressed as:

(165)

Assuming, w ,,(x ',/)a n d  V j , ( x ' , y )  as:

(166)

and repeating the procedure outlined in the previous chapter, we get:
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U (y ' ,a )  = Y d mjFj (a)enjy F ( / , or) = ]£  Fj (a)e"jy (167)
7=1 > 1

where Fy(a )  are unknown functions and nij ( j  =1,...,4) are given by

[2ar + ^ ( j c - 3 ) ] « . + / 0 7 ( x : - l )  .
m , = ------------5-----------------1  7 = 1,-.,4  (168)

( k  - 1 )rij + ( / f - 1 )ynj -  (k  + Y)(a + ifi)a

while n,  (j  =1,...,4) are the roots of

[n2 + yn -  a(a  + i(3)f + - —— (ay -  ifin)2 = 0 (169)
/c + 1

The value o f w. are:

A,  y A , 2 + 4 ( c r + / a A 2)

A,  V V  + 4 ( a 2 + i « A 2)
/ i ,  =  — -  + » 4  =

A 3 -Ja 32 +  4 ( c r  + zoA4)  

1  2

A 3 -\/a 32 + 4  ( a 2 +  z'aA4) _ _  +  _

(170)

A ^ r  +  Z ? , —  a  3 = r - A  ^
*T + 1 JC + 1

A 2 = f l - r J ^ — T  A 4 = P + y ^ 3 K
K +  1 zc + l

Since w and v must vanish for x2 + _y2 -> oo, we have:

F3(a )  = F4 (a )  = 0, .y > 0 
3 (171)

^  (or) = F2(a )  = 0, y < 0  }

Using generalized Hooke’s Law, we obtain:
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/+i

O'XV (* ' » /  )  =  Y k (k -  \)  ^  +  *■) +  nj  ( 3  “  KW j  ̂ e",y ,<XX d a

M
o yV{ x \ y )  = - j 1 f  Y i [-iccmJ{ 3 - K )  + nj {\ + K)]Fj { a ) e n>y'" ax' d a  (172)

I K \ K  — 1) ® J=l

I J  /<0

where / = 1 for y  > 0 and 1 = 3 for y  < 0.

From the continuity conditions (159) and equations (172), we find:

F3{ct) = Rx(a)Fx{a) + R2{a)F2{a), F4(a) = R2(a)Fx(a)  + R4(a)F2(a)  (173)

The functions o f Rj (a)  are given by

R](a ) = { ( m 4 ~ m \)[Q + K ) n ]n A + ( 3 - K ) a 2] + i a ( n i  - n x) \ \  + K - ( 3 - K ) m xm i ] } l  R 0 

R 2(cc) = {(w4 - w 2)[(l + A:)i72n4 + (3 -  K ) a 2] + i a ( n 4 - n2)[l + k - ( 3 - K ) m 2m A] } / R 0 

R 3( a )  = ~ { { m 3 -  m x)[(\  + K )n xn 3 + ( 3 - K ) a 2] + i a ( n 2 - n 1)[l + /c -(3 -ff)ff2 !m3]}/i?0 

R 4( a )  = ~ { { m 3 - m ])[(1 + jc)n}n 2 + (3 -  k ) a 2] + i a ( n 3 - n x)[1 + k  -  (3 -  K ) m xm 3] } / R 0 

Ro(a ) = (m4 ~ m3 )[(1 + at)«3m4 + ( 3 - K ) a 2] + i a ( n A - « 3)[1 + - ( 3 -  at)w3w4]
(174)

We then introduce the following new unknown functions:

g x(x') = —  [uv(x ' ,+0) - Uy(*' -0)], a < |jc'| < b 
ox

S' ) =  T 7  fv >' ’+ 0 ) “  VJ' a <  M  <  box

We can then express F .(y = 1,...,4) as:

(175)
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F  = r  [or(3- K ) f 22 + /(I + O / 3J &  + (ifu + cf42)( 1 + K)g2 j adt
1 •*-“ (1 + K)aco0

F , =  -  f  [ ^ ( 3  ~  0 /2 1  +  * 0  +  Q / 3l ] g i  +  (ifu + ^ 4 1 X 1 +  K)gl Ja,±
’’•*  (1  +  K)aco0

F  =  f  [ 0 ^ ( 3  -  K ) f u  +  * 0  +  * 0 / 34 ] g j  +  ( i / j 4 +  a /~ 4 4 ) ( !  +  ^ ) g 2

3 ■*-« (1 + K)aco0

F  = _ r [g (3 - y )./~23 + *'0 + O/33 tei + O/13 + X1 + Og2 pm d t
4 -*-00 (1  +  x : ) a r y 0

where

f \ j  = nynjri j(n4 - « , )  + «4m3wy(»y - « 3) + n ^ j n , ( n 3 - n4) 

f 2j = m4mj (n4 -  w,) + w3my (ny -  «3) + w3w4 (rc3 -  n4) 

f i j  = nimi K  ~ nj)  + n4m4(rij - n 3) + n ^ j { n 2 - n4)

f j  =  m 3 ( W4 ~ n j )  +  m 4 ( n j  ~  n 3 )  +  m j  ( « 3  “  « 4  )  J =  U

/ 1; = - [ n ]m2mj (n2 - n ^  + n ^ m j i r i j  - « 1) + »y/n1w2(«1 - « , ) ]

f i j  = - [ ^ 2^ 7 ( « 2  - nj ) + wiwy(«, - n x) + mxm2(», - n2)]

/ 37 = -[« ,m, (n, -  rij) + n2w2 (»y -  » j) + rijWij(w, -  n2)]

f j  =  “ K  ( « 2  -  n j  )  +  W 2 ( » ; - « ] )  +  O l  -  » 2  ) ]  y  =  3,4 

and

<»0 =(w , - m 2)(m3 - m 4)(nxn2 +n3n4) + (mx - m 4)(m2 - m 3)(n2n3 +nxn4)

— (/w, - w 3)(/n2 - m 4)(nxn2 +n2n4)

Substituting them back into equation (172), we can express c^ ,, o 

terms o f g x and g 2, for / >  0, as:

(176)

(177)

(178)

(179) 

■y and rxy  in
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vv,y)= |^fivv,/W  
w v ,/)= ^fivv ,/w <

where

V V , / , ' ) = £ V V . a y “(M,)<fa, * = 1A J  = 1,2,

l , m W . a ) - - ^  + K> - * Q - Kh « ? - > ' ) f n + V  + * ) f . V '<xco0( k -  1)

+ / ^ a  + r ) - h ( 3 - » [a (3 . g ) /  + i(1 + lc ) /  y *
aco0( K - 1)

£ , “ ( / ,  a )  = + ^  + v
GCCQq\K  — 1)

aa>0( K - 1)

V . <*) = “ ? ”l(*’ 3> + ” '( 1 + lc>[ar(3 _ K)fn  + i(i + K ) f  y s
ao)0( K - 1)

i a m 2 ( k  -  3) +  n2 (1 +  k )

aco0( K - 1)
[ a ( 3 - K ) f 2] +i(l + K) f2]]en2y

W , a )  = 3) + ? i(1 + y ) {ifv + ^ )(1 + Ky y
aco0{ K - 1)

i a m 2( K - 3 )  +  n2( \  +  K ) n r  , ^  V1 , . fll/

CCG)0( k -  1)
■(^1 +<^4i)(l + * K
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* 3 i( V . g )  =  - L- - i g )  [« (3  ~  * 0 / 2, + / ( l  +  ^ ) / P ]ea&>0

(» ,« , - j a )  [a(3 _  + j(1 + ^  ]£,„ .

a&>0

Similarly, we obtain equations (182) for crx., cry and r x. , when /  < 0 , as

<?,■” (x i. y ) = ,M * ',y ) . f  i x °  V . y .o « , «¥<
2;r(l + xr) * jT\

where

h „ ° \ x \ y \ t ) = ^ K l)m (y ' , a )e ll‘l-'-'‘)dcc, k = 1,2; y = l,2,

ig|,0l( y , g ) = - lam,(1'l''t’? ”; f  K ) { a ( $ - K ) f u + i ( \ + K ) f » ] e " » '
acoQ( K - \ )

+ i a n . q + « :) -« ,  (3 - y ) [g (3 - y ) /  +i(1 + , ) /jj]e , ,  
aoj0(K --l)

Gfty0 ( x r - l )

+ f c W , 0 + r ) - ^ ( 3 - r ) (yi + + r ) e ,,-
ary0 (/c -1 )
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^ , ' V . a )  = ,am,(-K 7,) + " ^  + k)  [0(3 -  K)f, t +1(1 + K ) f » y *
a a a{ K - \ )

( r - 3 ) ^ p  + ,r)
aty0(A r-l)

(2) .  . . z a m , ( / c - 3 )  + n ,(l +a:) . ..  . . ..  N „
22 ( /  , a )  = -^ --------------->- (z /14 +  a f 44 )(1 +  K ) e n*

- ( / c - 1 )

k t f u + a f u ) ( i + K y

(183)

, 1X k J\4 ^  “J 44'ao)0{K~  1)

<am<(«r-3) + n) ( H - y ) ^  ^ , ... ,
aco0( K - 1)

( / ,  a )  = (" 3m3 ,a ) [a(3 -  jc)/m + f(l + « ) /„  y '
ao)0

- 4-Wi - - -g ) [a(3 -  *r)/B + /(I + /c)/33]en-y
Cm>0

3̂2(2) O'»a) = lCĈ  (ifu  + a fu  )(1 + K )eniy'
acon

(n4m4 -  id)  

aco, 0 / l 3  + ^ 4 3 ) ( 1 +  ^ ) e " j y13 ' ^ 4 3
0

For the coordinate system of (x, _y), the Navier’s equations for layer 1 may be 

expressed as:

5 2w, S2n, 5 2v , dux 3v,
— f +  ( / r - l )  — j -  + 2 — ^ -  + S ( k  + 1)— L + S ( 3 - i c ) - j -  = < 
ox'  oy oxoy ox oy

(xr — 1)— f +  (/c + l ) — f + 2  L + J ( a: - 1 ) ( — 1- + — L) = 0
dx2 dy2 dxdy d x d y

Assuming,

(184)

u\(x>y) = ~  f  qA(a)epxe~,a>'da  
I n

v , ( jc, y )  = —  f  A{a)epx e~,ay d a  
2 n

(185)

after some manipulation, we can find p } and q} as:
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p, = -  — -  — 4 d 2 +4 a 2 + 4  icoa 
1 2 2

p, = -  — -  — 4 s 2 + 4 a 2 -Aicoa  
2 9
g  \    (186)

p,  -1- — y d 2 + 4 a 2 +4icoa
3 2 2

p,  = - — + — 4 s 2 + 4 a 2 -Aicoa  
2 2

(k -  V)(p, +5)p,  ~(fc + l ) a 2
------------- I L L - ! ------ i _ 5 / = 1..4 (187)

ca’Ppy  + £ (« •-!)]

Thus we have:

«i(x»y) = ^  [ x ' Z (l j A 4 a y ,Xe~,a>d a

M x >y)  = T- f  J ^ A  (a )ePjXe~iqyd a  
2 n Xx

c r 0 ) = M X t )
ITT £Z [(1 + * ) %  + ( * : - 3) i a ] ^ ( a ) e p̂ ,‘0'rfa

27T(a: — 1) Xx j

(188)

1„ . r + + ,  (189)
' 2 / t( a: — 1)

r ^ (3) = ^ 2 ~ iaQjH (a )ePjX ‘̂ d a

4.2 The Integral Equations

At a given point in layer 1 shown in Fig. 26, the stress state can be expressed as the 

sum of the stresses given by equations (189) and equations (180) or (182), depending on 

the sign o f y'  at that point.

From the free boundary conditions (161) o f the problem at x  = h , we have:
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X  K1 + V P fl j  + (<K ~ {a V jh = ------ - - X  f 0 v (a, t)gj (t)dt (190)
j  + K)  7=I

where

2

g ly (a, 0  = X  (a > ̂  cos2 ® + & 0  sin2 0  _  2 & /0 («> 0  cos # sin 0} (191)
/=i

£ w(n( a ,0  = r  f  K klm (yco s6  -  h s m $ , p ) e ip{‘- ysine- hcose) + iaydydp  

4 (2) (a , 0  = J* “  eK v l2)( y c o s 0 - h  sin 6, p )e  w ' y si"0 - *cos 0) + ̂
(192)

and

2 > , - m M & y * ' = 2 ^ T + ^ j §  {&,■(«» 0 g / 0 *  (193)

where

2

Q2j{a, t)  = £ { (c o s 2 6* -  sin2 6 ) ^ } ' \ a , t )  -  [£2_,(,)( a ,0  -  ^ , / )(a,0]sin6'cos(9} (194)
/=i

For layer 2, the Navier’s equations for the elastic medium may be expressed as:

. d2u-, d2v,
<X + 1 )^ -T -+ (*  -  1)'-T -f  + ■ = 0ex ' oy~ oxoy

r /- i \ ^ 2y2 o ^ 2y2(/c — 1)— f- + (K- + l)— f + 2 — — = 0
ax ay2 dxdy

(195)

expressing the solution o f w2(x ,y)and v ,(x ,y ) for y  < 0 as:
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u2(x ,y )  = —  f  H x(x,a)e~iayd a  
9 7T "̂c0
, (196)

V, (x, >0 = —  f° a 2 (x»a)e~'v da 
2k

after some manipulation, we get:

m, (*, y) = f° r iiG i («) + (x -  r^G , (a)]e,a|j:'"9'da 
2;r a  a
i 11 11 (197)

7 (x, y) = —  f  (G, (a) + xG, (a)el“|jt"'£9'd a  
2k

From generalized Hooke’s law, we obtain the stresses for layer 2 as:

<77,  = —  f  [2a(G, + xG2) -  ̂  (1 + at)G2 fc1*1*-"9’d a  
2;r •Lm a

<t, = -  —  f  [2a(G, + xG2) + 7^(3  - /r )G ,]e H^ d a  (198)
27t •Lffl |a |

^ Xy = T -  f  t2l«l(G- + ̂ ) + (1 ~ OG2 Ĵ '̂ da2;r

From the continuity conditions (160) and (163), we get following relations:

Z [(1 + k)Pjqj + { K -  3)ia]Aj(a)  -  i[2aG, -  £ ( 1  + k)G2](k - 1) 
i \oc\

2 (199)

where
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031 («»0
_  re -  ;pm, [(1 + kOcos2 ^ + (3-K")sin2 0] + n,[(3 -*r)cos2 8 + (1 + /r)sin" 9 ] - 2 ( n tml - i p ) ( r c -  l)cos0sin 9 

■*-“ pcoQ(K- ' l ) (n l c o s d - i p s i n d  +  i a )

[p{ 3 -  K ) f 22 +  / ( 1 +  r t ) / 32 J e '^ p

r
J-3: /5£ao(Ar-l)(«2c o s 0 - /p s in ^  + fo:)

[p(3 -  AT)/,, +1(1 + /c ) /31 y * d p

j« -;/?/h3[(1 + k:)cos2 0 + (3-*-)sin2 0] + «3[(3-/r)cos2 0 + (l + *:)sin2 0]-2(w 3m3 -;» (K --l)cos0sin#  

-*-50 pa>o(A--l)(tt3c o s 0 - /p s in #  + za)

[p(3 -* ■ )/„  + i(l + Ar)/34]e"Vp

32 J

_ -/pm,[(l + k-)c o s 2 0 + (3 -  s-)sin2 0] + n ,[(3 -*-)cos2 # + (1 + /r)sin~ Q \ -  2 ( n 2m-, - i p ) ( i c - 1)cos9 s i n 6

- fJ-oc
-ipm 4[(l + x-)cos" 6  + (3 -/f)sin‘ 0] + w4[(3-k")cos2 6 + {\ + K^sin' 6 ] - 2  ( n 4mA -  i p ) ( i c - \ )  cos 9  sin 6

pa0 {k - 1)(«4 cos 6 -  ip sin 9 + ia)

[p( 3 -  K)fa +i(l + K)f^ ]eipldp
(200)

032 ( « .0
p° -  /pmJCl +  /r) cos2 0  + (3 -  >r)sin2 0] +  n ,[(3  -  /tr)cos2 9  + (1 + x-)sin2 6]  -  2 (« ,m ] -  ip){tc -  I) cos 6 sin 0

p c o 0 ( K - 1 ) ^  cos & - i p  sin 8  +  i a )

P f n W  + K V 1* dp

j" -  ‘Pm2 tO + K) cos2 9  +  (3 -  /c )sin 2 0] +  n2{{h -  k t ) c o s 2 9  + (1 + /c )s in 2 9~\ -  l ( n 2m 2 -  /p)(/c - 1) c o s 9 sin 9  

■*-* p ©0(k - 1)(/?2 cos 0 - z p  sin 0 + r a )

(tfn + f t f M  + K)e»dp
? 2 2 

i® -  ipm2[(\ +  k) cos~ 0  +  (3 -  /c )s in ' 9]  +  « 3[ ( 3 - s r ) c o s  0  + ( l  + /c)sin  9]  -  2 (n2m3 -  ip)(ic  -  l) c o s # s in  0

■*-“  p a ) 0 ( K  -  l)(n2 cos6 - ip s ind  +  i a )

(jfl, + f f „ ) ( l  + K)e"’ dp

r° -  /pm4 [(l + zc)cos2 9  + (3 -  xr)sir2 9]  +  « 4 [(3 -  k )  cos2 9  + (1 + zc)sin2 0 ] -  2(m4ot4 -  ip)(/c -  1) cos 9 sin 9

paa (at -  l)(«4 cos 9 -  ip sin 0 + i a )

OX13 + P f M  + K y ' d p
(201)

X [p, - iaqj]At ( a ) - [2ja|G, + (1 - k )G2} = S  ( Q v g j W  (202)

where:
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J-K’ po)n(n] cosO - i p s m . 9  + ia)

+ f  + „ ) ^ ( r  -  W « . 2g  ,
p<s>0 («2 cos (9 -  ip  sin <9 + 1 a )

+ f  - s ^ 2 e i i ^ ) H ^ - i p ) o o s 2 6 [p{ ^  + K)fvy*dp
p<0o («3 cos 0 -  z/z sm 0  + 1 a )

_  f  ^ ! M i t e M ^ W 3  _  r ) /  + i(1+ K )/ij]e . , rfp
pco0(n^ c o s d - i p s m O +  ia )

(203)

(204)

•Lto pa>0(n] c o sG - ip sm 9  + ia)
+  p  - S i n 2 m p m , + nl) + (»2m2 - i p ) , os28  +  +  „

/?<yQ ( z ? ,  c o s  $ — ip  s i n  0  + i(x)

p -smzga g ^ j , )  + (̂ - ig)cos2g( + +
/?ft>0 ( z 23 c o s t f - z p s m t z  +  z a )

_  r - s m 2 9 ( f / m . + B ) ) . f ( B 4 m < - y ) c o s 2 g  +  +  ^

pco0 (zz4 c o s  f9 -  ip s i n  9 + ia)

and:

- o [ G, ( « ) -  n G=(“ ) l = X  f  a / “ .0 g ,(0 *  (205)

where

0 s i ( « . O  =  '
1

J-  co

(sin 0 -  zw, cos #)[p(3 -  k ) f 22 + /(I + zr) / 32 ]

+

+

2jt(1 + zr) J-e0 (z?, cos # -  ip sin 6 + ia)po)0

(sin 9  -  m 2 cos f l ) |> ( 3  -  z r ) / 21 +  / ( I  +  y ) / 31 ]

(«, cos 0 -  ip  sin 0 + ia)po)0 
(sin 9 - m 2 cos <9)[p(3 -  a t ) / 24 + /(I + Q / 34 ]

(«3 co s0 -z /? s in 0  + zG:)/?£yo 

(sin 9 -  m4 cos 9)[p{3 -  zc)/23 + z'(l + zr)/33 ]
(z?4 cos <9 -  ip sin 9 + ia)pco0

}eip,dp

(206)
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Q 7(a  t )=  1 (“ f (s in0 ~ mi coseW n  + t f v x 1 +
52 ’ 2^(1 +  k )  («, cos 9  -  ip  sin 0 + ia)pa>0

| (sin -  m2 cos fl)Qyn + / / 41 )(1 + re)
(«, cos 9 -  ip sin 9 + ia)pcon 

2 0 (207)
[ (sin 9 - m 3 cos g )((/;4 + p fM )(1 + k )

(n3 cos 9 -  ip sin 9  + ia)pco0

_  (sin 9 -  m4 cos 0)07,3 + yo/ 43 )(1 + r )  ^
(«4 cos 9 -  ip sin 9  + ia)pco0

and:

f 1AJ(a)e-"’  - G ,( a )  = Z  f  &,(a,0g/0<* (208)
j  > 1

where

06i (a . 0  =
p  , (w, sin 9 + cos 9)[p(3 -  k ) f n  + z(l + *r) / 32 ] 
•’-00 («, c o s # - / /? s in g +  zar)p<»02^(1 + k ) 

(m2 sin # + cos 9)[p(  3 -  y ) / 21 + /(I + y ) / 31 ] 
(n2 cos 9 -  ip sin 9  + ia)pm:

(m3 sin g + cos 9)[p{ 3 -  y ) / 24 + /( 1 + a: ) /34 ]
(«3 cos # -  ip  sin 9 + ia)pco0 

_  (m4 sin 9 + cos 9)[p(3 -  at) / 23 + /(I + *0 / 33] 
(rc4 cos 9 - i p  sin 9 + ia)pcoQ

+

+
(209)

062 (a. 0 = 1 p  , (m, sin (9 + cos #)(//;, + / / 42 )(1 + y) 
27t(1 + k ) •*-“ («, cos 0 -  ip  sin 9  + ia)pa>0

| (w2 sin # + cos 9)(ifu + p/ 41 )(1 + k ) 
(rc, cos 9 -  ip sin 9  + ia)pa>0

+
(m3 j  sin <9 + cos 9){ifu + pf44 )(1 + k ) 

(n3 cos 9 -  ip  sin 9 + ia)po)0 

(m4 sin 9  + cos 9)(ifl3 + p/ 43 )(1 + k ) 

(n4 cos 9 -  ip sin 9  + ia)pa>0

(210)

■}eipldp
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With equations (190), (193), (199), (202), (205) and (208) we have 6 equations for 

the 6 unknowns Aj ( j  = 1,... ,4) and G j( j  = 1,2):

Y j [(l + k ) p Jq j + ( K - 3 ) i a ] A J ( a ) e Pjh = 1 *  'Yj t o , J { a A ) g J{ f)dt
i l n ( l  + K)  J=x *

Y i P j  - iciqJ}AJ(a)ePih = ~  £  f  Q2J(a , t ) g j (t)dt

£ [ ( 1  +  k)p jq j  + { k -  3 ) ia]Aj(a)  -  i[2aGx - p r ( 1  +  k)G2](k - 1 )
I a

1 - K

<2>»

t l Pj - i a q ^ a ) -  [2|a|G, + (1 - OGJ = |  { Q41g f i ) d ,

£ q ,A j (a )  - [G,.(a) - f  .G; .(a)] = f ,  {iQ,y(a,.t )g ,( t)d t
j  l ^J

Y ,A j{a )e~ iay - G,(a) = J  { Q6J(.a ,t)g j(t)d t
j j=i

Solving equations (211) we can obtain ^ ( a )  (7 = 1,... ,4) and G, (a ) ,  G2( a ) . 

From the boundary conditions 

^  Oi>+°) = P\O i ) » Oi>+°) = ^ 2O i) (a < x < b )  (212)

where t?,(x,) and p 2{xx) are the crack surface tractions, we obtain:

cryi (1)(x, ,0) + sin2 9axi3)(xx cos 9, x, sin 9) + cos2 9<jy 3) (x, cos 9, x x sin 9)

-  2 sin 9 cos 9 t J 3) (x, cos 9, x. sin 9 )  = p, (x,)
*  (213)

r x,y|(1)(x1>0) + r I>,(3)(x] cos#, x, sin#)(cos2 9  - s in 2 9)

+ sin 9 cos 9[cr(3) (x, cos 9, x, sin 9) -  crx 3) (x, cos 9, x, sin 9)] = p 2 (x,)
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To obtain the asymptotic behavior of the stresses, first we can rewrite the first 

equation o f (213) as:

2 f f ( l  +  / c )

p { x xcos9 ,x ,smQ)  7 ~
+ T w . - n "  L  Z ( K 1 + t ) P A + ('c - 3) ' “ ] ™ ' »

+  [ - ( 1  +  k)ia  +  ( 3  -  v )p ; ^ ] c o s 2 6 -  2 sin9 cos9{k  - 1  )[pj -  iaqj ]}Aj(a)ePjX'cos8~lax'!i'ne da  

= P iO i)
( 2 1 4 )

Since the asymptotic value of K 2X andK 22 fo ra  -»  oo are:

K 2l* = 0

Id , , (215)
Kn x = -2i —  e~^y 

a

equation (214) yields,

-  f  ( 7 7 ^  +  i ; R / l>( x p ' )  +  ^ P M ) g i V ) \ d i  = A ± J E L p M  ( 2 1 6 )
7T I X  j j - \  Z.fJ.\X-[Jd)

where the kernels are

*ii(V p 0  = ^ 2 i(,)(>iA 0

* p ( , ) ( j e „ 0  =  -  f  [K22i' \ 0 , a ) - \ i m K 2 "\0 ,a )]e la{,-x')da
^  J-eo a-»co

k1j 2\ x x,t) = ) 1 +  /C\  f  £ { [ ( 1 +  * ) / > , ? ,  +  ( ^ - 3 ) z a ] s i n 2 0  (2 1 7 )
4(at — 1) •Lc° i

+  [ - ( 1  +  k)ia  +  ( 3  -  k ) ptf, ] c o s 2 9 

-  2 s i n 6 ? c o s 9{k -  l)[p, - i a q ^ C ^ a ^ e ^ ' ^ ^ d a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



93

Similarly, the second equation of equation (213) becomes:

(218)

where

k l2m (x l ,t) = j h 32m (xl,0,t)

k \ \ 2\ x , , t )  = — T [ £ 31(1)(0, a)  -  lim Ar31(,)(0,a )]e ,’“c' ' Jt|W
4  J -  oo cr—>oo

(219)

k2im (x„t)  = £  £  {(cos2 0 - sin2 d ) ( K - l ) [ P j -iocqj]

PjX\  c o s t f - t a t j  sin Q

From equations (175), the definition of g y( f ) J  = 1..2 , we obtain the single 

valuedness conditions to complete the formulation of the problem:

4.3 The Numerical Solution

To obtain stress intensity factors at the crack tips, we will solve the Cauchy-type 

singular integral equations obtained above numerically. The collocation method used to 

solve these equations was described in the previous chapter.

First, we define
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b - a  b + a
t -  r + -------

2 2
b - a  b + a

x, =  s + -------
2 2

g  i(t) = h (r )  g 2(t) = <p2 (r) (221)
P)(xl) = f l(s) p 2(x l ) = f 2(s) 

p ( x ],0) = m(s, 0)

q ™( s , r )  = ^ Y ~ k , ™ (x ,, t) (i = 1,2, j  = 1,2, w = 1,2)

Thus, the integral equations (216) and (218) are normalized as:

\  1 (7 i 7 + E  [? ./ ’(* .')+ iv" (i. '•)% !» }*  = /; (s) (222)

The fundamental solution o f these equations is ([42,80])

w ( r )= 7 l T 7 ’ <224>

thus the solution o f (222) and (223) may be expressed in terms of Chebyshev 

polynomials of the first kind:

m  =  X M  - l < r < l
\ l  — r %

1 N (225)
M r )  = - r = ? l lc .mT.W  - l < r < l

VI - r  n= 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



95

where c„(1) and c„(2J (n = 0,1,2...) are unknown constants. From the single 

valuedness condition (220), considering the orthogonality conditions of Tn(r ) ,  it can be 

shown that

c0(1) = 0 

c0(2) = 0
(226)

Substituting (225) into (222) and (223), we obtain:

(227)

+ i t  ( , 2 > , / V ) +
«=1 y / l - r 2

(l + fc)
2m(s,0) < * <

Z  (J) + “  Z  I, Z  t i l ™  (s> + ?2./l2)0= ̂ )]c„(7) ~ Y = d r
n=1 *  „ -! ^  V l - r 2

(1 +  k )
=  / 2(£) —l < 5 < l

2/77(5 ,0) 2

Equation (227) can be solved by truncating the series and choosing the collocation 

points 5„as

Tn (s„) = 0 5„ =cos((2/7- l ) ^ )  n = l , . . . , N  (228)

After determining cn(I)andcn(2), we can express the stress intensity factors at the 

crack tips as ([59])

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



96

c,mV 2 1 + *: r f

*2 (*) = -■
b - a  2n{b,0) ^  (2)w w y c ( 

1 + *  "

and the crack surface openings as

n(x ,,+0) -  u{xx - 0) = -V (fl'2- x ' 2 ) J - c / f y . , ( x r/ a ' )
1m »

v(x,,+0) - v(x, - 0) = -V (a ,2- x '2) | ; - c / 2̂ ( x 1 / a ' )
n = l «

where

(229)

(230)

(231)

which is the half length of the crack and

. b + ax <= x   (232)

4.4 Results and Discussion

The stress intensity factors at the crack tips were calculated numerically for 

different crack lengths and crack orientations. The loading is uniform strain at infinity, that 

is:
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£yy(x,±*>) = £0 (233)

Thus, the crack surface tractions can be written as:

o  ta c o s f l

p x (x, ,0) = -  —  s 0 cos2 9

<5rcos 0
(234)

p 2 (x, ,0) = -  —  s 0 cos 9 sin 9
\ + K

The calculations were carried out for various crack lengths, with 9  varying from 

0° to near 90°. All the stress intensity factors are normalized by

where a 0 is the normalizing stress which is defined as

Fig. 27 shows the stress intensity factors for a crack with a ' l h -  0.05. The dashed 

lines indicate the stress intensity factors for an inclined crack in a FGM strip bonded to a 

homogeneous half-plane, while the solid lines show the stress intensity factors for the crack 

in the same FGM strip. As it is shown, the difference between these two groups o f intensity 

factors is very small, and nearly negligible. This is largely due to the fact that the crack 

length is very small compared to the thickness o f the strip. Thus, the perturbation brought 

by the extra homogeneous half-plane is not distinctly reflected in the stress intensity factors 

at the crack tips.

K Q= a 04a' (235)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



98

Inclined crack in a FGM strip 

bonded to a semi-infinite 

hom ogeneous plane

- Inclined crack in a FGM strip

K2(b)

K2(a)

0.50.3 0.40.20.10.0
Angle: B/n

Fig. 27. Variation of the normalized stress intensity factors K  / K 0 with 
d i n  for an internal inclined crack in a FGM strip and a FGM strip 

bounded to a homogeneous half-plane under uniform strain, a ' lh  = 0.05

Figs. 28 to 31 show the stress intensity factors for cracks with varying crack lengths, 

for a ' /h  = 0.10,0.15,0.20 respectively. It can be observed that as the crack length 

increases, the difference between the stress intensity factors for a FGM strip and a FGM 

strip bonded to a homogeneous half plane increases. But the trend o f the variation o f the 

intensity factors with respect to the crack angle remains the same.

Several important conclusions can be reached from these results:

1. The square-root stress singularity is still valid at the crack tips of cracks

in an FGM layer for various lengths and orientation of the crack.
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2. The non-homogeneity factor o f the material greatly affects the intensity 

factors.

3. Due to the nonhomogeneous nature of the material, the difference 

between the stress intensity factors at the two crack tips increases 

significantly when the crack becomes longer, and the stress intensity 

factors at the crack tip o f the stronger side o f the material can be very 

large.

4. In most cases, Mode I  fracture introduces larger stresses at the crack tips. 

When Mode II fracture dominates, the magnitude of the stresses is 

generally lower than that when Mode I  fracture dominates.

5. Homogeneous substrate affects the loading pattern of the crack, and thus 

affects the stress intensity factors at crack tips. But its effect generally is 

negligible when the crack is small and away from interface, and it does 

not change the nature of the crack.
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Inclined crack in a FGM strip 

bonded to a semi-infinite 
hom ogeneous plane

K,(b)

- Inclined crack in a FGM strip

Kj,(a)

0.20.0 0.1 0.3 0.4 0.5
Angle: 0/n

Fig. 28. Variation o f the normalized stress intensity factors K / K 0 with
d i n  for an internal inclined crack in a FGM strip and a FGM strip 

bounded to a homogeneous half-plane under uniform strain, a' I h = 0.10
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Inclined crack in a FGM strip 

bonded to a semi-infinite 
hom ogeneous plane

K,(b)

4 -

- Inclined crack in a FGM strip

Kj(b)

Kj(a)

0 ~Y 
0.0 0.1 0.2 0.3 0.4 0.5

Angle: 0/tt

Fig. 29. Variation of the normalized stress intensity factors K /  K 0 with
91 n  for an internal inclined crack in a FGM strip and a FGM strip 

bounded to a homogeneous half-plane under uniform strain, a ' / h  = 0.15
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Inclined crack in a FGM strip 
bonded to a semi-infinite 
hom ogeneous plane

K,(b)

-  Inclined crack in a FGM strip

K/Kc

K2(b)

0.0 0.1 0.2 0.3 0.4 0.5
Angle: Q/n

Fig. 30. Variation of the normalized stress intensity factors K / K 0 with 
9 1 k  for an internal inclined crack in a FGM strip and a FGM strip 

bounded to a homogeneous half-plane under uniform strain, a ' /h  = 0.20

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



103

6 -> Inclined crack in a FGM strip 
bonded to a semi-infinite 
hom ogeneous plane

-  Inclined crack in a FGM strip

K,(b)'

0.10.0 0.2 0.3 0.4 0.5
Angle: 0/n

Fig. 31. Variation o f the normalized stress intensity factors K I K 0 with 
0 1 k  for an internal inclined crack in a FGM strip and a FGM strip 

bounded to a homogeneous half-plane under uniform strain, a' I h = 0.25

The crack surface openings are shown in Figs. 32 and 33. Fig. 32 depicts the crack 

surface opening in y ] direction for the crack length a ' lh  = 0.20. Fig. 33 shows the 

corresponding opening in x, direction. For Fig. 33, it should be noted that there is no crack 

displacement in x, direction when 0  = 0°, thus, the orientations of the crack are chosen as 

4.5°, 45° and 67.5° respectively. In Fig. 32, the orientations of the crack are chosen as 0°, 

45° and 67.5°. As expected, nonhomogeneity of the material results in larger openings on 

the softer side of the material.
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15

10

5

0
- 1.0 -0.5 0.0 0.5 1.0

X1

Fig. 32. Crack surface openings in the y } direction for a' / h = 0.20, 6 = 0°,

45° and 67.5°
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6

3  4

2

0
-0.5- 1.0 0.0 0.5 1.0

X1

Fig. 33. Crack surface openings in the x, direction for o ' /h  = 0.20, 

0 = 4.5°, 45° and 67.5°
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Chapter 5 Proposed additional Studies

The mixed mode crack problem for an arbitrarily oriented crack in a FGM strip can 

be further investigated with more exhaustive parametric studies. These include more 

loadings and different geometries. Special emphasis should be placed on the eccentric 

crack, especially when the crack is moving near the boundary. It should be noted that all 

crack problems studied in this thesis are imbedded cracks. This is because edge crack 

problems, especially arbitrarily oriented edge crack problems have some intrinsic 

mathematical difficulties in solving them. For example, the integral equations for edge 

crack problems involve two singular terms instead of only one for imbedded cracks. This 

problem is not totally intractable, but significant work may be needed.

Another problem is the natural extension o f the crack problem we solved in chapter

3. In addition to the arbitrarily oriented crack in the FGM layer, a crack may be introduced 

along the interface of the two layers (Fig. 34). This additional crack complicates the 

problem significantly, but it will be o f great significance in studying the fracture o f FGMs 

used as thermal barrier coating. At this stage, it is not clear whether this problem is 

analytically tractable but it should be an interesting and a challenging problem. Once this 

problem has been solved, most multi-layer problems studied previously can easily be 

treated as special cases o f it.
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AX

h \E ( x )

Fig. 34. Geometry o f the problem for an arbitrarily oriented 
crack in a FGM layer bonded to a homogeneous substrate, 

with another crack along the interface.

The mixed mode crack problem should also be extended to include thermal 

stresses. Jin and Noda have extended many pure elasticity fracture problems to include 

thermal stresses ([52,54,55,72,73,74,75,76,77]). Those problems are o f great technical 

interest, but it appears no mixed-mode crack problems have been studied under thermal 

loadings. This is due to the extreme difficulties involved in finding solutions that satisfy 

both the Navier’s equations and the heat conduction equations, especially for FGMs, where 

the material properties vary spatially. As it was stated in [38] “ ... if the heat conduction is 

two-dimensional, in solving the diffusion equation one must account for partial insulation
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introduced by the crack. This would complicate the thermal stress and the crack problem 

quite considerably... in the two-dimensional heat flow problems, because o f the flux 

singularities at the end points of partially insulated cuts, particularly in FGMs, neither the 

diffusion problem nor the thermal stress problem would be analytically tractable.”

It is a great challenge to solve the mixed mode crack problem in a FGM strip under 

thermal loads. The author has tried fruitlessly to tackle this problem. Though it is too early 

to state that this problem is not analytically tractable, it is safe to say that for now these 

problems must be solved numerically.
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