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A bstract

Analysis of the Spectrum on SL(3,Z)\SL(3,R)/SO(3,R)

by

Nam-Jong Moh

Advisor: Jonathan Huntley

In this thesis we make a systematic study of the spectral properties o f the space 

SL(3,Z)\SL(3,R)/SO(3,R). In particular we use Rayleigh quotient method to give 

a lower bound for the first non-trivial eigenvalue of the Laplace-Beltrami 

operator, we use the Selberg trace formula to obtain Weyl's law with an error 

term and we make a detailed study of Whittaker functions to obtain a comparison 

test that allows one to determine when two cusp forms are the same if sufficiently 

many Fourier coefficients agree. We conclude by showing what would be true if 

conjectures related to the Riemann hypothesis were true.
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CH APTER 1 

In tro d u c t io n

Since the early work of Jacobi on 9 functions to study the representation of 

integers as stuns of squares. aULuinuipliic forms m various disguises have played 

an important role in number theory. Notable among these is Ram anujan's dis­

criminant function whose reciprocal is intimately connected with the study of the 

partition function in number theory. The automorphic properties of this function, 

which includes periodicity with period one. give rise to a Fourier expansions whose 

study has been a central theme in number theory for over a century. The estimate 

of the size of the Fourier coefficients is a key element in these applications. Hecke 

explicitly introduced the concept of automorphic forms in the 1920's. He assumes 

one has an analytic function on the upper half plane, that has only polynomial 

growth at infinity, and with respect to some discrete subgroup T of S L  (2. R ) . the 

group of symmetries of the upper half plane, satisfies

f  (-,z) = i,cz + d.)k f  (z)

where 7 . an element of Y equals

( \ 
a b

\ c d /
. In particular, we have tha t /  is periodic

with respect to X. so we have a Fourier expansion.

In the 1940‘s. Maass generalized this notion by considering functions that 

are not necessarily holomorphic but are eigenfunctions of the Laplace-Beltrami 

operators. These functions have been of tremendous usefulness in the  study of
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the Riemaxm zeta function, and in various aspects of the study of Kloosterman 

sums. One of particular interest here is the eigenvalue A of the Laplace-Beltrami 

operator. How large the minimal eigenvalue denoted as Ai is is of a great interest. 

When T is non compact, we have continuous spectrum  created by the Eisenstein 

series, and it is interesting to find out if

1 ) th e r e  a re  e igenvalues below  th e  co n tin u o u s  s p e c tru m

2) th e r e  ex ist a c tu a l L 2 e ig en fu n c tio n s.

3) h o w  m any  F o u rie r  coeffic ien ts a re  n eed ed  to  d e te rm in e  

a  c u sp  fo rm

We will study  these questions in a different setting. It has become evident that 

the study of automorphic forms on more general groups is of importance in number 

theory. One sees this early on with Hilbert modular forms, but in the 1950's a 

far greater generalization began. Selberg's seminal investigations in the 1950's are 

a good example, and there are many others. One difficulty of the generalization 

is that the analysis needed to study the forms becomes increasingly complicated. 

Often this can be done, at least in principle, by general techniques: however, one 

often needs results that can be used explicitly for other purposes.

In this thesis we study spectral properties of the rank 2 homogeneous space

X =  S L  (3Z) \ S L  (3. R) / S O  (3. R ) .

We study several problems, and use a variety of techniques. After some more 

detailed discussion of notations and definitions, we will proceed as follows. We first, 

in chapter 2. will consider the question whether the first eigenvalue of the Laplacian
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3

is in the continuous spectrum. This is related to  the infinite place Ramanujan 

conjecture which asserts tha t all non-trivial eigenfunctions have eigenvalues whose 

representation parameters would be tempered, meaning Re(z/i) =  R e (1/2) =  5 . 

in the notation we will introduce later. This is a reprise of older work and uses 

variational techniques. We next use the Selberg trace formula to establish Weyl's 

law with an error term, in chapter 3. In chapter 4. we change directions. Here we 

examine the  Fourier expansion of cusp forms, and study certain special functions, 

W hitaker functions and A'-Bessel functions, and apply our knowledge to study the 

spectrum, in particular, we study spectral multiplicity. Finally we show, using 

a variant of the Riemann hypothesis, that we can conjecturally obtain a much 

sharper estim ate.

We now make explicit our notations and definitions, and state  in more detail 

what we will show. Let G be a reductive group, which in our case will always be 

GL (3. R ) . the group of invertible 3x3 matrices with real coefficients. PGL  (3 .R ) . 

the quotient of GL  (3.R) by the center, which is isomorphic to R. or S L  (3 ,R ) , 

subgroup of GL  (3.R) consisting of matrices of determinant 1. Let K  denote the 

maximal compact subgroup, and let H  =  G / K .  This is an analogue of the classical 

upper half plane. It is a symmetric space.

For the  case G = PGL  (3. R ) . we can put coordinates on the space H  in the 

following manner. From the Iwasawa decomposition, we can write an element 

g G G as a  product g =  nak. with n upper triangular a diagonal and k  compact. 

The collection of n forms a group N  of upper triangular matrices. The collection 

of a forms an  abelian group A. The collection of k  forms a compact group. As H
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consist of equivalence classes of elements mod K  we need no coordinates for K .
/  \

1 X 2 X 3

Following Bump, we write an element of N  by

/  \
y\Ui o o

0 1 Xj

\ ° 0 1 /

, and an element of

.H a s U y  i u
T!-- r - -*• »— —  n n r  in ns\ *1,,, •} o —X l ie  ld.Lt lllCLL WC CUC Ul I  Vw/ A-/ AJJ »VUj t i i L  0 .0  OAACAJ

v °  0 ‘ /
can be assumed to be identically L. and if we work on S L  (3. R) we can assume the 

3.3 entry is the inverse of the product of the other two diagonal entries. We write 

this point as r.

PGL (3.R) acts on H  by matrix multiplication, and there is a natural metric 

on H  such that the action is by isometries. It is given by

9v =

y  i 1/2 -Cl •C3 X2

y\ y i y'yi'/j 0 0 0

y-2 k y iy -2 y'i 0 0 0

Xl 0 0 y j  +  x.] —X2 0

0 0 x2 1 0

Xo 0 0 0 0

From this we get a natural invariant volume element

dx i dx-idxzdyi dyo
dV  =

y\vl

y ’M

H  also has a ring of invariant differential operators. By this we mean tha t the
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operators D  are such th a t for <t> smooth on H. and

Do{g o r )  = D o {t ) |gor

for any g € G. In essence the fudge factor term  in the chain rule disappears. We 

can of course extend the class of allowable functions.

In our case, a study of the center of the universal enveloping aigebra of G shows 

tha t the ring has two non-trivial generators, tha t in our notation can be taken to 

be

,  a 2 ,  a 2 a 2 . , ,  ,  a 2
A ‘ -  +  +  +

, 2 d 1 , 2 d 2 , n 2 d 2 
1 +  + y i x -o — t —U X \  C/£-j U X \ U X $

and

a3 a 3 a3 a 3
A i =  ~,n'J-dy‘d!j2 + m i dy\dyi ~ y M d 4 d y , +  y M dxWyt

+ ( ~ 4  +  *® ,,i!l2a.
„ , ,  S' „,  & , a! a1
vlyid^a^aT3 + 2y'yiI- t e M  + y'ay\ ~ viWi 

,  a 2 a 2 o a 2 <92
+2y' X2a ^ d T 3 + y 1 ( l 5  +  +

The first of these is the Laplace-Beltrami operator, and could have been calculated 

from the metric. The ring of invariant operators is commutative.

If H  is as above, we let T be a discrete subgroup of G. This acts on H  and 

we can consider the quotient X =  T\H .  We will take S L ( 3.Z ) for T although 

the construction can be made in considerably greater generality. A key fact in 

this case is th a t X is not compact, but still has finite volume. X has one cusp.
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when y\ and yo go to infinity. The cusp geometrically looks like two copies of 

S L ( 2 . Z ) \ S L ( 2 . R ) / S 0 { 2 . R )  tha t are connected at a point as both yi and j/2 tend 

to infinity. Depending on what one wishes to do. it can be advantageous to see X 

as a non compact manifold, or as a fundamental domain, by which we mean an 

open subset V  of H  such that V  fi g V  =  0 for g 1 but (J g V  =  H.

Our goal is to describe, as well as we can. the spectrum  of the ring of invariant 

differential operators. We first make the observation tha t for X there is continuous 

spectrum  spanned by two types of Eisenstein series. The first is found by summing

This expression is convergent in the plane Re (j/x) . Re (i/o) >  1. and it has a mero- 

morphic continuation to all values of U\and /a>. In particular it is analytic when 

Re (ui) =  Re (i/2) =  We also have an infinite collection of families of Eisenstein 

series, associated to elements of the discrete spectrum  of S L  (2. Z) \ S L  (2 ,1R) / S O  (2. R ) . 

These objects constitute the entire continuous spectrum. This spectrum  is ab­

solutely continuous. It spans [1. sc) if we parametrize by the Laplacian eigenvalue, 

and thus continuous spectrum exists. Moreover, any point spectrum  will be of 

finite multiplicity. The functions contributing to the point spectrum  are in L2 (X ).

It will be shown in the next chapter that with the exception of the  constant func­

tions. ail L 2 eigenfunctions will be embedded in the continuous spectrum. It is 

known th a t any such functions must be cuspidal, meaning

g € G

we get

r sc \ r
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i i

//
o o

0

V

i u S3

0 1 f t

0 0 1

d£id& = 0. and

/
( ( \  \  

1 ?2 S3

i f
0 0

V \

0  1 0 

0  0  1

d£2 ^ 3  =  0 for all r  6 X.

/  /

These functions enjoy the property that when either i/i or i/i — >c the functions 

vanish. Much of our work in chapter 4 makes this more precise.

The Eisenstein series and the cusp forms (and constants) are called automor­

phic forms for T: in particular they are periodic in the ij variables, and hence 

enjoy a Fourier expansion. From elliptic regularity (they are eigenfunctions of the 

Laplacian) the expression will converge, all summations can be interchanged, and 

we may for example differentiate the expression, etc. If o ( t ) is a cusp form, its 

expansion is

{ ( \  \  
n\n,2 0 0

1 2  1 2  Y i  ln2 u
g€r'i,\r2 rn=i "2=1

0 /T-1 0

0  0 1

9T

where

r 2 =

r
/ \ \

a 6 0

< c d 0 |a. b.c.d € Z, ad — be — ±1

s. 1 °
0

4
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8

=  T2 fl Too. and Too is the group of 3x3 upper triangular unipotent matrices 

with integer coefficients. Here is a W hittaker function. In Bump’s notation

Vinogradov and Takhtadzhyan established an integral equality for WUlU2. and the 

equaiity was generalized by Stade into GL (n) cases [St]. The result is

M W n ~n,/2

where v =  (3iq + 3v2 — ’-) /-■ This equality is very convenient and we are using it 

many times in the chapter 4 where we study the W hittaker function to estim ate 

the number of linearly independent cusp forms with eigenvalue A.

In chapter 3. we use the Selberg trace formula for S L ( 3.Z ) to establish the 

existence of cusp forms. Weyl's law was established by Stade and Wallace [S-W] 

but we obtain error estimates. Finally, in chapter 5. we obtain, using standard 

conjectures about the location of zeros of L-functions of automorphic forms, a 

logarithmic bound in A for the multiplicity of an eigenvalue ra ther than polynomial 

multiplicity in A.
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CHAPTER 2

M in im u m  B ound  for th e  F ir s t  N o n -tr iv ia l E ig en v a lu e

In this chapter we show that the first cuspidal eigenvalue At is a number that

that there are no Lr eigenvalues other than  the constant, as they must be residues 

of poles of Eisenstein series. Hence we conclude that with the exception of A0 =  0.

continuous spectrum. This result can be considered as an analogue of Selberg's 

eigenvalue conjecture. The result is also implied by the Ram anujan conjecture, 

but our result does not imply this as we do not consider the th ird  order operator.

The proof is based on the Ravleigh-Ritz method and we shall now give it. This 

proof is a reprise of work in [C-H-J-T], We thank the authors for giving permission 

to reproduce it here.

If A o =  \<p.

. , ^ , 1  i - u ~  ~
1 3  t rm iJC U A U Jtu  in t u t -  c u i u u i u u u j  j p c y u L u n

we will show Xx > ^  > 2.96088. From the theory of Eisenstein series, we know

the eigenvalue for the constant function, all L2 eigenvalues are embedded in the

J > A  i d V  '

f v i o f d V

Integrating by parts, we get

f v m 2d v

I v  M 2 dV

where the gradient V is

|V/|2 = HUi ~ R e v m d y i d y 2
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+yi
d f ■2

2 d f
dx\ +  V2 d x 2

+  2 Re yfx2
- d f  d f

dx\  9x3

A theorem of Grenier [G] gives an explicit description of this fundamental domain

which is as following. Let w~l =  tj\_ =  yjji/i. then a fundamental domain V

for S L ( 3.Z ) is given by:

(i) v6r~ <  i ' ~(1 -  X) -+- x3)* f  u . '( l -  -Ti)" +

(ii) c3/2 <  f'3/2(x2 — x3)2 +  w(l  -  Xt)2 +  u; -1

(iii) u3/2 < v3'2x2 +  w

(iv) v3'"2 <  (,3/2x^ + u'x’f -i- u.’-1

(v) 1 <  w~2 + x'j

(vi) 0  <  x 2 <  \

(vii) 0  <  X! < \

(viii)—§ < x 3 < i .

But for our purposes we only need the following lemma.

L e m m a  2.1. Siegel set S. described as |x3| < 0 < xi <

0 <  xo <  Hi > ^ ,  yo > contains the domain, and ten copies of  

the fundamental domain contains the Siegel set.

This allow us to replace the rather complicated fundamental domain with a

set tha t looks like an infinite rectangle in five dimensions.

From the above, we obtain that

d v

Ss
■ \2 dV

<  10A

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



11

as

[  \W<p\2dV  < 1 0  f |V o |2dV. 
J v  J v

and

J  \V o \ 2 d V <  J  \0 \2 dV.

We now proceed to estim ate ■ Unfortunately, the Fourier expansion

given in the introduction cannot be used due to its non-orthogonality so that 

when we square o  we will have more coefficients than we can control. However, 

we can work as follows. In the proof of the Fourier expansion, given in [Bj page

6 6 . we first consider the expansion with respect to the abelian group of elements
/ \

1 0 &

9 =

v °  0 1 t

. and we have o (r) =  °"i (7 ) "'here

i i

S M - / / o{gr )e
0 0

As we have a cusp form. Oq = 0. 

Let

r?  =

( \
>

a b 0 (  \
a b

< c d 0 1 6  SL  (2. Z)

1 °
0 l )

V  d )
4

and T'i  be its stabilizer at infinity. We can write

o {t ) =  ° r )
7er|0\r? "1=1
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We know o  is C°° so we may interchange integration and summation, so Parseval’s 

theorem implies, as we have abelian Fourier expansions,

<  10A.

X

Is £
ni  =  l

£  ( 7 0 r)
7 e r i 0 \ r ?

dV

DC

Is £
r»l =1

£  0 °n i  (7 0 t )
7 e r i c \ r ?

1

dV

The invariance of V  allow us to rewrite this as

I s En i = i
£  V < ( r )

7er2.\r? J 70r
dV

Is £
n t =  l

£  <  (r) 
-^ rv .r r

<  10A.

dV

where the notation means the evaluation at 7  o r. Integration by parts of the form 

! • we get the above inequality in terms of the Laplacian. and now we consider the 

action of Laplacian A on these functions. As o° is independent of x 3. the terms 

involving x3 anniliilate o °r  Also all terms involving r/i. y2. and x 2 are positive 

operators ( compare with (2.31) on page 32 of Bump.) So

\ 0 0 1 1 0>  - ! h g ^ O ni = y {4tt n xo nx.

.2  ^  3but y\ >  |  in the Siegel set. So

\ -0 — ^ 1_2 2 0 o_2 2̂ .0A oni >  =  3~ n lo „l .

So

Is £  £  . A  K  (r)]70T [ <  (r)]JOTdV
10A> "■ ,------------- >  3tt2.

Is £m=l
£  <  (r)

_7eric\rf 70 r
d V
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and so

. 3tt2
A >  w

as was asserted. □
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CHAPTER 3 

W ey l’s Law  w ith  E r ro r  E s t im a te

3.1 H is to ry  a n d  S ta te m e n t o f  R e su lts

The study of the spectrum of the Laplacian on spaces has been a subject of 

great interest in this century. The behavior of this spectrum  has applications to 

physics, geometry and number theory. It was H. Wevl who first systematically 

studied the topic and obtained an important result. He showed that for a bounded 

domain in IR" with reasonable boundary conditions, the following asymptotic re­

lation holds

N ( A) ~  C \ t . as A —► oc.

where N { A) denotes the dimension of the space of eigenfunctions of the Laplacian 

with eigenvalue less than A. an d C  is a constant depends only on n. the dimension 

of the domain, and the volume of the domain [We]. Similar asymptotic results 

of this kind are called Weyl's law. Since then, many authors have put efforts on 

generalizations of Weyl’s law to other Riemannian spaces. In particular the spaces 

r \SL(2 .IR)/SO(2 ,IR).  and r \ 5 L ( 3 . R ) / S O ( 3 .  IR). where T is aco-finitediscrete but 

not necessarily co-compact subgroup of SL(2.  IR). are considered very interesting 

because of their relevance to automorphic forms. One of those results which we 

are going to  use in this thesis is the Weyl’s law on S L ( 3 .Z )  \SL(3.1R)/SO(3,IR)  

by Stade and Wallace [S-W],
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It is. for many purposes, useful to have an error term  for the asymptotic result. 

Courant [C] obtained

N{ A) =  CAt +  0 (A ^ lo g A )

for the bounded domains. The proofs of these results use the technique of Dirichlet- 

Neumann bracketing, and the fact that the eigenvalues can be explicitly computed 

for cubes.

For compact manifolds. Minakshisundaram and Pleijel [M-P] use estimates on 

the heat kernel to derive WevTs result. Using the wave equation. Hormander [H] 

obtains a WeyFs law with an error tern:. That is

jV(A) =C A 3 + 0 (A a7i ).

For non-compact manifolds WevTs law is in general false. The difficulty is 

continuous spectrum  that does not allow the use of the above techniques in their 

original form. However, if the space is a finite volume symmetric space, then 

other techniques are available. For symmetric spaces associated to SL(2. R) and 

a discrete group of isometries T. Selberg's trace formula [S] can be used to  obtain 

that Weyl’s law is true if one adds an extra term tha t accounts for the continuous 

spectrum. Also, a reasonable error term can be obtained. Moreover, if T is a con­

gruence group of SL{2 .R) the additional term is smaller than the term  accounting 

for the square integrable eigenfunctions, so Weyl’s law holds. Actually, slightly 

more is true. We are now considering non-compact spaces, and so the spaces have 

cusps. W ith a finite number of exceptions all of the square integrable eigenforms 

axe cusp forms.

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



16

In the space on which we are going to work

X =  S Z (3 .Z )\S L (3 ,R )/S O (3 .R ).

one would expect for this space th a t similar results hold. T hat is N (A) =  CA§ +  

O ( A ^ ) .  As we mentioned earlier. Stade and Wallace [S-WJ. using the version 

of the trace formula for X derived by Wallace through a series of articles and 

summarized in [W], established Weyl's law for this space. The theorem 1 of [S-W] 

savs as A — oc

.V(A) , . _ ^ A * .
(47T)3r(i)

They used Gaussians as test functions to obtain the asymptotic behavior at small 

time for the trace of the heat kernel. The result then follows from a standard 

Tauberian Argument.

In this thesis we show how this result can be combined with a different set 

of test functions to obtain an error estimate for Weyl's law. We state  this result 

explicitly.

T h e o re m  3.1. Let X =  SL(3. Z )\SL (3. R )/S 0 (3 . R) .and N {A) 

denote the dimension of the space of cusp form s on X with Laplace 

eigenvalue less than A. Then

JV(A) =  CA§ +  O(A-)

with

c  v o i m  
(4-)<!>r(i)'
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Here C  is the constant th a t one expects for Weyl’s law. It depends only 

on the volume and the dimension of the space . The proof will be obtained by 

estim ating the number of cusp forms with Laplace eigenvalue between A, and A -  

2\/A +  1. We should note tha t cusp forms are joint eigenfunctions of the Laplace- 

Beltrami operator and an independent third order differential operator as SL {3. R) 

has rank 2. We will not use this operator explicitly. Our test functions are the 

translations of functions tha t approximate the characteristic function of a disc 

instead of Gaussians as in fS-W].

In the course of the proof, we will give an estim ate on the number of cusp forms 

that come from representations that violate the Ramanujan conjecture, which in 

representation theory language states that all cusp forms arise from principal series 

representations. This set is conjectured to be empty, but very little is known about 

it. In chapter 2. it was shown that no "small" eigenvalues exist: however, we do 

not know about the existence of “large" non-Ramanujan eigenvalue. Because of 

this reason, we state the result as a theorem.

T h e o re m  3.2. The dimension of the space o f cusp forms with Laplace

3

eigenvalue less than A that violate the Ramanujan conjecture is 0 ( As).

3.2 N o ta tio n s  a n d  th e  S e lb e rg  T race  F o rm u la

We will let A denote the eigenvalue corresponding to an L 2 eigenfunction of 

the Laplace-Beltrami operator on X. Furthermore, the eigenfunction is actually a 

joint eigenfunction of the entire ring of invariant differential operators, as tha t is 

a com m utative ring. Although we don’t use the th ird  order independent operator
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explicitly, by using the Selberg trace formula we are implicitly using the fact we 

are working with automorphic forms, which are joint eigenfunctions of the entire 

ring.

For the purpose of using the trace formula, it is necessary to write A in terms 

of two parameters. In [S-W| two parameters s and t are used to describe the 

eigenvalues. In this notation A =  s ( I  — s) +  l f ( l  — t). This notation works well 

for them as they write the trace formula in terms of Helgason transforms found in 

Teras [T] and harmonic analysis on groups. However, we find it more convenient 

to work with a formula th a t relates a function in two variables to its Euclidean 

Fourier transform. We then have all of the tools of classical harmonic analysis at 

our disposal, and this will make it easier to perform our analysis with a greater 

value of test functions as we will not. as in [S-W], have to explicitly evaluate 

Fourier transforms. We use parameters a  and 3  which are related to the earlier 

parameters by a  =  —i(s — \) . 3 = - i{ t  — 1). We also change the metric so that 

our A corresponds to 3A in the notation of [S-W]. This makes no real difference, 

as this change in the number of cusp forms will be accounted for by the change 

of volume that it creates. In this notation we have A =  3 a 2 +  32 4- 1. Also, from 

representation theory it is known that either both a  and 3  are real or — Im v/3 a  =  

Im 3. |  < Re \/3 a  =  R e3 <

It is also convenient to make the following change of notation from th a t in [S- 

W]. On page 243. at the beginning of the second section, diagonal matrices a are 

introduced. They are elements of the group A  of diagonal matrices in S L (3, R). A
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given a is described as a —

a\ 0 0

0  a-i 0 Here we have a, > 0. Replacing

^ 0  0 (aido) 1 j
a-i by eb' we obtain a pair of real numbers. We use this to replace the Helgason 

transforms, that are essentially Mellin transforms in [S-W]. by Fourier transforms. 

We now state the trace formula in the form th a t we will use.

P ro p o s itio n  3 .1. Let g be a smooth, compactly supported function

A

on 5t* such that its Fourier transform g is Weyl invariant. Let ( s n. t n) 

denote the (a. J) that correspond to an eigenvalue A corresponding to 

a square-integrable automorphic form. Then

X

Y  9 (sn. t n) = (ID)  +  ( HYP )  + (L O X ) +  (PAR)
n=0

The term on the left is the spectral term, and the 4 terms on the right 

o f the equation are as follows.

(ID) =
rolX

( 4 7 T ) i r a ) J v
g (s. t ) t ( t  — 3s)(t ■+* 3s)

. , 7r(f -h 3s) . 7r(t — 3 s ) .  .
tanh  Tit ta n h    ta n h    dsdt.

( H Y P )  =  Y i  R eg(2(ei)l«[Z (ei)] |( f e |  •
« l « 2 « 3  =  l

[(Cl -  ^3>(ci — C2)(e2 -  e3)]_ 15(logex.loge2)- 

^  |ln r 0 |CZ[Z(r)] f  a ,  r i-»e- 2®im(t)

~  S 1 “  2 r ~ 3  C° S 9 +  r ~ 6  ^  9 1 + e ~ 2 T [ m ( t )
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(PAR)  =  Ai 9 (0.0) +  .4o 9 - )  +  -43 9 ( - ,  - ) .

We must explain the meaning of the terms. The spectral term and the  term 

(ID) are self explanatory, and in (PAR) the .4, are constants that need not be

, i r . . .................................. t?~~ *.u~ / t x v t >\ ,
L U ii ipU tt ru  i u i  u l u  p u i j j u a c a .  i u i  me* i a m  ^ i i i i  / .  m<- d u i i i  u v u  t i t p i L i  t_ i . c;>. c j

where the e, are real such that | j  > |e2| > |e3| and there is. by definition, a 

hyperbolic m atrix in S L ( 3.Z) with e, as its eigenvalues. The e, give rise to a 

number field. Reg denotes the regulator, and Cl the narrow class number. We also 

note th a t the logarithms occur in the function g because of our earlier change of 

variable a =  e6. Also the lack of a dependence on e3 is illusory, as the product of the 

e, is 1 . In the  term (LOX). the sum is over pairs (r. 6) with r >  0.  /• 7= 1.0 <  d < re 

such tha t some matrix in 51(3 . Z) has eigenvalues r~'2. re‘°. re~'°. If we denote the

m atrix bv q. then r0 is such that the centralizer of q has generator conjugate to
(  ,  ;  .  \

. Finally, we noted that the test functions must be Weyl

—10y u u 1 oe y
invariant. This is a generalization of the fact th a t for the classical trace formula.

the test functions must be even. In our notation if we let \/3 s denote the  x-axis

and t the y-axis. then two points are related by the Weyl group if

(\Z 3sj.ti) =  (e V  \Z3-S2.e~to)

where n is a integer. This is simply a translation of representation theory facts 

into our notation.

ro ‘ 0 0

0 r oe 0

0 0 r0e
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3.3 P r o o f  o f  th e  T h eo rem s

Weyl’s law has already been established; thus to prove theorem 3.1 it is suf­

ficient to estim ate the number of cusp forms with Laplace eigenvalue between 

A -  2 \ f \  +  1 and A. We shall now proceed to do this. In the course of the proof 

we will also prove Theorem 3.2.

We note th a t there are two ways tha t such an eigenvalue can exist. We can. 

in our parameters, assume S  and T  are real and have

A -  2vA  +  1 <  3S 2 + T 2 < A.

(Recall A =  3 a 2 +  Q2 +  1) We may also have 5  and T  complex, and satisfying the 

restrictions given in Section 2 . namely

— Im v 3  5  =  Im T

I  <  Re \/3 S  =  Re T < I  
6 2

Actually, the complex param eters may be related to the above restriction by a 

Weyl transform ation as described in section 2.

We will handle the two situations separately, in both cases the trace formula 

will be the main tool.

We first consider the case of real parameters. As stated above, we will actually 

estimate the number of eigenvalues w ith A — 2\/A +  1 <  3S'2 + T 2 < X. This is 

obviously sufficient. The point is th a t these inequalities describe an annulus of 

inner radius \/A — 1 and outer radius y/X if along the horizontal axis we put y/ZS 

and along the  vertical axis we pu t T .
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We would like to put into the trace formula 9 equal to the  characteristic func­

tion of the annulus. This is clearly not a legitimate test function so we must 

approximate it. We start with a function go such tha t go. its inverse Fourier trans­

form, is compactly supported, smooth, radially symmetric and nonnegative. T his

A
will mean th a t g Q is Schwartz class and extends to an analytic function of two 

complex variables with exponential growth. We may also choose our functions so 

that

9o> 0.

1 <gQ<  2 .

if

3S- -T T 1 < 1.

and

a 2

9o< (35 2 +  r 2)fc'

for

3S2 +■ T 2 > 1.

Here k  may be taken to be a large positive constant. We may also assume that

A

9o> 0 for purely imaginary values of 5  and T. S tandard arguments in Fourier 

analysis guarantee that such a function exists.

A
For our test function, we choose translates of g 0 such th a t the point (0.0) is 

translated to  a point (SQ. Tq) that is in the annulus. We then sum over enough 

translates to  cover the entire annulus. This will take no more than the smallest
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integer greater than 47i"\/A translates. Here by cover, we mean th a t we want the

A
test function to be at least one in the annulus. By the positivity of <?o we,see th a t 

if we estim ate the contribution to the spectral side of the equation for any given 

translate, we obtain an estimate for the test function by summing the estimates of 

the translates. VVe now let (So. To) be a point in the annulus and we let

9  (So.To)

A

be the translate of g0 that is centered at (So.T0). combined with its five Weyl 

transform related functions, so that it approximates six characteristic functions.

L em m a  3.1.

OC
^  9(S0.To) (sn-t,i) =  0 (/\S )
n = 0

when s. t e  JR.

R e m a rk : By summing over the 0 { \/A) such functions in the lemma we will 

have th a t real (S. T) contribute 0(A*) to the spectral side of the equation, proving 

part of the theorem.

P r o o f  o f  L em m a 3.1: We must obtain estim ates for the terms on the right 

hand side of the trace formula.

We first analyze the identity term. The contribution of this term  with the

A _

original function 9q is clearly 0 (1). The translation to the point (\/3So, To) will be

3

0(A3), as the integrand is up to very small error, approximating by overestimating 

a cubic polynomial multiplied by twice the characteristic function of a  circle of
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radius one. Of course, we are using the rapid decay of our test functions outside 

of a circle of radius one.

The hyperbolic term involves the inverse Fourier transform of

A
# ( v ' 3 S0,7o) •

As

$ { \ /3Sq,Tq)

A

is just a translation of 9o. this function will simply be g0 multiplied by a complex 

exponential. It is clear tha t from the compact support of ga it gives a 0 (1 ) con­

tribution. as we only have a finite sum. The same will be true for such a function 

multiplied by a complex exponential. We thus have an 0(1) contribution.

The loxodromic term is dominated in the annulus. up to some constant, by 

the test function given in [S-W]. when the Gaussian chosen is still greater than  £ 

in the annulus. The decaying part of the test functions can be easily estim ated as 

we may choose k in our original assumptions arbitrarily  large. We thus get a  0(A) 

contribution for each

■\
^ ( v ' S S o . T o )  •

A

The parabolic terms give us 0 (1 ) for each 9{^ SqTq) as we are evaluating a t indi­

vidual points, and as we translate the function the result gets even smellier due to 

the rapid decay of the original test function. We thus have proved Lemma 3.1.

To complete the proof of Theorem 3.1 we will need to  prove Theorem 3.2. We 

now assume th a t 5  and T  are not real, but satisfy the other possible conditions,

A
described above. We will once again use translates of 9o- This time we will translate
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so th a t we cover the lines T  — 0, T  =  3S ,T  =  - 3 5  up to the point 3q 2+/32 +  1 < A. 

We will need O(A^) such translates. We once again use the trace formula. For all 

terms but the identity, the arguments are identical to those previously used. The 

identity term now gives a better estimate. We now are only working with what is 

approximately a quadratic polynomial, as one of t, (t — 3s). (f 4- 3s) does not go to 

infinity as the parameters go to infinity. We thus get an 0(A) contribution from

A  3

each Q ^ S q.To) yielding an over all contribution of 0(A2). This proves Theorem

3.2 and thus we have proved Theorem 3.1. Once again, it should be emphasized 

tha t we actually expect that the contribution from the non-real S and T  to only 

consist of the constant function.

We conclude this chapter by remarking that a more refined analysis of the 

terms is likely to be possible. This would allow us to use the techniques in [H- 

T] to  prove Wevl's law directly and to perform the refined local analysis found 

there, leading to "local" Weyl’s laws and more precise estimates. In particular, 

our results show that "on average" every ball centered at ( \/3 S o.T q). with radius 

less than  V̂ A has approximately C\% where C  is a constant depending on the ball. 

Also we expect to improve the estimates slightly. These issues will be discussed 

elsewhere.
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CHAPTER 4

A  C o m p a riso n  o f C u sp  F o rm s on  GL  (3.Z) \P G L  (3.R) jO  (3).

4.1 P re lim in a ry  D iscussion  a n d  R e su lts

The structu re  of the argument we use to prove the theorem 4.1 is a mild 

variation of the Siegel-Maass method. This m ethod for SL('2.Z)  cusp forms can 

be found in Terras [T]. The use of this method is possible because of the Fourier 

expansion of a cusp form with W hittaker functions as kernels as in Bump [BJ. The 

main idea of the  method is that we derive an inequality which has the maximum 

of a cusp form on smaller side of the inequality and a factor times the maximum 

of a cusp form on the larger side of the inequality. Then draw a contradiction. 

That is the factor of the larger side of the inequality gets smaller than 1. and this 

contradiction forces the cusp form to be identically zero.

In doing so. we make a use of the integral expression of Whitaker functions 

which contains two A'-Bessel functions as in Stade [St] p 318. Bump and Huntley 

use this expression to get an asymptotic expansion of W hittaker functions w ith a 

certain condition on arguments. They substitute both A'-Bessel functions w ith an 

asymptotic expansion of A’-Bessel function around infinity.

As we will discuss in detail in section 4.2. Bump and Huntley;s asymptotic ex­

pansion can be used to prove th a t a finite number of Fourier coefficients determ ine 

a cusp form. However, in the proof of the theorem 4.1 we only use Bump and
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Huntley’s asymptotic expansion of W hitaker function to  get a minimum bound 

of \WuuV2 (1 .1)|, and we use the asymptotic expansions of AT-Bessel functions to 

overestimate absolute values of W hittaker functions.

Actually what we are using is an error estim ate of A'-Bessel functions. This 

overestimation for a large argument is constructed by Olver [02]. The use of this 

overestimate is needed to get our result mainly because of the A factors, whose 

definition will be on p 28. in the arguments of W hittaker functions.

As we will see in section 4.2. the arguments of W hittaker functions are n x At/i, 

and 3 $t/2- This asymmetry of the arguments (appearances of A and A -2) is the 

source of two difficulties of using Bump and Huntley's asymptotic expansion of 

W hittaker functions. First, we have some cases which do not satisfy the condition

of validity of Bump and Huntley's expansion (for example when >  kX, n2 is

1  - ( - l  ■ - )  small, and A >  n \ , then we have (n t A) 1 '2~r~l x small for any £ >  0.) Second.

we have cases th a t none of n^Ai/t. and ^ y 2 is large enough (for example when

n2 =  k \  and n t is small but A is say (kX)2.) As we will see in the later sections.

we need at least one of these two arguments to be large enough (to use [B-H]

expansion, one of them must be larger than kX) so e~niAyi. or e~ ^ y2 be small

enough to create a contradiction.

To overcome these difficulties, we are going to work on A'-Bessel functions, 

and make the contribution of n\  to be 0 (A i) and the contribution of n 2 to be

3
O(Aa) rather than  more natural O (A) contributions from both n x and n 2. We are 

exploiting the fact th a t when argument of a A'-Bessel function is larger in the
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order than  the  param eter, we can use Olver's error estim ate of K -Bessel functions 

a numerical tool for our purpose. That is we overestimate A'-Bessel functions by a

. _  n o

positive exponential of e~niAyi, or e T*1'2 as at least one of the arguments is larger 

than k \ i .

We will work in terms of v rather than  A. This can be justified by the relation­

ship between A and u\_ v-i in [B] p 33. T hat is

A =  3  -r  V ■+■ t'-T — V\  — V o )  •

But our

3 ^ i  3 ja> — 2

" = -------- y 1— •

So the order of u is 0 ( As).

We now s ta te  the main results of this chapter.

T h e o re m  4.1 . If Founer coefficients ani n.2 of a cusp form  0  on

X =  G L ( 3 . Z ) \ P G L { 3 M) / 0 { 3 )

are zero when m ax  j  < O (A ^ j. then 0  is identically zero.

C o ro lla ry  4 .2 . Let 0  and ib be cusp form s on X. and anun2 and 

bni nj be their Fourier coefficients respectively.. I f  aniM2 = bni n2 when 

m ax  ^ni. n j  j  < 0  ^A2 j  . then 0  = w.

Notice th a t the theorem 4.1 implies th a t the multiplicity of an eigenvalue A 

is 0  (A2) . which is an obvious implication of theorem 3.1. However, theorem 3.1 

says nothing about Fourier coefficients of the cusp form, and theorem 4.1 doesn’t 

imply actual existence of cusp forms for a certain interval of A.
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Before we continue, we quote the theorem of [B] page 65 precisely, and describe 

a action of r 2 on y \an d  yo. Let be the group of 3x3  upper triangular unipotent 

matrices with integer coefficients. Also let:

and

r 2 H

/ ( \ >
a b 0

c d 0 |a, b .c ,d  € Z. ad — be =  ± 1

w1° 0
j

=  r 2 n r x .

and. denote the subgroup of index 2 in F*. as f f .  which is the group of those 

elements of determinant one.

T h e  th e o re m  says:

If 0  is a cusp form of type U\. and u2 there exist coefficients anun,2 for positive 

integers n lt and n2 such that

( ( \  \ 
n.in-2 0 0

=  Y  I E " !  ln 2 V , " 2W 1 7 '
s s r ^ r 2 "i=i "2=1

"2)
0 rii 0

0  0  1

5 '

Here

T  =

( \ 
y\V2 yix2 x3

0 i/! X!

o o 1
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Now

f \  (
nino 0  0

rii 0 

0 1
/  V

y\ y'q u \ A  A

0

o o

y[

i

a b 0

c d 0

0 0 1 

/
/  V

/

ct/o A 1 

0

y m 2/1*2 *3

0 yi *1

0 0 1

-i -Cl/2 A -1

(or 2 + d)2 - i

0 1

where A =  \c (x2 +  iy 2) +  d \. For our purpose we may ignore j b e c a u s e  they do 

not contribute to the m agnitude of the Whitaker function. Solving equations for 

y\. and i/2. we find the action of T'f on iji and y2. That is y[ =  n.[Ayi and y'2 =

This theorem and the action will be used in sections 4.2 and 4.3.

4.2 M otivations of Theorem 4.1.

By theorem 3.1. we know the bound of the dimension of a cusp form with the 

eigenvalue A of the Laplacian on X is O (A'2) because

N  (A +  1) — N  (A) =  C  ((A +  1)1 -  A§) +  O (A2) =  O (A2) .

However we do not know which ones of coefficients aniirl2 are actually non zero on 

the Fourier expansion of a cusp form. That is we might have a non zero coefficients 

<ini.ni when n 1? or n2 are extremely large. However, theorem 4.1 shows otherwise.

In [B-H], they constructed an asymptotic expansion of W hitaker functions as 

y\. or ?/2 —<■ sc using a variation of W atsons lemma.
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The theorem  1 in [B-H] says:

n=0

where for certain constants c (j . iq. ^2) • we have

(jh- i/a) ~  •

x (y~t +  y | )
2 \  — (6n-*-l)/4

e

This asym ptotic expansion is valid when y x — oc. and y { ayi is kept equal to a 

positive constant, or when yo —>> sc. and y x y ^  is kept equal to a positive constant, 

for any — \  < a  < oc. In particular, it is valid if yx. and i/2 both are large.

Furthermore, they computed c{j.  ux. u2). by a recursive method which is de­

scribed in the last part of the article, as the following.

(yi- i

(yi-y2) =

-f

+
35 A 
648 36

A [i A2 

36 ”  4 +  1T8
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and

. /  665 A 19// A// 7A2 A3 A z
\34992 +  1296 +  ~72 8~ ~ U4 +  48 )  y ' y'2
(  5495 17A 103a/ A/i 173A2 A3 A * .

+  (, 46656 +  2592 ^  96 2 576 +  8 )  1/2
^  53725 55A  ̂ 65// 5A// 55A2  ̂ 5A3^ - i

+  V 186624 ~ 20736 +  I s  8 W  ^  "16~ J 'JiU2
/  761915 175A 295A'2 5A3A i i

+  V 2239488 10368 288 ^  12 )  Ul U2

/  53725 55A 65// 5A/z 55A2 5 A3 A _i
+  V 186624 ”  20736 “  I fT  + ~ 8  72~ +  U  /  y-

+
(  5495 17A 103// A a 173 A'2 A3 A, , |
I --------"f*-------- —  ~F —  —  4“ — 1 171 (/.-)
v 46656 2592 96 2  576 8 J yi yi
(  665 A 19// A// 7A" A \  -5

4------- I Vi 3 Vov 34992 1296 72 8 144 48 /  1 '

/ |  - (»?- , *)*  
x ( y ? + y - j )  e V  )

Notice tha t when we divide the zeroth term by the first term  of Bump Huntley 

asymptotic expansion when both \y\ \ . and |f/o| are lager than |A|.

H2 U  (!/!•!«)
(yi - i/2)

, v1/3 (  2/3 . 2 / 3 A
iyiy-z) [y  1 +  y 2 J

- - / 4

[ i f i  +  I )  ( 1/1^2 1/3 +  lJ \ 1 3 i/2)  +  (§§ +  A) (yiy2) 1/3 (*/I/3 +  y ^3)

(yiys) 173 (i/i/3 +  i/2/3)

A-A • max y{/3yi/3. y i '  'V2)

where A: is a  constant, and if this quotient is laxger than  1 . we can use the Bump

and Huntley's asymptotic expansion to  overestimate the W hitaker functions. That

is the zeroth term  is larger than the first term. More precisely, from the recursive
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method used in [B-H] to get the c (j. vx, u2). we know tha t the highest power of A is 

increased by 1 as n increases for each term  in the asymptotic expansion of a Whit­

taker function, and the exponents of ^y^ 3 4- y ^ 3)  is decreased by | .  This implies 

that the asymptotic expansion of a W hittaker function can be overestim ated by 

a convergent geometric series times exp ^ y f 3 -i- y ^ 3)  ^ when | y i | . and jy21

are lager than  A.

In order to show the bound of the dimension of a cusp form, we use the Fourier 

expansion of a cusp form in the theorem of Bump. Since

=  W n „ {y i .

we want to have an overestimate of

using Bump and Huntley's asymptotic expansion where y\ and y.J are such that 

the absolute value of a cusp form 0  (y{. yZ) is the maximum. Furthermore, in order 

to use Siegel and Maass method, we want these overestimates to be in the  form of 

some positive power of

multiplied by a constant where at least one of n {A y l .  and is larger than  A.

First we consider, when A =  1. Then, by the above argument, when we have 

both n i, and n2 > A. we have
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where e >  0. Now let the coefficients Oni,n2 of the Fourier expansion of the cusp 

form equal zero when max ( r q . n o )  < 4A. Then the number of ani n.2 that are equal 

to zero is 16 A2 =  O (A2) which is within the range of our aim.

Suppose rii >  n2. Then we may assume that we have nt > 4A > A > n2 . 

We can apply Bump and Huntley's asymptotic expansion because n2^| does not 

approach to zero. Then we have .

{nHJi) 1 ( n i y i y 1 ( ( n ^ i ) 5 +  (naya)! )  ’ e ' )

"HIts +  t )  (n-2i/a) 3 +  (nd/i) 3 (n2*/2))

( 72 +  ( n l l / l ) 3 ( n 2l/2 ) 3 ]

(i  ad  , (,l' yi )*~(n?y-j)^) 'x ( N i ) ^ N . ^ )  c [ '

+  [ ( - ! l8  “  M ~ i  +  V )  3 ( n 2l/2) 1 

+  ( “ f ^  ~  “  2 +  V )  (n ll/l) (n2i/ |) 3

+  ( - l ^  -  (n ii/i) 3 (n2.</2 ) 3

+  ( ~ 1 2 9 6  ~  B  ~  2 +  t )  ( n l l / l )  3 ( n 2«/I)

+  ( “ ^  ~  M ~ 4 +  t ) 1 (n2f/o) 3 ]
, 3

/ /  3^ A - ^  - f ( rny?)3 )* )*
x [ ( ” i y i ) 3 +  (noj/2)3 j  e v '

+  I S 6 + W ~ ;8f ~ m  +  4§) (nll/l)5 (n2y2)~5

+ (i§ + ̂  + 1t!-¥-Il :i + T) ("if't)1 (n*y°2)~l
1 ( 53725 _  55A , 65̂  5Âi 55.X2 , 5Â A (n ,.o\ (

+  186624 20736 + l8  8 T  +  ¥ j  \ n l!h)

+ (iH - ot - + °4) (ms?)4 ("jiS)4

+  ( f iH s  -  roK  -  M5 +  T 11 -  (n lV ° r i  (n 2!/!)
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+  +  ^  +  t )  1 (n2*/2 ) 3

+  (34992 +  T ^ 6 - i i i +  ¥ -  U4 +  4 8 )  3 ( ” 2 i / | ) 3 ]

Now compare this expansion with the expansion of (A. A) term by

term. First the zeroth term of ^11’̂ ,^, (n \ y \ . n±yl ) .

(” ij/i) 3 (^ y -i) 3 ( («i i / i )! +  ( ^ y ^ ) 5) ' e ^ n2!/̂  )

is smaller than the zeroth term of (A. A).

A5* (2A 3) T

as A gets large because then we have

‘ - ( 2 A 3 ) 3< e

Comparing term by term for arbitrary n. we have the following, 

' f * ™  (n 1 i/i. n.2(/o) ~

5 ^ c ( j . i /1.tAi)(n1i/i)'3 ( n 2y%)~3^ 2  («il / ? ) 3 0 '2</2 ) :
n = 0

< ( ( n , i / f ) S +  ( " J l « ) i ) " , e " + 1 ) / 4 e ' ( ( " , ’ ! ) l < ' <“ ” S ) S ) :

< X ^ ( n ii/i) 3 (” 21/2 )*
n = 0

E c O - i - 2) M ) ^ ( n 2!/o) *
_2j

3

X

x

< 2̂ Â A
I  * i

3

n = 0

^ 2 c ( j .  v \ . v2) As1 Ait >
3

< y ^ « ( A , A )  ( e-(«iv?+«a»S)y
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This comparison is true  even though n is lager than  because if then

/  j  2 \  —( 6n- r l ) /4

((«if/ i )J +  ( n M i ) 3) 

will dominate the entire polynomial part. So we have shown

when ni > 4A > A > n2. By the sym m etry of Bump and Huntley's expansion, 

when no > 4A > A > n t . we have . n2(/2) < ^e“ (nii/i"r 'l2!/2)^ gjgo

So the remaining cases are when A > 1 . For the cases of n x > n-2. we can not

/ _  I .

always use Bump and Huntley's asymptotic expansion because (ntA) 5 x 

may not be a constant (when A is larger than  say (n^)*) and so do not satisfy 

the criterion of the theorem. However the integral expression of the W hittaker 

function

gives x At/f. <  ^e~(niyi~n'2y2̂  as shown in the proof of the theorem

4.1 in the following section. The main argum ent is the first AT-Bessel function 

decays much faster than  the second one grows as A gets larger regardless of x.  

When no > n x. we have following cases. First when n xA > 4A. then we may

i
have (nxA ) 2 x ^  >  k  if n x is large where A; is a positive constant. Then we are in 

the similar situation as n x >  n2. and A =  1 . Howrever when (nxA ) 2 x ^  <  k  (i.e.
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neither rq nor n2 is large enough) we can’t apply Bump and H untley’s expansion, 

and when rqA  < 4A. we may have cases when none of rqA  and 3 $ is larger than 

4A. So we can not use the same argument. And this asymmetry of /qA  and 3 5  

prevents our result in this section becomes just a corollary of tha t expansion, and 

motivated us to use different approach.

However, we can still get a significant result from Bump and Huntley's expan­

sion. That is the bound of the dimension of the cusp forms with the eigenvalue A of 

Laplacian on GL  (3. R) / Z  (GL  (3. R)) O (3) is 0  (A1) and unlike the result from the 

chapter 3. we know the locations of non zero Fourier coefficients. The argument 

is as following. Instead of letting the coefficients ani „2 of the Fourier expansion of 

the cusp form equal zero when max (n i . n2) < 4A as above, we let an< n.2 = 0 for 

all rq. and ru when max ^rq. n.j j  <  4A. So we only need to care about the cases 

when max ^rq, n.] j  > 4A.This ensures at least one of niA yj1. and larger than 

4A. That is. if < 4A. we have A 2 >  16A2 which forces rq A >  4A. And so we 

mav use the above argument.

This result can be improved slightly without a major change in the proof.

That is. what we really care is the magnitude of e '  ' . and if

^( rqAyj ) 5 -f- >  4A. the above argument works. Since

dA
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by letting

- 2 n2^ A " 2 = 0 ,
i 3

we find th a t f (r^A i/i) 3 + ( “ ft2')  3 j is minimum at

A =
2 Tl'ryl

niUl

o \  3

So by replacing A in ^ (rn A y j) 3 -f- J J by .we know tha t if

( " t '/ iP  (n-iyoV >4A .

then we may use the above argument. So we only need to let ani.n-2 = 0 when

rii < A. and n2 < ^d^-.So the number of the Fourier coefficients Om.ni witch are
a 3

zero can be overestimated by 2 f  dnx =  2 (4A)3 =  0 ( A3), seeing n.\ as

real numbers rather than integers.

4.3 P ro o f  o f T h e o re m  4.1

The theorem in Bump page 65 says if o  is a cusp form of type v\. and u2 there

exist coefficients ani „2 for positive integers n\. and n2 such that

w o i <  E  E E
ger^xr2 n ^ l r ^ l

(4.3.1)

Since d  is a cusp form, there exist r 3 such that d(r°) is the maximum of 0 .

and

[B] (3.46). and so we have

w r " ) i £  E  E E
ger^xr2 *1=1 n2=i

n l n2 . 0  )
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But by Bump (4.9) and (4.12), which say

i i i
( ( \  \ 

1 S2 6

0 0 0

\ \

0 1 & 

0 0  1

e ( - m 6  -  n->&)

/  /

and

Om,ri2 {l~) — |^1  ̂ 2 1 ^ 1.1

( ( \  \ 
rii/io 0 0

0 rii 0

v v °  0 1 /  /
we have

|0 (rc)| >

( ( \

>

1 S2

0 1 ft

0 0 1 

/ /
\ V U u 1 J \

nin-j 0 0

0 «i 0

0 0 1

V 1 \

O;niM2

\  ~l \
n-irio 0  0

0 n i 0

v \ °  0 1 /  /
and so

M r ° ) |  >

(  (

Orii.n2 1^1 ̂ 2 1 U2

\ \

n ino 0  0

0 ri! 0

0 0  1

x - 1 \
n^no 0 0

0 ni 0

0 0 1

So we have

| a „ l ,r»2n 1 1^ 2 1 | <
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for any fixed non-zero yx. and 2/2 - Here we want to  show WVlln{yx, i/o) does not 

decay as fast as

in the exponential order when |i/t |, and(or) \u2\ —*■ oc. The reason is because in the 

following lemmas 1. 2. and 3. we will show that

expansion of a cusp form. But we can choose ij\ . and y2 to be any number we 

want. So we may choose them as an after fact. T hat is we choose these yx, and 

t/2 after we choose vx. and u2 whose absolute values are large enough. Then we 

choose ij\ . and i/o what ever the numbers that make y2)\ maximum or at

least the numbers that H ^ d i / i .  y 2 )\ is large enough for our purpose. A pair of 

numbers which serves our purpose is y x =  i/o =  1. We will show

at the end of the section. Assuming this is true, and by replacing n x ln 2 lanuni in

Assume a n i_„2 =  0 for all n x. and n2 such tha t m a x ^ .  n.j) <  k \ v \ , where 

v =  (3i/i +  3 i/o — 2 ) / 2  and A: is a  fixed but large enough constant. Here the number

when m ax(n1. n .|) > k \u\. and W t,uU2(n lA y x, is the numerator of the Fourier,o  I

U n „ ( n iA y l ? 0 - )  . (4.3.2)
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of coefficients an i.„2 which equal zero is A:4 \v\ \u\3 = O (A2). VVe will show

5€ r i c \ r -  nj =  l n2 =  l

in (4.3.2) is less than some positive power of e ■lr. Then since

! W W 1 .1 ) |> A - 3.

rr* i \  3
H  U\ ,1̂2 I )E E E nr (l i)

e r v . r 2 n l = i n2= i  1 ' 1

is less than some positive power of e i"1. which is a contradiction unless

o ( T : )  = 0 .

Then this proves the dimension of a cusp form o is 0(A 2). and the theorem 4.1.

l i
For non zero coefficients, we have the following 3 cases. n.\ > n .j. or ri.j > n t

t
and 3 $ <  A: \u\ . or n.j > n t and > A- \ v \ . In the second case, we may assume 

n.o > k\u\.  and n2 < k \v\ A 2 so A > k \u \ . In the third case A < j  * . So we 

have

E EE
ge r ' i : \ r 2 m  =  i n2= i

n-2<Ji

A 2

 ̂ E E E
3€r- ' r 2 n > J  "2 = lrij ^

I r  / ,\ o
.̂ *2 (^1  ̂ J/l * ^ 2  '

J
3 C

+E E E E
A>fc|t/| n i  =  l n2=(fc|i/|)3

"■iJ

+ E £  £  £
*<(*&)

£ n l =  l n2=(fc|i/|)3 1

n 2 i J 2 . 

“A2"
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Here and the inequality that follows lemma 4.3. we are using the fact that g is a
/  \

a b 0

matrix.

V

c d 0

0  0 1

with determinant 1 , and a. b. c, and d are integers.

We will show

L em m a 4.1 . I f  m a x ^ .n . j  j  >  k\u\ . and n t >  n.j. then

< e - k niA'J° < e_ 4fclI/i

L e m m a  4

then

.2. / /  max^ni.n.?^ > k \u\ . n.J > n t . and 35  < A:

<  e < e

L em m a 4.3. If  m ax^n^n.]^ >  k\u \.n .j  > n^. and 35  > k\u\

then

Tr , \ o n2l/2 N- ^ 5-)
_ i^2 » 2 .  1 £.1,1

<  e <  e "  1 1

Then we have

E EE
ge r |0\ r 2 n1=in2=i

, A a n 2 i/2 x^  i/i ,t«2(n'i^ l/i • )

0 X  X nl X  X  X ni

< EE E E k 5”'^ + EE E E k 5"'
d = 0  c = l  1 n2= 1 n!>n^

lAyf

d = l  c = 0  i  n2= l
n i > n 3

4 4
3 C  n2 X n-2 X

T E E  E k ^ k E  E E E
A>fc|i/| n i  =  l n 2 = ( k M ) 3 ,  « l = l  n2=(fc|i/|)3

_ 1 n2*le 2 ~A2
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Here the first two summations are actually to be multiplied by 4 because c and d 

could be negative but for our purpose, a big O estimation a factor of any finite 

constant is irrelevant. These are quadruple geometric series. By changing the  order 

of summations if necessary, we get the above is less than  . so |<Z>(t ° ) |  <

|<Z>(t ° ) |  where the actual size of £ being immaterial as long as it is a  positive

constant. So we only need to prove above 3 lemmas and the claim we made earlier. 

That i s . j i r ^ l  1. 1)| > A-3.

Proof o f  lemma 4.1.

In these cases, we have > n j .

/ no

x j  K u (rqA i/ivT  +  x )  K u ^  A)/Adx
o '  '

x (J K* («[As;v/r+i) Ku f
0

x

+  J K u ^ A j / ? v T + z )  K v f - ^ r y ~ ~ ~ j xi3ui 3yz 4)/4rfx)

where
2 o2niy2

X  =
A 4 -  n \ y f  ’ 

This is where

n2y° x  + l 
~A*~  = L
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The polynomial part of the outside of the parenthesis is immaterial in terms of

W hen 0 <  x  < x°.

and when x  > x°

So

I*  +  1 .  .

y  —  - 1-A-

n2(/o I x  +  1
t \ j  —  < LAs

X
J  K v ^n.t At/^ x /T + x j K

A2
n2 i/o x  +  1

< (n^A i/fV l + x ) |  | AV ( L>| (/j

because of the following reason which also explains th a t K u (1) =  0 (e 2 |l/|).

We know < Re(u) < By [LI (5.10.24). for R e(z)  > 0 and Re (v) > -A.

K v (z)

v/tt f l Y ,v]t
1

e~‘ (t - 1y - i  {t + i y - i d t
r >  +  ±) V2

By inspecting this we know \KU (;) | <  \KV (1)| when z > I. Furthermore

|AT(1)|

( " + 1 ) 

y i  / 1 \ “

r  («- +  ! )  V2
2/* 30/•
/  e~l (t — I)"” 5 (f +  l )1/_2 dt + /  e"‘ {t -  l)"“3(t +  I)""* dt

J
l

J2
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Since Re(v  — <  0. we have

| f f * ( DI

j / L  
* >  +  *)

i V

<

o X
/•

f  i f ^ d t + / e ~ ld t

l
J
2

<

i >  +  J) \ 2  

/ i V

e - Y - i d t +  e"

I >  +  J) \2  

Since Re{v -F > 0. and so

Iff* (Ul

^  / I

- i
L

►/0 I o

e
df -+- e'

t '" r 2 < 1. and

<
i >  +  5) \ 2 , 

v^F / 1

,- i

i/ + j

o-i

+
, i dt 4- e

( « ' + *r(«' + j) V2

But |T (e  t- V) — e "7  by Sterling's formula. So

|A '„ ( l ) |= 0 (e lM

By Olver [O.II], we have

K u (z 

where b
7r

So

If z  > 47T \u +  11. then

\K A z ) \  < ( 0  e 1 +  e UIH)
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as \v\ is large enough.

Then by letting n t > 4tt \u +  | |  (here 47r is not really anything fundamental, it 

could be any large enough constant for our purpose), and overestimating the first 

A:—Bessel function, we obtain

)  K v ( A x ^ ~ ^ ~ A)/Adx
J ' / \ LA- y X  /
0 v '
x< J  ( 1 ) 1  x ( 3 ^ i - 3 ^ - 1 )  .ldx

VVe have already shown | AV (1)1 =  O (e - 1̂ *21 j  which can be absorbed by e ImAi/jv'T+I 

So

K„ (n i± y { v/T T 7j A'„ | y  i x \dj. < e- | ni^y?vi-x

For

J  Ky 7̂?! A y j v l  +  -7') Ku■ ( n2!f} x  +  1
A-

\ d x

we use Lebedev [L] (5.7.1)

x  / z \

I  ( r ) =  V '  ---------- — ----------------
v K ~ l ^ r ( n  + l ) r ( n  + i / + l ) 'ri=0

and [L] (5.7.2)

tr / _ „ ( * ) - / „ ( * )  
ft-v ( - )  — 0

2  sin uz

where |cj <  oc. u ~  0. ± 1. ± 2 . • • •. and arg( ~) < Notice that when x  is within 

the limits of the integral.

< oc.

So we can use these equalities for the second AT-Bessel function.
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Then

j K ,  K .  j  I (3»,-3W-4)/4(il

DC

< - f
g - i j r u A t / J V l - f - x

\ t
1 n = 0

(  n - y? 
V 2A2 \

r(n +

IT

2 sin utt I

( S h / ¥ V
r  (n +  1) r  (n -f- v +  1)

1
r

1..-----1\ M .*" ‘(IX.

|sini/7r| is not small. In fact, s in utt =  e—■ and the imaginary part of v  has 

a large absolute value, so one of the  exponential expressions is large. All of T 

functions on denominators are not too small for our case. That is

r ( n i i /  +  1 ) > (n ±

which will be proven shortly. ( '̂-r̂ T \ J  ̂when x  is within the limits of 

integration. Then

-  I n 2y-2 i x  ■+■ f

n2y?2 x  + 1
2 n

-ir<, + O I - ' P ^ J

£ nlU2 x  +  f —3i« —4)/4

DC

* !

2A -  V x  /  ^  I 2 A 2 V xn=0

vT+xe7r|i/+l|

dx
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x {(

So we can conclude

when n t >  n |  if we show the T functions in the denominators are not too small. 

Since T (n ±  u +  1) >  { n ±  u)\ T (±y)  wre only need to show T {±u) are not too 

small. Stirling's Formula [L] (1.4.23) is

Let u = x  -F iy. Then we know — I < x < \  . and y — xcc . So 1 > x  +  \  > 0. 

If </ > 0 .

r(-t/) = T ( —1  — i y)

=  ^  +  Q (| _ x _  jy | -I) ]

=  e ( - ( x + i ) - « » ) ( l n ( | - x - i » 0 + . ( - 5 + 2 J ! r ) ) + x + « y + i l n 2 i r  ^  +  q  ^ | _ x  _

_  e ~ ( r + ^ )  l n ( | - x - i y | ) - i y  I n ( | - j - : y | ) - i (  j - s - ^ ) ( - 2 + 2 J 7 r ) + y ( - § - i - 2 J w ) + i + i y + i  ln2ir

T{3) = e(*-5)1"- '- ' + 3 ln2’r [ l + 0 ( | - r 1)] .

X [1 + 0  ( | - x  -  iy | ‘)J

So

(F (-!/)( >  e-lnu*y)-yf >  e~*\v\ ̂

If y < o.

T ( - v )  =  r ( - z - i y )
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_  g - ( i + i )  l n ( | - x - i y | ) - t y l n ( | - i - i j / | ) - t ( x + ^ ) ( - § + 2 J ! r ) + ! / ( s + 2 J j r ) + n - i y + i  ln27r

X [l +  0  ( | - x  -  iy\ l)] .

So

Like wise when y —* rroe..

r (I/) =  e(r- 3+,B)(,n(l-t+<!'l)+,(±i +2Jir))-r-«y*^ In 2* ^  +  q  ( | _ x _  -^-1^

__ ( x - ^ )  In(ix-riyj)-t-iy Inf-x—ty | ) - i - i ( x - j  ) ( s j —2 J s ,) » y (  3 - r 2 J x ) - x - i y - r  .3 ln2T

x [1 +  0  ( | - x  -  i-y| 

Since — 1 < x —  ̂ < 0.

|T (ix)| > e- lnû >*^ > □

P ro o f  o f  lem m a 4.2.

I f r , v  0 nt y2
^  V1.1S2 ( ^ 1̂ 2/l ' ^ 2  ' <  e 5niA!'i < e JfcN when >  n t and - ^  <  Arlid

Here we have A > k\u\  because n2 > (A |i/|)3. and A 2 >  Then

J  K v ( n ^ y l y / l + 1 )  A x ( 3 ,1- 3 ^ - 4 ) / 4 rfx

=  7r_2(n1A yi) 1+(,/1-t^ )/2 ( M )
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x ( / K v K„ f ^ y ^ — )  x ^ - 3”- - W d x
0 '  '

+  j  K u ( n i A y l \ / l  +  x )  K v ( )  x(3l/l-3,'2~4)/4dx)

where x° = -* as in the Lemma 1. So when 0 <  x  < x J. > 1. andA*4— — — A-  y  x —

,..U  ^  n'2!Jn / x —I ✓ i
l i e n  a. ^  jl % ~ r v ~  \  /   ^  i\ .  x / x• i r y

Since A > k \ i/ \ . we have r^Ai/i \ / l  +  x > |z/| . By the same argument as the

proof of the Lemma 1. we have

.. I n2y2 / x -r 1J  K u (r^A i/iv7! + x )  A'„  ̂ “ p ^ y  — I *' :ii/i t),-tldx <  e - | « l A y J v l - r x

and

/ M n ^ i / i V l + x )  A'y
n2y '2  j  x -r  I

IIx

And again we conclude

n-t
< e L>n\±'A when n.j > n tand —A < A; \u\ . □

A2

P roof of the Lemma 4.3.

W n „ ( n iAj,;,
i n2!<j i ., , i n.o

< e 2 < e 5 when n% > rii and —^ >  k j
A "1

Here we overestimate the second K  Bessel function by the similar way as in 

the proof of Lemma l.T h a t is

n2y2 l x  + 1 

A 2 V  x
< e 2

i niy-i /TF T
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5 1

T his is justified because of the condition ^  >  k \u\ which is the same condition as 

for the first K  Bessel function in the proof of the Lemma 1.

The first K  Bessel function here does not give any trouble because n tAy, y l - T x  > 

1 . And better yet, when x  >  (k |i/|)2 . we have

\ l \ u ( n l A y ^ \ / T + ~ c )  | <  e  i n i A s ‘ v

So

rr- , \ o n2*/2° \ j

<  rr 1

t C  y  v |

J  K u (njAi / iv71 +  x)  K„

< .  ̂\ 1 — ; t/1 - 1 A ,  , > ( n 2U >Ti Ay, )  • - - I —
1 — \ tAi — V i :■ 2

X

J  K v ^n,Ai/i V T T x ) e - - f  mAyfvT+I I (3 ^ -3 ^ —U/4 I d j .

_ 1 a2V2
< e 2

Finally we have to prove the claim we have made in the beginning of the proof 

of the theorem. That is

1

We have

W 1/1 .^2 (1/1-1/2 )

J K u ( y jv T T x )  K„ { v 2 \ j - ~
o '
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We also have

K v (*) =
r >  +  i )  v 2

e~z t (t -  1 ) " ~ 3  (t + l)v~*dt

for R e(z)  > 0 and R e(v)  >  — A. [L] (5.10.24). So we have

So

1—i LSI — u-t ] 2 1 — \V-t~V\- 2
= -  ~Ui ' ' y2 '

/  f > + T )  ( m * 2  )  /  (f -  +  i r  > *
0 ' ■ 2 / t

u, s / 7 T - l Y  "f _,Kv/T ir _  i r i +  , r j
r  (u +  i )  V

x (3^1-3^-4)/4(fx>

i / l  i/2

i / / '’ ' ' 0 1

(f -  i r ~ *  (f +  i r ^ d i
(r (i/ + i ) )

/■ /—  i i n  j- r \(3i/i~:iy2_2) -
x I e - ty--V ^?(f -  (f + -  J_----------,-(3̂ 2 —11/2 dx

A3"1-

7T-4-(r(^ +  i ) ) - y  j

-£Ay 1 —x (t -  i y - ;  (t + i y - *  dt

7  r - r r  i i 11 4 -  7.\C3u1+ 3 « a - 2 ) / 2J  e_£Av/iF(i -  I)1' 5 (t + 1)̂ -2 </f2 L   rfx.
, ( 3 i « - l ) / 2

But by [B-H] theorem 1.Since there is no complex value involved in e£(A 1*'/1'rx and 

e£tA_1>>/ ^ ~ .  and

t (A -  1 ) y/l  +  x
X r  1

>  2\/2  (A -  1)

we have
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I W W 1. i ) l  

>
d2V2(A-1)

A3"1

AJU1—Yttt f  f  e~tx^ l+j: (t -  I)"-?  (f +  I)"-* dt

1
, 2 v 2 ( A - 1)

A3
e2V̂ (A-i) r y Ai/2 _ o

2V2A

A3 3/T 2 1/4

> —

1_
A"3 '

This conclude the proof of the theorem 4.1. □
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CHAPTER 5 

F u r th e r  S tu d y

The unconditional results given previously are probably possible for improve­

ments. It is quite possible tha t the multiplicity of the spectrum  is always equal 

to either zero or one. We do not know a way to show this, however we will show, 

under a  generalization of the Riemann hypothesis, a strong multiplicity theorem. 

A ttached to a cusp form o  we have an L -series

X

L (s.o) - 5 > . Bn -
n = l

which satisfies

<I> (.*#) L (s. o) = <f> ( I -  s) L (1 -  s.  o

with
X

L (s .o) =
n =  1

$ (S) =  ff- T r  ( s +  1...~ . 2 t / l ~ t/2>\ r  ( T f s ~ l +  Ui + 2^

and

* ( „ )  =  , r - ¥ r  ( s + 1 - 1/1 -  2l/- l  r  ( s' ~ ‘/il + ‘/A  r  ( s  -  1 +  2l/‘ +

It can be shown that

X  X L ( s .o )  L {s. o)
Y  Y =  c(3 i  +  S2— B u mp (9 -2)
r»i = 1  n o = l
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5 5

From these facts we conclude that the ani l  determine the cusp form. We can also 

factor

OC
L ( s . o )  =  (1 -  ai.pp-* - f a p j p - '^ -  p~is)~ l

p - 1  

OC

=  n a 1 -  a i ^  ^  -  ^ ( p ) ) ! 1 - q 3(p))p- " ) -1  •
p =  1

Given two cusp forms o  and c . with same i/.with o,(p) for o  and 3t(p) for 

o. and Fourier coefficients for o. and bnx n.2 for o we can define the Rankin 

Seiberg convolution

L(s .o)  =  J J  J J  (1 -  Q,(p).?j(p)p *)
p  '■j

This has meromorphic continuation and satisfies the functional equation 

$ ( s . o x  w) L (s. o x  o) =  $  ( 1 -  -s. o x i ' j l | l - s . o x  c )

with o. and w the cusp forms related to o and w by the functional equation earlier

_3i -|-|--rT  /'.s4— 4iq — 2v-2 \  f  s  +  2i/i — 2z/j\ r  f  s  -  1 +  2iq +  4 ui
*& (<j. 0  X ti') =  rr > n i l r (  2  J H  5 P I  2-----------

t ]

and as vt are the  same for o and c

<f> o  x o j  =  (s. o x  0 ).

Note:The Rankin-Selberg method works when o and o do not have the same z/s. 

but this is the  case we need and the formulas are slightly simpler, except for the 

case o =  o. We actually have analytic continuation. W hen xb — <£>. we have a 

simple pole a t s =  1.
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We now assume that all non-trivial zeros are on the line Re(s)  =  We let o 

and w be two cusp forms with same ux and u2. Denote L ^s. o  x o j  =  L x (s) and 

L { s .o  x  w) =  L-i (s). and write L x (s) =  Y1 % L2 (s ) — zil fb the for

i < x  are determined by a tJ . 1 and j  < x. and similarly with the dt. We consider 

the integrals

I T T ) - d s - J =  l . or  22~i J  Lj (s) s
k —i x

As in the proof of the explicit formula for the Riemann zeta function, this is

^ c nA ( n ) n _;i f or Ti ( s )
n < x

dnA (n) for L2 ( s ) .
U< J

A (n) =

with

log p if n = pa where p is a prime

0  otherwise.

Letting m be the maximum of the absolute values of the sum of u's in the various

T terms, and letting rr =  s -f it we get that the sum of the nontrivial zeros satisfy

S  i— 1T / w* =  0  (logW  + +  2)^ '

Thus the contribution of the nontrivial zeros is

O (x^ (log (x +  m ) ) ' j  .

This tells us that for L x (s) as we have a pole at .s =  1

I x (x) =  x +  O ^x2 (log (x +  m))2  ̂

but for the  entire L2 (s) we get

I2 (x) =  O ^X2 (log (x +  m))2  ̂ .
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However if Cn = dn for n < x. I\ ( 5 ) =  /•> (5) and cn and dn are determined by a l n 

and bi n for n < x. In this case we have

We actually could have simply assumed the u, not the same for each cusp form, 

but simply both were such that m for o. and m for v  satisfied some bound, calling 

it v/A.

We conclude by mentioning several ways for further investigation. We find the 

gap in the range of validity for the asymptotic expansion to be quite interesting. 

We suspect that some bizarre behavior may be occurring in this range. It might 

be interesting to attem pt to investigate this region numerically, and see if. for 

example, we have oscillatory behavior. We might also try different techniques. It 

is feasible that a differential equations technique might work. We also should try  

compare our results to those found from representation theory. We also will make 

efforts to extend the results on WeyTs law to obtain a local Weyl's law. as in [H-T].

x

O ((log (x + m))2)

which is a contradiction if all terms are equal for n < (log (x +- m) ) 1. As m  is 

approximately \ / \  we thus conclude that

M  (A) =  O ( (log (x -f m))'x) .
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