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iv
Abstract

Analysis of the Spectrum on SL(3,Z)\SL(3,R)/SO(3,R)
by
Nam-Jong Moh
Advisor: Jonathan Huntley
In this thesis we make a systematic study of the spectral properties of the space
SL(3,Z)\SL(3,R)/SO(3,R). In particular we use Rayleigh quotient method to give
a lower bound for the first non-trivial eigenvalue of the Laplace-Beltrami
operator, we use the Selberg trace formula to obtain Weyl's law with an error
term and we make a detailed study of Whittaker functions to obtain a comparison
test that allows one to determine when two cusp forms are the same if sufficiently
many Fourier coefficients agree. We conclude by showing what would be true if

conjectures related to the Riemann hypothesis were true.
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CHAPTER 1

Introduction

Since the early work of Jacobi on # functions to study the representation of
integers as sws ol squates, autvinorphic forus in various disguises have played
an important role in number theory. Notable among these is Ramanujan’s dis-
criminant function whose reciprocal is intimately connected with the study of the
partition function in number theory. The automorphic properties of this function,
which includes periodicity with period one. give rise to a Fourier expansions whose

- study has been a central theme in number theory for over a century. The estimate
of the size of the Fourier coefficients is a key element in these applications. Hecke
explicitly introduced the concept of automorphic forms in the 1920's. He assumes
one has an analytic function on the upper half plane. that has only polynomial
growth at infinity. and with respect to some discrete subgroup I' of SL (2. R). the

group of symmetries of the upper half plane. satisfies

f(2) = (ez+ ) f(2)
- a b

where . an element of I equals . In particular, we have that f is periodic
c d

with respect to X. so we have a Fourier expansion.
In the 1940’s. Maass generalized this notion by considering functions that
are not necessarily holomorphic but are eigenfunctions of the Laplace-Beltrami

operators. These functions have been of tremendous usefulness in the study of
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the Riemann zeta function. and in various aspects of the study of Kloosterman
sums. One of particular interest here is the eigenvalue A of the Laplace-Beltrami
operator. How large the minimal eigenvalue denoted as A, is is of a great interest.
When I is non compact. we have continuous spectrum created by the Eisenstein
series. and it is interesting to find out if

1) there are eigenvalues below the continuous spectrum

2) there exist actual L? eigenfunctions.

3) how many Fourier coefficients are needed to determine

a cusp form

We will study these questions in a different setting. It has become evident that
the study of automorphic forms on more general groups is of importance in number
theory. One sees this early on with Hilbert modular forms. but in the 1950's a
far greater generalization began. Selberg's seminal investigations in the 1950’s are
a good example. and there are many others. One difficulty of the generalization
is that the analysis needed to study the forms becomes increasingly complicated.
Often this can be done. at least in principle. by general techniques: however. one
often needs results that can be used explicitly for other purposes.

In this thesis we study spectral properties of the rank 2 homogeneous space
X=SL(3Z)\SL(3.R)/SO (3.R).

We study several problems, and use a variety of techniques. After some more
detailed discussion of notations and definitions, we will proceed as follows. We first,

in chapter 2. will consider the question whether the first eigenvalue of the Laplacian
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is in the continuous spectrum. This is related to the infinite place Ramanujan
conjecture which asserts that all non-trivial eigenfunctions have eigenvalues whose
representation parameters would be tempered, meaning Re (1) = Re(n) = %,
in the notation we will introduce later. This is a reprise of older work and uses
variational techniques. We next use the Selberg trace formula to establish Weyl's
law with an error term. in chapter 3. In chapter 4. we change directions. Here we
examine the Fourier expansion of cusp forms. and study certain special functions,
Whitaker functions and A’-Bessel functions, and apply our knowledge to study the
spectrum, in particular, we study spectral multiplicity. Finally we show. using
a variant of the Riemann hypothesis. that we can conjecturally obtain a much
sharper estimate.

We now make explicit our notations and definitions. and state in more detail
what we will show. Let G be a reductive group. which in our case will always be
GL (3.R). the group of invertible 3x3 matrices with real coefficients. PGL (3.R).
the quotient of GL (3,R) by the center, which is isomorphic to R. or SL (3.R),
subgroup of GL (3.R) consisting of matrices of determinant 1. Let K denote the
maximal compact subgroup. and let H = G/ K. This is an analogue of the classical
upper half plane. It is a symmetric space.

For the case G = PGL (3.R). we can put coordinates on the space H in the
following manner. From the Iwasawa decomposition, we can write an element
g € G as a product g = nak. with n upper triangular a diagonal and & compact.
The collection of n forms a group N of upper triangular matrices. The collection

of a forms an abelian group A. The collection of k& forms a compact group. As H
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consist of equivalence classes of elements mod K we need no coordinates for K.

Il I 3
Following Bump, we write an element of Nby | o 1 z, |.and an element of
0 0 1
. iy 00
Aas [ g yi U The fact that we are in PGL (3. R) is why the 3.3 entry

0 0 1

can be assumed to be identically 1. and if we work on SL (3.R) we can assume the
3.3 entry is the inverse of the product of the other two diagonal entries. We write
this point as 7.

PGL (3.R) acts on H by matrix multiplication. and there is a natural metric

on H such that the action is by isometries. [t is given by

U Y2 Iy I3 I
nol oy %'Jl!/'z 0 0 0
v2 | sy 4 0 0 0
9y = 1, |0 0 y3+13 —z2 O yflyff
ry | 0 0 I l 0
I» | 0 0 0 0 y3

From this we get a natural invariant volume element

dV = dl‘ldl‘-z(il‘:;dyldyg .
1Yz

H also has a ring of invariant differential operators. By this we mean that the

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



operators D are such that for ¢ smooth on H. and

Do(got)=Do(T)|ger

for any g € G. In essence the fudge factor term in the chain rule disappears. We

can of course extend the class of allowable functions.

In our case. a study of the center of the universai enveloping aigebra of G shows

that the ring has two non-trivial generators. that in our notation can be taken to

be

and

Ay

232*—__32 2 -(1;"+ )62
= B a9 2 2 2 ;
yl ayf y'l y“j Ny aylay’l yl Yy 81‘%

2 & 2 5 4 2% &

Ty 3 J"’Br% g o,

2 0° + s ° 3.2 I &
Iagiay. T " oyay Y aday T U axtoy,
2yt Yo & +(-z3 +y3) i & 2, &

-2 WLy —I5 S) Yo7 — Y1Yo =
iy “9r,0xr30ys 2T ‘jl'j'argayg yly'&z;@yg
o -3 83 2 a‘.’.

492r— 2 L9 2 L2
y‘yzazlazgaz3 Yiy2 282:26:03 N 0yi b2 adys
2 2
. 2 >, 0° 92 , 02
92 42 (22 + o2 _ 2 _ 22
P g, T (Bt ) g TG gy

The first of these is the Laplace-Beltrami operator. and could have been calculated

from the metric. The ring of invariant operators is commutative.

If H is as above. we let I' be a discrete subgroup of G. This acts on H and

we can consider the quotient X = ['\H. We will take SL(3.Z) for I' although

the construction can be made in considerably greater generality. A key fact in

this case is that X is not compact, but still has finite volume. X has one cusp.
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when y, and y; go to infinity. The cusp geometrically looks like two copies of
SL(2.Z)\SL(2.R)/SO(2.R) that are connected at a point as both y; and y, tend
to infinity. Depending on what one wishes to do. it can be advantageous to see X
as a non compact manifold, or as a fundamental domain. by which we mean an

open subset D of H such that DNgD =0for g # 1 but |J gD = H.

geG

Our goal is to describe. as well as we can. the spectrum of the ring of invariant
differential operators. We first make the observation that for X there is continuous

spectrum spanned by two types of Eisenstein series. The first is found by summing

we get

E(Ux.v'.‘) (T) = Z ['UL.U'.’) (g ° ") .

g€l =\

This expression is convergent in the plane Re (1) . Re(v2) > 1. and it has a mero-

morphic continuation to all values of vyand va. In particular it is analytic when
Re(v,) = Re(n) = % We also have an infinite collection of families of Eisenstein
series. associated to elements of the discretz spectrum of SL (2. Z)\SL (2,R) /SO (2.R).
These objects constitute the entire continuous spectrum. This spectrum is ab-
solutely continuous. It spans [1. ) if we parametrize by the Laplacian eigenvalue.
and thus continuous spectrum exists. Moreover. any point spectrum will be of
finite multiplicity. The functions contributing to the point spectrum are in L? (X).
It will be shown in the next chapter that with the exception of the constant func-
tions, all L?eigenfunctions will be embedded in the continuous spectrum. It is

known that any such functions must be cuspidal, meaning
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<.
Lot EO&
//0 01 & |7]|ddss = 0. and
00
0 01
//o 01 0 |7]|d&dé = OforallreX.
00
These functions enjov the property that when either y, or y» — x the functions
vanish. Much of our work in chapter 4 makes this more precise.

The Eisenstein series and the cusp forms (and constants) are called automor-
phic forms for I': in particular they are periodic in the y variables. and hence
enjoy a Fourier expansion. From elliptic regularity (they are eigenfunctions of the
Laplacian) the expression will converge. all summations can be interchanged. and
we may for example differentiate the expression. etc. If o(7) is a cusp form. its

expansion is

mns 0 0
x

o(r) = Z Z‘an-ln'.’_lanbnzu-{.‘llLW) 0 n, 0 |97

gel2\[2 m =1 np=1

0 0 1
where
( )
a b 0
. =S| . 4d0|labecdeZ ad—bc==+1}.
0 01
\ J
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% =TI?NTl. and Iy is the group of 3x3 upper triangular unipotent matrices

with integer coefficients. Here W/} *? i

is a Whittaker function. In Bump's notation
”/(u; U?)(T, wl) =W e yl y2)e..1rz(1'1-rx2)

Vinogradov and Takhtadzhyan established an integral equality for W),,,. and the

equality was generalized by Stade into GL (n) cases [St]. The result is

W'ul.uq(yl.yg) = T 2(!;1)11-('/1 —-wm)/2 (y_)l"("""’l)/"

x
X/I\u )I\u (yg T+ 1) B =3m-4/44..
z
0

where v = (3v; + 3wy — 2) /2. This equality is very convenient and we are using it

many times in the chapter 4 where we study the Whittaker function to estimate
the number of linearly independent cusp forms with eigenvalue A

In chapter 3. we use the Selberg trace formula for SL(3.Z) to establish the
existence of cusp forms. Weyl's law was established by Stade and Wallace [S-W]
but we obtain error estimates. Finallv. in chapter 5. we obtain. using standard
conjectures about the location of zeros of L-functions of automorphic forms. a
logarithmic bound in A for the multiplicity of an eigenvalue rather than polynomial

multiplicity in A.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



CHAPTER 2

Minimum Bound for the First Non-trivial Eigenvalue

In this chapter we show that the first cuspidal eigenvalue \; is a number that
hc continucus spectrum is {1, ). and
we will show A} > 31'%: > 2.96088. From the theory of Eisenstein series. we know
that there are no L? eigenvalues other than the constant. as they must be residues
of poles of Eisenstein series. Hence we conclude that with the exception of Ay = 0.
the eigenvalue for the constant function. all L? eigenvalues are embedded in the
continuous spectrum. This result can be considered as an analogue of Selberg’s
eigenvalue conjecture. The result is also implied by the Ramanujan conjecture.
but our result does not imply this as we do not consider the third order operator.

The proof is based on the Rayleigh-Ritz method and we shall now give it. This
proof is a reprise of work in [C-H-J-T]. We thank the authors for giving permission

to reproduce it here.

If Ap = Ao.
JpodedV \
Jplof* dv
Integrating by parts, we get
JpIVel*dV
- Jplol*av
where the gradient V is
2 L 0f P L of of of of |
v = 212 2197+ L O5 9F a2, oy 9]
V£l 9 3y1| + 43 e Rey1y20y18y2+yl (23 +93) .
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2

)
f +y3

61'1

af af

261:1 62'3'

5
- +y; +2Reyir

of
61'2

A theorem of Grenier |G| gives an explicit description of this fundamental domain
which is as following. Let w~=! = y; +™%2 = y3y,. then a fundamental domain D
for SL(3.Z) is given by:

(i) v¥* < l—-Iy+r) +w(l-o) +ut

. ) 3/2.2 2,
(iv) 32 <3222 +wri+w

(vi) 0< 2 <

-

(Vii) 0 S Iy S

1)

l—

(vili)—3 S I3 <

&
1ol

But for our purposes we only need the following lemma.

Lemma 2.1. Siegel set S. described as |3} < 3.0 < 1y <

M

=)

0<zo < é y > 3? ya > 2 contains the domain. and ten copies

f

the fundamental domain contains the Siegel set.

This allow us to replace the rather complicated fundamental domain with a

set that looks like an infinite rectangle in five dimensions.

From the above. we obtain that

J5|Vol*dV

< 10X
Jslo*dv
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/ Vol2dV < 10 / Vo> dV.
D D

and

/|vo|2dV</|a|'-’dv.
D S

[IVolPdv

We now proceed to estimate “&——
Jgo=dd

. Unfortunately. the Fourier expansion
given in the introduction cannot be used due to its non-orthogonality so that
when we square ¢ we will have more coefficients than we can control. However.

we can work as follows. In the proof of the Fourier expansion. given in [B| page

66. we first consider the expansion with respect to the abelian group of elements

1 0 &

) 9=10 1 & |-andwehaveo(r) =7} o () where

n

0 01

1 1
o r) = [ [olgnemmemoig g,
0 0

As we have a cusp form. o} =

Let
4 3\
a b 0
, a b
P={|. 40|l €SL(2.Z)
il c d
0 01 J
\

and T2, be its stabilizer at infinity. We can write

o= Y D o (rer)

yer2 \rz my=l1
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We know o is C™ so we may interchange integration and summation. so Parseval's

theorem implies. as we have abelian Fourier expansions,

]

- 2

Xl X Vo (ver)| dVv
ni=l|€l Ty 2 < 10A.

fs > > ‘.9911 (yor)| dV
m=1{4el2\r?

The invariance of V allow us to rewrite this as

LS & v@‘,{l(—r)] v

ny=1 ber’;’,‘,\["{
— < 10A.

> [ ol (7)} dv

m=1t~er2, I

—e

“CT

where the notation means the evaluation at v o 7. Integration by parts of the form
o?u. we get the above inequality in terms of the Laplacian. and now we consider the
action of Laplacian A on these functions. As o) is independent of r3. the terms
involving z3 annihilate 09:1' Also all terms involving y;. y». and r, are positive

operators ( compare with (2.31) on page 32 of Bump.) So

, 0° 4 9
Ao?, > —I/IZ——,O?t = yi’-l"u nio
J1 9.2 1
' ()l‘l !

but y7 > % in the Siegel set. So

So
X X Al (0], [, ()],

. ni=l~4er2 \r? .
10A> L . > 372,

> [ S o, (r)] dv

ni=l er2\r;

yor
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and so

372
10’

. as was asserted.O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

13



CHAPTER 3

Weyl’'s Law with Error Estimate

3.1 History and Statement of Results

- The study of the spectrum of the Laplacian on spaces has been a subject of
great interest in this century. The behavior of this spectrum has applications to
physics. geometry and number theory. It was H. Weyl who first systematically
studied the topic and obtained an important result. He showed that for a bounded
domain in R™ with reasonable boundary conditions. the following asymptotic re-

lation holds

N(A) ~CAT. as A — x.

. where N()) denotes the dimension of the space of eigenfunctions of the Laplacian
with eigenvalue less than A. and C' is a constant depends only on n. the dimension
of the domain. and the volume of the domain [We]. Similar asymptotic results
of this kind are called Weyl's law. Since then. many authors have put efforts on
generalizations of Weyl's law to other Riemannian spaces. In particular the spaces
M\SL(2.R)/SO(2.R). and '\SL(3.R)/SO(3.R). where I' is a co-finite discrete but
not necessarily co-compact subgroup of SL(2.R), are considered very interesting
because of their relevance to automorphic forms. One of those results which we
are going to use in this thesis is the Weyl’s law on SL(3,Z) \SL(3.R)/SO(3,R)

by Stade and Wallace [S-W].
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It is. for many purposes. useful to have an error term for the asymptotic result.
Courant [C] obtained

N(A) = CA% +O(A"T log A)

for the bounded domains. The proofs of these results use the technique of Dirichlet-
Neumann bracketing. and the fact that the eigenvalues can be explicitly computed
for cubes.

For compact manifolds. Minakshisundaram and Pleijel [M-P] use estimates on
the heat kernel to derive Weyl's result. Using the wave equation. Hormander [H]

obtains a Weyl's law with an error term. That is

=1

7 ).

N(\) =CAT +0(\

For non-compact manifolds Weyl's law is in general false. The difficulty is
continuous spectrum that does not allow the use of the above techniques in their
original form. However. if the space is a finite volume symmetric space. then
other techniques are available. For symmetric spaces associated to SL(2.R) and
a discrete group of isometries I'. Selberg's trace formula [S] can be used to obtain
that Weyl's law is true if one adds an extra term that accounts for the continuous
spectrum. Also. a reasonable error term can be obtained. Moreover. if I' is a con-
gruence group of SL(2,R) the additional term is smaller than the term accounting
for the square integrable eigenfunctions. so Weyvl's law holds. Actually. slightly
more is true. We are now considering non-compact spaces. and so the spaces have
cusps. With a finite number of exceptions all of the square integrable eigenforms

are cusp forms.
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In the space on which we are going to work
X=SL(3.Z)\SL(3,R)/SO(3.R).

one would expect for this space that similar results hold. That is N(A) = CA3 +
O(M\*'). As we mentioned earlier. Stade and Wallace [S-W]. using the version
of the trace formula for X derived by Wallace through a series of articles and
summarized in {[W]. established Weyl's law for this space. The theorem 1 of [S-W)|

savs as A — x

They used Gaussians as test functions to obtain the asymptotic behavior at small
time for the trace of the heat kernel. The result then follows from a standard
Tauberian Argument.

- In this thesis we show how this result can be combined with a different set
of test functions to obtain an error estimate for Wevl's law. We state this result

explicitly.

Theorem 3.1. Let X = SL(3.Z)\SL(3.R)/SO(3.R) .and N(X)
denote the dimension of the space of cusp forms on X with Laplace

eigenvalue less than A. Then
N(A) = CA? + 0O(A\%)

with
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Here C is the constant that one expects for Weyl’s law. It depends only
on the volume and the dimension of the space . The proof will be obtained by
estimating the number of cusp forms with Laplace eigenvalue between A, and A —
2v/A + 1. We should note that cusp forms are joint eigenfunctions of the Laplace-
Beltrami operator and an independent third order differential operator as SL(3.R)
has rank 2. We will not use this operator explicitly. Our test functions are the
translations of functions that approximate the characteristic function of a disc
instead of Gaussians as in [S-W].

In the course of the proof. we will give an estimate on the number of cusp forms
that come from representations that violate the Ramanujan conjecture. which in
representation theory language states that all cusp forms arise from principal series
representations. This set is conjectured to be empty. but very little is known about
it. In chapter 2. it was shown that no “small” eigenvalues exist: however. we do
not know about the existence of “large” non-Ramanujan eigenvalue. Because of

this reason. we state the result as a theorem.

- Theorem 3.2. The dimension of the space of cusp forms with Laplace

eigenvalue less than A that violate the Ramanujan conjecture is O(/\%).

3.2 Notations and the Selberg Trace Formula

We will let A denote the eigenvalue corresponding to an L2 eigenfunction of
the Laplace-Beltrami operator on X. Furthermore. the eigenfunction is actually a
joint eigenfunction of the entire ring of invariant differential operators, as that is

a commutative ring. Although we don’t use the third order independent operator
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explicitly, by using the Selberg trace formula we are implicitly using the fact we
are working with automorphic forms. which are joint eigenfunctions of the entire

ring.

- For the purpose of using the trace formula. it is necessary to write A in terms
of two parameters. In [S-W]| two parameters s and ¢ are used to describe the
eigenvalues. In this notation A = s(1 —s) + %t(l — t). This notation works well
for them as they write the trace formula in terms of Helgason transforms found in
Teras [T} and harmonic analysis on groups. However. we find it more convenient
to work with a formula that relates a function in two variables to its Euclidean
Fourier transform. We then have all of the tools of classical harmonic analysis at
our disposal. and this will make it easier to perform our analysis with a greater
value of test functions as we will not. as in [S-W], have to explicitly evaluate
Fourier transforms. We use parameters a and 3 which are related to the earlier

parameters by a = —i(s —

[ Pl

). 3 = —i(t — 3). We also change the metric so that
our A corresponds to 3\ in the notation of [S-W]. This makes no real difference.
as this change in the number of cusp forms will be accounted for by the change
of volume that it creates. In this notation we have A = 3a? + 32 + 1. Also. from
representation theory it is known that either both « and 3 are real or — Im V3a =

- Im3.61<Re\/§a=ReB<

ST
.

It is also convenient to make the following change of notation from that in [S-
W]. On page 243. at the beginning of the second section, diagonal matrices a are

introduced. They are elements of the group A of diagonal matrices in SL(3,R). A
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a; 0 0
given aisdescribedasa=1 o 4, 0 . Here we have a, > 0. Replacing
0 0 (aa)!

a; by e we obtain a pair of real numbers. We use this to replace the Helgason
transforms. that are essentially Mellin transforms in [S-W]. by Fourier transforms.

We now state the trace formula in the form that we will use.

Proposition 3.1. Let g be a smooth. compactly supported function
on R? such that its Fourier transform g is Weyl invariant. Let (sp.t,)
denote the (c. 3) that correspond to an eigenvalue A corresponding to

a square-integrable automorphic form. Then

x

z g (sn.tn) = (ID)+ (HY P) + (LOX) + (PAR)

The term on the left is the spectral term. and the 4 terms on the right

of the equation are as follows.

rolX \ . )
(ID) = 24—#)%—1‘(—;)‘/;2 g (s.t)t(t — 3s)(t + 3s)
tanh ¢ tanh TC T 38) tanh T 38)(1 dt.
(HYP) = Y Reg[Z(e)|Cl[Z(e1)] |e}er] -
€1€0€3=1

[(51 — €3)(€; —€2)(e2 — 63)]_1g(10g €1.loges).

1-s,-20Im(t)
. (ox)=Y tn ro| CUZ(r)] /g(s,t)-,i——dsdt,
R2

- 2r-3cosf +r- L+ e-2rim@)
(r.8)
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(PAR) = A, 9 (0.0) + 4, (—5.

)

)+ A3 9 (

DO =

)

| —
D —

We must explain the meaning of the terms. The spectral term and the term
(ID) are self explanatory. and in (PAR) the A; are constants that need not be
cutnputed for vir purposes. or the
where the ¢, are real such that |e;| > |ea] > |e3| and there is. by definition. a
hyperbolic matrix in SL(3.Z) with ¢, as its eigenvalues. The ¢, give rise to a
number field. Reg denotes the regulator. and Cl the narrow class number. We also
note that the logarithms occur in the function g because of our earlier change of
variable a = €®. Also the lack of a dependence on e; is illusory. as the product of the
€, 1s 1. In the term (LOX). the sum is over pairs (r.8) with r >0.r #1.0<8< 7

such that some matrix in SL(3.Z) has eigenvalues r=2.re'. re=*?. If we denote the

matrix by q. then ry is such that the centralizer of ¢ has generator conjugate to

rg 2.0 0
0 ree’? 0 . Finally. we noted that the test functions must be Weyl
0 0 roe "

invariant. This is a generalization of the fact that for the classical trace formula,
the test functions must be even. In our notation if we let v/3s denote the r-axis

and t the y-axis. then two points are related by the Weyl group if
(\/§Sl.t1) = (ET 35'3.6_5"‘72)

where n is a integer. This is simply a translation of representation theory facts

into our notation.
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3.3 Proof of the Theorems

Weyl's law has already been established; thus to prove theorem 3.1 it is suf-

ficient to estimate the number of cusp forms with Laplace eigenvalue between

- A =2VA+1 and A. We shall now proceed to do this. In the course of the proof
we will also prove Theorem 3.2.

We note that there are two ways that such an eigenvalue can exist. We can,

in our parameters, assume S and T are real and have
A-2VA+1<35*+ T2 <A

(Recall A = 3a® + 3% + 1) We may also have S and T complex, and satisfying the

restrictions given in Section 2. namely
~ImV3S=ImT

é<Re\/§S=ReT<

N} —

Actually. the complex parameters may be related to the above restriction by a
Weyl! transformation as described in section 2.

We will handle the two situations separately, in both cases the trace formula
will be the main tool.

We first consider the case of real parameters. As stated above, we will actually
estimate the number of eigenvalues with A — 2v/A + 1 < 352+ T? < X. This is
obviously sufficient. The point is that these inequalities describe an annulus of
inner radius v/A — 1 and outer radius v/X if along the horizontal axis we put v/3S

and along the vertical axis we put T'.
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We would like to put into the trace formula /§ equal to the characteristic func-

tion of the annulus. This is clearly not a legitimate test function so we must

approximate it. We start with a function g\o such that gq, its inverse Fourier trans-

form, is compactly supported, smooth, radially symmetric and nonnegative. This

will mean that .60 is Schwartz class and extends to an analytic function of two

complex variables with exponential growth. We may also choose our functions so

. that
A
99> 0.
A
1 <G9o< 2.
if
387+ TP < 1.
and
A 2
< —
) 90< BeT L o
for
352 +T?> 1.

Here £ may be taken to be a large positive constant. We may also assume that
90> 0 for purely imaginary values of S and T. Standard arguments in Fourier
analysis guarantee that such a function exists.

For our test function. we choose translates of 30 such that the point (0.0) is
translated to a point (Sp, Tp) that is in the annulus. We then sum over enough

translates to cover the entire annulus. This will take no more than the smallest
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integer greater than 47/} translates. Here by cover, we mean that we want the
test function to be at least one in the annulus. By the positivity of 30 we, see that

- if we estimate the contribution to the spectral side of the equation for any given
translate, we obtain an estimate for the test function by summing the estimates of

the translates. We now let (Sp.7}) be a point in the annulus and we let
9(S0.To)

be the translate of 30 that is centered at (Sg.7p). combined with its five Weyl

transform related functions. so that it approximates six characteristic functions.

- Lemma 3.1.

x| )
Z g(So To) "’n n.) = O(/\})

n=0

when s.t € R.

Remark: By summing over the O(v/A) such functions in the lemma we will
have that real (S.T) contribute O(\?) to the spectral side of the equation, proving
part of the theorem.

- Proof of Lemma 3.1: We must obtain estimates for the terms on the right
hand side of the trace formula.

We first analyze the identity term. The contribution of this term with the
original function 9o is clearly O(1). The translation to the point (V/3S,, Tp) will be
O(,\% ), as the integrand is up to very small error, approximating by overestimating

a cubic polynomial multiplied by twice the characteristic function of a circle of
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radius one. Of course, we are using the rapid decay of our test functions outside
of a circle of radius one.

The hyperbolic term involves the inverse Fourier transform of

A
9(v3s0.T0) -

A

g {v350,Ta)
is just a translation of ao, this function will simply be gg multiplied by a complex
exponential. It is clear that from the compact support of gy it gives a O(1) con-
tribution. as we only have a finite sum. The same will be true for such a function
multiplied by a complex exponential. We thus have an O(1) contribution.

The loxodromic term is dominated in the annulus. up to some constant. by
the test function given in [S-W]. when the Gaussian chosen is still greater than &
in the annulus. The decaying part of the test functions can be easily estimated as
we may choose A in our original assumptions arbitrarily large. We thus get a O())

contribution for each

A

g (v/350,To)
The parabolic terms give us O(1) for each ‘a(\/jso.'ro) as we are evaluating at indi-
vidual points. and as we translate the function the result gets even smaller due to
the rapid decay of the original test function. We thus have proved Lemma 3.1.

- To complete the proof of Theorem 3.1 we will need to prove Theorem 3.2. We

now assume that S and T are not real, but satisfy the other possible conditions,

described above. We will once again use translates of .60. This time we will translate
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so that we cover the lines T = 0,T = 35,T = —3S up to the point 3a?+3*+1 < \.
We will need O(/\%) such translates. We once again use the trace formula. For all
terms but the identity. the arguments are identical to those previously used. The
identity term now gives a better estimate. We now are only working with what is
approximately a quadratic polynomial. as one of ¢, (¢ — 3s). (¢ + 3s) does not go to
infinity as the parameters go to infinity. We thus get an O(A) contribution from
each 3(‘/3-50'70) yielding an over all contribution of O(/\%). This proves Theorem
3.2 and thus we have proved Theorem 3.1. Once again. it should be emphasized

- that we actually expect that the contribution from the non-real S and T to only
consist of the constant function.

We conclude this chapter by remarking that a more refined analysis of the
terms is likely to be possible. This would allow us to use the techniques in [H-
T] to prove Weyl's law directly and to perform the refined local analysis found
there. leading to “local” Weyl's laws and more precise estimates. In particular,
our results show that “on average” every ball centered at (v/3Sy.Tp). with radius
less than v/A has approximately CA? where C is a constant depending on the ball.
Also we expect to improve the estimates slightly. These issues will be discussed

elsewhere.
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CHAPTER 4

A Comparison of Cusp Forms on GL (3.Z)\PGL (3.R) /O (3).

4.1 Preliminary Discussion and Results

The structure of the argument we use to prove the theorem 1.1 is a mild
variation of the Siegel-Maass method. This method for SL(2.Z) cusp forms can
be found in Terras {T]. The use of this method is possible because of the Fourier
expansion of a cusp form with Whittaker functions as kernels as in Bump [B|. The
main idea of the method is that we derive an inequality which has the maximum
of a cusp form on smaller side of the inequality and a factor times the maximum
of a cusp form on the larger side of the inequality. Then draw a contradiction.
That is the factor of the larger side of the inequality gets smaller than 1. and this
contradiction forces the cusp form to be identically zero.

[n doing so. we make a use of the integral expression of Whitaker functions
which contains two K-Bessel functions as in Stade [St] p 318. Bump and Huntley
use this expression to get an asymptotic expansion of Whittaker functions with a
certain condition on arguments. They substitute both K-Bessel functions with an
asymptotic expansion of K-Bessel function around infinity.

As we will discuss in detail in section 4.2. Bump and Huntley’s asymptotic ex-
pansion can be used to prove that a finite number of Fourier coefficients determine

a cusp form. However, in the proof of the theorem 4.1 we only use Bump and
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Huntley's asymptotic expansion of Whitaker function to get a minimum bound
of |W,, ., (1.1)], and we use the asymptotic expansions of K-Bessel functions to

overestimate absolute values of Whittaker functions.

Actually what we are using is an error estimate of K-Bessel functions. This
overestimation for a large argument is constructed by Olver [02|. The use of this
overestimate 1s needed to get our result mainly because of the A factors. whose

definition will be on p 28. in the arguments of Whittaker functions.

As we will see in section 4.2. the arguments of Whittaker functions are n;Ay;.
and %y This asymmetry of the arguments (appearances of A and A~?) is the
source of two difficulties of using Bump and Huntley’'s asymptotic expansion of
Whittaker functions. First, we have some cases which do not satisfy the condition
of validity of Bump and Huntley's expansion (for example when n, > kA, n, is
small. and A > n%, then we have (nlA)'(";ﬁ) x +% small for any £ > 0.) Second.

we have cases that none of n;Ay;. and 3y, is large enough (for example when

[led

n, = kA and n, is small but A is say (kA)2.) As we will see in the later sections.
we need at least one of these two arguments to be large enough (to use [B-H]

expansion. one of them must be larger than k\) so e ™4% or e"32% be small

enough to create a contradiction.

To overcome these difficulties, we are going to work on K-Bessel functions,
and make the contribution of n; to be O(Az) and the contribution of n, to be
O(A2) rather than more natural O (\) contributions from both n, and n,. We are

exploiting the fact that when argument of a K-Bessel function is larger in the
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order than the parameter, we can use Olver’s error estimate of K-Bessel functions
a numerical tool for our purpose. That is we overestimate K-Bessel functions by a
positive exponential of e ™A% or e~ 33% as at least one of the arguments is larger
than kAz.

We will work in terms of v rather than A. This can be justified by the relation-
ship between Aand v, s in [B] p 33. That is
A=3(+vin+v3 -1 — ).

But our

vy + v — 2
v=—F—

So the order of vis O(A2).

We now state the main results of this chapter.

Theorem 4.1. [f Fourter coefficients an, n, of a cusp form o on
X=GL(3.Z)\PGL(3.R)/0O(3)

1
are zero when mar (m. n§> <0 (/\5). then o is identically zero.
Corollary 4.2. Let o and v be cusp forms on X. and an, ., and
b be their Fourier coefficients respectively.. If an o, = b when

nai.ng ni.ng

maz (nl.n§> <0 (/\é). then o = .

Notice that the theorem 4.1 implies that the multiplicity of an eigenvalue A
is O (A?). which is an obvious implication of theorem 3.1. However. theorem 3.1
says nothing about Fourier coefficients of the cusp form. and theorem 4.1 doesn’t

imply actual existence of cusp forms for a certain interval of A.
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Before we continue, we quote the theorem of [B] page 65 precisely. and describe
a action of [ on y; and y». Let [' be the group of 3x3 upper triangular unipotent

matrices with integer coefficients. Also let:

F2=4 c d 0 |labecdeZ. ad—-bc=+1

- 0 01

and

M =r*nr..

2
x
and, denote the subgroup of index 2 in [?. as '}, which is the group of those
elements of determinant one.

The theorem says:

- If ¢ is a cusp form of type v;. and v, there exist coefficients ay, n, for positive

integers n;. and n, such that

nny 0 0
x< x<
-1~ r(v1.02)
O(T)= Z an Iy lanlynzwll?‘q 0 ny 0 gr
gl \r2ni=1ng=1
0 0 1

Here

YiYy2 T2 T3
T=10 n oo

0 0 1
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Now

- nna 0 0 a b 0 Y1y Yi1ZTo I3
0 n, O c d 0 0 n I
\ 0 0 1 0 01 0 0 1

(yéyé YiTh ra\ /(cawrdm‘l —cyp A 0\

= 0 T ) cyr A (cza +d)A™ 0

\0 0 1 0 0 1

where A = |c(z; + iy2) + d|. For our purpose we may ignore z,. because they do
- not contribute to the magnitude of the Whitaker function. Solving equations for
y;. and y). we find the action of ['{ on yy and yy. That is y; = n; Ay, and y) = =¥

This theorem and the action will be used in sections 4.2 and 4.3.

4.2 Motivations of Theorem 4.1.

By theorem 3.1. we know the bound of the dimension of a cusp form with the

eigenvalue A of the Laplacian on X is O (\*) because
: N+ =N =C(+1i-a)+0 (W) =0(3).

However we do not know which ones of coefficients an, », are actually non zero on
the Fourier expansion of a cusp form. That is we might have a non zero coefficients
@n, n, When ny, or n, are extremely large. However. theorem 4.1 shows otherwise.

In [B-H], they constructed an asymptotic expansion of Whitaker functions as

Y1. Or Y2 — > using a variation of Watson's lemma.
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The theorem 1 in [B-H] says:

o

3. m
—2-'”/,,1",1 (yl.yQ) ~ Z u/Ul‘V? (yl°y2) .

n=0

where for certain constants ¢ (j,v;. 1) . we have

n

» 11 . y =y
Wi, ) = yiys [Zc(l,ul,ug)yla 2_,]

—

2 gy —(6n=1)/4 _(y'L_,,
x (yf +y§) e \”

This asymptotic expansion is valid when y; — . and y; “y» is kept equal to a

positive constant. or when y» — . and y,y; “ is kept equal to a positive constant.

for any —% < a < x. In particular. it is valid if y;. and y-» both are large.
Furthermore. they computed ¢ (j.v;. ). by a recursive method which is de-

scribed in the last part of the article. as the following.

. 5 A -1 _1 35 1l
Wi (N1-42) = KE + ;) (ylya T ’y-z) + <7—9 + A) yfyé‘}
2 2 "% -(ygc-yg)%
X (yf +y§) e\

U805 5x 3 4 .
3456 T2 0 1 Y% 1206 16 2 2 )%¥
. 3
35 A oop AN 8 2 g)‘lT3 —(y1§+y§)
( 648 ~ 36 _1‘*‘8)&/1 y2]x(yl+y2 e
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H/ul w (Jl y°) =

uluw

[<665+ Ao L e TN ,\3> :
303 TT206 T T2 T8 T T Y
( 5495  1TA 103 Ap LT3N /\3) :

16636 © 2592 96 56 Ty ) viv

2
=q=o 55) = - p) =1\3
33725 335\ N 651  dAp  9SA N 3\ \ " J~ !

4 -
\ 186624 20736 18 8 72 16 /
761915 1750 295)2 5/\3)

5

39488 10363 288 12

35 65 A 55A% 33 L
_{_( 35\ #+0#_ - n )yljyz

694 20736 48 8
349 l(/\ _ 103y /\_;1 _ 17302 A3\ s
46 5 ‘7597 96 2 376 8

665 B 191 N AL 3 Qi . A3 -3 E]
31992 1796 2 3 144 48

+

-+

A P
(y1 +ys ) Felind)
Notice that when we divide the zeroth term by the first term of Bump Huntley

asymptotic expansion when both [y,!. and |y.| are lager than |A].

- W2 L. (y1.y2)

Wi . (1 y2)
1/4

(1y2)*? (y +y’/3)
- _ iy _ 5 7/4
B+ 3) (32" 0 ) = (B +2) ) ) (v +43°)
) 3/2
(y1y2)" (y +y/3)

kA - max (yxy-z ' yfl"“y-z)

where £ is a constant. and if this quotient is larger than 1, we can use the Bump
and Huntley's asymptotic expansion to overestimate the Whitaker functions. That

is the zeroth term is larger than the first term. More precisely, from the recursive
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method used in [B-H] to get the ¢ (j.v;, 12). we know that the highest power of A is
increased by 1 as n increases for each term in the asymptotic expansion of a Whit-

taker function. and the exponents of ( yf/s + yg/ 3

) is decreased by 3. This implies
- that the asymptotic expansion of a Whittaker function can be overestimated by

32
. C 2/ 2/3\%*
a convergent geometric series times exp <— (yl’3 + s ) ) when |y;!. and |ys|

are lager than A.

In order to show the bound of the dimension of a cusp form. we use the Fourier

expansion of a cusp form in the theorem of Bump. Since
W (T wy) = W, (. po)e?miE o)
we want to have an overestimate of

) . N2ys3
”/Ux,v'z(nlAyl . ?2')

using Bump and Huntley's asymptotic expansion where y; and y3 are such that
the absolute value of a cusp form o (y7. y3) is the maximum. Furthermore, in order

to use Siegel and Maass method. we want these overestimates to be in the form of

some positive power of

nayd

—-(m.\y'f%'?*)
€

multiplied by a constant where at least one of n;Ayj. and '%yﬁ is larger than \.
First we consider. when A = 1. Then. by the above argument. when we have

both n;, and n, > \. we have

I3

_ Ay? noyd €
lI’Vyl‘Vz(nly?’nzyg)l S k (e (nl Yy + A ))
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where ¢ > 0. Now let the coefficients a,, », of the Fourier expansion of the cusp
form equal zero when max (n,.n,) < 4A. Then the number of a,, », that are equal
to zero is 1622 = O (A?) which is within the range of our aim.

Suppose n; > n,. Then we may assume that we have n; > 4\ > A > n,.

We can apply Bump and Huntley's asymptotic expansion because n,y$ does not

approach to zero. Then we have .

V E Wi (m1y. nays) ~

)

1
bl N 2} 71 (my
() (nag)} ()} + (magpd) He (0

S +3) () (o)™ + ()™ ()

—
lfu
[4]]
P
~—
—_
=
—
=
-
~—
(X
—
b
Xy
N
)
~
i
—
L

. 3
\ 2

g e—(\(my?)i *(nayé)i‘)

v

[ATI¥)
(X115

(nay3)”

665 A 19, A 7A2 A3
(3% + e+ % - - B+ 5) ()

3

(25 2 + 1 2 13 20 () ()

46656 + 2592 + 96

53725 35h 4 65u _ S 35A2 + §'\—3> (n1y?) ("2!/-3)

186624 ~ 20736

( 18 8 72 16
761915 175 _ 295A2 | 353 o\ 3 o\3
+ - 55 ) (ny?)? (n2ys)

2239488 — 10368 ~ 288 T 12

2

53725 _ 55 _ 65m , 5Ap _ 55A% , 5\3 o\-3 °
186624 — 20736 — 48 T 8 + 35 ) (my) 73 (nays)
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5495 17 103 , A 17322 |, A3 (o ooy-ly  ov3
+<46636+2592 % T4 - S 5 ) (M) (nag)3

Now compare this expansion with the expansion of |/3£W,, ., (A.A) term by

term. First the zeroth term of \/%IWU!.L»; (nyyi. nays).

Wit
—_
~
-t
o
D
S
Wite
N—’
!
daje
g}
|
TN
—_—
-
—
w
-
~—
[X X
—~~
3
»
i~
)
~—
2
N

L oy L :
(my?)* (nagd)* ((mp)? +
is smaller than the zeroth term of /32117, ,, (A. ).

A3 (2,\§)'% (29

PRy ~—

- as A gets large because then we have

3

a
_ ERT B i 2 Ay A ’.;
. (("w‘) (n2u3) ) < (297

Comparing term by term for arbitrary n. we have the following.

V JTT”/UHQ (niyy. nays) ~

x x [n ,
213 2y g ; oy

D ()T (nay3)? {ZC(Jﬂl-V‘J)(nlyl) (nays) ? }

wit?

n=0 -1

2\ ~6n+1)/4 _( (nyye (3 - AR
X ((”1.‘/1)J (n2y§)3> e (( #)* +(n2s8) )
) < Z (n199)3 (nag3)3 I:ZCU. s (my) ¥ ("'21/'3)_—“2{]
n=0 -1

2 ~(6n+1)/4 (:L!u".+mi+2\/§“n2yo)
X ((nlyl)a + (nays ) e\ Y1 :

IA
(¥
>
L
>
Ll
| —
K
f‘:
\o
=
5
>
wp?
S
BC
| S |

IN
oIF
3
,5
S
>—'
>4
A
E
=
+
s
5
S’
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This comparison is true even though n is lager than n,. because if then

: 2\ —(6n+1)/4
((myf)§ + (n-:yi)%)

will dominate the entire polynomial part. So we have shown

i
L"’Ul.lfz (nlyf, n'l.‘/g) S (e—(nlyl?ngyg))

when n; > 4\ > A > n,. By the symmetry of Bump and Huntley's expansion.
when n; > 4\ > A > ny. we have W, ., (n1y5. nays) < (e“("‘yf’""wg)) also.

So the remaining cases are when -\ > 1. For the cases of n; > ny. we can not
always use Bump and Huntley's asymptotic expansion because (n, )™ (=3+9) i
may not be a constant (when .\ is larger than say (n.l)é) and so do not satisfv
the criterion of the theorem. However the integral expression of the Whittaker

function

- wLqm(nl‘Ayc '_11%2) =

nays\ T
- (vy =) 2 252
n (771-Ay1) b ( 3 )

x<

/f\ nAyivl +1:) K, <n2%—’ I+ 1) =3 =4)/4 g
A2z

0

%
gives W, .., (nlAy" "f\%) < (e'("‘yl‘”'“’ﬁ)) as shown in the proof of the theorem

4.1 in the following section. The main argument is the first K-Bessel function
decays much faster than the second one grows as A gets larger regardless of r.

When n; > n;. we have following cases. First when n;A > 1), then we may

—

have (n,4)? x 3% > k if n, is large where & is a positive constant. Then we are in

—

the similar situation as n, > ny, and A = 1. However when (n;A)? x 3% < k (i.e.
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neither n, nor n, is large enough) we can’t apply Bump and Huntley’s expansion,
and when n;A < 4. we may have cases when none of nyA and 3% is larger than
4). So we can not use the same argument. And this asymmetry of n;A and %%

prevents our result in this section becomes just a corollary of that expansion. and

motivated us to use different approach.

However. we can still get a significant result from Bump and Huntley's expan-
sion. That is the bound of the dimension of the cusp forms with the eigenvalue A of
Laplacian on GL (3.R) /Z (GL (3.R)) O (3) is O (A") and unlike the result from the
chapter 3. we know the locations of non zero Fourier coefficients. The argument
is as following. Instead of letting the coefficients a,, ,, of the Fourier expansion of
the cusp form equal zero when max (n;.n,) < 4\ as above. we let a,, ,, = 0 for
all n;. and n, when max (nl. n_;‘) < 4A. So we only need to care about the cases
when max (nl. né) > 4\.This ensures at least one of nyAy;. and %i larger than
4. That is. if %’i < 4A. we have A? > 16A? which forces n;A > 4X. And so we

may use the above argument.

This result can be improved slightly without a major change in the proof.

N
_((ma\yi’)h(?z) ) . and if

That is. what we really care is the magnitude of e

(AN

| N2\ 3
((mAyf)' + ("—_f’l) J) > 4. the above argument works. Since
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by letting
(my})F —2npp347% =0,
2\ 3
we find that ((nlAy1)§ (%ﬁ) 3) is minimum at

) A= (2"2323)% |
nyy;

/ ; R .
So by replacing \ in ((ny_&yf); + (ﬂ’f) J) by (ﬂ—{,ﬁ):‘ . we know that if

ny,

then we may use the above argument. So we only need to let an, n, = 0 when

ny < A.and ny < ”’\l .So the number of the Fourier coefficients a,, n, witch are
. ] 3 3
zero can be overestimated by 2] B -dny = 2(40)° [= ]I} = O()?). seeing n, as
1 1

real numbers rather than integers.

4.3 Proof of Theorem 4.1

The theorem in Bump page 65 says if o is a cusp form of type vy. and v, there

exist coefficients a,, ,, for positive integers n,. and n, such that

o) < > ZZ

gera\rZny=1na=1

ny n" a'"l n'zwul Vz(nlAyI

! (4.3.1)

A')
Since ¢ is a cusp form. there exist 7° such that ¢(7°) is the maximum of o.
and

W (U1 U’)(T. wy) = Wi (41 yQ)eQm(l’x-ﬁ-zz)

[B] (3.46). and so we have

s T NS

g€rL\I2 ni=1ng=1

n2y§ )
TA2

n’l n" a'nl n'szl ,,.2(Tl1A 1
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But by Bump (4.9) and (4.12). which say

<.
L 1 & &
om_n.z(r)=///o 01 & |T]el=m& —mb)
0 00
00 1
and
nina 0 0
Onhnq(T)=a'n1'ﬂ'2[n1n‘ll_lw’l(.”1LW) 0 n, 0 |7
0 0 1
we have
-1
1 & & nna 00
o)l 2 Jell 01 g 0 n O T
00 1 0 0 1
-1
nny, 0 0
- 2 Ony.ny 0 n 0 T
0 0 1
and so
-1
nina 0 0 nynag 0 0
0(T) = |@nyny In1nal " Wi | | 0y 0 0 m 0
0 0 1 0 0 1
So we have

|¢(7°)]

-1 -1
Gnmani ozt € U
mnalty Ny | < W (41, 92)!
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for any fixed non-zero y,. and y». Here we want to show W, ,.(¥1,y2) does not

decay as fast as

L.
—Iklug

in the exponential order when ||, and(or) |v3| — oc. The reason is because in the

following lemmas 1. 2. and 3. we will show that
'HU‘ mn Ayp. ==

1
when max(n;.n3) > k|v|.and [W,, ,,(niAyS. "’y"’) is the numerator of the Fourier

expansion of a cusp form. But we can choose y;. and y, to be any number we
want. So we may choose them as an after fact. That is we choose these y;. and
- y-» after we choose v,. and v» whose absolute values are large enough. Then we
choose y,. and y, what ever the numbers that make [V, ., (y1. y2)| maximum or at
least the numbers that |1, ., (y1. y2)| is large enough for our purpose. A pair of

numbers which serves our purpose is y; = ya = 1. We will show
L (L D> A

at the end of the section. Assuming this is true, and by replacing ny'ny'a,, », in

o(7°)]

we have

- o n?.y';.
Wopnlm Al 22| (432)

Z Z [Wum(l 1

gel"‘2 \l'2 ny1=1ng=1

1
Assume ap, n, = 0 for all n;. and n, such that max(n;.n3) < k|v|. where

v = (3v; +3v2 —2)/2 and k is a fixed but large enough constant. Here the number
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of coefficients an, n, which equal zero is k* [v| |v]* = O (A?). We will show

MR HL

gel2\r?n

Nno yq

UIU" nlAyl A2 )

in (4.3.2) is less than some positive power of e™™". Then since

Wi (L1 2 A7%

x x 1 ' g
- ger2 \I? Z: glm1””1"’-’(n‘Ayl‘ A2 )

is less than some positive power of e~“!, which is a contradiction unless

Then this proves the dimension of a cusp form o is O(A?). and the theorem 4.1.

(—

For non zero coefficients. we have the following 3 cases. n, > nj. or n, > n

1
and % < klv|. or n3 > ny and 3% > kjv|. In the second case. we may assume

1
n3 > klvl.and n, £ k

. In the third case A < (#)" . So we

have

x n:{ o
o Nala
< 2 2 [Wrsalmdy}. )
geri \rz2 nl>n§ ny=1
22 > [ Wam(mAg. _;‘f)|

Z Z “/VVIJQ(nlAyI nAy;)
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Here and the inequality that follows lemma 4.3, we are using the fact that g is a

a b 0

matrix. | » 4 0 | with determinant 1. and a. b. ¢, and d are integers.

0 01
We will show

Lemma 4.1. If mu(nl.né) > klvl. and ny > n_? then

n)J,)
A’

< e-émAy? < e“iklw.

W m(mAyy.

3

> ny. and %% < klv}.

lu(.u.—
L
’

Lemma 4.2. If mzu{(nl.n.'_,i) > kivl.

then

=)

ny)

A) S e-iu;Ay‘{’ < e—-}klul‘

"tul U‘z(nIAJl

1

Lemma 4.3. [If ma.x(nl n") > kivl.ng > ny. and

=

> klvl.

L
[

ic

then

3
n2yn 1
-iklul.

Then we have

DI

geri\r2ny=1nay=1

Wi, o (R Y
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Here the first two summations are actually to be multiplied by 4 because ¢ and d
could be negative but for our purpose, a big O estimation a factor of any finite
constant is irrelevant. These are quadruple geometric series. By changing the order
of summations if necessary. we get the above is less than (e™*“)° . so |o(7°)| <
lo(7°)| (e~*1*!)* where the actual size of = being immaterial as long as it is a positive
constant. So we only need to prove above 3 lemmas and the claim we made earlier.

That is.|W,, . (1. 1)] > A3

Proof of lemma 4.1.

L
In these cases. we have n; > nj.

o
2 M2Ys

Worm(mdyr. 37)

nays L+(m-v)/2
=2 +(v1=m)/2 2472
= 7 ’(n.lAy‘{)l'("’ va)/ (-)

x
2 S 1 .
X /[\L (mAyf\/TI;) K, (n_y2 I ) g=d2=/qy
0

A? I
o\ l+(ra—uv1)/2
-9 - — /M nqu
= 72 Aol,(m v)/2 2
(mAyy) —A._,
/ . v oo eyl [T+ o
X (/ K, (nlAy{\/l -+-.r) K, (%\/II >1(3U1‘302-4),4d1‘
0
x
. [ nays Jz+1 _
+/Ku (nlAy§v1 +1:) K, (i—‘zg I:c )r(3ux 3"2'4)/4(11:)
10
where
n‘.’yo‘z
o 292
FT AT g
This is where
nays [r+1 .
A? z
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The polynomial part of the outside of the parenthesis is immaterial in terms of
magnitude of W, ,,(ni1AyS, 24).

When 0 < z < z°,

and when z > °,

:a
2y [T+ 1 :
; /KV (nuly{\/f?}) K, (niygg \/ === . ) R
0

< / }[\", (n.lAyfv/l n l)! R, (1)] |2~ 04) gy
0

because of the following reason which also explains that K, (1) = O(eZ™™).

We know —31 < Re(v) < i. By [L] (5.10.24). for Re(z) >0 and Re (v) > -3.

K. = g (,f. o) (5) 1/ (b= )73 e+ 1)

ﬁ (1)“ /x o)t v—1 v—1
. = ——— =) zv [ e e (t=1)TT 2 (t+ 1) 2 dt
F(v+3i)\2
v+ D) 1

By inspecting this we know |K, (z) | < |A, (1)| when z > 1. Furthermore

| K, (1)]

IA
3
<
S
Wb
o
TN
| —
S—
N
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Since Re(v — 1) < 0. we have

|K, (1)
< T (Y| [ et 1)""2 dt ~tdt
= Tlv+DH)\2 e (t-1)TEdt 4] [ e
. - 1 12
14 I. '
— v l -1 —tyu—3 -1
- I’(z/-r-%) (2> e (/e t'"2dt) + e )
= 4]
\/_ 1\ —ttu:.% ! l ' —tyr+3
< | VT __ <_ el [ |€ - _H/'e —dt| +e! .
- |T(v+3)\2 v+ i ’ v+ 1
- - 0 O -
Since Re(v + é) > 0. and so t"’é' < 1. and

|Ky (1)}
< il L)* et e -+-l/1 e it| + et
—_— - C *
T r(v+3)\2 v+ ' v+1 E
2 2 5 2
: i, _\/i_<l) e-1< o +e-i).
[(v+3)\2 v+ 3

But [T (v +3)| ~ e~51v*3] by Sterling’s formula. So
I, ()] =0 (e-‘ilv*%l) _

By Olver [O.II]. we have

Q_
<
[5)
|
ol
'I
N
—~
<
[+
|
Fgy—
N’
N~——
a
=
=
e )
——
[
N
o)

So

K, ()] <

(%)
'23)

If z > 4w |v + 3| . then

K, (z)] < (2;); e !(1 +el(+=2)l (" - é))’

[N
2}
L]
TN
—
-+
0
—_
<
]
~
=
<
‘,
N
Tl
[
—~
<
|
o=
N’
(3]
—~
T
+
S |
N’
N~——
N~——
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as |v| is large enough.
Then by letting n; > 4 |v + 1| (here 4= is not really anything fundamental. it
could be any large enough constant for our purpose). and overestimating the first

k—Bessel function. we obtain

K, (n APRVI+ & 1+r\ R, (n gg\ +1> B —3n=4/4 4

| |

Ha o"‘"\h

) < e“mAyl"'l"i[\ (1 ).1,‘(3“1 —dv2=) g

o

We have already shown |K, (1)| = O (eg I"*%I) which can be absorbed by e~ 1AV VIFz,

So

z°

i
| nal /r +1)
'/A" ”IAJI\/l*f) AU( g > W=t = g < e imARVTEE

Y

For
x<
—— ays o+ 1 .
/K., (mA!/fv 1+ r> K, (nj/_,' \/I - ) A=ty

we use Lebedev [L] (5.7.1)

)u+2n

NS
Iu(~')"n2=(:)r(n_+1)[’(n+u+1).

and [L] (5.7.2)

7l (z)=1,(z)
K, (z2)==
(z) 2 sinv:z
where [z] < <. v #0.£1.£2.---. and arg(z) < =. Notice that when z is within
the limits of the integral.
nays [z+1
. A2

So we can use these equalities for the second K-Bessel function.
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Then

x
aus 1 ‘
/K,, (mAyf\/I + J:) K, <'-1-3%2‘ /f_l.'_) x(3u1~3l’z-4)/4dm|

- ,

IQ
x
< /e-—%nl.ﬁy‘f\/hht
°

2sinvw
i — —u+In v+2n
< | ("'zyg :+1\) ' \ (nw /:fl‘) |]
24 r ) 2A° \/ T IRk [T LV
% E f UMy

\v
F(n—i—l)[’(n-—u%—l)‘_’F(n+l)F(n+U+1)}

n=0

[sinvw| is not small. In fact. sinvm = 5——~:—e- and the imaginary part of v has

a large absolute value. so one of the exponential expressions is large. All of I’

functions on denominators are not too small for our case. That is
Cinsv+1)>(nzv)e ™

2
which will be proven shortly. (%} \/ ‘T’l) < %when z is within the limits of

integration. Then

_1 |

n.‘)yé L Wy =3 =t/
/[\u I’I1Ay1 l+.l.)f\ (Az\/ . )_1-31 Jv2—4i/d g,

) S

+

—

nay
2A-

. 1 [nays Jr+1 'S nay
—iC(v+1)] (‘2/_\2\/ . ) Z(QA’

| o

n=0

< / e SV T (- 4 1)) (

oo

V]

2n
I+ 1) bzt =344y
I
’n
r+1
I

2n
£+1 o e )
) ‘L.(.Bul 3 —4); ‘d.‘l'

n=

‘)A2 I Y nay.
3 o 4 -

< —inIAyl\/h-Ie:TlV- i

/e |{ n yg I 1 nzo /5'

o

wo

-

[\

]

n«zyé\/rﬂ i nay
2A2 I s A

x
/ —%nlAyf\/1+ze7r|u+1] 1
IO

e ; 3
I _ 2Y. z+1
I

v L

-

(8]
2
]

<

9| B
5
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[¢]

X

[V

2A2 T v N ngy.z [ + 1 , I(3U1 _3‘,2__4)/4d.r
nysyV r+1 2A2\ T |

< emamAdY

So we can conclude

. 5 no |
Wy (R :\l)

< emimAv

1
when n; > n3 if we show the I functions in the denominators are not too small.
Since '(n£tv+1) > (n+v)! I'(xv) we only need to show I' (£v) are not too

small. Stirling’s Formula L] (1.1.23) is

[(z) = elsmd)insmsriin2n 1) g (1771)] .

Let v = r + iy. Then we know -1 < r < s.andy —£x.Sol>zr+1>0.
Ify>0.
- [(-v) = T'(-z-1iy)
_ (—:—zy—l,)lnn—z—zy)-:‘:y*_l, In2x L=l
= e : : L+0(-z—iyl™)]
— e(-(:?%)—1y)(ln(|—:—xy|)+a(—§+217r))+2:+1y+% In27 [1 +0 (|—I _ ly|—1)]
= e-(:%—%)ln(|-.r—lyi)—|y[n(l—z—:yi)-z(xof-%)(—%+2J1-‘)+y(—%-s—'.’Jn')+.t+xy+%ln‘lrr
x [1+0 (|- ~iyl™")]
So
T (—v)| > e7imev)=v3 > o=,
Ify <0,
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e—(z+%) ln(l—:r—iyl)—iyln(l—:——zy|)—x’(z+% ) (—§+2Jfr)-+-y( § +2J7r)+z+iy+% In2r

x [1+0 (|- - iy|'l)] .

So

T (=)l 2 emmemsmvd 3 e,
Like wise when y — —x.

T(v) = e(:—%oﬁ-zy)(ln(|1+iy|)+l(:%+2J7r))—z-ly4-% In2r [1 +0 (|—;l,‘ _ iyl_l)]

e(z—%)ln(irﬂyﬂiﬂyln(fr-xy|)—x(r—§)(:%«21#)?—1,(§+2J:r)—:—:yv,§ In27
x [1+0 (|]—z —iyl™")]
Since -1 < r — 3 <0.

T (v)| 2 e"Memv=i>em™ O

Proof of lemma 4.2.

naYa 1 o 1 L na
L‘/r"ltVQ(nlAyg. iy?:-)) S e';"ldyl S e .(HUI When nél Z ny and E S k|V| )

Here we have A > k|v| because ny > (k|v])°. and A2 > %%~ Then

- 2 ”2y§,
Wopim(mdy. 58)
n2yc l+{tn—-11)/2
— -2 oy l+(v1—12)/2 2
= T mA el
(ny yx) (A')

[—y

g ] . - n-z-‘i I+ ot =3
/A’u (nl;&yl\/l«rr) A"(S‘i v/ p )I(al 3n—4)/4 4
0

)l+(w—m)/2

noys

= 7r-2(‘n1Ayi)l+(ul—u2)/2 ( A2
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IO
, 3 1 :

x( / K, (mAgvi+z) Iﬂ("gy- = >r‘~‘"l-3"2-4”‘*dz
0

A? z
x
" - . n) 5 Jr+1 A
+/ K, (nldy{\/l—i-x) K, ( Ayf ———) g =3 =N/4gy)
T
15
o n'z!ygz : h L . S h < 7 <l nays r+1 > .
- wherez=masmte emma 1. Sowhen 0 < r <z° <#\/%= > 1. and
abon o~ po MY Jrel
WLICIL L -\2 V r L

Since A > k|v|. we have n;Ay{v'1 + 1 > k|v|. By the same argument as the
proof of the Lemma 1. we have

1

xo

o nays Jr+1 T YT — 3, A VTET
/A’u (nl'-\yf /—-1+I) [\U< 2Y» )It.lux—.iwz ”’ldl‘ <e ilx_\!lx\/l.z.
0

A® \/ I
and
| % noys ;L +1 |
- . Ly Uy -+ . . H 5
/[\U (nlAy‘f\/l + .r) A, (i—‘/;\/ ) pn Iy < o= 3Ny
- A? I
IG

And again we conclude

. na i c H n; »
Wwdmmmsgge:wwwmm@meyyng.a

Proof of the Lemma 4.3.

, nays _1navd 1 L nog
W, (M AYS A—‘?) <e 2737 <e i when n >n; and A—; > kly|.

Here we overestimate the second K Bessel function by the similar way as in

the proof of Lemma 1.That is

. [ nay; [T+1 _1n293 /EET
AU(AQW . >5e FVE

N~
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This is justified because of the condition 3% > k [v| which is the same condition as
for the first K Bessel function in the proof of the Lemma 1.
The first A" Bessel function here does not give any trouble because n;Ayjv/1 + 1 >

1. And better yet, when z > (k|v|)?. we have

![\’u (m-_nyv 1+ I\)l < e~ imAVTE
' \ z |0

So
] - s N2y |
‘Itul"’l(nlAyl'T)‘
"i o [ nay; I-tr w2
< 77 (mAy{)l‘wx-m.( _.\.2_>
x< . 1
X/lK" (nldyfvl -+-x),|[{u (niy)-’ I+ ) | =m0 g
7 I
) |
S PP SR AU R
I ! nypAay Ag ;
x
X /'Ky (nlAyf\/]_+I)’e‘g_"——'nlﬁy1v1+.tII(3U1—3L’2_.1)/4IdI
< e'%%&, -

Finally we have to prove the claim we have made in the beginning of the proof

of the theorem. That is
. 1

We have

Wvl.m(yl- Ya)

x
~w)/: - . l+z —3um—
— 1r—2y}+(yl I/2)/2‘!!214’("'2 Vi)/Q/K” (y1 1+1‘) K, (y2 - )l‘(a"‘ Sm-4)/44,.
0
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We also have
K, (z)= VT (:) /e‘:‘ (t—1)""% (t+ 1) dt
y /
for Re (z) > 0 and Re(v) > —3. [L] (5.10.24). So we have

Woim(yr y2)

-2 “'\Uv—U)l 2 l‘lu'r—uy 2

v x
/r (yl ;H) /e_‘y‘m}(t-1)”‘%(t+1)"‘%dt
V‘Y‘ 4 /

x
V/; U I+1>U/'
X €
[‘(u+§) 2/r

I(3u1 —30;:—4)/4dl,

-+ ) dt

. o x x
- yi-ul w2, ;1 w2 —tylvlf-.t 1 ""% U—%
_ ) T+ 1) dt
7r4" )
0 1
x : 2)2
c 1 N 1+ (Bvy=dm=2)2
x/e“f’v (k=171 (t+1)" ‘édt( L) = dr
I(3Lﬁ2-—”,-
1
So
. A3 T tAvl~r v-3 v-3
Wom(AA) = //“—’ VTR - DT+ 1)t
v(C(v+3) s

r@r-1)/2

<

1 (31 +312-2)/2
/-‘*\/ (t— 1) (4 1)t LT dz.
1

But by [B-H] theorem 1.Since there is no complex value involved in e!*~DV1+ apd

z+l
eA VT and

£ —1) (\/1+r—+— ”1> >2/2(A-1).

we have
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[Wor (1. 1)]

v

AV

e2VAA-1) |
)\3U11-3U2 l
A3"1'3"” TT ~OWVTE (¢ v-3 v-3
ol ffe -T2 (e+ 1) T2 dt
T U'T‘z 0 1
X
fe-‘*\/‘“ t—1)Y7E (¢ 1) TR ‘
e'l\/? A=l
T ILVM.LQ(’\- /\)I
e'.VZ(A-l)k /\1/08 2y
A3 37 2L/
l -

This conclude the proof of the theorem 4.1. O
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CHAPTER 5

Further Study

The unconditional results given previously are probably possible for improve-
ments. It is quite possible that the multiplicity ot the spectrum 1s always equal
to either zero or one. We do not know a way to show this. however we will show.
under a generalization of the Riemann hypothesis. a strong multiplicity theorem.

Attached to a cusp form ¢ we have an L—series

- Lis.o)= ial'nn"”

n=1

which satisfies

with

s 1-2 — U S+ - s—1+ 2un
<I>(s)=7r‘3'TF(S+ 91/1 v_)r,(s u; 1/2>F(s ;/1+ u_)

o s fs+l—v =2 S—uv + s—142u +w
e e

o o} x<
Aoty oty "2 = . Bump (9.2
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From these facts we conclude that the a,,; determine the cusp form. We can also

factor

x

H (1 - al.pp—s + ap.lp_js - p_SS)—l
p=1

- H (1 = aa(p)) (1 — aa(p)) (1 — as(p)) p~*)
p=1

L(s.0)

-1

Given two cusp forms o and v. with same v, with «,(p) for © and 3,(p) for
v. and Fourier coefficients a,, ., for 0. and by, », for © we can define the Rankin

Selberg convolution

L(s.0)= HH (1- a,(p)ﬂj(p)p")_I .
p o

This has meromorphic continuation and satisfies the functional equation
d(scoxuv)L(s.oxue)=>d (1 — 5.0 X [) L (1 —5.0X% l:)

with 0. and v the cusp forms related to 0 and w by the functional equation earlier

3 S+—4I/1 —2!/2 S+?.l/1—21/g S — 1+2U1+41/g
P(s.oxu)=m ‘HHF( . )r(——)——>r< -
vy

and as v; are the same for 0 and v
) (s.fo X i’) =d(s.o xv).

Note:The Rankin-Selberg method works when ¢ and ¢ do not have the same v's.
but this is the case we need and the formulas are slightly simpler. except for the
case v = ¢. We actually have analytic continuation. When ¢ = . we have a

simple pole at s = 1.
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We now assume that all non-trivial zeros are on the line Re (s) = % We let o
and v be two cusp forms with same v; and vs. Denote L (s.o X &)) =L, (s) and
L(s.0 x w) = Ly(s). and write L, (s) =Y. = and L, (s) = }_ & with the ¢ for

i < r are determined by a,,. ! and j < r. and similarly with the d,. We consider

the integrals
k--icc
1 LJ (o) r”
= — —d =1 2
[, (z) 27t / L,(s) s J or
k—t1x

As in the proof of the explicit formula for the Riemann zeta function. this is

Zcﬂ.\ (n)n" for L, (s)

- n<r

Y dn\(n)n~* for Ly (s).

n<r
with

log p if n = p* where pis a prime
An) =

0 otherwise.

Letting m be the maximum of the absolute values of the sum of v's in the various

" terms. and letting ¢ = s + it we get that the sum of the nontrivial zeros satisfy

1
}; T O (log (|t] + |m] +2)).

Thus the contribution of the nontrivial zeros is

0 <.L’% (log (z + m))z) .

This tells us that for L, (s) as we have a pole at s =1
Lz)=z+0 (I% (log (z + m))z)

but for the entire L, (s) we get

(ST

L(z)=0 (x (log (z + m))2> .
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However if ¢, = d,, for n < r. [, (s) = I, (s) and ¢, and d,, are determined by a, ,

and b, , for n < r. In this case we have

L

r = O(I'z (log(r+m))2>

N
[E1E
Il

O ((log (z + m))j)

which is a contradiction if all terms are equal for n < (log(r+m))". As m is

approximately v\ we thus conclude that

M(A) =0 ((log (£ +mN').

We actually could have simply assumed the v, not the same for each cusp form.

but simply both were such that m for 0. and m for ¢ satisfied some bound. calling

it V.

We conclude by mentioning several ways for further investigation. We find the
gap in the range of validity for the asymptotic expansion to be quite interesting.
We suspect that some bizarre behavior may be occurring in this range. It might
be interesting to attempt to investigate this region numerically. and see if. for
example. we have oscillatory behavior. We might also try different techniques. It
is feasible that a differential equations technique might work. We also should try
compare our results to those found from representation theory. We also will make

efforts to extend the results on Weyl's law to obtain a local Weyl's law, as in [H-T].
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