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Abstract
NON-ABELIAN GENERALIZATION OF CYCLIC CODES
by
Yiren Shao

Advisor: Professor Richard Tolimieri

Every cyclic code of length n over a field F may be viewed as
an ideal of the group algebra FG of the cyclic group G of order
n. This observation creates the following generalization: let G
be a finite non-abelian group, each left ideal W of the group
algebra FG is called a non-abelian code over F. Based on the
Clifford's theory of idempotents, algorithms for computing the
complete set of primitive orthogonal idempotents for non-abelian
groups of the form AdH (semidirect product), where A is a normal
finite abelian group and H is an arbitrary finite group, and
algorithms for constructing non-abelian codes by idempotents of
non-abelian group algebra are developed. Then non-abelian
Dihedral codes are constructed, characteristics of these codes
are tested, and specific characterization for non-abelian
Dihedral codes in Fourier transform domain is found. Based on
these spectral characterization, encoding algorithm and decoding

algorithm for non-abelian Dihedral codes are developed.
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1 INTRODUCTION

Digital signal processing is an engineering subject with many
branches. BAmong them is the theory of error-control codes, a
special topic with its own goals and its own arithmetic systems.
Within these arithmetic systems, however, the most fruitful
techniques are the familiar operations of signal processing--
operations that involve convolutions, Fourier transforms,
filters, and shift registers. Error-control coding is a topic
with its own history and charm and has faces that touch many
other subjects ([3]1, (7], [22]-[281, [33], [34],[37], (38], [43], [49],
{sel, (571, [59]).

The engineering problem treated by the subject of error-control
coeds is that of protecting digital data against the errors that
occur during transmission through a communication channel. These
codes, however, have many other applications. Codes are used to
protect data in computer memories and on digital tapes and disks,
and to protect against circuit malfunction or noise in digital
logic circuits. Codes have also been used for the compression of
data, and coding theory is closely related to the theory of the
design of statistical experiments.

Cyclic codes over finite fields constitute a class of codes
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(88

that has been studied extensively (([1], (2], [12],[13], [15], [18]-
(211, [29], [35], [39]1-[42], [46], [47], [50]1-[52], [54], [55],[58]). It
is well known that every cyclic code of length n over a field F
may be viewed as an ideal of the group algebra FG of the cyclic
group G of order n ([10], [44]). This observation suggests the
following generalization: let G be a finite group, each left
ideal W of the group algebra FG is called a code of length n over
F. The left ideal W is also simply referred to as FG-code. 1If G
is cyclic, abelian or non-abelian, then every ideal W of FG is
denoted as cyclic code, abelian code or non-abelian code,
respectively.

A class of codes, called abelian codes, that includes cyclic
codes as a subclass has been studied by several authors ([5],
[6], [14],[17],([36]). Camion [14] has recently shown that there
exist ideals in abelian group algebras (i.e., abelian codes) that
are not obtainable by taking direct products of cyclic codes.
Berman ([5], [6]) has also proven the existence of asymptotically
good abelian codes and shown that under certain conditions the
general class of abelian codes has better error correction
capabilities than the class of cyclic codes. Cyclic codes over
finite fields have been studied in the transform domain ([8], [9])

using discrete Fourier transform (DFT) over finite fields.
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In this work, we will study non-abelian codes, using discrete
Fourier transform (DFT) over finite fields. We will develop
algorithms for computing the complete set of primitive orthogonal
idempotents based on the Clifford’s theory of idempotents,
construct non-abelian Dihedral codes by the complete set of
primitive orthogonal idempotents of Dihedral group algebra, and
investigate transform domain characterization for Dihedral codes;
We will also develop encoding algorithm for Dihedral codes, test
characteristic, and develop decoding algorithm for Dihedral

codes.

1.1 Elementary Concepts

Suppose that all data of interest can be represented as binary
(coded) information; that is, as a sequence of zeros and ones.
This binary information is to be transmitted through a channel
that causes occasional errors. The purpose of a code is to add
extra symbols to the information symbols so that errors may be
found and corrected at receiver. That is, a sequence of data
symbols is represented by some longer sequence of symbols with
enough redundancy to protect the data.

A binary code of size M = 2¥ and blocklengh n is a set of M

binary words of length n called codewords. The code is referred
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to as an (n,k) binary code. 1In general, we define block codes
over an arbitrary finite alphabet, say the alphabet with gq
symbols {0,1,2,...,q9-1}.

Definition 1.1: A block code of size M = g* over an alphabet
with q symbols is a set of M g-ary sequences of length n called

codewords.

Each sequence of k g-ary information symbols can be associated
with a sequence of n g-ary symbols comprising a codeword. The
code is called an (n,k) code.

Block codes are judged by three parameters: the blocklength n,
the information length k, and the minimum distance d°. The
minimum distance is a measure of the amount of difference between
the two most similar codewords. The minimum distance is given by

the following definitions.
Definition 1.2: The Hamming distance d(x,y) between two g-ary
sequences x and y of length n is the number of places in which

they differ.

Definition 1.3: Let C={e¢,, i=0,...,M-1} be a code. Then the
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minimum distance of C is the Hamming distance of the pair of
codewords with smallest Hamming distance. That is,

d” = min d(e,,e,)
cl,c’EC
dey

An (n,k) block code with minimum distance d° is also described as

an (n,k,d’) block code.

1.2 Introduction to Algebra

The search for good error-control codes has relied to a large
extent on the powerful and beautiful structures of modern
algebra. A variety of important codes based on the structures of
polynomial rings and finite fields have been discovered. Further,
this algebraic framework provides the tools necessary to design
encoders and decoders. This section is devoted to reviewing
those topics in algebra that are significant to the theory of
error-control codes.

The real numbers form a familiar set of mathematical objects
that can be added, subtracted, multiplied, and divided.
Similarly, the complex numbers form a set of objects that can be
added, subtracted, multiplied, and divided. Both of these
arithmetic systems are of fundamental importance in engineering

disciplines. We will need to develop other less familiar
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arithmetic systems that are useful in the study of error-control
codes. These new arithmetic systems consist of sets together
with operations on the elements. Although we will call the
operations "addition," "subtraction," "multiplication," and
"division", they need not be the same operations as those of

elementary arithmetic.

1.2.1 Groups

A group is a mathematical abstraction of an algebraic
structure. Although there are many concrete examples of
interesting groups, the abstract idea is introduced into
mathematics because it is easier to study all mathematical
systems with a common structure at once rather than to study them

one by one.

Definition 1.3: A group G is a nonempty set with a binary
operation (denoted by juxtaposition) satisfying the following
axioms:

1) Closure: For every a, b in G, ¢ = ab is in G.
2) Associativity: For every a, b, c in G,
a(bc) = (ab)c.

3) Identity: There is an element e in G called the identity
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element such that for every a in G,

ae = ea = a.
4) Inverses: If a is in G, then there is some element b in G
called an inverse of a such that

ab = ba = e.

A group G is said to be Abelian (or commutative) if for every
a,b in G, ab = ba.
The following examples of groups will be used later.
1) Abelian group:
(a) a cyclic group
c.=(a; a"=1)
={ 1, a ..., a%t}, a®= 1.
(b) A= C xC,= (a, b; a®=b™=1, ab=ba )
={ 1, a ..., a"', b, ab, ..., a"'b,
.., b=, ap®l, ..., a®p®t}, a®=b™=1, ab=ba.
2) Non-Abelian group:
(a) a group of a semidirect product G = A<4H,
where A is a normal abelian subgroup and H is an arbitrary
subgroup of G.
(b) a Dihedral group D, = C,<cC,,

where Cc,= (a; a%=1), c,= (t; t?=1), and tat = a"?'.
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1.2.2 Rings
The next algebraic structure we will need is that of a ring. A
ring is an abstract set that is an abelian group and also has an

additional structure.

Definition 1.4: A ring R is a set with two operations defined:
the first is called addition {(denoted by +); the second is called
multiplication (denoted by juxtaposition); and the following
axioms are satisfied:

1) R is an abelian group under addition (+).
2) Closure: For any a, b in R, the product ab is in R.
3) Associative Law:
a(bc) = (ab)c.
4) Distributive Law:
a(b + ¢c) = ab + ac,

(b + c)a = ba = ca.

The addition operation is always commutative in a ring, but the
multiplication operation need not be commutative. A commutative
ring is one in which multiplication is commutative; that is,

ab = ba for all a, b in R.
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1.2.3 Fields

Loosely speaking, an abelian group is a set in which one can
add and subtract, and a ring is a set in which one can add,
subtract, and multiply. A more powerful algebraic structure,
known as a field, is a set in which one can add, subtract,

multiply, and divide.

Definition 1.5: A field F is a set that has two operations
defined on it: addition and multiplication, such that the
following axioms are satisfied.

1) The set is an abelian group under addition.
2) The field is closed under multiplication, and the set of
nonzero elements is an abelian group under multiplication.
3) The distributive law:

(a + b)c = ac + bc

holds for all a, b, ¢ in the field.

The following examples of fields are well known.
1) R: the set of real numbers.
2) C: the set of complex numbers.
3) Q: the set of rational numbers.

These fields all have an infinite number of elements. We are
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interested in fields with a finite number of elements. A field
with g elements, if it exists, 1is called a finite field, or a
Galois field, and is denoted by the label GF(q). We will review

it further in next chapter.

1.2.4 Vector Spaces

A familiar example of a vector space is the three-dimensional
Euclidean space. This can be extended mathematically to an n-
dimensional vector space over the real numbers. The concept of
an n-dimensional vector space is closely related to the ideas of
linear algebra and matrix theory and is important in many
engineering applications.

Vector spaces also can be defined abstractly with respect to

any field.

Definition 1.6: Let F be a field. The elements of F will be
called scalars. A set V is called a vector space and its
elements are called Vectors if there is defined an operation
called vector addition (denoted by +) on pairs of elements from
V, and an operation called scalar multiplication (denoted by
juxtaposition) on an element from F and an element from V to

produce an element from V, provided the following axioms are
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satisfied.
1) V is an abelian group under vector addition.

2) Distributive Law: For any vectors VA and any scalar c,

c(v1 + vz) = Cv, + Cv,.

3) Distributive Law: For any vector v, and any scalars ¢,, c,,
v = v

and
(e, + ¢,)v =c,v + c,v.

4) Associative Law: For any vector v, and any scalars Cyr Cyy

(clcz)v = C1(czV) .

The zero element of V is called the origin of V and is denoted

by 0.
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2 THE ARITHMETIC OF FINITE FIELDS

Because the most powerful and important ideas of coding theory
are based on the arithmetic systems of finite fields, we will
summarize the principal facts about finite fields as follows.
Most of the properties reviewed in the section will be given

without proofs, which can be found in ([4], [91).

2.1 Finite Fields Based on Integer Rings

The set of integers (positive, negative, and zero) forms a ring
under the usual operations of addition and multiplication. This
ring is conventionally denoted by the label Z. We will describe

the structure of the integer ring as follows.

Definition 2.1: Let q be a positive integer. The quotient
ring, called the ring of integers modulo q and denoted by 2/(q),
is the set {0,...,q-1} with addition and multiplication defined
by

a+b=R[a+ bl,

a'b = Rq[ab].

Theorem 2.2: The quotient ring Z/(q) is a field if and only if

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



13

g is a prime integer.

2.2 Finite Fields Based on Polynomial Rings
A polynomial over a field GF(q) is a mathematical expression
F(x) = £,_x"" + £ _,x"2 + -+ f£x + £
where the symbol x is an indeterminate, the coefficients £ __,

.., £, are elements of GF(q), and the indices and exponents are

integers. The zero polynomial is

f(x) = 0.
A monic polynomial is a polynomial with leading coefficient £, |
equal to 1. A polynomial ring is analogous in many ways to the
ring of integers. A polynomial p(x) that is divisible only by
ap(x) or o, where a is an arbitrary field element in GF(qg), is
called an irreducible polynomial. A monic irreducible polynomial
of degree of at least 1 is called a prime polynomial.

Finite fields can be obtained from polynomial rings by using
constructions similar to those used to obtain finite fields from
the integer ring. Suppose that we have F[x], the ring of
polynomials over the field F. Just as we constructed quotient
rings in the ring Z, so can we construct quotient rings in F([x].

Choosing any polynomial p(x) from F[x], we can define the

quotient ring by using p(x) as a modules for polynomial
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arithmetic. We will restrict the discussion to monic polynomials
because this restriction eliminates needless ambiguity in the

constructions.

Definition 2.3: For any nomic polynomial p(x) with nonzero
degree over the field F, the ring of polynomials modulo p(x) is
the set of all polynomials with degree smaller than that of p(x),
together with polynomial addition and polynomial multiplication

modulo p(x). This ring is conventionally denoted by F([x]/(p(x)).

Theorem 2.4: F[x]/(p(x)) is a ring.

Theorem 2.5: The ring of polynomials modulo a monic polynomial

p(x) is a field if and only if p(x) is a prime polynomial.
2.3 Properties of Finite Fields

Definition 2.6: A primitive field element of GF(qg) is an
element a such that every field element except zero can be

expressed as a power of «.

Theorem 2.7: Every finite field has a primitive element.
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Definition 2.8: A primitive polynomial p(x) over GF(q) is a
prime polynomial over GF(q) with the property that in extension
field constructed modulo p(x), the field element represented by x

is primitive.

Theorem 2.9: Every finite field has p” elements for some

positive integer m and prime p.

Theorem 2.10: Two finite fields with the same number of

elements are isomorphic.

Theorem 2.11: For every prime p and positive integer m, there
is a finite field with p” elements; the smallest subfield of

GF(p™) is GF(p), p is called its characteristic.

Theorem 2.12: For every finite field GF(q) and positive
integer m, there exists at least one primitive polynomial over

GF (q) of degree m.

Theorem 2.13: Let GF(q) have characteristic p. Then for any
positive integer m and for any elements a and B in GF(q),

(a £ B)P" = aP" + BP
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3 CYCLIC CODES

A linear code is a subspace of a vector space over a finite
field. The class of cyclic codes is a subclass of the class of
linear codes obrained by imposing an additional strong structrual
requirement on the codes. Because of this structure, the search
for good error-control codes has been most successful within the
class of cyclic codes. Cyclic codes are also important because
their underlying finite-field description leads to encoding and
decoding procedures that are algorithmic and computationally
efficient. 1In this section, we will review cyclic codes
represented by polynomials. Most of the properties reviewed will

be given without proofs, which can be found in (({9], [44]).

3.1 Polynomial Description of Cyclic Codes

A linear code C over GF(qg) is called a cyclic code if whenever
¢ = (cpreyp.--rc ;) is in C, then e¢'= (e,yrCqr---rc,,) is also
in €. The codeword ¢' is obtained by cyclically shifting the
components of the codeword c¢ one place to the right. Every
linear code over GF(g) of length n is a subspace of GF(q)®, and a
cyclic code is a very special kind of subspace because it has

this cyclic property.
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Each vector in GF(q)® can be represented as a polynomial in x
of degree of less than or equal ton - 1. The components of the
vector are identified with the coefficients of the polynomial.
The set of polynomials has a vector space structure identical to
that of GF(q)". This set of polynomials alsc has a ring
structure, called GF(q) [x]/(x%-1). As a ring, the set has a
product
p,(x)'p,(x) =R ., [p, (x)p,(x)] .
A cyclic shift can be written as a multiplication within this
ring:
xp(x) =R . [xp(x)].
Hence, if the codewords of a code are denoted by polynomials, the
code is a subset of GF(q) [x]/(x*-1). The code is a cyclic code

if x-c(x) is a codeword polynomial whenever c(x) is a codeword

polynomial.

Theorem 3.1: In the ring GF(q) [x]/(x"-1), a subset is a
cyclic code if and only if it satisfies the following two
properties:

1) C is a subgroup of GF(q) [x]/(x"-1) under addition.
2) If c(x) €eC, and a(x) € GF(q)[x]/(x"?-1), then

R ., la(x)c(x)] €C.
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Proof: Suppose the subset satisfies the two properties. Then it
is closed under addition and closed under multiplication by a
scalar. Hence it is a subspace. It is also closed under
multiplication by any ring element, in particular under
multiplication by x. Hence it is a cyclic code.

Now suppose that it is a cyclic code. Then it is closed under
addition and under multiplication by x. But then it is closed
under multiplication by powers of x and linear combinations of
powers of x. That is , it is closed under multiplication by an
arbitrary polynomial. Hence it satisfies the two properties, and

the theorem is proved.

In general, a subset I of a ring R is called an ideal of R if
(1) I is a subgroup of the additive group of R, and (2) if r € R
and a € I, then ar € I. From Theorem 3.1, we can reach an

important result.

Theorem 3.2: A cyclic code is an ideal of the ring

GF(q) [x]/(x"-1).

Now choose a nonzero codeword polynomial of smallest degree

from cyclic code C and denote its degree by n-k (it must be less
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than n). Multiply by a field element to make it a monic
polynomial. This must also be in the code C, because the code
is linear. No other monic polynomial of this degree is in the
code, because otherwise the differnce of the two minic polynomial
would be in the code and have degree smaller than n-k, contrary
to the choice of the original polynomial.

The unique nonzero monic polynomial of smallest degree is

called the generator polynomial of C and is denotd by g(x).

Theorem 3.3: A cyclic code consists of all multiples of the

generator polynomial g(x) by polynomials of degee k-1 or less.

Theorem 3.4: There is a cyclic code of blocklength n with

generator polynomial g(x) if and only if g(x) divides x“?-1.

3.2 Minimal Polynomials and Conjugates

We have seen that a cyclic code of bolcklength n over GF(q)
exists for each polynomial g({x) over GF(q) that divides x"-1.
We now wish to study such generator polynomials explicitly.
First we wish to find the possible generator polynomials for a
cyclic code of blocklength n. The most direct approach is to

find divisors of x"-1. This can be done by writing x®-1 in
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terms of its prime factors;

x%-1 = £ (x)E,(x)...£ (%),
where s is the number of prime factors. Any subset of these
factors can be multiplied together to produce a generator
polynomial g(x). If the prime factors of x°?-1 are distinct,
then there are 2°-2 different nontrivial cyclic codes of length n
(excluding the trivial cases g(x) = 1 and g(x) = x"-1).

In this section we will look at the relationship between the
prime polynomials and their zeros in an extension field. 1In
particular, we will learn how to find prime polynomials, and
hence generator polynomials, that have specified zeros.
Eventually, we will design codes by choosing desirable zeros in
an extension field. We will see how the zeros should be
specified so as to ensure a good code.

We will start with certain preferred values of n called

primitive blocklengths.

Definition 3.5: A blokclength n of the form n = ¢g®-1 is
called a primitive blocklength for a code over GF(g). A cyclic
code over GF(g) of primitive blocklength is called a primitive

cyclic code.
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Definition 3.6: The minimal polynomial of B, is the smallest-
degree polynomial with coefficients in the base field GF(q) that

has B, as a zero in the extension field GF(g”®).

Theorem 3.7: Suppose that f£(x) is the minimal polynomial over
GF(q) of B, an element of GF(q®). Then f(x) is also the minimal

polynomial of B9.

Definition 3.8: Two elements of GF(q®") that share the same
minimal polynomial over GF(q) are called conjugates (with respect

to GF(q)) .

The conjugates of an element f are easily found using Theorem
3.7. If f£(x) is the minimal polynomial of , then it is also
that of B9, and in turn qu and so forth. Hence, the elements in
the set

(B,B%,BY,B7,...,87},
are all conjugates, where r is the smallest integer such
that R?° = B. Note that because B? =B, r < m. This set is
called a set of conjugates. The conjugates are all zeros of

f(x), and the following theorem shows that no others exist.
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Theorem 3.8: The minimal polynomial of B is

£(x) = (x-B) (x-BY) ... (x-BT ) .

3.3 BCH Codes

The class of Bose-Chaudhuri-Hocquenghem (BCH) codes ([11], [31])
is a large class of multiple-error-correcting cyclic codes that
occupies a prominent place in theory and practice of error

correction. We will now formally define BCH codes, which can

correct t errors.

Definition 3.9: Let g and m be given and let B be any element
of GF(g®) of order n. Then for any positive integer t and any
integer j, the corresponding BCH code is the cyclic code of
blocklength n with the generator polynomial

gix) = LCM[fjo(X) ’ fjo,l(X) re-- ,fjo,u_l(X) 1.

where £ (x) is the minimal polynomial of B7.
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4 IDEMPOTENTS IN GROUP ALGEBRA

In this section, we will first introduce the group algebra, the
idempotent of group algebra, and the ideal of group algebra;
then, we will define any cyclic code alternatively as an ideal of
cyclic group algebra; we will further construct a new class of
codes, non-abelian codes, by the ideal of non-abelian group

algebra.

4.1 Group Algebra
The group algebra of a finite group G over a field F, denoted
by FG, is the F-vector space of all formal sums
£=)Y f(uu, f£(u) €F

ucEG

Addition and multiplication with scalars k€F are defined as

usual:

Yrwu+ Y gwu= Y (F(w) +g(u)ru ,

u€G u€G u€G

k(Y £(wu) =Y, (kf(u))u .

uceG u€G

Moreover, F-algebra multiplication given by

£g = 3, (X £(u)gluv))v.
v€EG Uu€G
As a F-vector space, FG has dimension the order of G and G is a

basis. As F-algebra, FG is isomorphic to the F-algebra of all F-

valued functions on G under convolution product.
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A subset W of the F-algebra FG is called a left ideal if W is a
subspace satisfying,
fW = {fg: geEW} < W.
A left ideal W is called simple if (0) and W are the only left
ideals contained in W.
Two left ideals W and W' are said to be isomorphic in FG if
there exists a F-linear isomorphism
o: W—- W'
of W onto W' satisfying
¢luw) = ud(w), u€G, weEW.
Throughout this work we will assume that the characteristic of F

is relatively prime to the order of G.

Theorem 4.1: FG is a semisimple F-algebra, i.e., FG is the
direct sum
FG =W & - W

1 M

of a finite number of simple left ideals { w,,..., W,}.

Although this decomposition is not unique, any other
decomposition of FG into simple left ideals has the same number
of factors and a bijection can be established which associates

isomorphic simple left ideals.
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A coarser but unique direct sum decomposition is given by the
Wedderburn Decomposition of FG into the direct sum of simple two-

sided ideals ([16], [32]).

4.2 Clifford’s Theory of Idempotents
We assume throughout that G is a finite group and that F is a
field whose characteristic does not divide N, the order of G. A
nonzero element e € FG is called an idempotent if e? = e. Two
idempotents e, and e, are said to be orthogonal if e e, = e,e, =0.
A set of pairwise orthogonal idempotents
{e;r — re;}

is called a complete set of orthogonal idempotents if

A complete set of orthogonal idempotents determines a

decomposition of FG into a direct sum of non-trivial left ideals

where the left ideals are given by
Wj = FGej ’ 1<jsdJg
Conversely such a decomposition determines a complete set of
orthogonal idempotents defined by expanding 1 € FG as follows,
1 =e +te-te, , ejewj, 1<j<J

1

An idempotent e € FG is called primitive if it cannot be
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written as a sum of two orthogonal idempotents. The left ideal
W = FGe is simple if and only if e is primitive. We say that e
and e' are isomorphic in FG if the associated left-ideals FGe and
FGe' are isomorphic in FG. If e and e' are primitive idempotents
in FG, then e and e' are isomorphic in FG if and onl? if there
exits an u € G such that
eue’ # 0 .

An isomorphism from FGe onto FGe' is given by right-
multiplication by eue'. It follows that we can construct a
decomposition of FG into the direct sum of left ideals by

constructing a complete set of primitive orthogonal idempotents.

4.3 Algorithms for Computing Idempotents
4.3.1 Finite Abelian Groups

We assume throughout that A is a finite abelian group of order
N and F is a field whose characteristic does not divide N.

The character group A" of A over F is the set of all group
homomorphisms 1 of A into the multiplicative group of nonzero
elements of F with group product

(1) (a) = t(a)T/ta), t,t'€A4", ac€a.
We identify 1 € A" with

T =Y t(a)a € FA

acA
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and consider A° < FA. It should be noted that group product in A~

is not the same as the product in FA.

(1) sSplit Case

we say that A splits over F if A and A° are isomorphic as
groups. If A splits over F then A" is a basis of the F-vector
space FA. A necessary and sufficient condition for A to split
over F is that F contains a primitive Mth root of unity where M
is the least common multiple of the order of the elements in A.
Since M divides N, A splits over F if F contains a primitive Nth
root of unity. We assume throughout this section that A splits
over F.

The following formulas are fundamental to many properties of

characters.
0 T#T,
z:t(a) = '
a€a N I=I°

where 1, is the identity in the group A°.
0 a*l
E T(a) = .

t€a” N a=1

Direct application of these formula proves the following result.

Theorem 4.2: The set

-lA' = {—l-t : TEA"}
N N

is a complete set of primitive orthogonal idempotents in FA.
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(2) Nonsplit Case
We assume only that the characteristic of F does not divide the
order N of A. Then there exists a finite Galois extension E over
F such that A splits over E. Denote the Galois group of E over F
by G.
For 0 €G and f € EA define £° € EA by the formula
£° =Y o(f(a))a.
acA
If t€ A° then 1°€ A°. G acts on A" and partitions A" into
G-orbits
Gt = {1° : OEG} .
Denote the set of G-orbits in A" by A°/G.

For 1t € 4", define e € EA by the formula

et=izw.

N yect

Since o €G permutes the elements in Gt, we have

and e € FA. e, is independent of the choice of yeGt,

i.e., e. = e

. = e, VEGT.

Theorem 4.3: The set
{e, : GTEA'/G} (4-1)
is a complete set of orthogonal idempotents for FA.

Proof: As a sum of orthogonal idempotents, e  is an idempotent in
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FA. Distinct e and e, are associated with distinct G-orbits and

hence orthogonal. Completeness follows from

It remains to prove that e 1is primitive. We first prove that
each idempotent e € FA is a sum of idempotents from (4-~1).
Since FAcCEA, we can write

e = i- e(t)t, e(t) € E.

{7
e? = e implies e(t) = 0 or e(1) = 1, and e® = e, CEG implies e(T)
is constant on G-orbits proving the claim. Since e 1is

associated with a unique G-orbit, it must be primitive by the

preceding discussion completing the proof of the theorem.

4.3.2 Specific Non-abelian Groups

Consider a finite group G given as a semidirect product G =
A<H, where A is a normal abelian subgroup of order N and H is an
arbitrary subgroup of G. Each x € G can be written uniquely in
the form x = ah, a € A, h € H and group multiplication is given
by

xx' = aha’n *hn’ .

We assume throughout that F is a field whose characteristic does
not divide the order of G. Thus FG' is a semisimple algebra for

any subgroup G' of G.
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Assume that A splits over F. Denote the character group of A
over F by 4°. For each 1t € A" , define
H(t) = {h€H : ht = Th} .

H(t) is a subgroup of H called the centralizer of t in H.

Theorem 4.4: For 1 € A" and a primitive idempotent £ in FH(T1),

we have that i%tf is a primitive idempotent in FG, where N is the

order of A.

Proof: Since tf = fT1, %tf is an idempotent in FG, Suppose %tf
is not a primitive idempotent in FG and write

itf e +e r

N
where e and e' are orthogonal idempotents in FG. Then

1 1
e = —Te = —eT .
N N

Since A" is a basis of FA, we can write
e=3 Y e(\h)Ah, e(A hEF .
hEE.\EA'

Applying Theorem 4.2,

e = lte = tEe(t,h)b

—l\; heR
= —l]\'-iet =t Y, e(t,h)h

hER(T)
and we can write
1
e = —A;tm, mEFH(T) .

Arguing in the same way

e’ = %—rtm/, m'EE‘H(t).
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1. _ 1 N .
Then 7th —-ﬁt(m+m ), implying that

f=m+ m'.
We have used the result that if a € FA, a#0 and b and b’ € FH
satisfy ab = ab' in FG then b =b’ € FE. Applying the result once
more to

2 . 1 -

e = —Im = —Im = e,

N
we have m? = m. The same argument shows that m and m' are

orthogonal idempotents in FH(t), completing the proof of the

theorem.

Theorem 4.4 is the main part of the proof of the following

result.

Theorem 4.5: For each 1 € A", choose a complete set of
primitive orthogonal idempotents for FH(T)
r.
£, ~, £
Then the set of products
1 £F . 1
-I\—II rr TEA, srsr,

is a complete set of primitive orthogonal idempotents for FG,

where N is the order of A

4.3.3 Examples of Idempotents
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(1) Suppose a cyclic group C, = (a; a¥=1) and a field F = GF(q),
whose characteristic does not divide N. Suppose N divides (g-1),
i.e. c, splits over F, denote the character group of C, by Cy .
then
cy = {a,, OsksN-1} ,
where o =1 + wka + wa? + - + w1 y¥ =1, werF.

A complete set of idempotents for FC, is

{o,/N, a, /N, &, /N, ~, &, ,/N}.

(2) Suppose a cyclic group ¢, = {a; a¥=1) and a field F = GF(q),
whose characteristic does not divide N. Suppose N does not divide
(g-1), then there exists a finite Galois extension E = GF(g")
over F such that C, splits E. Denote the Galois group of E over F
by G. Denote the character group of C, by c,. then

Cy = {a, O0sksN-1} ,
where o, =1 +w*a + w¥*a? + .. + wW k"1 | we g, wV'=1.
A complete set of idempotents for EC, is

{a,/N, ®,/N, &,/N, -, @, ,/N}.
G acts on ¢, and partitions ¢, into G-orbits

G, = {0 QX zp v e ey O},
where r is the smallest integer such that Q.- = . Denote the

set of G-orbits in €, by C,/G. From Theorem 4.3 in section

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



33

4.3.1, we have

e, ==Y v,

Nyes,

e, is an idempotent of FC, , and the set {e, : G,EC,/G} is a

complete set of orthogonal idempotents for FC, .

(3) Suppose group G is a Dihedral group D, = C,<C,, where

c,= (a; a¥=1), c,= {¢t; t2=1), and tat = a"?l.
Suppose finite field F is GF(q), whose characteristic does not
divide 2N, and 2N divides (g-1), then
centralizer of o, in C, is
c,, k=0
C,(a) = ;
{1}, otherwise
primitive idempotents of C, are
(L+t) /2, (1-t)/2 ;
a complete set of primitive orthognal idempotents of group

algebra FG is
1
-ﬁ{ao(l+t)/zl ao(l_t) /21 al' az' <t aN_l}l

where o =1 +wra +wia? + .+ wW DN y¥ = weF.
4.4 The Structure of Cyclic Codes in Group Algebra
We recall some facts on the structure of GF(q) [x]1/(x"-1),

where (n,q) = 1. Suppose x"-1 factors into the polynomials

g,(x), i=1,...,s. Then cyclic codes generated by g,(x) are
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ideals of the ring GF(q) [x]/(x"-1). If we let C, be a cyclic
group of order n with a generator x, then there is an obvious
isomorphism between the group algebra GF(q)C, and
GF(q) [x]/(x"-1), where we use the variable x for both algebras
to emphasize the identification. So we reach that every cyclic
code of length n over a finite field GF(g) may be viewed as an
ideal of the group algebra GF(g)C, . From previous sections 4.2
and 4.3, we can construct any cyclic code by a new way. First,
compute the set of primitive orthognal idempotents of a cyclic
group algebra using the algorithms in section 4.3. Then choose a
propriate idempotent, which is a sum of certain of these
primitive orthognal idempotents. Last, construct the ideal of

the group algebra from this idempotent.

4.5 Construction of Non-abelian Codes
In order to construct non-abelian codes, we will generalize the

procedure of constructing cyclic codes in section 4.4 as follows:

1) Find the complete set of primitive orthognal idempotents of a
non-abelian group algebra FG, where group G is a non-abelian
group, using the algorithms in section 4.3:

{e,r — re,).
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2) Choose an appropriate idempotent e, which is a sum of certain
of these primitive orthognal idempotents.
3) Construct the ideal of the group algebra from this idempotent,
W = FGe,

which is a non-abelian code.

For example, we will construct a non-abelian Dihedral code from
an idempotent of a non-abelian Dihedral group algebra GF(7)D,.
1) Suppose a non-abelian Dihedral group D, = ¢,4C,, C, =
(a; a*<1), ¢, = (t; £?=1), and tat = a? then a complete set of
primitive orthognal idempotents of the Dihedral group algebra

GF(7)D, is

{e,r e, &5, e;},

where
_ 1
el = -—6-010(1+t),
1
ez = an(l“t),
1
83 = 3—&1 '
1
84 = -5-(12 ’
o =1+ wra + w¥*a? (k=0,1,2),

we€E GF(7), w3 =1 .

2) Choose e = e, = —;-0(1 .

3) Construct the ideal of the group algebra GF(7)D, from this

idempotent e,
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W = GF(7)D,e,

which is a non-abelian Dihedral code. The codewords of the

non-abelian Dihedral code are as follows.
0 00O0CO0O 4 201 010402 050005
020104 6 305 03 05086 S 03060
54 3 2 1 1 4 6 2 55366 3 52316 4
56 3 3 5 3 56 6 306050 346251
316 4 2 5 6 5 3 326154 366 35375
33635 6 o 040 142241 112 4 4 2
15 26 3 2 14 4 162345 132546
6 050 0] 4 231 6 154 3 2 6 556 33
6 251 4 6 335 6 35536 4 01020
4 4 1 2 1 1 4 2 2 4 516 2 3 4 2 112 4
4 6 13 5 3 526 204010 2 4 4211
21 4 4 2 5 6 1 3 224114 26 4 315
2 345 6.

Figure 4.1

Codewords of a (6,2) non-abelian Dihedral code over GF(7)
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5 FOURIER TRANSFORMS IN A FINITE FIELD

The subject of digital signal processing is permeated with
applications of the Fourier transform. When the time variable is
continuous, the study of real-valusd or complex-valued signals
relies heavily on the Fourier transform. When the time variable
is discrete, the discrete Fourier transform plays a parallel
role. Fourier transforms also exist on the vector space of n-
tuples over the finite field GF(q) for many values of n. Fourier
transforms in a finite field can play an important roie in the
study and processing of GF(q)-valued signals; that is, of
codewords. By using Fourier transforms, the ideas of coding
theory can be described in a setting that is much different from
that seen thus far. Cyclic codes can be defined as codes whose
codewords have certain specified spectral components equal to
zero. Also, the decoding of BCH codes and Reed-Solomon codes can
be described spectrally.

In this work, We will use the frequency domain setting to
develope encoding and decoding algorithms for a class of non-
abelian codes. So, we first review some basic topics of the
discrete Fourier transform over a finite field [45].

In the complex field, the definition of the discrete Fourier
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transform of p =( p, i=0,...,N-1 ), a vector of complex
numbers, is a vector P =( P, k=0,...,N-1 ) given by
— - -1
5=§em"%i k=0, ... ,N-1,
i=0
where j = /-1 . The Fourier kernel exp(-j2uN"!) is an Nth root

of unity in the field of complex numbers. In the finite field
GF(g®™ ), an element a of order n is an nth root of unity.
Drawing on the analogy between exp(-j2nN!) and a, we have the

following definition.

DEFINITION 5.1: Let v ={ v, i=0,...,n-1 } be a vector over
GF(q), where n divides gq®-1 for some m, and let o be an element
of GF(g®) of order n. The finite-field Fourier transform of the
vecor v is the vector V ={ v, j=0,...,n-1} given by

V. = E ativ. j=0,-,n-1 .
b i
i-o

It is natural to call the discrete index i time and to call v
the time-domain functin or the signal. Also, we might call the
discrete index j frequency and V the frequency-domain function or
the spectrum.

Any factor of g®-1 can be used as the blocklength of a Fourier
transform, but the most import values for n are the primitive

blocklengths, n = g”-1 . Then a is a primitive element of
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GF(g™). 1In contrast to the situation for the complex field,
Fourier transforms of every blocklength do not exist in a finite
field because elements of every order do not exist. There are
enough, hovever, for most purposes. If m is the smallest integer
such that n divides g”-1, then there is a finite-field Fourier
transform over GF(q) of blodklength n, and the components of the
Fourier transform are in GF(qg®). Unfortunately, for some values
of n, although the transform exists, it will be in a very large
extension field and may not be practical for a given applcation.
In the case of the discrete Fourier transform, even though the
time-domain function p is real, the transform P is complex.
Similarly, in the finite-field Fourier transform, even though the
time-domain function v is over the field GF(g), the spectrum V is
over the extension field GF(g”). In error-control applications,
all the decoding action really takes place in the big field
GF(g™); it is just that we happen to start with a vector
consistent with the channel input; that is, in the small field

GF(q) .

Theorem 5.2: Over GF(q), a field of characteristic p, a vector

and its spectrum are related by

V. = S atlv,
7 - i
i=0
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v, = —2—'{;2: Ot'“Vj ,
where n is interpreted as an integer of the field; that is,
modulo p.
Proof: 1In any field,

x%-1 = (x-1)(x° + x%%2 + . + x + 1) .
By the definition of a, of is a zero of the left side for all r.
Hence for all r#0 modulo n, o is a zero of the last term. But
this is equivalent to

a-1

Y o =0  r#0 (mod n)
=0

0 modulo n,

whereas if r
acl
Y o =n (mod p),
j=0
which is not zero if n is not a multiple of the field
characteristic p. Combining these facts, we have
n- B . -
-ij k = (k-L
ioz ‘tha v, = Evkta *Di=(n mod p)v,
j=0 k=0 k=0 j=0
Finally, q®-1 = p"-1 is a multiple of n, and consequently n is

not a multiple of p. Hence n#0 (modp). This proves the theorem.

The Fourier transform has many strong properties that carry
over to the finite field case. An example is the convolution
property of the next theorem. a dual theorem can be proved with

the time domain and the frequency domain interchanged.
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Theorem 5.3 (Convolution Theorem): Suppose that
e. = figi i = 0’ R 2 n_lo
Then

. 1§ - -
BJ";kwE\U«nGk j =0, n-1,

where the double parentheses denote modulo-n arithmetic on the

indices.

Proof: Take the Fourier transform of e, = f,g

) : lg --
— F k
Ej—ga‘ £.( cx‘Gk)

k=0

i

= .ltf Gk(t qiti-k fi)
i=0

k=0

B GkFHJ*))'

ng=0

Note also that setting j = 0 in the convolution formula,

SO 1%
E. = _;_ a*If.g. = —S F G
J i=0 19 nimg WD TE S

yields the Parseval-type formula

- . 133
g figi - ;k=0 F((n-k))Gk

Theorem 5.4 (Translation Property): If {v,} - {v,} is a Fourier
transform pair, then the following are Fourier transform pairs:
(v, b = AV}

- J
{V((i-l))} {a Vj} :
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Proof: Immediate substitutions prove the theorem.

Sometimes we represent a vector v by a polynomial v(x). The
polynomial
v(ix) = vn.lx"’1 + kv oV

can be transformed into a polynomial

Vix) = Vn_lx"'1 e+ Vx vV,
by means of the finite-field Fourier transform. The latter
polynomial is called the spectrum polynomial or the associated
polynomial of v({x). Properties of the spectrum are closely

related to the zeros of polynomials, as stated in the following

theorem.

Theorem 5.5:
(i) The polynomial v(x) has a zero at o if and only if the jth
frequency component V, equals zero.
(ii) The polynomial V(x) has a zero at a™* if and only if the
ith time component v, equals zero.
Proof: The proof of part (i) is immediate because
v(cd) = gviaij =V,.

The proof of part (ii) follows in the same way.
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Thus in finite fields, when one seaks of zeros of polynomials
or of spectral components equal to zero, one really speaks of the
same thing, but the terminology and the insights are different.
In the first formulation, one draws on insight into the factoring
of polynomials; in the second, one draws on understanding of the
Fourier transform.

The Fourier transform over GF(q) of blocklength n takes values
in an extension field GF(gq®). If we start with an arbitrary n-
vector over GF(g®) and take the inverse Fourier transform, we
generally do not get a time-domain vector over GF(q); there may
be components in the larger field. We must find constraints on
the spectrum that will ensure a time-domain vector over GF(q) .

Constraints of this sort are familiar in the field of complex
numbers. Recall that over the complex field, a spectrum P(f) has
a real-valued inverse Fourier transform if and only if P*(-f) =
P(f). The next theorem gives a set of constraints, known as
conjugacy constraints, that provide an analogous condition for a

finite field.

Theorem 5.6: Let V be a vector of length n of elements of

GF(g®) where n is a divisor of g”-1. Then the inverse Fourier

transform v is a vector of elements of GF(qg) if and only if the
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following equations are satisfied:

vi=v j=0, -, n-1.

({aj))

Proof: By definition,

v, = chx”vi j=0, -, n-1.

i=0
For a field of characteristic p, (a+b)? = a? + bP" for any
integer r. Further, if v, is an element of GF(q) for all i,
then v = v,. Consequently, combining these gives
‘1-_-‘211 ng qij qzi qij =
v, (i=0a v,) ;':oo‘ v, I:00£ Ve = Vi -

Conversely, suppose that for all j, v =V . Then

Eamv# Eo&""jvi j =0, -, n-1.
£=0 £=0

Let k =qj. Because g is relatively prime ton = g®-1, as j

({qir?

ranges over all values between 0 and n - 1, k also takes on all
values between 0 and n - 1. Hence

]~ . — >

20{“‘vf= ta“‘vi k=0, -, n-1,

i=0 i=0
and by uniqueness of the Fourier transform, v/ = v, for all i.
Thus v, is a zero of x9-x for all i, and such zeros are all

elements of GF(q).

To apply the theorem, the integers modulo n are divided into a
collection of sets, known as conjugacy classes, as follows:
. . . @1
a, = {j, ja, ja* - ja '},

where m, is the smallest positive integer satisfying jg™ = j
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modulo n. Because the field is finite, there must be such an m, .

For example, when g=2 and n=7, the conjugacy classes are

a, = {0}
a, = {1, 2, 4}
a, = (3, 6, 5}.

The conjugacy class A, specifies a set of frequencies in the
spectrum. We call this set of frequencies a chord. Theorem 5.6
asserts that if the time-domain signal is in GF(g), then the
value of the spectrum at any frequency in chord specifies the

value of the spectrum at all other frequencies in the chord.
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6 TRANSFORM DOMAIN CHARACTERIZATION

FOR SPECIFIC CODES

6.1 Spectra of Cyclic Codes

Suppose a cyclic group ¢, = (a; a®=1) and a field F = GF(q),
whose characteristic does not divide N. Suppose N divides (g-1).
Then a complete set of idempotents for FC, is

{a,/N, o,/N, &,/N, ~, &,  /N},
where a, =1 + wka + w?a? + — + wW V5" ogkenN-1,
and w¥ =1, we F.

Suppose e is an idempotent of group algebra FC,, then ideal
FC,e will be a cyclic code. We will study transform domain
characterization of codewords in the cyclic code.

Let x € FG, e = %cxk is one of primitive orthognal idempotents
in FG, y = xe, then

y(v) =Y x(u)e(ulv), veG.

{3

Order the group C, by
9,1, g,=a, g,=a’, -, g,,=a" .
Denote x(g,) , y(g,) and e(g,) by x(i) , y(i) and e(i) ,respectively

, where 0 < i < N , then we have

y(0) x(0)e(0) + x(1)e(N-1) + ... + x(N-1l)e(1),

x(0)e(l) + x(1)e(0) + ... + x(N-1L)e(2),

h

y(1)
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+ x(N-1)e(0),

y(N-1) = x(0)e(N-1) + x(1)e(N-2) +

or
y(3) =§x(i)e((j—i mod N)), O<j<N.
i-0

Take discrete Fourier transform (DFT) of y,

Y(7) = X(F)E(F) 0sj<N.
; 1 ik ,
e(i) = —w 0<i<N ,
N
E(j) = e(0) +e(1)wj *"""’e(N—l)w("'l”
= i( 1 + wk’j + WZ(k‘j) o+ w(N-l) (k+3) )
1 if j=N-k
0 if j*N-k
then
X(7F) if j=N-k
Y(j) = )
i1f j#N-k

6.2 Spectra of Non-abelian Codes Constructed by Dihedral Groups

Suppose group G is a Dihedral group D, = C,<C,, where

c,= (a; a¥=1), c,= (t; t?=1), and tat = a¥*.

Suppose F is a finite field GF(q), whose characteristic does
not divide 2N, and 2N divides (q-1), then we have a complete set

of primitive orthognal idempotents for group algebra FG:

1
-A—r{ao(l+t)/2, ao(l—t) /21 all azl I 4 aN-l}

where a, =1 + wka + wa? + .+ W DENT GV =3 yep .
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Suppose e is an idempotent of group algebra FD,, then ideal
FD,e will be a Dihedral code. We will study transform domain
characterization of codewords in the Dihedral code.
Let x € FG, e € FG, y = xe,
then
y(v) =Ex(u)e(u'1v), vVEG.

u€G

Order the group D, by
9,=1, g,5t, g,=a, g,=at, g,=a’, gs=a’t, -, Toy2=a" ' gw_1=a"'1t.
Denote x(g,) , y(g,) and e(g,) by x(i) , y(i) and e(i) ,respectively

, where 0 < i < 2N , then we have

y(0) x(0)e(0) + x(1)e(1l) + x(2)e(2N-2) + x(3)e(3) +

+ X(2N-2)e(2) + x(2N-1)e(2N-1),

y(1) x(0)e(l) + x(L)e(0) + x(2)e(2N-1) + x(3)e(2) +
+ X(2N-2)e(3) + x(2N-1)e(2N-2),

y(2) x(0)e(2) + x(1)e(2N-1) + x(2)e(0) + x(3)e(1l) +

+ X(2N-2)e(4) + x(2N-1)e(2N-3),
y(3) = x(0)e(3) + x(1)e(2N-2) + x(2)e(1l) + x(3)e(0) +

+ x(2N-2)e(5) + x(2N-1)e(2N-4),

y(2N-2) = x(0)e(2N-2) + x(1)e(3) + x(2)e(2N-4) + x(3)e(5) +
+ x(2N-2)e(0) + x(2N-1)e (1),
yY(2N-1) = x(0)e(2N-1) + x(1)e(2) + x(2)e(2N-3) + x(3)e(4) +
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+ x(2N-2)e(1) + x(2N-1)e(0);
or
y(i) = if [x(2j)e((i-2F) mod 2N)

=0
+ x(2j+1)e((2j+1-i) mod 2N)], O s i < 2N.

Assume e is one of primitive orthognal idempotents in FG.

1) Suppose e =-%ak 0 <k <N,
where o, =1 + w*a + w*a? + - + wW k"1 and w" =1,
then e(1l) = e(3) = = e(2N-1) = 0 ,

e (0) =—;; , e(2) = -i—rw", ... , e(2N-2) = %W‘"'“",

and vy (0) = x(0)e(0) + x(2)e(2N-2) + x(4)e(2N-4) + .

+ x(2N-2)e(2),

y(1) = x(1)e(0) + x(3)e(2) + x(5)e(4) + ..
+ x(2N-1)e (2N-2),

y(2) = x(0)e(2) + x(2)e(0) + x(4)e(2N-2) + ...
+ x(2N-2)e(4),

y(3) = x(1)e(2N-2) + x(3)e(0) + x(5)e(2) + ...
+ x(2N-1)e(2N-2),

y(2N-2) = x(0)e(2N-2) + x(2)e(2N-4) + x(4)e(2N-6) +
+ x(2N-2)e(0),

y(2N-1) = x(1)e(2) + x(3)e(4) + x(5)e(6) + ...
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+ x{(2N-1)e(0) .

50

)

Take discrete Fourier transform (DFT) of y, let 0 < p < 2N,
Y(p) = y(0) + y(1)wy + Y(Z)sz,f + o y(ZN-l)wz(:" De
= x(0) [e(0) + e(2)wsy + e(d)wyy + — + e(2n-2) wyy ]
+ x(1) [e(0)wh + e(2N-2) w,F + e(2N-4) Wyt + — + e(2) war' 1'P]
+ x(2) [e(2N-2) + e(0)wiy + e(2) wyy + — + e(2n-4) wyy =]
+ x(3) [e(2) wyy + e(O)w;N + e(2N—2)w2 P e(4)w2‘,f" Lpy
+ X (2N-2) [e(2) + e(4)wyy + e(B)wyy + — + e(0)wyy 7]
+ x(2N-1) [e(2N-2)w2" + e(2N- 4)“’2~ + e(2N~6)w25:,’ — e(O)wz(:" 11p
= [x(0) + x(2)wZN -+ X(ZN-Z)wZ(:" DP1e(0) + e(z)wzu + e(4)wyr
+ e+ e (2N-2) Wy 0P
+ [x(1) + x(3)w2" - + x(2N- 1),,,22" VP [e(0) + e(2)w VPP
+ e () wiVUP + v e(2N-2) wSE) .
~ e(0) = %’ , e(2) = —;—’w" , =, €(2N-2) = ;"w‘"'“" ,
W= gy, w' =1,
- e(0) + e(2)wyy + -+ e(2N-2) Wy F
= e(0) + e(2)wP + - + @(2N-2)w¥ 1P
= .l( 1 + wk*p + w2(1:’9) + o+ w(u—l) (k~p) )
1 if p = N-k or p = 2N-k

0 if p #* N~k and p # 2N~k

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51
e(0) + e(2) VP + e (4)wit¥ P + o+ e(2N-2) Wi

e(0) + e(2)w™® + — + e(2N-2)w NP

L1+ whkP s w2k® 4 4 (-Lep)

]

k or p = N+k

1 ifp
0 if p * k and p = N+k

When k*—;\-’ .

we have k # N-k , N+k # 2N-k , and

x(0) +x(2) wil++tx(2N-2) woe' 2P if p=N-k or p=2N-k

Y(P) =\ x(1)wh+x(3) wyb+—+x (2N-1) wp" 'P  if p=k or p=N+k *
0 otherwise
then
Y(N-k) = Y(2N-k) = x(0) +x(2) wi' ™ +tx (2N-2) wyie¥ 2 W8,
Y(k) = -Y(N+k) = x(l)w2':,+x(3)w;:+---+x(2N-l)wz(:N_“k,
Y(p) = 0O if p*k and p*N-k and p*N+k and p#*2N-k ;
When k = y ,
2
we have k = N-k , N+k = 2N-k = 3k , and
x(0) +x (1) wi+x (2) wil++x (2N-1) wie" P  if p=k or p=3k
Y(p) = r

0 otherwise
then

Y (k) = X(k),

Y (3k) = X(3k),
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Y(p) =0 if p*k and p#3k.
2) Suppose e = -}-a (1 + ¢t)
2N °
- L (1 1 1 1 1),
2N
then
y(0) = y(1) = = y(2N-1)
=L x(0)#x(1) +.. . +x(2N-1) ],
2N
Y(p) = y(0) + y(l)wh + y(2) Wik + — + y(2N-1) wyu" P
= 2—11\-I[x(0) +x (1) +-+x(2N-1) ] [1 + why + Wik + = + wya' 5P
thus
Y(0) = x(0) + x(1) + ... +x(2N-1) = X(0),
Y(p) =0 ifp*0.
3) Suppose e = —l-a (1 - &)
pp CYTan.
= —1' (1 -1 1 -1 i -1),
2N
then
y(0) = y(2) = = y(2N-2)
=E£G[x(0)+x(2)+...+x(2N-2)-(x(l)+x(3)+...+x(2N-1)],
y(1) = y(3) = ... = y(2N-1)
=?£G[x(1)+x(3)+...+x(2N-1)-(x(0)+x(2)+...+x(2N-2)],
Y(p) = y(0) + y(1l)wyy + y(2)w22,f,’ + o y(ZN-l)wz‘;"-“p

YI0) [ + wyy + wyy + = + Wy

(ZN'Z)P]
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3 2N-1
oYL [y + Wy + - Wy )
2 4 {(2N-2)
= [y(0) + y(L)wRI[L + wyy + wyy + = + wyy T1.
N if p=N
L Wl e e :
0 if p#N

Waw = 1,
Y(N) = (y(0) - y(1))N

x(0)+x(2)+...+x(2N-2) -~ [x(1)+x(3)+...+x(2N-1)]

x(0) +X (1) wyn+x(2) wiy +—+x (2N-1) w2

"

= X(N) ’

Y(p) =0 ifp#N.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.

53



54

7 ENCODING ALGORITHM

7.1 Spectral Description of Cyclic Codes
In a cyclic code, every codeword c(x) is represented by a
polynomial of degree n-1. A nonsystematic form can be written as
c(x) = g(x)d(x), where d(x) is a data polynomial of degree of
k-1. This is a (cyclic) convolution in the time domain:
ci:=§;9ﬂvbu)dk'
Therefore in the frequency domain, the encoding operation can be
written as a product
c, =G,D
Any spectrum that satisfies this expression is a frequency-domain
codeword, provided that all components in the time domain are
GF (q) -valued. Because the data spectrum is arbitrary, according
to Theorem 5.5 in section 5, the only significant role of G, is
to specify frequencies where the codeword spectrum of is zero.
We can define a cyclic code alternmatively as an ideal of group
algebra GF(g)C,. For simplicity, we assume n=g-1. Let
{ejr-vre }
is a complete set of primitive orthogonal idempotents of GF(q)C,,
and an idempotent e is a sum of certain of these primitive

orthogonal idempotents:
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e=1- (ejz-* ce. * ei,)'
which includes every primitive orthogonal idempotents of the

complete set except e,,...and e, . According to the transform

jl jt

domain characterization of cyclic codes in section 6.1, the
cyclic code GF(q)C,e is the set of words over GF(q) whose
spectrum is zero in corresponding components (Cmqg ooy c;ﬁ:),
and arbitrary in the remaining components.

The BCH codes are the cyclic codes that one obtains if the
parity frequencies are chosen consecutively. A t-error-correcting
BCH ccode of blocklength n = g®"-1 is the set of all word over
GF(qg) whose spectrum is zero in a specified block of 2t
consecutive components.

When n = g-1 (or a factor of g-1), the BCH code is a Reed-
Solomon code, which is a maximum-distance code; the codeword and
the spectrum are in the same field. One can encode directly in
the frequency domain by using the information symbols to specify
spectral components. Every spectrum consistent with the parity
constraints yields a codeword. Encoding is as follows. Some set
of 2t consecutive frequencies (e.g., the first 2t) are chosen as
the symbols constrained to zero. The n-2t unconstrained

components of the spectrum are filled with information symbols

from GF(qg). The inverse Fourier transform then produces a
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(nonsystematic) codeword. Because there are n-2t frequency
components that can take on information values, we obtain a
codeword of an (n, n-2t) Reed-Solomon code.

For the more general BCH codes, the encoding is more complex.
Now there are two fields: the symbol field GF(qg) and the locator
field GF(g®) used for the spectrum. To get codewords in GF(q).
we must choose only spectra that satisfy the conjugacy
constraints of Theorem 5.6. Again, 2t consecutive components of
the spectrum are chosen to be zero. The remaining symbols must
be chosen from GF(g®) to represent the k information symbols
only in those g* possible ways that have inverse Fourier
transforms that are g-ary valued.

In the general case, the integers modulo n are divided into
conjugacy classes:

A, = {3, jq, 3a*, ..., 3@" 7).
If the spectral component c, is specified, then every other
spectral component whose index is in the conjugacy class of j
must be a power of o and hence cannot be separately specified.

Further, if the conjugacy class has r members, then we must have

and
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Consequently, we are not free to choose any element of Gf(g®)
for C,r but only those of order dividing q“-1 or the zero
element. Every element of Gf(g”®) has order dividing g”-1; hence
g -1 divides g®"-1, and it is clear that the size of every
conjugacy class divides m.

To specify an encoder, we break the first g®-1 integers into
conjugacy classes, and select one integer to represent each
class. These representatives specify the uniquely assignable
symbols. To form a BCH code, a block of 2t spectral components
are chosen as parity frequencies and set to zero. The remaining
assignable symbols are information symbols, arbitrary except for
occasional constraints on the order. All other symbols indexed
from the same conjugacy class are not free; they are obligatory
frequencies.

Figure 7.1 shows the situation for GF(64). We choose the first
column to be free symbols. If we take C,r Cyr C30 Cyy Cg and C¢ to
be parity frequencies, then we have a triple-error-correcting BCH

code. Then C,, C

77 cs' Cn' c13' C15' Cz1’ C23' C

27 and C,, are the

information symbols. C, and C,, must be zero or symbols of order

7 (because C, = C, and C; = C,.). These are the elements of the

27

subfield GF(8). C(,, must be zero or an element of order 3,

(because C; = C,,). These are the elements of the subfield

21
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GF(4). C, must be zero or an element of order 1. These are the
elements of the subfield GF(2). All other symbols are arbitrary
elements of GF(64). It requires a total of 45 information bits
to specify these symbols. Hence, we have the (63, 45) triple-

error-correcting BCH code.

Free Bit
Frequencies Obligatory Frequencies Content
{c,} 1
{Cl CZ C4 CG C16 CBZ} 6
{ C3 CG CIZ C24 C48 C33 } 6
{ CS CIO CZD C40 C17 c34 } 6
{c, Ci4 Cag Cs Cig Cis} 6
{ C9 ClB C36 } 3
{ Ci €22 Cas €35 Cso Cyg } 6
{ Cl3 CZG C52 C41 C19 C3B } 6
{ CIS C30 CSO CS'I C51 C39 } 6
{ CZl C42 } 2
{ C23 C46 C29 CSB c53 C43 } 6
{ CZ7 C54 C45 } 3
{ Cn Ce2 Co1 Csg Css5 Cag } 6

Figure 7.1 Structure of the spectrum over GF(64)
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7.2 Encoding Algorithm for Dihedral Codes
We define a Dihedral code as an ideal of the group algebra
GF(q)D, in section 4.5, where D, is a Dihedral group.
Suppose a Dihedral group D, = C,<C,, where C, is a cyclic group
with a generator a and C, is a cyclic group with a generator t,
a¥=1¢t?=1, tat = a¥t.
Suppose finite field F is GF(qg), whose characteristic does not

divide 2N, and 2N divides (q-1). Then a complete set of

primitive orthognal idempotents of group algebra FG are

1
el = H]ao(l"'t) ’
_ 1
ez = —z—lvao(l‘t),
= L 0<k<KN
ez T Tfak ’
where o, =1 +wra + w¥*a?2 + . + wWhkai1l g ep, w¥=1

k
Any idempotent e will be a sum of certain of these primitive
orthognal idempotents. We can generate a left ideal by an
idempotent e:
W = GF(q) DNe '

which is a non-abelian Dihedral code.

According to the transform domain characterization of Dihedral
codes in section 6.2, the non-zero spectral components will only

1

overlap for pairs of primitive idempotents igak and 7Ga”* , where

0<k<N, and there are following properties in spectra of Dihedral
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codes: if €%ak and é%aw* both are chosen, then the spectrum of
the Dihedral code is arbitrary in corresponding components of

C. ., C”_k v CN* and Czu—k

; 1if iO(k is chosen and -];cxn,k is not
N N
chosen, then the gpectrum of the Dihedral code 1s constrained in

and C,_, = C. ; 1if %ak

corresponding components C_ = -C A

N+k

OI‘-%QN* neither is chosen, then the spectrum of the Dihedral

code is zero in corresponding components of ¢, , C and

N-k T Cu-k
C,y-« - Then, using these spectral properties of Dihedral codes,
we can easily encode Dihedral codes in the frequency domain as
follows:
1) Find the complete set of primitive orthognal idempotents of a
Dihedral group algebra GF(q)D, :

{eyr — ey, b
2) Choose an appropriate idempotent e, which is a sum of certain
of these primitive orthognal idempotents,

e = ejl + ... +ejt.
3) Using above spectral properties of Dihedral codes, determine
in which corresponding spectral components of chosen idempotents
are arbitrary or contrained; information symbols will be assigned
to these spectral components. Then set the remaining spectral

components to zero.

4) The inverse Fourier transform then produces codewords of the
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non-abelian Dihedral code.
For example, we will encode a Dihedral code generated by
following idempotent:

e = e, +t e

+ + . # = - +
1 3 e, e, 1 (e2 e

N’l) *

Because the idempotent e does not include e, and e, , , where

= —l—ao(l—t) and e, =-£a , and the idempotent e does
2N N

e N-1

2

include e3=-%011 , the spectrum of the code satisfy:

€, = Cyuy v
Cyr = Coyor v
c. =0 ,

and arbitrary in the other spectral components.
Suppose the finite field is GF(7), the Dihedral group is D,
and the idempotent is e =e, +e; =1 - (e, + e,). Then the

1

spectrum of the code satisfy:

€, = ¢ .
C:2 = C5 ’
c, =0 ,

and ¢, is arbitrary. The inverse Fourier transform then produces

codewords of the non-abelian Dihedral code as follows.

000O0O0OO 040201 010402 050603
02010 4 06 0305 0305086 503060

543261 513 46 2 553663 52316 4
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56 336375 533566 3060650 346 2
3164652 3566053 3261654 3663
336565¢6 102040 142241 1124 4
152643 122144 162345 132654

6 25134 6 6 53365 6 35536 4 010
4 41221 411422 4 516 23 4 211
4 61325 4 31526 204010 2 4 4 2
214412 254613 224114 26 43
234516 6 6 6 6 6 6 6 36160 6 0 6 3
6 4 6 56 2 61606 3 6 56 26 4 6 2 6 4
4 6 2656 4 32150 4 02351 4 4 25
412053 4 52254 4 22 455 26 56 4
235140 20534¢1 245542 21504
25524 4 225445 0616 36 0311
001331 041532 011033 05123
021435 56 46 26 534120 504 3 2
5445 2 2 514023 55422 4 52 4 4 2
360616 330110 300311 3405
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6 21350 6 61551 6 310652 6 012
333333 30365234 343035 3132
353430 323631 363132 1 363
106524 146025 116226 156 4
126621 166122 6 32313 6 025
6 4 2015 612216 6 52410 6 2 2 6
6 6 2112 4 35303 4 0550 4 4 450
4 152086 4 55400 4 25601 4 651
231363 20156 4 241065 2112
251460 221661 261162 0 3 43
0045654 044055 014256 05 4 4
024651 06 4152 530343 5005
540045 510246 550440 520 6
56 01 4 2 2222 22 26 2423 23 26
202125 24 23 26 212520 2520
025212 06 5413 0356114 0051
045316 015510 055011 5212
561403 53160 4 501105 5413
511500 551001 32426 2 3643414
33466 4 30416 5 344366 3145
354061 120252 160453 1306
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100155 140356 110550 150051
6 23242 6 63443 633644 603145
643346 613540 653041 4262302
466433 436634 406135 446336
416530 456031 111111 151312
121513 161014 131215 101416
141610 614101 6 54302 624503
664004 634205 6 04406 644600
410161 450362 42056 3 46006 4
430265 400466 440660 213151
253352 223553 263054 233255
2034568 243650 016141 056342
026543 066044 036245 006446
046640 512131 552332 522533
562034 5322365 502436 542630
315121 355322 325523 365024
335225 305426 345620
Figure 7.2

Codewords of a (6,3) non-abelian Dihedral code over DF(7)
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8 TEST OF CHARACTERISTIC

Suppose we define Dihedral codes as ideals of the Dihedral
group algebra GF(7)D,, where D, = C,<c,, C,= {a; a3=1 ),

c,= (t; t*=1), and tat = a?, then we can construct Dihedral codes
from idempotents of the group algebra. A complete set of
primitive orthognal idempotents of the Dihedral group algebra

GF(7) D, is

{e,, e, &;, €.},

where
_ 1
el = ‘gao(1+t),
1
ez = an(l—t)l
1
e, = 30‘1 ,
_ 1
e, = —3—0(2 ’
o =1 +wka + w**a? (k=0,1,2),

w € GF(7), w3 =1 .
Figure 8.1 shows the minimum Hamming distance for each Dihedral

code of GF(7) D, .

GF Dihedral Idempotents Lengths of Dimensions of Minimum
Group of GF(7)D, | Dihedral Codes | Dihedral Codes Distances

zZ/7 D, e, 6 1 6
e, 6 1 6
e 6 2 3
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e, 6 2 3

e, te, 6 2 3
e, te, 6 3 3
e, te, 6 3 3
e, te, 6 3 3
e,te, 6 3 3
e;te, 6 4 2
e, te,te, 6 4 2
e, te,*e, 6 4 2
e, te,te, 6 5 2
e,*e;te, 6 5 2

Figure 8.1 Minimum Distances of Dihedral Codes of GF(7)D,

The Singleton Bound D = n-k+1 provides an upper bound of the
minimum weight of any linear code (n,k). The Griesmer Bound [53]
provides a lower bound on the length, n, of a linear code over
GF(q) for a given dimension k and a given minimum distance d

_ X d
n(k,d) 2 G(k,d) = [—1
i=0  q*

where [x] denotes the smallest integer than or equal to x. We
can also use Griesmer Bound to determine if d is the maximum
minimum distance found for an (n,k) linear code: If G(k,d+1l) > n
then d is the maximum minimum distance. For example, the (6,5)
code over GF(7) has a minimum distance d = 2, and G(k,d+1) = 3 +

3 3 3 3 . . L.
[Z] + [=] + [=] + [=] =7 > 6, so d is the maximum minimum

7 72 73 74

distance and the code is optimal. Unfortunately, the (6,5) code
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is trivial and just a parity-check cyclic code; the (6,5) code
constructed by e,+e;+e, consist of all sequences ¢ in (GF(7))°®
such that §:c5=0 and the (6,5) code constructed by e, +e,*e,
consist of all sequences ¢ in (GF(7))® such that 3. c. = Y -

k odd k even
The (6,1) code is also trivial and just a repetition cyclic code;
the (6,1) code constructed by e, consist of {(c,c,c,c,c,c),
ceGF(7)} and the (6,1) code constructed by e, consist of
{(c,-c,c,-c,c,-c), c€GF(7)}. It can be checked that the (6,2)

code constructed by e +e, and the (6,4) code constructed by e,+e,

1
are cyclic codes also. We could find that minimum distances of
Dihedral codes except above mentioned trivial cyclic codes do not
reach the maximum minimum distance in the sense of Singleton
Bound or the Griesmer Bound.

When we compare codes with the same length, we can say that:
if we have two codes of the same dimension, we prefer the code
with the larger Hamming distance; if we have two codes of the
same Hamming distance, we prefer the code with the larger
dimension. To generalize these rules, we can use the sum of
dimension and Hamming distance of the code as a criterion to
judge: if the sum is larger, the code is better. Comparing above

Dihedral codes of GF(7)D,, we could find that good Dihedral codes

of GF(7)D, are the (6,3) codes constructed by e +e,, e te,, e,*e,
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or e,*e,, which have a minimum distance 3 and can correct a

2

single error.
Suppose we define Dihedral codes as ideals of the Dihedral

group algebra GF(11)D,, where D, = Cs<icz, C, = (a; ad=1),

c,= (t; t?=1), and tat = a®. Then we can construct Dihedral
codes from idempotents of the group algebra. A complete set of
primitive orthognal idempotents of the Dihedral group algebra
GF(11)D, is

{e,, e,, 5, e, &5, €.},

where
1
e, = —Q, (1+t),
1 10 0(
1
e, = —a (1-t),
2 10 0
_ 1
33 = g‘al '
1
34 = gaz ’
1
es = Eaa v
1
e, = -5—(14 ,

3k

1 +wka + w2a? + w3ka3d + kgt (k=0,1,2,3,4),

Q
]

w€ GF(11), w® =1 .
The minimum Hamming distance for each Dihedral code of GF(11)D;

shows in Figure 8.2.
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GF Dihedral Idempotents Lengths of Dimensions of | Minimum
Group of GF(11) D, | Dihedral Codes | Dihedral Codes | Distances

z2/11 D, e, 10 1 10
e, 10 1 10

e, 10 2 S

e, 10 2 5

e, 10 2 5

e 10 2 5

e, te, 10 2 5

e te, 10 3 5]

e, te, 10 3 5

e, e, 10 3 S

e, te. 10 3 5

e,te, 10 3 5

e,*te, 10 3 5

e,*teg 10 3 5

e,*e, 10 3 5

e;te, 10 4 4

e,+te, 10 4 4

e,+te, 10 4 4

e, te, 10 4 4

e,te, 10 4 4

e +te, 10 4 4

e, te, te,; 10 4 4

e te, te, 10 4 4

e te,*e, 10 4 4
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e, te,te, 10 4 4
e, te e, 10 5 4
e, te teg 10 5 4
e, te e, 10 5 4
e te ,te 10 5 4
e, te,te, 10 5 4
e, te  te, 10 5 4
e,te te, 10 5 4
e,tejteg 10 5 4
e,te te, 10 5 4
e,te,te, 10 5 4
e,te,te, 10 5 4
e,te te. 10 5 4
e,te, teg 10 6 3
e,+te te, 10 6 3
e,teste, 10 6 3
e, ve te, 10 6 3
e te,+e +e, 10 6 3
e, te,*e e, 10 6 3
e, te,ve te, 10 6 3
e te,te, te, 10 6 3
e, te, e, te, 10 6 3
e, te,te te, 10 6 3
e, te e, te, 10 7 3
e, te;te, ve, 10 7 3
e te;te te, 10 7 3
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e, te te te, 10 7 3
e,te,te, +e, 10 7 3
e,+e,te, te, 10 7 3
e,te;te te, 10 7 3
e, te, te te, 10 7 3
e;+te te te, 10 8 2
e, te,te e, te, 10 8 2
e te,te te, te, 10 8 2
e te,te +te te, 10 8 2
e, te,te, te te, 10 8 2
e, te,te, te te, 10 9 2
e,te te, te te, 10 9 2
Figure 8.2 Minimum Distances of Dihedral Codes of GF(11)D,

The (10,1) codes and (10,9) codes are trivial cyclic codes.

It can be checked that the (10,2) code constructed by e +e,, the

(10,4) codes constructed by e,+e, and e,te,, the (10,5) codes

constructed by e, te;re,, e te te., e

2

(10,6) codes constructed by e,+e,+e, and e,+e +e

te te, and e,+e te

5'

57 and the

are cyclic

codes also. Comparing Dihedral codes of GF(11)D,, we could find

that good Dihedral codes of GF(11)D, are the (10,7) codes

+e_+e + +e_+e + +e_+e_+ +e +e_+
constructed by e, te e te,, e te te te ., e te,te te,, e te ve te,,

+e_+e + +o_+e + +e_+
ez 63 84 es, ez 63 eQ es, 82 e3e

5

+ +a +e_+
esorezeqese

6’

which have a

minimum distance 3 and can correct a single error.

In general, suppose we define Dihedral codes as ideals of a
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group algebra GF(q)D, , where a Dihedral group D, = C,<C,, C, is
a cyclic group with a generator a and C, is a cyclic group with a
generator t,

a¥=¢t%=1, tat = a¥%.
Suppose characteristic of GF(q) does not divide 2N, and 2N
divides (g-1). Then a complete set of primitive orthognal

idempotents of the Dihedral group algebra GF(q)D, is

{elr 'eN~1} ’

where
1
e, = —o (1+t),
1 2N 0
1
e, = —a (1-t),
2 2N 0
-1 0 <K k<N
€2 T K‘,O‘k '
a, =1 +wka + wa? + . & gDl -y ep =1

k

Comparing all codes constructed by each idempotent of the
Dihedral group algebra GF(q)D, , we could find that good Dihedral
codes of GF(q)D, are the (2N, 2N-3) codes constructed by
1-(e,+e;), 1-(e,*e,), ..., 1-(e1+eN.1), 1—(e2+e3), 1—(e2+e4),
or 1-(e,+e,. ), which have a minimum distance d°=3 and can correct
a single error.

We can construct a new family of single-error-correcting

non-abelian Dihedral codes (n,k,d’) over GF(q) as follows
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q n k d’
7 3 3
9 8 5 3
11 10 7 3
13 12 9 3
17 16 13 3
19 18 15 3
23 22 19 3
25 24 21 3
27 26 23 3
29 28 25 3
31 30 27 3
37 36 33 3
41 40 37 3

Figure 8.3 Single-error-correcting Dihedral Codes
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9 DECODING ALGORITHM

9.1 Spectral Techniques for Decoding of Cyclic Codes

An error-control code must be judged not only by its rate and
minimum distance, but also by whether a decoder can be built
economically for it. Usually there are many ways to decode a
given code. Included here are decoding techniques by working in
the frequency domain. We will show decoding procedures for BCH
codes using the termnology of the Fourier transform.

A received word v with components v, = ¢, + e, for i=0,...,N-1

i i
is the sum of a codeword ¢ and an errorword e. The decoder must
process the received word so as to remove the error word e; the
information is then recovered from e. The syndromes of this
noisy BCH codeword v are given by the following set of equations:

S, = ga“”f“vi = v(od 7o j=1,...,2t.
Obviously, the syndromes are computed as 2t components of a
Fourier transform. The received noisy codeword v = ¢ + e has
Fourier transform with components Vj= Cj*-Ej for j=0,...,N-1,
and the syndromes are the 2t components of this spectrum from j,
to j,+2t-1. But by construction of the BCH code, the parity

frequencies (for j = j,,..., j,*#2t-1) have spectral components

equal to zero:
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0  J=jpemsdgt2t-1.
Hence

S; = Vi = Ejy . FTLo-2t.
The block of syndromes gives us a window through which we can
look at 2t of the n components of the spectrum of the error
pattern. But we know from the BCH bound that if the error

pattern has weight of at most t, then these 2t syndromes are

enough to uniquely determine the error pattern.

76

. i
Supoose there are v<t errors at locations o * for k=1,-,v. The

errorlocator polynomial is
V s
Ax) = J[ (1 - %™ .
k=1
The inverse Fourier transform of the vector A is the same
as AN(a'¥), which is A(x) evaluatd at af. Clearly, A(a™!) equals
zero if and only if i is an error location. Thus A(x) has been
defined so that in the time domain, A,=0 whenever e *0.
Therefore A,e,=0 for all i, and thus, by the convolution
theorem, the convolution in the frequency domain is zero:
)
_AE =0 k=0, ~, N-1
j=0
Because A(x) is a polynomial of degree of at most t, A,=0 for
j>t. Then
jZ;AjEk_j =0 k=0, -, N-1

Because A, equals one, this can be written in the form
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Ek = - EAjEk‘j k = 0, oy N—l
j=1
This is a set of n equations in n-t unknowns (t coefficients
of A(x) and n-2t components of E) and in 2t known values of E
given by the syndromes. Of the n equations, there are t
equations that involve only components of A and the known
components of E given by the syndromes. That is, the t equations
S, = - zAjsH k = t+1, -, 2t
ji=1
involve only the known syndromes and the t unknown components
of A. These are always solvable for A, as we saw in (*8), using
for example the Berlekamp-Massey algorithm.
The remaining components of S can then be obtained by recursive
extension; that is, using the above convolution equation to

find s from the known components of 8§ and A, then to find

2e-1

S and so on. This computation can be described as the

2e-2'

operation of a linear-feedback shift register with tap weights

given by the coefficients A and initialized with 5,,...,5,. In

this way S, is computed for all j, E, equals srﬂwl and
C].=Vj-Ej.

An inverse Fourier transform completes the decoding. If the

encoder uses the information symbols in the frequency domain to

specify the values of the spectrum, then the corrected spectrum

gives the information symbols directly. The decoder does not
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have an inverse transform.

9.2 Decoding Algorithm for Dihedral Codes
Suppose group G is a Dihedral group D, = C,<C,, where C, is a
cyclic group with a generator a and C, is a cyclic group with a
generator t,
a¥=¢t%=1, tat = a"L
Suppose finite field F is GF(q), whose characteristic does not
divide 2N, and 2N divides (g-1). Then a complete set of

primitive orthognal idempotents of group algebra FG are

_ 1
el = —2—Na0(1+t) ’
_ 1
2 - an(l_t)l
-1 0 < k<N
€2 Tfak ’
where a, =1 +wka + w*a? + . + gWhkaNl wV¥=1, wer

k r

Any idempotent e will be a sum of certain of these primitive
orthognal idempotents. We can generate a left ideal by an
idempotent e:
W = GE’(q)DNe .
which is a non-abelian Dihedral code.
Now, we will develop a decoding algorithm for the Dihedral code
generated by an idempotent:

e=1- (e +e) 3 <ms N+l
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or
e=1- (e, +e)) 3 <ms N+l1l.
We will only show the decoding algorithm for the Dihedral code
generated by an idempotent e =1 - (e, + ) here; the decoding
algorithm for the other case is similar. Let p=N-(m-2). From
the results in section 7.2, knowing that the idempotent e

excludes e, and e, and

2

_ 1
em - ;am-z

14

we have that the DFT coefficients of the code satisfy:

cp - -CN'p ’
CN-p = CZN'p 4
c, =0 ,

and arbitrary in the other spectral components.

This code can correct a single error. We will show the
decoding algorithm in the frequency domain as follows:

Suppose there is a single error at location of. The error
location polynomial is

Alx) =1 - xaf

where Ny =1, A, = -of and o is an element of order 2N in F.

Suppose spectral components of a received word, a codeword and

an errorword are

v

jr Cj and Ej (j =0, 1, ... , 2N-1), respectively,
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then
v, =C, +E, (=0, 1, ... , 2N-1),
VN = EM ¢
VN-p - VZN-p = EN-p - EZM-p ’

and VvV, +V,  =E +E, .

By = ME k=0, -, 2N-1 .

Then B, , = (“A)Ey,, = (74 2EN‘D°2 == (-N)"E, ,
Bawvp = (TP Egypy = (-Al)zEzn-p-z == (-N)"PE, ,
Ey, = (=M PE, ,

and E_ = (-A)) WP g

We have
Voo = Vawp = (7DD P = (-A) PV,

and vV, +V, = ((-3) WP + (-A)P)V,

Because N, p, V,, V , V R Vu»p , V p are known, and there are

N P N-p 2N

only a finite number of field elements to check for the unknown

A,

we can obtain remaining components E, (k =0, - N-1, N+1, - 2N-1)

by E =-MNE_, k=0, -, 2N-1.

Then we have

cC., =V, -E (3 .. , 2N-1).

"
o
-
[
-
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we can find A, by trial and error. Because E, =V, is known,



81

Because the encoder uses the information symbols in the frequency
domain to specify the values of the spectrum, then the corrected
spectrum gives the information symbols directly.

Now, We will prove following property: the solution for A, is

unique.

Theorem 9.1: If a single error occurs, i.e. following equations

Vio ™ Vawp = (7R - (-A*®)y v, (9-1)
and V, +V, = ((-A) WP + (-A)P)V, (9-2)
has a non-zero solution for A, , then the solution is unique.

Proof: Because V, = E, *#0 , for simplicity, let

x = =N, ,
a =(Vy, =~ VoIV, .

and b =(Vp + Vn.p)/VN .

then we have equivalent equations:
xP - xVP =4

and x WP + xP =p ,

or
xP(1 -x% =a (9-3)

and xP(x Y +1) =b . (9-4)

Lemma 9.2: If a = b = 0, no non-zero solution for above set of
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equations (9-3) and (9-4).
Proof: Assume equation (9-3) has a solution x, # 0.
a=0,xo#0
Then x, =1 from equation (9-3), and x, +1 =1 +1 .
From assumption that F=GF(q) and 2N divides (g-1), we have
X" +1=1+1=0 .
xF(x," +1) =0 ,
i.e. x, is not a solution of equation (9-4).
Lemma 9.3: (1) If a * 0 and equation (9-3) has a solution, then
the solution is unique;
(2) If b * 0 and equation (9-4) has a solution, then
the solution is unique.

Proof: (1) Suppose a * 6 and x, is a solution of equation (9-3),

then

Suppose x, = o where a is a primitive element of the finite field

0
F=GF(q), then

xo = (ah)y¥ = (o)t .
a*¥ =1 and o = -1,
1 if i is even

xN = (-l)i =
° -1 if i is odd
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then 1-x:'=2,
2%, = a ,
%, = (27 = ()7
Thus x, is unique.
(2) Similarly, we can prove second part of lemma 9.3.
If one error occurs, from lemma 9.2, we have a # 0 or b # 0.
According to lemma 9.3, the solution of equations (9-3) and (9-4)

is unique. Equivalently, the solution of equations (9-1) and

(9-2) is unique.
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10 CONCLUSION

In this dissertation, we have developed algorithms for
computing the complete set of primitive orthogonal idempotents
for non-ablian groups of the form A<H, where A is a normal
finite abelian group and H is an arbitrary finite group. Although
this class of groups is limited from a mathematical view point,
it contains a rich set of non-abelian groups for coding
applications. Then we have constructed non-abelian Dihedral
codes by the complete set of primitive orthogonal idempotents of
Dihedral group algebra and found specific characterization for
Dihedral codes in Fourier transform domain. Based on these
spectral characterization, we have developed encoding algorithm
and decoding algorithm for Dihedral codes.

The algorithms for computing the complete set of primitive
orthogonal idempotents for non-abelian groups offer many avenues
for further research:

* Because we have a rich set of non-abelian groups and non-
abelian codes have total new structures, we still do not know
much of their features. It is well worth continuing our studies
in different kind of non-abelian codes.

* If group algebras is taken relative to fields of
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characteristic 0 such as real and complex fields, we will have a
rich set of application for digital signal processing. Complete
sets of orthogonal idempotents will determine special classes of

multirate filters.
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