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Abstract

NON-ABELIAN GENERALIZATION OF CYCLIC CODES

by

Yiren Shao

Advisor: Professor Richard Tolimieri

Every cyclic code of length n over a field F may be viewed as 

an ideal of the group algebra FG of the cyclic group G of order 

n. This observation creates the following generalization: let G 

be a finite non-abelian group, each left ideal W of the group 

algebra FG is called a non-abelian code over F. Based on the 

Clifford's theory of idempotents, algorithms for computing the 

complete set of primitive orthogonal idempotents for non-abelian 

groups of the form A < H  (semidirect product) , where A is a normal 

finite abelian group and H is an arbitrary finite group, and 

algorithms for constructing non-abelian codes by idempotents of 

non-abelian group algebra are developed. Then non-abelian 

Dihedral codes are constructed, characteristics of these codes 

are tested, and specific characterization for non-abelian 

Dihedral codes in Fourier transform domain is found. Based on 

these spectral characterization, encoding algorithm and decoding 

algorithm for non-abelian Dihedral codes are developed.
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1 INTRODUCTION
Digital signal processing is an engineering subject with many 

branches. Among them is the theory of error-control codes, a 

special topic with its own goals and its own arithmetic systems. 

Within these arithmetic systems, however, the most fruitful 

techniques are the familiar operations of signal processing-- 

operations that involve convolutions, Fourier transforms, 

filters, and shift registers. Error-control coding is a topic 

with its own history and charm and has faces that touch many 

other subjects ( [3] , [7] , [22] - [28] , [33] , [34] , [37] , [38] , [43] , [49] , 

[56] , [57] , [59] ) .

The engineering problem treated by the subject of error-control 

coeds is that of protecting digital data against the errors that 

occur during transmission through a communication channel. These 

codes, however, have many other applications. Codes are used to 

protect data in computer memories and on digital tapes and disks, 

and to protect against circuit malfunction or noise in digital 

logic circuits. Codes have also been used for the compression of 

data, and coding theory is closely related to the theory of the 

design of statistical experiments.

Cyclic codes over finite fields constitute a class of codes
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that has been studied extensively ([1], [2], [12], [13], [15], [18]- 

[21] , [29] , [35] , [39] - [42] , [46] , [47] , [50] - [52] , [54] , [55] , [58] ) . It 

is well known that every cyclic code of length n over a field F 

may be viewed as an ideal of the group algebra FG of the cyclic 

group G of order n ([10] , [44]) . This observation suggests the

following generalization: let G be a finite group, each left 

ideal W of the group algebra FG is called a code of length n over 

F. The left ideal W is also simply referred to as FG-code. If G 

is cyclic, abelian or non-abelian, then every ideal W of FG is 

denoted as cyclic code, abelian code or non-abelian code, 

respectively.

A class of codes, called abelian codes, that includes cyclic 

codes as a subclass has been studied by several authors ([5],

[6], [14], [17] , [36]) . Camion [14] has recently shown that there 

exist ideals in abelian group algebras (i.e., abelian codes) that 

are not obtainable by taking direct products of cyclic codes. 

Berman ([5],[6]) has also proven the existence of asymptotically 

good abelian codes and shown that under certain conditions the 

general class of abelian codes has better error correction 

capabilities than the class of cyclic codes. Cyclic codes over 

finite fields have been studied in the transform domain ( [8], [9]) 

using discrete Fourier transform (DFT) over finite fields.
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In this work, we will study non-abelian codes, using discrete 

Fourier transform (DFT) over finite fields. We will develop 

algorithms for computing the complete set of primitive orthogonal 

idempotents based on the Clifford's theory of idempotents, 

construct non-abelian Dihedral codes by the complete set of 

primitive orthogonal idempotents of Dihedral group algebra, and 

investigate transform domain characterization for Dihedral codes; 

We will also develop encoding algorithm for Dihedral codes, test 

characteristic, and develop decoding algorithm for Dihedral 

codes.

1.1 Elementary Concepts 

Suppose that all data of interest can be represented as binary 

(coded) information; that is, as a sequence of zeros and ones. 

This binary information is to be transmitted through a channel 

that causes occasional errors. The purpose of a code is to add 

extra symbols to the information symbols so that errors may be 

found and corrected at receiver. That is, a sequence of data 

symbols is represented by some longer sequence of symbols with 

enough redundancy to protect the data.

A binary code of size M = 2k and blocklengh n is a set of M 

binary words of length n called codewords. The code is referred
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to as an (n,k) binary code. In general, we define block codes 

over an arbitrary finite alphabet, say the alphabet with q 

symbols {0,1,2,...,q-l}.

Definition 1.1: A  block code of size M = q k over an alphabet 

with q symbols is a set of M q-ary sequences of length n called 

codewords.

Each sequence of k q-ary information symbols can be associated 

with a sequence of n q-ary symbols comprising a codeword. The 

code is called an (n,k) code.

Block codes are judged by three parameters: the blocklength n, 

the information length k, and the minimum distance d*. The 

minimum distance is a measure of the amount of difference between 

the two most similar codewords. The minimum distance is given by 

the following definitions.

Definition 1.2: The Hamming distance d(x,y) between two q-ary 

sequences x and y of length n is the number of places in which 

they differ.

Definition 1.3: Let € = { 0 ^  i=0,...,M-l} be a code. Then the
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minimum distance of C is the Hamming distance of the pair of 

codewords with smallest Hamming distance. That is, 

d' = min d(c ,e )
c1,cJeC 3

i-i

An (n,k) block code with minimum distance d' is also described as 

an (n,k,d‘) block code.

1.2 Introduction to Algebra

The search for good error-control codes has relied to a large 

extent on the powerful and beautiful structures of m o d e m  

algebra. A variety of important codes based on the structures of 

polynomial rings and finite fields have been discovered. Further, 

this algebraic framework provides the tools necessary to design 

encoders and decoders. This section is devoted to reviewing 

those topics in algebra that are significant to the theory of 

error-control codes.

The real numbers form a familiar set of mathematical objects 

that can be added, subtracted, multiplied, and divided.

Similarly, the complex numbers form a set of objects that can be 

added, subtracted, multiplied, and divided. Both of these 

arithmetic systems are of fundamental importance in engineering 

disciplines. We will need to develop other less familiar
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arithmetic systems that are useful in the study of error-control 

codes. These new arithmetic systems consist of sets together 

with operations on the elements. Although we will call the 

operations "addition," "subtraction," "multiplication,11 and 

"division", they need not be the same operations as those of 

elementary arithmetic.

1.2.1 Groups

A group is a mathematical abstraction of an algebraic 

structure. Although there are many concrete examples of 

interesting groups, the abstract idea is introduced into 

mathematics because it is easier to study all mathematical 

systems with a common structure at once rather than to study them 

one by one.

Definition 1.3: A group G is a nonempty set with a binary

operation (denoted by juxtaposition) satisfying the following 

axioms:

1) Closure: For every a, b in G, c = ab is in G.

2) Associativity: For every a, b, c in G,

a(bc) = (ab)c.

3) Identity: There is an element e in G called the identity
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element such that for every a in G, 

ae = ea = a.

4) Inverses: If a is in G, then there is some element b in G

called an inverse of a such that

ab = ba = e.

A group G is said to be Abelian (or commutative) if for every 

a,b in G, ab = ba.

The following examples of groups will be used later.

1) Abelian group:

(a) a cyclic group 

C = ( a; a n = l )n

= { 1, a, . . . , a n'1} , a n= 1.

(b) A = C * C  = (a, b; a "=b °=1, ab=ba )nm n m ' w

= { 1, a, ..., a"'1, b, ab, a"'1b ,

..., jb®’1, ab0'1, . . . ,  a n~1b®"1}, a “=b®=1 , ab=ba .

2) Non-Abelian group:

(a) a group of a semidirect product G = A<H,

where A is a normal abelian subgroup and H is an arbitrary 

subgroup of G.

(b) a Dihedral group Dw = CW<C2,

where Cw= ( a; a W=1 ), C2= < t; t2=l ), and tat = a"'1.
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1.2.2 Rings

The next algebraic structure we will need is that of a ring. A 

ring is an abstract set that is an abelian group and also has an 

additional structure.

Definition 1.4: A ring R is a set with two operations defined:

the first is called addition (denoted by +) ; the second is called 

multiplication (denoted by juxtaposition); and the following 

axioms are satisfied:

1) R is an abelian group under addition ( + ) .

2) Closure: For any a, b in R, the product ab is in R.

3) Associative Law:

a(bc) = (ab)c.

4) Distributive Law:

a(b + c) = ab +- ac,

(b + c)a = ba = ca.

The addition operation is always commutative in a ring, but the 

multiplication operation need not be commutative. A  commutative 

ring is one in which multiplication is commutative; that is, 

ab = ba for all a, b in R.
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1.2.3 Fields

Loosely speaking, an abelian group is a set in which one can 

add and subtract, and a ring is a set in which one can add, 

subtract, and multiply. A more powerful algebraic structure, 

known as a field, is a set in which one can add, subtract, 

multiply, and divide.

Definition 1.5: A field F is a set that has two operations

defined on it: addition and multiplication, such that the 

following axioms are satisfied.

1) The set is an abelian group under addition.

2) The field is closed under multiplication, and the set of 

nonzero elements is an abelian group under multiplication.

3) The distributive law:

(a + b)c = ac + be 

holds for all a, b, c in the field.

The following examples of fields are well known.

1) R : the set of real numbers.

2) C: the set of complex numbers.

3) Q: the set of rational numbers.

These fields all have an infinite number of elements. We are
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interested in fields with a finite number of elements. A  field 

with q elements, if it exists, is called a finite field, or a 

Galois field, and is denoted by the label GF (q) . We will review 

it further in next chapter.

1.2.4 Vector Spaces

A familiar example of a vector space is the three-dimensional 

Euclidean space. This can be extended mathematically to an n- 

dimensional vector space over the real numbers. The concept of 

an n-dimensional vector space is closely related to the ideas of 

linear algebra and matrix theory and is important in many 

engineering applications.

Vector spaces also can be defined abstractly with respect to 

any field.

Definition 1.6: Let F be a field. The elements of F will be

called scalars. A set V is called a vector space and its 

elements are called Vectors if there is defined an operation 

called vector addition (denoted by +) on pairs of elements from 

V, and an operation called scalar multiplication (denoted by 

juxtaposition) on an element from F and an element from V to 

produce an element from V, provided the following axioms are
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satisfied.

1) V is an abelian group under vector addition.

2) Distributive Law: For any vectors , v2 and any scalar c,

c ( +  v2 ) = cv2 + cv2 .

3) Distributive Law: For any vector v, and any scalars cx, c2,

Iv = v

and

(cx + c2)v = cxv + C2V *

4) Associative Law: For any vector v, and any scalars cx, c2 ,

( cxc2 ) v = cx ( c2v) .

The zero element of V is called the origin of V and is denoted 

by 0.
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2 THE ARITHMETIC OF FINITE FIELDS
Because the most powerful and important ideas of coding theory 

are based on the arithmetic systems of finite fields, we will 

summarize the principal facts about finite fields as follows.

Most of the properties reviewed in the section will be given 

without proofs, which can be found in ( [4], [9]) .

2.1 Finite Fields Based on Integer Rings

The set of integers (positive, negative, and zero) forms a ring 

under the usual operations of addition and multiplication. This 

ring is conventionally denoted by the label Z . We will describe 

the structure of the integer ring as follows.

Definition 2.1: Let q be a positive integer. The quotient

ring, called the ring of integers modulo q and denoted by Z/(q), 

is the set {0,...,q-l} with addition and multiplication defined 

by

a + b = Rq [a + b] ,

a.'h = R [ab] . q

Theorem 2.2: The quotient ring Z/(q) is a field if and only if
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q is a prime integer.

2.2 Finite Fields Based on Polynomial Rings

A polynomial over a field GF(q) is a mathematical expression 

fix) =  *  fa _2x a'2 + ~  +  fxx * f0

where the symbol x is an indeterminate, the coefficients fn_1,

. . ., f are elements of GF (q) , and the indices and exponents are 

integers. The zero polynomial is 

f(x) = 0 .

A monic polynomial is a polynomial with leading coefficient £ 

equal to 1. A polynomial ring is analogous in many ways to the 

ring of integers. A polynomial p (x) that is divisible only by 

ap(x) or a, where a is an arbitrary field element in GF(q), is 

called an irreducible polynomial. A monic irreducible polynomial 

of degree of at least 1 is called a prime polynomial.

Finite fields can be obtained from polynomial rings by using 

constructions similar to those used to obtain finite fields from 

the integer ring. Suppose that we have F [x] , the ring of 

polynomials over the field F. Just as we constructed quotient 

rings in the ring Z, so can we construct quotient rings in F [x] . 

Choosing any polynomial p(x) from F [x] , we can define the 

quotient ring by using p(x) as a modules for polynomial
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arithmetic. We will restrict the discussion to monic polynomials 

because this restriction eliminates needless ambiguity in the 

constructions.

Definition 2.3: For any nomic polynomial p(x) with nonzero

degree over the field F, the ring of polynomials modulo p(x) is 

the set of all polynomials with degree smaller than that of p (x) , 

together with polynomial addition and polynomial multiplication 

modulo p(x). This ring is conventionally denoted by F[x]/(p(x)).

Theorem 2.4: F[x]/(p(x)) is a ring.

Theorem 2.5: The ring of polynomials modulo a monic polynomial

p (x) is a field if and only if p(x) is a prime polynomial.

2.3 Properties of Finite Fields

Definition 2.6: A primitive field element of GF(q) is an

element a such that every field element except zero can be 

expressed as a power of a .

Theorem 2.7: Every finite field has a primitive element.
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Definition 2.8: A primitive polynomial p(x) over GF(q) is a

prime polynomial over GF(q) with the property that in extension 

field constructed modulo p(x), the field element represented by x 

is primitive.

Theorem 2.9: Every finite field has p “ elements for some

positive integer m and prime p.

Theorem 2.10: Two finite fields with the same number of

elements are isomorphic.

Theorem 2.11: For every prime p and positive integer m, there

is a finite field with p “ elements; the smallest subfield of 

G F ( p “) is GF(p), p is called its characteristic.

Theorem 2.12: For every finite field GF(q) and positive

integer m, there exists at least one primitive polynomial over 

GF(q) of degree m.

Theorem 2.13: Let GF(q) have characteristic p. Then for any

positive integer m and for any elements a and 3 in GF (q) ,

(a ± 3)p" = ap“ ± 3P * •
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3 CYCLIC CODES
A linear code is a subspace of a vector space over a finite 

field. The class of cyclic codes is a subclass of the class of 

linear codes obrained by imposing an additional strong structrual 

requirement on the codes. Because of this structure, the search 

for good error-control codes has been most successful within the 

class of cyclic codes. Cyclic codes are also important because 

their underlying finite-field description leads to encoding and 

decoding procedures that are algorithmic and computationally 

efficient. In this section, we will review cyclic codes 

represented by polynomials. Most of the properties reviewed will 

be given without proofs, which can be found in ([9],[44]).

3.1 Polynomial Description of Cyclic Codes

A linear code C over GF(q) is called a cyclic code if whenever 

c = {cQ,cx,— fcn-x) is in C, then c'= ( ca_x, cQf . . ., cn_2) is also 

in C. The codeword c' is obtained by cyclically shifting the 

components of the codeword c one place to the right. Every 

linear code over GF(q) of length n is a subspace of GF(g)n, and a 

cyclic code is a very special kind of subspace because it has 

this cyclic property.
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Each vector in GF[q)a can be represented as a polynomial in x 

of degree of less than or equal to n - 1. The components of the 

vector are identified with the coefficients of the polynomial.

The set of polynomials has a vector space structure identical to 

that of GF(q)". This set of polynomials also has a ring 

structure, called GF(q) [x]/(x"-l). As a ring, the set has a 

product

px(x)*p2(x) = Rc„_1[p1(x)p2(x) ] .

A cyclic shift can be written as a multiplication within this 

ring:

x*p (X) = [xp (x) ] .

Hence, if the codewords of a code are denoted by polynomials, the 

code is a subset of GF(q) [x]/(xn-l). The code is a cyclic code 

if x*c(x) is a codeword polynomial whenever c(x) is a codeword 

polynomial.

Theorem 3.1: In the ring GF (q) [x]/(xn-l), a subset is a

cyclic code if and only if it satisfies the following two 

properties:

1) C is a subgroup of GF(q) [x]/(x"-l) under addition.

2) If c(x) e C ,  and a(x) e GF(q) [x] / (x n-1) , then 

R x n _1 [a(x) c (x) ] 6 C .
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Proof: Suppose the subset satisfies the two properties. Then it

is closed under addition and closed under multiplication by a 

scalar. Hence it is a subspace. It is also closed under 

multiplication by any ring element, in particular under 

multiplication by x. Hence it is a cyclic code.

Now suppose that it is a cyclic code. Then it is closed under

addition and under multiplication by x. But then it is closed 

under multiplication by powers of x and linear combinations of 

powers of x. That is , it is closed under multiplication by an 

arbitrary polynomial. Hence it satisfies the two properties, and 

the theorem is proved.

In general, a subset I of a ring R is called cm ideal of R if

(1) I is a subgroup of the additive group of R, and (2) if r 6 R

and a € I, then ar 6 I . From Theorem 3.1, we can reach an 

important result.

Theorem 3.2: A cyclic code is an ideal of the ring 

GF (q) [x] /(xn-l) .

Now choose a nonzero codeword polynomial of smallest degree 

from cyclic code C and denote its degree by n-k (it must be less
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than n) . Multiply by a field element to make it a monic 

polynomial. This must also be in the code C , because the code 

is linear. No other monic polynomial of this degree is in the 

code, because otherwise the diffemce of the two minic polynomial 

would be in the code and have degree smaller than n-k, contrary 

to the choice of the original polynomial.

The unique nonzero monic polynomial of smallest degree is 

called the generator polynomial of C and is denotd by g(x) .

Theorem 3.3: A cyclic code consists of all multiples of the

generator polynomial g(x) by polynomials of degee k-1 or less.

Theorem 3.4: There is a cyclic code of blocklength n with

generator polynomial g(x) if and only if g(x) divides x n-l.

3.2 Minimal Polynomials and Conjugates

We have seen that a cyclic code of bolcklength n over GF(q) 

exists for each polynomial g(x) over GF(q) that divides x “-l.

We now wish to study such generator polynomials explicitly.

First we wish to find the possible generator polynomials for a 

cyclic code of blocklength n. The most direct approach is to 

find divisors of x n-l. This can be done by writing x n-l in
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terms of its prime factors;

x n-l = fl(x)f2(x) ...fs(x), 

where s is the number of prime factors. Any subset of these 

factors can be multiplied together to produce a generator 

polynomial g(x) . If the prime factors of x°-l are distinct, 

then there are 2s-2 different nontrivial cyclic codes of length n 

(excluding the trivial cases g(x) = 1 and g(x) = x n-l).

In this section we will look at the relationship between the 

prime polynomials and their zeros in an extension field. In 

particular, we will learn how to find prime polynomials, and 

hence generator polynomials, that have specified zeros. 

Eventually, we will design codes by choosing desirable zeros in 

an extension field. We will see how the zeros should be 

specified so as to ensure a good code.

We will start with certain preferred values of n called 

primitive blocklengths.

Definition 3.5: A  blokclength n of the form n = q m-l is

called a primitive blocklength for a code over GF(q) . A cyclic 

code over GF (q) of primitive blocklength is called a primitive 

cyclic code.
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Definition 3.6: The minimal polynomial of (3̂ is the smallest-

degree polynomial with coefficients in the base field GF(q) that 

has 3. as a zero in the extension field GF(g“) .
3

Theorem 3.7: Suppose that f(x) is the minimal polynomial over

GF (q) of 3» an element of GF(ga) . Then f (x) is also the minimal 

polynomial of 3* •

Definition 3.8: Two elements of GF(q“) that share the same

minimal polynomial over GF(q) are called conjugates (with respect 

to GF(q)).

The conjugates of an element 3 are easily found using Theorem 

3.7. If f(x) is the minimal polynomial of 3/ then it is also 

that of 3?/ and in turn 3** and so forth. Hence, the elements in 

the set

{3/ 3*/ 3*2,3g3, ...,3<rf'1} ,
are all conjugates, where r is the smallest integer such 

that 3?r = 3* Note that because 37" = 3# r s m. This set is 

called a set of conjugates. The conjugates are all zeros of 

f(x), and the following theorem shows that no others exist.
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Theorem 3.8: The minimal polynomial of 3 is

f(x) = (x-P) (x-p*)---(x-P7^1) .

3.3 BCH Codes

The class of Bose-Chaudhuri-Hocquenghem (BCH) codes ([11] , [31] ) 

is a large class of multiple-error-correcting cyclic codes that 

occupies a prominent place in theory and practice of error 

correction. We will now formally define BCH codes, which can 

correct t errors.

Definition 3.9: Let q and m be given and let P be any element 

of GF(g“) of order n. Then for any positive integer t and any 

integer j the corresponding BCH code is the cyclic code of 

blocklength n with the generator polynomial

g(x) = LCM[fĵ (x),f.^1(x),--- fJo.2c-i(x) 1 '

where f (x) is the minimal polynomial of P-*.
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4 IDEMPOTENTS IN GROUP ALGEBRA
In this section, we will first introduce the group algebra, the 

idempotent of group algebra, and the ideal of group algebra,- 

then, we will define any cyclic code alternatively as an ideal of 

cyclic group algebra; we will further construct a new class of 

codes, non-abelian codes, by the ideal of non-abelian group 

algebra.

4.1 Group Algebra

The group algebra of a finite group G over a field F, denoted 

by FG, is the F-vector space of all formal sums 

f = J2 f (U) u, f(u) E F .

Addition and multiplication with scalars kEF are defined as 

usual:

52-f(u)u+52g(u)u = 5^(f(u) + g(u))u ,
u€G u€G u€G

/c(52f(u)u) = 52 (i:Jf(u) ) u .
ti€G u€G

Moreover, F-algebra multiplication given by 

fg = $2 f(u) g(u _1v) } v .
v€G uGG

As a F-vector space, FG has dimension the order of G and G is a 

basis. As F-algebra, FG is isomorphic to the F-algebra of all F- 

valued functions on G under convolution product.
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A subset W of the F-algebra FG is called a left ideal if W is a 

subspace satisfying,

fW = { fg: gew} c  w.

A left ideal W is called simple if (0) and W are the only left 

ideals contained in W.

Two left ideals W and W* are said to be isomorphic in FG if 

there exists a F-linear isomorphism 

<J>: W -  W ’ 

of W onto W  satisfying

<p (uv) = u<p ( w) , u6G, w€W.

Throughout this work we will assume that the characteristic of F 

is relatively prime to the order of G.

Theorem 4.1: FG is a semisimple F-algebra, i.e., FG is the 

direct sum

FG = W, ©  -  ©  W ,1 n

of a finite number of simple left ideals { , . . ., WM).

Although this decomposition is not unique, any other 

decomposition of FG into simple left ideals has the same number 

of factors and a bijection can be established which associates 

isomorphic simple left ideals.
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A coarser but unique direct sum decomposition is given by the 

Wedderbum Decomposition of FG into the direct sum of simple two- 

sided ideals ([16] , [32] ) .

4.2 Clifford's Theory of Idempotents

We assume throughout that G is a finite group and that F is a 

field whose characteristic does not divide N, the order of G. A 

nonzero element e € FG is called an idempotent if e 2 = e. Two 

idempotents eL and e2 are said to be orthogonal if e1e2 = e2e1 = 0 .

A set of pairwise orthogonal idempotents

{eir - 'eJ
is called a complete set of orthogonal idempotents if 

1 = e, * - + .

A complete set of orthogonal idempotents determines a 

decomposition of FG into a direct sum of non-trivial left ideals 

FG = © - © Wj ,

where the left ideals are given by 

Wj = FGsy t lsjsj .

Conversely such a decomposition determines a complete set of 

orthogonal idempotents defined by expanding 1 e FG as follows,

1 = e2 + - + ed , ej6Wj ' lsjsJ .

An idempotent e e FG is called primitive if it cannot be
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written as a sum of two orthogonal idempotents. The left ideal 

W = FGe is simple if and only if e is primitive. We say that e 

and e' are isomorphic in FG if the associated left-ideals FGe and 

FGe' are isomorphic in FG. If e and e' are primitive idempotents 

in FG, then e and e' are isomorphic in FG if and only if there 

exits an u E G  such that 

eue' * 0 .

An isomorphism from FGe onto FGe' is given by right- 

multiplication by eue1. It follows that we can construct a 

decomposition of FG into the direct sum of left ideals by 

constructing a complete set of primitive orthogonal idempotents.

4.3 Algorithms for Computing Idempotents

4.3.1 Finite Abelian Groups

We assume throughout that A is a finite abelian group of order 

N and F is a field whose characteristic does not divide N.

The character group A* of A over F is the set of all group 

homomorphisms x of A into the multiplicative group of nonzero 

elements of F with group product

(it') (a) = x (a) x'(a) , x,xf € A", a € A.

We identify t e a ' with 

x = £ x(a ) a  £
a€ A
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and consider A' c f a . It should be noted that group product in A ’ 

is not the same as the product in FA.

(1) Split Case 

we say that A splits over F if A and A* are isomorphic as 

groups. If A splits over F then A * is a basis of the F-vector 

space FA. A necessary and sufficient condition for A to split 

over F is that F contains a primitive Mth root of unity where M 

is the least common multiple of the order of the elements in A. 

Since M divides N, A splits over F if F contains a primitive Nth 

root of unity. We assume throughout this section that A splits 

over F.

The following formulas are fundamental to many properties of 

characters.

£  x(a) =
a€A

0 T * T 0

N T = T 0
where xB is the identity in the group A".

0 a*l
X) x(a) =
ISA N a =1

Direct application of these formula proves the following result.

Theorem 4.2: The set

— A' = {— t : t£A *} 
N N

is a complete set of primitive orthogonal idempotents in FA.
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(2) Nonsplit Case

We assume only that the characteristic of F does not divide the 

order N of A. Then there exists a finite Galois extension E over 

F such that A splits over E. Denote the Galois group of E over F 

by G.

For a £G and £ £ EA define fa £ EA by the formula 

£ ° = £  a (£(a) ) a .
a?A

If x £ A ’ then xc £ A*. G acts on A ‘ and partitions A ’ into 

G-orbits

Gx = {x° : <J£G) .

Denote the set of G-orbits in A ‘ by A'/G.

For t £ A ', define ez £ EA by the formula

e* ~ * '
Since a £G permutes the elements in Gx , we have

eT = et
and ez £ FA . er is independent of the choice of iJf£Gx , 

i.e. , eT = et, Hf6Gx .

Theorem 4.3: The set

{et : GXGA'/G} (4-1)

is a complete set of orthogonal idempotents for FA.

Proof: As a sum of orthogonal idempotents, eT is an idempotent in
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FA. Distinct eT and ez, are associated with distinct G-orbits and 

hence orthogonal. Completeness follows from

r w .
ieA'/S ISA

It remains to prove that eT is primitive. We first prove that 

each idempotent e 6 FA is a sum of idempotents from (4-1) .

Since FA<^EA, we can write

e = —  £  e(T) x, e (x) € E . 

e 2 = e implies e(x) = O o r e ( x )  = 1 ,  and e° = e, oeG implies e(x) 

is constant on G-orbits proving the claim. Since ez is 

associated with a unique G-orbit, it must be primitive by the 

preceding discussion completing the proof of the theorem.

4.3.2 Specific Non-abelian Groups

Consider a finite group G given as a semidirect product G = 

A<H, where A is a normal abelian subgroup of order N and H is an 

arbitrary subgroup of G. Each x e G can be written uniquely in 

the form x = ah, a e A, h 6 H and group multiplication is given 

by

xx' - aha 'h ' .

We assume throughout that F is a field whose characteristic does 

not divide the order of G. Thus FG1 is a semisimple algebra for 

any subgroup G' of G.
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Assume that A splits over F. Denote the character group of A  

over F by A ‘. For each x e A' , define

ff(T) = (heff : hi = th> .

H( i) is a subgroup of H called the centralizer of i in H.

Theorem 4.4: For i e A* and a primitive idempotent f in F H (t ) ,

we have that is a primitive idempotent in FG, where N is the

order of A.

Proof: Since xf = fi, xs an idempotent in FG, Suppose

is not a primitive idempotent in FG and write

where e and e' are orthogonal idempotents in FG. Then
1e = — te 
N

1—  el . 
N

Since A * is a basis of FA, we can write

e = 53 e(A,h)Ah , e(A,h)€F .
\€A •

Applying Theorem 4.2,

= -i-ei = t 5^ e(x, h) h 
N ties(z)

and we can write
1e = — i m 
N

mEFH(l).

Arguing in the same way
/ 1 e = — tin 

N
m'EFH(x) .
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X XThen — xf = — x (m+m') , implying that 
N  AT
f = m + m 1 .

We have used the result that if a £ FA, a*0 and b and b f £ FH 

satisfy ab = ab' in FG then b = b' £ F H . Applying the result once 

more to
, 1 2 1 e = — i m = — tm = e,

N N

we have m 2 - m . The same argument shows that m and m 1 are 

orthogonal idempotents in F H (t ) , completing the proof of the 

theorem.

Theorem 4.4 is the main part of the proof of the following 

result.

Theorem 4.5: For each x £ A ’, choose a complete set of 

primitive orthogonal idempotents for FH(x)

Then the set of products

—  i f / ,  x £ A " ,  l s r s r  
N 1

is a complete set of primitive orthogonal idempotents for FG, 

where N is the order of A

4.3.3 Examples of Idempotents
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(1) Suppose a cyclic group cu = (a; a W=1 ) and a field F = GF (q) , 

whose characteristic does not divide N. Suppose N divides (q-1), 

i.e. Cw splits over F, denote the character group of Cw by c'H , 

then

CM‘ = {ak, OskzN-l) , 

where = 1  +■ w*a + wZka 2 + - + v tM-1>*aW_1 , v w = l, w € F .

A complete set of idempotents for FCU is 

{aQ/W, at/W, a2/tf, o c ^ / A T )  .

(2) Suppose a cyclic group Cw = (a; a W=1 ) and a field F = GF(q) , 

whose characteristic does not divide N. Suppose N does not divide 

(q-1), then there exists a finite Galois extension E = GF(g“) 

over F such that CH splits E. Denote the Galois group of E over F 

by G . Denote the character group of Cw by Cw', then

c ’ = {ak, osfcstf-l} ,

where afc = 1 + w ka + w zka z + -- + w tir~1> ka W_1 , w 6 E, w H = 1 .

A complete set of idempotents for BCH is

( a 0/N, otj/AT, a 2/N, Uir-i/m •

G acts on Cw‘ and partitions Cw* into G-orbits

G k = ^ k ^ k q ' ^ k q 1' * * * '

where r is the smallest integer such that &kqr = &k • Denote the

set of G-orbits in CM* by cJ/G. From Theorem 4.3 in section
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4.3.1, we have

e' = i £ * '

ek is an idempotent of FCW , and the set {e^ : Gkec^/G) is a 

complete set of orthogonal idempotents for FCW .

(3) Suppose group G is a Dihedral group Dw = CW<C2, where 

CN= ( a; a W=1 ), C2= ( t; t2=l ), and tat = a"'1.

Suppose finite field F is GF(q), whose characteristic does not 

divide 2N, and 2N divides (q-1), then 

centralizer of or in C, isk 2

’ C2 , k = 0
C2 (afc) = {1}, otherwise 

primitive idempotents of C2 are

(l+t)/2, (l-t)/2 ;

a complete set of primitive orthognal idempotents of group

algebra FG is

i { a 0(l+t)/2, a0(l-t)/2, alf a2, -- , a ^ }  ,

where afc = l + w ka + w 2ka z + — + w tw-i>*a w-i  ̂ w w = 1, w e F.

4.4 The Structure of Cyclic Codes in Group Algebra

We recall some facts on the structure of GF(q)[x]/(xn-l), 

where (n,q) = 1. Suppose x n-l factors into the polynomials 

gx(x) , i=l,...,s. Then cyclic codes generated by gi(x) are
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ideals of the ring GF(q) [x]/(xn- D  . If we let Cn be a cyclic 

group of order n with a generator x, then there is an obvious 

isomorphism between the group algebra GF(q) Ca and 

GF(q) [x]/(xn-l), where we use the variable x for both algebras 

to emphasize the identification. So we reach that every cyclic 

code of length n over a finite field GF(q) may be viewed as an 

ideal of the group algebra GF(q) Ca . From previous sections 4.2 

and 4.3, we can construct any cyclic code by a new way. First, 

compute the set of primitive orthognal idempotents of a cyclic 

group algebra using the algorithms in section 4.3. Then choose a 

propriate idempotent, which is a sum of certain of these 

primitive orthognal idempotents. Last, construct the ideal of 

the group algebra from this idempotent.

4.5 Construction of Non-abelian Codes

In order to construct non-abelian codes, we will generalize the 

procedure of constructing cyclic codes in section 4.4 as follows:

1) Find the complete set of primitive orthognal idempotents of a 

non-abelian group algebra FG, where group G is a non-abelian 

group, using the algorithms in section 4.3:

{ei' • ejl •
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2) Choose an appropriate idempotent e , which is a sum of certain 

of these primitive orthognal idempotents.

3) Construct the ideal of the group algebra from this idempotent,

W = FGe, 

which is a non-abelian code.

For example, we will construct a non-abelian Dihedral code from 

an idempotent of a non-abelian Dihedral group algebra GF(7)D3 .

1) Suppose a non-abelian Dihedral group Z>3 = C3< C 2, C3 =

( a; a 3=l ), Cz = ( £; t2=l ), and tat = a 2, then a complete set of 

primitive orthognal idempotents of the Dihedral group algebra 

GF(1)D2 is

{e3, e2, e3, e4} ,

where

ei = + r

ez = ■|(V 1't) '
1e3 = -Jai '
1

eA = — a5 »4 3
afc = 1 + w ka + w2ka 2 (k=0,l,2) ,

w 6 GF(7) , w3 = 1 .

2) Choose e = e, = — a, .3 3 1
3) Construct the ideal of the group algebra GF(7)D3 from this 

idempotent e ,
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W = GF(l)D3e,

which is a non-abelian Dihedral code. The codewords of the 

non-abelian Dihedral code are as follows.

0 0 0 0 0 0 0 4 0 2 0 1 0 1 0 4 0 2 0 5 0 6 G 3

0 2 0 1 0 4 0 6 0 3 0 5 0 3 0 5 0 6 5 0 3 0 6 0

5 4 3 2 6 1 5 1 3 4 6 2 5 5 3 6 6 3 5 2 3 1 6 4

5 6 3 3 6 5 5 3 3 5 6 6 3 0 6 0 5 0 3 4 6 2 5 1

3 1 6 4 5 2 3 5 6 6 5 3 3 2 6 1 5 4 3 6 6 3 5 5

3 3 6 5 5 6 1 0 2 0 4 0 1 4 2 2 4 1 1 1 2 4 4 2

1 5 2 6 4 3 1 2 2 1 4 4 1 6 2 3 4 5 1 3 2 5 4 6

6 0 5 0 3 0 6 4 5 2 3 1 6 1 5 4 3 2 6 5 5 6 3 3

6 2 5 1 3 4 6 6 5 3 3 5 6 3 5 5 3 6 4 0 1 0 2 0

4 4 1 2 2 1 4 1 1 4 2 2 4 5 1 6 2 3 4 2 1 1 2 4

4 6 1 3 2 5 4 3 1 5 2 6 2 0 4 0 1 0 2 4 4 2 1 1

2 1 4 4 1 2 2 5 4 6 1 3 2 2 4 1 1 4 2 6 4 3 1 5

2 3 4 5 1 6 .

Figure 4.1

Codewords of a (6,2) non-abelian Dihedral code over GF(7)
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5 FOURIER TRANSFORMS IN A FINITE FIELD
The subject of digital signal processing is permeated with 

applications of the Fourier transform. When the time variable is 

continuous, the study of real-valued or complex-valued signals 

relies heavily on the Fourier transform. When the time variable 

is discrete, the discrete Fourier transform plays a parallel 

role. Fourier transforms also exist on the vector space of n- 

tuples over the finite field GF(q) for many values of n. Fourier 

transforms in a finite field can play an important role in the 

study and processing of GF(q)-valued signals; that is, of 

codewords. By using Fourier transforms, the ideas of coding 

theory can be described in a setting that is much different from 

that seen thus far. Cyclic codes can be defined as codes whose 

codewords have certain specified spectral components equal to 

zero. Also, the decoding of BCH codes and Reed-Solomon codes can 

be described spectrally.

In this work, We will use the frequency domain setting to 

develope encoding and decoding algorithms for a class of non- 

abelian codes. So, we first review some basic topics of the 

discrete Fourier transform over a finite field [45] .

In the complex field, the definition of the discrete Fourier
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transform of p =( p. i=0,...,N-l ), a vector of complex

numbers, is a vector P =( Pk k=0,...,N-l ) given by

k = 0 N-l

where j = /-T . The Fourier kernel exp (-J2IIN'1) is an Nth root 

of unity in the field of complex numbers. In the finite field 

GF(g“ ), an element a of order n is an nth root of unity.

Drawing on the analogy between exp (-j2nN~1) and a, we have the 

following definition.

DEFINITION 5.1: Let v ={ i=0,...,n-l } be a vector over

GF(q), where n divides g ”-l for some m, and let a be an element 

of GF (g °) of order n. The finite-field Fourier transform of the 

vecor v is the vector V ={ V. j=0,...,n-l} given by

It is natural to call the discrete index i time and to call v 

the time-domain functin or the signal. Also, we might call the 

discrete index j frequency and V the frequency-domain function or 

the spectrum.

Any factor of g “-l can be used as the blocklength of a Fourier 

transform, but the most import values for n are the primitive 

blocklengths, n = g “-l . Then a is a primitive element of
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GF(g“). In contrast, to the situation for the complex field, 

Fourier transforms of every blocklength do not exist in a finite 

field because elements of every order do not exist. There are 

enough, hovever, for most purposes. If m is the smallest integer 

such that n divides g°-1, then there is a finite-field Fourier 

transform over GF(q) of blodklength n, and the components of the 

Fourier transform are in GF(g“). Unfortunately, for some values 

of n, although the transform exists, it will be in a very large 

extension field and may not be practical for a given applcation.

In the case of the discrete Fourier transform, even though the 

time-domain function p is real, the transform P is complex. 

Similarly, in the finite-field Fourier transform, even though the 

time-domain function v is over the field GF(q), the spectrum V is 

over the extension field G F ( g “) . In error-control applications, 

all the decoding action really takes place in the big field 

GF(gffl); it is just that we happen to start with a vector 

consistent with the channel input; that is, in the small field 

GF(q).

Theorem 5.2: Over GF(q), a field of characteristic p, a vector 

and its spectrum are related by
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where n is interpreted as an integer of the field; that is, 

modulo p.

Proof: In any field,

x n-l = (x-1) (x”'1 + x a'z + — + x + 1) .

By the definition of a, ar is a zero of the left side for all r. 

Hence for all r*0 modulo n, ar is a zero of the last term. But 

this is equivalent to

V, ccri = 0 r*0 (mod n)
j= o

whereas if r = 0 modulo n,
a-1

0(0 = n (mod p) ,
j= 0

which is not zero if n is not a multiple of the field 

characteristic p. Combining these facts, we have

Xj a~iJS  Ctkjvk = ^  vfĉ  a tfc"i,J = (n mod p) v.
j =0 k=0 k-0 j=0

Finally, g a-l = p H-1 is a multiple of n, and consequently n is

not a multiple of p. Hence n*0(modp). This proves the theorem.

The Fourier transform has many strong properties that carry 

over to the finite field case. An example is the convolution 

property of the next theorem, a dual theorem can be proved with 

the time domain and the frequency domain interchanged.
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Theorem 5.3(Convolution Theorem): Suppose that

e. = flgi 1 = 0 ,  ~, n-1.

Then

Ej Fuj-k))Gk 3 n 1'
where the double parentheses denote modulo-n arithmetic on the

indices.

Proof: Take the Fourier transform of ex = f Lg L

E =
i= o n fc=o

=  — £njt=o i= o

n %

Note also that setting j = 0 in the convolution formula,

E j ^ t F aj-k))G k '
i =0 n k=o

yields the Parseval-type formula

S f = Fu •r-i I I n 7~~t t (n-fc)) ki=o n k=o

Theorem 5.4(Translation Property): If (vi) - { V } is a Fourier 

transform pair, then the following are Fourier transform pairs: 

{aV,} -
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Proof: Immediate substitutions prove the theorem.
42

Sometimes we represent a vector v by a polynomial v(x) . The 

polynomial

v(x) = v ,xn~1 +■ - + v,x + vnn -1 i u

can be transformed into a polynomial 

V(x) = V ,xrl + ~ + V,x + Vnrt-1 1 0
by means of the finite-field Fourier transform. The latter 

polynomial is called the spectrum polynomial or the associated 

polynomial of v(x). Properties of the spectrum are closely 

related to the zeros of polynomials, as stated in the following 

theorem.

Theorem 5.5:

(i) The polynomial v(x) has a zero at ctJ if and only if the jth 

frequency component V equals zero.

(ii) The polynomial V(x) has a zero at cT1 if and only if the 

ith time component v£ equals zero.

Proof: The proof of part (i) is immediate because

v(aj) = ^  v.alj = v . i=o 1

The proof of part (ii) follows in the same way.
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Thus in finite fields, when one seaks of zeros of polynomials 

or of spectral components equal to zero, one really speaks of the 

same thing, but the terminology and the insights are different.

In the first formulation, one draws on insight into the factoring 

of polynomials; in the second, one draws on understanding of the 

Fourier transform.

The Fourier transform over GF(q) of blocklength n takes values 

in an extension field GF ( g “) . If we start with an arbitrary n- 

vector over GF(g“) and take the inverse Fourier transform, we 

generally do not get a time-domain vector over GF(q); there may 

be components in the larger field. We must find constraints on 

the spectrum that will ensure a time-domain vector over GF(q).

Constraints of this sort are familiar in the field of complex 

numbers. Recall that over the complex field, a spectrum P(f) has 

a real-valued inverse Fourier transform if and only if P*(-f) = 

P(f) . The next theorem gives a set of constraints, known as 

conjugacy constraints, that provide an analogous condition for a 

finite field.

Theorem 5.6: Let V be a vector of length n of elements of

G F (g “) where n is a divisor of q a- l . Then the inverse Fourier 

transform v is a vector of elements of GF(q) if and only if the
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following equations are satisfied:

n-l.

Proof: By definition,

V = ^ tOLijvi j = 0, , n-1 .
i =0

For a field of characteristic p, (a+b)pc = a p* +■ b pC for any

integer r. Further, if vi is an element of GF(q) for all i,

then v? = v . Consequently, combining these gives 

V/ = *
i-0 i-0 i-0

Conversely, suppose that for all j, vf = ̂  . Then

^  ai<rJv/= ^ a - t” vi j = 0, n-1.
i =0 i =0

Let k =qj. Because q is relatively prime to n = g m-l, as j 

ranges over all values between 0 and n - 1, k also takes on all 

values between 0 and n - 1 .  Hence

aikv/= ^  aifcvi k = 0, n-1,
i =0 i =0

and by uniqueness of the Fourier transform, v/ = vL for all i.

Thus v. is a zero of x q-x for all i, and such zeros are all1
elements of GF(q).

To apply the theorem, the integers modulo n are divided into a 

collection of sets, known as conjugacy classes, as follows:

Aj = {j, jg, jg2, jg°J , 

where mj is the smallest positive integer satisfying jg"J = j
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modulo n. Because the field is finite, there must be such an mj. 

For example, when q=2 and n=7, the conjugacy classes are 

A0 = (0}

Ax = {1, 2, 4}

A3 = {3, 6, 5} .

The conjugacy class specifies a set of frequencies in the 

spectrum. We call this set of frequencies a chord. Theorem 5.6 

asserts that if the time-domain signal is in GF(q), then the 

value of the spectrum at any frequency in chord specifies the 

value of the spectrum at all other frequencies in the chord.
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6 TRANSFORM DOMAIN CHARACTERIZATION 
FOR SPECIFIC CODES

6.1 Spectra of Cyclic Codes

Suppose a cyclic group Cw = (a; a “=1 ) and a field F = GF(q) , 

whose characteristic does not divide N. Suppose N divides (q-1)- 

Then a complete set of idempotents for FCW is 

{aQ/N, ax/AT, az/N, a^ / N }  ,

where a.k = 1 + w ka + w2ka 2 +• — + w llf~1)ka W'1 , OzkzN-1 ,

and w w = 1, w E F .

Suppose e is an idempotent of group algebra FCW, then ideal

FCwe will be a cyclic code. We will study transform domain

characterization of codewords in the cyclic code.

Let x E FG, e = is one of primitive orthognal idempotents

in FG, y = x e , then

y(v) = 5^ x(u) e(u'xv) , vEG .
u£G

Order the group Cw by

g0=1' 9i=a' 9Z=*2'
Denote x(gx) , y(g\) and e(gi) by x(i) , y(i) and e(i) , respectively

, where 0 <. i < N , then we have

y (0) = x(0)e(0) + x(l)e(N-l) + ... +x(N-l)e(l),

y(l) = x(0)e(l) + x(l)e(0) + ... + x(N-l)e(2),
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y (N-1) = x(0)e(N-l) + x(l)e(N-2) + ... + x(N-l) e (0) ,

or

y(j) =^x(i)e((j-iniodW]), OsjsAT.
i =0

Take discrete Fourier transform (DFT) of y,

5T(j) =X{j)B(j) 0<zj<N.

e(i) = —  0si<W ,W
E(j) = e (0) + e(l)vJ + - + e (N-1) w lK'1)j

= JL ( i + + w-ztfc-n + ... + )W
1 if j=M-k

0 if j*N-k
then

X(j) if j=N-k
Y(j) = ‘ 0 if j*N-k

6.2 Spectra of Non-abelian Codes Constructed by Dihedral Groups 

Suppose group G is a Dihedral group Du = CM<C2, where 

CM= ( a; a W=1 ), C2= ( t; t2=l ), and tat = a"'1.

Suppose F is a finite field GF(q), whose characteristic does 

not divide 2N, and 2N divides (q-1), then we have a complete set 

of primitive orthognal idempotents for group algebra FG: 

i { a 0(l + t)/2, a0(l-t)/2, ax, a2, - , a ^ }  

where afc = 1 + w ka + w 2ka z + ~ + t w N = 1, w € F .
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Suppose e is an idempotent of group algebra FDN, then ideal 

FDwe will be a Dihedral code. We will study transform domain 

characterization of codewords in the Dihedral code.

Let x E FG, e E FG, y = x e , 

then

y(v) = x(u) e(u'xv) , vEG .

Order the group Dw by 

g0 = 1' 9i = t' g2=a, gr3=at, g4=a2, g5=a2t, - , or2w_2=aw'x, ?2w.1=a w'xt . 

Denote x(g.) , y{gL) and e(gi) by x(i) , y(i) and e(i) , respectively 

, where 0 £ i < 2 AT , then we have

y(0) = x(0)e(0) + x(l)e(l) + x(2)e(2N-2) + x(3)e(3) + ...

+ x(2N-2) e (2) + x(2N-1) e (2N-1) , 

y (1) = x(0)e(l) + x(l)e(0) +x(2)e(2N-l) +x(3)e(2) + ...

+ x (2N-2) e (3) + x(2N-1) e (2N-2) , 

y (2) = x (0) e (2) + x (1) e (2N-1) + x(2)e(0) + x(3)e(l) + ...

+ x (2N-2) e (4) + x (2N-1) e (2N-3) , 

y (3) = x(0) e (3) + x(l) e (2N-2) + x(2)e(l) + x(3)e(0) + ...

+ x (2N-2) e (5) + x (2N-1) e (2N-4) ,

y(2N-2) = x(0) e (2N-2) + x(l)e(3) + x(2)e(2N-4) + x(3)e(5) +

+ x(2N-2)e(0) + x(2N-l)e(l) ,

y (2N-1) = x(0) e (2N-1) + x(l)e(2) + x(2)e(2N-3) + x(3)e(4) +
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+ x (2N-2) e (1) + x (2N-1) e (0) ;

or

i. - g
+ x (2j+l) e ( (2j+l-i) mod 2N) ] , 0 s i < 2M.

y(i) = 1, [x(2j)e( (i-2j) mod 2W)j=0

Assume e is one of primitive orthognal idempotents in FG.

1) Suppose e = — a. 0 < k < N ,
N k

where afc = 1 + w ka + w2ka 2 + — + W H = ± t

then e (1) = e(3) = ... = e(2N-l) = 0 ,

e (0) = —  , e (2) = —  w k, ... , e (2N-2) = —  w llt'X)k,
N N W

and y(0) = x(0)e(0) + x(2)e(2N-2) + x(4)e(2N-4) + ...

+ x (2N-2) e (2) , 

y(l) = x(l)e(0) + x(3)e(2) + x(5)e(4) + ...

+ x (2N-1) e (2N-2) , 

y(2) = x(0)e(2) + x(2)e(0) + x(4)e(2N-2) + ...

+ x(2N-2) e (4) , 

y (3) = x(l)e(2N-2) +x(3)e(0) +x(5)e(2) + ...

+ x (2N-1) e (2N-2) ,

y (2N-2) = x(0) e (2N-2) + x(2)e(2N-4) + x(4)e(2N-6) + 

+ x(2N-2) e (0) , 

y(2N-l) = x(l)e(2) + x(3)e(4) + x(5)e(6) + ...
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Take discrete Fourier transform (DFT) of y, let 0 s p < 2N, 

Y(p) = y (0) + y(l) w pu + y(2) vzp + - + y(ZN-1) v ^ N'1)p 

= x (0) [e (0) + e(2) wzp + e(4) v*P + - + e (2n-2) v2(̂w'2>p]

+ x(l) [ e (0) w pH + e (2AT-2) wzp + e (2AT-4) v2Sp + - + e (2) »r2(*ir'1,p]

+ x (2) [e (2W-2) + e(0) wzp + e(2)v*p + - + e (2n-4) v2(jw"2,p]

+ x (3) [e(2)wpw + e (0) w2p + e(2AT-2)w25p + - + e (4) nr2t2ir'l>p]

+ x (2N-2) [e (2) + e(4)v2p + e ( 6 ) v 24p + - + e (0) v2 2W'2,P]

+ x (2W-1) [ e (2N-2) w pK + e(2W-4)w23p + e(2AT~6) w2Sp +•-+ e (0) v2 2w'1)p]

= [x(0) + x (2) wzp + - + x(2N-2) w £ H'2)p] [e(0) + e(2) wzp + e(4) v24p

+ -  + e(2N-2) v 2{̂ w '2)p]

+ [x (1) + x (3) wzp + - + x(2HT-l) v2(2w'I)p] [e (0) + e (2) w2(2w'2)p

+ e(4) w £ H'i)p * - + e (2N-2) wzp] .

v e (0) = —  , e (2) = - i v *  , -  , e{2N-2) = - v ,w'l u  ,
N N N

W = V2w ' W ~ 1 ,
•- e(0) + e (2) wzp + ™ + e (2AT-2) v2t2w'2,p 

= e(0) + e(2)»rp + - + e(2N~2) w ilt~1)p

=  —  ( 1 + W **P + w 2(Jc-p) + ... + w  (W-l) U~p) j
N

1 if p = N-k or p = 2M~k— 4
0 if p * Af-fc and p * 2N-k

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



51

e (0) + e(2) w2(*w~2>p + e(4) w2t2w'4)p + - + e(2N-2)w2£ 

= e(0) + e (2) w 'p +  ~ + e (2N-2) w~(tf'1)p

=  i (  1  +  w * - p  +  w 2 t * - p >  +  . . .  +  „  i t f - D  c * - p > )

N

1 if p = k or p = N+k

0 if p * k and p * N+k

NWhen k * —  ,2
we have k * N-k , N+k * 2 N-k , and

Yip) =

x (0 ) +x (2 ) w2£ +~ +x (2N-2) if p=N~k or p=2N~k

x (1) w2p +x (3) v23p +-+x (2AT-1) w2v 
0 otherwise

(2W-l)p if p-k or p=N+k

then

Y (N-k) = Y(2N-k) = x (0) +x (2) w2wtAf +— +x (2N-2) w2(̂ w 2> <w *’

Y (k) = -Y (N+k) = x(l) 4 +x (3) 4 t+“ +x(2W-l) 4 2"’1 U <

Y(p) = 0 if p*k and p*N~k and p*N+k and p*2N-k ;

When k = —  ,2
we have k = N-k , N+k = 2N-k = 3k , and

x (0) +x (1) w2p +x (2) w£+--+x (2N-1) w £ l
Y (p) =

0 otherwise
then

Y (k) = X (k) ,

if p=k or p=3k

Y (3k) = X(3k) ,
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Y(p) = 0 if p*k and p * 3k  .

2) Suppose 

then

y (0) = 

Y(p) =

thus

Y (0) =

Y (p) =

3) Suppose 

then

y (0) = 

y (l) =

Y (p) =

= —  ( 1 1 1 1 ... 1),
2N

y(l) = ... = y(2N-1)

—  [x(0) +x(l) +.. . +x(2N-1) ] ,
2N

y (0) + y(l)wpu + y (2) w2 £ + ~ + y(2AT-1) w ™ ' " 9

-L[x(0) +x(l) +-+x(2W-l) ] [1 + wps + + -- + w2t2M~1,p2 AT

x (0) + x(l) + ... +x (2N-1) = X(0),

0 if p * 0.

e = — a (1 - t)2 N 0
= —  ( 1 -1 1 -1 . . . 1 -1) ,2 N

y (2) = ... = y(2N-2)

—  [x(0)+x(2) +. . . +x(2N-2) - (x(1) +x(3) + . . . +X(2N-1) ] 2 N
y (3) = . . . = y (2N-1)

—  [x(l) +x(3) + . . . +x(2N-1) - (x(0) +x(2) + . . . +X(2N-2) ] 2 N
y (0) + y (1) w pK + y (2) v 2p + - + y (2N-1) w £ H~i)p 

y(0) [1 + w2P + v24p + - + w2(2w'2)p]
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V 1 + ft 

u
=

Y(N)

Y(p)

* y( 1) 0 2w + wlu + ” + <2W-l)p '2« ]

[y(0) + y(l)v2*] t1 + wzZ + + •• + ^2wW 2,P1 •

a2p2U '2W 0
if p=W 
if p*W

-1 ,

53

= (y(0) - y (1))N

= x(0)+x(2)+ . . .+x(2N-2) - [x(l)+x(3)+. . .+x(2N-l) ] 

= x (0) +x (1) w2" +x (2) v22!Jr+-+x (2AT-1) v2Jw 1} w 

= X (N) ,

= 0 if p * N .
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7 ENCODING ALGORITHM
7.1 Spectral Description of Cyclic Codes

In a cyclic code, every codeword c(x) is represented by a 

polynomial of degree n-1. A nonsystematic form can be written as 

c(x) = g(x)d(x), where d(x) is a data polynomial of degree of 

k-l. This is a (cyclic) convolution in the time domain:

Therefore in the frequency domain, the encoding operation can be 

written as a product 

= *
Any spectrum that satisfies this expression is a frequency-domain 

codeword, provided that all components in the time domain are 

GF(q)-valued. Because the data spectrum is arbitrary, according 

to Theorem 5.5 in section 5, the only significant role of Gj is 

to specify frequencies where the codeword spectrum Cj is zero.

We can define a cyclic code alternatively as an ideal of group 

algebra GF(q)Ca. For simplicity, we assume n=q-l. Let

is a complete set of primitive orthogonal idempotents of GF(q)Ca, 

and an idempotent e is a sum of certain of these primitive 

orthogonal idempotents:
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e = 1 - (e. + ----+ e ) ,JI Jc
which includes every primitive orthogonal idempotents of the 

complete set except e. , ...and e. . According to the transform* I 3c

domain characterization of cyclic codes in section 6.1, the 

cyclic code GF(q)Cae is the set of words over GF(q) whose 

spectrum is zero in corresponding components ( c , . C ),
JI 3 r

and arbitrary in the remaining components.

The BCH codes are the cyclic codes that one obtains if the 

parity frequencies are chosen consecutively. A t-error-correcting 

BCH code of blocklength n = q a-1 is the set of all word over 

GF(q) whose spectrum is zero in a specified block of 2t 

consecutive components.

When n = q-1 (or a factor of q-1), the BCH code is a Reed- 

Solomon code, which is a maximum-distance code; the codeword and 

the spectrum are in the same field. One can encode directly in 

the frequency domain by using the information symbols to specify 

spectral components. Every spectrum consistent with the parity 

constraints yields a codeword. Encoding is as follows. Some set 

of 2t consecutive frequencies (e.g., the first 2t) are chosen as 

the symbols constrained to zero. The n-2t unconstrained 

components of the spectrum are filled with information symbols 

from GF(q). The inverse Fourier transform then produces a
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(nonsystematic) codeword. Because there are n-2t frequency 

components that can take on information values, we obtain a 

codeword of an (n, n-2t) Reed-Solomon code.

For the more general BCH codes, the encoding is more complex. 

Now there are two fields: the symbol field GF (q) and the locator 

field GF(g“) used for the spectrum. To get codewords in GF(q) . 

we must choose only spectra that satisfy the conjugacy 

constraints of Theorem 5.6. Again, 2t consecutive components of 

the spectrum are chosen to be zero. The remaining symbols must 

be chosen from G F ( g “) to represent the k information symbols 

only in those q k possible ways that have inverse Fourier 

transforms that are q-ary valued.

In the general case, the integers modulo n are divided into 

conjugacy classes:

Aj = (j, jg, jg2 , ..., jqB] x} •

If the spectral component Cj is specified, then every other 

spectral component whose index is in the conjugacy class of j 

must be a power of C. and hence cannot be separately specified. 

Further, if the conjugacy class has r members, then we must have
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Consequently, we are not free to choose any element of Gf(g”) 

for Cj, but only those of order dividing q r-l or the zero 

element. Every element of Gf(qr“) has order dividing g “-l; hence 

g r-l divides q a-1, and it is clear that the size of every 

conjugacy class divides m.

To specify an encoder, we break the first q a-1 integers into 

conjugacy classes, and select one integer to represent each 

class. These representatives specify the uniquely assignable 

symbols. To form a BCH code, a block of 2t spectral components 

are chosen as parity frequencies and set to zero. The remaining 

assignable symbols are information symbols, arbitrary except for 

occasional constraints on the order. All other symbols indexed 

from the same conjugacy class are not free; they are obligatory 

frequencies.

Figure 7.1 shows the situation for GF(64) . We choose the first 

column to be free symbols. If we take cx, Cz, C3, C4, c5 and C6 to 
be parity frequencies, then we have a triple-error-correcting BCH 

code. Then CQ, C7, C9, cn , C13, C15, C21, C23, c27, and C31 are the 

information symbols. C9 and C27 must be zero or symbols of order 

7 (because C98 = Cg and C287 = c27). These are the elements of the 

subfield GF(8) . C21 must be zero or an element of order 3,

(because <-21 2̂1 ̂ ■ These are the elements of the subfield
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GF (4) . C0 must be zero or an element of order 1. These are the 

elements of the subfield GF(2). All other symbols are arbitrary 

elements of GF(64). It requires a total of 45 information bits 

to specify these symbols. Hence, we have the (63, 45) triple­

error-correcting BCH code.

Free Bit
Frequencies Obligatory Frequencies Content

i C o ) 1

i c l C 2 C 4 c’ 8 C X6 C 32 }
6

( C 3 C 12 C 24 ^ 4 8 C 33 ) 6

K C xo C 20 C 40 C X7 C 3 4 > 6

K C X4 C 28 C 56 C 49 C 35 } 6

K C X8 C 36 } 3

K i C 22 ^ 4 4 C 25 C 50 C 37 } 6

K a C 2S C 52 C 4X C X9 C 3 8 } 6

{ C xs C 30 C 60 C 57 C 5X C 3 9 } 6

{ C 2X C 42 } 2

( C 23 C 46 C 29 C 58 C 53 C 43 ) 6

{ C 27 C 54 C 45 } 3

( C 3X C 62 C 6X C 59 C 55 C 47 } 6

Figure 7.1 Structure of the spectrum over GF(64)
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7.2 Encoding Algorithm for Dihedral Codes

We define a Dihedral code as an ideal of the group algebra 

GF{q)DH in section 4.5, where Dw is a Dihedral group.

Suppose a Dihedral group DK = CM<C2, where Cw is a cyclic group 

with a generator a and C2 is a cyclic group with a generator t, 

a M = £ 2 = 1, tat = a M~1.

Suppose finite field F is GF(q), whose characteristic does not 

divide 2N, and 2N divides (q-1). Then a complete set of 

primitive orthognal idempotents of group algebra FG are

e = —^-a (l + t) ,1 2N 0
e2 = -^-a (l-£) ,2 2 N 0
e *-2 = ~ 0 < k  < N  ' k 2 N k

where afc = 1 + w ka + w zka z + - + w fN*1>ka w'1 t w e F, w 11 = 1 .

Any idempotent e will be a sum of certain of these primitive 

orthognal idempotents. We can generate a left ideal by an 

idempotent e :

W = GF(q)Dlle , 

which is a non-abelian Dihedral code.

According to the transform domain characterization of Dihedral 

codes in section 6.2, the non-zero spectral components will only 

overlap for pairs of primitive idempotents -^afc and > where

0<k<N, and there are following properties in spectra of Dihedral
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codes: if - a L and — ot„ t both are chosen, then the spectrum of 
N k N

the Dihedral code is arbitrary in corresponding components of

c* ' c»-* ' and c2»-t ' if is chosen and ±<xlt_k is not
chosen, then the spectrum of the Dihedral code is constrained in

corresponding components Ck = ~CH k̂ and CH_k = C2u_k ; if

or „ neither is chosen, then the spectrum of the Dihedral
N *~k

code is zero in corresponding components of Ck , Cw_k , CKrk and 

C2w.fc . Then, using these spectral properties of Dihedral codes, 

we can easily encode Dihedral codes in the frequency domain as 

follows:

1) Find the complete set of primitive orthognal idempotents of a 

Dihedral group algebra GF(q)Dw :

{ e x, -  r } -

2) Choose an appropriate idempotent e , which is a sum of certain 

of these primitive orthognal idempotents,

3) Using above spectral properties of Dihedral codes, determine 

in which corresponding spectral components of chosen idempotents 

are arbitrary or contrained; information symbols will be assigned 

to these spectral components. Then set the remaining spectral 

components to zero.

4) The inverse Fourier transform then produces codewords of the
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non-abelian Dihedral code.

For example, we will encode a Dihedral code generated by 

following idempotent:

e  = e i + e 3 + e 4 + ~  + e tt = 1 " ( e z + e ir.i> -

Because the idempotent e does not include e2 and ew.x , where

e, = -i-a„(l-t) and e„ , = —  a„ , , and the idempotent e does 2 2 u  0 u

include e, = — a. , the spectrum of the code satisfy:AT
c, = -c,,1
c , = c.v-i 2N

it%(J 0 ,

and arbitrary in the other spectral components.

Suppose the finite field is GF(7), the Dihedral group is 03 

and the idempotent is e = e3 + e3 = 1 - (e2 + e4) . Then the 

spectrum of the code satisfy:

and C0 is arbitrary. The inverse Fourier transform then produces 

codewords of the non-abelian Dihedral code as follows.

0 0 0 0 0 0 0 4 0 2 0 1 0 1 0 4 0 2 0 5 0 6 0 3

0 2 0 1 0 4  0 6 0 3 0 5  0 3 0 5 0 6  5 0 3 0 6 0

5 4 3 2 6 1  5 1 3 4 6 2  5 5 3 6 6 3  5 2 3 1 6 4
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5 6 3 3 6 5

3 1 6 4 5 2

3 3 6 5 5 6

1 5 2 6 4 3

6 0 5 0 3 0

6 2 5 1 3 4

4 4 1 2 2 1

4 6 1 3 2 5

2 1 4  4 1 2  

2 3 4 5 1 6

6 4 6 5 6 2

4 6 2 6 5 6

4 1 2 0 5 3

2 3 5 1 4 0

2 5 5 2 4 4

0 0 1 3 3 1

0 2 1 4 3 5

5 4 4 5 2 2

3 6 0 6 1 6

3 1 0  0 1 3  

1 3  3 1 0  0

1 5 3 2 0 4

5 3 3 5 6 6

3 5 6 6 5 3

1 0 2 0 4 0

1 2  2 1 4  4

6 4 5 2 3 1

6 6 5 3 3 5

4 1 1 4  2 2 

4 3 1 5 2 6

2 5 4 6 1 3

6 6 6 6 6 6

6 1 6 0 6 3

4 3 2 1 5 0

4 5 2 2 5 4

2 0 5 3 4 1

2 2 5 4 4 5

0 4 1 5 3 2

5 6 4 6 2 6

5 1 4 0 2 3

3 3 0 1 1 0

3 5 0 2 1 4

1 0 3 3 0 1

1 2 3 4 0 5

3 0 6 0 5 0

3 2 6 1 5 4

1 4 2 2 4 1

1 6 2 3 4 5

6 1 5 4 3 2

6 3 5 5 3 6

4 5 1 6 2 3

2 0 4 0 1 0

2 2 4 1 1 4

6 3 6 1 6 0

6 5 6 2 6 4

4 0 2 3 5 1

4 2 2 4 5 5

2 4 5 5 4 2

0 6 1 6 3 6

0 1 1 0  3 3

5 3 4 1 2 0

5 5 4 2 2 4

3 0 0 3 1 1

3 2 0 4 1 5

1 4 3 5 0 2

5 5 5 5 5 5

3 4 6 2 5 1

3 6 6 3 5 5

1 1 2 4 4 2

1 3 2 5 4 6

6 5 5 6 3 3

4 0 1 0 2 0

4 2 1 1 2  4

2 4 4 2 1 1

2 6 4 3 1 5

6 0 6 3 6 1

6 2 6 4 6 5

4 4 2 5 5 2

2 6 5 6 4 6

2 1 5 0 4 3

0 3 1 1 3  0

0 5 1 2 3 4

5 0 4 3 2 1

5 2 4 4 2 5

3 4 0 5 1 2

1 6 3 6 0 6

1 1 3 0 0 3

5 2 5 0 5 6
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5 6 5 2 5 0

5 1 5 3 5 4

3 3 1 4 4 1

1 5 4 5 3 5

1 0 4 6 3 2

6 2 0 0 2 6

6 4 0 1 2 3

4 6 3 2 1 0

4 1 3  3 1 4

2 3 6 4 0 1

0 5 2 5 6 5

0 0 2 6 6 2

4 1 4 6 4 5

4 3 4 0 4 2

2 5 0 1 3 6

2 0 0 2 3 3

0 2 3 3 2 0

5 4 6 4 1 4

5 6 6 5 1 1

3 1 2 6 0 5

3 3 2 0 0 2

1 5  5 1 6  6

5 3 5 4 5 1

3 5 1 5 4 5

3 0 1 6 4 2

1 2 4 0 3 6

1 4  4 1 3  3

6 6 0 2 2 0

6 1 0 3 2 4

4 3 3 4 1 1

2 5 6 5 0 5

2 0 6 6 0 2

0 2 2 0 6 6

0 4 2 1 6 3

4 5 4 1 4 6

4 0 4 2 4 3

2 2 0 3 3 0

0 4 3 4 2 4

0 6 3 5 2 1

5 1 6  6 1 5  

5 3 6 0 1 2

3 5 2 1 0 6

3 0 2 2 0 3

1 2 5 3 6 0

5 0 5 6 5 2

3 2 1 0 4 6

3 4 1 1 4  3 

1 6 4 2 3 0

1 1 4 3 3 4

6 3 0 4 2 1

4 5 3 5 1 5

4 0 3 6 1 2

2 2 6 0 0 6

2 4 6 1 0 3

0 6 2 2 6 0

0 1 2 3 6 4

4 2 4 3 4 0

2 4 0 4 3 4

2 6 0 5 3 1

0 1 3 6 2 5

0 3 3 0 2 2

5 5 6 1 1 6

5 0 6 2 1 3

3 2 2 3 0 0

1 4 5 4 6 4

1 6 5 5 6 1

5 4 5 1 5 3

3 6 1 2 4 0

3 1 1 3  4 4

1 3 4 4 3 1

6 5 0 5 2 5

6 0 0 6 2 2

4 2 3 0 1 6

4 4 3 1 1 3

2 6 6 2 0 0

2 1 6 3 0 4

0 3 2 4 6 1

4 4 4 4 4 4

4 6 4 5 4 1

2 1 0 6 3 5

2 3 0 0 3 2

0 5 3 1 2 6

0 0 3 2 2 3

5 2 6 3 1 0

3 4 2 4 0 4

3 6 2 5 0 1

1 1 5 6 6 5

1 3 5 0 6 2
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1 0 5 2 6 3  6 4 1

6 2 1 3 5 0  6 6 1

3 3 3 3 3 3  3 0 3

3 5 3 4 3 0  3 2 3

1 0 6 5 2 4  1 4 6

1 2 6 6 2 1  1 6 6

6 4 2 0 1 5  6 1 2

6 6 2 1 1 2  4 3 5

4 1 5 2 0 6  4 5 5

2 3 1 3 6 3  2 0 1

2 5 1 4 6 0  2 2 1

0 0 4 5 5 4  0 4 4

0 2 4 6 5 1  0 6 4

5 4 0 0 4 5  5 1 0

5 6 0 1 4 2  2 2 2

2 0 2 1 2 5  2 4 2

0 2 5 2 1 2  0 6 5

0 4 5 3 1 6  0 1 5

5 6 1 4 0 3  5 3 1

5 1 1 5 0 0  5 5 1

3 3 4 6 6 4  3 0 4

3 5 4 0 6 1  1 2 0

4 5 4  6 1 1 6 5

5 5 1  6 3 1 0 5

5 3 4  3 4 3 0 3

6 3 1  3 6 3 1 3

0 2 5  1 1 6 2 2

1 2 2  6 3 2 3 1

2 1 6  6 5 2 4 1

3 0 3  4 0 5 5 0

4 0 0  4 2 5 6 0

5 6 4  2 4 1 0 6

6 6 1  2 6 1 1 6

0 5 5  0 1 4 2 5

1 5 2  5 3 0 3 4

2 4 6  5 5 0 4 4

2 2 2  2 6 2 4 2

3 2 6  2 1 2 5 2

4 1 3  0 3 5 6 1

5 1 0  0 5 5 0 1

6 0 4  5 0 1 1 0

0 0 1  3 2 4 2 6

1 6 5  3 4 4 3 6

2 5 2  1 6 0 4 5

5 6 5 1 1 5 6

2 6 0 1 2 5 3

5 3 1 3 2 3 6

2 1 3 6 3 2 3

6 1 5 6 4 2 0

3 6 0 2 5 1 4

0 6 2 2 6 1 1

4 4 4 5 0 0 5

1 4 6 5 1 0 2

5 2 1 1 2 6 6

2 0 3 4 3 5 3

6 0 5 4 4 5 0

3 5 0 0 5 4 4

0 5 2 0 6 4 1

3 2 3 2 6 2 4

0 2 5 2 0 2 1

4 0 0 5 1 1 5

1 5 2 1 2 0 2

5 5 4 1 3 0 6

2 3 6 4 4 6 3

6 3 1 4 5 6 0

3 1 3 0 6 5 4
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1 0 0 1 5 5  1 4 0 3 5 6  1 1 0 5 5 0  1 5 0 0 5 1

6 2 3 2 4 2  6 6 3 4 4 3  6 3 3 6 4 4  6 0 3 1 4 5

6 4 3 3 4 6  6 1 3 5 4 0  6 5 3 0 4 1  4 2 6 2 3 2

4 6 6 4 3 3  4 3 6 6 3 4  4 0 6 1 3 5  4 4 6 3 3 6

4 1 6 5 3 0  4 5 6 0 3 1  1 1 1 1 1 1  1 5 1 3 1 2

1 2 1 5 1 3  1 6 1 0 1 4  1 3 1 2 1 5  1 0 1 4 1 6

1 4 1 6 1 0  6 1 4 1 0 1  6 5 4 3 0 2  6 2 4 5 0 3

6 6 4 0 0 4  6 3 4 2 0 5  6 0 4 4 0 6  6 4 4 6 0 0

4 1 0 1 6 1  4 5 0 3 6 2  4 2 0 5 6 3  4 6 0 0 6 4

4 3 0 2 6 5  4 0 0 4 6 6  4 4 0 6 6 0  2 1 3 1 5 1

2 5 3 3 5 2  2 2 3 5 5 3  2 6 3 0 5 4  2 3 3 2 5 5

2 0 3 4 5 6  2 4 3 6 5 0  0 1 6 1 4 1  0 5 6 3 4 2

0 2 6 5 4 3  0 6 6 0 4 4  0 3 6 2 4 5  0 0 6 4 4 6

0 4 6 6 4 0  5 1 2 1 3 1  5 5 2 3 3 2  5 2 2 5 3 3

5 6 2 0 3 4  5 3 2 2 3 5  5 0 2 4 3 6  5 4 2 6 3 0

3 1 5 1 2 1  3 5 5 3 2 2  3 2 5 5 2 3  3 6 5 0 2 4

3 3 5 2 2 5  3 0 5 4 2 6  3 4 5 6 2 0

Figure 7.2

Codewords of a (6,3) non-abelian Dihedral code over DF(7)
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8 TEST OF CHARACTERISTIC
Suppose we define Dihedral codes as ideals of the Dihedral 

group algebra GF(7)D3, where D2 = C3<C2, C3= (a; a 3=l ),

C2= ( t; t2=l >, and tat = a 2, then we can construct Dihedral codes 

from idempotents of the group algebra. A complete set of 

primitive orthognal idempotents of the Dihedral group algebra 

GF( 7 ) D3 is

{ex, e2, e3, e4> ,

where

e! = -|a0(l + t) ,

e2 = -|ao(1_t) '
^

1

a. = 1 + w ka + wZka 2 (k=0,l,2) ,

w 6 GF (7) , w3 = 1 .

Figure 8.1 shows the minimum Hamming distance for each Dihedral

code of GF(1) D2.

GF Dihedral

Group

Idempotents 

Of  GF (7 ) D 3
Lengths of 

Dihedral Codes

Dimensions of 

Dihedral Codes

Minimum

Distances

Z / 7 D3 ei 6 1 6

ez 6 l 6

e 3 6 2 3
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e4 6 2 3

ei+e2 6 2 3

ei+e3 6 3 3

ei+e4 6 3 3

e2+e3 6 3 3

e2+e4 6 3 3

e3+e4 6 4 2

ei+e2+e3 6 4 2

ei+e2+e4 6 4 2

ei+e3+e4 6 5 2

e2+e3+e4 6 5 2
Figure 8.1 Minimum Distances of Dihedral Codes of GF[1)D3

The Singleton Bound D = n-k+1 provides an upper bound of the

minimum weight of any linear code (n,k). The Griesmer Bound [53]

provides a lower bound on the length, n, of a linear code over

GF(q) for a given dimension k and a given minimum distance d

n[k, d) * G(k,d) = 2l t — 7]
1 =0 q  1

where [x] denotes the smallest integer than or equal to x. We 

can also use Griesmer Bound to determine if d is the maximum 

minimum distance found for an (n,k) linear code: If G(k,d+1) > n 

then d is the maximum minimum distance. For example, the (6,5)

code over GF(7) has a minimum distance d = 2, and G(k,d+1) = 3 +
3 3 3 3[ —  ] + [ —  ] + [ —  ] + [ —  ] = 7 > 6, so d is the maximum minimum7 ?2 7 b 74

distance and the code is optimal. Unfortunately, the (6,5) code
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is trivial and just a parity-check cyclic code; the (6,5) code 

constructed by e2+e3+e4 consist of all sequences c in (GF(7))6 

such that ck=0 and the (5,5) code constructed by e1+e3+e4 

consist of all sequences c in (GF(7))6 such that ck= ck.
k odd k even

The (6,1) code is also trivial and just a repetition cyclic code; 

the (6,1) code constructed by ex consist of {(c,c,c,c,c,c), 

c e G F (7)} and the (6,1) code constructed by e2 consist of 

{ (c,-c, c,-c, c,-c) , c € GF (7) }. It can be checked that the (6,2) 

code constructed by ex+e2 and the (6,4) code constructed by e3+e4 

are cyclic codes also. We could find that minimum distances of 

Dihedral codes except above mentioned trivial cyclic codes do not 

reach the maximum minimum distance in the sense of Singleton 

Bound or the Griesmer Bound.

When we compare codes with the same length, we can say that: 

if we have two codes of the same dimension, we prefer the code 

with the larger Hamming distance; if we have two codes of the 

same Hamming distance, we prefer the code with the larger 

dimension. To generalize these rules, we can use the sum of 

dimension and Hamming distance of the code as a criterion to 

judge: if the sum is larger, the code is better. Comparing above 

Dihedral codes of GF(7)d3, we could find that good Dihedral codes 

of GF(1)D2 are the (6,3) codes constructed by e3+e3, ex+e4, e2+e3
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or e, +e„, which have a minimum distance 3 and can correct aZ 4

single error.

Suppose we define Dihedral codes as ideals of the Dihedral 

group algebra GF(11)DS, where Ds = C5<C2, C5= (a; a 5= 1 ),

C2= ( t; t2=l ), and Cat = a 4. Then we can construct Dihedral 

codes from idempotents of the group algebra. A complete set of 

primitive orthognal idempotents of the Dihedral group algebra 

GF(11)D5 is

{ f ®3 r r } /

where

ei " 1̂ + •

e2 _ "TFa° ̂ '
*3 = '

*4 = '

- 5  =  } « 3  '

«« = j a4 '
afc = 1 + w ka + w2ka z + w 3ka 3 +• w4*a 4 (k=0,1, 2, 3 , 4) ,

w 6 GF(ll), ws = 1 .

The minimum Hamming distance for each Dihedral code of GF(11)Z?S 

shows in Figure 8.2.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



70

GF Dihedral

Group

Idempotents 

of GF (11) D5

Lengths of 

Dihedral Codes
Dimensions of 

Dihedral Codes

Minimum

Distances

Z/ll °5 ei 10 1 10

e2 10 1 10

e3 10 2 5
e4 10 2 5

e5 10 2 5

e6 10 2 5
eX+e2 10 2 5

3 10 3 5

ei+e4 10 3 5
ei+e5 10 3 5
ei+e6 10 3 5

3 10 3 5
&  + ©2 4 10 3 5
e +e 2 5 10 3 5
e +e 2 6 10 3 5
e +e3 4 10 4 4
p +p3 5 10 4 4

e +e C3 6 10 4 4

s +e 4 5 10 4 4

e4+e6 10 4 4

e5+e6 10 4 4

ei+e2+e3 10 4 4

ei+e2+e4 10 4 4

ei+e2+e5 10 4 4
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ei +e2+e6 10 4 4

ei + e3+e4 10 5 4

ei +e3+e5 10 5 4

ei +e3+e6 10 5 4

ei +e4+e5 10 5 4

ei +e4+e6 10 5 4

ei +e5+e6 10 5 4

e2+e3+e4 10 5 4

e2+e3+e5 10 5 4

e2+e3+e6 10 5 4

e2+e4+e5 10 5 4

e2+e4+e6 10 5 4

e2+e5+e6 10 5 4

e3+e4+e5 10 6 3

e3+e4+e6 10 6 3

e3+e5+e6 10 6 3

e4+e5+e6 10 6 3

eX+e2+e3+e4 10 6 3

ei +e2+e3+e5 10 6 3

ei +e2+e3+e6 10 6 3

ei +e2+e4+e5 10 6 3

eX+e2+e4+e6 10 6 3

eX+e2+e5+e6 10 6 3

eX+e3+e4+e5 10 7 3

eX+e3+e4+e6 10 7 3

eX+e3+e5+e6 10 7 3
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e i + e 4 + e 5 + e 6 10 7 3

e 2 + e 3 + e 4+ e 5 10 7 3

e 2 + e 3 + e 4+ e 6 10 7 3

e 2 + e 3 + e 5 + e 6 10 7 3

e 2 + e 4 + e 5 + e 6 10 7 3

e 3 + e 4 + e 5 + e 6 10 8 2

e i + e 2 + e 3 + e 4 + e 5 10 8 2

e i + e 2 + e 3 + e 4 + e 6 10 8 2

e i + e 2 + e 3 + e 5 + e 6 10 8 2

ei+e2+e4+e5+e6 10 8 2

e i + e 3 + e 4 + e 5 + e 6 10 9 2

e 2 + e 3 + e 4 + e 5 + e 6 10 9 2
Figure 8.2 Minimum Distances of Dihedral Codes of GF(11)DS 

The (10,1) codes and (10,9) codes are trivial cyclic codes.

It can be checked that the (10,2) code constructed by ex+e2, the 

(10,4) codes constructed by e3+eg and e4+e5, the (10,5) codes 

constructed by ex+e3+eg, e1+e4+e5, e2+e3+eg and e2+e4+e5, and the 

(10,6) codes constructed by e2+e3+eg and e2+e4+e5, are cyclic 

codes also. Comparing Dihedral codes of GF(11)D5, we could find 

that good Dihedral codes of GF(11)DS are the (10,7) codes 

constructed by ex+e3+e4+e5, e1+e3+e4+e6, e1+e3+e5+eg, e1+e4+e5+eg, 

e2+e3+e4+e5, e2+e3+e4+eg, e2+e3+e5+eg or e2+e4+e5+eg, which have a 

minimum distance 3 and can correct a single error.

In general, suppose we define Dihedral codes as ideals of a

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



73

group algebra GF(q)DH , where a Dihedral group Du = CW<C2, CH is 

a cyclic group with a generator a and C2 is a cyclic group with a 

generator t,

a" = t2 = 1, tat = a M_1.

Suppose characteristic of GF(q) does not divide 2N, and 2N 

divides (q-1). Then a complete set of primitive orthognal 

idempotents of the Dihedral group algebra GF{q)Dtt is

{e i r ' ew-i^ •

where

e i = -r- a 0 ( 1 + t >  '1 2N 0
e = -^-a (1-t) ,2 2 AT 0
e = — a 0 < k < N ,fc-2 w  k

a = 1 + w ka + w2ira 2 + — + w (w'1)fca , w E F, w u = 1 .

Comparing all codes constructed by each idempotent of the 

Dihedral group algebra GF[q)Dtf , we could find that good Dihedral 

codes of GF(q)D(f are the (2N, 2N-3) codes constructed by 

l-(e1+e3), l-(e1+e4), l-Ce^e^), l-(e2+e3), l-(e2+e4), ...

or l-(e2+ew.1), which have a minimum distance d*= 3 and can correct 

a single error.

We can construct a new family of single-error-correcting 

non-abelian Dihedral codes (n,k,d‘) over GF(q) as follows
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q n k d'

7 6 3 3
9 8 5 3
11 10 7 3
13 12 9 3
17 16 13 3
19 18 15 3
23 22 19 3
25 24 21 3
27 26 23 3
29 28 25 3
31 30 27 3
37 36 33 3
41 40 37 3

Figure 8.3 Single-error-correcting Dihedral Codes
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9 DECODING ALGORITHM
9.1 Spectral Techniques for Decoding of Cyclic Codes

An error-control code must be judged not only by its rate and 

minimum distance, but also by whether a decoder can be built 

economically for it. Usually there are many ways to decode a 

given code. Included here are decoding techniques by working in 

the frequency domain. We will show decoding procedures for BCH 

codes using the termnology of the Fourier transform.

A received word v with components vi = ct + ex for i=0, . . . ,N-1 

is the sum of a codeword c and an errorword e. The decoder must 

process the received word so as to remove the error word e; the 

information is then recovered from e. The syndromes of this 

noisy BCH codeword v are given by the following set of equations

Obviously, the syndromes are computed as 2t components of a 

Fourier transform. The received noisy codeword v = c + e has 
Fourier transform with components t'’j = cj + Ej for j=0, . . .,N-1, 

and the syndromes are the 2t components of this spectrum from j0 

to j +2fc-l. But by construction of the BCH code, the parity 

frequencies (for j = j0,..., j0+2t-l) have spectral components 

equal to zero:

j=l 2t.
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CJ = 0 J=J0, ", J0+2t-l .

Hence

The block of syndromes gives us a window through which we can 

look at 2t of the n components of the spectrum of the error 

pattern. But we know from the BCH bound that if the error 

pattern has weight of at most t, then these 2t syndromes are 

enough to uniquely determine the error pattern.

Supoose there are v<t errors at locations a. f o r  fc=l,~,v. The 

errorlocator polynomial is

The inverse Fourier transform of the vector A is the same 

as A(a_i) , which is A(x) evaluatd at a _i . Clearly, A(a'1) equals 

zero if and only if i is an error location. Thus A(x) has been 

defined so that in the time domain, A.=0 whenever e.*0 .' I 1

Therefore Aiei=0 for all i, and thus, by the convolution

theorem, the convolution in the frequency domain is zero:

£ a  E =0 k = 0, - , AT-1

Because A(x) is a polynomial of degree of at most t, Ax=0 for

j >t. Then

A (x) = IT (1 ~ xa1*) .

Because A0 equals one, this can be written in the form
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, AT-1

This is a set of n equations in n-t unknowns (t coefficients 

of A(x) and n-2t components of E) and in 2t known values of E 

given by the syndromes. Of the n equations, there are t 

equations that involve only components of A and the known 

components of E given by the syndromes. That is, the t equations

involve only the known syndromes and the t unknown components 

of A. These are always solvable for A, as we saw in (*8) , using 

for example the Berlekamp-Massey algorithm.

The remaining components of S can then be obtained by recursive 
extension; that is, using the above convolution equation to 

find s2 x from the known components of S and A, then to find 

S2t.2, and so on. This computation can be described as the 

operation of a linear-feedback shift register with tap weights 

given by the coefficients A and initialized with Sx,..., Se. In 

this way Sj is computed for all j, Ej equals ^ and

An inverse Fourier transform completes the decoding. If the 

encoder uses the information symbols in the frequency domain to 

specify the values of the spectrum, then the corrected spectrum 

gives the information symbols directly. The decoder does not

21
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have an inverse transform.

9.2 Decoding Algorithm for Dihedral Codes

Suppose group G is a Dihedral group DM = CW<C2, where Cw is a 

cyclic group with a generator a and C2 is a cyclic group with a 

generator t,

a w = t2 = 1, tat - a M_1.

Suppose finite field F is GF(q), whose characteristic does not 

divide 2N, and 2N divides (q-1). Then a complete set of 

primitive orthognal idempotents of group algebra FG are

e> ' ' h a‘n t c ) '

e. , = — cxk 0 < k < N ,*-2 N  k

where ak = 1 + w ka + wZka 2 + - + w (w'1’ kaM_1 , w w = lf w € F .

Any idempotent e will be a sum of certain of these primitive 

orthognal idempotents. We can generate a left ideal by an 

idempotent e :

W = GF(q)Due , 

which is a non-abelian Dihedral code.

Now, we will develop a decoding algorithm for the Dihedral code 

generated by an idempotent:

e = l -  (e, + e) 3 £ m £ N+l1 O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79

or

e = 1 - (e_ + e ) 3 s m s  N+l .Z 0

We will only show the decoding algorithm for the Dihedral code 

generated by an idempotent e = 1 - (e2 + ea) here; the decoding 

algorithm for the other case is similar. Let p=N-(m-2). From 

the results in section 7.2, knowing that the idempotent e 

excludes e, and e , andz at

ie = — a , ,® N “
we have that the DFT coefficients of the code satisfy:

c = —
p W*p
c C„
v -p 2 V-p

= 0 /

and arbitrary in the other spectral components.

This code can correct a single error. We will show the 

decoding algorithm in the frequency domain as follows:

Suppose there is a single error at location a1 . The error 

location polynomial is 

A(x) = 1 - xcr1

where AQ = 1 , Ax = -a1 and a is an element of order 2N in F.

Suppose spectral components of a received word, a codeword and 

an errorword are

Vjt Cj and Ej (j = 0 ,  1, ... , 2N-1) , respectively,
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then

Vj = Cj + Ej (j = 0, 1, ... , 2N-1) ,

V = E , k h '

V ~ V = E - P ,
N - p  Z H  -p H - p  Z H - p  ’

and V + v „ = E + .p AT-p p W*p

£  A E = 0  k = 0, ■■■ , 2N-1 ,j= o
A = 0 J>1 ,

£* = ~ \ E k^ k = 0, - , 2N-1 .

Then £w.p - (~A1)Ew.p.1 - (-Aj) £w.p_2 - — - ( A^ ,

£ 2W-p = (-A l ) ^ - p - l  = (-A 1)2S2W-p-2 = -  = '

V p = (-A l ) ' % '  

and Ep = {-\) .

We have

V p  - ^ - P = ((-A 1>'p -

and vp + vK,p = ((-A,)*^ + ( ^ ) P)VW •

Because W , p , VH , Vp , v^p , vgrp , ̂ 2w_p are known, and there are

only a finite number of field elements to check for the unknown 

A1, we can find Ax by trial and error. Because EN = Vu is known, 

we can obtain remaining components Ek (k = 0, - N-l, N+l, - 2W-1) 

by Ek = -A 1EJt.1 k = 0, - , 2W-1 .

Then we have

C = V - Ej (j = 0, 1, . . . , 2N-1) .
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Because the encoder uses the information symbols in the frequency 

domain to specify the values of the spectrum, then the corrected 

spectrum gives the information symbols directly.

Now, We will prove following property: the solution for is 

unique.

Theorem 9.1: If a single error occurs, i.e. following equations

V p  - V-p = - c-\)w-p> ^  (9-1)
and Vp + vu.p = ( ( +  (-A!>p> ^  (9-2)

has a non-zero solution for ^  , then the solution is unique. 

Proof: Because Vw = Eu * 0 , for simplicity, let 

x = ,

a ■!»',, “ ' W /ir» •
and b - (vp «• v„p)/v„ ,

then we have equivalent equations: 

x ~p — x w'p = a 

and x~(w~p) + x p = b ,

or

x~p(l - x w) = a (9-3)

and x p(x'M + 1) - b . (9-4)

Lemma 9.2: If a = b = 0, no non-zero solution for above set of
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equations (9-3) and (9-4) .

Proof: Assume equation (9-3) has a solution x0 * 0 . 

a = 0 , x0 * 0

Then x0w = 1 from equation (9-3) , and x0w + l =  l +  l .

From assumption that F=GF(q) and 2N divides (q-1), we have 

x0" + 1 = 1 + 1 * 0 .

x0p (x0 w + 1) * 0 ,

i.e. x is not a solution of equation (9-4) .

Lemma 9.3: (1) If a *■ 0 and equation (9-3) has a solution, then

the solution is unique;

(2) If b * 0 and equation (9-4) has a solution, then

the solution is unique.

Proof: (1) Suppose a * 0 and xQ is a solution of equation (9-3) ,

then

x0~p(l - x0w) = a ,

*o * 0 *
Suppose xQ = oc1 where a is a primitive element of the finite field

F=GF(q), then

x0" = (a1)11 = ( a V  .

a2M = 1 and aw = -1,
1 if i is even

x" = (-1)* = -1 if i is odd
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a * 0 ,
u , x0 X ,

then 1 - x0w = 2 ,

2x0p = a ,

x o = 'P = < - > p *0 2 a
Thus x0 is unique.

(2) Similarly, we can prove second part of lemma 9.3.

If one error occurs, from lemma 9.2, we have a * 0 or b * 0 . 

According to lemma 9.3, the solution of equations (9-3) and (9-4) 

is unique. Equivalently, the solution of equations (9-1) and 

(9-2) is unique.
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10 CONCLUSION

In this dissertation, we have developed algorithms for 

computing the complete set of primitive orthogonal idempotents 

for non-ablian groups of the form A<ff, where A  is a normal 

finite abelian group and H is an arbitrary finite group. Although 

this class of groups is limited from a mathematical view point, 

it contains a rich set of non-abelian groups for coding 

applications. Then we have constructed non-abelian Dihedral 

codes by the complete set of primitive orthogonal idempotents of 

Dihedral group algebra and found specific characterization for 

Dihedral codes in Fourier transform domain. Based on these 

spectral characterization, we have developed encoding algorithm 

and decoding algorithm for Dihedral codes.

The algorithms for computing the complete set of primitive 

orthogonal idempotents for non-abelian groups offer many avenues 

for further research:

* Because we have a rich set of non-abelian groups and non- 

abelian codes have total new structures, we still do not know 

much of their features. It is well worth continuing our studies 

in different kind of non-abelian codes.

* If group algebras is taken relative to fields of
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characteristic 0 such as real and complex fields, we will have a 

rich set of application for digital signal processing. Complete 

sets of orthogonal idempotents will determine special classes of 

multirate filters.
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