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Abstract

Drawdowns, Drawups and Their Applications
by

Hongzhong Zhang

Advisor: Olympia Hadjiliadis

This thesis studies the probability characteristics of drawdown and drawup
processes of general linear diffusions. The drawdown process is defined as the
current drop from the running maximum, while the drawup process is defined
as the current rise over the running minimum. Attention is drawn to the first
hitting times of the drawdown and the drawup processes, also known as the
drawdown and the drawup respectively, and their applications in managing
financial risks and detecting abrupt changes in random processes. The prob-
abilities that the drawdown of a units precedes the drawup of equal size are
derived in a biased simple random walk model and a drifted Brownian mo-
tion model. It is then shown that there exists an analytical formula for the
Laplace transform of the drawdown of a units when it precedes the drawup

of b units. The above problem can be related to the arbitrage-free pricing of



vi
a digital option related to the drawdowns and the drawups. Several static
and semi-static replications are developed to hedge the risk exposure of these
options. Finally, we study the properties of the drawups as a means of de-
tecting abrupt changes in random processes with multi-source observations.
In particular, we study extensions of the cumulative sum (CUSUM) stopping
rule, which is the drawup of the log-likelihood ratio process. It is shown that
the N-CUSUM stopping rule is at least second-order asymptotically optimal

as the meantime to the first false alarm tends to infinity.
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Chapter 1

Introduction

This thesis is a collection of three related works on drawdowns and drawups.
The first part establishes the main probabilistic result, i.e., the derivation
of the joint distribution of drawdowns and drawups in various models. The
second part is a study of replication strategies of two new exotic digital
options based on drawdowns and drawups. The third part considers an
application of drawups in the problem of quickest detection of abrupt changes
in random processes with multi-source observations.

Drawdown processes, and their counterparts, drawup processes, have
been extensively studied in the financial risk management literature. The
drawdown of a given process is defined as the drop of the present value from
the running maximum. The drawdown and the maximum drawdown have
been customarily used as risk measures in finance in that they measure the

current drop of a stock price, index or value of a portfolio from its running



CHAPTER 1. INTRODUCTION 2

maximum. Similarly, the drawup of a given process is defined as the current
rise of the present value over the running minimum. It can be perceived
as a performance measure of the return. Over the last few decades, risk
management of drawdowns and portfolio optimization with drawdown con-
straints has become increasingly important among the practitioners. Gross-
man & Zhou [32], Cvitanic & Karatzas [23], Chekhlov, Uryasev & Zabarankin
[21] studied portfolio optimization under constraints on the drawdown pro-
cess. Douady, Shiryaev & Yor [26] studied the expectation of the maximum
drawdown for standard Brownian motion. Magdon-Ismail et. al. [53] de-
termined the distribution of the maximum drawdown of drifted Brownian
motion, based on which they described another time-adjusted measure of
performance known as the Calmar ratio (see Magdon & Atiya [54]). Other
works which describe drawdown processes as dynamic measures of risk in-
clude Vecer [88, 89], Pospisil & Vecer [63], Pospisil, Vecer & Xu [66]. For an
overview of the existing techniques for analysis of market crashes as well as
a collection of empirical studies of the drawdown process and the maximum
drawdown process, please refer to Sornette [76].

The drawdowns and the drawups are the first hitting times of the draw-
down and the drawup processes to levels a and b, respectively. They are

closely related to the maximum drawdown and the maximum drawup over
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a time-horizon 7. Taylor in 1975 (see [85]) derived the exact formula of
the joint Laplace transform of the drawdown stopping time and the maxi-
mum stopped at that moment in a drifted Brownian motion model. Later,
Lehoczky in 1977 (see [49]) extended the above result in a general diffusion
model. Recently, Meilijson [55] proved that the drawdown can be viewed
as the optimal exercise time of a certain type of look-back American put
option. The joint distribution of drawdown stopping times and drawup stop-
ping times are first considered in Hadjiliadis & Vecer [38], and Pospisil, Vecer
& Hadjiliadis [65]. They derived the probability that a drawdown stopping
time precedes a drawup stopping time in an infinite time-horizon. An ap-
plication of drawdown stopping times and drawup stopping times in trading
with constant-rate transaction cost can be found in Lochowski [50].

In the work that appears in Chapter 2, the joint distribution of drawdown
and drawup stopping times is studied. In particular, we characterize the
event that the drawdown stopping time precedes the minimum of the drawup
stopping time and a pre-specified time-horizon 7. The derivation is first
accomplished in the case that a = b, by drawing the connection of the relevant
event to the range process. We then consider the case a # b and derive
the Laplace transform of the drawdown stopping time when it precedes the

drawup stopping time through path decomposition. These results extend the
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work of Taylor [85] and Lehoczky [49] by relating the drawdown stopping
times to the drawup stopping times. In a recent paper of Salminen & Vallois
[71], the joint distribution of the maximum drawdown and the maximum
drawup over [0, ] is studied in a drifted Brownian motion model; yet it is not
possible to extract information on the joint distribution of the drawdown and
the drawup stopping times from their paper. On the other hand, the results
in Hadjiliadis & Vecer [38], and Pospisil, Vecer & Hadjiliadis [65] can be
regarded as special cases of the results in Chapter 2, when the time-horizon
is infinite.

Drawdown processes do not only provide dynamic measures of risk, but
can also be viewed as measures of “relative regret”. Similarly drawup process
can be viewed as measures of “relative satisfaction”. Thus, a drawdown or
a drawup of a certain number of units may signal the time in which an
investor may choose to change his/her investment position depending on
his/her perception of future moves of the market and his/her risk aversion.
Using the results in our paper we are able to calculate the probability that a
relative drawdown of (100 x )% occurs before a relative drawup of (100x 5)%
in a finite time-horizon. On the other hand, a digital option on the event
that the relative drawdown occurs before the relative drawup could also be

seen as a means of protection. Chapter 2 provides a closed-form formula for
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the risk-neutral price of this digital option at time 0 both in the case of an
infinite maturity and in the case of a finite maturity.

Drawdown and drawup processes also arise in the problem of quickest de-
tection of abrupt changes in a stochastic process. In particular, consider the
situation in which a diffusion process is sequentially observed. At some un-
known point in time, possibly as a result of the onset of a signal, the dynamics
of the process change abruptly in one of two possible opposite directions in
the drift. Drawdowns and drawups then provide a detection mechanism of
the change-point for each of the possible changes. More specifically, the
drawup of the log-likelihood ratio process is known as the cumulative sum
(CUSUM) stopping rule, which was first introduced by Page [60] in 1954, and
whose optimality was proven in discrete-time models by Moustakides [56], in
the continuous-time Brownian motion model by Beibel [9] and Shiryaev [73],
and in a continuous-time I[t6 process model by Moustakides [57].

On the other hand the two-sided CUSUM stopping rule used to de-
tect two-side changes in random processes was introduced by Barnard [5]
in 1959. Distributional properties of the two-sided CUSUM (2-CUSUM)
stopping rule were subsequently studied by Van Dobben de Bruyn [25], Bis-
sell [10], Woodall [91], and Khan [45, 46, 48]. Its optimality properties were

studied and established by Lorden [51], Dragalin [27], Hadjiliadis [33, 34],
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Hadjiliadis, Hernandez-Del-Valle & Stamos [35], Hadjiliadis & Moustakides
[36] and Hadjiliadis & Poor [37]. For an overview of these results please re-
fer to Poor & Hadjiliadis [62]. A challenging problem in engineering is the
detection and identification of such signals when they are only present for
a finite period of time. These signals are known as transient signals. Using
the results in this work, it is possible to derive closed-form formulas for the
probability of misidentification of the direction of the change in the drift
when the signal has exponential life. Moreover, using the results in Chapter
2 for drifted Brownian motion, we derive this probability when the transient
signal is present for a finite period of time T'.

Chapter 2 is mainly concerned with probabilistic results related to the
drawdowns and the drawups. The rest of the thesis focuses on two applica-
tions of drawdowns and drawups in finance and engineering. In particular, in
Chapter 3 we focus on replication strategies of the digital option introduced
in Chapter 2. We consider two special cases: a = K,b=o0c and a =b= K.
The first claim pays $1 at expiry 7" if and only if the spot has drawn down by
at least $K over [0, T|, while the second claim pays $1 at T if and only if the
time at which the drawdown first reaches K precedes the earlier of 7" and the
time at which the drawup first reaches K. Both of these instruments clearly

provide protection against adverse movements in the market. In this work we
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present model-free static hedges of the second claim using one-touch knock-
outs and their spreads. Then under symmetry and continuity assumptions,
we also derive semi-static hedges of both claim using one-touch knockouts,
single barrier one-touches and vanilla options.

As pointed out earlier, the maximum drawdown of an asset or portfolio
is commonly used as a measure of the risk of holding that asset over [0, 7.
Consequently, a risk averse investor who is concerned that this risk measure
realizes to a value larger than expected would presumably be interested in
being compensated for large realizations of maximum drawdown. A digital
call written on the maximum drawdown pays a fixed amount of money, say
one dollar, if the maximum drawdown over [0, 7] is excessively large at T
Hence, the payoff at T is ]I{T}?ST} for some strike K > 0. The premium for
this digital call is analogous to an insurance premium.

Maximum drawdown is commonly used to evaluate the risk of a hedge
fund over a specific time period. An asset manager who knows in advance
that his portfolio risk is being evaluated wholly or in part by the portfolio’s
maximum drawdown is exposed to large positive realizations of maximum
drawdown. In particular, it is not uncommon for managers who experience
large maximum drawdowns to see their funds under management rapidly

diminish. Since performance fees are typically proportional to funds under
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management, these fees would similarly diminish. By purchasing a digital
call before any such maximum drawdown is realized, a portfolio manager can
insure against the loss of income.

The premium for this digital call can be cheapened if the payoff is lessened.
One way to do this is to further introduce dependence of the terminal payoff
on the time it takes for a realization of a drawup of a pre-specified level. If
the investor holding the digital call is also long the underlying asset, then it
seems reasonable the investor would be willing to give up some of the payoff

if a drawup occurs first, in return for reduced premium. We have

Lrprgnry = Uopary = Uirparpery-

Consider a claim that pays I b v,y dollars at T In words, the claim
pays one dollar at its expiry date T if and only if a drawdown of size K
precedes the earlier of a drawup of the same size and expiry. For brevity,
we refer to this claim as a digital call on a K-drawdown preceding a K-
drawup. Such a payoff would be of interest to anyone who is more concerned
about the downside than the upside, or at least more so than the market is.
The payoff from the digital call on the K-drawdown preceding a K-drawup
will be smaller than the payoff from a co-terminal digital call on maximum

drawdown with strike K because of the possibility that a K-drawup precedes
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a K-drawdown.

A financial intermediary who provides a digital call on maximum draw-
down or K-drawdown preceding a K-drawup to clients is typically faced with
the problem of hedging the exposure and marking the position after the sale.
If there exists a hedging strategy which perfectly replicates the payoff of such
a digital call under a set of reasonable assumptions, then the mark-to-market
value of this replicating portfolio can be used to mark the position of this
digital call. Under the continuity and martingale assumption, Cheridito,
Nikeghbali & Platen [22] consider a dynamic hedging of options with payoff
triggered by the maximum drawdown, as do Pospisil & Vecer [63, 64], which
involves continuous trading. In this work, we look for a hedging strategy
which achieves a perfect replication with the least possible time instances in
which trading is involved. This kind of strategy is undoubtedly more robust
than a dynamic hedging strategy. Such a replication is also known as static!
and was introduced in Breeden and Litzenberger [14]. It was further studied
in Bowie and Carr [13], Carr and Chou [17], Carr, Ellies & Gupta [18], Carr
& Madan [19], Derman, Ergener & Kani [24], and Sbuelz [72].

In the work that appears in Chapter 3, we show that there exists a robust

!Some authors consider robust (model-free) replicating portfolio which superhedges
or subhedges the target claim. For example, Hao [40] developed static super- and sub-
replication strategies of double touch barrier options.
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static hedge of the digital call on the K-drawdown preceding a K-drawup.
This hedge uses positions in one-touch knockouts. We then develop simple
sufficient conditions on the underlying asset price dynamics which allow for
semi-robust replicating strategies to hedge the digital call on maximum draw-
down with one-touch knockouts. One-touch knockouts do trade liquidly in
the over-the-counter (OTC) currency options market. Our strategy replicates
perfectly under a symmetry condition and provided that the running max-
imum increases only continuously. One-touch knockouts are not necessarily
available for all currency pairs, hedging and marking requires the develop-
ment of additional simple sufficient conditions on the underlying asset price
dynamics which allow for alternative replicating strategies using more liquid
instruments. In particular, if we enforce symmetry condition and addition-
ally assume that the running minimum decreases continuously, then we can
develop replicating strategies that use only single barrier one-touches, or even
path-independent options. Note that for all of the above strategies, hedg-
ing requires only occasional trading, typically only when maxima or minima
change. As vanilla options are not necessarily available for all currency pairs,
one can always impose further dynamical restrictions and resort to classical
dynamic hedging. Whenever a model allows the payoff of vanilla options

to be dynamically replicated with the underlying asset, it can be used in
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conjunction with our results to replicate the payoff of calls on maximum
drawdown with the same instruments.

As indicated above, the hedging strategies have been ordered by strength-
ening the sufficient conditions on price dynamics under which hedging can
occur. However, as the hedging strategies decrease in robustness, they in-
crease in terms of the liquidity of the assets used in the hedge. Thus, the
choice of hedging strategy depends on the user’s tolerance for model risk and
on the nature of the market.

In the last Chapter, the problem of quickest detection of abrupt changes
is revisited. We consider the situation in which we receive observations from
N sources, and the onset of a signal can occur at different times across
observations from different sources. In our formulation, we consider the case
of equal-strength and unequal-strength signals across these sources, which in
discrete-time models corresponds to the case of the same and different out-
of-control distributions. We also assume that the N observed processes are
independent, which constitutes an assumption consistent with the fact that
the N change-points can be different. The goal is to detect the moment of
the first change-point as soon as possible, while controlling the false alarms.
In this formalism, we seek a stopping rule T" that detects a change-point 7

while at the same time controls the meantime to the first false alarm. In
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other words, at each decision time point, ¢, we want to discriminate between
the two states of the process: the state {¢ < 7} and the state {¢t > 7}. More
specifically, the stopping rule 7" minimize the detection delay of the change
under the constraint on the meantime to the first false alarm.

To address this problem we propose the N-CUSUM stopping rule (see
for example, [58, 81, 82, 83, 84]). The N-CUSUM stopping rule consists
of running N one dimensional CUSUM schemes in parallel, each designed
to detect the respective changes. Optimality properties of the N-CUSUM
stopping rule in the case that the N change-points are identical have been
studied by Tartakovsky [78] and Moustakides [56]. More recently, the case of
different change-points was considered by Raghavan & Veeravalli [67]. How-
ever, in their configuration it is assumed that the change-points propagate
according to a specific distribution, and this propagation depends on the
unknown identity of the first source affected. In our setup, we do not impose
any assumption on the distribution of change-points.

In the work that appears in Chapter 4, an extended Lorden’s performance
index (see [51]) is proposed as a performance measure for the detection delay
of a stopping rule 7T'. In other words, the worst detection delay over all paths
and over all change-points, is considered. The goal is to minimize the worst

case detection delay, subject to a constraint in the meantime to the first false
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alarm. We first consider the continuous Brownian motion model, where the
incoming signal results a drift change that is related to the signal strength.
The Brownian motion model is a good approximation when observations
are taken at a high frequency and when the magnitudes of the changes are
small. To investigate the problem when this is not the case, we also consider
general discrete-time models, where the incoming signal results in a shift in
the distribution of observations.

In the Brownian motion model, the derivation is achieved by bounding
above the detection delay of the unknown optimal stopping rule by the de-
tection delay of the proposed N-CUSUM stopping rule and below by the
detection delay of a one-dimensional CUSUM stopping rule. Using results
of Magdon-Ismail et. al. [53], we get the exact formula for the expected
detection delay of the N-CUSUM stopping rule. We analyze the asymptotic
expansion of this formula, and compare it with the results in Shiryaev [73]. It
is shown that, the N-CUSUM stopping rule is at least second-order asymp-
totically optimal as the meantime to the first false alarm tends to infinity.
Moreover, it is interesting that, in the case in which one of the signals is the
weakest, the N-CUSUM enjoys third-order asymptotic optimality.

In the discrete-time models, we derive similar bounds for the detection de-

lay of the unknown optimal stopping rule and derive asymptotic expansions
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for the expected detection delays using results in Dragalin, Tartakovsky &
Veeravalli [28], Khan [47], Moustakides[56], Tartakovsky [79]. Based on over-
shoot characteristics of the models, we prove that the N-CUSUM stopping
rule is at least second-order asymptotically optimal as the meantime to the
first alarm tends to infinity. Moreover, when exactly one of the distribution
shifts achieves the smallest Kullback-Leibler distance from the initial regime

(before the change), the N-CUSUM is third-order asymptotically optimal.



Chapter 2

Joint Distribution of
Drawdowns and Drawups

In this work we study drawdowns and drawups of general diffusion processes.
The drawdown process is defined as the current drop of the process from
its running maximum, while the drawup process is defined as the current
increase over its running minimum. The drawdown and the drawup are the
first hitting times of the drawdown and the drawup processes respectively.
We characterize the joint distribution of drawdowns and drawups, and apply
the results to a problem of interest in financial risk-management and to the
problem of transient signal detection and identification of two-sided changes
in the drift of general diffusion processes.

The remaining of the chapter is structured in the following way: defini-
tions are introduced in Section 2.1. In Section 2.2, we derive the probability

that the drawdown precedes the drawup of equal size in a random walk

15
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model and in a Brownian motion model. In Section 2.3, we proceed to con-
sider general linear diffusion dynamics, and derive the Laplace transform of
the drawdown of a units when it precedes the drawup of b units, in the cases
a = b (Theorem 2.3), a > b (Theorem 2.4) and a < b (Theorem 2.5). The
special case of a drifted Brownian motion model is revisited in Section 2.4,
where we also derive the analytical density p(* (t;a,b) by analytical inver-
sion of the Laplace transform. We then present applications of our results
in a problem of risk-management and the problem of transient signal detec-
tion and identification of two-sided alternatives in Section 2.5. Finally, we

conclude with some closing remarks in Section 2.6.
2.1 Drawdown and Drawup Processes

We begin with mathematical definitions of the first hitting time, drawdown,

drawup and range processes in the most general setting.

Definition 2.1. Let X. = {X;;t > 0} be a real-valued stochastic process, u
be a real number. The first hitting time of X. to u, which is denoted by 7.5,

is defined as
X 2 inf{t > 0fu € [my, M}, (2.1)

A A . .
where M, = SUP,eo,4 X and my = inf,co g X are the running mazimum and
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running minimum processes. By convention, we assume that inf ¢ = oo.

Note that if X. is a continuous (skip-free) process, then (2.1) can be
rewritten as:
x A . )
0 = inf{t > 0| X; = u}. (2.1")
The drawdown, drawup and range processes are defined in terms of the

running maximum and running minimum:

Definition 2.2. Let X. = {X;;t > 0} be a real-valued stochastic process.
Then the drawdown, drawup and range processes of X., which are denote by

Dy, U;, Ry, are defined respectively as,

D, & M,-X, (2.2)
Ut é Xt — My, (23)
Rt = Mt — M. (24)

We adopt notations in definitions 2.1 and 2.2 throughout the rest of the
paper. In particular, for a,b,r > 0, the first time to a drawdown (drawup,
resp.) of a (b, resp.) units is denoted by 7.2 (77, resp.), and the first range
time to r is denoted by 7, etc.

It is interesting to point out, the first range time 7% is closely related to
7P and 7V, This property is used over and over again. We present it in the

following lemma.
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Lemma 2.1. For any a,T > 0 we have

R _ _D U
T, = T, NT,,

{12 <7INTYy = {7 <T,X.r < Xo}.

Proof. 1t is easily seen that

TR<T e sup (M; —m;) >a < max(sup Dy, sup U;) >

te[0,7 te(0,7 te[0,7)

e PATV<T
And (2.6) is a direct consequence of (2.5).

2.2 The Case of a =50

18

(2.5)

(2.6)

(2.7)

]

In this section, we first derive the probability that a drawdown of a units

precedes a drawup of equal units in a finite time horizon 7'. That is,

P(TaD < Tg/\T).

(2.8)

The assumed underlying model considered is a random walk model. For this

model we provide a closed-form formula for this probability both in the case

of a symmetric random walk and in the case of a non-symmetric random

walk. We then derive a closed-form formula for this probability in the case

of a drifted Brownian motion model.



DRAWDOWNS AND DRAWUPS 19

2.2.1 A random walk model
We begin by considering the random walk X. = {X,,;n > 0}:
Xy = Y Z, Xo=uz, (2.9)
i=1

where
1 with probability p,
Zi -
—1 with probability q.

That is, the process {X,,},>1 is a simple random walk with parameter p.
In the next theorem we compute the probability that a drawdown of a
units precedes a drawup of equal units in a pre-specified finite time-horizon

T, where T' > a.
Theorem 2.1. For a,T € N*, define
o(T:a,p) = P(rP <V AT). (2.10)

The probability that a drawdown of a units proceeds a drawup of equal units

before time T' > a is given by
1. fora=1,
o(T;1,p) = q. (2.11)
2. fora=2,

o(T;2,p) = ¢ +pg* +qpg” + ... + ... papq* . (2.12)
(T—1)t
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3. fora >3,

T a

L—a—1

a aL a—k—1 O l,a+k—3 Lta—i L-ati=2

o(T;a,p) =q"+ > ) E Clasa ¢ 2 p 2,
L=a+2 =1 =

(2.13)
where for m,k,1,7 € N,
okl m \" Tl L
TR — . (2.14
Ci j m—i—lLl(OSm—i—l) g sin (2.14)

In order to proceed with the proof of this theorem, we will need to make
use of two preliminary lemmas. In the first lemma we compute the probability
that a random walk, which starts at 0 reaches a specific level —1 < v < B in

N steps, while remaining within a positive strip of a pre-specified height A.

Lemma 2.2. For u,v,A,N € N and 0 < u,v < A, we have

Y

P,(Xy=v,0< X, <A for VE<N) = cfillﬁl ) ;+vq%
(2.15)
where 03:117ﬁ1 is defined in (2.14).

Proof. The 1-step transition matrix of a simple random walk in [0, A] is the

Toeplitz matrix M4, generated by column vector ¢ and row vector r, where

c=(0,q,0,...,0) r=(0,p,0,...,0).
—_———— ———
At1 At1
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The N-step transition matrix is the N-th power of that matrix. The proba-
bility in (2.15) is the (v + 1, v + 1)-th entry of this N-step transition matrix.

Using Theorem 2.3 on page 1064 of Salkuyeh [70], the result follows. O

In the second lemma we compute the probability that a random walk,
which starts at 0 reaches a specific level v in N steps while its minimum
reaches the exact level v — B and its maximum never exceeds v + 1. We

denote this probability by g(N,v; B).
Lemma 2.3. For BN € N with B< N, and v = —1,0,...,B, define

A
gp(N,v; B) = P(Xy = v, 1I<I}€a>§VXk<v+1 H}CmNXk—U—B). (2.16)

We have

(N, v; B) Z cptEN Bk BALBERL R (2.17)
with coefficient clnj defined in (2.14).
Proof. With g¢,(N,v; B) as in (2.16) we notice that

and for —1 < v < B that,

gp(N>U;B) = p'gp<N_17U_1;B)+q'gp<N_17’U+1;B>'<2'20>
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To see (2.19), we observe that g(N, B; B) is the probability of an event that
only includes paths on which the process remains non-negative. Equation
(2.19) represents the decomposition of these paths into the ones on which
the process stays strictly positive after the first upward step, and the ones on
which it does not. Equation (2.20) follows by conditioning on the first step
being up or down respectively.

Equations (2.18), (2.19), and (2.20) can be summarized by
GV = Mpa GV +Y, (2.21)

where Mp.o is the 1-step transition matrix of a simple random walk in
[—1, B + 1] which appears in the proof of Lemma 2.2, Gg\?) and YIS,B) are

the (B + 2) x 1 vectors
GV = (9N, B; B).g,(N,B—1;B),..., (N, ~1; B)", (2.22)
and
VP = (p-g(N,B—1,B-1),0,...,0)", (2.23)
respectively, while

Gy = V& =00, (2.24)
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We can now use (2.21) recursively to obtain

N—-B-1
B _ B —_B—k— B
GV = [MpVP.GY + D [Mpgo]VEH Lyl
k=0
N-B
_RB_ B
= > [MpNERvE L (2.25)
k=0

Equation (2.17) now follows from (2.25), Theorem 2.3 on page 1064 of Salkuyeh

[70], and Lemma 2.2. O
We can now proceed to the proof of Theorem 2.1.

Proof of Theorem 2.1. Equations (2.11) and (2.12) are easy to see. For a > 3

it is also easy to see that
pla+ 1;a,p) = ¢*. (2.26)
In order to establish (2.13), it suffices to determine

A(T;a,p) = @(T;a,p) — (T —1;a,p)

= P(rP=T—1, max Uy < a— 1), (2.27)
k<T-1

a

forany a, T e N*and T >a+ 1> 4.

We begin by examining the properties of all paths which are included in
the event of (2.27). For convenience, let us reflect all such paths about the
initial value Xy, = 0, and denote the reflected paths by X. It is easily seen

that
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1. For all the reflected paths,
Xro1€{1,2,...,a},

for otherwise, a drawdown of a units precedes a drawup of equal size,

or the range is less than a at time 7" — 1.
2. Let us assume X7 =u € {1,2,...,a}, then

min X, =u — a.
k<T—1

3. Assume X7 =u € {1,2,...,a}, then
YT_QZU—l,XT_3:U—2, max X <u— 1.
k<T—3

This is because the drawup (which precedes the drawdown) is achieved
by an upward move of the random walk {Yn}nzl; moreover, the highest

position of the random walk before 7" — 1 can be at most u — 1.

These properties give rise to the following representation
a—2
A(T;a,p) = ¢*+ Y g4(T —3,via—2). (2.28)
v=—1
Using Lemma 2.3, the result follows. This completes the proof of Theorem

2.1. [l
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In the case that an investor is not restricted by a finite time horizon, the
probability that his/her wealth makes a rally of a units before a drawdown
of equal units is summarized in the following corollary. This result is easier
derived by using martingale arguments (see Hadjiliadis [34]) and is displayed

for completeness.

Corollary 2.1. In the case of an infinite time-horizon we have

b (g)““—<a+1>(§1)+a’
IONIO NS

The next corollary draws a connection of our result to the range process

(2.29)

which is defined to be the difference of the running maximum and the running

minimum.
Corollary 2.2. Let R. be the range processt of X.. Then for T > a, we have

1. fora =2,

PRr_1<2)=1-p*(1+q+pg+...+ ...qpq )
——"

(T—3)terms
— Pl +pHqp+...+ ...pgp ). (2.30)
(T—3)terms

1See Definition 2.2.
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2. fora >3,

T a L—a-1
a a a,L—a—k—1 a—1l,a+k—3
P(Rp_y <a)=1-p"—q" — E E § {%,1 "Cla-2
L=a+2 i=1 k=0

a—1i a—1i

x (pq)Lf[p (g) 2 +q<g> 2 ]} (2.31)

Proof. Using Lemma 2.1 we have that

P(Rr_y>a) =Pl <T)=PEP <7V AT)+ P(rV <P AT), (2.32)

where the first term of the right hand side is given in Theorem 2.1 and the
second term of the right hand side is given in Theorem 2.1 when p is replaced

by q. O

Remark 2.1. In the case of a symmetric random walk (p = q = %) we notice

that we can write
1
P(rP <7VAT) = §P(¢f <T), (2.33)

where T

2 1s the first range time. It is now easy to deduce that as T — oo,

2.33) reduces to L as expected.
2

Finally, the case of a symmetric random walk (p = ¢ = %) is summarized

in the following corollary for any pre-specified time horizon T'.
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Corollary 2.3. Let a,T € N*. For the symmetric random walk the proba-
bility that a rally of a units proceeds a drawdown of equal units before time

T is given by

1. fora=1,
1 1
p(Ii1.3) = 5 (2.34)
2. fora=2,
1 1 1
3. fora >3,
1 T a L—a—1
p(T;a, e 5 2. D > T (2.36)

L=a+2 i=1 k=0

where for m, k,i,5 € N,

m k . .
1
At = —— cos — sin — 4 gin 271 (2.37)
7 m+ 1= m+1 m+1 m+1
Proof. The proof is seen by substituting p = ¢ = % m

In Tables 2.1 and 2.2 we calculate the probability of (2.10) for specific
values of the parameters p, a, and T'. We notice that both Tables 2.1 and
2.2 increase across rows reflecting the fact that as p increases so does the

probability of (2.10). On the other hand, as the threshold a increases, the
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Table 2.1: The probability of (2.10) for 7' = 30.

al|p=03]p=05 | p=0.7 |
5 10.6382 | 0.4684 0.0630
10 | 0.3772 | 0.1040 0.0012

20 | 0.0272 | 1.6319 x 107* | 1.0945 x 10~®

Table 2.2: The probability of (2.10) for 7" = 50.

al|p=03|p=05]|p=07 |

5 10.6413 | 0.4981 | 0.0640
10 | 0.4595 | 0.2609 | 0.0023
20 | 0.2586 | 0.0064 | 2.3012 x 107

0.9

0.9

—+—p=03|]
—F— p=0.5
p=0.7 |

—*+—p=03|]
—+— p=0.5
p=0.7 |4

0.8}

0.7

)

a

0.6

OVt
a

a
a

0.5
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0.3

Probability - PC<t0T)

Probability — P¢

0.2}

0.1f

1 ‘ e DR R R R S O ol v
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a a

Figure 2.1: A graph of the probability of (2.10) for (Left) T = 30 and (Right)
T = 50.



DRAWDOWNS AND DRAWUPS 29

probability of (2.10) typically decreases. However, in the case that p = 0.7(>
0.5) the probability of (2.10) experiences a slight increase from a = 1 to a = 2
followed by a dramatic decrease. This is seen in Fig. 2.1. Finally, as the
time-horizon T increases the probability of (2.10) increases as well. However,
for small values of a, the increase is not as dramatic as for larger values of a.

We now proceed to the continuous time case.
2.2.2 A Brownian motion model

Let us consider the case of a continuous time Brownian motion X. = {X;;t >

0}. In particular, let
dX; = vdt+odW,;, Xy,=0, (2.38)

where v is the drift coefficient and o > 0 is the diffusion coefficient.
In the theorem that follows we compute the probability that a drawdown
of a units precedes a drawup of equal units in a pre-specified finite time-

horizon T.

Theorem 2.2. Let dX; = vdt + odW, be the Brownian motion with drift

coefficient v and diffusion coefficient o. Define

o(T;a,v) 2 P(rP <7V AT). (2.39)
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30
Then,
= 207> va 41%a? Va _va
T: = 1—(=1D)"e %) (1— —1)"—e 2
oo =3 2 {0 e (1= T )+ (1 e
_2Cap I n’*m?0?T  4v%a? VA _va
—e T | e (14 P - 2 ) 4 a3,
(2.40)

where C,, = n?r? + v?a*/o*, n € N.

The proof of the above theorem makes use of the following proposition:

Proposition 2.1. Fort > 0 and —a < x < 0, we have

P(rP e dt, 7V > t, X, € dz) = g(t,x; a,v)dtdx,

(2.41)
where

g(t,x;a,v) (2.42)

= Zz gnwe_ H t+%{(2a2 — n?m?c*t) sin (m;x) + nmax cos <$> },

with C,, , n € N defined as above.

In order to prove Proposition 2.1 and Theorem 2.2, we will need the

following lemma.

Lemma 2.4. For any u € [—a,0), the first hitting time 7.5 satisfies,

P(r, € dt,sup Xy < u+a) = h(t,u;a,v)dt, (2.43)
s<t
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where

[e.e]

h(t,usa,v) = Z (2ka — u) (2?\/;”) (2.44)

ot k=—o00

2.2 .2

n-mo nmu
= ——ea - Z nm) exp ( 52 t) sin (T> .

Proof. The proof follows by recognizing that, h(t,u;a,v) appears in Ander-

son (1960), Theorem 5.1. In particular, h(t,u; a,v) is dPy(t)/dt of (5.3) with
parameters 7, = u/o,v2 = (u+a)/o and 6; = J, = —v/o. More specifically,

after substitution and some algebra, we obtain

I -
—0 (ﬂ) Z e—(2k/t)[(k+1)71—ky2}[61t+71—(62t+72)][(2k + 1)y — 2k7)
k=0

1 v 2 - 2ka — u
= 7 exp (;u—ﬁt) Z(Qka—u)¢< Y ),

2(k+1) /t][ky1—(k4+1)y2][01t+v1 —(d2t+72)]

((m + 71> i 2k + 1)y — 2(k + 1)1
ol

_ 1§ exp (%u — %:215) i[u +2(k + 1)a]¢ (‘u _jif; 1)a) .

k=0
By combining the above two identities we obtain the upper expression in

(2.45). The last expression in (2.45) is obtained by a Fourier transform. [

We now proceed to the proof of Proposition 2.1.
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Proof of Proposition 2.1. Using Lemma 2.1, we have

{(rPedt, 7V >t, X, edu} = {7 €dt, sup X, € a+du}, (2.45)

s€[0,t]
for any u € [—a,0). It follows that
0
g(u,t;a,v) = %h(t,u;a,l/).
This completes the proof of Proposition 2.1. O

We can now proceed to the proof of Theorem 2.2.

Proof of Theorem 2.2. We use Proposition 2.1 to obtain

T (0
o(T;a,v) = / / P(rtP e dt, 7V > t, X, € du),
0 —a
which completes the proof of Theorem 2.2. O]

In the case that an investor is not restricted by a finite time horizon, the
probability that his/her wealth makes a rally of a units before a drawdown
of equal units in the model of (2.38) is summarized in the following corollary.
This result is easier derived by using martingale arguments (see Hadjiliadis

[34], Hadjiliadis & Vecer [38]) and is displayed here for completeness.

Corollary 2.4. In the case of an infinite time-horizon we have

-
e '+ Za—1

D Uy _
Pty <1)) = —% o .
e 2" +es?" -2
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The next corollary draws a connection of our result to the range process

of a Brownian motion.

Corollary 2.5. Let R; be the range process* of (2.38). Then

0 4 2,2
PR <a) = 30 " exp (—

o?C,

2a?

T) {(1—(~1)"cosh(va/c?))

n=1
n27T20'2 41/20,2 nl/a’ . 2
X (1 + = T — O'4Cn) — (-1 ;smh(l/a/a )} (2.46)

Proof. Using Lemma 2.1, we have

P(R(T)<a) = P(rE>T)=1-P(tF <T)

= 1-PrP <7VAT) - PV <P AT)

= 1—p(T;a,v) — p(T;a,—v). (2.47)
The result follows from Theorem 2.2. O

The result in Corollary 2.5 is also seen in Tanré and Vallois [77].
The case of a Brownian motion without a drift is summarized in the

following corollary:

Corollary 2.6.

2.2 2

1 4 _n2x2 nrlo?
p(T50,0) = 5 — > e 2 T-(1+ . T). (2.48)

n?m2
n>1,0dd

2See Definition 2.2
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We notice that (2.48) of Corollary 2.6 reduces to 5 as T' — oo as expected.
Let us now proceed to treat the general linear diffusion dynamics and the

cases of a # b.

2.3 General Cases: Path Decomposition and
Laplace Transform

In this section we extend the results in the previous section in two directions.
First, we consider more general diffusion models. Second, we will treat the
general cases in which the thresholds of the drawdown and the drawup are
different, i.e. the cases a # b. In order to address the above generalizations,
we adopt the Laplace transform approach.

Let I = (I,r) be a non-empty open interval of the real line. Consider a
linear diffusion X. = {X};t > 0} on I with continuous infinitesimal parame-
ters and natural (or entrance®) boundaries (see, for example, It6 & McKean

[42]). Tts evolution is governed by the equation

on a filtered probability space (Q,F,P), F = {F;}. The process B. is a
standard Brownian motion with respect to F, and (u(-),0%(+)) is a pair of

real-valued continuous functions. To reflect the dependence of probability

3The process can start from [ or/and r if they are entrance boundaries.
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measure on the initial value x, we define P,(-) = P(:|Xo = z).
In the following sections, we derive the main results in this paper. We

need the following fundamental lemma to finish the proofs.

Lemma 2.5. Fory <z <z and A > 0, define
E{e™ Mpxamy} = 6y, 2). (2.50)

Then

XAy ») — g)‘(:p)h)‘(z)—g/\(z)h)‘(x)
A GG - o) 20

with g*(-) and h () being any two independent solutions of the ordinary

differential equation

1 0? 0
502(u)a—1§+u(u)8—£ = A (2.52)

Proof. See Lehoczky [49], page 603. O

In the following sections we derive formulas for the Laplace transform
of the probability density of the drawdown of a units when it precedes the

drawup of b units, for any a,b > 0 satisfying z + a,x £ b € I. We define
_\D A > _
E e Moo} = /O e MP(tP edt, 7! >t).  (2.53)

In the sequel we denote the Laplace transform (2.53) by LX*(a,b).
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2.3.1 The case of a =b

We determine LX*(a,a) for a > 0 in this paragraph.

Theorem 2.3. For a > 0 and A > 0, we have

T

0
LXMa,a) = 8—€f’k(u, u + a)du. (2.54)
r—a a
Proof. Using Lemma 2.1, we have that for ¢ > 0 and a > 0,
{(tPedt, 7V >t} = {tfedt,r—a< X, <2z} (2.55)
Following the proof of Proposition 2.1, we have
D U 9 X X
P.(r, edt,t, >t) = %Px(Tu edt, ;. , > t)du, (2.56)
which implies (2.54) and completes the proof of the theorem. O

2.3.2 The case of a > b

We determine LX*(a,b) for a > b > 0 in this paragraph. To prove the main

result we need the following proposition.
Proposition 2.2. For b > 0, ¢ < u such that c,u+0b € I, and X\ > 0, define
AN X
Hy b e) = Efe™ - Tx oy} (2.57)

Then

HX b, c) = exp(/c %

XM v, v + b)dv). (2.58)

w=v
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Proof. We follow the idea of Hadjiliadis, Hernandez & Stamos [35], Lehoczky
[49], and partition the interval [c, u] into k subintervals {[v;, v;_1]; 1 <@ < k}
with u = vy > vy > ... > v = ¢. Let Ay = maxy<;<x(v;—1 — v;) and assume
A, — 0 as k — oo. As a discrete approximation to HX*(b, c) defined by
(2.57), compute

D D G
Eu{e 21:1(7_111 Tvlil) .

]I{after Tzf-,pXt hits v; before increasing to fui—&—b,lgigk}}

k
_ .
=1

K3

where the last equality follows from the strong Markov property and the
continuity of paths.

It will be shown that as &k — oo and Ay — 0, the limit of the above
expression exists and does not depend on the particular sequence of partition
chosen. Moreover, let

x )

k X
Y = e Ml g ey
{after 7X Xt hits v; before increasing to vi—l—b,lgzgk}

N
By the continuity of paths, we have Y, — e ]I{TC;(<szJ}, a.s.. Furthermore,
it is also the case that |Y;| < 1. Therefore, by the Lebesgue dominated
convergence theorem, limy, o, F,[Yi] = E[limy_o V2] = HXA (b, ¢).

By Lemma 2.5,

v;+b

k k
H E'Uifl {e*Aﬂi{ ‘ ]I{TUX<TX } } - H gini (Uiv vi + b)'
i=1 ‘ i=1
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Taking log gives us
Zlogﬁ)“ v;, v; + D)
= Z log (éii”\(vi, v; +b) + ﬁii’:\l (vi, v; +b) — Kii’k(vi, v; + b))

_ Zlog <1+€"“ (vi, v +b) — fﬁ’A(”i’Uﬁb))

k

0
- Yn

> [
. Ow

from which we obtain

HXMb,c) = exp(/ (93
. Ow

This completes the proof of Proposition 1. O

Efu(’k(v,;, v; + b) . (Ui—l — Ui) + O(Ak)

W=D,

X2 (v, v + b)dw, as Ay, — 07,

wW=v

5 (v, v + b)dv).

w=v

Remark 2.2. In the case that X. = B. is a Brownian motion, then Proposi-
tion 2.2 is related to a Laplace transform of the inverse of local time. More
specifically, from Lévy isomorphism, the pair (My, D) has the same law as

the pair (Lq, |B|), where Ly is the local time of Brownian motion B. at zero.

We thus have

Corollary 2.7. Let B. = {B;;t > 0} be a standard Brownian motion starting

at zero, and o(t) = inf{s > 0|Ls > t} be the inverse of the local time Ly, then

EO{e_/\Q(t) *Wsup,cpo, 00 |Bs|<b}} - Ht?’/\(bv —1). (2.59)
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Now let us state and prove the main result in this paragraph.

Theorem 2.4. Fora >b>0 and A\ > 0, we have

LyMa,b) = / %@“(u, u+0) - HXMNb,u — a+b)du.  (2.60)
z—b

Proof. Any path in the event {7” < 7'} has the decomposition
L {X;0<t <7’}
2. {Xp 00 <t < P — P}

Conditioning on {Xrg? = u}, the process in 2 starts at u, and decreases to
u — a + b before it incurs the drawup of b units occurs. This gives rise to the

representation
P = 7P+ T,f_a+b 0. (2.61)

Therefore, for x — b < u < =,

D
e ATy 1
{T(LD<TZS],XTD Edu}
b

D
S |
{TaD<T£J,XTbD Gdu}

_N\D —)\Tu,,l+b007_D
= € b ]I{TbD<TbU,XTDEdu} € | } . (262)
b

X U
{Tu—a+b°97—é3 <7y 0075

TV NG
before TbD

-~

after TbD

To get the expectation of the above expression under E,, we first compute its

conditional expectation given {Xﬂf’ = u}. By the strong Markov property,
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the factor “before 7,P7 is JF.p-measurable, and the factor “after 727 has

conditional expectation

‘I‘X 09D

Ew{ef)\ u—a-+b Ty . ]I{TX

U X p = u}
u_a+b0071£)<7'b OBTtP} | T,

X

= - u—a .
- E“{e +b ]I{Ti{fa+b<71y}}7

which, by Proposition 1, is equal to HX*(b, u—a+b). Taking the expectation

of (2.62) under E,, and using (2.3), we obtain

D
Ex{e AT ]:[{T(P<T£J,XTbD€du}} (263)
— Ex{e_)\TbD ' ]:[{TbD<TbU’X7-bD€du}} ' ij()\(b7 u—a-+ b)

= %ﬁf”\(u, u+b) - HXMb,u — a + b)du.

The integration of the above identity over the interval (x — b, ) in u yields

(2.60) and completes the proof of Theorem 2.4. O

2.3.3 The case of b > a

We determine LX*(a,b) for b > a > 0 in this paragraph. To prove the main

result we need the following proposition.

Proposition 2.3. For any a > 0 and x € I satisfyingx —a € I, and A > 0,

define

JXNa) & Eye v (2.64)
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Then
JiMa) = — /r - EX5Mu —a,u) - e” L gl o o)y g,
* : Ow|, _. " ’ '
Proof. See Lehoczky [49], page 602. ]

Now let us state and prove the main result in this paragraph.

Theorem 2.5. Forb > a >0 and A\ > 0, we have

r+a
LXMa,b) = JXMa) - / dvagfix_X’)‘@x —v,2c — v+ a)
v a

X H2' " XMa, 22 —v —b+a) - Jﬁ’g_a(a). (2.65)

Proof. First, it is easily seen that for b > a > 0,
_ArD
EMab) = ) - e )
Therefore, to prove (2.65), it suffices to show that

D 0 g
E,{e 7 .]I{T(ID>T£J}} = /w dv%@ XA 2r — v, 20 — v+ a)

X Hy' XMa, 20 —v —b+a)- 0 (a). (2.66)

2c—v v+b—a

Consider the path decomposition for any path in the event {7 > 7V}

We have

L {X;0<t <7/}



DRAWDOWNS AND DRAWUPS 42

2. {Xy 0 <t <72 =7}

Intuitively, before time 77, the process experiences no drawdown of a units
and the first drawup of b units occurs at 7, when the process also reaches
a new maximum; thereafter, the process has a drawdown of a units at time

7P. Thus for any path in the event {7” > 7'} we have
P = TbU—i—TaDOHTg. (2.67)

Therefore, for b > a and z < v < = + «a,

XD
Ex{e A ]I{TaD>TIfJ,XTgedv}} (268>

—)\Tlf]—l—TaDo@TU
Ez{e b H{THP>T£],XTUEdU}}

D
— —)\’TbU . 7)‘7—(1. OOTU
= Ea:{ € ]:[{TaD>7'gJ,XT([L] Edv} X L’_b/ }
~ g o after ng

before ng

= FE, {G_ATI? : ]I{T(P>T,]U,XT£] de}Ev—i-b—a{e_)\TaD } }

U XA
= Ez{e My ]I{T(1D>T£J,X7ged’u} ' Jy+b—a(a’)}

U X\
= Ex{e A ]I{TLP>T5U,XTGUEdv}} ’ Jy-}-b_a(a)a

where the third equality follows from the strong Markov property. The ex-
pectation in the last line can be determined as follows. Note that for the

process {Y; = 2x — Xy;t > 0},

dY, = —p(2z —Y,)dt + o(2z — Y;)dB,, Y, = =,
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with B, = —B,, the vector of random variables (T} (a), T} (b), 2z — YTg(a))‘l
has the same law as the vector of random variables (Tf e ,ng) for X.

under P,. So we know from (2.63) that

AU
Ex{e A ]I{T{ID>TI£],XT(§]€d’U}} (269>

_\TY
= Ez{e ATp (b) | ]I{Tz)’(b)<T[}/(a)7YTg<a>EQCE—dv}}

9, _
= a—Eix_X’A(Qx — 0,20 —v+4a)- H " XNa, 20 — v — b+ a)dv.
a

The integration of (2.68) over the interval (z,z + a) in v yields (2.66) and

completes the proof of Theorem 2.5. n

We now proceed to treat the special case of a drifted Brownian motion

model.
2.4 Brownian Motion Revisited

In theorem 2.2, we have studied the drifted Brownian motion in the case
a = b. In this section, we apply the more general results in Theorem 2.3,
Theorem 2.4 and Theorem 2.5 to a drifted Brownian motion model and
calculate the probability density of the drawdown of a units when it precedes

the drawup of b units.

4TY (b) and T (a) are the drawdown and drawup of the process {Y;;t > 0} respectively.
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First it is easily seen that I = (—o00,00) in a drifted Brownian motion
model. The function (X*(y, z) for X; = 2+ ut+ocW; can be found in Borodin

& Salminen [12] page 295:

X\ _ Sinh[(z—x)Sjﬂa] uly—x)
Gy 2) = S (2.70)

o

[—

where S . = \/(2A/0?) 4 (42 /0*). Thus the Laplace transforms in Theorem

2.3, Theorem 2.4 and Theorem 2.5 can be calculated explicitly as:

l.a=b>0:
_pa
Lé(”\(a) _ Sﬁﬂ {e P (Sﬁgcoth[aSﬁ\’O] + U%) o kj,;\a }; (2.71)
(2\/0?) sinh[aS?) ] sinh“[aS) ]
2.a>b>0:
LiMa,b) = Lg(b,b) - exp (T}, (b)(a — D)) , (2.72)
where
A I A AT
TW,(b) = 5= Sho coth[bSma], (2.73)
3.b>a>0:

Ly ™Ma,b) = (1—L(;X’*(a,a).eTiu,Aa)(b—a))-Jg“(a), (2.74)

where
Shge ot
RN = S G e
1,0 COS [CL u,a] - (lu/o- )Sln [CL M,O’]
Sp(a)e” o 1

T Smh[aS), (@) T, (@) (2.75)

—H,0
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One can easily obtain several known results from (2.71), (2.72) and (2.74).
First, by letting A — 0T, the formulas coincide with the probability results
in Hadjiliadis & Vecer [38]. Second, by letting b — oo in (2.74), one obtains
the Laplace transform of 72, J**(a).

Moreover, we can invert (2.72) analytically to obtain the density P(7P €

a

dt, 7/ >t) for any a > b > 0. In fact we have

Theorem 2.6. Define p™(t;a,b)dt = P(rP € dt, 7V > t) fora > b > 0,

then

2 w2 _wan) o~ (m+n+1) (2(a—b)\"
W(t:-a.b) = Ze 227 o2
p*(t;a,b) P Z (m—l—l)!m!n!( oVt

x {2F0,(6) = e E 2, (1) — b R FD (1)}

m,n=0

+2_,u22€_u(25b) i (m+n+1)! (2,u(a2— b))m "
o = (m+1)lmln! o
v _mb

{GU O+ (16 () — e R G ()

(=) el (t)} , (2.76)

m-+n
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where 0,, 1s the Kronecker delta and

FW (¢) = LEJ {M} " B H1=2K) ((2m +2n 2 )b+ a)
o L9 o

FO (1) :mff {u_\/f]k [1+(_1)km+n+2] 1D <2(m+n+1)b+a)

’ —o L 7 +1 oVt
m—+1 k
FO)(¢) = Z {_ M\/g} pm+1=h) (me + a)
k=0 o oVt

G(“) (t) :e#(Q'r;’Lg—O—a)@ (me + a + /,Lt) ’
oVt

with ¢ and ® being the standard normal probability density and cumulative

distribution respectively. ¢%) is the k-th derivative of ¢.

Proof. We start by rewriting (2.72) in a more tractable way,

d o2
LT T sy

/0 LS;‘ Smh[(—u)Sﬁ’},g]

LiMa,b) = ~exp (1)), (b)(a — b)) . (2.77)

By using the first formula on page 643 of Borodin & Salminen [12], in their
notation, we obtain the inverse Laplace transform of the integrand in (2.77)

0% % plutb—a)

?e_ﬁ+7[esogt(l, 2,b,u,a — b) — esy2,(1,2,b, —u,a —b)].  (2.78)

After some simple manipulation, the above expression becomes
26 20 +M(uj§ = Z m+n+1 Q(G_b) mx
o3 — (m + 1)!m!n! oVt
{¢(m+2) ((2(m + n) )b+ a+ u> _ glm) ((Q(m +n) 4+ 1)b+a— u) }
U\/E U\/f '
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Formula (2.76) follows from integration of the above expression over (—b,0)

n u. O

One can let a = b in (2.78) to get a similar joint probability density as
that in Proposition 2.1.

Moreover, for a < b observe that

PP edt, 7P > 1) = P,(vP € dt, sup U, > b),

s<rp

and, hence, the interest is focused on the computation of the joint density

P(rP e dt,supU, € a +dz) = agp(“)(t; a,a+ z)dtdz Va,z > 0.
s<t z

In particular, we have

Theorem 2.7. For a Brownian motion with constant drift i and constant

volatility o, any a,z > 0, we have

uzt yuoa)

0 46 2027 o2 (m+n+2)! 22\
— p) (¢ - _ §
0.7 (ta,a+ 2) (m + 2)!m!n! <a\/¥)

mnO

X {QFTS)H(t, z) — oot m27)n(t, z) — (Sne%g ,Sf’) (t, z)}
4p° u—a i (m+n+2)! (2uz\" 8
——e o
o4 (m+2)Imln! \ o2

m,n=0

{69,162 = (-1mGSE 1,2) - 6 (12

() E G (1 2) ) (2.79)
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EO( )= 3 [“\/rkw“ 2%) (<2m+2:\/+%3>a+z)

{u;f} {( 1)k+m:fj3} pm 28 (2(m+z;¥2)a+z

2

=~
bl
M u
=)

] o (a2

G( )(t z) Q(m(‘:l)a-‘rz ( m + 1 a ‘I‘ z+ /.Lt) ‘

Proof. We start from the equality
Ly (a,b)
_ Jg(,)\(a) _ LEX’/\(G,CL)GT"“’(G)(I’ a JX/\( )

SX L_X’)\ b—a
= JOX”\(a) — L(;X”\(a)Jg(’A(a) + '“’U(a) 0 (2 / eT2o(@)z g,
smh[OLSA (a)les2 Jo

/ /b a )]% sinh[(—u )Sf},g(a)]eTéW(a)z
—a smh?’[as’\ (a )]e%

By using the first formula on page 643 of Borodin & Salminen [12], the

integrand in the last line has inverse Laplace transform

0% _u2_ plu—zta)

—e 27 T [eSy24(2,3,a,u, 2) — es,24(2, 3, a, —u, z)]. (2.80)

After some simple manipulation, the above expression becomes

u2t M(u z+a) m
4e” 202 Z (m+n+2)! [ 2z
o2t2 (m + 2)!m!n! \ o/t
{¢(m+3) ((2m+2n+3)a+z—u)_¢(m+3) ((2m+2n+3)a+z—|—u> }
o/t oVt .

)
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The integration of the above expression over (—a,0) in u yields (2.79) and

completes the proof. O
2.5 Application

In this section we present two applications of the results in previous sections

in finance and in the problem of quickest detection.

2.5.1 Relative drawdowns and relative drawups of stock
prices

Consider the case of a stock with geometric Brownian motion dynamics under

a probability measure P:
dSt = ILLStdt + O'Stth, SU =1. (281)

Using Theorem 2.6 and Theorem 2.7, we are in the position to address
the following question:

What is the probability that this stock would drop by (100X )%
from its historical high before it incurs a rise of (100 x 3)% from
its historical low in a pre-specified plan horizon 77

First observe that

dlogS; = vdt+ odW,, logSy =0, (2.82)

1

where v = p — 20 represents the logarithm of the return of the stock.
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We let Up(a) be the first time the stock drops by (100 x )% from its
historical high and Ug(f) the first time that the stock rises by an amount

equal to (100 x 8)% from its historical low. That is,

Up(a) = inf{t>0|S; = (1 —a)x sup Ss}, (2.83)
s€[0,¢]

Ur(B) = inf{t>0]S;=(1+p)x i%ft] S} (2.84)
se|0,

Thus, it is possible to calculate the exact expression for the probability
that a percentage relative drop of (100 x «)% precedes a relative rise of

(100 x 8)% by noticing that

{ UD(a> = 7-—Dlog(l—oz) '

(2.85)
Ur(B) = Tiogirg)

And this probability can be calculated explicitly as

P(Up(a) < Ur(B) AT) = / P (t; —log(1 — a), log(1 + B))dt.

Moreover, a digital option on the event that the relative drawdown pre-
cedes the relative drawup can also be perceived as a means of protection
against adverse movements in the market. In particular, the discounted pay-

off of this digital option can be written as

PO(a,B) = e Wup(ayedtvn@)>t - Li<rys (2.86)

where r > 0 is the risk-free interest rate and 7' is the maturity of the option.
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Under a risk-neutral measure (), the stock price and its logarithm have
the following dynamics respectively,
dS; = rSiddt+ oS dWy, Sy =1, (2.87)
dlog S, = vdt+ odW,, logSy =0, (2.88)
12

/
where v =r— 50"

Using (2.85) and our results we are able to derive the risk-neutral price
at time 0 of this digital option:

In the case of a perpetual option (see Karatzas & Shreve [44]), the risk-
neutral price of the digital option is already given by the Laplace transform

(2.71), (2.72) and (2.74). In particular,

Q{PO(a,8)} = Lg% (—log(1 — a),log(1 + f)).
In the case of a finite life option maturing at time 7" < oo, we can apply the

densities (2.76) and (2.79) to calculate the risk-neutral price.
. 1—a)(1+p5) <1
T ’
QPO 8)) = [ et~ 1og(1 — ). log(1 + ) (259)
0
2. 0=1-a)1+06)> 1
Q{PO(e, B)} — Q{PO(a, /(1 — a))}

T log é o ,
:/ e”/ ap(” )(t; —log(1 — ), —log(1 — @) + 2)dzdt. (2.90)
0 0
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2.5.2 The problem of transient signal detection and
identification of two-sided changes

In this example, we consider the problem of signal detection and identification
of two-sided changes described in Pospisil, Vecer & Hadjiliadis [65], when the
signal is transient with an exponential or a deterministic lifetime.

In particular, let X. = {X;;t > 0} be a diffusion process with the initial

value Xy = x and the following dynamics up to a deterministic time 7:

dXt = O'(Xt)th, tST (291)

For 7+ T > t > 7, the process evolves according to one of the following

stochastic differential equations:

dXt = /L(Xt)dt + O'(Xt)th T+T >1> T, (292)

dX, = —p(X)dt +o(X)dW, 74T >t>T, (2.93)

with initial condition y = X,. The lifetime of the signal T" is assumed to be
deterministic, or exponentially distributed with parameter A > 0 and inde-
pendent of the process X .. The time of the regime change, 7, is deterministic
but unknown. We observe the process X sequentially and our goal is to de-
tect the time of onset of the signal, as well as possibly identify its direction,

before the lifetime of the signal 7.
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Using the notation and setup set forth in Pospisil, Vecer & Hadjiliadis
[65], Theorems 2.3, 2.4 and 2.5 can be used to compute the probability of
sequential misidentification of the signal in the case that the onset of the
signal occurs at time 0 and the lifetime of the signal T is exponentially
distributed with parameter A > 0. More specifically, let {Xf o> 0} denote

a process that follows (2.92) when 7 = 0. Then,

P£’+(7'aD < TbU/\T) = / P£’+(T£ < TbU/\t)-)\e*’\tdt
0

= / e MPOT (TP e dt, 7V > t)dt
0

= LY Na,b), (2.94)

expresses the probability that an alarm indicating that the regime switched
to (2.93) will occur before T while in fact (2.92) is the true regime. Thus,
(2.94) can be seen as the probability of a misidentification. Moreover, in
the case that the density of the random variable X, admits an analytical

representation, we can also compute

/PJ’+(T£ 00, < TbU 00, NT)[x,(y|z)dy

/ LY a,b) fx, (ylz)dy, (2.95)

which can be interpreted as the aggregate probability (or unconditional prob-

ability) of a misidentification for any given change-point 7.
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On the other hand, if the lifetime of the signal 7" is deterministic, using
Theorem 2.6 we are still able to compute the probability of misidentification

for Brownian motion (o(-) = ¢ > 0, u(-) = p). More specifically,
T
Prt(tPob. <7V o0, AT) = / pW(t; a, a)dt, (2.96)
0
expresses the probability of misidentification for any given change-point 7.
2.6 Conclusion

In this work we characterize the probability that the drawdown of a units
precedes the drawup of b units for a general diffusion process. We derive the
probability density of a drawdown when it precedes a drawup in the special
cases of a simple random walk and a drifted Brownian motion model. Al-
though several authors in the literature have studied drawdowns and drawups
[85, 49, 38, 65, 71|, this work summarizes the probabilistic properties of a
drawdown on the event that it precedes a drawup for a general diffusion
process. These results are of practical interest in two main areas: financial

risk-management and transient signal detection and identification.



Chapter 3

Static and Semi-static
Replications of Digital Options
on Drawdowns and Drawups

In this chapter we study two new financial products on drawdowns and
drawups, and replication strategies of these claims. We assume no frictions
and no arbitrage in all that follows. Let S; denote the spot price of some
asset which can be monitored continuously over the fixed time interval [0, 7.
Let M, = max,efo,q Ss and my 2 mingep Ss be the continuously-monitored
maximum and minimum of this asset price over [0,¢]. We follow the notations
introduced in Definitions 2.1 and 2.2. In particular, recall that for K > 0,
72 (7Y, resp.) is the time at which the drawdown (drawup, resp.) process

D (U, resp.) first reaches K. Then a digital call on maximum drawdown

is a digital option which pays $1I (r2<Ty at maturity. Similarly, a digital call

95
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on the K-drawdown preceding a K-drawup is a digital option which pays
$]I{T£§Tg ary at maturity. Both of these instruments clearly provide protec-
tion against adverse movements in the market. It is easy to notice that the

latter claim is cheaper than the former since

Lirprgnry = Lrpary = Lparpary-

In the last chapter we derived analytic results for the price of these two
claims at time 0. In this work, we develop replication strategies of both
claims using double barrier options and their spreads, respectively. Since
these instruments are relatively illiquid at present, we also derive semi-static
hedges using single barrier one-touches and vanilla options under symmetry
and continuity assumptions.

The remainder of this chapter is structured in the following way. In
Section 3.1, after introducing all the instruments we need, we develop a
model-free static replication of the digital call on the K-drawdown preced-
ing a K-drawup using one-touch knockouts. In Section 3.2, we impose an
assumption of continuity and symmetry to develop a semi-static replication
of the digital call on maximum drawdown with one-touch knockouts. This
symmetry assumption is reinforced in Sections 3.3 and 3.4 in order to de-

velop a semi-static portfolio of one-touches and binary options to replicate
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the payoffs of both target claims. In Section 3.5, we proceed to geometric
models and present a static replication strategy for the latter digital call
with one-touch knockouts. In Sections 3.6 through 3.7, under appropriate
geometric symmetry assumptions, we develop semi-static replication of both
target digital calls with consecutively more liquid instruments. In Section
3.8, we discuss how to extend previous results to certain stochastic processes
with discrete state space. Finally, we summarize the paper with some closing

remarks in Section 3.9.
3.1 Model-free Static Replication

Let By(T') be the price of a default-free zero coupon bond paying one dollar
with certainty at 7. We assume that By(T) > 0 for all ¢ € [0, 7] and hence
no arbitrage implies the existence of a probability measure Q7 associated
with this numeraire. The measure Q7 is equivalent to the statistical proba-
bility measure and hence is usually referred to as an equivalent martingale
measure. Under Q7 the ratios of non-dividend paying asset prices to B are
martingales. We will use Q7 to describe the arbitrage-free values of options
in this paper.

Let us denote by DCMP (K, T) the value at time ¢ € [0, 7] of a digital call

on maximum drawdown, and by DCP<V(K,T) the value at time ¢t € [0, 7]
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of a digital call on the K-drawdown preceding a K-drawup. That is,

1>

DCMP(K,T) £ B/(T)Q! (R < T). (3.1)

1>

DCP<Y(K,T) B(T)QI (R < 7L A T). (3.2)

In this section, we will replicate DCP<Y (K, T) using bonds, one-touch knock-
outs and their spreads.

Before describing the payoffs of one-touch knockouts and their spreads,
it will be helpful to introduce terminology that indicates exactly where the
spot price is when a barrier option knocks in or knocks out. For concreteness,
we will focus on a lower barrier L. Then the payoff $]I{rfg:r’} is the same as
the payoff $1l¢,,, <1}

If a barrier L is assumed to be skipfree, then when 77 < T

S.s=L. (3.3)

L
When condition (3.3) holds, we say that a barrier has been touched. When
we instead have STE < L we say that a barrier has been crossed. While when
we have STf < L, we say that a barrier has been hit. When we have both
STf = L and mr = L, we say that a barrier has been grazed. Let us now

define one-touch knockouts and their spread.

Definition 3.1. An one-touch knockout is a double barrier option with an

in-barrier V', an out-barrier W, and a fixed expiry date T'. The payoff of an
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one-touch knockout at maturity s $H{75§T§VAT}- The price of the option at

any time t € [0,T] is denoted by
OTKO,(V,W,T) £ B(T)QF (5 < 75 A T). (3.4)

Remark 3.1. We assume that the spot stays in between V' and W when the
one-touch knockout is issued. For concreteness, we will focus on the case in

which the out-barrier W is the higher barrier. Then it is easily seen that
{ <mip AT} = {m) <T,M,s <W}. (3.5)

It follows that the one-touch knockout pays one dollar at its expiry date T if
and only if the spot price hits the in-barrier V before hitting the out-barrier
W and this first hitting time to V' occurs before the expiry T'. Notice that the
one-touch knockout also pays one dollar at T if 75 < 1y, < T. In words, the
out-barrier W is extinguished when the in-barrier V' is first hit.

Sometimes it is convenient to modify the knockout condition of an one-

touch knockout. For example, we consider the following payoff
OTKO(V,W+ T) = B/(T)Qf (5 < T, M. s < W). (3.6)

This claim pays out one dollar at expiry if and only if the spot price S hits
the in-barrier V' before crossing the out-barrier W and this first hitting time

to V' occurs before the expiry T.
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The last claim which we want to use is a sequential double-touch whose
payoff is the result of differentiating the payoff of an one-touch knockout in
(3.4) with respect to its higher out-barrier W. This claim has a positive
payoff if and only if the underlying spot price first touches W and then
hits V' from above before maturity. We accordingly refer to this claim as a

ricochet-upper-first down-and-in:

Definition 3.2. A ricochet-upper-first down-and-in is a double barrier option
with an in-barrier V', a graze-barrier W, and a fized expiry date T'. The price

of the option at any time t € [0,T] is denoted by
RUFDL(V,W,T) = B(D)EY {lscnd(M,s — W)} (3.7)

Notice that a ricochet-upper-first down-and-in is itself a spread of two
one-touch knockouts with slightly different upper out-barriers and identical
lower in-barriers set at V.

In the next theorem, we present a replication of the payoff the digital
call on the K-drawdown preceding a K-drawup with a portfolio, which is

replicating, non-anticipating, self-financing, and robust.

Theorem 3.1 (Robust Replication: I). Under frictionless markets, no arbi-
trage implies that the digital call on the K-drawdown preceding a K -drawup

can be valued relative to the prices of bonds, one-touch knockouts and their
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spreads:
DCP<Y(K,T) :H{ngTgAt}Bt(T) + Lyernryy - {OTKOt(Mt - K, M. T)

(me+K)™
—|—/ RUFDIt(H—K,H,T)dH}. (3.8)

+
Mt

for any t € [0,T] and K > 0.

Proof. Suppose that a digital call on the K-drawdown preceding a K-drawup
has been sold at time 0. In order to develop a static hedge, we condition on
being at some time t before expiry and before a drawdown or drawup of size
K has been realized:

te 0,72 ATE AT

Then the maximum-to-date M, and the minimum-to-date m; are both known
constants that bracket the current spot S;. The fact that neither a drawdown
nor a drawup of size K has yet occurred implies that M; — m; < K. As a

result, we have:

Mt—K<mt§St§Mt<mt+K.

D

Let us focus on the running maximum at time 7;’. Since the running

maximum is an increasing process, we must have:

{8 < AT} = {7 <Tg AT, M p > M}

= {78 <R AT, M.p € [My,m; + K)}.
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This is because, if M p = M for some M > m, + K, then either Ty < t and

D

hence T2 A 7 < t, or else 73, € [t,7£) in which case 7Y < 7£. Moreover,

by restricting M.p to the interval [M;,m; + K), we can’t have a K-drawup
U

precede a K-drawdown, since if 75 < 72 < T, then M.p > my + K. So we

can further obtain that

{T;?ST;?/\T} = {ngTgATvMTEG[Mtamt+K)}

= {7’5 <T, MT;? € [Mt,mt+K)}’

We now present a key result that allows the digital call to be replicated
with one-touch knockouts. Observe that if and when the unit payoff of the

digital call is realized, the stock price has to be visiting a new low level:

{TIZ(DST%/\T} = {TI?ST7MT}?€[Mt7mt+K>}

= {7'1? < Tﬂ’}? = 7'JS\/[ K?M’T}[() € [My,my + K)}.

D~

As a consequence of (3.9), the payoff of a digital call has the following

representation:

H{T}QSTIEAT} = ]I{T}—QST,T;-Q:T]@TD_K,MT}L(,:Mt}
K

(me+K)~
+/M+ ]I{TI?ST7TI?:TI?I—K}5(MTIL<) — H)dH

t

= ]I S
T <T,M
{ My—K > T}?{t

=M;} + 1,
K
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where:

A [t E)T
I = /]‘/I+ ]I{T}SI—KST}(S(MT}SI—K - H)dH

Under no arbitrage assumption, taking expectations of (3.9) under Q7

implies that:

DCOP<Y(K,T) =

(me+K)~
:OTKOt(Mt—K,M:,T)—I—/ RUFDI,(H — K,H,T)dH,

M

for all t € [0, 72 ATL AT.
If and when 72 AT7Y < T, then at that time, we do not hold any sequential
double-touches, the one-touch knockout in the portfolio either knocks into a
bond if 72 < 7Y, or knocks out if 72 > 7¥. As a consequence, the digital

call can be valued at any t € [0,7]. Hence, we have (3.8). O

We have shown a robust hedge of the digital call on K-drawdown pre-
ceding a K-drawup. This hedge portfolio (3.8) can be set up with one-touch
knockouts and their spreads, which do trade liquidly in the OTC currency
option market. However, to obtain a replicating portfolio of the digital call
on maximum drawdown with tradeable assets, we need to place structure on

the spot price process. We proceed to develop this in the next section.
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3.2 Semi-static Replication of a Digital Call
on Maximum Drawdown with OTKO

In this section we place structure on .S, the stochastic process governing the
spot price of the underlying asset. In particular, we assume that the running
maximum can only increase continuously whenever 72 > t. Of course, this
condition is already met if the process is continuous or spectrally negative.
We also impose a symmetry condition on the process between the first time
that a new maximum M, is established and the first exit time of the corridor
(M;— K, M;+ K). To be more specific, recall that 75 denotes the first hitting
time of the spot price process S to a barrier B. Let 7(M, K) be the first
exit time of a corridor centered at M with lower barrier M — K and higher
barrier M + K. Then whenever the underlying spot price process is at its

maximum to date M; with M D, < K, we have

Q (1(My, K) = 73, NT) = Q (T(My, K) = 731, i AT). (3.9)

In words, first exiting on the left before T" has the same risk-neutral probabil-
ity as first exiting on the right before T". This condition is met by symmetric
Lévy processes such as symmetric stable processes which includes standard
Brownian motion. It is also met by the Ocone martingales (see Ocone [59])

as well as any process constructed as the difference of two independent iden-
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tically distributed processes.

We will need to impose both of our assumptions in order to replicate a
digital call on maximum drawdown using just bonds and one-touch knock-
outs. The set of stochastic processes that satisfy both assumptions are said
to satisty A1l:

A1l: Continuity of the Maximum and Exit Symmetry While M D; <
K, the running maximum is continuous. Moreover, at times T(u) £ 5N
TE AT for allu > Sy, the risk-neutral probability of first exiting at My — K
beforeT' is the same as the risk-neutral probability of first exiting at M)+ K
before T

Remark 3.2. It is possible to construct a positive martingale that satisfies
assumption Al. For example, consider a continuous process S. = {S; 2
So+ W (tan(Zr) ATY (K));0 < t < T}, where W (t) is a standard Brownian

motion starting at zero and 0 < K < Sy, and T} (K)! is defined as

TY (K) = inf{t > 0| sup W, — W, > K}.

s€[0,¢]
Then S. is obviously positive and satisfies the symmetry in A1l whenever
Sy = M;. Moreover, using the fact that, conditioning on {S; = M,;}?, M. p is

exponentially distributed with parameter 1/K on [M;, 00) (see Lehoczky [49]),

Tt is easily seen that tan(w7Z2 /2T) = TH (K).
21f S, < My, then P(MT}? = M| F;) > 0 and M p is not a continuous random variable.
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we can prove that S. is indeed a martingale. In fact, for a given t € [0,T),

let us define
m 2 inf{s > ¢S, ¢ (M, — K, M,)}.
Then at t < 72, given F; = 0{Ss; s < t},

E{S.p|Fi} = P(Sy, = My — K|F) - (M — K)

+ P(Sy, = Mi|Fy) - E{E{S,p|Sy, = Mi}|Fi}

M, — K — M, RO
= — St(Mt—K)+—+St ! MH—/ e Kdr— K ) =285,
K K ;

Therefore,
E{Sr|Fi} = E{S;n|Fi} = Wrneyy S+ Uy rnySi = Se

A possible replication of digital calls on maximum drawdown is done with

one-touches:

Definition 3.3. An one-touch is a single barrier option with a barrier B
and a fized expiry date T. The payoff of the option at T is T s<py. The

arbitrage-free price of the option at time t € [0,T] is given by
OT,(B,T) = BAT)Q! (v < T).

Suppose that we attempt to replicate the payoff of a digital call on max-

imum drawdown. At time t when 72 < ¢, we simply hold a bond, but while
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£ > t, we attempt a semi-dynamic strategy by holding an one-touch with
barrier at M; — K and rolling up this barrier each time the running maximum
increases. No other instruments are held. While this strategy is replicating
, it is not yet self-financing as it costs money to move up the lower barrier
of an one-touch closer to the spot price. To finance the rollup of the bar-
riers of this one-touch until 72 A T', we assume that A1 holds, i.e. we rely
on the continuity of the running maximum and the exit symmetry assumed
present when the maximum ticks up. For t € [0,72 A T, suppose that we
also hold an upper barrier one-touch struck K dollars above the maximum-
to-date. While this augmentation finances the rollup of the lower barrier
one-touch being held, it no longer replicates the desired payoff, since a path
that first hits MT;’? — K and then hits MTIJg + K will trigger payoffs from
both one-touches. For t € [0, 72 A T}, suppose we further alter the strategy
by imposing a knockout barrier at the lower level M; — K on the one-touch
struck at M; + K, and a knockout barrier at the higher level M; 4+ K on the
one-touch struck at My — K. Then we are using two one-touch knockouts. It
is easily seen that, when the underlying satisfies A1, the latest strategy self-
finances and replicates the payoff of a digital call on maximum drawdown.

In particular, we have:

Theorem 3.2 (Semi-robust Pricing using OTKO). Under frictionless mar-
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kets and assumption A1, no arbitrage implies that the digital call on maxi-
mum drawdown can be valued relative to the prices of bonds and one-touch

knockouts as:

DCMP(K,T) = MpoyBT) + ey x {OTKO (M, — K, M; + K, T)

+OTKO, (M; + K, M, — K,T)}, (3.10)
forte€[0,T] and K > 0.

Proof. Suppose the digital call on maximum drawdown has been sold at
time 0. In order to hedge this position, consider a strategy of always holding
two one-touch knockouts whose barriers are each K units away from the
maximum to date. This semi-dynamic trading strategy is followed until the
earlier of expiry and the first hitting time of running drawdown to the strike
K. If the first hitting time of the running drawdown to K occurs before T,
then a bond of maturity 7" is held afterwards.

Since we assume that the running maximum can never increase by a jump,
rolling up double-touches never yields a payout due to a cross of the upper
barrier being held. When the running maximum increases continuously, as-
sumption A1 implies that the cost of rolling up both barriers is zero. Hence,
the only way to get a cash flow from the portfolio of one-touch knockouts is

if the spot price crosses the lower barrier of the one-touch knockouts being
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D Then if 7 > T, the stock price was always

held. Let us denote 7 = 7
within K of its running maximum and hence the one-touch knockouts expire
worthless, as does the target claim. In contrast, if 7 < T, then at time 7,
the stock price is at least K units below its maximum to date, hence, the
one-touch knockout with the lower in-barrier converts into a bond at this
time, and the one-touch knockout with the upper in-barrier knocks out.

We conclude that in all cases, the payoff of the target claim is replicated
by trading one-touch knockouts and bonds. Furthermore, the right hand side
of (3.10) is the cost of setting up the replicating strategy at time ¢. Hence, no

arbitrage implies that this cost is also the price of a digital call on maximum

drawdown. O]
3.3 Semi-static Replication with One-touches

In the last two sections, we derived static and semi-static hedges of the
target digital calls with one-touch knockouts and their spreads. Since one-
touch knockouts are relatively illiquid at present, this section presents an
alternative semi-static hedge which just uses single-barrier one-touches. The
replication only succeeds under some symmetry and continuity assumptions,
which we will make precise. The next section shows that under further

conditions, each one-touch can also be replicated with vanilla options. It
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follows that the payoff on the target digital calls can also be replicated with
vanilla options. We present this replicating portfolio in the next section.

As the first step, suppose that the spot starts inside the corridor between
V and W, where V and W are the in-barrier and out-barrier of an one-touch
knockout respectively. Let 7 be the first exit time of the above corridor, then
we impose the following assumption:
A2: Skip-freedom and Hitting Symmetry The spot S cannot exit the
corridor between V. and W by a jump. If the first exit time T < T', then we

have
QI(r§ A <T)=QI(r§ Ao <T), VA > 0. (3.11)

Under our assumptions, we claim that the payoff of an one-touch knock-
out with in-barrier V' and out-barrier W is replicated by a portfolio of one-

touches:

Proposition 3.1 (Semi-static Pricing of One-touch Knockouts: I). Under
frictionless markets and assumption A2, no arbitrage implies that t € [0, T A

’l'fg/ AT

OTKO,(V,W,T) = OT,(V,T) + Y _[OT,(V — 20, T) — OT,(V + 2nA, T)),
n=1

(3.12)

where AN =W — V.
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Proof. Suppose an one-touch knockout with in-barrier V' and out-barrier W
has been sold at time 0. In order to hedge this position, an investor takes a
long position on a series of one-touches with barriers at V., V—2A V—4A, ...
and also takes a short position on a series of one-touches with barriers at
V +2A, V +4/A,.... If neither barrier is hit by 7', then all one touches
expire worthless. If 7 < 757, A T, then at 7, the one-touch with barrier
V' becomes a bond, while A2 implies that all of the other one-touches can
be costlessly liquidated. The reason is that for each n = 1,2,..., the long
position in the one-touch with barrier V' — 2n/\, is canceled by the short
position in the one-touch with barrier V' + 2n/A. On the other hand, if
i, < 79 AT, then at 73, A2 implies that all of the one-touches can be
costlessly liquidated. The reason is that since V=W — A, the portfolio can
also be considered as long a series of one-touches with barriers at W — A,
W —3A, W —5A, ..., while also being short a series of one-touches with
barriers at W + A, W +3A, W + 5A .... Hence, for each n = 1,2,..., the
long position in the one-touch with barrier W — (2n — 1)A, is canceled by
the short position in the one-touch with barrier W 4 (2n — 1)A. Since the
value of the one-touch portfolio matches the payoff of the one-touch knockout
when (5, 1) exits (V AW,V VIV) x [0, T], no arbitrage forces the values prior

to exit to be the same. O
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Recall that Theorem 3.1 stated that the payoff of a digital call on the K-
drawdown preceding a K-drawup can be statically replicated by one-touch
knockouts, and Theorem 3.2 stated that under A1, the payoff of a digital
call on maximum drawdown can be dynamically replicated by rolling up the
barriers of one-touch knockouts. If A2 holds for all barriers of one-touch
knockouts being held, then the target digital calls can be replicated just by
rolling up the barriers of a portfolio of single barrier one-touches.

In subsection 3.3.1 and 3.3.2, we will separately develop portfolios of one-
touches which can be used to replicate the payoff of a digital call on maximum
drawdown and the payoff of a digital call on the K-drawdown preceding a

K-drawup, respectively.

3.3.1 Hedging digital call on maximum drawdown with
one-touches

In this subsection we develop a semi-static replication of a digital call on
maximum drawdown using one-touches. By Theorem 3.2 and Proposition
3.1, we need to ensure A2 holds for all barriers of one-touch knockouts being
held. For this purpose we impose structure on the spot price process:

A3: Continuity of the Maximum, Drawdown, and Hitting Symme-
try While t < 72, the running mazimum is continuous, and the drawdown

cannot jump up by more than K — D;. Moreover, at times 7(u) 2 TINTEAT
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for all u > Sy,

Note that the positive continuous martingale introduced in Remark 3.2
does not satisfy A3 in that, the maximum at 7', My = MT;’? can take any
positive value that is greater than or equal to M (,), whereas the minimum
at T', mp can only take value that is greater than or equal to M) — K.

From Proposition 3.1, it is not difficult to see that A3 also implies A1.
In fact, under A3, at times 7(u) 2 TINTR AT for u > Sy, evaluating (3.12)

at V.= M;q) F K and W = M, = K, we obtain

OTKO u)( ():FKM():EKT):

— Z OT(uy(My(uy F (4n + 1)K, T) Z OTy(uy(My(uy £ (4n — 1)K, T),
(3.14)

which implies that
OTKO ( rw) — K, My + K, T)= OTKOT(u)( ) + K My — K, T).
As a result, we have:

Theorem 3.3 (Semi-robust Pricing using One-touches: 1). Under friction-

less markets and assumption A3, no arbitrage implies that the digital call
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on mazimum drawdown can be valued relative to the prices of bonds and

one-touches as:

DCMP(K,T) =1,p. B(T) + H{T,ggt}{ S OTi (M, + (4n £ 1)K, T)

n=0

+iOTt(Mt — (dn £ DK, T)}, (3.15)

for any t € [0,T] and K > 0.

Proof. Suppose the digital call on maximum drawdown has been sold at time
0. In order to hedge this position, consider a strategy of always holding the
replicating portfolio of one-touches on the right hand side of (3.15). This
semi-dynamic trading strategy is followed until the earlier of expiry and the
first hitting time of running drawdown to the strike K. If the running draw-
down increase to K before T, then a bond of maturity 7" is held afterwards.

Since we assume that the running maximum is continuous, the above
replicating portfolio never yields a payout due a hit of barriers higher than
M;. When the running maximum increases continuously with ¢t < 72 A T,
assumption A3 guarantees that it costs nothing to move the barriers of one-
touches being held. Hence, the first time to receive a cash flow from the

D If 7 > T, then all one-touches expire

above portfolio is at time 7 2
worthless, as does the target claim. If 7 < T, then at 7, S, = M, — K,

Proposition 3.1 and assumption A3 imply that, the portfolio of one-touches
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has the same value as
OTKO, (M, — K,M,+ K, T)+ OTKO.(M, + K,M, — K,T) = B.(T).

We conclude that in all cases, the payoff the digital call is matched by the
liquidation value of a non-anticipating self-financing portfolio of bonds and
one-touches. Furthermore, the right hand side of (3.15) is the cost of setting
up the replicating portfolio at time ¢. Hence, no arbitrage implies that this

cost is also the price of the target claim. O]

3.3.2 Hedging digital call on the K-drawdown preced-
ing a A-drawup with one-touches

In this subsection we develop a semi-static replication of a digital call on
the K-drawdown preceding a K-drawup using one-touches. By Theorem 3.1
and Proposition 3.1, we need to ensure A2 holds for all barriers of one-touch
knockouts being held. For this purpose we impose structure on the spot price
process:

A3’: Continuity of the Maximum, Minimum, and Hitting Symme-
try Whilet < TR ATEAT, the running mazimum and the running minimum

are continuous. Moreover, at times 0(u) 2 TP ANTUNT for all u € (0, K],

Q' (75, -a<T) = Q75 +a <T), VA>0. (3.16)
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Assumption A3’ is sufficient for applying Proposition 3.1. Evaluating
(3.12) at V.= M; — K and W = M,, we obtain
OTKO(M; — K, M, T)
= iOTt(Mt - 2n+ 1)K, T) — iOTt(Mt + (2n - 1)K, T), (3.17)
n=0 n—1
for K > 0andt € (0,75, ATiy, AT)]. Differentiating (3.12) with respect to

W, and evaluating at V = H — K and W = H implies that for K > 0 and

tel0, o x AT ATY:
RUFDI(H — K, H,T)

= [0
=— QZn(a—BOTt(B,T)

n=1

0
—OT,(B,T
)K+aBO t( ) )

B=H—(2n+1 B:H+(2n—1)K)

=—2 in(—OTt(H — (2n+1)K,T) + a%OTt(H +(2n - 1K, T)),

n=1

(3.18)

since K is a constant.
Substituting (3.17) and (3.18) in (3.8), and ignoring the left and right

limits, we obtain

DCPV(K,T) = Wipeiprynry Bi(T) + Wiperppryy @

{ i(2n + D[OT(M;, — (2n+ 1)K, T) + OT,(M; + (2n + 1)K, T)]

n=0

—Y " 2n[0T,(m; — 20K, T) + OT;(my + 20K, T)] }
n=1

which gives rise to:
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Theorem 3.4 (Semi-robust Pricing using One-touches: II). Under friction-
less markets and assumption A3’, no arbitrage implies that the digital call
on the K-drawdown preceding a K-drawup can be valued relative to the price

of bonds and one-touches as:

DCP=UKT) = Wrperneg ry BUT) + Lppcrp ez

{ i(?n + 1)[OTy(M; — (2n+ 1)K, T) + OTy{(M; + (2n + 1)K, T)]

n=0

— i 2n [OT,(my — 2nK,T) + OT(m; + 2nK, T))] }, (3.19)

n=1

for any t € [0,T] and K > 0.

Proof. Suppose that the digital call on the K-drawdown preceding a K-
drawup has been sold at time 0. In order to hedge this position, consider a
strategy of always holding the replicating portfolio of one-touches on the right
hand side of (3.19). This semi-dynamic trading strategy is followed until the
earlier of expiry and the first hitting times of the running drawdown/drawup
to the strike K. If the running drawdown increases to K before 75 and T,
then a bond of maturity 7" is held afterwards.

Since we assume that the running maximum and the running minimum
are continuous, the above replicating portfolio never yields a payout due to

a hit of barriers outside the corridor [my, M;]. When the running maximum
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increase or the running minimum decreases continuously with ¢t < T2ATYAT,
assumption A3’ guarantees that it cost nothing to move the barriers of one-
touches in the above portfolio. Hence, the first time to get a cash flow from
the above portfolio is when M; — m; = K. Let us denote by 7 the first time
that M; —m; > K, then clearly 7 = 72 A7¥. If 7 > T, then the one-touches
expire worthless, as does the target claim. If 7 < T, then at 7, M, = m,+ K,
Proposition 3.1 and assumption A3’ imply that, the portfolio of one-touches
has the same value as the one-touch knockout OTKO,(M, — K, M,,T),
whose payoff matches the target option, with value zero of the price of a
bond. In the former case, 7 = 7%, the one-touches are liquidated for zero;
while in the latter case, 7 = 7%, the liquidation proceeds are used to buy the
bond. We conclude that in all cases, the payoff of the target digital call is
matched by the liquidation value of a non-anticipating self-financing portfolio
of bonds and one-touches. Furthermore, the right hand side of (3.19) is the
cost of setting up the replicating strategy at time t. Hence, no arbitrage

implies that this cost is also the price of the target claim. O

The hedging strategies in Theorem 3.3 and Theorem 3.4 would be easier
to implement in practice than the hedges using one-touch knockouts because

they do not involve integrating over barriers. If we enforce the symmetry
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assumption of the underlying spot price process, then it is possible to develop
hedging strategies with only digital options on the underlying. We present

these results in the next section.

3.4 Semi-static Replication with Vanilla Op-
tions

In the previous section, we developed two semi-static hedges with a series
of co-terminal single-barrier one-touches of the target digital calls. Since
barrier options are not so liquid for most underlyings, this section presents
another semi-static hedge which uses digital options on the underlying. The
replication only succeeds under some symmetry and continuity assumptions,
which we will make precise.

We first give the definition of digital options on the underlying:

Definition 3.4. Let B € R be the strike of a digital option on the underlying
in effect fromt =0 tot =T. Fort € [0,T], let DP,(B,T) and DCy(B,T)
denote the prices at time t of a digital put and a digital call on spot respec-

tively,

1>

DR(B,T) 2 B(T)QI(Sr < B)+ 3 B(T)ES {5(5r — B)}, (3:20)

1>

DCy(B,T) B,(T)QF(Sy > B) + %Bt(T)Ei@T{é(ST — B)}. (3.21)
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Notice that if Sy turn out to be at B, then both digital options pay
50 cents at expiry. We will make use of these digital options to replicate
the payoff of an one-touch knockout. To this end, we develop semi-static
replication of the target digital calls with vanilla options.

Consider a spot price process starting inside the corridor between V' and
W, where V and W are the in-barrier and out-barrier of an one-touch knock-
out respectively. Let 7 2 75 A T3y be the first exit time of the above corridor,
then we impose the following assumption:

A4: Skip-freedom and Symmetry The spot S cannot exit the corridor
between V and W by a jump. If the first exit time T < T, then at time T, the
conditional risk-neutral probability distribution of St is symmetric about S-.

The above assumption is obviously met by all continuous symmetric Lévy
processes. Tehranchi [86] proves that a continuous martingale always (not
only at time 7) satisfies the symmetry in A4 if and only if, the conditional
distribution of Sy, given the o-algebra F; = 0{Ss; s < t} and the quadratic
variation (S);, is normally distributed with mean S; and variance (S)r— (.5);.
In particular, such a martingale can not be always positive.

Under our assumptions, we claim that the payoff of an one-touch knockout
with skip-free in-barrier V' and out-barrier W is replicated by a portfolio of

digital options:
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Proposition 3.2 (Semi-static Pricing of One-touch Knockouts: II). Under
frictionless markets and assumption A4, no arbitrage implies that for t €

0,73 AT AT,

1 IfV <W:
OTKO,(V,W,T)
= 2) DP(V—2nA,T)=2) DC(V +2nA,T); (3.22)
n=0 n=1
2. If V> W:

OTKO(V,W,T)

= 2) DC(V —2nA,T)-2> DP(V +2nA,T); (3.23)

n=0 n=1

where A =W — V.

Proof. We will prove the result in the case V' < W. The other case can be
proven with a similar argument. Suppose an one-touch knockout with in-
barrier V' and out-barrier W has been sold at time 0. In order to hedge this
position, an investor takes a long position on a series of digital puts struck
at V., V. —2A, V —4/\, ... and also takes a short position on a series of
digital calls struck at V +2A, V +4A, .. .. If neither barrier is hit by T', then

St € (V,W) and hence, all digital options expire worthless. Otherwise, let
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us denote by 7 the first exit time of the corridor (V, W). If ¥y < 733 AT, then
at time ¢}, one can sell the digital puts struck at V and with the premium

obtained to buy a bond with the same maturity.

2DP.(V,T) = DP.(V,T) + DC,(V,T) = B-(T).

Moreover, A4 implies that all of the other digital options can be costlessly
liquidated. The reason is that for each n = 1,2,..., the long position in the
digital puts with barrier V' — 2n/A\, is canceled by the short position in the
digital calls with barrier V +2nA. On the other hand, if 73, < 7 AT, then
at 77,, A4 implies that all of the digital options can be costlessly liquidated.
The reason is that since V=W — A, the portfolio can also be considered as
long a series of digital puts with strikes at W — A, W — 3A, W —5A, .. |
while also being short a series of digital calls with strikes at W+ A, W +3A,
W + 5A .... Hence, for each n = 1,2,..., the long position in the digital
puts with barrier W — (2n — 1)A, is canceled by the short position in the
digital calls with barrier W + (2n — 1)A. Since the value of the digital
option portfolio matches the payoff of the one-touch knockout when (S,t)
exits (V, W) x [0,T], no arbitrage forces the values prior to exit to be the

same. OJ

In Subsections 3.4.1 and 3.4.2, we will separately develop portfolios of
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digital options which can be used to replicate the payoff of a digital call on
maximum drawdown and the payoff of a digital call on the K-drawdown

preceding a K-drawup, respectively.

3.4.1 Hedging digital call on maximum drawdown with
vanilla options

In this subsection we develop a semi-static replication of a digital call on
maximum drawdown using digital options on the underlying. By Theorem
3.1 and Proposition 3.2, we need to ensure A4 holds for all barriers of one-
touch knockouts being held. For this purpose we impose structure on the
spot price process:
A5: Continuity of the Maximum, Drawdown, and Symmetry While
t < 12, the running mazimum is continuous, and the drawdown cannot jump
up by more than K —D;. Moreover, at times 7(u) = TINTRNAT for allu > Sy,
the conditional risk-neutral probability distribution of St, is symmetric about
Stu)-

From Proposition 5.1, it is not difficult to see that A5 also implies A1l. In

fact, under A5, whenever the maximum increases continuously with ¢ < 772,
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evaluating (3.22) and (3.23) at V=M, F K and W = M, £ K:

OTKO,(M, — K, M, + K,T)
= 2) {DP(M, — (4n+1)K,T) — DCy(M, + (4n + 3)K,T)},
n=0
OTKO(M; + K, M, — K,T)

= 2 i{DCt(Mt + (n+ 1)K, T)— DP(M; — (4n+3)K,T)},
n=0
which implies that
OTKO(M;, — K,M; + K,T) = OTKO,(M,+ K,M, — K, T).
As a result, we have:

Theorem 3.5 (Semi-robust Pricing using Vanilla Options: 1). Under fric-
tionless markets and assumption A5, no arbitrage implies that the digital
call on maximum drawdown can be valued relative to the prices of bonds and

digital options as:

DCtMD(Ka T)= ]I{T;—ggt}Bt(T) + H{t<‘r£}><

{2 f:[DPt(Mt — (4n + 1)K, T) + DCy(M, + (4n + 1)K, T))

n=0

—9 i[DCt(Mt +(dn — 1)K, T) + DP(M, — (4n — 1)K, T)]}, (3.24)

n=1

for any t € [0,T] and K > 0.
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Proof. Suppose the digital call on maximum drawdown has been sold at
time 0. In order to hedge this position, consider a strategy of always holding
the replicating portfolio of vanilla digital options on the right hand side of
(3.24). This semi-dynamic trading strategy is followed until the earlier of
expiry and the first hitting time of running drawdown to the strike K. If
the running drawdown increase to K before T', then a bond of maturity T is
held afterwards.

Since we assume that the running maximum is continuous, the above
replicating portfolio never yields a payout from vanilla digital options with
strikes higher than M;. When the running maximum increases continuously
with ¢ < 72 A T, assumption A5 guarantees that it costs nothing to move
the barriers of one-touches being held. Hence, the first time to receive a
cash flow from the above portfolio is at time 7 2 2. If 7 > T, then
Sr € (My — K, Mr), all vanilla digital options expire worthless, as does
the target claim. If 7 < T then at 7, S, = M, — K, Proposition 5.1 and
assumption A5 imply that, the portfolio of one-touches has the same value

as
OTKO,(M, — K, M, + K,T) + OTKO,(M, + K, M, — K, T) = B.(T).

We conclude that in all cases, the payoff the digital call is matched by the
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liquidation value of a non-anticipating self-financing portfolio of bonds and
vanilla digital options. Furthermore, the right hand side of (3.24) is the cost
of setting up the replicating portfolio at time ¢. Hence, no arbitrage implies

that this cost is also the price of the target claim. O]

3.4.2 Hedging digital call on the K-drawdown preced-
ing a A-drawup with vanilla options

In this subsection we develop a semi-static replication of a digital call on
the K-drawdown preceding a K-drawup using one-touches. By Theorem 3.1
and Proposition 3.2, we need to ensure A4 holds for all barriers of one-touch
knockouts being held. For this purpose we impose structure on the spot price
process:

A5’: Continuity of the Maximum, Minimum, and Symmetry While
t < 2 AT AT, the running mazimum and the running minimum are
continuous. Moreover, at times 6(u) 2 TP ANTUNT for all u € (0, K], the
conditional risk-neutral probability distribution of hitting St is symmetric
about Sp(u).

Assumption A5’ is sufficient for applying Proposition 5.1. Evaluating
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(3.22) at V.= My — K and W = M, we obtain:

OTKOt(Mt - K Mt,T> —

=2 Z{DPt (2n+ 1)K, T) — DC,(M; + (2n + 1)K, T)}, (3.25)

for K > 0 and t € [0, 7y, _x ATy, AT]. Differentiating (3.22) with respect to
W, and evaluating at V= H — K and W = H implies that for K > 0 and

€ 0,75 _ AT AT

RUFDI,(H — K,H,T)

:—42 ( DP,(B,T)

o0

:_42”( DP,(H (2n+1)K,T)+%DC’t(H+(2n—l)K,T)),

+ 9 peyB,T)

B=H—-(2n+1)K aB

B—H+(2n—1)K)

(3.26)
since K is a constant.
Substituting (3.25) and (3.26) in (3.8), and ignoring the left and right

limits, we obtain

DCP<U(K,T) = Uirpcinsiy Bu(T) + Lpyorpprpy X

{ f:(zm +2)[DP(M, — (2n+ 1)K, T) + DCy(M, + (2n + 1)K, T)]

n=0

— 4Zn(DPt(mt — QTLK, T) + DCt(mt + QNK, T)) },

n=1

which gives rise to:
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Theorem 3.6 (Semi-robust Pricing using Vanilla Options: II). Under fric-
tionless markets and assumption A5’, no arbitrage implies that the digital
call on the K-drawdown preceding a K-drawup can be valued relative to the

price of bonds and digital options as:

DCP<Y(K,T) = W peyproy Bi(T) + Wy rpppry X

{ i(m +2)[DP(M, — (2n + 1)K, T) + DC,(M, + (2n + 1)K, T)]

—4) "n[DP(m; — 20K, T) + DCy(m; + 2nK,T)] } (3.27)

n=1

fort €[0,T] and K > 0.

Proof. Suppose that the digital call on the K-drawdown preceding a K-
drawup has been sold at time 0. In order to hedge this position, consider a
strategy of always holding the portfolio of digital options on the right hand
side of (3.27). This semi-dynamic trading strategy is followed until the earlier
of expiry and the first hitting times of running relative drawdown/drawup
to the strike K. If the running relative drawdown increases to K before 75
and T, then a bond of maturity 7" is held afterwards.

Since we assume that the running maximum and the running minimum

are continuous, the above replicating portfolio never yields a payout from

vanilla options with strikes outside the corridor [my, M;]. When the running
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maximum increases or the running minimum decreases continuously with
t < 72 AT AT, assumption A5’ implies that it costs nothing to move
the strikes of digital options in the above portfolio. Let us denote by 7 the
first time that M; — m; > K, then clearly 7 = 72 A7{. If 7 > T, then
Mp — K < mp < Sp < My < mp + K, hence, all vanilla options in the
replicating portfolio expire worthless, as does the target claim. If 7 < T,
then at time 7, M, = m, + K, Proposition 3.2 and assumption A5’ imply
that the portfolio of digital options have the same value as the one-touch
knockout OT KO, (M, — K, M,,T), whose value matches the target digital
call, with value either zero or the price of a bond. In the former case, 7 = 7Y,
the one touches are liquidated for zero; while in the latter case, 7 = 72, the
liquidation proceeds are used to buy the bond. We conclude that in all
cases, the payoff of a digital call can be replicated by trading bonds and
vanilla options. The right hand side of (3.27) is the cost of setting up the

replicating strategy at time t. Hence, no arbitrage implies that this cost is

also the price of the target claim. O]
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3.5 Static Replication with OTKO in Geo-
metric Models

In the previous sections we developed static and semi-static replications un-
der certain arithmetic symmetry assumptions. However, there are obvious
financial drawbacks of this setup. For example, it requires no carrying cost
for the underlying asset; the price of the underlying can be negative with
positive probability. In what follows we will consider a more complicated
setup to supersede these limitations.

As the spot price is always positive, it is much more convenient to consider

the percentage drawdown and the percentage drawup:

Definition 3.5. For any t € [0,T], we define the relative drawdown and the

relative drawup processes respectively as

1>

Dy M,/ 5y, (3.28)

Ur 2 S/m. (3.29)

For a fixed K > 1, let 72" (7Y, resp.) be the time at which the relative
drawdown (drawup, resp.) process D" (U", resp.) first reaches K. As usual,
if D™ (U7, resp.) never reaches K, then we set 72 = oo (7{ = oo, resp.).

We are interested in digital calls on maximum relative drawdown and

digital calls on the K-relative drawdown preceding a K-relative drawup. A
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digital call on maximum relative drawdown pays $1I (=2 <1y at expiry. We

denote the price of the option at time ¢ by
DCMP'(K,T) £ B/(T)Q! (MDjy > K). (3.30)

A digital call on the K-relative drawdown preceding a K-drawup pays $1I (D" <7U" AT}

at expiry. We denote the price of this option at time t by
DCP"<V (K, T) £ B(T)Q] (" < 7}’ AT). (3:31)

Analogous to the absolute drawdown setting in section 3.1, we can repli-
cate the payoff of the digital call on K-relative drawdown preceding a K-
relative drawup with one-touch knockouts and their spreads. The argument
is exact the same as in Theorem 3.1. We present the following theorem

without proof.

Theorem 3.7 (Robust Replication: II). Under frictionless markets, no ar-
bitrage 1mplies that the digital call on the K-relative drawdown preceding a
K -relative drawup can be valued relative to the prices of bonds, one-touch
knockouts and their spreads:

DCP™ U (K, T) = Wip ey Bi(T) + Wy prprpry X

(meK)~
{OTKOt(MtK‘l, M, T)+ / .
Mt

RUFDIt(HK‘l,H,T)dH}, (3.32)

for any t € [0,T] and K > 1.
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In the rest of the Chapter, we will develop semi-robust replications of the
above two digital options under continuity and certain geometric symmetry

assumptions on the dynamics of the spot price process.

3.6 Semi-static Replication with Single-Barrier
One-touches in Geometric Models

In this section, we present semi-static hedges which just use single-barrier
one-touches and lookbacks. The replications only succeed under certain sym-
metry and continuity assumptions. More specifically, suppose that the spot
starts inside the corridor between V and W, where V' and W are the in-barrier
and out-barrier of an one-touch knockout respectively. Let 7 2 5 A Ty be
the first exit time of the above corridor, we assume that:

G1: Skip-freedom and Geometric Hitting Symmetry The spot price
process S cannot exit the corridor between V' and W by a jump. Moreover,
there exist a constant q, such that if the first exit time of the above corridor

T < T, we have
QU5 aoer <T)=A7-QIL(r5 A <T), YA > 0. (3.33)

Under the above assumption, an one-touch knockout with in-barrier V'
and out-barrier W is replicated by a portfolio of one-touches. In particular,

we have:
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Proposition 3.3 (Semi-static Pricing of One-touch Knockouts: III). Under
frictionless markets and assumption G1, no arbitrage implies that, for any

te 0, ATS AT

OTKO(V,W,T) =

= OT,(V,T)+ Y [A™™MOT,(VA™™ T) — A™MOT,(VA™ T)], (3.34)
n=1
where AN = W/V # 1.

Proof. Suppose an one-touch knockout with in-barrier V' and out-barrier
W has been sold at time 0. In order to hedge this position, consider a
strategy of being long a series of one-touches with barriers at V, VA2,
VA~ ... and also being short a series of one-touches with barriers at VA2,
VA%, .. .. If neither barrier is hit by T, then all one touches expire worthless.
If 77 < 7 AT, then at 7i}, the one-touch with payoff with barrier at V'
knocks in, while assumption G1 implies that all of the other one-touches
can be costlessly liquidated. The reason is that for each n = 1,2,...) the
long position in the one-touches with barrier at VA~2", is canceled by the
short position in the one-touches with barrier at VA?". Similarly, if 77, <
7 AT, then at 7, assumption G1 implies that all of the one-touches can
be costlessly liquidated. The reason is that since V' = WA™!, the portfolio

can also be considered as long a series of one-touches with barriers at WAL,
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WA=, WA=5, ... while also being short a series of one-touches with barriers

at WA, WA3, WAS ...

Z[A_anTt(WA_2n_l, T) _ A(n—l—l)qOTt(M/A%L—I—l7 T)]
n=0
Hence, for each n = 0,1,2,..., the long position in the one-touches with

barrier at WA =271 is canceled by the short position in the one-touch with
barrier at WA?"*1, Since the value of the one-touch portfolio matches the
payoff of the one-touch knockout when (5,t) exits (V AW,V v W) x [0,T],

no arbitrage forces the values prior to exit to be the same. O]

Remark 3.3. Sbuelz [72] uses decomposition of Laplace transforms to obtain
a similar result at t = 0 under geometric Brownian motion model. However,

our proof does not involve analytic results and therefore is more robust.

In virtue of Theorem 3.7 and discussion in Section 3.3, Proposition 3.3
plays a crucial role to develop replicating strategies with one-touches for the
digital call on K-relative drawdown preceding K-relative drawup. Moreover,
we will see that, under a similar assumption, the digital call on maximum
drawdown can also be replicated with one-touches and lookbacks. In Sub-
sections 3.6.1 and 3.6.2, we will separately develop portfolios to replicate the
payoff of a digital call on maximum drawdown, the payoff of a digital call on

the K-relative drawdown preceding a K-relative drawup, respectively.
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3.6.1 Hedging digital call on maximum drawdown with
one-touches and lookbacks in geometric models

In this subsection we develop a semi-static replication of a digital call on
maximum drawdown using one-touches and lookbacks. For this purpose we
impose the following assumption:

G2: Continuity of the Maximum, Drawdown, and Hitting Symme-
try While t < 72", the running mazimum is continuous, and the relative
drawdown cannot jump up by more than K — Dj. Moreover, there exists a

constant q, so that at times 7(u) = TS NTE" AT for all u > Sy, we have

The above assumption is clearly satisfied by geometric Brownian motion
and its independent time-changes. The following result provides a semi-static

replication for the digital call on maximum relative drawdown.

Theorem 3.8 (Semi-robust Pricing using One-touches: I11). Under friction-
less markets and assumption G2, no arbitrage implies that the digital call on

maximum relative drawdown can be valued relative to the prices of bonds,
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one-touches, and lookback options as:

DCMP"(K,T) = W, pr <y Bi(T)+1(ypry X { > KMOT(M,K ™" T)

n=0
+ Z K(2n+1 10T, MK4n+1 T) K2(n+1)qOT¥(MtK4n+3,T))
n=0
—ZK V90T, (M, K"~ T)4q[LBP,(M,, K,T) — LBCy(M;, K, T)] }
n=0

(3.36)

fort € [0,T] and K > 1. Here the prices of the lookback put/call are given

by,
LBPt(M K,T)
—(2n+3)
( ) /MK K2n+3 q q K2n+3 dH
= P, ( Zlog—— )| OT\(H,T)—,
22 K J, M/H 2108 3 ) O D)
(3.37)
LBCy(M, K,T)
- > M K2+ dH
=) (—1)rK e / P L1og =" ) OT,(H, T)%2,  (3.38)
n—0 MK?2n+1 2 H H

where P,(x) is a polynomial of degree n, satisfying

Py(z)=1, P,(0)=n+1, (3.39)
P, (z) = P,(x) 4+ 2P,(z). (3.40)

Proof. Suppose the digital call on maximum relative drawdown has been

sold at time 0. In order to hedge this position, consider a strategy of always
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holding the replicating portfolio on the right hand side of (3.36). This semi-
dynamic trading strategy is followed until the earlier of expiry and the first
hitting time of running relative drawdown to the strike K. If the running
relative drawdown increases to K before T, then a bond of maturity T is
held afterwards.

Since we assume that the running maximum can never increase by a
jump, the above replicating portfolio never yields a payout due to a cross of
the barriers higher than M;. When the running maximum increases contin-
uously with the maximum relative drawdown less than K, assumption G2
can guarantee that it costs nothing to move the barriers of options in the
above portfolio®. Hence, the first time to receive a cash flow from the above
portfolio is at time 7 = 2" If 7 > T, then the spot price S; is always within
(M, /K, Mj), so all the one-touches expiry worthless, as does the target claim.
On the other hand, if 7 < T, then at time 7, S, = M, /K, assumption G2

and (A.6) in Appendix A.1 imply that,
LBP,(M,,K,T) = LBC,(M,, K, T).

Moreover, at time 7, Proposition 3.3 and assumption G2 imply that the

3Please refer to Appendix A.1 for a proof.
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portfolio of one-touches has the same value as
OTKO,(M,/K,M,K,T)+ K?-OTKO.(M.K,M,/K,T) = B.(T).

We conclude that in all cases, the payoff of the target claim can be replicated
by trading one-touches, lookbacks and bonds. The right hand side of (3.36) is
the cost of setting up the replicating strategy at time ¢. Hence, no arbitrage

implies that this cost is also the price of the call on maximum drawdown. [J

3.6.2 Hedging digital call on the K-relative drawdown
preceding a K-relative drawup with one-touches
in geometric models

In this subsection we develop a semi-static replication of a digital call on the
K-relative drawdown preceding a K-relative drawup using one-touches. The
following assumption ensures the validity of the replication.

G2’: Continuity of the Maximum, Minimum, and Hitting Sym-
metry While t < 72" A7 AT, the running maximum and the running
mintmum are continuous. Moreover, there exists a constant q, so that at

times 6(u) 2 TP"ANTUT AT for all u € (1, K], we have that
Qb (75, a1 S T) = AT~ Qg (15,4 < T), YA > 0. (3.41)

Assumption G2’ is sufficient for applying Proposition 3.3. Evaluating
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(3.34) at V = M;/K and W = M,", we obtain,

OTKO,(M,/K, M, T) =

1
= Z {an OT(Mth%Lfl’ T) — K("H)qOTt(MtK%H, T)}, (3.42)
n=0

for K > 0 and t € [0, Tﬂt/K A9, AT). Differentiating (3.34) with respect
t

to W, and evaluating at V = H/K and W = H implies that for K > 1 and

€ [O,TE/K AT AT

RUFDI,(H/K, H,T)

-2 1 0 B,
= —OT,(B,T K2 —_OT (B, T
K n< q+2naB t( >B— . + aB t( )Bi
n=1 ~K2n+1l ~K—2n+1
> 1
% n<K—0Tt(HK—2”—1, T) + K™MOT,(HK*!, T))
n=1

0
—_ — OT.(HK™ 2n—1 K—nq_o H F(2n 1
QZln(K 29 0T ) KR OTH T>>

q - —2n— n n—
— E;n<WOTt(HK 1T + KMOT,(HK? 1,T)), (3.43)

since K is a constant.

Substituting (3.42) and (3.43) in (3.32), and ignoring the left and right
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limits, we obtain

DOtDT (Kv T) = ]I{TI?St/\T%}Bt(T) + ]I{t<7'£/\7'%}x

. 1
{ > (2n+1) (WOT(MtK —nmL T+ K0T, (MK, T))

n=0

> 1
_ E 2n (WOE(th_QTL’T) + anOﬂ(thzn’T)>
n=1

meK 20 OT,(HK 2= Ty OT,(HK?* ' T)\ dH
_q/ Zn( i 1) , OTi( ,>> }
1

Kd K—na H

My 5 Z

which gives rise to:

Theorem 3.9 (Semi-robust Pricing using One-touches: 1V). Under friction-
less markets and assumption G2’, no arbitrage implies that the digital call on
the K-relative drawdown preceding a K -relative drawup can be valued relative

to the prices of bonds and one-touches as:

DC'tDT(K, T)= H{T;?St/\T%}Bt<T) + H{t<r§/\r§}x

{ > (@n+1) <%OT{MJ( “L ) 4 KD (M, KA T))
n=0

- 1
-2 (Wommtlf LT + KMOT (m K T))

n=1

S (OT(HK-YT) OT,(HK* ', T)\ dH
_q/Mt Zn( o + e )—} (3.44)

n=1

for any t € [0,T] and K > 1.

Proof. Suppose a digital call on the K-relative drawdown preceding a K-

relative drawup has been sold at time 0. In order to hedge this position, con-
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sider a strategy of always holding the replicating portfolio of one-touches on
the right hand side of (3.44). This semi-dynamic trading strategy is followed
until the earlier of expiry and the first time at which the running relative
drawdown or drawup reaches the strike K. If the running relative drawdown
increases to K before T', then a bond of maturity T is held afterwards.
Since we assume that the running maximum and the running minimum
are continuous, the above replicating portfolio never yields a payout due to
a hit of barriers outside the corridor [my, M;]. When the running maximum
increases or the running minimum decreases continuously with ¢t < 72" A7L"A
T, assumption G2’ guarantees that it costs nothing to move the barriers of
one-touches in the above portfolio®. Hence, the first time to get a cash flow
from the above portfolio is when M;/m, = K. Let us denote by 7 the first
time that M;/m; > K, then clearly 7 = 72" A7{". If 7 > T, then the one-
touches expire worthless, as does the target claim. If 7 < T', then at 7, M, =
m, K, by Proposition 3.3 and assumption G2’ the portfolio of one-touches
has the same value as the one-touch knockout OT KO, (M, /K, M,,T), whose
value matches the target option, with value either zero or the price of a bond.
In the former case, 7 = 7%, the one touches are liquidated for zero; while in

the latter case, 7 = 72", the liquidation proceeds are used to buy the bond.

4Please refer to Appendix A.1 for a proof.
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We conclude that in all cases, the payoff of the target digital call is matched
by the liquidation value of a non-anticipating self-financing portfolio of bonds
and one-touches. Furthermore, the right hand side of (3.44) is the cost of
setting up the replicating strategy at time t. Hence, no arbitrage implies

that this cost is also the price of the target claim. ]

3.7 Semi-static Replication with Vanilla Op-
tions in Geometric Models

In the previous section we developed semi-static hedges with a series of co-
terminal single-barrier options of the target calls. In this section, we present
another semi-static hedge which just uses more liquid vanilla options. The
replications only succeed under some symmetry and continuity assumptions,
which we will make precise.

Suppose that the spot starts inside the corridor between V' and W, where
V and W are the in-barrier and the out-barrier of an one-touch knockout
respectively. Let 7 be the first exit time of this corridor, we impose the
following assumption:
G3: Skip-freedom and Geometric Symmetry The spot S cannot exit

the corridor between V' and W by a jump. Moreover, there exist a constant
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q, such that if the first exit time of the above corridor T < T, we have
EY {5(Sp — S;A™V)} = 529 B {S%5(Sp — S.A)}, VA > 0. (3.45)

The symmetry in G3 is often seen in finance literature. (Bowie and Carr
[13]; Carr and Chou [17]; Carr, Ellies & Gupta [18]; Carr [16].) In particular,
geometric Brownian motions and their independent time-changes all satisfy
this assumption®. The characterization of continuous martingales that satisfy

this symmetry conditions can be found in Tehranchi [86].

Remark 3.4. If we alternatively assume that a barrier B is skip-free and
(3.45) holds at the first hitting time 75, then an one-touch with barrier at B
can be replicated with vanilla options. This is the reflection principle, which

we present below for completeness.

Lemma 3.1 (Reflection Principle). Under frictionless market, an one-touch
with skip-free barrier B > 0 can be replicated with vanilla options, provided

that (8.45) holds at 75. In particular, for any t € [0,75 A T],

1. IfB < My,

OT,(B,T) = DP,(B,T) + B 9P, (B, T): (3.46)

5Please refer to Appendix A.3 for a proof.
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2. If B> M,

OT,(B,T) = DCy(B,T) + B™C,,(B, T), (3.47)

where the vanilla put/call prices P,;/Cy+ are given by

1>

P(B,T) = By(T)EY {SL[1(Sr < B) + 0.56(Sy — B)]}, (3.48)

2

Cuu(B,T) B(T)EY {SL[1(Sr > B) +0.56(Sy — B)]}.  (3.49)

Proof. We will only prove (3.46). (3.47) can be proven with a similar argu-
ment. Suppose an one-touch with barrier V' has been sold at time 0. In order
to hedge this position, consider a strategy of being long the two vanilla puts
on the right hand side of (3.46). If the barrier V' has not been hit by time
T, then S > B, and hence, both vanilla puts expire worthless, as does the

. A . .
one-touch. Otherwise, let 7 = 75 | then at time 7, by assumption G3,

DP.(B,T) + B™P,.(B,T)

=B.(T)EY {1(Sy < B) + 0.56(Sr — B) + %{“ [1(Sy < B) +0.56(Sr — B)]}
=B, (T)EY {1(Sr < B) 4+ 0.56(Sp — B) + 1(Sr > B) + 0.56(Sp — B)}
—B,(T),

where the second equality follows from (3.45). Since the value of the vanilla

puts matches the payoff of the one-touch when (S,t) exits (B, 00) x [0,7],

no arbitrage forces the value prior to exit to be the same. O]
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Remark 3.5. If the spot price process is skip-free and satisfies G3, it is
easily seen that the condition (3.33) in assumption G2 is also satisfied. In
other words, for a skip-free process, the condition (3.45) in G3 is stronger

than (3.33) in G1.

It is interesting to point out that, under G3, an one-touch knockout with
in-barrier V' and out-barrier W can be replicated by a portfolio of vanilla

options:

Proposition 3.4 (Semi-static Pricing of One-touch Knockouts: IV). Under
frictionless markets and assumption G3, no arbitrage implies that, for t €

0,77 A TV[S/ AT,
1. IfV < W:

=/ 1 N
OTKO,(V,W,T) = (MDB(VAZ”, T+ 5,

Pq,t (VA72n7 T))

n=0

= (AWDQ(VA%, T) + cq,t<va2n,T)) . (3.50)
n=1

1
Va/A\ne

2. IfV>W:

- 1 —2n Anq —2n
OTKO,(V,W,T) = Sy POV AT T) 4+ T C (VAT T)

n=0

-y (A"qDPt(VAQ”, T) +

n=1

]' n
qu,t(VA2 ,T)) , (3.51)
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where A = W/V # 1 and P,;/C, are defined in (3.48) and (3.49).

Proof. We will only prove (3.50) here. (3.51) can be proven with a simi-
lar argument. Suppose an one-touch knockout with lower in-barrier V' and
upper out-barrier W has been sold at time 0. In order to hedge this posi-
tion, consider a strategy of being long a series of vanilla puts with strikes
at V,VA=2, VA~ ..., and also being short a series of calls with strikes at
VA2 VAL ... If neither barrier is hit by T, then Sy € (V, W), and hence,
all vanilla options expire worthless, as does the one-touch knockout. Other-
wise, if 797 < 7 AT, then at 7%, assumption G3 implies that the two puts
struck at V' can be traded in order to guarantee a unit payoff at expiry, as
is seen in (3.46). Moreover, all the other vanilla options can be costlessly
liquidated. The reason is that for each n = 1,2,..., the long position in the
puts with strike at VA=2" is canceled by the short position in the calls with
strike at VA, On the other hand, if 77, < 7 A T, then at this time, G3
implies that all the vanilla options can be costlessly liquidated. The reason
is that since V' = WA~ the portfolio can also be considered as long a series

of puts with strikes at WA=, WA=3 WA~ while also being short a series
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of calls with strikes at WA, WA3 W AS.

=1 o 1 .
ZOM (DPt(WA =Ly — T it (WA? +1,T))

- 1 —2n— n
+) Al (mpq,t(WA =1 T — DCYW A2 +1,T)> .
n=0

Hence, for each n = 0,1,2,..., the long position in the puts with strikes
at WA~2""! is canceled by the short position in the calls with strike at
W A?"*1 Since the value of the target option portfolio matches the payoff of
the one-touch knockout when (.5, ¢) exits (V, W) x [0, T], no arbitrage forces

the values prior to exit to be the same. O

Lemma 3.1 and Proposition 3.4 provide fundamentals of our replication
results in this section. In Subsections 3.7.1 and 3.7.2 we will separately
develop portfolios of vanilla options to replicate the payoff of a digital call on
maximum relative drawdown and the payoff of a digital call on the K-relative

drawdown preceding a K-relative drawup, respectively.

3.7.1 Hedging digital call on maximum relative draw-
down with vanilla options in geometric models

In this subsection we develop a semi-static replication of a digital call on
maximum relative drawdown using vanilla options. Let us first state the

necessary assumptions regarding the dynamics of the spot price process.
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G4: Continuity of the Maximum, Drawdown, and Symmetry While
t < 12", the running mazimum is continuous, and the relative drawdown
cannot jump up by more than K — D;]. Moreover, there exists a constant q,

so that at times T(u) 2 TS NTRT AT for all u > Sy, we have that

T T S4
Efp{0(Sr = SrwA™)} = E?}u){sf 5(Sr — ST@)A)}, VA > 0.(3.52)
()

If the spot price process is always continuous, then using Theorem 3.8 and
Lemma 3.1, we can develop a replicating portfolio of vanilla options to hedge
the digital call on maximum relative drawdown. However, we will show in
the next theorem that, under the weaker assumption G4, such a portfolio is

also possible.

Theorem 3.10 (Semi-robust Pricing using Vanilla Options: III). Under
frictionless markets and assumption G4, no arbitrage implies that the digital

call on maximum relative drawdown can be valued relative to the prices of
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bonds and vanilla options as:

DCHMP (K, T) = Wipr <y BiT) + Wppppry X

{ ST K MIDP(ME " T) 4 M C, (MK, T)]

n=0

+ Y K@ DC (M K™ T) + My Py (MK "1 T))]

n=0

_ Z KQ(n+1)q[DCt(MtK4n+3, T) + Mt*qPqi(MthzlnfC’), T)]

n=0

=Y KD P(M KT T + My "Cy (MK, T))
n=0
+q[VP(M, K, T) — VO, (M, K, T)]}, (3.53)
fort €10, T) and K > 1. Here the prices of the vanilla put/call are given by,

0o n —(2n+3) n q 2n+3
B (_1) MK KQ +3 q K
VR(MK.T) =) 2, 0 ) Do\ s a )

n=0
dH
[DP{(H,T) + HPyo(H,T)| 7, (3.54)

> o q MK2n+1
VOU(M,K,T) =) (=1)"Kn+bd / P, <—10g— X
¢ TLZZO MK2n+1 2 H

[DP,(H,T) + H9C,4(H, T)]%, (3.55)

where Py y/Cyy are given in (3.48) and (3.49), and polynomials {P,(x)} are

defined in (3.39) and (3.40).

Proof. Suppose a digital call on maximum relative drawdown has been sold

at time 0. In order to hedge this position, consider a strategy of always
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holding the replicating portfolio of vanilla options in the right hand side of
(3.53). This semi-dynamic trading strategy is followed until the earlier of
expiry and the first hitting time of running relative drawdown to the strike
K. If the running relative drawdown increases to K before T', then a bond
of maturity 7T is held afterwards.

Since we assume that the running maximum can never increase by a
jump, the above replicating portfolio never yields a payout from vanilla op-
tions with strikes higher than M;. When the running maximum increases
continuously with the maximum relative drawdown less than K, assumption
G4 guarantees that it costs nothing to move the strikes of vanilla options in
the above portfolio®. Hence, the first time to receive a cash flow from the
above portfolio is at time 7 = 72" If 7 > T, since the running maximum
cannot increase by a jump, the spot price at expiry Sy € (M;/K, My], so all
vanilla options being held expire worthless, as does the target claim. On the

other hand, if 7 < T, then at time 7, S; = M, /K, assumption G4, (A.16)

and (A.17) in Appendix B.1 imply that,
VP(M,, K, T) = VC, (M., K, T).

Moreover, at time 7, Proposition 3.4 and assumption G4 imply that the

6Please refer to Appendix A.2 for a proof.
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portfolio of DP/DC and P,/C, has the same value as
OTKO,(M,/K, M,K,T) + K*- OTKO,(M,K, M,/K,T) = B.(T).

We conclude that in all cases, the payoff of a digital call can be replicated by
trading bonds and vanilla options. The right hand side of (3.53) is the cost
of setting up the replicating strategy at time ¢. Hence, no arbitrage implies

that this cost is also the price of the target call on maximum drawdown. [J

3.7.2 Hedging digital call on the K-relative drawdown
preceding a K-relative drawup with vanilla op-
tions in geometric models

In this subsection we develop a semi-static replication of a digital call on the
K-relative drawdown preceding a K-relative drawup using vanilla options.
We strengthen assumption G4 in last subsection in order to meet the self-

financing requirement of our replication portfolio.

G4’: Continuity of the Maximum, Minimum, and Symmetry While

t < 12" AT AT, the running mazimum and the running minimum are

continuous. Moreover, there exists a constant q, so that at times 6(u) 2

P ATV AT for all uw € (1, K], we have that

u

T T Sq
By {0(S1 = Spy AN} = E;QEU){?(T)&(ST - SQ(U)A)}, VA > 0. (3.56)
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Assumption G4’ is sufficient for applying Proposition 8.1. Evaluating

(3.50) at V = M;/K and W = M,, we obtain,

OTKOy(M,/ K, M,,T)

(1
- Z{W[DPt(MtK‘Q”‘%T) My “Coa (M T))
n=0

+KTDIMTP (MK T) — DMK, T)] } (3.57)

for K > 1.
Differentiating (3.50) with respect to W, and evaluating at V = H/K

and W = H implies that for K > 1 and t € [O,TE/K VAL

RUFDI,(H/K,H,T)

KM+ 9
He OH

— —QZ (K—a—HDPt(HK LTy 4 P (HK 1 T)
n a 2n—1 H™ a 2n—1
+K qa_HDCt( K ,T) + ma_ch’t(HK ,T)

i S 1 —2n—1 K(n-l—l)q

PL(HK==1,T)

n=1

H—1
+K"DC,(HK* ' T) —

K (n—1)q O‘Lt(HK2n_17 T)> ) (358)

since K is a constant.
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Substituting (3.57) and (3.58) in (3.32) we obtain that,

DC'tDT(K T)= ]I{T[?St/\T%}Bt<T) + H{t<r§/\r}{}x

= (2n+1 Con _ .
Z(K—nq) (DP,(M, K21 T) + M, "Coy (MK, T))

= (2n+1
+ Z Qn+1) (DCy (MK, T) + M Py (M, K~>""1,T))

K—(n+l)q
n=0
N 2n —2n —q 2n
- Z K na (Dpt(th ,T) +m, Oq,t(th ,T))
n=1
N 2n 2n —q —2n
N Z K —na (Dct(th ,T) +my ' Pyy(m K ,T))
n=1
mi K O DPt(HK_2n_1,T) Pqt(HK_Qn_laT)
1 /Mt Z " ( Kra + K—(n+tDaf]q

K—na K®—1)aHq H

DC,(HK* 1 T)  C,(HK™ T)) dH}
+ 70

which gives rise to:

Theorem 3.11 (Semi-robust Pricing using Vanilla Options: IV). Under
frictionless markets and assumption G4’, no arbitrage implies that the digital

call on the K-relative drawdown preceding a K -relative drawup can be valued
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relative to the prices of bonds and vanilla options as:

DCOP' (K

T) ]I{TE <t/\TU}Bt (T) + ]I{t<7'£/\7'%} X

= (2n+1)
Z 7;{; (DP(MK 2"\ T) + M 9C,y (M, K> T))
n=0
_’_f: (27”L+ DC (M K2n+1 T) +M_qP (M K—2n—1 T))
K t t t q,t t ’
— Z DPt th n T) +mt Cq,t(th2n7T))
Z (MK, T) +my Py y(m K2, T))
n=1
muk °° C(DPHE L T)  Pyy(HE 1 T)
Kna + K*(n+1)QHq
DCt(HKQ"_l,T) Cq,t(HKQ"_l,T) dH
T K—na K®-1qffq H [ (3:59)

for any t € [0,T] and K > 1.

Proof. Suppose a digital call on the K-relative drawdown preceding a K-
relative drawup has been sold at time 0. In order to hedge this position,
consider a strategy of always holding the replicating portfolio of vanilla op-
tions on the right hand side of (3.59). This semi-dynamic trading strategy
is followed until the earlier of expiry and the first hitting times of running
relative drawdown /drawup to the strike K. If the running relative drawdown
increases to K before T', then a bond of maturity 7" is held afterwards.

Since we assume that the running maximum and the running minimum
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are continuous, the above replicating portfolio never yields a payout from
vanilla options with strikes outside the corridor [my, M;]. When the running
maximum increases or the running minimum decreases continuously with
t < 2" AT{T AT, assumption G4’ guarantees that it costs nothing to
move the strikes of vanilla options in the above portfolio”. Let us denote
by 7 the first time that M;/m; > K, then clearly 7 = 72" A7 If 7 >
T, then My/K < mp < Sy < Mp < mrK, hence, all vanilla options
in the replicating portfolio expire worthless, as does the target claim. If
7 < T, then at time 7, M, = m. K, by Proposition 3.4 and assumption G4’,
the portfolio of one-touches has the same value as the one-touch knockout
OTKO.(M,./K,M,,T), whose value matches the target digital call, with
value either zero or the price of a bond. In the former case, 7 = 7¥", the
one touches are liquidated for zero; while in the latter case, 7 = 72", the
liquidation proceeds are used to buy the bond. We conclude that in all
cases, the payoff of a digital call can be replicated by trading bonds and
vanilla options. The right hand side of (3.59) is the cost of setting up the
replicating strategy at time ¢. Hence, no arbitrage implies that this cost is

also the price of the target claim. ]

"Please refer to Appendix A.2 for a proof.
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3.8 Poisson Jump Processes

In Sections 3.1-3.7 we developed static and semi-static replications of both
digital options under certain continuity and symmetry assumptions. As it is
pointed out earlier, the notion of continuity can be extended to skip-freedom
so that purely jump models can be considered. In this section, we consider
two different skip-free dynamical setups, increasing both complexity and fi-
nancial realism. The first setup requires no carrying cost for the underlying
asset and symmetry in the risk neutral price process. The second setup al-
lows carrying costs and keeps prices positive. We refer to the two setups as
the arithmetic case and the geometric case, respectively. In what follows we

will develop replicating portfolio in both cases.
3.8.1 Arithmetic case

In this section, we require that the underlying has no carrying cost. This
arises if the option we are concerned about is written on a forward price,
or is written on a spot price, but only under stringent conditions (see Carr
[16]). To cast the results of this section in their most favorable light, we will
assume in this section that the barrier option is written on a forward price.
The next section allows for nonzero carrying cost on the underlying asset.

Let F; be the forward price at time ¢t € [0,7]. We assume that F' is a
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continuous-time process. Under the risk-neutral measure Q, F' has repre-

sentation

Ft = FO —+ CL(Nl,t - N27t), t e [O,T], (360)

where a > 0 is a constant, N1 and N, are independent identically distributed
doubly stochastic processes (see Brémaud [15]), with jump intensity A;, which
is independent of N; and N,. In words, the forward price F' starts at Fy > 0
and jumps up or down by the amount a according to an independent clock.
Clearly, F' will satisfy all arithmetic symmetry conditions A1-A5’, if we
extend the notion of continuity to skip-freedom. It follows that® we can
construct replicating portfolios of one-touches or vanilla digital options once
we have a replication with one-touch knockouts and their spreads in our
hands.

Without loss of generality, let us assume that K is a positive integer mul-
tiple of a, so that overshoots are avoided. Since the replicating portfolio in
Theorem 3.1 is purely static, one can easily extend (3.8) to the case in which
the underlying is a skip-free process. More specifically, when the underly-

ing process follows (3.60), a ricochet-upper-first down-and-in claim is a real

8This a consequence of Propositions 3.1 and 3.2.
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spread of one-touch knockouts

RUFDI,(H — K, H,T) = B(T)EX {1(mr < H — K)§(M,» _— H)}

TH-K

— OTKO(H — K,H +a,T) — OTKO,(H — K, H,T), (3.61)

from which one immediately obtain the following counterpart of Theorem

3.1:

DCtD<U(K, T) — H{TI?gT}U(/\t}Bt(T)+]I{t<7}?/\7%} X {OTKOt(Mt—K7 Mt+a, T)
mgtK—My

+ Z RUFD[t(Mt+CLZ—K, Mt+(l’i,T)}, (362)
i=1

for any t € [0,7] and K > 0.
Similarly, one can modify (3.10) slightly to obtain a replication of digital

call on maximum drawdown:

DOMP(K,T) =1(MD, > K)B,(T) + 1(MD;, < K)x

{OTKOt (Mt — K, Mt + K"‘G,,T) + OTKOt (Mt +K+Cl, Mt — I(,Jﬂl>}7
(3.63)

for t € [0,7] and K > 0. The portfolio on the right hand side of (3.63)
obviously replicates the payoff of the digital call on maximum drawdown.
Moreover, it is self-financing. This is because, when the maximum drawdown

is less than K, using the symmetry of the underlying one can show that,
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whenever the maximum has an increase from M,- to M; = M;- + a,

OTKOt<Mt—K,Mt+K+CL,T)+OTKOt (Mt+K+a,Mt —K,T)
:OTKOt(Mt+K, Mt — K—(I,T) +OTKOt(Mt —K—CL, Mt‘f‘K,T)

:OTKOt(Mt— + K+ G,Mt— — K, T) + OTKOt(Mt— — K, Mt— + K+ CL,T).

Let us now proceed to treat the complications that arise if we allow carrying
costs on the underlying and if we further require that the underlying price

process stays positive.

3.8.2 Geometric case

In this section, we will assume that all options are written on the spot price
of some underlying asset. Let us consider a filtered risk-neutral probability
space (Q,F,Q"), F = UseprFs- Let us denote by Ny and N, two indepen-
dent standard doubly stochastic processes, with positive jump arrival rates
A1 and )\ under the risk-neutral measure Q7. We require that the trajecto-
ries of the intensities A\; and Ay are Fy-measurable?, and the ratio \; /Ao is a
constant.

For given positive constants g and Sy, we assume the stochastic process

governing the spot price of the underlying asset is given by

Sy = SpedMNe=Na) e [0, 7. (3.64)

9However, we do not need to specify the trajectories.
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In words, the spot price S starts at Sy > 0 and jumps up by the amount
Si-(e9 — 1) > 0 or down by the amount S;-(e79 — 1) < 0 at independent
exponential times. Let r, and d; be the instantaneous risk-free rate and the
instantaneous dividend yield of the underlying respectively. Then under a

frictionless market and no arbitrage, we must always have
)\1775(69 - ]_) + )\27,5(6_9 - 1) =T — dta te [O,T] (365)

Before developing any replication portfolio, let us first examine the sym-
metry properties of the spot price process. Under the risk neutral measure

QT, the log price is a difference of two independent Poisson processes.
dlog St = g(le,t — dN27t), te [O,T] (366)

One could employ Esscher transform (see Brémaud [15]; Shiryaev [74]) to
construct a new probability measure equivalent to Q, under which the log
price log S is a symmetric martingale. More specifically, let us define a con-

stant

T = —log ——. 3.67
The Mo (3.67)

Then we have a positive martingale

t
Y, = exp <7rg(N1,t — Noy) — / ()\173((5”9 — 1)+ Aos(e7™ — 1)ds)>
0

_ (g_o) Co(t), 1€ [0,7), (3.68)
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where ¢(t) = exp (— fg[)\l,s(eﬂg — 1)+ As(e7™ — 1)]ds> . Define a new mea-

sure PT by
1
EfT{Z}:=5§EPT{ZY%}, (3.69)

for any Fr-measurable random variable Z. Under P?, the log price log S
is a difference of two independent identically distributed doubly stochastic
processes with jump intensity e™\;. Thus, at any time ¢ € [0,7], for any

A>0
EF {8(Sp — 5,071} = EF {8(Sp — 5,A)}. (3.70)
It follows that,

EY{5(Sy — S,A™)} = EFT{ (%) o %5(5} - StA‘l)}

= EFT{ <%>W : %5(& - StA)} = EPT{ (%’)%5(& - StA)},

for all A > 0. In other words, the spot price process will satisfy G4’, if we
extend the notion of continuity to skip-freedom.

By the discussion in Remark 3.4, and the fact that the spot price process
is skip-free, it follows that S will satisfy all geometric symmetry conditions
in G1-G4’. Therefore, it suffices to develop the counterparts of Theorem 3.7

and Theorem 3.8 for the model in (3.64).
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Without lose of generality, let us assume that log K is a positive integer
multiple of g, so that overshoots are avoided. Since the result in Theorem
3.7 is purely static, it can be easily extended to the model in (3.64). More
specifically, a ricochet-upper-first down-and-in claim is a real spread of one-

touch knockouts

RUFDI,(H/K,H,T) = B(T)EY {1(my < H/K)§(M,5 — H)}

= OTKO(H/K,He?, T) — OTKO.(H/K, H,T), (3.71)

from which one immediately obtains

DO UKL T) = Lirpr oy Bu(T) + Ly pryry

1og MK _
A log M, 1

{OTKOt<Mt/K7 Mteg,T) + Z RUFD[t(Mteig/K, Mteig,T)}7

i=1

(3.72)
for any t € [0, 7] and K > 0.

Similarly, the result in Theorem 3.8 can be extended. In fact, one can
show that, a digital call on maximum relative drawdown can be replicated

with bonds, one-touch knockouts and lookbacks:

DCMP(K,T) = M pr oy Bu(T) + Wy pryx
{OTKOt(Mt/K, MtKeg, T) + K9. OTKOt(MtKGg, Mt/K, T)

+(1 — e 9)[LBP,(M,, K,T) — LBC,(M,, K,T)]}, (3.73)



STATIC AND SEMI-STATIC REPLICATIONS 123

for any t € [0,7] and K > 0. Here the prices of lookback put/call are given

LS (—1)reEle SR LS
LBR(M.K.T) =3 o 2 \aes ) Pollos g7

n+

x OT,(eW=21"27 1=V T) (3.74)

00 (_1)n L-H1 MK2n+1
LBCt(M, K,T) :Zmel— z 199 Z Pn logw X
n=0 i>1 log(MK2n+1)

x OT, (e 251409 7y - (3.75)
where |z] and [z] are the floor and the ceiling functions (Graham et al.
1994), and P, is a function on the lattice Z - g, satisfying

Py=1, P(0)=n+1, (3.76)
Popr((i+1) - g) = Paga(i-g) = e¥Py((0 +1) - g) = Pu(i-g). (3.77)

We omit the proof here. The interested reader can verify this result following

the argument appearing in Appendix A.1.
3.9 Conclusion

In this work we developed static replications of a digital call on the K-
drawdown preceding a K -drawup. We then developed semi-static replications
of these options using consecutively more liquid instruments under appro-

priate symmetry and continuity assumptions. We considered two different
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dynamical setups, increasing in complexity and financial realism. In both
cases, our portfolio is self-financing, and only needs occasional trading, typ-
ically when the maximum or the minimum changes. Finally, we extend the
replication results to the case in which the underlying process is driven by
the difference of two independent Poisson processes. We showed that the
previous semi-static trading strategies continue to replicate the payoffs of

these claims with slight modifications.



Chapter 4

Quickest Detection of Abrupt
Changes with Multi-Source
Observations

In this Chapter we study the applications of drawup processes in the problem
of quickest detection with multi-source observations. We consider the situa-
tion in which the onset of a signal occurs at different times in the observations
originating from N different sources. We also consider the case of equal-
strength and unequal-strength signals across all sources, which in discrete-
time models corresponds to the cases of the same and different out-of-control
distributions. We adopt an N-dimensional extension of the CUSUM stopping
rule, namely the N-CUSUM stopping rule. We assume that the N observed
processes are independent, which constitutes an assumption consistent with

the fact that the N change-points can be different.

125
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In this work we consider the problem of detecting the earliest change
observed in the system. We start by considering the problem in a Brownian
motion model in Section 4.1. As our problem involves multiple source of
observations, we extend Lorden’s criterion (see [51]) in a min-max way as
described in Section 4.1.1. Properties of the single source observations are
presented in Section 4.1.2. In Section 4.1.3, the N-CUSUM rule is introduced
for detecting the earliest change in a Brownian motion model. It is shown
that, under the extended Lorden’s criterion, the difference between the N-
CUSUM stopping rule with the unknown optimal stopping rule tends to a
constant, as the mean time to the first false alarm tends to infinity. In
Section 4.2, we extend these optimality results of N-CUSUM rule to discrete-
time models. Finally in Section 4.3, we close with concluding remarks and

suggestions for future work.

4.1 The Brownian motion model

In this section we consider a continuous-time Brownian motion model.
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4.1.1 Mathematical formulation of the problem

We sequentially observe the processes {é}m;t >0} foralli=1,..., N with

the following dynamics:

el = ! » (4.1)
widt +dwy”’  t > 7,

where positive constants {j;} are known and represent the signal strengths,
{wii)} are independent standard Brownian motions, and the 7;’s are unknown
constants, with 7; representing the time point of onset of the signal from
source S;.

An appropriate measurable space is Q = C[0, 00) x C'[0, 00) X ... x C[0, 00)
and F = UsoF;, where {F;} is the filtration of the observations with F; =
a{( oo §N)); s < t}. Notice that in the case of centralized detection the
filtration consists of the totality of the observations that have been received
up until the specific point in time t.

On this space, we have the following family of probability measures
{Py,..-y}, where P, .. corresponds to the measure generated on € by
the processes (ft(l), cee t(N)) when the change in the N-tuple process occurs
at time point 7;, ¢ = 1,..., N. Notice that the measure P, . corresponds

to the measure generated on €2 by N independent Brownian motions without

drifts.
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Our objective is to find a stopping rule T that balances the trade-off
between a small detection delay subject to a lower bound on the mean-time
between false alarms and will ultimately detect min{r,..., 75} *.

As a performance measure we consider the following generalization of

Lorden’s performance index (see Lorden [51]):

JNN(T) = sup essup E. {(T —T AL A TN)+|./_"TI/\”_/\TN} , (4.2)
T1y--sTN
where the supremum over 7, ..., 7y is taken over the set in which their mini-

mum is finite. That is, we consider the worst detection delay over all possible
realizations of paths of the N-tuple of stochastic processes ( t(l), e t(N)) up
to min{ry,...,7n} and then consider the worst detection delay over all pos-
sible N-tuples {7, ...,7n} over a set in which at least one of them is forced
to take a finite value. This is because T' is a stopping rule meant to detect
the minimum of the N change-points and therefore if one of the N processes
undergoes a regime change, any unit of time by which 7" delays in reacting,
should be counted towards the detection delay.

The performance index presented in (4.2) results in the corresponding

stochastic optimization problem of the form:

' (N)
u%f JENT)

. (4.3)
subject to  En . oo {T} > 7.

n what follows we will use 71 A ... A 7n to denote min{7y,..., 75 }.
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We notice that the expectation in the above constraint is taken under
the measure Py, . . This is the measure generated on the space 2 in the
case that none of the N processes (5151), e ,§§N)) changes regime. Therefore,
Fw. . {T} is the mean time to the first false alarm, and + is the minimal
acceptable value for this quantity. And it is easily seen that, in seeking
solutions to the above problem, we can restrict our attention to stopping

rules that satisfy the false alarm constraint with equality (see Moustakides

[56]). To this effect, we introduce the following definition:

Definition 4.1. Define K, to be set all F;-adapted stopping rules T' that

satisfy

Fw. {T}=1. (4.4)

4.1.2 The 1D CUSUM stopping rule

In the case of only a single observation process (say {gt(”}), the problem
becomes one of detecting a one-sided change in a sequence of Brownian ob-
servations, whose optimal solution was found in Beibel [9] and Shiryaev [73].
The optimal solution is the continuous-time version of Page’s CUSUM stop-
ping rule. More specifically, the CUSUM stopping rule is the drawup of the

log-likelihood ratio process.



QUICKEST DETECTION 130

Definition 4.2. Define the following processes:

dPn (1)

o _ e ()
Yy oilrllpgtlog P Uy Olgrslfgtus , where (4.5)
1
1 1
u = g - 5#@- (4.6)

Then the CUSUM stopping rule is defined as the first hitting time
T = inf{t > 0|y" > v}, (4.7)
where v is chosen so that Ex{T,} = %f(y) =7, with f(v) =" —v — 1.

The one dimensional CUSUM stopping rule is optimal under Lorden’s

criterion. We present this property in the following lemma:

Lemma 4.1. In the one dimensional case, the optimal stopping rule to ques-

tion (4.3) is the CUSUM stopping rule. Moreover,

inf JO(T) = JO(T,) = Bo{T,} = = f(—v), (4.8)

Teky 251

with f(v) =e” —v — 1. Moreover, as v = E..{T,} — o0,
2
Eo{T,} = o log(y) + o(1). (4.9)
Proof. See Shiryaev [73]. O

The fact that the worst detection delay is the same as that incurred in

the case in which the change-point is exactly 0 is a consequence of the strong
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Markov property of the CUSUM process, from which it follows that the worst
detection delay occurs when the CUSUM process at the time of the change

is at 0 (see Hadjiliadis & Moustakides [36]).

Remark 4.1. Ifthe N change-points were the same, then the problem (4.3) is

equivalent to observing only one stochastic process which is now N -dimensional.

Thus, in this case, the solution is the same as that given in the above para-
(N)

graph with yt(l) replaced by the projection of (yt(l), ...,y ') onto the N -vector

of all 1°s.

Let us now proceed to treat the general case when N > 1.

4.1.3 Equalizer rules and the N-CUSUM stopping rule
I

In the general cases when N > 1, no optimal solution is known for problem
(4.3). However, it can be shown that the optimal solution, T, must be an
equalizer rule. That is, it must display the same detection delay regardless
of which of the processes {f‘t(i);t >0},i=1,..., N undergoes a change first.

This property is summarized in the following lemma:

Lemma 4.2. For any T € K, define partial detection delay indices:

2

T <Tj,JF0
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fori=1,...,N. Then the optimal solution to (4.3), T*, satisfies

N) /o N) (o N) o
JNry = Iy = 0 = TN, (4.10)
Proof. Please refer to Hadjiliadis, Zhang & Poor [39] for a proof. n

Returning to problem (4.3), the optimality of the CUSUM stopping rule
in the presence of only one observation process suggests that a CUSUM type
of stopping rule might display similar optimality properties in the case of
multiple observation processes. In particular, an intuitively appealing rule,
when the detection of min{r,...,7x} is of interest, is T, = T} A ... AT,
where T} is the CUSUM stopping rule for the process {&@;t > 0} for i =
1,...,N. In particular, we employ a general -threshold N-CUSUM stopping

rule T, € K

e )
T, = inf{t>0/max{Z—, ... Z—%>15¢, (4.11)
hy hy

where {yfi)} is the CUSUM statistic process of {{}m}, and i 2 (hi,hay ..., hy)
is the vector of thresholds, such that E., _ {T:} = 7.

The N-CUSUM stopping rules share some striking properties, one of
which is that its partial performance measures {J;(T;)} have simple repre-

sentations:
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Lemma 4.3. For the N-CUSUM stopping rule defined in (4.11), we have

Jl(Th) :EO,oo ..... oo{Th}7 J2<Tﬁ) = Eoo,O ..... oo{Th}

ceey JN<Th) = Eb,., oo,O{Th}'

Proof. This is because the worst detection delay occurs when only one of
the N processes changes regime. The reason for this lies in the fact that the
CUSUM process is a monotone function of y, resulting in a longer on average
passage time if p = 0 (see Hadjiliadis & Moustakides [36]). Thus, the worst
detection delay will occur when none of the other processes changes regime,
and due to the non-negativity of the CUSUM process the worst detection
delay will occur when the CUSUM process of the remaining one process is

at 0. O

In virtue of Lemma 4.2, the optimal choice of the thresholds for the N-

CUSUM stopping rule T}, € K, should satisfy

JNTY) = Eoso.oo0 {Th} = Fct00roo {Th} = - = Bmo...00 {Th} - (4.12)

However, the exact optimal N-CUSUM stopping rule requires solving the
implicit system (4.12), which is very hard task. When only asymptotic per-
formance is concerned, it suffices to give an asymptotic characterization of the
optimal choice of thresholds for large . In the following lemma we present

an explicit condition on thresholds such that (4.12) holds asymptotically.
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Lemma 4.4. For h = (hy, ha, ..., hy) such that

1 1 1
(i =1) = =s(hs—1) = ... = —(hy—1), 4.13
M%( 1 ) ,u%( 2 ) /ﬁv( N ) ( )
(4.12) holds asymptotically, and as hy — o0,
) 2
251
Proof. Please refer to Appendix B.1 for the proof. m

Not surprisingly, Lemma 4.4 suggests common thresholds across all com-
ponents in the case of equal drifts after the changes. In the case of unequal
drifts after the changes, we need to adjust the thresholds according to the
drifts, or more specifically, equation (4.13).

Without loss of generality, let us assume that

pn = i = o= gy < minfpg (4.15)

We note that J®)(T*) is bounded from below by the detection delay of the
one CUSUM when there is only one observation process, say only the first

one, in view of the fact that

.....

> sup,, essup B, {(T - T1)+|]:r(11)} ;
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where .7-"7(11 ) = a{ﬁgl); s < 1 }. Notice that the above inequality holds for
all stopping rule T" adapted to the filtration {]—"t(l)}. The stopping rule that
minimizes sup,, essup £, {(T — 7'1)+‘./T"»£11 ) } is the CUSUM stopping rule T}

of (2.22), with v chosen so as to satisfy
1 gl
BL{TL} = . (4.16)

We begin by bounding the detection delay J®) of the unknown optimal

stopping rule T* both above and below by

JN(T) > J(TY) > max {E{T.}}, (4.17)

T 1<i<N

where {1;} | are chosen so that
EA{T,} = ~ i=1,...,N. (4.18)

We will demonstrate that the difference between the upper and the lower
bounds tends to zero as v — oo, with & and v; satisfying (4.4), (4.13) and
(4.18).

More specifically, we have

Proposition 4.1. Under (4.15), for h = (hy, hs,..., hx) satisfying (4.4)

and (4.13),

ki
logy +log— —1+0(1)], (4.19)

JNT,) = 2

ol v

as vy — 00.
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Proof. Please refer to Appendix B.1 for the proof. m

It is worth pointing out that Proposition 4.1 justifies us in ignoring signals
with stronger strength as long as only asymptotic behavior is concerned. By
examining the asymptotic difference of the upper and the lower bounds in

(4.17), we obtain

Theorem 4.1. When the number of signals with weakest strengths is k, the
difference in detection delay JN) of the unknown optimal stopping rule T*
and the detection delay of Ty, of (4.11) with h satisfying (4.4) and (4.13) is

bounded above by (2/u?)logk, as v — oo.

Proof. The asymptotic lower bound in (4.17) is Eo{7, }. From (4.9) and

Lemma 4 we obtain
2
JINT) — TI(T*) < JNT) — B{T.} < —logk + o(1),
241
as y — 0. L]

The consequence of Theorem 4.1, is the asymptotic optimality of (4.11) in
detecting the first change of the system. We notice however that this asymp-
totic optimality holds for any finite number of sources N. Moreover, the
more diverse the signal strengths are, the better the asymptotic optimality

we achieve.
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The upper and the lower bounds on the detection

delay (DD) for the optimal stopping rule
Symmetric Case

50

T T T T T T
Upper Bound Upper Bound
— — Lower Bound t — — Lower Bound

a0t

30+
[}
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.
20F /s

10f

N oA o
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0

0 500 1000 1500 2000 2500 3000 3500 4000 0 500 1000 1500 2000 2500 3000 3500 4000
v Y

(a) p=05 (b) p=1

Figure 4.1: The upper and the lower bounds on detection delay for the
optimal stopping rule: (Left) Case of = 0.5. (Right) Case of u = 1.

The upper and the lower bounds on detection delay for the optimal stop-
ping rule, when p; = o = 0.5, 3 = o = 1, for the case N = 2 are shown
in Figure 4.1. Note that the differences between the upper and the lower
bounds are all bounded as v increases. The upper and the lower bounds on
detection delay for the optimal stopping rule, when p; = 0.5 and py = 1.2u,,
1 = 1and ps = 1.2p4, for the case N = 2 are shown in Figure 4.2. Note that
the differences between the upper and the lower bounds converge to zero as
v increases. An important observation is that, the convergence of the upper
and the lower bounds is faster for stronger signal strength, and for larger
ratio between the stronger signal strength and weaker signal strength.

We now discuss the results under discrete observation.
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The upper and the lower bounds on the detection

delay (DD) for the optimal stopping rule
Non-symmetric Case
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(a) p1 = 0.5, p2 = 1.2 (b) p1 =1, po = 1.2

Figure 4.2: The upper and the lower bounds on detection delay for the
optimal stopping rule: (Left) Case of p; = 0.5, 4o = 1.2p7. (Right) Case of
w1 =1, 9 =1.2p.

4.2 The discrete-time model

In this section we consider a discrete-time model. It is assumed that the
in-control distributions of the observations are the same across sources. The

out-of-control distributions, however, can be different across all sources.
4.2.1 Mathematical formulation of the problem

We sequentially observe N mutually independent processes {fr(f);n > 1},
i=1,..., N, with the following probability density functions (with respect

to a o-finite measure \):

. Jo(T) n <
£l { > , (4.20)
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where g.(z) and g(()i) (x), represent the distributions of the observations before
and after the onset of the change in source S;, and the 7;’s are unknown
positive integers, with 7; representing the time point of onset of the change
in source S;.

An appropriate measurable space is 2 = R® x R*® x ...R* and F =

Up>1Fn, where {F,,} is the filtration of the observations with
1 N
Fu=o{(&”. .. &)k <n},

Analogous to the Brownian motion observation model, on this space, we
can define the family of probability measures {P,, ,,} as before. In order
to appropriately formulate this problem in discrete-time we need to specify
assumptions regarding the probability density functions go(z) and g (z). To
this effect let us consider the projection of P, ., on the i-th component of
(), with special attention to Pl(i) and P, for alli = 1,...,N. Let us also

define the log-likelihood ratio

(4) (¢ (4)
20 = log Lﬁ‘)) (4.21)
Joo n)
for which we assume that for alli =1,..., N,
—00 < Eo{Z0} < 0 < EN{Z9} < oo, (4.22)

EM|Z0PY < oo, (4.23)
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and that the Z)’s are non-arithmetic with respect to Pl(i) and P,. We note
that Ey){ZT(f)} is the Kullback-Leibler divergence D(g(()i) ||goo), which can also

be written as

. O
1) = D(g"lgse) = / log f}” ((x)) g8 (z)\(dz). (4.24)

Our objective is to find a stopping rule T that balances the trade-off
between a small detection delay subject to a lower bound on the mean-time
between false alarms and will ultimately detect min{ry,...,7x}.

As a performance measure we consider the following generalization of

Lorden’s performance index (see Lorden [51]):

Iy ATy = sup essupEy, o A(T =N Ay + DY Frn any by (4.25)

.....

where the supremum over 7q,...,7y is taken over the set in which their
minimum is finite. The performance index presented in (4.25) results in the
corresponding stochastic optimization problem of the form:

: (N)
n%f Jp (T

(4.26)
subject to  Ex . oo {T} > 7.

Then similar arguments as before apply. In particular, the optimal solution

to (4.26), T, still satisfies (4.10).
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4.2.2 1D discrete CUSUM stopping rule

In the case of only a single observation process (say {57(11)})’ the problem be-
comes one of detecting a one-sided change in the distribution of a sequence of
discrete observations, whose optimal solution was found in Moustakides [56].
The optimal solution is Page’s CUSUM stopping rule, namely the drawup of

the log-likelihood ratio process.

Definition 4.3. Define the following processes:

1 dpy! o

ST SRS GR, | T TR e (4.27)

u = > 4" (4.28)
k=1

Then the CUSUM stopping rule is defined as the first hitting time
T} = inf{n > 1;yY > v}, (4.29)
where v is chosen so that E,{T}} = 7.

Similar as in the Brownian motion model, the detection delay of the
CUSUM stopping rule under Lorden’s criterion is given by the expectation
Efl){T 11, However, stopping rules involving likelihood ratios of discrete-time
models of the type described in (4.20), are usually characterized by overshoot

of the threshold v. For this reason we give the following definition.
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Definition 4.4. We define the following quantities to characterize the lim-

iting behavior of overshoots®.

ke = lim BY {yry — v}, (4.30)
B = B {mQ}, (4.31)

and
R, = lim B {exp|—(uy) —v)]}, (4.32)

where nf, = inf{n > 1;ul) > v},

The above quantities characterize the detection delay and the meantime

to the first false alarm of the CUSUM stopping rule. In particular, we have

Lemma 4.5. As v — oo,

BT} = B {T!} — ma[uo(n] (4.33)
BTy = BT} = %wwlmwom. (4.34)

Moreover, as v = E{T}} — oo,
1
EED{Tul} = m{log(v[éi)(Rl)Q) + B+ K1} +o(1). (4.35)
90

Proof. See Tartakovsky [79]. O

2

ki is also the limiting expectation ofA overshoots of the one-sided sequential probability
ratio test (SPRT), i.e., k; = lim, 00 Ei”{uf}? — v}; see page 323 of Tartakovsky [79] and
Theorem 4.1 of Woodroofe [92] for details.
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4.2.3 Equalizer rules and the N-CUSUM stopping rule
11

Returning to problem (4.26), we will focus on the performance of the N-

CUSUM stopping rule (4.11) with & = (hy, he, ..., hy) satisfying (4.4) and

El,oo ,,,,, oo{Th} - Eoo,l ,,,,, oo{Tﬁ} — ... = Eoo ..... oo,l{Th}' (436>
We provide an explicit condition on thresholds such that (4.36) holds.

Lemma 4.6. For h = (hy, ha, ..., hy) such that

1 1 1
W(h1+51+/€1) = ﬁ(h2+52+/€2)=~~:(—N)(hN-I—ﬁNﬂL/iN),
]Qo g0 ]go
(4.36) holds asymptotically, and as hy — oo,
(V) _ L
Ip (Th) = ﬁ(hl + 61+ K1) + o(1). (4.37)
g0
Proof. Please refer to Appendix B.2 for the proof. m

It is easily seen that, Lemma 4.6 suggests common thresholds across
sources in the case of common out-of-control distributions. In the case of
different out-of-control distributions, we discuss the optimality of the N-
CUSUM with thresholds determined by (4.4) and (4.37).

Without loss of generality, let us assume that

Ii) =15 = ... = I < min{I{0}, (4.38)
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with 1 < k < N 3. Without loss of generality, we also assume that

2 Bi+k1 N2, Bitki
(Ri)%e = 121%}2{(&) elitriy, (4.39)
Thus by (4.35),
() grpi _ (@) grriyy — ) gl
max {BH{T = max{E{T, }} = By {T,}- (4.40)

In such cases, we have

Proposition 4.2. Under (4.38) and (4.39), for h = (hy, ho, ... hy) satisfy-

ing (4.4) and (4.87), as v — oo,

JN(T,) = % log v + log ([ég) i(Ri)er) + 01+ k1| +o(1), (4.41)
90 i=1
where
r, = eBimBH(ri=r1)
Proof. Please refer to Appendix B.2 for the proof. O

Just as in the Brownian motion case, we have
Tp(T) > Ty (T7) > max {E{T; ), (442)

where {v;}¥, are chosen according to (4.18). We will demonstrate that the

difference between the upper and the lower bounds tends to zero as v — oo,

3The case of k = 1 is already treated in Theorem 5.
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with A and v; satisfying (4.4), (4.37) and (4.18). By examining the asymptotic

difference of the upper and the lower bounds in (4.42), we obtain

Theorem 4.2. When (4.38) and (4.39) hold, the difference in detection delay
JZ(DN) of the unknown optimal stopping rule T™ and the detection delay of Ty,

of (4.11) with h satisfying (4.4) and (4.37) is bounded above by

as y — 0o.

Proof. The asymptotic lower bound in (4.42) is E{l){le}. From (4.35) and

Proposition 4.2 we obtain

JONT) — ST < JN(T) — BT

as vy — 00. O

The consequence of Theorem 4.2, is the asymptotic optimality of (4.11)
in the discrete-time models described in (4.20). We notice however that this
asymptotic optimality holds for any finite number of sources N. Moreover,
the more diverse the out-of-control distributions are, the better the asymp-

totic optimality we achieve.
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4.3 Conclusion

The main contribution of this work is that it demonstrates the asymptotic
optimality of the N-CUSUM stopping rule, both in the case of continuous-
time models and in the case of discrete-time models. The applications of
this set-up are numerous. In particular, our setup arises in the detection of a
change in the magnitude of the individual components of a vector parameter
corresponding to the eigenstructure of linear dynamical state-space models.
Such models have been extensively used for modeling and monitoring the
health of mechanical, civil and aeronautical structures [29, 41, 43, 61]. The
assumption of across-source independence is realistic at least in the particular
examples which are described in detail in Basseville et. al. [8]. In this chapter
we give explicit formulas for the optimal CUSUM threshold selection which
becomes particularly relevant in the general case in which the out-of-control

distributions or the signal strengths are different across sources.



Appendix A

Proofs of Results in Chapter 3

A.1 Proofs of Self-financing (One-touches)

In appendix A we prove the replicating strategies in Theorems 3.8 and 3.9

are self-financing. The proofs are based on the following fundamental lemma.

Lemma A.1. Under the condition of G1, we have for any A > 0 that,
’ ~1 +2 7 A -1
OT (S, A T)+ AT™0T (S, A, T) = —qS—OTT(STA ,T), (A.1)

where OT, (K, T) is the derivative of the price of the one-touch with respect

to the barrier K.

Proof. 1t directly follows from (3.33). O

147



APPENDIX A. PROOFS OF RESULTS IN CHAPTER 3 148

The portfolio (3.36) is self-financing

Proof. Let us denote

(e}

P(Mt, t) — Z ( 2anT( K~ 4dn—1 T) + K 2n+1)qOT( K4n+1 T)

n=0

— K0T, (MK, T) — K-G0 T, (MK 73, T)) . (A.2)
Then from Lemma A.1, it is easily seen that at any time ¢t < 72" AT,

P(Mta t) - Pt(Mt’vt)

dM,
— _qz K0T, MtK_‘m 1 T — K2(n+1) qOT(M K An+3 T)) t

M,
(A.3)
On the other hand, from (3.37) we obtain that
0
8—LBB(M, K.T) =
o0 n OE(MK_2n_3 T) MEK~—2n=3 K2n+3N ¢
'S ey,
— M 0 M/H

l\')

K 2n+3 2n+3
(g, K OT,(H,T) dH
1 P (4 il
( OgM/H)+ ”(2 OgM/H)) oM H

(2
i (—1)" { ) OTME 25 T) /MK—Q"—E*’Q < K%H)qx

N

2 M M/H
b (4, K OT(H.T) dH
A\ MH )T oM H
B i (_1)n+1 nOT%(MKanfl’T) B /HK‘Q"_1 J2ntl q y
T LR M 0 "\ M/H

 (q. K>\ OT,(H,T)dH
a4y L (A4
F <2 ©agm) o m o MY
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by (3.39) and (3.40). Similarly, from (3.38) we obtain that

B
S LBC(M K. T) =
> OT,(M K2+ T)
— _1 nK(n+1)q _ 1 t U
W { 4 ) TMETLT
o0 MK+ OT,(H,T) dH
p' (4 AR TN
+/MW+IQ " (2 T > M H} (A-5)

Moreover, from (3.33) and G2 we have that, at times 7(u) = 75 A 72" AT

for any u > Sy,

Srwy\?

Using (A.6) and the fact that Py(x) = 1 we have from (A.4) and (A.5) that,

at 7(M) with M > S,

0 0
—LBP, M KT)——LB M KT
oM T(M)( s L3y ) oM CT(M)( s L3y )
= ()" OT oy (MK 21 T)
N L~ K M *
> OT,\ (MK2"+1 T)
—1 nK(n+1)q 1 (M) )
IS (n+1) -

I (1
_ Z (—WOTT(M)(MK_4n_1a T) . KQ(n-i-l)qOTT(M) (MK4n+3, T)) ’
(A7)
by (3.33) and G2. Combine (A.3) with (A.7), we have proved the portfolio

in (3.36) is self-financing before 72" A T. O
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The portfolio (3.44) is self-financing

Proof. Let us denote

P(Mtamtyt) =
S 1
= 2n+1 _O,-Tt MtK—Qn—I’ T) + K(n-&-l)qu_zﬁt ]\415[(271—&—17 T
Kna

n=0

> 1
- 2n (WOTt(th—%, T) + K"OT,(m,K*", T))
n=1

TR & 1 dH
— — OT,(HK ' T+ KMOT,(HK*" . T) | —.
(A.8)

Then from Lemma A.1, it is easily seen that at any time ¢t < 72" A7Y AT,

. 1
=q Z {n (WOTt(MtK‘Z"‘l, T)+ K"qOTt(MtKQ"‘1)>

(2n + 1) Con—1 th
— g OTMK > T) 4 oo
- 1
—q E {n (an OT,(m; K", T) + K"qOTt(th%,T))
n=1
2n —on dmy

Since the running maximum and the running minimum cannot increase si-
multaneously, if dM; # 0 then dm; = 0 and S; = M;. In this case, (A.9) is

zero by assumption G2’. Similarly, if dm; # 0 then dM; = 0 and S; = m,.
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We can still use assumption G2’ to show (A.9) is zero. Therefore, the port-

folio in (3.44) is self-financing before 72" ATY AT. O
A.2 Proofs of Self-financing (Vanilla options)

In Appendix B we prove the replicating strategies in Theorems 3.10 and
3.11 are self-financing. The proof s are based on the following fundamental

lemma.

Lemma A.2. Under the conditional of G3, we have for any A > 0 that,

DC(S; A7, T) + S;9AF, (S:A,T) = 0, (A.10)

DP.(S:A™'T) 4+ S;IAC, (S-A,T) = 0, (A.11)

where DC, (K, T) is the derivative of the price of the digital call with respect

to its strike K, etc.

Proof. It directly follows from (3.45). O
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The portfolio (3.53) is self-financing

Proof. Let us denote

P(My,t) =y {K *™[DP(ME """ T) + My "Cou (MK, T)]
n=0
4 K(2n+1)q[DCt(MtK4n+17 T)+ Mt_qPq,t(MtK_4n_1, )]
— K*HIDC (MK, T) + M Pyy (MK, T)]

—K=Ct DD P, (M, K3 T + M, *C, (M, K3, }. (A12)

Then from Lemma B.1 and (3.45), it is easily seen that at any time ¢ <

AT,

P(Mtat) - P(Mt*7t) =

G 1 —4an— n n
=) {KanDPt(MtK =1 7y ¢ Ke DOy (MK, T)
n=0

dM,

. KQ(n+1)qDCt(MtK4n+3, T) . T
t

- DP,(M;K~*"3 T) } (A.13)

K (2n+1)
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Moreover, analogous to the proof in Appendix A.1, we can obtain from (3.54)

that

0
aafV PO K.T) =

_y {(”“) (DPt(MK‘Q" 3.T) +

K2n+3 o3
—~ K (n+1l)q M ) MK T))

MK—2n—3 23\ ¢ (203 K2n+3
— 2P, 1
A Q(MHJ ("( %AUH) ( MMJ>X
" DP,(H,T)+ H~ 1P, t (H,T)d
2M H

0 _1 n+1 n o K2n+1 q o
-y S {M (DH(MK o 1,T>+( - ) Pr(ME™" HT))
n=1

MEK—2n-1 J2n+1N 4 2+l
— P 1
l 4Mm>7( %Mm)

DP,(H,T) EZ "Pya(H, T)‘%H}, (A.14)
by (3.39) and (3.40). Similarly, from (3.55) we obtain that
iv(]t(]\/[ K,T) =
oM
_ 0 (e { _ (”_]\Z” (DCt(MKQ"H,T) + C"’Egyfij:;;ﬂ)

Moreover, from (3.45) and G4 we have that, at times 7(u) £ TSNTR AT
for any u > S,
DCyy(H,T) = S & Pyruy(SZy/H, T), (A.16)

DPrwy(H,T) = ST(U)C T<u>(53-(u)/H,T)- (A.17)
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Using (A.16), (A.17) and the fact that Py(x) = 1 we have from (A.14) and

(A.15) that, at 7(M) with M > S,

0 0
6—MVP (M. K, T) = 522V Crany (M, K. T)

n+1 2n+1
o Z anM <DP (M)<MK 2t T) < M ) PQvT(M)(MK2n17T))

+1)
1) K+ jg(n+1)
+Z i X

1

2n+41
X (DOT(M)(MK ,T) + W[(Tl)q

Cq,‘r(M) (MK2n+1 ) T))

1 oo
= > { e -DP iy (ME™"71,T) + K@ DOy (M K™ T)

1

_ Kz(n-i-l)QDC’T(M) (MK4n+35 T) - m

DP, (MK, T) }
(A.18)

by (3.45) and G4. Combine (A.13) with (A.18), we have proved the portfolio

in (3.53) is self-financing before 72" A T O
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The portfolio (3.59) is self-financing

Proof. Let us denote

P(Mt, my, t) ==

[e.9]

1
(2n +1) { o (DP(MK "1 T) + My 1Cy (MK T))

[e=]

n=

+ Kt (DCt(MtKQ"H, T) + Mt—qPqi(MtK—znq’ T))
— Z 2n{ (DP,(my K", T) + my Cyy(m, K™, T)) +

+ K" (DCy(my K", T) + my Py y(m K", T)) }

— " E ( DP(HK > 1 T) + (nH)qP (HK™1.T)
q , )
M, Kma H He

n=1
—q

nq 2n—1
+ K"DC{(HK ,T)+—K(1H)q

Cos(HK*! T)) dg . (A.19)
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Then from Lemma B.1, it is easily seen that at any time t < 72" A7{" AT,

P(Mt,mt,t) — P(Mtf,mtf,t) =

dM;
M,

- 1
=—q)_(2n+ 1){WDPt(MtK “2n=L Y KD DO (MK T)}

- qZ(Qn){anDPt(th_%v T) + anDCt(MtK2nu T>}mﬁtt
n=1

DP,(m;K—",T K™
_qz {( tmt ) )+ Pt(th 2n T)

q
nq mt

K> T)\d
+K”qDCt(th2”,T)+Cq’t(mt ’ )) e

m{ K" my
DP,(M,K~2=1. T) Kmtha o
_ ( t( tan ) + Mq Pq,t(MtK 2n 1,T)—|—
t
Co (M K> T)\ dM,
K"DC,(M,K** T il ’ A.20
—I— Ot( ) + Mth(n_l)q Mt b ( )

Since the running maximum and the running minimum cannot increase si-
multaneously, if dM; # 0 then dm; = 0 and S; = M;. In this case, (A.20) is
zero by assumption G4’. Similarly, if dm; # 0 then dM; = 0 and S; = m,.
We can still use assumption G4’ to show (A.20) is zero. Therefore, the

portfolio in (3.59) is self-financing before 72" A 7Y A T. O

A.3 Geometric Brownian Motion and Inde-
pendent Time-changes

In this section we prove that a spot price process driven by geometric Brow-

nian motion with constant adjustment coefficient (see Asmussen [4]; Luen-
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berger [52]) satisfies all geometric symmetry conditions in this paper. In par-
ticular, we assume that, under a filtered risk-neutral measure space (€2, F, Q7),

F = Uselo,nFt, the spot price process S has initial value Sy > 0 and follows
dlog S; = vdt + 0, dWy, t € [0, T1, (A.21)

where W, is a standard Brownian motion with respect to F, v; and o; are

Fi-adapted processes, independent of W, and satisfy

v/o? is a constant, (A.22)

E?Te%fg(”?/gf)dt < 00. (A.23)

Solving the stochastic differential equation (A.21), one can easily obtain that

at any time ¢ € [0, 77,

t t
S; = Sy exp (/ veds + / adeS> ) (A.24)
0 0

So the spot price process is always continuous. By the discussion in Remark
3.4, it suffices to prove that S satisfies the symmetry conditions in G4’, which
we will prove in the following paragraphs.

Under condition (A.23), we have a martingale

t 1 [t 2 ff%
Y, =exp (—/ édWS — 5/ V—st) = o(t) - (%) , 1 €[0,T](A.25)
0 Os 00 0

S

where ¢(t) = exp ( fot vZ/ 0'2d8>. Using Girsanov’s theorem (see Revuz and

Yor [68]), we can use the martingale Y to change the risk neutral measure
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QT to another measure P7 as

1

AR (A.26)

E; {2} =

for any Fp-measurable random variable Z. Under P?, the log spot price

process log S is an Ocone martingale (see Ocone [59])
dlog S, = o, dW,, t € [0,T], (A.27)

where W is a standard Brownian motion under P7. At any time ¢ € [0, 7T,

for any A > 0
B {6(St = S8} = B {3(Sr — S.0)}, (A.28)
which implies that

EZ {6(Sr — SiA™)} = B} (Y5 '0(Sr — $iA)} =
= EFT{M (&) i 5(Sr — StA)}

o(T) \ Sy .
e { (3) s —sah). am

Thus, (3.56) is satisfied with ¢ = —21 /03,



Appendix B

Proofs of Results in Chapter 4

B.1 The Continuous-time Brownian Motion
Model

As an illustration for the general case, let us prove the results for N = 2.
The general case for N > 2 will be discussed afterwards.

We begin by writing down the probability distributions of CUSUM stop-
ping rule for single observation process appearing in Magdon et. al. [53].
For h; > 2,1 = 1,2, we have

5

h Hit

RIS, > 1) = 26 T uff)e s b, B
n>1
and
) hg . - #?t g h; . _L%
Po(Tp, >t) = 2e 2 ZU(QS))e 50?0 4 26 F p(nP)e s
n>1
kgt

= A(hi,0) + Blh)e 3w, B2)

159



APPENDIX B. PROOFS OF RESULTS IN CHAPTER 4 160

where
u(zr) = ﬂ (B.3)
z —sin :fl?():zs x
v(z) = sinh iléloshx -z’ (B-4)
and

) 2 .

tan o) = —h—¢5;><o, (B.5)
) 2 .

tan 6 = h—efj>>o, (B.6)
) 2 .

tanhn® = E”(Z)>O‘ (B.7)

Using the above notation, by the independence of T,%l and T,i, to derive
expressions for Eyoo{Th}, Exo{Tr} and Fw oo{Ts}, where i = (hy, ho). In

particular, we have

Eoo{Th} = /0 h Po(Tyy, > t)Po(Ty, > t)dt

= /OOO Po(T, > 1) (Aha, ) + B(hg)em:!%iv(”>dt

= I(hy, he) + Io(hy, o), (B.8)
Ewol{Ti} = OOPOO(T,; > 1) Py(Ty, > t)dt

oo

u3t
(A(hl, 1) + B(hy)e seomy® ) Py(T2, > t)dt

— S—

= Iy(ha, h1) + Io(ha, ). (B.9)
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Moreover,

EoodTh} = /0 Poo(Ty,, > t)Puo(T};, > t)dt

:/ (A(hl,t)A(hz,t)+B(h2)A(h1,t)e*m>dt
0

uzt

[ styam
0

u3t u3t

o — — 1
+B(h1)B(h2) / e 8 cosh? ”7(1> 8 cosh?2 U<1) dt
0

= Iy(hy, h) + La(ha, ho) + Li(ha, hy) + Is(ha, hy).  (B.10)

Let us examine the asymptotic behavior of Iy (hy, hy) through I5(hq, hs)
as hy,hy — oco. We have four preliminary lemmas to finish the proofs of

Lemma 4.4 and Proposition 4.1:

Lemma B.1.

cos? 0 cos? g

12 cos2 0 + 12 cos? 65

> ul@)u(E?)

m,n>1

;| <C (B.11)

where

C_/‘X’/OO 7 2dxdy
o Jo A+ (1 +y2) (1 + 13+ pda? + pdy?)

Proof. To simplify notation, let us denote p; = 2/h;, i = 1,2. Then

cos? O cos? g
12 cos? 0 + 12 cos? 65
cos? Y cos? g

< |U(QS))U(Q7(12))| < wq (p19S)7 p297(12))p1p2»
Z 112 cos? 0 + 12 cos? 65 Z

> ul@))u(d?)

m,n>1

m,n>1 m,n>1
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where

1
V@)L y2) (1] + 3 + 1302 + idy?)

w1($’y) =

Since (97(,1), 97(12)) e(@m—-1%,2m+1)5)x((2n — 1)%,(2n+ 1)3), we have

Z wi(p16S)), p20) ) pipa < —/ / w (x,y)dxdy,

m,n>1

by the monotone decreasing property of w; in both variables in the first

quadrant. [

Lemma B.2. For o\ = 97(3), (aﬁf) = qb,(f), resp.), i = 1,2,

Zu COS (07 (@)

n>1

lim
hi~><>o

1
< —. B.12
<- (B.12)

Proof. Let us denote p; = 2/h;, i = 1,2. Then

Zu(aﬁf) cos® all

n>1

< Z lu(a,, (i) cos a,, (@) < sz(m&g))?u

n>1 n>1

where

1
wy(x) = m

Because ol € ((2n—1)Z,(2n+1)%), and w, is decreasing on the positive

half axis, we have

as p; — 0. ]



APPENDIX B. PROOFS OF RESULTS IN CHAPTER 4 163

Lemma B.3. Asymptotically,
21 hi = 1 — g2 4 0(6_3’7“)), (B.13)
and as h; — o0,
B(hi) =1+ 2p®e21" — 321" 4 021", (B.14)

Proof. Equation (B.13) is easily verified. By (B.13),

n; sinh? n® n® -
B(h;) = 2e 2 — (1 — — : :
(:) © " cosh () sinh n® cosh n®
MO i) —2n()\ —1
_ en“)*%w 1_— M
1 _|_ 6—277(7'> 1 o 6—477(2)
_ (i) ,—2n® _ o —2n® —2n(®
= 1+2n"e 3e +O(e ). (B.15)
as h; — oo. O

Lemma B.4. If there exists an a > 0 such that hy — ahy = O(1) holds

asymptotically as hy, hg — 00, then we have

hl,ligr—lmo Il(hl, hg) = hl,lhlzrgmo [1(h2, hl) = 0, (B16>
2
h1,h2—>oo 1
. 2
h1,ll7}2H—1>oo Ig(h,z, hl) - Iu—%(hg — 1)‘ = 0. (B18)
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Proof. Applying the Schwartz inequality to I1(hq, hs), we have

Lk )| < \/ /0 IR >t)]2dt\/ /0 " (Ao, 1)]2d
\//OO P(T). > t)dt\//oo[A(hQ,t)]th

(2) (2)
< \/Eo{T}} 3_36—@ Z U(Qg) Ju(On )(2)
M3 sec? Oy, + sec? 0y

m,n>1

IN

8
Haft2

IN

Ve h[hy +em —1]-C,

where we used (4.8) and Lemma B.1 in the last line. Clearly, with linear

dependence between hy and hs,
|]1(h1, h2)| = 0(1), as hl, h2 — OQ.

So (B.16) is done.

To prove (B.17), note that

| Lo(, ha) = Eo{Ty, }|

_I‘%t

< Eo{T;,}|B(ha) — 1| 4+ B(hy) / Py(Ty}, > t)(e seosr®n® —1)dt|.
0

(B.19)

By (4.8) and (B.14), the first term in (B.19) converges to zero as hy, hg — oco.

We need to show the integral in the second absolute value tends to zero as



APPENDIX B. PROOFS OF RESULTS IN CHAPTER 4 165

hi, hys — oo. We have
oo 2t
0 < [T R, > 00— T

2

hl __ Hpt
— (/ / )PO Thl > t)(]_ — e 8005h27](2) )dt
hl

— H(hy, hy) + T(hl, hs). (B.20)

By using the fact that 1 —e™* <z, H(hy, he) can be bounded as follows,

©? cosh? (@

v h / By

—_ Py(T} > t)dt =2 ———
12 cosh? (@ (T, > 1) 113 cosh? @
p3ha(ha+e™™ — 1) _ 4p3 B2e—20

pi cosh®n® T g ’

Thl h
0 S hl,hg / Th1>t) 'uz—ldt

IN

Eo{Ty,}

(B.21)

which goes to zero as hy, hy — oo due to (B.13).

Moreover,

0 < T(hl,hQ) < / PQ(T}}I > t)dt
b
H1

= ((;5(1))(:08 ¢ e~ (sec )
< e T Y u(@)cos’ o) = O(e™ ), (B.22)

where the last line is because of Lemma B.2. So (B.17) and (B.18) (by similar

argument) are done. O

In the following paragraph we shall prove Lemma 4.4 in the case N = 2.
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Then we discuss the asymptotic behavior of the N-CUSUM for N > 2, and

prove Proposition 4.1 at the end.

Proof of Lemma 4.4. By Lemma B.4, we have under the constraint (4.13)

that,
2
JT,) = Boso{Th} + 0(1) = B o{Th} + 0(1) = E(hl —1)+o(1), (B.23)
1
as hi, ho — 00. So Lemma 4.4 is proven for N = 2. O

Proof of Proposition 4.1. We will prove the result in the case N = 2, and
then extend it to general cases.

First, we show that I3(hi, ha), I4(h1,he) and I4(hg, hy) all converge to
zero as hi, ho — oo without any constraint on dependence of thresholds, and
then examine how I5(hy, he) behaves as hy, hg — oo under constraint (4.13).

First, Lemma B.1 implies that

_ hy1+ho

|13(h1, h2)| = 0(6 2 ), as hl,hg — OQ; (B24)

Lemma B.2 and (B.14) in Lemma B.3 imply that

2 (1) 2 (2)
[14(hy, he)| < 166_%3(};) ’u<9(1))‘ cos® O, cosh”n
o i " 2 2 2 (1)
n>1 ©2 cosh® n® + 2 cos? 6,

IN

1 vl 1]
10 e Bhy) S (0] cos? 00 = O(e~ %), (B.25)

251 n>1
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as hy, hg — co. Similarly,
Lu(ha, )| = O(e™ %), as hy, hy — co. (B.26)

Now let us assume p; < po (ie., k = 1) and we choose hy, hy according
to (4.13). By Lemma B.3, as hy, hy — 00,

8B(h1)B(hs)
13/ cosh® n) + 12/ cosh? (2
2B(h1)B(hy)eM 21 —hy
:u% <(1 + 67271(1))72 + Z‘_§672(n(1)7r](2))(1 + 6,271(2))72>
1
2

= E(ehl + “lower exponents”). (B.27)
1

]5(h17h2) -

Formulas (B.23), (B.24), (B.25), (B.26) and (B.27) imply the asymptotic
formula in Proposition 4.1 for N =2 and k£ = 1.

On the other hand, if we assume p; = us (i.e., k = 2), we need only to
change the computation of I5(hq, ho) in (B.27) to get that, as hy, hy — 00,

4
2

Is(hy, hy) =
5(1 2) [Ll

[B(hy)]? cosh? )

4e2nV=h N
- 1 (1) ,—2nM _ o —2pM) —3n() )
20 6—277“))—26 (1 +2n\e 3e +o(e )

1
= Pehl (1 + 47](1)@‘2’7‘” _ e~ i 0(6_377(1)))
1

% (1 o 477(1)67277(1) + 0(67377(1))> (1 + 67271(1))2

2

1 _op(D) —3p™
= —eM <1 —4e™* 4 o(e” ))

hy

= = (ehl — 4+ 0(6_7)> : (B.28)
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Formulas (B.23), (B.24), (B.25), (B.26) and (B.28) imply the asymptotic
formula in Proposition 4.1 for N = k = 2.

Now let us consider the N-CUSUM with N > 2. With similar derivation
as above, we can extend our Lemma B.1, Lemma B.2 and Lemma B.4 to
deal with the general case. In this manner we can determine the asymptotic

formula for the detection delay J) (Lemma 4.4 for N > 2) to be
M1 = 2
JUNTh) = P(hl — 1) +o(1), (B.29)
1

and the mean time to the first false alarm to be

_ 8B(h1). .. B(hy)
3/ cosh® n 4 ... + 3%,/ cosh? nV)

+o(l).  (B.30)

Using Lemma B.3, we can compare h; with 7¥ and obtain the asymptotic
formulas in the cases k = 1 and k = N for any N > 2. In the general
case when 1 < k£ < N, from the above discussion we need only to get the

asymptotic formula of (B.30). This can be seen as follows

8B(h1)...B(hy)
3/ cosh® W 4 ... + p3%,/ cosh? V)
8B(hy) ... B(hy)
k2 / cosh? n® + 2 |/ cosh? nk+1) + .+ %,/ cosh? nV)
2

= e (e" + “lower exponents”) . (B.31)
1

Equations (B.29), (B.30) and (B.31) imply the asymptotic formula in Propo-

sition 4.1 and finish the proof. O]
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B.2 The Discrete-time Model

As before we prove the results for NV = 2. The general case for N > 2 will be

discussed afterwards. We have the following preliminary lemma to help us:

Lemma B.5. : If there exists an « > 0 such that hy — ahy = O(1) holds

asymptotically as hy, hg — 00, then we have

lim ‘Elm{Th}—EP{T,}I} ~ 0, (B.32)
h1,h2—>oo
lim ‘EDOJ{TB}—EP{Tg?} — 0. (B.33)
hl,hQ—)OO

Proof. Without loss of generality we will only give the proof of (B.32). We

observe that!

eh2

[e'S) Tl T2
_ eh2/ Pf”( i Zt) Py (%zt> dt
0 eh2 eh2

T T?
Bt = {0

o Tl 00 Tl T2
= e [T (%zt)dt—e’”/ P (%zt) (1—Poo(%2t))dt
0 eh2 0 ehz ehz
o0 o0 Tl T2
- / P (Tﬁlzu)du—e’W/ Pf”( I z:&) <1—Poo< hs Zt))dt
0 0 etz e’z

= EM{TL Y — Is(hy, hy).

To prove (B.32), it suffices to show Ig(hy, he) tends to zero as hy, ha — oo.

By using Lemma 1 of Tartakovsky [79] (or Theorem 3 of Khan [47]), we have

!The integral representation is used for convenience. However, it should be realized
that every integral is actually a summation.

(B.34)
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for large ho,

o) Tl
Is(hy, hy) = eh2/0 pW (e—;;;zt) (1—e'(1+o(1))) dt

u

= (1+o(1))/000 PO (T = ) (1= 77 ) du. (B.35)

By using the fact that 1 — e™ < z, we further have

0< ulhute) < (o) [PV (T = ) Sdu

0 eh
= (1+0(1))e_h2/ uPY (T, > u) du

_ 1+T0(1>6h2 EO((T)?. (B.36)

However, it is easily seen from the proof of Theorem 1 of Tartakovsky [79]

(also Theorem 4.1 of [28]) that
B(T)} = O((n)?).
Therefore,
0 < Is(h1, he) = Oe™"2(h1)?) — 0,
as hi, ho — 0o. This completes the proof of Lemma B.5. O

In the following paragraph we shall prove our Lemma 4.6 in the case
N = 2. Then we discuss the asymptotic behavior of the N-CUSUM for

N > 2, and prove Proposition 4.2 at the end.
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Proof of Lemma 4.6. Lemma B.5 and (4.34), we have under the constraint

(4.37) that,
TP(T) = Eis{Ti} +0(1) = Exa{Ti} +o(1)
1
= W (hl + 61 + Hl) + 0(1), (B37)
g0
as hi, ho — 00. So Lemma 6 is proven for N = 2. O

Proof of Proposition 4.2. We begin by using Lemma 1 of Tartakovsky Tar-

takovsky [79] (or Theorem 3 of Khan [47]) to obtain

1
IS (Ry)2e M + I (Ry)2e 2

BooolTh} = (1+0(1)),

(B.38)

as hl, hg — OQ.
Now let us assume Iéé) < Ig(g) (i.e., k = 1), and choose h; and hy according

to (4.37). Then

EooolTh} = e (1 + o(1)), (B.39)

15, (Ry)?
as hy, hy — oco. Formulas (B.37) and (B.39) imply the asymptotic formula in
Proposition 4.2 for N =2 and k = 1.

On the other hand, let us alternatively assume that Ié;) = 153), Ry =R,

and hy = hy in (B.38). Then we can obtain

Erono{Th} e (1 + o(1)), (B.40)

215 (R1)?
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as hy, hg — oo. Formulas (B.37) and (B.40) imply the asymptotic formula
in Proposition 4.2 for N = k = 2.

For the N-CUSUM with N > 2, we can easily extend Lemma B.5 to
address the general case. And by using Lemma 1 of Tartakovsky [79] (or

Theorem 3 of Khan [47]), (B.38) becomes

N -1
E...0o{Th} = (ZI“ R2e™ ) (1+0(1)), (B.41)
=1
as h; - oo, 7 =1,...,N. Then Lemma 4.6 and Proposition 4.2 are proven

in the cases k =1 and kK = N for any n > 2.
In the general cases when 1 < k < N, from the above discussion we just
need to get the asymptotic formula of (B.41) when £ satisfies (4.37). This

can be seen as follows:

(Smarer)” = (Gawmre s 3 )
>

i=k+1

i ( omre) oy

B - 1+o(1
DS (e o)
B Z ( ) e(ﬁz ,81)4’(%1—;{1)(1—’_0(1))
— Zehl( ) (1+0(1>>’ (B.42)

as h; = 00, i =1,...,N. Formulas (B.37) and (B.42) imply the asymptotic

formula in Proposition 4.2 and complete the proof. O]
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