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Abstract

THE COMBINATORICS OF CHESSBOARDS

Kaivan Zhao

Adviser: Protessor Michael Anshel

The classic combinatorial problem know as The n-Queens Problem is 1o tind
the number of arrangements ot n queens on an nxn chessboard such that no queen

attacks another. [n addition to numerous papers on the topic. the problem has many

extensions. Examples include The Toroidal n-Queens Problem: To find the number
of arrangements of n queens on a toroidal nxn chessboard such that no queen attacks

another: The Cvlinder n-Queens Problem: To tind a similar solution for a cylindrical
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nxn chessboard: The Minimum Queens Problem: To place tewer than n queens on
an nxn chessboard so that none attacks another. but so that they also together attack
every unoccupied cell: The Reflecting Queens Problem: The Queens on an Intinite
Chesshoard Problem: and many others. The classic problem and cach ot'its

variations contains unsolved problems.

[n this paper. [ present a new method for generating solutions to the classic
problem using quasi-groups and | otter vet another extension to the problem. e
Queens Problem on a Partial Chesshouard. which is to arrange more than n queens
on an nxn chessboard with m cells blocked such that no queen attacks another.
Under what conditions do such arrangements exist? How many blocked cells are
needed to vield solutions? [ also present a computer simulation of the n-Queens
Problem and of the Queens Problem on a Partial Chessboard that is a usetul tool tor

mathematicians who study these problems.
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. The Classic n-Queens Problem

I.1. Introduction

The n-Queens problem is to tind the number of arrangements of n queens on an nxn
chessboard so that no queen attacks another. Stated another way. the problem is to
find the number of ways that n queens can be put on a chessboard so that no two
queens share a row. column. or diagonal. Each arrangement is detined to as a

solution.

I'wo arrangements ot queens are considered equivalent if one can be obtained tfrom
the other by one of the eight svmmetries of the chessboard: identity. rotation by =«
radians. rotation by £1t'2 radians. retlections about either of the main diagonals.
and retlection about the horizontal or vertical midline. (Example: The arrangements
in Figure 1.1.1 are equivalent because cach can be obtained trom the other by a

rotation ot =2 radians.)
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Figure 1.1.1
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The problem was tirst posed for the ordinary 8 x 8 chessboard in the mid [800"s and
is quite a bit more ditticult than it might appear. Gauss. himself. ottered the first
conjecture. that there are 76 solutions [24]. The Schachzeitung. the chess journal of
Berlin. in 1834 published only 40 positions. which had been discovered by various
plavers. There are. in tact. a total ot 92 arrangements. which are now commonly
represented by 12 inequivalent solutions (Figure 1.1.2). These 12 inequivalent

solutions are also called tundamental solutions.
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B 0 N 0
¥, 0
- - 5 . .
9 o ) -
% - 0
- ) ) " 0
0 0
{ 41382736 (41386372
0 0
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(42586137 (42736185 )

Figure 1.1.2
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Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



U v
- 0 o 0
R 0
v 0
) 0
o 0
) v o
{ 42736851 ) (42751863 )
o v
7 0
0 v -
13) 0
0 ) Q -
0 0
) 3
% - 0
(46132837 ) (46827135 )
0 0
Q 0
) o
) i o
o i} o
o v
O - 0
S 0
(47526138 ) ( 48157263 )

Figure 1.1.2 ( continued )
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From 11 ofthese 12 diagrams we can obtain eight arrangements by rotation and
retlection. However. the permutation ¢ 46827/33 ) vields only tour distinct

solutions. because 1t 1s symmetric.

From now on. we mainly discuss the number ot arrangements. or solutions. other

than the fundamental solutions.

Let Qrny represent the number of arrangements of n queens on an nxn chessboard.
Wehave Orly = [ Qt2) = Or3) = 0. and Orn) - [ for n -3 Toshow this.
write a selution for placing queens as a tunction frk) where k < 0. 1.2 . n-/. The

k-th queen is placed at the (k. f ks coordinate (see Figure 1.1.2).

Theorem 1.1.1. fts)  represents u queens solution if and only it s — 1),

S Hs) -8 and s — Hs) -y uare one-to-one.

Proof. For an nxn chessboard. the one-to~one mapping s — fi5/. where
) < v - n. guaranties that there is only one queen on each row and column. It

suftices to show that there are no two queens on the same diagonal.

There are 2n - [ positive diagonals (Figure 1.1.3 a). Foranyv k. l-n<k<n-1.
the elements in the k-th positive diagonal are elements which have coordinate

(5. fis) ). where k =5 - fis) ( the 0" positive diagonal is called the principal
p
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diagonal ). There is only one queen on each positive diagonal if and only 1f

N = v -ty 1S one-lo-one.

Similarly. an nxn square board has 2n  / negative diagonals (Figure 1.1.3 b). For

any k. 0 <k <2n-2. the elements on the k-th negative diagonal have coordinates
(5. ttsy ) where s - tis) - k. There is only one queen on each negative diagonal it

and onlv it s — v - ffy7 1s one toone.

O i n-1

a b
Figure 1.1.5

We now present a constructive proot’ [8] of the existence ot solutions to the n-

queens problem.

Theorem 1.1.2. gty -0 forany n 3
Proof. The proot divides according to the residue class ot 1 (maod 6.
a) Case n =6m - 1. or n =6m - 3. Set tth) = 2k. All the queens are one

<

knight's move apart. Figure 1.1.4 b gives an example tor the case # = ~

e

. - . 0 X
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Figure 1.1.4
Case n = 6m or n = 6m - 4. We can obtain a solution trom 4am - / and
Am - 3 by removing the queen in the « ) / position. (see Figure | .4 b
tor the case where n - H)
3

Case n = fm -

. | 2k+n-2).2 (nodm ittn=2).22k20.
Detine 7k _-](n-l)—/'(n—l—k) (modm iftn-D2k2z2n 2.

See Figure 1.1.2. (46827135) for n = N

Case n =6m - 3.




Since this solution does not have a queen on the principal diagonal. we can
construct a Am - 3 solution by adding a row and column to the edge ot the
board and putting a queen on the new corner.

Figure 1.1.4 a gives an example tor the case n - .

['he above proot shows that there is a sofution tor - 3. but how many solutions are
there for a laree n7) The precise nature ot Jrn) seems very ditticult to understand.
Iable 1.1.1 gives the values for small n’s that were computed using a backtracking
algorithm. ¢ Q¢ and Q¢20) were computed by .{. Shapira [6] . the remainder

are commoniy known.)

N L Q(n) L
4 i 2
L3 10 :
L6 4 :
7 10 ;
'8 92 !
9 330 f
P10 \ 724 :
11 | 2.680 )
12 14.200 |
13 73.712 7
14 363.596 '
BE 2.279.184
16 14.772.512
17 95.815.104 )
18 666.090.624 :
19 4.968.057.848
20 39.029.188.884
Table 1.1.1
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1.2. p-Quasigroup and p-Queens Solution

[n this section. a new method ot generating solutions tor the n-Queens problem is

developed based on p-quasigroups. Most of the notions in this section are trom [2}].

Definition 1.2.1. Let S he a set ot nclements. A latin square ot order n
hased on S is an nxn arrav with entries from N such that cach element ot S

occurs once in cach row and once in cach column.

As usual. the latin squares ot order » in this paper will be based on /7. 2. 5. . n/l.

Definition 1.2.2. A quasigroup is a hinury operation (+) detined on a ser N

such that 7 a. b €S, the cquations ax=h und ya=h cuch luve exactly one

solution.
Theorem 1.2.1. The multiplication table of u quuasigroup is u lurin square.
Proof. Let «,. a. ... u, be the clements of the quasigroup and let its

multipiication table be as shown in Figure 1.2.1. where the entry . which occurs

h

in the " row of'the s column is the product « «a  ofthe elements v, and «

th

. . . Y . i
[f the same entry occurred twice in the r* row in the s” and /™ columns so that

a. = a. = h. then we would have two solutions to the equation «, x = h. which

N r
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would contradict the quasigroup axioms. Similarlyv. if the same entry occurred twice
in the s column. then we would have two solutions to the equation va ¢ for
some ¢ We conclude that each element of the quasigroup oceurs exactly once in
cach row and once in cach column. So. the muitipiication table (a square array ot

n- rows and #- columns) is a latin square.

. o el o o,
5 ey
d-
o, . . . . ..
o
u, . . . . . . . o

Figure 1.2.1
Definition 1.2.3. A partition groupoid (denoted by p-groupoids is a groupoid

(17 o) satistving
) aca =a toral a sl
2) a=h implies u=ush=h tor va hesl’

3) a<h = implies und is implied by ¢*bh = u tor Ta b .c = l’

Definition 1.2.4. A p-groupoid that is also u quasigroup will be called u

pP-yuasigroup.

9

EEEEEEEEE——————————————— |
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Theorem 1.2.2. It n is anv odd positive integer. the set 17 02050 on)
forms a p-quasigroup under the operation (¢ detined by res 25 riomodn ).
Proof. Toshow that I+ isaquasigroup. assume that 3 v v = 17 /)

~

2. ...n! suchthat ux =h and «v =5 ( mod n ). For some integer m. we have
2v—u=2x-u-=mn. So. Av=-x)=mn. Since n is odd. m has to be divisible by
2.Say m =2k tor some integer k. theretor & is . Hence. x = Similarly. it
va=1vu=h (modn) then x=yv+kn forsome integer k. which means that

X=y.

Fo show that (17 ¢ isa p-quasigroup. we have rer r and r=rey =y

tor » =y bvdefinition. [t rey =z then tey =/ 2y ryes 2y 25 -r -1

Theorem 1.2.3. Let p o be u prime number that is greater than 3. Let 117 )
he u p-quasigroup that is detined on the set V= 1. 2.3 .. p | under the
operation () defined by rex =2y -rimodni. Let Kipr be the multiplication
table of (1. o). It Kt p)is superimposed onto a px p chesshourd und queens

are placed on the squares that contuin the integer k where k €17 then the

resultunt bourd configuration corresponds to a queen’s solution.

 — ]
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Proof. [t is known that the multiplication table ot a quasigroup is a latin

square. It suttices to check that cach diagonal contains at most one queen.

Positive diagonals:
FFor the k-th diagonal where /' p <k & p [ suppose that r s and

i =/ lie on the same diagonal k. We have

, 2s~—r=2j—-i-mn

| res=i-] (mod n) o )
= J—i=k=m.umn where m andme £

ij—z':.v—rzk (mod 1) ‘ '
| s—r=k-m.n

| ~i=hk=-mun~-j
= ! :

= J-omn = v Jound r i
l —r=k+mn-—x

Therefore there is none of the numbers appear twice on the same positive diagonal.

Negative diagonals:

For the k-th diagonal where 2 <k <2n. suppose that ¢y and /</ licon

. . [Zs—rzlj—i
the same diagonal 4. Then ~ o (modn) =
ll‘+.\'=l+‘/ =k

- . - . )
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] 2y—=r=2j—i+mn
i lr=k-mn—x
r-s=k-mm where m and me 2 = ) I
, o - li=k+mn—|
[+ j=k+-m.n

3y k m.n 3 -k mon-mn = 35 3 - mn
Since n s prime m has to be divisible by 3. So. m hastobe 0. Theretore. r 4
and v /. Theretore there is none ot the numbers appear twice on the same

negative diagonal.

T'he tollowing Figure gives an example tor case p - 3

— 12=3 13=5 |4=2 13=4
' 1 3005 2 4

23=4 33=2 42=5 34=3
A T A S R o ]

3d=3 32= 23=53 43=2
3 4 | 33 2 - .

43=1 24=1 33=1 32=1
4 3 5 2 4 1 _ -

S1=2 41=3 3l=4 21=
302 4] 303

[t we place queens by tollowing any of the integers /. 2. 3. 4or3. we will get a

queen’s solution.
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1.3. Algorithms For The n-Queens Problem

One method tor solving the n-queens problem that systematically generates all
possible solutions is a backtracking search. Backtracking uses a depth-tirst search of
subcontigurations. returning to the most recent branch point when it decides the
current path will not produce a solution. Due to the exponential growth of the search
load in backtracking. this type ot search is not a practical method tor large n. Recent
results indicate that we may only solve the n-queens problem in this way with n up
to /00 [13] [14]. It is desirable to investigate some aiternative approaches tor which
there is no backtracking overhead. [n the next two sections. [ will summarize two

new methods.

1) \ probabilistic focal search algorithm by Rok Sosic and Jun Guf25]. 15 a

polynomial time algorithm .

2) A neural network solution by James Freeman [28] is an application of

Hoptield network to constraint-satistaction problems.

Each of the tollowing methods tinds a solution to the problem. but does not
necessarily tind all solutions. These methods are acceptable as long as you do not

care which solution you find.

(P2}
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[.3.1 A Polynomial Time Algorithm for The n-Queens
Problem

Rok Sosic and Jun Guf25] tound a new probabilistic local search algorithm

that is a polynomial time.

Queendrrav/] is the n positions of n queens on a chessboard. Queendrrav]if
St )i 1020 ong wheret isarandom permutationof i /02 on It
guaranties that no two queens will be on the same row or the same column.

The number of collisions can be counted by tracing each diagonal line. Let
pdArrav)] and addrrav(] be arravs ot 2n [ positive and negative diagonals
respectively. pdodrravf] and ndArravf] are used to keep track of the number ot
queens. i.c.. the number of collisions. on cach of diagonal. It pdidrrayvim/ k. then
there are & - / queens on m-rh positive diagonal line and there are & collisions on
this diagonal line.

Fhe swaprs tunction incrementaily updates pdlrrav/] and nd-Arrav// Since one
queen can attect at most two diagonals. correspondingly at most two values in
pdArravf] and ndArravf] are atfected. A swap ot two queens can aftect at most
eight diagonals: tour tor both “source™ queens and tour for both “destination™

queens. [n order to determine whether a swap reduces the number ot collisions.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



we need only to check these eight diagonals. This test operation and a possible
subsequent swap operation are repeated tor all possible pairs ot queens until a
solution is found. [t no more swaps can be pertormed and collisions still exist. a
new permutation is invoked.

For an initial permutation. it no solution is tound atter the completion of the loop. a
new permutation is generated and a new search process s started.

The following tigure (Figure 1.3.1) is a tlowchart of this algorithm. The tinal
returned array Quecn-Arravf] is a solution to the n-queens problem.

This algorithm is capable of tinding a solution for extremely large n within a
reasonably short time period because it runs in polynomial time.

The estimated running time ot this algorithm is tound in [25].

th
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Fori=1.1<=n.1—~
___.__9 [§

F}eneratc a random permutation ‘]/
| Queendrravin/ le

\L

NumSwaps 1)

queeni and
queenj are
attacked

For j=1-1j)-=n.

o

Swap 1 queeni. queenj ) and ;
Increment NumSwups

Adjust collisions and assign the
total number to .

Swap  queent.
queeni i reduces
collisions

¢ Z pdArravik| - P

Tl

z ndArravi k|

|l

Na @

0 No

Yes

@tum Queendrray )

Figure 1.3.1
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1.3.2. A neural network solution

[n this section. we will examine a method tor representing certain types ot
constraint-satistaction or optimization problems in a neural-network paradigm.
James Freeman mapped the n-queens problem to the Hoptield Network [17]. Each
square of the chessboard is identitied with a unit in a Hoptield network. The output
of the unit is 1 it the square is occupied by a queen and () otherwise.

['he tour constraints ot the n-queens problem are
1) Exactly n queens must occupy squares on the board.
2 ) No two gueens may occupy squares on the same row

No two queens may occups squares on the same column.

L

4 ) No two queens may oceupy squares on the same diagonal.
Each ot the constraints of the n-queens problem can be expressed as an n-out-ot-n
problem j13].

l) Exactly n queens on the board. is an n-out-ot=n" problem.

2) One queen per row. is a l-out-of-n problem.

3) One queen per column. is a t-out-ot-n problem.

4) One queen per diagonal. is a I-out-ot —d problem (where d is the number

of squares on the diagonal).

Let’s define / to be the external inputs. v be the output ot the i-th unit. and T

17
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to be the weight trom the j-th unit to the i-th unit. Since tor the moment v 1s

either /) or /. the constraint that exactly » outputs have the value /[ 1s

!

represented by v =n. T[his condition will be satistied when the tunction
P 3

(n— z v )7 (called the “energy function™). is at its minimum. [n order to guarantee
A

the minimum occurs tor values ot” v that are cither ¢ or /. we add the term

z v (l=v ) to the energy function. expand the sum. and ignore the constant n°
-1

term. We get the new energy function.

E=—l lzz(—l)\' v~ Z v (2n—1). Comparing this energy function with
N A

Hoptield network’s energy tunction £ =—| ZZZ r vy — ZI v we tind the

=i =i i

J-l i

Hoptield net weights 7. = and external inputs / =(2n-1).

] 0. otherwise

[n order to represents a position on the chessboard as a position of each Hoptield

network unit. we arrange the n~ units of the Hopfield network in an nxn array.
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We denote the outputs ot the units in the array by v (corresponding to the J-th
position on the i-th row of the board). The weight matrix becomes an array with tour
indices: 77, is the weight trom unit v tounit v . The constraints
1) There are exactly n queens on the hoard is realized by connecting cach unit
to all the others with a weightot 2. T =-2(1-0 0 ) Theexternal
input to each unitis « 2n-/ ).
2y There must be exuctly one queen on each row translates to n separate |-out-
of —n problems. Each unit on a row should inhibit the other units on the same
row with strength of -2. We can represent this constraint tor all of the rows
bv the term — 20 (1—0 ). The tirst delta selects units on the same row.
The second tactor is zerc it /=1 (a unit does not inhibit itselt). but is one
it /=i (aunitinhibits all other units on the same row). Since all units
participate in a l-out-ot=n problem. each receives an additional external

input ot” /.

(%]
-

There must be one and only one queen per column contributes the term
-20 (1-0 ) tothe weight array and adds / to the input to cach unit.
bringing the total external input per unitto 2n - /.

4) The tinal constraint concerns the units on the various diagonals of the board.

[t we adopt the approach that each individual diagonal represents a

19
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I-out-ot-d problem. where d is the number of units on the particular diagonal.
we can represent the contribution to the weight array trom all the diagonals on

theboardas —2(0 . .. 0 _ wl=0 ) andadd 2 tocach external input.

This brings the total external input to cach unit to 2n-3.
Each entry in the T matrix is the sum of appropriate row. column. diagonal and
global inhibitions and is constructed as tollows:

T, =A4*-o(j.n*ou.ky=B*o(j.h*d=-otkn~c

’

+D*Oi+ j k= +oti—j k= (1=0lik)

1 x=y

where o(x.v)= A and B are connection weights corresponding

l 0. otherwith

to the row and column inhibitions. ¢ is the global inhibition which entorces the
requirement that exactly n queens are selected. D is the connection weight

corresponding to a diagonal inhibition.
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|.4. Related Problems

4.1, The Problem of Retlecting Queens
Klarner [9] posed the tollowing problem:  For which n is it possible to
torm paits (/. A (2 by o by with Jh b oh ) = [on=2 ..

2n/) sothatall ofthe numbers A —i. A 1. i=12....n aredistinct’’

To sce this problem in terms of the queen problem. we start with an nxn
chessboard with a 1xn strip of squares added along one side. which we call a
reflecting strip. A reflecting queen is detined to be a standard chess queen with the
added power ot being able to retlect her path via the reflecting strip.

From iFicure [.4.1 a. we can see that the reflectuing queen is the regular gqueen
problem with additional condition: no two queens share a retlected diagonal.
We number the rows of the nxn square / 2. ... 7 beginning with the first row
below the retlecting strip. and number the columns trom left to right - /.- 2. ...
2.\ retlecting queen on the (i, /) cell artacks the tollowing cells:

Column cells: (iz1. /). (=20

Row cells: (.7 Uz 2N

- - - . N
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S
|~

Figure 1.4.1

agonal cells: izl z2.722).
Gzl jFh., dxZ.p+2).

Retlected diagonal cells: (/== (2.7=0=20.
Unlike the regular chessboard. the reflecting board has only one symmetry which is
the reflecting about the center line that is perpendicular to the reflecting stripe. since
a rotation shifts the retlecting strip to another edge. Figure 1.4.1 b vields two
solution for n = & He conjectured that the problem of retlecting queens has at least
one solution for every n - 6. and Sebastian [10] verified thistor ¥ = n < 27 le
published some of his computer solutions to the problem of retlecting queens by
using a backtracking method two years later. The following table gives an example
solution on the problem of reflecting queens tor cach n- 28 With the notation

(hy b

) being used as an abbreviation of {(L.A,).(2.h.).....(n.5, )} .

"

R

. o . e —
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! Number of  Some example solutions

: . solutions

I (7.5.8.6)

5 C(10.8.6.9.7)

6 0 ~None

7 (11,13, 81012, 14.9)

R C(13.9.16. 14 11, 15,10 12)

SN (11 16. 14, 17. 10, 13. 15. 12, 18)

THREY (12, 17.20. 14, 11, 18. 15, 13. 16. 19)

ETEY (13,18, 20 15. 12,19, 22, 14.17. 20, 16)

12 ?fal (14, 19.22.16. 23,20, 15,24, 18. 21.13. 17)

REY (15.20. 23. 25, 22. 18. 26. 17. 14. 21. 24. 16. 19)

4+ | >1 (16. 21. 24. 26. 23. 19. 27. 18. 15. 22. 5. 28. 20. 17)

SEREY (17, 22.25. 27.30. 23. 19. 29. 24. 20. 16. 26. 21. [8. 28)

STREY (18.23.26.28. 31. 24. 20. 30. 25. 21. 17. 32. 27.29. 22 19)

17 21 (19, 24, 27.29. 32, 25. 22.20. 30. 26. 3+ 23. 21. 18. 28. 3.
L ' 31)

18 21 T(20. 25. 28. 30. 33. 26. 36. 223 1. 34. 24. 20. 23, [9. 27. 32.

? 5 133.21)

ECRES! T(21.26. 29. 31. 34. 37. 30. 38. 27. 35. 22. 28. 25 20. 36. 33,
3 24,3223

TS T(22.27.30. 32. 35. 38. 31. 39. 28. 36. 23. 29. 26. 21. 37. 4.

T | 25.33. 24, 40)

EES (23.28.31. 33. 36. 39. 42. 2. 30. 37. 29. 32. 25. 22.40. 27.

? ; | 34.41.38. 26, 35)

ISR T (24.29.32.34.37.40. 43. 1. 35. 27. 30. 28. 26. 38. 36. 4.

o | 31.25.39. 42,33, 23)

23 21 (25.30. 33. 35. 38. +1. 44. 46, 36. 31. 45. 32. 42. 8. 37. 4.

o | 2943, 34,39, 27. 40. 26)

XN T(26. 31. 34. 36. 39. 42, 45. 47. 37. 32. 46. 33. 43. 29, 38. 25.

L 30. 44, 35,40, 28. 41. 27. 48)

EEEY (27. 32. 35. 37. 40. 43. 46. 48. 45. 41. 33. 36. 30. 28. 31. ™.

s 38. 47. 42. 39, 26. 49. 29. 44. 50)

6 131 (98.33.36.38. 41. 4. 47.49. 5. 97, 34 3731 51 45.40.

5 30. 35. 45.50. 27. 29. 32. 39. 46. 48)

27 |21 (29. 34. 37. 39. 42. 45. 48. 50. 53. 43. 49. 38. 33. 31. 46. 32

| 40. 36. 30. 44, 35. 41, 52.28. 47. 51. 54)
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1.4.2. Toroidal n-Queens problem

[ow manyv wavs can one place n-queens on an nxn chessboard so that no
two queens share a row. column. or extended diagonal. ¢ Figure 1.4.2 b and Figure

1.4.2 a 1s a toroidal S-queens solution. )

¥
t\\ ol

1IC
A

b
;

Figure 1.4.2

Where the vertical and horizontal lines wraps around: diagonal line .1y 1. /)
connect to the diagonal line 7/ +1.m) (a./+1: diagonal line (i.hy (5. /)
connects to the diagonal line (i =L.n) (l./=1.

[t we denote Trny as the number of nxn toroidal queens solutions. then 771n)

Orny. Polva [11] first studied this problem and showed that 7vny - ) it and only it

(tn. 6 = 1.

. . . . V
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Rivin [12] has showed that tor a prime number p such that /) 2 1s not prime.
Tepy>2""""""_ where d is the smallest nontrivial divisorot ¢ p /1 2. They

log T'tmy log QOmy

also Conjectured that - |jm ———— =« >0. and  |im £>0.
ey logn S onlogn
Triy was tound tor pup to 23 ¢ see Table 1.4.2 ) in [12].
N s 7 I 13 17 19 23
T 10 128 (88 4524 130697 1820496 128.850.048
| . | | | 1 |
Table 1.4.2

Tr23) = 128.8530.048 was computed using backtracking in Lelisp as a distributed
computation over a network of 20 Suns at [INRIA. Rocquencourt. and ook 267

davs of CPU time.

1.4.3. Domination of Queens

a) What is the minimum number of queens that can he placed on an nxn
chesshourd so thut every square is either occupicd or attacked by a queen?
This is the same as finding the minimum externally stable set tor a graph on n-
vertices with two vertices joined only if they are on the same rank. tile or diagonal.
Forsize 8. 9. /0. and /] chessboards. 5 queens are sufficient.

(See Figure 1.4.3. a)

[
)
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Figure 1.4.5

b) Plucing n quecens on an nxn bourd to leave a maximum number of unattacked

vacant cells.

See Figure 1.4.3 b tor an example on an §¥x& board. There are // unattacked
squares. which are denoted by 0°s. Is // maximum? What is the maximum number

tor » in general?
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) T 0
O 0 Q 0
v o v
b ¢
Figure [.4.5
1.4.4. The Three-Dimensional nxn Queens Problem

McCarty posed the Three-Dimensional nxn Queens Problem in [978. Giiles
Brassard and Paul Bratelv{26] defined the problem as tollows:
Investigate the problem of placing k queens on an nxnxn three dimensional board.
Assume that a queen in three dimensions threatens positions in the same rows,
columns. or diagonals as herself in the obvious way. Clearly k cannot exceed nxn
(read as n-squared). Not counting the trivial case n = /. what is the smallest value

of n tor which a solution with nxn queens is possible?

The problem was solved by Allison.Yee.and McGaughey in 1989. They tound that
there are no solutions tor n- /I but 264 solutions exist tor n = //. {26, p.327]

The details of these 264 solutions are tound in [27].
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2. The Queens Problem On A Partial Chessboard
2.1. Introduction

[n this section we will discuss The Queens Problem on a Partial Chessboard in
greater detail. My mentor. Prof. Michael Anshel tirst posed this problem in 1993 in
the course ot an Artiticial Intelfigence seminar. At that tme. our group wrote a
backtracking program to generate partial boards (an 8«8 chessboard with some
squares blocked). and solutions on these boards. We tound some results that were
interesting from a probabilistic perspective. | have since continued work on this

problem.

The Queens Problem on a Partial Chessboard:  Pluce more than n queens on un
n - chesshoard with some cells blocked so that no queen attucks another. |
solution tor un nxn chessbourd with m cells removed is an arrangement of more

than n queens on the bourd such thut no queen attucks another.

The maximum queen problem on a partial chessboard: Whar is the maximum
number of queens one can pluce on un nxa bourd it one can block us many cells as
he needs?

For example. tor 3x3 board. one can place 4 queens on the board. if 3 cells are

blocked (see Figure 2.1.2).
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How do the blocks affect the classical n-queens solution:  Does « hlocked cell
increase the number of solutions to the classical n-queens solution? And what is the
relutionship benween the number ot blocked cells und the number ot increased

solutions”?

Theorem 2.1.1. There is no solution to the queens probhlem on a partial

chiesshoard tor nxn hoards where n = [. 2. or 4.

The case when n is / and 2 is casy to verifv. For the case n - 4 Let I - {u_}
be the collection of blocked tiles. and 1« ) be the cardinality of 7. Let arfu
be the number of times that «_  has been attacked. ocra ) be the number of «

that has been occupied.

.
rr

o . O T 0.

Proof. The only way to place 5 queensona 4 x4 chessboard is to let at
least two queens share a row or column. The shared rows or columns must contain

blocked squares.
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wr a (7 o, T wu.. T u. T w. T .. T wu, andT

a., cases will be similar). It we place queenson o, and .. ( u,, and «.,

)

have the same result). then arra. ) 0. wherethe i'sare 0 /. 2 5 ¢ see Figure

2.1.1 ¢). We can place two more queens on «., and «.. without blocking anv
more squares or we can block the entire «, rowand repeatrow ¢ inrow o,
which does not increase the total number of queens that can be placed.

It 7 -a, tthe T «,. T = u, and T = .. casesare similar). one can place

'
two queens in the pattern ot Figure 2.1.1 a or Figure 2.1.1 ¢. Both cases result in
row ar(a,s . Itwe tollow Figure 2.1.1 a. we can block «, and onc ot ., or
ua.. to place two more queens. [t we tollow Figure 2.1.1 b. we can block square

.. and place two queens on o, and «.,

Theretore. on a 4x4 blocked board. the maximum ocr«, ) is 4 and incrementing

1, ) hasnoattecton ocfu, ).

Even though there is no solution for the 4x4

Q I o : : o

T . T partial board. there is a solution tor the 3x3
QT 0, board. As the left tigure shows. 3 cells need to
Figure 2.1.2 be blocked in order to place 4 queens on the

board.
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T'his s also an example solution to the maximum quecn problem on a partial

chessboard.

Theorem 2.1.2. The minimum number of squares that need to he blocked in

order to place 6 queens on a 3x3 board is 3.

Proof. We will show that blocking two squares is insuthicient. and that
blocking three vields a solution.
The proot that it is impossible to place 6 queens on a board with two squares

blocked has tour parts:

1 Anv solution would require that at least 4 queens he pluced on the edges.

tay

A 3x3 board contains tour 4x4 boards: (0. 3. 33 305, (01 04, 34. 314,
(10,1340, 43). and (1] [4. 44 41) ( see Figure 2.1 2 a ). By Theorem 2.1.1.
we know that none ot the 4x4 boards can contain more than 4 queens. This
means that the tour "L shaped regions. (4. 44. 40). (00, 40. 44). (00, 04,
44). and (04. 00. 40) must each contain at least two queens. and every edge.
(0. 4). (04. 44). (44. 40). and (00. 40) must contain at least one queen. [fa
queen is placed in a corner. then that prevents any queen on the two adjacent
sides. Therefore. the shape shown in Figure 2.1.2 b must have at least one
queen on each edge. A queen placed on any Y cells will result in the

exclusion of the adjacent edge. So. a queen cannot be placed on any of the =™

squares.
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Figure 2.1.3
1) If we pluce tive queens on the edges (00, 04). (04, 44). 144 40). and

(0. 40). then atta ) 0 tor all the cells who's octa 1+ 1),

[f there are tive queens on tour edges. then one of the edges has to contuin two
queens. Say this edge is (06, ti4).  That will require a blocked square at  «,,

(see Figure 2.1.3 a). Since arru.) =2 where

. . -0 . ;,Q':',“
—T T +  — —
o o.. 7. .0 Qe T .. Q

—t { T 4 { ‘j - *
T, T, . I~ @ -
: T ; 7 %
o, 0 T 0

A RN . I v

.j . ? Q N & ! i BV

a b C
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i and joare [2. 2] and 23. it we block one ot them. say «... then that will
vield two ditterent arrangements: Figure 2.1.53 band Figure 2.1.3 ¢ . In cither

case. we have arra 0 - 1) tor all the cells who's ocra 1+ 1)

i} It tour queens are placed on the edges. then no more than one queen can he

placed on the center. {a,, . a,..d..a.,.a., Y see Figure 2.1.4 a

0 1
13 33 o T, O
22 T T, {o i r e
11 31 0 T. NS N
o .
a b C

Figure 2.1.3

Assume this is talse. Four queens have been placed on the edges and two queens
are placed in the region {u,,.d,..d...us,.a., }. There are two ways to place two
queens on {a,,.d,..dw.dy,.d. ; as Figure 2.1.4 a shows. One is to place two
queens on one line say «,, and «,, with «,, blocked. This makes it
impossible for edges (0. 04) < (04. 44) and (00. 40) (00, ()4) 1o contain
two queens. Four edges can contain maximum three queens as Figure 2.1.4 b

showing. Another is to place two queens on principal diagonal say «). and «

I
(9]
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with «., blocked. which results no more queens in the tour edge’s area Figure

2.2.4 ¢ showing. Both cases will contradict to tour queens on the edges.

it) and 111) showed that one can not place more than five queens on a 3x3

board with two squares blocked.

iv) Three hlocked squares result solutions.

Figure 2.1.3 gives some solutions tor the 3x3 board with three squares blocked.

o O I 0 o
A o r T Q Q T O

o T 0 0 ru

Q T 0 @) T

0 0 0

a b ¢
Figure 2.1.6
Theretore. Theorem 2.1.2 is true.

Theorem 2.1.3. For an nxn board where n - 3. the minimum number of

squares that need to be removed in order to put n - | on queens on the hoard is

one. when n = 6m.or n = 6m - 2.

. - . . ’ }
Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



We construct one solution tfrom n 6m - [. or A

- . U

n Am - 3. Add one column to the left . and = ;
(
one row to the top of the structure (see Figure O
i oIr o
2.1.1 forthe case n  6). Block square (0. n2). O
Place a queen on (-/. n 2y and a queen on (1), n). o
—»

The rest ot the queens tollow the knight’s move

frky 2k mod rn 1) Fieure 2.1.7

During the study of a paper covering coalgebras and bialgebras applied to
combinatorics [ 1 | by Joni and Rota. [ tound that point-lattice coalgebras give the

chessboard a unique structure.

The coalgebra’s structure is very interesting and helptul tor understanding the
structure of a partial board. In the tollowing sections. [ would like to summarize the
application of point-lattice coalgebra to chessboards. [n order for this to be selt-

-

contained. related detinitions are given in the next section. [n section 2.3 more

results will be given.

s
h
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2.2. Notation and Terminology

Definition 2.2.1. A partial ordering relation (denoted by <) ona set Pis one
which is retlexive (a < a). transitive (a < b. b < ¢ then a < ¢y and anti-
ssmmetric (a < b. b < a then a = b). A\ set P rogether with a partial ordering

relation is a partially ordered set. or PO set tor short.
A PO set is said to be locally tinite it every segment is finite.

Definition 2.2.2. A lattice is a PO set where the maximal and minimal of two

elements (we call them join v and meet A ) are detined.

Definition 2.2.3. An element v is said to cover x if the segment /x. v/ has two

elements. An atom of P is an element that covers a minimal element.

Definition 2.2.4. The incidence algebra o( ) of a tocally tinite PO set £ over
a field: Assume that K has characteristic zero. The members ot ot ) are functions
of two variables #° P x P — K such that #x. v7 =0 unless v < v. The sum of two
tunctions and multiplication by scalars are detined as usual. The product / ® ¢ =/

is detined by

Aty vy = Z,f'( x.2)g(z. v). The unit element § is detined by

O(x. ) jtox=y
xoy)=- :
’ 1 0  otherwise

o)
=
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[o show that o( /) is an algebra is trivial:

MATRD MW @@ v)=Mrix. v zg(.\‘.:)h( z.v))

_ and
= Z Pexwn Zg( w.ozoyn = z z_f(.\'.u')g(u;:)h(:._r)
MM ®@g®mx.yvi= M Z.f'(.\'.:)g(:._v))lz( xX. )
o - and w

= Y Y feengzownhor = Y Y e nglzoanhon )

range over the finite seement /x. v/ . so M sausties the associativity . namely

[® M
I®A® 1T S A
[® M | \ (associativity of M)
b
A® A
Figure 2.2.1

since

M@ fx. @ gx.v)=Ma(f(x. )@ )= Z_/"(x.:)[_.‘_; = f(x.v)
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it satisties the unitary property: N®.1 \

Fieure 2.2.2

Definition 2.2.5 A\ coalgebra is a triple ((".A.¢) with (" a K-vector space.
A:C — C®C amap called diagonalization. and & : (" — A" a map called the

counit. where A and ¢ satistyv the tollowing commutative diagrams:

A
¢ T2 (9C
A \L l/ A®/ (coassociativiey')
I ®A
C®C CRCDC
Figure 2.2.5

C
|

N®C \t C®N (counitary’)
®

Definition 2.2.6. A point lattice L is a lattice in which every element is the

supremum of a set of atoms.
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We can show that £ is isomorphic to the lattice of closed sets relative to the closure

operation detined on subsets of the set .{ of atoms by d=1ps N\ p<sup.l).tor

T'he closure operation has the properties 4 = 4 . A=4.if 42 B then I

I
S]]

T'he complements ot closed sets. called open sets. can be characterized by

1) The union ot any tfamily of open sets 1s an open set.

2y Every open set is the union of the minimal nonempty open sets it contains.

Thus. every point lattice can be represented as the tamily of all open sets in a
closure relation where the join in the lattice is set-theoretic union. Let’s assume that
L is represented by a tixed set A. and has a unique minimal element. which is the
empty set. This representation of L allows us to define a coalgebra structure on A\,
As a vector space. this coalgebra (vL; is isomorphic to the vector space over A
with basis consisting ot all open sets o . For each open set A Z \. the

diagonalization is Ad = Z A, ® 4, and the counit is
i dsopen
HERER RS 4

[ I PR

Jl A=

()=
lO othervise
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Since the union of open sets is again an open set. it tollows immediately that the
above diagonalization is coassociative.
In the next section. an example of an application ot a point-lattice coalgebra will be

Hven.

-~

(]

2.3. An Application of Coalgebras to the NxN Board

Let A denote the collection of the »° square cells t« )" ., onan nxn chessboard.
Our point lattice £ is represented by the tollowing tamily ot open subsets of 1
The minimal nonempty open sets are the columns and rows. we call them forhidden
sets. Each open set .1 is uniquely determined by R(.D) =14 row 1 is in ]
and (. =1!; column [ is in ). Twoopensets .{, and .I. can have
A, A, =@ itfand only iteither R(A4)i= R4 =0 (4 and . are difterent

columns) or  C{A)i=Ct4,y=0 (.4, and .1, are ditterent rows ).

Let’s construct a new lattice StrL). the lattice of stars of L as tollows: v p = .1,
the star of p. stepy. is the union ot all torbidden sets containing p. It .1 = L we

set st(A)= U stp). Thus S L isastarifand only il S = str-d) for some

4 o1 and if 4 =B then sid) SsteB). We say that S is generated by A, if 4 1s

the smallest set such that str-4) = S. The Lattice StrL) consists of all stars of L.

40
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ordered by inclusion. where the join is set-theoretic union. In our case. the minimal
nonempty stars of L are the unions of the row and the column through cach square
ta . Theretore. the number of atoms of” St/ls is n-. and since every star is a
unton of these minimal stars. StrL, is also a point lattice. [t we define a non-taking
subset A ot a board as a collection ot squares {a ]l such that no two squares have
the same row or column index. then a non-taking set 4 =.1 is a set such that cach
a #ua, inAimplies «,€ st(a ) and o« & sr(a,). Let T - .} bethe
collection of blocked squares and 7« ) be the cardinality ot 7. Furthermore. let
alfl a ) be the number of times that «, has been attacked and let ocra ) bethe
number of «, that have been occupied. we expect ar( 1. and

octu, a, = stTh}) to be as large as possible. The tollowing theorems give some

necessary conditions tor the existence of the partial board queens’ solutions.

Theorem 2.3.0. For an nxn regular board. it N = a ) is a solution set tor

the n queens problem. then al({aq d, € §}) >1. oct .\'l{u‘, u, € .S'}) =),

ocstyu, d, € .S—'}) =2, andfor Ya,eS. we have atla,)2oc(st(a ).

Proof. al({u L u,eS }) > 1 Implies that some queen on a standard board
attacks every cell oc(st{u, ,u, € .S'}) =( implies that no two queens attack each

other. Since uc(.\‘l{u\, u, €8 }) <2 contains one column and one row. it tollows

41
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that stiw, «, = S) contains a maximum of two non-attacking queens « - can be
attacked by the queens Iving on the same diagonals. and diagonals are not torbidden
sets. So. arla ) 2 octsta ) istrue. If arta )y 2 octstta N =21 then «  Is

attacked by the two queenson st 7u ).

Definition 2.3.1. Ak partial nxn bourd is detined as an nxn hourd with k

squares blocked

Theorem 2.3.1. For an nxn partial bourd quecns” solution. where - 3.
T [ u, where u, arethe blocked cells. |
w It Ty -1 then octstta, )=+
by It w Ty 1. thenatleast one of u, €T has the property that
octstla, N 23 .

c) I Ty =2 then octsttTnNz3.

Proof. a) Since the maximum number of queens that can be placed on
st a, ). such that no two queens attack each other is 4 ( see Figure 2.3.1 a).
octst(a,)) cannot be larger than 4. We have oc(st(a,)) < 4. Assume that
oc(stla, )y <+. Say oc(st(a,))=3 and three queens are on columns s, . ».
and s, ( see Figure 2.3.1 a). Then. there are »-3 columns [eft to fill in with

n-2 queens without any more queens on sf(d,, ).
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Ll» : [f o

o /y d.. . < /Z

Figure 2.3.1

So. by the pigeonhole principal. one column has to contain 2 queens.
Contradiction. Similarly. we can handle the case in which three rows are
oceupied as in Figure 2.5.1 b. s0 octsr(u, 1)) =4,

b) Assume that none ot the «, € T has the property that oc(sita, 1) 2 3.
which savs octst(u, N <2 torall u, €T There are two possible
arrangements. as show below. First. two queens belong to the same
forbidden set ( see Figure 2.3.2 ). Say two queens are in column / and none
are in row /. Then. no more than # - [ queens can be placed on the
remaining # -/ rows and » -/ columns.

Second. two queens are in ditterent forbidden sets ( see Figure 2.3.2 b ). Say
one is in row / and the other in column /. Then. the remaining 7-/ rows

and n-/ columns can be ftilled maximally by n-/ queens. This contradicts
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the condition of being a partial chessboard solution. Theretore

oc(stta 1)) 23 s true for some o, =1

/]

[
4}

<) Frompartb. Ju, e suchthat octst(u, 1) 235 From Theorem 2.3.0. we

know that oc(st(a, 1) 22 tor any other cells. Theretore. octsitT1) 25,

Theorem 2.3.2. For an nxn chesshourd with n - 3. let
C=TNla,, . a,,.a, ., thereis no solution. it C =u T
Proof. Since max(oc(st(u )N =2 tor Ya,6 e (.

and C =y T, =+ C =7. Thus. none ot the

L]
an

=T N,y .d, . d
elements in 7 have stars containing more than 2 queens. By a previous theorem.

this implies no solution.

44
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Theorem 2.3.3. It the anlyv two hlocked cells belong to edge torbidden sets.

then there is no solution it the nvo cdges forbidden sets are parallel.

Proof. There are three cases as shown in Figure 2.5.5 tor n 6.
r r ! r
r r
a b <
Figure 2.5.3

Since every queen being placed on the board attacks the entire vertical torbidden

set. one can’t place more than n queens on n vertical torbidden sets.

Theorem 2.3.4. For un nxn bhoard with n 6 und two squares blocked. the
maximum number of queens that can be pluced on the bhoard is n - 2.
Proof. Since max(oc(stia, o, € T}))=4. these tour queens are on three

rows and three columns. With two squares blocked. oc(s¢(7)) =8 and there are 6

rows and 6 columns occupied. So. we can at most place n - 6 - & queens on the

board.

-
*h

. - . . o
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Figure 2.3.4 1s an

%
example of the 8x8 o o
o-T- - O
board with two squares 0
blocked and ten queens R A B €
| 0
on it - Q

Theorem 2.3.5. For an 8x8 hboard with two squares hlocked. there are
alwwavys solutions it the nvo blocked squares are nvo rows and nvo columny away.

provided that they don't tall in the exceptions.

The proot ot this theorem will be presented in next section.

2.4. A Simulation of The Queens Problem on a Partial

Chessboard

During my research on SirL). I wrote a program to keep track ot «tf ) numbers
and oc( ) numbers of cach cells on the nxn board. which provided new insight. The

simulation is also an interesting game. [t lets the user place queens on an nxn

16
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chessboard with two or more squares blocked. A queen’s attack does not extend
bevond any blocked squares ( see Figure 2.4.1 a where the block is denoted by X ).
I'he simulation entorees the rule that none ot these queens attack cach other.

I'his means that no two queens are on the same row. column or Jdiagonal unless the
row. column or diagonal contains a blocked square. Figure 2.4.1 b is an example

solution.

(S 4 :L s .(.)
SRR 0
_ P - — o -
v - 0 Vo
: v
)
a b

Figure 2.4.1

Fhe user has a choice of

1) The size ot the board. ( how big n is)

2) Having squares blocked randomly or choosing blocked squares by himselt.

Theorem 2.4.1. If the block is within the area showed below (Figure 2.4.2 b).

then one hlocked squure is sufficient to ullow the plucing of 9 queens on the xS

hourd.

47
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| SN v
AR | U U WA
XNz 0 U Z X R U U U U SR ¥
‘' /2 U Z X A U U U U G
AN | U U U
| AN AU
a b

We divide the boards into four classes. called X. Y. Z. and U because boards with
one X square blocked can be obtained by rotation or retlection of cach other. so
class X is a collection of boards with an X square blocked. Class Y (Z or Uy is a
collection ot boards with a Y (Z or U) square blocked. [n cach class. ail of the
members are rotations or retlections ot others (see Figure 2.4.2).

[n order to show that Theorem 2.4.1 1s true. we will give an example solution tor
one member in cach class. Following are example solutions tor cach class ( see

Figure 2.4.3 ).

48
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O \ O @]
- 0 O Y o
o i ¥
O i 9
- 0 0
O 0
¢ 5 ;
Class X Class Y
0 0
B 0 0
v 7 0 0 }
) 0 0 Co B
' 0 D) -
0 7 -
0 )
- U o
Class Z Class U

(9]

Figure 2.4.

Theorem 2.4.2. If nvo blocked cells ure chosen trom s (Y's. Z's. or Uy

region in Figure 2.4.4 a. then there is at least one solution.

49
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Figure 2.4.4

This tact is showed by giving a solution to the board that has two “X™ blocks as
Figure 2.4.4 b shows. “Y™ blocks is the retlection of X" along vertical center line.
“U blocks is the retlection of X along horizonial center line and 77 blocks 1s the

retlection ot "X along negative diagonal.

Combining Theorem 2.4.1 and Theorem 2.4.2. we can show that Theorem 2.3.4 is
true.
A board with two blocked cells. which are two rows and columns away. falls into

two cases (see Figure 2.4.6.):

_____

that there is a solution:

2) None ot the blocks 1s in =X area:

N
[=]
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In this case. we need to consider:

a) Both blocks are in =Y area.
b) Both blocks are in blank arca.
<) One block is in Y™ area and one in blank area.

Iheorem 2.4.2. gives solutions tor all three cases.
Theorem 2.4.3. It two blocked cells ure . |, and a . ., .. yo tar the only

solution hus been tound is for n - 6m - 3.

[n order to have octst(T)) =3 . one has to place two queens at corners o, ,  and

a,,.. Thesubboard w,, a , .u, ., a, , Of d, 6 . d, .,  d, , 1530

(t6m - 2y <(bm - ) board.

gave a m - 2 queens solution without any queen on the principal diagonals.

and u, .. Theretore

!

which means these 6m - 2 queens do not threaten o

) oep -
we have constructed a solution for two partial (6m - 3) x(6m - 3) board queen

problem( see Figure 2.4.5 tor n = 9).

h
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— R U U A |
% O
) L U U U U U U
% T o
| U G U U U U
v T o
A U U A |
o —
XA
Y — —
yod
¢
Figure 2.4.5 Figure 2.4.6
Theorem 2.4.4. There is ubwavs a solution for am wo partial n<n hourd.
it n 2
QT 0 - —
O I 0
r @
r o
o
— v
9 —
J
0
Q
o
Y
¢
Figure 2.4.7 Figure 2.4.8
Proof. [n order to show this theorem. we divide 7 into three cases:
a) n=6m-[ or n=>6m-J:
Cell «,,, ison positive diagonal 7 -2¢ =n-[ -1, and negative diagonal »

=/ -n -1 [fwe place queens by f k) = 2k ( mod n ). meaning place queen

oncell (k ks then wt(u,, V=2. 1t 2k -k =n -2 then 2rn-2) will be

h
19
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ott the board: it 2k - & n then Sk 6m - [ or 3k  6Am - 3 but neither Hm

-/ no 6m - 3 isdivisible by 3. so there is nosuch 4. Theretore arta., ) =2

and we can block «,, . . w.,, andplaccaqueenon o, toconstructa

solution ( see Figure 2.4.7 ).

by n 6m or n - 6m -4
We can obtain a solution from 6m - / and ém - 3 by removing the queen in the

( 0. ) position ( see Figure 2.4.8 ).

C) w=6m-_ or »n=6m- 3

For n - 6m - 2. we place queens as tollowing

_ j 2k+=n=2)2 (modm ifn=2)22kz=0.
tik) =

'(n—l)— fin—1—-ky (modn) iftn-0O2k2n:_2.

Since this solution does not have a queen on the principal diagonal( see Figure
249ator n =N ). wecan block cells «,, . «,, . and place the (n+1"
queen on cell «,, .

For n = 6m - 3. we add a row and column to the n = 6m -2 board and place a

queen on the new corner cell «, ., (seeFigure 249 btorn = 9).

th
)
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a b

2.5. Three-Dimensional Partial Board Queens

Suppose the queen is endowed with added powers and allowed to roam over a
cubical board with n' cells. call it an n-cube. Let the n-cube be constructed by
stacking n levels of an nxn partial boards so that the lett hand corners ot cach level
alternate color. Furthermore. let the queen be allowed to move diagonally up and
down the cube as well as directly above and below the cell (not blocked) that 1t
occupies.

To visualize this: The problem may be retormulated by considering the n-cube as an
nxn grid. Each cell contains zero or more integers trom | to n inclusive representing
the level of the cube at which a queen has been placed (letting | represent the

bottommost level). For example:
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(3]

3 :
T [ndicates the 4-cube with the queen arrangement as following.
2401
Y
Y
o T
¢ Y Y
fevel 1 level 2 level 3 level 4

a3
as
=
-
o
[
thn

The placing ot the k non-attacking queens into an partial n-cube is now reduced
to the tilling ot an nxn grid with k& copies of the set /7. 2. ... 1/ such that: on the
same level. if there are no blocked cells in a row. column or diagonal then no two
element are in the same row. column. diagonal: and on ditferent levels. if there are
no blocked cells in the diagonal that runs cross the ditferent levels. then no two

elements are on the same such diagonal.

Definition:

A solutions to three dimensional partial n-cube is a square arrangement ot the

elements from the set S = //. 2. .... n} and empty squares such that
pty sq

o
h
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) Noelement /e S may appear twice in the same row. column. or diagonal
unless there are cells blocked in that row. column or diagoenal. and

2) Theclements i und j&€ S may not be placed /7 j squares apart trom
each other along any row. column or diagonal. unless there are blocked

squares in that row. column or diagonal.

The problems to consider are:

) Which cells can be blocked to etfect the number of queens that can be place on
the n-cube?

2y  What is the maximum number of queens that can be placed on a certain n-cube
with minimum cells blocked?

3) Does an algorithm exist tor the maximal placement of the queens into the n-

cube?
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3. Rooks, Bishops And Knights

3.1. Rooks Problem

There are n! wayvs to put n rooks on an nxn chessboard so that none ot them sharce a
row or column. But. how many tundamental solutions are there? The problem ot the
rooks is to find the number of inequivalent arrangements ot n rooks on an nxn

chessboard such that no rook attacks another. Each such arrangement is said to be a

solution to the problem ot the rooks.

The symmetries of the chessboard are the identity (denoted by ¢). rotation by 1
radians (denoted by ¢). rotation by £ .1 2 radians (denoted by ¢ and ). the
retlections about the horizontal and vertical mid-lines (denoted by @ and m” ).
and the reflections about either main diagonal (denoted by @ and ). We denote
the group of eight symmetries by 4. [n 1890. Lucas [5] tound the number of
inequivalent solutions to the problem of the rooks. 40 vears later. Kraitchik [3]
rediscovered the problems of rooks. queens. and bishops and determined some ot
the inequivalent solutions up to automorphism. The details of those results will be

given in the tollowing of this section.

[n the Table 3.1.1. the multiplication table ot the group .1 is given. Each solution to

the problem of the rooks has some subgroup of .4 as its group of automorphism.

N
~
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¢ ¢ y g’ d d’ m m
¢ ¢ g q d’ d m’ m
g q ¢ ¢ m’ m d d’
g q ¢ ¢ m m’ d’ d
d d’ m’ m ¢ ¢ g g
d’ d m m’ ¢ ¢ g g
m m’ d d’ q q ¢ ¢
m’ m d’ d q q ¢ ¢
Table 3.1.1

From the multiplication table we can see that for n - 1 thereare 10 subgroups:
1) The identity: ¢
2, Rotations through m radians: ¢

3) Retlections about the vertical midline: - m’

4)  Retlections about the horizontal midline:  m

3) Reflections about the negative main diagonal: -’

6, Retlections about the positive main diagonal: -

7) Rotations through 7°'2: - ¢

8) Retlections about either midline: -~ m. m’

9) Retlections about either main diagonal: . ’

[0) The whole group: .

Every solution to the problem of the rooks has its corresponding automorphism

group (the largest subgroup of the given group that leaves it invariant).

th
(=]
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Burnside’s lemma {18] . The number of orbits ot u tinite permutation group is

the averuge of the number ot fixed points of the permuiations.

[.et 7, be the number of inequivalent nxn rook solutions. Then. it is also the
number of orbits ot .\ on this object set. Welet £, . (. ,. and D, bethe
number of nxn solutions to the problem ot the rooks that are lett fixed by e. ¢. g.
and d respectively. There are no solutions lett tixed by m or m’. By Burnside's

lemma.

-0, D (Equation 3.1.1)

[n the equation above. we have £ =n!. Lucas [5. p. 66] has shown that the

number ot sxn solutions invariant under ¢ is 2k 2k -2y ... 2 tor n = 2k or

2k - [. Thus.

C,.=C, ., =2K (Equation 3.1.2)

For nxn solutions invariant under ¢. Lucas [S. p. 67| has 4m -2) (4m -6) ... 2

when » = 4m or 4m - [ and none otherwise.
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Thus

" 0O if n=2 or 3dmod4).

Q (2m)! (Equation 3.1.3)

if n=4m or 4m-1.

m'

He also shows that D satisties the recurrence [S. p.213]

D ., =D ~uD, where 7 -0 and weset D, =1. (Equation 3.1.4)

/3 on the basis of

[.ucas calculated the values ot 1 [S.p.222]tor [ n

Equations 3.1.1 - 3.1.4. These values are shown in [able 5.1.2.

‘n I \ E” .
2 1 2 B
3 K] 6 “
4 |7 | 24 .’
'3 | 23 120 :
"o 113 720 .
| 7 694 5.040
8 5082 40.320 o

9 16.066 362.880 )
10 456.454 3.628.800 -
Y 4.999.004 39.916.800 !

12 39.916.028 179.001.600 ‘

Table 3.1.2
60
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3.2. Bishop Problems

3.2.1. Maximum bishop problem

What is the maximum number of bishops that can be put on an inxn
chesshoard such that none attacks another?
Fhe answer to this question in 2n 2. To prove this. note that the number of
diagonals running in one direction is i /. The two diagonals that consist ot
single squares. however. cannot both be occupied because two bishops would then
be on the main diagonals running the other way This reduces the maximum to
2n - 2. Thus. on the standard 8x8 board. no more than fourteen bishops can be
placed so that no two attack cach other. One method of placing the maximum
number ot bishops on a board is to put n bishops along one edge. and # 2 bishops

along the opposite edge( see Figure 3.2.1 ).

B
B B
B B B B B
B B B
B B B
B B B B B
B B
B
Figure 3.2.1 Figure 3.2.2

6]
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Theorem 3.2.1. The number ot n <n solutions to the maximum hishop '~

prohlem s 2"

Proof. Consider the positive main diagonal. pd 0. There are two
possible places ftor a bishop. (/. /) and ra. n. Suppose (/. [) is occupied by a
bishop (without loss of generality because the rn. n) case is similar). There will be
two possible places for a bishop on each successive positive diagonal pd 1. 20 .
n -1 namely (/. 2y or (2 [y (. 3)yore3. 1. ... (l.n-1)or tn- 1 1[) The
placement of bishops on the negative diagonals will be completely determined by

the positive diagonal choices. Theretore. there are 2" placements.

3.2.2. The Minimum Bishops Problem

Whart is the minimum number of hishops that cun he placed on an n<n

chesshourd such that every square is either occupied or attucked by u hishop?

[n graph theory language. this is the same as finding the minimum externally stable
set for a graph on n° vertices with two vertices joined only if they are on the same

diagonal.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



Given a graph G =(Y. () aset 7(< .\ is externally stable if tor every vertex
vz T .wehave Ty~ T #®:in other words. wehave T 'T 2> V=T,
It  denotes the tamily of externally stable sets of a graph. we have V= @
lew. AT = lep
By difinition. the coetticient ot external stability of the graph ¢ 1s

PG = ml‘r} T
In this case. vertices (x.v)e U itand only if the cells x and v are on the same
diagonal and S((;)=n.
Figure 3.2.2 gives an example placement of minimum bishop problem tor an 8«8

regular chessboard

3.2.3. The m Bishops Problem

For anv number m. where n <m <2n -2 (for n - [). Cunm hishops be

placed on an nxn chesshoard so that every square is either occupied or attacked by
a bishop? How muny solutions ure there? How many ot them are inequivalent

solutions?

Theorem 3.2.2. There are alwavs solutions to the m Bishops problem tor

n<m=<2>n-_

- . - 0 .
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Proof. The m  wnand m 2n 2 cases have already been discussed. For

the w m  2n 2 cases.let & (2n 2)  m and consider the solution in Figure
53.2.1. Remove k bishops «/. 210 ¢]. 31 ... ¢l k - 1) trom the tirst column. Move
kbishopsm.n -1y tom [ w mn 2)pwim 2w ... mon k [yt

k[ n). This will give a solution because the new location ot cach bishop
takes care ot both the diagonals that the removed bishop and moved bishops had

occupied (see Figure 3.2.5 tor a solution to 11 bishops on 8x8 board).

B B B B B
B B3
B B B
B B
B B B
B B
B B
B
Figure 3.2.3 Figure 3.2.4

No other general results on the numbers ot solutions to this problem are currently

=

Kknown.

64
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3.2.4. The inequivalent solutions to the problem of
the bishops

IWhat is the number ot inequivalent arrangements ot 1 hishops onan n <n
chesshaard such that no hishop threatens unother and cvery unoccupied square i

threatened by at least one hishop?

One can alwavs place n bishops on an nxn board so that the bishops dominate the
board {Figure 3.2.2 and 3.2.5 are two example solutions to this problem). But. how
manyv inequivalent solutions are there? ['wo solutions are considered to be
equivalent it one can be obtained from the other by rotations or retlections. Robert
W. Robinson [7] solved this problem. He evaluated the number ot solutions
ineyuivaient up to automorphism by building on Lucas’ results.

L.et ¢ be identity. ¢ be the rotation by . ¢ and ¢ * be the rotation by =2,  and
be the retlections about the main diagonals. m and m” be the retlections about the

horizontal and vertical midlines. Let £,. C . Q,. M . and S, be the number of
nxn solutions left invariant by ¢. ¢. ¢. m. and both m and m . respectively. Then

Q. 1s also the number lett fixed by ¢ . and VM is the number left tixed by m " For

n - [ none will be left tfixed by d or "

=)
h
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Thus if we let = be the total number of inequivalent solution on the nxn board.

then co=1 8F£, -1 8C ~1 40, =1 41V .

[He tound both exact and asymptotic ras 11— > solutions. [he tollowing table

[Table 3.2.1] shows the numbers tor /' n [~

 n ‘B(n)

| 2 !

'3 2

4 7

'3 23

6 E B
7 C 694

'8 3.282

9 _46.066 B
10 | 456,454 L
1l 1.999 004

L2 39.916.028

13 | 778.323.516 |
e | 10.897.964.660
13 | 163.461.964.024

16 12.615.361.578.344

Table 5.2.1

66
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3.3. The Problem of Knights

Introduction

From the problems associated with the other chess pieces. one might expect
attention to be tocused on the problem ot board domination by knights. namely the
problem ot tinding arrangements of knights on a chessboard such that every square
ot the chessboard is either occupied or attacked by a knight.

How would we determine the minimum number ot knights needed to dominate an

nxn chessboard? How many solutions are there?

-d

Figure 3.3.1 gives an example solution

N
T ST tor an ordinary board. [n this case. a
KN K AN K .

K minimum ot 9 knights are needed to
N

S K K cover the 8x8 ordinary chessboard.

A Despite these potentially interesting

questions.
Figure 3.5.1

however. most attention is focused on the more interesting problem ot knight tours.
in which the question is whether a knight. by repeated movement. can reach every

square on the board exactly once.

67
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3.3.2. The Knight's Tour Problem

A solution to the knight's tour problem is a tour of the chessboard: a path ot
knight movements that visits each square exactly once. When do solutions exist and
how many are there?

A solution is said to be closed if the knight can be hrought back to his initial
position with one tinal move. Otherwise the solution is open. Such routes are simply
Hamiltonian cveles and Hamiltonian paths in the graph of order n° corresponding

bl

to all possible knight moves on the chessboard. Figure 3.3.2 gives two examples of
a closed knight's tour on 8x8 regular chessboard. And Figure 3.3.3 is an example of

an open knight's tour on a 3x+4 board.

P35 AL
b / / (A ]
N IR T R
JEN D, ) > ) s
/XYY | A (
AN f { ) Figure 3.3.5
AT 26
VIR N A AN
a b

0
()]
=
]
[¢)
(99}
|99

Knight's tours have long been studied and the literature includes such tamous
contributors as Fuler. An entertaining and widely available discussion of some of

the classical methods and solutions was given by Rouse Ball [23]. Many alterations

68
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of the size and shape of the board have already been constdered. One may also torm
a chessboard of unusual shape. such as nxm rectangular boards. infinite boards or
the board shaped as in Figure 3.3.4. Schwenk {22] determined all rectangular
chessboards on which a knight's tour exists. Eggleton {24} studied the rectilinear
chessboards and compound chessboards. made trom suitable combinations ot
rectilinear boards. [t is shown that any tinite compound chessboard comprising two

or more 4+x4 sub-boards has a knight’s tour.

The Knight’s Tour Puzzie: /s it possible tor u knight 1o have u closed tour on the
chesshoard? This problem dates back to the time of FEuler. Wilson and Watkins |19,
p. 143] report that the question was fully resolved by Euler in 1739 and i2 vears
later. independently. by Vandermonde. [n 1859 William R. Hamilton marketed a
puzzle called A Vovage Round the World based on the concept of the knight's tour.
Accounts of Hamilton's puzzle can be tound in Graphs. un [ntroductory ipproach
[19].

The Knight's Tour Puzzle can be represented by a graph . where the vertices v
correspond to the squares S of the chessboard. and v isadjacentto v in ¢ if
and only if it is possible tor a knight to proceed from S to S ina single move.
Since the color of the square cells on which the knight lands changes at cach move.
[t follows that if'a board of a particular shape has one more cell of one color than of
the other. a solution (if it exists) must be open. But if the difference in the numbers

of cells ot the two colors is greater than one. then no solution is possible. For

69
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example. it 1s not possible to visit all the cells of the board in Figure 5.5.4. which
contains 32 black and 23 white cells. [t the cells are not colored it is often more

ditticult to tell whether a tour is possible.

" \A
A
Figure 3.5.8 Figure 3.5.4
3.3.3 Knight's Cycle and Tour
Definition 3.3.1. A hamiltonian tour ot a knight on an mxn hoard is u

vequence of successive knight moves in which the knight visits every cell exactly

once. A hamiltoniun cvele is a closed hamiltorian tour.

Theorem 3.3.1. If G is a hamiltonian graph and S is a proper subset of

I'tG). then k(G-5)< 8.

70
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Proof. Since (7 is hamiltonian. & contains a hamiltonian eyele €
Suppose that 4((; = S)=n. where (.. (.. ...  arethe components of

(; S Let v . where 1<i<n. denote the last vertex of ¢ that belongs to ¢ .
and let v | be the vertex that immediately tollows v on (. Necessarily. v =5
foreach fr1<i<ns and v #v_ tor j=k. Thus. there are at least as many
vertices in S as there are components in G - 5. Thatis. &G =-5)< S

Theorem 3.3.2. There ure 1o Hamiltonian tours or cyvcles for [ xn. 2xn.

mx! und mx2 hourds.

Proof. Consider cell r/. /). Since it does not have two edges to be used in the
cyvele. it does not have a hamiltonian cycle.
Theorem 3.3.3. An mxm chesshourd hus no Humiltonian cycele it m and n ure

haoth odd numbers. But. it mayv have Humiltonian tour.

Proof. [f we start at cell (i. /). we can complete the move on one of etght
cells: G271 or (ixl.jx2). Cell (i./) and all cells that are one knight's
move away have different colors. So. the graph is a bipartite graph. Every cycle of
a bigraph must be even. but if n and m are both odd. then so is mn. Therefore. no

hamiltonian cycle exists.
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Theorem 3.3.4. There are no hamiltonian cveles tor 4xn and nx4 bourds.

hut these bourds may have a Hamiltonian tour

Proof. Let’s consider a 4 i board. (The 24 case ts similar.) Assume that
there is a Hamiltonian cycele vov.v v.. We recolor the vertices in row 1 red. row
2 blue. row 3 blue and row 4 red (see Figure 3.5.3). Since there are n red and n blue

vertices. and every

R S
NN | =z | DB
\ )% V.4
-
Figure 5.3.3

red vertex is adjacent only to blue vertices (tor example. vertices (/. 2y and (4. 4).
red and blue vertices must alternate around the cycle. [t we start from a black cell
r1. 2). then adjunct vertices should be blue. and these blue vertices should land on
white cells. Thus. all blues are whites. This contradicts the two ditferent colorings.
The assumption that there is a Hamiltonian cycle must be false.

Theretore. there is no Hamiltonian cvcle. This elegant proot'is due to Louis Posa

[20]. Figure 3.3.3 is a tour on the x4 board.

Schwenk defined Grm. nj asa graph on m-n vertices by replacing each cell of the
board with a vertex and joining two vertices by an edge when they are one knight's

move apart (see Figure 3.3.6 a). He proved the tollowing two theorems.
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Theorem 3.3.5. There are no hamiltonian cveles tor Ges. 6) and Gi6. 3).

a b
Figure 3.3.6
Proof. For (sr3. 6). It we remove the set of vertices S - (/. 51 (3. 31}

from (. that will leave three components (see Figure 3.3.6 a). namely /. ).
(5. 2) and the restof’ & -S. By Theorem 3.3.1. we conclude that there is no

hamtltonian cycle.

Theorem 3.3.6. There is no hamiltonian cvele for G 3.8 ) and G S, 3).

Proof. Assume that there is a Hamiltonian ¢yvele (' has to contain the 16
cdges shown below (Figure 3.3.7 a). Because vertices (/. [). (£ 2). (1. 3). (2. 2).

(3.2). (6.2). (7.2). (8. 2). (8 1) and (8. 3) have degree 2. they have to be

included in . We divide those 16 into 6 parts. Each connected path is treated as a

Reproduced with permission of the copyright owner. Further reproduction prohibited withou?p;armission.



atgraph () bgraph GG7)

J

Figure 3.3.7

vertex in a new graph (&~ along with the two additional vertices (4. 2) and (5. ).

We join each vertex in (¢~ when there is an edge in (7 connecting one end of a path
to one end of another path (see Figure 3.3.7 b). If & has a Hamiltonian cycle. then
(; " has a Hamiltonian cycle. But. G contains two degree 3 vertices. which. it
removed. will leave three components. Theretore. ;7 has no Hamiltonian cycle and

therefore. ¢ has no Hamiltonian cycle either.

Schwenk excluded all board sizes that do not have Hamiltonian cycles and
developed a constructive way to generate solutions for the remaining boards. For

=

details on how to generate a solution. see his paper [21].
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3.3.4. Generalizations

Roger Eggleton and Abdul Eid [23] investigated the knight's tour on infinite
chessboards. Theyv detined a rectilinear chessboard R as a collection of cells

Hx.viia<xyx< f.r<yv<ol. where a [ 7 o are members of the extended

integers Z U {—oo. 00! . chosen so that R is nonempty. In particular. rectangular
chessboards are rectilinear chessboards in which @ g 7 o areall integers. [t
exactly one of « £ 7 o isinfinite. R is a one-way infinite strip chessboard. [f
exactly one of the sets /a S} /7 o! isinfinite. R is a quarter lattice chessboard. If
exactly one of @ £ # o isaninteger. R is a half lattice chessboard. [t all of «
[ 7 o are infinite. R is the tull lattice chessboard. Eggleton and Eid also detined a
hamiltonian one-way chain (one-way knight's tour) in an infinite ¢graph ( asa
route v,vv...r v .. inthe graph such that the vertices v, and v are adjacent
tor cach positive integer / and every vertex of (& appears in the route precisely

once.

Figure 3.5.8
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A hamiltonian two-way chain (two-way knight's tour) in (7 1s a route
~avv.ea v such that the vertices v, and v are adjacent tor cach integer
and every vertex of (; appears in the route precisely once. Figure 3.3.8 1s one-way

and Figure 3.3.9 15 two-way.

Figure 3.3.9

They consider the analogue ot a knight's tour to be a one-way knight's tour. while
the analogue of a knight's cvcle is a two-way knight's tour. [t is trivial to derive a

knight's tour trom a knight’s cvcle. but there is no such relation between two-way
and one-way knight’s tours.

The fact is: tor an infinite generalized. the existence ot one-way Knight's tours is

independent of the existence of two-way knight’s tours.

One can find the proof in [23].

Not only have the shape and size of the board been generalized. but also the

movement of the knight has been generalized. Instead of” (i =1 j£2) or

(i£2.j+1). the knight uses moves (ixl.j£3) or (ix£3.7%1). Figure3.3.10a
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is one such tour on an ordinary board. and Figure 3.53.10 b is such a tour on a board

on which no tour can be made by an ordinary knight.

I“v:
l<,t <L ™ ~\7
\/7 C /]
) ‘ B
WS S AP
> A3 = M>
a b

Figure 3.5.10

The problems and solutions developed in section 3.3 suggest many questions: we
have been able to give serious consideration to only a tew of them.

[t we replace knights by other chess pieces. another tamily of questions results.
If a knight is allowed to tour on higher dimensional chessboards. another new
direction results.

As Kraitchik said: “Combinatorics owes many interesting problems to the game of
chess. Indeed the game itself is a single enormously complicated combinatorial

problem that has never been — and probably never will be —completely solved.”
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4. Future Research Topics

[n chapter two. [ primarily studied cases in which the number ot blocked cells 1s

aet large is still

=

one. two. or three. What happens when the number ot blocked cells

unknown. [ would like to keep doing my research on this subject.

We detine a solution to three dimensional partial n-cube is a square arrangement ot
the elements from the set S =/ [. 2. ... n /! and empty squares such that no
element i< S may appear twice in the same row. column. or diagonal unless there
are cells blocked in that row. column or diagonal. and the clements £/ =5 may not
be placed ./ -/ . squares apart trom each other along any row. column or

diagonal. unless there are blocked squares in that row. column or diagonal.

There are remaining topics that | would like to keep doing research on. such as:

)y Which cells removed will etfect the number of queens that can be place on
the n-cube?

2) Does there are exist an algorithm to generate a solution tor a partial n-cube
queen problem?

3) What is the maximum number ot queens that can be placed on a certain n-
cube with some cells removed?

4) Does there exist an algorithm for the maximal placement of the queens into

partial n-cube?
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