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Abstract

STUDIES IN ALGORITHMS FOR STRUCTURED
MATRICES COMPUTATIONS AND THEIR APPLICATIONS
by

Al Long Zheng

Advisor: Professor Victor Y. Pan

Dense structured matrices are special matrices that arise in numerous applications such
as control, signal and image processing, coding, partial differential and integral equations,
and a variety of algebraic computations. Scaling and displacement operators associated to
structured matrices help us exploit the underlying structure of a matrix when we devise
fast and numerical reliable algorithms for various computational problems. The underlying
characteristic properties of the structured matrices, which distinguish them from unstruc-
tured matrices, in particular from general matrices, is the dramatic decrease of the rank
of the associated matrices obtained as the images of scaling and displacement operators
applied to the given matrices.

Such image matrices are called scaling and displacement generators. They relate the
three parts of this dissertation to each other.

In part [, for a Toeplitz or Toeplitz-like matrix 7', we define a preconditioning applied to
the matrix THT. This enables us to accelerate the conjugate gradient algorithm for solving
Toeplitz and Toeplitz-like linear systems, thus extending the previous results of [PS].

In part II, we specify some initial assumptions that guarantee rapid refinement of a
rough initial approximation to the inverse of a Cauchy-like matrix, by means of our new
modifications of Newton'’s iteration.

Finally, in part III, we extend the algorithm of [PSLT] by using the properties of var-
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ious classes of structured matrices and the known correlations among them, to solve the
problems of multipoint polynomial evaluation and interpolation. Unlike [R88] and [P95],
this approach allows complex input points zg,---,z,-1, the nodes of evaluation and inter-

polation.
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1 A Fast, Preconditioned Conjugate Gradient Toeplitz and

Toeplitz-like Solvers
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1.1 Introduction

We present a new approach to preconditioning of an unsymmetric Toeplitz matrix T, which
substantially improves the solution of unsymmetric Toeplitz linear systems of n equations,
by means of the conjugate gradient method. The approach also works for the more general
class of Toplitz-like linear systems too.

In contrast to the direct Toeplitz solvers using order of the n? or nlog?n arithmetic
operations [T], [CB], [CK], [AG], [BA], [BGY], [D], the conjugate gradient method requires
O(knlogn) operations, where k = k(T) is the condition number of 7. Therefore, the method
is particularly effective for well-conditioned Toeplitz linear systems, which motivates the
search for good preconditioners that would decrease the condition number and preserve the
Toeplitz structure.

In [PS] such effective preconditioning was proposed for Hermitian ( or real symmetric )
positive definite ( hereafter h.p.d. ) Toeplitz systems, based on factorization of T into the

product

T = (T + pl)(I = p(T + pI)™")

for a scalar u. The key idea of [PS] is that an appropriate choice of the scalar u defined
by two extreme eigenvalues of T implies a substantial decrease of the condition number of
both factors relatively to £ and thus substantially accelerates the solution of an associated
Toeplitz linear system. This algorithm, however (as well as other competitive iterative
preconditioned Toeplitz solvers [CH89], [C91], [C89], [S]), works neither for the unsymmetric
nor for Toeplitz-like case, which are also highly important in computational practice.

The present paper gives a desired extention of the algorithm of [PS] to these cases. The
extention relies on the properties of the circulant and skew-circulant displacement opera-

tors associated with Toeplitz and Toeplitz-like matrices and, in particular, on the recent
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explicit formulae expressing the displacement generators of the inverses of such of such
matrices via few vectors associated with the inverses [GO]. More specifically, We replace
T by its symmetrization THT and respectively change the factorization. THT + pul and
I—u(THT + /l[)_l are still Toeplitz-like matrices, which we represent by using their short
displacement generators and the explicit formulae from [GO]. This still enables fast multi-
plication of the matrix I — u(THT + /l[)—l by a vector and leads to the desired extension
of the algorithm of [PS], defining fast Toeplitz-like solvers, in the case of an ill-conditioned
input.

In our presentation, we try to follow the line of [PS]. In the next section, we recall some
relevant results on the displacement representation of Toeplitz-like matrices. I[n section 3
we show a general outline of the method. In section 4 we specify various policies of choosing
the parameter g and their influence on the number of arithmetic operations required for
the solution of Toeplitz and Toeplitz-like linear systems. In section 5 we specify the more

effective solver in the Toeplitz case.

1.2 Some Properties of Toeplitz-like Matrices

Definition 1.2.1 (compare [BP], deifnition 2.11.1) Let ¥V : F™*" — F™X" be an operator,
let A€ F™*" and let G € F™*!, H € F**! denote two matrices such that V(A) = GHT.
Then ! = rank(V(A)), the rank of the matriz V(A), is called the V-rank of A, and the pair
of the matrices G and H is called an V-generator of A of length I.

Given a scalar ¢ # 0, an m X m matrix X and an n X n matrix Y, define the operator

Vix.y)(A) = A = XAY and specify a displacement operator of Toeplitz-type as follows.

V(A) = V(z,21)(4) = A - Z.ﬁAZ%:', (1.2.1)
-4
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Definition 1.2.2 An m x n matriz is called a Toeplitz-like matriz if it has V-rank bounded
from above by a constant independent of m and n, where V 1is the operator defined in (1.2.1).

Hereafter, let ¢ = 1, Z = Z;. We have the following basic lemmas.
Lemma 1.2.1 [BP] Let A € F**"*, B € F™*™ be two Toeplitz-like matrices given with their
V-generators of lengths |4 and lg, respectively. Then AB is a Toeplitz-like matriz having
an V-generator of length l4g < l4 + 5.

Proof: follows from the observation that V(AB) = V(A)B + ZAZTV(B).
Lemma 1.2.2 (compare [KKM], [BP], [GO]) Let A be a nonsingular Toeplitz-like matriz
with an V-generator V(A) = GiH[, of length |y. Then A~ is a Toeplitz-like matriz with
an V-generator equal to GHT, where G = —A~'G,, HT = HITZA'IZT.

Proof: Immediate. From these results, we have the following corollary.
Corollary 1.2.1 Let T be an n x n Toeplitz-like matriz with an V-generator of length It.
Then B = THT + uI, C = [ — uB~" are Toeplitz-like matrices with lg < 2l and lc < 21,
provided that -y is not an eigenvalue of THT.
Definition 1.2.3[BP]. An m x n matriz Circy(r) = Circis,m.qn)(7) = [Zi ], for a vector r =
[ro, -+, rm_l]T and for a scalar ¢ # 0, is called an ¢-circulant matriz if z; ; = T(i_jymod m
for 1 2 35 zij = OT(i—jymod m for i < J.

Hereafter, [ will stand for IT.
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1.3 A Condition-Improving Matrix Factorization

Lemma 1.3.1 [PS] Let A be an n X n nonsingular matriz, B = A+ pl, C = - uB™~!.

Then A = BC = CB. If -u is not an eigenvalue of A, then both B and C have inverses,
and A”' = C~'B~! = B~!C~.

Let the eigenvalues of A, B, and C be given by
an < an—1 < --- < ap = A(A),
On £ 3n-1<--- <5 = A(B),
Yo S -1 <o < = ANC).
By the definition of B and C, we have
di=aj+p v = l—uﬂj_l.

Lemma 1.3.2 [PS] Let A, B, and C be as above and let p > 0. Then the condition numbers

of B and C are given by

k(B) = Z:Z (1.3.1)
and
ay ,on
KC) = SHETE). (13.2)
so that for all p > 0, we have
k(A) = k(B)k(C). (1.3.3)

Lemma 1.3.3 [PS] Let u = \/a1a,. Then k(B) = k(C) = VE(A).
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1.4 A Fast Toeplitz-like Solver

Consider the linear system

Tz = b, (14.1)

wher T is an n x n nonsingular Toeplitz-like matrix, given with its V-generator of length /.

Apply the matrix factorization of the previous section to the linear system,
THTz = THs. (1.4.2)

Let A = THT, then A is an n x n h.p.d. Toeplitz matrix, {4 < 2[. Define B = A + ul,
C = I — uB~'. Suppose that -u is not an eigenvalue of A. Then, by the results of the
previous section, B and C are nonsingular Toeplitz-like matrices with /g < 2! and I¢ < 2I.

By the results of [GO], B~! is completely defined by its last row and its V-generator:
1 2!
B! = Circlr + =3 mz=l Circe(rm)Cirey(sL). (1.4.3)

where o is arbitrary, o # 1, Circl, is the l-circulant matrix with the last row equal to y7.

Furthermore, rp,, s, and y7 satisfy following equations:

Bro = gm, (1.4.4)

Btm = —Zhm, (1.4.3)
Sm=—2ZFtm, m=1,2,---,2l, (1.4.6)
By =ea_1, en_y =(0,0,---,1)T, (1.4.7)

where G = [g1,---,92), H = [h1,---,ha] of A. Therefore, we have the following algorithm:

Algorithm 1.1

Input: An n x n nonsingular Toeplitz-like matriz T, a vector b, and a shift value p.

Output: T-!h.
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Stage 1: solve the equations (1.4.4), (1.4.5), (1.4.6) and (1.4.7).
Stage 2: solve Bz = THb.
Stage 3: solve Cz = z; return z.

We use conjugate gradient (CG) method [GL] to obtain the solution at stages 1 and
3 in np and nc iteration steps, respectively. Stage 2 amounts to 2! + 1 multiplications
of f-circulant matrices by vectors for f = 1 and f = ¢ [see the representation (1.4.3)).
Therefore, by the well known results ( see e.g. [GO] ), the arithmetic cost of performing

stage 1, i.e. the arithmetic cost of performing npg steps of the CG iteraton on B, equals
cost(B) = (4l + 1)(4l + 3)¢(n)ng,
and similarly at stage 3, we have
cost(C) = (4l + 3)o(n)nc,

for nc iteration of CG, where o(n) is the cost of an n-point FFT.
1.4.1 The optimal shift
We will next follow [PS] by chosing the optimal u such that the total work [(4/ + L)}(4 +

3)ng + (4l + 3)nclo(n) is minimized, where ng and nc are the numbers of steps of the CG

iteration at stages 1 and 3, respectively. Let

ng = F\/k(B), (1.4.8)

ne = F\/k(C), (13)

where F is a constant. Then by (1.3.3),

ngnBnc = 'Fz\/k(A) = M = constant.

Define

M
f(ng)=Lng+nc=Lng+ g’

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



where L = 4/ + 1. Then f(npg) is minimized at

M

I nc = Lnpg. (14.9)

ng =
In view of (1.4.8)-(1.4.10), we choose u satisfying
k(C) = L*k(B). (1.4.11)
Use (1.3.1), (1.3.2) and let 4 = m/aja,. We have the following equation:

m?(L? - k(A)) + m[2(L? = 1)\/k(A)] + (L*k(A) - 1) =0,

SO

(L2 = )RR L(k(A) — 1)
= L7 — k(A) ;

my

where k(A) = 2, L = 4l + L. Since L > 5. k(A) > L, we have m_ > 0 only for k(A) > L2

Lemma 1.4.1 [PS]. Let p = m,/a1a,, where m = m_ (see above). Then
k(B) = L™\ /k(A), (1.4.12)
k(C)y = Ly\/k(A). (1.4.13)

Now assume (1.4.10) and choose p = m_,/aja,. Then the total cost is
(4l + 3)[(4l + 1)npB + nclo(n)

= (4l + 3)(Lng + nc)o(n)

= 2(4l + 3)F\/k(C)o(n)
= 2(4l + 3}Vl + 1k* Fo(n). (1.4.14)

For comparison, let ncg be the number of iterations required by CG for A. We have

Cost(CG) = (4l + 3)ncgo(n) = (4l + 3)kZ(A)Fd(n). (1.4.15)
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Comparing with (1.4.14) we can see an improvement for k(A) > 16(4l + 1)2.

1.4.2 Recursive Preconditioning

We may use the factorization A = T#T = BC recursively. In particular, we may solve
equation (1.4.4), (1.4.3) and (1.4.7) at stage 1 of algorithm 1.1 by choosing one optimal
shift 4,, and we may choose another optimal shift u; to solve the system Cz = z for z at
stage J of algorithm 1.1. Since we have (g < 2[, [c < 2| ( where [y denotes the length
of an V-generator of W, for W = B, W = (), it follows from (1.4.14), that the total

computational cost of performing stages 1 and 3 is bounded by

281 + 1)(8! + 3)VBI + 1k+(B)Fo(n) (1.4.16)
and
28I + 3)VBI + 1kt (C)Fo(n), (14.17)

respectively. Now we choose p so as to minimize the sum of (1.4.16) and (1.4.17). Since
k(A) = k(B)k(C), we have the solution k(B) = (’;%%’-f k(C) = (81 + 1)%kz(4),

_ankI(A)kI(A)BI+ 1)? - 1]
B k3(A) — (8 + 1)? '

We have gz > 0 for k(A) > (81 + 1)*, and the total computational cost of recursive precon-
ditioning is

4(81 + 1)(81 + 3)Fo(n)ks (A) (1.4.18).
This is less than the cost (1.4.14) of non-recursive preconditioning for

28(81 + 1)%(81 + 3)°
(4l + 1)*(al +3)°

k(A) >

and is also less than the cost of application of the unpreconditioned (CG) method to Az = b

-}
3

( see (1.4.13)) when k(4) > [w] .

(41+3)
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For | = 2, 3, we compute the estimates (1.4.14), (1.4.13) and (1.4.18) and show the

results in the following. For [ = 2,
CG method = 11k3(A)Fé(n),
non — recursive = 66k%(A)FO(n),
recursive = 1292k;‘(A)Fo'(n).
For | =3,
CG method = 15k3(A)Fo(n),
non — recursive = BOmk%(A)Fo(n),

recursive = 27001:5[7(A)Fe‘)(n).

1.5 Preconditioned CG method for a Toeplitz Matrix

In this section, we use the same notation as in the previous section, except that T now
denotes a nonsingular Toeplitz matrix ( =2 ). Since B = THT + ulI, multiplying the
matrix B by a vector cost 8o(n) + O(n). Thus in algorithm | we have cost(B) = 726(n)

at stage 1. By [GO], cost(C) = 11o(n) at stage 3. for each iteration. Therefore. the overall

work is equal to
(T2ng + Llnc)o(n) = 11l(gng + nc)o(rn), g = 72/11,

where ng and nc denote the number of the CG iterations at stages 1 and 3, respectively.

Assume the optimal value of 4 = m_/a;a,, where

(e = ) VR(AYEq(k(4) - 1)
7 7 — k(A)

Then, similarly to (1.4.13), we derive the following cost bound for the entire computation:

2ncé(n) = 12V22k 4 (A)Fé(n). (1.5.1)
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We may compare the bound of (1.5.1) to the cost of the solution via the CG method (

without preconditioning), which is estimated similarly to (1.4.15) and is bounded by
8k7(A)Fo(n). (1.5.2)
The comparison shows that our preconditioning improves the CG method for
k(A) > 2450.25
Now, we use the factorization A = BC recursively. We choose u; so as to minimize the cost
of performing stage 1 of Algorithm 1, which gives us the bound
108v/22k+(B)Fo(n), (1.5.3)
At stage 3, choose u; so as to decrease the cost to
4620k%(C)Fo(n), (1.5.4)

[compare (1.4.18)]. Now we choose x so as to minimize the sum of (1.5.3) and (1.5.4). Then

we obtain that
k(B) = (1155)%(54)"8(22) 3 k3(A),
K(C) = (54)(1155) 7 (22)3k3(A),
and the overall cost is bounded by
EkT2(A)Fo(n). (1.5.5)
where
E = 400,993.268...

[compare (1.4.18)]. Therefore, the recursive method is superior to the nonrecursive method
only if k(A) is large enough k(4) > (Wsn-)s. We also compare (1.5.5) and (1.5.2) and
conclude taht the recursive method improves the unpreconditioned CG method only for

12
B

extremely large k(A), k(A) > (£)%.
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2 Newton’s Iteration for Inversion of Cauchy-like and Other

Structured Matrices
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2.1 Introduction

>

Computations with structured matrices ( such as Toeplitz, Cauchy, and Vandermonde ma-
trices ) can be facilitated ( so that the computational time and memory space decrease
dramatically ) by means of representing these matrices with their "short” generators asso-
ciated with some operators of displacement ( shift ) and/or scaling [KVM], [KKM], [CKL-A],
[GKK], [GKK1], [HR], [P90], [GO}, [BP], [H], [GKO], [GO1], [KO], [KS].

Such a generator is a pair (G, H) of matrices associated with a given structured n x n

matrix A, satisfying the following matrix equations,
Arsy(A) = A - RAS = GHT (2.1.1)

or

Virs}A)= RA— AS = GHT, (2.1.2)

for a fixed natural a, called the length of the generator, for two fixed matrices R and S,
representing scaling and/or displacement, and for some n x a matrices G and H. Here and
hereafter, W7 denotes the transpose of a vector or a matrix W, and we note that the rank
of the matrix GHT does not exceed the length a of the generator G, H. We also note that
the operators A(p 53(A) and V(g 53(A) are closely related to each other if the matrices R
and/or S are nonsingular. In this paper, we will only deal with Vg 5}-generators of A, of
the form (2.1.2), except for one case in section 2.6, and will specifv R and S according to

the equations (2.1.3) — (2.1.5) below. Scaling is represented by diagonal matrices

D, =diag( 1,22, *,Zn ), (2.1.3)
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for fixed z1,z2,---,Tn, whereas such matrices as

[0 0 - 0 f

1 0 --- 0 O
Zs = oo , (2.1.4)
0 0 0 0
\ 00 --- 1 0 /
or
aZs + bZ,Z: +cZj7t, (2.1.5)

for some fixed scalars a, b, ¢, f, ¢, and ¥ # 0, represent displacement.

The key-idea is that the original matrix A can be easily recovered from its generators
(2.1.1) or (2.1.2); moreover, the basic operations ( such as multiplication, addition, sub-
traction, and inversion ) with n x n structured matrices of certain classes can be reduced to
operations with their generators that are represented by O(an) parameters. This leads to
a dramatic saving of the computational time and memory space, if a is much less than n.

For Toeplitz, Cauchy ( generalized Hilbert ), and Vandermonde matrices, the length a of
the associated generators (2.1.1) and (2.1.2), for some appropriate choices of the matrices R
and S among the matrices of the classes (2.1.3) and (2.1.4), is as small as 1 or 2. The three
classes of matrices are naturally extended to Toeplitz-like, Cauchy-like. and Vandermonde-
like matrices, for which o is bounded by a fixed ( and not too large ) constant. ( These classes
include or are closely related to some other well-known classes of structured matrices, such
as circulant, Sylvester, subresultant, Hankel, Hankel-like, Lowener, Bezout, and Chebyshev-
Vandermonde matrices [HR], [BP], [H], [GO1], [KO]. ) It was observed in [P90] that some
correlations among the operators associated with the matrices of the three cited classes can
be exploited in order to reduce the computations for matrices of any of the three classes to

computations with matrices of the class for which most effective algorithms are available.
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In their original form, the reductions proposed in [P90] were not convenient for practical
implementation because they involved operations with Vandermonde matrices, and such
matrices are generally known to be ill-conditioned [GI].

On the other hand, in the important case of the transition from Toeplitz-like and
Vandermonde-like matrices to Cauchy-like matrices, the reduction is dramatically simpli-
fied and becomes practically effective because, in this case, the Vandermonde matrices turn
into the matrices of the discrete Fourier transforms, [H] and [GKO], and the reduction to
Cauchy-like computations is performed via FFT, that is, in a tfast and numerically stable
way ( cf. [BP] ). Thus, effective algorithms for computations with Cauchy-like matrices
should play most fundamental role.

In the present paper. we consider the solution of a nonsingular Cauchy-like linear system,
CZ = v, and the inversion of a nonsingular Cauchy-like matrix C. These operations can
be immediately extended to the Vandermonde-like and Toeplitz-like cases, as well as to the
Chebyshev-Vandermonde cases ( see our section 2.5 or [GKO], [GO1], [H] and [KO] ).

[t is well-known that Newton’s iteration rapidly improves a rough initial approximation
to the matrix inverse ( cf. e.g. [BP] ), but such an iteration also rapidly destroys the
structure of Cauchy-like, Toeplitz-like, and Vandermonde-like matrices. In [P92], [P93],
and [P93a], Newton’s iteration has been modified so as to preserve the initial displacement
structure of a Toeplitz-like input matrix during the iteration. The idea was to control the
growth of the length of short displacement generators by periodically chopping-off their
components corresponding to the smallest singular values in the SVDs of the displacement
matrices defined by such generators. This made all the iteration steps of the resulting
algorithms computationally simple; moreover, such a simplification was achieved with no

significant slowdown of the convergence, except for the initial stages, where the increase of
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the approximation errors due to the latter chopping posed additional serious requirements
on the quality of the initial approximation.

In the present part, we consider a similar problem of controlling the length of the
associated generators in a modification of Newton’s iteration, where the inverse of a fixed
Cauchy-like input matrix C is sought. Qur solution of the problem is substantially simplified
in this case ( in particular, we do not need to involve the SVD ), due to the formula
for the inverse matrix C~! available from [H]. In particular, we do not need to compute
the SVDs of the auxiliary matrices and to chop-off the smallest singular values. Besides
the resulting computational saving at each Newton’s stage, this enables us to relax the
respective constraints on the choice of the initial approximation. The cited advantages
should motivate the reduction of the Toeplitz-like case to the Cauchy-like case ( by means
of FFTs ) and applying the techniques of the present paper, instead of the inversion of
Toeplitz-like matrices by applying the techniques of [P92], [P93], and [P93a)].

In spite of some facilitation of the choice of the initial approximation that we achieved in
the Cauchy-like case ( versus the Toplitz-like case ), such a choice remains an open problem
for the general Cauchy-like input, and we discuss this problem in our last section 2.7.

Otherwise, we present our results in the following order. In the next section, we describe
our modification of a Newton’s iteration for the refinement of an initial approximation to
the inverse of a Cauchy-like matrix. In short section 2.3, we estimate the computational
cost of each iteration step, performed by operating with short displacement generators of
matrices, rather than with the matrices themselves. In section 2.4, we quantitatively specify
the assumptions about the error norm of the initial approximation to the inverse that
guarantee rapid convergence of our modification of Newton'’s iteration, and we also specify

the number of iteration steps sufficient for convergence to an approximation within a fixed
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output error bound. In section 2.5, we recall the reduction of the inversion of Toeplitz-like,
Vandermoode-like, and Chebyshev-Vandermonde-like matrices to the inversion of Cauchy-
like matrices, which enables us to extend our results for a Cauchy-like input to ones for
Toeplitz-like, Vandermonde-like, and Chebyshev-Vandermonde-like inputs. In section 2.6,
we recall an alternative approach to approximating C~!, based on reduction of the problem

to Toeplitz-like computations, and point out some major deficiences of this approach.

2.2 Modified Newton’s Iteration for the Inversion of Cauchy-like Matri-

ces

Let C be an n x n nonsingular Cauchy-like matrix with the associated scaling operator
Vi0.0,)(C)=DC-CD, = ZYT , (2.2.1)

Y
C:[_t:"—y;_}, ZT;-[zl,-..,En]’ YTz[yh...’yn]’ (2.22)
t F)

where z;, y; € C°*', D, = diag( t1,--.tn ), Ds = diag( si,---.sn ). ti # sj, for all
i, 7 = 1,2,---,n (cf. [H] and [GKO]). Then, we have the following fundamental result,
showing that the inverse matrix C~! is also a Cauchy-like matrix and relating its scaling
generator to one of C.

Theorem 2.2.1 [H] For a Cauchy-like matriz C satisfying (2.2.1) and (2.2.2), we have

T,,.
c-! =_[ﬂ] ; (2.2.3)
si — L
U=[ul,---ulT=C"'z, wT =[wy,---,w, | =YTC!, (2.2.4)

where ZT =[z,---,2z,] and YT =[y1,- " ¥a |-

Note the reversion of the order of scaling operators: the opereator V(p, p,}, which we

associate to the matrix C corresponds to the operator V(p, p,}. which we associate to the
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inverse C~!'. Assume that an initial approximation Xo to C~! is available with its V(p_ p,}-

generator of a length at most a. Then, we recursively define matrices X[, X, X3, Xo, ---

as follows:
Xepr=Xe (21 -CXy ), k=0,1,---, (2.2.5)
(u/'c-i-l)Tw’F;l n
Xey1 = - | —m—— , k=0,1,---, (2.2.6)
s — it ij=1
where the vectors uf*!, w¥*! € C**! are defined by
(w*HT 2l
Ukyer = : =XinZ, Z=1 : |, (2.2.7)
(uk+l)’1‘ =T
vVIZ-+1 =[wf+lv"'7w§+l 1= YTXEH : YT=[yh“"yn ]- (2.2.8)

Equation (2.2.5) represents a step of Newton'’s iteration for matrix inversion ( cf. e.g. [BP]
), and equation (2.2.6) "corrects” the results X; , of (2.2.5), so as to turn X7, into a
Cauchy-like matrix, associated with Vp, p,}, that is , with the same scaling operator as
C-!. Namely,

V{stDz}(Xk+l) = —L'k.{.kaI;_l .

that is, Xy is a Cauchy-like matrix whose V(p, p.}- generator has a length of at most a.

Furthermore, we have

Proposition 2.2.1 For allk = 0,1, --, the matrices Xg, | = 2Xy— X C X are Cauchy-like
matrices whose V(p, p.}-generators have lengths of at most 3c.

Proof: By the definition of the V- operator, we have

V(0,0 {XkCXi) = Ds Xk C Xy — Xk CXi D, (2.2.9)
VD, D} (Xe)C Xk = (Ds Xy = X Dt)C Xi = Ds Xk C Xi — Xk D.C X (2.2.10)
XeVip,.0,}(C) Xk = Xi(D:C = C D)Xy = X D:C Xy — XikCDs X (2.2.11)
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XkCV{Dth}(Xk) = XpC(Ds Xy — XieDy) = XpCDs Xy — Xk CXiD: . (2.2.12)

By combining (2.2.10), (2.2.11) and (2.2.12), we obtain that
V0, 0. {(XkCXk) = Vip, p ) (Xe)C Xk + Xk VD, .0, }(C) Xk + Xk CV (p, D, }(Xk) -
Therefore,

Vi, 03 (Xkx1) = Vip,p( 2Xk — Xk C Xy )
= 2Vyp, p.}(Xk) = VD, D} (XkC Xi)
= 2Vip,. . {(Xk) = Vi, 0 Xk )C Xk ~ XiV(p,.0,}{C) Xk = XeCV(p, p}(Xk)

= Vi, p(Xe)2f = CXk) — XeVip,p,)(C) Xk — XkCV (D, D }(Xk) -

We have

Vi, Xk) =GeHL . Vip,p(C)=GHT .

where Gy, Hi, G, H € C*** . Therefore, V(p, p}(Xiy )= G,:+1(H,:+1)T . where

) G;+l = [Gk~ _.X’kG, -—XkCGk ] € CHXSO,

Hl:+l = [( 2[ - CX; )THky .YZ-H, Hy ] € Cnx3a a

2.3 Computational Complexity of an Iteration Step

Next, we will estimate the arithmetic cost of computing the matrices Xg4+1, Uk41, and Wiy
(the latter pair of matrices being the Vp, p,}-generator for X, ), based on the equations
(2.2.5)~(2.2.8). Given Cauchy-like matrices C and Xk, the computation of the Vp, p,}-
generator of length 3a for X7,, [ according to (2.2.5) | uses O(a’nlog®n) ops ( see e.g.
(GO] or [BP], chapter 2, sections 4, 11, and 12 ). (Here and hereafter, "ops” stands for
"arithmetic operations”. ) Therefore, (2.2.7) and (2.2.8) together enable us to compute the

n X & matrices Uy and Wiy, by using O(a?nlog? n) ops. An additional attractive feature

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



20

of this computation is the economization of computer memory, that is, representation of all
involved matrices by means of their short generators requires only O(an) words of memory.
We also refer the reader to [BP], pages 130, 261-262, on some alternative methods for faster
numerical approximation of the product of a Cauchy matrix C by a vector, which may lead

to a further decrease of the computational cost of our iteration steps.

2.4 Estimating Convergence Rate of Newton’s Iteration

In the following, we will estimate how fast X; approaches C~!. We recall from (2.2.6)-

(2.2.8) and (2.2.4) that

Xk = - [ ———J-(uf)TWk ] L

Sy —t,

Ue = XiZ=(X;-C " )Z+C 'Z=(X;-C ' )Z+U,

wr YTx;=YT(x;-c')+wT.
Then, we obtain the following matrix equation:
UWI =(Xi-cYzyT(X;-Cc Y+ 0wl +0YT(X;-C Y)Y+ (Xp-CH)ZzwT,

We deduce from this equation and (2.2.4) that

E. = GWI-owT

(Xi-CcYhWzyT(x;-c YW+ C'zYT (X -C™ Y)Y+ (X5 -CYHzyTCcL.

I

(2.4.1)
Hereafter, we will use the column-norm of matrices, writing
Wil =Wl = m}Xleul ,

where W = (w;;) € C™*" ( see [GL], p. 57 ).
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Proposition 2.4.1 Let e} = || X; = C~! ||. Then

NE] = || UeWE —UWT || <1 2YT|ler(er + 2IIC7Y))) -

Proof: Proposition 2.4.1 immediately follows from (2.4.1) . o
Proposition 2.4.2 Let e, = || Xy — C~! ||, for a nonsingular matriz C, and let Xiy be

defined by (2.2.5), for k =0,1,2,---. Then we have

eis1 < IClle . (2.4.2)

Proof: Due to (2.2.5), we have
[-CXpp =(I-CXi )%, k=0,1,2,---.
It follows that

€kt1 = ”Xl:+1°c_l”
= [ICTHI = CXip)ll

IC~HI - CX )|

= [|ICTHI = CX)CCHI - CXi)l|

I(C™" = Xe)C(C™! = Xa)l

< |IClled . a

Proposition 2.4.3 For any k = 1,2,---, we have er < hy ef , ez, < (hee})?||C]],

where

1

e (2.4.3)

he = pllZYTII(ei + 2ICTM), p = max
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Proof: We recall (2.2.3),(2.2.4),(2.2.6),(2.4.1), and proposition 4.1 and obtain that

e = || Xe-C7Y|
— maxz l(uf)wa - u:'rwjl
i 4 [si — ¢

KT, kT
< ija-XZI(ui) w; — u; wi

= pllExll

< PlZYTII(e + 201C ek

= hgeg ,

for Ay of (2.4.3). Combining the latter bound on e; with (2.4.6) gives us proposition

4.3. o

Proposition 2.4.4 If

;<1 (2.4.4)

and if

(e)CIr < 1, (2.4.5)
for 8 <1 and for h, of proposition 4.3, then

eip ()<< ()N L for k=2 (2.4.6)

Proof: By the virtue of propositon 4.3, we have
ez < (e1)?lICIIA .
Combine this bound with (2.4.5) and obtain that
e3 < (e1)?7°. (24.7)
Combine the latter inequality and (2.4.4), and since 8 < 1, 2~ 4 > 1, obtain the bounds

e;<e; <1, (2.4.8)
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which extend (2.4.4) . Substitute the first inequality of (2.4.8) into (2.4.3) and obtain that
ha < hy. Substitute the latter bound and the bound e; < e} of (2.4.8) into (2.4.5) and
obtain that (e3)?||C||h2 < 1, which extends (2.4.5). Inductive application of this argument

enables us to extend (2.4.4), (2.4.3), and (2.4.7) to the bounds
ei<l,  (VICIkE <1, ek < (ek-)*

for k= 3,4,---, and we arrive at (2.4.6). o
We will next restate proposition 2.4.4, by replacing e} by e3||C]|, based on proposi-
tion 2.4.2 for & = 0.

Proposition 2.4.5 Ifeq \/||C|| < | and if
Z|ICIIMHR < 1, (2.4.9)
for 8 < 1, for h = p||ZYT||(e3||C]| + 2I|C~11]), and for p of (2.4.3), then

- —0)k
et S (QlCINED* L for k=0,1,---.

Proof: Proposition 2.4.2 for £ = 0 implies that
el <|IClleg - (2.4.10)

Therefore, the bound e} < 1 of (2.4.4) holds ifeo\/m < 1, and we also have that A; < & for
hy of (2.4.3). Combining the latter bound, (2.4.9), and (2.4.10) gives us (2.4.5). Therefore,
the assumptions of proposition 4.5 imply the ones of proposition 4.4 and, consequently,
imply (2.4.6). Substitute (2.4.10) into (2.4.6) and obtain proposition 4.5. o

We are not supposed to have the values ey and |[C~!|| readily available, when we are

given the matrices C and Xy, but we may use more readily available parameters. Indeed,

eo < rollC7Y||, where 1o =] - XoCll

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



24

and

llXoll

”C I‘”< if rmpg< 1.

( The latter implication immediately follows from the next inequalities:
HCHI = T Xoll < ICT = Xoll < ICMIro - )

Computation of XgC amounts to n multiplications of a Cauchy-like matrix by vectors,
which takes O((a?nlogn)?) ops (cf. [GO] or [BP], section 4, 11 and 12 of chapter 2). For any
vector v # 0, we may compute a lower bound n(v) = ||({ — XoC)v||/]|v|| in O(a?nrlog?n)
ops, where n(v) < || — XoC||. (For a random choice of one or several vectors v, such lower
bounds may give us a reasonably good approximation to ||/ — XoC]||.)

Next, we are going to substitute the above estimate for eg into the statement of propo-

sition 4.3. We write

el = %’-“_Lr‘;”- . (2.4.11)
bt = plIZY TN [ C(2NCIHED" + 51”_\’—"” ], k=0,1,--- . (2.4.12)

so that el > ep and Ry > higr ifhp < ( (ed)?iC]l )2=6* _and
hi o <pllZYT) (1 + z”X‘:” for all k. if ef\/IIC|I<1. (2.4.13)

We now summarize our results, including the bound ex+) < hi41€f,,; ( from proposition
2.4.3 ), which enables us to estimate ex4; as soon as we estimate €ry1 -

Corollary 2.4.1 Let
ro=|[[-CXoll <1, eF+/ICII<1, 8<1, (2.4.14)
(e)?lCI™* () <1, (2.4.15)
for e of (2.4.11) and h of (2.4.12). Then we have

ei < ((e)C D, k=0,1,---,
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Let us write

- log e _
k* = [ (log ozl (€)ZICT) ) [log(2-6)1, (2.4.16)

where 8 < 1, ef and A}, are defined by (2.4.11) and (2.4.12), so that (2.4.13) holds.

Then, under the assumptions (2.4.14) and (2.4.13) of corollary 4.1. it suffices to perform

k+ 1 > k™ + 1 recursive steps of the iteration (2.2.5), (2.2.6) in order to ensure that
et =l Xip —C7 M I <€,
ert1 = || Xeg1 = C7H | S ehfy, -

[ Note that (2.4.14) implies, in particular, the bounds of (2.4.13). ]

2.5 Extension to the Inversion of Toeplitz-like, Vandermonde-like, and
Chebyshev-Vandermonde-like Matrices
Let V be an n x n Vandermonde-like matrix such that

T T

where G € C**3, B € C"*8, Then, due to a result from [GKO], C = V F* is a Cauchy-like

matrix such that

= T
V{D”"D;}(VF ) = GH 9
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where Z) is defined by (2.1.4) for f =1,

[0 1.0 -~ 0 )
001 ---0
Z =
000 - 1
\ 100 -0 /

HT = BTF*, Dy, =diag( £,---, L),

n
2m 2w ].
D; =diag( l,e~ " ,---,e” w1 ) F=— [ e Z(k=1)(i-1) } ,
\/E k. =1

so that F' stands for the ( normalized ) matrix of Discrete Fourier Transform ( DFT ), and
F~ is the Hermitian transpose of the matrix F, F~ = F~! ||F|| = || F~|] = V/n.

Let Xo, C, and @ satisfy the assumptions of corollary 2.4.1. Let € = €*/\/n and let X].
denote the matrix obtained in k™ + 1 steps (2.2.3), (2.2.6) [ for £ defined by (2.4.16) ] at

the arithmetic computational cost O(k*3%nlog? n). Then we have
I (VF)™ = Xip I < eV

Similarly, consider a Chebyshev-Vandermonde-like matrix R, which has generators G, B

such that
Vb, z+27}(R) =2D:R - R(Z1 + Z{) = GBY, G, BeCo*"
By the virtue of a result from [KO], C = RF~ is a Cauchy-like matrix such that
V(2D:.De0s}(RF™) = 2D RF™ — RF"D.os = GBTF~,
where F, D., and Z; are as above, and

Deos = diag ( 2,2cos(E), ---,2cos(2=1T) ).
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By using the latter equations, we may extend the inversion of C' to the inversion of R,

similarly to the case of a Vandermonde-like matrix V.

Finally, we recall how to reduce the inversion of Toeplitz-like matrices to the Cauchy-like

case.

Proposition 2.5.1 [GKO]. Let T € C**" be a Toeplitz-like matriz, such that
Vizz.)(T)= ZiT -TZ_, = GBT,
where G € C**? and B € C"*8. Then, C = FTDO_IF‘ ts a Cauchy-like matriz:
V.o (FTDg'F*) = D\(FTDg'F") - (FTDy'F*)D_y = GH™.

Here, D_,, F, F*, and Z, are defined above,

(n—1)mre

D, = diag( l,ez_:',---,eznﬁ("_” )s Do = diag( l,en,---.e = ),

D_i = diag(e>, e ,---.e5"2). G =FG. and HT = BTD;'F~.
0

b

Suppose that Xg, C = FTDO'IF', and @ satisfy the assumptions of corollary 4.1, let
€ =¢€"/\/n, and let X;. ., denote the matrix obtained in k= + 1 steps (2.2.5), (2.2.6), for k~

of (2.4.16) and such that

C™" - X |

< e¢/n.

Then, we have

| ( FTDG'F* )™' = Xgeyy Il < €/m.
We have (FTDG'F~)~' = FDoT™'F~ ,

F*Dg' [(FTDG'F) ™ = Xfey | F= T = F*D3' X F .
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Therefore, by writing Xg-4; = F*Dg'X}., F, we obtain that
I 771 = Xeerd | SUFIIDG I IIFI €/ = €, since [|1Dg ] = L, |[Fl = [IF7]| = V7 .

Thus, in £~ + 1 steps (2.2.5), (2.2.6) , at the arithmetic computational cost O(k*3%nlog” n),
we will arrive at a desired matrix f(k-.H = F*Dy'X;.F approximating T~! within the
error norm bound e.

In fact, the algorithm of the present paper for Cauchy-like inversion extends the algo-
rithm of [P93] for Toeplitz-like inversion. Application of our present algorithm to Toeplitz-
like inversion based on proposition 2.5.1 has some advantages over the direct solution, by
means of the algorithm of [P93].. Namely, modification of Newton’s iteration of (2.2.5)-
(2.2.8) in the Toeplitz-like case requires an additional nonrational stage of computing the
singular value decompositions of the product GHT of the generator matrices G and H
followed by the truncation by zeroing the smaller singular values (cf. [P93a]). Such a
nonrational stage involves some additional computations and implies an increase of the
approximation error norm bound by factors of order 3n at each recursive step, where 3
denotes the length of the displacement generator of the input matrix. To compensate for
such an error norm increase, one needs to perform some extra Newton's steps, and this
may substantially slow down or even ruin the convergence unless the required bound on the
initial approximation error is strengthened, respectively. Our new Cauchy-like modification

is free of such additional restrictions.

2.6 Reduction from Cauchy-like to Toeplitz-like Inversion

By following [P90], one may reduce inversion of any Cauchy-like matrix C of (2.2.2) to the

inversion of Vandermonde and Toeplitz-like matrices. Let us recall such a reduction (cf.
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[P90], [BP94], [GO]). We have that

C=vuhHTvi(s), (2.6.1)
where -
l @ --- q
V(g) =
1 q@ --- g "

(for ¢ = (¢:)*%)) is a Vandermonde matrix, T is a Toeplitz-like matrix, such that

—T — _ —_— -
A{Za-zlla}(T) =T - Z"’TZlT/w =GH = (g1, " Fas2llP1,- ’ha+2]T :

[cf. (2.1.1)):
1 —
Tm = V'l(?)gm, hm =V Y s)hm, m=1,2,---.a:
[gly Tt 190] = D:_[317 Tty zn]T:
[hlv"'vha] = [yl',"'vyn]Tv
- _ 1 =T, 1
Jost = —0 =90, hop1 = & VTI(S)ICT V(D ennr -
- L

-1, 1 -
Ga42 = Z,V l(?)CV T(s)en—lv hoy2 = —7— ;60 s

n—1 n—-1
PN =TT =-s)=a"+ 3 vd, 7=
=0

1=0
n—1 l n—1 )
U(A) = H(,\— t—_) =A\"+ }: vd, v = (v)i .

=0 t 1=0

( 0 0 -+ 0 -7

1 0 --- 0 -

¢, =

\ 000 1 o—qe

is the Frobenius (companion) matrix of the polynomial P(A), with coefficients v;, 1 =

0,1,---,n—1.
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Due to (2.6.1), we have
cl'=vT)Tviety, (26.2)

which, in principle, reduces Cauchy-like inversion to Toeplitz-like inversion and Vander-
monde computations, as promised. In the previous section, however, we commented on
some advantages of our present modification of Newton’s iteration in the Cauchy-like case
over the known one in the Toeplitz-like case. Involvement of operations with Vandermonde
matrices is an additional burden in the latter case; furthermore, numerical implementation
of the Vandermonde inversion stage is hard since Vandermonde matrices are known to be
ill-conditioned (cf. [GI] and [GO], equation (3.3)), unlike the Fourier transform matrices F

of section 2.5 (cf. [BP], proposition 3.4.1).

2.7 Discussion

The proposed algorithms for Cauchy-like inversion are not complete; they should be com-
plemented by some recipes for obtaining initial approximations Xy, which should be good
enough in order to guarantee sufficiently fast convergence, as we estimated in section 2.4.
In some cases, a good initial approximation is readily available, for instance, if the orig-
inal matrix arises from discretization of dynamically varying input parameters and if the
objective is to maintain the originally available solution. Presently, however, we have no
recipes for rapid computation of the initial approximations for the general case input, so
that our present paper only supplies one half of a solution, leaving the initial guess problem
open. A possible direction towards filling this gap is by extending the homotopy approach
of [P92], originally developed for the Toeplitz-like case. According to this approach, one
first approximates the inverse of a nearby Toeplitz-like matrix whose inversion is simple.

Then, one recursively uses the computed approximations as the initial approximations Xg
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to the inverses of the nearby matrices in their homotopic transformation to the original
matrix. In [P92], this approach was specified and made effective for any well-conditioned

Toeplitz-like input matrix.
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3 Fast Multipoint Polynomial Evaluation and Interpolation

via Computations with Structured Matrices
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3.1 Introduction

Suppose that we are given n points, zg, 1, ---, Zn—1, and the coefficients of a polynomial
p(z) of degree n — 1. One may evaluate p(zo), p(z1), -+, P(Zn-1) in 2(n? — n) arithmetic
operations, by means of Horner’s algorithm, or in O(nlog® r) arithmetic operations, by
means of the more recent algorithm of Moenck and Borodin ( cf. [MB], [AHU], or [BP]
), which, however, leads to numerical stability problems ( due to recursive application of
polynomial division ). For zqg, zy, -+, Zn-) lyingin a fixed real line interval, the alternative
algorithms of [R88] and [P935] approximate the values p(zg), p(z1), --*, p(Tn-1) at the cost
O(nlog? n), with improved numerical stability. Confinement of the input points to a real
line interval is essential in the approaches of [R88] and [P95] since they rely on a certain
result on approximation of functions on such an interval.

In [PSLT], it was proposed to use the properties of various classes of structured matri-
ces ( that is, of Toeplitz-like, Vandermonde-like, and Cauchy-like matrices ) and the known
correlations among these classes | defined via some associated linear operators of scaling
and displacement ( shift ) ] in order to solve the problem of multipoint polynomial ap-
proximation and also the converse problem of approximate polynomial interpolation. The
idea of exploiting the correlation among the above matrix classes in order to improve some
fundamental matrix computations was first proposed in [P90] and later on used in [GKO];
as an alternative approach to multipoint polynomial evaluation and interpolation, this idea
was first applied in [PSLT]. Unlike [R88] and [P95], the approach of [PSLT] allows complex
input points zg, Z,, ***, Tn-1-

Our present paper refines and extends the latter approach. Like [PSLT], we define the
original evaluation and interpolation problems by the vector equation & = V(Z) p, where p

and v are the vectors of the coefficients of the polynomial and of its values at the given points
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zo, Z1, -, Zn-1, respectively, and V(Z) is the associated Vandermonde matrix. Then,
instead of rather complicated reductions of [PSLT] to computations with Toeplitz-like and
Cauchy-like matrices, we multiply V() by a discrete Fourier transform matrix and arrive
at a Cauchy-like matrix, for which approximate solutions to our original problems can be
readily computed, due to a simple but highly effective technique of summation reordering (
cf. [R85] or [BP], pp. 260-261 ).

We specify the number of arithmetic operations sufficient in order to guarantee the
desired bound € on the output approximation errors ( this number is shown to be O(nlogn)
for a large class of input sets of points and for log(1/¢) = O(logn) ) and then show 2
extensions of the approach, in particular, to multipoint approximaticn of a polynomial
given by its Chebyshev decomposition ( section 3.7 ) and to approximation of the vector v
for a given vector p, where 7 = V' p, for a Vandermonde-like matrix V ( section 3.6 ).

We consider our present paper as a new improvement of the previous work , and we
point out some directions for further modifications and potential improvements of our algo-
rithms ( see remarks 3.3.1, 3.3.2, 3.3.3, and 3.5.3 ). The major remaining challenge is the
problem of extending our results to a larger class of inputs, that is, the problem of relaxing
the restrictions on the class of input values for which our algorithms work effectively. ( We
specify these restrictions in the statements of our propositions 3.3.1, 3.5.1, 3.6.1, and 3.7.1.
} Our numerical experiments, however, show that already in the present form our fast al-
gorithms have substantial advantage in their reliability over the Moenck-Borodin algorithm
of [MB], and unlike the algorithms of [R88] and [P95], they work without restricting the
input nodes to a real line interval.

Apart from the cited material of sections 3.6 and 3.7, our paper is organized as follows.

In sections 3.2 and 3.4, we present some definitions and auxiliary results. In sections 3.3
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and 3.5, we treat multipoint evaluation and interpolation, respectively. In section 3.8, we

show some results of our numerical tests.

3.2 Preliminaries

Definition 3.2.1 Hereafter, £ will denote the n-dimensional vector [ zg,---,z,—1 |T € C**!,
z; will denote its i-th coordinate, fori =0,1,---,n—1, and 1/ = 7! will denote the vector
[1/z0,--+y1/za~1 |F, provided that [[*3 2 # 0.
This definition also apply to the cases where p,r,.s,t, u, v, w,z, and y replace z.
Given the coefficient vector 5= [ po,---,pn—1 |7 of 2 polynomial
n—1
pa) = Y pia',

=0

the vector ¥ of the values of p(z) on the set of points { zg,---.Z,—; } is defined by the

equation,
¢=V(T) p, (3.2.1)
where definition 3.2.1 is applied, and
L zo - zp7t
V=V(Z)= : : : : y i #0, Ti#Fr;,t#54,7=0,---.n-1.
1z, I:::

V(Z) is called a Vandermonde matriz.
The vector equation (3.2.1) defines the problems of multipoint evaluation and interpo-
lation for a polynomial p(z), that is, the problem of computing the vector ¢ of the values of

p(z), where the vectors p of the coefficients and Z of the points ( nodes of evaluation ) are
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given, and the problem of computing the coefficient vector p, where the vectors 7 of the val-
ues and 7 of the points ( nodes of interpolation ) are given, respectively. We will approach
these two problems by using scaling and displacement (shift) operators for representation
of the Vandermonde matrix V(Z) of (3.2.1). By following [GKK], [P90], [GO], and [BP], we

define such an operator for a Vandermonde matrix V' = V(Z) as follows:
V(o pzr) (V) =DysV -VZ{ =geT. (3.2.2)

Here and hereafter, we write

E'T = [1707"'?0]’
Dyz = diag( £,---.5% ), > (3.2.3)
T
g = [ Lo_ggle, Sl .
and
( 0 --- 0 1 \
1 0 0
Z) =
0 1 0 )
Definition3.2.2 [GO] The matriz
1 n—1
C(E,f):[& ; J , where s; #tj, for all pairs i, j, (3.2.4)
iT Y i,=0

is called a Cauchy matriz. An n x n matriz C is called a Cauchy-like matriz if
V,0)(C)=G HT , GeC™ , HeC™™ . (3.2.5)

Then, the pair of matrices {G,HT} is called a (Dj, Dy;)-generator ( or a scaling generator
) of C of length a, and the minimum a allowing the above representation (3.2.5) is called

the (Dyz, Dy)-rank ( or the scaling rank ) of C.
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Cauchy matrix of (3.2.4) is a special case of Cauchy-like matrices having ( Dy, D;)-rank

Hereafter, M denotes the Hermitian transpose of a matrix M, and we write
wr = ez:p(27rkﬁ/n), W= w, -, Wn1 ]T, k=0,1,---,n-1. (3.2.6)
It is known from proposition 3.1 of [GKO] that V F¥ is a Cauchy-like matrix such that
V(Dl,f.olﬂf)(VFH) =ghT

where D,z is defined by (3.2.3),

RT = &eTFH = =l Lo, 1,

D, = diag(w)iZ} = diag(ezp(2rk/=1/n))i2s, ¢ (3.2.7)
Df{ = D7! =diag(exp(—27k/— /"))k-—ov )
F = ﬁ(wjvk);.;;o denotes the (normalized) matrix of the discrete Fourier transform,

Wik = Wik, FH = F~!_ Therefore, a well-known formula expresses the matrix VFH via its
generator ( cf. e.g. theorem 3.1 of [GO] or fact 2.11.2 on page 179 of [BP] ), which gives us

the following matrix equation ( cf. definitions 3.2.1 and 3.2.2 ):

vV FH = dzag(—— - hr o Le ) (3.2.8)

ﬂl*

or, equivalently,

1 .
V= 7 diag(l — z?)*=)} C(F, & ) diag(w;)"=y F . (3.2.9)

Definition 3.2.3 For a vector £ =[ zg,***,Zn-1 ]T, let T 2(u) denote the polynomial

n—1 n-—1l .
H(u —z;)=u"+ z riu'

=0 =0

and let ¥ = F(£) denote the vector [rg,---,rn_y |T.
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An alternative derivation of (3.2.8) and (3.2.9) may rely on the following matrix equation
( see equation (3.1) of [GO] or equation (2.4.2) on page 131 of [BP] ):
C(7.2) = diag(1/T=(y))iz V(@) V™(5) diag(TH(z:))is (3.2.10)

—

where I's(y) is defined by definition 3.2.3. Substitute § = £, Z = w,

V() =V(E) =V, V() =V(@)=vnF, T nff(u-wk) =u" -1, [z(u)=nu""!,
= (3.2.11)
so that
C(y:) =27 - 1, I’;(:—:;) = nwf"l =nfw;, i=0,1,---,n-1, (3.2.12)
and obtain from (3.2.10) that
C(z,w) = a'zag( g V(VRF)™! diag(n/w;)S),

_1 I—O

or equivalently,

= — dzag(z: ) C(F, %) diag(w;) >y F.

S

which gives us (3.2.9).
Let us also show how (3.2.9) and, consequently, (3.2.8) can be alternatively deduced by

applying the Lagrange interpolation formula.

p(we) .
p(u) = ‘”(u),cz_;,l“w(wk o (3.2.13)

where p(u) = Z:‘;olgyu‘, wy, are defined by (3.2.6), ['z(u) is defined by definition 3.2.3.
We express the vectors p(w) = (p(wk));:;é as VrFp, p = ( poy - +pn-1 )T, and
p(Z) = (p(zk))zZs as V5 and obtain from (3.2.11) — (3.2.13) that

V 0 = diag(T 3(z;) ;‘;01 L

)0 diag(1/Ta(we))iZo VA F 7

1 .
= —diag(z? - 1)

\/ﬁ ! - I; —

for any vector 7. By removing p on both sides, we arrive at (3.2.9).

-1 . -1 —
e k=0 diag(wi)ilo F P,
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3.3 Multipoint Polynomial Evaluation

We extend and strengthen the results of [PSLT] on fast approximate multipoint polynomial
evaluation. The algorithm, its correctness proof, and the complexity analysis are presented
in the statement and the proof of the following proposition:

Proposition 3.3.1 Given the coefficients of a polynomial

n-1
pz) = Y pic’

=0
and the set of points {zq,---,Zn~1}, the vector v of the equation (3.2.1) can be approzimated

within a mazimum error norm bound € ( that is, we may compute a vector v = such that
|T=-7} = maxlv -vi | <€ )

by using (4n — 1)L + O(nlogn) arithmetic operations, where

L=] Log( anll:)/g((f/lq; 9)e)) 1, qis a fized constant, 1>q2>z4 = m&xlrkl,

a:mgxlukl, uk_(\/_Fp)k and b=mgx|1:£—1|§1+q"

so that L = O(logn) if log(a/€) = O(log n).

Proof: Due to (3.2.1) and (3.2.8), we have

T=V()p= diag(—l- -~ h i), (3.3.1)
.

1
where &= (l1/\/n) Fp,§=F" Y i=w"!

( cf. definition 3.2.1 ). By substituting (3.2.4), (3.2.9), (3.3.1) and the equation

=1I; Z(—)J for all { and k,

S; — i
we obtain that
1 n-1 uk o0 . n-1 Uk
Ui=U(Ii)=(f—1?_l)z-.—7=(1—1?)2Aj$fv Aj=) —.
Ti k=0 Si — bk =0 k=0 w;c
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Due to the summation reordering, we now fix a sufficiently large natural L, approximate v;

by

L-1 )
o= =(1-2) Y A,

H
7=0

note that |wg| = 1 for all &, so that |A;| < an, for all j, and obtain that

q~ . (3.3.2)

Ep=||7" -7l =max| v/ —vi|<

Therefore, for L > [ log( °':24((1(/lq')"’)‘ )) ], we have Ep < e.

Evaluation of the vectors Fp and @ = [ ug,---,un-1 ]T and of the scalars 1 —z?, =
0,1,---,n — 1, requires O(nlogn) arithmetic operations; evaluation of A;, for all j, j =

0,1,---,L — 1, requires L(2n — 2) arithmetic operations, and the subsequent evaluation of

L-1
vf =(1-z7) ) Ajzl, forali 0<i<n-1,
j=0

requires (1 + 2L)n arithmetic operations. Therefore, we obtain an approximation to the
vector V(Z)p by using L(4n — 1) + O(nlog n) + n arithmetic operations. This is O(nlog n),

for L = O(log n), and if we have

T4 = max |zx] € g < 1 ( for a fixed constant q )

and log(a/€) = O(logn), then L = O(logn). o

Remark 3.3.1 Proposition 3.3.1 ezploits the simple but highly effective algorithm [R85]
for the approzimation of a Cauchy matriz by a vector. This algorithm has several other
important applications, notably, to particle simulation [AGR], [CGR], and [GR]. In the
case where the input points z9,z,,---,Zn—1 are real, one may ezploit some techniques based
on Chebyshev ezpansion (cf. [DGR]), which in the real case converges faster than Taylor’s
ezpansion that we used in order to obtain (3.3.2).

Remark 3.3.2 The requirement q < 1 restricts the class of input values to which proposition

3.3.1 applies. Moreover, even if z, < q < 1 but if q and z, are close to 1, then the value
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L of proposition 3.1 may substantially exceed the level of logn. There are some recipes to
counter this problem. In particular, given any vector £, we may choose two scalars v # 0

and & such that

lgil <q <1 (3.3.3)

for yi = (zi — 6)/v, zi = vy: + 6. Then, by scaling and shifting the variable z, we may turn

it into a new variable y = (r — é)/v and thus transform the polynomial

n—1
p(z) =) piz’

i=0
into the polynomial
n—1 n—1 n—1 n—~1 h
Prs(¥) =D Prsi ' =D iy +6) =D 1y Y past ( ) :
i=0 i=0 i=0 h=i i
whose coefficients can be computed by using O(nlogn) operations, if we are given 7, 4.
and the vector p ( compare [BP] ). We have p(z;) = p,s(y:). Due to (3.3.3), we may
apply proposition 3.3.1 in order to approximate p,s(y;), ¢ = 0,1,---.n — 1, and then
extend this result to approximate evaluation of p(zg), p(Z1), -+ .p(Zn-1); the estimates of

proposition 3.3.1 for the approximation errors should change since they will now depend on

the coefficients

' n—l1 ] h
Prsi =7 D Phé" ( )

h=1 1
of the polynomial p. s(z) .
Remark 3.3.3 The comments of remark 3.3.2 also apply to our other results on polynomial
multipoint evaluation and interpolation ( see propositions 3.5.1, 3.6.1, and 3.7.1 ). In the
implementation, one may add some other special techniques to improve the performance

and to extend the algorithm to a larger class of input data. In particular, in the case

of multipoint evaluation, one may use the following simple trick: partition the input set
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X ={ zg,---,zn-1 } into three subsets X_, Xo, and X4, where |z;] < 1, |z;| = 1, and
|z:] > 1 for the points x; of X_, Xg, and X, respectively, and then evaluate p(z) separately
on each subset. On the subset X_, we have q < 1, which enables us to apply proposition
3.3.1. On the subset X,., we have 1/|z;| < 1, and we may apply proposition 3.3.1 to the
reverse polynomial g(z) = z™ p(1/z), whereas on the subset Xg ( excluding the trivial points
r=landz=-1) wehave -1<y=Rez<l,z=y+v—-1Imz, (Imz)>=1-y?
where Re = and Im z denote the real and imaginary parts of z, respectively. Therefore, we
may rewrite p(z) as po(y) + (Im z) p1(y) and reduce the original problem of the evaluation
of p(z) on Xy to the evaluation of po(y) and p\(y) for —1 < y < 1. By substituting the
variable z = 8z, for some constant 8, |8] = | and/or by further partitioning the set Xg

into two subsets, we may ensure , say, that —1/v/2 < y < 1/v2.

3.4 Some Further Definitions and Auxiliary Results

In this section, we recall some definitions and auxiliary results from [BP], [GO], and [H].
Definition 3.4.1 For a vector § = [ yo,¥1,- -+ Yn—1 ]T and a scalar ® # 0, an n X n matriz

Zon(§) = [zij] is called a o-circulant matriz if

i = Yi—-;) mod n for 127, %i,; = @Y(i—;) mod n for i<j.

We will use the following well-known equation ( compare [BP], page 144 ):
VI ) = J Z;(F+ &) VUG ) diag( ai )i
or, equivalently,

VUG ) = Zpa(F+ fE) I VI(F) diag( a7 )22, (3.4.1)
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provided that f#0, f#z!, ¢=0,1,---,n-1,
a; =Tx(z:)( f-2P), t=0,1,---,n—1, (34.2)
['(u) = Tz(u) and 7 = 7(T) are defined in definition 3.2.3,

Zia(F+ f€) denotes the f-circulant nx n matrix with the first column 7+ fe , (3.4.

and

J=1 . (3.4.4)

3.5 Polynomial Interpolation Algorithm

We will next exploit the representation of the polynomial interpolation problem based on
the equations (3.2.1) and (3.4.1), according to which the interpolation problem is equivalent

to computing the following vector:

-

P=V N T=Zs (F+ fE€)J VT diag(a7")*=) 7. (3.5.1)
f H =0

Here a;, Z;,(7+ f€ ). and J are defined by (3.4.2) — (3.4.4); V is a Vandermonde matrix
satisfying (3.2.2), and §, €, and D,z are defined by (3.2.3). [ Compare remark 3.5.1 at the
end of this section on some alternative choices of the two basic equations, instead of (3.4.1)
and (3.5.1). |

Since FT = F, we deduce from (3.2.9) that

1

/n

vT = F diag(w;)’=g C(#,% ) diag(l — ™). (3.5.2)

By combining the latter equation with (3.5.1), we obtain the following result:
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Corollary 3.5.1

n

L) T,

- 1 B _ - . l-=z
P==m Zia(F+ fE) J F C(t,5) diag( a;z;

where 5 and { are defined by (3.3.1), Zsa(F+ f€) is defined by (3.4.3) and J is defined by
(3.4.4).
Proposition 3.5.1 Given 3 sets of values:
i) {z; : i=0,1,---,n-1; z; #z; fori#]},
i) {v; : i=0,1,---,n—-1}, and
i) {r, : 1=0,1,---,n~1}
( where the values {z;} and {r;} are related according to definition 3.4.1 ), one may approz-

imate within € the coefficient vector p= [ po,---,pn-1 | of the polynomial

n—1
p(z) = )_ piz’

1=0
( that is, one may compute a vector p = such that || p= — p || < € ) by using O(nlogn)

arithmetic operations if

max|z;| < g<l, gqisa fired constant, log( ra/e ) = O(logn) ,
T
ax |yl L= d r = max |r;]
a = g . ;s = Uy N = ; .
mi il . Yi 4.z 1 an naciTe

for ri,---,rn_1 of definition 3.4.1 .

Proof: Let us write

) 1-z0 l -z
¥ = diag( ul )T ={%0, s ¥Yn-t ]T, so that y; = ud v .
a;x; a;z;
Substitute these equations into corollary 3.5.1, obtain that
. 1 - - -y o -
p:—ﬁ Zin(T+ fE)JFC(L,5) 7, (3.5.3)
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for §and ¢ of (3.3.1), and consider the following vector equation:

. yo Yn—~1
20 Yo to— 3o +---+ to—Sn—1
7= =c@s)| | = 5 ' (3.5.4)
Yo Yn—1
Zn—1 Yn-1 tn—1—30 +---F tn—1—Sn-1

The i-th coordinate of the vector Z can be re-written as follows:

- Z Btk — _ Z YTk Z(t L

—Z k_ol—lz‘k jprd

zZ=

k=0

t——-

t; — sg
We write r4 = maxy [zx]|. If z4 < 1, we have [t;z4| < z, < | for all pairs (i,k), 0< ¢, £ <
n — 1, since ty = erxp(—2xhv/=1/n), h = 0,1,---,n — 1. Then, the series 3" 72,(t;zx)

converges for all k£, and we have

o

| J;(tizk) Z 1_ Py

Now, we write

1=0k=0 =0

By means of limiting the number of the summation terms B,t{ to a certain number L. we

obtain an approximation of the vector by the vector

Fr=zW =z )T

such that
L-1
zl-' = — Z Bjt': .
7=0
For the error norm,

==~z =max| 5 -z,

we obtain the bound

naghtt
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similarly to (3.3.2). From (3.5.3) and (3.5.4), we obtain that

.1 - = -
p= ﬁZf'n(r-{-fe)JFz.

We write

- . 1 L ~e - . .
P =-—=Zp(T+fE)JFE", Ep=|p"=pll=max|p; -pi|

vn
and obtain that E} < ol Zrn( 74 £€) oo M lloo 1 Fllso €c

where ||A[| denotes the row norm of a matrix A = [a;],
Ao = mflxz laij] ( compare [GL], p.37 ).
j
We have
Ille =1 WFlle =vn, | Zi(F+ &) |l < nmax|ri] ,

if we choose f so as to decrease or to cancel the first component of the vector 7+ fé.
Therefore,

rnlaglbt!

E7 <max|r|ne <
L S maxiri|ne, < ¢

where r =|| r(Z) || = max|r .
>0

By assumption, q¢ < 1. Therefore, we have £} < € for a fixed positive ¢, if

log(ra n?/((1=q)))

Lzl log(1/q)

Thus, under the assumptions of proposition 3.5.2, we may choose L = O(logn).

We will now complete the proof of proposition 3.5.2 by showing that O(nlogn + nL)
arithmetic operations suffice for the evaluation of the vector p'=. The transition from Z ~ to
p ™ is reduced to performing discrete Fourier transforms ( by means of O(n log n) operations
) [BP], and we will only need to estimate the arithmetic cost of computing the vector " =.

We observe that 2n -1 arithmetic operations suffice for computing each B;. If all the B, are
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available, then for any fixed integer ¢, 2(L — 1) arithmetic operations suffice for computing

27, so that all 27, ¢ =0,1,---,n — 1, can be computed by using
20L-1)n+L(2n—-1)=4Ln-2n-L

arithmetic operations. O

Remark 3.5.1 The readers may consider some variations of the presented construction,
where the basic equation (3.4.1), (3.5.1) and/or (3.5.1) are replaced by some alternative
equations. Here are 3 ezamples of such alternatives:

a). One may rely on the equation
V J L(Jr) VT = diag[l' (z;))],

from [FHR] ( compare page [44 of [BP] ), rather than on (3.4.1).

b). Alternatively, one may rely on the equation (3.2.10),
C(§,%) = diag( }/T=(y:))izg V(@)V™'(5) diag(T'{=) )iZo-

In particular, one may combine (3.2.10) for § = £ ~', =1, as a substitution for (3.5.2),
with the nezt matriz equation, due to [FHR], Corollary 3.3.1:

. ) C#(yi) ne ey . Ci(zi) e - -
C~YZ,7) = —-diag( ﬁ )l=0l CT(:t,y ) diag( % )‘=0l . (3.5.5)

for any pair of vectors T, i defining a nonsingular n X n matriz C(Z,§ ). On the other kand,

from (3.2.9) we obtain that

1 n-~1
1 -z =0

V=l = —/aF! diag(t;)*} C™YE, @ ) diag(

Substitute (3.5.5) for § = @ and for @ of (3.2.6) into the latter equation, apply (3.2.12),
and deduce the following equation:

1 n—1

- 1 . n— - .
vl = _ﬁFH diag(Tz(w;))7sy CT(Z,% ) dlag(r—;m i=0 -
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c). We may rely on (3.2.10) but substitute distinct § and Z, namely, ¥ = @, 7 = £.

Then we have

n—l1
V(§ ) = V/nF, P(u) = [J(x - z)),
7=0
n—1 n-1
Ts(y:) = Tx(wi) = [] (wi - z;)- F{z) =Txze) = [[ (zx —z:)-
j=0 =0k

We deduce from (3.5.2) that

n~1

1
[i(z:) =%

v-l= H diag(Tz(wi))sy CT(&,% ) diag(

1
—=F
v
and, consequently,

1
FH diag(Tz(w;))' CT(&,7T ) diag(—— ) 7.

L
[2(zi)

p = ﬁ
Finally, we observe that all the cited modifications lead us to the same asymptotic estimates
for the computational complezity of computing approzimate solutions, though, perhaps, they

may differ substantially in their practical performance.

3.6 Multiplication of a Vector by Vandermonde-like Matrix

In this section, we will extend the results of section 3 to the class of Vandermonde-like
matrices, which includes Vandermonde matrices as a special subclass.

Definition 3.6.1 [GO] V is an n x n Vandermonde-like matriz if
V(0,220 (V) = DyzV ~ VZ{ = GBT | (3.6.1)

where G = [ §1,§2,---.§s ] € C™#, B € C™*P, and D,;z and Z[ are defined as in
the previous sections. The pair of matrices {G, BT} ( nonunique ) is called a (Dyyz, zh-
generator of V of length 8, and the minimum possible 3 allowing the representation (3.6.1)

is the (Dl/f,ZlT)-rank of V.
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It can be easily verified that for V satisfying (3.6.1), V F¥ is a Cauchy-like matrix such

that

Hy _ H
v(D[/I.D{{)(VF )— GH Py

where HH = BTFH = [ Hl,---,l-{g ]” and, as before, the superscript *H’ stands for the

Hermitian transposes. By following {GKO], [GO], and [H], we obtain that

3
VFH = ¥ diag(§n) C(5.0) diag(hm) .

m=1
where we use definition 3.2.1 and equations (3.2.3), (3.2.7) and (3.3.1). Then, for any vector

p € C™*!, we have
3
5= Y diag(§n) C(5.7) diag(hm) F 5.

We write
vm.O gm'o
Vi = diag(hm) F f = : y Gm= : ., 1<m<3
Um,n-1 Im.n-1
Then, we have
3 Upn,
2 m=19m0 Zk-—o 1__:& u(zo)
0
V= _
3 - .
=1 Ima-1 Lizo —{L‘iTk u(Zna-1)
fn—1
where
3 n-1 U &
u(.l‘,') = Z Im i Z 1 m‘t
m=1 k=0 z, ~ “k

Furthermore, if [z;| < ¢ < 1,

n—1

u(z;) = Z gmzz “m kT = ngx va kZi E(th i = ngxZAJm-r]+l .

—hTi D ko j=0 =0
Write
n—1 .
A]vm=z Um.k t-}:v m=1127"'n‘37
k=0
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and define multipoint polynomial approximations as follows:
3 L-1 _
w(zi)= Y gmi D Aimzit!, and  Ep(zi) = u(zi) —u(z:) | -
m=1 j=0

We have

3 oo L+1
- b
Ec(z) = Y gmi ) Ajmzi™ | < ——nalﬂ_q
m=1 =L q

T

whare
z4+ = max|z;| < q, as in sections 3.3 and 3.5, a = maiclvm'kl, b= max |gm £ -
13 m, m,

Therefore, for

log( naBb/( (1 —q)e ) ) 1-1 (3.6.2)

LT log(1/q)

we have Er(z;)<e.
Next, we estimate the computational cost of approximation of the values u(z;). Com-
puting A;, forall j =0,1,---,L ~1, m=1,2,---,3, involves L(2n — 2)8 arithmetic
Jj+1

operations. Subsequent computation of gn,; Zf;ol Ajmz{"" involves 2L + 1 arithmetic op-

erations. Thus, forall 1 < : < n:l <m < 3, computing u™(z;) uses
L(n-2)3+2nL3+ (8~ 1)n+ O(Bnlogn)+ n3 =(4n —-2)L3 + O(3nlogn)

arithmetic operations. Here, O(nlogn) arithmetic operations are needed to compute V;,
foreach m, m=1,2,---,3.

We have proved the following result:
Proposition 3.6.1 For an n x n Vandermonde-like matriz V, given with its generator G
and B, G € C™*8, B € C™"*8 | and for a given vector j € C™*!, the vector V§ can be
approzimated by u™(z;), within the error bound || & " — @ || < € ( for any given e >0 ), at
the cost of performing

L{4n — 2)B + O(Bnlogn) arithmetic operations, for L satisfying (3.6.2) and ¢ < 1. In
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particular, if log(a8bje) = O(logn), for q, a, and b defined as in propositions 3.3.1 and

3.5.2, then, the cost bound is O(n8log n).

3.7 Multiplication of a Vector by Chebyshev-Vandermonde or Chebyshev-

Vandermonde-like Matrices

Definition 7.1 ( compare [GO1] ) For n = 0, 1,2,---, recursively define Chebyshev poly-
nomials of the first kind T,(z) and Chebyshev polynomials of the second kind Ua(z) as

follows:

TO(I) = 17 Tl(I) =z,

Tn(I) = Tn—l(z) - Tn-—2(I) ’

Uo(z) = 1, Ui(z) = 2z .

Un(z) = 2zUn-1(z) — Un=2(z) .

Define the Chebyshev-Vandermonde matrices as follows:

( To(zo) Ti\(zo) -+ Ta-1(zo) \
To(z1) Ti(z1) -+ Ta-a(z)
Vr() =
\To(xn—l) Tl(-tn—l) ct T Tn.—l(-tn—l))
( Uo(zg) Ur(zo) -+  Un-1(z0) \
Uo(z1) U(zi) -+ Unaa(xh)
Vu(7) =
\UO(In—l) U(zn-1) --- Un—l(l’n-l)/

Fact 3.7.1 The vectors Vp(Z) p and Vy(Z) p, for 2 Chebyshev-Vandermonde matrices
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Vr(Z) and Vi (Z), are the vectors of the values of the 2 polynomials,

n-1 n-1
Pr(z) =Y pTi(z) and  Py(z) =) pili(z), (3.7.1)
k=0 k=0

respectively, at the points zg,---,Zn—1.

[KO] defines linear operators associated with Chebyshev-Vandermonde matrices Vr(Z)
and Vy(£), which leads to operator representation of these matrices in the form GBT
for G € C***, B € C***, a < 2. By applying discrete Fourier transform, we obtain
Cauchy-like matrices V¢(£)F# and Vy(£)FH ( [KO] ). Then, application of the techniques
of the previous section gives us fast algorithms for multipoint approximation of the poly-
nomials Pr(z) and Py(z) of (3.7.1). We will next specify this approach for the classes
of polynomials Pr(z), Chebyshev-Vandermonde matrices Vr(Z), and their extensions to
Chebyshev-Vandermonde-like matrices. We will omit the similar treatment of polynomial
Py(z), matrices Vy(Z), and their Chebyshev-Vandermonde-like extentions: furthermore,
as a challenge for the readers and future researchers, we will leave elaboration of a real
case modification that would rely on Chebyshev’s expansion approach of the report [DGR],
rather than on Taylor’s expansion approach ( compare our remark 3.3.1 ).

Definition 7.2 ( compare [KO] ) Let a matriz R € C™*", satisfy the matriz equation

VD, w)(R)=GBT,  for G, BeC™, (3.7.2)
where
[ 0O 0 0 0 )
1 0 00
13 |
w=23 (-1 (ZI)*, and Zo=
=1
0 1 0 0
\ 0 010 |
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Then R is called a Chebyshev-Vandermonde-like matriz, the pair of matrices {G,B} is
called a (D\;z, W )-generator of R of length o ( not uniquely defined for any R and a ), and

the smallest length o over all possible (D, ;z, W)-generators is called the (Dy;z, W)-rank of

R.

At the end of this section, we will show that the matrix R = V(T) satisfies (3.7.2)

for @ < 2. The following lemma states how a Chebyshev-Vandermonde-like matrix can be

transformed into a Cauchy-like matrix:

Lemma 3.7.1 ( compare [KO] ) Let a matriz R be given by its ( 2Dz, Z, + ZI )-generator,

so that

V(2Ds.21+27)(R) = 2DzR - R(Zy + Z{) = GB
for G, B € C**®. Then RFH is a Cauchy-like matriz such that
V(2D52De0 ) (RFY) = 2D(RFH) - (RF¥)D,,5) = GHY,
where
G=[g.dol H=[h - hl]=FB.  Dz=diag( zo. - .za1):
Zy, FH, and F are defined as above, and

Deos = diag ( 1, cos(%), cos(%), -+, cos({2TH7) ) .

Next, we will approximate the vector R p, where p € C"*!, Ris an n x n Chebyshev-

Vandermonde-like matrix. We will apply the reduction to Cauchy-like matrices given by

lemma 7.1. We have the following equations [GO]:
RFY = diag(§m) C(Z,¥ ) diag(hm),

Rp = diag(§m) C(£,¥) diag(hm) F 7

N — N —

a
m=1
o
m=1
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where &= (z;)', (= (tj);-‘;ol are defined as before (cf. definition 3.2.1) but now we
write ¢; = 2cos( -:Llar), instead of using (3.3.1).
Denote ©, = diag(Em) Fp=[%mno " +Umn-1)y, m=12---, .
Then O(nalog n) arithmetic operations suffice in order to compute ¥, for all m. Since
Tk=o ozt
C(£,£) tm : :

Yhoo Tk
k=0 Tn-1—tk

we have
Z::z:l gmvo Zz-__—(; z!;":fk u(zo)
a
R7=3_ diag(Gn) C(Z.1) n = : -
=19m,n-1 z:[c_o }%’ u(xn—l)
where gm = [ gm0y s Gm.n-1 ]T 3 a.nd
a n—1
Um.k
wzi) =) Gmi :
m=1 k=0 Ti — bk
If |#l<g<1l foralliandk,then, we have

u(Ii)— ngxzvmkz )J_ ngtZAjm-t

1=0

where

n—-1 Uk

m.
.4ij = Z [-"H .

k=0 “k

Let
Um k
A = max|gm.|, b = max|——|, (3.7.3)
m,t m.k tk

and

o L-1 .
- Z [ Z Ajmzl.

m=1 =0
Then, we have
j aAan
Ep(zi) = | u(z:) - u™(zi) I—lzgthAJmI |< —5 <e,
m=1 j=L (1 - q)

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



for any

log(_adnb/((1=g)¢)) 1 (374

Lz] log(1/4)

Now, we estimate the cost of computing the approximations u*(z;) to u(z;), i =

0,1,---,n — 1, where
a L-1 )
u(zi) == ) gmi Y AjmT] .
m=1 =0
Computing A;, requires (2n — 1)La arithmetic operations for all j and m, computing
L—-1 _
gmi 3 Ajmz]
=0
takes on n(2L —2) arithmetic operatons for all i, and therefore, the overall cost of computing
the vector [ u*(zq),- -+, u"(zn-1) ]T, which approximates the vector 2Rp, is

al(2n—-2)+an(2L — 1)+ n(a - 1) + O(nalogn) + na =4anL + O(nalogn) .

This is O(nalogn), for L = O(log n), and we may choose L = O(log n) satisfying (3.7.4) if
q < 1 and if log(aAb/e) = O(log n). We have proved the following proposition:

Proposition 3.7.1 Given an n x n Chebyshev- Vandermonde-like matrizr R and a vector
P € C™ ! let q is a fired constant, £y = max;|z;| < q < l, as in propositions 3.3.1, 3.5.2

and 3.6.1. Then the vector 2Rp can be approrimated by the vector
iz -(I) = [ u.(IO)v teT vu-(zn—l) ]T

such that | u(z;) — u™(z;) | < € for all i and for a fized ¢ > 0. The arithmetic complezity
of computing such an approrimation vector is bounded by O(anlogn), if log(aAnb/e) =
O(logn), where A and b are defined by (3.7.3)

If R = Vr(z) is a Chebyshev-Vandermonde matrix, then

V(ps.z,+27)(R) = GBT,
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where
(1 0)

zo — Th-2(z0) Tn-1(zo)~-1

Ta-1 = Tn-2(zn-1) Ta-1(Zn-1) -1

\o 1/

Therefore, in this case, we have a = 2,

1 1
( \ y
1 e21r!“z-l (n—l)
H=FB= . Tm =diag(hm) Fp=diaglhn)| | |, m=1,2,

b-

n-—1

1 e

U = = — = - 22/ 12
oy = [ bg, -+, b5y ]T’ Ty =[bg,---,bi_1€ = (n-1) ]T_

Thus, we have proved the following result:

Corollary 3.7.1 Given an n x n Chebyshev- Vandermonde matriz V1 (T) and a vector p €

C™"*1 let q be a fired constant,

Um k I
Ly !

ry=maxlzd <g< 1, b=ma|
t m.k

and A =max( | z;—Tor(zi) |, | Ta(zi)—1]) for 0< i< n-1. Then, the vector

2Vr(Z)p can be approzimated by a vector @ “(Z) such that
| u(z;) —u™(z;) | <€ for a given € > 0 and for all i,

and O( n(L+log n) ) arithmetic operations suffice in order to compute u™(z;), i =0,1,---,n~

1, where

log( Abn/( (1=q)e)) |

L=1 log(1/2)

Furthermore, L = O(logn), so that O(nlogn) arithmetic operations suffice for the evalua-

tion of u™(z;), i=0,1,---,n -1, if log(Ab/e) =O(logn) .
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3.8 Numerical Experiments

In this section, we present the results of some numerical experiments for our algorithm of
section 3.3, where we set L = O(logn), and for one of [MB]. These experiments do not cover
all classes of the input values but, still, give some indication to the algorithm’s behavior;
in particular, they show that our algorithm is generally more reliable than one of [MB] and
does not require to restrict the input nodes to a real line interval.

We have written the programs for our computation by using the C++ programming
language and have compiled and linked these programs by using Microsoft Visual C++.
The programs have been executed on a 386 and a Pentium PC, and identical results were
obtained from both platforms. Evaluation of arithemetic functions have been performed by
using Microsoft FP87 emulation library functions without utilizing math coprocessor.

In the following 3 examples, algorithm 1 denotes the algorithm of [MB] and algorithm
2 denotes the algorithm proposed in section 3.3. To control the computation errors, we
also present the control computation results obtained either by using Horner’s algorithm (

actually due to I. Newton, cf. [Kn]) or, for the polynomials of the form

n—-1 n
i " =1
p(z)=) z'=
=0

z-1"
by computing z" — | and dividing the results by z — 1. All the input, output, and interme-

diate results are stored by using double precision binary representation.

Example 1. Our first example shows that algorithm 1 ( of [MB] ) may fail even for low
degree polynomials if we apply it to the input with substantial variation of the magnitude of
the nodes zg,---,z,-1. Algorithm 2 has no problems in treating such cases. We present the

computational results of performing algorithm 1 step by step, to demonstrate the arising
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difficulties. Notice that in steps 2 and 3, due to limited precision, the least significant digits
of the intermediate results are lost, and this greatly affects the reliability of the final output
of algorithm 1. i.e., two identical input values, zg = z5 = 1.3, actually result in 2 different
output values, vg = 8.125 and v, = 6.

Polynomial: p(z)=2z3+z2+z! + L.

Input vector: r =(1.5,20,1.5,1 x 108).

Exact output: v =(8.125,8421,8.125,1 x 10%%).

Algorithm 1
Step 1: Compute coefficient vectors for Po(z) = (z — zo)(z — z1) and Pi(z) = (z —
z2)(z — z3) :
Po=(1,-21.5.30); P =(1,-1.000000015 x 10%,1.5 x 108 ).
Step 2: Compute M;(z) = P(z) mod P(z), i=0,1.
mg = (4534.75, —-674); m; = (1.000000025 x 10'¢, —1.5000000375 x 10'6).
Step 3: Compute vector ¥, where v; = .‘/[L_;_J(J.') mod (z — z;), 1=0,1,2,3:

Output: 7=[8.125,8421,6,1 x 10%]T.

Algorithm 2

Output:

( 8.125 + 1.99483 x 10“16i\

8421 + 1.52282 x 10~'%

<y
I

8.125 + 1.99483 x 10~16;

\ 1x 10%* + 2.00008 x 108; )
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Our numerical experiments have showed similar behavior of algorithms 1 and 2 where
p(z) = (z'® — 1)/(z - 1) and the input points are 1.5, 100, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12,
13, 14, and 15, that is, where the input polynomial has a higher degree, and the magnitudes

of the input points vary on a much smaller scale.

Furthermore, the behavior remained similar where the polynomial coefficients have been

selected more randomly.

Example 2:
Polynomial:
p(z) = 2.1z + 2+ 1023+ 11212+ 122" + 15210 + 1.422 + 528 + 627 + 726 + 825 +6.32%

+1.223 + 322 + 3.3z + 2.

Vector of input points:

¥ =[15,100,2.3,50,5,30,7,20,9, 10,70, 77,55, 42, 15]T

Results of experiments:
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Input points

Control Computation

Algorithm 1

Algorithm 2

6962.47
2.11101 x 10%°
255709
5.97974 x 107
6.48221 x 10%
8.58207 x 1010
3.07765 x 10%2
1.17973 x 1013
7.13181 x 10%°
4.84203 x 1014
2.31235 x 101°
1.00475 x 1028
4.19381 x 10%8
2.70455 x 10%
4.75383 x 10%

9.69772 x 10%7

4.39805 x 10!?
2.11101 x 10%°
1.28849 x 10'°
2.57698 x 10'°
6.48221 x 10%°
8.58993 x 10'°
3.07765 x 10%?
1.17973 x 1013
7.13181 x 10'°
4.84232 x 10
2.31282 x 1015
1.00475 x 1028
4.19381 x 10%8
2.70455 x 10%¢
4.75383 x 1024

9.69777 x 10'7

6962.47 — 8.45502 x 10~12¢
2.11101 x 10% — 7.9277 x 10%5;
255709 — 3.54152 x 10~19
5.97974 x 107 — 1.08648 x 10~7:
6.48221 x 10%° — 2.39968 x 10'!:
8.58207 x 10'0 - 2.17322 x 10%i
3.07765 x 102 — 1.11633 x 10%;
1.17973 x 103 — 3.43946 x 10~2:
7.13181 x 10'9 — 2.51662 x 10%;
1.84203 x 10** — 1.5167 x 10%;
2.31235 x 10*3 — 7.41649 x 10'{
1.00475 x 1028 — 3.75053 x 10'3:
4.19381 x 108 ~ 1.56835 x 10'4:
2.70455 x 1026 — 1.00389 x 10'2;
4.75383 x 10%* — 1.74988 x 10'9;

9.69772 x 10'7 — 3.3218 x 103;

These experiments show that the output values of p(z) at points 1.3, 2, 3 computed

by algorithm 1 are completely contaminated by the errors, whereas algorithm 2 closely

approximates the values p(z) at all the 16 points z, as comparison with the results of

control computation shows.
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Example 3: From the proof of proposition 3.3.1 and from remark 3.3.2, we can see

that the value L must be increased ( in order to ensure the desired output accuracy )

as min;=g,1,...n—1 Z: decreases. On the other hand, increasing L makes algorithm 2 less effi-

cient. In the following example, for a simple polynomial, where n = 4, algorithm 2 cannot

obtain the results within desired relative error bound until L is far greater than n.

Polynomial: P(z)=z3+z2+z+ 1.
Input Control Algorithm 1 Algorithm 2 Algorithm 2
points | computation (L=4) (L = 40)
1.1 4.641 4.641 (1.47113 —2.29133 x 10~17%) | (4.53846 — 7.06877e — 017:
1.2 5.368 5.368 (3.2.77927 — 8.21258 x 10~'7{) | (5.36435 — 1.58514e — 016¢
1.3 6.187 6.187 (4.02076 — 1.69062 x 10~16:) | (6.18683 — 2.6014e — 016:)
1.4 7.104 7.104 (5.25477 — 2.79601 x 10~'67) | (7.10399 — 3.77997¢ — 016

In this particular case, however, the problem can be remedied by shifting the variable and

transforming the coefficients of the original polynomial and the input points zg,---,Z,~1,

respectively. The new resulting coefficients and new input points can be easily evaluated.

We have obtained the output with the desired precision by choosing L = 4 after shifting

P(z) to Q(z) = P(z - 50).

Polynomial:

Q(z) = P(z - 30) = z® — 14922 + 7401z — 122549.
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Input points

Control computation

Algorithm 1

Algorithm 2 (L = 4)

4.641

5.368

6.187

7.104

4.641

5.368

6.187

7.104

(4.641 — 5.03155¢ — 0077)
(5.368 — 5.06079¢ — 0071)
(6.187 — 5.09014e — 007:)

(7.104 — 5.11961e — 0072)

62

In the general case, numerical stability problems may arise due to the variable shift when

we operate with a polynomial of a higher degree. Proper adaptation of shifting techniques

to various input data could be an interesting topic for further study.
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