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Abstract
STUDIES IN ALG ORITHM S F O R  STRUCTURED 

MATRICES COMPUTATIONS AND T H E IR  APPLICATIONS 

by 

Ai Long Zheng

A dvisor: Professor V ictor  Y . Pan

Dense structured m atrices are special m atrices th a t arise in numerous applications such 

as control, signal and image processing, coding, partial differential and integral equations, 

and a  variety of algebraic com putations. Scaling and displacement operators associated to 

structured  matrices help us exploit the underlying structu re  of a m atrix when we devise 

fast and numerical reliable algorithms for various com putational problems. The underlying 

characteristic properties of the structured m atrices, which distinguish them from unstruc­

tured m atrices, in particular from general m atrices, is the dram atic decrease of the rank 

of the associated matrices obtained as the images of scaling and displacement operators 

applied to the given matrices.

Such image matrices are called scaling and  displacement generators. They relate the 

three parts of this dissertation to each other.

In part I, for a  Toeplitz or Toeplitz-like m atrix  T , we define a preconditioning applied to 

the m atrix  T ^ T .  This enables us to accelerate the  conjugate gradient algorithm for solving 

Toeplitz and Toeplitz-like linear systems, thus extending the previous results of [PS].

In part II, we specify some initial assum ptions th a t guarantee rapid refinement of a 

rough initial approxim ation to  the inverse of a  Cauchy-like matrix, by means of our new 

modifications of Newton’s iteration.

Finally, in part III, we extend the algorithm  of [PSLT] by using the properties of var­
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ious classes of structured  m atrices and the known correlations am ong them , to solve the 

problem s of m ultipoint polynom ial evaluation and interpolation. Unlike [R8 8 ] and [P95], 

th is approach allows complex inpu t points i 0,- • • ,x n- i ,  the nodes o f evaluation and in ter­

polation.
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1 A  Fast, Preconditioned Conjugate Gradient Toeplitz and 

Toeplitz-like Solvers
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1.1 Introduction

We present a  new approach to  preconditioning of an unsym m etric Toeplitz matrix T,  which 

substantially  improves the solution of unsym m etric Toeplitz linear systems of n equations, 

by means of the conjugate gradient m ethod. The approach also works for the more general 

class of Toplitz-Iike linear system s too.

In contrast to the direct Toeplitz solvers using order of the  n 2 or n log2 n arithm etic 

operations [T], [CB], [CK], [AG], [BA], [BGY], [D], the conjugate gradient method requires 

O(Arnlogn) operations, where k  =  k (T)  is the  condition num ber of T .  Therefore, the method 

is particularly  effective for well-conditioned Toeplitz linear system s, which motivates the 

search for good preconditioners that would decrease the condition num ber and preserve the 

Toeplitz structure.

In [PS] such effective preconditioning was proposed for Herm itian ( or real symmetric ) 

positive definite ( hereafter h.p.d. ) Toeplitz system s, based on factorization of T  into the 

product

T  = ( T  + y f ) ( f - y ( T  + y I ) - 1)

for a scalar y .  The key idea o f [PS] is th a t an appropriate  choice of the scalar y  defined 

by two extrem e eigenvalues of T  implies a  substan tial decrease o f the condition num ber of 

both  factors relatively to k  and thus substan tially  accelerates the  solution of an associated 

Toeplitz linear system. This algorithm , however (as well as o ther competitive iterative 

preconditioned Toeplitz solvers [CH89], [C91], [C89], [S]), works neither for the unsymmetric 

nor for Toeplitz-like case, which are also highly im portan t in com putational practice.

The present paper gives a desired extention of the  algorithm  of [PS] to these cases. The 

extention relies on the properties of the circulant and skew-circulant displacement opera­

tors associated with Toeplitz and Toeplitz-like m atrices and, in particular, on the recent
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explicit formulae expressing the  displacem ent generators of the inverses o f such of such 

matrices via few vectors associated w ith the inverses [GO]. More specifically, VVe replace 

T  by its sym m etrization T f{T  and respectively change the  factorization. T HT  + p i  and 

/ -  p ( T HT  + f i i y 1 are still Toeplitz-like m atrices, which we represent by using their short 

displacement generators and  the explicit formulae from [GO]. This still enables fast m ulti­

plication of the m atrix  /  — p { T HT  + p i )  1 by a vector and leads to the desired extension 

of the algorithm of [PS], defining fast Toeplitz-like solvers, in the case of an  ill-conditioned 

input.

In our presentation, we try  to follow the line of [PS]. In the next section, we recall some 

relevant results on the displacem ent representation of Toeplitz-like m atrices. In section 3 

we show a general outline of the  m ethod. In section 4 we specify various policies of choosing 

the param eter p and their influence on the number of arithm etic operations required for 

the solution of Toeplitz and  Toeplitz-like linear systems. In section 5 we specify the more 

effective solver in the Toeplitz case.

1.2 Some P rop erties o f T oep litz-lik e  M atrices

D e fin itio n  1 .2 . 1  (com pare [BP], deifnition 2.11.1) Let V  : F mxn >— F mXTl be an operator, 

let A G F mX,t, and let G  G F mX/, H  G F nx* denote two m atrices such that V (A) = G H T . 

Then I = rare&(V(.-4)), the rank o f  the m atrix  V(A), is called the V-rank o f  A , and the pair 

o f the matrices G and H is called an V -generator o f A o f  length I.

Given a scalar <z> ^  0, an  m  x  m  m atrix  X  and an re x  n m atrix Y , define the operator 

V (^-y)(/l) =  A — X A Y  and  specify a  displacement opera to r of Toeplitz-type as follows.

V (A ) =  ZT) ( A)  =  A -  Z j , A Z ]_, (1-2.1)
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D e f in i t io n  1 .2 .2  An m x  n m atrix is called a Toeplitz-like matrix i f  it has V -rank bounded 

from  above by a constant independent o f  m and n, where V  is the operator defined in (1.2.1).

H ereafter, let o = L, Z  =  Z \.  We have the  following basic lemmas.

L e m m a  1 .2 . 1  [BP] Let A  6  F nxn, B  6  F mXrn be two Toeplitz-like matrices given tvith their 

V -generators o f  lengths I a and lg , respectively. Then A B  is a Toeplitz-like matrix having 

an V -generator o f length l \B  <  Ia +  ^B-

P ro o f :  follows from the observation th a t V ( A B )  = V ( A ) B  +  Z A Z T V ( B) .

L e m m a  1 . 2 . 2  (compare [KKM], [BP], [GO]) Let A be a nonsingular Toeplitz-like m atrix  

with an V -generator V (A ) =  G \ H j , o f  length Ia - Then .4_ 1  is a Toeplitz-like matrix with 

an V -generator equal to G H T , where G  =  —A ~ l G\ ,  = H j Z A ~ l Z T .

P ro o f :  Imm ediate. From these results, we have the following corollary.

C o r o l la r y  1 .2 .1  Let T  be an n x  n Toeplitz-like m atrix with an  V -generator o f length l j -  

Then B  =  T HT  +  y l ,  C  = I  — y B ~ l are Toeplitz-like matrices with lg  <  21 and Iq < 21, 

provided that -p. is not an eigenvalue o f T ^ T .

D e fin it io n  1 .2 .3 [B P ] ./ ln m x n  m atrix Ci rc^ ( r )  =  C ir c ^  m,n)(r) =  [Z,,j], fo r  a vector r =  

[r0, • • •, r m_ i]T and fo r  a scalar 0 ^ 0 , is called an 0 -circulant matrix i f  Z{j =  r ^ _ ^ mod m 

fo r  i > j ;  Z ij = 0 r{i_])mod m fo r  i < j .

Hereafter, I will stand for It -
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1.3 A  C on d ition -Im p rov in g  M atrix  Factorization

L em m a 1 .3 .1  [PS] Let A  be an n x  n nonsingular matrix, B  = A  + f i f ,  C  = I  — .

Then A  = B C  — C B . I f  -\i is not an eigenvalue o f  A, then both B  and C  have inverses,

and A ~ l = C ~ l B ~ l = B - l C ~ l .

Let the eigenvalues of /I, B , and C  be given by

a *  <  £*„_! < ••• <  Qi =  A(A),

3 n  <  3 n - l  <  • • •  < / 3 l  =  A (£),

I n  <  7 n - l  <  • • • <  7 1  = A(C).

By the definition of B  and C,  we have

3j = a j + f i ,  j j  =  1 -

L em m a 1 .3 .2  [PS] Let A, B,  and C  be as above and let fi > 0. Then the condition numbers 

o f B and C  are given by

k ( B ) = - (1.3.1)
a  n +  f*

and

so that fo r  all fi > 0 , we have

=  (1.3.2)
<*n +  H

k ( A )  = k ( B) k ( C) .  (1.3.3)

L e m m a  1 .3 .3  [PS] Let fi =  y /a faZ - Then k:(B) =  k( C)  =  \ / k ( A) .

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



6

1 .4  A  F ast T o e p litz - l ik e  S o lv e r

Consider the linear system

T x  = b, (1-4-1)

w her T  is an n x  n nonsingular Toeplitz-like m atrix , given with its V-generator o fleng th  I. 

Apply the m atrix factorization of the previous section to the linear system ,

T HT x  = T Hb. (1.4.2)

Let A  =  T mT,  then A is an n x  n h .p .d . Toeplitz m atrix, /.4 <  21. Define B  = A  + p T

C  =  /  — p B ~ l . Suppose th a t -p is not an eigenvalue of A. Then, by the results o f the

previous section, B  and C  are nonsingular Toeplitz-like matrices with / s  <  21 and lc  < 21. 

By the results of [GO], B ~ l is completely defined by its last row and its V-generator:

1 21
B  1 =  C irc lr  -f ^  C irc 0 ( rm)C irc 1( s ^ ) ,  (1.4.3)

4* m = l

where 0  is arbitrary, O j ^ l ,  C irc lr is the  l-circulant m atrix with the last row equal to y T . 

Furthermore, rm, s m and yT satisfy following equations:

B r m = g m , (1-4-4)

B t m — —Z ^ h m , (1.4.5)

sm =  - Z 1r i m, m  = 1,2, ,2 /, (1.4.6)

B y  =  en_ i, en_ i =  (0 , 0 ,• • •, 1 )T, (1-4.7)

where G  =  [<71, • • ■ ,g2/], H  =  [h i, • • • , h 2i\ of A. Therefore, we have the following algorithm :

Algorithm 1.1

Input: An n X n nonsingular Toeplitz-like m atrix T , a vector b, and a shift value p.. 

Output: T ~ l b.
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S ta g e  1 : solve the equations (1.4-4), (1-4-5), (1.4-6) and (1-4-V- 

S ta g e  2 : solve B z  =  T frb.

S ta g e  3: solve C x  =  z; return x.

We use conjugate gradient (CG) m ethod [GL] to  obtain the solution at stages 1 and 

3 in ub  and n c  iteration  steps, respectively. Stage 2 am ounts to  21 -f 1 multiplications 

of /-c ircu lan t m atrices by vectors for /  =  1 and /  =  o  [see th e  representation (1.4.3)]. 

Therefore, by the well known results ( see e.g. [GO] ), the arithm etic  cost of performing 

stage 1 , i.e. the arithm etic  cost of performing ng steps of the CG iteraton  on B , equals

3 )n e  +  (4/ +  3)nc]o(rc) is minimized, where ng and n c  are the num bers of steps of the CG 

iteration at stages 1 and 3, respectively. Let

cost (B)  =  (4/ +  1)(4/ +  3 )p (n )n g ,

and similarly a t stage 3, we have

cost(C)  =  (4/ +  3)o(n)rec,

for n c  iteration of CG, where o{n)  is the  cost of an n-point FFT .

1 .4 .1  T h e  o p t im a l  sh if t

We will next follow [PS] by chosing the  optim al fi such that the  to ta l work [(4/ +  1)(4/ +

(1.4.8)

(13)

where F  is a constant. Then by (1.3.3),

ne nc  = F 2 \ Jk (A)  =  M  = constant 

Define

f ( nB)  =  L n B +  nc  =  L n e  H ,
rcs
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where L  =  4/ +  1 . T hen / ( n g )  is minimized a t

tib = \ n c  = L n B ■ (1.4.9)

In view of (1.4.8)-( 1.4.10), we choose fi satisfying

k(C)  = L 2k ( B ) .  (1.4.11)

Use (1.3.1), (1.3.2) and let fi =  m y /a \a n. We have the  following equation: 

m 2(L 2 -  A:(A)) +  m[2(L2 -  l ) y / k (A) ]  +  ( L 2k ( A)  -  1) =  0,

so

- ( L 2 -  l ) J k { A ) ± L { k ( A )  -  1) 
m± “  L2 -  k (A)

where k (A)  =  L =  4/ +  1. Since L > 5 , k ( A )  > 1, we have m _ > 0 only for k ( A )  > L2.

L em m a 1 .4 .1  [PS]. Let fi = where m  =  m_ (see above). Then

k (B )  =  L ~ l ^ / k (A) ,  (1.4.12)

k(C)  = LyJk{A) .  (1.4.13)

.Vow assume (1.4.10) and choose fi =  m ^ y / a i a n . Then the to ta l cost is

(4/ +  3)[(4/ +  l ) n s  +  nc]o{n)

=  (4/ +  3 ){Lub  4- nc )o{n)

=  2(4/ +  3)Fy/k(C)<p(n)

= 2(4/ +  3)\/4  / +  l k * F o ( n ) .  (1.4.14)

For compaxison, let n c c  be the num ber of iterations required by CG for A. We have

C ost(C G ) = (4/ +  3 )n c c o (n )  = (4/ 4- 3)k?(A)F<h(n). (1.4.15)
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C om paring w ith (1.4.14) we can see an im provem ent for A:(A) >  16(4/ l ) 2.

1 .4 .2  R e c u r s iv e  P reco n d itio n in g

We may use the  factorization A =  T HT  = B C  recursively. In particu lar, we may solve 

equation (1.4.4), (1.4.5) and (1.4.7) a t stage 1 of algorithm  1.1 by choosing one optim al 

shift Hi, and we may choose another optim al shift fj-2 to  solve the system  C x  = z  for z  at 

stage 3 of algorithm  1.1. Since we have lg < 21, l c  <  2/ ( where lw  denotes the length 

of an V -generator of W , for W  =  B , W  =  C ), i t  follows from (1.4.14), that the total 

com putational cost of performing stages 1 and 3 is bounded by

2(8/ +  1)(8/ -I- 3)y/8l + l k * ( B ) F o ( n )  (1.4.16)

and

2(8/ -I- 3)V 8 l + 1 k T ( C ) F 0 {n),  (1.4.17)

respectively. Now we choose /x so as to  minimize the  sum  of (1.4.16) and (1.4.17). Since 

k ( A)  =  k ( B ) k ( C ) ,  we have the solution k ( B )  = ^ + 1) * 1 =

=  a nfe»(A)[A:?(A)(8 / +  l ) 2 -  1]

11 k l*{A)  - ( 8 / +  l ) 2

We have /z > 0 for fc(A) > (81 +  l )4, and the to ta l com putational cost of recursive precon­

ditioning is

4(8/ -I- 1)(8/ +  3 ) F o ( n ) k i ( A )  (1.4.18).

This is less than  the cost (1.4.14) of non-recursive preconditioning for

, / <w  28 (8/ +  l) s (8 /  +  3 )8 

(4/ +  l ) 4 (4/ +  3 )8

and is also less than  the cost of application of the unpreconditioned (C G ) m ethod to A x  — b 

( see (1.4.15)) when k(A)  >
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For / =  2, 3, we com pute the estimates (1.4.14), (1.4.15) and (1.4.18) and show the 

results in the following. For 1 = 2,

C G  method  =  1 lAr?( A ) F 0 (n).

non — recursive  =  6 6 k* ( A) Fd( n ) ,  

recursive  =  1292k* (A)F6(n) .

For I =  3,

C G  method = lok* (A)Fo{n) ,  

non — recursive  =  30\ZI3Am ( A) Fo( n ) ,  

recursive = '2700k* (A)Fo(n) .

1.5 P recon d ition ed  C G  m eth od  for a  T oep litz  M atr ix

In this section, we use the same notation as in the previous section, except th a t T  now 

denotes a nonsingular Toeplitz m atrix  ( 1=2 ). Since B  =  T HT  +  f i l ,  multiplying the 

m atrix B  by a vector cost 8 o(n)  +  0( n ) .  Thus in algorithm  1 we have cost (B)  = 72d(n)  

at stage 1. By [GO], cost(C) = l lo ( n )  at stage 3, for each iteration . Therefore, the overall 

work is equal to

(72ns +  11 nc )o{n)  = l l ( ? n s  +  « c )o (n ) , q =  72/11,

where ng  and n c  denote the num ber of the CG iterations a t stages 1 and 3, respectively.

Assume the optim al value of y. = m _ y /a ia n, where

-(<72 -  1 ) s / k ( A) ±q( k ( A)  -  1) 
m ± ~  q* -  k (A)

Then, similarly to (1.4.13), we derive the following cost bound for the entire com putation:

22nc<i>(n) = l2y/22k*(A)F6(n) .  (1.5.1)
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We m ay com pare the bound of (1.5.1) to  the cost o f the solution via the CG method ( 

w ithou t preconditioning), which is estim ated  sim ilarly to  (1.4.15) and is bounded by

8 k * ( A ) F d ( n ) .  (1.5.2)

The com parison shows th a t our preconditioning improves the CG m ethod for

k ( A )  > 2450.25

Now, we use the factorization A =  B C  recursively. We choose y i so as to minimize the cost 

of perform ing stage 1 of Algorithm 1, which gives us the  bound

108\/22& «(5)Fd(7i), (1.5.3)

At stage 3, choose [12 so as to decrease the cost to

4620k* {C) Fo( n ) .  (1.5.4)

[compare (1.4.18)]. Now we choose y  so as to m inimize the sum of (1.5.3) and (1.5.4). Then 

we ob tain  th a t

k(B)  =  (1155)8(54)-8 (2 2 )^ i &?(.4), 

k(C) = (5 4 )^ (1 1 5 5 )^ (2 2  )H ? (A ) , 

and the overall cost is bounded by

E k v i { A ) F o { n ). (1.5.5)

where

E  =  400,993.268...

[compare (1.4.18)]. Therefore, the recursive method is superior to the  nonrecursive method

only if &(A) is large enough k(A)  > ( 12y ^ ) • We also compare (1.5.5) and (1.5.2) and

conclude tah t the recursive method improves the unpreconditioned CG method only for

r r  —extrem ely large &(A), k(A)  >  ( j )  5 •
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2 Newton’s Iteration for Inversion of Cauchy-like and Other 

Structured Matrices
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2.1 In trod u ction

C om putations with structured m atrices ( such as T oeplitz, Cauchy, and Vandermonde ma­

trices ) can be facilitated ( so th a t the  com putational tim e and memory space decrease 

dram atically  ) by means of representing these m atrices w ith their ’’short” generators asso­

ciated w ith some operators of displacement ( shift ) a n d /o r  scaling [KVM], [KKM], [CKL-A], 

[GKK], [G K K 1], [HR], [P90], [GO], [BP], [H], [GKO], [G 01], [KO], [KS].

Such a  generator is a  pair (G ,H ) of m atrices associated  with a given structured n x n 

m atrix  A, satisfying the following m atrix  equations,

± {r ,S}{A) = A -  R A S  = G H t  (2.1.1)

or

V {/?,s}(^) =  R A  -  A S  = G H t , (2.1.2)

for a fixed natural a ,  called the length of the generator, for two fixed matrices R  and 5 , 

representing scaling and /or displacem ent, and for some n X a  matrices G  and H . Here and 

hereafter. W T denotes the transpose o f a vector or a  m atrix  W . and we note th a t the rank 

of the m atrix  G H T does not exceed the length a  o f the  generator C , H . We also note that 

the operators A{fl_5 j(A) and V {/j5 }(.4 .) are closely related to each other if the matrices R 

a n d /o r  S  are nonsingular. In this paper, we will only  deal w ith V ^ s j-g e n e ra to rs  of A, of 

the form (2.1.2), except for one case in section 2.6, and will specify R and 5  according to 

the equations (2.1.3) -(2 .1 .5 )  below. Scaling is represented by diagonal matrices

Dx = diag( x u x 2 , - "  , z n ), (2 .1.3 )
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for fixed x i , i 2 , - - - , x n, whereas such matrices as

/  0  0  0  /  \

Z /  =

1 0  ••• 0  0

0 0 • • •  0 0

V o o

(2.1.4)

or

a Z f  +  +  c Z ^ 1 , (2.1.5)

for some fixed scalars a, 6 , c, / ,  and ib ^  0 , represent displacem ent.

The key-idea is th a t the original m atrix  A  can be easily recovered from its generators 

(2 . 1 . 1 ) or (2 .1 .2 ); moreover, the basic operations ( such as m ultiplication, addition, sub­

traction, and inversion ) with n x  n structured m atrices of certain  classes can be reduced to 

operations with their generators th a t are represented by 0 ( a n ) param eters. This leads to 

a dram atic saving of the com putational tim e and m emory space, if a  is much less than n.

For Toeplitz, Cauchy ( generalized Hilbert ), and  Vandermonde m atrices, the length a  of 

the associated generators (2 .1 .1 ) and (2 . 1.2 ), for some appropriate  choices of the  matrices R  

and 5  among the m atrices of the classes (2.1.3) and (2.1.4), is as small as 1 or 2. The three 

classes of matrices are naturally  extended to Toeplitz-like, Cauchy-like, and Vandermonde- 

like matrices, for which a  is bounded by a fixed ( and not too large ) constant. ( These classes 

include or are closely related to some o ther well-known classes of struc tu red  matrices, such 

as circulant, Sylvester, subresultant, Hankel, Hankel-like, Lowener, Bezout, and Chebyshev- 

Vandermonde m atrices [HR], [BP], [H], [GOl], [KO]. ) It was observed in [P90] th a t some 

correlations among the operators associated with th e  m atrices of the  three cited classes can 

be exploited in order to reduce the com putations for m atrices of any of the three classes to 

com putations with m atrices of the class for which m ost effective algorithm s are available.
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In their original form, the reductions proposed in [P90] were not convenient for practical 

im plem entation because they involved operations with Vanderm onde m atrices, and such 

m atrices are generally known to be ill-conditioned [GI].

On the other hand, in the  im portan t case of the transition from Toeplitz-like and 

Vandermonde-like matrices to  Cauchy-like m atrices, the reduction is dram atically simpli­

fied and becomes practically effective because, in this case, the V anderm onde matrices turn  

into the matrices of the discrete Fourier transform s, [H] and [GKO], and the reduction to 

Cauchy-like computations is performed via F F T , th a t is, in a  fast and  numerically stable 

way ( cf. [BP] ). Thus, effective algorithm s for com putations w ith Cauchy-like matrices 

should play most fundam ental role.

In the present paper, we consider the solution of a  nonsingular Cauchy-like linear system ,

C x  — v , and the inversion o f a nonsingular Cauchy-like m atrix C . These operations can

be im m ediately extended to  the Vandermonde-like and Toeplitz-like cases, as well as to the

Chebyshev-Vandermonde cases ( see our section 2.5 or [GKO], [G O l], [H] and [KO] ).
%

It is well-known that New ton’s iteration  rapidly improves a rough initial approxim ation 

to  the  m atrix  inverse ( cf. e.g. [BP] ), bu t such an iteration also rapidly destroys the 

struc tu re  of Cauchy-like, Toeplitz-like, and Vandermonde-like m atrices. In [P92], [P93], 

and [P93a], Newton’s iteration has been modified so as to preserve the  initial displacement 

struc tu re  of a Toeplitz-like input m atrix  during the iteration. The idea was to control the 

grow th of the length of short displacement generators by periodically chopping-off their 

com ponents corresponding to  the smallest singular values in the SVDs of the displacement 

m atrices defined by such generators. This m ade all the iteration steps of the resulting 

algorithm s computationally simple; moreover, such a  simplification was achieved with no 

significant slowdown of the convergence, except for the initial stages, where the increase of
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th e  approxim ation errors due to  the la tte r  chopping posed add itional serious requirements 

on the quality of the initial approxim ation.

In the present p a rt, we consider a  sim ilar problem of controlling the  length of the 

associated generators in a m odification of N ew ton’s ite ra tio n , where the inverse of a  fixed 

Cauchy-like input m atrix  C  is sought. O ur solution of the problem  is substantially  simplified 

in this case ( in particular, we do not need to  involve th e  SVD ), due to  the formula 

for the inverse m atrix  C _l available from [H]. In particu lar, we do not need to compute 

the  SVDs of the auxiliary m atrices and to  chop-off the sm allest singular values. Besides 

the resulting com putational saving a t each N ew ton’s stage , th is enables us to relax the 

respective constraints on the choice of the  initial approxim ation. The cited advantages 

should motivate the reduction o f the Toeplitz-like case to th e  Cauchy-like case ( by means 

of FFTs ) and applying the techniques o f the  present p ap er, instead of the  inversion of 

Toeplitz-like matrices by applying the techniques of [P92], [P93], and [P93a].

In spite of some facilitation o f the choice of the initial approxim ation  th a t we achieved in 

the Cauchy-like case ( versus the Toplitz-like case ), such a choice remains an open problem 

for the general Cauchy-like inpu t, and we discuss this problem  in our last section 2.7.

Otherwise, we present our results in the following order. In the  next section, we describe 

our modification of a  N ew ton’s iteration for the  refinement o f an initial approxim ation to 

the inverse of a  Cauchy-like m atrix . In short section 2.3, we estim ate the com putational 

cost of each iteration step, performed by opera ting  with sh o rt displacem ent generators of 

m atrices, rather than w ith the m atrices them selves. In section 2.4, we quantita tively  specify 

the assumptions about the erro r norm of the  initial approxim ation to the  inverse that 

guarantee rapid convergence of our modification of New ton’s ite ration , and we also specify 

the num ber of iteration steps sufficient for convergence to an  approxim ation w ithin a  fixed
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outpu t erro r bound. In section 2.5, we recall the reduction o f the inversion of Toeplitz-like, 

Vandermoode-like, and Chebyshev-Vandermonde-like m atrices to the inversion of Cauchy- 

like m atrices, which enables us to ex tend  our results for a  Cauchy-like input to ones for 

Toeplitz-like, Vandermonde-like, and Chebyshev-Vandermonde-like inputs. In section 2.6, 

we recall an  alternative approach to approxim ating C - 1 , based on reduction of the problem 

to Toeplitz-like com putations, and point out some m ajor deficiences of th is approach.

2 .2  M o d if ie d  N e w t o n ’s I te r a t io n  for  t h e  I n v e r s io n  o f  C a u c h y -lik e  M a tr i­

c e s

Let C  be an  n x n nonsingular Cauchy-like m atrix with the associated scaling operator

C  =
T

yj

V { D„D,}(C ) =  ° t C  ~  C D * = Z Y T  ’

Z r  =  [ * ! ,• • • ,£ „  ], Y t  =  [ y i , - - - , y n ] ,

(2 .2 .1 )

(2 .2 .2 )
t{ S j

where 2 ,, yj € C oXl, D t =  diag{ t y , - - - , t n ), Ds = diag{ s i , - - - , s n ), ^  sj, for all

i, j  =  1,2, • • • ,«  (cf. [H] and [GKO]). Then, we have the following fundam ental result, 

showing th a t the inverse m atrix  C ~ l is also a Cauchy-like m atrix and relating its scaling 

generator to one of C.

T h e o re m  2 . 2 . 1  [H] For a Cauchy-like matrix C  satisfying (2.2.1) and (2.2.2), we have

C ~ l = -
Twj 

S{  t j

U = [ Uf , - - - , ^ ] r  =  C - l Z , W T = [ w y , - - - ,w n ] =  Kr C ~ l ,

(2.2.3)

(2.2.4)

where Z T = [ z u  ■ ■ ■ , z n ] and Y T = [ y u  ■ ■ ■ ,y n ].

Note the reversion of the  order of scaling operators: the opereator which we

associate to  the  m atrix C  corresponds to  the operator which we associate to  the
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inverse C ~ l . Assume th a t an initial approxim ation X o  to  C ~ l is available with its 

generator of a  length a t most a .  Then, we recursively define m atrices X \ ,  A j, A 2 , • • - 

as follows:

X k+l = X k { 2 I - C X k ), k  = 0 ,1 , - - - ,

(uk+l)T w j+ l
X k+i = -

where the vectors uk+l, w k+l 6  CQXl are defined by

S {  t j

(2.2.5)

(2 .2 .6 )
i , j = I

Uk + 1 =

f (uk+l)Ty 1 zT ̂
N

.4*
ix;II z  =

U ^ + l)T y \Zn )
=  v Tx t + l , y t  = [ yu

(2.2.7)

y n  }  ■ ( 2 .2 .8 )

Equation (2.2.5) represents a step of N ew ton’s iteration for m atrix  inversion ( cf. e.g. [BP] 

), and equation (2 .2 .6 ) "corrects” the results o f (2.2.5), so as to tu rn  A£+l into a

Cauchy-like m atrix , associated with £>,}, that is , w ith the same scaling operator as 

C ~ l . Namely,

X {D „D t}( Xk+1) =  - U k+ i W k+l ,

th a t is, A,t+ i is a Cauchy-like matrix whose j j cy  genera to r has a length of at most a. 

Furtherm ore, we have

P ro p o s i t io n  2 .2 .1  For all k  =  0,1, - - -, the matrices X k+l = 2 X k - X kC X k are Cauchy-like 

matrices whose V £>t }-generators have lengths o f  at most  3a .

P ro o f :  By the definition of the V- operator, we have

V { D„Dt}(x kCXk) = Dsx kc x k - X kC X k D t , (2.2.9)

V {D„Dt} {Xk)CXk =  ( DsX k -  X kDt )CXk =  DsX kC X k -  X kDtC X k , (2.2.10)

X kV {Dt'Ds}( C)Xk = X k{DtC - C D a)Xk = X kD tC X k - X kC D , X k , (2 .2 . 1 1 )
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X k C V { D M { X k) =  X kC ( D sX k -  X k D t ) =  X kC D sX k -  X kC X kD t . (2.2.12)

By combining (2.2.10), (2 .2 . 1 1 ) and (2.2.12), we obtain tha t

V {Di(A}(Xt C X t ) =  V {D„Dt} (X k) C X k +  X kV [Dt'Ds}( C ) X k +  X kC V {D" Dt}( X k) .

Therefore,

V{D„Dt}(X 'k+ ,) =  V {Dt,Dt} ( '2 X k - X kC X k )

=  2 V{DJ,£>t}(ATfc) -  X { Dj'Dc} (X kC X k )

= 2 V {D.,Dt)( X k ) ~  Dt .Dt} (X k ) C X k -  X kV {Dt'D' }( C ) X k -  X kC V {D„Dt}( X k )

= V[D.,D '}{Xk)(21 -  C X k ) -  X kV {Dt'Ds}( C ) X k -  X kC V {D" Dt}( X k) .

We have

=  G kH Tk , V {Dt,Di}(C ) =  G H t  . 

where G k, Ffk , G, H  e  C nxo . Therefore, ^{D„Dt }{X^+ l) = G mk+l(H ^+ l)r  , where

G l + 1 =  [ Gk . - X kG. —X kC G k } e  C " x3° ,

tffc’+ i =  [ ( 2 /  -  C X k )T Hk, J f j H, H k ] e  C ”x3° . □

2 .3  C o m p u ta t io n a l  C o m p le x it y  o f  a n  I te r a t io n  S te p

Next, we will estim ate the arithm etic  cost of com puting the matrices X k+i, 6 'jt+i, and W k+i 

(the la tte r pair o f matrices being the ^ { d s,d ,}-generator for based on the equations

(2.2.5)-(2.2.8). Given Cauchy-like m atrices C  and X k , the com putation of the X p ty  

generator of length 3a  for X £+l [ according to  (2.2.5) ] uses O (a 2n \o g 2 n)  ops ( see e.g. 

[GO] or [BP], chap ter 2, sections 4, 11, and 12 ). (Here and hereafter, ” ops” stands for

’’arithm etic operations” . ) Therefore, (2.2.7) and (2.2.8) together enable us to com pute the

n x a  matrices Uk+i and Wk+x by using 0 ( a 2n log2 n) ops. An additional a ttrac tive  feature
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of th is com putation is the economization o f co m pu ter memory, th a t is, representation of all 

involved m atrices by means of their short genera to rs  requires only O (a n )  words o f memory. 

We also refer the reader to  [BP], pages 130, 261-262, on some a lternative methods for faster 

num erical approxim ation of the product o f a  C auchy m atrix  C  by a  vector, which m ay lead 

to a  fu rther decrease of the com putational cost o f  our iteration steps.

2 .4  E s t im a t in g  C o n v e r g e n c e  R a t e  o f  N e w t o n ’s  I te r a t io n

In the  following, we will estim ate how fast Xk  approaches C~x. We recall from (2.2.6)-

(2.2.8) and (2.2.4) that

St tj
Xk = -

Sf—tj

uk = x'kz  = ( x;-c~l )z + c~lz  =  ( x-k-c~l )z + u ,

w £  = y t x ;  =  y t { x; -c~ l ) +  w T .

T hen, we obtain  the following m atrix equation:

U k W j  =  {X'k -  C ~ l ) Z Y T(X'k -  C " 1) +  U W T +  U Y T { X mk -  C ~ l ) 4- (X £  -  C ~ l ) Z W T .

We deduce from this equation and (2.2.4) th a t

E k -  U k W j  -  U W T

=  ( X ;  -  C ~ l ) Z Y T(Xk - C ~ l ) + C ~ l Z Y T( X k  - C ~ l ) + ( X ^  -  C ~ l ) Z Y T C ~ l .

(2.4.1)

Hereafter, we will use the column-norm of m atrices, writing

l|W || =  HWIl! =  m a x K 7 | ,
i

where W  =  (u;,y) 6  C m*n ( see [GL], p. 57 ).
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P r o p o s itio n  2 .4 .1  Let e'k =  || X k — C  1 ||. Then

l l^ l l  =  II V k W l  -  U W T II < \ \Z Y T \\el(el  +  2 ||C '- l ||)

P ro o f: P roposition  2.4.1 im m ediately follows from (2.4.1) . □

P r o p o s i t io n  2 .4 .2  Let ek =  || X k — C ~ l ||, for a nonsingular matrix  C , and let be

defined by (2.2.5), fo r  k  =  0 ,1 ,2 , • - -. Then we have

Cfc+i <  l|C ||e2k . (2.4.2)

Proof: Due to  (2.2.5), we have

I ~ C X ' k+l = (  I - C X k  ) \  k  =  0 , 1, 2 , - - - .

It follows tha t

el+i = l l - ^ + i - C - l ||

=  \\c-l( i-cx;+l)\\

=  ||C _ l ( /  — C.V;t)2||

=  \ \ C - \ l - C X k) C C - \ l - C X k ) \ \  

= I\ (C ~ l -  X k )C (C ~ l -  Xk)\\

< \\C\\el . □

P ro p o sitio n  2 .4 .3  For any k  =  1,2,*-*, we have ek < hk e~k , e£+ 1  <  {hke~k)2\\C\\ ,

where

h k = p | |Z y r ||(eJ +  2 ||C _ l ||), p =  maj c-— . (2.4.3)
1,3 | Si  — t j  I
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P ro o f :  We recall (2.2.3), (2.2.4), (2 .2 .6),(2 .4 .1), and proposition 4.1 and obtain that

\ (a* y w * - u  w j |
=  m a x x

J ■ p i  tj |

=  p \ m \

<  / . | | z y r | | ( e ;  +  2 | | c - | |I W

=  h ke‘k ,

for hk of (2.4.3). Combining the la tte r bound on ek with (2.4.6) gives us proposition 

4.3. □

P r o p o s itio n  2 .4 .4  If

el <  1 (2.4.4)

and if

{e\)6\\C\\h\ < 1 , (2.4.5)

fo r  9 < 1 and for  h\ of proposition 4.3, then

*1+i < ( e £ ) 2- * < - - - < ( e n (2-* )fc , for * =  1 ,2 ,--- . (2.4.6)

P roof: By the virtue of propositon 4.3, we have

e 2 <  {e\)2\\C\\h\ .

Combine this bound with (2.4.5) and obtain  th a t

< ( e l )2- 3 . (2.4.7)

Combine the la tte r inequality and (2.4.4), and since 9 < 1 , 2 — 9 > 1, obtain the bounds

ei <  e\ < 1 , (2.4.8)
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which extend (2.4.4) . S ubstitu te  the first inequality of (2.4.8) into (2.4.3) and obtain that 

h i  <  h i .  Substitu te the la tte r  bound and the bound e \  <  e\  of (2.4.8) into (2.4.5) and 

obtain th a t  {e\)3\\C\\h\ <  1, which extends (2.4.5). Inductive application of this argument 

enables us to extend (2.4.4), (2.4.5), and (2.4.7) to  the bounds

e* < 1 , (e-k )B\\C\\h’k <  1 , e'k <  ( e U ) 2 " 5

for k  =  3 ,4 , • • •, and we arrive a t (2.4.6). □

VVe will next restate proposition 2.4.4, by replacing el by e o ||C ||, based on proposi­

tion 2.4.2 for k =  0.

P r o p o s itio n  2 .4 .5  I f  eo \ / |  \C\ \ <  1 and i f

eo \\C \\ l+eh 2 < 1 , (2.4.9)

fo r  9 < 1, fo r  h =  p ||Z Y r ||(eQ ||C || -f 2 ||C - l ||) , and for  p o f  (2.4.3), then

el+r < ( e l W C W f - ^  . for k = 0 A , - - - .

P roof: Proposition 2.4.2 for k  =  0 implies th a t

< \\C\\e2Q . (2.4.10)

Therefore, the bound ej < 1 of (2.4.4) holds i fe o \ /l |C || <  1, and  we also have th a t h\ < h for 

hi  of (2.4.3). Combining the la tte r  bound, (2.4.9), and (2.4.10) gives us (2.4.5). Therefore, 

the assum ptions of proposition 4.5 imply the  ones of proposition 4.4 and, consequently, 

imply (2.4.6). Substitu te  (2.4.10) into (2.4.6) and obtain proposition 4.5. □

VVe are not supposed to have the values eo and ||C - l || readily  available, when we are 

given the m atrices C  and X q, but we may use more readily available param eters. Indeed,

eo < r0 | |C - 1 || , where r 0 =  | | /  -  AT0 C || ,
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and

l[ c - i „ < M o j !  if r o < 1  

1 -  r0

( The latter implication im m ediately follows from  the  next inequalities:

||C’- l | | - | | X o | | < | | C - 1 - X o | | < | | C - l ||r0 . )

Com putation of X qC  am ounts to  n m ultip lications o f a  Cauchy-like m atrix  by vectors, 

which takes 0 ( ( a 2n log n)2) ops (cf. [GO] or [BP], section 4, 11 and 1 2  o f chapter 2 ). For any 

vector v ^  0, we may com pute a  lower bound  n(u) =  | | ( /  — X qC )v \\/\\v \\ in 0 ( a 2n log2 n) 

ops, where n(v) < | | /  — X qC\\. (For a  random  choice o f one or several vectors v, such lower 

bounds may give us a reasonably good approxim ation  to  | | /  — X0 C ||.)

Next, we are going to su b stitu te  the above estim ate  for eo into the  sta tem ent o f propo­

sition 4.5. VVe write

4  = , (2 .4 .U )
1 — Tq

h t+l = p \ \ Z Y t \\ [ ( (e0+ )2 | |C || +  HliM ] , k = o, 1 , . . .  . (2.4.12)
1 — Tq

so th a t eg > e0 and h£+l > h k+\ if /i£ + 1  < ( (cq-)2 |iC7|| )(2-5)* . and

h t+ l < p \ \ Z Y T \ \ ( l  + ? } ^ ) ,  for all k. if e0+ y i |c j |  <  1 . (2.4.13)
I — Tq

VVe now summarize our results, including the bound ek+\ <  hk+ ie £ + 1  ( from proposition

2.4.3 ), which enables us to estim ate ek+i as soon as we estim ate efc+i •

C o ro l la ry  2.4.1 Let

r0 =  | | / - C X o | |  <  1, e + / | j c i | < l ,  0 < 1 ,  (2.4.14)

( 4 ) 2B\\C\\l+e ( h f ) 2 < 1 , (2.4.15)

fo r  o f  (2.4.11) and h f  o /(2 .4 .12 ). Then we have

e-k + l < ( ( e Z ) 2\ \ C \ \ ) C - e'>k , k  = 0 , 1 , - ,
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Let us write

logg
l o g (  (eo+ ) 2 | | C | |  )

*' = r (log , A , t ) /  l°g ( 2  - e ) ] ,  (2.4.16)

where 0 <  1, and h£+l are defined by (2.4.11) and (2.4.12), so th a t (2.4.13) holds. 

T hen, under the assum ptions (2.4.14) and (2.4.15) of corollary 4.1, it suffices to  perform 

k  + 1 >  k m + 1 recursive steps of the iteration (2.2.5), (2.2.6) in order to ensure that

^ + i =  | | ^ + i - C - 1 || < e ,

ek+i =  II Xk+i — C ~ l || <  efik+i ■

[ Note th a t (2.4.14) implies, in particular, th e  bounds of (2.4.13). ]

2.5 E xten sion  to th e  Inversion o f  T oep litz -lik e , V anderm onde-like, and  

C hebyshev-V anderm onde-like M atrices

Let V  be an n x  n Vandermonde-like m atrix  such that

V { D < „ , Z T ) ( V )  =  O i / x V  -  v z j  =  G B r  .

where G  6  C nx/?, B  6  Gnxf3. Then, due to a  result from [GKO], C  =  VF"  is a  Cauchy-like 

m atrix  such th a t

tTV{DIIx,d -i}( V F ' )  = GH>
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where Z\  is defined by (2.L.4) for /  =  1,

/  0  1 0

Z, =

0  0  1

0  \  

0

0 0 0

0  /

H t  =  B t F~ , D l/X = diag(  ) ,

D \ = diag ( l ,e  2" ' (n l) ) , F = ~7=
y  Tl k,j= I

so th a t F  stands for the ( normalized ) m atrix  of Discrete Fourier T ransform  ( DFT ), and 

F m is the Hermitian transpose of the  m atrix  F, F~ =  F - 1 , | |F | |  =  | |F " | |  =  yfn.

Let .Vo, C, and 0 satisfy the assum ptions of corollary 2.4.1. Let e =  e~/ y/n  and let .V£. 

denote the m atrix  obtained in k" -(- I steps (2.2.5), (2.2.6) [ for k m defined by (2.4.16) ] at 

the arithm etic com putational cost O(k",32nlog2 n). Then we have

|| ( V F ~ ) ~ l -  .V£ .+1 \\<ey/Ti.

Similarly, consider a  Chebyshev-Vandermonde-like m atrix  R. which has generators G , B 

such that

V {2 Dx,z 1+Zt }(R ) = 2 Dr R  -  R{Z \ + Z l )  = G B t , G, B E  C 3xn.

By the virtue of a result from [KO], C  =  RF~  is a Cauchy-like m atrix  such th a t 

V{2Dz,d co,} ( R F ' )  = 2D *R F '  ~  RF'Dco., =  G B t F ’ ,

where F, Dx, and Z\  are tis above, and

DCoa =  diag ( 2 , 2 co.s(^), • • •, 2 cos( -̂n ) )
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By using the la tte r  equations, we may extend the inversion of C  to  the  inversion of R, 

sim ilarly to the case of a Vandermonde-like m atrix V .

Finally, we recall how to reduce the inversion of Toeplitz-like m atrices to the Cauchy-like 

case.

Proposition 2.5.1 [GKO]. Lei T  6 Cnx" be a Toeplitz-like matrix, such that

V {z lfz _ ,}( r )  =  Z i T  -  T Z - i  = g b t ,

where G  6  C nx<3 and B  £  C nx^. Then, C  = F T D q 1 F~ is a Cauchy-like matrix: 

V {DlJ>_x)( F T D i l r )  =  D i ( F T D q 1 F~) -  ( F T D q 1F " ) D - i = G H T.

Here, D _ i, F, F", and Z\ are defined above,

Di = diag( l , e ^ \  • - - ), D0 = diag(  l , e ^ , - - - . e '  ),

D-x = d i a g ( e ^ , e i? , - - - . e {2n~n)’r' ). G = F G  , and  f f T = B T Dq 1 F~ .

Suppose that Xo, C  =  F T D q 1 F ' ,  and 9 satisfy the assum ptions of corollary 4.1, let 

e =  e“/y /n ,  and let -V£.+l denote the m atrix  obtained in k m +  1 steps (2.2.5), (2.2.6), for k “ 

of (2.4.16) and such tha t

|| C ~ l - X ' k. || <  e /n .

Then, we have

|| ( F T D q 1F '  ) - l - X ; . +l  || <  e/ n.

VVe have ( F T  Dq 1 F~)~l =  F D qT ~ 1 F~ ,

F 'D ~ l ( ( F T D ^ F - r 1 -  X ; . +l } F  =  T ~ l — F ’ D q 1X ; . +1F  .
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Therefore, by writing X k m+i = F mDq 1X ^ . +1F ,  we obtain th a t

|| T ~ l -  Xk-+ i  II <  | |F ‘ || ||Z?0- l || | |F | |  e /n  = e , since ||Z?0- l || =  1, | |F | |  =  | | f " | |  =  ^ .

Thus, in k ‘ -|- 1 steps (2.2.5), (2.2.6) , a t the arithm etic com putational cost O {k ‘0 2n  log2 n), 

we will arrive a t  a desired m atrix  X ^ + i  =  F 'D q 1X £ .F  approxim ating T ~ l within the 

error norm bound e.

In fact, the  algorithm  of the  present paper for Cauchy-like inversion extends the algo­

rithm  of [P93] for Toeplitz-like inversion. Application of ou r present algorithm  to Toeplitz- 

like inversion based on proposition  2.5.1 has some advantages over the d irect solution, by 

means of the  algorithm  of [P93].. Namely, modification o f N ew tons ite ration  of (2.2.5)-

(2.2.8) in the  Toeplitz-like case requires an additional nonrational stage o f com puting the 

singular value decom positions o f the product G H T of the  generato r m atrices G  and H  

followed by the truncation  by zeroing the sm aller singular values (cf. [P93a]). Such a 

nonrational stage involves some additional com putations and  implies an increase of the 

approxim ation error norm  bound by factors of order 3n  a t each recursive step , where 3  

denotes the length of the displacem ent generator of the in pu t m atrix . To com pensate for 

such an error norm increase, one needs to perform some e x tra  N ew ton’s steps, and this 

may substantially  slow down or even ruin the convergence unless the  required bound on the 

initial approxim ation erro r is strengthened, respectively. O ur new Cauchy-like modification 

is free of such additional restrictions.

2.6 R ed u ction  from  C auchy-like to  T oep litz-lik e  Inversion

By following [P90], one m ay reduce inversion of any Cauchy-like m atrix  C  o f  (2.2.2) to the 

inversion of Vandermonde and Toeplitz-like m atrices. Let us recall such a  reduction (cf.
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[P90], [BP94], [GO]). We have th a t

C = V ( r l ) T V T {s) , (2.6.1)

where

V(q) =

/
(for q = (<7,)[L0l ) is a Vandermonde m atrix , T  is a  Toeplitz-like matrix, such th a t

± { z „ j u , ) { T )  — T -  Z v T Z* lv  = G H T = [gu --- ,g a+2][hi, • ■ • ,h Q+2]T ,

[cf. (2 . 1 . 1 )]:

gm = V ~ l ( - ) g m , h m = V~ ( s ) h m, m  = 1,2, • • • ,q :

[g\,---,9a] =  ^ i [ ^ i , - - - ,^n ] r :

[ h i , - - - , h a] = [y i , - - - , y n]T,

ga+i = - v  -  S3e0, hQ + l= $ - , V  l (s )C  l V  T( j ) e n- 1

r - l ,  i9q+2 = Z^V- \ - t )CV-T{s)en. u  ha+2 = - 7- 7  e0

n— 1 n  —I

P(A) =  J J (A  -  s t ) = A" +  7 =  (7.)r="o ,
t = 0

n —L

i=0

n — 1

U(A) =  I I ( A -  r )  =  A" +  E  ^  * =  (v^= o l
i= 0  * 1=0

(  0  0 

1 0

0  -7 o  \

0  —7 i

\  0  0  • • •  1 7 n —l /

is the  Frobenius (companion) m atrix  of the polynom ial P(A), with coefficients 7t, i —

0 , 1 , 1 .
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Due to  (2.6.1), we have

C~l =  V - T(s)T~lV - l( r l ) , (2.6.2)

which, in principle, reduces Cauchy-like inversion to Toeplitz-like inversion and Vander­

monde com putations, as promised. In the previous section, however, we commented on 

some advantages o f our present modification of Newton’s iteration in th e  Cauchy-like case 

over the known one in the Toeplitz-like case. Involvement o f operations w ith Vandermonde 

m atrices is an additional burden in the  la tte r  case; furtherm ore, num erical implementation 

of the Vandermonde inversion stage is hard since Vandermonde m atrices are known to be 

ill-conditioned (cf. [GI] and [GO], equation (3.5)), unlike the  Fourier transform  matrices F 

of section 2.5 (cf. [BP], proposition 3.4.1).

2.7  D iscussion

The proposed algorithm s for Cauchy-like inversion are not complete: they  should be com­

plemented by some recipes for obtaining initial approxim ations .Vo, which should be good 

enough in order to guarantee sufficiently fast convergence, as we estim ated  in section 2.4. 

In some cases, a good initial approxim ation is readily available, for instance, if the orig­

inal m atrix  arises from discretization of dynamically varying input param eters and if the 

objective is to m aintain the originally available solution. Presently, however, we have no 

recipes for rapid com putation of the initial approxim ations for the general case input, so 

th a t our present paper only supplies one half of a  solution, leaving the in itia l guess problem 

open. A possible direction towards filling this gap is by extending the homotopy approach 

of [P92], originally developed for the Toeplitz-like case. According to  th is approach, one 

first approxim ates the inverse of a  nearby Toeplitz-like m atrix  whose inversion is simple. 

Then, one recursively uses the com puted approxim ations as the  initial approxim ations X q
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to  the inverses of the  nearby m atrices in their homotopic transform ation to  the  original 

m atrix . In [P92], th is  approach was specified and m ade effective for any well-conditioned 

Toeplitz-like input m atrix .
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3 Fast Multipoint Polynomial Evaluation and Interpolation 

via Computations w ith Structured Matrices
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3.1 In trod u ction

Suppose th a t we are given n points, xo, x i , • • • , xn_ i ,  and the coefficients of a  polynomial 

p(x)  o f degree n — 1 . One m ay evaluate p(x0), p (x i) ,  ■■■, p (^ n - i)  in 2 (n 2 — n) arithm etic 

operations, by means o f H orner's algorithm , or in O (n \og2 n) arithm etic  operations, by 

means o f the more recent algorithm  of Moenck and Borodin ( cf. [MB], [AHU], or [BP] 

), which, however, leads to  numerical stability  problems ( due to  recursive application of 

polynomial division ). For xo, x l7 • • •, x„_ i lying in a fixed real line interval, the alternative 

algorithm s of [R8 8 ] and [P95] approxim ate the values p(xo), p (x i ) ,  • • •, p(xn_ i)  at the cost 

O (n log 2 n), w ith improved num erical stability. Confinement of the input points to a real 

line interval is essential in the  approaches of [R8 8 ] and [P95] since they rely on a  certain 

result on approxim ation of functions on such an interval.

In [PSLT], it was proposed to  use the properties of various classes of structured  m atri­

ces ( th a t is, of Toeplitz-like, Vandermonde-like, and Cauchy-like m atrices ) and the known 

correlations am ong these classes [ defined via some associated linear operators of scaling 

and displacem ent ( shift ) ] in order to solve the problem of m ultipoint polynomial ap­

proxim ation and also the converse problem of approxim ate polynomial interpolation. The 

idea of exploiting the correlation among the above m atrix  classes in order to improve some 

fundam ental m atrix  com putations was first proposed in [P90] and later on used in [GKO]; 

as an alternative approach to  m ultipoint polynomial evaluation and in terpolation, this idea 

was first applied in [PSLT]. Unlike [R8 8 ] and [P95], the approach o f [PSLT] allows complex 

input points xo, x i ,  • •• , xn_!.

O ur present paper refines and extends the la tte r  approach. Like [PSLT], we define the 

original evaluation and in terpolation problems by the vector equation v = V (x )  p, where p 

and v are the vectors of the coefficients of the polynomial and of its values a t the given points
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xq, Xi, • • • , x n- i ,  respectively, and V ( x ) is the  associated Vandermonde m atrix. Then, 

instead of rather complicated reductions of [PSLT] to  com putations with Toeplitz-like and 

Cauchy-like matrices, we multiply V (x )  by a discrete Fourier transform  m atrix  and arrive 

a t a Cauchy-like matrix, for which approx im ate  solutions to our original problems can be 

readily com puted, due to a simple but highly effective technique of summation reordering ( 

cf. [R85] or [BP], pp. 260-261 ).

VVe specify the num ber of arithm etic  operations sufficient in order to guarantee the 

desired bound e on the output approxim ation errors ( this number is shown to be 0 ( n  log n ) 

for a large class of input sets of points and for lo g (l/e )  =  O(logrc) ) and then show 2  

extensions of the approach, in particu lar, to m ultipoint approximation of a polynomial 

given by its Chebyshev decomposition ( section 3.7 ) and to approxim ation of the vector v 

for a given vector p, where v = V  p, for a  Vandermonde-like m atrix V  ( section 3.6 ).

VVe consider our present paper as a  new im provem ent of the previous work , and we 

point out some directions for further m odifications and potential improvements of our algo­

rithm s ( see remarks 3.3.1, 3.3.2, 3.3.3, and 3.5.3 ). The major remaining challenge is the 

problem of extending our results to  a  larger class of inputs, that is, the problem of relaxing 

the restrictions on the class of input values for which our algorithms work effectively. ( VVe 

specify these restrictions in the sta tem ents of ou r propositions 3.3.1, 3.5.1, 3.6.1, and 3.7.1.

) O ur numerical experiments, however, show th a t already in the present form our fast al­

gorithm s have substantial advantage in their reliability over the .VIoenck-Borodin algorithm  

of [MB], and unlike the algorithms of [R8 8 ] and [P95], they work w ithout restricting the 

input nodes to a real line interval.

A part from the cited m aterial of sections 3.6 and 3.7, our paper is organized as follows. 

In sections 3.2 and 3.4, we present some definitions and auxiliary results. In sections 3.3
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and 3.5, we trea t m ultipoint evaluation and in terpolation, respectively. In section 3.8, we 

show some results o f our num erical tests.

3.2 P relim in aries

D e fin it io n  3 .2 .1  Hereafter, z  will denote the n-dimensional vector [ zq, • • • ,z n- i  ]T 6  C n x l , 

Zj will denote its i-th coordinate, fo r  i =  0 , 1 , • • -, n — 1 , and \ / z  =  z ~ l will denote the vector

[ 1 f z Q, • ■ •, l / - n —i ]T , provided that n " =o 2 . #  0 -

This definition also apply to  the cases where p, r . s . t , u, v , w ,x ,  and y  replace z. 

Given the coefficient vector p =  [ po, • • ■ ,p n - 1  ]T of a  polynom ial

n—I
P(X) = ^ 2 P i X'i

i= 0

the vector v of the values of p(x) on the set of points { x o , - - - ,x n_i } is defined by the

equation,

v = V{x) p. (3.2.1)

where definition 3.2.1 is applied, and

/  1 x0

V  =  I^(x) = , x, ^  0 , x, ^  Xj, i ^  j ,  i , j  = 0 , - - - ,n  -  1 .

V{x)  is called a Vandermonde matrix.

The vector equation (3.2.1) defines the problems of multipoint evaluation and interpo­

lation for a polynom ial p(x), th a t is, the problem of com puting the vector v of the  values of

p(x), where the vectors p of the coefficients and x of the points ( nodes of evaluation ) are

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



3 6

given, and the problem  of com puting the coefficient vector p. where the vectors v of the val­

ues and  x o f the points ( nodes of in terpolation  ) are given, respectively. VVe will approach 

these two problem s by using scaling and displacem ent (shift) operators for representation 

o f the  Vanderm onde m atrix V( x )  of (3.2.1). By following [GKK], [P90], [GO], and [BP], we 

define such an opera to r for a V anderm onde m atrix  V  =  V (x) as follows:

Here and hereafter, we write

e T = [ 1 , 0 , - - - , 0 ] ,

D l/g = diag  ( X  . . . ,  _ L _  ) ?

9

and

1 _  x n -l
t o  * 0  ’ * r n —i 1

(  0  ••• 0  1 \

=

1

\  o

0  0

1 0  /

(3.2.2)

(3.2.3)

D e f in i t io n 3 .2 . 2  [GO] The matrix

n — I

c ( s , r ) =
i

S {  t j
where  s, ^  tj,  f o r  all pairs  i, j ,  (3.2.4)

i,j= o

is called a Cauchy matrix. A n  n X n matrix C  is called a Cauchy-like matrix i f

7(Dr.Dr)( C )  = G  h t  , G  e  c nxo , H e c n (3.2.5)

Then, the pair o f  matrices { G ,H T } is called a (D?, Df)-generator  ( or a scaling generator 

) o f  C  o f  length a ,  and the m in im um  a  allowing the above representation (3.2.5) is called 

the {D?, Df)-rank  ( or the scaling rank ) o f  C.
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Cauchy m atrix  of (3.2.4) is a  special case o f Cauchy-like matrices having (D?, £>t-)-rank

1.

Hereafter, denotes the Hermitian transpose  of a  m atrix  M ,  and we write 

Wk =  exp(2-irky/^-L/n), w = [ uj0, • - •, u;n_! ]r , k  =  0,1, • - -, n -  I . (3.2.6)

It is known from proposition 5.1 of [GKO] th a t  V F H is a  Cauchy-like m atrix such that

V {Du ,.D «)iv F H ) =  S h T , 

where D xjS is defined by (3.2.3),

h T = e T F H = - ^ [  1 , 1 , • • • , ! ] ,

Di = diag(wk)^Zo = d iag (exp (2T rky /^[ /n ))l~^ ,  (3.2.7)

D =  D ~ l = diag(exp( — 2-ak\/— 1 /ra))fc=o,

F  =  ^(U 'V.it); 1=o denotes the (normalized) m atrix  o f the discrete Fourier transform, 

Wj'k =  Wjk, F H — F ~ l . Therefore, a well-known form ula expresses the m atrix  V F H via its

generator ( cf. e.g. theorem  3.1 of [GO] or fact 2.11.2 on page 179 of [BP] ), which gives us

the following m atrix  equation ( cf. definitions 3.2.1 and 3.2.2 ):

V  F H = 4 =  d i a g { - ~  x tn " 1 )?~0l C ( x  ~ \ w  ~ l ) (3.2.8)
y /  n  £ j

or, equivalently,

V  =  — diag( 1 -  i ? ) ^ 1 C ( f ,  w  ) diag(w i)"~0l F  . (3.2.9)
y /  Tl

D e f in it io n  3 .2 .3  For a vector x = [ xo, ]r , let r^ (u )  denote the polynomial

n — 1 n —I

J J ( u  -  Xi) = un -(- ^ 2  r{u'
i= 0  t= 0

and let r =  r(x ) denote the vector [ ro ,-* - ,rn_i ]r .
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An alternative derivation of (3.2.8) and (3.2.9) may rely on the following m atrix  equation 

( see equation (3.1) of [GO] or equation (2.4.2) on page 131 of [BP] ):

C(y,z)  = diag(l /T;(,jt) ) ^ 0l V{y) V ~ \ z )  d i a g ^ Z i ) ) ^ , (3.2.10)

where T?(y) is defined by definition 3.2.3. Substitute y = x , z = w,

n — I

V{y) = V{x) = V, V(z)  =  V(w) = y/^F, ^ ( u )  = ] J ( u - w k) = un -  1, r'-(u) = nun~ \
k=0

(3.2.11)

so that

r f (y .)  =  X,” -  1, r '- ( 2 t ) =  nw" ~l =  n /w i ,  i =  0 ,1 ,--  • , n  -  1, (3.2.12)

and obtain from (3.2.10) th a t

C(x,w) = diag( n l_  )?J0l V(y/KF)~l diag(n/w,)?S0\
X; 1

or equivalently,

V  =  —7= d ia g (x ’> -  l)"=0l C ( x , w ) diag(w t )̂ =Ql F.
y/ Tl

which gives us (3.2.9).

Let us also show how (3.2.9) and, consequently, (3.2.8) can be alternatively  deduced by 

applying the  Lagrange interpolation formula.

p(u) = r ^ ( u )  £  -  p(Wh} -, (3.2.13)
S o  r a ( wk) ( “ “  wk)

where p(u)  =  J2?=oPiu li wk are defined by (3.2.6), T j(u )  is defined by definition 3.2.3.

VVe express the vectors p(w)  =  (p(u>fc))jt=d 4 s y /nF p, p =  ( p0, •••,/>„_i )r , and 

p(x)  =  (p (x jt))S o  ^  V p  anc  ̂ obtain  from (3.2.11) — (3.2.13) that

V  P =  diag(Tfi(xi))™~Q ( - 1 ) ^ i 0 d i a g ( l f T ' ~ ( w k ))^Zo  y / n F p
Xi Wfe

=  -±=diag(x* -  l ) £ o  ( -  - 1 )^ 1 0 diag(wk) ^  F  p ,
v 71 x t — wk

for any vector p. By removing p on both sides, we arrive at (3.2.9).
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3 .3  M u ltip o in t P olyn om ial E valuation

We extend and strengthen the results o f [PSLT] on fast approxim ate m ultipoint polynomial 

evaluation. The algorithm , its correctness proof, and th e  complexity analysis are presented 

in the sta tem ent and the proof of the  following proposition:

Proposition 3.3.1 Given the coefficients o f  a polynomial

P (x ) =  51  P i x '
i = 0

and the set o f  points {xo,- • • , i n - i } ,  the vector v o f  the equation (3/2.1) can be approximated 

within a maximum error norm bound e ( that is, we m ay  compute a vector v '  such that

|| v “ — v 11 =  m ax | vl  — u, | <  c )J

by using (An — 1 )L +  0 ( n  log n) arithmetic operations, where

r log( anb/(  ( 1  — q)e ) ) , r . , , ,
L =  | ----------- ;— -—— ----------  1, q is a f i x e d  constan t.  1 >  q >  x + =  m a x |x t |.

log (l/? ) k

q  =  max|ufc|, Uk =  ( —7- F p  )k. and b =  m ax|x£ — 1| <  1 +  qn . 
k \Jn k

so that L = O (Iogn) z /lo g (a /e ) =  O(logra).

P ro o f :  Due to (3/2.1) and (3.2.8), we have

v =  V( x)  p =  diag( ——  ) C (s .  t ) u , (3.3.1)
£ « '

where u =  ( 1  /  s / n )  F  p, s = x  ~ l , t =  zZ? - 1

( cf. definition 3.2.1 ). By substitu ting  (3/2.4), (3.2.9), (3.3.1) and the equation

1 00 x -  ■
— = x, n — )j , f°r * and
S i ~ t k j ^ Wk

we obtain th a t

Vi =  u(x. )  =  (i- -  x ” *) £  — =  (1 -  x?)  j r  A , x \  , = H
Xi k = 0 5‘ l k  j = 0  k = 0 K
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Due to  the sum m ation reordering, we now fix a sufficiently large n a tu ra l L , approxim ate ut- 

by

j=o

note  th a t |u;fc| =  1 for all k,  so th a t  |A j| <  a n ,  for all j ,  and ob tain  th a t

El  = II v " — v  || =  m ax | v ’ -  u, | <  Qn- qL . (3.3.2)
« 1 -  <7

Therefore, for L  >  f i°g( ar^ /(  ̂  ̂ ] ,  we have Ec < e.

Evaluation of the  vectors Fp  and u =  [ uo,* •• ,u n - i  ]T and o f the  scalars 1 — x™, i =

0 ,1 , • • •, 7z — 1, requires O (n lo g n )  arithm etic operations; evaluation of A j ,  for all j ,  j  =

0 ,1 , - - - , L — 1, requires L(2n — 2) arithm etic operations, and the subsequent evaluation of

L—l
i\ = ( 1  — x-1) ^ 2  A j i j ,  for all i. 0  <  i < n — 1 , 

j =o

requires (1 +  2 L) n  arithm etic operations. Therefore, we obtain an  approxim ation to the 

vector V( x ) p  by using L(4n  — 1) +  0 (re log  n) +  n arithm etic  operations. This is 0 ( n  log n), 

for L =  O (lo g n ), and if we have

x+ =  max |xfc| <  q < 1 ( for a  fixed constant q ) 
k

and log (a /e) =  O (lo g n ), then L = O (logn ). □

R e m a rk  3 .3 .1  Proposition  3.3.1 exploits the simple but highly effective algorithm [R85] 

fo r  the approximation o f  a Cauchy matrix by a vector. This algorithm has several other 

important applications, notably, to particle simulation [AGR], [CGR], and [GR]. In the 

case where the input points  xo,Xi, - • • ,x n_ t are real, one may exploit some techniques based 

on Chebyshev expansion (cf. [DGRJ), which in the real case converges faster  than Taylor’s 

expansion that we used in order to obtain (3.3.2).

R e m a rk  3 .3 .2  The requirement q <  1 restricts the class o f  input values to which proposition 

3.3.1 applies. Moreover, even i f  x+ < q < 1 but i f  q and  x+ are close to 1, then the value
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L o f proposition  3.1 m ay substantially exceed the level o f  log n. There are some recipes to 

counter this problem. In particular, given any vector x , we may choose two scalars 7 ^ 0  

and 6 such tha t

Iftl <  ? <  1 (3-3.3)

for yi =  (x,- — 6 ) / 7 , x,- =  ~fyi + S. Then, by scaling and  shifting the variable x, we may turn  

it in to  a  new variable y  =  (x — 6) / 7  and  thus transform  the polynomial

n — 1
p(x ) =  2 2 p ix '

1 = 0

into the polynomial

n  — 1 n —I n  — I n —L f
pyAs) = 22 p-,.s.i u‘ = 22 PiCw+*)' = 22 ?v  22 p^h~l

i=0 1=0 1=0 A=t \  i )

whose coefficients can be computed by using O (relogn) operations, if we are given 7 , <5.

and the vector p ( com pare [BP] ). We have p(x ,) =  p-,.s(yi). Due to (3.3.3), we may 

apply proposition 3.3.1 in order to approxim ate p-y.s(yi), i =  0 ,1 , • • - ,«  — 1, and then 

extend this result to  approxim ate evaluation of p (x o ),p (x i),• • • ,p (x n_ i ); the estim ates of 

proposition 3.3.1 for the  approxim ation errors should change since they will now depend on 

the coefficients
n —1 /  h \

P y J , i  =  7* 22 P r f h ~ l ( J
of the polynomial p-,,s(x) .

R e m a rk  3 .3 .3  The com m ents o f remark  3.3.2 also apply to our other results on polynomial 

multipoint evaluation and interpolation (  see propositions 3.5.1, 3.6.1, and 3.7.1 ) . In the 

implementation, one may add some o ther special techniques to improve the performance 

and to extend the algorithm to a larger class o f  input data. In particular, in the case 

o f multipoint evaluation, one may use the following simple trick: partition the input set
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X  =  { xo, } into three subsets X - ,  Xo, and  X+ , where |x,-| <  1 , |x,-| =  1 , and

|x ,| >  1 fo r  the points  x, o f  X - ,  Xo, and X+ , respectively, and then evaluate p(x) separately 

on each subset. On the subset X - ,  we have q < 1 , which enables us to apply proposition

3.3.1. On the subset X +, we have l / |x , |  <  1, and we may apply proposition 3.3.1 to the 

reverse polynomial q(x) = x n p( 1 /x ), whereas on the subset X q (  excluding the trivial points 

x  =  1 and  x =  —1 J, we have — 1 < y = Re x  < I , x  =  y  + y /—l I m  x,  ( I m  x ) 2 =  1 — y2, 

where Re x  and Im  x  denote the real and imaginary parts o f  x , respectively. Therefore, we 

may rewrite p(x)  as po(y) +  ( I m  x)  pi (y)  and reduce the original problem o f the evaluation 

o f p(x) on Xo to the evaluation o f  po(y) and p\(y) fo r  — 1 < y < 1. By substituting the 

variable z  =  9x, fo r  some constant 0 , \9\ =  1 a n d /o r  by fu rther partitioning the set Xo

into two subsets, we may ensure , say, that — l f / 2  < y  < l / y /2.

3.4  Som e Further D efin itions and A u x iliary  R esu lts

In this section, we recall some definitions and auxiliary results from [BP], [GO], and [H]. 

D e f in it io n  3 .4 .1  For a vector y = [ yo, y i, ■ ■ ■ ,y n - 1  ]T and a scalar 6  /  0, an n x n matrix 

Zo.n(y) — [^i.j] is called a o-circulant m atrix i f

~i . j  y ( i —j )  m o d  n fo r  i ^  J  , — O y ^ , _ j ^  mocJ n  f o r  i  <  j  .

VVe will use the following well-known equation ( com pare [BP], page 144 ):

V T(y ) = J  Z j ln(r + f e  ) V ~ \ y  ) diag( a, ) £ , 1

or, equivalently,

V ~ l (y ) =  Z/iB( r  +  f e  ) J  V T(y ) diag( a ' 1 )?J0l , (3.4.1)
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provided th a t /  0 , /  x " , i =  0 , 1 , • • •, n — 1,

a, =  /  -  x?  ) , i =  0 ,1 , — , n -  1, (3.4.2)

T(u) =  r * ( u )  and r  =  f(x ) are defined in definition 3.2.3,

Z / t„ (r-f f e )  denotes the /-c ircu lan t n x n  m atrix  w ith the first colum n r+ /e "  ,

and

J  =

/  0  0

0  1

1 \

0

(3.4.4)

\  1 0  ••• 0  /

3.5 P olynom ial In terp o la tion  A lg o r ith m

We will next exploit the representation o f the polynomial in terpolation problem based on 

the equations (3.2.1) and (3.4.1), according to  which the interpolation problem is equivalent 

to computing the following vector:

p =  V l (x)  v = Z j tn(r  +  f e )  J  V T diag{ai v . (3.5.1)

Here a t , Zj_n{r +  f e  ), and J  are defined by (3.4.2) — (3.4.4); V  is a  Vandermonde matrix 

satisfying (3.2.2), and g, e and D l^  are defined by (3.2.3). [ Com pare remark 3.5.1 a t the 

end of this section on some alternative choices of the two basic equations, instead of (3.4.1) 

and (3.5.1). ]

Since F T = F,  we deduce from (3.2.9) th a t

V T =  —=  F  diag(w i)?-0l C ( w , x )  diag( 1 -  x?)?~Ql .
y /T l

(3.5.2)

By combining the la tte r equation with (3.5.1), we obtain the following result:

(3.4.1
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C o ro lla ry  3 .5 .1

P =  — 7= Z /,n( r  +  f e )  J  F  C { t , s )  diag( X‘ ) v  .
\J Tt d{X{

where s and t are defined by (3.3.1), Z /,„ (r  +  f e )  is defined by (3.4.3) and J  is defined by

(3.4.4).

P ro p o s i t io n  3 .5 .1  Given 3 sets o f  values:

i) { Xi : i = 0 , 1 , • • •, n -  1 ; x, ^  x , f o r  i ^  j  },

ii) { V{ : i = 0 , 1 , • - •, n — 1 }, and

iii)  { r, : i =  0 , 1, • • •, n -  1 }

( where the values {x,} and  {r,} are related according to definition  3.4.1 ), one may approx­

imate within e the coefficient vector p  =  [ po, • • ■ ,pn- i  ] o f  the polynom ial

n— I

p(x ) = Y ,  Pix ‘
1 = 0

( that is, one may compute a vector p m such that || p ~ — p || < e ) by using 0 (n  log n) 

arithmetic operations i f

m ax |x ,| <  q <  I. q is a f i x e d  constant, Iog( rct/e ) =  O (lo g n ) ,
t

1 -
a  = m ax|i/i| . (/,- =     V{ , and  r =  m ax |r , | ,

t a ,x , i>o

fo r  r i ,  • • •, r„_ i o f definition 3.4.1 .

P roof: Let us write

y =  diag{  L ) v =  [ y0, ■ ■ •, yn- i  ]T, so th a t  y, =   -V i .
CZ|X| Q|X|

Substitu te these equations into corollary 3.5.1, obtain th a t

P - — 7= ^ /,n (  r + f e ) J  F  C ( t , s )  y , (3.5.3)
\Jn
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for s  and t  of (3.3.1), and consider the following vector equation:

( \ t0-J 0(  ZQ > ( Vo ^

z =

U n - t /

=  C ( f , s )

U n - l /

(3.5.4)

V -----23------ 4. . . . +   23= 1-----  /
'  i n —1 “ ^0  *n  — 1 —3 n  — 1 '

The z-th coordinate o f the vector z  can be re-written as follows:

n —1 n —I n —I

E Vk _  Vk _  S T
/ - _  C, _  4 ._______L

k = 0  1 k  k = 0  £' x k k=Q

VkXk 
1 — f,'Xjfc

n  — 1

Xk * "" k=Q _7=0

We w rite x + =  max* |x t |.  If x+ <  1, we have \ t { X k \ < x+ <  1 for all pairs (z’,Ar), 0 < i, k  < 

n — 1 , since tk =  ex p (—‘ln h y /  — 1 / n ) ,  h =  0, l , - - - , n  — 1. Then, the series J2JL0(tiZkV  

converges for all A:, and  we have

5 2 (tiXk)J I < J2 X+ = y z
i

j= 0

Now, we write

b j =  Y ,  y k ^ i+\
k= 0

7= 0

■co n— I
= - J 2 J 2  ykx]k+ lt]i = - J 2  BJti ■

j=0k= 0 7=0

By means of lim iting the num ber of the sum m ation terms B jt\  to a certain number L. we 

obtain an approxim ation of the vector z  by the vector

£ *  =  £ ( ^  =  [ x - , x r , - . , x ; . l f

such that

For the error norm,

we obtain  the bound

L- 1

zi  = ~ 1 l ,  BJli •
7= 0

z  -  z  II =  max I z{ -  z{ | ,
t

CL <
naq L+i

1 - q  '
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sim ilarly to  (3.3.2). From (3.5.3) and (3.5.4), we obtain  th a t

p = ~ Z f ,n( r  + f e ) J  F z

VVe write

P~ = — 7= Zf ,n( r + f e )  J F  z '  , E'L -  || p "  - p  || =  max | p~ -  p{ \ 
y/n i

and  obtain  th a t E~L < ^  || Z/>fl( r + f e )  ||«> H^Hoo \\F \\^  t L ,

where ||/4||co denotes the row norm of a  m atrix  A  = [a»j],

||A (U  =  m ax ^  [a,,| ( com pare [GL], p.57 ) .
I .

J

VVe have

I k lU  = 1, ll^lloo =  v/ra, II Z f(  F+ f e  ) I loo <  n m a x |r , | ,
■>o

if we choose /  so as to decrease or to  cancel the  first component of the vector r  +  fe .  

Therefore,

rn 2aqL+l
E l  <  m ax |r ,| n <  --------------- , where r  =  || r(x) = m a x |r , | .

i> o  1 — q  i>  o

By assum ption, q < 1. Therefore, we have E'L < e for a  fixed positive e, if

r  ̂r log( r a r2/( (1 - 9)0 ) t 
t - 1 log( 1/9) '■

T hus, under the assumptions of proposition 3.5.2, we m ay choose L =  O (Iogn).

VVe will now complete the proof of proposition 3.5.2 by showing th a t 0 (n lo g ra  +  nL) 

arithm etic operations suffice for the evaluation of the  vector p The transition from z '  to 

p “ is reduced to performing discrete Fourier transform s ( by means of 0 ( n  log n) operations 

) [BP], and we will only need to  estim ate the arithm etic  cost of computing the vector z " .  

VVe observe that 2 n - 1 arithm etic operations suffice for com puting each B j. If all the B} are
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available, then  for any fixed integer i, 2(L — L) arithm etic operations suffice for com puting 

z ”, so tha t all z" , i = 0 , 1 , • • -, n  — 1 , can be com puted by using

2(L — l)ra +  L(2n — 1 ) =  4 Ln — 2 n  — L

arithm etic operations. □

R e m a rk  3 .5 .1  The readers m ay consider som e variations o f  the presented construction, 

where the basic equation (3.4-1), (3.5.1) and /or (3.5.1) are replaced by some alternative 

equations. Here are 3 examples o f  such alternatives:

a). One m ay rely on the equation

V  J  L( J r )  V T = diag[T\xi )],

from  [FHR] (  compare page 144 o f  [BP] ), rather than on (3-4-1 )■

b). Alternatively, one may rely on the equation (3.2.10),

C ( y , z  ) =  diag( l / T / y , ) ) ^ 1 V { y ) V ~ l {z) d i a g { T ' / z k) ) ^ .

In  particular, one m ay combine (3.2.10) for y = x  - l , z =  w, as a substitution fo r  (3.5.2), 

with the next m atrix  equation, due to [FHR], Corollary 3.3.1:

C ~ l( x , y )  = -d ia g {  ^  C T ( x , y )  diag( )."=ol • (3.5.5)
Ty(yt)

fo r  any pair o f  vectors x , y defining a nonsingular n  X n m atrix C( x ,  y ). On the other hand, 

from  (3.2.9) we obtain that

V ~ l = ~ ^ F H dzag(t,)?-0l C ~ l ( x , w  ) diag(— ± -  )?C0l .
L X

Substitute (3 .5 .5) fo r  y = w and fo r  w o f (3.2.6) into the la tter  equation, apply (3.2.12), 

and deduce the follow ing equation:

V - 1 = — ^= F h  d ia g (r£(wt))’) -Ql C T ( x , w  ) diag( j
y/n  r £ ( x . )
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c). We may rely on (3.2.10) but substitute d istinct y and z, namely, y  =  w, z — x. 

Then we have
n —I

V (y  ) =  y /n F , I ^ u )  =  J J ( u  -  xj) ,
j = 0

=  r £(u;,) =  -  x j ) .  r ^ 2 fc) =  r ^ ( i fc) =  J J  (x k -  x {).
j = 0 t-O.l^h

We deduce from (3.5.2) that

7 - 1  =  _ L F W r f f a ^ r K w . - ) ) ? ^ 1 C T( w , x )  d iag(—~  - )?S0l , 
v n r - ( i f )

and, consequently,

P = -7=f H  d i a g ( T 0l C T ( w , x  ) diag{ )?J0l v.
yjn  r £(Zi)

Finally, we observe that all the cited modifications lead us to the same asym ptotic estimates 

fo r  the computational complexity o f  computing approximate solutions, though, perhaps, they 

m ay differ substantially in their practical performance.

3 .6  M u ltip lication  o f  a V ector  by V and erm ond e-like M atrix

In this section, we will extend the results of section 3 to  the class of Vandermonde-like 

m atrices, which includes Vandermonde m atrices as a special subclass.

Definition 3.6.1 [GO] V  is an n X n Vandermonde-like matrix if

V {d 1/z,z T)(V)  = D l / s V  -  V Z j  = G B t  , (3.6.1)

where G  =  [ gx,g2 , ■ ■ • ,gp ] G C nx'3, B  G C nx ^ , and D x/ 2  and Z j  are defined as in 

the previous sections. The pair o f  matrices { G , B T } ( nonunique ) is called a ( D x/£, Z j )- 

generator o f V  o f length 0 , and the m inim um  possible (3 allowing the representation  (3.6.1) 

is the (Di / s ,  Z f ) - rank  o f V .
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It can be easily verified th a t for V  satisfying (3.6.1), V F H is a Cauchy-like matrix such 

th a t

Vcoi ; i j ,» ) ( V F " )  =  C H « ,

where H l{ =  B T F H =  [ h i , - - - , h p  and , as before, the  superscript ' / / ’ stands for the 

Herm itian transposes. By following [GKO], [GO], and [H], we obtain th a t

3

V F h  =  X  diag(gm ) C ( s , t )  diag(hm ) ,
m= I

where we use definition 3.2.1 and equations (3.2.3), (3.2.7) and (3.3.1). Then, for any vector 

p 6  C n x l , we have

V p =  X  diag(gm ) C ( s J )  diag(hm ) F  p .
m  =  l

We write

Vm = diag(hm ) F  p =

\  L /

9 m  — 1 < m < 3.

Then, we have

V p  =

/  „  * ^ n — l  v m . k  \
f L m = | f f m . 0 L i t = O  J  (.

*0

where

n  ^ n —I v m , k
\  9 m ,n  —I L ^ k = 0  1 r /

xn - l

«(*.-) =  X  9m,, X  -
m = l  k = 0 x,  k

Z' u(x0) \

V u ( x „ - i ) /

Furtherm ore, if |x ,| <  q < 1 , 

3  n —I
Vm,k%i“(*«) = X  X] . ' = X) X! Um,iXt X(^X«)J = X

m = l  fc=0 ^  1 m = l  k = 0  j = 0  m = l  j = 0

A 3", + lJ ,m  i

Write
n  —t

A i ,m  =  X  * i ’ m =  1 , 2 , • • • , / ? ,
i = 0
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and define m ultipoint polynom ial approxim ations as follows: 

a l - i
u ‘{x i) =  5Z  3m,i Ai ^ x i +i ’ and Et (Xi )  =  I u(Xi) -  u ’ (Xi) I .

m=l j —0

\Ve have

j+ 1 , na0bqL+l
=  | 3m,i A i,mXi+l | <  ----—

m=l j=L

whore

x + =  m ax |x ,| <  q, as in sections 3.3 and 3.5, a  =  m ax |um^ |,  b =  m ax |<7m,i| .i m,k * m,k

Therefore, for

r log( n a0b /(  (1  -  q)e ) ) ,
i a r  iog(T7?) 1 _ 1 ,  ( M 2 )

we have Ei (x{ )  <  e .

Next, we estim ate the com putational cost of approxim ation of the values u(x ,). Com­

puting AJtm for all j  =  0 ,1 , • • •, L — 1, m = 1,2, •••,/? , involves L(2n  — 2 )3  arithm etic 

operations. Subsequent com putation  of gmiYl^Zo A j.m x i* 1 involves 2 L  +  1 arithm etic op­

erations. Thus, for all 1 <  i <  n , 1 <  m  < 3 , computing u"(x,) uses

L(n  — 2)3  4 - 2nL 3  + (3  — l)ra +  0 {3 n  logra) +  n.3 =  (4n — 2 )L 3  + 0 ( 3 n  log n)

arithm etic operations. Here, O (n lo g n )  arithmetic operations are needed to compute Vm 

for each m, m  =  1, 2 , - • -,  3-

VVe have proved the following result:

P ro p o s it io n  3 .6 .1  For an n X n Vandermonde-like m atrix V , given with its generator G 

and B , G  G C nx0, B  € C nx0  , and fo r  a given vector p 6  C nXl , the vector Vp can be 

approximated by u' (x i ) ,  w ithin the error bound || u " — if || <  e ( fo r  any  given e > 0  ), at 

the cost o f  performing

L(4n — 2)3  +  0 { 3 n \ o g n )  arithm etic operations, fo r  L satisfying  (3.6.2) and q < 1 . In
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particular, i f  log(a@b/e) =  O (logn), fo r  q , a , and  b defined as in propositions 3.3.1 and

3.5.2, then, the cost bound is O ( n 0  log re).

3 .7  M u ltip lica tion  o f a V ector by  C h eb ysh ev-V an d erm on d e or C hebyshev- 

V anderm onde-like M atrices

D e f in i t io n  7 .1  ( compare [GOl] ) For n = 0 ,1 ,2 ,- - - ,  recursively define Chebyshev poly­

nomials o f  the firs t kind Tn(x)  and Chebyshev polynom ials o f the second kind Un{x) as 

follows:

T0(x)  = 1, T i ( x )  =  x ,

r „ (x )  =  r n_ l (x) -  r n_ 2 ( x ) ,

tfo(x) =  1 , i ' i ( x )  = 2 x .

Un(x)  =  2 x Un- i ( x )  -  Un- 2 (x)  -

Define the Chebyshev- Vandermonde matrices as follows:

f  To(xo) T t (x0) ••• Tn- i(x a )  \

T0(x  i )  T x(X l ) ••• r „ _ i ( x i )
VT(x)  =  '

\ T 0( xn_i )  r l (x n_ I ) 

(  Uo( x q ) U i {Xq)

Uq{x i ) U x( x x)

Vu(S) =

Tn^ i ( x n- i ) J  

b/n — l(^o)  ̂

Un- i ( x x)

\ f / 0 (* n - l)  C^l(Xn-l) ••• Un- X{xn- X) }

F a c t 3 .7 .1  The vectors Vj ( x )  p and Vu(x)  p, fo r  2 Chebyshev-Vandermonde matrices
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Vf ( x )  and V(j(x),  are the vectors o f  the values o f  the 2  polynomials,

n —1 n —1

Pt (x ) =  PkTkix ) and Pu{x) =  > (3.7.1)
fc=0 k = 0

respectively, at the points xq, ■ • • , x n- i-

[KO] defines linear operators associated with Chebyshev-Vanderm onde matrices Vf(x)  

and V[/(x),  which leads to o p era to r representation of these matrices in the form G B T 

for G  G C nXQ, B  G C nx a , a  <  2. By applying discrete Fourier transform , we obtain 

Cauchy-like m atrices V t { x ) F h  and Vu( x ) FH ( [KO] ). T hen , application of the techniques 

of the previous section gives us fast algorithms for m ultipoint approxim ation of the poly­

nomials P t ( x ) and Pu( x )  of (3.7.1). VVe will next specify this approach for the classes 

of polynomials Pr(x) ,  Chebyshev-Vandermonde m atrices Vf (x ) ,  and their extensions to 

Chebyshev-Vandermonde-like m atrices. VVe will om it the sim ilar treatm ent of polynomial 

Pu(x) ,  m atrices Vu(x) ,  and th e ir  Chebyshev-Vandermonde-like extentions: furthermore, 

as a challenge for the readers and  future researchers, we will leave elaboration of a real 

case modification th a t would rely on Chebyshev?s expansion approach of the report [DGR], 

rather than  on Taylor’s expansion approach ( compare our rem ark 3.3.1 ).

D e f in it io n  7 .2 ( compare [KO] ) Let a matrix R  G C nxn , sa tisfy  the matrix equation

V (Dl/r ,n r)(£ ) =  G B t , f o r  G, B e  C nXQ , (3.7.2)

where

Lt J
iv  =  2 ] T ( - i r i (Z q )2,_i and Z q —

i=i

(  0 ••• 0 0 0 \

1 ••• 0  0  0

0  ••• 1 0  0

V 0 ••• 0 1 0 /

R ep ro d u ced  with p erm issio n  o f  th e  copyrigh t ow n er. Further reproduction  prohibited w ithout p erm issio n .



53

Then R  is called a Chebyshev-Vandermonde-like matrix, the pair o f  matrices {G ,B } is 

called a ( D l/s ,W )-generator o f  R  o f  length a  ( not uniquely defined fo r  any R and a  ), and 

the sm allest length a  over all possible (D l /£ ,W )-genera tors is called the ( D l^ , W ) - r a n k  o f  

R.

At the end of this section, we will show th a t the  m atrix R = Vt (x ) satisfies (3.7.2) 

for q  <  2. The following lem m a sta tes  how a Chebyshev-Vandermonde-like matrix can be 

transform ed into a  Cauchy-like m atrix:

L e m m a  3.7.1 ( com pare [KO] ) Let a m atrix R be given by its ( 2Z?£, Z \  -f Z j  )-generator, 

so that

V (2 Dt,zl+z?) (K)  = 2 D SR -  R( Z i  + Z f )  = G B H 

f or  G,  B  E C nXa. Then R F H is a Cauchy-like m atrix such that

V {2Di,2Dco3)( R F H) = 2( Dx- ( R F f f ) -  ( R F h )Dcos) = G H h ,

where

G  =  [ g \ , - - - , ga ], H = [ h ^ , - - - , h ^ ]  = F B ,  Ds  = diag( x 0, ■ ■ ■ . x n_ t ) ;

Z \ , F H , and F  are defined as above, and

Dcos =  diag ( 1 , co s(^ ), c o s (f) , • •• , cos( ) ) .

N ext, we will approxim ate the  vector R p, where p E C n x l , R  is an  n X n Chebyshev-

Vandermonde-like m atrix . VVe will apply the reduction to Cauchy-like matrices given by 

lem m a 7.1. VVe have the  following equations [GO]:

R F h  = ]■ ^ 2  diag(gm ) C { x , t )  diag(hm ),
m = l

1 “ -
R p  = -  5 3  diag(9m ) C(x ,  t ) diag(hm ) F  p ,
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where x  =  t =  (fj)j=q are defined as before (cf. definition 3.2.1) but now we

write t j  = 2cos(^— tt), instead of using (3.3.1).

Denote vm = diag(hm ) F  p = [  um.o, ’ ’ ’ > Um,n-L ], m = l , 2 , - - - , a .

Then 0 ( n a  log n) arithm etic  operations suffice in order to  compute vm for all m. Since

/  1 ^ m ./c
2̂ 0 k—0 xq —U

C{ x , t ) Vm —

■'Tl vm,k\ v n m’k / \  2->k=o x„_[- t k '

we have

f  E m = l  9 m ,0  E f c = 0  \  (  “ ( « )  \

2R p  = £  diag(gm ) C ( x ,F ) vm =
m=L

n  V ' n — 1 V m -k  i
\ L m = | S m , n - I  l ^ k = 0  x „ ^ , - t k / \ u ( x n- i ) J

where gm =  [ gmt0, ■ ■ ■ ,g m.n-i ]T , and

n — 1

“(*.) =  £  9m.i £  -
m = l  k= 0 1 fc

H If1-! <  9  <  i f°r all 1 an£l then, we have

n —1 oo

“ (*■) =  ~  £  9m., £  £ ( ^ ) J =  - £ j m , £
m = l  fc=0 k  j= 0 m  =  l  j= 0

where
n — I

Um.k 
/J + l

Let

and

fc=o Lk

A  =  max 6 =  m ax | ^7^ | ,m,i m,k t k

or £ — I

“ *(*.) =  -  £  9m.i £  A j,mx \ .
m= 1 j = 0

(3.7.3)

Then, we have

E U x i )  = | u(x .) -  u m( x i )  I = I £  ffm .i £  A j . m x \  | < < e ,
m = l  j = L  '
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fo r  any

r ^  r Io§( <*Anb/{ (I -  q)e ) ) n
b r f l / i )  ' (3 " ’4)

Now, we estim ate the cost of com puting the approximations u“(x,-) to  u (x ,), i =  

0 , 1 , • - •, n -  1, where
Or L — 1

u  ( x i )  =  ^  . 9 m ,i ^  ' A j tJnx i  .
m — 1 j=0

Com puting A j<m requires (2n — 1 )L a  a rithm etic  operations for all j  and m, com puting

L - 1

9 m  ,t ^  '  - ' l j .m  X (-
J = 0

takes on n(2L — 2) arithm etic operatons for all i, and therefore, the overall cost of com puting 

the  vector [ u ’(xo), • • •, u*(xn_ 1) ]r , which approxim ates the vector 2 Rp,  is

aL( 2n  — 2) + an( 2L  — 1 ) +  n (a  — 1 ) +  0 ( n a  log n) +  net =  4a n L  +  0 ( n a  log n) .

This is O (n a lo g n ) , for L =  O (Iogn), and  we may choose L = O (logn) satisfying (3.7.4) if 

q < 1 and if log (aAb/e)  =  O(logre). VVe have proved the following proposition: 

P ro p o s i t io n  3 .7 .1  Given an n x n Chebyshev-Vandermonde-like m atrix R. and a vector 

p G C n x l , let q is a fixed constant, x+ =  m ax, |x ,| <  q < 1 , as in propositions 3.3.1. 3.5.2 

and  3.6.1. Then the vector 2Rp can be approxim ated by the vector

u *(x) =  [ u “(x 0 ) ,- - - ,u * (x „ _ l ) ]r

such that | u(x,-) — u’(x ,) | <  e fo r  all i and fo r  a fixed  e > 0. The arithm etic complexity  

o f  computing such an approximation vector is bounded by 0 ( a n  log n), i f  \ og(aAnb/e)  = 

O (logn), where A  and b are defined by (3.7.3)

If R  =  Vt (x ) is a Chebyshev-Vanderm onde m atrix , then

V (2D2, Zi +Zf ) ( ^ )  = G B T >
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where

( i o - T „ _ 2 (xo) T „ _ i ( x 0 ) — 1 N

G = B =
0 0

 ̂x n —1 — Tn_ 2 (x n_ i ) Tn- i ( x n- i )  ly
\ o 1 /

Therefore, in this case, we have a  =  2, 

( 1  1 \

1

H = F B  =

2TT\/— 1 / . * \2
\ 1  e » (n _ I) /

uOT =  diag(hm ) F  p = diag(hm )

( b'0 \

\ bn - 1 /

, m =  1,2,

Ui =  [ 65 , ]r , V2 =  [ 6 5 , - - - , 6 ; _ te ^  1)2 ]r .

Thus, we have proved the following result:

Corollary 3.7.1 Given an n X n Chebyshev-Vandermonde m atrix Vj-(x) and a vector p 6  

C n x l, let q be a fixed constant,

x+ = m a x |x ,| <  q < 1 , , I v m ,k  |6 =  max | ——  | ,
m ,K  Ifc

a n d  / I  =  m ax( | x , — r „ _ i ( x , )  |, | T „ ( x , )  — 1 | ) fo r  0 <  i < n — 1 . Then, the vector

'2Vt {x )p  can be a p p ro x im a ted  by  a vector u “(x ) such  th a t

| u (x , )  -  u “ ( x t ) | <  e f o r  a  g iv e n  e >  0 a n d  f o r  a ll i ,

a n d  0 (  ra (£ + lo g  n )  ) a r ith m e tic  o p era tio n s  su ffic e  in  o rd er  to  c o m p u te  u * (x t ), i — 0 ,1 , • • • , n —

1, where

r r log( A b n ft  (1 - q ) e  ) ) ,
' Iog (l/? ) ' ’

F urtherm ore , L  =  O ( lo g n ) ,  so th a t  O ( n lo g n )  a r ith m e tic  o p era tio n s  su ffice  fo r  the eva lua­

tio n  o f  um(xi),  i =  0 ,1 , -  •• , n  -  1, i f  lo g (A 6 /e )  =  0 ( lo g  n )  .
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3.8 N um erical E xp erim en ts

In this section, we present the results of som e numerical experim ents for our algorithm of

section 3.3, where we set L =  O (logn), and for one of [MB]. These experim ents do not cover 

all classes of the input values but, still, give some indication to the algorithm ’s behavior; 

in particular, they show th a t our algorithm  is generally more reliable th a n  one of [MB] and 

does not require to restrict the input nodes to  a real line interval.

VVe have w ritten the  programs for our com putation by using the C + +  programming 

language and have compiled and linked these programs by using M icrosoft Visual C + + . 

The programs have been executed on a  386 and a Pentium PC , and identical results were 

obtained from both platform s. Evaluation o f arithem etic functions have been performed by 

using Microsoft FP87 em ulation library functions without utilizing m ath  coprocessor.

In the following 3 examples, algorithm  1 denotes the algorithm  of [MB] and algorithm 

2 denotes the algorithm  proposed in section 3.3. To control the com putation errors, we 

also present the control com putation results obtained either by using H orner’s algorithm ( 

actually due to  I. Newton, cf. [Kn]) or, for the  polynomials of the form

by computing x n — I and dividing the results by x -  1. All the input, o u tp u t, and interme­

diate results are stored by using double precision binary representation.

E x a m p le  1 . Our first example shows th a t algorithm  1 ( of [MB] ) m ay fail even for low

the nodes xo, - • •, xn- i  • A lgorithm  2 has no problems in trea ting  such cases. We present the 

computational results of performing algorithm  1 step by step , to dem onstrate  the arising

degree polynomials if we apply it to the input w ith substantial variation o f the  m agnitude of
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difficulties. Notice th a t in steps 2 and 3, due to  lim ited precision, the least significant digits 

of the intermediate results are lost, and th is greatly affects the reliability of the final ou tpu t 

of algorithm  1, i.e., two identical input values, xq = Xz =  1.5, actually result in 2 different 

o u tpu t values, ro =  8.125 and vz =  6 .

P olyn om ia l: p(x)  =  x3 +  x2 +  x 1 +  1.

In p u t vector: x =  (1 .5 ,20 ,1 .5 ,1  x 10s ).

E x a ct ou tp u t: v =  (8.125,8421,8.125,1 x 1024).

A lg o r i th m  1

Step 1 : Compute coefficient vectors for Po(x) =  (x — xo)(x — x t ) and Pi(x) =  (x  — 

*2)(x ~  x 3) :

Po = ( 1 ,-2 1 .5 .3 0  ); Pi = (  1 ,-1 .000000015 x 10s , 1.5 x 10s ).

Step 2: Compute -V/,(x) =  P(x)  mod Pi(x),  i =  0 ,1 .

mo = (454.75, -6 7 4 ); m t = ( 1.000000025 X  1016. -1.5000000375 X 1016).

Step 3: Compute vector v. where u, =  .V/, j , ( x )  mod  (x  — x ,), i =  0 ,1 .2 ,3 :L 2 J
O u tp u t :  v = [8.125,8421,6, 1 X 1024]r .

A lg o r ith m  2 

O u tp u t:

v =

I  8 .125+  1.99483 x lO-16: \  

8421 +  1.52282 x 10_12i 

8.125 +  1.99483 x 10“ 16z 

V 1 x 1024 +  2.00008 x 108i7
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O ur numerical experim ents have showed sim ilar behavior of algorithm s 1 and 2  where 

p(x)  =  (x 16 — l ) / ( x  — 1) and the input points are 1.5, 100, 2, 3, 4, 5, 6 , 7, 8 , 9, 10, 11, 12, 

13, 14, and 15, th a t is, where the input polynomial has a higher degree, and the magnitudes 

of the  input points vary on a  much sm aller scale.

Furtherm ore, the behavior remained sim ilar where the polynomial coefficients have been 

selected more randomly.

E x a m p le  2:

P o lyn om ia l:

p(x)  =  2.1x l3  4- x 14 4- 10x13+  l l x 12+  12xn  +  15x104- 1.4x9 4 -5x8 4- 6 x ' + 7 x 6 + 8x °  +  6.3x4 

+  1.2x3 4" 3x2 4- 3.3x 4~ 2.

V ecto r  o f  in p u t points:

x =  [1 .5 ,100 ,2 ,3 ,50 ,5 ,30 , 7 ,20 ,9 ,10 ,70 ,77 ,55 ,42 , 15]T

R e su lts  o f  exp er im en ts:
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Input points Control C om putation A lgorithm  1 Algorithm  2

1.5 6962.47 4.39805 X 1012 6962.47 -  8.45502 x 10“ 12z

1 0 0 2.11101 X 1030 2.11101 X 103° 2.11101 x 1030 -  7.9277 x 1013z‘

2 255709 1.28849 x 1010 255709 -  3.54152 x 10~l°f

3 5.97974 x  107 2.57698 x  1010 5.97974 x 107 -  1.08648 x 1 0 '7 z'

50 6.48221 x  1025 6.48221 x  1025 6.48221 x 102S -  2.39968 x 10n z

5 8.58207 x  1010 8.58993 x  10l° 8.58207 x 1010 -  2.17322 x 104 z‘

30 3.07765 x  1022 3.07765 x  1022 3.07765 x 1022 -  1.11633 x 108z

7 1.17973 x  1013 1.17973 x 1013 1.17973 x 1013 -  3.43946 x 10"2z

2 0 7.13181 x  1019 7.13181 x 1019 7.13181 x 1019 -  2.51662 x 103 z'

9 4.84203 x  1014 4.84232 x 1014 4.84203 x 1014 -  1.5167 x 101*

10 2.31235 x  1015 2.31282 x 1015 2.31235 X 1015 -  7.41649 X 101*

70 1.00475 x  1028 1.00475 x 1028 1.00475 x  1028 -  3.75053 X 1013z’

77 4.19381 x 1028 4.19381 x 1028 4.19381 x 1028 -  1.56835 x 1014z

55 2.70455 x 1026 2.70455 x 1026 2.70455 x  1026 -  1.00389 X I012z’

42 4.75383 x 1024 4.75383 x 1024 4.75383 x 1024 -  1.74988 x 10l°z'

15 9.69772 x 1017 9.69777 x 1017 9.69772 x 1017 -  3.3218 x 103 z'

These experim ents show th a t  the o u tp u t values of p(x)  a t points 1.5, 2 . 3 computed 

by algorithm  1 are completely contam inated by the errors, whereas algorithm  2  closely 

approxim ates the  values p(i )  a t all the 16 points x , as comparison w ith the results of 

control com putation shows.
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E x a m p le  3: From the proof of proposition 3.3.1 and from rem ark 3.3.2, we can see 

th a t the value L m ust be increased ( in order to ensure the desired output accuracy ) 

as m int=o,i,...,n- i  Xi decreases. On the o ther hand, increasing L makes algorithm 2 less effi­

cient. In the following example, for a simple polynom ial, where n  =  4, algorithm 2 cannot 

ob tain  the results within desired relative error bound until L is far g reater than n. 

P o ly n o m ia l:  P( x )  = x 3 +  x 2 +  x -f 1.

Input

points

Control

com putation

Algorithm 1 A lgorithm  2 

(L = 4)

Algorithm 2 

(£  =  40)

1 .1 4.641 4.641 (1.47113 -2 .2 9 1 3 3  X  10"17:') (4.53846 — 7.06877e — 0l7i

1 .2 5.368 5.368 (3.2.77927 -  8.21258 x 10_ l70 (5.36435 — 1.58514e — 0161

1.3 6.187 6.187 (4.02076 -  1.69062 X  10"16:) (6.18683 - 2 .6 0 1 4 e - 0161)

1.4 7.104 7.104 (5 .25477-2 .79601  x 10"l6 i) (7.10399-  3 .7 7 9 9 7 e -0161

In this particular case, however, the problem can be rem edied by shifting the variable and 

transform ing the coefficients of the original polynomial and the input points x o ,- - - ,x „ _ i, 

respectively. The new resulting coefficients and new input points can be easily evaluated. 

We have obtained the ou tpu t with the desired precision by choosing L — 4 after shifting 

P( x )  to Q(x)  = P ( x  -  50).

P o ly n o m ia l:  Q(x)  = P ( x  -  50) =  x3 -  149x2 +  7401x — 122549.
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Input points Control com putation Algorithm 1 Algorithm  2 (£  =  4)

51.1 4.641 4.641 (4.641 — 5.03155e — 0071)

51.2 5.368 5.368 (5.368 -  5.06079e -  0071)

51.3 6.187 6.187 (6.187 -  5.0901 4 e -  0071)

51.4 7.104 7.104 (7.104 - 5 .1 1 9 6 1 e -  0071)

In the general case, num erical stab ility  problems may arise due to  the variable shift when 

we operate with a polynom ial of a  higher degree. Proper adap ta tion  of shifting techniques 

to various input d a ta  could be an interesting topic for further study.
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