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Abstract

COMBINATORIAL CLASSIFICATION TO SEPARATE HOMOGENEOUS

SUBSETS OF HETEROGENEOUS PROJECTION SETS

by

Miroslaw Kalinowski

Adviser: Gabor T. Herman

Some important image classification problems cannot be solved using stan-

dard techniques. The problem of classification of heterogeneous electron micro-

scopic projections into homogeneous subsets, found in three-dimensional electron

microscopy (3D-EM), belongs to this category. One important 3D-EM technique

(the so-called single particle reconstruction) used to visualize complex 3D molec-

ular structures relies on the assumption that thousands of projections of identical

specimens are available. However, it is often the case that the macromolecule of in-

terest appears in the projection set in several (not-exactly identical) conformations.

The single particle method applied to such heterogeneous sets is unable to provide

useful information about the encountered conformational diversity and produces re-

constructions with severely reduced resolution. This limitation is a significant stum-

bling block to understanding molecular function (especially its dynamic aspects).

One approach to solving this problem is to partition heterogeneous projection set

into homogeneous components and apply existing reconstruction techniques to each

of them. Due to the nature of the projection images and the high noise level present

in them, this classification task constitutes a challenging computer science problem.

A method is presented to achieve the desired classification by using a novel image
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dissimilarity measure and finding an approximate Max k-Cut of an appropriately

constructed weighted graph. Despite of the large size (thousands of nodes) of the

graph and the theoretical computational complexity of finding even an approximate

Max k-Cut, we propose an algorithm that finds a good (from the perspective of 3D-

EM projection image classification) approximate solution within several minutes

(running on a standard PC). Due to the large number of edges the task of construct-

ing the complete weighted graph (that represents an instance of the projection image

classification problems) is computationally expensive. To reduce this cost we also

propose a method, which utilizes an early-termination technique, to significantly

reduce the computational cost of constructing such graphs. Unlike the majority of

competing approaches, the presented method employs unsupervised classification

(it does not require any prior knowledge about the objects being classified) and

does not involve a 3D reconstruction procedure. The performance of the proposed

classification method is evaluated on synthetically generated data sets produced by

projecting 3D objects that resemble biological structures.
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Introduction

Many engineering, scientific and other procedures involve the task of classifying

images. Because of this, image classification problems have a long history in the

Computer Science literature [10]. Since the objectives and difficulty of these prob-

lems varies widely, different classification criteria and methods have been devel-

oped to solve them. However, despite the wide range of methods available to us,

some important problems involving image classification can be solved only by new,

specially constructed, classification methods that take advantage of domain specific

properties.

The analysis of macromolecular complexes and their dynamics is one of the in-

tensively researched topics in molecular biology. The objective of this research

is to understand the structure and function of molecular machines. The three-

dimensional reconstruction from electron-microscopic images (3D-EM) of macro-

molecular complexes plays an essential role in these efforts. Since the delicate

nature of macromolecular complexes puts a significant restriction on the process of

obtaining projection images with an electron microscope, the task of reconstruct-

ing 3D models of macromolecular complexes from electron-microscopic images is

difficult. A large body of knowledge has been developed to address many problems

encountered in 3D-EM of biological molecules. Some important and challenging

scientific problems related to 3D-EM of biological objects remain open.

The limited number of the projections that can be obtained from a single spec-

1
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imen and the extremely high level of noise present in them are among the primary

causes of difficulties associated with 3D-EM of macromolecular complexes. De-

spite these (and many other) difficulties, successful reconstruction methods that

produce high-quality 3D reconstructions of macromolecular complexes have been

developed. These methods employ averaging (either at the level of the 2D images

or of the 3D model) to reduce the impact of noise present in the projection images

on the quality of the 3D reconstructions. They solve the problem of obtaining the

number of projection images needed to produce a high-quality 3D model of a com-

plex object by treating thousands of projections obtained from different specimens

as if they were projections of the same object. Such techniques are justified as long

as a homogeneous projection set that contains thousands of projections of identical

specimens is available. The reconstruction methods that employ these techniques

have been successfully used to produce 3D structural models of many biological

molecules [12].

Due to the dynamic nature of molecular processes, it is quite common that a

molecule has several different conformations, that are not separable prior to the

process of obtaining projections. This results in heterogeneous projection sets (sets

containing projections of more than one conformation). A reconstruction procedure

that involves averaging is inherently unsuitable to deal with such structural hetero-

geneity. The averaging across several conformations severely limits the achievable

resolution and results in loss of information about the individual conformations, and

hence may prevent the understanding the function of macromolecule under study.

Many limitations of the existing 3D-EM reconstruction procedures associated

with heterogeneity of projection sets can be avoided by partitioning the heteroge-

neous projection sets into their homogeneous components and performing separate

reconstructions from the homogeneous sets obtained as result of such a classifica-

tion. However, due to the nature of the projection images and the high level of noise
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present in them, this classification task constitutes a challenging computer science

problem, which cannot be solved using the traditional classification techniques.

The work presented here focuses on utilizing the mathematical properties of

projection images and a combinatorial optimization technique to devise a new method

capable of classifying heterogeneous electron microscopic projections into homo-

geneous subsets. This classification method extends the applicability of reconstruc-

tion procedures used in 3D-EM and thereby increases the scientific value of recon-

structions produced by them.

The remainder of this document is structured as follows.

Some basic information about 3D-EM processes and about methods directly

related to the problem of constructing 3D models of large molecules from the im-

ages obtained by an electron microscope is provided in Chapter 1. The notion of

heterogeneous projection sets is explained and the difficulties associated with them

are described. The intended application environment for the proposed classifica-

tion procedure and the significance of the heterogeneity problem are also discussed

there.

In Chapter 2 a novel image dissimilarity measure specially designed for 2D pro-

jections of 3D objects is proposed. A mathematical justification and a description

of a practical implementation are provided.

A reformulation of the image classification as a global optimization problem

and its graph theoretical interpretation as a Max k-Cut problem [25] are explained

in Chapter 3.

Since for the large data sets the construction of the corresponding graphs using

a brute force approach is computationally expensive, significant efforts have been

made to develop a technique that produces such graphs at a smaller cost. These

efforts are described in the Chapter 4.

In Chapter 5 a new graph cutting algorithm, designed to find approximate so-
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lutions to these instances of the Max k-Cut problem that arise from the desire to

partition heterogeneous projection sets found in 3D-EM into their homogeneous

subsets, is presented.

In Chapter 6 the general framework of the proposed classification method, that

ties together previously introduced components, is defined.

The explanation of methodology used to evaluate the proposed classification

method and the results such evaluations are provided in Chapter 7.

In Chapter 8 the main contributions of our research are discussed and important

topics for future research are suggested.



Chapter 1

Background

There are many methods for reconstructing a 3D object (mathematically defined as

a real-valued function of bounded support on the 3D Euclidean space) from its line

integrals [21, 31]. Typically, the line integrals are estimated for a set of parallel lines

using some instrument and are represented in the form of 2D projection images. A

set of such images can be processed by a reconstruction procedure to produce a

3D model of the object from which the 2D images where obtained (see Figure 1.7).

These type of 3D reconstruction methods have many practical applications; the best

known of which is CT (computerized tomography) that is widely used in diagnostic

radiology.

In some respects, the 3D-EM of macromolecular complexes is similar to other

applications of 3D reconstruction methods. For example, its main objective of pro-

ducing a 3D model from line integrals (in the case of 3D-EM given in form of 2D

projection images) is the same as in other applications. However, there are some

fundamental differences between 3D-EM of macromolecular complexes and other

applications of 3D reconstruction methods. Usually, the process of obtaining pro-

jections provides precise spatial information (i.e., a common reference point for all

the projection images and the Euler angles from which they were taken are known

5
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Figure 1.1: The 3D reconstruction procedure.
A set of 2D projection images is used to produce a 3D model of the object from
which these projections images were obtained.

with high accuracy.) In most of the applications there is no restrictions that signifi-

cantly limit the number of the projection images that can be taken, so it is relatively

easy to obtain a projection sets large enough to produce high-quality reconstruc-

tions of the complex 3D object. Usually, the quality of the projection images that

are used in the 3D reconstruction procedure is quite good (the images are practi-

cally free of noise and other distortions). The case of 3D-EM of macromolecular

complexes is different from these points of view.

Despite the many challenges posed by the 3D-EM of macromolecular com-

plexes, successful reconstruction methods applicable to this task have been pro-

posed and a large body of knowledge has been developed concerning them. De-

tailed discussion of all the problems and methods associated with 3D-EM of macro-

molecular complexes is beyond the scope of this document; a comprehensive study

of them can be found in [12]. However, a brief (and frequently simplified) de-

scription of issues and techniques directly relevant to our research is provided this

chapter.

1.1 Single-Particle Reconstruction

There are two major strategies for reconstructing 3D models from the projection

images obtained with an electron microscope: a tomographic approach (in which



7

the relative projection angles from which images were taken are known), and single

particle approach [11] in which the projection angles are not known and must be de-

termined by either the random-conical [29] or the angular reconstitution procedure

(see [47]). Since, our classification method is designed to extend the applicability

of single-particle approach, a brief description of issues related to this approach

provided in this section.

One of the biggest problems associated with reconstructing 3D models of macro-

molecular complexes form electron-microscopic images is the destructive nature of

the process of obtaining images of biological objects using an electron microscope.

In order to produce a projection image that corresponds to the undamaged macro-

molecule the number of electrons interacting with it must be small. As result the

electron-microscopic images of macromolecular complexes are very noisy and only

very few of them can be produced from a single molecule.

A large number of projection images from a variety of angles is needed to pro-

duce a high-quality reconstruction of a complex object using a 3D reconstruction

procedure. This number must be even larger when the projection images used in

such a procedure are corrupted by a very high level of noise (as in the projec-

tion images of macromolecular complexes obtained with a electron microscope).

Since only very few (very noisy) projection images can be produced from a single

specimen using an electron microscope, these images cannot provide information

that is sufficient for reconstructing a high resolution 3D structural model of the

molecule. However, such model can be produced if the projection images obtained

from many identical molecules occurring in random orientations are used in a single

reconstruction process [29, 30]. This technique is refereed to as the single particle

approach.

The process of obtaining projections for the single particle reconstruction method

is schematically shown in Figure 1.2. In this process an image (micrograph) is pro-
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Figure 1.2: Process of obtaining projections.
Many identical randomly oriented molecules are simultaneously projected.

duced by recording changes in an electron beam that interacts with an appropriately

prepared sample. An example of such a micrograph is shown in Figure 1.3.

The physics of producing micrographs using an electron microscope is com-

plex. Many efforts have been made to understand this process and to construct

instruments and procedures capable of producing high-quality micrographs. De-

spite of the steady progress in these efforts, the micrographs of macromolecular

structures obtained by an electron microscope are far from perfect. Some of these

imperfections (like high level of noise) are due to the limitations imposed by the

delicate nature of macromolecules. Some are the result of less than ideal instru-

ments and preparation procedures. Others are caused by the limitations inherent to

the EM process. Apart from the high level of noise, the most significant (from the

3D reconstruction perspective) distortion that the micrographs suffer from is asso-
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Figure 1.3: EM micrograph.
Each dark spot is a 2D projection of the molecule.

ciated with the electron microscopic contrast transfer function (CTF) [12]. Usually

the impact of the CTF is significantly reduced by subjecting the micrographs to a

CTF correction procedure [13]. However, some residual distortions due to CTF

remain in micrographs even after such correction is performed.

Since many instances of a particular molecule are present in a preparation, many

projections are simultaneously captured in a single micrograph. Small parts of the

micrograph, which are likely to a contain a projection image of a single molecule,

are isolated and treated as separate projection images. Ideally, each of these images

should represent a perfectly aligned 2D projection of a single undamaged molecule.

Due to the noise, residual CTF related distortions, discretization errors and other

factors, even the best images obtained in this process only approximate the ideal

projections (in the mathematical sense) of the specimens present in a sample. The

high level of noise and (to much smaller extend) the discretization errors cause

that a perfect alignment (i.e., one in which the center of mass of the molecule is

projected exactly to the center of the image) is impossible to achieve. Due to the

damage, sustained by molecules , during the preparation procedure and the over-

laps of molecules in the sample, many of the projections are unsuitable for further

processing. Such images should be identified and removed from the projection set.



10

This task is difficult to automate and is often performed manually.

In order to produce a high resolution 3D model of a macromolecule, the re-

construction procedure must combine the projection images obtained from many

micrographs. One reason for this is due to fact that the information associated with

some ranges of spatial frequencies is lost as result of the CTF. In order to avoid

noise amplification the CTF correction procedure must be applied in a way that

does not allow to recover the information associated with frequencies significantly

weighed down (high frequencies and frequencies in regions near the zeros of CTF)

. However, depending on the particular CTF, the information loss ours in a different

ranges of spatial frequencies. Since the CTF of a microscope can be changed by ad-

justing the defocus, micrographs can be produced with different ranges of missing

spatial frequencies. Combining in a single reconstruction procedure the projection

images from different micrographs (produced with different defocus settings) al-

lows the production of a high resolution 3D model that incorporates information

associated with all spatial frequencies [36]. Another reason for using images from

many micrographs in a single reconstruction procedure is due to the fact that the

achievable resolution of the 3D model depends on number of the projections that

are used in the reconstruction process [9]. In some case the number of image that

can be obtained from a single micrograph is not large enough to achieve the desired

resolution.

The main difficulty inherent to the single-particle method is the lack of informa-

tion about the spatial coordinates of the projection images. Since there is now way

to control the orientation of the molecules in the sample, the angles from which

these projection images are taken are unknown. Depending on the shape of the

molecule these angles may or may not be uniformly distributed. (Some molecules

may have one or few “preferred” orientations that are more likely to be represented

in a micrograph). Usually, the unknown projection angles are estimated under the
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assumption that all projection images are of the same object. (Consistency with

such an assumption puts mathematical restrictions on the set of angles that may be

associated with the projections.) Thousands of 2D projection images and their esti-

mated angles are used as an input to the reconstruction algorithm, which returns an

estimate of the 3D structure from which the projection images were obtained.

Despite the many difficulties, reconstruction procedures based on single particle

method have been successfully used to obtain the 3D structure of many biological

molecules [12]. The resolution of these reconstructions has steadily improved as

better instruments and techniques have become available. However, further im-

provements in achievable resolution are limited by the heterogeneity found in the

projection sets.

1.2 Heterogeneity

In the context of single particle EM, the term heterogeneity refers to the issues

associated with the samples containing molecules that are not identical. As the

molecules perform their biological functions, they frequently change their 3D struc-

ture. Since such changes do not occur simultaneously in all specimens, a large

sample is likely to contain molecules in different conformations.

There are different types of heterogeneity, which might occur simultaneously.

In some cases differences between conformation are associated with the ability of

molecules to rearrange the position of their components. Such movements are es-

sential to the operation of many molecules, which act like “miniature mechanical

devices” while performing their functions. The heterogeneity also occurs in sam-

ples that contain molecules that bind to other objects. Such molecules can be found

in different stages (before and after the binding occurred or with different object

attached). Usually the overall shape of the molecules remains the same. However,
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Figure 1.4: Heterogeneity - Three reconstructions Simian Virus 40 large T-antigen
dodecamers with various degrees of bending along the central axes of the dode-
camers.
The heterogeneous set from these models were reconstructed contained projection
images of molecules with continuously varying bent [39].

Figure 1.5: Heterogeneity - Two reconstruction of ribosomes.
The refined structures determined by maximum-likelihood optimization (ML) [39].
Unratcheted ribosomes in complex with three tRNAs (orange, green, magenta) or
ratcheted ribosomes in complex with one tRNA (light-green) and EF-G (red).

the bound molecules have relatively small (~5% of the main molecule mass) objects

attached to them. The example of a molecule exhibiting heterogeneity are provided

by Figure 1.4 and Figure 1.5.

For many specimens there is no feasible method to create a homogeneous sam-

ple containing molecules only in one of their conformational states. Because differ-

ent conformational states of a molecule are very similar (mass, size, shape, chemical

properties), in the general case there is no known physical or chemical method to

sort them into homogeneous subclasses. A study of ribosomal complex EF-G·70S

described in [17] is an example of the reconstruction effort in which various con-

formational states of a “molecular machine” are represented in the sample.
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The traditional reconstruction methods used in 3D-EM have been designed with

the assumption that the projection set they operate on is homogeneous (i.e., was pro-

duced from a sample that contains multiple copies of identical molecules). Since

heterogeneous samples contain molecules that are not identical, in theory the tradi-

tional methods are inherently unsuitable to handle them. However, frequently the

general shape of the molecule in different conformational states remains the same,

so the assumption that all molecules contained in a sample are identical is approxi-

mately true even for heterogeneous samples. In practice, when differences between

conformations represented in the heterogeneous sample are small, the problem of

heterogeneity has been ignored. In such cases, the traditional reconstruction meth-

ods produced a 3D model that represents the general shape (average over all confor-

mations) of the molecule represented in the sample. However, since the averaging

over several conformation leads to reduced resolution [50], the problem of hetero-

geneity cannot be ignored when high resolution models are desired. Such models

can be obtained only when different conformational states are treated separately.

The main problem encountered when the traditional reconstruction methods are

applied to heterogeneous projection sets is the loss of information about the in-

dividual conformations present in the sample. The single 3D model produced by

traditional methods does not provide useful information about the diversity of these

conformations. Frequently such information is essential to understanding the func-

tion of macromolecule under study.

Some of the problems caused by heterogeneity can be avoided by converting the

heterogeneous sample into a homogeneous one by using preparation technique that

forces all the molecules present in sample into the same conformational state. This

method has been successfully used in some reconstruction efforts. However, the ap-

propriate preparation techniques exists only for a few types of the molecules. Even

when such techniques are available, the use of them might have undesired conse-
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quences. In order to study the dynamic aspects of macromolecular machines it is

necessary to capture the molecules in the variety of their natural states. The existing

preparation techniques allow us to enforce only a very few states that frequently do

not correspond to the natural conformations. Consequently, the 3D models recon-

structed from samples in which all the specimens were forced into the same con-

formation by the use of such preparation technique cannot provide the information

that is essential to understanding the behavior and function of the macromolecules.

To illustrate issues associated with the heterogeneous projections sets we use

three 3D structures, referred to as S6, S6x, S7 in Figure 1.6, which resemble objects

previously utilized in the 3D-EM literature [38, 40] as three conformations of the

same object. The exact specification of their geometry is provided in Appendix A.

The use of objects for which the precise mathematical description is known was

very helpful in many aspects of our research (problem analysis, development of our

classification method and its evaluation.)

1.3 Significance

Many of the fundamental processes in the cell involve the dynamic interaction of

macromolecules transiently forming complexes that have been termed "molecular

Figure 1.6: 3D objects S6, S6x, S7.
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machines." Examples are protein synthesis (ribosome), transcription (RNA poly-

merase), protein folding (GroEL), and protein degradation (proteasome). Cryo-EM

has contributed significantly to the understanding of the dynamic nature of each of

these processes. One of the most recent examples is the elucidation of mRNA-tRNA

translocation in eukaryotic protein synthesis [45]. The understanding of these pro-

cesses is very important from the biological perspective and also may have profound

implications in other disciplines (medicine, agriculture, technology etc.). However,

even the complete information about the atomic level structure of a molecule may

not be sufficient to understand its function and how this function is performed. Fre-

quently, such knowledge cannot be obtained unless the changes in the shape of the

molecule, essential to its function, are understood and taken into the account. The

heterogeneity of samples, encountered in many 3D-EM reconstruction efforts, is

an expression of the dynamic nature of the macromolecules. As indicated earlier

in this chapter, such heterogeneity causes significant problem when the traditional

reconstruction methods are used. However, since the diverse conformations present

in heterogeneous samples are snapshots of the molecule at various stages of its op-

eration, such samples carry valuable information. If, with the use of the appropriate

tools, this information could be extracted, it would provide an important clues about

the processes in which the molecule is involved and the ways in which the molecule

operates.

1.4 Reconstruction from Heterogeneous Sets

Due to the limitations of the traditional methods and the difficulties associated with

obtaining representative homogeneous samples, there is a need for reconstruction

methods capable of handling heterogeneous samples. Such methods should convert

a heterogeneous projection set into the set of 3D models that approximate confor-
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Figure 1.7: Reconstruction form heterogeneous set.
Reconstruction procedure returns 3D models of all conformations represented in
the projection set.

mations represented by the projections. The process of reconstructing from het-

erogeneous projection set is depicted in Figure 1.7. Averaging across the confor-

mations must be avoided in such process because it blurs the differences between

models and harms their resolution.

Ideally, such reconstruction process should produce a set of 3D models that

correspond to all conformations represented in the projections set. This might not

be achievable in reality because some conformations might be represented by very

few projections or two conformations might be very similar. The latter is especially

likely when there is a continuum of conformations represented in the projection set.

However combining two almost identical conformations should not be very harm-

ful to the resolution of 3D model. Realistically, the heterogeneous reconstruction

procedure should be expected to return the 3D models of all the significantly differ-

ent objects that have sufficient representation in the heterogeneous projection set.

Such models should not suffer from the resolution loss due to averaging over mul-

tiple conformations and should represent well the important differences between
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Figure 1.8: Classification-based approach to reconstruction from heterogeneous
sets.

them. This will improve the achievable reconstruction quality from heterogeneous

samples and give access to the information about the dynamic nature of molecules

contained in them.

1.5 Classification-Based Approach

One approach to the heterogeneity problem is to is to employ a classification pro-

cedure to partition heterogeneous projection sets into homogeneous components

(Figure 1.8). If a correct partitioning can be achieved, an independent reconstruc-

tions from each of the homogeneous components would produce models of all the

conformations represented in the heterogeneous set. This set of models will consti-

tute a solution to the problem of reconstruction from a heterogeneous set. This

classification-based approach is appealing because it separates the issue of het-

erogeneity from that of reconstruction, allowing the use of existing reconstruction

techniques without modifications. However, the partitioning of heterogeneous pro-

jection sets produced by EM into homogeneous components constitutes a difficult
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classification problem.

The difficulty inherent in the problem of classifying projection images, comes

from the fact that frequently a pair of images that belong to the same class (they

are 2D projections of the same conformation) are far less similar to each other than

another pair of images that belong to different classes. A traditional 2D image clas-

sification method would not consider the image pairs that are within the individual

Figure 1.9: Similarity between projections of different conformations.
Top panels: top and side projections of the conformations S6, S6x and S7. Bottom
panels: the corresponding top and side projections distorted by noise (SNR = 0.1).
(All images use the same mapping from projection values into gray values; the two
extreme projection values in the noisy images correspond to black and white.)
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top panels of Figure 1.9 to be similar and would likely place them into different

classes, even though the images of these pairs are 2D projections of the same 3D

object in different directions. On the other hand, it would consider that the projec-

tion images in each row of Figure 1.9 as similar to each other, even though they are

2D projections of different 3D objects. When the projection images contain noise,

the task of classifying them becomes even harder. The signal to noise ratio (SNR)

of the EM projection images is very low. Figure 1.9 (bottom panels) shows the

impact of noise (SNR = 0.1 as defined by Frank [12], p. 121) on projection image

quality. Since the differences between projections in each row are even less visible,

the probability of placing them into the same class increases.

1.6 Supervised versus Unsupervised Classification

The use of prior knowledge can significantly simplify some aspects of the recon-

struction process and improve the quality of the results. In some 3D-EM recon-

struction efforts, prior knowledge is available in the form of approximate 3D den-

sity maps. Frequently such maps are used to group together the projections taken

from similar direction and to determine approximate values for the Euler angles

associated with the projections. They also provide an initial reference for iterative

reconstruction procedures. Many image classification procedures used in 3D-EM

are designed with the assumption that prior knowledge is available. The type of

classification that involves the use of prior knowledge is known as supervised clas-

sification. The supervised classification methods are relatively simple and efficient.

However, they have two major disadvantages. The first is their limited applicabil-

ity. The supervised classification methods can only be applied to those problems

for which appropriate prior knowledge is available. Many important classification

problems do not belong to this category. The second is associated with the strong
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dependence of the results on the accuracy of the prior knowledge (initial models).

Even small inaccuracies in this knowledge (a bad choice of initial models) might be

amplified by the classification procedure and lead to incorrect results.

In many classification problems no prior knowledge is available. In such cases

the classification must be based exclusively on the information contained in the

data. This type of classification is called unsupervised classification. The unsu-

pervised classification techniques do not suffer from the limitations of supervised

classification techniques. However, since less information is provided, the prob-

lem of unsupervised classification is inherently harder than the one of supervised

classification.

1.7 Existing Approaches

Since the 3D visualization of molecular machines in their various conformations is

essential to understanding the dynamic processes they undergo, significant efforts

have been made to develop techniques capable of reconstructing 3D models of dif-

ferent conformations represented in heterogeneous projection sets. The majority

of the proposed methods make use of supervised classification techniques to ex-

pand the applicability of single particle approach to heterogeneous projection sets

(Penczek, Frank and Spahn [35] provide a recent example). The expansion typi-

cally involves estimating the projection directions and the conformations that gave

rise to the projections using a set of initial models (or ‘references,’ and hence such

approaches are referred to as multireference 3D projection alignment). Once each

projection image is assigned an estimated projection angle and is associated with

the specific reference model, a series of 3D reconstructions is performed. Each of

these reconstruction involves a subset of the projection images that have been asso-

ciated with the same reference model. Such series of reconstructions results in a set
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of refined (second generation) 3D models. A further refinement can be achieved by

using the second generation models as new references and repeating this process.

The final 3D models produced by multireference reconstruction methods are the

result of several such iterations. (The number of performed iterations depends on a

stopping condition used by the specific method and the dataset being processed.)

Methods based on the multireference approach involve either implicitly or ex-

plicitly supervised classification of projection images. This inherently difficult task

is easier to perform when prior knowledge is used. In case of multireference re-

construction methods, such prior knowledge is provided by the initial models that

are approximations (frequently very coarse) of conformations represented in the

heterogeneous projection set. Depending on the particular reconstruction problem,

different approaches have been taken to obtain models that are required to initiate

the multireference refinement procedure.

In some reconstruction efforts that are based on supervised classification [3,

17, 23, 46] the approximate 3D models of some known (frequently pre- and post-

transition) states have been used to partition projection set into the subsets rep-

resenting all conformations present in the heterogeneous projection set. The 3D

volumes reconstructed from these subsets are used as an initial models in a multiref-

erence reconstruction procedure. Another way to obtain initial models for multiref-

erence classification is based on flexibility analysis of a known molecular structure.

In some cases an approximate 3D model of the molecular structure is available.

This model may represent a single conformation or an average of several confor-

mations (for example, may have been obtained in the reconstruction procedure that

ignores the heterogeneity). The structures obtained by elastic deformations of such

3D model can be used as a set of initial references in a multireference reconstruc-

tion procedure [4]. Similarly, elasticity analysis of atomic level models can be used

to construct a set of 3D references [43, 49]. For example, elasticity analysis of
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two known (frequently pre- and post-transition) atomic level models, which repre-

sent different conformations, can be used to determine the structure of intermediate

states in conformational transition.

The approaches described above share the same problem. In all of them, the ini-

tial models of unknown conformations present in the heterogeneous projection set

are being construed on the basis of an incomplete knowledge about the 3D structure

of the molecule and/or the type of deformations encountered in nature. As a result

these approaches may produce sets of initial models that include models of states

that are never realized.

The procedures based on multireference approach have been successfully used

to produce high-resolution 3D models from heterogeneous projection sets. How-

ever, many of them are “custom-tailored” for a particular reconstruction problem

and are ad-hoc in nature. The strong dependence on prior knowledge by these

methods limits their applicability to that subset of real life cases in which such

knowledge is available.

Until recently a comprehensive approach to the analysis of heterogeneous pro-

jection set in absence of initial 3D templates has not been worked out [35]. How-

ever, a new generation of three-dimensional reconstruction procedures, capable of

handling heterogeneous projection sets, is emerging. Unlike the older (at-hoc meth-

ods), the new methods are designed to handle a wide variety of the heterogeneous

projection sets. Some of them attempt to deal with heterogeneity without relying

on any prior knowledge, others significantly reduce the need for such knowledge

[16, 39].

The recently proposed cluster tracking method of Fu, Gao and Frank [16] at-

tempts to partition heterogeneous projection sets into homogeneous components.

This classification-based approach makes use of the similarity between those 2D

projections of the 3D object that were obtained from close projection angles. The
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performance of the cluster tracking method has been so far demonstrated only on

a relatively small, highly sampled region of angular space. Since cluster tracking

cannot be used in regions that are sparsely populated with projections, this classi-

fication method can be directly applied only to data sets containing a large number

reasonably densely distributed projections. Merging of homogeneous subsets ob-

tained in disjoint regions maybe required if cluster the tracking method is used to

classify datasets in which there are regions of angular space with a low density

projection coverage.

Another, recently proposed method is based on the maximum likelihood (ML)

approach [39]. This method employs multireference refinement process to search

for a solution that maximizes the probability of observing the measured data (the

projection set given as input). In order to solve this optimization problem, the ML

method estimates at the same time each of the 3D conformations, the angles de-

termining each of the projections, the level of noise in the data and the level of

misalignment between the projections. The ML method has been demonstrated to

produce 3D models of several conformations present in real heterogeneous projec-

tion sets. However, the computational costs of doing this were very high; equiv-

alent to several months of computation on a typical desktop computer in current

use. This time can be reduced by the use of multiple processors, but significant

computational resources are required to complete the reconstruction process within

acceptable time.

1.8 Objectives

A classification-based approach (described in Section 1.5) has the potential to be-

come a universal procedure for reconstructing high-resolution 3D models of macro-

molecular structures from heterogeneous sets of EM projection images. Such a re-
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construction procedure would be capable of handling a wide variety of reconstruc-

tion problems, including those for which no prior knowledge is available. However,

the success of this approach depends on the availability of an appropriate unsuper-

vised image classification procedure. Since, as indicated in Section 1.5, the task

such procedure would be required to perform is inherently difficult and cannot be

handled by the traditional classification methods, the classification-based approach,

in which the projection images are classified directly (without involvement of any

reconstruction procedure) is feasible only if a new classification method capable of

partitioning the heterogeneous projection sets of EM projection images into their

homogeneous components can be constructed.

The main objective of the work presented here is to demonstrate that by utilizing

mathematical properties of the projection images and combinatorial optimization

techniques, one can construct such a method. Ideally, this method should be capable

of producing a high-quality partitioning of the entire heterogeneous projection set

that can be directly used in series of reconstructions (one per partition class) to

produce 3D models of all conformations present in the projection set. It also should

be demonstrated that an implementation of the proposed method, efficient enough

to handle classification problems encountered in 3D-EM, is possible. Specifically,

such implementation must be able to handle data sets that contain thousands EM

projection images that represent more than one conformation and must complete

the classification process within acceptable time running on standard computers.

However, if this goal cannot be achieved, a classification method capable of

handling only a subset of heterogeneous projection set that produces less than per-

fect separation of homogeneous subsets can also be useful in 3D-EM reconstruction

procedures. As long as the classification produced by such a method captures the

essential differences between conformations represented in the projection set, the

3D reconstructions from the individual classes can be used as the initial templates
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in a traditional multi-reference reconstruction procedure.



Chapter 2

Projection Image Dissimilarity

Measure

The classification-based approach to the heterogeneity problem (described in Sec-

tion 1.5) has been used in many 3D-EM reconstruction efforts. The classification

of electron microscopic projection images, required by this approach, is frequently

performed by a supervised classification procedure. In such a procedure, a set of 3D

reference models is used to guide the classification process. Since it makes use of

additional information (provided by the initial models), a supervised classification

is inherently easier than unsupervised one. However, methods based on supervised

classification have some significant limitations (see Chapter 1).

As indicated in Section 1.5, the classification-based approach has a potential to

become a basis of universal method for reconstructing 3D models of macromolec-

ular structures from heterogeneous projection sets. However, due to the limitations

of supervised classification methods, the full potential of the classification-based

approach cannot be realized if such methods are used in the process. A method for

reconstructing 3D models of macromolecular structures from heterogeneous pro-

jection sets that utilizes the classification based approach can be applicable to wide

26
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range of reconstruction problems only if the classification of the projection images

is performed by an unsupervised classification procedure. However, unsupervised

classification techniques are rarely used to partition heterogeneous projection sets

into homogeneous subsets [35]. The required classification task is difficult because,

due to nature of the projections and the distortions found in them, it is not possible

to determine reliably if two projection images represent the same or two different

objects. If a mathematical function that takes two projection images as arguments

and returns one value when the images belong to the same class and a different

value otherwise could be constructed, the partitioning of heterogeneous projection

sets into homogeneous subsets would be easy.

In practice, such a binary decision is not necessary. The desired unsupervised

classification can also be achieved when a reliable function that measures dissim-

ilarity of images is available. Such a function takes two images as arguments and

returns a value that corresponds to the likelihood that the given images do not be-

long to the same class (that they are 2D projections of different conformations). The

difficulty associated with determining the dissimilarity of 2D projection images de-

fined in this way comes from he fact that frequently a pair of images that belong to

the same class are far less similar (in the traditional sense) to each other than an-

other pair of images that belong to different classes. Consequently, the traditional

measures cannot be applied to the projection image classification problem.

A new image dissimilarity measure, specifically designed to deal with 2D pro-

jections of 3D objects, is proposed in this chapter. This measure utilizes a property

of images that are 2D projections of the same 3D object and, consequently, it is

well suited to the problem of partitioning heterogeneous projection sets into homo-

geneous subsets.
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2.1 Mathematical Background

Our projection image dissimilarity measure is based on the following mathematical

argument. The value at a point in a perfect (i.e., noiseless) projection image is the

line integral of the 3D object to be reconstructed along a line that goes through that

point and is orthogonal to the plane of the projection image. An immediate conse-

quence of this is that if we take any line in the projection image and we integrate

the projection values along that line, the resulting line integral will have the same

value as the planar integral of the original 3D object over a plane that contains the

given line in the projection plane and is orthogonal to the projection plane.

Consider now two perfect projection images x̄ and ȳ (in different directions) of

the same 3D object (Fig. 2.1). The planes (p and q) of these projections intersect

in a line (cl). This line occurs in both of the projection planes, and it is therefore

referred to as the common line. Take any point (a) on the common line and consider

the two lines (la,p in p and la,q in q) that are perpendicular to the common line and

include this point. These two lines lie in the same plane (Pa, which is perpendicular

to the common line cl and goes through the selected point a). It follows therefore

that the line integrals that are obtained by integrating in the projection images (x̄ and

ȳ) along the lines perpendicular to the common line (cl) going through the selected

point (a) have the same value (namely, that of the planar integral of the original 3D

object over the plane Pa).

An important (and well known [8]) consequence of this is the following prop-

erty of any two perfect projection images of the same 3D object. Let us assume that

we can identify in the projection planes (p and q) of the two projections the points

(call them op and oq, respectively) onto which the origin of the assumed coordinate

system of the 3D Euclidean space project. We can now translate the property de-

scribed in the previous paragraph into the following: there is a line (call it lp) in

p going through op and a line (call it lq) in q going through oq such that, for any
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Figure 2.1: Two projections x̄ and ȳ of object S6.
The line integrals in projection planes (p and q) along the indicated lines (la,p and
la,q) perpendicular to the common line (cl) are both equal to the planar integral
over the indicated plane of integration (Pa). (Pa - plane of integration; la,p, la,q -
lines perpendicular to the common line; cl - common line; x̄, ȳ - projections onto
projection planes; p, q - projection planes; a - point on the common line).
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real number d, the value of the line integral of the projection x̄ onto p along the

line perpendicular to lp at a distance d from op is the same as the value of the line

integral of the projection ȳ onto q along the line perpendicular to lq at the distance

d from oq.

2.2 Definition

In practice, we have to deal with the discrete and noisy nature of our data (which

implies that the planar integrals of the 3D object can be determined from the pro-

jection images only approximately) and computational reality does not allow us

to look at all lines in the projection planes. Let L be the number of evenly dis-

tributed lines at which we will look in each projection plane p, we index them by

l, 1≤ l ≤ L. Each of these lines go through op. On each of them we pick N points

(these points are picked at matching distances from op in all projection planes p

and for all lines l). For each projection image x̄ and for each such line l we define

an N-dimensional vector Xl whose n-th component (for 1≤ n≤ N) is the estimated

line integral in the projection image along the line perpendicular to l going through

the n-th point. If errors due to noise and discretization are ignored, then (according

to the property described in Section 2.1) two projection images x̄ and ȳ of the same

3D object must have identical vectors Xl and Ym for some pair of indexes l and m.

This can also happen if x̄ and ȳ are projection images of different 3D objects, but

only under very special circumstances. In reality, due to discretization error and

noise, there is practically no pair of indexes l and m for which vectors Xl and Ym are

identical. However there is an increased probability of finding two ‘similar’ vectors

Xl and Ym, if the projections x̄ and ȳ came from the same object. Let us assume that

‘dissimilarity’ of vectors can be measured by a function s that returns 0 given a pair

of identical vectors and a positive value indicative of the differences between the
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vectors otherwise. We define the dissimilarity of any two projection images x̄ and ȳ

as

s̄(x̄, ȳ) = min
1≤l,m≤L

s(Xl,Ym) . (2.1)

Note: The definition of function s will be provided in Section 2.3.2.

2.3 Application to EM Projection Images

With the exception of some special cases, the value of dissimilarity measure defined

in Section 2.2 reliably determines whether two noiseless 2D projection images rep-

resent the same 3D object. However, before this measure can be applied to the

images obtained by an electron microscope, some prepossessing of the images is

necessary. When rectangular, pixels images are used to produce 1D projections, the

Figure 2.2: The 10 x 10 image and its two 1D projections.
Circular mask and 1D projections of 2D image (the values of pixels with centers
outside of the masking circle are set to zero).
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number of pixels over which the integration occurs depends on the direction from

which the 1D projection is taken. In case of noiseless images this can be ignored

because the values of pixels in 2D image that are not covered by the support of

3D object are equal to zero. When 1D projections are produced from a noisy im-

age the varying number of pixels over which integration occurs results in undesired

artifacts. To avoid this problem, before the 1D projections are produced the 2D pro-

jection image is masked with a circular mask large enough to contain the footprint

of the molecule. Setting the values outside the mask to zero ensures that, for each

ray, the integration occurs over approximately the same length of nonzero values

regardless of the direction (see Figure 2.2).

In the second prepossessing step, the values of the pixels within the masking

circle are normalized by subtracting from each of them a constant value so that

their sum after subtraction is zero. Such a normalization is justified by the nature

of the contrast transfer function of an electron microscope (the information about

the sum of densities is essentially lost [12]) and the facts that it does no harm in the

noiseless case but eliminates the average of the noise in the noisy case.

After the prepossessing is applied to a pair of images x̄ and ȳ, the value of

Figure 2.3: Process of calculating the value of dissimilarity measure for two images
x̄ and ȳ.
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dissimilarity measure for them can be found by the process illustrated by Figure 2.3.

First 1D projections of 2D image x̄ are calculated for L (parameter of the process)

equally spaced directions. These L 1D projections are stacked on top of each other

to form an image X (a sinogram of x̄). Each horizontal line of the sinogram X is a

vector (Xl) that represents a single 1D projection of the 2D image x̄. In an identical

procedure, a sinogram Y of the image ȳ is produced.

Once both sinograms X and Y are available, the calculation of the dissimilar-

ity measure of (2.1) is preformed by searching for a pair of lines Xl and Ym (in

sinograms X and Y correspondingly) for which the value of function s(Xl,Ym) is

minimal. A very similar procedure is routinely used in the common-line approach

to the “angular reconstitution” (a process that finds the angular relationship between

the projection images) [47].

Figures 2.4, 2.5 and 2.6 illustrate the process of calculating the value of dissim-

ilarity measure for three pairs of images.

Figure 2.4 illustrates this process for two dissimilar (in the traditional sense)

Figure 2.4: Matching line in the sinograms of two noiseless projections images that
originate from the same 3D object.
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projection images of the same 3D object. Despite the differences between the two

images, a pair of similar lines can be found in their sinograms.

When the dissimilarity measure is calculated for two projection images obtained

from different 3D object for some pairs of 2D projections (like these in Figure 2.5)

the differences between sinogram lines are more visible than for others (like these

in Figure 2.6). However no pair of matching sinogram lines can be found in either

case.

The dissimilarity measure becomes much less reliable when high level of noise

is present in the 2D projection images. The lines in the sinograms become blurred

and hence it is much harder to determine if a pair of lines from two different sino-

grams differ because of the impact of noise or because of the differences between

the noiseless versions of 1D projections. The Figure 2.7 illustrates this problem.

2.3.1 Alignment

The proposed dissimilarity measure relies on the assumption that it is possible to

identify in the projection planes (p and q) of the two projections (x̄ and ȳ) the points

(call them op and oq, respectively) onto which the origin of the assumed coordinate

system of the 3D Euclidean space project. In practice, this is equivalent to aligning

projection images x̄ and ȳ so that the values of the central pixels in both images

correspond to line integrals calculated along two lines that cross each other. Such

alignment can be achieved by the translation of both images in their corresponding

projection planes in such a way that, after the translation, the center of the mass of

the 3D object is projected onto the central pixels of both images.

The problem of aligning electron microscopic projection images is not new. The

methods for reconstructing 3D models from the projection images require that all

the images used in reconstruction are placed in a common coordinate system. The

electron microscope does not provide information about the spatial coordinates of
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Figure 2.5: The sinograms of two noiseless projections images that originate from
different 3D object.
(No matching line can be found.)

Figure 2.6: The sinograms of two noiseless projections images that originate from
different 3D object.
(Some of the lines are quite similar, however no matching line can be found.)
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Figure 2.7: The sinograms of two noisy projections images that originate from
different 3D objects.
(The noise significantly blurs the differences between the lines in sinograms, The
lines in marked regions are hard to distinguish.)

the images it produces. Therefore image alignment is an integral part of any 3D

reconstruction procedure that involves EM images (see [32, 27]for examples). Due

to the high level of noise present in the EM projection images and other distor-

tions these images suffer from, this task is not trivial and perfect alignment of EM

projection images cannot be achieved.

The misalignment of the projection images reduces the reliability of the pro-

posed dissimilarity measure. Since the spatial density distribution of biological

objects does not change rapidly, in case when two projection images x̄ and ȳ of the

same object are slightly misaligned, a similar pair of 1D projections Xl and Ym can

be found. Such pair would produce a low value of the function s(Xl,Ym), indicat-

ing that projection the images x̄ and ȳ are likely to originate from the same object.

However, when the misalignment of images x̄ and ȳ is large, the corresponding line

integrals in the vectors Xl and Ym will be shifted with respect to each other and,

unless a shift invariant function s is used, the estimated likelihood that images x̄ and
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ȳ originated from the same 3D object will be low.

We conducted a set of experiments to test the impact of image misalignment on

the usefulness of the proposed image dissimilarity measure to the task of classifi-

cation of EM projection images. The results of these tests are presented in the later

chapters.

2.3.2 Vector Dissimilarity Measure

The definition of image dissimilarity measure proposed in Section 2.2 is based on

the assumption that a ‘dissimilarity’ of vectors can be measured by a function s that

returns 0 given a pair of identical vectors and a positive value indicative of the dif-

ferences between the vectors otherwise. So far, the function s has not been formally

defined. Since there are many ways of measuring the dissimilarity of two vectors,

we conducted some initial experiments to evaluate different functions. These ex-

periments have shown that some functions are much better from the perspective of

the proposed image dissimilarity measure than others. The problem of selecting a

“good” vector dissimilarity measure is not trivial. A systematic (analytical or exper-

imental) approach to this problem would require a significant amount of work and

a better understanding of distortions present in the projection images. Ideally, the

selection of the function s should take into consideration the knowledge about the

statistical characteristics of both the noise and the signal present in the EM images.

Since the main focus of our work was to demonstrate feasibility of classification-

based approach to the heterogeneity problem, only limited experimental effort has

been made to find a good (from the projection image classification perspective)

measure of vector dissimilarity. We experimentally tested performance of several

functional as measures of vector dissimilarity. (Among others cross correlation, 1-

norm of the difference, 2-norm of the difference and 3-norm of the difference were

tested.) Based on these experiments the squared 2-norm of the difference
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s(x,y) = ‖x− y‖2 (2.2)

was selected (x and y are N-dimensional vectors). There is no evidence that this

function is optimal for the classification of EM projection images. However, it has

been experimentally demonstrated that it performs sufficiently well to demonstrate

the feasibility of the proposed classification framework (and better than other func-

tions that we tried).

A more systematic approach (either analytical or experimental) to finding op-

timal vector dissimilarity function, incorporating knowledge about the statistical

properties of the signal and the noise in the EM projection images, is likely to im-

prove the reliability of the proposed dissimilarity measure.

2.3.3 Implementation

Since the EM images are relatively small (60 by 60 to 200 by 200 pixels), the

computational cost and storage necessary to compute the dissimilarity measure for

a single pair of images is quite manageable (it depends on the cost of calculating

the value of the function s, the values of the parameters L and N, and the size of

the projection images). However, the the CPU time necessary to compute image

dissimilarities for many pairs of images is not negligible. However, some simple

implementation techniques can be employed to keep down the cost of calculating

the values of dissimilarity measure.

When the dissimilarity of projection images is calculated for many pairs of im-

ages in which one of the images remains the same, a significant reduction of the

computational cost can be achieved by pre-calculating 1D projections (the sino-

gram) of that image and using them in all distance calculations. Even if an image

appears in many pairs for which the dissimilarity measure must be calculated, its
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1D projections need be calculated only once. It is therefore beneficial to divide the

process of calculating images distances into two phases. In the first phase, sino-

grams are produced for all the images for which the distances must be calculated.

These sinograms are stored and used in the second phase of the process. In the

second phase, the dissimilarity measure of images x̄ and ȳ is calculated by finding

the minimal value of function s for pairs of 1D projections Xl and Ym (horizontal

lines in the sinograms X and Y ) produced in the first phase.

By avoiding recalculation of sinograms, the two-phase approach to the calcu-

lation of image dissimilarity measure significantly reduces the computational cost

of calculating distances for many pairs of images. Nevertheless, when the dis-

tances must be calculated between many pairs of images in a large projection set,

the amount of storage necessary to save all sinograms can be very substantial. A

significant (50%) reduction of storage requirements and computational cost can be

achieved by utilizing the fact that two vectors representing 1D projections obtained

from angles that differ by 180 degrees are reversed (in terms of order of elements)

copies of each other. This property allows to calculate the dissimilarity of two im-

ages by using only halves of their sinograms (covering angles within the [0, 180)

range). The remaining halves can be easily recovered by reversing the order of

elements in the calculated 1D projections.

Another important consequence of the sinogram symmetry described above is

the reduction of the number of pairs Xl and Ym for which the value of function s

must be calculated in order to determine the value of s̄(x̄, ȳ). As long as

s(Xl,Ym) = s(X ′l ,Y
′
m),

where vector X ′l contains elements of vector Xl in reversed order and vector Y ′m

contains elements of vector Ym in reversed order, the dissimilarity measure s̄(x̄, ȳ)

between two images x̄ and ȳ can be calculated by finding the minimum of the func-
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tion s for 1
2L2 pairs of vectors Xl and Ym (L2 pairs must be considered in a brute

force approach).



Chapter 3

Projection Image Classification as

Optimization Problem

The specific nature of the projection images imposes some restrictions on a method

that can be used to solve the problem of partitioning heterogeneous projection sets

into their homogeneous components. It appears that our measure of dissimilarity

between two projection images (proposed in Section 2.2) is the only mathematical

concept, defined in the domain of the projection images, that can be used to solve

this classification problem. Since in this domain there is no meaningful from our

classification perspective definitions of other mathematical notions (e.g., average of

several projection images), some traditional approaches (e.g., clustering algorithms

like k-means) are not applicable. Without such definitions, a method for solving the

problem of partitioning heterogeneous projection sets into their homogeneous com-

ponents must rely exclusively on the distances between the pairs of images. Under

these restrictions, a simple approach to the problem of finding the desired classifica-

tion is to use a thresholding method. However, such a method can be successful only

if the homogeneous subsets are well separated (the distances between the members

of the same class are much smaller than the distances between members of two

41
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different classes). When the separation of classes is not so well defined, a more

sophisticated approach must be taken. Frequently, in such cases the classification

of objects is achieved by solving an optimization problem (finding an arrangement

of the objects that optimizes some objective function). As we demonstrate in this

chapter, the homogeneous classes of EM projection images are not well separated

and cannot be isolated using a thresholding based method. Therefore we propose a

reformulation of the projection image classification as an optimization problem.

3.1 Similarity of EM Projection Images

The high level of noise present in the projections sets obtained by EM has this con-

sequence that even when an appropriate dissimilarity measure (as defined by (2.1))

is used, the task of identifying homogeneous components in such sets is difficult.

The value of the dissimilarity measure between two projections produced from the

same conformation is only statistically smaller than the value for two projections

of different conformations. In fact, when dissimilarity measures are calculated for

all the pairs of projections in a realistic heterogeneous projection set, the range of

values for pairs originating from the same conformation is practically the same as

the one for pairs originating form different conformations. (For example, using the

data set generated for the experiment of Table 7.7, the first range is from 0.84×106

to 2.21× 106 with mean 1.57× 106 and standard deviation 0.12× 106, while the

second range is from 0.79× 106 to 2.44× 106 with mean 1.63× 106 and standard

deviation 0.13× 106. The histograms of distances in these sets are shown in Fig.

3.1.) The problem of partitioning heterogeneous projection set into their homoge-

neous components clearly cannot be solved by a simple thresholding method. Only

an optimization-based approach that simultaneously considers many (possibly all)

projections has the potential to produce the correct partitioning.
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Figure 3.1: Histograms of distances between pairs of projection images in a hetero-
geneous set for the pairs originating from the same and from different conforma-
tions.

3.2 Formal Statement of the Optimization Problem

In order to obtain a reliable classification of noisy projection images (such as those

produced by EM), we propose the reformulation of the original classification prob-

lem as the following optimization problem. Let V denote the heterogeneous projec-

tion set. For any positive integer K, a K-partition A of V is a set {A1, · · · ,AK} of K

nonempty subsets of V such that the union of these subsets is the whole of V and

no two subsets have any element in common. Our reformulated problem is:

GIVEN a set V of 2D projections and a positive integer K,

FIND a K-partition A = {A1, · · · ,AK} of V ,

SUCH THAT
K

∑
k=1

∑
x̄,ȳ∈Ak

s̄(x̄, ȳ) (3.1)

is as small as possible.

The translation of the biological classification problem into our proposed opti-
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mization problem is appropriate for the situations in which the projection images

being classified contain a significant amount of noise, because the classification of

the individual images is not made independently. In fact, the classification of each

projection image is determined by the optimal arrangement of all the images and

therefore it is much less likely to be influenced by noise.

3.3 Graph-Theoretical Interpretation

The classification problem posed in Section 3.2 can also be restated in the context

of graph theory [19]. The projections in V are represented by nodes of a complete

weighted graph G; the weight of the edge between nodes x̄ and ȳ is the distance

s̄(x̄, ȳ), defined by (2.1). In such a graph, the edges between the nodes representing

projections of the same object are more likely to have lower weights. The problem

of separating the homogeneous subsets of a heterogeneous projection sets becomes

a graph cutting problem, in which the objective is to find a separation of the graph

G into K complete subgraphs G1, ...,GK such that the sum of all edge weights in

the subgraphs G1, ...,GK is minimal. This problem is known as Max k-Cut [25],

and in case K = 2 it is equivalent to the maximum capacity cut problem [41]. Fig.

3.2 shows a small (10 images) instance of heterogeneous projection set classifica-

tion problem interpreted as maximum capacity cut problem of the corresponding

complete graph.

3.4 Computational Complexity

The reformulation of the optimization problem stated in Section 3.2 as a known

graph cutting problem allows to take advantage of graph-theoretical results to es-

timate its computational complexity. Both Max k-Cut and maximum capacity cut

problems have been shown to be NP-complete [25, 41]. It also has been demon-



45

Figure 3.2: Classification by graph cutting.
Images represented by nodes of each graph component belong to the same class.
The thick edges connect the graph nodes that represent pairs of similar images
(those for which the value of (2.1) is low). The thin edges connect the graph
nodes that represent pairs of dissimilar images (those for which the value of (2.1) is
higher).

strated that finding even approximately optimal solution to the Max k-Cut is NP-

complete [25]. This means that, according to theory, finding an optimal (or even

approximately optimal) solution to a large instance of the Max k-Cut or the max-

imum capacity cut problem is extremely computationally expensive, and so for

larger graphs one cannot in general expect that an algorithm will find an approxi-

mate minimizer of the expression of (3.1) in an acceptable computer time.

The theoretical complexity of Max k-Cut and maximum capacity-cut problems

describes the relationship between the size of the problem and the cost of solving

it. It is calculated with the assumption that all instances of the problem can be en-

countered. Since the instances that represent a real life process are not randomly

generated, they may form a specific subclass of all possible instances that exhibit

some regularities. In some cases, the cost of solving instances of problems that

belong to this subclass may be reduced by utilizing their special properties. Some-
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times, for instances that belong to such subclasses, it is possible to find a good

(from the practical perspective) approximation of the optimal solution at relatively

low cost.

The most important factor affecting the computational effort required to solve

an NP-complete problem is its size. In fact, solutions to small instances of such

problems can be found relatively quickly. In order to estimate the relationship

between the size of a realistic (from EM image classification perspective) graph

and the computational cost of finding its maximum capacity cut (partitioning into

two classes), we conducted several experiments using a standard algorithm (called

DSDP [1]) for finding the maximum capacity cut. Due to the long run-time, so-

lution for graphs with more than 2,000 nodes were not attempted. The run-times

of the experiments with smaller graphs are summarized in Table 3.1. The 2,000

node instance of the problem took over 50 hours to solve. The estimated (based on

the values in Table 3.1) run time for solving the 5,000 node instance of the graph

cutting problem using DSDP is approximately one month. It is important to notice

the a data set that contains 5,000 image is relatively small by 3D-EM standards. In

many reconstruction efforts tens or even hundreds of the projection images are used

(for example see [45]).

No. of nodes 500 1,000 2,000
Run time (sec.) 615 17,326 187,825

Table 3.1: Timings of DSDP for solving the maximum capacity cut problem for
graphs of different sizes.

The results of our experiments confirmed theoretical predictions that the com-

putational cost of finding the maximum capacity cut for large graphs is very high.

However it is important to notice that the algorithm used in these experiments

(DSDP) has not been optimized for the instances of the problem that originate from

3D-EM. Therefore our results provide just an estimate of the computational cost of
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finding the maximum capacity cut using an off-the-shelf algorithm and do not prove

that these instances cannot be solved faster. In fact, as we demonstrate in Chapter 5,

an efficient algorithm capable of producing good (from our classification problem

perspective) estimates of Max k-Cuts for graphs originating from 3D-EM can be

constructed. This algorithm produces an acceptable approximate solutions to large

(5,000 nodes) instances of Max k-Cut problem in two minutes, provided that they

arose from the problem of classification of heterogeneous 2D projections.



Chapter 4

Construction of the Distance Graph

As described in Chapter 3, the problem of partitioning heterogeneous projection

sets into their homogeneous components can be reformulated as a graph-cutting

problem. In this reformulation, an instance of the image classification problem is

represented as a complete weighted graph in which each node represents a single

projection image. The weight of each edge describes the dissimilarity of the images

represented by the nodes it connects. The desired image classification is achieved

by finding a Max k-cut of such graph. Frequently the datasets encountered in 3D-

EM reconstruction efforts contain tens of thousands or even hundreds on thousands

of projection images (for example see [45]). In order to classify such datasets a

large graphs must be constructed. Since the topology of these graphs is fixed (com-

plete graph with each node corresponding to a single 2D projection image) the

process of constructing them is simple (only the weights of the edges must be cal-

culated). However, due to the large number of nodes in these graphs (equal to the

number of images in the heterogeneous set) and their topology (complete graphs),

the number of edge weights that need to be calculated is very large (for a graph with

5,000 nodes, 12,497,500 edge weights must be calculated). A significant amount of

computer time must be dedicated to calculating edge weighs in a realistically sized

48
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graph. For example (without optimizations) it takes approximately 24 hours on a

single processor (Intel Xeon 1.7 GHz) to construct a graph for a data set that con-

tains 5,000 images. Since the calculations of edge weights between different nodes

of the graph are mutually independent, the task of constructing the graph can be

easily parallelized. However, the cost of constructing such graphs increases propor-

tionally to the square of the number of projection images. So for larger datasets that

contain tens of thousands projection images, which are not unusual in 3D-EM of

macromolecules, significant resources are required to construct the corresponding

graphs. The computational cost of constructing such graphs can be reduced by the

use of an efficient procedure for calculating edge weights.

The weight of an edge, which connects a pair of nodes that represents images

x̄ and ȳ, is equal to the value of the dissimilarity measure s̄(x̄, ȳ) (defined by (2.1))

between images x̄ and ȳ. If dissimilarity s between two vectors is defined as in 2.2,

then the process of calculating a single edge weight can be interpreted as finding a

squared distance between two sets of points in multi-dimensional Euclidean space.

The problem of finding distances between sets of points in Euclidean space is not

new. It has been encountered in other applications and efficient algorithms to solve

this problem have been proposed. However, some of these algorithms do not per-

form well in the high-dimensional spaces[51] and consequently cannot be applied

to the problem of building graphs for 3D-EM image classification.

In order to reduce computational costs associated with the construction of such

graphs, we adapted some known techniques to construct two algorithms for finding

the distances between sets of points in high-dimensional Euclidean spaces. The

first of these algorithms is based on the AESA [48] algorithm and finds the dis-

tance between two sets of points by solving a series of Nearest Neighbor Search

(NNS) problems. The second, our contribution [24], utilizes an early-termination

technique to accelerate the computation of the set distances. We implemented these
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algorithms and experimentally evaluated their applicability to our graph building

problem.

4.1 Formal Problem Statement

Let N be the dimension of the Euclidean space RN . The distance d(x,y) between

two points x,y ∈ RN is

d(x,y) =

√
N

∑
n=1

(x(n)− y(n))2. (4.1)

We define the distance D(X ,Y ) between two nonempty finite sets of points X and

Y as

D(X ,Y ) = min
x∈X ,y∈Y

d(x,y). (4.2)

When the dissimilarity s(x,y) between two N-dimensional vectors x and y is

defined by (2.2), then finding a value of dissimilarity s̄(x̄, ȳ) (defined by (2.1)) be-

tween two images x̄ and ȳ can be interpreted as finding a distance D(X ,Y ) of (4.2)

between two sets of points X and Y in N-dimensional Euclidean space and squaring

the result. In this interpretation, the L horizontal lines in each of the sinograms X

and Y are treated as points in Euclidean space.

Note that d(x,y) =
√

s(x,y) and, hence, S(X ,Y ) = D(X ,Y )2, where S(X ,Y ) ≡
s̄(x̄, ȳ). Using this interpretation, our graph-building problem can be stated as fol-

lows. Given a set Ω, whose elements are nonempty subsets of RN (each containing

L points), find D(X ,Y ) (equivalently, S(X ,Y )), for all X and Y in Ω.

The practical difficulty associated with this problem is that Ω typically consists

of thousands of elements, each one of which contains hundreds of points in a high-

dimensional space. Due to large number of point-set pairs (equal to the number of
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edges in the graph) for which the distance must be computed, the computational

cost of solving this problem is strongly dependent on the efficiency with which a

distance between a single pair of point-sets can be found.

4.2 Brute-Force Method

According to the definition (4.2), one method of finding the distance D(X ,Y ) be-

tween two sets of points X and Y in RN is to compute distance d(x,y) for all

pairs of points (x,y) ∈ X ×Y and find their minimum. This method is simple but

expensive. Even when the simplistic approach that involves exhaustive examina-

tion of all pairs (x,y) is taken, the cost of finding D(X ,Y ) can be reduced. Since

D(X ,Y ) =
√

S(X ,Y ), the distance D(X ,Y ) between two sets of points X and Y can

be found by computing for all pairs of points (x,y) ∈ X ×Y the values of s(x,y),

finding their minimum S(X ,Y ) and then calculating D(X ,Y ) as
√

S(X ,Y ) (in our

image classification problem the edge weight is equal to the value of S(X ,Y ) so

there is no need for this last operation). Since the calculation of s(x,y) is simpler

than the calculation of d(x,y) (calculation of s(x,y) does not require the expensive

operation of taking a square root of the sum), this method is computationally less

expensive than a method derived directly from the definition of D(X ,Y ). We refer

to the method that finds value D(X ,Y ) as the square root of minimum of values

s(x,y) calculated for all pairs of points (x,y) ∈ X ×Y as brute-force method. The

performance of the brute-force method (see Algorithm 1) provides the baseline for

evaluation of more advanced methods that are designed to calculate the distance of

two point-sets in high-dimensional Euclidean space with higher efficiency.
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Algorithm 1 Brute-force method
1: {Input: }
2: { X ,Y : nonempty sets of points in RN }
3: {Output: }
4: { D(X ,Y ): the distance between sets of points X and Y }
5: smin←+∞
6: for all x ∈ X , y ∈ Y do
7: smin←min(smin,s(x,y))
8: end for
9: return √smin

4.3 Triangle Inequality Based Method

4.3.1 Nearest Neighbor Search

An alternative method for computing the distance D(X ,Y ) between two sets of

points X ,Y ∈ RN (that is defined by (4.2)) is suggested by the formula

D(X ,Y ) = min
1≤l≤L

D′(Xl,Y ), where D′(Xl,Y ) = min
1≤m≤L

d(Xl,Ym). (4.3)

The computation of D′(x,Y ) is equivalent to finding the distance between a point

x ∈RN and its nearest neighbor yx ∈Y (because, by the definition of nearest neigh-

bor of point x in point-set Y , d(x,yx) = D′(x,Y )). The problem of finding the nearest

neighbor yx ∈Y of a given point x is known as the Nearest Neighbor Search (NNS)

problem. Since this problem is frequently encountered in database searching, pat-

tern recognition, and data compression [6, 33], a number of algorithms have been

proposed for solving it efficiently. However, when the dimensionality of the space

is high, the computation time of NNS can be reduced only by the use of metric

properties of the distance [51]. Therefore some advanced methods for solving NNS

problem cannot be used to accelerate the process of building graphs for EM image

classification.

One technique used to reduce the cost of solving NNS problem, which is appli-
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cable to high-dimensional spaces, is based on the triangle inequality

d(a,b)≥ |d(a,c)−d(b,c)|, for a,b,c ∈ RN . (4.4)

In many cases, the use of triangle inequality allows to significantly reduce the

computational cost of solving NNS problem. This is so because, according to the

following mathematical argument (based on triangle inequality), during the search

for the nearest neighbor yx ∈Y of a given point x, the calculation of distances d(x,y)

between many pairs (x,y) with y ∈ Y can be avoided.

Let us assume that the distances d(Yl,Ym) are precalculated for all pairs of vec-

tors Yl,Ym ∈ Y and the distances d(x,Y1), d(x,Y2) for Y1,Y2 ∈ Y have been already

computed. Now, if for some point Y3 ∈ Y the inequality

d(x,Y1)≤ |d(x,Y2)−d(Y2,Y3)| (4.5)

holds, then the computation of distance d(x,Y3) is unnecessary for the purpose of

calculating D′(x,Y ), since from (4.5) follows that d(x,Y3)≥ d(x,Y1).

4.3.2 Algorithm

Our attempt to apply NNS techniques to the graph building problem is based on the

AESA [48] algorithm. AESA was chosen because it is one the fastest ways of find-

ing the nearest neighbor when the number of points that must be considered is small

(which is the case in our graph building problem) and because it is efficient when

the number of spatial dimensions is high (also the case in our problem). AESA is

based on the technique described in Section 4.3.1.

Our generalization of AESA (Algorithm 2) to compute the distance between two

sets (X and Y ) of points in RN assumes that the distance between each pair of points

in Y has been precomputed. (In our application, for all Y ∈Ω, distances between all

pairs of points (y1,y2), were y1,y2 ∈Y , are calculated during the initialization of the
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Algorithm 2 AESA-based Algorithm.
1: {Input: }
2: { X ,Y : nonempty sets of points in RN }
3: {Internal objects and functions: }
4: { Y ′: the set that contains points y ∈ Y , for which d(x,y) has not been }
5: { calculated and may be smaller than dmin (current estimate of D(X ,Y )) }
6: { g(y): the vector that for current x ∈ X associates with each vertex y ∈ Y }
7: { a lower bound g(y) of d(x,y) }
8: {Output: }
9: { D(X ,Y ): the distance between sets of points X and Y }

10: dmin←+∞
11: for all x ∈ X do
12: Y ′← Y
13: for all y ∈ Y ′ do
14: g(y)← 0
15: end for
16: y← an arbitrary element of Y ′
17: while Y ′ 6= /0 do
18: Y ′← Y ′ \{y}; d← d(x,y)
19: dmin←min(dmin,d)
20: gmin←+∞
21: for all y′ ∈ Y ′ do
22: g(y′)←max(g(y′), |d−d(y′,y)|)
23: {d(y′,y) is precomputed, because y′,y ∈ Y }
24: if g(y′) > dmin then
25: Y ′← Y ′ \{y′}
26: else if g(y′) < gmin then
27: gmin← g(y′); ymin← y
28: end if
29: end for
30: y← ymin
31: end while
32: end for
33: return dmin
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graph building process. Since these distances are repeatedly used during calculation

of many edge weights, the overhead associated with precalculating them does not

have a significant impact on the overall cost of building the graph.) The algorithm

processes one point x ∈ X at the time (lines 12-31) and for this point maintains

two structures: a set Y ′ that contains points y ∈ Y , for which d(x,y) has not been

calculated and may be smaller than dmin (current estimate of D(X ,Y )) and a vector

g that associates with each vertex y ∈ Y a lower bound g(y) of d(x,y). Initially Y ′

contains all the elements of Y and all g(y) are set to zero (lines 12-15). The size

of Y ′ is gradually reduced by the following process (lines 18-30), which is repeated

until Y ′ is empty, and starts with an arbitrarily selected point y.

The point y is removed from Y ′ and the value d(x,y) is calculated (line 18). If

d(x,y) is smaller than dmin, then dmin is set to d(x,y). For each y′ ∈ Y ′, the value of

g(y′) is updated by setting it to max(g(y′), |d(x,y)−d(y′,y)|). All elements y′ ∈ Y ′

for which g(y′) is larger than dmin are removed from Y ′. The element y′ ∈ Y ′ for

which g(y′) is smallest becomes the next point y.

When Y ′ is empty, the distance d(x,y) has been either calculated or determined

to be larger than dmin for all y ∈Y . Therefore the algorithm is ready to process next

point x. When all x ∈ X have been processed, dmin = D(X ,Y ).

The use of the triangle inequality (4.4) sometimes significantly reduces the num-

ber of distances d(x,y) that must be computed, and this lowers the cost of finding

the distance D(X ,Y ). However, for some datasets, only few calculations of d(x,y)

can be avoided using this technique. (Unfortunately, this happens to be the case in

our application area.) In such cases, the cost of finding the distance D(X ,Y ) may

increase due to the overhead associated with computation and testing of the values

g(p).
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4.3.3 Applicability to the Graph Building Problem

In order to evaluate applicability of the triangle inequality based method to our

graph building problem, we conducted a series of experiments designed to com-

pare the performance of the triangle inequality based method to the performance of

brute-force method (described in Section 4.2). All data sets used in these experi-

ments were synthetically generated by a process designed to produce sets closely

reassembling those found in 3D-EM (see [24] for the details). According to the re-

sults of our experiments, the triangle inequality based method is more than 5 times

slower than the brute-force method. These disappointing result can be explained as

follows.

The AESA based algorithm attempts to lower the computational cost of finding

D(X ,Y ) by reducing the number of pairs x ∈ X , y ∈ Y for which the computation

of the distance d(x,y) is necessary. The distance d(x,y) is calculated only for these

pairs x, y, for which the lower bound of d(x,y) (calculated using triangle inequality)

smaller than the current estimate of D(X ,Y ) (the smallest d(x,y) encountered so

far). Since the cost of calculating and testing the lower bound of distance d(x,y) is

lower than the cost of calculating d(x,y), the time is saved on pairs x, y for which

the calculation of d(x,y) is avoided. However, the cost of calculating and testing

the lower bound of distance d(x,y) adds to the cost of calculating d(x,y) for those

pairs x, y for which the calculation d(x,y) is necessary. The total cost of finding

D(X ,Y ) is reduced only if the computation of d(x,y) is avoided for a sufficiently

large number of pairs x, y. The poor performance of AESA based algorithm can be

explained by the fact that the computation of d(x,y) was avoided only for less than

20% of the pairs x, y. Clearly, the spatial distribution of points in sets representing

EM images is such that AESA based approach cannot be applied to them.
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4.4 Early-Termination Method

4.4.1 Early-Termination

Early-termination is an optimization technique that has been used in many applica-

tions (see [2], for example). The basic principle behind this technique is to terminate

the computation of some value, when based on partial result (calculated so far) and

some application-dependent rule, it can be determined that the computation of this

value is unnecessary. When the cost of the overhead associated with termination

condition checking is smaller than the cost of the avoided computations the overall

cost is reduced. The following illustrates how the early-termination can be used to

reduce the cost of finding the distance D(X ,Y ) =
√

S(X ,Y ) between two sets of

points X ,Y ∈Ω.

Let Q be such that Q 6= ∅ and Q ⊆ {1, . . . ,N}. We define the partial sum

sQ(a,b), for any two points a,b ∈ RN , as

sQ(a,b) = ∑
n∈Q

(an−bn)2, (4.6)

where an and bn are correspondingly n-th coordinates of points a and b in N-

dimensional Euclidean space. Using this definition, s(a,b) can be expressed as

s(a,b) = sQ(a,b)+ sQ̄(a,b), where Q̄ = {i|1≤ i≤ N and i /∈ Q}. (4.7)

Now let us assume that we have already calculated the value s(x′,y′) for a pair

of points x′ ∈ X and y′ ∈ Y . Then this value constitutes an upper bound for the

calculation of S(X ,Y ) because

S(X ,Y )≤ s(x′,y′). (4.8)
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If the value of sQ(x,y) in (4.7), for some pair of points (x,y) ∈ X ×Y , is greater or

equal to s(x′,y′), then the calculation of sQ̄(x,y) for these points is not necessary

(the value of s(x,y) for this pair must be greater or equal to s(x′,x′)). If a tight

upper bound of S(X ,Y ) can be found early, then the calculation of sQ̄(x,y) may not

be necessary for many pairs (x,y), which results in a significant reduction of the

computational cost of finding S(X ,Y ).

4.4.2 Algorithm

Our algorithm (see Algorithm 3) implements, with a slight modification, the early-

termination technique that is described in Section 4.4.1. The computation of the

value s(x,y) is performed according to the formula:

s(x,y) = sQ1(x,y)+ sQ2(x,y)+ sQ3(x,y), (4.9)

where Q1,Q2,Q3 form a partition of {1, . . . ,N}. The algorithm takes these three

subsets Q1, Q2, Q3 and an integer R as parameters. The first stage (lines 13-27) of

Algorithm 3 computes and saves the values of sQ1(x,y), for all pairs (x,y) ∈ X×Y ,

and identifies R pairs (x,y) for which the partial sums sQ1(x,y) are the smallest (the

values x, y and sQ1(x,y) for these pairs are stored in vectors X̂ , Ŷ and Ŝ). In the

second stage (lines 29-32) of Algorithm 3, the values of s(x,y) are computed for

the R pairs (x,y) identified during the first stage. This is done using (4.9), in which

the value sQ1(x,y) has been already computed in the first stage. The minimum of

values s(x,y) computed in this stage is used in the third stage as an upper bound smin

for value of S(X ,Y ). In the third stage (lines 33-39) of Algorithm 3, the search for

the S(X ,Y ) is conducted. For each of the pairs (x,y) ∈ X ×Y the algorithm checks

if the value of sQ1(x,y) (calculated in first stage) is greater than smin (the current

estimate of upper bound of S(X ,Y )). If the value of sQ1(x,y) for a pair (x,y) is
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Algorithm 3 Early-Termination.
1: {Parameters: }
2: { Q1,Q2,Q3: subsets of {1, . . . ,N} that form its partition (N is the number }
3: { of dimensions) }
4: { R: number of pairs (x,y) with the lowest partial sums sQ1(x,y) that are }
5: { stored }
6: {Input: }
7: { X ,Y : nonempty sets of points in RN }
8: {Internal objects and functions: }
9: { X̂ ,Ŷ , Ŝ: vectors that store x, y and the partial sums sQ1(x,y) for R }

10: { pairs (x,y), for wich the values sQ1(x,y) are the smalest }
11: {Output: }
12: { D(X ,Y ): the distance between sets of points X and Y }
13: rlast ← 0; smin← ∞
14: for all (x,y) ∈ X ×Y do
15: s← sQ1(x,y)
16: if s < smin then
17: rlast ←min(rlast +1,R)
18: r← rlast
19: while r > 1 and Ŝ[r−1] > s do
20: X̂ [r]← X̂ [r−1]; Ŷ [r]← Ŷ [r−1]; Ŝ[r]← Ŝ[r−1]; r← r−1
21: end while
22: X̂ [r]← x; Ŷ [r]← y; Ŝ[r]← s
23: if r = R then
24: smin← Ŝ[r]
25: end if
26: end if
27: end for
28: {Here (X̂ [1],Ŷ [1]), . . . ,(X̂ [R],Ŷ [R]) are the R pairs with smallest sQ1(x,y)}
29: smin← ∞
30: for r = 1, . . . ,R do
31: smin←min(smin,sQ3(X̂ [r],Ŷ [r])+ sQ2(X̂ [r],Ŷ [r])+ sQ1(X̂ [r],Ŷ [r]))
32: end for
33: for all (x,y) ∈ X ×Y do
34: if sQ1(x,y) < smin then
35: if sQ2(x,y)+ sQ1(x,y) < smin then
36: smin←min(smin,sQ3(x,y)+ sQ2(x,y)+ sQ1(x,y))
37: end if
38: end if
39: end for
40: return √smin
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greater or equal to the value of smin, then the algorithm examines next the pair. If the

value of sQ1(x,y) for a pair (x,y) is smaller than the value of smin, then the algorithm

computes the sum sQ1(x,y)+sQ2(x,y). Since the value of sQ1(x,y) is already known

(it was calculated in the first stage), only sQ2(x,y) must be calculated. If the value

of sum sQ1(x,y) + sQ2(x,y) is larger than or equal to the value of smin, then the

algorithm examines the next pair. Otherwise, the algorithm computes the value of

s(x,y) as s(x,y) = sQ1(x,y)+ sQ2(x,y)+ sQ3(x,y) (the values of the sums sQ1(x,y)

and sQ2(x,y) are reused from previous computations). If the computed value of

s(x,y) is smaller than smin, then the value of smin is set to that value. The algorithm

terminates after examining all pairs (x,y) in the third stage and returns the square

root of smin as the distance D(X ,Y ).

4.4.3 Applicability to the Graph Building Problem

The process of evaluating the applicability of the early-termination method to our

graph building problem was very similar to the one used for the evaluation of the

triangle inequality based method. In both, the same synthetically generated datasets

were used. As before, the brute-force method (described in Section 4.2) was used

as the benchmark.

However, since the early-termination method has four free parameters (Q1, Q2,

Q3 and R), an additional step was necessary in the evaluation to determine their op-

timal values. The number of dimensions, N, for the datasets used in the evaluation

was equal to 81. Recognizing that most of the useful information is concentrated in

the center of the image, we decided to divide {1, . . . ,81} among sets Q1, Q2, Q3 in

the following way:

Q1 = {41−n1, . . . ,41+n1}
Q2 = {41−n2, . . . ,41−n1−1,41+n1 +1, . . . ,41+n2}
Q3 = {1, . . . ,41−n2−1,41+n2 +1, . . . ,81}= {1, . . . ,81}\ (Q2∪Q3).
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In order to determine the optimal values of the parameters we tested run-times of

the early-termination algorithm with different values of n1, n2, R on a randomly

selected, small subset of the projection images. Based on the results of these tests,

we chosen n1 = 13, n2 = 22, R = 20 for the reminder of the evaluation procedure

(see [24] for the details).

The experimental evaluation has shown that, when applied to datasets that closely

resemble those found in 3D-EM, the early-termination method is more than 45%

faster than the brute-force method. The good performance of the early-termination

method indicates that the assumption about the concentration of useful information

in the center of the image is correct. The calculation of the sum s(x,y) (4.9) was

necessary only for approximately 4% of the pairs (x,y)∈ X×Y . For approximately

65% of pairs, only the sum sQ1(x,y) was computed.

4.5 Further Improvements

Our results indicate that the cost of constructing graphs to classify EM projection

images can be significantly reduced by using the method of early-termination. An

additional reduction of the graph building cost has been achieved by the implemen-

tation of this method, which takes advantage of the parallel processing capabilities

available on practically all personal computers (MMX and SSE instructions of In-

tel based processors). This implementation allows us to calculate simultaneously

four elements in the summation in (4.6). By dividing {1, . . . ,81} into three sets

Q1 = {25, . . . ,56}, Q2 = {1, . . . ,24}, Q3 = {57, . . . ,81} = {1, . . . ,81} \ (Q2∪Q3)

we were able to maximize the use of parallel capabilities of our hardware (since

the numbers of dimensions Q1 and Q2 are divisible by four and sum sQ2(x,y) is

computed infrequently, almost always four elements of the summation in (4.6) are

calculated simultaneously). This parallel implementation of the early-termination
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method allowed us to further reduce the cost graph construction approximately by

an additional 50% (no rigorous performance evaluation of this implementation has

been conducted, therefore only an approximate value can be provided).

Since even with this reduction, significant computer resources must be dedi-

cated to the graph construction, it may be desirable to explore applicability of other

optimization techniques to the process of constructing graphs to classify EM pro-

jection images. Our method significantly reduces the cost of constructing graphs

to classify EM projection images by relatively simple means. Future research is

necessary to test applicability of other, more advanced methods to this task. Since

the problem of searching for nearest neighbor has been intensively studied in many

domains, the number of methods which could be considered is quite large. Sev-

eral nearest neighbor searching algorithms have been developed to quantize image

vectors (an early example of such algorithm can be found in [20]). Since these al-

gorithms were designed for searching in spaces with small number of dimensions,

their applicability to our problem may be limited. As indicated by Yianilos [51], the

methods based on kd-trees or on constructions of computational geometry become

inefficient as the number of dimensions increases. However, some methods, such as

the one proposed by Lai et. al. [26], are better suited for high-dimensional spaces

and are more likely to reduce the computational cost of constructing graphs to clas-

sify EM projection images. The results of our initial experiments with the algorithm

of [26], adapted to the computation of D(X ,Y ), suggest that, when applied to the

data sets that are discussed above, this algorithm is approximately 13% faster than

the brute-force algorithm and 63% slower than the early-termination algorithm.



Chapter 5

Graph Cutting Algorithm

Despite the computational complexity suggested by the theory, solutions or suffi-

ciently good, from the practical perspective, approximations of the solutions for

some large instances of the hard optimization problem that are encountered in prac-

tice can be found within acceptable time without employing extraordinary comput-

ing power. Since these instances are not generated by an unbiased random pro-

cess, they may preferentially belong to a subset of all possible manifestations of the

problem that has some special proprieties, which can be used to reduce the cost of

solving the optimization problem. The performance of an algorithm that has been

designed to take advantage of such properties can be significantly better for such

instances than the performance of a general purpose algorithm.

As we explained in Section 3.4, the Max k-Cut problem encountered in our

reformulation of the EM image classification problem is NP-complete. We also

demonstrated that, due to the large size of our datasets, the cost of finding an exact

solution (using an off-the-shelf algorithm) for the corresponding instances of the

Max k-Cut problem is very high.

Since a some small number of misclassified projections does not significantly

impact on the quality of the 3D reconstructions, from the perspective of our appli-
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cation an approximate solution of the Max k-Cut problem is acceptable. As illus-

trated by Figure 3.1, the distribution of edge weights in the graph representing our

instances of the Max k-Cut problem has some regularities (e.g., most of the edges

have weights that fall into a relatively small range). A significant effort has been

made to construct an algorithm that exploits these regularities to produce a desirable

partitioning of the EM projection images (one that approximately minimizes the ex-

pression in (3.1)) at a reasonable computational expense. After many attempts, a

successful algorithm (utilizing a tabu search, a standard method of combinatorial

optimization [34]) was constructed.

5.1 Concept

One of the simplest method for finding an approximate solution to a combinatorial

optimization problem is greedy search. When applied to a minimization problem,

this method attempts to find a configuration for which the value of the objective

function is minimal by gradually evolving some initial configuration in a sequence

of modification steps. At each step the method selects and executes, from all al-

lowed modifications, the one that results in the largest decrease of the objective

function. When a configuration is reached for which none of the allowed mod-

ifications results in a decrease of the objective function, the method stops. The

final configuration reached is considered to be an approximation of the optimal ar-

rangement. The deficiency of this method is that it stops after encountering a local

minimum of the objective function. Consequently, it is likely that both the configu-

ration and the corresponding value of the objective function returned by this method

are far from optimal.

Tabu search [34] is a superior variation of greedy search. It incorporates a

mechanism that allows continuation of the search for the global minimum even af-



65

ter a local minimum has been reached. A slightly different rule for selecting the

next modification is used, because at a local minimum there is no modification that

decreases the value of the objective function. In such circumstances, the modi-

fication that results in the smallest increase of the objective function is selected.

However this modified rule by itself is not sufficient to allow for the continuation

of the search. Having selected at a local minimum the modification that results in

a new configuration with a minimally higher value of the objective function, it is

likely that in this configuration the best (according to the selection rule) modifi-

cation is the one that results in the configuration that corresponds to the just vis-

ited local minimum. In this situation, unless an additional mechanism is provided,

the method would alternate between these two configurations infinitely. In a tabu

search, this problem is solved by using the tabu list. A tabu list has a finite length (a

parameter of the method) and is used to keep track of recently executed modifica-

tions. With the exception of some special cases (see the next section for details) the

modifications recorded on the tabu list are not allowed to be reversed. This ensures

that the method does not repeatedly return to the same configuration.

The tabu search concept can be applied in the following way to our graph cutting

problem. A cut of the complete graph into the user-provided number of subgraphs

corresponds to what was referred to in the description of the tabu search method as

a configuration. In each iteration of the algorithm, the current cut is modified by

reassigning a single node to a different subgraph (class). The edges between the

reassigned node and the other nodes of class from which it was removed are cut.

Edges between the reassigned node and nodes of class to which it is reassigned are

added. In order to escape local minima, the nodes affected by recent reassignments

are recorded on the tabu list. The detailed description of an algorithm based on this

concept is provided in the following section.
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5.2 Operation

The algorithm has three parameters K, I and t. The value of K determines the num-

ber of subgraphs into which the graph should be cut (this is the number of classes

in our classification problem). The parameter I defines the number of iterations to

be executed. The length of the tabu list is specified by the value of the parameter t.

During the operation of the algorithm the following structures are maintained.

A mapping vector M that defines the current cut (this vector is updated in every

iteration to incorporate changes introduced by it). A mapping vector Mmin that

defines the best cut found by the algorithm. The tabu list T that keeps track of

recent node reassignments and the objective function values associated with them

(the length of this list is determined by the value of parameter t).

The algorithm frequently calls two functions C(G,M) and Cnew(G,M,v,k). Both

are used to calculate the value of the objective function. The function C(G,M), for

the given graph G and the mapping vector M, returns the sum of the weights w of

edges (v1,v2,w) in graph G such that M(v1) = M(v2) (i.e., the sum of weights of

all inter-class edges). Similarly, the function Cnew(G,M,v,k) returns the sum of the

weights w of edges (v1,v2,w) in graph G such that Mnew(v1) = Mnew(v2), where

Mnew(x) =





M(x), for x 6= v

k, otherwise
(i.e., the sum of weights of all inter-class edges

assuming that node v have been reassigned to class k).

The flowchart of the algorithm is shown in Figure 5.1. The pseudo code is

provided in Algorithm 4.

The algorithm starts with randomly assigning each the graph nodes to one of the

classes (lines 20-21 of pseudo code Algorithm 4). This defines the value of vector

M (the initial cut).

This initial and subsequent classifications are modified in the main loop of the

algorithm by reassigning one of the nodes to a different class. Before entering the
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Figure 5.1: Flowchart - Graph cutting algorithm.
Parameters: K - number of classes, I - number of iterations, t - length of tabu list;
Input: G - compete weighted graph with nodes V end edges E; Used objects and
functions: T - tabu list, M - mapping vector that assigns to each element v ∈ V
a label M(v) ∈ {1, . . . ,K}, C(G,M) - function that returns the sum of weights of
all inter-class edges, Cnew(G,M,v,k) - function that returns the sum of weights of
all inter-class edges assuming that node v have been reassigned to class k; Output:
Mmin - best mapping vector found by the algorithm. Details of “Search for the best
node reassignment not prohibited by tabu list” and “Update tabu list” are provided
by additional flowcharts (Figures 5.2 and 5.3 respectively).
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Figure 5.2: Flowchart - Graph cutting algorithm (Search for best node reassign-
ment).
Used objects and functions: T - tabu list, M - mapping vector that assigns to each
element v ∈V a label M(v) ∈ {1, . . . ,K}, C(G,M) - function that returns the sum of
weights of all inter-class edges, Cnew(G,M,v,k) - function that returns the sum of
weights of all inter-class edges assuming that node v have been reassigned to class
k; Output: (vb,kb) - found reassignment (vb is the node to be reassigned, kb is its
new assignment). (Note: V j is used to denote j-th element of set V .)
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Algorithm 4 Graph Cutting Algorithm.
1: {Parameters: }
2: { K: number of classes }
3: { I: number of iterations }
4: { t: length of tabu list }
5: {Input: }
6: { G: complete weighted graph with nodes V and edges }
7: { E = {(v1,v2,w) | v1,v2 ∈V,w ∈ R} }
8: {Internal objects and functions: }
9: { M: mapping vector that assigns to each element v ∈V a label }

10: { M(v) ∈ {1, . . . ,K} }
11: { (this label determines the partition of V to which v belongs) }
12: { T : tabu list of length t that contains pairs (v,c), where v ∈V , c ∈ R }
13: { C(G,M): objective function (to minimize), C(G,M) returns the sum of }
14: { the weights w of edges (v1,v2,w) in graph G such that M(v1) = M(v2) }
15: { Cnew(G,M,v,k): function that returns the sum of the weights }
16: { w of edges (v1,v2,w) in graph G such that Mnew(v1) = Mnew(v2), }

17: { where Mnew(x) =
{

M(x), for x 6= v
k, otherwise }

18: {Output: }
19: { Mmin: best mapping vector found by the algorithm }
20: for all v ∈V do
21: M(v)← randomvalue f rom{1, . . . ,K}
22: end for
23: Mmin←M; Cmin←+∞
24: for i = 1, . . . , I do
25: find a pair vb ∈V and kb ∈ {1, . . . ,K} such that
26: kb 6= M(vb)
27: and
28: vb is not on the tabu list or T (vb) > Cnew(G,M,vb,kb)
29: for which Cnew(G,M,vb,kb) is minimal
30: if vb is on the tabu list then
31: T (vb)← min{Cnew(G,M,vb,kb),C(G,M)}
32: else
33: if the tabu list reached its maximum size t then
34: remove last item from the tabu list
35: end if
36: add pair (v,min{Cnew(G,M,vb,kb),C(G,M)}) to the front of the tabu list
37: end if
38: M(vb)← kb
39: if C(G,M) < Cmin then
40: Mmin←M; Cmin←C(G,M)
41: end if
42: end for
43: return Mmin
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Figure 5.3: Flowchart - Graph cutting algorithm (Update tabu list).
Parameters: v - recently reassigned node, C - minimum of the objective function
values for cuts before and after the reassignment of v; Used objects and functions:
T - tabu list.



71

main loop, the algorithm sets the value of Mmin to be the same as M (line 23). The

body (lines 25-41) of the main loop (lines 24-42) is executed I times. Each of these

iterations starts with the search for the node reassignment that is not prohibited

by the tabu list mechanism and results in the lowest value of the objective func-

tion (lines 25-29 see also Figure 5.2). All possible reassignments of nodes v ∈ V

in graph G are considered. The tabu list is checked to prohibit the reassignments

which involve nodes on the tabu list unless they result in value of the objective

function lower than the one recorded on the list. The reassignment that results in

the smallest value of the objective function is selected. This process returns node vb

and its new class (subgraph) assignment kb. Once such reassignment is identified

the tabu list is updated (lines 30-37, see also Figure 5.3). Next, the current cut M is

modified by reassigning node vb to class kb. If the value of the objective function

that corresponds to the new cut is lower than any observed so far (Cmin), then value

mapping vector Mmin is set to the value of vector M and the value of Cmin is updated.

After exiting the main loop vector Mmin represents the cut which corresponds to the

lowest encountered value of the objective function (the best encountered approxi-

mation of the Max k-cut).

5.3 Parameters

As indicated in the previous section, our graph cutting algorithm takes three pa-

rameters (K, I and t). The selection of the correct values of these parameters for

a particular data set is very important. It has an impact on both the operation of

the algorithm and the usefulness of the results from the EM image classification

perspective. To ensure that the algorithm successfully avoids getting trapped in the

vicinity of some local minimum and that it finds a desirable cut, an appropriate

length of the tabu list (parameter t) and a sufficiently large number of iterations
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(I) must be selected. If the tabu list is too short, the algorithm may get stuck in a

loop that includes some local minimum and consequently will be unable to exam-

ine many configurations that potentially can result in a lower value of the objective

function. However, an excessively long tabu list can significantly slow down the

operation of the algorithm. Since the algorithm executes the number iterations pre-

determined by the value of parameter I, this value must be large enough to allow the

algorithm to explore a sufficiently large part of the search space. If a too small value

of I is selected, the algorithm may be unable to reach a near-optimal configuration,

because it may require more than I reassignments to reach it from the randomly

selected initial configuration. On the other hand, too large a value of I causes many

unnecessary iterations to be executed.

The selection of the correct number of classes (parameter K) is less important

from the algorithm’s operation perspective. However, it has a significant impact on

the applicability of the produced graph cuts to the underlying image classification

problem. As explained in the following chapters, it might be desirable to exper-

iment with different values of K to find the one that best matches the number of

conformations represented in the dataset and/or one that compensates for the algo-

rithm’s bias towards even cuts in the situations when conformations are unevenly

represented.

5.4 Implementation

The performance of our algorithm depends greatly on the efficiency of the imple-

mentation. The large number of nodes in our graphs (equal to the number of EM

images being classified) causes that many possible reassignments must be consid-

ered in each iteration. For each of them the value Cnew(G,M,v,k) of the objective

function must be calculated to select the best reassignment. The cost of calculating
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values of C(G,M) and Cnew(G,M,v,k) can be significantly reduced by maintaining

edge sum tables. The complete contents of these tables need to be calculated only

once (during initialization) and only local updates are necessary after each iteration.

5.5 Multiple Runs

The cut produced by our algorithm is an approximation of the Max k-Cut that de-

pends on the initial random classification (lines 20-21 of Algorithm 4) of the nodes.

From some initial configurations, the path (sequence of reassignments) to a good

approximate Max k-Cut solution may be long and a very large number of itera-

tions may be necessary to complete it. If the value of parameter I is not sufficiently

large, a good approximate solution may never be reached. The chances of finding

a good approximation of the Max k-Cut can be significantly increased by running

the core algorithm (Algorithm 4) several times. Since each of the runs starts from

different randomly selected initial cut, the likelihood that all of them are many re-

assignments away from a good approximations decreases. In addition to that, by

comparing the results from different runs, one can estimate the robustness of the

produced solution. Figure 5.4 provides a flowchart for the multi-run process of

finding approximate Max k-Cut.
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Figure 5.4: Flowchart - Finding approximate Max k-Cut by multiple runs of the
core algorithm.
Parameter: R - number of runs; Input: G - graph; Used objects and functions:
C(G,M) - function that returns the sum of weights of all inter-class edges; Output:
M f inal - approximation of Max k-Cut is found by R runs of the core algorithm.



Chapter 6

Reconstruction Framework

The unsupervised classification of the projection images is just one among many

procedures that must be preformed in order to reconstruct 3D models that accu-

rately represent various conformations found in heterogeneous projection sets. To

achieve this goal, many processing steps have to be organized in a coherent frame-

work that determines the sequence in which these steps of the process are performed

and ensures compatibility of data structures exchanged by them. The framework for

reconstructing 3D models from heterogeneous projection sets that incorporates our

projection image classification procedure is schematically shown in Figure 6.1. In

the following sections, the processing steps of this framework are described. Some

details provided in these descriptions refer to specific methods and implementations

that have been used in our evaluation process (see Chapter 7). However, this does

not imply that a particular method or implementation is required. Within this re-

construction framework, different methods and implementations can be used in the

individual processing steps. In fact redesign of some processing steps may result in

improved quality and/or efficiency of the entire reconstruction process.

75
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Figure 6.1: The framework for reconstructing 3D models from heterogeneous pro-
jection sets.
(a) Heterogeneous projection set
(b) File containing preprocessed (CTF corrected, aligned, masked and normalized)
projection images
(c) File containing complete weighted graph that represents the heterogeneous pro-
jection set
(d) File containing class assignment of each image
(e) Homogeneous projection sets
(f) 3D reconstructions of conformations present in the heterogeneous projection set
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6.1 Preprocessing

Purpose

The main objective of the preprocessing step is to remove or reduce distortions

present in the projection images and prepare them for further processing. The oper-

ations performed in this step include CTF correction, masking and normalization.

It is also important that the initial alignment of all the projection images to the com-

mon spatial reference is preformed in this step. Despite the high likelihood that such

initial alignment is not very accurate, this is essential for successful classification

of the images.

Input

A heterogeneous set of raw projection images.

Output

A heterogeneous set of CTF-corrected projection images that are masked with a

circular mask, have normalized pixel values, and are approximately aligned to a

common spatial reference.

Parameters

The parameters of this step vary depending on the specific method used.

Operation

A standard CTF correction procedure is applied to all images in the projection set.

Each of them is masked with a circular mask using the following procedure. The
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radius of the masking circle is selected to be large enough to enclose all the projec-

tions of the supports of the 3D objects. The center of the masking circle is placed in

the center of the image. The pixel values outside the masking circle are set to zero.

The normalization of the pixel values of each image is accomplished by subtracting

a constant value from the pixel values within the masking circle so that their sum

after subtraction is zero (see Section 2.3 for details).

The initial alignment of the projection images can be achieved by placing the

center of the mass of the projection as close as possible to the center of the image.

6.2 Graph Construction

Purpose

The purpose of this step is to construct a graph that represents particular instance of

the EM image classification problem.

Input

Preprocessed projection images.

Output

A complete weighted graph that represents an instance of the projection image clas-

sification problem.

Parameters

The number of elements (N) in vectors that used represent discrete versions of 1D

projections of 2D projection images. The number of 1D discrete projections (L)
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to be produced from a 2D image (this number is equal to the number of lines in

sinogram).

Operation

In the current implementation (that is described in Chapter 4) the graph construc-

tion is done in two steps. In the first, sinograms are produced for each of the images

found in the preprocessed heterogeneous projection set. This can be done by variety

of tools. (In our initial experiments this task was performed using the code from

SNARK05 [5]. In later experiments we used a dedicated program to produce 1D

projection of 2D images. This task can also be performed by one of the popular 3D

reconstruction packages like Xmipp [42] and SPIDER [14, 15].) In the second, the

edge weights of the complete graph that represents an instance of projection image

classification problem are calculated. This two step approach and use of some opti-

mization techniques are essential to the efficiency of the process (see Chapter 4 for

details).

6.3 Graph Cutting

Purpose

The purpose of this step is to find an approximate K-cut of the graph that represents

an instance of the EM projection image classification problem. According to our

heuristic, each subgraph defined by this cut defines a class that is approximately

homogeneous. The collection of all the classes constitutes the solution to the EM

projection image classification problem.
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Input

A graph that represents an instance of the projection image classification problem.

Output

Approximate Max k-Cut of the graph provided as input. This cut defines an ap-

proximately homogeneous partition of the heterogeneous projection set.

Parameters

The number and meaning of parameters for this step may vary depending on the

particular implementation. The proposed implementation requires that the follow-

ing parameters are specified. The number of subgraphs (K) into which the graph is

to be cut (this number is also the number of homogeneous subsets). The number of

iterations (I) to be executed by the graph cutting algorithm. The length of the tabu

list (t). The number of runs (R). See Sections 5.3 and 5.5 for detailed descriptions

of these parameters.

Operation

In our implementation of this step, an approximate Max k-Cut of the graph that

represents an instance of EM projection image classification problem is produced

using a tabu search based graph cutting algorithm. For detailed description of this

process, see Chapter 4.
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6.4 Projection Set Partitioning

Purpose

Preparation of approximately homogeneous projection sets for the reconstruction

procedure.

Input

The original heterogeneous set of projection images and node mapping produced

by the graph cutting algorithm.

Output

A set of approximately homogeneous projection sets in a format required by the 3D

reconstruction method used in the next step.

Parameters

None

Operation

This is a relatively simple step in which the projection images are grouped based on

the results of graph cutting into approximately homogeneous subsets. Since there

is a one to one relationship between graph nodes and projection images, this step is

very easy. The exact actions performed in this step depend on particular reconstruc-

tion tool used to obtain 3D models (the particular implementation of the next step).

For some reconstruction tools, the operations in this step are limited to running

simple scripts that are based on the results produced by the graph cutting algorithm
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to create appropriately formatted lists of 2D images that have been classified as

originating from the same conformation.

6.5 Reconstruction

Purpose

Construction of a 3D model that is consistent with the projection images provided

as an input. Since the projection set used to construct this model is approximately

homogeneous, this model should closely approximate a conformation found in the

original heterogeneous set.

Input

Approximately homogeneous projection set.

Output

A 3D model of the object represented by the projection images provided as an input.

Parameters

The parameters depend on reconstruction method used

Operation

The operations performed in this step vary depending on the specific reconstruction

method used. One of the important goals of the framework design was to allow use

of existing methods and tools in this step. Usually this step is performed by one of

the popular 3D-EM reconstruction packages like Xmipp or SPIDER.



83

6.6 Result Analysis

Purpose

Since currently used classification method requires that the number of classes be

provided (parameter K of graph cutting procedure), is is possible that the initially

selected number of classes is not optimal. In the following chapters, we demonstrate

that when operating on datasets with uneven representation of conformations, it is

beneficial to run classification procedure with value of K greater than number of

conformations represented in heterogeneous projection set (see the discussion in

Section 7.2.4). This allows us to achieve better classification results. However,

the drawback of this approach is that some conformations are represented by more

than one 3D model. In such situations it maybe desirable to either produce an

average of 3D object that represent the same conformation or merge the classes of

the projection images that were used to produce them and repeat the reconstruction

procedure on the merged projection sets. Since in both cases the obtained models

are produced from larger number of projection images, their quality should be better

than the quality of the models produced from smaller sets. This merging process

also removes the ambiguity of results that may occur when two models of the same

conformation are not identical.

In some circumstances (for example when the inappropriate value of the param-

eter K is used by the graph cutting procedure), not all the image sets that correspond

to the results of graph cutting are sufficiently pure (they contain a mixture of pro-

jection images in which no one conformation is represented by significantly larger

number of images than other conformations). Due to the inconsistencies between

the images used to produce them, the 3D models reconstructed from such sets may

exhibit recognizable artifacts. These models may also suffer from detectable loss

of quality. If such symptoms of residual heterogeneity in the classes used to pro-
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duce 3D models are identified during the result analysis step, then an additional run

of the graph cutting algorithm with adjusted parameter values (which may lead to

better results) should be executed.

Input

The 3D models produced by reconstruction procedures from approximately homo-

geneous projection sets. In some cases, prior knowledge about the molecule being

reconstructed and general knowledge about the biology, chemistry and physics of

the molecular structures may also be used.

Output

Adjusted values of the parameters (for example, the parameter K) for the use in

additional runs. A new smaller set of 3D models in which no conformation is

represented by more than one model. An estimate of some quantitative measure

that reflects the quality of obtained 3D models.

Parameters

The parameters used in evaluation procedure vary depending on the particular im-

plementation.

Operation

The operation of this step varies depending on particular implementation. It also

may be influenced by the amount of available prior knowledge about the 3D struc-

ture that is being reconstructed.



Chapter 7

Evaluation

A significant effort has been made to ensure the applicability of our image clas-

sification method to 3D-EM reconstruction problems that involve heterogeneous

projection sets. Since dealing simultaneously with all the issues associated with the

classification of real EM projection sets is very difficult, an incremental approach to

method development and evaluation was taken. Throughout the development pro-

cess, many experiments on increasingly realistic datasets were performed. Gradu-

ally, as the problems associated with more idealized datasets were solved, additional

complexity was introduced. This approach required a fast evaluation procedure and

a high level of control over the parameters of the datasets. Our evaluation method-

ology and the experiments conducted to validate the proposed classification method

are described in this chapter. Some of our evaluation experiments have been previ-

ously reported in [22].

7.1 Methodology

From the perspective of 3D-EM, the main objective of the heterogeneous recon-

struction process is to produce high-quality 3D models of conformations present

in the projection set produced with an electron microscope. In order to become a

85
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part of this process, an image classification procedure must be capable of dealing

with EM projection images and produce classifications that result in high-quality

3D models. However, it is not practical to base the performance evaluation of the

classification procedure on outcome of the complete 3D reconstruction procedure

that involves real EM projection images. If the performance evaluation of such a

procedure is based on a figure of merit that measures the quality of the reconstructed

3D models, it may produce results that depend on the specific reconstruction proce-

dure used to construct the models. It also may be unable to detect small differences

between the number of misclassifications that occurred in various experiments. The

impact of such differences on the quality of 3D models may be small; however, the

information about them may be useful (e.g., it might help in the development of an

improved classification method). Due to the low level of control over the param-

eters of datasets obtained with an electron microscope, the range of experiments

that can be conducted using such sets is very limited. Therefore a comprehensive

evaluation of an image classification method is only possible when synthetically

generated projection sets are used. Various characteristics of synthetic datasets are

fully controlled and can be independently changed. Since for such sets the “perfect”

classification is known, they can be used in an efficient and unbiased evaluation pro-

cedure that does not include 3D reconstructions.

We conducted many experiments to evaluate the performance of our classifi-

cation procedure (some of them are described later in this chapter). Since these

experiments were designed to emulate various problems encountered in 3D-EM

and were conducted using different tools, they did not follow exactly the same pro-

cedure. However, in the majority of them, the dataset generation and the results

evaluation were performed in a similar way.

The dataset generation was done in two steps. First, noiseless heterogeneous

projection sets were constructed by mixing noiseless 2D projection images. The
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2D projection images used in this step were obtained using either a specially de-

signed program or one of the popular software packages (for details see below the

description of the experiments) from several 3D models of structures that resem-

ble object encountered in 3D-EM. The noise insertion was performed in the second

step of data generation. In order to emulate the high level of noise present in EM

projections, the intensity of each pixel in every image was modified by adding to

it the value of a random variable selected from a Gaussian distribution with zero

mean and appropriately selected variance σ2
N . The following procedure was used to

estimate this variance.

A (large) number of noiseless projection images with different (either evenly

distributed or randomly selected) projection angles was generated from each of the

3D models used in the set of experiments. Each of these images was masked with an

identical circular mask whose center was aligned with the center of the projection

image. The signal variance σ2
S was calculated as the intensity variance of pixels

(within the masking circle) in all images. Following the definition of SNR in [12]

on p. 121, the noise variance σ2
N was calculated as σ2

N = σ2
S /SNR. In most of our

experiments reported below SNR = 0.1; if it is not stated otherwise, this is the value

used in a reported experiment.

To illustrate some points we provide the images of selected 3D reconstructions

in Section 7.4 and appendixes B, C, D, E, F, G, H, I, J. However, in order to simplify

the process and to avoid bias associated with the use of a particular reconstruction

method, the figure of merit used in our performance evaluation is exclusively based

on the outcome of the classification procedure and does not take into account the

quality of the 3D models produced at the end of the heterogeneous reconstruction

process from the identified classes. Such simplification is justified to some extent

since a perfect separation into homogeneous subsets clearly leads to the correct

results of the following reconstructions. To measure the classification quality we
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use the figure of merit called classification purity [44].

We calculated the classification purity [44] in % as follows. We create an array

whose rows correspond to the conformations and whose columns correspond to the

classes produced by our algorithm; an entry in the array is the number of projection

images from the corresponding conformation that are put by our algorithm into

the corresponding class. For example, Table 7.1 exhibits such array. Ideally, all

elements of a class should come from the same conformation. We therefore define

the classification purity in % as: 100 times the sum over columns of the maximum

of the entries in the column, divided by the sum of all the entries in the table. For

the three arrays in Tables 7.1, 7.2 and 7.3, the classification purities are 99.32%,

86.18% and 80.00%, respectively.

In order to increase the statistical significance of our results, many of our exper-

iments involve groups of data sets. For each group of data sets used in the exper-

iment, we report the mean classification purity in % (m) and the standard error of

the mean (e) using the notation m± e; see, for example, Table 7.6.

7.2 Experiments with Aligned Projection Images

The main purpose of the experiments with aligned data was to test whether our

method has a chance at all of solving real EM projection image classification prob-

lems. The first group of experiments was designed to test the performance of our

algorithm on datasets with equal representation of two conformations. Since there

is no reason to assume that in real heterogeneous projection sets objects are evenly

represented, we designed a second set of experiments to evaluate the performance of

our method when it is applied to sets with uneven representation of conformations.

The third set of experiments was designed to test the performance of our method on

datasets that contain projection images of three equally represented objects.
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7.2.1 Datasets

To produce datasets for the initial experiments we used three 3D objects S6, S6x,

S7, which have been described earlier (see Figure 1.6 and corresponding text in

Chapter 1). First, from each of these three objects we generated 2,562 noiseless

2D projection images (81 × 81 pixels) with evenly distributed projection angles.

This produced three noiseless homogeneous projection sets. The heterogeneous sets

containing projections of two conformations were generated by randomly selecting

(with possible repetitions) N1 projections from the homogeneous set for the first

object and then randomly selecting (with possible repetitions) N2 projections from

the homogeneous set of the second. The total number of projections in resulting

heterogeneous set is N = N1+N2. For each pair of objects (S6-S7, S6x-S7, S6-S6x),

we used three different ratios (50:50, 35:65, 20:80) between the values N1 and N2

to produce the heterogeneous projection sets with possibly uneven representation

of the objects. In our experiments we set N = 5,000 and N1 = 2,500, N2 = 2,500

for the 50:50 sets, N1 = 1,750, N2 = 3,250 for the 35:65 sets, and N1 = 1,000,

N2 = 4,000 for the 20:80 sets. In order to obtain statistically reliable results, for

each pair of objects (S6-S7, S6x-S7, S6-S6x) at each object representation ratio

(50:50, 35:65, 20:80), the random selection was executed five times. This produced

45 noiseless heterogeneous projection sets, each containing projections of two 3D

objects, in nine groups (S6-S7_50:50, S6x-S7_50:50, S6-S6x_50:50, S6-S7_35:65,

S6x-S7_35:65, S6-S6x_35:65, S6-S7_20:80, S6x-S7_20:80, S6-S6x_20:80). The

data sets in each group were produced from the same pair of objects and had the

same representation ratio.

A similar procedure was used to produce heterogeneous sets containing 2D pro-

jections of all three 3D object. In the experiments reported here, we used N = 5,000

and N1 = 1,667, N2 = 1,667, N3 = 1,666. As in the case of sets containing two

3D object, the random selection was executed five times. This resulted in five sets
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(referred to as group S6-S6x-S7_33:33:33), each containing 2D projections of three

3D objects (with equal object representation).

The noise insertion procedure described in Section 7.1 have been applied to all

fifty noiseless datasets. The signal variance σ2
S for this procedure have been esti-

mated using all 7,686 projection images generated in the first step of data generation

process. This noise variance σ2
N was calculated assuming SNR = 0.1.

7.2.2 Parameters and Settings

In order to calculate the dissimilarities between images (edge weights in the graph

that represents a particular instance of our classification problem), for each 2D pro-

jection image in a given dataset we produced 240 1D projections at 1.5◦ angular

increments with line integrals calculated for 81 equally-spaced lines for each 1D

projection (240 is the value of L in (2.1), 81 is the value of N in Figure 2.2). In all

the reported experiments, the classification algorithm was executed 10 times (each

time starting with different randomly selected initial assignment). In all these runs,

the length of the tabu list (t) was set to 3,000 and the algorithm was terminated after

executing I = 10,000 iterations.

7.2.3 Results

In our first set of experiments, two conformations were evenly represented in the

projection sets. For these experiment we used data set groups S6-S7_50:50, S6x-

S7_50:50, S6-S6x_50:50 and configured our classification algorithm to identify two

distinct classes. Table 7.1 provides a typical result. The results of this experiment

are summarized in Table 7.6 (column: 50:50→2). For all data sets in these ex-

periments the classification purity was 98.5% or higher. The majority of the time

required by each experiment was dedicated to the graph building process (approxi-

mately 24 hours of computation on Intel Xenon 1.7 GHz with unoptimized method).
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Projections No. of projections
of assigned to

object class 1 class 2
S6x 33 2467
S7 2499 1

Table 7.1: Example of the results from the two-class classification experiments with
conformation representation ratio 50:50.
(The 3D reconstructions based on this classification are pictured in Figure B.3.)

The graph cutting process required only less than 20 minutes of computation per

experiment (10 runs of graph cutting algorithm) on the same hardware.

The second set of experiments was designed to test the performance of our clas-

sification method on datasets with uneven representation of conformations. In these

experiments, we used two types of sets with representation ratio 35:65 (data set

groups: S6-S7_35:65, S6x-S7_35:65, S6-S6x_35:65) and 20:80 (data set groups:

S6-S7_20:80, S6x-S7_20:80, S6-S6x_20:80). We set the classification algorithm

to identify two distinct classes. A typical result for the representation ratio 35:65

is provided in Table 7.2, a corresponding example for the ratio 20:80 is provided

Projections No. of projections
of assigned to

object class 1 class 2
S6x 0 1750
S7 2559 691

Table 7.2: Example of the results from the two-class classification experiments with
conformation representation ratio 35:65.
(The 3D reconstructions based on this classification are pictured in Figure C.3.)

Projections No. of projections
of assigned to

object class 1 class 2
S6x 8 992
S7 2535 1465

Table 7.3: Example of the results from two-class classification experiments with
conformation representation ratio 20:80.
(The 3D reconstructions based on this classification are pictured in Figure D.3.)
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in Table 7.3. These results clearly indicate that our method, when applied to re-

alistic (from the EM perspective) projection sets with uneven representation, has

a bias towards creating evenly sized classes. This has the effect on the produced

classification that one of the classes contains almost exclusively projections of the

conformation from which the majority of the projections in heterogeneous set was

obtained and the other contains a mixture of the projections of both conformations.

This classification successfully isolates a sufficiently large homogeneous projection

set for one of the conformations to allow its reconstruction. However, it is insuffi-

cient to produce a 3D model for the conformation with the smaller representation

in the heterogeneous dataset, because the object reconstructed from the class of

lower purity will likely exhibit artifacts indicating that it was reconstructed from a

heterogeneous set.

Our attempts to remove the bias towards even splits by modifying the objec-

tive function resulted only in limited success. We tested many different objective

functions; among them:

K

∑
k=1

1
|Ak|−1 ∑

x,y∈Ak

s̄(x̄, ȳ). (7.1)

This function is designed to minimize the sum of the weight means of internal

edges attached to each node. The use of mean in this function reduces the impact

of uneven splits on its value. By treating the nodes separately and summing over

their individual means, it also reinforces the fact that, when nodes are correctly

classified, the mean weight of the internal edges for each of them should be as small

as possible. This function reduces the bias towards even splits. Its use allowed us

to achieve good classifications for all datasets groups (S6-S7_35:65, S6x-S7_35:65,

S6-S6x_35:65) with representation ratio 35:65 and for a single datasets group (S6x-

S7_20:80) with representation ratio 20:80. However, for all datasets in groups S6-

S7_20:80, S6-S6x_20:80 even splits resulted in the lowest value of the objective
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function of (7.1).

Our approach to correctly identifying the conformation represented by a minor-

ity of the projections is to partition the original projection set into a larger than the

anticipated number of classes.

In next two sets of experiments we evaluated the performance of our classifica-

tion algorithm when setting the number of classes to three for sets with representa-

tion ratio 35:65 and to five for sets with representation ratio 20:80. Typical results in

these experiments are provided in Tables 7.4 and 7.5. The classification purities for

all data set groups in these two experiments are summarized in Table 7.6 (columns:

35:65→3 and 20:80→5). Despite of the uneven representation, our method (when

using the appropriate number of classes) was able to produce a classifications with

classification purity 95.34% or higher, which allows for reconstruction of all the

conformations represented in the heterogeneous projection set. Of course, in case

of a real heterogeneous projection set, the correct number of classes is not known.

However, it can be determined experimentally by using our classification procedure

Projections No. of projections
of assigned to

object class 1 class 2 class 3
S6x 18 95 1637
S7 1674 1575 1

Table 7.4: Example of the results from the three-class classification experiment with
conformation representation ratio 35:65.
(The 3D reconstructions based on this classification are pictured in Figure C.4.)

Projections No. of projections
of assigned to

object class 1 class 2 class 3 class 4 class 5
S6x 958 1 3 35 3
S7 9 1015 1004 961 1011

Table 7.5: Example of the results from the five-class classification experiment with
conformation representation ratio 20:80.
(The 3D reconstructions based on this classification are pictured in Figure D.5.)
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Data Mean classification purity %
sets 50:50→2 35:65→3 20:80→5

S6-S7 98.73±0.06 95.97±0.11 95.66±0.12
S6x-S7 99.38±0.02 97.77±0.01 98.91±0.03
S6-S6x 98.71±0.05 95.80±0.07 96.09±0.52

Table 7.6: Mean classification purity when the number of classes is appropriate for
the conformation representation ratio.
(Based on five data sets for all nine groups.)

to produce several different (2, 3, 4, 5, 6, ... -fold) partitions of the heterogeneous

projection set, producing 3D reconstructions from each of them and finding one for

which reconstructed objects do not exhibit artifacts indicating that averaging over

multiple conformations has occurred. It is important to notice that once the graph

is constructed for given a data set, it can be used in many classification runs. There-

fore when experimenting with different number of partitions on given dataset, the

computationally expensive part of our classification process (graph building) must

be performed only once. This combined with the high speed of the our graph cut-

ting algorithm provides a feasible solution to the uneven representation problem, by

experimenting with several different partitions of the heterogeneous projection set.

In the following set of experiments we tested the performance of our classifica-

tion procedure when applied to a heterogeneous projection set with even representa-

tion of three conformations. In these experiments, our classification procedure was

configured to produce three classes. A typical result of this experiment is provided

by Table 7.7. The mean classification purity based on five data sets was 98.3% with

the standard error of the mean 0.11%.
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Projections No. of projections
of assigned to

object class 1 class 2 class 3
S6 24 1637 6

S6x 7 29 1631
S7 1654 12 0

Table 7.7: Example of the results from the three-class classification experiment with
three equally-represented conformations.
(The 3D reconstructions based on this classification are pictured in Figure E.3).

7.2.4 Discussion

The experiments involving data set groups S6-S7_50:50, S6x-S7_50:50, S6-S6x-

_50:50 clearly demonstrate that the proposed method produces very good results

when applied to heterogeneous data sets with even representation of two conforma-

tions.

A bias of the method toward even splits (solutions in which all classes contain

approximately the same number of projections) was observed in the experiments

with data set groups S6-S7_35:65, S6x-S7_35:65, S6-S6x_35:65, S6-S7_20:80,

S6x-S7_20:80, S6-S6x_20:80, when the number of classes was set to two. This is

caused by the overlap in the ranges of the dissimilarity measure (see the histograms

in Figure 3.1). Since all the edges in the graph have approximately the same weight,

the cut that removes largest number of edges tends to minimize the sum of remain-

ing edges. The largest number of edges is removed when the subgraphs produced

by the cut have the same number of nodes, therefore the method tends to produce

classes with similar size. In the additional experiments, in which the algorithm was

set to produce a larger number of classes (three for the datasets with representation

ratio 35:65 and five for the ratio 20:80), a much higher classification purity was

achieved. This indicates that our classification algorithm can handle heterogeneous

datasets with uneven conformation representation. However, for such datasets, re-

peated experimentation might be necessary to determine the best number of classes.
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When applied to datasets with uneven conformation representation, our algorithm

produces a classification in which a single conformation is represented by several

classes. Therefore an additional procedure to merge classes that represent the same

conformation should be introduced to the reconstruction process.

Our approach to handling datasets with uneven conformation representation

based partitioning the projection set into a larger number of classes than the ex-

pected number of conformations has a significant advantage over the one based

on (7.1). In the approach that uses a larger number of classes and the function of

(3.1), bias toward even splits is known and is the same for any representation ratio.

Therefore, in situations where the representation ratio of the heterogeneous datasets

is unknown (as in 3D-EM), the procedure for classifying that uses a larger number

of classes and merges those that came from the same object may well be prefer-

able to using fewer classes and the function of (7.1) (that produces results, which,

depending on the representation ratio may, or may not be influenced by the bias).

The high classification purity achieved in the experiments with dataset group

S6-S6x-S7_33:33:33 indicates that our algorithm can be successfully applied to

heterogeneous dataset in which more than two conformations are represented.

7.3 Experiments with Misaligned Projection Images

The method used to produce datasets for the experiments of Section 7.2 guarantees

that all the projections within a projection set are perfectly aligned (the geomet-

ric center of each configuration is projected exactly onto the center of the projec-

tion image). In practice, a perfect alignment of the noisy EM projections cannot

be achieved. Since the misalignment of the projection images has a potentially

negative impact on the performance of proposed method, we conducted additional

experiments to test the impact of such misalignment on the quality of classifica-
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tions produces by our method. The datasets used in these experiments have been

produced by a procedure that emulates the misalignment encountered in datasets

produced by an electron microscope.

7.3.1 Datasets

To test the impact of misalignment on classification quality, we used fifty datasets.

To produce them we used the same conformation mixtures (S6-S7, S6x-S7, S6-S6x,

S6-S6x-S7) and representation ratios (50:50, 35:65, 20:80 and 33:33:33, respec-

tively) as those in the experiments with aligned projection images. However, the

process by which these sets where produced was slightly different.

First, for each of the heterogeneous projection sets five thousand projection an-

gles where randomly (with potential repetitions) selected in such a way that all the

projection angles were equally likely. Each of these angles was used to project

one of the objects to be represented in the projection set being constructed. In

50:50 case, the first 2,500 angles were used to project the first object and the re-

maining 2,500 angles were used to project the second object (in the case of the

20:80 and 35:65 data sets, appropriately adjusted numbers were used). However,

before producing a projection image, the center of the 3D object was shifted in

a randomly selected direction parallel to the projection plane by a distance se-

lected from the Gaussian distribution with mean zero and standard deviation equal

to 1/81 of the diameter of the masking circle (the misalignment in practice

may very well be larger than this). For each pair of objects (S6-S7, S6x-S7, S6-

S6x) at each object representation ratio (50:50, 35:65, 20:80), the random selec-

tion of projection angles and shifts was executed five times. This produced 45

noiseless heterogeneous projection sets, each containing misaligned projections of

two 3D objects, in nine groups (S6-S7_Sh_50:50, S6x-S7_Sh_50:50, S6-S6x_Sh-

_50:50, S6-S7_Sh_35:65, S6x-S7_Sh_35:65, S6-S6x_Sh_35:65, S6-S7_Sh_20:80,
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S6x-S7_Sh_20:80, S6-S6x_Sh_20:80). A similar procedure was used to produce

five heterogeneous sets (data set group S6-S6x-S7_Sh_33:33:33) containing mis-

aligned 2D projections of all three 3D objects.

The noise insertion was performed in exactly the same way as for the experi-

ments with aligned projection images (see Section 7.2.1). This noise variance σ2
N

was calculated assuming SNR = 0.1.

7.3.2 Parameters and settings

As in the experiments with aligned projection images, we produced L = 240 1D

projections at 1.5◦ increments, each with N = 81 equally-spaced lines from every

image in the dataset. We also used the same configuration of the classification

method (t = 3,000, I = 10,000, 10 algorithm runs per experiment).

7.3.3 Results

The results of experiments with the projection sets containing misaligned projection

images of two objects (data set groups: S6-S7_Sh_50:50, S6x-S7_Sh_50:50, S6-

S6x_Sh_50:50, S6-S7_Sh_35:65, S6x-S7_Sh_35:65, S6-S6x_Sh_35:65, S6-S7_Sh-

_20:80, S6x-S7_Sh_20:80, S6-S6x_Sh_20:80) are summarized in Table 7.8. (The

3D reconstructions produced from representative datasets in groups S6-S7_Sh_50:50,

S6x-S7_Sh_50:50, S6-S6x_Sh_50:50 are provided in Appendix F, Appendix H,

Appendix I correspondingly.) With the exception of the one data set (the 3D recon-

structions produced from this set are provided in Appendix G), the classification

purity was above 89%. This resulted in high (larger than 88%) mean classification

purities (reported in Table 7.8) for all data set groups. However, in a single case

our method failed to separate conformations present in the dataset. In this case the

classification purity was 53.66% (which is reflected in Table 7.8 by the lowest mean

classification purity and the highest standard error of the mean for corresponding
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Data Mean classification purity %
sets 50:50→2 35:65→3 20:80→5

S6-S7_Sh 88.52±7.80 93.11±0.21 92.92±0.14
S6x-S7_Sh 98.59±0.09 97.34±0.05 98.08±0.13
S6-S6x_Sh 97.76±0.09 90.34±0.43 91.71±0.17

Table 7.8: Mean classification purity for the misaligned projection sets when the
number of classes is appropriate for the conformation representation ratio.
(Based on five data sets for all nine groups.)

data set group). Such low value indicates that in this case the algorithm failed to

identify meaningful (from the EM image classification perspective) classes, because

both classes produced by the algorithm contained a practically identical mixture of

the projection images originating from the two conformations represented in the

heterogeneous projection set.

The mean classification purity based on five data sets containing misaligned

projections of three objects (data set group S6-S6x-S7_Sh_33:33:33) was 96.1%,

with the standard error of the mean 0.08%. (The 3D reconstructions produced from

the representative datasets in this group are provided in Appendix J.)

7.3.4 Discussion

The results of experiments with misaligned projection sets demonstrate that our

method is to some extent robust when applied to such data sets. The classification

purity achieved in the vast majority of the experiments (all but one) is sufficient to

produce high-quality 3D models of the conformations represented in the heteroge-

neous sets. However, the single case for which the method failed indicates that the

issue of misalignment can not be ignored in practice.

There are several ways of dealing with projection image misalignment that

should be considered and evaluated. One of the possible approaches is to prealign

the projection images before they are used in the classification procedure. Such

prealignment can be based on the use of the centers of the mass of projection im-
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ages. Due to high level of noise present in the projection images, it is unlikely that a

procedure based on this approach will produce a high-quality alignment. However,

even such coarse alignment might be sufficient to classify projection images well

enough to produce acceptable 3D models. Once these models are available, an im-

proved alignment can be achieved by using them as references. Another way to deal

with the misalignment problem is to modify the classification procedure in such a

way that it becomes immune to the in-plane shifts. This can be achieved by the use

of a shift-invariant distance measure for the 1D vectors. If, for example, the distance

between two 1D vectors is measured as a function of magnitudes of their Fourier

transforms, then our classification method becomes inherently immune to in-plane

shifts; however it is possible that the resulting loss of phase information would

strongly interfere with the classification efficiency. At this point it is not clear what

the impact of ignoring phase information would be on classification quality. The

third approach to the misalignment problem is to incorporate a search through mul-

tiple shifted versions of the projection images into the classification method. In this

approach the graph building procedure would determine the weight of each edge by

finding a minimum distance between several shifted versions of the the images rep-

resented by the nodes this edge connects. The computational cost associated with

such a search greatly depends on the number of shifted versions of each image to

be considered. The methods for dealing with the misalignment problem are part of

our ongoing research. It is possible that the best solution to this clearly nontrivial

problem will be achieved by a combination of the methods proposed above.
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7.4 A Case Study Involving Externally Obtained Pro-

jection Data

To verify the correctness of the procedures used in our previous experiments (re-

ported in Section 7.2 and Section 7.3) we conducted a case study on an indepen-

dently developed heterogeneous dataset (provided by Sjors H. W. Scheres). This

dataset was created with different tools and procedures than those we used to pro-

duce the datasets for previous experiments. The object represented in this dataset

(two conformations of the Simian Virus 40 large T-antigen) are not even similar to

those represented in the datasets that we used in the development of our method

and the experiments reported in Section 7.2 and Section 7.3. Due to these charac-

teristic, our case study has a potential to detect any unintended dependence of our

method on the particular data generation procedure or the type of the object that is

represented in our datasets.

As in our previous experiments we used the classification purity to measure

the quality of classifications produced by our method. In addition to that we used

ART [18] to reconstruct two 3D models from the classes produced by our method.

These models are compared with three reference 3D models. Two of the reference

models were reconstructed from two homogeneous subsets of the heterogeneous

projection set (perfectly classified heterogeneous set). The third was produced by

reconstruction from all images contained in the heterogeneous set.

All 3D models in our study were reconstructed using the implementation of

ART [28] available in Xmipp [42]. These models were produced under unrealistic

assumption that the projection angles for all the images are perfectly assigned. The

quality of the models reconstructed from these images with imperfect (more realis-

tic) angular assignment may be significantly lower. All images of the 3D volumes

were rendered with UCSF Chimera [37].
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7.4.1 Dataset

The dataset used in the case study consisted of 5,124 projection images (100 × 100

pixels) of two evenly represented conformations of Simian Virus 40 large T-antigen

(2,562 images with 10◦ bent and 2,562 images with 30◦ bent). These images were

produced by projecting 3D models of each conformation from 2,562 approximately

evenly distributed projection angles. Since in this process the geometrical center of

the model was always projected onto the center of the image, the projections in the

dataset are perfectly aligned to a common spatial reference. Examples of the projec-

tion images in the set are shown in Figure 7.1. Since the dataset was independently

generated in another laboratory (the Centro Nacional de Biotecnologia, Spain), not

all the details about the procedure used to produce it are known to us. However, it

should be emphasized that its characteristics are considered to be reasonable for the

propose of evaluating the methods that are intended for use in 3D-EM.

7.4.2 Parameters and Settings

As in our previous experiments we produced L = 240 1D projections at 1.5◦ incre-

ments from every image in dataset. However, in order to match the larger image

Figure 7.1: Examples of Simian Virus 40 large T-antigen projection images.
Top row: projections of conformation with 10◦ bent, bottom row projections of
conformation with 30◦ bent
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Projections No. of projections
of assigned to

object class 1 class 2
10◦ 636 1926
30◦ 1904 658

Table 7.9: Classification results for dataset that contains two conformations of the
large T-antigen.

size, we increased the number of lines in each 1D projection to N = 100. The

settings of the classification algorithm were identical to those in the previous exper-

iments (t = 3,000, I = 10,000, 10 runs).

7.4.3 Results

The 3D models obtained by two reconstruction from perfectly classified projec-

tion images are shown in Figure 7.2. Despite the high level of noise present in

the projection images, the quality of 3D models produced from them is good and

differences between the conformations are clearly visible.

The 3D model obtained by reconstruction from heterogeneous set is shown in

Figure 7.3. The bent angle of this model is an average of bent angles of models of

Figure 7.2. This reconstruction provides no information about the diverse confor-

mations present in the projection set.

The result of the classification preformed by our method is in Table 7.9. The

classification purity is 74.75%. Although this value is not as high as the classifi-

cation purity values obtained in our previous experiments, the 3D models recon-

structed from the produced classes well capture the differences between confor-

mations present in the projection set (see Figure 7.4). Figure 7.5 illustrates the

differences between the models obtained from classes produced by our method and

and those defined by the perfect classification.
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Figure 7.2: 3D models obtained by reconstructing from perfectly classified projec-
tion images of two conformations of the Simian Virus 40 large T-antigen.

Figure 7.3: 3D model obtained by reconstructing from heterogeneous projection set
that contains two conformations of the large T-antigen.
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Figure 7.4: 3D models obtained by reconstructing from the projection images of
two conformations of the large T-antigen classified by the proposed method.

Figure 7.5: Differences between 3D models obtained by reconstructing from per-
fectly classified projection images of two conformations of the large T-antigen and
corresponding 3D models obtained by reconstructing from these images classified
by the proposed method.
The yellow and the orange models are 3D reconstructions from perfectly classified
projection images. The violet and blue models are 3D reconstructions obtained
from images classified by the proposed method.
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7.4.4 Discussion

Since our case study is based on only one dataset, it does not have statistical signif-

icance that is expected from rigorous evaluation. Despite its limitations this study

provides an important insight into some issues associated with use of projection

image classification method in the heterogeneous reconstruction process.

The classification purity (74.75%) achieved in this study was significantly lower

than the one achieved in our previous experiments. However, the reconstructed

models well capture important differences between the conformations present in

the heterogeneous dataset (one of them has a significantly smaller bent angle than

the other). This confirms our expectation that even a significantly less than perfect

classification of the projection images may result in acceptable 3D models. It is not

clear if the quality of the models obtained with our method is sufficient for detailed

structural analysis of the conformations present in the heterogeneous set. However,

since these models capture essential differences between the conformations, they

can be used as the initial models in multireference refinement procedure that will

produce high quality reconstructions.

The classification of the projection images used in this study is inherently hard

from our method’s perspective. Assuming that two conformation from which they

where produced differ only by the bent angle (which is approximately true), there

are many pairs of projection images with the first image obtained from one con-

formation and the second from the other that (if impact of noise is ignored) share

identical 1D projections. This is a consequence of the fact that all planar integrals

over planes parallel to the plane of the bent angle are identical.

The reasonably good quality of the 3D models that was achieved despite the low

value of the classification purity demonstrates a non-trivial relationship between the

classification quality and the quality of the resulting 3D models. In some circum-

stances, a misclassification of even a large number of the projection images does not
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have a significant impact on the model quality. Specifically, if two conformations

have identical 2D projections, then the assignment of this projection to the class

associated with either of the conformations is correct from the reconstruction per-

spective, despite the fact that one of these assignments is technically a misclassifica-

tion. In a less extreme case, when two conformations have very similar projections,

the misclassification of them is not very harmful, since each of them contributes

almost the same values to the reconstruction process. When noisy projections are

considered, it is possible that due to the noise a projection is less consistent with the

other projections that originated from the same conformation than with the projec-

tions that originated from a different conformation. The misclassification of such a

projection can lead to an improvement in reconstruction quality.

The dataset used in our case study was produced independently using different

tools and procedures from the ones used in our other experiments. The 3D structure

of the objects used to produce the projection images is significantly different from

the structures used in our other experiments. Therefore a successful reconstruction

from this dataset confirms that the mathematical principles behind our method are

applicable to a range of projection image classification problems.

7.5 Evaluation of the Impact of Differences Between

Conformations and Noise on Classification Qual-

ity

The difficulty of the particular projection image classification problem clearly de-

pends on the level of noise present in the involved images. As the level of noise

present in the projection images increases the classification task becomes harder.

However, the noise is not the only factor that must be considered to estimate the
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difficulty of such problem. The degree to which the objects represented in the het-

erogeneous dataset differ must also be taken into account. For example, it is more

likely that a set that contains noisy projections of two significantly different 3D

structures can be successfully partitioned into its homogeneous components than

a set that contains noisy projections of two almost identical structures, even if the

level of noise that is present in both datasets is identical.

In order to evaluate the impact of both the differences between the objects repre-

sented in a dataset and the noise level present in the images it contains on the quality

of classifications produced by our method, we included in the evaluation process a

specially designed set of experiments. The data sets used in these experiments are

constructed to represent a wide range of differences between the objects and a wide

range of noise levels. As in the previous experiments, we used classification purity

to measure the quality of the results produced by our method.

7.5.1 Dataset

To evaluate the impact of noise present in the projection images and the impact of

differences between conformations represented in a heterogeneous projection set on

achievable classification quality, we used 500 heterogeneous datasets. To emulate

varying level of differences between different conformations we generated eleven

3D objects (O1, ..., O11). The detailed description of the geometry of these objects

is provided in Appendix K. We used objects O1, O3, O5, O7, O9 and O11 to

produce the dataset for our experiments. The datasets we produced were divided

into two sets. In the first set of datasets, the projection of object O1 are always

present in the dataset (O1 is used as a reference). In the second set of datasets,

the projection of object O11 are always present in the dataset (O11 is used as a

reference). In order to emulate the effects of increasing differences between 3D

structures of object represented in dataset, the heterogeneous datasets in both sets
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were produced by combining the projection images of the reference model (O1 or

O11) with one of four other objects (O3, O5, O7, O9, O11 or O9, O7, O5, O3, O1

respectively). Following these rules, we produced the heterogeneous datasets by

mixing projection images of the following pairs of objects: O1-O3, O1-O5, O1-O7,

O1-O9, O1-O11 and O11-O9, O11-O7, O11-O5, O11-O3, O11-O1. From each of

these pairs, we produced the heterogeneous datasets at ten different noise levels

(SNR=0.02, 0.04, 0.06, 0.08, 0.10, 0.12, 0.14, 0.16, 0.18 and 0.20). This resulted in

hundred dataset groups (O1-O3_0.02, ..., O1-O11_0.20 and O11-O1_0.02, ..., O11-

O1_0.20). In each of these groups we generated five datasets using the following

process.

First, for each of the heterogeneous projection sets two thousand projection

angles were randomly (with potential repetitions) selected in such a way that all

the projection angles were equally likely. Next, the first 1,000 angles were used to

project the first object to be represented in the projection set being constructed and

the remaining 1,000 angles were used to project the second object to be represented

in the projection set being constructed. This resulted in a heterogeneous projection

set containing 2,000 noiseless projection images of two evenly represented objects.

Since in this process the geometrical center of the model was always projected onto

the center of the image, the projections in the dataset are perfectly aligned to a

common spatial reference.

To emulate the impact of noise at the desired level, the noise insertion procedure

described in Section 7.1 was applied to this set. The signal variance σ2
S for this

procedure was estimated using 11,000 projection images generated from 11 objects

O1, O2, ..., O11 (from each object, a 1,000 projection images was generated from

evenly distributed, randomly selected projection angles).

Note: When referring to all dataset groups within the set that contain projec-

tions of the same pairs of objects we put * in the name of the dataset group at the
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position where the SNR value is normally specified (e.g., all dataset groups within

the set that contain projections of objects O1 and O2 are referred to as O1-O3_*).

Similarly, when referring to all dataset groups within the set that contain projec-

tions with the same noise level we put * in the name of dataset group at the position

where names of the objects are normally specified (e.g., all dataset groups within

the set for SNR = 0.02 are referred to as *_0.02).

7.5.2 Parameters and Settings

As in the experiments with aligned projection images and in the experiments with

misaligned projection images, we produced L = 240 1D projections at 1.5◦ incre-

ments, each with N = 81 equally-spaced lines from every image in the dataset. The

classification algorithm was executed 10 times for each of the datasets. In all these

runs, the length of the tabu list (t) was set to 1,200 and the algorithm was terminated

after executing I = 4,000 iterations.

7.5.3 Results

The results of two sets of experiments (one in which object O1 in used as the ref-

erence and one in which O11 is used as the reference) were analyzed separately.

These results of are summarized in Table 7.10 and Table 7.11 correspondingly. The

plots that correspond to these tables are presented in Figure 7.6 and in Figure 7.7.

As anticipated, our results indicate that the proposed method produces classifi-

cations with higher purity when applied to datasets that contain projection images

of objects with large structural differences. Similarly, higher classification purity

was achieved when the method was applied to datasets with higher SNR. So, an

informal analysis of the results summarized in Table 7.10 and Table 7.11 seems to

indicate that the difficulty of the classification task (measured by mean classifica-

tion purity achievable with our method) depends on both, the noise level and the
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Figure 7.6: Mean classification purity for a dataset group as a function of noise
level and difference between conformations (dataset groups O1-O11_0.02, ..., O1-
O3_0.20, ..., O1-O11_0.02, ..., O1-O3_0.20).
(Based on five data sets in each of the 50 groups.)
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Figure 7.7: Mean classification purity for a dataset group as a function of noise
level and difference between conformations (dataset groups O11-O9_0.02, ..., O11-
O9_0.20, ..., O11-O1_0.02, ..., O11-O1_0.20).
(Based on five data sets in each of the 50 groups.)
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O1-O3_* O1-O5_* O1-O7_* O1-O9_* O1-O11_*
*_0.02 51.69±0.49 51.90±0.48 54.10±0.68 59.76±0.52 66.84±0.87
*_0.04 51.05±0.33 52.80±0.49 55.94±0.91 64.75±1.03 86.60±0.50
*_0.06 51.39±0.43 52.72±0.39 56.89±0.94 86.97±0.64 93.63±0.22
*_0.08 52.30±0.54 53.75±0.83 56.79±0.57 93.04±0.34 96.41±0.12
*_0.10 51.82±0.37 53.75±0.65 61.03±0.67 95.51±0.24 97.76±0.10
*_0.12 51.43±0.52 54.73±0.60 92.06±0.67 97.03±0.13 98.17±0.14
*_0.14 51.39±0.32 54.57±0.90 94.19±0.31 97.80±0.18 98.43±0.12
*_0.16 51.84±0.59 53.68±0.72 95.60±0.31 98.36±0.09 98.93±0.12
*_0.18 52.56±0.52 54.63±0.80 96.52±0.45 98.74±0.09 99.17±0.08
*_0.20 51.79±0.45 54.28±1.62 97.19±0.18 98.74±0.11 99.29±0.07

Table 7.10: Mean classification purity for the first set of dataset groups (O1-O3_*,
O1-O5_*, O1-O7_*, O1-O9_* and O1-O11_*).
(Based on five data sets in each of the 50 groups.)

O11-O9_* O11-O7_* O11-O5_* O11-O3_* O11-O1_*
*_0.02 52.72±0.86 56.37±0.56 59.14±0.51 65.19±0.55 68.11±0.61
*_0.04 51.57±0.38 55.04±0.62 57.41±1.67 82.49±0.80 87.81±0.67
*_0.06 52.19±0.75 55.37±0.16 64.88±4.53 91.73±0.37 93.85±0.28
*_0.08 53.00±0.34 53.56±1.05 77.25±6.85 94.98±0.24 96.33±0.26
*_0.10 51.12±0.32 55.81±0.79 92.53±0.59 96.21±0.09 97.43±0.21
*_0.12 51.24±0.63 54.09±0.74 93.61±0.22 97.50±0.12 98.40±0.08
*_0.14 50.80±0.46 53.78±1.09 94.75±0.30 98.06±0.11 98.74±0.13
*_0.16 51.81±0.42 53.78±1.16 95.26±0.23 98.02±0.14 99.17±0.08
*_0.18 51.10±0.35 63.48±5.28 95.99±0.23 98.43±0.11 98.96±0.04
*_0.20 50.98±0.33 69.91±8.06 96.41±0.24 98.54±0.09 99.34±0.05

Table 7.11: Mean classification purity for the second set of dataset groups (O11-
O9_*, O11-O7_*, O11-O5_* and O11-O1_*).
(Based on five data sets in each of the 50 groups.)

magnitude of structural difference between the objects that are represented in the

heterogeneous set.

By making some untested assumptions abut the distributions from which our

samples are drawn, the dependence of the classification task difficulty on the noise

level present in the projection images and the magnitude of structural difference

between the objects that are represented in the heterogeneous set, can be put to

statistical test using two-way ANOVA [7]. In this analysis the following statistical

hypotheses are made:
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Factor: Noise

H0_Noise The level of noise has no effect on difficulty of the classification task.

HA_Noise The level of noise has an effect on difficulty of the classification task.

Factor: Structural difference between the objects that are represented in the hetero-

geneous set

H0_3D_di f f The difficulty of the classification task is unrelated to the structural dif-

ference between the objects that are represented in the heterogeneous

set.

HA_3D_di f f The difficulty of the classification task is related to the structural dif-

ference between the objects that are represented in the heterogeneous

set.

Interaction of factors: SNR and structural difference between the objects that are

represented in the heterogeneous set

H0_Noise_×_3D_di f f The effect of SNR on difficulty of the classification task does

not depend on the structural difference between the objects that are

represented in the heterogeneous set.

HA_Noise_×_3D_di f f The effect of SNR on difficulty of the classification task de-

pends on the structural difference between the objects that are repre-

sented in the heterogeneous set.

The results of two-way ANOVA for the experiment summarized in Table 7.10 and

Table 7.11 are presented in Table 7.12 and Table 7.13, respectively.

The classification purity scores were subjected to 10×5 independent-groups

ANOVA with noise and level of structural difference between the objects as between-

experiments factors. When object O1 was used as a reference (see Table 7.12) and
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Source of variation SSq DF MSq F p
Noise 15707.652 9 1745.295 1104.81 <0.0001

3D_diff 75712.222 4 18928.055 11981.87 <0.0001
Noise × 3D_diff 17015.174 36 472.644 299.19 <0.0001

Within cells 315.945 200 1.580
Total 108750.993 249

Table 7.12: Results of two-way ANOVA for experiments that used object O1 as a
reference.
Factors:
Noise - the level of noise present in the projection images signal to noise.
3D_diff - the level of structural difference between the objects that are represented
in the heterogeneous set.

Source of variation SSq DF MSq F p
Noise 11681.628 9 1297.959 74.35 <0.0001

3D_diff 78508.598 4 19627.150 1124.32 <0.0001
Noise × 3D_diff 11110.539 36 308.626 17.68 <0.0001

Within cells 3491.372 200 17.457
Total 104792.137 249

Table 7.13: Results of two-way ANOVA for experiments that used object O11 as a
reference.
Factors:
Noise - the level of noise present in the projection images signal to noise.
3D_diff - the level of structural difference between the objects that are represented
in the heterogeneous set.
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when object O11 was used as a reference (see Table 7.13), both main factors and the

interaction between them were extremely significant. Based on both sets of experi-

ments (with object O1 and with object O11 used as a reference) the null hypotheses

H0_Noise, H0_3D_di f f , H0_Noise_×_3D_di f f can be rejected with p < 0.0001.

In a further analysis we compared the results obtained for appropriately se-

lected pairs of dataset groups, to determine how large must be the change in one

of the factors (either the level of noise or the structural difference between the ob-

jects that are represented in the set), to observe statistically significant changes in

the achieved classification purity. To demonstrate the statistical significance of the

differences between the results that we obtained for two dataset groups, we used

the Kruskal-Wallis test [7], which is a nonparametric method whose use is valid for

our experiments. For each pair of dataset groups selected for testing we made the

following hypothesis:

H0 The results obtained for the selected groups are identical.

HA The results obtained for the selected dataset groups are not identical.

For all our tests that involved five results in both dataset groups the critical val-

ues of Kruskal-Wallis statistic at α = 0.01 and α = 0.05 are Hcrit_0.01 = 6.635

and Hcrit_0.05 = 3.841 correspondingly. We report the values of the Kruskal-Wallis

statistic H for a given pair of dataset groups using italics if it is lower Hcrit_0.01 and

bold italics if it is lower than Hcrit_0.05. (Upright numbers indicate that H is higher

than Hcrit_0.01, an unlikely occurrence if the null hypotheses were true.)

In the first set of Kruskal-Wallis tests, for each of the noise levels (from 0.02

to 0.20) we tested if the null hypothesis H0 can be rejected for the pairs of dataset

groups that include the dataset group produced from the most similar objects (the

reference group) and (one at the time) all other dataset groups at the same noise

level. The values of Kruskal-Wallis statistic for these pairs are shown in Table 7.14
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O1-O3_* O1-O5_* O1-O7_* O1-O9_* O1-O11_*
*_0.02 reference 0.535 4.811 6.818 6.818
*_0.04 reference 3.938 6.818 6.818 6.818
*_0.06 reference 3.556 6.818 6.818 6.818
*_0.08 reference 1.844 6.818 6.818 6.818
*_0.10 reference 3.938 6.818 6.860 6.818
*_0.12 reference 6.818 6.818 6.818 6.818
*_0.14 reference 6.818 6.818 6.818 6.818
*_0.16 reference 2.470 6.860 6.860 6.902
*_0.18 reference 3.962 6.818 6.860 6.818
*_0.20 reference 0.884 6.818 6.860 6.860

Table 7.14: The values of Kruskal-Wallis test statistics H for the first set of dataset
groups (dataset groups with the smallest difference between the represented objects
are used as the references).
All the values in a row are calculated using the same dataset group as the reference
(one marked as “reference” in that row).
Note: The difference between the object represented in the sets increases from left
to right.

O11-O9_* O11-O7_* O11-O5_* O1-O3_* O11-O1_*
*_0.02 reference 5.806 6.818 6.860 6.818
*_0.04 reference 6.818 6.818 6.860 6.818
*_0.06 reference 6.818 6.818 6.818 6.818
*_0.08 reference 0.098 6.818 6.818 6.818
*_0.10 reference 6.818 6.818 6.860 6.860
*_0.12 reference 4.811 6.860 6.818 6.818
*_0.14 reference 3.938 6.818 6.818 6.818
*_0.16 reference 1.320 6.818 6.860 6.818
*_0.18 reference 6.818 6.818 6.818 6.860
*_0.20 reference 6.818 6.860 6.818 6.902

Table 7.15: The values of Kruskal-Wallis test statistics H for the second set of
dataset groups (dataset groups with the smallest differences between the represented
objects are used as the references).
All the values in a row are calculated using the same dataset group as the reference
(one marked as “reference” in that row).
Note: The difference between the object represented in the sets increases from left
to right.
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and Table 7.15). This values indicate hypothesis H0 can be rejected with α < 0.05

for all the pairs that include groups O1-O7_*, O1-O9_*, O1-O11_* (Table 7.14)

and groups O11-O5_*, O1-O3_*, O11-O1_* (Table 7.15). The null hypothesis can

be rejected with α < 0.01 for all the pairs that include groups O1-O9_*, O1-O11_*

(Table 7.14) and groups O1-O3_*, O11-O1_* (Table 7.15). This suggests that at

all the noise levels a sufficiently large increase of the structural difference between

the objects represented in the heterogeneous projection set has a statistically signif-

icant impact on the quality of classifications produced by our method. (A comment

on this conclusion and those in the following paragraphs; Because we have used

the same test for many cases, the individual rejection levels must be taken with a

grain of salt, since some of them may be accidental outliers. However, the overall-

nonstatistical-conclusion that there is a general dependence on task difficulty is

undeniable.)

In the second set of Kruskal-Wallis tests we used the dataset groups produced

from the most dissimilar objects as the references. As in our previous tests, at each

noise level (from 0.02 to 0.20) we tested if the null hypothesis HO can be rejected

for the pairs of dataset groups that include the reference group and each of the other

groups at the same noise level. The values of Kruskal-Wallis statistic for these pairs

are shown in Table 7.16 and Table 7.17). This values indicate hypothesis H0 can be

rejected with α < 0.05 for all the tested pairs. Also according to these results the

null hypothesis can be rejected with α < 0.01 for all the pairs with the exception

of the pairs that include some groups in O1-O9_* (Table 7.14) and the exception

of the pairs that include some groups in O1-O3_* (Table 7.14). This suggests that

at all the noise levels even a small decrease of the structural difference between the

objects represented in the heterogeneous projection set has a statistically significant

impact on the quality of classifications produced by our method.

In the third set of Kruskal-Wallis tests we used the dataset groups with SNR =
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O1-O3_* O1-O5_* O1-O7_* O1-O9_* O1-O11_*
*_0.02 6.818 6.818 6.818 6.818 reference
*_0.04 6.818 6.818 6.818 6.818 reference
*_0.06 6.818 6.818 6.818 6.818 reference
*_0.08 6.818 6.818 6.818 6.818 reference
*_0.10 6.818 6.818 6.818 6.860 reference
*_0.12 6.818 6.818 6.818 6.818 reference
*_0.14 6.818 6.818 6.818 4.390 reference
*_0.16 6.902 6.860 6.860 6.860 reference
*_0.18 6.818 6.860 6.818 5.914 reference
*_0.20 6.860 6.860 6.860 5.842 reference

Table 7.16: The values of Kruskal-Wallis test statistics H for the first set of dataset
groups (dataset groups with the largest differences between the represented objects
are used as the references).
All the values in a row are calculated using the same dataset group as the reference
(one marked as “reference” in that row).
Note: The difference between the object represented in the sets increases from left
to right.

O11-O9_* O11-O7_* O1-O5_* O11-O3_* O11-O1_*
*_0.02 6.818 6.860 6.818 4.840 reference
*_0.04 6.818 6.818 6.818 6.860 reference
*_0.06 6.818 6.818 6.818 5.771 reference
*_0.08 6.818 6.818 6.818 6.322 reference
*_0.10 6.860 6.860 6.860 6.902 reference
*_0.12 6.818 6.818 6.860 6.818 reference
*_0.14 6.818 6.818 6.860 6.818 reference
*_0.16 6.818 6.818 6.818 6.860 reference
*_0.18 6.860 6.860 6.860 6.860 reference
*_0.20 6.902 6.902 6.944 6.902 reference

Table 7.17: The values of Kruskal-Wallis test statistics H for the second set of
dataset groups (dataset groups with the largest differences between the represented
objects are used as the references).
All the values in a row are calculated using the same dataset group as the reference
(one marked as “reference” in that row).
Note: The difference between the object represented in the sets increases from left
to right.
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O1-O3_* O1-O5_* O1-O7_* O1-O9_* O1-O11_*
*_0.02 reference reference reference reference reference
*_0.04 0.702 1.098 1.844 6.818 6.818
*_0.06 0.099 3.153 3.153 6.818 6.818
*_0.08 0.535 2.455 5.771 6.818 6.818
*_0.10 0.098 3.938 6.818 6.860 6.818
*_0.12 0.884 5.771 6.818 6.818 6.818
*_0.14 0.098 4.811 6.818 6.818 6.818
*_0.16 0.099 3.153 6.818 6.818 6.860
*_0.18 1.844 4.840 6.818 6.860 6.818
*_0.20 0.176 0.535 6.818 6.860 6.860

Table 7.18: The values of Kruskal-Wallis test statistics H for the first set of dataset
groups (dataset groups with the smallest SNR are used as the references).
All the values in a column are calculated using the same dataset group as the refer-
ence (one marked as “reference” in that column).
Note: The difference between the object represented in the sets increases from left
to right.

O11-O9_* O11-O7_* O11-O5_* O11-O3_* O11-O1_*
*_0.02 reference reference reference reference reference
*_0.04 0.884 3.172 1.844 6.902 6.818
*_0.06 0.395 2.470 2.455 6.860 6.818
*_0.08 0.535 2.516 4.811 6.860 6.818
*_0.10 1.844 0.889 6.818 6.902 6.860
*_0.12 1.844 4.840 6.860 6.860 6.818
*_0.14 3.153 1.855 6.818 6.860 6.818
*_0.16 0.884 3.578 6.818 6.902 6.818
*_0.18 2.151 3.172 6.818 6.860 6.860
*_0.20 3.153 3.172 6.860 6.860 6.902

Table 7.19: The values of Kruskal-Wallis test statistics H for the second set of
dataset groups (dataset groups with the smallest SNR are used as the references).
All the values in a column are calculated using the same dataset group as the refer-
ence (one marked as “reference” in that column).
Note: The difference between the object represented in the sets increases from left
to right.
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0.02 as the references and tested, for each of level of differences between rep-

resented objects, if the null hypothesis H0 can be rejected for the pairs of dataset

groups that include the reference group and (one at the time) all other dataset groups

with the same level of differences between the represented objects. The values of

Kruskal-Wallis statistic for these pairs are shown in Table 7.18 and Table 7.19. This

values indicate that the hypothesis H0 can be rejected with α < 0.01 for all the pairs

that include groups in O1-O9_*, O1-O11_* (Table 7.18) and for all the pairs that

include groups in O11-O3_*, O11-O1_* (Table 7.19). This suggests that when the

structural difference between the objects represented in the heterogeneous projec-

tion set is high, there is a statistically significant impact of noise on the quality of

classifications produced by our method (the method fails on the sets with low SNR

but works on sets with lesser noise). Our test results also show that the hypothesis

H0 cannot be rejected even with α < 0.05 for all the pairs that include groups in O1-

O3_* (Table 7.18) and with the pairs that include groups in O11-O9_* (Table 7.19)

and that the hypothesis H0 cannot be rejected with α < 0.01 for all the pairs that

include groups in O1-O3_*, O1-O5_* (Table 7.18) and with the pairs that include

groups in O11-O9_*, O1-O7_* (Table 7.19). This means that when the structural

difference between the objects represented in the heterogeneous projection set is

small there is no statistically significant impact of noise on the quality of classifi-

cations produced by our method (the method fails on all such sets regardless of the

level of noise).

In the last set of Kruskal-Wallis tests we used the dataset groups with SNR =

0.20 as the references and tested, for each of level of differences between rep-

resented objects, if the null hypothesis H0 can be rejected for the pairs of dataset

groups that include the reference group and (one at the time) all other dataset groups

with the same level of differences between the represented objects. The values of

Kruskal-Wallis statistic for these pairs are shown in Table 7.20 and Table 7.21. This
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O1-O3_* O1-O5_* O1-O7_* O1-O9_* O1-O11_*
*_0.02 0.176 0.535 6.818 6.860 6.860
*_0.04 1.098 0.535 6.818 6.860 6.860
*_0.06 0.395 0.273 6.818 6.860 6.860
*_0.08 0.273 0.273 6.818 6.860 6.860
*_0.10 0.011 0.011 6.818 6.902 6.860
*_0.12 0.535 0.011 6.818 6.860 6.860
*_0.14 0.176 0.011 6.818 6.860 6.860
*_0.16 0.011 0.011 6.818 4.417 4.444
*_0.18 1.320 0.011 1.844 0.099 1.370
*_0.20 reference reference reference reference reference

Table 7.20: The values of Kruskal-Wallis test statistics H for the first set of dataset
groups (dataset groups with the largest SNR are used as the references).
All the values in a column are calculated using the same dataset group as the refer-
ence (one marked as “reference” in that column).
Note: The difference between the object represented in the sets increases from left
to right.

O11-O9_* O11-O7_* O11-O5_* O11-O3_* O11-O1_*
*_0.02 3.153 3.172 6.860 6.860 6.902
*_0.04 1.320 3.938 6.860 6.860 6.902
*_0.06 1.320 3.153 6.860 6.818 6.902
*_0.08 5.771 5.771 6.860 6.818 6.902
*_0.10 0.176 2.455 6.860 6.860 6.944
*_0.12 0.011 4.811 6.902 6.818 6.902
*_0.14 0.395 4.811 6.860 6.322 6.902
*_0.16 2.151 4.811 5.806 5.806 1.630
*_0.18 0.044 0.535 1.353 0.884 6.944
*_0.20 reference reference reference reference reference

Table 7.21: The values of Kruskal-Wallis test statistics H for the second set of
dataset groups (dataset groups with the largest SNR are used as the references).
All the values in a column are calculated using the same dataset group as the refer-
ence (one marked as “reference” in that column).
Note: The difference between the object represented in the sets increases from left
to right.
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values indicate that the hypothesis H0 cannot be rejected even with α < 0.05 for all

the pairs that include groups in O1-O3_*, O1-O5_* (Table 7.18) and cannot be re-

jected with α < 0.01 for all the pairs that include groups in O11-O9_*, O11-O9_*

(Table 7.19). This confirms the results from the previous set of test. When the

structural difference between the objects represented in the heterogeneous projec-

tion set is small there is no statistically significant impact of noise on the quality of

classifications produced by our method (the method fails on all such sets regardless

of the level of noise). The results in Table 7.18 and Table 7.19 also show that the

hypothesis H0 cannot be rejected even with α < 0.05 for pairs that include groups in

O1-O7_0.18, O1-O9_0.18, O1-O9_0.18 (Table 7.18) and for the pairs that include

groups in O11-O5_0.18, O11-O3_0.18, O11-O3_0.16 (Table 7.19). This suggests

that when the structural difference between the objects represented in the heteroge-

neous projection set is large and the noise level is low, the small increase of noise

level does not have a statistically significant impact on the quality of classifications

produced by our method (there is no statistically significant decrease in the qual-

ity of classifications produced by our method, for datasets with large difference

between the represented object, when low level of noise is slightly increased).

7.5.4 Discussion

The results obtained with both statistical methods (two-way ANOVA and Kruskal-

Wallis test) indicate that both factors, the level of noise and the degree of structural

differences between the objects represented in the heterogeneous set, have a sig-

nificant impact on the quality of classification produced by our method. They also

provide a strong evidence of the interaction between the two factors.

Our statistical tests confirmed that when the structural difference between the

object represented in the projection set is sufficiently large, our method is able to

produce an acceptable classifications for a wide range of noise levels. They also
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show that when this difference is small, acceptable classification cannot be pro-

duced even for dataset with relatively low level of noise. This has the following

practical implications. Small differences between conformations (that may be im-

portant from the biological perspective), are not detectable using our classification

method even when it is applied to datasets with high SNR, large however confor-

mation differences can be successfully detected with our method for dataset with

very significant level of noise.

7.6 Summary

The main goal of the conducted evaluation experiments was to verify the soundness

of the proposed method and to demonstrate its potential to classify heterogeneous

projection sets that are encountered in 3D-EM. The results of our experiments show

that partitioning (with high classification purity) of heterogeneous projection sets,

similar to those encountered in 3D-EM, into homogeneous subsets is possible, de-

spite of severe noise present in them. They also demonstrate that the proposed

classification method can be successfully used in various scenarios involving het-

erogeneous projection sets containing images of molecules in a few conformations,

even when the the number of images associated with each conformation strongly

varies from conformation to conformation.

Despite the level of noise present in the projection images (which significantly

reduces the similarity between the 1D projections onto the common line), our

method was able to successfully separate homogeneous subsets by the simultaneous

use of the common lines between many images. Based on the histogram of edge

weights (Figure 3.1), it is clear that an attempt to determine whether one particular

pair of images belongs to the same object using the common line approach would

fail. Our method was able to produce promissing results by utilizing simultaneously
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all images in the set.

In order to allow for a large number of experiments and to focus on the classifi-

cation step of the heterogeneous reconstruction procedure we made some simplify-

ing assumptions. The impact of these assumptions should be considered when the

results are analyzed. The use of the synthetically generated datasets in the evalua-

tion process provided us with high level of control over the experimental conditions.

Since, in case of such sets, the conformation from which a projection image was

produced is known, it was possible to measure the quality of classifications pro-

duced by our method without reconstructing the 3D models. The parameters of the

datasets used in the evaluation experiments have been carefully selected to capture

the most important characteristics of datasets encountered in 3D-EM. However, it

must be recognized that the datasets we used resembled real projection sets only

to some extent. Consequently, not all the issues associated with the classification

of EM projection images that may have impact on the outcome of heterogeneous

reconstruction procedure were accurately reflected in the experiments.

The use of a figure of merit (classification purity) that measures the quality of

classification instead of one that measures the quality of the 3D reconstructions

allowed us to obtain unambiguous results, which are not influenced by differences

between various reconstruction procedures. However, since classification purity

does not directly translate into the quality of reconstruction results (see Section

7.4.4), some caution should be taken when interpreting these results. As our case

study in Section 7.4 have shown, when the complete 3D reconstruction procedure

is considered, less than perfect results of the classification procedure may lead to

acceptable results.

Our experiments show that despite the computational complexity of the Max

k-Cut problem, it is possible to find acceptable (from the 3D-EM perspective) ap-

proximate solutions of Max k-Cut within minutes of computation time for large
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graphs that represent heterogeneous projection sets similar to those encountered in

3D-EM. (Our algorithm required approximately two minutes to find the approxi-

mate Max k-Cuts for 5,000 node graph). As demonstrated in Section 3.4, when

a general-purpose algorithm is used, there is a huge computational cost associated

with finding the maximum capacity cuts for graphs of this size. Since many datasets

encountered in 3D-EM contain tens of thousands projection images, this ability to

handle large datasets is very important. To overcome the computational intractabil-

ity of the NP-complete max k-Cut problem, we relied on the fact that the graphs

that we need to cut are not arbitrary but are derived from a physical process (EM).

Such graphs have some special properties (for example, as it can be seen in Fig.

3.1, the edge weights in these graphs fall into a relatively small range and within

that range they tend to center close to some fixed value). Due to such properties,

the proposed algorithm is much faster for the application at hand than the general-

purpose algorithms. However, the performance of our algorithm when applied to

an arbitrary graph is likely to be poor.

Since the combinatorial optimization required can be performed very fast, the

initial graph construction task is the only time-consuming step in the proposed

method. When the early-termination based method was used (see Section 4.4) in

the graph building process, a single experiment required approximately 12 hours

of computation per data set on an Intel(R) Xeon(TM) CPU running at 1.70 GHz

and approximately 8 hours of computation per data set on an AMD Athlon(TM)

64 Processor 3200+ running the code with SSE optimizations. The ten runs of our

graph partitioning algorithm took only approximately twenty minutes of this time.

The fact that the graph construction takes the majority of time required to clas-

sify heterogeneous projections and the graph partitioning can be done very fast has

some useful consequences. Once the graph is constructed, many runs of the parti-

tioning algorithm can be conducted at a very low cost. Since the solutions found by
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the graph partitioning algorithm are only approximations (which depend on the ini-

tial random classification of nodes), the multiple runs starting from different initial

configurations significantly increase the likelihood of finding a good approximation

to the global minimum of the objective function (see Section 5.5). Another reason

for running the graph partitioning algorithm several times on the same graph is to

determine the optimal number of classes into which to partition given the projection

set. The graph partitioning algorithm requires that the number of classes is provided

as a parameter (this does not imply that the number of objects represented in het-

erogeneous projection set is known). Several runs of the algorithm with different

number of classes as a parameter, followed by 3D reconstruction and evaluation

of obtained models, might be necessary to optimize the results (application of this

technique to datasets with uneven representation of conformations have been de-

scribed in Section 7.2.4).

The results of our experiments demonstrate that the proposed method can be

successfully used in various scenarios involving datasets with characteristics simi-

lar to those found in datasets produced by an electron microscope. Consequently,

they provide some level of confidence that the proposed method (perhaps with mod-

ifications and enhancements) can successfully classify actual electron microscopic

projection images. However, more testing is advisable to demonstrate the appli-

cability of our method to 3D-EM. The experiments conducted so far constitute an

initial step of a comprehensive evaluation process in which the method is tested

on increasingly realistic datasets. Since these experiment have been preformed on

datasets affected only by idealized (Gaussian) noise and free of other distortions,

they should be followed by additional tests (on more realistic datasets), which cap-

ture the impact of various distortions, affecting electron microscopic projection im-

ages, on both classification purity and the quality of 3D models.



Chapter 8

Conclusions

The main objectives of our research were to construct a classification method to sep-

arate homogeneous subsets of noisy heterogeneous projection sets and to demon-

strate its ability to become a component of a reconstruction method that is capable

of producing high-quality 3D models from heterogeneous projection sets that are

similar to those encountered in 3D-EM. These goals have been achieved. We de-

signed a novel classification procedure that utilizes properties of 2D projection im-

ages obtained from 3D objects and employs a combinatorial optimization technique

to separate homogeneous subsets. We also proposed a framework for reconstructing

3D models from heterogeneous projection sets in which our classification method

can be used. We demonstrated the capabilities of our method by conducting evalu-

ation experiments on appropriately constructed synthetic datasets. However, some

additional research is needed to conclusively demonstrate that the proposed method

can be efficaciously used on real 3D-EM data.

8.1 Contributions

We have constructed an unsupervised classification method to separate homoge-

neous subsets of very noisy heterogeneous projection sets and experimentally demon-
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strated that it has the potential to become a superior alternative to existing methods

of addressing the problem of heterogeneity. We have shown that, incorporated into a

heterogeneous reconstruction procedure, our method (perhaps with some enhance-

ments proposed in the next section) will produce representative 3D models of var-

ious conformations represented by heterogeneous projection sets obtained with an

electron microscope. Depending on their quality, these models can be used either

directly or indirectly (after refining with a multireference method) in the analysis

of various biological structures. We have conducted extensive research to develop,

optimize and test the key components of our classification method.

We have proposed a new image dissimilarity measure, specifically designed to

deal with 2D projections of 3D objects. This measure utilizes a property of images

that are 2D projections of the same 3D object and, therefore, it is well suited to

our classification problem. The proposed measure provides the foundation for our

combinatorial classification method. However, its use should not be limited to this

particular application.

After exploring a number of options, we have devised a procedure that builds

the graphs that represent an instance of the projection image classification problem

at a significantly reduced the computational cost. Since the cost of building such

a graph increases proportionally to the square of its size (measured by the number

of nodes), this reduction is important when large datasets are processed with our

classification method.

We have constructed an algorithm that is able to find good (from the classifi-

cation perspective) approximate Max k-Cuts for graphs that represent instances of

heterogeneous projection sets similar to those that originate from 3D-EM. Despite

of the computational complexity of Max k-Cut problem and the large size of these

sets (containing thousands of nodes) our algorithm required only several minutes of

run-time on a standard personal computer to produce such approximations.
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We proposed and implemented a framework that allowed us to demonstrate the

use of our classification method in the process of reconstructing 3D models from

heterogeneous projection sets. This framework is an essential tool in future devel-

opments of classification based heterogeneous reconstruction procedures. Since the

individual components of this framework can be modified and even replaced with-

out changing others, it allows us to improve the quality of the results achievable

with classification based methods and to extend the range of problems to which

such methods can be applied by focusing research on specific steps of the recon-

struction process.

We demonstrated that it is possible to devise an efficient implementation of our

method that does not require extraordinary computing resources to handle the type

of problems encountered in practice. This confirms that, despite of the large size

and complexity of these problems, the use of the classification based approach in

our target domain (3D-EM) is feasible.

8.2 Future Works

In order to extend the range of applicability of our classification based method and

to improve its ability of to deal with some of the problems identified by our research,

various extensions and enhancements to both the classification method and the other

components of the proposed reconstruction framework should be considered.

For practical reasons, the vector dissimilarity measure used by our classifica-

tion method has been selected experimentally without a thorough analysis of the

statistical characteristics of noise and other distortions present in the EM projec-

tion images. Therefore, a careful study of these distortions (which was beyond the

scope of our research) will likely lead to a vector dissimilarity measure better suited

to such images. The use of different (appropriately constructed) vector dissimilar-



130

ity measure may also improve handling of the misaligned projection images by our

classification method. Future research should explore if a shift invariant vector dis-

similarity measure (e.g., one that compares the amplitudes of corresponding spatial

frequencies in the Fourier transforms of the vectors being compared) can be used

for this purpose.

We have demonstrated that, by finding an approximate solution to a particular

optimization problem, one can produce acceptable classifications of the projection

images. However, there is no evidence that the objective function we have used

is best possible from the perspective of the original classification problem. Future

research may show that a different objective function is more appropriate. The use

of such a function may lead to the improvement of the classification results. It

also may remove or suppress the bias towards even splits exhibited by our current

method (some research to explore this possibility have been already conducted).

Our classification algorithm requires that the number of classes be specified as

a parameter. Depending on how even is the representation of various conformations

in the projection set this number should be either equal to (when conformations are

evenly represented) or larger than (when the representation is uneven) than num-

ber of conformations. In practice, the representation ratio between conformations

and even the number of them is unknown. Therefore, selection of the appropri-

ate number of classes in not trivial. We have proposed an experimental approach

to this problem in which results of classifications with different values are used to

produce 3D models. Based on the evaluation of these models, the best value of

parameter can be selected. Another way of handling this problem is to conduct the

classification with a number of classes that is significantly larger than the number

of conformations and merge those classes that correspond to the same conforma-

tion. Additional research is needed to explore the construction of an automated

procedure that performs this task.
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Our research has shown that, despite high level of noise, it is possible to sep-

arate homogeneous subsets of a heterogeneous set by finding a configuration that

minimizes the differences between appropriately selected pairs 1D projections of

images that are assigned to the same class. The best matching lines for each pair

of images treated as a common line in two 2D projections. Our method does not

check if such lines obtained from different pairs of sinograms form a geometrically

consistent a set. The discovery of a method that ensures such consistency should be

undertaken in the future. Such a method can be potentially better suited to handle

extremely noisy datasets. It would also be able to determine relative projection an-

gles of all images in the dataset, which can be used in the associated reconstruction

procedures.

We have made a significant effort to ensure that our evaluation methodology is

objective and well replicates conditions encountered in practice. It must be recog-

nized that we have achieved this goal only to the limited extent. The design of a

comprehensive evaluation process was beyond the scope of our research. It would

require extensive study of issues related to the physics of image creation with EM

and therefore it could not be completed within our time limits. In future, an ef-

fort should be made to define a standardized, comprehensive procedure that will

allow us to evaluate and compare existing and emerging methods for dealing with

the heterogeneity problem. To ensure its thoroughness and objectivity, the evalua-

tion process must incorporate a figure of merit that measures the quality of the 3D

models produced by the method under test from many benchmark datasets.

The benchmark datasets should well represent the range of problems that are

encountered in practice. The evaluation tests should be preformed on both synthetic

data sets and sets produced by an electron microscope. The synthetic data sets

should be as realistic as possible and should well reflect the complex relationship

between various distortions (noise, CTF, misalignment, etc.) encountered in EM
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projection images. The use of such sets allows us to conduct tests, with high level

of control over experimental conditions. The inclusion of tests with actual EM

projection images in the evaluation process will ensure that the issues not captured

by the synthetic sets are represented in the evaluation process.



Appendix A

Objects Used in Experiments with

Aligned and Misaligned Projection

Images
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The objects S6 and S6x are two configurations of six identical spheres. The

object S7 is constructed from seven identical spheres. The coordinates of sphere

centers (measured using the size of the pixel edge in the projection image as a unit

and assuming the origin to be at the geometrical center of the configuration) are:

S6: A (0, 20, 0), B (17.32, 10, 0), C (17.32, -10, 0), D (0, -20, 0), E (-17.32,

-10, 0), F (-17.32, 10, 0).

S6x: A (-2.24, 19.87, 2), B (18.33, 8, -2), C (18.33, -8, 2), D (-2.24, -19.87,

-2), E (-16.09, -11.87, 2), F (-16.09, 11.87, -2).

S7: A (0, 20, 0), B (15.64, 12.47, 0), C (19.50, -4.45, 0), D (8.68, -18.02,

0), E (-8.68, -18.02, 0), F (-19.50, -4.45, 0), G (-15.64, 12.47, 0).

The radius of spheres in objects S6 and S6x (in the same unit) is 8. The radius

of spheres in object S7 (measured in the same unit) is 7.6. The density of all the

spheres is 1.0.
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Figure A.1: Geometries of the objects S6, S6x, S7 and pixel grid of the projection
images.
Top (left column) and side (right column) views of S6 (top row), S6x (center row),
S7 (bottom row).



Appendix B

Example of the Results from

Experiment with Aligned Projection

Images I

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].

136



137

Dataset

Dataset group: S6x-S7_50:50

Objects represented in the set: S6x, S7

Number of projections of object S6x: 2500

Number of projections of object S7: 2500

SNR: 0.1

Alignment: perfect

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set B.1

2. Reconstruction from perfectly classified projection images B.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method B.3

Number of classes: 2

Classification Purity: 99.32%

Note: The differences between reconstructions 2. and 3. are shown in Figure B.4.
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Figure B.1: 3D model obtained by reconstructing from heterogeneous projection
set that contains aligned projection images of objects S6x and S7. (Representation
ratio 50:50.)

(a) Reconstruction from projections of object
S6x.

(b) Reconstruction from projections of object
S7.

Figure B.2: 3D models obtained by reconstructing from perfectly classified aligned
projection images of objects S6x and S7. (Representation ratio 50:50.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

Figure B.3: 3D models obtained by reconstructing from the aligned projection im-
ages of objects S6x, S7 classified by the proposed method. (Representation ratio
50:50.)

(a) Reconstruction from projections of object
S6x and reconstruction from projections in
Class 2.

(b) Reconstruction from projections of ob-
ject S7 and Reconstruction from projections
in Class 1.

Figure B.4: Differences between 3D models obtained by reconstructing from per-
fectly classified aligned projection images of objects S6x, S7 and corresponding
3D models obtained by reconstructing from these images classified by the proposed
method. (Representation ratio 50:50.)
The yellow and orange models are 3D reconstructions from perfectly classified pro-
jection images. The violet and blue models are 3D reconstructions obtained from
images classified by the proposed method.



Appendix C

Example of the Results from

Experiment with Aligned Projection

Images II

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].
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Dataset

Dataset group: S6x-S7_35:65

Objects represented in the set: S6x, S7

Number of projections of object S6x: 1750

Number of projections of object S7: 3250

SNR: 0.1

Alignment: perfect

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set C.1

2. Reconstruction from perfectly classified projection images. C.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method. C.3

Number of classes: 2

Classification Purity: 86.18%

4. Reconstruction from the images classified by our method. C.4

Number of classes: 3

Classification Purity: 97.72%

5. Reconstruction from the images classified by our method. C.5

Number of classes: 3

(2 classes corresponding to the same object were merged)

Classification Purity: 97.72%

Note: The differences between reconstructions 2. and 5. are shown in Figure C.6.
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Figure C.1: 3D model obtained by reconstructing from heterogeneous projection
set that contains aligned projection images of objects S6x and S7. (Representation
ratio 35:65.)

(a) Reconstruction from projections of object
S6x.

(b) Reconstruction from projections of object
S7.

Figure C.2: 3D models obtained by reconstructing from perfectly classified aligned
projection images of objects S6x and S7. (Representation ratio 35:65.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

Figure C.3: 3D models obtained by reconstructing from the aligned projection im-
ages of objects S6x, S7 classified by the proposed method into two classes. (Rep-
resentation ratio 35:65.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

(c) Reconstruction from projections in Class
3.

Figure C.4: 3D models obtained by reconstructing from the aligned projection im-
ages of objects S6x, S7 classified by the proposed method into three classes. (Rep-
resentation ratio 35:65.)
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(a) Reconstruction from projections in Class
1 and Class 2.

(b) Reconstruction from projections in Class
3.

Figure C.5: 3D models obtained by reconstructing from the aligned projection
images of objects S6x, S7 classified by the proposed method into three classes.
The classes corresponding to the same object were merged. (Representation ratio
35:65.)

(a) Reconstruction from projections of ob-
ject S6 and reconstruction from projections in
Class 3.

(b) Reconstruction from projections of ob-
ject S7 and reconstruction from projections in
Class 1 and Class 2.

Figure C.6: Differences between 3D models obtained by reconstructing from per-
fectly classified aligned projection images of objects S6x, S7 and corresponding
3D models obtained by reconstructing from these images classified by the proposed
method. (Representation ratio 35:65.)
The yellow and the orange models are 3D reconstructions from perfectly classified
projection images. The violet and the blue models are 3D reconstructions obtained
from images classified by the proposed method.



Appendix D

Example of the Results from

Experiment with Aligned Projection

Images III

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].
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Dataset

Dataset group: S6x-S7_20:80

Objects represented in the set: S6x, S7

Number of projections of object S6x: 1000

Number of projections of object S7: 4000

SNR: 0.1

Alignment: perfect

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set. D.1

2. Reconstruction from perfectly classified projection images. D.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method. D.3

Number of classes: 2

Classification Purity: 80%

4. Reconstruction from the images classified by our method. D.5

Number of classes: 5

Classification Purity: 98.98%

5. Reconstruction from the images classified by our method. D.6

Number of classes: 5

(4 classes corresponding to the same object were merged)

Classification Purity: 98.98%

Note: The differences between reconstructions 2. and 5. are shown in Figure D.7.



148

Figure D.1: 3D model obtained by reconstructing from heterogeneous projection
set that contains aligned projection images of objects S6x and S7. (Representation
ratio 20:80.)

(a) Reconstruction from projections of object
S6x.

(b) Reconstruction from projections of object
S7.

Figure D.2: 3D models obtained by reconstructing from the aligned projection im-
ages of objects S6x, S7 classified by the proposed method into two classes. (Rep-
resentation ratio 20:80.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

Figure D.3:
3D models obtained by reconstructing from the aligned projection images of objects
S6x, S7 classified by the proposed method into two classes. (Representation ratio
20:20.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2

(c) Reconstruction from projections in Class
3.

(d) Reconstruction from projections in Class
4.

Figure D.4: 3D models obtained by reconstructing from the aligned projection im-
ages of objects S6x, S7 classified by the proposed method into five classes (the fifth
model is shown on the next page). (Representation ratio 20:80.)
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(a) Reconstruction from projections in Class
5.

Figure D.5: 3D models obtained by reconstructing from the aligned projection im-
ages of objects S6x, S7 classified by the proposed method into five classes (contin-
uation from the previous page). (Representation ratio 20:80.)

(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2, Class 3, Class 3 and Class 4.

Figure D.6: 3D models obtained by reconstructing from the aligned projection
images of objects S6x, S7 classified by the proposed method into three classes.
The classes corresponding to the same object were merged. (Representation ratio
20:80.)
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(a) Reconstruction from projections of object
S6x and reconstruction from projections in
Class 1.

(b) Reconstruction from projections of ob-
ject S7 and reconstruction from projections in
Class 2 , Class 3, Class 3 and Class 4.

Figure D.7: Differences between 3D models obtained by reconstructing from per-
fectly classified aligned projection images of objects S6x, S7 and corresponding
3D models obtained by reconstructing from these images classified by the proposed
method. (Representation ratio 20:80.)
The yellow and the orange models are 3D reconstructions from perfectly classified
projection images. The violet and the blue models are 3D reconstructions obtained
from images classified by the proposed method.



Appendix E

Example of the Results from

Experiment with Aligned Projection

Images IV

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].
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Dataset

Dataset group: S6-S6x-S7_33:33:33

Objects represented in the set: S6, S6x, S7

Number of projections of object S6: 1666

Number of projections of object S6x: 1666

Number of projections of object S7: 1667

SNR: 0.1

Alignment: perfect

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set. E.1

2. Reconstruction from perfectly classified projection images. E.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method. E.3

Number of classes: 2

Classification Purity: 98.44%

Note: The differences between reconstructions 2. and 3. are shown in Figure E.4.
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Figure E.1: 3D model obtained by reconstructing from heterogeneous projection
set that contains aligned projection images of objects S6, S6x and S7.
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(a) Reconstruction from projections of object
S6.

(b) Reconstruction from projections of object
S6x.

(c) Reconstruction from projections of object
S7.

Figure E.2: 3D models obtained by reconstructing from perfectly classified aligned
projection images of objects S6, S6x and S7.
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

(c) Reconstruction from projections in Class
3.

Figure E.3: 3D models obtained by reconstructing from the aligned projection im-
ages of objects S6, S6x, S7 classified by the proposed method.
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(a) Reconstruction from projections of ob-
ject S6 and reconstruction from projections in
Class 1.

(b) Reconstruction from projections of object
S6x and reconstruction from projections in
Class 3.

(c) Reconstruction from projections of ob-
ject S7 and reconstruction from projections in
Class 2.

Figure E.4: Differences between 3D models obtained by reconstructing from per-
fectly classified aligned projection images of objects S6, S6x, S7 and corresponding
3D models obtained by reconstructing from these images classified by the proposed
method.
The yellow, orange and light green models are 3D reconstructions from perfectly
classified projection images. The violet, blue and green models are 3D reconstruc-
tions obtained from images classified by the proposed method.



Appendix F

Example of the Results from

Experiment with Misaligned

Projection Images I

The dataset used in this appendix comes from the same dataset group as the one

used in Appendix G. The results presented here are typical for the datasets in this

group.

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].

159



160

Dataset

Dataset group: S6-S7_Sh_50:50

Objects represented in the set: S6, S7

Number of projections of object S6: 2500

Number of projections of object S7: 2500

SNR: 0.1

Alignment: misaligned (see 7.3.1 for details)

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set. F.1

2. Reconstruction from perfectly classified but misaligned projection images. F.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method. F.3

Number of classes: 2

Classification Purity: 97.24%

Note: The differences between reconstructions 2. and 3. are shown in Figure F.4.
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Figure F.1: 3D model obtained by reconstructing from heterogeneous projection set
that contains misaligned projection images of objects S6 and S7. (Representation
ratio 50:50.)

(a) Reconstruction from projections of object
S6.

(b) Reconstruction from projections of object
S7.

Figure F.2: 3D models obtained by reconstructing from perfectly classified mis-
aligned projection images of objects S6 and S7. (Representation ratio 50:50.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

Figure F.3: 3D models obtained by reconstructing from the misaligned projection
images of objects S6, S7 classified by the proposed method. (Representation ratio
50:50.)

(a) Reconstruction from projections of ob-
ject S6 and reconstruction from projections in
Class 1.

(b) Reconstruction from projections of ob-
ject S7 and Reconstruction from projections
in Class 2.

Figure F.4: Differences between 3D models obtained by reconstructing from per-
fectly classified misaligned projection images of objects S6, S7 and corresponding
3D models obtained by reconstructing from these images classified by the proposed
method. (Representation ratio 50:50.)
The yellow and orange models are 3D reconstructions from perfectly classified pro-
jection images. The violet and blue models are 3D reconstructions obtained from
images classified by the proposed method.



Appendix G

Example of the Results from

Experiment with Misaligned

Projection Images II

The dataset used in this appendix comes from the same dataset group as the one

used in Appendix F. The results presented here correspond to the only dataset for

which our method failed.

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].

163



164

Dataset

Dataset group: S6-S7_Sh_50:50

Objects represented in the set: S6, S7

Number of projections of object S6: 2500

Number of projections of object S7: 2500

SNR: 0.1

Alignment: misaligned (see 7.3.1 for details)

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set. G.1

2. Reconstruction from perfectly classified but misaligned projection images. G.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method. G.3

Number of classes: 2

Classification Purity: 53.66%
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Figure G.1: 3D model obtained by reconstructing from heterogeneous projection
set that contains misaligned projection images of objects S6 and S7 (case 2). (Rep-
resentation ratio 50:50.)

(a) Reconstruction from projections of object
S6.

(b) Reconstruction from projections of object
S7.

Figure G.2: 3D models obtained by reconstructing from perfectly classified mis-
aligned projection images of objects S6 and S7 (case 2). (Representation ratio
50:50.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

Figure G.3: 3D models obtained by reconstructing from the misaligned projection
images of objects S6, S7 classified by the proposed method (case 2). (Representa-
tion ratio 50:50.)



Appendix H

Example of the Results from

Experiment with Misaligned

Projection Images III

Note: All 3D models presented in this appendix were reconstructed using imple-

mentation of ART [18] available in Xmipp [42]. These model were produced under

unrealistic assumption that the projection angles for all the images are perfectly

assigned. The quality of the models reconstructed form these images with more

realistic angular assignment may be significantly lower. All images of the 3D vol-

umes were rendered with UCSF Chimera [37].
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Dataset

Dataset group: S6-S7_Sh_50:50

Objects represented in the set: S6, S7

Number of projections of object S6: 2500

Number of projections of object S7: 2500

SNR: 0.1

Alignment: misaligned (see 7.3.1 for details)

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set. H.1

2. Reconstruction from perfectly classified but misaligned projection images. H.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method. H.3

Number of classes: 2

Classification Purity: 97.24%

Note: The differences between reconstructions 2. and 3. are shown in Figure H.4.
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(a) Reconstruction from projections of object
S6x.

Figure H.1: 3D model obtained by reconstructing from heterogeneous projection set
that contains misaligned projection images of objects S6x and S7. (Representation
ratio 50:50.)

(a) Reconstruction from projections of object
S6x.

(b) Reconstruction from projections of object
S7.

Figure H.2: 3D models obtained by reconstructing from perfectly classified mis-
aligned projection images of objects S6x and S7. (Representation ratio 50:50.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

Figure H.3: 3D models obtained by reconstructing from the misaligned projection
images of objects S6x, S7 classified by the proposed method. (Representation ratio
50:50.)

(a) Reconstruction from projections of object
S6x and reconstruction from projections in
Class 2.

(b) Reconstruction from projections of ob-
ject S7 and Reconstruction from projections
in Class 1.

Figure H.4: Differences between 3D models obtained by reconstructing from per-
fectly classified misaligned projection images of objects S6x, S7 and corresponding
3D models obtained by reconstructing from these images classified by the proposed
method. (Representation ratio 50:50.)
The yellow and the orange models are 3D reconstructions from perfectly classified
projection images. The violet and the blue models are 3D reconstructions obtained
from images classified by the proposed method.



Appendix I

Example of the Results from

Experiment with Misaligned

Projection Images IV

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].
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Dataset

Dataset group: S6-S6x_Sh_50:50

Objects represented in the set: S6, S6x

Number of projections of object S6: 2500

Number of projections of object S6x: 2500

SNR: 0.1

Alignment: misaligned (see 7.3.1 for details)

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set. I.1

2. Reconstruction from perfectly classified but misaligned projection images. I.2

Number of classes: 2

Classification Purity: 100%

3. Reconstruction from the images classified by our method. I.3

Number of classes: 2

Classification Purity: 98%

Note: The differences between reconstructions 2. and 3. are shown in Figure I.4.
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(a) Reconstruction from projections of object
S6x.

Figure I.1: 3D model obtained by reconstructing from heterogeneous projection set
that contains misaligned projection images of objects S6 and S6x. (Representation
ratio 50:50.)

(a) Reconstruction from projections of object
S6.

(b) Reconstruction from projections of object
S6x.

Figure I.2: 3D models obtained by reconstructing from perfectly classified mis-
aligned projection images of objects S6 and S6x. (Representation ratio 50:50.)
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

Figure I.3: 3D models obtained by reconstructing from the misaligned projection
images of objects S6, S6x classified by the proposed method. (Representation ratio
50:50.)

(a) Reconstruction from projections of ob-
ject S6 and reconstruction from projections in
Class 2.

(b) Reconstruction from projections of object
S6x and Reconstruction from projections in
Class 1.

Figure I.4: Differences between 3D models obtained by reconstructing from per-
fectly classified misaligned projection images of objects S6, S6x and corresponding
3D models obtained by reconstructing from these images classified by the proposed
method. (Representation ratio 50:50.)
The yellow and the orange models are 3D reconstructions from perfectly classified
projection images. The violet and the blue models are 3D reconstructions obtained
from images classified by the proposed method.



Appendix J

Example of the Results from

Experiment with Misaligned

Projection Images V

Note: All 3D models presented in this appendix were reconstructed using the im-

plementation of ART [28] available in Xmipp [42]. These model were produced

under the (unrealistic) assumption that the projection angles for all the images are

perfectly assigned. The quality of the models reconstructed form these images with

more realistic angular assignment may be significantly lower. All images of the 3D

volumes were rendered with UCSF Chimera [37].
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Dataset

Dataset group: S6-S6x-S7_Sh_33:33:33

Objects represented in the set: S6, S6x, S7

Number of projections of object S6: 1666

Number of projections of object S6x: 1666

Number of projections of object S7: 1667

SNR: 0.1

Alignment: misaligned (see 7.3.1 for details)

Reconstructions

No. Description Figure

1. Reconstruction from all images in heterogeneous set. J.1

2. Reconstruction from perfectly classified but misaligned projection images. J.2

Number of classes: 3

Classification Purity: 100%

3. Reconstruction from the images classified by our method. J.3

Number of classes: 3

Classification Purity: 96.4

Note: The differences between reconstructions 2. and 3. are shown in Figure J.4.
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Figure J.1: 3D model obtained by reconstructing from heterogeneous projection set
that contains misaligned projection images of objects S6, S6x and S7.



178

(a) Reconstruction from projections of object
S6.

(b) Reconstruction from projections of object
S6x.

(c) Reconstruction from projections of object
S7.

Figure J.2: 3D models obtained by reconstructing from perfectly classified mis-
aligned projection images of objects S6, S6x and S7.
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(a) Reconstruction from projections in Class
1.

(b) Reconstruction from projections in Class
2.

(c) Reconstruction from projections in Class
3.

Figure J.3: 3D models obtained by reconstructing from the misaligned projection
images of objects S6, S6x, S7 classified by the proposed method.
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(a) Reconstruction from projections of ob-
ject S6 and reconstruction from projections in
Class 1.

(b) Reconstruction from projections of object
S6x and reconstruction from projections in
Class 2.

(c) Reconstruction from projections of ob-
ject S7 and reconstruction from projections in
Class 3.

Figure J.4: Differences between 3D models obtained by reconstructing from per-
fectly classified misaligned projection images of objects S6, S6x, S7 and corre-
sponding 3D models obtained by reconstructing from these images classified by
the proposed method.
The yellow, the orange and the light green models are 3D reconstructions from
perfectly classified projection images. The violet, the blue and the green models
are 3D reconstructions obtained from images classified by the proposed method.



Appendix K

Objects Used in Evaluation of the

Impact of Differences Between

Conformations and Noise on

Classification Quality

The objects O1, ..., O11 are eleven different configurations of six identical spheres.

The coordinates of sphere centers (measured using the size of the pixel edge in the

projection image as a unit and assuming the origin to be at the geometrical center

of the configuration) are:

O1: A (0, 19.00, 0), B (16.45, 9.50, 0), C (16.45, -9.50, 0), D (0, -19.00, 0),

E (-16.45, -9.50, 0), F (-16.45, 9.50, 0).

O2: A (0, 18.05, 0), B (16.97, 9.50, 0), C (16.97, -9.50, 0), D (0, -18.05, 0),

E (-16.97, -9.50, 0), F (-16.97, 9.50, 0).

O3: A (0, 17.10, 0), B (17.43, 9.50, 0), C (17.43, -9.50, 0), D (0, -17.10, 0),

E (-17.43, -9.50, 0), F (-17.43, 9.50, 0).

181



182

O4: A (0, 16.15, 0), B (17.80, 9.50, 0), C (17.80, -9.50, 0), D (0, -17.80, 0),

E (-17.80, -9.50, 0), F (-17.80, 9.50, 0).

O5: A (0, 15.20, 0), B (18.12, 9.50, 0), C (18.12, -9.50, 0), D (0, -15.20, 0),

E (-18.12, -9.50, 0), F (-18.12, 9.50, 0).

O6: A (0, 14.25, 0), B (18.40, 9.50, 0), C (18.40, -9.50, 0), D (0, -14.25, 0),

E (-18.40, -9.50, 0), F (-18.40, 9.50, 0).

O7: A (0, 13.30, 0), B (18.62, 9.50, 0), C (18.62, -9.50, 0), D (0, -13.30, 0),

E (-18.62, -9.50, 0), F (-18.62, 9.50, 0).

O8: A (0, 12.35, 0), B (18.79, 9.50, 0), C (18.79, -9.50, 0), D (0, -12.35, 0),

E (-18.79, -9.50, 0), F (-18.79, 9.50, 0).

O9: A (0, 11.40, 0), B (18.90, 9.50, 0), C (18.90, -9.50, 0), D (0, -11.40, 0),

E (-18.90, -9.50, 0), F (-18.90, 9.50, 0).

O10: A (0, 10.45, 0), B (18.98, 9.50, 0), C (18.98, -9.50, 0), D (0, -10.45, 0),

E (-18.98, -9.50, 0), F (-18.98, 9.50, 0).

O11: A (0, 9.50, 0), B (19.00, 9.50, 0), C (19.00, -9.50, 0), D (0, -9.50, 0), E

(-19.00, -9.50, 0), F (-19.00, 9.50, 0).

The radius of all spheres (in the same unit) is 8. The density of all the spheres is

1.0.
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Figure K.1: Geometries of the objects O1, O2, O3 and pixel grid of the projection
images.
Top (left column) and side (right column) views of O1 (top row), O2 (center row),
O3 (bottom row).
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Figure K.2: Geometry of the objects O4, O5, O6 and pixel grid of the projection
images.
Top (left column) and side (right column) views of O4 (top row), O5 (center row),
O6 (bottom row).
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Figure K.3: Geometries of the objects: O7, O8, O9 and pixel grid of the projection
images.
Top (left column) and side (right column) views of O7 (top row), O8 (center row),
O9 (bottom row).
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Figure K.4: Geometries of the objects: O10, O11 and pixel grid of the projection
images.
Top (left column) and side (right column) views of O10 (top row), O11 (bottom
row).



Bibliography

[1] S.J. Benson, Y. Ye, and X. Zhang. Solving large-scale sparse semidefinite
programs for combinatorial optimization. SIAM J. Opt., 10:443–461, 2000.

[2] C.-D. Bey and R.M. Gray. An improvement of the minimum distortion encod-
ing algorithm for vector quantization. IEEE Trans. Commun., 33:1132–1133,
1985.

[3] B. Böttcher, I. Bertsche, R. Reuter, and P. Grabe. Direct visualization of con-
formational changes in EF0F1 by electron microscopy. J. Mol. Biol., 296:449–
457, 2000.

[4] J. Brink, S.J. Ludtke, Y. Kong, S.J. Wakil, J. Ma, and W. Chiu. Experimen-
tal verification of conformational variation of human fatty acid synthase as
predicted by normal mode analysis. Structure, 12:185–191, 2004.

[5] B. M. Carvalho, W. Chen, J. Dubowy, G.T. Herman, M. Kalinowski, H.Y.
Liao, L. Rodek, L. Ruskó, S.W. Rowland, and E. Vardi-Gonen. SNARK05:
A Programming System for the Reconstruction of 2D Images from 1D Pro-
jections. CUNY Institute for Software Design and Development, New York,
2006, http://www.cisdd.org/snark05/SNARK05.pdf.

[6] E. Chávez, G. Navarro, R. Baeza-Yates, and J.L. Marroquín. Searching in
metric spaces. ACM Comput. Surv., 33:273–321, 2001.

[7] B.H. Cohen. Explaining Psychological Statistics. John Wiley & Sons, New
York, 2007.

[8] R.A. Crowther. Procedures for three-dimensional reconstruction of spherical
viruses by Fourier synthesis from electron micrographs. Philos. Trans. R. Soc.
Lond., B, 261:221–230, 1971.

[9] R.A. Crowther, D.J. DeRosier, and A. Klug. The reconstruction of a thre-
dimensional structure from projections and its application to electron mi-
croscopy. Philos. Trans. R. Soc. Lond., B, 317:319–340, 1970.

[10] R. O. Duda and P.E. Hart. Pattern Recognition and Scene Analysis. John
Wiley & Sons, New York, 1973.

187



188

[11] J. Frank. Single-particle imaging of macromolecules by cryo-electron mi-
croscopy. Annu. Rev. Biophys. Biomol. Struct., 31:303–319, 2002.

[12] J. Frank. Three-Dimensional Electron Microscopy Of Macromolecular As-
semblies: Visualization of Biological Molecules in Their Native State. Oxford
University Press, USA, 2006.

[13] J. Frank and P. Penczek. On the correction of the contrast transfer function in
biological electron microscopy. Optik, 98:125–129, 1995.

[14] J. Frank, M. Radermacher, P. Penczek, J. Zhu, Y. Li, M. Ladjadj, and A. Leith.
SPIDER and WEB: Processing and visualization of images in 3D electron
microscopy and related fields. J. Struct. Biol., 116:190–199, 1996.

[15] J. Frank, B. Shimkin, and H. Dowse. SPIDER - a modular software system
for electron image processing. Ultramicroscopy, 6:343–358, 1981.

[16] J. Fu, H. Gao, and J. Frank. Unsupervised classification of single particles
by cluster tracking in multi-dimensional space. J. Struct. Biol., 157:226–239,
2007.

[17] H. Gao, M. Valle, M. Ehrenberg, and J. Frank. Dynamics of EF-G interac-
tion with the ribosome explored by classification of a heterogeneous cryo-em
dataset. J. Struct. Biol., 147:283–290, 2004.

[18] R. Gordon, R. Bender, and G.T. Herman. Algebraic reconstruction techniques
(ART) for three-dimensional electron microscopy and X-ray photography. J.
Theoret. Biol., 29:471–482, 1970.

[19] F. Harary. Graph Theory. Addison-Wesley, New York, 1969.

[20] P. Heckbert. Color image quantization for frame buffer display. In Proc. of
SIGGRAPH ’82, pages 297–307, 1982.

[21] G.T. Herman. Image Reconstruction from Projections: The Fundamentals of
Computerized Tomography. Academic Press, New York, 1980.

[22] G.T. Herman and M. Kalinowski. Classification of heterogeneous electron mi-
croscopic projections into homogeneous subsets. Ultramicroscopy, in press,
2007.

[23] J.B. Heymann, J.F. Conway, and A.C. Steven. Molecular dynamics of protein
complexes from four-dimensional cryo-electron microscopy. J. Struct. Biol.,
147:291–301, 2004.

[24] M. Kalinowski, A. Daurat, and G.T. Herman. A fast construction of the dis-
tance graph used for the classification of heterogeneous electron microscopic
projections. In Proc. of the 6th International Workshop on Graph-Based Rep-
resentations in Pattern Recognition, LNCS 4538, pages 263–272, Berlin Hei-
delberg, 2007. Springer-Verlag.



189

[25] V. Kann, S. Khanna, J. Lagergren, and A. Panconesi. On the hardness of
approximating Max k-Cut and its dual. Chicago J. Theoret. Comp. Sci.,
http://cjtcs.cs.uchicago.edu/articles/1997/2/contents.html, 1997.

[26] J.Z.C. Lai, Y.-C. Liaw, and J. Liu. Fast k-nearest-neighbor search based on
projection and triangular inequality. Pattern Recogn., 40:351–359, 2007.

[27] R. Marabini, , and J.M. Carazo. Patern recognition and classification of bio-
logical macromolecules using artificial neural networks. Biophys. J., 66:1804–
1814, 1994.

[28] R. Marabini, G.T. Herman, and J.-M. Carazo. 3D reconstruction in electron
microscopy using art with smooth spherically symmetric volume elements
(blobs). Ultramicroscopy, 72:53–65, 1998.

[29] M.Radermacher, T.Wagenknecht, A.Verschoor, and J.Frank. Three-
dimensional reconstruction from a single-exposure random conical tilt series
applied to the 50S ribosomal subunit of escherichia coli. J. Microsc., 146:113–
136, 1987.

[30] M.Radermacher, T.Wagenknecht, A.Verschoor, and J.Frank. Three-
dimensional structure of the large subunit from escherichia coli. EMBO J.,
6:1107–1114, 1987.

[31] F. Natterer and F. Wübbeling. Mathematical Methods in Image Reconstruc-
tion. SIAM, Philadelphia, 2001.

[32] M. Radermacher P. Penczek and J. Frank. Three-dimensional reconstruction
of single particles embedded in ice. Ultramicroscopy, 40:33–53, 1992.

[33] A.N. Papadopoulos and Y. Manolopoulos. Nearest Neighbor Search: A
Database Perspective. Springer, New-York, NY, USA, 2005.

[34] P.M. Pardalos and M.G.C. Resende. Handbook of Applied Optimization. Ox-
ford University Press, New York, 2002.

[35] P.A. Penczek, J. Frank, and C.M.T. Spahn. A method of focused classifi-
cation, based on the bootstrap 3D variance analysis, and its application to
EF-G-dependent translocation. J. Struct. Biol., 154:184–194, 2006.

[36] P.A. Penczek, J. Zhu, R. SchrÃ¶der, and J. Frank. Three dimensional recon-
struction with contrast transfer compensation from defocus series. Special
Issue on Signal and Image Processing, Scanning Microscopy, 11:147, 1997.

[37] E.F. Pettersen, T.D. Goddard, C.C. Huang, G.S. Couch, D.M. Greenblatt, E.C.
Meng, and T.E. Ferrin. UCSF Chimera - a visualization system for exploratory
research and analysis. J. Comput. Chem., 25:1605–1612, 2004.



190

[38] M. Samsó and M.P. Koonce. 25 Å resolution structure of a cytoplasmic dynein
motor reveals a seven-member planar ring. J. Mol. Biol., 340:1059–1072,
2004.

[39] S.H.W. Scheres, H. Gao, M. Valle, G.T. Herman, P.P.B. Eggermont, J. Frank,
and J.M. Carazo. Disentangling conformational states of macromolecules in
3D-EM through likelihood optimization. Nature Methods, 4:27–29, 2007.

[40] S.H.W. Scheres, M. Valle, R. Nunez, C.O.S. Sorzano, R. Marabini, G.T. Her-
man, and J.M. Carazo. Maximum-likehood multi-reference refinement for
electron microscopy images. J. Mol. Biol., 348:139–149, 2005.

[41] A. Schrijver. Combinatorial Optimization: Polyhedra and Efficiency. Springer
Verlag, Berlin, 2003.

[42] C.O.S. Sorzano, R. Marabini, J. Velazquez-Muriel, J.R. Bilbao-Castro,
S.H.W. Scheres, J.M. Carazo, and A. Pascual-Montano. Xmipp: a new gen-
eration of an open-source image processing package for electron microscopy.
J. Struct. Biol., 148:194–204, 2004.

[43] F. Tama, O. Miyashita, and C.L. Brooks III. Normal mode based flexible
fitting of high-resolution structure into low-resolution experimental data from
cryo-em. J. Struct. Biol., 147:315–326, 2004.

[44] P.-N. Tan, M. Steinbach, and V. Kumar. Introduction to Data Mining.
Addison-Wesley, 2006.

[45] D.J. Taylor, J. Nilsson, A.R. Merrill, G.R. Andersen, P. Nissen, and J. Frank.
Structures of modified eEF2.80S ribosome complexes reveal the role of GTP
hydrolysis in translocation. EMBO J., 26:2421–2431, 2007.

[46] M. Valle, J. Sengupta, N.K. Swami, R.A. Grassucci, N. Burkhardt, K.H.
Nierhaus, R.K. Agrawal, and J. Frank. Cryo-EM reveals an active role for
aminoacyl-trna in the accommodation process. EMBO J., 21:3557–3567,
2002.

[47] M. Van Heel. Angular reconstitution: A posteriori assignment of projection
directions for 3D reconstruction. Ultramicroscopy, 21:111–124, 1987.

[48] E. Vidal. An algorithm for finding nearest neighbours in (approximately) con-
stant time. Pattern Recogn. Lett., 4:145–157, 1986.

[49] W. Wriggers, R.K. Agrawal, D.L. Drew, A. McCammon, and J. Frank. Do-
main motions of EF-G bound to the 70s ribosome: insights from a hand-
shaking between multi-resolution structures. Biophysical J., 79:1670–1678,
2000.



191

[50] S. Yang, X. Yu, V.E. Galkin, and E.H. Egelman. Issues of resolution and
polymorphism in single-particle reconstruction. J. Struct. Biol., 144:162–171,
2003.

[51] P.N. Yianilos. Data structures and algorithms for nearest neighbor search in
general metric spaces. In Proc. of the Fourth Annual ACM-SIAM Symposium
on Discrete Algorithms, pages 311–321, 1993.



Index

3D reconstruction procedure, 7, 36, 86,

124

AESA algorithm, 49, 53

alignment, 34, 77, 78, 96

ART, 101, 136, 140, 146, 153, 159, 163,

167, 171, 175

atomic level models, 22

brute-force method, 51

circular mask, 32, 77

classification purity, 88, 90, 103

classification-based approach, 17

cluster tracking method, 22

common line, 28, 123

computational cost, 23, 38, 49, 51, 53,

56, 58, 100, 125, 128

computerized tomography, 5

contrast transfer function (CTF), 9, 131

CTF correction, 9, 10, 77

discretization errors, 9

dissimilarity measure, 27, 28, 37, 128

distance graph, 48

DSDP algorithm, 46

early termination, 57

early-termination, 60

Euclidean space, 5, 49

Euler angles, 5, 19

figure of merit, 124

flexibility analysis, 21

Fourier transform, 100, 130

Gaussian distribution, 87, 97

graph construction, 79

graph cutting algorithm, 63, 71, 80

graph cutting problem, 48, 65

heterogeneity, 2, 11, 15

heterogeneous set, 2, 13, 16, 89, 94

homogeneous set, 89

image classification, 1, 18, 85, 86, 106

k-means, 41

K-partition, 43

kd-trees, 62

Kruskal-Wallis Test, 115

192



193

line integrals, 5

mapping vector, 66

masking, 77

Max k-Cut, 44, 124, 128

maximum capacity cut, 44

maximum likelihood, 23

micrograph, 7

misalignment, 23, 36, 96, 99, 131

misclassification, 63, 107

MMX, 61

multireference projection alignment, 20

multireference refinement, 21

Nearest Neighbor Search (NNS), 49, 52

normalization, 32, 77, 78

objective function, 65, 72

parallel processing, 61

preferred orientations, 10

preprocessing, 77

reconstruction framework, 75

reconstruction quality, 17, 107

signal to noise ratio (SNR), 19

single particle method, 7

sinogram, 33

SNARK05, 79

spatial frequencies, 10, 130

SPIDER, 79, 82

SSE, 61

supervised classification, 19

tabu list, 65, 66, 71, 80, 90

tabu search, 64

thresholding, 42

triangle inequality, 53, 56

two-way ANOVA, 112

UCSF Chimera, 101, 136, 140, 146, 153,

159, 163, 167, 171, 175

uneven representation, 96

unsupervised classification, 20

Xmipp, 79, 82, 101, 136, 140, 146, 153,

159, 163, 167, 171, 175


