Late Points of Projections of Planar Symmetric Random Walks
on the Lattice Torus
by

Michael J. Carlisle

A dissertation submitted to the Graduate Faculty in Mathematics in partial fulfill-
ment of the requirements for the degree of Doctor of Philosophy, The City University
of New York.

2012



Michael J. Carlisle, 2012
Some Rights Reserved

®S 06

This work is licensed under the Creative Commons Attribution-NonCommercial-ShareAlike 3.0 License.

1



This manuscript has been read and accepted for the Graduate Faculty in Mathe-
matics in satisfaction of the dissertation requirements for the degree of Doctor of
Philosophy.

Jay Rosen

Date Chair of Examining Committee
Jozef Dodziuk

Date Executive Officer

Elena Kosygina

Olympia Hadjiliadis

Supervisory committee

THE CITY UNIVERSITY OF NEW YORK

11



Abstract

Late Points of Projections of Planar Symmetric Random Walks
on the Lattice Torus

by
Michael J. Carlisle

Advisor: Professor Jay Rosen

We examine the cover time and set of late points of a symmetric random walk on
Z? projected onto the torus Z2%. This extends the work done for the simple random
walk in [9] to a large class of random walks. The approach uses comparisons between
planar and toral hitting times and distributions on annuli, and uses only random
walk methods. There are also generalizations of Green’s functions, hitting times,

and hitting distributions on Z? and Z% which are of independent interest.
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1 Introduction

I will be bold enough to suggest this solution to the ancient problem:
The Library is unlimited and periodic.

- Jorge Luis Borges, “The Library of Babel”, Ficciones

Wilf, in [25], describes watching a simple random walk on a computer screen, where,
on each time step, a dark pixel turns (and remains) bright if the walk visits it for
the first time. How many steps, he wonders, will it take on average for the nearest
neighbor walk’s path (wrapping at the edges of the screen, making a discrete two-
dimensional torus) to fill the screen? He refers to this as the “white screen time”

problem.

He gives solutions of the white screen problem for the one dimensional path and cycle,
and the complete graph I, (known as the coupon collector’s problem), and refers
to research related to the white screen problem under the name of covering times.
Leaving the original problem unresolved, Wilf points to a 1989 work of Zuckerman
which gives bounds on the two-dimensional square lattice torus Z3, := Z2?/KZ2.
Denoting the cover time of the graph G by a random walk as Tco, (G) 1= sup,cq 7T (),

where T (z) is the first hitting time of z, then, for the simple random walk on Z%,

C1(Klog K)? < Teow(Z2) < Co(K log K)?



for some positive constants C, Cs.

Over the course of the next 20 years, closely related problems were solved by Aldous
([2]), Dembo, Peres, Rosen, & Zeitouni ([7], [8], [9]), Lawler ([15], [16], [18]), Rosen
([22]), and Rosen & Bass ([3]). This paper builds on these works to examine the
structure of the so-called late points (those not hit until “soon” before the cover
time) which Wilf refers to as allowing the viewer of a slowly-filling white screen to

“safely go read War and Peace without missing any action.”

We are interested in the number of late points on the square torus Z% for large,
increasing K, and will investigate this for a class of projected planar lattice, i.e., Z2,
random walks S; = Sy + Z;:o X, for X = {X;};enuqoy with the following properties:
S is symmetric recurrent, X; has finite covariance matrix equal to a scalar times the
identity, 7.e., I' := cov(X;) = ¢l, ¢ > 0, and X is strongly aperiodic.”* X; has, for
some >0 and M =4+ 23,

E[X M = |2[Mp(2) < oo, (1.1)

z€eZ?

where, as usual in the literature,

pi(r,y) =y —x) = P"(X1 =y)

is the one-step transition probability. The random walk methods used in this paper
require M > 4; this seems to be necessary for certain Harnack inequalities which we

develop (whereas, in [3], M = 3 + 2 sufficed for frequent points on the plane).

*[3] requires the covariance matrix of X; to be equal to %I , but this is a convenience for three
technical points (on pages 9, 12, and 42), relating only to rotations. It is worthy (if not elementary)
to note that the simple random walk on Z%’s X; covariance matrix is cov(X;) = $1. If K is odd,
this walk projects to a strongly aperiodic simple random walk on Z%.



X satisfies Condition A if either p; has bounded support, or, from any point “just
outside” a disc, we will enter the disc with positive probability; i.e., for any s < n,

for large enough n,

lnf ’Z = 1nf Py X c D x7n > 0671851/47 12
yn<ly[<n+ts ZGDZ(In)pl(y ) yedD(z,n)s (X (z,n)) > (1.2)

where the (Euclidean) s-annulus around the disc D(z,n) (also called an z-band) is
defined as
OD(x,n)s := D(z,n +s)\ D(z,n). (1.3)

In particular, if X; has infinite range, then for any y € 9D(0,n), there exists x €

D(0,n) such that p;(y,x) > 0.

We will switch between the planar and toral representations of the random walk and
corresponding stopping times, hitting distributions, etc. Define the projections, for

x = (21,22) € Z*, by

T ZP — [-K/2,K/2)> N 72,
i () = (21 + |5 (mod K) — [ 5], (22 + [ 5])(mod K) — |5 ]);
fix 22— 13, 7x(r) = (ngx)+ (KZ)%

(For example, if x = (—12,6) and K = 11, then m;(Z?) = {-5,...,5}, mi(z) =
(—1,-5), and 71, (2) = (=1, —5) + (11Z).)

We call the set of lattice points 7 (Z?) = [~ K/2, K/2)* N Z? the primary copy in
72, and for x € 7 (Z?), & := 7y is its corresponding element in Z2%. Any z € iz,

2 # 7w, is called a copy of x. Likewise, for a set A C Z2, A = 7xA is the toral



projection of A, and the set of all copies of A is
rilngA=7A = {2 €7 2=z + (iK,jK), i,j € Z,x € A}.

Figure 1.1 displays the projection of a planar set A onto the torus as A, and its

Y

Y

pullback onto n ' A. (If A C 7xZ?, then of course, A = 7 A.)
e A=1g'A

Figure 1.1: A —» A — 7?1}1121 = 7r;(1A

b
>

For a given & € Z%, we define x to be the (planar) primary copy of that element;

T =TT .

While X is the jth step of the planar walk and S; its position at time j, we use Sj
to denote the position of the toral walk at time j. The distance between two points
x,y € Z* will be the Euclidean distance |z — y|; on the torus, the distance between
two points 7, € Z2 will be the minimum Euclidean distance |& — ¢ < K+v/2/2. To
limit the issues regarding this distance, we will restrict any discs on Z% to have radius

n < K/4 (sometimes written as a diameter constraint: 2n < K/2).

To bound our functions, we need a precise notion of bounding distance on the lattice
torus Z%.. Asin [9], a function f(z) is said to be O(z) if f(z)/x is bounded, uniformly

in all implicit geometry-related quantities (such as K). That is, f(z) = O(z) if there



exists a universal constant C' (not depending on K') such that |f(z)] < Cz. Thus

x = O(z) but Kz is not O(z). A similar convention applies to o(x).

Next, we will define a few terms describing the distance of a random walk step,
relative to a reference disc of radius n and an s-annulus around the disc. A small
jump refers to a step that is short enough to possibly (but not necessarily) stay inside
a disc of radius n (i.e., | X1| < 2n). A baby jump refers to a small jump that is too
short to hop over an s-annulus from inside a disc (i.e., | X1| < s). A medium jump
refers to a step that is sufficiently large to hop out of a disc and past an s-annulus,
but with magnitude strictly less than K, and cannot land near a toral copy of its
launching point (i.e., s < | X;| < K —2n). A large jump is a step which, in the toral
setting, would be considered “wrapping around” in one step (i.e., | X;| > K —2n). A
targeted jump is a large jump which lands directly in a copy of the disc or annulus
just launched from (i.e., j(K — 2n) < |Xi| < j(K + 2n)/v/2 for some j). These
terms will aid in dealing with differences between planar and toral hitting and escape

times. "

As in [7], Section 5, set 7 := 2wV det ', and let o € (0,1). (For simple random walk,
I'= %], so mr = m.) We call & an «, K-late point of the random walk S on 73, if the
first hitting time of &, T (2), is such that Tx(2) > 12(Klog K)*. Set Lx(a) to be

the set of a, K-late points in Z%, i.e.,

Lx(a) = {x ez JE@) o 4_0‘}.

(Klog K)? = mr

We prove the following, generalizing [9, Proposition 1.1]:

"We have distinguished between three types of jumps on the torus that in the planar-only case
(as in e.g., [3]) are referred to only as large jumps.



Theorem 1.1. For any 0 < a < 1,

L log L (o)
1m ——
K—oo  log K

=2(1 — «) in probability. (1.4)
As o — 1, a corollary of (1.4) is that we can generalize the cover time result of [8,

Theorem 1.1] to our class of random walks:

Corollary 1.2.
Teoo(Zi) _ 4

I}i_{noo Klog K2 = in probability. (1.5)
The paper is structured as follows. In Chapter 2, we prove results about probabilities
of exiting a disc in the plane and torus. Chapter 3 contains results involving entering
a disc. In Chapter 4, we develop a general framework for analyzing moving between
three sets that partition a sample space, and discuss the application of these ideas to
hitting an annulus just outside a disc, and gambler’s ruin estimates in that case. With
this knowledge, in Chapter 5 we build Harnack inequalities for disc escape and disc
entry, with fine-tuned results when the landing point is a nearby annulus. These Har-
nack inequalities are applied in Chapter 6 to examine excursions between consecutive
concentric annuli. Finally, in Chapter 7 we estimate the rarity of traveling between

these annuli without ever visiting their common center point (thereby deeming the

path “late” in visiting the center), and reveal our results.



2 Disc Escape

In this chapter we develop the notions of hitting time and Green’s function on the
plane and torus, and find relationships between the two with respect to the timing of

the random walk’s escape from a disc.

2.1 Disc escape time

The hitting time of a random walk to a set A is defined as the stopping time T4 =
inf{t > 0:5, € A}. Likewise, the escape time of the walk from A is the stopping time
Te. For a recurrent, strongly aperiodic, irreducible random walk on Z?2, Tye < 00 a.s.
We denote T'; to be the hitting time of Ac Z3.. We will examine several relationships

between planar and toral hitting times.

An immediate observation on hitting times (e.g., from [24]) is that, the larger the set
to hit, the quicker it will be hit. If A C B, then obviously T < T)4. It is clear, then,
that 7?;(1/1, as an infinite number of copies of A C Z?, has a quicker hitting time than

just one copy of A. In fact, we have

Ty =T s =Ts (2.1)



Let n, s be such that n + s < K/4, and D(0,n) = 7w D(0,n) the primary copy of
D(0,n) C Z%. Define the primary copy’s portion of the complement of D(0,n) to be
D(0,n)% := D(0,n)¢ N wxZ?* (2.2) and Figure 2.1 describe the nestedness of sets

from the planar annulus 9D(0,n)s up to the planar disc complement D(0,n)¢:

0D(0,n), C T (0D(0,n),) = 7' 7k (0D(0,1),)

C fewt(D(0,n)%) = 7 (D(0,n)%) C D(0,n)". (2.2)

U
o]o © ©

OOIC

Figure 2.1: Comparison of planar sets listed in (2.2), on the plane. Labeled sets are shaded.

00 C
00 C
O0OC

By (2.1), (2.2) yields, starting at any « € D(0,n), the disc escape time inequalities

Topm). 2 T topom). = Tatax@D(0m).)

> Titae (Do) = Legt(pomy) = oo 2 1. (2.3)

We shall take planar starting points from the primary copy (z = mxx). The prob-
abilities of these inequalities being strict (e.g., P*(Tpon)e < Trx(p0n)))) and the
means of the stopping times will be of interest to us. We start with estimating the

mean of the planar escape time from D(0,n) (which improves on [17, Prop. 6.2.6]),



and then use this probability to estimate the toral escape time from 75 (D(0,n)).

Lemma 2.1. Let S; = Sy + Z;Zl X; be a random walk in Z* with E|X;|* < oo, and
covariance matriz U such that tr(T) = +* > 0. Then, uniformly for x € D(0,n), and
for sufficiently large n,

n? — |z|?
2

n? — |z|?

Proof By [17, Exercise 1.4], the process M, := |S|?> — 7t is a martingale.

For any given k, k A Tpn)c is a bounded stopping time, and Tp(gn)e < 00 a.s., so by

the monotone convergence theorem,

lim Ez(k’ VAN TD(O7TL)C> = EI(TD(Oyn)c). (25)

k—o00

Hence, by the optional stopping theorem, uniformly for x € D(0,n),

Ex(Mk/\TD(o,mc) = EI(MO) = |l‘|2 (26)

2 along the time k:

Decompose |SkATD(0 e

|Sk/\TD(o,n)c 2= 1{k2TD(o,n)c}|STD<o,n)c 2+ 1{k<TD(O,n)C}‘Sk|2' (2.7)

Its expectation, then, is

E(’Sk/\TD(o,n)CP) =E (1{kZTD(0,n)C} STD(O,n)C|2> +E (1{k<TD(0,n)C} Sk’2> . (2.8)




10

Then by the MCT again, since T ) < 00 a.s.,

kh_{goE <1{k2TD(O,n)C}‘STD(O,n)C 2) =EB (‘STD(O,TL)C 2) : (29)

For the second term, note that 1g<ry, ..} Si|? < n?, and also LikeTp .} Sk|? — 0

a.s. since, again, Tp(,,)c < 00 a.s. Thus by the dominated convergence theorem,

lim F (1{k<TD(0,n)C} Sk‘|2> =0. (210)

k—o00

Combining (2.5)-(2.10) yields the expected time

|'l‘|2 = Em(MTD(O,n)C) = ]Em(|S’TD(O,n>C
]Ex(|STD(o,n)C|2) - |l‘|2
72

%) = YE*(Tp(o,n)e)

— Ex(TD(O’n)c) = (2.11)

We can bound [Skaty,, ... |* by decomposing along its escape jump: if X; = (Xj(l), Xj@))

is the jth step, then for any j < T'hgn)e,
(S5 = 1S5 ” + 2551 - X5 + [XG2 < n? + 2n(IXV| + (X)) + (X7 (212)
It is clear that tr(T') = v* = E(]X||?), and, since Xj@ €7Z,i=1,2, then
X1+ X7 < X2+ IXPP = X1

Therefore, (2.12) becomes, substituting k A Tponye = 7 < To(on)e

2 < n’ + (2n + ]‘)’Xk/\TD(O,n)C ?

| Sk/\TD(()’n)c



11

By taking expectations,

E*(|Skatpome ) < 1+ (20 + DE*(| Xpazp o e |?) < n? + (20 +1)7° < o0.

Since, at Tpon)e, we have escaped the disc, we have a lower bound as well. By

(2.8)-(2.10),
0> < E¥(|Stp,c?) < 0%+ (204 1)7. (2.13)

Combining (2.13) with (2.11) yields (2.4). O

For I' = cI, v* = 2¢ and so (2.4) becomes*

77,2— |ZE|2 n2_ |l’|2

<E” (,-TD(O,n)C ) <

2 1. 2.14
2c 2c tant ( )

Spitzer, in [24], defines the truncated Green’s function, for x,y € A of a random walk
from x to y before exiting A as the total expected number of visits to y, starting from
x:

Galo) =B S lismpers| = L P8 =i <Ta) (219
=0 =0

and 0 if z or y & A. (Since the walk is recurrent and aperiodic, there is no “all-time”
Green’s function to count the total number of visits to  from j = 0 to co0.) An
elementary result for any random walk (found, for example, in [24], or [15, Sect. 1.5])

is that, for x,y € A C B, there are more possible visits inside B than inside A:

Ga(z,y) < Gp(z,y). (2.16)

*For simple random walk on Z?2, ¢ = 1/2, which yields [9, (2.3)].
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Also of interest is the expected hitting time identity

“(Tac) ZGA x,z2) (2.17)

z€A

Starting at a point x € A, the hitting distribution of A is defined as
Hy(z,y) == P*(Sr, =v).

The last exit decomposition of a hitting distribution is based on the Green’s function:

for A a proper subset of Z2, x € A¢, y € A,

Hy(z,y) = Z Gac(z, 2)p1(z,9). (2.18)

zEAC

An immediate result follows from (2.16): If y € A C B, then for x € B C A°, we

have by (2.16) the monotonicity result

HA(;C,’y) = ZZeACGAC(I,Z)]h(Z,y)

(2.19)
Z ZzEBC GBC(xa Z)pl(z> y) = HB(xv y)
and the subset hitting time relations (assuming a recurrent random walk)
P*(Ty=Ts) =Y Hp(x,2)
z€A
P™(Ty # Tp) = P"(Ta>Tp) = Y Hp(z,2) (2.20)

z€B\A
which we will revisit in Chapter 4.

By Markov’s inequality, large jumps are rare: if Cy; = E(|X;|M) < oo, then since
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2n < K/2,

Cu 2M 0y iy
PX| > K = 2n) < ey < =t = O ™), (2.21)

Recall that, when given a toral element & € Z%, we define x to be the (planar)
primary copy of that element; x := 77 4. A toral step & — ¢ must take into
account large jumps that, on the plane, would land on a copy of y (i.e., in 7)) All
of these positions, together, are a small addition to the planar jump probability. By

(2.21) we have, for &, € Z2%, the targeted jump estimate

pi(#,9) = P*(S1 = 9) = P*(S1 = y) + P* (|X1| > K — 2m; S1 € 7'9\ {y})

< pi(r,y) + O(K™). (2.22)

By (2.18), (2.21), and then (2.4) and (2.17), for some ¢ < oo and any x € D(0,n),

Px(Ter(D(o,n)g() > TD(o,n)c) = Z Z GD(O,n)(x7y)p1(y;Z)

267 7 (D(0,n)) \ D(0,n)) ¥ED(O0.)

<cK™M S Gpow(ny) = O(K™n?).  (2.23)

yeD(0,n)

We now find that the mean of the disc escape time on the torus is larger than on the

plane, but only by a small factor (induced by the rarity of targeted jumps).

Lemma 2.2. Forn < K/4, x € D(0,n), and n and K sufficiently large,

E*[Tax (0] < E*[Tpomye] + O(K™"n?) max EY[Tpuel. (2.24)

yeD(0,n)

Proof To bound the disc escape time above, consider a “worst case” scenario (making
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the 75 (D(0,n))-escape time as long as possible) where every large jump targets the
same point inside the disc. (Example 2.3 gives an explicit case of such a “worst case”

scenario.)

Let y* be a point on D(0,n) such that EY" (T(0,n)e) = Mmaxyep(o,n) EY(Tpon)e). Define

the times o; and 7, and index variable N, by

0g = TD(O,n)C; Oi+1 = lnf{j > 0;: S‘;Ll -+ XJ’ € D(O,n)c}, 1 Z 0 (225)
T=inf{j >0:|X;| <K —-2n,57,+X; € D(0,n)°}

yMg—1

N=j < o;j=1

where g is the original walk S’s planar disc escape time, and the modified walk S*
is defined as the walk whose large jumps (of size > K — 2n) target y*, until the walk

escapes D(0,n) via a nonlarge jump:

.. t=0
.CL‘+ZZ:1X]€, 0<t<og
x4+ Xy, t>7on{r=o0

Si = 2 {r=o} (2.26)
v, t=o0; | Xoy| >K —2n, 0<i< N

YA Yo Xey 00 <t <o, |Xe|>K—2n, 0<i< N

y* + ZZZUN,l-i—l Xk, t>7on {T =on, N> O}

oi, i > 0, are the successive would-be escape times from D(0,n), if y*-targeting was
not “enabled”. 7 is the smallest o; such that escape from D(0,n) actually occurs,

and N is the number of large jumps before this escape occurs. Note that, considering
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\Y

S,
Tpio,n)-

Sl’b(t).n)-

/TN

Figure 2.2: An example of a path in {Tﬁ—K(D(O,n);{) > Tpo,n)e}
where a targeted jump of planar distance > O(K) keeps the walk

times on the original walk S,

{N = O} = {7’ = TfTK(D(O,n)C ) = TD 0,n)¢ |XTD(0 n)0| < K — Zn}

[N >0} = {7 > Topomso > Towns s 1 Xnp,el > K = 20},

and, conditioned on {N > 0}, N is a geometric random variable with success pa-

rameter p = Py* <T’D(O,n)C = TWK(D(OTL ’XTD 0,n)¢

<K - Zn) =1+ O(K Mn?) by
(2.23) and (2.21) (where a “failure” is a targeted jump back to y* € D(0,n)). Thus,
E* [T (D(omys)] < E*[7], since 7 is the escape time of 7x(D(0,n)), with targeting
back to y*. Conditioning on {N > 0}, and by (2.23) and (2.21) and the strong

Markov property on oy, we have

E*[r] = E*[7|N = 0]P*(N = 0) + E*[r|N > 0]P*(N > 0)
— B[00 N = 0]P*(N = 0) + E¥[og + o — 00| N > 0]P*(N > 0)
< Ex[TD(an)c] + Ex[O'N — 0'0|N > O]Px(N > O) (227)

<E [TDOn ]—f-O( M?’L2>Ey*[O'N—O'O|N> 0]
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On {N > 0}, the time of the jth excursion from y* until attempted disc escape is
vj = 0; — oj_1, for 1 < j < N, are IID with mean E[v;] = EY [Tp(gn)]. Since

P(N < o0) =1, by Wald’s identity we have

N

3

EY [on — 00| N > 0] = =EY [N|N > 0] EY [1]

1. :
= 5B Toome] = (1+ O(K~"n?))E" [Tp(o,ne].

Therefore, (2.27) becomes

E*[7] < E*[Tpome] + O(K YMn*)EY [on — 0| N > 0]

< E*[Tp(o] + OKMn?)BY [Tpomye]. O

Example 2.3. Let A= D(0,v/2) = {0, +e1, —e1, +ea, —ey} C Z2, where ¢; is the ith
unit vector in Z2, and K odd and fived. Let X be the symmetric random walk on 72
starting at Xo = 0 defined by the probabilities

J

, , 1 A
Pl(K]€i> = PO(Xl = K]ei) = 167)\7,]' = 0, 1,2, 1= 1,2
VA

log | X |

) is a Poisson random variable with parameter A\, and moving any of the four
og K

primary lattice directions is equally likely. S; is strongly aperiodic recurrent and has
infinite range, E(|X1|™) < oo for all m < oo (and, in particular, cov(|X1]) =T =

K2

%e( _1)’\1), and every large jump causes a landing in a new copy of A. The only way

to escape Tt A = At A is a step of size KO = 1.
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Computational bounds on E*(T%, (pon)e)), by (2.24) and (2.4), are

w2~ |af? w2~ |af?

< EX(Trp(D(oys,)) <

v " +2n+ 1+ O(K Mnt). (2.28)

Example 2.4. Define the e-lazy simple random walk on Z2, for 0 < e < 1, to be the
walk with steps pi(ej) = pi(—e;) = 5=, j =1,...,d; p1(0) = ¢, i.e., the walk stands
still for a step with probability €, and acts “simply” otherwise. Then I' = (%) 1,
and so for d =2, B (T, (pon):)) = ”21_—_‘Z_C|2+O(n).

We will next see that, from inside a disc, the probability of hitting zero before escaping

is nearly the same on the torus as on the plane. Recall that, for & € Z%, x := Tx7 5 Q.

Lemma 2.5. For all & € 7g(D(0,n)) and n sufficiently large with 2n < K /2,

P¥(Ty < Tr(pom)e)) = P*(To < Tponye) + O(KMn?). (2.29)

Proof The event {Tj < Ts, (p(o.n)s.)} can occur in two ways:

e The walk hits 0 after a small jump, never leaving the disc. This is equivalent

to the planar event {7y = Ty < Tp(o,n)e}-

e The planar walk (wlog starting from mxx) does not hit 0, and exits D(0,n)
via a targeted jump into 75 7 (D(0,n)). It may do this multiple times before

finally hitting 7.'0 (via a small or large jump).

We can represent this event as the disjoint union

{Ty < T ey} = {Ty = To < Tpomye < Tarx(DOm))}

UA{Tponye < Th < Tig(pom)s)}-

K
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The first case contains {7y < Tp(,n)e }, 50 a lower bound on the toral probability is the
planar result. An upper bound on the second case is found in the event {Tpn)e <
T (D(0.n)s,) }» Which by (2.23) is rare. Hence,

Px(TO < TD(O,n)C) S PQ(T() < TﬁK(D(om) ))

c
K

A

P*(Ty < Tpomye) + P*(Tpony < Trgpomn)e,))

IN

Pm<To < TD(O7n)C> + O(K_MTLQ) ]

Finally, we calculate bounds for hitting time probabilities of a small disc around

zero before escaping the n-disc. Let p(z) := n — |Z| be the distance between & and

T (D(0,n)).

Lemma 2.6. Let 0 < 0 < e < 1. Then there exist 0 < ¢; < ¢3 < 00 such that for all
T € g (D(0,n)) \ 7 (D(0,en)), for n sufficiently large,
p(z)Vv1

o < P (T (p(0.5n)) < Trxe(D(0m)s,)) < C2

p(z) \/1'

- (2.30)

Proof From (2.3), it is clear that Tp(gn)e < T 1 (D(0m)s,)- Note that Tp(o,sn) < To,n)e
only if the walk enters D(0, dn) via a small jump (of distance no more than (1 —4d)n),
and in this case Tp,5n) = Trx(D(0,6n))- A large jump automatically causes planar exit
of D(0,n), regardless of where in the torus the walk lands. Breaking down the sets

of paths involved, we have the planar case

{Tosn) < Toomye} = {Tax©5n) = Tposn) < Toomye < Tax(DOm)s) )
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which covers all small-jump entrances to 75" 75 (D(0,dn)); for the toral case, we have

{Ts (D060 < Tar(DOn)) }
= {Tix006n) = Tpsn) < TpOm) < Trg(DOm)) ) (2.31)

U {Tponye < Tir(pon) < Tar(pn))> Tn06n) }>

where the second set contains all paths where a large jump occurs at or before entry

to the inner disc. Hence,

P*(Tpo,sm) < Tpomye) < P*(Tr(p0.5m) < Trr(DOm)s)):

and so we get the lower bound from [3, Lemma 2.1].

The upper bound simply bounds the second set in (2.31). By (2.23),

P (T (p0,6m) < Trr(pom))) < P(Tpo.sn) < Tpome)
+ PYToome < Trgoms))

< P*(Tp(osn) < Tpony:) + O(KMn?),

and the error term is absorbed by the upper bound on P*(Tp(osn) < Tpom)e). O

2.2 Internal Green’s function

Here we will examine internal Green’s functions on the plane (i.e., from inside a disc;
Green’s functions external to a disc will be analyzed in Chapter 3). We extend some

results of [17] for symmetric random walks on Z? to projections of these random walks
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onto Z3.

We define the Green’s function in the usual way for &, € 7x(A) = A € Z2 to be,

in comparison to (2.15),

Gae)(®,8) ==Y _P*(S; = < Taas,) (2.32)
=0

and 0 else. In the planar case, the stopping time T4c for a bounded set A has a
clear meaning, as a sufficiently large jump (one with magnitude greater than the
diameter of A, for example) will certainly exit A. Jumps targeting A land, in Z?, in
7T;<1A = 7%}}1121; on Z3, they land in A. This means that planar estimates must be

adjusted to reach similar results on the torally-projected walk.

Please note that (2.32) is different from the planar Green’s function on the periodic

planar set 7 A:

GnglA(W/) = z(;Px(Sj =y;J < Tw;(l(A;()), v,y € ' Al (2.33)
]:

We will explore this distinction in Chapter 3.

Note that S; € frl}lgj for every j. By (2.3) it is clear that planar escape happens at

or before toral escape. Hence, the number of planar visits is less than or equal to the
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number of toral visits; for any z,y € A C mxZ?,

Galz,y) =D P(S;j=y; j < Tae)

j=0
=Y PU(S;emgy; j<Ta) =Y PU(S; = j < Tae) (2.34)
=0 j=0

<
Il
o

where equality occurs between the first and second lines because, of all the copies of
y in 7'y, only the primary copy y = mxy can be hit before the planar escape time

Te.
We start by giving bounds on the number of visits to 0 before escaping a disc.

Lemma 2.7. For n sufficiently large (with 2n < K/2),

Gire(00.)(0,0) = G0, (0,0)[1 + O(K~n?)]. (2.35)
Proof Our lower bound Gp(,(0,0) < Gy )(O 0) is clear from (2.34). To

achieve the upper bound, first decompose the count, noting that the toral event

{S;=0,j < Tar(n00, ) Toomye = Trx(D(On)s)} €quals the planar event {S; = 0;j <
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Tpom)e; Toonye = Tag(pon)e)}- Applying the strong Markov property at T n)e,

K

éﬁK(D(Oyn))(aO) = ZPO i = O;j < Ter(D(O,n)%)> (2.36)

= ( i =030 < Tr(pms)i Toomy = Ter(D(om%))
=0
+ P (Sj =0;7 < Tax o)) T < TﬁK(Dm,n);))

= Gp(on)(0,0) + E° [GﬁK(D(O,n))(STD(Om)m 0); Th(omye < Ter(D(O,n)f,{)] ,

where, on {Tponye < Tag(D(Om)) ) STD(O,n)C is the point in 7 (D(0,n)) that our walk

lands once escaping the planar disc D(0,n) via a targeted jump into a copy.
By (2.23), we know P°(Tpom)e < Trx(nom))) = O(Kn?). The strong Markov
property applied at Ty gives us the planar equality

Gpomn) (2,0) = P*(To < Tp(o,n)c) Gpom)(0,0) (2.37)

which implies Gpn)(2,0) < Gpon)(0,0) for all z € D(0,n). This equality has a

clear analog on the torus, by applying the strong Markov property at Tj:

~ ~ S N

G (D0 (&, 0) = PY(Th < Trpe(D0m)s)) G (D10 (0, 0), (2.38)

which, with (2.28) implies, for all & € 7x(D(0,n)),

~ N N

GﬁK(D(O,n))( ) G K« (D(0, n))(oao) < EO(TﬁK(D(07n);'<)) < 00. (2.39)

~

Thus, MaXscs (Do) G (D0.0) (5o 0) = Gar(poa)(0,0), and by combining



23

(2.36), (2.39), and (2.23), we have

N

G (D00 (0,

>

) < Gpon(0,0) + O(K™n?) Gz (po.n)) (0, 0),

which, when substituted back into itself gives, for some ¢ < oo,

N

G (00)(0,0) < Gpny(0,0) + 252, (¢K~Mn2)7 G o) (0,0)

= Gpomn(0,0) (1+O(KMn?)). O
Define the potential kernel for X on Z? as follows: for x € Z2,
a(x) = lim Z;[pj(()) — p;(2)]. (2.40)
]:

Combining the generality of rotation of [24, Ch. III, Sec. 12, P3| and [17, Theorem

4.4.6] and the infinite-range argument of [3, Prop. 9.2] gives, for covariance matrix I'

and norm J*(z) := |z - T 'z|, as |z| — oo,
2 . _1
a(z) = p log J*(z) + C(p1) + o(|z] ), (2.41)

where C'(p1) is a constant depending on p; but not x, and 7 = 27V detI'. For I' = ¢l

this reduces to

1
= —log |z + C'(p) +o(|z]71), (2.42)

where C'(p1) = C(p1) — ﬁ log c. For simple random walk on Z2, ¢ = %, and so this
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is, from [17, Theorem 4.4.4],

27 +log 8 _
—— + o(|z|™Y), (2.43)

2
a(z) = —log|z| +
7r
where 7 is Euler’s constant. From here on, we will write (2.42) with the form
2 / -1
a(w) = logle] + C'(p1) + olfa] ™). (2.49)
T

By the argument in [3, (2.8)-(2.12)] (which calculates the overshoot estimate of
O(n~*) mentioned in the note after [17, Prop. 6.3.1]), and using (2.44), we get

a computational result for (2.35) if I' = cI:

2
Gpom(0,0) = —logn +C' +O0(n~"*) (2.45)

T
which implies the toral Green’s function

N

= Gar0n)(0,0) = Gpo,n(0,0)(1 + O(K Mn?))
= (3 logn 4 C" + O(n1/4)) (1+ O(KMn?))

T
2
= “logn+C'+0O(n~ ") (2.46)
Ay

For x,y € Z?* such that |z| < |y|, we have, by a Taylor expansion around ¥,

||

log |y — x| =log |y| + O (m) . (2.47)

In particular, if z € D(0,2r) and y € D(0, R/2)°, with R = 4mr, we have

logly — x| =logly| + O (m™"). (2.48)
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Note that (2.47) and (2.48) hold in the toral case without adjustment.

Let n = inf{t > 1 : S, € {0} UD(0,n)°}. Then, following the argument of [3,
(2.14)-(2.15)], since a(z) is harmonic with respect to p, a(Siay) is a bounded martin-
gale. Hence, |a(Sin,)|? is a submartingale, so Ela(Sin,)|? < E|a(S,)|* < oo, meaning
{a(Siry)} are uniformly integrable. Hence, by the optional stopping and bounded
convergence theorems, (2.44), and (2.48),

a(z) = lim B*(a(Sin)) = E*(a(Sy)) = E*(a(S,); Sy # 0)

t—o0

= > aPUS,=n)+ Y. a)P(S,=y)

y€0D(0,n), 3/4 yeD(0,n+n3/4)c
2
= (2o + ) +ofla] ) + Ol ) P8, £ 0)+ 0
r

which, combining the error terms into O(|z|~*/%), matches [17, Prop. 6.4.3]:

a(z) —O(n~"/*)
2 logn + C' + O(|z|) -1/
_,_mloglel + ¢ Ol (log(n/|al) + Offa| )
B %logn + O 4+ O(n-14)

Px<T0 < TD(O,n)C) = ]DI(S77 = O) =1- (249)

) (14 O((logn)™)).

logn
With (2.29), we move this to the torus:

log(n/|2]) + O(|2]~'/*)
log(n)
~log(n/|2]) + O(|2]7/*)

= loz(1) (1 + O((logn)~ )) (2.50)

P(Ty < Tappioms) = (1+0ttom) ™)) + Ok~

Next, we examine & € g (D(0, R)) \ 7x(D(0,7)). By the fact that a large targeted
jump may land a planar walk into 7 7, (D(0,7)) \ D(0,7) (the set of any copy of

D(0,7) that is not the primary copy), we may transfer the planar results [3, (2.20),
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(2.21)]

log(|z|/r) + O(r~'/")

P*(Tpwoy > T, ¢) = 2.51
(Tow.r) > To.r)y) log (/1) (2.51)
log(R/|z[) + O(r~"/*)
P*(Tpwon < T, ¢) = 2.52
(Tow.r) < To.r)y) log(R/1) (2.52)
uniformly for r < |z| < R to the toral results
i log(|2|/r) + O(r~"*) M p2
Px TA TA c e K
(Tax00) > Tax(p.R)5)) log (B/1) +O(E™TRY)
_ log(|2|/r) + O(r—"*) (2.53)
log(R/r)
, log(R/|z]) + O(r~'/*) M 2
Pl‘ T” TA c = K
(T oo < Trx(do,R)5)) oz (R/7) +O(K M R?)
_ log(R/|2]) + O(r—"/*) (2.54)
log(R/r)

By (2.37), (2.45), (2.46), (2.38), (2.49), and (2.50), we get as corollaries calculations
and bounds for GD(O,n) (I‘, 0), éﬁK(D(Oﬂ’b)) (i‘, 6), GD(O,n) (JI, Z), and GA{TK(D(O’R)) (.%, 2) for
x € D(0,n) and = € 7 (D(0,n)), for some C = C(p) < oo,

GD(O n)(ﬂ? O) P* (To < TD(On )GD(On (O O)
_log(n/|z]) + Oz
a log(n)

730 T 1/4
= lg<|x|>+0+0(| |79, (2.55)

(1 + O((log n)*l) <7r31~ logn + ' + O(n1/4))
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A ~ 2
G (Do) (2, 0) = —log ( - ) +C +O(|z]74 (2.56)
r | 2]
Gpon) (2, 2) < Gp@an (0,2 —x) < clogn. (2.57)
G (DO (&, 2) = Gpo.m(x, 2) + O(KMn*logn) < clogn. (2.58)

Finally, we have the following result paralleling (2.30). Recall that p(z) = n — |Z|.

Lemma 2.8. For any 0 < <e <1 we can find 0 < ¢; < ¢g < 00, such that for all
T € g(D(0,n)) \ 7x(D(0,en)), § € 7 (D(0,0n)) and all n sufficiently large such
that 2n < K/2,

z)V1 A o pz)Vv1
PE) < Gag(pon)(9,2) < 2 (#) .

- p (2.59)

Proof We follow our standard technique. [3, Lemma 2.2, (2.38)] gives bounds for
the planar random walk’s Green’s function. The toral version of this Green’s function
has a lower bound of the planar version:

plx)Vv1

C1 < GD(o,n)(y,x) < é’er(D(om))@@)- (2-60)

For the upper bound, use (2.58) and [3, Lemma 2.2] again, for some constant cy:

A () V1

G o) (U, %) < Gpony(y, ) + O(KMn*logn) < CQp O]

n



3 Disc Entry

Here we will examine paths starting outside a disc. Since, on Z2,

T 0D(0,n), .
0D(0,n)s C C e D(0,n+ s), (3.1)
D(0,n + s)

then starting at any y € 7 (D(0,n + s)° N wxZ?) (as seen in Figure 2.1) yields the

disc entrance time inequalities

walaD(o n)
Tw}_(ID(O,n-l-s) < “ < Top(om).- (3.2)

TD(O,n+s)

These relationships will be exploited in this and the next chapter.

3.1 External Green’s function

To supplement the internal Green’s functions of Chapter 2 are external Green’s func-
tions: those counting the number of visits to a point outside of a set before entering
that set. Wlog « and D(0,n) are in the primary copy. We will find bounds on three

different external Green’s functions:

28
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Green’s function | scope | starting at | counts visits to | before...

Gpone(r,y) | planar x Y T'p(o.n)
Gn;{l(D(o,n);()(fEa y) | planar Z Y Tﬂng(o,n) = Ty (D(0m)
Grx(Dom))(2,9) | toral & g T pom) = Tar(DOm)

Note that, similar to (2.37), for any x,y € D(0,n)¢, by the symmetry of G4 and the

strong Markov property at T,
GD(O,n)C( y) = PUT, < T'p(o,n) )GD 0,n)¢ e(z,z), (3.3)

so, assuming |z| < |y[, we only need G p(n)e(x, x) for an upper bound. Fix j > 2 and

let

Vi =min{t > U; : |Sy| <n or |S| > |z},

Uiyr = min{t > V; : S; = z}.

U; is the ith visit to x after visiting D(0,n) or D(0, |z])¢ (noting that there can be

multiple visits to x before V;, but none in the interval V; <t < U;,4). Hence,

GD(O n)e (33 I) E* (Z 1{43}(375) 1{t<TD(O,n)}>

i=1

<> E* ( > 1S Ui < TD(Om))
=1

U;<t<V;

Z GD 0,]z|7) SUm ) U; < TD(o,n))
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by the strong Markov property at U;. Since Sy, = z, and setting a; = a;(x) =

.Pma]Z < TD(O,n))a we have

GbmmV@%@fi}:Ex@%xmwﬂsm#ﬂ;U%<Tbmm)=:Gszm¢“x)<§:%>.
i=1 i=1
To sum the a;, note that by strong Markov at U; again,

a1 < E” (PSUZ' (Tpo,zpye < Toom); Us < TD(O,n))
— Pm(Uz < TD(O,n)) Px(TD(OJx‘j)c < TD(O,n))

= aiy1 < ;P (Tpo,apye < Toom)),

where, by (2.51), and for sufficiently large n,

v log(|z|/n) + O(n~"*)
P (TD(0,|CE|j)C < TD(O,H)) = 10g(|9§|3/n)

~1/4
<o) 2 (3.4)
J J

Hence, a;11 < %ai, which implies a; < (2/7)%, and so by (2.45),

GD(O,n)C (Iv ZL') < GD(Ov‘xP)(x’ l‘) Z (;)
i=1

2/j
Sy Gp(0Jafi+]2)(0,0) (3.5)

p 2
G 1(0,0) <
I mwmn(,)_j_Q

IA

G p(0,212))(0,0).

Moving the external Green’s function to the torus is a bit trickier: we must ex-
amine the conflict between counting visits to an infinite number of planar copies

of z in 73'% = m @ versus avoiding an infinite number of copies of D(0,n) in
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T 7k (D(0,n)) = 7' D(0,n). Also, the size of j (via |2]9) is restricted relative
to K. We use the same argument as before, with the adjustment of (2.54) applied to

the argument of (3.4), yielding

PH(Ta(pyal)e) < Tare(pom)) = P*(Tpo,apye < Toom) + O(K " n?)

<§+O( M2>

e}
This gives the toral analog a; < ( +O(K™ 2)) , and the sum Zdi gives the

2
slightly different bound of Zaz < > + O(KMn?). This gives a toral upper

] —
bound of
GWK(D 0,n)% ( ) < é D(0,]z|7)) ( A) (Z dz)
=1
< < O(K~ Mn2)) 3G (D(0.212])) (0, 0). (3.6)

Easy lower bounds for both the planar and toral cases are found by merely considering
the visits to x in the disc D(z,|z| — n), whose boundary rests just outside D(0,n).
This bound, (3.5), and (3.6) give, for j > 2,

G D(0,je|-n)(0,0) < Gponye(z, ) < GD(o 212))(0,0) (3.7)

G (D) (0,0) < G pe(p(0ms) (5 )

2 A A
< (j—_ ; HOK )) 3G (D(02121)) (0, 0). (3.8)
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Thus, for any =,y € 7 (D(0,n)5%) such that |z| < |y|, by (2.58) and (2.46), (3.7) and
(3.8) become the computational bounds
2j

Gpony(z,y) < i) [— log(2|z|) + C' + O(|z|~ 1/4)] < cjloglz], (3.9)

R o 27
GﬁK(D(o,n)g()(xay) < ]TQ {— log(2[z]) + C + O(|=|~ 1/4)} ;log 2], (3.10)

where ¢;,¢; depend on j > 2, ¢; > ¢;, and in the toral case, such that |&] < ()1

(there is no such restriction on the planar case). From here on, we consider j = 3.

For (%)1/3 < |z| < &, first note that log|z| < log K. By (3.9) and the fact that

ﬂl_(l(D(O’n)c NrrZ?) = WKIWK(D(O n)S.) € D(0,n)¢, on Z* we have
Gitar(Domys) (T %) < Gpomye(, ) < clog |z| (3.11)

~

for any = € 7 (D(0,n)%). We can relate Gp(on)c(,7) to Giy(pon))(Z, %) by the

following inductive strategy: define

T():O

T1 = inf {t > O|St € 7}[_{1@'\{1’}}

Tjoi=inf{t>0|S € 72\ {Sr,}},j=1,23,...

as the hitting times of distinct copies of x. Let U = T%, (p(o,n))- Then

GWK(D OH)K) i, %) ZEm Z ]'{St:STj}

T;<t<Tj41 AU
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By the Markov property, translation invariance for different points of 7%;{1:%, and (3.11),

E* Z 1{St:STj} =E* Z 1{St:STj}7 T; <U

Tj§t<Tj+1/\U Tj§t<Tj+1/\U

— P*(T; < U)E® ( 3 1{&:@)

0<t<Th AU

< Pm(T] < U)GD(()’n)c(l’, :L’)
Hence,

GﬁK(D(Om)%)(JA},i’) < GD(O,n)B(x, l’) Z Pz(TJ < U) (3.12)
=0
Let p = P*(Ty < U). By the Markov property, P*(T; < U) < p?, so since p < 1, by
(3.11) and (3.12), we have, for some C' < o0,
. C'log K

Crrpomio (&%) < 77— = (3.13)

Examining p, note that

{Th <U} = {Tw;m\{x} < T%K(D(Om))}

C{ T,k < Trweon) ) C {Tpox)e < Tom } -

which, by (2.52) gives the bound

log(K/|z]) + O(n~'*) ¢
p < ( D(0,n) D(0,K) ) = log(K /n) - log K

(3.14)
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for some ¢ < oo. Therefore, for (£)1/3 < |z| < £, combining (3.13) and (3.14) we

have the upper bound

~

Gy (DO (&, 7) < C(log K)?. (3.15)

Finally, for |z| > %, and considering x = mxx, condition on the quadrant containing
St, via a gambler’s ruin from the opposite quadrant. For example, as in Figure 3.1,
if Sz, is in Quadrant 1, let y = (=K, —K) (opposite, in 3). Then there exists c,
(\/ﬁ—l—%)KS c < 2V2 (say, ¢ = \/§+% if x € Q1, and ¢ = ;Z\/ﬁifx € Q1), such

that, again by (2.52), we have the bound

P*(Ty < U| St € Qi) < 1= P* (Tpym < Tpy.ex))
log(cK/|z — y|) + O(n=%) < c

<1 — 3.16
- log(cK/n) - log K (3.16)
for some ¢ < oo.
Thus, we have a bound on p of
4 *
p=>Y P Ty <U|Sy € Qi)P(Sr, € Qi) < 1— s K (3.17)

=1

for some ¢* < co. Therefore, by (3.13) and (3.17), (3.15) holds for |z| > £. Collecting

these results and applying them to the torus, we have proven

Lemma 3.1. For & € #g(D(0,n)S%),
A ) closlil n<al < (5)

Ger(D(o,n)C)(fC,$ =
’ Clog? |2 (%) <al

(3.18)
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Figure 3.1: z € Q1N D(0,n)¢, y = (—K,—K).

3.2 Disc entrance time

We will now approach disc entrance times. Our first planar result mirrors (2.4), with
a very different end result, which is hinted by the first passage time result for SRW

on Z (in, for example, [23]).

Lemma 3.2. For any y € D(0,n)¢,

Ey(TD(Om)) = OQ. (319)

Proof As in Lemma 2.1, we use the martingale M; = |S;|*> — 7?t, only this time we

stop it at the stopping time T := Tpn) A Tpo,nye, for n < |y| < N. Thus, the
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martingale stopped at Ty A k has expected value
Ey(MTN/\k) = |y‘2 =EY (|STN/\k’2 - ")/2(TN VAN k)) .

It is clear that T < Tpo,n)e, S0 by the argument given in the proof of Lemma 2.1,
we have EY (|Sryak|?) — BY (|S1y |?) and EY(Ty A k) — EY(Ty) as k — oo. Hence, as

in Lemma 2.1, letting EY(Mpyax) — EY(Mrz,, ), we have

St [*) = lyP?

EY(Ty) = = ~?2

Using (2.52), we decompose EY (]S7,|?) and achieve the lower bound

EY (1S1y|?) = B (IS * | T = Tpomy) PY(Toom) < Tow.ne)
+EY (|Sry|* | Ty = Tpeo,n)e) PY(Tpom) > Too,n):)

> 0+ N*PY(Tp(om) > Tp,n))

N2 [log (lyl/n) + O~/
> log (/) =

for some ¢ < oo. This gives us a lower bound on the expected entrance time of

cN — |yf?

EY(Ty) > -

Y

which clearly goes to oo as N — oo. [

Next, we find finite bounds on the expected time to enter a toral disc.
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Lemma 3.3. For any n < % and §j € 7 (D(0,n)%), there exists ¢ < 0o such that

EY(Ts (Do) < {4 cK?log (%) n? < |g| < (5)1/3 (3.20)

Also, we have the lower bound

K

i WERE g < &
EY (T (Do,n))) > 7 i <5 (3.21)

’ c(K—n)? |A| > K

72 =3

where v? is as in the proof of Lemma 3.2.

Proof For the upper bound, let § € 7x(D(0,n)5%). We have the decomposition

B (Treipom) = Y, Garewons)(@:2),
(DO

tehy )

which, for |y| > (%)1/3, by (3.18) is clearly bounded above by cK?(log K')?. For closer

y, we further decompose to

Eg(Ter(D(O,n))) = Z GﬁK(D(O,n)‘}()(Q7 2)
zem e (D(0,[9)\ 7k (D(0,n))

+ Y Gawomin (@ 2),

ze€mx (D(0,]91)°)
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which, by (3.18), is bounded by

EY (T (Do) < Z clog|z| + Z clog |9

Z:n<|2]<(9] 2:1g1<2

2 rlgl
< c/ / wlogwdwdf + ¢(K? — 7|j|?) log |9
0 n

~12 2

1
< 2me (§|@|2 tog 91 — 25— n2togn + ”Z) + o2 — ] log j

19

< cK?log|j| < cK?log (—) + cK?logn — 2men? logn.
n

If 9| < %, then E¥(Ts, (pony) > EY (TﬁK(D(gm,n)%)), and (3.21) follows directly

from (2.28). The far-off [j| > & follows directly from the nearby case, since by the

strong Markov property at Tk, (p(o,x/3));

EY(Tr e (pom) 2> B (Tare(00,5/3))5 Tare(00,5/3) = Tare(0D(0,K/6)sc/6))

oS e
. Ey(E TWK(BD(OyK/ﬁ)K/ﬁ)(TﬁK(D(o,n)))) > %

]

(3.20) hints at the cover time (and so, late points) results of Chapter 7. We will

improve on these bounds in our discussion on excursions.



4 Annulus Entry

If you can’t solve it, generalize it.

- Herbert Wilf

In this chapter we will find general Green’s functions, hitting times, and hitting
distributions by a symmetric recurrent random walk X on a set partitioned into three
pieces. We then apply these results to the partition of disc, annulus, and “outside”
to relate our results from Chapters 2 and 3 to the annulus. We conclude by finding

tailored gambler’s ruin-based probabilities and hitting distribution bounds for annuli.

4.1 Bounds on a three-partitioned set

Let AU B U C partition our sample space (for our purposes, this is Z* or Z%, but
everything in this section generalizes). We find estimates for the Green’s function
G aup and the hitting time E*(T¢) for x,y € AU B, with interest in the case where
C “separates” A and B in a sense (i.e., the probability of jumping from A to B, or
vice versa, without hitting C, is small). This gives a notion for how probabilistically

“separate” they are.

39
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4.1.1 Green’s functions

Simple lower bounds for the Green’s function G 4, are obvious; to find upper bounds

for these cases, we analyze excursions between A and B before hitting C'.

Lemma 4.1. For a,a’ € A and b,V € B, with 0, the usual shift operators,

TE :lnf{t >Th: X, € B} :TA+TBOQTA7

T):=inf{t >Tp: X, € A} =T+ Txo00r,,

and defining

Vo= Hpoola,b) — PY(T; < To) (4.1)
b'eB

oy = Hauce(b,d) = PY(Ty < T¢) (4.2)
a’c€A

pa =Y Hpucla,V)oy = P*(Tp, T < Tc) (4.3)
b'eB

OTRES Z Haue(b,a')ha = P*(T4,Tp < To), (4.4)
a’'eA

we have the Green’s function bounds

Gala,d') < Gaupl(a, @) < Gala,d)) + - fap Ga(d,d) (4.5)

Gu(b,V) < Gaup(b.V) < Gu(b,Y) + - b Gl 1) (4.6)
—

0 < Gaupla,b) < min { 3 - —Gala,a).{ _“¢bGB(b, b)} . (4.7)

Recall that G is symmetric, so the inputs can be swapped in any of these bounds.

Also, by their definitions, 1, > p, for every a € A and g, > ¢, for every b € B.



41

Proof We will prove this for (4.5) and (4.7) (the proof for (4.6) matches (4.5)’s

proof). By (2.15), for a,a’ € A,

WE

GAuB(a,a') = PQ(XZ' = a',i < Tc)

0

.
I

[PY(X;=d,i<Tp,i <Tp)+ P (X;=d,Tp <i<1Tg)]

I

I
o

(2

Gala, )+ > P(X;=d Ty <i<Tc). (4.8)
=0

Since a’ € A, once the walk enters B it must return to A before hitting @’ again. By

splitting and switching sums and applying the strong Markov property at 7',

Gaugla,d’) = Gala,d’) + ZZP“(XTB =0,X;=d,Tp <i<T¢)

=0 beB

= Gala, ) + Y Hpucla, b)Gaus(b, o). (4.9)

beB

We now switch from (4.5) to (4.7): for Gaup(b,d’), with b € B and o’ € A, decom-

posing over A, and using the strong Markov property at Ty,

Gaup(bd) =) P'(X;=d,i<T)
=0

=> ) PX;=d Ta<i<Tc, Xy, =d")

=0 a”’€A

=Y Haue(b,d")Gaupla”,d). (4.10)

a’eA

We thus have a recurrence relation between (4.5) and (4.7).
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By the symmetry of G4 and a generalization of (2.37), we have the upper bound
Gald" d) = P (Ty < Tye)Ga(d',d') < Ga(d,d) (4.11)
which yields, by (4.2),

Gaus(bd) =Y Hauc(b,a")Gausla”,d') < 0yGaup(d,d). (4.12)

a’€A

Combining (4.9), (4.12), and (4.3) gives us

Gaus(a,d') = Gala,d') + Y Hpuc(a,b)Gaus(b, o))

beB

< Gala,d') + Gaupla,a) Y Hpucla,b)oy (4.13)

beB

= Gula,d') + Gaup(d',a")p,.

In particular, (4.13) gives us

Ga(d,a)

G / / <
AUB(a7a)_ 1_pa/

(4.14)

(4.14) used again in (4.13) yields (4.5). Proving (4.6) similarly, (4.6) and (4.14)
applied to (4.12) yields (4.7). O

4.1.2 Hitting times

We now find the expected time of hitting the set C, starting from A, in terms of
hitting B U C. Lower bounds are simple: just tack the other set on for a quicker

hitting time. The upper bounds will require a recursive excursion treatment similar
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to the proof of Lemma 4.1.

Lemma 4.2. For a € A and b € B, defining via (4.1) and (4.2),

fa:=sup E*(Tpuc), fp:=sup Eb(TAUo), Y :=supt,, 0 :=supoy, (4.15)
acA beB a€A beB

we have the expected hitting time bounds

B*(Tic) < B*(T2) < B*(Tic) + 0 | 22002 (4.16)
Eb(TAuC) < Eb<TC) < Eb(TAuC> + oy {%] (417)

Proof We will prove (4.16) (the proof of (4.17) is the same). First, decompose T
along the two possibilities for Tguc. Recall that Ty = Te <= T < Tg. By the

strong Markov property at T,

Ea(TC) — Ea(Tcl{TBchTc}) + Ea(TC]‘{TBuC:TB})

< ETpuc) + Y Hpue(a, b)E*(Te). (4.18)
beB
Likewise, for b € B,
ETo) < E"(Tave) + Y Have(b,a)E*(T¢). (4.19)
a’€A

By combining (4.18) and (4.19), recursing on itself, keeping the first couple terms in
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terms of a, and maximizing the rest via (4.1), (4.2), and (4.15), we get

EG(TC) < Ea(TBuC) + Z HBUc(a, b) (Eb(TAUC) + Z HAUC(b, a’) |:Ea/ (TC)]>

beB a’€A

< EY(Tpuc) + Z Hpue(a,b) (Eb(TAuC) + Z Hauc(b, a’) [fa+9¥(fe+ 0[])]) ]

beB a’cA

which is bounded by

EY(To) < E*(Tpuc) + Ya (f5 + olfa+4¢(fa +ol.])])

= E(Tpuc) + Yo (fB+ 0 fa+ (o) 5+ (o)ofa+ (o) f5+ (0¥) 0 fa + ...)

= E*(Tpuo) +Vulfn + 0fa) Y _(Yo) = E*(Tpuo) + lei—t/;m‘ 0
=0

4.1.3 Hitting distributions

(2.19) and (2.20) hint at a relationship between the hitting distributions of two sets
C and C'UA. We find a bound on this relationship. Let b € B and ¢ € C. By (2.19),

there is a probability p(C, A) such that

Hc(b, C) = HCUA(ba C) —|—p(C, A) (420)

To bound p(C, A), we rewrite using the definition of H¢ (b, ¢) and decompose along

the event {T- < T4} (whose probability is 1 — o} in (4.2)):

Heo(b,e) = P*(Sp, =¢)  =P"(St. =c¢, To < Ta) + P*(St. = ¢, Ta < T¢);

HCUA(ba C) = Pb(STcuA = C) :Pb(STouA =, TC < TA) + Pb<STCUA =, TA < Tc>
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Note that

P*(Sq. =¢, Te < Tya) = P’(Sr.,, = ¢, To < Th)

and

STcuA:CEC — T < Ty,

so clearly P°(St.,, = ¢, Ta < T¢) =0 and we get the simple bound
p(C,A) = P*(Sr. = ¢, Ta < Tp) < P"(Ta < T¢) = 0y, (4.21)

Note that p(C, A) is not symmetric; e.g., p(A,C) =1—p(C, A) =1 — 0.

4.2 Application: Internal-External-Annulus
Let the following sets partition Z%, with s <n < K € N:

A= (D(0,n)), B=ag(D(0,n+5s)%), C=iwx(@D(0,n),).

4.2.1 Hitting probabilities

Starting from deep inside a disc, we first prove a bound on the probability of escaping

the disc beyond an annulus outside it.

Lemma 4.3.

sup P (Tapon), > Toomn+ts):) <c(sTMT2yn M) (4.22)
z€D(0,n/2)
Y= sup  PTrop0m. > Tacpontar) < o(s™ v F2) 0 (4.23)

#ei(D(0,n)2))
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Proof To deal with targeting jumps that are possible on the torus, the proof of

N

(4.23) is below. Replacing p; (9, w) with pi(y, w), Gz (pon) (2, 9) with Gpon(z,y),
(2.28) with (2.4), and (2.59) with its planar version yields the proof for (4.22).

For & € mx(D(0,n/2)), we begin, by the last exit decomposition and (2.22), with

P (Trc@p0m)s) > Thic(DO0n+s)5)) = Z Z G (D) (T, 9)P1 (7, W)

WeR g (D(0,n+s)S,) §€f Kk (D(0,n))

= Z éer(D(O,n))<§j7g) Z (p1<y7w)+O(K7M))

[91<3n/4 || >n+s
+ Y Gageay(@0) Y (pily,w) + O(K™M)).
3n/4<|gl<n || >n+s

By (2.17), (2.28), and the facts that |§ —w| > n/4 and K > n, the first sum has the
bound

¢ Z G (Dom) (&, )0 M < en=M+2,
[9]<3n/4

By (2.59) and switching to a polar integral, the second sum is bounded by

~

n =il N n =l
_ < =
I BN DI TR )

3n/4<|gl<n 3n/4<|gl<n
c n
< - Z (n+s—|g))~ ! Sc/ (n+s—u)""du
n 3n/4<|y 3n/4
gl<n

n/4
< c/ (s +v) ™ ™Mdy < cs™*2 O
0

Note that for z € 7 (D(0,n)), by (2.3),

{Tsx@D0m)) > Tire(0m)s)} = {Tax@D0m)) = Tag(DOm)s) }

Hence, provided & € 7k (D(0,n/2)), and s < n, (4.23) is a bound for v; from (4.1).
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Also, (2.50) and (4.23) gives us the chance of escaping a disc, into its s-annulus, before

visiting its center:

PY(Ty > The(pom)2); Trr(mys) = Trrc(@D(0,m):))

_ log(n/|z]) + O(|&] ")

=1
logn

(1+0((logn)™) + O(s~™M*2).  (4.24)

By (4.23), (4.3), and (4.4), for & € 7 (D(0,n/2)) and y € 7 (D(0,n + 5)%),

pi = P (Tre(D0nt9)50)s Tare(poy) < Trr@0m),))

< c(s™MH2 vy ME2), (4.25)

05 = PY(Tr(pom)s Tare(Donrs)s) < T 00(0m)5))

< e(sTMT2y T ME), (4.26)

Next, we find a bound for ¢; from (4.2).

Lemma 4.4. For n sufficiently large,

o= sup P (T (p0m) < Trr@D(0m).))
zeft (D(0,n+s)%)

< en?log(n)?(s ™ 4+ n~M). (4.27)
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Proof Apply (3.18) to the last exit decomposition to get

- sup P (Tsre(pon)) < Tar(@D(0m),)) (4.28)
zet i (D(0,n+s)%)

- sup Z G (DOm)s,) (T, 9)P1 (G, W)
2efK (DOn+8)5) se i (D(Omt0))

wer g (D(0,n))

<clog(n)® > (lgl—=n)™+c¢ > log(|g))*(|g] —n)™™

n+s<|g|<2n 2n<|9]|

< en?log(n)?s™ + clog(n)?n %2 O

In particular, if s = O(n), since M = 4 + 283, (4.27) is bounded above by cn~2, and
if s = O(y/n), (4.27) is bounded above by en™".

Combining (2.53) and (4.23), we find the probability that, starting far from a small
disc 7 (D(0, 7)), the walk escapes a larger disc 75 (D(0, R)) before entering 75 (D(0,7)).
If r< Rand 2 € mx(D(0, R/2)), we have

P (Tro0.m50) < Tare (00,1 T 00,050 = Tarc@D0.R).))
_ log(|2[/r) +O(r ")
a log(R/7)

+ O(s™ M%), (4.29)

To enter a disc, we first quote the planar result [3, Lemma 2.4]: if s < r < R
sufficiently large with R < r? we can find ¢ < oo and § > 0 such that for any

r < |z] <R,
P‘T(TD(O’T) < TD(O’R)C; TD(O,T) = TD(O,r—s)) < er™? + cs MF2, (430)

We see the same result on Z%, with an extra toral term (which is absorbed).
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Lemma 4.5. For the conditions listed above,

P (Trie (00 < T (00,0500 Trae(00) = Trrc(D(0,5-5))

<er ™ fesT M (4.31)

Proof Wlog we assume & € mx(D(0,R) \ D(0,r)). Let

A

A =ATscp0r) < Trr (00,05 Trre(D(0.0)) = Trrc(DOr—s5) }-
Decompose A along the event {Tsxpo.p)) = Tpo,r)c}: by (2.3) and Figure 2.1,
P*(A) = P*(A; T pms) = Toome) + PH(A; Troomg) > Toorye)-  (4.32)

The first probability in (4.32) accounts for all walks that have no large jumps before

the planar time Tp(q, ), since

AT 00,5 = Tooryet C{Tacwom) = Toom} N T p0r) = Trcpo0r-5) )

Thus, (4.30) bounds the first probability. The second probability is bounded by

(2.23), which, as cK~n?, is absorbed by cs ™2 since s < R< K. [

We use (4.31) along with (2.54) to get the toral gambler’s ruin-via-annulus estimate:
P (T, (001)) < Trac(00.05); Trrc(00) = Trac(@D(0.5-5))

 log(R/Jil) + O)
log(R/r)

+ O(s™ M), (4.33)

We now give results on these probabilities for a finely-tuned set of radii and annuli
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which will appear in later chapters. For n large and ¢ > 0 and set the following:*

n, 3k 4 I .
/rn,k‘:en y S =T, rn7k;:rn7k;+3k, k‘:(),l,...,n,
nl
Sp=1 = VTnn-1- (434)

For large enough n, n* < rf, for any 1/2 < § < 1, so for any & € 7 (0D(0,rm1)s,)

and 1 <[l <n-—1,

. 5
o3 = Il 2] < i + Ty <B4 en(1=8),=3(1-8)+3 ;3 | -1
Tnil—1 Tnil-1 Tnil-1
z
— log ( 121 ) =3logn + O(n™*), (4.35)
Tnil-1

so by (4.29) and (4.35) we have

apy = P* <Ter(D(o,rn,l+1)c) < T, )5 Ta (DO i3)e) = Ter(aD(o,rn,lH)sm))
3logn +O0(n~*) +O(r, /)
B 10g(rpi41/Tni—1)

3logn + O(n™*) M 1 _
— O +2y _ 4
610gn + (Sl ) 2 +0(n )?

+ O(s;M2) (4.36)

Likewise, using (4.35),

5 5
N3 = Tl 2] < i + T < 05 (n? 4 e (=0 BO-043) =3 T
Tn,l+1 Tn,l+1 Tn,l+1
= n® — n =n’—0(Mn) < Dbl 3 (4.37)
nt 41 |z '
r
= log ( TT) =3logn + O(n™*),
T

*The use of different thicknesses of s,,_1 depending on direction is due to the entry probability
from level n in the lower bound argument of Chapter 7; see Section 6.2 and (7.22) for details.
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by = P* (TﬁKw(o,r;,l_l)) < T (DO w1+ Tar (DO, 1) = TerwD(o,rn,zfl)sl,l))

1
=3 +o(n™).

4.2.2 Green’s functions

(4.38)

We start calculating bounds for the external Green’s function with & € 7, (D(0,n/2)),

j € 7(D(0,n)): by (4.5) with A = 7x(D(0,n)), (2.58), and (4.25),

A A A A PN Pz A A
G ((0D(0m))5) (T, 0) < Gape(po,n)) (2, 9) + Gir (D) (U, 9)-

In particular, if = 0 and s = O(n), then p; < en~? and by (2.55),

A A N oA p.ﬁf? A A A
G (0D(0.),)5) (£ O)SGﬁK<D<07n>>(%0)+ G (D(0,n)) (0, 0)

= Gr(onms)(&,0) = IOg (| |) +C(p) +O(|2]7Vh.
By (4.6), (3.18), and (4.26), for &,y € 7x(D(0,n + s)%),

. . b5 -
Gir (0005 (£, 9) < Gare(Donts)s)(E,9) +

c(log(|| A 19]))*.

—Gfr n+s)¢ Aa J
T g, (DO 5 (9, 9)

(4.39)

(4.41)
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Finally, for & € 7x(D(0,n/2)) and g € 7 (D(0,n+5s)%), by (4.7), (4.23), (4.27), and

the above,

Gax(@D0m))5) (T, 9) (4.42)
=i { = Cle(piom) (i 2), iCA?er(D(o,w);()(z?, @)}
1 - Py 11— Qby

< e min {n*(logn)* (s~ + =), (log(|g]))2(s ™ v +)}

N

In particular, if s = O(n), then in this case G, (@pon).s)(Z,9) < en™?, and if

s = O(y/n), the bound is en=".

4.2.3 Hitting times

By (3.2) and (3.19), for y € D(0,n + s)¢ C Z*, the external planar annulus hitting
time EY(Tppon),) = 0o. Since, starting from inside the disc € D(0,n), there is
positive probability of hopping over an s-width annulus, then by the strong Markov

property on Tpon+s), the internal planar annulus hitting time E*(Typ(o,n),) = 00 as

well. This is not the case for the toral analogues of these times.

Torally, our walk can make small or targeted jumps before the disc escape time. To
bound the annulus hitting times, we employ (2.28), (3.20), and (4.15). These yield,

for some ¢, ¢ < oo,

faxoomy = sup  E¥(Tigpomyg)) < e, (4.43)
TeR K (D(0,n))
Sar(DOnrs)s) = sup E% (T, (D(0ints)) < /(K log K)*. (4.44)

gerk (D(0,n+s)%)

By (4.16), (4.17), (4.43), (4.44), (4.23), and (4.27), the expected annulus hitting time
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is bounded above: if & € T (D(0,n/2)) and g € 7 (D(0,n + $)%),

" B Sk (DOn+5)5,) T O far(DOn)
E*(Ts x0p0,m).) < E (T (pon)s,)) + s [ aliad A =

1 — o
< Ef(TﬁK(D(O,n)%) )+ (s7M 2 v M) (K log K)?; (4.45)

Jar(DOn) T VSfax(D0On+s)s)
1 —vo

< c(Klog K)*. (4.46)

EY(T: e 000.0)) < EY(Thr(D0nts)) + 05 [

In particular, if s,n = O(K), then for K sufficiently large, note that by (2.28),

K2 — |if?

5 + O(K),

E* (T (D(0m)s,)) =

which, with M =4 + 2, reduces (4.45) to

E* (Ts 0p(0m))) = (1 4+ O(K*7P)) E* (T (p(0.0)5,))- (4.47)



5 Harnack Inequalities

Here we will generalize Harnack inequality results from [3] by expanding their range

and moving them to the torus.

5.1 Interior Harnack inequalities

Our first interior Harnack inequality is flexible enough to be useful on its own, and
can be fine-tuned to our applications. We find the planar version first, then move it

to the torus.

Lemma 5.1. Uniformly for 1 < m < r, with s < -, z,2' € D(0,2r), R = 4mr,

im’

and y € D(0, R)¢,
Hpo,rye(,y) = (1 + O(m™))Hppye(2',y) + O(R™ " log R), (5.1)
where the error term is completely absorbed, i.e.,
Hpo,r)e(2,y) = (14 O0(m™"))Hpo,r)(z',y), (5.2)

if s < (log R)* and y € D(0, R),.

o4
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Furthermore, if x € 0D(0,7), and y € D(0, R)®,

P (STD«),R)C =4, Too,re < Tp(g L+S)> (5.3)

T4m

= (1 + 0(777,_1))P9C (TD(O,R)C < TD(O,ﬁ—i—s)) HD(07R)c(x, y) + O(R_M log R),
with a similar loss of the error term if y € 0D(0, R)s.

Proof (In this proof, we switch freely between R and 4mr.) First, we decompose

D(0, R) and examine Hp gy (Z,y):

Hpo,ryc(z,y) = Z + Z + Z Gpo,r(z, 2)pi(z,y).  (5.4)

zGD(O,er) 2€D(0,3mr) z€D(0,4mr)
\D(0,2mr)  \D(0,3mr)

If X is finite range, then for r sufficiently large, the first two sums of (5.4) are zero.
Otherwise, we bound the Green’s function via (2.55) and (2.57), and by Markov’s
inequality, ZzeD(0,2mr) p1(z,y) < c(mr)™ < cR™™. Together, these yield, for some

c < 00,

Gpo.r) (T, 2) < Gpo2r)(0,2) < clog R

= Z Gpo.r)(z,2)p1(2,y) < cR™log R. (5.5)

z€D(0,2mr)

By (2.44) and (2.47), uniformly in € D(0,2r) and y € D(0, 2mr)¢,

2 _
aly —x) = —logly — |+ O+ O(ly — | ™)

— = logly| + €'+ O(m™) = aly) + O(m ™) (5.6)
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For z € D(0,4mr) \ D(0,2mr), by the symmetry of the Green’s function, the fact
that H is a probability, [17, (4.28)], and (5.6), we have
GD(O,R) (7,2) = GD(O,R)(Za 95)

= Z HD(OR (z,w)a(w —z) | —a(z — ) (5.7)

weD(0,R)c

= Z Hpo.rye(z,w)a(w) | —a(z) +O0(m™")

weD(0,R)c

= Gp(o.amr)(2,0) + O(m™).
By (2.55), Gpo,r)(2,0) > ¢ > 0 uniformly for z € D(0,3mr) \ D(0,2mr), yielding
Gpo.r) (2, 2) = Gpo,r)(0,2)(1 +O(m™)). (5.8)
For z € D(0,4mr) \ D(0,3mr), by the strong Markov property at T 3ms)

Gpo.r)(2,7) = E*(Gp(0,r) (STp 0.3 T); TD0,3mr) < TD(0.4mr)e) (5.9)
= E*(Gp©,8) (STp0.8mr ©)s TD03mr) < TD4mr)e; [ XTpo gy | > 207)

+ IEz((;’D(O,R) (STD(0,3mr)7 ) TD(O 3mr) < TD(O 4mr)e° ’XTD(O 3mr) ’ < er)
By (2.57) and (4.27), the last term here is bounded, for sufficiently large r, by

c(log R)P*(| X1y g | < 2mr) < c(log R) P*(Tp(0,2mr) < Ton(0.20m5)mr)
c(log R)(2mr)*log(2mr)? [(mr)™™ + (2mr)™]

< C(lOg R)3R7M+2 < CR7M+2+ﬁ-
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Applying (5.8) to the first term, then switching it back to its original form, yields,
for z € D(0,4mr) \ D(0,3mr),

GD(O,R) (Z, IL‘) = (1 —|— O(m_l))GD(OyR) (Z, O) + O(R_M+2+B). (510)

The planar version of (2.59) gives us Gp(o,r)(z,z) > < for z € D(0,4mr)\ D(0, 3mr).

This reduces (5.10) to

Gpo.r) (2 x) = (1+0(m™"))Gpo.r(2,0). (5.11)

Combining (5.4), (5.5), (5.8), and (5.11) yields (5.1).

For (5.2), let y € 9D(0, R);s. The only thing we need to do here is show that the error

terms are absorbed, i.e., for some ¢ > 0, with M =4 + 20,

m™ Hpo.rye(z,y) > cR™™ log R. (5.12)

Wlog, we can show this for 2 = 0. First note that, for |z| < i, by (2.55) we have

Gpo,r)(2,0) > clog = clog100 > ¢ >

=l o

(R/100)

for some ¢ > 0, and for z € D(0, R) \ D(0, R/100), by the planar version of (2.59),

Gpo,r)(2,0) > & as well. Hence, by this, a last exit decomposition, and (1.2),

c
771_1]‘[1:)(0,1%)6(Ou?J):m_1 Z GD(O,R)<Ouz)p1(Z7y)Zm_R Z pi(z,y) (5.13)

2€D(0,R) 2€D(0,R)
c

_Re—ﬁsl/“ = c¢(mR) e Pl — ;' R71P > cR"M log R.
m

>
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To show (5.3), we start with the decomposition

PZ‘ (STD(O,R)C =Y, TD(O,R)C < TD(O,&-}—S)) (514)

= Hpo,p)(v,y) — P* (STD@R)C =Y, Too.re > Tp(g L+S)> :

T4m

By the strong Markov property at T' D(0,25+5)
T4m

pP* <STD(0,R)C =, TD(O,R)C > TD(O,ﬁ—l—s))

=[E" [HD(O7R)C (STD( ),y> ; TD(O,R)C > TD(074:,L+S):| . (515)

s >
O gm ts

By (5.1), uniformly in w € D (0, 2r),

Hp(o.r): (STD< y) = (140 (m™)) Hpry(w,y) + O(R" log R).

0.5 +9)

By (2.51) and (2.52), with m > 1, uniformly for z € 9D(0,7), (say |z| = cr,

1 <e<?2), 3¢, >0 such that

log(¢'m) + O ((£)™"* -
T Behad R S N
p* (TD(O,R)c > TD(O,ﬁJrs)) = % t+o ((%) _1/4> ) (5.16)

so the probabilities are both bounded below by a constant. (The small m case operates

similarly, but due to the small constants involved, the lower bound must be reduced;
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1 for one of them suffices.) Combining these and (5.15) into (5.14) yields

P (Stoome = ¥ Toome < Tp(o.c +4))
= Hpo,p)c(z,y) — E* [HD(QR)C (STD(OJI%H),y) ; Tpo,r)c > TD(O,Jn+8):|
= Hpo.nr(w,) [Pl’ (TDM)C < TD(QﬁH)) +pe (TD@R)C > TD(QﬁH))
—(1+0(m™))P* (TD(QR)C > TD(O’ﬁH)) + O(R ™M log R)}

= Hp(o,r)(2,9) (1 +0 (m_l)) pP* (TD(O,R)C < TD(QﬁH)) +O(R™MlogR). O

Here is a focused result for our applications which follows directly.

Lemma 5.2. Let ¢" < r, R = n’r (ie., m = ”73 for R = 4mr). Uniformly for

z,x’ € D(0,r ++/r) andy € OD(0, R) 1,
Hpo,p)e(z,y) = (1+0 (n*)) Hpo,r)e (2, y). (5.17)
Furthermore, uniformly in x € 0D(0,7) 5 and y € 0D(0, R),s,

P*(Stp e = Y, Ipo,R)e < TD(O,n%Jrn‘*)) (5.18)

= (1 + @) (n_3)) Pw(TD((),R)c < TD(O,TE+H4))HD(O,R)C(JI7 y)

We now move these results to the torus.

Lemma 5.3. For larger and 1 < m < r such that R = 4mr < K/6 and s < (log R)*,
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uniformly for &, &' € 1 (D(0,2r)) and y € 7 (D(0, R)%),
Hipe (00,150 (8,9) = (140 (m™)) Ha (oo, myse) (&5 9)

+O(R™MlogRv K~ R?). (5.19)

Furthermore, uniformly in & € 1 (0D(0,r),) and § € 7x(D(0, R)S%),

~

P*(St.

K

o) = U Trx00.R)5) < Tar(D0.75+)

~
A A

= (140 (m™)) PUTap0.r)50) < Tar (00,25 +0) Har (D050 (2:9)

+O(R™MlogRv K~ MR?), (5.20)

If g € 7k (0D(0, R)s), the error term is absorbed in both of these statements.

Lemma 5.4. Let n > 13, " <r, R=n’r (i.e., m = %3 for R = 4mr). Uniformly
for 2,3 € g (D(0,2r)), K > 4(R+n*), and § € 7 (0D(0, R),1),

A

Her(D(O,R);{)(i'a 33) = (1 +0 (n*?’)) HﬁK(D(07R)§()<i’I, :I.]) (521)
Furthermore, uniformly in & € T (0D(0,7) /) and § € Tx(OD(0, R)p4),

P51, oy = U Tar 00.0)5) < Tre (D0, 25 +01))) (5.22)

~
A A

=(1+0(n7)) PX(Taypwo.r)5) < Tare (00,5 -+n1) Hae (000, R0 (&, )-

Proof As before, wlog, we can take #’ = 0. Let s be the size of the annulus for (R
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for Lemma 5.3, n* for Lemma 5.4). For brevity, set

Ap = {STD(O,R)c:y}7 dy = |STD<0,R)C_STD<01R>C_1|’
A = {STer(D(o,m%):g}’ dp = |ST K (D(0,R)%,) STWK<D(0R >1|

Note that z and y are the primary copies of Z and gy, and so |z — y| < \%, but that
d, is a planar distance using a planar escape time and d; is a planar distance using
a toral escape time; hence, both can exceed , the maximum distance between two

points in Z3.

To prove (5.19), first we re-label (5.1) as
Hpo.n:(@,y) = P7(A,) = (1 +0 (%)) P”(A,)+0(R™MlogR).  (5.23)
We have the decomposition
P*(A,) = P*(A,;d, < K —2R) + P*(A,;d, > K — 2R). (5.24)

On the plane, the second term of (5.24) is zero for all but the furthest-away y in the
primary copy (i.e., K —2R < |z — y| < K) for those y, we have, by (2.21), (2.17),
and (2.4),

P*(Ay;dy> K —2R) = > Gponlz,2)P*(|X; — 2| > K - 2R)

z€D(0,R)

< cKMR2 (5.25)

The toral version can be written using planar distances as a decomposition, but using

the toral disc escape time means a further decomposition comparing the planar and
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toral escape times a la (2.23). We decompose ﬁﬁ-K(D(O,R)%)(i, §) = P*(A;) as

P*(Ay) = P*(Ay; dy < K —2R; Tp(o,r)e = Trwe(D(0,R):,)) (5.26)
+ P*(Ay; dy > K — 2R; Tp(o.pyc = T (D(O,R),))

+ P*(Ay; Too.rye < T 1 (D(O,R)S,))-

In the torus, the first term of (5.26) equals the first term of (5.24), plus a large jump

error which contains some paths from the second term of (5.24) (if y is far): by (5.25),

P*(Ay;dy < K —2R; Tpo.rye = Ter(D0.R):))

3(
— P*(Ap;d, < K —2R) + P*(Ay;d, > K —2R;d, < K — 2R)

= P*(4,) + O(KMR?).

The second term of (5.26) only occurs if the final, escaping jump is large: by (2.21),
(2.17), and (2.28), just as in (5.25),

P*(Ay; dy > K — 2R; T pye = Tix(D(O,R),)) < P*(Ay; dy > K —2R)

= Y Gaoonry(#2)P*(|X) — 2| > K —2R) < cK MR’

s€#x(D(0,R))

The last term of (5.26) requires a large jump to have occured. Hence, by (2.23),
Pj(At, TD(O,R)C < Tﬁ-K(D(O,R)%)) < CK_MRQ.
Therefore, (5.26) reduces to

P*(Ay) = P*(A,) + O(KMR?). (5.27)
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(Due to targeting, this is generalizable to any planar set B C D(0, R) for R < K/4.)
Combining this with (5.23) gives us (5.19):

PH(A) = P(4,)+O(K ‘MRQ)
= (1+0(%))P* O(K"MR?) 4+ O (R ™log R)
— (1+O(}%))Pf” (A) + O(K™MR*) + O (R"MlogR) .

The proof of (5.20) follows from the Markov property argument for (5.3), using the
appropriate toral identities: (5.19) for (5.1), and (2.53)-(2.54) for (2.51)-(2.52). (5.21)

and (5.22) are applications. [

5.2 Exterior Harnack inequality

To aid our construction of an exterior Harnack inequality, we first establish uniform
bounds on external Green’s functions and probabilities in the torus and plane. Fix
0 < 1 and use r > e" for some n > 13, R = 4mr for some 1 < m < r, and

s < (log R)*. First, for & € 7x(0D(0, R)r/100) and § € 7x(D(0, R)% ), we show that
Clare (D015 () = ¢ > 0. (5.28)

Pick some 7, € 7 (0D(0, R)), and, proceeding clockwise, choose points T, ..., T35 €
7x(0D(0, R)) whose rays beginning at 0 divide 7x(9D(0, R)) into 36 approximately
equal arcs. The distance between any two adjacent such z; is, for sufficiently large R,

approximately 2R sin(7/36) ~ 0.174R. Thus, using discs of radius R/5 (so adjacent
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circles contain their neighbor’s centers), and by (2.54) we have for any j =1, ...,36

inf PY(Ts (D(a. < T s 5.29
sernl s (T (D(2j11,R/5)) % (D(O,r+5))) (5.29)

> inf P*(Ts . (D(x, < T (D(2 <)) > >0,
Z i sy T Tr0iabys) < Tt moio) 2 €

for some ¢; independent of n,r, R, n large, and z3; = ;.

Hence, by the strong Markov property, rotating through the arcs, we have

inf inf P (T (D(a < Th(D(Og+s)) = C2 1= ¢} 5.30
o et oy T Tr0@irys) < TrDor4s) 2 €= (5.30)

D(zj,R/5)

(zj+1,R/5)

AD(0, R) s

Figure 5.1: Possible selections of #; and Z;41, with associated
discs and annuli.

Furthermore, it follows from (2.50) that for any j,

inf _F)j Tj/ < Tfr s 5.31
&4/ €t (D(x;,R/5)) ( K(DOr+) (5.31)

. B C3
> f Px Tf:’ < Tﬂ- 2 c >
_ieer(Ll)l(qz/,QR/5)) ( K (D( ’R/Q)K)) “logR
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for some independent c3 > 0.

Since 7x(0D(0, R)rj100) C U 7k (D(x;, R/5)), combining (5.30) and (5.31) we

have, for some independent ¢4 > 0,

inf PY(Ty < T ) > . 5.32
R ( K« (DOr+s))) = g B (5.32)
It then follows from (2.46) that
inf G risyen (&, 2
&,2' € (0D(0,R) g /100) x(DOr+ )K)< )
= inf PQ%T;)}/<T7? r+s Gﬁ r+5)¢ AlaAl
P ( Kk (DO+9))) G (DOr+5)5) (2, )
Cq A NN
21og RO 0@ R (T ) 2 ¢ >0 (5.33)

for some independent ¢ > 0. Using the strong Markov property, (5.33), and (4.27),

we see that

inf G/ﬁ—K(D(O’T.J’,S)%)(é?i) (534)

zet g (D(0,1.01R)%,),
&erk (0D(0,R)r/100)

= E* <G7ArK(D(OvT+5)§()<ST7ATK(D(O,1A01R)) ) i); ST%K(D(O,LOIR)) < ﬁK(aD(O? R)R/loo))

>c>0.
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This gives (5.28). Applying the same argument once more,

A

inf GﬁK(D(O,r+s)§()(27 f) (535)

2€7 ;¢ (D(0,1.01R)S,)
iEﬁK(D(O,R)ﬁ()

> E* <GﬁK(D(07T+8)§<)(STﬁK(D(o,LmR)) ) i); ST'/?K(D(O,LOIR)) < ﬁK(aD(Q R)R/loo))

>c>0.

Hence, for all 2,9 € 7x(D(0, R)S),

~

G (DOr15)5) (T, 7) = ¢ > 0. (5.36)

Next, we look at the external Green’s function near the r-disc: uniformly for z €

7k (D(0, R)S) and 2z € 7 (D(0,2r)) \ 7x(D(0,5r/4)), we have by (5.36) and (2.53),

A ~
A A

Ger(D(O,rJrs)%)(xa Z) = GﬁK(D(O,r+s)§<)(27 ',i')

~

=[E* (GﬁK(D(O,r—o—s);{)(ST,}K<D(07R)«;{)aj); i (D(O,R)S,) < TﬁK(D(O,r+s)))

C

> cP*(Trcp0,R)s.) < Trr(DOs+s)) = (5.37)

~ logm’
Getting closer to the disc, for any € > 0, uniformly in 2,2’ € 7x(0D(0, R)r/100) and

z € r(D(0,2r) \ 7x(D(0,r + (1 4+ ¢€)s)), we have by the strong Markov property
and (5.32), for any 2’ € 9D(0, R) g/100,

G (DOr+5)) (&, 2) = PY(Ty < Tri(D(or+s))) Gax(DOr+5):) (& 2)

Gl (D(0.r+5)5.) (T, 2)
log R

(5.38)

In view of (2.59), if ' € 7x(9D(0, R)r/100) is chosen as close as possible to the ray
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from the origin which passes through 2, we have

A "o A o c
Ger(D(O,r+s)§<)(33/; 2) > Gag (D@ /|- (r+s))) (&, 2) > L (5.39)
which, combined with (5.38), gives us
. c
inf G (Diorsaen (F,2) > . 5.40
JACE?TK(8D1{(1LF€)R/100) x(DOr+ )K)(x Z) N RlOgR ( )
z2er i (D(0,2r))\ 7k (D(0,r4(1+4¢)s))
Using the strong Markov property, (5.40), and (4.23), we see that
iIlf GAﬁK(D(Q,T_’_S)%)(,%, .f) (541)

d€ g (D(0,1.01R)S,))
2€n ik (D(0,2r)\ 7k (D(0,r+(1+4¢)s))

A

> [ (GﬁK(D(Ovr+S)§()(STfTK(D(O,l.OlR)%) ) ‘%); STﬁK(D(o,l.mR);{) S ﬁK(aD(O’ R)R/100)>
C

RlogR’

>

Hence

inf GﬁK(D(O,rJrs);()(fa ) >

2€# i (D(0,R)%))
zefr (D(0,2r)\ft 1 (D(0,r+(1+¢)s))

By removing the (hidden) targeted jump error terms, the entire argument in (5.28)-
(5.42) also applies to the plane. We now modify a planar Harnack inequality, for

entering a small disc from far outside, that parallels Lemma 5.2.

Lemma 5.5. Let R = 4mr with 1 < m < r (m = o(r'/*)) and large enough r, and

s < (log R)*. Then, uniformly for x,x’ € D(0, R)* and y € D(0,r),,

HD(O,H-S) (1‘7 y) - (1 + 0 (m_l lOg m)) HD(O,T—I—S) (.7}/7 y) (543)
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Furthermore, for v, € 0D(0, R) /3,

PI(STD(O,T+S) =Y TD(07T+S) < TD(074mR)C) (544)
= (1+0 (m "logm)) Hpo,+s)(@, y) P*(Tpo,r+s) < Tpo,4mr))

= (1 +0 (mil log m)) Px/(STD(O,T‘FS) =Y Tports) < TD(074mR)C)‘

Proof For z,2’ € D(0, R)® and y € 9D(0,r)s, we have the last exit decomposition

Hp,r45) (2, y) = Z Z Z Gprrs)c(®, 2)p1(2,y).  (5.45)

2€D(0,5r/4) 2€D(0,2r) z€D(0,2r)¢
\D(0,r+s) \D(0,5r/4)

Let z,2" € 0D(0, R)r and set N > 4mR. Uniformly for z € D(0,2r) U D(0, N)¢, by
(2.44) and (2.48),

alx — z) = %log\x — 2|+ 0+ 0(|z — 2| ™) =a@ —2) +O(m™). (5.46)

Using the same approach as in (5.7), (5.46) implies that, for A(r+s, N) := D(0,N)\
D(0,7 + s),

GA(?"—i—s,N) (fL’, Z) = GA(T+8,N) (lj, Z) + O<m_1)7
which, by letting N — oo and applying the dominated convergence theorem,

GD(O,rJrs)C (l’, Z) = GD(O,T+S)C (J’J7 Z) + O(m_l)‘ (547)
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Applying (5.37) to (5.47) yields, for z € D(0,2r) \ D(0,5r/4),

Gporis)(®,2) = (1 +0(m " logm))Gporss)e (2, 2). (5.48)

Next, by the symmetry of the Green’s function, the strong Markov property at
Tp(o,5r/0), (5.48) for z € D(0,5r/4) \ D(0,7 + s), and decomposing, we have

GD(O,T+S)C (I’, Z) - GD(O,T+S)C (Z, fL’) (549)

= E (G p,r+5)°(STp 0.5 a0 L) 3 TD(0,57/2)¢ < TD(0r+5))5

= E (G p0,+5)(STpo50 0y T) 3 TD05r/2)¢ < TD043) s 1STp050yaye| < 2T)

+ EZ(GD(O,rJrS)C(STD(075T/4)c7x); Tposr/4)c < Tports) s ’STD(OVMM)C > 2r).

By (5.48) on the first term and (3.9) on the second term, (5.49) is bounded above:

Gpor+se(2z,2) <(1+O0(m " logm)) (5.50)

E*(G D045 (STpi s e %) i Toosr/2)e < T0r4s))

+ clog(R)PZ(\STD<075T/4>C] > 2r).
Applying the first two lines of (5.49) again, the first term here is

(1+O(m™ " 1og m))E*(Gp(o,45)¢ (STpi0.5 00 E) 3 Toosr/aye < Tp(or+s))

= (14 O(m " logm))Gp(orts)-(z: ') = (1 + O(m ™ logm))Gp(or+s)c (2, 2).
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A last exit decomposition of P*(|St,, > 2r), then (2.56) and (1.1) yield

0,5r/4)¢
Gp(orts)e(x,2) <(1+ O(m™'log m))GD(O’Hs)c(:B', 2)

+ClOg(R) Z GD(O,5T/4)<Z>y)p1(y7w)

ly|<5r/4
2r<|w|

<(14 O(m™ ' logm))Gp(or+s)(2', 2) + clog(R) log(r)r~ "2,

Since this argument is symmetric in x and 2, then we have that for z € D(0,5r/4) \

D(0,7 + s), and clog R = c¢(log4 + logm + logr) = O(log 1),
GD(O,T‘+5)C (l’, Z) = (1 + O(m_l log Tn))G(D(O,T+s)C (ZL‘/, Z) + O(T‘_M+2(10g T)2>' (551)

Finally, by (3.9), for z € D(0,2r)¢, Gports)c(z,2) = O(logR). Thus, for y €

OD(0,7)s, since ¢ pgape P1(2,y) < O(r=) by symmetry and Markov’s inequality,
Z Gporss)(T, 2)pi(z,y) = O(r M logr). (5.52)
z€D(0,2r)c

Combining (5.48), (5.51), and (5.52) bounds the sums in (5.45) to

Hporis(@,y) = (1+ O(m™'log m))Hpor+s) (2, y) + O(r " 2(logr)?). (5.53)

To complete the proof of (5.43) for z, 2" € 9D(0, R) g, we must show that, uniformly
for x € 0D(0, R)g and y € 0D(0,7r)s,

T7M+2 (log T)Z < C(mil lOg m) HD(O,r+s) (l’, y) (554)

With A, := D(0,2r)\ D(0,r+(14¢)s), using a last exit decomposition and bounding
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with the planar version of (5.42),

HD(O,?"Jrs) (.237 y) - Z GD(O,r+s)C (l‘, Z)pl (27 y) (555)

2€D(0,7+5)¢

C//
Z G(D 0,r sﬂ(xaz)pl('z)y) Z p1(27y)

for any ¢ > 0. Note that the annulus A, contains the disc D(v,2(1 + ¢€)s), where
vi=(r+3(1+¢)s)y/ly|. Thus, 2(1+¢)s < |y —v| < 3(1+¢)s, and (1.2) (where we

consider y € dD(v,2(1 4 €)s)(142)s), and with s < (log R)* < ¢(logr)?,

Somlzy) = D pilzy) > e IV S (9 (5.56)
2€Ay 2€D(v,2(1+¢)s)

Hence, combining (5.55) and (5.56), and since m < /r, R < r?, some ¢ > 0, and

r? > (logr)? for large enough r,

c(m~"logm)r—(1+e)' /8

Rlog R

c(m™"logm)Hp(o s (2, y) >
> cr’_(p“‘?)l/élﬁ(?n_1 logm)(mr)~*(2logr) ™!
> er 1082 (log m) (log )~

> cr 272 (logm)(logr)* > er ™ *%(logr)?, (5.57)

which proves (5.54), and hence (5.43), for z, 2’ € 9D(0, R)g.

Next we show (5.43) for € D(0,2R)°. Decompose the hitting distribution on

whether or not we enter D(0,2R) via the R-annulus: uniformly for z € D(0,2R)°
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and y € 9D(0,r)s,

Hpor+5)(®,y) = P (S1p0,400 = Y Tono.r)r > Tp(0,R))

+ P*(S1p0,00 =Y Ton.r)r < TD(0.R))-

We can bound the first term by (4.27):

P (S1p0,40 = YU Topo.r)r > Tpo.r) < P (Top,R)r > Tp(0.R))

< cR¥(log R)*(RM 4+ RM) < cR™M™2(log R)? < er M2 (log r)?.

By the strong Markov property at Thp,r),, the second term can be bounded, uni-

formly for ' € 0D(0, R)g, by (5.43):

P*(S1p0040 = Y Topo,.rR)r < TD(0,R))
= Ex(HD(O,T+S)<STaD(0,R)R7 y)7 TBD(O,R)R < TD(O,R))

< (1 + O<m71 lOg m))HD(O,r—i-s) (xla y)
Thus, combining the two, we have for z € D(0,2R)¢ and 2’ € 0D(0, R)g,
Hporis(2,y) = (1 + 0 (m’l log m)) Hporvs (@', y) + O(r—™*%(logr)?), (5.58)

which gives (5.43) for € D(0,2R)¢ and 2’ € 0D(0, R)g. Applying (5.43) again for
the same 2z’ and z” € D(0,2R)¢ gives (5.43) for z,2” € D(0,2R)°.

To prove (5.44) for z,2" € dD(0, R) /5, decompose Hp(o,1s)(2,y) over the event
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{Tp,r+s) > Tpamr)-} to get

Px<STD(O,r+S) =Y, TD(07T+S) < TD(O,4mR)C) (559)

= HD(O,T+S) (337 y) - PI(STD((LHLS) =Y, TD(O,rJrs) > TD(0,4mR)C)'

By the strong Markov property at Tpoamnr) and (5.43), the last term of (5.59) can

be further decomposed to

PI(STD«)HS) =y, Ip,r+s) > TD(0,4mR)c) (5.60)
= Em(HD(O,rJrs)(STD(OAmR)C,y) ) TD(o,r+s) > TD(0,4mR)c)

= (1 + O(m_l IOg m))HD(O,rJrS) (QT, y)Px(TD(O,rJrs) > TD(0,4mR)C)7

which gives us the first equality in (5.44). The second follows from (2.52) and (2.47),
since, for z,2’ € D(0, R) /5, if || = R and |2'| = R+ VR,

) R+VR —1/4
PZ (TD(O,’I‘-I—S) < TD(O,4mR)C) o log( r+s ) + O(T )

Pm(TD(O,r+s) < TD(O,4mR)C) N log (%) + O(T_1/4)

(5.61)

Rlog(-Z

r+s

=140 (%) +o(r VY =1+o0(m tlogm). O

We now fine-tune this result for our applications.

3

Lemma 5.6. As in Lemma 5.2, let e < r, R = 4mr = n’r. Then, uniformly for

z,x" € D(0,R)® and y € 0D(0,7),4,

HD(O,r+n4)(337 y) = (1 + 0 (”_3 log ”)) HD(o,r+n4)(33/> y). (5.62)
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Furthermore, for v, € 0D(0, R) /3,

P81, ity = Y3 TD04n%) < Tp(onsr)) (5.63)
= (1 + 0 (7173 log n)) Hp 40 (T, ) P (Tp(0r4n1) < Tp0,n3R)")

= (1+0 (n*logn)) P”*“'(STD(OM4> =¥ Toorint) < Toon3r))-

Proof This is a direct application of Lemma 5.5. [

When attempting to move the planar exterior Harnack inequality to the torus, we run
into difficulties in dealing with walks that wander and enter far-off copies of D(0, 7+ s)
instead of the primary copy. We modify the exterior Harnack inequality for the toral

case to fit our requirements.

Lemma 5.7. Let R = 4mr with 1 < m = o(r'/*) and large enough r, 4mR <
K/4, and s < (logR)*. Then, uniformly for &,&' € 7x(dD(0,R) g) and § €
Tk (0D(0,7)s),

Pj(STﬁK(D(OHS)) = U5 T (DOr+s) < TirK(D(OAmR)fK)) (5.64)

= (1 + 0 (mfl log m)) pt (ST,}K(D(O,HS)) = Ter(D(o,r+s)) < Ter(D(O,4mR)§()>-

As in Lemma 5.6, let e < r, R = 4mr = n3r. Then, uniformly for ,3' €

7 (0D(0, R) z) and § € 7t (0D(0,7)p4),

A

PEST, porinty = U5 Trc@rint)) < Trepnsr);) (5.65)

s

=(1+0 (n*logn)) P (S

F (DO rnd)) U Trre(D(r+nt)) < TﬁK(D(O,nSR)%)>'



I0)

Proof For brevity, set

D* := D(0,r +s) UD(0,4mR)°, A, ={Sr,. =y},

~

D* =7 (D(0,r+ s)) Uik (D(0,4mR)% ), A= {gTD* =4}

We start our walk at the primary copy x, consider the planar landing at the primary

~

copy y, and decompose P*(A;) = Hp.(x,y) along the planar large disc escape time

Tp(oamr)- and the toral annulus escape time T'.:
Px<At) = Px(At, Tf)* < TD(OAmR)C) + Px(At, Tf)* Z TD(O,4mR)C)- (566)

Since 7' D* C D*, Tp < Tp. a.s. The first term of (5.66) happens in the event
{Tp- = Th. = Tp(o,r+s)}, so the entirety of its action before the final step is inside

the primary copy of D(0,4mR). Hence,
P*(Ay; Tp. < Tpoamprye) = P*(Ay; Tpe = Tp.) = P*(4,p).

Note that P*(A,) is (5.44). The second term of (5.66) only occurs if a targeted jump

lands in a non-primary copy of D(0,4mR) \ D(0,r + s). Hence, by (2.23),

P(Ag; Tpe = Toamrye) < P (Tpoamrye < Trg(D©0amR):,.))

< O(K™™(mR)?).
(5.66) thus reduces to P*(A;) = P*(A,) + O(K~™(mR)?), which, by (5.44), is

P*(A) = (1+O0(m™ logm))P* (4,) + O(K~M(mR)>?). (5.67)
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Since M > 4, the error term O(K~(mR)?) = o(K~277) is absorbed via (5.57)
applied to the P*(A,) term above, with (5.16) one “level” up (D(0,4mR)° as the outer
bound instead of D(0, R)¢, D(0,r+s) instead of D(0, - +s), and x, 2" € dD(0, R) /5
instead of D(0,r),), which yields (5.64).

(5.65) is a direct application of (5.64). [



6 Excursions

In this chapter we find bounds on times of excursions between concentric annuli. As

in [9], for any hitting time 7' on the torus ZZ%, we set
T[] := sup E¥(T).

- 72
yeZK

By Kac’s moment formula for the strong Markov process S; (see [14, (6)]), we have
for any ¢ and g,
EY(T*) < KIEY(T)||T]|F. (6.1)

6.1 Between a small annulus and far out

Let R = 4mr. In this section, when considering visits to & € Z%, we will consider
excursions between a small annulus and the complement of a large disc, both centered

at . Define the times

O = inf{t >0: 9, € #x(0D(x,r),)}, (6.2)
0'(1) — 1nf{t > T(O) : gt € ﬁ'K(D(I, R);{)}v (63)

7
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and inductively for j =1,2,..., let

@ = inf{t > oW : Spyx, € 7 (OD(x,7),)}, (6.4)
Ut = inf{t > 0: S5, € 7x(D(z, R)%)}, (6.5)
where T, = f:o 7@ for j = 0,1,2,.... Thus 7 is the length of time of the jth

excursion &; from 7x(0D(x,7)s) — 7x(D(z, R)%) — 7 (0D(z,7),), and o\ is the

amount of time it takes for the first leg of £;. From here on, set 7 = ),

Figure 6.1: A sample excursion &;.

Our first lemma gives bounds on these excursion times, and shows their concentration

near the asymptotic limit.

; _ l—e __ K
Lemma 6.1. Uniformly for 1 < m < r, R = 4mr, cK'=° = R < 5, for some

small 0 < e < min{3, 3}, and (log K)* < s < (logR)*, I¢1 < oo such that Vn:
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L2>n2e ((5) +s'+ K7 (logK)?),
2 R A
1—n)—K?1 —) < min FY 6.6
( n)ﬂr og (r) < xrfé%{ (7) (6.6)

X 2 R

< max EY(7) < (14 n)— K2log< )
&,9€72,

Proof Note that z is the center of the discs we will analyze. Let Sy be distributed

uniformly on ZZ%. Then {S’t} is a stationary and ergodic stochastic process. By

Birkhoft’s ergodic theorem we then have that

Thus, with €_; =0,

1 T(J)
1 T 7 1 1
lim * Z] 01231 o L1 (5 +5501) =— as (6.7)
t—00 : ijo () K

Let p be uniform measure on Z2, and for j > 1, let
Z; =79 — B (0| Fe, ) = 79 — E%5oa(r).

By the strong Markov property, {Z;} is an orthogonal sequence. Since any irreducible,

aperiodic Markov chain with finite state space is positive recurrent, we have that

Fr(D(,R);) || < 00, and using (6.1) we see that the sequence {71}

| |T7rK (OD(z,r)
and hence {Zj} has uniformly bounded second moments. It follows from Rajchman’s

strong law of large numbers that
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Similarly, set 0¥ = 7(O and for j > 0 let Y; be the number of visits to & on the jth

excursion T (0D(x,r)s) = T (D(x, R)%) = T (0D(z,1)s):

e o) +6)
Y} = Z 1{577}(Si+‘3j—1) = Z 1{§?}<Si+fj—1) + Z 1{52}(52'4-‘3]'_1)' (69)
i=0 i=0 i—o @)1

Define
Y.

J

=Y - Y|Py, ) = Y - BT (V).

By the strong Markov property, {f/]} is also an orthogonal sequence, and since
Y; < 79 the sequence {f/]} also has uniformly bounded second moments. Thus,

by Rajchman’s strong law of large numbers,

1l ;
Jim 3 2005 %0 (R)] =0 as (6.10)
=

Let § € 7 (0D(z,7),). To bound E?(Y;) we need to consider the two sums in (6.9).

By (2.32), (6.9), and the strong Markov property at o), we have

Ey(yl) = GﬁK(D(%R))@7£) + EY (GﬁK((aD(Ivr)ﬁ)K) <ST7?K(D(3¢,R)§<)7JA:>> :

By (2.56), for some constant ¢* = ¢*(p1), and any § € 7k (9D (x,1)s),
; U. T 2 R k —
G (D(x.R) (U, 1) = — log (?) + & +O0(r 1/4).

Also, O(R) < |Sr. | — & < O(K), so by (4.42) and (log K)? < s,

K (D(,R)%

E? (éfrmaD(x,r);)K) (STﬁKw(m,m;()»f)) < clog K)?s™7% < es™MHP = o(s71).
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Hence, for some finite universal constant ¢y > 0 and all allowable s,

9 A
— log (E) + ¢ — cps™t < min min EY(Y1) (6.11)

r r z e (0D(z,r)s)

A 2 R
<max max EY(Y;) < —log (—) +c* 4 cps
T gerr(0D(z,r)s) Yy T

With 7 finite, we get by combining (6.7), (6.8), and (6.10) that, a.s.,

Se .
lim %ZE:JE ijl(T)

lim === = K> (6.12)
TR BT (M)

Consequently, in view of (6.11), for some universal constant ¢ and all 1 > n >

]

" 2
min ~ EY(7) < —K? (1 + ﬁ) log (E)
,

GERK (OD(2,1)s) T 3
X 2 n R
max EY(7) > = K? (1 — —) lo (—) 6.13
§ERK (DD (1)) (1) = T 3) %\ r (6.13)

For §) € 7 (0D(x,7)s) we have 7% = 0 and by the strong Markov property at o),

EV(r) =B (Trppwr) + Y. Haww@rs) (0 2) E (Taop@n.,) (6.14)
2eﬁK(D(x,R)§()

By (2.28) and R = cK'™¢,

EY(Taye(p@.R);)) = K7 + O(K'™) (6.15)

c
K
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for every ¢ € 7k (0D(x,r)s). Hence,

ma EY (T, (D(z.R)e
sermax BT )

71 ~
: <1 O <_>> min BT (p@,myg) )- 6.16
R/ gerk(0D(x,r)s) (T (piRygo) (6.16)

For the sum in (6.14), the Harnack inequality (5.19) yields, for any 4,9’ € 7x(0D(z,7)s),

Y Haeoemio) (0 2B (Tagon(er).)) (6.17)
e (D(z,R)%)

r 3 o] AN\ T2
- (1 o (Tz)) Y. Hewemi A E (Tegonen.)
zeip(D(x,R)S,)

+ O(R_M log RV K_MRQ) Z Eé(Ter(ap(I’r)s)).
zertg (D(x,R+5)%)
The last term of (6.17) is zero if p; is finite range, by taking s large enough so, due
to (5.19), the error term does not appear. Otherwise, the sum needs to be controlled:
since R = cK'~¢ and € > 0 is small, the Harnack inequality error is bounded above

by
CR_M IOgR _ CIK—4—2/3+6(4+2B) IOgK < CK_MR2 — CK—4—2ﬁ+2—25 — CK—2—2ﬁ—26

and by (4.46) with R = cK'™¢ the sum is bounded by cK* *¢(log K)?. Together
these, with (6.15) and (6.16), bound the last term of (6.17):

c(RMlog RVE™MRY) Y ETiopwn.) (6.18)

zeig (D(z,R)%)

< K (log K)* < cK ™ (log K)*_ min | E¥(Tey(ioio)-
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Hence, by (6.14)-(6.18),

r

max  EY(7) < <1+O<R

gefK (0D (x,1)s)

) +0(s7) (6.19)

+ 0 (K77 (log K)?) ) min  EY(7).

JERK (OD(z,1)s)
Taking also ¢; > 3¢y, we get (6.6) by combining (6.13) and (6.19). O

The next corollary gives upper bounds for the hitting time of 7x(0D(x,7),), and

improves on (3.20) for certain large radii.

Corollary 6.2. With the same hypotheses as above,

= |

ey max Ew Tfr x,r <c K2 lo
€23, weFK(OD(z,R)R) ( x (0D(z, )s)) =1 g <

) : (6.20)

s

max || s, @p(er.)|| < 1K log ( ) . (6.21)
€73

Proof Consider (6.14) for g € 7 (0D(x,1)s) escaping to 7 (D(z,4R)S ) instead of
7k (D(z, R)S), before returning. Then, by (6.6),

Z Hi o (D(war)s,) (U5 2) E*(Ts x(0D(@.r)s))

zei i (D(z,4R)S,)

< cK?log(4R/r) < ¢ K*log(R/r). (6.22)

Using the strong Markov property at Tk, (p(zar):.), (2.28), (5.19), (6.22), (4.46), and

c
K
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(6.18), we have for any w € (0D (x, R)r) and some universal ¢ < oo,

E* (T 00@m)) < B (Trp (D@ar)s,)) (6.23)

+ E® (Trc@D(@ir)s) — Trne (D@ar)s); Trx 0D@r)) > Trx (D@ar)s))

<cl@R+1P+ > Haeanyo (@, 2) E (T @nian.)

zertg (D(x,4R)S,)
r 2 PO 2
<c|(4R+1)*+ > [(1 +0 <§>> H o (D(ar)s) (U, 2)} E*(Tsx 0D(@.r)s))
sei (D(z,AR))
+O(R™Mlog RV K~MR?) > Eé(TﬁK(aD(ws))} < cK?log(R/r).
seiic (D(z,4R+5)5)
Setting ¢; > ¢, we have (6.20). (6.21) follows directly from (6.20), by considering S
projected onto Z2,, instead of Z3. for the furthest-out points 1. Note that, for these

W such that [& — 2| > &£ on Z3, (6.20) on Z3,; and the fact that annulus entrance

takes longer on larger spaces,

EY(Tar0p@r).) < EY (Thyar@D(r)s) < ¢(24K)?log(24K/r) < ¢ K?log(K/r). O

6.2 Decoupling an excursion from its endpoints

Let n > 13 and set the following variables as defined in (4.34):

_ _n, 3k _ .4 / _ _ .
Tpk =€ N, 8, =n", Tk = Tnk T Sk, k=0,1,...,n;

nl
Spi1 = \/Tnn—1

and set K,, := n’r,,, where 7 € [b, b+ 4] for some b = b(p;) > 10, to be determined

in Chapter 7.
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We say that, for a point & € Z%, and a path w starting at &, € Z3 , &9 # &,
the path w does not skip 2-bands if the path’s entrances and exits from the r,, ;-
sized concentric discs around z are made by small or annulus-targeted jumps, not
by medium or large untargeted jumps. More formally, a path does not skip z-bands
for a specified period of time if, during that time, escapes from 7x(D(x, 7)) and

entrances to g (D(xz,7;,,)) land in 7 (OD(x, rpk)s,)"

By the strong Markov property, the only effect that one excursion between annuli
has on another is via its beginning and ending points. In this section we build a
structure in which to analyze the dependence on these endpoints for a special class

of excursions.

The excursions we wish to examine are those from inside 7x(D(0,77,,_,)) out to

7 (D(0,7,,)%) prior to “one larger” disc escape at T, (p( ). Consider a ran-

0,7n,14+1) %
dom path starting between these sets at z2 € T (0D(0,7,,)s). Focusing on annulus-
based excursion end points w € 7x(ID(0,7y,41)s,,) and [ large, let H, ;14 be
the o-algebra of outward excursions 7x(D(0,7,;, 1)) — 7x(D(0,7,,)%) prior to

Ty (DOrmas1))- Let 7o = 0, and for ¢ = 0,1,2,..., define the excursion endpoint

times

Toip1 = inf{k > 75 € i (D(0,77,, 1)) Ut (D(0, T p41)5) }

T2i+2 = 1nf{k Z T2i+1 - Sk - ﬁK(D(O,T‘nJ)%)}

Abbreviating 7 = T, (D(0,r, 141)5.)> DOte that 7 = 77, for some (unique) non-negative

integer /. Then H,; 1y is the o-algebra generated by the excursions {é;) : j =

*That is, with the exception of level n — 1: entrances to g (D(z, 7y n-1 + 32£1)) land in the
thicker band 7 (0D(x, 7y n—1),ne ). This is for the purposes of re-entering the level structure from
n—1

the outermost level n; see (7.22) for details, and assume this notation for excursions from level n
down to level n — 1 if it is not mentioned.
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1,...,I}, where éj) = {S”k, : Tyjo1 < k < 7y;} is the jth excursion 7x(D(0,7,, 1)) —

T (D(0,7,,)%)- (The event {I = 0} is, of course, also included.)

Figure 6.2: Sample excursions - ¢(1) is between S, and S,,. I =2
for this path.

~

Let F; = o(Sk : kK = 0,1,...,7), and for any stopping time 7, let F, denote the

collection of events A such that AN {7 = j} € F; for all j.

We will focus on paths which do not skip Z-bands over a number of concentric annulus

excursions. Let Q;_JHfm denote the set of paths which do not skip Z-bands on

excursions between levels k = ¢ — 1,4,...,j until completion of the first m outward

A

“nit1m the same for the

excursions from 7 (D(z, 7)) — Tr(D(2, 7h141)%), and
levels in the index set A. Our first lemma shows that excursion paths faithful to

hitting 2-bands are “almost” independent of their beginning and ending points.
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Lemma 6.3. Uniformly in l, n, K,, B, € Hni—1q, 2,2 € 7(0D(0,7,,)s,), and

(NS er(aD(O, Tn,l+1>sz+1>7

P <B nog b

0,n,1+1,1

STﬁK(D(O,rn’l+1)§() = w) (624)

= (1+O0(n~3))P* (Bn A Qlfl,l,l+1>

0,n,l+1,1

and

2 1—1,10+1 - 2 1-1,0,1+1
P (B Q) = (14 O~ logm)) P¥ (B, n O ). (6.25)
Proof Fixing a starting point 2 € g (0D(0,7,,)s), it suffices to consider B,, €
H,i-1n such that P*(B,) > 0. Fix such a set B, and an ending point w €
7k (0D(0,7n141)s,,). Using the notation just introduced, for any i > 1, we can

write

1-1,1,14+1 .
BanQ 0 {I =i}

= B,y N A; N {7 < Ty N ({1 = 0,5 € g (OD(0, 7 141)51,,)} © Ory0)

for some B,,; € F,,,, where

Ai = {8, € 7x(0D(0,7n1-1)5 1)s Sry; € T (OD(0,70)s,) , Vi < i} € Foy,
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so by the strong Markov property at 7o;,

P*({S; =w}N B, le”“Jm{fzzp

J+1,1
= ]E'%[PST% (S? =w; [ = 0);Bn,z NA;N {7’21' < ?}],
I-1,L1+1 .
P (B, 0O A (1 = i)

= EE[PST% (S? I~ ﬁK(aD(O, Tn’lJrl)sHl); I = O), Bn,i N Az N {Tgi < ?}]

Consequently, for all i > 1,

S0 0 I=1,11+1 Iy
Pr({Sz=w}nN B, N l+11m{1_z}) (6.26)
P(Sr =y [ =
> P*(B, ﬂQl lll A1 =4}) min (57 = ) :
+1,1 €7k (0D(0,rm)s) P3(S= € 7t (9D(0, Tris1)siyy); L = 0)
Note that
{I = O} = {T D(0,m,141)%) < TﬁK(D(Oﬂ“;J,l))}'

Necessarily, P*(B,|I = 0) € {0,1} and is independent of 2 for any B, € H,_11,
implying that (6.26) applies for i = 0 as well. Hence, by (5.22) and (5.21), there

exists ¢ < oo such that for any 2,2 € 7 (0D(0,75,)s,) and W € Tx(OD(0, 7 141) s, )5

P (S- = ;1 =0) g -
. A N Z (1 —Cn 3)H77K'K(D(O,Tnyl+1)%)(z7w)'
P“f(S? S 7TK<8D(O nl—‘rl) ) I = 0)

Si+1

We note that, since (5.22) and (5.21) accommodate starting points up to a square
root of the distance away from their level’s starting radius of r,,;, this bound is good
for even the wide band stl = /Tnn1 < Tnpn-1 as a starting point (this is the case
l=n-—1).
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Hence, summing (6.26) over I = 0,1, ..., we get that

2 11,0141 3 1-1,0,1+1 A A
P*({S- =4} NB, N i) 2 (L—en™®)PA(B, Ny ’HTI)H,TK(D(OMJH)%)(z,w).

A similar argument shows that

~

2z -1,0,1 2 1—1,0,1+1\ £ AoA
P ({ }ﬁB ﬂQ 1l+fi)§(1+cn )P (B ﬂQ H_IFI)H x(D (O,Tmlﬂ)?{)(z,w),

and we obtain (6.24).

By the strong Markov property at 7, for any 2 € 7x(0D(0,7,,)s,)s

1-1,1,1+1 3 1—1,1,14+1 .
P*(B, mQHlHl) P*(B, Ny z+11m{[—0})

] i 1-1,11+1
+ > Hiye (D0, )sc (DO i)) (5 B)PT (B N Qg 70,

feﬁK(aD(Ovrn,l—l)slfl)
The first term is handled by (2.53). (6.25) then follows from (5.65). [

Next, we examine excursions going inward: let G¢, ., ; denote the o-algebra of ex-
cursions from g (D(z,rp141)%,) into 7x(D(z,7,;)). To this end, let & € Zj , let

7o =0 and for ¢ = 1,2,... define

7 = inf{k>7,_1: Sp € 7 (D(x, )},

v 'l

T = inf{k > Sy € Tx (D2, "n41)%, ) }-

Then GI, ,, is the o-algebra generated by the excursions {eW) : j =1,...}, where
eV = {8 : 7,1 < k < 7;} is the jth excursion 7 (D(z, mm11)% ) = 7 (D(x,7,,))

(so for j =1 we begin at t = 0).

Let 1 ,_1y,(m) be the o-algebra of excursions from 7 (D(x,7,;_,)) out to 7 (D(x,70,)%,)
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/

during the first m excursions from g (D(x, 7},

)) out to g (D(x, 7 141)%, ), @€, from

71 to Tpn. In more detail, for each j = 1,2,...,m, let @ =7;and for 7 = 1,.. ., define

Gi = inf{k> Z]z : S € T (D(x, 77, 4))}
Co = inf{k > (0 Sk € 7x(D(@,mnn)5,) )
Vji = {Sk (G <k < E},

Zi = sup{i >0:(;,; <7;}

Then ”Hﬁ’l_m(m) is the o-algebra generated by the intersection of the c-algebras
= o(vj; : 1 = 1,2,...,7Z7) of the excursions between 7; and 7;, for j =

x
n,l,j

1,2,...,m.

Lemma 6.4. There exists C < oo such that, uniformly over all m < (nlogn)?,

l,& € Zi, and §o,ih € L3, \ Tx(D(z,7,,,)), and H € H., ., (m),

(1= Cmn~logn) PP (H N Q5111 (6.27)
< Po (H N QlA—l,l,l—H |gﬁ,l+1¢l) < (1 + Cmn=3 log n)PQl (H N QlA—l,l,l—H )

z,n,l+1,m z,n,l+1,m

Proof Applying the Monotone Class Theorem to the algebra of their finite disjoint
unions, it suffices to prove (6.27) for the generators of the o-algebra H7,,_,,,(m) of the
form H =H,NHyN---NH,,, with H; € H?L,l,j for y =1,...,m. Conditioned upon
Gl 1, the events H; are independent. Further, each H; then has the conditional
law of an event B; in the o-algebra H,; iy of Lemma 6.3, for some random end

points Z; = S’TJ_ —2 € T (0D(0,1,,)s,) and w; = S%j —2 € 7g(0D(0,7p,141)s,,), both

measurable on Gi, ;. By our conditions, the uniform estimates (6.24) and (6.25)
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yield that for any fixed 2’ € 7 (0D(0,70)s,),

; =100+ | i ; = 11141 | i
Pio(H Oyt Gr i) = PO (H; N Qi,n,z+1+,1)|gﬁ,l+1u)

z,n,l+1,m

— H;’;l Péj (B] N QlA_l’l’H_l |§TD<

Zn,l+1,1 = w])

0,y 1)¢

= [IL(1+O0(n=3)P%(B; N Q;j,}jﬁj)

= (14 0(n 3logn))™ [T7, P¥(B; n Q5 ).

Since m < (nlogn)? and the last expression above neither depends on gy € Z2 nor

on the extra information in G, ,;, we get (6.27). [

Now that we have control over the excursion structure of paths that do not skip
Z-bands, we will control their layered excursion counts. Fix 0 < a < 2, and define
v = vg(a) == 3ak*logk for k =2,3,...,n, and N}, I =2,...,n — 1, as the number
of excursions from 7g(D(x,r],,_;)) out to Tx(D(x,rn)f,) until time R (a), the
time that v, excursions from g (D(x,7,-1)) out to 7x(D(z,7nn)%,) have been
completed. Let m X v denote the bound |m —wv| < k. Finally, let N be the number

of visits to & before RZ(a).

Lemma 6.5. Let Fz’l = {Nf{l =m;:1=20,2,...,0 =1} N Q;Mlﬂml Then, for
any 1 < ng < n, uniformly over allng <1 <n—1, my L v, {mi i =0,2,...,1},

€ L, and o, 11 € Ly, \ Tx(D(y,71,,)),

P@‘J(Ti,la Ng,l = ml|g}€,lu—1)
= (1+O(n"*(logn)?)) P™ (LY |N¥, = M) L - (6.28)
Proof Forj=1,2,...andt=2,...,[, let Zl-j denote the number of excursions from

g (D(x,1,,)) out to Tx(D(x,7h11)%,) by the random walk during the time interval

s 'nyg
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[7;,7;]. The event

my
:{Zzzj:mzlzz,l—l}mgz,,l_
n,t,mj_q
j=1

belongs to the o-algebra Hg,z_m(ml) of Lemma 6.4. It is easy to verify that, starting
at any 2o & Tk (D(y,7),;)), when the event {Nil =m}eg’ 11 oceurs, it implies

that N, = 37, Z] for i = 2,..., 1. Thus, setting H' = H N Q)

g,n,l+1,my

Pio(F%J‘gz,zuq)lmg‘l:ml} = Pjo(H/’gg,lil—l)l{Ng,l:ml}' (629)

With m;/(I?1logl) bounded above, by (6.27) we have, uniformly in § € Z% and

To, 71 € Z%(n \ﬁK(D(y,T;L,z)),
P™(H'|G} ;1) = (1+O(n"" (logn)?)) P (H'). (6.30)
Hence,
Pmo(ry l|gn - 1)1{Ny =m} =(1+ O(n_l(log n)Q))le(H/)l{NgJ:ml}- (6.31)
Setting &y = #; and taking expectations with respect to P% yields

le(ry\ v=m my) = (1 4+ O0(n"(logn)?)) P (H') (6.32)
= PPN = )1 iyi iy = (14O (log n)*) PP (H) x5

=(1 +O(n_1(10g”) ))Pwo(ryﬂgn Al— 1)1{Ny =my}

where we used (6.31) for the last equality. Using that {N}, =m} € G}, |, this is
(6.28). O



7 Late Points

We define the cover time of Z3. by the random walk S to be the maximum first
visiting time over all points in Z2: if Ti () = inf{t > 0 : S, = &} is the first time

visiting &, then the cover time of Z2 is

Teon(Z3,) := max Ti (). (7.1)

2e3

In [8], Dembo, Peres, Rosen, and Zeitouni showed that the cover time of Z2% for
simple random walk is asymptotic to %(K log K)? as K — co. This result was found
via strong approximation techniques to Brownian motion. The team reproduced this
result via purely random walk methods in [9], along with a multifractal analysis of
the late points of the torus. Here we generalize results from [3] and [9] to gain similar

results for toral random walks with jumps of infinite range.

Let a € (0,1). Anticipating the result, we call & an «, K-late point of the random
walk S on Z2 if Ti (&) > 2 (Klog K)*. Set Lx(a) to be the set of a, K-late points
in 73, i.e.,

Lx(a) = {x ez JE@) o 4_0‘}.

(Klog K)? — mr

93
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7.1 Upper bound of late point probabilities

First we show that excursion times are concentrated around their mean, and relate

excursions to hitting times.

Lemma 7.1. With the notation of Lemma 6.1, we can find §g > 0 and C > 0 such

that, if R < K/24 and 6 < 5y with 6 < 6¢1(s™' +r/R), then for all 3,7y € Z2%,

N 2
- mr
7=0
and
(L 2K?log(R/r) 2N (1 )
pio ZTQ) > (14 ) N5 ) < e~ CO?N(log(R/r)/log(K/T)) (7.3)
=0 o

9 QTA

# g (0D (x,m)s)”?

Proof Wlth T = 7'(1) = {Tfr (D(x,R)%) + Tﬁ-K(aD(x7r)S) e} QTer(D(z,R);'()}

ﬁeﬁkr(%%}((x,r)s)Ey(Tn) = ﬁEﬁKI(If%%}gx,r)s)Ey ({TﬁK(D(x’R)%) + TﬁK(aD(I’T)S) © QTﬁK(D(zyRﬁ()} )

—~ (n j (i n—j
<> ( ) max  BY(T2 p mye) (T3 iop@n.) © i)

= \Jj ) verr@D(ar).)
n n X ) R ‘
Yy J z n—j
: =0 (J> sen Bt b LoD (I’R)%))zeﬁK%%ﬁR)%)E atonian) -

Let u = %log([(/r) and v = ﬁlog(R/T). Then, by (6.1), (6.20), (2.28), and

(6.21), we can bound the moments of 7: there exist universal constants ¢, ce < 00
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such that for all & € Z%,

MaXjes (9D(r)) B (7)< maxges, on@ar)s) B (Tr g (DR ) )| Trx (D@, r)e) || 10!
+2¢, Zg =0 T |5, (D(z,R)% |]u ||T7TK @D )"
< (n+ D)W/ (cou)" L.
(7.4)

Taking n = 6/6 > 0, with our choice of r and R, it thus follows by (6.6) that for

p = cyquu’ and all § > 0,

MaX; MAXge s (9D (z,r)s) Ef(e7f7) < 1— Ominy MiNges, (ID(zr).) E9(7)

—|— maxxmax 1 (0D(,r) Ey
g (0D( ( ) (7.5)

IN

1—60(1—n)u + pb?

< exp(pt? — 0(1 —n)u').

Since 7(® > 0, using Markov’s inequality, we bound the left-hand side of (7.2) by

N
" (Z T < (1- 677)u’N> < N0 (=02 ) (7.6)
j=1
N
< 0N/ [60(1_’7)“/ max  EY(e”"7)| |
JERK (OD(z,r)s)

where the last inequality follows by the strong Markov property of S; on {%;}. Com-
bining (7.5) and (7.6) for 6 = du’/(6p) results in (7.2) for C' = 1/(36¢y).

Since 70 = T, «(@D(z)s), by (6.1) and (6.21), there exist universal constants cs,
ce < oo such that

i (0)
max E? (e /%) < cq.
x?y
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This implies

0)
poo (20 5 ) = poo (T 5 9 W N o elcsenr s/,
- 3 csu ~ 3cs u -

Thus, the proof of (7.3), like in (7.2), comes down to bounding

N

(ZT(] 1+477) N) <e —6u’ N6/3|: O(1+2m)u’ max ]Ey(eaT)

geTK(0D(x,1)s)

Noting that, by (7.4) and (6.6), there exists a universal constant cg < oo such that

for p = cgun’ and all 0 < 6 < 1/(2c3u),

max max E/(e’) <146  max )+ Z —Ey
& gerg(0D(x,r)s) JERK (0D (z,1)
< 1+60(1+2n)u’ + pd? (7.7)

< exp(O(1 + 2n)u’ + pb?).

Taking dy < 3cg/cs, the proof of (7.3) now follows that of (7.2). [

Next we apply Lemma 7.1 to bound the upper tail of Tx(Z), the first hitting time of
T ez,
Lemma 7.2. For any 6 > 0 we can find ¢ < oo and Ky < oo such that, for all

K > Ky, b>0, and &,3¢ € 7%,

P® (Ti(2) > b(K log K)?) < cK~(179mb/2, (7.8)

Proof Fix ¢ € (0,8), where dy is from Lemma 7.1. Let R = £ and r = R/log K.

Then Lemma 7.1 applies for all K > Kj and some K, = Ky(0) < oo. Fixing b > 0
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and such K, let

mrb(log K)* mrb(log K)?

nic = (1=9) 2log(R/T) = (1= )210glogK'

Then,
~ A~ nK .
P (T(#) > b(K log K)?) < P (TK(@) > ZT@)
=0
A nK .
+ pio (Z 70 > (K log K)2> . (7.9)
=0
The first probability in the sum in (7.9) is the probability of not hitting Z during the

first nx consecutive 7y (0D(x,1)s) — 7k (D(z, R)S) — Tx(OD(x,r)s) excursions.
By (2.50),

5 0 r rol/4
PP (T < Trg(pa,py,) = : g(R/l(ngRO)( ) (1+O(log(R)™)) (7.10)

uniformly for Z; € Tx(0D(x,7)s). For any &9 € T (D(z, R)S%),

P* (Ty < T (op(@r),)) < 1. (7.11)

Hence, by (7.10) and (7.11), the first probability in (7.9) is bounded above by

nK
max

#1 € (OD(0) [(1 = P" (T < Taoemys)) (1= P2 (Ti < Taonian.)))
Zo€ftg (D(z,R)S,)

< max exp (=P (Ts < Tap (D(x.R)e.))T
T #1€7r(0D(x,r)s) p( ( & (D( ,R)K)) K)

_ | ((reer/n+0aT N\ (1L 5 oe(R) -1 pbllog K)2 [ log(R/
<e K log(F) (1+0(log(R) ™) | < o =0 STogtrrm (Oliz(w;))

2
—(1-0) - o~ (1=8)mrb(log K)/2 o pr—(1-8)mrd/2

=e

(7.12)
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The second probability in (7.9) is bounded above by (7.3),

r

nK nKg 2
p# (Z 70) > b(K log K)2> < pio <Z P0) > (14 gy 108 (B/T) ”)
7=0

J=0

< 6—0'(1—5)7Trb(10g(K))2/ log(log K)

— Y

(7.13)

for some C" = C’(6) > 0. (7.12) and (7.13) combined with (7.9) gives us (7.8). O

The upper bound of (1.4) is as follows: For any o € (0,1) and v > 0, we have by

Lemma 7.2, that for 7/(2a) > § > 0 small enough,

R Tk (Z) 4o _
P 72 . B 5 T s g2(l-a)dy
({xe K (KlogK)? — mr )| —

o(l—a)— . Tk () 4o
2(1—a)—y 2 . ) g
=h E(H””EZKwKIogKPZw}D

o(l—a)— Tk () 4o
_ 2(1—a)—y -
=K ZP((KIOgK>22ﬂ'[‘>

72
TEL3,

< K% . (7.14)

K—o0

7.2 Lower bound of late point probabilities

Fixing 0 < o < 1, we prove in this section the lower bound of (1.4): for any ¢ > 0,
K, = e"n®*7, and some universal ny(d) < oo, there exists f,,(§) — 0 as n — oo such
that
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The sequence { K, },>n, covers all integers sufficiently to imply

m—r0o0

lim P (‘ {x ez Im® o 4_0‘} ‘ > m2<1—a>—5) = 1. (7.15)

Let a = 2« and fix p < 2_7“ We call a pair (#,w) n-successful if the path w does
not skip z-bands and has the following excursion and visiting counts (where, recall,

vy = 3ak*logk):
Nio=0, |NI, —v| <k, ie, NI, Koo, k=pn,...,n—1.

Recall that R% is the time it takes for v, excursions from #x(D(z,7,, 1)) out to
T (D(2,7nn)%,) to complete, and note that {N}, = 0} = {7k, (Z) > R%}. The next

lemma relates the notions of n-success and first hitting times.

Lemma 7.3. Let S, = {& € Z3 : Tk, (&) > RE}. Then, for some ¢ > 0 and all

nZ”O)

TK (j:) 2a 2 1 - 2
p n < 22 < cn /logn. 7.16
(U {(KnlogKm S lognf) =0 ° (7.16)

€Sy

Proof Set r =r,,-1, R = 1,,, and § = QGTOan. Then log(R/r) = 3logn, and by

(7.2) under N = v,, = 3an?logn excursions, we have that, for some C' > 0, all n > ny,

5 s 2
and any 7,9 € Zj ,

IA

P; := p% (TKn(j:) (2_“_ 2 >(KnlogKn)2,TKn(:f;) >R§>

mr  logn
N R 2 1
< pP* (Z W < (_a — > K2%(3nlog n)2)
= mr  logn

Un 2 2
S P:ﬁg (ZT(]) S (1 . 5)Un2Kn 1Og<R/T)) S 6—01:?.
=0

r
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Sum over & € Z2 and select ¢ < C'/2 so that ¢ e~ > 1 to get (7.16). [
Let Y(n,Z), & € Z3 , be the indicator random variable for the event
{Z is n-successful} = {w : (&, w) is n-successful}.

In view of Lemma 7.3, we have (7.15) (and hence (1.4)) as soon as we show that, for

any ¢ > 0, all n sufficiently large, there exists a sequence f,, — 0 such that

Pl > Y(ni)>E " >1- f.(0). (7.17)

~ 72
a:GZKn

First, we state [3, Lemma 6.1], a combinatorial result that will aid us in the proof of

Lemma 7.5.

Lemma 7.4. For some C' = C(a) < oo and allk > 2, |m—uvpy1| < k+1, [[+1—vg] <

k,
C~1}—3a-1 l 1 m+i+1 C'k—3a-1
S (MY (s <t (7.18)
Viogk { 2 Viogk
Lemma 7.5. Fix p < p < 2_7“ Then there exists b > 10 and q, > r;?fo(l")

such that for all n sufficiently large, uniformly in 5 € [b,b + 4] and & € Sk, =

Z%(n \ 7%K(l)(oa rn,n))?

P(Z is n-successful) = (1 + o(1,))qn- (7.19)

Proof We start by defining a way to examine excursions on a path. Let 7(1) be the

time of the first visit to g (0D (z, 7 pn—1) s ) (starting at 0, so coming from outside

nl
Sn—1

2’s levels into 2’s large level n — 1), and define 7(2), 7(3), ... to be the successive

hitting times of different elements of A, := U;_,, 7x(0D(x,7n4)s,) until time R}
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We can construct a path w’s “history” as follows: let m = (mp, ..., my_1,Mm,), where
my, is the number of upcrossing excursions of w (candidate values for N7 ) from level
k—1,ie., 7ig(0D(x,Tmr_1)s,, ), out to level k, i.e., #x(OD(x,rn1)s, ) before RZ, and
set [m| =23, mk — 1. Let ®: A, = {pn —1,...,n — 1,n} label the points of
A,, by their annulus: set ®(9) =k if § € 7 (0D (z, 7 k)5, ). Set h(w, j) = ®(w(7(7)),

the label of the annulus hit at time 7(j), where w € Q2% " = (Note that, since

znn—1mny"

we are referring to upcrossings here, at level n — 1 we use the thin band s, ; = n*

rather than the thick band stl = \/Tnn—1, wWhich is reserved for the downcrossing

nln—1) Since w e Q1" p satisfies

z,nn—1my’
hw,1)=n—1; |h(w,j+1)—h(w,j)| =1, =1,...,|m|—1; h(w,|m|) =n. (7.20)
Let H,(|m|) be the collection of all such maps
s:{1,2,...,|m|} —={pn—1,....n—1,n}

satisfying (7.20) for a given w € Q2" 1" Note that the number of upcrossings

z.nn—1my"

from level £k — 1 to k is

u(k) = {(7,7+1): (s(),s(G + 1)) = (k= L, k)}| = my.

An upcrossing from k£ — 1 to k£ can only occur before the last upcrossing from k to
k+1. Hence, the number of ways to partition u(k) upcrossings from k—1 to k among
and before the u(k + 1) upcrossings from k to k + 1 is

(u(k + 1%;@(@ - 1)’
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the number of ways to partition u(k) identical objects into u(k + 1) sets. Since
the mapping s is in one-to-one correspondence with the relative ordering of all its

upcrossings, we have

n—1
_ m +my — 1
)= T (" 1),

k=pn

Let hl be the first k coordinates of the sequence h. Applying the strong Markov
property at the times 7(1), 7(2), ..., 7(|m| — 1), we have, uniformly for s € H, (M)

and 2 € Sk,

n

Pl = 590 1 T, (2) > 7(iml) = [T a6, (7.21)

z,nn—1mn
k=pn

where a; and b; are described below.

We wish to examine the probabilities of excursions between annuli. For the outermost
level, from level n (i.e., the Z-band of width s, = n?* at radius r,,), the probability
that the toral walk crosses back down to 7, ,—1 via the thick Z-band (which is of width
Sni

o = \/Tnn-1, unlike all other bands) can be estimated by the bound below (4.27).

Uniformly for @ € g (0D(x,7n0)s,), and for large enough n, there exists ¢, ¢ > 0



103

such that

-1

b = P¥ (Ter(D(ac,rn,n—ri-szi ) Ter(aD(w’T”’"l)sml)) (7‘22)

=1-pP" (Ter(D(m,rmnﬂ) < Ter(aD(x,rn,nl)sml))

—M/2

>1- cr? 10g2<rn,n—1)rn,n—1

n,n—1

2—M/2
>1-— crnvn_{ log(Thn-1)?
>1-— c'r;B n?(logn)?

n—1

> 1 —de P3P+ 2(logn)? = 14 o(n™%).

From the innermost level pn — 1, applying (4.24), we will avoid visiting & and cross
back up to level pn via its s,, = n*-band, uniformly in @ € 7 (0D (&, " pn—1)s,n_1);

with probability

Qpn = P (Ter(D(z,rn,pn);a < T35 Tare(D@irnon)) = T@(@D(z,m,pn)sw))

log (222 ) + O(r, i)
=1-

g Fom (1+O((0g1npm) ™)) +o(n™)  (7.23)
3logn + o(e™™*) B »
n+ 3pnlogn (1+O((pnlogn)™")) +o(n™")

_, L 2 1
=1 pn—l—O((pn logn)™').

For the middle levels, set a; to the probability in (4.36) for upcrossings for | =

pn, ..., n, and b; to (4.38) for downcrossings:

1
a, bl:§+o(n_4), l=pn—1,...,n—1. (7.24)
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By (7.22), (7.23), and (7.24), (7.21) reduces to

n n—1
T aivis = apemven T aptis vi (7.25)
k=pn k=pn
1 [m|—mpn—mp+1
= ay(1+ o(n=4))mn <§ + o(n_4)>
n—1
since Z (my + mis1) = |m| — my, —m, + 1. Factoring % from the main terms and
k=pn

combining reduces this probability to

Qe (1 +0(n_4))|m|fmpn+1 ﬁ <l)mk+mk+1
pn 2 :

k=pn

[m|—mpn+1

Uniformly in [m|, we have (1 + o(n™*)) = 1+0(1,). Finally, for large enough

n, uniformly in m,, - Upn, and since a,,, p < 1, we can bound the term ap,™ below:
1 ) , 3a(pn)? log(pn)+pn
A" > (1 — p_n + O((pn~logn)~ ))

> 6—3apnlog(pn)+0(1) > 6c(pn)3pn(—a)

> en(—a+0(1n))ann(—a-‘,—o(ln)) > ,r,—a—i—o(ln)‘
= = "n,on

All combined, this yields the exact-history s, not-skipping-z-bands probability bound

P(hljmy = 535 271 T () > 7(|2)))

z,nn—1mnp

n—1 1 ME+Mey1
> (ot [T (5) (7.26)

k=pn

Taking m,, = v, = 3an®logn and summing over all possible maps s for each possible
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path w gives us
P(z is n-successful) = (1 + o(1,)) gn, (7.27)

which, by (7.26), is (7.19) for

a+o Mpy1 + My — 1 1 T
B > et 30 H( + )(2) . (7.28)

Mpn -y Mn—1 k= =pn
[mg—vk| <k

Note that ¢, does not depend on z. By (7.18), there exists C,C’" < oo independent

. . k k+1
of k such that, uniformly in my; ~ vi and mg 1 "~ veiq,

(7.29)

C'f—3e—1 > (mkﬂ +my, — 1) (;)mﬁmkﬂ . CJ;—3a-1

Vlogk my 2 Viogk

Since there are 2] + 1 positive terms for each [ such that m L vy, the sum in (7.28)
is a sum of [[;= pn(QZ + 1) terms; each of these terms is a product of (1 — p)n factors,
each of the form (™"~ Y (2)™ . Thus, using (7.29) and some Oy, ¢ < oo,

we can bound the sum in (7.28) by

n—1 ~y;.-3q 1]—3a—1
11 ik > 2z+1 H
o \/logk =om Viogk
Ok} 3a—1 n—1 Ck~ 3a—1
> ) H > [ +1 H = (7.30)
Mpn;--sMn—1 k=pn, l=pn k=pn log
[my—v|<i
n—1 —1/2
C1k3e n n(—a)
> H 11 - > (1 - )nC'(1 P 3(1=p)n H log k .
k=pn 08 k=pn
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o(1y

It is obvious that a constant ¢ is n°(*»), and n¢ is (n")°"+) for any fixed ¢ > 0. Hence,

(1 — p)nCL =" = (nmyoltn) = yolla), (7.31)

n,n

Next, n31=Pn(=0) combined with r,%0°" vields

r;c/z);ro(ln)nB(lfp)n(fa) _ (enn3pn)fa+o(1n)(n3(1fp)n)fa _ T,;(;iro(ln)' (732)
Finally,

n-1 tog (ITiZh 108 k) (1~ pynlog]

Hlogk =n"" —x= i §( p)nogogn_}o

o nlogn nlogn

n—1 —1/2
— (H logk:) = roltn) (7.33)

k=pn

Merging (7.28)-(7.33) results in ¢, > r;f}fo(l"), O

For a given n, define
[(Z,9) :=max{m € {0,1,2,...,n} : 7g(D(z,rm)) N Tx(D(y,nm)) = 0}

to be the largest radius index (up to n) of discs centered at Z and g that do not
intersect. We now show that the covariance of Y'(n, &) between pairs of points depends

on how far apart they are, based on this measurement.

Lemma 7.6. Fix e > 0. Then there exists b > 10 and C' = C(b,e) < oo such that
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for alln and &,y € Sk,

nt 2. b (ran \*TT .
C"'gon p'n <I(z,9) <n,

Tn,l

(1+ o(1n))gr I, ) = n.

E(Y(n,2)Y(n,g)) <

(7.34)

Proof First, note that, using the index set M; := {l,l +1,...,n — 1}, the same
analysis at the end of the proof of Lemma 7.5 yields, for any [ > pn, uniformly in

i€ Sk,, 7, and my < 3k*logk + k,

n

-1 me+mg1
- mk+1—|—mk—1 1 F +
P(N?Y, = M) = (1 1 = : .
(Wt =miok € ) = (o) IT (707 7) (5) (7.35)
Recall that v, = vx(a) = 3ak?logk and N L ooy if IN — vi| < k for pn < k < n and
N =0 if k = 0. We first note that, for p'n < I(2,9) < n, 2r, ;41 + 2 > d(z,9) >

2rp; + 2. Thus, there are, for some constants C,, j, ~ 4,
Hy : U(z,9) =1} = Cn,l+1<ri,l+l - 7“i,l)- (7.36)
Since 1y, 149 — Tny > Th 41, it is easy to see that
I=1(Z,9) <n = 7x(D(y, r;”)) N7 (0D(x, 1 k)s,) = 0

for k # [ + 1 (the thick band at k = n — 1 also satisfies this). Replacing hereafter
I with [ An — 3, it follows that for k # [+ 1,1 + 2, the events {N;}, X v} are
measurable with respect to the o-algebra er;,l U1 (defined before Lemma 6.4), since
the excursions outside these bands depend (up to error term) only on their beginning

and end points.
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Figure 7.1: An example of [(Z, ) = [ where levels [ and [+ 1 have
nonempty intersection

Slightly rewriting the notation of Lemma 6.5, define the set of y-faithful paths for the
set of indices A,

I9(A) = {Nfl’Z Lo ie AAnQd

y,TL,l,'l)l—"-l’

to be the set of paths with n-successful y-excursion counts on the levels of the indices
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of A. Using the index set J; = {0, pn,...,l — 1}, we collect all the pertinent inner-
level g-based excursions, and with the index set I; = {0, pn, ..., [,l+3,...,n—1}, we
combine the inner- and outer-level z-faithful excursion paths, skipping the two levels

where & and ¢’s annuli cross (causing a jump in their n-success covariance).

Note that T'%(I;) € Qf;l 1 (it skips the two levels in question). Then we have that

{# and g are n-successful} C TZ(I;) N T (J4,).

Recall that, if B € G, P(AN B|G) = P(A|G)1p. Applying (6.28), and focusing on

level [, for some universal constant C3 < oo,

P(z and y are n-successful) < Z E (P (FQ(J1)|N3J =my, g27l¢l_1> ; Fﬁ([ﬂ)

l
my~v;

< CoP(Ti(1)) > P (TN =) . (7.37)

!
mp~v;

Using Lemma 6.5, for some universal constant 0 < Cy < o0,

(14 0(1,))g, = P(y is n-successful) (7.38)
= Z E (P (FQ(JI)\NSJ = mhgg,lu—l) ) Ng,l = ml,Fg(MlH))
myLUl
>Cy Y P (N = mi, Ti(Mi) ) x PTACI)ING, = mi).
!
my~uvg

Hence, by (7.35) and (7.29), for some universal C5 < oo,

n—1
P (rgu,wvg, - ml> < O lg,l (H k% \/log k) . (7.39)

k=l

!
myp~v;
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Similarly, using Lemma 6.5,

P(U(1) < Y E(P(TR(I)ING = mu, Gy i) 5 Ti(Miys)) (7.40)
i
< CsP(T3(Miys) Y P(Th()INE, = my).

Comparing (7.40) and (7.38), and applying (7.35) and (7.29) again, we get

P(T2(Ih)) < Cql (ﬁ E**+/log k;) - (7.41)

k=l

Combining (7.37), (7.39), and (7.41) proves (7.34) for I(z,7) < n.

Finally, we deal with those pairs far apart. For most pairs (K7 (K —C\, 75 ) pairs for

some C), , = 47 of them), we have [(Z,y) = n. For these, the event {Z is n-successful}

is gg7n¢n_1—measurable, so by Lemma 6.5,

E(Y(n,2)Y(n,y)) = P(Z and ¢ are n-successful)
= E(P(y is n-successful | G ); & is n-successful)  (7.42)

n,nyn—1

< (14 0(n " (logn)?)(1 + 0(1))g2 = (1 + o(1))g2. O

We can now prove Theorem 1.1.

Let

Vi= Z E(Y(n,2),Y(n,9)), 1=0,1,...,n.

m7y€SKn 7l(j7g):l

Since, by (7.19), considering the sum W,, := Z Y (n, Z), the number of n-successful

i‘ESKn
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points T,

EW) =E | D7 Y(n,8) | = (1+0(1) K, > Ko,

CEESKn

recall the Paley-Zygmund inequality ([20, Lemma 14.8.2]): since W,, € L*(Q), for any

0 < A, <1, we have

E(W.)
P(W, > NEW,)) > (1 -\, == 7.43
( (Wa)) = ( ) E(V2) (7.43)
By (7.43), (7.17) will follow from the bottom half of (7.34) and
n—1
E(W2) = Vi< o(l,) K. (7.44)
1=0

To obtain this bound, first note that the definition of I(z,y) implies that d(z,y) <
27 i(zy)+1 + 2. Hence, on Zj, there are at most Cory,;,, points § € 7 (D(x,7pn41))
(from here on, C,, are constants independent of n). Since 2p’ < 2 — a, there exists

('} < oo such that the covariances on the inner levels sum to

p'n—1

> U< 3 E(Y (n, )Y (n, ) (7.45)

fc,gezin WA(@,9)L2r, 1,

< > E(Y (n,&)) < Ciga K212 1, < 0(L,) K.

n' n,p'n

&.9€Li. d(2,9)<2r, 1,

Choose ¢ > 0 such that 2 —a —¢ > 0 and fix [ € [p'n,n). Then, by (7.34), the

outer-level covariances are bounded by

a+te
Vi< CQKZTQ’quanC”’I (Tn—n> , (7.46)

n
Tnl
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which leads to the overall upper-level covariance bound

n—1 a+e
ngcQK bZC«nlnH_l (Tnn>+

r
l=p'n l=p'n nl

2—a—¢

—C K4 —27+b+6 on— l Tnl 7.47
208, 4T Z T ( )

l=p'n

< CyKig2n~ ZCJ (2-a—e)

Combining (7.45) and (7.47) we get (7.44), which proves (7.17). Hence, we have
(7.15). O



8 Open Problems

We have given the asymptotic timing of a large class of infinite-range symmetric
random walks on the two-dimensional torus. Some open problems to extend this

work are:

e Analyze the neighborhoods and pairs of late points mentioned in [9, Theorems
1.2 and 1.3]. How is the spacing of a-late point pairs on Z?% affected by jumping

walks?

e Examine the structure of the frequent points on the lattice torus, and verify

that, as K — oo, their structure on Z2% looks like the planar structure.

e [9] suggests that its nearest-neighbor results may be extended to the planar
Weiner sausage on the two-dimensional torus T?. We suggest, then, that using
this class of jumping walks, this work may be extended to a larger class of “com-
pound Poisson Weiner sausage links” on T? (for example, a two-dimensional

Brownian motion with exponentially-timed jumps).

e Check the ratio of late points of Zg, X Zg, when limiting the coordinates at

different rates and when limiting to the infinite cylinder Z? x Zy for fixed K.

e Find tight bounds for @ﬁK(D(O,n))(i,i), the external toral Green’s function,

along with annulus Green’s functions on the plane and torus and expected

113
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hitting times of these discs and annuli, and prove a full exterior toral Harnack

inequality.

e Give computational rates of convergence for the number of late points, given «

and p;.
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