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REFERENCE FRAME FREE LEFT VENTRICULAR SHAPE, THE TANGENT 
ANGLE FUNCTION, AND CORONARY ARTERY DISEASE

by
Mark L. Cohen 

Supervisina Professor: Dr. Harry Smith Jr.

The outline of the cavity of the left ventricle of the 
heart is visualized durinq cardiac catheterization. Despite 
the almost routine use of this technique, there is no con­
sensus as to how the two-dimensional outline is to be ana­
lyzed. This is because all current methods attempt to meas­
ure wall motion: a measurement that, in its definition,
reauires the use of conceptually unverifiable assumptions 
about the motion of the heart.

In this dissertation, shape and shape change are pre­
sented as alternatives to wall motion. The tangent angle 
function is shown to be a measure of shape that involves no 
assumptions about the motion of the heart and that has 
interesting interpretations in the setting of coronary 
artery disease.

The tangent anqle function was applied to the end dias­
tolic and end systolic outlines of the hearts of patients 
who had isolated single vessel coronary artery disease, or 
no coronary artery disease. The tangent angle functions
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were parameterized and, usinq discriminant analysis, 
combined into two canonical variables. These were shown to 
abstract end systolic dysfunction with compensation, and 
total systolic shape change. Usina a jackknife, 70S of the 
patients were allocated to the correct coronary artery group 
usinq the shape-derived canonical variables. This was veri­
fied with an independent set of test data.

The reproducibility of this approach was assessed with 
an additional independent set of test data, and with a study 
of the variability in transferring the outlines from the 
catheterization films to the computer. 9oth these studies 
showed considerable variability with respect to the initial 
results, indicating that additional quality control and 
study of the patient population is necessary before the 
method can be used clinically.

It is concluded that shape and shape change are useful 

alternatives to wall motion in the study of the left ventri­
cular outline. The combininq of parameters of shape offers 
interesting insights into the response of the left ventricle 
to coronary artery disease. Extensions to other areas of 
application in clinical cardiology and to the methodology 
are discussed. The reliability of the data, and the possi­
bility that the patient population and catheterization tech­
niques did not remain standard, are identified as major lim­
itations.
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CaaETER 1: IttXEQQUQIZQN
l

"The use of a definition of shape based on the 
properties of the cavity as a whole has certain 
advantaqes. It is not dependent on the position of 
the zero reference used for defining cavity out­
lines, and so is insensitive to overall movement of 
the ventricle in space. It does not require the 
definition of any fixed point on the perimeter such 
as the 'aoex', which may be difficult in the pres­
ence of abnormal wall movement or aneurysm. It 
assumes no idealized cavity geometry and, being 
diroensionless, is unaffected by cavity size.
Finally, it is not invalidated by local abnormali­
ties of wall movement.

In contrast, techniques based on the superimpo­
sition of an arbitrary grid depend on identification 
of the apex or are sensitive to overall movement of 
the heart in space. In general, these methods 
assess wall movement only at the point where the 
axis and cavity outline intersect one another. 
Localized abnormalities of wall movement might thus 
be missed altogether or may cause relative movement 
of the axes and the myocardium with the effect that 
different reqions of the ventricle are studied at 
different times in the cardiac cycle.” Gibson and 
Brown (58)

I. EHILQSQEHY

1*1 Clinical Lsti Ventriculography
Diagnostic tests in medicine have often been developed 

in rather haphazard ways. The questions concerning the use 
of the test and the interpretability of the results have 
often been deferred to the excitement that surrounds the 
realization of new information about the body and its func­
tion. Such has been the case with diagnostic cardiac cath­
eterization.

Cardiac catheterization involves placing a catheter in



2

or near the heart, usually by threading it through a blood 
vessel, and usinq the catheter as an access to the central 
circulation. One can measure pressures and electrical 
activity. By injectinq radio-opaque dye, the cavities 
enclosed by the chambers of the heart can be visualized with 
X-rays. If the tip of the catheter is placed into the ostia 
of the coronary arteries and the dye injected, the coronary 
circulation can be imaqed. With the explosion of informa­
tion about the heart that occurred with the advent of cath­
eterization, it is no wonder that some of the detailed ques­
tions about exactly what was being measured by these 
techniques were not asked for some time. In particular, the 
questions of how to describe the information have lagged 

behind the acquisition and use of the information itself. 
This problem is particularly apparent in the case of the 
image of the left ventricular cavity.

The use of the image of the left ventricle in clinical 
decision making has resulted in the peculiar situation in 
which the data is being acquired in the routine diagnostic 
evaluation of patients without a consensus as to how the 
data should be used. The dynamic image is readily obtained; 
physiologic understanding and intuition dictate that the 
image contains useful information; yet there is no accepted 
method of measurinq or describing the imaqe. This lack of 
consensus undoubtedly has impeded the further understanding 
of the determinants of the shape of the left ventricle. In 
this dissertation, it is hoped that by first addressing the
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aeneral problems in the measurement of shape, the specific 
applications can be investiaated in a rational way.

1-2 tt2£2£Msis
The motivation for investigating a method of measuring 

the shape of the left ventricle of the heart comes from the 
premise that the shape contains information that is useful 
in the understanding of cardiac physiology and pathology. 
While the basic premise, in general, is easily inferred from 
the knowledqe of cardiac physiology, the details of the 
relationship must be established by observation and experi­
mentation. In order to conduct an experiment, a specific 
question must be asked. The exact question depends on the 
aspect of physioloqy that is to be examined. In the case of 
shape of the heart, the relationship of shape to coronary 
artery disease is a natural focus and the question,

"To what deqree can shape of the left ventricle dis­
criminate amonq patients with coronary artery dis­
ease?" ,

is a natural question. This dissertation provides an 
approach to this question, and a partial answer.

This question is an allocation problem. Patients can 
be qrouped on the basis of coronary artery status (the 
"accepted" way of groupina). Usinq the measure of shape of 
the heart (the "investigational" method), we try to repro­
duce the accepted qrouplng. The extent to which we succeed 
determines the accuracy of the investigational method for 
predicting the accepted. This approach contains some



imDlicit assumptions.
The first assumption is that it is appropriate to want 

the investiqational method tc reproduce the accepted.
Rarely will this be exactly true. While the investigational 
and the accepted methods are usually chosen because they 
reflect common aspects of physiology, they generally do not 
reflect identical asDects. To the extent that they differ, 
one would expect the grouping of patients to differ.

The second assumption is that both the investigational 
and the accepted methods truly reflect the aspects of physi­
ology they are assumed to. In grouping patients based on 
certain characteristics, other characteristics have been 
left out. This represents a simplification, and can be 
expected to decrease the correspondence between the group­
ings and the underlying physiologic theory. This simplifi­
cation of the theory will distort the relationship between 
the two methods, because the relationship between each 
method and the common underlying theory has been distorted.

The third assumption is that the utility of the inves­
tigational method lies in its correspondence to the 
accepted. Because of the first two assumptions, this is a 
narrow point of view. The investigational method contains 
information different from the accepted. Since this infor­
mation is not addressed in the original hypothesis, it is 
reflected in a lack of correspondence between the two meth­
ods. This is an inescapable part of the allocation strat- 
eoy. One cannot transcend the accepted method without new



theory or new information. Cne can, however, try to under­
stand why the differences in classification occurred.

The differences in classification reflect the reasons 
discussed. By examining the differences, one hopes to gain 
insiqht into both the investigational and the accepted meth­
ods. From this, the interaction of each method with the 
physiologic theory can be better understood and new 
approaches suggested.

Despite the limitations in the assumptions, the alloca­
tion approach is useful for studying a new methodology. It 
provides a framework from which other studies can be 
derived.

II* OVERVIEW QZ TH£ DISSERTATION

The thesis of this dissertation is that the shape of 
the left ventricle of the heart bears a demonstrable rela­
tionship to the presence and location of a coronary artery 
stenosis.

In the dissertation the motivating problem and the 
approaches to a solution taken by others are discussed. A 
precise definition of shape is offered and a method of meas­
uring shape that satisfies the properties dictated by the 
definition is described. A method of extracting parameters 
from the measure of shape is given, as is an interpretation 
of the parameters.

The next part of the dissertation is devoted to the 
allocation problem discussed earlier. A cohort of patients
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is identified based on coronary artery anatomy and pathology 
(the acceDted grouping). The shapes of the left ventricles 
are measured and parameters are extracted. The parameters 
serve as the investigational data types, and the allocation 
oroblem is addressed using discriminant analysis.

The last part of the dissertation is a discussion and 
an interpretation of the results. Limitations and exten­
sions, as well as future work are discussed.

In order to facilitate reading, the relevant literature 
is reviewed in a separate chapter. The table of contents 
h.3s deliberately been made detailed and hierarchical, and 
serves as an outline of the entire dissertation.

Ill* MOTIVATING PROBLEM: COPOfcl&EX AEIEEX DISEASE AND SHA£E
2L THE L£FI ventricle

IU * 1  Coronary Artery Disease
Coronary artery disease is a pathological process in 

which the lumen of one or more of the coronary arteries 
becomes narrowed. As the disease progresses and the steno­
sis becomes more severe, the blood flow through the artery 
becomes impaired. When the flow of blood to a region of 
muscle is insufficient to meet the metabolic needs of the 
muscle, then impairment of myocardial contraction and pain 
(angina pectoris) result. If the blood flow is sufficiently 
curtailed, then irreversible damage to the muscle results.

The anatomy of the coronary circulation is fairly styl­
ized and well described (1). Each section of muscle is sup-



died with blood from a branch of a main artery. If the 
coronary artery is narrowed beyond a critical amount, then 
the flow of blood is assumed to be insufficient to meet the 
needs of the muscle all the time. If one could observe the 

muscle, there would be some amount of damage and impairment 
of the ability to generate force. The amount of narrowing 
deemed critical is not simply a function of blood flow, 
because the metabolic needs change with the physiologic 
demands placed on the muscle by the body: for example,
blood flow may be adequate at rest, but insufficient during 
exercise. Therefore, the deqree of stenosis that has been 
accepted as critical is based in part on the experience of 
cardiologists and pathologists, and represents observations 
on coronary artery narrowing and cardiac muscle damage and 
dysfunction (LITERATURE REVIEW IV).

In addition to blood from the main artery, blood is 
supplied from a highly variable collateral circulation that 
arises from the branches of other main arteries. In some 
individuals it can be shown that all of the blood supply to 
a region of muscle comes from the collaterals, while in oth­
ers no collateral circulation can be demonstrated. In most 
cases the bulk of the blood supply appears to be from the 
main artery, and in most individuals the collateral circula­
tion is not felt to be sufficient to totally support the 
needs of the muscle (2-5,1U5).

The model of coronary artery disease, in its most sim­
plified version, states that each region of muscle is sup­
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plied with blood from a single coronary artery, the distri­
bution of all of which are Known. If the artery is narrowed 
beyond a critical amount, then dysfunction of the muscle 
with some degree of irreversible damage will result. The 
patient experiences signs and symptoms referable to cardiac 
ischemia and dysfunction. While this model may seem overly 
simplified, it has demonstrated clinical utility, particu­
larly as the justification for, and the basis of, coronary 

artery bypass surgery.
III.2 Diagnostic Cardiac Catheterizatisn

The data used to study coronary artery disease and its 
effects on the heart come mainly from cardiac catheteriza­
tion. Using the catheter that has been threaded through the 
blood vessels (either arteries or veins, depending on which 
side of the heart is to be investigated), access to the 
heart is achieved. While many different procedures and 
studies can be performed (some of which are discussed in 
LITERATURE REVIEW), the mainstay in evaluating coronary 
artery disease is the injection of radic-opaque dye into the 
coronary arteries and into the cavity of the left ventricle 
with the recording of fluoroscopic movies: the anqiogram
and the ventriculogram, respectively.

The angioqram provides pictures of the blood within the 
coronary arteries. Marrowinas are visualized, and the 
degree of narrowing can be determined. In keeping with the 
coronary artery disease model, the number and locations of 
critical stenoses can be determined and the regions of
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involved muscle demarcated.
The ventriculogram provides a film of the cavity of the 

left ventricle as the heart is beating. The shape and the 
movements of the walls are observed. These observations, 
via the disease model, can be correlated with the angiogram. 
Regions of muscle supplied with blood by a coronary artery 
with a critical stenosis should appear abnormal, while other 
reqions should appear normal. This concept has recieved a 
significant amount of attention in the cardiac literature, 
and will be reviewed.

III.2 Left Ventricular Shape
The history of ventriculography and the specific 

approaches taken by others to left ventricular shape analy­
sis are reviewed in LITERATUPE REVIEW. The general problems 
are discussed here.

The disease model, although greatly simplified, is par­
ticularly compelling. It provides an explanation for a 
qreat deal of the observations made by angiography and ven- 
triculoqraphy. In many cases the correlation between a cor­
onary artery stenosis and an abnormal ventriculogram is 
obvious. The problems begin when attempts are made to meas­
ure the outline of the left ventricular cavity.

In auantitating the ventriculogram, investigators try 
to show that some areas of muscle (parts of the outline) 
contract normally, while other areas contract abnormally. 
Reqions of the heart are defined. Measures of contraction 
are developed that usually involve the distances that these
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reqions move durina systole. Two oroblems become immedi­

ately apparent.
The first problem is that there are no obviously delim­

ited reqions of the left ventricle. The cavity has an ori­
entation, in that the valve openings are at one end, but 
there are no other unambiguously demarcated regions. This 
creates problems when one tries to talk about corresponding 
sections of muscle in different hearts, or even in different 
pictures of the same heart.

The second problem is that the heart is not rigidly 
fixed in the chest. Durinq the cardiac cycle there is a 
clearly observed motion of the heart as a whole, in addition 
to local movement of regions of the ventricle. This becomes 
apparent when one tries to measure the movement of different 
parts of the heart. Implicit in the concept of movement is 
that it is movement with respect to something. If the 
entire heart itself is movinq, then one would like to meas­
ure the local movements independent of the movement of the 
heart as a whole. However, it is not clear on what basis 
the components can be separated, and neither component can 
be iqnored.

The two oroblems of identifying regions and of measur­
ing movement have occupied the energies of those concerned 
with analyzinq the ventriculogram. The problems are of suf­
ficient magnitude that there is no consensus about how the 
ventriculogram should be analyzed. Many investigations do 
not address the problems at all, but rely on a subjective
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interpretation. It is to these issues that a formal consid­
eration of shape is relevant.

IV. SHAPE AND MEASUREMENT OF SHAPE

'•Informally, a shape is an outline-with-landmarks 
from which all information about position, scale, 
and orientation has been drained.” Bookstein (7)
'•Informally ...a shape measurement... is a function 
embodyinq the outline from which all information 
about position, scale, and orientation has been 
removed." Bookstein (8)

IV.1 Shape
The sinqle plane ventriculogram is a two dimensional 

outline that varies with time. By looking at the issues 
involved in measurinq two dimensional outlines in qeneral, 
some insiqht into a rational approach for measuring ventri- 
culoqrams can be gained.

Shape is an intuitive concept that is well expressed by 
Bookstein in the first quote above. Shape is the aspect of 
an outline that is independent of size, orientation (rota­
tion), and position in space. If an outline is uniformly 
scaled to be larger or smaller, it still has the same shape. 
If it is rotated in its two dimensional plane, it still has 
the same shape. If it is moved to another location in the 
plane, it still has the same shape. By necessity then, all 
information about shape is contained in the outline irtself, 
independent of the coordinate system in which it is embed­
ded .

A landmark is an unambiouously defined point on an out-



line. An example that embraces the intuitive concept of a 
landmark is a corner: a point at which the outline is con­
tinuous, but the first derivative has ceased to exist. Note 
that the definition of a landmark involves only the part of 
the outline in the immediate vicinity of the landmark (in 
the limit this vicinity shrinks to zero), and does not 
involve parts of the outline that are more distant. This 

has two implications. The first is that '’constructed" 
points, such as the center of gravity, the point farthest 
from another ooint, or the point of maximum curvature, are 
not landmarks. The second is that the location of a land­
mark is not affected by any change to the outline that pre­
serves shape. In other words, the outline can be rotated, 
scaled, and moved, and the landmarks, as well as the shape, 
do not change.

The fact that constructed points are not landmarks, but 
are a relationship derived from the shape of an outline, 
deserves comment. A landmark is a local phenomenon. If the 
shape of the outline is perturbed in a reaion distant to the 
landmark, the landmark is unaffected. A constructed point 
is not a local phenomenon. It depends cn the shape of the 
outline for its definition, the extent of which depends on 
the specific construction. If the shape of the outline is 
chanoed distant to the constructed point then, unlike the 
landmark, the constructed point may change its location and 
relationship to the unchanged parts of the outline. The 
constructed point contains information about the outline.
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The landmark only defines a property in its immediate 
(approachinq infinitesimal) vicinity. This has important 
consequences when one constructs a measure of shape.

The definition of shape is a definition by exclusion.
If a statement is to be made about the shape cf an outline, 
then to be assured that shape alone is being addressed, it 
is necessary to determine that the statement does not change 
if the outline is moved, scaled, or rotated. This is not to 
imply that the location, size, and orientation of the out­
line in some coordinate system are not important attributes 
of the fiqure, but rather that they are not attributes of 
the shape of the fiqure. By conceptually distilling each 
attribute from an outline, the practical problems involved 
in the measurement of the attributes can be approached.
IY.2 Measurement q£ £hape

In searchinq for a measure of shape, some guiding prin­

ciples are indicated.
The measure should reflect the definition of shape.

This seems obvious, ft measure of shape should not be influ­
enced by the position, size, or orientation of the outline.

The measure should be unique. Each unique shape should 
correspond to one "value'' of the measure, and each value 
should correspond to one shape. Value does not imply a sin- 
qle number; the result of measuring the shape of an outline 
may turn out to be as complicated as the outline itself. 
Whatever the result, it should have a one to one correspon­
dence to the shape of the outline. If it doesn't, then two
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outlines may have different shapes, but have the same meas­
ured shape, or two different values of the measure may cor­
respond to one shape. This creates problems when the meas­
ure is used to distinguish one shape from another.

If the value of the measure is itself complicated, then 
it may be necessary to simplify it for a particular applica­
tion, and thereby lose the one to one correspondence. It is 
important that this be a separate process, and that lack of 
uniqueness is not built into the measure itself.

The measure should not involve reference to specific 
points that are not landmarks. The differences between a 
landmark and a constructed point have been described. If a 
measure of shape is based on a constructed point, then 
chanqes in the shape of the outline have the potential to 
chanqe the value of the measure of the outline in ways that 
are difficult to predict, because the location of the con­
structed point may chance with the changes in the outline. 
One does not know if the chanqes in the value of the measure 
are a result of the chanqes in shape, the changes in the 
constructed point, or some combination cf the two.

The measure should be interpretable. This is not an 
absolute criterion, but a desirable one. If the value of 
the measure can be understood conceptually, then its utility 
in aDplications will be more readily apparent.

These quidinq principles are rigorous, and it is diffi­
cult to adhere completely to them in all applications. They 
do, however, represent the aoals to which a measure of shape
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should asDire, and any departures should be considered care­
fully. A discussion of the reference frame approach taken 
in the cardiology literature is instructive.
I V . 2  & S X £ £ £ 0 £ £  Frames.

During the cardiac cycle, the heart undergoes changes 
in position, size, orientation, and shape. The exact magni­
tudes of the changes depend on the individual heart and its 
history. The disease model indicates that in different 
situations some of the changes are more important than oth­
ers, and the methods of analysis of the left ventricular 
outline are designed to abstract the important changes by 
controlling for the unimportant ones. Virtually all the 
methods center on the concepts of regional wall motion and 
reference frame.

Regional wall motion is an appealing self-descriptive 
term. It means the motion of a part (region) of the ventri­
cular wall over a portion of the cardiac cycle - usually the 
contraction phase. It describes what is often visually 
apparent: one region of the heart often moves in a differ­
ent Dattern from another. The patterns are often nicely 
explained by the coronary artery disease model. The concept 
of a reference frame is needed to measure the regional wall 
motion. Two points of view exist.

The external reference frame point of view states that 
the motion of the heart should be viewed with respect to the 
non-moving structures surrounding the heart (ribs, dia­
phragm, edges of the X-ray film). If these structures move
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1urinq the cerlod of measuretent, for instance the patient 
moves relative to the X-ray film, then they are realigned 
before anv measurements of reqional wall motion are made.
The measurements are then made with no further adjustment: 
for example the distance an implanted intramyocardial metal 
marker moves durinq svstole.

The internal reference frame point of view states that 
much of the observed movement is of the heart as a whole, 
and does not represent reqional wall motion. Before the 
reqional motion is measured, the images must be realigned 
accordlnq to a frame of reference that moves with the heart 
itself (an internal reference frame), in order to correct 
for the "artifactual" motion. Once this is done, regional 
motion is measured as movement with respect to this internal 
frame. Clearly the internal and the external reference 
frame approaches will not always lead to the same interpre­
tations of the contraction of the heart.

A further complication arises in the definition of the 
wall motion once the imaqes have been realigned. Almost all 
methods use constructed lines and pcints. The lines (refer­
ence lines) are typically defined in terms of other lines 
that connect anatomical landmarks or geometric features of 
the outlines (e.q., the center of qravity). Wall motion 
becomes the distance a point on the outline travels towards 
the reference point or line. The point on the outline is 
not a landmark, but is constructed from the reference lines. 
As with the reference frames, not all approaches are equiva-
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lent, and there is no way to choose one approach over 

another.
The literature of methods to analyze wall motion is 

larqe and is reviewed in LITERATURE REVIEW. Almost all 
methods use a reference frame, and almost all concentrate on 
wall motion. All of the authors recognize that they are 
usina a method that cannot be consistent all of the time.

In contrast to the reference frame methods, the discus­
sion of shape suqqests aoproaches that are internally con­
sistent. In approaching the study of left ventricular out­
lines from the study of shape, we are recognizing that the 
outline is simultaneously underqoing deformations in shape, 
changes in size, changes in position, and rotations in the 
olane. It is not possible to "correct” for ore aspect with­
out influencing the others. It is not reasonable to ignore 
any aspect. Rather, by looking at shape, we are taking an 
apDroach that looks at an aspect of the dynamic outline that 
is by definition independent of the factors fcr which other 
aoproaches have tried to correct. It is not necessary to 
determine which reference frame is best: shape is indepen­
dent of reference frame.
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CHAPTER 2: Iffi TANGENT ANGLE AfcjQ XtfE CORONARY DISEASE SJUg^

As has been discussed, the outline of the left ventri­
cle as it is visualized during left ventriculography is of 
Dhysioloqic and clinical interest, and has recieved consid­
erable attention in the cardiology literature. A limiting 
factor in research studies has been the absence of a single 
accepted method to analyze the outline. The reasons for 
this lack of consensus have been presented, and shape is 
proposed as an alternative to the existina reference frame 
methodology.

In this chapter, the tangent angle function is pre­
sented, and shown to be a measure of shape with properties 
that have useful interpretations when applied to the outline 
of the left ventricle. The study that has been done to 
investigate the value of shape in a clinical setting is also 
described.

Before discussing the tangent angle function, the char­
acteristics of left ventricular outlines are mentioned.

I. I£EX VENTRICULAR OUTLINES

The outline of the left ventricle obtained from ventri­
culography is an irregular curve that approximates an 
ellipse. The edges are not always smooth due to invagina­
tions of muscle; the degree of smoothness depends on the 
phase of contraction and the patient’s underlying heart dis­
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ease. At one "end" of the ellipse are the openings of the 
aortic and mitral valves. The points at which the fibrous 
tissue of the valves join the muscle of the ventricle are 
the only landmarks on the outline. Other anatomical fea­
tures, such as the apex and the origins of the papillary 
muscles, are landmarks on the outlines of the hearts of some 
patients, but not on those of others. The part of the out­
line that is formed by the valve openings is not defined: 
the blood mixed with contrast agent is flowing through these 
openings and therefore, there is no visible anatomical 
structure connecting the landmarks that mark the openings. 
This will turn out to be a limitinq factor in parameterizing 
the tangent angle function.

II. IANGSNT ANGLE FUNCTION

The tangent angle function is a plot of the phase of 
the tangent vector (considered as a complex number) to the 
outline as a function of normalized arc length. A more vis­
ual, and equivalent, definition is a plot of the angle that 
the tangent to the outline makes with a fixed axis, as a 
function of normalized arc length. The Appendix gives a 
detailed symbolic definition. LITERATURE REVIEW V gives a 
discussion of other applications of the tangent angle func­
tion .

II*1 Construction
Arc length is defined as the distance along the out­

line from a landmark (starting point). For left ventricular
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outlines, the starting point is the junction of the aortic 
valve with the anterior wall of the ventricle (the anterior 
aortic root point), Arc length is defined as positive in 
the clockwise direction. Because the outline across the 
valve openings is not defined, the outline gfldS at the junc­
tion of the mitral valve with the inferior ventricular wall 
(the mitral valve point) .

To construct the tangent angle function, the following 

procedure is followed:
(1) The outline is placed on an X-Y coordinate plane. The 

orientation and location of the outline relative to the 

plane are arbitrary, but remain fixed.
(2) Beginnincr at the starting point (the anterior aortic 

root point) and proceeding clockwise until the ending 
point (the mitral valve point) , tangents to the outline 
are constructed at each point of the outline (figure 1).

(3) At each of these points the following are recorded:
(a) The arc length to the point from the start point.
(b) The angle that the tangent line makes with the X 

axis.
(U) The angle is plotted as a function of arc length (figure 

2) .
(5) The arc length axis is rescaled to a total length of one 

(fiqure 3) .
In the definition of the tangent angle function it is 

not necessary to have an ending point: if the outline were
closed, then the function could be computed all the way
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around back to the starting point (with this once-around 
distance taken to be unity) . It is because of the valve 
openinqs that this cannot be done. In section III.3.1 of 
this chapter techniques appropriate to closed outlines are 
mentioned, and the possibility of artificially closing the 
outline is discussed.

11*2 &I2E£l£l£S
The tanqent angle function satisfies the requirements 

of a measure of shape (INTRODUCTION IV.2): independence
from size, orientation, and position; uniqueness; absence of 
constructed points; and interpretability. Relevant proofs 
are in the Appendix.

Because arc length has been normalized, the function is 
independent of size. All outlines are scaled to have the 

same perimeter.
The function is independent of orientation in that if 

the outline is rotated with respect to the X-Y axis, the 
entire function shifts up or down. The zero of the function 
is determined by the arbitrary orientation of the outline 
and is therefore also arbitrary, but the structure of the 
function is not affected by rotations. Any parameters 
derived from the function that do not depend on the absolute 
zero of the function will likewise be independent of orien­
tation. Deviation from the mean is an example of such a 
Darameter.

The indeoendence from position is clear. Arc lenaths 
and the angles of the tangents are not affected by changing
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the location of the outline in the plane.
Uniaueness except for absolute scale is a property of 

the tanqent anqle function. Each outline, scaled to unit 
perimeter, corresponds to one tanqent angle function, and 
each function corresponds to one scale-normalized outline. 
Given a tanqent anqle function and the value for total arc 
lenqth, it is possible to reconstruct the original outline 
exactly. Execpt for the absolute scale, no information has 
been lost in representing the outline by the function. The 
tangent angle function accomplishes a transformation of the 
oriqinal outline, not a reduction.

The lack of reference to constructed points is built 
into the definition of the function.

II.1 Curvature Interpretation
The interpretation of the tangent angle function is 

interestinq. The derivative of the function is the curva­
ture as a function of arc lenqth of the original outline 
(9) .

A property of curvature at a point is that it is equal 
to one over the radius of the circle that is just tanoent to 
the outline at that point (10). If the outline is sharply 
curved then the circle that is just tangent will be small, 
have a small radius, and therefore have a large curvature 
(fioure U) .

The tanqent anqle function is derived from tangents to 
the outline. The derivative of the tangent angle function 
is precisely the rate of change of the angles of these tan-
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aents: the rate at which the tangents are rotating as one
moves alonq the outline. If the curvature of the outline is 
large then the rate of rotation of the tangents is also 
larae. This will be reflected in a tangent angle function 
that is movinq upward rapidly - i.e. has a large derivative 
(fiqure 5) .

If the curvature of the outline switches from positive 
to neqative, the outline has switched from convex to con­
cave. This will cause the tangent angle function to move 
downward (have a negative derivative, figure 6).

By inspecting the tangent angle function it is possible
to get a sense for the shape of the original outline:
(1) If the function is increasing rapidly (large positive 

derivative) the outline has a large curvature - is 
sharply convex. This is the behavior near the apex of 
the heart (fiqure 5).

(2) If the function is decreasina (negative derivative), the 
outline is concave. This is seen in the '’hyperkinetic1' 
inferior wall at end systole of a heart with a large 
anterior wall aneurysm (figure 6).

(3) If the function if jagqed, the outline is oscillating
between convex and concave. This is seen in the "noise”
of the muscle irregularities (figure 7).

(U) If the tanqent anqle function is a straight line, the 
oriqinal outline is a circle (figure 8). The derivative 
of this tanaent angle function is the slope of the line, 
which therefore is also the curvature of the circle.
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One over the curvature (slope) is the radius of the cir­

cle .
The interpretation of the tanqent anqle function lends 

insioht into the types of outlines that will generate func­
tions that are readily discernable. If the difference 
between two outlines is a result of small differences in 
curvature, such as between two similar ellipses, then the 
respective tanqent angle functions will be very similar 
(fiaure 8). If the curvatures of two outlines differ mark­
edly, the tanqent anqle functions will be very different. 
This is important in understanding the different applica­
tions in which the tanqent anqle function will be useful.
The strenqths and the limitations of the method are deter­
mined by the behavior of the function.

Ill* XHE SXUEX QL SHAPE IN SINGLE VESSEL CORONARY DISEASE

This section is an introduction to the study that was 
done to determine the ability of parameters derived from the 
tanqent anqle function to discriminate among a selected 
cohort of patients with coronary artery disease. The spe­
cific details of the study are qiven in METHODS, and spe­
cific literature is reviewed in LITERATURE REVIEW.

The qeneral design of the study was as follows:
(1) All patients catheterized at our institution over a two 

year period were considered, and these with a critical 
stenosis of the left anterior descending coronary artery 
alone (LAD), of the right coronary artery alone (RIGHT),
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and those with no critical stenoses (NORMAL) were the 
study population. Patients who were NORMAL but had suf­
fered a myocardial infarction were excluded. Otherwise 
infarction was not a selection factor.

(2) The catheterization films of all included patients were 
viewed. The end diastolic and end systolic outlines 
from the thirty deqree riqht anterior oblique projec­
tions of the left ventricles of the patients who had 
technically adequate sinus conducted beats that did not 
follow a premature contraction were traced onto paper 

and diqitized into a computer.
(3) The tanqent anqle functions of each outline were com­

puted and parameters derived that were true descriptors 

of shape.
(4) The parameters were used to construct the discriminant 

functions that maximally distinquished among the three 

qroups of patients.
Each of these steps deserves comment (the tangent angle 
function was described in the previous section).

111*1 Patient Selection
Patients undergoing cardiac catheterization exhibit a 

wide spectrum of heart disease. By far the largest number 

are those suspected of having coronary artery disease and 
who are being evaluated for coronary artery bypass surgery. 
These typically are patients who are presenting with a chest 
pain syndrome and may have had a myocardial infarction.
Most have undergone noninvasive testino as a part of the
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Dre-catheterization work-up. Other patients undergoing 
catheterization are those with valve disease, previous 
bypass surqery, conqenital heart disease, conduction distur­
bances, intrinsic cardiac muscle disease (cardiomyopathy), 
and evaluation of the qreat vessels.

Patients included in the study were those with a criti­
cal stenosis of the left anterior descending coronary artery 
alone, the riqht coronary artery alone, or no critical ste­
nosis in any coronary artery. In the simplified coronary 
artery disease model the left anterior descending coronary 
artery supplies blood to the anterior Wall of the heart and 
the riqht coronary artery supplies blood to the inferior 
wall of the heart (INTRODUCTION III.l, reference 1) and 
these two walls form the borders of the outline of the ven­
tricle when it is filmed in the thirty deoree right anterior 
oblioue prolection. Therefore, as the disease model sug- 
qests, a stenosis in either of these arteries would be 
expected to affect the reqions of muscle that are visualized 
using the ventriculogram. The normal croup provided a popu­
lation of control patients.

The deqree of stenosis of a coronary artery is evalu­
ated by filraina the dye-filled artery in different projec­
tions and estimating the proportion of the diameter of the 
artery that has been narrowed. This estimation is done by a 
consensus agreement within a qroup of cardiology fellows and 
attending cardiologists. Each coronary artery is evaluated 
in this way and a report written that lists the locations
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and magnitudes of all stenoses in each artery, as well as a 
description of any anatomical variations and collateral cir­
culation.

The NORMAL patients were those with no critical ste­
noses and no demonstrable heart disease. However, because 
these patients were those whose siqns and symptoms led them 
to be catheterized, it is doubtful that they were represen­
tative of a truly normal population. Unfortunately, cathet­
erization is an invasive procedure with a level of morbidity 
and mortality (11-13). Catheterlzing completely asympto­
matic individuals is not justified.
Ill .2 Ventriculograms

The ventriculoqrams from all included patients were 
viewed. Decisions about rhythm, technical quality, and the 
border of the ventricular cavity were made.

Inlection of the radio-opaque dye into the cavity of 
the left ventricle frequently induces premature ventricular 
contractions that usually cease with the completion of the 
inlection. The heart beat that immediately follows the pre­
mature contractions is a potentiated beat and, like the 
irregular beats, may not be representative of the baseline 
cardiac function (1U)• While the irregular beats are 
thought to be so dependent upon the seauence cf activation 
of the muscle that they cannot be analyzed, the potentiated 
beat has been studied as a measure of the maximum contrac­
tile function available, the cardiac reserve (LITERATURE 
REVIEW III.U.3). In this study, only the non-potentiated
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reqularly conducted beats were analyzed.
The technical quality of the outlines can vary consid­

erably. In an effort to decrease the radiation exposure of 
the patient and to increase the resolution of the images, 
the field of exposure to the X-rays is not made as large as 
possible. Because of this, the entire outline is frequently 
not seen at one time. This is not a limitation for subjec­
tive methods of analysis because by panning the camera over 
the heart, the entire imaqe is covered and the observer can 
form a mental image of the entire left ventricle. If a 
quantitative method that requires the entire outline is 
used, then either a composite imaqe formed from different 
beats must be used, or the imaqe must be discarded.

Another limiting technical aspect occurs when the cav­
ity is not sufficiently opacified to determine the exact 
border of the endocardium. This happens most often when the 
premature contractions induced by the injection last until 
most of the dye has been washed out of the cavity by the 
incoming unopacified blood. The visual contrast between the 
unopacified muscle and the opacified cavity becomes lost, 
and the beat cannot be analyzed.

The majority of unanalyzable outlines are those with 
technically inadequate beats. The rest are due to oblitera­
tion of the cavity at end systole. This is felt to occur 
chiefly in patients with particular ventricular muscle dis­
orders, and is a phenomenon in which the walls of the ven­
tricle apoose at end systole and there is no visible outline
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(16-18). Patients with unanalyzable outlines were excluded 
from the study.

I l l -2 E.axam£isxUaUoii
The tangent angle function is a transformation of an 

outline, and as such has as many data points as the outline 
from which it came. Since the function is a measure of 
shape it holds some interest in its basic form, but to be 
used in statistical applications it must be reduced to a 
smaller number of data points. This is the process of 
parameterization.

The approach to parameterization taken in this study 
involves approximating a set of data by a function whose 
mathematical form is known, and then using the values of the 
Darameters of the approximation in place of the original 
data in any applications. For example, the raw data can be 
approximated by a single value such as the mean. In this 
case the approximating function and the parameter are the
same. Another example is to use as the approximating func­
tion a straight line. The form of the approximating func­
tion is

Y = m X ♦ b 
and the parameters are m and b.

In parameterizing a set of data no function is the
a priori "correct” function to use. The choice depends on 
the particular application. In general, it is desirable to 
know what is being discarded from the raw data by using the 
(simplified) function, and tc have some interpretation of
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the parameters of the function. Neither of these are neces­
sary conditions, but they make a parameterization easier to 
understand and more attractive to use.

Several different approaches to parameterizing the tan­
qent anqle function were considered. Two were oriented 
towards considerino the left ventricular outline as closed: 
i.e., the valve openings were included. One approach did 
not include the valve openings, but was an attempt to param­
eterize the entire tangent angle function in one approxima­
tion. The last approach, the piecewise approach, considered 
the left ventricular outline to be composed of an anterior 
and an inferior wall, split at the apex. Each approach had 
strengths and weaknesses. The final choice was not optimal 
in every sense, but was biased towards simplicity and ease 
of interpretation.

III.2-1 ClQSSl (EstiSlic) Outlines
Althouqh the parts of the left ventricular outline cor­

responding to the valve openings are not well defined, the 
points at which the valve tissue is connected to the myocar­
dium are. The outline can be arbitrarily defined across the 
valve openinqs by connectinq these points with straight 
lines, thereby qiving an outline that has no undefined 
reqions. If the outline is followed around, starting from a 
particular point, eventually the starting point will be 
reached aoain. In this sense, the outline is periodic (fig­

ure 1) .
The first approach to parameterizing the periodic out­
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line used the tanqent vector (expressed as a complex num­
ber) , rather than the tanqent angle function. The tanqent 
vector is used in the derivation of the tangent anqle func­
tion. The derivation and demonstrations of the properties 
of the tangent vector are in the Appendix. The tangent vec­
tor is a complex valued function and if the outline is peri­
odic, is itself periodic. When appropriately normalized, it 
has the same properties of independence from size, position, 
and orientation that the tanaent angle function has, and is 
therefore also a measure of shape. Because the tangent vec­
tor is periodic, Fourier series suggests itself as a natural 
parameterization.

When expressed as a complex Fourier series, further 
interpretations of the tanoent vector become clear. The 
magnitudes of the terms of the series are independent of the 
orientation of the outline. The magnitude of the first term 
ranges from zero to one, and is a measure of the amount that 
the outline deviates from a circle. If the outline is a 
circle, the magnitude of this term is one and all others are 
zero. As the outline deviates from a circle, the magnitude 
of the first term approaches zero. The series can be sim­
plified by truncation, and a smoothed outline recovered.
The truncated Fourier series provides the parameters for 
subsequent statistical analyses, and the smoothed outline 
correspondina to the truncated Fourier series provides a 
representation of the information that has been retained.

The second approach to the periodic outline was differ-



ent from the tanqent vector approach In that it used the 
tanqent anqle function as it is presented in section II of 
this chapter, but with the outline including the valve 
reqions (dotted reqion in fiqure 2). In words, the computa­
tion of the tanqent angle function begins at the anterior 
aortic root point, proceeds clockwise to the mitral valve 
point, and then continues along the lines of the valve 
reqions back to the anterior aortic root point, at which 
point it has covered one complete revolution, or two pi 
radians. In this sense, the function is periodic, although 
it is continually increasing. There is however, a point of 
view that makes the function truly periodic.

The tangent angle function of a circle is a straight 
line that rises two oi radians in one revolution, the same 
amount covered by any simple closed outline. If this line 
is subtracted from the tangent angle function, the function 
that remains represents the deviations of the outline from a 
circle, and is truly periodic. As with the tangent vector, 
Fourier series is suggested. The series is simplified and 
the outline smoothed by truncation, with the truncated 
series providing the parameters for the statistical applica­
tions. Also, as with the tanqent vector, this is an attrac­
tive approach.

Both these approaches are limited for the same reason: 
the valve regions represent a large portion of the outline, 
and are arbitrary. Because the valve regions are not the 
portion of the outline involved with coronary artery and
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myocardial pathology, and because they are not well defined, 
it was felt that to use a method of measuring shape in which 
the valve reqions were intearal was not appropriate. While 
both these methods may have applications to outlines that 
are truly periodic, they are not well suited to the analysis 
of left ventricular outlines.
III.2-1 Qfiea (Non-Periodic) Outlines

With the outline and tanqent angle function considered 
without the valve reqions, as in sections I and II of this 
chapter, the methods oriented towards periodic functions are 
no lonqer suitable. The first approach was to parameterize 
the entire tanqent anqle function with a single approximat- 
inq function.

Different classes of functions were examined for suit­
ability of parameterizinq the entire tangent angle function: 
polynomials, Fourier series, and Fourier series with the 
linear trend of the tanoent anqle function removed. None of 
these proved satisfactory because cf the lack of interpret- 
ability of the parameterizations in terms of the coronary 
artery disease model.

As has been discussed, the disease model relies on the 
reqional distribution of blood flow to the myocardium. In 
lookinq at the outline as havinq no orientation, ’'regional" 
has no meaning. Although it is possible to parameterize the 
entire tanqent anqle function using a function of sufficient 
order, the interpretation of the coefficients is not appar­
ent . It was for this reason that the piecewise approach was
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examined.
At its most basic level, the coronary artery disease 

model reqards the anterior wall of the ventricle as being 
supplied with blood by the left anterior descending coronary 
artery and the inferior wall as being supplied by the right 
coronary artery. These walls, joined at the apex, form the 
outline of the left ventricle that is seen during thirty 
deqree riqht anterior oblique ventriculography. For these 
reasons reqardinq the outline, and the tangent angle func­
tion, as beinq composed of these same walls is an attractive 

approach.
The piecewise parameterization divides the ventricle 

into the two walls at the apex (figure 9)• Each piece of 
the tanqent anqle function (corresponding to a wall) is 
approximated by a polynomial function individually, and the 
coefficients of the polynomials constitute the shape parame­
ters. Unlike the other approaches, the individual parame­
ters are associated with a particular wall of the ventricle, 
orovidinq for interpretation and association with the dis­
ease model.

The order of the polynomial ultimately used is a 
trade-off amonq the number of parameters, faithfulness of 
the parameterization in describing the intricacies of the 
data beinq parameterized, and the interpretability of the 
parameters. This is truly a trade-off. Unless the original 
data beinq parameterized are fairly simple, all of these 
concerns can not be met simultaneously. In parameterizing
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the tanaent anqle functions of left ventricular outlines in 
the context of the coronary artery disease model, interpret- 
ability was fait to be the most important.

III.4 Discriminant analysis
at this ooint in the analysis of left ventricular shape 

and coronary artery disease, a cohort of patients has been 
defined and the data on each patient (the outlines of the 
left ventricle at end diastole and end systole) reduced to a 
small set of parameters. A useful point of view is that 
each patient has been replaced by the parameters and the 
coronary artery qroup membership information. Discriminant

r
analysis is the appropriate technique with which to address 
the allocation - discrimination problem that provides the 
thesis of this dissertation (INTRODUCTION 1.2) , and proceeds 
as follows (19,20) .

Given a cohort of individuals, each of whom is repre­
sented by a set of parameters and membership in a group, 
discriminant analysis constructs variables (canonical vari­
ables) , each of which is a linear combination of the parame­
ters. The canonical variables maximally discriminate among 
the aroups in the sense that the between group variability 
is maximized with respect to the within group variability 
(20). In other words, the means of the groups will be as 
far apart as possible with respect to the dispersion within 
the aroups. This technique allows the parameters to be used 
in the allocation - discrimination problem without having to 
arbitrarily pick one parameter or one combination of parame­
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ters. All parameters are combined in the construction of 
the canonical variables, and the particular combination is 
optimal.

The canonical variables are useful for evaluating the 
data from which they were derived. A plot of the individu­
als on the canonical variable axes allows a graphic repre­
sentation of the deqree of separation among the groups. As 
is the case with the coronary artery disease cohort, the 
basis for forminq the original groups (location of critical 
stenoses) may not be perfect, and the plot can lend some 
insight into this allocation. The deqree of homogeneity of 
the aroups is apparent and individuals who seem to be very 
different from their group can be quickly identified.

Unknown individuals are allocated to one of the groups 
in a straiqhtforward way. In addition to canonical vari­
ables, discriminant analysis generates discriminant func­
tions: functions that allow the computation of the distance
any individual is from the mean of a group, in normalized 
units. With these distances, the posterior probability that 
the unknown individual came from each group is easily deter­
mined (19). The individual is then allocated to the group 
that qives the highest probability of membership. This is 
the application most often used in medical diagnostics.

The specific canonical variables of this study are pre­
sented in RESULTS. Interpretations of the canonical vari­
able coefficients turn out to be interesting, particularly 
in the context of the coronary artery disease model.
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In this chapter the more general aspects of the tangent 
anqle function and of the clinical study have been 
addressed. The specific literature is reviewed in the next 
chapter. The specific details of the study are presented in 

METHODS.
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CHAPTER 3: LUEEEiy&E REVIEW

"In discussinq the movements and functions of the 
heart and arteries, we should first consider what 
others have said on these matters, and what the com­
mon and traditional viewpoint is." William Harvey,
1628 (22)
The literature relevant to the thesis of this disserta­

tion has been qrouped as follows:
I. History.
II. Methods of describing shape in the clinical setting.
III. Applications of the ventriculogram.
IV. Coronary artery disease model.
V. Tanqent anqle function.

Sections I - III are concerned with the role of left 
ventricular shape in clinical cardiology and the approaches 
taken by others to measure shape. Section IV concerns the 
aspects of the coronary artery disease model used in the 
desion of the study to examine the tangent angle function in 
the clinical setting. Section V is directed to the tangent 
anqle function itself.

Because ventriculography is routinely performed during 
cardiac catheterization, virtually all publications con­
cerned with catheterization make some reference to the ven- 
triculoqram. As a result, the literature of ventriculogra- 
ohv is a significant percentage of the recent cardiology 
literature. Therefore, in section III the review has been 
limited to studies in which the primary focus was on the
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ventriculogram. In section III.3, shape and coronary artery 
bypass, only illustrative studies are discussed.

Section I is particularly illuminating. The observa­
tions on the shape and movements of the heart, and the prob­

lems that have occupied the time and energy of so many 
researchers, are far from new.

I. HISTORY 0£ OBSERVATIONS gN SHAPE QF JHE HEART

Anqioqraohic methods of visualizing the endocardial 

surface of the heart were not used until the early 1950's. 
Before angiography, physioloaists were limited initially to 
direct observation of the beating heart, and later to fluo­
roscopic shadows of the pericardial surface.

William Harvey, who is credited with the first correct 
interpretation of the expulsion of blood from the left ven­
tricle during systole (21), also provided one of the earli­
est descriptions of the movement and shape of the heart:

"...The heart is lifted, and rises up to the apex, 
so that it strikes the chest at that moment..."
(23)
"...It contracts all over, but particularly to the 
sides, so that it looks narrower and longer." (23)
"...that the heart contracts in a continuous move­
ment with the auricles, but also a peculiar side- 
wise turnina toward the right ventricle as if it 
twists sliqhtly on itself in performing its work."
(2U) .
In 1891, Haycraft reported his observations on the con­

traction of the heart as viewed through the cardioscope - a 
lens covered with a rectangular grid that allowed him to
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construct accurate sketches of the heart at various points 
in the cardiac cycle (26) . Haycraft confirmed Harvey's 

observations:
"...the lonq axes and also the front to back diame­
ters diminish durinq systole and increase during 
diastole, so that in the latter condition the heart 
bulqes towards the sternum and the apex descends 
away from the base."

In addition, Haycraft commented on the problem of separating
motion of the heart as a whole from that of shape change:

"In the ...(in situ)... case the organ is supported 
in nearly its natural position by the tissue and 
orqans behind it, and it chiefly changes in volume, 
in the ...(open chest)... case the heart has fallen 
back into the chest and changes in volume, and in 
addition it shifts its position as a whole. Ue have 
therefore a complication here, which will have to be 
carefully unravelled."
In 1926, Chamberlain and Dock reported on the motion of 

the heart as ohotoqraphed from a fluoroscopy screen (27) . 
While much of their report was concerned with the technology 
involved in takinq the photographs, they described the 
motion of the heart in one normal subject and in two 
patients with mitral valve disease. They concluded that in 
order to obtain useful films:
(1) One has to be able to accurately align successive frames 

in order to look at motion.
(2) There must be a film-synchronized electrocardiogram.
(3) Durino filminq, the patient should maintain full inspi­

ration .
(4) The heart motion is best measured with the aid of lines 

drawn on the film, perpendicular to the film border.



(5) A successful analysis will involve examining many points 
on the border of the heart.

Each of these principles is incorporated in all current 
methods of raeasurinq left ventricular shape and shape 

chanoe.
In 1951, Rushmer and Crystal (28) and Rushraer and Thai 

(29) reported on the iraaqe of the heart during cinefluoro- 
qraphic angiocardiography. These authors noted that during 
systole there was a marked decrease in the width of the ven­
tricle relative to the change in length, again confirming 
the observations of Harvey some 320 years before. They then 
went further and made measurements of the area and geometry 
of the ventricle as a function of time over the cardiac 
cycle (29). Tn order to do this, they introduced a long 
axis and a perpendicular bisector to the long axis - a tech­
nique used in one form or another by most investigators of 
left ventricular shape since then.

II. METHODS Q£ DESCRIBING SHAPE FRCM CINEANGIOGRAPHIC IMAGES

The methods of describing the ventriculogram can be 
divided into qrouDS as beina reference-frame based, refer­
ence-frame independent, and subjective. Of the reference- 
frame based methods, the internal reference frame has 
recieved the most attention. The reference-frame indepen­
dent methods tend to be global measures and are not widely 
used. In the aDplications literature, the subjective method 
of ventriculooram analysis predominates.
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II. 1 Internal £gjE.g£gnce Frame
As discussed in INTRODUCTION IV.3 (Reference Frames), 

the internal reference-frame methods arose from a desire to 
abstract the reqional motion of the walls of the heart by 
"correctinq" the observed motion of the walls for the "arti- 
factual" motion of the heart as a whole. The methods differ 
in the way in which the reference frame is defined, and in 
the particular measurements taken (29-43). The prototype of 
these methods, and the first to introduce the concept of 
"hemiaxes", is the study of Herman et al, in 1967 (30).

In their study, Herman et al considered the midpoint of 
the aortic valve and the cardiac apex to be the "fixed" 
points that defined the lonq axis. Any notion of the long 
axis durinq the cardiac cycle was felt to be due to the 
rockinq and rotation of the heart as a whole. Therefore, 
before any analysis, successive frames of the ventriculogram 
were aliqned by superimposinq the long axes and the mid­
points of the aortic roots. In other words, the long axis 
and the aortic root midpoint constituted the jjrame of £gf§£- 
ence from which to view the contraction of the ventricle.

The constructed hemiaxes used by Herman et al were 
three perpendicular lines to the end diastolic lonq axis. 
They also constructed two lines through the center of, but 
at 45 decrees to, the long axis as the radial axes. They 
presented plots of the length of these axes as a function of 
time, and were able to show differences among patients with 
and without coronary artery disease. They also introduced
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the now accepted nomenclature for the different contraction 
patterns. Most investigators who have studied a different 
method for analyzinq wall motion have done so by varying one 
or more of the components of this prototype.

II. 1.1 Long &2Lis Definition
The definition of the long axis was addressed by two 

groups (31,32). In one case the long axis started at the 
inferior aspect of the aortic root (31) , and in the other it 
was defined as being the line from the apex that bisected 
the area of the left ventricle (32).

II. 1.2. Method Internal Alignment
The method of alignment of the end diastolic and end 

systolic imaaes used by Herman et al was to rotate the 
images until the long axes were parallel, and then superim- 
Dose the aortic valve points. This alignment was varied in 
twelve studies in which the introduction of a new method of 
shape analysis was central to the investigation (32-43) • 
Alignment of only the long axis, with no other superpostion 
was used in five studies (31,33,35-37); the midpoints of the 
long axes at end diastole and end systole were superimposed 
in two studies (34,43); the points of intersection of the 
Iona axes of the end diastolic and end systolic frames were 
considered to be superimposable in three (32,39,40); and the 
centers of gravity of the images were superimposed in two 
(38,41). In a sinqle study, the center of gravity and the 
midpoint of the valve plane were used in a complicated rea­
lignment scheme (42).
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II.1.1 Radii and Bisectors
Herman et al used lines perpendicular to the long axis 

and lines oriented radially from the midpoint of the long 
axis as the measures of wall motion. The number of hemiaxes 
was varied in eiqht studies: one hemiaxis was used in two
(31,33), three or four hemiaxes in three (32,40,44), nine 
hemiaxes in one (35), fifty hemiaxes in one (36) , and fifty 
four in one study (3U). Radial axes were used in five stud­
ies, with the number of radial lines used being twelve (40), 
fifty four (37), seventy two (34) , ninety (42) , and one hun­
dred twenty eiqht (41) . Two studies did not use axes per 
se, but points on the perimeter (38,45). One study used 
radially oriented lines, but looked at the square root of 
the enclosed oie shaped areas (39), and one used the direc­
tion of motion of points on the outline itself to determine 
the location of the oriqin of the lines to be measured (43) .

It should be emphasized that there is no basis for 
usina one of these methods over another (INTRODUCTION IV.3). 
They are all based on the concept that part of the motion of 
the heart is artifactual and part is real, a concept that is 
conceptually unverifiable. In addition, constructed points 
and lines are inteqral parts of all the methods. The prob­
lems associated with these have been discussed.
II.2 External Reference Frame

The external reference-frame philosophy is to correct 
only for motion of the heart that is clearly that of the 
heart as a whole (e.o. movement of the patient with respect
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to the X-ray camera, or movement of the heart caused by res­
piration) . Because it involves fewer assumptions, this is a 
more conservative philosophy than that of the internal ref­

erence frame.
This approach was taken by Chaitman et al (46). They 

required that the diaphragm and two external markers on the 
patient's chest not move during the analysis. They compared 
their method, which involved no realignment, with two dif­
ferent methods that did involve realignment, and were able 
to find significant differences in some patients. Two 

points deserve comment.
The first point is that in this paper no method of 

auantitating the change in the outline from end diastole to 
end systole was offered. While the authors correctly 
pointed out that the measurement of wall motion depends on 
the particular internal reference frame used, they did not 
provide an alternative using the external reference frame.

The second point is that they did not address the prob­
lems that will arise in cases where there is in fact signif­
icant motion of the heart as a whole during the cardiac 
cycle. In a case report of massive pericardial effusion, 
Rizi et al reported marked motion of the heart as a whole 
(47). The motion was sufficiently dramatic that it could 
not have been due to regional contraction, but this motion 
would have been considered part of the contraction by the 
external reference approach. Since this dramatic motion 
must at some time have been sionificant, but less than dra­
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matic, it is not sufficient to only use the external refer­
ence approach is cases other that this. A supporting con­
clusion was reached by Clayton et al in a vector analysis of 
a simple model of left ventricular contraction (48). The 
motion of the heart as a whole cannot be ignored.
II*1 Myocardial Markers

Some authors have studied left ventricular wall motion 
by identifying specific areas of myocardium with metal clips 
inserted either via catheters or at the time of open chest 
procedures (e.q. cardiac transplantation). In this way, 
they addressed the problem of determining which regions of 
the heart beinq measured at end diastole correspond to those 
beinq measured at end systole. These studies took place in 
doqs (49,50,56), and in man (51-55), and involved inserting 
the clips into the endocardial surface (49,56), midwall 
(53), epicardial surface (51,52,54), or both endocardial and 
eoicardial surfaces (50). The last study allowed the meas­
urement of wall thickness as well as of motion. One study, 
instead of metal clips, tracked the three-dimensional move­
ment of the epicardial coronary artery bifurcations with 
interactive real time computer graphics (55).

While with these studies one has indeed identified a 
specific piece of muscle, a reference frame was still neces­
sary to describe the motion of the clips. For example, 
Inqels et al (53), in addition to measuring the reference- 
frame free inter-cliD distances, measured heroiaxis shorten­
ing of the clips: an internal reference frame. Carlson
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(4 9) plotted the movements of the clips in space: an exter­
nal reference frame.

Smulyan et al (57) did not use clips, but studied 
oatients with left ventricular aneurysms in which the region 
of infarction was clearly demarcated from the surrounding 
viable regions. The points of demarcation served as a pair 
of markers that were connected by a straight line and, with 
the left ventricular silhouette, defined two regions - "nor­
mal" and "aneurysmal". The change in these areas with sys­
tole and with aneurysmectomy was studied - an internal ref­
erence frame type approach.

The lack of consensus concerning the optimal reference 
frame method of analysis of the ventriculogram is well 
illustrated by the number of papers devoted to the subject. 
Recognizinq the problems inherent in the reference-frame 
approach, some croups have examined methods that do not use 
a reference frame. These can be divided into the global 
indices, approximations to curvature, and the completely 
subjective approach.

II.4 Iadlses si Shage
Global indices of shape reduce the entire outline, or a 

portion of the outline, to a single number. The shape 
parameter of Gibson et al (58) divided the cavity area by 
the squared perimeter and normalized the result to be unity 
for a circle. While there are relatively minor problems 
with this approach concerning the measurement of perimeter 
and the assumption of the closure of the outline at the aor­



48

t i c  a n d  m i t r a l  v a l v e s ,  a m a j o r  d r a w b a c k  i s  t h e  b u i l t - i n  l a c k  
o f  u n i q u e n e s s  o f  t h e  m e a s u r e  b e f o r e  a n y  D a r a m e t e r i z a t i o n  i s  
a t t e m p t e d .  S i n c e  i t  i s  b a s e d  o n l y  o n  t h e  t o t a l  p e r i m e t e r  

a n d  t h e  a r e a  e n c l o s e d ,  a l l  l o c a l  f e a t u r e s  o f  s h a p e  h a v e  b e e n  

l o s t .  M a n y  o u t l i n e s  c a n  h a v e  d i f f e r e n t  s h a p e s ,  b u t  h a v e  t h e  
s a m e  v a l u e  o f  t h e  m e a s u r e .

Masuda et al (59) looked at the area enclosed by each 
transverse slice obtained by a computerized axial tomo- 
qraphic (CAT) scan that was qaited to the electrocardiogram. 
This was a disquised external reference-frame method. The 
width and the orientation of the slices were determined rel­
ative to the X-ray source.

II. 5. ftBErQXlmaU&ris o± Qucyat^e
Two qrouDS utilized curvature in their approach to left 

ventricular shape analysis. Hutchins et al (60) looked at 
autopsy soecimens and, by hand, determined the radius of the 
circle that best approximated the walls of the ventricles. 
Greenbaum and Gibson (61) did not look at curvature per se, 
but rather whether each wall was convex always, concave 
always, or mixed. These are in fact reference-frame inde- 
Dendent methods but, like the global parameter methods, both 
lose almost all local features of shape.
II.6 Subjective Methods

The subjective method of analyzinq the ventriculogram 
is based on the experience and judgement of an observer. No 
measurements are taken, and usually no realignment is done. 
This approach recognizes the limitations of the quantitative
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methods and the remarkable pattern recoanition abilities of 
human brains, but suffers from a lack of standardization and 
reproducibility. This approach is the one most often used 
in the evaluation of individual patients. Two studies are 
representative.

Hamby et al studied patients who presented with "late 
svstolic bulqinq of the left ventricular wall" (62) . No 
definition or measurement of bulging was given. Patients 
either had bulqinq or they did not.

In a two dimensional echocardiography study, Horowitz 
et al looked at patients who had suffered an acute myocar­
dial infarction (63) . The ventricle was divided into seg­
ments, and each was graded by multiple observers as being 
hvpokinetic (score of 1), or akinetic (score of 2). Total 
wall motion was the sum of the scores, averaged over observ­
ers. The definition of hypokinetic was "decreased relative 
motion" and of akinetic was "no motion".

These studies were similar in their lack of standard­
ization and their subjective criteria of evaluation. The 
limitations involved in usinq measures such as these include 
bias, lack of reproducibility, low precision, and low reso­
lution. These limitations are not sufficiently countered by 
the intuitiveness of the measure or by the ease of implemen­
tation.
II.7 Multiple Methods and Comparisons

With the large number of methods available to describe 
left ventricular wall motion, many authors used more that a



sinqle approach. Of the papers already discussed, six 
reported the results of usinq two or more approaches to wall 
motion analysis, without specifically attempting to compare 
the methods (29,37,39,45,52,59). Because there is no stan­
dard for wall motion, there is no basis on which to evaluate 

the differences in the observations.
Studies that specifically attempt to determine the 

'’most correct” method of analysis, rather than introduce a 
new method by comparinq it to an existing one, have begun to 
appear more recently. These studies compared three methods 
(43,64), six methods (40,65), and nineteen methods (66) to 
each other. One study looked at three methods, but in rela­
tionship to a fourth (67). As with the studies that did not 
specifically compare results, there is no basis on which to 
evaluate these reports. No method of analysis is more cor­
rect than another. They differ only in the assumptions made 
and in the sources of bias.

Ill* SHAPE AND CLINICAL CARDIOLOGY

The shape and systolic change in shape of the left ven­
tricle have lonq been of interest to clinicians and physiol- 
oaists. Harvey commented on the apex beat (2 3) and on the 
appearance of the heart when an animal is near death (25). 
Miller and Matthews, in 1909, noted dilatation of the ven­
tricle of a doq when the left coronary artery was ligated 
(68). Herrick, in an autopsy study in 1912 noted fibrosis 
and aneurysmal dilatation in the ventricles of patients with
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occluded coronary arteries (69) . Chamberlain and Dock 
introduced the early fluoroscopic cinematoqraph of Ruggles 
and Fletcher by studying a normal subject and two patients 
with mitral valve disease (27), and in 1935 Tennant and Wig- 

aers performed the now classic experiment of accurately 
recording the contraction of the heart during the acute 
ischemia produced by clamping a coronary artery (70) .

With the advent of contrast ventriculography and coro­
nary anqioqraohy, the imaqe of the left ventricle became an 
essential ingredient in most studies of cardiac function. 
While in many of these, left ventricular shape and wall 
motion analysis did not play a central role, in others they 
represented the primary focus of the study. For the pur- 
ooses of review, the studies in which shape was central are 
divided into the following aroups:
(1) Myocardial ischemia.
(2) Non-coronary, cardiac disease.
(3) Coronary artery bypass.
(9) Non surqical interventions on left ventricular function.

Within each qroup, different populations of patients 
were studied and different hypotheses tested. As a result, 
the studies differ in major ways and the influence of the 
method of shape analysis on the final conclusions is diffi­
cult to address. However, the role of left ventricular 
shape in clinical cardioloqy and in cardiac research, and 
the need for a standard technique of measuring shape, can be 
readily aopreciated.
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UI.l Myocardial Ischemia 

III-1*1 C2I2naiZ BJLleut Disgasg
Herman et al continued their 1967 study with a now 

landmark paper in which patients were divided into those 
with normal and those with abnormal wall motion, based on 
subjective criteria (71). Several parameters were examined 
for correlation to this arouping, includina the presence of 
a coronary artery lesion. All of the abnormal wall motion 
patients had coronary artery disease, but so did two thirds 
of the normal wall motion patients, showing that normal wall 
motion does not rule out coronary artery disease. This 
result was verified in three other studies (72-7U). In 
these studies only patients with coronary artery disease 
were examined, and subjective interpretations of wall motion 
were made. Two studies reported more positive results, 
showing a correlation between the amount of coronary artery 
disease and reqional wall motion (75), and between wall 
motion and the progression of coronary artery disease with 
time (76).

Two studies that looked at myocardial perfusion (as 
assessed by thallium perfusion scan) gave results intermedi­
ate to those that only looked at coronary artery disease
(77.78). Wall motion was strongly correlated with perfu­
sion, while the correlation with coronary artery disease was 
more variable.

Of these studies, only three used quantitative methods
(75.76.78), with a different method used in each.
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III*1*2 Sinaia Vassal Disease
Sinole vessel coronary artery disease is of clinical 

and physioloaical interest because, from the coronary artery 
disease model, the ischemia is expected to affect only a 
discrete definable reqion of myocardium. The reqions of 
myocardium subserved by undiseased coronary arteries should 
function normally, or even compensate fcr the affected 
reqions with increased function.

CTodini et al studied patients with occlusive disease of 
the riqht coronary artery who had undergone coronary artery 
bypass surqery (79). By a subjective analysis, 29% of the 
patients had a preoperative ventriculographic abnormality.
A myocardial infarction had been suffered by 3U%. While 
they did not report which of the patients had both a myocar­
dial infarction and a contraction abnormality, from the per- 
centaqes, some of the patients with myocardial infarctions 
had normal ventriculoqrams.

Brooks et al reviewed the catheterization records of 
patients who had a critical stenosis of only the left ante­
rior descendinq coronary artery (80). The location of the 
stenosis was graded as beinq proximal, mid or distal. The 
ventriculoqram was divided into five segments and wall 
motion was evaluated by a subjective technique. They found 
that the mean number of abnormally contracting segments 
increased as the coronary stenosis became more proximal, and 
was hiqher in the patients who had suffered an infarction. 
They did not report on the locations of the abnormal seg-
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merits or on the correlation between abnormal segment loca­
tion and myocardial infarction.

Kumpuris et al reported on the hemiaxis measured short­
ening velocity of portions of the left ventricular outline 
from the ventriculoqram (an internal reference frame) in 
Datients with isolated stenosis of the left anterior 
descending coronary artery or isolated stenosis of the right 
coronary artery (81). The location of the stenosis was 
qraded as beinq proximal, mid or distal for the left ante­
rior descending and proximal or distal for the right. The 
presence of a previous infarction was noted. Patients with 
no stenoses served as controls.

The results of this study were similar to those of 
Brooks et al, and were as predicted by the coronary artery 
disease model. If there was a stenosis and a myocardial 
infarction, the shortening velocity was decreased in the 
region subserved by the affected artery. If there was a 
stenosis of the left anterior descending coronary artery but 
no infarction, the severity of the contraction abnormality 
was more severe for the proximal versus the distal stenoses. 
In patients with stenoses of the right coronary artery but 
no infarction, there was no decrease in shortening velocity.

These three studies support the coronary artery disease 
model. Althouqh each used a different method of ventriculo- 
qraphic analysis, including the use of a velocity by one, 
the results are similar. The location of a critical steno­
sis, particularly if there has also been a myocardial
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infarction, can be related to the contraction pattern as it 
is assessed from the ventriculoqram.

Ill*1*1 Myocardial Infarction
Virtually all studies of patients who are catheterized 

include a sub-population of patients who have had a myocar­
dial infarction. Some studies have addressed the shape of 
the left ventricle in this sub-population exclusively.

Two aroups studied patients during the acute phase of 
myocardial infarction (82,83). Eoth looked at hemiaxis 
shortening and "per cent abnormally contracting segments'’, 
and concluded that the ventriculoqram correlated well with 
other measures of left ventricular function. In studying 
convalescent and healed post-infarction patients, Field et 
al (8U) found that the extent of asynergy did not separate 
patients with heart failure from those without, because of 
the large variability in the measure of wall motion. Miller 
et al (85) found some correlation to other measures of ven­
tricular function in patients post-infarction and Ideker et 
al (86) found that a hemiaxis measure of asynergy varied 
with the histoloqic presence of fibrosis in a pathology 
study.
Ill.l.u Phases of the Cardiac Cycle

The malority of studies of the ventriculogram are based 
on analyzinq the change in the left ventricle from end dias­
tole to end systole - the contraction phase of the cardiac 
cycle. Some aroups have looked at other parts of the cycle. 

Left ventricular wall motion during isovolumic systole
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was examined by two qrouos, both of whom found that expan­
sion of the equatorial reqion of the ventricle was related 
to cardiac and coronary disease (87,88)• Leighton et al 
found that one half way through systole, wall motion in many 
Datients with coronary artery disease was significantly dif­
ferent from that of patients without coronary artery dis­
ease, but was often normal at end systole (89). When isovo- 
lumic relaxation was examined, one group concluded that 
early diastolic bulging (segmental early relaxation phenom­
enon) was a normal phenomenon (90) , while others felt it to 
be indicative of cardiac disease (91,92).

The studies discussed have all been ones in which the 
focus of the investigation was left ventricular shape or 
wall motion in patients with myocardial ischemia. There is 
no standardization of analysis and in most cases there are 
studies with contradictory results. Because of the lack of 
standardization it is difficult to form a precise overall 
conclusion concerning the shape and motion of the heart in 
this clinical situation.
Ill .2 Non-Coronary Artery Cardiac Disease

Fewer studies of ventriculogram recorded left ventricu­
lar shape in the setting of non-coronary disease were found 
than in the settinq of ischemia. These were concerned with 
valve, myocardial, and conduction tissue disease.

HI*2*1 ValY£ 21seast
Aortic valve disease was studied with the "eccentric­

ity" index by two groups, both of whom found an abnormal
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roundness of the ventricle in volume overload that was cor­
rected by valve surqery (93,94). A third group studied 
reqional wall motion usinq hemiaxes in patients with aortic 
and mitral reaurqitation. When compared with a group of 
control patients, reqional and global abnormalities were 

found (95).
Ill*2*2 Myocardial Disease

The eccentricity index was also used in studies of myo­
cardial disease. In patients with idiopathic hypertrophic 
subaortic stenosis, the ventricle became less round than 
normal (96) and in primary myocardial disease it became more 
round (97). The latter study also showed some more local­
ized disorders, but by subjective techniques. In a similar 
investigation, patients with Chagas' disease were grouped 
according to subjective wall motion and correlates to other 
parameters were found (98).
111*2*1 Conduction Tissue Disease

A sinqle study looked at the wall motion of patients 
with left bundle branch block and concluded that ten of 
twelve had abnormal wall motion along at least one hemiaxis, 
while by qualitative methods only six of fifteen patients 
were abnormal (99). As with many other studies, since there 
are no standards of wall motion, a large group of controls 
were examined in order to establish the normal range of the 
method.

1X1*2 Csisnai* ArLety. Bypass
Coronary artery bypass (CAB) surqery is the focus of a
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larqe percentaqe of the recent cardiology literature. Nei­
ther indications for, nor efficacy of, the procedure have 
been completely agreed upon, for reasons that are beyond the 
scope of this review. Uniform consensus, however, dictates 
that every patient who is considered for the procedure 
underqo a diaqnostic catheterization, and the results of the 
catheterization provide a larqe part of the data upon which 
the decision to operate is made. In addition, many patients 
who are operated upon undergo follow-up catheterizations 
months and years after the bypass. These follow up proce­
dures provide the data for the pre and the post CAB surgery 
ventricular function studies.

As with the other literature reviewed, the differences 
amonq studies are usually more numerous than just differ­
ences amonq the methods of analysis of left ventricular 
shape. Such factors as patient selection, CAB graft 
patency, and infarction status have prime importance in 
determining the results of any study. However, since CAB is 
desiqned to improve the function of specific regions of the 
myocardium, its effect on reoional shape and wall motion is 
usually an important part of the results of the studies. In 
this context, it is particularly bothersome that there is no 
standardization or well accepted method of describing the 
shape of the left ventricle. A few representative studies 
differinq in post CAB results and a few looking at pre­
dictive variables are illustrative.
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III*2*1 Improvement with B3£E§s§
Four uncontrolled studies in which left ventricular wall 

motion improved after CAB surqery are representative of 
positive studies. Chatterjee et al used subjective analysis 
and showed that abnormal wall motion before CAB improved to 
normal in five of six patients after CAE, while the sixth 
was normal before CAB and remained normal after CAB (100). 
This same group studied twenty nine patients before and 
after CAB usinq a hemiaxis description of wall motion with 
patients who were catheterized but not operated upon provid­
ing the normal values (101). Wall motion improved in the 
non-infarcted areas.

Wolf et al studied the thirty seven patients who agreed 
to a post CAB catheterization (102). Regions of the ventri­
cle were classified as recieving blood supply from one of 
three qroups: from a non-operated artery, from a bypassed
artery whose qraft was patent, or from a bypassed artery 
whose graft was closed. The regions were also subgrouped 
into pre-operative normal or sub-normal wall motion. Wall 
motion was measured with hemiaxis methods. The results were 
as the disease model predicted: abnormal wall motion
improved if there was a patent graft, while wall motion 
deteriorated if the oraft was occluded.

The study of Mintz et al was different from the others 
in that wall motion was assessed using surgically implanted 
eoicardial markers and an internal reference frame alignment 
(103). Total wall motion was felt to have significantly
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improved with CAB, due mostly to improvement in areas of 
previous infarction. These results should be interpreted 
with caution because of the use of epicardial markers and 
because of the improvement of performance in areas of the 
ventricle that would be expected to be mostly fibrous scar 
tissue.

III.!•Z Lack al Improvement with Bypass
Five studies are representative of those reporting neg­

ative or equivocal results of CAB. Bourassa et al reported 
that only one half of the regions subserved by patent grafts 
showed improved wall motion (10U). Griffith et al reported 
that of the reqions subserved by a patent graft, 22% 
improved and 35J5 actually deteriorated post operatively 
(105). Two studies reported results sufficiently pessimis­
tic to conclude that CAB does not improve left ventricular 
function (106,107). It should be noted that although these 
studies reported results that may be representative of early 
experience with CAB and patient selection, the lack of stan­
dardization makes further inference difficult.

Ill*2*1 Rl29QO£tic ladices
Three studies are of interest because they used wall 

motion in the derivation of prognostic indices. Levine et 
al developed an "index of vascularity” and tried to show a 
correlation to the per cent change in hemiaxis shortening 
after CAB (108). The Collaborative Study in Coronary Artery 
Suraery (CASS) used a multivariate approach to predict CAB 
operative mortality. A subjectively derived measure of wall
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m o t i o n  w a s  t h e  f o u r t h  o f  s i x  v a r i a b l e s  i n c l u d e d  in t h e  s t e p ­
w i s e  d i s c r i m i n a n t  a n a l y s i s  ( 1 0 9 ) .  S i m i l a r  r e s u l t s  w e r e  a l s o  
r e D o r t e d  f r o m  t h e  CASS d a t a  e l s e w h e r e  ( 1 1 0 )  .
UI.u (Peverslble) Intervention Ventriculography

The function of the heart can be transiently influenced 
by druqs, chanqes in the heart's rhythm and rate, and 
chanaes in cardiac demand. These reversible interventions 
(as opposed to the irreversible surgical interventions) have 
provided the material for studying the change in wall motion 
caused by a chanqe in overall cardiac function. As with the 
other areas reviewed, the purpose here is to illustrate the 
areas of application of left ventricular wall motion analy­
sis .

Nitroglycerin, Digitalis# and Epinephrine 
Several studies have examined the effect of nitroglyce­

rin on wall motion. Improvement of wall motion in regions 
of presumed ischemia following the administration of nitro­
glycerin was observed in four studies. Three used the loca­
tion of a coronary artery stenosis ( 1 1 1 , 1 1 2 , 1 1 3 ) , and one 
used radionuclide perfusion scanning (11^), to determine the 
region of ischemia. One study looked at overall wall motion 
after nitroglycerin in patients with coronary artery disease 
( 1 1 5 )  , one showed that durina catheterization the develop­
ment of spontaneous angina pectoris produced wall motion 
changes that were reversed with nitroglycerin ( 1 1 6 ) , and one 
looked at the degree of myocardial fibrosis as assessed by 
biopsy and the imorovement of wall motion after nitroalyce-
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rin administration (117) .
Two studies examined the acute effect of intravenous 

diqitalis-like druqs. In both, improvement of overall func­
tion was noted, as was improvement in one half to two thirds 
of the reqional seqments (110,119). In some cases, regional 
function deteriorated (119). These results were similar to 
those observed with the acute administration of epinephrine 

(120) .
III.a.2 Propranolol and Nifedipine

Propranolol and nifedipine are both negative inotropic 
aqents that, because of the different levels of circulatory 
control, have both positive and negative effects on heart 
function. In three studies of the acute effects of propra­

nolol, reqional left ventricular function deteriorated in 
one (121) and did not change in two (122,123) . The single 
nifedipine study looked at implanted midwall marker motion 
and found that the effect depended on whether the drug was 
oiven intracoronary or intravenous (12U). All four studies 
characterized wall motion differently.
III.u.2 Post-Extrasvstollc Potentiation and Pacing

Post-extra systolic potentiation (PESP) is the techni­
que of looking at the changes in ventricular function that 
are induced in the beat following a Dremature (extra) sys­
tole. These studies were similar to the drug studies and 
similar hypotheses were tested. With PESP regional wall 
motion improved (125), was correlated with recovery of car­
diac function after CAB (126), and was felt to be artifactu-



63

ally increased due to improved contraction in other areas 
(127).

Pacinq the heart by electrically stimulating the atria 
or the riqht ventricle increases oxygen consumption by the 
heart, and is expected to cause wall motion to deteriorate 
in reqions that have a marginal blood (oxygen) supply. This 
hypothesis was confirmed (128-130) and correlated to an 
improvement in function at rest after CAB (131).

Combined Interventions
Several studies examined multiple interventions that 

were administered either simultaneously or sequentially.
Two qroups showed nitroglycerin to be similar to PESP, with 
no added benefit when the two were administered simultane­
ously (132,133) . In one study nitroglycerin, PESP, and pac­
inq were examined sequentially (13«), while in a different 
study nitroqlycerin was administered during pacing (135).

The effect of atenolol (a propranolol-like drug) was com­
pared to the effect of nitroqlycerin in patients with and 
without coronary artery disease (136), and lastly isometric 
exercise was added to atrial pacinq in an effort to signifi­
cantly decrease left ventricular function (137). In all 
these studies a pre and a post intervention state was exam­
ined usinq different measures of left ventricular wall 
motion.

In this section the areas of clinical and physiologic 
research that involve analysis of the ventriculogram have 
been reviewed. The emphasis has been on illustrating the
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diversity of conclusions and the complete lack of standard­
ization of the method of analysis of the ventriculogram.
The role of the ventriculogram in cardiology, and the need 
for a single method of analysis, is apparent.

IV. CORONARY P.RTEPY CRITICAL STENOSIS

The degree of coronary artery stenosis that is accepted 

as being critical is central to all investigations of the 
effects of coronary artery disease. Because of the complex­
ity of the physiology involved in the dynamics of myocardial 
oxygen demand and supply, accepting a single value of steno­
sis as being critical will not be appropriate for all 
patients. However, despite the degree of simplification 
imposed, there is a general consensus among investigators 
that a narrowing of 50* of the diameter of a coronary artery 
(decreasing the luminal area to 25* of the unaffected areas) 
will compromise the blood flow to the subserved myocardium.

Three experimental studies in dogs and one in-vitro 
study directly measured the hemodynamics of different cali­
ber artery stenoses. May et al applied an external clamp to 
the in-vivo iliac arteries of dogs (138). They noted a 
reduction in the resting pressure and flow distal to the 
stenosis when the diameter of the artery was reduced 55*
(area of the arterial segment reduced 8C*).

Feldman et al studied experimentally produced narrow- 
inqs in in-vivo dog coronary arteries (139). They found 
that resting coronary blood flow was net decreased until the
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arterial diameter was decreased SOS if the narrowing was 
short, but that blood flow was affected by UOS to 60S nar-
rowings when the length of the stenosis was increased to ten
millimeters. They also studied the increase in flow after 
the stenosis was released: the reactive hyperemic flow. In
this hiqh flow state, the UOS to 60S narrowings had an even 
more marked effect on coronary flow. This supports the idea
that a narrowinq of 50S of the diameter of a coronary artery
may not be siqnificant at rest, but can impinge on blood 
flow durinq the hiqh flow requirements cf hemodynamic 
stress. This was verified by the same group in a later 
study in which a short 60S diameter stenosis of a coronary 
artery was studied (1U0). This narrowing produced no com- 
Dromise of flow at rest, but durino the hyperemic increase 
in demand, flow was decreased and a pressure gradient was 
recorded across the stenosis.

Sabbah et al studied an in-vitro coronary artery prepa­
ration (iui). They found that a short 50S decrease in the 
diameter of the artery caused a nealigable decrease in flow 
under restinq conditions. However, when three stenoses were 
imposed on the artery, flow decreased 20%, as compared to 
the 8% reduction observed with a single stenosis of equiva­
lent lenqth. Thus, multiple stenoses may be critical at 
rest, whereas a sinqle one may not be.

Two studies were addressed to angioqraphic measurements 
of coronary artery stenoses in man. Rafflenbeul et al stud­
ied the relationship of coronary artery stenoses to the
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oresence of chest pain, collateral circulation, and reqional 
wall motion (142) • They found that the critical stenosis 
was around 50% of the diameter of the left anterior descend- 
inq coronary artery, but less for the right coronary artery: 
as low as 40%. McMahon et al studied patients who had chest 
pain at rest and determined that the critical stenosis was a 
reduction of the diameter by 72% (143). This result was 
similar to the 80% reduction needed to decrease the resting 
flow that was observed by Feldman et al.

This group of studies indicates that during times of 
increased demand, a 50% reduction in the diameter of a coro­
nary artery will impinoe on the blood flow. This is the 
definition of a critical stenosis that is used by most clin­

ical investigators (144) .

X. IH£ TANGENT ANGLE FUNCTION

The literature of the tangent angle function seems to 
be confined chiefly to military applications. The images 
being examined in these studies (the silhouettes of tanks 
and aircraft mostly) are usually piecewise linear outlines 
that therefore have piecewise constant tangent angle func­
tions. Parameterization and analysis of these functions is 
substantially different from that of the tangent angle func­
tions of left ventricular outlines.

Fritzsche, in 1961, studied the transformation of hand 
written characters by the tanqent angle function (146). He 
Darameterized the functions by Fourier series, and con-
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eluded:
"(1) Each character is representable by a unique mathemati­

cal expression.
(2) The recognition technique is independent of character 

size.
(3) The technique is independent of character orientation. 
(U) The gross features of a character are identified by

usinq only a limited number of terms of the mathemati­
cal expression.”

He also noted that the technique was sensitive to irregular­
ities or distortions of standard figures. This was probably 
because of the stylized nature of the images he was analyz­

ing .
Raudseps, in 1965, studied the transformations of tank 

and aircraft outlines by the tangent angle function (1U7). 
Much of this work was concerned with the effect of the reso­
lution of the raw data on the function. He also used Four­
ier series as the parameterization scheme and plotted dif­
ferent coefficients to obtain discrimination among the 
oblects. Apparently, much of the work was motivated by com- 
Dutational constraints that are no longer relevant.

Zahn and Roskies studied the Fourier series of the tan­
gent anqle function and its derivative for different shapes 
(1U8). They examined the properties of the Fourier coeffi­
cients and showed that these were true measures of shape.

*
They examined many symmetries of shape in relation to the 
Fourier coefficients.

Bookstein discussed the tangent angle function in his 
monoaraph reviewing the measurement of shape (6). Much of 
the discussion of shaoe presented earlier is present in this
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b o o k ,  a n d  t h e  p r o o e r t i e s  o f  t h e  t a n g e n t  a n q l e  f u n c t i o n  

D r e s e n t e d  i n  t h i s  s t u d y  a r e  e x p a n d e d .  B o o k s t e i n  a l s o  o f f e r s  

o t h e r  a p p l i c a t i o n s  o f  s h a p e  m e a s u r e d  b y  t h e  t a n g e n t  a n g l e  
f u n c t i o n ,  p a r t i c u l a r l y  t o  t h e  a n a l y s i s  o f  t h e  s h a p e s  o f  
s k u l l  X - r a y s .

Wallace et al examined the tangent angle functions of 
several two-dimensional projections of aircraft (149) . This 
was the only reference found that addressed the three-dimen­
sional objects generating the two dimensional outlines. The 
approach taken to analyzing the three-dimensional objects 
was to construct feature vectors composed of information 
from the different two-dimensional projections. This study 
made extensive use of the piecewise linear nature of the 
objects being studied, an aspect net shared by left ventri­
cular outlines.

Each of these studies presented a different application 
of the tangent anole function. Each considered only closed 
(periodic) outlines, and each used either Fourier series or 
information from curvature maxima as the shape descriptors. 
These investigations were of general relevance to the study 
of left ventricular outlines, but the specifics of the basic 
data being investigated limited the applicablility of the 
results.
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I* CLINICAL MATERIAL

1*1 Clinical insi Angiographic Ciitgiia for Inglysion
The population considered for inclusion in the study 

consisted of those patients recorded as having undergone 
cardiac catheterization at the Mount Sinai Hospital between 
January 1, 1978 and December 31, 1979.

The catheterization procedure and interpretation of the 
results were carried out by one or more cardiology fellows 
and attendlnq cardioloqists. A patient report consisting of 
a short clinical history, physical findings, relevant labo­
ratory data, catheterization results (hemodynamic, angio­
graphic, ventriculographic, and the results of any pharmaco­
logic or physiologic interventions), and any interpretations 
was the source of the clinical and angiographic data used to 
classify the patients for the study. The ventriculogram 
cine itself was used as the source of all ventriculographic 
data.

Based on the reports, patients falling into one of the 
following three qroups met the clinical criteria for inclu­
sion in the study:
(1) Significant stenosis (disease) of the left anterior 

descending coronary artery alone (LAD).
(2) Significant stenosis (disease) of the right coronary
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artery alone (RIGHT).
(3) Chest pain syndrome, normal coronary arteries (NORMAL).

A sianificant stenosis was defined as blockage of at 
least 50% of the diameter of the main branch of the artery 
in at least one location (LITERATURE REVIEW IV).

Patients were excluded from the study on clinical 
qrounds for any of the following conditions:
(1) A complete anqiographic or ventrlculooraphic study was 

not performed. This was often the case when a patient 
was referred for evaluation of a cardiac problem other 
than suspected coronary artery disease.

(2) Presence of valvular, congenital, or organic heart dis­
ease.

(3) Presence of any extra-cardiac thoracic vascular disease, 
e.q., pulmonary hypertension, pulmonary embolus, coarc­
tation of the aorta.

(U) Coronary artery disease other than RIGHT cr LAD.
(5) History of a thoracic suraical procedure.
(6) Non-sinus rhythm, e.q., atrial fibrillation or artifi­

cial pacinq.
Patients with an isolated corcnary artery stenosis were 

classified as LAD or RIGHT, as appropriate to the location 
of the lesion.

Patients were classified as NORMAL if, in addition to
(1) through (6) above:
(7) There was no evidence of heart failure.
(8) There was no history or evidence of a previous myocar­
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dial infarction.
(9) There was no conduction abnormality.

Therefore, patients satisfying the clinical and angio- 
araphic criteria for inclusion were either "normal” or had a 
critical stenosis of either the left anterior descending 
coronary artery alone, or of the right coronary artery 
alone, with no evidence for any other cardiac or thoracic 
abnormality. The patients with coronary artery disease may 
or may not have sustained a myocardial infarction.
1*2 Ventrlculoggaphlc Criteria lor Inclusion

The thirty degree right anterior oblique left ventricu- 
loqrams of the patients satisfying the clinical and anaio- 
araphic criteria for inclusion were projected on a TagArno 
35XR viewer. Ventriculograms were viewed by a single 
observer who did not have knowledge of the patient's angio- 
araphic and clinical diagnoses; the anaioorams were not 
viewed. Films were viewed in the order of the performance 
of the catheterizations (chronological order) .

The end diastolic and end systolic frames from all 
heart beats that showed a clear left atrial systolic contri­
bution to diastolic filling of the left ventricle (the "A 
wave": an indication of sinus conduction of the beat), that
did not follow an extrasystole, and were of adequate techni­
cal quality were manually traced. The tracing outlined the 
contrast-endocardial border and, in the areas of papillary 
muscle, followed the endocardial border, not the papillary 
muscle outline. £nd diastole was defined as the last frame,
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after atrial systole, before inward motion of the endocar­
dium was observed. End systole was defined as either the 
last frame showing inward motion of the endocardium, or the 
last frame before the onset of closure of the aortic valve 
leaflets when they could be visualized. The junction of the 
mitral valve with the inferior endocardial surface (the 
mitral valve point) and the junction of the aortic root with 
the left ventricle (the anterior and inferior aortic root 
ooints) were marked.

Beats were judqed to be of adequate technical quality

if:
(1) There was sufficient opacification to ensure visualiza­

tion of the entire endocardial border and the valve 
points. Note that this excluded beats showing "obliter­
ation of the apex", in which the apical region of the 
outline was not visualized at end systole.

(2) The entire endocardial border and valve points were 
within the field of view of the cine camera.

(3) There was no evidence of intramyocardial injection of 
contrast aqent.
In many cases, conditions (1) and (2) were not satis­

fied for only a small portion of the image. If it was pos­
sible to approximate this portion from either an adjacent 
frame or from another beat at the corresponding part in the 
heart cycle, then this was dene and the approximated region 
was recorded as such.
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XI. NUMERICAL HANDLING OF IMAGES

II.1 Qlsgrgtisatloa 21 the Images
In order to manipulate the images numerically, it was 

necessary to convert the tracings to a series of (x,y)
Doints stored in our computer. Using a Graf-Pen sonic digi­
tizing pen that has a resolution of .1 mm (150), each out­
line traced from the cine was converted to a discretized 
image (set of discrete (x,y) points) and, with the mitral 
valve and aortic root points, stored on magnetic disk. 
Althouqh not needed for the subsequent analyses, fiduciary 
alignment points from the film were also recorded.

The discretized imaqe was generated from the cine trac- 
ina by starting at the anterior aortic root point and fol­
lowing the tracing with the digitizing pen to the inferior 
aortic root point. Every effort was made to cover the cine 
tracinq at a uniform density of recorded points by moving 
the digitizing pen (which emits points at constant intervals 
of time) at a constant rate. The cine tracing was covered 
with a hiqh density of points by moving the digitizing pen 
slowly. The mitral valve and aortic root points were 
defined by touching the appropriate point on the tracing 
from the cine and recording the pointer to the nearest (x,y) 
location in the set of discretized points.

If a section of the cine image had been approximated, 
then the borders of the approximated region were recorded in 
the same manner as were the valve points. All further anal­
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ysis was done on the discretized images stored as the series 

of discrete (x,y) points.
II. 1 Definition 2l Afiex

Althouqh it involved the introduction of a constructed 
Doint, the interpretation of the shape of the cine images 
was facilitated by identifyinq reaicns of the outline as the 
anterior wall, the inferior wall, and the apical region (THE 
TANGENT ANGLE AND THE CORONARY DISEASE STUDY III.3.2). To 
do this, it was necessary to precisely define the limits of 
these regions on the outline. This was done in terms of an 
apex and a long axis.

Usina the point on the outline farthest from the ante­
rior aortic root point (ant-ARP) as the apex (151) , the long 
axis was defined as the line connecting the apex to the mid­
point of the line connectinq the ant-ARP to the inferior 
aortic root point (inf-ARP, figure 10). A perpendicular to 
this line was drawn at a percentage of the total distance 
from the aortic root plane. This percentage was designated
1. The perpendicular intersected the outline at two points. 
The point closer to the ant-ARP was designated the anterior 
apical point (ant-AP). The point closer to the inf-ARP was 
the inferior apical Doint (inf-AP) . The anterior wall was 
defined as the seqment of the outline between the ant-ARP 
and the ant-AP, the inferior wall as the segment between the 
inf-AP and the mitral valve point. The apical region was 
the seqment between the ant-A? and the inf-AP (figure 11). 
Emperically, 1 was chosen to be a value that gave wall defi­
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nitions that conformed with observer's expectations of the 
location and bounds of the walls. Note that these limiting 
points do not exist as part of the cardiac anatomy, but are 
constructed points defined in terms of the parameter 1.
This particular algorithm for defining the limiting points 
was chosen because, by varyinq 1, the influence of the loca­
tion of the limiting points on the subsequent parameteriza­
tion of the tanoent angle function could be demonstrated.

III. Q££INIIIQH ££ US. TANGENT ANGLE FUNCTION AND ARC LENGTH

III.1 Tangent Angle Function
The derivation of the tangent anqle function (0 (s)) is 

presented in the Appendix. The computation of the tangent 
anqle function was accomplished in a straightforward imple­
mentation usinq a double precision FORTRAN IV computer pro- 
qram (APPENDIX, reference 152) .

1X1*2 &EC Lanattl Computation
Computation of 3 (s) from the discrete tracing involves 

the computation of the distance along the curve (arc length, 
s). When a curve is digitized using a digitizing pen that 
transmits (x,y) points periodically, small fluctuations of 
the digitizing pen about the curve being traced produce 
noise in the discretized curve. Arc length is equivalent to 
the distance travelled along the curve: the more irregular
the curve, the longer the distance travelled. Although the 
noise is of low amplitude, it has a relatively high fre­
quency. Because of this noise, the estimate of arc length
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becomes inflated (153). Sampling the curve at points far­
ther apart will give a better estimate of the true arc 
lenqth, but at the expense of a decrease in the resolution 
of the diaitized representation. A compromise is to sample 
the curve at ooints that are far enough apart to give a rea­
sonable estimate of arc length, while close enough together 
to preserve detail.

The cine tracinqs were digitized at a slow rate (high 
density of points) to maximize accuracy and detail. The 
solution to the problem of arc length inflation was to 
determine a minimum sampling distance, and then reject 
ooints that were separated by less that this distance. The 
minimum sampling distance was determined by simulation.

Ill.2*1 2iOULla£l2a 2l 2i9Uizing
The total arc lenqth of diastolic images for most mag­

nifications was around 4000 Graf-Pen units (400 mm), with 
approximately 200 points in the discretized curve. The sim­
ulation of the diqitizinq process was constructed to repre­
sent the discretization of a straicht line 4000 units in 
lenqth, usina 200 points.

Two hundred pseudo random numbers distributed uniformly 
on the interval (0,4000) were generated by the SAS function 
-UNIFORM to represent the X values of a line lying on the X 
axis and coverinq the interval that runs from 0 to 4000 
(154). Unequally spaced X's were chosen to represent the 
variable density of digitized points that arises in prac­
tice. These ooints represented the "true" line to be
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t r a c e d .
Simulated diqitized points were created by adding a 

Dseudo random number to the X coordinate, and creating a 
pseudo-random Y coordinate. The number added to the X coor­
dinate was normally distributed, with mean 0 and standard 
deviation 2. The Y coordinate was also normally distrib­
uted, with mean 0 and standard deviation 5. These numbers 
were qenerated by the SAS function NORMAL, and each pseudo 
random sequence was started with a different seed.

The standard deviation of the X component represented 
the experimentally determined precision in touching a single 
point with the Graf pen (METHODS VI.1 and RESULTS V.l). The 
standard deviation of the Y component was chosen to give a 
worse estimate of the noise than was expected to be encoun­
tered in practice. These points represented the "noisy" 
points that resulted from digitizing.

The total arc length of the line using the "noisy" 
ooints was computed for minimum sampling distances of 10,
20, 30, U0, 50, 60, and 70 Graf-pen units (1 through 7 mm), 
and compared to the "true" arc length. A minimum sampling 
distance that resulted in an inflation of arc length by less 
than five per cent was considered desirable, subject to the 
condition of preservation of detail.

IY. PIECEWISE PARAMETERIZATION

The qoals of parameterizing the measure cf left ventri­
cular shape, the tangent anqle function, are twofold. The
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first qoal is to decrease the amount of information in the 
function, makina the measure more suitable for statistical 
applications. The second goal is to extract particular fea­
tures from the measure that enhance the understanding and 
interpretability of the outlines from which the tangent 
anqle functions were derived (THE TANGENT ANGLE AND THE 
CORONARY DISEASE STUDY III.3).

The piecewise parameterization is oriented to the coro­
nary artery disease model. The outline of the left ventri­
cle was considered to consist of three pieces: the anterior
wall, the inferior wall, and the apical region (METHODS
II.2). In the subsequent parameterization, each piece of 
the tanqent anqle function was considered separately.

The parameterizations considered were polynomials of 
order one throuqh five for the anterior wall (piece) and for 
the inferior wall (piece). The apical region was not 
included. For any qiven parameterization (model), the Gen­
eral Linear Models procedure of the statistical package SAS 
was used to compute the least squares estimates of the coef­
ficients of the model (15U). Before the models were fit, 
arc lenqth was normalized.

!¥.. 1 fcLstiaalizalisn Si Arc Length
Once the left ventricular outline has been separated 

into pieces, each piece must be parameterized independent of 
the others: when each piece is considered, the arc length
axis must pertain only to that piece. This was accomplished 
by a redefinition of the arc length axis for each piece.
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The redefinition of the arc length axis was 
accomplished by scalinq and translating the part of the axis 
that corresponded to each piece of the outline to cover the 
same portion of the redefined axis. In this way, the param­
eters from different pieces of the outline could be compared 
directly, without having to take into account their location 
on the arc lenqth axis (fiqure 12). If this scaling and 
translation were not done, then the value of the coeffi­
cients of the polynomial models (the parameters) would be 
dependent upon the location and length of the particular 
wall segment on the arc lenqth axis.

The arc lenqth of each wall was scaled and translated 
to lie between -1 3nd 1 by the formula

s * -1 ♦ 2 (s*-si) /(sf-si)
where:
s* = raw arc lenoth
s = scaled and translated arc lenqth
si = arc length of the initial point of the wall (0 for the 

anterior wall, the arc length to the inf-AP for the 
inferior wall)

sf = arc length of the final point of the wall (the arc
length to the ant-AP for the anterior wall, 1 for the 
inferior wall)

This transformation scaled the length of the wall segment to 
two, and then translated the first point of the seqment to 
minus one. This interval was chosen as a convenient one 
that was symmetric about the origin.

11-1 EfilzimiLaL laiela
Using the scaled arc length (s), the least squares 

estimates of the coefficients for polynomial models of order 
one through five were obtained for each segment. For exam-
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Die, for the third order model, the coefficient estimates 
were computed by least squares for the approximation 

9 (s) = bO ♦ bl (s) ♦ b2 (s2) ♦ b3 (s3) 
for each segment individually* The coefficient for the lin­
ear term is bl, for the quadratic term b2, etc. The set of 
coefficient estimates (the b's) were the shape parameters 
for that outline. The shape parameters for the end dias­
tolic and the end systolic outlines were the shape parame­
ters for the entire beat. The apical region was not 
included in the shape parameterization although, if it was 
felt to be important, it could be. Note that given the b's, 
the arc lenqths of each wall, and the apical region, the 
parameterization can be "inverted", and a smoothed heart 
shape recovered. If the apical region is not used, then the 
smoothed anterior and inferior walls can be recovered as 
individual seqments. The degree of smoothing depends upon 
the order of the model: as the order increases, the degree
of smoothinq decreases.

V. &I&C3IMINANT ANALYSIS

Usina the slopes of the piecewise linear model (the 
curvatures of each wall) and the coronary artery group mem­
bership, discriminant analysis was carried out, and verified 
usinq an independent set of data. For patients with more 
than one technically adequate heart beat, the averages over 
beats of the curvatures of each wall were used. All compu­
tation was done usina the discriminant analysis procedures
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in the SAS and BMDP statistical packages (15U,155).
V. 1 Discriminant $£ttiod

Discriminant analysis determines the linear combina­
tions of the parameters that maximizes the between group 
separation with respect to the pooled within group variabil­
ity (20). These linear combinations are the canonical vari­
ables (THE TANGENT ANGLE AND THE CCRONAPY DISEASE STUDY
III.U). The procedure implemented in BMDP takes a stepwise 
approach to the construction of the discriminant functions 
and the canonical variables. The procedure adds variables 
to the analysis until any choice for a variable to enter 
does not increase the separation among the groups by an 
amount specified before the procedure begins. Because there 
were relatively few parameters, liberal entry criteria were 
used to ensure that all parameters were included in the can­
onical variables. In the particular setting of three 
aroups, only two independent canonical variables exist.
These were used as coordinate axes upon which to plot the 
"location” of each patient, and thereby obtain a visual rep­
resentation of the degree of separation among the groups. 
This was also done by the BMDP procedure.

Individual patients were classified, based only on 
shape, into one of the coronary artery groups using the cal­
culations of the discriminant analyses. An individual was 
classified as belonging to the group that gave the largest 
posterior probability of belonging to that group. This is 
eauivalent to allocatina the individual to the group whose
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mean he was closest to, in distance that has been normalized 
by the variances and covariances of the groups.

V.2
A dackknife approach was used to form the posterior 

orobabllities that individuals belonged to each group, clas­
sify the individual oatients, and estimate the percentage of 
patients in each coronary artery group that were classified 
correctly and incorrectly based on shape (the overall clas­
sification percentages). This approach was taken because 
the individuals initially used to test the overall classifi­
cation percentaaes were the same individuals from whom the 
classification criteria were developed in the first place.

The iackknife works by computing the discriminant cri­
teria as many times as there are individuals in the study 
(if there were 100 individuals, then the computation would 
be done 100 times, figure 13). At each iteration, one indi­
vidual is left out of the computation of the discriminant 
criteria. These criteria are then applied to the deleted 
individual and the posterior probabilities of group member­
ship are computed. The individual is allocated to the group 
with the largest posterior probability. In this way, clas­
sification of the individual is done using criteria that are 
independent of that individual. Although this approach does 
not qive estimators of the overall classification percent­
ages that are completely uncorrelated with the original 
data, Monte Carlo results indicate that the correlation is 
small (156).



83

V.2
The canonical variables and discriminant functions were 

computed usina data from patients who were catheterized dur- 
inq 1978. The stability of the canonical variables was 
assessed usinq the Iackknife classification matrices.

The validity of the canonical variables was tested 
usinq data from patients whose catheterizations were per­
formed durinq 1979. These patients had their shape parame­
ters computed, and were classified into coronary artery 
qroups usinq only the discriminant functions determined from 
the 1978 data. Computation of the discriminant functions 
from the 1978 data, and classification of the 1979 data, 
were done usinq PROC DISCRIH in SAS by utilizing the 
TE5TDATA option. 
v«2*l h Second Verification

The verification procedure was repeated by combining 
the patients from 1978 and 1979 into one set, forming the 
discriminant criteria from this set, and then applying these 
criteria to patients whose catheterizations were performed 
between January 1, 1930 and December 31, 1980.

VI. PRECISION. VARIABILITY. SE^SIIIVITY, AND REPRODUCIBILITY

VI.1 Precision gl Digitizing
The orecision of diqitizinq was measured as the vari­

ability of X and Y coordinates in repeated touchinq of sin­
gle points. The X and Y coordinates were used separately to 
avoid the assumption that the precision in the vertical
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direction was the same as that in the horizontal direction.
Ten ooints were each touched ten times with the Graf- 

Pen. The means and variances for the x and y coordinates 
for each point were computed, and then pooled to give over­
all variance estimates for each direction. This was done 
for 10 points lyinq on a horizontal line, on a vertical 
line, and on a circle with a radius of approximately 10 cm. 
VI.2 Beat to 2_£2.t Variability Within Patients

The beat to beat variability within patients was meas­
ured as the variability in the curvatures of each wall of 
the outlines of the patients who had multiple technically
adeauate beats. Only walls that had no amount of approxima­
tion were used.
VI.1 Sensitivity ol Curvature to the Apex

The piecewise linear model was computed for 1 (the 
parameter of the long axis - METHODS II.2) equal to .875,
.9, .925, .95, .975, .98, and .99 for the outlines of end 
diastole and of end systole of patients from each clinical 
qroup. These values of 1 were within the range of reason­
able choices for 1 (figure 1U). The coefficient estimates 
were plotted to demonstrate the dependence of the curvatures
on the value of 1.

VI.4 EeBt2lu£lbilllz
VI.U.l 2£BI2lu£ikiIiti of Digitizing

The error introduced by the digitizing process itself 
was measured as the variation in total arc length and curva­
ture of the walls of the outline for a single image digi-
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tized multiple times.
A sinqle frame was traced ten times and the tangent 

anqle curves constructed and parameterized by the piecewise 
linear model. The variation was computed for the slope of 
the linear model, total arc length of the image, and the arc 

lenath of each wall.
VI-1-2 QkseZXeL RefiE&ducibilitx

Once an imaqe has been digitized, the remainder of the 
analysis is automated, and is without any variability. 
Therefore, observer variability could be introduced only in 
the staqes of the study prior to and including the digitiz­
ing of the images. These stages were:
(1) Determination of technically adequate films.
(2) Selection of the end diastolic and end systolic frames.
(3) Tracing the outlines from the film.
(a) Digitizing the film tracings into the computer.

With care, the systematic error introduced in digitiz­
ing a tracinq into the computer is negligible, and in this 
analysis assumed to be zero. The random error in digitizing 
was ascertained as in Methods VI.4.1. The reproducibility 
of the selection of adequate films, of the definition of the 
timinq of end diastole and end systole, and of tracing the 
iraqe were ascertained as follows.

Twenty films were randomly chosen: ten with no techni­
cally adeauate beats, and ten with one technically adequate 
beat each. Without Knowledqe of the initial iudqement of 
adequacy, these twenty films were viewed by the original
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observer and judged to be either adequate or inadequate.
The deoree to which the initial decisions agreed with those 
of the repeat viewings was the measure cf reproducibility in 
determining technical adequacy.

The ten films judqed adequate on the initial viewing 
were viewed aaain and, without Knowledge of the initial 
decisions, the frame numbers of the end diastclic frame and 
the end systolic frame were recorded. The correspondence 
between the repeat and the initial frame numbers was the 
measure of reproducibility of determining the timing of end 
diastole and of end systole.

Ten films that each had two technically adequate beats 
were randomly selected and viewed a second time. For each 
film, and without Knowledge of the initial tracing except 
for the frame numbers, the outlines of end diastole and end 
systole of each beat were traced. The same frames that were 
initially traced were traced this second time. These trac­
ings provided the data for determining the reproducibility 
of tracing a specific image. The corresponding tracings 
were compared visually, and the variability of the curva­
tures of each wall were computed.
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I. CLINICAL MATERIAL

Catheterization records were available for 1371 adult 
Datients for the period January 1, 1979 through December 31, 
1979. Of these patients, 353 (26S) met the clinical cri­
teria of a critical stenosis of the left anterior descending 
coronary artery alone, of the right coronary artery alone, 
or no critical stenosis of any coronary artery, and had no 
other cardiac or extracardiac abnormality severe enough to 
cause exclusion. Tables 1 and 2 list the numbers of 
patients in each category of the exclusions on clinical 
qrounds.

Of the 353 patients who fulfilled the clinical require­
ments, 85 (24%) had ventriculograms of adequate technical 
quality with at least one sinus conducted heart beat that 
did not immediately follow a premature ventricular contrac­
tion. Table 3 lists the numbers of patients in each cat­
egory of exclusion from this group. The 85 patients who 
fulfilled the clinical and technical requirements for inclu­
sion constituted the study group.

Table 4 lists the number of acceptable beats per 
patient. Forty two percent had only one acceptable beat and 
7955 , the majority of patients, had either one or two accep­
table beats. This was largely a result of the irregular
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rhythm induced by the high pressure injection of dye. In 
many cases, by the time the heart had resumed a normal
rhythm most of the dye had washed out of the ventricle,
leavinq only one or two beats with a sufficient amount of 
dye left for opacification.

II. NUMERICAL HANDLING OF THE IMAGES

II.1 Determination of the Apical Region
Althouqh not necessary for the tangent angle transfor­

mation, the parameterization and interpretation of the 
transformation were facilitated by defining an apical region 
of the ventricle. The region was delimited on the outline 
itself, in terms of the sinale parameter 1. Figure 14 shows 
the apical reqion, as a function of 1, for different out­
lines. The perpendiculars to the long axis were drawn for 
values of 1 between .875 and .99. As the figure shows, the
amount of arc lenqth contained in the apical region was a
function of the curvature of the outline in the neighborhood 
of the apex. If the curvature was large (a sharp apex), the 
apical reqion was short; if the curvature was close to zero 
(a broad apex) then the apical reaion was longer. This cor­
responds to one’s intuition about the location of the apex: 
if the apical reqion is fairly flat then it is difficult to 
pick, with certainty, a small region as representing the 
apex. If the apical region is pointed, the choice is not so 
difficult.

From examining outlines such as those of figure 14, l
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was chosen to be .975. In the worst case of figure 14, an 
aneurysm in the reqion of the apex, the choice of the apical 
reqion reflected the uncertainty in the location of the 
apex. If this heart were examined histologically, the 
entire reqion of the "true" apex would be seen to be 
involved by the scar. In these types of hearts, the concept 
of an aoex becomes questionable.

II.2 SimulatlQQ ol 21ailizing
For the simulation of digitizing a straight line, table 

5 qives the "true" arc lenqth, the per cent inflation of arc 
lenqth due to noise, and the number of points used in the 
computation of arc lenqth for each imposed minimum interval. 
Uith a minimum interval of 20 Graf pen units (2 mm), arc 
lenqth was inflated by only 2.6%, with 99 of the original 
200 points retained. Each of the 101 points not included 
were within 20 units (the minimum sampling interval) of the 
last point included, and were skipped. Although skipping 
half the data points seems extreme, recall that only points 
closer than 2 millimeters to the previous point were not 
used, and therefore resolution was not degraded. Two mil­
limeters to the previous point was chosen as the minimum 
sampling interval in all computation that involved arc 

lenoth.

Ill* PIECEWISE PARAMETERIZATION

The piecewise approach involved splitting the outline 
at the apical reqion into anterior and inferior walls
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(nieces). Each piece was then parameterized with succes­
sively hiqher order polynomials. Outlines with different 
shapes were parameterized by polynomials of degree one 
throuqh five and the smoothed outlines that corresponded to 
the parameterizations were recovered. In this way, the 
amount of information that was lost (or gained) in choosing 
a particular order model was illustrated. Figure 15 shows 
the smoothed outlines that resulted from each order model 
for two images: one in which little was lost by using the
low order model (figure 15a), and one in which a high order 
model was necessary to capture the original shape (figure 

15b) .
The deqree to which the smoothed outlines (the inver­

sions of the polynomial models) resembled the originals 
clearly improved as the order of the model increased in fig­
ure 15b. Examining the inversions shows that the second 
order model did not change the qualitative appearance of 
shape over the first order model. This was the case for all 
outlines examined. In fiqure 15b, the third order model was 
minimally better than the second, and seemed to have intro­
duced an excessive curvature in the anterior wall. It was 
not until the fourth order model was used that any suitable 
approximation to the anterior wall was reached. The fifth 
and hiqher order models provided successively better degrees 
of approximation. This behavior was not uncommon for other 
complicated outlines.

As this example shows, a piecewise linear model gave
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adequate for accurately describing the outlines with more 
complicated shapes. The example also shows that to be 
assured of consistently achieving a high degree of represen­
tation, a hiqh order model (at least fourth degree) was nec­
essary. The decision to use the piecewise linear model 
involved a trade-off of the high degree of representation of 
the hiqher order model for the interpretability and small 
number or parameters of the linear model. Figure 16 shows 
two additional examples of the piecewise linear parameteri­
zation, and of the types of smoothing encountered.

IV. DISCRIMINATION = hlLQQhllQ.il

Usinq the tanqent angle function and the piecewise lin­
ear model, the ventriculoqrams of each patient had now been 
reduced to four shape parameters. These four parameters per 
oatient, the curvatures of each wall at end diastole and end 
svstole, plus the coronary artery group identification, were 
the data used to investigate the discrimination - allocation 
Droblem. The patients whose catheterizations were during 
1978 were used to form the canonical variables and the cri­
teria for allocating patients to one of the three coronary 
artery groups. These patients were the learning set of 
patients. These criteria were then applied tc the patients 
whose catheterizations were durinq 197 9, the £est set of 
patients.
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iv. 1 I H £  L e a M i n s .  
IY.1.1 Summary Statistics

The values of the four shape parameters within each 
coronary artery aroup are plotted in Figure 17. The parame­
ters for the two diastolic walls did not show substantial 
differences amonq the groups. The parameters for the 
inferior walls however, showed clear differences among the 
means. Recalling that the parameters are equivalent to cur­
vature, that Dositive curvature is a convex shape, and that 
neqative curvature is a concave shape, provides an interpre­
tation of the systolic parameters in terms of the coronary 
artery disease model.

The disease model states that the isolated left ante­
rior descending coronary artery disease hearts (LAD) should 
have anterior wall dysfunction with the inferior wall com­
pensating with increased function; hearts with isolated 
riqht coronary artery disease (RIGHT) should have inferior 
wall dysfunction with the anterior wall compensating with 
increased function. If a shape that is more convex than 
normal represents dysfunction, and one that is more concave 
than normal represents increased function, then the systolic 
anterior and inferior wall shape parameters, on the averaqe, 
were consistent with the disease model.

Table 6 qives the means and variances, within each cor­
onary artery qroup, for each of the shape parameters. While 
the dispersions within qroups were not uniform, neither did 
they show overwhelming differences. The aroup with a rela-



93

tively extreme value of the variance was the inferior wall 
at end systole in the RIGHT hearts.

II' 1.2. XfiSl QL NSLliallix.
The normality of each parameter, within each coronary 

artery group, was tested with the Kolomogorov - Smirnov test 
(154,157). Although using this test on the twelve groups 
without adjusting the significance level may give some spu­
rious significant results, it does give an idea as to the 
normality of the groups.

With a significance level, p, of .05, the only group 
for which normality would be rejected was the inferior wall 
at end diastole in the hearts with no coronary artery dis­
ease (NORMAL), for which the p value was .04. Because this 
value was unadjusted for running multiple tests, and because 
discriminant analysis is robust with respect to departures 
from normality, this was not felt to be a serious problem 

(160) .
In addition to normality, linear discriminant analysis 

assumes that the covariance matrices for the three coronary 
artery groups can be pooled to form one covariance matrix. 
This assumption of homogeneity of covariance was tested with 
a statistic suggested by Kendall and Stuart (154,161). The 
result was that there was insufficient evidence to reject 
the null hypothesis of homogeneity of covariances (chi 
sauare = 119.5, deqrees of freedom = 110, p = .25). There­
fore, the covariance matrices were pooled in the discrimi­
nant analysis.
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IV. 1.2 One-Way ftnalyses of Variance
As an indication of the degree of difference among the 

arouos In fiqure 17, one way analyses of variance were com­
puted for each shape parameter to test the hypothesis of no 
difference among the coronary artery groups. Table 7 gives 
the results. The p values (unadjusted for computing four 
tests) indicated a significant difference, at the .05 level, 

among the groups for the systolic walls only.
The multiple ranqe test of Duncan was computed for the 

four parameters with an unadjusted p value of .05 (154,158). 
Table 8 qives these results. As would be expected from fig­
ure 17, there was no difference among the groups on the 
inferior wall at end diastole. The LAD and the RIGHT dis­
ease qroups differed on the other three variables. NORMAL 
and LAD differed on the anterior wall at end systole, while 
NORMAL and RIGHT differed on the inferior wall at end sys­
tole. The walls on which NOPMAL differed from LAD and RIGHT 
were the walls subserved by the stenosed coronary artery for 
each qroup, in Keeping with the coronary artery disease 
model.

Satisfyinqly, and as shown in figure 17, not only was 
the relative order of the parameters preserved on each vari­
able at end systole, with the mean values for LAD and for 
RIGHT bracketina the mean for NORMAL, but the rank order of 
the means was as the coronary artery disease model pre­
dicted: on the anterior wall parameter, the mean of LAD was
largest, and on the inferior wall parameters, the mean of



RIGHT was larqest.
IV.Z Determination of the Canonical Variables

The results of the stepwise discriminant analysis on 
the four shape parameters of the patients in the 
set are aiven in table 9. At each step, the following were 

noted (19) :
(1) The variable entered into the analysis at that step, 

with the corresponding F-to-enter, and degrees of free­
dom. The F-to-enter is based on the decrease in the U 
statistic achieved by enterinq the variable into the 
canonical variables. While the F-to-enter cannot be 
used in a test of significance, it does provide a meas­
ure of the decrease in U.

(2) The U statistic that resulted when the variable at that 
step was entered, along with an approximate F, degrees 
of freedom, and p value. The U statistic is a measure 
of the degree of separation among the three coronary 
artery groups that has been achieved by the variables 
entered into the analysis up to the current step. The 
statistic ranges from zero to one, with smaller values 
indicating a larger amount of separation. The approxi­
mate F is derived from the U statistic under the null 
hypothesis of no separation among the groups.
The shape parameters with the largest F's-to-enter were 

the anterior and inferior walls at end systole. This might 
have been quessed from fiqure 17 and from table 7. The 
incremental increase in separation among the groups achieved
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bv includinq the diastolic parameters was much less, with 
the anterior wall at end diastole contributing the least.
The (J statistic of step four is for the final discrimination 
using all four parameters. The approximate F of step four 
is for the final discrimination, and is sionificant at 

d < .05.
IV.3 Canonical Variables

For three groups, there exist two canonical variables 
(20). Table 10 gives the eigenvalues and, of the total dis- 
Dersion that is accounted for by the two variables, the per­
cent accounted for by each. Table 11 gives the coefficients 
of the canonical variables. Figure 19 is a plot of the 
learning set on the canonical variables.

Canonical variable one (CV-1) accounted for 81% of the 
dispersion accounted for by the canonical variables; canoni­
cal variable two (CV-2) accounted for the remaining 19%. 
Thus, the bulk of the discrimination among the groups was 
being accounted for by the first variable. This is apparent 
in fiqure 18: the three groups are separated much more
along the X axis (CV-1), than along the Y axis (CV-2) .

The location of each patient in figure 18 was deter­
mined from the coefficients of the canonical variables: the
value of each variable for a patient was simply the sum of 
the shape parameters for the patient, each multiplied by the 
appropriate coefficient in table 11, with a constant added 
to each variable to center the graph at the origin. The 
values of the two variables for each patient were then plot-
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ted, with fiqure 18 resulting. Each patient was plotted 
with a line connecting that patient to the coronary artery 
qroup from which the patient cane.

The separation of the three groups, when plotted on the 
canonical variables, is apparent. The LAD hearts plotted to 
the upper riqht, the RIGHT hearts plotted to the upper left, 
and the NORMAL hearts plotted to the lower center. There 
was overlap between each of the groups with coronary artery 
disease and the NORMAL qroup, but fairly little overlap 
between the two disease qroups.

Because the coefficients of the canonical variables 
were determined to maximize the separation of the coronary 
artery groups, these coefficients are the '’optimal” weights 
to use when comblninq shape parameters to obtain an overall 
shape score. The interpretation of the canonical variables 
comes from examininq the relative weights of the coeffi­
cients. Because the shape parameters were all measured on a 
common scale, and had ranges of values that were similar, 
the coefficients of the canonical variables can be compared 
to each other directly. This would not have been the case 
if different units were used for different shape parameters.

Recall that the shape parameters are each the curvature 
of a wall of the simplified model cf the heart at either end 
diastole or at end systole. A convex shape (a bulge) corre­
sponds to a positive value of the parameter, a concave shape 
(an ”inward bulqe”) has a negative value of the parameter. 
Each canonical variable coefficient is the size and the sign
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of the multiplier assiqned to each shape parameter in the 

determination of the overall value of the cancnical vari­

able.
Specific examples from figure 18 are presented with the 

interpretations of the canonical variables. The classifica­
tion of Individual patients into a coronary artery group, 
based on heart shape, is presented after the interpretations 

of the canonical variables.
IV.3.1 Canonical Variable 1: Bxstungtion with Compensation

Because the magnitudes of the systolic coefficients for 
CV-1 were much larger than for the diastolic coefficients, 
the interpretation of this canonical variable was in terms 
of the shape of the systolic outline only. CV-1 abstracted 
the phenomenon of dysfunction of one wall with compensatory 
increased function of the other wall. This behavior was 
predicted by the coronary artery disease model.

For end systole only, CV-1 one was (table 11):
CV-1 = 3.0 (anterior curvature) - 3.1 (inferior curvature)

A patient with a convex anterior wall at end systole, and a 
concave inferior wall at end systole will have a relatively 
large positive value for CV-1, and will be to the right on 
fiqure 18: the reqion with most of the patients with iso­
lated left anterior descending coronary artery disease. A 
patient with a convex inferior wall at end systole and a 
concave anterior wall at end systole will have a relatively 
neqatlve value for CV-l, and will plot to the left on figure 
18: the reoion with the patients with isolated right coro-
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nary artery disease. Intermediate values will fall in 
between: the region with roost of the patients with no coro­

nary artery disease.
Two heart shapes that plotted to the right of figure 18 

and one that plotted to the left of figure 18 are shown in 
figure 19. The two hearts that plotted to the right (fig­
ures 19a and 19b) were from the LAD group, and showed quali­
tatively similar shapes. The degree of anterior wall dys­
function with inferior wall compensation was greater for the 
heart of figura 19a, which had a larger value for CV-1, than 
for the heart of fiqure 19b.

The third shape is of a heart with right coronary 
artery disease, inferior wall dysfunction, and anterior wall 
compensation (fiqure 19c). This heart had a large negative 
value on CV-1, and is the "opposite" of the other two.

With a convex shape accepted as representing dysfunc­
tion, and a concave shape as representing increased func­
tion, these results were predicted by the coronary artery 
disease model of left ventricular function.

i v .2.2. C a n s o l c i l  v a c l a b l e  I' S H a s s  S i a n s e
The magnitudes of all four canonical variable coeffi­

cients were approximately the same for CV-2, and all were 
involved in the interpretation of this variable. CV-2 
abstracted the chanqe in shape from diastole to systole, and 
helped to separate ’’normal*' shape change from "abnormal" 
shape chanqe.

CV-2 was (ant: anterior, inf: inferior, dia: diastole.
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svs: systole, table 11):
CV-2 = -4.9(ant dia curvature) ♦ 3.4 (ant sys curvature) ♦ 

-4.8 (inf dia curvature) ♦ 3.0 (inf sys curvature)
The first line above is (approximately) the negative of 

the chanqe in shape from diastole to systole of the anterior 
wall; the second line above is (approximately) the negative 
of the chanqe in shape from diastole to systole of the 
inferior wall. The magnitudes of the coefficients indicate 
that rather than a strict

-(diastolic curvature) ♦ (systolic curvature) 
expression of shape change for each wall, an expression in 
which the diastolic curvatures were weighted more than the 
systolic curvatures provided better separation of the coro­

nary artery groups.
A heart in which both the anterior and inferior walls 

chanqed from convex (positive curvature) at end diastole 
towards concave (negative curvature) at end systole had val­
ues of CV-2 that were relatively negative: towards the bot­
tom of figure 18. This was the reqion with the hearts that 
did not have coronary artery disease. A heart in which one 
wall remained convex during systole, while the other wall 
chanqed towards concave had a relatively positive value for 
CV-2: towards the top of fiqure 18. This was the region
that had the hearts siiji coronary artery disease.

The heart shape with the most negative value on CV-2 is 
shown in fiqure 19d. Note that, as the interpretation of 
CV-2 indicated, both walls changed from convex towards con­
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cave durinq systole. While the absolute change in the cur­
vatures was not dramatic, the difference between this heart 
and those of fiqures 19a - 19c was that b<?th walls had simi­
lar shape chanqes. In this sense, CV-2 abstracted the sym­
metry of the contraction.

The difference between the two hearts with left ante­
rior descending coronary artery disease of figure 19 was 
also in the symmetry of contraction, but in this case in the 
relative symmetry. Fiqure 19b exhibited almost no change in 
the anterior wall curvature durinq systole but had a large 
decrease in the inferior wall curvature. The walls had dis­
similar shape changes, and this gave a positive value for 
CV-2. Fiqure 19a, because of the marked concave region at 
end systole of the anterior wall near the aortic valve, had 
an overall decrease in curvature of the anterior wall during 
systole. Coupled with the decrease in curvature of the 
inferior wall, this provided for an overall contraction pat­
tern that was more symmetric, and hence this heart had a 
neqative value of CV-2.

As for CV-1, the behavior of these examples was also 
predicted by the coronary artery disease model. The separa­
tion of the disease groups on CV-2 was not as large as on 
CV-1. This was indicated by the percentage of the disper­
sion accounted for by each eigenvalue of the discriminant 
analysis.
IV.i Discrimination - The Learning Set

The degree to which the discriminant analysis was
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effective in discriminating among the three coronary groups 
was assessed by usinq the results of the analysis to clas­
sify the individuals in the learning set into one of the 
three coronary artery groups, based on shape alone. The 
information necessary to classify individuals, the classifi­
cation functions, is given in table 12.

The classification functions are used to compute a con­
stant times the Mahalanobis distance of an individual from 
each qroup mean. The Mahalanobis distance can be thought of 
as the distance of an individual from a group mean, in units 
normalized by the variances and covariances of the data. 
Usinq the Mahalanobis distances of an individual from each 
of the three qroups, it is possible to compute the posterior 
Drobability that an individual belongs to one of the groups. 
The individual is then assigned to the group that gives the 
hiqhest posterior probability of membership. The particular 
formulation of the classification functions in table 12 is 
such that a larqe posterior probability of group membership 
is eguivalent to a large value of the classification func­
tion for that qroup (19).

The Drocedure for calculating the value of the classi­
fication functions from each group for each individual using 
table 12 is the same as that used to calculate the values of 
the canonical variables using table 11. The shape parame­
ters for an individual are each multiplied by the appropri­
ate coefficients in a column of table 12, the products are 
added together, and the constant at the bottom of the column
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is added to the sum. This is done for each column, and the 
individual is allocated to the group whose column qives the 
larqest value.

These calculations were done for each individual of the 
learninq set, and the results tallied in table 13. Overall, 
73X of the cases were classified correctly. The bulk of the 
raisclassifications were between each of the coronary artery 
stenosis qroups with NORMAL. Satisfyingly, there was little 
confusion between LAD and RIGHT. This was suggested in fig­
ure 18.

Table 13 would be expected to give results that were 
biased towards correct classifications. This is because the 
set of individuals classified in the table and the set of 
Individuals used to generate the classification functions of 
table 12 were the same. It is therefore possible that the 
classification functions were "tuned" to this particular set 
of data. As discussed in METHODS V.2, the jackknife is a 
procedure that operates on the data set, and gives an almost 
unbiased estimate of the classification results that would 
have been be achieved with an independent set of data.

The Iackknife classification results are presented in 
table ltt. There was minimal change in the table, indicating 
that the deqree of "tuning" was minimal. One additional 
heart was misclassified from LAD to NORMAL, and one addi­
tional NORMAL was misclassified as LAD. The classification 
of the RIGHT hearts did not change.

These results indicate what the four shape parameters,
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combined into the classification functions of table 12, 
would achieve in a prospective study in which left ventricu­
lar shape was used to predict the location of a coronary 
artery stenosis (within the limited cohort of this study). 
About two thirds of those with LAD disease would be classi­
fied correctly. Of those classified as LAD, 14/18 (78*) 
would in fact have left anterior descending coronary artery 
disease; the other 4/18 (12%) would be patients without cor­
onary artery disease who were misclassified. About three 
fourths of the patients with right coronary artery disease 
would be classified correctly. Of those classified as 
RIGHT, 10/14 (71%) would in fact have right coronary artery 
disease; of the other 4/14, 2/14 (14*) would be NORMAL, and 

2/14 (14%) would be LAD.
When the results in table 14 were used to rule in or to 

rule out any coronary artery disease, table 15 resulted.
The proportion of hearts with coronary artery disease that 
was picked up by shape (the sensitivity) was .74. The 
inverse, the proportion of abnormal shapes that had coronary 
artery disease (the positive predictive value) was .81. The 
proportion of NORMAL hearts that were classified as NORMAL 
by shape (the specificity) was .71. The inverse of this, 
the proportion of normal shapes that were classified as 
NORMAL (the neqative predictive value) was .625. Thus, if 
the shape was abnormal there was an 81* chance that the cor­
onary arteries were also abnormal. If the shape was normal, 
there was still a 37* chance that the coronary arteries were
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abnormal.

IV. 1 meSaglgQ 2 IHe lest Set
The classification criteria developed from the learning 

set were apDlled to the hearts in the test set. This was a 
test of the criteria using a completely independent set of 
data: the learninq set from which the classification cri­
teria were developed contained only patients catheterized 
durinq 1978; the test set contained only patients catheter­
ized durinq 1979. The results are presented in table 16.

The proportion of hearts in each cell of table 16 was 
almost exactly as predicted by the jackknifed classifica­
tion, table 14. The proportion of hearts classified cor­
rectly ranqed from 70% to 75%. The proportion of hearts 
with a coronary artery stenosis that were misclassified into 
the incorrect stenosis qroup was small; more of the incor­
rect classifications were between the stenosis groups and 
NORMAL. The number of individuals in each of the incorrect 
classification cells was small however, and the exact esti­
mates of these percentages may not be reliable.

A plot of the individuals in the test set on the canon­
ical variables determined from the learning set is shown in 
fiqure 20. Fiqure 21 shows a plot of the mean values of 
each coronary artery qroup of the learning set and of the 
test set on the canonical variables. In examining these two 
fiqures, several observations can be made.

As would have been quessed from table 16, the overall 
relationships of the coronary artery groups noted for the
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learninq set were preserved in the test set. The RIGHT 
qroup was above and to the left of NORMAL, and LAD was above 
and to the riqht of NORMAL. The major overlap among the 
qroups was between each coronary artery disease group and 
NORMAL, and not between the two disease groups.

The mean value of LAD did not change substantially from 
1978 to 1979. The 1979 mean value of NORMAL moved somewhat 
to the left, towards RIGHT. RIGHT in 1979 however, moved 
considerably to the right - towards NORMAL and towards LAD.

There are individuals in each group of figure 20 who 
were located a considerable distance from the mean of their 
qroup. Most prominent were the two extreme values on CV-1 

from NORMAL.
Fiqure 22a shows the outlines of the heart without cor­

onary artery disease whose shape had the extreme positive 
value for CV-1. Figure 22b shows the outlines of a nearby 
heart with LAD disease for comparison. These two ventricu- 
loqrams were virtually indistinguishable. Their large posi­
tive values for CV-1 were due to the end systolic convex 
anterior and concave inferior walls, as described in section
IV.3.1.

Fiqure 22(c) shows the heart without coronary artery 
disease whose shape plotted to the extreme negative on CV-1, 
with fiqure 22d showing a nearby heart with right coronary 
artery disease. As with figures 22a and 22b, these ventri- 
culoqrams are very similar. Their end systolic concave 
anterior and convex inferior walls determined their values
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of CV-1. In the outlines of figures 22a - 22d, the amount 
of convexity and concavity of the walls was not dramatic. 
Rather, it was the combination of concave and convex in the 
same image that gave the extreme values of CV-1.

Figure 22e shows the heart with RIGHT disease that was 
closest to the mean value of LAD. Although this patient was 
not reported as having suffered a myocardial infarction, it 
seems clear from figure 22e that there was severe basilar 
inferior wall dysfunction with compensation by the basilar 
anterior wall and the apical inferior wall. It is difficult 
to decide if the convex region of the anterior wall repre­
sents normal or dysfunctional myocardium.

This heart was classified into the LAD group. The rea­
son is because of the apical region at end systole: the
apical "half" of the end systolic outline resembled that of 
an outline with anterior wall dysfunction and inferior wall 
compensation. Because of this, the inferior wall had an 
overall curvature that was net representative of the basilar 
region, and the anterior wall also had an overall curvature 
that was not representative of the basilar region. Because 
the value of CV-1 is primarily in terms of end systole, this 
imaae had a relatively large value and therefore, plotted to 
the right. This heart had the Qvepall curvatures that it 
did because only a single curvature was derived from each 
wall in the parameterization scheme. This is an example in 
which a single parameter per wall was not adequate.
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IY.5.. I h Second rest Sgt
The clinical study was continued into 1980 using the 

same criteria that were applied to the patients from 1978 
and 1979. The patients from 1978 and 1979 were combined to 
form the 1978-79 learning set, with the patients from 1980 
forming the 1980 test set. The results of classifying the 
1980 test set usinq the discriminant functions of the 
197 8-79 learninq set were not consistent with those involv­
ing the 1978 and 1979 patients alone.

The results of performing the discriminant analysis on 
the 1978-79 learninq set are shown in figure 23 and tables 
17 and 18. These results were similar to those of the 1978 
learninq set and 1979 test set, as would be expected from 
the similarity between those two groups of patients. The 
plot of the 1978-79 learning set on the canonical variables 
determined from these 85 patients (figure 23) showed a simi­
lar distribution to the other canonical variable plots.
This was reflected in the classification matrix (table 17) 
and the lackknifed classification matrix (table 18).

The results of allocating the 1980 test set using the 
1978-79 learning set discriminant functions are shown in 
fiqures 24 and 25, and table 19. The plot of the mean val­
ues of the 1980 test set pn the 1978-79 learning set canoni­
cal variables (figure 24) showed that while LAD did not 
chanqe location substantially, RIGHT and NORMP.L moved much 
closer toqether, and towards LAD. Figure 25, the plot of 
the 1980 test set on the 1978-79 learning set canonical
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variables shoved that the discrimination on CV-2 vas 
entirely lost, and only a small amount of separation among 
the qrouDS on CV-1 remained. These results were borne out 
in table 19, the classification matrix of the 1980 test set.

As a further exploration of the 1980 test set, the dis­
criminant analysis was computed using these patients as the 
learninq set. The canonical variable plot reduced to a his- 
toqram, because only the curvature of the inferior wall at 
end systole had any discriminating power (figure 26) . The 
classification matrix (table 20) was stable under the jack- 
knife (table 21), but reflected the small amount of separa­
tion of the coronary artery qroups shown in figure 26. This 
implied that the relationship between the location of a cor­
onary artery stenosis and the shape of the left ventricle 
that was so clearly demonstrated with the patients from 1978 
and 1979, was not present in the qroup of patients catheter- 

ized durinq 1980.

X.. PPECISIJN. VARIABILITY. SEH&IIiyiU, AND REPRODUCIBILITY

y.l Discretization i Precision
Table 22 presents the variances of the estimates of X 

and Y coordinates of individual points lying on a line ori­
ented approximately horizontally, approximately vertically, 
and on a circle of radius approximately 10 cm. The maximum 
variance was close to 10 Graf Pen units: 1 mir. The pooled
standard deviations varied between 1.55 and 2.19 units (.1 
to .2 mm). There does not appear to be any significant dif-
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ferences between the variations of the X and the Y coordi­
nates. Table 23 shows the results of digitizing a single 
outline ten times. The variation in arc length and curva­
ture was minimal.

fisat tfl Baai variability in of thg Linear Model 
The within patient variances of bl for each wall of the 

end diastolic and the end systolic outlines were computed 
for each patient with at least two beats. Ualls that had an 
approximated part were excluded - in some cases this 
resulted in more beats for one wall than another for a 
patient with multiple beats. Table 24 lists the pooled 
estimates of the within patient variances for each wall.

The individual variances were all small, ranging from 
.000001 to .01. The pooled estimates of the variances were 
all of the order of less than .01. The coefficients of var­
iation showed more variation, with a few values being very 
large, but this was a reflection of several of the mean val­
ues for bl beina very close to zero. Plots of the variance 
versus the mean, and of the standard deviation versus the 
mean showed no obvious pattern.
V.l Sensitivity £2 ££is. Apex

Figure 27 shows a plot of Bl of the linear model (cur­
vature of the wall) versus 1 for two patients shown in fig­
ure 1H (METHODS II.2 gives the definition of 1). As the 
plots show, there was often a trend (usually not linear) in 
bl as the location of the apex changed. This was antici­
pated from fioure in. The magnitude of the trend depended
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on the exact shape of the outline.
Walls with Approximated Sections 
As discussed in METHODS II. 1, it was often necessary to 

approximate sections of the film outlines when tracing, due 
to either arobiquity of part of the outline (inadequate opa­
cification, marked trabeculation), or to part of the image 
beinq out of view of the camera. Also included as approxi­
mated sections were the cases in which the outline visible 
on the film was felt to be that of a papillary muscle, and 
the endocardial border was traced instead. The number of 
patients that would have been excluded from the study for 
technical reasons under each of the following strategies was 
determined.
(1) Any beat with any amount of approximation was discarded.
(2) Any *211 with an approximated part was discarded. This 

differed from (1) in that the beat was used, but without 
the wall that had the approximated part. This meant 
that for a single patient with multiple beats, it was 
possible for the average values of the parameters to be 
based on different numbers of walls.

(3) Both (1) and (2) were repeated, but beats in which the 
approximated section traversed the papillary muscle ori- 
qin were not discarded.
Table 25 shows the number of patients deleted from the 

1978-79 learninq set under each condition above. If the 
most rigorous stand were to be taken, and only outlines with 
no degree of approximation were accepted, then of the 85
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oatients studied, 33 (39%) would have been excluded from the 
study. If only the walls with the approximated parts were 
discarded, then 30 (35%) patients would have been excluded.

v.£ Reproducibility
The reproducibility of determining the technical 

acceptability of films, of determining the tiffing of the end 
diastolic and end systolic frames, and of tracing the out­
lines was larqe for oickinq the film and the frames, and 

less for tracing the outline.
The results of viewing ten acceptable and ten unaccep­

table films a second time and determining their acceptabil­
ity are shown in table 26. One film judged acceptable at 
the first viewinq was judged unacceptable at the second: at
the second viewing the atrial contribution to diastolic 
fillinq of the ventricle was not appreciated, and the film 
was rejected as having an undefined rhythm. One film ini­
tially ludqed unacceptable was judged acceptable at the sec­
ond viewing: the end systolic outline was felt to lack suf­
ficient contrast for reliable tracing at the initial 
viewinq, but not at the second.

The results of viewing ten films with one technically 
acceptable beat each, and determining the timing of end 
diastole and of end systole are shown in table 27. For two 
films, end diastole at the second viewing was judged to have 
occurred one frame earlier than it was judged to have occur­
red at the first viewing. For one film, end systole was 
judged to have occurred one frame later at the second view-
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inq than at the first. For the other seven films, the deci­
sion as to the timing of end diastole and of end systole did 
not chanqe from the first to the second viewings. Filming 
speeds in our catheterization laboratory were, at the mini­
mum, thirty frames per second.

The reproducibility of tracing a particular outline 
involves two processes: determining the location of the
valve points, and determining the location of the outline 
itself. Two examples of variability in the choice of valve 
points are shown in figure 28. Eoth involved the choice of 
the inferior aortic root point and of the mitral valve 
point.

In figure 28a, it is,seen that at the first viewing a 
point closer to the mitral valve was chosen as representing 
the inferior aortic root point than was chosen at the second 
viewing. At the second viewing, this point was felt to have 
been an overlying part of the aortic root that was partially 
obscurinq the true location of the leaflet. In figure 28b, 
the same problem occurred, but the overlying aortic root was 
appreciated at the first viewing.

Figure 28a shows a relatively minor difference in the 
choice of the location of the mitral valve point that occur­
red between the two viewings. Figure 28b however, shows a 
more substantial difference, with the mitral valve point 
havinq been chosen more apically at the second viewing than 
at the first. At the first viewing, the sharply convex 
region chosen as basal inferior wall myocardium was felt to
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have the configuration it did because of the particular 
anqle of projection of this part of the heart on the film.
At the second viewing, partially because of the choice of 
the location of the aortic valve, this was felt to represent 
fibrous tissue of the mitral valve apparatus, and was there­

fore excluded.
Variability in the choice of the location of the out­

line is illustrated by figures 28a and 29. In figure 28a, 
the location of the apex was difficult to determine, result­
ing in a more sharply convex shape at the first viewing than 
at the second. Figure 29 shows an end systolic outline in 
which a substantial difference in the location of the 
inferior wall outline was noted. At the first viewing a 
much liqhter reqion was noted at the apical inferior wall 
that was interpreted as dye trapped in myocardial trabecula- 
tions, and was therefore excluded from the cavity. At the 
second viewinq this lighter area was felt to be part of the 
cavity that, either because of inadequate mixing of blood 
with dye or because of a peculiar angle of projection, 
appeared lighter than the rest of the cavity and was there­
fore included in the outline.

Because of the extreme differences in the two viewings, 
the ventriculogram of figure 29 was viewed by two experi­
enced ventriculoqraphers. Viewing only the right anterior 
oblique ventriculogram, neither was able to determine the 
reason for the inferior lighter region, and both were unable 
to determine with confidence which region should be included
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with the outline. When the left anterior oblique projection 
was viewed, the apex was seen to contract well and a large 
inferior papillary muscle was appreciated. With this addi­
tional information, they together decided that the lighter 
region represented part of the ventricular cavity in which 
either the papillary muscle or increased contraction of the 
lateral wall were displacing blood and accounting for the 
differences in contrast. Neither however, was confident of 

the decision.
The magnitude of the variability in the two viewings 

was assessed with the two way analysis of variance shown in 
table 28. The beat to beat variability was used to estimate 
the inherent variability of tracing because of the system­
atic differences between viewings illustrated in figures 28 
and 29. The analysis was computed for each wall at end 
diastole and at end systole separately. Table 29 gives the 
results. The only wall for which there was significance at 
the .05 level was the inferior wall at end systole. While 
this result indicated that, for the group as a whole, the 
variability in choosing the location of the outline was not 
much larqer than the inherent beat to beat variability of a 
patient, figures 28 and 29 clearly show that the variability 
within an individual patient could be quite large.
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!• CLINICAL m a t e rial

Approximately 60S of the 1371 catheterizations per­
formed during 1978 and 1979 were for suspected coronary 
artery disease. Forty three percent of these (one fourth of 
all patients catheterized) met the criteria- for a critical 
stenosis of the left anterior descending coronary artery 
alone, of the riqht coronary artery alone, or no critical 
sinqle vessel stenoses, and were included in the study. The 
number of patients with congenital abnormalities was very 
small (19/1371, l.US) because pediatric cases were not con­

sidered .
Of the 353 patients fulfillina the clinical criteria 

for inclusion, 85 (about one fourth) had analyzable ventri- 
culoqrams. The largest number of exclusions were due to 
only premature contractions being opacified (U6S of all 
exclusions). In most cases this was a result of the use of 
a single end hole catheter, in which the high pressure 
stream of dye was directed towards the ventricular wall, 
inducinq the arrhythmia. Towards the end of the series, 
catheters with side holes and coiled catheters (pigtail 
catheters) were used more frequently, with a possible effect 
on the incidence of induced arrhythmia.

Twenty two percent of the exclusions were due to either
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the entire end diastolic or end systolic outline not being 
within the field of view of the X ray camera. As previously 
discussed, there is a large priority given to reducing the 
radiation exposure of the patient and increasing the resolu­
tion of the image and therefore, the field of exposure is 
kept to a minimum. Because the subjective methods of inter­
pretation used clinically do not require the entire outline 
to be visible at one time, this priority is appropriate. A 
possible contributing factor is that more difficulty with 
centering the image was likely to have been encountered with 
larqe ventricles than with small ones. Because the amount 
of dye injected to obtain the ventriculogram imposes a hemo­
dynamic stress on the patient (162), it is rare that an 

inadequate study is repeated.
The possible biases in excluding patients have been 

alluded to. The effect of excluding patients who had a long 
period of an irregular rhythm with subsequent inadequate 
opacification is difficult to predict. Patients with large 
reqions of infarcted myocardium may be less susceptible to 
arrhythmia because the jet of dye impinging on an infarcted 
area of muscle may not have the same irritable effect as 
when it impinges on viable muscle. On the other hand, 
patients with myocardial ischemia are more prone to arrhyth­
mias, and may therefore be more sensitive to the high pres­
sure stream of dye.

The other possible source of selection bias is in the 
framing of the ventricle pricr to the injection. If in fact
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large ventricles are selected against, then the included 
population will be biased towards less serious ventricular 
and therefore less serious coronary pathology. It is diffi­
cult to estimate the magnitudes of these biases. Filming, 
calibration, and injection techniques have been evolving in 
an uncontrolled manner in our catheterization laboratory, 
and much of the information necessary to study these effects 

is not available.

II. NUMERICAL HANDLING QF OUTLINES

II-1
The problems associated with using constructed points 

as pseudo-landmarks have been discussed at length, and in 
the development of this project considerable effort was 
expended in searching for a parameterization scheme that did 
not use any constructed points. It was with caution there­
fore that the decision was made to introduce an apex of the 
ventricle into the analysis, knowing that it was one such 
point. The benefits have outweighed the costs.

Based on visual criteria, the ventricle has a clear 
orientation, both in the chest and with respect to the valve 
ooeninqs. Without defining regions of the ventricle, it is 
not possible to refer to this orientation in describing the 
location of an abnormality. In analyzing the shape of the 
ventricle without acknowledging the general orientation, 
interpretations seem overly restricted.

The regions of the ventricle that are of interest are
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the apex, the anterior wall, and the inferior wall. On a 
muscle fiber level there is an apex to the heart (163). The 
apex is not a ventriculographic landmark because it is not 
always a reqion of high curvature on the outline. Nearer, 
and with respect to the valve opening, the ventricle clearly 
has an anterior and an inferior wall. These walls are an 
essential part of the disease model.

The problem with making reference to the orientation of 
the ventricle lies not in determining regions of the ventri­
cle with respect to the orientation, but rather in the exact 
definitions of the points that delineate the regions. 
Unfortunately, other than the valve points, the ventricle 
has no reliable landmarks. Therefore, any reference to 
location, by definition, will be constructed. The method 
used to split the ventricle at an apex took into account the 
visual component of the apex and the indeterminancy in the 
location of the point.

Locating the apex as the point on the outline farthest 
from the anterior aortic root point incorporated the visual 
component, in that this algorithm gives the point that most 
closely agrees with observer’s assessment of the location of 
the apex (151). Choosing an apical region, rather than a 
point, incorporated the indeterminacy in locating the apex.

It is important to note that the subjective decisions 
involved in determining the apex were in the choice of the 
algorithm that determined the point, not in the choice of 
the point itself. This ensured that the same procedure was
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aDplied to all patients in a reproducible way. In addition, 
in the particular approach taken in this investigation, the 
definition of the apical reqion was in terms of the single 
parameter 1. By doing this, the other subjective component 
of the apical reqion, the exact amount enclosed, could be 
demonstrated (figures 1U and 27).

The apical reqion is constructed: it is not a land­
mark. It was introduced in response to what seemed to be an 
unnecessary deqree of restrictiveness in the analysis and 
the interpretation of shape otherwise. The method of defin­
ing the region was automated and therefore, all possible 
bias was incorporated in the choice of algorithm and the 
value of the single parameter, and was easily investigated. 
The cost of introducing this region was the cost associated 
with any constructed region: the pathology being investi­
gated may have influenced the choice of the region, and 
thereby have influenced the analysis of the pathology.
There are no guarantees that an unusual outline was not 
raisanalyzed because of this.
II.2. Discretization: Resolution and Arc Length

There is no ’’true" degree of resolution or "true” arc 
length: both are a function of the magnification used in
recording an imaqe, and are related. Regardless of the 
device used to record the imaqe, as resolution increases, 
arc lenoth becomes inflated. As the resolution decreases, 
the arc lenqth becomes more determinate (153) . The decision 
to choose a minimum distance between points of two millime­
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ters (20 Graf-pen units) was intended to err on the side of 
increased resolution. At this spacing, the estimated infla­
tion of arc length was around 2.5S, and the degradation in 
resolution was not visually detectable. It probably would 
be possible to use a wider spacing between points and still 
obtain adequate resolution, but the marginal decrease in the 
inflation of arc length did not justify this.

The issue of noise in digitizing is a result of the 
particular methods used to transfer the outlines from the 
film to the computer: manual tracing onto paper, and then
retracing with the Graf-pen. The tracing onto paper 
resulted in an outline that had relatively little noise.
The hand held Graf-pen however, introduced a significant 
amount of noise in the form of a high frequency, low ampli­
tude, "-Jitter" that was most pronounced when tracing slowly 
(a hiqh density of points). This is not a deficiency in the 
Graf-pen, but was a result of its high resolution and high 
data acquisition rate. The problem could undoubtedly have 
been avoided altogether with a different method of transfer­
ring the outline to the computer (e.g. an optical scanner 
with a fixed resolution) , but the solution implemented seems 
more than adequate.

TRANSFORMATION AND PARAMETERIZATION

The differences between the method of analysis of the 
ventriculogram taken in this investigation, and the methods 
in the cardiology literature, center on two steps of the
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analysis:
(1) The transformation and the determination of the parts of 

the ventricle to include in the analysis.
(2) The method of extractina parameters from these parts.

The approach taken in this study to the first step was 
to transform the entire left ventricular outline, using the 
tanqent angle function, to a form suitable for the extrac­
tion of parameters. In keeping with the coronary artery 
disease model, and the known landmarks cf the ventricle, the 
valve reqlons were excluded and the outline was split into 
pieces at the apex. These aspects of the analyses were 
approached as separate decisions.

The approach to the.second step was to parameterize the 
two pieces of the transformed outline separately. Each 
piece was used entirely in the computation of the parame­
ters; in keepinq with the decision about the locations of 
landmarks on the outline, no subdivision of the pieces was 
done. The parameters served as the features of the shape of 
the outlines and as the input to the subsequent discriminant 
analysis. The approach to these steps by the regional wall 
motion methods is different.
XII*1 tangent &nale function

The discussion of the reqional wall motion methods has 
centered on the use of a reference frame and the use of con­
structed points (INTRODUCTION IV.3, LITERATURE REVIEW II). 
The differences between a transformation of the outline and 
the use of hemi or radial axes deserves further comment.
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The axes methods are based on the motion of a finite 
number of specific points on the outline. The resolution of 
these methods is limited to the number of axes drawn. The 
locations of the axes are not determined with consideration 
to a particular disease model, but are arbitrary (e.g. equal 
increments of the long axis). Some axes have no interpreta­
tion, such as those that Involve the valve regions, and api­
cal end diastolic axes that do not intersect the end sys­
tolic outline. If the outline is particularly noisy, then 
the specific point chosen for an axis may not be representa­
tive of the surrounding points, but the axes representation 
does not provide for a method of smoothing the outline.

Many of these problems arise because the axes methods 
attempt to transform, determine regions, parameterize, and 
extract features all at once. The tangent angle transforma­
tion, by contrast, is only a transformation. Each of the 
other steps is taken, and examined, separately. This 
approach has not been studied in the cardiology literature 
prior to this investigation, and may be in part responsible 
for the large number of methods tried, the lack of accep­
tance of a single method, and the persistence of a subjec­
tive method of analysis in many studies.

There are other approaches to transforming two dimen­
sional outlines that may also have utility in the analysis 
of ventriculoarams. There is no way to know if the tangent 
based methods are optimal. However, because of their inter- 
pretability and their satisfaction of the requirements of a
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measure of shape, the behavior of the tangent based methods 
in response to different outlines is easily predicted and 
understood. This cannot be said for the methods currently 
used in clinical cardiology.

The differences between parameterizing the tangent 
anqle function and the axes methods of analysis have been 
described. In the axes methods, the axes drawn are the 
parameters of the outline: the entire outline, or even a
reqion of the outline, is not used in the determination of 
axes. In contrast, the parameterization of the tangent 
anqle function was based on an entire section of the out­
line. The decision to not increase the resolution of the 
parameterization was made separate from the parameterization 
itself, and was dictated by the lack of landmarks on the 
outline and by the lack of interpretability of the higher 
order parameterizations. In the axes methods, because only 
sinqle points are used, increasing the resolution is the 
same as increasing the number of parameters.

Parameterizing the outline by the piecewise linear 
model is equivalent to representing the image with the sec­
tions of two circles connected at the apex. Each circular 
arc is determined separately from the corresponding piece of 
the tanqent anqle function. The curvature of the circular 
arc is the slope of the linear model fit to the piece of the 
tanqent anqle function. The shape parameters of the outline 
are these curvatures.
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The curvature of the arc has been determined from the 
entire section of the outline. There Is only one arc, and 
therefore, one parameter, per wall, As figure 15 shows, if 
the curvature of the wall was approximately the same every­

where, then modelinq the wall with an arc of a circle gave a 
qood representation of the original outline. If the wall 
had convex and concave regions, then the representation, 
which was only a single arc, was not as good.

The higher order models gave more faithful representa­
tions of the pieces of the outlines. However, whereas the 
coefficient (parameter) of the linear model was easily 
understood as curvature, those of the higher order models 
were not so readily interpreted. In the higher order mod­
els, the terms of the models are added to each other and the 
representation of the original shape is by this sum. There­
fore, it is difficult to know what one term from the sum 
means in the absence of the others.

The difference in the number of parameters is obvious. 
In the piecewise approach, the anterior and the inferior 
walls of the end diastolic and the end systolic outlines are 
modeled individually, giving four walls per beat. The num­
ber of parameters per beat therefore is four times the order 
of the model. The linear model has four parameters. The 
fourth order model needed to approximate the example in fig­
ure 15 has sixteen parameters. This has implications in the 
determination of the number of patients necessary to achieve 
stable estimates in the discriminant analysis.
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11• aiSCaiMIBBBI MALIilS

In RESULTS sections IV.A and IV.5, the application of 
the curvature parameters to the discrimination among 
patients with and without coronary artery stenoses was pre­
sented. Usinq a learninq set of patients, discriminant 
functions were defined that were based only on the shape 
parameters. The discriminant functions were than applied to 
an independent test set of data, and patients were allocated 
to one of the three coronary artery groups. Approximately 
70% of the test set was allocated correctly.

The canonical variables of the discriminant analysis 
were presented in RESULTS section IV.3. Canonical Variable 
1 (CV-1) was interpreted as systolic dysfunction with com­
pensation, and Canonical Variable 2 (CV-2) was interpreted 
as the shape change from end diastole to end systole. Using 
the canonical variables, the patients of the learning set 
and of the test set were plotted (figures 18 and 20) . Indi­
viduals that were far from the mean values of their known 
qroup were identified (figures 19 and 22).

The differences between these results and those of the 
literature center on four areas:
(1) The transformation of the outlines.
(2) The parameterization of the transformation.
(3) The discriminant analysis approach to determining the 

optimal combinations of the parameters to distinguish 
amono the coronary artery groups (the canonical vari-
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ables) .
(V) The use of the discriminant functions to allocate

patients based on the probability of group membership. 
Points (1) and (2) have been discussed. Points (3) and 

(*0 will be discussed here.

E M  C a n o n i c a l  Variables
The reference frame based methods of left ventricular 

outline analysis have been discussed in detail. The various 
methods have been described (LITERATURE REVIEW II), as have 
the validity of the assumptions involved (INTRODUCTION 
IV.3). One aspect of the wall motion methods deserves fur­
ther comment in relation to the canonical variables: the
use of wall motion per se as the measure of the outline.

IV.1.1 Hemlaxes y&csas Canonical Variables
Whether hemiaxes, radial axes, or myocardial markers 

are used, all reference frame methods measure the axes with 
the following quantity (ED: end diastole, ES: end systole): 

(ED axis lenqth - ES axis length) / (ED axis length) 
or equivalently,

1 - (ES axis length / ED axis length)
This is the proportion of the diastolic length of the meas­
ured axis that is accounted for by the systolic motion of 
the walls of the heart. The need for using proportional 
lengths is based on the accepted observation that there is a 
large variation among patients in the sizes of their hearts. 
This variation would contribute a considerable degree of 
artifact to any analysis based on the absolute lengths or
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absolute length changes of the axes. It is not possible to 
consider the systolic and diastolic contributions of the 
shape analysis separate from each other: the proportional
length change combination of the end diastolic and end sys­
tolic information is iisiated by the size variations of 
hearts. Without any published investigation of the optimal 
way in which the measurements of the outline should be com­

bined, all reference frame methods have used this particular 
proportional lengths combination. By contrast, the size 
invariance of the tangent angle function and of the curva­
ture parameters allowed the weights of the eventual shape 
discriminators (the canonical variables) to be determined by 
the data, rather than a priori.

The interpretations of the weights of the canonical 
variables centered on the identification of pairs of weights 
of comparable magnitudes and related these pairs to systolic 
function (CV-l) and to shape change (CV-2). The actual use 
of the canonical variables however, used the weights as they 
were determined. Using these weights gave the optimal sepa­
ration of the coronary artery groups. This separation was 
better than any that would have been achieved using any 
other linear combination of the shape parameters. This lack 
of dependence on an a priori combination of parameters is an 
advantage of both the size invariance of the tangent angle 
transformation, and of discriminant analysis.
IV. 1.2. Interpretations of the Weights

The interpretation of CV-1 involved only the end sys­
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tolic curvatures, and served to separate LAD from RIGHT 
(fiqure 18). By abstractina the phenomenon of systolic dys­
function of one wall with increased function of the other, 
CV-1 established a scale of measurement of systolic shape. 
The scale ran from RIGHT (negative values), through NORMAL, 
and up to LAD (positive values).

CV-2 involved the end diastolic outline and the end 
systolic outline, and abstracted the shape change from end 
diastole to end systole. On CV-2, LAD and RIGHT were sepa­
rated from NORMAL: the scale ran from abnormal shape change
(positive values) to normal shape change (negative values).
A closer examination of the weights of CV-2 showed that the 
coronary artery disease hearts were undergoing asymmetric 
shape changes, while the NORMAL hearts had a more symmetric 
contraction.

Although CV-1 and CV-2 may seem to be abstracting simi­
lar aspects of heart function - contraction of one wall com­
pared to the other - it is important to recall that the 
variables are statistically independent (19) . The symmetry 
of contraction (CV-2) is not the same as the final end sys­

tolic shape (CV-1).
The simplified coronary artery disease model supports 

the interpretations of the canonical variables in the con­
text of discriminating among hearts with isolated LAD dis­
ease, isolated RIGHT disease, or no coronary artery disease. 
The regions of cardiac muscle subserved by the two arteries 
form the borders of the left ventricle in the thirty degree
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riqht anterior oblique projection. The dysfunctional sec­
tion of muscle will have decreased wall tension by passively 
bulqinq and assuminq a decreased radius of curvature (the 
Laplace relation, reference 1U) . In order to maintain the 
volume of blood ejected from the heart with each beat, the 
functional regions of muscle will contract to a greater than 
normal extent. CV-1 isolates which section of muscle has 
the increased curvature; CV-2 whether one side is contract­
ing more than another.

The studies of left ventricular dysfunction using the 
hemiaxis methods support the interpretations of the canoni­
cal variables if the dyskinesis of one wall with hyperkine­
sis of the other is regarded as the analog of increased cur­
vature of one wall with negative curvature of the other. It 
must be remembered that while the hemiaxis studies are sup­
portive, the measurement of systolic function offered by the 
canonical variables cannot be made using hemiaxes. Because 
of the size problem discussed, one would not attempt to 
directly compare one end systolic outline to another using 
hemiaxes. Because of the proportional wall motion used by 
hemiaxes, separation of end diastole from end systole is not 
possible.
IV.2 Discrimination - Allocation

The thesis of this dissertation is that shape of the 
left ventricle of the heart bears a relationship to the 
location of a coronary artery stenosis, and that this rela­
tionship can be demonstrated using a reference frame free
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measurement of shape. The classification matrices of tables 
13, 1U, and 16 substantiate the thesis. This result will be 
discussed in relation to the following areas:
(1) The limitations of the coronary artery disease model.
(2) The limitations of the piecewise linear parameteriza­

tion.
(3) The similarities and differences between this result and 

the work done by others.

IV.2.1 Limitations 2l £tl£ BiStaSS Model
The coronary artery disease model used in the design of 

this study was a simplified model. Hearts were grouped 
based only on the presence or absence of an isolated criti­
cal coronary artery stenosis, with the assumption that myo­
cardial shape would follow the same grouping. The reasons 
for usinq a simple model were two fold. The first reason is 
that much of the data needed to define a more complete model 
were not available for the patients used in the study. The 
second reason is that the significance and interpretations 
of many of the elements of the more complete model are con­
troversial, and were felt to be beyond the scope of this 
project.

The complete model of coronary artery disease makes the 
transition from a coronary artery stenosis to the adequacy 
of reqional myocardial blood flow. This involves considera­
tion of the location of the stenosis along the artery, the 
collateral circulation to the affected region of muscle, and 
the amount of blood flow to the region. The model would
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also include a measure of the amount of damage sustained by 
the affected region of muscle. An explicit delineation of 
the affected region on the two dimensional ventriculogram is 

also involved.
Measurements of these quantities are available. The 

location of a stenosis can be recorded in relation to a more 
detailed depiction of the coronary artery tree. Collateral 
circulation can be visualized at the time of angiography. 
Blood flow and myocardial damage can be assessed using 
radionuclide techniques. Using this information, the 
affected reqion of the ventriculogram should be estimatable.

As mentioned however, each one of these methods is 
itself controversial. In this initial study of left ventri­
cular shape, it was felt appropriate to not enter in these 
additional controversies.

Because of the limitations of the simplified model, the 
percentages of correct classifications in tables 13, 1U, and 
16 seem reasonable. With an extended model, these percent­
ages would be expected to increase.
IV.2.2 Limitations of £he Parameterization

The Diecewise linear parameterization reduced each wall 
of the left ventricular outline to a single parameter. A 
total of only four parameters per patient were used to 
describe the dynamic shape of the left ventricle. This was 
a tremendous reduction of the shape to a few parameters.
The reasons for not usinq a higher order model have been 
detailed, and involved the interpretability and number of
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parameters of the model. Despite this tremendous reduction, 
the classification tables and plots of the patients on the 
canonical variables demonstrate that a significant amount of 
information about coronary artery disease has been 
abstracted by the parameters of shape.

It seems reasonable to assume that a parameterization 
scheme could be found that would provide a more faithful 
representation of the tangent angle functions of left ven­
tricular outlines. In the context of the simplified disease 
model, it is not clear that the classification results of 
tables 13, 14, and 15 would be improved upon with a more 
detailed parameterization. However, with a more detailed 
coronary artery disease model, a more complete parameteriza­
tion miqht prove fruitful.

IX*2*2. Relationship to QtbSI Investigations
Use of the left ventricular outline to discriminate 

amonq patients with coronary artery disease has not been 
investigated prior to this study. In other investigations 
the outline is chiefly used as supportive data for other 
measures of cardiac function. Many different clinical 
qroups of patients are usually examined, and the statistics 
of the outlines are not usually presented in sufficient 
detail to provide meaningful comparisons to the current 
study. One study however, looked at the outlines of 
patients with isolated single vessel coronary artery dis­
ease, and provides an interesting comparison to the discrim­
inant results.
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Kumpuris et al studied the right anterior oblique left 
ventricular outlines of patients with isolated left anterior 
descendinq coronary artery disease (LAD), isolated right 
coronary artery disease (RIGHT), or no coronary artery dis­
ease (NORMAL) (81). Their definition of a critical stenosis 
was narrowing of the artery diameter by 75% (versus the 50% 
used in the current study)• Patients were classified as 
havinq a proximal, mid, or distal LAD stenosis, or as having 
a proximal or distal RIGHT stenosis. Patients were also 
classified as to the presence or absence of a myocardial 
infarction (MI). Thus, they examined their cohort of 
patients in terms of a more detailed coronary artery disease 
model than was used in the current study.

The measure of wall motion used was an internal refer­
ence frame, percent hemiaxis shortening velocity. Six axes 
total were used: three on the anterior wall and three on
the inferior wall. While the use of a velocity has theoret­
ical justification as a measure of contractility (15) , it 
has not been used in other studies of wall motion.

The shortening velocity of each of the six hemiaxes of 
the LAD and RIGHT hearts were compared to the corresponding 
velocities of the NORMAL hearts. These comparisons were 
done, for each of the sub-groups based on the location of 
stenosis, and the presence or absence of MI.

The results of this study were consistent with the cor­
onary artery disease model: the anterior wall had depressed
shortening velocity in the LAD group and the inferior wall
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had depressed shortening velocity in the RIGHT group. The 
effect was more marked as the stenosis became more proximal, 
and if there was an MI (this was more apparent for LAD; in 
oarticular sub-qroups the significance was variable) . They 
did not observe an increase in the shortening velocity of 
the unaffected wall.

The points of comparison between this study and the 
current one are many. The use of hemiaxes versus curvatures 
has been discussed in detail. The use of a percent shorten­
inq velocity complicates the comparison of their results to 
those in the current study, but both are as predicted by the 
coronary artery disease model. Their subdivisions of LAD 
and RIGHT by location of stenosis and presence of MI was 
elegant, and provides a hint of the results that could be 
expected if the coronary artery disease model were extended 
in the current study. Their use of a more severe definition 
of a critical stenosis would be expected to increase the 
differences among the groups.

The principle point of comparison between Kumpuris et 
at and the current study lies in their use of multiple com­
parisons to NORMAL, as opposed to the construction of canon­
ical variables. In Kumpuris et al, when comparing a coro­
nary qrouo to NORMAL, there was no way to compare the yegtoy 
of hemiaxes that constituted the wall motion measures of 
each patient. Only the individual hemiaxes were examined.
In their study, there was no result that was analogous to 
the interpretations of the canonical variables.
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Most of these points have been discussed elsewhere in 
the dissertation. The differences in methodology and phi­
losophy of analyzing outlines are major. It is satisfying 
to note that the results using the different methods are 

similar.
II. 1 Failure af iHe 1980 Test Set

The results and interpretations of the discriminant 
analyses of the data from 1978 and from 1979 were consistent 
between the two years, and with the coronary artery disease 
model. These results were not verified by the data from 
1980: the discriminant functions computed from the 1978-79
learning set were unable to classify the 1980 test set with 
the deqree of accuracy observed with the 1978 and 19 79 data 
alone. In addition, when discriminant analysis was carried 
out with the 1980 data as the learning set, the shapes of 
the left ventricles ware not able to discriminate among the 
coronary artery groups. The possible reasons for this 
inconsistency fall into three areas: patient selection for
catheterization, angiographic and ventriculographic techni- 
gues, and tracing outlines from the films. In each area, it 
is necessary to postulate that a change occurred over time, 
and that this change accounted for the differences in the 
data over the three years.
IV.2-1 Ratient Sejestjon

A change in the population of patients being catheter- 
ized could account for the lack of a strong relationship 
between coronary artery disease and left ventricular shape
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if, in the pooulation, the degree of ventricular pathology 
decreased for a given coronary artery stenosis. If patients 
with less severe myocardial damage became more prevalent in 
the coronary artery disease groups, then these groups would 
begin to have left ventricular shapes that appeared more 
like each other, and more like the NORMAL group. A larger 
proportion of patients with coronary artery disease would 
have truly normal left ventricles, and shape would be unable 
to discriminate among the different locations of coronary 
artery stenoses. The most likely situation that would cause 
this change in the population would be the increasing use of 
increasinaly sensitive non-invasive tests in the pre-cathet­
erization diagnosis of coronary artery disease. Patients 
with minimal symptoms and minimal myocardial damage would be 
referred for catheterization, whereas in the past, without 
the more sensitive pre-catheterization tests, they might not 
have been. A contributing factor would be a decrease in the 
morbidity and mortality of catheterization over time, 
increasing the liklihood that this invasive procedure would 

be undertaken.
In order to substantiate this hypothesis, it would be 

necessary to document a change in the presenting signs and 
symptoms of the catheterized population over time. These 
would include changes in the cardiac history, including the 
history of myocardial infarction; the increasing use of 
non-invasive diagnostic procedures and the degree to which 
they contributed to the decision to catheterize; and a
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chance in the hemodynamic and angiographic variables other 
than shape of the ventricle. One might also expect a change 
in the proportion of patients with coronary artery disease, 
and in the degree of severity of the disease.

A related aspect of patient selection concerns the 
technical adeauacy of the films. This has been discussed.
As the catheterization techniques have improved, particu­
larly as they relate to the induction of an irregular heart 
rhythm by the injection of the dye, it seems likely that 
fewer patients would be excluded from the study for this 
reason. This may have been offset however, by a change in 
the X-ray equipment to a smaller field of view, and thus an 
increase in the number of exclusions due to part of the out­

line not being visualized.
I n t e c p c e t a t l g n  o f  & n g i s g i § m s

A change over time in the definition of the percent 
stenoses would account for the change in the relationship 
between the stenoses and the left ventricular shape. Postu­
lating this as the cause of the discrepancy between the 
1978-79 data and the 1980 data however, is purely specula­
tive. If a marginal stenosis that previously would have 
Dlaced a patient in the NORMAL group would now place the 
patient in either the LAD or the RIGHT groups, then the pro­
portion of hearts in these croups with normal or marginally 
abnormal shapes would increase. This would occur if the 
level of sophistication in the interpretation of the angio­
gram increased, and more coronary artery lesions were iden-
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tified, or lesions were recognized as being more severe*
For example, if a lesion of the right coronary artery was 
previously called a 40S stenosis, but was now called a 60X 
stenosis, the patient would shift from NORMAL to RIGHT. If 
the heart shapes were normal in these patients, the overlap 
among the groups would increase.

This effect could be documented by a blinded re-reading 
of a sample of the angiograms from the three years of the 
study. While the classification of severe stenoses might 
not have changed, it is conceivable that the classification 
of ambiguous lesions has changed over time.

LZ'1'1 IntraQbservec Bias
The study reported in this dissertation was performed 

by a single observer. The intraobserver variability in the 
different aspects of handling the films was presented. It 
was shown that the variability in choosing acceptable out­
lines was small, while that of tracing specific outlines was 
large. Because each ventriculogram was examined without 
knowledge of the corresponding angiogram, it is difficult to 
imagine a systematic bias at this level. Although the ini­
tial reading of the angiogram report could not be blinded, 
it involved only decisions about critical stenoses and the 
presence or absence of specific historical features and 
therefore, a systematic bias at this level does not seem 
likely either. The possibility of intraobserver bias could 
be examined with a second observer and the reexamination of 
a sample of the patient reports and ventriculograms.
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V. REPRODUCIBILITY

The proportion of outlines in which it was necessary to 
approximate a region was large. Of the 85 patients in the 
1978 learning set and the 1979 test set with initially ade­
quate films, 33 (39%) had some amount of approximation.
Under the most stringent criteria for technical acceptabil­
ity of an outline, these patients would have been discarded. 
With less stringent criteria, more patients would be 
included, particularly if the patient had multiple beats. 
This degree of exclusion on the basis of technical defi­
ciency is not reported in other studies, and was an unex­
pected finding. The reasons for this relate to the techni­
cal requirements dictated by analyzing the entire outline.

As has been discussed, the subjective and hemiaxis 
methods do not require high quality images for analysis. If 
a small section of the outline is ambiguous, or the contrast 
of the cavity relative to the backaround is low, the data is 
still sufficient to categorize the image as normal or abnor­
mal. The tangent angle function requires that the entire 
outline of the left ventricle be available, and therefore 
only very high quality ventriculograms can be used. This 
robustness with respect to the quality of the Outlines is a 
strength of the subjective and hemiaxis methods. The clini­
cal data is often fuzzy, and the catheterization cannot be 
repeated until the image is perfect. On the other hand,
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these may be the reasons that obtaining the highest quality 
images is not the highest priority. It is possible that 
even with a chanqe in priorities, the necessity of using 
only very high ouality data will prove to be a serious limi­
tation of outline based methods of left ventricular analy­
sis .

The decision to accept some degree of contamination of 
the data seems reasonable. In most patients the amount 
approximated was small. In many patients, multiple beats 
were averaged, so the effect of the approximations would be 

expected to be small.
V . 2  B e a l  1 2  B e a t  V a r i a b i l i t y  a n d  O u t l i n e  I d a n t i l i s a l i g n

The beat to beat variability in the outlines and the 
observer variability in identifying and tracing the outlines 
was presented in RESULTS V.2 and V.5. It was shown that the 
beat to beat variability in the curvatures of the walls of 
the outlines was fairly small. The observer variability in 
identifying films with technically adequate beats was small, 
as was the variability in the identification of the film 
frames representing end diastole and end systole. The 
observer variability in the identification and tracing of 
outlines from specific frames however, was large.

V’2‘l Bsat ts Seat variability
The beat to beat variability of the outlines was 

expected to be small. Uhile some studies have indicated a 
myocardial depressant effect of the contrast agent, this 
effect develops over many beats (162). In this study, only
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a small number of patients had ventriculograms with more 
than two technically adequate beats (RESULTS I). Any change 
in the outline that was manifested over many beats was 
unlikely to cause a dramatic change in the outline over two 

consecutive beats.
An additional reason for a relatively small beat to 

beat variability within a patient is that the outlines from 
consecutive beats were traced from the film during a single 
session. If a decision was made about the location of an 
arabiquous part of the outline, it was applied to all beats 
from that patient and therefore, this source of variability 
was not expressed. However, the variability in tracing an 
outline from the film, once the outline had been identified, 
was still present. Thus, the beat to beat variability rep­
resents the change in the outline from one beat to the next, 
plus the inherent variability in tracing a specific outline.
V.2.2 Observer Variability

The standards for technical adequacy of the films were 
set high in this study. Other studies have shown a substan­
tial inter-observer variability in determining volume and 
wall motion from the ventriculogram (164,165), but did not 
provide the details of the source of the variability. The 
standards of this study arose from the judgement that if 
only hiah quality images were included, the variability in 
choosinq the outline would not be large. This judgement 
proved reasonable in the choice of technical adequacy and in 
the timing of contraction events, but not in the determina-



143

tion of the location of the outline itself.
The hiqh reproducibility of determining technical ade­

quacy was expected because of the stringent requirements 
imposed. These requirements however, resulted in the exclu­

sion of approximately 70S of the films considered (table 3). 
It is possible that with looser criteria, some of the films 
excluded would have been included: particularly among the
U6X that did not have adequate opacification after a series 
of irreqular beats. If a simultaneous electrocardiogram 
were available, then some of the films excluded because of 
an ambiquous rhythm might have been included with a sinus 
rhythm. The decision was made in the design of the study to 
err on the side of excluding films.

The high reproducibility in the determination of the 
timinq of end diastole and end systole was also expected. 
These events were identified by a change in the direction of 
the motion of the outline: an event usually easily recog­
nized. The most difficulty occurred with the timing of end 
systole when the aortic valve leaflets could not be identi­
fied, and thus were not available as timing markers. In 
some cases, a part of the outline appeared to be relaxing 
while other parts were still contracting. This phenomenon, 
which represents either asynchronous termination of systole 
or asynchronous onset of diastole, has been recognized by 
others (LITERATURE REVIEW III.1.4) , and contributes to the 
difficulty in the precise definition of end systole. How­
ever, as table 27 showed, a single definition could be
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The poor degree of reproducibility in the location of 
the outline itself, illustrated by figures 28 and 29 was 
unexpected. Particularly with the example of figure 29, 
this was felt to represent true ambiguity in the defInltlons 
of the locations of the outline and landmarks. This ambigu­
ity may prove to be the major limitation in the use of out­
line based methods of ventriculogram analysis.

The single plane right anterior obliaue left ventricu­
logram is a projection of the dynamic three dimensional car­
diac anatomy onto a single plane. The outline of the pro­
lection, the X-ray shadow that is seen on the film, is 
formed by the radio-opague dye that is mixed with blood 
within the cavity of the ventricle. These two aspects of 
ventriculograohy have the potential for causing confusion 
about the location of the actual border of the heart.

The film from which figure 29 was traced had one 
inferior wall edge at end diastole, but two distinct outline 
edges in the inferior region at end systole: one slightly
lighter than the other. As this heart moved through sys­
tole, the inner outline gradually became more distinct and 
dominant. The lighter outer region seemed to move, but not 
to clearly contract. The two edges of the outline seem to 
have resulted from contraction of walls in the direction of 
the X-ray beams: a movement that cannot be directly appre­
ciated in a single plane. This type of behavior, in which 
the outline at one point of the cardiac cycle is formed by a
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Dart of the wall of the ventricle that does not form the 
border at another part of the cycle, undoubtedly occurs in 
less dramatic cases than the one illustrated in figure 29.

The inner border of the heart is net smooth, but is 
formed of protruding muscle trabeculations. The amount of 
contrast aqent that is contained within the infoldings of 
muscle between the trabeculations determines the contrast 
between the cavity of the ventricle and the background tis­
sue. As the heart contracts and the trabeculations thicken, 
the amount of contrast agent at this border changes. If 
enough dye is lost at the border, the apparent border 
shifts. If dye is lost only at part of the ventricle, then 
only part of the border shifts. If some dye remains, the 
border remains, but with reduced contrast.

The decision rule used in this study was that trabecu­
lations were included as part cf the left ventricular 
cavity. In the cases of a hypertrophied ventricle, or in 
the particular case of the papillary muscles, this rule was 
not difficult to follow. It does not seem reasonable how­
ever, that those apparent cases were the only ones. In 
cases where the border was visible, but at decreased con­
trast, there would undoubtedly be more variation in tracing. 
In cases where the extrusion of blcod from the endocardial 
invaginations occurred just out of the plane cf the film, 
the definition of the border could become even more diffi­
cult.

The definition of the valve points was also affected by
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the dynamic anatomy of the ventriculogram. In figure 28, 
overlyinq aortic sinuses were pointed out as causing ambigu­
ity in the definition of the aortic root points. In cases 
in which the sinuses were only lightly opacified or were 
heavily opacified, there would be no difficulty in identify­
ing the valve, although in the second case a consistently 
incorrect decision would be made. The difficulty arises 
when the sinus is somewhat opacified, or becomes more opaci­
fied as the injection proceeds. The location of the valve 
may be clear at one time, but not another.

A similar problem existed in locating the mitral valve 
point. During diastole, the edge of the incoming, unopaci­
fied, stream of blood from the left atrium usually clearly 
delineated the edge of the valve annulus. However, as the 
contraction commenced, a portion of what appeared to be myo­
cardium was often seen to be part of the valve apparatus: 
either because the region moved with the mitral valve and 
not the myocardium, or because a portion of the mitral valve 
not in the plane of the film became visible.

In defining the landmarks, an attempt was made to be 
consistent and have the points at end diastole correspond to 
the same points at end systole. With the characteristics 
noted above, variability in the definition of the landmarks 
was introduced.

A critical examination of the characteristies of the 
left ventricular outline has not been published; the subjec­
tive methods of analysis do not require a rigorous consider-
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atlon of the outline. Because of the high technical quality 
required in the design of this study, it seems that much of 
the variability in determining the location of the outline 
is inherent in the outline itself. Two approaches to this 
arabiquity suqqest themselves.

The first approach is to use information from the left 
anterior oblique view in the recognition of the right ante­
rior oblique border. Requiring that the same border be rec- 
oqnized in both views would help resolve the ambiguities 
caused by overlyinq and dynamic anatomical characteristics.

The second approach is to use the techniques of digital 
backqround subtraction and contrast enhancement such as 
those now being used in diqital venous imaging (166) . In 
this technique, the entire film is converted to digital form 
and the pre-injection film is electronically "subtracted" 
from the post-injection film. This would address the prob­
lems of decreased contrast at the border of the ventricle.
It is of interest that Rushmer and Crystal suggested this, 
althouqh usino a completely manual approach, in 1951 (28).

The problems in identification of the border of the 
ventricle may limit the applications of outline based meth­
ods of ventriculogram analysis. Although analysis using the 
tangent anqle function is completely automated and has few 
assumptions, its utility is limited if the basic data being 
analyzed is subject to auestion. The reproducibility of the 
outline roust be improved, whether by consensus of multiple 
viewers, or by the techniques suggested above.
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CHAPTER 7: £Qfc!CLi£IQNS ; FUTURE UfiRK

I. CONCLUSIONS

In this dissertation, the motivation for studying the 
left ventricles of patients with coronary artery disease was 
presented. The problems associated with using the refer­
ence-frame based methods of measuring left ventricular wall 
motion were discussed, and shape was offered as an alterna­
tive to these methods. The tangent angle function was shown 
to be a measure of shape that could be interpreted in terms 
of the coronary artery disease model, and a parameterization 
scheme was detailed that abstracted intuitive aspects of the 
shape of the left ventricle.

The next part of the dissertation was addressed to a 
study of left ventricular shape in patients with coronary 
artery disease. A cohort of patients was defined from the 
population of all patients undergoing catheterization. The 
shapes of the left ventricles of their hearts were measured 
and discriminant analysis was used to form the canonical 
variables that maximally discriminated among the groups.
The two canonical variables were shown to have interpreta­
tions that fit nicely into the coronary artery disease 
model. Using the discriminant functions based only on the 
shape parameters, approximately 70S of the cohort could be 
allocated to the correct coronary artery group. This was
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verified both within the cohort using a jackknife, and with 
an independent set of test data, although it could not be 
verified with a second set of test data.

The last part of the dissertation was addressed to the 
reproducibility of the steps involved in transferring the 
left ventricular outlines from the catheterization film to 
digital form in the computer. Determining the technical 
acceDtability of the films and the timing of the systolic 
events was highly reproducible, as was the digitizing of 
specific outlines into the computer. The tracing of an out­
line from the film however, had significant variability.

1*1 111® Tangent Angle Function
The tangent angle function, and through it the consid­

eration of shape, provide a new point of view from which to 
examine left ventricular outlines. The logical inconsisten­
cies of the reference-frame based methods have effectively 
demonstrated the need for such a point of view. It is 
interesting to note that using the tangent ancle function, 
two outlines can be directly compared without introducing 
any relative alignment. This was not immediately obvious in 
the early work on the function, nor to those used to working 
with the reference-frame based methods.

The tanaent angle function behaves like a derivative, 
responding dramatically to abrupt changes in the curvature 
of the outline and less dramatically to more gradual 
changes. As fiqure 9 showed, some outlines can be visually 
different, but have very similar tangent angle functions.
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This is a potential limitation in the use of the function in 
left ventricular outline analysis: some of the features of
the outlines that are appreciated by the observer are these 
slow chanqes.

1*2 Discriminant Analysis
The approach taken to the discrimination among patients 

with coronary artery disease was greatly simplified and 
straiqhtforward. Patients were classified into one of three 
qrouDs based on the Dresence or absence of an isolated crit­
ical coronary artery lesion. The ventriculograms were 
reduced to four parameters: one for the anterior wall and
one for the inferior wall at end diastole and at end sys­
tole. These four parameters were then used tc discriminate 
araonq the coronary artery groups. With this degree of sim­
plification, it was not obvious that the degree of discrimi­
nation would be as high as it was.

The interpretations of the canonical variables in terms 
of the coronary artery disease model were particularly sat­
isfying. Canonical Variable one was shown to represent end 
systolic dysfunction of one wall with increased function of 
the other wall. The variable provided a scale in which 
patients with inferior wall dysfunction (right coronary 
artery disease) had neqative values, patients with anterior 
wall dysfunction (left anterior descending coronary artery 
disease) had positive values, and patients with no dysfunc­
tion (no coronary artery disease) were in between. End 
diastole contributed little to the value of this variable.
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Canonical Variable two was interpreted as the shape 
change from end diastole to end systole. Patients in whom 
both walls chanqed from convex towards concave (no coronary 
artery disease) had negative values. Patients in whom one 
wall became increasingly convex during systole (dysfunction 
of the wall) had more positive values, regardless of the 
wall. Thus, Canonical Variable two provided a scale that 
ranged from normal (negative values) to abnormal (positive 
values). This variable incorporated both end diastole and 
end systole, but contributed only 20% of the separation 

amonq the three groups.
This was perhaps the central result of the disserta­

tion. The shape parameters, the input to the discriminant 
analysis, were not based on any reference frame or model of 
left ventricular contraction. The coefficients of the can­
onical variables were those coefficients that maximized the 
separation of the three groups. Thus, the canonical vari­
ables did not depend on any unverifiable assumptions, and 
optimally discriminated amona the three groups. This 
approach to the measurement of left ventricular dynamics has 
not been taken in the cardiology literature prior to this 

study.
This result must be interpreted with caution in light 

of its failure to be substantiated by a second set of test 
data. Althouqh the second set of test data appeared to be 
inconsistent with the initial learning and test sets, it was 
gathered and analyzed according to the same procedures used
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for the initial sets. Until the reason for this apparent 
inconsistency is found, the validity of the method of shape 
analysis and of the interpretations of the canonical vari­
ables must be questioned. If the reason for the apparent 
lack of consistency is related not to the methods, but to 
the patient population, then the utility of examining future 
patients usinq discriminant criteria based on historical 
data must be reexamined. Different investigations to deter­
mine the sources of the inconsistencies in the data were 
suqqested in DISCUSSION IV.3.

The oiecewise linear parameterization of the tangent 
anqle function was attractive for two reasons. The first 
reason was that it provided a first order approximation to 
the shape of the heart. The heart was approximated with the 
sections of two circles connected at an apex. Although 
hiqher order shape was not captured, this first order 
approximation proved to be enlightening and useful.

The second reason was that the parameters were easily 
interpreted: both singly and in the weighted combinations
of the canonical variables. This interpretability, and thus 
ease of association with the disease model, was not apparent 
with any of the other parameterizations examined.

The two limitations introduced by the parameterization 
involved the need to construct an apex, and the loss of 
hiqher order behavior. The apex was introduced to facili­
tate the parameterization. This meant accepting a con­
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structed ooint in the definition of the walls of the out­
line, and therefore accepting the potential for unusual out­
lines to qive unusual wall definitions. The definition of 
the apex was automated, and so observer bias was not a con­
sideration, but a systematic bias in individual cases was 
possible. This bias was not observed, but this does not 
mean that it could not be observed in the future.

The first order parameterization of shape smoothed over 
all hiqher order behavior. This resulted in at least one 
case in which a patient was allocated to the Incorrect coro­
nary artery group because of the smoothing. This was an 
unavoidable consequence of usinq a highly simplified model. 
The performance of the simplified model was felt to be suf­
ficient justification for this loss of higher order shape.

I.u g u t i l n s s
The proportion of outlines that were technically accep­

table for this investigation was around 25%. The majority 
of the exclusions were because of a lack of sinus beats that 
did not follow a premature contraction. The remainder of 
the exclusions were due to a lack of sufficient opacifica­
tion of the ventricle and due to inadequate centering of the 
ventricle over the X-ray camera. This large proportion of 
exclusions was an important findina, and has implications 
for the use of outline based methods of ventricular analy­
sis. It indicates that a technique of analysis such as the 
one investigated here would not be clinically useful in a 
general population because it could not be reliably applied
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to every patient. In order for the subjective methods of 
analysis to be replaced by objective quantitative outline 
based techniques, the technical quality of the left ventri- 
culoqrams will have to be improved.

The lack of reproducibility of determining the exact 
location of the outline also has important implications for 
analysis of the outlines. It is perhaps obvious: the data
must be reproducible in order for the applications of the 
measure to have validity. The examples presented indicated 
that much of the variability in the outlines was due to 
ambiquity in the definition of the outline, not random error 
about a true outline. This indicates that a more sophisti­
cated approach to the identification of the border of the 
ventricle is reauired to achieve the required degree of 

reproducibility.

II* FUTURE WORK

Each step in the development of the measure of the left 
ventricular outline and in the clinical study suggested fur­
ther work to be done. The order in which the ideas are pre­
sented is sugoested as a resonable sequence of investiga­
tion.

II*1 Qutllnes
The outline of the left ventricle is the basic data on 

which all studies are based: a reproducible method of
determining the location of the outline must be found. As a 
first step, outlines could be viewed by multiple observers.
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and disagreements resolved by consensus. If, as has been 
suqqested in this study, there is no "true" outline, but 
rather an "accepted" outline, then this approach is reason­
able. With this approach, incorporation of the left ante­
rior oblique projection in the recognition of the right 
anterior oblique outline would be straightforward.

The next step in outline recognition would be to remove 
all observer input and completely automate the process.
This would involve many aspects of pattern recognition, and 
would serve to remove all variability in the analysis.

11.2 gaianatz attauc Disease Mg&el
The coronary artery disease model used in this study 

was a simplification of the true anatomy and physiology.
This model could be extended by using a more detailed 
description of the coronary artery pathology, such as the 
number and severity of stenoses in a single artery, and the 
amount of collateral circulation provided to the myocardium 
distal to the stenosis. This would be a first step towards 
usinq blood flow to the myocardium as the basic measure of 
patholoqy, and as a more accurate comparison to the shape of 
the left ventricle.

11.2 BlssrlalQaPt analysis
The discrimination among patients with coronary artery 

disease was based only on shape in order to study the refer­
ence-frame free measure of shape. This discrimination would 
be expected to improve if other measures of cardiac perform­
ance and history were included as well. Measures that have
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been well studied, and are immediately accessible, are the 
ejection fraction and the presence or absence of a myocar­
dial infarction. End diastolic and end systolic volumes 
would also be expected to improve the discrimination, but 
these require a calibration for image magnification that was 
not available for the early patients in this study. Other 
indices of left ventricular function are available, such as 
the rate of rise of left ventricular pressure and the rate 
of circumferential fiber shortening, and could also be 
included. Interpretation of the canonical variables for 
these mixtures of parameters would be challenging.

The parameterization scheme, while simple and interpre­
table, was not wholly satisfactory. The search for a scheme 
that did not involve an apex while also capturing more of 
the shape of the outlines could proceed in parallel to the 
other areas discussed.

The difficulty involved in using an apex in the analy­
sis of shape is that it is not a landmark. Hcwever, the 
patholoqy beinq investigated, coronary artery disease (or 
more specifically myocardial ischemia), is regional. The 
problem is that the heart lacks the landmarks necessary to 
delimit the regions. The approaches to parameterizing the 
tangent angle function, or any other measure of left ventri­
cular shape, will have to address this problem directly, and 
in a way that does not involve constructed points. Two 
approaches suggest themselves.
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The first approach is to dispense with the piecewise 
modeling and look for parameterization schemes that address 
the shape of the entire outline. The tangent vector was one 
such approach, and could perhaps be exploited more than it 
was in this study, Another possibility would be to try 
template matchinq, with the degree of similarity between the 
outline and various templates of myocardial pathology pro­
viding the measures of shape.

The second approach is to search for landmarks on the 
ventricle. The coronary arteries themselves could provide 
the needed points. If the outline were to broken into sec­
tions based on blood flow and coronary artery perfusion, 
then one would have functional, rather than anatomical, 
landmarks. For example, rather than parameterizing the 
anterior wall, one would parameterize the section of the 
outline perfused by the left anterior descending coronary 
artery. This would be a closer step to the underlying 
patho-physiology on which the coronary artery disease model 
is based.

These ideas are speculative. The parameterization 
problem occupied the bulk of the time spent on this project: 
it will not be easily solved.

II. 5. Eutl&fiS. Applications
Further applications of the methodology presented in 

this dissertation involve extending the discriminant analy­
sis, and studying other problems in cardiology.

The discriminant analysis is extended naturally by
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including patients with other classes of coronary artery 
disease: two vessel disease, three vessel disease, and dis-
ease of the circumflex coronary artery. Most interesting 
would be those patients with two vessel disease involving 
the left anterior descending and the right coronary 
arteries. These patients might have dysfunction of both the 
anterior and inferior walls, appear "normal" to Canonical 
Variable one, but "abnormal" to Canonical Variable two. A 
similar situation might be expected with isolated circumflex 
coronary artery disease, in which the lateral wall of the 
heart is involved and the shape abnormality is out of the 
plane of the right anterior oblique ventriculogram. Of 
course with four cligical groups there would be three canon­
ical variables, raising the possibility that another aspect 
of shape or shape change would make Itself known.

The applications of shape to other problems in cardiol­
ogy are those areas discussed in LITERATURE REVIEW. Perhaps 
most fruitful would be the pre and post intervention stud­
ies. In these studies, the patient serves as his own con­
trol: a natural area of application of a quantitative meas­

ure of shape.

II.S. Other ttethols 2t Imaging Heatt
The tangent angle function is a technique for trans­

forming an arbitrary two dimensional outline into a function 
that is suitable for parameterization. Nuclear cardiography 
and two dimensional echocardiography noninvasively provide 
outlines of the ventricle whose shape could be investigated.
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The outlines obtained with these technologies have more 
noise associated with them than do the ventriculographic 
outlines; it is likely that visual border recognition would 
not be sufficient in the identification of the outlines. 

Therefore, the first step in investigating these outlines 
would have to be the development of an automated border 
detection algorithm.

The chief advantage to the noninvasively acquired out­
lines is that, because of the lack of morbidity, one can 
study large numbers of individuals multiple times. Particu­
larly with echocardiography, serial studies and pre and post 
intervention studies can be done without confronting the 
ethical issues of performing catheterizations for investiga­
tional purposes. An additional advantage is that people 
felt to be truly "normal” could be studied - as contrasted 
with the catheterization group NORMAL that consisted of 
symptomatic patients with no demonstrable heart disease.
II.1 Other Methods of Measuring Shape

This investigation of the tangent angle function has 
brought one technique of shape measurement to bear on the 
analysis of left ventriculograms. There are many others 
(167). One that seems particularly intriguing is the medial 
axis, or skeleton, described by Blum (168).

The skeleton of a closed outline is the locus of points 
enclosed by the outline, each of whose minimum distance to 
the outline is not unique. Thus, the skeleton of a circle 
is a single point at the center (all other points within the
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circle have a single minimum distance to the outline). The 
skeleton of a wiggly snake is a line along the midline.
More complicated shapes generate more complicated skeletons, 
some of which have branches in addition to the main axis.
The properties of this transformation are provided by Blum. 
It is a true measure of shape.

Abstraction of the skeleton of the outline of the left 

ventricle could prove illuminating. The skeleton would be a 
stick figure whose bends were a reflection of the symmetry 
of the outline. It is quite likely that certain shapes 
would generate branches from the central skeleton, and the 
presence or absence of branches could provide an additional 
measure. The skeleton has been investigated by others 
(169-175), but has not been applied to problems in cardiol- 
oqy.

The final area of further work to be mentioned is that 
of analyzing the full three dimensional shape of the left 
ventricular cavity. This image is not currently available 
clinically, but certainly will be in the future with the 
increasing use of tomographic imaging via X-rays (computer­
ized axial tomography), magnetism (nuclear magnetic reso­
nance) , and isotopes (positron emission tomography). The 
three dimensional outline will certainly provide a much 
richer and more complete source of data for left ventricular 
analysis. Hopefully this will not be offset by the problems 
of regional reference and parameterization that will cer­
tainly arise.
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I . D E R I V A T I O N  O F  T H E  T A N G E N T  V E C T O R  A N D  T A N G E N T  A N G L E  F U N C T I O N

(a) C o n s i d e r  t h e  o u t l i n e  t o  l i e  i n  a n  a r b i t r a r i l y  o r i e n t e d  

c o m p l e x  p l a n e .
(b) A s s u m e  t h a t  t h e  o u t l i n e  i s  s u f f i c i e n t l y  s m o o t h  t h a t  a r c  

l e n g t h  i s  d e f i n e d .
(c) P i c k  a  s t a r t i n g  p o i n t  a n d  a n  e n d i n g  p o i n t  o n  t h e  o u t l i n e .  

I f  t h e  o u t l i n e  i s  c l o s e d  ( p e r i o d i c )  t h e n  t h e s e  a r e  t h e  
s a m e  p o i n t .

(d) L e t  s m e a s u r e  a r c  l e n g t h  f r o m  t h e  s t a r t i n g  p o i n t ,  i n  t h e  
c l o c k w i s e  d i r e c t i o n .

(e) S c a l e  t h e  e n t i r e  o u t l i n e  u n i f o r m l y  s o  t h a t  t h e  t o t a l  a r c  
l e n g t h  f r o m  t h e  s t a r t i n g  p o i n t  t o  t h e  e n d i n g  p o i n t  i s  1.

(f) P a r a m e t e r i z e  t h e  c u r v e  i n  t e r m s  o f  a r c  l e n g t h ,  i . e .  l e t
z ( s )  =  x ( s )  +  i< y  (s) 0 < s < 1 (1)

r e p r e s e n t  t h e  c u r v e .
D i f f e r e n t i a t i o n  o f  (1) g i v e s

d z ( s )  =  d x ( s )  + i * d y ( s ) (2 )

S i n c e
!d z ( s )  i 2 =  ( d x ) 2 +  ( d y ) 2 
| d z ( s ) i 2 =  ( d s ) 2
d z  (s) 
d s 1 (3)

A n d  f r o m  (2)
d z (s ) =  d x (s) + i* d y ( s )  
d s  d s  d sd s

(4)
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U i S l  - e 1 ’’ 181 0 < s < 1 (5)d s  —  =
dz (s)I n  o t h e r  w o r d s ,  — ^ — » t h e  d e r i v a t i v e  o f  t h e  o u t l i n e  

w i t h  r e s p e c t  t o  a r c  l e n g t h ,  i s  a c o m p l e x  n u m b e r  w i t h  m a g n i t ­
u d e  1.

d  z  ( s ) i s  t h e  t a n g e n t  v e c t o r . “M s ) ,  t h e  a r g u m e n t  o f
t h e  t a n g e n t  v e c t o r ,  i s  t h e  t a n g e n t  a n g l e  f u n c t i o n . F o r  c o n ­
v e n i e n c e ,  t h e  t a n g e n t  a n g l e  f u n c t i o n  u s e d  i n  t h e  s t u d y  w a s

d z  (s)d e f i n e d  t o  b e  t h e  n e g a t i v e  o f  t h e  a r g u m e n t  o f  — ^ — .

I I .  P R O P E R T I E S
1 1 .1 S i z e  I n v a r i a n c e

S i z e  i n v a r i a n c e  i s  i m p l i c i t  i n  t h e  s c a l i n g  o f  t h e  i m a g e s  
t o  u n i t  a r c  l e n g t h .
1 1 .2 P o s i t i o n  I n v a r i a n c e

S u p p o s e  t h a t  t h e  o u t l i n e  i s  s h i f t e d  w i t h  r e s p e c t  t o
t h e  c o o r d i n a t e  a x e s  b y  a  c o m p l e x  n u m b e r  c. L e t

2 (s) =  z (s) +  c  (6)
b e  t h e  i l i i f t e d  o u t l i n e .  T h e n ,  t h e  t a n g e n t  v e c t o r  o f  t h e
s h i f t e d  o u t l i n e  i s

d 2 ( s )  _ d  . _ x
~ 3 T ~  = d s ( z ( s ) +  c)

= fs (z(s))
a n d  i s  c l e a r l y  u n a f f e c t e d  b y  t h e  s h i f t .
1 1 .3 R o t a t i o n  I n v a r i a n c e

L e t  t h e  o u t l i n e  b e  r o t a t e d  w i t h  r e s p e c t  t o  t h e  c o o r d ­
i n a t e  a x e s  b y  a n  a n g l e  y. L e t

2 (s) =  e *  ̂ z (s) (7)
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be the rotated outline. The tangent vector of the rotated 
outline is

S u b s t i t u t i o n  o f  (5) g i v e s
d 2  (s) _  i ( 9 ( s ) + y )
d s

T h u s ,  t h e  t a n g e n t  v e c t o r  h a s  b e e n  m u l t i p l i e d  b y  a  c o m ­
p l e x  c o n s t a n t  w i t h  m a g n i t u d e  1: a  p u r e  p h a s e  s h i f t .  T h e  

t a n g e n t  a n g l e  f u n c t i o n  o f  t h e  r o t a t e d  o u t l i n e  i s

T h i s  i s  t h e  t a n g e n t  a n g l e  f u n c t i o n  o f  t h e  o r i g i n a l  f u n c t i o n ,  
w i t h  a  c o n s t a n t  a d d e d .
I I .4 T a n g e n t  A n g l e  F u n c t i o n  o f  a  C i r c l e

A  c i r c l e  w i t h  u n i t  p e r i m e t e r  i s  e x p r e s s e d  i n  t h e  c o m p l e x  

p l a n e  a s

_ i y d z ( s )  
e  d s

(8 )

(10)

0 < s < 1 (11)
T h e  t a n g e n t  v e c t o r  i s

dz(s) i27rs
-di“ ■ = 1>e

i (2tts + tt/2)= e

i27rs

(12)

A  c i r c l e  t h a t  h a s  b e e n  p h a s e  s h i f t e d  b y  ^ .
T h e  t a n g e n t  a n g l e  f u n c t i o n  o f  t h e  c i r c l e  i s

(13)

A  s t r a i g h t  l i n e  w i t h  s l o p e  2t .



164I I .5 F o u r i e r  S e r i e s  o f  t h e  T a n g e n t  V e c t o r
T h e  F o u r i e r  s e r i e s  o f  t h e  t a n g e n t  v e c t o r  i s

dz(s) “ _ _i2irks 
“3s \  1 V ek = -ot>

a ^  i s  o b t a i n e d  b y  t h e  u s u a l  i n t e g r a l  f o r m u l a

a _ -1 ,dz. -i2irks
ak - /  (33)e ds

d zS u b s t i t u t i n g  (5) f o r  ^  g i v e s

a. . ; 1 e i 9 < 5 , - « ' i2,'k S (Js k  i n t e g e r  (14)
0

1 1 . 5 . 1  R o t a t i o n  I n v a r i a n c e  o f  t h e  F o u r i e r  C o e f f i c i e n t s
L e t  2 ( s )  b e  t h e  o u t l i n e  r o t a t e d  b y  e i r , a s  i n  (9 ) .  L e t  

& k  b e  t h e  F o u r i e r  c o e f f i c i e n t s  o f  U s ) .  T h e n

a _  r 1 / d 2 .  - i 2 7 T k s ,
ak - /  (3ile ds

S u b s t i t u t i n g  (9) g i v e s

S. =  / e i ( 8 ( s ) + Y ) - e - i2:" t s d s
0

a  =  e lY / 1 e i e < s ) . e ’ i 2 ’ k s a s  
K 0

ak = eiY,ak (15)
a n d  | a k  I 2 =  I a k  | 2

1 1 . 5 . 2 F o u r i e r  S e r i e s  o f  a  C i r c l e
T h e  F o u r i e r  s e r i e s  o f  t h e  t a n g e n t  v e c t o r  o f  a  c i r c l e  

h a s  o n l y  a ^  n o n z e r o .
I t  i s  e a s i l y  s h o w n  ( s e e  I I . 5 . 3 )  t h a t  f o r  a n  a r b i t r a r y



165
function f(s) that is periodic on (0,1),and that has Fourier 
coefficients a^, that

2 1 2 Z | a. | = / I f (s) | ds (16)
k=-°° 0

I n  t h e  c a s e  o f  t h e  t a n g e n t  v e c t o r

f (s) =  e i , < s )
s o  x 0

Z 1ak | = 1 (17)
k=-°°

T h e  t a n g e n t  v e c t o r  o f  a c i r c l e  i s  g i v e n  b y  (12). 
S u b s t i t u t i n g  i n t o  (14) g i v e s

= /  i(2irs+V2> e-i2rts
15 0

= e il/2 / 1ei2',<1-k)sds (18)
0

I f  k  =  1, t h e n

a. =  e / d s
0

a1 = e1'r/2 (19)

a n d  | a ̂ | = 1

I f  k jL 1, i t  f o l l o w s  f r o m  (17) t h a t
!ak I = 0 k ^ 1 (20)

I n  o t h e r  w o r d s ,  o n l y  a ^  i s  ^  0 . A l l  o t h e r  c o e f f i c i e n t s  

a r e  z e r o .
A s  t h e  o u t l i n e  d e v i a t e s  f r o m  a c i r c l e ,  t h e  a ^  (k jt l) 

w i l l  b e c o m e  n o n z e r o .  F r o m  (17), w i l l  b e c o m e  l e s s  t h a n  1.



166
I n  t h i s  s e n s e  t h e n ,

1 - l a j 2

m e a s u r e s  t h e  d e v i a t i o n  o f  t h e  o u t l i n e  f r o m  a  c i r c l e .
I I . 5 . 3  S u m  o f  F o u r i e r  C o e f f i c i e n t  M a g n i t u d e s  

T h e  p r o o f  o f  (16) i s  a s  f o l l o w s :
f ( s )  i s  p e r i o d i c  o n  ( 0 , 1 ) ,  a n d  h a s  F o u r i e r  c o e f f i c i ­

e n t s
1 L.

r  £ /  \  - l 2 7 T k S ,  a, =  ; f ( s ) e  d s
K 0

D e r i v e  t h e  m a g n i t u d e  o f  a ^ :

|a. I2 = ( / f  (s)e‘i2'rksds} ( / W - e l2,k5d U  (21)
K 0 0

The second term of (21) is the conjuqate of the first term,
with s replaced by the dummy argument £. Rearranging (21)
gives

i |2 r\£ , > £ , - \ -i2frk (s-% ) , jr I a. | = //f(s)f(^) e ds dC
K 0 

00  ̂ 00

I ! a ! 2 = //f(s)fTTn : e-l2TTk{s"?) }ds d£ (22) 
k=-°° 0 k=-°°

The term of (22) in brackets is the Fourier series of the
delta function

5(s-;» - {J; otherwise 1231

Substituting (23) into (22) gives
00

Z i a ! 2 = :/f (s) fTcTS (s-'Z ) ds dc
k=-°° 0
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T h e  o u t e r  i n t e g r a l  o n  5 i s  z e r o  e v e r y w h e r e  e x c e p t  w h e n  

s = r, . T h e r e f o r e ,
12I I a, | = f  f (s ) f (s ) d s

k=-°° 0
1ii= f  ! f ( s )  | d s

0
a s  w a s  t o  b e  p r o v e d .

I l l . C o m p u t a t i o n  o f  t h e  T a n g e n t  A n g l e  F u n c t i o n  

I I I .1 F o r m u l a t i o n
L e t  t h e  d i s c r e t i z e d  c u r v e  b e  r e p r e s e n t e d  b y  t h e  c o o r d ­

i n a t e  p a i r s
z. =  ( x . , y  ) i =  1 , 2  ,. . . ,n

w h e r e
z ^  =  t h e  s t a r t i n g  p o i n t  ( s = 0 )

a n d  z n  =  t h e  e n d i n g  p o i n t  ( s = l )  (24)
L e t  t h e  v e c t o r s  t h a t  a r e  t h e  l i n e  s e g m e n t s  t h a t  c o n n e c t  

t h e  c o n s e c u t i v e  p o i n t s  b e  w r i t t e n  a s

' (yi+l-iV  ) 1 = 1,2> ' • • ,n"1

=  ( A x i , i y i ) (25)

i . e . ,  t h e  A z ^  a r e  l a b e l e d  a c c o r d i n g  t o  t h e  i n i t i a l  p o i n t

o f  t h e  l i n e  s e g m e n t .  T h e  a n g l e  t h a t  i z ^  m a k e s  w i t h  t h e  
X  a x i s  i s

tan(V  *
3. - t a n ' 1 ( ^ f )  i =  l , 2 , . . . , n - l  (26)X O

T h e  c u m u l a t i v e  a r c  l e n g t h  t o  z ^  i s  
i - 1

s . =  E ! i  z . | i = 2 , . . . , n  (27)
j =  l ^
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w h e r e  s ^  e q u a l s  z e r o .

T h e  p a i r s  o f  v a l u e s  ( s ^ , 9 ^ )  a r e  t h e  v a l u e s  o f  t h e  
n e g a t i v e  o f  t h e  t a n g e n t  a n g l e  f u n c t i o n  ( t h e  t a n g e n t  a n g l e  

f u n c t i o n  w a s  d e f i n e d  a s  t h e  n e g a t i v e  o f  t h e  a n g l e s  t o  p r o v ­
i d e  a  f u n c t i o n  t h a t  i n c r e a s e d  i n  v a l u e  a s  t h e  c u r v e s  m o v e d  

i n  t h e  p o s i t i v e  d i r e c t i o n ) .  N o t e  t h a t  w i t h  (26) a n d  (27) 
d e f i n i n g  s ^  a n d  9 ^ ,  t h e  f u n c t i o n  i s  c o n t i n u o u s  f r o m  t h e

r i g h t :  i . e . ,  a r c  l e n g t h  i s  t o  t h e  p o i n t  z ^ ,  b u t  t h e  a n g l e
i s  t h a t  o f  t h e  v e c t o r  f r o m  z . , .  t o  z.. T h i s  m e a n s  t h a t  9l+i l n

i s  n o t  d e f i n e d .
I f  (26) i s  u s e d  t o  c o m p u t e  0 ^ ,  t h e  t a n g e n t  a n g l e  f u n c t i o n

w i l l  j u m p  b y  2 tt w h e n  t h e  b r a n c h  c u t  o f  t a n  i s  c r o s s e d .  T h e  

f o l l o w i n g  c o m p u t a t i o n a l  p r o c e d u r e  a v o i d s  t h i s .
I t  i s  e a s i l y  s h o w n  ( 1 7 6 )  tha t

tan(a-B) = t a M a ) - t a n <B) (28)1 + t a n ( a ) t a n (3)
l e t  ot=9^ a n d  3 = 9 ^ _ ^ ,  a n d  t a k e  t a n  * o f  b o t h  s i d e s  o f  ( 2 8 ) :

n r. _  _ - l / t a n ( 9 i  ) - t a n ( 9 i - i )  \  ̂ _ n9 • **6 . i ”  , “ / r\ \ , / a “  *“ \ ) I * - 2 / • •«  ̂n  xi i - l  v 1 + t a n  ( 9 t a n  O i - i )  7
( 29)

S u b s t i t u t e  (26) f o r  t a n (9) a n d  m a n i p u l a t e  t h e  r i g h t  h a n d  

s i d e  o f  (29 ) :

Ay<-i
9.-9. , = tan-VAxi iXi-1 \
1 1-1 I r r s r s i - JiXi-i
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l 9
i - l

+  t a n - AxjAy^-ix
''v.'v* 1 4* A V • ̂  V • *»'lx^xi-1 + LyLLyL.i

n - 1
(30)

I f  t a n  ^ i s  t a k e n  w i t h  a t t e n t i o n  t o  t h e  a p p r o p r i a t e  q u a d ­
r a n t  o f  t h e  a r g u m e n t  ( e . g . ,  b y  t h e  F O R T R A N  f u n c t i o n  A T A N 2 ) , 
t h e n  t h e  b r a n c h  c u t  w i l l  n o t  b e  e n c o u n t e r e d  a s  l o n g  a s

The following FORTRAN subroutine computes the tangent 
anqle function of an arbitrary curve, using the algorithm of 
section III.l. The routine assumes that the curve consists 
of N consecutive (x,y) pairs stored in the one dimensional 
array CV as x (1) , y (1) , x (2) , y (2) , ... ,x (N) , y (N) . With 
this formulation, the index of x(j) is CV(25>j-l), and the 
index of y(j) is CV (2* j) . A one dimensional array of point­
ers into CV is passed to the subroutine in FTP. These 
DOinters might be fiduciary points on the original curve for 
which the corresponding points in the tangent angle curve 
are desired. PTR (1) contains the number of pointers, and 

PTR (2) through PTR(n+l) contain the n pointers.
The tangent angle function is returned in the one 

dimensional array TS. TS (2*j-l) is the value of cumulative 
arc lenqth to the jth point, and TS(2*j) is the cumulative 
tangent angle to infinitesimally past the jth point (this 
makes the tangent angle function continuous from the right).

III. 1 FQBTBftN Subroutine
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The number of points in TS is returned in NT. The pointers 
into TS that correspond the the pointers passed in PTR are 
returned in the one dimensional array PTRT. PTRT(j) corre­
sponds to PTR(j). PTRT(1) is not altered by the subroutine.

Because of the indeterminacy in the arc length of a 
noisy curve, only points of CV that are a distance TOL apart 
are included in the computation of TS. This means that in 

general, NT does not equal N, and PTRT(j) does not equal 
PTR (1) .

The routine also assumes that the last point of CV is 
not the same as the first point. The last two points of TS 
are the values of the part of the tangent angle function 
that connects the last point of CV to the firs.t point.

The computation is done in double precision (REAL*8), 
while the arguments are all in single precision. It is 
emphasized that arc lenath is defined as the arc length t2 
the point, while the angle at that point is the forward 
pointing angle.

SUBROUTINE TACOMP (CV,N,TS,NT,PTP,PTRT,TOL)
C
C DX (1) AND DY(1) HOLD THE DX AND DY TO THE CURRENT POINT 
C DX (2) AND DY (2) HOLD THE DX AND DY FROM THE CURRENT POINT 
C TO THE NEXT ONE.
C
C TOLD, ALD, AND TAD ARE THE *8 VALUES OF THE CORRESPONDING 
C VARIABLES T0L,TS(2*K-1),TS (2$K)

REAL CV(1) ,TS (1) ,TOL
RFAL*3 DX (2),DY(2),TOLD,ALD,TAD
INTEGER N,NT,INDX,PTR (1),PTRT(1)

C
C NT IS THE INDEX OF THE NEXT POINT IN TS
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C INITIALLY SET NT TO 1 AND
C INITIALLY SET PTRT TO THE FIRST POINT
C

NT=1
DO 5 K=2,PTR(1)+1 
PTRT (K) =1 

5 CONTINUE
C
C I WILL BE THE INDEX INTO CV OF THE CURRENT POINT
C J WILL BE THE INDEX INTO CV OF THE NEXT POINT
C INCREMENT J UNTIL THE DISTANCE FROM POINT I TO POINT J 
C IS >= TOL. FOR THE FIRST POINT, 1=1 
C

J=2
TOLD=TOL

C
10 DX (1) =DBLE (CV (2*J-1)) -DBLE (CV (1))

DY (1) =DBLE (CV (2*J) ) -DBLE (CV (2))
IF (DX (1) *<*2 + DY(l)**2 .GE. TCLD$*2) GO TO 20 
J=J+1 
GO TO 10 

20 CONTINUE
C
C START WITH 0 ARC LENGTH AND FORWARD POINTING ANGLE 
C (CONTINUOUS FROM THE RIGHT)
C SAVE THIS ANGLE IN TAD FOR THE COMPUTATION OF 
C THE NEXT ANGLE
C

ALD=0.
TS(1)=0.
TAD=DATAN2 (DY (1) ,DX (1))
TS (2) =TAD

INCREMENT THE VALUES OF PTRT UNTIL J > PTR (K) .
I.E. UNTIL THE POINTER INTO CV HAS BEEN PASSED.

DO 30 K=2,PTR (1) +1 
IF (J . LE. PTR (K) ) PTRT (K) =2 

30 CONTINUE
SAVE THE INDEX OF THE LAST POINT OF THE FIRST SEGMENT 
TO USE IN CLOSING THE CURVE

INDX=J
THIS IS THE MAIN LOOP. NOTE THAT NT IS INCREMENTED 
BEFORE THE POINT IS FOUND.
LOOP UNTIL J>N
FIND THE 2ND POINT OF THE NEXT SEGMENT
200 NT=NT+1 

I=J
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J=J*1
210 IF (J .GT. N) GO TO 1000

DX (2) =DBLE(CV(2*J-1) ) -DBLE (CV (2*1-1))
DY (2) =DBLE (CV (2* J) ) -DBLE (CV (2*1) )
IF (DX (2) **2+DY (2) **2 .GE. TCLD**2) GO TO 220 
J=J+1 
GO TO 210

C
C FOUND THE END POINT, COMPUTE ARC LENGTH AND ANGLE,
C AND UPDATE DX AND DY
C
220 ALD=DSQRT (DX(1)**2+DY (1)**2)♦ALD 

TS (2*NT-1)=ALD
TAD=TAD + DATAN2 ( (DY (2) *DX (1) -DX (2) *DY (1)) ,

X (DX(1)*DX(2) ♦DY(1)*DY(2)))
TS (2*NT)=TAD 

DX(1)=DX (2)
DY (1) =DY (2)

C
C INCREMENT THE POINTERS UNTIL HE HIT OR PASS THE POINT
C IN CV. THE POINTER IN PTRT WILL BE THE NEXT POINT IN TS.
C THIS IS THE POINT WHOSE ANGLE CORRESPONDS TO THE POINT 
C IN CV 
C

DO 250 K=2,PTR(1)+1 
IF (J .LE. PTR (K)) PTRT(K)=NT+1 

250 CONTINUE
C

GO TO 200
C
1000 CONTINUE

C
C FINISHED CV. NOW ADD ON TS POINTS TO CLOSE CV 
C
C THE NEXT SEGMENT IS FROM THE LAST TO THE FIRST POINT.
C COMPUTE THIS ANGLE. UPDATE THE LAST POINT OF TS.

DX (2) =DBLE (CV (1)) -DBLE (CV (2*1-1) )
DY (2) =DBLE (CV (2) ) -DBLF (CV (2*1))
ALD=DSQRT (DX (1) **2+DY (1) **2) +ALD 
TS (2*NT-1)=ALD
TAD=TAD+DATAN2 ((DY (2) *DX (1) -DX (2) *DY (1) ) ,
X (DX (1) *DX (2) +DY (1) *DY (2) ))

C
TS(2*NT)=TAD

C
NT=NT+1 
DX (1) =DX (2)
DY(1)=DY (2)

C
C INDX IS THE 2ND POINT OF THE FIRST SEGMENT THAT DEFINED 
C THE FIRST POINT OF TS 
C
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DX (2) =DBLE (CV (2*INDX-1)) -DBLF (CV (1) )
DY(2) =DBLE(CV(2*INDX))-DBLE(CV(2))

C
C ADD IN 2 EXTRA POINTS: (1) CONSTANT ANGLE ALONG THE LONG
C SEGMENT FROM THE LAST TO THE FIRST POINT OF CV, AND (2)
C THE JUMP IN ANGLE TO 2 PI ♦ THE FIRST ANGLE, TO COMPLETE 
C THE CURVE 
C

ALD=ALD+DSQRT (DX (1) **2*DY (1) **2)
TS(2*NT-1)=ALD 
TS (2*NT) =TS (2* (NT-1) )

C
C NOTE THAT THIS MEANS THAT THE LAST S OF TS IS 
C SINGLE VALUED.
C

NT=NT+1
TS (2*NT-1) =TS (2* (NT-1) -1)
TS (2*NT) =TAD-*DATAN2 ((DY (2) *DX (1) -DX (2) *DY (1)) ,
X (DX(1)*DX(2) ♦DY(1)*DY(2)))

C
C CHANGE SIGN OF ANGLES 
C

DO 300 1=1,NT 
TS(2*I) =-TS (2*1)

300 CONTINUE
C

RETURN
END



TABLE 1 CLASSIFICATION OF CATHETERIZATION REPORTS
Number Per Cent

Valve Disease 304 22.17 *
a»

Other CA Disease 451 32 .90 %m
Post CA Bypass Surqery 105 7.66 X
Normal, Previous Infarction 23 1.68 %
Other Condition 135 9.85 *At

E u l i i l l  C l i n i c a l  c r i t e r i a 353 25 .75 X

Total 1371 100 X

CA: Coronary Artery

TABLE 2 OTHER CONDITION LEADING TO EXCLUSION

NUMBER
Complete Study not Performed 53
Extra-cardiac Abnormality

Pericarditis 5
Pulmonary Embolus 2
Post Thoracic Surgery A
Pulmonic Stenosis 1
Pulmonary Hypertension 2
Coarctation of the Aorta 1
Intra-Aortic Balloon Pump 15
Complications 3

Cardiac AEggisalll*
Congenital Heart Disease 19
Cardiomyopathy 11
Conduction or Rhythm Disturbance 18
Left Atrial Myxoma 1

Total 135
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TABLE 2 EAUSttlS ^ L U L L I N G  CLINICAL CBIXEBIA
Number Per Cent

No non post-PVC beats visualized 163 4 6 . 1 8 X
Entire outline not on film 78 2 2 . 1 0 X
Obliteration of aoex 8 2 . 27 X
Film not available or lost 19 5.38 X
At l e a s t  1 non c o s t - p v c 85 2 a .  08 Xof a d a a u a t e  a u a l l t Y

Total 353 100 X
PVC: Premature Ventricular Contraction

X&BI£ £ NUU££5 OF PEATS OF ADEQUATE QUALITY

Number Number Per Cent
of Beats of Patients

1 36 42.35 X
2 31 36 .47 X
3 12 14.12 X
4 a 4.71 X
5 2 2.35 X

Total 85 100 X

TABLfi’S SIMULATION OF QISIXIZIUS z ARC LEBSXU Infl at i on

Minimum i of Distance
Interval Points Actual Estimated Difference Percent

10 149 39 62 4309.21 347.21 .0876
20 99 3946 4047.48 101.48 .0257
30 75 3946 3979.85 33.85 .0086
40 63 3921 3950.39 29. 39 .0075
50 57 3946 3962.30 16.30 .0041
60 46 3946 3954.62 8.62 .0022
70 44 3962 3970.56 8.56 .0021

Note: The last actual point of the line corresponds to the
last simulated point: this was not the same for each mini­
mum interval.
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TABLE 6 CURVATURE SUMMARY SI&II2IICS 

C2L2D&CZ Disease QiqUE
RDase. wall LAD Normal RIGHT

DIA ANT .81 .79 .71
.013 .014 .025

DIA INF • 49 .57 .60
.075 .022 .042

SYS ANT .44 .17 .01
.083 .037 .033

SYS INF -.02 .03 .45
.054 .061 .128

TOTAL (N) 22 21 13

(Mean)
(Variance)

The first line of each cell is the mean and and the second 
line the variance of the curvature of the indicated wall in 
the indicated sub-group.
ANT: Anterior 
DIA: Diastole

INF: Inferior 
SYS: Systole

NORMAL, RIGHT, as in text.

I&BLE 1 ONEj i m aUOVA EOF each

E Haas Wall F(2,52) P
DIA ANT 2.8 .07

INF 1.3 .29
SYS ANT 15.2 <.001

INF 14.2 <.001
ANT: Anterior INF: Inferior
DIA: Diastole SYS: Systole
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I&3L£ 8 MULTIPLE RANGE TEST ON CUBYBIURES
Csisnaiz ftrtery Group

Phase Wall L N

DIA ANT
xxxx

DIA INF
SYS ANT $ xxxx

SYS INF x

For each Phase-Uall group, coronary artery groups with the 
same symbol are not significantly different from each other.

ANT: Anterior INF: Inferior
DIA: Diastole SYS: Systole
L: LAD N: NORMAL R: RIGHT as in text

TABLE 2 STEPWISE DISCRIMINANT ANALYSIS SUMMARY 
Curvature
Entered

Etasfi Rail
F to 
Enin BQE U

Approx.
E EQE

1 SYS ANT 15.2 2,53 .6U 15.2 2,53
2 SYS INF 12.5 2,52 • 43 13.7 4,104
3 DIA INF 2.3 2,51 .«0 10.1 6,102
4 DIA ANT 1.6 2,50 .37 8.1 8,100 *

* P
ANT:
DIA:

< .001 for U
Anterior
Diastole

i of step u.
INF: Inferior 
SYS: Systole

TABLE 12 EIGENVALUES OF THE BISSJIMINANT ANALYSIS
Proportion of 

Variable Eigenvalue Dispersion
CV-1 
CV-2

1.14
.26

.81

.19
Total 1.40 1.00
CV-1, CV-2: as in text.



TABLE 11 CANONICAL VARIABLE COEFFICIENTS

Eha?? wall
CSSffiSient 
CV-l CV-2

DIA ANT .35 -9.92
DIA INF .89 -9.78
SYS ANT 3.09 3.37
SYS INF -3.11 2.99

CONSTANT -1.15 5.31
ANT: Anterior INF: Inferior
DIA: Diastole SYS: Systole

iaBL£ 12 CLASSIFICATION FUNCTIONS
Qoyonary Disease GroupEbasa wan LAD NORMAL RIGHT

DIA ANT 
DIA INF

75.5
37.3

80.3
91.9

79.8
35.1

SYS ANT 
SYS INF

-7.2
-11.0

-13.6
-11.2

-15.6
-2.7

CONSTANT -39.2 -93.9 -37.3
ANT: Anterior INF: Inferior 
DIA: Diastole SYS: Systole 
LAD, NORMAL, RIGHT as in text.
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X&SLE H  DISCRIMINATION: LEAfNItJQ SET 

Eliaae Gtoue
L N R TOTAL

L 15 5 2 22
(.68) (.23) (.09) (1.00)

CQifinaii n 3 16 2 21
Qrouc (.1*0 (.76) (.10) (1.00)

R 0 3 10 13
(.00) (.23) (.77) (1.00)

Total 18 24 14 56

Numbers in parentheses are the proportion of each coronary 
qroup classified into the shape group.
L: LAD N: NORMAL R: RIGHT as in text

TABLE 14 DISCRIMINATION: l£&Bfc!ING SET, JACK KNIFE RESULT
£b2ge Gjroup

L N R TOTAL

L 14
(.64)

6
(.27)

2
(.09)

22
(1.00)

N 4
(.19)

15
(.71)

2
(.10)

21
(1.00)

R 0
(.00)

3
(.23)

10
(.77)

13
(1.00)

Total 18 24 14 56

Numbers in parentheses 
qroup classified into

are the 
the shape

proportion
group.

of each

L: LAD N: NORMAL . R: RIGHT as in text
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X&fiLS li N^EMiL Vi ABNORMAL BY SHA£E, XH£ LEfiESINS 111
&&2BS 5tOU£

Coronary 
£12 jib

Normal Abnormal Total
Normal 15 6 21
Abnormal 9 26 35

Total 2U 32 56

(1) = 11.2 , P<.001
The followinq statistics refer to the ability of abnormal 
shape to predict abnormal coronary arteries.
Sensitivity = 26/35 = .7U
Specificity = 15/21 = .71
Positive Predictive Value = 26/32 = .81
Negative Predictive Value = 15/2U = .63

Ccrcnaix
Group

X1BLE. l i  ALLQCAHQy Q£ XH£ X££X 111 
ihace Gt^up

N

R

Total

9
(.75)

1
(.1«)

1(.10)
11

N
2

(.17)
5

(.71)
2(.20)

1
(.08)

1
(.I'D

7
(.70)

TOTAL
12(1 .00)
7(1 .00)

10 (1 .00)
29

Numbers in parentheses are the proportion of each coronary 
qroup classified into the shape group.
L: LAD N: NORMAL R: RIGHT as in text
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TABLE 17 DISCRIMINATION: 197£^29 LEARNING SET

Sil3B§ Giouc
L N R TOTAL

L 2 U 8 2 3«
(.71) (• 2U) (.06) (1.00)

Coronary N 4 21 3 28
STQUP M « ) (.75) (.11) (1.00)

R 1 6 16 23
(.OU) (.26) (.70) (1.00)

Total 29 35 21 85

Numbers in parentheses are the proportion of each coronary 
qroup classified into the shape group.
L: LAD N: NORMAL R: RIGHT as in text

IEBLE. Li DISCRIMINATION: 12ZfirZ2 LEARNING SET, JACKKNIFS

L N R TOTAL

L 21 10 3 3U
(.62) (.29) (.09) (1.00)

Coronary N 5 20 3 28
StCllE (.18) (.71) (.11) (1.00)

R 2 6 15 23
(.09) (.26) (.65) (1.00)

Total 28 36 21 85

Numbers in parentheses are the proportion of each coronary 
qroup classified into the shape group.
L: LAD M: NORMAL R: RIGHT as in text
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TABLE H  ALLOCATION OF THE 1980 TEST SET

Qisus
L N R TOTAL

L 11 4 0 15
(.73) (.27) (.00) (1.00)

Coronary N 9 2 3 14
Group (.65) (.14) (.21) (1.00)

R 5 3 3 11
(.45) (.27) (.27) (1 .00)

Total 25 9 6 UO
Numbers in parentheses are the proportion of each coronary 
qroup classified into the shape group.
L: LAD N: NORMAL R: RIGHT as in text

I M L £  20 DISCRIMINATION: 19 80 LEVEEING SET

Stiacs Group 
L H R TOTAL

L 7 6 2 15
(.47) (. U0) (.13) (1.00)

Coronary N 6 3 5 14
Group (.43) (.21) (.36) (1 .00)

R 3 1 7 11
(.27) (.09) (.64) (1 .00)

Total 16 10 14 40
Numbers in parentheses are the proportion of each coronary 
qroup classified into the shape group.
L: LAD N: NORMAL R: RIGHT as in text
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TABLE 21 DISCRIMINATION: 12 52 LEARNING SET, JACKKNIF5

iDace QtfiilE 
L N R  TOTAL

L 7 6 2 15
(.47) (.40) (.13) (1.00)

Coronary N 6 2 6 14
SEGUE. (.*3) (.14) (.43) (1.00)

R 3 1 7 11
(.27) (.09) (.64) (1 .00)

Total 16 9 15 40
Numbers in parentheses are the proportion of each coronary 
qroup classified into the shape group.
L: LAD N: NORMAL R: RIGHT as in text

ia&LE 21 precision qe DigiliziNC

L ins.
X Y

Point 1 1.33 9.78
Point 2 3.00 7.11
Point 3 3.78 1.78
Point 4 7.78 5.33
Point 5 6.44 2.67
Point 6 7.56 5.33
Point 7 2.11 3.56
Point 8 3.11 5.33
Point 9 4.89 3.56
Point 10 2.00 3.56

Standard
Deviation 2.05 2.19

ifiEtisalL i n e  C i E C l e
X Y X Y
1.72 0.00 1.00 4.44
3.89 1.78 1.78 4.44
3.39 5.33 3.11 3.56
1.33 5.33 1.78 5.33
3.33 10.67 2.67 3.11
4.17 1.78 4.00 2.22
1.61 4.44 1.11 1.78
3.00 3.56 4.28 5.33
2.72 2.67 2.61 3.56
2.44 5.33 1.67 4.44

1.66 2.02 1.55 1.96
Each entry is the variance of the coordinate, in Graf-pen 
units, based on ten replications (1 unit = .1 millimeter).
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TABLE 22 VARIATION IN DIGHIZING A SINGLE OUTLINE

Mean Variance

Total 31U8 92.1
Lanatti Anterior 1589 92. 5

Inferior 1454 69.4

Curyature Anterior -.02 .0003
Inferior .06 .0001

Units are Graf-Pen units. 10 units = 1 milliireter.

TABLE 21 POOLED £SHtlAT£ 0£ BgAT TQ g£AI VARIANCES

E!i&SE WALL ESTIMATE EE
DIA ANT .0024 46
DIA INF .0028 65
SYS ANT .0043 69
SYS INF .0088 55
ANT: Anterior INF: Inferio
DIA: Diastole SYS: Systole

TABLE 21 APPROXIMATED SEGMENTS 

Part Wall or Beat 2aIiSQlS Deleted
Approximated Deleted Number Per Cei

Any Part Beat 33 39 %
Any Part Wall 30 35 %
Any Part Execpt PM Beat 26 31 %
Any Part Except PM Wall 23 27 %

PM: Papillary Muscle Segment
Note: Per cent deleted is per cent of the 1978-79 learning 
set.
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TABLE £6 DETERMINATION C£ TECHNICAL ADEQUACY

S££2Bd Viewing 
Acceptable Unacceptable Total

Initial Acceptable 9 1 10
Viewing

Unacceptable 1 9 10
Total 10 10 20

The larqe numbers on the diagonals indicate that the judge­
ments of adequacy did not change from the first viewing to 
the second.
McNemar’s test, with the correction for continuity (159), 
aives Chi Squared = .50, .25 < p < .5, for the null hypothe­
sis of no difference between viewings.

lafiLSL 21 DETERMINATION 0£ SXilOLK TIMING
Difference

ID End Diastole End Systole
9187 0 -1
9250 1 0
9413 1 0

Diastolic Frames: t(9) = 1.5 .1 < p < .2
Systolic Frames: t(9) =-1.0 .2 < p < .5
Listed are the films in which the repeat determinations of 
the timinq of end diastole and of end systole showed a dif 
ference. Response is the difference in frame numbers 
between viewing 1 and viewing 2.
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TABLE 2.8 REPRODUCIBILITY OF TRACING: DESIGN

ID 1 ID 2 ... ID 10
Viewing Beat 1 Beat 1 ... Beat 1

1 Beat 2 Beat 2 ... Beat 2
Viewing Beat 1 Beat 1 ... Beat 2

2 Beat 2 Beat 2 ... Beat 2

Source
ID
Viewing
ID £ Viewing
Error

atIQ1K IA3LE
Mean Square

MS (ID)
MS (V)
MS (ID*V) 
MS (E)

dof
9
1o

20

Expected Mean Square
s2 (E) *2s2 (ID*V) +as2 (ID) 
s2 (E) *2s2 (ID*V) *20s2 (V) 
s 2 (E)+2s2(ID*V) 
s2 (E)

Note: ID and Viewing are random effects.

TABLE 11 REPRODUCIBILITY OF TRACING: RESULT

RMASE »BLL US (E) IS (ID»V) us m p £
DIA ANT .002 .003 .013 <4.8 .05 < p <.l
DIA INF .002 .007 .031 U. 7 .05 < p <.i

SYS ANT .003 .010 .010 .9
SYS INF .007 .OOU .035 8.2 .01 < p < .025

Note: F = MS (V)/MS (ID*V)
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Start Point

Positive
NvDirection

MV

F I G U R E  1
Outline of the left ventricle, arbitrarily 
oriented on an X-Y plane.

Dotted lines are the valve region. 
MV: mitral valve point



188

MV

2 . 4  1 I

r "1.

MV160 240
arc length (millimeters)

80 400

F I G U R E  2
Tangent Angle Function.

Note that r ) \ and °>2 are on either side of the 
apical region.

Dashed: valve region
MV: mitral valve point
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2.  4r

3 1 . 6..

. 75. 25
arc length

F I G U R E  3
Tangent angle function with arc length rescaled. 
The distance to the mitral valve point is unity.

Dashed: valve region
MV: mitral valve point
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MV I

r^-N
c*-1.1

. 7

. 3

.25 . 50 
arc length

. 75

F I G U R E  4
Curvatures. Corresponding regions are indicated. 
(1/radius) of each circle equals the derivative of 
the tangent angle function at that point.

Region C has negative curvature.

MV: mitral valve point
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i. Apical 
Region

MV

.2

.8

Apical
Region.4

.75

F I G U R E  5
Tangent angle function: 
Positive curvature at the apex

MV: mitral valve point
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MV

uic
■H•o
i-i

MV

. 1

. 3

. 25 . 75
arc length

F I G U R E  6
Tangent angle function: 
Negative curvature

Mote negative and positive regions. 
Corresponding regions are indicated.

MV: mitral valve point
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MV

1.2

.3

. 4

arc length

F I G U R E  7
Tangent angle function: oscillating curve.
Dotted segments of the outline and the tangent angle 
function correspond.

MV: mitral valve point
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.0
1 . 5

1.0
. 5

.5 .75 1.0. 25

2.0-r

. 75. 25

2.
1.
1.

. 25 . 5 . 75 1.0
arc length 

F I G U R E  8
Tangent angle functions of circle and ellipses.

Note: The tangent angle function of the circle is a
straight line.

The similarity of the tangent angle functions of 
the two ellipses.
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Anterior 
^  Wall

Apex

Inferior Wall

1 .2

.8

.4

Anterior Wall Apex Inferior Wall
arc length

FIGURE 9
Piecewise separation of the tangent angle function 
at the apex.



ant-ARP

inf-
ARP

MV long
axis

apex
F I G U R E  10
Apex Definition
Ttie apex is the 
point farthest 
from the ant-ARP.

Anterior 
\  Wall

MV

Inferior^
Wall ant-AP

apical
regioninf-AP

F I G U R E  11
Apical Region Definition, illustrating t

inf: inferior ant: anterior 
ARP: aortic root point 
AP: apical point
MV: mitral valve point

voo\
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Anterior
"-"^wall

Apical
Region

Inferior Wall

-1 0
arc length
ANTERIOR

F I G U R E  12
Rescaling of arc length axes. The walls of the outline that 
correspond to each piece of the tangent angle function are 
indicated.

__________  «-1-1---t
apical - 1 0  1
region arc length

INFERIOR

.8 »
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FIGURE 13

J A C K K N I F E

Full data set

n

Delete 
item r

I tem r deleted

Tally
result

I

n-1

LADRIGHT

Plot item r
n o r m a l

>
*0-
o °  
01 (3
oo

L N R
L JHf /
N / //// II

R // III

Discriminant
analysis

SHAPE GROUP



(not drawn to 
same scale)

.875 
^  .90
 ___ 925
I- 95
 .975 *
^  .98 

.99

End ^  
Diastole

.875 
^  .90 

.925 
^  .95 
—  .975 *
\'98

.99

MV

End
Systole

F I G U R E  1 4 a
Definition of the Apical Region.
ID 8786
Note the curvature of the apical region.

Numbers are the percent distance of the long axes. 
MV: Mitral Valve Point

Bisectors are not exactly parallel because the outline is
composed of discrete j»ints.

VO
VO



(not drawn to 
same scale)

M V ” ’

.875

.90

.925

.95

.975

.98

.99

MV End
Systole

End — -v
Diastole .875

.90

.925

.95
-.975 *
.98
.99

F I G U R E  1 4 b
Definition of the Apical Region.
ID 9037
Note the differences in the curvatures of the apical 
regions at end diastole and end systole.

Numbers are the percent distance of the long axes.
MV: Mitral Valve Point

Bisectors are not exactly parallel because the outline is
comi>osed of discrete i>oints. 200



(not drawn to 
same scale)

-.875
-.90
-.925
-.95
~ .975
-.98
- .99

MV

End Diastole

.875 
/.90 
^  .925 
— . 95 
r .975 *

MV
End ^  
Systole

.99

F I G U R E  1 4 c
Definition of the Apical Region.
ID 10025
Note the dependence of the apical region on t .

Numbers are the percent distance of the long axes ( £ )  .
MV: Mitral Valve Point

Bisectors are not exactly parallel because the outline is
composed of discrete points. too
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CORRESPONDING OUTLINES

End X. 
DiastoIff

RAW IMAGE

T

Arc Length

Arc Length

Y b + b

Note that the image corresponding to this model 
is a reasonable approximation to the raw image.

Arc Length

F I G U R E  1 5 a
Piecewise Polynomial Parameterizations
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t

Arc Length

2

Arc Length

2 3 4Y = bQ + fĉ s + k>2s + fc>3s + fc>4s

Arc Length

0 1 2  3'

FIGURE 15a (cont.)

+



TANGENT ANGLE FUNCTIONS CORRESPONDING OUTLINES

Arc Length

(s)Y
End 
Systole

RAW IMAGE

Arc Length

Y = bQ + blS

Note the lack of reproduction of the anterior wall.

Arc Length

2

F I G U R E  1 5 b
Piecewise Polynomial Parameterizations
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Arc Length

Y = bQ + blS + b2s2 + b 3s3

Note the artifactual anterior wall bulge

xc Length

2Y b + b,s + b.s + b

This order parameterization was necessary 
to capture the anterior wall shape.

Arc Length

2 b

FIGURE 15b (cont.)



Raw image

Reduced image

Tangent angle

n

UJ
_Joz< ARC LENGTH

Piecewise linear

n

UJ_1oz<
ARC LENGTH

FIGURE 16b
Piecewise Linear Parameterization

206



Raw image

Reduced image

Tangent angle
n

UJ_l
oz< ARC LENGTH

Piecewise linear

n

UJ
oz<

ARC LENGTH

F I G U R E  1 6 b
Piecewise Linear Parameterization. 
Note the anterior wall smoothing.



I* N R I, n R N R  L N
ANTERIOR INFERIOR ANTERIOR INFERIOR
DIASTOLE DIASTOLE SYSTOLE SYSTOLE

Curvatures of the Learning Data Set. 
F I G U R E  17

Horizontal Bar: Mean of Group
L: LAD, N: NORMAL, R: RIGHT, as in Text



CANONICAL 
VARIABLE

9021

2.25 ..

9096

LAD
RIGHT

\\

FIGURE 18 
Canonical Variable 
Plot, Learning Setto 037

75 .. Each Observation 
Connected to its 
Coronary Group Mean / NORMAL

LAD, NORMAL, RIGHT, as 
in Text-1.5

8942

1 2-1 0-4 -3 - 2

CANONICAL VARIABLE 1

209
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MV

MV
(Not Drawn to 
Same Scale)End Diastole End Systole

FIGURE 19a
ID 9037 from the learning set. 
Anterior wall dysfunction with 
inferior wall compensation.

CURVATURES
Diastole Anterior .94 

Inferior .31

MV: Mitral Valve Point Systole Anterior .59 
Inferior -.58

MV

End
Diastole

MV

(Not Drawn 
to Same 
Scale)

End
Systole

FIGURE 19b
ID 9021 from the learning set. 
Anterior wall dysfunction with 
inferior wall compensation.

MV: Mitral Valve Point

CURVATURES

Diastole Anterior .83 
Inferior .30

Systole Anterior .85
Inferior .04
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MV MV

(Not drawn to 
same scale)End Diastole End Systole

FIGURE 19c
ID 9096 from the Learning CURVATURES
Set. Inferior wall dysfunction
with anterior wall compensation. Diastole Anterior .55

Inferior .65

MV: Mitral Valve Point Systole Anterior -.31
Inferior .88

MV

MV(Not drawn 
to same scale)End X  

Diastole
End Systole

FIGURE 19d
ID 8942 from the Learning CURVATURES
Set. Symmetrical contraction. T ~

Diastole Anterior 1.0 
Inferior .56

MV: Mitral Valve Point
Systole Anterior .29

Inferior -.18
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MV

End^v.
Diastole

MV

(Not drawn to 
same scale)

End
Systole

F I G U R E  2 2 a
ID 9575 from the Test Set. CURVATURES
Outlier from NORMAL.

Diastole Anterior .93
Inferior . 52

MV: Mitral Valve Point Systole Anterior .65
NORMAL: as in text Inferior -.23

MV

End
Diastole

MV End
Systole

F I G U R E  2 2 b
ID 9558 from the Test Set.
L A D , to compare with 9575 above.

MV: Mitral Valve Point
LAD: as in text

CURVATURES

Diastole Anterior
Inferior

. 72 

.38

Systole Anterior .48
Inferior -.35
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MV

End Diastole (Not drawn to 
same scale) End Systole

F I G U R E  2 2 c
ID 9524 from the Test Set. 
Outlier from NORMAL.

MV: Mitral Valve Point
NORMAL: as in text.

CURVATURES

Diastole Anterior 
Inferior

Systole Anterior
Inferior

.41

.64

-.35
.39

MV MV

(Not drawn to 
same scale)

End Diastole End Systole

F I G U R E  2 2 d  
ID 9991 from the Test Set. 
RIGHT for comparison with 
9524 a b o v e .

MV: Mitral Valve Point
RIGHT: as in text

CURVATURES

Diastole Anterior .37 
Inferior .76

Systole Anterior -.25
Inferior .55
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MV

End
Diastole

MV

End Systole(Not drawn
to same scale)

F I G U R E  2 2 e
ID 9481 from the Test Set. 
RIGHT misclassified as LAD.

MV: Mitral Valve Point
LAD, RIGHT, as in text

CURVATURES

Diastole Anterior .86 
Inferior .64

Systole Anterior .48
Inferior .28
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. 75

0
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F I G U R E  24
Canonical Variable Mean Values
Axes: 1978-79 canonical variables.
Capital letters: 1978-79 learning set.
Small letters: 1980 test set.

L,l: IAD R, r : RIGHT N,n: NORMAL as in text.
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F I G U R E  2 5
Canonical Variable Plot 
1980 Test Set

LAD, NORMAL, RIGHT, as in text

R I G H T

/

-3.0 -f-
CANONICAL VARIABLE 1

NORMAL
(dashed)



F I G U R E  2 6
"Canonical Variable" plot of 1980 learning set.

Only the inferior wall at end systole had any 
discriminating power.

L: LAD, N: NORMAL, R: RIGHT, as in text.

Each observation indicated by a letter.
Vertical bars: group means.

R R R {<R R R R R RIGHT

n N n n n |jn n n n n N NORMAL

I. L L rid, |l, l ll L LAD

- 3.0 - 2.0 - 1.0 0 1.0 2.0
-J.65 (Curvature Inferior Wall, End Systole)
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FIGURE 27 PLOI Q£ B1 YfifiSUS I

I
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«

1 1  1 
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aa 3 • 3

0.86 0.90 0.92 0.9U 0.96 0.98

ID: 8786 Symbols 1: Anterior Diastole 2: Inferior Diastole
3: Anterior Systole U: Inferior Systole
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FIGURE 27b ££01 QE §1 VERSUS L
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(Drawn to 
same scale)

VIEWING 1 MV
Viewing 2

FIGURE 28a
End Systolic Outlines

Note MV, Ao, Apex.

MV: Mitral Valve Point 
A o : Aortic Root Point

CURVATURES 
VIEWING 1_ 2_

Systole Anterior .34 .07
Inferior -.07 -.19

Ao

MV

Viewing 1

.Ao

MV

(Drawn to 
same scale)

Viewing 2

FIGURE 28b 
End Diastolic Outlines

Note MV, Ao

Ao: Aortic Rcot Point

CURVATURES
VIEWING 1. 2_

Diastole Anterior <N00 .84
Foint Inferior .45 . 31



224

(Drawn to 
same scale)

VIEWING 2VIEWING 1 MVMV

FIGURE 29
Note inferior wall. Dotted line CURVATURES
of viewing 1 is the inferior wall VIEWING 1 2_
of viewing 2. The enclosed region
was much lighter on the film. Systole Anterior .32 .33

Inferior -.21 -.30
MV: Mitral Valve Point
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