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V

INTRODUCTION

A substantial theory has been developed to determine whether there 

exist sections of bundles associated to the principal bundle correspond­

ing to the tangent bundle of a manifold. However, very little is known 

about finding such sections which satisfy non-linear conditions. For ex­

ample, Reeb [6], p. 95, and Hirzebruch [l], Problem 9, ask: if a manifold 

admits a non-vanishing vector field does it admit a foliation of codimen­

sion 1. This question is still open; in fact, the answer is unknown for 

all odd-dimensional spheres, except for the trivial case of S^ and for
3S on which Reeb constructed a foliation. Another example is the problem

of finding commuting vector fields on a manifold. Lima [3] and Rosenberg
3 1 2[7] have shown that, on S and S X S respectively, two pointwise 

independent vector fields cannot commute. We will be concerned here with 

this sort of problem.

A pair of pointwise independent vector fields is called integrable 

if it defines a 2-dimensional foliation. We say a manifold is totally 

parallelizable if it can be parallelized by vector fields each pair of 

which is integrable. For an n-manifold, an equivalent condition to total 

parallelizability is the existence of n codimension 1 oriented foliations 

which meet transversally. A natural question to ask is: if a manifold is

parallelizable is it totally parallelizable. This question is related to

the question above. We devote most of this paper to constructions which 

totally parallelize manifolds.

In Section 2 we show that S'*" X § is totally parallelizable, where 

§ is an arbitrary product of spheres. In Section 3 we show that 

differentiable principal S^-bundles over 2-dimensional compact mani-



3folds (e.g., S or the lens spaces L(p,q) with q = 1) are totally

parallelizable. Since all compact orientable 3-manifolds are paralleliz­

able, and since by Lickorish [2], they admit foliations of codimension 1, 

an interesting special case of the above question is: are all compact

orientable 3-manifolds totally parallelizable. Aside from the S^-bundles

mentioned above, I believe the answer is not known. In particular, it 

would be instructive to know the answer for the lens spaces L(p,q), 

q * 1 .

The results in Sections 2 and 3 make use of the constructions in

Section 1. The main method for totally parallelizing a manifold S^ X N,

where dim N = n - 1 is as follows: 1) give n transversal foliations,

defined by 1-forms cjl)"̂ , 1 ^ i ^ n, on S^ X C, where C C  RD; 2) for
* isome immersion cp: N C, the 1-forms (id X cp) (V totally parallelize

S’*" X N . When cp extends to an immersion cp: M -> C where dM = N, then

we define a manifold DM, whose boundary is D(M), the double of M; and
114*1an immersion Sep: Em Cf cz R ; and n+1 transversal foliations on 

S'1 X Cf such that id X Sep totally parallelizes S’*” X D(M) as above. 

Using these methods we show that for certain manifolds N, there is an 

immersion cp: N X -* RU+C* which totally parallelizes S1 X N X .

In Section 3 we represent an S^-bundle over a 2-manifold as the 

union of two product bundles whose boundaries have been identified. Then 

using the constructions of Section 1 we find three transversal foliations 

on each product bundle which agree with the identification of the bound­

aries.

By decomposing S^-bundles as in Section 3 we are able to show the 

existence of foliations of codimension 1 on some more S^-bundles.



1

SECTION 0. PRELIMINARIES

00All manifolds and maps will be assumed to be of class C 

DEFINITION 0.1. Let Mn be an n-dimensional manifold without boundary.
n rA foliation of codimension 1 of M is a disjoint collection 3 of

(n-1)-dimensional submanifolds L (not necessarily proper) called leaves,

such that U L = M*1 . Furthermore, for each p 6 MU there is a chart 
L€3?

(U,cp), cp: U -* Rn , such that p € U and for all L € S', tt o cp is constant

on each connected component of LflU  if L fl U + 0, where tt is the

projection of Rn onto the first coordinate axis.

DEFINITION 0.2. A foliation is called oriented if there is a non­

vanishing vector field which meets the leaves of 3< transversally.

Note: From now on "foliation" will mean "oriented foliation of codimension

1".

THEOREM 0.1. (Frobenius) Let Mn be as in Definition 0.1. Let D be

a field of (n-l)-planes on M*1 . Suppose that locally D is spanned by

n - 1  independent vector fields X . , 1 ^ i S n-1 , then [X .,X .] =
n-1 1 1 J
7  cy , if and only if there is a foliation 3> jof MU such that
k=l

D(p) is tangent to the leaf of 3> through p .

Proof. See Sternberg [10], p.132.

DEFINITION 0.3. Let M*1 be an n-dimensional manifold, dMU = 0 . MU

is totally parallelizable if Mn is parallelized by vector fields X^ ,

1 ^ i ^ n , such that each subset of n - 1  vector fields X , , . . . X1 x’ n



2

(X. deleted) defines a foliation. It is clear from Theorem 0.1 that 

total parallelizability is equivalent to the existence of parallelizing 

vector fields X. and functions f. g. . , 1 ^ i,j ^ n , such thatl i j ’
Tx.,X 1 = f . X. + g ..X . Vector fields satisfying this condition are x ’ j J xj l ij J
called pairwise integrable. Theorem 0.1 has the following dual version.

THEOREM 0.2. (Frobenius) Let u) be a non-vanishing 1-form on a manifold 

Mn . Then duo = 9 A a) locally, for some 1-form 9 , if and only if co 

defines a foliation. In this case (U is called integrable.

Proof. See Sternberg [10], p.134.

Note that on a 2-manifold a non-vanishing 1-form 0) is integrable since 

every 2-form can be written locally in the foim 9 A cu .

DEFINITION 0.4. Foliations S'1, 1 ^ i ^ m ̂  n , on MU will be called 

transversal if there are 1-forms u)1, 1 ^ i m , representing the S'1 

which are independent at every point of Mn .

LEMMA 0.1. If tu'"', 1 ^ i s n , £n M11 are independent 1-forms, then

there exist vector fields v., 1 ^ j ^ n , such that (ju.(v.) = 6 . . , ------------------------------  J   i 3 xj
where 6 . . is the Kronecker delta.----- ij -----------------------

Proof. Use Cramer's Rule to show that the pointwise dual basis varies 

smoothly.

The following proposition gives a dual formulation of total paral­

lelizability in terms of 1-forms.

PROPOSITION 0.1. There exist 1-forms u)1, 1 ^ i ^ n , which define 

transversal foliations 3?1 on an n-dimensional manifold Mn if and only
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if MU is totally parallelizable, in which case each leaf of each S'1 

is totally parallelizable.

Proof. This proposition follows in a straightforward manner from Theorem

0.2, Lemma 0.1, and the formula

dto(v1,v2) = v (u)(Vg)) - v2(u)(v1)) - a)([v1,v2])

of Sternberg [10], p.103, where ou is a 1-form and v ,v are vectorX

fields.

PROPOSITION 0.2. Let U)1, 1 ^ i £ n , be 1-forms on Mn . Then

U)* A...A to11 is non-vanishing if and only if the U)1 are independent at

every point of Mn .

Proof. See Sternberg [10], p.15.

Let I denote [t 6 R | O S t ^ l ]  .

We extend Definition 0.3 to manifolds with boundary. It is more

convenient to give the definition in terms of 1-forms.
\

DEFINITION 0.5. An n-dimensional manifold M*1 with non-null boundary

N will be called totally parallelizable if and only if there exist 

independent 1-forms, U)1, 1 £ i ^ n , which are integrable and such that

for some collar neighborhood O': N X I -> M of N = o?(N X [o ])  ,

i) a^Cu}1) = rr^Cv1) , 1 ^ i ^ n - 1

where V1 is a 1-form on N , and tt: N X I -* N is the projection map,

ii) a^Or11) = dt where dt is the standard 1-form on I .
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DEFINITION 0.6. Let M be a compact manifold with non-null boundary N. 

Then D(M) will denote the double of M . For details of the construc­

tion and standard facts about D(M) see Munkres [5].

PROPOSITION 0.3. Let M*1 be a compact n-dimensional manifold with non­

null boundary N . _If M*1 is totally parallelizable, then D(M) i£

totally parallelizable.

Proof. Let M_. , j = 1,2, be two copies of MU which define D(M) with J
identifications cp.: M . -* Mn . Suppose a)1, 1 ^ i ^ n , are 1-forms which

3 J
totally parallelize Mn and that o': N X I -♦ M is as in Definition 0.5.

Then we define 1-forms w1, 1 i ^ n , on D(M) as follows,

i) w1 = cp̂ Cco1), 1 ^ i ^ n , on

ii) w1 = cp*(to5-), 1 ^ i < n-1 , on

in) w = cp2(-u) ), on M2 .

Let p: N X (-1,1) -» D(M) be defined by

3 = cp11 o o' on N X  [0,1)

3 = cpg1 o o' o y 1 on N X  (-1,0]

where y: [0,1) -♦ (-1,0] is given by y(t) = -t . Then 3*0*^) = TT*(vi),

1 ^ i ^ n-1 , where tt: N X  (-1,1) -» N is the projection map, and
* n i3 (u) ) = dt . Thus the two definitions of w , 1 ^ i ^ n , on BML = dM_X

agree and thus the w1 totally parallelize D(M) .
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SECTION 1. TECHNICAL RESULTS

Let n-dimensional euclidean space Rn be given as the set of

sequences [x ,x , . ..} of real numbers such that x. = 0 for j > n .1 2 j
Denote by e . the sequence f x .} such that x . = 8. . . Denote byi J J ij

n-1 nR-e. the line of real multiples of e . . R is contained m  R as l i
RD 1 X fo} C  Rn  ̂x R-e . We let < , > denote the usual Riemanniann
metric on the tangent bundle of Rn . { }, {dx^}, 1 ^ i < n , will

i
be a basis for the tangent space, respectively cotangent space, of R 

at a point.

S^ will be the real numbers mod 2rr . Let x be coordinates on
g

the reals with , dx as above. Then the coordinates z , the tangent ox

vector — -, and the cotangent vector dz are induced on S'*- from x ,dz

, dx respectively. < , > will denote the metric on the tangent bun-ox
die of S1 induced from the usual metric on R also denoted < , > 

above.

For a topological space A C  B , X and BA denote the interior 

and boundary of A respectively. For a manifold M, 3M denotes the 

boundary of M and M is defined to be M-BM .

As in Section 0, I = [t € R | O ^ t ^ l ]  and dt is the usual 1- 

form on I .

DEFINITION 1.1. An f-system (C,H) on Rn is an open set C C  RU and 

a collection H of n transversal foliations on X C .

DEFINITION 1.2. Given an f-system (C,H) we define a vector field



v = v(C,H) on X C by the conditions:

i) ||v|| = 1
ii) U)1(v) = 0 , 1 S i ^ n , where the u)1 define the foliations of

H .

iii) Choosing either of the two possible orientations for v .

DEFINITION 1.3. Let M = M*1 be an n-dimensional manifold with non-null

boundary N . M*1 is said to have a transversal system if there exists

an immersion cp: M*1 -» Rn , and an f-system (C,H) on Rn such that
H 1cp(M ) c  C and v(C,H) meets (Id X cp) (S X N) transversally. We write 

sgn v = +1 (or -1) if v is leaving (or entering) (Id X cp)(S"̂ X M) .

Sgn v is then a function on the connected components of N .

DEFINITION 1.4. Let M*1 be as in Definition 1.3. Mn is said to have a

1-system if it has a transversal system for which sgn v is a constant 

function.

DEFINITION 1.5. Let B be an (n-1)-dimensional manifold without boundary.

B is said to have a transversal system (1-system) if B X I has a trans­

versal system (1-system).

Warning! This is not the obvious extension of Definition 1.3.

Remark 1.1. Suppose that B^, i = 1,2, are (n-1)-dimensional manifolds 

such that

(i) B is a relatively compact submanifold of B1 a

(ii) 9B = 0 , i = 1,2 .

If there exists an immersion cp: B -* Rn such that cp(B ) c: c andA A



v(C,H) meets (Id X cpHS1 X B0) transversally, then we conclude that
a

there exists an immersion $ : X I -» Rn such that

(Id X f X S 1 X Bj X [t]) meets v(C,H) transversally for all t € I .

PROPOSITION 1.1. Let B^ , i = 1,2, be (n-1)-dimensional manifolds with- 

out boundary such that Bn is a relatively compact submanifold of B0 .    - l .. . “ "" — “   — ' ' — - - , I" ■ - ^

If B n has a transversal system then X Bn is totally parallelizable,—_  ^ r_ ■ 1 ' 1 ' r_ _ X ~

Proof. By Definition 1.5 there is an f-system (C,H) on RU , an im­

mersion cp : B0 X I -• Rn such that cp(B X I) C , and we can assume

that v(C,H) is transversal to (Id X 9)(S^ X B^ X {t}) for all t € I ,
* i.by Remark 1.1. We claim that the 1-forms dt and cp (u) ), l ^ i ^ n ,

are independent on S^ X B^ X (0,1) • We can check this locally. For

each point of S'*- X B^ X (0,1) choose an open set U on which cp has 
r'~ — 2.an inverse. Set T| = (cp ) (dt) . Then the assumption that v is trans­

versal to (Id X cp) (S’1" X B^ X {t}) for all t € I implies that T|(v) 

is a non-vanishing function. Let oj° denote the 1-form on S^ X C whose 

value on a vector b in the tangent space of S* X C at a point p is 

given by <v(p),b> where < , > denotes the product metric. We claim 

that [ct)1}, 0 ^ i ^ n , form a collection of n+1 independent 1-forms.

If not, then we could write uu° = ) a. (i)1 where the a. are realA. 1 11=1
valued functions. However, if we evaluate both sides of this equation on

v we get a contradiction. Then by Lemma 0.1 there exist vector fields

v. , 0 S j ^ n , such that (ju1(v.) = 8. . for 0 £ i, j ^ n . Note that 
J J

1 uvq = v . Then Tj A oo A ... A m  (vQ, v , ..., v ) = 7](v) . Thus by Propo-
^ isition 0.2 we conclude that dt and cp(cu) , l ^ i ^ n ,  are independent 

as claimed. Proposition 0.1 implies that S^ X B^ X (0,1) and



S X B1 X {%} are totally parallelizable. This concludes the proof of 

Proposition 1.1.

PROPOSITION 1.2. Let B be a compact (n-1)-dimensional manifold,

SB = 0 . Jtf B has a transversal system, then S1 X B is totally paral- 

lelizable.

Proof. Remark 1.1, taking B = B_ = B , and Proposition 1.1 imply this ‘ ■ —■ " - 1 ^
result.

PROPOSITION 1.3. Let Mn be a compact manifold with non-null boundary N. 

If Mn has a transversal system then S^ X N is totally parallelizable.

Proof. Remark 1.1, taking B = B_ = N , implies that N has a trans-______ J_ ^

versal system and so the result follows from Proposition 1.2.

DEFINITION 1.6. A k-tuple is a collection [MU|1 £ i < k} = of■ — M. . i '■ - _______ 1 X K

compact n-dimensional manifolds such that

1. BMn = N. is non-null.l l

2. m“ c | n .l+l l

DEFINITION 1.7. Given two k-tuples anci we say are
c Hi cequivalent and write ^  ancl only if there exists a dif-

n -n | nfeomorphism v of onto such that v|I/L is a diffeomorphism
-nonto ML , 1 ^ i ^ k .

DEFINITION 1.8. A k-tuple has a transversal system (1-system)- - — X K " _________ _________

if and only if has a transversal system (1-system) which restricts

to a transversal system (1-system) for each , 1 ^ i ^ k .
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DEFINITION 1.9. In the case of Definition 1.8, the function sgn v can
kbe defined on the collection of connected components of U N. . Let
i=l 1

sgn.v be sgn v restricted to N. . l i

LEMMA 1.1. If {£},_ has a transversal system then for any subset' ' ' — — J£ I --- -I,- T I ■ I ■ ' • r I - I - r . I - r - ■ 1

i, < ... < i < j < ... < i of {l,...,k} , the s-tuple [m? - M? }1 s s 1 —      1 J scv °ai
has a transversal system.

Proof. Clear.

LEMMA 1.2. If the transversal system in the hypotheses of Lemma 1.1 is a

1-system with sgn. v = - sgn. v , then we can replace "transversal system"
1q'

by "l-system” in the conclusion of Lemma 1.1.

Proof. Clear.

Given a compact n-dimensional manifold MU with non-null boundary 

N , we are going to define an (n+1)-dimensional manifold denoted EM with 

boundary denoted EN . We need an auxilliary definition first.

1 2DEFINITION 1.9. Call an embedding i|r = (i|r ,i|r ) : [-1,1] -> [0,l] X R 

admissible if and only if the following conditions are satisfied:

(1) t(-D = (1,-D , H D  = (1,D , t(0) = (0,0) .
(2) There exist real numbers 0 < a < d < 1 such that

t([-l,-d]) C  [0,1] X [-1] , i|f ([-a, a]) C  {0} X [-1,1] , and 

f([d,l]) C  [o,l] X {1} .

(3) (t^)7 > 0 when ij/2 ^ 1,-1 .

(4) (f1)7 > 0  on [0,1] when ijf1 ^ 0 .

(5) (ijf̂ )7 < 0  on [-1,0] when i|f^ 0 .
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1 2  1 Here (f ) 7 and (i|/ )7 are the derivatives respectively of i|r
, 2 and ijf

Remark. If \|; and ijf are two admissible functions, then the submanifold 

\|f([-l,l]) is diffeotopic to the submanifold ijr([-l,l]) in [0,1] X R 

via a diffeotopy leaving \jr([-l,-c] (J [c,l]) fixed throughout the diffeo- 

topy for some 0 < c < 1 .

DEFINITION 1.10. We now define EM and EN .

Choose an admissible embedding i|r as above and an embedding 

a : N X [0,1] -» M such that im of is a collar neighborhood of 

N = cy(N X [0]) . Let M 7 = M - a(N X [0,e]) where 1 > e > 

max(i|r (d), ^(-d)) . M 7 X {-l} and M 7 X [l] are submanifolds of 

M X R . The image of the composition of embeddings

N X [-1,1] I-d > N X [0,1] X R - X Id' -> M X R

is a submanifold of M X R denoted by wC . Then M* U  (M7 X {-l}) U

(M7 X [l]) forms a submanifold of M X R without boundary, denoted

E, N , which is diffeomorphic to D(M) . This is straightforward to Key
verify.

Since there is a topological embedding of M X R into itself taking

E. N onto (cv(N X {1}) X [-1,1]) U (M X ({-l}.U {l})) it follows thatf ,o'
S, N bounds a submanifold of M X R which we denote by E, M .Key

It follows from Munkres [5], lemma 6.1, p.59, that up to diffeomorph-

ism E, M is independent of the choice of cy . Furthermore, for twoKey
admissible embeddings f, f , we conclude, using the above remark, that 

E, M is diffeomorphic to E M . Thus EM is well defined up to
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dif feomorphism by EM = E^ , for any a and \Jr as above.

DEFINITION 1.11. Given a k-tuple we define a k-tuple- X K
E({Mn} ) = [E.(Mn)} as follows:1 K X 1 K

Let u. -* Mn be the inclusion map. For each i , 1 ^ i ^ k ,x x 1
choose an embedding a. : N. X [0,1] -* M? such that im a. is a collar1 1 1 x
neighborhood of N^ as in Definition 1.10. Choose the a so that

(u^ o Q^CN^ X [0,1])} , 1 £ i ^ k , form a pairwise disjoint collection
n 1 2of submanifolds of Mn . For each i , 1 ^ i < k , let ’Jr. = (ilr., i|/.)1 Tx rx Ti

be an admissible function. Let 3. : E, Mn -* S, be the inclusionx i 1

maps.

Choose a sequence of real numbers 0 < c^ < . .. < c , such that for
Ci 2 2i ^ 1 , ----  < min(ilt. _ (a. _), -Jr. ..(-a. .,)) , where a. refers to ilr.c . , x— 1 x-1 x— 1 x— 1 x Txx-1

as in Definition 1.9. Define d. i M ^ X R - ^ M ^ X R  by d. (m,t) =x 1 1 x
(mjC^t), 1 ^ i ^ k .

Then d. o p, embeds E, into E. M? , 1 ^ i ^ k . WeX KX ^,0^ X llf1,Q'1 1
denote d. o 3.(2, MU) by E. . . Then since E. ,x x ik.jOT. x J X,W.,Q'.,C. x X,t.,Qf.,C. 1TX X TX X X TX X X
is contained in the interior of E. , . M? , we have a k-tuple

[E. , Mn], . HoweverL x,iL,a.,c. x kTX X X

f̂ *i ilf rv c i SS [E. . / / /Mi}^x , f i ,Q'i , c i  x  h  1 x , \[r ,cy_[, c ^  1 k

for any choice of iĵ , a , o'/, c ^  c^ . Thus we can drop

from the notation, and up to equivalence of k-tuples, E({m ?} ) = [E M^}1 K 1 1 K
is well defined. We denote d(E. M.) by E. N. .x x  x x
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DEFINITION 1.12. i) An f-system (C,H) such that dz(v(C,H)) > 0 

everywhere on S’*- X C will be called an £ '-system, where dz is the 

1-form induced from the standard 1-form on S’'" also denoted dz .

ii) A l/-system is a 1-system which is defined by an f/-system.

LEMMA 1.3. J[f has a l 7-system (C,H), then Z{M^}k has a 1

system (C/,H/) . Furthermore, sgn^ v(C/,H/) = sg^ v(C,H), for

1 <: i £ k .

Proof. By assumption there are immersions cp : M -* RU with cp̂  = 9-Jm^

such that v(C,H) meets (Id X cp )(S* X M^) transversally.

Choose a representative of with o\ such that v meets

(Id X (cp o Q'i))(S1 X (N X {t})) transversally for all t € I , 1 < i :£ k.
n+1For each 1 < i < k , we define 2cp_̂ : -* R by the composi­

tion of the maps

cp. X Id
S. M. ---> M. X R —  ------> Rn X R*e .i i  x n+1

where the first map is inclusion. Note that Ecp̂  = E cp̂ JlIJVL . It is

clear that Scp̂  is an immersion for 1 ^ i ^ k .
a 1 f mm ■{•We now define a subset C of R by C = C X (r , r^) where

+ - ir^ > c^ and r^ < -c^ , where c^ refers to Definition 1.11. Let w

be the 1-forms, 1 ̂  i ^ n , which define the foliations in H . Let

Tr : Rn X R'en+  ̂ Rn be the projection map. Choose sets of real numbers

{r*} and {r^} , 1 ̂ i k + 1 , such that

(i) r* = 0 = r“k+1 k+1

(ii) r^+1 < > ci < ri > 1 ^ i ^ k ,



Definition 1.11.

Then define H 7 by the 1-forms to1 , l ^ i ^ n  + 1 ,  where

i * i CO = rr (w ) , l ^ i ^ n

cun+1 = (K^(x ) + 1) s(dx - K(x n)dz)n+1 n+1 n+1

—with K a real valued function on (r , r^) , satisfying the following 

conditions:

(1.1) sgni v-K(p) > 0 for P € [ r? , r+], 1 ^ i ^ k . L i+l’

(1.2) sgni v-K(p) > 0 for P = , 1 ^ i ^ k .

(1.3) SglA v-K(p) 0 for P € [ r. , r. ], l < i ^ k .  L 1 x+1

(1.4) sgn± v-K(p) < 0 for P = {-c^} , 1 ^ i ^ k .

n+1It is clear that (JO is integrable.
X n XBy assumption, w A ... A w is a non-vanishing n-form on S X C .

Therefore co* A .. . A con is a non-vanishing n-form on X C 7 . Since
i 2 -none of the forms U) , 1 ^ i ^ n , involves dx , , and since (K +1)’ ’ n+1

1 n+1is non-vanishing, we conclude that u) A ... A hi is non-vanishing on

S1 X C 7 . Thus (C^,H^) is an f-system.

Let L : Rn X R’e , -* Rn X R*e , denote translation byx _ n+1 n+1n+1
x . € R*e , . Then let L.(v) be the vector field on S1 X C X R*e _n+1 n+1 * n+1
defined by L.(v)(z,x,x ) = (L ) v(z,x,0) . Denote v(C7,H7) by* n+l x ^n+1

dv 7 . We claim that v7 can be written as v 7 = f_L.(v) + f1 *' 7 2\dx .n+1
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where f : S1 x C 1 -* (0,1] and f_ : S1 X C 7 -» (-1,1) are functions X
satisfying:

(1.5) f2 = fl K dz<L*<v)) •

(1.6) f1 = Jl - f| .

It is easy to check that f and f are well defined by (1.5) and (1.6).X ^

Since < L v, --- > = 0 we have by (1.6) that <v/,v/> = 1 . Furthermore,
* n+1

U)1(v/) = to^fjL^v) + f2( ^ — )) = f1 w 1(v) = 0 , 1 £ i <: n ,
n+1

U)n+1(v/) =(K2 + 1) s(f2 - fx K dzCL^v)) = 0 by (1.5).

. / g \Thus we have verified that v = fnL,(v) + f_(-=r----  ) . .—1 2\px _ /n+1

Since dz(v') = f dz(L.(v)) > 0 , we conclude that (C7,!!7) is anX *
f 7- system.

1 2Let i|r = (f^i^) be the maps used in defining • 0n the image

of (Id X Id X i|r ) : S1 X N X [-1,1] -> S1 X N X I X R*en+1 we define the

1-form

6 . = -c.(\|r2)7dt + (i]r*)7dx i i Ti Ti n+1

P = Id X (cp. o o f . )  x Id is not a well defined function but Pj.(L.v)X X  H* 'I*
is a well defined vector field on S'*" X N X I X R*e , . Thenn+1

5.. (P^O^v)) = - ^(ty2)7 dt(P*<L*v)) •

1 r 1By the assumption that v meets (Id X (cp̂  o o\) x Id)(S X N X [tj)

transversally for all t 6 I , we have
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sgr^ v • dtCP^d^v)) < 0 .

Let T) be the non-vanishing 1-form defined on the submanifold 

S1 X 2 N± of S1 X M X R , 1 £ i <; k ;

-1(Id X a

‘n+1

dxn+1

is analogous to M f

.*/ 6i
1I8JI

for

'n+1'

(1.7) T|i(p) = dxn+i for P ^ S1 X (Mi)/ X {c.} ,

The kernel of TI. (p) : T -* R (where T is the tangent space of i P P
1 1 S X X R at p) is precisely the tangent space of S X at p.

This follows from the construction of 2.N. . Furthermore TI. is greateri i  ‘i
1 1than zero on the outward normal vector to S X i.N. m  S X M. X R .i i  1

On (Id X O' X IdXS1 X (N X I) X R*en+1) we have that

sgn (v)-Tl (Id X cp.1 X Id) (v7) = 1 1  1 ^

sgn±(v) ■ ■ 1 (- ci'(f^)/ + K d z d^vXf*)7)
l5i

We have that f , ||8 .|| , c. , dz(L v) , - sgn. (v) dt((3 (L v)) are all1 1 1  ^ 1 T5
strictly greater than zero. From Definition 1.9 and the definition of 

K we have that

sgn.v*K (ajr̂) 7 ^ 0 , and

sgn. v.K(\lr. ) 7 > 0 when ilf_ = c. or ilr_ = — c . i n  T2 i T2 i
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2 2 Then by Definition 1.9 we have that (t);̂) ̂ S: 0 , and when (i|k) ^ c^, -c^
2we have that (i|f̂ )7 > 0 .

Thus we conclude that

(1.8) sgn.(v) T|.(p.(v/)) > 0  on (Id X a X IdHS1 X (N X I) X R*e _ ).i i * n+i

It is clear from the formula for v ' , (1.5), (1.7), (1.1), (1.3), that

(1.9) sgn. (v) 7], (Id o cp.1 o Id) (v*) > 0  on S1 X (M.); X ({c.} U {-c.}).l i i 5i! l i i

But (1.8) and (1.9) imply that (C,,H/) and Ecp̂  form a ^-system for 

E{Mn} with sgn.(v7) = sgn.(v) . This concludes the proof of Lemma 1.3.1 K X X

PROPOSITION 1.4. Let Mn be a compact n-dimensional manifold with non­

null boundary N . If Mn has a transversal system defined by an fr-

system, then S1 X Mn is totally parallelizable.

Proof. Let (C,H) , an f 7-system on Rn , and cp : M*1 -* C , an immersion,

define a transversal system for M .

Choose an embedding o' : N X I -» MU which gives a collar neighbor­

hood of N = cy(N X {o}) , such that v(C,H) is transversal to

(Id X (cp 0 Q'))(S1 X N X {t}) for all t € I . Choose an admissible

function \|r satisfying the conditions:

(i) i]r(x) = (°>x) for x ^ [-a>a]

(ii) i|f(x) = (X >1) f°r x € [d>l]

(iii) ty(x) = (-X>-1) for x £ [—1,—d]

where a and d are as in Definition 1.9. Let N+ (N ) be that part

of N on which sgn v = +1 (-1) .
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We then define a function cp : Mn -» Rn+1 by the following conditions:

(i) cp(m) = (cp(m),0) for m € M - a(N X [0,d])

(ii) cp(m) = ((cp ° o') X Id) ((n,i)r1(t)) , i|f2(t) - 1)

if m = o'(n,t) and n € N+ ,

(iii) cp(m) = ((cp 0 o') X Id) ((n,i)f1 (-t)) , i|r2(-t) + 1) 

if m = cKnjt) and n € N

cp is a well defined immersion.

Define a subset C 7 of Rn+  ̂ by C7 = C X (-1,+1) . Let 

K : (-1,+1) -» R be a function satisfying:

(1.10) K S 0

(1.11) K(x ) = 0 for x € (-l,d] U [d,l)n+1 n+i

(1.12) K(0) > 0 .

Let tt : RU X R*e -* Rn be the projection map. We define a col-n+1
lection H 7 of oriented foliations on S1 X C 7 by the 1-forms u)1 ,

i * i il < i ^ n + l ; c o  = t t ( w ) ,  for 1 ^ i s n , where the w define the

foliations in H , and

«,n+1 = (K2(xn+1) + l)'5 ( ^ n+1 - K(xn+1) dz) .

It follows from the proof of Lemma 1.3 that (C7,H7) is an f-system on
n+1 / / /R . Let v = v(C ,H ) . We claim that the proof of Lemma 1.3 shows

that (Id X cp) ( X S) meets v 7 transversally. Define the embedding

i : M - or (n“ X [ 0, d]) -* EN fl (MX [xn+1 € R| xq+1 :> 0}) by



Then cp restricted to M - o?(N X [0,d]) can be written as

cp = L ^ o Z c p o i  where Ecp is the Zcp̂  of Lemma 1.3 when we consider

M as the 1-tuple and define by the above i|r and or .

Let L^(C7,H7) denote the f-system given by the 1-forms L (̂U) ) 

on S1 X L . (C7) , where L is as in Lemma 1.3. Then Ecp 0 i is“ X X _n+1
an immersion of M - ar(N X [0,d]) into L^(C7) . The proof of Lemma 1.3 

showed that v 7 (of Lemma 1.3) met Id X Ecp (S'*- X EN) transversally.

This implies that v 7 (of Lemma 1.3) meets

Id X (Ecp ° i)(S1 X (M - of(N X [0,d]))) transversally. We have that

L*1((JUi) = cu1 for 1 < i ^ n , and L*1(cun+1) = ((K7)2 + 1) 8(dxn+1~K7dz)

where K 7(x ) = K(x -1) . Using (1.10), (1.11), (1.12) we see thatn+ x Ht x
K 7 satisfies conditions analogous to (1.1),(1.2),and we conclude that 

v(L_1(C/,H7)) meets Id X (Ecp ° i M S 1 X (8 - a(N X [0,d]))) trans­

versally. But it is clear that v 7 meets (Id X cp)(S1 X(8 - a?(N X[0,d]))) 

transversally if and only if (Id X (Ecp ° i))(S^ X (8 - q?(N X [0,d])))

meets v(L ^(C7,H7)) transversally. A similar proof shows that v 7

meets (Id X cpXS1 X (8 - cy(N+ X [0,d]))) transversally. Hence, by

Remark 1.1 (setting B = X (8 - q?(N X [0,t])) and B = X 8) andX U

Proposition 1.1 we conclude that X ( 8 -  q?(N X [0,t ])) is totally

parallelizable for T € (0,a) .

It follows from the definition of cp , that cp ° a restricted to

N+ X [ T 7,a] , T < T 7 < a , can be written
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cp ° a(n,t) = L ° ((cp 0 o') X Id)(n,t)

= (cp 0 cKn), t - 1) € Rn x R'en+1 ■

Thus (Id X (cp ° O')) (JO = (Id X ( L ^  ° ((cp ° cv) X Id))) tt w  on

S1 X N X [ T /,a], 1 < i < n , and

(1.13) (Id X (cp ° O')) to = dt on S X N X [T7,a] .

These (n + 1) 1-forms define (n + 1) transversal foliations on 

S'*" X N X [T7,a] . Note that TT0 L ^ ° c p ° c y  = cp0 Q'0 P where 

P : N X I N is the projection map. Thus we have that

(1.14) (Id X (cp o (*))*(/ = (Id X P) V* , where

i * i 1v = (Id X (cp ° O')) w define transversal foliations on S X N ,

1 ^ i < n .

Thus (1.13) and (1.14) imply that S1 X (M - cv(N X [0,t'))) is

totally parallelizable. Hence it is clear that X M is totally

parallelizable and Proposition 1.4 is completed. ^
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SECTION 2. PRODUCTS OF SPHERES

Let Sn  ̂ denote the points of Rn of unit length. Put polar 

coordinates on Rn - {0} by identifying it with s” 1 X R+ ,

R+ = [r G r | r > 0} . For jj, > 0 , we define

d" = {x € Rn | ||x|| £ |J.} 

n-1Sn = [x € Rn ( ||x|| = (J,} (I

Thus SQ 1 = S° 1 X fu,} in polar coordinates, (j, 1
Let Eq denote the iterate of S .

LEMMA 2.1. Let 0 < u,, < ll , < . . . <  u, be real numbers, k S 1 . Then---------    'k-l 1 ---------------  ----
Eq{Dn L  «  fDn+q} .c li. k - u,. kx

Proof. It is clear that it suffices to prove this lemma for q = 1 .

For q = 1 , the lemma is rather straightforward but tedious, so we omit 

the proof.

DEFINITION 2.1. Let be a k-tuple. Let N be a compact manifold

without boundary. Denote by N X  (^3^ the k-tuple {N X > where

N X Mn c  N X in the usual way.l 1

LEMMA 2.2. Let N , fl/L*}, be as in Definition 2.1. Then   <-   ----

E(N X {M11}), «  N X (S{Mn3, ) .i k i k

Proof. This follows directly from the fact that d(N X M^) = N X dM? .
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k iDEFINITION 2.2. Let Y , k ^ 1 , be the subset of [0,-g-] consisting of

points y with a tertiary expansion y = °*a,a0ao ••• av_i such that if
J. C i %5 K  1

ka = 1  then a. = 0 for all i > i . Denote the elements of Y by i J
„ k . k ^ ^ k ify±j where 0 = y]L < yg < ... < y ^  f .

2

k- 2 k k-1 k kLEMMA 2.3. For 1 ^ i < 2 , 3 y . = y .  and ■§• - y . = y . where- 1 1 1  i 3 i — ———
0k-lJi = 2 - i + 1 .

DEFINITION 2.3. Let Ik = [yk,l - yk] , 1 <; i s; 2k_1 . Note that

il c ! k , .1 1-1

DEFINITION 2.4. Let N be a compact manifold without boundary. Then

N has a k-system (k7-system) if and only if N X  {Ik} , has a 1-system
1 2

(l'- system) with sgn_̂ v = (-1)1+  ̂ , k ^ 1 . Note that for k = 1 this 

definition agrees with the previous definition of a 1-system (l7-system).

LEMMA 2.4. A point has a k 7-system for every k ^ 1 .

Proof. One can easily construct the necessary k 7-system so the details 

will be omitted.

LEMMA 2.5. If N has a k 7-system then N X has a (k - 1)7-system

for q ^ 1 .

Proof. By definition N X {Ik} , _ has a l 7-system with sgn.v = ----- i 2k-l i

(-l)i+1 . By Lemma 1.3 £q (N X {Ik} , ,) has a l7-system withl 2k-i
i+1 r q+Iosgn.v = (-1) . Lemma 2.2 and Lemma 2.1 imply that N X [D j ,

1 ^i 2
&  ̂~| *1 *ihas a 1 -system with sgn.v = (-1) , |i. = -g - y. . For each i ,
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1 ^ i <, 2k 2, 2k~1 - i + 1 > i ; let Jk = Dq+1 - Dq+1 , where1 u. u .
Ji

j . = 2 k '*'-i + l. Then by Lemmas 1.1 and 1.2, [n X Jk} , 0 has a
1 1 2

1/-system with sgn^v = (-I)*"1’'*' because i + (2k l - i  + l) is odd.

q k-1 kDefine Id X Id X X : N X X -» N X J1 by

(Id X Id X x)(n,a,t) = (n,cr,§ - ^ t)

k kHere J has polar coordinates induced from the inclusion of in
q+1DM-i

We claim that Id X Id X X restricts to a diffeomorphism of

N X Sq X Ik 1 to N X Jk for 1 < i < 2k 2 . By definition 1 x
k-1 _ k-1 n k-l-| k-1. ri i k-1. i ! k-1-,i = [y± , 1 “ y± ] . Thus x(i± ) = [a - (a - t y± )»s - t y± ]•

But by Lemma 2.3,

✓ ,.k-l. r 1 k 1 k.) = [s - Yj » s - >

where ^  = 2k 1 - i + 1 . Therefore X(I^ 1) = which implies

that (Id X Id X x)(N X SQ X Ik_1) = N X Jk . Thus (N X Sq) X {lk-1} . „1 2 ”
has a ^-system. By Definition 2.4 we have that N X Sq has a (k-1) r- 

system.

qi q, _ qLEMMA 2.6. If N has a k'-system then N X S X ... X S X D k has

a l7-system, where > 1 .

Proof. This follows by induction using Lemma 2.5 and Lemma 1.3, since

qk qkS  (I) =  D .
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THEOREM 2.1. If N is a compact manifold without boundary which has a
~  x \  %k~system then S X N X S  X . . . X S  is totally parallelizable, where 

q i  S:  1 .

Proof. This follows from Lemma 2.6 and Proposition 1.3 or by Proposition 

1.4 and Proposition 0.3.

1 qi qkTHEOREM 2.2. S X S X ... X S is totally parallelizable for ^ 1.

Proof. This follows from Theorem 2.1 and Lemma 2.4.
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SECTION 3. S1-BUNDLES OVER 2-MANIFOLDS

In this section we consider principal circle bundles which are dif­

ferentiable bundles in the sense of Steenrod [ 9 ], §6.7.

THEOREM 3.1. If (M,B , S1) is a principal circle bundle with:   —  g ----------------------------------

(i) total space M , a compact orientable 3-manifold,

(ii) base space B , a compact orientable 2-manifold, without  g   -----------------
boundary, of genus g ,

(iii) fiber the circle S^ , then M is totally parallelizable.

Theorem 3.1 will follow from a series of lemmas. By Proposition 0.1, 

it suffices to find three oriented transversal 2-foliations on M .

DEFINITION 3.1. Let Qq be a closed 2-disc. Let Q , 1 ^ j ^ g , be

disjoint closed 2-discs in the interior of Q . Then we define
g

D = Q - U 8 . . 
g ° J=1 J

Note: B is the double of D  g g
We denote by A . the boundary of Q . , 0 < j < g . Thus

g J k3D = U A which we denote by A . D , k = 1,2, will denote the two
g j=0 J g

k kcopies of D which form B , and A will denote SD g . g S
3LEMMA 3.1. There exists an f-system (C,H) on R and an embedding

3cp : D R satisfying the following conditions. Let the 1-forms g     -----
c/ , 1 <: i < 3 , define the foliations in H on S1 X C ; then

^ i 1(i) (Id X cp) uo , 1 ^ i < 3 , totally parallelize S X D
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which means in particular that for some collar neighborhood of A , say 

given by a : A X I -» D ,

* 3 H* 1(Id X (cp ° cv)) cjo = T dt , on S X A X I

(Id X (cp ° a))*UJi = , on S'1" X A X I

where T and P , respectively, are the projections of S'*" X A X I onto 

I and S1 X A : v"*" are 1-forms on S'*" X A , i = 1,2 ; dt is the usual 

1-form on I .

i 2 —~(ii) ct) = (dx^ - K^(x^)dz) (K^(x^) + 1) s where : C -> R

depends only on x^ , i = 1,2 ; dx^, dz are as in the beginning of

Section 1.

(iii) K. 0 o'. is zero on E* X I for some open set E* cz A . where! J -----------  j ------------------  j j -----
O' is the restriction of cv to A^ X I , for i = 1,2 and 0 < j ^ g .

Proof. Define the 2-tuple [m"!"}0 by M., = [0,l] , M0 = U [a.,b.]-----  1 2  1 2 j j
where 0 < a, < b < . . . < a, < b, < 1 .  For notational convenience,1 1 k k
let aQ = 0 and bQ = 1 . Let be an open neighborhood of I . Let

the function -» R be such that

(1) ̂ ( a  ) < 0 , 0 ^ j < g

(2) K (b.) > 0 , 0 <: j £ g
J

(3) For each j , 0 ^ j < g , there is an interval I. cr [a.,b.]
J J J

such that K = 0 on I . .1 J

Define cd̂  to be a 1-form on S"*" X by



26

^  = (dx^ - K1(x1)dz)(K^(x1) + 1) 2 .

Then if we let consist of the foliation defined by cn* we have that
X 1(C ,H ) is a l7-system for {m .} . By Lemma 1.3 we have that E{m .}1 1  1 2 l 2

has a 1-system, defined by Ecp and the f-system (C^H^) , where

C = C X (r , r*) . We can assume that the function K in Lemma 1.3 is 2 X X J.
zero in a neighborhood of zero. Thus by the proof of Lemma 1.3, we can

1 * 1assume that H consists of foliations defined by u) = tt (to ) where
2tt is the projection of R onto R*e^ , and

u>2 = (dX2 “ K2(x2^dZ^ K2 X̂2  ̂ + 8

where we set K0 = K . By Lemma 1.1 we have that (C ,H_) restricts to
„ 1 _ 1a transversal system for the 1-tuple EM^ - EM^ • is diffeomorphic

to EM* - EM* by Lemma 2.1.X 2
We conclude by using the transversal foliations constructed in the

proof of Proposition 1.4, defined by the 1-forms U)1 , 1 s i s 3 . Using
X 1 2  2that construction we have that (0 = tt7 ° tt(u) ) , u) = tt7(0> ) , where tt7X 2

3 2is the projection of R onto R . Thus (i) and (ii) are true. One

has that (iii) is true by the definition of K and K iX £4

Remark 3.1. The foliations v* , i = 1,2 on S* X A can be calculated

as follows. Let y. = cp ° a . and let be v1 restricted toJ T J J
S1 X A , i = 1,2 ; 0 <: j g . We let y = (y1, y2) where y1 ,J J J j j
i =1,2 , are real-valued functions. Then for (z,9) G S* X X {o} ,

v*(z,0) = (Id X y.)* co* (Id X y.(z,0,O))J J J
= G.(0) ( ( y V ( 0) d9 - K ^ y  (0 ,0)) dz)
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for i = 1,2 ; 0 < j < g , where (y*)7 denotes the partial derivative
i 2 ——of y. with respect to 9 at (9,0) and G.(9) = (K.(y.(9,0)) + 1) 2 .J J

Let (M,B .S1) be the bundle in the statement of Theorem 3.1, We g
k k 1 kdenote by (M ,D ,S ) the restriction of the bundle to D , k = 1,2 .g g

k 1 kLEMMA 3.2. There exists a fiber bundle diffeomorphism x^: M -* S X D ,
l k  1k = 1,2 , where S X D is the trivial principal S -bundle.---------  g -----------------  ------

Proof. D is contractible for g = 0 . For g > 0 there is a deforma- -----  g
ktion retraction of D onto the one point union of g circles. Sinceg

the only principal S1 bundle over S’*" is the trivial bundle, we conclude 
k k 1that (M ,D ,S ) has a continuous cross-section. According to Steenrod g

[ 9 ]> §6.7, there is then a differentiable cross-section and this implies 

the Lemma.
— 1 1 1 1 2  The map $ defined by $ = x2 0 Xj : S X A  -* S X A  is a fiber

preserving, orientation preserving diffeomorphism. Here A^ is identi- 
2fied with A by the identity map. Each connected component of the

domain of $ is the product bundle X A^ . Denote $ restricted toJ
the component of its domain by $. , 0 < j < g . Then

J

$ (z,9) = (f (z,0),0)
J «J

for some function f . and (z,9) € X A. . Consider R X [0,2tt] asJ J 1a subset of the universal covering space of S X A^ . The covering map

is given by 9 = 9 mod 2rr , z = z mod 2n for (z,9) € R X [0,2tt] .

We let $. , f . also denote their respective liftings to R X [0,2tt] .
J J

We let the integer N. = f.(0,2n) - f .(0,0) and note that for allJ J 0
z € R , f.(zr2n) = f .(z,0) + 2rr N. .

J J J
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N. N.
LEMMA 3.3. Let § J : S  X A . S XA. be given by § J (z,9) =J 3

(z + N\0,0) . Then for each j, 0 £ j < g , we have that is isotopicJ J
N.

to $ J .

Proof. Let p be a function from I to itself such that p([0,-g-]) = 1 

and p ([■§,!]) = 0 . Then we define F : R X [0,2rr] X I R X [0,2tt] by

F(z,9,t) =( p(t)(z + N. 9) + (1 - p(t))(f .(z,9)), 9) .
3 3

Since, for a fixed 9 , z + N 9 and f^.(z,9) are strictly monotonic

increasing functions of z , it follows that for each fixed t that

F(z,9,t) is a dif feomorphism of R X [0,2tt] . Thus F is an isotopy of
N.

the liftings of §. and $  ̂ . It is clear that F(z + 2rrn,9,t) =J
F(z,9,t) + 2rra for n an integer, and that

F(z,2rr,t) = F(z,0,t) + 2n N . .J
N. 1

Thus F covers an isotopy of $. and $ on S X A. . We also letJ J
N. N.
$ ^(z,9) denote $ ^(z.Q - 9 ) for a fixed 9 . This does not altero o
the truth of the above statements.

N.
Thus without loss of generality we assume from now on that $. = $ J0

1 1  1 2That is, we have M = ( S  X D ) U ( S  X D )  with the identificationsg g
N ‘ 1 1 1 2 N iX A  -* S X A  for 0 ^ i < g . The maps $ J define the mapJ J

1 1 1 2§ : S X A  -»S X A  . Although we have three transversal foliations on

1 1  1 2S X D and on S X D by Lemma 3.1, they are not compatible with theg g
identifications given by $ . In the next lemma we adjust these trans­

versal foliations so that they become compatible with $ .
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Notation: In the next lemma we make the convention of dropping the sub­

script j for convenience (i.e., A means A. , N means N. , etc.).J J

The lemma will hold whenever the same j is inserted as a subscript 

throughout.

Let p be as in the above lemma. For i = 1,2 , we let T| : A -* R 

be a function satisfying

T)1(0) = 1 for 6 ( A  - E1

T]1(0) = 0 for 0 G XJ1 for some open set TJ1 c: E1 , and

let 0 be a fixed element of TJ1 .

We consider Rxr9>2rr + 9 . ] X I  as a subset of the universal coveringi i
space of X A X I with covering map tt/ . We can then define a dif-

feomorphism F. of RX[9.,2rr + 0 . ] x l  to itself by 1 1 x

F±(z,0,t) = ( z  +  l f ( T T ' ( 0 ) ) - p ( t )  • N • ( 0  -  0 i ) , 9 , t )

where N is the integer of Lemma 3.3, i = 1,2 . F^ induces a diffeo­

morphism, also denoted F , of X A X I to itself, since

T|1(n/(0)) = 0 for all 0 in some neighborhood of 0 and 2tt + 9^ .

Set 81 = F* P* v1 for i = 1,2 . i

LEMMA 3.4. (i) S1 = p V  on S1 X A X [f,l] , i = 1,2 .

(ii) 61 = P*§N v1 on S1 X A X [0,§] , i = 1,2 .
1 2(iii) 6 ,8 and dt define transversal foliations on 

S1 X A X I .

Proof. Since p = 0 on [•§,!] we have that F̂  ̂= identity for i = 1,2
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S1 X A X [§,l] . This implies (i). On [0,g] , p = 1 . Thus

F = $N X Id on S1 X (A - E) X [0,-|] . Since P ° (§N X Id) = $N °-P ,

(ii) holds on X (A - E) X [0,-g-] . On X E , vi(z,9) =

G (9)•(y1) # ( 0 ) d 0  . But F* d 0  = d 0  = (§N)* d0  , G± • F± = G± = G± • $N ,

and (y1)* • F. = (y"S 7 ° so we conclude (ii). Using Remark 3.1 a

straightforward calculation shows that on S1 X A X I

61 = p V  - N-(K 0 Y)-G (p* (Tl1) rd0 + p'-lfdt) , i = 1,2

where (I]1)1 and are respectively the derivatives of T]1 and p .

Another calculation yields_______

61 A 62 A dt = p V  A P*v2 A dt +

N •P-G1 -G2-(K1 -K2 (y ))-((T12)/ - O l V ) d z  A d0 A dt

on S X A X I . If 0 6 E U E then K (y(9,t))-K2(y(0,t)) = 0 . If 

8 ! E1 I) E2 then (T]2)* = 0 = (Tj1)/ . Thus 61 A 62 A dt is non-vanish­

ing and (iii) follows.

We complete the proof of Theorem 3.1 by defining transversal folia­

tions h1 , 1 < i <. 3 , on M as follows:
.j ^ 2

(1) h is defined by X 0(Id X cp) cu on M , 1 < i < 3 ,£

1 <|c 111(2) h is defined by X-^Cld X cp) cu on M |D - aCA X [0,1/6]) ,

1 < i < 3 ,

(3) h* is defined by X-^Cld X a ’S  6* on M1|or(A X [0,-g]) ,

i = 1,2 ,
3 ^ “ 1 ̂  11(4) h is defined by X1(Id X or ) dt on M [cv(A X [0,-g]) .

Lemmas 3.1, 3.3, 3.4 imply that the h 1 , 1 < i 3 , are well defined on

all of M .
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SECTION 4. FOLIATIONS FOR CERTAIN S1-BUNDLES

PROPOSITION 4.1. Let M be a compact manifold with non-null boundary N. 

Then S^ X M has an oriented foliation with S^ X N as a leaf. Further­

more, there is a vector field v transversal to this foliation which 

points outward on S^ X N .

Proof. Let a- : N X I -> M be a collar neighborhood of N = cKN X {o}) .

Let p : I -> I be a function such that p([0,^]) = 0 , p ([■§-, 13) = 1 .

We define a 1-form <JU on R X M by

(1) U)(z,m) = dz for (z,m) G R X (M - <y(N X [0,§]))

(2) cu(z,m) = (Id X a 1)*{p(t) dz + (1 - p(t)) dt}

for m = (Id X <y)(z,n,t) for (z,n,t) G R X N X [0,1) ,

where dz is the lifting to R of the usual 1-form on S^ also denoted

dz . These two definitions of ao agree on R X o^N X C§,1)} . cu is

clearly non-vanishing and integrable. Since 0)(z ,m) = co(z ,m) for allJL ^
z , z G R we have that to induces a non-vanishing integrable 1-form on J. £

S1 X M . It is easy to find a vector field satisfying the second part of 

the proposition.

PROPOSITION 4.2. Let T) = (M,B,p) be a differentiable principal S1-

bundle where dB = 0 , B is compact, p is the projection map. Let
t 2 1 2H = (M , S ,tt) denote a differentiable principal S -bundle on S 

Suppose that there exists a commuting diagram
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where F , f are continuous functions and F is a fiber bundle map. 

Then M has a foliation.

Proof. Since one can approximate f arbitrarily closely by a differen-
2tiable function, we use the Riemannian structure on S to show that

2there exists a differentiable function g : B -* S homotopic to f .

Thus by Steenrod [ 9 ], §11.5, we can assume without loss of generality

that the above diagram consists completely of differentiable maps. Con-
2 3 2sider S embedded as usual in R . Let h : S -* [-1,1] be the pro-

3jection onto the first coordinate axis of R . Choose a regular value 

c in [-1,1] for h 0 f . c lies in (-1,1) . Define

B+ = (h • f)"1 ([c,l])

B" = (h o f)"1 ([-l,c]) .

+ — I +B and B are submanifolds of B with common boundary. M|B and

m |b are both product bundles since h ^([c,l]) and h '*'([-l,c]) are 

contractible. Thus by Proposition 4.1 we have that M has a foliation.

THEOREM 4.1. Let B be a compact 4-manifold with SB = 0 . Let T] =
1 2 (M,B,p) be a differentiable S -bundle. Then let c € H (B;Z) denote the

2Chem class of 7] . If c = 0 , then M has a foliation.

CO 1Proof. Let E = (S jP^CC),!!) denote the universal S -bundle. Then, by
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Steenrod [9], §19.3, isomorphism classes of S^-bundles over a finite 

c - a) complex X are in 1-1 correspondence with homotopy classes of 

continuous maps from X to Pro(C) denoted [X,Pra(C)] . If 

g € [X.P^CC)] , we denote the induced bundle over X by g(E) . The

Chern class induces a natural equivalence of functors ch : [ ,P^CC)] -*
2 2 H ( ;Z) . Hence, given a continuous map f : B -» S = P^(C) there is

a commutative diagram

<”*Ti 2[B,Pro(C)]  > H (B;Z)
A
or

[S2,Pro(C)] ----—  > H2(S2;Z)

where a is defined by composition with f . Let g € [BjP^CC)] induce
2

7) . Then ch(g) = c . Since c = 0 , by Spanier [8], Theorem 8.4.11,
2p. 452, there exists an f : B -* S = P^(C) such that f (i) = c where

2 2i is a 2-characteristic element of H (S ;Z) , (for the definition and
2 2 _ _|existence of a 2-characteristic element in H (S ;Z) see Spanier [8j,

section 8.1.3). Let j represent ch 1(i) . Then by commutativity of

the above diagram j ° f is homotopic to g . Hence, if we set H = j(E),

then we have that 7] is isomorphic to the pullback of H by f . It is
1 2 easy to see that the principal S -bundle H over S is bundle isomorphic

to a differentiable bundle. Thus, Theorem 4.1 follows from Proposition 4.2.

Let Mn be a compact n-dimensional manifold and let f : M -* R be
a -1a Morse function. We use the following notation: f = f (a) and

fr , = f ^([a,b]) . The following two lemmas are immediate consequences L a> bj
of the proofs of Theorems 3.1 and 3.2, and Remarks 3.3 and 3.4 in Milnor [4].



LEMMA 4.1. Let c € [a,b] , and let f have no critical values in 

[a,b] , except possibly c . Then f is a deformation retraction of

f[a,b]

LEMMA 4.2. Let P-,,...jP„ be the set of critical points such that■ — X S ~ — '

f(p ) = c . Let X. be the index of p. . Then for some e > 0 there j   J ---------------- J -------------  -----
X.

exist embeddings G.. : D 3 -* f r _ „ satisfying the following properties----------------  j ^c e,cj

X .
(1) G . Q D  j) c  fc e l <; j <; sJ

• s X . v
(2) fC 6 U ( U G.(D ^) ) is a deformation retraction of fr  ̂ ^Vj_2 j / l c- e, c j

PROPOSITION 4.3. Let E be the total space of a differentiable

bundle over a compact manifold M without boundary. Let f : M R

be a Morse function with critical values c„ < c_ < . .. < c,T . If E------------------------------------------ 0 1 N —
c .

restricted to f is a trivial bundle for 0 ^ i ^ N , then E has an

oriented foliation.

Proof. Choose points b. , O ^ i ^ N + 1  such that b. < c. < b. . -----  i i i  l+l
Then, by Lemma 4.1, E restricted to f_ is a trivial bundle

1 V  i+lJ
and hence diffeomorphic to S’*" X fr, . . Thus by Proposition 4.1 we

tbi'bi+i]
conclude that E fr, . has an oriented foliation, 0 ^ i < N .[b.,b. .J L i i+l
Furthermore by Proposition 4.1 we can assume that the normal vector field

to the foliation is flowing outwards on S'*" X fr, . n for i even,
[bi'bi+i]

and inwards for i odd. Thus E has an oriented foliation.
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THEOREM 4.2. Let M be a compact manifold without boundary. Suppose 

there exists a Morse function f : M -* R satisfying the following
C™ €property; for each critical point p of index 2, with G and f

2 C** 6as in Lemma 4.2, G.(H (dD )) is a direct summand of H (f ) . If" ■ ' " —■ ^ 1 — ‘ ' J- --
E is the total space of a differentiable bundle over M , then E

has an oriented foliation.

Proof. Let b^ be as in the proof of Proposition 4.3. Theorem 4.2

will follow from Proposition 4.3 and the following three assertions.
c c .

(1) E l f  is a trivial bundle, (2) if E | f 1 is trivial then

E i+l is a trivial bundle, and (3) if E l f 1 is a trivial bundle

then E l f 1 is a trivial bundle. Assertion (1) follows since f ^

is a finite set of points. Assertion (2) follows from Lemma 4.1. Assume 
b .

that E | f 1 is trivial. We assume for simplicity that p , of index

A , is the only critical point such that f(p) = c^ . (However this

assumption is not necessary.) We may assume that the e of Lemma 4.2
c ,-e

satisfies, 0 < e , c. - b. . Then by Lemma 4.1, E f is a triviali i  1
bundle.

Consider the following part of the exact cohomology sequence induced
A Ci~e

by the embedding g ; dD -* f where g is the restriction of G to

dD :

o c -_e • o c - e  * -i c --e
H (f 1 ) <-i~ H (f 1 ,dD ) <—-—  H (3D ) H (f 1 ) .

2 C'-S A 2 C'_e AWe can identify H (f 1 ,dD ) with H (f 1 U G(D )) in the usual way.

2 C ‘-0 A C '~e ALet c G H (f 1 ,dD ) denote the Chern class of E l f 1 U G(D ) .
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c.-e

Then j(c) = 0 since E | f is a trivial bundle. By exactness of

the above sequence we conclude that there exists a d 6 H^(dD^) such 

that 6(d) = c . If X =t= 2 , then H^(BD^) = 0 and thus c = 0 . If 

X = 2 , we claim g is an epimorphism which implies that c = 0 . By

Spanier [8], Theorem 5.5.3, p. 243, there is a commutative diagram of 

exact sequences

c.-e c.-e
0 <--  Hom(H1(f 1 ; z) ,Z) <-- X -  H (f 1 ;Z)

*g
V

0 <--  Hom(H Q D 2;Z),Z) <----— - H1(dD2;Z) <--- Ext (HQ(dD2; Z) , Z)<—  0
ii li ll

Z Z 0

2where a is induced by g . From the assumption that g*(H (9D ;Z))'j' T J.c.-e
is a direct summand of H^(f ;Z) we have that a is an epimorphism.

2 2 Since H q (c)D ;Z) = Z we have that Ext(H0(dD ;Z),Z) = 0 and hence 3

is an isomorphism. Thus g = 3  » a ° y is an epimorphism.
ci~e ^

Thus we have shown that E | f U G(D ) is a trivial bundle. By
c.

Lemma 4.2 we have that E j f 1 is a trivial bundle, hence Theorem 4.2 

follows.
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Abstract

TOTALLY PARALLELIZABLE MANIFOLDS 

by
David Tischler

A substantial theory has been developed to determine whether there 

exist sections of bundles associated to the principal bundle correspond­

ing to the tangent bundle of a manifold. However, very little is known 

about finding such sections which satisfy non-linear conditions. For ex­

ample, Reeb [6], p. 95, and Hirzebruch [l], Problem 9, ask; if a manifold 

admits a non-vanishing vector field does it admit a foliation of codimen­

sion 1. This question is still open; in fact, the answer is unknown for 

all odd-dimensional spheres, except for the trivial case of and for
3S on which Reeb constructed a foliation. Another example is the problem

of finding commuting vector fields on a manifold. Lima [3] and Rosenberg
3 1 2[7] have shown that, on S and S X S respectively, two pointwise

independent vector fields cannot commute. We will be concerned here with 

this sort of problem.

A pair of pointwise independent vector fields is called integrable 

if it defines a 2-dimensional foliation. We say a manifold is totally 

parallelizable if it can be parallelized by vector fields each pair of 

which is integrable. For an n-manifold, an equivalent condition to total 

parallelizability is the existence of n codimension 1 oriented foliations 

which meet transversally. A natural question to ask is: if a manifold is 

parallelizable is it totally parallelizable. This question is related to 

the question above. We devote most of this paper to constructions which 

totally parallelize manifolds.

In Section 2 we show that X § is totally parallelizable, where



§ is an arbitrary product of spheres. In Section 3 we show that

differentiable principal S^-bundles over 2-dimensional compact manifolds 
3(e.g., S or the lens spaces L(p,q) with q = 1) are totally 

parallelizable. Since all compact orientable 3-manifolds are paralleliz­

able, and since by Lickorish [2], they admit foliations of codimension 1, 

an interesting special case of the above question is: are all compact 

orientable 3-manifolds totally parallelizable. Aside from the S^-bundles 

mentioned above, I believe the answer is not known. In particular, it 

would be instructive to know the answer for the lens spaces L(p,q), 

q * 1 .

The results in Sections 2 and 3 make use of the constructions in 

Section 1. The main method for totally parallelizing a manifold S^ X N,

where dim N = n - 1 is as follows: 1) give n transversal foliations,
i X xidefined by 1-forms (0 , 1 s i S a, on S X C, where C c: R ; 2) for

some immersion cp: N - *  C, the I-forms (Id X cp) id  totally parallelize

S’*" X N . When cp extends to an immersion cp: M -* C where dM = N, then

we define a manifold EM, whose boundary is D(M), the double of M; and

an immersion Ecp: EM -* C* a  Rn + 1; and n+1 transversal foliations on
X XS X C* such that Id X Ecp totally parallelizes S X D(M) as above.

Using these methods we show that for certain manifolds N, there is an

immersion cp: N X -* Rn+C* which totally parallelizes S* X N X .

In Section 3 we represent an S’*"-bundle over a 2-manifold as the 

union of two product bundles whose boundaries have been identified. Then 

using the constructions of Section 1 we find three transversal foliations 

on each product bundle which agree with the identification of the bound­

aries. By decomposing S^-bundles as in Section 3 we are able to show the

existence of foliations of codimension 1 on some more S^-bundles.


