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1. Introduction.

A graph consists of a set of vertices V and a set E
(edges) of unordered distinct pairs of vertices from V. If
(vyw)e E then v and w are said to be adjacent. A famous theorem
of Ramsey asserts that if the number of vertices of a graph
is "large", then the graph contains either a "large" set of
mutually adjacent points (Kn) or a "large" set of mutually
nonad jacent points (Kh). In this work we examine a related
problem, first examined in [8].

A graph H is a subgraph of G if V(H)EV(G) and E(H)SE(G).
H is an induced subgraph of G (HCG) if V(H)EV(G) and for

any vy,we V(H), (v,w)e E(H) if and only if (v,w)e€ E(G). We
consider the set of all graphs, P, partially ordered by
inclusion as an induced subgraph,

We investigate the following question, intimately related
to Ramsey's Theorem: for a particular nonnegative monotonic
graph invariant, f, can we find a finite number of chains
(in the sense of our partial order) of graphs, with f—» =2
on each chain, so that for any graph G with f(G) large there
is a large graph H in one of the chains such that H is an
induced subgraph of G. We call an invariant with this
property a Ramsey function. This concept will be defined
more precisely in Chapter 2. But we remark here that Ramsey's
Theorem states that |V(G)| is a Ramsey function with the two

chains 0c<k,<X,<... and 0<kK,<ckK.<... .

1 2 1 "2
Here is another example of a Ramsey function. Assume

that the vertices of a graph G are labeled l,2,...,n==‘V(G)




The adjacency matrix, A(G), of a graph G has row 1 and column i

corresponding to the vertex labeled i and is a (0,l)-matrix
with (i,j)= 1 iff vertex i is adjacent to vertex j. The

eigenvalues of a_graph are the eigenvalues of its adjacency

matrix. A(G) is real and symmetric so its eigenvalues are
real, The smallest eigenvalue of G is denoted )&1_1.

We now describe two chains of graphs. One is the chain
consisting of graphs Hn' Hn has 2n+l points and consists of
a K2n and an additional pozgf adjacent to exactly n of the
points of K2n' The other is the chain of graphs Kl,n' El;&
consists of one vertex adjacent to n mutually nonadjacent
vertices. Hoffman [5] showed that Lﬂ(G)\ is a Ramsey function
with the two chains OcKl,lCKl,ZC“' and OC—H1CH2C... .
What this surprising result says is that if D}(G)‘ is very

large then G must contain either a large K1 or a large Hn
?

n
as an induced subgraph.

The idea of Ramsey function was stated in [8] to have
a convenient language to state this theorem and other results
about spectra of matrices associated with graphs. But it
seems appropriate to examine other invariants of graphs, not
necessarily related to eigenvalues, and to ask for each such
invariant whether or not it is a Ramsey function on P. This
is the theme of the thesis.

In Chapter 2 we give the precise definition of a Ramsey
funetion and we prove that for a particular graph invariant,
f, which is a Ramsey function, the corresponding chains of

graphs are essentially unique. We also introduce a convenient




notation which we will use for the many different graphs which
occurred in chains during this investigation.

In Chapter 3 we establish that many of the well-known
graph invariants are Ramsey functions. We then give a table
listing invariants which we know to be Ramsey functions and
the corresponding chains of graphs for each invariant.

Some results on 4 less well-known invariants are contained
in Chapter 4. We first give the definition for match*(G) and
achr*(G) and prove that they are Ramsey functions having (the
same) six different chains of graphs corresponding. These
results were first presented in [7] and are joint with Professor

Hoffman., We then define the Deletion number of a graph and

prove that it is a Ramsey function with six different chains
relating to it. Finally we give the definition of the Dilworth
number [3} of a graph and show that it is a Ramsey function

by showing that if the Dilworth number of a graph G is at

least a certain size then some particular large graph,H, being
in one of nine different chains must appear as an induced
subgraph of G.

A study of Ramsey functions for graphs might be perhaps
less interesting if all invariants turn out to be Ramsey
functions. In Chapter 5 we show that this is not the case
and develop methods of showing that a given function is not
Ramsey. We prove that certain invariants, for example, genus,
chromatic number, arboricity and others are not Ramsey functions.
We complete the chapter with a table of graph functions which

- we know are not Ramsey functions.




2. Preliminary Material.

2.1, Description of a Ramsey Function.

We begin with the definition of a Ramsey function. As
the study of Ramsey functions might be applicable to structures
other than graphs, we define Ramsey functions on a partially
ordered set, although we will only be concerned with the set
of all graphs (including the null graph) partially ordered by
inclusion as an induced subgraph.
Notation: For graphs H and G, HC G will mean that H_is an

induced subgraph of G.

Let P be a partially ordered set with 0<P, 0 <a for all
a<P, Let f be a nonnegative monotonic nondecreasing function
on P. So at<b implies f(a) € f(b).

Definition 1. For a ziven nonnegative monotonic nondecresing
function f defined on P, a chain O==ao<-al< a2<-... for which

f(ai)—’cc is called an f-chain.

Let F={<a; o | 171,200 0m; j=0,1,2,...} be a finite set of

f-chains.

Definition 2. For a given f and F#é and ae P let tF(a)=

max {jl for some i, aijé é}.
This is well defined since each f-chain begins with the element
0. In terms of the graphical items described in Chapter 1,
these definitions may be interpreted as follows:

1) What we had described as a chain of graphs gives us an
f-chain., For example, if f= IV(G)' we get the f-chains

2) Our finite set of f-chains, F, corresponds to the finite

set of chains of graphs, and




3) If we know the chains in F, and list them in matrix form
tF(G) is the column index, j, of an induced subgraph of G
furthest out in any of therows of the matrix.

Definition 3. An unbounded nonnegative monotonic (nondecreasing)

function £ on P is a Ramsey function if there exists a finite

set of f-chains, F, such that for any sequence S= 81185983000

in P, Sup f(s;)==° implies Sup ty(s;)==.
S S

2.2, BEssential Uniqueness of F.

In this section we will show that if f is a Ramsey function,
its corresponding set of f-chains, F, is essentially unique.
But first some terminology and a lemma,

Definition 4. A chain (a.l><P on which f-»<=¢ is said to be

chasing an infinite sequence {si} in P if there is an infinite
subchain <aij) and subsequence {sij} such that 3335% 853 fex
each j.
Lemma 1 (Chasing Lemma). If f is a Ramsey function with finite
set of f-chains, F, then any sequence {si} for which

sup f(si)=°0 has one of the chains of F chasing it.

i
Proof. Let f be a Ramsey function and F be its corresponding
set of f-chains, If S= {éi} is any sequence such that

Sup f(s.)== then in order to establish that Sup tF(s.)= oo

S * S .
as required in Definition 3, the elements of one of the chains
<a> of F are used infinitely often. This chain chases the
sequence {sﬁ .

A finite collection of f-chains, F, used in establishing

that f is Ramsey is minimal if no one of its chains chases




any other chain. Note that, if two of the f-chains used in
establishing that f is Ramsey have the property that one chases
the other, then the latter may be deleted from F.

Propogsition 1. For a function f, the set F is essentially

unique, that is, if F and F' are minimal sets of f-chains used
in establishing that f is Ramsey, then each chain <ai) in ¥

can be paired with a chain (ai'> in F*' so that (aj? chases

(ai’> and (ai'> chases (ai>.

Proof. Suppose F and F' are minimal sets of f-chains used in
establishing that £ is a Ramsey function. C¢ sidering any
chain <aj} in ¥, Lemma 1 implies there is a chain <ai'> in F'
chasing it. But Lemma 1 also implies there is a chain (aj) in F
which is chasing <a;'y . Now since F is minimal and chasing is
a transitive relation, <aj> must equal (aj}. Thus (ai') chases

<ai.> and (ai) chases (ai').

2.3. Several Needed Lemmas.

We will at various times need results of the following

type: if f and g are graph invariants, and f(G) has a certain
lower bound, then there exists HC G such that g(H) has a certain
lower bound., The lemmas of this section are useful in making
such calculations.
Lemma 2. There exists a smallest positive integer R(n;m) such
that any coloring of the edges of the complete graph on R(n;m)
vertices with m colors has a monochromatic complete subgraph
of size n.

(This is Ramsey's Theorem),

We will write R(n) for R(n;2).




Lemma_3 Hoffman,[%] . There exists s function F(n) such that
any (0,1)-matrix with at least F(n) rows, all different, contains
a square submatrix of size n, which after permutation of rows

and columns has form I, J-I, or T. (I is the identity matrix,

J is the matrix of all 1's,,and T:=(tij) has tijs 1 iff i23).

note: In [61.Hoffman shows that F(n)é;j-éR(n’u)'l_l_

Lemma 4 [11, p.45]. There exists a function Q(n) such that

any square (0,1)-matrix of order at least Q(n) with all 1's

on the diagonal contains a principal submatrix of order n of
form I, J, T, or 7%, (Ssee Lemma 3 for descriptions of these),
(The proof shows Q{n)< R(n;4))

Lemma 5. There exists a function M(n) defined for all nezt
such that any square (0,1)-matrix with M(n) independent 1°'s

and at most n 1's in each column has a square submatrix of size
n which (after permutation of rows and columns) has form I.
Proof. We shall prove that M(n) € Q(n+1l). Permute the rows

and columns so that we have Q(n+l) independent 1's in the first
Q(n+1l) diagonal positions and consider the principal submatrix
corresponding to these positions. Applying Lemma 4 to this
submatrix we find it has a principal submatrix of order n+l of
form 1, J, T, or Tt. J, T, and Tt are impossible, for these
would contradict the fact that every column of our matrix had

at most n 1's. Therefore we find a submatrix of order n of

form I. (Thus, using Lemma 4, M(n) < R(n+l;4)).

The next lemma will be used in Chapter 4 to establish

that the Dilworth number is a Ramsey function.




Lemma 6. There exists a function D(n) such that any (0,1)-

matrix M with D(n) rows and columns in which each row except
the first must contain a zero and any upper row of M contains
a 1l in some column where a lower row contains a 0, has a sub-

matrix of order n which (after permutation of columns only)

.t

has form I, T, or J-I.

R(n;4)+1 .
Proof. We show that D(n)s2 22 +R(n,4)+l- Suppose M has
D(n) rows and the other properties described above. Either

2R M) epin,n)

(1) Row 1 has a 1 in a column in which 2 of the
lower rows have O's, or

(2) For every 1 in row 1, less than ZZR(n;%)+R(n;4) of the
lower rows have 0's in the same column.

In case (1) holds we T

get a submatrix of the 8

form at the right where * § ZZR(n;AZ*R(n;q)

the * part is yet to é

be determined.

In case (2) holds we get I{{oToToT I

a submatrix of the form g R(n; 1)

at the right where the * % 2% +3(n;4)

# part is yet to be i

determined.

In either case we iterate the same procedure on the smaller

submatrix‘#* and successive submatriges,:seeing whether statements

similar to (1) or (2) hold. At any time if the submatrix we

oRea

are concerned with is of order 2 we will find (by permuting

columns if necessary) an additional diagonal 1 entry with a 0




A-lag

entry directly below it and,.if (1) holds 2 -1 zeros

A-1
below that or if (2) holds 22 TrA-1

~1 ones below the 0 entry.
After R(n;4)+1l iterations of this process we will have a sub-
matrix M' of M found by permuting columns only which has all
1's on the diagonal and all O0's on the subdiagonal. M' is of
order R(n;4)+1. Applying the matrix form of Ramsey's Theorem
(see [11, p.@i]) we are assured of finding a submatrix M" of

M of order n (by permuting columns only) having form I, Tt,

or J_Io

2.4, Graph Types.

In this section we describe the notation for various
graphs which have arisen in f-chains for the invariants we have
considered during this investigation. We follow Harary [9]
where possible,

Whenever we mention the chain G_ we mean the chain

th element in the chain.

Oc:Glc G2< »e+ where we specify the n
If G and G2 are graphs where V(Gl) n V(G2)= ¢ , the graph
G= Gl~4 Gz has V(G)='V(Gl) v V(GZ) and E(G)= E(Gl)u E(Gz).
The graph G = G, + G, has V(G)= V(Gl)v'V(Gz) and E(G)=
E(Gl)v E(Gz)u {all edges <vl’V2)| v, € V(Gl)’ & eV(Gz)} .

nG consists of n disjoint copies of G. The :complement of G,
&, has V(B) = V(@) and E(T)= {<vi,vj)| (vi vy EE@), 14 5] .

Definition 5. A path is a sequence Vi€

19V01800 00 0r€ 15V,

where the v, are distinect and ei=(vi,v )€E(G). The length

i+l
of a path is the number of edges in it.

Definition 6. A graph is bipartite if its vertex set can be

partitioned into sets A and B so that there are no adjacencies

among vertices within either set.



(a)
(b)

(e)

(d)

(e)

(h)

(1)
(3
(k)
(1)
(m)

an Kn
Gn: Kn
Gn: Kl,n
G’nnKn,n
G, = Hy
Gn= Pn
Gn: Tn
Gn==Wn
Gn =nK2
Gn =nK3
an nP3 =nKlp2
G»n = 2Kn
Gh==nK2

10

consists of n mutually adjacent vertices.
consists of n mutually nonadjacent
vertices,

consists of a vertex adjacent to n

other mutually nonadjacent vertices.

is the bipartite graph with |A|=|B| = n
having each vertex of A adjacent to

each vertex of B,

has 2n+1 vertices and consists of a

K2n with an additional vertex adjacent
to exactly n vertices of the K2n‘

is a path on n vertices (therefore

has length n-1).

is a bipartite graph with |A]=]|B| =n

and we can label the vertices of A by
1,2,...,n and vertices of B by
1',2',...40n"' g0 that vertex i is

ad jacent to j' iff i2].

is a bipartite graph with |A]l=|B| =n
and we can label the vertices of A
by 1,2,¢..,n and the vertices of B
by 1',2',...,n' so that vertex i is

adjacent to vertex j' iff i 4.
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G2

n-‘-‘—Knv Kn.

1

(n)
(o) 0

(p) G, =2K + K.

(o]
n]
=

=K, +

(@) G, =K -{edge}=K ,+ K,-

If Gl,Gzé(Kn,Kn} have adjacency matrices A(G;) and A(G,)
respectively, V(Gl)/vv(G2)= ¢ and G3 is a bipartite graph with

Al =Bl =n having adjacency matrix (6) 0 B(G3)
A(G, )=

> B%ey) o

then the graph G= (Gyv Gz) + G3 '

is the graph with adjacency matrix A(Gl) B(GB)
B%(ay)  A(Gy)

(r) G, = (K, o K ) ¥ nk,.
(s) G, = (K v Kh) +T
(t) 6 = (K v K )+ W.
(w) G, = 2K + nK,= 'Tn.
(v) G =2k + T .

If Gl, Gz and G3 are bipartite graphs with disjoint vertex

sets having adjacency matrices:

0 B(G,) 0 C(a,) 0 D(G)

aley)= | 4 o (R T R S I Y A
B'(G,) © c’(a,) © D"(G,) O
1 2 3

then providing the partitions
of the matrices are the right 0 B(¢,) Cﬁ(GZ)W
size (usually nxn) the graph 4

=\ 3 A(G) = [B7(Gq) 0 0
G —(Gln) Kn) $ G2 has
adjacency matrix at the right, _C(GZ) 0 0 R




1z

The adjacency matrix . -
of the graph 0 B(Gl) c (GZ)
< g ) 3 :
e=[e v B) 4 el 5o

- t
is as at the right. A(@)= B (Gl) 0 D(GB)

c(a,) Dt(GB) 0 :

b

With a particular correspondence between vertices of Gl and

those of Gz or G3 in mind, these graphs are well defined,

(w) Gn’z(Kl,n v Kn> -5 nk, (called an n-legged spider).
(x) Gn‘ (Tnu Kn) 3"”1 Tn.

(y1) @,= [a%1° Kn) 1 Ty é% The

(y2) %:B%uKﬁ*‘T ¥ K

2"* T;: here 'I‘rf is the
graph Tn with all
(i,i') edges deleted.
() e = [(z v ) & Tn] §. T here T® has the
defining relationship
of Tn reversed, i,e.,
i adjacent to j°

iff iz j (rather

than 1<j).
(¥y5) @, = BTn\; Kh) éi Tn] 35 Tg# T£¢ is the graph

Ti with the edges
(i,i") deleted.
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3., The Problem for Well-known Invariants.

3.1. Monotonic Functions.

We begin with a result which follows from one application

of Ramsey's Theorem.

Definition 7. The degree of a vertex is the number of edges

incident with it. A(G) is the maximum degree of all vertices

in G.

Theorem 1. A(G) is a Ramsey function with chains (a) and (c).
Proof. If A(G)2R(n) consider veV(G) with degree(v) =z R(n).
Let X= {W| (v,w)eiE(G)}. ‘X|2R(n). Apply Lemma 2 to X and we
find n of the vertices of X are mutually adjacent giving graph
type (a), or n of the vertices of X are mutually nonadjacent.
These n vertices together with v give an induced subgraph of
type (c). Also A(G)> <o on the chains (a) and (c¢), thus A(G)
is a Ramsey function.

The chromatic index or line chromatic number of G ig the

minimum number of colors needed to color the edges of G so that
adjacent edges have different colors.

Corollary 1. The line chromatic number is a'Ramsey function

with chains (a) and (c).
Proof. This follows from Theorem 1 using Vizing's relation
(see [9, p.133]): A(G) £ 1line chromatic number(@<a(G)+1.
A matching is a set of mutually non-incident edges from E(G).
The line independence number, match(G), is the number of edges
in a maximum matching in G.
Theorem 2., Match(G) is a Ramsey function with chains (a),

(d) and (i).
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Proof. It is easy to check that each of these chains is a
match~chain., We show that match(G) is a Ramsey function by
showing that if match(G)= R(R(Q(2n))) then tF(G)Z.n, where F
consists of the chains (a), (d), and (i). Consider a matching
in G of size R(R(Q(2n))) and label the vertices so that the

matching edges are (v.,v,'), i=1,2,...,R(R(Q(2n))). The v,

i
and vj' are all distinect, Apply Lemma 2 to the ] and eilther
R(Q(2n)) of the v, are mutually adjacent giving (a) or R(Q(2n))
are mutually nonadjacent, In the latter case assume without
loss of generality the the mutually nonadjacent vy have lowest
indices. Lemma 2 applied to vl"vz"""vRZQ(Zn) implies either
Q(2n) of them are mutually adjacent giving (a) or Q(2n) of

them are mutually nonadjacent. In the latter case again assume
lowest indices. Consider the square (0,1)incidence matrix M
of size Q(2n) where row i and column j correspond to 2 and v."'

J

respectively with mij=l iff A is adjacent to vj'. M has all

1's on the diagonal. Lemma 4 applied to M implies M has a
principal submatrix M' of order 2n having form I, J, T, or Tt.
If M'=I, (i) appears. If M'=J, (d) appears. If M'= T consider
the subgraph induced by the :last n rows and first n columns

of M'. This subgraph is (d). If M'= @°

, taking thefirst n rows
and last n columns we see that (d) appears. Since each (a),
(d), and (i) mentioned above is of size at least n,

tF(G)z n and match(G) is a Ramsey function.

The point covering number of G is the minimum number of

vertices from G such that every edge is incident with one of

* these vertices.
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Corollary 2. The point covering number is a Ramsey function

with chains (a), (d), and (i).
Proof. This follows from Theorem 2 since far any sequence of

graphs S= {Gl,Gz,..;} » Sup (point covering number(Gi)) = oo

G.€ S

iff Sup match(G;)=eo. *
Gie S

Definition 8. If X<Vv(G), I(X)= {v | (v.,x)e EB(Q), xeX}. If
AcE(G), I(A)= {(v,w)é E(G) | z#+v,w>(v,z)€ A or (z,w)= A}.

The edge absorption number of G is the minimum number of edges

in a set A<E(G) such that A v T(A) = E(G).

Corollary 3. The edge absorption number is a Ramsey function

with chains (a), (d), and (i).

The line covering number, qi(G), is the minimum number of
edges from G such that every ve;;;;-is incident with one of
these edges.
note: The line covering number is not defined for graphs with
isolated points thus we restrict our consideration in our

next theoren.

For any graph G the line graph of G,,L(G), has vertex set

corresponding to the edges of G and two distinct vertices of
L(G) are adjacent if and only if the edges that they correspond
to in G are incident.

The line graph enables us to apply Ramsey's Theorem to
the edges of G in terms of them being mutually incident or
mutually non-incident by applying Ramsey's Theorem to the
vertices of L(G) and interpreting the result for the edges

of G, We use this idea in the fo.lowing:
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Theorem 3. For the class of all graphs without isolated points,
the line covering number,le(G), is a Ramsey function with
chains (a), (c¢), and (i).

Proof. Each of the above chains is an ai-chain. We show that
Oi(G) is Ramsey by showing <yl(G)2.R(R(R(Q(n)))) implies

tF(G)Z n, where F consists of the chains (a), (c), and (i).
Consider a minimum line cover of.G with at least R(R(R(Q(n))))
edges. Apply Lemma 2 to these edges (or more properly to the
corresponding vertices of L(G)) and we find either R(R(Q(n)))

of these edges are mutually incident (case 1) or R{R(Q(n)))

of the edges are mutually disjoint (case 2).

Case 1., Call the point of mutual incidence x and call the other
ends of these edges enépoints. Applying Lemma 2 to the endpoints
we find either R{(Q(n))2 n of them are mutually adjacent or
R(Q(n))> n of them are mutually nonadjacent. In the former

case (a) appears. In the latter case x, together with the n
mutually nonadjacent endpoints gives us (c).

Case 2. Here we have a matching of size R{(R(Q(n))). The proof
of Theorem 2 shows that either (a) or (i) appears, each of size
at leastnor G contains an induced subgraph which has an

ad jacency matrix which can be put in the form:

o J o Y
or .
J 0 O

where J, T, and Tt are of order n. In either case consider

the principal submatrix determined by 11ereel

row 1 and rows nt+l through 2n, This 0

Heek e o

-matrix has the form at the right and
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is square of order n+l. This is the adjacency matrix of (e)

of size n, 1In all cases fF(G)Zli. Thuscxl(G) is a Ramsey
function.

Theorem 4, The number of edges in the line graph of G, 'E(L(G))!,
(or equivalently, the number of adjacencies among edges of G)

is a Ramsey function with chains (a), (c¢), (j), and (k).

Proof. We assume no isolated vertices or edges since these
contribute nothing to ‘E(L(G))‘. Each mentioned chain is a
lE(L(G))|-chain. We show that IE(L(G)” >
R(R(R(Q(R(R(Q(2Q(n+1)-1))))))) (R(R(R(Q(R(R(Q(2Q(n+1)-1)))))))-1)
implies tF(G) 2n, thereby establishing the theorem. Thus
suppose |E(L(G))| is as large as just stated. Then |E(G)‘=
[V(z(e))] 2 R(R(R(Q(R(R(Q(2Q(n+1)-1))))))). This follows from
the fact that a graph with p(p-l) edges has at least p vertices.
Applying Lemma 2 to the edges of E(G) (or more properly, to

the vertices of L(G)) we find either R(R(Q(R(R(Q(2Q{(n+1)-1}))))))
of the edges are mutually incident (case 1) or that same number
are mutually disjoint (case 2).

Case 1. The point of mutual incidence is of degree at least
R(R(Q(R(R(Q(2Q(n+1)-1)))))). Thus Theorem 1 implies (a) orx

(¢c) appears.

Case 2. Here we have a matching in G of,size at least
R(R(Q(R(R(Q(2Q(n+1)-1)))))). Theorem 3, part 2 implies (a)

or (c) appears or G contains the graph (i) of size at least
R(R(Q(2Q(n+1)-1))). 1In this latter casc we have an induced
R(R(Q(ZQ(n+l)—l)))K2. We assumed no isolated edges so each

of these Kz's is ihcident with another edge. Apply Lemma 2 to
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these new edges (or their corresponding vertices in L(G)) and
find R(Q(2Q(n+1)~1)) of them are mutually incident or
R(Q(2Q(n+1)-1)) of the

new edges are mutually .nﬂﬂ—uawﬁ(Q(zQ n+l)=1))

disjoint. 1In the former

case (c) appears. 1nduced
the latter case we find matchlng
R(Q(2Q(n+1)-1)) Py's

(not induced). Assume Wi\ W o WE (g (2q(n+1)-1) )

these are lined up and
the vertices are labeled

as in Figure 1. (Vi’wi)

are edges from the first X 2 %3 eeeees Xpio(2q(n+l)-1))
matching and (wi,xi) are

new edges., Apply Lemma 2 Figure 1

to the X4 In case of

mutual adjacency we find (a). Otherwise, Q(2Q(n+l)-1) of the
X; are mutually nonadjacent. Assume without loss of generality
that these are the X4 with lowest indices. By the proof of
Theorem 3, part -2, in considering the matching edges (wi,xi)

we find (c¢) or we find a graph (i) induced in G where the

edges of (1) are of the form (wj,xj). Assume that the Wj
involved have lowest indices. We thus have 2Q(n+l)-1 P3's

(not induced), each being a path (vi,wi,xi). The only possible
additional adjacencies are between \A and Xj vertices, as the
upper and lower matchings are induced (see Figure 2). Either

Q(n+l) of the edges edges (vi,xi) appear (case 2a) or Q(n+l)
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of the edges (vi,xi) }< Vi Vo Vg ... V2Q(n+l)-l
.. Cr 7 7 /D)

are missing.(case 2b).

(Assume lowest indices). induced

Case 2a., Case 2 of Theorem 3 matchlng

implies we get either (c) }{

appearing or (i) of order 2 (w- "'(ng(n+l) 1

n consisting of edges 1nduced
(vi,xi). The latter case \\\\\ matchlng
gives triangles consisting

of (vi,xi,wi). Thus (Jj) appears. xl Xo  Xg e XZQ(n+l)-l

Case 2b. Consider the square

(0,1)-incidence matrix M Figure 2

(for G) where row i and column

i correspond to vy and Xy respectively. ﬁij=l iff vy is not
adjacent to xj. M is of order Q(n+l) and has all 1's on the
diagonal. Lemma 4 implies M has a principal submatrix M'of
order n+1 having form I, J, T, or Tt. These correspond
respectively to incidence matrices M' (for G) of order n+l and
form J-I, O, Tt-I, and T-I. (We get these "complementary"
matrices by interchanging the roles of 0 and 1). If M'=J-I or
Tt-I, we consider the graph whose vertices correspond to the
first row of M' and all columns except the first column of M'.
This graph is (c¢) and is of size n. If M'=T-I, we consider
the graph whose vertices correspond to the first column of M®
and all rows except the first row of M'. This graph is (c¢) of
size n. If M' =0, n+l of the paths P3 are induced in G, thus

(k) appears. Thus 'E(L(G))‘ is a Ramsey function.
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3.2. Non-Monotonic Functions, f, and Corresponding Functions f°*,
Ramsey functions are required to be monotonic, For certain

interesting non-monotonic gra@h functions, fi we consider an

intimately related monotonic function, f', and ask whether

the function f' is a Ramsey function.

Definition 9. For a given non-monotonic function, f, its related

monotonic function £'(G)=max f(H).
Hc G

0dd(G) is the number of vertices of odd degree in G.
Corollary 4, 0d4d'(G) is a Ramsey function with chains (a),

(c), and (1i).

Proof. Each of the above mentioned chains is an 0d4d'-chain.
If 0dd'(G)=R(R(R(Q(n)))) then tF(G)an. Indeed, 04d'(G)=
R(R(R(Q(n)))) implies I H<G where 0dd(H)= R(R(R(Q(n))))
and |E(H)|2R(R(R(Q(n)))). It follows from the proof of Theorem 3
that tF(H)z n. But Hc G implies tF(G)zn where F consists
of the chains (a), (e¢), and (i).

A component of a graph is a maximal subgraph for which
there is a path between every two points. v eV(G) is a
cutpoint if the removal of v (and all its incident edges)
increases the number of components.,

The following are easy consequences of the definition
of a cutpoint:

(1) For any cutpoint A there exist points us and 1; which
are adjacent to vy such that vy is on every path from

uy to li (ui-li path condition).
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(2) Given n mutually adjacent cutpoints vi<sV(G) there exists
an X, adjacent to v, for each i such that (xi,vj)ﬁéE(G),
i# j, and the x; are mutually nonadjacent.

(3) Given n mutually nonadjacent cutpoints v, € V(G), all
adjacent to the same point z, then there exist points Xy
distinct from z such that (xi,vi)éfE(G) for each i and

(Xitz>v (Xi'xj)’ (Xi'vj) fE<G’)-

Let Cut(G)= the number of cutpoints in G.

Theorem 5, Cut'(G) is a Ramsey function with chains (k),

(r), and (w).

Proof. The chains (k), (r), and (w) are Cut'-chains since
Cut'(Gi)*—°° for each chain. We establish that Cut*(G) is

a Ramsey function by showing that Cut®(G) 2 R(nQ(R(Q(R(Q(n))))))
implies tF(G)er If Cut'(G) is as stated then there exists
HcG with Cut(H) 2R(nQ(R(Q(R(Q(n)))))). Apply Lemma 2 to the
cutpoints of H and find nQ(R(Q(R(Q(n))))) of them are mutually
adjacent of that same number of cutpoints are mutually

nonad jacent. In the former case (2) implies (r) appears. 1In
the latter case consider points us and li ad jacent to each of

the mutually nonadjacent cutpoints v; 80 that v is on every
F

ui-li path. We thus have nQ(R(Q(R(Q(n))))) paths of length 2,
with a cutpoint in the center of each path. Either n of the
paths are mutually incident (via endpoints) or Q(R(Q(R(Q(n)))))
of the paths are mutually disjoint. In the former case call
the point of mutual incidence z. (3) implies that (w) appears.

In the latter case consider the Q(R(Q(R(Q(n))))) paths lined
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up in a row with u; on // Ve us
top, Vi in the center,
and 1. on the bottom. o upper.

1 matching
These define upper and
lower matchings (see K((. 7
Figure 3). Recall that

lower

the v, are mutually € matching
nonad jacent. We check
for additional adjacencies. 1

Let the remaining A have
labels i=1,2,...,Q(R(Q(R(Q(n))))).
Let M be the square (0,1)-

Figure 3

incidence matrix where row i corresponds to vy and column i
corresponds to u;. M has all 1's on the diagonal. Lemma 4
implies M has a principal submatrix, M', of order R(Q(R(Q(n))))
having form 1, J, T, or;Tt. If M*=J, 7, or Tt then one of

the ui's is adjacent to n of the mutually nonadjacent vi's.
Thus (3) implies (w) appears. Therefore suppose M'=1I1I. Apply
Lemma 2 to the us corresponding to colurvs of M'., Either
Q(R(Q(n))) of the u; are mutually adjacent or Q(R(Q(n))) of

the u; are metually nonadjacent, In the former case (r) appears.
In the latter case we have an induced matching of order
Q(R(Q(n))) with edges (ui,vi). We may assume lowest indices.
Let N be the square (0,1)-incidence matrix of order Q(R(Q(n)))
where row 1 and column i correspond to vy and 1i respectively.

N has all 1's on the diagonal. ZILemma 4 implies N has a prin-

cipal submatrix, N', of ordér R(Q(n)) with form I, J, T, or Tt.
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IfN'=J, T, or Tt one of the li is adjacent to n of the mutually
nonad jacent v,. Thus (3) implies (w) appears. If N'=1I we

apply Lemma 2 to the li corresponding to columns of N'. Either
Q(n) of the li are mutually adjacent or Q(n) of the 1, are

mutﬁally nonadjacent. In

—

the former case (r) appears. us

K( VR Y D,
In the latter case we have /////
an induced matching 7 induced
sa*ching
between the v. and 1.,
i i —
Again assume lowest k

(C ( { ¢ OV
indices. The only
possible additional <;induced
matching

adjacencies are between
us and 1. vertices. (ui,li)¢E(G)

J rSTON NS D1y
for this would violate the ui-li K

path condition. Let M be the Figure 4

square (0,l)-incidence matrix of

order Q(n) where row i and column i correspond to uy and li
respectively. M has all O's on the diagonal. The matrix M

we get from M by interchanging O's and 1l's is fhe corresponding
incidence matrix for G. M has all 1's on the diagonal, Lemma 4
applied to M implies M has a principal submatrix M* of order n
with form I, J, T, or pb (for G). These correspond respectively
to a matrix M' (for G) with form J-I, 0, T°-I, and T-I. If
M'=J~I and n=1 or M'=Tt-—I or T-I and n=1 or 2, (w) appears.
otherwise these are impossible by the ui-li path condition.

Thus we would have M'= 0, which gives (k). Thus for all cases



tF(G)z n and Cut'(G) is a Ramsey function.
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A graph is connected.if it has only one component. A block

is a maximal, nontrivial connected subgraph without cutpoints.
Block(G) is the number of blocks in G.
Corollary 5. Block'(G) is a Ramsey function with chains (e¢),

(i), and (r).

Proof, The above chains are Block'~-chains. If Block'(G) =
nR{NQ(R(Q(R(Q(n)))))) then tF(G)z n. This follows since in
some He G there must be either n blocks meeting at one cutpoint
or Cut'(G)=zR(nA(R(Q(R(Q(N)))))). In the former case (c)
appears. In the latter case we find (k), (r) or (w) which

give (i), (r), and (c) respectively.

3.3. A Table of Ramsey Functions.

In this section we 1list all the graph functions which
we've found to be Ramsey functions plus several others which
appear elsewhere. Any terms not defined here can be found in
the cited reference or are standard and appear in [9]. When
a function is not defined for all graphs, we consider the
function over the largest class of graphs for which it is
defined. The results below for which no reference is cited
and for which the proof does not appear in this work can be
gotten by very straightforward arguments. We list the f-chains
in F for each of the Ramsey functions f. Dilworth number,
match#*, deletion number, and achr* are defined in Chapter 4,
where their stated results are proved.

The absorption number of G is min |A] such that

AcY
AvT(A)=V., (For T(A) see Definition 8).




®(¢) is the maximum number of graphs whose sum gives G.

The binding number of G is

min ‘JZLKﬂ .

g#xcv#r) K

Ramsey Function, f F for f

absorption number* (bi

achromatic number in [7] (2),(g),(h), (1)

achr# (d),(1),(1),(m),(n), (o)

binding number’ (a)

bip in {7] (a),(g),(h), (i)

bip#* in [7] (g),(h),(1),(m),(r),(s),(t),(u),(v)
block'’ (c)y(i),(r)

cut! (k) (), (W)

diameter’ (f)

Dilworth number (a)y (), (1), (%), (1), (¥y2), (¥3) s (¥4), (¥5]
A(a) (a),(c)

|E(n(e))] (a)4(e),(3), (k)

edge absorption number (a),(d), (1)

eq in [7] (a),(g)y(h), (1)

eq* in [7] (g)y(h), (1), (m),(r),(s),(t),(u), (v,
| (@) in [3] (), (e)

line chromatic number (a),(c)

line covering number (a),(c), (1)

match (a),(d), (1)

match¥* (d),(1),(1),(m),(n), (o)

@' (a)

point covering number

(a),(d), (1)
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Ramsey Punction, f F for f
point independence number (b)

number of components’ (b)

number of bridges® (e)s(i), ()
radius' (£)

deletion number

(), (k),(p)s(a),(r),(u)
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L, Lesser-Known Invarisnts.

In this chapter we give the definition of four newer
graph invariants: match*, achr*, the deletion number, and
the Dilworth number and establish that each is a Ramsey function.

Definition 10. The mixed achromatic number of a graph G,

achr#*(G), is the largest integer k such that there exists a
partition V(@)= Slu Szu ce eV Sy where each Si is a set of
mutually nonadjacent (independent) vertices or a set of mutually
adjacent vertices (a clique) but for i #j, S;v Sj is not an

independent set and Siu Sj does not determine a clique.

note: This definition implies |{i | Is;l= 1}'£1 ,

We prove the following which first appeared in [7].

Theorem 6. achr#*(G) is a Ramsey function with chains (d), (i),
(1), (m), (n), and (o).

Proof. One may check that each of the above is an achr*-chain.
We establish that achr¥*(G) is a Ramsey function &y showing that
achr*(G) 2 4P (R(R(2n)) )R(R(R(n)F(R(2n))) )+l implies tF(G)211
where F contains the above six chains. ILet B =F(R(R(2n)))

and A=R(R(R(n)F(R(2n)))). By the note following Definition 10
at most one subset in the partition of V(G) into  U4BA+1 parts
has cardinality 1. Thus there are at least 2AB disjoint
independent subsets Sy of V(G) each of cardinality at least 2
any pair of which are joined by an edge or there are at least
2AB disjoint cliques each of cardinality at least 2 any pair

of which are joined by at least one non-edge. Assume the
former, The latter case will follow directly from the argument

we give for the former since by considering the complement G
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opposite cases hold for corresponding partitions of v(a).
Note that for each achr¥-chain mentioned its "complementary™:
chain is also an achr*-chain.

Label the independent sets Sl,S SZAB' By hypothesis

2,--01
there exist vertices v, e Si guch that <vl'v2)'(v3’V4)""’

i

(VZAB_l,VZAB)eEE(G). Consider the (0,l)-incidence matrix M
with row i corresponding to Voi_1 and column i to Vog» M has
all 1's on the diagonal. Either B rows of M are all different
(case 1) or A rows of M are identical (case 2). A

Case 1. Consider the submatrix N of M whose B rows are all
different. Applying Lemma 3, we find a square submatrix N' of
N of order R(R(2n)) which (after row and column permutations
were performed) has form I, J-I, or T. Applying Lemma 2 to

the vertices corresponding to columns of N' we find either
R(2n) are mutually nonadjacent or R(2Zn) of them are mutually
adjacent. In either case consider the principal submatrix N"
of N' corresponding to the R(2n) column vertices. Apply Lemma 2
to the row vertices of N" and find 2n of them are mutually
nonad jacent or 2n of them are mutually adjacent. Consider the
principal submatrix N"' corresponding to the 2n row vertices

of N* . N"' has the same form as N' since we took principal
submatrices., We list the possible combinations and the results

of the above lemma applications:

Column vertices Row vertices Form of N"'! Chain appearing
nonad jacent nonad jacent I (i)
" " T or J~1 (d)

"

ad jacent I (n)
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Column vertices Row vertices Form of N"! Chain appearing
nonad jacent ad jacent T or J-I (o)
ad jacent nonad jacent I (n)
" " T or J-I (o)
" ad jacent IorT (1)
" " J-I (m)

Case 2. A rows of M are identical. Thus since there are all
1's on the diagonal, M contains a square submatrix J of order
A, Apply Lemma 2 to the vertices corresponding to the columns
of J and find either R(R(n)F(R(2n))) of the vertices are
mutually nonadjacent or that same number are mutually adjacent.
Consider the principal submatrix J' corresponding to the vertices
just found. Apply Lemma 2 to the vertices corresponding to
the rows of J' and find either R(n)F(R(2n)) of these vertices
are mutually nonadjacent or that same number are mutually
adjacent. Again consider the principal submatrix J" corresponding
to the set of mutually nonadjacent (or adjacent) vertices found
in applying the lemma. We consider the combination found by
applying the lemma, (column vertices,row vertices) are:
(mutually nonadjacent,mutually nonadjgcent) then (d) appears,
(mutually nonadjacent,mutually adjacent) or (mutually adjacent,
mutually nonadjacent) then (o) appears. We are left to consider
the case (mitually adjacent,mutually adjacent).

Recalling the note following Definition 10, each row
vertex v for the matrix J" has another vertex x such that x
and v are in the same independent set Si. Consider the (0,1)

incidence matrix Z where row i of Z corresponds to the row
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vertex corresponding to row 1 of J" and column i corresponds

to some vertex x in the same indepéndent set S. as the row i
vertex v. About Z we know the diagonal is all zero. Now there
are R(n) rows of Z which are identical (case 2a) or F(R(2n))

rows of 2 are all different (case 2b).

Case 2a. Here a submatrix Z' of 2 is a O-matrix of order R(n).
Applying Lemma 2 to the vertices corresponding to columns of

7' we find either n of these vertices are mutually adjacent

or n of them are mutually nonadjacent., In the former case
taking these mutually adjacent x together with their corresponding
v vertices from the same independent set we see (1) appears.

In a similar manner for the nonadjacent x we find (n) appears.
Case 2b. Consider a submatrix of Z with F{(R(2n)) rows all
different. Applying Lemma 3 we find a square submatrix Z' of
order R(2n) which after having permuted rows and columns has
form I, J-I, or T. Apply Lemma 2 to the x vertices corresponding
to columns of Z' and find 2n of the x vertices are mutually
adjacent or 2n of them are mutually nonadjacent. In either

case we consider the principal submatrix Z" of Z' corresponding
to these vertices. 2" has form I, J-I, or T. Taking these x
vertices and their corresponding mutually adjacent v-vertices
from their same independent set we get the following: when

the x-vertices are mutually adjacent and Z"=1I or T, (1) appears.
When the x are mutually adjacent and Zn=J-I, we get (m). In
case of mutual nonadjacency among the X-vertices, Z"=71 or T

implies (n) appears, whereas Z"= J-I implies (o) appears.
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Definition 11. Match#*(Q) = min -gmatch(G), ma‘tch(@)}n

The following appeared in [7].

Theorem 7. Match#*(G) is a Ramsey function with chains (4},
(1), (1), (m), (n), and (o).

Proof. Each of these chains is a match¥-chain. We show that
match*(G) 2 F(R{R(2n)))R(nF(2n)) implies tF(G)?,n. Let
B=F(R(R(2n))) and A=R(nF(2n)). Definition 11 implies that
match(G) = AB and match(G) = AB. Consider a matching labeled
(Vi,Wi), i=l1,2,...,AB in G, Let M be the incidence matrix
where row i and column i correspond to Vs and LA respectively.
M has all 1°'s on the diagonal, Either B rows of M are all
different (case 1) or A rows of M are identical (case 2).

Case 1. This is identical +o case 1 of Theorem 6, thus (d),
(i), (1), (my, (n), or (o) appears.

Case 2. M contains A identical rows. Since the diagonal of

M is all 1's, we have a square submatrix J of order A. Lemma 2
applied to the vertices corresponding to the rows of J implies
there is a subset V' of these vertices of cardinality nF(2n)
such that V' is an independent set.or V' determines a clique.
Similarly there is a subset W' of the vertices corresponding

to columns of J such that W' is of cardinality nF(2n) and W'

is independent or W' determines a cligque. If V' and W' are
independent (d) appears. If V' is independent and W' determines
a clique or if V' determines a clique and W' is independent then
(o) appears. We are left to consider the case when both V' and
W' determine a clique of order nF(2n). Recall that match(G)

AB. This together with the fact that V' determines a clique
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of order nF(2n) implies that G contains a subgraph (not induced)
of the form (KnF(Zn)‘J KﬁF(Zn)) + nF(2n)K, (case 2a), or
(KnF(Zn) v R%E(Zn)) + Wh (case 2b) with other possible
additional adjacencies or nonadjacencies between the K and K
only (i.e., the K is induced), or (1) or (m) appears.

Case 2a. Let M be the square (0,1l)-incidence matrix of order
nF(2n) whose rows correspond to vertices of K and columns to
vertices of K so that there are all 1's on the diagonal. either
n rows of M are identical or F(2n) rows of M are all different.
In the former case M contains a square submatrix of form J and
order n. This produces (o). In the latter case consider a
square submatrix of order F(2n) having all rows different.
Lemma 3 implies that this submatrix produces a square submatrix
M' of order 2n and form I, J-I, or T. If M'=1I, (n) appears.

If M'=J~I or T, (o) appears.

Case 2b, This case follows directly from case 2a by con-
sidering the complement of G.

Thus in all cases tF(G)ZII and match¥*(G) is a Ramsey function.

A component of a graph is complete if its points are
mutually adjacent. In reading [2] we were led to formulate

Definition 12. The deletion number of a graph G, Delete(G),

is the minimum number of edges which must be deleted from G
so that all components become complete.

Clearly, Hc G implies Delete(H) £ Delete(G).

Lemma 7. For any A<V(G) for which the graph induced by A,
A, is a clique with n of its edges in a minimum deletion

there are at least n edges of G with exactly one endpoint in A.
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Proof. Suppose only m<n edges have only one endpoint in A.

Then Delete({V-AY)+n< Delete(G) < Delete(<V-A))+ Delete(<A )+m =
Delete(KV-AY )+m which implies n<m, a contradiction. Therefore
at least n edges of G have exactly one endpoint in A.

Theorem 8, Delete(G) is a Ramsey function with F consisting

of the e£ix chainss (c¢), (k), (p), (q), (r), and (u).

Proof. Since Delete(Gi)-»oo for each mentioned chain, the six
chains are Delete(G)=~chains. To prove that Delete(G) is a
Ramsey function we show that Delete(G) =
R(R(R(Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1))))))))))))))

implies tF(G)er We assume that G has no isolated cliques
since they clearly contribute nothing to Delete(G). Thus

suppose Delete(G) is as large as just stated and consider a

set of Delete(G) edges appearing in a minimum deletion. Applying
Lemma 2 to these edges (or more properly, to the corresponding
vertices of the line graph L{G)) we find either
R(R(Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1))))))))))))) of the
edges are mutually incident (case 1) or that same number of
deleted edges are mutually disjoint (case 2).

Case 1. Call the point of mutual incidence x, the edges x-edges,
and call the other endpoints of the x-edges z's. Lemma 2
applied to R(2nR(R(Q(n)))) of the z's implies either

2nR(R(Q(n))) of them are mutually nonadjacent or 2nR(R(Q(n)))

of the z's are mutually adjacent. In the former case (c)
appears. In the latter case consider a maximal clique containing
the x-edges incident with the mutually adjacent z's. This

clique ¢B) has at least 2nR(R(Q(n))) of its edges in the deletion




set. By Lemma 7 there are at least 2nR(R(Q(n))) edges of G
having exactly one endpoint in B. If there is a point y# B
which is adjacent to n points of B then (q) appears. Thus
suppose all ysz are adjacent to at most n-1 points of B.
Consider R(R(Q(n))) of the edges having only one endpoint in B,
Lemma 2 implies either R(Q(n)) of these edges are mutually
incident (case la) or R(Q(n)) of these edges are mutually
disjoint (case 1b).

Case la. The edges must be mutually incident via a point
b*<€B since any y¢# B is adjacent to at most n-1 points in B.
Lemma 2 applied to the y points of these edges implies either
Q(n) of them are mutually nonadjacent or Q(n) of them are
mutually adjacent. 1In the former case we find (c¢). In the
latter case the Q(n) y's can be adjacent to at most (n-1)Q(n)
of the b B. Thus there are Q(n) beB which are adjacent to
none of the mutuvally adjacent y. n such b's, b¥, and n of
the y's show that (p) appears.

Case_1lb. Here we have a matching between the b's and the y's.
Apply Lemma 2 to the y and find either

() Q(n) of the y are mutually adjacent, or

(5) Q(n) of the y are mutually nonadjacent.

In either case consider the matching edges corresponding to
these mutually adjacent (or nonadjacent) y. Suppose these
edges are labeled (bi,yi), i=1,2,...,Q(n). Let M Dbe the

th th

square (0,1)-incidence matrix whose i row and i column

correspond to bi and v respectively. Lemma 4 implies M has a

principal submatrix M' of order n having form I, J, T, or Tt.

34
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Since each y is adjacent to at most n-1 b's, M'=J, T, and Tt

are impossible. Thus M'=1I, If (4) holds (u) appears. If

(5) holds (r) appears.

case_2. R(R(Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1)))))))))))))

of the deleted edges are mutually disjoint (giving a matching

of that size)., Let the deleted edges be labeled (ui,vi),
i=1,2,...,R(R(Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1))))))))))))).
Applying Lemma 2 to the u; we find either

(6) R(Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1)))))))))))) of
the u; are mutually adjacent, or
(7)  R(Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1)))))))))))) of

the u, are mutually nonadjacent.
In either case we consider the vy corresponding to the
mutually adjacent (or nonadjacent) u;. Lemma 2 implies
(8) Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1))))))))))) of the

v, are mutually adjacent, or
(9)  Q(nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1))))))))))) of the

v; are mutually nonadjacent.
In either case we now concentrate on the matching edges (ui,vi)
corresponding to the mutually adjacent (or nonadjacent) Vi
We may assume the vy have lowest possible indices, Let M be
the square (0,l)-incidence matrix where row i and column i
correspond to uy and v respectively. M has all 1's on the
diagonal since (ui,vi)éiE(G). Applying Lemma 4 to M we see
that M has a principal submatrix of order
nQ(R(2Q(2nR(Q(n) )R(R(R(Q(Q(R(Q(n+1)))))))))) having form I, J,

T, or Tt. If (6) and (8) hold and M'= I, (u) appears.
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(6), (8), and M'= J we consider below as (case 2a)., If (6)

and (8) hold and M'=T or Tt, (q) appears. If (6) and (9)

hold or if (7) and(8) hold, M'= I implies (r) appears.

M'=J, T, or b implies (c¢) appears. If (7) and (9) hold
M'=J, T, or Tt gives (e¢). (7), (9), and M'= I gives us an
induced matching of nQ(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1))))))))))
edges, i.e., we have that many disjoint K,'s (case 2b).

Case 2a. We have a complete graph on at least 4nR(R(Q(n)))
vertices with 2nR(R(Q(n))) of its edges in the deletion set.

By Lemma 7 and case 1 either (c), (p), (q), (r), or (u) appear.
Case 2b. Since there are no isolated cliques we actually have
nQ(R(2Q(2nR(Q(n) )R(R(R(Q(Q(R(Q(n+1)))))))))) paths of length 2.
Each path is made up of a deleted edge an 2 "new" edge. Either
n of the paths are mutually incident (via new edges) or
Q(R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1)))))))))) of the paths are
mutually disjoint. In the former case we find (c). In the
latter case let the paths be labeled (ui,vi,li) where (vi’li)
are the new edges. The N be the square (0,l)-incidence matrix
where row i and column i correspond to vy and li respectively.
Lemma 4 implies N has a principal submatrix N' of order
R(2Q(2nR(Q(n))R(R(R(Q(Q(R(Q(n+1))))))))) with form I, J, T,

or Tt, If N'=J, T, or Tt we find (¢). Thus suppose N'=1,
Apply Lemma 2 to the li corresponding to the columns of N' and
we find 2Q(2nR(Q(n) )R(R(R(Q(Q(R(Q{n+1)))))))) of these 1, are
mutually adjacent or that same number of li are mutually

nonad jacent. In the former case (r) appears. In the latter

case we consider the remaining paths (ui,vi,li). Assume lowest




37

indices, The only possible K(, P

f

additional adjacencies are
between uy and 1. vertices

J induced
(Figure 5). Either half of “matching
the edges (ui,li) appear
(case 2bl) or half of the

.. Jnduced

edges (ui’li) are missing matching
(case 2b2)
Case 2bl. Case 2a of

Theorem 4 implies either

(c) appears or we have Figure
2nR(Q(n))R(R(R(Q(Q(R(Q(n+1)))))))

disjoint KB'S each containing an edge from the minimum deletion.
For each of these K3's consider a maximal clique containing it.
Either nR(Q(n)) of these cliques mutually intersect one another
(case 2bla) or 2R(R(R(Q(Q(R(Q(n+1))))))) of the maximal cliques
are mutually disjoint (case 2blb).

Case 2bla, If some point is contained in n of the maximal
cliques then that point together with a point from each of

the disjoint K3's in those maximal cliques shows that (c) appears.
Therefore suppose any point is in at most n-1 of the cliques.
Since any two of these cliques intersect and any point is in

at most n-1 of the cliques, we can find R(Q{n)) distinct points
y from different maximal cliques with all the y's adjacent to
some point x in one of the cliques. Lemma 2 implies that either
Q(n) of the y's are mutually nonadjacent or Q(n) of the y's

are mutually adjacent. The former case produces (¢). In the
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latter case suppose the y are indexed by i with v coming from
the ith maximal clique, i=1,2,...,Q(n). For each N there is

a ti in clique i distinct from Y5 with t; in the K3 around which
the ith clique was built. The ti are mutually nonadjacent,
Let N be the incidence matrix between the vy and ti. Lemma 4
implies N has a principal submatrix N' of order n having form
I, J, T, or Tt. If N*=1I, (r) appears. If N'=J, T, or Tt,
we find (c).

Case 2blb. Since each of the mutually disjoint cliques contains
an edge from the deletion set, Lemma 7 implies that the i-bh
clique C, has a pendant edge eis(pi,ai), ai¢(%) p; €0y,

Consider R(R(R(Q(Q(R(Q(n+1))))))) of the C; so that each of
their ey is incident with no other remaining Cj' Lemma 2 implies

(10) R(R(1.(a(R(Q(n+1)))))) of the e, are mutually incident (via ai),d

(11) RRQ(Q(R(Q(n+1)))))) of the e, are mutually disjoint.
In either case apply Lemma 2 to the Py in these e Either
(12) R(Q(Q(R(Q(n+1))))) of the p; are mutually ad jacent, or
(13) R(Q(Q(R(Q(n+1))))) of the p; are mutually nonadjacent.
When (12) holds the latter part of case 2bla implies either
(¢) or (r) can be found. If (10) and (13) hold, (c) appears.
Thus suppose (11) and (13) hold. Lemma 2 applied to the a;
corresponding to the mutually nonadjacent Py implies either
Q(Q(R(Q(n+1)))) of the a; are mutually adjacent or Q(Q(R(Q(n+1))))
of the a; are mutually nonadjacent. In the former case again
the latter part of case 2bla implies (c¢) or (r) appears. Thus
suppose the a; are mutually nonadjacent; We consider the

incidence matrix M between these a; and their corresponding P;.
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If on applying Lemma 4 to M we finhd its principal submatrix

M' has form J, T, or ’I’t

then (c¢) appears. If M'= I we have

an induced matching of Q(R(Q(n+l))) edges es. Since the cliques
are maximal, each a; has a b, so that (ai’bi) ¢E(G) where b;<C,.
For these bi let N be the incidence matrix between bi and Py

If on applying Lemma 4 to N we find N* has form J, T, or n®
then (c) appears. Otherwise N'=1I of order R(Q(n+l)). In this
latter case we apply Lemma 2 to the bi corresponding to rows

of N'. If Q(n+l) of the bi are mutually adjacent we discover
(r). If Q(n+l) of the b, are mutually nonad jacent, we consider
the paths (ai,pi,bi) where the only possible additional

ad jacencies are between a; and bj' i#j. This corresponds to
case 2b of Theorem 4 thus we find either (c) or (k).

Case 2b2. This also corresponds to case 2b of Theorem 4 thus

(¢c) or (k) appears. In all cases “tF(G) zn, therefore Delete(G)

is a Ramsey function,

For veV(G), L(v) = {w\ (v,w) eE(G)}. Consider the
following partial order on V(G): for v, weV(G) v<w iff
T(v)<T(w). It follows that v, weV(G) are incomparable
iff T(v)ET(w) and T(w)ET(v).

Definition 13 (3] . The Dilworth number of a graph G, Dilworth(G),

is the largest number of mutually incomparable vertices in G.
Theorem 9. Dilworth(G) is a Ramsey function with chains (a),
(h), (1), (x), (y1), (y2), (y3), (y4), and (y5).

Proof. All the vertices in (a) are incomparable as are all
those in (h) and (i). In any of the six other chains, all the

vertices of the B-part of the first bipartite graph Tn involved
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are mutually incomparable. Thus Dilworth(Gi%a-ooon each of

the nine chains, therefore each is a Dilworth-chain. We
establish the theorem by showing that Dilworth(G) =
R(F(R(D(R(Q{(2n)))))) implies tF(G)le. Let WV (G) be a set
of mutually incomparable vertices such that |W|z R(F(R(D(R(Q(2n))))))
Apply Lemma 2 to these vertices and we find either F(R(D(R(Q(2n)))))
of them are mutually adjacent or F(R(D(R(Q(2n))))) of the
vertices of W are mutually nonadjacent. In the former case

(a) appears. In the latter case let W< W be a set of
F(R(D(R(Q(2n))))) mutually nonadjacent, mutually incomparable
vertices. Let the adjacency matrix of G, A(G), be in a form

so that the first le rows and columns of A(G) represent
vertices from W'. The upper left block of A(G) is a matrix

of all 0's., Also the first lwﬁ rows of A(G) are all different
since the vertices of W' are mutually incomparable. Lemma 3
applied to the submatrix of A(G) corresponding to the first

lW'l rows produces a square submatrix M of order R(D(R(Q(2n))))
which after having permuted rows and columns has form I, J-I,

or T. Applying Lemma 2 to the vertices corresponding to columns
of M we find either D(R(Q(2n))) of these vertices are mutually
adjacent or D(R(Q(2n))) of them are mutually nonad jacent.

In the former case (a) appears. In the latter case consider

the principal submatrix M' of M determined by the mutually

nonad jacent vertices Jjust found. M®' has the same form as M.

If M'=TI we find (i) while M'=J-I gives (h). The case M'=T
requires further study since the information we have thus far
would imply T <G, but Dilworth(Tn)==2 for all n. We note the

form of the matrix using the information we have at this point.




b1

Here each of the blocks we know are square

of order D(R{(Q(2n))). We also know that

the vertices corresponding to the upper T

left block are mutually incomparable., Call

the vertices corresponding to the upper

left block W*., W'<cW'«W. Since the w'e W" are mutually
incomparable, we know that for the upper right block
(14) ZEach row of the upper right bleck, except possibly the
first, contains a zero and any upper row must contain a
1 in some column where a lower row contains a zero.
Since this condition must hold for the W" to be mutually
incomparable we may now apply Lemma 6 to the upper right block.
Lemma 6 implies that the upper right block has a square submatrix
N of order R(Q(2n)) having form (after column permutations only)
I, J-I, or Tt. In any event we apply Lemma 2 to the vertices
corresponding to columns of N, If Q(2n) of these vertices are
mutually adjacent we find (a). Therefore suppese Q(2n) of the .
column vertices are mutually nonadjacent. In this case we
consider the principal submatrix N' of N corresponding to these
mutually nonadjacent vertices. N' has the same form as N, If

N'= I, (i) appears while N'= J-I produces (h). For the case

-
when N'= T°, we list at the right the .

) 0 T T
submatrix for the information we now have.
Each block is of order Q(2n) and the block R
in the (2,3)-position and the block in the -

T 0

(3,2)-position are yet to be determined. L

Applying a slight variant (see DJJ) of Lemma 4 we find that

the (2,3)-block of the above matrix has a principal submatrix
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P of order 2n having one of the forms:

*** 1W *** 11
4%
(15) | T, (16) *u,
1 * LO #*
L E:3 *‘
€3 l (3¢ 1
Fy 0 *y 0
(A7) |y or (18) | o My
i " i e

Each #*entry is either a 0 or a 1. Thus n of the # are 0 or
n of the # are 1. The result of these possible combinations

are listed below:

Form of P n of the *'s are produces subgraph
(15) 0 (h)
(15) 1 (v2)
(16) 0 (¥y5)
(16) 1 (1)
(17) 0 (y3)
(17) 1 (y1)
(18) 0 (x)
(18) 1 (1)

In all cases tF(G)z'n, therefore Dilworth(G) is a Ramsey function.
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5. Functions which are not Ramsey Functions.

5.1, Methods of Incomparability.

In this chapter we develop methods which enable us to
show that a particular function is not a Ramsey function. We
then show that several particular graph invariants are not
Ramsey functions. We conclude the chapter with a table of
functions which we know not to be Ramsey functions.
Proposition 2. Given n and N. If for any n a.'s in P where

i
f(ai)> N for each i, there exist (bj) with f(bj)~r°° and all

bj are incomparable to each a9 then £ is not a Ramsey function.
Proof. Suppose f were a Ramsey function and let the number of
chains in F be n. Then given N, let a; be the first e in
each chain with f(aik)>'N. Suppose there exists a chain (bj>
as described above. Then by Lemma 1, one of the chains in F
must be chasing the sequence {bj}. This implies a, ¢ a;; &by
for some i and some bl in the sequence {bj}. Thus the bj are
not incomparable to all n ai's, a contradiction. Therefore
f is not a Ramsey function.
note: Proposition 2 gives a general method to establish that
a function on any partially ordered set is not Ramsey. In
terms of our partially ordered set of all graphs we have two
"methods of incomparability" which, in conjunction with Proposition 2
enable us to show that a particular graph invariant is not a
Ramsey function,

A cycle, Cn’ is a sequence V19879Vor€oreee sV € Yy where

the vy, i=1,2,...,n, are all distinet, (v,,v;,;)=e;<E(G) i<n,

and (Vn,Vl)=en€:E(G). The length of a cycle is the number of
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edges in the cycle. The girth of a graph G, g(G), is the

length of the shortest cycle (if any) in G. The circumference

is the length of any longest cycle., Our first incomparability
method deals with the girth.

Lemma 8. If G and H are graphs, each having girth, and f is

a nonnegative monotonic (nondecreasing) graph invariant, then
f(H) 2f(G) and g(H,» g(G) together imply that H is incom-
parable to G.

Proof. If H were comparable to G, f monotenic and f(H) 2 £(G)
would imply G<H. Since G is an induced subgraph of H,

g(@) 2 g(H), a contradiction. Thus H is incomparable to G.

The distance between two edge disjoint subgraphs of a

graph is the length of the shortest path (if any) from one
point in one subgraph to some point in the other. Our second
method, relating to the distance between two subgraphs, is

contained in our next theorem. An elementary contraction of

a graph G is the identification of two adjacent points u and v.
That is, we remove both u and v and insert a new point w so
that w is adjacent to all points in V(G)-{u,v} which u or v
were adjacent to.

Definition 14, The contraction number of a connected graph G,

Contract (@), is the minimum number of elementary contractions

which must be performed on G and its resulting contracted
graphs so as to form a complete graph (a clique).

Theorem 10. Contract(G) is not a Ramsey function.

Proof. Given n and N> n+3. Let Gi, i=1l,2,...,n be graphs

with Contract(Gi)> N. Consider graphs consisting of 2K 's
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separated by a single path of length p, m=3, pz0. We call
these barbell graphs. Considering the barbell graphs for

p=0,1,2,...,n, one of these barbell graphs is incomparable

to all n of the Gi‘ For this Bm=(2Km's separated by a path of
length p), letting m be arbitrarily large makes Contract(Bm) as
large as we wish while Bm remains incomparable to all the Gi'

Thus by Proposition 2, Contract(G) is not a Ramsey function.

5.2, Results for Graph Invariants.

A spanning tree of a connected graph G is a minimal

connected subgraph incident with every vertex of G.

note: Proposition 2 and Lemma 8, together imply that if for

a given graph invariant f there exist graphs G with arbitrarily
large f value and large girth, while f(Pn) remains bounded

then f is not a Ramsey function.

Theorem 1l. Circumference(G), girth(G), and the number of
spanning trees(G) are not Ramsey functions.

Proof. These follow easily from their definitions and from
Propusition 2 and Lemma 8.

A trail in a graph G is a sequence V11879V 5180y 00 47V
where the e; are all distinct (the Vs need not be distinct),
and (Vi’vi+l)=eié E(G).. Let Trail(G)= the length of the longest
trail in G.

Theorem 12. Trail(G) is not a Ramsey function.
Proof. Given n and N22n+2, Consider graphs ka consisting
of k cycles of length m mutually incident at a point. We call

these graphs windmills. Let(ka} be a chain of windmills

where m is fixed, Let G.y 1=1,2,...,n be graphs with Trail(Gi)> N.
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Consider the chains <Cmﬁ>’ 3zm<n+3. Any forest G with
Trail(G@) large will necessarily contain an induced path of
length 2n+3., ©None of the windmills in the chains we are
considering does, thus any forest with Trail large i1s incompar-
able to all <ka y 34m <n+3, k>0, We may assume therefore
that none of the Gi are forests and will show that the tail

end of one of the chains <ka> is incomparable to all the Gi'
Thus suppose the Gi have girth. Then one must have girth 3

or we could use <03k> to establish Trail(G) is not Ramsey.
Suppose, without loss of generality, that Gl has girth 3. Then

Gl is incomparable to some Cm‘ for each m, 3<m<n+3. For the

J
remaining Gi’ i=2,...,n, one must contain a cycle of length 4

or we could use the tail end of <Cuk> to show Trail(G) is not
Ramsey. Then let G2 have a cycle of length 4, Gy is incompar-

able to some Cm for each m, 4<m< n+3. Continuing in this

J
manner, by the time we reach Gn’ we will either have already
established that Trail is not Ramsey or we will find that Gn

(and the other Gi) is incomparable to some C Thus we

n+3,j"

use the tail end of {C j) and show via Proposition 2 that

n+3,
Trail(G) is not a Ramsey function,

A graph is said to be embeddable on a particular surface
if it can be drawn on that surface so that none of the edges
intersect. The genus of a graph G, genus(G), is the number
of handles needed on a sphere so that we can embed G on the

resulting surface. Subdividing an edge (u,v)e€ E(G) means

deleting this edge and inserting a new point w so that (u,w)

and (v,w)€ E(G). Two graphs G and H are homeomorphic if both
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can be obtained from the same graph by a sequence of subdivisions

of edges. Homeomorphic graphs have the same genus.,
Lemma 9 (see [9, p.118]1). genus(Kn)= [.(ll:lll.éll:ﬂl] ,

Theorem 13. Genus(G) is not a Ramsey function.
Proof. Given n and N> 0, let Gi' i=1,2,...,n be graphs with

genus(Gi) >N. Let M=max genus(G'i). Genus(G) > 1 implies g(@G)

i
exists. Let L =max g(Gi). Let KI}; be the graph K with each

i oo
edge subdivided k times. Consider the sequence S= {K];‘]'dz j=M+3

The elements of S are incomparable to each of the Gi by Lemma 8,
Also genus(sj)—-* oo by Lemma 9. Thus Proposition 2 implies

that genus(G) is not a Ramsey function.

The order of a partition is the number of sets it contains.

The chromatic number of a graph G, chr(G), is the smallest
order of a partition of V(G) so that adjacent vertices are in
different sets of the partition. For our next theorem we need:
Lemma 10 (see [9, p.129]). For all positive integers a and b
there exists a graph G with chr(G)=a and g(G)> b.

Theorem 14. The chromatic number, chr(G), is not a Ramsey function.

Proof. Given n and N2 2, let Gi’ i=1l,2,...sn be graphs with
chr(Gi) > N. Each Gi has girth. Let M=max chr(Gi). Let

i
L=mgx g(Gi). Consider a sequence {HJ} ;erl of graphs where

i .
each Hj has chr(Hj) =j and g(Hj)> L. By Lemma 8 the Hj are
incomparable to each of the Gi and clearly chr(Hj)—> oo,

Proposition 2 therefore implies that chr(G) is not Ramsey,.

A graph is regular of degree r if all of its vertices are

incident with exactly r edges. In examining whether or not a




given function is a Ramsey function, several problems are
ratner intractable without the aid of the following powerful
result of Sachs [12]:

Lemma 11, Given rz 3, g 23, there exists a graph G which is

regular of degree r and has girth g.

4(G) = the minimum degree of the vertices of G.

Theorem 15. §'(G) is not a Ramsey function.

Proof, @Given n and N> 2, let Gi, i=1l,2,...sn be graphs with
5’(Gi)>N, Let r=max 5'(Gi). Let M= max g(Gi). Consider
i

a sequence of graphs S:{S j}‘;r where Sj is regular of degree
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and g(Sj)z M+1., Lemma 8 implies the Sj are incomparable to all

the Gi' J'(Sj)-a oo , thus Proposition 2 implies 4'(G) is not

a Ramsey function.

A graph is a forest if it contains no cycles. The
arboricity of a graph G, Y(G), is the minimum number of line-
disjoint spanning forests into which G can be decomposed.
Theorem 16. The arboricity, Y(G), is not a Ramsey function.
Proof. Given n and Nz1l. ZLet Gi’ i=1,2,...n be graphs
where I‘(Gi) > N. g(Gi) exists since I‘(Gi)z 2 for each i. Let
M = max I’(Gi) and let L-:-m?x g(Gi). Tet S = {Sj};:zm be a

sequence of graphs, regular of degree j having girth L+l.

Using a formula of Nash-Williams, we find

E A - -
X(33) = yes, Ll )l_ S ML S N A
illval -1 |V(Sj)|“1 2(p-1) | |2

Thus by Lemma 8 all the Sj are incomparable to the Gi‘ Also

I(Sj)""' oo , thus by Proposition 2 Y(G) is not a Ramsey function.
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The infinite binary tree is constructed as follows: begin

with one vertex called the root said to be at level zero. The
root is adjacent to two vertices at level one. ZEach vertex at
level k21 is adjacent to one vertex at level k-1 and 2 vertices
at level k+1 so that there are Zk vertices at level k.

The question was raised as to whether a converse of Lemma 1
holds: if for a nonnegative monotonic function f on P, any
sequence {Si} with sgp £(S;)=ee has an f-chain chasing it,
does f have to be a Ramsey function? This question was answered
in the negative with the following example due to Joel Spencer
and Judith Longyear: let P consist of the vertices in the
infinite binary tree and v<w iff v is on the path from the
root to w. Let f(v) be the length of the path from the root
to v. For any sequence of points {sﬁ‘where s?p f(si)==°o ’
we can find an f-chain chasing this sequence. However, there
can be no finite set of f-chains, F, such that for any arbitrary
sequence {Sj},sqp f(Sj)=°o implies sup tF(Sj)=°°. Thus f

J
is not a Ramsey function.

Functions, f, which are not Ramsev Functions.

arboricity

chromatic number
circumference

contraction number

genus

girth

length of the longest trail

minimum degree of a vertex'

number of spanning trees.
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