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Abstract

A Generalized Nambu–Jona-Lasinio Model

by

Hu Li

Adviser: Professor Carl M. Shakin

We make use of the Nambu–Jona-Lasinio (NJL) formalism and real-time

finite-temperature field theory to calculate spectral functions, as well as Euclidean-

time hadronic current correlation functions in the deconfined phase of quantum

chromodynamics (QCD), and have made a comparison to the lattice results for

the correlators. Some resonant features are seen in our calculations. The spectral

functions obtained when using the maximum-entropy-method (MEM) and the lat-

tice data differ from the spectral functions that we calculate in our chiral model.

However, our results for the Euclidean-time correlators are in general agreement

with the lattice results, with better agreement when our temperature-dependent

coupling parameters are used than when temperature-independent parameters

are used for the NJL model.

We extend our calculations to study the excitations of dense quark matter at
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zero temperature and explore some consequences of the use of density-dependent

coupling parameters for the Nambu–Jona-Lasinio model.

We also use our model to study the optical potential of a quark in the quark-

gluon plasma and calculate the quark mean-free-path. Our results represent a

specific example of the dynamics of the plasma as described by the Stony Brook

group.
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Chapter 1

Introduction

Recent years have seen a great deal of interest in the properties of matter at

high temperature and density. One hopes to be able to understand aspects of

the dynamics of the early universe. One goal has been to study the creation of a

plasma of quarks and gluons by scattering heavy nuclei at very high energies. A

good deal of that work is being done at the relativistic heavy-ion collider (RHIC)

at the Brookhaven Laboratory.

In this thesis we have studied the properties of matter at high temperature

and density using a version of the Nambu–Jona-Lasinio model. This model has

been used to study matter at very high density, however, relatively few studies

have been made of this model at high temperatures.

Our work has been stimulated, in part, by various lattice studies of QCD at

finite temperature. For many years it was thought that one could consider the

quark-gluon plasma as a gas of quarks and gluons. These ideas have been changed

recently with the success of a hydrodynamic description of the quark-gluon plasma

in the early stages of the heavy-ion collision process. One reason that the hydro-

dynamic description is appropriate is that there are many resonances formed in

the quark-gluon system that lead to quite small quark mean-free paths.
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In our work we have studied various aspects of the quark-gluon plasma. We

have made several calculations of hadronic current correlation functions. The

results of these calculations could be compared to some results obtained in lattice

simulations of QCD. Results of our studies and comparison to lattice data are

presented in Chapter II of this thesis. In Chapter III we go on to study correlation

functions of various hadronic currents at finite matter density. Finally, in Chapter

IV we discuss quark propagation in dense matter and include a calculation of the

quark optical potential and the quark mean-free path. In our early work we did

not take into account resonances found in the quark-gluon plasma and obtained

long mean-free paths. The inclusion of the effects of resonance formation led to

results more in keeping with the present successful hydrodynamic description of

the quark-gluon plasma.
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Chapter 2

Temperature-Dependent Hadronic Correlation Function

2.1 Introduction

Euclidean-time hadronic current correlation functions contain information

about the hadronic spectrum, including information about the temperature de-

pendence of hadronic resonances, the widths of these states and the eventual

disappearance of such states from the spectrum at sufficiently high temperature.

In this work we calculate various hadronic correlation functions and compare our

results to results obtained in lattice simulations of QCD (1; 2; 3). The lattice

results for the correlators, G(τ, T ), may be used to obtain the corresponding

spectral functions, σ(ω, T ), by making use of the relation

G(τ, T ) =

∫ ∞

0

dωσ(ω, T )K(τ, ω, T ) , (2.1)

where

K(τ, ω, T ) =
cosh[ω(τ − 1/2T )]

sinh(ω/2T )
. (2.2)

The procedure to obtain σ(ω, T ) from the knowledge of G(τ, T ) makes use of the

maximum entropy method (MEM) (4; 5; 6), since G(τ, T ) is only known at a

limited number of points.
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In our studies we make use of the Nambu–Jona-Lasinio (NJL) model. The

Lagrangian of the generalized NJL model we have used in our studies is

L = q̄(i/∂ −m0)q +
GS

2

8∑
i=0

[(q̄λiq)2 + (q̄iγ5λ
iq)2] (2.3)

− GV

2

8∑
i=0

[(q̄λiγµq)
2 + (q̄λiγ5γµq)

2]

+
GD

2
{det[q̄(1 + λ5)q] + det[q̄(1− λ5)q]}+ Lconf .

Here, m0 is a current quark mass matrix, m0=diag(m0
u,m

0
d,m

0
s). The λi are

the Gell-Mann (flavor) matrices and λ0 =
√

2/31, with 1 being the unit matrix.

The fourth term is the ’t Hooft interaction and Lconf represents the model of

confinement used in our studies of meson properties.

In order to specify the parameters in Eq. (2.3) we may refer to Ref. (7).

There, a quite detailed fit was made to the properties of the η mesons. The

analysis yields fits to the first four experimentally known levels and provides

excellent fits to the mixing angles and decay constants of the η(547) and η′(958).

That work led to the specification of GS = 11.84 GeV−2. The ’t Hooft interaction

strength, GD, was taken to be in the range −220 GeV−5 ≤ GD ≤ −180 GeV−5

when calculating the properties of the η mesons. The value GV = 13.0 GeV−2

was used in Ref. (7).

In terms of these parameters we can introduce effective coupling constants

for states with particular quantum numbers. The effective coupling parameter
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involves the vacuum condensates α =< 0|ūu|0 >, β =< 0|d̄d|0 > and γ =<

0|s̄s|0 >. For the pseudoscalar-isovector states, we have (8)

Geff
P = GS + γ

GD

2
. (2.4)

We take α = β = −(0.241GeV)3 and γ = −(0.258GeV)3 (9). If we put GD =

−190 GeV−5, we find Geff
P = 13.47 GeV−2.

In Ref. (10) we presented relativistic random phase approximation (RPA)

calculations for the pion, kaon and several other mesons. It was found that in

the case of pion, that the use of Geff
P = 13.49 GeV−2 gave a pion energy of 140

MeV at T = 0. It is gratifying to see that an independent calculation gives

rise to essentially the same effective coupling constant as that obtained from the

parameters determined in Ref. (7).

If we consider the scalar-isovector states, the effective coupling constant is

Geff
S = GS − γ

GD

2
, (2.5)

which, for GS = −11.84 GeV−2, GD = 190.0 GeV−5 and γ = −(0.258GeV)3,

yields Geff
S = 10.21 GeV−2. When we compare Geff

P with Geff
S , we see that we can

expect the resonant enhancement of the spectral functions for the pseudoscalar-

isovector channel will be larger in magnitude than that of the spectral function

of the scalar-isovector channel. On the other hand, since the ’t Hooft interaction

does not affect the vector or axial-vector coupling constants, these coupling con-

stants would be equal in our model, leading us to expect quite similar spectral

functions for these two channels.
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In the study of the η mesons GV = 13.00 GeV−2 was used. However,the

results for the η mesons are not particularly sensitive to that parameter. In this

work we present the results for GV = 11.46 GeV−2.

It was found that the use of a sharp cutoff did not allow us to study ra-

dial excitations with a large number of nodes. However, a Gaussian regulator,

exp[−~k 2/α2], with α = 0.605 GeV, gave similar results as that of the sharp cutoff

Λ3 = 0.622 GeV for the low-lying states and also allowed us to describe radial

excitations with many nodes. Therefore, we use the Gaussian regulator with

α = 0.605 GeV in almost all of our calculations.

We calculated the temperature dependence of the spectra of various meons

using our generalized NJL model, which includes a covariant model of confinement

and presented results for the π, K, a0, f0 and K∗
0 mesons in Ref. (10). In that

work, temperature-dependent constituent quark masses were calculated using the

equation (11)

m(T ) = m0 + 2GS(T )Nc
m(T )

π2

∫ Λ

0

dp
p2

Ep

tanh(
1

2
βEp) . (2.6)

Here, m0 is the current quark mass, GS(T ) is a temperature-dependent coupling

constant introduced in our model. (In Ref. (10) we used what was termed

model 1 for GS(T ).) Here, Nc = 3 is the number of colors, β = 1/T and Ep =

[~p 2 + m2(T )]
1/2

. Further, Λ = 0.631 GeV is a cutoff such that |~p| ≤ Λ. We have

put Λ = 0.631 GeV, since that is the cutoff that is often used when solving Eq.

(2.6) (8). We have also used m0
u = 5.5 MeV and m0

s = 120 MeV. Since in our
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work dealing with meson spectra, we have used mu = 0.364 GeV and ms = 0.565

GeV as phenomenological parameters, we have put GS(0) = 2G, with G = 5.691

GeV−2, in the notation of Ref. (11), to reproduce those values. In Ref. (11) G is

one-half of the GS defined in Eq. (2.3)

Since the use of temperature-dependent coupling constants is an unusual fea-

ture of our work, we now describe some advantages that follow from that choice.

Our original introduction of temperature dependence, G(T ) = G[1−0.17(T/Tc)],

with Tc = 170 MeV, had the purpose of simulating the dynamical interactions

which eliminate pion or kaon condensation at relatively low temperatures. How-

ever, we found when solving Eq. (2.6) for the temperature-dependent constituent

mass of the up quark, chiral symmetry was (partially) restored at lower temper-

atures than when constant coupling parameters were used. This may be seen in

Fig. 2.1, where we show the results that follow from the use of a constant value

of G(T ) = 5.691 GeV−2(in the notation of Ref. (11)) as a dotted line. Here we

have used m0 = 5.5 MeV as the current quark mass. For the solid and dashed

curves in Fig. 2.1 we have used G(T ) = G[1 − 0.17(T/Tc)]. For the sake of this

discussion, let us consider the reduction of the constituent mass to 50 MeV from

364 MeV as signal of the (partial) restoration of chiral symmetry. For the dashed

and solid curves, that restoration take place at about Tc = 170 MeV, while for

the dotted curve the (partial) restoration of chiral symmetry takes place at about

250 MeV. For QCD, the transition temperature is about 150-170 MeV. Since we
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Figure 2.1: We exhibit the solution for mu(T ) obtained using Eq. (5.38) of Ref.

(11), where m0 = 5.50 MeV and Λ = 0.631 GeV. The dotted curve corresponds

to the use of a constant value G = 5.691 GeV−2, in the notation of Ref. (11).

For the solid and dashed curves we have used G(T ) = G[1− 0.17(T/Tc)]. For the

solid curve Tc = 0.170 GeV and for the dashed curve we have used Tc = 0.150

GeV.

are attempting to create a model that has some correspondence to QCD, with dy-

namical quarks, we see that the temperature-dependent coupling constants lead

to the desired behavior.

The temperature dependence of the constituent mass in the case of temperature-

dependent coupling constants is such that we described the mesonic confinement-

deconfinement transition as taking place at T ≈ Tc with Tc = 170 MeV in Ref.

(10). In that work we have studied the confinement-deconfinement transition for
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Figure 2.2: Temperature dependent constituent mass values, mu(T ) and ms(T ),

calculated in a mean-field approximation (11), are shown. [See Eq. (2.6)]. Here

m0
u = 0.0055 GeV, m0

s = 0.120 GeV, and G(T ) = 5.691[1− 0.17(T/Tc)], if we use

Klevansky’s notation (11). (The value of GS of Eq. (2.3) is twice the value of G

used in (11).)

the π, K, a0, f0 and K∗
0 mesons. We have checked that, without the introduction

of the temperature-dependent coupling constants, the confinement-deconfinement

transition would take place at a significantly higher temperature.

A further advantage of the use of our temperature-dependent coupling param-

eter is that the NJL interaction goes to zero for T = 5.88Tc.(It is put equal to zero

for T > 5.88Tc.) We suggest that that is consistent with QCD thermodynamics,

since it appears that the system is weakly coupled for T ≥ 6Tc (12).
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In Fig. 2.2 we show the behavior of both the up and strange quark constituent

masses calculated with Eq. (2.6) using current masses m0
u = 5.50 MeV and m0

s =

120 MeV. For the calculations made in this work, we have used the temperature-

dependent up (or down) quark masses shown in Fig. 2.2 for temperatures for

which the quark masses are quite small. Therefore, our results are insensitive to

variations of the mass values shown in Fig. 2.2.

In calculating the constituent mass values we have neglected the confining

interaction. That interaction was taken into account in our earlier Euclidean-

space calculation of the quark self-energy (13), which also included the effects

related to the ’t Hooft interaction. We found that, to a good approximation, we

could neglect the confining and ’t Hooft interactions, if we modified the value

of the NJL coupling constant, GS, and we adopt that approach when using Eq.

(2.6).

2.2 Polarization Functions at Finite Temperature

The basic polarization function that is calculated in the NJL model is shown

in Fig. 2.3. We will consider calculations of such functions in the frame where

~P = 0. In our earlier work, calculations were made after a confinement vertex

was included. That vertex is represented by the filled triangular region in Fig.

2.3. However, we here consider calculations for T ≥ 1.2 Tc where confinement

may be neglected. We will, however, use the temperature-dependent mass values
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Figure 2.3: The upper figure represents the basic polarization diagram of the

NJL model in which the lines represent a constituent quark and a constituent

antiquark. The lower figure shows a confinement vertex [filled triangular region]

used in our earlier work. For the present work we neglect confinement for T ≥

1.2 Tc, with Tc = 150 MeV.

shown in Fig. 2.2.

The procedure we adopt is based upon the real-time finite-temperature formal-

ism, in which the imaginary part of the polarization function may be calculated.

Then, the real part of the function is obtained using a dispersion relation. The

result we need for this work has been already given in the work of Kobes and

Semenoff (14). (In Ref. (14) the quark momentum in Fig. 2.3 is k and the anti-

quark momentum is k − P . We will adopt that notation in this section for ease

of reference to the results presented in Ref. (14).) With reference to Eq. (5.4) of
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Ref. (14), we write the imaginary part of the scalar polarization function as

Im JS(P 2, T ) =
1

2
(2Nc)βS ε(P 0)

∫
d3k

(2π)3
e−

~k 2/α2

(
2π

2E1(k)2E2(k)

)
(2.7)

{(1− n1(k)− n2(k))δ(P 0 − E1(k)− E2(k))

−(n1(k)− n2(k))δ(P 0 + E1(k)− E2(k))

−(n2(k)− n1(k))δ(P 0 − E1(k) + E2(k))

−(1− n1(k)− n2(k))δ(P 0 + E1(k) + E2(k))} .

Here, E1(k) = [~k 2 + m2
1(T )]1/2. Relative to Eq. (5.4) of Ref. (14), we have

changed the sign, removed a factor of g2 and have included a statistical factor

of 2Nc, where the factor of 2 arises from the flavor trace. In addition, we have

included a Gaussian regulator, exp[−~k 2/α2], with α = 0.605 GeV, which is the

same as that used in most of our applications of the NJL model in the calculation

of meson properties. We also note that

n1(k) =
1

eβE1(k) + 1
, (2.8)

and

n2(k) =
1

eβE2(k) + 1
. (2.9)

For the calculation of the imaginary part of the polarization function, we may

put k2 = m2
1(T ) and (k − P )2 = m2

2(T ), since in that calculation the quark

and antiquark are on-mass-shell. In Eq. (2.7) the factor βS arises from a trace
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involving Dirac matrices, such that

βS = −Tr[(/k + m1)(/k − /P + m2)] (2.10)

= 2P 2 − 2(m1 + m2)
2 , (2.11)

where m1 and m2 depend upon temperature. In the frame where ~P = 0, and in

the case m1 = m2 = m, we have βS = 2P 2
0 (1 − 4m2/P 2

0 ). For the scalar case,

with m1 = m2 = m, we find

Im JS(P 2, T ) =
NcP

2
0

4π

(
1− 4m2

P 2
0

)3/2

e−
~k 2/α2

[1− 2n1(k)] , (2.12)

where

~k 2 =
P 2

0

4
−m2(T ) . (2.13)

For pseudoscalar mesons, we replace βS by

βP = −Tr[iγ5(/k + m1)iγ5(/k − /P + m2)] (2.14)

= 2P 2 − 2(m1 −m2)
2 , (2.15)

which for m1 = m2 is βP = 2P 2
0 in the frame where ~P = 0. We find, for the π

mesons,

Im JP (P 2, T ) =
NcP

2
0

4π

(
1− 4m2

u(T )

P 2
0

)1/2

e−
~k 2/α2

[1− 2n1(k)] , (2.16)

where ~k 2 = P 2
0 /4 − m2

u(T ), as above. Thus, we see that, relative to the scalar

case, the phase space factor has an exponent of 1/2 corresponding to a s-wave
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amplitude. For the scalars, the exponent of the phase-space factor is 3/2, as seen

in Eq. (2.12).

For a study of the vector-isovector correlators, we introduce conserved vector

currents jµ,i(x) = q̄(x)γµλiq(x) with i=1, 2 and 3. In this case we define

Jµν
V (P 2, T ) =

(
g µν − P µP ν

P 2

)
JV (P 2, T ) (2.17)

and

Cµν
V (P 2, T ) =

(
g µν − P µP ν

P 2

)
CV (P 2, T ) , (2.18)

taking into account the fact that the current jµ, i(x) is conserved. We may then

use the fact that

JV (P 2, T ) =
1

3
gµνJ

µν
V (P 2, T ) (2.19)

and

Im JV (P 2, T ) =
2Nc

3

[
P 2

0 + 2m2
u(T )

4π

](
1− 4m2

u(T )

P 2
0

)1/2

(2.20)

× e−
~k 2/α2

[1− 2n1(k)]

' 2

3
ImJP (P 2, T ) . (2.21)

We now consider

βV
µν = Tr[γµ(/k + m1)γν(/k − /P + m2)] , (2.22)

and calculate

gµνβV
µν = 4[P 2 −m2

1 −m2
2 + 4m1m2] , (2.23)
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which, in the equal-mass case, is equal to 4P 2
0 +8m2(T ), when m1 = m2 and ~P =

0. This result will be needed when we calculate the correlator of vector currents

in the next section. Note that for the elevated temperatures considered in this

work mu(T ) = md(T ) is quite small, so that 4P 2
0 + 8m2

u(T ) can be approximated

by 4P 2
0 when we consider the vector current correlation functions. In that case,

we have

Im JV (P 2, T ) ' 2

3
Im JP (P 2, T ) , (2.24)

At this point it is useful to define functions that do not contain the Gaussian

regulator:

Im J̃P (P 2, T ) =
NcP

2
0

4π

(
1− 4m(T )2

P 2
0

)1/2

[1− 2n1(k)] , (2.25)

and

Im J̃V (P 2, T ) =
2

3

NcP
2
0

4π

(
1− 4m(T )2

P 2
0

)1/2

[1− 2n1(k)] . (2.26)

For the functions defined in Eq. (2.25) and (2.26) we need to use a twice-

subtracted dispersion relation to obtain Re J̃P (P 2, T ), or Re J̃V (P 2, T ). For ex-

ample,

Re J̃P (P 2, T ) = Re J̃P (0, T ) +
P 2

P 2
0

[Re J̃P (P 2
0 , T )− Re J̃P (0, T )] (2.27)

+
P 2(P 2 − P 2

0 )

π

∫ Λ̃2

m2(T )

ds
Im J̃P (s, T )

s(P 2 − s)(P 2
0 − s)

,

where Λ̃2 can be quite large since the integral over the imaginary part of the polar-

ization function is now convergent. We may introduce J̃P (P 2, T ) and J̃V (P 2, T ) as
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complex functions, since we now have both the real and imaginary parts of these

functions. We note that the construction of either Re JP (P 2, T ) or Re JV (P 2, T )

by means of a dispersion relation does not require a subtraction. We use these

functions to define the complex functions JP (P 2, T ) and JV (P 2, T ).

In order to make use of Eq. (2.27) we need to specify J̃P (0) and J̃P (P 2
0 ).

We found it useful to take P 2
0 = −1.0 GeV2 and to put J̃P (0) = JP (0) and

J̃P (P 2
0 ) = JP (P 2

0 ). The quantities J̃V (0) and J̃V (P 2
0 ) are determined in an anal-

ogous fashion. This procedure in which we fix the behavior of a function such as

J̃P (P 2) or J̃V (P 2), which may be used when making calculations for large P 2, is

quite analogous to the procedure used in Ref. (15). In that work we made use of

dispersion relations to construct a continuous vector-isovector current correlation

function that had the correct perturbative behavior for P 2 → −∞ and also de-

scribed the low-energy resonance present in the correlator due to the excitation

of the ρ meson. In Ref. (15) the NJL model was shown to provide a quite sat-

isfactory description of the low-energy resonant behavior of the vector-isovector

correlation function.

We may compare our expressions for (1/π)ImJ(P 2) with those given in Eq.

(2.13) of Ref. (16). We find that the scalar and pseudoscalar polarization func-

tions are defined there with a sign opposite to ours. However, since we have

defined the pseudoscalar current using the matrix iγ5 rather than γ5, which was

used in Ref. (16), our expression for the spectral function agrees with that of
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Ref. (16) with respect to the sign in the pseudoscalar case. In the case of the

vector and axial-vector spectral functions, we have the same sign convention as

that of Ref. (16).

In Ref. (16) use is made of the hard-thermal-loop (HTL) approximation.

It was found that the scalar channels are only moderately influenced by the

HTL medium effects, while the HTL vertex corrections lead to divergent vector

correlators.

2.3 Calculation of Hadronic Current Correlation Functions

In this section we consider the calculation of temperature-dependent hadronic

current correlation functions. The general form of the correlator is a transform

of a time-ordered product of currents,

iC(P 2, T ) =

∫
d4xeiP ·x ¿ T (j(x)j(0)) À , (2.28)

where the double bracket is a reminder that we are considering the finite-temperature

case.

For the study of pseudoscalar states, we may consider currents of the form

jP,i(x) = q̄(x)iγ5λ
iq(x), where, in the case of the π mesons, i = 1, 2 and 3.

For the study of pseudoscalar-isoscalar mesons, we again introduce jP, i(x) =

q̄(x)iγ5λ
iq(x), but here i = 0 for the flavor-singlet current and i = 8 for the flavor-

octet current. For the study of scalar-isoscalar mesons, we introduce jS,i(x) =

q̄(x)λiq(x), with i = 0 for the flavor-singlet current and i = 8 for the flavor-octet
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current (17).

In the case of the pseudoscalar-isovector mesons, the correlator may be ex-

pressed in terms of the basic vacuum polarization function of the NJL model,

JP (P 2, T ) (8; 9; 11). Thus,

CP (P 2, T ) = J̃P (P 2, T )
1

1−GP (T )JP (P 2, T )
, (2.29)

where GP (T ) is the coupling constant appropriate for our study of π mesons. We

have found GP (T ) = 13.49 GeV−2 by fitting the pion mass in a calculation made

at T = 0, with mu = md = 0.364 GeV. The result given in Eq. (2.29) is only

expected to be useful for small P 2, since the Gaussian regulator strongly modifies

the large P 2 behavior. Therefore, we suggest that the following form is useful, if

we are to consider the larger values of P 2

CP (P 2, T )

P 2
=

[
J̃P (P 2, T )

P 2

]
1

1−GP (T )JP (P 2, T )
. (2.30)

(As usual, we put ~P = 0.) This form has two important features. At large P 2
0 ,

Im CP (P0, T )/P 2
0 is a constant, since Im J̃P (P 2

0 , T ) is proportional to P 2
0 . Further,

the denominator of the second term on the right-hand side of Eq. (2.30) goes

to 1 for large P 2
0 . On the other hand, at small P 2

0 , that denominator is capable

of describing resonant enhancement of the correlation function. ( We may again

refer to Ref. (15), in which a similar approximation is described.)

The calculation of the correlator for pseudoscalar-isoscalar states is more com-

plex, since there are both flavor-singlet and flavor-octet states to consider. We
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may define polarization functions for u, d and s quarks: Ju(P
2, T ), Jd(P

2, T )

and Js(P
2, T ). (We recall that the factor of 2 arising from the flavor trace is

not included when these functions are calculated.) In terms of these polarization

functions we may then define

J00(P
2, T ) =

2

3
[Ju(P

2, T ) + Jd(P
2, T ) + Js(P

2, T )] , (2.31)

J08(P
2, T ) =

√
2

3
[Ju(P

2, T ) + Jd(P
2, T )− 2Js(P

2, T )] , (2.32)

and

J88(P
2, T ) =

1

3
[Ju(P

2, T ) + Jd(P
2, T ) + 4Js(P

2, T )] . (2.33)

We also introduce the matrices

J(P 2, T ) =




J00(P
2, T ) J08(P

2, T )

J80(P
2, T ) J88(P

2, T )


 , (2.34)

G(T ) =




G00(T ) G08(T )

G80(T ) G88(T )


 , (2.35)

and

C(P 2, T ) =




C00(P
2, T ) C08(P

2, T )

C80(P
2, T ) C88(P

2, T )


 . (2.36)

We then write the matrix relation

C(P 2, T ) = J(P 2, T )[1−G(T )J(P 2, T )]−1 . (2.37)
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For some purposes it may be useful to also define a t matrix

t(P 2, T ) = [1−G(T )J(P 2, T )]−1G(T ) , (2.38)

where t(P 2, T ) has the structure shown in Eqs. (2.34)-(2.36). The same resonant

structures are seen in both C(P 2, T ) and t(P 2, T ).

For the vector-isovector case, we then have

CV (P 2, T ) = J̃V (P 2, T )
1

1−GV (T )JV (P 2, T )
, (2.39)

where we have introduced

ImJ̃V (P 2, T ) =
2

3

[
P 2

0 + 2m2
u(T )

4π

](
1− 4m2

u(T )

P 2
0

)1/2

[1− 2n1(k)] (2.40)

' 2

3
ImJ̃P (P 2, T ) . (2.41)

(See Eq. (2.13) for the specification of k = |~k|.) In the literature, ω is used

instead of P0 (1; 2; 3). We may define the spectral functions

σV (ω, T ) =
1

π
Im CV (ω, T ) , (2.42)

and

σP (ω, T ) =
1

π
Im CP (ω, T ) . (2.43)

We may use the notation σ̄P (ω, T ) and σ̄V (ω, T ) for the spectral functions

given in the literature (1; 2; 3). We have the following relations:

σ̄P (ω, T ) = σP (ω, T ) (2.44)
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and

σ̄V (ω, T )

2
=

3

4
σV (ω, T ) , (2.45)

where the factor of 3/4 arises because, in Refs. (1; 2; 3), there is a division by 4,

while we have divided by 3 as in Eq. (2.19).

2.4 Numerical Results

2.4.1 Correlation Functions of Pseudoscalar-Isovector Currents: Nu-

merical Results

We perform calculations of hadronic current correlation functions for pseu-

doscalar and vector currents in the range 1.2 6 T/Tc 6 5.88. We make use of

two models for the temperature dependence of the NJL coupling parameters. For

model 1, we use G(T ) = G[1− 0.17(T/Tc)], which was the form used in our pre-

vious studies of meson properties (10) and hadronic current correlation functions

(17) at finite temperature. In this work we also introduce a model 2, for which

G(T ) = G[1 − 0.0289(T/Tc)
2]. In both cases, G(T ) = 0 for T/Tc = 5.88. For

values of T/Tc > 5.88 we put G(T ) = 0 for both models.

In Fig. 2.4 we show Im CP (P0, T )/P 2
0 for T/Tc = 1.5, and for model 1, as

a solid line. The dashed line represents the result at T/Tc = 1.5, if we put

GP (T ) = 0. The results for a broader range of temperatures are shown in Fig.

2.5. In Fig. 2.6 we show the ratios RP (P0, T ) = ImCP (P0, T )/ImC
(0)
P (P0, T )

calculated for various temperatures. Here, ImC
(0)
P (P0, T )/P 2

0 is calculated with
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Figure 2.4: Values of Im CP (P0, T )/P 2
0 are shown at T/Tc = 1.5 for model 1,

where GP (T ) = GP [1 − 0.17 (T/Tc)] (solid line). The dashed line represents

the result obtained when T/Tc = 1.5 and GP (T ) = 0. (Here, the dashed line

represents the values of Im J̃P (P0, T )/P 2
0 for T/Tc = 1.5.)

GP (T ) = 0. In Fig. 2.7 we show the ratio R
(P )
G (τ, T ) = GP (τ, T )/G

(0)
P (τ, T ) for

various temperatures. Here, G
(0)
P (τ, T ) represents GP (τ, T ) evaluated for GP (T ) =

0. In Fig. 2.8 we exhibit Im CP (P0, T )/P 2
0 for various temperature for model 2.

In Fig. 2.9 we show, as a dashed line, values of Im CP (P0, T )/P 2
0 at T/Tc =

5.88 obtained using a constant value of GP (T ) = 13.49 GeV−2. The solid line is

the result for model 1 (or model 2) at T/Tc = 5.88, in which case GP (T ) = 0 for

both models. Since we have argued that for T/Tc ∼ 6 the quark-gluon plasma may

be a weakly interacting system, the use of a constant value for GP (T ) appears

to be unacceptable. We present this result to support our argument that the
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Figure 2.5: Values of Im CP (P0, T )/P 2
0 are shown for model 1 and for various

temperatures: T/Tc = 1.2 [sold line], T/Tc = 1.5 [dashed line], T/Tc = 2.0

[dotted line], T/Tc = 3.0 [dashed-dotted line], T/Tc = 4.0 [dashed-double dotted

line], and T/Tc = 5.88 [short-dashed line].

coupling parameters of the chiral Lagrangian model should be made temperature

dependent to be consistent with QCD thermodynamics.

In Fig. 2.10 we show values of GP (τ, T )/T 3 for T/Tc = 1.5 [dashed line],

T/Tc = 3.0 [dash-dotted line] and T/Tc = 5.88 [solid line]. In Fig. 1 of Ref. (18)

we see a marked difference in the behavior of GP (τ, T )/T 3 and GV (τ, T )/T 3.
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Figure 2.6: The ratio RP (P0, T ) = ImCP (P0, T )/ImC
(0)
P (P0, T ) is shown for vari-

ous values of T/Tc = 1.2 [solid line], T/Tc = 1.5 [dashed line], T/Tc = 2.9 [dotted

line], T/Tc = 3.0 [dot-dashed line] and T/Tc = 4.0 [double dot-dashed line]. Here,

ImC
(0)
P (P0, T ) is calculated at temperature T with GP (T ) = 0.

2.4.2 Correlation Functions of Vector-Isovector Currents: Numerical

Results

In Fig. 2.11 we show the values of Im CV (P0, T )/P 2
0 for model 1 and for

T/Tc = 1.5, as a solid line. The result for T/Tc = 1.5 and GV (T ) = 0 is

represented by the dashed line. (See Fig. 2.4.) In Fig. 2.12 we show values

of Im CV (P0, T )/P 2
0 for various values of T/Tc and for model 1. Corresponding

results for model 2 are given in Fig. 2.13.

In Fig. 2.14 we show the ratio RV (P0, T ) = ImCV (P0, T )/ImC
(0)
V (P0, T ),
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Figure 2.7: Values of R
(P )
G (τ, T ) are shown for values of T/Tc = 1.2 [solid line],

T/Tc = 1.5 [dashed line], T/Tc = 2.0 [dotted line], T/Tc = 3.0 [dashed-dotted

line], and T/Tc = 4.0 [dashed-double dotted line]. For T/Tc = 5.88, R
(P )
G (τ, T ) =

1.

where ImC
(0)
V (P0, T ) is calculated with GV (T ) = 0. (See Fig. 2.6). In Fig. 2.15

we show the ratio R
(V )
G (τ, T ) = GV (τ, T )/G

(0)
V (τ, T ), where G

(0)
V (τ, T ) represents

GV (τ, T ) calculated with GV (T ) = 0. In Fig. 2.16 we show, as a dashed line,

values for T/Tc = 5.88 of Im CV (P0, T )/P 2
0 , which were calculated with a constant

value of GV (T ) = 11.46 GeV−2. The solid line represents the results for GV (T ) =

0, which is characteristic of models 1 and 2 when T/Tc = 5.88. The comments

made with respect to Fig. 2.9 are also applicable here.

In Fig. 2.17 we show values of GV (τ, T )/T 3 for T/Tc = 1.5 [dashed line],

T/Tc = 3.0 [dash-dotted line] and T/Tc = 5.88 [solid line]. These results were
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Figure 2.8: Values of Im CP (P0, T )/P 2
0 are shown at for various temperatures for

model 2, with GP (T ) = GP [1− 0.0289 (T/Tc)
2]. (See the caption to Fig. 2.5.)

obtained with model 1, and may be compared to those shown in Fig. 2.10,

where we see generally similar behavior. That is in strong contrast to the results

shown in Ref. (2), where GV (τ, T )/T 3 and GP (τ, T )/T 3 show quite different

behavior, with the result for the vector correlator close to the values for G(T ) = 0

at T/Tc = 1.5 and T/Tc = 3.0. This suggests that the value of GV = 11.46

GeV−2 that we have used in this work may be too large, or that the temperature

dependence of GV (T ) is such as to yield smaller values than those obtained in

this work for model 1 or model 2. (In general, we prefer the the second of these

possibilities, since our value of GV at T = 0 is set by fitting meson spectra.) In

Fig. 2.18 we show Im CV (P0, T )/P 2
0 for T = 1.5 Tc, for model 1, with GV = 11.46

GeV−2 [solid line], GV = 8.00 GeV−2 [dashed line], GV = 4.0 GeV−2 [dotted line]
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Figure 2.9: Values of Im CP (P0, T )/P 2
0 are shown for T/Tc = 5.88. The dashed

line represents the result when GP (T ) = GP = 13.49 GeV−2. The solid line

is the result for GP (T ) = 0, which is characteristic of models 1 and 2, when

T/Tc = 5.88. (The solid line, therefore, represents the values of Im J̃P (P0, T )/P 2
0

for T/Tc = 5.88.)

and GV = 0.0 GeV−2 [dot-dashed line].

2.4.3 Correlation Functions of Pseudoscalar-Isoscalar Currents: Nu-

merical Results

Some of our results for the imaginary parts of the pseudoscalar-isoscalar cor-

relators C00(P
2), C88(P

2) and C08(P
2) are shown in Figs. 2.19, 2.20 and 2.21,

respectively. In these figures the values are T/Tc = 1.2 [solid line], T/Tc = 1.6

[dashed line], T/Tc = 2.0 [dotted line], T/Tc = 4.0 [dashed-dotted line] and
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Figure 2.10: Values of GP (τ, T )/T 3 are shown for T/Tc = 1.5 [dashed line],

T/Tc = 3.0 [dashed-dotted line], and T/Tc = 5.88 [solid line]. These results were

calculated with model 1.

T/Tc = 6.0 [dashed-(double)dotted line]. There is a large peak seen in Figs.

2.19-2.21 at about 775 MeV. It is worth noting that the state that evolves from

the η′(958) with increasing temperature has a mass of about 750 MeV for T ' Tc.

However, an analysis of the mixing angle for the state at 775 MeV shows that it

is mainly an ss̄ state. Further work is needed to understand the relation between

the bound-state spectrum for T < Tc and the resonant structures seen for T > Tc.

Since the introduction of temperature-dependent coupling constants for the

NJL model is a novel feature of our work, we provide arguments in this section

to justify their introduction. We make reference to Fig. 1.3 of Ref. (12). That

figure shows the behavior of the ratio ε/T 4 and 3P/T 4 for the pure gauge sector
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Figure 2.11: Values of Im CV (P0, T )/P 2
0 are shown for T/Tc = 1.5. (See the

caption of Fig. 2.4.)

of QCD. Here ε is the energy density and P is the pressure. Ideal gas behavior

implies ε = 3P . The values of ε/T 4 and 3P/T 4 are compared to the value

εSB/T 4 = 8π2/15 for an ideal gluon gas. It may be seen from the figure that

at T = 3Tc there are still significant differences from the ideal gluon gas result.

Deviations from ideal gas behavior become progressively smaller with increasing

T/Tc and could be considered to be relatively unimportant for T/Tc > 5.

The use of our energy-dependent coupling constants is meant to be consistent

with the approach to asymptotic freedom at high temperature. In order to un-

derstand this feature in our model, we can calculate the correlator with constant

values of G00, G88 and G08 and with G00(T ) = G00[1 − 0.17 T/Tc], etc. (In this

work we use G00 = 8.09 GeV−2, G88 = 13.02 GeV−2 and G08 = −0.4953 GeV−2.)
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Figure 2.12: Values of Im CV (P0, T )/P 2
0 are shown for model 1 and for various

temperatures. (See the caption of Fig. 2.5.)

We now consider the values of Im C88(P
2) for T/Tc = 4.0. In Fig. 2.22 we show

the values of Im C88(P
2) calculated in our model with temperature-dependent

coupling constants as a dashed line. The dotted line shows the values of the

correlator for G00 = G88 = G08 = 0, while the solid line shows the values when

the coupling constants are kept at their values at T = 0. We see that we have

some resonant behavior in the case the constants are temperature independent.

In Fig. 2.23 we show similar results for T/Tc = 5.88. Here the temperature-

dependent coupling constants are equal to zero, so that the lines corresponding

to the dashed and dotted lines of Fig. 2.22 coincide. The solid line again shows

some resonant behavior at a value of T/Tc, where we expect only very weak

interactions associated with asymptotic freedom. We conclude that the model
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Figure 2.13: Values of Im CV (P0, T )/P 2
0 are shown for model 2 and for various

temperatures. (See the caption of Fig. 2.5.)

with constant values of the coupling constants yields unacceptable results, while

our model, which has temperature-dependent coupling constants, behaves as one

may expect, when the results of lattice simulations of QCD thermodynamics are

taken into account.

2.5 Comparison of Our Results with the Results Obtained in Lattice

Simulation of QCD

We believe is of interest to supplement lattice studies of hadronic current

correlation functions with calculations made using chiral Lagrangian models of

the type considered in this work. We have made some progress in exhibiting

results for such correlators in the present study. However, it is difficult to make
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Figure 2.14: Same caption as Fig. 2.6, except that we show RV (P0, T ) =

ImCV (P0, T )/ImC
(0)
V (P0, T ).

a definitive comparison of our results and the results obtained for the spectral

functions in the lattice simulations, since those results are accompanied by large

errors. Also, it is somewhat difficult to understand why the different behavior

seen for GV (τ, T )/T 3 and GP (τ, T )/T 3 in Ref. (2), leads to values for σP (ω, T )/ω3

and σV (ω, T )/ω3 that are rather similar (1; 2; 3). On the other hand, the chiral

Lagrangian model provides a systematic study, which may yield some guidance

for further studies of lattice QCD.

While it may be premature to compare our results for the spectral functions

with those given in literature, the errors for the Euclidean-time correlation func-

tions are small. Therefore, in this section we will make an extensive comparison

of our results with those presented in Ref. (2).
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Figure 2.15: Values of R
(V )
G (τ, T ) are shown for values of T/Tc = 1.2 [solid line],

T/Tc = 1.5 [dashed line], T/Tc = 2.0 [dotted line], T/Tc = 3.0 [dashed-dotted

line], and T/Tc = 4.0 [double dot-dashed line]. For T/Tc = 5.88, R
(V )
G (τ, T ) = 1.

2.5.1 Euclidean-Time Correlators of Pseudoscalar Hadronic Currents

In Fig. 2.5 we show the values of ImCP (P0, T )/P 2
0 . The large peak at

T/Tc = 1.2 has its origin in the properties of a pion-like mode that is present

after deconfinement has taken place. We note that no resonance is seen for

T/Tc = 3.0 [dot-dashed line], but resonance behavior is present for T/Tc = 1.5

[dashed line] and T/Tc = 2.0 [dotted line].

Before we proceed, it is useful to discuss the properties of the integral in

Eq. (2.1). We wish to show that the calculation of GP (τ, T ) is sensitive to the

properties of σP (ω, T ) for relatively small ω, when τT ∼ 0.5. On the other hand,
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Figure 2.16: Values of Im CV (P0, T )/P 2
0 are shown for T/Tc = 5.88. The dashed

line represents the result when GV (T ) = GV = 11.46 GeV−2. The solid line

is the result for GV (T ) = 0, which is characteristic of models 1 and 2, when

T/Tc = 5.88. The solid line, therefore, represents the values of Im J̃V (P0, T )/P 2
0

for T/Tc = 5.88.

when τT is small (or near 1), the integral is sensitive to the values of σP (τ, T ) for

large ω, where σP (τ, T ) increases as ω2 and is largely model independent. These

features may be seen in Fig. 2.24, where the solid line represents our calculated

values of σP (τ, T ) = (1/π)ImCP (ω, T ) for T = 1.5 Tc. The dashed line shows

K(ω, τ, T ) for τT = 0.5, while the dotted and dot-dashed lines show K(ω, τ, T )

for τT = 0.05 and τT = 0.10, respectively. We note that the 1/ω singularity in

K(ω, τ, T ) for small ω is compensated by the behavior of the spectral function at

small ω, σP (ω, T ) ∼ ω. These remarks also pertain to the calculation of GV (τ, T )
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Figure 2.17: Values of GV (τ, T )/T 3 are shown for T/Tc = 1.5 [dashed line],

T/Tc = 3.0 [dashed-dotted line], and T/Tc = 5.88 [solid line]. These results were

calculated with model 1.

made using σV (ω, T ).

In Fig. 2.25 we show the data we have taken from Ref. (2) as squares. The

solid line shows the result of our calculation of GP (τ, T )/T 3, as obtained from

our calculated values of σP (ω, T ) at T = 1.5 Tc. The deviation of our calculation

from the data for τT ' 0 or τT ' 1 is inconsequential, given our remarks

made in the previous paragraph. We also show the result for the case GP (T ) =

GP = 13.49 GeV−2 as a dotted curve. When comparing the solid curve and

the dotted curve we see evidence for the temperature dependence we have used:

GP (T ) = GP [1 − 0.17(T/Tc)]. (We have obtained the value GP = 13.49 GeV−2

by calculating the pion mass at T = 0 in our model.)
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Figure 2.18: Values of Im CV (P0, T )/P 2
0 are shown for T/Tc = 1.5 with GV =

11.46 GeV−2 [solid line], GV = 8.00 GeV−2 [dashed line], GV = 4.00 GeV−2

[dotted line] and GV = 0.0 GeV−2 [dot-dashed line]. Here, we have used model

1.

In Fig. 2.26 we show, as a solid line, our result for GP (τ, T )/T 3 at T = 3.0 Tc.

In this case the fit to the data taken from Ref. (2) is poor. Therefore, we have

investigated the case in which GP (T ) = 0 and show the result as a dashed line in

Fig. 2.26. The fit to the data of Ref. (2) is improved somewhat. We may suggest

that the suppression of GP (T ) at large temperatures may be greater than that

given by the form we have used, GP (T ) = GP [1− 0.17(T/Tc)].

In Fig. 2.27 we again consider the value T = 3.0 Tc. In this case, the solid

line is the result obtained when GP (T ) = 0, while the dotted line results when

we use a constant value for GP (T ) = GP = 13.49 GeV−2. We may compare our
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Figure 2.19: The imaginary part of the pseudoscalar-isoscalar correlator C00(P
2)

is shown. Here, T/Tc = 1.2 [solid line], 1.6 [dashed line], 2.0 [dotted line], 4.0

[dashed-dotted line] and 6.0 [dashed-(double)dotted line]. In this work we use

G00 = 8.09 GeV−2, G88 = 13.02 GeV−2 and G08 = −0.4953 GeV−2.

results for the spectral functions to those obtained using the MEM procedure and

depicted in Ref. (2). One essential difference is that we do not see the resonant

behavior reported there for T = 3.0 Tc at a rather high energy of about 2.4 GeV.

The peak in σ̄P (ω, T )/ω2 for T = 1.5 Tc is at about 1 GeV in Ref. (2), while for

T = 1.5 Tc our peak in Fig. 2.5 is at about 0.55 GeV.

In estimating the energies of the peaks we have used Tc = 150 MeV. However,

if we use Tc = 270 MeV, which is more appropriate for a lattice calculation

without dynamical quarks, the resonant structures would appear at still higher
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Figure 2.20: The imaginary part of the correlator C88(P
2) is shown. [See caption

to Fig. 2.19.]

energy.

2.5.2 Euclidean-Time Correlators of Lorentz-Vector Hadronic Cur-

rents

In Fig. 2.12 we present our values of ImCV (P0, T )/P 2
0 , which may be compared

to the values of σ̄V (ω, T )/ω2 given in Fig. 1 of Ref. (2). In Ref. (2) we find a peak

at about 1 GeV for T = 1.5 Tc and at about 2.5 GeV for T = 3.0 Tc. On the other

hand, there is some weak resonant behavior seen for T = 1.5 Tc [dashed line] in

our Fig. 2.12 at about 0.75 GeV which may reflect a residual enhancement due to

a ρ-like mode that is present after the confinement-deconfinement transition has
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Figure 2.21: The imaginary part of the correlator C08(P
2) is shown. [See caption

to Fig. 2.19.]

taken place. At T = 3.0 Tc [dot-dashed line], we see no resonance enhancement

in our work, in contrast to what is obtained by the MEM analysis of Ref. (2).

In Fig. 2.28 we show the data taken from Ref. (2) as squares. Here, there is

hardly any difference seen in the data reported for T = 1.5 Tc and T = 3.0 Tc. In

Fig. 2.28, the solid line represents our results for (3/4)GV (τ, T )/T 3 at T = 1.5 Tc.

We only achieve a fair fit to the data, but the fit is decidedly better than that

obtained when a constant value of GV (T ) = GV = 11.46 GeV−2 is used [dotted

line].

In Fig. 2.29 we compare our result for (3/4)GV (τ, T )/T 3 at T = 3.0 Tc [solid

line] with the data of Ref. (2). Here the fit is better than that of Fig. 2.26.
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Figure 2.22: The imaginary part of the correlator C88(P
2) is shown for T/Tc = 4.0.

The dashed line is the result for the temperature-dependent coupling constants

of our model, while the solid line represents the results for coupling constants

kept at their T = 0 values. [See caption to Fig. 2.19.] The dotted line shows the

values of the correlator when the coupling constants are set equal to zero.

Again, the use of a constant value of GV (T ) = GV = 11.46 GeV−2 yields a poor

result. We suggest that our analysis tends to support our choice of temperature-

dependent coupling parameters for the NJL model.
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Figure 2.23: The imaginary part of the correlator C88(P
2) is shown for T/Tc =

5.88. [See caption to Fig. 2.22.] Here the dashed and dotted lines of Fig. 2.22

coincide.

2.6 Calculation of the Momentum Dependence of Hadronic Current

Correlation Functions at Finite Temperature

We have calculated spectral functions associated with hadronic current cor-

relation functions for pseudoscalar and vector currents at finite temperature in

previous sections. Good fits were obtained for the spectral functions that were

extracted from lattice data by means of the maximum entropy method (MEM).

In this section we extend our calculations and provide values for the three-

momentum dependence of the vector correlation function at T = 1.5 Tc. We

consider the calculation of ImJV (P 0, ~P , T ). The momenta P 0 and ~P are the val-
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Figure 2.24: Values of K(ω, τ, T ) are shown for T = 1.5 Tc and τT = 0.05 [dotted

line], τT = 0.10 [dot-dashed line], and τT = 0.50 [dashed line]. The solid line

represents (1/π)ImCP (ω, T ). Here, we use the notation ω = P0 and have put

Tc = 0.150 GeV.

ues external to the loop diagram. Internal to the diagram, we have a quark of

momentum k + P/2 leaving the left-hand vertex and an antiquark of momentum

k − P/2 entering the left-hand vertex. It is useful to define

E1(k) =
∣∣∣~k + ~P/2

∣∣∣ (2.46)

=

(
k2 +

P 2

4
+ kP cos θ

)1/2

(2.47)
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Figure 2.25: Values of GP (τ, T )/T 3 are shown as a function of τT , with T =

1.5 Tc. The solid line represents the result of our calculation made for GP (T ) =

GP [1 − 0.17 (T/Tc)] with GP = 13.49 GeV−2. The dotted line is obtained when

we use a constant value GP (T ) = GP . The data (squares) are taken from Ref.

(2) for the case T = 1.5 Tc.

and

E2(k) =
∣∣∣~k − ~P/2

∣∣∣ (2.48)

=

(
k2 +

P 2

4
− kP cos θ

)1/2

. (2.49)

Here k = |~k| and P = |~P |.



44

0.0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1.0

1

10

100

1000
G

P (
 , 

T)
 / 

T3

T

Figure 2.26: Values of GP (τ, T )/T 3 are shown as a function of τT , for T =

3.0 Tc. The solid line is the result of our calculation made for GP (T ) = GP [1 −

0.17 (T/Tc)] with GP = 13.49 GeV−2, while the dashed line is obtained when

we put GP (T ) = 0. The data (squares) are taken from Ref. (2) for the case

T = 3.0 Tc.

We have

Im JV (P 0, ~P , T ) =
1

2
NcβV ε(P 0)

∫ kmax d3k

(2π)3

(
2π

2E1(k)2E2(k)

)
(2.50)

×{[1− n1(k)− n2(k)]δ(P 0 − E1(k)− E2(k))

−[n1(k)− n2(k)]δ(P 0 + E1(k)− E2(k))

−[n2(k)− n1(k)]δ(P 0 − E1(k) + E2(k))

−[1− n1(k)− n2(k)]δ(P 0 + E1(k) + E2(k))} .
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Figure 2.27: Values of GP (τ, T )/T 3 are shown for T = 3.0 Tc. Here the solid line

is the same as the dashed line in Fig. 2.26 and corresponds to GP = 0. The dotted

line is obtained when we use the constant value GP (T ) = GP = 13.49 GeV−2.

Here,

n1(k) =
1

eβE1(k) + 1
, (2.51)

and

n2(k) =
1

eβE2(k) + 1
. (2.52)

In Eq. (2.50), the second and third terms cancel and the fourth term does not

contribute. It is useful to rewrite δ(P 0 − E1(k)− E2(k)) using

δ[f(cos θ)] =
2∣∣ ∂f

∂ cos θ

∣∣
x

δ(cos θ − x) , (2.53)
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Figure 2.28: Values of (3/4)GV (τ, T )/T 3 are shown for T = 1.5 Tc. Here, the

solid line represents the result when we use GV (T ) = GV [1 − 0.17 (T/Tc)] with

GV = 11.46 GeV−2. The dotted line is obtained when we use a constant value of

GV (T ) = GV = 11.46 GeV−2. The data (squares) are taken from Ref. (2) for the

case T = 1.5 Tc.

where

x2 = cos2 θ (2.54)

=
4P 2

0 (k2 + P 2/4)− P 4
0

4k2P 2
.

We find

∣∣∣∣
∂f

∂ cos θ

∣∣∣∣ =
1

2
kP

∣∣∣∣
E1(k)− E2(k)

E1(k)E2(k)

∣∣∣∣ , (2.55)
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Figure 2.29: Values of (3/4)GV (τ, T )/T 3 are shown for T = 3.0 Tc. Here, the

solid line represents the result when we use GV (T ) = GV [1 − 0.17 (T/Tc)] with

GV = 11.46 GeV−2. The dotted line is obtained when we use a constant value of

GV (T ) = GV = 11.46 GeV−2. The data (squares) are taken from Ref. (2) for the

case T = 3.0 Tc.

and obtain

Im JV (P 0, ~P , T ) =
1

2
NcβV ε(P 0)(2π)2

∫ kmax k2dk

(2π)3
(2.56)

∫
1

2E1(k)E2(k)
[1− n1(k)− n2(k)]

∣∣∣∣
∂f(cos θ)

∂cos θ

∣∣∣∣

×δ(cos θ − x)d(cos θ) .

We note there is a singularity when E1(k) = E2(k). That occurs when cos θ = 0

or θ = π/2. For our calculations we eliminate the point with θ = π/2 when
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evaluating the angular integral over d(cos θ)δ(cos θ − x) in the last expression.

We obtain

Im JV (P 0, ~P , T ) = NcβV ε(P 0)
4π2

(2π)3

∫ kmax

k2dk (2.57)

× 1− n1(k)− n2(k)

kP |E1(k)− E2(k)|

∣∣∣∣
x

,

where x is obtained from Eq. (2.54),

x =
P 0

kP

[
k2 +

P 2

4
− P 2

0

4

]1/2

(2.58)

In the calculations we take Tc = 270 MeV, since we have usually made com-

parison to lattice calculations made in the quenched approximation.

In Fig. 2.30 we present σ(ω)/ω2, for various values of |~P |, as function of ω2.

Comparison may be made to the lattice data shown in Fig. 2.31 (19). (We note

that our calculation does not reproduce the second peak in the lattice data which

is known to be a lattice artifact.) The curves shown in Fig. 2.30 are given for

values of |~P | ranging from 0.10 GeV to 2.10 GeV in steps of 0.20 GeV. For these

calculations we have used kmax = 1.22GeV. Our results for the various values of

|~P | given in Fig. 2.30 may be compared to Fig. 20 of Ref. (20). We see that the

results calculated by completely different methods are similar.

The coordinate-dependent correlator C(z) is defined as

C(z) =
1

2

∫ ∞

−∞
dPze

iPzz

∫ ∞

0

dω
σ(ω, 0, 0, Pz)

ω
. (2.59)

We may also use the form

C(z) =
1

4

∫ ∞

−∞
dPze

iPzz

∫ ∞

0

dP 2 σ(P 2, 0, 0, Pz)

P 2
. (2.60)
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Figure 2.30: The imaginary part of the correlator σ(ω)/ω2 is shown for various

values of |~P | as a function of ω2. Starting with the topmost curve the values of

|~P | in GeV units are 0.10, 0.30, 0.50, 0.70, 0.90, 1.10, 1.30, 1.50, 1.70, 1.90 and

2.10. Here we have used GS = 1.2 GeV−2 and kmax = 1.22 GeV.

We have used the results of our calculations which were presented in Fig. 2.30

to calculate C(z) of Eq. (2.60). The result of that calculation is shown in Fig.

2.32. We note that the simple assumption for the behavior of this correlator

that is usually made, C(z) ∼ exp[−mscz], is born out in our calculation for

1GeV−1 < z < 3 GeV−1. For the study of charmonium on the lattice, values

found for the screening mass are given in Ref. (20).

For the result shown in Fig. 2.32 we obtain a screening mass of 1.02 GeV which

may be compared to the value of πT=1.27 GeV. The dotted line represents an
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Figure 2.31: The spectral functions σ/ω2 for vector states obtained by MEM are

shown (19). The solid line is for T/Tc = 1.5 and the dashed line is for T/Tc = 3.0.

The second peak is a lattice artifact.

exponential fit to our result. We have shown in an earlier work that exponential

behavior with the appropriate screening mass may be obtained for the full range

of z values if quite small values of kmax (of the order of 0.4 GeV) are used (21).

Finally, we note that an extensive discussion of screening masses appears in Ref.

(22).

2.7 Discussion and Conclusions

It is of interest to obtain further insight into the results shown in Figs. 2.26

and 2.27. To that end, we show various calculations made for ImCP (P0, T )/P 2
0
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Figure 2.32: The correlation function C(z) defined in Eq. (2.60) is shown. The

dotted line represents a fit using an exponential function.

in Fig. 2.33. There, for T = 3.0 Tc, the solid line is the result of our model, the

dotted curve corresponds to the use of a constant value of the coupling parameter

GP (T ) = GP = 13.49 GeV−2, while the dashed line is the result for GP (T ) = 0. A

comparison of the solid curve and the dashed curve leads to some understanding

of the results shown in Fig. 2.26, while a comparison of the dotted curve and the

dashed curve leads to further understanding of the results shown in Fig. 2.27.

Similar results are given for ImCV (P0, T )/P 2
0 in Fig. 2.34. For that figure, a

comparison of the solid curve and the dashed curve gives some insight into the

results shown in Fig. 2.29, where the dotted line corresponds to GV (T ) = GV =

11.46 GeV−2 and the solid curve represents the results of our model.
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Figure 2.33: Values of Im CP (P0, T )/P 2
0 are shown for T = 3.0 Tc. The solid line

is the result of our model with temperature-dependent coupling parameters, the

dotted line is obtained in the absence of the temperature dependence (GP (T ) =

GP = 13.49 GeV−2), and the dashed line represents the result for GP (T ) = 0.

We now return to the pseudoscalar case for T = 1.5 Tc. In Fig. 2.35 we show

ImCP (P0, T )/P 2
0 for our model [solid line], for GP (T ) = 0 [dashed line], and

for the case GP (T ) = GP = 13.49 GeV−2. We recall that our model, with the

temperature-dependent coupling parameter, gave rise to a excellent fit to the

data, as seen in Fig. 2.25. It is also of interest to present values of σP (ω, T ) =

(1/π)ImCP (ω, T )/ω2 for T = 1.5 Tc. In Fig. 2.36, the result of our model is

shown as a solid line, the dot-dashed line is for GP (T ) = 0, and the dotted line

is obtained when GP (T ) = GP = 13.49 GeV−2. It is seen, that for small values
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Figure 2.34: Values of Im CV (P0, T )/P 2
0 are shown for T = 3.0 Tc. The solid line

is the result of our model with temperature-dependent coupling parameters, the

dotted line is obtained in the absence of the temperature dependence (GV (T ) =

GV = 11.46 GeV−2), and the dashed line represents the result for GV (T ) = 0.

of P0, on the whole, the dotted line lies below the other curves, giving rise to the

behavior seen in Fig. 2.25 for τT ' 0.5.

It is worth mentioning that we have some additional evidence of the utility

of temperature-dependent coupling parameters for the NJL model. We note that

the confinement-deconfinement transition takes place in the range 150 MeV ≤

Tc ≤ 170 MeV for QCD with dynamical quarks. We then inspect Fig. 5 of

Ref. (23), where the constituent quark mass of the NJL model is presented as

a function of temperature for the case of a temperature-independent coupling
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Figure 2.35: Values of Im CP (P0, T )/P 2
0 are shown for T = 1.5 Tc. Here, the solid

line is the result of our model, the dashed line represent the result for GP (T ) = 0,

while the dotted line is obtained when we use GP (T ) = GP = 13.49 GeV−2. [See

Fig. 2.25 for the values of GP (τ, T )/T 3 calculated for T = 1.5 Tc, using the values

of Im CP (P0, T )/P 2
0 shown here as the solid and dotted line.]

constant. The mass value is 330 MeV at T = 0 and is about 260 − 300 MeV

when 150 MeV ≤ T ≤ 170 MeV. Thus, we do not see the (partial) restoration

of the chiral symmetry that is expected for T ∼ Tc. On the other hand, we see

in Fig. 1 of Ref. (10), where we have used a temperature-dependent coupling

parameter, that we have mu = 364 MeV at T = 0 and mu(T ) in the range of 50

to 100 MeV for 150 MeV ≤ T ≤ 170 MeV. That is much more in accord with

the (partial) restoration of chiral symmetry when T ∼ Tc. If we wish to consider
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Figure 2.36: Values of σP (ω, T ) = (1/π)Im CP (P0, T ) are shown for T = 1.5 Tc.

Here, the solid line corresponds to our model, with GP (T ) = GP [1−0.17 (T/Tc)],

the dot-dashed line is obtained when GP (T ) = 0, and the dashed line is for the

case GP (T ) = GP = 13.49 GeV−2. (See Fig. 2.37.)

the NJL as a useful low-energy model of QCD, it is much easier to discuss the

confinement-deconfinement transition if we use temperature-dependent coupling

parameters.

For ease of reference,we have calculated the constituent mass of the up quark

using the equation for the temperature-dependent constituent mass given in Ref.

(11). We have used a current quark mass of m0 = 5.5 MeV and a momentum

cutoff of Λ = 0.631 GeV. In Fig. 2.37, the dotted curve shows the result obtained

with G = 5.691 GeV−2 (in the notation of Ref. (11)). From Fig. 2.37 we see that
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Figure 2.37: We exhibit the values of mu(T ) obtained using Eq. (5.38) of Ref.

(11), with m0 = 5.50 MeV and Λ = 0.631 GeV. The dotted curve corresponds to

the use of a constant value G = 5.691 GeV−2, in the notation of Ref. (11). For

the solid and dashed curves we have used G(T ) = G [1 − 0.17(T/Tc)]. For the

solid curve we have put Tc = 0.170 GeV, while for the dashed curve, we have used

Tc = 0.150 GeV in our parametrization of G(T ).

at T = 0.150 GeV, mu = 0.318 GeV, while at T = 0.170 GeV, mu = 0.276 GeV.

The dashed and solid curves represent the result when G(T ) = G[1−0.17(T/Tc)].

For the solid curve (Tc = 0.170 GeV), mu = 77 MeV at T = 0.170 GeV. For the

dashed curve (Tc = 0.150 GeV), mu = 54 MeV at T = 0.150 GeV. Again, we see

that it is much easier to discuss the (partial) restoration of chiral symmetry at the

confinement-deconfinement transition when we use the temperature-dependent
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Figure 2.38: Values of mu(T ) are shown. The dashed curve is calculated with

m0 = 5.50 MeV. Here, G(T ) = G [1 − 0.17 (T/Tc)], with G = 5.691 GeV−2 and

Tc = 0.150 GeV. The solid curve is calculated with the same value of G(T ) and Tc,

but with m0 = 0. From the solid curve, we see that chiral symmetry is restored

at T = 0.136 GeV when m0 = 0.

coupling parameters of our model.

It is also of interest to exhibit the role played by the current quark mass. In

Fig. 2.38, the dashed curve, which was calculated for Tc = 0.150 GeV, is the same

as the dashed curve in Fig. 2.37. In Fig. 2.38, the solid curve shows the result

when m0 = 0. Here, we see restoration of chiral symmetry at T = 0.136 GeV,

when G(T ) = G[1− 0.17(T/Tc)] with Tc = 0.150 GeV.

We note that the value of Tc = 0.136 GeV is still within the uncertainty
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of the transition temperature for three-flavor QCD. For example, in Ref. (24)

the transition temperatures are given for two-flavor and three-flavor QCD. In

the latter case, Tc = 154 ± 8 MeV, with a suggested systematic error similar

to the statistical error, so that Tc = 154 ± 8 ± 8 MeV (24). (We have used

coupling constants determined in our studies of the three-flavor NJL model, so

that consideration of the transition temperature for that case is appropriate.)

If we wish to assign a physical interpretation of the parameter Tc in the ex-

pression for G(T ), we may use G(T ) = G[1− 0.135(T/Tc)] with Tc = 0.150 GeV.

That choice gives rise to restoration of chiral symmetry at T = Tc = 0.150 GeV

in the NJL model with m0 = 0. If we maintain the value m0 = 0, but use a

constant value for G(T ) = 5.691 GeV−2, with Λ = 0.631 GeV, we find restoration

of chiral symmetry at Tc = 208 MeV.

The calculations reported in Figs. 2.37 and 2.38 may also be made using

our Gaussian cutoff, exp(−~k2/α2), with α = 0.605 GeV. For example, we may

consider the dashed curve of Fig. 2.38. If we use the Gaussian cutoff and use

G = 6.004 GeV−2, instead of G = 5.691 GeV−2, we obtain a curve that is very

close to the dashed curve of Fig. 2.38 for T > 0.080 GeV. However, the mass at

T = 0 is 382 MeV instead of 364 MeV which was the value obtained using the

sharp cutoff of Λ = 0.631 GeV and G = 5.691 GeV−2.

We have performed what are essentially parameter-free calculations of hadronic

spectral functions and have computed the corresponding Euclidean-time correla-
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tion functions. The values of the coupling parameters, GP and GV , were fixed in

calculations of meson properties at T = 0. One interesting feature of our analysis

is the use of temperature-dependent coupling constants in the NJL model. In the

present work, we have provided some justification for the introduction of such

constants. Our work suggests that the coupling constants of the NJL model may

also be density-dependent, since one expects that high density may play a similar

role as high temperature, leading ultimately to a weakly interacting system at

high density. We have introduced density-dependent coupling constants in Ref.

(25) where we considered the confinement-deconfinement transition in the pres-

ence of matter. Since the study of matter at high density is a topic of active

investigation (26; 27; 28; 29; 30; 31; 32), our suggestion of density-dependent

coupling constants may have important consequences for such studies.
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Chapter 3

Calculation of the Excitations of Dense Quark Matter at

Zero Temperature

3.1 Introduction

A good deal is known concerning the properties of QCD at finite temperature.

However, the properties of QCD at finite matter density are not well known, since

the lattice simulations of QCD at finite chemical potential are only in a relatively

early stage of development (33; 34; 35; 36; 37; 38). We have studied the ex-

citations of the quark-gluon plasma by calculating hadronic current correlation

functions at finite temperature in last chapter. In this chapter we report upon

calculations of such correlators at finite matter density in the deconfined phase.

As in the large number of applications of the NJL model and related models to

the study of high-density matter (26; 27; 28; 29), we do not consider explicit

gluon degrees of freedom. Our calculations do not take into account the forma-

tion of diquark condensates associated with color superconductivity. One reason

for not studying diquark condensates and related matters at this time is that

we have some concerns as to the use of the NJL model with constant values of

the coupling constants at high density or high temperature. It is easier to dis-

cuss the matter of temperature-dependent effective coupling constants than to
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discuss density-dependent coupling constants, since a good deal is known about

QCD thermodynamics at finite temperature. We denote the critical tempera-

ture for the confinement-deconfinement transition as Tc and have used Tc = 170

MeV in our work. From studies of a pure gluon system in QCD, it is found

that at high temperatures one approaches a weakly interacting system slowly,

with some nonperturbative effects still present at temperatures T = 3Tc or 4Tc

(12). For definiteness, we assume that we can neglect nonperturbative effects for

T & 6Tc. For these high temperatures we would expect to be able to calculate

hadronic current correlators using the NJL model and obtain the result expected

in lowest-order perturbation theory at energies for which the effective Lagrangian

may be used. (In that regard, we limit our applications to P 2 < 4 GeV2.) How-

ever, we found in our studies that the calculated hadronic current correlations

functions had resonant features for T ∼ 6Tc, when temperature-independent cou-

pling constants were used (39). That was one of a number of reasons that we

replaced the temperature-independent coupling constants of the NJL model by

G(T ) = G[1 − 0.17T/Tc]. (We remark that other dependence on the parameter

T/Tc may be assumed, however, we have only explored the linear dependence

described here.) By analogy, we may introduce G(ρ) = G[1− βρ/ρc] where ρc is

the critical density for the confinement-deconfinement transition. In our earlier

work (25) we took ρc = 2.25ρNM , where ρNM is the density of nuclear matter.

Our introduction of the parameter β was not done in a systematic fashion in Ref.
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(25), but the values used had β ' 0.18. For the present work, we have used the

same value of ρc = 2.25ρNM and have taken β = 0.17. Therefore, for ρ & 6ρc,

we have assumed that the system has limited nonperturbative features. Since we

are not describing diquark condensation in this work, we might limit ourselves

to consideration of ρ values larger than, but not too different from ρc. However,

here we will also study the larger values of ρ . 6ρc in order to gain information

about a possible density-dependence of the NJL coupling constants, in analogy

to what was done in the case of our finite temperature studies (10; 17; 39).

Our calculations are made for zero values of the chemical potential. Thus,

we can present our results for hadronic current correlators for various values of

ρ/ρc. When calculations are made in that manner, we can present a particularly

transparent discussion of the role of “Pauli blocking”.

Our model for quark matter is that of two ideal Fermi gases of up and down

quarks with Fermi momentum pF . The density of the quark matter is given by

ρq = (2Nc/3π
2)p3

F , where Nc = 3 is the number of colors. That expression may

be put in contrast to the expression for the density of nuclear matter, ρNM =

(2/3π2)k3
F , where kF is the Fermi momentum of the ideal gas of nucleons. With

our form of G(ρ) in our model, we have assumed that at ρq = 5.88ρc = 13.2ρNM

the system is weakly interacting, since G(ρ) = 0 at that density. We may ask if

we can apply the NJL model at such high densities. When ρq = 13.2ρNM , we find

pF = 1.64kF = 0.44 GeV. Here we have used kF = 0.268 GeV for nuclear matter.
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Since a typical (sharp) three-momentum cutoff for the standard NJL model is

0.631 GeV (8; 39), we see that it is still possible to use the NJL model at the

largest density considered here. (It is possible to extend the range of application

by using a larger momentum cutoff for the NJL model. However, the cutoff is

usually fixed by fitting the pion decay constant, so that the range of variation of

the cutoff parameter is limited (8; 9; 11).)

In this work we study the correlators which involve the excitation of states with

the quantum numbers of the ρ, π, f0 and η mesons. In the following discussion ρ

will represent the density of quark matter. However, we will sometimes use the

notation ρq for that quantity.

3.2 Calculation of Hadronic Current Correlation Functions

The Lagrangian we use in our calculations is defined as before. [See Eq. (2.3).]

In this work we make use of the density-dependent constituent quark masses that

were calculated in Refs. (25; 40) using a mean-field approximation. The up (or

down) quark mass mu(ρ) is rather small for ρ > ρc and has relatively little effect

when calculating the hadronic current correlators. The strange quark mass for

ρ & ρc is approximately constant with ms(ρ) ' 440 MeV (25). (The difference

between the behavior of the up and down quark mass and that of the strange

quark mass is due to the fact that the quark matter we consider is nonstrange.)

In Fig. 3.1a we show the basic vacuum-polarization diagram of the NJL
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Figure 3.1: (a) The basic vacuum polarization diagram of the NJL model is

shown. The lines represent a constituent quark and antiquark of mass m(ρq). (b)

The filled region represents a confinement vertex used for calculations made for

ρ ≤ ρc (25).

model, where the lines denote either constituent quarks or antiquarks. (In Fig.

3.1b we show the introduction of a confinement vertex which is needed in our

studies for T < Tc or ρ < ρc. Since we are considering the deconfined phase, we

can disregard the confinement vertex for this work.) With reference to Fig. 3.1,

we denote the quark momentum as P/2 + k and the antiquark momentum as

−P/2 + k, and work in the frame where ~P = 0.

In forming the imaginary parts of the vacuum polarization functions, the

quark and antiquark go on mass shell, so that we have ~k2 = (P 0)2/4 − m2(ρ).

It is easy to see that there is a minimum value of |~k| = pF , where pF is the

Fermi momentum of either the up or down ideal quark gases. For smaller values

of |~k| the excitation is “blocked” by the Pauli Principle. Thus, we see that in

calculating the imaginary part of a vacuum polarization function, one obtains
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nonzero values above a minimum value of P 0, (P 0)2
min = 4(p2

F +m2(ρ)), where pF

is related to the quark density by the expression p3
F = (3π2/2Nc)ρq, given earlier.

We now consider the imaginary part of the vacuum polarization function

corresponding to scalar currents. We find in the case an up (or down) quark is

excited

ImJS(P 2) = Nc
P 2

0

4π

(
1− 4m2

u(ρ)

P 2
0

)3/2

e−
~k2/α2

θ[P 2
0 − 4(p2

F + m2
u(ρ))] . (3.1)

This expression contains a factor of 2 arising from the flavor trace. Here ~k2 =

P 2
0 /4 −m2

u(ρ) appears in the Gaussian regulator. (We have used Gaussian reg-

ulators for most of our calculations made using the NJL model. The value of

α = 0.605 GeV yields results that are similar to those obtained with the sharp

three-momentum cutoff parameter Λ = 0.631 GeV.) For pseudoscalar mesons, we

may use Eq. (3.1) with the phase-factor exponent of 3/2 replace by 1/2 when

the constituent mass is small (17). The real parts of the vacuum polarization

functions are obtained by means of a dispersion relation.

We now consider the calculation of density-dependent hadronic current cor-

relation functions. The general form of the correlator is a transform of a time-

ordered product of currents,

C(P 2, ρ) = i

∫
d4xe ip·x ¿ T(j(x)j(0) À , (3.2)

where the double bracket is a reminder that we are considering the finite density

case.
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For the study of pseudoscalar states, we may consider currents of the form

jP, i(x) = q̄(x)iγ5λ
iq(x) where, in the case of the π mesons, i = 1, 2, and 3.

For the study of pseudoscalar-isoscalar mesons, we again introduce jP, i(x) =

q̄(x)iγ5λ
iq(x), but here i = 0 for the flavor-singlet current and i = 8 for the

flavor-octet current.

In the case of the π mesons, the correlator may be expressed in terms of the

basic vacuum polarization function of the NJL model, JP (P 2, ρ). Thus,

Cπ(P 2, ρ) = JP (P 2, ρ)
1

1−Gπ(ρ)JP (P 2, ρ)
, (3.3)

where Gπ(ρ) is the coupling constant appropriate for our study of the π mesons.

(We have found Gπ(0) = 13.49 GeV−2 by fitting the pion mass in a calculation

made at ρ = 0.)

For a study of the correlators related to the ρ meson, we introduce conserved

vector currents jµ, i(x) = q̄(x)γµλ
iq(x) with i = 1, 2 and 3. In this case we define

Jµν
ρ (P 2, ρ) =

(
g µν − P µP ν

P 2

)
Jρ(P

2, ρ) , (3.4)

taking into account the fact that the current jµ, i(x) is conserved. We may then

use the fact that

Jρ(P
2, ρ) =

1

3
gµνJ

µν
ρ (P 2, ρ) (3.5)

=
2Nc

3

[
P 2

0 + 2m2
u(ρ)

4π

](
1− 4m2

u(ρ)

P 2
0

)1/2

e−
~k 2/α2

θ[P 2
0 − 4(p2

F + m2
u(ρ))](3.6)

' 2

3
Jπ(P 2, ρ) (3.7)
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and write the approximate expression

ImJρ(P
2, ρ) ' 2

3

NcP
2
0

4π

(
1− 4m2

u(ρ)

P 2
0

)1/2

e−
~k 2/α2

θ[P 2
0 − 4(p2

F + m2
u(ρ))] (3.8)

for the vacuum polarization function of the vector-isovector currents. Here ~k2 =

P 2
0 /4−m2

u(ρ) appears in the Gaussian regulator. Thus, we define

Cρ(P
2) = Jρ(P

2)

[
1

1−GV (ρ)Jρ(P 2)

]
, (3.9)

where we have suppressed reference to the density dependence of the correlator

and the vacuum polarization function. We have used GV (ρ) = GV [1− 0.17ρ/ρc]

with GV = 11.46 GeV−2 for the calculations reported here.

The calculation of the correlator for scalar-isoscalar states is more complex,

since there are both flavor-singlet and flavor-octet states to consider. We may

define polarization functions for u, d and s quarks: Ju(P
2, ρ), Jd(P

2, ρ) and

Js(P
2, ρ). These functions do not contain the factor of 2 arising from the fla-

vor trace that was introduced when calculating ImJπ(P 2, ρ), ImJS(P 2, ρ) and

ImJρ(P
2, ρ) earlier in this section.

In terms of these polarization functions we may then define

J00(p
2, ρ) =

2

3
[Ju(p

2, ρ) + Jd(p
2, ρ) + Js(p

2, ρ)] , (3.10)

J08(p
2, ρ) =

√
2

3
[Ju(p

2, ρ) + Jd(p
2, ρ)− 2Js(p

2, ρ)] , (3.11)

and

J88(p
2, ρ) =

1

3
[Ju(p

2, ρ) + Jd(p
2, ρ) + 4Js(p

2, ρ)] . (3.12)
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We also introduce the matrices

J(p2, ρ) =




J00(p
2, ρ) J08(p

2, ρ)

J80(p
2, ρ) J88(p

2, ρ)


 , (3.13)

G(ρ) =




G00(ρ) G08(ρ)

G80(ρ) G88(ρ)


 , (3.14)

C(p2, ρ) =




C00(p
2, ρ) C08(p

2, ρ)

C80(p
2, ρ) C88(p

2, ρ)


 , (3.15)

and write the matrix relation

C(p2, ρ) = J(p2, ρ)[1−G(ρ)J(p2, ρ)]−1 . (3.16)

3.3 Results of Numerical Calculations of Pseudoscalar and Vector

Hadronic Current Correlation Functions, Cπ(P 2) and Cρ(P
2)

In Fig. 3.2 we present values calculated for ImCπ(P 2) for ρ/ρc = 1.2, 2.0, 3.0,

4.0 and 5.88. The threshold for each curve is given by (P 0)2
min = 4(p2

F +m2
u(ρq)).

If ρc = 2.25ρNM , we have

pF =

(
2.25

Nc

ρ

ρc

)1/3

kF , (3.17)

where kF is the Fermi momentum of nuclear matter, kF = 0.286 GeV. Thus,

when ρ/ρc = 5.88, we find pF = 0.439 GeV, which is less than the standard

three-dimensional (sharp) cutoff of Λ = 0.631 GeV that is often used for the
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Figure 3.2: The figure presents values of ImCπ(P 2) for various values of ρ/ρc.

Here, ρ/ρc = 1.2 [solid line], 2.0 [dashed line], 3.0 [dotted line], 4.0 [dashed-

dotted line] and 5.88 [dashed-(double)dotted line]. We have used Gπ = 13.51

GeV−2.

NJL model. It is seen from the figure that there are significant nonperturbative

effects, except at ρ/ρc = 5.88, where ImCπ(P 2) = ImJπ(P 2). The last result

follows, since Gπ(ρ) = 0 for ρ/ρc = 5.88.

In Fig. 3.3 we show the results of a similar calculation of ImCρ(P
2). Here the

thresholds for the various curves are the same as those seen in Fig. 3.2.
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Figure 3.3: The figure shown the values of ImCρ(P
2). [See the caption of Fig.

3.2.] Here we have used GV = 11.46 GeV−2.

3.4 Results of Numerical Calculations of Scalar and Pseudoscalar

Correlators Cf088(P
2) and Cη88(P

2)

In the case of the correlator of pseudoscalar-isoscalar currents, the components

Cη00(P
2), Cη08(P

2) = Cη80(P
2) and Cη88(P

2) are all important. We choose to

show ImCη88(P
2) in Fig. 3.4 for the values of ρ/ρc = 1.5, 2.0, 3.0, 4.0 and

5.88. The resonant structures have rather small widths when compared to the

features seen in Fig. 3.2 and 3.3. It is also worth noting that each curve has two

thresholds, one corresponding to mu(ρ) and the other corresponding to ms(ρ).

Thus, we have (P 0)2
min = 4[p2

F + m2
u(ρ)] or (P 0)2

min = 4[p2
F + m2

s(ρ)].
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Figure 3.4: The figure shows the values calculated for the imaginary part of the

correlator of pseudoscalar, flavor-octet currents ImCη88(P
2). Here, ρ/ρc = 1.5

[solid line], 2.0 [dashed line], 3.0 [dotted line], 4.0 [dashed-dotted line], and 5.88

[dashed-(double)dotted line].

Similar remarks pertain for the scalar current correlators, Cf000(P
2), Cf008(P

2) =

Cf080(P
2) and Cf088(P

2). The values of ImCf088(P
2) are shown in Fig. 3.5 for

various values of ρ/ρc. Note that the resonances seen in that figure are quite

narrow. That is probably due to the different phase space behavior for the f0

(p-wave) and η (s-wave).
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Figure 3.5: The values of the imaginary part of the correlator of scalar, flavor-

octet hadronic currents, ImCf088(P
2) is shown. [See caption of Fig. 3.4.]

3.5 Results of Numerical Calculations with Density-Dependent and

Density-Independent NJL Coupling Constants

In this section we are interested in presenting some evidence for the density-

dependent coupling constants used in our work (25). (As noted earlier, the ar-

gument is more easily made when we introduce temperature-dependent coupling

constants, since much more is known concerning QCD thermodynamics at finite

temperature than at finite density.) In the case of finite density, we have assumed

that the system is weakly interacting at ρ = 5.88ρc with ρc = 2.25ρNM . (Other

values for ρc could be used, but here we will continue to explore the consequences
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Figure 3.6: The solid line shows the values of ImCπ(P 2) for the case of density-

independent NJL coupling constants. The dashed-(double)dotted line represents

ImCπ(P 2) calculated with the density-dependent coupling constants Gπ(ρ) =

Gπ[1− 0.17ρ/ρc] for ρ/ρc = 5.88.

of the choice made in our earlier work (25).) In Fig. 3.6 we compare the results of

our model for ImCπ(P 2) at ρ/ρc = 5.88 with the results obtained when we use a

constant value for Gπ. As seen in the figure, there is about a factor of 3 difference

in the result of the two calculations. The difference in the two calculated results

for ImCρ(P
2) seen in Fig. 3.7 is not quite as marked as that seen in Fig. 3.6, but

is still significant.

In Fig. 3.8 we compare the results for ImCη88(P
2) at ρ/ρc = 5.88 for the two
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Figure 3.7: The solid line shows the values of ImCρ(P
2) for the case of density-

independent NJL coupling constants. The dashed-(double)dotted line represents

ImCρ(P
2) calculated with the density-dependent coupling constants GV (ρ) =

GV [1− 0.17ρ/ρc] for ρ/ρc = 5.88.

methods of calculation. A rather dramatic difference is seen in Fig. 3.8, where

we see that the calculation with constant values of GP
00, GP

08 and GP
88 leads to a

resonance at P 2 = 1.53 GeV2. In Fig. 3.9 we show similar results for ImCf088(P
2)

with a resonance at P 2 = 1.58 GeV2 in the case that constant values of GP
00, GP

08

and GP
88 are used.
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Figure 3.8: The figure shows ImCη88(P
2) calculated for ρ/ρc = 5.88. The dashed-

(double)dotted line is the result of using our density-dependent coupling param-

eters, while the solid line is the result when density-independent coupling param-

eters are used.

3.6 Discussion

In this work we have assumed that deconfinement takes place at ρc = 2.25ρNM

and that the quark gluon plasma is weakly interacting at ρ = 5.88ρc = 13.2ρNM .

We have put forth some evidence that the NJL coupling constants should be den-

sity dependent to obtain a consistent formalism. We may consider what results

would be obtained if we used a larger value of the density for the confinement-

deconfinement transition. We have investigated the values of ρc = 3.0ρNM ,
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Figure 3.9: The figure shows ImCf088(P
2) calculated for ρ/ρc = 5.88. [See the

caption of Fig. 3.8.]

ρc = 4.0ρNM and ρc = 5.0ρNM and in each case have assumed that the quark-

gluon plasma is weakly interacting for ρ = 6.0ρc. (We should note that, if ρc

is made large, the value calculated for pF will become larger than the value of

the three-momentum NJL cutoff, Λ = 0.631 GeV, that is often used. However,

our computer code still provides results under that circumstance, since we use a

Gaussian regulator.) It is found in all the calculations made at the values of ρ

for which we have assumed the system to be weakly interacting, that the values

of the correlators calculated with constant values of the coupling constants dif-

fer significantly from the results obtained with the density-dependent coupling
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constants. We suggest that this matter should be resolved before we undertake

studies of diquark condensation at high densities and related matters.

One characteristic of our calculation of hadronic current correlators at finite

temperature and finite density in the deconfined phase is the appearance of com-

plex resonance structure in some cases. That feature is in general agreement

with the observation made in Ref. (5) “...that the correlators possess a nontriv-

ial structure in the deconfined phase.” Meson correlators were studied in finite

temperature lattice QCD in Ref. (41), in which the authors state, “...Below Tc

we observe little change in the meson properties as compared with T = 0. Above

Tc we observe new features: chiral symmetry restoration and signals of plasma

formation, but also an indication of persisting “mesonic” (metastable) states and

different temporal and spacial masses in the mesonic channels. This suggests a

complex picture of QGP in the region (1-1.5)Tc”.
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Chapter 4

Quark Propagation in Dense Matter

4.1 Quark and Nucleon Self-Energy in Dense Matter

4.1.1 Introduction

As is well known, the NJL model provides a microscopic dynamical description

of chiral symmetry breaking with the generation of associated quark vacuum

condensates and constituent masses. In the standard versions of the NJL model

(8; 9; 11), the constituent quark mass that is generated in the model is a constant.

However, it is known from lattice simulations of QCD that the constituent mass

goes over to the current quark mass when the quark momentum, p2, is less than

about -2 GeV2 (42). It is our belief that, if we are to use the NJL model to

study dense matter, it is desirable to make the model as realistic as possible.

To that end, we have introduced a nonlocal version of the NJL model (13) that

is able to reproduce the Euclidean-space behavior of the quark mass seen in

lattice simulations of QCD (42). To carry out that program we have introduced

a momentum-dependent qq̄ interaction in the calculation of the quark self-energy

and have separated the regularization of the model from the specification of that

interaction. (This procedure requires the introduction of additional parameters

into the model.)
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We note that the quark self-energy may be written as

Σvac(k2) = Avac(k2) + Bvac(k2)/k (4.1)

in vacuum. In matter there is another four-vector, ηµ, that describes the motion

of the matter rest frame. It is useful to put η2 = 1 and to note that, if we work

in the matter rest frame, we can put ηµ = [1, 0, 0, 0]. We define the self-energy in

matter to be

Σ(k2, η ·k) = A(k2, η ·k) + B(k2, η ·k)/̄k + C(k2, η ·k)/η , (4.2)

where we have found it useful to introduce the four-vector

k̄µ = kµ − (k ·η)ηµ . (4.3)

Note that k̄0 = 0 in the matter rest frame. In that frame, we may write

Σ(k0, ~k) = A(k0, ~k)−B(k0, ~k)~γ ·~k + γ0C(k0, ~k) . (4.4)

As we will see, A and B satisfy coupled nonlinear equations, while C may be

calculated independently. (Note that A and C have the same dimension, while B

is dimensionless.)

We discuss our results for the case in which we neglect the dependence of

A, B, and C on k0. (We have found that the dependence on k0 is weak for

the model introduced in this work.) As a further simplification, we will at first

neglect B and study the behavior of A(~k, ρ), where ρ is the density of quark

matter which is taken to contain equal numbers of up and down quarks. In
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this case, the maximum value of A(~k, ρ) is found at ~k = 0, leading to a simpler

presentation of our results. We then go on to the consideration of the coupled

equations for A(~k, ρ) and B(~k, ρ). As usual, we may introduce a density and

momentum-dependent mass defined by

M(~k, ρ) =
A(~k, ρ)

1−B(~k, ρ)
. (4.5)

We provide values of A(~k, ρ), M(~k, ρ) and C(~k, ρ) in the following sections.

We note that the inclusion of C(~k, ρ) precludes the passage to Euclidean space.

That is analogous to the corresponding problem which arises when one introduces

a finite chemical potential. As we will see, C(~k, ρ) is quite large finite density

and can only be neglected at very small densities. We note that our formalism

does not maintain Lorentz invariance. (For example, our regulator depends only

upon |~k|.) Therefore, in the following we will only calculate the contribution to

C(~k, ρ) from the matter, which takes the form of two Fermi seas of up and down

positive-energy quarks with Fermi momentum kF .

In Ref. (13) we made use of a nonlocal version of the NJL model. We may

describe the procedure we use to create the nonlocal model. We begin by writing

the Lagrangian.

L = q̄(i/∂ −m0)q +
GS

2

8∑
i=0

[(q̄λiq)2 + (q̄iγ5λ
iq)2] . (4.6)

Here, the λi (i = 1, · · · , 8) are the Gell-Mann matrices and λ0 =
√

2/31, with

1 being the unit matrix in the flavor space. It is then useful to consider an
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expression involving the interaction of two currents. We replace the second term

of Eq. (4.6) by a nonlocal form

GS

2
jµ(x)Γ(x, y)jµ(y) =

GS

2

8∑
i=0

q̄(x)λiγµf(x)q(x)q̄(y)λiγµf(y)q(y) (4.7)

=
GS

2

8∑
i=0

{[q̄(x)λif(x)q(y)q̄(y)λif(y)q(x)] (4.8)

+ [q̄(x)λiiγ5f(x)q(y)q̄(y)λiiγ5f(y)q(x)]}

+ · · · ,

where we have used a separable form for Γ(x, y) = f(x)f(y) and have performed

a Fierz rearrangement to pass from Eq. (4.7) to Eq. (4.8). We have not written

the vector and axial-vector interactions that arise in the Fierz transformation.

(See Appendix B of Ref. (11).)

It is useful to describe the modifications induced by the nonlocality of the

interaction when performing momentum-space calculations. In such calculations

we find that we need to replace GS by f(k2 − k3)GSf(k1 − k4) where k1 and k2

are the quark momenta entering the interaction region and k3 and k4 are the

momenta leaving the interaction. For the calculations reported here, k1 = k2 = k

and k3 = k4 = k ′, so that the replacement is GS(k− k ′) = f(k− k ′)GSf(k− k ′).

In this work we take f(k) = exp[−(k − k ′)2n/2β8] with n = 4 and β = 20 GeV.

We now consider the more general nonlocal Lagrangian which includes vector
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and axial-vector interactions

L = q̄(i/∂ −m0)q +
GS

2

8∑
i=0

{[q̄(x)λif(x)q(y)q̄(y)λif(y)q(x)] (4.9)

+[q̄(x)λiiγ5f(x)q(y)q̄(y)λiiγ5f(y)q(x)]}

−GV

2

8∑
i=0

{[q̄(x)λiγµf(x)q(y)q̄(y)λiγµf(y)q(x)]

+[q̄(x)λiγµγ5f(x)q(y)q̄(y)λiγµγ5f(y)q(x)]}

Here GS and GV are independent parameters. The term proportional to GV

is important in the study of the ω, ρ, a1 and φ mesons , for example. In our

work we have studied the properties of these mesons and their radial excitations

in the local version of the Lagrangian (18). The Lagrangian of Eq. (4.9) was

used in Ref. (13) with GV = 0. We also included the ’t Hooft interaction and

our model of confinement. In Ref. (13) both the condensate values and self-

energies were given for the up (down) and strange quarks. For the present work

we neglect the ’t Hooft interaction and our model of confinement. Here, we also

drop the strange quark from consideration, so that the quark current mass matrix

is m0 = diag(m0
u,m

0
d) with m0

u = m0
d. Since the ’t Hooft interaction contributes

to the self-energy (13), its neglect leads us to use larger values of GS than we

would use if the ’t Hooft interaction were included in our analysis.

4.1.2 The Quark Self-Energy

In our earlier work we obtained the quark self-energy from the solution of

the equation depicted in Fig. 4.1 (13). There, the open circle is a momentum-



83

Figure 4.1: The equation for the quark self-energy that was solved in Euclidean

space in Ref. (13) is shown. Here, m0 is the current quark mass. The open circle

represents the momentum-dependent qq̄ interaction in the nonlocal model. The

third term on the right-hand side of the figure represents the ’t Hooft interaction

and the fourth term arises from our model of confinement. The heavy lines are

quark propagators which include the self-energy, Σ(k), in their definition.

dependent quark interaction. The corresponding nonlocal Lagrangian is given in

Ref. (13). On the right-hand side of Fig. 4.1, the ’t Hooft interaction (third term)

and the confinement interaction (fourth term) are neglected for the purposes of

this work. In the second term we have contributions from the negative-energy

states in vacuum as well as the positive-energy states at finite density, specified

by the quark Fermi momentum, kF , of the up and down quark Fermi seas.

In general, the quark propagator is

iS(k2, k ·η) =
i

/k − Σ(k2, k ·η) + iε
, (4.10)
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which we will write as

iS(k0, ~k) =
i

(k0 − C(k0, ~k))γ0 − (1−B(k0, ~k))~γ ·~k − A(k0, ~k) + iε
, (4.11)

in the matter rest frame. In the following we will neglect the k0 dependence of the

quantities in Eq. (4.13). Further, A(~k), B(~k) and C(~k) are density-dependent,

in general. (On occasion we will write A(~k, ρ), etc.) Note that

(k0 − C(~k))2 − (1−B(~k))2~k2 − A2(~k) + iε

= [k0 − E+(~k) + iε][k0 − E−(~k)− iε] (4.12)

with

E±(~k) = C(~k)±
√

~k2(1−B(~k))2 + A2(~k2) . (4.13)

Here E+(~k) may be interpreted as the (on-mass-shell) energy of the positive-

energy states, while E−(~k) refers to the negative-energy states. These quantities

appear in the representation of the propagator given in Eq. (4.24).

In order to simplify the notation somewhat, we write

iS(k0, ~k) =
i

/Π(k0, ~k)− A(~k) + iε
, (4.14)

where we have defined a four-component quantity

Πµ(k0, ~k) = [k0 − C(~k), (1−B(~k))~k] . (4.15)

In vacuum, we find

A(~k) = m0 − 2GSρS(~k) , (4.16)
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where ρS(~k) is real and negative scalar quantity,

ρS(~k) = iNC(−1)

∫
d4k ′

(2π)4

4A(~k′)f 2(k − k ′)

Π2(k ′ 0, ~k′)− A2(~k′) + iε
. (4.17)

Here, Nc = 3 is the number of colors. The minus sign in the last equation is due

to the closed Fermion loop in Fig. 4.1 and the factor of 4 comes from forming the

trace associated with the closed loop. We see that ρS(~k) does not depend upon

k0, since we are making an on-shell approximation in the calculation of f(k−k ′).

If we put f(k − k ′) = 1, ρS(~k) → 〈ūu〉 with

〈ūu〉 = iNC(−1)

∫
d4k ′

(2π)4

4A(~k′)

Π2(k ′ 0, ~k′)− A2(~k′) + iε
(4.18)

being the up quark vacuum condensate.

When we take f(k−k ′) = 1, we have A(~k) = m and thus regain the equations

of the local version of the NJL model (8; 9; 11). In that case we have

mu = m0
u − 2GS〈ūu〉 , (4.19)

and an analogous equation for the d quark. (Note that our GS is one-half of the

GS defined in Ref. (9).)

The evaluation of ρS(~k) or the quark condensate proceeds by closing to contour

in the complex k0 plane. In the vacuum we find

ρS(~k) = −2NC

∫
d3k ′

(2π)3

f 2(k − k ′)A(~k′)√
~k′2(1−B(~k′))2 + A2(~k′)

. (4.20)

We define

E(~k) =

√
~k2(1−B(~k))2 + A2(~k) , (4.21)
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and

(k − k ′)2 = (E(~k)− E(~k′))2 − (~k − ~k′)2 , (4.22)

so that f(k − k ′) depends only upon |~k|, |~k′| and the angle between ~k and ~k′.

Integrals such as that in Eq. (4.20) require regularization. For our calculations

we insert a factor exp[−~k′2/α2] with α = 0.60 GeV. (We have used the same

Gaussian regulator in our calculations of meson spectra, where we have used

α = 0.605 GeV (43; 44; 45). However, these calculations included a model

of confinement, so that we can not directly take over the parameters GS, GV

and GD used in those works. Note that the value of α = 0.60 GeV for the

Gaussian regular yields results that are similar to those obtained when the three-

dimensional cutoff, |~k| ≤ Λ3, with Λ3 ' 0.62 GeV, is used. We have found that

the use of the Gaussian regulator yields more satisfactory results when calculating

radial excitations of various light mesons.) We remark that an expression for the

condensate 〈ūu〉 may be obtained by using Eq. (4.20) with f(k − k ′) = 1.

In the presence of matter it is useful to separate the propagator into two

parts, one of which will give rise to the explicitly density-dependent terms. In

this regard, it is useful to generalize Eq. (5.8) of Ref. (11) so that we can treat

the self-energy given in Eq. (4.4). We define

Λ(±)(±~k) =
±E(~k)γ0 − ~γ · ~k(1−B(~k)) + A(~k)

2A(~k)
, (4.23)
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where E(~k) = [~k2(1−B(~k))2 + A2(~k)]1/2. Then

S(k) =
A(~k)

E(~k)

[
Λ(+)(~k)

k0 − E+(~k)
− Λ(−)(−~k)

k0 − E−(~k)

]
(4.24)

+ 2πi
A(~k)

E(~k)
Λ(+)(~k) θ(kF − |~k|) δ(k0 − E+(~k))

In the limit that A(~k) → m∗ and B(~k) = C(~k) = 0, we have, with E∗(~k) =

√
~k2 + m∗2,

S(k) =
m∗

E∗(~k)

[
Λ(+)(~k)

k0 − E∗(~k)
− Λ(−)(−~k)

k0 + E∗(~k)

]
(4.25)

+ 2πi
m∗

E∗(~k)
Λ(+)(~k) θ(kF − |~k|) δ(k0 − E∗(~k))

=
/k + m∗

k2 −m∗2 +
iπ

E∗(~k)
(/k + m∗) θ(kF − |~k|) δ(k0 − E∗(~k)) , (4.26)

which agrees with Eq. (5.8) of Ref. (11).

In the presence of matter, we have

A(~k, ρ) = m0 − 2GS[ρvac
S (~k)− ρmat

S (~k)] , (4.27)

where ρmat
S (~k) is calculated in the same manner as ρvac

S (~k), except that the upper

limit of the integral over |~k′| is kF ,

ρmat
S (~k) = −2NC

∫ kF

0

d3k ′

(2π)3

A(~k′)√
~k′2(1−B(~k′))2 + A2(~k′)

. (4.28)

Equation (4.24) is a generalization of a corresponding equation that may be found

in Klevansky’s review. (See Eqs. (5.18) of Ref. (11).)

If we neglect B(~k), Eqs. (4.17) and (4.20) provide a nonlinear equation for

A(~k) which may be solved by iteration. The results of such a calculation are
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reported in Table 4.1 where, for nuclear matter, we put kF = 0.268 GeV. In Fig.

4.2 and 4.3 we show that values of the condensate 〈ūu〉 and A(0, ρ) as a function

of the density. These results may be usefully discussed in terms of the relation

(46)

〈ūu〉ρ = 〈ūu〉0
(

1− σNρN

f 2
πm2

π

+ · · ·
)

. (4.29)

Here σN is the pion-nucleon sigma term and ρN is the density of nucleons. If

we put σN = 0.050 GeV, ρN = (0.109 GeV)3, fπ = 0.0942 GeV and mπ = 0.138

GeV, we find a 38% reduction of the condensate at nuclear matter density, which

agrees with our results given in Table 4.1 and Fig. 4.2. It is of interest to note

that the linear dependence on the density implied by Eq. (4.29) appears to be

valid up to about twice nuclear matter density. However, one may be concerned

that, since we study quark matter rather than nuclear matter, Eq. (4.29) may

not be appropriate. Consider, however, the relation

〈ūu〉ρ = 〈ūu〉0
(

1− σqρq

f 2
πm2

π

+ · · ·
)

, (4.30)

where σq is the quark sigma term and ρq is the number density of the quarks,

which we may put equal to 3ρN . Thus, if 3σq = σN , we may use Eq. (4.29).

The fact that σq ' 15 MeV has been discussed by Vogl and Weise (9). We have

also discussed this matter in great detail in Ref. (46), where we calculate similar

values of σq using the standard version of the NJL model. We conclude that the

use of Eq. (4.29), or Eq. (4.30), with an appropriate value of σq, is satisfactory.
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Figure 4.2: Values of the condensate 〈ūu〉 are given as a function of 103k3
F . For

nuclear matter 103k3
F = 19.2 GeV3. [See Table 4.1.] Here GS = 13.0 GeV−2 and

B(~k, ρ) is put equal to zero.

For example, if σq = σN/3, as suggested in Ref. (9), the two relations imply the

same density dependence of the condensate.

In Fig. 4.3 we show A(0, ρ) which is the density-dependent mass parameter

of the theory when B(~k, ρ) = 0. We see that A(0, ρ) follows the trend seen in

Fig. 4.2 for the density dependence of the condensate.
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103k3
F 〈ūu〉 A(0, ρ)

( GeV3) ( GeV3) (GeV)

0 (−0.241)3 0.371

10 (−0.225)3 0.298

19.2(nm) (−0.205)3 0.226

25 (−0.189)3 0.177

30 (−0.171)3 0.133

40 (−0.134)3 0.077

50 (−0.113)3 0.041

60 (−0.0990)3 0.030

70 (−0.0915)3 0.024

80 (−0.0853)3 0.021

90 (−0.0805)3 0.018

Table 4.1: Values of the condensate and A(0, ρ) are given for GS = GV = 13.0

GeV−2 and m0
u = m0

d = 0.005 GeV. We note the reduction of the condensate

of 38% and a 40% reduction of A(0, ρ) at nuclear matter density [103k3
F = 19.2

GeV3]. Here α = 0.60 GeV is used in the Gaussian regulator exp[−~k2/α2].
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Figure 4.3: Values of A(0, ρ) are given as a function of 103k3
F . [See Table 4.1 and

the caption to Fig. 4.2.]

4.1.3 Lorentz-Vector Terms of the Quark Self-Energy

We now write Σ(~k) = ΣS(~k) + ΣV (~k) where

ΣV (~k) = −~γ · ~kB(~k) + γ0C(~k) . (4.31)

For the calculation of C(~k) we obtain the contribution from the last term in Eq.

(4.27), with the result that

C(~k) = 2GV ρV
2 (~k) (4.32)
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with

ρV
2 (~k) = 2NC

∫ kF d3k ′

(2π)3
f 2(k − k ′) . (4.33)

If we compare Eq. (4.33) to Eq. (4.22) for ρS(~k), we see that the Dirac matrix γ0

that appears in the quark loop in the calculation of ρV
2 (~k) has the effect of remov-

ing the factor A(~k ′)/[~k ′2(1−B(~k ′2))2+A2(~k ′)]1/2 from under the integral. In the

local NJL model that factor is just m/E(~k ′), whose appearance is characteristic

of the evaluation of a scalar quantity.

An expression for B(~k) may be found from the relation

− i[−~γ · ~kB(~k)] = (−2GV i)(−1)i

∫
d4k ′

(2π)4
S(k ′)f 2(k − k ′) (4.34)

if we only keep the term proportional to ~γ · ~k′ in the expression for the quark

propagator. In vacuum we may compare corresponding terms in Eq. (4.34)

− ~γ · ~kB(~k) = −2GV

∫
d4k ′

(2π)4

−~γ · ~k′[1−B(~k′)]

[k ′0 − E+(~k′) + iε][k ′0 + E−(~k′)− iε]
. (4.35)

Thus,

Bvac(~k) = 2GV ρvac
1 (~k) , (4.36)

with

|~k|ρvac
1 (~k) = 2NC

∫
d3k ′

(2π)3

|~k′|(k̂ · k̂ ′)f 2(k − k ′)[1−B(~k′)]√
~k ′2[1−B(~k′)]2 + A2(~k′)

. (4.37)

Here, k̂ and k̂ ′ are unit vectors. As in the calculation of A(~k), Eq. (4.36) is

generalized to read

B(~k) = 2GV [ρvac
1 (~k)− ρmat

1 (~k)] , (4.38)
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where ρmat
1 (~k) is calculated using Eq. (4.37) with an upper limit on |~k ′| of kF .

In Table 4.2 we present results of our calculation of the condensate A(0, ρ),

A(0, ρ)/[1−B(0, ρ)], C(0, ρ), B(0, ρ) and A(0, ρ)− A(0, 0). We also define

US(~k, ρ) = A(~k, ρ)− A(~k, 0) , (4.39)

where US(~k, ρ) is the density-dependent modification of A(~k, 0) in matter.

It may be seen from the values given in Table 4.2 that there is a thirty percent

reduction of the condensate at the density of nuclear matter, while the value

of A(0) is reduced by thirty-nine percent. We would obtain a thirty percent

reduction of the condensate if we put σN = 39 MeV in Eq. (4.29).

In Fig. 4.4 and 4.5 we exhibit values of A(~k, ρ) and A(~k, ρ)/[1 − B(~k, ρ)] for

various densities and in Fig. 4.6 we present values of C(~k, ρ). Figure 4.7 shows

the values of US(~k, ρNM) and C(~k, ρNM).

4.1.4 The Nucleon Self-Energy in Matter

If one uses the Dirac equation to describe the interaction of a nucleon with

a nucleon, or with nuclear matter, it is found that a strong scalar attraction is

needed as well as a strong vector repulsion (47; 48). The scalar field is of the

order of -400 MeV and the vector field is about 300 MeV. It is of interest to

see if the nucleon self-energy, ΣN = VS + γ0VV , can be calculated in terms of

the quark self-energy obtained in this work. To carry out this program we use

a simple model of the nucleon in which a quark is coupled to a scalar diquark.



94

103k3
F 〈ūu〉 A(0, ρ) A(0,ρ)

1−B(0,ρ)
US(0, ρ) C(0, ρ) B(0, ρ)

( GeV3) ( GeV3) (GeV) (GeV) (GeV) (GeV)

0 (−0.2401)3 0.365 0.347 0 0 -0.0544

10 (−0.2279)3 0.292 0.272 -0.073 0.0794 -0.0736

19.2 (−0.2128)3 0.223 0.203 -0.142 0.0988 -0.1019

30 (−0.1755)3 0.114 0.0942 -0.252 0.115 -0.210

40 (−0.1441)3 0.0606 0.0435 -0.304 0.126 -0.394

50 (−0.1291)3 0.0432 0.0279 -0.322 0.136 -0.545

Table 4.2: Various values are given for the case GS = 13.5 GeV−2, GV = 10.0

GeV−2, m0
u = m0

d = 0.005 GeV and α = 0.60 GeV. Note a reduction of 27% for

the condensate and 35% for A(0, ρ) at nuclear matter density.
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Figure 4.4: Values of A(~k, ρ) are given as a function of |~k| for various densities:

103k3
F = 0 [solid line], 10.0 GeV3 [dashed line], 19.2 GeV3 [dotted line], 30.0 GeV3

[dot-dash line] and 40.0 GeV3 [short dash]. Here GS = 13.5 GeV−2, GV = 10.0

GeV−2, m0 = 0.005 GeV and α = 0.60 GeV. [See Table 4.2.]

The full complexity of the wave function, including vector diquarks, and various

relativistic effects is discussed in Ref. (49).

We can calculate the nucleon self-energy in nuclear matter using a triangle

diagram in which one of the lower two vertices of the triangle represents a vertex

function for a zero-momentum nucleon to emit a quark of momentum ~k leaving

a spectator (on-mass-shell) diquark of momentum −~k. The other lower vertex

represents the inverse process. At the upper vertex we insert the quark self-energy,
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Figure 4.5: The quantity M(~k, ρ) = A(~k, ρ)/[1−B(~k, ρ)], which plays the role of

a momentum- and density-dependent mass parameter, is shown. [See Table 4.2

and the caption of Fig. 4.4.]

Σ(~k) = US(~k) + γ0C(~k) calculated in this work and integrate over ~k. We make

use of Fig. 4.4 of Ref. (49) and parametrize the product of the vertex function

and the quark Greens function by the quark-diquark wave function

ψ(~k) =
1√
N

e−k2/λ2

u(~k, s) , (4.40)

where u(~k, s) is a spinor for a quark of momentum ~k and spin projection s (49).

The normalization for a single quark is obtained from the relation

1

N

∫
d3k

(2π)3
e−2~k2/λ2

(
1 +

~k2

[Eq(~k) + mq]2

)
= 1 , (4.41)
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Figure 4.6: Values of C(~k, ρ) are shown for various densities: 103k3
F = 10.0,

19.2, 30 and 40 GeV3. [See the caption for Fig. 4.4.] Here GS = 13.5 GeV−2,

GV = 10.0 GeV−2, m0 = 0.005 GeV and α = 0.60 GeV.

where we put λ = 0.18 GeV to correspond to the results of Ref. (49). We may

then relate the nucleon self-energy to the quark self-energy. For a nucleon of

momentum ~p = 0, we have, with Eq(~k) = [~k2 + m2
q]

1/2, and mq = 0.364 GeV,

VV =
3

N

∫
d3k

(2π)3
C(~k) e−2~k2/λ2

(
1 +

~k2

[Eq(~k) + mq]2

)
, (4.42)

and

VS =
3

N

∫
d3k

(2π)3
US(~k) e−2~k2/λ2

(
1−

~k2

[Eq(~k) + mq]2

)
. (4.43)

The difference of sign in the bracket appearing in Eqs. (4.42) and (4.43) is due
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Figure 4.7: The values of U(k, ρNM) = A(k, ρNM) − A(k, 0) [solid line] and

C(k, ρNM) [dashed line] are shown. U(k, ρNM) represents the density-dependent

correction to the vacuum value of the scalar term of the quark self-energy.

to the different behavior of the Dirac matrices, 1 and γ0, at the upper vertex of

the triangle.

Since the momentum content of the quark-diquark wave function is small

(48), we expect that VV ' 3US(0) and US ' 3C(0), so that VV ' 296 MeV and

VS ' −426 MeV. A more careful evaluation of the integrals in Eqs. (4.42) and

(4.43) yields VV = 295 MeV and VS = 392 MeV which is in general accord with

the values given in Refs. (47) and (48).
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4.1.5 Discussion

In the present study we have considered the important vector interactions of

extended NJL model. Of particular interest is the behavior of the quark conden-

sate at finite density. We find that the linear behavior in the density exhibited in

Eq. (4.29) holds in our model up to about twice nuclear matter density. Also, we

note that the use of a nonzero current quark mass is important for that result,

since in the absence of an explicitly chiral symmetry breaking term, the model

exhibits a first-order phase transition at a density slightly below that of a nuclear

matter (50).

Another point of interest are the results shown in Fig. 4.7. The quark self-

energy is similar to that found in relativistic nuclear physics, with strong scalar

attraction and strong vector repulsion. The simple calculation reported in Sec-

tion IV suggests that the quark self-energy, when multiplied by 3, provides a

satisfactory estimate of the nucleon self-energy that is in accord with results of

relativistic nuclear physics (47; 48). The modification of the picture given here

is presented in the next section and is more consistent with recent experimental

results.
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4.2 Quark Propagation in the Quark-Gluon Plasma

4.2.1 Introduction

The description of the quark-gluon plasma in terms of hydrodynamics has

been advocated by the Stony Brook group (51; 52; 53). That description appears

to be in accord with the experimental data. In such a description the motion

of the quarks is characterized by an extremely short mean-free-path. The origin

of that behavior is thought to be due to the relatively low-energy resonances in

the qq̄ system leading to very large scattering lengths. These resonances have

been found in lattice studies of QCD which make use of the maximum entropy

method (MEM) (1; 2; 3; 4; 5; 6). Similar resonances are found in the scalar,

pseudoscalar, vector and axial-vector qq̄ channels (54). Recently, an extensive

exploration of charmonium studies in the confined and deconfined regions using

lattice methods has been reported in Ref. (20). In that work results are given

for the dependence of the resonance excitation on the total momentum of the qq̄

pair. We have studied that dependence for light quark systems in Ref. (21) and

have found similar behavior to that reported in Ref. (20). (We will make use of

the results presented in Ref. (21) in the present work in which we calculate the

imaginary part of the optical potential and the mean-free-path for a quark in the

quark-gluon plasma.) We use a chiral model with rather large momentum cutoff.

That model is meant to provide an approximate description of the instanton

dynamics advocated by the Stony Brook group (51; 52; 53).
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In the study of hadronic current correlators it is important to use a model

which respects chiral symmetry when m0 = 0. Therefore, we make use of the

Lagrangian of Eq. (2.3), while neglecting the ’t Hooft interaction and Lconf . In

order to make contact with the results of lattice simulations we use the model

with the number of flavors Nf = 1. Therefore, the λi matrices in Eq. (2.3) may

be replaced by unity. We then use

L = q̄(i/∂ −m0)q +
GS

2
[(q̄q)2 + (q̄iγ5q)

2] (4.44)

− GV

2
[(q̄γµq)

2 + (q̄γ5γµq)
2]

in order to calculate the hadronic current correlation functions. Thus, there are

essentially three parameters to consider, GS, GV and a Gaussian cutoff parame-

ter α, which restricts the momentum integrals through a factor exp[−~k2/α2]. As

suggested by the Stony Brook group, we consider the NJL model and the asso-

ciated chiral Lagrangian of Eq. (4.44) as providing a simplified representation

of the instanton dynamics important for the problems considered in this work.

Since the results obtained for the hadronic current correlation functions are sim-

ilar in the scalar, pseudoscalar, vector and axial-vector channels, we carry out

our calculations for the scalar qq̄ states and multiple our results for the optical

potential by 4. The parameters G and α were fixed in our earlier studies (21). We

take G =1.0 GeV−2 and α = 4.4 GeV. These values provide good fits (21) to the

hadronic current correlation functions found in the lattice studies (54). In order

to calculate the optical potential for a quark we consider the quark moving in
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an antiquark distribution characterized by a temperature-dependent occupation

factor n(~p1) which depends upon the chemical potential µ. The energy of a quark

is given by E(~p) = [~p 2 +m2]1/2. We follow the work of Shuryak (51), for example,

and put m = 1 GeV. In Shuryak’s work this mass is not the current quark mass,

but is called the “chiral mass”. (We would prefer to call the 1 GeV mass, the

“thermal mass”, however, the terminology used is not important for this work.)

The quark thermal mass is given in Ref. (12), with CF = 4/3, as

m2 =
1

8
g2CF (T 2 +

µ2

π2
), (4.45)

for the case of a finite chemical potential. The thermal gluon mass is

m2
g =

1

6
g2T 2(CA +

1

2
Nf ). (4.46)

(The relation between thermal masses in QED and QCD is given on p.146 of Ref.

(12).) In studies of baryon matter, the chemical potentials used are often about

300 MeV or less. However, once we introduce a thermal mass of about 1 GeV,

we need to determine the chemical potential for the quarks. In this work we will

consider a chemical potential of about 1 GeV, although the calculations are easily

made for other values. Once we put m = 1 GeV, the chemical potential is the

only parameter which is varied in our study.

4.2.2 Calculation of the Quark Optical Potential

It is useful to contrast the calculation of the quark optical potential with the

calculation of the nucleon optical potential that is to be used in the Dirac equa-
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tion. The latter calculation is discussed in detail in Ref. (48). In that calculation

of the nucleon-nucleus potential one calculates the T -matrix for nucleon-nucleon

scattering using the one-boson-exchange (OBE) model. In that case the mesons of

the OBE model undergo t-channel and u-channel exchange between the nucleons.

The result is that the imaginary part of the optical potential has a magnitude of

about 10 MeV (48). That in turn leads to a mean-free-path of about 10 fm for

a 500 MeV nucleon. Many years ago, the relatively large value for the nucleon

mean-free-path lead to the characterization of the optical model for nucleon-

nucleus scattering as the “cloudy crystal ball” model. When we study quark

propagation in the quark-gluon plasma we may consider a similar calculation of

the optical potential at finite temperature. In the case of the quark-antiquark

interaction the T matrix is dominated by s-channel resonances of the type found

in the MEM studies. As we will see, the interaction in this case is quite strong,

leading to a small mean-free-path. The resulting model is called the “sticky mo-

lasses” model (51; 52; 53) as opposed to the “cloudy crystal ball” model used

to describe nucleon-nucleus scattering. We now consider the potential seen by a

quark of momentum ~p2 and average over the quark spin s2. (We will consider

quarks of a single flavor, since that was done in the MEM studies that we have

used to fix the parameters of our model.) In Ref. (48) the relativistic optical

potential was denoted as Σ(~p, s) and, for this work, we consider

Σ++(~p2) =
1

2

∑
s2

ū(~p2, s2)Σ(~p2, s2)u(~p2, s2). (4.47)
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It is useful to introduce (55)

U(~p2) = N

√
m

E(~p2)
Σ++(~p2)

√
m

E(~p2)
. (4.48)

Here the factor of N = 4 takes into account the sum of the interactions in the

scalar, pseudoscalar, vector and axial-vector channels which are taken to be equal

for the purposes of this work. The approximate equality of the interactions in

these channels may be seen in Ref. (54). (Note that values of U(~p) are given in

Ref. (48) for the case of nucleon-nucleus scattering.)

If p1 is the momentum of the antiquark in the medium, we may introduce the

four-vector

P µ = (p1 + p2)
µ. (4.49)

Now

P 2 = P 2
0 − ~P 2 (4.50)

= (E(~p1) + E(~p2))
2 − (~p 2

1 + ~p 2
2 + 2|~p1||~p2| cos θ). (4.51)

Here, we take ~p2 along the z axis. We define

t(~p1, ~p2) =
1

πP 2

[
G

1−GJ(~p1, ~p2)

]
, (4.52)

where J(~p1, ~p2) is the qq̄ vacuum polarization function defined as before. (We

remark that we may also use the notation t(P 2, p2) for the quantity defined in

Eq. (4.52).)
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It is also useful to introduce the occupation factor n(~p1):

n(~p1) =
1

eβ[E(~p1)−µ] + 1
, (4.53)

with β = 1/T and E(~p1) = [~p 2
1 + m2]

1/2
. We recall

∑
s2

u(p2, s2)ū(p2, s2) =

(
/p2 + m

2m

)
, (4.54)

∑
s1

v(p1, s1)v̄(p1, s1) =

(
/p1 −m

2m

)
, (4.55)

and note that

Tr

(
/p2 + m

2m

)(
/p1 −m

2m

)
=

[
(E1E2 − ~p1 · ~p2)−m2

m2

]
. (4.56)

Thus,

ImΣ++(p2) = −1

2

∫
d~p1

(2π)3

m

E(~p1)
Im

[
G

1−GJ(~p1, ~p2)

]
(4.57)

×
[
E1E2 − ~p1 · ~p2 −m2

m2

]
n(~p1),

and

U(~p2) = −N

2

m

E(~p2)

∫
d~p1

(2π)3

m

E(~p1)
πP 2t(~p1, ~p2) (4.58)

×
[
E1E2 − ~p1 · ~p2 −m2

m2

]
n(~p1).

Here E1 = E(~p1), E2 = E(~p2) and we have made use of Eqs. (4.48) and (4.52).

Values of t(P 2, p2) are shown in Fig. 4.8 for values of |~p2| ranging from 0.01 GeV

to 0.31 GeV. In Fig. 4.9 we show the values of n(~p1) for the three values of µ
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Figure 4.8: Values of t(P 2, p2) are shown for various values of the quark momen-

tum |~p2|. Starting with the uppermost curve, the |~p2| values in GeV units are

0.01, 0.03, 0.05, 0.07, 0.09, 0.11, 0.13, 0.15, 0.17, 0.19, 0.21, 0.23, 0.25, 0.27, 0.29

and 0.31. (For large P 2, we have t(P 2, p2) ' (1/πP 2)G.) Here P 2 = (p1 + p2)
2,

where p1 is the antiquark momentum.

considered here and in Fig. 4.10 we present values of ImU(~p2) for those values of

µ. In Fig. 4.11 we show the values for the mean-free-path

λ =
|~p2|
m

1

|ImU(~p2)| . (4.59)
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Figure 4.9: Values of n(p1) are shown for µ = 1.1GeV (dotted curve), µ =

1.3GeV (dashed curve) and µ = 1.5GeV (solid curve). Here T = 1.5 Tc with

Tc = 270 MeV.

4.2.3 Discussion

Information is available concerning the baryon chemical potential. That chem-

ical potential is parameterized in Ref. (56) as

µB =
1270 MeV(
1 +

√
SNN

4.3

) , (4.60)

and varies strongly with
√

SNN , which is in GeV units in Eq. (4.60). For
√

SNN

= 200 GeV, we have µB = 26.7 MeV.

Of particular significance for our results is the choice of the chemical potential

for the quarks. We have taken µ ' 1 GeV. In the case of the quarks, the choice
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Figure 4.10: The imaginary part of the quark optical potential is shown for

µ = 1.1GeV (dotted curve), µ = 1.3GeV (dashed curve) and µ = 1.5GeV (solid

curve). (We recall that the nucleon-nucleus imaginary optical potential is about

0.01GeV in magnitude (48).)

of µ ' 1 GeV leads to small mean-free-paths consistent with the suggestion of

Shuryak that the resonances seen in the MEM analysis of the lattice results are

responsible for the small mean-free-paths of the “sticky molasses” model.

We remark that in nuclear matter the baryon density is 0.17 fm−3 or 0.51

quarks/fm3 if we consider the nucleon to be composed of three quarks. For the

values of n(~p1) shown in Fig. 4.9 for the case µ = 1.3 GeV, we may calculate

the density of antiquarks to be 5.91 fm−3, so that the density of quarks and

antiquarks is about 12 fm−3 in our model. We remark that the energy density at
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Figure 4.11: Values of λ(p2) are shown for µ = 1.1GeV (dotted curve), µ =

1.3GeV (dashed curve) and µ = 1.5GeV (solid curve).

RHIC for
√

SNN = 200 GeV is 4.1 GeV/fm3 (56), which is about 26 times the

energy density of nuclear matter, which is approximately 0.16 GeV/fm3.

In this work we have attempted to provide a quantitative analysis of the sug-

gestion (51) that the large qq̄ resonant scattering cross sections are responsible

for the small quark mean-free-paths, with the associated relevance of the hydro-

dynamic description of the system that is created in high-energy nucleus-nucleus

collisions. We have considered the interaction in the scalar, pseudoscalar, vector

and axial-vector channels of the qq̄ system. It is possible that there are important

resonances of qq character, as well as the qq̄ resonances considered here. Such qq

states are depicted in Fig. 8a of Ref. (51). It would be of interest to see if such
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states are found in lattice studies using the MEM scheme.
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Chapter 5

Conclusions

We have explored the application of the Nambu–Jona-Lasinio model in the

study of the quark-gluon plasma at high temperature and density. At quite high

density one expects the formation of diquarks and possibly other interesting struc-

tures. The high-density regime is of particular interest in the study of neutron

stars, a topic we do not discuss. We have been mainly concerned with the calcu-

lation of resonances in hadronic current correlation functions. In that regard, our

work has been stimulated by the results of lattice gauge calculations of hadronic

correlators in which resonances have been found. Of particular interest is the

fact that the presence of resonances leads to quite small quark mean-free paths

and ultimately to the success of a hydrodynamic description of the quark-gluon

plasma in the early stages of formation of the compound system.

There have been few applications of the NJL model at high temperature.

The inclusion of temperature-dependent coupling constants and masses leads to

a degree of uncertainty in the formalism and lattice studies may provide some

guide as to how to proceed. It is well known that perturbation theory at finite

temperature is quite difficult to formulate and systematic studies have not been

made using first principles. We hope that our efforts will suggest new approaches

for the study of the strongly interacting quark-gluon plasma.
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