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A b strac t

RELIABLE NETW ORK TOPOLOGIES 

IN A MODEL W ITH NODE FAILURES

b y

Olga Salizkiy 

Adviser: Professor Gary Bloom

In the study of network reliability, one is interested in the 

effects of node and line failures on the communication capabilities of 

a network. The vulnerability of a network may be gauged by 

whether or not the network remains connected after such failures. 

Herein we consider a probabilistic model with node failures. In 

particular, we wish to study network topologies which are optimal in 

their invulnerability to disconnection in this model.

Let a network with n nodes and e lines be represented by a 

graph G with n vertices and e edges. Assume that lines never fail. If 

all the nodes in the network have an equal and independent 

probability of failure q and if X  i is the number of disconnecting node 

sets of size i, then the probability that the network represented by G 

is disconnected due to node failure is given by the u n r e l i a b i l i t y  

p o ly n o m ia l
n

Pn(G ,q)  =  I > I i q i ( l - q ) n - i .  
i=l

iv



Of interest are network topologies with a fixed cost of n nodes 

and e lines which minimize the unreliability polynomial. It has been 

shown that such optimal networks may not exist for certain n and e 

since different topologies may be optimal for different q. However, 

for a fixed q, n, and e, an optimal topology can always be found. To 

that end, we examine the cases with large q.

For sufficiently large q, (n.e)-graphs which minimize the term 

A n-3q n"3( l - q ) 3 minimize the unreliability polynomial. Such graphs 

have the maximum number of induced connected subgraphs on 3 

vertices. The number of such subgraphs is given by

where t  is the number of triangles in G and di is the degree of vertex 

vj. Graphs which maximize the above expression for a fixed n and e 

are called 3-opt im al .

There are few known results on 3-optimal graphs. Boesch, Li, 

Stivaros, and Suffel have found all 3-optimal graphs with n vertices 

and n-1 £ e £ 2n-4 and n(n-l)/2 - 2n £ e £ n(n-l)/2  edges. We have 

found all 3-optimal graphs for the cases 2n-3 £ e £ 3n-10 and, along 

with Bloom, Stivaros, and Suffel, we have shown that Kn i , n 2 is 3- 

optim al.

We have also found several properties of 3-optimal graphs 

which make them useful topologies for networks. For example, we 

have shown that 3-optimal graphs have diameter £ 3. We have also 

shown that the distance from a node with maximum degree in the

n

i=l
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network to any other node is is no more than 2. Several 

results pertaining to circuits and cutpoints have been proved.

other
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CHAPTER 1
INTRODUCTION TO NETWORK 

VULNERABILITY AND RELIABILITY

One concern in the construction of networks is choice of 

topology. In particular, given a fixed cost of n nodes and e lines, one

is interested in topologies which are best able to withstand node and

line failures. In the study of network vulnerability and reliability, 

the effects of such failures are examined on the communication 

capabilities of networks.

A graph serves as a natural model o f a com m unication 

network, with vertices representing nodes and edges representing 

communication lines. Two approaches may be taken in the study of 

component failures in a network: deterministic and probabilistic. In

the determ inistic  approach, one studies graph properties which 

indicate how much the functioning o f a network is disrupted by 

component failures. In the probabilistic approach, a probability of 

failure is associated with every node or line and one is interested in 

the probability that a given network is functional. Frank Boesch [S] 

initiated the terminology which refers to the deterministic approach

as network vulnerabil i ty  and the probabilistic approach as n e t w o r k
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reliabili ty.  We will use this terminology.

In both network vulnerability and reliability, it is of interest to 

establish results which lead to the construction of optimal network 

topologies. This is referred to as the synthesis  prob lem  [5]. In this 

chap ter ,  we brie fly  survey resu lts  in netw ork  vu lnerab ili ty , 

particularly those which have a bearing on network reliability. We 

then examine two models in network reliability. The first involves 

line failures and the second involves node failures. It is an instance 

of the latter model which is the main focus of this paper. We will 

discuss this case in the remaining chapters and present new results 

pertaining to it.

1.1 GRAPH TH EO RY

As m entioned earlier, graphs serve as natural models of 

network topologies. Therefore, before we begin our discussion of 

results in network vulnerability and reliability, we need to present 

some basic concepts in graph theory.

A graph  G is a pair of sets, G = (V,E), where V is the finite 

vertex set  and E is the edge set.  Each e d g e  is defined as an 

unordered pair o f  distinct vertices in V, the e n d p o i n t s  of the edge. 

Note that the edges in our graph are not directed. Also, our 

definition of graph forbids multiple edges between vertices as well

2



as edges between a vertex and itself. A graph G with n vertices and 

e edges is called an (n,e) graph, G(n,e).

An edge is said to be incident to its endpoints. Edges incident

to the same vertex are adjacen t .  Vertices that have an edge between

them are adjacen t .  The number of edges incident to a vertex v is the

degree  of v. A pendant edge is an edge one of whose endpoints has 

degree 1. The largest degree in a graph G is denoted A and the 

smallest degree in G is denoted S. A graph is said to be regular if all 

of its vertices have the same degree. The degree sequence  of a graph 

with n vertices is a sequence of n integers {di} with dj 2: 62 £ d3 £ ...2 

d„ such that each di is the degree of a distinct vertex in V. We write 

the degree sequence dod]d 2 ...dn with (dj)k denoting the occurrence of 

degree di k times. The c o m p le m e n t  of a graph G = (V,E) is the graph 

G c = (V,EC) in which two vertices are adjacent if and only if they are 

not adjacent in G.

A sequence of n adjacent edges starting at a vertex v0 a n d

ending at a vertex vn in which all vertices are distinct is a path o f  

l e n g t h  n. A path of length at least 2 from vi to vn plus the edge 

{v 1 »vn } is a circuit of length  n. A graph is co n n ec ted  if any two of its 

distinct vertices are connected by a path. A connected graph consists 

of one c o m p o n e n t ; a disconnected graph consists of several connected 

components. In a connected graph, the d is ta n ce  between vertices vi 

and V2 is the length of a shortest path between them, denoted 

d (v  i , v 2). The d i a m e t e r  of a connected graph is the maximum 

distance in the graph.

3



A sub g ra p h  of G = (V,E) is a graph H = (V'.E') in which V 2  V' 

and E 2  E' and all endpoints of edges in E' lie in V'. An i n d u c e d  

subgraph  of G is a subgraph of G in which all edges in E with 

endpoints in V' are in E'. A spanning subgraph  of G is a subgraph in 

which V' = V.

Let L be a subset of edges of G. Then G-L denotes the subgraph 

of G obtained by removing the edges in L. If G is connected but G-L 

is not connected, then L is a disconnecting edge set.  The size of a 

smallest disconnecting edge set is the edge connectivi ty  of G and is 

denoted X(G) or simply X. A single edge whose removal disconnects a 

graph is a bridge.

Similarly, vertices may be removed from G. However, when a 

vertex is removed from a graph, its incident edges are removed as 

well. Thus if K is a subset of vertices of G, then G-K denotes the 

subgraph obtained by removing the vertices in K. If G is connected 

and G-K is not connected or consists of a single vertex (the t r i v ia l  

g r a p h ) ,  then K is a disconnecting vertex set. The size of a smallest 

d isconnecting vertex set is the v e r te x  c o n n e c t i v i t y  or simply 

connectivity of G, denoted k(G) or simply k . A single vertex whose 

removal disconnects a graph is a cu tpo in t

A tree  is a connected graph which has no circuits. A tree with 

n vertices has e = n-1 edges. A spanning tree of a connected graph G 

is a subgraph of G which is a tree and contains all of the vertices of G. 

A graph on n vertices which consists of a path is denoted Pn . A 

complete graph  on n vertices, denoted Kn , is a graph in which all

4



vertices are adjacent. The graph K3 is called a tr iangle .  A b ip a r t i t e  

graph is a graph in which the vertex set V can be partitioned into 

two subsets, Vj and V2, so that all edges lie between vertices in Vj 

and V2. A complete  biparti te  g r a p h ,  denoted Knj „2, is a bipartite

graph in which every one of the n t vertices in V, is adjacent to every 

one of the n2 vertices in V2 . The graph K t „-i is a star . A r e g u la r  

comple te  k-part i te  graph,  denoted K(mk), is a graph on n = km 

vertices such that the vertices are partitioned into k parts of m 

vertices each and each vertex is adjacent to all of the vertices in the 

remaining k -1 parts.

Two graphs G = (V,E), G' = (V'.E') are said to be i so m o rp h ic  if 

there is a bijective function 4>:V ■» V’ which preserves adjecency, i.e., 

vertices Vj and v2 are adjacent in G if and only if vertices 4>(v i) and 

<(>(v2) are adjacent in G'. The function $ is an i s o m o r p h i s m .  An 

a u to m o rp h ism  is an isomorphism from a graph G onto itself.

A more thorough discussion of the above topics may be found 

in Harary's text [18] or ip any other graph theory text.

1.2 NETWORK VULNERABILITY

Recall that in network vulnerability, we are interested in graph 

properties which can be used to gauge the effects of node and line 

failures on the functioning of a network. Of obvious interest is the

5



case in which component failures cause the network to become 

disconnected or trivial. Clearly the surviving nodes in the network 

cannot all communicate and so the network is not functional. If 

there is only one node left, we will consider this case as representing 

a non-functioning network. The properties of interest here are the 

connectivity and edge connectivity of the underlying graph.

There exist many other vulnerability criteria. In this section 

we will discuss primarily results dealing with connectivity and edge 

connectivity. Other vulnerability measure will be briefly discussed 

at the end of this section.

1.2.1 MaX'X and Max-ic Graphs

One of the earliest results on connectivity is due to Harary 

(1962). His theorem gives an upper bound for the connectivities of a 

graph with n vertices and e edges. For convenience, we combine his 

result with a theorem of Whitney (1932). Both theorems may be 

found in [18]. Recall that \  x 1 denotes the smallest integer not less 

than x; similarly, L x J  denotes the greatest integer not greater than x.

T h e o re m  1.1 Let G be a connected graph with n vertices and e 

edges. Then k <, X £ 8  £ L 2 e/n J  .

6
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Clearly a graph can be disconnected by removing the edges

incident to a vertex of degree 6 . Thus, we have X £ 8 . Removing

some of the endpoints from the edges in a disconnecting set of size X

also disconnects the graph. At most one endpoint from each edge

needs to be removed. This gives us x £ X. The last inequality is due
1 n 2  e

to the fact that 8  £ ~  £ d j  = —  , where dj denotes the degree of
i a l

vertex Vj. Note that if G is regular of degree 5, the summation equals 

n 8  and so 2 e/n is an integer.

From Theorem 1.1, it is easy to see that graphs with x = X = 8 = 

l_2 e / n j  have the largest connectivities possible for a fixed n and e. 

Graphs which have X = 8  = l 2 e / n j  are called m a x - X graphs; graphs 

which have x = X = 8  = l_2e/nj are called m a x - K  graphs. The max-x 

property implies the max-X property. Graph (a) in Figure 1.1 is max- 

X only; graph (b) is max-x and max-X.

(a) L2e/nJ = S = X = 2, tc = 1

Figure 1.1. Connectivities in graphs.

(b) L2e/nJ = 6 = X = k = 2

7



C learly  max-X and max-tc graphs are of interest in network 

vulnerability. For e = n -1 , any tree has tc = \  = 8  = L2 e /n J  = 1 so all 

trees are max-tc. For e £ n, there are many graphs which attain the 

maximum connectivity k = X = 8 = l2 e /n j .  One such family of graphs is 

the elementary Harary graphs .

Using the notation of Boesch in [5], we construct the elementary 

Harary graph H(n,k) on n vertices as follows: Label the vertices 0, 1,

2, ...n-1. Make each vertex i adjacent to vertices i+1, i+2.........

i + L k / 2  J (mod n). If k is odd, we have in addition each node 

i ,  0  £ i £ l_(n-l)/2 j ,  adjacent to i + L  n /2 j. See Figure 1 . 2  for examples 

of H(n,k).

o

2 66

4

2

5

H(8,4) H(8,5) H(7,3)

Figure 1.2. Elementary Harary Graphs.

The elementary Harary graphs are max-tc. These graphs also 

possess several other interesting properties. Unless n and k are both
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odd, H(n,k) is regular of degree k. If n and k are both odd, H(n,k) 

has one vertex of degree k+1  and the remaining vertices have degree 

k. Other properties of elementary Harary graphs of importance to 

vulnerability will be discussed later.

In [2], the authors give a simple method for constructing max-ic 

graphs for any n and e, e £ n, based on elementary Harary graphs. 

Let 2e = an+b so that a and b are non-negative integers and 0 £ b < n. 

Construct the elementary Harary graph H(n,a). This graph will have 

tc = X = 8  = a = L2 e /nJ  and Tna/2 l  edges. Add the remaining edges to 

the graph at random. It can be shown that this will not alter the 

connectivity and will use up the desired number of edges.

A class of graphs which are related to Harary graphs and have 

been ex ten s iv e ly  studied , pa r t icu la r ly  w ith respec t to their 

connectivity properties, are circu lan ts .  A circulant with n vertices is 

denoted by Cn< a i ,  a2 , ...afc >, where the a; are j u m p s .  The jump 

sequence is a sequence of integers which satisfies 0  < at < a2 <...< a^ < 

(n+l)/2. The vertices in Cn< ai, a2 , ...,ak > are labelled 0,1,2,...n. The

vertex i is joined to vertices i + aj, i + a2  i + a^ (mod n). See Figure

1.3 for examples of circulants. The elementary Harary graph H(n,k) 

is the circulant Cn<l>2,3,...k/2> when k is even. When n is even and k 

is odd, H(n,k) is Cn< l ,2 ,3 , . . . l k /2 j ,  n/2>. For example, C8 <1,2,4> in 

Figure 1.3 is H(8,5). H(n,k) for n and k odd is not a circulant. Regular 

complete bipartite graphs, and more generally, regular complete k- 

partite graphs are circulants.

9
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66

5 *

4

C8< u >  c 8< 1.2,4 >

Figure 1.3. Circulant Graphs.

The circulant Cn< aj, a2 , ...ak > is regular of degree 2k if 

ak + n/2. If ak = n/2, then n must be even and the circulant is 

regular of degree 2 k -1 because of diagonal jumps. Circulants need 

not be connected. A circulant Cn< a i,  a2 , ...ak > is connected if and 

only if gcd( n, ai, a2 , ..., ak ) = 1 . where gcd denotes greatest common 

divisor. A thorough discussion of circulants can be found in [12].

Circulants are highly symmetric. To be precise, they are poin t -  

sym m etr ic .  A graph G = (V,E) is point-symmetric if for every pair of 

vertices vi and V2 in V, there is an automorphism <|>:V ■» V such that 

0 (v i ) = V2 . An interesting result due to Turner[24] states that every 

point-sym m etric  graph with a prime num ber of vertices is a 

c ircu lan t.  The poin t-sym m etry  o f c ircu lants  is pertinen t to 

connectivity because of a theorem of Mader[21] which we state here 

as Theorem 1.2:

10



T h e o rem  1.2 A connected point-symmetric graph is max-X.

Thus, since all c irculants are poin t-sym m etric , connected 

circulants are max-X. In fact, since Cn< a i ,  a2 , ...ak> is regular, 2e/n is 

an integer, and we have X = 8  = 2e/n.

As it turns out, circulants need not be max-K. That is, it is 

possible for k < X = 8 . This is the case with C i5< l , 4 ,5 ,6 > which has as 

one of its disconnecting vertex sets (1,4,6,9,11,14) so that 8 = 8  but 

k = 6 .  A result due to Boesch and Tindell[ 12) gives necessary and 

sufficient conditions for a circulant to have k < 8 . We state it here as 

Theorem 1.3:

T h e o rem  1.3 The circulant Cn< ai, a2 , ...ak > has k < 8  if and only if 

for some proper divisor d of n, the number of distinct positive 

residues mod d of the numbers a i ,  a2 , ..., ak, n-ak, n-ak-i, .... n-ai is 

less than the minimum of d-1 and Sd/n.

The observation can be made that there is a relationship 

between maximum connectivity and symmetry in graphs. There is, 

for example, Mader's theorem for point-symmetric graphs (Theorem



r

1.2). Another result deals with l in e -sym m etr ic  graphs. A graph G is 

line-symmetric if for every pair of edges e and e’ in G there is an 

automorphism 0 :V ■» V' which maps e to e'. That is, the endpoints v, 

and v2 of e will map to the endpoints V]'and v2' of e'. The following 

result is attributed to Watkins[25] and Mader[21]:

T h e o re m  1.4 A connected line-symmetric graph is max-K.

In [11], Boesch and Tindell address the issue of connectivity 

and symmetry in graphs. It turns out that while symmetries imply 

m axim um  connectiv ity  values, sym m etry  is not necessary  for 

maximum connectivity in a graph. In fact, there are identity graphs  

which are maximally connected. An identity graph is a graph whose 

only  au to m o rp h ism  is the iden t i ty  m app ing ,  i.e. the trivial 

isomorphism 0 : V ■» V such that 0 (v) = v.

1.2.2 Super-X and  Super-K G ra p h s

M ax-X and max-K graphs require that the maximum number of 

edges and vertices be removed, relative to n and e, for the graph to 

become disconnected. We have not yet considered the structure of 

the disconnected graph. In a network, it is important to consider the

1 2



r

com ponents which arise when X edges are removed or when k 

vertices are removed. For instance, it may be more catastrophic to 

split a network in half that it is to simply isolate one node in the 

network from the others. Figure 1.4 illustrates this idea. In (a), the 

network is split in half. In (b), except for the isolated node, all of the 

nodes in the disrupted network can still communicate.

(a) (b)

Figure 1.4. Two X-size disconnecting edge sets.

S u p e r -X  graphs are those max-X graphs in which the removal 

of any X-size disconnecting edge set isolates exactly one vertex. That 

is, one of the two components which result is the trivial graph and 

the rest of the graph remains connected. Recall that in a max-X 

graph we have X = 5. It is precisely the vertices of degree 5 that will 

become disconnected. Thus, all of the minimum size disconnecting 

edge sets consist of edges incident to a vertex of degree 5. The graph 

in Figure 1.4 is not super-X; the circulants in Figure 1.3 are both 

su p e r -X .  We will see later that super-X graphs are im portant in 

network reliability.

Bauer et al. show that elementary Harary graphs with e > n

13



edges are super-X in [2]. However, not all circulants are super-X. 

Two exceptions are given in a result of Boesch and Wang[13). We 

combine these results in Theorem 1.5:

T h e o re m  L 5

(a) The elementary Harary graphs with e > n are super-X.

(b) The only connected circulants which are not super-X are Cn< a >

and C2n< 2,4,6....... n-l,n  > for odd n.

A nalogous to super-X graphs, we have s u p e r - k graphs. A

super-K graph is a max-K graph in which every K-size disconnecting 

vertex set isolates a single vertex. Thus all m inim um  size 

disconnecting vertex sets consist of the vertices adjacent to a vertex 

of degree S. Note that unlike the case with super-X graphs, more

than two components may result when such vertices are removed

from the graph. This is the case with 1( 2 ,3 . The problem of finding

su p e r-K  graphs appears to be more difficult than that of finding

super-X  graphs [5]. Smith and Doty[23], Doty[16], and Hakimi and 

Amin[17] have obtained results on super-K graphs.



1.2.3 O th e r  V ulnerability  M easures

Connectivity properties are of interest in network reliability 

because they determine when a network can no longer function as a 

result of line and node failures. However, the loss of lines and nodes 

in a network can adversely affect its functioning without necessarily 

causing the network to become disconnected. A parameter which 

can be used to gauge more subtle effects of line and node removal is 

the diameter of the underlying graph. It is important to maintain a 

small diameter in a communication network in order to minimize the 

distance a message must travel from one point to another in the 

network. The shorter the distance, the faster it is that messages can 

travel from source to destination. Thus, graphs with small diameter 

are desirable, and in particular, those in which the diameter is not 

greatly increased by vertex and edge removal.

Using the diam eter as a measure o f network vulnerability, 

Boesch and Kabell give various results for the p e r s i s te n c e  and l ine-  

p e r s i s t e n c e  of a graph in [8 ]. The persistence of a graph is the 

minimum number of vertices that must be removed from a graph in 

o rder to  increase  the d iam eter  or y ield  the triv ia l graph. 

Analogously, the line-persistence of a graph is the minimum number 

of edges which must be removed from a graph in order to increase 

the diameter or yield a graph all of whose components are trivial.

It is unfortunate that graphs with maximum connectivity like 

Harary graphs and circulants tend to have large diameters. While
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there are some results on the diameters of graphs with maximum 

connectiv ities^], at least one class of graphs constructed specifically 

to have a small diameter has proved to have maximum connectivity. 

In [1], Amar shows that certain ( A .d ) -g ra p h s  constructed by Memmi 

and Reillard have k = \  = 8 . A (A.d)-graph is a graph with maximum 

degree A and diameter d. A problem in designing networks is to 

maximize the number of vertices in a (A.d)-graph while minimizing 

the diameter d for a fixed A. We will show later that in a particular 

instance of our re liab ility  model, optimal graphs always have 

diameter £ 3.

1.3 NETWORK RELIABILITY

In network reliability, nodes and lines in the network are 

assumed to fail with a given probability. We are interested in the 

probability that a given network is functional, i.e. that it is connected. 

Network topologies for which the probability of disconnection is 

minimum are clearly of interest. We will consider two probabilistic 

models. In one, the nodes will be reliable but the lines will have an 

equal probability of failure. In the other, the lines will be reliable 

but the nodes will have an equal probability of failure. Both models 

are surveyed by Boesch in [4], An excellent source on network 

reliability is the monograph by Colbourn[15].

16



1.3.1 A Reliability Model With Line Failures

We begin with the model in which lines fail. Let G(n,e) be the 

graph underlying a network with n nodes and e lines. Assume that 

nodes never fail and that lines fail with equal and independent 

probability q. Thus edges will be removed from G. We consider the 

network functioning if what remains is a connected subgraph of G. 

This model is hierarchical in that a subset of a non-functioning state 

is also non-functioning. That is, if edge failures cause the network to 

become disconnected, additional edge failures will not change the 

state of the network.

The probability that a given disconnecting set of i edges, and

only those i edges, fail in G is given by q*( 1 -q>c_i. Let mi be the

number of disconnecting edge sets of size i in G. The probability that

G is disconnected by the failure of any disconnecting set of i edges is

m j q '( l - q ) e*‘. Finally, the probability that G is disconnected due to

edge failures is given by the unrel iabi l i ty  p o l y n o m i a l
e

Pe(G,q) = X m i q 'O - q ) ' - ' .  
i=l

The subscript e on Pe(G,q) indicates that we are dealing with edge 

failures. Note that for i < X, mi = 0 since X is the size of the smallest 

disconnecting edge set. Therefore, we may rewrite the unreliability 

polynomial as:
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e
Pc(G,q) = S m iq 'O - q ) * - ' .

If p is the probability that a given edge in G survives, i.e., p = 1-q, 

the reliabil i ty  of G is Re(G,p) = 1 - Pe(G,q), i.e., the probability that G 

remains connected in the face of edge failures.

We com pute the unreliability polynomial for the graph in 

Figure 1.5 with n = 4, e = 5, and edge connectivity X = 2. The 

coefficients mi are m2 = 2, m3 = ^  )  = 10. 014 = ^  j  = 5, m 5 = ( 5  )  = 1-

The resulting unreliability polynomial is

It turns out that the terms in the unreliability polynomial past 

i = e-n+1 depend only on n and e and do not depend on G. In G(n,e), 

e-n+ 1  is the number of edges which must be removed in order to 

obtain a spanning tree. If more than e-n+ 1  edges are removed, G will 

be disconnected regardless of which edges are chosen. Therefore,

P e ( G , q )  = 2 q 2 ( l - q ) 3 +  1 0 q 3 ( l - q ) 2 +  5 q 4 ( l - q ) i +  2 q 5 ( l - q ) 0 .

Figure 1.5. G(4,5) with X = 2.
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We are interested in finding graphs which minimize Pe(G,q) for 

a fixed n and e. Given two (n,e) graphs, one graph may do better 

than the other depending on q. However, if q is fixed, then the 

problem is one of finding an optimal graph among the finitely many 

(n,e) graphs. We will examine cases with extreme values of q in the 

remainder of this section.

If q is sufficiently small, then the polynomial Pe (G,q) is 

dominated by the first term m x q M l-q )c * since

q ‘( l - q ) c' ‘ > q i+1( l - q ) e*(‘+1).

To minimize Pe(G,q), we therefore need to minimize m xqM l-q )c '*’- It 

turns out that this is accomplished by finding graphs which maximize 

X and minimize mx . Note that if the mx+k are very large compared 

with mx, q would have to be very small in order to offset the effect of 

the large mx+k- Another problem occurs in determining the order of 

the minimization and maximization of mx and X, respectively. Both 

issues are resolved by Bauer et al. in [3]. We present the version of 

their results given in [4] as Theorems 1.6 and 1.7.

Theorem  1.6 Given any two (n,e) graphs Gi and G 2 , there is a 

q o (G j,G 2) such that for all 0 < q < qo, if { X(Gi) < X(G2> } or { [X(G 1) = 

X(G2)1 and [mx(Gi) > mx(G2)] }, then Pe(G 2,q) < Pc(Gi,q).
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Thus, in constructing a graph which minimizes Pe(G,q) for fixed 

n, e, and sufficiently small q, we must first maximize A and then 

minimize mx- The graph we want must be A -op t im a l .  A A -optim al 

graph is an (n,e) graph which has the minimum value of mx over all 

(n ,e)  max-A graphs. Theorem 1.7 assures us that any A -o p t im a l  

graph will be more reliable than a graph which is not A-optimal for a 

fixed n, e, and sufficiently small q.

Theorem 1.7 Let G i, G2 , and G be (n.e) graphs such that Gj and G 2 

are A -optimal but G is not. Then for any e  > 0, there is a q'(n,e) such 

that for all q, 0  < q < q '(n .e)

Pe(G.q) > Pe(Gi,q) and Pe(G,q) > Pe(G 2 ,q)

. IPe(Gi,q)-Pe(G2,q)l 
an d  P«(C2.q) <E-

We now turn our attention to A-optimal graphs. First of all, 

such graphs are max-A. Recall that this means A = 8  = L2e/nJ and that, 

for example, the elementary Harary graphs and connected circulants 

have maximum A. We need to determine which of these graphs 

m inim ize mx- Recall that in max-A graphs, the edges incident to a 

vertex of degree 5 comprise a A-size disconnecting edge set. So, 

clearly mx, the number of disconnecting edge sets of size A, is greater 

than or equal to the number of vertices of degree 5. In a super-A
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graph, the only disconnecting edge sets are the edges incident to a 

vertex of degree 6  so mx equals the number of vertices of degree 8 . 

This means that the X-optimal graphs are precisely those super-X 

graphs which minimize the number of vertices of degree 5 .

Theorem 1.5 states that the elem entary Harary graphs are

super-X . More generally, the construction of maximally connected 

(n,e) graphs based on elementary Harary graphs given in 1.2.1 can

be used to construct super-X graphs. In order to obtain a X -op tim al

graph, the edges added to the elementary Harary graph must be 

placed so that the number of vertices of degree 5 is reduced as much 

as possible[2 ].

Given n and e, if 2e/n is an integer, then it is possible to

construct a regular graph on n vertices of degree 2e/n = a. If such a 

graph is maximally connected, X = 5 = 2e/n. Now mx in a maximally 

connected regular graph is at least n. In super-X graphs, the number 

of disconnecting edge sets of size X is equal to the number of vertices 

of degree 5. For regular super-X graphs, this is n. Therefore, all 

super-X  circulants are X-optimal. Theorem 1.5, presented earlier, 

gives a characterization of super-X circulants.

For large q, a similar argument can be made for minimizing 

Pe(G,q). The last term in the polynomial which depends on G is 

i = e-n+ 1  and it is this term which dominates the summation in the 

case of large q. To minimize m iq '( l -q ) e' '  with i = e-n+1, we need to 

find (n,e) graphs which minimize me.n+i. In this case we are leaving 

n-1 edges in G. Therefore, mc.n+i = (e _ n + i)  * where t(G) is the
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number of spanning trees in G. So we need to maximize t(G). A 

graph G with n vertices and e edges is t - o p t i m a  I if it has the 

maximum t(G) for all (n,e) graphs. Very few t-optimal graphs have 

been found. K elm ans and C helnokov[ 19], and Shier[22] 

independently obtained a class of t-optimal graphs constructed by 

deleting certain edges in complete graphs. Another result is due to 

Cheng[14]. We combine these results in Theorem 1.8:

Theorem L8

Let G* be the graph obtained by deleting k £ n/2 mutually non- 

adjacent edges (a m a t c h i n g ) in Kn . Then, G* is t-optimal for n 

vertices and n (n - l ) / 2  - k edges.

For n = mk and e = m2 k(k-l) /2 , the unique t-optimal graph is the 

regular complete k-partite graph K(mk).

It is of interest to consider graphs which might be u n i f o r m l y  

edge re liable  . That is, for a given n and e, such graphs would 

minimize Pe(G,q) regardless of q. It it possible that for certain n and 

e such graphs may not exist. If they do exist, uniformly edge reliable 

graphs would have to be both A.-optimal and t-optimal. Boesch and 

Li[9] have found uniformly edge reliable graphs for n vertices and 

n-1 £ e £ n+ 2  edges.
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1.3.2 A Reliability Model With Node Fai lures

We now consider the analogous reliability model with node 

failures. Let G(n,e) be the graph underlying a network with n nodes 

and e lines. Assume that lines never fail and that nodes fail with 

equal and independent probability q. Thus vertices will be removed 

from G. We consider the network still functioning if we are left with 

a connected, non-trivial subgraph of G.

Figure 1.6. A non-hierarchical situation with node failures.

Unlike the edge failure case, this model is not hierarchical in 

that a superset of a non-functioning state can be functioning. That is, 

if  node failures cause the network to become disconnected, additional
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node failures may change the non-functioning state of the network to 

a functioning state. In Figure 1.6, the network in (a) becomes 

d isconnected and hence non-functioning in (b) after two node 

failures. However, two additional node failures cause the network to 

become functioning in (c).

The probability that a given disconnecting set of i vertices, and 

only those i vertices, fail in G is given by q*( 1 - q )n_i. Let X  j be the 

number of disconnecting vertex sets of size i in G. The probability 

that G is disconnected by the failure of any disconnecting set of i 

vertices is X  jq'( 1 - q ) " - ' .  Finally, the p robab ili ty  that G is 

disconnected due to vertex failures is given by the u n r e l i a b i l i t y  

p o ly n o m ia l
n

Pn(G ,q)=  l i i q i d - q ) " - * .
i=l

The subscript n on Pn(G,q) indicates that we are dealing with vertex 

failures. Note that for i < k, X  i = 0  since k  is the size of the smallest 

d isco n n ec tin g  vertex  set. T herefo re ,  we may rew rite  the 

unreliability polynomial as:
n

Pn(G,q) = X i i q i d - q ) " - * .
i=K

We compute the unreliability polynomial for the graph in 

Figure 1.5 with n = 4, e = 5, and edge connectivity k = 2. The 

coefficients i j  are <<2 = 1 , ^ 3  = (3 )  = 4, 1 . The resulting

unreliability polynomial is

P n(G,q) = lq 2( l - q ) 2+ 4q3(l-q )i+  lq4(l-q )° .
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We may also compute the reliability of G, R„(G,p) = 1 - Pn(G ,q), 

where p = 1 -q is the probability that a node survives. Let Sj be the 

number of connected induced subgraphs in G which have i vertices.

It turns out that the last three terms in the unreliability 

polynomial depend only on n and e and not on G. When i = n, we 

have Jtn = 1 since there is only one way to remove all n vertices and 

clearly, the resulting graph does not represent a functioning network. 

When i = n-1, i n-i = n since there are n ways to remove n-1 vertices

from G and in each case, the result will be the trivial graph. If we

remove n-2 vertices from G, the remaining subgraph containing 2

vertices will be connected in the event that we are left with an edge.

Therefore, Jtn-2 = Q )  * e '

Similar to the model with unreliable edges, we are interested in 

finding graphs which minimize Pn(G,q) for fixed n, e, and q. Here 

again we can expect to find different optimal (n,e) graphs for 

different q. We examine the cases when q is small and when q is 

large.
n

For small q, the unreliability polynomial Pn(G,q) = X ^ i q ( l - q ) n’‘
i= K

is dominated by the first term i  Kq K( l - q ) n’,c. Therefore, to minimize 

the unreliability polynomial in this case, we need to find graphs

Note that Then the probability that G remains

connected in the face of node failures is
n

Rn(G,p) = X s ' P ' n - p ) n i .
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which minimize X  Kq K( 1 -q )n** by first making k  as large as possible 

and then making as small as possible. This is accomplished by k -  

optimal graphs. A ic-optimal graph G is an (n,e) graph which has the 

minimum value of X K over all max-K (n,e) graphs. The following 

theorem of Boesch in [6 ] is analogous to Theorem 1.7 and guarantees 

that any K-optimal graph solves the problem of minimizing Pn(G ,q )  

for a fixed n, e, and small q.

T h e o rem  1.9 Let G i, G2 , and G be (n,e) graphs such that G\  and G 2 

are K-optimal but G is not. Then for any £ > 0 ,  there is a q'(n, e)  such 

that for all q, 0  < q < q '(n ,e )

Pn(G,q) > Pn(Gi,q) and Pn(G,q) > P n(G 2 ,q)
. I P n ( G i , q ) - P n( G 2 tq) l  

and o t n  < e -P n ( G 2 , q )

Unlike the case for X-optimal graphs, a K-optimal graph need 

not be super-K. This was demonstrated by Hakimi and Amin in [17]. 

Doty obtains a class of K-optimal graphs in [16] Another result is due 

to Boesch and Feltzer[7]:

Theorem 1.10 The com ple te  k -parti te  graphs, FC(mk ), are K -o p t im a l
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For large q, a similar argument can be made for minimizing 

P n(G,q). The last term in the polynomial which depends on G is 

i = n-3. Consider the difference Pn(H,q) - Pn(G,q) for two graphs with 

n vertices and e edges:

q n

Pn(H,q) - Pn(G,q) = 
n - 4

i i „ . 3(H)-<e„.j(G)) + ^  [ i i ( H ) . i i(G)]('J-: a ^ " " 3

i=K
* )

Suppose 4 n-3(G) < i „ - 3 (H). For sufficiently large q, we have 
n - 4

( H ) - i i( G ) ] ^ j f ' , *3 |  <  i n - 3 ( H ) - i n - 3 ( G ) .

I=K

Thus, the difference is positive and G is more reliable than H.

Therefore, to minimize the unreliability polynomial, we need to 

find (n,e) graphs which minimize 4 n-3 - Recall that Si is the number 

of induced connected subgraphs in G having i vertices. So we may 

write i n-i = $i- Thus, i n -3 = (3 ) '  s3» where S3 is the number if

connected induced subgraphs in G with 3 vertices. Minimizing Jta. 3 

is equivalent to maximizing S3 . Graphs which have the maximum 

value of S3 for a given n and e are 3 - o p t i m a l .  It is the 3-optimal 

graphs which will be the focus of the remainder of this paper. In 

Chapter 2, we will discuss the computation of S3 for a graph and 

some early results on 3-optimal graphs. In Chapter 3, we will 

present properties of 3-optimal graphs. Finally, in Chapter 4, we will 

present our main result on which graphs are 3-optimal.
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We conclude this chapter by mentioning that, as in the edge 

failure model, we are interested in graphs which might be u n i fo rm ly  

vertex  reliable .  That is, for a given n and e, such graphs would 

minimize Pn(G,q) regardless of q. It it possible that for certain n and 

e such graphs may not exist. If they do exist, uniformly optimally 

reliable graphs would have to be both K-optimal and 3-optim al. 

Stivaros and Suffel have shown that the graphs obtained by 

removing the edges in a matching from Kn are uniformly optimally 

reliable. Their results are known to us by private communication. 

Our results will show cases in which no uniformly vertex reliable 

graphs exist.
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CHAPTER 2

EARLY RESULTS ON 
3-OPTIMAL GRAPHS

Recall that S3 is the number of induced connected subgraphs of 

G having 3 vertices. We wish to find (n,e) graphs for which S3 is 

maximum. Such graphs are said to be 3-optimal. In this chapter, we 

first discuss the S3 value of a graph, including methods for its 

computation. We then present some early results on 3-optimal 

graphs. These results will serve as motivation for the properties of 

3-optimal graphs discussed in Chapter 3.

2.1 COMPUTING S3(G)

The S3 value of a graph is the number of induced connected 

subgraphs in G having 3 vertices. There are only two such subgraphs: 

a path on 3 vertices, P3 , and a triangle, K3 . See Figure 2.1. Let x(G) be 

the number of induced triangles in G. Let ?t(G) be the number of 

induced paths on 3 vertices in G. Then

s3(G) = t(G) + 71(G).
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P3 K3

Figure 2.1. Induced connected subgraphs on 3 vertices.

Let dj be the degree of vertex vj. The quantity counts all

possible pairs of adjacent edges at the vertex v}. If we now sum up all 

possible we will be counting all paths on three vertices once.

However, triangles will be counted three times since they will be

counted at each of their vertices. So we have
n

^ d2' ] = n (G )  + 3t(G).
i=l

Combining the above expression with s3(G) = x(G) + 7t(G), we get the 

formula for s3 obtained by Boesch in [6 ]:
n

(2.1) Sj(G) = ji(G) + t(G) = X C 2 ) '  2 ,(G )-
i=l

In a 3-optimal graph, s3 is the maximum possible for the given
n

n and e. The quantities and x(G) are clearly dependent. For
i=l
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example, the smallest number of triangles a graph can have is x(G) = 

0. But it turns out that some 3-optimal graphs have triangles, even

though for the given n and e it is possible to construct a graph
n

without triangles. On the other hand, if we wish to maximize
i = l

the graphs we get may not be 3-optimal. Kennedy and Quintas [20]
n

provide a construc tion  for graphs which m axim ize
i=l

Essentially one obtains a degree sequence in which A is the maximum 

possible and the number of vertices with degree A is maximized. 

Related results have been obtained by Tindell and Burr and are 

known to us from private communications.

Another interesting characteristic of the s3 value of a graph 

involves the complement of the graph. Let G be an (n,e) graph and 

let Gc be the complement of G. Any 3 vertices induce a connected 

subgraph either in G or Gc and the subgraph in G is connected if and 

only if the corresponding induced subgraph in Gc is disconnected. 

Thus the following is true:

s 3(G ) +  s 3( G c) =  Q  j .

So, as s3 (G) increases, s3(G c) decreases. As a matter of fact, G is 

3-optimal if and only if Gc is 3 -worst.
a

It turns out, however, that as increases in G, the
i=l

corresponding summation increases in Gc as well. Indeed,
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i# )  - .i=i 1=1 1=1

. n n
‘ ) = 1 /2  £ d j 2 - e increases if and only if £ d j 2 increases. In Gc,

the degree of vertex vj is dcj = n - 1 - dj. So

= l / 2 ^ ( d cj) 2  - l / 2 £ d cif c "  -  '
i=l '  ■=! i=l

Thus we see

= l /2 X ( n - l - d i ) 2  - l / 2 X ( n - l - d i )  
i=l i=l
n

= l/2 ^ d i 2 + n (n -l)2 / 2  - n (n - l ) / 2  + e. 
i=l

n

that in Gc, increases if i2 increases, as is the
i=i i=1

case with G.

An alternative formula for S3(G) is due to Satyanarayana and 

was obtained by private communication. Consider the set N(v) of 

vertices adjacent to v in the graph G. Let IN(v) be the number of 

edges incident to exactly one endpoint in N(v) in the graph G-v. We 

first consider the contribution of a vertex v with degree d to 53(G ) .  

Clearly, we need to count all P3 which have v as a central vertex as 

well as all triangles which contain v. The number of such paths and 

triangles is We now need to consider all induced P3 which have

v as an end vertex. Each such path has one edge incident to v and 

the other incident to exactly one vertex in N(v). Thus the number of 

such paths is IN(v), the number of edges not incident to v with 

exactly one endpoint in N(v). We get the following expression for S3 :

3 2



(2.2) s 3(G )  =  s 3(G -v )  + IN(v) + ( * )

We have obtained a formula for s3 (G) which uses the p o i n t  

degree o f  an edge. The point degree of an edge is the number of 

vertices adjacent to the endpoints of the edge, excluding the

endpoints themselves. We denote the point degree of e as de.

For every edge e, we denote the endpoints as u and v. Let d u 

and dv be the degrees of u and v, respectively. Consider the

following:

£ d i 2 = X ( d u + d v )
i=l e

= X (IN (u)l + IN(v)l) 
e

= £ ( I N ( u )  u  N(v)l + I N ( u ) n  N (v)l)  
e

= I(|N(U) U N(v)l) + 3t.
e

Note that if we sum up IN(u) n  N(v)l over all edges, we will be

counting triangles 3 times, once for every edge in the triangle. Now,

for an edge e, IN(u) u  N(v)l = dpc + 2. So we get

£ d |2  = X ( 'N (u )  u  N(v)l) + 3x
i=l e

= I ( d c+2) + 3x
e

= J ]d c + 2e + 3x.
e

Using equation (2.1), we get
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So,

>3(0) = X f ^ ' )  ‘ 2 t
i=l

= l /2 £ d j 2 - 1/2 X d i - 2 x 
i=l i=l

= l / 2 ( £ d e + 2e + 3 t)  - e - 2x
e

= l /2 ( £ d e -x ) .  
e

s3(G) = l /2 ( £ d c - x).

2.2 SOM E 3-O PTIM A L GRAPHS

We begin with preliminary results which are due to Boesch [6 ]. 

One deals with the case e = n-1, that is, 3-optimal trees. The other 

deals with the case e = n. We present both results as Theorem 2.1.

Figure 2.2. The 3-optimal graphs for e =
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T h e o re m  2.1 For e = n-1, the star is the unique 3-optimal graph. 

For e = n, n > 5, the star plus one edges is the unique 3-optimal 

graph. For 3 <, n <, 5, the 3-optimal graphs are shown in Figure 2.2.

e = 5 e = 6 = 7e

e = 8 c = 9

Figure 2.3. The graph GA(n,e) for n = 6 .

We introduce some notation. Let GA(n.e) denote the graph on n 

vertices and e edges, n-1  £ e £ 2n-3, obtained by constructing a 

bipartite graph with vertices vi and V2 in one part, vi adjacent to n - 2  

vertices, V2 adjacent to e -(n -l)  vertices, plus an edge between vi and 

V2 . The 3-optimal graphs of Theorem 2.1, with the exception of some 

of the graphs in Figure 2.2, are in fact GA(n.n-l) and GA(n,n). Figure
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2.3 shows GA(n,e) for n = 6  and all possible e.

In [6 ], Boesch conjectured which graphs would be 3-optimal for 

e = n+1. We proved his conjecture and also found all 3-optimal 

graphs for e = n+2. We present these results as Theorems 2.2a and 

2 .2 b.

T h e o re m  2.2a For n vertices and e = n+1 edges, n > 7, the unique 

3-optimal graph is GA(n,n+l). For smaller n, the 3-optimal graphs 

are shown in Figure 2.4.

n = 4 n = 6

two graphs for n=7 

Figure 2.4. The 3-optimal graphs for e = n + 1, n £ 7.



T h e o re m  2 .2b For n vertices and e = n+2 edges, n > 9, the unique 

3-optimal graph is GA(n,n+2). The 3-optimal graphs for smaller n are 

shown in Figure 2.5.

n = 6(wo graphs for n = 5

n = 8

two graphs for n = 9 

Figure 2.5. The 3-optimal graphs for e = n+2, n £ 9.



(a) Graph has 3 circuits. (b) Contract 'trees’.

C3

(c) Form a single star

C3

(d) Contract circuits.

Figure 2.6. Typical transformations used in Theorem 2.2b.

The proofs of Theorems 2.2a and 2.2b are given in detail in the 

Appendix. The proofs involve a series of transformations on a given 

graph which cause an increase in its S3 value. The transformations 

terminates either with GA(n,e) or with a graph which has a smaller S3 

value than GA(n.e). We briefly outline the proof for one of the cases 

with e = n+2. The steps described can be followed in Figure 2.6.

We begin with the graph in Figure 2.6(a). The graph contains 3 

circuits. In addition, there may be "trees" attached at any vertex.

First, all the trees are contracted to stars. See Figure 2.6(b). Next,

the stars are combined to form one large star. This combined star is

centered at a vertex with maximum degree. See Figure 2.6(c).
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Finally, edges on circuits are contracted until all remaining non­

pendant edges lie on triangles. The removed edges and vertices are 

added to the star. We are left with GA(n,n+2) as shown in Figure 

2 .6 (d).

Note that for small n, with e £ 2n-4, whenever GA(n,e) is not 

uniquely 3-optimal, a bipartite graph with two vertices in one part is 

3-optimal. Observe that one vertex has degree n-2 in that graph. 

Call such a bipartite graph GsCn.e). Figure 2.7 shows the graph 

Ge(n.e) for n = 7 and all possible e.

e = 7

e = 9  e = 10

Figure 2.7. The graph Ge(n,e) for n = 7.
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It turns out that for the cases with n vertices and 

n-1 s e i  2n-4 edges, either G a or G b or both graphs are 3-optimal. 

This result was proved by Boesch, Li, Stivaros, and Suffelf 10]. We 

state it here as Theorem 2.3.

T h e o re m  2.3 Let e = n+a with -1 £ a £ n-4 so that n-1 £ e £ 2n-4. 

Let n £ 3. Then the following are the only 3-optimal graphs:

If n £ 5+2a, G a is 3-optimal.

If n £ 5+2a, then Gb is 3-optimal.

Note that the graph GA(n.e) can be viewed as K i,n-i with added 

edges and that GB(n,e) can be viewed as K 2 >n-2 with some edges 

deleted. In a sense, bipartite graphs serve as a kind of basis for the 

construction of 3-optimal graphs in this case. We will show in 

Chapter 4 that this pattern is repeated for 2n-3 £ e £ 3n-9.

We now present some results on complete bipartite graphs. 

Our first result deals with the case of regular and nearly  regular  

complete bipartite graphs. The degrees of the vertices in a nearly 

regular graph differ by at most 1 .

T h e o re m  2.4 Kn.n and Kn,„-l are 3-optimal.
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P r o o f :  Consider the complements of Kn,n and Kn .n-i ,  namely

K n u  Kn and Kn u  Kn- i ,  respectively. We will show that K n u  K n and 

K n u  K n.) have the smallest S3 in their class, thereby proving that 

K n,n and K n,n-i are 3-optimal.

For any graph with degree sequence (di), we have
n

s3(G) i  1 / 3 ^ ( 2 )
i= l

For the graphs Kn u  Kn and Kn u  Kn.i we have equality in the above 

expression. Any graph in the same class as K„ u  K„ or Kn u  Kn-i 

with a degree sequence {dj} such that

&)*&■)
1*1 1*1

will have a larger S3 than

' « Z ( d2 ' )
i - 1

So, the only graphs to consider are those in the same class as K n u  K n
n

and Kn u  K n-i for which a smaller ^ 2 ' )  *s produced. However,
i * l

since the terms in the degree sequences of Kn u  Kn and Kn u  Kn-i are
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n
d i \

as equal as possible ,2  J*s as small as possible.
is l

#

These results were generalized by Bermond and were obtained 

by private communication by us. Bermond showed the following:

T h e o re m  2.5 Regular and almost regular complete k-partite graphs 

are 3-optimal.

We end this chapter with a result on complete bipartite graphs. 

Along with the members of the SITGTG, we have shown that the 

com plete bipartite graphs are 3-optimal. This result was later 

strengthened to show that these graphs are uniquely 3-optimal in 

their class. Several elegant proofs have been obtained. We give the 

original proof.

T h e o re m  2.6 The graph Kn i ,n 2  is 3-optimal.

P r o o f :  Assume on the contrary that there is a 3-optimal graph G in

the same class as Kn i ,n2 an(* that S3(G) > S3 ( K ni>n2)- We will show

4 2



that the complement of G is not 3-worst.

Let di be the degree of vertex vj in K n ,,n2- Since Kn i ,n2 has no 

triangles, x = 0  and so
n

i=l

Let di(G) be the degree of vertex vj in G. Then, since 

S3(G) > S3(Kn i,n2),

im - s c n
i=l i=l

The complement of Kn ,,n 2 is Knj u  Kn2. Let dci be the degree of 

vertex vj in Kn , u  Kn2. Then
n

s 3( K d, u  K„2) = 1/3
i=l

because all induced three vertex subgraphs of Kn , u  Kn 2  are 

triang les .

Let Gc be the complement of G and let d i(G c) be the degree of vertex 

Vi in Gc . Recall our discussion on the relationship between the 

degrees in a graph and its complement in the previous section. Then 

from the previous inequality, we must have

i=l i=l
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But S3(G c) £ mUSt ** thal S3^ Ĉ  51 S3^ n l U Kn2)-
i= 1

This means that Gc is not 3-worst.
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CHAPTER 3 

PROPERTIES OF 3-OPTIMAL GRAPHS

In this chapter, we discuss structural properties of 3-optimal 

graphs. Our motivation for these results are the 3-optimal graphs 

presented in Chapter 2. The reductions used in obtaining 3-optimal 

graphs in Theorems 2.2(a) and 2.2(b) were particularly enlightening.

We begin with a result on pendant edges. From the 

construction in Theorem 2.2, it is clear that all pendant edges should 

be incident to a vertex of maximum degree. This makes for one 

vertex with large degree and does not affect the formation of 

triangles, thereby increasing S3 (G). This notion is formally stated as 

Theorem 3.1.

T h e o rem  3.1 Let G be a 3-optimal graph. Then any pendant edges 

in G must be incident to a vertex x which has the maximum degree in 

G-{pendant edges).

P ro o f :  Let G' = G-{pendant edges). Assume on the contrary that G

has k pendant edges incident to a vertex x with degree d* in G' and

45



that there is a vertex v with degree dv in G' such that

d* < dv.

We perform a transformation on G. Remove the pendant edges at x 

and attach them at v. The number of vertices and edges in G is

unchanged. The number of triangles in the graph is unchanged. The

degree of x is reduced by k and the degree of v is increased by k. 

Since v may also have pendant edges, assume that there are m 2  0 

such edges incident to v. The degree of x in G is changed from dx+k

to d x and the degree of v in G is changed from dv +m to dv + m + k .

Using the formula (2.1), we obtain the following change in S3 :

fd v+m +k\ f d x \ fdv+ im  fdx+ k \
2 h U J K  2 M  2 JJ

=  [ ( d v + m + k ) ( d v + m + k - l ) / 2  +  ( d x ) ( d x - l ) / 2 ]

-  [ ( d v + m ) ( d v + m - l ) / 2  +  ( d x + k ) ( d x + k - l ) / 2 ]

= [{dv2+dv( 2 m + 2 k - l)+ (m 2+ k 2+2 mk-m-k) } / 2  + (dx2 - d x) /2 ]

- [{dv2+dv( 2 m -l)+ (m 2 -m ) } / 2  + {dx2+ dx( 2 k - l)+ (k 2-k ) ) /2 ]

=  { ( 2 k ) ( d v - d x ) + 2 m k } / 2

= k(dv-d x)+mk > 0  since k £ 1 , mk £ 0 , and dv > dx.

Thus the transformation increases the value of S3. Therefore G is not 

3 -o p tim a l.

#
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Our next result deals with cutpoints in 3-optimal graphs. It 

turns out that the removal of a cutpoint results in a graph with at 

most one non-triv ial com ponent. O therw ise, it is possib le to 

transform the graph and obtain a better s3.

Theorem 3.2 Let G be a 3-optimal graph. Then for any vertex v in 

G, G-v contains at most one non-trivial component.

P ro o f :  Let v be a cutpoint of G and assume on the contrary that two

components of G-v, say C l and C2, each contain edges. In G, there 

are no edges between the vertices in C l and the vertices in C2. The 

vertex v is connected in G to at least one vertex of C l, say V]. 

Similarly, v is connected in G to at least one vertex of C2, say V2 . 

Thus, in G we have the situation depicted in Figure 3.1. It is possible 

for v to have other neighbors in C l and C2.

C2

Figure 3.1. The vertex v is a cutpoint in G.

We transform G as follows. Remove the edge between v and V2 and

4 7



add a pendant edge at v. Attach C l and C2 to each other at vi and 

V2 . Call this new vertex u. After the transformation, we are left with 

the situation depicted in Figure 3.2.

Figure 3.2. Transformed graph of Figure 3.1.

The transform ation does not change the number of vertices or edges 

in G. The number of triangles is unchanged. The degree of v remains 

unchanged . L etting  dj and d 2 be the degrees of vi and V2 , 

respectively, in G, then the vertex u has degree dj -t-d2 -1 - An increase 

in the S3 value of G is obtained, contradicting the fact that G is 

3 -o p tim al:

= [(d i+ d 2 * l) (d ,+ d 2 -2 )/2 ] - [ ( d ,) ( d ,- l ) / 2  + (d2) (d 2 - l ) / 2 ] 

= [ (d ,2 + 2 d id 2 -3 d i-3 d 2 +2)/2] - [d j2-di)/2  + (d2 2 -d 2)/2 ] 

= (2 d id 2 - 2 d i - 2 d 2 + 2 ) / 2  

= d id 2 - dj - d2 + 1 > 0  since d j, d2 ^  2 .
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Thus the transformation increases the value of S3 . Therefore, G is not 

3 -o p tim a l.

#

We now present several corollaries of Theorems 3.1 and 3.2.

C o ro lla ry  3.3 A 3-optimal graph contains at m ost one cutpoint. If 

such a vertex exists, then at least one of its neighbors has degree 1 .

P ro o f :  Let G be 3-optimal and let x be a cutpoint of G. Assume on

the contrary that all of the neighbors of x have degree £ 2. Then the 

graph G-x will have are least 2 non-trivial components. By Theorem

3.2, this is impossible. So x must have neighbors of degree 1. But by 

Theorem 3.1, x must have the maximum degree in G-{pendant edges}

and all pendant edges in G must be incident to x. So x is the only

cutpoint in G and it must have neighbors of degree 1.

#

C o ro lla ry  3.4 A 3-optimal graph has a cutpoint if and only if it has 

a vertex of degree 1 .
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P r o o f :  By the previous corollary, a cutpoint of G must have a

neighbor of degree 1. Conversely, the neighbor of a vertex of degree 

1 is a cutpoint in any graph G * K2 .

#

C o ro lla ry  3 .5 : Let G be a 3-optimal graph. If G contains more than

one vertex of maximum degree, then G has no pendant edges and 

hence no cutpoints.

P ro o f :  Let G 3-optimal graph with pendant edges. By Theorem 3.1,

all such edges must be incident to a vertex x with maximum degree 

in G -{pendant edges). Hence, if G has k > 0 pendant edges, the 

degree of x is strictly larger than that of any vertex in G.

#

From the above results, we know that G can have at most one 

cutpoint and that the cutpoint must have incident pendant edges. If 

the cutpoint is rem oved, then at m ost one non-triv ial com ponent 

results. Because of this, if the pendant vertices are removed from G, 

the resulting graph will have no cutpoints. This is the result in 

Corollary 3.6.
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C o ro lla ry  3.6 If G is 3-optimal, then G' = G-{pendant vertices} has 

no cutpoints.

P ro o f :  Let G be 3-optimal and let G' be defined as above. Assume

on the contrary that G' has a cutpoint x. Then x is also a cutpoint of 

G. By Theorem 3.2, G-x has at most one non-trivial component. This 

means that G'-x must have at most one non-trivial component. But 

this is impossible since G' has no pendant vertices.

#

Recall that it is desirable to have a small diam eter in networks. 

Unexpectedly, it turns out that 3-optim al graphs have a very small 

diam eter. That this should be the case is not at all intuitive. We 

shall now show that the diameter of a 3-optimal graph is at most 3.

T h eo rem  3.7 Let G be a 3-optimal graph. Then G has diameter £ 3.

P r o o f :  Let G be 3-optimal. Assume on the contrary that G has

diam eter £ 4. So there must be two vertices in G, say u and v, such 

that the distance between u and v is at least 4. Let the degrees of u 

and v be du and dv, respectively.
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»Case 1: Let du, dv £ 2 (i.e. u and v are non-pendant).

Then in G, there is a shortest path of length at least 4 between u and 

v and v has at least two neighbors. The situation is depicted in 

Figure 3.3. The marked edges will be removed when we transform 

the graph.

u*-
w

Figure 3.3 A path of length > 3 between u and v.

We now transform the graph. Observe that none of the neighbors of 

v are adjacent to u since otherwise d(u,v) would be 2. Let w be the 

neighbor of v on our path. Certainly w has degree > 1. For all other 

neighbors of v, rem ove the edge between v and its neighbor and 

insert an edge between u and that vertex. Figure 3.4 depicts the 

result of transforming Figure 3.3.
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Figure 3.4. Transformed graph of Figure 3.3.

It is clear that the transform ed graph is connected since any path 

utilizing the vertices of the path from u to v and the neighbors of v 

in the original graph may be transformed into a path utilizing these 

vertices in the transformed graph. No triangles are formed since a 

shortest path between u and v must contain at least 4 edges. The 

degree of u becomes du + dv - 1 and the degree of v becomes 1. The 

value of S3 increases, contradicting the assum ption that G is 3- 

op tim al:

= [(du+ d v - l ) (d u+dv-2)/2] - [(du)(du-l)/2 + (dv)(dv- l ) /2 ]

= [du2+dv2+ 2 d udv-3du-3dv+2)/21 - [(du2-du)/2 + (dv2-dv)/2]

= (2 dud v - 2 du - 2 dv + 2 ) / 2  

— dydy ■ du ~ dy + 1 > 0  since du, dv ^ 2 .

•Case 2 : Note that both u and v cannot have degree 1 since then

they would be adjacent to the same vertex by Theorem  3.1 and



hence d(u,v) would be 2. Therefore, we are left with the case that 

exactly one of u, v has degree 1 .

Since all vertices with degree 1 must be adjacent to the vertex which 

has maximum degree in G-{pendant edges), assume that in this case 

u is adjacent to x and that x has maximum degree in G-{ pendant 

edges). Thus, for all vertices y in G, deg(x) £ deg(y)+l since x has at 

least one pendant edge. The situation in G is depicted in Figure 3.5.

Figure 3.5 There is a path of length > 3 between u and v.

We now transform the graph. Let w be the neighbor of v on the path 

between u and v. Remove the edge between v and w and insert an 

edge between v and x. The number o f vertices and edges remain 

unchanged. If x had degree d x originally, its degree now is d x+ l. The 

degree of w, dw , becomes dw-1. No triangles are formed since the 

distance between x and v is at least 3. The transformation leads to 

the configuration in Figure 3.6.
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Figure 3.6. Transformed graph of Figure 3.5.

The value of S3 increases, contradicting the assumption that G is 

3 -o p tim a l:

= [(dx+ l ) ( d x)/2 + (dw-l)(dw-2)/2]

-  l ( d * ) ( d * - l ) / 2  +  ( d w ) ( d w - l ) / 2 )

= Kdx2+dx)/2 + (dw2-3dw+2)/2] - [(dx2-dx)/2 + (dw2-dw)/2) 

= (2d* - 2dw + 2)12 

= dx - dw + 1 > 0 since dx 2: dw +1.

There now present several corollaries to Theorem 3.7. The first 

states that in 3-optim al graphs, vertices of maximum degree are at 

m ost a distance 2 away from other vertices in the graph. In 

netw orks, this corresponds to nodes with large degree being easily 

accessible to other vertices. This is desirable as such nodes may 

have particular im portance com m ensurate with their degree.

#



C o ro lla ry  3.8 Let G be 3-optimal and let x be a vertex in G with 

maximum degree. Then for any vertex y, d(x,y) £ 2.

P ro o f :  Let G be 3-optimal and let x be a vertex in G with maximum

degree. Assume on the contrary that there is a vertex v in G such 

that d(x,v) £ 3. Then in G we have the the situation depicted in 

Figure 3.7.

•  •  ►.............................
x vv

Figure 3.7. The distance from x to v is > 2.

We transform the graph as follows. Let w be the neighbor of v on a 

shortest path from u to v. Remove the edge between v and w and 

insert an edge between v and x. The number of vertices and edges 

remain unchanged. If x had degree dx originally, its degree now is 

d x+ l. The degree of w, dw, becomes dw-1. No triangles are formed 

since the distance between x and v is at least 3. We obtain the 

configuration in Figure 3.8.
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X w V

Figure 3.8. Transformed graph of Figure 3.7.

The value of S3 increases, contradicting the assumption that G is 

3 -o p tim a l:

It turns out that in 3-optimal graphs, the vertices of maximum

degree are in the c e n te r  of the graph. Vertices in the center of a

graph have the sm allest maximum distance to all other vertices in

the graph. Corollary 3.9 formalizes this notion.

C o r o l la ry  3 .9  Let G be 3-optim al and let x be a vertex with

= [(dx+ l ) ( d x)/2 + (dw- l ) (d w-2)/2]

- l(dx)(dx-1 )/2 + (dw)(dw- l ) /2 ]

= [(dx2+dx)/2 + (dw2-3dw+2)/2] - [(dx2-dx)/2 + (dw2-dw)/2] 

= (2dx - 2dw + 2)12 

= dx - dw + 1 > 0 since dx £ dw +1.

#
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maximum degree. Then x is in the center of G.

P roof:  Let G be 3-optimal and let x be a vertex with maximum

degree. By Corollary 3.8, d(x,y) = 1 or 2 for all vertices y in G. If 

d(x,y) = 1 for all vertices y in G, then x has degree n -1 and is clearly 

in the center of G. Otherwise d(x,y) = 2 for some vertex y. Thus 

deg(x) < n-1. In this case there can be no vertex v such that 

d(v,y) = 1 for all vertices y since then deg(v) = n -1  > deg(x). 

Therefore again x is in the center.

#

There are several properties concerning circuits in 3-optim al 

graphs. Li showed that every non-pendant edge in a 3-optim al 

graph must lie on a circuit of length 3 or a circuit of length 4. We 

obtained his resu lt by private com m unication. The next result 

indicates that such a tight structure is centered about the vertices of 

maximum degree in 3-optim al graphs.

Theorem 3.10 Let G be a 3-optimal graph with vertex x having 

maximum degree in G. Then every non-pendant vertex y in G lies on 

a circuit of length 3 or a circuit of length 4 with x.
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P ro o f :  Let G be 3-optimal and let x be as described above. Assume

on the contrary that there is a non-pendant vertex y which does not 

lie on a circuit of length 3 or 4 with x.

«Case 1: Let a shortest circuit containing both x and y have

length £ 5.

By Corollary 3.8, d(x,y) £ 2. Therefore, the smallest circuit containing 

both x and y must have one of the configurations in Figure 3.9. We 

call the vertex adjacent to x on the circuit z. Note that in (b), y = z.

z

(a)

y=z

(b)

Figure 3.9. Two circuits containing vertex of maximum degree.

In each case, we can transform the graph. It is easiest to see the 

transformations by looking at Figure 3.10. The graphs (a) and (b) in 

figures 3.9 and 3.10 correspond.
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(a) (b)

Figure 3.10. The graph in Figure 3.9 after transformation.

Note that the transformations in (a) and (b) are identical. There are 

no triangles form ed since otherw ise there would be a c ircu it of 

length 4 containing both x and y. We compute the change in the 

value of S3.

Let dx and dz be the degrees of vertices x and z, respectively. Then 

the degree of x becomes dx+ l and the degree of z becomes dz- l .

= [(dx+ l ) ( d x)/2 + (dz- 1 )(dz-2)/2]

- [(dx)(dx-l)/2 + (dz)(dz- 1 )/2]

= [(dx2+dx)/2 + (dz2-3dz+2)/2] - [(dx2-dx)/2 + (dz2-dz)/2]

=  ( 2 d x  -  2 d z  +  2)12

= dx - dz + 1 > 0  since dx £ dz.

•Case 2 : The vertices x, y do not lie on any circuit together.
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Since G is connected, there is exactly one path between x and y. So, 

there is a disconnecting edge in G and hence a cutpoint which is not 

x. This is impossible.

#

We have seen that so far, the only triangle-free graphs which 

are 3-optim al are bipartite. We believe that all triangle-free 3- 

optimal graphs are bipartite. However, we have been able to prove 

this result only with the additional assum ption that our graph not 

contain an induced circuit of length S. Nonetheless, the proof o f this 

weakened result offers insight into the structure of 3-optimal graphs.

Theorem 3.11 Let G be a triangle-free 3-optim al graph with no 

induced circuits of length S. Then G is bipartite.

Proof: Let G be a 3-optimal graph with no triangles and no induced

circuits of length 5. Assume on the contrary that G is not bipartite.

Let x be a vertex of maximum degree in G. By Corollary 3.8, all 

other vertices in G are either a distance 1 or 2 from x. Let 

Vi = {v e G /  d(x,v) = 1 } and let V2 = {v e G /  d(x,v) = 2).

If there are no edges among vertices in Vi and among the vertices in
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V 2 , then G is bipartite. This is impossible. There can be no edges 

among vertices in Vj since then G would have triangles. Therefore, 

there must be an edge between two vertices in V2 . But then G would 

have an induced circuit of length 5. This is impossible.

#

We have two additional conjectures pertaining to the structure 

of 3-optimal graphs. First, we believe that any 3-optimal (n,e) graph 

with e £ 2n-4 cannot have pendant edges. Secondly, observe that in 

dealing with 3-optim al graphs with e £ n -1 , it is only reasonable to 

assume that such graphs are connected. However, there is no result 

that guarantees this. Along with the members of the SITGTG, we 

conjecture that this is indeed the case. Results found so far support 

these conjectures.
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CHAPTER 4

NEW 3-OPTIMAL GRAPHS

In this chapter, we obtain all 3-optim al graphs for the cases 

2n-3 £ e £ 3n-10. Recall that the cases n-1 £ e £ 2n-4 were solved 

by Boesch and Li. Their result was given in Chapter 2 as Theorem

2.3. Also, the case for e = 3n-9 was solved since the complete

bipartite graph K3 , n - 3  is uniquely 3-optimal in that case. This was

discussed in Chapter 2 as well. Combining these results, we are able

to extend the known 3-optimal graphs to e = 3n-9.

In the first section of this chapter, we present all the 3-optimal

graphs for e = 2n-3. The case e = 2n-3 is transitional in that the

3-optim al graphs are sim ilar to both those in the range e £ 2n-4 and

e £ 2n - 2. The second section covers the cases 2n-3 < e £ 3n-10.

Finally, in the last section of this chapter, we summarize the results 

presented in the chapter and propose a conjecture on 3-optim al 

graphs for e £ Ln2/4 j  which generalizes the results known so far.
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4.1 3-OPTIMAL GRAPHS FOR e = 2n - 3

Recall the graph G a of Chapter 2. It turns out that the full case 

of this graph will be one of the 3-optimal graphs to be considered for 

e = 2n-3. We will call this graph G j. Let G2 be the graph obtained by 

joining two vertices of degree 2 with an edge in K2 ,n-2 - The graph G2 

will likewise be 3-optimal. Finally, let G 3 be the bipartite graph with 

the degree sequence (n-3)2342(n*6>. The graph G3 will not be 

3-optimal in most cases, but it will be needed to prove some of our 

results. The graphs G i, G2 , and G3 are shown in Figure 4.1 for n = 8 .

Gi G3

Figure 4.1. The graphs G i, G2 , and G3 .

We will show that for n > 7, Gi and G2 are the only 3-optimal 

graphs. For n <, 7, it will turn out that these graphs, as well as others, 

are 3-optimal, depending on n and e.
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Observe that the graphs Gj and G 2 both have S3 = (n-2)2. In 

Lemma 4.3 we show that all graphs with maximum degree n-1 have 

a smaller S3 than G |.  We then show in Lemma 4.4 that all graphs 

with m aximum degree n-2 have a sm aller S3 than G2 . Finally, in 

Lemma 4.5, we show that all graphs with maximum degree n-3 have 

a smaller S3 than G3 . In addition to using formula (2.1) for S3(G), we 

will use formula (2 .2 ):

We begin with two results that will be used in this section and 

in the next. The first deals with bipartite graphs which maximize S3 . 

The second in a result due to Li and was obtained by us by private 

com m unica tion .

L em m a 4.1 Let 2n-3 £ e £ 3n-9. Among bipartite graphs having n 

vertices and e edges, the graph with the largest value of S3 has the 

degree sequence

Therefore, to maximize S3(G), we need to maximize A and the number 

of vertices with degree A. When 2n-3 £ e £ 3n-9, we can have at 

most A = n-3 so that there are 3 vertices in one part and n-3 vertices

sj(G) = s,(G-v) + IN(v) + (deg2(v ) )

(n -3 )2 (e -2 n + 6 )3 c ' 2n+6 2 3n‘9*e .

Proof: Since a bipartite graph G has no triangles,
n
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in the other part. Furthermore, there can only be two vertices with 

degree A (unless e = 3n-9). The remaining e-(2n-6) edges must be 

made incident to the rem aining vertex. We obtain the degree 

sequence above.

L em m a 4.2 Let G be a connected graph with degree sequence

d | £ d2 * d3 2 ... 2  dn, dj < n -1 .

Then there is a connected graph G' with d'i = di + 1 such that

L em m a 4.3 Let e = 2n-3 and let the maximum degree be A = n-1. 

Then the unique graph which maximizes S3 under these conditions is 

G,.

P r o o f :  Let e = 2n - 3. Suppose that there is a graph G in the same 

class as Gi that has A = n-1 and such that S3(G) 2 S3(G i) .

Let v be a vertex of degree n-1 in G. Then

#

n n

S3(G-v ) (  2  )
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Let V| be a vertex of degree n-1 in G j. Then

S3( G j )  = s3( G , - v , )  + IN(v i)  + ( " 2 *)

= S3(Gi -V!) + C V )

So,

S3(G) £  S3(G i ) < = >

S3(G-v) + ^ 2  s3 ( G i - v i ) + (  2

s 3(G-v) £ s3( G i - v i ) .

Note that G-v and G i-v j are in the same class. Now G j - vj is a star 

and, by Theorem  2.3, is the unique 3-optim al graph in its class. 

Therefore, G-v must be that graph. But then it must be that G = G j.

#

L em m a 4.4 Let e = 2n-3 and let the maximum degree be A = n-2. 

Then the unique graph which maximizes s3 under these conditions is 

G2.

Proof: Let e = 2n - 3. Assume on the contrary that there is a graph 

G in the same class as G2 that has A = n-2 and such that S3(G) 2  S3(G 2>. 

Let v be a vertex of degree n-2 in G. Then

s3(G) = sj(G-v) + IN(v) + (  2  )
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Let V2 be a vertex of degree n-2 in G 2 . Then

s 3( G 2) = s3( G 2- v 2) +  IN ( v2) +  ( n 2 2 )

^ 2 A
= s3(G 2 -V2 ) + (n-2 ) + [ 2  /

So,

s 3(G )  2  s3( G 2) < = >

s 3( G - v) + IN(v) + (n2 2) ^  s3( G 2- v 2) + (n-2) + ( ° 2 2)<=> 

s 3( G - v ) + IN(v) £ s3(G 2-V 2) + (n-2).

Note that G-v and G 2 -V2 are in the same class. Furthermore, G 2 -V2 is 

a star plus an edge and, by Theorem 2.3, is the unique 3-optimal 

graph in its class. So we have s3(G-v) £ s3 (G 2 -V2 ). We consider the 

cases s3( G - v ) = s3(G 2 -V2) and s3(G-v) < s3(G 2 -V2 ).

Suppose that s3 (G 2 -V2) = s3(G-v). Then G - v ,G 2 -V2 since G2 -V2 is the 

unique 3-optimal graph in this case. We need to have IN(v) £ n-2. 

But the best we can do is IN(v) = n-2 since IN(v) is the degree of the 

vertex not adjacent to v. This can happen only if G = G 2 .

Suppose that s3 (G 2 -V2 ) < s3(G-v). Then we need to have IN(v) > n-2. 

This is impossible since at most we can have IN(v) = n-2.

#
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L em m a 4.5 Let e = 2n-3 and let the maximum degree be A = n-3. 

Then the unique graph which maximizes S3 under these conditions is 

G3.

P ro o f :  Let e = 2n - 3. Assume on the contrary that there is a graph 

G in the same class as G3 that has A = n-3 and such that S3(G) 2  S3(G 3>.

Let v be a vertex of degree n-3 in G. Then

S3(G) = s3(G-v) + IN(v) + (n2 3)

Let V3 be a vertex of degree n-3 in G 3 . Then

s3(G 3) = s3(G 3-v3) + IN(v3) + ( " 2 3)

= s3( G 3-v3) + n + [ " 2  )

So,

S3(G) 2: S3(G3> <=>

s3(G-v) + IN(v) + s3( G 3-V3) + n + ^"2 3 j<=c>

s 3(G-v)  + IN(v) 2  S3(G 3-V3> + n.

Now, IN(v) <, n since there are n edges which aren't incident to v. If 

IN(v) = n, then G is bipartite. By Lemma 4.1, G 3 has the largest S3 

value of all bipartite graphs in this class. So assume that IN(v) < n. 

In that case we must have

s 3(G-v) > S3( G 3-v 3).
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The graph G 3 -V3 = Gb is a graph in the class with n' vertices and e' 

edges where

By Theorem 2.3, the graph Gb is 3-optimal for n’ £ 7. So, for n’ £ 7,

we have S3(G - v) £ S 3 ( G 3  - V3) = S3(G b ). This contradicts

S3(G-v)  > S3( G 3 -V3). So,  we need to consider the case n' > 7.

Now the graph G-v must have A £ n'-2 since G has A = n-3. We will

show that in the class (n '.n '+ l), of all graphs with A £ n'-2, the graph 

G3 -V 3 = Gb has the largest S3.

Let G-v have A = n'-2 and v' be a vertex of degree n’-2 in G-v. Then 

we have

n' = n -1

e' = e - (n-3)

= (2n-3) - (n-3) 

= n' + 1 .

Let vb be a vertex of degree n'-2 in G3 -V3 = Gb- Then
/n * - 2 \

S3(Gb ) = S3(Gb -Vb ) + IN(vb) + [ 2 J
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So,

s3(G -v ) > s3(G b ) < = >

s 3«G -v ) -v ' )  + IN(v') + ^  2 ] >  s3(G b -v b ) + 3 + 2 ) <=>

s3( (G - v)-v') + IN(v') > s3( G b -vb) + 3.

But IN(v') £ 3. Also, the graph (Gb -v b) is a star and so, by Theorem

s3((G-v)-v ') £ s3( G b - v b ). So it must be that s3( (G -v)-v’) + IN(v') = 

s3( G b - v b ) + 3. But then (G-v)-v' = G b - v b since G b - vb is uniquely 

3-optimal and G = G b -

Let G-v have A £ n '-3. We will construct a realizable degree 

sequence for a connected graph with A = n'-3 which has the largest

We attach the remaining 4 edges to a vertex of degree 1. Two of the 

edges are used to connect the isolated vertices. We get

2.3, is the unique 3-optimal graph in its class. Thus

n '

We begin with a vertex of degree n'-3.

This uses up n'-3 edges. We get

(n*-3)(l)“'-3(0)2.

(n '-3 ) (5 )(2 )2( 1 )n’*4.
n •

Let DS* denote

= ((n')2 -7n’+12)/2 + 1 0  + 2

7 1



= ((n’)2 - 7n' + 36)/2.

Thus, for all graphs G’(n \e ’) with A = n'-3, DS* £ S3(G ’).
i * l

Furthermore, by Lemma 4.2, for all connected graphs G" with
n '

V  f d i ( G " ) \
A < n'-3, we have I 2  )< DS*. We now compare DS* with

i=l

S3(G b ) = ((n ' ) 2 - 5n' + 18)/2:

((n ) 2 - 5n' + 18)/2 - ((n’) 2 - 7n’ + 36)/2 

= (2n’ - 18)/2 > 0 if n' > 9.

We now examine all degree sequences for n = 8  and n = 9 which have
n '

DS* = X C J2 I) > s3(G b). 
i = l

For n' = 8 , e = 9, S3<Gb) = 21, A £ 5.

5 5 3 1 1 1 1 1, DS* = 23 can't be 3-optimal by Corollary 3.4

5 5 2 2 1 1 1 1, DS* = 22 can't be 3-optimal by Corollary 3.4

5 4 4 1 1 1 1 1, DS* = 22 any realization has x £ 2

5 4 3 2 1 1 1 1, DS* = 20

Other sequences 5 x x x x x x d o  not have bigger DS*.

4 4 4 2 1 1 1 1, DS* = 19 

Other sequences 4 x x x x x x do not have bigger DS*.

For n = 9, e = 10, S3(Gb) = 27, A £ 6 .

6  6  2 1 1 1 1 1 1, DS* = 31 can't be 3-optimal by Corollary 3.4
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6  5 3 1 1 1 1 1 1, DS* = 28 not realizable

6  5 2 2 1 1 1 1 1, DS* = 27 any realization has x £ 2

6  4 4 1 1  1 1 1 1, DS* = 27 not realizable

6  4 3 2 1 I 1 1 1, DS* = 25

Other sequences 6  x x x x x x x x do not have bigger DS*.

5 5 4 1 1 1 1 1 1, DS* = 26 

Other sequences do not have bigger DS*.

Therefore, for n' > 7, S3 (G b ) > S3 (G-v). This contradicts S3 (G-v) > 

S3(G3-V3> = S3(Gb).

Finally, we show in Lemma 4.6 that all graphs with maximum degree 

n-3, n > 12 have a smaller s3 than (n-2)2.

L em m a 4.6 For n > 12 and A = n-3, there is no graph which

P ro o f :  We will construct degree sequences which maximize
i - 1

and obtain upper bounds for s3 for graphs with e = 2n-3, A = n-3. A

graph with e = 2n-3, n > 12, can have at most 2 vertices of degree

n-3. Let u and v be those vertices. There are two cases to consider,

one with u and v adjacent, and the other with u and v not adjacent.

#

n

n
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We will not consider cases in which the distance between u and v 

exceeds two since it was shown in Corollary 3.8 that the S3 could be 

improved in that case.

Let u and v be adjacent. In beginning the construction of such a 

graph, we use up 2n-7 edges. This leaves us with 4 edges. Now, u 

and v can have n-4, n-3, or n - 6  common neighbors.

W hen u and v have n-4 common neighbors, the optim al degree 

sequence is (n-3)26 13 22 n_7l 2. We get

= (n2 -7n+12) + 15 + 6  + (n-7)

= n2 - 6 n + 26.

We have x £ n-4 so that S3 £ n2 - 6 n + 26 - 2(n-4) = n2 - 8 n + 34. 

Com paring with (n-2)2, we get

(n 2 - 4n + 4) - (n2 - 8 n + 34) = 4n - 30 > 0 since n > 7.

When u and v have n-3 common neighbors, the optim al degree 

sequence is (n-3)26 13 32 n*9 l 3. We get

= (n2 -7n+12) + 15 + 9 + (n-9)

= n2 - 6 n + 27.

We have x £ n-5 so that S3 £ n2 - 6 n + 27 - 2(n-5) = n2 - 8 n + 37.

7 4
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Comparing with (n-2)2, we get

(n 2 - 4n + 4) - (n2 - 8n + 37) = 4n - 33 > 0 since n > 9.

Finally, when u and v have n - 6  com m on neighbors, the optimal 

degree sequence is (n-3)26 , 342 n' n  l 4. We get

= (n2 -7n+12) + 15 + 12 + (n-11)

= n2 - 6 n + 28.

We have x 2  n - 6  so that S3 £ n2 - 6 n + 28 - 2(n-6) = n2 - 8 n + 40. 

Comparing with (n-2)2, we get

(n 2 - 4n + 4) - (n2 - 8 n + 40) = 4n - 36 > 0 since n > 11.

Let u and v be non-adjacent. In beginning the construction of such a

graph, we use up 2n-6 edges. This leaves us with 3 edges. Now, u

and v can have n-3 or n-4 common neighbors.

Let u and v have n-3 common neighbors and no triangles. The only 

degree sequence is (n-3)23 42 n*6. We get

n

n

i - l

= (n2 -7n+12) + 12 + (n-6 ) 

= n2 - 6 n + 18

= S3 .

Com paring with (n-2)2, we get
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(n2 - 4n + 4) - (n2 - 6n + 18) = 2n - 14 > 0 since n > 7.

Otherwise, when u and v have n-3 common neighbors we have x t  2. 

The optimal degree sequence is (n-3)25 13 22 n~6 1 *. We get

= (n2-7n+12) + 10 + 6  + (n-6 )

= n2 - 6 n + 2 2 .

So that S3 £ n2 - 6 n + 22 - 2(2) = n2 - 6 n + 18.

Com paring with (n-2)2, we get

(n 2 - 4n + 4) - (n2 - 6 n + 18) = 2n - 14 > 0 since n > 7.

W hen u and v have n-4 common neighbors, the optim al degree 

sequence is (n-3)25 , 3 32 n*8l 2. We get

= (n2 -7n+12) + 10 + 9 + (n-8 )

= n2 - 6 n + 23.

We have t  £ 3 so that S3 £ n2 - 6 n + 23 - 2(3) = n2 - 6 n + 17. 

Com paring with (n-2)2, we get

(n 2 - 4n + 4) - (n2 - 6 n + 17) = 2n - 13 > 0 since n > 7.

In each case, the maximum possible S3 value is smaller than (n-2)2.

n

n

#
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L em m a 4.7 Let e = 2n-3, 8  £ n <. 12. Then the graphs G \ and G 2 are 

the only 3-optim al graphs.

P r o o f :  By Lemmas 4.3-4.5, we need only consider graphs with

m axim um  degree £ n-4 as possible 3-optim al graphs. The proof 

involves the generation of all degree sequences for such graphs for

cannot correspond to 3-optim al graphs because they have pendant 

edges and more than on vertex of maximum degree (see Corollary 

3.5). The rem aining degree sequences turn out to be trivially non- 

realizable. The degree sequences and details o f the proof are given 

in the Appendix.

We also obtain all the 3-optimal graphs for cases with n £ 7. We give 

the results for these small cases of n in Lemma 4.8.

L em m a 4.8 Let e = 2n-3. Then for 3 £ n < 7, the graphs in Figure

4.2 are the only 3-optimal graphs. For n = 7, in addition to the graph 

in the figure, the graphs Gi and G2 are 3-optimal as well.

n

which It turns out that almost all such sequences

#
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P ro o f: For n = 3 and e = 3, there is only one graph. Likewise for 

n = 4 and e = 5. For n = 5, 6 , 7 we consider only the graphs in 

Lemmas 4.3, 4.4, and 4.5 since there are no graphs in these cases 

with maximum degree < n-3.

#

We now prove the main result of this section. Using Lemma 

4.2, we show that all graphs with maximum degree < n-3 have a 

sm aller S3 than (n-2 )2.

n = 3 n = 4 n = 5

n = 6 n = 7

Figure 4.2. 3-optimal graphs for e = 2n-3, 3 £ n £ 7.
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T h e o re m  4.9 For n > 7 and e = 2n - 3, the unique 3-optimal graphs 

are Gi and G 2 . For n = 7, the graph in Figure 4.2 is 3-optimal in 

addition to Gi and G 2 . For smaller n, the 3-optimal graphs are given 

in Figure 4.2.

P ro o f: By Lemma 4.2, for any connected graph G with A(G) = n-k, 

k > 3, there is a graph G' with A(G') = n-k+1 such that

Thus, by Lemma 4.6, all such graphs with n > 12 have S3 < (n-2)2. 

Thus, by Lemmas 4.3 and 4.4, the unique 3-optimal graphs for n > 12 

and e = 2n - 3 are Gi and G2 . Lemma 4.7 gives the result for 

8  £ n £ 12. Lemma 4.8 gives the result for n £ 7.

4.2 3-OPTIMAL GRAPHS FOR 2n-2 < e < 3n-10.

We now present our result for the cases 2n-2 £ e £ 3n-10. In 

general, we let e = 2n + a for the range 2n-3 £ e £ 3n-9. This 

corresponds to -3 £ a £ n-9. Though our results in this section will

n n

#
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deal only with the cases 2n-2 £ e £ 3n-10, we will later use this 

generalization to com bine these results with those obtained in the 

previous section.

15. a = - 3e e = 16. a = -2

e = 18. a = 0e = 17, a = -1

Figure 4.3 The general graph G2 for n = 9.

The graph G 2 p resented in the previous section can be

generalized  for 2n-3 £ e £ 3n-9. We begin w ith the com plete

bipartite graph K 2 ,n-2 - This uses up 2n-4 edges. Select a vertex of

degree 2  in K2 , n -2 and connect it to as many of the other vertices as 

possible until all the edges are used up. The number of such edges is 

(2n+a) - (2n-4) = a + 4. Since a + 4 £ n-5, we are always able to
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perform this construction for our range of e. Note that the graph G2 

of Section 4.1 has a = -3. We will call this generalized graph G2 as 

well. Figure 4.3 shows the graph G2 for n = 9. Note S3(G 2 > = 

(n -2 ) 2 + (a2 + 7a + 12)/2.

We need to consider a generalization of the graph G 3 as well. 

Begin with the complete bipartite graph K3 , n -3  This uses 3n-9 edges. 

We have 2n+a £ 3n-9 edges. Choose a vertex of degree n-3 and 

remove the excess edges from it. Since e £ 2n-3, we are always able 

to perform this construction and obtain a connected graph. We will 

call this generalization G3 . Note that S3 (G 3 ) = (n - 3)2+ (a2+ 5a + 54)/2. 

The graph G 3 in the previous section had a = -3. Figure 4.4 shows the 

graph G 3 for n = 9.

c = 18, a = 0  e = 17, a = -1  c = 16, a = -2 c = 15, a = -3

Figure 4.4. The graph G3 .

In the remainder of this section, we will show that for e = 2n-t-a, 

2n-2 £ e £ 3n-10, the only 3-optimal graphs are G 2 and G3 . Observe 

that S3(G 2 > £ S3(G 3 > if n £ 13+2a. Otherwise, S3(G 2> < S3(G 3>. We will
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show that depending on these constraints on n and a, either one or 

both graphs will be 3-optimai. We begin with a result of Li which we 

state here as Lemma 4.9.

L em m a 4.10  Let G be a 3-optimal graph with a vertex x of degree 

n-1. Then G-x is 3-optimal in its class.

We use Lemma 4.10 to prove Lemma 4.11. The lemma

elim inates graphs with maximum degree n-1 as possible 3-optim al 

graphs for 2n-2 £ e £  3n-10.

L e m m a 4 .11  For 2n-2 £ e £ 3n-10, there is no 3-optim al graph 

with a vertex of degree n -1 .

P r o o f :  Assume on the contrary that G is a 3-optimal graph

with e = 2n + a, -2 £ a £ n-10, and a vertex x of degree n-1. Then the

graph G-x is in the class of graphs having n' vertices and e' edges

such that

n'= n -1 

e' = e - (n -1)

= 2 n + a - (n-1 )

= n + a + 1
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= (n-1) + 1 + a + 1 

= (n-1 ) + (a + 2 )

= n' + a',

where a' = a + 2 .

Thus we have

- 2  £ a £ n - 1 0  <=>

0  £ a’ £ n - 8  <=>

0  £ a' £ (n-1) + 1 - 8  <=>

0 £ a’ £ n’ - 7.

By Theorem 2.3, the 3-optimal graphs with n' vertices and e' edges 

are G a or Gb - Thus, by Lemma 4.10, if G is 3-optimal, then G-x is one 

of these graphs.

Let G-x = Ga- Then S3(G) = (n-2 ) 2 + (a2 +5a+6)/2. We compare this

value with S3(G 2) = (n-2 ) 2 + (a2+ 7a+ 12)/2 :

[(n -2 ) 2 + (a2+7a+12)/2] - [(n-2 ) 2 + (a2+ 5a+ 6)/2]

= (2a+6)/2 > 0 since a > -3.

So, S3(G) < S3(G 2).

Let G-x = Gb- Then S3(G) = (n2 -5n) + (a2+9a+34)/2. We compare this 

value with S3(G 2) = (n-2) 2 + (a2+ 7a+ 12)/2 :

[(n2 -4n+4) + (a2+7a+12)/2] - [n2 -5n + (a2+ 9a+ 34)/2]

= n + 4 - (2a+22)/2 

= n -  a -  7 > 0 i f n >  a+7.
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If n £ a+7, we compare S3(G) with S3(G 3> = (n-3 ) 2 + (a2+ 15a+ 54)/2 : 

[(n2 -6n+9) + (a2+15a+54)/2] - [n2-5n + (a2+9a+34)/2]

= -n + 9 + (6a+20)/2 

= 3a + 19 - n > 0 since n £ a+7, a > -3.

So, S3(G) < S3(G 2 ) if n > a+7 and 3(G) < 3( 6 3 ) if n £ a+7.

#

We now prove a result similar Lemma 4.10. That is, we show

that for 2n-2 £ e £ 3n-10, removing a vertex of degree A = n-2

or A = n-3 leaves a 3-optimal graph.

Lemma 4.12 Let G be a 3-optimal graph with e = 2n + a, 

-2 <, a £ n-10, 2n-2 £ e £ 3n-10 and and let the maximum degree be

A = n-2 or n-3. Let x be a vertex of degree A. Then G-x is 3-optimal

in its class.

P ro o f:

♦Case 1: A = n-2.

Assume on the contrary that there is a graph G which is 3-optimal, 

has a vertex x of degree A = n-2, but that G-x is not 3-optimal. So 

there is a 3-optimal graph G' in the same class as G-x such that
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S3(G') > S3(G-X).

The graphs in the class to which G-x and G' belong have n' vertices 

and e' edges as follows:

n’ = n -1 

e' = e - (n-2 )

= (2 n+a) - (n-2 ) 

= n + a + 2  

= (n-1) + (a+3)

= n' + a'.

where a’ = a + 3. 

Thus we have

- 2  £ a £ n - 1 0  <=>

1 £ a’ £ n-7 <=>

1 £ a' £ (n-1) + 1 - 7  <=> 

l S a ’ S n ’ - 6 .

The 3-optimal graphs for these cases were given in Theorem 2.3.

We compute S3(G-x) using formula 2.2. Let vertex x have degree d x. 

Let vertex w with degree dw be the one vertex in G not adjacent to x.

T hen

So,
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S3(G-x)= S3 (G) - dw - (  2  )

Let G’+y denote the graph obtained by adding a vertex of degree 

n '-l = n - 2 to G'. The graph G'+ y is in the same class as G. Then

s3(G ) * s3(G '+ y).

We now com pute s3 (G '+y) using form ula 2.2. Let vertex y have 

degree dy = n-2. Let vertex w’ with degree dw' be the one vertex in 

G' not adjacent to y. Then

s 3(G'+y) = s3((G'+y)-y) + IN(y) + (d2y)

= s3(G ') + d w' + [n
So,

S3(G '+ y)=  s3(G ') + dw- +  ̂ j  )

So the inequalities

s3(G ’) > s3(G -x) 

s3(G) 2  s3(G’+ y)

becom e
(n -2

s 3(G ’) > s3(G ) - ("2 )  - d w 

S3(G ) 2  S3(G ') + (  2 )  + dw'-

Adding the two inequalities, we get

S3(G) + s3(G’) > s3(G) + S3(G') - dw + dw’ <=>
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0  > dw’ - dw <=> 

dw > dw'.

Since any vertex in G‘ can be chosen as w’, we must have dw > dw* for 

all w’ in G’. The 3-optimal graphs in the class of G' (i.e. 1 £ a' £ n'-4) 

have maximum degree n '-l or n'-2 where n' = n - 1. Thus we need 

d w > n-2 or dw > n-3.

The first case is not possible since G has maximum degree n-2. The 

second case is possible only if dw = n-2. But then G has two non- 

adjacent vertices of degree n-2. The graph with the largest S3 which 

has two non-adjacent vertices of degree n-2 is G 2 : The construction

of any graph with two non-adjacent vertices o f degree n - 2  begins 

with K2 ,n-2 - This leaves (2n+a) - (2n-4) = a+4 edges. The addition of 

any such edges to K2 , n - 2  creates 2 triangles. Therefore, it is

the graph G 2 .

Therefore G = G2 . Assuming that G = G2 is 3-optimal, we must have n 

> 13 + 2a since otherwise the graph Gi has a larger S3. In that case 

the graph G-x = G a is 3-optim al in the class (n '.e ') as stated in 

Theorem 2.3 since

n

necessary to add the a+4 edges so as to maximize We obtain

n £ 13 + 2a <=>

(n-1) ;> 13 + 2(a+3) -1 - 6  <=>
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n' £ 6  + 2 a' => 

n’ > 5 + 2a’.

This contradicts our assumption that G-x is not 3-optimal.

•Case 2 : A = n-3.

Assume on the contrary that there is a graph G which is 3-optimal, 

has a vertex x of degree A = n-3, but that G-x is not 3-optimal. So 

there is a graph G' in the same class as G-x such that

S3(G') > s3(G -x).

The graphs in the class to which G-x and G' belong have n' vertices 

and e' edges as follows:

n' = n -1 

e' = e - (n-3)

= (2n+a) - (n-3)

= n + a + 3 

= (n-1) + (a+4)

= n' + a’,

where a’ = a + 4.

Thus we have

- 2  £ a £ n- 1 0  <=>

2  £ a' £ n - 6  <=>

2  £ a' £ (n-1 ) + 1 - 6 <=>

2 £ a' £ n’ - 5.
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The 3-optimal graphs for n' and e' are those in Theorem 2.3.

We compute s3(G-x) using formula 2.2. Let vertex x have degree dx. 

T hen

s3(G ) = s3(G -x) + IN(x) + (d2x)

= s3(G -x) + EM(x) + (n2 3)

So,

s3(G-x)= s3(G ) - IN(x) - ( n2 3)

Let G' + y denote the graph obtained by adding a vertex y of degree

d y = n'- 2 = n - 3 to G'. The graph G’+ y is in the same class as G.

T hen

s3(G ) 2 s3(G '+  y).

We thus have

s3(G'+y) = Sj((G'+y)-y) + IN(y) + (d/ )

= s3(G') + IN(y) + ( " 2 3)  

where IN(y) is computed in s3(G '+ y).

So, the inequalities

s3(G ’) > s3(G - x) 

s3(G ) £  s3(G ’+ y)

becom e
rn-3"

s3(G') > s3(G) - IN(x) - ( " 2 )
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s3(G) ^  s3(G ') + IN(y) + (n2 3)

Adding the two inequalities we get

s3(G ') + s3(G ) > s3(G ) - IN(x) + s3(G ') + IN(y) <=>

0 > IN(y)-IN(x) <=>

IN(x) > IN(y).

Now IN(y) depends upon the Adj(y) we choose, i.e., the subset of n'-2

vertices we choose in G' to be the neighbors of the added vertex y.

Since there are two possible choices for G', we consider two cases.

•Case 2.1: Let G' = Ga of Theorem 2.3 and not Gb-

In this case we choose Adj(y) to be the set of n'-2 vertices which are

not adjacent with each other. Then

IN(y) = e '-l = (e-(n-3)-l)=  e-n+2.

So

IN(x) > IN(y) =>

IN(x) > e-n+2 <=>

IN(x) £ e-n+3.

Since x has degree n-3, all of the remaining e-(n-3) = e-n+3 edges 

must be in IN(x). This means that G is a bipartite graph with 3

vertices in one part. By Lemma 4.1, the bipartite graph with 3

vertices in one part which has the maximum s3 is G3 so s3(G 3) £ s3(G ).

Now, if we remove a vertex of degree n-3 from the graph G 3, we



obtain the graph G b . Since Gb is not 3-optimal in this case, we must 

h a v e

n' > 2a' + 5 <=>

(n-1) > 2(a+4) + 5 <=> 

n > 2a + 14.

But when n > 2a + 14, the graph G 2 has a better S3 than G 3 and so 

S3(G 2 ) > S3 (G 3> 2  S3(G). This contradicts the fact that G is 3-optimal.

•Case 2.2: Let G' = Gb of Theorem 2.3.

In this case we choose Adj(y) to be the set of n'-2 vertices which 

comprise the larger part of the bipartite graph Gb - Then

IN(y) = e' = e-(n-3)= e-n+3.

So

IN(x) > IN(y) =>

IN(x) > e-n+3

Since x has degree n-3, there remain only e-(n-3) = e-n+3 edges in G. 

Therefore it is impossible to have IN(x) > e-n+3.

#

We now use Lemma 4.12 to show that of all graphs with 

2n-2 £ e £ 3n-10 and maximum degree n-2, the graph G2 is the only 

possible 3-optim al graph.
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L em m a 4 .13  For 2n-2 <, e <> 3n-10, the only possible 3-optim al 

graph with a vertex of maximum degree n - 2  is G 2 .

P ro o f :  Suppose that G is a 3 - optimal graph with e = 2n + a,

-2 <. a £ n-10, and a vertex x of degree n-2. Then the graph G-x is in 

the class of graphs having n' vertices and e' edges such that

n'= n -1 

e' = e - (n-2 )

= 2 n + a - (n-2 )

= n + a + 2  

= (n-1) + 1  + a + 2  

= (n-1) + (a + 3)

= n' + a',

where a' = a+3.

Thus we have

- 2  £ a £ n - 1 0  <=>

1 £ a’ <, n-7 <=>

0 <; a’ <; (n-1) + 1 - 7 <=>

0  £ a’ £ n’ - 6 .

By Theorem 2.3, the 3-optimal graphs with n' vertices and e' edges

are G a or Gb - Thus, by Lemma 4.12, if G is 3-optimal, then G-x is one

of these graphs.

Suppose G-x = G a - Then the vertex x cannot be adjacent to the vertex

9 2



of degree n '-l in Ga sine e then G would have maximum degree

A = n-1. So there is only one possibility. The resulting graph

is G = G2 .

Suppose G-x = G b- There are two cases to consider:

•Case 1:

If x is adjacent to the vertex of degree n'-2 in G b , then G has 2

vertices of degree n-2. By Corollary 3.4, G cannot have pendant

edges. Therefore either x is not adjacent to a vertex of degree 2 or x 

is not adjacent to the vertex of degree a+5 in G b - If x is not adjacent 

to a vertex of degree 2, we obtain the graph with x = n-3 and 

degree sequence

(n -2 )2(a+6)(3)a+4(2)n-a-7.

We get S3 (G) = (n2 -6 n) + (a2+15a+64)/2. We com pare S3 (G) with 

s 3(G 3) = (n-3) 2 + (a2+15a+54)/2 :

[(n2 -6n+9) + (a2+15a+54)/2] - [(n2 -6 n) + (a2+ 15a+ 64)/2 ]

= 9 - (10)/2 

= 4 > 0.

If x is not adjacent to the vertex of degree a+5, we obtain the graph 

with x = n-3 and degree sequence

(n -2 )2(a+ 5 )(3 )a+5 (2)n-a-8.
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We get S3(G) = (n2 -6 n) + (a2 + 13a+34)/2. We com pare S3 (G) with

s 3( G 3) = (n-3) 2 + (a2+15a+54)/2:

[(n 2 -6n+9) + (a2 +l5a+54)/2) - [(n2 -6 n) + (a2+ 13a+ 34)/2 )

= 9 + (2a + 20)/2 

= a + 19 > 0 since a > -3.

So, 3(G) < 3(G 3 ) in both cases.

•Case 2:

If x is not adjacent to the vertex of degree n'-2 in G b , then G has x = 

a+5 and degree sequence

(n -2 )(n -3 )(a + 6 )(3 )a+5(2)"-a-«.

We get S3(G) = (n2 -5n) + (a2+ l la+42)/2. We compare this value with 

S3(G 2) = (n-2) 2 + (a2+7a+12)/2:

[(n 2-4n+4) + (a2+7a+12)/2] - [(n2 -5n) + (a2+ l la+ 4 2 )/2 ]

= n+4 - (4a-30)/2 

= n - ( 1 1  + 2 a) > 0  if n > 11 +2 a.

If n £ 11 + 2a, we compare S3(G) with S3 (G 3> = (n-3) 2 + (a2+ 15a+ 54)/2 : 

[(n2 -6n+9) + (a2+15a+54)/2] - [(n2-5n) + (a2+ l la+ 4 2 )/2 ]

= -n + 9 + (4a+12)/2

= -n + 15 + 2a > 0 since n S  11 + 2a, a  > -3.

So, 3(G) < 3(G 2) if n > 1 l+2a and 3(G) < 3(6 3 ) if n ^ 1 l+2a.

#
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Sim ilar to what was done in Lemma 4.13, we use Lemma 4.12 

to show that of all graphs with 2n-2 £ e £ 3n-10 and m axim um  

degree n-3, the graph G3 is the only possible 3-optimal graph.

L em m a 4 .14  For 2n-2 £ e £ 3n-10, the only possible 3-optim al 

graph with a vertex of maximum degree n-3 is the graph G3 .

P r o o f :  Assume on the contrary that G is a 3-optimal graph

with e = 2n + a, -2 £ a <, n-10, and a vertex x of degree n-3. Then the 

graph G-x is in the class of graphs having n' vertices and e' edges 

such that

n'= n - 2  

e' = e - (n-3)

= 2n + a - (n-3)

= n + a + 3 

= (n-1) + 1 + a + 3 

= (n-1) + (a + 4)

= n' + a'.

Thus a' = a + 4 and we have

- 2  £ a £ n - 1 0  <=>

2  £ a' £ n - 6  <=>

2  <; a' <; (n-1) + 1 - 6  <=>

2 £ a' £ n’ - 5.
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By Theorem 2.3, the 3-optimal graphs with n' vertices and e' edges 

are G a or G b - Thus, by Lemma 4.11, if G is 3-optimal, then G-x is one 

of these graphs.

Let G-x = G a - This is impossible since then G would have a vertex of 

degree n-2 .

Let G-x = G b - We must choose the 2 vertices in G b to which x is not

adjacent. One of these vertices must be the vertex of degree n'-2

since otherwise G would have a vertex of degree n-2. Now x must be 

adjacent to all the vertices of degree 1 in G b since otherwise G would 

have pendant edges and more than one vertex of degree n-3. By 

Corollary 3.4 this is impossible. This leaves 2 possibilities. If x is not 

adjacent to the vertex in G b of degree a’+2, we get G = G3 . 

If x is not adjacent to a vertex of degree 2  in G b , S3 (G) =

(n 2 -6 n) + (a2+13a+60)/2. We compare this value with S3(G 3 > =

(n -3 ) 2 + (a2+ 15a+ 54)/2 :

[(n 2-6n+9) + (a2+15a+54)/2] - [(n2 -6 n) + (a2+13a+60)/2J 

= 9 + (2a-6)/2 

= 6  + a > 0 since a > -3.

So, 3(G) < 3(G 3 ) in this case.

#

To summarize what has been done so far, we have eliminated
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several possibilities for 3-optim ai graphs with 2n-2 £ e £ 3n-10. 

Lemma 4.11 tells us that we cannot have a maximum degree n-1. 

Lemmas 4.13 and 4.14 tell us that for maximum degree n-2 and n-3, 

the only possible 3-optimal graphs are G 2 and G 3 , respectively. Thus, 

if we are to look for 3-optimal graphs within our range of e, we must 

consider only those graphs with maximum degree £ n-4.

We continue to narrow our field with Lemma 4.13. The lemma 

elim inates graphs with minimum degree £ 4 as possible 3-optimal 

graphs for 2n-2 £ e £  3n-10.

L em m a 4 . IS Let G be a 3-optimal graph with 2n-2 £ e £ 3n-10. 

Then G has 8 ^ 4 .

P ro o f:

♦Case 1: G cannot have 8  = 4.

We construct a (not necessarily realizable) degree sequence for a
n

graph with 2n-2 £ e £ 3n-10 and 8 = 4  such that ^ 2 ' )  *s t*ie
i=i

n

maximum possible. Clearly, we will have ^or any ®
i - l

with the same n and e having 8 = 4 .  We will then show that the
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graphs G 2  and G 3  have S3 > ^ ^ ( 2  )  ôr t*iat se(luence-
i s  1

Let 6  = 4. If every degree in our sequence is at least 4, 2e £ 4n. We 

have 2e £ 6n-20. So 4n £ 6n-20 <=> 0 £ 2n-20 <=> 10 £ n. Thus, for 

6  = 4, we must have n £ 10.

n

To maximize ZG‘> we m ust m axim ize the largest degree in the
i> 1

sequence. What can A be? Since we know all the possible 3-optimal 

graphs with A 2  n-3, we consider only the cases with A £ n-4. We 

have e = 2n + a and 2e = 4n + 2a. So, after we use up 4n "degrees", 

we have (4n + 2a) - 4n = 2a left. To construct the sequence, we begin 

with 4n . We then add the remaining 2a to the first degree resulting 

in our first sequence:

D Si = (2a+4), 4, 4 ........ 4 = (2a+4) 4“*»,

w h e re

4 £ 2a + 4 £ n-4.

It is possible for 2a + 4 > n-4. In that case, we make the first degree 

the maximum possible, n-4. This uses up (n-4) + 4 (n -l)  = 5n - 8  

degrees for the sequence thus far. Subtracting (4n + 2a) - (5n - 8 ),

we get 2a - n + 8  degrees remaining. All of these are added to

the second term resulting in 2a - n + 12. It must be that

2a - n + 12 £ n - 8  since otherwise we get 2e > 6 n - 20. This yields the



second sequence under consideration:

D S 2 = (n-4), (2 a-n+1 2 ), 4, 4 ......... 4 = (n-4)(2a-n+12)4"*2,

w h e re

5 £ 2a - n + 12 £ n-8 .

We show that S3(G 2) > ôr l**e degree sequence DSj.
i « l

n

Let DSi* denote ^ ^ ( 2 *) = + 4)4n * 1 w *t *1 * ^ 2a+4 £ n-4.
i - 1

We compute DSi*:

D s> * = fta2+4)  -  <"-‘>(2)

= (2a+4)(2a+3)/2 + 6 (n -l)

= (4a2 + 14a + 12)/2 + 6 (n -l)

= 6 n + (4a2 + 14a)/2.

We compute the difference S3 (G 2) - DSi*:

s3(G 2) - DSi* = (n - 2) 2 + (a2 + 7a + 12)/2 

- (6 n + (4a2 + 14a)/2)

= n2 - lOn + 4 + (-3a2 - 7a + 12)/2 

= (2n2 - 20n - 3a2 - 7a + 20)/2.

We show that S3 (G 2 ) -D S i*  > 0 by showing that 2n2 -2 0 -3 a 2 -a+20 > 0

9 9



r

using 4 £ 2a +4 <, n-4:

2 n 2 - 20n - 3a2 - 7a + 20

S 2 n 2 - 20n - 3((n-8)/2 ) 2 - 7(n-8)/2 + 20

= 2n2 - 20n - 3(n2-16n + 64)/4 - 7(n-8)/2 + 20

= (8 n2 - 80n - 3n2 + 48n - 192 - 14n + 112 + 80)/4

= (5n2 - 46n)/4 > 0 since n £ 10.

So S3(G 2) > DSi*.

We show that S3(G 3> > ^ ^ ( 2*) ôr degree sequence DS2.
i= l

n

Let DS2 * denote ^ ^ ( 2 ' )  ôr ^ 2 = '  *X^a '  n + 12)4n *2 with
i« 1

5 £ 2a-n+12 S n-8 . We compute DS2 *:

^ *  = (n2 > e a T , 2 ) M n - 2 , g )

= (n-4)(n-5)/2 + (2a-n+12)(2a-n+l l)/2  + 6(n-2)

= (n2 - 9n + 20)/2

+ (n2 - 23n - 4an + 4a2 + 46a + 132)/2 + (12n-24)/2

= (2n2 - 20n - 4an + 4a2 + 46a + 128)/2.

We compute the difference S3(G 3> - DS2 *:

s3(G 3) - DS2* = (n - 3) 2 + (a2 + 15a + 54)/2

- (2n2 - 20n - 4an + 4a2 + 46a + 128)/2

1 0 0



= (2n2 - 12n + a2 + 15a + 72)/2

- (2n2 - 20n - 4an + 4a2 + 46a + 128)/2 

= (8 n - 3a2 + 4an - 31a - 56)/2.

We show that S3 (G 3 )-D S 2 * > 0 by showing that 8n-3a2+4an-31a-56 >

0. We have

8 n + 4an - 3a2 - 31a - 56 = 8 n - 56 + a(4n-3a-31).

Since n £ 10, 8n-56 > 0. Also, 2a+4 > n-4 so a > 0. Hence, we need 

only show that 4n-3a-31 2  0. Since a £ n-10, we have:

4n-3a-31 £ 4n-3(n-10)-31 = n-1 > 0.

So S3(G3) > DS2*.

•Case 2: G cannot have 8  = 5.

As in the case 8  = 4, we construct a (not necessarily realizable) 

degree sequence for a graph with 2n-2 £ e £ 3n-10 and 8 = 5  such

Let 8  = 5.

Then 2e £ 5n. We have 2e £ 6n-20. So 5n £ 6n-20 <=> 0 £ n-20 <=> 

20 £ n. Thus, for 8  = 5, we must have n £ 20.

n

i=l
possible. We then show that the graph

n

sequence.
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As in Case 2, we must maximize the largest degree in the sequence 

subject to the constraint that A £ n-4. We have e = 2n + a and 2e = 

4n + 2a. So, after we use up 5n "degrees", we have (4n + 2a) - 5n = 

2a - n left. To construct the sequence, we begin with 5n . We then 

add the remaining 2 a - n to the first term resulting in the sequence:

DS = (2a-n+5), 5, 5, .... 5 = (2a-n+5) 5n_1,

w h e re

5 £ 2a-n+5 £ n-15.

The upper bound is obtained from 2e £ 6 n - 20.

n

We now show that S3(G 3> > for the degree sequence DS. Let

DS* denote ôr = (2a-n+5)5n'* with 5 £ 2a-n+5 £ n-15. WeDS* denote

compute DS*:

= (2a-n+5)(2a-n+4)/2 + 10(n-l)

= (n2 - 9n - 4an + 4a2 + 18a + 20)/2 + (20n-20)/2 

= (n2 + 11 n - 4an + 4a2 + 18a)/2.

We compute the difference S3(G 3) - DS*:

s3(G 3) - DS* = (n - 3) 2 + (a2 + 15a + 54)/2 

- (n2 + 1 In -4 an + 4a2 +18a)/2
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= (2n2 - 12n + a2 + 15a + 72)/2

- (n2 + 11 n - 4an + 4a2 + 18a)/2 

= (n2 - 23n + 4an - 3a2 - 3a + 72)/2.

We show that S3 (G 3 )-DS* > 0 by showing that n2-2 3 n + 4 a n -3 a 2-3 a+ 7 2

> 0 using 5 £ 2a-n+5 £ n-15:

n 2 - 23n + 4an - 3a2 - 3a + 72

> n2 - 23n + 4(n/2)n - 3(n-10 ) 2 - 3(n-10) + 72

= n2 - 23n + 2n2 - 3(n-10 ) 2 - 3(n-10) + 72

= n2 - 23n + 2n2 - 3n2 + 60n - 300 - 3n + 30 + 72

= 34n - 198 > 0 since n £ 20.

So s3(G3) > DS*.

•Case 3: G cannot have 8 ^ 6 .

n
Otherwise 2e = i ^ 6 n so that e 2  3n. But we have e £ 3n - 10. 

i=K

This is impossible.

We now come to one of the main results of this section. In 

Theorem 4.16, we prove that the graphs G 2 and G 3 are the only 

3-optim al graphs for 2n-2 £ e £  3 n - l l ,  depending on n and e. The
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proof considers "adversary" graphs which may be 3-optim al. The 

previous lem m as in this section lim it the adversaries to having 

maximum degree £ n-4 and minimum degree £ 3.

T h e o re m  4 .16  Let e = 2n + a, with -2 £ a £ n-10 so that 

2n-2 £ e £ 3n-10.

If n < 13 + 2a, G3 is uniquely 3-optimal.

If n > 13 + 2a, G2 is uniquely 3-optimal.

If n = 13 + 2a, G2 and G3 are the only 3-optimal graphs.

P ro o f: We prove the result by induction on n + e.

Basis:

The smallest n and e for which we have 2n-2 £ e £ 3n-10 is n = 8  and 

e = 2(8)-2 = 14. Thus a = -2 and 8  < 13+2a. The graph G3 is the 

proposed unique 3-optim al graph. G 3 has the degree sequence 

5 24 3 42, no triangles, and S3 = 39.

By Lemma 4.15, any 3-optimal graph with n = 8  and e = 14 must

have 8  = 1, 2, or 3. By Lemmas 4.11, 4.13, and 4.14, the only possible

graphs which might have a larger S3 than G3 are those with A £ n-4,

i.e. A £ 4. There are only four (not necessarily realizable) degree 

sequences to consider:

D Si = 4631, DS2 = 4622, DS3 = 45322, DS4 = 4434.
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By Corollary 3.4, the sequence DSi cannot correspond to a 3-optimal 

graph since there is a vertex of degree 1 and more than one vertex of 

maximum degree. Even if the sequences DS2 , DS3 , and DS4 could be 

realized by graphs having no triangles, their values of S3 would be 

too small:

S3(GdS2) £ 38, S3(GdS3> ^ 37, S3(GdS4) £ 36.

In d u c tio n :

Assume that the result holds for all graphs with n' vertices and e' 

edges such that n’ + e’ < n + e. Assume on the contrary that for n 

vertices and e edges there is a 3-optimal graph G, G # G2 , G * G3 , such 

that S3 (G) £ S3 (G 2 ) and S3 (G) 2  S3 ( G 3 >. . We will show that this is

im possib le .

By Lemma 4 .IS , we need only consider the cases where 5 = 1, 2, and 

3.

•Case 1: Let G have 6 = 1 .

Let G 2 ' be the graph obtained by adding a pendant edge incident to a 

vertex of maximum degree in G 2 . Let G3 ' be the graph obtained by 

adding a pendant edge incident to a vertex of maximum degree in G 3 . 

Note that G 2 ' and G 3 ' are not 3-optimal in their class. We will show

105



that S3 (G) < S3(G2’) or S3 (G) < S3 (G 3 ').

Let u be a vertex with degree du = 1 in G. Let x be the neighbor of u 

with degree d*. Recall that by Theorem 3.1, x has the maximum 

degree in G. Then

s3(G ) = s3(G -u) + IN(u) + (d2u)

= s3(G-u) + (d,-l) + (* )

= s3(G -u) + (dx- l ) .

The graph G-u is in the class of graphs having n' vertices and e' edges 

as follows:

n' = n -1 

e1 = e -1 

= 2 n+a-l 

= 2 (n -l)+ 2 +a-l 

= 2 (n-l)+ (a+ l)

= 2 n'+a',

where a' = a+ 1 .

In order to apply the Induction Hypothesis, we must have

a' <; n* - 1 0  <=> 

a+ 1  £ (n-1) - 1 0  <=> 

a £ n - 1 2 .

We have two cases to consider:

1 0 6



n’ 2  13 + 2a’ 

n’ < 13 + 2a'.

♦Case 1.1: Let n' 2 13 + 2a'.

We compare S3(G) with S3(G 2’).

Let U2 be the vertex of degree du2 = 1 in G2 '. Then IN(U2 > is simply 

one less than the degree of the neighbor of U2 . Recall that this vertex 

has degree n-2 in G 2’. We get
fdll2 '

S3(G2') = S3(G2’-U2> + IN(U2) + ^ £ 2) 

= s3(G 2(n',e')) + (n-3) + (2 )

= S3(G 2(n',e')) + (n-3).

By the Induction Hypothesis, G2(n',e') is 3-optimal in its class since 

n’ £ 13+2a'. Thus

S3(G-u) £ S3(G 2(n ',e ')).

F u rth e rm o re ,

(d x- l)  £ (n-5).

T h e re fo re

s3(G -u) + (dx-l)  < S3(G 2(n',e’)) + (n-3) <=> 

s3(G ) < s3(G 2').

This contradicts the assumption that G is 3-optimal.
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•Case 1.2: Let n’ < 13 + 2a'.

We compare S3(G) with S3(G 3 ').

Let U3 be the vertex of degree du3 = 1 in G 3’. Its neighbor has degree 

n-3. We get
( d u y

S3(G 3’) = S3(G 3'-U3) + IN(U3) + (  

= S3(G3(n’,e ')) + (n-4 ) + 

= S3(G3(n',e')) + (n -4 ).

By the Induction H ypothesis, G 3 (n ',e’) is uniquely 3-optim al in its 

class since n' < 13+2a'. Thus

S3(G-u) < S3(G 3(n',e’)).

F u rth e rm o re ,

(d * -l)  <; (n-5).

T h e re fo re

s3(G -u) + (d*-l) < S3(G 3(n’,e’)) + (n-4) <=>

S3(G) < S3(G3').

This contradicts the assumption that G is 3-optimal.

♦Case 1.3: Let a = n-11.

Here the graph G-u is in the class with n' vertices and e' = 3n’-9
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edges. We cannot use the Induction Hypothesis. However, we know 

that the com plete bipartite graph K3 ,n .3  is uniquely 3-optimal in this 

case. We again consider the graph 6 3 ’ since G 3 ' - U3 = K3 >n -3 .

T h e re fo re

s3(G -u) + (dx- l )  < S3(K3,n-.3) + (n-4 ) <=> 

53(G ) < S3(G3').

This contradicts the assumption that G is 3-optimal.

•Case 1.4: Let a = n-10.

We compare S3(G) with 83(6 3 ).

Observe that S3(G-u) = S3((G-u) u  u). Thus

We get

= S3(K3,n .3) + (n -4 ).

Since K3 ,n -3 is uniquely 3-optimal in its class,

s3(G -u) < S3(K3,n1.3).

F u rth e rm o re ,

(d x- l)  £ (n-5).

1 0 9



s3(G) = s3((G-u) u u) + (d*-l).

Now the graph (G-u) u  u is in the class of graphs with n' = n vertices

and e' = 3n’- l l  edges. By the Induction Hypothesis, G 3(n',e') is

3-optim al since

n £ 13 + 2(n-l 1) <=>

n £ 13 + 2n-22 <=>

n £ 9.

W e com pare s3 (G) with s3 ( G 3 (n,3n-10)). If we add an edge to

G 3(n ,3 n - ll)  between the vertex of degree n-3 and a vertex of degree

2, we obtain G 3(n,3n-10) and an increase in s3 of 

(n -2 ) 2 + ((n-10 ) 2 + 15(n-10) + 54)/2

- [(n-2) 2 + ((n-11) 2 + 15(n-11) + 54)/2]

= ( (n -1 0 ) 2 - (n -1 1 ) 2 + 15)/2 

= ((n2 - 20n + 100) - (n2 - 22n + 121) + 15)/2

= (2 n - 6 ) / 2

= n - 3.

Therefore we have

S3(G 3(n ,3n -10 )) = s3(G 3(n ,3n - l  1)) + (n -3 ).

Since G 3(n ,3 n - ll)  is 3-optimal, we have

s 3((G -u) u  u) £  s3( G 3( n ,3 n - l  1)).

F u rth e rm o re
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(d , - l )  < (n-5).

T h e re fo re

s3((G-u) u  u) + (d x- l )  < S3(G3( n ,3 n - l l ) )  + (n-3) <=> 

s3(G) < s3(G 3(n ,3n-10)).

This contradicts the assumption that G is 3-optimal.

This completes the proof of Case 1. #

•Case 2 : Let G have 8  = 2.

Let u be a vertex with degree du = 2 in G. Then

s3(G ) = s3(G -u) + IN(u) + (d2u )

We consider two cases:

n £ 13 + 2a 

n < 13 + 2a.

♦Case 2.1: Let n £ 13 + 2a.

Then the proposed 3-optim al graph is G 2 . Let U2 be a vertex of 

degree 2 in G2 . Thus

S3(G 2> = S3(G2-U2) + IN(U2) + ( 2 }
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where IN(u2 > = 2(n-3).

So we have

53( G )  £  S3(G2> < = >

S3(G-u) + IN (u) + ( 2 ) ^  S3(G2-U2) + IN(U2) + }

Now G 2 -U2 and G-u are in the same class since we are removing one 

vertex and two edges from each. The number of vertices and edges 

in the class are n' and e 't respectively:

n' = n -1 

e’ = e - 2  

= (2 n+a) - 2  

= 2 (n -l)+ 2 +a- 2  

= 2 (n-l)+a 

= 2 n' + a',

where a' = a.

By the Induction Hypothesis, either G 2 or G3 or both are uniquely 3- 

optim al in this class (w ith n' vertices and e' edges). Note that 

G 2(n',e') = G 2(n,e) - U2 . There are two possibilities to consider:

n' £ 13 + 2a' 

n’ < 13 + 2a’.
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By the Induction H ypothesis, G 2 (n ,e )-U 2 = G2 (n ',e ') is 3-optim al. 

H ence

S3(G-u) £  S3(G 2-U2>.

Furtherm ore, IN(u) < 2(n-3). Otherwise, one of the two neighbors of 

u would have at least n-3 incident edges from IN(u). In addition 

there is the edge between u and that vertex giving it degree 2  n-2 . 

This is impossible since the maximum degree in G is £ n-4.

T h e re fo re

s3(G-u) + IN(u) + ( ^ )<  S3(G2-u2) + 2(n-3) + (2 ) ^

S3(G) < S3(G2).

This contradicts the assumption that G is 3-optimal.

♦Case 2.1.2: Let n’ < 13 + 2a'.

Recall that n' = n-1 and a' = a. So

n’ < 13 + 2a’ <=> (n-1) < 13 + 2a <=> n < 14 + 2a.

Since we have n £ 13 + 2a, it must be that n = 13 + 2a. So

n’ = n-1 = 13+2a-l = 12+2a = 12+2a'.

In this case, the graph G 2(n,e) - U2 = G2 (n',e') is not 3-optimal. By the
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Induction Hypothesis, the graph G 3 (n’,e’) is uniquely 3-optimal. We 

now calculate the difference S3(G 3 (n',e’)) - S3 (G 2(n ',e ')):

s3(G 3 (n \e ')) = (n'-3 ) 2 + (a’2 + 15a’ + 54)/2

S3(G 2(n',e')) = (n’-2) 2 + (a ' 2 + 7a' + 15)/2

S3(G 3(n',e')) - S3(G 2(n ',e '))

= n ' 2 - 6 n ’+ 9 + (a ' 2 + 15a' + 54)/2

- (n ' 2 - 4n '+ 4 + (a' + 7a' + 12)/2)

= -2n' + 4a’ + 26 

= -2(12+2a') +4a' + 26 

=  2

Thus, S3(G 2(n,e) - U2 ) = S3(G 3(n',e’)) - 2.

So,

S3(G-u) + IN(u) + S3(G 2(n,e)-U2> + 2(n-3) + (2 ) ^

S3(G-u) + IN(u) + s3(G 3(n,e)-U2 ) - 2 + 2(n-3) +

Now S3 ( G 3 (n ',e ')) £ S3 (G-u). Furtherm ore 2(n-3) - 2 > IN (u). 

O therwise, one of the two neighbors of u would have at least n-4 

incident edges from IN(u). In addition there is the edge between u

and that vertex giving it a degree £ n-3. This is impossible since the

maximum degree in G is £ n-4.

Therefore, it is impossible to have

s3(G -u) + 2 + IN(u) + S3(G 3(n,,e,»  + 2(n-3) + ^ ) < s >

1 14
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S 3 ( G )  £  S 3 ( G 3 ) .

»Case 2 .2 : Let n < 13 + 2a.

Then the proposed unique 3-optimal graph is G 3 and G 3 has a vertex 

of degree 2. Call that vertex U3. Thus we may write

S 3( G 3 )  =  S3( G 3 - U 3 )  +  I N ( U 3 )  +  ^ )

where IN(u3 ) = 2(n-3).

So we have

S 3 ( G 3 )  £  S3( G )  < = >

s3(G 3-U3) + IN (u3) + ( 2 ) ^  s3(G -u) + IN(u) + ( 2 )

Now G3-U3 and G-u are in the same class since we are removing one 

vertex and two edges from each. The number of vertices and edges 

in the class are n' and e', respectively:

n’ = n -1 

e’ = e - 2  

= (2 n+a) - 2  

— 2 (n -l)+ 2 +a- 2  

= 2 (n-l)+a 

= 2 n’ + a’,

where a’ = a.

1 15



By the Induction H ypothesis, either G 2 or G 3 or both graphs are 

uniquely 3-optimal in this class (with n' vertices and e' edges). Note 

that G 3(n',e') = G 3(n,e) - U3. There are two possibilities to consider:

•Case 2 .2 .1: Let n’ £ 13 + 2a'.

By the Induction H ypothesis, G 3 (n ,e )-U 3 = G 3 (n ’,e’) is 3-optim al.

Furtherm ore, IN(u) < 2(n-3). Otherwise, one of the two neighbors of 

u would have at least n-3 incident edges from IN(u). In addition 

there is the edge between u and that vertex giving it degree 2  n-2 . 

This is impossible since the maximum degree in G is £ n-4.

T h e re fo re

n' £ 13 + 2a’

n* > 13 + 2a’.

H ence

S3(G -u) £ S3(G3-U3).

S3(G )  <  S3( G 3).

This contradicts the assumption that G is 3-optimal.

1 16



•Case 2.2.2: Let n’ > 13 + 2a'.

But we have n < 13 + 2a where n = n'+l and a = a'. This is impossible.

This completes the proof of Case 2. <»

•Case 3 : Let G have 8  = 3.

Let u be a vertex with degree d u = 3 in G. Then

s3(G ) = s3(G -u) + IN(u) + (d2u)

We have two cases to consider:

n £ 13 + 2a 

n > 13 + 2a

•Case 3.1: Let n £ 13 + 2a.

Then the proposed 3-optim al graph is G 3 and G 3 has a vertex of

degree 3. Call that vertex u3. Thus we may write

S3(G3) = S3(G 3-U3) + IN(u3) +

where IN(u3) = e-3.

So we have

S3(G 3) £ S3(G ) <=>

1 17



S3(G 3 -U3 ) + IN(U3 > + (2 ) ^  s3(G-u) + IN(u) + (2 )

Now G3-U3 and G-u arc in the same class since we are removing one 

vertex and three edges from each. The number of vertices and edges 

in the class are n' and e', respectively:

n' = n -1 

e' = e-3

= (2n+a) - 3 

= 2(n-l)+2+a-3 

= 2 (n -l) + (a-1 )

= 2 n' + a',

where a' = a - 1 .

If a £ -1, then a' £ -2 and by the Induction Hypothesis, either G 2 or 

G 3 or both graphs are the unique 3-optimal graphs in the class (with 

n' vertices and e' edges). When a = -2, however, a' = -3 and we 

cannot use the Induction Hypothesis. However, it was shown in 

Theorem 4.9 that for e = 2n - 3, the only graphs which are 3-optimal 

are G2 , G3 , or both, plus G i. It is impossible for Gj = G-u since then G 

would have vertices of degree £ n-2. So we need not give any special 

consideration to the case a' = -3. There are two possibilities:

n’ £ 13 + 2a' 

n* > 13 + 2a'.
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•Case 3.1.1: Let n’ £ 13 + 2a'.

By the Induction H ypothesis, G 3 (n ,e )-U 3 = G 3 (n ',e ') is 3-optim al. 

H ence

S3(G 3-U3) * s3(G - u).

But we have

s3(G 3-U3) + (e-3) + s3(G -u) + IN(u) + ^  j.

So, IN(u) £ e-3. IN(u) > e-3 is impossible since u has degree 3 and 

we would need to have more than e edges in G to have IN(u) > e-3. 

So the best we can do is IN(u) = e-3. In that case, S3(G 3 -U3 > = S3 (G -u ), 

G 3-U3 = G-u, and so G3 = G.

♦Case 3.1.2: Let n' > 13 + 2a'.

Recall that n‘ = n-1 and a' = a-1. So

n’ > 13 + 2a' <=>

(n-1 ) > 13 + 2(a-l)a <=> 

n > 1 2  + 2 a.

Since we have n £ 13 + 2a, it must be that n = 13 + 2a. So 

n' = n-1 = 13+2a-l = 13+2(a-l) + 1= 14+2a\

In this case, the graph G 3(n,e) - U3 = G3(n',e') is not 3-optimal. By the 

Induction Hypothesis, the graph G 3 (n',e') is uniquely 3-optimal. We
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now  ca lcu la te  the  d iffe ren ce  S3(G 2(n ',e ’)) - S3(G 3(n’,e ')) :

s 3( G 2(n ',e '))  = (n '-2)2 + (a '2 + 7a’ + 15)/2 

s 3( G 3(n ,, e ’)) = (n ’-3)2 + (a'2 + 15a' + 54)/2 

S3(G 2( n \e ’)) - S3(G3( n ',e ’))

= n '2 - 4n '+ 4 + (a '2 + 7a' + 12)/2

- (n'2 - 6 n '+ 9 + (a'2 + 15a' + 54)/2)

= 2n - 4a’ - 26 

= 2(14+2a') -4a' - 26 = 2.

T hus,

S3(G3(n,e) - U3)= S3(G2(n ',e ’)) - 2 .

So,

s3(G-u) + IN(u) + (2 ) ^  S3(G 3(n ,e)-u3) + (e-3) + ^  j  <=> 

s3(G-u) + IN(u) + s3(G 2(n’,e')) - 2 + (e-3) + ( ^ )

Since S3(G 2(n',e')) > S3(G-u), (e-3) - 2 < IN(u), i.e. IN(u) £ e-4.

Let v, w, and x be the neighbors of u. Let v i, v2, ...vm be 

the neighbors of v, w, x, with vj * u. Then {vi, v2, ...vm } =

V(G) - {u,v,w,x):

Since there is at most one edge left in G which is not in Adj(u) and is 

not counted in IN(u), that edge would have to be used to attach any 

vertices not in {vi, v2, ...vm }. But that would result in a vertex of 

degree 1 which is impossible since 5 = 3. So, m = n-4.

Now 3 edges are used for the three neighbors of u. This leaves n-3
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edges for the rest of the graph. We have two possibilities:

IN(u) = e-4 and there is one edge not counted in IN(u), or IN(u) = e-3. 

Since 8  = 3, each of v i, V2 , ...vm must have degree £ 3.

Case 1: None of v i, V2 , ...vm are adjacent.

Then at least another 3(n-4) = 3 n - 12 edges are needed in G

in order to make deg(vi) 2  3 for all i. But then we would 

have 3n -12 +3 = 3n - 9 > 3n - 10 edges. This is impossible.

Case 2: Exactly two vertices of v i, V2 , ...vm are adjacent.

Then at least another 3(n-4) - 2  = 3 n - 14 edges are needed in G. 

Thus G must have at lease (3n-14) + 3 + 1 = 3n - 10 edges. In fact,

this is the maximum value e can take on. We then have a = n-10 and

since n = 13 + 2a, we get

n = 13 + 2(n-10) <=> n = 7.

But we have n £ 8  so this is impossible.

•Case 3.2: Let n > 13 + 2a.

Then the proposed unique 3-optimal graph is G 2 and G 2 has a vertex

of degree 3. Call that vertex U2 - Thus we may write

S3(G2> =  S3(G2-U2> + IN(U2> +

where IN(u2 ) = e-3.

So we have
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S3(G2) £ S3(G) <=>

s3(G 2-u2) + IN (u2) + s3(G -u) + IN (u) +

Now G 2- u2 and G-u are in the same class since we are removing one 

vertex and three edges from each. The number of vertices and edges 

in the class are n' and e', respectively:

n' = n -1 

e’ = e-3 

= (2n+a) - 3 

= 2(n-l)+2+a-3 

= 2 (n -l)  + (a-1)

= 2 n’ + a’,

where a' = a - 1 .

As in Case 3.1, G2 or G3 or both graphs are the only 3-optimal graphs 

in the class (with n' vertices and e' edges). This is the case either by 

the Induction Hypothesis if a' > -3, or by Theorem 4.9 if a' = 3. We 

have two possibilities:

n’ 2  13 + 2a' 

n’ < 13 + 2a'.

•Case 3.2.1: Let n’ £ 13 + 2a’.

By the Induction H ypothesis, G 2 (n ,e ) -u 2 = G2 (n ',e ') is 3-optim al.



r- - - - -

H ence

S3(G2-U2> £ S3(G -u).

But we have

S3(G 2 -U2> + (e-3) + S3(G-u) + IN(u> + g )

So, IN(u) £ e-3. IN(u) > e-3 is impossible since u has degree 3 and

we would need to have more than e edges in G to have IN(u) > e-3.

So the best we can do is IN(u) = e-3. In that case, S3(G 2 -U2 ) = S3(G -u ), 

G 2-U2 = G-u, and so G2 = G.

•Case 3.2.2: Let n' < 13 + 2a'.

Recall that n' = n-1 and a' = a-1. So

n' < 13+2a' <=> n-1 < 13+2(a-l) <=> n < 12+ 2a.

But we have n £ 13 + 2a, so this is impossible.

This completes the proof of Case 3. #

We can now conclude that there is no graph G in the same class as G2

and G 3 which has S3(G) £ S3(G 2 > and S3(G) £ S3(G 3 >. Hence G2 and G3

are the unique 3-optimal graphs as per the constraints on n and a.

#
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We now com bine Theorems 4.9 and 4.16 with the result on

com plete bipartite graphs in Chapter 2 into a single result covering 

all cases 2n - 3 £ e £ 3n - 9. Note that we need not restrict ourselves 

to n > 7. The graphs with n = 6  and n = 7 of Lemma 4.6 fall

within the pattern of 3-optimal graphs within our range.

Graphs with smaller n fall within the pattern also but do not

satisfy 2n - 3 £ e £ 3n - 9.

T h eo rem  4.17 Let e = 2n + a with 2n-3 £ e £ 3n-9 and -3 £ a £ n-9.

Then the following are the only 3-optimal graphs:

If n £ 13 + 2a, G2 is 3-optimal.

If n £ 13 + 2a, G3 is 3-optimal.

In addition, for a = -3, a * n-9, G] is 3-optimal.

P ro o f:

In Theorem 4.9 we showed that the result is true for e = 2n - 3. In 

Theorem 4.16, we showed the result for 2n-2 £ e £ 3n-10. From our 

discussion in Chapter 2, K 3 ,n -3 is uniquely 3-optimal for e = 3n-9.

#

We conclude this section by addressing the issue of uniformly 

vertex reliab le  graphs. Recall that such graphs m inim ize the

unreliability polynomial for all probabilities of node failure q. Such
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graphs have to be both k-optimal and 3-optimal. Recall that 

K-optimal graphs must be max-K. That is, they must have 

k = L 2 e/n  J .  Unfortunately, with the exception of the star, Kn minus 

the edges in a matching, and regular com plete bipartite graphs, none 

of the 3-optimal graphs found so far are max-K. In particular, this is 

the case for the range 2n - 3 £ e £ 3n - 9: except for the cases noted

above, there are no uniform ly optim ally  reliable graphs for this 

range of e. We note here that Stivaros and Suffel have shown that 

the star and Kn minus the edges in a matching are uniformly vertex 

reliable. We have obtained their results by private communication.

4.3 3-OPTIMAL GRAPHS FOR e £ L n2/4j

In the final section of this paper, we present a conjecture which 

generalizes the results of Theorems 2.3 and 4.17.

Recall that in Theorem 2.3, the 3-optimal graphs were G a and 

G b- G a can be viewed as the complete bipartite graph K i>n-i with 

edges added and G b can be viewed as the com plete bipartite 

graph K 2 ,n-2  with edges removed. This covered the range of edges 

n-1 £ e £ 2n-4.

In Theorem 4.17, a sim ilar situation existed. There the range 

of edge values was 2n-3 £ e £ 3n-9. The graphs G2 and G3 were 

3-optim al. G 2 can be viewed as the com plete bipartite graph K2 ,n -2
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with edges added. G 3 can be viewed as the complete bipartite graph 

K 3 ,n- 3  with edges removed.

In our conjecture, we will use complete bipartite graphs as the 

basis  fo r co n stru c tin g  3 -op tim al graphs. A fter find ing  the 

appropriate range into which e fits, we will either add edges to one 

com plete b ipartite graph or rem ove edges from another com plete 

bipartite graph. Which procedure is to be followed is determined by 

constraints on n and e.

Note that the graph Gi was 3-optimal as well as G2 and G3 

when e = 2n-3. We do not as yet have a conjecture regarding a 

generalization of this case. However, we strongly suspect that other 

graphs will be 3-optim al in certain  cases besides those proposed 

h e re .

We let n be the number of vertices. The number of edges will 

be expressed in terms of two integers, k and a. The values of n, e, k, 

and a must satisfy the following:

e = kn + a.

1 £ k £ n-k 

-(k 2 - 1) £ a £ n - (k + l ) 2.

Note that in Theorem 2.3, we had k = 1 in that e = n+a. The 

case for e = n-1, although covered in Theorem 2.3, is outside the 

range -(k2 - 1) £ a £ n - (k + l ) 2. The exception is due to that fact 

that the 3-optimal graph in that case is the com plete bipartite graph 

K i , n - i .  The range for k = 1 is 0 £ a £ n - 4 or n £ e £ 2n - 4. In 

Theorem 4.16, we had k = 2 and e = 2n+a. The ranges for a and e
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were -3 £ a £ n - 9  and 2n-3 $ e S 3n - 9. In general, we have the 

following range for e:

k n -k 2 + 1 £ e £ (k+l)n  - (k+ 1 )2.

Now, consider the complete bipartite graphs Kk.n-k and Kk+i,n-(k+i)- 

K k.n-k has n vertices and ei = kn - k2 edges. K k+i.n-(k  + i) has n 

vertices and C2 = (k+l)n  - (k+1) 2 edges. So, we have 

kn-k2 + 1 £ e £ (k+l)n - (k+ 1 )2 <=> 

ei + 1 £ e £ e2 .

It is the graphs Kk,n-k and Kk+i,n-(k+i) which will serve as the 

basis for constructing our proposed 3-optim al graphs. We will add 

edges to graph Kk,n-k or remove edges from the graph K k+i,n-(k+1)- 

As in Theorem s 2.3 and 4.17, there are three cases to consider, 

depending on constraints. In Theorem 4.15, we compared n with 

2a + 13. That was because when n = 2a+ 3, S3(G 2 ) = 83( 6 3 ). Similarly, 

n > 2a+13 corresponded  to S3 ( G 2 ) >  S3 ( G 3 ), and n < 2a+13

corresponded to S3(G 2 ) < S3(G 3 ). We will call the number used in the 

constrain ts Ck in general. The computation of Ck will be given after 

the construction o f the proposed 3-optimal graphs is presented.

We propose that the following graphs are 3-optimal, given n, e, 

k, and a as defined above:

•Case 1 Let n £ 2a + Ck.

Begin with the graph Kk,n-k. Add (kn+a) - (kn-k2) = a + k2 edges. 

All of the added edges will have as one endpoint a vertex originally 

o f degree k. For each edge, the other endpoint will be one of the
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other vertices of degree k. In addition, if a + k 2 - 1 £ k, all of the 

added edges may be placed between vertices originally of degree n-k 

in the same fashion.

♦Case 2 Let n £ 2a + Ck.

Begin with the graph Kk+i,n-(k+l)- Remove (k + l)(n -k -l) - (kn+a) = 

n - ( a + (k + l)2) edges with all of the removed edges incident to a vertex 

originally of degree n-(k+ l).

We now com pute the value of Ck. We believe that the 

significance of Ck is purely number theoretic. Because of this, we 

have no intuitive explanation for its value. Suffice it to say that the 

num ber is related to the com parison of the S3 values o f the two 

proposed 3-optimal graphs. Compute Ck recursively as follows:

Ci = 5 ,

Ck = Ck-i + 4k for k > 1 .

More simply, we have
k

Ck = 5 + £ i .
i=2
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APPENDIX

We present the proofs of Theorems 2.21 and 2.2b, and Lemma 4.5.

T h e o re m  2 .2a For n vertices and e = n+1 edges, n > 7, the unique 

3-optim al graph is G A (n,n+l). For smaller n, the 3-optimal graphs 

are shown in Figure A l.

n= 6

two graphs for n=7 

Figure A l. The 3-optimal graphs for e = n + 1, n £ 7.



P ro o f: Observe that any graph G with n vertices and e = n + 1  edges is 

planar and contains two circuits, Ci and C2 . These circuits may have 

no edges in common or they may have an edge in common. In the 

latter case, any common edges will constitute a single path. The 

possibilities are shown in Figure A2. In addition, G may have trees 

attached at any vertex. See Figure A3(a).

(b) C i and C2 have at least one edge in common  

Figure A2. G has n vertices and e = n+1 edges.

We transform G by performing the steps below.

♦Step 1: Convert all trees to stars.

Let v be a vertex which lies on a circuit or on a path between circuits 

so that v also lies on a tree. Thus v has degree d £ 3. Let vi be a

(a) C i and C2 have no common edges.
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vertex on the tree which is adjacent to v and has degree di £ 2 . 

C ontract the edge between v and vi and add a pendant edge at v. 

See Figure A3 for an example.

V

(b)- - >(a)

Figure A3. Contract trees to stars.

(c)

Since the num ber of triangles in G is not affected, in order to

determ ine the d ifference in S3 values between the two graphs, we
n

need only examine the difference in the value of ( 2 ' )  Th's  is
1*1

n
equ ivalen t to exam ining  the d ifference in £ d j 2 betw een the

i= l

transformed graph and the original graph. Only the degrees of v, 

v i, and the new vertex adjacent to v are affected. We get

((d + di - i y  + 1) - (d2 + d i2) = 2 (ddi - d - d t + 1 ) > 0  

since d £ 3, di £ 2.

Step 1 is repeated until all trees are transformed into stars.
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•Step 2 : Contract non-pendant edges which do not lie on circuits.

Here such edges lie on the path between the two circuits (Figure

A2(a)). Let v be a vertex which lies on a circuit and has a non­

pendant incident edge which does not lie on a circuit. Let v t be the 

other endpoint of that edge. Thus v has degree d £ 3 and v t has 

degree dj £ 2. Contract the edge between v and vi and add a

pendant edge at v. See Figure A4 for an example. As in Step 1,

triangles are not affected and we have

Figure A4. Contract the path between Ci and C2 to a vertex.

Step 2 is repeated until all non-pendant edges on the path are 

co n trac ted .

•Step 3 : Combine all attached stars into a single star.

((d+ d i* l)2+ l)  - (d2 + d i2) > 0 since d £ 3, di £ 2.

(a) (b) (c)
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Let Ep be the set of pendant edges in G. Let Vm be the set of vertices 

in G which have the maximum degree in G-Ep. Choose v « V m to be 

the vertex whose degree in G is maximal compared to all other 

vertices in Vm. Thus v has degree d £ 3. Let V] be the center of a 

star, v * vj. Thus V] has degree di £ 3. Let k denote the degree of v t 

in G-Ep. Then k = 2 or k = 3, and di > k. Move the star at vi to v. As 

before, triangles are not affected by moving these d i-k  edges and 

only the degrees of v and vi are changed. We get

Case k=2: d £ 3, di £ 3 and 2(ddi - 2d - 2di + 22) > 0.

C ase k= 3: d £ 3, di £ 4 and 2(ddj - 3d - 3di + 32) > 0 unless d=3. 

This is impossible since then vi would have been selected instead of

Step 3 is repeated until there is only one star centered at v. In the 

end, we are left with one of the two configurations in Figure A5.

((d + di - k ) 2 + k2) - (d2 + d i2) = 2 (ddj - kd - kd, + k2). 

We examine this expression for all possible values of k.

v.

(a) One common venex.

Figure A5. The graph G after Step 3.

(b) One common path.
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•Step 4 : Contract the circuits Ci and C2 into triangles.

The cases correspond to Figure A5.

Case (a): Cj and C2 have exactly one vertex in common.

Let V] be a vertex adjacent to v such that vi lies on a circuit which is 

not a triangle. The degree of v is d £ 4 and the degree of vi is di = 2. 

Contract the edge between v and vj and add a pendant edge at v. 

See Figure A6 (a).

♦ C2C2

(a) Contract the edge between v and v i  and add a pendant edge at v.

C2

(b) Continue contractions until circuits are triangles.

Figure A6 . Edges on circuits are contracted.

n
If no triangles are formed by this contraction, the difference in £ d i 2

i= l

between the two graphs needs to be examined. Only the degrees of v

1 3 4
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and vi are affected. We get:

( (d + l )2 + 1 ) - (d2 + 22) = 2d - 2 > 0 since d £ 4.

If a single triangle is formed by this contraction, the difference in
n

^ ^ ( 2  )  '  ^X(G) between the two graphs needs to be examined:
i - 1

 ̂ ( ^ 2 1) + ( 2 )  '  2(1) 1 ’ 1 = d  * 3 > 0 sincc d ^ 4-

A fter perform ing all such contractions, we arrive at the graph in 

Figure A6 (b). The S3 value for this graph is ( " 2 * ) The value of S3

for GA(n,n+1) is ( " 2  1)  + 1 > ( ° 2 1)

Case (bL Q  and C2 have exactly one path in common.

W ithout loss o f generality, choose Ci and C 2 so that the path they 

share is as short as possible. Here v has degree d £ 3. We begin by 

contracting the path common to both circuits to a single edge. Let vi 

be a vertex adjacent to v such that vi lies on both circuits and has 

degree 2. Contract the edge between v and vi and add a pendant 

edge at v. See Figure A7(a).

If no triangles are formed, we need to check 2d-2 as was done in 

Case(a) above. Here 2d-2 > 0 because d £ 3. Similarly, if one triangle 

is formed, the difference in S3 values is d-3. For d >3, d-3 > 0.
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C2

(a) Contract the edge between

C2

(a) Contract the edge between v and v i  and add a pendant edge at v.

v, o n-1

(b) S3 = n+4 = = >

n-2

S3 = n+4

(c) d = 3 d = 4 d = 5

Figure A7. Edges on circuits are contracted.

For d = 3, we have a graph of the form shown in Figure A7(b). 

U nless the construction term inates at this step, further contractions 

of edges which do no lie on triangles will increase the S3 value. Since 

n > 7, further contractions will take place. If two triangles are 

formed, we need to examine the difference in S3 values :

I - 2<2> 1 - 1 (2 )  + ^ ) )  = <1 - 5  > 0 for d > 5.
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n- 2 n- 2

S3 = n+4

Figure A 8 . Edges on circuits are contracted.

For 3 £ d £ 5, we have the graphs in Figure A7(c). In all cases, n £ 7.

After all such contractions are perform ed, we are left with exactly

one edge common to Ci and C 2 . We now contract the circuits to

triangles. As before, contract the edge between v and an adjacent

vertex vi which does not lie on a triangle and has degree di = 2 , and 

add a pendant edge at v. If no triangles are formed, the S3 value 

increases since 2d - 2 > 0 for d £ 3. If one triangle is formed, the

difference in S3 values is d -3 > 0 for d > 3. For d = 3, we have a

graph o f the form  in Figure A 8 . U nless n = 5, subsequent

contractions of edges will cause an increase in the value of S3 . We 

have n > 7.

When all such contractions have been perform ed, we are left with

the desired graph.

#
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T h e o re m  2 .2b  For n vertices and e = n +2 edges, n > 9, the unique 

3-optimal graph is G A (n,n+2). The 3-optimal graphs for smaller n are 

shown in Figure A9.

n= 6two graphs for n=5

n= 8n=7

tw o graphs for n=9 

Figure A9. The 3-optimal graphs for e = n+2, n £ 9.
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P ro o f: Observe that any graph G with n vertices and e = n+2 edges is 

p lanar and and contains three c ircu its , C i ,  C 2 , and C 3 . The 

in te ra c tio n s

of these circuits in G gives rise to four types of graphs, as illustrated 

in Figures A 10(a) - (d).

C3

C2C3

C3

C2C2

C2

Cl C2 C3

Cl C2 C3

Figure A10(a). Case 1: G contains exactly 3 distinct circuits.

1 3 9



Figure A 10(b). Case 2: G contains exactly 4 distinct circuits.

In Case 1, the three circuits have no common edges but may have 

common vertices. The total num ber of distinct circuits in such 

graphs is 3. In Case 2, two of the circuits have an edge in common. 

Any common edges, say between Ci and C2 , form a path. The graphs 

in this case are those which have exactly 4 distinct circuits. Case 3 

consists of graphs which have 6  distinct circuits. Similarly, Case 4 

consists of those graphs which contain 7 distinct circuits. In addition, 

G may have trees attached at any vertex.

Figure A10(c). Case 3: G contains exactly 6  distinct circuits.
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•Casg 1; G has exactly 3 distinct circuits

Step 1.1: Convert all trees to stars as was done in the proof of

Theorem  2.2a.

C3

C2

Figure A 10(d). Case 4: G contains exactly 7 distinct circuits.

S tep 1.2: C ontract any non-pendant edges which do not lie on

circuits as was done in the proof o f Theorem 2.2a.

Step 1.3: Combine all attached stars into a single star.

Choose v as was done in Step 3 of the proof of Theorem 2.2a. That is, 

let Ep be the set of pendant edges in G. Let Vm be the set of vertices 

in G which have the maximum degree in G-Ep. Choose v « V m to be 

the vertex whose degree in G is m axim al com pared to all other 

vertices in Vm. Here v has degree d £ 4. Let vi be the center of a 

star, v * v i. Thus vi has degree di 2  3. Let k denote the degree of vi

in G-Ep. Then k = 2, 3, or 4 and di > k. Move the edges pendant at vi
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to v . As in Theorem 2.2a, no triangles are formed and we need 

consider ( (d + di - k) 2 + k2 ) - (d2 + d i 2) = 2 (ddi - kd - kdi + k2) for 

the different k:

Case k=2: d £ 4, di £ 3 and 2(ddj - 2d - 2dj + 22) > 0.

Case k=3: d £ 4, di £ 4 and 2(ddi - 3d - 3dj + 32) > 0.

Case k = 4 : d £ 4, di £ 5 and 2(ddj - 4d - 4di + 42) > 0 unless d=4.

This is im possible since then vi would have been selected instead of

v.

(a) (b)

(c ) Contract circuits into triangles (Step 4). 

Figure A l l .  Case 1 graphs at Steps 3 and 4.
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After all stars have been moved to v, we are left with either the 

configuration in Figure A ll(a )  or the configuration in Figure A ll(b ) . 

Without loss of generality, we let v be as in the figure.

We now transform  the graph in Figure A l l  (b) into the graph in

Figure A 11(a). Let v be as in Figure A ll(b ) . Let vi be the vertex by

which C 3 is attached to the rest of the graph. Remove C3 and reattach 

the circuit at v. No triangles are formed. The degree of vi becomes 2 

and the degree v is increased by 2. The difference in S3 values is

= 2d-4 > 0 since d £ 4. We are left with a

graph of the form in Figure A 11(a) and so d £ 6 .

Step 1.4: Contract the circuits into triangles.

Let vi be a vertex adjacent to v such that V] lies on a circuit which is 

not a triangle. Thus the degree of vj is di = 2. Contract the edge

between v and vi and add a pendant edge at v. Essentially the same

construction was illustrated in Figure A6 (a).

If no triangles are formed, we have ((d + l ) 2 + 1) - (d2 + 22) = 2d-2 > 

0 since d £ 4. If one triangle is formed, we have

[ (d2 ! ) + (2 )  '  2(1) 1 * [ S ) 4  (2 )  1 = d - 3 > 0  since d ;> 6 .
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C3

C2

(a)

C3C2

(b)

Figure A 12. Case 2 graphs after Step 3.

When all edges have been contracted, we are left with the graph in 

Figure A 11(c) which has S3 = ^I12 ^ )> C(n,n+2) has S3 = ^  + 3.

♦Case 2; G has exactly 4 distinct circuits.

W ithout loss of generality, assume C] and C2 have a common edge as 

in Figure A 10(b).

Step 2.1: Convert all trees to stars.

S tep 2 .2 : Contract any non-pendant edges which do not lie on

circu its .

Step 2 .3 : Combine all attached stars into a single star as in Step 3,

Case 1.
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Here the vertex v has degree d £ 4. Any vertex vj which is the 

center of a star, v # vj has degree dj £ 3. The degree of vj in G-Ep is 

k = 2 or 3 and dj > k. The cases are as above.

When all stars have been moved to v, we are left with one of the 

configurations in Figure A 12. W ithout loss o f generality, we let the 

vertex be as in the figure.

We now transform  the graph in Figure A 12(b) into the graph in 

Figure A 12(a). Let v be as in Figure A 12(b). Let vj be a vertex of 

degree 3 which Ci and C2 have in common. Remove the pendant 

edges o f the star at v and reattach them at vi. R em ove C 3 and 

reattach the circuit at vi as well. No triangles are formed. The 

degree of v is reduced by d - 2  to 2  and the degree vi is increased to

since d £ 4. Let the vertex vi become the new vertex v. We are left 

with a graph of the form in Figure A 12(a) and so d £ 5.

Step 2.4: Contract circuits into triangles.

First we contract the path that Ci and C2 have in common into a 

single edge. W ithout loss of generality, choose Ci and C2 so that the 

path they share is as short as possible. Let vi be a vertex adjacent to 

v so that vi lies on both circuits and has degree 2. Contract the edge 

between v and vi and add a pendant edge at v.

d+1. The difference in S3 values
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If no triangles are formed, we have 2d- 2 > 0 and if one triangle is 

formed, we have d-3 > 0 because d £ 5. If two triangles are formed, 

the difference in S3 values is [ = cl - 5

> 0 for d > 5. For d = 5, we have the graph in Figure A 13(a). Since 

we have n > 9, subsequent contractions will increase the value of S3

n -4

C2

(a) S3 = n+ 1 1

n -4

C2

S3  = n+ 1 1

C3

C2

(b) Contract circu its into triangles (S tep (4 » .

Figure A 13. Case 2 graphs.

After contracting all but one of the edges common to Q  and C ^ w e  

contract the remaining edges on the circuits until they are triangles. 

Let vi be a vertex adjacent to v such that vi lies on a circuit which is
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not a triangle. Thus the degree of vi is 2. Contract the edge between 

v and V] and add a pendant edge at v. If no triangles are formed, 

we have 2 d- 2  > 0  and if one triangle is formed, we have d - 3  > 0  

because d 2  5. After perform ing all such contractions, we are left

♦Case 3; G has exactly 6  distinct circuits.

W ithout loss of generality, we assume that C i, C 2 , and C3 are as in

Figure A 10(c).

Step 3 .1 : Convert all trees to stars.

Step 3 .2 : Combine all attached stars into a single star.

When all stars have been moved to v, we are left with one of the

configurations in Figure A 14. W ithout loss of generality, we let the 

vertex v be as in the figure.

We now transform the graph in Figure A 14(c) to a graph of the 

form in Figure A 14(b). The vertex v chosen in Step 2 has degree

d £ 3. We contract the sequence of edges which lie solely on C2

beginning at v. Let vi be adjacent to v so that V] lies only on C 2 and

has degree 2. If the edge between v and vi is contracted and a

pendant edge is added at v, no triangles are formed and we have 2 d-

with the graph in Figure A 13(b) which C(n,n+2)
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2 > 0 since d 2: 3. Eventually we are left with one edge incident to v

which lies only on C2 . The other endpoint of that edge has degree 3.

Contract that edge and add a pendant edge at v. If no triangles are

formed, we have ((d + 2)2 + 1) - (d2 + 32) = 4d - 4 > 0 since d 2 3. If

one triangle is formed, we have

[ (^2 + (2 )  '  J f (2 ) + (2 )  1 = 2(1 - 2  > 0 sincc d 2 3.

A fter all such contractions are perform ed, we are left w ith the 

configuration in Figure A 14(b).

C3

C2 C3 C2

(a) (b)

C2 C3

(c)

Figure A 14. Case 3 graphs after Step 2.

We now proceed to convert a graph of the form in Figure A 14(b) to 

one of the form in Figure A 14(a). Let the vertex v be as in Figure 

A14(b). We contract the edges which lie only on C 2 . Let vi be a 

vertex on C 2 , with degree 3 and let V2 be adjacent to vi such that V2 

lies only on C 2 and has degree 2. Contract the edge between vi and 

v 2 and insert a new edge at vi which lies on C2 . Clearly no triangles 

are formed and the number o f vertices of a given degree remains
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unchanged so that the S3 value is likewise unchanged. Finally we are 

left with one edge incident at vi which lies only on C2 . The other 

endpoint of that edge has degree 3. Contract that edge and insert a

new edge at vi which lies on C 2 . Again no triangles are formed.

However, the degree of vi becomes 4 and a vertex of degree 3 is

replaced by a vertex of degree 2. As a result of this, the S3 value is

increased: ( ( 2 ) +  ( 2 )  ^ '  ^ (2 )  = 1. When all possible edges have been

moved, we are left with the configuration in Figure A 14(a).

Here v has degree d £ 4. W ithout loss of generality, choose C i, C2 , 

and C 3 so that the num ber of edges common to Ci and C 2 is

m inim ized and the num ber of edges com m on to C] and C 3 i s

m in im ized .

Step 3.3: Contract C2 into a triangle.

Let vi be a vertex adjacent to v such that vi lies on C2 , does not lie 

on a triangle, and has degree 2. Contract the edge between v and vi 

and add a pendant edge at v.

If no triangles are formed, we have 2d-2 > 0  and if one triangle is 

formed, we have d-3 > 0 because d £ 4. If two triangles are formed, 

say Ci and C2 , we have d-5 > 0 for d > 5. If d = 4, we have a graph of 

the form in Figure A 15(a) and subsequent contractions o f C3 will

cause an increase in S3. This will occur since we have n > 9. If d = 5,
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we have a graph of the form in Figure A 15(b) and subsequent 

contractions will cause an increase in S3 since we have n > 9. If three 

triangles are formed, we have reached G A (n ,n+ 2 ). The difference in 

the S3 value is

[ 1 1 (2 ) + (2 )  1 = d - 7  > 0  sincc d > 7, n > 9.

After all such contractions are performed, C 2 is a triangle.

C2 n- 2

S3 = n + 9

n- 2

S3 = n + 10

C2 n - 3

S3 = n + 13

C2 n - 3

S3 = n + 13

Figure A 15. Case 3 graphs during Step 3.
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(a) Case 4 graphs after Step 2.

C3

C2

C3

C2

(b) Contract the edge between v i and V2  and append an edge at v.

V,

(c)

Figure A16. Case 4 graphs during Steps 2 and 3.

Step 3.4: Contract Ci and C3 into triangles.

Let vi be a vertex adjacent to v such that vi does not lie on a 

triangle. Thus vi has degree 2. Contract the edge between v and vi
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and add  a p en d an t edge  a t v. If no trian g les  a re  fo rm ed , w e have 

2d -2 > 0 because d £ 4 . If one triang le  is fo rm ed , w e have d -3 > 0 

because  d £ 4 . W hen all such edges have been co n trac ted , w e are left 

w ith G A (n ,n+ 2).

:Casc 4; G has exactly 7 distinct circuits.

Step 4 .1 : Convert all trees to stars.

Step 4 .2 : Combine all attached stars into a single star.

Once a single star has been formed, move that star to the vertex 

which lies on all three circuits. This vertex has degree d £ 3. Call 

this vertex v. We are left with the graph in Figure A 16(a).

Step 4 .3 : Contract exterior edges.

Let vi be a vertex of degree 3, v # v j. Let V2 be a vertex adjacent to 

v i so that V2 has degree 2. Contract the edge between vi and V2 and 

add a pendant edge at v. The degree of vi is not affected. If no 

triangles are formed, we have 2d-2 > 0 because d £ 3. If one triangle 

is formed, we have d - 3 > 0 for d > 3. If d = 3, we have a graph of 

the form in Figure A 16(b) and subsequent contractions will cause an 

increase in S3 since we have n > 9. If two triangles are formed, we
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have the graph in Figure A 16(c). Before the contraction, the graph 

has S3 = ) + 6 . After the contraction S3 = + For n > 7 the

second graph has a greater S3.

v, 11

(a) S3 = n + 6  = = >  S3 = n + 6

V„,

(b) d = 5

Figure A 17. Case 4 graphs during Step 4.

Step 4 .4 : Contract the edges incident to v.

Let vi be a vertex adjacent to v so that vj has degree 2. Contract the 

edge between v and vi and add a pendant edge at v. If no triangles

are formed, we have 2d - 2 > 0 because d £ 3. If one triangle is

formed, we have d - 3 > 0 for d > 3. If d = 3, we have a graph of the

form in Figure A 17(a) and two additional contractions are needed to
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increase S3 . This will occur for n £ 7. If two triangles are formed, 

we have d-5 > 0  for d > 5. In this case, the construction 

terminates and we obtain the second graph in Figure A 17(b) with n = 

7. We have n > 9.

W hen all such contractions have been perform ed, the construction 

terminates with the second graph in Figure A 16(c). This graph has S3 

= (” 2 *) + * while GA(n,n+2 ) has S3 = 3.

#
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L em m a 4.5 Let e = 2n-3, 8  £ n £ 12. Then the graphs Gi and G 2 are 

the only 3-optimal graphs.

P roof:  We will exam ine all (not necessarily realizable) degree
n

sequences for which (n'2 )2- By Lemmas 4.1-4.3, we need to
i - i

consider only the cases with maximum degree A <, n-4. By Corollary

3.5, degree sequences which have vertices of degree 1 and more than

one vertex o f m aximum degree cannot correspond to 3-optim al

graphs. None of the remaining sequences are realizable because of

the number of vertices of degree 1. For convenience, we will refer to 
n

D S ‘ -
i * l

•Case 1: For n = 8 , e = 2n-3 = 13, (n-2) 2 = 36, A £ n-4 = 4.

4 4 4 4 4 4 1 1 , DS* = 36 can't be 3-optimal

4 4 4 4 4 3 2 1, DS* = 34

Other sequences 4 4 x x x x x do not have bigger DS*.

•Case 2: For n = 9, e = 2n-3 = 15, (n-2) 2 = 49, A £ n-4 = 5.

5 5 5 5 5 2 1  1 1 , DS* = 51 can’t be 3-optimal

5 5 5 5 4 3 1 1 1, DS* = 49 can't be 3-optimal 

5 5 5 5 4 2 2 1 1, DS* = 48

Other sequences 5 5 5 5 x x x x x do not have bigger DS*.

5 5 5 4 4 4 1 1 1, DS* = 48
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Other 5 x x x x x x x x do not have bigger DS*.

4 4 4 4 4 4 4 1 1, DS* = 42

Other sequences 4 x x x x x x x x do not have bigger DS*.

•Case 3 : For n = 10, e = 2n-3 = 17, (n-2) 2 = 64, A £ n-4 = 6 .

6  6  6  6  5 1 1 1 1 1, DS* = 70 can't be 3-optimal

6  6  6  6  4 2 1 1 1 1 , DS* = 67 can’t be 3-optimal

6  6  6  6  3 3 1 1 1 1, DS* = 6 6  can't be 3-optimal

6  6  6  6  3 2 2 1 1 1 , DS* = 65 can’t be 3-optimal

6 6 6 6 2 2 2 2  1 1 , DS* = 64 can't be 3-optimal 

6  6  6  5  5 2 1 1 1 1, DS* = 6 6  can't be 3-optimal

6  6  6  5 4 3 1 1 1 1, DS* = 64 can't be 3-optimal

6  6  6  5 3 3 2 1 1 1, DS* = 62

Other sequences 6  6  6  x x x x x x x do not have bigger DS*.

6  6  5 5 5 3 1 1 1 1, DS* = 63

Other sequences 6  x x x x x x x x x do not have bigger DS*.

5 5 5 5 5 5 1 1 1 1, DS* = 60

Other sequences 5 x x x x x x x x x do not have bigger DS*.

4 4 4 4 4 4 4 4 1 1, DS* = 48 

Other sequences 4 x x x x x x x x x do not have bigger DS*.

♦Case 4 : For n = 11, e = 2n-3 = 19, (n-2) 2 = 81, A £ n-4 = 7.

7 7 7 7 4 1 1 1 1 1 1, DS* = 90 can't be 3-optimal

7 7 7 7 3 2 1 1 1 1 1, DS* = 8 8  can't be 3-optimal

7 7 7 7 2  2 2 1 1 1 1 , DS* = 87 can't be 3-optimal
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7 7 7 6 5 1  1 1 1 1 1, DS* = 8 8  can’t be 3-optimal

7 7 7 6 4 2 1  1 1 1 1, DS* = 85 can't be 3-optimal

7 7 7 6  3 3 1 1 1 1 1, DS* = 84 can’t be 3-optimal

7 7 7 6  3 2 2 1 1 1 1, DS* = 83 can’t be 3-optimal

7 7 7 6  2 2 2 2 1 1 1, DS* = 82 can't be 3-optimal

7 7 7 5 5 2 1 1 1 1 1, DS* = 84 can't be 3-optimal

7 7 7 5 4 3 1 1 1 1 1, DS* = 82 can’t be 3-optimal

7 7 7 5 4 2 2 1 1 1 1, DS* = 81 can’t be 3-optimal

7 7 7 5 3 3 2 1 1 1 1, DS* = 80 

Other sequences 7 7 7 x x x x x x x x d o  not have bigger DS*. 

7 7 6 6 6 1  1 1 1 1 1, DS* = 87 can't be 3-optimal

7 7 6 6 5 2 1  1 1 1 1, DS* = 83 can’t be 3-optimal

7 7 6 6 4 3 1  1 1 1 1, DS* = 81 can't be 3-optimal

7 7 6  6  4 2 2 1 1 1 1, DS* = 80

7 7 6  6  3 3 2 1 1 1 1, DS* = 79

7 7 6  5 5 3 1 1 1 1 1, DS* = 80

Other sequences 7 7 x x x x x x x x x do not have bigger DS*.

7 6  6  6  6  2 1 1 1 1 1, DS* = 82 not realizable

7 6  6  6  5 3 1 1 1 1 1 , DS* = 79 

Other sequences 7 x x x x x x x x x x do not have bigger DS*.

6  6  6  6  6  3 1 1 1 1 1, DS* = 78 

Other sequences 6  x x x x x x x x x x do not have bigger DS*.

5 5 5 5 5 5 4 1 1 1 1, DS* = 6 6  

Other sequences 5 x x x x x x x x x x do not have bigger DS*.
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•Case 5: For n == 1 2 , e

8 8 8 8  3 1 1 1 1 1

8 8 8 8  2 2 1 1 1 1

8 8 8 7 4 1 1 1 1 1

8 8 8 7 3 2 1 1 1 1

8 8 8 7 2 2 2 1 1 1

8 8 8 6  5 1 1 1 1 1

8 8 8 6  4 2 1 1 1 1

8 8 8 6  3 3 1 1 1 1

8 8 8 6  3 2 2 1 1 1

8 8  8  6  2 2 2  2  1 1

8 8 8 5 5 2 1 1 1 1

8 8 8 5 4 3 1 1 1 1

8 8 8 5 4 2 2 1 1 1

8 8 8 5 3 3 2 1 1 1

8 8 8 5 3 2 2  2  1 1

8 8 8 5 2 2 2  2  2  1

8 8 8 4 4 4 1 1 1 1

8 8 8 4 4 3 2 1 1 1

8 8 8 4 4 2 2 2 1 1 1

Other sequences 8 0
0 00 X

8 8 7 7 5 1 1 1 1 1

8 8 7 7 4 2 1 1 1 1

8 8 7 7 3 3 1 1 1 1

8 8 7 7 3 2 2 1 1 1

= 2n-3 = 2 1 , (n-2 ) 2 = 100, A £ n-4 = 8 .

1 . DS* = 115 can't be 3-optimal

1 , DS* = 114 can't be 3-optimal

1 , DS* = 1 1 1 can't be 3-optimal

1 , DS* = 109 can't be 3-optimal

1 , DS* = 108 can't be 3-optimal

1 , DS* = 109 can't be 3-optimal

1 , DS* = 106 can't be 3-optimal

1 , DS* = 105 can't be 3-optimal

1 , DS* = 104 can't be 3-optimal

1 , DS* = 103 can't be 3-optimal

1 , DS* = 105 can't be 3-optimal

1 , DS* = 103 can't be 3-optimal

1 , DS* = 1 0 2 can't be 3-optimal

1 , DS* = 1 0 1 can't be 3-optimal

1 , DS* = 1 0 0 can't be 3-optimal

1 , DS* = 1 0 0 can't be 3-optimal

1 , DS* = 1 0 2 can't be 3-optimal

1 , DS* = 1 0 0 can't be 3-optimal

1, DS* = 99

x x x x x x x x d o  not have bigger DS*. 

1 1, DS* = 108 can't be 3-optimal

1 1, DS* = 105 can’t be 3-optimal

1 1, DS* = 104 can’t be 3-optimal

1 1, DS* = 103 can’t be 3-optimal
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8 8 7 7 2 2 2 2 1 1 1 1, DS* = 102 can't be 3-optimal

8 8 7 6 6 1 1 1 1 1 1 1, DS* = 107 can't be 3-optimal

8 8 7 6 5 2 1 1 1 1 1 1, DS* = 103 can’t be 3-optimal

8 8 7 6 4 3 1 1 1 1 1 1, DS* = 101 can’t be 3-optimal

8 8 7 6 4 2 2 1 1 1 1 1, DS* = 100 can’t be 3-optimal

8 8 7 6 3 3 2 1 1 1 1 1, DS* = 99 

Other sequences 8 8 7 6 x x x x x x x x d o  not have bigger DS*. 

8 8 7 5 5 3 1 1 1 1 1 1, DS* = 100 can't be 3-optimal 

8 8 7 5 5 2 2 1 1 1 1 1, DS* = 99 

Other sequences 8 8 7 5 x x x x x x x x do not have bigger DS*.

8 8 7 4 4 4 2 1 1 1 1 1, DS* = 96 

Other sequences 8 8 7 x x x x x x x x x do not have bigger DS*.

8 8 6 6 6 2 1 1 1 1 1 1, DS* = 102 can’t be 3-optimal

8 8 6 6 5 3 1 1 1 1 1 1, DS* = 99 

Other sequences 8 8 6 6 x x x x x x x x do not have bigger DS*.

8 8 6 5 5 4 1 1 1 1 1  1, DS"* = 94 

Other sequences 8 8 x x x x x x x x x x do not have bigger DS*. 

8 7 7 7 6 1 1 1 1 1 1 1, DS* = 106 not realizable

8 7 7 7 5 2 1 1 1 1 1 1, DS* = 102 not realizable

8 7 7 7 4 3 1 1 1 1 1 1 ,  DS* = 100 not realizable 

8 7 7 7 4 2 2 1 1 1 1 1, DS* = 99 

Other sequences 8 7 7 7 x x x x x x x x do not have bigger DS*. 

8 7 7 6 6 2 1 1 1 1 1 1, DS* = 101 not realizable 

8 7 7 6 5 3 1 1 1 1 1 1, DS* = 98 

Other sequences 8 7 7 6 x x x x x x x x d o  not have bigger DS*.
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8 7 7 5 5 4 1 1 1 1 1 1, DS* = 96 

Other sequences 8 7 x x x x x x x x x x d o  not have bigger DS*.

8 6 6 6 6 4 1 1 1 1 1 1, DS* = 94 

Other sequences 8 x x x x x x x x x x x d o  not have bigger DS*.

7 7 7 7 7 1 1 1 1 1 1 1, DS* = 105 can't be 3-optimal 

7 7 7 7 6 2 1 1 1 1 1 1, DS* = 100 can't be 3-optimal 

7 7 7 7 5 3 1 1 1 1 1 1, DS* = 97 

Other sequences 7 7 7 7 x x x x x x x x d o  not have bigger DS*.

7 7 7 6 6 3 1 1 1 1 1 1, DS* = 96 

Other sequences 7 x x x x x x x x x x x do not have bigger DS*.

6 6 6 6 6 6 1 1 1 1 1 1, DS* = 90 

Other sequences 6 x x x x x x x x x x x do not have bigger DS*.

5 5 5 5 5 5 5 3 1 1 1 1, DS* = 73 

Other sequencse S x x x x x x x x x x x d o  not have bigger DS*.

#
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