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Abstract

Commutation And Deficiency Indices: Comparing ¢*t And tt*, Where

t Is An Ordinary Differential Qperator With Smooth Coefficients

by

Frank D. Isaacs

Advisor: Professor Stanley Kaplan

Let 7 be a formal differential operator, of order n, with C* coeflicients, which is defined on
an interval I C R. For any interval J C I, let W denote the closed minimal operator for 7
operating in L2(J). Let Ti(r, J) denote the maximal operator. If § is any symmetric operator acting
in a Hilbert space, let D4(S5*) denote the deficiency spaces of S*, the adjoint of S. If § and T
are two operators acting in a Hilbert space, and if T D &, let [T : S} denote the dimension of the

extension.

We develop information about dim D4 (Ti(r7*,I)) from information about Th(r*r, I}, To(r, I),
and To(r*,I). Let A= {f € D+(Ta(r*r, 1)) : 7(f) € L2(])}.

First, dim Dy (Ti(r7*,I)) > dimA.

Second, To(r*, I) To{7, I) is a closed, symmetric, positive operator with adjoint 71 (r*, NTi(r, I},

and

dimA = (1/2) - [N(", DTi(n 1) : To(7=, I) To(r, I)]

[Ti(r, I) : To(7, 1))

= [N(r, 1) : To(r*, D).

iv




Third, let I/, I C I be two intervals with positive length such that Y UI" =I, and PNI" is a

point, ¢. Then Ty(r*, I) To(7, I) admits a Kodaira-type formula:

dn+ [Ti(r*, DTi(r, D) : To(r*, D To(r, 1)) = [Ti(=*, INTu(r, I') : To(v*, I') To(r, I')]

+ [ YT 1) T P Do T,

and To(r*, J)To(r,J), J = I', I”, has 4n boundary values at c.
Fourth, if o.(*) denotes “essential spectrum,” then 0 ¢ o.(r*7) entails 0 ¢ o.(7) ( whence
O0go(rr)if0g o ()i 0o, (r*) ).
Fifth, we extend to arbitrary intervals a formula of Kauffman, Read, and Zettl:
dimA = [Ti(r,I) : To(r, I)] > dimkerTi(7*,I)— dimker To(r, I)

+ dimker T(7, I) — dimker To(7*, 1),
with 0 ¢ o.(7) entailing equality. In particular, when r is formally self-adjoint,
dim A = [Ty(7,I) : To(r, D)) > 2 (dimker Ty(r, I) ~ dimker To(r, 1} ).
Further,
dimA = [Ty(r, I) : To(r,I)] > dimkerTi(r*, I’) + dimker Ty (7, I')
+ dimker Ty (7*, I'’) + dimker Ty (7, I} — 2n,

with 0 ¢ o.(7) entailing equality.

Sixth, we extend a formula of Dunford and Schwartz: if I’ and I” are as above, then
n + dimker Ty (7*, I) — dimker To(r, I} > dimker T (7", I’) + dimker T (7", I'"),

with 0 ¢ o.(7) entailing equality.
Seventh, if dimker T1(7*, I) = n, then dim A = dim D4(Ty(7*r, I)), and
Ti(rr,I) = Ty(r*, )Ty (1, I).
Eighth, if 77* {ker Ty((77*)2, I)} C L*(I), then dim A = dim D4+ (T1(7*7,I)), and Ty(r*1,I) =

Tl(ftl I)Tl(rr I)
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Introduction

What

Let I denote an interval of the real line. Let 7 denote a formal differential operator which is defined

on I, and which has the form
T = an(t)(d/dt)" + any(1)(d/dt)" " + -+ a1 (t)(d/dt) + ao(t).

We require that a,(t) # 0, for t € 1, and that ag(), ..., an() have continuous derivatives of all orders.
Let 7" denote the formal adjoint of 7.

We consider 7, r*, "7, and 77" acting on various domains contained in the Hilbert space Lz(I).

For any formal differential operator ¢, let Tp(¢, I) denote the minimal operator (to be defined
later) for ¢ acting in L2(J). Let To(C, I) denote the closure ( to be defined later) of Ty(¢, I), and let
T:(¢,I) denote the maximal operator ( to be defined later).

First, we develop connections between the deficiency indices of To(7* 7, I') and those of To(rr*,I).
These connections are related to the deficiency indices of the composition operator ﬁ-(f_'.f—)m,
which we show is a closed positive operator whose domain is dense in L2(I), and whose adjoint is
Ty, Ti(r, I).

Second, let I’ and I"” be two sub-intervals of I, each with non-empty interior, such that I'UI" = I,

and such that I’ N 1" is a single point. We relate the deficiency indices of To(r*,I) To(7, I) acting in

L*(I), to the deficiency indices of To(r*, I) To(r, I’) acting in L2(I’), and to the deficiency indices

-

of To(r*, 1") To(r, I') acting in L?(I").




Third, we assume that 0 does not lie in the essential spectrum (to be defined later) of 7, and
examine the consequences of this for the foregoing material.

Last, we state and prove two conditions, each of which is sufficient to ensure that if g lies in
the domain of Ti(7*1, I), and if it satisfies the differential equation r*r(v) = %iv, then T{g) (which

satisfies the differential equation r7°(v) = %iv), lies in the domain of T} (77", ]).

Why

All of our motivation, though none of our results, lie in the method of “commutation,” which Deift [3]
uses 1o re-prove some results of Crum [2]). For background, we sketch these.

Crum considers, in part, a regular Sturm-Liouville system

-yt +(qt) =Ny =0 0<t<l
(0} = h° - y(0) y(1) = h'-y(1)
(where ¢ € C*([0,1]) and h®,h! € R), which has eigenvalues g < A} < Ay < ..., and
corresponding eigenfunctions fo, f1, fo,. ...

From this system, he explicitly obtains a series of associated Sturm-Liouville systems

=yl + (gn(t} = Ay =0 0<t<l
limop(?) =0 lim;—y y(t) =0,

where n =1,2,3,.... The potential g:(t) € C=([0,1]); for n > 1,

n(n—1)"2, ast — 0,
gn(t) ~
nn-1)(1-1)"2, ast—1.
Crum also obtains formulas, rational in {fo, fi, f2,-..}, for the eigenfunctions of the associated
systems, and proves that the nth system has eigenvalues {A,, Ang1, Ang2,...}.
Deift re-proves the results of Crum, and relies on one aspect of “commutation:” that if T is a

closed, densely defined, operator in a Hilbert space, and if 7™ is its adjoint, then T°T and T'T" are

densely defined, non-negative, self-adjoint operators (see [12, p. 312], or [4, p. 1245]), and that if




o(...) denotes “spectrum of ...,” then

o(T°T) \ {0} =o(7TT7) \ {0}

(see [3, p. 270,273)).
That Deift uses commutation as the “pivot” (his word) in his re-proof of Crum’s results, prompts
us to consider the relation between deficiency indices, and commuting, for the formal differential

operators 1 and +7*.
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Chapter 1

Preliminaries

Definition 1 1. Let + denote direct sum.
2. Let & denote orthogonal sum.
3. Let R denote the real line.
4. Let C denote the complex plane.
6. Very often, we will use 1 to denote the identity operator on a vector space.

6. Let I denote an interval of the real line, R. I has end points a,b where —ococ < a < b € oc. If
a satisfies —00 < @ < o0, and a € I, we say that a is a fized end point of I. Otherwise, a is a

free end point of I.

7. Let C™(I) denote the set of complex-valued functions which are n times continucusty dif-
ferentiable on I, for n = 1,2,...,00. If I has a fixed end point a, then f € C"(]) means

that

) — £0) .
Iim .[__.ch)_.!__g.tl = lim fU+iq),
tel t—a a-—1 telt—a

for all j € n, if n is finite, end for all j, if n is infinite. If n = 0, we omit n, and write C(7).




8. Let CP(I) denote that subset of C°°(I) whose functions vanish in a neighborhood of each end

point of I.
9. If n is a positive integer, let WF(I) be the set of functions f which satisfy
o fe LI nC I,
e fin-1} js absolutely continuous, and
o fiN) e L2(D).
10. I n is a positive integer, let W?(I) be the set of functions f which satisfy
o fe L2I)NCrY(I),
e f(n=1) js absolutely continuous, and
o fI"Y e L3(1).
11. If n is a positive integer, let T denote a formal differential operator of the form
an(t)(d/dt)" + an_1(4)(d/dt)" " + -+ @, (t)(d/dt) + ao(t),

where a,(t) # Ofort € I,and {ag(%),...,an(*)} € C*®(I).We say that 7 is a formal differential

operator (of order n).

12. Let 7 be a formal differential operator of order n defined on I C R. If n is a positive integer,

let W1 (1) be the set of functions f which satisfy
e fe LA I)nC" (D),
¢ f(n=1) jg absolutely continuous, and
o 7(f) € L¥(D).

13. For f,g € L%(I), let (£, g) denote [ f(1) - g(1) dt. Sometimes, when we want to emphasize the

interval, we write (f, g)s.




14. Let 7 be a formal differential operator of order n which is defined on an interval I C R.. Let
To(7) denote the operation T with domain W (7). We call To(7) the minimal operator for v

on I. Sometimes we write Ty(r, I) to emphasize the interval.

15. Let T and I be as above. Let Tj(7) denote the operation 7 with domain W2 (I). We call T1{r)

the marimal operator for T on I. Sometimes we write Ti(7, I} to emphasize the interval.

Definition 2 Let T, with domain D(T), be an operator in a Hilbert space. T is closed if {f,} C

DT, fon— f,and T(fn) — gentail f €D(T) and T(f) = g.

Theorem 3 From [12, p. 305). Let T, with domain D(T), be an operator in a Hilbert space. Then
D(T") is dense if, and only if, T has e closed extension, (T*)* is the smallest closed extension of

T.

Remark 4 Let H be a Hilbert space, with inner product {f,g). Let T, with domain D(T) , be an

operator in H. For f,g € D(T) , define

[f.9) = {f. 9} + (T(f), T(g))-

Then T is a closed operator if, and only if, D(T), with inner product [f,g], is a Hilbert space

(see [4, p. 1186)). We sometimes call [f, g] the operator inner product for T, and call
[N = {1, 137
the operator norm for T. Sometimes we write [f, g}r and [[f]]r to emphasize the operator.

Definition 5 If T is an operator in a Hilbert space, and if T has closed extensions, let T denote

the smallest closed extension of T. This is the closure of T.

Proposition 6 From [4, first paragraph of proof of X111.6.2]. Let H be a Hilber! space, let S be a

subspace of H, and let F be a finile dimensional subspace of H. Then S+ F is closed.

Lemma 7 From [4, XI11.2.9). Let 7 be a formal differential operator, of order n, which is defined

on an interval ] C R. Let f be a funclion whose square is inlegrable over every compact interval of




1. Suppose that
[0 F@ma=o

Jor all ¢ € W§(I). Then (perhaps afier modification on a set of measure 0) f € C*(I) and r(f) = 0.

Theorem 8 From [4, XI11.2.10]. Let 7 be a formal differential operaior which is defined on an

interval I C R. Let v denote the formal adjoint of . Then
To(r)" = Ta(7").

Corollary 9 Let I CR be an interval. Let 7 be a formal differential operator defined on 1. Then
To(r) = Ti(7°)".

Proof: Ty(7)* = Ti(7*), by theorem 8. Ti(r")" is well defined, since D(T1(7*)) is dense in L2(I).

Thus T3 (7*)* = Ty(7), by theorem 3. Q.E.D.

Corollary 10 Lel T be a formal differential operator which is defined on an interval J C R. Let

Too(7) denote the operation v with domain C§°(J). Then Too(r)* = Ti(7), and Toe(r) = To(r).

Proof: Let n denote the order of 7. In order to prove that Tpo(T) = To(7), it is enough to prove that
C3“(J) is dense, in the operator norm, in D(Tp(7)) . In order to show this, it is enough to show that
the elements of W§(J) can be approximated arbitrarily closely, in the operator norm, by elements
of C5°(J).

Choose f € W{(J). The support of f is a compact set which lies in the interior of J. We seek

{fm} € C&(J) such that

Jn — 1, (1.1)

and 7(fm) — T(f). (12)

Select a compact interval I = [a, b] such that the support of f lies in the interior of I, and such that

I lies in the interior of J. Evidently, T is defined on I. Since I is compact, it is enough that {fm}

satisfy f5% — £ fori=0,1,...,n.




Select ¢ € C§°([-1, 1]) to be a positive function such that f_’l ¢(x)dr = 1. We define ¢m(z) =

m - ¢(mz). The support of ¢, lies in the interior of [-1/m, 1/m]. We define

I *ém(2)

ij(s) bl — 5) ds

[ REETRMELS
According to [8, p. 3, theorem 1.2.1),

o (f«dm) V()= f2om(z), fori=0,1,...;

e for large enough m, f * ¢,, € C§*(]); and

e f*ém — f in the L2(J) norm.

Let M be large enough that f * ¢pr € C5°(7). We define fi{z) = f* ¢mym(z). form=1.2,....
For i = 0,1,...,n, we use integration by parts [12, p.54], and the fact that 0 = f()(a) = f()(b), to

see that

W) = faéldalz)

= S % Gmans

Thus, in order to show that f5) — (i} for i=0,1,...,n, it is enough to see that if g € we(I),
then g * ¢, — g. But this is the last result of [8, p.3, theorem 1.2.1] which we cited.
Now, we show that Tyo(7)* = Ti{7*). Let g € D(Too(7)*) . Then there is a positive constant ¢
such that, for all ¢ € C$(J),
[(r(¢), 9} < e [l&}-
Let f € WP(J). Since we have just shown that Too(7) = To(7), we can find {fn} C C$(J) such

that relations 1.1 and 1.2 are true. Thus,

{(£). 9l lim{(r(fm), 9}

]

IA

¢ lim||fml|

c-[L£1l-

e e et e



Thus, g € P(To(7)") = D(Ti(m")) . Q.E.D.

Definition 11 Let S be a densely defined operator in a Hilbert space, such that § € S*. We call

S symmetric.

Lemma 12 From (4, X11.4.6(a)). Lef S be a symmeiric operator in a Hilbert space. Then S is

symmelric,
Definition 13 Let S be a symmetric operator in a Hilbert space. We define
Dy = {f € D(S"): 5°(f) = if}.

Sometimes we write D1 (S ), to emphasize the operator. Dim D, and dimD_, are respectively the

positive, and negative, deficiency indices of S.

Lemma 14 From [4, XI1.4.10). Let S be a symmeiric operator in a Hilbert space.

1. D(S), D4, and D are subspaces of the Hilbert space which consisis of D(S*) with the inner

product

[f.gl=(f,9) + (S*(£). S (9)).
2. D(S*) = D(5) ® Dy ® D, where orthogonality is with respect to the inner product [f, g].
Remark 15 From [12, p. 328]. S has self-adjoint extensions if, and only if,
dimDy =dimD..

Remark 16 If 7 is a formally self-adjoint formal differential operator defined on an interval I C R,

then Ty(7) is a symmetric operator. To see this, use integration by parts. Then
Dy = {f € D(Ti (7)) : 7(f) = if}.

Thus, both D, and D_ are finite dimensional. According to lemma 14,
L]

D(Ti(7)) = D(To(r)) ® D4 B D-.




Thus,

dim D(Ti(r)) / D(To(r)) = dimD4 +dimD_.

We say that T7(7) is an extension of Tp(r) of dimension equal to dim D4 + dim D_, which is finite.

Definition 17 Let T, with domain D(T), and S, with domain D(S), be two operators in a Hilbert

space, such that T D 5. We shall use [T": §] to denote dim D(T) / D(S) .
Remark 18 Let 7, Dy, and D_ be as in remark 16. Then

[Ti(7) : To(7)] = dim Dy + dimD._ < oc.

10
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Chapter 2

Formulas Related to Commuting

Remark 19 Let 7 C R be an interval. Let T be a formal differential operator of order n, which is
defined on I. Then 77 and 77* are both formally symmetric formal diflerential operators of order
2n, which are defined on I.

Both To(7*r) and To(77*) are non-negative operators. To see this, choose ¢ € WZ"(I). Then

(To(T"7)(4). 6)

] It
:“-w t‘ﬁ
-3 3
_—— L )
. e
— _—

-
’1 o —
Sy
a, 2
L)

v
=)

Because each operator is bounded below, each has a self-adjoint extension: its Friedrichs extension

(12, p.330]. Thus,

dim Dy(Ti{r* 7))

it

dim D_(Ti(r*7)) , and

dim Dy(Ti{rr*)) dim D_(Ti(r™)) .

In this chapter, we use information about T} (7* 7) to develop information about dim D.(T1(r7")) =

dim D_(Ti(rr*)) .
Lemma 20 Let T be a formal differential operator which is defined on an interval ] CR. Then

11




1. dim Dy(Ti(r7*)) > dim{f € DPL(Ti{r"7)) : r(f) € L*(])}, and
2. dim P_(Ti(r7*)) > dim{f € D_(Ti(r"7)) : 1(f) € L¥(1)}.

Proof: We prove the first formula; the second is proved similarly.

We know that f € D(Ti(r*7)) if, and only if, f € D(T1(r°7)) and [ satisfies the differential
equation 7*7(v) — iv = 0. Now, f satisfying 7*7(v) — iv = 0 entails f € C*(I) [4, XIIL.1.4]). Thus,
f € Dy(Ti(r=7)) if, and only if, f satisfies r"r(v) — iv = 0 and f € L?(]).

Similarly, g € D4+(T1(77*)) if, and only if, g satisfies 7" (v) — iv = 0, and g € L%(]).

Suppose f € D,(Ti(r*1)) . Then f satisfies 7*r(v) — fv = 0. Thus, f € C®(I). Thus, by

definition of 7 (see definition 1), 7(f) € C®(I); this shows that rr*(7(f)) is well-defined. We have

rr*(r(f)) —ir(f) (7" 7(f)) —ir(f)

r(if) — ir(f)
= 0.

Thus, 7(f) satisfies 7r*(v) — tv = 0.

We summarize: if f € D4 (Ty(7*7)) , then 7(f) € DL(Ti(rr*)) if, and only if, 7(f) € L?(I).

Thus,
dim Dy(Ty(r7")) > dim{r(f): f € Dy(Ti(r"7)) and r(f) € L*(I)).

But f € Dy(Ti(r"1)) and f 3 0 entail 7(f) # O; this is because 7(f) = 0 and 7*7(f) = if

entail 0 = if, whence 0 = f.

Thus, dim Dy (Ti(77*)) 2> dim{f € DL (Ti(r*7)) : 7(f) € L*(])}. Q.E.D.

Definition 21 Let S, with domain D(S), and T, with domain D(T), be two operators in a

Hilbert space. We define
D(TS) ={f€ D(S) :5(f) e D(T) }.

If f e D(TS) , we define TS(f) = T(S(f)).

12




Remark 22 Let 7 be a formal differential operator which is defined on an interval I C R. Suppose
that f € D(Ti(r°7)), and that 7(f) € L3(I). Then f € C>(I) (see comments in the proof of
lemma 20 ), and r(f) € L3(I). Thus, f € D(Ti(7)) . Further, 7(f) € C=(I), because the coefficients

of r belong to C'*°{I) ( see definition 1 ); and
(r(f)) = if € L*(J).

Thus, 7(f) € D(Th(T*)) .
Thus, f € D{T1(v*)Ti(7)) , and f satisfies TY{r*}T1(7)(v) = *iv.
Thus,

{f € De(Ti(*7)) : 7(f) € L2(])} € D+(Ti(r*)Ti(r)) .
We use the next several lemmas to show that
dim{f € D+(Ti(r"7)) : 7(f) € L*(1)}
equals the positive, or the negative, deficiency index of Ty(7*) Tp(r).

Lemma 23 Let I CR be an interval. Let r be a formal differential operator which is defined on 1.

Then

1. To(r*1) C To(r*) To(7),

2. [To(r*) To(7) : To(r"1}] < o0, and
3. To(r*) To(r) is closed, symmetric, end non-negative.

Proof:

1. We show that D(To(7°7)) € D(To(r)) . Let f € D(To(r*7)) . Then there is {¢m} C C°(1)
such that ¢,, — f and To{r" 7} dm} — To(r"7)(f) : see corollary 10. We will show that

f € D(To(r)) . Given € > 0, there exists a natural number M such that !, m > M entails

|| #m — ¢1||< € and || To(7*7)(ém) — To(r*7)}(¢:) ||< €. Thus,

HTo(r*7)(bm — 1), bm ~ $)| S To(r" ) (bem — #1) |l - [} (¢m = 81) |I< €.

13




We restate this:

|j]7‘f(¢m—¢l)'(¢m—¢l)dt| < €2
/ |r(¢m — @1)|2dt < €2 (integration by parts)
1

| To(r)(ém — ) | < €

Thus,{To(7){ém)} is a cauchy sequence in L2(I). Let F = lim To(7)(¢m ). Then f € D(Ty(7)),

and To(r)(f) = F.

. We show that To(7)(f) € D(Te(7")) .

{To(7)(dm)} € C§°(I), because {¢m} C C5°(I), and because all the coefficients of 7 belong to

C>=(I). From paragraph 1, we know that To(7)(¢m) — To(7)(f).

Also, since To(T°7){(¢m) — To(7"1)(f), we see that
To(7°) To(r)(¢m) = To(r°7)(dm) = To(r*7)(f).

Thus, To(r)(f) € D(To(r°)) , and To(r*) To(r)(f) = To(r*7)(f).

. We summarize the preceding: Tp(7*7) C To(7*) To(7).

. To show that Ty(7*) Ty(r) is a closed operator.

From theorem 8, To(7)* = T1(r*). Thus T1(r*) To(r) is self-adjoint [12, p. 312].

From paragraph 3,

To(r* 1) € To(r*) To(7)-

From definition 21, and the fact that D(Ts(7*)) € D(Ti(r*)) , we know that

To(r") To(r) € Ta(7*) To(r).
From lines 2.1 and 2.2, Ty(r* 1) € Ti(r*) To(7). Taking adjoints yields

To(r"1)" 2 (TW(r*) To(T))". .

(2.1)

(2.2)

(2.3)



But Ty (7") To(r) is self-adjoint, and theorem 8 says that To(7*7)" = T3(7* ). This, and line
2.3, show that

Ti(r*) To(r) € Ta(r°7). (2.4)

Lines 2.1, 2.2,and 2.4 yield

To(7*7) C To(7*) To{7) C Ta(r" 7).
This shows that Tp(7*) To(r) is a finite dimensional extension of Ty(r* 7).

Equivalently, D(To(r*) To(r)) is a finite dimensional extension of D(Tp(7°7)) , which is a

closed subspace of the Hilbert space consisting of the set D(7T}(7*7)) , with the inner product

9] = (f,9) + (T 1) (), Ti (7" 7)(9))-

From proposition 6, we conclude that D(To(r*) To(7)) is a closed subspace of D(Ty(r°T)) .

From this, and from remark 4, we conclude that Tp(r*) Ty(7) is a closed operator.
. We show that Ty(r*) To(7) is symmetric. Let f,g € D(To(r*) To(7)) . In particular,

g€ D(To(r)) C D(Ti(r)) = DTo(m)") .

Thus,
(D) To(D(), ) = (To(r)(f), To(r") "(9))
= (To()(£), Ti(7)(9))
= (L), TN ).
Also,
To(r)(g) € D(To(+™)) € D(Ti()) = D(To(T)*) -
Thus,

(TN, To()(9)) = (£, Tolr) "To(r)(9))

{(f, Ti(r*) To(r)y))
= (£, To(r") To(7)(9)).
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6. We show that Ty(r*) To(r) is non-negative.

For g € D(To(7*) To(7)) ,

(To(r*) To(7)(g).9) = (To(r)(9). Ta(r")"(9))

(To(7)(9), Th{7){(9))

<@
]

= (To(7)(g). To(T){g)}

v

0.
Q.E.D.

Remark 24 In this remark, orthogonal will be with respect 1o an operator inner product of the

form

[f.9]= (f.9) + (T(f). T(9)),

for some operator T
As before, T is a formal differential operator defined on an interval 7 C R.

By the general theory of Hilbert spaces,
[Ti(7) : To(7)] = dim( D(Ti(7)) & D(To(7)} ).

According to [4, the second paragraph of the proof of XII1.2.27], dim( D(Ti(7)) & D(To(7)) ) is

equal to the number of linearly independent solutions of the equation
T1(T' )T](T)(‘v) = —-v. (2.5)

Thus, [T1(7) : To(r)] < co. (Compare this with remarks 16 and 18, where r is assumed to be

self-adjoint.)
Lemma 25 Let v be a formal differential operaior whick is defined on an interval I C R. Then

[Ti(r) : To(™)] = [Ta(r*) : To(r™)).
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Proof:

1. Let f # 0, and let it satisfy

Ti(r*)Ta(r)(v) = —v. (2.6)

Then T1(7)(f) # 0. This is because T1(7)(f) = 0 and 1 (v* )1 (7)(f) = —f entail f = 0, which
contradicts f # 0. This shows that if f satisfies equation 2.6, then the map f — T1(7)(f) is

one-one.

2. Similarly, let g # 0, and let it satisfy
() Th{r* }v) = --v. (2.7)
Then T(7*}{g) # 0,and the map g — Ti(r*)(g) is one-one.

3. Let f be as above. We show that T)(7)(f) satisfies equation 2.7.

Suppose that f € D(Ti(7)) . Then f, Ta(7)(f) € L2(I). Moreover,

N(n)Tr)(T(T)())

T T (e )(7)(S))

Ti(r)=f) = =Ta(r)(]).

We also know that the map f — Ti(7)(f) is one-one. Thus, the number of linearly independent
solutions to equation 2.7 must be greater than, or equal to, the number of linearly independent

solutions to equation 2.6.

The above, together with remark 24, entails [T\ (7*) : To(7*)] 2 [TA(7) : To(7)).

4. Recall that (77)" = 7. If we reverse the roles of 7 and 7°, we may conclude that

[Ty(7) : To(7)] = (TA(r") : To(r")].

5. Thus, [Ty(7) : To(T)] = [T1 (") : To(r)). QE.D.

In the following theorem and lemma, orthogonalily refers to the operator inner product

[f.91={Sf,9) + (S"(f),S*(g)). For notation, see definitions 13 and 17.

17
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Theorem 26 From [4, XI1.4.12(b)]. Let S, with domain D(S) , be a closed symmetric operator in
a Hilbert space. Let G be a closed subspace of D4(S) @ P_(S). Then S*|p(s)ac is self-adjoint

if, and only if, G is the graph of an isometry mapping all of D4(S) onto all of D_(S)

Lemma 27 Lel S, with domain D(S) , be a closed symmetric operator in a Hilbert space with inner

product (f,g). Lel A be a self-adjoint extension of S. Then
1/2-[S": 8] =[A: 8] =dim D4(S5) .

Proof: Because S has a self-adjoint extension, dim D4(S) = dim D_(S) . According to remarks 16
and 18,
[S*:5] =2 -dim D4 (S) . (2.8)
By the previous theorem, D(A) = D(S} & G, where G is the graph of an isometry from
D4+(S) to D_(S) . Thus
[A: 8] =dimG. (2.9)
Let 1" : D4 (S) — D_(S) denote the isometry. If ¢ € G, there is d € D,(S) such that
g=d+ V(d) =(1+V)(d).
The map (1 + V) : Dy(S) — G is onto.
Let d € ker (1 + V). Then d + V{(d) = 0, yielding d = —V(d). But -V (d) € P_(S), which
entails [d, —V(d)] = 0. Thus [d,d] = [d,—~V(d)] = 0. Thus d = 0. So ker(1 + V) = (0).
Since 1 + V is onto and one-one, dimG = dim D4 (S) . The lemma follows from this, and from

equations 2.8 and 2.9. Q.E.D.

Lemma 28 Letl r be a formal differential operator, which is defined on an interval I C R. Then
[Ty (r*)Ta () : Ti(r*) To(7)] = [T3(7) : TolT))-

Proof:

1. As in remark 24, [T1(7) : To(7)] equals the number of linearly independent solutions of

T1(7*)T1(7)(v) = —v. This number does not exceed 2n, the number of linearly independent
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solutions to 7* r(v) = —v. Let m = [Ty(r) : To(7)]. Then there are m linearly independent

functions ry,...,rm which satisfy T3(7*) Ti(r}(v) = —v. Span{r;,...,rm} = D(Ti(T)) &

D(To(r)) , where orthogonality refers to the operator inner product for 7y (7). Thus, {r,, ..

o tm}

are linearly independent, modulo D(To(r)) . Because D(Ti(r*)To{7)) € P(To(r)),

{r1,...,rm} are linearly independent, modulo D(T;(r*)To(7)) .
Also, {r1,...,rm] € D(Th(T")Ta(T)) .

Thus, [Ti(7) : To(7)] < [Ti(r*) Ti(7) : Ti(") To(7)).

. Clearly,

Ti{r"r) 2 Ti(r*) Ti(7) 2 Ta(v") To(7).

From relation 2.2 in the proof of lemma 23, we have

Ti(7°) To(r) 2 To(r") To(7).

From paragraph 3 in the proof of lemma 23, we have

To(r) To(7) 2 To(r"7).

Relations 2.10, 2.11, and 2.12 yield

Ty(r*r) 2 Ti(r*) Ta(7) 2 Ta(r*) To(7) 2 To(r*) To(r) 2 To(r"T).
From this relation, and the fact that [Ti(7*7) : To(7"T)] < oo, we conclude that
= [Ti(r*) Ta(7) : Ti(r*) To(r)] < 0.
Let {s,...,5]} be a minimal, complete set of coset representitives for
D(T(r") Ti(r)) / D(Ti(r") To(7)) -

If {e1,...,&t} € Cis such that Yi_, ¢i - 8 € D(Ti(r*)To(7)) ,then 0=¢; =+~ = a1,

We have s; € D(Ti(7)) , and Ti(7)(si) € D(TA(+")) ,fori=1,...,1.
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Let {c1,...,¢;} € C be such that ZL, ci-5; € D(To(r)) . Then
) i I
To(M(Y_ci-a)=Tu(r) D} ei- &)= i -Ta(r)(s) € P(Ti(r").)
i=1 i=1 i=1

Thus, Z:__J ¢ -8 € D(Th(r*)To(7)) , from which we conclude that 0 =¢; = ... = ¢;.
We restate this: {s1,...,5:} are linearly independent,modulo D(To(r)}) .

Since {s1,...,8} C D(Ti(r)), then
[T3(7) : To(m)] 2 1 = [Ti(r*)Tat7) : Tu(r) To(7)).
Q.E.D.
Lemma 29 Let 7 be a formal differential operator which is defined on an interval I C R. Then
(Ty(r*)T1(7) : To(r)Ta(7)] = [Tu(7")Ti(7) : Ta(7")To(7))-

Proof: We have two chains of subspaces:

D(Ti(r")Ti(r)) 2 D(TN(r*)To(r)) 2 D(To(r*)To(r)) . and (2.15)
D(Ti(v")Ti(r)) 2 D(To(r")Ta(r)) 2 P(To(r*) To(7)) . (2.16)

Ti(r*)To(r} and Ty(r*)T1(r) are both self-adjoint extensions of Tp(r*) To(r), which is a closed,
positive, symmetric, and densely defined operator (see lemma 23). Let the deficiency indices of
To(7) To(7) be (d,d). We use lemma 27, with Ty(7*) To(7) as the symmetric operator.

Lemma 27, with the self-adjoint Tj(r*)To(7), yields

%[(To(‘r‘)To(r))' :To(r*) To(7)]) = [Ta(7")To(r) : To(r*) To(7)] = d. (2.17)

Lemma 27, with the self-adjoint T (7*)To(7), yields

-;—[(To(r')To(r))‘ s To(r*) To()] = [To(r )Ty (7) : To(r*) To(r)] = 4. (2.18)

Equations 2.17 and 2.18 yield

d = [Ty(r")To(r) : To(r) To(7)] = [To(r*)Ta(7) : To(r*) To(7))- (2.19)
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From the second isomorphism theorem for vector spaces, and chain 2.15, we have

DI )N(n) [ DT() To(r)) . D(Ta(r)Ta(r)
D(T(r")To(7)) / DTo(m*) To(r))  D(Ta(v")To(T))

Thus,

[T )YNh(7) : To(r*) To(1)) [T3(r*)To(r) : To(r") To(T)]

[T(r*)T (1) : Th (7" )To(T))-

This, and equation 2.19 yield

[T3(r*)Ti (1) : To(r*) To(7)] = d = [Ti(+")Ti(7) : Th (7" )To(T)). (2.20)
From chain 2.16, equation 2.19, and the same procedure, we get
[T3(+*)T1(r) : To(7) To (1)} = d = [Ta(r*)Ta(7) : To(r*)Ta (7). (2.21)
Q.E.D.

Lemma 30 Let 7 be a formal differential operator defined on an interval I C R. Then

[T(7) : To(7)] 2 [To(r*)T1(7) : To(r) To(r))

Proof: Clearly, T1(r*)T1(7) 2 To(m)T1(7) 2 To(r") To(7). From relation 2.13, and the fact that

[Ti(7"7) : To(r*7)] < o0, we have

[To(r)Th(7) : To(7°) To(1)] < 0.

Let {t;,...,t;} be a minimal, complete set of coset representatives for the vector space
D(To(m)T1(7)) / D(To(r"} To(r)) -
If {c;,...,e4} € C are such that

q
Zc; 1 € 'D(To(f‘)m) '

i=1

then0=¢ =---=¢,.

We know that t; € D(T1(7)), and that T1(7)(%;) € D(To(r*)) ,for1 <i<yqg.
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Suppose that {cy,. . ,€q} € C are such that 3-7_, c; - t; € D(To(r)) . Then

e g g
T e -ty =T e -t)=)_ o Ti(r)t:) € D(To(r)).
i=1

i=1 i=1
Thus, 3°7_, ci - ti € D(To(r*) To(7)) , from which we conclude that 0 = ¢y =--- = ¢,.
We restate this: {t;,...,t;} are linearly independent, modulo P(To(r)) . Since {t;,...,1;} C

D(T1(r}) , then

[Th(7) : To(7)) 2 g = {To(7* )T () : To(r*) To(7)).
Q.E.D.
Proposition 31 Let 7 be a formal differential operator which is defined on an interval I C R. Then

1. (Ty(r*) Te(7))" = Th(r")T1(r), and

2. (i(r")Ti(7))" = To(7") To(r).

Proof: From lemma 23, To(7*) To(7) is a closed, symmetric, non-negative, and densely defined
operator. Thus, it has deficiency indices (d, d), where d is a non-negative integer.

To(r*)T1(7) is a self-adjoint extension of To(7*) To(7). Thus,

(To(7*) To(7)) " 2 (To(7*)Ta(7))" = To(r*)Ti(7) 2 To(r") To(r).

Thus,

D((To(r)To(7))"} 2 D(To()Ta(7)) 2 D(To(r*)To(7)) .

From this chain of subspaces, and from the second isomorphism theorem for vector spaces, we get

D((To(r) To(r)) ") / DD(r) To(r) . PUT() To(7))")
D(To(r)Ta(7)) / D(To(r*) To(T)) D(To(r*) T(r))

This yields

(To(r*)To()) " : To(r*) To(r)] = [To(7*)Ta(r) : To(7" )} To(7)]

= [TH(r)To())" : To(r*)Ta(7)). (2.22)
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From lemma 27, the left side equals d = dim D, ((To(7*) To(7))") . Thus,

d = [(To{r*) To(r}) " : To(r*)T1(7)]. (2.23)

Also, from lemma 27

d= [To(f' )T[(T) : TU(T')T()(T)]. (224)

From equations 2.23 and 2.24, and from lemma 30, we conclude that

[Ty () : To(7)} = [(To(7*) To(7)) " : To(r")T1(7)]. (2.25)
Let A and B be two densely defined operators in a Hilbert space. Recall, from [12, p.300]. that
(AB)" 2 B*A".

We use this relation to assert

(To(7*) To(7)) " 2 Ta(r*)Ta(r). (2.26)

Further, definition 21, and the fact that D(T7(r*)) 2 DP(Ty(r")) entail
Ty(r*)T3(r) 2 To(r*)Ta(7). (2.27)
From relations 2.26 and 2.27, we get
(o) To(r) " 2 Ta(r")Ti(7) 2 To(r") Ta(7). (2.28)

Thus,

(To() To(m))* : To(r")T1(7)] 2 [Ti(r*)Ti(7) : To(v*)Ta (7)) (2.29)

Relations 2.25 and 2.29 yield

[Ti(r) : To(r)] 2 [(To(7*) To(r)) " : To(r*)Ta(7)}]

—_

v

[Ti(r*)T(r) : To(r*)Ti(7)]. (2.30)
But lemmas 28 and 29 give

[Ti(7) : To(™)] = [Ta(r*)Ta(7) : To(r*)Ta(7)]. (2.31)
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Relations 2.30 and 2.31 entail

(To(r*) To(7))* : To(v*)Ta(7)] = [Ti(7*)T1(7) : To(r*)Ta(T)]. (2.32)
From relations 2.32 and 2.28, we conclude that
D(To(r*)To(m))") = D(TH(=")Y(r)),

whence
(To(r*) To(7))* = Ta(r")Ta(7), (2.33)

which proves the first assertion of this proposition.

Now, after taking the adjoint of equation 2.33, we get
(Ti{r" )N (7)) " = ((To(r") To(r)) ") " (2.34)

According to theorem 3, ((To(7*)To(7)) ") " is the smallest closed operator which contains

To(r") To(r). But, by the results of lemma 23, To(r*) To(7) is a closed operator. Thus

(To(r) To{m) )" = To(r*) To(r).
From this, and from equation 2.34, follows the second assertion of this proposition. Q.E.D.
Corollary 32 Ty(7")Ty(7) is a closed operalor, under the hypotheses of the preceding proposition.
Proof: This is because adjoint operators are closed. Q.E.D.

Corollary 33 Let r be a formal differential operator which is defined on an inlerval I C R. Then

the following are equal:

1. [Th(r) : To(r)),

2. [L(r)Ti(r) : (") To(7)),

8. [Ti(r*)Ti(7) : To(r*)Ta(7)],

4. [ )To(7) : To(r*) To(7)),
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5. [o(r)Ti(r) : To(m*) Tu(7)],
6. [Ti(*) : To(T")),
7. [T(r)Ta(7") : Ti(r)To(7*)),

8. [Ti(r)Ti(r") : To(r)Ta (7)),

9. [Ti(r)To(r*) : To(r) To(7*)],
10. [To()Ti(r") : To(r) To(7°)).
Proof:
1. 1 =2 follows from lemma 28.
2. 2 =3 follows from lemma 29.
3. { =5 follows from equation 2.19 in the proof of lemma 29.

4. 2 =5 follows from equations 2.23 and 2.24 in the proof of proposition 31, and the result that

(To(r) To(7))" = TW(r")T1(7).

5. 1 =6 follows from lemma 25.

6. 6=7T=8=9=10 follows from the immediately preceding arguments, but where we substitute

r° for 7, and use the fact that (r*)* = r. Q.E.D.
Corollary 34 Let 7 be a formal differential operator which is defined on an interval ] CR. Then

[Ti(r)Ty(7) : To(v*) To(7)] = [Ti(r") : To(+*)) + [Ti(r) : To(7)],

2[T1(T') : To(7 )],

2Ty () : To(7))].
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Proof: From equation 2.22 in the proof of proposition 31, and from the first assertion of that

proposition, we get

(Ti(r)T(7) : To(r*) To(r)) = [To(r*)Ta(r) : To(r*) To(7)]

+ [T(r)Ti(7) : To(r*)T1 (7)) (2.35)

From corollary 33, we know that

[To(r*)Ta(r) : To(7*) To(r)] = [T1(7") : To(7*)],

and that

[(r)T(r) : To(r*)Ta (7)) = [Ti(7) : To(7)].

Making these substitutions into equation 2.35 gives the first result.

From lemma 25, we know that
[Ta(7*) : To(r")] = [Ta(7) : To(7)].
The rest of the corollary follows from this. Q.E.D.

Corollary 35 Let 7 be a formal differential operator which is defined on an interval I C R. Then

the following four statements are equivalent:

1L Tirr)y=T(r)Ti(7),

2. To(ro7) = To(r) To(1),
3. (Tu(r*r) : To(r 7)) = 2 [T(7) : To(T)],
4 () To(rm)) =2 [(r) : To(77))-
Proof: Here, we prove that number 1 implies number 2. We assume
Ty(r*r) = Ti(r" )Ty (7).

Taking adjoints, we get (T1(r*7))"* = (T1(7*)T1(r))". Using corollary 9 and proposition 31, we get

To(r* 1) = To(m) To(7).
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To prove that number 2 implies number 1, reverse the above argument, but using theorem 8
instead of corollary 9.
Here, we prove that number 1 implies number 3. If number 1 is true, then number 2 is also true.

Explicitly, we have

Ti{r*r) = Ti(r*)Ti(7), and

To(r*7) = To(r*) Ta(7).

To get the desired result, we make these substitutions into the left side of the conclusion of corol-
lary 34.

Here, we prove that number 3 implies number 2. From relation 2.13. we have

To(r*7) € To(r*) Tolr) C Ti(r")Th(7) € Th(7*7). {2.36)

From remark 18, we know that

[Ti(7*7) : To(r*1)] < o0. (2.37)

From corollary 34, we have
[T3(r)Ta(r) - To(r) Tol7)] = 2T () : (7))
Assuming that number 3 is true, the preceding equation yields
[Ty(r*)T3(7) : To(r*) Tol(7)] = [Ta(7*7) : To(* 7).

This last equation, together with relations 2.36 and 2.37, leads to Ty(r*7) = Ty(r*)T1(7). and

To(r=7) = To(r*) To(7).

That number 3 is equivalent to number 4 follows from lemma 25. Q.E.D.

Corollary 36 Let 7 be a formal differential operator which is defined on an interval I C R. Then

[T(r*)Ti(r) : To(r)To(7)) = 2-dim{f € D4 (Ti(r*7)) : 7(f) € L¥(I)}

2.dim{f € D_(Ti(r"7)) : r(f) € L*()}.
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Proof: From lemma 23, To(r*) To(7) is a symmetric operator. From proposition 31,
(To(m) To(r))" = Th(+*)Ti (7).
In the notation of definition 13,
Dy (Ti(r)T(7) = {f € D(Ti(r*)Ta(7)) : Ti(r*)Ti()(f) = Zif).
According to lemma 14,
D(Ti(*)T1(7)) = D(To(7)To(7)) @ D+(Ti(r")Ti(7)) & D_(Ti(r")Ta(7)) ,

where the orthogonality refers to the operator inner product for 71 (7" )71 (7). According to lemma 23,
To(7*) To(7) is non-negative. Thus, it has a self-adjoint extension: its Friedrichs extension (see [12,
p- 330]). Therefore,

dim D4 (T (r")Ti(7)) = dim D_(Ti(r")T (7)) .

According to remark 22, if g € {f € Di(Ti(r*7)) : 7(f) € L*(I)}, then g must satisfy

Ty (7")T} (7)(v) = iv. Thus,
{7 € Dy(Ti(r*r)) :7(f) € L*(1)} C D4(Ta(r")Ta(7)) -
On the other hand, let f € D4 (Ti(7")Ti(7)) . Then
(e )n(r)(f) = if.
Since T3(*)Ti(r) € Ti(r" 1), then { satisfies
Ty (7 7)(v) = iv.
Also, according to definition 21, Ty(r)(f) € D(Ti(r*)) . In particular, T3 (7)(f) € L(I). Thus,
Dy(Ta(r*)Ta(r)) S {f € PL(Ti(r"7)) : 7(f) € L} (1)}
Thus, D4 (Ti(r")T1 (7)) ={f € D4 (Ti(r*7)) : 7(f) € L*(1)}, whence

dim Dy(Ti(7*)Ti(7)) =dim{f € D4(T(r*r)) : 7(f) € L3(])}.
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Similarly,

dim D_(Ti(r*)T1(7)) =dim{f € D_(Ti(r*7)) : 7(f) € L3(1)}.
To sum up, the following quantities are all equal:
L [Ty(r*)Ti(r) : To(r) To(T)),
2. dim DL (T3(r*)Ti(7)) +dim D_(Ti(r")Ti (7)) ,
3. 2-dim D4 (Ty(r*)Ti(1)) ,
4. 2-dim D_(Ty(r*)Ti(r))
5. 2-dim{f € D4+(Ti(r"7)) : 7(S) € LX)},
6. 2-dim{f € D_(Ti(r*7)) : 7(f) € L¥(D)}.
Q.E.D.
Corollary 37 Let r be a formal differential operator defined on an interval I C R. Then
2 [T : T o)
equals each of the quantities from corollary 33.

Proof: Start with equation 2.22 in the proof of lemma 31, and use the fact that

(To(r") To(r))* = Th(r*)Ta(r) :

[T : To(m) To(r)] = [To(r)Ti(7) : To(m*) To(7)]

= [Tl(T')T1(T) . TD(T')TI(T)].
Thus,

[Mi(7)Ti(r): To(r*) To(r)] = [To(m)Ti(r) : To(r*) To(7)]

+ [T ) (7) : To(r*)Ta(7))

2 [To(r*)T(7) : To(=*) To(7)],
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by corollary 33. The desired conclusion now follows from an application of corollary 33 to this last

equation. Q.E.D.

Corollary 38 Let v be a formal differential operalor which is defined on an interval I C R. Then

dim D3 (T (771")) is grealer than, or equal lo,
1 (/2 )T(r) - To(r) To( 7))
2. any flem from corollary 33.
Proof:
1. Number 1 follows from lemma 20 and corollary 36.
2. Number 2 follows from the preceding, and corollary 37.

Q.E.D.
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Chapter 3

Boundary Values at Fixed End

Points

Remark 39 The last corollary gives a lower bound for the dimensions of the deficiency spaces

Di{Ti(r"7)), in terms of information about the two operators To(7*) To(r), and (To(r") To(7))" =
Ty(r*)T1(7) (both of which are restrictions of Ty (7" 1)).

Up until now, we have placed no restriction on the interval I. In particular, I might have two
free end points. This could happen, for example, when the formal differential operator 7 is singular
at both ends of I.

It can happen that information about dimensions of extensions is more easily obtained when =
is singular at only one end point, than when 7 is singular at both end points. With this in mind, we
continue with r defined on I C R with end points @ < b. Then we choose ¢ € I such that a < ¢ < b.
Let I' = [a,c]NI. Let I' = [e,b] N 1. I' and I" each has at least one fixed end point. Due to the

presence of a fixed end point, quantities like

[Ta(r*, )T (r, ') : To(r", F) To(7, I'))
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might be more easily calculated than quantities like

[Tl(T.,I)TI(T, I) : TO(T's I) TO(Tv ])]

We will derive relations between

[Ty (7*, YTa(r, 1) : To(r~, I) To(7, 1)},

and quantities which are defined on the two subintervals, I' and I”.
Then we will show that, at a fixed end point ¢, To(7*) To(r) is like To(7*7), in a way which we
will describe below. This result is not used in subsequent material.

This material is directly motivated by the development in [4, XII1.2].

Definition 40 From {4, XI11.2.17). Let 7 be a formal differential operator which is defined on an
interval J C R with end points a < b. T(T1(r)) , with the operator inner product, is a Hilbert
space. A boundary value for T is a continuous linear functional, A, on D(T1(7)}, which vanishes
on D(To(r)) . If A(f) = 0 for each f € D(T1(r)) which vanishes in a neighborhood of a, then A
will be called a boundary value af a.

Boundary value at b is defined similarly.

Theorem 41 From [4, XI11.2.19]. Let 7 be a formal differential operator which is defined on an
interval I C R with end poinis a < b. The space of boundary values for r is the direct sum of the

spaces of boundary values al a, and of boundary values al b.

Theorem 42 From [4, X111.2.20]. Let 7 be a formal differential operator which is defined on an
interval I C R with end points a < b. Choose ¢ € I such that a < ¢ < b, and let 7’ be the restriction
of r to I' = INJa,c). Then there exists a one-one linear mapping of the space of boundary values

for ' at a onto the space of boundary values for r at a.

Corollary 43 From [4, XI11.2.21]. Under the hypotheses of the preceding theorem, T and ' have

the same number of independent boundary conditions at a.
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Corollary 44 From [4, XII11.2.22). Let 7 be a formal differential operator, of order n, which is
defined on an interval I C R. Then T has al most n linearly independent boundary values af either

end point of I.

Definition 45 From [4, XI11.2.17). A complete set of bounday values al a is a maximal linearly

independent set of boundary values at a.

Corollary 46 From [4, XII1.2.23). Let 7 be a formal differential operator, of order n, which is
defined on an inlerval I C R with end poinis a, b, and suppose that a is a fired end point. Then the

functionals A;(f) = f)(a),i=0,1,...,n =1, form a complete set of boundary values for v at a.
The following proposition is a slight adaptation of [4, XI11.2.25).

Proposition 47 Lel v be a formal differential operator, of order n, which is defined on an interval
I C R with end pointsa < b. Letc € I such thata<e< b Let I'=In(a,c]. Let I" = IN[c.b].
Then

(Ty(r, 1) : To(r, D) = [(r. I') : To(r, 1)) + [Ta(7, 17) : To(7, ")) — 2n.

Proof: By theorem 41, [Ti(r, ) : To(r, 1)] equals the sum of the number of independent boundary
values for 7 at a, and of those at b. Since ¢ is a fixed end point, it follows from corollary 46, and
theorems 41 and 42 that [Ty (7, I') : To(, 1)) and [T1(r, I"') : To(r, I"")] each exceed, by n. the number
of independent boundary values at a, and at b, respectively. The desired conclusion is thus evident.

Q.E.D.

Proposition 48 Lef 1 be a formal differential operator, of order n, which is defined on an interval

I C R with end points a < b. Let ¢ € I such thata < c¢ < b. Let I' = INJa,c]. Let I” = IN[c,b).

Then [Ty(r*, I)Ty(r, I) : To(r*, I) Ty(7, I)] s equal to each of
1. 2.IN0(n ) : To(z, ")) + 2 - [Ty (7, I'") : To(r, I")] — 4m;

2. 2. (=, F): To(r*, I+ 2 [Ta(r", I") : To(r*,1")] — 4n; and
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[T, YD (r 1) : To(r*, ) To(, ')

+ [T, ") (7, I") - To(*, I'") To(r, I'")] — 4n.
Proof: To prove part 1: From the preceding proposition,
2- [N IV :To(r, I+ 2- [N, 1"y : To(r, I")) —dn = 2. [Th {7, I) : To(7, 1)) (3.1)

Then. from corollary 34,

M. D) T, 1) To(r=, ) To(r, D) = 2 - [T1(r, I) : To(r, I)). (3.2)

Equating the left sides of equations 3.1 and 3.2 gives result 1.
Part 2 follows from part 1 and from corollary 33, parts 1 and 6.

Part 3 follows from part 1, and from the fact that equation 3.2, in the proof of part 1, applies to

I' and 1", too. Q.E.D.

Remark 49 The preceding proposition expresses relationships between

[Tz, ) (7, 1) : To(r=, I) To(r, ),

and quantities which are defined with respect to I’, and to I", each of which has at least one fixed

end point.
Corollary 50 Under the hypotheses of the preceding proposition,
dim Dy (Ti(rr*, 1))
ts greater then, or equal to, each of
LT 1) To(r, I)] + [Ta(r, 1) : Tor, 7)) — 2n;

2 [y(r*, I') : To(re, IY) + [Ta{r™, I") : Tp(7=, I"")] — 2n; and
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(1/2) - [i(=, I"YTa (7, I') : To(r*, I') To( 7, I'))

+(1/2) - [Ty (=, )T (7, 1) « To(7=, 1) T (7, ")) — 2n.

Proof: From the preceding proposition, and corollary 38. Q.E.D.

Remark 51 In the following material, we define boundary value for To(r*) To(7), and then show

that at fixed end points, To{7") To(7) has as many boundary values as has 7*7 (i.e., as many as has

Tu(r=T1)).

Definition 52 Let r be a formal differential operator which is defined on an interval J C R with
end points a < b. D(Ty(r*) T1(r)) , with the operator inner product, is a Hilbert space. A boundary
value for m‘:‘)—ﬁ(r—) is a continuous linear functional, A, on D(T1(r*) Ty (7)) which vanishes on
D(ﬁ(?)-m) .If A(f) = 0 for each f € D(Ty(7*) T (7)) which vanishes in a neighborhood of
a, then A will be called a boundary value for To(7*) To(7) at a.

Boundary value for To(7*) To(7) et b is defined similarly.

Lemma 53 From [4, X111.2.16]. Lei 7 be a formal differential operetor, of order n, which is defined

on an inlerval I C R, and let J be a compact subinterval of I. For f € D(Ti{7)) , define a norm

n-1
f15 = 3 max{|fV )]} +( jJ L7 ()| dt Y112,

i=0
Then

1. The space WP(J) (see definition 1) is complete in the norm |f|;, and

2. If {fa) is a sequence in D(Ti(7)) such that {f,) and {7(fn)} converge in L2(I), then the

sequence {fn} converges in the topology of W"(I) defined by the norm |f},.
Remark 54 Under the hypotheses of the preceding lemma, let R denote the map
R: D(Ti(r, )} — W™J)

F = fls
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which maps f € D(Ti(r,I)) to its restriction to the interval J. R is clearly onto, because J is
compact.

Ti(r, I) is an adjoint operator (see theorem 8), whence it is a closed operator (see [12, p. 300).
which entails that D(T;(7,1)) , with the operator inner product, is a {(complete) Hilbert space (see
remark 4). Also, according to part 1 of the preceding lemma, the space W"{J), with the metric
induced by the norm |f|s, is a complete space.

Since R is defined everywhere in D{(T(1.I)), since W"(J), with the metric induced by the
norm |f{;, is complete, and since R is onto, the closed graph theorem tells us that the operator
R is bounded. Thus, there exists a constant € > 0, depending on 7, I, and J, such that, for all
fe D(Ti(r, 1)),

The following lemma is implicit in {4, XI11.2.19].

Lemma 55 Lel 7 be a formal differential operator which is defined on an interval I C R with end
points a < b, Let c,d € I such thal a < c < d < b. Choose fo € C®(I)} such that fo(t) =1 on [a.¢),
and f.(1} = 0 on (d.b). Choose f, € C=(I) such that fi(t) = 0 on [a,¢), and fi(1) = 1 on (d, ).

Then

Fa: D(Ti(7)) — D(Ti(r)) (3.4)

h — fah, and

Fa: D(To(r)) — D(To(7) (3.5)

h — fsh

are continuous in the operalor norm, and
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Fo: D(Ni(7)) — D(N(r) (3.6)

h — fyh, and

Fy: D(To(r)) — D(To(r)) (3.7)

h — fih
are conlinuous in the operator norm.

Proof: We prove part 1; part 2 is proved similarly.
First, we prove that the mapping 3.4 is defined everywhere in its domain. Let h € D(Ty(7)) .

Notice that f, is a bounded function. Let k > 0 be a bound for f,. Since h € L2(I), and since

Wfahlly < & -||Alls, (3.8)

then foh € L2(I). Also

fac +fcd +/:|r(fuh)s”dt

3 d
f|r(h)|2dt+f |7(fah)|?dt. (3.9)

j I (fah) 2t
I

The first integral on the right side of equation 3.9 is finite because h € D(T (7)) .

Now we show that the second integral on the right side of equation 3.9 is finite. Recall, from
definition 1, that the coefficient functions of T have continuous derivatives of all orders. By hypoth-
esis, this is also true of f,. Recall further, from definition 1, that D(T1(7)) = WPI(I). Thus, if

h € D(Ty(r)), then h, k',... h{"=1) are all continuous functions. Thus,
1(fah) = fa - (h) + 7a(h), (3.10)

where 7, is a differential operator of order n-1, with C%°(I) coefficients. Because f,(t) = 0 on (d, 8],
the coefficients of 7, vanish on (d, b]. The coefficient functions of 7, vanish on [a, ¢), because f,(t) =1

on [a,c). Thus, the coefficients of 7, vanish outside of [c, d], a compact interval.
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The function f, is bounded, with bound k. Also, since h € D(Ty(r)) , then v(h) € L%(]). Thus,
far(h)ils < & -lir(A)llr < k- [(A)l7y()- (3.11)

Because the coefficients of 7, vanish outside of [c, d], then
[rath)lz = ll7a(B)life.a- (3.12)

Further, because all the coefficients of 74, as well as A, A’,..., A'"=1) are continuous on [e,d], then

”Tn(h)”[c,d]

IA

(d—¢)'%. sup {|7a(R)(1)]}
tefe.d]

< k- hlc,q- (3.13)

where k' > 0 is a constant, and |h|(c 4) refers to the special norm of lemma 53, for J = [e,d]. Then

by remark 54, and lines 3.12 and 3.13,
lra(®)ls < K" TRl - (3.14)
for some constant £” > 0. Equation 3.10, and relations 3.11 and 3.14 show that

I (Fablis < B (Kl ), (3.15)

for some constant k" > 0. Since [[h]]Tl(‘r) < oo, lines 3.10-3.15 show that the second integral on
the right side of equation 3.9 is finite. Thus, the map F, is defined everywhere in its domain.

More is true. Using relation 3.8, we see that
Wfaklls < k- [{Bll7, (£)- (3.16)
This, and relation 3.15, yield
{1l + (a3 < K- (Al gy ),
for some k' > 0. Thus, the map
Fa: D(Th(r)) — D(Ti(r))

is continuous.
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As for the mapping F,, we must first show that h € D(To(7)) implies f.h € D(To(7)) . By
theorem 41, it is enough to show that B,(fah) = 0, and By(fah) = 0 for every B,, a boundary
value at a, and every By, a boundary value at b. Since f,(f) = 0 on (d,b], then f,(t)h(t) = G on
(d,b]. Hence, By(fah) = 0. On {a,c), fa(t)h(t) = h(t). Hence, fs(t)h(t) — h(t) = 0 on [a, ¢). Thus,
Ba(fsh — h) = 0. But Ba(h) = 0, since h € D(To(r)} . Thus, Bo(fah) = 0.

Now, to see that F, is a continuous map, it is enough to notice that F, = F,| D(.J.T'r)} .
and that the metric induced on D(To(7)) by the To(r) operator norm, is equal to the restriction,

to D(To(7)) , of the metric induced on P(Ti(7)) by the T1(r) operator norm. Q.E.D.

The next theorem is a slight adaptation of [4, XII1.2.19].

Theorem 56 Lel 7 be a formal differential operator, of order n, which s defined on an interval
I C R with end points a < b. The space of boundary values for To(7*) To(r) is the direct sum of the

space of boundary values for Wﬁm al a, and the space of those at b,
Proof: Choose ¢,d € I such that a < ¢ < d < b. Choose f;, fs € C°°(]) such that
L fa(t) + fo(t) = 1,
2. fa(t)=1ona,c),

3. fa(t) = 0on (d,b),

-9

. fit) =0 on [a,c), and
5. fi{t}=1on (d,}].

Let A be a boundary value for To(r*) To(7). We show that the linear functional on

D(To(7*) To(7)) , Aa, which is defined by

Ani D(Tj(T')T](T)) - C

h — A(fah);

is a boundary value for Ty(r*) To(r) at a.
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First, we show that

Fo: D(T(x")Ta(r)) — D(Ti(r")Ta(7)) (3.17)

h w— foh
is a continuous map. One application of lemma 55, to D(T (7" 1)) , shows that

Fa: D(Ni(v"7)) — D{Ti(r"7)) (3.18)

h — fh

is continuous. Thus, the restricted map

Fal pery(r)y Ta(ry) ¢+ PTT) Ta(7)) — D(Ti(r7)) (3.19)

is continuous.

A second application of lemma 55, to D(Ty(7)) , shows that

Fo: D(Ti(7)) — D(Ti(7)) (3.20)

h — fh

is continuous. To see that the map of line 3.17 is continuous, it is encugh to show that the image of
the map of line 3.19 lies in D(Ty(r*) T1(7)) . This we do now. Let h € D{Ty(v*) Ti(7r)) . From
line 3.19, we see that
T (7(fah)) = T 7(fah) € L¥(]). (3.21)
From line 3.20, we see that r(f,h) € L%(I). This, together with line 3.21, shows that 7(fsh) €
D(Ti(7")) . Thus, the image of the map in line 3.19 lies in D(T1(r") Ti(7)) . Thus, the map of
line 3.17 is continuous.
Thus, the linear functional 4, = A o F, is a continuous linear functional on D(T1(7") Ta(r)) .
Now, let A € D(To(r*) To(r)) . We must show that Ay(k) = 0. It is enough to show that
f.h € D(To(v*) To(7)) . An application of lemma 55, with respect to the formal operator r, shows

that foh € D(To(7)) . Further, since

he D(To(r*) To(7)) € D) Ti(7)),
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an application of line 3.17 shows that fah € D(Ti(r") Ti(7)) . Thus, foh € D(Ty(r*) To(r)) .
Next, we show that r(f.h) € D(To(r")) . Since r(foh) € D(Ti(+")) , it is enough to show that
Ba(r(fah)) = 0, and that By(r(fzh)) = 0, for every B,, a boundary value for r* at a, and every
By, a boundary value for 7 at b. Since fy(t) = 0 on (d,b], then [r(fh))(t) = 0 on (d,b). Thus,

By(1(fah)) = 0. Since fa(t) = 1 on [a,¢), then [7(fah)](t) = [r(h)](2) on [a,c), whence
[*(fah) —r(h))(t) =0

on [a,c). Thus
Bo(r{foh) - r(h)) = 0.

But By(r(h)) = 0, since r(h) € D(To(r*)) . Thus, Bs(r(fah)) = 0.
The preceding shows that A, is a boundary value for To(r*) Tp(7). Now we show that 4, is a
boundary value at a. Let h € D(Ty(7*) T1(7)) such that h(2) = 0 near a. Then (f3h)(1)} = 0 near

a, and near b. Thus, using definition 1 and lemma 23, we see that
fah € D(Ty(r"7)) € D(To(r*) To(7)) .

Thus, A(fzh) = 0. Thus, A,(h) =0.

Similar arguments show that the linear functional A;, defined by
Av: D(Ti(r")Th(7)) — C
h —  A(fok)
is a boundary value for To(7*) To(7) at &.

Since fa + fi = 1, the A, + Ay = A. This shows that every boundary value is the sum of a

boundary value at a, and one at b.
Now, let 4 be a boundary value both at a, and at . Let h € D(T1(7") Ta(7)) . Then (foh)(t) =0

near b. Thus A(f,h) = 0. Similarly, (foh)(t) = 0 near a. Thus A(fyk) = 0. Thus

A(h) = A(fah)+ A(Sth) = 0.
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Thus A = 0. This shows that the space of boundary values is the direct sum of those at a, and those
at b. Q.E.D.

The next proposition is a slight adaptation of theorem 42.

Propaosition 57 Let v be a formal differential operator, of order n, which is defined on an interval

I C R with end points a < b. Choose e € I such thata< e < b. Let I' = I N{a,e). Then there ezists

a one-one linear mapping of the space of boundary values for To(r*,I') To(r, I’) at a, onio the space

of boundary values for To(r=,I) To(r,I) al a.

Proof: Choose ¢,d € I’ such that a < ¢ < d < e. Choose f € C°(I) such that f(t}) =1 on [a,¢).

and such that f(2) = 0 on (d, b]. Let F; denote the map
Fi: DM DT D) = DO, DT D)
g — fg

According to an argument in the proof of theorem 56, Fy is continuous. Also, {fg)(t) = 0 for

t € {d, }], since the same holds for f. Thus, the restriction map,
R:Image (F}}) — DT(r, I')Ti(r, 1)
fg ~— Jfali
is an isometry. Thus,

Fi=RoFy: D(Ny(r, ) Ti(r, 1)) — D(T(r*, ') Ti(r,I'))

is continuous.

Let M, and AM’, denote the spaces of boundary values at a for To(r*,I) To(r,I), and for

To(r*, I') To(r, I'), respectively. We define a linear map,
¢;| :M' - M

A — AoF.

Now we show that @, is one-one, and onto.
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Let F5 denote the map
Fp: D, IYT(r, 1)) — D(T(r* )T, 1))
g — fg

Using the same argument as that in the proof of theorem 56, F3 is continuous. Also, (fg)(t) =0 on
(d, e]. Then fg may be extended to an element of D(Ti(r*, 1) T1(r,I)) by defining (fg)(t) = 0 on

(e, b]. This extension defines an isometric inclusion
E :Image (F2) — D(Ty(r", 1) Ti(7, 1)) .
Thus, the map
Fp=EoFy: D(Ty(r,I")Ti(r,I')) — D(Ti(r" . I)Ta(r, 1))

is continuous.

Let &, denote the map

G, M — M

A ~ AOFg.

If g € D(N{r, I)T(7,I)), then g and F2F1(g) agree in [a, ¢). Therefore, for every 4 € M, and

every g € D(Ti(r", ) Ti(7, 1)),
(21924)(¢) = A((F2F1)g) = A(f).

Thus ¢; &z is the identity map, which shows that ®,(M’) = M. In the same way, ®2P; may be seen

to be the identity map on M’, which shows that &, is one-one. Q.E.D.

Corollary 58 Under the hypotheses of the preceding proposition,

To(r*, 1) To(7, 1) and To(r*, T') To(r, 1)

have the same number of linearly independent boundary values at a.
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Proposition 59 Let 7 be a formal differential operator, of order n, which is defined on an interval
I C R with end points a < b, and suppose that a is a fized end point of I. Then To(1*) To(r) has £n

independent boundery conditions at a.

Proof: By relying on the preceding corollary, we may suppose that b is also a fixed end point. Thus,
I = {a, b] is compact.
We show that

Ti{r)YTi(r)=T\(r"1). (3.22)

From lemma 23, we know that Tp(7°*7) C To(7*) To(7). Taking adjoints, and then using theorem 8

and proposition 31, yields

Ti(r*r) = (To(r=7))" 2 (To(r*) To(r))* = Ta(r") Th(r}. (3.23)
Thus, to prove equation 3.22, it enough to prove
Ti(r"7) C (=) Th (7).

To prove this, it is enough to prove that f € P(T1(7"°7)) entails 7(f) € D(Ti(7*)) . From defini-

tion 1, D(Ti(r*7)) = W2 (I). Thus,
L, femD e o).

Since the coefficient functions of 7 are all continuous, then r{f) € C(J). Since I is compact, then
7(f) € L2(I). Finally, since
(r(f)) = (v~ 7)(f) € L*(]),
we conclude that 7(f) € D(T1(7")) , and equation 3.22 is proven.
Thus, Wm = (Ti(r*) Thi()* = Ti(r7) = To(r*7). Thus, on I, T(‘r'—)m and
To(r*7) have the same number of independent boundary values at a. It follows from corollary 46

that Ty(r*7) has 2n independent boundary values at a. The same must be true of To(m*) To{7).

Q.E.D.
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Corollary 60 Under the hypotheses of the preceding proposition, the functionals Ai{g) = ¢(")(a),

i=0,1,...,2n = 1, form a complete set of boundary values for Tp(r*) To(r) ot a.

Proof: For f € D(Ty(7*7)), define A;(f) = f(a), i =0,1,...,2n — 1. According to corollary 46,
these functionals are continuous, with respect to the operator inner product. Thus, their restrictions
to D(Th(r")Ti(r)) are also continuous. Let A;(f), i =0,1,...,2n — 1, denote the restrictions.
Here, we show that the functionals {Ag, A1,...,A2n-1} are independent on D(Ti(r")Ti(7)) .
According to corollary 46, {Ao,ﬁl,...,ﬁgn-l} are independent on D(T,(r*7)) . Thus, we may
choose hg, hy,... honoy € P(T(r"71)) such that A((f-!j) = &;; (the Kronecker delta), for 0 < i,j <
2n — 1. Now, we choose f, € C™(I) such that f;(t) = 1 for t near, or equal to, a, and such that
fa has compact support. Let h; = iufo. Each h; has compact support. Because f, € C*([}, and

because f; has compact support, {hg, hy,...,hona1} € D(Ti(r°7)) . Because f, = 1 near a, then
Ai(hy) = Ai(hy) = &,

for 0 €4,7 <€ 2n — 1. Moreover, by relying on the fact that each h; has compact support, and using

an argument from the proof of the preceding proposition,
{ho, b1, ... honoa} € D(TA(7") Th(7)) .

Thus.4;(h;} = ﬁ;(hj) = 8, for 0 € i,j < 2n — 1. Thus, {4, A1,...,Aan-1} are independent
functionals on D(Ty(r*) Ti(7)) .

If f € D(Ti(r*) Ti(7)) and f vanishes near a, then A)(f) = f)a) =0,fori=0,1,...,2n—1.

To show that {A;} are independent boundary values for Ty(r*) To() at a, it only remains to
show that these functionals vanish on D(To(7*) To(7)) . First, we show that if f € D(To(r)) , then
f'a) = 0, for i = 0,1,...,n — 1. Suppose that {¢m} C WI(I) such that [[¢m — f]]m'-» 0,
where [[f]]m denotes the operator norm. We have ¢m(i)(a) =0,fori=10,1,...,n—1 and for
all m. Thus

Fa)l = lim 1/(a) = ma)| < K - [If = mllrry — 0,
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for some K > 0. Thus f¢)(a) = 0, for i = 0,1,...,n — 1. Second, we note that the same is true
for any g € D(To(*)) : ¢(a) = 0, for i = 0,1,...,n — 1.Now, choose f € D(To(7") To(7)) .
Then r(f) € D(To(r")) . Thus, according to the material immediatly preceding, [r(f))(’(a) = 0.
fori=0,1,...,n—1.

In particular, for 1 = 0, we have

0= 7(f)(a) = enla)f"Na) + - - - + c(a) f(a).

Since f(a) = f'(a) = --- = fO"~1{a) = 0, because f € D(Tp(r)) . and since cp(a) # 0, then
f™)a) = 0.
To prove that fi"+1)(q) = ... = f(27~1)(g) = 0, we use induction on ¢, for 1 < i < n— 1. From

material above, [7(f)]'’(a) = 0. Then, algebra shows that

[r(N¥(a) = enla) f"+{a)

is a linear combination of {f(a), f'(a),..., f("*i=V(a)}. But previous induction has shown that
0= fla) = - = frH-1)(q), Thus eq(a)fi"*)(a) = 0. But c,(a) # 0. Hence, fi"+)(a) = 0.

Completing the induction shows that

0 = @)=+ =f2Da)
= Ao(f) = = Azm-a(f)
We conclude that {Ap, ..., Azn-1} are 2n independent boundary values for To{7*) To(r) at a.

By the previous proposition, this space of boundary values at a has dimension 2n. So
{Ag,...,Aon—1} forms a complete set of boundary values. Q.E.D.

The proof of the following corollary is contained in the previous proof.

Corollary 61 Let 7 be a formal differential operator, of order n, which is defined on an inferval

I C R with a fired endpoint a. If f € D(To(7)) , then fC)(a) =0, fori=0,1,...,n—1.

Remark 62 Under the hypotheses of the preceding corollary, ker To(r) = (0). This is because the
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initial value problem

r(v) = 0

viHa) = 0,0<i<n~1;

has a unique solution (see [4, XII11.1.3]), and v(t) = 0 is it.
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Chapter 4

When 0 ¢ ge(7)

Remark 63 Now we derive a lower bound for
[T (") Ta(7) : To(r) To(T)]

in terms of dimker Tp(7), dimker To(7"), dimker T1(7), and dimker T3(r*). This lower bound is

exact when
1. Range Ty(7) is closed, or
2. Range To(r") is closed, or
3. Range To(7*7) is closed, or
4. Range W is closed.

We show that these four conditions are equivalent. These matters lead us to an extension of a formula
of [4, XII1.3.2], which relates dimker T (, I) to dimker T}, I’) and dimker Ty (7, "), where T C R

is an interval with end points a < b, where a < ¢ < b, and where I’ = I'n[a,¢c], and I = I N e, b].

Lemma 64 Lel A and B be two linear manifolds conlained in a Hilbert space H. Let {fy,..., fu}
be vectors such that

A+ span{fy,..., fa} = B.
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Then [B : A > [B : A]. If A is closed, then [B : A] = [B : A).

Proof: Let C =span {fi,...,fn}. We have [B: A] < dimC. In particular, if ANC = (0), then

[B: A] =dimC. (4.1)
Because B = A+ C, we have
A CB CA+C, whence
A CB CA%+C (4.2)
Moreover,
A¥CCcia+cC, (4.3)

because 4 + C is closed (see proposition 6), and because A + C C A + C. From relations 4.2 and

4.3, we see that

>
N
i
N
x|
+
3!

This last relation entails

[B:4)<[A+C:A)<dimC. (4.4)
Now choose ' C C such that A+ C' = A + C, and such that C' N A = (0). From relation 4.4,
we see that [B : A] < dimC’. From equation 4.1, we have dimC' = [B : A]. Thus,

[B:A)< [B: A

If A is closed, then B = A + C is also closed, by proposition 6. In this case, A= A and B = B,

so that
[B:Al=[B:A4).

Q.E.D.

Definition 65 From [4, XI11.6.1]. Let T be a closed operator in a Hilbert space. The set of complex
numbers such that the range of A1 — T is not closed is called the essential spectrum of T, and is

dencted by &.(T) .

49




If 7 is a formal differential operator which is defined on an interval I C R, then the essential

spectrum of the closed operator T1(7) is called the essential spectrum o.(7r) of 7.

Lemma 66 From [4, XI111.6.2). Let H be a Hilbert space, and suppose that H = S+ F, where S is a
subspace and F is fintle dimensional. Let T be a bounded operator from 'H lo another Hilbert space

Hy. Then T(S) is closed if, and only if, T(H) is closed.

Corollary 67 From [4, X111.6.3 or X111.7.3]. Let 7 be a formal differential operalor, which is defined

on an inlerval I C R, and lel T be any closed extension of To(7). Then o (r) = o (T).

Lemma 68 Let T, with domain D(T) , be a linear operator in a Hilbert space H. Let T be a linear
operator such that T C T, and such that Range (T) is closed and has finite codimension in H. Then

Range (T) is closed.

Proof:

Range (T)/Range (T) C H/Range (T).

Thus,

[Range (T') : Range (T)] < [H : Range (T")] < .
So there exists a finite dimensional space F C Range (T) such that
Range (T) = Range (T) + F.
Then proposition 6 shows that Range (T) is closed. Q.E.D.

Theorem 69 From [6, theorem IV.1.2, p. 95; and remark 11.7.2(ii), p. 75). Let T be a densely
defined, closed operator in a Hilbert space. Then Range (T} is closed if, and only if, Range (T*) is

closed,

Definition 70 From [5, p. 195,193].

1. A Fredholm operator in a Hilbert space is a closed operator with closed range such that

dimkerT < o0, and dimker T < co.
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2. When T is Fredholm, the indez of T, denoted ind (T'), is defined to be dimker 7" — dimker T.

Theorem 71 From [5, p. 195]. Let S and T be {wo Fredholm operators acling in a Hilbert space,

and let THS) be dense. Then ST is Fredholm, and
ind (ST) = ind (S) + ind (T).

"Remark 72 Let 7 be a formal differential operator, of order n, which is defined on an interval

I C R. Then kerT\(7), ker Tp(r), ker T1(7*), and ker To(r*) all have dimension less than. or equal

to. n.

Proposition 73 Lef 7 be a formal differential operaior, of order n, which is defined on an interval

I C R. The following are equivalent:
1.0¢ a.7);
2.0¢ o.(77);
3.0¢ a.(r°7);
4. 0 a.(rT™).
Proof:

1. Part ! implies part 2: 0 € ¢.(7) implies Range (T1(7)) is closed. So, according to theo-

rem 69,

Range (To(7*)) = Range (T1(7)")
is closed. So, by corollary 67, Range (T3(r*)) is closed.
2. Part 2 implies part 7 : By the method immediately preceding, and the fact that (7*)" = 7.

3. Part 1 impliespart §: If 0 & o.(r), then 0 & o.(r*). So Range (T1(7)) is closed, and
Range (T1(7*)) is closed. By definition 70 and remark 72, T1(r) and Ti(7"*) are Fredholm

operators. By theorem 71, T1(7*)T;(r) is a Fredholm operator. Thus, Range (T1(7*) T1(7)) is
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closed. So 0 ¢ e.(T1(r") T1(r)} . By proposition 31, (T3(r*)T1(7)) " = To(7*) To(7). Thus, by
theorem 69, 0 ¢ o.(To(7*) To(r)) . But lemma 23 shows that Tp(r*)Tp(7) is a closed extension

of To(r*7). So, by corollary 67,0 ¢ c.(7"7) .

4. Part 1 implies part 4 : By the method immediately preceding, but considering T1(7) T (7*)

instead of Ty (r*) Th(r).

5. Part § impliespart 2: 0 € o.(r"7) entails0 & o.(To(r*) T1(r)) . Thus, Range (To{r* ) Ti(7))

is closed. Recall, from [12, p. 312], that Tp(r*) Th(r) is self-adjoint. Thus,
Range (To(7*) Ti(7))" = ker To(*) Ty () = ket T3 (7).

By remark 72, dimker T1(7) < n. Thus, dim (Range (To{7*) 7 (7)))* < co.

Let T of lemma 68 correspond to Tp(7*). Let T of lemma 68 correspond to

BN (ry DG TN 1

We notice that Range (7°) = Range (To(7") T3 (7)), which is closed and has finite codimension.
Also, T C T. Thus Range (T') = Range (To(r")) is closed, by lemma 68. Thus, 0 ¢ o.{r*),

by corollary 67.

6. Part 4 implies part / : By the method immediately preceding, but using 7* instead of =, and

using the fact that (7*)* = 7.

Q.E.D.

The next proposition extends, to arbitrary intervals, proposition 4.4 of [10, p. 17].

Proposition 74 Let T be a formal differential operator which is defined on an inlerval I € R. Then

[Ti(7) : To(r)] > dimkerTi{r)— dimker Tp(r*)

+ dimker T3 (7*) — dimker Ty(7). (4.5)

Equality holds if 0 ¢ o.(7) (equivalently, if0 ¢ a.(7°) ).
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Proof: By theorem 8, To(1)* = T1{r*); by corollary 9, Ti(7)" = Tp{r"). Thus,

L3(I) Range (To(7)) ® ker Th(7°)

Range (T1(7)) @& ker To(7*).

By remark 24, [T1(7) : To(7)] < oo. Thus, [Range (T1(7)) : Range (Tp(7))] < co. Let Il denote

the natural projection
I: D(Ti(r)) — D(Ti(r)) / D(To(r))
;i ~ f+ DT(m).
Let T denote the induced linear operator,
T: D(Ty(r)) / D(To(r)) — Range (Ti(r))/Range (To(r)),
f+ DTlr)) — Ti(r)(f) + Range (To(r)).

Notice that T is onto. Also, ker T = Il(ker T3 (7)}; thus, dimker T = dimker T1(7) — dimker T5(7).

Using a result of finite dimensional linear algebra, we have

dim D(Ti(r)) / D(To(T))

dimker T + dim{Range (T1(7))/Range (To(7))}

]

dimker 71 (7) — dimker Ty(7)

+ dim{Range (T1(7))/Range (To(7))}.

It

Thus, [T1(7) : To(7)) dimker 77 (7) — dim ker Tp(7)
+ dim{Range (73(r))/Range (To(7))},

dimker Ty{7) — dimker Tp(7)

v

+ dim{Range (T1(7))/Range (To(7)}}, (4.6)

where the last inequality is a consequence of lemma 64. Thus

[Ti(7) : To(7)] > dimkerTi(r) - dimker Tp(r)

+ dim{Range (Ti(r)) & Range (To(7))}. (4.7)

53




But

Range (T1(7)) © Range (To(7))

{fIf € Range (T(7)) and f L Range (To(7)) },

{fIf LkerTo(r*) and f € kerT3(7*) },

kerTi(t") & ker To(7*).

Thus

dim Range (T1(7)) © Range (To(r)) = dimker T7(7*) — dimker To(7*).

Substituting this last equation into relation 4.7 yields relation 4.5, as desired.

Now we address the question of equality. T)(7) is a closed operator. By remark 4. D(T(71)) ,
with the operator inner product, is a Hilbert space. We notice that [Ty(r) : m] < oc, and that
'D(m)‘ is a subspace of D(T1(7)) . Applying lemma 66, we see that Range (T1(7)) is closed
in L2(I) if, and only if, Range (To(r)) is closed in L2(J). That these ranges are closed in L?(J) is

equivalent to 0 € o.(7) ,(and to 0 & o.(r*) , by proposition 73). In this situation,

[Range (T1(7)) : Range (To(7))] = [Range (T3(7)) : Range (To(7))],
and then relations 4.6, 4.7, and 4.5 are equalities. Q.E.D.

Example 75 Here is an example of the preceding proposition. We consider 7 = d/dz + = on the
interval [0,00). 7* = —d/dx + z.

If f satisfies the equation r(v) = 0, then f € span {e“’”}. Thus, dimker T (1) = 1.

If f satisfies the equation 7"(v) = 0, then f € span {e*°/2}. But e*/2 ¢ L2([0,0)). Thus
ker Ty (7*) = (0).

Since [0, 00) has a fixed end point, then, by remark 62,

ker To() = ker To(r") = (0).

Thus, by proposition 74,
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[Ti(7) : To(r)) > dimkerTi(7) — dimker To(r*)

+ dimker Ty (7*) — dimker Tp(1*),
> 1-0+0-0=1.

We may conclude that [T1(r} : To(7)] = 1, once we show that 0 ¢ o.(7) . To do this, according

to corollary 67 and proposition 73, it is enough to show that 0 € o.(7o(7*)) . To show that 0 ¢

o.(To{7*)) , it is enough to show that
ITo(r*)(e)IF = 1]1°,
for all ¢ € W§([0, 00)). This we do:

ITo(= )2 = | f (~dfdz + 2)6 - (=dJdz F ) dz |,

u

i/m(d/d:r + z)(~d/dz + z)¢ - ddz |,
0

I j [(=d?/dz?}() - B + (27 + V|61 dz |
| ]D |/ Pdz + jo (22 + 1)|gdz |

[ et [+ nigra,

1] 0

jo 16[%dz = [|6]]2.

v

Thus, [T1(7) : To(7)] = 1.

Corollary 76 Let r be a formally self-adjoint formal differential operator which is defined on an

interval I C R. Then

[Ti(7) : To(7)) > 2- (dimker Ty () — dimker To(7) ).
Equality holds when 0 & o.(7) .
Proof: From proposition 74. Q.E.D.

Corollary 77 Let v be a formal differential operator which is defined on an interval I C R. Then

[TV(*) Tai(r) : To(r*) To(r)] > 2-(dimker T(7) — dimker To(7*))
+ 2 (dimker T1(7*) — dimker Tp(7) ).
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Equality holds when 0 ¢ o.(7) (equivalently, when 0 ¢ o.(7°), or when 0 ¢ o (r"1) ).

Proof: From corollary 34,
[T Ta(7*) : To(r*) To(7)] = 2 - [Ta(r) : To(T)).

To the right side of this equation, we apply the result of proposition 74.
The remarks about equality follow from the same remarks in proposition 74, and also, from the

fact that 0 ¢ eo.(7"7) if, and only if, 0 ¢ o.(7) : see proposition 73. Q.E.D.

Remark 78 Equality may hold in proposition 74, or in corollary 76, even though 0 € o.(7) . An

example is T = —(d?/dz?), operating in L?(R).

1. kerTy(7) = kerTyp(7) = (0}

2. Recalling remarks 16 and 18, we notice that [T1(r) : To(r)] = 0. This is because the only
solutions to r(v) = xiv are
eFViT _ (F(1+)e/VE

Now, [e¥ViT| = ¢F#/VZ; thus, e¥V1* ¢ [2(R).

3. Thus,

0={[Ti(7): To(7)) > 2 (dimker T1(r) — dimker Tp(7)) = 0.

4. Finally, we show that 0 € o.(7) . To(7)} is a symmetric operator. From the results of para-

graph 2, above, we see that
dim D4 (T1(7)) =dim D_(Ti(7)) =0.

Thus,according to comment 15, To(7) has a self-adjoint extension. Since [T1{7) : To(7)] = 0,
this extension must be trivial. Thus Ty(7) is self-adjoint. By Plancherel’s theorem for L*(R),
To(r) is unitarily equivalent to

M. : f(z) w22 f(z).

It is clear that 0 € o.(M2) . Thus, 0 € ¢.(To(7)) . Hence, by corollary 67, 0 € o.(7) .
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In the material which follows, we apply proposition 74, and corollaries 76 and 77, to the material

of propositions 47 and 48.

Theorem 79 From [4, XIIL.7.2]. Let v be a formal differential operator which is defined on an
interval I C R. Then XA € o.(r) if, and only if, there ezists a sequence {f,} C D(To(r)) , which is
bounded in the L2(I) norm, and such that {{r—A)fn} converges, bul {f,} has no strongly convergent

subsequence.
Corollary 80 Letf r be as above. Let J C I be an interval. If0 & o (r,I), then0 & o7, J) .

Proof: If 0 € o.(7,J) , there would exist {f,} C P(To(r,J)) with {7(f.)} convergent, but {f,}
having no convergent subsequence.

Since D(To(7,J)) € D{Ty(7,I)) (see definition 1), we would have {fn} C D(To(r.7)) . with
{#(fn)} convergent, and {f,} having no convergent subsequence. This would entail 0 € o.(7,I) . a

contradiction. Q.E.D.

Proposition 81 Lef v be a formal differential operator, of order n, which is defined on an interval
I C R with end points a < b. Choose c € I such thata<c<b. LetI' = IN[a,c]. Let I = IN|[c, b].

Then
[Ti(r. 1) : To(r.1)] > dimkerTy(r, I') 4+ dimker Ty (", I')
+ dimker Ty (7, 1"} + dimker Ty (7*, I") — 2n.
Equality holds when 0 ¢ o.(7,I) (equivalently, when 0¢ o.(v*,I) ).
Proof: From proposition 47,
[Mr0):To(r. D)) = [T(nI): Tofr, I
+[Ty(r, 1) : To(r, I7)) - 2n. (4.8)
From proposition 74, for J = I' or for J = I”,
[Ty(r,J) : To(r, J)] > dimkerTi(r,J) — dimker To(7",J)
+ dimker T3 (7*, J} — dim ker W. (4.9)
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But J has a fixed end point at ¢, so that, by remark 62,

ker Ty(r,J) = ker To(r", J) = (0).

Thus,

[Ta(r, J) : Toir, J)] 2 dimker Th (7, J )} + dimker Ty (7*, J). (4.10)

Substituting this result into relation 4.8, for J = I' and for J = ", yields the desired result.

As to equality, relation 4.10 is an equality if 0 ¢ o.(r,J) orif 0 & o.(7",J).

Now, 0 ¢ o.(7,I) if, and only if, 0 ¢ &.(r", ]} (proposition 73), and these conditions imply
that 0 € o.(r,J) and that 0 ¢ e.(r",J) . for J = I' and J = I" (corollary 80).

Thus, 0 ¢ o.(r,I), or 0 ¢ o.(r,1), implies that relation 4.10 is an equality, whence the

conclusion of this proposition is an equality. Q.E.D.

Corollary 82 In the previous proposilion, let T be formally self-adjoint. Then
[N, D) : To(r, 1)) > 2 dimker Ty(r, I') + 2 - dimker Ty (7, I") — 2n.

Equality holds if 0 ¢ oo(7) .

Proof: This follows from proposition 81, since r = *. Q.E.D.

Example 83 Here is an example of proposition 81. We consider 7 = (d/dr)+z,on I = R. Let ¢
be any real number.

If f satisfies 7(v) = 0, then f € span{e=="/2}. Thus,
dimker T (7, (—00, ¢]) = dimker Ty (7, [¢,00)) = 1.
If f satisfies 7*(v) = 0, then f € span{e®”/?}. Thus,
dimker Ty (7, (=00, c]) = dimker T3 (7", [c, 00}} = 0.

T is of order 1.

By an a?rgument similar to the one in example 75, 0 ¢ &.(r,R) . Thus,

[i(nR) : To(r,R)]=14+0+14+0-2-1=0.
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Thus, T1(7,R) = Tp(7,R).

Proposition 84 Let T be a formal differential operator, of order n, which is defined on an inferval
I C R with end points a < b. Let c € I such thata < c < b. Let I' = IN[a,c). Let I'' = I N[e,b).

Then

[Gi(r. D) Ti(7, 1) : To(r", 1) To(r, 1)) 2
2 - (dimker Ty(r, I'} + dimker Ty (1", I'))
+ 2 (dimker Ty (7, I) + dimker Ty (r*, I")) ~ 4n.

Equality holds when 0 ¢ o.(7) (equivalently, 0 ¢ a.(7") ) (equivalenily, 0 ¢ eo.(7°7) ).

Proof: We start with the third assertion of proposition 48, and then apply the conclusion of corol-

lary 77, to the expression

[, F)T(n, I') - To(r, 1) To(r, I')],
keeping in mind that, by remark 62.
dimker To(7*, I') = dimker Tp(r, I') = 0,

since I' has the fixed end point c. The same argument applies to the interval I*.
As for equality, the three hypotheses about essential spectrum are equivalent, according to propo-

sition 73. If any one holds, then 0 ¢ o.(7,I) , whence 0 ¢ o.(r,I') by corollary 80. Thus,

(=, )Y Ta(n I') : To(r*, ') To(7, I’)) = 2 - (dim ker Ty (7, I') + dimker Ty (7*, I')).

A similar statement is true for I”. The equality for the relation which is stated in this propesition

follows from this. Q.E.D.

Corollary 85 Under the hypotheses of the preceding proposition,

dim Dy (Ti(rr*,I)) > dimkerTy(r,I'} + dimker Ty (v, I')

+ dimker Ty (7, I"') + dimker T (7*, I') — 2n.
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Proof: This follows from the first assertion of corollary 38, and proposition 84. Q.E.D.

The following lemma is an extension of [4, XII1.3.2].

Lemma 86 Lel r be o formal differential operator, of order n, which is defined on an interval ] CR

with end points a < b. Choose ¢ € I such thata<c < b Let I'=IN[a,c]. Let 1" = INfc,b]. Then
dimker T (v, I') + dimker Ty {7", ") < dimker 1 (7", I) - dim ker Tp(7, I) + n.
Equality holds when 0 ¢ o.(7,I) ( equivelently0& o (", I) ).

Proof: Let To(7, I')&:Ty(7, I'") denote the operation r with the domain W (Y& W (I"). To(r. I') =
To(r. I'") is densely defined in L2(I); thus, it has an adjoint.
It is clear that

{To(r, I'Y® To(r, I")} = Ta(r", Y@ Th(r™, I").

Ty, I'"Y®&Ti (", I'") is densely defined; thus, To(7, I’ )& To(r, I") has a closure, To(r, I') & To(r. I")

(see theorem 3). It is easy to see that

To(r, 1) @ To(r,1") = To(r, I') @ To(r, I").

We point out that ker{Ty(r,!’) & To(r,1")} = (0), because the same is true of Ty(r,I'), and of

To(r, I'"). Now we show that

[To(r) : To(r, I') ® To(r, 1")] = n. (4.11)

We choose {10, %1,...,¥n-1} C WP(I) such that ¥{')(c) = 1ifi = j, and = 0 if i # j, for

0 <1i,j <n-—1.Clearly,

D(To(r, I') @ To(r, 1)) + span {tbo,...,¥n-1} C P(To(7,I)}. (4.12)

Now, let ¢ € W§H(I). We define

n-1

f(z) = ¢(2) = Y ¢9(e) - ¥ilz).

=1
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Then fU}{(c) = 0, for 0 < i < n — 1. Integration by parts shows that fl; € D({Ti(r",J)}"), for

J=1TIo0rJ=1" Hence, f € D({To(r,I')® To(r, I")}**) . Thatis, f € D(To(r, 1) & To(r, 1")) .

Thus,

D(To(r, 1)) C D(To(r,I')® To(r, 1)) + span {¥g,...,¥n-1}.

The right side of this relation must be closed in the T;{r, I)—operator norm, because it is a finite

dimensional extension of D(Tp(r, I') & To(r, I")) , which is closed in the Ti(7, I)—operator norm

(see proposition 6). Thus,

D(To(r, 1)) C D(To(r. I')® To(r.I'")) + span {to,...,¥n=1}. (4.13)

Lines 4.12 and 4.13 entail line 4.11.
Let II denote the natural projection

I: D(To(r,N)) — D(T(r.D)) /(D(To(r,I') & D(To{r,1")) ),

[ = T+(D(T(r,I') & D(Toe(r.1")) ).

Let T denote the induced linear operator,

T: D(To(r, D))/ D(To(r, ') @ To(7,I")) — Range (To(r,I))/Range (To(r, I')® Ty(r, I')),

J+ D(To(r, I"Y® To(r, 1))y +— To(r,I)(f) + Range (To(r, I'} & To(r, I'')).

Notice that T is onto. Also, ker T = II(ker Ty(r, I}). Thus,

dimker T = dimker Ty(7,I) — dimker(Ty(r, I') ® To(r, I"")) = dimker To(r, I}.

Using a result of finite dimensional algebra, we have

dim D(To(r, 1)) / D(To(r, I'} & Tu(rT, I'"))

= dimker T + dim{Range (To(r, I))/Range (To(r,I’) & To(r,1"))}.

= dimker Ty(r, I} + dim{Range (Tp(r, I))/Range (To(7, 1"} & To(7, I"))}.

Thus,
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[To(r, 1) : To(r, I') @ To(r, I")] =

dim ker Ty(r, I') + dim{Range (To(r, I))/Range (To(7, I') ® To(r, I"))}. (4.14)

Lines 4.11 and 4.14 entail

n = dimker To(7, I) + dim{Range (To(r, I}))/Range (To(r, I'} & To(r, I''))}.

Now, using lemma 64, we have

n > dimker Ty(r, 1) + dim{Range (To(r, I))/Range (To(7, I) & To(7, 1))} (4.15)
Thus,
n > dimker To(7, 1) + dim{Range (To(r, I') @ To(r, 1)) * © Range (To(. 1)) *}.
Thus,
n > dimker To(7, 1) + dimker{Ti (7", I) & Ti(+", ")} = dimker Ty (7", I).
Thus,
n> dimker;‘_g(_‘-rm-i- dimker Ty (7", I'Y + dimker T3 (7", I} — dimker Ty (7*, I), (4.16)

which is what we sought to prove.

This relation is an equality when

dim{Range (To(r, 1))/Range (Zo(r, I') @ To(r, 1))}

= dim{Range (To(r, 1))/Range (To(7, I') ® To(7, 1"))}. (4.17)

From line 4.11, we deduce that

dim{Range (Tu(r, I))/Range (To(r,I') & To(r, "))} < n.

Thus, Range (To(7, I)) is closed if, and only if, Range (To(7, I’) & To(7, I")) is closed if, and only if,
0¢ eI} (equivalently, 0 ¢ e.(v*,I) ). In this case, lines 4.17, 4.15, and 4.16 are equalities.

Q.E.D.
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Chapter 5

When Tl (T*)Tl(’l‘) = Tl (’T*’T)

Remark 87 In this chapter, we state and prove two conditions such that
Ti(r°7) = Th(v*)Ti(7).
This equation is equivalent to
g € D+(Ti(r"7)) entails 7(g) € L2(]).

We demonstrate this. According to relation 2.13,

To(r*7) C To(r") To(7) S Ta (=" )Ta(r) C Ta (7" 7).

Thus, [Ty{7"7) : To(r*7)] > [T (r*)T1(7) : To(7*) To(7)]. According to remarks 18 and 19,

[Ti(r"7) : To(r*7)] = 2-dim D4(Ti(r"T)) .
According to corollary 36,

[Ti(r*)Ta(r) : To(r*) To(7)] = 2 - dim{g € PL(Ta(r*7)) : 7(g) € L2(]}}.

If equation 5.1 is true, then To(7*7) = To(" )} T0(7), according to corollary 35. Hence,

2-dim Dy (Ti(r°7)) = [Ty(r°r): To(r"1)]

[T3(r*)Ti(7) : To(7*) To(r)]

9.dim{g € D4(Ti(r°7)) : r(g) € L¥ D).

1l
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Certainly, D4{Ti(v°7)) 2 {9 € D+(Ti(r*1)) : r(g) € L?*(I)}. This, and equation 5.6, require
that statement 5.2 be true.

On the other hand, if statement 5.2 is true, then the right sides of equations 5.4 and 5.5 are
equal. Thus,

[Mi(r*7) : To(r 7)) = [Ti(r*)TA(7) : To(m*) To(T)).

Then, using relation 5.3, we would have equation 5.1.

Lemma 88 From [9, prob. 5.8, p. 233] Let T, with domain D(T) , and T, with domain D(T) , be
closed, densely defined operators in a Hilbert space, such that ker(T), ker(T"), ker(T), and ker(T*)
are all finite dimensional, and such that 0 ¢ o.(T), and 0¢ o (T") .

IfTCT, and ind (T) = ind (T), then T=T.
Proof:
1. T € T entails ker T C ker T". Thus,

dimker T — dimker T < 0.

2. T C T entails Range (T) C Range (T), which entails ker T* 2 ker 7. Thus,

dimker T* — dimker T > 0.

3. ind (T") = ind (T) entails
dimker T* — dimker T = dimker 7* — dimker T".

Thus,

dimkerT” — dimker 7" = dimker 7 — dimker T

From paragraph 2, the left side of this last equation is non-negative, and from paragraph 1,

the right side is non-positive. Thus,

0 = dimker T* — dimker 7" = dimker T — dimker 7.
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From this, we see that ker 7" = ker T, and that ker T = ker 7. This last fact, together with
the facts that Range (T) is closed, and that Range (T') is closed, leads us to conclude that

Range (T) = Range (T°).
4. Let g€ D(T).If g € kerT', then ¢ € ker T, whence ¢ € D(T) . I g ¢ ker T, then
T{g) € Range (T) = Range (7).

Thus, there is h € D(T) such that T(h) = T(g). Since h € D(T) , then T(h — g) = 0, which
leads to
h-—gekerT=kertT C D(T) .

From this, and the fact that h € D(T) , we conclude that g € D(T) . Q.E.D.

Proposition 89 Let r be a formal differential operator of order n, which is defined on an interval
I CR. Suppose that 0 ¢ o (771, 1), and that dimker Ty (7", I) = n.

Then T\(r"7, Iy = Ty (", Ty (7, I).

Proof: Let a and b, with a < b, denote the end points of J. Pick ¢ € I such that a < ¢ < b. Let
I'=In(a,e]. Let I = INJe,b).

Relving on relation 2.13, we have

TO(T."'!I) g TD(T.’I) TD(Ta I) g Tl(T-aI)Tl(T' I) g Tl(T.Tv I)

By remark 87, it is enough to show that v(g) € L?(]), for all g € D4 (T1(7"7,I)) . To do this, we
will show that r(g) € L2(J’), and 7(g) € L*(I"). To show that 7(g) € L3(I'), it is enough to show
that
Ti(r*r, I'y=T (", '} (7, I').
We will use lemma 88 to do this.
According to corollary 80,0¢ o.(r7,I').

We rely on relation 2.13 to see that T)(7°7,I’) D Ty(r*, I') Th(r, I'), whence
ker i (v°1, I') D ker Ty (==, I'YTh (7, I'). (5.7)
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Now we show that

ind (To(7* 7, I')) = ind (To(r*, I') To(r, I')).

Since I’ has a fixed end point,

kerTo(r*r,I') = ker To(7*, ') To(7, I') = (0), (5.8)

by remark 62. Now, choose h € ker Ti(r°7,1’). We have 7*r(h) = 0. Thus, =*(v(h)) = 0. Since
dimker T1(7*,I) = n, then dimker Ty(+*, I'} = n. From 7°(7(h)) = 0, and from dimker T\ (7", I') =

n, we conclude that v(h) € L*(I'}. Thus,
h € kerTy(r, I"YTh (7, I').

Thus,

ker y(r*7, I') Cker ) (v, F') Ti (7, I'). (5.9)
From lines 5.7 and 5.9, we conclude that
kerTi(r*7, I') = ker Th{r*, I') Ty (7, I').
From this, and relation 5.8, we conclude that
ind (Ty(r*r, 1)) = ind (T (=, ') Th(7, I')).

Now we can use lemma 88 to conclude that Ty (77, I') = Ta(r*, IV T (7. I).

Similarly, Ty(r* 7, I"}y = T1(«*, I") Ty (7, I"). Q.E.D.
Remark 90 Under the hypotheses of the preceding proposition, we have
dim Dg(Ti(7"r, 1)) =dim{g € Dx(Ti(r*7,1)) : 7(g) € L*(1)},

according to an argument in remark 87, Now, if g € Dyi(Ti(r°7,I)) , and if ¢ # 0, then r(g) # 0.
If this were nol true, we would have
g) = 0
rre) = ()
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+ig = 0

which is a contradiction. Thus, the map g — 7(g) is 1-1. Thus,
dim D (Ti(7°1, 1)) =dim{r(g) € L2(I) : g € DP:(Tyi(r*7,I)) }. (5.10)
.Thus, by lemma 20, we have
dim Py (Ti(r"r, 1)) <dim De(Ti(rr", 1)) .
Another way to state this is
[T 7. 1) : To(rr. D) < [Ta(rr, 1) : To(rr=. 1)),

Example 91 Here is a theorem, from [4, XII1.6.23], which we will use in this example:
Let

T = —(d?/dz?) + ¢(z)

be a real self adjoint second order formal differential operalor defined on an interval I = (0,0], where

b> 0. Then
1. ifliminfe—g z2q(2) > 3/4, then 7 has no boundary values al zero; and
2. iflimsup,_q |x%g(z)| < 3/4, then 7 has two boundary values af zero.

Let p > 0. On the interval I = (0,1], we consider T = d/dz + p/z. Clearly, " = —d/dz + p/x.

Notice that f(z) = zP € L*(1), and that r*(zP) = 0. Thus,
dimkerTh(t") = orderof r* = 1. {5.11)
Notice further that

*r = —(d?/dz?) + (p® + p)/z? and

Tt = —(d?/dz®) + (p* - p)/2%.
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1. For both 7*r and 77", the end point one is a fixed end point. Thus, both 7°r and rr* have

two boundary values at one ( see corollary 46 ).

2. Let p = 1. We apply the above theorem to
r*r = —(d*/dz?) + 2/

to see that 7°7 has no boundary values at zero. If we combine this with the result of paragraph
1, we see that

[Ti(r=7) : To(r 1)) = 2. {5.12)
Next, we apply the above theorem to
Tr* = —(d*/dz?)

to see that 77* has two boundary values at zero. If we combine this with the result of paragraph

1, we see that

[Ti(rr*) : To(rr*)] = 4. (5.13)
Equations 5.11, 5.12, and 5.13 show that remark 90 is verified, that

4=[Ti(rr") : To(rr*)] 2 [Ta(m* 1) : To(r=7)] = 2.

3. Let p = 1/4. We apply the above theorem to
1 = —(d?®/dz?) + 5/(162?%)

to see that 7" 7 has two boundary values at zero. If we combine this with the result of paragraph
1, we see that

[Ti(r*7) : To(r* 1)) = 4. (5.14)
Next, we apply the above theorem to

r7* = —(d?/dz?) - 3/(162?)
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to see that 77* has two boundary values at zero. If we combine this with the result of paragraph
1, we see that

[Th(77*) : To(77*)] = 4. (5.15)
Equations 5.11, 5.14, and 5.15 show that remark 90 is verified, that

4= [Ty(rr*): To(rm)) 2 [Ta(7"7) : To(r" 7)) = 4.

Remark 92 The second condition is that
kerTy((r7*)?) € D(Ty(rr")) entails

Ti(r*){r) = Ti(r"7).

First, we need to state several lemmas. The first, due to 1. M. Glazman, is a specialization of [5, p.

193, lemma 2.1].

Lemma 93 Lef a Hilbert space H be decomposed into a direct sum of a subspace S and a finite
dimensional subspace F : H = S4-F. Let {ry,r2,...,r:} be a basis for F, and let A be e linear

manifold which is dense tn H. Then
1. MnS is dense in S,
2. the space H can be represented as a direct sum of subspaces S and F', where F' C M;
3. dim F = dim F” (this follows from a remark in the last part of the proof of {5, lemmae 2.1]; and

4. there exists {my,...,mi} C F' such that det({r;,m;),1 < i,7 < k) # 0 (this follows from

remarks in the proof of [5, lemma 2.1]).

Lemma 94 Lel T, with domain D(T) , be a closed operator in a Hilbert space, such tha! 0 ¢

0.{T) , and such thal dimkerT < co. Then there is a positive number p such thet

2l TN,

forall f€ D(T) SkerT.
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Proof: D(T) , with the operator inner product, is a Hilbert space, because T is a closed operator
(see remark 4). Let [f, g] denote the operator inner product.

In this Hilbert space, the orthogonal complement of ker T is a subspace, and equals

{f€ D(T) :Vk €kerT.[f k] =0}

{fe€ D(T) :Vk €ker T, (f k} = 0}

D(T) &kerT.

Let T, denote the operator with domain P(T) © ker T, and such that
T (f)=T(f).for f € D(T) SkerT.

T. is a closed operator because it is a restriction of 7 to D(T") & kerT, which is a subspace of
D(T) . Clearly, Range (T') = Range (T,). Also, ker T, = (0). This shows that T, defines a 1-1 map
T, : D(T) ©kerT — Range (T)

f = T
The inverse map T.-! is well defined. It is closed because T; is closed (see [4, XII.1.2]}). We

conclude that T.-! is a bounded map (see [12, p. 306]). Thus, there exists a positive constant c.

such that, for all g € Range (7,) = Range (T),

T @)l < e - lgll-

But T }(g) € D(T) ©kerT. As g assumes every value in Range (7), T;~!(g) asumes every value in
D(T) & kerT. Thus, for all f € D(T) & ker T, there exists g € Range (7} such that f = T {g).
and

Wl = I @l S e llgll = e - ITDII-

I we let p = 1/¢, the lemma is proven. Q.E.D.

Lemma 95 Let v be a formal differential operator, of order n, which is defined on an interval

ICR, such that 0 ¢ o.(r"7) . Suppose g € Da(Ti(7°7)) . Then there is a positive number c such
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that, for all ¢ € WZ"(I),
KTo(rr*) (). (g < c - llgl] - | To{rr") (&),
Proof: If ¢ = 0, the assertion is clearly true. Now we assume that ¢ # 0.

(To(rr) @) (@) = | /, r(8) - (9 ]
= |/IT-(¢).r-r(g)d¢|
= I/Jr‘(q&)-':l:_z"ﬁdtI

A

< 1T )M - gl

ITo(=" Xl

0T AP e e lall. 5
“TQ(TT')(¢)|| “ o(rT )(¢)“ “g" (5.16)

Now, r7* may be represented as
aan ()(d/d1)*™ + a1 (2)(d/dL)*" =1 + - - -+ a; (t)(d/dt) + ag(t),

where azq(t) # 0 for t € I, and {ao(),a1()....,a2,()} € C°(I); thus, no solution of the equation
r7°(v) = 0 has compact support in the interior of I. Thus Ty(rr")(¢) # 0.

Further, we have

T{)(TT.) g To(TT') g TO(T) Tu(‘r') (]emma 23)

T (T) To(‘r' )

[A]

Thus.

7o (7= (&N
Ty () To(r* (&)l

Because we assume that 0 @ o.(r*r), then 0 ¢ o.(7) (proposition 73). Thus, 0 ¢ o.(T1(7)) .

(To(77")(¢), TN < i N To(rr*)()II - llgll-

Thus, by the previous lemma, we know that there s a positive number p such that, for all f €
D(Th(7)) ©kerTi(7),
p- Il £ BT(mON

But Ty(7*)(¢) € Range (To(r*)), so that To{r*)(¢) L ker T1(7). Thus,

0 < p-[ITo(r* ) (&)l < ITa(7) Tolr* X ()-
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From this, we see that

ITo(r)e)ll _ _ ITo(r")e)ll 1
NTo(rr=)(@)l  IT2(7) Tol(r*)(@)| = p’

Substituting this result into relation 5.16 yields the desired resull. Q.E.D.

Lemma 96 Let T, with domain D(T) , be an operafor in a Hilbert space. Suppose that T has a

closure, T. Then

Range (T') = Range (T).

Proof: Range (T) is dense in Range (T'), and Range (T) is dense in Range (T). Thus, Range (T') is

dense in Range (T'). Q.E.D.

Proposition 97 Let 7 be a formal differential operator which is defined on an anterval I C R, such
that 0¢ o.(v"1).1If

ker Ti{(r7*)*) C D(Ti(r7*)),
then (YO (7) = Ty(r" 7).

Proof: Let n denote the order of 7. Relying on relation 2.13, we have Ty (r")T1(7) C Ti(r 7). It
remains to show that T\ (r*7) C Ty (" )T1(7), or equivalently, that D(Ti(r"7)) C D(T (") (7)) .

According to lemma 14,
D(Ti(r*7)) = D(To(r°7)) & Du(Ta(r*7)) & D_(Ti(r"7)).
Using relation 2.13, we have
D(To(r" 7)) € D(To(r)To(7) € D(Ti(=*)Ta(7)) -
It only remains now to show that
Dy(Ti(r*7)) @ D-(Ti(rr)) C D(Ni{r*)Th(7)) .
To do this, it is enough to show that if ¢ € Dx(Ti(7"7)), then 7(g) € L?(I). We show that

r(g) € D(Ti(r"1)) C L*(I). The rest of the proof is divided into 5 steps.
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1. Here, we start with 7(g), and then construct a bounded linear functional on Range (Ty(77*)),

which is induced by § € Range (To(71*)).

By proposition 73,0 ¢ &.(rr*) . Thus, Range (To(77*)) = Range (To(7r")).

According to lemma 95, there is a positive number ¢ such that, for all r7*(¢) € rr"(WZ" (1)),
| [[rr(@)- T dsl < e Ul (@)l

This says that r(g) induces a bounded linear functional on 7+*(WZ"(I)) = Range (To(r7*)).

By continuity, we can extend this bounded linear functional to one defined on Range (Ty(r7*)).

because Range (Tp(r7")) is dense in Range (To(r+")) = Range (Tp(r7*)) : see lemma 96. Since
Range (To(77")) is a subspace of L?(7), the Riesz-Frechet theorem tells us that there is a unique

¢ € Range (W) such that, for all 77°(¢) € Range (To(r7")),
ﬁrr'(é)-lfd:: /}rr’(qb)-;mdz.
Restating this: for all ¢ € Wg™(7),
[ G- T =o
From this, and from lemma 7, we conclude that §— r(g) is a solution of the differential equation
rre(v) = 0.
Also, we want to show that g # 0 entails § # 0. Suppose there exists g such that § = 0.

Since 7(g) — § satisfies the differential equation 77*(v} = 0, § = 0 entails that r(g) satisfy the

equation 77°(v) = 0. Thus:

rr(r(g)) = 0,
xir(g) = 0,
(g) = 0,
r(g) = 0,
ig = 0,

g =0
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2.

(a) Here, we construct a second bounded linear functional, an extension of the first one, which

is defined on Range (T1(r7")).

As noted above, Range (Tp(77")) is a subspace of L?(]); its orthocomplement is

ker T1(rr"), which is finite dimensional. Let m = dimker T7(r7").

W@ (1) is dense in L3(T). Because 0 ¢ o.{r7*), Range (Ti(77")) is a subspace of L*(]);
its orthocomplement is ker To(r7*), which is finite demensional. Thus, by lemma 93,
W#n(I) nRange (T1(r7")) is dense in Range (T1(777)).

Range (To(r7")) is a subspace of Range (T7{r7")). We have

Range (Ti(77")) = Range (To{77*)) @ [Range (T1(77*)) @ Range (To(+7"))].

But
Range (71(r7*)) © Range (To(r7"))
= {f:f € Range (Ti(r7")) and f L Range (To(77"))}
= {f:f LkerTo(rr*) and f € ker Ty(r7")}
= kerTi(r7") & ker To(77%).
Moreover,

dimlker T (77"} © ker Tp(r+*)] < dimker Ty (77") < cc.

This shows that the orthogonal complement of Range (To(r7")) in Range (T1(777)) is
finite dimensional. Let I = dim[ker Ty (r+*) © ker Ty(77*)]. Let {r;,...,r} be a basis for

ker T (77") © ker Ty(71*).

Because dim[Range (T1(77")) © Range (Tp(77"))] < oo, and because
Wg™(I) N Range (T1(77°))

is dense in Range (Ti{77")), lemma 93 leads us to conclude that there is an I—dimensional
space

F' € Wg™(I)nRange (T1(77*)),
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(b)

with basis {¢1,..., ¢} such that

e Range (To(r7*)) N F' = (0);

e Range (T1(77*)) = Range (W) + F';

o 1=|ésll=---=|l¢ull; and

o det({¢i,75),1 < i, i< #0.
Because rr*(Wg"(I)) is dense in Range (To(r7")), then r#"(W2"(I)) + F’ is dense in
Range (T3(r7")). Let M denote rr*(W2"(I)) + F'.

Let P denote the orthogonal projection onto ker Ty (77") © ker To(77=). If & € Af, then

i
=rr(d)+ D _ci- o, (5.17)

i=]
where {¢;....,¢} C C, and r7*(¢) € 77" (W5"(I)). In 2b and 2c, below, we will show

that ej,...,cr, and 77°{¢) depend continuously on ®.

From equation 5.17, we get

]
P(®)= ci P(9). (5.18)

i=1

From this equation, we derive a system of ! equations, in the unknowns ¢;,...,¢; :

(P(®), 1)

T e {P(),61)
(5.19)

(P((IJ), ¢1)

Tizici - (P(45). 1).

The system 5.19 has at least one solution, since we assumed that ¢ € M. To show that
the system has exactly one solution, and that we may use Cramer’s rule to find it, it is
enough to show that

det({P(¢;), ¢:i).1 < J, i< #0.

Since P is an orthogonal projection, it is enough to show that

det((P(¢;), P(¢:)),1 < j,i <) # 0.
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Since (*, ) is the bilinear form corresponding to the positive definite quadratic form |j*]?,
it is enough to show that {P(#:),..., P(¢:)} is a linearly independent set. This we do
now:

Suppose that {a,...,a;} € C is such that Z:-=1 a; - P(¢;) = 0. Then

1
Zﬂi'¢i
=1

1 i
D oai-P(di)+ Y ai-(1— P) ),

i=1 i=]

!
= Y a-(1-P)4s). (5.20)
i=1

We claim that the right side of this last equation lies in Range (To(77*)).

First, let k' € ker To(7*7). Then, for 1 < i < I, we have (¢;, k') = 0, because

span {¢1,...,¢:1} C Range {T1(r°7)) = {ker To(7*7)}t.

Also, (P(¢:), k") = (¢, P(")) = (¢:,0) = 0, since P is the orthogonal projection onto

ker Ty ("7} © ker To(r"r). Thus, we have {(1 — P)(¢;),k") = 0.

Second, let k' € ker T\ {7* 1) & ker Ty(r* 7). Then
((1 ~ P) i), k") = (i, (1 = PY(K")) = (i, k" — k") = 0.
Thus, for
kekerTi(r*r) = kerTo(r*r) @ (ker Ty (r*7) © ker To(T" 7))},
{((1 = P)(#,), k) = 0. Thus, (1 — P)(¢;) € ker T3 (r*7)* = Range (To(7-7)). Thus, the left
side of equation 5.20 lies in Range (To(7*7)). Now, in sub-paragraph 2a, above,

F' =span{¢y,..., i1}

1s such that

span{¢;,..., ¢} N Range (Ty(77*)) = (0).

Thus E' , @i - ¢; = 0. Since {#1,...,¢¢} is a linearly independent set, we must have

=

0=ay; =---=a;. Thus, {P(#1),...,P(¢1)} is a linearly independent set.
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So, we may use Cramer’s rule to solve system 5.19. For all i, 1 <i < |,

(P(¢l)s¢l) (P(¢’1)!¢l)

(P(di-1)s 1} -+ (P(di-1), )

(P(®), 1) -+ (P(®).ér)
(P(@is1).01} - (Pldig1). 1)
(P(en)s 1) -+ (Plor), o)

c =

We showed above that {P(&;),..., P(¢:1)} is a linearly independent set. Thus. the de-
nominator above is non-zero. From the form of the solution, it is clear that ¢; depends

linearly on ¢. We abbreviate the above formula:

i
€ = Zfij {P(®).9;},

j=1

where {e;;} € C. Thus,

leil < less| - IP(@ - 118511

IA

les; | - Dl - llo;l

i
Jj=1
1
i=1
because P is an orthogonal projection. Thus,

I
les) <D leas | -l
Jj=1
because we chose {¢;} so that 1 = [|¢,]| = --- = [|¢4]-
This shows that the rule for calculating c¢; yields a bounded linear mapping from M to
C, which we denote by c;(*). Let ||¢;|| denote the bound of c;(*).

(¢) Here, we show that rr*(¢), from formula 5.17, depends continuously on ®. We re-arrange

formula 5.17:

i
(@) =0 - Y e(®) - 4.

i=]
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Thus,

i
e ()l < Neh+ D lei(®)] - lloill

i=1

i
< IPlE+ D leall - 111 - ligll
i=1
1
= (1+_llaild - Nl
i=1
since 1 = [|¢y]| = ... = ||¢il|. Denote by Z the correspondence between & and rr°(¢).

Then

i
N2 < (14> lell) - [1]1-

i=)

So Z is a bounded linear map Z : M — r7*(WZ™(I)).

(d) Now, we look at the linear functional on M which is induced by 7(g), and show that it is

bounded. Choose @ € M. Then

———— ’ —
|'/I‘I>-r(g)d1:[ = |_/I{Z(¢)+§Ci(q’)'¢i]'7(9)d1|
-T(g)d
< | f; Z(®) - 7(g) dz|
i
+ ;ch.-(@)  ¢: - T(@) dz|. (5.21)

Now,Z(®) € T7*(WEn(I)), so that the results of paragraph 1 show that

| j 2(8)-7(@)dz| < c- 2@ ol
I

A

c- 121 - |1l - llgll, (5.22)

where ¢ > 0.
Now, we look at the second addend on the right side of line 5.21. Let J be the convex
hull of U:=, support(¢;). J is contained in the interior of I, since support(¢;) is contained

in the interior of I, for 1 < i < I. Let ||7(g)|ls denote

{ jJ Ir(o)Pdz}'V2.
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Then

! L ; .
iz=;l-/l-ci(¢)'¢"r(9)dl‘| = ;I_/_,Ci(q’)‘¢i'7'(g)dl'l

l ——
= §|c.-(¢)|-i/1¢.--r(g)drl

!
< D le @)t Ngall - Hrtallls
i=1
{
= > lei(®)}- 7@l (since
i=1
1=léalf=---={l&l)
!
< D ileli- Nl (o)l
i=1

!
= @D lleidl - ol (5.23)

i=1

By referring back to lines 5.21, 5.22, and 5.23, we get

1
I/:¢ -r(g)dz| < 1@ - [e- IZII- llglt+ D lesll - I=(@)lL).
i=1

This shows that 7(g) induces a bounded linear functional on M. By continuity, we can
extend this to a bounded linear functional on the closure of A, which is Range (T7(77")).
By using the Riesz- Frechet theorem, we infer a unique ¢ € Range (Th(r7")) such that,

for all ® € M,

£¢-ﬁdx=/;¢-adz.

In particular, for all rr=(¢) € 77" (W§" (1)) € M,

frr'(¢) 7(g)dzr =frr'(¢)-'¢jd:c. (5.24)
) I

We compare the previous equation with the linear functional defined in paragraph 1. Para-

graph 1 showed that there is § € Range (To(r7*)) such that, for all 77*(¢) € 77 (MW" (I)).

jrr'(qs)-@dz:fn-w)-adr. (5.25)
1 1

We subtract line 5.24 from line 5.25, and see that, for all ¢ € W2n(1),
0= f (@) - q — gdz.
1

79




Thus, ¢ — § is a solution of the differential equation r7*(v) = 0 (lemma 7). Since
4,9 € Range (Ti(rr")) € L3(J),
we see that
g9 — G € kerT1{rr") N Range (T (rr*)) = kerT1(r7") & kerm.

(e) Let g satisfy the equation Th(7"r)}(v) = #iv. We show that g = 0 entaijls g = 0. Notice
that § is the projection of ¢ onto Range (Tp(r7*)); this is true since

g— g€ kerTi{rr*) S kerTo(r7").

If g =0, then § = 0. To have g # 0 and ¢ = 0 would entail g # 0 and § = 0, which

contradicts paragraph 1, above. Thus, ¢ = 0 entails ¢ = 0.

3. Let m denote dimker T1{77"). Recall, from paragraph 2, that

| = dim[ker Ty (77°) S ker Tp(77*)],

and that {ry,...,m} is a basis for ker Ty (77*) © ker To(77*). Then m — ! = dimker To(77°). If
m = [, then {ry,...,rm} = {r1,..., 7} is a basis for ker Ty (v7").
If m > I, we choose {ri41,...,rm} to be a basis for ker Tp(r7*); then {ry,..., 7} is a basis

for ker Ty (77").
W@ (I) is dense in L*(J). Range (W) is closed, according to corollary 67; moreover. its
orthocomplement in L2(I), ker T1(77*), has dimension m < oc. Thus, according to lemma 93.
there exists {¢1,...,6m} C Wg"(I) such that

e span{¢;,...,#m} N Range (W) = (0);

e span{éi,...,ém} + Range (To(r7*)) = L2(1);

o det{{¢;,r;}1 < 1,5 < m) #0; and

s l=|idall =" = ¢mll.
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(Note: the set {¢;,...,¢m} could contain the set {¢;,..., ¢} of paragraph 2, but this is not

necessary.)

Now we define a linear operator, I, on L?(I). For f € L?(I), we define

foohm)y 0 Afirm)
¢1 (1) - (61,7Tm)
¢m (¢’ms rl) o (¢m1 rm)
, (5.20)

D= @ i<ii<m
This operator is well-defined, since the denominator is not zero. Here are some of its properties:
(a) (I([f},r;) =0,for 1 < ¢ < m. Thus,
N(f) € (span {r1,...,rm})* = Range (To(77")).
(b) If f € Range (T(r?'_)), then (f,r;} =0, for 0 < i < m. From this, we see that II(f) = f.

Thus,
Range (I) 2 Range (To(717)).

(¢) Sub-paragraphs 3a and 3b entail Range (I1) = Range (Ty(rr")).

(d) We expand line 5.26:

(firmy - {form)

(r,r) o {$1.7m) B
(i-1,71) -+ (bi-1.7m)

(Biv1,m1) o (Dis1.7m)

(¢m| "1) v (¢"l’h rm)

n(f) = f+3 (~1)" i det({¢,r;),1 S i,j < m)

i=1
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(e)

(f)

(a)

(b)

We re-express this:

0() = £+ ¢ Gl

i=1
where C; : L?(1) — C is a linear functional, for 1 < i < m. Each C;(f) may be rewritten
m
Cilf) =3 e (fims).
i=1
where {e;;} € C. This shows that each Ci(») is a bounded linear functional: let }|C}]|

denote its bound, for 1 < i < m.

For any f € L*(]),

NN =f+Y Cdf) ¢

Thus,
Mo < 1A+ NG Nell
i=1
m
= @+ lc - I,

i=1
since 1 = ||¢y]] = -- - = |{¢m]|. This shows that II is a bounded operator. Let ||II|| denote
its bound.
If f e Wn(I), then

H(f) € span {fr¢lv"'v¢M} g W02"(I)

Now we show that ¢ € D(T1(rr*)} . In sub-paragraph 2d, above, we showed that g —
G € kerTi(rr"). Thus, to show that ¢ € D(T (rr*)), it is enough to show that § €

D(Ti(r7")) . We do this by finding a positive constant o such that, for all ¢ € WE"(J).
KTo(rr")(#), @) < a - [|¢]|.
Let ¢ € W3"(1). As in paragraph 3,

¢ =1(¢) - 3_Cil4) - i.

i=1
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We noted in sub-paragraph 3e, above, that if ¢ € W@"(I), then II{¢) € Wg"(I). Also,
T, Ci(@) - i € WE™(1). Thus,
(To(rr")(¢). @} < [{To(rr")(N(4)),d)|
+ [(To(rr*)[D_ Ci(4) - 4i). @)
i=1

First, we look at the second addend:

{To(rr=)[D_ Cil¢) - ¢:), 3]

=1

< Ci(é)| - [(To(r7")(e:), 9)

< ICill - l16]) - N To(r =) (@)l - |Ig]f

3
>

= [l Y G- ITalrrm)ell] - (14l

i=1

This shows that the second addend represents a bounded linear functional on 11 3"(1).

(¢} Now, we look at the first addend. In paragraph 3c, above, we noted that Range (II) =

Range (Ty(r7*)). Hence, there exists f € D{Ty(r7*)) such that
To(rm)(f) = I{9).

We want to show that To(r7°)(1I(¢)) € Range (To((77*)?)). Note that ¢ & a.((77")?)
(see proposition 73). Hence, Range (To{(77*)?)) is a subspace of L?(I). Thus. we will be
able to conclude that

To(r7")(11(¢)) € Range (To{(77")?))
as soon as we show that
To(rr)(11(¢)) L ker 1 ((r7")?).

This we do next.

Let k € ker Ty((77°)?). Since we assume that

ker Ty((r7°)%) € D(Ti(r7*)) ,then Ty(77*)(k) € L*(I).
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Also, Ty (rr°}(k) € D(Ti(r7")) , because
Ti(rr*) Ti(re°)(k) = (r7*)*(k) = 0,

and because Ty (77 )(k) € C°(I){ this last is true because we assume that the coefficients
of 7, and hence those of 77* and of (r7°)?, belong to C=(I)). We calculate:
(To(rr*)(TH{&)), k) = (I(¢), Ta(r7")(k))

(Tolr7*)(f), Ta(77° ) (k)

[

{(f\Thi(rm" Y (T ) k)

{£,0)=0.

(d) Thus, there is f € D(To((r7*)?)) such that

To((rr))(f) = To(rr= ) (11(#)).

We know that f € D(To(rr")) because lemma 23 entails To((r7)2) C Ta(rr*) To(r7").

We now show that To(rf')(f) = II{¢). We have

To(rm) To(rm)(f) = Ta((rr=Y)(f) = To(rr)(1()),

which shows that To(r7°)(f) — I(¢) € ker Ty (r7*).

On the other hand, both To(TT‘)(f) and I{¢) belong to
Range (To(r7*)) = ker T3 (71" ),

which entails To(77°)(f) — I(¢) € ker Ty (rr*)*.
Taken together,these conditions entail To(77*)(f) — II(¢) = 0.
To summarize, there exists {1, } C W§"(I) such that

. tn— f,

o 77%(¥n) — To(r7")() = I(¢), and

o (77°)2(¥n) = To((rr PY(S) = To(rr*)(1())-
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(e) Now we can show that (Tp(rr")(II(*)),§)} represents a bounded linear functional on
wen(I).

For all ¢ € Wgn(1),

[(To(rr"){11(4)}, 3}

nl'l.ngo [{(r7*)2(¥), )| (see last sub-paragraph)

it

lim I'/(rr')g(wn) -gdz]

Ti—o0 I

= lim |j(1‘1")2(u5,1) -7(g) dz| (see paragraph 1)

= lin;O I/rr'(u’tn) - +ir(g) dz| (imegration by paris)
n— I

= lirgoljrf'(t,bn) - g dz| (see paragraph 1)
n— I

= Ij M(¢) - § dz| (see last sub-paragraph)
1

IA

ITI{ I - 111!

< i lef - lall-
(f) We put together sub-paragraphs 4b and 4e to conclude that, for all ¢ € W2n(]),

KTo(rr*)8), @) < {114ll - D ICill - (Tolrr= Y@l + il - 1)1 } - Y-

i=1

Thus, § € P(T1(r7")) . Further,

(To(r7°)}{(¢), 9)

(To(rm"X¢), §) + (To(r7°)(¢), ¢ — §)

(To(r7")(¢), ),

because ¢ — § € ker Ty (+*) = Range (To(r7*))". Thus,
KTo(r* }#) , g}l = {Te(rr*)(4) . ),

and we see that g € D(Ty(77*)) .

5. Here, we show that r(g) = ¢.

In paragraph 2, we found ¢ € Range (71(77*)) which has the property that, for all ¢ € W§"(I),
[rr®)-T@de = [ rre(e) -7
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Thus, for all ¢ € W2"(1),

/’ r7*(¢) - 7(9) — gdz = 0.
From this, and from lemma 7, we conclude that 7(g) — ¢ satisfies the differential equation
71°(v) = 0, which entails that 7(g)—q € C*([]). Since 7(g) satisfies the equation r7*(v) = %iv,
then 7(g) € C*(7). Thus,

S—

g=r7(g)—(r(g) —q) € C=().
Thus,

Tri{r(g)) — 77 (7(9) — ¢)

Tr"(g)

= 177(r(9))

+ir(g).
We conclude that 7(g) € L?(]), because ¢ € D(T1(71*)) (see paragraph 4).

Because r(g) € L%(I), because 7(g) € C*(]), and because 77°(7(g)) = %ir(g), we see that

(g) € D(Th(r7*)) , and that r(g) € Range (T1(r7")).
In paragraph 2, we chose ¢ € Range (T1(r7")) so that, for all & € M N Range (T1(77")).
j@-‘r(g)dr = j@-ﬁdm.
1 I
Since M N Range (T1(77")) is dense in Range (Ti(77")), we conclude that 7(g) = ¢q. Q.E.D.

Remark 98 Under the hypotheses of the preceding proposition, we argue thus: according to

lemma 31,

To(r'r) = (Ti(r=7))

(Ta(r*) TH(7))”

To(7*) To(T).

]

Corollary 99 Let t be a formal differential operator which is defined on an interval I C R. Suppose |
that 0 ¢ o.(77*) ( equivalently, 0¢ o.(r*7) ), and that ind ({T1(77°)}3) = ind (Ti((r7")*)).

Then T\ (v* ) = Th(r*)Ti (7).
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Proof: The two suppositions about essential spectra are equivalent by proposition 73.
We show that ker T3 ((r1*)2) € P{Ti(77*)) ; this lets us rely on the conclusion of the previous

proposition to reach the desired result.

Lemma 23 entails Ty((r7*)?) C {To(rr*)}?. Taking adjoints, and using theorem 8 and proposi-
tion 31, yields Th((r7")?) 2 {Ti(77*)}?. According to lemma 88, this last relation, together with
the supposition about indices, entails T1((77°)?) = {Ti(r7")}®. Now, clearly, ker Ty{(77")*) C

D(Ti(rr")) . Q.E.D.

Example 100 The book [10, p. 70-73] presents an example of T.T. Read, of which the following is
part.
Let n be a positive inleger. For j € {1,...,n}, let i; be a non-negative tnteger. Now consider the

formal operator

M; =dfdz+i; +1/(j+2),
defined on [0, 0c). Consider, too, the formal operator
T(f) = My - Mi(e/%)),

defined on [0,00)), and consider the formally self-adjoint operalor 77°, defined on [0, o0). Then the

following are true:
1. T,(T7") is a posilive operator, and thus has deficiency indices (dy.dy);
2.0¢ o.(rt");
3. To((r7")?) is a positive operator, and thus has deficiency indices {d».d2);
4.0¢ o l(rr™)?)
5. dy 2 dy;
6. di equals the number of ¢; satisfying 0 =1i;; and
7. da — dy equals the number of i, satisfying 0 = i;, or 1 = i;.
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Now, we choose any positive integer {. Then we choose another positive integer n > I. Then we
choose {i1,...,in} such that card {i; : i; = 0} = {, and card {i; : i = 1} = 0. Then, for the
operators T7° and (77°)? of the above paragraph, d) = I, and d3 — d; = I, whence d2 = 2 - I. Since

0¢ o.(rr*),and 0¢ o.((r7*)2), we have, by corollary 76,
| =dy= ind (To(rr")), and
2.1 =dy= ind (To((rm*)).
Further, ind (To(77*) ?) = 2-ind (To(rr*)) = 2. 1. This yields
ind (To(rr7)?) = 21 = ind (To((r7*}?)).
From this, corollary 99 lets us conclude that
Ti(r7) = T(r" ) (7).

Example 101 Let ¢ = —(d*/dz?) + q(z) be a formal diflerential operator defined on the interval
[-é,0c), where é > 0. If g is real-valued, then ¢ is formally self-adjoint. This is the only case we
consider,

We seek to express ¢ in the form
¢ = —(d*/dz?) + ¢(z} = (d/dz + f(z) )(~d/dz + f(z)) = 77"
on the interval I = [0, c0), where f € C*°(I). An elementary calculation shows that this is possible
if, and only if, f satisfies the Riccati equation

v(z)? +v'(z) = g(z), (5.27)

for z € [0, 00). The elementary theory of Riccati equations ( [7, p. 273-277], for example) shows
that f will satisfy equation 5.27 if, and only if, f has the form s'/s, where s is a solution of the

differential equation

-v' +qv=0, (5.28)
such that s(x) # 0, for z € [0, c0).
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Since ¢ € C*([0, 00), every solution of equation 5.28 belongs to C*°([0, cc0)) ( [4, X111.1.4]}.

In order to find solutions of equation 5.28 which have no zeros in [0, c0), we consider solutions to
equation 5.28 on the interval [-§,00), and further restrict attention to ¢ € C*([~§,0c}) such that
g > 0. Then any solution of equation 5.28 has at most one zero in [—6, o) ( [1, problem 8, p. 262)).
Choose z¢ € [-6,0), and r € R,r # 0. Then, according to what we have just said, the solution s to

the initial value problem

" +qv=0;

v(zp) = 0; v{zg)=m
has no zero in [0, oc). For such an s, we have

¢ = ~(d*/dz?) + g(z)

= (d/dz + 5'(z)/s(z) ) (—d/dz + &'(z)/s(z)) = 77, (5.29)

for x € [0, 00).
In order to offer an application of proposition 97, we impose one last restriction on ¢ : that
0 ¢ o.(¢). This will be true, for example, if g(z) > € > 0, for z € [0, oc), which implies that the

Tu(¢), and hence To((), is bounded below by ¢. To see this, notice that
To(¢) = To(—d*/dz?) + To(g(x))

( where Tp( g(z) denotes the operation of multiplying by ¢(z) on the domain W§([0, oc) ), and that
To(—d?/dz?) is bounded below by zero, and that Ty( ¢(z) ) is bounded below by .

Now, here is a specialization of a theorem of Read { [11, p. 357-360]):

Let { = —(d*/dz?) + g(z) be a formal differential operator, which is defined on [0,00).and which
1s such thet g is real-valued and bounded below.

Then neither Ty(C), nor Ty(¢?), has a boundary value al co.

We know that T1(¢) has two boundary values at 0, and 7;(¢?) has four boundary values at 0
(corollary 46). Thus, by the theorem of Read, { has two boundary values, and (2 has four. From

definition 40, we see that
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1. 2=dim( D(T1(¢)) © DP(To(()) ). and
2. 4=dim( D(Ty(¢?)) © P(To((?)) ),

where othogonality refers to the operator inner product.

From another point of view, remark 18 shows that

1. dim{ D(TW({)) & P(Th(()) ) = [Ti(¢) : Ta(() ), and

2. dim( P(T1(¢?) & P(To(¢D) ) = [Tu(¢?) : To(CT)].
Thus,

1. [TA(¢) : To(¢)] = 2, and

2. [Ti(¢?) : To((?)] =4

Recall that 0 ¢ o.(¢). Thus, 0 ¢ ¢.(¢?) (proposition 73). Recall inder from definition 70. Re-

membering that ¢ and ¢? are formally self-adjoint, and using corollary 76, we see that
1. ind (T1{¢)) = -1, and
2. ind (T1(¢?)) = -2.
From this, and from theorem 71, we have
ind (T1(¢)*) = ind (T2(¢?)).
Using equation 5.29, we re-state this:
ind (Ty(r7*)?) = ind (T((r7*)?)).

Now, using corollary 99, we have

Ti(r*7t) =T (= )Ti(7).
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