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Abstract

Commutation And Deficiency Indices: Comparing t*t And tt*, Where 

t Is An Ordinary Differential Operator With Smooth Coefficients 

by 

Frank D. Isaacs 

Advisor: Professor Stanley Kaplan

Let r  be a formal differential operator, of order n, with C°° coefficients, which is defined on 

an interval /  C R . For any interval J  C 7, let To(r, J )  denote the closed minimal operator for r  

operating in L 2(J). Let 7 i( r ,  J)  denote the maximal operator. If S  is any symmetric operator acting 

in a Hilbert space, let V±(S*)  denote the deficiency spaces of S*, the adjoint of S. If S  and T  

are two operators acting in a Hilbert space, and if T  D S, let [T : 5] denote the dimension of the 

extension.

We develop information about dim 7)) from information about Tq(t *t , I) ,  Tq(t , I),

and T o(r* ,/). Let A  = { f  £  D + (T i(r*r, / ) )  : r ( / )  €  L2(I)}.

First, dim l?±(7i(r7-* ,/ ) )  >  dim A.

Second, T0{t*, I ) T o{t , I)  is a closed, symmetric, positive operator with adjoint T i(r* , / )T i(r ,  J), 

and

dim A =  (1/2) • p i ( r* ,  7)T i(r, / )  : T0(r*, 7)T0( r ,/ ) ]

=  m ( r * , / ) : T 0(r* ,/)] .
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Third, let 7 ', 7" C 7 be two intervals with positive length such th a t I '  U 7" =  7, and 7' ft 7" is a 

point, c. Then 7 b (r* ,7 )Tb(r, 7) adm its a Kodaira-type formula:

4n  +  £7i(r*, 7 )7 i(r , 7) : T0(r* , 7 )T0(r, 7)] =  [T ^r* . I ' ^ t, I ')  : T0(r*, 7 ')T 0(r, 7')]

+  [7 i( r* ,7 " )7 i( r ,7") : T0(r* ,7 " )T 0(r* ,7 ')],

and To(r*, J)T o (r, J ) ,  J  =  I ' , I " ,  has 4n boundary values at c.

Fourth, if <re(*) denotes “essential spectrum,” then 0 g entails 0 £ ^ ( r )  ( whence

0 g a e(r* r)  iff 0 £ tre(r) iff 0 ^  <7e(r *) ).

Fifth, we extend to  arbitrary intervals a formula of Kauffman, Read, and Zettl:

dimj4 =  P i ( t ,  7) : T0(r, 7)] >  dimker 7 i ( t ’ , 7) -  dim ker To(t , 7)

+  dim ker 7 j( r , 7) — dim kerTo(r*, 7),

with 0 £  o-e(r) entailing equality. In particular, when t is formally self-adjoint,

dim .4 =  [T i(t,7 ) : 7b(r,7)] >  2 • (dimker T i (t, 7) -  dim ker 7b(r, 7 )).

Further,

dim A  =  [Ti (r, 7) : Tb(r, 7)] >  dim ker Ti (r* , I ')  +  dim ker Ti (r, 7')

+  d im k e r li( r* ,7 " )  +  d im kerT i(r, I" )  — 2n,

with 0 £  <re(r) entailing equality.

Sixth, we extend a formula of Dunford and Schwartz: if 7' and I "  are as above, then

n +  dim ker 7 j (r* , 7) — dim ker Tq(t , 7) >  dim ker Ti ( r* , I ')  +  dim ker Ti (r* , 7"),

with 0 $ <7c(t ) entailing equality.

Seventh, if dim ker T i(r* , 7) =  n, then d im 4  =  dim V ± (T i (t *t , I) )  , and 

T1(r* r,7 ) =  T i(r* ,7 )T 1(r,7 ).

Eighth, if rr* {k er7 i((T r* )2, 7)} C L7(I),  then dim .d =  dim  7>±(T i(r*r,7)) , and T i( r* r ,7) =  

T i(r* ,7 )T i(r ,7 ).
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In trod u ction

What

Let 7 denote an interval of the real line. Let r  denote a formal differential operator which is defined

on 7, and which has the form

t  =  a „ { t ) { d / d t ) n  +  a n ~ i ( t ) ( d / d t ) n ~ l + ------ H a \ { t ) ( d / d t )  +  a 0( t ) .

We require th a t a„(f) /  0, for t  G I, and th a t ao (),. . . ,  an() have continuous derivatives of all orders.

Let r* denote the formal adjoint of t .

We consider r, r*, t * t , and rr*  acting on various domains contained in the Hilbert space X2(7). 

For any formal differential operator Ci let 7o(C ,/) denote the minimal operator (to be defined 

later) for £ acting in L 2{I). Let 7o(C, 7) denote the closure ( to be defined later) of 7o(C, 7), and let 

7 j (£ , / )  denote the maximal operator ( to be defined later).

First, we develop connections between the deficiency indices of To(r*T, / )  and those of To(rr*, I). 

These connections are related to  the deficiency indices of the composition operator 7o(r*, 7) 7o(r, I), 

which we show is a closed positive operator whose domain is dense in L 2(I),  and whose adjoint is

Second, let I '  and 7" be two sub-intervals of 7, each with non-empty interior, such tha t 7 'u7" =  7, 

and such that I *0  7" is a single point. We relate the deficiency indices of T o(t* ,7 )T o (t,7) acting in 

L 2(I) ,  to  the deficiency indices of Tq(t * ,P )T q(t , I 1) acting in £ 2(7'), and to  the deficiency indices 

of T0(r* ,7 ")T b (r,7 ") acting in L 2(I").
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Third, we assume th a t 0 does not lie in the essential spectrum (to be defined later) of r, and 

examine the consequences of this for the foregoing material.

Last, we state and prove two conditions, each of which is sufficient to ensure tha t if g lies in 

the domain of X ](t* t, 7), and if it satisfies the differential equation t* t{v) =  ± i r ,  then r(g) (which 

satisfies the differential equation r r '( v )  =  lies in the domain of T \(t t ‘ , I).

Why

All of our motivation, though none of our results, lie in the method of “commutation,” which Deift [3j 

uses to  re-prove some results of Crum [2]. For background, we sketch these.

Crum considers, in part, a regular Sturm-Liouville system

{ - y »  +  (q(t) -  A)y =  0 0 < t < 1

y/(0) =  h °  ■ y(0) yt(l) =  /i1 -y(l)

(where q G C “ ([0 ,1]) and h ° .f t1 G R ), which has eigenvalues Ao < Aj < Ao < . . . ,  and 

corresponding eigenfunctions /o, -

From this system, he explicitly obtains a series of associated Sturm-Liouville systems

( - y i i  + (q„(t) -  X)y = 0 0 < t < l

lim ,_ 0 y(0  = 0 lim t_ i y(t) — 0, 

where n =  1 ,2 ,3 ,  The potential gift) G C °°([0 ,1]); for n >  1,

{n(n — as t —* 0,

n(n -  1)(1 -  f ) -2 , as t —* 1.

Crum also obtains formulas, rational in { / o , / i , / 2 , - --}, for the eigenfunctions of the associated 

systems, and proves tha t the nth system has eigenvalues {An , An+i , An+2, . . .} .

Deift re-proves the results of Crum, and reties on one aspect of “commutation:” th a t if T  is a 

closed, densely defined, operator in a Hilbert space, and if T* is its adjoint, then T * T  and T T '  are 

densely defined, non-negative, self-adjoint operators (see [12, p. 312], or [4, p. 1245]), and that if
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a ( . . . )  denotes “spectrum of . . . then

<r{T'T) \  {0} =  <t( T T ' )  \  {0}

(see [3, p. 270,273]).

T hat Deift uses commutation as the “pivot” (his word) in his re-proof of C rum ’s results, prompts 

us to consider the relation between deficiency indices, and commuting, for the formal differential 

operators r* r  and rr* .
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C h a p ter  1

P relim in a ries

D e fin itio n  1 1. Let -i- denote direct sum.

2. Let © denote orthogonal sum.

3. Let R  denote the real line.

4. Let C  denote the complex plane.

5. Very often, we will use 1 to  denote the identity operator on a vector space.

6. Let I  denote an interval of the real line, R . 1 has end points a,b where —oo <  a <  6 < oe. If 

a satisfies —oo <  a <  oo, and a €  I ,  we say tha t a is a fixed end point of I. Otherwise, a is a 

free end point of 1,

7. Let C n(T) denote the set of complex-valued functions which are n  times continuously dif­

ferentiable on 7, for n — 1 ,2 , . . -,oo. If I  has a fixed end point a, then /  €  C n(I) means 

tha t

lim m * )  - m n =  lln] / u + 1 ) ( a
I a — t «€/,<—a

for all j  < n, if n is finite, and for all j ,  if n is infinite. If n =  0, we om it n, and write C(7),
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8. Let Co (I)  denote th a t subset of C°°(I)  whose functions vanish in a  neighborhood of each end 

point of I.

9. If n is a positive integer, let W q (I)  be the set of functions /  which satisfy

.  / e L a(7)nc$B- l)(/).

•  js absolutely continuous, and

•  /<"> €  L 2(I).

10. If n is a positive integer, let W n{I) be the set of functions /  which satisfy

• f e  i*(7)ncB- l(/),

• is absolutely continuous, and

• /<n> e L 2(J).

11. If n  is a positive integer, let t denote a formal differential operator of the form

a„(t)(d/dt)n +  an- x(i)(d /d t)n~ l +  ■ • ■ +  a ^ d / d t )  +  a0(0 .

where a„(t) ^  Ofor t €  / ,  and {ao(*),.. • , a n(*)} Q C°°(I).  We say th a t r  is a formal differential 

operator (o f order n).

12. Let r  be a formal differential operator of order n defined on I  C R . If n is a positive integer, 

let W ? (I)  be the set of functions /  which satisfy

• / e i 2(/)nC"-‘(/),

•  f ( n~ l) js absolutely continuous, and 

.  r ( / )  6  L 2 ( I ) .

13. For f , g  6 L 2(I),  let {/, s) denote f ( t )  • j(<) di. Sometimes, when we want to emphasize the 

interval, we write

*
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14. Let r  be a formal differential operator of order n which is defined on an interval /  C R . Let 

7o(r) denote the operation r  with domain Wo*(/). We call 7o(r) the m inim al operator for r  

on 1. Sometimes we write 7o(r, / )  to  emphasize the interval.

15. Let r  and /  be as above. Let 7 j ( r )  denote the operation r  with domain W "{/). We call T j{r) 

the maximal operator for r  on I.  Sometimes we write T \( r , I )  to emphasize the interval.

D e fin itio n  2 Let T ,  with domain V (T ) ,  be an operator in a  Hilbert space. T  is closed if {/„} C 

V {T ),  f n -  / ,  and T{Jn ) -  9 entail /  6 V (T )  and T ( f )  = g.

T h e o re m  3 From [12, p. 305]. Let T , with domain V (T ) ,  be an operator in a Hilbert space. Then 

V ( T ‘ ) is dense if, and only if, T  has a closed extension. (T*)’ is the smallest closed extension of

T.

R e m a rk  4  Let W be a Hilbert space, with inner product {f ,g ) .  Let T, with domain V (T )  , be an 

operator in Ti. For /,<? €  V {T )  , define

[ f , g ) ={ f , g )  +  ( nf ) , T( g) ) .

Then T  is a  closed operator if, and only if, V ( T )  , with inner product [f,g], is a Hilbert space 

(see [4, p. 1186]). We sometimes call [/, g\ the operator inner product fo r  T, and call

[[/]] =

the operator norm for T. Sometimes we write [ / ,  g]t  and [ [ / ] ] t  to emphasize the operator.

D e fin itio n  5 If T  is an operator in a Hilbert space, and if T  has closed extensions, let T  denote 

the smallest closed extension of T .  This is the closure of T.

P ro p o s i t io n  6 From [4, first paragraph of proof of XIII.6.2]. Let Ti be a Hilbert space, let S  be a 

subspace o f  H, and let F  be a finite dimensional subspace ofTi. Then S  +  F  is closed.

L em m a 7 From [4, XII1.2.9], Lei r  be a formal differential operator, o f  order n, which is defined 

on an interval J C R . Let f  be a function whose square is iniegrable over every compact interval of

6



1. Suppose thai

j t m  ■T‘ w ( t ) d t  = o

for  all<f> €  Then (perhaps after modification on a set of measure 0) f  €  C ^ i l )  and r ( f )  =  0.

T h e o re m  8 From [4, XIII.2.10]. Let t  be a format differential operator which is defined on an 

interval I  C R . Let r* denote the formal adjoint of t .  Then

Tq(t )‘ = T ,( t* ) .

C o ro lla ry  9 Lei I  C R  be an interval. Let r  be a formal differential operator defined on I. Then

7 i ( ? j  =  r ,(r* )\

Proof: 7o(r)* =  T i(r* ), by theorem 8. 7i(r*)* is well defined, since Z>(7i(r*)) is dense in L2(/). 

Thus Tifr*)* =  Tbfr), by theorem 3. Q.E.D.

C o ro lla ry  10 Let r  be a formal differential operator which is defined on an interval J  C R . Let 

Too(r) denote the operation r  with domain Then T qo( t )* = T i( r ' ) ,  and Too(r) =  7o(r).

Proof: Let n denote the order of r. In order to prove th a t 7oo(r) =  7o(r), it is enough to prove that 

Cq' I J )  is dense, in the operator norm, in 2>(7o(r)) . In order to  show this, it is enough to show that

the elements of Wq (J)  can be approximated arbitrarily closely, in the operator norm, by elements

of Cg°(J).

Choose f  € Wo*(J).  The support of /  is a compact set which lies in the interior of J. We seek 

{/m} C Cq° (J )  such that

fm  -  / ,  (1.1)

and r ( / m) — r ( / ) .  (1.2)

Select a compact interval I  = [a, 6] such th a t the support of f  lies in the interior of I ,  and such that 

I  lies in the interior of J. Evidently, r  is defined on 1. Since I  is compact, it is enough th a t { /m) 

satisfy / ^ ) -► /<*'>, for i =  0 ,1 , . . . ,  n.

7



Select <j> 6  C “ ([—1,1]) to  be a positive function such th a t 4>(x)dx = 1. We define ^ m(x) =  

m • <f>(mx). The support of <j>m lies in the interior of [—1/m , 1/m]. We define

According to [8, p. 3, theorem 1.2.1],

•  ( /  * 4>rn )(,)(x) =  f  * for i =  0 ,1 , . . . ;

•  for large enough m, /  * <f>m € Cq '(I); and

•  f  * 4>m —* f  in the L 2( l )  norm.

Let M  be large enough th a t /  * <)>M €  Cq°(I) .  We define f m(x) = f  * for m  = 1 ,2 , . . . .

For i =  0 ,1 , . .  . ,n ,  we use integration by parts [12, p .54], and the fact that 0 =  / ^ ( a )  =  / ^ ( 6 ) ,  to 

see tha t

then g * 4>m g. But this is the last result of [8, p.3, theorem 1.2,1] which we cited.

Now, we show th a t Too(x)* =  7 i(r* ) . Let g €  Z>(7oo(r)*) . Then there is a positive constant c 

such that, for all (j> G Co°(i7),

Let f  G Wqi(J ) . Since we have ju st shown th a t Too( t ) =  7o(r), we can find { /m} C C “ (J )  such 

th a t relations 1.1 and 1.2 are true. Thus,

=  lim |( r{ /m),ff)|

<  c-lim U/m ll

/  R

/  f ( x  -  s)-4>m (s)ds

f £ ( x )  =

=  * 4>m+M-

Thus, in order to  show th a t for * =  0 ,1 , . . .  ,n ,  it is enough to see th a t if g €  W fi(7),

8



Thus, g G T>(T0(r)*) =  T>(Ti(r*)) . Q.E.D.

D e fin itio n  11 Let S  be a  densely defined operator in a Hilbert space, such th a t S  C S ’ . We call 

S  symmetric.

L e m m a  12 From [4, X II.4.6(a)]. l e t  S  be a symmetric operator in a Hilbert space. Then S  is

symmetric.

D e fin itio n  13 Let S  be a symmetric operator in a Hilbert space. We define

V ± = { f € V ( S ’ ) : S ’ ( f )  = ± i f } .

Sometimes we write V ± (S ’ ), to emphasize the operator. Dim 27+, and dim27_, are respectively the 

positive, and negative, deficiency indices of S.

L em m a  14 From [4, XII.4,10]. Let S  be a symmetric operator in a Hilbert space.

1. T>{S), T>+, and 27 _ are subspaces of the Hilbert space which consists o f V ( S ’ ) with the inner 

product

[/,* ] =  ( / .* )  +  < s* (/).s* (* )) .

S. V ( S ’ ) — VI S )  © 27+ ©27_, where orthogonality is with respect to the inner product [f,g].  

R e m a rk  15 From [12, p. 328]. S  has self-adjoint extensions if, and only if,

dim 7? + =  dim 77 _ .

R e m a rk  16 If r  is a formally self-adjoint formal differential operator defined on an interval I C R ,  

then 7o(r) is a symmetric operator. To see this, use integration by parts. Then

— { /  €  27(7] ( r))  : r ( / )  =  ± i /} .

Thus, both 27+ and 27_ are finite dimensional. According to  lemma 14,
«

27(T!(t)) =  27(7^7)) © 27+ 0  2?_.

9



Thus,

dim V(Ti(T))  /  2>(7Mt)) =  d im P +  +  d im l? _ .

We say tha t T j(r)  is an extension of 7b(r) of dimension equal to  dim U + +  dim 2)_, which is finite.

D e fin itio n  17 Let T,  with domain T>(T), and S, with domain 'P(S), be two operators in a Hilbert 

space, such that T  3  S. We shall use [T : to denote dim V ( T )  /  T>(S) .

R e m a rk  18 Let r ,  V+,  and Z>_ be as in remark 16. Then

[T i(r) : 7b(r)] =  diml>+ +  d im P -  < oo.

10



C h a p ter  2

F orm ulas R e la ted  to  C om m u tin g

R e m a rk  19 Let I  C R  be an interval. Let r  be a formal differential operator of order n, which is 

defined 011 I. Then t ' t  and rr*  are both formally symmetric format differential operators of order 

2n, which are defined on J.

Both 7o(r*T-) and are non-negative operators. To see this, choose <f> E Won (/). Then

> 0.

Because each operator is bounded below, each has a self-adjoint extension: its Friedrichs extension 

[12, p .330]. Thus,

dim P + {T i(r* r)) =  dim P _(T j(r*T )) , and 

dim 2>+(Ti (tt*)) =  dim *)) .

In this chapter, we use information about T i(r* r)  to  develop information about dim V + (T \{ rr ') )  

dim 2 ?_ (7 i(rr* )) .

L em m a  20 Let r  be a formal differential operator which is defined on an interval I  C R . Then

11



1. dim  Z*+ (7 i( r r* ))  >  d im { /G  2>+(T,{r*T)) : r ( / )  £  L2(J)}, and

2. dim T>-(T\(t t *)) >  dim { / £  2>_(7i(i-*t-)) : r ( / )  £  L! (/)} .

Proof: We prove the first formula; the second is proved similarly.

We know that /  €  2> +(7i(r*r)) if, and only if, /  £  V ( T \ { t *t ))  and /  satisfies the differential 

equation t* t (v )  — iv =  0. Now, /  satisfying t* t (v )  — i f  =  0 entails /  £  C°°{1) [4, XIII.1.4], Thus,

/  €  Z ?+(T i(r'r)) if, and only if, f  satisfies t ' t ( v ) — iv  =  0 and /  £ L2(/)-

Similarly, g €  2?+(T i(rr*)) if, and only if, g satisfies rr* (v ) — iv — 0, and g £ L 2[I).

Suppose /  G Z >+(7i(t* t)) . Then /  satisfies r* r(v ) — iv = 0. Thus, /  G C™ (/). Thus, by 

definition of r  (see definition 1), r ( / )  £  this shows th a t is well-defined. We have

r r * ( r ( / ) ) - t r ( / )  =  r ( r ‘ r ( / ) )  -  i r ( / )

=  t (»7) -  »>(/)

=  0.

Thus, r ( / )  satisfies r r '( u )  — iv =  0.

We summarize: if /  G D + (7 i( r* r ) )  , then t ( / )  G P + ( 7 \ ( r r ') )  if, and only if, r ( / )  G L 2(I).  

Thus,

dim V + i T ^ r r ' ) )  >  d im { r(/)  : /  £  V +{ T ^ t ' t )) and r ( f )  G

But /  G IJ+ fT if r’ r ) )  and /  ^  0 entail r ( / )  ^  0; this is because r { /)  =  0 and r * r ( / )  =  i f  

entail 0 =  i f ,  whence 0 =  / .

Thus, dim V +(T i (t t *)) > d im { / G 2>+(Ti{r*r)) : r ( f )  G L2(/)} . Q.E.D.

D e fin itio n  21 Let 5 , with domain 7>(S) , and T ,  with domain V ( T )  , be two operators in a 

Hilbert space. We define

V ( T S )  = { / £  X>(5) : S ( / )  G D (T ) }.

If /  G V ( T S )  , we define T S ( f )  = T( S( f ) ) .

12



R e m a rk  22 Let r  be a  formal differential operator which is defined on an interval I  C R . Suppose 

th a t /  E V ± ( T i , and th a t r ( / )  E L 2(I).  Then /  E (see comments in the proof of

lem m a20 ), and r ( / )  E La(J). Thus, /  E X>(Ti(r)) . Further, t ( / )  £  because the coefficients

of t belong to C °° ( l ) ( see definition 1 ); and

r * ( r ( / ) )  =  ± i / £ L 2(/) .

Thus, r ( f )  E Z>(7i(r*)) .

Thus, /  E 2> (T i(r*)7i(r)) , and /  satisfies 7 j(r* )T i(r)( ti)  =  ±»v.

Thus,

{ /  €  2> ± (r,(r* r)) : r ( f )  E i 2(/)}  C 2?± (T i(r*)T i(r)) .

We use the next several lemmas to show tha t

d im { /E  2?*(T ,(r* r)) : r ( f )  E L2(/)}

equals the positive, or the negative, deficiency index of 7o(r*) 7o(r).

L em m a 23 Let I  C R  be an interval. Let r  be a formal differential operator which is defined on I.  

Then

1. r 0( r* r )C T o (r* )T 0(7-),

S. [7o(r*) To(t-) : T o (T 'r)] < oo, and

3. 7 o (r* )7 o (r) is closed, symmetric, and non-negative.

Proof:

1. We show th a t V (T 0( t ’ t ) )  C V ( T b (r)) , Let /  E P (7 o (r* r))  . Then there is {4m}  C Cg°(7) 

such th a t 4>m —* f  and To{r*T){4m) —* 7 o (r* r)( /)  : see corollary 10. We will show that 

/  E D (7o(r)) . Given e > 0, there exists a natural number M  such th a t l ,m  > M  entails 

II 4m -  <t>i ||<  £ and || Jo (r* r )(^ m) -  T0(r* r)(^ ,)  ||<  e. Thus,

|{To(r*r)(^m -  4i),4m  -  4i)I <11 T0( r - r ) ( ^ m -  41) II • II {4m -  4i) ||<  f 2-
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We restate this:

I J  r*r(<l>m -  fa ) ■ (4>m -  4>{) dt\ < e7

4>i)\7 dt <  c3 (integration by parts)

| |T 0( r ) (* m - * , ) | | a <  £7.

T hus,{7o(r)(^m)} is a cauchy sequence in £ 2( /) .  Let F  =■ lim T o(r)(^m). Then /  G D{Tb(r)) , 

and 7 b M ( / )  =  F.

2. We show that 7M 7)(/) €  V (T 0{t ' ) )  .

{7o (r)(^m)} C C o°(/), because Q Co°U)> and because all the coefficients of r  belong to  

From paragraph 1, we know th a t 7o(7-)(0r„) —► T o (r)(/).

Also, since 7o(r*r)(<£m) —► 7 b (r* r)( /) ,  we see tha t

To(T*)7b(r)(*m) =  T0( r V ) ( ^ m) -  7 o (r* r)(/) .

Thus, 7 h (7 )(/) G 2>(3h(^)) , and T0(r« )T 0( r ) ( / )  =  T0(r* r ) ( /) .

3. We summarize the preceding: 7o (r* r) C 7o(r*) 7o(r).

4. To show th a t Tofr*) To(r) is a closed operator.

From theorem 8, 7 o(t ) * =  T i(r*). Thus T)(r*) 7o(r) is self-adjoint [12, p. 312],

From paragraph 3,

T0(r* r)C :ro (T * )T o (r). (2.1)

From definition 21, and the fact tha t I>(To(t*)) C D (7 i (t*)) , we know th a t

ro ( r* )T 0( r ) C T i( r * ) J U 7 j .  (2.2)

From lines 2.1 and 2.2, T o ( r 'r )  C T i(r*)To(T). Taking adjoints yields

7M r*r)*  D (7 i( r* )7 h F )) - .  - (2-3)

14



But 7 i ( r ’ )7 o (r)  is self-adjoint, and theorem 8 says th a t 7 o(7-*t )* =  7 i( r* r ) .  This, and line 

2.3, show tha t

7 |(t* )5 S (?T  C 7 i ( r*r ) .  (2.4)

Lines 2.1, 2.2,and 2.4 yield

C T o (t-)T 0(7;) C T i ( t ' t ) .

This shows th a t T o (r ')  To(r) is a finite dimensional extension of 7o(r* r).

Equivalently, X>(7b(r*) 7o(r)) is a finite dimensional extension of V ( T q{t ' t )) , which is a 

closed subspace of the Hilbert space consisting of the set 7?(7 i(r* r)) , with the inner product

=  i f ,  9)  +  W ( T * r ) ( / ) , r 1 ( T * r ) ( P) ) .

From proposition 6, we conclude th a t D(T0(r* ) To(r)) is a closed subspace of 2>(7i (t ' t )) . 

From this, and from remark 4, we conclude th a t To(r*)T o(r) is a  closed operator.

5. We show tha t To(rm) To(r) is symmetric. Let / ,  g €  Z>(7o(t*) 7b(r)) . In particular,

g e  V(7U t )) C V( Tx(r))  =  P ( I b ( F j - ) .

Thus,

(7 o ( r* ) ro ( r ) ( / ) ,fl) =  ( 7 h M ( / ) ,T b ( ^ ) 1*(<,))

=  ( W ( / ) .7 i ( r ) ( « , ) )

=  (TR7J(/).5M 7)(ff)).

Also,

W ) ( 5 ) e  V m r ) )  C V ( T x( t ' ) )  =  25(7M O * ) .

Thus,

(7MT)(/),7bOO(ff)} =  { f , T b F ) ' T 0(r)(g))

=  ( f , T0(r - )T0(r)(g)).

15



6. We show th a t 2 o (r* )7 o (r) is non-negative.

For g e  2> (7b(r*)r0(T)) ,

{T0(r-)To(r)(g ) ,g )  =  (T0(r ) ( ff), To ( r - )  *(<,))

=  (T0(T)(g),T0(r)(g))

> 0.

Q.E.D,

R e m a rk  24 In this remark, orthogonal will be with respect to  an operator inner product of the 

form

[ f , 9 ] = ( f , 9 )  + (T( f ) , T(g) ) ,

for some operator T.

As before, r  is a  formal differential operator defined on an interval I  C R .

By the general theory of Hilbert spaces,

[7i(t-) : 7o(r)] =  dim( V(T^[r) )  0  1>(T0(r ))  ).

According to  [4, the second paragraph of the proof of X III.2.27], dim( 2?(7 j(r)) © V{Tq(t )) ) is 

equal to the number of linearly independent solutions of the equation

T i( r* ) r1(r)(t;) =  - v .  (2.5)

Thus, [Ti (t ) : To(r)] < oo. (Compare this with remarks 16 and 18, where r  is assumed to  be 

self-adjoint.)

L em m a  25 Let r  be a formal differential operator which is defined on an interval I C R .  Then

[T,(t ) : T0(r)] =  [ ^ ( r* )  : T0(r-)].

16



Proof:

1. Let /  ^  0, and let it satisfy

ri(r* )r,(T )(w ) =  - e .  (2.6)

Then T \ ( r ) [ f )  ^  0. This is because 7 i ( r ) ( / )  =  0 and T\{r*)T i(r ){ f )  =  —/  entail /  =  0, which 

contradicts /  ^  0. This shows th a t if /  satisfies equation 2.6, then the m ap /  ► 7 i ( r ) ( / )  is

one-one.

2. Similarly, let g ^  0, and let it satisfy

T j(r )T i( r* )( r )  =  ~i>. (2.7)

Then Ti(r ' ) {g )  ^  O.and the map g ► T\(r*)(g}  is one-one.

3. Let /  be as above. We show th a t T i ( r ) ( f )  satisfies equation 2.7.

Suppose th a t /  E D (T i(r)) . Then / ,  T i ( r ) ( f )  G L2(l).  Moreover,

r i ( r ) 7 i ( r - ) ( 7 i ( r ) ( / ) )  =  r , ( r ) ( T , ( r ' ) r , ( r ) ( / ) )

=  7 i ( r ) ( - / )  =  - r i ( r ) ( / ) .

We also know th a t the m ap /  * - T \ { r ) ( f )  is one-one. Thus, the number of linearly independent 

solutions to equation 2.7 m ust be greater than, or equal to, the number of linearly independent 

solutions to equation 2.6.

The above, together with remark 24, entails [Ti(r*) : 7o(r*)] >  [T i(r) : 7o(r)].

4. Recall th a t (r*)* =  r. If we reverse the roles of r  and r ’ , we may conclude that

5. Thus, [T i(r) : tR T )] =  [r,(r*) : 3^7=1]- Q E .D .

In the following theorem and lemma, orthogonality refers to the operator inner product 

[f,g] = { f ,g)  ■+ ( S ' ( f ) , S ’ (g)). For notation, see definitions 13 and 17.

17



T h e o re m  26 From [4, XII.4.12(b)]. Let S ,  with domain V ( S )  , be a closed symmetric operator in 

a Hilbert space. Let G  be a closed subspace of  2>+(S) © V - ( S )  . TAen £*|i>(S)®g is self-adjoint 

if, and only if, G is the graph of  an isometry mapping all of V+(S)  onto all o f  V - ( S )

L em m a  27 Let S, with domain "D(S) , be a closed symmetric operator in a Hilbert space with inner 

product { f ,g) .  Let A  be a self-adjoint extension of  S. Then

1/2 ■ [S'  : S] = [A : 5] =  dim P + (5 )  .

Proof: Because S  has a self-adjoint extension, dim P + (S ) =  dim V - ( S )  . According to  remarks 16 

and 18,

[S'  : 5] =  2 ■ dim V+(S)  . (2.8)

By the previous theorem, V[A)  =  2?(S) © G,  where G  is the graph of an isometry from

P + (5 )  to  0 _ (S )  . Thus

[A : 5] =  dim G . (2.9)

Let V' : T>+(S) —* 2?_(S) denote the isometry. If g €  G, there is d £ T?+(S) such that 

S =  d + P ( d )  =  ( l  +  V')(d).

The m ap (1 +  V) : 2?+(S) —* G  is onto.

Let d e  ker (1 +  P ). Then d +  P (d) =  0, yielding d =  - V ( d ) .  But - V { d )  €  V . ( S )  , which

entails [d, —1/(d)] =  0. Thus [d, d\ — [d, — V(tf)] =  0. Thus d  =  0. So ker(l +  V)  =  (0).

Since 1 +  V  is onto and one-one, dim G  =  dim I>+(S) . The lemma follows from this, and from 

equations 2.8 and 2.9. Q.E.D.

L em m a  28 Let r  be a formal differential operator, which is defined on an interval I  C R . Then

[r,(r')r,(T) : T,(r')Tb(7)] = pTj(r) : T o i j ) ] .

Proof:

1. As in remark 24, [7 i(r )  : 7q(t)] equals the number of linearly independent solutions of 

2ri(T *)7 i(r)(v ) =  —v. This number does not exceed 2n, the number of linearly independent
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solutions to r* r(v ) =  — v. Let m =  (T i(r) : 7o(r)]. Then there are m  linearly independent 

functions r i , . . . , r m which satisfy T i(r* )7 i(T )(t;) =  - v .  Span { n , . . . , r m} =  D (T i(r)) G 

Z>(7o(t-)) , where orthogonality refers to  the operator inner product for 7 i( r ) .  Thus, { r1(. . rm} 

are linearly independent, modulo Z>(7o(r)) . Because Z>(7i(r*)7o(r)) C V(T q(t )) , 

-(r*!,. - -, rm} are linearly independent, modulo D(Ti(r*)To(T)) .

Also, { r , . . , , ,  r m} C V {T x{t ' ) T x{t )) .

Thus, [ J i ( r )  : JUT)] < [T ,( r - )7 i( r )  : 7 i ( r * ) 55(75].

2. Clearly,

Z i(r* r)  D T x( r ‘ ) T x(r) D 7 \ ( r ' ) 7 h M .  (2.10)

From relation 2.2 in the proof of lemma 23, we have

r , ( r * ) 7 M ^ 3 r o ( T * ) r 0(T). (2 .1 1 )

From paragraph 3 in the proof of lemma 23, we have

7b{7-)7o(r) D T D( f r ) .  (2.12)

Relations 2.10, 2.11, and 2.12 yield

T ,( t* t)  D T x( r m) T x(r) D T x(t ' ) W j ) D T o (r ')T o (r)  D Td(t ' t ). (2.13)

From this relation, and the fact th a t [J l( r* r)  : T o(r"r)] <  oo, we conclude that

/ -  P i ( r * ) 7 i ( r )  : 7) (t*) 7^(7)] < oo. (2.14)

Let { $ ] ,...,« (}  be a minimal, complete set of coset representitives for

2 > (r ,( r* )T ,(r))  /  2 ? (7 i(r-)7 b (7 )) .

If { c i , .. ,,C(} C C  is such th a t c< ■ 6  Z>(Ti(r*)7o(r)) , then 0 =  Cj =  • • • =  c/.

We have s, 6  V {T x( t )) , and 7 i(r) (s ()  e  l> (7 i( r ‘ )) , for i =  1.........1.
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Let { c i , . . . ,c i}  C C b e  such tha t Yli=i c* ‘ €  V{T q(t )) . Then

  / i r
T o i r ^ C i - S i ) =  T , ( r ) ( 2 >  ■ Si) =  .T ,(r)(a.-) C 7>(7\(r-).)

i=1 t=l t=l

Thus, £3,-=i c» ' *i G T>(Ti (t *)To{t )) , from which we conclude th a t 0 =  ci =  . . .  =  cj.

We restate this: { s i a r e  linearly independent,modulo V ( T q(t )) .

Since { s j , . . . ,  sj} C T>(Tj (r))  , then

p i ( r )  : 7 ^ ) ]  > / =  f r i ( r * ) r i ( r )  : Ti (t’ )7S(7)].

Q.E.D.

L e m m a  29 Let t be a formal differential operator which is defined on an interval 1 C R .  Then

[7i(r’ )r,(r) :5M ^)T,(t)] = [r,<T-)7i(r) : 7 i(r* )7^ )].

Proof: We have two chains of subspaces:

Z > (7i(r*)7i(r)) D P ( r , ( r ‘ )7b00) D P (T 0(r*) T0(r)) . and (2.15)

2 ? (ri(T * )r ,(r))  D D ( 7 ^ 7 i ( r ) )  D V (T 0(t - ) T 0(t )) . (2.16)

T i(r* )7 o (r) and 7o(r*)7i(T) are both self-adjoint extensions of Tq(t ’ ) Jo (r) , which is a closed,

positive, symmetric, and densely defined operator (see lemma 23). Let the deficiency indices of

Tq( t‘ ) 7o(r) be (d ,d). We use lemma 27, with 7o(r*) 2o(r) as the symmetric operator.

Lemma 27, with the self-adjoint T i(r*)T o(r), yields

i [ ( T 0( r ‘ )T o (r ) )*  : T0( r * ) T 0(r)] =  [ ^ ( r ' J W  : r 0( r - ) 7 o ( r ) ]  =  d. (2.17)

Lemma 27, with the self-adjoint T l( r ')T 0(r ) , yields

i[ (T o ( r* ) r0(r))*  : J o (r - )  T0(r)] =  [ 7 ^ 7 )  (r )  : 7 b (r-)7 b (r)] =  d. (2.18)

Equations 2.17 and 2.18 yield

d =  [T i(r‘ )7M7) : r 0( r ') T 0(r)] =  [ T M ^ f r )  : r 0( r * ) r 0(r)). (2.19)
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From the second isomorphism theorem for vector spaces, and chain 2.15, we have

p ( r i ( Q r i ( T ) ) / p ( r o ( T « ) r 0(r ) )  p ( r i ( r - ) 7 i (T ) )
7>(T1(r ' )To(r) )  /  V (T o (r - ) T 0(r))  ~  Z > (T ,(r-)r„(r)) '

Thus,

(T i( r - )T ,( r ) :  -  [ r ,( r* )7 S F )  : r 0( r ') T 0(r)]

=  [7 i(r* )r ,(T ) :T ,( r - )7 M ? )] .

This, and equation 2.19 yield

[ r , ( r ') T , ( r )  : 7 j^ )7 M T ) ]  -  rf =  P i t i - m t r )  : ^ ( r ’ ) ^ ) ] .  (2 .2 0 )

From chain 2.16, equation 2.19, and the same procedure, we get

[ 7 i ( r ' ) r i ( r ) : r 0( r* )ro (r )]  -  d =  [T U O T ^ r )  : T M ^ )r ,( r ) ] .  (2.21)

Q.E.D.

L em m a  30 Let r  be a formal differential operator defined on an interval I  C R . Then

[ 7 i ( r ) : JR 7)] >  [550^)71 (r )  : T0(r*) T b^j].

Proof: Clearly, 7 i( r* )T i( r )  D To(r*)T i(r) D 7o(r*)T 0(r). From relation 2.13, and the fact that 

[Ti (t’ t ) : 7 o(t*t)] < oo, we have 

l ? b F ) r , ( r )  : r 0(r-)T o (r)] <  oo.

Let { f i , . . . ,  tj}  be a minimal, complete set of coset representatives for the vector space

V m F ) T i { T ) )  /  D (T o (r - ) T o ( r ) )  .

If { c j , . . . ,  cq} C C are such tha t

f ^ C i  - U e  V ( T 0(t ' ) T q(t )) ,
i=l

then 0 =  ci =  • • ■ — cq.

We know th a t U €  V ( T i (t )) , and th a t T i(r) ( t ,)  G P ( T 0( t* ))  , for 1 <  i  <  q.
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Suppose th a t { c i , . . . , c ,}  C C  are such th a t $3i=i c* '*•' € V{T q(t )) . Then

7W i d u e i ' t i )  = T A r X j ^ C i  -U) =  J 2 C> €  ® (5o(FT) •

1=1 1=1 i=i

Thus, Cj ■ t,- €  V ( T o(t ‘ ) T o ( t ) )  , from which we conclude th a t 0 =  cj =  ■ ■ • =  ct .

We restate this: are linearly independent, modulo T>(To(r)) . Since { t j , . . . , / , }  C

D (T j(r))  , then

[T ,(r) : 71(7)] > g =  : T0( r ‘ ) T0{r)J.

Q.E.D.

P r o p o s it io n  31  Lei  r  be a f o r m a l  d i f ferent ia l  operator wkich is def ined on an in t e rva l  I C R ,  Then

1. (T o (r -)T o (r ))’ = 7 i ( r ' ) 7 i ( T ) ,  and

2 .  ( r , ( r ' ) r , ( r ) ) '  =  ro (r-)7b(r) .

Proof: From lemma 23, 7o(r* )  7 o (r )  is a closed, symmetric, non-negative, and densely defined 

operator. Thus, it has deficiency indices ( d , d ) ,  where d  is a non-negative integer.

T o(r* )T i(r) is a self-adjoint extension of 7 o (r* )7 o (r). Thus,

(To(r*)T0( r ) ) ' 2  (T b ^ J T i (r )) * =  (r) 2  T0(r* )7 o (r ).

Thus,

2>((T0(r - )T o (r ) ) - )  D  2 ? (7 ^ p )T ,(r ) )  D V ( T o ( r * ) T 0( r ) )  .

From this chain of subspaces, and from the second isomorphism theorem for vector spaces, we get

^((7o(r*) 7p(r)) *) /  P(7^(r*)7b(rJ) V { ( M r )  ‘ ) 
7?(7’o(r*)7’i ( T ) ) /2 > ( r 0(T')To(T)) ~  0 (r „ (r * )  7 j(r ) )

This yields

[(T o(r*)T o(r))’ : T0(r*)T 0(r)] -  p b p ) T , ( r )  : 7 b (r - )7 ’0(r)]

=  [(T0(r*)T 0(r))*  : 7 b F ) T i( r ) ] .  (2.22)
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From lemma 27, the left side equals d =  dim D + ((7o(t*)7o(7-))*) . Thus,

rf =  [(3 b (r* )3 o (r)) ' : 5 S F ) r i ( r ) ] .

Also, from lemma 27

d = [7^ ) T i (t ) : T o (r-)T 0{r)].

From equations 2.23 and 2.24, and from lemma 30, we conclude th a t

[T ,(r) : 7hT03 >  [(T o(r ')T 0(r)) * : 7 M ^ )T ,(r) ] .

Let A and B  be two densely defined operators in a Hilbert space. Recall, from [12,

(AB)* D BTA".

We use this relation to  assert

(T o (T * )T o (r)r D r j f r - m t r ) .

Further, definition 21, and the fact th a t X>(7"i(r*)) 3  Z>(7o(t-*)) entail

T i{ r* ) r i( r )  D T ^ T ^ t ).

From relations 2.26 and 2.27, we get

(7 b ( ^ )7 b M )  * 2  r , (T - ) r ,  (r) 2  7 5 P ) T ,  (t).

Thus,

[(T o(r-)T o(r))*  : 3 b ( F j r i ( r ) ]  >  m < i" )T ,{ r )  : I b p ) 7 i ( r ) ] .  

Relations 2.25 and 2.29 yield

[T ,(r) :7 M 7 )] > [{T0(r*) T0(r ))  * : 7 b F T r ,( r ) J

>  [ W m T )  : 7 b ( ^ ) T 1{T)}.

But lemmas 28 and 29 give

ETi(r) : 7R7)] =  C T ,(r-)7 i(r) r 2 b (^ )7 i( r ) ] .
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Relations 2.30 and 2.31 entail

[(T0( r * )7 b ( r ) ) ' : 7 5 p j r , ( r ) ]  =  [ ^ ( 7 * ^ ( 7 ) : 7 5 (7 = )^ (7 )]. (2.32)

From relations 2.32 and 2.28, we conclude that

©<(7o(7* ) r0( r ) n  =  D ( r , ( 7-)T ,(7)) ,

whence

(T o (7 -)r0(7))* =  r 1(7 * )r1(7), (2 .3 3 )

which proves the first assertion of this proposition.

Now, after taking the adjoint of equation 2.33, we get

(rj{7*)r,(7))- = ((7o(7-)To(7))*)\ (2.34)

According to theorem 3, ((^o (r■ )7 o (r))* )• is the smallest closed operator which contains 

T o (7 * )7 o (r ) .  But, by the results of lemma 23, T0(t ’ )T q(t ) is a closed operator. Thus

( ( T o ( r ' ) T o ( T ) y y  = T0(t - ) T o(t ).

From this, and from equation 2.34, follows the second assertion of this proposition. Q.E.D.

C o ro lla ry  32 T i( r ’ )X j(r) is a closed opera/or, under the hypotheses o f  the preceding proposition.

Proof: This is because adjoint operators are closed. Q.E.D.

C o ro lla ry  33 Let r  be a formal differential operator which is defined on an interval I C R .  Then 

the following are equal:

1. [7 i(r)  - .T&)],

S.

3. [ r I(7*)Tl ( r ) : 7b ( F ) r 1(7)]1 

I  [ r ,(7 ')7 S (7 ) : ro (7 ') ro (7 ) ] ,
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5. [r0(7- )Ti(1-) : r 0(7 - ) 7b (r)].

s. [ r u T j r j t r - j ^ o W r , ^ ) ] .

9. [r,(T)7b(T*) : r o ( T ) r 0(T*)],

10. [3 o ( t)7 j( t‘ ) : To(r) To(r*)].

Proof:

1. 1 = 2  follows from lemma 28.

2. 2 =3  follows from lemma 29.

3. 4 ~ 5  follows from equation 2.19 in the proof of lemma 29.

4. 2 =5  follows from equations 2.23 and 2.24 in the proof of proposition 31, and the result that

( J o(t- )T o(t ))- = r , ( T ') 7 i ( T ) .

5. 1 = 6  follows from lemma 25.

6. 6 = 7 =8 =9 =10 follows from the immediately preceding arguments, but where we substitute 

r* for t , and use the fact th a t (r*) * =  r . Q.E.D.

C o ro lla ry  34 Let r  be a format differential operator which is defined on an interval I C R .  Then

P i t r - m H t T o f r ' j r o t r ) ]  =  [T,(t*) : r„(r* )] +  [ ^ ( r )  : T0(r)],

=  2[7i (t*) : 7o(r*)],

=  2[T1( r ) : T 0(r)].
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Proof: From equation 2.22 in the proof of proposition 31, and from the first assertion of that 

proposition, we get

[ r i ( r * ) r , ( r ) :T o ( r - ) r o ( r ) ]  =  (5 S F ) 7 i ( r )  : Tb(r-) T0(r))

+  [7 i(r* )7 i(r)  : 5 * F ) 7 i ( t ) ] .  (2.35)

From corollary 33, we know that

: T o ( r ’ ) J o ( r ) ]  =  [ T ^ r * )  : I b f T 7 )],

and th a t

Pi(T-)7i(r) : 7H ^ jr ,(r )]  = [T,(t) : 7 ^ .

Making these substitutions into equation 2.35 gives the first result.

From lemma 25, we know that

[ r 1( r ' ) : 7 b F ) ] = [ 7 ’l ( T ) : 7 b M ] .

The rest of the corollary follows from this. Q.E.D.

C o ro lla ry  35 Let r  be a formal differential operator which is defined on an interval I C R .  Then 

the following four statements are equivalent:

1. T1( r ' r )  =  T1(r-)T 1(r),

S. T q( t ’ t ) =  r 0(r* )T 0(r),

S. [7 i(r* r)  : 7 ^ 7 ) ]  =  2 • [7 i(r)  : 7b(7)], 

I  [ r i ( r* r )  : TKT^T)] =  2 • p i ( r ' )  : f t p ) ] .

Proof: Here, we prove tha t number 1 implies number 2. We assume

I i ( r ’ r )  =  2 i(T '):Z i(r).

Taking adjoints, we get (T i(r*r))*  =  (T1(T*)7i{r))•. Using corollary 9 and proposition 31, we get 

7 ^ 7 )  =  To(7-)To(r).
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To prove th a t number 2 implies number 1, reverse the above argument, bu t using theorem 8 

instead of corollary 9.

Here, we prove th a t number 1 implies number 3- If number 1 is true, then number 2 is also true. 

Explicitly, we have

T l (r 'T )  = T 1(Tm)T1(r),  and

r 0(r* r)  =  T0(r* )7 o (r) .

To get the desired result, we make these substitutions into the left side of the conclusion of corol­

lary 34.

Here, we prove th a t number 3 implies number 2. From relation 2.13. we have

T0(r* r)  C T0(r* )T 0(r)  C C T ,(r* r) . (2.36)

From remark 18, we know that

[7i(r*r):7o(T*r)]<oo. (2.37)

From corollary 34, we have

[Ta(r*)Ti(r) : J b ( r - ) 7o(r)] =  2[Tj(^) : T0(r)]. 

Assuming th a t number 3 is true, the preceding equation yields

[7i(T*)7a(r) : r 0(r* )T 0(r)] =  [T afrV ) : T0(r' r)].

This last equation, together with relations 2.36 and 2.37, leads to 7i(t* t)  =  T i( r , )7 'i(r), and

7 b (r - r )  =  T o (r* )r0(r).

T hat number 3 is equivalent to number 4 follows from lemma 25. Q.E.D.

C o ro lla ry  36 Lei r  be a formal differential operator which is defined on an interval I  C R . Then

[Ti(T‘ m ( T ) : T 0(T -)T 0(T)) =  2 • d im { /€  2?+(T i(r*r)) •. r ( f )  E L 3(I)}

=  2 d im { /G  P - ( 7 i ( r * r ) )  : r ( / )  e  I 2(/)} .
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Proof: From lemma 23, T o(r* )7o (r) is a symmetric operator. From proposition 31,

( 7 ^ )  TbF))* =  ^ ( r ^ r ^ r ) .

In the notation of definition 13,

V a I W W t )) =  { /  6 D (r ,( r-)7 i(7 -)) : 7 i ( r ' ) r j ( r ) ( / )  =  ± i f ) .

According to lemma 14,

® (I i (T * )r i ( r ) )  =  V { 7 ^ ) T o ( r ) )  © 2>+(Ti(r*)r,(r))  © V . { T A t w)T i ( t )) ,

where the orthogonality refers to the operator inner product for Ti (t*)7i (t ). According to lemma 23, 

7o(r") To(t)  is non-negative. Thus, it has a self-adjoint extension: its Friedrichs extension (see [12, 

p. 330]). Therefore,

d im 0 + (7 i(T -)7 i(T ))  = d im D - (7 i ( T * ) r , ( r ) )  .

According to remark 22, if g £  { /  £ V + (T \ ( t ' t )) : r ( / )  £ i 2(/)} , then g must satisfy 

Ti(7-’ )7i(r){i>) =  iv. Thus,

{ / €  2 W i( r * r ) )  : r ( / )  € L2(/)} C V+{Tx(t ' ) T x(t )) .

On the other hand, let /  £  D + (7’i(r* )T ’i( r ) )  . Then

J i ( r* ) T ,( r ) ( / )  =  .7.

Since T i(r*)T i(r) C T i( r 'r ) ,  then f satisfies

7 i( t* t) (u )  =  iv.

Also, according to  definition 21, 7 ) ( r ) ( / )  £ V ( T \ ( t ' ) )  . In particular, T ) ( r ) ( / )  £ L 2(I).  Thus,

V + i W i T t M )  C { / £  V +{Tx(t ' t )) : r ( f )  £ L 3( l )} .

Thus, Z?+(7i(r*)7i(r)) =  { f  £  P + ^ f r ' r ) )  : r ( f )  £ I 2(/)} , whence

dim 2?+ (T i(r*)T i(r)) =  dim { f  £  V+{Tx{t ' t )) : r ( f )  £  i 2(/)} .
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Similarly,

dim D _(7’i ( i - m ( T ) )  = d i m { / €  D - f f l f r ’ r ) )  : r ( f )  6  I 2(/)} .

To sum up, the following quantities are all equal:

1. m (r* )T 1( r ) : 7 ’o (> " )r0(r)],

2. d i r n P + ^ C r - m f r ) )  +  dim t > ^ T 1( r ' ) T 1(r)) ,

3. 2 ■ dim 2>+ (7 i(r* )T i(r) )  ,

4. 2 • dim 2?_(T](r*)X ](r)) ,

5. 2 • d im {/ 6  ^ ( ^ ( r ' r ) )  : r ( / )  G i 2(/)} ,

6. 2 -d im { /G  2 ?-(T i(r* r)) : r ( / )  6 L2(/)} .

Q.E.D.

C o ro lla ry  37 Let r  be a formal differential operator defined on an interval 1 C  R . Then 

equals each of  ike quantities from corollary 33.

Proof: S tart with equation 2.22 in the proof of lem m a 31, and use the fact that 

( r 0( r ’ )T 0(r))* = 7 ’1(r*)T1(r)  :

[ ^ ( r - j r ^ r J r T o f r - J T o t r ) ]  -  [7M 7^)7i(r) : T0(r*) T 0 (t-)]

=  [ T ^ r - W i T )  i n W ^ T U r ) ] .

Thus,

[ T , ( r * ) r , ( r ) : i M 7 ^ 7 i M ]  =  [ 7 ^ T i ( r )  : T0̂ )  7b(rj]

+  [r i{ r* )T i(r) : 7 M ^ )7 i( r ) ]

=  2 [ 7 b p ) r 1( r ) :7 o ( r * ) T 0(r)),
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by corollary 33. The desired conclusion now follows from an application of corollary 33 to this last 

equation. Q.E.D.

C o ro lla ry  38 Let r  be a formal differential operator which is defined on an interval 1 C R . Then 

dim D ± { 7 i(rr* )) is greater than, or equal to,

1 .  ( l / 2 ) [ r i ( r - ) r , ( r )  : r 0(r-)7b(r)];

2. any item from corollary 33.

Proof:

1. Number 1 follows from lemma 20 and corollary 36.

2. Number 2 follows from the preceding, and corollary 37.

Q.E.D.
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C h a p ter  3

B o u n d a ry  V alues a t F ix ed  E nd  

P o in ts

R e m a rk  39 The last corollary gives a  lower bound for the dimensions of the deficiency spaces 

(T’ r ))> in terms of information about the two operators To(t**) ?o(r), and ( r o ( r ')  7 o (r)) ' =  

(both of which are restrictions of 7"i(r*r)).

Up until now, we have placed no restriction on the interval I. In particular, I  m ight have two 

free end points. This could happen, for example, when the formal differential operator t is singular 

a t both ends of I.

It can happen th a t information about dimensions of extensions is more easily obtained when r  

is singular a t only one end point, than when r  is singular a t both end points. W ith this in mind, we 

continue w ith r  defined o n / C R  with end points a <  b. Then we choose c € /  such th a t a < c < b. 

Let I '  = [a,c] H / .  Let I "  = [c, 6] D 1. I '  and I"  each has at least one fixed end point. Due to the 

presence of a fixed end point, quantities like
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m ight be more easily calculated than quantities like

[Ti(t* , J)Ti(r, 7) : T0(r ' , I )  % {7 J )).

We will derive relations between

[ W , l ) T d r , I )  : T 0(t - J W t J ) ) ,

and quantities which are defined on the two subintervals, / '  and 7".

Then we will show that, a t a  fixed end point c, To(r*) 7o(r) is like 7 o (r* r), in a way which we 

will describe below. This result is not used in subsequent material.

This m aterial is directly motivated by the development in [4, X III.2],

D e fin itio n  40 From [4, XIII.2.17], Let t  be a formal differential operator which is defined on an 

interval 7 C R  with end points a < b. T>(Ti (t )) , with the operator inner product, is a Hilbert 

space. A boundary value for  r  is a continuous linear functional, A,  on V{T \( r ) )  , which vanishes 

on T>(To(r)) . If A ( f )  — 0 for each /  € 2?(Xi(r)) which vanishes in a neighborhood of a, then A 

will be called a  boundary value ai a.

Boundary value ai b is defined similarly.

T h e o re m  41 From [4, XIII.2.19]. Lei r  be a formal differential operator which is defined on an 

interval I C R  with end points a < b. The space of boundary values for  r  is the direct sum of  the 

spaces o f  boundary values ai a, and of  boundary values at b.

T h e o re m  42  From [4, XIII.2.20]. Let r  be a formal differential operator which is defined on an 

interval I C R  with end points a < b. Choose c €  I  such that a < c < b, and let r '  be the restriction 

of  r  to V  — I  n ]a ,c ] . Then there exists a one-one linear mapping of the space of boundary values 

for t ' at a onto the space of  boundary values for  r at a.

C o ro lla ry  43 From [4, XIII.2.21]. Under the hypotheses o f  the preceding theorem, r  and r'  have 

the same number of independent boundary conditions at a.
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C o ro lla ry  44 From (4, X III.2.22]. Let r  be a formal differential operator, of  order n, which is 

defined on an interval J C H .  Then r  has at most n linearly independent boundary values at either 

end point of  I.

D e fin itio n  45 From [4, X III.2.17]. A complete set o f  bounday values ai a  is a maximal linearly 

independent set of boundary values at a.

C o ro lla ry  46 From [4, X III.2.23]. Let r  be a formal  differential operator, o f  order n, which is 

defined on an interval I C R  with end points a,b, and suppose that a is a fixed end point. Then the 

functionals A ,( /)  =  f ^ ( a ) ,  i =  0 ,1 , . . . ,  n — 1, form a complete set of  boundary values for r  at a.

The following proposition is a slight adaptation of [4, XIII.2.25].

P ro p o s i t io n  47 Let r  be a formal differential operator, of  order n, which is defined on an interval 

I C R  with end points a < b. Let c 6 I  such that a < c < b. Lei / '  =  I  n  [a, c]. Let I"  = I  n  [c, 6]. 

Then

[ r ,( r ,  1) : 7MTT)] =  [Ti(r. I 1) : T0(r, / ') ]  +  [T\(r. I" )  : T0( r , I ")] -  2n.

Proof: By theorem 41, [J i( r ,  7) : 7o(r, 7)] equals the sum of the number of independent boundary 

values for r  at a, and of those a t 6. Since c is a  fixed end point, it follow’s from corollary 46, and 

theorems 41 and 42 th a t [Ti(r, 1‘) : To(r, / ') ]  and [7 i(r, I " )  : T0(r, /" )]  each exceed, by n, the number 

of independent boundary values a t a, and at b, respectively. The desired conclusion is thus evident. 

Q.E.D.

P ro p o s i t io n  48 Let r  be a formal differential operator, of  order n, which is defined on an interval 

I  C R  with end points a < b. Let c € I  such that a < c < b. Let I 1 — I  n [a, c]. Let 7" = /  n [c, 6]. 

Then [Ti(rm, l )T i ( r ,  I)  : T q ( t ' , I )To(r,  /)] is equal to each of

I. 2 • [TKr, / ')  : T0(t ,I>)] +  2 • [T ,( r ,I " )  : T0( r ,7 '7)] _  4n;

S. 2 • [7 i(r* , / ' ) :  T0(r* ,7 ')] +  2 • [ r , ( r * , 1" ) :  r 0<r* ,/" )] -  4n; and
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s.

[ 7 i ( r * , / '} r , ( r , / ')  :T0{ r - , I ' ) T 0(r,I ' )]

+  [r, ( r ‘ t 7") T, (r, 7") : T0( r ' ,  7") T0{r, /")] -  4n.

Proof: To prove part 1: From the preceding proposition,

2 • [T ,(r, 7') : T0(r, 7')] +  2 ■ [ r ,( r ,  7") : 7o(r, /")] -  4n =  2 * [T ,(r, 7) : TVFTO]. (3.1)

Then, from corollary 34.

[7 i( r* ,7 )7 i( r ,7 )  : 7o(r*, 7) r 0(r, 7)] =  2 ■ [7i(r, 7) :7 b K /) ] -  (3-2)

Equating the left sides of equations 3.1 and 3.2 gives result 1.

Part 2 follows from part 1 and from corollary 33, parts 1 and 6.

P art 3 follows from part 1, and from the fact that equation 3.2, in the proof of part 1, applies to

1' and 7", too. Q.E.D.

R e m a rk  49 The preceding proposition expresses relationships between

[Ti(r*, 7) 7 \( r ,  7) : 7b(r*, 7) To(r, 7)],

and quantities which are defined with respect to 7', and to 7", each of which has at least one fixed

end point.

C o ro lla ry  50 Under ike hypotheses o f  the preceding proposition,

dim V ± ( T i (t t *, I))

is greater than, or equal to, each of

7. [7 i(r, I 1) : T0{r,7 ')] +  P i ( r ,  7") : T0(r, 7")] -  2n;

S. [Ti(r*, / ')  : T0(r* ,7 ')] +  [Tjfr*, I")  : 7 b (r-,7")] -  2n; and
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s.

(1 /2) • [T ,(r* . / ' ) r , ( T t / ')  : T„(t*, J ')T 0( r , /*)]

+  (1/2) • [ T j f r - . n r j f r , / " )  : T0(t - , I » ) T 0{t , I" ))  -  2n.

Proof: From the preceding proposition, and corollary 38. Q.E.D.

R e m a rk  51 In the following material, we define boundary value for  7o(r*) 7o(r), and then show

that at fixed end points, To(r' )  7o(r) has as many boundary values as has r ‘ r  (i.e., as many as has

D e fin itio n  52 Let r  be a formal differential operator which is defined on an interval I C R  with 

end points a < b. D (7 i( t* )  7 i( r ) )  , with the operator inner product, is a Hilbert space. A boundary 

value for  7o(r*) 7o(r) is a continuous linear functional, A ,'on D (7 i(r* ) T )(r)) which vanishes on 

V{Tq(t ' )  T0(r)) , If A { f )  =  0 for each f  €  V ( T \ { r m) T\{t )) which vanishes in a neighborhood of 

a, then A will be called a boundary value for  To(r*) To(r )  at a.

Boundary value for  Tq(t *) Tq(t ) ai b is defined similarly.

L em m a  53 From [4, X III.2.16]. Lei t  be a formal differential operator, o f  order n, which is defined 

on an interval I C R ,  and let J  be a compact subinterval of I.  For f  e  V ( T i (t )) , define a norm

1. The space W n{J)  (see definition I )  is complete in the norm \ f \ j , and

2. I f  { fn} is a sequence in T>(Ti(r)) such that {/„} and {r(/„}} converge in L 2(I),  then the 

sequence {/„} converges in the topology o f W n (I) defined by tke norm \ f \ j .

R e m a rk  54 Under the hypotheses of the preceding lemma, let R  denote the m ap

Ib (r-T )) .

Then

R :  2 > (7 i(r ,/))  -  W n (J)

f  -  f \ j
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which m aps /  €  V ( T \ { t, / ) )  to  its restriction to the interval J. R  is clearly onto, because J  is 

compact.

T i ( r , / )  is an adjoint operator (see theorem 8), whence it is a closed operator (see (12, p. 300], 

which entails tha t T>(Ti(r,/ ) )  , with the operator inner product, is a  (complete) Hilbert space (see 

remark 4). Also, according to  part 1 of the preceding lemma, the space W n{J),  with the metric 

induced by the norm | / | j ,  is a complete space.

Since R  is defined everywhere in V (T \ ( t ,  /) )  , since W n(J),  with the metric induced by the 

norm | / | j ,  is complete, and since R  is onto, the closed graph theorem tells us that the operator 

R  is bounded. Thus, there exists a constant C  > 0, depending on r, / ,  and J, such that, for all 

/ €  D(7 i(r , / ) )  ,

I I \ j < C - [ [ f ] ] Tl{Tj y  (3.3)

The following lemma is implicit in [4, XIII.2.19],

L em m a  55 Lei r  be a formal differential operator which is defined on an interval I  C R  with end 

points a < b. Let c, d  £ I  such that a < c < d < b. Choose f a G C °°(/)  suck that f a(t) =  1 on [a, c), 

and fa(t)  = 0 on (d, b]. Choose f t  E C °°(/) such that />(/) =  0 on [a,c), and fb(t) =  1 on (d,b]. 

Then

1.

Fa : V {T ,{ t )) -> V (T ,(r))  (3.4)

h f ah, and

Fa : V(T0{r)) -  V(T0(r)) (3.5)

h f 0h

are continuous in the operator norm, and
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s.

F b : P ( J i ( T ) )  

h

F h : V ( f o W ) )

h

are continuous in the operator norm.

Proof: We prove part 1; part 2 is proved similarly.

First, we prove tha t the mapping 3.4 is defined everywhere in its domain. Let h Q V (T \{ t ) )  . 

Notice tha t f a is a bounded function. Let ib > 0 be a bound for /„ . Since h  6 L2(7), and since

I l / . A | | / < H M / .  (3-8)

then f a h  € L 2(l) .  Also

f  \ r ( f ah)\2di = f  +  f d + t  \ r{ fah)\2dt 
J J J a J c J d

= [ ' \ r ( h ) \ 2d t  + f 1 \ r ( f a h ) \ 2d t .  (3.9)
Ja Jt

The first integral on the right side of equation 3.9 is finite because h  €  Z>(Tj(t)) .

Now we show th a t the second integral on the right side of equation 3.9 is finite. Recall, from

definition 1, th a t the coefficient functions of r  have continuous derivatives of all orders. By hypoth­

esis, this is also true of /„ . Recall further, from definition 1, th a t V{T \{ t ) )  — VT"(/). Thus, if 

h  € 2>(7i(t)) , then h ,  h ' , . . M” - 1 ) are all continuous functions. Thus,

T ( f 0 h )  = f a ' T ( h )  +  Ta ( h ) ,  (3.10)

where ra is a differential operator of order n-1, with C°°(I)  coefficients. Because / o(0  =  0 on (d, 6], 

the coefficients of r„ vanish on (d ,i]. The coefficient functions of r0 vanish on [a,c), because f a{t) = 1 

on [a,c). Thus, the coefficients of r a vanish outside of [c,d\, a compact interval.
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The function f a is bounded, with bound k.  Also, since h £  V { T \{ t ) )  , then r(h)  € L2(l ).  Thus,

i t / a r ( A ) | | ;  <  k ■ I k ( * ) l f /  <  * • (3-11)

Because the coefficients of r a vanish outside of [c, d\, then

||ra(A)||/ =  ||rfl(h)||[Cid]. (3.12)

Further, because all the coefficients of t„ ,  as well as h, h ' , . . . , are continuous on [c, d], then

llr a(^)ll[c,rf] <  ( d - c ) l/2 ■ sup { |ra (/«)(<)|}
«e[e,d]

< * '- |A |[c.d1, (3.13)

where k' > 0 is a constant, and |ft|[c,d] refers to the special norm of lemma 53, for J  =  [c, d]. Then 

by remark 54, and lines 3.12 and 3.13,

I K ( / . ) | | / < f c " ' [ [ h ] ] r i ( r ) , (3.14)

for some constant k"  > 0. Equation 3.10, and relations 3.11 and 3.14 show tha t

M f a h ) \ \ i  <*"'-[[/*]]T l( r ) , (3.15)

for some constant k"1 > 0. Since [[(*]]yj(T) <  lines 3.10-3.15 show th a t the second integral on 

the right side of equation 3.9 is finite. Thus, the m ap Fa is defined everywhere in its domain.

More is true. Using relation 3.8, we see th a t

l l / . % < * - [ W 3 r j ( r ) -  (3.16)

This, and relation 3.15, yield

{ii/«fcii? +  ik ( /« / .)n n i/2 <  • m ] Tl( r y

for some k""  > 0. Thus, the map

Fa : 1> (7 \(r)) -  D (T ,( t))

is continuous.
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As for the m apping Fa, we m ust first show tha t h €  2>(7b(r)) implies f ah G D (7o(t)) . By 

theorem 41, it is enough to show th a t B a( f ah) =  0, and B t { f ah)  =  0 for every B a> a boundary 

value a t  a, and every B j, a  boundary value at b. Since f a(t) =  0 on (d ,6], then f a(l)h{t) =  0 on 

(d, 6]. Hence, Bb(fah) =  0. On [a,c), f a(t)h(t) — h(t).  Hence, f a(t)h (t) -  h(t)  E  0 on [a,c). Thus, 

B q (/ah  -  h) =  0. But B a(h) =  0, since h G Z>(7o(^)) . Thus, Ba( f ah) -  0.

Now, to  see th a t Fa is a continuous m ap, it is enough to notice th a t Fa = F J  m -zr-,—r, , 

and that the metric induced on D (7o(r)) by the 7o(r) operator norm, is equal to the restriction, 

to V(To(r))  , of the metric induced on V { T \ ( t )) by the T\{r)  operator norm. Q.E.D.

The next theorem is a  slight adaptation of [4, X III.2.19].

T h e o re m  56 Lei r  be a format  differential operator, of order n, which is defined on an interval 

1 C R  with end points a < b. The space of  boundary values for  Tq(t*) To(r) is the direct sum o f  the 

space of  boundary values for  To{r‘ ) To(r) at a, and the space of those ai b.

Proof: Choose c ,d  G /  such th a t a < c < d < b. Choose f a, fb  E C °°(/) such that

1. f a U ) + M t )  = l,

2. f a(t) = 1 on [o,c),

3. /„ (() =  0 on (rf,6],

4. f t ( i )  =  0 on [a, c), and 

5- f t { t )  s  1 on (d, 6],

Let A be a boundary value for T o(r’ ) 7o(r). We show th a t the linear functional on 

2>(7o(r*) To{r)) , A a, which is defined by

A a : V { T ^ ) T , { r ) )  -  C

h A { f ah),

is a boundary value for To(T*)To(r) a t a.
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First, we show that

A  : 2>(Ti(r*)r,(r)) — D (T ,( r ')  7 i(r ))  (3.17)

h >-+ f ah

is a continuous map. One application of lemma 55, to D (T i(r* r)) , shows th a t

Fa : V ( T i ( t ' t )) -  0 ( 7 i ( t * t ) )  (3.18)

h *—> fah

is continuous. Thus, the restricted map

F *l 0 ( r i ( T - ) T , ( r ) )  : I >(7’i ( ^ ) 7 ’1( t ) )  -  V ( T d r ' r ) )  (3.19)

is continuous.

A second application of lemma 55, to 2?(Tj(r)) , shows that

Fa : P ( r , ( r )) -  1>(Ti(t)) (3.20)

h — /□/»

is continuous. To see tha t the m ap of line 3.17 is continuous, it is enough to show th a t the image of 

the m ap of line 3.19 lies in X>(Ti(r*) T i ( t ) )  . This we do now. Let h G I>(Ti(r*) 7 i( r ) )  . From 

line 3.19, we see that

T ' ( T ( f a h ) )  =  T ’ T ( f a h )  G L 2( I ) .  (3.21)

From line 3.20, we see tha t r ( f ah)  G L2(i) . This, together with line 3.21, shows th a t r ( f ah) €

D (7 i (t*)) . Thus, the image of the map in line 3.19 lies in I>(7\(r*) T ifr))  . Thus, the map of

line 3.17 is continuous.

Thus, the linear functional A a = A o  Fa is a continuous linear functional on D (7 i( r" )  7 i( r ) )  . 

Now, let h G 2>(To(r*) 7o(r)) . We must show th a t A a{h) =  0. It is enough to show that 

/ 0h €  D (7o(r*) 7q(t)) . An application of lemma 55, with respect to  the formal operator r, shows 

tha t f ah €  T>(To( t )) . Further, since

h G 7> (Jo (r* )r0(r ))  C Z>(T,(t*) T i( t) )  ,
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an application of line 3.17 shows th a t f ah G 7 i( r ) )  . Thus, f ah G T?(7i(r*) 7o(r)) .

Next, we show th a t r ( f ah) E V (T o ( t ’ )) . Since r ( f ah) €  Z>(Ti(t*)) , it is enough to show that 

5 a (T(/aM ) =  0, and th a t B t ( r ( f ah)) =  0, for every B a, a boundary value for r* a t a, and every 

Bi ,  a boundary value for t* at b. Since /„ (!) =  0 on (d, 6], then [r(/„ /i)](t) =  0 on (d, 6]. Thus, 

Bi,(T(ftth )) =  0. Since /„(() =  1 on [a,c), then [T(/aA)](f) =  [r{/i)](<) on [a,c), whence

[r{fah) -  r(h)](t) =  0

on [a, c). Thus

B a (r ( fah) -  T(h)) = 0.

But Ba(r (h )) =  0, since r (h) E 2>(7b(r*)) . Thus, B a( r ( f ah)) =  0.

The preceding shows tha t A a is a boundary value for T0(r*) 7o(r). Now we show that A a is a 

boundary value at a. Let h E £>(7i(r") ^ l f 7")) such th a t h(t)  =  0 near a. Then ( f ah)(i) =  0 near 

a, and near b. Thus, using definition 1 and lemma 23, we see that

f ah E D(T0(r* r))  C X>(T0(t ' ) T 0(t )) .

Thus, A ( f ah) =  0. Thus, A a(h) =  0.

Similar arguments show th a t the linear functional A/,, defined by

Ab : V m r ' ) T i ( r ) )  -  C

h i—» A ( f t k )

is a boundary value for 7o(r*) 7o(r) a t 6.

Since f a + fb = 1, the A a + A t  = A.  This shows th a t every boundary value is the sum of a 

boundary value at a, and one at b.

Now, let A  be aboundary value both at a, and a t b. Let h E 25(Ti(r’ ) T j(r) )  . Then ( / ah)(*) =  0 

near 6. Thus A ( f ah) =  0. Similarly, (fbh)(t) =  0 near a. Thus j4(/jft) =  0. Thus

A(h) = A ( f ah) + A ( f bh) = 0.
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Thus A  =  0. This shows th a t the space of boundary values is the direct sum of those a t a, and those 

at b. Q.E.D.

The next proposition is a slight adaptation of theorem 42.

P ro p o s i t io n  57 Let r  be a formal  differential operator, o f  order n, which is defined on an interval 

I C R  with end points a < b. Choose e £  1 such that a < e < b. Lei / '  =  I  C\[a,e].Then there exists 

a one-one linear mapping of  the space of  boundary values for  7o(r* , I ' )  7 o (r ,I ' )  at a , onto the space 

of  boundary values for  Tq(t ' , I )Ta(r,  I )  at a.

Proof: Choose c ,d  £  I 1 such th a t a < c < d < e. Choose /  £ C°°(I)  such th a t / ( f )  =  1 on [a,c). 

and such tha t / ( / )  =  0 on (d, 6], Let F\ denote the map

Fi : V ( T i ( r ' , 7 ) T i ( r , l ) )  -  T>(Tx(t ' , I )  Tx(r, I))

9 ^  /? •

According to an argument in the proof of theorem 56, F\ is continuous. Also, (fg )(t)  =  0 for 

t  £ (d, 6], since the same holds for / .  Thus, the restriction map,

R  : Image (F j) -  V ( T x{t - , I ’) T ^ r ,  / ') )  

f 9  * - f a \ l ‘

is an isometry. Thus,

F1 = R o F 1 ; 7 ? (7 i(r* ,/ )  7 i ( r ,  I) )  -  T>(T,(r*, / ')  T ^ r ,  / ') )

is continuous.

Let M,  and A/', denote the spaces of boundary values a t a for To(r’ , I )  7 o ( t , / ) ,  and for 

, I 1) To(t , / ') ,  respectively. We define a linear map,

4«i : A /' — M

A! h-* A 'o F i .

Now we show tha t is one-one, and onto.
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Let F2 denote the m ap

F2 : V ( T , ( t ' , I > )T x{t , I ' ) )  -  Z > (7 i(r* ,7 ')T ,(r,7 '))

9 • -  fa-

Using the same argument as th a t in the proof of theorem 56, F2 is continuous. Also, ( fg){i)  =  0 on 

(d,e]. Then f g  may be extended to  an element of I>(7i(r*, 7) 7 i( r ,  7)) by defining {fg){t)  =  0 on 

[e,6]. This extension defines an isometric inclusion

E  : Image (F2) —> D (T ,(r* , 7) T j(r, /) )  .

Thus, the m ap

F2 = E o F2 : , I ' ) T \ ( r ,  1')) -  2 > (T i(r',7 ) ^ ( t ,  7))

is continuous.

Let $ 2  denote the m ap

$ 2  : M  M'

A  •—* A o F2.

If g G 2>(Xi{r*, 7) T\{ t , I ))  , then g and F2F\(g) agree in [a,c). Therefore, for every A  G M,  and 

every pG  Z>(Ti(r*, 7) T x(t , I ) )  ,

(* i$ 2 A )(ff) =  A (( /’2/ ’i)|f) =  A{f ) .

Thus 4>i$2 is the identity m ap, which shows th a t = M,  In the same way, 4>2$ i may be seen

to be the identity m ap on M ' ,  which shows tha t is one-one. Q.E.D.

C o ro lla ry  58 Under ike hypotheses of the preceding proposition,

T o (r-(7 )T 0(r ,7 )  and T0{t \ I ' ) T 0(t ,I>) 

have the same number o f  linearly independent boundary values at a.
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P ro p o s it io n  59 Let r  be a formal differential operator, o f  order n, which is defined on an interval 

I C R  with end points a < b, and suppose that a is a fixed end point of  I.  Then 7o (r* )T o(r) has 2n 

independent boundary conditions at a.

Proof: By relying on the preceding corollary, we may suppose th a t b is also a  fixed end point. Thus, 

1 =  [a, 6] is compact.

We show tha t

T 1(t ' ) T 1(t ) = T 1(t ' t ). (3.22)

From lemma 23, we know th a t T q( t *t ) C To(r*) 7o(r). Taking adjoints, and then using theorem 8 

and proposition 31, yields

T1( r * r ) = ( 7 M ? r7 j)*  2 ( 7 ^ )  7 b F ) ) ‘ =  T, ( r ' ) r , ( r ) .  (3.23)

Thus, to prove equation 3.22, it enough to prove

r i ( r * T ) C 7 ’, ( r ' ) 7 ’, (r ) .

To prove this,  it is enough to prove th a t /  G P ( J i ( r * r ) )  entails r ( f )  G T>[T\{t ' ) )  . From defini­

tion 1, 2 > (7 i(t* t»  =  W f."{/). Thus,

G C (/) .

Since the coefficient functions of r  are all continuous, then r ( f )  G C(J).  Since /  is compact, then 

r ( f )  G L 2{1). Finally, since

T-(r(/ ))  = T1( r * r ) { / ) G L 2(/),

we conclude th a t r ( f )  G V ( T i (t “)) , and equation 3.22 is proven.

Thus, 7 \ f c )  =  (T ,(r*) T j(r))*  =  =  T0(r* r) . Thus, on I, T ^ r )  55(7) and

T o(r*r) have the same number of independent boundary values a t a. It follows from corollary 46

th a t To(r*r) has 2n independent boundary values a t a. The same m ust be true of 7o(r*) 7o(r). 

Q.E.D.
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C o ro lla ry  60 Under the hypotheses o f  the preceding proposition, the functionals Ai(g) =

i =  0 ,1 , . . . ,  2n — 1, form a complete set o f  boundary values for To(r ' )  T0(r )  at a.

Proof: For /  e  P (T ](t*t )) , define A ,(/)  =  * =  0 ,1 , . .  . ,2 n  — 1. According to  corollary 46,

these functionals are continuous, with respect to the operator inner product. Thus, their restrictions 

to 2?(7 i(r’ ) T j(r) )  are also continuous. Let A ,( / ) ,  t =  0 , 1 , 2n — 1, denote the restrictions.

Here, we show tha t the functionals '{Ao, A i, . . . ,  A2n- i}  are independent on V{T\.(t ' )T \ { r)) . 

According to corollary 46, {Ao, A i , . . . ,  A2n_i} are independent on D fT if r 'r ) )  . Thus, we may 

choose h o , h \ , . . A2n_i S V ( T i {t ' t )) such that A i ( h j ) =  6,j (the Kronecker delta), for 0 < i, j  < 

2n -  1. Now, we choose f a €  C°°(I)  such that f a(t) =  1 for ( near, or equal to, a, and such that 

fa has compact support. Let A, = A,/0 . Each A, has compact support. Because /„ €  C ^ i l ) ,  and 

because /„  has compact support, {A0, A i,., ,,A 2n_i} C V {T \{ t ' t )) . Because f a = 1 near a, then

Ai(h j )  =  Aj(Aj) =  6ij,

for 0 < i , j  < 2n -  1. Moreover, by relying on the fact th a t each A( has compact support, and using 

an argument from the proof of the preceding proposition,

{h0, h u . . . , h 2n_i}  C P C T iO -J J if r ) )  .

Thus.Ai(Aj) =  A,(Aj) =  6,j, for 0 < i , j  < 2n — 1. Thus, {A0, A ] , .. . ,A 2„_ i}  are independent 

functionals on 2>(7i(r*) T i(r))  .

If /  £ T i(r))  and /  vanishes near a, then A (,) ( f ) =  / ^ ( a )  =  0, for i =  0 ,1 , . . . ,  2n — 1.

To show tha t {A,} are independent boundary values for To(r*) T o(r) at a, it only remains to

show tha t these functionals vanish on V (T q{t ‘ ) Tb(r)) . First, we show th a t if /  e  "D(To{r)) , then

/ (,)(a) =  0, for t =  0, l , . . . , n  -  1. Suppose th a t {<f>m} Q Wo (-0 such th a t [[^m -  / ] ]~  ; ■ \  —» 0,
Jo t1")

where [[/]]— denotes the operator norm. We have ^ m^ ( a )  =  0, for i =  0 ,1 , . . . ,  n — 1 and for

all m. Thus

| / (<><a)| =  J i m t |fW (a )  -  * m(,>(«)! <  K  ■ [[/ -  -  0,
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for some K  >  0. Thus f ^ ' \ a )  =  0, for t =  0 ,1 , . . . ,  n — 1. Second, we note th a t the same is true 

for any g G Z>(7o(r*)) : ( /^ (a )  =  0, for i =  0, l.Now, choose /  G Z?(7o(r*) 7o(r)) .

Then r ( / )  €  P (7 b (r* )) . Thus, according to the material immediatly preceding, [ r ( / ) ] f,,(a) =  0, 

for i =  0 ,1 , . . . ,  n — 1.

In particular, for i =  0, we have

0 =  r( f ) ( a )  = c „ (a ) / ,n)(a) +  ■ • • +  c (a )/(a ).

Since /{a) =  / '( a )  =  ■ ■ ■ =  / ( n_1)(a) =  0, because /  G £>(7o{r)) , and since c„{a) ^  0, then

=  0.

To prove that /* "+1*{a) =  • • • =  /^2n~ ^ (a ) =  0, we use induction on i, for 1 < t < n — 1. From 

m aterial above, [ r ( / ) ] ^ ( a )  =  0. Then, algebra shows that

H / ) ] (0 ( a ) - c n( a ) / (n+i)(u)

is a linear combination of { /(a ) , f ' ( a ) , . . . ,  / fTI+,-1J(a)}. But previous induction has shown that

Q =  / ( a )  =  . . .  =  /('*+f- 1)(a). Thus cn( a ) / (n+,>(a) =  0. But cn (a) #  0. Hence, /<n+i>(a) = 0.

Completing the induction shows that

0 =  / ( a )  =  - - - =  /<="-!)(a)

=  * , ( / )  =  ••■ =  ^ a n - i ( / ) .

We conclude th a t {j4qi • • - are independent boundary values for Tq( t’ ) To(r) at a.

By the previous proposition, this space of boundary values at a has dimension 2n. So 

{Ao, ■ ■■ ,j42n-i} forms a complete set of boundary values. Q.E.D.

The proof of the following corollary is contained in the previous proof.

C o ro lla ry  61 Let r  be a formal differential operator, of  order n, which is defined on an interval 

I  C R  with a fixed endpoint a. I f  f  €  P (T o(r)) , then / ^ ( o )  =  0, fo r i =  0 ,1 , . . . ,  n — 1.

R e m a rk  62 Under the hypotheses of the preceding corollary, ker7o(r) =  (0). This is because the
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initial value problem

r(u ) =  0; 

t / ’*(a) =  0 , 0 < » < n — 1;

has a unique solution (see [4, X III.1.3]), and v(t) =  0 is it.
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C h a p ter  4

W h en  0 £ a e { r )

R e m a rk  63 Now we derive a lower bound for

[ r , ( r ' ) r , ( r ) : r o ( r * ) 7 o ( r ) ]

in term s of dim ker To(r), d im k e rJb (r’ ), d im k e r7 i(r ) , and dim ker J i( r* ) .  This lower bound is 

exact when

1. Range T q( t ) is closed, or

2. Range 7o(r*) is closed, or

3. Range 7 o(t*t ) is closed, or

4. Range 7o (rr* ) is closed.

We show th a t these four conditions are equivalent. These m atters lead us to an extension of a formula 

of [4, XIII.3.2], which relates dim ker Ti (r, / )  to d im k e r7 i( r , / ' )  and d im kerT ](r, /" ) ,  where /  C R  

is an interval with end points a < b, where a < c < b, and where I '  = I H [a,c], and I"  — I D [c, 6],

L em m a  64 Let A  and B  be two linear manifolds contained in a Hilbert space H. Let { / j ........./„}

be vectors such that

A + span{fu  , . . ,  f„)  = B.
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Then [B \ A] > [ B  \ A). I f  A is closed, then [B : A] = [B : A].

Proof: Let C  =  span { / i , . . . ,  f n } .  We have [B : A] <  dim C . In particular, if A  n  C  =  (0), then

[B :A ] =  dim C . (4.1)

Because B  = A  +  C, we have

A C B  C A  +  C, whence

A C S  C A  +  C. (4.2)

Moreover,

A + C  C A  + C, (4.3)

because A +  C  is closed (see proposition 6), and because A + C  C A + C. From relations 4.2 and 

4.3, we see that

A C B C A  + C.

This last relation entails

[ f l:  A ]<  [A +  C :  A] <  dim C . (4.4)

Now choose C'  C C  such that A + C'  =■ A + C,  and such tha t C'  D A =  (0). From relation 4.4, 

we see tha t [B : A] <  d im C '. From equation 4.1, we have d im C ' =  [B  : A], Thus,

ffl : A) <  [B : A],

If A is closed, then B  = A  + C  is also closed, by proposition 6. In this case, A =  A and B  =  B, 

so that

[B :A ] =  [B :A ]. 

Q.E.D.

D e fin itio n  65 From [4, XIII.6.1]. Let T  be a  closed operator in a  H ilbert space. The set of complex

numbers such th a t the range of Al — T  is not closed is called the essentia/ spectrum of T , and is

denoted by tfe(T) .
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If t is a formal differential operator which is defined on an interval I  C R , then the essential 

spectrum  of the closed operator T i (t ) is called the essentia/ spectrum <re( r )  of t .

L e m m a  66 From [4, XI 11.6.2]. Let Ti be a Hilbert space, and suppose that Ti =  S  + F, where S  is a 

subspace and F  is finite dimensional. Let T  be a bounded opera/or from Ti to another Hilbert space 

7ii.  Then T{S)  is closed if, and only if, T(Ti) is closed.

C o ro lla ry  67 From [4, X III.6.3 or X III.7.3], Let r  be a formal differential operator, which is defined 

on an interval 1 C R , and let T  be any closed extension ofTa(r) .  Then trt (r)  =  <rt [T) .

L em m a 68 Let T, with domain T>(T) , be a linear operator in a Hilbert space Ti. Let T  be a linear 

operator such that T  C T ,  and such that Range (T) is closed and has finite codimension in Ti. Then 

Range (T) is closed.

Proof:

Range (T )/R ange (T)  C 7f/R ange (T).

Thus,

[Range (T) : Range (T1)] < [H. : Range ( f 1)] < oo.

So there exists a finite dimensional space F  C Range (T ) such that

Range (T) =  Range (T)  +  F.

Then proposition 6 shows th a t Range (T) is closed. Q.E.D.

T h e o re m  69 From [6, theorem IV .1.2, p. 95; and remark 11.7.2(ii), p. 75]. Let T  be a densely 

defined, closed operator in a Hilbert space. Then Range (T)  is closed if, and only if, Range ( T ‘ ) is 

closed.

D e fin it io n  70 From [5, p. 195,193].

1. A Fredholm operator in a Hilbert space is a closed operator with closed range such that 

d im k erT  <  oo, and dim kerT* <  oo.
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2. When T  is FTedholm, the index of T, denoted ind (T),  is defined to  be d im k e rT ' — dim kerT .

T h e o re m  71 From [5, p. 195]. Let S  and T  be two Fredholm operators acting in a Hilbert space, 

and let 2 be dense. Then S T  is Fredholm, and

ind (ST)  = ind (S ) +  ind (T ).

R e m a rk  72 Let r  be a formal differential operator, of order n, which is defined on an interval 

7 C R . Then k e rT j(r), kerTo(r), kerT jfr*), and kerT o(r’ ) all have dimension less than, or equal 

to, n.

P ro p o s i t io n  73 Lei t be a formal  differential operator, of order n, which is defined on an interval 

I  C R . The following are equivalent:

1. 0 cr,(r) ;

2 . 0 0 C ' ( t ' )  ;

3. 0 g  <re( r ’ r)  ;

4- 0 g  o v (rr* ) .

Proof:

1. P art 1 implies part 2 : 0 £  <re(r)  implies Range (T i(r)) is closed. So, according to theo­

rem 69,

Range (7o(r*)) =  Range (71 (r)*) 

is closed. So, by corollary 67, Range (T ifr*)) is closed.

2. P art 2 implies part 1 : By the m ethod immediately preceding, and the fact tha t (r*)*  =  r.

3. P art 1 implies p art 3 : If 0 £  o’eff) , then 0 £  <re{jr*) . So Range (7 i( t ) )  is closed, and 

Range {Ti(r*)) is closed. By definition 70 and remark 72, J i (t ) and 7 i ( r ‘ ) are Fredholm 

operators. By theorem 71, T i( r ’ ) J i ( r )  is a Fredholm operator. Thus, Range (J i( r* )  7 i( r ) )  is

51



dosed. S o 0 £  <re(7 i(r* ) 7 i ( r ) )  . By proposition 31, ( r i ( r* )T i( r ) )  • =  7o(r*)To(7-). Thus, by 

theorem 69, 0 ffe(7b(r*) 7o (r)) . But lem m a23 shows th a t To(t *)To(t ) is a closed extension 

of 7b (r* r). So, by corollary 67, 0 £  <j-e(T*r) .

4. P art 1 implies part 4 '■ By the method immediately preceding, but considering 7 j ( r )  T i ( r m)

instead of T \{ r m) X i(r).

5. P art 3  implies part S : 0 £  <re( r* r)  en ta ilsO ^  <re(7o(T*) Tt {r)) . Thus, Range (7o(r* ) 7 \(r ) )

is closed. Recall, from [12, p. 312], tha t 7o(r*) T jfr)  is self-adjoint. Thus,

Range (7o(r*) 7 j( r ) ) 'L =  ker To(t ‘ ) 7 j ( r )  =  k e r J if r ) .

By remark 72, d im k e r7 i(r )  <  n. Thus, dim (Range (7o(r*) T i( r ) ) )1 < oo.

Let T  of lemma 68 correspond to To(t*). Let T  of lemma 68 correspond to

r °(T ,)lJ i ( r ) [  V ( T ^ ) T , { r ) ) r

We notice th a t Range (T ) =  Range (Tq(t ' )  T jfr)) , which is closed and has finite codimension. 

Also, T  C T. Thus Range (71) =  Range (7o(r*)) is closed, by lemma 68. Thus, 0 £  cre(r*) , 

by corollary 67.

6. Part 4 implies part J : By the method immediately preceding, but using r* instead of r, and 

using the fact th a t (r*) * =  r.

Q.E.D.

The next proposition extends, to arbitrary intervals, proposition 4.4 of [10, p. 17].

P ro p o s i t io n  74 Let r  be a formal differential operator which is defined on an interval I C R .  Then

[7 j(r)  : To(r)] >  d im k erT j(r) — d im kerT o(r’ )

+  d im kerT i(r* ) — dim kerTo(r). (4.5)

Equality holds i f  0 £  <Mr ) (equivalently, i f  0 a e(r*) ).
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Proof: By theorem 8, 7o(r)*  =  T i(r*); by corollary 9, 7 i(r)*  =  To(r’ ). Thus,

L 2(I) =  Range (T0(r))  © k e rT ^ r* )

=  Range (T i(r)) © kerTofr*).

By remark 24, [T i(r) : 7o(r)] <  oo. Thus, [Range (7 i( r ) )  : Range (T0(r))] <  oo. Let II denote 

the natural projection

n:2>(7U r))  -  V{T,{t )) /  V{T^T))

f  ~  f  + •

Let T  denote the induced linear operator,

T  : 0 ( 7 i ( r ) )  /  -* Range {T ,(r))/R ange (7^(7)),

/  +  P (5 7 (7 j) -  T i ( r ) ( / )  +  Range (TMT)).

Notice th a t T  is onto. Also, kerT  =  II(ker 7 i( r ) ) ;  thus, d im k erT  =  dim ker T i(r)  — dim ker To(r). 

Using a result of finite dimensional linear algebra, we have

dim 2>(Ti(r)) /  2>(T0(r ))  =  d im k erT  +  dim{Range (T i(r))/R an g e  (Tq(t ))}

=  dim ker Tj ( t ) — dim ker T0(r)

+  dim{Range (T ](r))/R ange (T0(r))} .

Thus, [Ti (t ) : To(r)] =  d im k erT j(r)  — dim kerT o(r)

+  dim{Range (T j(T))/R ange (T0(r))} ,

>  d im k erT i(r)  — dim ker To ( r )

+  dim{Range (T j(r))/R an g e  (T0(r))} , (4.6)

where the last inequality is a  consequence of lem m a 64. Thus

[T i(r) : To(r)] >  d im k erT i(r) — dim kerT o(r)

+  dim{Range (T ^ r ) )  © Range (T0(r))} . (4.7)
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But

Range (T j(r)) © Range (7o(r))

=  { / I /  G Range (7 i( r ) )  and /  X Range (T0(r))  },

=  { / | /  -L ker7^(r^) and /  €  ker !T](r‘ ) },

=  k e rT i( r ')© k e rT o (r* ) .

Thus

dim Range {T)(r)) © Range (T0(r))  =  dim ker 7 i (t*) -  d im ker7o(r*).

Substituting this last equation into relation 4.7 yields relation 4.5, as desired.

Now we address the question of equality. Tj (t ) is a closed operator. By remark 4. T>(Ti (t )) ,

with the operator inner product, is a Hilbert space. We notice that [T j(r) : 7o{r)] <  oo, and that

I>(7o(r)) is a  subspace of 2?(Xi(r)) . Applying lemma 66, we see th a t Range (7 \( r ) )  is closed

in L 2(l )  if, and only if, Range (7o(t)) is closed in L 2(I).  T hat these ranges are closed in L 2(I) is

equivalent to 0 £  <re(r )  , (and to 0 £  0>(r*) , by proposition 73). In this situation,

[Range (T i(r))  : Range (T0(r))] =  [Range (7 i( r ) )  : Range (7o(r))],

and then relations 4.6, 4.7, and 4.5 are equalities. Q.E.D.

E x a m p le  75 Here is an example of the preceding proposition. We consider r  =  d /dx  +  r o n  the 

interval [0,oo). r ‘ =  —d /d x  + x.

If /  satisfies the equation r(t>) =  0, then /  6  span {e- ' 3/ 2}. Thus, dimker!Ti (t ) =  1.

If /  satisfies the equation t ‘ (v) =  0, then /  6  span {e®3̂ 2}. But e*3/ 2 ^  L2([0, oo)). Thus 

ker T i ( r ’ ) =  (0).

Since [0, oo) has a fixed end point, then, by remark 62,

ker To(r) =  kerTo(r*) =  (0).

Thus, by proposition 74,
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[T i(r) : Xo(r)] >  d im k erT ifr) — dim ker7o(r*)

+  dim ker T \{ r ”) — dim kerTofr*), 

>  1 — 0-4-0 — 0 =  1-

We may conclude th a t [7 i(r)  : T0(t)] =  1, once we show th a t 0 £  0 t ( r )  • To do this, according

to corollary 67 and proposition 73, it is enough to show th a t 0 c e(To(r*)) . To show that 0 £

crt (To(T’ )) , it is enough to show that

ro(r- ) ( ^ ) | | 2 > \\<j>\\-,

for all <j> £  ^ { [ 0 ,  oo)). This we do:

||7o(r-)(< i)||2 =  | [ ° ° ( - d / d x  + x)d> ■ (~ d / d x  + x)d>dx\,
Jo

=  j f  {d/dx +  a:)(—d/dx-\- x ) $ ‘ <t>dx |,
Jo

=  I r [ ( - d 2/ d x 2m ^ + 1 x ^ + 1 ) ^ ]  dx\  
Jo

= I f  \d>'?dx + f  (x2 +  l)|(6|2<fx|,
Jo Jo

=  f  \<j>'\2d x +  f  (x2 +  l ) |0 |2dx,
JO Jo

> r \ ^ d x = M \ \
Jo

Thus, [Ti ( t ) : r 0( r ) ] =  1.

C o ro lla ry  76 Let r  be a formally self-adjoint formal differential operator which is defined on an 

in terra / /  C R . Then

[Ti (t ) : T0(t)] > 2 • (d im k er7 i(r)  -  d im k erT o (r)).

Equality holds when 0 ^  <Te('r) ■

Proof: From proposition 74. Q.E.D.

C o ro lla ry  77 Lei r  be a formal differential operator which is defined on an interval I C R .  Then

[ T r f r ^ T ^ - . T o l T ’ iTolr)]  > 2 ■ (dim ker T ^ r )  -  d im k e rr0( r * ) )

+  2 • (d im k er7 i(r* ) — d im k erT o (r)). 
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Equality holds when 0 $  <re(r) (equivalently, when 0 £  o * (t’ ) , or when 0 £ <re( r ’ r )  /

Proof: From corollary 34,

P i ( t )  r , ( r * )  : To(t ' ) T 0(t )} =  2 • ^ ( r )  : 7 ^ ) ] .

To the right side of this equation, we apply the result of proposition 74.

The remarks about equality follow from the same remarks in proposition 74, and also, from the 

fact th a t 0 £  <re( r ’ r)  if, and only if, 0 £ at (r )  : see proposition 73. Q.E.D.

R e m a rk  78 Equality may hold in proposition 74, or in corollary 76, even though 0 £  cr4(r )  . An 

example is r  =  — (d2/ d x 2), operating in L2(R).

1. k e rT ,(r)  =  ker7 ^ 7 )  =  (0).

2. Recalling remarks 16 and 18, we notice th a t |7 ] ( r )  : 7o(r)] =  0. This is because the only 

solutions to  r(i>) =  ± i v  are

_  eqF(l +i)x/ \ /2  

Now, |eTV^x | =  thus, £  i 2(R ),

3. Thus,

0 =  [T i(r) : 7b(r)] >  2 ■ (d im k erT i(r) -  dim ker 7£(r)) =  0.

4. Finally, we show th a t 0 £  cr4( r )  . Tb(7") is a symmetric operator. From the results of para­

graph 2, above, we see th a t

dim D + (T i(r)) =  dim 2>_(Ti(r)) = 0 .

Thus,according to comment 15, 7o{r) has a self-adjoint extension. Since [7 i(r)  : 7o(r)] =  0, 

this extension m ust be trivial. Thus To(t) is self-adjoint. By Plancherel’s theorem for Lr{R ), 

7o(r) is unitarily equivalent to

M xi : f ( x )  t-* i 2/ ( z ) .

It is clear th a t 0 €  <re(A/r ») . Thus, 0 £ o>(7o(r )) . Hence, by corollary 67, 0 €  cre(r) .
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In the material which follows, we apply proposition 74, and corollaries 76 and 77, to the material 

of propositions 47 and 48.

T h e o re m  79 From [4, XIII.7.2]. Lei r  be a formal differential operator which is defined on an 

interval I  C R . Then A G <xe(r) if, and only if, there exists a sequence { /„}  C T>(To(t)) , which is 

bounded in the L2( I ) norm, and such that { (r — A)/„} converges, but {/„} has no strongly convergent 

subsequence.

C o ro lla ry  80 Let r  be as above. Let J  C 1 be an interval. I f  0 £  <re(r, I)  , then 0 £ <rt (T, J)  .

Proof: If 0 G <re(r, J )  , there would exist {/„} C V ( T q( t, J) )  with { r(/„ )}  convergent, but {/„} 

having no convergent subsequence.

Since D (7o(r, J))  C 2?(7o(r, 7)) (see definition 1), we would have {/„} C T>(To(t , I ))  , witli 

{r (/n)} convergent, and {/„} having no convergent subsequence. This would entail 0 G ire(r, 7) . a 

contradiction. Q.E.D.

P ro p o s i t io n  81 Let r  be a formal differential operator, o f  order n, which is defined on an interval 

I  C R  with end points a < b. Choose c G I  such that a < c <b.  Let I'  =  I n  [a, e]. Let I"  =  7 n  [c, 6]. 

Then

[Xi(r, 7) : 7o(r, 7)] > d im k e rT ^ r, 7') +  d im kerT i(r* , 7')

4- dim ker 7 i ( r ,7") 4- d im k erT \{ r ’ , I")  — 2n.

Equality holds when 0 £  tre(r, 7) (equivalently, when 0 £  <Te(r*,I) ).

Proof: From proposition 47,

(7 i(r ,7 )  :7 S 0 \7 j)  =  [T^r ,  I 1) : T0(t, 7')]

+  [T,(r, 7") :T 0(r, 7 " )]- 2 n .  (4.8)

From proposition 74, for J  = I '  or for J  — 7",

[Ti(r, J )  : To(r, 7)] >  dim ker I )  (r, 7) -  d im ker7o(r* , J)

+  dim ker T i(r* , J )  -  dim ker Tb(r, J) .  (4.9)
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But J  has a fixed end point a t c, so that, by remark 62,

k e r7 b (r ,J )  =  kerT0( r * ,J )  =  (0).

Thus,

[7 i(r, J )  : 7o ( t , J)] >  dim ker 7 i( r ,  J )  +  d im kerT ifr* , J).  (4.10)

Substituting this result into relation 4.8, for J  = I'  and for J  = I",  yields the desired result.

As to equality, relation 4.10 is an equality if 0 £ a t { r , J )  or if 0 £ tre( r ’ , J ) .

Now, 0 $ cre{r, 7) if, and only if, 0 £  <re( r ’ ,7) (proposition 73), and these conditions imply

tha t 0 ^  <re(r, J )  and th a t 0 £  ere(Tm, J )  , for J  =  7' and J  =  7" (corollary 80).

Thus, 0 £  <Te( r , 7) , or 0 £ tre(r* ,7 ) , implies tha t relation 4.10 is an equality, whence the

conclusion of this proposition is an equality. Q.E.D.

C o ro lla ry  82 In the previous proposition, lei t  be formally self-adjoini. Then

[7 i(r , 7) :T 0(r, 7)] > 2 ■ dim ker 7 i( r ,  7') +  2 • dim ker Tx{r, I" )  -  2n.

Equality holds i f  0 £  0 t ( T) .

Proof: This follows from proposition 81, since r  =  r*. Q.E.D.

E x a m p le  83 Here is an example of proposition 81. We consider r  =  (d / d x ) +  x, on 7 =  R . Let c 

be any real number.

If f  satisfies r(v) =  0, then /  £  span{e“ *3/ 2}. Thus,

dim ker 7 i( r ,  (—oo,c]) =  d im k erT i(r, [c, oo)) =  1.

If /  satisfies r*(u) =  0, then /  £  span{er3/ 2}. Thus,

d im ker7](T ‘ , (—oo,c]) =  dim kerX K r*, [c, oo)) =  0.

r  is of order 1.

By an argument similar to  the one in example 75, 0 £  <re(r, R ) . Thus,

[7 i( r ,R )  : To(t,R )] =  1 +  0 + 1  +  0 -  2 1  =  0.
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Thus, Ti (t,R )  =  To(t,R ) .

P ro p o s i t io n  84 Lei r  be a formal  differential operator, o f  order n, which is defined on an interval 

I C R  with end points a < b. Let c €  I  such that a < c < b. Let I '  =  /  n  [o,c]. Let I"  — I  C\ [c,4]. 

Then

[Ti (r*. I ) T, (t ,  / )  : 7 b ( 7 v 0  f o i ^ T ) ]  >

2 • (dim ker T ](r, / ' )  +  dim ker T i(r* , / ') )

+  2 ■ (d im kerT i(r, I")  + d im k erT i(t* , I") )  -  4n.

Equality holds when 0 ^  Oefr) (equivalently, 0 0 0 e(r*) )  ( equivalently, 0 £ <re( r* r)  /

Proof: We start with the third assertion of proposition 48, and then apply the conclusion of corol­

lary 77, to  the expression

[Ti(r*, / ')  7 i( r ,  / ')  : T0{t % 1’) To ( r , I ’)],

keeping in mind that, by remark 62,

dim ker To(r*, 7') =  dim ker J o ( r , / ')  =  0,

since / '  has the fixed end point c. The same argument applies to the interval I ”.

As for equality, the three hypotheses about essential spectrum are equivalent, according to  propo­

sition 73. If any one holds, then 0 £  <re(r, I )  , whence 0 £  <7 e(r, / ' )  by corollary 80. Thus,

[Ti ( r* , I ' )  T i(r, I ' )  : T0(r* ,7 ')  T0(r, / ') ]  =  2 • (dim ker T, (r, I ' ) +  dim ker Tx ( r '1, T )).

A similar statem ent is true for I" ,  The equality for the relation which is stated  in this proposition 

follows from this. Q.E.D.

C o ro lla ry  85 Under the hypotheses of the preceding proposition,

dim P ± (T i( t t* ,  / ) )  >  dim ker T ^ r ,  7 ') +  d im k e rT i( r \  V)

+  dim ker Ti (r, / " )  +  dim ker Ti (r* , 7") -  2n.
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Proof: This follows from the first assertion of corollary 38, and proposition 84. Q.E.D.

The following lem m a is an extension of [4, X III.3.2].

L em m a  86 Let t  be a forma! differential operator, o f  order n, which is defined on an interval 1 C R  

with end points a < 6. Choose c €  I  such that a < c < 6. Let / '  =  /  fl [a, c]. Let I"  — I  D [c, 6]. Then

dim ker 7 i ( r “ , / ')  +  dim ker T i (t* , / " )  <  dim ker T j(r* , / )  — dim ker Tq(t , I)  + n.

Equality holds when 0 & (re{r , I )  (  equivalently 0 £  <re( r ’ , / )  ).

Proof: Let 7o(r, / ') ® 7 q ( t , I")  denote the operation r  with the domain W f (J ')©  Wfi ( /" ) . Xb(r, / ')©  

To(r , I")  is densely defined in L2{/); thus, it has an adjoint.

It is clear that

{7o(r, / ' )  © To(r, /")}* =  T i(r* , / ')  © T j(r* , 7").

T i ( r m, / ')© T i( r* , / " )  is densely defined; thus, 7b(r, I')(&To(t , / " )  has a closure, 7b(r, / ')  © Tq(t , 1") 

(see theorem 3). It is easy to see th a t

7o(r, / ')  © T0(r, J") =  r 0(r, / ')  © T0(r, 7")-

We point out th a t ker{T0( r , / ' )  © T0(r, /")}  =  (0), because the same is true of T o fr ,/ ') ,  and of 

7o(r, I").  Now we show that

[7 M 7 ):T o ( r ,/ ')® 7 o (r ,/" ) ]  =  n. (4.11)

We choose {^0, d>i, ■ • •. V’n -i}  C W o(7) such th a t i $ \ c )  =  1 if t =  j ,  and =  0 if i ^  j ,  for 

0 < i , j  < n — 1. Clearly,

23(T0(r, / ')  © Tq(t , /" ) )  +  span {^0 C V ( T 0(t , I ) )  . (4.12)

Now, let <j> €  Wo*(/). We define

n -1
f ( x)  = d>(x) -  <t>(iHc) ■ tM *)- 

<=1
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Then f i 'Hc)  =  0, for 0 <  i <  n — 1. Integration by parts shows th a t f \ j  €  T>({Ti(t“,*^)}“) > for 

J  = T  or J  =  7". Hence, /  €  2>({T0(r, 7 ') © T0(r , /")}**) . T h at is, /  6  V ( T 0 ( t ~ I T }  © 7 o (r ,7 "»  . 

Thus,

Z>(T0(r ,7 ))  C 7>(r0(r, 7 ')®  r 0(r , 7")) +  span {ifro, ■ ■ ■,

The right side of this relation must be closed in the Tj (t, 7)— operator norm, because it is a finite 

dimensional extension of P (7 o (r, 7') ® 7o(r, 7")) , which is closed in the T jfr, 7)—operator norm 

(see proposition 6). Thus,

V { T 0( t , 1 ) )  C T (T 0(r, 7 ')© 7 b (r . 7")) +  span {v'-o........................................... (4-13)

Lines 4.12 and 4.13 entail line 4.11.

Let II denote the natural projection

n  : V { T M r J ) )  -  V ( T \ & J ) )  / (  V ( T o ( t ,  1 ')) ® V ( T 0 { r J " ) )  ),

/  ~  /  +  ( 2>(T0(r ,7 ') )  © 7>(T0(r ,7 " ))  ).

Let T  denote the induced linear operator,

T  : 2>(7bOvO) /  2>(r0(T,7') ® Ta(r ,7 " ))  -  Range (7 K 7 7 ))/R an g e  (T b(r,7 ') © T0(r,7 " )), 

/ +  V ( T o ( t ,  I ' )  © To(r, 7")) ~  7 b M ( / )  +  R “ ge ( ^ ( r ,  7 ') © T0(r, 7")).

Notice that T  is onto. Also, k e rT  =  II(ker Tq( t , I ) ) .  Thus,

d im k erT  =  dim kerTofr, 7) — dim ker(T0(r, 7') © To(r, 7")) — d im kerTo(r, 7).

Using a result o f finite dimensional algebra, we have

dim D (7 b 0 v 0 )  /  I> (7 b (r ,7 ')e T o (r ,7 " ) )

=  d im kerT d-d im {R ange (To(r, 7))/R ange (To(r, 7 ') ® T<>(t ,7"))}.

=  dim ker T0(r, 7 ) +  dim{ Range (T0( t , 7))/R ange (T0(r , 7 ') ® T0(r, 7"))}.

Thus,
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[7 b (r ,/)  :T o ( r , / ') © T 0{ r,/" ) ]  =

dim ker 7o(r, 7) +  dim{Range (7o(r, 7))/R ange (7 o (r,7 ') © T 0(r, 7"))}. (4.14)

Lines 4.11 and 4.14 entail

n =  dim kerTo(r, I) + dim{Range (7o(r, 7))/R ange (7o(r, / ' )  © T0(r, /" ))} .

Now, using lemma 64, we have

n >  dim ker T q{t , 7) +  dim{Range (T0( t ,  7))/R ange (Tofr, 7') © T0 ( t ,  7"))}. (4.15)

Thus,

n > dim ker 7o (r, 7) +  dim{Range ( r 0 (T , 7') © 7o(r, 7")) x © Range (Tq[t, 7)) x }.

Thus,

n > d im k erT o fr,7) +  d im k erfT ifr’ , 7) © 7 i(r* ,7 " )}  -  d im k e rX i(r ',7 ) .

Thus,
V

n > d im k erT o (r,7) +  d im k e rT j(r‘ , 7') +  d im k e rT ifr* ,7") — d im k e rT i(r* ,7), (4.16)

which is what we sought to  prove.

This relation is an equality when

dim{Range (T0(r, 7))/R ange (T0(r, 7 ') © T0(r , 7"))}

=  dim{Range (T0(r, 7) )/R ange (T0(r, 7 ') © T0(r ,7 " ))} . (4.17)

From line 4.11, we deduce tha t

dim{Range ( I q(t, 7))/R ange (To(r, 7') © 7o(r, 7"))} <  n.

Thus, Range (7b(r, 7)) is closed if, and only if, Range (7o(r, 7 ') © To(r, I" ) )  is closed if, and only if,

0 £  ffe(r,  7) ( equivalently, 0 £  <re(r* ,7 ) ). In th is case, lines 4.17, 4.15, and 4.16 are equalities.

Q.E.D.
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C h a p ter  5

W h en  T1(r*)T1(r) =  T1(r*r)

R e m a rk  87 In this chapter, we state and prove two conditions such that

=  7 i( r* )7 i( r ) .  (5.1)

This equation is equivalent to

9 €  V ^ T ^ t ' t )) entails r(g) €  L 2{I). (5.2)

We dem onstrate this. According to relation 2.13,

T0( t ' t ) C T o (r ')T 0(r)  C T i(T *)7 i(r) C T t ( r ' r ) .  (5.3)

Thus, [T i(r* r) : 7o(r*r)] > [T i(r* )J j(r)  : Tq(t*) Tb(r)]. According to remarks 18 and 19,

[T j(r*r) : 7o(r*r)] =  2 - d i m P + (T i(r* r ) )  . (5.4)

According to corollary 36,

P i ( r ’ )7 i( r )  : To(r*)To(r)] =  2 • dim{g £ V+(Ti(r*r))  : r(g)  e  l 2(J)}.  (5.5)

If equation 5.1 is true, then 7o (r* r) =  To(r*)To(r), according to corollary 35. Hence,

2 - dim 2>+ ( ? i ( r 'r ) )  =  [T ,(r* r) : T0( rT )J

= [^(r-mfrJrTotr'jrotr)]

=  2 -dim {ffG D + (Ti(T*r)) : r(g) €  L 2(I )}.  (5.6)
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Certainly, D + fT if r 'r ) )  D {g €  P + (T i(r* r ))  : r (g) 6  £ 2(/)} . This, and equation 5.6, require 

th a t statem ent 5.2 be true.

On the other hand, if statem ent 5.2 is true, then the right sides of equations 5.4 and 5.5 are 

equal. Thus,

[ T A r 'r )  : T ^ F 7 ))  =  [T rfr 'JT jfr)  : T0(r*) T0(r)],

Then, using relation 5.3, we would have equation 5.1.

L em m a  88 From [9, prob. 5.8, p. 233] L e lT ,  with domain Z>(T) , and T, with domain T>(T) , be

closed, densely defined operators »n a Hilbert space, such that ker(T), k er(T '), ker(T), and kerfT*)

are all finite dimensional, and such that 0 ^  &t{T) , and 0 $ <rt ( T ’ ) .

I f T C T ,  and ind (T) = ind ( t ) ,  then T  = T.

Proof:

1. T  C T  entails kerT  C kerT . Thus,

d im kerT  — d im k erT  < 0.

2. T  C T  entails Range (T) C Range (T), which entails kerT* D kerT*. Thus,

dim ker T* — dim ker T* > 0.

3. ind (T) =  ind (T) entails

dim kerT* — d im kerT  =  dim kerT* — dim kerT .

Thus,

dim ker T* — dim ker T" =  dim ker T  — dim ker T.

From paragraph 2, the left side of this last equation is non-negative, and from paragraph 1, 

the right side is non-positive. Thus,

0 =  dimkerT™ -  dim kerT* =  d im k erT  — d im kerT .
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From this, we see tha t kerT1 =  kerT , and th a t k e r7”  =  kerT*. This last fact, together with 

the facts th a t Range ( J 1) is closed, and th a t Range (T) is closed, leads us to conclude that 

Range (T) =  Range (T).

4. Let g G V {T )  . If g €  kerT , then g G kerT, whence g €  V [ T )  . I f  g $  ker T , then

T(g)  G Range (T) =  Range (T).

Thus, there is h €  T>{T) such th a t T(h)  =  T(g).  Since h € T (T ) , then T(h  — g) =  0, which 

leads to

h - < / S ker T =  ker T C  V ( T )  .

From this, and the fact that h G V ( T )  , we conclude tha t g G V{T)  . Q.E.D.

P ro p o s i t io n  89 Lei r  be a formal differential operator of  order n, which is defined on an interval 

I  C R , Suppose that 0 ^  <re(r* r, I)  , and that d im kerT i(r* , I)  =  n.

Then T i ( r ' r , I )  =  T i ( t * ,  1)T\{t , I).

Proof: Let a and 6, with a <  b, denote the end points of / .  Pick c £  /  such that a < c < b. Let

/ '  =  I  n [a, c]. Let J"  =  /  H [c, 6].

Relying on relation 2.13, we have

7 M T v T )  c  T U T v O  7 ^ ( 7 7 )  c  T i ( t *, 7 ) T , ( r ,  / )  C  T , ( r * r ,  7).

By remark 87, it is enough to show th a t r(g) G L2(7), for all g G V ± ( T i ( r mTt I))  . To do this, we

will show tha t r(g) G L2( / ') ,  and r(g)  G L 3(I").  To show that r(g)  G L2(/')> it *s enough to show

that

T1( r W , n  = T 1( r ' , I ' ) T }( r , n .

We will use lem m a 88 to do this.

According to corollary 80, 0 £ a e( r ‘ r, / ')  .

We rely on relation 2.13 to  see th a t T i( r* r ,I 1) D T i ( r* , / ')  T i ( r , / ') ,  whence

kerT ](r* r, I ')  D k e r T , ( r V ') 7 i ( r , / ') .  (5.7)
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Now we show that

ind CTo(r*r,/')) =  ind (To(r', V )  T0( t , 1' ) ) .

Since I '  has a fixed end point,

ker7o(r* r, / ')  =  kerT0(r*, / ')  T0<r, / ')  =  (0), (5.8)

by remark 62. Now, choose h €  ker7i(r*T , / ') ,  We have r ‘ r{h)  =  0. Thus, r ‘ (r(h)) = 0. Since 

dim ker T \ ( t '  ,1)  =  n, then d im k e rT i(r* ,/ ')  =  n. From r ‘ (r(h))  =  0, and from d im k e rT i(r‘ , / ' )  =  

n, we conclude that r(h)  € L 2{I‘). Thus,

* € k e r T i ( T * , / ' ) T , ( r ,  /')■

Thus,

ker jT i(t* t,/ ')  C ker T, ( r * , / ')  T ,( r , I ' ) .  (5.9)

From lines 5.7 and 5.9, we conclude that

ker T x (r* r, / ' )  =  ker Tj ( r *, / ' )  T, ( r, / ' )  •

From this, and relation 5.8, we conclude that

ind (T \ ( t ' t , / ') )  =  ind (T) (r*, / ')  7 \( r ,  / ') ) .

Now we can use lemma 88 to  conclude that T i ( r ‘ r, / ')  =  T i(r* , I') T i (t, / ') .

Similarly, T ^ t ' t J " )  = T jfr* , 7") 7 \( r ,  /" ) .  Q.E.D.

R e m a rk  90 Under the hypotheses of the preceding proposition, we have

dim 2 7 ± (7 i(r* r,/) )  =  dim{fl €  2 ? ± (7 i ( r 'r , / ) )  : r ( j ) £ i ! ( / ) ) ,

according to an argument in remark 87. Now, if g £  D±{T \( t ' t, J)) , and if g ̂  0, then r(g ) 0.

If this were not true, we would have

r(g)  -  0 

r-r (g )  = t * (  0 )
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± i g  =  0 

g = 0,

which is a contradiction. Thus, the map g >—* r(g) is 1-1. Thus,

dim P ± (7 'i( t* 7 ,;) )  =  dim {r(g) £  L2(7) : g £ V ± ( T i ( t ' t , I) )  }. (5.10)

Thus, by lemma 20, we have

dim I))  <  dim V ± ( T 1( t t ’ , / ) )  .

Another way to state  this is

[T ,( r - r ,7 )  : 7 M r-r , 7)] <  [7 U rr‘ , 7) : T0( r r \ /)].

E x a m p le  91 Here is a theorem, from [4, XIII,6.23], which we will use in this example:

Let

r  = ~{d2f d x 2) + q{x)

be a real self  adjoini second order formal differential operator defined on an interval I  =  (0, 6], where 

b > 0. Then

1. i/lim  infr _o x 2q(x) > 3 /4 , then r  has no boundary values at zero; and

2. t /lim su p r _ 0 |x 2g(x)| < 3 /4 , then r  has two boundary values at zero.

Let p  > 0. On the interval 7 =  (0,1], we consider t  =  d/ dx  -f p /x .  Clearly, r* =  —d jd x  + p/ x .  

Notice th a t f ( x )  = x p G L2(7), and th a t r*(xp) =  0. Thus,

d im k erT i(T ') =  order of r* =  1. (5.11)

Notice further th a t

T*r =  —(d2f d x 2) +  (p2 +  p ) / x 2, and 

t t '  =  ~ ( d 2/ d x 2) +  {p2 -  p ) / x 2.
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1. For both t ' t  and r r* ,  the end point one is a fixed end point. Thus, both t ' t  and rr*  have 

two boundary values at one ( see corollary 46 ).

2. Let p = 1. We apply the above theorem to

t ' t  =  —(dPfdx2) +  2 /x 2

to see th a t t ' t  has no boundary values at zero. If we combine this with the result of paragraph 

1, we see th a t

[ T A t - t ) : fo(T'T)} =  2. (5.12)

Next, we apply the above theorem to

rr*  =  —(dPfdx2)

to see th a t r r*  has two boundary values at zero. If we combine this with the result of paragraph 

1, we see that

[T ifrr* ) : 7o(rr*)] =  4. (5.13)

Equations 5.11, 5.12, and 5.13 show th a t remark 90 is verified, that

4 =  [7 i(rr* ) : T0(rr*)] > [T i(r* r) : 7b(r*r)] =  2.

3. Let p  =  1/4. We apply the above theorem to

t ' t  =  —(d2/d x 2) 4  5/{16x2)

to see th a t t ' t  has two boundary values a t zero. If we combine this with the result of paragraph 

1, we see tha t

P i ( r * r )  : Jo (r* rj]  =  4. (5.14)

Next, we apply the above theorem to

rr*  =  — (d2/ d x 2) — 3 /(16x2)
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to see that rr*  has two boundary values at zero. If we combine this with the result of paragraph 

1, we see th a t

[7,1( r r * ) : r 0(rr*)] =  4. (5.15)

Equations 5.11, 5.14, and 5.15 show th a t remark 90 is verified, that

4 =  [T i( r r ')  : 7’0(rr* )] >  [T )(r*r) : T0{t ' t )} =  4.

R e m a rk  92 The second condition is th a t

k e r ^ ( ( r r * ) 2) C P (7 i( r r* ) )  entails 

r , ( r * ) 7 i ( r )  =  7 H r* r).

First, we need to  state  several lemmas. The first, due to I. \1. Glazman, is a specialization of [5, p. 

193, lemma 2.1].

L em m a 93 Let a Hilbert space 7i be decomposed into a direct sum of  a subspace S  and a finite 

dimensional subspace F  : "H = S ± F .  Let { r i , r 2 , . . . , r * }  be a basis for F, and let M  be a linear 

manifold which is dense in H. Then

1. M C\S is dense in S;

2. the space ‘H can be represented as a direct sum of subspaces S  and F \  where F ‘ C M;

3. dim F  =  dim F 1 (this follows from a remark in the last part of  the proof of [5, lemma 2.1]; and

4. there exists { m i, . . .  ,mjt} C F 1 such that det((r,-, rrij), 1 <  i , j  <  k) £  0 (this follows from 

remarks in the proof of  [5, lemma 2.1]).

L em m a 94 Let T , with domain V ( T )  , be a closed operator in a Hilbert space, such that 0 £ 

o e(T)  , and such that d im k erT  <  oo. Then there is a positive number p such that

P-  ll/ll < ||T ( /) | | ,

for all f £  V ( T )  © kerT .
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Proof: V ( T )  , with the operator inner product, is a Hilbert space, because T  is a closed operator 

(see remark 4). Let [f,g\  denote the operator inner product.

In this Hilbert space, the orthogonal complement of kerT  is a subspace, and equals

{ / €  V ( T )  : i k  E ker T, [/, fc] =  0}

=  { /  €  V ( T )  : V* E ker T, ( /, k) = 0}

=  P (T )  © kerT .

Let Tr denote the operator with domain *D(T) © kerT , and such th a t

T r( /)  =  T ( / ) , f o r / e  V [ T )  © kerT .

Tr is a closed operator because it is a restriction of T  to  V ( T )  © kerT , which is a subspace of 

T (T ) . Clearly, Range (T) =  Range (Tr ). Also, kerTr =  (0). This shows that Tr defines a 1-1 map

Tr : D ( T ) © k e r T  — Range (T)

/  -  T(S).

The inverse m ap Tr-1 is well defined. It is closed because Tr is closed (see [4, X II.1.2]). We 

conclude that Tr-1 is a  bounded map (see [12, p. 306]). Thus, there exists a positive constant c. 

such th a t, for all g E Range (Tr ) =  Range (T),

l|Tr- J( p ) | |< c - |H | .

But T f l {g) G V {T )  ©ker T. As g assumes every value in Range (Tr ), Tr-1 ( j)  asumes every value in 

V [ T )  © kerT. Thus, for all /  E V ( T )  © kerT, there exists g €  Range (Tr ) such th a t /  =  Tr_1(ff)- 

and

ll/li =  l i2V1(ff)ll <  c 1 llffll =  c ■ l |T( /) | | .

If we let p  =  1/c, the lemma is proven. Q.E.D.

L em m a  95 Let r  be a formal differential operator, o f  order n, which is defined on an interval 

I C R ,  such that 0 g  tre( r mT) . Suppose g E V ± ( T i (t *t )) . Then there is a positive number c such
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that, for  all <j> £  W§n(I),

|(r0(rT’ )(tf),r(ff))| < c • |M | • ||r0(rr-)(«)||. 

Proof: If <j> = 0, the assertion is clearly true. Now we assume th a t <j> ^  0.

|{7b(rr* ){<£), r(jf))| =  | J  rr*(</») • r(g)dl \

| | r 0(rr* )(^ ) ||

Now, rr*  may be represented as

||7o(rr*)(4»)|| • j|p|j. (5.16)

a n n { t ) { d / d t f n  +  a 2n - \ { t ) { d / d l )  +  • • • +  a,(t)(d/<ft) +  ao(t).

where a2n(0 ^  0 for 1 £ 7, and {o0(), a ] ( ) , . . . ,  a 2„()} C C “ (7); thus, no solution of the equation 

t t ' ( v ) =  0 has compact support in the interior of 7. Thus To(rr*)($) ^  0.

Further, we have

r 0( r r* )C T o ( r r* )  C T0(r)  T0(r*) (lemma 23)

C 7 |(r )T 0(T').

Thus,

I ™ " ™ '* * '  £ ht!m S ) | |  ■ l | r ” ( ” ' )W )l1 ' l l9" '

Because we assume th a t 0 £  <rt (r* r)  , then 0 ^  (proposition 73). Thus, 0 £  cre(T i(t )) .

Thus, by the previous lemma, we know that there is a positive number p  such th a t, for all /  £ 

2> (r,(r)) © ker 7 i( r ) ,

P - I l / U < i m ( r ) ( / ) | |

But To(r*)(^) €  Range {3o(r*)), so th a t 7o(r*)(^) ±  k e r7 i( r ) . Thus,

0 <  P • i|T0(r* )(*)|| <  ||7 i( r )  T0( r ') (* ) ||.  
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From this, we see that

IP b ( f ) (* ) | | ||7o (r-)(^ )|l 1
l|ro(TT’ )(^)|| | |7 i ( r ) r 0(r*)(^ )|| -  p

Substituting this result into relation 5.16 yields the desired result. Q.E.D.

L em m a  96 Lei T, with domain V ( T )  , be an operator in a Hilbert space. Suppose that T  has a

closure, T. Then

Range (T)  =  Range (T ).

Proof: Range (T) is dense in Range (T),  and Range (T) is dense in Range (T).  Thus, Range (T)  is 

dense in Range (T), Q.E.D.

P ro p o s i t io n  97 Let r  be a formal differential operator which is defined on an interval I  C R , such 

that 0 £  o-e( r ’ r)  . I f

ker J i ( ( r r * ) a) C  V ( T j ( r r ‘ )) ,

then T 1( t ' ) T 1(t ) = T 1(t - t ).

Proof: Let n denote the order of r. Relying on relation 2.13, we have 7 ] ( r* )7 i( r )  C Ti(r*T). It 

remains to show tha t T i(r* r)  C T i(r* )T i(r), or equivalently, tha t V ( T i (t ‘ t )) C T>(Ti(r")Ti(r)) . 

According to lemma 14,

P (7 i( r* r ) )  =  0 ( 7 o ( r 'r ) )  ® D + ( r ,( r * r ) )  ® K . ^ f r V ) )  .

Using relation 2.13, we have

2>CTo(r*r)) C P (7 o (r- )  T0(r))  C P ( r i ( r * ) r i ( r ) )  .

It only remains now to show tha t

P + (T ,( r* r) )  ® P _ (T ,( r* r ) )  C I> (T ,(r* )T ,(r)) .

To do this, it is enough to  show th a t if g €  2>±(7 i(t’ t ) )  , then r(g)  €  L 3(I).  We show that 

r(g)  G X>(Ti(r*r)) C L 2(l ) .  The rest of the proof is divided into 5 steps.
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1. Here, we s ta rt with r ( j ) ,  and then construct a bounded linear functional on Range (7o(rr*)), 

which is induced by q  €  Range ( 7 o( t t *)) .

By proposition 73, 0 £  o-e{7T*) . Thus, Range (7o(rr* )) =  Range {7o(rr*)).

According to  lemma 95, there is a  positive number c such that, for all r r* (^ )  €

I J  * r ( f f )  d x \  <  c • | | ; | |  • | | r r * ( ^ ) | | .

This says tha t r(g ) induces a bounded linear functional on -r-r*( " ( / ) )  =  Range (To(rr*)).

By continuity, we can extend this bounded linear functional to one defined on Range ( J o ( r r ‘ )). 

because Range (Tq(t t ’ )) is dense in Range (T0(rr* ))  =  Range (Tb(rr*)) : see lemma 96. Since 

Range ( T o ( r r ')) is a subspace of i 2( /) ,  the Riesz-Frechet theorem tells us th a t there is a unique 

q €  Range (7o(rr*)) such that, for all r r ' ( ^ )  € Range (7o(rr*)),

J  t t"(<j>) • q  d x  =  J  tt ' (<1>) ■ r { g ) d x .

Restating this: for all $ G W02n(/) ,

J r T T * ( d > ) - ( q - T ( g ) ) d x  =  0.

From this, and from lemma 7, we conclude tha t q — r ( j )  is a solution of the differential equation 

r r ’ (i>) =  0.

Also, we want to  show th a t g  ^  0 entails q  ^  0. Suppose there exists g  such th a t q = 0. 

Since r(g ) — q satisfies the differential equation rr* (u ) =  0, q  =  0 entails that r ( g )  satisfy the 

equation ^ ‘ (u) =  0. Thus:

™ "(r{$)) =  0,

= 0, 

t ( s )  =  0 ,

r * r ( g )  =  0 ,

±ig  =  0,

g  =  0 .
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2. (a) Here, we construct a second bounded linear functional, an extension of the first one, which 

is defined on Range (T i(rr* )).

As noted above, Range (T0(rr* ))  is a subspace of L 2(I)\  its orthocomplement is 

ker J i ( r r ' ) ,  which is finite dimensional. Let m  =  dim ker 7 i ( r r ‘ ).

is dense in L 2(I).  Because 0 £  <re(r7*) , Range (T i(r r* ))  is a subspace of L ~(/); 

its orthocomplement is k e rT o ^ f* ). which is finite demensional. Thus, by lemma 93, 

fVo"(7) Cl Range (T i(rr* )) is dense in Range (T i(rr* )).

Range (7o(rr* )) is a subspace of Range (T ifrr* )). We have

Range (7 i( r r* ))  =  Range ( r 0(r r* ))  © [Range (T ifrr* )) © Range (7 o (rr ’ ))].

But

Range ( T i ( r r ’ )) © Range (Tofrr*))

=  { /  : /  €  Range (T ifrr* )) and /  _L Range (7o(rr*))}

=  { /  : /  -L ker2o{rr*) and /  €  k e rT i( r r ') }

=  k e rT i(rr* ) © kerTofrr*).

Moreover,

dim[ker 7 i ( r r ‘ ) © ker 7o(rr*)] <  dim ker T j(rr* )  <  oo.

This shows th a t the orthogonal complement of Range (T o (rr ') )  in Range is

finite dimensional. Let I =  dim [ker7"i(rr*) © ker To(rr*)]. Let { r i , . .  . ,r/}  be a basis for 

k e rT j( r t ' ) ©  k erT 0( t t ’ ) .

Because dim[Range (7 i( r r* ) )©  Range (7o(rr*))] < oo, and because

W s n(I)  n  Range (T ^ rr* ))

is dense in Range (7 i{ rr* )), lemma 93 leads us to conclude th a t there is an /—dimensional 

space

F '  C W02n(7) n  Range (7i(rT-*)),
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with basis {4>i, - ■. ,4>i) such tha t

•  Range (T0( t t ‘ )) C\F' =  (0);

•  Range (T ifrr* )) =  Range (TotTr*)) +  F'\

•  1 =  ll^iII =  ■ • ■ =  H îH; and

•  det{{0,-, Tj), 1 < i , j  < 1 ) ^ 0 .

Because r r '( lV ^ n(/) )  is dense in Range (7 o (r i-)) ,  then rr*(l'V^n( /) )  +  F'  is dense in 

Range ( T i( r r ') ) .  Let M  denote ir*(W /02n( /) )  +  F ' .

Let P  denote the orthogonal projection onto ker T i (t t ’ ) © ker 7o(rr*). If £  M,  then

where C C , and r r m(<ft) £ r r ’ (H’02n(/)) . In 2b and 2c, below, we will show

th a t c j , . . . ,  C[, and t t ' ( 4 > )  depend continuously on 4>,

(b) From equation 5.17, we get
l

P ( * )  = 22ci .p(<f i ) .  (5.18)
i=l

From this equation, we derive a system of I equations, in the unknowns c j , . . . ,  ci :

The system 5.19 has a t least one solution, since we assumed th a t €  M.  To show that 

the system has exactly one solution, and th a t we may use C ram er’s rule to find it, it is 

enough to show th a t

(5 .1 7 )
i=i

{ P ( * ) , 4 > i )  =  E j = i c>
(5.19)

</>(*), 4,,} = T ! j = x c r { P W M ) -

d e t((P (0 j) ,<£,),! <  j , i  < I) 0.

Since P  is an orthogonal projection, it is enough to  show that
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Since (*, *) is the bilinear form corresponding to  the positive definite quadratic form ||* ||3, 

it is enough to  show th a t { P ( ^ i ) , . . , ,  is a linearly independent set. This we do

now:

Suppose th a t { a i , . . .  , aj} C C is such th a t a, ■ P{4>i) =  0. Then 

l l I
• P (d i)  +  y ^ o ,  • (1 -  P)(<fti).

1=1 i = l 1=1

=  (5.20)
■ = i

We claim that the right side of this last equation lies in Range (To(rr*)).

First, let k'  G ker7o(r* r). Then, for 1 <  i < /, we have it') =  0, because

span C Range { 7 j(r* r)) =  {kerTofr’ r)}-1.

Also, (P(<j>i),k') =  (<j>i,P(k')) =  (<£,-, 0) =  0, since P  is the orthogonal projection onto

k e rT i(r* r)  0  ker 7 o (r* r). Thus, we have ((1 — P )($ j) , it') =  0.

Second, let k"  G ker 7 j{ r* r) © ker 7o(’'* ’')- Then

((1 -  P ) ( * ) ,* w) =  <<M1 -  W ' ) >  =  < * ,* " - * " >  = 0.

Thus, for

k  G ker T i ( r mr)  =  kerXo(r*r) © (k e rT i(r* r) © ker 7o(

{(1 — P)(<j>i),k) =  0. Thus, (1 —P)(<£,) G k e rT j( r* r)x =  Range ( T o ( t ‘ t ) ) ,  Thus, the left

side of equation 5.20 lies in Range (7o (r* r)). Now, in sub-paragraph 2a, above,

F'  =  span{^1, . . . , ^ / }

is such that

sp an {0 i, . . . ,  (fit) n  Range (T0(rj-*)) =  (0).

Thus ai =  0- Since { ^ i , . . . ,^ f }  is a linearly independent set, we m ust have 

0 =  oj =  ■ • • =  at. Thus, { P ( ^ i ) , . . . ,  P(<t>i)} is a linearly independent set.
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So, we may use C ram er’s rule to solve system 5.19. For all i, ! < * < / ,

<P(*i),* i>  •••

(P (^ ,_ i) ,^ i)  { P (& -i) ,^ i)

(P ($),< M  <P($),<M

(P(0i+1 )> * l̂) {P(<Wl )> 0<)

<P(0,),^i>  ■■■ (P (4 i),4 ;)

C i=  d e t( (P (p j), 4>i), 1 S  j<1 ^  0

We showed above that { P ( < f > i P ( d > j ) }  is a linearly independent set. Thus, the de­

nom inator above is non-zero. From the form of the solution, it is clear that c, depends

linearly on 4>. We abbreviate the above formula:

j
°i =  ' <PW .<>j).

3 =  1

where {e,j} C C . Thus,

l
M < 5>«HIP(*)IHtoll,

3 =  1

<  E |e « |- ! I * H - I k i l l .
3 =  1

because P  is an orthogonal projection. Thus,

M < £ m -11*11,
3 =  1

because we chose { ^ }  so th a t 1 =  ||^ i | | =  • • ■ =  ||^j||-

This shows tha t the rule for calculating c, yields a bounded linear m apping from M  to 

C , which we denote by c,(*). Let ||cj|| denote the bound of c,(*).

(c) Here, we show th a t from formula 5.17, depends continuously on $ , We re-arrange

formula 5.17:
i

r r ‘ (<j>) =  $ - £ < : < ( $ ) • & .  
i= i
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Thus,

r - ( * ) l l  <  1 1 * 1 1 +  X > ( * ) H I * H  
1 = 1  

I
< ll*li+ £  INI-11*11- M

i = l

=  ( i  +  £  Ik,- ID - | | * | | ,
i=i

since 1 =  ||0 t || =  . . .  =  ||^(||- Denote by Z  the correspondence between $  and 

Then

iiz(*)ii< ( i + £ im ihi* ii.
1=1

So Z  is a bounded linear map Z  : M  —► r r ’ fWg "{/)).

(d) Now, we look at the linear functional on M  which is induced by r((j), and show that it is 

bounded. Choose e  A/. Then

J i  J i  f r i

<  \ J z ( * ) ‘ 7 ( j f i d x \

+  y )  I / c . ( * )  • 4>i • T-{s)di|. (5.21)

Now,Z($) €  7T*(W?o " (/)) , so th a t the results of paragraph 1 show that

\ J z ( 9 ) ' 7 { g ) d x \  < c||Z(*)| |. | |ff||

<  c - l l ^ l l - 11*11-llffll, (5.22)

where c > 0.

Now, we look at the second addend on the right side of line 5.21. Let J  be the convex 

hull of U!=1 su p p o r t^ ,) .  J  is contained in the interior of 1, since support(0, ) is contained 

in the interior of I,  for ! < * < / .  Let | |r ( s ) | | j  denote

{ j f  \T(9 ) ? d z y v .
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E  I /  c*'(*) ■ & • T(ff) d x \ =  E  I /  c<(*) • & • r(<7) d r |
7=? J i 7^i J J

< , ___
=  ' j T , \ c i ( Q ) \ -  \ I  t o - r ( g ) d x \

Z71 J ->
i

< 11*11 •INff)!!-'
i=l

I
=  ^ k . ( 4 > ) | - | | r ( f f ) | | j  ( s i n c e

1 = 1
l =  | | ^ i | | = . . .  =  f|4,||)

(

<  E I N I - H * H ‘ l l T ^
1=)

I

= 11*11 -Ellc,ll ■ lir(0)||j. f5-23)
1 = 1

By referring back to lines 5.21, 5.22, and 5.23, we get

I f  « •  H f )  d x \  < ||»|| ■ [C . ||Z|| ■ llslt + E INI • Hs>lW- 
J > £?

This shows that r(p) induces a bounded linear functional on M.  By continuity, we can 

extend this to a bounded linear functional on the closure of A/, which is Range (J i ( r r " ) ) .

By using the Riesz- Frechet theorem, we infer a unique q  € Range ( T i ( r r ’ )) such that,

for all $  £ M,

J  4> ■ r ( g ) d x  =  J  q d x .

In particular, for all r r* (^ )  e  tt’ (Wo" ( / ) )  C A/,

j  T T m(d>) • r ( g )  d x  =  j  r r m(<f>) - q d x .  (5.24)

We compare the previous equation with the linear functional defined in paragraph 1. Para­

graph 1 showed th a t there isg £  Range (T o (rr’ )) such th a t, for all rr* (0 )  €  r r ‘ (H'0-n (/)),

J^ -T(g)dx  = j f  qdx.  (5.25)

We subtract line 5.24 from line 5.25, and see th a t, for all <f> €  Wan{I),



Thus, q — q is a  solution of the differential equation rr* (t;) =  0 (lemma 7). Since

q,q e  Range ( ^ ( r r * ) )  C L 3(I),

we see th a t

q -  q €  ker T i(rr* )  n  Range (T j(rr* )) =  k e r T i( r r ’ ) © ker T0( r r - ).

(e) Let g satisfy the equation T i(r* r)(v ) =  ±iv .  We show th a t 9 = 0  entails 5  =  0 . Notice

th a t q is the projection of q onto Range ( J o ( r r ’ )); this is true since

q -  q 6 kerjTifTT*) © ker7o(rr* ).

If q =  0, then q = 0. To have g ^  0 and q = 0 would entail g ^  0 and 9 =  0 , which 

contradicts paragraph 1, above. Thus, 9  =  0  entails g = 0.

3. Let m  denote dim ker 7 i ( 7-7-*). Recall, from paragraph 2, that

I = dim[ker T i (r r * )  ©  ker 7 o ( t t * ) ] ,

and th a t { r j , . , r/} is a basis for ker © ker 7b(7"r*). Then m  — l = dim ker 7 o ( r r ') .  If

m =  /, then { r i , . . . ,  rm} =  { r j , . . . ,  r/} is a basis for ker 7 i (7-7-*).

If r?i >  /, we choose {rj+ ] , . . . ,  rm} to be a basis for ker 7o (7-7-*); then { r i , , . . , r m} is a basis

for k e rT itr r* ) .

Wo "(7) is dense in L2{I).  Range (To(rr*)) is closed, according to corollary 67; moreover, its 

ortliocomplement in L2( /) ,  k e r7 i( r r* ) , has dimension m < 0 0 . Thus, according to lemma 93. 

there exists { ^ 1  Q Won(7) such that

• span{^>i,...,^m} n  Range (To(rr*)) =  (0);

•  span{<£i,. . .  , ^ m} +  Range (7b(rr*)) =  L 2(I);

•  d e t((^ t , r j ) I  <  i , j  < m)  ^  0; and 

.  l  =  j | ^ | |  =  . . .  =  | ^ m||.
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(Note: the set {4>i, . .  . ,0 m} could contain the set ( 0 i , ..  . ,0]} of paragraph 2, but this is not 

necessary.)

Now we define a  linear operator, II, on L 2{I).  For /  €  L 2(I),  we define

det( {4>i, r j ), 1 <  t, j  < m)
(5.26)

This operator is well-defined, since the denominator is not zero. Here are some of its propert ies:

(a) (I I(/) ,ri}  =  0,for 1 <  i < m.  Thus,

n(/) e (span { r i , . . . , r m})i  =  Range (7o(rr*)).

(b) If /  6  Range (T0(rr* )), then ( / , r j )  =  0, for 0 <  i < m.  From this, we see that FI( / )  =  f .  

Thus,

Range (n )  D Range (7o(rr*)).

(c) Sub-paragraphs 3a and 3b entail Range (II) =  Range (7o(rr*))

(d) We expand line 5.26:

< /,r  i) ■■

(01, H )

(4>i~ i , r i )  ( 0 , - i , r m)

(01+1. r\)  • "  (0i+l • rm)

i=l det({0i, f j) , 1 <  i , j  <  m)
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We re-express this:
m

n ( / )  =  /  +  £ > , •  Ci{f) ,
i= i

where Ci : L 2(I) —* C is a linear functional, for 1 < » <  m. Each C ,( f )  may be rewritten

1=1

where {e , ; }  C C. This shows tha t each Ci(+) is a bounded linear functional; let 1|C';[| 

denote its bound, for 1 <  i <  m.

(e) For any /  G L 2(l),

n ( / )  =  /  +  X ] c , ( / )  ■ <j>.
1 =  ]

Thus,

m m  <  ii / i i+  £ i i a - i i - i i / i i - n o n
i=i

=  ( i + E iic . i d - ii/ ii,
i=l

since 1 =  ||d i || =  • • ■ =  |j0m||- This shows tha t I] is a bounded operator. Let ||I1|J denote 

its bound.

(f) If /  G W 2" i l ) ,  then

n(/) G span a * m} C W 2n(I).

4.  (a) Now we show th a t q  G *)) . In sub-paragraph 2d, above, we showed that q —

q € k erT ifrr* ). Thus, to show tha t q  G P (X i(rr* ))  , it is enough to show th a t q G 

"Z>(Ti(7-t”)) . We do this by finding a positive constant a  such that, for all 4> G

|{7o(rr* )(^),9 )| <  or - 1|^||.

(b) Let ^  G W 2n(l) .  As in paragraph 3,

m
<t> =  n (^ )  -  ^ 2 Ci{4) • fc.

i=i
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We noted in sub-paragraph 3e, above, th a t if if) € Wq"(/), then II{<0) G W02n(/) .  Also, 

T Z i  C M )  • <t>i €  w 02" (7). Thus,

|( ro (r r ') (0 ) ,f f> | <  |( ro ( r r - ) (n W )) ,9 ) |
m

+  K-^°(r r * )[5 Z C M )  • ^ i ] ,?)!•
i=l

First, we look at the second addend:

m
K ro ( r r - ) [ £ C i ( t f )  • * ] ,« ) !

1=1
m

< £ |C i ( * ) M < r o(r r ') (0 < ) ,$ ) |
t=i

< IlCill • ||<HI • | | r 0(T r*)(^)|| • |)g||
1= 1

m

<=i

This shows th a t the second addend represents a bounded linear functional on U'02n(/).

c) Now, we look at the first addend. In paragraph 3c, above, we noted that Range (II) =  

Range (To(rr*)), Hence, there exists /  €  P (7 o (rr* ))  such th a t

TM^)U) = n(*).

We want to  show th a t J o (r r* )(n (^ ))  G Range (T o ((tt* )2)). Note th a t 0 £  <7f ((7-r’ )2) 

(see proposition 73). Hence, Range (2b ((rr* )2)) is a subspace of L 2(I).  Thus, we will be 

able to conclude that

7 o (rr* )(n (0 ))  €  Range ( ^ ( ( t-t-*)2))

as soon as we show that

7b(rT *)(n(^)) X kerT i({ rr* )2).

This we do next.

Let k G k e r7 i( ( r r* )2). Since we assume tha t 

k e r7 i( ( r r* )2) C 2>(T,(r7-*)) .then  Ti(t-t*)(J!:) €  L 3(I).
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Also, T i (t t ’ )(Ic) €  D (X i(rr* )) , because

r ,(r r * )  r,(Tr')(Jb) =  (r r * )2(*) =  0,

and because 7 i(rr* )(jb ) €  C °°(/)( this last is true because we assume th a t the coefficients 

of r, and hence those of rr*  and of ( r r* )2, belong to C ^ t f ) ) .  We calculate:

(7b(rr*)(II(0)),*) =  (n(tf),7i(rr')(*)}

= (Tb(7^j(/),r ,(rr')(*))

= (/i 7i (rr*)Ti(rr* )(!’))

=  {/, 0) =  0.

(d) Thus, there is /  €  P (7 o ((r r* )2)) such that

7o((rr*)2)(/)  = r 0(rr*)(n(^)).

We know tha t /  €  D (7o(rr* )) because lemma 23 entails T b((rr*)2) C 7o (rr* ) To(tt ') .  

We now show tha t 7 o (r r* )( /)  =  11(0). We have

7o(rr* ) 7 o (r r* )( /)  =  T0(( r r* )2) ( / )  =  JjrfT F JdK *)),

which shows tha t 7 o (r r* )( /)  — 11(0) e  k e rT i( r r ’ ).

On the other hand, both T o (rr* )(/) and 11(0) belong to

Range (T0(rr* ))  =  k e rT i( r r* )x ,

which entails 7 o (r r* )( /)  — 11(0) €  k e rT i( rr* )x .

Taken together,these conditions entail 7 o (r r* )( /)  — 11(0) =  0.

To summarize, there exists {0n } C Won(7) such that 

•

•  TT’ (ij>n ) -* r 0( r r* ) ( / )  =  n(0), and

•  (rr*)2( ^ ) - T o ( ( r r * ) 2) ( / )  = 7o(rr*)(n(0)).
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(e) Now we can show th a t {To(rr’ )(II(*)) , g) represents a  bounded linear functional on 

W02"(J).

For all <$> €  W§n(I),

[(To(rr*){Il(<£)),9 )| =  lim |{(Tf*)2(^ ) ,g ) | (see last sub-paragraph)fl ̂ OO

=  lim | / ( r r * ) 2(V'n) -qdx{  
oo J i

=  lim | / ( r r * ) 2(Vjn) • r{g)dx\  (see paragraph 1) 
n —co J j

= lim | I r r ’ (V'n) ■ dtir(g) dx\ (integration by parts)
n —oo J ,

=  lim I /  TT'(i>n)- l jdx \  (see paragraph 1)
" - o o  Jj

=  | J  11(0) • q dx| (see last sub-paragraph)

<  lin(<A)||-|k1l

< lin||-||^|-||9||.

(f) We put together sub-paragraphs 4b and 4e to conclude that, for all <j> G W02n(7),

m
l ( ro ( r r* ) («  , q)\ < { ||? || • £  ||C ;|| ■ ||To(rr* ){0,)|| +  llsll • l|n|| } • M l -

i= 1

Thus, q 6 D ( 7 i ( r r ‘ )) . Further,

{T0( T T - m , q )  = (T0( T T ' m , q ) + ( T 0{TT') (4)>q - q )

= (T o (rr’ ) ( ^ ) , q),

because q -  q €  k e r7 i( r r* )  =  Range (7o(rr* )) . Thus,

KT0( r r * ) ( , i ) ,9)| =  |(T o (rr’ ) ^ ) ,5 ) l ,  

and we see th a t q G 2>(Tj(rr*)) .

Here, we show th a t r(g) = g.

In paragraph 2, we found q G Range (7 i( r r* ) )  which has the property that, for all 0  G Wo2n(7),



Thus, for all <f> G fV02n(7),

J  rr'{d>) • r(g) — qdx = 0 .

From this, and from lemma 7, we conclude that r(g) — g satisfies the differentia] equation 

rr*(t>) =  0, which entails th a t r f j )  — g G C°°(I) .  Since r(g) satisfies the equation rr* (v ) =  ±iv,  

then r(g)  G C°°(I) .  Thus,

!  =  T ( } ) - ( r ( j ) - ? ) 6 C K (/) .

Thus,

rr ' (g )  =  r r * ( r ( 0 ) )  -  TT’ (r(g) -  q)

= Tr ' (r(g))

=  ±ir{g).

We conclude tha t r(g)  G L ' ( I ) ,  because q G ^ (T if r r* ) )  (see paragraph 4).

Because r{</) G £ 2(f), because r(g)  G C ^ i J ) ,  and because TTm(r{g)) =  ±ir(g) ,  we see that 

T(g) e  X>(Ti(rr*)) , and th a t r(g)  G Range (7 ](rr* )).

In paragraph 2, we chose q G Range (T ^ r r* ))  so th a t, for all $ G M  n Range ( T i ( r r ‘ )),

j  $ r ( g ) d x  = J  $  qdx.

Since M  Ct Range (T j(rr* )) is dense in Range (T i(rr* )) , we conclude th a t r{g) =  q. Q.E.D.

R e m a rk  98 Under the hypotheses of the preceding proposition, we argue thus: according to 

lemma 31,

7 o (r - r )  =  (Tj (t ' t))"

= (r , ( r - )T , ( r )r

=  To(r*) To(r).

C o ro lla ry  99 Let t  be a formal differential operator which is defined on an interval 1 C  R . Suppose 

that 0 $  o-*(rr*) (  equivalently, 0 $  <7e(r* r)  ), and that ind ({T i(rr* )}2) =  ind (7 i( ( r r* )2)). 

Then T i( r* r )  =  T i(r* )T i(r).
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Proof: The two suppositions about essential spectra are equivalent by proposition 73.

We show th a t k e r7 i( ( r r* )2) C Z>(7i(rr*)) ; th is lets us rely on the conclusion of the previous 

proposition to reach the desired result.

Lemma 23 entails 7 o ((rr* )2) C {7b(rr*)}2. Taking adjoints, and using theorem 8 and proposi­

tion 31, yields T j( ( r r* )2) D {T](Tr*)}2. According to  lemma 88, this last relation, together with 

the supposition about indices, entails 7 i ( ( r r* )2) =  { T j( r r ') } 2. Now, clearly, k e r7 '] (( rr‘ )2) C 

V{Ti  ( r r ’ )) . Q.E.D.

E x a m p le  100 The book [10, p. 70-73] presents an example of T .T . Read, of which the following is 

part.

Lei n be a positive integer. For j  £  { 1 , . . .  ,n} , U1 ij be a non-negative integer. Nou-consider the 

format operator

Mj  = d /d x  +  ij +  l / ( j  +  2), 

defined on [0, oo). Consider, too, the formal operator

defined on [0,oo)), and consider the formally self-adjoint operator rr*, defined on [0,oo). Then the 

following are true:

1. T0( t t ' )  i s  a positive operator, and thus has deficiency indices (d i.d j) ;

S. 0 g  <re(T r ')  ;

3. J o f f r r ’ )2) is a positive operator, and thus has deficiency indices (d2,d 2);

4. 0 <£ <7e( ( r r* )2) ;

5. d2 > d , ;

6. dj equals the number o f  ij satisfying 0 =  i j ; and

7. d2 — di equals the number o f  i} satisfying 0 =  ij,  or 1 =  ij.
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Now, we choose any positive integer I. Then we choose another positive integer n >  /. Then we 

choose {»i, . . . ,  »n} such th a t card {ij : ij = 0} =  /, and card {«,- : ij =  1} =  0. Then, for the

operators r r*  and ( r r* )2 of the above paragraph, di = I, and d2 -  d\ = I, whence d2 = 2 - 1. Since

0 £ <7e(r r* )  , and 0 £ <re( ( r r * ) 2) , we have, by corollary 76,

/ = d\ = ind (7o (rr* )), and

2 1 = d2 = ind (Jo (( r r* )2)),

Further, ind (To(rr*) 2) =  2 ■ ind (T0(rr* ))  = 2 1. This yields

ind (To(rr*) 2) =  2 ■ / =  ind (T0( ( r r* )2) ).

From this, corollary 99 lets us conclude that

J i ( r * r )  =  r 1(r* )T ,(r).

E x a m p le  101 Let £ =  —(d2/ d x 2) +  q(x)  be a formal differential operator defined on the interval

[—6, oc), where 6 >  0. If q is real-valued, then £ is formally self-adjoint. This is the only case we

consider.

We seek to express £ in the form

C =  ~ (d 2/ d x 2) +  ?(x) =  (d /d x  +  f ( x )  ) ( - d f d x  +  f ( x ) ) =  rr*

on the interval I  =  [0, co), where /  E C°°(I) .  An elementary calculation shows that this is possible 

if, and only if, /  satisfies the Riccati equation

u(x)2 +  v'(x) = q(x),  (5.27)

for x E [0, oo). The elementary theory of Riccati equations ( [7, p. 273-277], for example) shows

th at /  will satisfy equation 5.27 if, and only if, /  has the form s ' / s ,  where s is a solution of the

differential equation

- v "  + qv = 0, (5.28)

such th a t s(x) ^  0, for x  €  [0, oo).
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Since q €  C ^ffO , oo), every solution of equation 5.28 belongs to  C°°([0, oo)) ( [4, X III.1.4]).

In order to find solutions of equation 5.28 which have no zeros in [0,oo), we consider solutions to 

equation 5.28 on the interval [—6,oo), and further restrict attention to  q 6  C °°([-6 , oo)) such that 

q >  0. Then any solution of equation 5.28 has at most one zero in [—6, oo) ( [1, problem 8, p. 262]). 

Choose xo 6  [—5,0), and r  €  R ,r  ^  0. Then, according to what we have ju st said, the solution s to 

the initial value problem

—v" +  qv = 0;

t>(x0) =  0; v ' ( x0) = r;

has no zero in [0,oo). For such an s, we have

C =  - ( d 2/d x 2) +  g(x)

= (d /dx  + s ' ( x ) / s ( x ) ) ( - d / d x  + s ' ( x ) / s ( x ) )  = t t * , (5.29)

for x €  (0,oc).

In order to offer an application of proposition 97, we impose one last restriction on (  : that 

0 $  ffe(C) ■ This will be true, for example, if g(x) > t  > 0, for x £ [0,oc), which implies that the 

7o(C), and hence 7o(Oi *s bounded below by e. To see this, notice th a t

T o(0  = T o ( - d 2/ d x 2) + T0(q( x) )

( where 7o(^(x) denotes the operation of multiplying by g(x) on the domain W'ottO.oo) )i and that 

To(—d2/d x 2) is bounded below by zero, and th a t T o(g(x)) is bounded below by t.

Now, here is a specialization of a theorem of Read ( [11, p. 357-366]):

Lei C =  —(d2/ d x 2) + q(x) be a formal differential operator, which is defined on [0,oo).an</ winch 

is suck that q is real-valued and bounded below.

Then neither T i ( Q ,  n o r7 j(C 2), has a boundary value at oo.

We know th a t T i(f) has two boundary values a t 0, and Ti(C2) has four boundary values at 0 

(corollary 46). Thus, by the theorem of Read, C has two boundary values, and £2 has four. From 

definition 40, we see tha t
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1. 2 =  dim( V (T i [ 0 )  © 0(T o(O ) ), and

2. 4 =  dim( 2>(T,(<2)) © D (7 M O ) ).

where othogonality refers to the operator inner product.

From another point of view, remark 18 shows that

1. dim{ 2>(7i(CJ) © W ( C ) )  ) =  I Ji(C ) : IM O ], and

2. dim( T ^ i t f 2)) © ^ ( ^ ( C 7)) ) =  [ ^ ( C 2) : ! ^ ? 2)].

Thus,

1. [ ^ ( 0 : 7 ^ 0 ]  =  2’ and

2. [Tk(Ca) :7U C!r)] =  4.

Recall that 0 £ o’e(C) • Thus, 0 £ <MC2) (proposition 73). Recall index from definition 70.

membering that C and C2 are formally self-adjoint, and using corollary 76, we see that

1. ind (T i(O ) =  - 1 ,  and

2. ind (T!(C2)) =  - 2 .

From this, and from theorem 71, we have

ind (7i(C)2) =  ind ( 7 j « 2)).

Using equation 5.29, we re-state this:

ind (T i(r r* )2) =  ind ( ^ ( ( r r * ) 2)).

Now, using corollary 99, we have

T ,(r * T )  =  T ,( r ') T ,( r ) .
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