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ABSTRACT

This dissertation concerns itself with the development 
of techniques for use in the analysis and modeling of 
packet switched computer communications networks.

Methods are developed for the analysis of the mean 
steady-state waiting time experienced by a packet at a 
merger node in networks of single server queues. Methods 
yielding exact results are derived for slow or dominant 
merger nodes. For fast merger nodes, the techniques devel­
oped yield results of varying quality. For some subcases 
exact results are obtained, for others a tight upper bound 
approximation is obtained and for yet other subcases results 
are obtained only for specific limiting cases.

Techniques developed for networks of single server 
queues are generalized and extended so as to apply to 
networks of multiple server queues. Methods are developed 
for use at dominant merger nodes in networks with parallel 
servers between adjacent stages. In addition, analysis 
methods to be used at separation and combined separation 
and merger nodes are derived.

Finally, a principle in delay decomposition is intro­
duced. It is shown that the waiting time experienced by a 
packet may be decomposed into two basic components called 
self delay and interference delay.
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1.1. QUEUEING THEORY IN COMPUTER-COMMUNICATIONS NETWORKS
In recent years, we have witnessed a phenomenal growth 

in research in the area of computer-communications networks. 
There have been many papers published on such varied, though 
interrelated, topics such as network analysis methods, 
topological designs, routing algorithms, and network proto­
cols. Furthermore, we have seen these networks grow in 
type and complexity. We have come from basic centralized 
networks to complex distributed data networks such as the 
Advanced Research Projects Agency Network (ARPANET). More 
recently, we have seen the emergence of satellite and 
ground radio networks such as the ALOHA system. For a 
thorough review of the current state of the art in the 
various aspects of computer communications networks, the 
interested reader is referred to books by A-bramson and 
Kuo [1], Chu [3], Davies and Barber [8], Green and Lucky 
[10], Kleinrock [11-13], Schwartz [23] , and to the various 
papers present in the special issue of the IEEE Transac­
tions on Communications [24].

In general, any computer-communications network may 
be viewed as an organized collection of resources which 
are shared by the various users of the network. Whenever 
a resource must be shared, it is clear that contention 
for use of the resource among the prospective users will 
occur. Indeed, it has been found that user demands on the



various resources of a network may be characterized as 
sporadic and bursty in nature. Thus, because of the 
unpredictable nature of the work demands placed on the 
resources, congestion at the resources will occur. As 
such, facilities must be provided so that users may 
queue for use of a given resource. In the performance 
evaluation of a computer network, these queues, and the 
delays they introduce, must be taken into consideration. 
Indeed, one of the major issues which concerns designers 
of these networks is the lack of a capability to effec­
tively predict such performance measures as network re-

r

sponse time, throughput, and resource utilization. Hence, 
it is clear that queueing theory and models play an im­
portant role in the performance modeling and evaluation 
of computer communications networks. Indeed, other network 
problems, such as routing, flow control, link capacity 
assignment, and concentrator placement rely heavily on 
queueing analysis. As an example, Kleinrock [11,13], has 
successfully formulated the problem of link capacity assign­
ment as a problem in mathematical programming optimization 
based on average delay formulae derived from the analysis 
of queueing models of networks. Therefore, it is clear 
that queueing theory will continue as the mathematical tool 
to be used in the performance modeling and evaluation of 
computer communications networks.
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1.2. STATEMENT OF THE PROBLEM
In this dissertation, it is our intent to concentrate 

on a specific problem which arises in the modeling and per­
formance evaluation of computer communications networks; 
that is the problem of delay analysis at merger nodes pre­
sent within computer communications networks.

Fig. 1.2-1 depicts a model for a computer network 
consisting of three stations which operates according to 
the following procedure. We assume that there are two 
classes of users that utilize the network. Users belonging 
to the first class enter the network at node where they 
receive some processing and are then transported to node 
N^ where they receive additional processing. On the other 
hand, users belonging to the second class initially enter 
the network at node ^  for processing after which they too 
journey to node for additional service. In our initial
discussions, we assume that each station or node within the 
network will contain only a single service facility through 
which it will process all requests for service. Thus, node 
N 3, of Fig. 1.2-1, must process users from both classes 
through its single service facility. Hence, users of the 
two classes are said to be merged as they are processed by 
the service station at node N^. Consequently, we refer to 
node N^ as a merger node.
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For our discussion, we shall consider each user or 
customer to enter the network to consist of a packet of 
bits that is to be transmitted between the various nodes 
within the network. Thus, our server, at a given station 
of the network^consists of a communications channel, having 
a certain capacity, over which one packet at a time can be 
transmitted in a bit by bit manner. In addition, we as­
sume that all packets, regardless of the class they belong 
to, are of exactly the same length; that is, they all con­
tain exactly the same number of bits. Hence, at a given 
node of the network, all users of that node's service 
facility require exactly the same amount of time to be 
processed. The amount of time that node requires to
process a packet is symbolized in Fig. 1.2-1 by ; for 
example, node requires ct̂  seconds to transmit a
packet from itself to node and node has a packet
service time of seconds. As for the arrival process
of packets, from the external environment into the network, 
it is assumed to be probabilistic in nature following any 
general probability distribution such that the mean number 
of class i packets to arrive per second is given by X^, 
i = 1,2. Because of the stochastic arrival of packets, a 
packet may arrive at a node and find the server busy with a 
packet that had arrived previously thus forcing this newly 
arrived packet to queue for service. Consequently, the
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various nodes of the network must have space available for 
storing packets that arrive and cannot be serviced immediately. 
For our purposes, we assume that each node has infinite storage
capability; that is, each node is assumed to have enough
space available so as to store all packets that may arrive,
never having to reject a packet for lack of storage space.
Finally, we assume that each node, or queue, processes packets
in the order of their arrival; that is, each queue operates
according to a first-come first-served queueing principle.

As mentioned in the previous paragraph, because of the
probabilistic nature of the packet arrivals into the networks,

*

queues will be formed at the various nodes of the network.
As such, the total time that a packet spends in the network 
consists of two basic components; namely waiting time and ser­
vice time. The service time is the actual time that a packet 
spends being processed by the various channels over which it 
travels. On the other hand, waiting (or queueing) time, is 
that amount of time that a packet wastes as it is forced to 
queue for service at"busy channels. It is in the derivation 
of methods to be used for the calculation of the waiting 
time that will be experienced by a packet at a merger node, 
such as node of Fig. 1.2-1, that we initially concentrate
our efforts. The importance of having good analytic tech­
niques for the calculation of this network characteristic lies



-6-

in the realization that these methods may lead to more ef­
ficient network designs so as to minimize the amount of time 
that a packet must waste in traversing its designated route 
through a given network.
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1.3. SUMMARY OF PRIOR WORK
At this point, we will perforin a qualitative review of 

present techniques that are used in the analysis of merger 
nodes. We shall leave the quantitative results, obtained 
using present methods, to be introduced in later sections 
as they become relevant.

Before reviewing methods presently used at merger nodes, 
let us look at the tandem queueing network depicted by 
Fig. 1.3-1. Here, we have an n stage network with a single 
external input packet stream. These tandem networks have 
been extensively studied by Rubin [17-19] and Friedman [9]. 
Qualitatively, their main result is that for tandem networks 
of constant server queues, the overall waiting time that would 
be experienced by a packet would be completely determined by 
the stage with the slowest service time. Thus, with respect 
to the calculation of the waiting time that would be ex­
perienced by a packet over the n stage network of 
Fig. 1.3-1, we could equivalently consider a single node net­
work, as depicted by Fig. 1.3-2, whose service time is equal 
to the service time of the slowest stage of Fig. 1.3-1, that 
is, the service time of the single serve of Fig. 1.3-2 is
given by a = max(a,, a-,•••,a ). With this result, one max 1 2  n
could then proceed to calculate the packet waiting at any 
specific stage of the tandem network of Fig. 1.3-1 by succes­
sively increasing the number of nodes considered in calculating 
the overall waiting time. As an example, if the input stream
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of packets follows a Poisson distribution then node N1 of 
Fig. 1.3-1 becomes a classical M/D/1 queue for which steady- 
state waiting time results have been well documented, (see 
Kleinrock [1], Ch. 5]). If we now consider the subnetwork 
consisting of the first two stages of Fig. 1.3-1, nodes 
and N£ t then the overall steady-state packet waiting time 
can be determined by considering an M/d/1 queue with ser­
vice time equal to the maximum of and ctj* After this
calculation, the waiting time on a packet at node ^  can 
be found by simply subtracting the waiting time experienced 
by a packet at node from the total waiting experienced
by a packet over both and • In this manner, one
could successively proceed through the entire tandem network 
and obtain exact results at each stage of the network. A 
more quantitative discussion of this procedure can be found 
at the beginning of Chapter 2.

Turning to networks that include merger nodes; such as, 
the network of Fig. 1.2-1, we find that current methods only 
yield approximate results for the steady-state' waiting time 
experienced by a packet at a merger node; such as, node 
of Fig. 1.2-1.

The first approximation method to be discussed was de­
veloped by Kleinrock [11] for external inputs following a 
Poisson distribution. Referring to Fig. 1.2-1, we note that, 
for Poisson inputs, nodes and ^  are simply M/D/1
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queues whose characteristics are well known. However, the 
output stream of packets from each of these two nodes is no 
longer Poisson in nature. Thus, the input stream into node 

is not Poisson. It is here that we apply the "indepen­
dence assumption," introduced by Kleinrock, and assume that 
the arrival process of packets into node is still Poisson. 
Consequently, node may also be viewed as K/D/l queue,
since the joint arrival process formed by two independent 
Poisson processes is also Poisson. In applying this "inde­
pendence assumption," it has been found (see Rubin [20]) 
that results obtained are generally a loose upper bound to 
actual values. Indeed, this fact will become apparent when 
we introduce our techniques in later sections of this dis­
sertation. Once again, we note that a more quantitative 
discussion of this approximation technique can be found in 
Sec. 2.1.

A second approximation method, which attempted to re­
move the independence assumption, at merger nodes, was intro­
duced by Rubin [20]. In his method, Rubin would approximate 
the waiting time, on an arbitrary class packet at node N , , 
to consist of a sum of two parts; the first part being de­
termined by the stochastic character of the class 1 arrival 
pattern into , with a deterministic like interference by 
the class 2 stream and the second part, in a similar manner,
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by the stochastic nature of the class 2 arrival stream with 
a deterministic like interference by the class 1 packets.
To calculate these two parts, the three node network would 
be transformed into two separate tandem networks of two nodes 
each; the first of which would consist of nodes and
and the second of which would contain nodes ^  and N^.
These networks are depicted by Fig. 1.3-3. For the calcula­
tion of the first component of waiting time just mentioned, 
one used the network of Fig. 1.3-3a. In Fig. 1.3~3a, the 
class 1 packets still enter at node where they are pro­
cessed by a channel, over which they are transmitted to N^, 
at a service rate of sec/packet. However, at , the 
service time has now been modified, to cî  > so as to account 
for the interference by the class 2 packets. With this modi­
fication, one can then proceed to use methods for tandem net­
works, as described earlier, so as to calculate the waiting 
time on a class 1 packet at node of Fig. 1.3-3a. In a
similar manner, Fig. 1.3-3b would be used in determining the 
second component of waiting time mentioned above. For a more 
complete and quantitative discussion of Rubin's method, the 
interested reader is referred to the technical paper (Rubin 
[20]) in which it was introduced. For purposes of this dis­
sertation, we merely mention that results obtained using this 
technique are in general a lower bound to actual values. In 
addition, the tightness of this lower bound tends to vary sig­
nificantly with different values of *
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1.4. SUMMARY OF RESULTS OBTAINED
In this section, we outline the contents of the disser­

tation that follows. In addition, we shall qualitatively 
summarize the main results that we have obtained. The quan­
titative derivation and discussion of our new techniques and 
methods are left for the chapters that follow.

Chapter 2 begins, in Sec. 2.1, with a quantitative re­
view of present methods used in network analysis. A thorough 
discussion of the independence assumption is contained there­
in and its application to both tandem networks and merger 
nodes explicitly shown. In addition, Rubin's methods, men­
tioned in the previous section, are also quantitatively 
discussed.

In Sec. 2.2, we develop techniques which allow for the 
exact calculation of the mean steady-state waiting time ex­
perienced by a packet at a merger node for cases in which 
the service time associated with the channel of the merger 
node is greater than or equal to the service times associated 
with all nodes through which the packets entering the merger 
node have already passed; for example, in Fig. 1.2-1, this 
implies the case where ct̂  = maxta^/C^ t otg) . The derivation 
of the technique begins with a comparative analysis of the 
two networks depicted by Figs. 1.4-1 and 1.4-2. In Fig.
1.4-1, we have a single node network which is being fed by 
two external packet streams. The arrival process of the
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external packet streams is assumed to follow any general 
probability distribution. The service time of the single 
server at node N is a sec./packet. In Fig. 1.4-2, we 
have a three node network. We assume that the two input 
packet streams are exactly the same as those entering the 
network of Fig. 1.4-1. In addition, the service time of 
the channel at each of the three nodes within the network 
is a sec./packet. Through our discussion, we prove two 
interesting theorems with respect to equivalencies that 
exist between these two networks. The first theorem states 
that the lengths of the busy periods at nodes N of Fig.
1.4-1 and of Fig. 1.4-2 are identical; that is, busy
period by busy period node of Fig. 1.4-2 will service
exactly the same number of packets as node N of Fig. 1.4-1 
The second theorem states that, for a given busy period of 
nodes N and N 3, the total waiting time experienced by the 
packets of the given busy period at node N of Fig. 1.4-1 
will be identical to the total waiting time that would be ex 
perienced by the same packets over the entire network of 
Fig. 1.4-2; that is, the sum of the waiting time experienced 
by the class 1 and class 2 packets at node N of Fig. 1.4-1 
is identical to the sum of the waiting time experienced by 
the class 1 packets at nodes and N 3 and the class 2
packets at nodes N 2 and ET3 of Fig. 1.4-2,for any given 
busy period of nodes N and N 3« Through simple division, 
these two theorems imply that the overall mean steady-state
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waiting time experienced by an arbitrary class packet is 
identical in both networks. Consequently, we can now de­
termine, exactly, the mean steady-state waiting time on an 
arbitrary class packet at node of Fig. 1.4-2, a mer­
ger node, by subtracting, appropriately weighted, the 
waiting time on class l packets at node and the
waiting time on class 2 packets at node N£. Indeed, these 
results, together with application of Rubin's and Friedman's 
methods for tandem networks, lead to a technique for the ex­
act determination of the mean steady-state packet waiting at 
node of Fig. 1.2-1 for cases in which = max(a^, .

In addition to the above mentioned results, we introduce 
a principle in delay decomposition. It is shown how the 
waiting time experienced by a packet at a node may be decom­
posed into two basic components which we refer to as self 
delay and interference delay.

In Sec. 2.3, we quantitatively illustrate the techniques 
developed in Sec. 2.2 through a specific example having ex­
ternal input streams following Poisson distributions.

Following this, in Sec. 2.4, we show that the techniques 
developed in Sec. 2.2 for networks with only two external in­
puts may be extended and generalized so as to apply to merger 
nodes with any number of external inputs so long as the ser­
vice time of the merger node is greater than or equal to the 
service time of any prior node which feeds packets into the 
merger node.
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Having established a technique for slow merger nodes, 
we turn our attention, in Sec. 2.5, to analysis methods 
for fast merger nodes; that is, for merger nodes whose 
packet service time is less than that of at least one of 
the channels which are feeding packets into the merger 
node. We show that, for the network of Fig. 1.2-1, we must 
decompose this problem into two separate cases; namely,

ala2 ala2those in which a, > ■ ■ - and those in which a_ < .3 ®1+a2 3 ~  <*i+»2

This decomposition is necessitated by the fact that when 

ala2
a 3 —  a it is impossible for node of Fig. 1.2-1 to

become unstable; that is, the packet waiting time can never 
become infinite. Indeed, it is proven that, for

al°2a., < — -—  t the number of packets waiting for service canJ - cij+c^

never exceed one, thus implying that the waiting time on any 
packet at node can never exceed seconds. For the

ala2case a_ > — -—  , an approximation technique, yielding a 
3 °1 2

tight upper bound result, is developed. The technique con­
sists of setting the service time of each channel feeding 
the merger node, whose service time is greater than the 
service time of the merger node, equal to the service 
time of the merger node; that is, in Fig. 1.2-1, set
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ou - ct̂  for each ai > a 3 ' i = 1/2. The approximation 
technique is developed and then compared to existing methods 
and shown to provide vastly improved results. Turning back

ala2to the case a. < — r—  » we find that we must further sub- 
3 ~  ai 2

divide this case into two parts; namely/ cĉ  <_ ^ min(a^,ct2) 
and a 3 > J  imLnta^/O^) . For a3 < ^  min (c^, a2) , we derive 
a method which yields exact results at N,. It is shown 
that these results apply at regardless of the distri­
butions followed by the input packet streams. Furthermore, 
it is shown under which conditions these results may be 
extended to merger nodes with more than two input streams.
As for the subcase a3 > i min(a^,a2) , we derive some exact 
results which are applicable at the merger node under some 
specific and limiting conditions. These results are de­
veloped and a discussion of the difficulties encountered in 
attempting to remove the restrictions on these results is 
discussed.

In the final section of Chapter 2, Sec. 2.6, we relax 
the restriction that customers entering the network consist 
of single packet messages and allow for multiple packet mes­
sages. In addition, the nodes of the network are now as­
sumed to operate in a message switching mode; such that, if 
a server, of a given node,begins to process the first pac­
ket from a given message it will proceed to process all 
packets belonging to that particular message before granting
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service to packets from any other messages. In the section/ 
it is shown how many of the methods/ developed earlier for 
single packet messages, are directly extendable to merger 
nodes which process multiple packet messages in a message 
switching mode of operation.

In Chapter 3, we relax the restriction that each node 
of networks considered have only a single server and, in­
stead, allow each node of the network to contain multiple 
servers with which to process packets. Allowing multiple 
server queues enables the discussion of networks containing 
parallel servers between adjacent stages. In addition, 
multiple server queues also permit the presence of separation 
nodes within networks; that is, nodes at which merged packet 
streams are decomposed into separate classes such that the 
various classes may be processed over different channels and 
transmitted to different destinations.

Sec. 3.1 begins with a quantitative review of Friedman's 
[9] results for tandem networks containing parallel servers 
between adjacent stages. The concept of nodal dominance is 
introduced and explained. Following this, networks with 
parallel servers, containing merger nodes are discussed. It 
is shown that techniques developed in Sec. 2.2 for slow merger 
nodes are directly extendable so as to allow for the exact 
waiting time analysis at dominant merger nodes.
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In Sec. 3.2, we study analysis methods for separation 
nodes. Fig. 1.4-3 illustrates a network containing a 
separation node. In Fig. 1.4-3, class 1 and class 2 packets 
enter the network at node where they are merged and
processed by a single channel, at a rate of â - sec./packet, 
over which they are transmitted to node N 2 « At the
merged packet stream is separated; such that, the class 1 
and class 2 packets are processed over separate channels. 
Several approximation techniques to be used at separation 
nodes are developed and compared for accuracy. An approach 
in which a separation node may be viewed as a non-separation 
node utilizing a preemptive priority discipline is introduced. 
At present, this approach, after some additional assumptions 
is shown to yield some useful approximation methods.

Finally, in Sec. 3.3, we study networks which contain 
combined separation and merger nodes. Fig. 1.4-4 depicts 
such a network. Class 1 and class 2 packets are merged at 
node and transmitted over a single channel to node .
At Nj, the merged stream is separated and proceeds over 
separate routes. Class 3 packets enter the network at 
and then proceed to . Upon arrival at N^, the stream of 
class 3 packets is merged with the stream of class 1 packets, 
that have been separated from the class 2 packets, and the 
combined stream of class 1 and class 3 packets is then
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processed by a single server having service time sec./packet 
It is shown how methods developed in Secs. 2.2 and 2.5 for pure 
merger nodes may be applied to combined separation and merger 
nodes so as to yield useful approximation methods. Furthermore

®la2for the case a., < *— r—  t it is shown that the exact results3 - a1+a2

derived in Sec. 2.5 for merger nodes also apply, as exact re­
sults, for combination nodes.



Class 1 
Packets

Class 2
Packets

Fig. 1.2-1: A Three Node Network Having A Merger Node At Ng



0!n

Fig, 1 ,3 -1 ; An n 11 Singe Tandem Queueing Network

n-1

ito01



max

Fig. 1.3-2: A Single Node Network With Equivalent Packet Waiting Time As That
Of Fig. 1. 3-1 When a  = max far.,or,,,. . .  >ce )max 1 - * n



Class 1 
Packets

0 )

as,
■ >

(a)
ItotoI

Class 2 
Packets

(b)

Fig. 1.3-3: The Two Tandem Networks Used In Rubin's Approximate Technique For 
A Merger Node



-23-

Clans 1 
Packets

Class 2 
Packets

Fig. 1.4- i:A Queueing Network Consisting of a Single Server Queue and Two External 
Input Streams

Class 1 
Packets

Class 2 
Packets

Fig. 1.4-2: A  Queueing Network Consisting of Three Single Server Queues and Two 
External Input Streams



Class 1 
Packets

at*

Xj + X2

a Class 2 
/ X Pacloets

N, Class 1 
Packets i

to
I

Class 2 
Packets

Fig. 1.4-3 : A Queueing Network Consisting of a Merger Node Followed by a Separation Node



Class1 
Packets

Class 2 
Packets

Class 3

i
to
tni

Packets

Fig. 1.4-4 : A Queueing Network in which Node N3 is a Combined Merger and Separation Node



-26-

2.1 Current Methodology
In order to design more efficient computer communi­

cations networks, it would be advantageous to have an anal­
ytical technique for the modeling and analysis of various 
performance measures; such as, the steady-state mean message 
waiting and response times, the mean queue length at each 
processing station and the throughput of the network consid­
ered. The major difficulty in obtaining accurate analytical 
methods has been the strong interdependence that exists among 
the various queues of a given network. To overcome this dif­
ficulty most of the past work in this area has made use of 
an "independence assumption" first-introduced by Kleinrock 
[ 11] . To understand this independence assumption and its ap­
plication, let us look at Figure 2.1-1.

In Figure 2.1-1 we see a model of a two stage tandem 
queueing network. In this network, we assume that messages 
initially enter the network at node N^, arriving, from the ex­
ternal environment, randomly in time according to a Poisson 
process with intensity A (messages/sec.); that is,

P{k arrivals in a time interval t} = —  e ^ t , k = 0 , l , . . .  .
(2.1-1)

At these messages are processed, according to a first-come 
first-served queueing discipline, by a channel whose capacity
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is equal to (bits/sec.). Once processed at , the mes­
sages are transmitted to node N 2 where they receive addit­
ional processing. If we now further assume that has an
exponential server; that is, the length of each message is
exponentially distributed with a mean of 3 (bits/message);
such that,

P{message length _< x} = 1 - e x_>0 (2.1-2)

and that has unlimited storage available, then node is 
said to constitute an M/M/1 queueing facility, the statistics 
of which are well known and documented [12, pp.94-99].

As an example, if we define

a. - the mean service time of a message at node
-«i) A . . .W = the steady-state mean message waiting time

(queueing time) at node
- (i) AN = the steady-state mean queue length at node N.q i

one could easily calculate the steady-state mean waiting time 
experienced by a message at node as

— (1) ^lalw TTZ-- r (sec/message) (2.1-3)\ J-“ P ̂ '

  0   ^where (sec/message) and = the utilization
factor of the queue.

Furthermore, using Little's Theorem [14], which relates
the average time spent by a message on queue to the number of
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of messages on the queue we find that the steady-state mean 
number of messages on queue at node N, is

Other performance measures for an M/M/1 queue are easily de­
rived and can be found in the literature.

As for the output process from an M/M/1 queue, Burke 12] 
has shown that this process is Poisson; thus, the arrival pro­
cess at node N 2 of Figure 2.1-1 is also Poisson. However, 
it is clear that the processing time required by a message 
at node N 2 , is dependent on the processing time that the 
message had required at node . This is so because the length 
of a message does not change as it travels from stage to 
stage in the network. It is here that the independence assump­
tion is applied. This assumption amounts to rechoosing the 
length of a given message independently at each node of a given 
network. Thus, in Figure 2.1-1, node N 2 is now assumed to
constitute an M/M/1 queueing system and calcualtions for

—  (2)steady-state mean queueing time and queue length, W and 
— (21N respectively, would yield approximations of

(2.1-4)

(2.1-5)

(messages) (2.1-6)

For packet-switching networks, where each message is 
assumed to consist of a single packet and each packet is of
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fixed length, the independence assumption must be redefined 
in the following manner: Since each packet is of fixed length,
rather than being distributed exponentially, the amount of 
time required to process each packet at a given channel is 
constant. Thus, in this case, each stage of a given network 
can be represented by a constant server queue whose service 
time is a function of that node's channel capacity. For 
Figure 2.1-1, assuming a fixed packet length of 6 (bits/ 
packet), this would mean that node now represents what 
is called an M/D/1 queueing system whith a constant packet 
service time of a-̂  = 3/C-̂  {sec/packet) . Steady-state results 
for this type of queueing system are well known (12, ch.5].
As an example, the steady-state mean waiting time at node 
would now be

— 11 ) p l a lw = 9 fT-n -V • (2.1-7)2 (l-p1)

Furthermore, since we now have a constant server queue, Burke's 
theorem no longer applies to the output process of node and 
it is here that the independence assumption is made: we assume 
that the arrival process at node Nj remains Poisson. Thus, 
node Nj can now also be treated as an M/D/1 queueing system. 
Consequently, the approximate steady-state mean waiting time 
at N 2 would be

p 2 a 2
W { 2) 55 2 (1-p ) * (2.1-8)2

It has been shown by Rubin [20] that steady-state results,
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calculated using this independence assumption, generally 
constitute a loose upper bound to the actual values as 
obtained by use of computer simulation programs. More 
recently, Friedman [9] and Rubin [17-19] have been able to 
remove this independence assumption and obtain exact steady- 
state waiting time distributions for packet-switching com­
munication paths in isolation; that is, for networks in 
which messages originating from different external sources 
never interfere with each other. This was done by realizing 
that the overall network waiting time experienced by a 
packet in an n-channel communications path, as shown by 
Figure 2.1-2, is determined by the slowest channel in that 
path. Thus, with respect to overall path waiting time, the 
entire n-channel communications path can be viewed as a 
single M/D/1 queue whose service time is equal to that of 
the slowest channel in the path. Applying this principle to 
the network of Figure 2.1-1, we would have the following two 
cases :

Case 1: C2 —  C1 â2 - al̂

In this case, the overall steady-state mean packet 
waiting time, S, will be determined by the channel capacity 
of the server at node N^. Furthermore, it is clear, that the 
waiting time experienced by a packet at node ^  will be zero. 
Thus, we have

-(1) plal
s = w = (2*1‘ 9)
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Case 2: C2 f C 1 (a2 >_ c^)

In this case, the overall steady-state mean waiting time 
is determined by C 2 (orc^) and is given by

C2.1-10)

Consequently, the mean waiting time experienced by a packet 
at node N2 will be

However, as pointed out earlier, this method applies only to 
communication paths. When Rubin [20] applied his ideas to 
networks in which packet interference is allowed to occur, 
such as the network shown in Figure 2.1-3, he too was able to 
obtain only approximate results.

In the section that follows, we shall develop a principle 
which we call "delay decomposition." We shall show that, 
using this principle, it is possible to decompose the waiting 
time experienced by a packet at a constant server channel into 
two basic components which we shall call self-delay and inter- 
ference-delay. In the next section we shall develop the theory 
and discuss more fully the meaning and application 
of our principle. It will be shown that for networks in which

(2 .1-11)

2 ( l - p 2 ) 2 ( l - p 1 )
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the merger node (that is, the node at which the packet 
streams are multiplexed) has the slowest service time of 
any node up to that point, the principle of the delay 
decomposition will yield exact results. In succeeding 
sections we shall look at networks in which the merger 
node is not the slowest and find that application of our 
principle will lead to exact results in some instances 
and to a tight upper bound approximation in others.
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2.2 Principle of Delay Decomposition; Theory

Consider the two queueing networks depicted by Figs.
2.2-1 and 2.2-2. In Figure 2.2-1, node N represents a 
queueing facility which is being fed by two independent 
external packet streams. We assume that the interarrival 
time between packets, for each of the two input streams, is 
governed by some general probability distribution with mean 
interarrival time of 1/A^ and 1/A 2 (sec/packet) for the 
class 1 and class 2 streams respectively, i 0*
Furthermore, we assume that all packets are of a constant 
length and that node N has a single server with a constant 
service time of a (sec/packet). Figure 2.2-2, on the other 
hand, represents a network of three single server queues, 
each of which is assumed to have a constant service time of 
a (sec/packet). In addition, the class 1 and class 2 input 
streams entering the network of Figure 2.2-2 are assumed 
to be the exact same streams entering the network of 
Figure 2.2-1. Finally, for both networks, we assume that 
each queue has infinite storage capability and that each 
queue operates according to a first-come first-served 
queueing discipline.

As time passes, each queue shown will alternate 
between periods of time where its server is busy and periods 
of time where its server is idle [12, p. 2 0 6 ]. As such, 
we define the following quantities:
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A th= the arrival time of the i arbitrary class
packet into the network 

M. = the number of packets serviced at node N of
+■ hFigure 2.2-1 during its j busy period.

M<k) = the number of packets serviced at node N.
1 K

t i lof Figure 2.2-2 during its j busy period, 
k = 1,2,3

= the duration, in time, of the idle period
at node N of Figure 2.2-1

I fk ' = the duration of the idle period at node N.
3 K

of Figure 2.2-2

We will now proceed to derive some interesting equivalencies 
that exist between the two networks considered.

Theorem 2.2-1:
The number of packets serviced at node N of Figure 

th2.2-1 during its j busy period equals the number of packets 
serviced at node of Figure 2.2-2 during its j*"*1 busy
period; that is,

Proof; Let us begin by looking at the first busy period 
at node N of Figure 2.2-1. We observe that in order to 
have a busy period of length , the packet arrival times 
must be
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t1 = tx (2.2-2)

1. ^2 — tl+a
t2 1 1 3 1 V 2“

t „  n < < t ,  + (M, - 1 ) ctM^-l — — 1 1

Furthermore, since it will take M^a seconds to service these
s tpackets, the arrival time of the (M^+l) packet, which 

will be the first packet of the second busy period at node N, 
must be

t__ .■> > t.+M.a . (2.2-3)M^+l 1 1

This arrival time will insure a busy period of exactly 
packets.

We now turn to the network of Figure 2.2-2. Let us 
define

I At^ = the arrival time at node of Figure 2.2-2 of
the packet that initially entered the network 
at time t^ ,

= the arrival time at node of the i*"*1 packet
to arrive at node ,

= the departure time from node of the i^^1 
packet to have arrived at node .

With the external arrival times as before (2 .2-2,2.2-3) , 
we find that
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tI = t^+ a (2.2-4)

t^+a <_ t^

V a i t3 i

t^+2a

t^+3a

tM1-l+a i tM 1^

V 1

t^+M^a 

> t1+(M1+l)a

Furthermore, from (2.2-4), one can calculate that

T1 = t^+a (2.2-5)

T2 <

T3 i • •

t^+2a

t^+3a
*1T <

m i - 
TA1+i >

t1+M1o

tl+ + 01

In addition, using (2.2-5) and the fact that 
time at is a constant, we find

the service

t^+2a (2.2-6)

D2 = t^+3a

V tl+(Ml+l)a

Thus, from (2.2-5) and (2.2-6), we can conclude that

T[+1 <_Dl , i = 1,2,... ,M1-1 (2.2-7)

T ' , > D 'M^+l Mx
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Equation (2.2-7) implies that we have had a busy period, 
at node , whose length was exactly packets; thus,
/ 3 \M1 = Ml* Furthermore, by simple induction, this result 

extends to all subsequent busy periods. Hence,

M-3} = M. , j = 1,2.....
3 3 Q.E.D.

Thus, we have shown that busy period by busy period the two 
networks considered will service the exact same number of 
packets. Using this fact, we can immediately derive the 
following corollaries.

Corollary 2.2-1: The probability distributions of the
number of packets serviced during a busy period at nodes 
N of Figure 2.2-1 and of Figure 2.2-2 are identical; 
that is,

P{M..=m} = P{Mj3)=m} , m=l, 2 , . . . . (2.2-8)

■f* HCorollary 2.2-2; The duration of the j idle period at 
node N of Figure 2.2-1 is equal to the duration of the 
j*1*1 idle period at node of Figure 2.2-2; that is,

Ij = lj3) , j=l,2, ... . (2.2-9)

Corollary 2.2-3; The probability distributions of the
thduration of the j idle period at nodes N and are 

identical; that is,

P{ !j<_x} = P{I (3,<X> , x > 0. (2.2-10)
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Corollaries 2.2-2 and 2.2-3 can be proven by consider­
ing the time between the departure of the last packet of 
a given busy period and the arrival of the first packet 
of the succeeding busy period both at node N of Figure
2.2-1 and node of Figure 2.2-2.

We now proceed to derive a second theorem for the two 
networks considered.

Theorem 2.2-2:
thFor the j busy period of nodes N and , the total 

waiting time (queueing time) experienced by the packets 
in the network of Figure 2.2-1 equals the total waiting time 
experienced by the packets over the entire network
of Figure 2.2-2.

I IProof: With all arrival times (e.g. t. , t. , T.) now ̂ i l l
threferring to the j busy period, let us define

W^ = the waiting time, at node N of Figure 2.2-1
th thon the i packet to arrive in the j busy

period
Ŵ (k) ^ waiting time, at node of Figure 2.2-2

th thon the i packet, belonging to the j busy
period of node , to arrive at node ,
k = 1,2,3.

We begin by calculating the total waiting time 
experienced by the packets of the j*"*1 busy period at 
node N of Figure 2.2-1.
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From general queueing theory [12, p. 277], we can, 
at node N f write that

W]_ = 0 (2.2-11)

Wi+1 = twi+a“ (ti+l-ti ^ + ' 
where [x] = max(0,x).

Furthermore, during a busy period the bracketted expres­
sion in (2.2-11) must by definition be nonnegative.
Thus, for a busy period of length , (2.2-11) yields

W x = 0 (2.2-12)

W2 = W a
w 3 : W 2“

"m  ~ ,+ aj :
Consequently, the total waiting time in this busy period
is

M . M . M .

"total - J J  w i ’ W < i - l ) a ■ " i h - J J  *1

+ [M.. (M_.-l)/2]a . (2.2-13)

We will now prove our theorem by mathematical induction.
In the case = 1, it is clear that the total

waiting time, in both networks, is identically zero. Let
us now assume that (2.2-13) is true for both networks for 

f 31Mj = Mj _< m. We will proceed to show that this assump­
tion implies that for M. = = m+1, the total waiting3 3
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time experienced in each of the two networks by these m+1 
packets will still be the same.

For Figure 2.2-1, the extra waiting time introduced 
by having equal to m+1 instead of m, is seen from 
(2.2-12) to be

(W „ ,, - . = W = t^-t , . +ma (2.2-14)' extra Fig. 2.2-1 m+1 1 m+1

We now turn to Figure 2.2-2 where we assume
s t(arbitrarily) that this (m+1) packet, arriving at time 

tm+i » enters the network at node . This packet
will then arrive at node N3 at time

1 - v i + w*1>+ ° (2-2-15)
th .where we have assumed this packet to be the k , l£k_5n+l, 

to arrive at N^. At node we can write (similar to 
(2.2-11)), that

W^3) = 0 (2.2-16)
(1 \ ' ' +

Wi+i = [wi +a- (Ti+rTi)] 7 i=1'2"--

Thus, for a busy period of length (m+1) packets we find, 
from (2.2-16), that

wj 3) = 0 (2.2-17)
(3) f 1

W 2 = T1 ~ T2 + a
W<3> = T^ - T3 + 2a

Wri3’ " T i - Tm +
" I I I = * Tm+1 +

where, from (2.2-5), T^ = t^+a,
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In general, this (m+l)st packet will be the nth 
'thpacket of the j busy period to arrive at node »

, '1 < n < m+1; that is, t , = T . Furthermore, from — — IH+ j. n
(2.2-17), we see that the extra waiting time, at node N 3 , 
caused by having equal to m+1 instead of m, is
given by

W (3i = t ' - T 1 + ma (2.2-18)extra 1 n

We now substitute for T^ and by using relations 
derived from (2.2-5) and (2.2-15) respectively and find

W (3| = t1 - t - W*15 + ma (2.2-19)extra 1 m+1 k

Consequently,

<Wextra>Fi=,. 2.2-2 = W! i U  * Wixira l2-2-20>
= w'1’ + W <3> k extra
= t, - t + ma.1 m+1

On comparing (2.2-14) and (2.2-20), we find that

^extra^Fig.2.2-1 = {Wextra)Fig.2.2-2 (2.2-21)
thThus, the total waiting time in the j busy period, for

(3)M j = Mj = m+1, is the same in both networks. This 
completes our induction procedure and proves our theorem.

Q.E.D.
In summary, Theorems 2.2-1 and 2.2-2 have shown that 

for any given busy period both the number of packets 
serviced and the total waiting time experienced by these
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packets will be equivalent for the two networks considered. 
This leads directly to the following two corollaries.

Corollary 2.2-4: For the networks of Figures 2.2-1 and
2.2-2, the probability distributions of the total waiting 
time experienced by the packets of the j*"*1 busy
period are identical; that is,

{ p  W <x) = p{( K + j 2 W^2) + j  w{3)]<x} 
1=1 } 1 ^1=1 1=1 1=1 J 1

, x :> 0, 
(2.2-22)

where and are equal to the number of class 1 and
thclass 2 packets, respectively, of the j busy period of 

node N.J , and K ^ + K 2 = .
Before stating our final corollary, we must introduce 

the following quantities:

wjjj = the steady-state mean waiting time on a 
class j packet at node ,

= the steady-state mean waiting time on an 
arbitrary class packet at node N^; that is,

P{a packet is class j},
-  A ^ . . .S - the steady-state overall mean waiting time

experienced by an arbitrary class packet;
i 5 < 1 0

(j)

that is, S = \ W
A k- the steady-state overall mean waiting time 

experienced by a class j packet; that is,
S = 7 W (k)S(j) £ W (j)'
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We now state our corollary which we believe to be one of 
the more important results of this dissertation.

Corollary 2.2-5: For the networks of Figures 2.2-1 and
2.2-2, the steady-state overall mean waiting time 
experienced by an arbitrary class packet is the same in 
both networks; that is,

^ F i g . 2.2-1 = (̂ Fig.2.2-2 (2.2-23)

Corollary 2.2-5 implies an important concept in delay 
decomposition which can best be explained in the following 
manner.

Let us consider the waiting time experienced by a 
class 1 packet (arbitrary) as it travels-through the 
network of Figure 2.2-2. We note that, if = 0, any 
waiting time experienced by a class 1 packet would occur 
totally at node . This is so because the network con­
sists entirely of queues with equivalent constant service 
times. We shall refer to this waiting time as self delay 
since it is due solely to the arrival process of the 
class 1 packets. In addition, we further note that, when 
X2 > 0 any additional waiting time that a class 1 packet 
will experience must occur at node and that this addi­
tional delay is due solely to the merger or interference 
of the two packet streams at node . We shall call this 
type of waiting time interference delay. Thus, we have 
the important concept that the total overall waiting time
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experienced by a packet consists of two basic components; 
namely, self delay and interference delay. Consequently 
the steady-state mean waiting time on an arbitrary packet 
at node N of Figure 2.2-1 must consist of the sum of 
its steady-state mean self delay and its steady-state 
mean inteference delay. Furthermore, the mean self delay 
experienced by a packet must be the same in both networks. 
Consequently, it is implied that, with respect to the 
steady-state mean waiting time of an arbitrary class 
packet, a node that consists of the form of Figure 2.2-1 
may be replaced by or decomposed into the network of 
Figure 2.2-2.

As an application of this decomposition principle and 
(2.2-23), one could proceed to calculate the steady-state 
mean waiting time on an arbitrary class packet at node 
of Figure 2.2-2 and find

" (3) = (5lFig.2.2-2 ' S(1) - S<2) (2.2-24)

= (S) 2 2-1 ” ^(1) P â Packet class 1}
- (2)- W|2j P{a packet is class 2}.

As a second application, one can demonstrate that 
the five queueing networks depicted in Figure 2.2-3 have 
equivalent overall steady-state mean packet waiting time 
under the condition that the service time at the merger 
node (node N) is the slowest in the network; that is, 

an = max (a^ ' * • • ,a21 'a22 "  * ’ ' an^ * Ttlis equivalency
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can be shown in a step-by-step manner beginning with the 
network of Figure 2.2-3e. In this network, the class 1 
packets pass through an arbitrarily long path of tandem 
queues after which they enter node N. Along the tandem 
path, each node has a constant packet service time given 
by 'a^2 ' * * ’ respectively, while at node N the packet 
service time is an « Similarly, the class 2 packets 
traverse a path of queues with service times of 
and then enter node N where they are merged with the 
class 1 stream. We make note of the fact that the various 

service times in the network (i.e. ' * ‘ * ,a21 ,a22' ’ * ’ an̂
need not all be the same. Furthermore, the number of 
nodes traversed by the class 1 packets (i.e. the path 
length) must neither be the same as the number that are 
traversed by the class 2 packets. On analysis, one notes 
that node N of Figure 2.2-3e is of the form of the network 
of Figure 2.2-1. Thus, node N may be replaced by (or 
decomposed into) a network of the form of Figure 2.2-2. 
Consequently, we have transformed the network of Figure
2.2-3e into the network of Figure 2.2-3d. We now turn our 
attention to Figure 2.2-3d where we apply a principle 
introduced by Friedman (9] and Rubin [17-19] for paths of 
tandem queues. Simply stated, this principle says that, 
over a path of constant server tandem queues, the overall 
waiting time is determined solely by the slowest server 
in the path. Therefore, if an - max (a^ ,a^2 > • • *a 2 i 'a22 ‘ * *an̂
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the network of Figure 2.2-3d may be reduced to the network 
of Figure 2.2-3c. Furthermore, Figures 2.2-3c and 2.2-3b 
are seen to be exactly Figures 2.2-2 and 2.2-1 respec­
tively. Finally, if the joint arrival process consisting 
of the superposition of the two independent external 
packet streams is found, Figure 2.2-3b may be transformed 
into Figure 2.2-3a where X = X.̂ + Thus, we have
proven that, under the aforementioned conditions, the 
five networks of Figure 2.2-3 yield equivalent overall 
steady-state mean waiting time on an arbitrary class 
packet.

We shall now illustrate some of our results by a 
specific example.
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2.3 Example; Exponentially Distributed Interarrival Times

As an example, we consider the case where the inter­
arrival time, for each of the two external input streams, 
is exponentially distributed. We immediately note that 
the distribution of the combined arrival process is also 
exponential with mean l/fX^+X^) (sec/packet). Thus,
Figure 2.2-1 can be considered an M/D/1 queue with input 
parameter (Pac^ets/Sec)• Furthermore, nodes and
N2 of Figure 2.2-2 are also M/D/1 queues with parameters 
X^ and X^ respectively. Consequently, we will make use of 
the well known results for an M/D/1 queue [12, Ch. 5],
[18] , [16, pp. 32-38].

Using (2.2-8), we find that the probability distribu­
tion of the number of packets serviced at node of 
Figure 2.2-2 during a busy period is

P{Mj3 ^=m} = P{Mj=m} = (ml) 1 [ (X^+X2 )ma]m 1 exp [-( X ^ X ^  ma]

(2.3-1)

Furthermore, from (2.2-10), the distribution of the duration 
of an idle period is

P{l!3 )<x} = P{l.<x) = 1 - exp[-(X.+X )x] (2.3-2)
3 3 L z.

In addition, using (2.2-23) and (2.2-24) we find that
<p,+p-)a

(S)Fig.2.2-2 = (S)Fig.2-2-1 = 2 ( l - p ^ p ^  (2.3-3)

and
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w<3>
P̂ ct(P1+ P 2 )a

m - p - - ~ 2T ‘ ra-p"7T v Ai/ ̂ rA2<(X./(X.+X.) }

P2a
2 (1 — p 2 ) (X2//(X1+ A 2 )) (2.3-4)

where p . = X .a .i
Before leaving this example, let us look at the waiting 

time experienced by the various packet streams with respect 
to self delay and interference delay. In the network of 
Figure 2.2-1 we find that the self delay on a specific 
class packet is given by

P]_a
(1) (self)Fig.2.2-l 2 (l-p1)

and
p2ct

(2.3-5a)

(2.3-5b)(2 ) (self)Fig.2 .2 - 1  2 (l-p2)

where we have calculated the self delay on a class i 
packet by assuming the class j , j ^ i , arrival stream 
to be zero. From (2,3-5), we can now proceed to calculate 
the mean interference delay on an arbitrary class packet. 
Doing this we find

S (inter)Fig.2.2-1 ” SFig.2.2-l ^ (1) (self)Fig.2.2-1 Xl+ X 2

- s i 2
(2 ) (self)Fig.2 .2 -1 [\^+T“ (2.3-6)

(PL+ P 2 )a P-J_CC
f Xl

p2a X2
2 (l-p1-p2 j 2(1-Pl> I V V 2(l-p2 ) X^+X 2,

On comparision with (2.3-4), we find that s (inter)Fig 2 2-l 
exactly equal to W ^ .  Turning to Figure 2.2-2 we findis
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that the total self delay experienced by a class 1 packet

and with respect to interference delay on an arbitrary class 
we find

Thus, on comparing the steady-state waiting times in the 
two networks, we see that the amount of self delay 
experienced by a class i, i = 1 ,2 , packet is equivalent 
in both networks. This is seen by comparing (2.3-5} and 
(2.3-7). Furthermore, the interference delay on an 
arbitrary class packet is also equivalent in both networks. 
As for the interference delay on a specific class packet, 
we have as yet been unable to calculate these quantities 
in either of the two networks. However, we believe that 
these quantities will not be equivalent for the two 
networks considered.

would occur at node N^. Similarly the self delay on a 
class 2 packet occurs solely at node • Thus, we 
conclude that

S (1)(self)Fig.2.2-2 (l) 2(i-p1) (2.3-7a)
and

s (2.3-7b)

S (inter)Fig.2 .2 - 2
(2.3-8)
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2.4 Generalization to Networks with an Arbitrary Number 
of External Inputs

In the previous sections of this chapter, we have been 
limiting our study of networks to those that contained at 
most two external input streams of packets. In this section 
we show that all the theorems and corollaries presented 
earlier can easily be shown to apply to networks with an 
arbitrary number of independent external input streams.

In Figure 2.4-1 we have a queueing network consisting 
of a single queue with a constant service time of a 
sec/packet which is being fed by k external independent 
packet streams, each of which follow some general probabil­
ity distribution. In Figure 2.4-2 we have these same 
external streams being merged at node however, in
this case each of the packets has received some processing 
at an earlier node before being merged at node 
this network, all queues are assumed to have a constant 
service time of a sec/packet.

Let us now turn to the proofs of Theorems 2.2-1 and
2 ,2 - 2  and note that nowhere have we used the fact that 
we were dealing with networks having merely two external 
inputs. Thus, it is clear that the theorems and corol­
laries presented previously can be generalized to networks 
with an arbitrary number of external inputs. Therefore, 
one can state that:
1. The number of packets serviced at node N of Figure

2.4-1 during its j busy period equals the number
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of packets serviced at node of Figure 2.4-2
t hduring its j busy period, 

th2. For the j busy period of nodes N and , the
total waiting time (queueing time) experienced by 
the Mj packets in the network of Figure 2.4-1 equals 
the total waiting experienced by the packets
of the entire network of Figure 2.4-2.

3. For the networks of Figures 2.4-1 and 2.4-2, the 
steady-state overall mean waiting time experienced by 
an arbitrary class packet is the same in both net­
works; that is,

Fig.2.4-1 = ^  Fig.2.4-2 (2.4-1)

We could at this point draw networks similar to those
of Figure 2.2-3 and then proceed to make claims, with 
regard to overall network steady-state waiting times, 
similar to those presented above while discussing Figure
2.2-3. Instead, we shall illustrate these claims by 
analyzing the network shown in Figure 2.4-3.

In Figure 2.4-3 we see a network consisting of four
single server queues being fed by four independent external 
inputs each of which enter the network at a different 
point. As before, each external input is assumed to follow 
a general probability distribution with a mean arrival rate 
of packets/sec., i = 1,2,3,4. Furthermore, the constant 
service time associated with node is given by where 
we have assumed >_ and >_ a2 ct̂  (thus assuring that
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N 4 is the slowest queue). Finally, as was done previously, 
we assume each queue to have infinite storage capabilities 
and to operate on a first-come first-served basis.

The first result we mention is that the overall mean 
steady-state waiting time on an arbitrary packet would be 
determined solely by the value of and not the other 
service times present in the network; that is,

As a second result we could then proceed to calculate 
the overall mean steady-state waiting experienced by each 
of the individual packet streams and find:

Once again as a specific example, we choose to let the 
external inputs be Poisson in nature and find

S = f(a4) {2 ,4-2a)

As an example, if all the external inputs were to be
Poisson in nature we would obtain

3 2 (1-p)
pct4

(2 .4-2b)

where p = £ ĵ_a 4 <
i

(2 .4-3a)

(2.4-3b)

(2.4-3c)

(2.4-3d)



where is found by considering the subnetwork consisting
X X

of the single node ^
is determined by the subnetwork of nodes and N£,
W|^j hy the subnetwork consisting of node , and
by considering the total network of all four nodes.
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2.5 Networks with Fast Merger Nodes

Let us look at the network of Figure 2.5-1. Here, we 
see a network consisting of three nodes and two independent 
external inputs. In the previous sections, we have limited 
our discussion of the network to the case where the service 
time of the merger node was the slowest; that is, 
ct̂  = max (a^,a2 ,a^) . We saw that when this condition was 
true, node became the dominant node of the network with 
respect to the overall steady-state waiting time on an 
arbitrary packet. In this section, we shall study the 
network of Figure 2.5-1 for cases when the service time of 
the merger node is not the slowest in the system. To do 
this, we shall divide our discussion into two cases, the 
first being where a^ is greater than the parallel combina­
tion of and a 2 and the second where is less than
or equal to the parallel combination of and a2; that is,

ala 2 ala 2> — -—  and a- < — --—  respectively. The reason for 3 ct.+an 3 — a.+a~ *

easily shown that the queue length at node must remain 
finite for all values of ^  and X 2 . Furthermore, it is 
easily proven that the number of packets on queue at node 
can never exceed a total of one.

ala 2
Case 1: a3 > ' i>e* a3 >

For the case > ct̂  // ct2 , we have, as yet, been
unable to obtain any exact results. However, we have been

1 2
this division is that for the case < it is
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able to derive a tight upper bound to the mean steady-state 
waiting time at node for an arbitrary class packet.
We shall derive the upper bound and then proceed to compare 
it to results obtained using approximation methods of 
Kleinrock [11,13] and Rubin [20], We shall derive the 
upper bound by considering three separate subcases.

Subcase 1.1. >_ 0S3 >_ cij

Let us consider the subcase in the specific situation 
where the external inputs are Poisson in nature. We note 
that, were we to consider the case = max (a^c^/Ct^), 
the mean steady-steady waiting time on an arbitrary class 
packet at node could be found exactly using the methods 
presented earlier {Sections 2.2-2.3) yielding

(2.5-1)
Fu-thermore,

(2.5-2)

Similarly,
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(55 (3) 1 = P23°3___ . . °.2 2 a 2 ________  ( 2 5_3)
Ŵ (2)Jself 2(l-p23) 2(1- p 22) ,,:'3

Thus, the mean interference delay on an arbitrary packet
at node is found to be

w!3> = w (3)inter.
W<3)
in self

{p13+p23,0t3

Xl+ X 2 1 <2>Jself 1 + X 2

(2.5-4)
P l 3a3 X

2 d - p 1 3  P 23) 2 ^1 _ p 1 3 ) ^ X l + X 2^

P23a3
2 (l-p23)

X 0
Xi+x2

We make note of two important points. First, we see
from (2.5-4), that the interference delay at node on
an arbitrary class packet is independent of and a2 .
Second, and of more importance, we see from (2.5-1), that
as approaches , the steady-state mean waiting time,
- (3)W' , is reduced in value. A similar statement could be 
made as a 2 approaches a^.

Let us now return to the present case of interest; 
that is, >_ a2 . It should be clear from the discus­
sion of the previous paragraph that a tight upper bound to 
the mean steady-state waiting time at node can be obtained 
from (2.5-1) by substituting for a^. Thus, we obtain
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- (3) „ (P13+P23)a3 ^13^3 f “1 ^22^2 f 'l2
W - 2 U - p 1 3 -p23) ” 2 (l-p13) 2 (1 —p22) i^+XJ

(2.5-5)

,a. p22a 2 r

Subcase 1.2. a 2 — a 3 — al

It is clear that this subcase is symmetric to subcase 
1 .1 ; thus, we obtain

W (3) < <P13+P23)0t3 _ plla3
2 (1_p13‘*p23^ 2 (1_ P11) Al+ A 2

p23a3
2 {l-P2 3 )lXI T r 2

(2.5-6)

Subcase 1.3. aj < ot̂  and <_ c»2

For this subcase, we substitute for both and a 2 

in (2.5-1) yielding

^(3) „ (p13+p23)a3
2 <1-pi3_p23^

p13a3
2 d - P l 3) V A2

p23a3
2 ( 1 - P 2 3 ) Al+ A 2

(2.5-7)

In summary, we see that an upper bound to the waiting 
time at node may be obtained by replacing each â <_ by 

and proceeding with the techniques developed previously, 
Furthermore, though we have proven this fact only in the 
case of Poisson external inputs, it should be clear that 
this would be true for any general external input. Thus, 
we state the following theorem.

THEOREM 2.5-1;
For external inputs following any general probability 

ala 2distribution, a, > — -—  and a, < a. for at least one3 al 2 1
value of i, i = 1 ,2 , the mean steady-state waiting time cn
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an arbitrary class packet at node of Figure 2.5-1 can 
be upper bounded by considering a network with ou = for 
each

We will now compare results obtained using our approxi­
mate method to those obtained using the independence 
assumption and to the approximate results one would obtain 
using the methods of Rubin [20] . In this comparison, we 
shall assume that the external inputs are Poisson in nature.

If one had applied the independence assumption at 
node / thus assuming that the arrival streams .into 
are Poisson, one would obtain

-<3) _ (p13+p23)a3 5 - 8 )
M P - 2 U - p 1 3 -p2-1 < 2 - 5  81

- (3) . . .where Wp is the mean steady-state waiting time on an 
arbitrary class packet at node found by using the
independence assumption. On comparison, one notes that 
results obtained using the independence assumption, (2.5-8), 
are always greater than those obtained using our approxima­
tion method, (2.5-5), (2.5-6), (2.5-7). Thus, since we have 
proven our method to be an upper bound to the actual value 
of the waiting time at , it is clear that our approxima­
tion method yields a much tighter upper bound to that of the 
independence assumption.

On the other hand, using the approximation method of 
Rubin [20] , one would proceed by writing

W ̂ = W ^ ^  (2 5-9)R R (1) + R (2)
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- (31where is an approximation to the part of the waiting
time at on an arbitrary class packet determined by the 
stochastic character of the class 1 stream and determinis­
tic like interference by the class 2 stream. Similarly,
-  (31 can regarded as that part of the waiting time on 
an arbitrary packet caused by the stochastic nature of the 
class 2 stream and a deterministic like interference by the 
class 1 stream. Subsequently, the sum of these two parts, 

and Wj^j) / will constitute an approximation to the 
waiting time on an arbitrary class packet at node , 
which we denote by W^3^. Furthermore, quoting from Rubin's 
[2 0 ] paper, one would obtain,

Pi ■jd'i - P i t )
2 (l-p1 3 -p2'3) 2 {l-pn ) lf al < I^p^J

W (3) =R (1 } „ (2.5-10) 
3if a. > -=— -—

1  -

and

W {3)R ( 2 )

p23a3 
2  ̂ 1“P13~P23^

p22a2 C1-p13) 
2 (l-p22)

a3if a_ < -5— -—  2 l-p13

(2.5-11)a .

a2 - 1-p 13

To compare results obtained using our approximation 
method to those obtained using Rubin's method, let us look 
at one of the limiting points for the case under considera­
tion. We shall choose the case of 013 = = a 2 , a point
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at which our method has been proven to yield an exact 
result. At this point, using Rubin's method, one would 
obtain from (2.5-9), (2.5-10), and (2.5-11) that

*(3) _W ^P13+P23*a3 pllal^1_P23) p22a2 (1“P13^
R 2 (i"p13~P23)

(2.5-12)

Using our method, one would obtain an exact result given 
by (2.5-1). To compare the two results, we can rewrite 
(2.5-1) to yield

S <3) *P13+P23}a3 pllal f A 1 1 p2 2 a 2 f " 2
2 (I-P1 3 -P 2 3 ) 2 (1 -Pll) U 1 +x2J 2 (1 —p 2 2 ) [Ai+A2J

*P13+P23^ a3 
2 (1-P13~P23)

pllal
2 ( l - p n ) X l+ X 2

(2 .5-13a)
p2 2 a 2 f A 1 )

! ( 1 - P 2 2 ) 1 ; i i + X 2 J

<p13+p23)a3 
2 (1-p13-p23)

pllal
(2.5-13b)

2 ( 1 - P 1 1 )
1 - 2 3

P13+P23
p22Ct2

2 { 1 - P 2 2 )

1 - 13
P13+P23J

(2.5-13c)

On comparing (2.5-12) to (2.5-13c), one notes that since
^p13+p23^ < ^ ^ rom stability considerations) we must have 
- (3) - (3) *WJ  ̂ < W . Furthermore, since we have proven (2.5-13)

We note that W ^ ^  = if and only if ^  = 0, or ^  = 0,
or P]_3 +P2 3  = 3-/ all of which are uninteresting cases.
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to be exact for <*3 = a]_ = a 2 ' we see that (2.5-12) 
constitutes a lower bound to the waiting time at node N^.

In a similar manner, one could now proceed and show
ala 2that for any point in the region > — -—  , Rubin's method
1 3

will always yield a lower value of waiting time at N 3 than 
would be obtained using Theorem 2.5-1. Finally, though 
proven only for cases where the method of Theorem 2.5-1 
yields exact results, one can state that, whereas Theorem
2.5-1 has been proven to yield an upper bound approximation 
to the waiting time at node , Rubin's method will yield 
a lower bound approximation.

Having established the relationship among the approxi­
mation methods of Theorem 2.5-1, the independence assumption, 
and that of Rubin, we shall proceed to compare results 
obtained from these various methods to results obtained via 
a computer simulation of the network of Figure 2.5-1. In 
each simulation run, we assumed that the two external inputs 
are Poisson in nature with a fixed mean packet arrival rate 
of X^ and X 2 respectively, and that the service time at 
nodes and N 2 were fixed at a-̂  and a 2 respectively. We then 
had the simulation program obtain a plot of the mean steady- 
state waiting time on an arbitrary packet at node as a 
function of the service time at node ; namely, a^. The 
results of simulation runs for various values of X^ , X2 ,

, and ct2 are shown in the graphs of Figures 2.5-2 
through 2.5-10. On each of these graphs we have plotted the 
simulation results along with the results that would be
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obtained by each of the three approximation methods 
mentioned previously. From these graphs, it is clear that 
results obtained using the independence assumption are 
a loose upper bound to actual values. Furthermore, Rubin's 
method seems to yield a rather loose lower bound for the 
case considered. Finally, results obtained using the 
method introduced by Theorem 2.5-1 tend to be a tight 
upper bound approximation to actual values. We mention 
that all of these results were expected as described 
above.

Finally, before concluding the case under considera­
tion, we mention that, once again, although we have proven 
Theorem 2.5-1 for networks with only two external inputs, 
it may easily be extended to networks with an arbitrary 
number of external inputs; such as, the network of Figure
2.5-11. In doing so, Theorem 2.5-1 would be rewritten to 
state that for external inputs following any general 
probability distribution, > (a^//a2 //...//a^) and
a, ,, < a. for at least one value of i, i = 1 ,2 ,...,k, k+ 1  i
the mean steady-state waiting time on an arbitrary class 
packet at node of Figure 2.5-11 can be upper bounded
by considering a network with = ct̂ +  ̂ for each

ala 2Case 2. , i.e. a 3 (a1 //a2)

We now return to the network of Figure 2.5-1 and
ala 2analyze the situation when a, < — -r——  . As mentioned

3 “ 1 2
earlier, the case of <_ {a^//a2) has the interesting
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characteristic that the total number of packets on queue 
at node may never exceed one; thus, the absolute total 
waiting time on any packet may never exceed sec. We 
shall now state this result as a theorem and proceed to 
prove it.

Theorem 2.5-2:
a. <*2

For the case a, < — ;  , the total number of packets
3 " al 2

on queue at node may never exceed one.

Proof: We shall prove our theorem by an analysis of
the worst possible case which is seen to occur when one 

ala 2sets a. = — :--  . That this is the worst case is clear3 a,+a- „1 2
because a, = -- ----  will allow for the shortest possible

3 al 2
interarrival time between packets of a single class at
node , thus, causing the greatest possibility of the
queue length growing in size.

ala 2When a, = — r—  / we may write that 
3 al 2

= kct̂  , 1 < k <_ 2 (2.5-14a)
This implies that

k ot
a 2 = (2.5-14b)

(We note that we could have selected k ^ 2; however, this
trwould imply 1 < <_ 2.)

We now proceed to construct an arrival pattern at node 
where we shall assume that the arrival pattern was begun
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by the arrival of both a class 1 and a class 2 packet at 
approximately the exact same time. Furthermore, for the 
worst case analysis, we shall assume that class 1 packets 
are arriving regularly at intervals of secs, and 
class 2 packets are doing similarly at intervals of 
secs. Thus, with

(m) a tht^j = the arrival time at node m of the j class i packet,

we may write

and

h (3) = 0  11 u

‘ll' - ka3

t<3) = 2 kc 3
»
*

t'?> = (j-l)ko3

(2.5-15a)

ka.
t

21
(3) ___
2 2  “ k - 1

ka.
(2.5-15b)

t (3) = 2 — ±23 * k-1
(3) ’ ^a3

fc2n -  (" -1> E=I

where we have assumed that the arrivals at node commence 
at time t = 0 .



-65-

Using the limits of k, we may rewrite (2.5-15) and 
obtain

t (3) = 0 *11 U

“3 <  1 2a3

2a3 < t ^  < 4a3 (2.5-16a)

and

(j-l)a3 < t|jJ < 2 (j-l)a3

t (3) = 0  21 U

2a3 - t22) < "

4a3 i  fc23} < 00

2 (n-l)a3 1  t^3) < °°

(2.5-16b)

Using the notation of Section 2.2 one may now proceed
to use (2.5-15) and (2.5-16) and find (see Appendix A) the

+•arrival time at N 3 of the i arbitrary class packet which 
is given by

= 0

T 2
= 0

a3 < T3 < 2a3

2 u 3 < T4 < 3a3

3ot3 < T5 < 4 cx3

i
(n— 2 )a 3 < T ’n < (n-1 )a

(2.5-17)
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(2.5-18)

Furthermore, with respect to departure times from node N^, 
one may use (2.5-17) and calculate

D1 = a3

°2 = 2a3

D3 = 3a3

D4 = 4a3

D5 = 5a3 
•

Dn = na3

Thus, from (2.5-17) and (2.5-18) we can conclude that

Tn+ 2 i K  ,2-5-191

which proves our theorem. Q.E.D.

Having proven Theorem 2.5-2, we can immediately state 
the following corollary.

Corollary 2.5-1
ala 2For the case a, <_ — r—  / the waiting time on any packet

al 2
at node of Figure 2.5-1 may never exceed ct̂  sec.; 
that is,

W (3) <_ a3 . (2.5-20)

Thus (2.5-20) may serve as an upper bound on any results
ala 2we obtain in the region a, < — t—  ■

3 “ 1 2
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We now make the observation that if <_ j minfa^,!^),
then the maximum length of a busy period at node is
clearly two. This is true since it is clear that node
will be simultaneously occupied by at most one class 1  

and one class 2 packet. Thus, we shall subdivide our
discussion of case 2 into two subcases.

Subcase 2.1? a 3 1. 7 (ot̂ ,ot2)

For the subcase ^  minta^c^) , we have been success­
ful in obtaining exact results for the mean steady-state
waiting time on a packet at •

Theorem 2.5-3:
For the subcase j  min(a'^,a2), the mean steady-

state waiting time on an arbitrary class packet at node
of Figure 2.5-1 is given by

_(3 ) p13p23w = (2.5-21)
1 2

and is valid for external inputs following any general 
probability distribution.

Proof: Since the distributions of the class 1 and class 2
external inputs are assumed independent from each other, 
class 1 packets will arrive at node in an independent 
manner from the arrival pattern of the class 2 packets and 
vice versa. Furthermore, since, as we have stated above, 
a busy period at can never exceed a length of two, we 
may write that
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W (3)W (l) = e|w|3| | a class 1 arrival finds busy with a
class 2 packetj

pja class 1 arrival finds busy with a
class 2 packetj (2.5-22a)

and

Ww|3j = e|w (2 ) I a c^ass  ̂ arrival finds busy with a
class 1 packetj

■pja class 2 arrival finds busy with a
class 1 packetj (2.5-22b)

Furthermore, since the class 1 and class 2 packets arrive 
at independently of each other, it is clear that a 
packet that arrives at and finds it busy has a waiting 
time that is uniformly distributed between zero and a^.
Thus ,

E{W (i) I a c -̂ass i arrival finds busyj = — j {2.5-23)

Also, from general queueing theory and the fact that is 
occupied with no more than a single packet from a given class 
we have

pja class i arrival finds busy with a class j packetj
= pj3 , i=l,2; j—1,2 ? i ^ j (2.5-24)

Consequently, if we substitute (2.5-23) and (2.5-24) into 
(2.5-22), we find
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(1) 2
and

- (3) p23a3W , = ■ o ' (2.5-25a)

- (3) p13a3W (2) = j (2.5-25b)

- (3)Finally, we can find W to be

pja packet is class lj + p|a packet

(2.5-26)

W u
is class 2 

p23a3 f X1 ) p13a3 ' X
lx1+xj +

2
Xl+ X 2

p13p23
Xl+ X 2

thus proving our theorem. Q.E.D.

We now introduce the following quantities.

Pk ^  ^ t*ie Probability that node j contains k packets 
(both on queue and in the server) , k=0,l,...

= the mean steady-state number of arbitrary class
00

packets at node j; that is, N = £ k pj-^ .
k= 0  K

= the mean steady-state number of arbitrary class
packets waiting on queue at node j; that is,

00

N ^  = I k P = N ^ ^  - p. , where p. is theq k+1 J 3
utilization factor of node j .

-<3) aN g ^ j =  the mean steady-state number of class i packets 
waiting on queue at node j .

= the total mean steady-state system time (queueing
plus serivce) on an arbitrary class packet at node j;
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that is, = W (j} + aj.

From (2.5-21) we see that

?< 3 ) = T p i f + “3 <2 '5-27>

If we now apply Little's formula [14] to (2.5-21) 
and (2.5-27) we find

Sq3) = ( W  ” (3) = P13P23 (2.5-28)

and

N (3) = C^1+^2) * (3) = p13p23+ (p13+p23} f2 -5-29)

Furthermore, from Theorem 2.5-2, it is clear that at any 
random point in time, node has either zero, one, or two 
packets in its facility, thus, we need only find Pq "̂  / p |3  ̂
and P ^  • To calculate these quantities we need only apply
the definitions of and the fact that

00 ^
I P, = 1. Doing this we find 

k= 0

p ‘3> = i^3) = p13p23 (2.5-30a)

p{3> - N (3) - 2 P ^ >  = p13+ p23- p13p23 (2.5-30b)

P^3) = 1 - p{3) - P^3) = 1 - p1 3  - p2 3  (2.5-30C)

Thus, we have obtained the exact steady-state distribution 
of the number of packets at node N 3 .
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As a final point of interest, using (2.5-25) and
Little's formula, we find

(2.5-31a)
and

(2 - 5—31b)

This is a rather surprising, however, intuitive result.
At this point, it is of interest to see how the results 

just derived for a network of two external inputs can be 
applied to yield an exact result in a network which has 
three external input streams. Such a network is depicted 
by Figure 2.5-12,

In Figure 2.5-12 we have three independent external 
inputs whose packet streams are merged at node after 
each packet has received some processing at an earlier node. 
If we assume ct̂  <_ j min (a^, /Ot̂ ) / it is clear and easily 
proven, as was done above for two external inputs, that node 

will at no time be occupied by more than a single packet 
from each input class, thus, limiting the maximum number 
of packets that may be present at to three. Furthermore, 
since a given class of packets arrive at independently 
of the arrival of packets from the other two packet streams, 
it is clear that a packet arriving at N 4 sees a network 
consisting of the other two packet streams whose state 
probabilities at node are of the form given by (2.5-30).
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In addition, since a packet from a given class arrives at 
a random point in time with respect to the other two 
classes, a packet arriving to find occupied by a 
single packet will have a waiting time uniformly 
distributed between zero and a 4 sec., while a packet 
arriving and finding occupied with two packets will 
have its waiting time uniformly distributed between a 4 

and 2a4 sec. Thus, using these facts one may write

Then, using the results of (2.5-30) and the fact of 
uniform distributions on the waiting time of an arriving 
packet, we find

; E | W |  a class 1 packet arrives at N 4 and (2.5-32)
finds N 4 busy with one packetj
•pja class 1 packet arrives at N 4 and finds
N 4 busy with one packet V 

(4) i+E'W(d I a class 1 packet arrives at N 4 and
finds N 4 busy with two packets > 
f•Pja class 1 packet arrives at N 4 and finds 

N 4 busy with two packets

(2.5-33a)

In a similar manner one calculates that
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- (4) W (2 )
(3a

(p14+p34-p14p34) +[— Jfp14p34) (2.5- 33b)

■ (p14+p34^
a.

+ Pi4 P34a4

W (4)(3)
ra4l f 4

= [ij lp14+p24'p14p24^ " [-T-, (p14p24^ (2.5-33o)

" Cp14+024)
a.

+ Pi4P24a4 *

Then, using (2.5-33), one can determine to mean steady- 
state waiting time on an arbitrary class packet at node
and find

W (4) =
i=l

a packet is class ij

= (p14p24 + p14p34 + p24p34 + 3p14p24P34J X.+X,+XJ *
^ 1 2  3'

(2.5-34)

Finally, applying Little's theorem to (2.5-34) yields

Sq4> = p14p24 + P14P34 + p24p34 + 3p14p24p34 ' t2 -5'35*

At this point, we mention that we as yet have been unable 
to mathematically extend the results just derived to 
networks with more than three external inputs. We do, 
however, have some conjectures as to what these extensions 
may be. These conjectures have been included in Appendix B 
for the interested reader.
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rain (a,,a„) < a_ <

We now return to Figure 2.5-1 and undertake the 
analysis of our final subcase; that is, when j  min(cc^,a2)

1 2< a- <_ — -—  . The difficulty m  analyzing this subcase— a
occurs because, though Theorem 2.5-2 still applies, it is

packets from the same class. Thus, we must use a technique 
different from the one used for subcase 2.1.

As yet, we have been unable to obtain either exact 
results or even a good upper bound approximation method 
that is valid for the entire region under discussion.
The reason for this will become apparent in the ensuing 
paragraphs. We have, however, been successful in deriving 
exact results for certain special cases that exist in the 
region of interest.

We begin by stating the following theorem.

Theorem 2.5-4
For the network of Figure 2.5-1, the mean steady-state

waiting time on an arbitrary class packet at node , when
1 ala2
2 min(a1,a2) <_ a3 <_ ; a2 = , k = 1,2,3,...;

In addition, the mean steady-state waiting time at on 
a packet from a specific class is

possible for node to be concurrently occupied by two
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” ( 1 )  =  +  p 2 s l  J ,  [3 “ 3 '  < 3 - D “ 1 ) +
and

(2.5-37a)

T- (3) p13a3 c(2) = — 2  * (2.5-37b)

Proof: Before beginning our derivation of Theorem 2.5-4,
we note that our choice of = ka^ instead of = ^a2 ' 
is of course totally arbitrary and that a similar theorem 
could be stated for = ko^ by simply interchanging 
subscripts 1 and 2 each time they appear in the above 
theorem.

We now begin our derivation of Theorem 2.5-4 by
ala2analyzing the special case when <x2 = = +a ,

1 1 1 2  X. = --- , and X_ =   . We note that, for the values1 ot  ̂ c (*2
just chosen, we have = p ^ 2 - 1 which would indeed
cause an infinite queue length to occur in steady-state
at nodes and ^ • However, as proven above, the total
number of packets at will never exceed two as long as 

ala2a < — —   ̂ Consequently, as far as node N, is concerned,
j ^ 1 2

in the steady-state, it sees a continuous stream of class 1 
and class 2 packets arriving where the class 1 arrivals are 
uniformly spaced by sec. and the class 2 packets are 
uniformly spaced by sec..

Let us suppose that the class 1 stream arrives at 
node , in the steady-state, at times

t 0 + ^al ' j=0 ,1,2 , .. . . {2.5-38)

The class 2 arrivals, on the other hand, are assumed to
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arrive at times

t' + ka2 , k=0,1,2,... (2.5-39)

It should be obvious that we lose no generality by 
limiting t 1 to be in the region

tg < t ’ < tg+a^ (2.5-40)

Furthermore, by using the relations a2 = 2a^ and 
ala2a, = — -—  , we would find 3 a^+a2

= | a3 (2.5-41a)
and

a2 = 3 a3 (2.5-41b)
twhich leads directly to the conclusion that the busy 

period at node N 3 will be of length three, consisting of two 
class 1 packets and a single class 2 packet.

For tg < t' <_ tQ+ c t 3 r should be obvious that,
a busy period at node N3 will consist of the packets arriv­
ing at times tg, t', and tg+a^. The waiting time on the 
class 1 packet arriving at time tg , , is clearly zero.
On the class 2 packet arriving at t', the waiting time 
will be

W fct = tg+ a3- t' (2.5-42a)

Substituting the limits on t 1, we find

0 i  wt < i  a3 {2.5-42b)

Furthermore, since the class 2 packets arrive at N 3
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independently of the class 1 packets, WfcI must be uniformly 
distributed, thus,

WfcI = (2.5-43)

Finally, for the class 1 packet arriving at tg+a^ the 
waiting time is

% + O j  = (t0+2o31 " ' W  = 2a3 - °1 (2.5-44)

Thus, the mean waiting time on a class 1 packet is

W = ±class 1 2 w. +w. .t« t„+a, 0 0 1
2a.-a3 ]’’v - (2.5-45)

Suppose now that tg+a3 < t 1 < tg+a^. in this case 
the busy period will consist of packets arriving at t 1, 

tO+otl ' an(̂  t0+2al ‘ the class 2 packet arriving
at t 1 has no waiting time, thus,

WfcI = W fcI = 0 (2.5-46)

For the class 1 packets arriving at tg+a^ and tg+2a^ , 
we may write

W t +a = (t'+a3) - (tg+ a1) (2.5-47a)

W V 20l= <t,+2o3> - (t0+2al> (2.5-47b)

Substituting the limits on t' we find

2“3"“l -  W tQ+ci1 -  °3 (2.5-48a>

0 = 3a3-2a1 1  w t +2a - 2“3'“l (2.5-48b)



-78-

Once again, this waiting time must be uniformly 
distributed; thus,

W
t0+ol

w

3a3~al

5o 3-30i
t0+2al

and
Wclass 1 2 Wto+cti + WV 2otJ

(2.5-49a)

(2.5-49b)

(2.5-50)

At this point, we are ready to calculate the mean 
steady-state waiting time on a packet for each of the two 
specific packet classes. For the class 2 stream, the 
mean waiting time is given by

wi3! = E ^ ,  |tn<t'it0+a3} p |(2) iY ’t " ‘'0

+E{Wt 
a 3l fa 3

t^< t '< trt+a 1

t0+a3-t '<t0+“

0 3/

j.} p { t o+c‘3-t '< t 0+“ l}

(2.5-51)

f_2 12 
I 2J K J

iar a3i
+ (o) i— )

P13a3

For the class 1 packets, we have

wi 1) = E{"class P{t0< t 'lt0+“ 3}-

{"class llt0+“3it '< to+al}

(2.5-52)

+Ei W



Thus, on comparing (2.5-51) and (2.5-52) with (2.5-37),
we have proven the validity of (2.5-37) for a9 = 2a. ,

ala2a. = — — — and A- = l/a~. Clearly. (2.5-36) follows usingJ fa fa
- (3)the definition of W .

Let us now relax the condition on and allow 
1 ala2
tr minfaT/a*) < a. < — -—  . Once again, the packets will 
& x £ — J — 1 2

arrive at node according to (2.5-38) and (2.5-39).
Clearly, on the class 2 packets, the analysis that led to
(2.5-43) and (2.5-46) is still valid, thus, yielding a mean 

- (3)waiting time, > given by (2.5-51). Turning to the
class 1 packets, we note that, for tg < t 1 <_ tg+a^ ,
(2.5-44) and (2.5-45) are still valid. However, the region 

t0+a3 — < *al must now be subdivided into two separate
regions.

For the region t 0 + a 3 i. t' 1. t^+(2a^-2a^) / we find a 
busy period consisting of two packets arriving at t' and 
tO+otl on the class 1 packets, yield waiting times
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W = 0 (2.5-53a)
t0

2ct3~al - W tQ+a1 i  al'a3 ‘ (2 . 5-53b)

The mean waiting times are then found to be

W = 0 {2.5-54a)

W = -§ (2.5-54b)
*0 1

and a,
W , . = -4 (2.5-54c)class 1 4

On the other hand, for the region tQ+(2a^-2a3) <_ t'
<_ tg+a^ , the busy period consists of packets arriving at 
t', tg+a^ and tQ+2a^. In this case, the waiting times on
the class 1 packets are found to be

a,-a, < W. , < a, (2.5-55a)
1 J — ^o i  —

0 <_ Wt^+2a^< 2ct3_ai (2 . 5-55b)

which will yield mean values of
alW. . = -^ (2.5-56a)

fc0 1 2
2a,-a,

* V 2“l" <2.5-36b)
and a,

"class 1 = “ 2 (2.5-560

Consequently, using (2.5-45), (2.5-54c) and (2.5-56c) 
we calculate the mean steady-state waiting time on a class 1 
packet to be
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W (3)W (l) “ E{ Wc la s s  l l V ^ i V 0̂ }

+E{Wclass 1 1 t0+a3it ' I V  < 2“l-2“ 3> }

>{t0+a3it 'ito+(2al"2a3)}

(2.5-57)

pltO+a3it,ito+(2a] 

+E<Wc la s s  l l V (2<V 2a3 ) i t ' < t 0+ol  }

P( tQ+(2a1-2a3)<_t '< tQ+a
2a3*“lVra3l , r“3 H 2V 3a3l fa3)—  ai J "̂Jra 3) f 2c,3‘ “ i

a,

f2“ 3-“ll|p13l . |a3 H 2Pll'3p13 + a 3 [2p13~Plll
2 J(pn J I n  I »u  J I2 P11 J

p23a3 + P23<2a3-°ti) *

where we have used the substitutions = 1 and Pj_3= 2P2 3 ’
Hence, we have extended our proof to allow for

1 ala2
2 min(“r “2) i  a3 1 a^+ct^ •

We are now in a position to relax the condition \ 0 = —
£» Ci M1 1 and allow for A- <_ — . To show that this extension is« “  Ut A* 1 valid we begin by noting that, since A. = —— , equation

1
(2.5-38) is still valid for class 1 arrivals at node N^.
The class 2 packets, however, no longer arrive at
according to (2.5-39). Nonetheless, it is critical to note
that each arriving class 2 packet sees node N^ in the same
random manner as when A- = . This is true since no busy

t «2
period can have more than one class 2 packet. Consequently, 
it is clear that the mean waiting time on a class 2 packet 
is given by (2.5-37a) or (2.5-51). As for the class 1 packets,
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they too see a similar network; as when A_ = , each2 a2
time the busy period has a length greater than one. The
only difference is that when A_ <_ —  , the number of such

2 a2
busy period decreases in a linear manner with A2 * Thus,
we conclude that the mean waiting time on a class 1 packet
will decrease linearly with decreasing A2 - On analysis of
(2.5-37a), {or (2.5-52) or (2.5-57)), we see that this is

- (3)indeed the case for the equation of given*
Hence we have proven the validity of Theorem 2.5-4 

for the case ct2 = 2a^.
We now turn to the case ct2 = 3a^ and will prove the

validity of (2.5-36) and (2.5-37) for the special case
ala2 1ou = — t—  and A, = — . The steps involved in the proof

al 2 a2
are essentially the same as for ot2 = 2a^; thus, we shall
proceed through the derivation rather quickly.

Clearly, equation (2.5-38), (2.5-39) and (2.5-40)
still apply for the arrival times at N^. For a2 = 3a^ ,
(2.5-41) becomes

al = f a3 (2.5-58a)

a 3 ~ 4a3 (2.5-58b)

On simple analysis, it is seen that we now have busy
periods of length four, consisting of three class 1 packets
and a single class 2 packet. Once again, we must consider 
two subregions for t' . For tg < t 1 <_ tg+a^ , we have a 
busy period consisting of packets arriving at tg, t', tg+a^,
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and tQ+2a^. The waiting time on these packets are found 
to be limited to

W = 0  (2.5-59a)
t0

0 <_ w , <_ a3 {2 .5-59b)
W. , = 2a,-a, (2.5-59c)

0 1 3 1
W, = 3a,-2a, (2.5-59d)t^+20^ 3 1

The mean wiating times are then found to be

- a3W , = {2.5-60a)
2a,-a, 3a,-2a..

W . , = — + — —»t— - (2 . 5-60b)class 1 3  3

For t g + a ^  t'< tg+a^ , we have a busy period consisting of 
packets arriving at t', tg^^/ tg+2C£j_ • an^ to+^ai* Thus, 
the waiting times are now calculated as

W , = 0 (2.5-61a)

2«3-o 1 i Wt0+Ol i “3 (2.5-61b)

3a3-2°1 1 Wt()+2cii 1 (2.5-610

0 = 4a,-3a, < W , < 3a,-2a, (2.5-61d)3 1 — tg+3a^ — 3 1

As for the mean values, we obtain

3a, - a,
W. . = — — - (2. 5-62a)

0 1 2
5a,-3a,

\ * 2 ^  " ' 2 (2.5-62b)
7a,-5a,

W. ,, = (2.5-62c)
0 1 2
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which leads to

W
15a3~9a^ 5a^-3a^

class 1 (2.5-63)

Finally, proceeding as in (2.5-51) and (2.5-52), we find

w (3)(2) T ~ a, + (0) al"a 3
a,

a3) fp13
2j lPn j

P13a3

(2.5-64a)

and
W (3)W (l)

2a3-a^ 3a3~2a^
--------- _—  +  — ■ -j---------

a ■
v«l,

3a3**al 3a3-2a^“
“ 1 ---  +  5-

5a3-3a^i fa^_a3
Jl-sr

(013) +
5a3-3a.^

[(2a3-a1)+ (3a3-2a1)]p23+ f5“3"4c<3l , ,
2 J 23

P2 3a3— —̂  + p23[(2a3~a1) + (3a3~2a1)] (2.5-64b)

which are the relations we were seeking.
At this point, we could relax the restriction on c*3

and X2 and allow ^ min(a1fa0) < a0 < ala2 1
m f \ji r\ i ' n ' a n d A.  ̂ 1 .1' 2' —  3 — a]_+a2 2 — a2

The proofs involved parallel those above for a2= 2a^ and 
are, therefore, omitted at this time. With these relaxa­
tions, we have proven Theorem 2.5-4 for a2 = 3a^.

To complete the proof of the theorem, we assume that 
Theorem 2.5-4 is valid for ct2 = ka^ , k an integer and show 
that this implies validity for a2 = (k+l)a^. Proceeding
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as was done for k = 2  and 3, we would find in a direct
manner that remains equal to p13a3 and that the
extra mean delay experienced by a class 1 packet by having 
a2 = (k+l)ot1 would be

'"(I)1extra = °23 I (k+U a3-kci1] + (2.5-65)

which would prove our theorem by induction. Q.E.D.

As yet, we have been unable to remove the restriction 
in Theorem 2.5-4 that be equal to 1/a^. We believe that 
unlike Theorem 2.5-4 which has been shown true for external 
inputs following any general probability distribution, if 
we allow <_ 1/a^ , exact results for the mean packet 
waiting time at node of Figure 2.5-1 would depend on the 
probability distribution of the input streams.

Before leaving this section, we would like to make a 
conjecture on the mean packet waiting time at node for 
a situation where a2 is not an integer multiple of a^.

Conjecture 2.5-1. For the network of Figure 2.5-1, the
steady-state mean waiting time on a specific class packet, 

ala2
when a3 = ' A1 = 1/al ' X2 = 1/o2 and “2 = < V k2)al
where k^ and k 2 are integers is given by

k. -1
5(3) _ P23a3 P23
W (D " 2 k2

‘I
1 a. a 3 ~ 3a]

s (3) . p13g3 fl3 1
(2) 5 k .1

k„-l

j=l
r  3flt2  i  • 
- s r h  - 3a2 ,

(2.5-66a)

(2.5-66b)
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where fx] = the least integer greater than or equal to x. 
Furthermore, the mean steady-state waiting time on an
arbitrary class packet is given by

{2.5-67)

The conjecture was obtained by deriving the exact results for 
various specified values of k^ and k.2 ’, for example,

is similar to that used in deriving Theorem 2.5-4 and does
yield exact results for any specific values of k^ and k£
tried. To briefly outline the procedure one would use,
we begin by noting that (2.5-38) and (2.5-39) are still
applicable for the arrival times at N... Equation (2.5-41)

kl+k2can be generalized to ^ , i = 1,2. On careful
i

analysis, one finds that each busy period at will consist
of k^ class 1 and kj class 2 packets. Finally, the two
regions that must be considered are tg < t' <_ to+a3/̂ c2

and t Q + a ^/^2 —  < to+ctl//k2' To comPlete t*le procedure,
one would then derive equations of the form (2.5-42)-(2.5-57).

We believe (2.5-66) and (2.5-67) to be exact results.
We further believe that we may drop the restriction on

ala2and allow for a, < — -—  . However, we have as yet not-  a-j+a2
proven these results true for random k^ and ]̂ 2 and, 
therefore, have the results as a conjecture.

3 5 4al ' a2 = 2 al ' an<̂  a 2 = J al * Tlie Proce<3ure used
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- (3)Finally, in Figure 2.5-13, we have plotted W /a^
vs. a 2 ^ a l u s i-n<3 (2.5-67). The graph clearly indicates

- (3)some very nonintuitive results. The waiting time W 
is seen to decrease between the points where a,2 is an 
integer multiple of a^. However, as goes to infinity,
we see that approaches a^/2 asymptotically. Thus,
Figure 2.5-13 clearly exhibits the inherent difficulties 
in obtaining exact results in the region considered.
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2.6 Message Switching Networks

Until this point we have limited our discussion to 
packet switching networks where the length of all messages 
entering the network was fixed at a single packet. In this 
section, we relax this restriction and allow variable 
length messages; that is, we allow each message entering 
the network to consist of a random number of fixed length 
packets where this random number is said to follow any 
general probability distribution. We shall refer to a 
message as having arrived at a given node as soon as the 
first packet of the message has arrived at that node. On 
the other hand, we shall refer to a message as having 
departed from a given node of a network only after the last 
packet of the message has completely left the given node. 
We shall assume that the server, located at a given node, 
may begin processing a message as soon as its first packet 
has arrived at that node. We refer to this type of network 
as a message switching network in the sense that once a 
server has begun processing the first packet of a message, 
it shall remain dedicated to that message and shall process 
all packets belonging to that message before being allowed 
to begin service on another message that may have already 
arrived and is waiting in the nodes buffer. Finally, as 
done previously, we assume that each node of a network has 
infinite storage capability and will service messages 
according to a first-come first-served queueing discipline.
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We now return to the networks of Figures 2.2-1 and
2.2-2 and prove that all the theorems and corollaries 
derived in Section 2.2 for the packet switching networks 
may be extended and applied to message switching networks.

Before beginning our derivations, we redefine all the 
notation presented in earlier sections to refer to 
messages instead of packets; for example,

i tht^ = the arrival time of the i arbitrary class
message into the network,

M. = the number of messages serviced at node N of
Figure 2.2-1 during its j busy period,

and so fqrth. The only exception is the service time at
a node, a or , which is still in terms of time to
service a packet. In addition, we introduce the following 
two quantities:

- the length, in packets, of the message
that initially entered the network at time t^

l ! = the length, in packets, of the i*"*1 message
to arrive at node of Figure 2.2-2

L = Efl^} = e(l |}.

Theorem 2.6-1.
The number of messages serviced at node N of Figure

2.2-1 during its j busy period equals the number of
thmessages serviced at node of Figure 2.2-2 during its j 

busy period; that is,
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Mj = Mj3) , j = 1,2,3,... . (2.6-1)

Proof: Once again, we begin by looking at the first
busy period at node N of Figure 2.2-1. We observe that 
in order to have a busy period of length , the message 
arrival times must be

t1 = tx (2.6-2)

t^ <_ t2 t^+L^a

— fc3 — tl+ L̂l+L2^a 
* M^-l

^ - i  i ti+.|1 Li“
MiThen, since it will take £ L.a seconds to service

i=l 1
these messages, the busy period will be broken by

stthe arrival time of the (M^+l) message at

\ * i  > h  + |=1Lia (2'6_3)

Continuing as before, we find that for Figure 2.2-2

I
t l = tl+ct (2.6-4)

t^+a <_ t *2 t^+(L^+l)a

t2+a ~  fc3 — tl+ + L 2+1)a
M,-lr 1t„ ,+a < t ' < t.+ I 7 L.a1 - M]_- 1 i J
f M.

tM 1+i>v [ . J :  4 “1 ^i=l

+ a

+ a.
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Furthermore, from (2.6-4), one can calculate that

= t]_ + a (2.6-5)

T2 - tl+ (Li+1)a

T 3 - tl+ tLi+L2+1)a
M ^ l

+ aI Li« i=l 1 -
( £?i iT,. > t. + L.a + a

M1 1 1  ̂ i=l 1 J

We now examine the departure times of messages from 
node N.j of Figure 2.2-2. To begin,

= T^+L^a = t1+L^a+a (2.6-6)

We now have two possibilities, or .
IIf then

D1 = t1+(L1+l)a >_ t '2 (2.6-7)

IOn the other hand, if ^ then we have that

ti + 2a (2.6-8)

from which we can state that
I I

D f  > t x =  T ,  ( 2 . 6 - 9 )

| IThus, in either case, or f , we have insured
T2 <_ which insures that the busy period will last at 
least for a second message.
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Having established that the busy period will last for 
at least two messages, we may write

Dj = t^+(L^+L2)a + a (2.6-10)

We now test all possibilities on and and show that 
the busy period extends for at least three messages.

I •If and L 2 = L2 , then

D2 = t1+(L1+L2+l)a _> (2.6-11)

If and ^ L2 , then

D 2 t ^  +  L ^ a  +  2a  ( 2 . 6 - 1 2 )

and
I 1T3 <_ t2 <_ t1+(L1+l)a < D2 (2.6-13)

If ^ and = L2 , this implies L2 = and (2.6-11)
I Iis applicable. Finally, if ? L1 and L2 ^ L2 , this 

implies L2 = and this time (2.6-12) and (2,6-13) are
seen to apply. Thus, for all cases, we have <_ D2 , 
implying that the busy period at will contine for at 
least another message.

We now assume that the busy period has lasted for M^-l 
messages; that is,

rT£+1 <_ Di , i=l, 2 , . . . ,M]_-2 (2.6-14)

and show that this implies that the busy period must last
for another message; that is,

\  1  D^ - i  (2-6-15’
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Furthermore, since > t^ , i = 1,2,...,M^ , we can
write that

M,
1 = t, + I L,ot + a “ Lwa (2.6-16)Mi-i 1 1i1 l

where l ' is equal to the length of that message that 
has yet to be processed at N^. In addition, we can say

and
T' = t! (2.6-17a)

3

L.', = L. , j=2 or 3 or 4 or ... or M.3 J 1
(2.6-17b)

Finally, using (2.6-4) and (2.6-16) we see that for any
value of j , we must have T* < d ' , which is what we were J — M^-l
seeking. Thus, we conclude that the busy period must last 
for at least messages. Furthermore, from (2.6-16) and 
(2.6-15) we have

M
d ' = t. + L.a + a (2.6-18)
M1 1 i=l 1

Thus, we have

Tm -ul > Dm (2.6-19)M^+l

causing the busy period to end after exactly messages. 
Consequently, we have shown . Furthermore, by
simple induction, this result extends to all subsequent 
busy periods, thus, proving our theorem. Q.E.D.

As was the case with Theorem 2.2-1, Theorem 2.6-1 
can be used to derive the following three corollaries.
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Corollary 2.6-1. The probability distributions of the 
number of messages serviced during a busy period at nodes N 
of Figure 2.2-1 and of Figure 2.2-2 are identical; 
that is,

p{Mj=m} = P{Mj3)=m} , m=l,2,... (2.6-20)

Corollary 2.6-2. The duration of the j*"*1 idle period at
thnode N of Figure 2.2-6 equals the duration of the j idle 

period at node of Figure 2.2-2; that is,

1^ = lj3) , j=l,2,... (2.6-21)

Corollary 2.6-3. The probability distributions of the dura- 
tion of the j idle period at nodes N and are identical; 
that is,

P{ Ij<x} = P{lj3J<_x} , x > 0 . (2.6-22)

The derivation of these corollaries parallel those 
of Corollaries 2.2-1, 2.2-2, and 2.2-3 and are, therefore, 
omitted at this time.

We now proceed, as was done in the packet switching case, 
to derive a theorem concerning the message waiting time
in the networks considered. For a message, the waiting time
it experiences will be considered to be the time that the 
first packet of a given message must wait on queue. The 
delay on succeeding packets of a given message are, in a 
message switching system, easily calculated from this quan­
tity.
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Theorem 2.6-2

For the j*"*1 busy periods of nodes N and , the
mean total waiting time experienced by the messages in
the network of Figure 2.2-1 equals the mean total waiting

(3)time experienced by the messages over the entire
network of Figure 2.2-2.

Proof: The derivation parallels that of Theorem 2.2-2.
Once again, we begin by calculating the total waiting 
experienced by the messages of the j*"*1 busy period 
at node N of Figure 2.2-1.

For message switching networks, equation (2.2-11) 
may be rewritten as

W L = 0 (2.6-23)
W i+i = [Wi+Lia-(ti+1-ti)]+ , i=l,2,...

For a busy period of length , (2.6-23) yields

W x = 0 (2.6-24)

W 2 = V W
W 3 = tx-t3+(L1+L2)a 

M.-l
w m .= w *  i, Lia

3 3 1=1
Hence, the mean total waiting time in the busy period is 

M. i M. M.(M.-l)
W. . . = Etotal

M.  ̂ M .  M . _
] W. = M.t.- P  t. + -j J  La (2.6-25)

ill 1J 1 1 w  1 2



-96-

We will now prove our theorem using mathematical induction
For the case Mj = = 1 ,  it is clear that the total

waiting time, in both networks, is identically zero. We
now assume that (2.6-25) is true for both networks for

(3)Mj = Mj <_ m. We will show that this assumption implies 
that, for Mj = m P^ = m+1, the mean total waiting time 
experienced in each of the two networks by these m+1 
messages will still be the same.

For Figure 2.2-1, the extra waiting time introduced 
by having equal to m+1 instead of m, is seen, from 
(2.6-24), to be

m

and
(W , )_. - - . = W = t.-t .,+ V L .a (2.6-26a)extra Fig.2.2-1 m+1 1 m+1 i

(W , )„• « - . = E{ W } = t,-t ,.+m L a (2.6-26b)extra Fig.2.2-1 m+1 1 m+1

We now turn to Figure 2.2-2 where we again assume that 
s tthis (m+1) message, arriving at time t ^ , enters the 

network at node N^. This message will then arrive at node
at time

C i  - w  + "k11 + <* <2-6-27>
thwhere we have assumed the message to be the k , 1 ^ 1  m+1, 

to arrive at . At node , we can write (similar to
(2.6-23), that

W<3) > 0

C l  = - < C i - Ti , 1 +  ' i = 1 ' 2 ' - - -
(2 .6 - 2 8 a)
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For a busy period of length m+1, (2.6-28a) yields

w|3) = 0 ( 2 .6 - 2 8 b)

W^3* = + L^a

W <3) = l' - Tj + (Li+L')«

/->> * m-1
W (3) = T' - t' + I L.'ot m 1 m i-L __,,, m
W (3 = T* - T* + I L ! am+1 1 m+1 i

We now take the expected values in (2,6-28b) , and we 
obtain

w<3> = 0 (2.6-29)

w<3> = T; + t ' + La

w<3>
7 T i

- T ’ + 2L a ,

w<3>m = t [
r

” Tm + (m-1) L a

w (3>m+1 Tm+1 + m L a

In general, this (m+1)st message will be the thn
message of the j*"*1 busy period to arrive at node f

1 <_ n <_ m+1; that is, Sn+1
1T . Furthermore, from n (2.6-29)

we see that the mean extra waiting time, at node , 
caused by having M^3  ̂ equal to m+1 instead of m, is given by

"ixtra ” T1 - Tn + ^  (2-6-30)

If we now substitute for and by using relations 
derived from (2.6-5) and (2.6-27) respectively, we find
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that
(2.6-31)

Hence

Ŵextra^ Fig.2.2-2 (2.6-32)

tl " sra+l + mLa

extra ̂ Fig.2.2-1
+• v>Thus the mean total waiting time in the j busy period,

(3)for Mj = Mj = m+1, is the same in both networks. This
completes our induction procedure and proves our theorem.

In summary Theorems 1 and 2 have shown that for any 
given busy period both the number of messages serviced 
and the mean total waiting time experienced by these 
messages will be equivalent for the two networks considered. 
This leads directly to the following corollary.

Corollary 2.6-4 For the networks of Figures 2.2-1 and
2.2-2, the steady-state overall mean waiting time experi­
enced by an arbitrary class message is the same in both 
networks; that is,

^  Fig.2.2-1 = (®*Fig.2.2-2 (2.6-33)

Thus, we have shown the equivalency with respect to 
overall mean steady-state message waiting time that exists

Q • E . D •
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between the two networks. As before, we may utilize this 
equivalency to calculate the mean steady-state message 
waiting time at node of Figure 2.2-2 and find

S(3> = (§>Pig.2.2-2 - S<1> ' S<2) (2.6-34)

= (S)p^g 2-2-1“ ^(l)P^ a messa9e is class 1}

- (2)- w (2 ) a message is class 2}.

Having completed our analysis of Figures 2.2-1 and
2.2-2, we may, as was done in the packet switching case, 
clearly extend our results to networks as depicted by 
Figure 2.2-3; that is, to networks where the service time 
at the merger node is the slowest in the network. In 
addition, the generalizations, to networks with an arbi­
trary nubmer of external inputs, discussed in Section 2.4, 
for packet switched networks, can easily be seen to directly 
apply in the message switched case being considered. 
Finally, we note that the discussion of self delay and inter­
ference delay is also applicable to message switching net­
works .

Turning to networks with fast merger nodes, we 
remark that for message switching networks, we can no 
longer differentiate between cases where the service time 
at the merger node is greater than and the case where the 
service time is less than the parallel combination of the 
service times of the channels feeding the merger node.
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The reason for this is, of course, because we now allow 
multi-packet messages, thus allowing the possibility of 
having an infinite queue length at the merger node. Thus, 
we need only consider networks where the service time at 
the merger node is less than or equal to the service time 
of at least one of the incoming channels.

For the case of fast merger nodes, we can at this time 
only extend the results of Section 2.5 which yield an 
upper bound on the actual waiting time. Using a similar 
procedure to that of Section 2.5, we could consider a net­
work as depicted in Figure 2.5-11 and obtain the 
following theorem.

Theorem 2.6-3
For external inputs following any general probability

distribution and for at least one value of i,
i = l,2,...,k, the mean steady-state waiting time on an
arbitrary class message at node of Figure 2.5-11 can
be approximated by considering a network with = ct̂ +^ for
each a . > a, ,, . i k+i

This concludes our discussion of message switched 
networks. This section also concludes our discussion of 
networks with single output channels.
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Class 1
Packets

Class 2 
Packets

F ig .2.2-1 .*A Queueing Network Consisting of a Single Server Queue and Two External 

Input Streams

Class 1 X. 
Packets

Class 2 
Packets

Fig. 2 .2 -2 : a  Queueing Network Consisting of Three Single Server Queues and Two 

External Input Streams
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Packets

Fig. 2 .2 -3: Networks With Equivalent Overall Steady-State Mean Waiting 
Time when = max (a'11,n'12,.•. ... ,0 )̂
and X = X! + X>
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Fig. 2.4-3: A Queueing Network Consisting of Four Single Server Queues where 
ce4 ̂  n3 and cr4 ^ n 2 ^ a i
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Waiting Time at N, as a Function of

*  -  Simulation Results 

P -  Results using (2.5-8)

R -  Results using (2.5-12) 

Z -  Results using (2.5-13)
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3.1. NETWORKS WITH PARALLEL SERVERS
In this section we turn our attention to networks where 

each node of the network is assumed to have a given number 
of parallel channels over which it can service arriving cus­
tomers. As examples of networks with parallel channels we 
have, the take-off and landing operation at an airport with 
several runways, the multiple channels that may connect 
various points in the telephone network, and the parallel 
channels that exist between nodes in some computer networks 
for reliability purposes. We shall commence our discussion 
with a review of results obtained by Friedman [9] for tandem 
networks with parallel servers and after this, we shall pro­
ceed to demonstrate how many of the reults derived in the 
previous chapter, for networks of single server queues, may 
be generalized and extended to networks of multiple server 
queues.

We begin our review of Friedman's results by considering 
the network of Fig. 3.1-1. The network shown is a tandem 
queueing system consisting of n stages, t^, N 2, ..., Nfi, 
in series where stage N^ is assumed to have parallel
servers each having the same constant service time ou sec. 
Once again,we shall assume that each customer arriving into 
the networks consists of a single fixed length packet. The 
packets are assumed to arrive at the first stage or node
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according to any general probability distribution and pro­
ceed through the stages, in order, on a first-come first- 
served basis. At each node, the channel over which each 
packet is processed is assumed to be selected in a cyclic 
manner. Finally, we assume that each stage has unlimited 
storage available.

At this point we introduce some notation as used by
Friedman. We write N. = (a.:m.) to indicate that node

1 1 1

consists of nu parallel channels each with the same 
constant service time of a^. Thus, the network of 
Fig. 3.1-1 may be written as

-»■ (ourm.) •+ (a0 : n O  -*■ (a-:m.J -*■ -+■ (a :in ) -+ . (3.1-1)
1 1  2 2  3 3  n n

We now state Friedman's first result.
Result 1 :

Given any input sequence of packets to any system given 
by (3.1-1), the output sequence from the last stage is inde­
pendent of the order of the stages.

The implication inherent in Result 1 is that a packet 
entering the network at a given time, will depart from the 
final stage of the network at the. exact same time regardless 
of the permutation of the various stages. Thus, the amount 
of waiting time experienced by a packet passing through the 
tandem network is independent of the order of the stages.
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We now introduce Friedman's principle of dominance. We 
say that stage N. dominates stage N. if, in the system"■ J

Nj ■*■*' no Pac^et ever waits at Nj regardless of the
input sequence to N.. The statement N. dominates N . isi i j
a property of nodes and Nj and is independent of
system context; for example, if N. dominates N ., then in 
the system -*■ -*■ -*■ -*■ ■+■ • • • we may still say KL
dominates . We now state the remaining three results of 
Friedman's paper.
Result 2 ;

N. = (oc.:m.) dominates N. = (a.:m.) if and only if l l l j 3 3
m,

a.j < M oj where M = [— J and [x] is the greatest integer

less than or equal to x.
Result 3:

Dominance is transitive; that is, if dominantes
N- and N. dominates N, , then N. dominates N. .3 "2 K 1 K
Result 4 :

Dominance is persistant; that is, if dominates Nj
and and are nonadjacent stages in a system
•••*»■ +•••-*■ Nr -»■ Nj -»■•• • , then no waiting time ever
occurs at N^, regardless of the input sequence to the system.

Result 4 implies that for a tandem network of nodes with 
parallel servers, the waiting time experienced by a packet is
completely determined by the dominant nodes of the network
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and that the waiting time experienced by a packet may be 
found by considering a reduced network formed from the 
original system by removing all nodes that are dominated 
by at least one other node of the network. As an example, 
the system

can be reduced to a network consisting of the single stage

without changing the packet waiting time since (3:1) domi 
nates all the other stages as seen by application of 
Result 2. As a second example, the network

(5:2) - (4:2) -► (2:1) + (3:1) ->■ (7:3) *■ (3,l-2a)

+ (3:1) - (3.l-2b)

-► (3:1) + (2:1) ^ (7:2) -*■ (13:4) - (5:4) (3.l-3a)

may be reduced to

-► (3:1) (7:2) + (3.1-3b)

but no further since (3:1) dominates (2:1), and (7:2) 
dominates both (13:4) and (5:4); however, neither (3:1) nor 
(7:2) dominate each other.
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Clearly# the results of Friedman may be interpreted as 
a generalization of the results of Rubin [17-19], as pre­
sented above in Chapter 2, for tandem networks of single 
server queues# to tandem networks of multiple server queues. 
However# as in the case of single server systems, no exact 
results have been obtained by Friedman for non-tandem net­
works. It is for these non-tandem networks that we shall 
show that many of the theorems, derived in the previous 
chapter for single server systems, can be generalized and 
extended to multiple server systems under certain conditions.

We now turn our attention to Figs. 3.1-2 and 3.1-3.
These networks are assumed to have all the properties as the 
networks of Figs. 2.2-1 and 2.2-2 respectively# which were 
described at the beginning of Section 2.2, except# that in 
the present case, each node of each network is assumed to 
have two parallel servers each with a constant packet service 
time of ot sec.

As time passes# each server of each queue shown will 
alternate between busy and idle periods. As such# we shall 
derive the following theorem:
Theorem 3.1-1:

tliThe number of packets serviced by the i server,
■f"hi = 1#2# at node N of Fig. 3.1-2 during its j busy

tilperiod equals the number of packets serviced by the i
thserver at node N3 of Fig. 3.1-3 during its j busy
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• t h .period, j = 1,2,3,..., where the i server of a given 
queue is defined as that server that processes the ith 
packet, i = 1,2, to arrive at the particular queue under 
consideration.
Proof:

With all quantities defined in Section 2.2, for Figs, 
2.2-1 and 2.2-2, now referring to the networks of Figs.
3.1-2 and 3.1-3 respectively, we once again begin our proof 
by looking at the very first busy period of server 1 at
node N of Fig. 3.1-2. We observe that server 1 will pro­
cess all odd numbered packets to arrive at node N and

i
server 2 all the even numbered ones. This is clearly true 
because of the cyclic nature of choosing a server at a given 
node. Thus, for server 1 to have a busy period of pac­
kets, the arrival time of the odd numbered packets must be

fcl t l

—  t 3 —  fcl + a
t' < t_ < t. + 2a4 —  5 — 1

(3. l-4a)

t2M1-2 - t2M1-l -  t l +
t2M1+l > fcl + M la

As for the even numbered packets, we have



Using the external arrival times as defined by (3.1-4), 
we now turn to Fig. 3.1-3 and find

4 — t. + a
+ a < *2 < t± + 2a

fc2 + a < 4 < t. + 2a

*3 + a < 4 S. t. + 3a

fc4 + a < 4 < tl + 3a

(3.1-5)

t2Ml-3 + “ i t 2M1-2  ± 4  + Ml“ 
t2M1-2 + ° ̂  4(^-1 ̂  4  + Ml°

and

At node N^, once again the odd numbered packets to arrive at 
will be processed by server 1 at node N^. Thus, using 

(3.1-5), we can calculate that
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T 1 = fcl + a (3.1-6)
T 3 1  + 2ct
Tj < + 3a

TiMl-l ±  fcl + Mla 
T2M1+1 > tl + (Ml+1)a

Furthermore, using (3.1-6), we find that packets departing 
from server 1 at do so at times

D i = fcl + 2ct (3.1-7)
= t^ + 3a

Thus, from (3.1-6) and (3.1-7), we can conclude that

T 2i+1 - °2i-l i = 1,2,•*•,M1~1 (3.1-8)

T 2M1+1 > °2M1-1

which implies that we have had a busy period of exactly 
packets at node N^. Furthermore, though specifically proven 
for server 1 only, it is clear that a simple derivation can 
be constructed for server 2 of nodes N and N^. In addition,
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by simple induction, these results extend to all subsequent
busy periods at nodes N and ; thus, this proves our
theorem. Q.E.D.

Consequently, we have shown that, busy period by busy
period, the i1"*1 server of nodes N and will process
exactly the same number of packets. Using this fact, we can,
as was done in Section 2.2, derive the following three
corollaries:
Corollary 3.1-1:

The probability distributions of the number of packets
thserviced during a busy period of the i server, i = 1,2, 

at nodes N and are identical.
Corollary 3.1-2i

A.* A*.t-
The duration of the j idle period of the i ser-

thver of node N equals the duration of the j idle period 
of the ifĉ  server of node , i = 1,2, j = 1,2,**- .
Corollary 3.1-3:

The probability distributions of the duration of the jth
+• Viidle period of the i server at nodes N and are

identical.
At this point, we would desire to proceed and state a 

theorem concerning the steady-state mean waiting time ex­
perienced by a packet in the two networks considered. How­
ever, before doing this, we must first define the concept of
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a combined busy period over all servers attached to a given 
node.

To describe our definition of a combined busy period, 
let us assume that all servers of a given node are initially 
busy. As such, the combined busy period is said to continue 
until such time as one of the servers becomes idle for a 
finite amount of time greater than zero. This signals the 
conclusion of the present busy period and all packets cur­
rently in the other servers are considered belonging to the 
old busy period. We note that, because of the cyclic nature 
of server assignment, there can never be any packets on queue 
when a busy period is said to terminate. In addition, we ob­
serve that we say the combined busy period has ended though 
the other servers may still be processing packets. Having 
become idle in the combined sense, the node in question awaits 
the arrival of a new packet. On arrival, this new packet will, 
of course, be assigned to that server whose becoming idle ter­
minated the previous busy period. This assignment will signal 
the beginning of a new combined busy period. Having commenced 
a new busy period, we now turn to the next server in the 
assignment cycle. If this server is presently busy, we shall 
say that for a new packet to arrive and belong to the newly 
started combined busy period, it must do so before the server 
becomes idle; that is, before the server finishes processing 
the packet that belonged to a previous busy period. On the
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other hand, if we turn to the next server in the cycle and 
find it idle, then, for a packet to belong to the newly 
started busy period, it may arrive so long as the packet 
which initiated the newly started combined busy period is 
still in service.

Thus, having defined a combined busy period, we state 
the following theorem:
Theorem 3.1-2:

The number of packets serviced at node N of Fig. 3.1-2 
during its j combined busy period equals the number of

. y .

packets serviced at node of Fig. 3.1-3 during its j
combined busy period, j = 1,2,*** .

Proof:
The proof of this theorem will, once again, be similar 

to that of theorem 2.2-1; therefore, we shall go through the 
steps of the proof rather quickly.

Once again, we begin by looking at the very first com­
bined busy period at node N of Fig. 3.1-2. For a combined 
busy period of length packets, the packet arrival times
must be

tL = tx (3.1-9)

fcl S. t 2 - tl + a

fc2 -  fc3 -  H  + a
fc3 5. ^4 S. + a
t 4 5  tg < t^ + 2a
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t5 < tfi < t2 + 2a

M, -2-i
. < tM < t. +M^-3 —  — i P
i < tM , < t- . +M^-2 —  Mi “  ^-i

f^-l-O-i)
a = t, . + 3-1 a

tM < t. +M^“l —  —  i
M r iy

a

*7^+1 > t3-i +
■M^-2+i

a
where

' 1 if is odd
2 if M, is even . v. 1

With external arrival times as given by (3.1-9), we now 
turn to Fig. 3.1-3 and calculate

4 = 4 + a

H
+ a < 4 = 4 + a <_ t ^  + 2a

t 2
+ a < 4 < 4 + 2a

fc3 + a < 4 £ 4 + 2a <, t^ + 3a

(3.1-10)

■Mj-i
4 ^ - 3  + « i  tM 1-2 i  4  +

-iTii
^ - 2  * « i  4 ^ - 1  ^  t3-i + (— J-

2
M„ -2+i

a
rMj-i+2

a

*7^+1 > fc3-i +
rM1+i
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Using 
at N3

As for

(3.1-10), we then find the ordinal packet arrival times 
to be

T1 = fcl + a
T 2 = t 2 + a -  fcl + 2ct
TJ <. tx + 2a

< t2 + 2a < t 1 + 3a

(3.1-11)

^ - 2  -  ti + ( 2M

T 1 < +■ +V 1 - ^

a

M^-2+i
a

T'M,
f.M -i+2i 

< t. + |-i-s la—  i 2
M, +ir - V 1]

^ + 1  > t3-i + (“ T " ] a

the departure times from N^/ we have

= t^ + 2a (3.1-12)
= t2 + 2a £  tx + 3a

d 3 “ H  + 30
= tj + 3a <. t^ + 4a
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t. +
1 1

Thus, from (3.1-11) and (3.1-12) we see that

(3.1-13)

Consequently, we have shown that the very first busy period, 
at both nodes N and N^, will have a length of exactly 
packets. Furthermore, using the departure times from N and 
(3.1-12) for N^, we can calculate that when the busy period 
ends in server i, the remaining service time on the packet in 
server 3-i is

To complete the proof, let us look at the second busy 
period at node N. This, second busy period, which will have 
a length of M 2 packets, begins with the arrival of a packet

may show, using (3.1-9), that the departure time of packet 
from node N occurs at time

t^ - t3_i + (2-i)a < a (3.1-14)

In a straightforward manner, we
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M,-i+2

Thus# we have the following two cases:
Case 1: t„ > Dw"" M^+l

For this case, we must have at N_

t' ,, = T' ., > d m + a = t. + M^+l M^+l 1 a > (3.1-16)

Consequently, it is obvious that the second busy period for 
both nodes N and have the same general form as the
first and the proof just completed for the first busy period 
is clearly applicable to the second.

tM1+l ± \
In this case, the arrival of packet M^+l at time t^

finds packet still in service. Thus, for the busy period
to continue, packet M ]_+2 must arrive before packet de­
parts. Consequently, the arrival times at node N of the
packets of the second busy period must occur at

^ + 1  = S ^ + l

^ , + 1  -  ^ , + 2  - dm, ~ t i +

(3.1-17)
rMj-i+2^

a < tMi+1 + a

fcM x+2 -  tM1+3 -  Sl-j + l + “



where
f 1 if is odd

k = <12 if M 2 is even.

At this point we can turn to node and construct equations
similar to those of (3.1-10)-(3.1-13), thus, proving the 
equality between the length of the second combined busy periods 
at node N and at node N^. The actual process is left as a 
simple exercise.

Thus, we have proven that, in all cases, the lengths of 
the second combined busy periods at nodes N and are
equal.

We are now in a position to state that by simple induc­
tion, this result extends to all subsequent busy periods, thus, 
proving our theorem. Q.E.D.
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At this point, we can once again state three corollaries 
similar to those following theorem 3.1-1. Clearly, the dura­
tion of the combined idle periods at node N and N3
are equal. Furthermore, the probability distribution associ- 
ated with the length of j combined busy period and j
combined idle period at node N are identical to those 
associated with node respectively. However, instead of
formally deriving these corollaries, we leave them to the 
interested reader and, instead, proceed to another theorem 
of more importance.
Theorem 3.1-3:

For the j combined busy period of nodes N and N^,
the total waiting time experienced by the Mj packets in the
network of Fig. 3.1-2 equals the total waiting time experienced 

f 31by the packets over the entire network of Fig.
3.1-3.
Proof:

Once again, we adopt the notation of Chapter 2. With all
1.Larrival times now referring to the j combined busy period, 

we obtain relations for the waiting time on a packet of the
lI.

j combined busy period of node N as

w,
W 2 = [DL-t2]

Wk+2 “ [V a"(tk+2"tk)]

(3.1-18)

k = 1 , 2 ,
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where DL is the departure time from node N of the last
Stpacket of the (j-1) combined busy period. Expanding 

(3.1-18), we have

W 1
9 0

w 2

W 3 = fcl - *3 + a

W4 = w 2 + t2 - t4 + a

W 5 = 4  - t 5 + 2 a

W 6
= W 2 + t 2 t 6 + 2 a

(3.1

= < 2 ' i > W 2  +  t 3 _ i "  V i +

. -4+i-i
J___

M .-ii
_J_ a

where

a

l =
f 1 if Mj is odd 
I 2 if Mj is even.

Summing over all packets, we find
Mj+2 -i 

1

W,TOTAL
” 1 ~ ~ 2---

= 7 1  Wk = [t1”t2k_1+ (k-l) a] +
k=l 

M .+i- 2

- 4 —  + T [w2+ t 2- t 2k+ ( k - i ) o ]

(3.1

-19)

- 20)
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M.
M.+2-i M.+i-2 -^1-
^ T —  fcl + “ T -  *2 ■ *Tc +E=T

(M.-i) (M.-i-2) i (M . —i)
— 1— r 1 + — j —

a =

M.
M.+2-i M.+i-2 ^-L (M^-i)(M.+Z-2)

■ - V -  fc! + j t —  t2 - 2 _  \  +k=l
a.

We will now prove our theorem by mathematical induction.
f 3)For the case II. = M; = 1 ,  it is clear that the total

3 3
waiting time, in both networks, is identically zero. We now
assume that (3.1-20) is true for both networks for
M. = < m. We proceed to show that, for M. = m !^ = m + 1,3 3 “ ^ 3 3
the total waiting in each of the two networks will still be 
equal.

At node N, the extra waiting time introduced by having 
Mj equal m+1 instead of m, is seen, from (3.1-15), to be

ŴEXTRA^ Fig 3.1-2 “ Wm+1 “ (3.1-21)

- (2-i)w2 + V i  - V i + ( S z r l ) a  ■

Turning to Fig. 3.1-3, we, once again, arbitrarily assume

m+1
s tthat this (m+1) packet, arriving at t ., enters the net­

work at node N^. This packet will arrive at node at
time
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<=;+! - v i + "k1’ + • (3-1-22)

thwhere we have assumed this packet to be the k ,
1 <. k £ m + 1, to arrive at N^. At node N^, we can write# 
similar to (3.1-18), that

W{3) = 0 (3.1-23)

W 23> ” [Di - T2 1+

Wk+2 - [Wk3’ + “ ' (Tk+2-Tk>1+ k = 1'2'-”

where is the departure time from of the last packet
of the previous busy period. Thus, for a busy period of 
(m+1) packets, we have

w|3) = 0 (3.1-24)

w<3) = [D£ - T£] +

W 33J = T 1 + T3 + a
wi3) = w<3) + t ; - t ; + a4 2 2 3

W (3) — j. r v t _ ml j .

m = (i-1)^2 + Tf -

where

Wm 3i “ l2_i>W 23> + *J.± - ^

1 if m is odd
i -

2 if m is even .
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s t thIn general, this (m+1) packet will be the n
packet, of the j combined busy period, to arrive at
node N,, 1 < n < m+1; that is, t' = T'. Furthermore,J — —■ m+i n
from (3.1-24), we see that the extra waiting time, at N 3, 
caused by having m !3  ̂ equal to m+1 instead of m, is 
given by

WE x U  “ I2'*)"” ’ + T 3-i - TA + <3'1-25>

We now substitute for T', using (3.1-22), and T' ., usingn w i
the relation T 3 _j_ = fc3 _i + a ' an<̂  find

= (2-i)W^3  ̂ + t - t - nEXTRA 1 } 2 3-i m+1 k 1 2 ‘ °

(3.1-26)

Consequentlyi

^EXTRA^Fig 3.1-3 " WEXTRA + WEXTRA (3.1-27)
= w/1  ̂ +k EXTRA
= <2-i)W<3)+ t3_. - tm+1 + (2=|li)a

(WEXTRA}Fig. 3.1-2

where we have used the fact that W 3 = wj3  ̂ which, in itself, 
can be proven from the discussion leading to equation (3.1-14)
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This completes our induction procedure and proves our 
theorem. Q.E.D.

Having proven theorem 3.1-3, it is clear that the 
probability distributions cf the total waiting time experienced 
by the Mj = packets of the combined busy period
is identical for the networks of Figs. 3.1-2 and 3.1-3. Of 
more importance, theorems 3.1-2 and 3.1-3 directly imply the 
following corollary:
Corollary 3.1-4:

For the networks of Figs. 3.1-2 and 3.1-3, the steady- 
state mean overall waiting time experienced by an arbitrary 
class packet is the same in both networks; that is,

<S >Fig. 3.1-2 ■ <S>Fig. 3.1-3 I3'1'28'

Clearly, corollary 3.1-4 implies the same principle in 
delay decomposition, with respect to self delay and inter­
ference delay, as discussed previously for networks of single 
server queues. Furthermore, we once again obtain the result 
that the steady-state mean waiting time on an arbitrary class 
packet at node N 3 of Fig. 3.1-3 is given by

S<3> - (i>Fig. 2.1-3 ‘ " (1> " 5(2) (3.1-29)

* ^ F i g  3 1-2 ” ̂ (l)P ^a Pac^et is class 1} -

- W^ 2 ) "̂Ca packet is class 2}.
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Thus/ we have shown that, the theorems and corollaries 
developed previously in section 2.2 are applicable and ex­
tendable to networks where each node has two parallel ser­
vers. In fact, in a manner directly parallel to that just 
used, we can show that the theorems and corollaries just 
developed for the networks of Figs. 3.1-2 and 3.1-3, net­
works where each node has only two parallel servers, are 
extendable and applicable to networks where each node of 
the network has k parallel servers, as depicted by Figs.
3.1-4 and 3.1-5, where each server has a packet service time 
of a sec. The details of the actual proof are left for 
the interested reader. At this time, we merely mention 
that, with the cyclic assignment policy used, each server 
i, of a given node, will process packets numbered i + nk, 
i = 1,2,•••k, n = 1,2,*** , where we refer to the ordinal 
arrival of packets to a given node. As a result, if one 
desired to construct an initial combined busy period of 
packets at node N of Fig. 3.1-4, (see eq. (3.1-9)), the 
arrival time of packets to node N must follow

ti ■ fci 
fcl i. + a
t2 < t3 < + a

V i  -  -  h  + a

(3.1-30)
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t *  < t k + 1  < t 1 +  a 

V l  - fck+2 1  + «

t2k-l - fc2k ̂ \ + a
*2k i fc2k+l + 2a

t2k+l - fc2k+2 + 2a

^ - 3  -  ^ - 2  - ti-2+k(6(i-l)+6(i-2)) +
M -2-(i-2+k(6(i-1)+ 6 (i-2))) + _

M^l-d-l+kfi (i-1) )
S ^ - 2  - ^ - 1  -  ti-l+k{6 (i-l))+ k a

M -i
’t l -i "TT" “

1 1 m +i-(i+i-k6(i-k))

^ + 1  > ti+l-k6 (i-k) + k 01

where - nk+i, 1 < i < k, n an integer and 5 {x-xQ ) is 
the dirac delta function; i.e.,

C 1 • x * x
6 (x-x ) = { 0 (3.1-31)

I 0 , x ft x o

As stated before, the remaining steps in the required de­
rivations are left to the interested reader.

Having shown the equivalency, with respect to steady- 
state overall mean waiting time, that exists between the
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networks of Figs. 3.1-4 and 3.1-5# we can proceed to the
five networks of Fig. 3.1-6# and# using this equivalency
together with the results of Friedman# show that# if stage
N = a :k # the merger node in each network# dominates all n n
other stages in each of the networks# all five networks will 
have the same steady-state overall mean waiting time on a 
packet. Once again# as done for the networks of Fig. 2.2-3, 
we would begin at Fig. 3.1-6e and use our decomposition 
principle at N to transform the network into the network 
of Fig. 3.1-6d. Then using the results of Friedman, Fig.
3.1-6d can be transformed into the Fig. 3.1-6c. Having 
attained Fig. 3.1-6c# we note that Figs. 3.1-6b and 3.1-6c 
are exactly the networks of Figs. 3.1-4 and 3.1-5 respectively. 
Finally, Fig. 3.1-6a is obtained from Fig. 3.1-6b by finding 
the joint arrival process of the two independent packet 
streams of Fig. 3.1-6b. Thus# we have proven the desired 
equivalency in steady-state waiting time that exists among 
these five networks.

In summary# we state that we have formulated a technique 
which# given a network consisting of stages = (a^:k^), 
such as# the network of Fig. 3.1-7# the steady-state overall 
mean waiting time experienced by an arbitrary class packet 
passing through a merger node, may be determined exactly# 
provided that the merger node dominates all stages of the
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network that are feeding packets into the merger node.
Whether the waiting time experienced by an arbitrary class 
packet at the merger note itself may be calculated would 
depend on the existance of a dominant stage in each path 
entering the merger node; that is, if for each path entering 
the merger node there exists a stage that dominates all 
other stages in the given path and, thus, solely determines 
the overall packet waiting time for the given path. If such 
stages exist for each path, an exact determination of the 
steady-state mean waiting time at the merger node is possible, 
otherwise, if such dominant stages do not exist, an exact de­
termination is not yet possible. Thus, in Fig. 3.1-7, the 
exact waiting on a packet at node Ng may be found exactly 
provided dominates both and Furthermore,
though shown as simple nodes, and ^  may each repre­
sent entire networks of nodes in which each, and Nj,
were dominant.

Clearly, many problems remain to be answered. In the 
case of a merger node that is not dominant over all other 
stages feeding the merger node, we have as yet been unable 
to obtain any satisfactory results. In the previous chapter, 
sec. 2.5, for networks in which each node had only a single 
server, we were able to obtain some exact and some tight 
approximations in the case of fast, non-dominating, merger 
nodes. However, we have as yet been unsuccessful in
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extending the techniques developed there/ or finding new 
methods to apply to networks with parallel servers and 
non-dominant merger nodes such as Fig. 3.1-7 when does
not dominate both and Mj- The problem of non-dominant
merger nodes is important and remains to be solved.
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3.2. DELAY ANALYSIS AT A SEPARATION NODE
Up to this point/ we have been limiting our discussion 

of networks to those whose topological complexity did not 
go beyond merger nodes. In other words, in the networks 
considered previously, if two independent packet streams 
entered a common node for processing, the packets from 
these streams would be merged in the sense that all packets 
from both streams would have an identical route of nodes 
to follow from this point onward. From the point of 
practicality these feed-forward types of networks have 
their applications in such areas as centralized computer 
networks in which all users of the network are attempting 
to access some centralized processing facility. Indeed, 
in this case we have a feed-forward type of network in 
which streams of packets from different users, once merged, 
continue along the same route of nodes to the centralized 
processing facility. However, if we investigate the return 
route; that is, the route that a packet must follow from 
the central node back to an individual user, we would find 
that instead of passing through a series of merger nodes 
as in the forward trip, the packet would instead pass through 
a series of separation nodes, nodes at which the common stream 
of packets leaving the central node is decomposed or separated 
into a number of different streams each of which will then 
proceed to follow an individual route so as to reach its
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final destination. Thus, we shall now turn our attention 
to delay analysis at separation nodes.

In Fig. 3.2-1 we have depicted a two node queueing 
network. At node two external independent packet
streams enter the network and are merged and processed 
by a single server channel, at rate sec./packet, over 
which the merged packet stream travels to node N2< Upon 
arrival at node N^, the merged packet stream is decom­
posed such that all the class 1 packets will be processed 
by a channel with a constant service time of a2 sec./packet 
while the class 2 packets will all be processed by some 
other channel. Thus, node N 2 is a separation node since 
at it the merged packet stream is separated into its class 1 
and class 2 components. Our interest, then, lies in cal­
culating the delay experienced by a class 1 packet at node

Clearly, when a2 <_ , the waiting time experienced
by a class 1 packet at node N 2 is zero. Thus, our interest 
lies in the analysis of the case when ct2 > .

For a2 > a^, we have as yet been unable to obtain an 
exact method for analysis. For the case of Poisson inputs, 
a fairly tight upper bound approximation has been obtained 
by Rubin [20] by simply assuming X2 = 0. In doing this, 
the delay experienced by a class 1 packet at N2 may then 
be calculated by considering the tandem network of nodes
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and being fed by a single external input stream
of class 1 packets. In doing this we find that for 
cu > a.ll '

-(2) ^12a2 ^llalz  —  ( 3 . 2 - 1 )
W ( l )  -  2 ( l - p l 2 ) 2 ( 1 - P u ) l)

An interesting lower bound approximation may be ob­
tained by considering the network characteristics as 
approaches (l-p^J/ct^ (that is, pil+p21 ^ 1 with constant 
X^ and increasing ^ ' As ^2 approaches (l-p^)/a^, 
node N^, of course, becomes unstable; that is, the steady- 
state queue length and waiting time become infinite. How­
ever, of importance to us is the fact that the departure 
stream of packets from tends to become deterministic
in nature; that is, with the queue length tending to infinity, 
there will be a departure of an arbitrary class packet from 

every sec. If we further assume that the class 1
and class 2 input streams are Poisson in character, then the 
probability that a given departure from is of class i
is clearly given by

X.
P{a departure is class i} = ^ i = 1,2 (3.2-2)

This being true because of the memoryless property of the 
Poisson process. Turning to node N2 , we note that node
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is being fed by a discrete time arrival process where there 
is an arrival of either a class 1 or a class 2 packet in 
each time slot, where a time slot consists of sec..
If we further view the arrival of a class 1 packet in a 
given slot as a success and the arrival of a class 2 packet 
as a failure, we note the arrivals of packets at N2 form 
a Bernouli sequence with

Ptsuccess} = P{a class 1 packet arrives} = (3.2-3)

X l+ X 2

If we now concern ourselves with the number of class 1 
packets that arrive at N2 in a given number of slots, 
we find that this process will have a binomial probability

X1distribution with parameter . " l y  . Thus,
1 2

P{k class 1 packets arriving in m slots} = (3.2-4)
Aj im-k/  \  m r xi ik

kt ^ [Ai+A2j

where j £

Xi+x2

= binomial coefficients = , . ThekI(m-k)!
binomial is, of course, the discrete time counterpart of 
the continuous time Poisson process, enjoying the same 
memoryless properties. To complete the approximation
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procedure, we note that if a2 is an integer multiple of 
a^j that is a2 = ka^, k = 1,2,***, then node N2 forms 
a discrete time queueing system whose input follows a bi­
nomial distribution. Discrete time networks, as this, 
were studied by Meisling [15] and he derived exact results 
for the steady-state queue length and mean waiting time at 
such a discrete time queue. Using the results of Meisling,

^-pllwe have for = ------  , the steady-state mean waiting
^ al

time experienced by a class 1 packet at N2 is given by

-<2) = p12(ct2~ctl) _ p12a2 _ p12al
W (l) 2(l-p12) 2(1-P1 2 ) 2(1- p 12)

Equation (3.2-5) may then be used as a lower bound approxima­
tion to the actual waiting time experienced by a class 1 
packet at N 2*

A second, interesting approach to the problem of 
finding the waiting time at a separation node, is through 
the use of priority queueing. In Fig. 3.2-2 we have a 
two node tandem queueing network being fed by two external
inputs. Node N^ is assumed to operate according to a
first-come first-served queueing discipline. On the other 
hand, node N2 will operate using a priority discipline 
where we shall assume that class 1 packets have priority over 
class 2 packets. Indeed, we note that were the class 1 packets
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to have a preemptive priority over the class 2 packets, then 
the waiting time experienced by a class 1 packet at node 
N2 of Fig. 3.2-2 would be exactly the same as it would 
experience at node N2 of Fig. 3.2-1. Thus, we have 
equated the problem of finding the delay on a packet at 
a separation node to that of finding the delay on a 
packet in a tandem network where the first stage operates 
on a first-come first-served basis and the second stage 
uses a preemptive priority discipline. However, we have 
as yet been unable to obtain exact results using the pri­
ority approach. Nevertheless, we have been successful in 
obtaining good approximations by assuming that node N2 
operates using a non-preemptive priority discipline.

For a non-preemptive priority discipline, one may 
write that the mean steady-state waiting time experienced 
by a class 2 packet at node N2 of Fig. 3.2-2 is given by 
(see Kleinrock [13] and Saaty [22]),

"(2) “ 5 + 5w “2 (3’2'6)
where

- AU = the mean unfinished work remaining at node 
N2 as seen by an arriving packet;

-  ANtt = the mean number of class 1 packets to arrivew
at N2 during the waiting time of a class 2 
packet.
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Clearly, U is equal to the mean steady-state waiting time 
that an arbitrary class packet would experience at N2 
were node N2 to operate on a first-come first-served basis. 
Indeed, this must be true because the unfinished work re­
maining at a node will not change regardless of the order of 
service; that is, the unfinished work must be conserved (see 
Kleinrock [13]). This must be true even for G/G/l. Thus, 
we have that, for a non-preemptive priority at Nj,

U = W (2) . (3.2-7)

Turning to it is here that we must make a simplifying
assumption. V7ith the arrival rate of class 1 packets to 
N2 being packets/sec., we shall assume that during
the waiting time of a class 2 packet at N 2, the number of 
class 1 packets to arrive will be

Consequently, using (3.2-7) and (3.2-8), we may rewrite 
(3.2-6) to read

"(2) * "<2) + Xl"(2)“2 (3'2-9)
- W (2) + <?>P12W(2)
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which, upon solving for W)2\/ yields

-(2) _ W (2)
(2)

(3.2

-(2) - (2)Once w (2) ^as keen found/ W (i) ma¥ ke calculated by
noting that the mean steady-state waiting time experienced
by an arbitrary class packet at a node with non-preemptive
priorities, must be the same as at a node using a first-
come first-served discipline. Therefore,

w t2> -  ( 2 1 P{a packet is class 1} +

+ w|2j p{a packet is class 2}

= w (2) w (l)
f X1 )

Uj.+ *2-
+ S (2)I "2

(2) (3.2

Solving (3.2-11) for wj2j • we find

W<2) = w«2)W (l)
A., +x
A, I "( 2 ) (1 7 .1_2] - w<2> (3.2

Substituting from (3.2-10) for W^2^, yields

wjij “ t1’P12_p22)” (2) ' (3.2

Hence, we have derived the result we were seeking.
w (2) , as given by (3.2-13), or equivalently by (3.2-12),

-10)

-11)

- 12)

-13)
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may now be used as an approximation to the steady-state 
waiting time experienced by a class 1 packet at node N 2# 
the separation node# of Fig. 3.2-1.

As an example of results yielded by this procedure# 
we once again assume Poisson external input streams. In 
this case

-(2) = (p12+p22)cc2 _ (pll+p21) al ...

2 ̂ ”p12 22 2 d “P11"P2i)

[ (P11+ P2i) + (pi2+ p 22 * ~ ^ Pll+ p 2 J (p12+ P 22^ ̂  (a2 ~ al^
2 ̂ 1_pll"p21) P12*"P22^

Then# using (3.2-10) followed by (3.2-13) we would obtain 
that

- (2) s t(pll+p21) + (p12+p22)~ (pllfp21) (p12+p22) ] (ct2~Ctl)
J11 “ P 21) 1̂- p12~'

2  X X  X X  X X  X X  X X  X X  X X  X X  X  X  , I P *

w (l> ------------ i U - Pll-p ' H l - p ' l -------------------  (3.2-15)

This# then# is our approximate result for the separation 
node, N2 # in Fig. 3.2-1. Shortly# we shall compare the 
approximation to the others derived earlier by means of 
computer simulation. However, before doing this# we shall 
take a closer look at (3.2-15) and derive two other approxi­
mate answers.

On observation of (3.2-15)# we note the presence of
the term p2 2 numerator. Clearly, the exact results

- (2)for cannot contain this factor. This is true since
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the class 2 packets do not pass over the channel with ser­
vice time a>2 in the network of Fig. 3.2-1. Thus, we sug­
gest a new approximate result obtained by eliminating the 
factor p 2 2  each time it appears in (3.2-15). Doing this, 
we f ind

-(2) ~ [P11+P21+P12_(P11+P21)P12! (a2_cll)
M d )  2 <i-Pii-p2i> a - o 12> 13-2 16)

As a final approximation, we shall state a result 
which we have found through a trial and error procedure 
using (3.2-16). We have found that the elimination of 
the first p t h a t  appears in the numerator and the 
p 2 ^ of the denominator, will yield a very good approxi­
mation to simulation results. With this process, we have

.-.(2) - [pll+p12~(pll+p21)p121 <a2"“l' ,, ,
M ( l ) ---------2 tl-p ")■ (l-p12l---------------  <3-2-171

Of interest, in (3.2-17), is to note that all that remains 
of the interference of the class 2 packet stream on the 
class 1 stream, is the lone pjT term present in the 
numerator.

We shall now compare results obtained, at a separation 
node, using the approximations we have derived; namely, 
equations (3.2-1), (3.2-5), (3.2-15), (3.2-16), and (3.2-17), 
with those obtained from a simulation program.
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In Figs. 3.2-3 - 3.2-6, we have plotted results of 
various simulation runs. On these graphs, we have plotted 
the mean steady-state waiting time on a class 1  packet at 
node Nj of Fig. 3.2-1 for varying values of c^. Graphs 
A,B,C,D, and E represent results obtained using equations 
(3.2-1), (3.2-5), (3.2-15), (3.2-16), and (3.2-17) respec­
tively. Simulation results are represented by an asterisk.

From these graphs, we conclude that results obtained 
using (3.2-15) and (3.2-16) are rather loose upper bounds. 
Eq. (3.2-5), as expected, yields a lower bound that is ap­

proached as Pi i+<321 1 * 0n the otller hand, (3.2-1) yields
a fairly tight upper bound while (3.2-17) produces a tight 
lower bound approximation. In conclusion, we state that, 
at the moment, the techniques used to obtain (3.2-1) are 
the most useful for delay analysis at separation nodes. 
However, additional work using priority queueing seems 
promising to yield better methods.
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3.3 DELAY ANALYSIS AT A COMBINED SEPARATION AND MERGER NODE
Having devised an approximate analysis procedure for a 

separation node, we now face the task of extending these 
methods such as to allow our newly separated stream of pac­
kets to be interfered by and merged with a new stream of 
packets. This leads us to the study of nodes which are both 
separation and merger points.

In Fig. 3.3-1, we have depicted a three node queueing 
network. At node N^, we have a merger node where class 1 
and class 2 packets are combined and serviced by a single 
channel, with constant service time ct̂ , over which the 
merged stream of packets travels to node N^. Class 3 pac­
kets enter the network at N 2 and are serviced at a con­
stant rate of ot2 sec./packet by a channel over which they 
too travel to node N^. At node N^, the class 1 and class 2 
packet streams are separated. However, on being separated 
from the class 2 stream, the class 1 packets are then merged 
with the class 3 packets and are processed over a single 
channel with a constant service time of sec./packet.
Thus, node is both a separation and a merger node.
Thus, our interest lies in devising a technique to obtain 
an accurate measurement of the mean steady-state waiting 
time that would be experienced by a class 1 or class 3 
packet at node N^.
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In the discussion that follows/ we shall/ once again/ 
limit ourselves to the case of Poisson input streams though, 
as we shall point out later, for the case where we obtain 
exact results, they will be seen to apply for inputs fol­
lowing any general probability distribution.

For Poisson inputs, it was seen in the last section 
that a practical approximation at a separation node could 
be obtained by assuming the interference to be nonexistant 
when calculating the waiting time at the separation node.
If we apply this principle to our present case, we .find 
that for calculating the waiting time on a class 1  or 
class 3 packet at t the network of Fig. 3.3-1 trans­
poses into the network of Fig. 3.3-2. On careful study, 
one immediately notes that the network of Fig. 3.3-2 is 
exactly the same as the network of Fig. 2.5-1. Consequently, 
all the procedures and results obtained in the analysis of 
network characteristics at node of Fig. 2.5-1 can now
be applied to node cf Fig. 3.3-2 and thus serve as our
procedure for the analysis of the waiting time at node 
of Fig. 3.3-1.

In the analysis of the waiting time at node N 3 of 
Fig. 3.3-2, we must account, as was done in the analysis of 
Fig. 2.5-1, for the various possible relationships that may 
exist among the magnitudes of the various service times pre­
sent in the network. This leads us to consider several 
different cases.
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Case 1 ; a3 ^  and ^  a2 *
For this case, node is the dominant node of

Fig. 3.3-2. Hence, for Poisson inputs, the mean steady- 
state waiting time that would be experienced at by
an arbitrary packet belonging either to class 1 or class 3, 
is of the form of equation (2.5-1) and is given by

In this case, we once again apply results derived 
earlier; namely, theorem 2.5-1, which stated that a good 
approximation of the actual waiting time could be obtained 
by assuming ^or eac^ > <*3 * As an example,
for Oj > <*2 —  ai' we woul^ obtain, similar to (2.5-6), 
that

(3.3-1)

and a_ < a. for at least one value 3 1

of i, i = 1 , 2

W<3) (3.3-2)

p33a3 f X3 '

2 (1_ P 3 3) U l +X3J
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In a similar manner, for the cases >, (*2 and

ot̂  < and < c^/ one would obtain equations similar
to those of (2.5-5) and (2.5-7) respectively.

ala 2Case 3: a-, <
--------- 3 " al+ a 2

As in the previous two cases, we draw on the results 
derived previously in section 2.5. On careful study, one 
notes that all of the theorems and corollaries derived in 
section 2.5 for the case under consideration, (case 2 in 
section 2.5), are directly applicable to our present net­
work. Indeed, we may at this point drop the restriction 
of Poisson input streams, for a careful examination of 
the results and proofs of section 2.5 will show their ap­
plicability to our present network for inputs that follow 
any general probability distribution.

To begin, it is clear that theorem 2.5-2 applies in 
our network; thus, the total number of packets on queue 
at node Ng of Fig. 3.3-2 may never exceed one. Of con­
sequence, as stated by corollary 2.5-1, is the fact that 
the waiting time on any packet at node of Fig. 3.3-2
can never exceed sec.; that is,

W (3) < a 3 (3.3-3)
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Having arrived at this point, we must, as was done 
in section 2.5, consider two separate subcases; namely,

1 1 ala 2
n,in ( v V  and 2 min < v V  -  a3 -  •

Subcase 3.1; ^  ^ min
For this case, the maximum length of a busy period 

at node of Fig. 3.3-2 is two, where a busy period
of length two would consist of a single class 1 packet 
and a single class 3 packet. At this point, theorem 
2.5-3 is applicable and following the derivation of that 
theorem, we find, similar to (2.5-25) and (2.5-26), that, 
at node of Fig. 3.3-2, we have

W <3) (1 )
_ p33a3 

2

W {3)(3)
p13a3

2

W {3) _ P13P33
X1 +X3

Of special note is that these results are exact, not
only at node of Fig. 3.3-2, but also at node of
Fig. 3.3-1, the combination separation and merger node.

Before moving on to the next subcase, we mention that, 
similar to (2.5-30) , the distribution of the number of
packets at node N 3 of Fig. 3.3-2 (and Fig. 3.3-1) is
given by

-4a)

-4b)

-4c)
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*o' " 1 - p13 - P33 (3.3

Pl 3) “ p13 + P33 " p13p33 (3.3

P23) = P13P33 * (3.3
ala2Subcase 3.2: j  min (cx̂ „ct̂ ) <_ a3 _< a y
1 i

For this subcase/ we run into the same difficulties
as were discussed in section 2.5. The difficulties result
from the fact that node may be concurrently occupied
by two packets which belong to the same class. However/
applying theorem 2.5-4 for the case ^ = 1/2,3/*•

1 1X, < —  ; and X- = —  we have, at node N-, of Fig. 3.3-21 —  3 (*2 3
(and Fig. 3.3-1), that

W C3)W (l)
p33«3 (3.3

and
w {3)(3)

W (3)

p13°3 . 
” 2“  + P13

P13P 33

3=2
[ja3“ (j — 1)a2 l

p13+p33 j=l
t ja3" (j-i) ot2]

(3.3

(3.3

In addition, it should be pointed out that (3.3-6a) is an
exact result even when we relax the restriction on X^
and allow for X-> c . On the other hand, (3.3-6b) and

2

-5a)

-5b)

-5c)

-6a)

-6b)

-6c)
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1(3.3-6c) are no longer exact when we allow X_ < —  ;
a 2

however, they may indeed serve as useful approximations 
to actual results.

Thus, we have been able to obtain a few results when 
is an integer multiple of oij. If we now reverse this

condition such that we now have = ka^, k = 1,2,3,***,
1 1 and apply the conditions X^ 1. “  anc* + ^2 = a“  ' we

find that the mean waiting time on a class 3 packet at
node of Fig. 3.3-2 (and Fig. 3.3-1) is given by

-(31 ^13a3W (3) = T  (3.3-7)

similar to (3.3-6a). However, with respect to the mean 
steady-state waiting time on a class 1 packet, we have as 
yet been unable to formulate a useful expression. The 
difficulty in this comes from the fact that X.. = -i—  X 
such that we do not have class 1 packets arriving at 
every seconds. Instead, either a class 1 or a class 2
packet arrives from to every seconds. However,

1_
£1

it is noteworthy that as Xj -»■ 0, we find X^ ■+ , thus,
yielding

S (3) _ ?33g3
W (l) 2 33 [jet--(j-l)a,. ] + 

^ =2
(3.3-8a)

and
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CO
P13P33 ^
p13+p33 ^

(3.3-8b)

As a second example of a combined separation and merger 
node, we consider the network of Fig. 3.3-3. In this network, 
node ^  is a combination node in that at N2 the class 1 
packets are separated from the merged stream of class 1 and 
class 2 packets arriving from node and are merged with
the class 3 packets which are entering from the external
environment.

The main difference in analyzing this network, as com­
pared to the network of Fig. 3.3-1, is that the class 3 
packets entering the combination node, N 2, do so from the 
external environment; thus, node may become unstable
for all possible values of a2* Consequently, we need only 
consider two cases; namely, a2 ^ and a2 <_ In
addition, we shall once again limit our discussion to 
Poisson input streams.
Case 1 : a2 £

Once again, our technique is to assume X2 = 0 for 
purposes of finding an upper bound approximation as to 
the mean steady-state waiting time that will be experienced 
by an arbitrary class 1 or class 3 packet at node N 2.
Doing this, we would find node N2 is a dominant node; 
therefore, using the methods developed earlier, we find, 
as an approximation, that
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,-j(2) . tp12+P32,0t2 pllalw < 12 32 2 _ 11 1 "1
“  2 (l"P^2_p32^ 2 l T ^ r (3

Case 2 ; a2 5

For this case, we once again use the additional 
approximation method of theorem 2,5-1; that is, we set 
ct̂  = <*2 for purposes of finding a useful approximate 
result. Consequently, on application, we find

-(2) (p12+p32)a2 p12a2 f X1 }
-  2{l-p12-p32) 2(1- p 12) *

This concludes our analytical results for combina­
tion separation and merger nodes.

.3-9)

.3-10)
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Fig. 3.1-1 :A  Tandem Queueing Network where each Stage has m. Parallel Servers

each having a Constant Service Time of o:. seconds, i= 1,2, . n
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Class 1
Packets

Class 2 
Packets

Fig. 3.1-2: A Single Node Network with Two Parallel Servers

Class 1 X. 
Packets

Class 2 
Packets

Fig. 3.1-3: A Three Node Network where Each Node has Two Parallel Servers
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Clans 1
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Class 2 
Packets

Fig. 3.1-4: A Single Node Network with " k " Parallel Servers

a: kClass 1 X 
Packets -

a: k

Class 2 
Packets

Fig. 3.1-5: A Three Node Network where Each Node has " k " Parallel Servers
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Fig. 3.2-1: A Queueing Network Consisting of a Merger Node Followed by a Separation Node
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Fig. 3.2-2: A Tandem Queueing Network where Node Nj has a First-Come First-Served 
Discipline while Node N2 has a Priority Discipline
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—  (a)
H  o) 
4*

Waiting Time on a class 1 Packet at N ? as a Function of g ?

O

*  -  Simulation Results 

A -  Results using (3.2-1) 

B - Results using (3.2-5) 

C -  Results using (3.2-15) 

D -  Results using (3.2-16) 

E -  Results using (3.2-17)
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4.1. CONCLUSIONS
In this dissertation, we have developed some useful 

analytic methods for use in the analysis and modeling of 
packet switched computer communications networks. Though 
not as general as one would hope, the techniques developed 
in the earlier chaptersare seen as tools which may lead to 
the more efficient design of computer networks, especially 
centralized networks which have the general structure and 
topology of the networks that were considered in this 
dissertation.

For networks of single server queues; that is, for net­
works in which each node of the network has at most one out­
going channel over which to process packets, we have, in 
Chapter 2, developed a systematic method for their analysis. 
This was done by the derivation of techniques for the analysis 
of the mean steady-state waiting time on a packet at a merger 
node. For dominant merger nodes; that is, for merger nodes 
whose service time is slower than any of the preceding nodes 
that are feeding the merger node, we have shown that the over­
all steady-state mean waiting experienced by an arbitrary 
class packet as it passed through the network up to the merger 
node, would be determined solely by the service time of this 
dominant node. On the other hand, at fast merger nodes, we 
developed techniques which at times yielded exact results and 
at other times yielded tight upper bound approximations to 
actual values.
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In Chapter 3, we turned our attention to networks which 
allowed for multiple servers at any given node of a network. 
Initially, we showed how some of the results obtained for 
feed-forward networks of single server queues may be extended 
to feed-forward networks where a number of parallel servers 
were allowed to exist between adjacent nodes. Indeed, the 
concept of dominance at a merger node, mentioned in the pre­
vious paragraph, was shown to be applicable in networks with 
parallel servers when dominance was properly defined for such 
a network. We then proceeded to study the waiting time 
characteristics at a separation node. Though we were unable 
to obtain any exact results, we were successful in developing 
some useful approximation techniques through the use of pri­
ority queueing and other procedures. Finally, we considered 
the case of a combination separation and merger node. Here, 
we were able to show the direct applicability of methods and 
results developed in Chapter 2, for feed-forward networks, to 
yield useful approximations in most situations, and in some 
specific cases were shown to yield exact results.

In total, we may conclude that the techniques and results 
developed in this dissertation, allow for the systematic and 
efficient analysis of centralized computer networks. The path 
that a packet travels from the user to the central station is 
seen to consist entirely of either tandem nodes or merger nodes, 
all of which are acting in a feed-forward manner. Thus, the
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methods developed in Chapter 2, for networks of single server 
queues# are seen to be directly applicable. As for the return 
trip, that is, the route a packet follows from the central 
facility to the user terminal, it is seen to consist entirely 
of either tandem nodes or separation nodes. Hence, the methods 
used for tandem networks and the procedures developed in 
Chapter 3 for separation nodes would be used for analysis. 
Indeed, for a centralized network in which all channels, or 
servers, have the exact same capacity, or service time, the 
techniques that we have developed would yield an exact result 
at each node of the entire network, both for the trip from 
the user to the central station and for the return trip from 
the central station to the user terminal.

As a final point, we note that we have introduced the 
principle of delay decomposition, in which the waiting time 
experienced by a packet may be decomposed into two parts called 
self delay and interference delay. We believe this principle 
to be of importance in the future development of analysis pro­
cedures for more complex network structures than those con­
sidered in the context of this dissertation.
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4.2. SUGGESTIONS FOR FUTURE WORK
In this dissertation, we have developed some useful 

analysis techniques.for use in the analysis and modeling of 
packet switching computer networks. However, in the process, 
we have left many interesting questions unanswered. Indeed, 
the development of our methods has, as will be discussed 
shortly, raised many new, intriguing problems for the in­
terested researcher.

Let us return to the network depicted by Fig. 2.5-1. 
Throughout Chapter 2, we had developed techniques for the 
analysis of the mean steady-state waiting time that would 
be experienced by a packet at node N^, the merger node of 
the network. For the case where the merger node was the 
dominant node in the network; that is, the node with the 
slowest packet service time, we developed in Sec. 2.2, a 
method for finding the exact waiting time experienced by 
a packet at the merger node. However, this exact result 
applied only to an arbitrary class packet. As for the 
waiting time experienced by a packet of a specific class, 
we have as yet been unable to obtain exact results. Thus, 
this is the first problem that remains to be answered. In 
Sec. 2.5, we turned our attention to the case where a3 < 
for at least one value of i, i = 1,2. For the case

“la2a, > — 7—  , we were successful in deriving a tight upper 3 0l+a2
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bound approximation to actual results for the waiting time 
on an arbitrary class packet. Thus# in addition to the pre­
viously mentioned problem of finding the waiting time on a 
specific class packet, there is still the problem of finding 
a method that would yield exact results. Finally, for the

ala2 1case a, < — ■ ■ , we find that for a, < »■ min (a.., a_) , we3 —  3 — 2 1 2

were successful in obtaining methods that yielded exact waiting 
time results, not only for an arbitrary class packet, but also 
for packets from a specific class. However, for the subcase 

> j  min(a1 ,a2) , we encountered many difficulties in attemp­
ting to derive any useful results. Our best effort resulted 
in theorem 2.5-4, which serves as our approximate method for 
this region. On study of theorem 2.5-4, one notes the added 
restrictions; namely, the two channels feeding the merger node 
must have service times, and o^' that are integer
multiples of each other, and that arrival of packets along 
the faster of these two channels must be deterministic in the 
steady-state. Hence, the removal of these two restrictions, 
especially the latter, is of great interest.

In attempting a solution for the above mentioned problems,, 
we believe that the principle of delay decomposition, intro­
duced in Sec. 2.2, may be the tool with which to proceed.
The principle of delay decomposition identified the components
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of the waiting time experienced by a packet as self delay 
and interference delay. Indeed, it was shown that the de­
lay experienced by a packet at a fast merger node consists 
entirely of interference delay. We believe that further 
development of this principle may lead to the derivation 
of more accurate techniques for the analysis of a fast 
merger node. Furthermore, it may also produce a solution 
to the problem of the waiting experienced by a specific 
class packet for both slow and fast merger nodes.

In Chapter 3, we ventured into the realm of networks 
in which a node was allowed to have multiple servers. This 
permitted the possibility for merged packet streams to sepa­
rate at a separation node.

In Sec. 3.1, we showed how our techniques developed, 
in Sec. 2.2, for slow, dominant merger nodes, could be ex­
tended to yield exact results at dominant merger nodes in net 
works that allowed parallel servers to exist between adjacent 
nodes. However, for non-dominant merger nodes, we have as 
yet been unable to obtain satisfactory results for even a 
useful approximate method. We do believe, however, that a
more careful study of the problem is necessary and would
lead to some useful results.

In Sec. 3.2, we entered into a discussion of separation
nodes. Through the discussion, we were able to derive at 
some approximation methods to be utilized at a separation 
node. However, much work is still needed in refining our
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techniques at a separation node. We introduced the idea 
that one may calculate the waiting time on a packet at a 
separation node by analyzing a non-separation node which 
employed a preemptive priority discipline in use of its 
server. We were, however, unable to develop the concept 
to the extent we would have wished and thus this too re­
mains as an area for possible future research.

In the final section of Chapter 3, Sec. 3.3, we con­
cluded our study with a look at a combination node; that is, 
a node that is both a separation and a merger node. For 
this case, we saw how the methods developed in Chapter 2 for 
pure merger nodes could be used to obtain useful approxima­
tions for combination nodes and indeed some exact results 
under certain conditions. However, once again much more re­
search could be used in developing better techniques at these 
combination nodes. We believe that the principle of delay 
decomposition, mentioned previously may possibly serve as an 
important tool in deriving better analysis methods for both 
combination and pure separation nodes.

In addition to the problems just mentioned with respect 
to specific questions that remain to be answered for the 
specific topics covered within the context of this dissertation, 
there exist many other interesting problems to which the re­
sults derived in this dissertation may have application.

The techniques developed in this dissertation were shown 
to have application in the analysis of centralized computer
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networks. As for distributed networks, networks in which loops 
and meshes are allowed, no direct extension of the methods de­
veloped has been, as yet, found. Thus, the problem of extending 
our results so as to obtain useful analysis techniques for dis­
tributed networks remains to be attempted. The complexity of 
this task is much greater than for centralized networks due to 
the many additional factors that must be considered when 
analyzing distributed networks; for example, the routing 
strategy employed is of critical importance when dealing with 
distributed networks having loops and meshes within their 
topologies. As for current methods used in analyzing dis­
tributed networks, we refer the interested reader to the 
work of Kelinrock [12, pp. 320-9].

Yet another area of interest is in the study of networks 
containing queues with finite buffer lengths. The techniques 
developed above, were done by considering infinite storage 
available at every queue within the network. No extensions 
to networks with finite length queues have, as yet, been de­
veloped. The problem of finite buffers is indeed of interest 
for few results, especially for tandem networks of finite 
length queues, are existent at this time. For present methods 
and results available, the interested reader is referred to 
the series of papers by Chu [3-7] and Rudin [21] with regard 
to statistical multiplexors. The reader is also referred to
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Abramson and Kuo [1, pp. 237-68] and Schwartz [23, pp. 154-70] 
for additional background material.

A final possible area, for which the techniques de­
veloped in this dissertation may have application, is in the 
capacity and flow assignment problems in computer networks. 
These problems are discussed in detail by Kleinrock [13, 
pp. 314-60] and Schwartz [23, pp. 58-102] and the references 
mentioned therein. Much of the work in the area has relied 
heavily on the "independence assumption" and it is our be­
lief that it may be possible to apply our methods, which do 
not use the independence assumption, so as to obtain more 
efficient solutions to both the capacity and flow assignment 
problems, especially when considering these problems with 
respect to contralized networks.
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Appendix A. Derivation of Equation (2.5-17)

In this appendix, we shall derive equation (2.5-17) in 
a more detailed manner.

To begin with, it was assumed that a busy period at 
node of Figure 2.5-1 would begin with the simultaneous 
arrivals of both a class 1 and class 2 packet at time 
t = 0. Thus, we have

T^ = 0 (A-1)
Tj = 0 (A-2)

since, from (2,5-15), = fc21^ = ® *
If the busy period at node is to last for at least

a third packet, then this third packet must be a class 1

packet since < ^22^ ^or aH ° wa^le values of k,
1 < k < 2. (The case k = 2 is not allowable since for
k = 2 the busy period may never exceed a length of two.)

(3)Thus, using the limits of from (2,5-16a) we find

a3 < T^ <_ 2ct3 (A-3)

If we now allow the busy period at N 3 to be at least
of length four, we note that, depending on the value of k, 
this fourth packet may be either class 1 or class 2. To
find the region where the packet will be class 1, we must
solve the inequality

< t<|> (A-4)

which from (2.5-15) yields



-193-

ka,
2k0t3 < k3!  (A-5a)

(2k2-3k)a3 < 0 (A-5b)

k < 3/2 (A-5c)

Therefore, in the region 1 < k < 3/2, the fourth packet 
of the busy period must be a class 1 packet whose arrival 
time at is found from (2.5-15a) to be bounded as

2a3 < t^3J < 3a3 , (A-6a)

and in the region 3/2 < k < 2, the fourth packet of the
busy period must be a class 2 packet whose arrival time 
at N 3 is found from (2.5-15b) to be bounded as

2a3 < t22) < 3a3 (A-6b)

Consequently, from (A-6) we see that

2a3 <_ <_ 3a3 (A-7)

We shall now conclude this appendix by deriving the 
limits on Tg.

For a busy period of length five at N 3 , this fifth 
packet of the busy period may once again be either class 1 
or class 2. However, if it is class 1, it will be either 
the third or fourth class 1 packet of the busy period, and 
if it is class 2, it must be only the second class 2 
packet of the busy period. All of this will, of course, 
depend on k. We shall now derive the regions of k for each 
of the three possible events just mentioned.
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From (A-5), we see that for 3/2 < k < 2, we must have 
tj^ < ; then, in this region, the fifth packet of the
busy period will be the third class 1 packet of the busy
period whose arrival time at is limited to be

3«3 < t ^  < 4a3 (A-8)

Let us now solve the inequality

< t«!> -

which will yield the region of k for which the fifth 
packet will be the fourth class 1 packet of the busy period. 
Using (2.5-15) we find

k ct
3ka3 < (A-lOa)

(3k2-4k)a3 < 0 (A-lOb)

k < j  (A-lOc)

Thus, in the region 1 < k < 4/3, the fifth packet of a busy
(3)period at N3 will be class 1, arriving at t14 where

3a3 < t ^^ < 4a3 (A-ll)

Finally, for the region 4/3 < k < 3/2, this fifth packet
(3)must be a class 2 whose arrival time at N 3 , t ^  > 1S

bound as

2ot3 < ^22^ ^a 3 (A-12)
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Consequently, from (A-8), (A-ll), and (A-12), we conclude 
that

3a3 <_ <_ 4a3 (A-13)

In a straightforward manner, this result may be 
extended to show that

(n-2)a3 <_ <_ (n-l)a3 , (A-14)

thus proving (2.5-17).
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Appendix B. Conjecture on the Extension of Results
Obtained in Section 2 .5, Case 2, Subcase 2.1

In this appendix, we state a conjecture on the exten­
sion of results derived in Section 2.5, Case 2, Subcase 
2.1 for networks with at most three external inputs, to 
networks with an arbitrary number of external packet streams. 
Though we have no formal proofs for what we are about to 
state, the conjectures that follow have been shown to be 
extremely accurate by use of simulation programs.

Our point of departure is equation {2.5-35), where 
we have derived the exact expression for the mean steady- 
state queue length at node N4 of Figure 2.5-12, a network 
with three external inputs, for the case 
a ^ m i n f c t ^ c ^ , ^ )  . We will now utilize the same approach, 
that was used in going from a two input network to a three 
input network (see (2 . 5-30)- (2 .5-35)), to extend our 
results from a three input network to one with four external 
inputs? such as , the network depicted in Figure B-l. Thus, 
the first step in our extension process is to find the 
queue length distribution at node N4 of Figure 2.5-12.
It is here that we make our first conjecture.

We hypothesize that the queue length distribution at 
node of Figure 2.5-12 is the following.

(4)
P0 = 1 " p14 p24 “ p34
Pl4) = p14+ p24+ p34~ p14p24~ p14p34_ P24P34
P24) = P14P24 + P14P34 + P24P34" 3p
(4)

P 3 = 3p14p24p3414 24 34

(B-la)
(B-lb)

(B-ld)
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The reason we have come to this hypothesis is a knowledge
of (2.5-30) and a need to satisfy (2.5-35), and a similar 

- (4)equation of N , which we have done in the simplest way 
possible.

If we accept the conjecture of (B-l) , we may now 
proceed to the network of Figure B-l, a network having 
four external packet streams merged at node Nj. with 
« 5  |  min (a^, , ct̂ ,ot̂ ) , and calculate the waiting time
statistics at node using the approach of equations
(2.5-32)- (2,5-34) . Doing this, we obtain the following:

w (5)(1)
f015 1

= [~J (P25H'P35+P45"P25P35-P25P45~P35P45) (B“2a)
■3a

+ ( 2 ) (P25P35+P25P45+P35P45 3p25p35p45}
r5a.

(3p25p35p45)

={p25+p35+p45) + (p25p35+p25p45+p35p45)0t5

+ 3p25p35p45a5 

^(2) = {p15+p35+p45) ~2 + (p15p35+p15p45+p35p45)a5

+ 3p15P35P45a 5 (B-2b)
a.

^(3) ~ (p15+p25+p45J 2 + (p15p25+p15p45+p25p45)ct5

+ 3Pi5P25p45a 5 (B-2c)
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W<5) = {4)
a,

( P i 5 + p 2 5 + p 3 5 ) - j  + (P15P25+pi5p35+ P25P35)a5

+ 3p15P25P35a5 (B-2d)

Consequently, we find that

w<5> -
4

= £ Pi a packet is class i}
i=l

(B-3)

Xl+X2+X3+X4 (P15P25+P15P35+P15P45+P25P35

+P25P45+P35P45 + 3p15P25P35+ 3p15P25P45

+ 3p1 5 p3 5 p4 5  + 3p2 5 P3 5 P4 5  + 12p15p25p35p45)

3 4
£ . I,, pi5pj 5 + ''1 = 1  j=i+l J

iii
2 3 4

+ - ^ 1 • L i  V L i  3 pi5pj5pk5 + 12p15p25p35p451 = 1  j=i+l k= 3 +l J

Finally,

n (5><3 = (X1+X2+ x 3+ X 4 ) w<5) (B-4)
3 4

3
+ 12P15P25P35P45

2 3 ,
= I I pi5pi5 +  ̂  ̂  ̂ 3 pi5pi5pk5i=l j=i+l 1P 3:5 i=l j=i+l k=j+l 1:5 3P=j+l

Having arrived at equation (B-4), we are now in a 
position where we can once again hypothesize on the queue 
length distribution at node N,. of Figure B-l and in this 
manner conjecture on results for a network with five
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external input streams. Instead, we believe that we 
recognize an emerging pattern and we shall therefore 
conjecture on the extension to networks with an arbitrary 
number of external inputs, such as the network of 
Figure B-2.

In Figure B-2 we have a network with n external input 
streams being merged at node Nn+^ with an+]l_ ^ min (a^,a2 ••-an ) 
It is our conjecture that the queue length distri­
bution will be

p ! " 1 1 = 1  - J  Pi>r^, (B-5)0 ii 1 i,n+l
n n- 1  n

Pin+1> ~ Pi,n+ 1  ' . ? + 1  pi,n+lpj,n+l

p <n+ l) = (|ij J I I p p
-}  ̂ i=i j=i+l k=j+l -'n+i 3 ' n + 1  K » n + 1

► •

■n _ (n— 2) I v V ? « «
n- 2  _ 2 • i * * *> o Pi/H+ 1  j,n+l **‘Pk,n+li=l j=i+l k=n- 2

/._i\| 2 3 n
 i   I I I Pi n+lPi n+ 1 *’* pk n+ 1

2 i=l j=i+l k=n-l 1 / 1 1 + 1  1 1 / 1 1 + 1 K , n + l

i=l j=i+l
n- 1  n
I Ii=l j=i+l

n- 2  n- 1  n
I Ij-i+ 1  k=j+l 

n- 2  n- 1  n

p (n+l) _ *>* y 
2 i,n+l 3 ,n+ 1

3 ̂
^ 2  ̂ j=i+i k=j+l Pi'n+lP3 fn+lpk,n+!
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(n+1) = (n-1)1 ? I T o o  on-1 2 £ £ , ■ • * £ .  P-: n+ 1 ,pn n+l***pk n+1
* i=l j=i+l k=n-l 1 'n+± :»n+1 '

rU -A- 
- 2 r t  P1#n+1

Pnn+1> * F T  Pi,n+1

where it is clear that there can never be more than n 
packets, one from each class, at node Nn+  ̂ at any one 
instant of time.

from (B—5), one can proceed in a direct manner and 
find our conjecture for the mean steady-state queue length 
at node Nn+^ to be

/ i. \ n—1 n
Sq = I I pi n+lpj n+1 (B- S)q i=l j=i+l 1 'n+x J'n+X

2 , n-2 n-1 n
+ 2̂  ̂ I I  I pi n+lpi n+lpk n+1 ̂ i=l j=i+l k=j+l x'n+1 11,11 1 K 'n+i

{n-1)I 2 3 n
i « « * T - I I ... I p. ,n ,p. ,n 

2 i=l j=i+l k-n-1 1'n+l j/n+1

* * *pk,n+l
4. *** T~T n

2 l=l i »n+1

Clearly, the waiting time on an arbitrary packet at node 
Nn+^ may be found using Little’s formula; that is,

rT(n+l) _ f ? , I"1 ^(n+1)W I I hli=l Ng (B-7)
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Finally, equations for 
from {B-5) and application 
earlier in the derivation of

, j = 1,2,...,n, may be found 
of the method introduced 
(B-2) .



Fig. B-l: A Five Node Network with Four External Inputs and —  * m *n (ai>a2>a3*aA )
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