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ABSTRACT

This dissertation concerns itself with the development
of techniques for use in the analysis and modeling of
packet switched computer communications networks.

Methods are developed for the analysis of the mean
steady-state waiting time experienced by a packet at a
merger node in networks of single server queues. Methods
yielding exact results are derived for slow or dominant
merger nodes. For fast merger nodes, the techniques devel-
oped vyield results of varying quality. For some subcases
exact results are obtained, for others a tight upper bound
approximation is obtained and for yet other subcases results
are obtained only for specific limiting cases.

Techniques developed for networks of single server
queues are generalized and extended so as to apply to
networks of multiple server gqueues. Methods are developed
for use at dominant merger nodes in networks with parallel
servers between adjacent stages. In addition, analysis
methods to be used at separation and combined separation
and merger nodes are derived.

Finally, a principle in delay decomposition is intro-
duced. It is shown that the waiting time experienced by a
packet may be decomposed into two basic components called

self delay and interference delay.
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1.1. QUEUEING THEORY IN COMPUTER-COMMUNICATIONS NETWORKS

In recent years, we have witnessed a phenomenal growth
in research in the area of computer-communications networks.
There have been many papers published on such varied, though
interrelated, topics such as network analysis metheods,
topological designs, routing algorithms, and network proto-
cols. Furthermore, we have seen these networks grow in
type and complexity. We have come from basic centralized
networks to complex distributed data networks such as the
Advanced Research Projects Agency Network (ARPANET). More
recently, we have seen the emergence of satellite and
ground radio networks such as the ALOHA system. For a
thorough review of the current state of the art in the
various aspects of computer communications networks, the
interested reader is referred to kooks by 2Abhramson and
Kuo [l1, Cchu [3], Davies and Barber [8], Green and Lucky
[(10], KRleinrock {11-13], Schwartz {23], and to the various
papers present in the special issue of the IEEE Transac-
tions on Communications [24].

In general, any computer-communications network may
be viewed as an organized collection of resources which
are shared by the various users of the network. Whenever
a resource must be shared, it is clear that contention
for use of the resource among the prospective users will

occur. Indeed, it has been found that user demands on the




various resources of a network may be characterized as
sporadic and bursty in nature. Thus, because of the
unpredictable nature of the work demands placed on the
resources, congestion at the resources will occur. As
such, facilities must be provided so that users may

gqueue for use of a given resource. In the performance
evaluation of a computer network, these queues, and the
delays they introduce, must be taken into consideration.
Indeed, one ¢f the major issues which concerns designers

of these networks is the lack of a capability to effec-
tively predict such performance measures as network re-
sponse time, throughput, and resource utilization. Hence,
it is clear that queueing theory and models play an im-
portant role in the performance modeling and evaluation

of computer communications networks. Indeed, other network
problems, such as routing, flow control, link capacity
assignment, and concentrator placement rely heavily on
gueueing analysis. As an example, Kleinrock [11,13], has
successfully formulated the problem of link capacity assign-
ment as a problem in mathematical programming optimization
based on average delay formulae derived from the analysis
of gueueing models of networks. Therefore, it is clear
that queueing theory will continue as the mathematical tool
to be used in the performance modeling and evaluation of

computer communications networks.




1.2, STATEMENT OF THE PROBLEM

In this dissertation, it is our intent to concentrate
on a specific problem which arises in the modeling and per-
formance evaluation of computer communications networks;
that is the problem of delay analysis at merger nodes pre-
sent within computer communications networks.

Fig. 1.2-1 depicts a model for a computer network
consisting of three stations which operates according to
the following procedure. We assume that there are two
classes of users that utilize the network., Users beleonging
to the first class enter the network at node Nl where they
receive some processing and are then transported to node

N where they receive additiocnal processing. On the other

3
hand, users belonging to the second class initially enter
the network at node N2 for processing after which they too
journey to node N3 for additional service. In our initial
discussions, we assume that each station or node within the
network will contain only a single service facility through
which it will process all requests for service. Thus, node
Na» of Fig. 1.2-1, must process users from both classes
through its single service facility. Hence, users of the
two classes are said to be merged as they are processed by

the service station at node N,. Consequently, we refer to

node N3 as a merger node.




For our discussion, we shall consider each user or
customer to enter the network to consist of a packet of
bits that is to be transmitted between the various nodes
within the network. Thus, our server, at a given station
of the network,consists of a communications channel, having
a certain capacity, over which one packet at a time can be
transmitted in a bit by bit manner. In addition, we as-
sume that all packets, regardless of the class they belong
to, are of exactly the same length; that is, they all con-
tain exactly the same number of bits. Hence, at a given
node of the network, all users of that node's service
facility }equire exactly the same amount of time to be
processed. The amount of time that node Ni requires to

for

-

process a packet is symbolized in Fig. 1l.2-1 by a,
example, node Nl requires ay seconds to transmit a
packet from itself to node N, and node N3 has a packet
service time of G seconds. As for the arrival process
of packets, from the external environment into the network,
it is assumed to be probabilistic in nature following any
general probability distribution such that the mean number
of class i packets to arrive per second is given by Ai'
i = 1,2. Because of the stochastic arrival of packets! a
packet may arrive at a node and find the server busy with a

packet that had arrived previously thus forcing this newly

arrived packet to gqueue for service. Consequently, the




various nodes of the network must have space available for
storing packets that arrive and cannot be serviced immediately.
For our purposes, we assume that each node has infinite storage
capability; that is, each node is assumed to have enough

space available so as to store all packets that may arrive,
never having to reject a packet for lack of storage space.
Finally, we assume that each node, or queue, processes packets
in the order of their arrival; that is, each gqueue operates
according to a first-come first-served queueing principle.

As mentioned in the previous paragraph, because of the
probabilistic rnature of the packet arrivals into the networks,
queues will be formed at the various ncdes of the network.

As such, the total time that a packet spends in the network
consists of two basic components; namely waiting time and ser-
vice time. The service time is the actual time that a packet
spends being processed by the various channels over which it
travels. On the other hand, waiting (or gqueueing) time, is
that amount of time that a packet wastes as it is forced to
queue for service at'busy channels. It is in the derivation
of methods to be used for the calculation of the waiting
time that will be experienced by a packet at a merger node,
such as node N3 of Fig. 1.2-1, that we initially concentrate
our efforts. The importance of having good analytic tech-

niques for the calculation of this network characteristic lies




in the realization that these methods may lead to more ef-
ficient network designs sco as to minimize the amount of time
that a packet must waste in traversing its designated route

through a given network.




1.3. SUMMARY OF PRIOR WORK

At this point, we will perform a qualitative review of
present techniques that are used in the analysis of merger
nodes. We shall leave the quantitative results, obtained
using present methods, to be introduced in later sections
as they become relevant.

Before reviewing methods presently used at merger nodes,
let us look at the tandem queueing network depicted by
Fig. 1.3-1. Here, we have an n stage network with a single
external input packet stream. These tandem networks have
been extensively studied by Rubin [17-19] and Friedman ([9}.
Qualitatively, their main result is that for tandem networks
of constant server gqueues, the overall waiting time that would
be experienced by a packet would ke completely determined by
the stage with the slowest service time. Thus, with respect
to the calculation of the waiting time that would be ex-
perienced by a packet over the n stage network of
Fig. 1l.3-1, we could equivalently consider a single node net-
work, as depicted by Fig. 1.3-2, whose sexrvice time is equal
to the service time of the slowest stage of Fig. 1l.3-1, that
is, the service time of the single serve of Fig. 1.3-2 is ~
given by A ax = max(al,az,---,un). With this result, one
could then proceed to calculate the packet waiting at any
specific stage of the tandem network of Fig. 1.3-1 by succes-
sively increasing the number of nodes considered in calculating

the overall waiting time. As an example, if the input stream




of packets follows a Poisson distribution then node Ny of
Fig. 1.3-1 becomes a classical M/D/1 gqueue for which steady-
state waiting time results have been well documented, (see
Kleinrock [l], Ch. 5]). If we now consider the subnetwork
consisting of the first two stages of Fig. 1l.3-1, nodes Nl

and N then the overall steady-state packet waiting time

5t
can be determined by considering an M/D/1 gueue with ser-
vice time equal to the maximum of aqy and LPE After this
calculation, the waiting time on a packet at node N, can
be found by simply subtracting the waiting time experienced
by a packet at node Ny from the total waiting experienced
by a packet over both Nl and Nz . In this manner, one
could successively proceed through the entire tandem network
and obtain exact results at each stage of the network. A
more quantitative discussion of this procedure can be found
at the beginning of Chapter 2.

Turning to networks that include merger nodes; such as,
the network of Fig. 1.2-1, we find that current methods only
vield approximate results for the steady-state waiting time
experienced by a packet at a merger node; such as, node N3
of Fig. 1.2-1,

The first approximation method to be discussed was de-
veloped by Kleinrock [1l1l] for external inputs following a
Poisson distribution. Referring to Fig. 1.2-1, we note that,

for Poisson inputs, nodes N, and N, are simply M/D/1




queues whose characteristics are well known. However, the
output stream of packets from each of these two nodes is no
longer Poisson in nature. Thus, the input stream into node
N3 is not Poisson. It is here that we apply the "indepen-
dence assumption," introduced by Kleinrock, and assume that
the arrival process of packets into ncde N3 is still Poisson.
Consequently, node N3 may also he viewed as M/D/1 dJueue,
since the joint arrival process formed by two independent
Poisson processes is also Poisson. In applying this "inde-
pendence assumption," it has been found (see Rubin {20])
that results obtained are generally a loose upper bound to
actual values. Indeed, this fact will become apparent when
we introduce our techniques in later sections of this dis-
sertation. Once again, we note that a more quantitative
discussion of this approximation technigue can be found in
Sec. 2.1.

A second approximation method, which attempted to re-
move the independence assumption, at merger nodes, was intro-
duced by Rubin [20]. In his method, Rubin would approximate
the waiting time, on an arbitrary class packet at node N,
to consist of a sum of two parts; the first part being de-
termined by the stochastic character of the class 1 arrival
pattern into N3 , with a deterministic like interference by

the class 2 stream and the second part, in a similar manner,
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by the stochastic nature of the class 2 arrival stream with

a deterministic like interference by the class 1 packets.

To calculate these two parts, the three node network would

be transformed into two separate tandem networks of two nodes
each; the first of which would consist of nodes Ny and N,
and the second of which would contain nodes N, and N3.
These networks are depicted by Fig. 1.3-3. For the calcula-
tion of the first component of waiting time just mentioned,
one used the network of Fig. l.3-3a. In Fig. l.3~3a, the
class 1 packets still enter at node Nl where they are pro-
cessed by a channel, over which they are transmitted to N3,
at a service rate of oy sec/packet. However, at N4, the
service time has now been modified, to “5 + SO as to account
for the interference by the class 2 packets. With this modi-
fication, one can then proceed to use methods for tandem net-
works, as described earlier, so as to calculate the waiting
time on a class 1 packet at node N, of Fig. 1.3-3a. 1In a
similar manner, Fig. 1l.3-3b would be used in determining the
second component of waiting time mentioned above. For a more
complete and quantitative discussion of Rubin's method, the
interested reader is referred to the technical paper (Rubin
[20]) in which it was introduced. For purposes of this dis-
gsertation, we merely mention that results obtained using this
technique are in general a lower bound to actual values. 1In

addition, the tightness of this lower bound tends to vary sig-

nificantly with different values of Gy
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l.4. SUMMARY OF RESULTS OBTAINED

In this section, we outline the contents of the disser-
taticn that follows. In addition, we shall qualitatively
summarize the main results that we have obtained. The quan-
titative derivation and discussion of our new techniques and
methods are left for the chapters that follow.

Chapter 2 begins, in Sec. 2.1, with a guantitative re-
view of present methods used in network analysis. A thorough
discussion of the independence assumption is contained there-
in and its applicaticn to both tandem networks and merger
nodes explicitly shown. In addition, Rubin's methods, men-
tioned in the previous section, are also quantitatively
discussed.

In Sec. 2.2, we develop technicues which allow for the
exact calculation of the mean steady-state waiting time ex-
perienced by a packet at a merger nocde for cases in which
the service time associated with the channel of the merger
node is greater than or equal to the service times associated
with all nodes through which the packets entering the merger
node have already passed; for example, in Fig. 1.2-], this
implies the case where ay = max(al.az,u3). The derivation
of the technique begins with a comparative analysis of the
two networks depicted by Figs. l.4-1 and 1l.4-2. In Fig.
l.4~1, we have a single node network which is being fed by

two external packet streams. The arrival process of the
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external packet streams is assumed to follow any general
probability distribution. The service time of the single
server at node N 1is o sec./packet. In Fig. 1.4-2, we
have a three ncde network. We assume that the two input
packet streams are exactly the same as those entering the
network of Fig. l.4-1. 1In addition, the service time of
the channel at each of the three nodes within the network
is o sec./packet. Through our discussion, we prove two
interesting theorems with respect to equivalencies that
exist between these two networks. The first theorem states
that the lengths of the busy periods at nodes N of Fig.

l1.4-1 and N of Fig. l.4-2 are identical; that is, busy

3
period by busy period node N, of Pig. 1l.4-2 will service
exactly the same number of packets as node N of Fig. 1l.4-1.
The second theorem states that, for a given busy period of
nodes N and N3, the total waiting time experienced by the
packets of the given busy period at node N of Fig. 1l.4-1
will be identical to the total waiting time that would be ex-
perienced by the same packets over the entire network of

Fig. 1.4-2; that is, the sum of the waiting time experienced
by the class 1 and class 2 packets at node N of Fig. 1l.4-1
is identical to the sum of the waiting time experienced by
the class 1 packets at nodes Nl and N3 and the class 2
packets at nodes N, and NB of Fig. l.4-2,for any given
busy period of nodes N and N,. Through simple division,

3
these two theorems imply that the overall mean steady-state
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waiting time experienced by an arbitrary class packet is
identical in both networks. Consequently, we can now de-
termine, exactly, the mean steady-state waiting time on an
arbitrary class packet at node N3 of Fig. 1.4-2, a mer-
ger ncde, by subtracting, appropriately weighted, the
waiting time on class ] packets at node Nl and the

waiting time on class 2 packets at node Nz. Indeed, these
results, together with application of Rubin's and Friedman's
methods for tandem networks, lead to a technique for the ex-
act determination of the mean steady-state packet waiting at
node N3 of Fig. l1l.2-1 for cases in which ¢, = max(ul,az,a3).

In addition to the above mentioned results, we introduce
a principle in delay decomposition. It is shown how the
waiting time experienced by a packet at a node may be decom-
posed into two basic components which we refer to as self
delay and interference delay.

In Sec. 2.3, we quantitatively illustrate the techniques
developed in Sec. 2.2 through a specific example having ex-
ternal input streams following Poisson distributions.

Following this, in Sec. 2.4, we show that the techniques
developed in Sec. 2.2 for networks with only two external in-
puts may be extended and generalized so as to apply to merger
nodes with any number of external inputs so long as the ser-
vice time of the merger node is greater than or equal to the
service time of any prior node which feeds packets into the

merger node.




e

Having established a technique for slow merger nodes,
we turn our attention, in Sec. 2.5, to analysis methods
for fast merger nodes; that is, for merger nodes whose
packet service time is less than that of at least one of
the channels which are feeding packets into the merger
node. We show that, for the network of Fig. 1l.2-1, we must

decompose this problem into two separate cases; namely,

oy 0 o,
P l+a2 and those in which a3 < = ];-uz
1 72 1“2

those in which a3 >

This decomposition is necessitated by the fact that when

o < —1%2
3 = g, +a

it is impossible for node N3 of Fig. 1l.2-1 to
1 72

become unstable; that is, the packet waiting time can never

become infinite. Indeed, it is proven that, for

, the number of packets waiting for service can

never exceed one, thus implying that the waiting time on any
packet at node N3 can never exceed a4 seconds. For the
%1%

a;+e,

case a5 > + an approximation technigue, yielding a

tight upper bound result, is developed. The technique con-
sists of setting the service time of each channel feeding
the merger node, whose service time is greater than the
service time of the merger node, equal to the service

time of the merger node; that is, in Fig. 1.2-1, set
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Q, = o for each o, > i = 1,2, The approximation

i 3 i 3!
technigue is developed and then compared to existing methods

and shown to provide vastly improved results. Turning back

to the case Ay £ oo 1 We find that we must further sub-
172

divide this case into two parts; namely, a,y 5 % min(al,az)
and a, > % min(al,az). For o5 < % min(ul,uz), we derive
a method which yields exact results at N3. It is shown
that these results apply at N3 regardless of the distri-
butions followed by the input packet streams. Furthermore,
it is shown under which conditions these results may be
extended to merger nodes with more than two input streams.
As for the subcase ay > % min(al,az), we derive some exact
results which are applicable at the merger nocde under some
specific and limiting conditions. These results are de-
veloped and a discussion of the difficulties encountered in
attempting to remove the restrictions on these results is
discussed.

In the final section of Chapter 2, Sec. 2.€, we relax
the restriction that customers entering the network consist
of single packet messages and allow for multiple packet mes-
sages. In addition, the nodes of the network are now as-
sumed to operate in a message switching mode; such that, if
a server, of a given node,begins to process the first pac-

ket from a given message it will proceed to process all

packets belonging to that particular message before granting
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service to packets from any other messages. In the section,
it is shown how many of the methods, developed earlier for
single packet messages, are directly extendable to merger
nodes which process multiple packet messages in a message
switching mode of operation.

In Chapter 3, we relax the restriction that each node
of networks considered have only a single server and, in-
stead, allow each ncde of the network to contain multiple
servers with which to process packets. Allowing multiple
server gueues enables the discussion of networks containing
parallel servers between adjacent stages. In addition,
multiple server queues also permit the presence of separation
nodes within networks; that is, nodes at which merged packet
streams are decomposed into separate classes such that the
variocus classes may be processed over different channels and
transmitted to different destinations.

Sec. 3.1 begins with a quantitative review of Friedman's
(9] results for tandem networks containing parallel servers
between adjacent stages. The concept of nodal dominance is
introduced and explained. Fcllowing this, networks with
parallel servers, containing merger nodes are discussed. It
is shown that technigues developed in Sec. 2.2 for slow merger
nodes are directly extendable so as to allow for the exact

waiting time analysis at dominant merger nodes.
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In Sec. 3.2, we study analysis methods for separation
nodes, Fig. l1l.4-3 illustrates a network containing a
separation node. In Fig. 1.4~3, class 1 and class 2 packets
enter the network at node Nl where they are merged and
processed by a single channel, at a rate of ay sec./packet,
over which they are transmitted to node Nz. At N2 the
merged packet stream is separated; such that, the class 1
and class 2 packets are processed over separate channels.
Several approximation technigues to be used at separation
nodes are developed and compared for accuracy. An approach
in which a separation node may be viewed as a non-separation
node utilizing a preemptive priority discipline is introduced.
At present, this approach, after some additional assumptions
is shown to yield scme useful approximation methods.

Finally, in Sec. 3.3, we study networks which contain
combined separation and merger nodes. Fig., l.4-4 depicts
such a network. Class 1 and class 2 packets are merged at
node Nl and transmitted over a single channel to node N3.
At- N3, the merged stream is separated and proceeds over
separate routes. Class 3 packets enter the network at N2
and then proceed to N3. Upon arrival at Ng, the stream cof
class 3 packets is merged with the stream of class 1 packets,
that have been separated from the class 2 packets, and the

combined stream of class 1 and class 3 packets is then
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processed by a single server having service time Gy sec./packet.

It is shown how methods developed in Secs. 2.2 and 2.5 for pure

merger nodes may be applied to combined separation and merger

nodes so as to yield useful approximation methods. Furthermore,

G0
for the case o5 < ¢ ]_.WZ r it is shown that the exact results

derived in Sec. 2.5 for merger nodes also apply, as exact re-

sults, for combination nodes.
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2.1 Current Methodology

In order to design more efficient computer communi-
cations networks, it would be advantageous to have an anal-
ytical technique for the modeling and analysis of various
performance measures; such as, the steady-state mean message
waiting and response times, the mean gqueue length at each
processing station and the throughput of the network consid-
ered. The major difficulty in obtaining accurate analytical
methods has been the strong interdependence that exists among
the various gqueuwes of a given network. To overcome this dif-
ficulty most of the past work in this area has made use of
an "independence assumption" first- introduced by Kleinrock
[11] . To understand this independence assumption and its ap-
plication, let us look at Figure 2.1-1.

In Figure 2.1-1 we see a model of a two stage tandem
queueing network. In this network, we assume that messages
initially enter the network at node Nl' arriving, from the ex-
ternal environment, randomly in time according to a Poisson
process with intensity A (messages/sec.); that is,

B oA, ko= 0,1,... .

p{k arrivals in a time interval t} =

(2.1-1)

At N1 these messages are processed, according to a first-come

first-served gqueueing discipline, by a channel whose capacity




-27 -

is equal to Cl (bits/sec.}. Once processed at Nl’ the mes-
sages are transmitted to node N, where they receive addit-

ional processing. If we now further assume that Nl has an

exponential server; that is, the length of each message is
exponentially distributed with a mean of B (bits/message):

such that,

-Ax

P{message length < x} =1 - e x>0 (2.1-2)

and that Nl has unlimited storage available, then node Ny is
said to constitute an M/M/1 queueing facility, the statistics
of which are well known and documented [12, pp.94-99].

As an example, if we define

3. 2 the mean service time of a message at node N,

i
_ (1} A
W £ the steady-state mean message waiting time
(queueing time) at node Ni
(1) A
Nq = the steady-state mean queuve length at node Ni

one could easily calculate the steady-state mean waiting time

experienced by a message at node Nl as

- P
W(l) = L1 (sec/message) (2.1-3)
(1-p)
where o, = B (sec/message) and p, = A,0 4 the utilization
1 C1 1l 171

factor of the queue.
Furthermore, using Little's Theorem [14], which relates

the average time spent by a message on gueue to the number of
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of messages on the queue we find that the steady-state mean

number of messages on queue at node Nl is

=(1) _ ,=(1) _ P1
N, AW

= = —TT:EIT (messages) . (2.1-4)

Other performance measures for an M/M/1l queue are easily de-
rived and can be found in the literature.

As for the output process from an M/M/l1 queue, Burke [2]
has shown that this process is Poisson; thus, the arrival pro-
cess at node N2 of Figure 2.1~1 is also Poisson. However,
it is clear that the processing time required by a message

at node N is dependent on the processing time that the

27
message had required at node N, - This is so because the length
of a message does not change as it travels from stage to

stage in the network. It is here that the independence assump-
ticon is applied. This assumption amounts to rechoosing the
length of a given message independently at each node of a given

network. Thus, in Figure 2.1-1, node N2 is now assumed to

constitute an M/M/1l queueing system and calcualtions for
=(2)

steady-~state mean queueing time and queue length, W and
ﬁéz) respectively, would yield approximations of
7(2) EZEE__ (sec./message) (2.1-5)
(1-02)
=(2) pg
Nq = TT:EET {messages) (2.1-6)

For packet-switching networks, where each message is

assumed to consist of a single packet and each packet is of
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fixed length, the independence assumption must be redefined

in the following manner: Since each packet is of fixed length,
rather than being distributed exponentially, the amount of
time required to process each packet at a given channel is
constant. Thus, in this case, each stage of a given network
can be represented by a constant server queue whose service
time is a function of that node's channel capacity. For
Figure 2.1-1, assuming a fixed packet length of g8 (bits/
packet), this would mean that node Nl now represents what

is called an M/D/1l queueing system whith a constant packet
service time of ay = B/Cl(sec/packet). Steady~state results
for this type of gueueing system are well known (12, ch.5].
As an example, the steady-state mean waiting time at node Nl

would now be

[
wll) - 5;('1?%‘9"1")‘ . (2.1-7)
Furthermore, since we now have a constant server queue, Burke's
theorem no longer applies to the output process of node Ny and
it is here that the independence assumption is made: we assume
that the arrival process at node N, remains Poisson. Thus,
node N2 can now also be treated as an M/D/1l queueing system.
Consequently, the approximate steady-state mean waiting time

at N2 would be
pa0
7(2) ¥ sree—
W 2(l—p2 * (2.1-8)

It has been shown by Rubin [20] that steady-state results,
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calculated using this independence assumption, generally
constitute a loose upper bound to the actual values as
obtained by use of computer simulation programs. More
recently, Friedman [9] and Rubin [17-19] have been able to
remove this independence assumption and obtain exact steady-
state waiting time distributions for packet-switching com-
munication paths in isolation; that is, for networks in
which messages originating from different external sources
never interfere with each other. This was done by realizing
that the overall network waiting time experienced by a
packet in an n-channel communications path, as shown by
Figure 2.1-2, is determined by the slowest channel in that

path. Thus, with respect to overall path waiting time, the

entire n~-channel communications path can be viewed as a
single M/D/1l queue whose service time is equal to that of
the slowest channel in the path. Applying this principle to
the network of Figure 2.1-1 we would have the following two
cases:

Case 1: C )

2 2C

oy 2

1l 1

In this case, the overall steady-state mean packet
waiting time, S, will be determined by the channel capacity
of the server at node Nl. Furthermore, it is clear, that the
waiting time experienced by a packet at node N, will be zero.

Thus, we have

= _ =1 _ 1%

S = 'i"-(-i—_—b-]-.T (2.1-9)

72 2o
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Case 2: C, <¢C (a, > ay)

In this case, the overall steady-~state mean waiting time
is determined by c, (or02) and is given by

Palsy

= ETI:E;T (2.1-10)

Consequently, the mean waiting time experienced by a packet

at naode N2 will be

7(2) 2 g - 7
(2.1-11)
_ % %
2(1-p,) 2(1-py)

However, as pointed out earlier, this method applies only to
communication paths. When Rubin [20] applied his ideas to
networks in which packet interference is allowed to occur,
such as the network shown in Figure 2.1-3, he too was able to
obtain only approximate results.

In the section that follows, we shall develop a principle
which we call "delay decomposition." We shall show that,
using this principle, it is possible to decompose the waiting
time experienced by a packet'at a constant server channel into
two basic components which we shall call self-delay and intex-
ference-delay. 1In the next section we shall develop the theory
and discuss more fully the meaning and application

of our principle. It will be shown that for networks in which



the merger node (that is, the node at which the packet
streams are multiplexed) has the slowest service time of
any node up to that point, the principle of the delay
decomposition will yield exact results. In succeeding
sections we shall look at networks in which the merger
node is not the slowest and find that application of our
principle will lead to exact results in some instances

and to a tight upper bound approximation in others.
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2.2 Principle of Delay Decomposition: Theory

Consider the two queueing networks depicted by Figs.
2.2-1 and 2.2-2. In Figure 2.2-1, node N represents a
queueing facility which is being fed by two independent
external packet streams. We assume that the interarrival
time between packets, for each of the two input streams, is
governed by some general probability distribution with mean
interarrival time of l/)\l and 1/X, (sec/packet) for the
class 1 and class 2 streams respectively, Al,kz > 0.
Furthermore, we assume that all packets are of a constant
length and that node N has a single server with a constant
service time of o (sec/packet). Figure 2.2-2, on the other
hand, represents a network of three single server gqueues,
each of which is assumed to have a constant service time of
a (sec/packet). In addition, the class 1 and class 2 input
streams entering the network of Figure 2.2-2 are assumed
to be the exact same streams entering the network of
Figure 2.2-1, Finally, for both networks, we assume that
each queue has infinite storage capability and that each
gueue operates according to a first-come first-served
queueing discipline.

As time passes, each gqueue shown will alternate
between periods of time where its server is busy and periods
of time where its server is idle [12, p. 206]. As such,

we define the following quantities:
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ti 4 the arrival time of the ith arbitrary class
packet into the network

Mj Q the number of packets serviced at node N of
Figure 2,2-1 during its jth busy period.

Mék) A the number of packets serviced at node Nk

of Figure 2.2-2 during its jth busy period,
k=1,2,3
A . . . .th . .
I. = the duration, in time, of the j idle period

J

at node N of Figure 2.2-1
) . . .
ng‘ 4 the duration of the jth idle period at node Nk

of Figure 2.2~2

We will now proceed to derive some interesting equivalencies

that exist between the two networks considered.

Theorem 2.2-1:

The number of packets serviced at node N of Figure
2.2-1 during its jth busy period equals the number of packets
serviced at node N3 of Pigure 2.2-2 during its jth busy

period; that is,
M. =mP ,  3=1,2,3,... (2.2-1)

Proof: Let us begin by looking at the first busy period
at node N of Figure 2.2-1. We observe that in order to
have a busy period of length Ml , the packet arrival times

must be



(2.2-2)

Furthermore, since it will take Mla seconds to service these
Ml packets, the arrival time of the (Ml+l)St packet, which
will be the first packet of the second busy period at node N,

must be

IS IR R L (2.2-3)

t

This arrival time will insure a busy period of exactly My

packets.

We now turn to the network of Figure 2.2-2. Let us

define
ti 4 the arrival time at node N, of Figure 2.2-2 of
the packet that initially entered the network
at time ti '
Ti g the arrival time at node N, of the ith packet
to arrive at node N3 ,
Di £ the departure time from node N, of the jth

packet to have arrived at node N.

With the external arrival times as before (2.2-2,2.2-3),

we find that
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tl = t1+ o (2.2-4)

[}
ty _1te < tMli £ +M 0
.41

. > tl+(M1+l)a

Furthermore, from (2.2-4), one can calculate that

1
Tl = tl+a (2.2-5)
]
T, < tyt2a
]
T3 < tl+3a
T ; t.+
M, & FptMyo
1
L
TMl+l > tl+(Ml+l)a

In addition, using (2.2-5) and the fact that the service

time at N, is a constant, we find

3
'
Dl = tl+2u (2.2f6)
D2 = tl+3a
DMl = tl+ (Ml+l)a

Thus, from (2.2-5) and (2.2-6), we can conclude that

Tipp €Dy v 1=1,2,...,M-1 (2.2-7)
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Equation (2.2-7) implies that we have had a busy period,

at node N3 , whose length was exactly M1 packets; thus,

(3) _
My = M,.

extends to all subsequent busy periods. Hence,

Furthermore, by simple induction, this result

M3 oML, 5 =1,2.... .
] ] Q.E.D.

Thus, we have shown that busy period by busy period the two
networks considered will service the exact same number of
packets. Using this fact, we can immediately derive the

following corollaries.

Corollary 2.2-1: The probability distributions of the

number of packets serviced during a busy period at nodes

N of Figure 2.2~-]1 and N3 of Figure 2.2-2 are identical;

that is,
P(M=m} = P{M§3)=m} , m=1,2,... . (2.2-8)
Corollary 2.2-2: The duration of the jth idle period at

node N of Figure 2.2-1 is equal to the duration of the

jth idle period at node N3 of Figure 2.2-2; that is,

1. = 103

j J ] j=l'2'.|. - (2-2-9)

Corollary 2.2-3: The probability distributions of the
th

duration of the j idle period at nodes N and N3 are

identical; that is,

P{Ijix} = P{I§3)gx} . X > 0, (2.2-10)
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Corollaries 2.2-2 and 2.2-3 can be proven by consider-
ing the time between the departure of the last packet of
a given busy period and the arrival of the first packet
of the succeeding busy period both at node N of Figure
2.2-1 and node N3 of Figure 2.2-2.

We now proceed to derive a second theorem for the two

networks considered.

Thecrem 2.2-2:

For the jth busy period of ncdes N and Ny the total
waiting time (gueueing time) experienced by the Mj packets
in the network of Figure 2.2-1 equals the total waiting time
experienced by the M§3) packets over the entire network

of Figure 2,2-2.

Proof: With all arrival times (e.gq. ti ' ti ’ Ti) now

referring to the jth busy period, let us define

W, 4 the waiting time, at node N of Figure 2.2-1

i
on the ith packet to arrive in the jth busy
period

(k) A ‘s . .
we = the waiting time, at node Ny of Figure 2.2-2
th h

on the i packet, belonging to the jt busy

period of node N, , to arrive at node Nk ’

3
k=1,2,3.

We begin by calculating the total waiting time

h

experienced by the Mj packets of the jt busy period at

node N of Figure 2.2-1.
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From general gqueueing theory [12, p. 277], we can,

at node N, write that

1 = 0 (2-2-11)

X =

- - - + 1 =
- [Wi+a (ti+ ti)] r 1 1,2,110

i+l 1
where [x]+ = max(0,x).

Furthermore, during a busy period the bracketted expres-

sion in (2.2-11l) must by definition be nonnegative.

Thus, for a busy period of length Mj , (2.2-11) yields

Wl = (2.2=-12)
W2 = tl-t2+a

W3 f tl—t3+2a

WMj= tl-th+(Mj—1)a

Consequently, the total waiting time in this busy period

is
\ Mj Mj
Wiotal = iz Wy = .E tymtta-ba = thl_izl €

—
-

+ [Mj(Mj-l)/Z]a . (2.2-13)

We will now prove our theorem by mathematical induction.

In the case Mj = M$3) = 1, it is clear that the total

]
waiting time, in both networks, is identically zerc. Let

us now assume that (2.2-13) is true for both networks for

M, = Mi3) < m. We will proceed to show that this assump-

] ]
tion implies that for Mj = M¥3)

3 = m+l, the total waiting
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time experienced in each of the two networks by these m+l
packets will still be the same.

For Figure 2.2-1, the extra waiting time introduced
by having Mj equal to m+l instead of m, is seen from

(2.2-12) to be

(W ) =W = tl—t (2.2-14)

extra'Fig. 2.2-1 m+1l m+l+m0L

We now turn to Figure 2.2-2 where we assume

(arbitrarily) that this (m+1)St packet, arriving at time

tm+l , enters the network at node Nl' This packet
will then arrive at node N3 at time
' _ (L) -
bl = el T Wk + o (2.2~15)
where we have assumed this packet to be the kth, 1<k <m+1,
to arrive at Nl' At node N3 we can write (similar to
(2.2-11)), that
w{3’ =0 (2.2~16)
{(3) _ (3) Loy’ _m' 57t s
wi+l = [Wi +0 (Ti+l Ti)] , i=1,2,...

Thus, for a busy period of length (m+l) packets we find,

from (2.2-16), that

w{3) =0 (2.2-17)
(3) _ mt _ m!

W2 = Tl T2 +
(3) _ v oo

W3 —.' Tl T3 + 20
(3 . ' -

Wm = 'I‘l Tm + (m=-1)a
(3) _ m' _ m?

Wbl = T3 = Ty + Ma

where, from (2.2-5), T, = t.+a.

1 1
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In general, this (m+1)St packet will be the nth
packet of the jth busy period to arrive at node N3 '
l <n < m+l; that is, £’ = T'. Furthermore, from

— - m+1l n
(2.2-17), we see that the extra waiting time, at node Ng,
caused by having M§3) equal to m+l instead of m, is
given by
(3) L -
Wontra T, T, + ma (2.2-18)

We now substitute for Ti and TA by using relations

derived from (2.2-5) and (2.2-15) respectively and find

éilra B LS R Wél) + ma (2.2-19)
Consequently,
(Wextra)Fig. 2.2-2 éiira * Wéiira (2.2-20)
B Wél) * wéiira
= b 7 oty oMo

On comparing {(2.2-14) and (2.2-20), we find that

(Wextra)Fig.Z.Z-l = (wextra)Fig.2.2-2 (2.2-21)
Thus, the total waiting time in the jth busy period, for
Mj = M§3) = m+l, is the same in both networks. This

completes our induction procedure and proves our theorem.
Q.E.D.
In summary, Theorems 2.2-1 and 2.2-2 have shown that
for any given busy period both the number of packets

serviced and the total waiting time experienced by these



packets will be equivalent for the two networks considered.

This leads directly to the following two corollaries.

Corollary 2.2-4: For the networks of Figures 2.2-1 and

2.2-2, the probability distributions of the total waiting

time experienced by the Mj = M{3) packets of the jth busy

period are identical; that is,

u(3)
M, K K i
P{ 73 Wijx} = p{[ yi wél) + 52 w£2)+ % w£3)]5x} , X >0,
i=1 i=1 i=1 i=1
{2.2-22)
where Kl and K2 are equal to the number of class 1 and
class 2 packets, respectively, of the jth busy period of
_ o 3)
node N3 , and K1+K2 = Mj .

Before stating our final corocllary, we must introduce

the following gquantities:

ﬁg?; 4 the steady-state mean waiting time on a
class j packet at node Ny s

7k & he steady-state mean waiting time on an
arbitrary class packet at node Nk; that is,
7k 2 Z ﬁi?; P{a packet is class j},

S 4 the steady-state overall mean waiting time
experienced by an arbitrary class_ packet;
that is, § = § @K |

§(j) 8 the steady-stgte overall mean waiting time

experienced by a class j packet; that is,

_ ¢ =(k)
) =LV

wH
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We now state our corollary which we believe to be one of

the more important results of this dissertation.

Corollary 2.2-5: For the networks of Figures 2.2-1 and

2.2-2, the steady-state overall mean waiting time
experienced by an arbitrary class packet is the same in

both networks; that is,

($)pig.2.2-1 = Slpig.2.2-2 (2.2-23)

Corollary 2.2-5 implies an important concept in delay
decomposition which can best be explained in the following
manner.

Let us consider the waiting time experienced by a
class 1 packet (arbitrary) as it travels-through the
network of Figure 2.2-2, We note that, if Az = 0, any

waiting time experienced by a class 1 packet would occur

totally at node N This is so because the network con-

1°
sists entirely of gqueues with eguivalent constant service
times. We shall refer to this waiting time as self delay
since it is due solely to the arrival process of the

class 1 packets. 1In addition, we further note that, when

Az > 0 any additional waiting time that a class 1 packet

will experience must occur at node N3 and that this addi-

tional delay is due solely to the merger or interference

of the two packet streams at node N We shall call this

3.
type of waiting time interference delay. Thus, we have

the important concept that the total overall waiting time
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experienced by a packet consists of two basic components;
namely, self delay and interference delay. Consequently
the steady-state mean waiting time on an arbitrary packet
at node N of Figure 2.2-1 must consist of the sum of
its steady-state mean self delay and its steady-state
mean inteference delay. Furthermore, the mean self delay
experienced by a packet must be the same in both networks.
Consequently, it is implied that, with respect to the
steady-state mean waiting time of an arbitrary class
packet, a node that consists of the form of Figure 2.2-1
may be replaced by or decomposed into the network of
Figure 2.2-2.

As an application of this decomposition principle and
(2.2-23), one could proceed to calculate the steady-state
mean waiting time on an arbitrary class packet at node N3

of Figure 2.2-2 and find

=(3) _ = _ =) | =(2) }
W= Blpig gm0 ~ W W | (2.2-24)
= (E)Fig. 2.92-1 " ﬁéi; P{a packet is class 1}
- ﬁg;; P{a packet is class 2}.

As a second application, one can demonstrate that
the five queueing networks depicted in Figure 2.2-3 have
equivalent overall steady-state mean packet waiting time
under the condition that the service time at the merger
node (node N) is the slowest in the network; that is,

oy = max(all,alz,...,a21,a22,...,an). This equivalency
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can be shown in a step-by-step manner beginning with the
network of Figure 2.2~3e. In this network, the class 1
packets pass through an arbitrarily long path of tandem
gqueues after which they enter node N. Along the tandem
path, each node has a constant packet service time given
by UyprQyprees respectively, while at node N the packet
service time is Op - Similarly, the class 2 packets
traverse a path of queues with service times of CGnqrygrecs
and then enter node N where they are merged with the

class 1 stream. We make note of the fact that the various
service times in the network (i.e. all,alz,...,azl,azz,...an)
need not all be the same. Furthermore, the number of
nodes traversed by the class 1 packets (i.e. the path
length) must neither be the same as the number that are
traversed by the class 2 packets. On analysis, one notes
that node N of Figure 2.2-3e is of the form of the network
of Figure 2.2~1. Thus, node N may be replaced by (or
decomposed into) a network of the form of Figure 2.2-2.
Consequently, we have transformed the network of Figure
2.2-3e into the network of Figure 2.2-3d. We now turn our
attention to Figure 2.2-34d where we apply a principle
introduced by Friedman (9] and Rubin [17-19] for paths of
tandem queues. Simply stated, this principle says that,
over a path of constant server tandem queues, the overall
waiting time is determined solely by the slowest server

in the path. Therefore, if a = max(all,alz,...azl,uzz...an)
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the network of Figure 2.2-3d may be reduced to the network
of Figure 2.2-3c. Furthermore, Figures 2.2-3c and 2.2-3b
are seen to be exactly Figures 2.2-2 and 2.2-1 respec-
tively. Finally, if the joint arrival process consisting
of the superposition of the two independent external
packet streams is found, Figure 2.2-3b may be transformed
into Figure 2.2-3a where A = Al + Az. Thus, we have
proven that, under the aforementioned conditions, the
five networks of Figure 2.2-3 yield equivalent overall
steady-state mean waiting time on an arbitrary class
packet.

We shall now illustrate some of our results by a

specific example.
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2.3 Example: Exponentially Distributed Interarrival Times

As an example, we consider the case where the inter-
arrival time, for each of the two external input streams,
is exponentially distributed. We immediately note that
the distribution of the combined arrival process is also
exponential with mean 1/(l1+A2) {sec/packet). Thus,
Figure 2.2-1 can be considered an M/D/1 gueue with input

parameter A +l2 (packets/sec). Furthermore, nodes Nl and

1

N2 of Figure 2.2-2 are also M/D/1 gueues with parameters

kl and Az respectively. Consequently, we will make use of
the well known results for an M/D/1 gqueue [12, Ch. 5],
(18], [l6, pp. 32-38].

Using (2.2-8), we find that the probability distribu-

tion of the number of packets serviced at node N3 of

Figure 2.2-2 during a busy period is

pfMem) = plug=md = ) THO R ma) ™ exp (- (441 ma)

(2.3-1)

Furthermore, from (2.2-10), the distribution ¢f the duration

of an idle period is

P{I§3)§x} = P{I sx} = 1 - expl=(A +),)x] (2.3-2)

In addition, using (2.2-23) and (2.2-24) we find that

- {(p;+p,)a
= (§) = et 2 (2.3-3)

() Fig.2~2-1 = 2(I-p;-5)

Fig.2.2-2

and
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(p+p,)a pPia
-(3)y _ _‘PiTPp’* P
W= ITee e,y T ey (Mt
OZC!

- E'(—ﬁz—)— (Az/(kl'”\z)) (2.3~4)

where p., = A.a.
i i
Before leaving this example, let us look at the waiting
time experienced by the varicus packet streams with respect
to self delay and interference delay. In the network of

Figure 2.2-1 we f£ind that the self delay on a specific

class packet is given by

S(1) (self)Fig.2.2-1
and

S(2) (self)Fig.2.2-1

where we have calculated the self
packet by assuming the class j, J
to be zero. From (2.3-5), we can
the mean interference delay on an

Doing this we find

S (inter)Fig.2.2-1 = SFig.2.2-1"

QlC‘

:2_(1—-9?- (2.3-5a)
pza

ETIZHE— {(2.3-5b)

delay on a class i
# 1 , arrival stream
now proceed to calculate

arbitrary class packet.

A
3 N
(l)(self)Fig.Z.Z-l[k Y ]

1 72
(A,
- S , —=]  (2.3-6)
(2)(self)Flg.Z.Z—lLAl+A2]
_ (pl+pz)a ) Py [ Al J ) Pyt [ 12 J
2(1-91-02) 2(l—pl) A1+A2 2(1-p5) kl+A2

On comparision with (2.3-4), we find that S

is exactly equal to ﬁ(B).

(inter)Fig.2.2-1

Turning to Figure 2.2-2 we find
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that the total self delay experienced by a class 1 packet

would occur at node Nl' Similarly the self delay on a

class 2 packet occurs solely at node N Thus, we

2.
conclude that

: e - (2.3-7a)
(1) (self)Fig.2.2-2 = "(1) = 2(I-p)) :
and
g _=(2) _ P2t )
S(2) (self)Fig.2.2-2 = "(2) T TZ(iTp)) (2.3-7b)

and with respect to interference delay on an arbitrary class

we find
g - =(3) _
S(inter)Fig.2.2-2 = " (2.3-8)
) (pytp,)a e [ Ay } _ ppe [ A, J
2(1-01-92) 2(1-01) A1+A2 2(1-92) A1+A2

Thus, on comparing the steady-state waiting times in the
two networks, we see that the amount of self delay
experienced by a class i, i = 1,2, packet is equivalent

in both networks. This is seen by comparing (2.3-5} and
(2.3-7). Furthermore, the interference delay on an
arbitrary class packet is also equivalent in both networks.
As for the interference delay on a specific class packet,
we have as yet been unable to calculate these quantities

in either of the two networks. However, we believe that
these quantities will not be equivalent for the two

networks considered.
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2.4 Generalization to Networks with an Arbitrary Number

of External Inputs

In the previous sections of this chapter, we have been
limiting our study of networks to those that contained at
most two external input streams of packets. In this section
we show that all the theorems and corollaries presented
earlier can easily be shown to apply to networks with an
arbitrary number of independent external input streams.

In Figure 2.4-1 we have a queueing network consisting
of a single queue with a constant service time of o
sec/packet which is being fed by k external independent
packet streams, each of which follow some general probabil-
ity distribution. In Figure 2.4-2 we have these same
external streams being merged at node Nk+l7 however, in
this case each of the packets has received some processing
at an earlier node before being merged at node Npp1e In
this network, all queues are assumed to have a constant
service time of a sec/packet.

Let us now turn to the proofs of Theorems 2.2-1 and
2.2-2 and note that nowhere have we used the fact that
we were dealing with networks having merely two external
inputs. Thus, it is c¢lear that the theorems and corol-
laries presented previously can be generalized to networks.
with an arbitrary number of external inputs. Therefore,
one can state that:

1. The number of packets serviced at node N of Figure

2.4-1 during its jth busy period equals the number
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of packets serviced at node Ny of Figure 2.4-2
during its jth busy period.

2. For the jth busy period of nodes N and Niepp # the
total waiting time (queueing time) experienced by
the Mj packets in the network of Figure 2.4-1 equals
the total waiting experienced by the M§k+l) packets
of the entire network of Figure 2.4-2.

3. For the networks of Figures 2.4-1 and 2.4-2, the
steady~state overall mean waiting time experienced by

an arbitrary class packet is the same in both net-

works; that is,

Fig.2.4=-2

We could at this point draw networks similar to those
of Figure 2.2-3 and then proceed to make claims, with
regard to overall network steady-state waiting times,
similar to those presented above while discussing Figure
2.2-3. 1Instead, we shall illustrate these claims by
analyzing the network shown in Figure 2.4-3.

In Figure 2.4-3 we see a network consisting of four
single server queues being fed by four independent external
inputs each of which enter the network at a different
point. As before, each external input is assumed to follow
a general probability distribﬁtion with a mean arrival rate
of Ai packets/sec., i = 1,2,3,4. Furthermore, the constant
service time associated with node Nk is given by Oy where

we have assumed a, > ay and a, > a, > &; (thus assuring that
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N, is the slowest queue). Finally, as was done previously,

4
we assume each queue to have infinite storage capabilities
and to operate on a first-come first-served basis.

The first result we mention is that the overall mean
steady-state waiting time on an arbitrary packet would be

determined solely by the value of o, and not the other

service times present in the network; that is,

As an example, if all the external inputs were to be
Poisson in nature we would obtain
- PAy
S = FAGET) (2.4-2b)
where o = g Aa, < 1.
As a second result we could then proceed to calculate
the overall mean steady-state waiting experienced by each

of the individual packet streams and find:

=(2)

3 =) L5 =(4)

(1) (1) ) T Y (2.4-3a)
S(2) = ‘7“553 + Wﬁﬁi (2.4-3b)
82 = W(3) * (3 (2.4-3c)
S(a) = WEB (2.4-3d)

= (k)

where the W depend on the nature of the external inputs.

(3)
Once again as a specific example, we choose to let the

external inputs be Poisson in nature and find
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0,0
—(l) _ 111 -
V(1) = AT, (2.4-42)
=(2) [ ! J . 7 (2) { A2 ]=
(1) X1+X2 (2) X1+X2
_ (Pyoteppley Py #! (2. 4-1)
0.0
=(3) 3373
W SR D (2.4-4c)
(3) 2(1-p35)
4 ( AL
=(4) (4) J
W = ) W,. (2.4-44)
i& ) (TG,
=3 - @) g2 _ 50
__Pay  (egapteypldy [ Mt
2{1=-p) 2(l—p12—p22) A1+A2+A3+A4
P33%3 [ A3 ]
2(1—p33) A1+A2+A3+A4
where Wﬁi; is found by considering the subnetwork consisting
A A
. (2) 1 (2) 2
of the single node Nl ' W(l)(k ™ —) + W(Z)(A Y e

2 2
is determined by the subnetwork of nodes Nl and N2

(3)
(3)

by considering the total network of all four nodes.

W by the subnetwork consisting of node N, , and g4
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2.5 Networks with Fast Merger Nodes

Let us look at the network of Figure 2.5-1. Here, we
see a network consisting of three nodes and two independent
external inputs. In the previocus sections, we have limited
our discussion of the network to the case where the service
time of the merger node was the slowest; that is,
ay = max (al,az,a3). We saw that when this condition was
true, node N3 became the dominant node of the network with
respect to the overall steady-state waiting time on an
arbitrary packet. In this section, we shall study the
network of Figure 2.5-1 for cases when the service time of
the merger node is not the slowest in the system. To do
this, we shall divide our discussion into two cases, the
first being where Qq is greater than the parallel combina-
tion of «

1

or equal to the parallel combination of oy and a,; that is,
0y, o, 0
%3 > Tras and o respectively. The reason for
%1%% Q40
this division is that for the case ay < 12 , it is
— aq*a,

easily shown that the gqueue length at node N, must remain

and Oy and the second where oy is less than

< —— iy
3 - al+a2

finite for all values of Al and Az . Furthermore, it is
easily proven that the number of packetson queue at node N3
can never exceed a total of one.

®1%2

Case 1: ay > EI;EE , i.e. Gy > (al//az)

For the case Gy > ay // Gy, We have, as yet, been

unable to obtain any exact results. However, we have been
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able to derive a tight upper bound to the mean steady-state

waiting time at node N, for an arbitrary class packet.

3
We shall derive the upper bound and then proceed to compare
it to results obtained using approximation methods of
Kleinrock [11,13] and Rubin [20]. We shall derive the

upper bound by considering three separate subcases.

> >

Subcase 1l.1. > a3 > Gy

%1
Let us consider the subcase in the specific situation
where the external inputs are Poisson in nature. We note
that, were we to consider the case a; = max (al,az,a3),
the mean steady~steady waiting time on an arbitrary class

packet at node N3 could be found exactly using the methods

presented earlier (Sections 2.2-2.3) yielding

W = - -
2(1=py3=py3)  2(1-py;) A1+, 2(1‘922)L*1+*2

(2.5-1)
Fi..thermore,
= (3) P13%3 P11%1
@3 T T SN * 3 (2.5-2)
(1}’ self 2(1-;13) 2(1-911)

Similarly,
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B4, PN '
R03) o _fas%s o Paa% _
(7(2)) sers = 11-5,5) Z(1-p, ) (2.5-3)

Thus, the mean interference delay on an arbitrary packet

at node N, is found to be

3
A A
= (3) = (3) [-(3)J [ 1 } _ (={3) 2
W, = W= W T (W;57) ()
inter. (1) self A1+A2 (2) self A1+A2
(2.5-4)
_ Pygtepglay 030y M |
2{l-py3=py3)  2({1-py3) “A A,
_ Pa3%3 A2 ]

We make note of two important points. First, we see
from (2.5-4), that the interference delay at node N, on
an arbitrary class packet is independent of aq and P
Second, and of more importance, we see from (2.5-1), that
as a; approaches dq the steady-state mean waiting time,
W(3), is reduced in value. A similar statement could be
made as ¢y approaches dq.

Let us now return to the present case of interest;
that is, a; > o, > PR It should be clear from the discus-
sion of the previous paragraph that a tight upper bound to
the mean steady-state waiting time at node N3 can be obtained

from (2.5-1) by substituting o5 for a, . Thus, we obtain
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=(3) (py3+pyq) 0y P13%3 [ M ] Pag%y  Aj ]
2

< - -
C TMIpy,0,4)  X(A-p 50 (X[¥h5)" T(-5,,7 (71,

(2.5-5)
Subcase 1.2. a, > a3 > 0y

It is clear that this subcase is symmetric to subcase

1.1; thus, we obtain

2(3)  P13*Pag)ey - Py [ M ]_ P23%3 [ A2 }
(2.5-6)

Subcase 1.3. Q4 < ay and aq < oy

For this subcase, we substitute 04 for both oy and o,

in (2.5-1) yielding

(py3tPp3) 03 P13%3 [ M }_ P33%3 [ A )
>

W(B) < -
= 2(1-913-p23) 2(1-013) A1+A 2(l—p23) A1+A2
(2.5=7)

In summary, we see that an upper bound to the waiting
time at node N3 may be obtained by replacing each @S g by
aq and proceeding with the techniques developed previously.
Furthermore, though we have proven this fact only in the
case of Poisson external inputs, it should be clear that

this would be true for any general external input. Thus,

we state the following theorem.

THEOREM 2.5-1:

For external inputs following any general probability

%1%2
and o, < ¢, for at least one
al+a2 3 i

distribution, u3 >

value of i, i = 1,2, the mean steady-state waiting time c¢cn
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an arbitrary class packet at node N3 of Figure 2,5-1 can
be upper bounded by considering a network with @, = 0 for
each @y > Qg
We will now compare results obtained using our approxi-
mate method to those obtained using the independence
assumption and to the approximate results one would obtain
using the methods of Rubin [20]. In this comparison, we
shall assume that the external inputs are Poisson in nature.
If one had applied the independence assumption at
node N. , thus assuming that the arrival streams .into N3

3

are Poisson, one would obtain

.3y _ (P13teygles

- 2.5-8
"r 2{1=py3=053) ( !

where ﬁé3), is the mean steady-state walting time on an

arbitrary class packet at node N found by using the

3
independence assumption. On comparison, one notes that
results obtained using the independence assumption, (2.5-8),
are always greater than those obtained using our approxima-
tion method, (2.5-5), (2.5-6), (2.5-7)}. Thus, since we have
proven our method to be an upper bound to the actual value
of the waiting time at N3 , it is clear that our approxima-
tion method yields a much tighter upper bound to that of the
independence assumption.

On the other hand, using the approximation method of

Rubin [20], one would proceed by writing

(3) =(3) =(3)

R - "Ry T Yr(2)

=

(2.5-9)
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is an approximation to the part of the waiting

time at N, on an arbitrary class packet determined by the

3
stochastic character of the class 1 stream and determinis-

tic like interference by the class 2 stream. Similarly,

=(3)
"R (2)

an arbitrary packet caused by the stochastic nature of the

can be regarded as that part of the waiting time on

class 2 stream and a deterministic like interference by the

class 1 stream. Subsequently, the sum of these two parts,

=(3) =(3)
WR(l) and WR(Z)

waiting time on an arbitrary class packet at node N3 ,

, will constitute an approximation to the

which we denote by WéB). rurthermore, quoting from Rubin's

[20] paper, one would obtain,

P13%3 Pt tmery) %3
(3 2{1=013=053) 2{1=py;) L 1=pp;3
"r(1) = o (2.5-10)
3
0 if a, >
L= 1-p53
and
[ P23%3 I Mot L
=(3)
Wei2) =) . (2.5-11)
. 3
0 if o, >
L 2 = 1-pq5

To compare results obtained using our approximation
method to those obtained using Rubin's method, let us look
at one of the limiting points for the case under considera-

tion. We shall choose the case of ay = a4y =0, , @ point
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at which our method has been proven to yield an exact
result. At this point, using Rubin's method, one would

obtain from (2.5-9), (2.5-10), and (2.5-11l) that

_(3) _ ‘PaatPpzlag P10y (1-0y3) 0pp0,(1=0y3)

W = - - (2.5-12)
R 2{l=py3=p53) 2(1=-pq,) 2(1-p,,)

Using our method, one would obtain an exact result given
by (2.5-1). To compare the two results, we can rewrite

(2.5~1) to yield

=(3) _ _‘P13tPa3les P [ M J_ P22%2 [ *2 J
2(1-py3=Py3)  2(1=pyq) (Ag+A5) 2(1-0,,) (A +4,
(2.5-13a)
_ (eygtepalay - pyyey {1- A2 }_ P22%> (1— M1
2(1=py3=pp3)  2{1=py,) )T T, (T TR
(2.5-13b)
_ (Pa3tep3lag Ry [ P33 ]_ Poasy
2(1-py3=Py3)  2(1=py;) P13*tPp3)  2(1-py5)
P b}
13
1 - —1313 4, (2.5-13c)
{ 013+923J

On comparing (2.5-12) to {2.5-13c¢), one notes that since

(p4*0,3) < 1 (from stability considerations) we must have

ﬁé;g < W(3) Furthermore, since we have proven (2.5-13)
* ={(3) _ =(3) . . _ -
We note that WR = W if and only if Al = 0, or A2 = 0,

or pl3+023 = 1, all of which are uninteresting cases.
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to be exact for a3 = al = Gy v we see that (2.5-12)

constitutes a lower bound to the waiting time at node N

3"
In a similar manner, one could now proceed and show
oy
that for any point in the region ay > 12 , Rubin's method
a+a,

will always yield a lower value of waiting time at N, than
would be obtained using Theorem 2.5-1. Finally, though
proven only for cases where the method of Theorem 2.5-1
yields exact results, one can state that, whereas Theorem
2.5~1 has been proven to yield an upper bound approximation
to the waiting time at node N3 , Rubin's method will yield
a lower bound approximation.

Having established the relaticnship among the approxi-
mation metheds of Theorem 2.5-1, the independence assumption,
and that of Rubin, we shall proceed to compare results
obtained from these various methods to results obtained via
a computer simulation of the network of Figure 2.5-1. 1In
each simulation run, we assumed that the two external inputs
are Poisson in nature with a fixed mean packet arrival rate

of A, and Az respectively, and that the service time at

1

nodes Nl and N, were fixed at ®q and a5 respectively. We then

had the simulation program obtain a plot of the mean steady-

state waiting time on an arbitrary packet at node N, as a

3
function of the service time at node N3 ; namely, Oqy- The

results of simulation runs for various wvalues of A, , A

1 2!

ay and ¢, are shown in the graphs of Figures 2.5-2

through 2.5-10. On each of these graphs we have plotted the

simulation results along with the results that would be
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obtained by each of the three approximation methods
mentioned previously. From these graphs, it is clear that
results obtained using the independence assumption are

a loose upper bound to actual values. Furthermore, Rubin's
method seems to yield a rather loose lower bound for the
case considered. Finally, results obtained using the
method introduced by Theorem 2.5-1 tend to be a tight
upper bound approximation to actual values. We mention
that all of these results were expected as described
above,

Finally, before concluding the case under considera-
tion, we mention that, once again, although we have proven
Theorem 2.5-1 for networks with only two external inputs,
it may easily be extended to networks with an arbitrary
number of external inputs; such as, the network of Figure
2.5-11. In doing so, Theorem 2.5-1 would be rewritten to
state that for external inputs following any general
probability distribution, Mep1 > (ml//uz//...//ak) and
Opep € @4 for at least one value of i, 1 = 1'2"'{'k'
the mean steady-state waiting time on an arbitrary class

packet at node N +1 of Figure 2.5-11 can be upper bounded

k
by considering a network with Gy T Oy for each oy > R

aso
“33%
%1%
We now return to the network of Figure 2.5-1 and
Qg0
172
3 al+a2
earlier, the case of ay < (al//az) has the interesting

Case 2. v .o 0y < (0 //0,)

analyze the situation when a, < As mentioned
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characteristic that the total number of packets on gqueue
at node N3 may never exceed one; thus, the absolute total
waiting time on any packet may never exceed ay sec. We
shall now state this result as a theorem and proceed to

prove it.

Theorem 2.5-2:

O, 0
For the case oq < 12 , the total number of packets

on queue at node N, may never exceed one.

Proof: We shall prove our theorem by an analysis of

the worst possible case which is seen to cccur when one

o, 0
sets u3 = a—%ag . That this is the worst case is clear
1 72 a,a
because ay = L 2 will allow for the shortest possible
al+a2

interarrival time between packets of a single class at

node N_ , thus, causing the greatest possibility of the

3
queue length growing in size.
“1%2
When o, = , we may write that
3 al+a2

@y = ka3 ' 1< k< 2 (2.5-14a)
This implies that
ka3
(12 = m (2.5"'1413)

(We note that we could have selected k > 2; however, this
would imply 1 < == < 2.)
k=1 —
We now proceed to construct an arrival pattern at node

N3 where we shall assume that the arrival pattern was begun
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by the arrival of both a class 1 and a class 2 packet at
approximately the exact same time. Furthermore, for the
worst case analysis, we shall assume that class 1 packets
are arriving regularly at intervals of @, secs. and
class 2 packets are doing similarly at intervals of a,
secs. Thus, with

(m)

tij & the arrival time at node m of the jth class 1 packet,

we may write

(3) _
tll = 0
(3) _
(2.5-15a)
(3) _
t13 = 2kc¢3
(3) * .
and
(3) _
t21 = 0
L3 _ K%
22 k=1 (2.5-15b)
23 k-1
. ka
(3) = _ 3
t2n = (n-1) =T
where we have assumed that the arrivals at node N., commence

3
at time t = 0,



Using the limits

obtain

20

(3-1)a,

and

20

4da

2(n—1)cx3
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of k, we

(3)
€11

o

| A

(3)

< %3

| A

L]
-

(3)
tlj

A
A

{3) _
€

(3)
< ta2

< t53 <

L3

< 2n

may rewrite (2.5-15) and

20

4q

2(3-1)a,

(2.5-16a)

(2.5-16b)

Using the notation of Section 2.2 one may now preceed

to use (2.5-15) and (2.5-16) and find (see Appendix A) the

arrival time at N3 of the ith arbitrary class packet which
is given by
T, =0
T, =0
ay < Té < 20, (2.5-17)
205 < T, < 30,
3u, € Tg < 4oy

<

(n-l)a3
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Furthermore, with respect to departure times from node N3,

one may use (2.5-17) and calculate

Dy = 24
]
D2 = 2a3
' ——
D3 = 3a3
(2.5-18)
' —
D4 = 4a3
D5 = 5u3
Dn = na3

Thus, from (2.5-17) and (2.5-18) we can conclude that

T .5 > D} (2.5-19)

which proves our theorem. Q.E.D.

Having proven Theorem 2.5-2, we can immediately state

the fcllowing corollary.

Corollary 2.5-1

Qg0
For the case ay g 12 , the waiting time on any packet
- a;to,
at node N3 of Figure 2.5-1 may never exceed ¢, Sec.;
that is,
| w3 <o . (2.5-20)

Thus (2.5-20) may serve as an upper bound on any results
vyl
172

. : 1 < —_—
we obtain in the region o5 < a *a,
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We now make the observation that if ag < % min(a,,a,},

then the maximum length of a busy period at node N3 is
clearly two. This is true since it is clear that node N3
will be simultaneously occupied by at most one class 1

and one class 2 packet. Thus, we shall subdivide our

discussion of case 2 into two subcases.

. 1 .
Subgcase 2.1: aq < 5 mln(al,az)

For the subcase aq < % min(al,az), we have been success-
ful 1in obtaining exact results for the mean steady-state

waiting time on a packet at N3.

Theorem 2.5-3:

For the subcase o, < % min(aj,a,), the mean steady-
state waiting time on an arbitrary class packet at node N3

of Figure 2.5-1 is given by

- Pqab
F(3) _ P13f23

A1+R2

(2.5-21)

and is valid for external inputs following any general

probability distribution.

Proof: Since the distributions of the class 1 and class 2
external inputs are assumed independent from each other,
class 1 packets will arrive at node N, in an independent
manner from the arrival pattern of the class 2 packets and
vice versa. Furthermore, since, as we have stated above,

a busy period at N, can never exceed a length of two, we

3
may write that
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=(3) _ (3) . . .
Wiy = E{W(l) | a class 1 arrival finds N, busy with a

class 2 packet}

-P{a class 1 arrival finds N, busy with a

class 2 packet} (2.5=22a)
and
=(3) _ [ (3) : . .
w5 lW(Z) | a class 2 arrival finds N, busy with a

class 1 packet}
-P{a class 2 arrival finds N3 busy with a

class 1 packet} (2.5~-22b)

Furthermore, since the class 1 and class 2 packets arrive

at N, independently of each other, it is clear that a

3

packet that arrives at N, and finds it busy has a waiting

3
time that is uniformly distributed between zero and Gge

Thus,

(3) . : . 1 _ %3
E\W (1) | a class i arrival finds N, busyJ = -5 (2.5-23)
Also, from general gqueueing theory and the fact that N3 is

occupied with no more than a single packet from a given class

we have

P{a class i arrival finds N, busy with a class j packet}

053+ i=1,2; 3=1,2; i # 3 (2.5-24)

Consequently, if we substitute (2.5-23) and (2.5-24) into

(2.5-22}, we find
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-(3) _ P23%3
W(l) = 5 (2.5-25a)
and
-(3) _ P13%3 _
W(2) = 5 (2.5-25Db)
. : =(3)
Finally, we can find W to be
7(3) _ ng; Pia packet is class l} + ﬁég; P{a packet
is class 2}
) _ (2.5-26)
_Pa3%3 (M ] , P13%3 l ‘2 J
2 A1+A2 2 A1+l2
_ P13P23
A1+A2
thus proving our theorem. Q.E.D.
We now introduce the following gquantities.
Péj) £ the probability that node j contains k packets
(both on gueue and in the server) , k=0,1,...
ﬁ(j) 4 the mean steady-state number of arbitrary class
» m »
packets at node j; that is, 73 2 ) ok Péj) .
k=0
ﬁéj) 4 the mean steady-state number of arbitrary class
packets waiting on queue at node j; that is,
(1) - 7 (3) _ 5 _ .
Nq = kzl k Ppy; =N Py where Py is the
utilization factor of node 3.
_(3) :
Nq(i)= the mean steady-state number of class i packets
waiting on gqueue at node j.
T(J) 4 the total mean steady-state system time (queueing

plus serivce) on an arbitrary class packet at node
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that is, 703 - 5430 4 oy

From (2.5-21) we see that

- Py 4P
7(3) 13723

= —Tzixz + Gy {2.5-27)
If we now apply Little's formula [14] to (2.5-21)
and (2.5-27) we find
53 = oy 793 = 0 50,, (2.5-28)
and
83 = ey T - (2.5-29)

P13023% (Py3+Py3)

Furthermore, from Theorem 2.5-2, it is clear that at any

random point in time, node N, has either zero, one, or two

3
packets in its facility, thus, we need only find Pé3), P{B)
and Pé3). To calculate these gquantities we need only apply
the definitions of ﬁé3’ , §¢3) and the fact that
3
! P_=1. Doing this we find
k=0
(3) _ z(3) _ -
(3) ={(3) _ (3 _ -
Pl = N 2P2 = pl3+ Pa3™ P13P23 (2.5-30b)
(3) _ pl3) _ S5(3) _ _ _ -

Thus, we have obtained the exact steady-state distribution

of the number of packets at node N3.
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As a final point of interest, using (2.5-25) and

Little's formula, we find

(3) P40
- _ =(3) _ 713723 _
Nq(l) = AlW(l) = (2.5-31la)
and
(3) PqaP (3)
= _ =(3) _ M13"23 _ = -
Nq(2) = A2W(2) = s = Nq(l) (2.5-31b)

This is a rather surprising, however, intuitive result.

At this point, it is of interest to see how the results
just derived for a network of two external inputs can be
applied to yield an exact result in a network which has
three external input streams. Such a network is depicted
by Figure 2.5-12,

In Figure 2.5-12 we have three independent external
inputs whose packet streams are merged at node N4 after
each packet has received some processing at an earlier ncde.
If we assume o, < % min(a,,a,,05), it is ‘clear and easily
proven, as was done above for two external inputs, that node
N4 will at no time be occupied by more than a single packet
from each input class, thus, limiting the maximum number
of packets that may be present at N4 to three. Furthermore,
since a given class of packets arrive at N, independently
of the arrival of packets from the other two packet streams,
it is clear that a packet arriving at N4 sees a network

consisting of the other two packet streams whose state

probabilities at node N, are of the form given by (2.5-30).



In addition, since a packet from a given class arrives at
a random point in time with respect to the other two
classes, a packet arriving to find N4 occupied by a
single packet will have a waiting time uniformly
distributed between zero and a, sec., while a packet
arriving and finding N4 occupied with two packets will
have its waiting time uniformly distributed between Gy

and 2a4 sec. Thus, using these facts one may write

wl4) - E{ng; | a class 1 packet arrives at N, and (2.5-32)
finds N, busy with one packet}

-P{a class 1 packet arrives at N4 and finds

Ny busy with one packet}

+E{W§§;|a class 1 packet arrives at N, and

finds N4 busy with two packets}

'P{a class 1 packet arrives at N4 and finds

N4 busy with two packets}

Then, using the results of (2.5-30) and the fact of
uniform distributions on the waiting time of an arriving

packet, we find

— (4)
W1

oy (3(14
l‘?J[°24+p34‘°24°34] * [‘7“](924934)
" (2.5-33a)

4
(924+°34)[‘§] T P24P34%

In a similar manner one calculates that
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=(4) - (14 ( 4
Wiy = {'f][°14+°34'°14p34 [“7—](014034) (2.5-33b)

o
4
(914+p34)['5J * P14P34%

[___e

- (4) ro
2 ] (p14P24)

(3) = t_z} [pl4+p24-pl4024 (2.5-33c)

s ]
4
(914+pz4][‘§] T P14P24%y -

Then, using (2.5-33), one can determine to mean steady-
state waiting time on an arbitrary class packet at node N4

and find

=(4) ~(4
W Wy

Il e~

; P{a packet is class i} (2.5-34)
i=1

1

(P14P24%P14P34%P24P34 * 3°14”24°34J[XI$X5$T;J°

Finally, applying Little's theorem to (2.5-34) yields

=(4) _ )
Ny ' = P14Ppq + P14P3q * PogP3y + 3P14P54P3, - (2.5-35)

At this point, we mention that we as yet have been unable
to mathematically extend the results just derived to
networks with more than three external inputs. We do,
however, have some conjectures as to what these extensions
may be. These conjectures have been included in Appendix B

for the interested reader.
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< alaz

We now return to Figure 2.5-1 and undertake the

. 1 .
Subcase 2.2: 5 mln(al,az) < o

analysis of our final subcase; that is, when % min(ul,az)

o, 0
< ag < _12 . The difficulty in analyzing this subcase
= 2 Tty

occurs because, though Theorem 2.5-2 still applies, it is
possible for node N3 to be concurrently occupied by two
packets from the same class. Thus, we must use a technigue
different from the one used for subcase 2.1.

As yet, we have been unable to obtain either exact
results or even a good upper bound approximation method
that is valid for the entire region under discussion.

The reason for this will become apparent in the ensuing
paragraphs. We have, however, been successful in deriving
exact results for certain special cases that exist in the
region of interest.

We begin by stating the following theorem.

Theorem 2.5-4

For the network of Figure 2.5-1, the mean steady-state

waiting time on an arbitrary class packet at node N3 ., when

23 min{a,,a,) < o, < o172 ; 0, = ko k=1,2,3 :
2 1720 = 73 = agta, 12 1 rerSee et
_ 1 . ) .
Al = —EI ; and Az < —&; ; is given by
= (3) P13P23 (T . . +)
W = =222 [ 7 [Ja, - (j-1)a,] . (2.5-36)
P13+P23 [j=1 3 1!

In addition, the mean steady-state waiting time at N3 on

a packet from a specific class is
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= (3 P23 v . _

ng; = 2 023[,2 [3ag = (3-1)aql” (2.5-37a)
and

- Pq

WS; - 432 | (2.5-37b)

Proof: Before beginning our derivation of Theorem 2.5-4,
we note that our choice of a, = kal instead of @, = kaz,
is of course totally arbitrary and that a similar theorem
could be stated for @, = kaz by simply interchanging
subscripts 1 and 2 each time they appear in the above

theorem.

We now begin our derivation of Theorem 2.5-4 by

o, 0
analyzing the special case when a, = Zal y O3 = 2 1a2 y
1" 72
Al - L , and A, = 1 . We note that, for the values
oy 2 a,

just chosen, we have P11 = Ppy = 1l which would indeed
cause an infinite queue length to occur in steady-state

at nodes Nl and N2. However, as proven above, the total

number of packets at N3 will never exceed two as long as
Vv
172

%3 < 0. +0Q
1 72

in the steady-state, it sees a continuous stream of class 1

Consequently, as far as node N3 is concerned,

and class 2 packets arriving where the class 1 arrivals are
uniformly spaced by a; sec. and the class 2 packets are
‘"uniformly spaced by o, sec.,

Let us suppose that the class 1 stream arrives at

node N, , in the steady-state, at times

3
to + jal ’ j=0'1’2'--. . (2.5-38)

The class 2 arrivals, on the other hand, are assumed to
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arrive at times

t' + ka k=0,1,2,... (2.5-39)

2 r

It should be obvious that we lose no generality by

limiting t' to be in the region

] -
t0 < t' < t0+a1 (2.5-40)
Furthermore, by using the relations Uy = Zal and
a0
_ 172 .
@y = T 3o r we would find
1 72
.3
a, = 35 oq (2.5-41a)
and
a, =3 o, (2.5-41b)

which leads directly to the conclusion that the busy
period at node N3 will be of length three, consisting of two
class 1 packets and a single class 2 packet.

For t, < t' < t,+o it should be obvious that,

0 0 "3’
a busy period at node N3 will consist of the packets arriv-

ing at times tO’ t', and t0+al. The waiting time on the

class 1 packet arriving at time t. , W , 1s clearly zero.
p g 0 Y

t
0
On the class 2 packet arriving at t', the waiting time

will be

Wee = to+ o= t! (2.5-42a)

t! 0
Substituting the limits on t', we find

(2.5-42b)

Furthermore, since the class 2 packets arrive at N3
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independently of the class 1 packets, W, , must be uniformly
distributed, thus,
- Qq

Wt' = —5 (2.5-43)

Finally, for the class 1 packet arriving at t0+al the

waiting time is

Wt0+a1 = (t0+2a3) (t0+al) = 2a3 -y (2.5-44)
Thus, the mean waiting time on a class 1 packet is
20,-¢
= _ 1 _ 3 71 -
Welass 17 2 [Wt0+wt0+al] =T (2.5-43)

Suppose now that t0+a3 < t' < tyta; . In this case
the busy period will consist of packets arriving at t',

to-i-ocl , and t0+2al. Clearly, the class 2 packet arriving

at t' has no waiting time, thus,

W =W =0 (2.5-46)

For the class 1 packets arriving at t0+al and t0+2al '

we may write

Wto+“1 = (t'+ajz) - (t5+ ay) (2.5-47a)

Wt +2“1= (t'+2a3) (2.5-47b)

(t.+20
0 0

l)
Substituting the limits on t' we find

2a,-a, < W (2.5-48a)

371
0 = 3a3—2a1 < W < 2u3—al (2.5-48Db)
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Once again, this waiting time must be uniformly

distributed; thus,

3a.,.-0
= 371
W P R AL (2.5—49a)
t0+a1 2
Sa.-3¢
= 3 1l
W (2.5-49b)
t0+2al 2
and
- 1 (= -
W == (W + W (2.5-50)
class 1 2 [ ty+a, tot2o,
= 2a3-al.

At this point, we are ready to calculate the mean
steady-state waiting time on a packet for each of the two
specific packet classes. For the class 2 stream, the

mean waiting time is given by

=(3) _ ] -
W = E{Wt,|t0<t'it0+a3} P{t0<t'<t0+a3f (2.5-51)

0 3— 0

B - mis

Slew

Py3%3
2

For the class 1 packets, we have

! t 1
+E{wt]t0+a31t <t +al} P{t +a <t'<t +al}

=(3) _ - : -
Wiy oS E{Wclass 1|t0<t'<t0+a3} P{t0<t it0+a3}. (2.5-52)

\

] |}
+E{Wclass 118otesst <to*“l} P{to”"‘ﬁ-t Stgtey g



i

3
(203-01)py3 + (203- 5 a3)eys

4 [s)
_ Pp3y
= =5+ py3{2uy-a,y)

Thus, on comparing (2.5-51) and (2.5-52) with (2.5-37),

we have proven the validity of (2.5-37) for a, = Zul '

(o e
4, = —=2 and A, = 1/a,. Clearly. (2.5-36) follows using
3 al+a2 2 2
=(3)

the definition of W

Let us now relax the condition on dq and allow

%0

L2 Once again, the packets will
%1+e;
arrive at node N3 according to (2.5-38) and (2.5-39}).

1.
5 mln(ul,az) < ey <

Clearly, on the class 2 packets, the analysis that led to
(2.5-43) and (2.5-46) is still wvalid, thus, yielding a mean
waiting time, ﬁgg; , given by (2.5-51). Turning to the
class 1 packets, we note that, for to < t! i_t0+a3 ’
(2.5-44) and (2.5-45) are still valid. However, the region
t0+°‘3

regions.

< t! <.a; must now be subdivided into two separate

For the region ty+a, < t' < tyt(2¢,-2a,), we find a
busy periocd consisting of two packets arriving at t' and

tL+o which, on the class 1 packets, yield waiting times

0
of

1
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W =0 (2.5~53a)

< Wt0+al < ag-ty (2.5-53b)

The mean waiting times are then found to be

W = 0 (2.5-54a)
t
0

- Ct3

W = 2 (2.5-54b)
t0+al 2

and ; a3
Welass 1 = 4 (2.5-34c)

On the other hand, for the region t0+(2al-2a3) < t!

< t,ta, , the busy period consists of packets arriving at

0 71

t', tyta and t0+2al. In this case, the waiting times on

1
the class 1 packets are found to be

a0y < W, < 0, (2.5-55a)
0 71
0 < Wy 404 % 205-04 (2.5=-55b)
0 1
which will yield mean values of
- @y
W = —= (2.5-56a)
t0+al 2
_ 2a3-al
Wto+2al= — 5 (2.5-56Db)
and
- G4
Welass 1~ 2 (2.5-56¢)

Consequently, using (2.5-45), (2.5-54c) and (2.5-56c¢)
we calculate the mean steady-state waiting time on a class 1

packet to be
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=

=
g

= E{Wclass l]t0<t'it0+a3} P{t0<t'it0+a3} (2.5-57)

+E{Wclass l|t0+a3it'it0+(2al-2a3)}
p{t0+a3§t'it0+(2al-2a3)}

+E{Wclass 1ltgt(20y-2a )<t <t +ay }

- 1
P{t0+(2al 2a4)<t <t tay }

r2a3—al CF +ra3\(2a1-3a3 o 39 2a3—al
—_— —_ | ——_—] + —_—
\O‘l l 4) l 0"1 TJ O"l

.

=’2a3‘“1] p13] . fg‘[2911"3913J N [ig][2913‘°11]
P11 4 P11 2 P11

= 7t pp3l2egTey)

where we have used the substitutions Pyy = 1l and P13~ 2p23.
Hence, we have extended our proof to allow for

.0
1. 192
7 min(a;,a,) < ay < CRETA

We are now in a position to relax the condition A2= é—

2
and allow for A, < %—. To show that this extension is
2
valid we begin by noting that, since Al = é—, equation
1
(2.5-38) is still valid for class 1 arrivals at node Nj-

The class 2 packets, however, no longer arrive at N3
according to (2.5-39). ©Nonetheless, it is critical to note
that each arriving class 2 packet sees node N3 in the same
random manner as when Az = %;. This is true since no busy
period can have more than one class 2 packet. Consequently,
it is clear that the mean waiting time on a class 2 packet

is given by (2.5-37a) or (2.5-51). As for the class 1 packets,
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they too see a similar network; as when Az = %; , each
time the busy period has a length greater than one. The
only difference is that when Az < %; , the number of such
busy period decreases in a linear manner with kz. Thus,
we conclude that the mean waiting time on a class 1 packet
will decrease linearly with decreasing Az. On analysis of
{2.5-37a), (or (2.5-52) or (2.5-57)), we see that this is
indeed the case for the equation of ﬁgi; given.

Hence we have proven the validity of Theorem 2.5-4
for the case G, = Zal.

We now turn to the case Gy = 3a1 and will prove the

validity of (2.5-36) and (2.5-37) for the special case

“1%2 1
Uy = 35— and A, = —, The steps involved in the proof
al+a2 2 a,

are essentially the same as for e, = 2al; thus, we shall
proceed through the derivation rather quickly.

Clearly, egquation (2.5-38), (2.5-39) and (2.5-40)
still apply for the arrival times at N3. For o, = 3al '

{2.5-41) becomes

_ 4
al = 3 O, (2.5-58a)

(2.5~58hb)

i
-
R

w

3
On simple analysis, it is seen that we now have busy
periods of length four, consisting of three class 1 packets
and a single class 2 packet. Once again, we must consider
two subregions for t'. For ty < t' < ty+tey , we have a

busy period consisting of packets arriving at tor t', to+al,
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and t,+2a,. The waiting time on these packets are found

0 1
to be limited to

W = 0
o
0 < Wt' < O
W = 2a.-0
t0+al 371
W = 3a,=20
t0+2a1 3 1

a
7 = 3
Wer = 2
- ) 2a3-al N 3a3—2a1
class 1 3 3
1
For t0+a3i t'< t0+al ‘

packets arriving at t', t0+al, t0+2al , and t

the waiting times are now calculated as

3a3—2u1 <

0 = 4a3-3al < Wt0+3a1 < 3a3-2a1

As for the mean values, we obtain

- 1
W —— s ety
t0+al 2

i

{(2.5-59a)
(2.5-59hb)
(2.5-59¢)

(2.5-594)

(2.5-60a)

(2.5-60Db)

we have a busy period consisting of

+3a1. Thus,

(2.5-61a)

(2.5-61b)

(2.5-61lc)

(2.5-614)

(2.5-62a)

(2.5-62b)

(2.5-62¢)
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which leads to

_ 15a3-90tl 503—3al

Welass 1 ° 6 R (2.5-63)

Finally, proceeding as in (2.5~51) and (2.5-52), we find

~(3) _ [“3][“3] %1%,
W(Z) = |7 EI + (0) 3 (2.5-64a)
1
_ [“_3_‘ {"1_3]
G
_ P13%3
- 2
and
203) _ {2a3—a1 . 3a3-2a%J Eé] . [ 5a3-3a1][al-a3
(1) 3 3 ey 2 ay
205~y 30420 S5a4-3c;)
= |__"3_ +—3—|{py3) * (—T_J(l"pm)
5a3-4a3
= [(203‘G1)+(3a3-2a1)1023+ [ p) ](023)
_ Pe3ts [(20.-0,) + (3a.-20.)] (2.5-64b)
= 7] Pazliety™®y G374% :

which are the relations we were seeking.
At this point, we could relax the restriction on Oy
“19%2 1

¢ =——— and A, < =,
3 - al+a2 2 — s

and A, and allow % min (o) ,0,) < o
The proofs involved parallel those above for ay= 2al and
are, therefore, omitted at this time. With these relaxa-
tions, we have proven Theorem 2.5-4 for Ay = 3al.

To complete the proof of the theorem, we assume that
Theorem 2.5-4 is valid for a, = kul . kK an integer and show

that this implies validity for a, = (k+l)al. Proceeding
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as was done for k = 2 and 3, we would find in a direct

= (3) . P13%3
manner that W(Z) remains equal to 5 and that the

extra mean delay experienced by a class 1 packet by having

0, = (k+l)al would be

={3) +

(W(l))extra (2.5-65}

= p23[(k+l)a3-kal]

which would prove our theorem by induction. Q.E.D.

As yet, we have been unable to remove the restriction
in Theorem 2.5-4 that Al be equal to l/al. We believe that
unlike Theorem 2.5-4 which has been shown true for external
inputs following any general probability distribution, if
we allow A, < l/al » exact results for the mean packet
waiting time at node N3 of Figure 2.5-1 would depend on the
probability distribution of the input streams.

Before leaviﬁg this section, we would like to make a
conjectﬁre on the mean packet waiting time at node Ny for

a situation where a, is not an integer multiple of a -

Conjecture 2.5-1, For the network of Figure 2.5-1, the
steady-state mean waiting time on a specific class packet,
a,a
- 12 - = -
when ay = EIIEE ' Al = l/al ' Az = l/a2 and a, = (kl/kz)al
where kl and k2 are integers is given by
k,-1 .
1 ~ JO; - )
=(3) _ Pa3%3  Pr3 [ 1 .
W = + ) a, - jo (2.5~66a)
(1) 2 k2 j=1 Gy 3 1l |
k,-1 .
2 ~ Jo., -
=(3) _ P13%3 P13 ([ 3% :
W = + ) a4, - jo (2.5-66b)
(2) 3 SN =, 1%s 2 |
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where rx1 g the least integer greater than or equal to x.
Furthermore, the mean steady-state waiting time on an

arbitrary class packet is given by

171 - ja
=(3) 1 1 .
W = PyaPoq 0t T ) F————%a -ja ]
13 23L_3 k2 =1 l aq 3 1
1 kf—l[ na, ]—
+ = ¢, = na (2.5-€7)
k1 n=1 [ °‘3Al 3 2

The conjecture was obtained by deriving the exact results for

various specified values of kl and kz; for example,

- 3 _ 5 _ 4
Gy = 5 Q&) 4 Gy = F &y and o, = T o - The procedure used

is similar to that used in deriving Theorem 2.5-4 and dces
yield exact results for any specific values of kl and k2
tried. To briefly outline the procedure one would use,

we begin by noting that (2.5-38) and (2.5-39) are still

applicable for the arrival times at N3. Equation (2.5-41)

k1+k2
can be generalized to a; = T Uy v i=1,2. On careful
i

analysis, one finds that each busy period at N3 will consist

of kl class 1 and k2 class 2 packets. Finally, the two

regions that must be considered are t0 < t' < t0+a3/k2

and t0+a3/k2 < t' < t0+a1/k2. To complete the procedure,

one would then derive equations of the form (2.5-42)-(2.5-57).
We believe (2.5-66) and (2.5-67) to be exact results.

We further believe that we may drop the restriction on «a

%1%
and allow for Ggq < —=
- a1+a2

3

. However, we have as yet not
proven these results true for random kl and k2 and,

therefore, have the results as a conjecture.
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Finally, in Figure 2.5-13, we have plotted V_\T(B)/a3
vs. az/al using (2.5~67). The graph clearly indicates
some very nonintuitive results. The waiting time ﬁ(3)
is seen to decrease between the points where 0n is an
integer multiple of ay - However, as az/al goes to infinity,

we see that 73

approaches a3/2 asymptotically. Thus,
Figure 2.5-13 clearly exhibits the inherent difficulties

in obtaining exact results in the region considered.



-88-

2.6 Message Switching Networks

Until this point we have limited our discussion to
packet switching networks where the length of all messages
entering the network was fixed at a single packet. In this
section, we relax this restriction and allow variable
length messages; that is, we allow each message entering
the network to consist of a random number of fixed length
packets where this random number is said to follow any
general probability distribution. We shall refer to a
message as having arrived at a given node as soon as the
first packet of the message has arrived at that node. On
the other hand, we shall refer to a message as having
departed from a given node of a network only after the last
packet of the message has completely left the given node.
We shall assume that the server, located at a given node,
may begin processing a message as soon as its first packet
has arrived at that node. We refer to this type of network
as a message switching network in the sense that once a
server has begun processing the first packet of a message,
it shall remain dedicated to that message and shall process
all packets belonging to that message before being allowed
to begin service on another message that may have already
arrived and is waiting in the nodes buffer. Finally, as
done previously, we assume that each node of a network has
infinite storage capability and will service messages

according to a first-come first-served queueing discipline.
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We now return to the networks of Figures 2.2-1 and
2.2-2 and prove that all the theorems and corollaries
derived in Section 2.2 for the packet switching networks
may be extended and applied to message switching networks.

Before beginning our derivations, we redefine all the
notation presented in earlier sections to refer to

messages instead of packets; for example,

ti 4 the arrival time of the ith arbitrary class
message into the network,
Mj = the number of messages serviced at node N of

Figure 2.2-1 during its jth busy period,

and so forth. The only exception is the service time at
a node, o oOr oy . which is still in terms of time to
service a packet. In addition, we introduce the following

two quantities:

i

the length, in packets, of the message
that initially entered the network at time ti

g the length, in packets, of the ith message

o
il

to arrive at node N3 of Figure 2.2-2

-]
lie»

EfLi} = E{Li}.

Theorem 2.6-1.

The number of messages serviced at node N of Figure

h

2.2-]1 during its jt busy period equals the number of

messages serviced at node N_ of Figure 2.2-2 during its jth

3
busy period; that is,
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(3) .
. = M. =1,2,3,... . 2.6-
MJ 3 e J ( 1)

Proof: Once again, we begin by looking at the first
busy periocd at node N of Figure 2.2-1. We observe that
in order to have a busy period of length Ml , the message

arrival times must be

tl = tl (2.6-2)
] € ty € £1+La
ty, < £y ¢ t1+(L1+L2)u
M%-l
t < &, < t.+ L.a
M
Then, since it will take ] L;a seconds to service
i=1

these Ml messages, the busy period will be broken by

the arrival time of the (M.L+l)St message at
My

+ Z L;a (2.6-3)
i=1

t > t

Ml+1 1

Continuing as before, we find that for Figure 2.2-2

t, = t+o (2.6-4)

l/\

tl+(Ll+l)a

A =

L]
£,40 < £q € £+ (Ly+Ly+l)a
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Furthermore, from (2.6-4), one can calculate that

T, =t +a (2.6-5)
T, < ty+ (Ly+l)a

T3 < ty+ (Ly+L+l)a

T, .< t, + M%-lL.a +

Ml - 1 j=1 1

Té1+l > £ +{ izi Lla] + a

We now examine the departure times of messages from

node N3 of Figure 2.2-2, To begin,

D, = Ti+Lla = tl+Lia+a (2.6-6)
We now have two possibilities, Li =1L, or Li # L.
If L]'_ = Ll then

Di = t+(Ly+lla > T, (2.6=7)
On the other hand, if Li # L1 then we have that

B, > t; + 2 (2.6-8)
from which we can state that

Dy >t = T, (2.6-9)

Thus, in either case, Li = Ll or Li # Ll , we have insured
1 ]
T, < Dy

least for a second message.

which insures that the busy period will last at
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Having established that the busy period will last for
at least two messages, we may write
] L ]
D2 = t1+(Ll+L2)a + o (2.6-10)

We now test all possibilities on Li and Lé and show that

the busy period extends for at least three messages.

If Li = L, and L; = L, , then

Dy = t;+(L+L+1l)a > T, (2.6-11)
If Li = L, and L, # L, , then

Dy > t; + Lyja + 20 (2.6-12)
and

Té i.té < ty+(Lytl)a < Dé (2.6-13)
If Li # L, and Li = L, , this implies Lé = L, and (2.6-11)

is applicable. Finally, if Li # L1 and Lé # L, » this

implies Lé = L, and this time (2.6-12) and (2.6-13) are

1
seen to apply. Thus, for all cases, we have T < Dé ’
implying that the busy period at N3 will contine for at
least another message.

We now assume that the busy period has lasted for Ml—l

messages; that 1is,

' .
Ti"‘l <_ Di r l=l'2,ooa'Ml’-2 (2.6-14)

and show that this implies that the busy period must last
for another message; that is,

(2.6-15)
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¥

. L} . -
Furthermore, since tMl+l > ti , 1 = 1,2,...,Ml , we can
write that
D! . o= t, + ?1 L.a + a - L'a (2.6-16)
M,-1 " "1 NP | M :
1 i=1 1

where Lé is equal to the length of that message that
1
has yet to be processed at N3. In addition, we can say

' = ¢! (2.6-17a)
and

[
f
e

. , J=2o0or 3 or 4 or ... or M
1 ) 1
(2.6-17h)

Finally, using (2.6-4) and (2.6-16) we see that for any

value of j, we must have Tﬁ < D&
17 17
seeking. Thus, we conclude that the busy period must last

1 which is what we were

for at least Ml messages. Furthermore, from (2.6-16) and
(2.6-15) we have
M1
Dy = t; * J* L.a + a (2.6-18)
i=1 1

Thus, we have
T > D (2.6-19)

causing the busy period to end after exactly M, messages.
Consequently, we have shown Ml = M{B). Furthermore, by
simple induction, this result extends to all subsequent

busy periods, thus, proving our theorem. Q.E.D.

As was the case with Theorem 2.2~1, Theorem 2.6-1

can be used to derive the following three corollaries.
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Corollary 2.6-1. The probability distributions of the

number of messages serviced during a busy period at nodes N
of Figure 2.2-1 and N3 of Figure 2.2-2 are identical;

that is,

P(M,=m} = P{M:§3)=m} . m=l,2,... (2.6=-20)

th idle period at

h

Corollary 2.6-2. The duration of the j

node N of Figure 2.2-6 equals the duration of the jt idle

period at node N, of Figure 2.2-2; that is,

3

1, = 13

. o o4=1,2,... 2.6-21
i j J ( )

Corollary 2.6-3. The probability distributions of the dura-
h

tion of the jt idle period at nodes N and N, are identical;

3
that is,

P{IéB)gx} , x>0 . (2.6-22)

P{Ijix}

The derivation of these corollaries parallel those
of Corollaries 2.2-1, 2.2~2, and 2.2-3 and are, therefore,
omitted at this time.

We now proceed, as was done in the packet switching case,
to derive a theorem concerning the message waiting time
in the networks considered. For a message, the waiting time
it experiences will be considered to be the time that the
first packet of a given message must wait on queue. The
delay on succeeding packets of a given message are, in a
message switching system, easily calculated from this quan-

tity.
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Theorem 2.6-2

For the jth busy periods of nodes N and N3 , the
mean total waiting time experienced by the Mj messages in
the network of Figure 2,2-1 equals the mean total waiting
time experienced by the Mé3) messages over the entire

network of Figure 2.2-2.

Proof: The derivation parallels that of Theorem 2.2-2.
Once again, we begin by calculating the total waiting

th busy period

experienced by the Mj messages of the j
at node N of Figure 2.2-1.
For message switching networks, equation (2.2-11)

may be rewritten as

W, = 0 (2.6-23)
W

]

ol

For a busy period of length Mj ; (2.6-23) yields

Wl = Q (2.6-28)
Wy = ty=ty+La
Wy = ty=ty+ (L +L,) a
: M--l
W = t,-t. + L.c

Hence, the mean total waiting time in the busy period is

- Mj Mj M(M."'l) -
Piotal = E{izl Wi} = Myt - izl t, + -L—d— Ta (2.6-25)



-96-

We will now prove our theorem using mathematical induction.

For the case Mj = M§3) = 1, it is clear that the total

waiting time, in both networks, is identically zero. We
now assume that (2.6-25) is true for both networks for

M. = M(B) < m. We will show that this assumption implies

3 3
that, for Mj = M§3)

experienced in each of the two networks by these m+l

= m+l, the mean total waiting time

messages will still be the same.
For Figure 2.2-1, the extra waiting time introduced
by having Mj equal to m+l instead of m, is seen, from

(2.6-24), to be

(w ) =W

m
Fig.2.2-1 ) L.a  (2.6-26a)

extra 17

and

(W ) E{wm+l} = t;-t +m L o (2.6-26b)

extra’'Fig.2.2~1 = m+1

We now turn to Figure 2.2-2 where we again assume that
this (m-l-l)St message, arriving at time tm+l , enters the

network at node Nl' This message will then arrive at node

N3 at time

' _ (1) _
tm+l = tm+l + Wk + o (2.6-27)

h

where we have assumed the message to be the kt » 1 < k £ m+l,

to arrive at Nl. At node N3 , we can write (similar to

(2.6-23), that

(3) _
W, =0
(3) — (3) ' ' ' + .
Wepp = [Wo77+L, (T, =T 1, i=1,2,...

(2.6-28a)
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For a busy period of length m+l, (2.6-28a) yields

w3 =0 (2.6-28b)
(3) _ _ 1 '
W2 = Tl T2 + Lla
(3) ! _ ' ] ]
W3 = Tl T3 + (L1+L2)a
y -1
(3) _ L 1 m )
wotl= T - Tt 1 Lia
i=1
(3) _ v ' '
Wl = Tp = Tpep + L Dy
i=1
We now take the expected values in (2.6-28b), and we
obtain
Al =0 (2.6-29)
_(3) _ ] ] -
W2 = Tl + T2 + Lo
={3) _ m' _ !
W3 = Tl T3 + 2L o
=(3) _ ' ' _
Wm Tl Tm + (m-1) L o
-(3) _ 1 - 1 -
Wm+l = Tl Tm+1 + mL a
th

In general, this (m+l)St message will be the n
message of the jth busy period to arrive at node N3 ’

L]
1 < n< m+tl; that is, t

el Tn' Furthermore, from (2.6-29),

we see that the mean extra waiting time, at node N3 ,
(3)

caused by having Mj equal to m+l instead of m, is given by
_(3) - 1 _ t - -
Wextra = Tl Tn + mLo (2.6-30)

If we now substitute for Ti and T; by using relations

derived from (2.6-5) and (2.6-27) respectively, we find
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that
ﬁéilra e R Wél) + mia (2.6-31)
Hence
(ﬁextra)Fig.Z.Z-Z B ﬁéi%ra * Wéiira (2.6-32)
- R,

]

tl - tm+l + mLa
N {Wextra)Fig.Z.Z—l

Thus the mean total waiting time in the jth

for M. = Mg3)
] J

busy period,
= m+l, is the same in both networks. This
completes our induction procedure and proves our theorem.
Q.E.D.

In summary Theorems 1 and 2 have shown that for any
given busy period both the number of messages serviced
and the mean total waiting time experienced by these
messages will be equivalent for the two networks considered.

This leads directly to the following corollary.

Corollary 2.6-4 For the networks of Figures 2.2-1 and

2.2-2, the steady-state overall mean waiting time experi-
enced by an arbitrary class message is the same in both

networks; that is,

(S)

(8) (2.6-33)

Fig.2.2-1 ~ Fig.2.2-2

Thus, we have shown the equivalency with respect to

overall mean steady-state message waiting time that exists
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between the two networks. As before, we may utilize this
equivalency to calculate the mean steady-state message

waiting time at node N3 of Figure 2.2-2 and £find

=(3) _ ,= = (1) =(2)
w = Sdpjg.2.2-2 ~ - W (2.6-34)
= (8) - 719 a message is class 1}
Fig.2-2-1" " (1) El

- ﬁgg; P{a message is class 2}.

Having completed our analysis of Figures 2.2-1 and
2.2-2, we may, as was done in the packet switching case,
clearly extend our results to networks as depicted by
Figure 2.2-3; that is, to networks where the service time
at the merger node is the slowest in the network. In
addition, the generalizations, to networks with an arbi-
trary nubmer of external inputs, discussed in Section 2.4,
for packet switched networks, can easily be seen to directly
apply in the message switched case being considered.
Finally, we note that the discussion of self delay and inter-
ference delay is also applicable to message switching net-
works.

Turning to networks with fast merger nodes, we
remark that for message switching networks, we can no
longer differentiate between cases where the service time
at the merger node is greater than and the case where the
service time is less than the parallel combination of the

service times of the channels feeding the merger node.
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The reason for this is, of course, because we now allow
multi-packet messages, thus allowing the possibility of
having an infinite queue length at the merger node. Thus,
we need only consider networks where the service time at
the merger node is less than or equal to the service time
of at least one of the incoming channels.

For the case of fast merger nodes, we can at this time
only extend the results of Section 2.5 which yield an
upper bound on the actual waiting time. Using a similar
procedure to that of Section 2.5, we could consider a net-
work as depicted in Figure 2.5-11 and obtain the

following theorem.

Theorem 2.6-3

For external inputs following any general probability
distribution and Qpepy € Oy for at least one value of i,
i=1,2,...,k, the mean steady-state waiting time on an
arbitrary class message at node Ny of Figure 2.5-11 can
be approximated by considering a network with Of T Oy for

each ai > ak+l'

This concludes our discussion of message switched
networks. This section also concludes our discussion of

networks with single output channels.
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3.1. NETWORKS WITH PARALLEL SERVERS

In this section we turn our attention to networks where
each node of the network is assumed to have a given number
of parallel channels over which it can service arriving cus-
tomers. As examples of networks with parallel channels we
have, the take-off and landing operation at an airport with
several runways, the multiple channels that may connect
various points in the telephone network, and the parallel
channels that exist between nodes in some computer networks
for reliability purposes. We shall commence our discussion
with a review of results obtained by Friedman [9] for tandem
networks with parallel servers and after this, we shall pro-
ceed to demonstrate how many of the reults derived in the
previous chapter, for networks of single server queues, may
be generalized and extended to networks of multiple server
queues.

We begin our review of Friedman's results by considering
the network of Fig. 3.1-1. The network shown is a tandem
queueing system consisting of n stages, Nl’ Nz, easy N_,

n
in series where stage Ni is assumed to have my parallel
servers each having the same constant service time a, sec.
Once again,we shall assume that each customer arriving into
the networks consists of a single fixed length packet. The

packets are assumed tc arrive at the first stage or node
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according to any general probability distribution and pro-
ceed through the stages, in order, on a first-come first-
served basis. At each ncde, the channel over which each
packet is processed is assumed to be selected in a cyclic
manner. Finally, we assume that each stage has unlimited
storage available.

At this point we introduce some notation as used by
Friedman. We write N, = (ai:mi) to indicate that node
Ni consists of my parallel channels each with the same

constant service time of . Thus, the network of

Fig. 3.1-1 may be written as

> (al:ml) > (az:m2) -+ (a3:m3) > s+ (un:mn) + . (3.1-1)

We now state Friedman's first result.
Result 1:

Given any input sequence of packets to any system given
by (3.1-1), the output sequence from the last stage is inde-
pendent of the order of the stages.

The implication inherent in Result 1 is that a packet
entering the network at a given time, will depart from the
final stage of the network at the. exact same time regardless
of the permutation of the various stages. Thus, the amount
of waiting time experienced by a packet passing through the

tandem network is independent of the order of the stages.
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We now introduce Friedman's principle of dominance. We
say that stage N, dominates stage Nj if, in the system
> Ny > Nj +, no packet ever waits at Nj regardless of the
input sequence to Ni' The statement Ni dominates Nj is
a property of nodes Ni and Nj and is independent of
system context; for example, if Ny dominates Nj' then in
the system ~+ Nk -+ Nj -+ Nz + Ni + +++ we may still say Ni
dominates Nj. We now state the remaining three results of

Friedman's paper.

Result 2:
N; = (ai:mi)  dominates Nj = (aj:mj) if and only if
m.
aj < Moy where M = [E;] and [x] is the greatest integer

i
less than or equal to x.
Result 3:
Dominance is transitive; that is, if N; dominantes
Nj and Nj dominates Ny then Ny dominates Ny -
Result 4:
Dominance is persistant; that is, if Ni dominates Nj
and Ni and Nj are nonadjacent stages in a system
e o Ni Foeee > M Nj + +++ , then no waiting time ever
occurs at Nj' regardless of the input sequence to the system.
Result 4 implies that for a tandem network of nodes with
parallel servers, the waiting time experienced by a packet 1is

completely determined by the dominant nodes of the network
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and that the waiting time experienced by a packet may be
found by considering a reduced network formed from the
original system by removing all nodes that are dominated
by at least one other node of the network. As an example,

the system

+ (5:2) =+ (4:2) + (2:1) + (3:1) = (7:3) - (3.1-2a)
can be reduced to a network consisting of the single stage

+ (3:1) » (3.1-2b)
without changing the packet waiting time since (3:1) domi-
nates all the other stages as seen by application of
Result 2, As a second example, the network

+ (3:1) + (2:1) » (7:2) » (13:4) -+ (5:4) (3.1-3a)
may be reduced to

C+ (3:1) ~ (7:2) », {3.1-3b)

but no further since (3:1) dominates (2:1), and (7:2)

dominates both (l13:4) and (5:4); however, neither (3:1) nor

(7:2) dominate each other.




-126-

Clearly, the results of Friedman may be interpreted as
a generalization of the results of Rubin {17-19), as pre-
sented above in Chapter 2, for tandem networks of single
server queues, to tandem networks of multiple server gqueues.
However, as in the case of single server systems, no exact
results have been obtained by Friedman for non-tandem net-
works. It is for these non-tandem networks that we shall
show that many of the theorems, derived in the previous
chapter for single server systems, can be generalized and
extended to multiple server systems under certain conditions.

We now turn our attention to Figs. 3.1-2 and 3.1-3.
These networks are assumed to have all the properties as the
networks of Figs. 2.2-1 and 2.2-2 respectively, which were
described at the beginning of Section 2.2, except, that in
the present case, each node of each network is assumed to
have two parallel servers each with a constant packet service
time of «a sec.

As time passes, each server of each queue shown will
alternate between busy and idle periods. As such, we shall
derive the following theorem:

Theorem 3.1-1:

The number of packets serviced by the ith server,
i=1,2, at node N of Fig. 3.1-2 during its jth busy
period equals the number of packets serviced by the ith

server at node N of Fig. 3.1-3 during its jth busy

3
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perioed, Jj = 1,2,3,..., where the ith server of a given

queue is defined as that server that processes the ith
packet, i = 1,2, to arrive at the particular gqueue under
consideration.

Proof:

With all quantities defined in Section 2.2, for Figs.
2.2~1 and 2.2-2, now referring to the networks of Figs.
3.1-2 and 3.1-3 respectively, we once again begin our proof
by looking at the very first busy period of server 1l at
node N of Fig. 3.1-2. We observe that server 1l will pro-
cess all odd numbered packets to arrive at node N and
server 2 all the even numbered ones. This i; clearly true
because of the cyclic nature of choosing a server at a given

node. Thus, for server 1 to have a busy period of Ml pac-

kets, the arrival time of the odd numbered packets must be

tl = tl (3.1-4a)
t2 < t3 L tl + a
t4 s t5 £ tl + 2a
Eam -2 £ Fomp -1 8 Y (M
t2Ml+l > &, + Mla

As for the even numkered packets, we have
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A
t

1 + o (3.1-4b)

1A
[ o
IAa

t., + 2o

t

1A

toM. -3 2t + (M-1a

1 2M, =2

l 1

Using the external arrival times as defined by (3.1-4),

we now turn to Fig. 3.1-3 and find

ti = t., + o (3.1-5)
[ ]
t1 +a < t2 < tl + 20
[}
t, ta gty Lt 2
1
t3 +a < t4 < t1 + 3o
]
t4 + o < t5 < t1 + 3o
t
t2M1-3 oz tzml—z <t Mo
1
Eom. -2 ¥ 2 2ty 1 £ % + Mo
1 1
and
1
ton 41 > &+ (My+l)a

At node N3. once again the odd numbered packets to arrive at
N3 will be processed by server 1 at node N3. Thus, using

(3.1-5), we can calculate that
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H
-

=t +a (3.1-6)

< tl + 20

H
L)~

=

U=
1A

tl+3cy.

1
Tamy-1 £ & + Mo
]
T2M1+1 >t + (Mp+Da
Furthermore, using (3.1-6), we find that packets departing

from server 1 at N3 do so at times

Dl'_=tl+2a.

(3.1-7)
Dé = t1 + 3q
L] j—
D2M1-1 = t, + (Ml+l)0f.
Thus, from (3.1-6) and (3.1-7), we can conclude that
] 1 L— - -
Tiis1 S Dhiog i=1,2,000,4p-1 (3.1-8)

T! > DA

which implies that we have had a busy period of exactly Ml

packets at node N,. Furthermore, though specifically proven
for server 1 only, it is clear that a simple derivation can

be constructed for server 2 of nodes N and N3. In addition,
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by simple induction, these results extend to all subsequent
busy periods at nodes N and Nyi thus, this proves our
theorem. Q.E.D.

Consegquently, we have shown that, busy period by busy
period, the ith server of nodes N and N3 will process
exactly the same number of packets. Using this fact, we can,
as was done in Section 2.2, derive the following three
corollaries:

Corollary 3.1-1l:

The probability distributions of the number of packets

serviced during a busy period of the ith server, 1 = 1,2,
at nodes N and N3 are identical.
corollary 3.1-2:
. ‘th ] : ] th
The duration of the j idle period of the i ser-
ver of node N equals the duration of the jth idle periogd
of the ith server of node N3, i=1,2, 1= 1,2,+++ .

Corollary 3.1-3:

The probability distributions of the duration of the jth

idle period of the ith server at nodes N and N3 are
identical.

At this point, we would desire to proceed and state a
theorem concerning the steady-state mean waiting time ex~

perienced by a packet in the two networks considered. How-

ever, before doing this, we must first define the concept of
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a combined busy period over all servers attached to a given
node.

To describe our definition of a combined busy period,
let us assume that all servers of a given node are initially
busy. As such, the combined busy period is said to continue
until such time as one of the servers becomes idle for a
finite amount of time greater than zero. This signals the
conclusion of the present busy period and all packets cur-
rently in the other servers are considered belonging to the
old busy period. We note that, because of the cyclic nature
of server assignment, there can never be any packets on queue
when a busy period is said to terminate. In addition, we ob-
serve that we say the coﬁbined busy period has ended though
the other servers may still be processing packets. Having
become idle in the combined sense, the node in question awaits
the arrival of a new packet. On arrival, this new packet will,
of course, be assigned to that server whose becoming idle ter-
minated the previous busy period. This assignment will signal
the beginning of a new combined busy period. Having commenced
a new busy period, we now turn to the next server in the
assignment cycle. If this server is presently busy, we shall
say that for a new packet to arrive and belong to the newly
started combined busy period, it must do so before the server
becomes idle; that is, before the server finishes processing

the packet that belonged to a previous busy periocd. On the
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other hand, if we turn to the next server in the cycle and
find it idle, then, for a packet to belong to the newly
started busy period, it may arrive so long as the packet
which initiated the newly started combined busy period is
still in service.

Thus, having defined a combined busy period, we state
the following theorem:

-

Theorem 3.1~2:

The number of packets serviced at node N of Fig. 3.1-2

during its jth combined busy period equals the number of

packets serviced at node N3 of Fig. 3.1-3 during its jth

comhined busy period, j = 1,2,+°* .
Proof:

The proof of this theorem will, once again, be similar
to that of theorem 2.2-1; therefore, we shall go through the
steps of the proof rather quickly.

Once again, we begin by looking at the very first com-
bined busy period at node N of Fig. 3.1-2, For a combined
busy period of length My packets, the packet arrival times

must be

(3.1-9)

(O

+ o

In A i
o LI o § ot ct
I S N

r
w
IA
o
b
A



where

1A
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N

if M
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1 is odd

is even
1

With external arrival times as given by (3.1-9), we now

turn to Fig.

3.1-3 and calculate

o
IA

A

A

+ 2¢

+ 20 <t

+ 3¢

(3.1-10)



Using (3.1-10),

at N3 to be

A

in

in

1A
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we then find the ordinal packet arrival times

times from N3, we have

2a
20 < t, + 3o
3a

30 < £, + 4o

2

(3.1-11)

{(3.1-12)
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Ml+i
1 =
Dbl—l-t3—1.+( 2 ]“
1

Ml-i+4
' =
DMl ti+[ 2 ]“

Thus, from (3.1-1l1l) and (3.1-12) we see that

T;+2 i Di i = l,Z,"‘,Ml-Z (3-1-13)

> D!

T -
M1

)

+
M1 1
Consequently, we have shown that the very first busy pericd,
at both nodes N and N3, will have a length of exactly My
packets. Furthermore, using the departure times from N and
(3.1-12) for N5, we can calculate that when the busy period

ends in server i, the remaining service time on the packet in

server 3-1i is

t; - t3_i + (2-i)a £ « {(3.1-14)

(see, for example, Dﬁl - Dﬁl_l).

To complete the proof, let us look at the second busy
period at node N. This, second busy period, which will have
a length of M, packets, begins with the arrival of a packet
at node N at time tM1+l‘ In a straightforward manner, we
may show, using (3.1-9), that the departure time of packet

M from node N occurs at time

1
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Thus, we have the following two cases:

> D

Case 1: tM1+l M

1
For this case, we must have at N3

f -
a > DM1 (3.1-16)

Ml-i+4]

' = ' =
t T > D + a ti + ( >

Ml+l Ml+l Ml
Conseguently, it is obvious that the second busy period for
both nodes N and N3 have the same general form as the
first and the proof just completed for the first busy period

is clearly applicable to the second.
Case 2: < D
1 My
In this case, the arrival of packet Ml+l at time tM +1
1
finds packet My still in service. Thus, for the busy period
to continue, packet M1+2 must arrive before packet Ml de-

parts. Consequently, the arrival times at node N of the

packets of the second busy periocd must occur at

t = t (3.1-17)
Ml+1 Ml+l
Ml‘i+2
t < <D =t, + [ ]a <t + «
M, +1 tMl+2 my T 5 3 My +1
tyos2 Sty 43 2 tMl+1 +a
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IAa
t
A
-
+
Q
A
ot

Ml+3

-3 5t
Fu +,-3 2 By ey 1
M2-4+k
-9 2 t -1 2t . T [ ]a
tmlmz 2 2 Ey-1 S B3k 3
M_=2+k
t -1 Lt Lt + ( ]a
M1+M2 1 M1+M2 Ml+k 2
M2-2+k
t t - + [ ]a
M1+M2+1 M1+3 k 2
where
1 if M2 is odd
k =
2 1if M2 is even.

At this point we can turn to node N, and construct equations
similar to those of (3.1-10)-(3.1-13), thus, proving the
equality between the length of the second combined busy periods
at node N and at node N3. The actual process is left as a
simple exercise.

Thus, we have proven that, in all cases, the lengths of
the second combined busy periods at nodes N and N3 are
equal.

We are now in a position to state that by simple induc-~
tion, this result extends to all subsequent busy periods, thus,

proving our theorem. Q.E.D,
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At this point, we can once again state three corollaries
similar to those following theorem 3.1l-1. Clearly, the dura-
tion of the jth combined idle periods at node N and N,
are equal. Furthermore, the probability distribution associ-
ated with the length of jth combined busy period and jth
combined idle period at node N are identical to those
associated with node NB respectively. However, instead of
formally deriving these corollaries, we leave them to the
interested reader and, instead, proceed to another theorem
of more importance.

Theorem 3.1-3:

For the jth combined busy period of nodes N and N3,

the total waiting time experienced by the Mj packets in the
network of Fig. 3.1-2 eguals the total waiting time experienced
by the M§3) = Mj packets over the entire network of Fig,
3.1-3,
Proof:

Once again, we adopt the notation of Chapter 2. With all
arrival times now referring to the jth combined busy period,
we obtain relations for the waiting time on a packet of the

jth combined busy period of node N as

W, =0 (3.1-18)

+
Wy = [DL t2]

+
W = [Wk+a—(t

k2”5 ]

k 1,2,




where DL
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is the departure time from node N

of the last

packet of the (j—l)St combined busy period. Expanding
(3.1-18), we have
Wl = 0 (3.1-19)
+
W2 = [DL-t2]
w3 = t1 - t3 + o
W4 = w2 + t2 - t4 +
W5 = tl - tS + 20
WG = WZ + t2 - t6 + 2a
. M. -4+i
W = (2-1)W, + £t _. - t + ]a
Mj-l 2 3-1 Mj-l 2
M.-1i
T )
J ]
where
{ 1 if M. 1is odd
is= ]
.2 if Mj is even.
Summing over all My packets, we find
M.+2-i
M, _T-_J
% P
W = W= 2 [t,-t,. _.+(k-1)al] +  (3.1-20)
TQTAL =1 k %=1 1 "2k=-1
M.+i-2

+

L
>

=1

[W +t t +(k-l)a] =
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M.

M. +2-i M. +i=2 T;l'
=l A t, - —r &
(M.-1) (M.,=i=2) i(M.-1i)
B ] ] -
* L_ 7 t = Ja =
M. .
M. +2-1 M.+i-2 (M =1i) (M. +i~2)
AT T s A 2D £, *+ J ] a.
2 1 2 2 k-‘—'—l- 4

We will now prove our theorem by mathematical induction.

For the case Mj = M§3) = 1, it is clear that the total
waiting time, in both networks, is identically zero, We now
assume that (3.1-20) is true for both networks for
Mj = M§3) < m. We proceed to show that, for Mj = M§3) =m+ 1,
the total waiting in each of the two networks will still be
eqgual.

At node N, the extra waiting time introduced by having

Mj equal m+l instead of m, is seen, from (3.1-15), to be

(Wovrra) Fig 3.1-2 = "mel = (3.1-21)
= -3 - m=2+1
(2=1)W, + £5_; -t 4+ (5=

Turning to Fig. 3.1-3, we, once again, arbitrarily assume
that this {m+l)St packet, arriving at tm+l' enters the net-
work at node Nl. This packet will arrive at node N3 at
time
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Vom (1) )
ol te1 T Wk + o {(3.1-22)

where we have assumed this packet to be the kth,

l <k <m+ l, to arrive at Nl. At node N3, we can write,

similar to (3.1-18), that

(3) _ v — migt
Ww,”" = [p; - T)]
L (3) (3) - iyt = .o

where D£ is the departure time from N, of the last packet

of the previous busy period. Thus, for a busy period of

(m+1l) packets, we have

w{3) = 0 (3.1-24)

(3) = (pr - g2
w,”" = [D T)1

3 1 3

(3) _ () o m
W4 W2 + T2 T3 + o

(3) _ ,._ (3) b m-i
Wm = (i l)W2 + Ti Tm + (—5—)a

(3) _ o3 (3) ' - m m=2+i
Wm+l = (2 1)W2 + T3-i Tm+l + 5 ) o

wvhere

-1 if m is odd
i=
(2 if m is even .
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In general, this (m+l)St packet will be the nth

packet, of the jth combined busy period, to arrive at
. : ' = [
node N5, 1 <n & mtl; that is, t .. T, Furthermore,

from (3.1-24), we see that the extra waiting time, at N3,
(3)

caused by having 'Mj equal to m+l instead of m, is
given by
(3)  _ ooiywt3) popr o opro4 (mo2 }
Woyrpa = (2~DIW70 + T = T) + (5o (3.1-25)

We now substitute for Tﬁ, using (3.1-22), and Tiai? using
. ' _ .
the relation T,_, tyy oo and find
(3) = (9=iywl3) - o (L) m-2+1i
Wexpra = (273IWR™0 # by =ty W H (F5a
(3.1-26)
Consequently,
= wil) (3) -
(Weyrra'Fig 3.1-3 = "Exrra * WexTra (3.1-27)
= wl) 4 (2)
W * YExrRa
R <)) - m=2+1
= @DWTH By Ty Y (e
= VpyrralFig. 3.1-2

(3)
2

where we have used the fact that W2 = W which, in itself,

can be proven from the discussion leading to equation (3.1-14).
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This completes our induction procedure and proves our
theorem, Q.E.D.
Having proven theorem 3.1-3, it is clear that the
probability distributions cf the total waiting time experienced
by the Mj = M§3) packets of the jth combined busy period
is identical for the networks of Figs. 3.1-2 and 3.1-3. o©Of
more importance, theorems 3.1-2 and 3.1-3 directly imply the

following corollary:

Corollary 3.1-4:

For the networks of Figs. 3.1-2 and 3.1-3, the steady-
state mean overall waiting time experienced by an arbitrary

class packet is the same in both networks; that is,

(S)pig. 3.1-2 = ®pig. 3.1-3 (3.1-28)

Clearly, corollary 3.l1-4 implies the same principle in
delay decomposition, with respect to self delay and inter-
ference delay, as discussed previously for networks of single
server queues. Furthermore, we once again obtain the result
that the steady-state mean waiting time on an arbitrary class

packet at node N, of Fig. 3.1-3 is given by

73 -7 _5(2)

(8)piqg. 2.1-3 (3.1-29)
7(1)

Fig, 3.1-2 ~ "(1)

w'2)
(2)

(s) P{a packet is class 1} ~-

P{a packet is class 2}.
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Thus, we have shown that, the theorems and corollaries
developed previously in section 2.2 are applicable and ex-
tendable to networks where each node has two parallel ser-
vers. In fact, in a manner directly parallel to that just
used, we can show that the theorems and corollaries-just
developed for the networks of Figs. 3.1-2 and 3.1-3, net-
works where each node has only two parallel servers, are
extendable and applicable to networks where each node of
the network has k parallel servers, as depicted by Figs.
3.1-4 and 3.1-5, where each server has a packet service time
of o« sec. The details of the actual proof are left for
the interested reader. At this time, we merely mention
that, with the cyclic assignment policy used, each server
i, of a given node, will process packets numbered i + nk,
i=1,2,++k, n=1,2,--+ , vhere we refer to the ordiral
arrival of packets to a given node. BAs a result, if one
desired to construct an initial combined busy period of My
packets at node N of Fig. 3.1-4, (see eg. (3.1-2)), the

arrival time of packets to node N must follow

L, =5 (3.1-30)
g 2,28+
t, L8388 +ua

]

|._l

[ S
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=
A
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'...l
+
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B T S T
41 S Egyp S t2t+ @
toke1 St S/t @
o S Eopap Sty *+ 20
Bop+1 S Bogea £ By * 20
tml-s a3 tMl-Z S oek(8(i-1) 46 (i~2)) T
Ml“z*(i‘2+k(6(i-l)+6(i-2)))
+
k
Ml-l-(i-l+k6(i—1))
+
By -2 2 y-1 2 B o14k (6 (i-1)) X %
My -i
G -1 S SF T o
1 1 M. +1- (i+1=k§ (i~k))
£ > & . + o
Ml+l i+l-ké&(i-k) k
where M; = nk+i, 1 <1 <k, n an integer and &(x-x])} is
the dirac delta function; i.e..,
l, x= xo
6(x-xo) = {: (3.1-31)
0, x# X

As stated before, the remaining steps in the required de-
rivations are left to the interested reader.
Having shown the equivalency, with respect to steady-

state overall mean waiting time, that exists between the

o
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networks of Figs. 3.1-4 and 3.1-5, we can proceed to the
five networks of Fig. 3.1-6, and, using this equivalency
together with the results of Friedman, show that, if stage

N = an:kn. the merger node in each network, dominates all
other stages in each of the networks, all five networks will
have the same steady-state overall mean waiting time on a
packet. Once again, as done for the networks of Fig., 2.2-3,
we would begin at Fig. 3.1-6e and use our decomposition
principle at N to transform the network into the network
of Fig. 3.1-6d4. Then using the results of Friedman, Fig.
3.1-6d can be transformed into the Fig. 3.l1-6c. Having
attained Fig. 3.1-6¢, we ncte that Figs. 3.1-6b and 3.l-6c
are exactly the networks of Figs. 3.1-4 and 3.1-5 respectively.
Finally, Fig. 3.1-6a is obtained from Fig. 3.1-€6b by finding
the joint arrival process of the two independent packet
streams of Fig. 3.1-6b. Thus, we have proven the desired
equivalency in steady-state waiting time that exists among
these five networks.

In summary, we state that we have formulated a technigue
which, given a network consisting of stages Ni = (ai:ki),
such as, the network of Fig. 3.1-7, the steady-state overall
mean waiting time experienced by an arbitrary class packet
passing through a merger node, may be determined exactly,

provided that the merger node dominates all stages of the
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network that are feeding packets into the merger node.
Whether the waiting time experienced by an arbitrary class
packet at the merger note itself may be calculated would
depend on the existance of a dominant stage in each path
entering the merger node; that is, if for each path'entering
the merger node there exists a stage that dominates all

cther stages in the given path and, thus, solely determines
the overall packet waiting time for the given path. If such
stages exist for each path, an exact determination of the
steady-state mean waiting time at the merger node is possible,
otherwise, if such dominant stages do not exist, an exact de-
termination is not yet possible. Thus, in Fig. 3.1-7, the
exact waiting on a packet at nocde N3 may be found exactly
provided N, dominates both Ny and N,. Furthermore,
though shown as simple nodes, Ny and N, may each repre-
sent entire networks of nodes in which each, Nl and Nz,
were dominant.

Clearly, many problems remain to be answered. In the
case of a merger node that is not dominant over all other
stages feeding the merger node, we have as yet been unable
to obtain any satisfactory results. In the previous chapter,
sec. 2.5, for networks in which each node had only a single
server, we were able to obtain some exact and some tight
approximations in the case of fast, non-dominating, merger

nodes. However, we have as yet been unsuccessful in
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extending the technigues developed there, or finding new
methods to apply to networks with parallel servers and
non-dominant merger nodes such as Fig. 3.1-7 when N3 does
not dominate both Nl and Nz. The problem of non-dominant

merger nodes is important and remains to be solved.
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3.2. DELAY ANALYSIS AT A SEPARATION NODE

Up to this point, we have been limiting our discussion
of networks to those whose topological complexity did not
go beyond merger nodes. In other words, in the networks
considered previously, if two independent packet streams
entered a common node for processing, the packets from
these streams would be merged in the sense that all packets
from both streams would have an identical route of nodes
to follow from this point onward. From the poiht of
practicality these feed-forward types of networks have
their applications in such areas as centralized computer
networks in which all users of the network are attempting
to access some centralized processing facility. Indeed,
in this case we have a feed-forward type of network in
which streams of packets from different users, once merged,
continue along the same route of nodes to the centralized
processing facility. However, if we investigate the return
route; that is, the route that a packet must follow from
the central node back to an individual user, we would find
that instead of passing through a series of merger nodes
as in the forward trip, the packet would instead pass through
a series of separation nodes, ncdes at which the common stream
of packets leaving the central node is decomposed or separated
into a number of different streams each of which will then

proceed to follow an individual route so as to reach its
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final destination. Thus, we shall now turn our attention
to delay analysis at separation nodes.

In Fig. 3.2-1 we have depicted a two node gqueueing
network. At ncde Nl' two external independent packet
streams enter the network and are merged and processed
by a single server channel, at rate Gy sec./packet, over
which the merged packet stream travels to node N2. Upon
arrival at node Nz, the merged packet stream is decom-
posed such that all the class 1 packets will ke processed
by a channel with a constant service time of a, sec./packet
while the class 2 packets will all be processed by some
other channel. Thus, node N2 is a separation node since
at it the merged packet stream is separated into its class 1
and class 2 ccmponents. Our interest, then, lies in cal-
culating the delay experienced by a class 1 packet at node
N2°

Clearly, when a, L0y the waiting time experienced
by a class 1 packet at node N, is zero. Thus, our interest
lies in the analysis of the case when Gy > @y .

For 0y > ayr we have as yet been unable to obtain an
exact method for analysis. For the case of Poisson inputs,
a fairly tight upper bound approximation has been obtained
by Rubin [20] by simply assuming 12 = 0. In doing this,
the delay experienced by a class 1 packet at N2 may then

be calculated by considering the tandem network of nodes



-151~

N and N being fed by a single external input stream

1 2
of class 1 packets. In doing this we find that for

u2 > al,
<

") ST p,) © TTI- 6,

_ [ JPN.} PO
(2) 12%2 114 (3.2-1)

An interesting lower bound approximation may be ob-
tained by considering the network characteristics as Az
approaches (l-pll)/al {that is, pll+p21 + 1 with constant
Al and increasing 12). As ), approaches (l-pll)/al,
node Nl, of course, becomes unstable; that is, the steady-
state queue length and waiting time become infinite. How-
ever, of importance to us is the fact that the departure
stream of packets from Nl tends to become deterministic
in nature; that is, with the gqueue length tending to infinity,
there will be a departure of an arbitrary class packet from

N every o, sec. If we further assume that the class 1

1 1

and class 2 input streams are Poisson in character, then the
probability that a given departure from Nl is of class i
is clearly given by

AL

P{a departure is class i} = x ;a i=1,2 (3.2-2)
1°72

This Lkeing true because of the memoryless property of the

Poisson process. Turning to node Nz, we note that node N2
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is being fed by a discrete time arrival process where there
is an arrival of either a class 1 or a class 2 packet in
each time slot, where a time slot consists of @, sec..

If we further view the arrival of a class 1 packet in a
given slot as a success and the arrival of a class 2 packet
as a failure, we note the arrivals of packets at N2 form

a Bernouli sequence with

I

P{success} P{a class 1 packet arrives} = (3.2=-3)

If we now concern ourselves with the number of class 1
packets that arrive at N, in a given number of slots,

we find that this process will have a binomial probability

A
distribution with parameter . Thus,
A1+A2
P{k class 1 packets arriving in m slots} = (3.2-4)
k ll+A2 11+A2
m| A . . - _ m!
where (k] = binomial coefficients = T - The

binomial is, of course, the discrete time counterpart of
the continuous time Poisson process, enjoying the same

memoryless properties. To complete the approximation
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procedure, we note that if aq is an integer multiple of

al: that is 0y = ko k=1,2,"**, then node N2 forms

1’
a discrete time queueing system whose input follows a bi-
nomial distribution. Discrete time networks, as this,
were studied by Meisling [15] and he derived exact fesults
for the steady-state queue length and mean waiting time at

such a discrete time queue. Using the results of Meisling,
1-011

we have for Az = —_— the steady-state mean waiting

1

time experienced by a class 1 packet at N2 is given by

~(2) _ Praley=ay)  Pya%  _ Ppo0

(1y _2(1-012) - 2(1—012T 2(1-p12) (3.2-5)

Equation (3.2-5) may then be used as a lower bound approxima-
tion to the actual waiting time experienced by a class 1
packet at N2'

A second, interesting apprcach to the problem of
finding the waiting time at a separation node, is through
the use of priority queuveing. In Fig. 3.2-2 we have a
two node tandem queueing network being fed by two external
inputs. Node Ny is assumed to operate according to a
first-come first-served queueing discipline. On the other
hand, node N2 will operate using a priority discipline
where we shall assume that class 1 packets have priority over

class 2 packets. Indeed,we note that were the class 1 packets
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to have a preemptive priority over the class 2 packets, then
the waiting time experienced by a class 1 packet at node

N of Fig. 3.2-2 would be exactly the same as it would

2
experience at node N, of Fig. 3.2-1. Thus, we have
equated the problem of finding the delay on a packet at
a separation node to that of finding the delay on a
packet in a tandem network where the first stage operates
on a first-come first-served basis and the second stage
uses a preemptive priority discipline. However, we have
as yet been unable to obtain exact results using the pri-
ority approach. Nevertheless, we have been successful in
obtaining good approximations by assuming that node N2
operates using a non-preemptive priority discipline.

For a non-preemptive priority discipline, one may
write that the mean steady=~state waiting time experienced

by a class 2 packet at node Ny of Fig. 3.2~2 is given by

(see Kleinrock [13] and Saaty [22]),

ﬁ%é; =T + No, (3.2-6)
where
U = the mean unfinished work remaining at node
N2 as seen by an arriving packet;
ﬁw = the mean number of clasgss 1 packets to arrive

at N, during the waiting time of a class 2

packet.
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Clearly, U is equal to the mean steady-state waiting time
that an arbitrary class packet would experience at N2

were node N2 to operate on a first-come first-served basis.
Indeed, this must be true because the unfinished work re-
maining at a node will not change regardless of the order of
service; that is, the unfinished work must be conserved (see
Kleinrock {13]). This must be true even for G/G/l. Thus,

we have that, for a non-preemptive priority at N2,
g=wl?, (3.2=7)

Turning to N it is here that we must make a simplifying

W'
assumption. With the arrival rate of class 1 packets to
Ny being Al packets/sec., we shall assume that during
the waiting time of a class 2 packet at No, the number of

class 1 packets to arrive will be

= =z, w=(2)
NW Alw(z) . (3.2.8)

Consequently, using (3.2-7) and (3.2-8), we may rewrite

(3.2-6) to read

=(2) _ =(2) =(2) -
W(Z) =W + lld(z)az (3.2-9)
- 7(2) 7(2)

T P12%(2)
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which, upon solving for ngg, yields

_(2)
af2) o W -
i) = T - (3.2-10)

Once -52; has been found, ng; may be calcuiated by

noting that the mean steady~state waiting time experienced
by an arbitrary class packet at a node with non-preemptive
priorities, must be the same as at a node using a first-

come first-served discipline. Therefore,

ﬁ(z) = :i; P{a packet is class 1} +
+ ﬁtg; P{a packet is class 2} =
Ay y A
= =(2) 1 -(2) 2 _
= W(l) (w} + (2) [T—TZ] . (3.2-11)
Solving (3.2-11) for W%i; we find
A +A
-(2) (2) (2) -
W2 - (50 () (3.2-12
Substituting from (3.2-10) for ﬁ(z), yields
7(2) (2) (3.2-13)

Wigy = (1=p197Pp)W 5y

Hence, we have derived the result we were seeking.

as given by (3.2-13), or equivalently by (3.2-12),
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may now be used as an approximation to the steady-state
waiting time experienced by a class 1 packet at node Ny,
the separation node, of Fig. 3.2-~1.

As an example of results yielded by this procedure,
we once again assume Poisson external input streams; In

this case

=(2) _ P12%Pp0)0%  (Pyyteyy)ey

(3.2-14)

[(911+921)+(°12+°22)"(°11+°2f(°12+°22)](az'“l)
2(17p117P51 ) (171 57P5))

Then, using (3.2-10) followed by (3.2-13) we would obtain

that

ﬁ(z) N [(pll+021)+(012+922)-(pll+pzl)(p12+p22)](a2-a1)

(1) Z(I=p 1-P5q) (1-Pq,) (3.2-15)

This, then, is our approximate result for the separation
node, N2' in Fig. 3.2-1. Shortly, we shall compare the
approximation to the others derived earlier by means of
computer simulation. However, before doing this, we shall
take a closer look at (3.2-15) and derive two other approxi-
mate answers.

On observation of (3.2-15), we note the presence of
the term oo in the numerator. Clearly, the exact results

for ﬁ(z) cannot contain this factor. This is true since

(1)
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the class 2 packets do not pass over the channel with ser-
vice time a., in the network of Fig. 3.2~1. Thus, we sug-
gest a new approximate result obtained by eliminating the

factor P2 each time it appears in (3.2-15). Doing this,

we_ find

_ (P11 +P 1P 4= (P FP 4 ) P14 ] (Cy=0a. )
Wcz) ~ 11721 712 11 F21'F12 2 1 (3.2-16)

"~

As a final approximation, we shall state a result
which we have found through a trial and error procedure
using (3.2-16). We have found that the elimination of
the first Pay that appears in the numerator and the
Pay of the denominator, will yield a very good approxi-
mation to simulation results. With this process, we have

=(2) 3 (py1+Py1p=(P11¥Py) P 5] (ay=ay)

(1) 2{I=py;) (I=py,) (3.2-17)

0f interest, in (3.2-17), is to note that all that remains
of the interference of the class 2 packet stream on the
class 1 stream, is the lone ppy term present in the
numerator.

We shall now compare results obtained, at a separation
node, using the approximations we have derived; namely,
equations (3.2-1), (3.2-5), (3.2-15), (3.2-16), and (3.2-17),

with those obtained from a simulation program.
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In Figs. 3.2-3 - 3.2-6, we have plotted results of
various simulation runs. On these graphs, we have plotted
the mean steady-state waiting time on a class 1 packet at
node N, of Fig. 3.2-1 for varying values of Gy Graphs
A,B,C,D, and E represent results obtained using equétions
(3.2-1), (3.2-5), (3.2-15), (3.2-16), and (3.2-17) respec-
tively. Simulation results are represented by an asterisk.

From these graphs, we conclude that results obtained
using (3.2-15) and (3.2-16) are rather loose upper bounds.
Eq. (3.2-5), as expected, yields a lower bound that is ap-
proached as pll+921 + 1. On the other hand, (3.2-1) yields
a fairly tight upper bound while (3.2-17) produces a tight
lower bound approximation. In conclusion, we state that,
at the moment, the techniques used to obtain (3.2-1) are
the most useful for delay analysis at separation nodes.
However, additional work using priority queueing seems

promising to yield better methods.
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3.3 DELAY ANALYSIS AT A COMBINED SEPARATION AND MERGER NODE

Having devised an approximate analysis procedure for a
separation node, we now face the task of extending these
methods such as to allow our newly separated stream of pac-
kets to be interfered by and merged with a new stream of
packets. This leads us to the study of nodes which are both
separation and merger points.

In Fig. 3.3-1, we have depicted a three node queueing
network. At node Nl' we have a merger node where class 1
and class 2 packets are combined and serviced by a single
channel, with constant service time ays Over which the
merged stream of packets travels to node N3. Class 3 pac-
kets enter the network at N, and are serviced at a con-

stant rate of «. sec./packet by a channel over which they

2
too travel to node N,. At node N3, the class 1 and class 2
packet streams are separated. However, on being separated
from the class 2 stream, the class 1 packets are then merged
with the class 3 packets and are processed over a single
channel with a constant service time of ¢y sec./packet.

Thus, node N3 is both a separation and a merger node.

Thus, our interest lies in devising a technique to obtain

an accurate measurement of the mean steady-state waiting

time that would be experienced by a class 1 or class 3

packet at node Nqe
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In the discussion that follows, we shall, once again,
limit ourselves to the case of Poisson input streams though,
as we shall point out later, for the case where we obhtain
exact results, they will be seen to apply for inputs fol-
lowing any general probabilipy distribution. .

For Poisson inputs, it was seen in the last section
that a practical approximation at a separation node could
be obtained by assuming the interference to be nonexistant
when calculating the waiting time at the separation node.

If we apply this principle to our present case, we find

that for calculating the waiting time on a class 1 or

class 3 packet at Nq, the network of Fig. 3.3-1 trans-
poses into the network of Fig. 3.3-2. On careful study,

one immediately notes that the network of Fig. 3.3-2 is
exactly the same as the network of Fig. 2.5-1. Consequently,
all the procedures and results obtained in the analysis of
network characteristics at node N3 of Fig. 2.5-1 can now
be applied to node N, cf Fig. 3.3-2 and thus serve as our

procedure for the analysis of the waiting time at node Ny

of Fig. 3.3-1.

In the analysis of the waiting time at node N, of
Fig. 3.3-2, we must account, as was done in the analysis of
Fig. 2.5-1, for the various possible relationships that may
exist among the magnitudes of the various service times pre-
sent in the network. This leads us to consider several

different cases.
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Case 1: a; > o, and a, 2 a,.
For this case, node N, is the dominant node of

Fig. 3.3-2. Hence, for Poisson inputs, the mean steady-

state waiting time that would be experienced at N3 by

an arbitrary packet belonging either to class 1 or class 3,

is of the form of equation (2.5-1) and is given by

=(3) _ ‘P13*P330%3 P Moy oL (3.3-1)
2{1=py37p33)  2(17py;) \Ap+A4) '
_ P339 [ A3 )
2(1=p,,) (X +Xg)
&y .
Case 2: @, > —e'=waa and o, < a. for at least one value

of i, i = 1,2,

In this case, we once again apply results derived
earlier; namely, theorem 2.5-1, which stated that a good
approximation of the actual waiting time could be obtained
by assuming oy = 05 for each a; > Oje. As an example,

for a, > Gy 2 ay s we would obtain, similar to (2.5=-6},

that

- {py,+p,,)0 PDqq0C Ay )
F(3) ¢ L137f33’%3 Pk (A L) (3.3-2)

_P33®3 ¢ Az )
05,5 (X77%3)
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In a similar manner, for the cases al > oq > ag and

3 < al and a3

to those of (2.5-5) and (2.5-7) respectively.

o < @,, one would obtain equations similar

%1%
ay*a,

Case 3: a3 <

As in the previous two cases, we draw on the results
derived previously in section 2.5. On careful study, cne
notes that all of the theorems and corollaries derived in
section 2.5 for the case under consideration, (case 2 in
saction 2.5), are directly applicable to our present net=-
work. Indeed, we may at this point drop the restriction
of Poisson input streams, for a careful examination of
the results and proofs of section 2.5 will show their ap-
plicability to our present network for inputs that follow
any general probability distribution.

To begin, it is clear that theorem 2,5-2 applies in
our network; thus, the total number of packets on queue
at node N3 of Fig. 3.3-2 may never exceed one. Of con-
sequence, as stated by corollary 2.5-1, is the fact that
the waiting time on any packet at node N3 of Fig. 3.3-2

can never exceed (13 sec.; that is,

(3.3-3)
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Having arrived at this point, we must, as was done

in section 2.5, consider two separate subcases; namely,

&, < L min (a,,a,) and L min (¢,,a,) < o, < Sl
3 =2 1772 2 17727 = 73 = al+a2 '
1l .
Subcase 3.1: a4 < 5 min (ay,0,)

For this case, the maximum length of a busy period

at node N cof Fig. 3.3-2 is two, where a busy period

3
of length two would consist of a single class 1 packet
and a single class 3 packet. At this point, theorem
2.5-3 is applicable and following the derivation of that
theorem, we find, similar to (2.5-25) and (2.5-26), that,

at node N of Fig. 3.3-2, we have

3
- Py
wﬁi‘; = 32 3 (3.3-4a)
_ Py 2O
ng; = 1; 3 (3.3-4b)

and
_ Dy 2D
w3 < 13“33 (3.3-4¢)
143

of spécial note is that these results are exact, not
only at node N3 of Fig. 3.3-2, but also at node N3 of
Fig. 3.3-1], the combination separation and merger node.

Before moving on to the next sukcase, we mention that,
gimilar to (2.5-30), the distribution of the number of
packets at node N3 of Fig. 3.3-2 (and Fig. 3.23-1) is

given by
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(3) _ 4 . - -
Po =1 Py3 a3 {(3.3-5a)
p{3 - + pan — P (3.3-5b)
1 P13 33 1333 .
(3) _ -
s L omi %1%
Subcase 3.2: 7 min (al,az) L0, 2 AT

For this subcase, we run into the same difficulties
as were discussed in section 2.5. The difficulties result
from the fact that node N3 may be concurrently occupied

by two packets which belong to the same class. However,

applying theorem 2.5-4 for the case a; = kaz, k = 1,2,3r004;
1. = i - -
AL £ EI i and Ay = ™ we have, at node N, of Fig. 3.3-2
(and Fig. 3.3-1), that
=(3) _ P33%3 _
(l) > (3.3-6a)
2(3) _ P13%3 > [5as-(3- + _
W3y =t e, [_=2 [Joy=(3-1)a,] ] (3.3-6b)
and
=(3) _ P13°33 [:E: ]
W = [Ja -(j-1)a,] (3.3~6c)
P1atP33  \§oT 2

In addition, it should be pointed ocut that (3.3-6a) is an

exact result even when we relax the restriction on A3

and allow for A3 < éL-. On the other hand, (3.3-6h) and

2
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{(3.3-6c) are no longer exact when we allow A3 :15; ;
however, they may indeed serve as useful approximations
to actual results.

Thus, we have been able to obtain a few results when

oy is an integer multiple of Cye If we now reverse this

condition such that we now have ¢, = kal, k=1,2,3,"+",

and apply the conditions A, < L and A, + A, = L , we
3 - a, 1 2 ey

find that the mean waiting time on a class 3 packet at
node Ny of Fig. 3.3-2 (and Fig. 3.3-1l) is given by
- PyaC
EAREE (3.3-7)

W3y T3

similar to (3.3~6a). However, with respect to the mean
steady-state waiting time on a class 1 packet, we have as
vet been unable to formulate a useful expression. The

difficulty in this comes from the fact that Al I 12

]
1
such that we do not have class 1 packets arriving at N3
every o, seconds. Instead, either a class 1 or a class 2
packet arrives from Nl to N3 every % seconds. However,

it is noteworthy that as Az + 0, we f£ind Al -+ éL . thus,

1
yielding
Pl =
ﬁgi; * ‘2% 2+ P33 [:E:: [ja3-(j‘l)&1]+ (3.3-8a)
j=2

and
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p
a3 13° 1333 { [Jay=(3-1)o, 17 . (3.3-8b)

P13¥Pag

As a second example of a combined separation and merger
node, we consider the network of Fig. 3.3-3. In this network,

node N. is a combination node in that at N, the class 1

2
packets are separated from the merged stream of class 1 and
class 2 packets arriving from node Nl and are merged with
the class 3 packets which are entering N, from the external
environment.

The main difference in analyzing this network, as com-
pared to the network of Fig. 3.3-1, is that the class 3
packets entering the combination node, Py do so from the
external environment; thus, node N3 may beccme unstable
for all possible values of e Consequently, we need only
consider two cases; namely, ey 2 oy and a, £ ap. In
addition, we shall once again limit our discussion to
Poisson input streams.

Case l1: oy 2 %

Once again, our technique is to assume Az =0 for
purposes of finding an upper bound approximation as to
the mean steady-state waiting time that will he experienced
by an arbitrary class 1 or class 3 packet at node Nz.
bDoing this, we would find node N, is a dominant node:;
therefore, using the methods developed earlier, we find,

as an approximation, that
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72 <

= 2(1=py,=p5;)  2(1-py,)

(py,*+Pa,) 0 PyqCt b
127732’ % F11%1 [ 1 ] (3. 3-9)
3

Al+)\
Case 2: a, < oy

For this case, we once again use the additional
approximation method of theorem 2.5-1; that is, we set

Ay = a, for purposes of finding a useful approximate

result. Consequently, on application, we find

- (py,tPy )0 Py, A
(2)  f127732°72 71272 [ 1 ] ) (3.3-10)
3

= T(I-Py,-P5,)  2(Ipy,) (A*X

This concludes our analytical results for combina-

tion separation and merger nodes.




Fig. 3.1-1:A Tanderin Queueing Network where each Stage has m, Parallel Servers

each having a Constant Service Time of o, seconds, i=1,2, ... , N
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Fig. 3.1-2: A Single Node Network with Two Parallel Servers
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Fig. 3.1-3: A Three Node Network where Each Node has Two Parallel Servers
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Fig. 2.1-5:A Three Node Network where Each Node has " k "' Parallel Servers
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3.1-7: A Three Node Network with Two External Input Streams
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Fig. 3.2-2: A Tandem Queueing Network where Node N, has a First-Come First~-Served
Discipline while Node N, has a Priority Discipline
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4.1. CONCLUSIONS

In this dissertation, we have developed some useful
analytic methods for use in the analysis and modeling of
packet switched computer communications networks. Though
not as general as one would hope, the technigques developed
in the earlier chaptersare seen as tools which may lead to
the more efficient design of computer networks, especially
centralized networks which have the ¢general structure and
topology of the networks that were considered in this
dissertation.

For networks of single server gueues; that is, for net-
works in which each node of the network has at most one out-
going channel over which to process packets, we have, in
Chapter 2, developed a systematic method for their analysis.
This was done by the derivation of techniques for the analysis
of the mean steady-state waiting time on a packet at a merger
node. For dominant merger nodes; that is, for merger nodes
whose service time is slower than any of the preceding nodes
that are feeding the merger node, we have shown that the over-
all steady-state mean waiting experienced by an arbitrary
class packet as it passed through the network up to the merger
node, would be determined solely by the service time of this
dominant node. ©On the other hand, at fast merger nodes, we
developed technigues which at times yielded exact results and
at other times yielded tight upper bound approximations to

actual values.
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In Chapter 3, we turned our attention to networks which
allowed for multiple servers at any given node of a network.
Initially, we showed how some of the results obtained for
feed-forward networks of single server queues may be extended
to feed~forward networks where a number of parallel servers
were allowed to exist between adjacent nodes. Indeed, the
concept of dominance at a merger node, mentioned in the pre-
vious paragraph, was shown to be applicable in networks with
parallel servers when dominance was properly defined for such
a network. We then proceeded to study the waiting time
characteristics at a separation node. Though we were unable
to obtain any exact results, we were successful in developing
some useful approximation techniques through the use of pri-
ority queueing and other procedures. Finally, we considered
the case of a combination separation and merger node. Here,
we were able to show the direct applicability of methods and
results developed in Chapter 2, for feed-forward networks, to
yield useful approximations in most situations, and in some
specific cases were shown to yield exact results,

In total, we may conclude that the techniques and results
developed in this dissertation, allow for the systematic and
efficient analysis of centralized computer networks. The path
that a packet travels from the user to the central station is
seen to consist entirely of either tandem nodes or merger ncdes,

all of which are acting in a feed-forward manner. Thus, the
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methods developed in Chapter 2, for networks of single server
queues, are seen to be directly applicable. As for the return
trip, that is, the route a packet follows from the central
facility to the user terminal, it is seen to consist entirely
of either tandem nodes or separation nodes. Hence,.the methods
used for tandem networks and the procedures developed in
Chapter 3 for separation nodes would be used for analysis.
Indeed, for a centralized network in which all channels, or
servers, have the exact same capacity, or service time, the
techniques that we have developed would yield an exact result
at each node of the entire network, both for the trip from

the user to the central station and for the return trip from
the central station to the user terminal.

As a final point, we note that we have introduced the
principle of delay decomposition, in which the waiting time
experienced by a packet may be decomposed into two parts called
self delay and interference delay. We believe this principle
to be of importance in the future development of analysis pro-
cedures for more complex network structures than those con-

gjidered in the context of this dissertation.
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4.2. SUGGESTIONS FOR FUTURE WOERK

In this dissertation, we have developed some useful
analysis techniques for use in the analysis and modeling of
packet switching ccmputer networks. However, in the process,
we have left many interesting questions unanswered.‘ Indeed,
the development of our methods has, as will be discussed
shortly, raised many new, intriguing problems for the in-
terested researcher.

Let us return to the network depicted by Fig. 2.5-1.
Throughout Chapter 2, we had developed techniques for the
analysis of the mean steady-state waiting time that would
be experienced by a packet at node Nay the merger node of
the network. For the case where the merger node was the
dominant node in the network; that is, the node with the
slowest packet service time, we developed in Sec. 2.2, a
method for finding the exact waiting time experienced by
a packet at the merger node. However, this exact result
applied only to an arbitrary class packet. As for the
waiting time experienced by a packet of a specific class,
we have as yet been unable to obtain exact results. Thus,
this is the first problem that remains to be answered. 1In
Sec. 2.5, we turned our attention to the case where ag <@,

for at least one value of i, i = 1,2. For the case

a0
> 12 : we were successful in deriving a tight upper

o]
3 a1+a2
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bound approximation to actual results for the waiting time
on an arbitrary class packet. Thus, in addition to the pre-
viously mentioned problem of finding the waiting time on a
specific class packet, there is still the problem ¢f finding
a method that would yield exact results. Finally, for the

%@ 1
, we find that for a5 < 5 min(al,az), we

case ¢., <
- +
3 oy a,

were successful in obtaining methods that yielded exact waiting
time results, not only for an arbitrary class packet, but also
for packets from a specific class. However, for the subcase
ey > % min(al,az). we encountered many difficulties in attemp-
ting to derive any useful results. Our best effort resulted
in theorem 2.5-4, which serves as our approximate method for
this region. On study of theorem 2.5-4, one notes the added
restrictions; namely, the two channels feeding the merger node
must have service times, oy and Ay that are integer
multiples of each other, and that arrival of packets along
the faster of these two channels must be deterministic in the
steady-state. Hence, the removal of these two restrictions,
especially the latter, is of great interest.

In attempting a solution for the above mentioned problems,
we believe that the principle of delay decomposition, intro-
duced in Sec. 2.2, may be the tool with which to proceed.

The principle of delay decomposition identified the components
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of the waiting time experienced by a packet as self delay
and interference delay. Indeed, it was shown that the de-
lay experienced by a packet at a fast merger node consists
entirely of interference delay. We believe that further
development of this principle may lead to the derivétion
of more accurate techniques for the analysis of a fast
merger node. Furthermore, it may also produce a solution
to the problem of the waiting experienced by a specific
class packet for both slow and fast merger nodes.

In Chapter 3, we ventured into the realm of networks
in which a node was allowed to have multiple servers. This
permitted the possibility for merged packet streams to sepa-
rate at a separation node.

In Sec. 3.1, we showed how our techniques developed,
in Sec. 2.2, for slow, dominant merger nodes, could be ex-
tended to yield exact results at dominant merger nodes in net-
works that allowed parallel servers to exist between adjacent
nodes, However, for non-dominant merger nodes, we have as
vet been unable to obtain satisfactory results for even a
useful approximate method. We do believe, however, that a
more careful study of the problem is necessary and would
lead to some useful results.

In Sec. 3.2, we entered into a discussion of separation
nodes. Through the discussion, we were able to derive at
some approximation methods to be utilized at a separation

node. However, much work is still needed in refining our
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technigues at a separation node. We introduced the idea
that one may calculate the waiting time on a packet at a
separation node by analyzing a non-separation node which
employed a preemptive priority discipline in use of its
server. We were, however, unable to develop the cohcept
to the extent we would have wished and thus this too re-
mains as an area for possible future research.

In the final section of Chapter 3, Sec. 3.3, we con-
cluded our study with a look at a combination node; that is,
a node that is both a separation and a merger node. For
this case, we saw how the methods developed in Chapter 2 for
pure merger nodes could be used to obtain useful approxima-
tions for combination nodes and indeed some exact results
under certain conditions. However, once again much more re-
search could be used in developing better technigues at these
combination nodes. We believe that the principle of delay
decomposition, mentioned previously may possibly serve as an
important tool in deriving better analysis methods for both
combination and pure separation nodes.

In addition to the problems just mentioned with respect
to specific questions that remain to be answered for the
specific topics covered within the context of this dissertation,
there exist many other interesting problems to which the re-
sults derived in this dissertation may have application.

The techniques developed in this dissertation were shown

to have application in the analysis of centralized computer
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networks. 2s for distributed networks, networks in which loops
and meshes are allowed, no direct extension of the methods de-
veloped has been, as yet, found. Thus, the problem of extending
our results so as to obtain useful analysis techniques for dis-
tributed networks remains to be attempted. The complexity of
this task is much greater than for centralized networks due to
the many additional factors that must be considered when
analyzing distributed networks; for example, the routing
strategy employed is of critical importance when dealing with
distributed networks having loops and meshes within their
topologies. As for current methods used in analyzing dis-
tributed networks, we refer the interested reader to the

work of Kelinrock [12, pp. 320-9].

Yet another area of interest is in the study of networks
containing queues with finite buffer lengths. The techniques
developed above, were done by considering infinite storage
available at every dueue wiﬁhin the network. No extensions
to networks with finite length queues have, as yet, been de-
veloped. The problem of finite buffers is indeed of interest
for few results, especially for tandem networks of finite
length queues, are existent at this time. For present methods
and results available, the interested reader is referred to
the series of papers by Chu {3-7] and Rudin [21] with regard

to statistical multiplexors. The reader is also referred to
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Abramson and Kuo [l, pp. 237-68] and Schwartz [23, pp. 154-70]
for additional background material.

A final possible area, for which the techniques de-
veloped in this dissertation may have application, is in the
capacity and flow assignment‘problems in computer nétworks.
These problems are discussed in detail by Kleinrock [13,
pp. 314-60] and Schwartz [23, pp. 58-102] and the references
mentioned therein. Much of the work in the area has relied
heavily on the "independence assumption® and it is our be-
lief that it may be possible to apply our methods, which do
not use the independence assumption, so as to obtain more
efficient solutions to both the capacity and flow assignment
problems, especially when considering these problems with

respect to contralized networks.
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Appendix A. Derivation of Equation (2.5-17)

In this appendix, we shall derive equation (2.5-17) in
a more detailed manner.

To begin with, it was assumed that a busy period at
node N3 of Figure 2.5-1 would begin with the simultaneous
arrivals of both a class 1 and class 2 packet at time

t = 0. Thus, we have

T. =0 (A-1)

= -

T, =0 (A-2)

By -

. _ (3y _ (3) _
since, from (2,5-15}, tll = t21 =0
If the busy period at node N3 is to last for at least
a third packet, then this third packet must be a class 1

{g) < tég) for all allowable values of k,

packet since t
1< k< 2. (The case k = 2 is not allowable since for
k = 2 the busy period may never exceed a length of two.)

Thus, using the limits of t{g) from (2.5-16a) we find

oy < T3 < 20!.3 (a-3)

If we now allow the busy period at N, to be at least

3
of length four, we note that, depending on the value of k,
this fourth packet may be either class 1 or class 2. To

find the region where the packet will be class 1, we must

solve the inequality

(3) (3)
t13 < t22 (A=-4)

which from (2.5-15) yields



ka3
2k0‘.3 < k=1 (A-5a)
2
(2k -3k)a3 < 0 (A-5hb)
k < 3/2 {A-5c)

Therefore, in the region 1 < k < 3/2, the fourth packet
of the busy period must be a class 1 packet whose arrival

time at N3 is found from (2.5-15a) to be bounded as

(3)

2a3 < t < 3a3 ’

and in the region 3/2 < k < 2, the fourth packet of the

busy period must be a class 2 packet whose arrival time

at N, is found from (2.5-15b) to be bounded as
(3)
2a3 < k5t < 3a3 (A-6Db)
Consequently, from (A-6) we see that
]
2a3 < Ty < 3o (A=-7)

3

We shall now conclude this appendix by deriving the
limits on Té.

For a busy period of length five at N3 , this fifth
packet of the busy period may once again be either class 1
or class 2. However, if it is class 1, it will be either
the third or fourth class 1 packet of the busy period, and
if it is class 2, it must be only the second class 2
packet of the busy period. All of this will, of course,
depend on k. We shall now derive the regions of k for each

of the three possible events just mentioned.
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From {(A-5), we see that for 3/2 < k < 2, we must have
tég) < tig) ; then, in this region, the fifth packet of the
busy period will be the third class 1 packet of the busy

period whose arrival time at N3 is limited to be

3o, < (3)

3 tl3 < 4a3 (A-8)

Let us now solve the inequality

L (3)

(3) -
11 < t (a~9)

22

which will yield the region of k for which the fifth
packet will be the fourth class 1 packet of the busy period.

Using (2.5-15) we find

ka3
3k0.3 < k———_—i- (A"loa)
(3k2-4k)a3 < 0 (A-10b)
K < % (A&-~10¢)

Thus, in the region 1l < k < 4/3, the fifth packet of a busy

(3)

period at N, will be class 1, arriving at tya where

3

(3) -
3a3 < t14 < 4a3 (A-11)

Finally, for the region 4/3 < k < 3/2, this fifth packet

must be a class 2 whose arrival time at N3 ' tég) , 1s

bound as

< t(a) < 4q (A-12)

30 22 3

3
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Consequently, from (A-8), (A-11), and (A-12), we conclude

that

' —
3oy < TE < 4oy (A-13)

In a straightforward manner, this result may be

extended to show that

(n—2)a3 < Tn < (n-l)a3 ' (A~14)

thus proving (2.5-17).




-196~

Appendix B. Conjecture on the Extension of Results

Obtained in Section 2.5, Case 2, Subcase 2.1

In this appendix, we state a conjecture on the exten-
sion of results derived in Section 2.5, Case 2, Subcase
2.1 for networks with at most three external inputs, to
networks with an arbitrary number of external packet streams.
Though we have no formal proofs for what we are about to
state, the conjectures that follow have been shown to be
extremely accurate by use of simulation programs.

Our point of departure is equation (2.5-35), where
we have derived the exact expression for the mean steady-

state queue length at node N of Figure 2.5-12, a network

4
with three external inputs, for the case

a4§%min(al,a2,a3). We will now utilize the same approach,
that was used in going from a two input network to a three
input network (see (2.5-30)-(2.5~35)), to extend our
results from a three input network to one with four external
inputs; such as, the network depicted in Figure B-~1l. Thus,
the first step 1in our extension process 1is to find the

queue length distribution at node N of Figure 2.5-12.

4
It is here that we make our first conjecture.
We hypothesize that the queue length distribution at

node N4 of Figure 2.5-12 is the following.

P =1 - 01, - 0y - Py (B-la)
1 = 0)4* Pagt 034 P14Pas P14P34" PagP3q  (B-1D)
P§4) = P14P24 * P14P34 * PogP34T 3P14P24P3y (B-1c)
P§4) = 3P14P24P3y4 (B-1d)
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The reason we have come to this hypothesis is a knowledge
of (2.5-30) and a need to satisfy (2.5-35), and a similar
equation of 5(4), which we have done in the simplest way
possible.

If we accept the conjecture of (B-1l), we may now
proceed to the network of Figure B-1l, a network having
four external packet streams merged at node Ng with
g < % min(al,az,a3,a4), and calculate the waiting time
statistics at node NS using the approach of equations
(2.5-32)-(2.5~34). Doing this, we obtain the fecllowing:

~(5) _ (%5)
"0 - 3
5

3a
+[ ) ](°25°35+925p45*°35°45‘3°25°35°45)

(Po5*P35+P 5 PP 35 P 5P 5= P35Py5)  (B-2a)

5a5

* ‘7‘](3925935945’

o
_ 5
'(925+°35+°45’l“§]+ (P25035%P25°45%P35P 457 %5
* 305503504505
) o (on Dt ) S+ ( + + )
) P157P35™Py5! 3 P15P357P15P457P35P45/ %5
* 30150 35P5%5 (B-2b)
B0 = (o) c+0,c40,0) —2 + (DyepyetDyaPsetDopye)d
(3) 15TP25%P45) 3 15P257P15P 45 P25P5) %5

+ 3915025p45a5 (B"'ZC)
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~(5) _ Oy
Wiay = (P1stPogtPyg) —3 + (PygPos+PgP35+P 5P 35) 05
* 3015050 35% (B-2d)
Consequently, we find that
~(5) _ % =(5)
W ) W) Pla packet is class i} (B-3)
i=1
= L (PyaPaetPrePartPiePietPorp
X FR, PR R, 15P25%P15P351P15P457P 5P 35
+0,5P451P 3505 + 3P 5P55P35% 3P15P25P5
* 3015035045 * 3Py5P35P,5 * 12015P55P35P,5)
3 4
1R
= |— D:cPic *+
[ ; i=1 j=f+1 13735
=1+
P
+ 3p;ePsaPre * 12p,cPocP P
181 jebe1 kefer P15735%kS 15P25P 35945
Finally,
=(5) _ =(5) _
Nq = (A1+A2+A3+A4) W (B-4)
g A
= PsicPue *+ 3p,cPscP
121 g=i+1 533 §21 g=fs k=341 13I5KS

+ 12075P55P 3505

Having arrived at equation (B-4), we are now in a
position where we can once again hypothesize on the gueue
length distribution at node N5 of Figure B-1 and in this

manner conjecture on results for a network 'with five
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external input streams. Instead, we believe that we
recognize an emerging pattern and we shall therefore
conjecture on the extension to networks with an arbitrary
number of external inputs, such as the network of
Figure B-2.

In Figure B-2 we have a network with n external input

. . 1 .
streams being merged at node Nn+l with o < = mln(al,az...an).

n+l— n

It is our conjecture that the gueue length distri-

bution will be

(n+l) _ , _ % _
Py =1= izl Py, n+l (B-3)
P(n+l) _ % . ) n=1 n
1 guy PLemel TGl Lk Pi,n+1P5,n+1
n-1 n
P§n+l) = 1 I Py ne1Py,n+l
i=1 =i+l *’ 1
31 n-2 n-1
-2 n-1 n
(n+1) _ (31, ©
P3 =) L] L o Pi,n+1P,n+1f,n+l
i=1l j=i+l k=j+1 */0FL 3.0 1
41 n-3 n-2 n-1 n
-(3) 0y cF Py, n+1P2, n+l
27381 j=i+1 k=541 gekeriontlid ntlikon+liin
- & & 3 4 n
p(ntl) _ (n=2)1 ) ) S S Do ceeP
n-2 2 i=1 j=i+1 k=n-2 i,n+l1%j,n+1l k,n+l

2 3

_ (n;l)! z ): L. =§-

i=1 =i+l k=n-1

pi,n+lpj,n+l"'pk,n+l



2
p(n+l) _ (-1t §

n
n-1 - 2 1 j=i+1...k=£-l pi,n+1'pj.n+l"'pk,n+l

(n+1l) _ n!
Pn -2 ! | Pi n+l

where it is clear that there can never be more than n
packets, one from each class, at node Nn+1 at any one
instant of time.

¥rom (B-5), one can proceed in a direct manner and
find our conjecture for the mean steady-state gqueue length

at node Nn+l to be

n-1 n

=(n+l)
N = Z y 0. p. {B-6)
g i=1 j=i+1 i,n+l1"j,n+l

E IR
5 P, P P
27 4= j=i+l k=j+1 i,n+17j,n+17k,n+l

2 3 n
b0+ nzDt D R,
n—

Clearly, the waiting time on an arbitrary packet at node

N_,, may be found using Little's formula; that is,

=(n+1) _ [ % ]“l = (n+1) )
W lizl Ay Ng (B=7)
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Finally, equations for ﬁé??l) , 3 =1,2,...,n, may be found
from (B-5) and application of the method introduced

earlier in the derivation of (B-2).
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