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Abstract

HYDRODYNAMIC INTERACTION OF AN ARBITRARY PARTICLE

WITH A PLANAR WALL AT LOW REVYNOLDS NUMBER

by

Richard 3S«(« Hsu

Adviser = Professor Peter Ganatos

This thesis deals with the <creeping motion of an
arbitrary body of revolution immersed in a8 vwviscous fluid
adjacent to a planar walle The formulation is based on
the boundary integral method. The singular solution to
the Stokes equations in the presence of a planar wall is
used to formulate the integral equationse which are solved
numerically by the boundary collocation and weighted
residual techniquese The solution for the special case of
a spherical particle is compared with the exact solution
and found to be in good agreement for sphere—-to-wall gap
widths as close as one tenth of the sphere radius. The
resistance tensor is accurately calculated for oblate and
prolate spheroids with varying aspect ratioy 3 torus and a
biconcave shaped bodye

The motion of a neutrally buoyant spheroid in shear
flow next to a planar wall and the settling wmotion of a
spheroid under gravity adjacent to a inclined plane are

examined. The neutrally buoyant spheroid undergoes a

- il -



periodical wmotion toward and away from the wall as it
continuously tumbles forward. A spheroid settling under
gravity near an inclined plane will reach an equilibrium
position for certain inclinationse after which it will

translate parallel to the wall without rotation.
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INTRODUCT ION



Yhe motion of a non-spherical partaicle in three-
dimensional Stokes flow in the presence of confining
boundaries is of longstanding interest and has important
biological and engineering applicationse Most existing
theories involving the general motion of non-spherical
particles in the presence of confining boundaries are based
on weak interaction method of vreflections techniquese.
Special cases such as axisymmetric flow past oblate or
prolate spheroids at the centerline of an infinitely long
circular cylinder or the motion of a slender body near a
plane have bean treated by more exact techniques.

This thesis investigates the creeping motion of a body
of revolution adjacent to a pltanar wall wusing the boundary
integral method. The general theory developed is valid for
arbitrary motion of a body of arbitrary shape. However, the
numerical calculations have been limited to a body of
revolution with the motion bhaving planar symmetry since
these solutions are of greatest importance and interest.
Moreover, for this case it is possible to perform the
integration on the particle surface in the azimuthal
direction analytically yielding high computational accuracy
and efficiencya

This thesis is presented in the ¥form of three
independent papers each of which will be subaitted for
publication to a scientific journale. Each of the chapter sy

therefores has its own abstracts introduction and



referencese. In chapter 1 the theory is formulated. The
accuracy and convergence of the solution technique is tested
by comparison with exact solutions available in the
literature for the force ard torque acting on a sphere which
is translating parallel or perpendicutar to the wall,
rotatiny about an axis parallel to the wall, or in the
presence of shear flowe Solutions for the resistance tensor
for an oblate anag prolate spheroid moving adjacent to the
wall are also presented. In chapter 2 the theory presented
in chapter 1l is modified to treat a torus and biconcave
shaped discCe In chapter 3 solutions €for the velocity and
trajectory are obtained for a8 neutrally buoyant spheroid in
shear flow and a spheroid settling under gravity adjacent to

a inclined plane.



CHAPTER 1
A NUMERICAL SOLUTION TECHNIQUE FOR THE MQOTION
OF AN ARBITRARY BODY OF REVOLUTION ADJACENTY

TO A PLANAR WALL AT LOW REYNOLDS NUMBER



Abstract

The vounijary integral method is wused to calcutate the
hydrodynamic farce and torque on an arbitrary body of
revolution near a planar wall at low Reynolds numbere The
singular solution to the Stokes equations in the presence of
a pltanar wall is used to formulate the integral equationse.
which are then reduced to a system of linear algebraic
equations by satisfying the no-slip boundary conditions on
the body surface using the boundary collocation method or
weighted residual techniques

Numerical tests for the special case of a sphere moving
parallel or perpendicular to a planar wall show that the
present theory is accurate to at least three significant
digits when compared with the exact solutions for gap widths
as close as only one tenth of a particle radiusa

The hydrodynamic force and torque on a spheroid with
varying aspect ratio and orientation angle reltative to the
planar wall are obtained and compared with the solutions
previously obtained using the method of reflections. It is
found that the solutions obtained by reflection theory are
good only for particle-wall separations of at least Five

times of the sewmi-major axis of the spheroid.



l« Introduction

The motion of 4 non-spherical particle in three—
dimensional Stokes flow in the presence of confining
boundaries has important biological and engineering
applticationss The theory may be used to model! the flow of
red bload cells in an artery or veiny Wang £ Skalak(l969),
Chen & 35kalak{1970)es Leichtberge Weinbaum L Pfeffer(1970).
Specificallys the theory may explain the enhancement in the
fiux of oxygen and blood platelets near the artery wall,
Lightfoot{1974), pe3lé. Other biological applications
include the transport of non-spherical macromolecules or
solute particles in intercellular clefts or through porous
membr anes . In particulare Brenner & Gaydos (L97T7) have
shown houw the hydrodynamic resistance coefficients
describing the motion of non-spherical particles in the
proximity of boundaries can be wused in the study of
diffusive and convective transport of non—-spherical solute
particless Other engineer ing applications include
determination of the motion of a particle passing through an
electrostatic precipitator or the trajectory of a foreign
particle in a ltubricating bearing.

A review of the Vow Reynolds number flow literature for
the motion of a non-spherical particle in the presence of
confining boundaries shows thats to dates five different
methogs of solution have been used to solve such problems.

They are the method of veflectionss the boundary collocation



truncated series solution techniquey the finite element
methods the singularity method and the boundary integral
methode.

The wmethod of reflections which was used by Wakiya
(195T7+1959) in connection with spheroidal particles in
bounded flow is an tterative solution technique which in the
present application alternately satisfies the no-slip
boundary conditions on the particle surface and on the
confining boundary. This series solution gives accurate
results wusing one or two vreflected fields only 1if the
particle is far removed from the boundariese. Using this
approach HWakiya considered the axisymmetric motion of a
spheroid at the centerline of an infinitely 1long circular
cylinders Wakiya{l95T7a)s and the parallel motion of a
spheroid at one-quarter the distance between two plane walls
with its semi-major axis parallel to the direction of
motions Wakiya(l957b). In 8 tater studye Wakiya {1959)
treated the wmore difficult problem of the motion of a
spheroid paraliel to a single plane wall but with the semi-
ma jor axis oriented at an arbitrary angle relative to the
walle

The boundary collocation truncated series solution
technique was used by Chen and Skalak (1970) to treat the
problem of axisymmetric flow past & periodic array of
spheroidal particles 1located at the centerline of an

infinitely long circular cylindere. This method is capable



of producing exact results since each particle and boundary
is represented by an infinite series or integral of all the
simply separable solutions in the appropriate coordinate
system and the no-s5lip boundary conditions on all the
surfaces are satisfied simultaneously rather than in an
iterative fashion. Howevers» in the present application
involving a non-spherical particle inclined at an arbitrary
angle relative to a planar walle the coordinate
transformation is complicated by the fact that the
arientation angle enters as a parametere. This in turn
complicates the inversion integrals which must performed
along the planar surface and requires that they be performed
numerically which is exceedingly time consuminge

The finite element method was wused by Skalaky C(hen and
Chien {(1972) in treating the problem of capillary blood flow
consisting of bi-concave disc-shaped solid particles equally
spaced anad axisymmetrically located in a circvlar cylindere
Howevery it is computationally inefficient to use this
metnod in Stokes flow problems where the fluid domain is not
periodic and is of infinite extent since a3 large number of
nodal points would be needed to describe the flow domain in
which the stowly decaying particle disturbances are felt.

The singularity method is based on the distribution of
fundamental singularities along the body axis in such a way
that the boundary conditions at the particle surface are

satisfiedy at least approximately. Liron & Mochon [1976)



studied the problem of fluid transport by ciliae which are
periodically arranged along a flat surface in an infinite
fluid and beating in a wmetachronal fashione. In this wmodel
the cilia were represented by discrete singularities placed
along their central lines. The singularities used
identically satisfied the no-slip boundaries on the planar
walle Thus the integrails needed to satisfy the no-slip
boundary conditions are performed only along the cilia.
Ltater Livron {(1978) extended the solution to the case where
the cilia are distributed along two parallel! planes. More
recentlys Yang & Leal (1983,1984) studied the arbitrary
motion of a slender body near a planar fluid-fluid
interfacey which was assumed to remain flate The flow field
was represented by a distribution of appropriate
singularities along the centerline of the slender bodye. The
singularities used in this theory also satisfy the no-slip
boundary conditions on the flat interface exa: tly. Applying
the no-slip boundary conditions on the surface of the body
leads to & system of integral equations for the unknown
singularity densitiess which are solved numerically.
Ladyzhenskaya (1963) developed a yeneral solution of the
Stokes equations, which allows the flow field to be
expressed in terms of an integral over the boundary area of
a Green's function which is the fundamental solution of the
Stokes equations for a point force (stokeslet) multiplied by

an  unknouwn density function in each direction which



represents the stress on the boundary surface. The density
functions are determined by solving the integral equations
which are obtained when the no-slip boundary conditions are
applied on the boundary.

Youngren and Acrivos (1975} were the first authors to
use Ladyzhenskaya's solution to calculate the <creeping
motion of an wunbounded fluid past an arbitrary isolated
three-dimensiona) bodye The flow disturbance produced by the
body was formulated as a system of linear integral eqQuations
for a distribution of stokeslets over the particle surfaces
The integyral equations werse solved numerically using the
boundary collocation technique. The body surface was divided
into a finite number of discrete elements in each of which
the stokeslet strength was assumed to be constant and the
no-slip boundary conditions were applied at the center of
each elements Thus the integral equations were reduced to a
system of 1luinear algebraic equations for the unknown
stokeslet densitiess Laters Youngren and Acrivos (1976)
applied the boundary integral method to determine the

steddy—-state shape for an inviscid 9as bubble symmetrically

placed in an extensional flowe. Rallison and Acrivos (1978)
modifiea the integral formulation to consider the
deformation of a bubble of nonZero viscosity in an

extensional flow.
Tozeren (1984) considered the problem of axisymmetric

creepiny flow past a collection of spheroids at the
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centertine of an infinitely Yonyg circular cylinder using the
boundary integral method. A singularity solution in the
presence of an infinitely long cylindrical surface for
axisymmetric <configurations was obtained and applied to
formulate the integral equations. Thus the integygrals along
the infinite cylindrical surface vanishe. The integral
equations were solved numerically using boundary collocation
on the surface of the particle as was done by Youngren and
Acrivos (1975)a

Lee £ tLeal {1982) and Leal £ Lee (1982) applied the
integral technique to obtain a solution for the axisymmetric
creepiny motion of 3 sphere translating perpengicular to an
initially flat but deformable infinite fluid interface. In
this study the integrations were performed over the sphere
as well as over the interfaces. In order to use the boundary
collocation technique to satisfy the kinematic and dynamic
congitions on the interface the domain of the infinite
interface was truncated at a finite distance from the axis
of symmetrye

Ltewelleoen {1982) obtained a solution for the creeping
motion of a spherical particle in an infinitely 1long
cylindrical tube wusing the boundary integral methods The
densities of the stokeslets were represented by double
infinite seriesy in contrast to discretizating the density
functions as done by previous authors. The no-slip boundary

conditions on the particle and boundary surfaces were
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satisfied by @ weighted residual methods in which the
coefficients of the series representation were determined by
requiring orthogonality of the residual vector to a set of
trial functions.

In the next section the boundary integral technique will
be used to Fformulate the solution for the motion of an
arbitrary body near a planar wall at low Reynolds number.
This general solution wil) be specialized to obtain the
first highly accurate solutions for a body of revolution

near a planar wall.



2. Formulation

The <creeping motion of an arbitrary particle in a
viscous fluid near an infinite planar wall is {llustrated in
figure l. The particle has a translational velocity ﬁ; and
is rotating with an angqular velocityis - U; represents the
undisturbed simple shear flowe

Let V, represent the flow field and define v = ?:— Voo »

The governing equations for V are:

MU g2V = 9P
-V =20 (1)

subject to the following boundary conditions:

v - UP= U'°+[a’,?'_v'm at the particle surface (2)
V=20 at the wall (3)
v = 0 P - 0 at infinity (%)

where '6' is the position vector whose origin is at the
particle centere.

The boundary value problem posed by equations {1} -~ (%)
will be solved using the boundary integral technique. We now
outline the solution proceduree.

As wmentioned in the introductions to avoid integration
over an infinite domain the singular solution for Stokes
flow due to a point force located near a stationary planar

wall is usede CoOnsider a semi-infinite fluid domain bounded



by a planar wall as shown in figure 2. Ltet a unit singular
force (stokeslet) poanting in the jth direction be located
at a position (y, vy;ey3)e The velocity components and the
assoc iated pressure field at an arbitrary point (x; exzeX3}

due to this stokeslet are given by Blake (1972) as

[(F-57) 8y + "5}5?
wdut — 5)4532)-27(1;;-} —1 r. )] (53

f *

Pjtz_t.:i)z ——,-,-1 - 5 - zy...us,.&g-a;,s;.)g%;(%)}

where

¢ = (=9 P + (Xe— Yo ]+ (X5 — 53]
V= [(4=9)% + (X — $o) + ( X3+ Ys)']%

g(X,4Y)= .
Ui (X, Y /
3 (8

iejel = 1¢2+3s ol =142y and the usual summation convention
is useda The tensor de&]"sjgs_jz is not gzero only when
j =1 ¢ and has the value ¢1 for § =1 or 2 and the value
-1 for j = 3« The terms in (5) which involve r* account for
the disturbance of the wall in the flow field.

The Green*s formula which may be applied to the Stokes

problem is given by Ladyzhenskaya {1963) as

2&5{”"[/""1“‘— ax.] ui [/“Vz”_ ax\ }d
Wi vTyadm— uiTy(Vyngfds
S

(6)

The above formula is a general vector identitys where U
and V are arbitrary smooth solenoidal vectors, p and gq
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are arbitrary swmooth scalar quantitiess JL represents a

bounded domain with boundary Sy W is the outward pointing

(with respect to L ) normal on S and

2 X

Told)=-d43 +u( 32 + 33)
TV )= &P + u { -§~;5;' + 3;‘ (1)

Here tg[?j represents the local stress tensor corresponding

to a flow field ( Ve p }v and M is the dynamic viscosity.

Replacing ( TWe q } in equation (6) with the singular
solution { uqtgoxlvp {(Xey)) given by {5)s and identifying
{ Yo p )} to the solution of the boundary value problem posed

by {1) — (4}« we get

(8)
+ Txg[i)"(gg)] njcz(,)uxa(sfﬂ)f d Sx

Here ﬂ”‘({.yl represents the velocity field due to a

stokeslet pointing the ith divections d5 indicates that the

integration is performed «with respect to the variadble x+ 5p
represents the surface of the particles T is the inward
normal to the object. The corresponding pressure is

obtained from (1) using (8)e The solution can be written as
vid) = 0P+ 9y
— tn C‘-)t ) {9}
Py =P+ P
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where
Ui,",(:j) - SSSP uk’i (E!g) -’:-J[Tf(xjj anSé

= ﬁj Uni(.x,:i) fx‘.z)dsﬁ

—_ (BFH I[s { _77)61K'+ ﬁf} - ?igz)
+2:'f3 { Oiw ot —515339)5;1' (—'ltr’sf %')ﬂﬂ)cfss (i0)

0 == (g T (T Q@ 90) vz 7y ex)dsy

—- S SS LGl EB I 4 24 (Siwdeg - sdre) -

= f Fe TR
r'r'
a.%(_ﬁir’s__;‘L LIgh 4B 5 ) ) nyx) dSy (11

Pll)( g) — .z.’:.’_r_ “Sr { ?’;’5 - —Eé - 133(61:!&3 -Sks&ﬁ)ﬂ(?%i)ﬁfydsé (12)
I N
Pm(ﬂ)zzlﬁ'_“sr{ -'-,L—-FL)JK]-S( ¢ Lfgg_)

4—(5)1&9 BJ”;”)N ( 5 0x3 +3—r"7§_}3i)
+(8w&n-5n5¢9)5'q(;6p - 3% N atimzrdsy

The gquantities ¢ v.fuo p"') and {( v"’o pm) are termed single and

doudle layer potentials with densities fe and Vg
respectively. The quantity f.= I"J Ny ts the density of
the stokesletse identical to the Tocal surface stress force
in the kth direction.

The solution for v; and p ¢ given by (%) satisfies
the governing equations (l)s the no-slip boundary conditions

on the infinite wall and tends zero at infinitye. Therefore
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it only remains to satisfy the no-slip boundary conditions

on the surface of the particlea

The single-layer potentials v?' are continuous in the
entire space if Sp is 3 Lyapurnov surface (Guntere 1967 ).
This requires the surface to have a well-defined tangent
plane at all paoints for surfaces of practical intereste.

Howevere the double—layer potentials v?’ are not continuous

at Sp . According to Adgvist (1930) and Ladyzhenskaya

(1965) =

- )
Jim B0Y) = GI)++ Vitd)
3"’30
~ JE'.Q- > \Zb E 'SP
Therefore using (14) and applying the no-stip boundary
conditions on the surface of the particle 1leads to the

following linear integral equations of the first kind to be

solvea for the unknown density functions fy =

i _ _Kne
D)= g Wll 7 = ) i+ Tt -
+zj, ( Siwdug — dis 830 ) 3x;ri3’r.. - :%gix'i'

)i futX1dSx — SS {

LN
—"L—L& 2],(&«&2-—5.;&:){ '”’“’“r

ru; EKS

r¥ rer
+ BE & + 2 5+ B 5y - 250}
. U’k(i}nj(l‘,) d‘sl‘_ (15)
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The solution of the velocitf and pressure field {9)
with the density distribution given by (15) is valid for
arbitrary motion of a particle of arbitrary shape adjacent
tu a planar wall at low Reynolds numbere. The system of
integral equations (15) can only be solved numericallye.
This requires discretization of the unknown density
functions and double numerical integration over the surface
of the particle. An important special case of problems may
be solved much more accurately and efficiently by
considering only bodies of revolution with the motion having
planar symmetsry.

In this special case a3 cylindrical coordinate system
{ Re @ s Z ) is useds as shown in figure 3. The Z axis lies
along the particle axis of symmetry and the radius of the
body surfaces Ry can be represented by a single-valued

function
= Rs (&) (16)

The transformation of coordinates ( Re D e Z ) to (X, exze xa)
is given by
Ay, == ZlosA — RSind Cos 8
X "RS!"I@ (17)
Ay = EGsd"‘Rfosﬂ(asa‘f'H

I

Using (16) and (17) and denoting the coordinates of the
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points x and y by (R(Z}+0 2z ) and (R(Z"} +@"92") in the
cylindrical coordinate system respectivelys all variables in
equations {15) can be expressed as functions of z + 0 +2°
and 0" and are listed in Appendix A. The unknown density
functions for the wmotion bhaving planar symmetry c¢an be

represented by double infinite series

‘fu == ':2 ; Al.m.n Pn(%) Cos M
f). — i;' ": Az,m,n Pn(bz,') .Sin mf
fi — Aa,m,n Pnf'.;") CosmB

M8 M

{(18)

3
=
"
-2

=0
where p are the Legendre function of order n s Agmn avte
coefficients to be determined.

To solve the integral equation (15) we define a residual

vector u:(!) as follows:
L
Ug:’_f): ny) — Vi) (19)

where v; {y ) represents the true solution and q:(y } is the
right side of the integral equation (15). I1f the stokeslet
density function £, (x) in equation (19%) is enact, the

residual wvector v:(y ) will be identically zero. To find an

approximate solution of f, (x) we will use two different
met hodSse
A« The boundary collocation method: In this method we let

the residual vector v?(y) vanish at discrete points on the
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surface of the body.

Substituting the series representations of fx into
(15)s trupcating the series of fyx after M terms in m
and N terms in n and choosing M x N collocation points

on the surface of the particle on which the no-slip boundary

conditions are sactisfiedy leads to 3 x M x N linear
algebraic equations for the 3 x M x N unknown Agap
coefficientse The integrals in {1L5) are performed
analytically in & direction and numerically in Z

directiones The evaluation of the integrals in @ direction
ts outlined in Appendix A.

Be Weighted residual method: I[In this method we multiply the
residual vector by trial functions Fill'oz') which are equal
to CGem®'P, (Z') for i=1 or 3 and Sam0"P, (2¥) for i=2 and

lTet the weighted residual vaniShriee.
s, Ve IR 007, 2)dSy= 0 (20)

Taking N=0sleleeaarN-1y m=0ylel2seaeeM-1 for i=1 and 3 and
m=1'2'5.-.'H for i=2s we also get 3 x M xN linear algebraic
equations for the 3 x M x N unknown coefficients A -

After the A coefficients are obtained the total

force angd torque acting on the particle may be obtained from

N a an ‘
FK:_-%’”Z./ Ag,m,n-s S ? G’!Mﬁﬁsff}h*(zﬁ Jﬂ{g

mTo nad
(K= "1 and 3 ) (21)



Mot Xl mn
Tz:ZZ[Al,m,n S [&(3)630G50(+3&‘u0(].
-8 &

T2 nrp

iy
“Cosm{ P, (af) Rsr?) JN/%?)‘ d8d2 * Ay -r ‘[

&

[ Rt s 0Smat - ECast ] c:,m#ﬁ/a"')//«r—:.’ga"dﬂ?

(22)



3. Numerical tests for a spherical particle
To test the 3ccuracy and convergence characteristics of
the solution technique we first consider the special case
for the motion of a spherical body adjacent toc a planar wall
where exact solutions are available for comparisone Due to
the linearity of the governing equations and the boundary
conditions the planar motion of a particle can be decomposed
into four simpler problems:
(1) pure tvanslation of the particle perpendicular to the
walle
{2) Pure translation of the particle parallel to the walld,
{3) Pure rotation of the particle about an axis parallel to
the walle
{4) Shear flow past a rigidly held particle near the wall.
The Z axis in the cylindrical coordinate system is set
to bpe perpendicular to the walle In the first case the flow
iIs anisymmetrica. The stress forces in the R and ¢
directions must be independent of the azimuthal angle § and
the stress forces in the azimuthal direction are identically

Zerosy 50 wWe sat

f, = z An Pul-E) Cos

f: = z Bo P (5 ) Sin® (23)
fy = g C.h(%)

Substituting {21) into (15} and applying the no-slip



boundary conditions on the surface of the body at discrete
values of 2 » we get a system of linear algebraic equationsy
whose coefficient matrix is independent of the @
coordinate of the collocation pointse Therefore only one
dimensional collocation is needed.

It is found that when the gap between the sphere and the
wall is greater than half the radius of the sphere the
choice of the collocation points is not critical if they are
evenly spacede. when the sphere is located closer to the
wally some special points are important to achieve fast
convergences. One important point is Z = 0 since it satisfies
the no-slip conditions on the ring covering the Tlargest
surface area on the particle and defining the maximum radius
of the particle. The two end points 2=2as the radius of the
spherey are also importante ODue to numerical difficulty the
two end points are replaced by points as close to them as
possibles The remaining collocation points are then evenly
spaced alung the circular arce.

Table la shows the results of convergence tests of the
dimensionless force coefficient F? as a function of
particle-to-wall spacinyg H for perpendicular motion using
the boundary collocation methode. F}‘ is related ta the

hydrodynamic force Dy

Fo = émual F?

(24)



where Uz is the velocity of ihe particle perpendicular to
the wall. The numerical results are compared to the exact
solution given by 8renner (l961). Convergence to at least
three significant digits is obtained using 15 collocation
points for qap widths as small as one-tenth of the sphere
radiuse. When the gap width is larger than half the sphere
radius only seven coallocation points are needed to give four
significant digit accuracys

Table 1o shows the results of convergence tests of the
dimensionless force coefficient F?'for the perpendicular
motion using the weighted residua) method. The convergence
characteristics are surprisingly similar to those of the
boundary colloucation method shown in table la. Because of
the similarity of the convergence characteristics of both
methods and the fact that the computation time using the
weighted residual method is somewhat greater than that of
the boundary collocation method, we will! only wuse the
boundary <collocation method in the computations which
followe

We now consider the non-axisymmetric motionse cases

(2)—(%)}e For these motions we set

f, = & ( A+ BuGs20) P E)

11 =2 BnSiuZ@ﬂ.({i’) {(25)
s =5 Cocos20Pn(d)

neo



Again the coefficient matrix of the \linear algebraic
equations is independent of the 0 coordinate of the

collocation pointss and only one-dimensional collocation is

needed even though the fluid motion 1S NOow three~
dimensionalas For these casesy howevery using the point
1 =

0 leads to a nearly singular matrixe Therefore the point

4 0 is replaceg by two closely spaced points 2 =2€ as
done by Gluckman et al {1970)« The remaining points are
equally spaced alonyg the circular arc as done in the
akisymmetric casee

Tables 2 - & show the results of convergence tests for
the dimensionless force and torque coefficients as a
function of particle-to-wall spacinge. These coefficients
are related to the hydrodynamic force and torque acting on
the sphere as followse For a sphere translating with
velocity U, parallel to the walle the ¥force and torgue

exerted by the fluid on the sphere are given by

Fo = émmau,F (262)
Tz = 5?T/UR2U| ;t' (26b])

For a sphere rotating with angular velocity w about the

x, axis the force and torgue exerted on the sphere is

F, = éruawF' (272)

T = 8mu adwT (27b)
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while for a shear flow with strength S past a riqgidly held

sphere the force and torque is

Fi

I

s
67/r/t(QHSF, (283}
T. = 87Mu &S 77 (28b)

Comparing with the exact solutions given by Goldman et
al  (195TAsB)e convergence to at least three significant
diqits i1s obtained for all coefficients for sphere-to-wall
gap widths as small as only one tenth of the sphere radius
using a maximum of 12 collocation pointse.

In order to check the convergence characteristics for
the general case when the particle is inclined at an
arbitrary angle relative to the wally the general doudble
ser ies representation of stokeslet strength (18) and general
two-dimensional collocation over the body surface are
requiredas Of course for the special case of a spheres the
drag and torque should be independent of the orientation
angle.

Numerous convergence tests for the general two-
dimensional collocation have been performed to find the
number of collocation points in both z and U directions
needed to achieve convergence to a desired accuracye. The
two dimensional collocation points used in the following
runs are arranged such that the ringse which are represented
by constant values of 2z are evenly spaced along the
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spherical arca At each ring the collocation points are
evenly spaced along the §§ directione The number of
collocation points used at each ring is equal to the number
of terms retained i1n the Fourier series representation of
the density functions (18)s while the number of rings used
is equal to the number of terms retained in the Legendre
seriess.

Tables 5 and 6 show numerical results of the
dimensionless force and torque coefficients for a sphere
with @ fluid gap width of about one—-half and one-tenth of
the sphere radius respectively using the general two-
dimensionral collocation procedures. When the fluid gap width
is one-half the sphere radius the same arrangement of
collocation points ( given values of z ) and four points at
each ring { given values of ¢ ) are used for alil
orientation angles as shown in table S. Comparing with the
exact solution the maximum error of all coefficients in any
orientation is less than 0+45%a. when the separation gap is
only one-tenth of the sphere radiussy two different
arrangements of the collocation points are used as shown in
tables &a and 6be We find that althouyh both sets of
results exhibit good accuracys the arrangement used in table
6a ( 10 rings and six points at each ring ) is better than
the arrangement wused in table 6b ( eight rings and eight

points at each ring ) when the orientation angle is Varger

- 27 -



than 45 deqgreesy and vice versa when the orientation angte
is smallere. This behavior is to be expected since as
of == 90° fewer terms in the Fourier series and thus fewer
coltlocation points on each ring are needed. In facty as
already demonstrateds in the limit of o =90° only one term
of the Fourier series and one-dimensional collocation in the
I-direction is required.

1t should be noted that the coefficients on the left
hand side of the integral equations (15) depend only on the
geometry and the form of the series representation of the
stokeslet densities but not on the boundary conditions
satisfied on the particle surface or Voo ® Since the bulk of
the computation time is used to evaluate the coefficient
matrix for a given configuratione the force and torque
coefficients may be determined in a single run for a given
geometry for all four of the problems outlined at the
beginning of this section with a neqligible increase in the
computation time which would be required for a single
problem. The computation time required for one
configuration is approximately proportional to the square of
the number of collocation points and can be estimated by the
formula T = 0«0015-N'y where | is the CPU time in minutes
on an IBM 3081 computer and N is the tota) number of

collocation pointse.
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%« Solution for the wmotion of a spheroid near a planar wall
In this section the theory derived in section 2 is used

to aobtain the solution for the motion of & spheroid near a

planar waill. The surface of a spheroid is represented in

the cylindrical coordinate system {( see figure 3 ) by
Z2 %
Rty = bl 1 — (£)] (29)

where it is oblate for a<b and prolate for ad>be.

Let a spheroid translate with velocity components U,
and U; in the directions parallel and perpendicular to the
wall vrespectivelyy, and rotate with angular velocity w
about axis Xp; e The undisturbed shear flow has a gradient
S« The force and torque on the spheroid may be related to
the particle velocity and shear strength using 12

dimensionless resistance coefficients as follows:

F S AT Y A

U

f| o= dme| BB R
t, 4,5 4 2 bw (303

T $om §bT Sb% 56T/ | 4

Here <¢=b for an oblate spheroid and c=a for a prolate
spheroide H is distance between the center of the spheroid
and the walle F, and Fy; are the force components in the x
and ny directions respectively and T, is the torque
acting on the spheroide.

A1} the dimensionless resistance coefficients are
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functions of the separation distance of the spheroid froms
the wally the orientation angle of the spherdid relative to
the wall and the aspect ratio of the spheroid. The
separation distance will be expressed by the dimensionless
parameter H/Ca. The aspect ratio ¢ is defined as asb for
an cblate spheroid and b/a fFor a prolate spheroide s0 that
it varies between zero and unity in both cases.

It is worth noting that only nine of the twelve
resistance coefficients are independent. From reciprocity
theorems three pairs of the resistance coefficients are

related as follows =

Fe = gh (31)
=47 22)

Y AL 33
Fs, = T T 33

These relations are wused as a further check of the
consistency of the numerical resultss

Tables Ta - Tf show convergence tests of the force and
torque coefficients for an oblate spheroid having aspect
ratio a/b = 0% with its axis of symmetry oriented
perpendicular to the wall (ieesa o = 90°). for this
particular case only one disensional collocation is
required. Note that the convergence for H/b = 0.55¢ which is
equivalent to H/a = lele is somewhat stower than for a

sphere with H/a = le1l « #dhen the particle is oriented at an
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arbitrary angle velative to the wall! two-dimensional
collocation is required. The rate of convergence is found
to be similar to the case of a sphere if we replace H/a by
H/ce Tables 8 ~ 10 show the convergence of the coefficients
F?’o I, and 1 for an oblate spheroid having aspect ratio
€ = 0.5 and O.1 inclined at of = 15°relative to the wall. The
remaining rasistance coefficients exhibited simil ar
conver gence characteristics and are not showne

Figures & to 12 show the converqed wvalues of the
dimensionless hydrodynasic force and torque coefficients for
an oblate and prolate spheroid as a function of the
orientation angle « at constant separation distance H/b
and aspect ratio € « The coefficients are presented as the
ratios of their values in the presence of the wall to the
corresponding values in an unbounded fluid domaines except
for the torque coefficients T.' and T® for translation
parallel and perpendicular to the wall which are identically
zero in the absence of the wall. The hydrodynamic force
coefficients of a spheroid wmoving parallel or perpendicular
to its axis of symmetry in an uabounded fluid domain were
obtained by Oberbeck{1876) and are presented by Happe and
Brenner | 1965¢table 5-11). The torque coefficients of a
spheroid which is rotating in an otherwise quiescent
unbounded fluid or rigidly held in an unbounded shear flow
u =S 2 were obtained by Jeffery (1932)s A sumsary of these

formulas is presented in Appendix B for reference.



Figures 4 and 5 show F'.t'/F,t'.. and F:’/F:f,, + the ratios of
the drag force for the motion parallel and perpendicular to
the wally respectively, to the corresponding force when
H+>®e The curves of Ff'/F::,, are similar in shape for both
£ =045 and 0.1 with the values for € =0.1 somewhat smaller
than for € =0.5. But the behavior of F:'/F;,’w is radically
different for € =0.l and 0.5y especially at close spacings.
At H/b=1.1 the ratio F;’/F:fw decreases with increasing «
for € =z0.5 while it increases for € =0.l.

Figure 6 shows F;'/F:,'w. the ratio of the force cowmponent
perpendicular to the wall due to the motion parallel to the
wall to the same force in the absence of the wall. Although
the vatues of ﬁ:‘are zero for the orientation angle o equal
to 0°and 90°, the ratio F'/F % has a finite limiting value
for each particle-to-wall spacing at the two extreme pointse.
The ratio F:'/F:f., is a weak function of o up to H/c=1e5 but
becomes strongly dependent on when the spheroid is
closer to the walle.

Figures 7 and B8 show the variation of ratios Ff/F:m and
F, /F, « respectivelys It is interesting to note that £S =gl
and Fy =-F' « Comparing with figures & and 5 the absolute
value of F¥ is always less than £/ and the absolute value
of F; is always less than Fr and thejir difference increases
as the particte is brought closer to the wall,

Figure 9 shows T:/lﬂn'the ratio of the torque

experienced by a rotating spheroid to the value in an
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unbounded fluid domaaine The ratio is almost unity for H/c
greater than Se. When the separation distance is decreased,
the orientation angle o at which T{/Ezqg becomes maximum
gradually shifts from of = 0° toward 90° for an oblate
spheroid and vice versa for a prolate spheroid.

All the vratios shown above are greater than unity for
any orientation angle o es0 these force and torque
coefficients are always larger than the corresponding values
in an unbounded fluid domaine But for the ratio T; /Tie
this is not the casey as shown in figure 10. For an oblate
spheroid the ratio is less than unity for small o and is
greater than unity for large o . when of appraaches 90°
the ratio of T:/Iiw increases very rapidly. #When the aspect
ratio is very small (€ =0.1) and o is very close to 90°,
T: /tﬁn becomes very large although the actual value of t:
at o = 90° is much less than the value at & = 0 s For a
prolate spheroid the ratio T:IIiuahas its maximum value at
&« = 0° for a given spaciné-

The dimensionless torque coefficients for parallel and
perpendicular motion are shown in figures 11 and 12
respectively. As expected both coefficients vanish when
H/C =00 It is interesting to note that the torque due to
the parallel motion changes sign as function of the
orientation angle. Therefore for each particle-to-wall
spacing and aspect ratios there is a critical orientation

angle for which a spheroid can translate parallel to the
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wall without experiencing any torque.

Comparing the corresponding curves for a prolate and
oblate spheroid having the same aspect ratio we find that
the quantitative variation of all the coefficients with
is similar to that for an oblate spheroid having the same
aspect ratio at an orientation of 90°-06le This is because
while the angle between the long axis and the wall is o
for a prolate spheroidy it is 90 - & for an oblate
spheroide

In order to more clearly see the effect of body shapes
figure 13 shows the force coefficients F' oF;® and Fl' as a
function of the aspect ratio € at e = 45° and several
constant values of H/ce All three ratios have their wmaximum
values for a sphere ( € = 1 )}« The coefficient F;' is zero
for a sphere. when ¢ approaches unity the ratio F;'/F;',o
increases with € very rapidly but has limiting values. For
a spheroid with € <close to unity the absolute value of F;'
is very small and converges wmych slower than other
coefficients. Limited by computer times the values of F?
have not been calculated accurately for € very close to
unity at H/c = l.l ande therefores are not shown in figure
1%.

The force and torque coefficients of a spheroid moving
parallel to a wall have been obtained by the method of
reflections in Wakiya (1957). The results achieved by the

method of reflections are compared to the solutions of the



present boundary integral method in table 11l. At large
spacings the results of Wakiya are in good agreement with
the values achieved by the boundary integral wmsethod. AL
close spacings the discrepancy increasess but agreement is
still good for the coefficient FF up to H/b = 1% « For the
coefficients F? and TP the results obtained by the method
of reflections have substantial error at close spacingse.
For example, at H/b=le5 and lsl1 the valtue of F:'calculated
by the method of reflections is 25% and four times less
respectively than the strong-interaction solutions obtained
by the present theorye Even at H/b=5 the error of the

t
values of T, computed by the method of reflections is close

to 10% .
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Appendix A

A key step in keeping computation time at a ainimum
while maintaining high accuracy is to evaluate the integrals
in (15) analytically in the I directions Let R = Rg(2)
represent the body shape in the (R « 0 92 ) cylindrical
coordinate systemo The coordinates (R{z)e & o 2z )} and
(R(z")s 0" 92") represent twe distinct points x and y on the
particle surface respectively. The inclination angle of the
axis of symmetry of the body with respect to the wall is o
and the particle-to-wall separation distance is H (see
figure 3)e Then the various quantities appearing in (15) can
be expressed in terms of the coordinates of these two

points as fFollows:

Y= € + Dbks(8- 6%) (A-1)
iz Ci+ DrGs(6-0.) (A-2)
= 1 = C(3+ Dycesl (4-3)
o= Ya = Ca+ DPaSinb (A-4)
b = Cy+ Dy Costl (A=5)
Yy = €+ DiGst (A-6)
Xs = (34 Dylesh (A-7)
n, = Cs+ Dy CosB (A-8)
Noa= Co+ Dy Sinf (A-9)



773
U
A

where,

Ci

Cz

D2

i

- [‘.vo + Do ('050
— C” + D” (;’S @
= 0

= G + D2 b

in the order of appearance in (A-1) - (A-13)

= -2RR"

= 4H (H+ 2'Sind+ R Gs§"GsX + 2 Sintkl + 22
+ 7 AR R=20 7 Cs 28+ 22R Sim 2K Cos 6"

= 2R [R'S’m‘ﬁ'-{- (R"(;s.?a(Sa‘nO.+I.S':o'20( +2HGSO()!_]%

= tan ' [ KSin0] R Cos 2¢Sin0% Z Sin2k+ 2H Gax() ]

I

(Z-Z2") Cos o + R¥Simol Cos "

- RSined

R “Sin 0"

I

R
= (2-2")Sincd ~R"Cos 0" CosX

f?C3$o£

(Z2+2%) Smol + R'Cos 8" Cosol + 2H
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(A-10)

{(A-11)

(A-12)

{A-13)

(A-14)

(A-15)

{(A-16)

(A-17)

(A-18)

(A-19)

(A-20)

(A-21)

(A-22)

(A-23)

(A-24)

{A-25)



Ds = RCos X {A-26)
Cr = H+ &SmX (A=27)
Dy = RCs (A-28)
Ce = R'Cos o(/( /+ R“‘)'/“ (A-29)
Dy = Swmot/ (I+ R'* )% (A-30)
Dy = - l/( 1+ RE)% (A-31)
Cro = R'Sin 6'/(f+ R’ ) (A-32)
Die= —-Gs 0" (1% R'* )% (A-33)

In the above expressions R = R(z)s R"= R(z") and R* = dR/dz.
The quantities (,, «C,2 +0,, and 0O, depend on the velocity

field. For motion paraliel to the wall with unit velocity:

GI = / R Ciz= Dn = D = (0 (A-34)

For wmotion perpendicular to the wall with unity velocity:

Ca= 1 , o =D, = D=V (A-35)

For a shear flow having unit strength:

Co= 'H"ZSMA’, D, = RlosX , Crp= D= 0 (A-36)

For rotation with angular velocity of unity:

Cu= 2Sind( , Diy=RGs , Ga=-23GsX , D2 = RSimel (A-37)
We now substitute A-1 to A-37 into integral equation

{15)« After a lengthy algebraic operations the integrals in
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the direction can be expressed in the following formw

¢ CosmB B

I = So (A‘*‘Bsz$(0—65jﬂz-

where p = le¢ 3¢ 5 and Te This integral can be written as

(A-38)

—_— 4 CoSa?Lﬂ;fo . 9w, -

1 = S alem P %) (a-39)
where

. ¢ Cosmit di

QiK,m,P, )= L [1-K S AT (A-40)

28

K*= -3 av €| (A-41)

To evaluate the integral U(ke me po ) we discuss three
CasesSe

{a) .8 < K <1

This integral can be represented by the series

a(/(,m:P,ﬁ)'-'—'g dmté(k)?)}[)ﬁ) (A-42)

where

Amy = o . (A-43)
(-1)v 23 (mee —1 ) !
(5)f (m-2)'
: b Cos 'k dit
K.P,1 = e L (A-44)
G(K,P1,0) S (1~ K Sin't )T

The function G{ke ps ie 0 ) can be expressed in terms of the

otherwise

elliptic functions of the first and second kind as follows:

G(K,~1,0,0)=E(0,K)

(A-45)



G{k,1,0,8)=F(#8,K) (A-46}

G(K,P,0,0) =— K SnbGsl (Pi)2-&)
T ( P ) (P")K’zdp-r +(P-,) K:" G{K;P'Z)U;O)

GUK, P i,0) =2LG(r0p-2,i-1,6)-LG(kPi-1,8) (a-s8)
where € and F are the elliptic functions of the first
and second kindy respectively, Kot a= 1-x? and
8 = (L1-K*sin* D N

Unfortunately the results given by (A-37) produce large
round off error for small k.and large ®s Therefore (A-37)
can be used only for X close to 1.

{b) 0 € K < 0.8

when K is not close to unity we use the infinite series
n
(1-K*Sin*8)" M=y & B w*sin’e +-=-(—I—”x4s '8

n
b BB BT g Sy ey

then using the known result:

T =)™ 13T
gz SEH:JX CosimX d'{ ——l [ -%W(]'") j zZm (A-50)

0 T <m
We get

-1 27 (B41) . (Ft5-1) Y _
G(KrM,P.,_ %{W;(j-m) -—:E 2 37 ; ) (A-51)

The infinite series {(A-51) converges very fast for & not

close to unitye
The applicable regions for K of equations (A-42) and
(A-51} overlape. Numerical tests show that K = 0.8 is a



reasonabte value for matching the two solutionse.
(c} When z = z" and P =0" the following integrals become

singular:

“s ( +— il ) furX)dSy (A-52)
P
and
SS LN Ve geexy n;(%)dS
sp Ye kiL4n) % X (A-53)

To evaluate these integrals we divide the region of

integration into four subregions as follows:

412 <€ 20 hé lﬂ-t. t+eY €
(5 gdoaz=1(] | tfl +r.e ) aﬂe_f )gdodz  (a-s4)

where 0 € <CLkey & = € JRa The first three integrals on the
right side of A-53 are regulare while the fourth is
singulare The first two integrals in the & direction can
be evaluated using (A-42) or (A-51)e. The third one can be
represented by

AL Cosam 3 ol &

) (1-KTsiat0] R T

=45 > Ui GOKPLTE)  amss)

where the function G{Ke ps i9(T-€)/72) can be expressed in
terms of the incomplete elliptic functions by equations
(A-%45) - (A-48). The last one can be evaluated analytically
by treating the small region around the singularity as a

flat plane as was done by Youngren £ Acrivos (1975).
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Appendix B

In this appendix we list formulas for calculating the
force and torgue coefficients of a spheroid in an unbounded
fluide. In the following a is the half-lengthy b is the
radius and ¢ =a/b for both oblate and prolate spheroidse.
YTable B—1 and B-2 list some values of these coefficientse.

When a spheroid is translating in an unbounded fluid it
does not experience any torques The drag coefficient for

the translating motion is defined as

F,t,'w = F./é"p“c Ui (8~1)
where <c=b for an oblate spheroid and c=a for a prolate
spheroide.

The drag coefficient for translating motion with
arbitrary angle of toward the symmetry axis can be
expressed as follows:

t* ,hno
Flo = Fuw Gsd + Flp Sin*& (8-2)

), 00

* -
where F&w and Fﬁ;l repraesent the drag coefficients for

translating motion parallel and perpendicular to the axis of
s LN :

symmetry respectively. The coefficients Fﬁn and F::’ are

given by Happel € Brenner (1965) and Jlisted below for

reference. For an oblate spheroid:

e _ 8 ( 29 20/-2#%)  <ir (-9 17! -
Flo = -3 | 2% - 5555 ter (57—} (o
_ 8 28%-3 o -I Yy !
= 73 s /-:'3_ r/-¢1)3/25'" (1-¢%) } (B-4)
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For a prolate spheroid:

t,¢ 2¢* cz#—r)cbjn ¢+ (Pt )N f" (8-5)

Fom =51 357 (@7 )% P - (- 1)%

tw _ 8 ¢t 2% -t
FI,CO - 3 {¢4—/ - ((;_Ss)ifg Bnl ¢+ (¢3_I)4J] (B-6)

When a8 spheroid is rotating in an unbounded fluid it
only experiences a torque. The torque coefficient is defined

as

'ﬁ;z T;/ar;ab‘CuJ (B-7)

The force experienced by a spheroid in an unbound shear flow
is equal to that it would have if it is translating in an
otherwise unbounded quiescent fluid with a velocity equal to
the incoming fluid velocity at the spheroid center. The
torque coefficient for a spheroid rigidly held in a shear

flow at an arbitrary angle ol is defined as:

Tow = To / 4mubics (58

The torque coefficients can be expressed as
S ca 2 Sat | 2
Tz,co = lz,® Cos £ + Tz.,ao Sin (8-9)

where T:*m and T::.; represent the coefficients for shear
flow whose direction is paralle} and perpendicular to the
axis of symmetry of the spheroids respectively. The torgque
coefficients Viw o o and T, has been solved by Jeffery
(1922) and listed below for reference. For an oblate

spheroid:
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r— _2 _/te* _
TZ,DO - 3 )’,+¢‘f.¢
S# 4 /

o =TT el

3 ad . @

e =TT T e

For a prolate spheroid:

r + @*
Tow = — 5 FHreT
_ 4 /
= 3 @(h+etl:)
. d
— 3 L+¥d:
where
h = S (1+MA
T dA
= S. (¢ + 1) A

b = (¢ +a)(1+A)

(B-10})

(B-11)

{B~12)

(8-13)

(B-14%4)

(8—-15)

(8—-16a)

(B~16b)

{B-16c)
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N H/a
l.1276 le 5431 2643524 I.T622

5 32413 ~3.039  —1.839 -1.222
7 ~12.09 <—3.036 ~1.838 -1.222
3 —9e45 =3.036 -1.838 -1.222
11 ~9.25 =3.03s

13 ~9.25

exact -—%«25 -3.036 -le838 =-1.222

{3) boundary collocation method

N H/a
1.12706 L5431 23524 3aT622

5 -8.38 -~3.035 -1.837 —-1a222
7 ~9.05 =-3.036 —le838 -le222
9 -%«21 ~3.036 -1.838 —le222
11 -9 24 -3.036
13 -9.25

exact —9.25 -3.0136 -l.838 -1e222

{(b) weighted residual method

TYable 1 Convergence of dimensionless resistance coeffi-
cient Fr for a sphere moving perpendicular to a
wall at various sphere-to—-wall spacingse
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N H/a
1.1276 1.5431 243524 3.7622
4 -2.016 —1.462 ~1.283 ~1.168
e =2.116 ~1.567 ~1.308 -1.174
8 ~2.144 ~1.567 ~1.308 -1.174
10 ~2.152
12 =2.151
14 -2.151
exact —=Z2.1%1 ~1567 —-10308 —lelT%
{a) Tests of FP
N Hfa
1.1276 15431 2.3524 3.7622
& —0.1126 ~0+0323 -0s00242 -0.000415
6 -0.0985 —0.0298 -0a00253 ~-0.000¢18
8 -0.0760 —0.0145 ~-0400263 —-0-000419
10 -0.0723 -040146 -0+0026& -0.000422
12 —0.0737 —040147 —0.00264 -0.000422
“14 -0.0737 -0.0147
exact ~0.0737 ~-0.0147 -0.00264 ~0.000422

(b) tests of T:'

Table 2

Convergence of dimensionless resistance coeffi-
cients for a sphere moving parallel to a wall at

various sphere-to-wall spacingse
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M/a
le1276 1.56431 243524 3.7622
4 ~0.173 ~0.0226 —-0.00375 -0-00549
6 ~0.149 -0.0202 -0.00351 -0.00553
8 -0.106 -G-0188 -0.00351 -0.00558
10  -040983 -00195 -0400352 =0.00562
12  -0-0983 -0.0195 -0400352 -0.00562
exact 00983  -0.0195 -0.00352 -0.00562
(a}) Tests of Fr
N H/a
11276 15431 2.3524 3.7622
T4 =“1.33% =1.097  -1-023 -1.006
6 1237« ~1.100 -1.025 —1.006
8 -1.382 ~1.100 ~1.025 ~1.006
T10  -1.388 ~1.100 ~1.025
12 ~1.388
exact -1388  —1.100 ~1.025 ~1.006

{b) tests of [{

Table 3

Convergence of diwensionless resistance coe-
fficients for a sphere rotating atong a wall
at various sphere-to-wall spacingse
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N H/a
1.1276 1.5431 23524 3.7622
4 1.610 1.437 1277 1.167
Y l-614% 1.439 1.278 1.167
8 1.616 1.439 1.2178
10 1.616
12 1.616
exact 1.616 1.439 1.278 1.167
{a) Tests of F?
N H/a
1.1276 1.5431 2.3524 3.7622
& —0.9508 —0.9737 ~0e9923 ~-0.9973
6 -0.9526 -0a9746 —0D.9911 —0.9971
8 ~D0e9533 —029744 -0.9903 -0.9971
10 -049538 -0.9742 -0.9901
12 -0.9537 -0.9742 -0.9901
18 ~0.9537
exact -0.9537 -0.9742 ~0.9901F -0.9971

(b) tests of T.

Table & (Convergence of dimensionless resistance coeffi-
cients for a sphere rigidly held in a shear flow
near a wall at various sphere-to-wall spacingse.



t v
ol Fy F,

15 —1.566 ~0.01955

T 1 M4

u

30° —1+567 —-0.01955

1e%439 —3.032

~0e01470 ~1+100

=0.9742

«5% —1+567 -0.01957

le439 -3,032

-001470 -1.100

2529743

1.439 <—3,035

~0+01462 ~-1.100

‘0.9742

60° —1.567T -0.019%6

757 —1.567 ~0.01950

1.439 -3.037

_0.01467 —1.100

=~0.9743

le%39 -=3.036

~0-01468 —-1.100

-0.9742

exdct~lea5467 —0.01953

Table S

1<439 =3.036

—Ds01465 -1.100

—0a9745

Numerical Tests of two-dimensional collocation for a

sphere at H/a = 1«5431 (a is the orientation angle
of the sphere axise 24 collocation points were used).



(a)

ol ' £ £ £ n W T

15° —24149 =-0e09366 12616 —Ba9l -0.0746T ~1.386 -0.9537
T30Y S2.150 -0.09886 la616 -9.04 ~0e07416 —1387 ~0.9537
45" ~24151 -0409839 14616 ~9.24 -0.07408 —-1.387 —0.9537

60° =2.151 -0.09315 14616 -9225 =0.074%11 -1.387 -0.9537
TIST 20151 —0409813 14615 =9426 ~0e07412 =14387 ~0.9537
exact-22151 =—0e09829 1616 =9.252 ~0a07372 ~1.387 ~0.9537

{b)

ol £ e £ £y N M 13

15% ~2.151 -0409836 14616 ~9.23 —0.07352 -1.388 ~0.9537
T30% =2.150 -0.09838 14616 ~9427 -0207340 -1.387 —0.9537
45" =Z2e152 ~0209810 14616 <=9426 ~0e07387 ~1.387 —0.9537
607 —2.151 -0409859 12616 =9.20 ~-0e0T484% —14387 —049537
TI5Y 222148 -0e1029 14616 ~-9.31 -0.075605 -1.385 -0.9537
exact—-2e151 -0209829 Lle6l6 -92252 —007372 12387 -0.9537

Table

6 Numerical tests of two dimensional collocation for
a8 sphere at H/a<l.12T76.

(a) Using 10 rings and 6 points at each ringe.
{b) using 8 rings and B points at each ringse.
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H/b
0.5 0.9 el 1.5
2 8.9 S<326 32407 2.393
4 23,7 6.918 3.567 2.379
6 40.3 1.226 3.589 2.385
C 53a1 T<257 3.589 2.385
10 575 Te263 3.589 2.38%
12 6044 T.264
14 6le% Te262
16 6le7 1262
18 62.6 T<262
20 6249
22 62.9

Table 7Ta Convergence of resistance coefficient F}'/F},’m for
an oblate spheroid having a/b=0e5 with its sym
metry axis perpendicular to the walls
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N H/b

0.55 0.8 1.1 15

2 4.732 1.850  1.460 1.267

“ 3.218 1.917 1.564 1.376

6 3.355 1-923  1.568 1-380

8 3.374 1.923 1«568 1.380

10 3,378 1.923 1.568 1.380
12 3.381
14 3.384
16 3.386
18 3.388
20 3.389
22 3.389
24 3.390
26 3.390

t
Table b Convergence of resistance coefficient F, /Ft'm for
an oblate spheroid having a/b=0e5 with its sym
metry axis perpendicular to the walt.
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0.55 0.8 "o 1.1 15

2 ~0.168 0.0134 0.01057  0.00647
4 0.475 G.1233 0205913 0=03243
o 0-580 0.1217 0405921 0403251
8 0.588 0-1211 0.05916 0403251
10 0.576 01211 0.05916 0.03251
12 0.567 0.1211

1e TT0.561

16 0.557

18 04556

20 0.555

22 0.555 o

24 0.555

t

Yable 7c¢ Convergence of resistance coefficient T.' for an
oblate spheroi1d having a/b=0.5 with its symmetry
axis perpendicular to the walle.



N H/b

0.55% 0.8 lel 1.5
2 12.05 0.843  0.672 0.625
4 “ebT 1670 12242 1.1G60
6 519 1656 1<245 1.102
8 490 12655 1245 1.102
10 4+80 1-654 1.245 1.102
12 5.12 1.654
14 %e90
16 %80
18 .91
20 5.03
22 5.04
24 5.03

26 497 T
28 4.97

Table Td Convergence of resistance coefficient T{/I::oo for
an oblate spheroid having a/b=0+5 with its sym
metry axis perpendicular to the walle.
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0455 0.8 nse lel 1«5
2 1.421 1.516 1.354 1.230
4 1.991 1.664 = 1.478 1.342
s 1.985 1-671 1.481 1< 346
8 1.994 1-670  le480 1< 346
10 1.990 1.679 1480 1.346
12 1954 -'
14 1.948 T
16 1.990 D -
18 1.992 -
20 1.990
24  1.988
26 1.988

. . L I
Table 7e Convergence of resistance coefficient F, /F oo foOr
an oblate spheroid having a/b=0.5 with 1ts sym-

metry axis perpendicular to the wall.
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N H/bD
0e55 0.8 1.1 1.5
2 -1.23 0.780 0.915 0.955
4 1.36 1.363 1.354 1.324
& 1.32° “1.370 14362 1.331
3 1.43 1369  l1.361 1.331
Y T1.31 1369 le361 12331
12 1.28 1.369
14 134
16 l.41
18 1.43
20 1.37 —
24 1.35
26 1<35
Table TfF Convergence of resistance coefficient Tf/tiaafor

an oblate spheroid having a/p=0.5 with
metry axis perpendicular to the walle.
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(A) a/D = 0a5¢ H/C = 1.5

M 4 6 8
N

4 2303 2 <3064 22365
6 2.368 2<370 2.310
8 2369 2<370 2.370

{b) a/b = QeS¢ H/c = lal
M 4 6 8 10
N
4 4480 502 5.21 5,21
6 4e96 5.08 5.16 5.16
a 5.03 5<15 5.20 5420
10 5.04 Se15 78,20 5220

Table 8 Convergence tests of F}'/F,{,’w for an oblate
spheroid inclined at 15" with respect to
the planar wall.

N ___ Number of rings [ constant values of I )
M __ Number of points at each ring {constant
values of 0 )
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(C) a/b = Oele H/C = 1.5

M e 6 8
N

4 le741 le741 1e742

6 <633 1.837 14838

8 1.834 1840 1-840

10 1.835 T 1840 1.840

{d) a/b = 0Oa«ls H/C = 1.1

M 4 6 8 10
N

4 2450 2453 2.55 2.57
6 2.51 Z2<59 2.61 2e61
8 2+53 2-71 Ze12  2a72
10 2.5% 2.71 2.72 2.72

Table B Convergence tests of F}VF}L;for an oblate
spheroid inclined at 15° with respect to
the planar wall.

N ___ Number of rings { constant values of Z )
M ___ Number of points at each ring {constant
values of § )



(A) a/b = 0eS5e H/C = 1.5

M o 6 8
N
4 1.070 1.070 1.071
6 1.071 1.071  1.071
8 1.071 1.071 1.071

{b) a/b = Cwu5ey H/Cc = lal

M 4 6 8 10
N
4 1.294 1.303 1e324 1-322
6 1.296 1<307 1.310 1.310
8 12297 1.309 1.313 1-313
16 1.293 12309 1313 313

Table 9 Lonver gence tests of T:/T:w for an oblate
spheroid inclined at 15° with respect to
the planar wall.

N ___ Number of rings ( constant values of Z )
M ___ Number aof points at each ring {constant
values of @)
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{C}) a/b = 0e«ls H/SC

15

M & 6 8
N
4 1.081 1.081 1.081
6 1.087 1.087 1,087
8 14087 1.087 1.087
(d) a/b = Oeles H/C = lel
M 4 6 8 10
N
T4 1.314  1.320 1« 328 1.330
6 1.317 1324 1.330 1.331
8 1.318 1<338 1339 14339
10 l.321 1338 1-339 1.339

Table 9 Conver genc
spheroid i
the planar

N ___ Number
M ___  Numpber
values

e tests of T;/TLn for an oblate
nclined at 15* with respect to
walla.

of rings ( constant values of 1 )
of points at each ring {constant
of &)



{a) a/b

Je29s Hfc = 1a%

M 4 6 a8
N
4 ~0.0591 -0.0591 -0.0591
6 ~0.0588 ~0.0589 -0.0589
8 ~0.0588 -040589 -0D.0589

(b) a/b = Qa5 H/C = lel

M 4 6 8 10
N
n -0.193 Z0.198 ~0.202 -0.201
'y 20-193 TD0.194 -0e195  -0.195
B —0.193 Z0.194 ~-0.195 ~0.195
10 ' 0193 Z0.194  -0.195  -0195

i . et s il sl . s " Y S . el R SR W <P . el

Table 10 Convergence tests of 1:' for an oblate

spheroid inclined at 15° with respect to

the planar walla.

___ Number of rings [ constant values of Z )

——_ Numper of points at each ring (constant
values of )

-



{c) a/L = Cely H/C = 1.5

M 4 & 8
N

"4 Z0.0660 -De0660 -D.0660

s 00662 ~De0666 ~D.0667
8 -0.0663 -0«0667 ~0.0667

(d) a/b = Oele H/C = 11

M 4 6 8 10
N
T4 -0<187  ~0.189 Z0.192 —0.192
e ~G.1817 ~0.190  -0e192  -0.193
"8 -0-189 ~0.194  -0-194 Z0.194
10 ~0.19C ~0< 194 -0.194 ~0.194

Table 10 Convergence tests of ' for an oblate
spheroid inclined at 15° with respect to
the planar wall,

N ___ Number of rings { constant values of 1 )
M _ Number of points at each ring (constant
values of )



boundary integral method of reflections

method

H/b o =0° A=45% =907 A =0"  oH=45°  of=90°
1.1 2.08 1.75 1.57% 1.77 1.57 1,345
T1e5 1530 14455 14380 12448 14415 1346
2e0 1343 1309 1269 14333 1,298 14259
225 1256  1e234 1208 14252 14230 1,204
S«0  lell3 12106 1097 1-.113  1.106 1.097
1020 14054 12051 12047 14054 14051 14047

Table 1lla Comparison of values of the force coefficient
Fl'/Eh . obtained by the present boundary integra)l
method to values obtained by method of reflec~
tions for an oblate spheroid with a/b=0.5 moving
parallel to the walle
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boundary integral method of reflections

method

“H/b o =0" =45  a=90° o&=0°  oA=45°  0=90°
1.1 7.18 5423  4e59  1ls54 1+ 31 1.13

T1e5  3e21 3096 2«86  2.282 2222 2172
240 22269 24265 24265 2.023 24031  2.043
ZeS 1886 1899 14911 1.790 14807 1.826
5.0 14349 14358 1e38&7 1342 1.351  1.361
10.0 14156 1160 lelb64 1.156  1.160 1le.164

Table 1ib Comparison of values of the force coefficient
Fr/ J'@ obtained by the present boundary integral
method to values obtained by method of reflec-
tions for an oblate spheroid with a/b=0.5 moving
parallel to the wall,



bounddry integral method of reflections

method
H/b of =0° & =45°  X=907 =07 KIE Y {50
- X 0.01 ) "
lel —22.8 —5.14 5.91 ~1246 -0e8T0 8.97
1.5 ~6e56  -1455 3,25 =5e72  -07196 453
2.0 -3.02 ~0.603 1.89 -2.88 ~4.09 2.38
2.5 <1477 -0.30T 1.24 ~1.73  -0.233 1.46
5.0  -02385 -D0s048B1  0e316 -0e385 -040436 0e332

10-0  =0.0910 -0.00963 D.07Bl -020911 -0.00935 0.0792

t
Table 1llc Comparison of values of the force coefficient T;

obtained by the present boundary integral method
to values obtained by method of reflections for

an oblate spheroid with a/b=0.5 moving paraliel
to the walle.



3

motion perpendicular
to symmetry axis

motion parallel to
symmetry axis

— — o —

oblate
asb
Oel ~0.8525 " ~0.6133
0e2 ~0.8615 T X0.6596
0.5 ~0.9053 ~0.7927
0.8 ~0.9606 T 20.9189
prolate
b/a
TT0.8 T-0.8408 ~0.8784
TT0.5 ~0.6020 - ~0.6895
0e2 TT-0.3570 - T SD.eT42
Del ~0e2647 -0.3812
Table B8-1 Force coefficients a spheroid in

infinite fluidea
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s
Ta, 00

flow parallel! to flow perpendicular T;u,
symmetry axis Lo symmetry axis
obl ate -
a/b
TTTo.1 ~0.8525 o -0.008525 ~0.4305
0e2 ~0.6615 -~ 0.03446 ~0.4480
0.5 ~0.9053 T T TI0.2263 -0.5658
0.8 ~0.9606 '_ ~0.6148 Z0.7877
prolate
b/a
TT0.8" ~0.8408 T T =1.313 “1.017
705 -0.6020 o T=2.40B8 -1.505
TT0.2 ~0.3570 T~8.924 ~4.640
Dol —0e2647 L2647 1337

Table B-2 Torque coefficients for a spheroid in an
infinite fluida.
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Figure le Arbitrary motion of an object of any shape in
a shear flow near a planar walle.
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Figure 2. The flow field produced by a stokeslet in the
vicinity of a planar wall,
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Figqure 3. The planar motion of a body of revolution in
a shear flow near a planar walla



2.2 .- —T

1.0 1 1

a (degrees)

Figure 43 The drag coefficient of an oblate or prolate
spheroid having aspect ratio € = 0.5 moving
parallel to a wall normalized by the value in
an infinite Fluid.

( oblate « prolate )
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2.0

Figure &b

a (degrees)

The drag coefficient of an oblate or prolate
spheroid having aspect ratio € = 0.1 moving
parallel to & wall normalized by the value in
an infinite fluide.

{ oblate ¢« _ _ _ _ prolate )



6.0

Figure 5a

a (degrees)

The drag coefficient of an oblate or prolate
spheroid having aspect ratio ¢ = 0.5 moving
perpendicular to a wall normalized by the va-
lue in an infinite fluid.

{ oblate » prolate )




3.0

1.0

Figure 5b

J£:1J

Lsx)ifwj

£2.0 50
| i
30 60 90

a (degrees)

The drag coefficient of an oblate or prolate
spheroid
perpendicular to a8 wall normalized by the va-~-
lue in an infinite fluide

having aspect ratio € = 0.1 maving

oblate e prolate )
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6.0

F
3/ch
/F3,(D

5.0
4.0
3.0
2.0

1.0

Figure ba

1 -
o 30 60 90

a (degrees)

The force perpendicular to the wall on an ob-
late or prolate spheroid having aspect ratio
€ =05 due ta the motion parallel to the wall
normal ized by the value in an infinite fluid,
( oblate _ prolate )
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3/,:'1
3,00
40 |- .
H/7C=1.1
3.0 |- -
1.5
2.0 n
2.0J e e e e
[ 111 1.5 E2.0 !%5_-_9____4
1.0 -1 L
30 60 90
a (degrees)
Figure 6b The force perpendicular to the wall on an ob~-

late or prolate spheroid having aspect ratio
€ =20l due to the motion parallel! to the wall
normalized by the value in an infinite fluid.
(e oOblate ¢+ _ prolate )
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1.6 - ,

VS H/C=1.1

1.0 A 1
(0] 30 60 90

a (degrees)

Figure 7Ta The force coefficient (parallel to the wall)
of an oblate or prolate spheroid having as-
pect ratio € = 0.5¢ which is rigidly held in
a shear flow normalized by the force coeffi-—
cient of parallel motion in an infinite fluid.
(___ ___ oblate ¢ — - prolate )
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1.0

Figure 7b

30 60 90

a (degrees)

The force coefficient (parallel to the wall)
of an oblate or prolate spheroid having as-~
pect ratio € = O«ly which is rigidly held in
a shear flow normalized by the force coeffi-
cient of parallel motion in an infinite fluid.
{ oblate » _ _ _ _ prolate )
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2.0

1.5

1.0

Figure B8a

r_- —
H/C=
13

-

¥ 4

1.5
2.0

— 4 —
1 i

0 30 60 90

a (degrees)

The force coefficient

{perpendicular to the

wall of an oblate or prolate spheroid having

aspect ratio € = 0.5¢

which s rigidly held

in a shear flow normalized by the force coef-
ficient of perpendicular motion in an infinite

fluide

{ _ oblate « _ _ _ _ prolate )
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3.0

7 F::.a)

2.0

1.0

Fiqure Bb

H/C=1]

1.5 i,

a (degrees)

The force coefficient (perpendicular to the
wall of an oblate or prolate spheroid having
aspect ratio € = O.ly which is rigidly held
in a shear flow normalized by the force coef-
ficient of perpendicular motion in an infinite
fluid.

{ ablate o prolate )

— o -
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1.1

1.0

Figure 9a

1.5
/A

—

2.0
£

O 30 60 90

a (degrees)

The torque coefficient due to rotation of an
oblate or prolate spheroid having aspect ratio

€ = 045 normalized by the value in an infi-—
nite fluid.
{ oblate ¢« _ _ _ _ prolate )
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1.4

Figure 9b

a (degrees)

The torque coefficient due to rotation of an
oblate or prolate spheroid having aspect ratio
€ = Del normalized by the value in an infi~

nite fluid.

( oblate . — — prolate )

- B84 -



1.4

1.3
S, _s

1.2

1.1

K¢

0.9

0.8

Figure 10a

H/C =11

1.5
:I./C = 1.1
~X 1.5

\ ' 5.0

5.0 i
o\
N
N
- \ _
] ——
ST ~—
\‘.___-_-__ e
| 1
0O 30 60 90

a (degrees)

The torque coefficient of an oblate or prolate
spharoid having aspect ratlo ¢ = 0.5 which is
figidly held in @ shear flow normalized by the
value in an unbounded shear flow

oblate o _ prolate )
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20.0

10.0

5.0

T V y 1 1
/,:,/ I TI
//

7

2.0

1.0

0.5

Figure 10b

a {degrees)

The torque coefficient of an oblate or prolate
spheroid having aspect ratio = 0«1 which is
rigidly held in a shear flow normalized by the
value in an unbounded shear flow

oblate o _ _ _ _ prolate )
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2.0
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-0.1 | \ -

H/C=1.1 \ H/C=1

-0.2 - \\< -

-0.3 i l
O 30 60 90

a (degrees)

Fiqure ll1a The torque coefficient of an oblate or prolate
spheroid having aspect ratio € = 0.5 for
motion paratlel to the walle

{ oblate o _ prolate )
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Figure 11b The torqQue coefficient of an oblate or prolate
spheroid having aspect ratio ¢ = 0.1 for
motion parallel to the wall.

oblate o _ prolate )




Figure 12a

/—5.0 _

0 30 60
a (degrees)

90

The torque coefficient of an oblate or prolate

spheroid having aspect ratio €
motion perpendicular to the wall.
oblate ¢+ _ _ _ _ prolate )
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1

O 30 60 90
a (degrees)

Figure 12b The torque coefficient of an oblate or prolate
spheroid having aspect vratio € = Q.1 for
motion perpendicular to the walla.

{ oblate o _ . prolate )
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0.2 0.4 0.6 0.8 1.0
ASPECT RATIO, €

Figqure 13a The ratio of resistance coefficients Ff'/F:', as
a function of aspect ratio € for various of
values of H/C o
{ oblate ¢« _ _ _ _ prolate )
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Figure 13b The ratic of resistance coefficients F}/#& as
a8 function of aspect ratio € for various of
values of H/C «

 { oblate o prolate )
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CHAPTER 2
THE MOTION OF A TORUS AND BICONCAVE SHAPED
DISC ADJACENT TO a PLANAR WALL

AT LOW REYNOLDS NUMBER



Abstract

The boundary integral method presented in chapter 1 is
modified to obtain solutions for the motion of a toroidal
particle or a biconcave shaped disc adjacent to a planar
wall at low Reynolds number. The coincidence of the drag
and torque of a biconcave shaped body and @ torus having
aspect ratio b/a=2 with the same surface area shows that in
this case the thole of a torus has little influence on the
flow field. On the other hands for an aspect ratio b/a=10,
the effect of the hole is significante. It is also shown
that when the body is not very close to the walle an oblate
spheroid can be used as 3 good approximation of a biconcave

shaped disce
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1. Introduction

In chapter 1 the boundary integral method has been
applied to the motion of a body of revolution adjacent to a
planar wall at low Reynolds numbers The singular solution
of the Stokes equation in the presence of a planar wall was
used to foramul ate the integral equations. The shape of the
body of revolution was represented by a single-valued
function R = Rg(Zl)s where Z is the coordinate along the body
axise The densities of the stokeslets were represented by a
double series and the surface integrals were reduced to
double integrals in the z direction and the azimuthal
davection. The integration in the azimuthal direction was
performed analytically and that in the z direction was
performed numericalliy. The no-slip boundary conditions were
applied at discrete coltlocation points on the surface of the
body and the integral equations were reduced to a system of
1inear equations for the unknown coefficients of the double
series representation of the stokeslet densityes

In this chapter the theory developed in chapter 1 is
modified to deal with another kind of body of revolution,
for which the shape R = Rg(z) is a double-valued function
such as with biconcave shaped bodies and toroidal particlese

The biconcave shaped disc is a good approximation of the
shape of an undeformed red bdlood cell. Despite the
importance of red blood cells in microcirculatory flowe very

tittle work involving biconcave shaped discs has been done.
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Skalake Chen and Chien (1977) solved the problem of an
infinite periodic array of biconcave shaped bodies tn a
circular tube using the finite element method.

The interest in studying the motion of a toroidal
particle partly lies in that some important biological
macromoleculese sSuch as low molecular weight circular DNe
and acetylcholine receptors are approximately toroidal in
shapes.

The creeping motion of a toroidal particle has
previously been solved only in an unbounded flow field.
Kanwal (1961) solved for rotation about the symmetry axis»
Payne € Pell (1960) and Majumdar & O0°Neill (1977) solved for
translation along the symmetry axisy Goren €& O*Neill
obtained solutions for translation normal to the symmetry
axis and rotation about an axis normal to the symmetfy axise

All of the above solutions are exacte.
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2. Solution for the motion of a torus near a planar wall

The creepingy motion of a torus in a viscous fluid near
an infinite planar wall is illustrated in figure 1. The
particle has a translational velocity —lf. and is rotating
with an angular velocity W e« Ug represents the undisturbed
simple shear flow.

.

Let V, represent the flow field and define V = V,~ Vg

it

The governing egquations for VvV are:

/dV?v VP l[al,
vV = 0 (ib)

sub ject to the following boundary conditions:

V= UPE _U:‘f'ﬁJ.K?-—U:, at the particle surface (2a)

17:: O at the wall (20}

V‘-_-, 0 P__.. 0 at infinity (2c)
»

where p is the position vector whose origin is at the
particle center.

The boundary value problem posed by equations (1)—-(2)
has been formulated in chapter 1 by the following integral

equation:

0 Y) = s i, [ (F - 7) ~ (e "k
+23,(5}a5u-555$,g)(—u§.5}5"—%% Six + 8y~ 05,
- ful2) dSg - -zaw bip | Fe - BB - 29, (Giua-disdia) -
(LI Bk g +E+J;.< + g - 3"';.)}:;«»,{1;15‘
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where x = (X, eX;9X3)s y = (¥, VY e¥s JeE =X, =Y, oX, 7Y, e X, ~yg )
€ =00, =y, vx,~y, eX3*y; )9 fr is the unknown stokeslet density
functions v, 15 the flow velocitys S5p is the subject surface
and n is its inward normal. The integral equation (3} will
be solved by the boundary collocation method for the unknown
stokeslet density function fx as done in chapter 1 for a
spheroide.

As in chapter 1 a cylindrical coordinate system
tR+ 0 » 2) is used to treat a body of revolutions where the
Z axis lies along the particle axis of syrmmetry. In this
chapter we consider a body of revolution whose shape Rg is a
multivalued function of Z. we choose a suitable parameter

7 so that ©both Rg and I are related to it by a sinjle-

valued function. For the case of a torus:

Ry b+ QsSinl {5a)

0 s7 <2m
7 = QA Cos (5b)

The outside portion of the torus is represented by varying
From 0° to 180° while the inside portion by varying 7

from 180 to 360°. The stokeslet density functions for

motion having planar symmetry are vrepresented by the double

fourier series:s

fl -—_ ..i { A|.n.o+ 'Z ( Al,m.n (°5"’( + Bi,an Sl""?)f Cosmf

f. = z { Armo + Z(Pu,,.,.,('os'I’(+B,,,.,,,Sian‘{)} Siumf (6)
f-‘-i — ';Zo{ﬁs.m.o + z(A:,-m Cosn] +Bs.mm55""?)l Cosmf)
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Substituting {S5asb) and {6) into the integral equation
{3)ey all inteyrals can be performed with respect to the
variables § and f « The integration atong § direction is
per formed analytically in the same way as in chapter 1 for a
sphere. The integral in the ( direction is performed
numer ically. After the coefficients Ay,,, and 8y., are
solved the drag and torque on the particle can be found to
be:

Fu= 27ia (2bAxe, + @ 51,9,1) K=1 ard 3
(7

To = Wt {-(a+2b )(Ai,0 Gsol + Asio Smd )
t+2ab [fAs,o.l ~BLnt)Gso = (Aot Bs.r,l)S‘Hd]

t+a [(% Az + Bso,2)Gsd 4 (£A5.1.2+ B;,o,.z)Sinﬂ(]* (8)
The nhydrodynamic force coefficients are defined as
follows:
F, A A T :j'
k| = A?‘( ¢ Fs' F.:’ i HFy Ctj (%)
T 2010 fett 40T 27\ 5

where c=a+b is the guter radius of the toruse.

The force and torque coefficients for the transtational
and rotational morion of a8 torus in an otherwise unbounded
quiescent fluid are listed in Goren & O*Neill (1980). For
reference the force and torque coefficients for a torus with
b/a = 2 and 10 are listed in table 1. These values are also
calculated using the present boundary integral method and
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are found to be in full agreement with the exact solution.
To the best of the author®s knowledge the torgue coefficient
for a torus in an unbounded shear flow has not previous]ly
been computed. The values of this coefficient presented in
table 1 have been calculated using the present theory.

When the axis of symmetry is perpendicular to the wall
the coefficient matrix in equation (3) is independent of §
and only one~dimensional collocation is needed as
illustrated in chapter I for a sphere. The <collocation
pointss each of which represents 3 ring on the particle
surface on which the no-slip boundary conditions are exactly
satisfieds are chosen by specifying equally spaced values of
7 in the range between the range 0* and 3s0°. Tables 2 —
4 show convergence tests for the coefficients F? ’ FP and
l{ for a torus having b/a = 2 and 10. The values of the
coefficients in an infinite fluid rapidly converge to the
exact solutions wusing only 8 collocation pointse. As
expected more collocation points are needed to get the same
accuracy when the particle is close to the wall,
Convergence is somewhat slower for b/a=2 than for b/a=10.
In the worst case tested (bsa=2y H/Cc=0e5) only 14
collocation points are vrequired to achieve four digit
accuracy for all the force and torque coefficientse.

When the torus is arbitrarily oriented relative to the
wally the general two~dimensional collocation is needed.

The collocation points are placed at equally spaced values
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of 7  between ©° and 360°, A constant value of 7
represents a ring on the particle surface. At each ring the
points are equally spaced between § = 0o’ and 180°.
Convergence tests of the coefficients F:’o T{ and l':' for a
torus inclinea at 30° with respect to the wall are shown in
tables S - 7. The remaining force and torque coefficients
exhibited similar convergence characteristic and have not
been tabulateda Inspection of these tables shows that
convergence to tnree to four significant figures can be
achieved for spacings H/c as close as lal using a maximum of
10 raings with 10 points on each ringe. Larger spacings
{H/c>1l.5) require only 4-6 rings and points to achieve the
SAME ACCUracCye

Figures 2 - 10 show converged values of the nine
independent coefficients for 4 torus with b/a = 2 and 10 as
a function of orientation angle o and the separation
distance H/Ce

Comparing the curves for a torus of b/a = 2 with those

H

for an oblate spheroid having aspect ratio € Da5
presented in chapter 1y most of the curves having the same
value of H/¢ exhibit similar behavior qualitatively and
Quantitatavely especiatly for small values of the
orientation angle o o The only exception is the ratio
F?/Eﬁwo which increases with increasing o for a torus

while it decreases with increasing of for an oblate

. ] t + . .
spheraide Although the ratio of Fy'/F e is substantially
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different for the torus and the oblate spheroid at H/C=laly
the ratio becomes relatively insensitive to orientation
angle for H/c>2 and for a given value of H/ce the two ratios
are approximately equala In an unbounded fluid the
difference between the corresponding values of the actual
resistance coefficients for both shapes is less than 1%,
Therefore an oblate spheroid having aspect ratio € = 0.5
can be used as a good approximation of the motion of a torus
with b/a=2 when the torus is not very close to the wall, It
is worth noting that an oblate spheroid with € = 0.5 and a
torus with Dbfa=2 having the same outer radius have
approximately same surface areas On another hand the motion
of a torus having bsa = 10 would not be similar to the
motion of an gblate spheroid even in unboundeda fluide.
Finally figure 11 shows the variation of FP/F&, and
F:Vka as functions of b/a for a torus with its awxis of
symmetry oriented perpendicular to the wall. Both ratios
decrease with increasing aspect ratio. As expectedy the
ratjo FPIka is @ much stronger function of the aspect ratio

. Wt
than the ratio F, /F, o iSe
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3. Solution for the motion of a biconcave shaped body
The typical! shape of an undeformed red blood cell is

shown in figure 12. The shape can be expressed as
% 4
B= R (1 =RV (Co+CRS + GRS (1)

where B is the widthe Rgis the radius of the blood cetls R,
C, C; and (3 are constantse and R, represents the largest
radius Representative values of these constants are
listed in Fung {198l1l). In this section we solve for the
motion of @ blood cell adjacent to a planar wall using the

values

R,'—"’3‘9!/“ f C.=0-8//H, ¢ _—_7.5'3/44, C;_-_—4.39/d (11)
As in the case of a torus the shape R = R{z) is not a
single-valued functione. To describe the biconcave shape we

introduce a new parameter T and let

Rs _ ﬁoaSY (12a)

I

4 % (/ —/@‘)%(G +GR: + GRs) Sign (1) (12b)

where sign({x) = Ixl/x. Then both R and 2 are single-valued
functions of T . The stokeslet density functions are

represented by the double Fourier—Legendre series:

f — g S Aumn P, (5in7) Cos M8
f.

22 A&.nn Pn (S"'\‘() Sin mﬁ (13)
fS z Z As.n.n Pn (Sin '() Cos""ﬂ

mE¢ A= D

i
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where P, (x) is the Legendre function of order ne
Substituting (12asD} and (13) into integral equation (3} all
integrals in equation (3} can be performed with respect to
varianle (7] and f as was done for the toruse The
collocation points are arranged such that the ringse which
are represented by constant values of 7 are nearly
equally spaced along the arc length of the body shown in
figure 13 and somewhat more concentrated in the vicinity of
maximum rdadiuses At each ring the collocation points are
equally spaced between §# = 0° and 180°. The convergence
behavior of the force and torque coefficients is similar to
the case of a torus having b/a = 2

The hydrodynamic force and torque coefficients of the

biconcave shaped oisc are defined as follows:

F O wE 3
3
' t r s
= 47uR| F' K* F HF
F, 6/‘ 3 3 3 3 R,w (14)
A 4R AT SR T SR\ S

The wvalues of the force and torque coefficients for the
biconcave shaped disc described by eguations (10) and (i1)
in an infinite fluids obtained using the present theorys are
listed in table 8 . A1l the coefficients are remarkably
close to the corresponding values for & torus with b/a = 2.
when a planer wall is present the numerical solutions show

that the force and torque coefficients are still quite close
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for the two bodies having the same H/c and O The
difference between them is less than 1% for all nine force
and torque coefficients Ffor the separation distances as
close as H/c=lelse Therefore figures 2 - 10 can also be used
to predict the force and torque of a biconcave shape body
descrabed by equations (8) and (9) to a high dJdegree of
accuracye It is worth noting that the biconcave shaped body
and a torus with b/a = 2 have the same surface area if their
outer radii are the same. The coincidence of the force and
torque shows that the hole of a torus of bsa = 2 has little
influence on the flow field. As mentioned in section 2 an
oblate spheroid having aspect ratio € = 0.5 can also serve
as a good approximation for the motion of a torus of b/a = 2

when it is not very close to the wall.
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b/a=2

e e el ke o,

force coefficient Frg
for motion parallel to
symmetry axis

force coefficient i
for motion perpendicul ar
to symmetry axis

=Q049072

~0e7733

torque coefficient Ti e
for a torus rigidly held
in a shear flow parallel
to the symmetry axis

-0e9477 ~0e8440

torque coefficient I e for
3 torus rigidly held in a
shear flow perpendicular
the symmetry axis

——— — P

—01703 -0.01678

torque coefficient for
rotation

Table 1

Z0.5590 ~0.43C%

Force and torque coefficients for a torus

in an infinite fluide.
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[V

{(a) bra = 2

N H/C
G5 0.8 le1 1.5 Q0
4 =-25.1% ~5.921 ~3.677 ~2.150 -0+91 T4
6 =19+60 -5%.500 —3e.111 -2.136 ~0.90T72
8 —-18+30 -5<499 -3.121 —2a140 -0.9072
10 ~18.42 -54500 -3.122 ~2a141 -0.9072
12 -18.52 -5500 -3.122 -2141
14 -18.51 -5500
16 -18-51
{b) bsa = 10
N H/cC
0.2 0.5 0.8 lel Le5 o0
& ~9e122 —3.120 —=2.16T7T =—-1.T41l ~-1.348 -0.7823
6 ~Te54T =2.4858 —26142 -1.T764 <-1l.471 -0.7843
8 ~Te232 —2.85%9 —2a140 —l.T76% <~1o471 ~DaT843
10 ~2e233 -—2.859 —2.140
12 ~24233

t
Table 2 Convergence of the coefficient F: for a torus
with its syemetry axis perpendicular to the wall.
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{a) brsa = 2

N H/cC

0.5 D-8 1.1 1.5 (v
4 ~3.124 ~L1e542 -1e312 ~le118 -0.7706
6 -le881 ~1e38566 -12170 —1.048 -0T732
8 —~2.063 ~1.372 -le171 —-1.048 -0-T732
10 -2.0717 ~1la372 -1.171 ~1le0486 -0.7732
12 -2.079 -1.372 =le171

14 ~2.079

(b} bsa = 10

N H/c
Qa2 09 0.8 lal 1.5 oD

L 2534 <1006 =0,9103 -0.8311 —-0.7737 -0.6166

6 —1leF10 12096 —-0a9132 ~0.8324 -0.7749 —0.6174%

8 =1e927T 1096 -0.9132 ~0.8324 -0.7749 -0.6174

12 -1.928

Table 3 Convergence of the coefficient F for a torus
with its symmetry axis perpendicular to the wall.
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{a) bsa = 2

] H/C
0.5 0.8 le1 leb oo
& —-2943 ~0e931 4 -0.T124 -0.6734 -0.5810
6 ~1TT4 ~0.8890 -0.6997 -0.6228 -0.5584
8 -2.262 ~0.9175 ~0.T071 ~0.6230 -0e5590
10 ~-2+319 -0.9176& -0.7071 ~0.6230 ~0«%9590
| ¥4 -2-323 ~0.9176 -0«7071 ~0.6230
L4 -2a324 ~0.9176
16 -2032%
{(b) bsa = 10
N H/c
Oe2 0.5 0.8 1al o0
L 2847 -0a8657 ~0.623]1 05320 ~04915 —-0.4408

6 =2e226 —0s8223 —0.6044 —0.5219 ~0.4748 —0.4304

8 =~24221 048224 08044 =0.%219 ~0.4748 ~0.4304

10 ~24229 ~0.82264 -D.6044

12 ~2.229

Yable 4 Convergence of the coefficient T: for a torus
with its symmetry axis perpendicular to the wall.
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(a) b/a = 2¢ H/C = 15

" 4 6 8 10
N
4 2295 2296 20297 2297
6 24295 20296 24297 2297
8 2295 2296 2297 24297
10 2295 2296 22296 24296

(b) b/a = 2+ H/c = lal
™ . 6 8 10
N
'y 4.55 4246 S.4% rere
6 %29 424 4a2l 421
8 4eld 4=20 424 4.23
10 4olli 421 <23 =23

Table S Convergence tests of F:’/F:,’., for a torus
inclined at 30°relative to the planar wall.
N ___ Number of rings { constant values of 7 )
M __ Number of points at each ring {constant
values of )
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{c) b/a = 10¢ H/C = 1.5

" o 6 8
N
4 l.828 1829 1829
& 1-828 1.829 1.829
8 1.828 1.828 1.828
10 l-828 l.828 1.828

{d) b/a = 10s H/c = 1.1

™ % 6 8 10
N
4 2504 2508 24519 24523
& 20502 2« 524 24525 2525
8 22501 24517 24522 2522
10 24501 24519 2521 2521

Table S Convergence tests of ﬁP{Fﬁg for a torus
inclined at 30°relative to the planar wall.
—__ Number of rings { constant values of 7 )
w- Number of points at each ring (constant
values of 0 )
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{a) b/a = 2+ H/C = 15

| % 6 L
N
4 l«096 1096 1.097
6 1.094 1-09% 1094
8 1.09¢ 1094 1094
10 1.093 1«093 1.093

(b) b/a = 2¢ H/C = lal

“ L] & 8 10
N
% 1243 a2 l« 40 1«40
6 .26 1-28 1.28 l.28
8 133 le 3% 137 137
10 1.35 le 36 1«37 La37

Table 6 Convergence tests of T;r /T:.m for a torus
inclined at 30°relative to the planar wall.
N ___ Number of rings ( constant values of 7 )
M __ Number of points at each ring (constant
values of § )
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{c) bfa = 10y H/C = la5

M 4 6 8
N

4 1.096 1.097 1.097
6 1.096 1.097 1.097
8 1.096 1097 1.097
10 1.096 1.097 1.097

(d) bsa = 10s H/c = lal

1) & 6 8 10
N

4 L2986 1301 L« 305 1305
6 1.2906 L« 302 1« 305 1305
8 1296 1303 lLe304 1304
10 la296 1303 1«304% 1304

Table & Convergence tests of T:/l'f,.p for a torus
inclined at 30°%°relative to the planar wall.
N ___ Nunmber of rings { constant values of 7 )
M ___ Number of points at each ring (constant
values of &)
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(3) b/a = 29 H/C = 15
L 3 6 8
N
4 ‘-0.0"076 "0.0475 '0.0476
6 —0.04T0 -0, 04064 -0.046%
8 ~Da0460 ~0.0468 00467
10 -0«0468 -0 0467 -0.0467
(b) bs/a = 2 H/c = lat
" & & 8 10
N
4 ~0al4l =0el%)} ~0elb} ~0+ 143
[ ~0+ 142 =0el&2 ~0.142 -0 142
a8 ~0e«139 -0.139 -0s137 ~0=137
10 ~0«137 -0«137 -0al137 -0.137
Table 7 Convergence tests of Tf'for a torus

inclined at 30 relative to the planar wall,

N ___ Number of rings { constant values of [ )

M Nusber of points at each ring (constant
values of &}
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(c) B/A = 109 H/CL = la5
] 4 6 8
N
% -0.0399 -0.0399 ~0+0399
6 -0+0400 —020400 -00400
8 -0.0400 ~0.0400 ~0«0400
10 -0«0400 -0+0400 -0.0400
(d}) B/A = 10y H/C = 1.1
M o 6 8 10
N
L) -0e 105 -0=10% -0a104 =0a104
(-] ~0+104 ~0e 103 ~-0.103 -0+103
8 ~0« 104 ~0e10% -0.103 -0.103
10 -0+103 ~06103 -0.103 ~0e103
Table 7 Convergence tests of ' for a torus

inclined at 30 relative to the planar wall.

N ___ Number of rings { constant values of 7))

M __ Number of points at each ring {(constant
values of 2 )

117



— s e s s s e gy Al St . - it

force coefficient for
motion parallel to -~0«9062
symmetry axis

force coefficient for
motion perpendicular -0.T724
to symmetry axis

i —— . —- i ——— - —— - e s —

torque coefficient for
the body rigidly held -0.9460
in @ shear flow parallel
to the symmetry axis

v ———— e - e —— ——

torque coefficient for
the body rigidly held in -0 1676
a shear flow perpendicular

to the symmetry axis

— e —— — — . Y=— -l T o . b e el

torque coefficient for T T=0.5568
rotation

—— —-— S A e " . k. . o — -

Table B force and torque coefficients for the biconcave
shaped disc in an infinite fluid.
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1.0 l |
0O 30 60 90
a (degrees)

Figure 2+ The ratio of resistance coefficients éP/FP

for a torus as a function of orientation
angle and separation distancee.
( b/a = 2¢ b/a = 10)
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a (degrees)

Figure 3. The ratio of resistance coefficients F?/FH,

For a torus as a function of orientation
angle and separation distance.

{ b/a = 2 b/a = 10)
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) 30 60

90
a (degrees)

Figure 4. The ratio of resistance coefficients FP/Q%Q
for a torus as a function of

angle and separation distance.
( b/a = 2y _ _ _ bfa = 10)

orientation
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1.0

0 30 60 90
a (degrees)

Figure 5. The ratio of resistance coefficients F?/Fﬁw
for a torus as a function of orientation
angle and separation distance.

{ bfa = 2+ _ _ _ bra = 10)
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3.5

3,
3.0

2.5

2.0

1.5

1.0

Figure 6.

a (degress)

{ ____bra = 24
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| T
H/C =
—~ 1.1 =
’//, i;;-1.5
-
2.0
- Z—s.o -
1 i
O 30 60 90

The ratio of resistance coefficients F:/ﬁ;w
fFor a torus as & function of
angle and separation distancee.
b/a = 10)

orientation



_-.-_—-._-'
1.0 1 .
o) 30 60 90
a (degrees)
Figqure 7« The ratio of resistance coefficients 1{/1{

for a torus as a function of orientation

angle and separation distancee.
{ b/a = 2« _ _ _ b/a = 10)
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1.6 T 1
H/7C =1.
18/TS
2/ 2,0 1.5
14 | 20 ]
5.0
1.2 - -
1.0 .
0.8 1 !
O 30 60 80

a (degrees)

Fiqure Ba. The ratio of resistance coefficients T:/1ip
for a torus with bsa = 2 as a function of
orientation angle and separation distance.
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7.0 T 1
6.0

I
1

5.0

s, 40
1
z/Tz_m

3.0

2.0

1.0

0.7 H l__
0 30 60 90
a (degrees)

Fiqure 8be The ratic of resistance coefficients Tfﬂf,ao
for a torus with b/a = 10 as a function of
orientation angle and separation distances



0.1 T T

I |
8] 30 60 90
a (degrees)

Figure 9. The resistance coefficient TP for a torus
as a function of orientation angle and sepa—
ration distance.

{ b/a = 29 _ bra = 10)
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a (degrees)

Figure 10. The resistance coefficient TP for a torus

as a function of orientation angle and sepa-
ration distance.

{ b/a = 2+« _ _ _ bsa = 10)
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2.0 T I ) 1 1

t
R
F
1,
1.8 - .

1.0 { | | 1 I
1 2 5 10 20 50 100
b/a

Figure 1lla The ratio of resistance coefficients FP/ka

for a torus with its symmetry axis perpendi-
cular to the wall as a function of b/sae
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100

b/o

Figure 1llb. The ratio of resistance coefficients FP/F.,.,
for a torus with its symmetry axis perpendi-
cular to the wall as a function of b/a.
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NN

Figure l2. Geometry for a biconcave shaped disce.
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CHAPTER 3
GRAVITATYIONAL AND ZERO-DRAG MOTION OF
AN OBLATE SPHEROID ADJACENY TO AN

INCLINED PLANE AT LOW REYNOLDS NUMBER
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Abstract

The theory developed in chapter 1 for the planar motion
of an arbitrary body of revolution near a planar wall is
applied to treat several specific problemse. The First
highly accurate solutions for the resistance tensor of an
oblate spheroid moving near a planar wall are used to
compute the translational and anyular velocities and
trajectories of a neutrally buoyant spheroid in a shear flow
and the gravitational settling motion of a non-neutrally
buoyant spheroid adjacent to an inclined plane. The
neutrally ouoyant spheroid in a shear flow undergoes &
periodical wotion toward and away from the wall as it
continuously tumbles Forwarda For certain inclinations a
spheroid setting under gravity near an inclined plane will
finally reach an equilibrium positions after which it will

translate parallel to the wall without rotation.
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ls Introduction

The creeping motion of a non-spherical particle in three
dimensional Stoxes flow in the presence of a planar wall is
of long-standing intereste H#Wakiya (1959) considered the
motion of a spheroid parallel to a planar wall wusing the
method of reflectionse More recently Yang & Leal (1983,
1984) studied tha arbitrary motion of a stender body near a
flat fluid-fluia interface using a singularity method and
slender body theory.

In chapter | the boundary integral technique was used to
obtain solutions for the resistance tensor for a body of
revolution tumbling adjacent to a3 planar wall at low
Reynalds number. The Fforce and torque were accurately
computed for a spheroid translating parallel or
perpendicular to the walle rotating about an axis parallel
to the wally or which is rigidly held in ptace in a shear
flowa The accuracy of the solutions has been tested for the
special case of a sphere with the exact bipolar coordinate
solutions of Brenner (1961) for the motion of a sphere
perpendicular to a wall and Goldmans Cox € Brenner (1967asb)
for a sphere translating parallel to a wall, rotating
adjacent to a wall or in the presence of a shear flow. The
solutions of the poundary integral mwmethod were in good
ayreement with the exact solution up to a gap width of a
tenth of the sphere radiuse On the other handes it was found

that the solutions obtained by the method of reflections of
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Wakiya (1953) are good only when the spheroid is far away
fFrom the wall (the spheroid-wall distance at least five
times the spheroid semi-major axis)e.

For the motion of a sphere near a planar wall some of
the elements of the resistance tensor are identically zeros
such as the coefficients which give the force perpendicul ar
1o the wall due to the parallel motion or rotation about an
axis parallel to the walla. But these forces are not zero
for @ spheroid. The hydrodynamic force and torque on a
spheroid depend stronyly an its orientation relative to the
walle This characteristic feature complicates the motion of
a spheroid adjacent to a plane.

In this thesis we only consider the motion with planar
symmetry. Jeffery {(1922) has shown that a prolate spheroid
is not stable with the axis of symmetry in the plane of
symmetry of an unbounded fluide. We therefore will only
consider the motion of an oblate spheroid which is stable in
the plane of symmetry.

In the present chapter the resistance tensor for an
oblate spheroid computed in chapter 1 is5 used to compute the
translational and rotational velocities and trajectories for
zero-drag motion in a shear flow and gravitational motion

adjacent to an inclined plane.
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2« General motion of an oblate spheroid adjacent to a planar
wall

Consider the motion of a spheroid adjacent to a planar
wall as shown as in figure le The spheroid has a half-length
@ and radius ba It is spaced at a distance H from the wall
and has an orientation angle o rvelative to the wall. The
spheroid i1s moving in the x;, x3 plane with velocity -J.uhich
has components U: anad Uses and rotating along the x;, axis
with angular velocity W A shear flow Ug = $-x3 may be
present in the x, directiona.

In the 2zero Reynolds number flow limit the Ffluid

velocity V must satisfy the creeping flow equations

uvv=v9vf (1a)

v-V= 0 (1b})

subject to the boundary conditions

—\7 preman [Jx'(l' + U: at the particle surface (2a)
v =20 at the wall (2b)
v = UV . P=0 at infinity (2c)

where ?r is the position vector whose origin 1is at the
particle centere.

The force and torque acting on the spheroid resulting
from the planar motion may be expressed using 12 resistance

coefficients as follows:
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F, = é7mb [ F'U+ FPU + bR W+ HFS] (3a)
Fs = bamb [ B U+ FPUs+ bR W+ S ] 130)
To= 76 (U + U+ b w +3bTS] ;)

The twelve resistance coefficients depend aon the aspect
ratio a/sos the separation distance H/b and the orientation
angle relative to the wall o . OfF the 12 resistance
coefficients three pairs are vrelated according to the

reciprocity relationss

F:’ = F:' (4a)
FF= 7 (40)
r

F; = # AL (4c)

The nine independent force and torque coefficients have been
computed to a high degree of accuracy in Chapter 1.
Therefore i1f the force and torque acting on the spheroid are
kKnown v the system of linear equations (3a)~({3c) can be
solved for the unknown velocities U » Uy and (e« WHe now

consider some special casese.
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3. lero—-drag motion of an oblate spheroid in shear flow
We consider the wmotion of a neutrally buoyant spheroid
in shear flow adjacent to a planar walle The condition of

Zerop drag and zero torqQue require

U+ FPUs + bR w + HFSS = 0 (5
Fru+ PP Us + bR W+ HRES = 0 (sb)
Wy TR U FhTw LTS = 0 (5¢)

Simultaneous solutjon of these three eguations gives the
values of the velocities U,¢ Uy and w « For an oblate
spheroid with as/b=0e5 the values of U, + Us angd W are
presented as functions of of at constant H/b in fiqures
2-4. The velocity Ui and the angular velocity &« are even
functions of o » while the velocity Uy is an odd function
of o . As expected from symmetrys all wvelocity components
have a periodicity of 180"« Therefore they are plotted only
in the range between 0’ to 90°'.

For the velocity component Us of greatest interest is
the local slip wvelocity Us of the spheroid center relative
to the incoming velocity profilte:

Us= U — Un (6)
Figure Z shows the slip velocity as a function of of at
constant H/b for an oblate spheroid with a/b=0.5. The slip
velocity is negative for all orientation angles and

separation distancesy indicating that the spheroid always
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lags the fluid in shear flows For a given separation
distance the spheroid experiences minimum stip at an
orientation angle ol = 90°.

Figure 3 shows the perpendicular velocity U, as a
function of the orientaticen angle at constant H/b for an
oblate spheroid with a/b=0.5. A peculiar feature is that
the lateral velocity component Uy changes sign and vanishes
not only for ol equat to 0°and 90°as expected from symmetry
but also at 3 particular anyle between them.

The angular velocity w Is shown in figure 4. The

1

angular velocity is maximum at o = 0 and monotonically

decreases to its minimum value at & = 90°. Unlike the
velocity components U and U s which are strong functions of
the separation distances the angular velocity w changes
little with separation distances especially when o is
close to 0°.

We next consider the trajectory of the particle in shear

flowe The equations of wmotion of the particle in

dimensionless form are:

dX - _QL. x;

= {Ta)
dt' Voo
X  — Us "
ar — w K (7
dol w
_-_— = — 1
a1 S (fc)

where xf=n,/bo x:=x,/n and t' =t-S.

To compute the three velocity components using equations
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(9a)-{(5¢c} for a single separation distance and orientation
angle requires approximately 1 to 10 minutes CPU time on an
IBM 3081 computere depending on the particle-wall distance.
Therefore it is ampossible that all velocities needed to
solve the differential equations (5a)-{Sc) at each instant
time be computed by solving equations (Sa)={5c) directly.
We therefore assume interpolating functions in the form of a

truncated Fourier series:

Us = —Uw ( Qo + Q200820 + AaCos AX + QA Cos 6X) 18)
Us = — U ( boSin 20 + bgSin4X + beSinbol +ba$inaﬂ() (9)

W =-85( Co 4G Cos20l +C4Gs4X + {4 Cos 65 ) (10)

I

where a,sbn and ¢, are unknown functions of the aspect ratio
and the particle-wall spacing H/be. For a given H/b the
velocity components are obtained by solving equations
{5a)-(5Cc) at seven orientation angles and the coefficients
a,y bpn and ca are calculated using a least squares fit,
Tables 1 - 3 list these coefficients for an oblate spheroid
with a/b=0.5 and selected values of H/be Intermediate
values at arbitrary H/b are obtained by interpolation using
cubic splines in a log-tog scale. By comparison with the
values obtained directly by solving equations ([5a)-{5%c) the
velocities calculated by equations (8)-{10) have an error of
less than 2% « The differential equations {(Ta)-(7b) are

solved numerically using a fourth-orger Runge-kutta method,
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Figqure 5 shows the trajectories of an oblate spheroid having
an aspect ratio as/v=0.5 in shear flowe which begins its

quasi-steady motion at the point x =0s x =1e2% with initial

orientation angle X, « For clarity, the scale in the x;
direction has Deen expanded by a factor of 40. Figure &
gives the corresponding orientation angle for the

trajectories shown in figure 5S¢« The angular velocity WwW is
never zero as shown in figure 4y $0 the particle
continuously vrotates in one directiona Although the
velocity perpendicular to the wall is zZero when the spheroid
axis is parallel or perpendicular to the wall, these
positions cannot be maintained oweing to the rotation.
Therefore when the particle is translating parallel to the
planey it also drifts toward and away from the plane
periodicallyes The period of the motion is a strong function
of the aspect ratio of the spheroida. For a sphernid in
unbounded shear flow the orientation angle satisfies the

differential equation:

d ¢t b-
e (1 + 2 )c‘osazo( (11)

The solution of eguation (il}) is
-1 a »
fan I b {'a. b:+a ] t {(12)

YTherefore the dimensionless period of an oblate spheroid
with a/b=0e5% in unbounded shear flow is T = T/S = 25T =

Figure T shows the variation of the period 1" for an oblate
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spheroid with asb=0.5 as a function of the initial
separation distance x; and orientation angle o . The
period is maximum when the particle is close to the wall ang
monotonically decreases to its asymptotic wvalue as the
initial particle-wall spacing is increased. The period
decredses with increasing initial orientation from 0° to 90°
and as expected becomes independent of «f, with increasing

distance from the walle
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4« Spheroid settling under gravity adjacent to an inclined
plane

We now consider the motion of a spheroid setting under
gravity adjacent to a3 plane wall which is inclined at an
angle @ with quiescent fluid at infinity as shown in

fiqure 8+ A force and torque balance on the particle yields

érub [ Fhu, + B+ bR w] +3wab' (t-0) g SinB =0 (13a)
611’/“5[{::'(’,"' :,U3+bF;'w - %Tra.b‘(f‘— F)J COSP: o (l3b]
:’U! + zﬁU.a +LT;"U= 0 {13c)

where ¢, and (D are the density of the particle and the
fluid, respectively, and g is the gravitational
acceleration. These three equations may be solved
simultaneously to yield the two translational components U,
and Uz and angular velocity ) of the particle. In the
Stokes flow limity the settliing of a spheroid adjacent to a
wall inclined of an arbitrary angle P may be completely
described by a linear superposition of the solutions at

¢

special casese

0' and 90°. Thus we need only consider these two

i

The velocity components of the particle for § = 0% in

which the plane is perpendicular to the direction of
[]

gravitys wil) be expressed as U;» U; and w' . The wvelocity

components for § = 90%s where the plane is parallel to the

direction of gravitys, will be expressed as U’- U: and o' .
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The velocities U: and U; are equal by the reciprocity
relations (%)a.

The translational velocity cémponents U?. u§ and U; for
an oblate spheroid settling wunder gravity having aspect
ratio as/b=0.5 are shown in figures 9 — 11 respectively as a
function of orientation angle ol and particle-wall spacing
H/be A1l three velocities are nondimensionalized by the
terminal velocitye U + Oof an isolated oblate spheroid in an
unbounded fluid with the force of gravity acting parallel to

its major axis and is given by

U__ f‘db (FS"FJ& {l4)
t— =274 £ . .y
/ T ";’f_—ir)%: Sin Vr-z°]

where € =a/b is the aspect ratioe. The angular velocities
W' and w? are nondimensionalized by Up/b and plotted in
figures 12 - 13. The translational velocities U:o U: and

. . ) !
rotational velocity w' are even functions of o while U,

3 are odd functions of o « Thus they are plotted

and W
only in the range between 0° to 90°.

We next consider the trajectory of a spheroidal particle
settling under gravity adjacent to an inclined planar wall.
The required values of the translational and rotational
velocities at arbitrary separation distance and orientation
are interpolated the same manner 3as in section 3 for the

motion of a neutrally buoyant particle in shear flows For

an oblate spheroid having aspect ratio as/b=0.5, the

L <5



translational and rotational velocity components are

approximated by the truncated fourier series:

U /Uy = (0.933=Q,) — (0-062/5 + A2 ) Gos 24 (15)
U3 /Uy = (0-933 —bo)+(0.062/5-b.)Gs 20 +byCest +byGsbol (16,

Us/ Uy = (Ga = 0.06215) Sin2x + CaSind& + CSinb& + (g Sin 66 (17
w'b Uy = do+ dy Cos 28 + dy Cos 4% + o s Cos 6 (18)

w!'%t = 1285020 + €4 Sindd + ls Sinbo + €4 Sin8X (19)

where a3,y bpe Cne dp and en are functions of particle-wall
spacing H/b and have the value of zero when H/b approaches
infinitye. TUThese coefficients are listed in tables 4 - 8 for
selected values of H/be. Unfortunately, an excessive amount
of computation time would be reguired to determine the force
and torque couefficients needed for calculating the
translating and angular velocity components in equation 11
for H/b<lele Since there is no other solution yet available
for calculating the Fforce and torque on an oblate spheroid
adjacent to a wall at wvery small gap widths, the
translational and rotational wvelocities are unavailabdle for
H/b<lelaw

The equation of motion of & particle settling under
gravity adjacent to a planar wall inclined at an angle

Q ({see figure 8) are given in dimensionless form:
a 1

dx U u?
=t = =L s =L e
at* — v P+ w Gos 8 (20)
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” 1
%%*: -‘(—Jj:- Sih@ + ?UE' Cos? (21)

' )
dol w'b wb
= inp -+ Cos (22
d tu Uf Sm? Ut @ )
where uf: X, /Do x;= X3 /b and t'= U- t/be The system of
differential equations was solved numerically wusing a

fourth-gorder Runge-Kutta method.

Figure 14 shows the trajectory of an oblate spheroid
having aspect ratio asb=0.5 falling adjacent to a planar
wall inclined at ¢ = 85°. Solutions are presented for an
initial particle-to-wall spacing x;=b and various values of
initial orientation angle o, . For the sake of clarity the

scale in the x; direction has been expanded by a factor of

50 . A curious feature is that the spheroid eventually
reaches the same equilibrium position from the wall
regardless the starting positione For some initial

orientations the particle moves monotonicaltly toward the
equilibrium position while fFor others the particle
oscillates toward and away from the wall until it reaches
the final position. Yo give a full picture of the motion
the same trajectories described in figure 14 are plotted in
terms of the separation distance and the orientation angle
relative to the wall in figure 1% FfFigure 15 shows that all
the curves (solid ltines) coalesce to the same point
indicating that both the final equilibrium separation

distance and the orientation angle are independent of the

147



-— e

initial positione. For an oblate spheroid having a/b=0.5 the
equilibrium position is given by x; =370y ol =130.5 « The
dotted lines in figure 15 represent the positions for which
the particle would take the same time to reach if it were
released at x; = 6 but with different initial orientations.
When the particle has reached the equitlibrium position it
translates parallel to the wall without rotation at a
constant velocitye In this position the gravitational
component perpendicular to the wall js exactly balanced by
the 1ift force due to the parallel motion and simultaneocusly
the torque due to the parallel motion just vanishes at the
equilibrium orientatione. If the particle is stightly
displaced perpendicular to the wall! from the equilibrium
position y a restoring force acts to return the particle to
the equilibrium position. Moreover + if the equilibrium
orientation of the particle is sltightly disturbeds a
restoring torgque acts to vreturn the particle to 1its
equitlibrium orientations Thus the particle is in stable
equilibriume
The equilibrium position depends on the aspect ratio and
the inclination angle of the wall. [If the inclination angle
8 of the wall is decreasede the component of gravity
perpendicular to the wall increases and thus the equilibrium
position moves closer to the wall where the Yift force is
greater. Table 9 shows the final separation distance and

orientation angle for selected inclination angles P for an
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oblate spheroid with a/b=0.5. As the inclination angle @
approaches 90°s the equilibrium separation distance becomes

infinite.
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H/b

a, a3 aa a,
( x 0.01 )
1al 9.91 2.69 ~1405 ~0.20
1.3 5.84 1.06  -0.69 ~0.08
1.5 3.82 0.52 —0.%5 -0.03
.75 F 0.25 -0.29 0.0
2.0 1.66 O.13 -0.20 0.0
25 0.873 0.046 ~0.104 0.0
Table 1 The coefficients of Us /U in shear flow
for an oblate spheroid with a/b=0.5.
H/b b3 ba be ba
{ x 001 )}
1.1 3,692 2.821 04553 0.102
1.3 1.790 1.356 02154 0.018
1.5 1.007 04792 0.057 0.005
1.75 0.559 0.468 0.021 0.001
2.0 0.348 0.309 0.010 0.0
2.5 O0.161 0.157 0.003 0.0
Table 2 Tthe coefficients of Ly /U in shear flow

for an oblate spheroid with a/b=0.5.
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H/D Cso Ca Cq Cs

1.1 Debs0 0.345% 0.021 0.004
1.3 0415 04332 0.011 0.002
1<5 0.482 De323 D.006 0.001
1.75 0.489 0.316 0004 0.0
2.0 0e492 0.311 0.003 0.0
2.5 0<496 0.306 0.001 040

Table 3 The coefficients of WwW/S in shear flow
for an oblate spheroid with a/b=0a.5.

H/b a, a,
1.1 T0.3912 C.0376
1.3 03267 0.0201
1.5 "0.2824 0.0125
175 0.2424 0.0081
2.0 022124 0.0057
T 5.0 040837 0.0627

20.0 0.0174 0.0

I
Table & The coefficients of Ui/Ut in equation (15)
for an oblate spheroid with asb=0.5%
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H/b bo ba ba D
1.1 0.6993 0. 0903 -0.0208 -0.0043
T1e3 0. 6044 0.0526 ~0.0089 ~-040012
1.5 0+5329 0.0328 ~0.0042 0.0
1.75 0.4656 0.0216 ~0.0022 0.0
240 04131 0+0149 ~0.0013 0.0
5.0 0.1713 0+ 0009 0.0 0.0
20.0 0.0396 0.0003 0.0 0.0
Table 5 The coefficients of Uj/Uy in equation (16)
for an oblate spheroid with a/b=0a5.
H/b C, Ca Cy Cg
{ x Q.01 )

lel 1.998 1.031 0e263 0.065
1.3 1-0864 Ce446 0.068 0.011
“1e5 0651 0.222 0.002 0.002
1.75 0.%04 0.121 0.001 0.001
2.0 0.266 0.0T1 0.0 0.0
5.0 0.015 0.005 0.0 0.0
20.0 0.0 0.0 0.0 0.0

Table 6 The coefficients of U;/Uf in equation (17)
for an oblate spheroid with a/b=0.5%.
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H/b de 'R dae d,

{ x 001 )

1.1 1.398 4651 D641 0.109
1.3 04160 3.280 0.294 0.032
1.5 0e462 2.499 0.154 0.009
1.75 0.269 1.885 0.085 0+00%
2.0 0.168 1478 0.052 0.001
5.0 0.0054 0.2602 0.0013 0.0
20.0 0.0 0.0167 0.0 0.0

Table 7 The coefficients of wWb/U in equation (18)
for an aoblate spheroid with a/b=0.5.

H/b e, e, e,
{ x 001 )

1.1 64229 0.824 0.153

1.3 T4.656 0391 0044

1.5 32607 0.196 0.008

1.75 2767 0.112 0.001

2.0 2.184 0.068 0.0

5.0 0+3300 0.0018 0.0
20.0 0.0250 0.0 0.0

Table 8 The coefficients of WbsU in equation (19)
for an oblate spheroid with a/b=0u5s
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@ x; ol
{degrees) {degrees)
80 1.13 122.7T
81 1.21 12440
82 1.45 125.4
83 1.77 1271
"84 2.3% 1268.8
85 3.70 13045
86 18,70 132.0

Tanole 9 The separation distance x; and orientation

angle o of the equilibrium position for
the motion of an oblate spheroid with a.b=0.5

settling under gravity Jadjacent to a plane
inclined at angle § .
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Figure 1. Geometry for the planar motion of a spheroid
adjacent to a walle.
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Figure 2. The slip velocity of a neutrally buoyant
oblate spheroid with a/b=0.5 in shear flow.
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Figure 3. The velocity perpendicular to the wall of
a neutrally buoyant oblate spheroid with

a/b=0e5 in shear flowe
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Figure 4« The angular velocity of a neutrally buoyant
oblate spheroid with a/b30.5 in shear flowe
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Figure S5« Trajectories of the center of a neutrally
buoyant oblate spheroid with as/b=0e5 in shear
flowe
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Figure 6. VYariation of the orientation angle of a neu-
trally buoyant oblate spheroid with a/b=0.5
in shear flow.
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Fiqure 7. Variation of the period T" for an oblate sphe-
roid with a/b=0+5 as a function of the initial
separation distance x; and orientation angle
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Figure 8. Schematic diagram of an oblate spheroid
settling under gravity adjacent to a3 plane.
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Figure 10. The velocity perpendicular to the wall of an
oblate spheroid with 3/b=0.5 moving under a
gravitational force acting in the same direc-
tion
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Figure 11. The velocity perpendicular to the wall of an
oblate spheroid with a/b=0.35 moving under a
gravitational force acting parallel to the wall.
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Figure 12. The angular velocity of an oblate spheroid with
a/b=0e5 moving under a gravitational! force ac-
ting parallel to the wall,
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Figure 13« The angular velocity of an oblate spheroid with
a/b=0.5 moving under a gravitational force ac-
ting perpendicular to the wall.
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Figure 14. Trajectories traced by the center of an oblate
spheroid with asb=0.5 settling under gravity

from the initial position x3= 6 near a plane
inclined at § = 85%.
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Figure 15. Trajectories of an oblate spheroid with asb=0.5
settling under gravity from the initial position
x3= 6 near a plane inclined at ¢ = 85" in terms of
the separation distance and the orientation angle
relative to the wall.
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CONCLUDING REMARKS
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The successful application of the boundary integral
method on the motion of a spheroide & torus and a biconcave
shaped disc near & planar wall in this study has shown that
the method is effective and suitable for treating the
motion of a body of arbitrary shape near boundariese.
Examples of the types of problems which can be treated
include the motion of a non-spherical particle between two
walls or in circular cylinder. It has been shown that the
accuracy of the method is much higher than the weak
interaction theory of veflections. A Jlimitation of the
technique is the long computation time required to evaluate
the double integrals in the integral equations Therefore
great effort has been taken in this study to evaluate the
integral 1n the azimuthal direction analyticallye. In this
way a tremendous amount of computational time has been saved
and the accuracy of the solution is highly increased.

The 1last part of this study shows many interesting
features of the motion of a non-spherical particle adjacent
to a planar walle The motion of a non-spherical particle is
much more complicated than the motion of a sphere because of
the dependence of the resistance Fforce on the orientation
and the fact that some coupling forces are not identically
zero as in the case of a spherical particle.

As stated earliery the resistance wmatrix of a particle
moving adjacent to boundaries is essential in the study of

the diffusive and convective transport of solute particless
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The author hopes that the accurate solution of the
resistance matrix of a spheroid, a torus and a biconcave
shaped disc adjacent to a planar wallsy presented in this
studye will be useful for solving the transport problems for

particles of these shapese.
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