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Abstract  

STATISTICAL PHYSICS OF COMPLEX NETWORKS  

By  

HUAFENG XIE  

 

Adviser: Professor Brian Schwartz  

    We live in a connected world. It is of great practical importance and intellec-

tual appeal to understand the networks surrounding us. In this work we study 

ranking of the nodes in complex networks. In large networks such as World 

Wide Web (WWW) and citation networks of scientific literature, searching by 

keywords is a common practice to retrieve useful information. On the WWW, 

apart from the contents of webpages, the topology of the network itself can be a 

rich source of information about their relative importance and relevancy to the 

search query. It is the effective utilization of this topological information [50] 

which advanced the Google search engine to its present position of the most 

popular tool on the WWW. The World-Wide Web (WWW) is characterized by 

a strong community structure in which communities of webpages are densely 

interconnected by hyperlinks. We study how such network architecture affects 

the average Google ranking of individual webpages in the community. Using a 

mean-field approximation, we quantify how the average Google rank of com-

munity’s webpages depends on the degree to which it is isolated from the rest 
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of the world in both incoming and outgoing directions, and α – the only intrin-

sic parameter of Google’s PageRank algorithm. We proceed with numerical 

study of simulated networks and empirical study of several internal web-com-

munities within two US universities. The predictions of our mean-field treat-

ment were qualitatively verified in those real-life networks. Furthermore, the 

value  α = 0.15 used by Google seems to be optimized for the degree of isola-

tion of communities as they exist in the actual WWW.  

    We then extend Google’s PageRank algorithm to citation networks of scien-

tific literature. Unlike hyperlinks, citations cannot be updated after the point of 

publication. This results in strong aging characteristics of citation networks that 

affect the performance of the PageRank algorithm. To rectify this we modify 

the PageRank algorithm to a new ranking method, CiteRank, in which the start-

ing point of random surfers is exponentially biased towards more recent publi-

cations. The ranking results are compared for two rather different citation net-

works: all American Physical Society publications between 1893 and 2003 and 

the set of high energy physics theory (hep-th) preprints. Despite major differ-

ences between these two networks, we find that their optimal parameters of the 

CiteRank algorithm are remarkably similar. 
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CHAPTER 1

INTRODUCTION

1.1 History and background of networks research

We live in a connected world, where we are attached to each other through

all kinds of ties: family, friendship, sexual relationship, employment etc. Many

physical networks are indeed indispensable foundations of our modern civilization:

transportation networks, power grid networks, telecommunication networks, the

Internet, the World Wide Web and so on. In fact the human body as a biological

system is a sophisticated network of biochemical reactions. Even though these

networks are very different in nature, they have many common characters, such

as being composed of many interacting individuals, normally large in size and

growing or evolving with time, etc.

It is of great practical importance and intellectual appeal to understand these

networks. Traditionally networks study is the domain of graph theory, which

was born in 1736 when mathematician Leonhard Euler provided the solution to

the Königsberg Bridge Problem. In the past century graph theory has developed

into a full fledged field and provided insights to many practical questions such

as coloring graphs, finding shortest path and finding max flow [6] [7] [8]. Social

scientists are another group of pioneers in network studies. Since the early 1920s

they studied social networks of relationships among social entities, for example

trades among nations and communications between members of a community.
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In recent years the research interests in this field has been growing very rapidly

and shifting to new directions. Thanks to the advancement of computer technol-

ogy, it is possible to gather and analyze data sets of large scale networks such as

the Internet, email communication networks and protein interaction networks in

a cell etc. Networks research naturally shifted from understanding single small

graphs and local properties of individual nodes and links to understanding the

large scale statistical properties of the network. In understanding systems con-

sisting of many interacting agents, statistical physics has been of great success,

which made researchers realize that tools from statistical physics can provide

insights to understanding complex networks too. Meanwhile, the complex net-

work research has raised new questions and challenges for statistical physics. The

main aims of complex network research has been on the following three aspects:

defining proper concepts and statistical measures to describe the feature and

characters of the networks; finding the designing principles or evolutionary rules

which enable the networks to become as they are; understanding the behavior of

the networks as a result of the global structural features and local properties of

individual agents. Exciting progresses has been made from late the 1990s to the

present and a large body of literature has been accumulated [1] [2] [3] [4] [5].

1.2 Structural measures of complex networks

A network is a collection of nodes(vertices) and links(edges) between them. Links

can be directed and undirected, for example, hyper links on a Web page are

directed, because one can only follow a link to go to a target web page, but not

the reverse. So a hyper link is a directed link. Whereas a normal network cable

allows data to be transferred both ways, so a network cable is an undirected link.

Another kind of link,the weighted link, is introduced to capture the characteristic
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of the network in more detail, when the strength of the link is important. See

Illustration 1.1. The most common mathematical representation of a network

is using adjacency matrix A. For a directed network A, its element aij = 1,

if there is a link from node i to node j; other wise aij = 0; for an undirected

network, aij = aji = 1 if there’s a link between i and j; for a weighted network,

the magnitudes of the matrix entries represent the weights of the links.

Figure 1.1: Three types of networks. A, undirected network; B, directed network;

C, weighted network. The arrows in network B indicate the direction of the link.

The thickness represent the different weights of the links in network C

Degree K of a node is the number of links or the immediate neighbors it has.

If the total number of nodes is n,

Ki =
n∑

j=1

aij. (1.1)

In a directed network the number of links a node receiving from other nodes

is called in-degree Kin; conversely the number of links pointing from a node to

other nodes is called out-degree Kout. An important property of a network is

the degree distribution P (k), which is the probability of a randomly picked node

from the network to have degree K; in other words, it’s the percentage of nodes

with degree K among all the nodes in the network.
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Distance and Diameter: Distance between two nodes in a network is the

number of links in the shortest path connecting these two nodes. Diameter of a

network is the largest distance between all pairs of the nodes in the network.

Betweenness: Node betweenness, also called betweenness centrality, was orig-

inally introduced in social network analysis to quantify the importance of indi-

vidual nodes. Node betweenness of i is defined as the number of shortest pathes

between other nodes that pass through i [9, 27]. Edge betweenness, on the other

hand, is defined as the number of shortest pathes passing through an edge [11].

It indicates the traffic or load of an edge in a network.

clustering coefficient: Clustering is a common property of acquaintance net-

works, which represents that two people with a common friend are likely to know

each other [9]. It was found later that the clustering feature presents in many

other complex networks too. A widely used measure to quantify the clustering

property is proposed by Watts and Strogatz [10]. Clustering Coefficient Ci of a

node i is the ratio of number of links exist Ei to the total possible links among

this node’s Ki neighboring nodes:

Ci =
2Ei

Ki(Ki − 1)
(1.2)

Clustering coefficient for the whole network is the average of all Cis of the

nodes in the network.

1.3 Examples of networks in nature and society

1.3.1 Networks in Nature

• Food Web
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Food Webs are used by ecologists to model the predator-prey relationships

between different species [12, 13] in nature. Nodes in food webs are species

and there’s a directed link between two species if one is predator or prey of

the other. Extensive studies of several ecological systems [14, 15, 16] have

provided great data sets of these networks. Statistical studies on these

networks [17, 18, 19] have shown that, with a relatively small size (the

largest one contains less than 200 nodes), food webs are highly clustered

and the diameter of the network is very small with a value of 3 or less.

These studies also shed light on the degree distributions and robustness of

the food webs.

• Gene regulatory network

Gene regulatory networks are simplified models of the gene expression pro-

cess inside living cells. Genes control the production of proteins through

transcription and translation. These processes can be activated and inhib-

ited by other proteins, which are the products of other genes. In a Gene

regulatory network, nodes are proteins and directed links are the activation

and inhabitation relationship between the proteins. The action of such net-

works is a major driving force of the animal development from a simple egg

to a complex system. Statistical studies show that the degree distribution of

these networks share some universal characteristics: the degree distribution

scale as a power law P (K) ∼ K−γ, in which γ is a constant and there ex-

ists small-world effect and high clustering feature. Many efforts have been

make to understand better these networks in terms of structure, evolution,

robustness, etc [20, 21, 22, 23]. Techniques such as correlation profile[24]

and boolean networks [25] have been applied to study these networks.
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1.3.2 Social Networks

A social network consists of a set of agents that interact with each other [26, 27].

The interaction can be friendship or sexual relationship between people, inter-

marriages between families, trade between companies, etc. Social scientist started

using networks to map and study the complex relationships since the 1920s. Many

fundamental concepts and tools such as small-world property, clustering coeffi-

cient and node centrality were developed in sociology and remain useful in today’s

complex network research. Traditional social network studies often suffer from

shortcomings of inaccuracy and small sample size due to their labor intensive data

collection procedures such as using questionnaires and interviews. The tremen-

dous advances in the technology of telecommunications and the Internet make it

possible to collect more accurate and much larger social networks.

• Movie actor networks

The Internet Movie Database (http://www.imdb.com) has the most ex-

tensive data of movies made around the world after the 1890’s. In a movie

actor network, two actors are connected if they act in the same movie. This

network with number of nodes N ∼ 105 is a good medium to study the col-

laboration in human society. Some statistical properties of these networks

have been reported [28, 10, 29] that the average path length of the network

is similar to a random network with the same degree distribution; it is

highly clustered; the degree distribution follows a power law P (K) ∼ K−γ

with γ ≈ 2.3.

• Scientific coauthorship networks

Scientific coauthorship is another well documented example of collabora-

tions among scientists [30, 31]. In the network, two scientists are connected
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if they coauthored at least one manuscript. A number of studies have been

focused on the coauthorship networks of physics, biomedical research, high-

energy physics and computer science [32, 33, 34] ; mathematic and neuro-

science [35]. Again short average path length, large clustering coefficient

and power law degree distribution are found in all those networks.

1.3.3 Technological/Information Networks

• The Internet

The internet is the physical network of routers and computers connected

by network cables. Because of its large size and ever changing nature,

it’s mainly studied at two coarse-grained levels. One level is to consider

the network of routers, which are specialized devices on the Internet to

control the data transferring. Another level is to study the network of

autonomous systems. An autonomous system is a group of routers and

computers belonging to a same organization or under a same domain name.

Early studies by Faloutsos et al [36]have found and later confirmed by

Govindan et al [37] that at both levels the Internet has power law degree

distributions with exponentials ranging from 2 to 2.3. Other authors have

studied the clustering and betweenness [39] and degree assortivity [41]; and

shed light on the modularity [40]and evolution of the Internet[38].

• The World Wide Web

The World Wide Web (WWW) is the largest artificial network of which the

topological data is accessible[42, 47]. It contains more than 10 billion web

pages and still growing rapidly. While in daily life people use the Web and

the Internet interchangeably, they are indeed two distinct networks. The
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nodes in the Internet are hardware: computers and routers and links are

undirected physical links, whereas nodes on the Web are web-pages we can

browse and links are directed hyper links on the web pages. Because of the

interesting properties the Web has and it’s tremendous importance in de-

livering information, promoting business and facilitating people’s daily life,

WWW has drawn a lot research interest, especially after the discovery of

the degree scaling property in 1999 [43, 44]. It has been reported that both

the in-degree and out-degree of the web scale with power law distributions

[45, 46]; the average path length is small [47]. Another important feature

is that the web displays strong community structure in which groups of

web pages (e.g. those devoted to a common topic or belonging to the same

organization) are densely interconnected by hyper links [48].
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CHAPTER 2

DYNAMIC PROCESSES TAKING PLACE

ON THE NETWORKS

2.1 Introduction

The purpose of studying the structure and formation of networks is to eventually

understand how the systems built upon the networks carry out their function, in

other words, to understand the dynamic processes taking place on the networks.

Scientists have been studying, for example, how the structure of a food web affects

population dynamics, how the structure of the metabolic networks control cells’

biological cycle, how the topology of the World Wide Web affect web browsing

and searching; how the structure of contact networks spread disease. On the

other hand, an auxiliary dynamic process set in a network can be very helpful in

probing the network structure. In the following section we will review a study

[49] utilizing such a diffusion process to study the modularity of the Internet.

Similar diffusion processes taking place on the World Wide Web and scientific

literature citation networks are considered to study the ranking in these networks

in following chapters.
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2.2 Diffusion on the internet

The network in question is the physical layout of the Internet on a coarse-grained

level of the Autonomous Systems (AS), which are large groups of routers and

servers belonging to the same organization such as a company, an Internet Service

Provider (ISP) or a university. The conjecture is that this network can be divided

into smaller sub-networks (modules), which interact with each other relatively

weakly.

In the work of ref[49] the authors used the January 3,2000 dataset when

the Internet consisted of 6474 Autonomous Systems exchanging information via

12572 undirected links. The auxiliary diffusion process describes the dynamics of

a large number of random walkers moving on the network at discrete time steps.

At each step, every walker moves from its current node to a neighbor of this

node with equal probability among the neighbors. Denote the expected number

of random walkers on node j as ρ(j), the dynamics of this process can be written

as:

ρi(t + 1) =
∑

j

Tijρj(t) (2.1)

where T is the transfer matrix and its elements Tij is 1/Kj if there is a link

between node i and j, zero otherwise. Kj is the degree of node j. For
∑

i Tij = 1,

the total number of random walks is conserved at all times. Eq. 2.1 can be

rewritten as ρi(t + 1) − ρi(t) =
∑

j(Tij − δij)ρj(t). Hence the diffusion equation

for this process in matrix form is:

∆ρ = Dρ (2.2)

where D = T− 1 is the diffusion matrix.

As time advances, the diffusion process approaches a steady state ρi(∞), in

which the number of random walkers on each node doesn’t change with time. This
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can be satisfied with a distribution in which the number of random walkers ρi(∞)

on a node is proportional to its degree, so that the out-going current is exactly

balanced by the in-coming current of the node and equation ρi(∞) =
∑

j Tijρj(∞)

holds, which states that ρi(∞) is the principle eigenvector of T corresponding to

the principle eigenvalue λ(1) = 1. For networks consists of one single component

such as the Internet, this steady state configuration is unique. The remaining

eigenvectors which correspond to eigenvalues less than 1 represent initial config-

urations that decay with time towards the steady state. The characteristic decay

time τ (α) of the αth eigenvector is given by exp(−1/τ (α)) = |λ(α)|. The eigenvec-

tors with eigenvalues ∼ ±1 describe the slowly decaying modes, which we will

see are closely related to the the modularity of the network. The authors of the

aforementioned paper proposed a statistical measure Participation Ratio (PR) of

the diffusion eigenvector to quantify the effective number of nodes participating

in a given eigenvector with a significant weight. To calculate PR, first normalize

the eigenvector by each node’s degree to take into account the fact that in steady

state or slowly decaying states, ρ
(α)
i is proportional to Ki: c

(α)
i = ρ

(α)
i /Ki. c

(α)
i is

again normalized by
∑

c2
i = 1. The Participation Ratio is defined as:

PR = (
N∑

i=1

c4
i )
−1 (2.3)

It’s straightforward to show that PR = N for the steady state solution ρi(∞),

where N is the total number of nodes in the network.

Fig.2.2 shows the PR of ρ
(α)
i and density of the eigenvalues with −1 < λ(α) < 1

in the Internet and its randomized counterpart, which is obtained by applying

“Local Rewiring” [24] algorithm on the Internet. The resultant Random Scale

Free Network (RSFN) preserves the exact degree of each node but the neighbors

of a node are randomly reassigned. It is proposed [24] that RSFN is a good null

model to differentiate non-random features of a complex network from random
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Figure 2.1: The participation ratio and the eigenvalue density as a function of

the eigenvalue measured in the Internet and in its randomized counterpart - a

Random Scale Free Network. Notice that for |λ| ≈ 1 participation ratios in the

Internet significantly exceed those in an RSFN indicating the modularity in the

Internet. Image courtesy of K. A. Eriksen, I. Simonsen, S. Maslov, K. Sneppen.
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ones. While the eigenvalue density of the Internet and a RSFN is similar to each

other, the participation ratio for slowly decaying modes (λ ≈ ±1) of the Internet

is significantly larger than that of a RSFN. A closer look at the slowly decaying

modes reveals that in those non-oscillatory modes (with λ ∼ 1) the diffusion

current flows from relatively isolated regions (modules) along the few links con-

necting them to the rest of the network. If for such modes these links would be

hypothetically removed one by one, the corresponding eigenvalue would gradually

increase towards 1, while the eigenvector would become more and more localized

on the module. When eventually the module is completely disconnected from the

rest of the network, the eigenvector evolves to the steady state solution on the

module, which has PR equal to its size. This shows that the Participation Ratio

of slowly decaying modes is a good quantitative estimate of the size of modules

in the network. And Fig.2.2 indicates that the PR for slowly decaying modes is

significantly larger than that of a RSFN, these modules in slowly decaying modes

are real and not by chance.

In an effort to determining the organizing principle behind the Internet mod-

ules, [49] provided Fig.2.2, in which components of the slowest decaying mode

are plotted against AS number (a numeric ID of Autonomous Systems). Au-

tonomous Systems known to be located in Russia are marked with a circle. The

total number of AS in Russia is 174, while the PR for this eigenvector is 107. The

figure also shows that almost all AS that significantly participate in the eigen-

vector belong to Russia. Hence the slowest decaying module correspond to AS

in Russia; similar study shows that other slow decaying modules are identified to

be countries or organizational or geographical features within a large country.
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Figure 2.2: Scatter plot of the components of eigenvector c
(2)
i corresponding to

eigenvalue λ(2) = 0.9626. The AS known to be located in Russia are marked with

circles. Out of 100 AS with the most negative components, 23 are identified to be

associated with the US Military. Image courtesy of K. A. Eriksen, I. Simonsen,

S. Maslov, K. Sneppen.
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CHAPTER 3

OPTIMAL RANKING IN NETWORKS WITH

COMMUNITY STRUCTURE

The World Wide Web (WWW) – a very large (∼ 1010 nodes) network consisting of

web pages connected by hyper links – presents a challenge for efficient information

retrieval and ranking. Apart from the contents of web pages, the topology of the

network itself can be a rich source of information about their relative importance

and relevance to the search query. It is the effective utilization of this topological

information [50] that advanced the Google search engine to its present position

of the most popular tool on the WWW and a profitable company with a current

market capitalization around $80 billion.

3.1 The Google PageRank algorithm

In the heart of the Google search engine lies the PageRank algorithm determining

the global “importance” of every web page based on the hyper link structure

of the WWW network around it. When one enters a search keyword such as

“statistical physics” on the Google website the search engine first localizes the

subset of web pages containing this keyword and then simply presents them in

the descending order based on their PageRank values. While the details of the

PageRank algorithm have undoubtedly changed since its introduction in 1997,
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the central “random surfer” idea first described in [50] remained essentially the

same. From a statistical physics standpoint the PageRank simulates an auxiliary

diffusion process taking place on the network in question. A large number of

random walkers are initially randomly distributed on the network and are allowed

to move along its directed links. Similar diffusion algorithms have been applied

to study citation and metabolic networks [52] and the modularity of the Internet

on the hardware level represented by an undirected network of interconnections

between Autonomous Systems [40]. As in real web surfing, a random walker of

the PageRank algorithm could “get bored” from following a long chain of hyper

links. To model this scenario, the authors introduced a finite probability α for a

random walker to directly jump to a randomly selected node in the network not

following any hyper links. This leaves the probability 1 − α for it to randomly

select and follow one of the hyper links of the current web page. According to [50],

in the real PageRank algorithm α was chosen to be 0.15. The algorithm then

simulates this diffusion process until it converges to a stationary distribution.

The Google rank (PageRank) G(i) of a node i is proportional to the number of

random walkers at this node in such a steady state, and is usually normalized

by 〈G(i)〉 = 1. In this normalization, the flux of walkers entering a given site

due to random jump from all the other nodes is given by
∑N

i=1 αGi/N = α. The

continuity equation for this diffusion process is

G(i) = α +
∑

j→i

(1− α)
G(j)

Kout(j)
. (3.1)

Here Kout(j) denotes the number of hyper links (the out-degree) of the node

j and the summation goes over all nodes j that have a hyper link pointing to

the node i. In the matrix formalism the PageRank values are given by the

components of the principal eigenvector of an asymmetric positive matrix related
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to the adjacency matrix of the network. Such eigenvector could be easily found

using a simple iterative algorithm. To do this, all nodes must satisfy Kout(i) > 0.

Practically, it is done by iteratively removing pages with zero out-degrees from

the network [51].

3.2 Effects of community structure on ranking of the web

pages

Consider a network in which Nc nodes form a community characterized by an

above-average density of edges linking these nodes to each other. Let Ecw denote

the total number of hyper links pointing from nodes in the community to the

outside world, while Ewc is the total number of hyper links pointing in the oppo-

site direction. Similarly Ecc and Eww denote the total number of links connecting

nodes within the community and, respectively, the outside world. (See Fig.3.1

for an illustration).

As the Google rank is computed in the steady state of the diffusion process,

the total current of surfers Jcw leaving the community must be precisely balanced

by the opposite current Jwc of surfers entering the community. Note that both

Jcw and Jwc consist of two contributions: the current via the direct hyper links

between the community and the outside world, and the current due to random

jumps.

We first consider the effect of the community structure on Google ranking in

the simplest and most physically transparent case of α = 0. Consider a network in

which Nc nodes form a community characterized by higher than average density of

edges linking these nodes to each other. The total number of hyper links pointing

to nodes inside the community is given by Ecc + Ewc = Nc〈Kin〉c where 〈Kin〉c
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Figure 3.1: Illustration of hyper link connections between the community C and

the outside world W . Ecw and Ewc are numbers of links from the community to

the outside world and from the outside world to the community, respectively.
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is the average in-degree of community nodes. Similarly, Ecc + Ecw = Nc〈Kout〉c,
where 〈Kout〉c is the average out-degree in the community, gives the total number

of hyper links originating on community nodes. The Google rank is computed

in the steady state of the diffusion process where the number of random surfers

currently visiting any given web page does not change with time. This means

that the total current of surfers Jcw leaving the community for the outside world

must be precisely balanced by the current Jwc entering the community during the

same time interval.

Let Gc = 〈G(i)〉i∈C denote the average Google rank inside the community

given by the average number of random surfers on its nodes. Here we introduce a

mean-field approximation that websites connecting the community to the outside

world for outgoing and incoming traffic are an unbiased sample of all websites

in the community and the outside world correspondingly. That is to say, we

assume that their average in-degree and Google rank are approximately equal to

those of other websites in their compartment. Under this assumption, the average

current flowing along any of those edges would be given by Gc/〈Kout〉c while the

total current leaving the community Jcw = EcwGc/〈Kout〉c. Similar analysis gives

Jwc = EwcGw/〈Kout〉w, where 〈Kout〉w is the average out-degrees of nodes in the

world outside the community.

Balancing these two currents one gets:

Gc

Gw

=
Ewc

Ecw

· 〈Kout〉c
〈Kout〉w . (3.2)

The Eq. 3.2 is based on a mean-field assumption that average values of the Google

rank and the out-degree on those community nodes that actually send links to

the outside world are equal to their overall average values inside the community

It is tempting to assume that higher than average density of hyper links

connecting nodes in the community is beneficial for the Google rank of its nodes
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as it “traps” random surfers to spend more time within the community. It turned

out that this naive argument is not necessarily true. In fact one is equally likely

to observe an opposite effect: an excess of intra-community links could lead to a

lower than average Google rank of its nodes.

To see it explicitly one should replace Ewc and Ecw in Eq. 3.2 with identical

expressions 〈Kin〉cNc − Ecc and 〈Kout〉cNc − Ecc respectively:

Gc

Gw

=
( 〈Kin〉cNc − Ecc

〈Kout〉cNc − Ecc

)
· 〈Kout〉c
〈Kout〉w . (3.3)

From this equation it follows that enhancing the community structure (increasing

Ecc) while keeping other parameters such as 〈Kin〉c,〈Kout〉c and 〈Kout〉w fixed can

be both good and bad for the average Google rank of the community web pages.

It depends on 〈Kin〉c/〈Kout〉c – the ratio between average in- and out-degrees

of community nodes. If the ratio is less than 1 the increase in Ecc leads to

a further decrease of Gc/Gw below one. If the community constitutes just a

small fraction of the whole network one could safely assume that Gw remains

approximately constant so that the average Google rank of the community, Gc,

has to decrease. Similarly if the ratio is larger than 1, Gc grows with the number

of inter-community links Ecc (see Fig. 2 for an illustration of both cases).

3.2.1 Numerical Study

For numerical studies of networks with a community structure we propose a

particular version of the Metropolis network rewiring algorithm [41]. It allows one

to generate an ensemble of random networks with user-defined in- and out-degree

distributions as well as with any desired density of links between pre-selected Nc

“artificial community” nodes. It starts from a seed network with the preferred

(scale-free in our case) distributions of in- and out-degrees [53] and proceeds by

a sequence of edge-swapping steps changing a pair of randomly selected edges
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Figure 3.2: The ratio of average Google ranks in the community and the outside

world Gc/Gw as a function of Ecc – the number of intra-community links – in

two series of model networks with varying degree of community structure. Open

circles correspond to a beneficial effect of the community structure on Google

ranking in a scale-free network with 〈Kout〉c = 5.24 < 〈Kin〉c = 5.9. On the other

hand, filled squares show a detrimental effect in another series of networks where

〈Kout〉c = 5.6 > 〈Kin〉c = 4.8. Solid lines are fits with the Eq. 3.3 with a given

set of parameters for each of the networks. All networks with 10, 000 nodes have

a community of 500 nodes were generated by the Metropolis rewiring algorithm

described later on in the text.
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A→B and C→D into A→D and C→B correspondingly. The decision on whether

to accept or reject an elementary step depends on changes in the energy function

H and the inverse temperature β. For our purposes of generating networks with

community structure we choose H = −Ecc, where Ecc is the number of edges

connecting pre-selected community nodes to each other. Fig. 3.3 shows the

results of a numerical test of Eqs. 3.2, on simulated directed networks with scale-

free distributions of in- and out-degrees: P (Kin) ∼ K−2.1
in and P (Kout) ∼ K−2.5

out

correspondingly. The exponents were selected to be identical to their values in

the actual WWW network [48, 44] and a community structure was generated by

the Metropolis algorithm described above. The reciprocal temperature β used

in the Metropolis algorithm indirectly determines the number of links within

the community. A network without any community structure is realized at an

infinite temperature (β = 0), while the algorithm run at zero temperature (β =

∞) produces a network with the largest possible number of links within the

community. One could also run the algorithm with β < 0. Negative values of

β generate networks with an anti-community structure in which the number of

intra-community links is lower than that in a random network. The relation

between Ecc and β for both positive and negative values of β is shown in Fig.

3.4. To analytically derive such a relation we consider the detailed balance in

the steady state of the Metropolis rewiring algorithm, in which the probabilities

of an increase and a decrease in Ecc are equal to each other. It results in the

equation

EcwEwc = EccEwwe−β . (3.4)

Additional constraints (i) Ecc+Ewc = 〈Kin〉cNc (the sum of in-degrees of all nodes

within the community), (ii) Ecc + Ecw = 〈Kout〉cNc (the sum of out-degrees of all

nodes within the community) and (iii) Ecc +Ecw +Ewc = E (the total number of

edges in the network) plugged into the Eq. (3.4) result in a quadratic equation for
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Figure 3.3: The ratio of average Google ranks in the community and the outside

world Gc/Gw as a function of the ratio of effective numbers of links E∗
wc/E

∗
cw.

As predicted by the Eq. 3.2 these two ratios are basically equal to each other.

Different symbols correspond to series of networks described in Fig.3.2.
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Figure 3.4: The number of intra-community links Ecc in networks generated by

the rewiring algorithm as a function of the inverse temperature β. Negative values

of β correspond to networks with anti-community structure and are generated by

changing the sign in front of the Hamiltonian H. The solid line is the fit with the

analytical expression obtained by solving the Eq. 3.4 for Ecc. The inset shows

the same plot with a logarithmic scale of the Y-axis.
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Ecc as a function of 〈Kin〉c, 〈Kout〉c, E, and β – the parameters strictly conserved

in our rewiring algorithm. The Fig. 3.4 compares the analytical expression for

Ecc(β) obtained by solving the Eq. 3.4 with numerical simulations for different

values of β. Clearly, Ecc increases with β in general accord with the Eq. 3.4.

When β is sufficiently large, Ecc exponentially approaches a limiting value equal

to min(〈Kin〉c, 〈Kout〉c)Nc – the minimal number of links within a community

given the set of in- and out-degrees of its nodes. The deviations between the

analytical formula and numerical results visible for large values of β could be

attributed to the “no multiple edges” restriction in networks generated by our

rewiring algorithm. As the density of inter-community links increases more and

more of rewiring steps leading to an increase of Ecc are aborted as the new link

they are attempting to create within a community already exists. This situation

is more appropriately described by the following equation: EcwEwc(1−Ecc/E)(1−
Eww/E) = EccEww(1−Ecw/E)(1−Ewc/E)e−β, reminiscent of the detailed balance

equation in two-fermion scattering (see also [55]).

3.3 Optimal ranking in networks with community struc-

tures

In this section we study how the only intrinsic parameter in the PageRank algo-

rithm affects the effectiveness of the ranking results given the presence of com-

munity structure on the World Wide Web.

Let Gc = 〈G(i)〉i∈C denote the average Google rank of web pages inside the

community. Within our mean-field approximation the average Google rank of

community nodes sending links to the outside world is equal to its overall av-

erage value inside the community Gc, so the average current flowing along a
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hyper link pointing away from the community is given by (1 − α)Gc/〈Kout〉c
and the total current leaving the community along all those out-going links is

(1 − α)EcwGc/〈Kout〉c. The total number of random walkers residing on nodes

inside the community is GcNc and the probability of a random jump to lead to a

node outside the community is Nw/(Nc + Nw), which is close to 1 as Nc ¿ Nw.

The contribution to the outgoing current due to such jumps is given by αGcNc,

and thus the total outgoing current is Jcw = (1 − α)GcEcw/〈Kout〉c + αGcNc.

Similarly the incoming current Jwc is given by (1− α)GwEwc/〈Kout〉w + αGwNc.

Equating these two currents one gets
Gc

Gw

=
(1− α)Ewc/(〈Kout〉wNc) + α

(1− α)Ecw/(〈Kout〉cNc) + α
. One

may notice that 〈Kout〉wNc and 〈Kout〉cNc are respectively equal to E(r)
wc and E(r)

cw

– expected numbers of links connecting the community to the outside world in a

random network with the same degree sequence as the network in question [56].

By approximating Gw ≈ 1, we finally arrive at the following equation:

Gc =
(1− α) Ewc

E
(r)
wc

+ α

(1− α) Ecw

E
(r)
cw

+ α
. (3.5)

For simplicity of notation, let us refer to the ratios Ewc/E
(r)
wc and Ecw/E(r)

cw as

Rwc and Rcw respectively. Roughly speaking, Rcw and Rwc quantify how isolated

is a given community in both directions connecting it to the outside world. In

fact, in most communities both ratios Rwc and Rcw are below 1 because Ewc and

Ecw are typically less than their expected values in a randomized network [57].

One implication of the Eq.3.5 is that the average Google ranking of a community

depends on the pattern of their connections with the outside world through the

ratios Rcw and Rwc. For example if Rwc is close to 1 (i.e. the number of links

pointing to the community is roughly the same as in a random network with

the same degree distribution), Gc gets its maximum value 1/α when Rcw ¿ α,

which could be interpreted as the community very isolated in the out-direction.

On the contrary, if the number of out-going links from the community to the
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outside world is roughly the same as in a corresponding randomized network,

Gc attains its minimum value of α if the community is very isolated in the in-

direction (Rwc ¿ α). From Eq.3.5 one could easily see that the relative values

of isolation ratios Rcw, Rwc and the parameter α determines the sensitivity of

Gc to community’s connections with the outside world. If either Rcw or Rwc is

comparable to α, Gc is sensitive to the exact number of links connecting the

community to the outside world in this particular direction. Conversely, if both

Rwc, Rcw ¿ α the average Google rank of community is no longer sensitive to

its outside connections, and its value is close to 1 which is the overall average

value of Gi for all nodes. In this case, we would refer to this community as

being “decoupled” from the outside world. Of course, whether a community is

decoupled or coupled depends on the value of α. A community decoupled at a

particular α could become coupled if a smaller α is chosen.

To empirically investigate the interplay between Gc and α in the real World-

Wide Web, we downloaded [58] complete sets of hyper links contained in all web

pages within two US universities. We then studied intra-university communities

based either on common interests (like schools or departments) or common ge-

ographic locations (like individual campuses of a large university system). (See

Table 3.1 for details.) The relation between Gc and α for six such communi-

ties are shown in Fig.3.5. As expected from our calculations, as α is lowered in

all these communities Gc starts to significantly deviate from 1. Moreover, the

community “UCLA social science” deviates upward while all the others deviate

downward. This could be qualitatively explained by the Eq.3.5, with the obser-

vation that Rwc is greater than Rcw in this community, while Rwc is less than

Rcw in all the others (see Table 3.2). Furthermore, by looking at from which

values of α, Gc starts to significantly deviate from 1, one can see that different

communities become coupled to the outside world for different α’s. For exam-
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Figure 3.5: The average Google rank Gc of different communities as a function

of the parameter α. The communities are within real WWW networks of two US

universities (see Table 3.1 for details). The data points are obtained by running

the PageRank algorithm for different values of α. Solid lines are two-parameter

best fits to the data with the Eq.3.5.
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ple, “UCLA Library” and “UCLA Academic Tech. Service” reach the level of

Gc = 0.8 when α is around 0.2− 0.3, while “UCLA Anderson School of Manage-

ment” and “LIU CWP campus” reach the same level of coupling only for much

lower α ≈ 0.01− 0.05.

We would like to point out that the “mean-field” assumption we used in de-

riving the Eq. 3.5 can never be perfectly true for real web-communities. For

example, a community may be linked from the outside world by a highly ranked

authority page, and receive an in-coming current larger than predicted by our

mean-field calculation. Conversely, it can only get links from relatively unimpor-

tant pages which would result in our mean-field model overestimating the actual

current. There is no universal rule for estimating even the sign of the deviation

from the mean field predictions. Thus it is impossible to calculate “corrections”

to our mean-field formula. Instead those corrections have to be considered on a

case-by-case basis. By allowing parameters Rcw and Rwc in the Eq.3.5 to deviate

from their values prescribed by the mean-field theory provides a simple mathe-

matical formalism to quantify those corrections for real communities. We define

R∗
cw and R∗

wc from the two-parameter best fit of the actual Gc(α) dependence in a

given community with the Eq.3.5 (see Table 3.2.) One may regard R∗
cw and R∗

wc

as effective parameters, which in addition to simple geometrical properties of the

community such as numbers of links connecting it to the outside world, take into

account Google ranks of actual pages sending those links. These “renormalized”

ratios R∗
cw and R∗

wc would be more accurate than their “raw” counterparts (Rcw

and Rwc) in determining whether a particular web-community is coupled to or

decoupled from the outside world at a given value of α.

The effective ratios R∗
cw and R∗

wc for the six communities used in our study are

listed in the Table 3.2 and visualized in Fig.3.6. Generally speaking, the closer
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Table 3.1: The basic statistics about the academic WWW networks downloaded

from Ref. [58]. We choose to study hyper link networks within the Long Is-

land University (LIU, 29476 nodes and 160457 edges) and separately within the

University of California at Los Angeles (UCLA, 135533 nodes and 636595 edges).

Following Google’s original recipe [50] we iteratively removed web pages with zero

out-degree. The resulting networks consist of 15471 nodes and 90111 edges for

the LIU and 31621 nodes and 353370 edges for the UCLA. We then studied sev-

eral large communities defined by the URL of their servers (e.g. .library.ucla.edu

for the ”UCLA Library” community.)

Community Nc Ecc E(r)
cc Ewc Ecw

UCLA Library 2028 23062 1699 755 2141

UCLA School of Management 1340 15983 739 175 169

UCLA Academic Tech. Services 1907 26597 2248 139 3113

UCLA Social Science Division 626 3986 50 258 142

UCLA Humanity Division 864 4846 79 397 445

LIU CWP Campus 2756 18376 4105 336 1393
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Table 3.2: Rcw, Rwc, R∗
cw and R∗

wc for different communities. Rcw and Rwc are

obtained by counting the links from the community to the world and vice versa,

divided by the corresponding number of links in a random network with the

same degree distribution [56]. R∗
cw and R∗

wc are result of fitting the Gc and α

dependency via Eq.3.5.

Community Rwc Rcw R∗
wc R∗

cw

UCLA Library 0.04 0.09 0.02 0.07

UCLA School of Management 0.01 0.01 0.005 0.006

UCLA Academic Tech. Services 0.007 0.1 0.003 0.07

UCLA Social Science Division 0.04 0.03 0.02 0.01

UCLA Humanity Division 0.04 0.08 0.05 0.07

LIU CWP Campus 0.03 0.09 0.01 0.02

to the origin is a community in this figure, the lower is the value of α at which

it first becomes coupled to the outside world. One could see that for α = 0.15,

which is the actual value used by Google [51], all of our six communities are

essentially decoupled from the outside world. However, if a much smaller value

of α (say 0.01) is chosen, 5 out of 6 of our communities (all except for the ”UCLA

Anderson School of Management”) would become sensitive to their connections

with the outside world. In principle, Fig.3.6 might be extended to include the

region where R∗
cw and R∗

wc are above one, but by definition those points are

not referring to well-defined communities. From Eq.3.5 it follows that it is the

asymmetry between Rcw and Rwc which determines whether Gc is greater than

or less than 1. Thus the diagonal in Fig. 3.6 separates communities with Gc > 1

from those with Gc < 1. The ratio between the x- and y-coordinates of the

community in this plot determines the asymptotic value of its Google rank Gc for

α close to zero. Thus the two communities: “UCLA Academic Tech. Service”
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and “UCLA Social Science”, whose ratios between their x− and y− coordinates

in this plot are respectively the smallest and the largest in our set deviate the

most from Gc = 1 as shown in Fig.3.5.

The dominance of Google and the all-important role of its ranking led to the

appearance of services offering “search engine optimization” to their clients. They

promise to modify the content and the hyper link structure of client’s web pages

to improve their Google rank. Our findings suggest one obvious way how such

an “optimization” could be achieved: the number of links pointing to the outside

world should be reduced to the minimum while the number of intra-community

hyper links is kept at the maximum. However, as we demonstrated above the

success of such a strategy depends on whether or not the community in question

is coupled to the outside world. Indeed, the average Google rank of a decoupled

community is virtually insensitive to the exact balance of hyper links connecting

it to the outside world .

Since coupling of web-communities to the outside world and the resulting

ability of their webmasters to artificially boost the ranking is undesirable for a

search engine, it should come as no surprise that the internal parameter α chosen

by Google’s team is carefully selected to minimize this effect. To make most of

the communities decoupled, the value of α in the PageRank algorithm should be

as large as possible. On the other hand, for very large α the algorithm does not

take into account also the relevant network properties of the WWW. Indeed for α

close to 1, random surfers rarely follow hyper links and thus nearly all topological

information about the network is lost. Therefore, the optimal value of α should

be chosen based on the realistic values of isolation parameters Rcw and Rwc. In

our study we found all the communities to be effectively decoupled at α = 0.15

but not at smaller values of α (e.g α = 0.01 shown as a dark shaded square in
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Figure 3.6: R∗
cw and R∗

wc for different communities. For communities above the

diagonal, R∗
cw > R∗

wc which implies that the average PageRank Gc is less than 1;

for communities beneath the diagonal, R∗
cw < R∗

wc which implies that the average

PageRank Gc is greater than 1. Communities inside the lightly shaded square are

decoupled from the rest of the world for α = 0.15, while the ones inside the dark

shaded square are decoupled for α = 0.01. Google’s choice of α = 0.15 makes all

communities we study decoupled from the rest of the world.
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Fig.3.6). Thus, for our sample of web-communities, α = 0.15 proposed in [50]

indeed strikes the best possible balance between the opposing demands on the

value of α.
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CHAPTER 4

NEW WAYS OF RANKING SCIENTIFIC

LITERATURE

4.1 Using Google’s pagerank on citation networks

Due to their rapid growth, many information networks have become untenable to

navigate without some sort of ranking scheme. This is particularly evident in the

example of the World Wide Web, a network of pages connected by hyperlinks.

A successful solution to the problem of ranking the Web is Google’s PageRank

algorithm [50]. Another class of information networks that could benefit from

such a ranking method are citation networks.

With the advancement of information technology, large electronic citation

data base became available. It enables relatively comprehensive study of scientific

citations on certain disciplines using a network model. The citation networks are

comprised of scientific publications as nodes and directed links from a citing

article to a cited article. The network we study contains citation data between

journals published by the American Physical Society [59]. This dataset contains

around 380,000 papers and 3,100,000 citation links. We know only the year

in which each paper was published and it ranges from 1893 to 2003. Current

methods of measuring the influence of an article are based on the total number

of citations it receives. In citation networks this measure is the in-degree of a
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node. It has been reported that the in-degree in various citation data sets has a

broad distribution and fits well with a power law, as shown in Fig.4.1.
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Figure 4.1: In-degree distribution of the citation network. x-axis is the number of

citations an article has and y-axis is the number of articles having the particular

number of citations

While it is a natural way to use total number of citations to rank articles,

it is a rather crude measure for it’s too “democratic” in treating all citations

as equal and ignoring differences in importance and the number of citations of

the citing papers. Intuitively a citation from an influential article should weight

more than a citation from a less influential article. The Google PageRank behind
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Google search engine is a good metric in ranking the web-pages on WWW. It can

also provide a more accurate measure of the impact of an article when applied

to the citation networks. As discussed in the previous chapter, PageRank is

calculated by simulating a random walk on a network and the PageRank value

of a node is the number of random walkers on the node in steady state. One of

the advantages of Google’s PageRank algorithm is that it implicitly accounts for

the importance of the citing article in a self-consistent fashion. And it takes into

account the effect that citation coming from an article with a large number of

references should count less than those coming from one with less references. In

other words, all other conditions the same, paper A should be considered more

influential if it is amongst a few ones that inspired another paper B than if A is

one of hundreds citations of paper B.

Authors of [60] proposed using the PageRank algorithm to improve the for-

mula used to calculate the impact factor of scientific journals.

4.2 Optimal prameter of PageRank algorithm for citation

networks

As reviewed in the previous chapter, the PageRank value G(i) of a web-page ith

is defined by the recursion formula 3.1: G(i) = α +
∑

j→i(1− α) G(j)
Kout(j)

. Here the

sum is over the neighboring web-pages j that link to i. The first term describes

the behavior of web surfers randomly jump to another web-page with probability

α while browsing on the web. The second term describes propagation of the other

random surfers along hyper links with even probability 1/kout
j , where kout

j is the

out-degree of web-page j.

It is worthwhile to note that PageRank after all utilizes only the topological
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information to rank the articles. Quality of the articles is not directly considered

in the method. Whereas PageRank can be a good metric for the importance

of the papers because the structure of the citation network is the result of the

collective behavior of many scientists: they study scientific literature, conduct

research and make new citations in their publications. Thus the quality of the

articles are “encoded” in the network topology. Using in-degree, which is the

number of citation an article receives, as a measure of quality can be thought as

a first order approximation, whereas PageRank is a more sophisticated way to

utilize the structural information.

In equation 3.1, α is a free parameter that controls the performance of the

PageRank algorithm. The prefactor (1−α) in the second term gives the fraction

of random walks that continue to propagate along the links; a complementary

fraction α is uniformly re-injected into the network, as embodied by the first

term. In the original Google PageRank algorithm of Brin and Page [50], the

parameter α was chosen to be 0.15. It is undisclosed to the public how exactly

Google has chosen this value, whereas we concluded this value is optimized for

WWW in previous chapter. Choosing α = 0.15 corresponds to that when surfing

the web one typically follows of the order of L = 1/0.15 ' 7 hyperlinks before

becoming either bored or frustrated with this line of browsing and jumps to a new

web-page. In the context of citations, we conjecture that entries in the reference

list of a typical paper are collected following somewhat shorter paths of average

length 2, making the choice α = 0.5 more appropriate for a similar algorithm

applied to the citation network. The empirical observation justifying this choice

is that approximately 50% of the articles [61] in the reference list of a given

paper A have at least one citation to another article that is also in the reference

list of A. Assuming that such “feed-forward” loops result from authors of paper

A following references of paper B, we estimate the probability 1 − α to follow
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this indirect citation path to be close to 0.5. To implement the Google PageRank

algorithm for the citation network, we start with a uniform distribution of random

walkers by placing 1 random walk on each node of the network and then iterate

Eq. 3.1. Eventually a steady state set of number of random walkers for each node

is reached. Then the PageRank value of each node is given by the number of

random walkers residing on it. The PageRank value obtained with this method

is proportional to the occupation probability at each node for the random walk

process defined by Eq. 3.1. Finally, we sort the PageRank values to determine

the rank of each node. It is both informative and entertaining to compare the

Google rank with the citation (in-degree) rank of typical and the most important

publications in Physical Review.

4.3 Google’s PageRank for physical review publications

Fig. 4.2 shows the average PageRank value 〈G(k)〉 for publications with k ci-

tations as a function of k. For small k, there are many publications with the

same number of citations and the dispersion in G(k) is small. Correspondingly,

the plot of 〈G(k)〉 versus k is smooth and increases linearly with k for k ≥ 50

Thus the average PageRank value and the number of citations represent similar

measures of popularity, a result that has been observed previously [62, 63]. In

fact, the citation and PageRank value distributions are qualitatively similar, fur-

ther indicating that citations and PageRank value, on the average, are similar

measures of importance.

However, for large k, much more interesting behavior occurs. When k is

sufficiently large, there is typically only one publication with k citations. Thus

instead of an average value, individual PageRank values are plotted as a function

of the number of citations in Fig. 4.3. The extreme outliers with respect to the
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Figure 4.2: Average PageRank value 〈G(k)〉 versus number of citations k. For

small k, there are many articles with the same number of citations, which results

in small fluctuation in 〈G(k)〉 and PageRank value grows linearly with k.
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Figure 4.3: Individual outlier publications. The scatter plot of the PageRank

value vs the number of citations. The top-15 Google-ranked papers are identified

by author(s) initials (see Table 4.1). As a guide to the eye, the solid curve is

logarithmically binned average of the data of 〈G(k)〉 versus k in Fig. 4.2.
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linear behavior of Fig. 4.2 are the ones with relatively low citations but high

PageRank value. To directly compare an article’s rank by PageRank and by pure

number of citations, we plot each article’s PageRank against its rank by citation

in Fig.4.4. The fifteen articles with the highest PageRank value are marked with

large circles in Fig.4.3 and Fig.4.4. Some of these fifteen articles are ranked even

beyond top 1000 by citations.

Figure 4.4: PageRank of each article against rank by number of citations. Articles

that are located below the diagonal have higher PageRanks than their citation

ranks. Top-15 PageRank papers are marked with red circles. Some of these

fifteen articles are ranked even beyond top 1000 by citations. The black triangle

and black diamond show two examples where PageRank is inaccurate.

The top-15 papers are listed Table4.1 with number of citations and the citation

42



rank of these publications. While several of the highest-cited Physical Review

papers appear on this list, there are also several more modestly-cited papers that

are highly ranked according to the PageRank algorithm. The disparity between

the Google rank and citation rank arises because, as mentioned in the previous

section, the former involves both in-degree as well as PageRank of the neighboring

nodes. According to the Google algorithm of Eq. 3.1, an article j contributes a

factor G(j)/k(j) to the PageRank value of its reference i, where k(j) is the out-

degree of article j. Thus for a paper to have a large PageRank value, the articles

citing it should be important (large G(j)), and have a small number of citations

(small out-degree k(j)). The latter ensures that the contribution of a citing article

is not strongly diluted.

With this perspective, let us compare the statistical measures of the two

articles “Unitary Symmetry and Leptonic Decays”, Phys. Rev. Lett. 10, 531

(1963) by N. Cabibbo (C) and “Self-Consistent Equations Including Exchange

and Correlation Effects”, Phys. Rev. 140, A1133 (1965) by W. Kohn & L. J.

Sham (KS). The former has the highest PageRank value of all Physical Review

publications, while the latter is the most cited. The high PageRank of C stems

from the fact that that value of 〈G(j)/k(j)〉 = 0.524 for the children of C is

an order of magnitude larger than the corresponding value 〈G(j)/k(j)〉 = 0.079

for the children of KS. This difference more than compensates for the factor 5.4

difference in the number of citations to these two articles (3104 for KS and 574

for C as of June 2003). Looking a little deeper, the difference in 〈G(j)/k(j)〉 for C

and KS stems from the denominator; the children of C (papers that cite C) have

15.4 citations an average, while the children of KS are slightly “better” and have

18.4 citations on average. However, the typical child of C has fewer references

than a child of KS and a correspondingly larger contribution to the PageRank of

C.
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Table 4.1: Top-15 PageRank articles.

P.R1 P.R

Value2

C.R.3 # of

Cites4

Publication Title Author(s)

1 147.98 54 574 PRL, 10, 531,

(1963)

Unitary Symmetry

and Leptonic...

N. Cabibbo

2 133.17 5 1364 PR, 108,

1175, (1957)

Theory of Super-

conductivity

J. Bardeen, L.

Cooper, et al.

3 123.04 1 3104 PR, 140,

A1133, (1965)

Self-Consistent

Equations...

W. Kohn & L. J.

Sham

4 101.29 2 2340 PR, 136

B864, (1964)

Inhomogeneous

Electron Gas

P. Hohenberg &

W. Kohn

5 84.57 6 1306 PRL, 19

1264, (1967)

A Model of Leptons S. Weinberg

6 77.12 55 568 RMP, 15 1,

(1943)

Stochastic Prob-

lems in physics...

S. Chan-

drasekhar

7 75.69 56 568 PR, 65 117,

(1944)

Crystal Statistics L. Onsager

8 68.57 94 462 PR, 109 193,

(1958)

Theory of the Fermi

Interaction

R. P. Feynman &

M. Gell-Mann

9 67.81 17 871 PR, 109 1492,

(1958)

Absence of Diffu-

sion in Certain...

P. W. Anderson

10 66.68 12 954 PRL, 42 673,

(1979)

Scaling Theory of

Localization...

E.Abrahams, P.

W Anderson et

al.

Continued on next page
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Table 4.1 – continued from previous page

P.R1 P.R

Value2

C.R.3 # of

Cites4

Publication Title Author(s)

11 63.78 44 625 PRL, 58 908,

(1987)

Superconductivity

at 93 K...

M. K. Wu, J. R.

Ashburn et al.

12 62.55 8 1178 PR, 124 1866,

(1961)

Theory of the Fano

Resonance...

O. Újsághy, J.

Kroha

13 60.45 1848 114 PR, 34 1293,

(1929)

The Theory of

Complex Spectra

J. C. Slater

14 60.29 3 2079 PRB, 23

5048, (1981)

Self-interaction cor-

rection to...

J. P. Perdew,

Alex Zunger

15 60.22 712 184 PR, 43 804,

(1933)

On the Constitu-

tion of Metallic

Sodium

E. Wigner and F.

Seitz

Table 4.1: 1,PageRank; 2, PageRank value; 3, citation

rank; 4, number of citations. α = 0.5 is used to calculate

PageRank

Other research articles on the top-15 PageRank list but outside the top-15 ci-

tation list are easily recognizable as seminal publications. For example, Onsager’s

1944 paper presents the exact solution of the two-dimensional Ising model; both a

calculational tour de force, as well as a central development in the theory of crit-

ical phenomena. The paper by Feynman and Gell-Mann introduced the V − A

theory of weak interactions that incorporated parity non-conservation and be-
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came the “standard model” of weak interactions. Anderson’s paper, “Absence of

Diffusion in Certain Random Lattices” gave birth to the field of localization and

is cited by the Nobel prize committee for the 1977 Nobel prize in physics.

Table 4.2: Top 100 PageRank articles whose citation rank

are more than 10 times of their PageRank.

P.R.1 P.R.

Value2

C.R.3 # of

Cites4

Publication Title Author(s)

1 147.98 54 574 PRL, 10, 531,

(1963)

Unitary Symmetry

and Leptonic...

N. Cabibbo

8 68.57 94 462 PR, 109 193,

(1958)

Theory of the Fermi

Interaction

R. P. Feynman &

M. Gell-Mann

13 60.45 1848 114 PR, 34 1293,

(1929)

The Theory of

Complex Spectra

J. C. Slater

15 60.22 712 184 PR, 43 804,

(1933)

On the Constitu-

tion of Metallic

Sodium

E. Wigner and F.

Seitz

20 54.56 227 305 PR0, 106,

364, (1957)

Correlation Energy

of an . . .

M. Gell-Mann,

K. Brueckner

23 51.26 619 197 PRL, 58, 408,

(1987)

Bulk superconduc-

tivity at . . .

R. J. Cava et al.

28 40.11 310 267 PRL, 58, 405,

(1987)

Evidence for super-

conductivity . . .

C. W. Chu et al.

34 45.70 1192 143 PRL, 10, 84,

(1963)

Photon Correla-

tions

R. J. Glauber

Continued on next page

46



Table 4.2 – continued from previous page

P.R.1 P.R.

Value2

C.R.3 # of

Cites4

Publication Title Author(s)

43 39.85 12825 38 PR0, 35, 509,

(1930)

Cohesion in Mono-

valent Metals

J. C. Slater

59 36.14 1326 136 PR0, 60, 252,

(1941)

Statistics of

the Two-

Dimensional. . .

H. A. Kramers,

G. H. Wannier

62 35.10 1425 131 PR0, 81, 440,

(1951)

Interaction Be-

tween the . . .

C. Zener

66 33.86 2906 89 PRB, 28,

4227, (1983)

Electronic structure

of BaPb1−xBixO3

L. F. Mattheiss,

D. R. Hamann

72 33.46 5048 65 PR0, 45, 794,

(1934)

Electronic Energy

Bands in . . .

J. C. Slater

77 32.86 1674 121 PRL, 10, 518,

(1963)

Classification of

Two-Electron . . .

J.Cooper, U.

Fano, F. Prats

81 31.68 881 165 PR0, 75, 486,

(1949)

The Radiation The-

ories of . . .

F. J. Dyson

85 31.21 1990 109 PR0, 109,

1860, (1958)

Chirality Invariance

and . . .

E. Sudarshan &

R. Marshak

87 30.93 1872 113 PR0, 46, 509,

(1934)

On the Constitu-

tion of Metallic

Sodium.

II, E. Wigner, F.

Seitz

90 29.91 184066 3 PRB, 22,

5797, (1980)

Cluster formation

in. . .

H. Rosenstock,

C. Marquardt

Continued on next page
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Table 4.2 – continued from previous page

P.R.1 P.R.

Value2

C.R.3 # of

Cites4

Publication Title Author(s)

98 29.21 1190 143 PR0, 76,749,

(1949)

The Theory of

Positrons

R. P. Feynman

99 29.20 3193 84 PR0, 79, 350,

(1950)

Antiferromagnetism.. . .P. W. Anderson

Table 4.2: 1,PageRank; 2, PageRank value; 3, citation

rank; 4, number of citations. α = 0.5 is used to calculate

PageRank

The striking ability of the PageRank algorithm to identify influential papers

can be seen when we consider the top-100 PageRank papers. Table 4.2 shows

the subset of publications on the top-100 PageRank in which the citation rank

is more than 10 times lower than PageRank; that is, publications with anoma-

lously high Google rank compared to their citation rank. This list contains many

easily-recognizable papers for an average physicist. For example, the paper by

Gell-Mann and Brueckner, “Correlation Energy of an Electron Gas at High Den-

sity” is a seminal publication in many-body theory. The publication by Glauber,

“Photon Correlations”, was recognized for the 2005 Nobel prize in physics. The

Kramers-Wannier article, “Statistics of the Two-Dimensional Ferromagnet. Part

I”, showed that a phase transition occurs in two dimensions, contradicting the

common belief at the time. The article by Dyson, “The Radiation Theories of

Tomonaga, Schwinger, and Feynman”, unified the leading formalisms for quan-
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tum electrodynamics and it is plausible that this publication would have earned

Dyson the Nobel prize if it could have been shared among four individuals. One

can offer similar rationalizations for most of the remaining articles in this table.

On the other hand, there are some cases PageRank gives inaccurate ranks.

One apparent example is for the paper “Cluster formation in two-dimensional

random walks: Application to photolysis of silver halides” by Rosenstock and

Marquardt (RM). Notice that this article has only 3 citations and is ranked

No.184066 by citation, yet it has a high PageRank value of 29.91 and is ranked

No.90 by PageRank. This paper is marked with black triangle in Fig.4.4. Why

does RM appear among the top-100 Google-ranked publications? We found that

one of the three publications citing RM is a famous paper by T. Witten and L.

Sander : “Diffusion-Limited Aggregation, a Kinetic Critical Phenomenon” Phys.

Rev. Lett. 47, 1400 (1981) (WS). It has 680 citations and a high PageRank of No.

16. Unexpectedly WS has only 1 reference which is RM. Thus 1− α = 0.5 of its

popularity is passed to RM in the PageRank algorithm. The appearance of RM on

the list of top-100 Google-ranked papers occurs precisely because of the mechanics

of the PageRank algorithm in which being one of the few references of a famous

paper makes a huge contribution to the PageRank value. But why this intuitively

reasonable mechanism results in such rather bizarre rank in this particular case?

We discover that it is the incompleteness of the dataset that caused the problem.

WS itself has 9 citations instead of 1 as indicated in our dataset. Other references

are not included because the dataset only contains citations to other articles

published in APS journals. This makes the PageRank value of RM about an order

of magnitude higher than what it should be. Similar situation occurs for paper

“Cohesion in Monovalent Metals” by J. C. Slater (marked with black diamond

in Fig.4.4). It is one of the two “inside” reference of the influential paper “On

the Constitution of Metallic Sodium. II” by E. Wigner and F. Seitz. 15 of this
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paper’s references point to articles outside APS journals which are not included

in the dataset.

Besides incompleteness of the dataset, one other aspect to worry about is if

the PageRank algorithm gives an “unfair” advantage to older papers. Indeed long

random walks on time-directed networks inevitably drift towards older papers.

Since the average length of the walk in the PageRank algorithm is given by 1/α,

this effect is especially pronounced for small values of α. To further investigate

this question with our selection of α = 0.5, we plot the average PageRank value

of publications (curve A) as well as the average in-degree, ie, number of citations

of a publication (curve B) against its age as of 2003 in Fig.4.5. The plot is

binned to 8 data points per decade. In curve B, average number of citations of

an article increases for ages less than roughly 10 years and saturates for greater

ages. Due to lack of statistics and other artifacts[65], the curve drops sharply after

roughly 50 years old and will be neglected in our discussion. Whereas in curve

A the average PageRank of a paper increase with age until 50 years old without

saturation. It shows that old papers do get advantages in PageRank algorithm,

which is reasonable from a historical point of view, because publications need

time to gain recognition and sometimes it takes decades. So we suggest that

PageRank is a good measure of a paper’s influence in the scope of the whole

scientific literature in question. On the other hand, if we look for publications

to inspire our current research, on average it is unreasonable to value a paper

from 50 years ago more than one from recent years. To provide inspiration for

current research, one needs to take into account this “aging” effect and rank the

publications accordingly. We tackle this exact problem in the next section.
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Figure 4.5: Average PageRank and average in-degree(number of citations) of a

publication versus its age. Data points are log-binned to 8 points per decade. The

figure shows that the average PageRank value and average number of citations of

a paper grow with age for papers less than roughly 50 years old and drop sharply

for old papers.
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4.4 CiteRank: adapted PageRank algorithm for citation

networks

Directly applying PageRank algorithm to citation networks allows us to discover

a set of highly influential papers that would be undervalued based on just their

number of citations. However, there exist significant differences between the

World Wide Web and citation networks to make one want to modify the original

PageRank algorithm [50]. The most important difference is that, unlike hyper-

links, citations cannot be updated after publication. This makes aging effects

[64, 65] in citation networks much more pronounced than in the WWW. The

other consequence is the inherent time-arrow present in the topology of citation

networks. Indeed, a paper could only cite earlier works on the subject. This sig-

nificantly alters the spectral properties of the adjacency matrix which lie at the

heart of the PageRank algorithm. In the extreme case of α = 0, the absence of

directed loops means that the adjacency matrix could have only zero eigenvalues.

The success of the PageRank algorithm can be attributed, in part, to its

ability to capture the behavior of people randomly browsing the network of web

pages. Indeed, the PageRank of a given web page can be interpreted as the

predicted traffic for that page if every WWW user would follows a random path

of (on average) 1/α hyper-links starting from a randomly selected web-page. The

assumption that a typical web-surfing starts at a randomly selected web-page

might be not completely unreasonable for the WWW but needs to be modified for

citation networks. As all of us know researchers typically start ”surfing” scientific

publications from a rather recent publication which caught their attention on a

daily update of a preprint archive, a recent volume of a journal, or, perhaps,

which was featured in a news article in the popular media. Thus a more realistic

model for the traffic (quantified e.g. by the rate of downloads) along the citation
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network should take into account that researchers ”surfing” the citation network

preferentially start their quests from recent papers and progressively get to older

and older papers with every step.

In this work we introduce the CiteRank algorithm, an adaptation of the

PageRank algorithm to citation networks. Our algorithm simulates the dynamics

of a large number of researchers looking for new information. Every researcher

independent of each other is assumed to start his/her search from a recent paper

or review and then to follow a chain of citations until satisfied or just saturated

with information. Explicitly, we define the following two-parameter CiteRank

model of such process allowing one to estimate the traffic Ti(τd, α) to a given

paper i. A recent paper is selected randomly from the whole population with a

probability that is exponentially discounted according to the age of the paper,

with a characteristic decay time of τd. At every step of the path with probability

α the researcher is satisfied/saturated and halts his/her line of inquiry. With

probability (1 − α) a random citation to an adjacent paper is followed. The

predicted traffic, Ti(τd, α) to a paper is proportional to the rate at which it is

visited (downloaded) if a large number of researchers independently follow such

a simple-minded process.

While we interpret the output of the CiteRank algorithm as the traffic, its

utility ultimately lies in the ability to successfully rank publications. High CiteR-

ank number of a publication denotes its high relevance in the context of currently

popular research directions, while the PageRank number is more of a “lifetime

achievement award” [66]. It is fruitful to compare the CiteRank of a paper, Ti,

with the more traditional method of ranking publications, ci, the number of cita-

tions received. Indeed, the two are highly correlated; a result easily understood

on the basis that the larger the number of citations a paper has, the more likely
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it will be visited by a researcher via one of the incoming links.

However, the more refined CiteRank algorithm surpasses the conventional

ranking, by number of citations, in its characterization of relevancy on two ac-

counts. Like the original PageRank algorithm [50][60], in CiteRank, the popu-

larity of papers is calculated in a self-consistent fashion: The effect of a citation

from a more popular paper is greater than that of a less popular one. A citation

from a paper that is “highly visible” will contribute more to the visibility of the

cited paper. Furthermore, the age of a citing paper is intrinsically accounted for.

The effect of a recent citation to a paper is greater than that of an older citation

to the same paper. New citations indicate the relevancy of a paper in the context

of current lines of research.

An algorithmic description of the aforementioned model can be understood as

follows. The transfer matrix associated with the citation network is Wij = 1/kout
j

if j cites i and 0 otherwise, where kout
j is the out-degree of the jth paper. Let ρi,

the probability of initially selecting the ith paper in a citation network, be given

by ρi = e−agei/τd . The probability that the researcher will encounter a paper by

initial selection alone is given by ~ρ. Similarly, the probability of encountering the

paper after following one link is (1−α)W ·~ρ. The CiteRank traffic of the paper is

then defined as the probability of encountering it via paths of any length. That

is, given an initial distribution of new papers, ~ρ, and transfer matrix, W , the

CiteRank traffic is given by:

~T = I · ~ρ + (1− α)W · ~ρ + (1− α)2W 2 · ~ρ + · · · (4.1)

Practically we calculate the CiteRank traffic on all papers in our dataset by

taking successive terms in the above expansion to sufficient convergence (< 10−10

of the average value).
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In order to assess the viability of this ranking scheme and to select opti-

mal parameters (τdir, α), we need a quantitative measure of its performance on

real citation networks. Besides the Physical Review dataset, we evaluate an-

other dataset, Hep-th: An archive snapshot of the “high energy physics theory”

archive ( http://arxiv.org/archive/hep-th) from April 2003 (preprints ranging

from 1992 to 2003). This dataset, containing around 28,000 papers and 350,000

citation links, was downloaded from [70]. We know the actual date of appearance

of each of the entries in the preprint archive and thus the age of each node is

known with the resolution of 1 day.

The optimal parameters are those that yield the best correlation between a

predicted traffic, Ti(τd, α) and the actual traffic (e.g. the rate at which individual

papers are downloaded). Unfortunately, the actual traffic data for scientific pub-

lications are not readily available for these networks. However, it is reasonable

to assume that traffic to a paper is positively correlated with the number of new

citations it accrues over a recent time interval, ∆kin. For lack of better intu-

ition we first assume a linear relationship between actual traffic and number of

recent citations accrued. This corresponds to a simple-minded scenario in which

every researcher downloading a paper with a certain small probability could add

it to the citation list of the manuscript he/she is currently writing. In order

to compare CiteRank with actual citation accrual, we constructed an historical

snapshot of both networks used in this study. In both cases, the most recent 10

percent of papers are pruned from the network. This corresponds to the last 4

years (2000-2003) in the Physrev network and last 1 years in the Hep-th network.

The CiteRank Ti of the remaining 90 percent of papers is then evaluated and

correlated with their actual accrual of new citations ∆kin originating at the most

recent 10 percent of papers.
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Figure 4.6: The Pearson (linear) correlation coefficient between the number of

recent citations accrued (∆kin) and CiteRank traffic (Ti) is calculated over the

parameter space of the CiteRank model for the hep-th (A) and physrev (B)

network. Both networks exhibit peaks in correlation coefficient in the α-τdir

plane. The highest correlation is achieved for α = 0.48, τdir = 1 year in the

hep-th network and α = 0.50, τdir = 2.6 years, in the physrev network.
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It is important to note the qualitative as well as quantitative differences be-

tween the two citation networks considered. The Physical Review citation net-

work (physrev) is comprised of a large number (∼ 400,000) of peer-reviewed pub-

lications acquired over a period close to a hundred years. The high-energy physics

archive citation network (hep-th) is comprised completely of a much smaller num-

ber (∼ 28000) of electronically submitted publication preprints, with no associ-

ated form of peer review. Despite these significant differences in the nature of

the networks considered, the general features of their correlation contours are

remarkably similar. In both cases, a single sharp peak in correlation is evident

for particular values of the parameters. The value of the optimal parameters for

both networks are:

hep-th: α = 0.48, τd = 1 year

physrev: α = 0.50, τd = 2.6 years

Remarkably, the value of α is nearly the same for two rather different net-

works considered here and is in agreement with that proposed in [66] on purely

empirical grounds. The difference in optimal parameter τdir for these networks

is in agreement with the common-sense expectation of faster response time (and

hence faster aging of citations) in preprint archives compared to peer-reviewed

publications.

Another feature of Fig.4.4 is that in both networks large values of the correla-

tion coefficient are concentrated along a diagonally-positioned ridge. For a broad

range of τd, in either network, there appears to be linear relationship between

the two model parameters, as indicated by the slope of maximal correlation. In

other words, the best choice of α for a given τd seems to rise linearly with τd, a

behavior that will be revisited later.

57



While the correlation contour plots shown in Fig.4.4 are a promising indication

that the CiteRank model of traffic with optimized parameters provides a good

zero-order approximation to the actual traffic along citation network, they are to

some extent predicated on the assumption of a linear relationship between actual

traffic and ∆kin. One might readily ask how this model fares in the absence

of such an assumption. While the assumption of a linear relationship may

be unreasonable, a positive, monotonic relationship between these quantities is

certainly expected. There is a statistical correlation method precisely adapted

for such a situation, namely, the Spearman rank correlation. Under this relaxed

correlation measure, only the rank of Ti are correlated with the rank of ∆kin.

Numerical changes in Ti that do not lead to reordering have no effect on the value

of the rank correlation coefficient. Another rationale for using rank correlations

is that our ultimate goal is ranking publications instead of modelling the traffic.

Thus we are currently not interested in individual Ti’s but only in their relative

values. Spearman correlation contour plots are constructed for both networks

and shown in Fig.4.4. The optimal values for both networks are:

hep-th: α = 0.31, τdir = 1.6 year

physrev: α = 0.55, τdir = 8 years

These results roughly confirm the prediction of α ∼ 0.5 from Fig.4.4, however

there is a more appreciable discrepancy in τdir between linear and rank correlation

for both networks.

In both panels of Fig.4.4, over a broad range of parameters the optimal value

of α(τd) for a given value of τd is positively correlated with τd. This is an indi-

cation that these two parameters are entangled. In fact, this is to be expected

as it is some admixture of the two parameters which leads to the exposure of
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Figure 4.7: The Spearman rank correlation coefficient between recent citations

accrued (∆kin) and CiteRank traffic (Ti) for hep-th network (A) and physrev

(B). Both networks exhibit similar behavior. There are more extended regions

of good correlation relative to the linear correlation contours of fig. 1. This

broadening is expected as a consequence of the more relaxed correlation measure.

The highest rank correlation occurs for α = 0.31, τd = 1.6 years (575 days), in

the hep-th network and α = 0.55, τd = 8 years, in the physrev network. This

seems to confirm the prediction of α ∼ 0.5 from Fig.4.4, however there is a

more appreciable discrepancy in τd between linear and rank correlation for both

networks.
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a given paper to the researcher. An intuitive picture of this entanglement can

be understood in terms of the penetration depth, which is a measure of how far

back in time a random surfer following rules of the CiteRank algorithm is likely

to get. The penetration depth is affected by both τd - the average age of the

initial paper at which he/she started following the chain of citations, and 1/α -

the mean number of steps on this chain of citations. For small τd and large α the

penetration depth is small implying that only very recent papers receive traffic.

On the other hand, for large τd and small α the penetration depth is very large

meaning that most of the traffic would be redirected towards older papers.

To better understand how α and τdir influence the age distribution of CiteRank

traffic, we performed the following quantitative analysis. Let Ttot(t) denote the

total CiteRank model traffic to papers written exactly t years ago. As described

by Eq. 4.1, two distinct processes contribute to Ttot(t). The first is the “direct”

traffic Td(t) due to the initial selection of papers in this age group, which is

proportional to exp(−t/τdir) [61]. The second is the “indirect” traffic Tind(t)

arriving via one of the incoming citation links. The latter is given by Tind(t) =

(1−α)
∫∞
t Ttot(t

′)Pc(t
′, t)dt′, where Pc(t

′, t) is the fraction of citations originating

from papers of age t′ that cite papers of age t. It should be noted that Pc(t
′, t)

is an empirical distribution and, as such, is a measured property of the citation

network under consideration. According to [65] and our own findings, Pc(t
′, t)

is reasonably well approximated by the exponential form 1
τc

exp(−(t′ − t)/τc).

Taking the Fourier transform of the equation Ttot(t) = Td(t) + Tind(t), we have

Ttot(ω) = Td(ω) + (1− α)Ttot(ω)Pc(ω). (4.2)

This equation is similar, in spirit, to the well-known random phase approximation

[67]. Solving Eq. 4.2 for Ttot(ω) and taking the inverse Fourier transform, yields

Ttot(t) ∼ (τc − τdir) exp(−t/τdir) + (1− α)τdir exp(−αt/τc). (4.3)
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Thus, the traffic arriving at the subset of papers of age t is given by the super-

position of two exponential functions.

Having an approximate analytical expression for Ttot(t), we are now in a posi-

tion to better understand what determines the optimal values of α and τdir. Open

circles in Fig.4.4 show the age distribution of the number of recently acquired ci-

tations, ∆kin, for papers in the physrev dataset. The approximate CiteRank

traffic, given by Eq. 4.3, is also displayed. It is calculated using the empiri-

cally determined value τc = 8 years, optimal τdir = 2.6 years and three values of

α = 0.2, 0.5 and 0.9. As one would expect, the profile of 〈∆kin〉 vs t best agrees

with the CiteRank plot for the optimal value α = 0.5 [69]. Fig.4.4 also provides

some clues to the positive correlation between near-optimal choices of α and τdir,

visible as diagonal “ridges” in Fig.4.4A and B. Indeed, if the value of α is chosen

to be large, the contribution from the second term is diminished; the use of a

larger value of τdir could partially compensate for the loss of CiteRank traffic to

older papers, and would thus be in reasonably good agreement with the ∆kin

data.

Another encouraging observation is that, like Eq. 4.3, the age distribution of

recently acquired citations shown in Fig.4.4 has two regimes characterized by two

different decay constants of about 5 and 16 years, with a crossover point around

t = 15 years. Our interpretation of this fact is that papers are found and cited

via two distinct mechanisms: researchers can either find a paper directly or by

following citation links from earlier papers. For each of these mechanisms, the

probability that a given paper is found decays with its age but the characteristic

decay time for the direct discovery is shorter. While very recent papers, especially

the ones altogether lacking citations, are for the most part discovered directly,

older papers are mostly discovered by following citation links.
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The optimal values of α in the two very different citation networks considered

are remarkably close to each other. In both cases it appears that, on average, the

length of chains of citations followed by a typical researcher is close to 1/α ' 2.

Since this chain includes the original starting point (the paper from which the

researcher started his quest), the length of around 2 means that the average cited

paper is just one link away from the starting point. This raises the disconcerting

possibility that many citations may be copied directly from the initially discov-

ered reference. Such citation copying was recently proven to be a very common

scenario [68].
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CHAPTER 5

Conclusions and directions for future work

We employed a “mean-field” approximation to investigat how the WWW com-

munity structure affects the Google Rank of web-pages belonging to a given com-

munity. We have shown that the only free parameter α in PageRank algorithm

controls to what degree a community with given number of links entering (Ewc)

and leaving (Ecw) the community isolated from the rest of the world. When a

community is completely isolated, changing Ewc and Ecw will not affect its aver-

age Google rank; on the contrary, if a community is “coupled” with the world,

its average PageRank value is determined by the exact balance of Ewc and Ecw,

therefor webmasters will be able to manipulate the rank of their website by alter-

ing the number of hyper links between the community and the world. Since such

ability of webmasters to artificially boost their ranking is undesirable for search

engines, as large as possible α should be used to make most communities isolated

from the world. On the other hand, for very large α the algorithm fails to take

into account the topological property of the network. Our empirical study has

shown that Google’s choice of 0.15 does strike an optimal balance between these

two opposing demands on α.

We explored the application of PageRank algorithm on citation networks.

With an empirically derived choice of α = 0.5, we calculated the PageRank for

a citation network consisting of all the publications of Physical Review journals

up to 2003. Comparing to ranking by number of citations, PageRank provides a
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more sophisticated measure of a paper’s historical influence in the scientific litera-

ture in question. Some undervalued moderately cited papaer are “discovered” by

the algorithm, which turn out to be seminal papers in the literature. To provide

an importance measure with respect to current research, we proposed CiteRank

algorithm based on PageRank. CiteRank models the traffic (downloads) of ex-

isting publications while giving more weight to the recent ones. We found the

optimal parameters through comparing model provided traffic with empirically

derived traffic measure and confirm by theoretical analysis.

Being rather powerful tools to rank scientific literature, both algorithms suffer

from incomplete dataset issue. It would be interesting and practically useful

to introduce some correction, for instance, to include the immediate citations

of Physical Review publications. This would ensure the out-degree to outside

papers, which could be majority for some papers, won’t be discarded. Another

possible direction could be to model the growth of citation networks.
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