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In trod u ction

This work is concerned with properties of the lower central series of finitely generated 1-relator 

groups and amalgamated products. It was motivated by the results and techniques of W. Magnus 

and A. I. Mal’cev, specifically by Magnus’s proof that free groups are residually torsion-free nilpotent 

and Mal’cev’s proof tha t the free product of two residually torsion-free nilpotent groups is residually 

torsion-free nilpotent. Mal’cev’s theorem naturally leads to the question of under what circumstances 

an amalgamated product of two residually torsion-free nilpotent groups will again be residually 

torsion-free nilpotent. In light of the result of Magnus, a special case of this is the question of when 

the amalgamated product of two free groups will be residually torsion-free nilpotent. In particular, 

it was conjectured by G. Baumslag in the 1960s that the amalgamated product of two free groups 

over an isolated cyclic subgroup will be residually torsion-free nilpotent.

After an introduction to various basic definitions and background material in Chapter I, these 

questions about amalgamated products are considered in Chapters II and III. We use the notation 

M  to denote the class of nilpotent groups, T  to denote the class of finitely generated torsion-free 

nilpotent groups, and rV  and r7” for residually nilpotent groups and residually finitely generated 

torsion-free nilpotent groups respectively. In addition to these classes of groups, we consider groups 

in which extraction of roots is unique whenever possible and residually finite p-groups. We denote 

these classes by U and rF p respectively. These classes are related as follows: rT  C U, R Tp C R \ f, 

and vCT C rF p for all primes p.

In Chapter II we give severed sets of necessary conditions for the amalgamated product of two 

If-groups to be a W-group. In Chapter III we begin with amalgamated products of finitely generated 

torsion-free nilpotent groups over cyclic and isolated cyclic subgroups. We prove that the latter 

will be RTp for almost all primes p. We then consider amalgamated products of two free groups 

over isolated cyclic subgroups. Using a theorem by J. P. Labute on 1-relator groups, we affirm the 

validity of Baumslag’s conjecture in a large class of special cases.

The above result of Labute’s concerns the Lazard Lie ring of a finitely generated 1-relator group G.
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Considering the relator r  as an element of the free group F  on the generators of G, the theorem 

states, in part, that if r  is not a  proper power modulo 'yv,t{r)+iF, then the lower central factors 

of G are free abelian and there is a formula for their ranks which depends only on the number of 

generators and the weight of the relator.

The main result of this work is a generalization of Labute’s theorem. We prove tha t the torsion- 

free ranks of the lower central factors of any finitely generated 1-relator group depend only on the 

number of generators and the weight of the relator. This is the subject of Chapter IV. The proof 

relies on the theory of nilpotent ©-groups and Lie algebras.
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N o ta tio n

H  9* G H  is isomorphic to G

H  < G  H  is a subgroup of G

H  < G H  is a normal subgroup of G

G /H  the quotient group of G by the normal subgroup H

G \H  the set of elements of G which are not contained in H

gp(X) the smallest subgroup of G containing the subset X

9Pg (X )  the smallest normal subgroup of G containing the subset X

x y V~l xy

[x, y] x~ ly~ xxy

[H, K] gp({[h, k] \ h € H ,  k e K } )

72 G [G, G]

7 „G [7 n_iG , G], the nth term of the lower central series of G

( X ; R ) the presentation for a group with generators X  and relators R

{ A *  B;  H = K  } the amalgamated product of A  and B  identifying H  with K  

A * B  the amalgamated product of A  and B  over the subgroup A D B  = H

T p the class of finite p-groups

H  the class of nilpotent groups

T  the class of finitely generated torsion-free nilpotent groups

rM  the class of groups which are residually M-groups for some class M

t (G) the torsion subgroup of the (nilpotent) group G

U the class of groups in which n th -roots are unique whenever they exist

V  the class of groups in which n th-roots are unique and always exist

idp{X) the smallest D-group ideal of D  containing the subset X

id i(J )  the smallest ideal of the Lie algebra L  containing the subset J

N  the natural numbers {0 ,1 ,2 ,...}

Z the integers

Z+ the positive integers

Q the rational numbers

QG the rational group ring of G

IG augmentation ideal of the rational group ring of G

gr(A) © n= i 7 Sracled algebra associated to the lower central series of A

A 1 • 1 the commutation Lie algebra of the associative algebra A
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C hapter I 

Prelim inaries

1 P resen ta tio n s

We define free groups and presentations of groups.

Let G be a group and suppose X  is a subset of G. Let gp(X) denote the smallest subgroup of G 

containing X .  Then

9 P(X) =  | n >  0, x {j S X , ej = ±1, j  € N}.

If this is in fact all of G , then we say that the set X  generates G. Every group has generating sets 

since we may always take all of G as the generating set of G.

Let w be an element of gp(X). Then w possesses an expression of the form

=  ( i )

When we wish to refer to the expression (1) for w as opposed to the element of the group G 

represented by this expression, we will speak of the word w. If the expression (1) has the property 

tha t whenever Xij =  x , j+1 then ej +ej+i ^  0, then we say that this word is freely reduced. Suppose 

G  is generated b y X c G  and every non-empty, freely-reduced word is different from the identity. 

Then we say G is a free group, freely generated by X ,  or that G is free on X .  In this case, we may 

also refer to A” as a basis for the free group G.
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Free groups possess the following universal mapping property.

T h eo rem  1.1 Let F  be a free group on X .  For any group G and any set map a of X  into G there 

exists a unique homomorphism of groups tp : F  — > G such that tp(x) = cr(x) for all x in X .

We note tha t this theorem serves as an alternate definition for free groups. In fact, we can replace 

the word group in all its occurrences to define free objects in other categories. For example, a free 

associative algebra A  on a set X  is an associative algebra A  together with a  subset X  of A  such 

that X  generates A as an algebra and any set map <7 from X  to an associative algebra B  extends 

uniquely to a homomorphism of associative algebras from A  to B.

Given any set X ,  there always exists a free group with basis X  and as we remarked earlier, every 

group G possesses a generating set. Thus, by the universal mapping property for free groups, for 

any group G there exists a free group F  and a homomorphism tp mapping F  onto G. The First 

Isomorphism Theorem states that

T h eo rem  1.2 I f  6 is a homomorphism mapping a group H  onto a group G, then the kernel of 6 is 

a normal subgroup of H  and H /ker6  == G.

Consequently, every group G is isomorphic to a quotient of a free group. A presentation is a means 

of defining a specific group as the quotient of a free group. Let F  be the free group on X  and let 

R  C F. We write

G = ( X ; R )  (2)

to express th a t G is isomorphic to  the quotient group F/gpF(R) where gpF{R), the normal closure 

of R  in F , is the smallest normal subgroup of F  containing R. The elements of R  are called defining 

relators.

Some classifications of groups depend on how they can be presented. If G possesses a presenta­

tion (2) in which the set X  is finite we say G is finitely generated. If both X  and R  are finite, then 

G is finitely presented. If R  consists of a single element, G is termed a 1-relator group.



2 A m algam ated  P ro d u cts

We define amalgamated products of groups and state two classic results on normal forms and length.

Let A  =  ( X  ; R ) and B  =  ( Y  ; 5 )  be presentations of two groups. Suppose A  and B  contain 

subgroups H  and K  respectively and tp is an isomorphism mapping H  onto K . Then the group 

given by the presentation

G = { X U Y  ; R \JS U {h tp {h )~ l ! * £ # } }  

is called the amalgamated product of A  and B  amalgamating H  with K  according to tp. It is denoted

G = { A * B ; H  = K \  or A * B .
1 1 H

If H  and K  are trivial, then G = A *  B , the ordinary free product of A  and B.

I t turns out that A  and B  inject into G. For convenience, we can identify A  with the subgroup 

of G generated by X ,  and B  with the subgroup of G:

{ Y U H ;

and take the point of view that A t l B  = H.

As in the case of free groups, amalgamated products possess a universal mapping property. If C 

is any group with a  and P a pair of homomorphisms mapping A  to C  and B  to C  respectively such 

that a(h) = P(tp(h)) for all h in H , then there exists a unique homomorphism mapping G into C 

which simultaneously extends a  and p. In the terminology of Category Theory, the amalgamated 

product is a  push-out in the category of groups.

We will employ the following two results on amalgamated products. For their proofs and further 

discussion of this material we refer the reader to [2 2 ].

P ro p o s itio n  2.1 (Schreier, 1927) Suppose G is an amalgamated product,

G = A * B .
H

Let S a be a set of left coset representatives of A  modulo H  in which the identity is the representative 

of the coset H . Similarly, let Sp be a set of left coset representatives of B  modulo H  which contains 1.
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Then every g e  G can be expressed uniquely in the form

g = s is2 •••Skh  (3)

where

1. each 8{ e  Sa U Sp — {1},

2. no two adjacent components s;, s1+i are contained in the same factor o f G, and

3. h e H .

We will say that the right-hand side of equation (3) is the normal form  of g, and that k  is the length 

of the normal form of g, which we denote 1(g).

Proposition  2.2 Let G be an amalgamated product as above. I f  g €  G and

g  =  5 i 5 2  • • • 5fc ( 4 )

where k  > 1 and adjacent terms 5 i ,5 ;+i are never contained in the same factor, then

1(g) =  k.

Note th a t it is implicit in the hypothesis of Proposition 2.2 that if G  =  A * B ,  then each gi in the 

product (4) is an element of either A \H  or B \H .  Products with this property are said to be strictly 

alternating.

Corollary 2.3 In an amalgamated product G =  A * B , every strictly alternating product

g =  5 i 5 2  • ■ • 5fci

is different from the identity.

3 R esid u a l P ro p ertie s  and N ilp o ten t G roups

Given a class of groups C, it is natural to ask when C  will be closed under formation of amalgamated

products. Our investigations focus on groups which are residually nilpotent, a property which may
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be defined using the lower central series, and the closely related class of residually finite p-groups. 

We remind the reader of the following basic definitions (see [1]).

A property of groups will be called abstract if it is closed under isomorphism. Let Ad be an 

abstract property or class of groups. Then we say th a t a group G is residually Ad if for every non­

trivial element g of G there is a homomorphic image Hg of G such tha t H g is an Ad-group and the 

image of g  in Hg is not the identity. Thus, we can think of G as approximated by the collection of 

Ad-groups {H g}g£G- Equivalently, G is residually Ad if for each non-trivial element g there exists 

a normal subgroup N g of G such that g is not contained in Ng and G /N g has the property Ad. 

For example, G is residually a  finite p-group for some prime p, and we write G  € RTp, if for any 

non-trivial g in G there is a normal subgroup Ng of G such that g £  Ng and G /N g is finite with 

order a power of p.

Let G be a  group. Given two elements x  and y, the commutator of x  and y is

[;v,y] =  x ~ 1y~ 1xy.

Given two subgroups H  and K  of G, let [H, K] denote the subgroup of G generated by the set 

{[/i, fc] | h  S if , k  € K } .  The terms of the lower central series of G are defined recursively as 

follows:

7i G =  G 

7 n + i G  =  [ 7 „ G ,G ]  (n >  1 ) .

In consequence of this definition, 7 ,G is a normal subgroup of G for all i and

G =  7 1 G >  7 2 G > • • • >  7 ,-G >  • • • .

A group is said to be nilpotent of class c if 7 c+iG  =  {1} and c is the smallest natural number 

with this property. Nilpotent groups may be viewed as a generalization of the non-identity abelian 

groups, which are nilpotent of class 1 . In some sense they are also a generalization of finite p-groups, 

which are always nilpotent. Consequently, the class of residually finite p-groups, R fp, is contained 

in the class of residually nilpotent groups, which we denote lW.
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If G is nilpotent, then for any prime p, the elements of order a power of p  constitute a normal 

subgroup of G  called the Sylow p-subgroup of G. The elements of finite order form a  normal subgroup 

which is a direct sum of the Sylow p-subgroups of G. This subgroup is termed the torsion subgroup 

of G and is denoted t ( G ) .  Finitely generated nilpotent groups satisfy the maximal condition; tha t is, 

they can have no infinite properly ascending chain of subgroups. This is equivalent to the condition 

that all subgroups are finitely generated. Consequently, if G is a  finitely generated nilpotent group, 

then t ( G )  is finite. Moreover, if { 9 1 , 921 • • • i <7n } is any finite set of elements of finite order in a 

nilpotent group, then gp(gi, 9 2 , • • • ,gn) is finite (see [1 , page 1]). Clearly, for any nilpotent group G, 

G / t ( G )  is a torsion-free nilpotent group. We shall let T  denote the class of all finitely generated 

torsion-free nilpotent groups. If G  can be approximated by groups which are not merely nilpotent, 

but torsion-free nilpotent, then we say G is residually torsion-free nilpotent.

It is easy to see that

Lemm a 3.1 I f  H  < G, then

l i { G /H )= { { l i G )H )/H .

Thus, as a corollary to Lemma 3.1, the quotient group G /^ G  is always nilpotent. More generally, 

we have:

Corollary 3.2 Let N  be a normal subgroup of G. Then G /N  is nilpotent if  and only if  7 ;(G) C N  

for some i <  0 0 .

Theorem  3.3 A group G is residually nilpotent if  and only if  the terms of the lower central series 

of G have trivial intersection.

P ro o f: Beginning with the forward direction, let S  be the set of all normal subgroups N  of G such 

that G /N  is nilpotent. By Corollary 3.2, for any N  in S, there exists n <  0 0 , such that 7 „G is 

contained in N . Since the intersection of the terms of the lower centred series of G will be contained 

in 7 „G for any n,
OO

f | 7 .G C  f |  N.
i= 1 Nes
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Since G  is residually nilpotent, for any nontrivial element g, there is a subgroup TV in S' with g & N . 

Hence, the subgroups contained in the collection S have trivial intersection and therefore so does 

the lower central series of G.

Conversely, if DiSi 7*^ =  {!}> then, given any non-trivial element g of G, there must be some 

term of the lower central series which does not contain g. Since the quotient of G by any term of 

its lower central series will be nilpotent, G is residually nilpotent. □

Thus, if G is residually nilpotent, then for any non-trivial element g of G there is a unique positive 

integer e such that

g £ j eG,  g ^ ie + iG .

We term  such an e the weight of g  and we write wta(g) =  e, or simply wt (g) =  e, when there is no 

ambiguity.

4 C om m u tator Id en titie s  and B asic Sequences

Commutation defines a non-associative binary operation on a group. We note the following identities 

for commutators which were first introduced by P. Hall. We use the notation x y for y~ 1xy.

[a, be] =  [a,c][a,6][[a ,6],cj (5)

[ab, c] = [a, c] [ [a, c], 6] [6 , c] (6 )

1 =  [ [a, f>], c°] [ [c, a], bc] [ [b, c], a6] (7)

Any matched arrangement of brackets can be interpreted using commutation. We define a  bracket 

arrangement of weight n  recursively as follows. The unique bracket arrangement of weight 1 is [*]. 

A bracket arrangement of weight n  is obtained as the commutator of two bracket arrangements 

of weight I and m respectively where I + m = n. If /3 is a bracket arrangement of weight n and 

a i , 0 2 , . . . , a „  are any elements of G, not necessarily unique, then f}(a\,a 2 , . . .  ,o„) is said to be a 

commutator of weight n in a i, a2, . . . ,  a n.

There Eire particular sequences of commutators in the generators of a group which prove to be 

very useful. In order to define these basic commutators, we must begin with a simpler structure
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than a group. A groupoid is a set with a binary operation. Unlike a semigroup, the product in a 

groupoid need not be associative. If Z  is the finite set {zi, z%,. . . ,  zq}, then the elements of the free 

groupoid Q on Z  consist of all properly bracketed strings of z’s. Two such elements will be equal 

if and only if they are identical. Thus, for any element g  of Q there is a well defined length 1(g), 

namely, the number of z’s which appear in g. We further observe tha t if 1(g) >  1, then there exist 

a unique pair of elements u and v of Q such tha t g = uv.

A sequence 6 1 , 6 2 ,- •• of elements of Q is termed a basic sequence in Z  if it meets the following 

three conditions:

1 . z i , Z2 , . . . ,  zq are contained in the sequence.

2. If l(bi) <  l(bj), then i < j.

3. If u €  G and l(u) >  1 , then u is contained in {6 ,-}“ j if and only if u — bibj 

where j  < i and, if the /(6 ,-) is greater than 1 , 6 ,- =  616*, where k < I and

j  > fe-

If r  is any groupoid with finite generating set X  = {xi , X2 , ■ ■ ■, x q}, then the map z; x; defines 

a homomorphism of groupoids 6 from Q to T. A sequence of elements of T is called a basic sequence 

in X  if it is the image under 0 of a basic sequence in Z. Suppose G is any group with finite generating 

set X  — {xi,X2 , . . . , x,}. We observe that G is a groupoid under the operation f  • g — [/,<?]. We 

term the elements of a basic sequence in X  basic commutators.

As a result of the commutator identities (5), (6 ), and (7), the commutators of weight n in 

any basic sequence {/?,'}iSi in X  generate 7 „G modulo 7 „+iG. Moreover, if G is free on X  then 

7 „G /7 n+iG is a free abelian group freely generated modulo 7 n+iG by the basic commutators of 

weight n  in any basic sequence in X  (see [1, page 37]).



5 G roup R ings and  th e  A u gm en tation  Ideal

The group ring of G over the rational numbers, Q 3, is a vector space over Q with the elements of 

the group G as basis. A typical element is of the form

Ylrs9
geG

where all but finitely many of the coefficients rg € Q are zero. Addition is coordinatewise. Multi­

plication is defined by

( r s 9 )  ( J 2  = X ) r * 8v9
\ s e G  /  \ g e G  J  g € G  x y = g

which is known as Cauchy multiplication. There is a homomorphism e from QG to Q defined by

£ ( J 2  H  rff-
\ s € G  /  g e a

The kernel of this augmentation map is called the augmentation ideal, and we denote it by IG.

6 Lie A lgebras and G radings

We define Lie algebras, giving the example of the commutation Lie algebra of an associative algebra, 

and discuss the category of graded Lie algebras.

Let K  be a field. An algebra A  over K  is a A"-vector space with a bilinear multiplication *; that

is, for u, v, and w in A  and k  in K ,

u*( v + w) =  u * v  + u * w  

( v + w) * u  = v * u  +  U ) * U

k(u*v)  = (ku) *v =  u*(kv).

If this multiplication is associative, then we say that A  is an associative algebra. If the multiplication 

satisfies the conditions that u * u  =  0 for all u in A  and the Jacobi identity

(u*v)  *w + ( v * w) * u  + ( w * u ) * v  = 0,

then A  is termed a Lie algebra.
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Given any associative algebra A, we can define a Lie algebra A 1 •1 called the commutation Lie al­

gebra. Addition and scalar multiplication are unchanged. The new Lie algebra bracket multiplication 

is defined by

[ u ,  t>] =  U *  V —  V *  u.

If X  is a  subset of an algebra A  over a field K , then we say tha t X  generates A  as an algebra 

if every element of A  may be expressed as a  AT-linear combination of products of elements of X .  

Free objects exist in the categories of associative and Lie algebras. We term X  a basis of a free Lie 

algebra L  over K  if A" is a subset of L  which generates L  as an algebra and if any set map from X  

to a Lie algebra A  over K  extends to a unique Lie algebra homomorphism from L  to A.

W hether L  is a free Lie algebra over K  or a free nilpotent Lie algebra over K  or a  free object in 

some other category of Lie algebras, a  free basis for L  should not be confused with a vector space 

basis for L. In the case of a free basis X ,  not only do we have the appropriate universal mapping 

property, but we are not limited to linear combinations of elements of X  for the generation of L.

An algebra A  is said to be graded if it possesses a direct sum decomposition A,- such that 

Ai * A j C A{+j. The elements of A,- are termed homogeneous of degree i and every element u of

A has a unique expression of the form a =  a\ +  0 2  H where a,- € A,- and all but a finite number

of the ai are equal to zero. We term the a,- homogeneous components of a. If A =  © j ^ j  A,- and 

Bi are graded algebras over K ,  then ip mapping A to B  is a homomorphism of graded 

algebras if it is an algebra homomorphism with p(Ai)  C Bi for all i. An ideal J  of A is said to be 

homogeneous if, in the decomposition of any element j  of J

j  = h  +  h  +  ■'' Ji € A{,

we have j i  e  J  for all i. Equivalently, J  =  ® ^ j  J  Cl A,-.

For clarity, we now restrict ourselves to Lie algebras. However, all statements apply equally to 

associative algebras after suitable change of notation. For further details, we refer the reader to  [10]. 

Given an arbitrary Lie algebra A, if there exist subspaces

A =  J i  D h  2  • • •
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such th a t [Ji, Jj] £  J i+j, then we say tha t is a  filtration in A. We can use such a filtra­

tion to construct a graded Lie algebra by taking the vector space © j ^ j  Ji/Ji+ i and imposing the 

multiplication

[a< +  Ji+ i,aj + Jj+ i] =  (a«, dj] +  Ji+j+1 .

As an example of a  filtration, we introduce the lower central series of a Lie algebra A. If Ai and 

A 2  are subspaces of the Lie algebra A, we define [A\, A 2 ] to be the subspace spanned by all products 

[0 1 , 0 2 ] with a,- 6  Ai. We define the lower central series of a Lie algebra using the same notation as 

for a group:

7 1 A  = A

72  A  = [A, A]

7 „A = [7 n-iA,  A] n >  1.

A  is termed nilpotent if 7 nA  =  0 for some finite n, and residually nilpotent if =  0. The

lower central series is a filtration, and we denote the graded algebra associated to this filtration by

We will refer to gr (A) as the associated graded algebra or the associated Lie algebra of A.

7 G roups w ith  U n iq u e R o o ts

We state the definitions of ZY-groups, P-groups, and P-group ideals, and introduce the Mal’cev 

completion of a torsion-free nilpotent group [1, 5].

In a group G, if there exists a  solution to the equation

x" = g

where n  is a positive integer and g  g G , then we term such a solution an n th-root of g. A group G is 

termed a  U-group if, for any n G Z + , n th-roots are unique whenever they exist. That is, if f ,g  € G, 

and

r  =  g\
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then /  =  g. A group G is a  P-group if it contains unique n ih-roots for all of its elements for all values 

of n. We note tha t all residually torsion-free nilpotent groups are W-groups [1, page 10]. Thus, if an 

amalgamated product is to be residually torsion-free nilpotent, it must certainly be a W-group.

Given a subset 5  of a P-group D, let ido(S) denote the smallest normal subgroup of D  containing 

S  such tha t the quotient group D/idj j (S)  is a P-group. If N  is a normal subgroup of D  such that 

D / N  is a P-group, then we term  N  a P-group ideal. Thus, ido(S) is the smallest P-group ideal of 

D  containing S.

Any torsion-free nilpotent group B  can be embedded in a nilpotent P-group mB. This is the 

Mal’cev completion of B  and it is unique up to isomorphism. We will generally identify B  with its 

embedded image in mB. The Mal’cev completion possesses the following properties (see [21] and [1, 

pages 18,49]):

L em m a 7.1 Let A  and B  be torsion-free nilpotent groups. Then

1. mB is a nilpotent V-group of the same nilpotency class as B .

2. Any homomorphism 9 mapping A  into B  can be extended uniquely to a 

homomorphism m9 mapping mA into mB.

3. Any element of mB has a non-trivial power which lies in B .

8 C om p letion s and th e  Lower C entral Series

In this section we establish several results regarding completions of nilpotent groups and the lower 

central series.

Unlike ordinary P-groups, the terms of the lower central series of a nilpotent P-group are P-group 

ideals [21]. We use this property to prove the following:

L em m a 8.1 I f  B  is a finitely generated torsion-free nilpotent group of class c, then

i d n a i i k B )  =  ik m B .
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P ro o f: Since m B /jkw B  is a P-group find 7 kB  C 7 *mB, we know th a t idmsfrkB) is contained in 

7 fcmB. For the other containment, we use descending induction on fc. For any group G and any 

positive integer n, 7 nG is generated modulo 7 „+i G by the set of all commutators of weight n in the 

elements of G. By Lemma 7.1, mB  is nilpotent of class c and every element of mB has a non-trivial 

power lying in B .  Therefore, 7 cmB  is generated by commutators of the form w =  (5{a\ , . . . ,  ac) 

where (3 is any bracket arrangement of weight c and a " f £ B  for some a,- £ Z+ . Since mB is nilpotent 

of class c,

7 c *

Thus, w £  idmB^cB) and consequently 7 cmB C idnxsilcB).

Next we assume that the proposition holds for all terms of the lower central series beyond k < c. 

7 fcrnB is generated modulo 7 fc+ iniB by commutators of the form w =  f3 (a \ ,. . . , a^) where (3 is any 

bracket arrangement of weight k and a" ' £ B  for some a,- £  Z+ . In this case,

wai - ak _  p(a° ' , . . .  ,a£ ‘ ) modulo 7 *+imB.

By the inductive hypothesis, 7 *+imB = idmB(‘yk+iB), which is contained in idmB{lkB). Hence, 

wai -ak g  idmB^kB) and therefore w € idmaijkB). □

Since we are identifying B  with its image in mB, we consider that, for any subgroup H  of B, 

the completion mH  is a subgroup of mB. In fact, mH can be defined as the collection of elements 

of mB which have a non-trivial power lying in H  (see [21]). I t follows from a result of Plotkin (see 

[12, page 254]), tha t if i f  is a normal subgroup of B , then mH  is a normal subgroup of mB. In 

particular, mykB is a  normal subgroup of mB  and therefore mykB  = idmBilkB). Lemma 8.1 then 

has the following corollaries:

C o ro lla ry  8.2 With B  as above, nr/kB  =  7 a-mB.

C o ro lla ry  8.3 I f  F  is a free nilpotent group of class c, then 'fkmF n  F  =  jkF .

P ro o f: By Corollary 8.2, 7 a:m F D F  = mr/kFf lF. Since F fa kF  is torsion-free, mr/kFf lF  =  7 *F. □
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9 N ilp o te n t "D-Groups and Lie A lgebras

We discuss the correspondence between nilpotent P-groups and rational nilpotent Lie algebras. In 

particular, we examine the behavior of free nilpotent P-groups and the lower central series under 

this correspondence.

The importance of nilpotent P-groups can be seen in the following theorem. The finitely gener­

ated case was proved by Mal’cev [21]. The infinitely generated case follows from a  generalization by 

Lazard of Jennings’ Theorem (see [1, pages 47-52]).

Theorem  9.1 There is an equivalence between the categories of nilpotent V-groups and rational 

nilpotent Lie algebras.

One method of realizing this equivalence is due to Jennings. W hat follows is a brief summary of 

some of his results [11]. He proved that if G is a finitely generated torsion-free nilpotent group, then 

the rational group ring of G, QG, is residually nilpotent as an augmented algebra. In other words,

if IG is the augmentation ideal of QG, then

OO

f |  IGn = 0.
n = l

In consequence, we can form the JG-adic completion QG of QG. QG may be identified with a ring 

of “power series”
OO

r  =  r0 +  Vi r° e  r,‘ € (* -  1)*
1 = 1

We can then use the ordinary power series expansion of the log and exp functions

\ z2 z3 z4log(l + z) = z ~  — + - -  —  + ■■■

z ‘̂
exp(*) =  l  +  * + -  +  -  +  -  +  . . .

to define 1—1 mappings from 1 + IG to IG and from IG to 1 +  IG respectively. As usual, exp and log 

are inverses. We restrict our attention to G as a subset of 1 +  IG. Let LogG denote the Q-subspace 

of QG spanned by {log# | g G G}. Jennings proves [11, page 186]:
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T h eo rem  9.2 LogG is a nilpotent Lie subalgebra of the commutation Lie ring Q c / ' *.

We will refer to LogG as the Lie algebra of G. We can impose a group structure on LogG by the

Baker-Campbell-Hausdorff formula [1, 10]. This formula expresses z  =  log(expa; • exp y) in terms of 

x  and y. According to it,

i '= 0

where hj(x, y) is a rational linear combination of Lie brackets of weight i in x  and y. The first several 

terms are

If G is a finitely generated torsion-free nilpotent group, then exp (LogG) is the Mal’cev completion 

of G [1, page 50]. If G is a nilpotent ©-group, then {LogG, *) = G. Thus, log and exp move us between 

the categories of torsion-free nilpotent groups and rational nilpotent Lie algebras. We assume the 

following results concerning this correspondence [23, page 305]. In each case, D  is a nilpotent 

©-group and L  is a  rational nilpotent Lie algebra.

L em m a 9.3 exp (LogD) = D and Log(expL) = L

L em m a 9.4 I f  H  is a V-group ideal of D, then LogH is an ideal of LogD.

L em m a 9.5 I f  M  is an ideal of L , then exp M  is a D-group ideal of exp L.

L em m a 9.6 Given nilpotent V-groups A  and B , any homomorphism ip mapping A  into B  induces a 

homomorphism of rational Lie algebras <p* from Log A  to LogB, and the following diagram commutes:

OO

z = 'Z 2 h i(x 'y )

The product log a*  log b is defined as /i,(loga,log b). It follows that

exp(log a * log b) = a • b.

A B

log log

Log A LogB
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L em m a 9.7 I f H  is a V-group ideal of D , then

Next, we examine the Lie algebra of a  free nilpotent 'D-group.

L em m a 9.8 Suppose E  is a free nilpotent V-group of class c with basis {xj ,X 2 , - - - , x q}. Then LogE 

is a free rational nilpotent Lie algebra of class c with basis {log aq ,. . . ,  log x9}.

P ro o f: First we verify tha t logaq ,. . .  ,logxg generate LogE  as a rational Lie algebra. LogE is the 

rational linear span of the set of all log g such that g is an element of the group E, Any non-trivial 

g  € E  may be expressed as a product in {xi, X2 , • • •, x q}, g = x ? 1 • • • x ?" , with each a j a non-zero 

integer. Since log# — <*i logx,-, *•••*£*„ logx;n, by the Campbell-Baker-Hausdorff formula, log5  is 

a  rationed linear combination of brackets in log x  1, . . . ,  log x q.

Next we demonstrate that this set of generators possesses the correct mapping property. Suppose 

L  is a rational nilpotent Lie algebra of class less than or equal to c. Then any set map

X{ t-4  exp li li € L

extends to a unique Z>-group homomorphism ip mapping E  to exp L. By Lemmas 9.3 and 9.6, ip 

induces a unique homomorphism of rational Lie algebras

p* : LogE — ► L

so tha t <p*(logXj) =  log(y>x,) =  log(exp/;) =  Thus, any set map

log X{ i-4 /; £ L

extends to a unique homomorphism ip* mapping LogE into L. □

L em m a 9.9 I f  D  is a nilpotent V-group, then 'ykLogD = Log~g.D for any positive integer k.

P ro o f: Since the proposition is trivial for k = 1, let k be a positive integer greater than 1. Suppose 

P is a  bracket arrangement of weight fc, and a i , . . . ,  a/t are any, not necessarily distinct, elements
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of D. It follows from the Baker-Campbell-HausdorfF formula that

log/?(ai, a2, . . . ,  a*) =  /3(logai, loga2, . . . ,  logafc) +  (8)
j

where the last term  is a rational linear combination of Lie brackets of weight greater than k, each 

containing log oq, log a2, . . . ,  log a*. Hence,

i°g/?(a i) ak) €  ikLogD.

Any element d of 7 is a product (3\ /? 2 ■ ■ • /?„ where each /?,• is a commutator of weight k  in elements 

of D. Then

log d =  log(/?i/?2 ■■■/3n) = log Pi * log /32 * • • • * log /3„ 

where * denotes the Baker-Campbell-Hausdorff multiplication. Consequently, logd is a rational 

linear combination of Lie products in log/3i,log/?2, . . . , log j3„. Since each log/?,- is contained in the 

Lie subalgebra 'ykLogD, logd is contained in 7 kLogD. Thus, Log^kD is contained in -](kLogD. 

Conversely, we observe that equation (8 ) can be written

/?(logai, loga2, . . . ,  logo*) =  logP(au  a2, . . . ,  ak) -  ^ qjp j-
j

We can rewrite each term of ^ . qjPj in this manner and then iterate this procedure for higher 

weight bracket terms that arise. Since D  is nilpotent, this process terminates. It then follows that 

/?(logai, loga2, . . . ,  log a*,) is contained in Log^kD. Any element of 'y kLogD is a rational linear 

combination of terms of this form. Since Log^kD is a Lie subalgebra of LogD, it contains 7 kLogD. 

Thus, they are equal. □

10 T h e Lazard Lie A lgebra  o f  a N ilp o ten t X>-Group

We give the definition of the Lazard Lie ring of a group and compare the Lazard Lie algebra of a 

nilpotent D-group D  to the associated graded algebra of LogD.

Let G be a group. The quotients of consecutive terms of the lower central series can be used to 

form a Lie ring

j r(G) =  ® ^ '



18

Addition is coordinatewise and induced by the group operation in G, so that if a„,g„ € 7 „G, then

anln+\G  +  5„7„+iG =  a„fir„7„+iG.

Let bm €  7 mG. We impose a bracket multiplication on gr (G) by defining

[On7n+lG, bm7m+lG] “  [On» ^m]7n+m+lG (9)

where the bracket on the right-hand side of equation (9) indicates group commutation in G. As a 

consequence of the commutator identities given by equations (5), (6 ), and (7), under this multipli­

cation gr(G ) is a  Lie ring over the integers. This construction was introduced by Lazard [15], and 

gr (G) is known as the Lazard Lie ring of G.

If D  is a  nilpotent P-group, then 'y„D/~f„+\D is an abelian P-group. We can define an action 

of the field of rational numbers on gr(D ) as follows: If d is an element of 7 nP ,  a an integer, and b 

a  positive integer, then

^(dy„+iD) = ua7 „+ iP

where u^n+\D  is the unique 6 tA-root of d^n+\D . Under this action, gr(D ) is a rational Lie algebra.

Given a nilpotent P-group D, we now have two means of associating a graded rational Lie algebra 

to D. We can form gr(D) or, as we saw in Section 6 , we can use the lower central series of the 

rational Lie algebra LogD to form the associated graded algebra gr(LogD).

P ro p o s itio n  10.1 I f  D  is a nilpotent V-group, then gr(D) and gr(LogD) are isomorphic as graded 

Lie algebras.

P ro o f:

„ r ( i ^ P ) =  0 - ^ P >
^  7 i+i (LogD)

By Lemma 9.9, 7 kLogD =  Logy-D. Thus,

7 ,- (LogD) _  Log (-gD)
7i+i (LogD) Log (n+ iD ) '

By Lemma 9.7,

Log (7 ,+ iP ) \ j i +iD J
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l iD /n + iD  is an abelian group; therefore,

Log
H+iD  '

Thus, the additive structures of gr(D ) and gr (log D) are isomorphic. If a„ and bm are arbitrary

elements of 7 nD  and 7 mD  respectively, then the mapping

logc*n +  7n+i LogD 4 a „  +  7 „+ iD  

defines an isomorphism of Lie algebras since, by the Campbell-Baker-Hausdorff formula,

[loga„,log&m] -  log[an,bm] e  7n+m+ iLogD.

Consequently, gr(D ) is isomorphic to gr(LogD). □

Note tha t J„ is contained in A„. First we will establish that grA(J) =  © ^Lj J„ is an ideal of 

gr(A) =  0 ^ !  A„. To that end, let j„ e  J  fl 7 „yl and am € j mA. Observe that

Since J  is an ideal of the Lie algebra A, [am, j n] is an element of J ,  as well as of 7 m+nA. It follows 

tha t [j4m, J„] is contained in J m+n, and grA(J) is an ideal of gr(A).

11 T h e A sso c ia ted  Lie A lgeb ra  o f  a Q u otien t

Suppose A  is a Lie algebra. We see here that the associated graded algebra of a quotient of A  is a

quotient of the associated graded algebra of A.

L em m a 11.1 Let A  be a Lie algebra and suppose J  is an ideal of A. Put

J  D 7„A +  In+lA
'in+lA

Then

9r A(J)

P ro o f: Let

[®m 'Y m +1*^1 j n  "I" T n + l- ^ j  — fam ? j n \  H“ '7 m + n + lJ4*
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Each homogeneous term of g r(A /J )  of degree n is canonically isomorphic to

7nA  /  /  7 „A p .  J  +  In + lA \  
i f  \ 7 n+l-^ 1

(10)
In + lA f  \7n+l-4 ' 7„+i A  )

It is clear that

J  -  7nA ^  J  +  7n+lA
~fn+\A 7 n+l A  '

Conversely, if t + 7 „+i A  is an element of the intersection of ')nA fa n+\A  with (J  +  7 n+i^4 ) / ^ n+\A , 

then there must exist elements a and j  of 7 nA  and J  respectively which represent the same coset

of 7 n+ij4  as t. Since j  +  7 „+i A  — a +  7 „+i^l, it follows that j  is an element of J  D ')nA. Thus,

t + 7 n+i A  = j+ yn+ iA  is an element of J„, and the intersection of ')nA/~{n+iA  and J  + ■yn+ iA /yn+iA  

is equal to J„. Hence, the quotient (10) is identical to A „ /Jn, and the vector space structures of 

g r (A /J )  and g r(A )/grA(J) are isomorphic via the map tp defined by

(a„ +  J )  +  7n+i (A / J ) i-t (a„ +  7„+ij4) +  J n-

Consider the following two homogeneous elements of g r (A /J ):

a =  (a„ +  J) +  7 n+i (A /J )  and 6 =  (6 m +  J )  +  7 m+j ( A /J ) .

Then

[a,6] =  [a„ +  J, b m  + J] + j n+m+l (A /J )

=  ([an> bfn] +  J)  +  7 n+m+l (A /J )  .

Since [A;, Jj\ C Ji+j,

l<p(a), V̂ (̂ )] =  [(®n d" *yn+lA) +  J„, (b m  +  7m+l-'d) d" Jm\

—  \a n  d- 7n+l>l, bm  d- 7m+l-4] d" J n + m  

”  ([®ni b m \ d“ 7n+m+l^d) d" J n + m

=  <p[a,b]-

Thus, ip is an isomorphism of graded Lie algebras. □
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12 T h e Free R ation a l Lie A lgeb ra

We demonstrate a grading of the free Lie algebra L  and establish that there is a canonical isomor­

phism between L  and the associated graded algebra gr(L).

Suppose F  is the free group on {x i,X 2 , . . .  , x q}. Then gr(F ) ® Q is a free rational Lie algebra 

on {2 7 7 2 F, X272 F ,. . . ,  x ,7 2  F}. This provides us with a realization of the free rational Lie algebra L  

as a graded Lie algebra, one given exactly by the Lazard Lie algebra of the free group F. Put

L i =  J ^ - ® Q  and L =  ® L , .  
7i+l* 1 = 1

For any Lie algebra A, and any positive integer n, 7 „A consists of linear combinations of all 

bracket arrangement of weight n  in the elements of A. Thus,

7 n  F  =  ®  £  P (L h ,L h , . . . , L in). (1 1 )
k= 1 <! + ••• + »„ = &

0 of weight n

Moreover, the grading of the free Lie algebra L  has the property that

L n = 5 3  /3 (L „ L „ .
0 of weight n

Let 7 nL[k] denote the k th homogeneous component of 7 nL.

L em m a 12.1 Let n be a positive integer. For all k > n ,  7 nL[fc] =  L*.

P ro o f: By equation (11),

l k L [k\=  Y ,  P (L u L i , . . . , L i ) .
0 of weight k

Thus, 7 *L[fc] =  Lk- If k > n, then 7 is contained in 7 „L. Since 7 mL  = 7 mL\i\ for ciny positive

integer m, we have

Lk =  7 kL[k] C 7 nL\k\ C L k-

□

C oro llary  12.2 gr(L) ^  L.
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P ro o f: In consequence of Lemma 12.1,

0 © • • • © 0 © L„ ffi L n+1 S' L„.
7 n + i  L  0 ffi ••• © 0 © 0 © L„+i ffi 

So for each coset an +  7 n+iL in y„L/'yn+iL, there exists a  unique an €  L„ such that

an +  7n+i L  =  a„ +  7„+iL.

The assignment an+ 7 „+i L  t-> a„ defines a vector space isomorphism from gr(L) to L. By definition,

K  +  7n+iL, bm +  7m+iL] =  [an? fim] "b 7n+m+l-^*

If a„ €  L n and bm e  L m, then [an,bm] €  L„+m. Thus, our map is a Lie algebra homomorphism and 

gr(L) is once again the free rational Lie algebra of rank q. □

13 P rin cip a l Ideals o f  G raded  Lie A lgebras

Given an arbitrary graded Lie algebra A , we wish to characterize the ideal of A  generated by a single 

element.

Lemma 13.1 Suppose A  is a graded Lie Algebra over a field K

A = ® A i  
»=i

and let u be an element of A. Then any bracket arrangement

P ( a i i ) ®i j  i • • • > ) u > a ij + i 1 " ’ ‘ ’ )  ( 1 2 )

with a,-, € A{t is equal to a right normed commutator

[blP[b,p_, . ..[6 ,,,« ] ...]]

where bit € Ait and

* i +  *2 +  '  • • +  *n =  + 12 +  • • • +  Ip .
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P ro o f: The proof is by induction on v =  *1 +  »2 H h in- The statement clearly holds when this

sum is equal to 1. Let v >  1, and assume tha t the claim holds for all bracket arrangements (12) for 

which the corresponding sum is less them v. W ithout loss of generality,

P { a i i , . . .  , M , . . .  t a i„ )  =  \ P l  ( ° i i , . . .  , t l , . .  • / % ( ° i g+ i , • • • , ° i „ ) ]  •

By the inductive hypothesis,

(a.-,, . . .  ,u , . . .  ,a,-?) =  lbijbip_, ••■[6 /,, «]•••]] 

with i'i +  i2 +  — +  iq =  li +  f2 +  ■ • • +  Ip. Thus,

/?(a<1, . . . , u , . . . , a iJ  =  [[&/„ • *• [6/|,«]*• •], fo (a;,+1 ,••• ,« .„ )].

P u t lp + 1 =  iq + 1 + ---- 1-i„  and 6 ,p+1 =  -/? 2 (a;,+1, ■ • •, a.„ )• Then

/3(a i l a,-„) =  [6,p+1 [6/p • • • [6/j ,«]■•■]] 

with bit e  Ai, for t  =  1 ,.. .  ,p  +  1 and

+  h +  • • • +  lp + 1  =  * i +  *2 +  • • • +  *'n-

□

C o ro lla ry  13.2

idA{u)=  J ]  [Ain [Ain_t • • • [A,-,, «]••■]] (13)
V(il in)

Vn

P ro o f: Let J  denote the right-hand side of equation (13). Clearly J  C idA(u). Moreover, by 

Lemma 13.1, id^iu) C J .  □

14 T h e A djoin t A ctio n

We introduce the universal enveloping algebra U{L) of a Lie algebra L  and show that the adjoint 

representation extends to an action of U{L) on L. For further details, we refer the reader to [10].
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Given any Lie algebra L  over a  field K ,  there exists an associative algebra U(L) over K  such that 

L  is a Lie subalgebra of the commutation Lie algebra U (L){ •J. Moreover, the Universal Enveloping 

Algebra U{L) of L  has the property that any Lie algebra homomorphism from L  to a  commutation 

Lie algebra A1 ■1 of an associative algebra A over K  can be uniquely extended to a homomorphism 

of associative algebras from U(L) to A.

If I € L, then the mapping ad (I) which is defined by left multiplication

ad ( I ) : x  [/,a:]

is a linear transformation. Moreover, since multiplication is bilinear, the adjoint mapping which 

sends

I ad(l)

is a vector space homomorphism from L  into the algebra homk {L ,L )  of linear transformations of 

the vector space L. As a consequence of the Jacobi identity and anti-symmetry,

«d([/ i>i2])(a:) =  [[/i,/2],*]

=  [*i,[f2,s]] -  [f2,[ii,a:]]

=  ad(li) o ad(l2 )(x) — ad(l2) o ad(li)(x)

=  (ad(l\) o ad(l2) — ad(l2) o a d (li))(x ) .

Hence, the adjoint mapping is a Lie algebra homomorphism from L  to the commutation Lie algebra 

hom K (L ,L )[ • Consequently, ad extends to a unique homomorphism 0 of associative algebras

0 : U ( L ) — >homK (L ,L ).
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C hapter II

A m algam ated  P roducts o f  

^/-Groups

15 Pow ers in  A m algam ated  P ro d u cts

We define isolated and malnormal subgroups and demonstrate a relationship between the length of 

an element and the lengths of its powers in an amalgamated product over an isolated subgroup.

D efin ition: Let A  be a group, H  < A. H  is said to be an isolated subgroup of A  if for a €  A  and 

any positive integer n €  Z+ , a" € H  implies that a G H.

L em m a 15.1 Suppose that G =  A * B , where H  is an isolated subgroup of both A and B. Let g £ G  

and n  €  Z+ . I f  1(g) is even, then l(gn) =  n • 1(g).

P ro o f: If 1(g) =  k, then, by Proposition 2.1, after choosing sets of coset representatives Sa and Sp, 

g has a unique normal form

g = s \ s i - - - s kh.

Since k  is even, sk and si are not elements of the same factor. Therefore,

gn = s is 2  • • • sk- i (skh)s 1 8 2  • ■ ■ sk- i ( s kh) • • • s is2 • • • 8fc-i(sfc/i)
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is a strictly alternating product. By Proposition 2.2, l(gn) =  n • k. □

The following comments apply to any amalgamated product of two groups. Suppose that G =  

A * B , where H  = A  fl B. Let Sa and Sp be sets of coset representatives of A  and B  respectively, 

each containing 1. Suppose g  is an element of G of odd length, 1(g) =  k  =  2r +  1. Then we cm  

cyclically reduce g  by conjugating it to an element g  of G  such that 1(g) is either even or equal to 1. 

We see this as follows:

Suppose g has normal form

g =  8i82 -- -skh.

Observe that

s ^ g s i  = s2 - - -s k - i( s k h s i) .  (14)

Since k  is odd, sk and si are elements of the same factor of G. W ithout loss of generality, we assume 

the factor to be A. Hence, the subproduct (sjthsi) in equation (14) is interpreted as a product in 

A. It can be uniquely expressed as

(skhsi) =  sjfci

where s( g Sa and h\ €  H. If s\ /  1, then gs\ has normal form

s ^ g s i  = s2 --- Sk-is'th!.

Hence, l ( s y 1gsi) = k — 1, which is even. Otherwise, if s\ = 1, then

8i l98\ — s2 • • • 8k - lh i .

Since s2 and s*_i are both elements of B , the process repeats.

In general, there are two possibilities. Suppose there exists 1 <  i  <  r  such that

8khsi = hi g H  

8k- ih i s 2 =  h2 € H

8k-j+ 2hj-2S j-i = h j-1 g H

S k-j+ ih j-iS j — Sjhj



27

with «'• €  Sa U 5/3 and s'- /  1. Then g  =  s j 1 • • ■ s f 'g a i  • • • sj has normal form

g =  Sj+i • • • 8ic-j8jhj

and 1(g) = k — 2 j +  1. Otherwise,

Sfc—r-t-1 ‘ * 1 8/ghS\82 * * * 8j* ~  hp  G fTt

In this case, g = s~x • • • s~[lgsi • ■ • sr has normal form sr+i/»r and g has length 1.

We are now ready to prove the following lemma:

Lem m a 15.2 Suppose that G =  A * B , where H  is an isolated subgroup of both A and B. Let g S G 

and n  €  Z+ . I f  1(g) < 1, then 1(g) =  l(gn). Otherwise, l(g") > 1(g) and they have the same parity.

P ro o f: Suppose that 1(g) < 1. We may assume without loss of generality that g €  A. Since H  is an 

isolated subgroup of A, gn € H  if and only if g €  H. Consequently, l(gn) =  0 if and only if 1(g) =  0. 

Thus, our first claim is proved.

If 1(g) = k  is even, then the proposition follows from Lemma 15.1. Suppose then tha t k  is odd; 

k  = 2r + 1. Let g have normal form

g =  si«2 ■■■skh

and let g be the cyclic reduction of g.

C ase 1 g = sj+1  • • • Sk-js'-hj for some j  < r.

Since flf =  (sj • • • Sj)g(si • • • Sj)-1 ,

g n =  g n~ l g

-  ( s i - - - s j )gn~l (81---s j ) - lg

=  Sj • • • 8j (sj-fi • • • 8k—j(8 jh j)) Sj+i • • • Sk — l (Skh) . ( ^ )

The right-hand side of equation (15) is a strictly alternating product. Thus, Proposition 2.2 implies 

l(gn) =  (n — l)(fc — 2j  +  1) +  k, which is greater than 1(g) and odd.
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C ase 2 g = 8r+\h r.

In this case,

gn =  «i • • • srgn a~l • • • sj”1

=  8iS2 - " 8r ( 8r + l M " 8r 1 - " 82 l s r 1- (16)

sr+ih r is an element of A \H  or B \H .  Since H  is isolated in both A  and B , (sr+ih r)n is not 

contained in H. Consequently, the right-hand side of equation (16) is a strictly alternating product 

and l(g”) — 2r +  1 =  k. □

D efinition: H  is said to be a malnormal subgroup of A  if for any a £ A \H ,

a~lHa  f l f f =  {1}.

Equivalently, given any a £ A, if there exists a non-trivial element h of H  such that

a~lha £  H,

then a £  H.

Observe that malnormality implies isolation as follows: Suppose H  is a malnormal subgroup of A  

and a is an element of A  such tha t a" £ H  for some positive integer n. Then a~lana £ H  and, by 

malnormality, a £  H.

16 A m algam ated  P ro d u cts  w ith  U n iqu e R o o ts

We state several sets of conditions under which an amalgamated product of two ZV-groups will be a 

ZY-group. Theorems 16.2 and 16.5 are stated solely in terms of restrictions placed on the amalgamated 

subgroup. Theorem 16.3 makes some of the same assumptions about the amalgamated subgroup, 

but it is more general and is stated in terms of a property of the amalgamated product.

All of the theorems in this section require the following lemma:
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Lem m a 16.1 Suppose A  and B  are U-groups, and that G =  A * B  where H  is an isolated subgroup 

of both A  and B . Suppose g and f  are elements of G, and n is a positive integer such that

9n =  /" •

I f  1(f)  <  1, then f  = g. I f  1(f) is even, then f  = gh for some h e  H .

Proof: By Proposition 2.1, having chosen appropriate sets of coset representatives, g and /  have

unique normal forms,

g — #1^2 * * * &ikhg and f  =  t\t^  • • • t ih j .

Case 1 1(f) =  / <  1.

W ithout loss of generality, we may assume th a t /  €  A. We will demonstrate th a t g must be an 

element of A  as well. The length of / "  is less than or equal to 1. Since gn =  / " ,  the length of gn is 

less than or equal to 1, and by Lemma 15.2, 1(g) <  1. Hence, g is an element of A  or B. If g 6 B, 

then gn G A D  B  = H  and by isolation, g € H. Thus, /  and g are elements of the W-group A, and 

it follows that f  = g.

Case 2 1(f) — I is even.

By Lemma 15.2, k  is even, and by Lemma 15.1,

n -1 = l ( f n) = l(gn) = n - k .

Hence, I =  k. The normal form of f n begins with <1*2 • • • and the normal form of gn begins with

S1S2 • • • Sfc. Thus, by the uniqueness of normal forms,

t\ =  s i , t2 =  s2, . . . ,  tk — sk

and g~x f  =  h~ l h j  6 H. □

Theorem  16.2 Suppose A  and B  are U-groups, and that G — A * B  where H  is an isolated subgroup 

of both A  and B . I f  H  is a malnormal subgroup of B , then G is a U-group.
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Proof: Let n  e  Z+, and suppose that g  and /  are elements of G  such that

9" =  /" •

Let 1(f) =  k. By Lemma 16.1, if k  <  1, then g =  f .  Suppose k  > 1. Let

/  =  Sl»2 • • • Skhf

be the normal form of / .  If k  is even, by Lemma 16.1, /  =  gh for some h e  H  and g has normal 

form

g  =  s i « 2  • • • Sk hg .

Since <7-1 / "  — gn~l , these two must have the same normal form. Observe that

g ~ l f n =  h s i s 2 • ■ • S k h f S \ s 2 • • • S k h f  ■ • s i s 2 • • • Sfc / i/ ,

g — &\S2 • • * Skhg8\82 ■ •' 8khg ' • * 8i82 ' ' '  Skhg,

In particular, this implies that there exist h ',h "  £ H  such that hs\ =  s\h ' and h's2 = s2h " . Thus,

€ H  and a^h 's-i £  H.

Since either si or s2 is in B \H ,  and H  is malnormal in B, it follows that h = 1 and therefore /  =  g. 

If k  is odd, then let /  =  u~l f u  be the cyclic reduction of / .  P u t g =  u~ 1gu. Then

/»  =  gn.

Since 1(f) is either even or less than or equal to 1, /  =  g and consequently /  =  g. □

T h eo rem  16.3 Suppose A  and. B  are U-groups, and that G = A * B  where H  is an isolated subgroup

of both A  and B . I f  there exists a U-group U and a homomorphism

ip : G — ► U

such that xp is injective on H , then G is a U-group.

Proof: Suppose f ,g  £  G with / "  =  gn for some n £  Z+ . By Lemma 16.1, we need only consider 

the case tha t 1(f) >  1. Moreover, if 1(f) is odd, we can replace /  by its cyclically reduced conjugate
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/  =  « -1 / «  and g by g =  u~ lgu and apply the even case or the length 1 case. Thus, we may assume 

/ ( / )  is even. By Lemma 16.1, /  =  gh for some h £ H . By hypothesis, gn =  (gh)n; hence,

H g )n =  ■

U is a ZV-group; therefore, ip(g) =  ip(g)ip(h) and tl>(h) =  1. Since if) is injective on H , h =  1, and 

thus, /  =  g. □

Corollary 16.4 Let A  be a U-group. Suppose ip is an isomorphism

p : A  — ► p(A).

I f  H  is an isolated subgroup of A  and G  =  A*<p(A) where H  is amalgamated with its image under 

ip, then G is a U-group.

In particular, this applies to a free group F  amalgamated with an isomorphic copy of itself p(F)  

over a cyclic subgroup gp(a) =  p(gp(a)) where a is not a proper power in F. The fact tha t such 

groups are W-groups is already known since it was proved by G. Baumslag that they are residually 

free [4].

Theorem  16.5 Suppose A  and B  are U-groups, and that G = A * B  where H  is an isolated subgroup 

of both A  and B . I f H  is central in A  and B , then G is a U-group.

Proof: Once again, we may confine ourselves to the case that 1(f) is even. By Lemma 16.1, f  = gh 

for some h 6  H. We have

gn = f n = (gh)n =  gnh n; 

therefore, hn is trivial. Since H  is torsion-free, h = 1 and /  =  g. □

Corollary 16.6 The amalgamated product of two torsion-free abelian groups over an isolated sub­

group is a U-group.
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C hapter III

A m algam ated  P rod u cts Over 

C yclic Subgroups

17 Torsion-Free N ilp o te n t G roups

We define compatible-R^p-filtrations, and employ them to prove several results on amalgamated 

products of finitely generated torsion-free nilpotent groups.

Let M  be a class of groups, and suppose A  is a  R/Vf-group. Suppose {.A;}fSi is a descending 

chain of normal subgroups of A

A = A i > A 2 > • • • >  Ai >  • • •

with the following properties:

1. A /A i is an .M-group for all i — 1 ,2 ,...,

2 . =  1.

Then we term {A,-} a ttM-filtration for A. Let G be an amalgamated product

G = { A  * B ; H  = K  }. (17)
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If {>1,}^! and are RM-filtrations for A  and B  respectively such that (p induces an isomor­

phism between H A {/A i and K B i/B i  for all i =  1 ,2 ,... ,  then we say that and are

compatible-nM-filtrations, with respect to the amalgam (17).

Let T  denote the class of finitely generated torsion-free nilpotent groups. In [3], G. Baumslag 

proves that

T h eo rem  17.1 I f  A, B  e  T  and G is the amalgamated product

G = { A * B ; H * :K } ,  

then and {Bp,}j^1 are compatible-tCF-filtrations for almost all primes p.

Since A /A p is a finitely generated nilpotent group in which every element has order a power of p, 

AfAP' is a finite p-group for each i. Thus, {Ap’}?i1 and {Bp’}“ 1 are compatible-RFp-filtrations for 

almost all primes p. We also require the following result of G. Higman [9]:

T h eo rem  17.2 The amalgamated product of two finite p-groups over a cyclic subgroup is YtTp.

We are now ready to prove

T h eo rem  17.3 The amalgamated product of two finitely generated torsion-free nilpotent groups over 

a cyclic subgroup is a free extension of a \iTp-group for almost all primes p.

P ro o f: Let A ,B  6  T , a €  A, b €  B. P u t H  =  gp(a), K  =  gp(b), and suppose that <p is an 

isomorphism from H  onto K  with <p(a) =  b. Put

G = { A * B \ H  = K } .

As we know from Theorem 17.1, {Ap'}?21 and {Bp’}“ 1 are compatible-Rjp-filtrations for almost 

all primes p. Fix such a prime p. For i — 1 ,2 ,. .. ,  put

Gi = { A /A p‘ * B /B pi; H A P</A p< = I<BP>/ B p‘ }.

Let 0{ denote the homomorphism from G onto G; which extends the canonical homomorphisms from 

A  onto A /A p% and from B  onto B /B p' . By Theorem 17.2, G,- is rF p for all i.
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Suppose u is a  non-trivial element of A. Since =  1, there exists j  such tha t u £  A?1.

Therefore, Oj(u) = Uj is not trivial. Since Gj  is RFP, there is a normal subgroup TVUj. of Gj,  which 

does not contain uj,  with Gj / N Uj a finite p-group. Let K  — kerOj. Under the isomorphism between 

Gj and G /K , N u. corresponds to a subgroup N u/K ,  where TVU is a normal subgroup of G containing 

K . Since uj is not contained in N UJ, it follows that u is not contained in TVU. Moreover, G /N u is 

isomorphic to Gj /N UJ ■ Hence, G /N u is a finite p-group.

Let TV be the intersection of all normal subgroups of G of index a power of p. Then TV is a normal 

subgroup of G and, as we see from the last paragraph, TVn.A =  l  =  TVn.B. By a theorem of H. 

Neumann (see for example [16, p. 212]), it follows that TV is a free group. Next consider G /N . We 

claim that G /N  is rF p. To see this, let g N  be an element of G /N , and suppose gN  is contained 

in every normal subgroup M  of G /N  of index a power of p. Every such subgroup M  is of the 

form M / N ,  where M  is a normal subgroup of G. Note that [G : M] = [G /N  : M]. Consequently, 

modulo TV, g is contained in every normal subgroup M  of G of index a power of p. Hence, g is 

contained in TV, and gN  is trivial. Therefore, G /N  is RFp. □

If we add the condition that the amalgamated cycle is isolated, we get a stronger result.

T h eo rem  17.4 The amalgamated, product of two finitely generated torsion-free nilpotent groups over 

an isolated cyclic subgroup is &Fp for almost all primes p.

The proof of this theorem will be built-up from the following results. In a variation on a theorem of 

G. Baumslag [3] we have

T h eo rem  17.5 Let M  and C be classes of groups. Suppose that {Ai} and {£?,} are compatible- 

KM-filtrations for the amalgamated product

In addition, suppose that Gi =  { A/A{ * B /B {; H A { /A ^ K B { /B {  } is a C-group for all i. I f

G = { A * B ; H ^ K } .

OO OO

and (18)
1 = 1 1 =  1

then G w nC. JfC is a residual property, then G is a C-group.
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Proof: Let 0,- be the homomorphism from G  onto (?,• which extends the canonical homomorphisms 

mapping A  onto A/ Ai  and B  onto B /B {. Since G; is a C-group for all », it is sufficient to show that 

for any non-trivial element g in G,  there exists j  such that 6 j (g) is a  non-trivial element of Gj.

If g is contained in A  or B,  then the filtrations {A,} and {/?,■} insure th a t this is the case. Let us 

assume then tha t g  is not in A  or B.  By Propositions 2.1 and 2.2, there is a  unique positive integer 

n >  1 such tha t g  has an expression as a strictly alternating product in A  and B

g =  u i«2 • • • un.

Each «,• is an element of either A \H  or B \K .  Therefore, by condition (18), we can choose j  

sufficiently large that

ei(9)  =  0 j(« i)0 j(u 2 ) • • • Oj{un)

is a strictly alternating product in A / A j  and B / B j .  By Corollary 2.3, Oj(g) is a non-trivial element 

of Gj ,  and we are done. □

As an application of this theorem, we have the following:

Corollary 17.6 Let A, B  € T , a S A, b g B , and let G be the amalgamated product

G = { A * B ;  gp(a) =  gp(b) }.

I f  {Ai}?£j and {B ,} g j are compatible-vCFp-filtrations such that

OO OO

PI A {gp(a) = gp(a) and Q  Bigp(b) = gp(b), (19)
i= i i= i

then G is yCFp.

Proof: By Theorem 17.2, G,- is rF p for all i. □

It only remains to state the following result of G. Baumslag [3].

T heorem  17.7 Let A  €  T  and let H  be an isolated subgroup of A . Then

OO

p |  H A pi = H
i= i

for almost all primes p.
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The proof of our theorem is now immediate.

P ro o f  o f T h eo rem  17.4: Let A , B  €  7”, and a €  A, b €  B  where gp(a) and gp(b) are isomorphic 

isolated subgroups. Let G be the amalgamated product

G = { A * B ;  gp(a) — gp(b) }.

As we know from Theorem 17.1, for almost all primes p, {Ap<} ? £ 1 and {Bp } ^ 1 are compatible- 

RFp-filtrations for the amalgam. Moreover, by Theorem 17.7, for a possibly smaller collection, but 

still for all but finitely many primes p, these filtrations satisfy condition (19). Thus, Corollary 17.6 

applies, and we obtain the desired result. □

18 Free G roups

We use Theorem 17.4 to give a proof of the already known result (see [3, page 195]) tha t the 

amalgamated product of two free groups over a maximal cycle is residually nilpotent. We also 

state certain conditions under which such an amalgamated product will be residually torsion-free 

nilpotent.

It follows directly from a theorem of Baumslag [2, page 277] that

L em m a 18.1 If  F  is a free group and f  is an element of F  which is not a proper power, then there 

exists a positive integer n such that f  is not an element of 7 n+ iF , and f  is not a power modulo 

In+lF.

C o ro lla ry  18.2 For such n, gp{f^n+iF ) is an isolated subgroup of F / y n+iF.

All we require now is the following:

L em m a 18.3 I f  A  is a free group and a is an element of A  which is not a proper power, then
OO
PI SP(a) 7i\A =  gp(a) . (20)
;=i

P ro o f: Choose n so that a is not contained in 7 „+i A. For any element g contained in the left-hand 

side of equation (2 0 ), there is a  sequence of integers {a,}, and a sequence of d,- € 7 n+i'A such that

g =  a °‘di (i >  1 ). (2 1 )
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It follows tha t a " i-QJ is contained in j n+iA for all j  > i. Since A/y„+iA  is torsion-free, and a is 

not contained in 7 n+;A, it must be that a i =  a j  for all j  >  i. But then equation (21) implies tha t 

dj =  di for all j  > i. Hence, d; = di e n£Ln+17fcA =  =  1, and g e  gp(a). □

Theorem  18.4 The amalgamated product of two free groups over maximal cycles is residually nilpo­

tent.

Proof: Let A  and B  be free groups with elements a and b respectively where a and b are not proper 

powers. To simplify notation, let A„ — 7 nA  and B„ =  7 „B  for all n. By Lemma 18.1, we can 

choose n  sufficiently large that a is not a proper power modulo A„+j and b is not a proper power 

modulo 2?n+i. By Corollary 18.2 gp(aAn+i) -  gp{a) A n+i/ A n+i and gp(bBn+i) = gp(b) B„+i/B„+i

are isolated subgroups of A / A n+i and B / B n+i respectively for all i =  1 , 2 , __  Moreover, since the

latter are torsion-free, these cyclic subgroups are isomorphic via ip : a •-> b. Thus, for all * >  1 we 

can form the amalgamated products

Gi — ■{ A/An+i * B /B „ + i ; gp{a) A n+\lAn+i=  gpiff) B n+ijB n+ i}.

By Theorem 17.4, for each i, G,- is RTp for almost all primes p  and is therefore rA/\ We now apply 

Lemma 18.3 and Theorem 17.5. □

It is a long-standing conjecture that the amalgamated product of two free groups over a max­

imal cycle is residually torsion-free nilpotent. In the remainder of this section, we observe certain 

conditions under which this will be the case. We will require the following definitions and results. 

Recall tha t in a RyV-group G, the weight of a non-trivial element g is the largest natural number n 

such tha t g g 7 „G.

Definition: An element g of a RA/’-group G will be termed Labute primitive if gye+iG  is not a 

proper power in 'yeG/'ye+iG where e is the weight of g.

Theorem  18.5 (Labute [13]) Let r be a Labute primitive element of weigth e in the free group F  

on Xi, X2 , . . . ,  x q. I f  G is a 1-relator group with presentation

G — (x 1, 3:21 1 9 i r ) ,
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then the Lazard Lie ring gr(G) is isomorphic to gr(F ) /id (r je+iF). Moreover, it is additively free

'yeG/je+iG. We term this the maximum exponent of g.

Being Labute primitive is equivalent to having maximum exponent 1. Observe that if /?i, fi2, ■ ■ ■, Pp

1. the one of lower weight is Labute primitive, or

2. the weight of a is equal to the weight of b, but their maximum exponents 

are relatively prime.

P ro o f: Let A  have free basis X  =  {aq, x 2, . ..} and B  free basis Y  =  {j/i, y2, • • •}• P u t F  = A * B .

Then F  is free on X  U Y.  We select a basic sequence {/?,■} in X  U Y  with

xi < x 2 < • • ■ < yi < y2 < • • •.

We observe tha t {# }  contains basic sequences {cj} in X  and {d|} in Y  as disjoint subsequences. 

Moreover, we may assume {/?, } is ordered so that if f3s =  cj and j3t — di are both of weight n, then 

s < t .

Let wtA{a) =  e, wtB(b) = f ,  and assume without loss of generality that wtA{a) < wtB(b). Let

r  =  ab- 1  and put p = wtp(r). We can uniquely express a, b and r as follows:

abelian, and the rank of the n th homogeneous term is given by the formula

d\n  lp < » < [4 ]

(22)

D efinition: Suppose g is a non-trivial element of weight e in a free group G. Since 'yeG/~(e+iG  is 

a  free abelian group, there exists a  largest natural number m such tha t g~fe+\G  is an m th-power in

are distinct basic commutators of weight e in any basic sequence in the free generators of G, and 

g  = {3™1 ft™? ■ ■ - /3™p, then the maximum exponent of g is equal to the greatest common divisor of 

the integers m i , m 2, . . . , m p, which we denote by gcd{m\,m2, . . . , mp).

L em m a 18.6 Let a & A, b e  B  where A  and B  are free groups. Then ab 1 is Labute primitive as

an element of F  =  A *  B  if  and only if  a and b meet one of the following conditions:

a CJ!ch  ' " cJn modul°  7e+!A  or 7e+i F
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6 - 1  =  df 'df’ • • ■ df* modulo ~ff+iB or 7 /+ iF

r =  / C / C " - / C  modulo 7p+1F

where Cj,, dit , and are basic commutators of weight e, / ,  and p respectively, all contained in the 

basic sequence {/?,}, with cj1 <••• < cjn < dil < ••• < d ik and /?;, < / ? , • , < • • • <  Pip.

C ase 1 wtA{a) < wtaib).

In this case, r  =  cJ‘cj* •••cj" modulo j e+iF. The basic commutators of weight e in the basic 

sequence {Pi} in X  U Y  are linearly independent modulo 7 e+ iF. Consequently, cj' cj* ■ ■ • cj^ is not 

contained in 7 e+ iF,  and wtj?(r) = e. Thus,

P Z 'P i ? - - P ? ;  modulo 7e+1F,

where both sides of this congruence consist of ascending products of basic commutators of weight 

e in the basic sequence { P i } .  By linear independence, these products are identical; that is, n =  p, 

cjt = Pit, and 7t =  m t. The maximum exponent of r  and the maximum exponent of a are both 

gcd(m\ , . . . ,  m p). Hence, r  is Labute primitive in F  if and only if a is Labute primitive in A.

C ase 2 =  w4b (6).

Then r  =  c j‘ • • • cj^df' ■ ■ ■ df* modulo 7 e+i F. As before, by linear independence, wtp{r) = e. We 

have

= cj; ■■■cjrf; modulo je+iF, (23)

where both sides of this congruence consist of ascending products of basic commutator of weight 

e in the basic sequence {pi}. By linear independence, the right-hand side and left-hand side of 

congruence (23) must be identical. The maximum exponents of a and b are gcd(mi, m 2 , . . .  ,m„) 

and gcd(m„+i,mn+2 , . . .  ,m p) respectively. Since

gcd(mu . . . ,  m p) =  gcd(gcd(mu . . . ,  m n) , gcd(mn+1, . . . ,  m p) ) ,

the maximum exponents of a and b are relatively prime if and only if r  is Labute primitive. □
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C o ro lla ry  18.7 The amalgamated product of two free groups over maximal cycles will be resid- 

ually torsion-free nilpotent i f  the generators of the amalgamated cycles satisfy either condition of 

Lemma 18.6.

P ro o f: Let a & A, b £  B  where A  and B  are free groups with a and b not proper powers. If either 

the one of lower weight is Labute primitive, or their weights are equal but their maximum exponents 

are relatively prime, then by Lemma 18.6 a6 - 1  is Labute primitive as an element of the free group 

F  = A * B .  By Theorem 18.4, the amalgamated product G =  {A * B ',  gp{a) — gp(b)} is residually 

nilpotent. By Theorem 18.5 (Labute), G /^ nG is torsion-free for all n. Thus, the lower central series 

of G  is a residually torsion-free nilpotent-filtration of G. □
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C hapter IV

Invariants o f  1-R elator G roups

In the following chapter we prove a generalization of Theorem 18.5 (Labute) which demonstrates an 

interesting invariant of 1-relator groups. The proof relies on the theory of nilpotent P-groups and 

Lie algebras.

Let G be a finitely generated 1-relator group

G = ( x i, x 2, . . . ,  x q ; r )

and let F (X )  denote the free group on X  =  {sq, x 2, . . . ,  a;,}. As Magnus showed, free groups are 

residually nilpotent [18]. Hence, there exists a  unique positive integer e such that

r  <5 'TeF(X), r & 7 e+iF (X ) .

As defined earlier, e is termed the weight of r  and we write wt(r) = e. In the following, we will 

prove that for any positive integer n, the torsion-free rank of the nth lower central factor of G,

7nG/7„+iG,

is given by formula (2 2 ) and thus depends only on n, q, and e.
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19 Q u otien ts and C om p letion s

In Section 7, we stated that any torsion-free nilpotent group can be completed to a nilpotent V- 

group. The first thing we shall require for our proof of the invariance of torsion-free rank is a 

more detailed understanding of completions of nilpotent groups. We begin with a result relating 

completions of quotients and quotients of completions.

L em m a 19.1 I f  B  is a finitely generated torsion-free nilpotent group and Y  is any subset of B,  

then there exists a homomorphism

ip : B/gpB(Y)  — ► m B / i d ^ i Y )

with kenp =  T(B/gpB(Y)).

P ro o f: Let H  denote the quotient of B/gpB(Y)  by its torsion subgroup and let D  denote the 

nilpotent Z>-group mB/idmB(Y). We have the following commutative diagram:

B/gpB( Y ) - ^ - H

9

mB D

J 

mH

By Lemma 7.1, the composition n 2  o  7Ti induces a homomorphism m(n2 o 7 r i ) mapping mB  to mH. 

Since Y  is contained in the kernel of m(i^ o tti ), by definition id,liB{Y) is contained in the kernel 

of m(w2 o 7Tj) as well. Consequently, this homomorphism factors through D  as m(7r2 o  k\)  — n o q. 

Similarly, since Y  is contained in the kernel of q o i, this composition factors through B/gpB(Y). 

Thus, we obtain a homomorphism ip mapping B/gpB(Y)  to D  and, since 7Ti is surjective,

7T O (fi — j  O 7T2 (24)

We have only to identify kerip. Since D  is torsion-free, r ( B / gpB(Y))  is contained in the kernel 

of tp. Hence, <p factors through H.
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B/gpB(Y)   * 2 ■ H

mH
mtj>

Thus, we have <j>: H  — V D  with

tp = tj>oit2. (25)

By Lemma 7.1, <j> extends to a homomorphism mf>: mH  — > D  and

mtj> o j  =  <j>. (26)

It is clear from equation (26) that if mj> is injective, then so is <j>, in which case kerip =  r  (BjgpB (Y)) as 

desired. In fact, we will show that mf> is an isomorphism. By equations (25) and (24) no<j>oiT2 = joit2. 

Since n2 is surjective, this implies that

7T o <j> =  j .  (27)

We are now in a position to see tha t it and mtj) are mutual inverses. As a consequence of equations

(26) and (27), it o mj> o j  = j  and mj> o it o <f> = <j>. The images of j  and <f> generate mH  and D

respectively as P-groups. Hence, it o mf> and mtj) o it are the identity mappings on these respective

groups. □

Corollary 19.2

m(wn/r GfeO7))) ~
Corollary 19.3 I f  B/gpB(Y) is torsion-free, then

J  B  V
\9Pb (Y )J  ~  id n s iY Y

20 Lower C entral Factors

For any group G, the factors of consecutive terms of the lower central series are abelian groups.

Given an abelian group A, tfr(A) will denote the torsion-free rank of A,  that is the number of
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infinite cycles in the direct sum decomposition. If A  is torsion-free, then rank (A) — tfr(A). In this 

section, we establish the equality of the torsion-free ranks of the lower central factors of a torsion-free 

nilpotent group and the corresponding ranks of the lower central factors of its ©-completion.

L em m a 2 0 . 1  Let G be a group. Suppose H  is a normal subgroup of G such that all elements of H  

have finite order. I f  B  =  G /H ,  then

for all positive integers n.

P ro o f: Since B  = G /H ,

l n B  „  7nG / /  ln G n H ln+lG \
7n+lB  -  7n+lG /  Vln+lG  I I 7n+lG  J  •

Let T  denote the intersection of 7 nG /7 „+iG with H'fn+iG / ,yn+iG. Since 'fnG /^ n+iG  is an abelian 

group, it is a Z-module and possesses a direct sum decomposition

- ^  = v ® v
7 n + l  G

where U is a free Z-module and V  is a torsion module. All elements of H  are of finite order in G, 

therefore T  QV.  Hence, equation (28) implies

7„+i B  T

Thus, we see that

□

C o ro lla ry  20.2 Let G be a group, c a positive integer, and let B  denote the quotient of G fac+\G 

by its torsion subgroup. Then

for all n less than c.
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P ro o f: P u t Gc = G/'yc+iG. If n  is less than c, then 7 nGc/7 n+iGc is isomorphic to jnG /in+iG .  

By Lemma 20.1

7̂ n+l G J

L em m a 20.3 I f  B  is a finitely generated torsion-free nilpotent group, then

\7n+ i B J  \'r„+im B )

P ro o f: The proof is by induction on the nilpotency class c. If c =  1, then B  is abelian. By 

Lemma 7.1, mB  is abelian as well. Thus, we need only verify that tfr(B)  is equal to rank(mB). 

Since B  is torsion-free, it is a finitely generated free abelian group and is isomorphic to ZN where N 

is the torsion-free rank of B.  Then mB is isomorphic to 7n(Z N), which is just Q N.

Next, let c >  1 and assume the proposition is true for nilpotent groups of class less than c. We 

will begin by showing that equation (29) holds for any n strictly less than c. Let H  denote the 

quotient of B/~/cB  by its torsion subgroup. By Corollary 20.2

- * ( * & ) ■  (3o)

By Lemmas 19.2 and 8.1, mH is isomorphic to m B / j cmB. Consequently,

7 nmH ^  7  nmB 
7 „+i mH ~  7 „+i mB '

Since H  is a torsion-free nilpotent group of class c — 1 , the inductive hypothesis applies and

(31)

( ^ V, 7 „+i m H )  '

Combining this with equations (30) and (31), we obtain the desired result for n < c. It only remains 

to verify tha t </r(7 cB) =  rank(^cmB). Since 7 CB  is a finitely generated torsion-free abelian group 

tfr(-ycB) = rank(mycB ) . Moreover, by Corollary 8.2 mycB  = j cmB. □



46

21 F irst R ed u ction

We recall tha t G is a finitely generated 1-relator group

G  =  (  X 1 , xq ! r )

with uit(r) =  e relative to the free group F (X ) .  We are interested in the torsion-free ranks of the 

lower central factors of G. However, rather than working with G, we will obtain a nilpotent P-group 

H, of arbitrary class c, with the property that for all n  <  c

tea ■ -tea
Given any positive integer c >  e, let Fc = F(X)/-yc+iF(X),  the free nilpotent group of class c 

on X  = {xi,X2 , . . .  , x?}. Put p =  r 7 c+1F (X ). Then

G „  Fc 
7c+i G gpFc(p)

and wtFc(p) =  e. Since Fc is a torsion-free nilpotent group we can identify it with its image in 

the P-completion mFc, the free nilpotent P-group of class c on {x \ ,X 2 , ■ ■ ■ ,x g}. To simplify our 

notation, we will fix c. Let F  denote Fc and let E  denote the completion mF.

Let B  denote the quotient of the nilpotent group G /^ C+\G by its torsion subgroup. By Corol­

lary 2 0 .2 , for all n <  c

Moreover, since B  is a finitely generated torsion-free nilpotent group we can apply Lemma 20.3 to 

obtain

Let H  denote E /id F(p). By Corollary 19.2, mB S' H. Thus, we have proved: 

P ro p o s itio n  21.1 For alln  < c
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Since c was arbitrary, we conclude that the torsion-free rank of any lower central factor of the one- 

relator group G can be obtained as the dimension of the corresponding homogeneous term of the 

graded rational Lie algebra

for appropriately chosen c.

22 T h e Lie A lgeb ra  o f  a 1 -R elator N ilp o ten t P -G rou p

We have determined that the desired torsion-free ranks of our 1-relator group can be obtained 

from gr(H)  where H  =  E/idE(p), E  the free nilpotent ©-group of class c on {x i ,X 2 , . ■ ■ , x q}. By 

Proposition 10.1, gr(H) — gr(LogH). In light of this, we turn our attention to the Lie algebra of H. 

In this section, we demonstrate that the Lie algebra of a  1-relator nilpotent ©-group is a 1-relator 

rational nilpotent Lie algebra; tha t is, a free rational nilpotent Lie algebra quotiented by a principal 

ideal.

By Lemmas 9.4 and 9.7, since H  is the quotient E /id E(p), the Lie algebra LogH  is isomorphic 

to  LogE/Log (ids(p)).

P ro p o s itio n  22.1 Log(idE(p)) =  idiogE(\ogp).

P ro o f: P u t K  =  idE(p) and J  = idiogE(logp). By Lemma 9.4 LogK  is an ideal of LogE. Since 

it contains logp, by definition we have J  C LogK. Conversely, by Lemmas 9.5 and 9.3, exp J  is 

a ©-group ideal of exp (LogE) =  E.  It contains exp(logp) =  p, therefore K  C exp ( J ) .  Hence, 

LogK  C J, and so they are equal. □

Thus,

LogH 2  L°a f  . (32)
*4o9E(logp)

Let L  denote the free rational Lie algebra of rank q and let L c denote the quotient L / j c+\L. By 

Lemma 9.8, LogE  =  Lc. We now choose a lift of logp to L. Let tp be the isomorphism mapping L c
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onto LogE. Then we select w €  L  such that ip(w +  yc+iL) =  logp and <p induces an isomorphism

L c a  LogE
id.Lc(w +  lc+\L) idLogE{\ogp) '

(33)

Thus, LogH is isomorphic to the 1-relator nilpotent Lie algebra L c/ td ic(w + jc+iL). We make one

further observation. P u t Y  — L /idE(w). Then, using equations (32) and (33), we see that

23 Invariance o f  W eight

We will need to know th a t the weight of w as an element of L  is the same as the weight of r  in 

F (X ) .  To that end we prove

Lem m a 23.1 For c > wtE(p)

wtF(p) =  wtE(p) =  wtLogE{\ogp) =  wtL(w ) .

P ro o f: We will work from left to right. Suppose k < c. Recall that E  is the P-completion of F. By 

Corollary 8.3, j k E  fl F  = 7 *F. Since p is an element of F, p will be contained in 7 kE  if and only if 

p is an element of 7 kF. Thus, wtE(p) = wtE(p).

The next step is handled by Lemma 9.9. Since jkLogE = Logy^E, if p €  7 kE, then logp 6  

7 kLogE. Conversely, if logp € 'ykLogE, then p is contained in exp (Log^kE). Since 7 kE  is a 

nilpotent P-group, exp (Log~/kE) =  7 kE. Therefore, wtE(p) =  w tiogE{\ogp).

Since the isomorphism from L c onto LogE takes w +  7 c+iL to logp,

When we take a quotient of a group, weights can only increase. Thus, wtE(w) < wtLc{w + 7 C+\L). 

On the other hand,

Consequently, if w +  'fc+iL is contained in 7 then w 6  7 *L. Hence, wtEc(w +  7 c+ i L )  is equal 

to wtE(w). □

(34)

w tLogE{\ogp) =  wtLc(w + 7 c + ! L ) .



49

24 T h e  In du ced  Lie A lgeb ra  o f  a  1 -R ela tor Lie A lgeb ra

In consequence of Propositions 10.1 and 21.1, equation (34), and Lemma 23.1, the torsion-free rank 

of the n t>l lower central factor of our 1-relator group G will be equal to the dimension of the n th 

homogeneous term  of the graded Lie algebra

l r m  *  s r ( ^ r )

where Y  = L /id i(w ),  L  is the free rational Lie algebra of rank q, and wti{w)  =  e. Observe that as 

long as we choose c >  n, these dimensions will be the same as for

^ Y)  = s r ( u ^ ) ) -

Therefore, we now consider this Lie algebra. We will eventually see that although w is not a 

homogeneous element of L, gr(Y)  is isomorphic to a quotient of L  by the ideal generated by a 

homogeneous element. This isomorphism will be revealed through the identification of two ideals of 

gr(L).

By Lemma 11.1

j r f - M g  § r { L )  •\ i d L(w)J grL{tdL(w))

We consider two ideals of gr(L):

+  (35)
i l l  ^ + lL

and the ideal of gr{L) generated by the homogeneous element w -f 7 e+i-L

idg«L)(w + le+lL) . (36)

Since grL(idi(w)) is an ideal of gr(L) and contains w +  7 e+iL,

idg,iL)(w +  7 e + i L) C  grL(idL(w )) .

We will prove tha t these two ideals, (35) and (36), are equal in order to apply the following theorem,

which is a special case of a result of Labute’s on free Lie rings over integral domains [13].
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T h eo rem  24.1 [Labute] I f  C is a free Lie algebra of finite rank q and ut is a homogeneous element 

of C of weight e, then the rank of the n th homogeneous term of C/idc(oj) is given by formula (22) 

and hence depends only on n, q, and e.

25 T h e A ctio n  o f  th e  U n iversa l E nvelop ing  A lgeb ra

As we saw in Section 14, the adjoint representation of a Lie algebra extends to an action of the 

Universal Enveloping Algebra. We explore this action in the case of the free Lie algebra L. The 

results we obtain will allow us to characterize the ideal idi{w) and to prove the equality of our two 

ideals of gr(L).

Consider the free rational Lie algebra L  on {aq, X2 , . . . ,  x q}. As we saw in Section 12, L  possesses 

a natural grading which we denote £  =  © ~ i  Li. The universal enveloping algebra U of L  is the free 

associative algebra on {xi,Z2 , . .. , x q}. Thus, U is naturally graded, U =  Ui where U„ consists 

of all Q-linear combinations of monomials in {x \ ,X 2 , , x q} of homogeneous degree n. Also put 

U+ = U and

Un =  { «  =  « 0  +  « 1  H e  U | 0  =  U0 =  =  ••  • =  « n - l }  ( «  >  1 ) -

In U, the weight of an element is the degree of its first non-zero homogeneous component. Thus,

t/+  =  {u S U | wtu(u) > n}.

As in Section 14, let 9 denote the homomorphism of associative algebras mapping U into hom(L, L) 

which extends the adjoint map on L. For convenience of notation, we will sometimes write u * y  to 

denote 9(u)(y).

L em m a 25.1 L  =  © ^  L,- is a graded U-module under the action defined by 6.

P ro o f: U„ has a basis consisting of all formally distinct monomials in x i , X2 , . . . ,  x q of homogeneous 

degree n. Let u be a typical such monomial
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L m has a basis of all basic commutators of weight m in a basic sequence {/?,} in {x \ ,X 2 , . . ■, x q}. 

Let p  be one of these. Observe that

u * P  =  O ix ^ X i^ - 'X iJ iP )

=  (0(*il) 0 0 • • • 0 9{Xin))(P)

= (ad(xi,) o od(a;;3) o • • • o ad(xin))(P)

=  [ar,-,[aj,-a[- • • \xin,P\ • • •]]].

Thus, u *  P € Ln+m' ^

C oro lla ry  25.2 I f  u is a homogeneous element of U and y is a homogeneous element of L, then 

either u * y =  0 or else

w tL(u*y) = wtu{u) + wtL{y).

It was proved by Labute [14] that

T h eo rem  25.3 [Labute] I f  y is a non-zero homogeneous element of L  and u & U, then u * y  =  0 if  

and only if

u = ^ 2 b v -9 (v )y -v  (bv € U ) ,  (37)
V

for some finite set of v S U.

For some fixed, but arbitrary choice of elements v and bv of U, we consider the mapping from L  to 

U which takes an arbitrary element / of L  to Y lv bv • #(«)/ • v. We will refer to such mappings as 

ip-forms. The next two lemmas demonstrate several important properties of t/j-forms.

L em m a 25.4 Let z and y be elements of L  and let 'If be a ip-form. Then

1. 'i(z)  *2  =  0,

2. ^ ( 2 ) * y =  — ̂ (y )  * z.
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P ro o f: For some finite set of pairs v and b„, 'ft takes an arbitrary element I of L to £ v bv • 9(v)l ■ v.

<f>(z)*y = e f e b v - e W z - v )  (y)
\veu )

=  'Yll 0^)v -e{v)z-v){y)
«€£/

=  ^ 9 ( b v)o0(0(v)z) o0(v)(y).
veu

Since 0(v)z e  L,

0(0(v)z)(0(v)y) = ad(0(v)z)(0(v)y)

=  \0{v)z, 0(v)y] .

Since [0(v)z,0(v)z] =  0, 'I'(2 ) * 2  =  0. More generally,

® (z )* v  -  °(bv) (I0(w)*> e(w)y])
veu

= - 530 (6„)([0(v)y,0(t;)2])
veu

= - 9  f  2 2  bv ' e (v)V' v ) i z )
\veu  J

=  - 'P (y ) * 2 .

□

A V'-form \1> will be termed a homogeneous if)-form of weight n  if $ ( 2 ) is homogeneous of weight 

wt(z) +  n for all homogeneous 2  in L.

L em m a 25.5 Suppose $  is a ip-form and y is a homogeneous element of L for which 'P(y) is a 

homogeneous element o fU  of weight w t(y)+ n. Then there exists a homogeneous ip-form $  of weight 

n such that 4'(y) =  $(y).

P ro o f: For some finite set of pairs v and bv elements of U,

*(w) = ^ 2 b« ’ 9 ( v ) y v .
V

W ithout loss of generality, we may assume that the 6„’s are homogeneous elements of U. Each v is 

of the form

v = v\ + v2 H  Vi eUi
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with all but a finite number of u,- equal to zero. Since 9(y)  is homogeneous of degree wt(y) +  n, by 

Corollary 25.2

* 0 /) =  5 Z  5 1  bv -e(vi)y-V j.
v i+j^n—wHb,,)

Let $  be the map from L  to  U  taking an arbitrary element z  to

$ (S) =  5 Z  H  b„ ■ 0(Vi) z  ■ v j . (38)
v i + j= n  — wt(bv )

Then $(y) =  'l’(y). Moreover, if z  is a  homogeneous element of L, then $(z) is a sum of terms of 

homogeneous degree wt (z ) +  n. Thus, $ ( 2 ) is homogeneous of degree wt(z) + n. For each v consider 

the pairs i and j  such that i + j  = n — wt(bv). If i =  j ,  then the term

bv • 9(vi)z • vj (39)

is a ip-form. All other terms of the inner sum of equation (38) can be grouped in pairs

bv • 9(vi)z • vj + bv • 6(vj)z • u,-. (40)

where t <  j .  Since expression (39) is a V’-form and expression (40) is equal to the ip-iorm

bv ■ 0(vi +  Vj)z ■ (vi + Vj) — bv • 9(vi)z ■ vi — bv ■ 6(vj)z ■ Vj,

equation (38) can be rewritten as a sum of i/'-forms. Hence, there exists a 0-form 0  such that 

$ ( 2 ) =  $ ( 2 ) for all 2  € L. □

Given an element y € L, let y\j\ denote the homogeneous component of y of degree j .

L em m a 25.6 I f  u € U and y  € L  of weights /j and e respectively such that u * y\p + e] =  0, then 

there exists v £ U  of weight strictly greater than /1 such that v * y  =  u * y .

P ro o f: P u t =  u[p] and ye =  y[e]. We can express u and y as

u =  « e l7 + +1;

y  =  ye + y, w t ( y ) > e .

Then u * y =  u(1*ye + u ^ * y  + u * y .  By Corollary 25.2, uli*ye =  u*  y[/n +  e] = 0 .  Thus, by 

Theorem 25.3, up is equal to a 0-form evaluated at ye. Moreover, since u)t and ye are homogeneous,
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by Lemma 25.5 there exists a homogeneous V’-form $  of weight /i — e such that 'J’(ye) =  u^. Using 

Lemma 25.4

u * y  = i$(ye) * y  + u * y

= 'f’( y e ) * y - 'V ( y ) * y  + u * y

=  -^(y)*ye-^(y)*y + »*y 

=  (u - '& ( y ) ) * y .

P u t v =  (u — ®(y)). Then v * y  =  u * y  and, since wt(y) > e, wt(v) > wt(u). □

C oro lla ry  25.7 Let u and y be elements of U and L  respectively. I f  the first wt(y) +  wt(u) +  n 

homogeneous terms o f u * y  are zero, then there exists an element v in U such that wt(v) >  wt(u) + n 

and v * y  = u * y .

P ro o f: The proof is by induction on n. If we set n = 0, the proposition is identical to Lemma 25.6. 

Hence, we suppose n  >  0 and assume the proposition holds for all positive integers less than n. 

By inductive hypothesis, there exists u ' 6 U such th a t wt(u') >  wt(u) +  n  and u' *y = u * y .  If 

wt(u') > wt(u) +  n, the proposition holds. Therefore, let us assume that wt(u') =  wt(u) + n. By 

hypothesis, u' * y[wt(u') + wt(y)] = 0. Consequently, by Lemma 25.6 there exists v S U such that 

wt (v) > wt(u') and v * y  = u' *y. Hence, wt(v) > wt(u) + n and v * y  = u * y .  □

26 T h e Id en tifica tion  o f  Ideals

We view the ideal idi{w) in terms of the action of the universal enveloping algebra U on the free 

rational Lie algebra L. This will enable us to prove the equality of the ideals grL(idL{w)) and

i d gr( L ) { ™  +  l e + \ L ) .

For any element I in L, let 9(U)(l) denote the set of all 9(u)(l) for u in U. As a consequence of 

Lemma 13.1, a typical element z of idi{xv) of weight greater than e can be expressed in the form

z - 1 L j  r A l i , n j  [•' • [O.i - H  • • ’I] r i  6  Q» h , i  e  L  ■ (41)
j
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Put

u — ^ rih,”i 
j

Then, since 9 is a homomorphism of associative algebras and extends adi,  9(u)(w) = z. Moreover,

9 { x i l X i 2 • • • X i n ) ( w )  =  [a:,-,[*,■,[• • • [*,•„,«>] • • •]]]

for any monomial a;,-,*,-, •••*.•„ in {xi,X2 , . . . , a:,}. Thus, idi{w) =  6(U)(w), so tha t the action of 

the universal enveloping algebra U  defines the principal ideals of L. However, there is more we can 

say about the relationship between idi(w) and the action of U. The key to the identification of our 

two ideals of gr(L) is contained in the following result:

T h eo rem  26.1 idi{w) n  le+nL = o(u+)(w).

P ro o f: Since idi{w) (1 7 eL  =  idi(w) and Uq =  U, by the above comments we need only consider 

the case that n  >  0. By Lemma 25.1, 0(U£)(w) C idi(w) Cl 7 e+nL. For the converse, suppose y 

is an arbitrary element of idi(w) of weight e +  m  for some m  >  0. We claim th a t there exists an 

element v € L/+ such that y = v* w .  The proof of this claim is as follows:

Since idi(w) = 0(U)(w), we can find u 6  C/ such that y = u *w .  P u t k — m — wt(u). If k  = 0, 

then u e  U+ and our claim is proved. Therefore, assume fc >  0. The first wt(w) +  wt(u) + (fc — 1) 

terms of u * w  are equal to zero. Hence, by Corollary 25.7 there exists an element v G U with 

v * w  = u * w  = y  and

wt (v) >  wt(u) + k  = m .

Thus, v €  t/+  and our claim is proved.

Suppose z is contained in idL(w)r\n/e+nL for some positive integer n. Then wt(z) = e + m  > e+n.  

As we have just shown, this implies 2  £ 6(U+)(w) C 9(U+)(w). □

C o ro lla ry  26.2 grL(idL(w)) = idgr̂ L)(w +  7 e+iL).

P ro o f: Consider an arbitrary non-trivial element of

idL(w) n  7e+nL +  7e+n+lL 
Te+n+l L
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It is a coset of 7 e+n+iL

y  +  le+n+\L

with representative y 6  idi(w) Cl 7 e+nL. Since idi{w) fl 7 e+nL =  9(U£)(w), there exists v S U„ 

such tha t y = v* w .  Decomposing w and v into homogeneous terms, we have

W = U)e + We+1 H  Wi € Li

v = v„ +  un+i +  • • • V ie U i .

Then y[n + e] = v„ * we and

y + le+n+lL = y[n +  e] +  7 e+„+iL 

— Vn * We -f- 7e+n4-l- '̂ •

Since v„ G Un, it is of the form

Vn = ̂  ' SQXan ‘ ‘ ’ Xa, ®ar G Q, XQi G {27, • • • i *̂9}
a€/l

for some finite set of multi-indices A. Then the element of idgT̂ i)(we +  7 e+ iL)

^ 2  sa(a;o„ + 72L[- ■ • [lc, + 72L, We + 7e+iL] ■ • •]] 
a € A

is equal to

^ 2  So[a!a„[- ” [*<»,, W'e]-"]] + 7e+n+l£ = V„ * We + le+n+lL
a € A

= V + le+n+lL

Thus, y +  7 „+iL G idgriL)(we +  7e+i-k) =  *dgriL)(w +  7 c+iL). □

27 P r o o f  o f  th e  Invariance o f  Torsion-Free R anks

T h eo rem  27.1 Let G be a finitely generated 1-relator group, G = ( x \ ,  #2 , . . . ,  x q \ r ) ,  and let 

wt(r) =  e relative to the free group F (X )  on {2 7 , 2:2 , Then, for any positive integer n, the

torsion-free rank of the n th lower central factor of G depends only on n, q, and e.
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P ro o f: For some fixed but arbitrary positive integer c >  e, let H  =  E /id E(p) where E  is the 

free nilpotent 2?-group of class c, m (F (X ) /^ c+ iF(X)),  and p =  r^c+\F (X ) .  Let n  be a positive 

integer less than c. In Proposition 21.1, we saw that tfr{^nGI^„+iG) is equal to the dimension of 

the n th homogeneous component of gr(H). Since H  is a  nilpotent Z>-group, by Proposition 10.1 

gr(H) 9i gr(LogH). The Lie algebra of a  quotient is isomorphic to the quotient of the Lie algebras. 

Thus,

LogH Si L°gE
Log (idE(p)) '

By Lemma 22.1, Log (idE(p)) is equal to the ideal of LogE  generated by logp. Therefore

LogH Si L°gE  . 
idLogE(logp)

LogE is a free rational nilpotent Lie algebra of class c and rank q. Hence, it is isomorphic to L/~fc+iL  

where L  is the free rational Lie algebra of rank q. Thus,

LogH ~  idL( w ) / lc+l ( t d L(w))

where to is a lift of logp. Consequently, since n is less than c, tfr{^nG/ 7 „+iG) will be the dimension 

of the nth homogeneous component of the graded Lie algebra

9r ( id L(w ))  '

As a consequence of Corollary 26.2

 .
\xdL(w)J tdgriL)(w + 7e+iL)

By Corollary 12.2, gr(L) is a free rational Lie algebra of rank q, and by Lemma 23.1, w +  7 e+iL 

is a homogeneous element of gr(L)  of weight e. By Theorem 24.1 (Labute), the rank of the n th 

homogeneous component of gr(L)/idgr̂ L)(w +  7 e+iL) is given by formula (22). Hence,

and thus depends only on n, q, and e. □



B ibliography

[1] G. Baumslag. Lecture notes on nilpotent groups, American Mathematical 
Society (1970).

[2] G. Baumslag. Residual nilpotence and relations in free groups, Journal of 
Algebra 2, 3, (1965), 271-282.

[3] G. Baumslag. On the residual finiteness of generalized free products of nilpo­
tent groups, Trans. Amer. Math. Soc. 106 (1963), 193-209.

[4] G. Baumslag. On generalized free products, Math. Z. 78 (1962), 423-438.

[5] G. Baumslag. Some aspects of groups with unique roots, Acta. M ath. 104 
(1960), 217-303.

[6] P. M. Cohn. On the free product of associative rings, Math. Zeitschr. 71 
(1959), 380-398.

[7] K. W. Gruenberg. Residual properties of infinite soluble groups, Proc. Lon­
don Math. Soc. (3) 7 (1957), 29-62.

[8] P. Hall. A contribution to the theory of groups of prime-power order, Proc. 
London Math. Soc. 36 (1933), 29-95.

[9] G. Higman. Amalgams of p-groups, Journal of Algebra 1 (1964), 301-305.

[10] N. Jacobson. Lie Algebras, Interscience Tracts in Pure and Appl. Math., 
vol 10, Interscience, New York, 1962.

[11] S. A. Jennings. The group ring of a class of infinite nilpotent groups, Canad. 
J. Math. 7 (1955), 169-187.

[12] A. G. Kurosh. The theory of groups, Vols. I,II, Chelsea, New York, 
(1955),(1956).

[13] J. P. Labute. On the descending central series of groups with a single defin­
ing relation, Journal of Algebra 14 (1970), 16-23.

[14] J. P. Labute. Free Lie algebras as modules over their enveloping algebras, 
Proceedings of the Amer. Math. Soc. 68, Number 2 (1978), 135-139.

[15] M. Lazard. Sur les groupes nilpotentes et les anneaux de Lie, Ann. Sci. Ec. 
Norm. Sup. (3) 71 (1954),101-190.

[16] R. C. Lyndon and P. E. Schupp. Combinatorial group theory, Springer 
Verlag, Berlin, (1977).

[17] W. Magnus. Beziechungen zwischen Gruppen und Idealen in einem 
speziellen Ring, Math. Ann. I l l  (1935), 259-280.



[18] W. Magnus. Combinatorial group theory: Presentations of groups in terms 
of generators and relations, Dover Publications, New York, 1976.

[19] A. I. Mal’cev. On a class of homogeneous spaces, Izv. Akad. Nauk SSSR Ser. 
Mat, 13 (1949), 9-32; English transl., Amer. Math. Soc. Transl. (1)9(1962), 
276-307.

[20] A. I. Mal’cev. Generalized nilpotent algebras and their adjoint groups, Mat. 
Sb. 25 (67) (1949), 347-366.

[21] A. I. Mal’cev. Nilpotent torsion-free groups, Izv. Akad. Nauk SSSR Ser. 
Mat, 13 (1949), 201-212.

[22] B. H. Neumann. An essay on free products of groups with amalgamations, 
Philosophical Transactions of the Royal Society of London Series A. M ath­
ematical and Physical Sciences No. 919 Vol. 246 (1954), 503-554.

[23] I. N. Stewart. An algebraic treatment of Mal’cev’s theorems concerning 
nilpotent Lie groups and their Lie algebras, Comp. Math. 22 (3) (1970), 
289-312.


