INFORMATION TO USERS

This manuscript has been reproduced from the microfilm master. UMI
films the text directly from the original or copy submitted. Thus, some
thesis and dissertation copies are in typewriter face, while others may
be from any type of computer printer.

The quality of this reproduction is dependent upon the quality of the
copy submitted. Broken or indistinct print, colored or poor quality
illustrations and photographs, print bleedthrough, substandard margins,
and improper alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a complete
manuscript and there are missing pages, these will be noted. Also, if
unauthorized copyright material had to be removed, a note will indicate
the deletion.

Oversize materials (e.g., maps, drawings, charts) are reproduced by
sectioning the original, beginning at the upper left-hand corner and
continuing from left to right in equal sections with small overlaps. Each
original is also photographed in one exposure and is included in
reduced form at the back of the book.

Photographs included in the original manuscript have been reproduced
xerographically in this copy. Higher quality 6" x 9" black and white
photographic prints are available for any photographs or illustrations
appearing in this copy for an additional charge. Contact UMI directly
to order.

UMI

A Bell & Howell information Company
300 North Zeeb Road. Ann Arbor. M 48106-1346 USA
313:761-4700 800.521-0600






/!
Invariants of 1-Relator Groups
and
Residual Properties of
Amalgamated Products

by

Elizabeth R. Schneider

A dissertation submitted to the Graduate Faculty in Mathematics in partial fulfillment of the re-
quirements for the degree of Doctor of Philosophy, The City University of New York

1995



UMI Number: 9530917

Copyright 1995 by
Schneider, Elizabeth Ruth

All rights reserved.

UMI Microform 9530917
Copyright 1995, by UMI Company. All rights reserved.

This microform edition is protected against unauthorized
copying under Title 17, United States Code.

UMI

300 North Zeeb Road
Ann Arbor, MI 48103



©1995
Elizabeth R. Schneider
All Rights Reserved

it



iii

This manuscript has been read and accepted for the Graduate Faculty in Mathematics in satis-
faction of the dissertation requirement for the degree of Doctor of Philosophy.

7 o .
Lonl 5 1995 /4/%/// ﬁ@mﬂ;&fy

Date / / CHair of Examining Committee”
— -~
bt $ 1998 v
Date ' ’ Ea%c/utive Officer !

Prof. G. Baumslag

Prof. A. Heller

Prof. A. Vasquez

Supervisory Committee

The City University of New York



iv
Introduction

This work is concerned with properties of the lower central series of finitely generated l-relator
groups and amalgamated products. It was motivated by the results and techniques of W. Magnus
and A. 1. Mal’cev, specifically by Magnus’s proof that free groups are residually torsion-free nilpotent
and Mal’cev’s proof that the free product of two residually torsion-free nilpotent groups is residually
torsion-free nilpotent. Mal’cev’s theorem naturally leads to the question of under what circumstances
an amalgamated product of two residually torsion-free nilpotent groups will again be residually
torsion-free nilpotent. In light of the result of Magnus, a special case of this is the question of when
the amalgamated product of two free groups will be residually torsion-free nilpotent. In particular,
it was conjectured by G. Baumslag in the 1960s that the amalgamated product of two free groups
over an isolated cyclic subgroup will be residually torsion-free nilpotent.

After an introduction to various basic definitions and background material in Chapter I, these
questions about amalgamated products are considered in Chapters II and III. We use the notation
N to denote the class of nilpotent groups, 7 to denote the class of finitely generated torsion-free
nilpotent groups, and RN and RT for residually nilpotent groups and residually finitely generated
torsion-free nilpotent groups respectively. In addition to these classes of groups, we consider groups
in which extraction of roots is unique whenever possible and residually finite p-groups. We denote
these classes by U and RF, respectively. These classes are related as follows: KT C U, RF, C RN,
and RT C RF,, for all primes p.

In Chapter II we give several sets of necessary conditions for the amalgamated product of two
U-groups to be a U-group. In Chapter III we begin with amalgamated products of finitely generated
torsion-free nilpotent groups over cyclic and isolated cyclic subgroups. We prove that the latter
will be RF,, for almost all primes p. We then consider amalgamated products of two free groups
over isolated cyclic subgroups. Using a theorem by J. P. Labute on 1-relator groups, we affirm the
validity of Baumslag’s conjecture in a large class of special cases.

The above result of Labute’s concerns the Lazard Lie ring of a finitely generated 1-relator group G.



Considering the relator r as an element of the free group F' on the generators of G, the theorem
states, in part, that if r is not a proper power modulo Yyr)+1F, then the lower central factors
of G are free abelian and there is a formula for their ranks which depends only on the number of
generators and the weight of the relator.

The main result of this work is a generalization of Labute’s theorem. We prove that the torsion-
free ranks of the lower central factors of any finitely generated l-relator group depend only on the
number of generators and the weight of the relator. This is the subject of Chapter IV. The proof

relies on the theory of nilpotent D-groups and Lie algebras.
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Notation

HxG
H<LG
HQG
G/H
G\H
gp(X)
9r6(X)
¥

[z, 4]
[H, K]
172G
G
(X; R)
{AxB; HEK}
AxB
Fp

gr(A)
Al1

viii

H is isomorphic to G

H is a subgroup of G

H is a normal subgroup of G

the quotient group of G by the normal subgroup H
the set of elements of G which are not contained in H
the smallest subgroup of G containing the subset X

the smallest normal subgroup of G containing the subset X

vy lzy

z=ly~lzy

go({Ih, k] | heH, ke K})

i, 6]

[7a-1G, G], the n** term of the lower central series of G

the presentation for a group with generators X and relators R

the amalgamated product of A and B identifying H with K

the amalgamated product of A and B over the subgroup ANB =H
the class of finite p-groups

the class of nilpotent groups

the class of finitely generated torsion-free nilpotent groups

the class of groups which are residually M-groups for some class M
the torsion subgroup of the (nilpotent) group G

the class of groups in which n*#-roots are unique whenever they exist
the class of groups in which n**-roots are unique and always exist
the smallest D-group ideal of D containing the subset X

the smallest ideal of the Lie algebra L containing the subset J

the natural numbers {0,1,2,...}

the integers

the positive integers

the rational numbers

the rational group ring of G

augmentation ideal of the rational group ring of G

Do, 7}:!4;, the graded algebra associated to the lower central series of A

the commutation Lie algebra of the associative algebra A



Chapter 1

Preliminaries

1 Presentations

We define free groups and presentations of groups.
Let G be a group and suppose X is a subset of G. Let gp(X) denote the smallest subgroup of G

containing X. Then

gp(X) = {z§!zi?---z» | n 20, 7, € X, ¢; = %1, j € N}.

g

If this is in fact all of G, then we say that the set X generates G. Every group has generating sets
since we may always take all of G as the generating set of G.

Let w be an element of gp(X). Then w possesses an expression of the form

w=x§l‘x§:---z§:. (1)

When we wish to refer to the expression (1) for w as opposed to the element of the group G
represented by this expression, we will speak of the word w. If the expression (1) has the property
that whenever z;; = z;,,, then ¢; + ¢4, # 0, then we say that this word is freely reduced. Suppose
G is generated by X C G and every non-empty, freely-reduced word is different from the identity.
Then we say G is a free group, freely generated by X, or that G is free on X. In this case, we may

also refer to X as a basis for the free group G.



Free groups possess the following unsversal mapping property:

Theorem 1.1 Let F be a free group on X. For any group G and any set map o of X into G there

ezists a unique homomorphism of groups ¢ : F — G such that p(z) = o(z) for all x in X.

We note that this theorem serves as an alternate definition for free groups. In fact, we can replace
the word group in all its occurrences to define free objects in other categories. For example, a free
associative algebra A on a set X is an associative algebra A together with a subset X of A such
that X generates A as an algebra and any set map o from X to an associative algebra B extends
uniquely to a homomorphism of associative algebras from A to B.

Given any set X, there always exists a free group with basis X and as we remarked earlier, every
group G possesses a generating set. Thus, by the universal mapping property for free groups, for
any group G there exists a free group F' and a homomorphism ¢ mapping F onto G. The First

Isomorphism Theorem states that

Theorem 1.2 If § is a homomorphism mapping a group H onto a group G, then the kernel of 6 is

a normal subgroup of H and H/kerf = G.

Consequently, every group G is isomorphic to a quotient of a free group. A presentation is a means
of defining a specific group as the quotient of a free group. Let F be the free group on X and let
R C F. We write

G=(X; R) (2)

to express that G is isomorphic to the quotient group F/gpp(R) where gpp(R), the normal closure
of Rin F, is the smallest normal subgroup of F containing R. The elements of R are called defining
relators.

Some classifications of groups depend on how they can be presented. If G possesses a presenta-
tion (2) in which the set X is finite we say G is finitely generated. If both X and R are finite, then

G is finitely presented. If R consists of a single element, G is termed a 1-relator group.



2 Amalgamated Products

We define amalgamated products of groups and state two classic results on normal forms and length.
Let A= (X ; R) and B= (Y ; S) be presentations of two groups. Suppose A and B contain
subgroups H and K respectively and i is an isomorphism mapping H onto K. Then the group

given by the presentation
G=(XUY; RUSU{hp(h)™' | ke H})
is called the amalgamated product of A and B amalgamating H with K according to ¢. It is denoted
G={AxB;HZK} or AxB.

If H and K are trivial, then G = A x B, the ordinary free product of A and B.
It turns out that A and B inject into G. For convenience, we can identify A4 with the subgroup

of G generated by X, and B with the subgroup of G:
(YUH ; SU{hp(h)™' |he H})

and take the point of view that ANB = H.

As in the case of free groups, amalgamated products possess a universal mapping property. If C
is any group with « and 3 a pair of homomorphisms mapping A to C and B to C respectively such
that a(h) = B(p(h)) for all h in H, then there exists a unique homomorphism mapping G into C
which simultaneously extends a and 3. In the terminology of Category Theory, the amalgamated
product is a push-out in the category of groups.

We will employ the following two results on amalgamated products. For their proofs and further

discussion of this material we refer the reader to [22].
Proposition 2.1 (Schreier, 1927) Suppose G is an amalgamated product,
G = AxB.
H

Let S, be a set of left coset representatives of A modulo H in which the identity is the representative

of the coset H. Similarly, let Sg be a set of left coset representatives of B modulo H which contains 1.



Then every g € G can be expressed uniquely in the form
g =818+ 8h 3)
where
1. each s8; € S, U Sp — {1},
2. no two adjacent components s;,8;4+1 are contained in the same factor of G, and
3. he H.

We will say that the right-hand side of equation (3) is the normal form of g, and that k is the length

of the normal form of g, which we denote {(g).
Proposition 2.2 Let G be an amalgamated product as above. If g€ G and
g=Gq192"" Gk (4)
where k > 1 and adjacent terms g;,g;+1 are never contained in the same factor, then
lg) =F.

Note that it is implicit in the hypothesis of Proposition 2.2 that if G = A;“,B, then each g; in the
product (4) is an element of either A\H or B\ H. Products with this property are said to be strictly

alternating.

Corollary 2.3 In an emalgamated product G = A;“,B, every strictly alternating product

g=9gi192** gk, k>1

18 different from the identity.

3 Residual Properties and Nilpotent Groups

Given a class of groups C, it is natural to ask when C will be closed under formation of amalgamated

products. Our investigations focus on groups which are residually nilpotent, a property which may



be defined using the lower central series, and the closely related class of residually finite p-groups.
We remind the reader of the following basic definitions (see [1]).

A property of groups will be called abstract if it is closed under isomorphism. Let M be an
abstract property or class of groups. Then we say that a group G is residually M if for every non-
trivial element g of G there is a homomorphic image H, of G such that H, is an M-group and the
image of g in Hj is not the identity. Thus, we can think of G as approximated by the collection of
M-groups {Hy},eci. Equivalently, G is residually M if for each non-trivial element g there exists
a normal subgroup N, of G such that g is not contained in Ny, and G/N, has the property M.
For example, G is residually a finite p-group for some prime p, and we write G € RF}, if for any
non-trivial g in G there is a normal subgroup N, of G such that g € N, and G/Nj is finite with
order a power of p.

Let G be a group. Given two elements z and y, the commutator of x and y is

[z, 9] =2~y zy.

Given two subgroups H and K of G, let [H, K] denote the subgroup of G generated by the set
{[h,k] | h € H,k € K}. The terms of the lower central series of G are defined recursively as

follows:

nG

G

[7nG’ G] (" >1).

Tn1G
In consequence of this definition, ;G is a normal subgroup of G for all ; and
G=1G27G>2---27G>---.

A group is said to be nilpotent of class ¢ if 7.41G = {1} and ¢ is the smallest natural number
with this property. Nilpotent groups may be viewed as a generalization of the non-identity abelian
groups, which are nilpotent of class 1. In some sense they are also a generalization of finite p-groups,
which are always nilpotent. Consequently, the class of residually finite p-groups, RF, is contained

in the class of residually nilpotent groups, which we denote R\,



If G is nilpotent, then for any prime p, the elements of order a power of p constitute a normal
subgroup of G called the Sylow p-subgroup of G. The elements of finite order form a normal subgroup
which is a direct sum of the Sylow p-subgroups of G. This subgroup is termed the torsion subgroup
of G and is denoted 7(G). Finitely generated nilpotent groups satisfy the mazimal condition; that is,
they can have no infinite properly ascending chain of subgroups. This is equivalent to the condition
that all subgroups are finitely generated. Consequently, if G is a finitely generated nilpotent group,
then 7(Q) is finite. Moreover, if {g1,92,...,9n} is any finite se; of elements of finite order in a
nilpotent group, then gp(gi,gz2,...,gn) is finite (see [1, page 1]). Clearly, for any nilpotent group G,
G/7(G) is a torsion-free nilpotent group. We shall let T denote the class of all finitely generated
torsion-free nilpotent groups. If G can be approximated by groups which are not merely nilpotent,
but torsion-free nilpotent, then we say G is residually torsion-free nilpotent.

It is easy to see that

Lemma 3.1 If HA G, then

7 (G/H) = ((+G)H)/H.

Thus, as a corollary to Lemma 3.1, the quotient group G/v;G is always nilpotent. More generally,

we have:

Corollary 3.2 Let N be a normal subgroup of G. Then G/N is nilpotent if and only if v(G) C N

for some i < 0.

Theorem 3.3 A group G is residually nilpotent if and only if the terms of the lower central series

of G have trivial intersection.

Proof: Beginning with the forward direction, let S be the set of all normal subgroups N of G such
that G/N is nilpotent. By Corollary 3.2, for any N in $, there exists n < oo, such that 7,G is
contained in N. Since the intersection of the terms of the lower central series of G will be contained

in v,G for any n,

ﬁ %G C n N.
i=1

Nes



Since G is residually nilpotent, for any nontrivial element g, there is a subgroup N in S with g & N.
Hence, the subgroups contained in the collection S have trivial intersection and therefore so does
the lower central series of G.

Conversely, if (i2; 7:iG = {1}, then, given any non-trivial element g of G, there must be some
term of the lower central series which does not contain g. Since the quotient of G' by any term of
its lower central series will be nilpotént, G is residually nilpotent. O
Thus, if G is residually nilpotent, then for any non-trivial element g of G there is a unique positive
integer e such that

g€ 1G, g E&rer1G.
We term such an e the weight of g and we write wtg(g) = e, or simply wt(g) = e, when there is no

ambiguity.

4 Commutator Identities and Basic Sequences

Commutation defines a non-associative binary operation on a group. We note the following identities

for commutators which were first introduced by P. Hall. We use the notation z¥ for y~lzy.

[a,bc] = [a,c][a,b][[a,b],¢] (5)
[ab,c] = [a,c][[a,c],b] [b,C] (6)
1 = [[a,b],ca] [[01 a]’ bc]“ba C]aab] (M

Any matched arrangement of brackets can be interpreted using commutation. We define a bracket
arrangement of weight n recursively as follows. The unique bracket arrangement of weight 1 is [+].
A bracket arrangement of weight n is obtained as the commutator of two bracket arrangements
of weight I and m respectively where ! + m = n. If 3 is a bracket arrangement of weight n and
@1,02,...,a, are any elements of G, not necessarily unique, then 3{(a;,az,...,a,) is said to be a
commutator of weight » in a),az,...,a,.

There are particular sequences of commutators in the generators of a group which prove to be

very useful. In order to define these basic commutators, we must begin with a simpler structure



than a group. A groupoid is a set with a binary operation. Unlike a semigroup, the product in a
groupoid need not be associative. If Z is the finite set {zy,22,...,2,}, then the elements of the free
groupoid G on Z consist of all properly bracketed strings of z’s. Two such elements will be equal
if and only if they are identical. Thus, for any element g of G there is a well defined length I(g),
namely, the number of z’s which appear in g. We further observe that if I(g) > 1, then there exist
a unique pair of elements u and v of G such that g = uv.

A sequence by, b, ... of elements of G is termed a basic sequence in Z if it meets the following

three conditions:
1. z,2s,...,2, are contained in the sequence.
2. ¥ 1(b;) < 1(b;), then i < j.

3. If u € G and I(u) > 1, then u is contained in {;}$2, if and only if u = b;b;
where j < ¢ and, if the I(b;) is greater than 1, b; = bjbx, where k£ <! and

jZk.

If T is any groupoid with finite generating set X = {zy,z2,...,24}, then the map 2; — z; defines
a homomorphism &f groupoids @ from G to I'. A sequence of elements of T is called a basic sequence
in X if it is the image under 8 of a basic sequence in Z. Suppose G is any group with finite generating
set X = {x1,2s,...,2,}. We observe that G is a groupoid under the operation f - g = [f,g]. We
term the elements of a basic sequence in X basic commutators.

As a result of the commutator identities (5), (6), and (7), the commutators of weight n in
any basic sequence {8;}2, in X generate v,G modulo %,+;G. Moreover, if G is free on X then
YnG/¥n+1G is a free abelian group freely generated modulo 4,4, G by the basic commutators of

weight n in any basic sequence in X (see [1, page 37]).



5 Group Rings and the Augmentation Ideal

The group ring of G over the rational numbers, QG, is a vector space over Q with the elements of
the group G as basis. A typical element is of the form

Z Teg

9€G

where all but finitely many of the coefficients r; € Q are zero. Addition is coordinatewise. Multi-

plication is defined by

(z ) (z) CY S s

gEG gEG g€G zy=g

which is known as Cauchy multiplication. There is a homomorphism ¢ from QG to Q defined by

: (z) Y,

g€G geG

The kernel of this augmentation map is called the augmentation ideal, and we denote it by IG.

6 Lie Algebras and Gradings

We define Lie algebras, giving the example of the commutation Lie algebra of an associative algebra,
and discuss the category of graded Lie algebras.
Let K be a field. An algebra A over K is a K-vector space with a bilinear multiplication *; that

is, for u,v, and win A and k in K,

ux(v+w) = uxvtusw
(v+w)xu = viu+twxu

k(uxv) = (ku)*v=ux*(kv).

If this multiplication is associative, then we say that A is an associative algebra. If the multiplication

satisfies the conditions that u*u = 0 for all u in 4 and the Jacobi identity
(usv)*w+ (vrw)*u+ (wHu)xv =0,

then A is termed a Lie algebra.



10

Given any associative algebra 4, we can define a Lie algebra A! '] called the commutation Lie al-
gebra. Addition and scalar multiplication are unchanged. The new Lie algebra bracket multiplication
is defined by

C[uv)=urv—vxu

If X is a subset of an algebra A over a field K, then we say that X generates A as an algebra
if every element of A may be expressed as a K-linear combination of products of elements of X.
Free objects exist in the categories of associative and Lie algebras. We term X a basis of a free Lie
algebra L over K if X is a subset of L which generates L as an algebra and if any set map from X
to a Lie algebra A over I extends to a unique Lie algebra homomorphism from L to A.

Whether L is a free Lie algebra over K or a free nilpotent Lie algebra over K or a free object in
some other category of Lie algebras, a free basis for L should not be confused with a vector space
basis for L. In the case of a free basis X, not only do we have the appropriate universal mapping
property, but we are not limited to linear combinations of elements of X for the generation of L.

An algebra A is said to be graded if it possesses a direct sum decomposition @;-, 4; such that
Ai * A; © Aiyj. The elements of A; are termed homogeneous of degree i and every element u of
A has a unique expression of the form @ = a; + a2 + : - where a; € A; and all but a finite number
of the a; are equal to zero. We term the a; homogeneous components of a. If A = @;2, A; and
B = @;2, B; are graded algebras over K, then  mapping A to B is a homomorphism of graded
algebras if it is an algebra homomorphism with ¢(4;) C B; for all i. An ideal J of A is said to be

homogeneous if, in the decomposition of any element j of J
i=h+ja+-  Ji €A,

we have j; € J for all i. Equivalently, J = @2, J N A;.
For clarity, we now restrict ourselves to Lie algebras. However, all statements apply equally to
associative algebras after suitable change of notation. For further details, we refer the reader to [10].

Given an arbitrary Lie algebra A, if there exist subspaces

A=02J2 2



11

such that [J;,J;] C Jitj, then we say that {J;}$2, is a filtration in A. We can use such a filtra-

=1

oo
i=1

tion to construct a graded Lie algebra by taking the vector space @;-, Ji/Ji+1 and imposing the
multiplication
lai + Jix1,05 + Jina] = [aiy a5] + Jiv i
As an example of a filtration, we introduce the lower central series of a Lie algebra A. If A; and
Ay are subspaces of the Lie algebra A, we define [A4;, A;] to be the subspace spanned by all products

[a1,a2] with a; € A;. We define the lower central series of a Lie algebra using the same notation as

for a group:
naA = A
A = [AA]
MmA = [m-14, 4] na>1

A is termed nilpotent if 4,4 = 0 for some finite n, and residually nilpotent if NS ;~v,4 = 0. The
lower central series is a filtration, and we denote the graded algebra associated to this filtration by

T TnA
n=1 ')’n+1A

gr(4) =

We will refer to gr(A) as the associated graded algebra or the associated Lie algebra of A.

7 Groups with Unique Roots

We state the definitions of U-groups, D-groups, and D-group ideals, and introduce the Mal'cev
completion of a torsion-free nilpotent group (1, 5].

In a group G, if there exists a solution to the equation
z"=g

where n is a positive integer and g € G, then we term such a solution an n**-root of g. A group G is
termed a U-group if, for any n € Z*, n'h-roots are unique whenever they exist. That is, if f,g € G,

and
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then f = g. A group G is a D-group if it contains unique n*?-roots for all of its elements for all values
of n. We note that all residually torsion-free nilpotent groups are U-groups [1, page 10}. Thus, if an
amalgamated product is to be residually torsion-free nilpotent, it must certainly be a U-group.

Given a subset S of a D-group D, let idp(S) denote the smallest normal subgroup of D containing
S such that the quotient group D/idp(S) is a D-group. If N is a normal subgroup of D such that
D/N is a D-group, then we term NN a D-group ideal. Thus, idp(S) is the smallest D-group ideal of
D containing S.

Any torsion-free nilpotent group B can be embedded in a nilpotent D-group mB. This is the
Mal’cev completion of B and it is unique up to isomorphism. We will generally identify B with its
embedded image in mB. The Mal’cev completion possesses the following properties (see [21] and [1,

pages 18,49)):
Lemma 7.1 Let A and B be torsion-free nilpotent groups. Then
1. mB is a nilpotent D-group of the same nilpotency class as B.

2. Any homomorphism 0 mapping A into B can be extended uniquely to a

homomorphism mf mapping mA into mB.

3. Any element of mB haes a non-trivial power which lies in B,

8 Completions and the Lower Central Series

In this section we establish several results regarding completions of nilpotent groups and the lower
central series.
Unlike ordinary D-groups, the terms of the lower central series of a nilpotent D-group are D-group

ideals [21]. We use this property to prove the following;

Lemma 8.1 If B is a finitely generated torsion-free nilpotent group of class c, then

idg(7:B) = vemB.
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Proof: Since mB/v;mB is a D-group and v B C vmB, we know that id,.5(vB) is contained in
~xmB. For the other containment, we use descending induction on k. For any group G and any
positive integer n, v,G is generated modulo 7,41 G by the set of all commutators of weight n in the
elements of G. By Lemma 7.1, mB is nilpotent of class ¢ and every element of mB has a non-trivial
power lying in B. Therefore, y.mB is generated by commutators of the form w = f(ay,...,a.)
where 3 is any bracket arrangement of weight c and af"* € B for some a; € Z*. Since mB is nilpotent
of class c,

W = ﬁ(alal"" ,Gg‘) € 'YcB-

Thus, w € idy,p(v.B) and consequently vcmB C idng(7.B).
Next we assume that the proposition holds for all terms of the lower central series beyond k < c.
vxmB is generated modulo 441 mB by commutators of the form w = f(ay,...,ar) where 8 is any

bracket arrangement of weight k and o’ € B for some o; € Z*. In this case,
w ' = B(af,...,ap*) modulo Y41 mB.

By the inductive hypothesis, yg+1mB = idmp(vk+1B), which is contained in id,g(vrB). Hence,
wo % € id,p(y,B) and therefore w € idng(v+B). O

Since we are identifying B with its image in mB, we consider that, for any subgroup H of B,
the completion mH is a subgroup of mB. In fact, mH can be defined as the collection of elements
of mB which have a non-trivial power lying in H (see [21]). It follows from a result of Plotkin (see
[12, page 254]), that if H is a normal subgroup of B, then mH is a normal subgroup of mB. In
particular, my, B is a normal subgroup of mB and therefore my,B = idn5{vB). Lemma 8.1 then

has the following corollaries:

Corollary 8.2 With B as above, myiB = ~vmB.
Corollary 8.3 If F is a free nilpotent group of class ¢, then vymF N F = . F.

Proof: By Corollary 8.2, i mF N F = my,F N F. Since F/4F is torsion-free, myFNF = v F. O



14
9 Nilpotent D-Groups and Lie Algebras

We discuss the correspondence between nilpotent D-groups and rational nilpotent Lie algebras. In
particular, we examine the behavior of free nilpotent D-groups and the lower central series under
this correspondence.

The importance of nilpotent D-groups can be seen in the following theorem. The finitely gener-
ated case was proved by Mal’cev [21]. The infinitely generated case follows from a generalization by

Lazard of Jennings’ Theorem (see [1, pages 47-52]).

Theorem 9.1 There is an equivalence between the categories of nilpotent D-groups and rational

nilpotent Lie algebras.

One method of realizing this equivalence is due to Jennings. What follows is a brief summary of
some of his results [11]. He proved that if G is a finitely generated torsion-free nilpotent group, then
the rational group ring of G, QG, is residually nilpotent as an augmented algebra. In other words,
if IG is the augmentation ideal of QG, then

oo

N G" =o.

n=1
In consequence, we can form the IG-adic completion @ of QG. @ may be identified with a ring
of “power series”

[ o]
r=ro+2r,' o € Q, r; € IG* (F>1).
i=1

We can then use the ordinary power series expansion of the log and exp functions

2,3 4

log(l+z)=z—%+%—_%+...
2,3 4

exp(z)=1+z+£27+;—|+.}+...

to define 1—1 mappings from 1 +1G to IG and from IG to 1 + G respectively. As usual, exp and log
are inverses. We restrict our attention to G as a subset of 1 4 1G. Let LogG denote the Q-subspace

of QE’ spanned by {logg | g € G}. Jennings proves {11, page 186]:
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Theorem 9.2 LogG s a nilpotent Lie subalgebra of the commutation Lie ring @I '].

We will refer to LogG as the Lie algebra of G. We can impose a group structure on LogG by the
Baker-Campbell-Hausdorff formula [1, 10). This formula expresses z = log{exp z - expy) in terms of

z and y. According to it,

z= ihi(w,y)

1=0

where h;{x,y) is a rational linear combination of Lie brackets of weight  in = and y. The first several
terms are

1
z=z+y+ 5[m,y]+---.
The product loga *logb is defined as Yo, hi(log a,log b). It follows that
exp(loga xlogb) = a- b.

If G is a finitely generated torsion-free nilpotent group, then exp(LogG) is the Mal’cev completion
of G [1, page 50]. If G is a nilpotent D-group, then (LogG, *) = G. Thus, log and exp move us between
the categories of torsion-free nilpotent groups and rational nilpotent Lie algebras. We assume the
following results concerning this correspondence [23, page 305). In each case, D is a nilpotent

D-group and L is a rational nilpotent Lie algebra.

Lemma 9.3 exp(LogD) =D and Log(expL) =L
Lemma 9.4 If H is a D-group ideal of D, then LogH is an ideal of LogD.
Lemma 9.5 If M is an ideal of L, then exp M is a D-group ideal of exp L.

Lemma 9.6 Given nilpotent D-groups A and B, any homomorphism p mapping A into B induces a

homomorphism of rational Lie algebras ©* from LogA to LogB, and the following diagram commutes:

Aa—*% . p
log log
LogA LogB
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Lemma 9.7 If H is a D-group ideal of D, then

DY _, LogD
Log (E) " LogH ’

Next, we examine the Lie algebra of a free nilpotent D-group.

Lemma 9.8 Suppose E is a free nilpotent D-group of class ¢ with basis {z,,x2,...,2,}. Then LogE

is a free rational nilpotent Lie algebra of class ¢ with basis {log z,,...,logz,}.

Proof: First we verify that logz,,...,logz, generate LogE as a rational Lie algebra. LogF is the
rational linear span of the set of all log g such that g is an element of the group E. Any non-trivial
Qpn

g € E may be expressed as a product in {z1,z,...,2¢}, g = ! -+ z]

ir, with each a; a non-zero

integer. Since logg = a; log z;, *: -+ x ap log z;,, by the Campbell-Baker-Hausdorff formula, log g is
a rational linear combination of brackets in log zi,...,logz,.
Next we demonstrate that this set of generators possesses the correct mapping property. Suppose

L is a rational nilpotent Lie algebra of class less than or equal to c¢. Then any set map
x; — expl; l;elL

extends to a unique D-group homomorphism ¢ mapping E to exp L. By Lemmas 9.3 and 9.6, ¢

induces a unique homomorphism of rational Lie algebras
¢*: LogE — L
so that p*(logz;) = log(pz;) = log(exp ;) = I;. Thus, any set map
logz;—1; € L
extends to a unique homomorphism ¢* mapping LogE into L. O
Lemma 9.9 If D is a nilpotent D-group, then vy LogD = Logv.D for any positive integer k.

Proof: Since the proposition is trivial for k = 1, let k be a positive integer greater than 1. Suppose

B is a bracket arrangement of weight k, and ay,...,a; are any, not necessarily distinct, elements
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of D. It follows from the Baker-Campbeli-Hausdorff formula that

log (a1, az,..., ar) = B(loga,, logas,..., logak)+2q,-Pj (8)
J

where the last term is a rational linear combination of Lie brackets of weight greater than k, each

containing loga;,logas,...,loga;. Hence,
log B(ay, az,..., ai) € vxLogD.

Any element d of v, D is a product 8y 3 - - - B, where each §; is a commutator of weight k in elements

of D. Then
logd = log(B182 -+ - Bn) = log By *log B2 % - - - xlog 3,

where * denotes the Baker-Campbell-Hausdorff multiplication. Consequently, logd is a rational
linear combination of Lie products in log f1,log 3a,...,log Bn. Since each log f; is contained in the
Lie subalgebra v Log D, logd is contained in ~;LogD. Thus, Logv.D is contained in ~xLogD.

Conversely, we observe that equation (8) can be written

B(logay, logas,..., logay) = log B(a;, az,..., ak)—quPj.
J

We can rewrite each term of 37, q;P; in this manner and then iterate this procedure for higher
weight bracket terms that arise. Since D is nilpotent, this process terminates. It then follows that
B(loga,, logaz,..., logai) is contained in Logy,D. Any element of v, LogD is a rational linear
combination of terms of this form. Since Log~y:D is a Lie subalgebra of LogD, it contains v;LogD.

Thus, they are equal. O

10 The Lazard Lie Algebra of a Nilpotent D-Group

We give the definition of the Lazard Lie ring of a group and compare the Lazard Lie algebra of a
nilpotent D-group D to the associated graded algebra of LogD.
Let G be a group. The quotients of consecutive terms of the lower central series can be used to

form a Lie ring

N MG
n=l '7n+lG

or(G) =
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Addition is coordinatewise and induced by the group operation in G, so that if a,,g, € 7,G, then

an'7n+lG + gn')'n+lG = angn')'n+1G-

Let by, € ymG. We impose a bracket multiplication on gr (G) by defining

[an7n+lG’ bm')’m+lG] = [a,,, bm]7n+m+lG 9)

where the bracket on the right-hand side of equation (9) indicates group commutation in G. As a
consequence of the commutator identities given by equations (5), (6), and (7), under this multipli-
cation gr(G) is a Lie ring over the integers. This construction was introduced by Lazard [15], and
gr(G) is known as the Lazard Lie ring of G.

If D is a nilpotent D-group, then v,D/vy+1D is an abelian D-group. We can define an action
of the field of rational numbers on gr(D) as follows: If d is an element of v, D, a an integer, and b
a positive integer, then

%(d7n+lD) = uyp4 D

where uyp4+1 D is the unique b**-root of dv,+1D. Under this action, gr(D) is a rational Lie algebra.

Given a nilpotent D-group D, we now have two means of associating a graded rational Lie algebra
to D. We can form gr(D) or, as we saw in Section 6, we can use the lower central series of the

rational Lie algebra LogD to form the associated graded algebra gr(Log D).

Proposition 10.1 If D is a nilpotent D-group, then gr(D) and gr(LogD) are isomorphic as graded

Lie algebras.

Proof:

o0
7i (LogD)
r(LogD) = —_—_—,
gr(LogD) D 711 (LogD)

By Lemma 9.9, vx LogD = Log~v;D. Thus,

vi(LogD) _ _Log (viD)
Yi+1(LogD) ~ Log (vis1D)

By Lemma 9.7,

Log (viD) ( 7D )
—_— Lo .
Log (vi+1D) J Yi+1D
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7D /~i+1D is an abelian group; therefore,

D ) v:D
L o .
9 (’Yi+lD Yi+1D

Thus, the additive structures of gr(D) and gr(log D) are isomorphic. If a, and b,, are arbitrary

elements of v, D and 7, D respectively, then the mapping
loga, + Yn+1LogD = an + Y41 D
defines an isomorphism of Lie algebras since, by the Campbell-Baker-Hausdorff formula,
[log an,logbm] — log[an,bm] € Yn+m+1LogD.

Consequently, gr(D) is isomorphic to gr(LogD). O

11 The Associated Lie Algebra of a Quotient

Suppose A is a Lie algebra. We see here that the associated graded algebra of a quotient of 4 is a

quotient of the associated graded algebra of A.

Lemma 11.1 Let A be a Lie algebra and suppose J is an ideal of A. Put

5]

JNYA+ Y1 A
o) = P
Then
()=
Proof: Let
J, = INMmA+t mpd A, = WA
Tnt+14 Tn+14

Note that J,, is contained in A,. First we will establish that gr,(J) = @,~, Jn is an ideal of

n=

gr(A)=@;,2, An. To that end, let j, € J Ny, A4 and a,, € 7nA. Observe that

[am + Ym414, o+ Tnt14] = [@my In] + Tmtn+14.

Since J is an ideal of the Lie algebra A, [a;, jn] is an element of J, as well as of yn4nA. It follows

that [Am, Jn] is contained in Jym4y, and gr 4(J) is an ideal of gr(A).



Each homogeneous term of gr(A4/J) of degree n is canonically isomorphic to

A /( TnA nJ+'Yn+lA)
Yn+14 Ynt+14 1A

It is clear that

A J+ i1
Jn C .
" '7n+lA n 7n+l-A
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(10)

Conversely, if t + y,+14 is an element of the intersection of Y, A/Yn+14 with (J + ¥,+14) /Tn+14,

then there must exist elements a and j of 4,A and J respectively which represent the same coset

of yp+1A4 as t. Since j + Yu+14 = a + Yn4+14, it follows that j is an element of J N vy, A. Thus,

t+vn+14 = j+Tn+14 is an element of J,,, and the intersection of v, A/vn+14 and J + yn+14/ 114

is equal to J,. Hence, the quotient (10) is identical to A, /Jn, and the vector space structures of

gr(A/J) and gr(A)/gr 4(J) are isomorphic via the map ¢ defined by

(@n + J) + ns1 (A/J) 2 (n + Mn414) + Tn.

Consider the following two homogeneous elements of gr(A4/J):

d=(an+J)+ 041 (A7) and b= (bm+ )+ Yme1 (4/T).

Then

[&’5] = [an +J, b + J] + Ynrm+1 (4/J)

([a,,, b] + J) + Ynsm+1 (A/J).

Since [Ai, J;] C Jitj,

[¥(@), p(b)]

[(an + ’)’n+1A) + Jn, (bm + '7m+lA) + Jm]
= [an + 14, b + Ymt1 Al + Jnim
= ([an, bim] + Yn+ms14) + Jnim

ela, B).

Thus, ¢ is an isomorphism of graded Lie algebras. O
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12 The Free Rational Lie Algebra

We demonstrate a grading of the free Lie algebra L and establish that there is a canonical isomor-
phism between L and the associated graded algebra gr(L).

Suppose F is the free group on {1,z2,...,24}. Then gr(F)® Q is a free rational Lie algebra
on {z,72F,z272F,..., 2472 F}. This provides us with a realization of the free rational Lie algebra L

as a graded Lie algebra, one given exactly by the Lazard Lie algebra of the free group F. Put

7 F

® and L= L;.
Yirr F Q @

i=1

L; =

For any Lie algebra A, and any positive integer n, 7, A consists of linear combinations of all

bracket arrangement of weight n in the elements of A. Thus,

7nL=@ } : IB(LinL"z""’Lin)' (11)
k=1 ij+.din=k
B of weight n

Moreover, the grading of the free Lie algebra L has the property that

L,= Z ﬂ(LlyLl»-'-sLl)-

B of weight n

Let v, L{k] denote the k** homogeneous component of -y, L.
Lemma 12.1 Let n be a positive integer. For all k > n, v,L[k] = L.

Proof: By equation (11),

wLkl= > B(Li,Li,...,Ly).
B of weight k
Thus, yxL[k] = L. If k > n, then L is contained in v, L. Since v L = @; vm L[i] for any positive

integer m, we have

Lk = %Lk € mLlk] € Li.

Corollary 12.2 gr(L) = L.
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Proof: In consequence of Lemma 12.1,

WL 00 000 Ln@®@Lat1®-- ,
‘)’n+1L 0@"'@0@0@Ln+l@"' - n

So for each coset a, + Yn+1 L. in 4, L/vn+1L, there exists a unique &, € L, such that
Gn + Yn41L = an + n1 L.
The assignment a,, +7n+1L — G, defines a vector space isomorphism from gr (L) to L. By definition,
[a,, + Ynt+1L, b + 'Ym+1L] = [am bm] + Yn+m+1L.

If a, € L, and by, € Ly, then [a,,by] € Lpym. Thus, our map is a Lie algebra homomorphism and

gr(L) is once again the free rational Lie algebra of rank ¢g. O

13 Principal Ideals of Graded Lie Algebras

Given an arbitrary graded Lie algebra A, we wish to characterize the ideal of A generated by a single

element.

Lemma 13.1 Suppose A is a graded Lie Algebra over a field K

and let u be an element of A. Then any bracket arrangement
[ [ (TR PN IS T TR 71 (12)
with a;, € A;, is equal to a right normed commutator
[bl,, [blp-—l ves [bll , u] .o ]]

where by, € A, and

i1+i2+"'+in=ll+12+'°'+lp.
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Proof: The proof is by induction on v = #; + i3 + -+ + i{. The statement clearly holds when this
sum is equal to 1. Let v > 1, and assume that the claim holds for all bracket arrangements (12) for

which the corresponding sum is less than v. Without loss of generality,
Blaiyyeeesthy.on,ai) = [,Bl(a.-,,...,u,... 18ig)s B2(@igypys--- ,a,-")] .
By the inductive hypothesis,
Bi(aiyy oy ty.nnsai) = [bo,[br,_, «« [br,,u]-]]
with iy +éa+---+ig=L+1lz2+ -+, Thus,
B(@iysenesthyenyaiy) = [[br, - [br,,u] ]y Bo(aipyyse-rrai)].

Put lpyy =ig41 + - +inand by, = —f2(ai,y,5-.-,ai,). Then

ﬁ(ain- cealhyens ’a'.n) = [blp+l[blp Tt [bll’u]"']]

with b, € Ay, fort =1,...,p+1 and

L+t -+l =irtiz+--- +in.

Corollary 13.2

idA(u) = Z [Ai,. [Ai,,_l [Al'x’u]"']] (13)

Proof: Let J denote the right-hand side of equation (13). Clearly J C ids(u). Moreover, by

Lemma 13.1, ida{u) € J. O

14 The Adjoint Action

We introduce the universal enveloping algebra U(L) of a Lie algebra L and show that the adjoint

representation extends to an action of i{(L) on L. For further details, we refer the reader to [10].
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Given any Lie algebra L over a field K, there exists an associative algebra /(L) over K such that
L is a Lie subalgebra of the commutation Lie algebra U(L)! ‘1. Moreover, the Universal Enveloping
Algebra U(L) of L has the property that any Lie algebra homomorphism from L to a commutation
Lie algebra Al'! of an associative algebra A over K can be uniquely extended to a homomorphism
of associative algebras from U(L) to A.

If I € L, then the mapping ad(l) which is defined by left multiplication

ad(l): x> [l,2]

is a linear transformation. Moreover, since multiplication is bilinear, the adjoint mapping which

sends

1+ ad(l)

is a vector space homomorphism from L into the algebra homy (L, L) of linear transformations of

the vector space L. As a consequence of the Jacobi identity and anti-symmetry,

ad([l, o)) (z) = [fh,l2],2]

[ll’ [12,17]] - [12’ [11,1}]]

ad(ly) o ad(l2)(z) — ad(l) 0 ad(l)(x)

(ad(l1) 0 ad(l2) ~ ad(l2) 0 ad(ly))(z).

Hence, the adjoint mapping is a Lie algebra homomorphism from L to the commutation Lie algebra

homg (L, L)!'). Consequently, ad extends to a unique homomorphism 6 of associative algebras

0 :U(L) — homg (L, L).
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Chapter 11

Amalgamated Products of

U-Groups

15 Powers in Amalgamated Products

We define isolated and malnormal subgroups and demonstrate a relationship between the length of

an element and the lengths of its powers in an amalgamated product over an isolated subgroup.

Definition: Let A be a group, H < A. H is said to be an isolated subgroup of A if for a € A and

any positive integer n € Z*, a” € H implies that a € H.

Lemma 15.1 Suppose that G = A”‘;B, where H is an isolated subgroup of both A and B. Let g€ G

and n € Z*. Ifl(g) is even, then I(g") = n-I(g).

Proof: If I(g) = k, then, by Proposition 2.1, after choosing sets of coset representatives S, and Sg,
g has a unique normal form

g =818+ 8;:h.

Since k is even, 8; and 8 are not elements of the same factor. Therefore,

g" = 8183+ Sk—~1(skh)s182+«« sp—1(skh) «++ 8183+ sp—1(skh)
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is a strictly alternating product. By Proposition 2.2, I(g") =n-k. O

The following comments apply to any amalgamated product of two groups. Suppose that G =
A} B, where H = AN B. Let S, and Sg be sets of coset representatives of A and B respectively,
each containing 1. Suppose g is an element of G of odd length, I(g) = k = 2r 4+ 1. Then we can
cyclically reduce g by conjugating it to an element § of G such that I(g) is either even or equal to 1.
We see this as follows:

Suppose g has normal form

g= 882+ 8th.
Observe that

s71gs) = 8y 8k—1 (skhsy). (14)
Since k is odd, s and s; are elements of the same factor of G. Without loss of generality, we assume
the factor to be A. Hence, the subproduct (s;hs;) in equation (14) is interpreted as a product in
A. It can be uniquely expressed as

(sxhs) = sihy
where 8] € S and hy € H. If s} # 1, then s7'gs; has normal form
si‘lgsl = 83+ 8,181 h1.
Hence, I(s7'gs1) = k — 1, which is even. Otherwise, if 8} = 1, then
sflgsl =89+ 8_1h.

Since s; and si_; are both elements of B, the process repeats.

In general, there are two possibilities. Suppose there exists 1 < j < r such that

sthsy = hieH
8k-th1s2 = hoeH
8k—j+2hj_28j—y = hj1€H

!
Sk—j+1hj_18; = s3h;j
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with 8} € S5 U Sp and s} # 1. Then § = sj—l .-+ 871 gs; -+ 8; has normal form

g = 841+ 8k—;8}h;
and I(§) = k — 2j + 1. Otherwise,

8k—rt1°°-8;hsysz+--8. = h, € H.

1

In this case, g = 87" - sl'lgsl - «- 85 has normal form s, h, and § has length 1.

We are now ready to prove the following lemma:

Lemma 15.2 Suppose that G = A} B, where H is an isolated subgroup of both A and B. Let g € G

and n € Z*. Ifl(g) € 1, then I(g) = I(g"). Otherwise, (g™} > l(g) and they have the same parity.

Proof: Suppose that [{(g) < 1. We may assume without loss of generality that g € A. Since H is an
isolated subgroup of A, g" € H if and only if g € H. Consequently, {(g") = 0 if and only if I(g) = 0.
Thus, our first claim is proved.

If I(g) = k is even, then the proposition follows from Lemma 15.1. Suppose then that k is odd;
k = 2r + 1. Let g have normal form

g=8182--+sth

and let § be the cyclic reduction of g.

Casel =841 3[:-.]'8"1-’11‘ for some j < 7.

Since g = (s1:--8;)3(s1++- 8;)71,

(s1°+-8;)3" ' (s1+++55) g

= 8100 85(8j01 0+ 8kmj (850" sj1 o - skt (skh). (15)

The right-hand side of equation (15) is a strictly alternating product. Thus, Proposition 2.2 implies

I(g") = (n — 1)(k — 2j + 1) + k, which is greater than [(g) and odd.
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Case 2 § = 8p41h,.

In this case,

an _—1 -1
g = 81°''8:0 8, **+8;

8182+ 8¢ (8pp1hy) " 871 - 871871, (16)

Sr+1hy is an element of A\H or B\H. Since H is isolated in both A and B, (8,4+1h,)" is not
contained in H. Consequently, the right-hand side of equation (16) is a strictly alternating product

andl(g") =2r+1=Fk O
Definition: H is said to be a malnormal subgroup of A if for any a € A\H,
a”'HanH = {1}.
Equivalently, given any a € A, if there exists a non-trivial element h of H such that
a"'ha € H,
then a € H.

Observe that malnormality implies isolation as follows: Suppose H is a malnormal subgroup of A
and a is an element of A such that a” € H for some positive integer n. Then a~'a™a € H and, by

malnormality, a € H.

16 Amalgamated Products with Unique Roots

We state several sets of conditions under \;vhich an amalgamated product of two U{-groups will be a
U-group. Theorems 16.2 and 16.5 are stated solely in terms of restrictions placed on the amalgamated
subgroup. Theorem 16.3 makes some of the same assumptions about the amalgamated subgroup,
but it is more general and is stated in terms of a property of the amalgamated product.

All of the theorems in this section require the following lemma:
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Lemma 16.1 Suppose A and B are U-groups, and that G = A,’;B where H is an isolated subgroup

of both A and B. Suppose g and f are elements of G, and n i3 a positive integer such that
g" = fn.
IfI(fy< 1, then f =g. IfI(f) is even, then f = gh for some h € H.

Proof: By Proposition 2.1, having chosen appropriate sets of coset representatives, g and f have
unique normal forms,

g= 8182 Shg and f=tity--tihy.
Case 1 I(f)=1<1.

Without loss of generality, we may assume that f € 4. We will demonstrate that g must be an
element of A as well. The length of f” is less than or equal to 1. Since g" = f", the length of g" is
less than or equal to 1, and by Lemma 15.2, I(g) < 1. Hence, g is an element of A or B. If g € B,
then g" € AN B = H and by isolation, g € H. Thus, f and g are elements of the U-group A, and

it follows that f = g.
Case 2 I(f) =1 is even.
By Lemma 15.2, k is even, and by Lemma 15.1,
n-l=l(f")=1lg")=n- k.

Hence, ! = k. The normal form of f” begins with #;t; .- ¢; and the normal form of g" begins with

8189 - -+ 8. Thus, by the uniqueness of normal forms,
t) = 81, b2 = 82,..., I = 8k
andg”'f =h;'hy€e H. O

Theorem 16.2 Suppose A and B are U-groups, and that G = A;';B where H is an isolated subgroup

of both A and B. If H is a malnormal subgroup of B, then G is a U-group.
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Proof: Let n € Z*, and suppose that g and f are elements of G such that

Let I(f) = k. By Lemma 16.1, if £ < 1, then g = f. Suppose k > 1. Let

f=8182+8;hy

be the normal form of f. If k is even, by Lemma 16.1, f = gh for some h € H and g has normal
form

g = 8182+ 8ghg.

Since g~1 f* = g"~1, these two must have the same normal form. Observe that

g—lfn = hslsZ"'skhISISZ"'skhf"'SISZ"'skhf,

g 7 =8y8pe- sihgsysy -~ 8khy -+ 8182+~ s1hg.

In particular, this implies that there exist A’, h” € H such that hs; = s h’ and h'sy = soh”. Thus,
s;'hs;€ H and  s;'h's; € H.

Since either s; or s; is in B\H, and H is malnormal in B, it follows that h = 1 and therefore f = g.

If k is odd, then let f = u~! fu be the cyclic reduction of f. Put § = u~1gu. Then

-~

o=
Since I(f) is either even or less than or equal to 1, f = § and consequently f = g. O

Theorem 16.3 Suppose A and B are U-groups, and that G = A* B where H is an isolated subgroup
H g

of both A and B. If there exists a U-group U and @ homomorphism
Yv:G— U
such that ¢ is injective on H, then G is a U-group.

Proof: Suppose f,g € G with f? = g" for some n € Z+. By Lemma 16.1, we need only consider

the case that [{f) > 1. Moreover, if I(f) is odd, we can replace f by its cyclically reduced conjugate
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f=u"1fuand g by § = u~lgu and apply the even case or the length 1 case. Thus, we may assume

I(f) is even. By Lemma 16.1, f = gh for some h € H. By hypothesis, g" = (gh)"; hence,

D(g)" = (v(g)w(h)".

U is a U-group; therefore, ¥(g) = ¥(g)¥(h) and ¥(h) = 1. Since 9 is injective on H, h = 1, and

thus, f =g¢. O
Corollary 16.4 Let A be a U-group. Suppose p is an isomorphism
p: A— p(A).

If H is an isolated subgroup of A and G = A¥p(A) where H is amalgamated with its image under

@, then G is a U-group.

In particular, this applies to a free group F' amalgamated with an isomorphic copy of itself p(F')
over a cyclic subgroup gp(a) = ¢(gp(a)) where a is not a proper power in F. The fact that such
groups are U-groups is already known since it was proved by G. Baumslag that they are residually

free [4].

Theorem 16.5 Suppose A and B are U-groups, and that G = A;“,B where H i3 an isolated subgroup

of both A and B. If H is central in A and B, then G is a U-group.

Proof: Once again, we may confine ourselves to the case that {(f) is even. By Lemma 16.1, f = gh

for some h € H. We have
g" = f"=(gh)" =g"h"%;
therefore, h" is trivial. Since H is torsion-free, h=1and f =g. O

Corollary 16.6 The amalgamated product of two torsion-free abelian groups over an isolated sub-

group is a U-group.
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Chapter 111

Amalgamated Products Over

Cyclic Subgroups

17 Torsion-Free Nilpotent Groups

We define compatible-RF,-filtrations, and employ them to prove several results on amalgamated
products of finitely generated torsion-free nilpotent groups.
Let M be a class of groups, and suppose A is a RM-group. Suppose {A;}{2, is a descending

chain of normal subgroups of A

A=A 242

v
>
\Y

with the following properties:
1. A/A; is an M-group for all i = 1,2,...,
2. NZ,A4; = 1.
Then we term {A4;} a RM-filtration for A. Let G be an amalgamated product

G={AxB;HLK}. (17)
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If {A:}52, and {B;}$2, are RM-filtrations for A and B respectively such that ¢ induces an isomor-
phism between HA;/A; and KB;/B; for all i = 1,2,..., then we say that {A4;}%2, and {B;}{2, are
compatible-RM-filtrations, with respect to the amalgam (17).

Let T denote the class of finitely generated torsion-free nilpotent groups. In [3], G. Baumslag

proves that

Theorem 17.1 If A, B € T and G is the amalgamated product
G={AxB;HZK},
then {AP 2, and {B” 2, are compatible-RF -filtrations for almost all primes p.

Since A/A"i is a finitely generated nilpoter:: group in which every element has order a power of p,
A/AP is a finite p-group for each i. Thus, {A” 2, and {B” 2, are compatible-RFp-filtrations for

almost all primes p. We also require the following result of G. Higman [9):
Theorem 17.2 The amalgamated product of two finite p-groups over a cyclic subgroup is RFp.
We are now ready to prove

Theorem 17.3 The amalgamated product of two finitely generated torsion-free nilpotent groups over

a cyclic subgroup i3 a free extension of a RFy-group for almost all primes p.

Proof: Let A,B € T,a € A, b€ B. Put H = gp(a), K = gp(b), and suppose that ¢ is an

isomorphism from H onto K with ¢(a) = b. Put
G={AxB;HZK}.

As we know from Theorem 17.1, {AP 2, and {BP 2, are compatible-rRF,-filtrations for almost

all primes p. Fix such a prime p. For i = 1,2,..., put
Gi={A/AP «x B/B"'; HA jAP' £ K BP' /B }.

Let 8; denote the homomorphism from G onto G; which extends the canonical homomorphisms from

A onto A/AP‘ and from B onto B/B”i. By Theorem 17.2, G; is RF}, for all i.
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Suppose u is a non-trivial element of A. Since ﬂ?;lAP‘ = 1, there exists j such that u ¢ AP,
Therefore, 8;(u) = u; is not trivial. Since G; is RF, there is a normal subgroup N,; of G;, which
does not contain uj, with Gj/Ny; a finite p-group. Let K = ker6;. Under the isomorphism between
G;j and G/K, N, corresponds to a subgroup N, /K, where N, is a normal subgroup of G containing
K. Since u; is not contained in N,,,, it follows that u is not contained in N,. Moreover, G/N, is
isomorphic to G;/N,;. Hence, G/N, is a finite p-group.

Let IV be the intersection of all normal subgroups of G of index a power of p. Then NV is a normal
subgroup of G and, as we see from the last paragraph, NN A =1 = NN B. By a theorem of H.
Neumann (see for example {16, p. 212]), it follows that IV is a free group. Next consider G/N. We
claim that G/N is RF,. To see this, let g¢N be an element of G/N, and suppose gV is contained
in every normal subgroup M of G/N of index a power of p. Every such subgroup M is of the
form M/N, where M is a normal subgroup of G. Note that [G : M] = [G/N : M]. Consequently,
modulo N, g is contained in every normal subgroup M of G of index a power of p. Hence, g is
contained in NV, and gN is trivial. Therefore, G/N is RF,. O

If we add the condition that the amalgamated cycle is isolated, we get a stronger result.

Theorem 17.4 The amalgamated product of two finitely generated torsion-free nilpotent groups over

an isolated cyclic subgroup is RF, for almost all primes p.

The proof of this theorem will be built-up from the following results. In a variation on a theorem of

G. Baumslag [3] we have

Theorem 17.5 Let M and C be classes of groups. Suppose that {A;} and {B;} are compatible-

RM-filtrations for the amalgamated product
G={AxB;HZK}.
In addition, suppose that G; = { A/Ai* B/B;; HA;/AiZKB;/B;} is a C-group for all i. If
o0 o0
(YAH=H and (BK =K, (18)

i=1 i=1

then G is RC. If C i3 a residual property, then G is a C-group.
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Proof: Let 8; be the homomorphism from G onto G; which extends the canonical homomorphisms
mapping A onto A/A; and B onto B/B;. Since G; is a C-group for all i, it is sufficient to show that
for any non-trivial element g in G, there exists j such that 8;(g) is a non-trivial element of G;.

If g is contained in A or B, then the filtrations {4;} and {B;} insure that this is the case. Let us
assume then that g is not in 4 or B. By Propositions 2.1 and 2.2, there is a unique positive integer

n > 1 such that g has an expression as a strictly alternating product in A and B
g=ujug*** Uy,

Each u; is an element of either A\H or B\K. Therefore, by condition (18), we can choose j

sufficiently large that
0;(9) = 6j(u1)6;(uz) - - - 0(14n)
is a strictly alternating product in A/A; and B/B;. By Corollary 2.3, 6;(g) is a non-trivial element

of G, and we are done. O

As an application of this theorem, we have the following:
Corollary 17.6 Let A, Be T, a € A, b€ B, and let G be the emalgamated product
G ={A*B; gp(a) £ gp(b) }-

If {Ai}2, and {B;}2, are compatible-RF,-filtrations such that

() Aigp(a) = gp(a) and () Bign(b) = gp(b), (19)
i=1 i=1

then G is RF.

Proof: By Theorem 17.2, G; is RF, for all . O

It only remains to state the following result of G. Baumslag [3].

Theorem 17.7 Let A €T and let H be an isolated subgroup of A. Then
e .
(HA" =H
i=1

for almost all primes p.
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The proof of our theorem is now immediate.
Proof of Theorem 17.4: Let A,B € T, and a € A, b € B where gp(a) and gp(b) are isomorphic

isolated subgroups. Let G be the amalgamated product

G ={AxB; gp(a) £ gp(b) }.
As we know from Theorem 17.1, for almost all primes p, {AP‘ ¥, and {B“’i 2, are compatible-
RFp-filtrations for the amalgam. Moreover, by Theorem 17.7, for a possibly smaller collection, but

still for all but finitely many primes p, these filtrations satisfy condition (19). Thus, Corollary 17.6

applies, and we obtain the desired result. O

18 Free Groups

We use Theorem 17.4 to give a proof of the already known result (see [3, page 195]) that the
amalgamated product of two free groups over a maximal cycle is residually nilpotent. We also
state certain conditions under which such an amalgamated product will be residually torsion-free
nilpotent.

It follows directly from a theorem of Baumslag [2, page 277] that

Lemma 18.1 If F is a free group and f is an element of F which is not a proper power, then there
exists a positive integer n such that f is not an element of v, F, and f is not a power modulo

Y41 F.

Corollary 18.2 For such n, gp(fyn+1F) is an isolated subgroup of F/yni1 F.

All we require now is the following:

Lemma 18.3 If A is a free group and a is an element of A which is not a proper power, then
o0
() 9p(a) %A = gp(a). (20)
i=1

Proof: Choose n so that a is not contained in 7,4+ 4. For any element g contained in the left-hand

side of equation (20), there is a sequence of integers {a;}, and a sequence of d; € yp+;A such that

g=a%d; (i>1). (21)
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It follows that a®*~%/ is contained in 7,4;A for all j > i. Since A/vyn4+iA is torsion-free, and a is
not contained in Y544, it must be that a; = «; for all j > i. But then equation (21) implies that

d; =d; for all j > i. Hence,di =d; € N, 1 A =N, 1A =1, and g € gp(a). O

Theorem 18.4 The amalgamated product of two free groups over mazximal cycles is residually nilpo-

tent.

Proof: Let A and B be free groups with elements a and b respectively where a and b are not proper
powers. To simplify notation, let A, = 4,4 and B, = ~v,B for all n. By Lemma 18.1, we can
choose n sufficiently large that a is not a proper power modulo A,4+; and b is not a proper power
modulo Bpy1. By Corollary 18.2 gp(aAn+i) = gp(a) Antif/Anti and gp(bBpy;) = gp(b) Bu+i/Bn+i
are isolated subgroups of A/An4i and B/B,,4; respectively for all i = 1,2,.... Moreover, since the
latter are torsion-free, these cyclic subgroups are isomorphic via ¢ : ¢ = b. Thus, for all i > 1 we

can form the amalgamated products
Gi = {A/Ansi* B/Bnyi; gp(a) An+i/ Anti = gp(b) Buti/Busi }-

By Theorem 17.4, for each i, G; is RF, for almost all primes p and is therefore RN, We now apply
Lemma 18.3 and Theorem 17.5. O

It is a long-standing conjecture that the amalgamated product of two free groups over a max-
imal cycle is residually torsion-free nilpotent. In the remainder of this section, we observe certain
conditions under which this will be the case. We will require the following definitions and results.
Recall that in a RAV-group G, the weight of a non-trivial element g is the largest natural number n

such that g € v,,G.

Definition: An element g of a RN-group G will be termed Labute primitive if gye41G is not a

proper power in v.G/¥.+1G where e is the weight of g.

Theorem 18.5 (Labute [13]) Let r be a Labute primitive element of weigth e in the free group F

On Ty, T2,...,Tq. If G is a I-relator group with presentation

G = (xy, T2,...,%q; T,
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then the Lazard Lie ring gr(G) is isomorphic to gr(F)/id(r~e+1F). Moreover, it is additively free
abelian, and the rank of the n*® homogeneous term is given by the formula

I(n, e,q) = %Z Z (_1)‘3—-}-—?__&' (d+ ii— ie) | . (22)

dln {o<i<[d]

Definition: Suppose g is a non-trivial element of weight e in a free group G. Since ¥.G/7e+1G is
a free abelian group, there exists a largest natural number m such that gv.4;G is an m**-power in

YeG/Ve+1G. We term this the mazimum ezponent of g.

Being Labute primitive is equivalent to having maximum exponent 1. Observe that if 5y, 82,...,0p
are distinct basic commutators of weight e in any basic sequence in the free generators of (G, and
g=prpgte.- ,B,'," ?, then the maximum exponent of g is equal to the greatest common divisor of

the integers my,mys,...,m,, which we denote by ged(m,mq,...,mp).

Lemma 18.6 Let a € A, b € B where A and B are free groups. Then ab™! is Labute primitive as

an element of F = A* B if and only if a and b meet one of the following conditions:
1. the one of lower weight is Labute primitive, or

2. the weight of a is equal to the weight of b, but their mazimum exponents

are relatively prime.

Proof: Let A have free basis X = {21, 2, ...} and B free basis Y = {y;, y2, ...}. Put F = A*B.

Then F is free on X UY. We select a basic sequence {3;} in X UY with
T <2< <Yy <Yy < e

We observe that {f;} contains basic sequences {c¢;} in X and {d;} in ¥ as disjoint subsequences.
Moreover, we may assume {f;} is ordered so that if 8, = c; and f; = d; are both of weight n, then
s<t.

Let wta(a) = e, wtp(b) = f, and assume without loss of generality that wt4(a) < wtp(b). Let

r =ab~! and put p = wtr(r). We can uniquely express a, b and r as follows:

a = cl'c¢P...cl"

ININ [»  modulo Ye414 or Ve F'
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b = did?...df* modulo vs41B or vy F

r = M };”---ﬂ::" modulo v,41 F

where ¢;j,, di,, and §;, are basic commutators of weight e, f, and p respectively, all contained in the

basic sequence {8;}, with ¢;, <+ <¢j, <dj, <+ <dy, and B, < Bi, <+ < fi,.
Case 1 wta(a) < wtp(d).

In this case, r = cl'¢}?...c]"

1 Cin ;i modulo Ye41F. The basic commutators of weight e in the basic

sequence {3;} in X UY are linearly independent modulo v,4+1 F. Consequently, c;’l‘ c‘;: e c';: is not

contained in .41 F, and wtp(r) = e. Thus,

mygma A"y — N1.,72, ., Tn
Bi) B, Bi,? =cjicj) «--c;7 modulo Ve F,

where both sides of this congruence consist of ascending products of basic commutators of weight
e in the basic sequence {3;}. By linear independence, these products are identical; that is, n = p,
¢;, = Bi,, and 4y = m;. The maximum exponent of r and the maximum exponent of a are both

ged(my,...,mp). Hence, r is Labute primitive in F if and only if a is Labute primitive in A.

Case 2 wty(a) = wtp(b).

Then r = c;’l‘ ces c}:dfl’ e df: modulo .41 F. As before, by linear independence, wtp(r) = e. We
have

R T, WL (RS L I L
B BT = iyt oo dpt modulo eyt F (23)

where both sides of this congruence consist of ascending products of basic commutator of weight
e in the basic sequence {8;}. By linear independence, the right-hand side and left-hand side of
congruence (23) must be identical. The maximum exponents of a and b are ged(m;,ms,...,m,)

and ged(Mmp41, Mp42,...,mp) respectively. Since

ged(my,...,mp) = ged(ged(m,,...,my), ged(Mpy1y...,mp)),

the maximum exponents of a and b are relatively prime if and only if r is Labute primitive. O
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Corollary 18.7 The amalgamated product of two free groups over mazimal cycles will be resid-
ually torsion-free nilpotent if the generators of the amalgamated cycles satisfy either condition of

Lemma 18.6.

Proof: Let a € A, b € B where A and B are free groups with a and b not proper powers. If either
the one of lower weight is Labute primitive, or their weights are equal but their maximum exponents
are relatively prime, then by Lemma 18.6 ab~! is Labute primitive as an element of the free group
F = AxB. By Theorem 18.4, the amalgamated product G = {A*B; gp(a) = gp(b)} is residually
nilpotent. By Theorem 18.5 (Labute), G/v,G is torsion-free for all n. Thus, the lower central series

of G is a residually torsion-free nilpotent-filtration of G. O



41

Chapter IV

Invariants of 1-Relator Groups

In the following chapter we prove a generalization of Theorem 18.5 (Labute) which demonstrates an
interesting invariant of 1-relator groups. The proof relies on the theory of nilpotent D-groups and
Lie algebras.

Let G be a finitely generated 1-relator group
G= (.’121, T2y:.0y Tg ;5 1‘)

and let F(X) denote the free group on X = {x;, =3,..., z4}. As Magnus showed, free groups are

residually nilpotent {18]. Hence, there exists a unique positive integer e such that
rewF(X), r&%esiF(X).

As defined earlier, e is termed the weight of r and we write wt(r) = e. In the following, we will

prove that for any positive integer n, the torsion-free rank of the n** lower central factor of G,

Tn G/'7n+1 G,

is given by formula (22) and thus depends only on n, g, and e.
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19 Quotients and Completions

In Section 7, we stated that any torsion-free nilpotent group can be completed to a nilpotent D-
group. The first thing we shall require for our proof of the invariance of torsion-free rank is a
more detailed understanding of completions of nilpotent groups. We begin with a result relating

completions of quotients and quotients of completions.

Lemma 19.1 If B is a finitely generated torsion-free nilpotent group and Y is any subset of B,

then there exists a homomorphism
v : B/gpp(Y) — mB/idnp(Y)
with keryp = 7(B/gpp(Y)).

Proof: Let H denote the quotient of B/gpg(Y) by its torsion subgroup and let D denote the

nilpotent D-group mB/id,5(Y). We have the following commutative diagram:

p1 Ly
B B/gpg(Y) H
i ® J
mB g D T mH

By Lemma 7.1, the composition 72 o 71 induces a homomorphism m(72 o ;) mapping mB to mH.
Since Y is contained in the kernel of m(my o m;), by definition id,5(Y’) is contained in the kernel
of m(my o my) as well. Consequently, this homomorphism factors through D as m(mz om ) = 7w ogq.
Similarly, since Y is contained in the kernel of ¢ o ¢, this composition factors through B/gpg(Y).

Thus, we obtain a homomorphism ¢ mapping B/gpg(Y) to D and, since m, is surjective,

Top=jom (24)

We have only to identify kery. Since D is torsion-free, 7(B/gpg(Y)) is contained in the kernel

of . Hence, ¢ factors through H.
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2

B/gpp(Y) H
12 ¢ J
™
D mi
Thus, we have ¢ : H — D with
p= l,b 0 M. (25)

By Lemma 7.1, ¢ extends to a homomorphism m¢ : mH — D and
mpoj=g. (26)

It is clear from equation (26) that if m¢ is injective, then so is ¢, in which case keryp = 7(B/gpg(Y')) as
desired. In fact, we will show that m¢ is an isomorphism. By equations (25) and (24) mogomy = joms.
Since 3 is surjective, this implies that

Tod=j. (27)
We are now in a position to see that 7 and m¢ are mutual inverses. As a consequence of equations
(26) and (27), rompoj = j and mp ow o ¢ = ¢. The images of j and ¢ generate mH and D
respectively as D-groups. Hence, 7 o mp and m¢ o m are the identity mappings on these respective

groups. O
Corollary 19.2

m(gmiY)/ T(mﬁ”))) = id:-fY)'

Corollary 19.3 If B/gpg(Y) is torsion-free, then

( )

For any group G, the factors of consecutive terms of the lower central series are abelian groups.

Given an abelian group A, ifr(A) will denote the torsion-free rank of A, that is the number of
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infinite cycles in the direct sum decomposition. If A is torsion-free, then rank(A4) = tfr(A). In this
section, we establish the equality of the torsion-free ranks of the lower central factors of a torsion-free

nilpotent group and the corresponding ranks of the lower central factors of its D-completion.

Lemma 20.1 Let G be a group. Suppose H is a normal subgroup of G' such that all elements of H

have finite order. If B = G/H, then

YnB G )
t ={
fr(’Yn+1B) fr(%“G

for all positive integers n.

Proof: Since B = G/H,

1B o _mG / ( WG A H 7"*‘6). (28)
Tn+1B M1 G Tnt1G T+1G

Let 7 denote the intersection of v,G /¥n+1G with Hv,1+1G/n+1G. Since 7,G/¥n+1G is an abelian

group, it is a Z-module and possesses a direct sum decomposition

G

=UsV
’7n+1G

where U is a free Z-module and V is a torsion module. All elements of H are of finite order in G,

therefore 7 C V. Hence, equation (28) implies

mwB 14
22U —.
Yn+1B T

Thus, we see that

mB Y\ _ . _ G
tfr(7"+1B) = rank(U) = tfr (%HG) .

Corollary 20.2 Let G be a group, c a positive integer, and let B denote the quotient of G/v.+1G

YnB TG )
=
fr(7n+lB) fr(7n+1G

by its torsion subgroup. Then

for all n less than c.
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Proof: Put G; = G/7.+1G. If n is less than ¢, then ¥,G¢/7n+1G. is isomorphic to 7,G/Yn+1G.

7nB 7nGc ) ( ')'nG )
t =1 —_— = .
ﬁ(7n+13) ﬁ(7n+1Gc i Tn+1G

By Lemma 20.1

Lemma 20.3 If B is a finitely generated torsion-free nilpotent group, then

’ynB ) ( 7""’.B )
—_—_) = k| ——— . 29
fr('YnHB man Yn+1mB (29)

Proof: The proof is by induction on the nilpotency class c¢. If ¢ = 1, then B is abelian. By
Lemma 7.1, mB is abelian as well. Thus, we need only verify that tfr(B) is equal to rank(mB).
Since B is torsion-free, it is a finitely generated free abelian group and is isomorphic to ZN where N
is the torsion-free rank of B. Then mB is isomorphic to m(ZN), which is just QN.

Next, let ¢ > 1 and assume the proposition is true for nilpotent groups of class less than c. We
will begin by showing that equation (29) holds for any n strictly less than c¢. Let H denote the

quotient of B/~.B by its torsion subgroup. By Corollary 20.2

TH _ B
tfr(7n+1H) = ('Yn.HB) ) (30)

By Lemmas 19.2 and 8.1, mH is isomorphic to mB/y.mB. Consequently,

YnmH _, yamB
Yng1mH  Yny1mB

(31)

Since H is a torsion-free nilpotent group of class ¢ — 1, the inductive hypothesis applies and

mH ( YnmH )
ifr = rank{ ———1}.
f <"/n+1H) Tnr1mH

Combining this with equations (30) and (31), we obtain the desired result for n < c. It only remains

to verify that tfr(vy.B) = rank(y.mB). Since v.B is a finitely generated torsion-free abelian group

tfr(v.B) = rank(my.B) . Moreover, by Corollary 8.2 my.B = y.mB. O
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21 First Reduction
We recall that G is a finitely generated 1-relator group
G=(z1, Tayerey Tg; T)

with wt(r) = e relative to the free group F(X). We are interested in the torsion-free ranks of the
lower central factors of G. However, rather than working with G, we will obtain a nilpotent D-group

H, of arbitrary class ¢, with the property that for all n < ¢

G uH )
¢ = & .
Ir (’Yn+1G) e (’7n+1H

Given any positive integer ¢ > e, let F; = F(X)/¥c+1F(X), the free nilpotent group of class ¢

on X = {z1,22,...,24}. Put p = rvy.41F(X). Then

G F,

=1

Ye+1G ~ gpp, (p)

and wtF, (p) = e. Since F, is a torsion-free nilpotent group we can identify it with its image in
the D-completion mFe, the free nilpotent D-group of class ¢ on {x,,z2,...,24}. To simplify our
notation, we will fix ¢. Let F' denote F, and let E denote the completion mF.

Let B denote the quotient of the nilpotent group G/vc4+1G by its torsion subgroup. By Corol-

InG B )
=t .
fr(’7n+1G) fr(')’n-HB

Moreover, since B is a finitely generated torsion-free nilpotent group we can apply Lemma 20.3 to

lary 20.2, for all n < ¢

obtain

'YnG YnmB )
t = k{ —— 1.
fr('rn+1G) i (7n+1mB

Let H denote F/idg(p). By Corollary 19.2, mB = H. Thus, we have proved:

Proposition 21.1 Foralln <c

TG YnH )
t = k .
fr("/n+1G) ran (’Yn+1H
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Since ¢ was arbitrary, we conclude that the torsion-free rank of any lower central factor of the one-
relator group G can be obtained as the dimension of the corresponding homogeneous term of the
graded rational Lie algebra

]

r(H) = 2L
or (H) o Vi H

for appropriately chosen c.

22 The Lie Algebra of a 1-Relator Nilpotent D-Group

We have determined that the desired torsion-free ranks of our l-relator group can be obtained
from gr(H) where H = E/idg(p), E the free nilpotent D-group of class ¢ on {z1,z2,...,24}. By
Proposition 10.1, gr (H) = gr(LogH). In light of this, we turn our attention to the Lie algebra of H.
In this section, we demonstrate that the Lie algebra of a 1-relator nilpotent D-group is a 1-relator
rational nilpotent Lie algebra; that is, a free rational nilpotent Lie algebra quotiented by a principal
ideal.

By Lemmas 9.4 and 9.7, since H is the quotient E/idg(p), the Lie algebra LogH is isomorphic

to LogE/Log (idg(p)).
Proposition 22.1 Log(idg(p)) = idpeqe(logp).

Proof: Put K = idg(p) and J = idjogg(logp). By Lemma 9.4 LogI{ is an ideal of LogE. Since
it contains logp, by definition we have J C LogK. Conversely, by Lemmas 9.5 and 9.3, exp J is
a D-group ideal of exp (LogFE) = E. It contains exp(logp) = p, therefore K C exp(J). Hence,
Log K C J, and so they are equal. O

Thus,
LogE

LogH & ————
95 = Uiege(log p)

(32)

Let L denote the free rational Lie algebra of rank g and let L. denote the quotient L/v.+1L. By

Lemma 9.8, LogE & L.. We now choose a lift of logp to L. Let ¢ be the isomorphism mapping L.
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onto LogE. Then we select w € L such that o{(w + vc4+1L) = logp and ¢ induces an isomorphism

L. o~ LogE
idp (w4 Yeq1L) ~ idpoge(logp)

(33)

Thus, LogH is isomorphic to the 1-relator nilpotent Lie algebra L./idr (w + vc+1L). We make one

further observation. Put Y = L/id;(w). Then, using equations (32) and (33), we see that

LogH =

. 34
Ye+1Y ( )

23 Invariance of Weight

We will need to know that the weight of w as an element of L is the same as the weight of r in

F(X). To that end we prove

Lemma 23.1 For c > wtp(p)

wtp(p) = wtp(p) = wtioge(logp) = wtL(w).

Proof: We will work from left to right. Suppose k < ¢. Recall that E is the D-completion of F'. By
Corollary 8.3, vx EN F = v F. Since p is an element of F, p will be contained in v F if and only if
p is an element of v F. Thus, wtp(p) = wtg(p).

The next step is handled by Lemma 9.9. Since vyiLogE = LogvE, if p € v+E, then logp €
YxLogE. Conversely, if logp € vrLogE, then p is contained in exp (LogvtE). Since y:E is a
nilpotent D-group, exp (Logy E) = v E. Therefore, wtg(p) = wtpogr(logp).

Since the isomorphism from L. onto LogE takes w + .41 L to logp,

wtpogp(logp) = wty, (W + Yey1L).

When we take a quotient of a group, weights can only increase. Thus, wty(w) < wtr (w + Vo1 L)-

On the other hand,

Consequently, if w + v.41L is contained in 4L, then w € vy, L. Hence, wty, (w + vc+1L) is equal

to wiy(w). O
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24 The Induced Lie Algebra of a 1-Relator Lie Algebra

In consequence of Propositions 10.1 and 21.1, equation (34), and Lemma 23.1, the torsion-free rank
of the n** lower central factor of our l-relator group G will be equal to the dimension of the nt#

homogeneous term of the graded Lie algebra

or(H) = yr(’YcHY)

where Y = L/idy (w), L is the free rational Lie algebra of rank q, and wty(w) = e. Observe that as

long as we choose ¢ > n, these dimensions will be the same as for

gr(Y)=gr (E%v_)') -

Therefore, we now consider this Lie algebra. We will eventually see that although w is not a
homogeneous element of L, ¢gr(Y) is isomorphic to a quotient of L by the ideal generated by a
homogeneous element. This isomorphism will be revealed through the identification of two ideals of
gr(L).

By Lemma 11.1

gr( L ) = gr(L) .
idp(w)) — grp(idy(w))
We consider two ideals of gr(L):

o0

, tdp (W) Nyl + i1 L
rp(id(w)) = 35
or () = D LTI (35)
and the ideal of gr (L) generated by the homogeneous element w + Ye+1 L
idy1) (W + Yes1 L) (36)

Since gr (idr(w)) is an ideal of gr(L) and contains w + 741 L,

idgr( 1) (0 + Yer1 L) € g (idp ().

‘We will prove that these two ideals, (35) and (36), are equal in order to apply the following theorem,

which is a special case of a result of Labute’s on free Lie rings over integral domains [13].
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Theorem 24.1 [Labute] If £ is a free Lie algebra of finite rank q and w is a homogeneous element
of L of weight e, then the rank of the n** homogeneous term of L/idc(w) is given by formula (22)

and hence depends only on n, q, and e.

25 The Action of the Universal Enveloping Algebra

As we saw in Section 14, the adjoint representation of a Lie algebra extends to an action of the
Universal Enveloping Algebra. We explore this action in the case of the free Lie algebra L. The
results we obtain will allow us to characterize the ideal id;, (w) and to prove the equality of our two
ideals of gr(L).

Consider the free rational Lie algebra L on {z1,z2,...,%,}. As we saw in Section 12, L possesses
a natural grading which we denote L = @;2, L;. The universal enveloping algebra U of L is the free
associative algebra on {z1,2,...,2,}. Thus, U is naturally graded, U = @2, U; where U, consists

of all Q-linear combinations of monomials in {z),%3,...,24} of homogeneous degree n. Also put

U =U and
U@ = {u=uw+um+---€U|0=uw=u=-=us1} (n>1).
In U, the weight of an element is the degree of its first non-zero homogeneous component. Thus,
Ut ={ueU| wty(u) > n}.

As in Section 14, let § denote the homomorphism of associative algebras mapping U into hom(L, L)
which extends the adjoint map on L. For convenience of notation, we will sometimes write u * y to

denote 8(u)(y).
Lemma 25.1 L= @21 L; is a graded U-module under the action defined by 6.

Proof: U, has a basis consisting of all formally distinct monomials in z;,z,...,z, of homogeneous

degree n. Let u be a typical such monomial

U =T, Ti, T

nt



L., has a basis of all basic commutators of weight m in a basic sequence {8;} in {z1,z2,...,24}.

Let 3 be one of these. Observe that

uxf = 6(zizi, - xi,)(0)

(6(zi,) 0 0(zi,) 0 -+ 00(x:,)) (B)

(sd(zi,) 0 ad(zi,) 0 -~ 0 ad(;,))(B)

[zﬁ[z‘:[' t [.'E.'n,ﬂ] . ]]]

Thus, u* 3 € Lyym. O

Corollary 25.2 If u is a homogeneous element of U and y is a homogeneous element of L, then

either uxy = 0 or else

wtp(u*y) = wiy(u) + wtr(y).
It was proved by Labute [14] that

Theorem 25.3 [Labute] If y is a non-zero homogeneous element of L and u € U, then usxy = 0 if

and only if
u=3Y b,-8(v)y-v (b, €V), (37)

for some finite set of ve U.

For some fixed, but arbitrary choice of elements v and b, of U, we consider the mapping from L to
U which takes an arbitrary element ! of L to ) b, - 6(v)l - v. We will refer to such mappings as

y-forms. The next two lemmas demonstrate several important properties of y-forms.
Lemma 25.4 Let z and y be elements of L and let ¥ be a -form. Then
1. 9(2)%2=0,

2. ¥(2)xy=—-P(y) * 2.
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Proof: For some finite set of pairs v and b,, ¥ takes an arbitrary element ! of L to Y, b, -6(v)l-v.

T(2)*xy = 6 (Z by - 8(v)z+ v) (v)

velU

= S 6(by-0(v)z- v)(v)

velU

= Y 6(b,)06(8(v)z) 0 6(v)(v).

vel

Since 8(v)z € L,

8(6(v)2)(8(v)y) = ad(0(v)2)(6(v)y)

[0(v)z, 6(v)y] .

Since [6(v)z,8(v)z] = 0, ¥(2) * z = 0. More generally,

U(z) +y 2 6(b0) ([6(v)=,6(v)v])

vel

= =360 By, 0(v):)

vel

= -9 (Z by - 0(v)y - u> (2)

velU
= —P(y)*z.

jm]
A y-form ¥ will be termed a homogeneous -form of weight n if ¥(2) is homogeneous of weight

wt(z) + n for all homogeneous z in L.

Lemma 25.5 Suppose ¥ is a -form and y is a homogeneous element of L for which ¥(y) is a
homogeneous element of U of weight wt(y)-+n. Then there ezists a homogeneous y-form '] of weight

n such that ¥(y) = (y).

Proof: For some finite set of pairs v and b, elements of U,

B(y) =3 b 00)y- v.

Without loss of generality, we may assume that the b,’s are homogeneous elements of U. Each v is
of the form

v=vtupgto-- v, eU;
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with all but a finite number of v; equal to zero. Since ¥(y) is homogeneous of degree wt(y) + n, by

Corollary 25.2

T(y) = Z 2 by - O(vi)y - vj.

v i+j=n—wi(b,)

Let & be the map from L to U taking an arbitrary element z to

()= > by-0(vi)z-v;. (38)

v it+j=n—wi(b,)

Then ®(y) = ¥(y). Moreover, if z is a homogeneous element of L, then ®(z) is a sum of terms of
homogeneous degree wt(z) +n. Thus, ®(z) is homogeneous of degree wt(z)+ n. For each v consider

the pairs ¢ and j such that ¢ 4+ j = n — wt(b,). If { = j, then the term
by B(vi)z - vj (39)
is a ¢-form. All other terms of the inner sum of equation (38) can be grouped in pairs
by - 0(vi)z - vj + by - O(vj)z - v;. (40)
where i < j. Since expression (39) is a 1-form and expression (40) is equal to the 1-form
by - 0(vi + vj)z - (vi + v;) — by« 0(vy)z - v; — by - 6(vj)z - vj,

equation (38) can be rewritten as a sum of i-forms. Hence, there exists a y-form ¥ such that
®(z) = ¥(z) for all z € L. O

Given an element y € L, let y[j] denote the homogeneous component of y of degree j.

Lemma 25.6 If u € U and y € L of weights u and e respectively such that uxy[u + €} = 0, then

there exists v € U of weight strictly greater than p such that vy = uxy.
Proof: Put u, = u[y] and y. = y[e]. We can express u and y as

u = u,+1i, ﬁGU;"’H;

Yy = yety, wi(f)e.

Then u*y = uu*y. + uy*§ + *xy. By Corollary 25.2, u,*y. = uxy[u + €] = 0. Thus, by

Theorem 25.3, u, is equal to a y-form evaluated at y.. Moreover, since u, and y. are homogeneous,
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by Lemma 25.5 there exists a homogeneous y-form ¥ of weight i — e such that ¥(y.) = u,. Using

Lemma 25.4

uxy = Y(y)*j+ixy
= Y(ye)*f—C(G)*g+ixy
= —U(§)rye— V(G *F+dxy

= (a- () *y.
Put v = (i — ¥(§)). Then v*y = u*y and, since wt(§) > e, wt(v) > wt(u). O

Corollary 25.7 Let u and y be elements of U and L respectively. If the first wt(y) + wt(u) +n
homogeneous terms of u*y are zero, then there exists an element v in U such that wt(v) > wt(u)+n

and v¥y = u*y.

Proof: The proof is by induction on n. If we set n = 0, the proposition is identical to Lemma 25.6.
Hence, we suppose n > 0 and assume the proposition holds for all positive integers less than n.
By inductive hypothesis, there exists v’ € U such that wt(u') > wi(u) +n and v'*xy = u*y. If
wt(u') > wt(u) + n, the proposition holds. Therefore, let us assume that wt(u’) = wt(u) + n. By
hypothesis, u’ * y[wt(u') + wt(y)] = 0. Consequently, by Lemma 25.6 there exists v € U such that

wt(v) > wt(u') and vxy = u' *y. Hence, wt(v) > wt(u) +nand vky=uxy. O

26 The Identification of Ideals

We view the ideal idg(w) in terms of the action of the universal enveloping algebra U on the free
rational Lie algebra L. This will enable us to prove the equality of the ideals grj(id.(w)) and
idgr1) (0 + Yes1L).

For any element ! in L, let 8(U)(l) denote the set of all #{u)(!) for u in U. As a consequence of
Lemma 13.1, a typical element 2 of idy(w) of weight greater than e can be expressed in the form

2= Z"j[’j.n; [ [0, w]--e]] r;€Q, l;; €L. (41)
j
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Put
u= Z"jlj,nj ""j,l-
J

Then, since 8 is a homomorphism of associative algebras and extends ad,, 8(u)(w) = z. Moreover,
(i, i, -+ @i, ) (w) = [wiy [wi, [+ - [wi, w] - ]]]

for any monomial z;,z;, -+ z;, in {z1,22,...,24}. Thus, id(w) = 9(U)(w), so that the action of

the universal enveloping algebra U defines the principal ideals of L. However, there is more we can

say about the relationship between id;(w) and the action of U. The key to the identification of our

two ideals of gr(L) is contained in the following result:
Theorem 26.1 idy(w) N YeynL = 0(UF)(w).

Proof: Since idy(w) N 7L = idy(w) and U§" = U, by the above comments we need only consider
the case that n > 0. By Lemma 25.1, (U;})(w) C idy(w) N Ye4nL. For the converse, suppose y
is an arbitrary element of idj(w) of weight e + m for some m > 0. We claim that there exists an
element v € U}, such that y = v*w. The proof of this claim is as follows:

Since idy(w) = (U)(w), we can find u € U such that y = uxw. Put k =m — wt(u). if k =0,
then u € U}, and our claim is proved. Therefore, assume k > 0. The first wt{w) + wt(u) + (k — 1)
terms of u*w are equal to zero. Hence, by Corollary 25.7 there exists an element v € U with
vxw=uxw=y and

wt(v) > wt(u)+k=m.

Thus, v € U}, and our claim is proved.
Suppose z is contained in idg (w)Nve4rn L for some positive integer n. Then wt(z) = e+m > e+n.

As we have just shown, this implies z € (U}})(w) C 6(U;})(w). O
Corollary 26.2 gr;(idp(w)) = idg,(L)(w + Yet1L).

Proof: Consider an arbitrary non-trivial element of

id,(w) N YesnL + Yean+1L
Yet+n+1L )
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It is a coset of Yeqn+1L
Y+ Yetn+1L

with representative y € id,(w) N Yeq4nL. Since id(w) N YeqnL = 6(UF)(w), there exists v € U

such that y = v*w. Decomposing w and v into homogeneous terms, we have

W = We+Wepy+-er wi € L;

v = vptvgpte v; €U;.
Then y[n + €] = v, *w, and

Y+ Yetnt1iL = yln+el+YetntaL

Up ¥ We + '7e+n+1L .

Since v,, € U,,, it is of the form

Un = E 8alq, " Tay sq €Q, mage{xlsz%---azq}
a€A

for some finite set of multi-indices A. Then the element of idy,(1)(we + Ve+1L)

Z Saltan + 12 Ll [®ay + 2L, we + Yes1 L] - -]
a€A

is equal to

Z Sa[Tan[ " [Zarswe] N+ Yetn+1L = vp*we + Yeqnsr L
a€A

= y+ 'Ye+n+lL

Thus, y + Yn+1L € tdgr 1) (We + Ye+1L) = idgrr)(w + Ye41L). O

27 Proof of the Invariance of Torsion-Free Ranks

Theorem 27.1 Let G be a finitely generated 1-relator group, G = (z1, Z2,..., T4 ; 1), and let
wt(r) = e relative to the free group F(X) on {z1,z2,...,2,}. Then, for any positive integer n, the

torsion-free rank of the n** lower central factor of G depends only on n, q, and e.
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Proof: For some fixed but arbitrary positive integer ¢ > e, let H = E/idg(p) where E is the
free nilpotent D-group of class ¢, m(F(X)/7.+1F(X)), and p = r7.41F(X). Let n be a positive
integer less than c. In Proposition 21.1, we saw that tfr(v,G/vn+1G) is equal to the dimension of
the n** homogeneous component of gr(H). Since H is a nilpotent D-group, by Proposition 10.1
gr(H) 22 gr(LogH) . The Lie algebra of a quotient is isomorphic to the quotient of the Lie algebras.

Thus,
LogE
Log (idg(p))

By Lemma 22.1, Log (idg(p)) is equal to the ideal of LogE generated by log p. Therefore

LogH =

LogE

LogH & ——2—___|
7 idog £(l0g p)

LogE is a free rational nilpotent Lie algebra of class ¢ and rank q. Hence, it is isomorphic to L/v.41L

where L is the free rational Lie algebra of rank ¢. Thus,

LogH = :d‘i%‘ﬁ/'y"“ (EE(JE)-)

where w is a lift of log p. Consequently, since n is less than ¢, tfr(¥,G/~n+1G) will be the dimension

of the n** homogeneous component of the graded Lie algebra

v (@)

As a consequence of Corollary 26.2

(i)
idg (w) idge( 1y (W + Ye41L)

By Corollary 12.2, gr(L) is a free rational Lie algebra of rank ¢, and by Lemma 23.1, w + Ye41L
is a homogeneous element of gr(L) of weight e. By Theorem 24.1 (Labute), the rank of the n'*

homogeneous component of gr(L)/idy,(r)(w + 7e41L) is given by formula (22). Hence,

G\ _
tfr (’)’n+1G) =1(n,q,¢€)

and thus depends only on n,q, and e. O
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