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Abstract
RESIDUAL SOLVABILITY of GENERALIZED FREE
PRODUCTS

By: DELARAM KAHROBAEI
Adviser: Professor GILBERT BAUMSLAG

The notion of residual properties was first introduced by Philip
Hall [22] in 1954. In this work we show that in general G =
{AxB; C}, the generalized product of two finitely generated nilpo-
tent groups A and B, amalgamating C, is not perfect. As a con-
sequence, when the factors A and B are torsion-free, G is guaran-
teed to be residually solvable by any of the following conditions:
1. the amalgamated subgroup C is central in both factors; 2. the
amalgamated subgroup C is of finite index in at least one of the
factors; 3. the factors A and B are isomorphic, via an isomorphism
that agrees with the isomorphism that identifies the amalgamated
subgroups C4 and Cpg (this type of generalized free product is
called a double); 4. the amalgamated subgroup C is cyclic; 5.
one of the factors is abelian. The generalized free products of
finitely generated torsion-free nilpotent groups are not necessarily
residually solvable. We demonstrate that using an example due to

Gilbert Baumslag [11].
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Preface

The study of residual solvability of groups was initiated by Philip
Hall in 1954 [22]. Residual finiteness of generalized free prod-
ucts of finitely generated nilpotent groups was studied by Gilbert
Baumslag [3] primarily. This work is concerned with residually
solvability of this kind of structures.

To start, in Chapter 1, we give alternative definitions of nilpo-
tent groups, based on upper and lower central series and their prop-
erties, we then recall some properties of finitely generated torsion
nilpotent groups and their center which reflect in the entire group;
the Frattini subgroup is the topic of another subsection in this
chapter. Next we bring in polycyclic groups and their relation
to nilpotent groups; definition of polycyclic-by-finite groups and
Hirsch number is one of the subsections. Definition, theorems and
important properties of Mal'cev completion, such as, the funda-
mental theorem of torsion-free nilpotent groups.

In Chapter 2, we define generalized central products for an

arbitrary number of groups. In the literature this was introduced

vii
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viil

mostly for two groups. We collect related results concerning in-
jective mappings of the factors of these kinds of structures. This
is the context in which the classical definition of generalized free
products of arbitrary number of groups [7] and the related theo-
rems. We then prove some lemmas about removing torsion from
amalgamated products of nilpotent groups. Afterwards, we define
the tree products of groupé [36] and we list some related theorems
on subgroups of geheralized free products.

Then in Chapter 3, we define residual properties of classes
of groups and we give different terms which are used to describe
residual properties of groups, such as separation and discrimina-
tion.Next we concentrate on residual solvability of groups: we give
alternative definitions(one in terms of solvable filtration) of this
property, we prove their equivalence. After that, we study the
facts about solvability and residual solvability.

In Chapter 4, we give a complete formulation and related re-
sults of the structure of the abelianization of the generalized free
products of groups. Then we study this abelianization in the case
where the factors are finitely generated nilpotent groups. After
that we study the effect of the order of the abelianization of amal-
gamated products of nilpotent groups.

The results of Chapter 5, are involved in residual solvability

of generalized free products of finitely generated nilpotent groups.
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ix

We first prove that this generalized free products is not perfect
in general, regardless of finitely generated nilpotent groups being
torsion-free. Then we study the different case and put conditions
of the amalgamated subgroups and observe that these kinds of
structures are almost residually solvable. But that is not the case
in general. We show by an example by Baumslag that they are
not residually solvable [11], this example actually shows that these
structures are not poly-residually-solvable in general.

In Chapter 6, we deal with another class of groups, namely
free groups and residually solvable groups. We give a very simple
and short proof of a theorem due to Karrass and Solitar which
gives an alternative answer to a question of Peter Neumann, listed
under item F'22 in the “Open Problems” on “Free Groups” section
[12] of http://www.grouptheory.org.

Then we discuss residual solvability for the case where the factors
are residually solvable. We particularly study the case of doubles.

In Chapter 7, we discuss residual solvability of one-relator
groups. Gilbert Baumslag’s result [5] shows that positive one-
relator groups are residually solvable. There examples of other
one-relator groups which residually solvable. One of the most im-
portant one’s are Baumslag-Solitar groups, as well as the class of
groups introduced by Baumslag in [6]. In this chapter bring new

different cases where these kinds of groups in both cases.
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Introduction

The notion of residual properties was first introduced by Philip
Hall in 1954 [22]. Let X be a class of groups. G is residually-
X if and only if, for every non-trivial element g in G there is an
epimorph of G in X such that the element corresponding to g is
not the identity. If Y is another class of group, then we denote by
X -Y the class of those groups G which possess a normal subgroup
N in X such that G/N is in class Y.

A group G is nilpotent if it has at least one central series. A
group G is called solvable, if there exists a natural number n,
so that the n-th terms of its derived group is the trivial group.
In particular we like to remind that nilpotent groups satisfy the
maximal condition, where solvable groups fail to satisfy this con-
dition. Another lemma which is worth recalling is that, a solvable
group satisfies the maximal condition if and only if it is polycyclic.

Quotient, subgroups, homomorphic images, cartesian product of
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solvable(Nilpotent) groups are again solvable(Nilpotent).

In this thesis, we consider the finitely generated groups.

Abelian — Nilpotent — polycyclic — solvable + maximal con-
dition — residually solvable — meta-residually solvable — poly-
residually-solvable.

In 1963 Gilbert Baumslag studied residual finiteness of generalized
free products of finitely generated torsion-free nilpotent groups, [3].
He showed first that if both factors are non-abelian then this amal-
gamation is not residually-finite, he found conditions where G is
residually finite. He actually proved in general that this kind of
structure is free-by-residually-finite, or meta-residually-finite, and
if the amalgamating subgroup is closed in both factors then it is
residually finite. For when the amalgamation subgroup is cyclic,
he showed that these kinds of groups are residually finite. A few
years after, in 1968 one of his students, Joan Landman Dyer, con-
tinued his work [19] on residual finiteness of this kind of structures.
She showed in particular that if the factors are not necessarily
torsion-free, these kind of groups are not free-by-residually-finite
(by taking isomorphic factors of class three), but rather residually-

finite-by-free-by-residually-finite.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



In this work we consider the generalized free product of finitely
generated nilpotent groups, and discuss how close this structure of
groups is to residual solvability. We show that how the condition
of amalgamating subgroup affects on the residual solvability of this
kind of groups. In a more specific way we study the algebraic ex-
tension of these kind of groups.

Effect of abelianization on amalgamated product of nilpo-
tent groups

We give a complete explanation of abelianization of the general-
ized free products. In particular, we can see how the abelianization
of this kind of groups with nilpotent factors is not trivial. Using
Frattini theorem, which shows that the commutator subgroup of
a finitely generated nilpotent group is a non-generator set. As a
result, we find out that the generalized free products of two finitely

generated nilpotent groups are not perfect.

Theorem 0.0.1. The generalized free products of two finitely gen-
erated mnilpotent groups amalgamated a subgroup of them is not

perfect.

This property of finitely generated nilpotent groups plays a criti-

cal role to approach our question. For example finitely generated
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polycyclic factors that satisfy the maximal condition, but fail to
satisfy the condition of Frattini theorem, turns out to be perfect
in several examples.

Cyclic amalgamated subgroup and residual solvability
Another case that we consider, is when the amalgamating sub-
group is cyclic. It turns out that choosing an appropriate solvable
filtration [6] of each factor so that the generator of amalgamating
subgroup doesn’t lie in the n-th term of upper central series and

we prove that it is residually-solvable-by-solvable.

Theorem 0.0.2. The generalized free products of two finitely gen-
erated torsion-free nilpotent groups amalgamating a cyclic subgroup

is an extension of a residually solvable group by a solvable group.

The amalgamated subgroup is central in both factors

We then define the generalized central products of arbitrary num-
ber of groups, and show that each factor inject to this kind of prod-
uct. We then look at the case where the amalgamating subgroup
is central in both factors, and we show that using the generalized
central products that these kind of groups turn out to be free-by-
nilpotent. We note that a nilpotent extension of a free group is

not residually nilpotent but rather residually solvable.
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Theorem 0.0.3. The generalized free products of two finitely gen-
erated nilpotent groups amalgamating central subgroups of them s

a nilpotent extension of a free group.

As a corollary, the generalized free products of finitely generated
abelian groups are free-by-abelian, i.e. residually solvable. We can

actually generalize this theorem to arbitrary number of factors.
Corollary 0.0.4. G is residually solvable.

Theorem 0.0.5. The generalized free products of arbitrary number
of finitely generated nilpotent groups of bounded class, amalgamat-
ing central subgroups of them, is an extension of a free group by a

nilpotent group.

Theorem 0.0.6. The generalized free products of arbitrary number

of abelian groups is an extension of a free group by an abelian
group.

The case where one of the factors is abelian

We then consider the case where just one of the factors is abelian,

it turns out that these groups with an abelian factor is again resid-

ually solvable. In fact, free-by-nilpotent.
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Theorem 0.0.7. The generalized free products of a finitely gener-
ated torsion-free abelian and a finitely generated torsion-free nilpo-

tent group is an abelian extension of a residually solvable.

The case when the amalgamated subgroup is of finite in-

dex in at least one of the factors

Theorem 0.0.8. The generalized free product of two finitely gener-
ated torsion-free nilpotent groups amalgamated subgroup is of finite
index in at least one of the factors, is an extension of a free group

by a torsion-free nilpotent group.

Doubles of nilpotent groups and residual solvability

The case of two factors

Theorem 0.0.9. Let A be a finitely generated nilpotent group, C
be a subgroup of A, and '~ ’ be an isomorphic mapping of A onto
A. Then the generalized free product of A and A amalgamated C
with C,

G={Ax4,C=0C},

18 an extenston of a free group by a finitely generated nilpotent

group. Furthermore, it is residually solvable.
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The arbitrary number of factors
The theorem (5.8.1) can be generalized to the arbitrary number of

isomorphic nilpotent groups.

Theorem 0.0.10. Let {A;]i € I} be a arbitrary indexed family of
isomorphic torsion-free nilpotent groups, such that (\,c; Ai = C,
and let G be the generalized free product of A;s amalgamated C':

¢ ={[] 4c}.

i€l

Then G is residually solvable.
A negative theorem, generalized free products of nilpotent
groups sometimes may fail to be residually solvable.
Gilbert Baumslag remarked in [11}, by a counter example that not
every subgroup of generalised free product of two finitely generated
torsion-free nilpotent groups is indicable. We use this example to

prove the following theorem:

Theorem 0.0.11. There exist two finitely generated torsion-free
non-abelian free nilpotent group A and B, such that the amalga-

mated product of them with abelian amalgamation,
G= {A*B;CA = CB},

18 not residually solvable.
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Abelian amalgamating subgroup does not suffice for residual solv-
ability.

The second part of this work is on residual solvability of generalized
free products of residual solvable groups (free groups). This part
has been motivated by a question of Peter Neumann, [12] which is
one of the open problems in Magnus webpage, Is it possible that
the free product {A x B;C4 = Cp} with amalgamation, where A,
B are free groups of finite ranks, Cy,Cp are finitely generated sub-
groups of A, B, respectively, is a simple group? [F22]

Ruth Camm in 1953 [15] constructed an example that if the amal-
gamating subgroup is of infinite rank, in which this amalgamated
product is simple. Burger and Mozes in 1997 [14] constructed a
simple amalgamated products where all factors and amalgamated
subgroups are finitely generated torsion-free free groups. Karrass

and Solitar proved that

Theorem 0.0.12. Let H be a finitely generated subgroup of a free
group F and the index [F : H] infinite. Then there exists a non-

trivial normal subgroup N of F such that NN H = {1}.

In 1998 Ivanov and Schupp gave an alternative proof of this the-

orem using small cancellation theory as well as brought up two
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corollaries which give an affirmative answer to the quesion of Pe-
ter Neumann. In 2000 I gave a very simple and short proof in [26],
[25], which I use Kurosh subgroup theorem as well as a theorem
of Marshall Hall. In this work we show the complete procedure of
this proof as well.

In this work we proved for the case of doubles of residually solv-
able groups in general (free groups), that this kind of groups are

meta-residually-solvable in general.

Theorem 0.0.13. Let A be a residually solvable group, C be a
subgroup of A, and =’ be an isomorphic mapping of A onto A.
Then the generalized free product of A and A amalgamated C with
C,

G={AxA,C=C}

is an extension of a free group by a residually solvable group. Fur-

thermore, G is meta-residually-solvable.

Effect of solubly separability on the amalgamated sub-

group and residua 1 solvability

We look at the case where the amalgamated subgroup is solvably
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separable and we show that in this case these kinds of amalgama-

tion is residually solvable.

Theorem 0.0.14. Let ™’ be an isomorphism from a group A onto
itself, C be a subgroup of A, and G be the amalgamated product of

A and A with C amalgamated:
G={AxA;C=C}.

If A is residually solvable then G is also residually solvable, pro-

vided that C be solubly separable in A.

Solvable separability is a sufficient condition for residual
solvability. A negative theorem

Note that the condition of solvable separability of the amalgamated
subgroup in the factors, in the case of doubles is necessary. The
following negative theorem shows that the amalgamated product
of doubles is not residually solvable where the factors are residually

solvable groups.

Theorem 0.0.15. Let A be a finitely generated residually solvable
group, and C be a normal subgroup of A, such that A/C be perfect.

Let “~ “ be an isomorphic mapping of A onto itself. Then

D={AxA;C=C}
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is meta-residually solvable, but not residually solvable.
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Chapter 1

Basic Notations and results

1.1 Nilpotent groups

Definition 1.1.1. ([4]) A series is called normal if each term in

the series is a normal subgroup of the succeeding term.

Definition 1.1.2. Let X be a property (or class) of groups. A

finite normal series

of G is termed a poly-X series for G if
Gi+1/Gi e Xfori=0,---,l—1.

Definition 1.1.3. A group G is termed poly-X if it has at least

16
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one poly-X series. The length of the series (1) is (.

Lemma 1.1.1. ([85]) Suppose X is a property (or class) of groups
such that every subgroup of a group with X also has X. Then every

subgroup of a poly-X group is again poly-X.

Definition 1.1.4. G is called an extension of A by @ if there exist

A and () and a short exact sequence

l1-A->G—-Q— 1

Definition 1.1.5. Let X be a property (or class) of groups. G
is meta- X if there exist A and @ of property (or class) X and a

short exact sequence

1-A->G—Q — 1.

Note 1.1.2. An extension of a finitely presented group by another
finitely presented group is finitely presented. In particular poly-

cyclic groups are finitely presented.
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Definition 1.1.6. The center of G is denoted by £G; so

EG = {z € G|[z,y] =1 for all y € G}.

Definition 1.1.7.

is an invariant series, if
1) Gi < Giga;
2) G; be invariant in G, i.e. Y Autd : G — G, then ¢(G;) = G;.

In other words, if G; is a normal subgroup of G fori =1, - L.

Example 1.1.3. Derived series is an example of an invariant se-

T1ES.

Definition 1.1.8. An invariant series (1) is termed a central series

if

Gi-l-l/Gi gg(G/GZ) fori=0,1,--- :l—l

Definition 1.1.9. G is nilpotent if it has at least one central series.
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The class of a nilpotent group is the least of the lengths of its
central series.

Definition 1.1.10. ([37]) Let F be the free group on a finite set
X, such that |X| = n, and ¢ be a positive integer. Any group
isomorphic to G = F/v.41(F) is called a free nilpotent group of

rank n and class c.

Definition 1.1.11. The upper central series of G is defined to be

the series
1=6G<HGE<LES <GS
where inductively
§i1G/&G = E(G/&G) (i 2 0).
So £,G =£G.

Definition 1.1.12. The lower central series of G is defined to be

the series
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where inductively

Mmi1G =[G, Gl (n > 1).

Proposition 1.1.4. G is nilpotent if v.4.1G = 1 for some c. We

call the least such c, the class of G.

Note 1.1.5. £.G = G if and only if v..1G = 1.

Definition 1.1.13. A non-empty class v of groups is termed a
variety (of groups) if it is closed under homomorphic images, sub-

groups and cartesian products.

Lemma 1.1.6. Subgroups, homomorphic images and cartesian prod-
ucts of nilpotent groups of class at most ¢ are again nilpotent of
class at most c. In other words the class N, of all nilpotent groups

of class at most ¢ is a variety of groups.

Lemma 1.1.7. Every subgroup of a poly-nilpotent group is again

poly-nilpotent.
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Proof. This will can be proved by applying lemma 1.1.6 and 1.1.1.

a

Definition 1.1.14. A group G satisfies the maximal condition if
it has no infinite strictly increasing chain of subgroups. This is
equivalent to the condition that all subgroups of G are finitely

generated.

Theorem 1.1.8. Subgroups of finitely generated nilpotent groups

are finitely generated.

Proof. Let C be a subgroup of a finitely generated nilpotent group

G of class c.
G=7mG>»GE> - >91G=1
There exists i such that C < %G and C € v,1G.
Fori=c C < 7G = YG/Yer1G

which is finitely generated abelian, and therefore C' is finitely gen-

erated.
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Let ¢ be a homomorphism

¢:C — %G /vinG.

Note that v;G/v;+1G is finitely generated abelian.

dai,- - ,a, € C such that %G /%G = gp(ard, -« , and).

Va € C ad = (a10)* -+ (an)*™ = (@1 + - ay*) .

Therefore
(@® - ap®ra™ g =1,
ie. 1™ - a,"a"! € ker ¢.
Hence,
a=a1™- - a,""k (k € ker ¢).
Put

D=Cn ’)’i+1G.
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Note that
keD < ’)’i+1G.

Therefore D is finitely generated by the induction hypothesis. Note

that

C:gp(a’h.” )a'n,D)

which is again finitely generated. | ]

Note 1.1.9. Subgroups of finitely generated solvable groups are

not necessarily finitely generated.
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1.2 The torsion subgroups of nilpotent groups

Note 1.2.1. 7A is the set of elements of finite order in A.
Lemma 1.2.2. 7A is the torsion subgroup of A.

Proof. Let a,b € A be two elements of finite order in A. Hence
gp(z,y) has finite order. So the order of z - y is finite. Hence 7A

is a subgroup of A. 0

Lemma 1.2.3. Let A be a nilpotent group. Then the torsion sub-

group of A, TA is normal in A, i.e. TA<A.

Proof. Since the order of an element is invariant under conjugation,

we may prove that 7A < A. O

Lemma 1.2.4. A finitely generated nilpotent torsion group is fi-

nite.

Proof. Finitely generated nilpotent groups satisfy the maximal con-

dition 1.1.8, so 7 A is finitely generated. Hence a finitely generated
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nilpotent torsion group is finite since its generators have finite or-

der. O

Lemma 1.2.5. Let A be a finitely generated nilpotent group. Then

the quotient A/TA is torsion-free.

Proof. We want to show that the only element of finite order in
A/TA is the identity. If (a7 A)™ is the identity in A/7A for some

coset atA, thena” € TAand aisin 74 as well. SoarA=7A. O

Lemma 1.2.6. Finite nilpotent groups are simply the direct prod-

ucts of their Sylow p-subgroups.
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1.3 Properties of the center of a nilpotent group

reflected in the entire group

The properties of the center of a nilpotent group are often reflected

in the entire group. One such result is the following:

Lemma 1.3.1. (Philip Hall, [4]) A finitely generated nilpotent

group G is finite if and only if its center is finite.

Proof. By induction on ¢, the class of G. If ¢ = 1 there is nothing
to prove.

Suppose ¢ > 1. If £,G has order n, a € &G and = € G then
[z,a"] = [z,a]" = 1.

So a™ € £,G and £&G/& G is finite since G/, G satisfies the maxi-
mal condition.

Inductively G /&G is finite, and so is G. a

Theorem 1.3.2. Let G be a nilpotent group and {1} # H 1 G.
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Then
HNEG # {1}

Proof. Proof by induction ¢, the nilpotency class of G. Note that
if H < £€G = & then there is nothing to prove. Obviously, HN¢, #
{1}. We want to show that if H N¢& # {1}, then H N¢&_; # {1}
fori > 1. Let 1 £he HN&; if h & £G, since h € £G the proof is

complete. So
dg € G such that h; = [k, g] # 1.
Observe that hy € H, since H <G. Also
hi € [§,G] < &1
O

Corollary 1.3.3. Let ¢ : G — K be a homomorphism of nilpotent

groups. Then,

¢ is monic = ¢l¢g 1is monic .
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Corollary 1.3.4. Let G be a nilpotent group. G is torsion-free if

and only if £G is torsion-free.
Lemma 1.3.5. If G is torsion-free nilpotent group, then
Ve,yeGz"=y" & xz=y.

Lemma 1.3.6. Let G be a torsion-free nilpotent group. Then

G/EG is also torsion-free.

Proof. Let x € G such that z™ € £G.

Vge Gz, g =1

(g7 'zg)" =2 & g lzg ==
Therefore [z,9] =1, so z € £G. O

Corollary 1.3.7. IfG is a torsion-free nilpotent group, then £,11G/&.G

is torsion-free abelian for any n.

Note that this corollary doesn’t hold for the lower central series.
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Lemma 1.3.8.

[z, y2] = [z, 2] [z, y)*

[zy, 2] = [z, [y, 2].
Proof. In any group,

¥ = zfz, Y]
and so

z¥* = zfz, ][z, y)* = =z, yz].

Similarly,

(zy)* = wylzy, 2] = 2°Y° = z[z, 2lyly, 2] = zy[z, 2]¥[y, 2].

Note 1.3.9. [y, ] = [z,y]"".

Proof.

Ty _

[y, z] = [x’y—l]y = [‘T—lay]z = [y—law—l] = [x’y]—l'
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1.4 The Frattini subgroup

Definition 1.4.1. ®G, a Frattini subgroup of G, is the intersection

of all maximal subgroups of G. In particular, G is characteristic.

Definition 1.4.2. A maximal subgroup of a group is a proper

subgroup which is not contained in any larger proper group.

Definition 1.4.3. Let H < G. H is characteristic if Ha <

H Vo € Aut G.

Definition 1.4.4. g € G is called to be a non-generator element

of G, if G = gp(X, g) then G = gp(X).

Theorem 1.4.1. (Frattini) ®G is the set of all non-generators in

G.

Theorem 1.4.2. Let G be a finitely generated milpotent group.

Then

G < 9G.
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Proof. By induction on c, the nilpotency class of G. We must show
that if gp(X,G’) = G, then gp(X) = G.

If c =1, G is abelian and hence G' =1 and gp(X,G’) = gp(X) =
G.

Now, let ¢ > 1. We assume the theorem holds for all finitely

generated nilpotent groups of class less than c.

G = gp([u,v]lu € 7.G,v € G)

G/7G = gp(X7.G/7.G, GG /7G).

So, if g € G, then

g = w(@) z (2€70)
u = wiz) - z1(z1 € %G < EQ),

v = we(x) - 22(22 € V.G < £G).

Hence,

[u,v] = [wi(T)21, wa(T)22)]

= [wi(z),ws(z)] € gp(X).
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That is to say v.G < gp(X), hence G = gp(X). O

Corollary 1.4.3. Let G be a nilpotent group and X C G. Then
X generates G if and only if X¢ generates Ggp, where ¢ : G —

G/|G,G] is a canonical homomorphism.

Theorem 1.4.4. Suppose G is a finitely generated nilpotent group.

Then G 1is finite if and only if Gy s finite.

Proof. By induction on ¢, the nilpotency class of G. g
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1.5 Polycyclic-by-finite groups. Hirsch num-

ber

Lemma 1.5.1. Finstely generated nilpotent groups are polycyclic.

Proof. This can be proved by observing that if G is a finitely gener-
ated nilpotent group of class c then, v.G is also finitely generated.
Let G be a finitely generated nilpotent group of class ¢. If ¢ < 1,
then G is abelian, and hence G is polycyclic. Now assume that
¢ > 1. The last non-trivial term in the lower central series of G
is 7.G. .G is abelian and finitely generated. Therefore 7.G is
polycyclic. The quotient G/7.G is nilpotent of class ¢ — 1. By

induction on ¢, G/v.G is polycyclic. Thus G is polycyclic. O

Note 1.5.2. There exists finitely generated solvable groups that are

not polycyclic.

Lemma 1.5.3. A solvable group satisfies maximal condition if and

only if it is polycyclic.
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Corollary 1.5.4. Polycyclic groups are solvable.

Lemma 1.5.5. Finitely generated abelian groups are polycyclic.

Lemma 1.5.6. Quotient groups of polycyclic groups are polycyclic.

Lemma 1.5.7. Subgroups of polycyclic groups are polycyclic.

Lemma 1.5.8. Polycyclic groups satisfies the maximal condition.
In other words, subgroups of finitely generated polycyclic groups

are finitely generated.

Definition 1.5.1. The group G is said to be polycyclic-by-finite

if G has a subnormal series

1<Gy<Gr1 <G, =G,

where G;/G;_; is either infinite cyclic or finite. If G has a normal

series of this type, then G is said to be strongly polycyclic-by-finite.

Lemma 1.5.9. A finitely generated torsion-free nilpotent group is

polycyclic-by-finite.
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Proof. Let G be a finitely generated torsion-free nilpotent group.

G is polycyclic, therefore it is also polycyclic-by-finite. a

Lemma 1.5.10. (/85]) Let G be a polycyclic-by-finite group, the
Hirsch number of G is denoted by h(G). h(G) is an invariant of
G, i.e. it is independent of the series used to define it. Suppose

H < G and N < G, then the followings are true:

3. h(G) = h(N) + h(G/N).
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1.6 Effect of indicability on the order of finitely
generated nilpotent groups

Definition 1.6.1. A group A is termed indicable if there exists a

homomorphism of A onto the infinite cyclic group.

Lemma 1.6.1. A finitely generated group G is indicable if and
only if Ggp ts infinite.
Theorem 1.6.2. (Higman, [23]) Every finitely generated torsion-

free nilpotent group is indicable.

Corollary 1.6.3. The abelianization of a finitely generated torsion-

free nilpotent group s infinite.

Proof. Let A be a finitely generated torsion-free nilpotent group.
Then, by theorem 1.6.2, A is indicable. Hence by lemma 1.6.1 A

is infinite. O

Lemma 1.6.4. The abelianization of an infinite finitely generated

nilpotent group is again infinite.
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Proof. Let A be an infinite finitely generated nilpotent group.
Then there is a canonical homomorphism from A onto A/TA,
where 7A is the torsion group of A. Since A/TA is a finitely
generated torsion-free nilpotent group, by corollary 1.6.3, A/TA is

infinite. Hence A is infinite. D
The alternate proof of lemma 1.6.4, can be found in theorem 1.4.4.

Theorem 1.6.5. (K. A. Hirsch, [4]) Let G be a finitely generated
nilpotent group. Then G can be embedded as a subgroup of finite
index in a direct product D = A X B, where A is finite and B is

torsion-free.

Proof. Let T = 7G. Then T is finite. So, using the fact that G is
residually finite, there is a normal subgroup N of G of finite index

such that

NNT = 1L
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Put

A = G/N,
B = GJT.

Then A is finite and B is torsion-free. Since N NT = 1, the

mapping

¢:9 — (gN,gT)(9€G)

of G into D=AXB,

is a monomorphism. Moreover, N¢ is a subgroup of finite index
in B, and hence G¢ is of finite index in D. This completes the

proof. )
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1.7 The Mal’cev completion. Fundamental the-
orem of torsion-free nilpotent groups and
related results

Definition 1.7.1. ([27]) A group is called complete if, for any

element a of G and an arbitrary natural number n, the equation

2" = a has at least one solution in G, or, in other words, if every

root of every element of G belongs to G.

Theorem 1.7.1. A finitely generated nilpotent group is complete

if and only if it contains no proper subgroup of finite index.
Corollary 1.7.2. Every group is contained in a complete group.

Note 1.7.3. ([4]) Let D denote the set of the class of groups in

which extraction of roots is always uniquely possible.

Definition 1.7.2. ([4]) Let us term a minimal torsion-free nilpo-
tent D-group, m(G), containing a given torsion-free nilpotent group

G, a Mal’cev completion of G.
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Lemma 1.7.4. ([{]) Let G be a finitely generated torsion-free
nilpotent group of class ¢, let g be an element of G and let n be a
positive integer. Then G can be embedded in a finitely generated

torsion-free nilpotent group of class ¢ in which g has an n-th root.

Corollary 1.7.5. ([4]) Every finitely generated torsion-free nilpo-

tent group can be embedded in a nilpotent D-group.

Theorem 1.7.6. (Mal’cev, [4]) Let A be a torsion-free nilpotent
group. Then A can be embedded in a torsion-free nilpotent D-
group.

Corollary 1.7.7. ([4])Let G, H be torsion-free nilpotent groups,
and let ¢ be a homomorphism of G into H. If m(G) and m(H)

are any Mal’cev completions of G and H, then ¢ can be extended

uniquely to a homomorphism m(¢) of m(G) onto m(H).

Corollary 1.7.8. ([4]) Let G be a torsion-free nilpotent group.
If m(G) and m/(G) are Mal’cev completions of G then they are

isomorphic.
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Theorem 1.7.9. (Mal’cev fundamental theorem of torsion-free nilpo-
tent groups) If G} and G3 are two completions of G, then there
ezrists an isomorphism between them that extends the identity au-

tomorphism of G, and this isomorphism is unique.
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1.8 Perfect groups

Definition 1.8.1. ([18]) A group H is called perfect if H = H’

(i.e. H is equal to its own commutator subgroup).
Lemma 1.8.1. Every non-abelian simple group is perfect.

Lemma 1.8.2. If H and K are perfect subgroups of a group G

then gp(H, K) is also perfect.

Lemma 1.8.3. The subgroup of a group G generated by any col-

lection of perfect subgroups is perfect.
Lemma 1.8.4. Any conjugate of a perfect subgroup is perfect.

Lemma 1.8.5. Any group G has a unique mazimal perfect sub-

group and this subgroup is normal.
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Chapter 2

Products

2.1 Generalized central product and some re-

lated results

Definition 2.1.1. ([34]) A group G is said to be the central prod-

uct of its normal subgroups Gy, - -+ ,Gp, if

G = GGy -G,
[Gi,Gj] = 1, for ¢ 7é j, and

Gin][G;=¢G, foralli.
i#]

Note 2.1.1. Since £G; < €G, it follows that

£Gi = €G.

43
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Lemma 2.1.2. u; : G; — G is monic.

Proof. Map G; &5 G, in such a way that g; — g;. We want to show

that the kernel of this map is trivial. If
g;i € kerpy;,
then pi(g:) = 1.
But on the other hand
pi(gi) = gi = 1.

This completes the proof of lemma (2.1.2), that u; is an injective

homomorphism. O
Another definition of the generalized central product is:
Definition 2.1.2. Suppose that
{Ai =< X;;R; > |ie I}
is an indexed family of presentations

Ai =< X,'; R, >
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of the groups A;, and suppose C is another group equipped with

monomorphisms
¢ :C — A; (ie€l)and C <€A,
We term the group A defined by the presentation
A=< UX;UR; U {cpic '¢;lc € C,i,j € IYU{[xs,z;] =14,j € I} >

where we assume that the X; are disjoint, the generalized central

product of A; amalgamating the central subgroup C.

A=TT {4sc).

iel
If C =1, then A is termed the direct product of A; s.
According to Dyck’s theorem, there are canonical homomorphisms

w; of each A; to A. It can be proved that y; aremonomorphisms,

and, if we identify A; with A;u;, then
cp; =cp; Vee Cy1,j € 1.

So, we can identify C with any of its images C'¢; which have already

identified with Co;u;. AN A; = C (4,5 € I,i # j) and A =
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gp(UierA;). A can be also shown as the following:

A= (HxAi)/gp(cgbic_lgbﬂi,j €l, ceC).
iel

Lemma 2.1.3. p; is a monomorphism.

Proof. Recall

M - Az - (HAl)/gp(C¢1C-1¢J|'L,j € I,C S C)
el
Put

S = gp(cqbic“lcbj]i,j € I,ce C), where C % A;.

We want to show that y; is a monomorphism. In order to do this

we must show that
ker u; = 1.

Let a € A; be an element in the kernel of u;, a € ker y;, so that
pi(a) = 1. We want to show that a = 1. A generic element in S

has the following form:

S = (019751'101_1%'1) e (Cn‘ﬁincn*l?bjn)'
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Since w;(a) = 1, then a is an element in S, and takes the following

form:

a= (Cl¢i1cl_1¢j1) T (cn¢incn—1¢jn)'

Let’s consider two cases: the case where none of 7, and j, are equal
to 7, and the case where some of them are equal to :.
Case 1: Since none of the subscripts are equal to ¢, this implies

that

a € gp(Aelk # 7).
But on the other hand, a is an element in A; as well. Therefore
a € A;Ngp(Agli # k) =1 (by a property of direct product).

This implies that a = 1.
Case 2: Now suppose that some of the indexes are equal to ¢,

(iy =1). Note that c¢;, for c € C, is central in A;. We thus have:

a= (H Cl¢ilcl—1¢jl)(H CkPriCh By + CaBhnCn” Py)-

b7 km#i
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Note that the following is equal to one, since we consider this in

the ¢-th place, and follows similar to the previous case

(H CkPry Ck By Car Cn E,) = L.

knF#i

Now

[T = ([Ted: = cou.
Hence

o = (cg)(J] " 5)-
JiFi
We have
ac l¢; = (H ale;) € AN gp(Axli #4) = 1.

JiFE

So

a = c@;.
This implies that a = 1, since

a=cp; = (H agic ' $;,).

1y

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



49

The right hand side has an even number of factors, so this is pos-
sible only if it is equal to one. This completes the proof that each

factor injects in A. O
Let’s look at the case where there are only two factors:
Lemma 2.1.4. Define
p:A— (Ax B)/gp(cé(c) e € Ca) where Cy 2 Cp).
1 18 an injective homomorphism.
Proof. Put
S = gp(c(c™'@)|c € C4) where Cy L Cg.)
Let
p:A—S
be defined by

p:iar—as.
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We must show that the kernel of this map is trivial, i.e show for
an element a € A such that a is in the kernel of x4, a = 1. Now for

an arbitrary element of a € A,

ap = aS

ap = ac(c'¢)S.

Now let
a € ker p.
Thus
~1 .

ac(c™ ¢) =

ac=c ‘¢

a=1
Therefore p is a monomorphism. O

Lemma 2.1.5. ([35]) A direct product of finitely many nilpotent

groups 1s nilpotent.
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Note 2.1.6. A direct product of infinitely many nilpotent groups

s not nilpotent.

Lemma 2.1.7. The generalized central product of finitely many

nilpotent groups is nilpotent.

Proof. The generalized central product of nilpotent groups is the
quotient of the direct product of finitely many nilpotent groups,
(which is again nilpotent, pg. 6. [35]) and another nilpotent group.
The quotient of nilpotent groups is nilpotent, as a corollary of
lemma (1.1.6). Therefore the generalized central product of finitely

many nilpotent group is nilpotent. O

Lemma 2.1.8. The generalized central product of finitely many

solvable groups is solvable.

Corollary 2.1.9. The generalized central product for an arbitrary

number of abelian groups is abelian.

Proof. The generalized central product of abelian groups is the

quotient of the direct product of an arbitrary number of abelian
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groups, which is again abelian [35], and another abelian group.

The quotient of abelian groups is abelian, as a corollary of lemma

(3.3.5). O
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2.2 Generalized free product

Suppose that ([7])
{Gz =< X;; R; > l’l € ]}

is an indexed family of presentations G; =< Xj; R; > of the groups
G;, and suppose that H is another group equipped with monomor-

phisms
Then we term the group G defined by the presentation

G=<{JXs;|JR|J(rg:ir7'¢slh e H,i,je I} > (1)

i€l i€l

where we assume that the X, are disjoint, the generalized free
product of the G; amalgamating H. We express the fact that G is

given by such a presentation by writing

¢ ={[] GsH}.

el

We assume that in (1)each h¢; is expressed as an X; product so

that (1) actually looks like a presentation. According to Dyck’s
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theorem, there are canonical homomorphisms y; of which each G
to G. It maybe proved that the u; are monomorphisms, and if we
identify G; with G;u;, then he; = h¢; for all h € H, i,5 € I. So
we can identify H with any one of its images H¢; (which we have

already identified with H¢;u;) and it then follows that
GiﬂGj =H (Z,j € I,i;éj),
i.e., the G; intersects precisely in H. Note that

G = gP(U G;).

1€l

It follows that every element g € G can be expressed in the form
9 = Y1 Yah (n20) (2)
where
(¢) v € Gy —H and i; #1454 for j=1,--- ,n—1;
(i5) h € H.

In particular if g € H, then (2) can be rewritten as
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where
(LLL) zj € Gi].-—H and 'l:j#ij_;_l for g=1.-- ,n— 1.

Theorem 2.2.1. (O. Schreier) Suppose that G = {[[" Gi; H}.
Then

(a) the G; embed into G,

(b)) GinG; =H (i,j € I,i # j);

(c) every product of the form 3satisfying (i) is not equal to 1 in
G.

Conversely, suppose that G is a group and that H is a subgroup
of G. Furthermore, suppose that {G;|i € I} is an indexed family
of subgroups of G, that G is generated by these subgroups G;, and

that GiNG;j = H (i,j € I,i# 7). Then

G ={[] G:sH}
i€l

if and only if every product of the form (3) satisfying (iit) is not

equal to 1 in G.
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Lemma 2.2.2. Let

¢ ={[] G H}.

i€l

Suppose that for each i1 € I, F; is a subgroup of G; and that
FNH=K=F,NnH (i,j€l).
Then

a(JF) ={{] k).

i€l 1el

Proof. Every strictly alternating |J,.; Fi-product, relative to K,
is non-trivial because it is strictly alternating |J,.; Fi-product,

relative to H. d

The following is the special case of the above theorem, where there

are just two factors.

Lemma 2.2.3. Let G be the free product of its subgroups A and
B with H amalgamated. If Ay is a subgroup of A, and B; is a
subgroup of B, and if A\ANH = Hy = BiNH, then G; = gp(A1, B1)

is the amalgamated product of A1 and By, with H; amalgamated.
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Proof. Note that Ay N B; = H;, by a simple computation. By def-
inition gp(Ay, B1) = A;B;. We need to show that gpg (A, By) =

{Al * Bl; Hl}SZEtAlBl.
Yw € gp(Al, Bl) w = arbjagby - - - (Lnbn.

We want to show that if n > 0, then w # 1. If w = 1, then
a1biashy - - - anby, is alternating in A;, By, and so in A, B. Thus
n = 0, because G is a free product of A and B. Now using the
universal property of amalgamated product, every element can be
uniquely expressed as alternating product of them, and that it is
again an element in the group G;. Take an element z € G| =
A;B;. Transform it to the unique construction in G then we go
back again in GG1 and all are doable since we always remain in the

group Gj. O

Proposition 2.2.4. ([29]) Let H be a normal subgroup of A, and

K be a normal subgroup of B. If N is the normal subgroup of A+ B
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generated by H and K, then
(Ax B)/N ~ (A/H) * (B/K).

Proof. Observe that (A B)/N can be defined by adding relators,

each of which is in A or in B, to the relators of (A * B). O

Proposition 2.2.5. (/29/) Let G be the free product of A and
B with the subgroups H and K amalgamated. Suppose that M
and N are normal subgroups of A and B, respectively, such that
HNM =1=KnNN. If P is the normal subgroup of G generated
by M and N, then G/P is the free product of A/M and B/N with

the isomorphic subgroups HM /M and KN /N amalgamated.

Proof. Using the presentation of G and adding on as relators words
that generate M and N; since HNM =1=KNN, HM/M ~
H and KN/N ~ K. If UJa,) generates H in G, then U;(a,)
generates HM /M in G/P. Similarly, if V;(b,) generates K in G,

V;(b,) generates KN /N in G/P. Moreover, if U;(a,) into V;(b,)
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induces an isomorphism between H and K, it also induces an

isomorphism between HM /M and KN/N. O

Proposition 2.2.6. ([7]) Let G = {Ax B;H = K}. Then any
homomorphism a of A into a group L, and 3 of B into a group L,
such that o = B¢ on H, can be extended to a homomorphism -y of

G into L.
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2.3 Removing torsion from amalgamated prod-
uct of

nilpotent groups

Lemma 2.3.1. Let A and B be two finitely generated nilpotent
groups, C be a proper subgroup of A and B, and G = {A x B;C},

the amalgamated product of A and B, amalgamating C. Then
gpc(TA,7B) = {TA*7B;7C}.

Proof. Recall that 7A and 7B are torsion subgroups of A and B

respectively. Since
TANC=17C=7BNC.
Then by applying lemma (2.2.3):

gpc(TA,7B) = {TA*7B;7C}.
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Lemma 2.3.2. Let A and B be two finitely generated nilpotent
groups, C be a proper subgroup of A and B, and G = {A x B;C},
the amalgamated product of A and B, amalgamating C. Then there
is an epimorphism from G onto a torsion-free group G*, amalga-
mated product of finitely generated torsion-free nilpotent groups

A/TA and B/TB with amalgamating subgroup C/7C,

G*={A/TAx B/TB;C/7C}.

Proof. Let

p:G — G*

p:{AxB;C} — {A/TAxB/TtB;C/tC}

be defined by

pw:a—atA b bTB.
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Note that

c — cTA,
¢ — ¢TB,

c — cTtANctB =c1C.

So p agrees on the amalgamating subgroup C, by proposition
(2.2.6), 1 can be extended to a homomorphism from G to G*,

and by Von Dyck’s theorem (4.2.2), u is an epimorphism. O

Lemma 2.3.3. Let A and B be two finitely generated nilpotent
groups, C be a proper subgroup of A and B, and G = {Ax B;C},
the generalized free product of A and B. Then G is an extension
of an amalgamated product of finitely generated nilpotent torsion
groups by a torsion-free group, (amalgamated product of finitely

generated torsion-free nilpotent groups).
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Proof. We claim that there is short exact sequence:

1-T— G -G -1

l1-{rAx1tB;7C} - {A*B;C} — {A/TAxB/7B;C/T7C} — 1

By lemma (2.3.1),

T = gpc(1A,7B) = {TAx7B;7C}.

By lemma (2.3.2), there is a homomorphism from G onto G*, and

we can calculate the kernel of this map,

ker p = gpe(T7A,7B) =T.

Corollary 2.3.4.

G/gpg(tA,7B) ~ G* = {A/TA* B/TB;C/TC},

G/{rAx1B;7C} ~G*={A/TAxB/7B;C/rC}.
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2.4 Tree product

2.4.1 Historical overview

With regard to abstract groups, Hanna Neumann shdwed in the
1950s that, in general, subgroups of amalgamated products are not
amalgamated products anymore, but “generalized free products”.
At the end of 1960s A. Karrass and D. Solitar described such sub-
groups by means of tree products and HNN-constructions. The
descriptions was given by the Bass-Serre theory, in which groups
acting on graphs in order to employ geometric intuition: the fun-
damental group of a graph of groups generalizes both amalgamated

products, HNN-extensions and tree products.

Definition 2.4.1. Suppose I' is a tree, and (G,~) is a graph of

groups. We term m(G,I',T") a tree product.

Lemma 2.4.1. Suppose that (G,T") is a graph of groups, and let

T be a mazimal tree in I'. Then if we restrict G to T, we get
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an associated graph of groups (G,T). Then m(G,T,T) is a sub-
group of m(G,T,T). Moreover, m(G,I',T") is an HNN-ezxtension
of m(G, T, T) with one stable letter for each y € A — T, where A

is an orientation of I'.

2.4.2 Subgroups of amalgamated free products

([10]) Let G = {A * B;C}. The tree I of G:

V(T') = (Set of all the cosets of gA of A in G) U (set of all cosets
gB of B in G).

E(T') = (Set of all the cosets gC of C in G).

Now let H < G. We want to see what can be said about H.

Note that H acts on I So H ~ m(H,H\T,U). So H is an
HNN-extension of a tree product of stabilizer of vertices and edges
in I' (under H).

Let’s compute some stabilizers of some vertices.
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Suppose h € H stabilizes gA:

hgA = gA

g lhgA=A

g lthge A

he HNngHg™!

Hoa=HnN gAg!

H,p = HNgBg™

Hye=H NgCg*.
Corollary 2.4.2. If H < G, and

HnNnA={1}=HnNB,

then H 1is free.

Corollary 2.4.3. If H < G, and

HnC = {1},
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then

H=[[X+F

el
where the X; are conjugates of subgroups of A and B and F is free.
Theorem 2.4.4. (H. Neumann, Karrass, Solitar) Suppose G =
{A % B;C} 1is an amalgamated product. Then every subgroup H
of G is an HNN-extension of a tree product in which the vertez
groups are conjugates of subgroups of either A or B and the edge
groups are conjugates of subgroups of C. The associated subgroups
involved in the HNN-extension are also conjugates of subgroups of

C.

Lemma 2.4.5. Let K be the HNN-extension of a tree product T,
stable letters F'. Then K/gpx(T) ~ F. Furthermore F is free on

the set of stable letters.

Theorem 2.4.6. (A.G. Kurosh) Let G = Ax B be the free product
of its subgroups A and B, and let H < G . Then H is a tree

product of conjugates of subgroups of A and B, and a free group.
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Chapter 3

Residual properties

3.1 Preliminaries

Definition 3.1.1. Let X be a class of groups. Then G is residually-
X if and only if, for each 1 # x € G, there is an epimorph of G
in X such that the element corresponding to z is not the identity.
In other words, G is residually-X if for each g € G, (g # 1) there

exists a normal subgroup N of G such that g ¢ N and G/N € X.
Another way of describing residual properties is:

Definition 3.1.2. Let X be a class of groups, and G be a group.

Then X separates G if and only if G is residually-X.

Definition 3.1.3. X discriminates G if Vn > 1 and forall {g;, -+ , 9.} C

68
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G, (g: # 1) there exist N < G such that g; ¢ N for (i = 1,---n)

and G/N € X.

Lemma 3.1.1. If X is a class of groups, then G is residually-
X. Furthermore, G is residually-X if and only if G is residually-

residually-X .
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3.2 Equivalent definitions for residual solvabil-
ity

Definition 3.2.1. A group G is said to be residually solvable if,
for every 1 # a € G, there exists a normal subgroup N < G such

that a ¢ N and G/N is solvable.
Another definition of residually solvable is:

Definition 3.2.2. A group G is said to be residually solvable if,
for every a € G a # 1, there exists a solvable group S and a

homomorphism ¢ : G — § such that a¢ #g 1.

However, these two definitions are equivalent, as the next lemma

shows.
Lemma 3.2.1. Definition (3.2.1) is equivalent to definition (3.2.2).

Proof. (=): Suppose G satisfies definition (3.2.1). Put

S =G/N,
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and let

0. G— S

be the canonical projection. Then S is a solvable group, and since

a &€ N,
ap #s 1.

So G satisfies definition (3.2.2).

(«<): Suppose G satisfies definition (3.2.2). Then let
S'=S(¢p) < S.

If S is solvable of length ¢, commutators of weight ¢ are equal to
1 in S. Then commutators of weight ¢ in S’ are also equal to 1,

since S’ < 5. So &' is also solvable, of length < ¢. Since
G /ker(¢) ~ S’
is a solvable group of length < ¢, we know that

ker(¢) = 6;(G).
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ap #s 1,
we know that
a & ker(o).
But
ker(¢) > 6;(G),
S0
a & 5(G).
Taking
N = §;(G) <« G,
we get that

a ¢ N and G/N is solvable (of length < ).

Thus, G satisfies definition (3.2.1).
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Another definition of residually solvable is:

Definition 3.2.3. A group G is said to be residually solvable if,

for every a € G a # 1, there exists an integer i € N such that
This definition is equivalent to the previous definitions (3.2.1) and

(3.2.2), as the next lemma shows.

Lemma 3.2.2. Definitions (3.2.1) and (3.2.2) are equivalent to

definition (3.2.3).

Proof. (=): Suppose G satisfies definition (3.2.1). Then for every
non-trivial a € G there exists an N <G such that a € N and G/N
is a solvable group of length ¢ = i(a). So products of weight i com-
mutators in G/N equal 1. Also products of weight ¢ commutators

in G must be in N. In other words,

0,G < N.
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Since a € N, it follows that
a ¢ §,G.

Thus, G satisfies definition (3.2.3).
(«<): Suppose G satisfies definition (3.2.3). Then for every non-

trivial @ € G there exists an ¢ = i(a) € N such that a ¢ §,G.

Put
N =46G<«G.
Then
G/N is solvable (of length < %)
and a € N.
Thus, G satisfies definition (3.2.1). O

Another definition of residually solvable is:

Definition 3.2.4. A group G is said to be residually solvable if

the set

A(G) = {0 G}ren
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is a solvable filtration of G.

This definition is equivalent to the previous definition (3.2.3), as

the next lemma shows.
Lemma 3.2.3. Definition (3.2.4) is equivalent to definition (3.2.3).

Proof. To show that A(G) is a solvable filtration of G we must, by

definition, show that

1. VAEN, 6,),G «G.

2. VA €N, G/6,G is solvable.

3. )G ={1}.

AeN

Now property (1) and (2) are true for any group G, so we only
need to consider property (3).

(=): Suppose G satisfies definition (3.2.4). Then A(G) is a solv-
able filtration, and, in particular, A(G) satisfies property (3).

Then, given any non-trivial a € G, since

a g () 8G,

AEN
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there must be some least i = i(a) for which a ¢ §;G. Thus we have
shown that G satisfies the conditions of definition (3.2.3).

(«<): Suppose G satisfies definition (3.2.3). Then given any non-
trivial a € G, there is some ¢ = i(a) for which a ¢ §;G. So for any

non-trivial a € G, a cannot be in [,y 92G. Thus

(1 6,G = {1},

AeN

so A(G) satisfies (3) and is a solvable filtration of G. Thus, G

satisfies the conditions of definition (3.2.4). O
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3.3 Some facts about solvability and residual

solvability

Lemma 3.3.1. Subgroups of solvable groups are solvable.

Proof. Let G be a solvable group of length ¢, and let H < G.
Then every weight ¢ commutator of elements in H is also a weight

¢ commutator of elements in G, and so is equal to 1. Thus
0;H =1,
and H is solvable of length < 1. O

Lemma 3.3.2. Fvery subgroup of a poly-solvable group is again

poly-solvable.

Proof. This can be proved by applying lemma (3.3.1) and (1.1.1).

O

Lemma 3.3.3. Subgroups of residually solvable groups are residu-

ally solvable.
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Proof. Let G be a residually solvable group, and let H < G. To
show that H is residually solvable (by using definition (3.2.2)), let

a € H be a non-trivial element. Then a € G, so

3 S a solvable group,
and ¢p:G— S,
such that a¢ #g 1.
Let
S'=Hg¢ > S.
Then S’ is solvable, by lemma (3.3.1), and
dlg : H — S’ satisfies agly # 1.
O

Lemma 3.3.4. Every subgroup of a poly-residually-solvable group

is again poly-residually-solvable.

Proof. This can be proved by applying lemma (3.3.3) and (1.1.1).

O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



79

Lemma 3.3.5. Quotients of solvable groups are solvable.

Proof. Let GG be a solvable group of length ¢, and N <« G. Then

0;(G/N) = §,GN =1, so G/N is solvable. O

Lemma 3.3.6. Let P be any group, and S be any solvable group

of length i, and ¢ : P — S, then ker ¢ > §;P.

Proof. A commutator of weight ¢ in P is sent by ¢ to a commutator
of weight 7 in S, which is equal to one since S is solvable of length

1. That shows that

5ZP = ker gb

a

Lemma 3.3.7. Let P be any group, K < P and K > §;P. Then

P/K 1is solvable of length 1.

Proof. We want to show that P/K is solvable of length < 4, i.e.
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we want to show that

6(P/K) = &P/K =1,

Now
P/K = P/§;P/K/5P.

We know that P/§;P is solvable. Now using the lemma (3.3.5),

P/K is solvable. O

Lemma 3.3.8. Let P be any group, and K < P satisfying: P/K
s solvable and K be solvable. Then P is solvable. In other words,

a solvable extension of a solvable group is again solvable.

Lemma 3.3.9. Let P be any group, and K < P satisfying: P/K
is polycyclic, and K be poly-cyclic then P is poly-cyclic. In other

words, a polycyclic extension of a polycyclic group is again polyclic.

Note 3.3.10. Let P be any group, and K < P satisfying: P/K

is nilpotent and K be nilpotent, then P is not nilpotent. In other
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words, a nilpotent extension of a nilpotent group is not nilpotent.

Proof. As a counter example, X3 is metabelian, but not nilpotent.

O

Lemma 3.3.11. Let P be any group, and K <P satisfying: P/K is

solvable and K be residually solvable, then P is residually solvable.

Proof. We want to show that P is residually solvable. So, for any
1 # w € P, we must find a solvable group S and ¢ : P — S such
that we # 1.

Consider two cases, where w € P\K, and w € K.
Case 1: w € P\K.

Let
S = P/K,
(note that S is solvable), and let

¢: P — P/K.
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Now since w € K,

we # 1.

Case 2: w e K.
Since K is residually solvable, then there exists a solvable group

S and

v K-8

where ¢ (w) # 1.

Suppose P/K is generated by

{1 K, 03K, -+ ,qK}.

Now let

p:P—> S
such that ¢|g =

and a;0 = 1.
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Since

w € K,

wo = wy # 1.

We claim that ¢ is a homomorphism. We know gen(P)=gen(K)
U{ag, - ,ai}.

(i) ¥ is a homomorphism of K — S, so every relator of K is sent
tolin S.

(ii) Suppose 7 is a relator of P. If one replaces all a;’s in r by 1,
one will get a relator of K.

To show that ¢ is a homomorphism, we must show that every

relator of P issent to 1 in S. Let’s take a relator r of P

r = aiKi---ajKj
= 1-y(K1)--1-9(K;)
= Y(Ki-Kj)

=g 1, by (ii) and (i).
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Therefore, by Von Dyck’s theorem, ¢ is a homomorphism. O

Corollary 3.3.12. A solvable extension of a residually solvable

group s residually solvable.

Note 3.3.13. Let P be any group, and K < P satisfying: P/K
is nilpotent and K be residually nilpotent then P is not residually
nilpotent. In other words, a nilpotent extension of a residually

nilpotent group is not residual nilpotent.

Proof. As a counter example, one can consider that Y3 is metabelian,
but not nilpotent. Subgroups of index 3 in X3 are not normal in
¥)3. Now if one considers the elements of order 3 in 33, there is no

normal subgroup which does not contain that element. O

Lemma 3.3.14. Nilpotent groups are residually solvable.
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3.4 The filtration approach to residual solvabil-
ity

Definition 3.4.1. A family (Ay|]A € A) of normal subgroups of
A is termed a solvable filtration of A is A/A) is solvable for every
A€ A and Ny Ar = {1}
Definition 3.4.2. Let (A)|A € A) of normal subgroups of A be a
solvable filtration of A. We shall say that H is solubly separable in
Aif

ﬂiil HA\=H,

ie. if a€ A, a¢ H, then 3 X such that a ¢ HA).
Example 3.4.1. {1} is solubly separable in A, is equivalent to A

s residually solvable.

Definition 3.4.3. Let H < A, then (Ay|\ € A) is called an H-

filtration of H, if

ﬂHA,\:H.
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Note 3.4.2. If A posses an H-filtration of (A))xes, then H 1is
solvably separable in A.

Definition 3.4.4. Two equally indexed filtration (A)|A € A) and
(Bx]A € A) of A and B respectively are termed (H, K, ¢)—compatible
if

(AxNH)¢ = BN K (YA€ A).

Note 3.4.3. Under these circumstances ¢ induces for each A € A

an isomorphism ¢y from HA)/Ax to KB)/B,.

Proposition 3.4.4. ([3]) Let (Ax|A € A),(Ba|A € A) be solvable
(H, K, ¢)—compatible filtration of the residually solvable groups A
and B respectively. Suppose (Ax|\ € A) is an H—filtration of A

and (Bx|A € A) is a K-filtration of B. If, for every X € A,
{A/A\* B/B); HA\/ A\, = KB)/B)\} is residually solvable,
then so is

G={AxB;H = K}.
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Observation 3.4.5. Let {Ax}aea, {Br}area be families of normal

subgroups of A and B respectively, satisfying the conditions:

(i) A/Ax and B/B, are solvable,
(i) HAy/A, 2 KBy/B,

(i) (VHAx=H and [|KBx=K,

XeA AeA
(w) [ Ar={1}=[) B>
AeA AeA

(v) Gr={A/A\xB/By;HA,/A\ 2 KB,/B)}.

Suppose that the families {Ax}rea, {Ba}rea are (H, K, ¢)-compatible,

i.e. for each \ € A the mapping
¢x : hAy — (ho) B, is an isomorphism.
Then G = {A % B; H = K} is residually solvable.

Now we want to explore the above proposition in reverse:
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Problem 3.4.6. We assume that G = {Ax B; H = K} is residu-

ally solvable, then

dN; < G s. t. G/N; is solvable and

ﬂNi =1 where I is an indezed set.
iel

Put

A, = ANN; (Mie ),

B, = BNN; (V% € I).

Hence

A ={1}=[B.
i€l i€l
Now there exist normal subgroups A; of A and B; of B such that

A/A; and B/B; are solvable,

and

(Ai={1} =B

i€l i€l
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Note that

HN;/N; < G/N;
and

KN;/N; < G/N;.
Thus

HN;/N; & KN;/N;

H/HNN; ~ K/KNN;.
This allows us to form

We are interested in answering two questions:

Q1) Does G; (Vi € I) have to be residually solvable?

Q2) Are H, K solubly separable in A, B respectively? i.e. Does
Nic; HAi = H and (e KBy = K? (ie. Ifa € A, a & H then

does there erist i € I such that a ¢ HA;.)
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3.5 Residual solvability of free groups and free

products

Theorem 3.5.1. (Levi) Free groups are residually solvable.

Proof. Let F = gp(X) be free on the set X. For every word in

f € F, f can be expressed as follows:
f = .’13161 . .’ngz e '.’,Cne" (.E, € X)

We distinguish two cases:

Case 1. The exponent sum of one of the generators in f is not
equal to zero.

Hence f & d9F. Now there is a canonical homomorphism from F
onto F/§F (an abelian group), in which the image of f in F/§F
is not 1.

Case 2: The exponent sum of all of the generators is zero in f.

We proceed by induction on the length of f. Let t = x, and let N
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be the normal closure of X in F,

N = gpp(X) = gp(t "zt |n € Z,z € X).

We observe that NV is free on z!", and the length of f is shorter in

N than in F. So F is residually solvable. O

Theorem 3.5.2. (Magnus) Free product of residually solvable groups

are residually solvable.
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Chapter 4

Abelianization and generalized
free products

4.1 Some results on the structure of the abelian-
ization

Lemma 4.1.1. Let G be the amalgamated product of two groups

A and B amalgamating C,
G ={Ax B;C}.
Then the abelianization of G, Gay takes the following form:

Gap = (Aay % Buw)/gp(eac™'Blc € C),

92
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where o is the monomorphism from C into A, and (3 is the monomor-

phism from C into B.

Proof. Let o be a homomorphism from A * B into Ay X By,
o:AxB— Ay X Bg.

Put N = gp(cac™1f|c € C).

Now & induces to a homomorphism of G onto (Ag X Bgy)/N.
7:G — (Aa X Bay)/N.

We claim that the kernel of this map is §,G = |G, G]. In order to
prove this, it suffices to show that §,G < kers. Suppose g € G,

then g =;,¢ ab. If g € kera, i.e. 6(g9) = 1, then
5(g) = aNbN = (ab)N.

Therefore ab € N. That is to say that we can express ab as the
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product of elements in NV,

ab = Gog B Gog B,

a = (& G

b = (at'--a™hs,

ab = (q--qaG!t g,

ie. ab €5 N.

So kerg = &G.

Ga ~ G/6G
Gap ~ G/kera
Gay =~ (Aaw x Bap)/N.
That completes the proof of lemma (4.1.1). O

Lemma 4.1.2. Let G be the amalgamated product of A and B

identifying C4 with Cp,

G={A*B;CA=CB}.
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Then the abelianization of G, Gy maps onto

D= Aab/gp<5alca € CA) X Bab/gp(5;1|cb € CB)

Proof. By lemma (4.1.1), the abelianization of G can be expressed

as below:
Gab = (Aap X Buw)/gp(cas™).
Put
N = gp(c&™)
Ny = gp(2,)
Ny = gp(¢, ).
Let 8 to be a map from G, into D,
0:Gyp — D
0 : (Agp X Bap)/N — Agp/Ni X Bgy/ N2
be defined by:
aN — alN;

and bN — bNs.
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We want to show that # is an epimorphism.

A typical element w in N takes the form w = ¢, !,

w =Gy (€N, G Na) = (N1, Ny).

So, by Von Dyck’s theorem, (4.2.2), § is an epimorphism. This

completes the proof of lemma (4.1.2). d

The following is another proof of lemma (4.1.2), using the pre-

sentation of groups.

Proof. Let A and B have the following presentation:

A= <X;R> and

B =<Y;8>.

So the abelianization of A and B have the following presentation:

Ap = < X;RU {[xi,xj]Na;i,a:j € X} >

By = <Y;SU{{yi,y]|Vyi,y; €Y} > .

The direct product of A, and By, has the following presentation,
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since by definition of the direct product, all element of Ag com-
mute with all elements of B,y:
A X Bypy =< X UY; RUSU{[IEZ',ZIIJ'”VQI,',ZL'J'GX}

U{[y%yj:“ \Vlyz, Yj € Y}

U{ [z,y] |[Vz € X,Vye Y} >.

Recall that « is the monomorphism from C into A, and 3 is the

monomorphism from C into B, and put

N = gp(cacBtce Q)
Ny = gp(calce C)

Ny = gp(cBlce Q).
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Now, by lemma (4.1.1), G, the abelianization of G, has the fol-
lowing presentation:
Gap = (Agp X Bgp)/N =< XUY;RUS U {[w;,z;]|Vz;,z; € X}
U {lyi yillVyiy € Y}
U {[z,y] Vz € X,Vy e Y}
U {cacBceC}>.
Let’s find the presentation of each factor of D,
Ap/N1 = < X; RU{[zi,z;]| Vai,z; € X} U {calce C} >
By/Ny = <Y;SU{[ys,y;]| Yy, y; €Y} U{cB7 ceC} > .
The direct product of them, D, has the following presentation:
D= Ap/Ni x Bypy/No= < XUY;RUSU{[z;,z,]| Vi, z; € X}
U{lyi, yjll Vo, y; € Y}
U{calc € C}
U{cBce C}

U{[z(ca),y(cf H]IVz € X,Vy € Y,c € C} >.
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Now define 6 to be a map from G, into D, by sending z; — z; and
yi — ¥;. Then N — 1. So, by using Von Dyck’s theorem, (4.2.2),
6 defines a homomorphism from G, onto D, and that completes

the second proof of lemma (4.1.2). O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



100

4.2 The case of nilpotent factors

Theorem 4.2.1. The generalized free product of two finitely gen-
erated nilpotent groups amalgamating a proper subgroup of them is

not perfect.

Proof. Let A and B be two finitely generated nilpotent groups, Cy
and Cpy be proper subgroups of A and B respectively. We want to

show that the generalized free product of them,
G={Ax*B;C4=Cg} is not perfect.

That is, we want to show that abelianization of G, Gg is not
trivial.

By lemma (4.1.2), G maps onto

D = Auw/gp(Ealca € Ca) X B/ gp(T;|cs € Cp).

where ¢, and ¢, are the images of ¢, € C4 and ¢, € Cp in Ay and
B, respectively.

We claim that D is not trivial under the condition of theorem
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(5.1.1). In order to prove the claim, we will prove,

Aw/gp(c.) # {1} and
Bw/gp(&") # {1}.
Recall that C4 is a proper subgroup of A. Now, by using the
Frattini subgroup theorem, (1.4.2), this implies that gp(C4y,d2A4)
is a proper subgroup of A, where §;A = [A4, A]. So
Ca < A
gp(Ca,04) < A
A/gp(Ca, 024) # {1}.
Now by using the third isomorphism theorem and the above rela-

tion, we have:

gp(ca) — madd)

12

gpr(Ca, 62A)
# {1}.
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Similarly

Bu/gp(&™") # {1}

This proves our claim that under the condition of the theorem

(5.1.1),
D # {1} andso

Gab 74 {1}

Hence G is not perfect. This completes the proof of the theorem

(5.1.1). O

Theorem 4.2.2. (Dyck) Suppose G =< X;R > and D =< X; RU
S >. If v and v are the respective presentation maps, then vy —

zv (x € X) defines a homomorphism of G onto D.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



103

4.3 Effects of the order of the abelianization of

amalgamated products of nilpotent groups

Theorem 4.3.1. (G.Baumslag, [11]) The amalgamated product of

two finitely generated torsion-free nilpotent groups is indicable.

Lemma 4.3.2. The abelianization of amalgamated product of two

finitely generated torsion-free nilpotent groups is infinite.

Proof. Let A and B be two finitely generated torsion-free nilpotent
groups, C' be a proper subgroup of them, and G be the amalga-

mated product of them, amalgamating C,
G ={AxB;C}.

G is indicable by a theorem of G. Baumslag (4.3.1), [11]. Therefore
Gab, the abelianization of G, is infinite, by lemma (1.6.1). This

completes the proof of the theorem. O

Theorem 4.3.3. The abelianization of amalgamated product of

two finitely generated nilpotent groups, is infinite only if one of the
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factors is infinite.

Proof. There exists an epimorphism from G onto a finitely gener-

ated torsion-free nilpotent group, by lemma (2.3.2),

G* ={A/TAxB/TB;C/TC}

the amalgamated product of finitely generated torsion-free nilpo-
tent groups. Therefore G*; is infinite, by (4.3.2). This implies

that Gg is infinite. dJ
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4.3.1 An example
Example 4.3.4. Let
A=<a,b,cla, bl =cla,c=1[bc=1>
be a nilpotent group of class 2, and
B=<e f,gile,fl=¢"le9] =1[f.9] =1>

be an abelian group, where h(A) = 3 and h(B) = 2. Let Cy =

gp(b,c) and Cp = gp(e, ).

Define an isomorphism ¢ which maps
b— f andcw e
Form the free product of A and B, identifying C4 with Cg:
G={AxB;C4q=Cg}.

G =<a,b,ce, f,g;b=f,c=¢, [a,b]=c=1]a,c]=1,[bc]=1,

e, fl=¢*=1,le,;q] = 1,[f, 9] =1>
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G = <a,b,g;[a,b]=1,92=1,[b,g] =1>

We thus observe:

1. gp(g9) < B, and B/gp(g) is a free abelian group of rank 2 (infi-
nite).

2. Cg < B, h(Cg) =2, and B/Cp 1is abelian of order 2.

3. [egp(9), fgp(g)] = gp(9).

4. By is infinite, since the exponent sum of generator e is zero in
every relator.

5. B is abelian.

6. The image of Cp in By has index 2.
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Chapter 5

Residual solvability of
generalized free products of
finitely generated nilpotent
groups

5.1 Effect of abelianization on amalgamated prod-

uct of nilpotent groups

Theorem 5.1.1. The generalized free product of two finitely gen-
erated nilpotent groups amalgamated a proper subgroup of them is

not perfect.

Proof. Let A and B be two finitely generated nilpotent groups, Ca

and Cp be proper subgroups of A and B respectively. We want to

107
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show that the generalized free product of them,
G ={Ax B;C4=Cp} is not perfect.

That is to show that the abelianization of G, Gy is not trivial.

By lemma (4.1.2), G maps onto

D = A/ gp(Calca € Cy) X Bab/gp(éb“1|cb € Cp).

where ¢, and ¢, are the images of ¢, € C4 and ¢, € Cp in Ay and
By, respectively.
We claim that D is not trivial under the condition of theorem

(5.1.1). In order to prove the claim, we will prove,

Aw/gp(C) # {1} and

Ba/g9p(G ') # {1}.

Recall that C,4 is a proper subgroup of A. Now by using the

Frattini subgroup theorem, (1.4.2), this implies that gp(Ca, d24)
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is a proper subgroup of A, where 6,4 = [A, A]. So
Cy < A
gp(Cy4,00A) < A
A/gp(Ca,024) # {1}.
Now, by using the third isomorphism theorem and the above rela-

tion, we have:

Aab JZAA
gp(ca) — Cand)
N A
B gp(CAv(SZA)
# {1}.

Similarly

Ba/gp(&") # {1}.
This proves our claim that, under the condition of the theorem

(5.1.1)),

D # {1} andso

Gw # {1}.
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Hence G is not perfect. This completes the proof the theorem

(5.1.1). O
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5.2 The amalgamated subgroup is central in

both factors

Theorem 5.2.1. The generalized free product of two finitely gen-
erated torsion-free nilpotent groups amalgamated central subgroups

of them, is a nilpotent extension of a free group.

Proof. Suppose that A and B are finitely generated nilpotent groups
and G is an amalgamated product of A and B, with amalgamated

subgroup C, where C' is central in both A and B:
G ={Ax*B;C}.
Let S be the central product of A and B, (2.1.2):
S = (A x B)/gp(c(cs™")|c € C) where Cy z Cp.

S contains a canonical homomorphism of A and B. Since these
homomorphisms coincide on C, by proposition (2.2.6), they can be
extended to a homomorphism p. Let K be the kernel of . Since S

is nilpotent by lemma (2.1.7), G/K is nilpotent. Now, p restricted
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to A or B is one-to-one by lemma (2.1.4). So, by a theorem of
Hanna Neumann, K is free. Therefore G is a nilpotent extension

of free group. a
Corollary 5.2.2. G is residually solvable.

Proof. Note that free groups are residually solvable by (3.5.1). So
G is an extension of a residuallyv solvable group by a nilpotent
group. By a corollary of lemma (3.3.11), G is residually solvable.
Note that G is not necessarily residually nilpotent by note (3.3.10).

O

We can generalize the above theorem to generalized free product

of finite number of finitely generated torsion-free nilpotent groups.

Theorem 5.2.3. The generalized free product of finite number of
finitely generated torsion-free nilpotent groups, amalgamting cen-
tral products of them, is an extension of a free group by a nilpotent

group.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

Proof. Suppose that {A;|i € I}, is a finite indexed family of finitely
generated nilpotent groups and G be the generalized free product

of A;, with amalgamated subgroup C":

¢ ={[] 4sc}.

1€l

Let S be the generalized central product of A; (2.1.2):

S=] Ai/gp(cpi c'sli,j eI, c€C).

i€l

S contains a canonical homomorphisms of A; for « € I. Since
these homomorphisms coincide on C, they can be extended to a
homomorphism g from G into S. Let K be the kernel of p. Since
S is nilpotent by lemma (?7), it follows that G/K is nilpotent. By

lemma (2.1.3), p is one-to-one restricted to each factor, i.e.
KNnA;=1forall:el.

So, by a theorem of Hanna Neumann (2.4.2), K is free. Hence G

is a nilpotent extension of a free group. O
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5.2.1 The case of abelian factors

Corollary 5.2.4. The generalized free product of two abelian groups

is an extension of a free group by an abelian group.

Proof. We can proceed the proof in a similar way as in theorem

(5.2.1). O

Corollary 5.2.5. The amalgamated product of two abelian groups,

is residually solvable.

Proof. An extension of a residually solvable group by an abelian

group is again residually solvable by lemma (3.3.11). a

We can generalize the above theorem to generalized free product

of arbitrary number of abelian groups.

Theorem 5.2.6. The generalized free product of arbitrary number
of abelian groups is an extension of a free group by an abelian

group.
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Proof. Suppose that {A;|i € I}, is an indexed family of abelian
groups and G be the generalized free product of A;, with amalga-

mated subgroup C:

¢ ={[] 4sc}.

i€l

Let S be the generalized central product of A; (2.1.2):

S = H A;/gp(cod; c"1¢j|i,j €l, cel).

el

S contains a canonical homomorphisms of A; for 7 € I. Since
these homomorphisms coincide on C, they can be extended to a
homomorphism p from G into S. Let K be the kernel of p. Since
S is abelian by lemma (2.1.9), it follows that G/K is abelian. By

lemma (2.1.3), p is one-to-one restricted to each factor, i.e.
KNA,=1foralliel.

So, by a theorem of Hanna Neumann (2.4.2), K is free. Hence G

is an abelian extension of a free group. O

Corollary 5.2.7. G is residually solvable.
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5.3 Homomorphic mappings and their kernels

Lemma 5.3.1. There is an epimorphism from

K ={[] B:C}
i€l
onto M= H B;/gpp,(C).
iel

Proof. Suppose that {B; =< Y;;S; > |i € I} is an indexed family
of presentations B; =< Y;; S; > of the groups B; and suppose that
C is another group equipped with monomorphisms: ¢; : C —
B; (i € I).

Then we form the group K defined by the presentation

K =< YU S| H{epic T gjlce Crij e I} >

iel el
where we assume that the Y; are disjoint, and K is the generalized

free product of the B; amalgamated C. Put

M =[] Bi/ops.(C)

i€l
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defined by the following presentation:

M =< Y S| JHeailie I,ceC} >

iel el
Define 6 : y; — y;. Since the relators of K is identity in M.

Therefore 6 is an epimorphism from K onto M. O

Lemma 5.3.2. Suppose that {B;|i € I} be an indexed family of
finitely generated torsion-free nilpotent groups, and suppose C' s
another group equipped with monomorphisms ¢; : C — B; (i € I).
Let B;1 < B; containing such that h(B;,) = h(B;) — 1. There is

an epimorphism from

K ={[] B:C)

iel
onto  M=]]B/Bi.~]] 2
el i€l

Proof. The lemma can be verified using Von Dyck’s theorem, in

the similar manner of proving lemma (5.3.1). O

The following lemma is an interpretation of a lemma by G. Baum-

slag, [11], when he proved that G is indicable.
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Lemma 5.3.3. Let A and B be finitely generated torsion-free nilpo-
tent groups, C be the common proper subgroup of them, and G =
{Ax B;C} be the generalized free product of A and B amalgamat-
ing with C. There exists a homomorphism p from G into A/D,
where D is a normal subgroup of A containing C. Furthermore,

the kernel of this homomorphism contains C in its kernel.

Proof. There is a homomorphism a of A onto A/D that contains
C in its kernel by a property of finitely generated nilpotent groups.
Let B be the map from B onto the identity subgroup of A/D. By
proposition (2.2.6), a and § can be extended to a homomorphism

from G onto A/D. O

Lemma 5.3.4. Let A, B, C, G, and ¢ be as theorem (5.3.8). Fur-
thermore, suppose that C is normal in one of the factors. Then the

kernel of the defined homomorphism can be expressed as follows:

Kk ={ ] "B%c}.

acA-C
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Proof. We define ¢ as follows: a — aC for a € A, and b — C for
b € B. Note that ¢ agrees on C, and one can verify by Von Dyck’s

theorem that ¢ is a homomorphism. Hence

K = ker ¢ = gpa(B,C) = gpa(B) = gp(|J B*) (1)

acA

We can also verify:

| B*=C (2

acA-C

with the following argument:

It suffices to show that

BNB*=C forallae A—-C.

We verify this by using the normality of C' in A and the universal
property of amalgamated product. The typical elements of B and

B*® take the following form:
b = a'1b2a (bl,bz € Bae A-— C)

The above equality holds only if by € C. Now since C is a normal

subgroup of A, a~!bya € C. Which implies that b, € C.
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In particular, if g &€ C, then it can be expressed in the form
g = bilaix bizaiz - bz‘nai" (n > 1)

where b, € B—C, a;; € A~ C and q;; # a;,,,. Since g #¢ 1, we

can conclude that ¢ is not equal to one in K as well.
g = by, "1, %2 - b; " FEx 1. (3)

Now by using (1), (2) and (3)a theorem of O. Schreier (2.2.1), we

can express K as follows:

K ={ [[ "B5C).

acA-C
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5.4 The amalgamated subgroup is central in

one of the factors

5.4.1 An example with one of the factors is abelian

Example 5.4.1. Let A = gp(a,b,c) be a free abelian group, and
B = gp(z,vy, z) be a free nilpotent group of class 2. C4 = gp(a®,b)

and Cp = gp(y, z) are free abelian group of rank 2. If we form
G ={Ax B;a* =1,b =z},

then G is residually solvable. Note that Cp is normal but not

central in B.

Proof.

A=<a,b,cla,b][bc][a,c] > free of rank 3,
Cy4 = gp(a®,b) =< a’ b;[a® b] > free abelian of rank 2,
B =< z,y,2[r,y] = z,[z, 2], [y, 2] > free nilpotent of class 2 and of rank 3

Cpg = gp(y,2) =<y, z;[y,z] > free abelian of rank 2.
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Define an isomorphism ¢ which maps

a’—y and b 2.

Form the generalized free product of A and B identifying C4 with

CBZ
G = {AxB;C4 = Cg).

Note that C'z < B but not central in B, but observe that {BNCpg #

{1}.
C, is central and therefore normal in A.
Note that the quotient group B/Cp is an infinite cyclic group

generated by zCp,
B/Cp = gp(zCp).
Let K be the normal closure of A in G,
K = gpe(A) = gpp(A) = gp(A”|i € Z).
Note that G/K is an infinite cyclic group.

G/K = gp(zK).
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Note that
a® =ba® and b* =bVic Z
Hence

ANAT =CuVieZ
A = gp(A, A™) = {Ax A™;C,)
Yw; € A; Jw; € Aj st w; = w;.”(i_j)

K=<A;2'(i €Z);H;=H""(1,j €2)>.
K is an HNN-extension, where the base groups are the union of
A; (i € Z), the stable letters are x; = z*(i € Z), and associated
subgroups are H;, where H; is a subgroup of A; (for i € Z). By
using the subgroup theorem, in particular lemma (5.3.3), we can

express K as generalized free product of conjugates of free abelian

groups.

K = {[] 4% ca}.

1€Z
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Hence, by the theorem (5.2.6), K is an extension of a free group

by an abelian group. Consider the following short exact sequence:
1-K—-G—-B/Cg~7Z—1

G/K is an infinite cyclic group, therefore G is an extension of a
residually solvable group by an infinite cyclic group, and therefore

G is residually solvable by lemma (3.3.11). O

5.4.2 A theorem on residual solvability

Theorem 5.4.2. The generalized free product of two finitely gen-
erated torsion-free abelian and nilpotent groups is an abelian ez-

tension of a residually solvable.

Proof. Let A and B be two finitely generated torsion-free abelian
and nilpotent group respectively, and G be the amalgamated prod-

uct of them with amalgamated subgroup C.

G={A*B;CA=CB}.
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It can be observed that C is a direct factor of a subgroup A; of A

of finite index, i.e.
A =C x H where [A: Aj] =n < .

There is an epimorphism from G onto A/A; = L, aiA1, where
a; are distinct set of coset representatives of A; in A. The kernel

of this map, K is gpa(B, A1).
K = gpe(B, A1)
= {[] B« A;C}.
i=1

Now let D be the normal closure of finitely many copies of B in

K.

n

D = gpx(| JB™)

i=1
n * .
= {H B*;C}.
i=1
Now since [a;,C] = 1, then D is the generalized free product of
finite number of doubles, and hence D is residually solvable. So K

is an extension of a residually solvable group by an abelian group,
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that is to say that K is residually solvable by lemma (3.3.11).
Therefore G is an extension of a residually solvable group by a
finite abelian group. And this completes the proof of the theorem

that G is residually solvable. O

Corollary 5.4.3. G is residually solvable.
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5.5 The case when the amalgamated subgroup
is of finite index in at least one of the fac-

tors

Theorem 5.5.1. The generalized free product of two finitely gen-
erated torsion-free nilpotent groups amalgamated a proper subgroup
of them in which this subgroup is of finite index in one of the fac-
tors, is an extension of a free group by a torsion-free nilpotent

group.

Proof. Let A and B be two finitely generated torsion-free nilpotent
groups, and let C be a proper subgroup of A and B, such that the
index of C in one of the factors, say, A be finite. We want to show

that the generalized free product of A and B with C' amalgamated,
G={AxB;C}

is a finitely generated torsion-free nilpotent extension of a free

group. Let m(A) and m(B) be Mal’cev completion of A and B
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respectively, by (1.7.2). Since the index of C in A is finite, then
m(A) is also a Mal’cev completion of C. There exists a monomor-
phism p from C into B. Then p can be extended uniquely to a
homomorphism m(u) of m(A) onto m(B), by corollary (1.7.7,[4]).
Now, by proposition (2.2.6), there is a homomorphism from G into
m(B), which agrees on C, and injective restricted to A and B. Let

K be the kernel of this homomorphism, we have
KNnA={1}=KnB.

Therefore K is free by a well-known theorem of Hanna Neumann.

Hence G is a torsion-free nilpotent extension of a free group. O

Corollary 5.5.2. G is residually solvable.

Proof. Since free groups are residually solvable by a theorem of
Levi, (3.5.1), and G is free-by-nilpotent, hence G is residually-

solvable-by-solvable. So G is residually solvable. O

Observation 5.5.3. on theorem (5.5.1) Suppose that the index

of C in A is finite; [A: Cl=k < o0, A= Ulexkc.
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It follows that h(A) = h(C) = h(gpa(C)), and h(A/gpa(C)) = 0.
Also A/gpa(C) is a finite group. Consider the following short ezact

sequence:
1-K—-G B/gps(C)(a torsion-free nilpotent group) — 1.

Where K is the kernel of 8. One can show that

K = gpc(A,C) = gpa(4) = gpa(4) = {[] A% Ca}.

beB

K is also residually solvable, since a subgroup of a residually solv-

able group is residually solvable.
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5.6 Cyclic amalgamated subgroup and residual

solvability

Theorem 5.6.1. The generalized free product of two finitely gen-
erated torsion-free nilpotent groups amalgamated a cyclic subgroup

is an extension of a residually solvable group by a solvable group.

Proof. Let A and B be two finitely generated torsion-free nilpotent
groups. Let a be a nontrivial element of A, and b be a non-trivial
element of B. We can find m > 1 and n > 1 such that 1 4 a €
Emi1A, 1 #agénA and 1 #be €, 1B and 1#b¢E,B, (where
& A is the i—th term of upper central series of A, and ;B is the
j—th term of upper central series of B). Let G = {A % B;a = b}
be the generalized free product of A and B amalgamated a with b.
Let D be the central product of A/¢,A and B/&, B amalgamated

almA with b€, B.

D = {A/émA x B/&,B;almA = b€, B},
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Note that
C&.B/&,B =~ C/CNE,B,
is an infinite cyclic group, similarly
ClnAfémA ~C/CNERLA
is an infinite cyclic group. That confirms the fact that
aémA = b€, B.

Map G into D. Let K be the kernel of this map. K NC =
{1}, where C = gp(a) = gp(b). Therefore K is a free product
of conjugates of subgroups of A and B, and a free group by the
corollary (2.4.2,[33]). So K is residually solvable. Hence G is an

extension of a residually solvable group by a solvable group. [
Corollary 5.6.2. G is residually solvable.

Proof. In theorem (5.6.1), we have proved that G is an extension
of a residually solvable group by a solvable group. Now by lemma

(3.3.11), we conclude that G is residually solvable. O
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5.7 Homomorphic mappings from doubles, sig-

nificant properties of their kernels

Lemma 5.7.1. If A is a group, C is a subgroup of A, ¢ is an iso-
morphic mapping of A onto a group B, and D is the amalgamated

product of A and B amalgamated C with C¢,
D = {Ax B;C = C¢},

then there is a homomorphism from D either one of the factors,

and the kernel of this homomorphism, K, is:
gp(a(ag) a € A).
Furthermore this map is injective on each of the factor.

Proof. Let o be the homomorphism from A onto itself, and 3 be
the homomorphism B onto the inverse of the isomorphic copy of
A, ie. 8 = ¢7'. These homomorphism can be extended to a

homomorphism from D onto A, by proposition (2.2.6). By the
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way that o and 3 are defined, we realize that this homomorphism

is one-to-one restriced to either A or B. O

Lemma 5.7.2. Let A, B, C, D, K and ¢ be as above. Then K is

not central in D. In other words, [K, D] # {1}.

Proof. First, note that the center of D is §£D = EANEBNC. By
lemma (6.4.1), KN A = {1}, and hence £AN K = {1}. This

implies that [K, D] # {1}. O

Lemma 5.7.3. Let A, B, C, D, K and ¢ be as above. Fur-
thermore, let C be normal in A. Then K commutes with C, i.e.

C, K] = 1.

Proof. Let ¢, € C, and a € A. Since C < A and C¢ < B, and ¢

is an isomorphism, we can do the following computation:
a7'ca=d = ¢ = (a7'9)(co)(ad) = (a7 d)c(ad).
Note that a(a¢)~! € K, so

ca(ag)™ = a(ag) e
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[C, K] = {1}.

This completes the proof of lemma (6.4.3). O

Corollary 5.7.4. Let A, B, C, D, K and ¢ be as above. Then K

is free

Proof. Since

KnA={1} =KnA¢.

So, by a theorem of Hanna Neumann (2.4.2), K is free. O
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5.8 Doubles of nilpotent groups and residual

solvability

5.8.1 The case of two factors

Theorem 5.8.1. Let A be a finitely generated nilpotent group, C
be a subgroup of A, and '~ ’ be an isomorphic mapping of A onto
A. Then the generalized free product of A and A, amalgamating C
with C,

G={AxA4;,C =07},

is an extension of a free group by a finitely generated nilpotent
group.

Proof. Let ¢ be a homomorphism from G onto A, ¢ : G — A.
Then ¢ restricted to A and A are an injective homomorphism.

That is to say that the kernel of this homomorphism K does not

meet any conjugate of A or A. Then K is free by theorem, (2.4.2).
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The kernel of this homomorphism is K = ker ¢ = gp(ad~lla € A).
ANK = {1} = Anker ¢.

Therefore G is an extension of a free group by a finitely gener-
ated nilpotent group. Since free groups are residually solvable by

(3.5.1), so G is residually solvable by lemma (3.3.11). )

Corollary 5.8.2. G is residually solvable.

5.8.2 Arbitrary number of factors

Theorem (5.8.1) can be generalized to the arbitrary number of

isomorphic nilpotent groups.

Theorem 5.8.3. Let {A;|t € I} be a arbitrary indezed family of
isomorphic torsion-free nilpotent groups such that (V,c; Ai = C,

and let G be the generalized free product of the A;s amalgamating

C:

¢ ={[T 4sc}.

iel
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Then G is residually solvable.

Proof. Let ¢ : G — A; (for ¢ € I) be an epimorphism, and K be
the kernel of this homomorphism ¢. K is free by theorem (2.4.2),

since ¢ restricted to each factor is injective,
ANK={1}Viel).

Therefore G is residually solvable.
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5.9 A remark, generalized free products of nilpo-
tent groups sometimes may fail to be resid-

ually solvable.

Gilbert Baumslag remarked in [11}, by a counter example that not
every subgroup of generalised free product of two finitely generated
torsion-free nilpotent groups is indicable. We use this example to

prove the following theorem:

Remark 5.9.1. There exist two finitely generated torsion-free non-
abelian free nilpotent group A and B, such that the amalgamated

product of them with abelian amalgamation,
G = {A* B;C4 = Cg},
is not residually solvable.

Proof. Let A = gp(a,x) be a free nilpotent group of class 2, and

B = gp(b,y) be a free nilpotent group of class 3. C4 = gp(a, a®)
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and Cp = gp(b, [b, b¥]) are free abelian group of rank 2. If we form

G = {AxB;C4=Cg}

= {Ax B;a=b,a" = [b,b"]},
then

a = [a,d¥"

= {az, ay’],

so a lies in every term of the derived series of G. Hence G is not

residually solvable. O

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



140

5.10 Abelian amalgamating subgroup does not
suffice for residual solvability. A signifi-

cant example and some observations

We have shown that if the amalgamating subgroup of generalized
free product of torsion-free nilpotent groups is cyclic, (theorem
(5.6.1)) or central in both factors (theorem (5.2.1)) then these
groups are residually solvable. One may conjecture that it would
be the case when the amalgamating subgroup is abelian. The an-
swer to this conjecture is negative by the example due to Baumslag

[11] as we mentioned in the theorem (5.9.1).

Example 5.10.1. Let A = gp(a,x) be a free nilpotent group of
class 2, and B = gp(b,y) be a free nilpotent group of class 3.

Ca = gp(a,a®) and Cp = gp(b,[b,bY]) are free abelian group of
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rank 2. If we form

G = {A*B;OAZCB}

= {Ax B;a=0b,a" = [b,b]},
then

a = [a,a"]"

= [ax, ayz],

Observation 5.10.2. a € G lies in every term of the derived
series of G. Hence G 1is not residually solvable since

By doing some computation we obtain the following observation on
this example. Some of the computations has been either checked or
came out using the Magnus software [1].

Put N = gpc(a) < G, compute

G/N =< a,b,z,y;b=0a=1,a" = [b,bY] >=<zN,yN > .
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Cy4 is not normal in A, Cx < A,

C4 is not central in A, Cq & €A,

the Hirsch number of A is 3, h(A) = 3,

the Hirsch number of amalgamating subgroup, Ca is 2, h(Cy4) = 2,
Cy 15 of infinite index of A, [A : C4] is infinite,

Cp 1s not normal in B, Cp AB,

Cpg 1s not central in B, Cp L €B,

the Hirsch number of B is 5, h(B) = 5,

the Hirsch number of amalgamating subgroup, Cp is 2, h(Cp) = 2,

the index of Cg in B is infinite, [B : Cp| is infinite.
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A =< ay, ay, az; [ag, a1)as ™, [a3, a1], [as, ag] >

Ca =< a1, as3; [as, a1] >

AJCy = gp(zCa) =< a,x;0%,a >=< x >= A/gps(N) = Z
B =< by, by, by, by, bs; [bg, b1 ]bs ™",

(b3, b1)bs™", [bs, balbs ™Y, [bi, bs] (i = 4,55 = 1,2,3,4) >

Cp =< by, bg; [b1, bg] >

gp5(Cr) = gp(b, (b, y]V B, ¥, )

B/gp5(Ci) =< b,y; b, [b,yl" o, 0", 0" >=<y >
h(gpp(Cp)) = 4

B/gpp(N) =< b,y;b, by,b’"’2 >=<y >

h(gps(N)) = 4.

A way to find the Hirsch length of a nilpotent group is to find every
independent basic commutators. As an example, let’s calculate

hB).
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Chapter 6

Generalized free products of free
groups

6.1 Background and a question of Peter Neu-

marrnmn

The object of this section is to give a very short proof of the fol-
lowing theorem of Ivanov and Schupp. Let H be a finitely gener-
ated subgroup of a free group F and the index [F : H] infinite.
Then there exists a nontrivial normal subgroup N of F' such that
NN H = {1}. As noted in above the object of this section is
to give a new proof of the following theorem of S.V.Ivanov and

P.E.Schupp [24].

145
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Theorem (6.1.1) also provides a partial negative solution to the fol-
lowing problem of P. Neumann: Is it possible that the free product
{Ax B; H = K} with amalgamation, where A, B are free groups
of finite ranks, H, K are finitely generated subgroups of A, B, re-

spectively, is a simple group?

Theorem 6.1.1. Let H be a finitely generated subgroup of a free
group F and the index [F : H] infinite. Then there exists a non-

trivial normal subgroup N of F such that NN H = {1}.

6.1.1 Some preparatory lemmas

Our proof depends on two facts. The first is a theorem of M. Hall
[21] which states that a finitely generated subgroup of a finitely
generated free group is a free factor of a subgroup of finite index.

Second, key fact, is the following simple lemma.

Lemma 6.1.2. Let I be a normal subgroup of finite index of a

group F, and let L be a normal subgroup of I. Furthermore let
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by, ...by, be a complete set of representatives of the right coset Ig of

I in F. Then

N = ﬁb{lLbi qF,

i=1
Proof. Notice that conjugation induces an automorphism of I and
hence L/ < F for every f € F. Hence each b,"'Lb; < I and

therefore N < I. In fact N < F. To see this, let f € F. Then f

can be written in the form
f=zb(xelbe{b,..bn}.
Consequently
fIINFf = b lz7'Nab
= b'Nb
m
= b7}((") b Lbi)b
i=1

m

= [)(bb) " L(b:b) (1).

i=1

Notice that if by is the representative of the coset Ib;b then the
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map i — ¢’ is a permutation of {1,...m}. Hence we now write
bib = a;b; (l,= 1,---,m; a; € ])

Then it follows from (1) that

FANF = (4 e Laby

1=1
m

= (b Lbs

i=1

m
= (b 'Lb;
=1

= N.
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6.2 A new proof of a theorem of Ivanov and
Schupp, a partial answer to a question of

Peter Neumann

Proof. If F is not finitely generated, or H is trivial, then the theo-
rem is trivial. So we assume that F is finitely generated and that
H is not trivial. By the theorem of M.Hall cited above, there exists
a subgroup K < F of finite index [F' : K| = n, such that K is the

free product of H over a second subgroup Q:
K =HxQ.

Since K is of finite index in F', the number of conjugates of K in F'
is finite and their intersection I is a normal subgroup of F of finite
index (see e.g. A.G. Kurosh [27] vol 1, p.) This can be proved
in the same manner that we proved the lemma above. It follows

directly from the proof of the subgroup theorem for free products
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due to A.G.Kurosh [27] that
[=(NH)xJ

Now the normal closure of J in I, L = gp;(J) < I. Observe that

by LN (INH) = {1}, therefore
LNnH={1}

Now by the lemma N = ﬂ;nzl L% < F. Note that N is a nontrivial
normal subgroup of F, since it contains the commutator subgroup

of all of them. Note that NV is the desired normal subgroup, since

NN H = {1}, using the fact that N < L. O

Corollary 6.2.1. A finitely generated subgroup H of a free group
F has infinite index if and only if there is a nontrivial normal

subgroup N of F with NN H = {1}. [24]
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6.3 Simplicity or not?
6.3.1 A sufficient condition for generalized free
products of free groups not to be simple

Corollary 6.3.1. Suppose A, B are free groups of finite ranks and
H, K are finitely generated subgroups of A, B, respectively. Then
the free product {A x B; H = K} with amalgamation is not simple

provided either of indezes [A : H|,[B : K] is infinite. [24]

Proof. Suppose [A : H| is infinite. By theorem (6.1.1), there is a

nontrivial subgroup N of A such that
HNN = {1}.

Then the quotient of {A * B; H = K} by normal closure of N is

isomorphic to
{(A/N)« B; H = K},

hence {A x B; H = K} cannot be simple. O
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Note that an affirmative solution to this problem of P. Neumann
was announced by Burger and Mozes [14], example (6.3.4). Also
note that examples of simple free products {Ax B; H = K}, where
A, B are free groups of infinite want and their subgroups H, K

have infinite rank, are due Ruth Camm, theorem (6.3.3), [15].

6.3.2 Amalgamated subgroup not finitely generated

Example 6.3.2. Ruth Camm constructed an example of simple
free products G = {A * B; H = K} where A, B are free groups of

finite rank and their subgroups H, K have infinite rank.

This example can be thought of simple amalgamated products
of two residually solvable groups where the amalgamation is not
residually solvable. (i.e where the amalgamated subgroup fails the

maximal condition)

Theorem 6.3.3. [15] There ezist continuously many non-isomorphism

simple amalgamated products of two finitely generated free groups

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



153

with not finitely generated amalgamation.

6.3.3 Amalgamated subgroup finitely generated

Note 6.3.4. Burger and Mozes constructed an infinite family of
torsion free finitely presented simple groups. For every pair (m,n)
of sufficiently large even integers, they constructed a finite square
complex whose universal covering is the product T,, X T, of reqular
trees of respective degrees m and n and whose fundamental group
I'rmn enjoys the following properties: The group 'y, is simple,
finitely presented and‘ isomorphic to a free amalgamated product

{F x F'; G} where F, G are finitely generated free groups, [14].
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6.4 Homomorphic mappings from doubles, sig-

nificant properties of their kernels

Lemma 6.4.1. If A is a group, C is a subgroup of A, ¢ is an iso-
morphic mapping of A onto a group B, and D is the amalgamated

product of A and B amalgamated C with C¢,
D= {Ax B;C = C¢},

then there is a homomorphism from D onto one of the factors, and

the kernel of this homomorphism, K, is:
gp(a(ag)'la € A).
Furthermore this map injects to each factor.

Proof. Let a be the homomorphism from A onto itself, and 3 be
the homomorphism B onto the inverse of the isomorphic copy of
A, ie. B = ¢! These homomorphism can be extended to a

homomorphism from D onto A, by proposition (2.2.6). By the
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way that o and [ are defined, we realize that this homomorphism

is one-to-one restriced to either A or B. ||

Lemma 6.4.2. Let A, B, C, D, K and ¢ be as above. Then K is

not central in D. In other words, [K, D] # {1}.

Proof. First, note that the center of D is D = EANEBNC. By
lemma (6.4.1), K N A = {1}, and hence £AN K = {1}. This

implies that [K, D] # {1}. O

Lemma 6.4.3. Let A, B, C, D, K and ¢ be as above. Fur-
thermore, let C be normal in A. Then K commutes with C, i.e.

C, K] =1.

Proof. Let ¢, € C, and a € A. Since C < A and C¢ < B, and ¢

is an isomorphism, we can do the following computation:
a”lca = =d¢ = (a"'9)(ch)(ag) = (a7 d)c(ad).
Note that a(ag)™! € K, so

ca(ag) ™! = a(ag) e
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[C,K]={1}.

This completes the proof of lemma (6.4.3). O

Corollary 6.4.4. Let A, B, C, D, K and ¢ be as above. Then K

is free

Proof. Since K is one-to-one restricted to either A or B, then

KnNnA={1}=Kn A¢.

So, by a theorem of Hanna Neumann (2.4.2), K is free. O
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6.5 Doubles of residually solvable groups

6.5.1 Meta—residual-solvability

Theorem 6.5.1. Let A be a residually solvable group, C' be a sub-
group of A, and '’ be an isomorphic mapping of A onto A. Then

the generalized free product of A and A amalgamated C with C,
G={AxA;C=C}
is an extension of a free group by a residually solvable group.

Proof. Let ¢ : G — A, then K = ker¢ = gp(aa~lla € A). K is

free by a theorem of Hanna Neumann, (2.4.2), since
ANK = {1} = ANker¢.

Therefore G is an extension of a free group by a residually solvable

group; that is to say G is meta-residually-solvable. O

Corollary 6.5.2. G is meta-residually-solvable.
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6.5.2 Effect of solubly separability on the amalgamated

subgroup and residual solvability

Theorem 6.5.3. Let '™’ be an isomorphism from a group A onto
itself, C be a subgroup of A, and G be the amalgamated product of

A and A with C amalgamated:
G={A*4,C=C}.

If A is residually solvable then G is also residually solvable, pro-

vided that C be solubly separable in A.

Proof. Assuming C is solubly separable in A and A is residually
solvable, we want to show that G is residually solvable. That is to
show that for every non-trivial element (1 #)d € G, there exists a
homomorphism, ¢, from G onto a solvable group S, ¢ : G — S5,
such that d¢ # 1. We consider two cases:

Case 1: Let 1 # d € A. There exists an epimorphism ¢ from G
onto A, so that d¢ = d. Since A is residually solvable, there exists

X € N, such that d & 5, A. Where §) A, is the A-th derived group of
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A. Now put S = A/§,A a solvable group of derived length at most
A. Note that the canonical homomorphism, 8 from A onto S, maps
d onto a non-trivial element in S. Now consider the composition
of these two epimorphism, §c ¢, which maps G onto S. The image

of d in S is non-trivial.
§o ¢(d) = df = déyA#g1.

Case 2: Let 1 # d € A but d € G. Now d can be expressed as

follows:
d = aibiasbhs - - - ayby, (ai ceA-C b; € /i—C_')

Since the equally indexed filtration {dyA}ien, and {dxB}ren of A

and A are compatible, we can form G):
G/\ = {A/(S,\A X A/(S)\A, C(S,\A/é,\A = C‘d,\fi/d,\fi}

Note that G is residually solvable (by mapping it to one of the
factors and noting that the kernel of the map is free). Consider the

canonical homomorphism 6 from G onto G,. Since C is solubly
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separable in A, i.e.

ﬂ CoHA = C

ie. Vac A ifagC, 3 AeN st. agidA
A € N can be so chosen that
a; € CO\A, @; € C6\A (fori=1,---n).
Hence
a10,\A bi6)A - -+ a,05Ab, 03 A#g 1.

This completes the proof of theorem (6.5.3) by using a key lemma

by G. Baumslag (3.4.4). O
6.5.3 Solvable separability is a sufficient condition for
residual solvability. A negative theorem

Note that the condition of solvable separability of the amalgamated

subgroup in the factors, in the case of doubles is necessary. The

following negative theorem shows that the amalgamated product
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of doubles is not residually solvable where the factors are residually

solvable groups.

Theorem 6.5.4. Let A be a finitely generated residually solvable
group, and C be a normal subgroup of A, such that A/C be perfect.

Let “~ “ be an isomorphic mapping of A onto itself. Then
D={AxA;C=C}
s meta-residually solvable, but not residually solvable.

Proof. D is meta-residually solvable by theorem (6.5.1).
By lemma (6.4.1), there exists an epimorphism from D onto A.
Let K be the kernel of this epimorphism. Since C is normal in A,

by using lemma (6.4.3)
[C,K]=1. (%)

Now we want to show that D is not residually solvable. We proceed
by contradiction. Suppose D is residually solvable.

Let d be a non-trivial element in [K, D]. The existence of such
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an element is guaranteed by lemma (6.4.2). Now assume u be a

homomorphism of D onto a solvable group S, so that du # 1.

(. D —» S a solvable group, s.t. du #g 1.
Since p is an epimorphism, C'i is a normal subgroup of .S, and by
(%),

[Cp, Kp] = 1.

If we show that S = Cu, then [Kyu,S] = 1. Which implies that
du =g 1, which is a contradiction. We now need to show that
S =Cp.
D —» S induces a homomorphism from D/C onto S/Cu. Since

A/C and A/C have a perfect subgroup, this induces a homomor-

phism from A/C to 1. So, §/Cp = 1. Hence Cpu = S. O
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Chapter 7

Residual solvability and
one-relator groups

7.1 Background and motivation

It is known that a free group is residually solvable. The question
of whether a group with a single defining relation is residually
solvable is coming right after this. Gilbert Baumslag showed in
1971 [5] that a group G with a single defining relation in which
there are no negative exponents, is residually solvable. Of course,
not every one-relator group is residually solvable. For example [5],

the group

G =<a,ba=[a,ad’] >

163
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is not residually solvable since a # 1 (by the Freiheitssatz (7.3.1))

and every term of the derived series of G contains a.

7.2 Baumslag-Solitar groups

Bnm =< a,b;b™ = b™ > is residually solvable. In fact it is free-
by-solvable.

B, ,, is solvable, but not polycyclic.

7.3 When the relator is a commutator

Let G be a group that can be presented in the form

-1

Gy =<ta, - ,c;r=uw  =1>

where v and w are positive words in the given generators and each
generator occurs with exponent sum zero in uw™!. Here a word is
termed positive if only non-negative powers of ¢,a,--- ,c occur in

v. Then G is residually solvable, by a theorem of Gilbert Baumslag
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in 1981 [6]. In fact, he showed that G is free-by-cyclic. Let
G=<t,a,-,clu,w] >.

If v and w are positive, is a special case of the introducing group
G\, hence is free-by-cyclic and therefore residually solvable.

But if u or w are not positive in G, it is an open question, in gen-
eral. G. Baumslag [6] gave examples in which G is not residually
solvable. (see example (7.4.1))

We discuss the special case where u is one of the given generator
of G. Note that we would like to solve the problem with Magnus
Break down. In order to do this one can decompose G as follows:
Let G =< t,a, -+ ,¢[t,w] >. Since [t,w] = 1, therefore t~lwt =
w. The exponent sum of ¢ in the relator is zero. Now let N =

gpc(a,- -+ ,c), and
Ny = gp(am(a)v "y AM(a)+1 Cm(e)y Tt ) CM(c)+1y Wo = wl)

Observe that

No={A*B;H = K}
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where
A= gp(ama)y+1, 1 OM(@)+1" " 5 Cm(@)+1 " " CM(c)+1> W1)
B = gp(am(a), - 1 @M(a)r** " > Cm(e)r " EM(c)) Wo)
H = gp(am(a)+1: "+ 0M(a)s > Cmle) 1"+ CM(e)s W1)
K = gp(am(@)+1," " »@(a) "+ Cmle)+1>" " » CM()» W0)

Now the question is since we know that free groups are residually
solvable, what the necessary condition on the amalgamation part

is to make Ny residually solvable.

Theorem 7.3.1. (Freiheitssatz) [29] Let G be a group with a single
defining relator, i.e.,

G=<uz, " ,T5;7 > .

Suppose 1 is cyclically reduced, i.e., the first and the last letters
in T are not inverses of each other. If each of x1, - , x4 actually
appears in T, then any proper subset of {z1, -+ ,z,} freely generates

a free group.
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The following lemma is an immediate consequence of W. Mag-

nus’basic breakdown of groups with a single defining relation:

Lemma 7.3.2. Let G =< b,xz,--- ,¢c;r =1 > be a group with a
single defining relation. Suppose that b occurs in r with exponent
sum zero and that u and v are respectively the minimum and maz-
imum subscripts of x occurring in ro. If p < v and if both =, and
x, occur only once in ro then N = gpg(x,- -+ ,c) is free. Moreover
if G is a two-generated group with generators b and =, then N s

free of rank v — pu+ 1.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



168

7.4 Non-positive one-relator groups, some ex-
amples and comments
Example 7.4.1. [6] G =< a,b, - ,¢; [u,v] =1 >, where

u = a,
v o= [a,b][w,wb]

w = [a,b]  a,b]"

then G is not residually solvable.
It follows from Magus’ solution of the word problem that w # 1.

Furthermore since [u,v] = 1 we find that
[a, 0)°[w, ’]* = [a, b][w, w’]
Hence
w = [a, b]_l[a, b* = [w,wb]([w,wb]“)_l.

So w lies in every term of the derived series of G.
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Example 7.4.2. G =< a,b;uw™ = 1 >where u and w are posi-
tive, and that both generators appear in uw™'. If o is the exponent
sum of a in vw™! and if B is that of b, then G is free-by-cyclic if

a>0>0, [6]
Example 7.4.3. G =< a,b;[a, [a,b]] > is free-by-cyclic.
Proof.

r=[a,a,b]] = a7 }[a,b] 'ala,b] = a” b a " bab"lab

S0 1o = by 1bob; "lby. Using the fact that o.(r) = 0. Observe that
v =2and u = 0, and by and by occur only once in 7y, therefore
N = gpg(b) is free, by lemma (7.3.2). Since G/N is cyclic, and so
solvable. Since NV is free, it is residually solvable. By using lemma

(7.3.2) G is residually solvable. O
Example 7.4.4. G =< a,b; [a, w] >, where w = [a, b]".

Proof. Let N = gpg(b), the normal closure of b in G. By using the
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magnus break down,
No =< bo, by, by; (b17'00)" = (b2 ™"01)" > .
Put
zo = b1 by, T = by b,y = br.
By using Tietze transformation

Ny = <zp, 21,520 =21 >

= < 2o, X%y =x" >k <Yy >.
Now let K =< zg, z1; 24" = 1™ >. K can be written as follows:
K={<zg>*x<z; ><xz" >=<z;" >}.

Observe that each factor of K is abelian, now by theorem (1.3.7)
K is residually solvable. < y > is also residually solvable since it
is free. Therefore their free product of them is residually solvable,
so Vy is residually solvable.

One can easily in the similar manner prove that N; is residually

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



171

solvable for every 7 € N. Assuming that
Nij = gp(Ni, Niy1,- -+, Nj)
in the similar manner we have:
Nij = < Ty > *cgmomcpm> < Titl > % ke nsocgpns < Ljpp > ¥ <Y >

By using the generalized of lemma (1.3.7). N;; is residually solv-
able. By lemma (7.4.5), the union of them N, is residually solv-
able, and by using the lemma (3.3.11), therefore G is residually

solvable. | a
Lemma 7.4.5. N = {J, 550 Nrs 15 residually solvable.

Proof. Suppose that Vi,j € N(i < j), N, is residually solvable.

We want to show that N is residually solvable. Since

N = LJ Ahﬁ,

r<0;s>0

therefore

5N = 51( U N)

r<0;s>0
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Since every element in g € §;N is a finite product of commutators
of elements from a (finite) subset of the N, ; groups. So g € §; N,
for some suitably small value of 7 < 0 and large value of s > 0.

Thus

GN = |J &N

r<0;s>0

Now fix integers j, k. Then the infinite union above can be re-

written

GN = | J &iNjirkes
r<0;5>0
SO
6NN N, = < U 5iNj+r,k+s> N Njk.
r<0;s>0
Distributing N over U, we get
NN N = ( U OiNjprp4s N Nj,k) :
r<0;s>0

Now each term in the union can be written as

6iNjtrjrs W Njg = (0iNjkss N Njk) N (6:Njrrk N Njg)
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And because s < 0 and r > 0 ([5][pg. 175, lemma 4.3]) tells us
(after conjugating all the groups in the statement of that lemma

by a suitable power of d that
OiNjpes N Njk = 6N
OiNjprk " Njp = 0N
So each term in the union can be re-expressed as
OiNjtrp+s N Njg = 0;Njp,
Note that this expression is independent of 7 and s! Thus, we get
NN N, = 6Njp.

([5] [pg. 175, line 16]) Now we show that §; NNN;; = 6; N implies
that N is residually solvable. Let a € N be a non-trivial element.
Then since N = U, .50 Nrs, there is an integer j = j(a) € N
such that a € N_;;. By our hypothesis: Vi,j € N(¢ < j7), Ny
is residually solvable, so we know that N_; ; is residually solvable.

By definition (3.2.2), there exists an integer 4+ € N such that a ¢
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0;N_;;. Since ;N N N_;; = 6;N_; ;, we see that a € 6; N N N_; ;.
But a € N_;;. So it must be that a € §;N. Thus we have found a
normal subgroup §; N <N such that a & §; N and N/§;N is solvable.
Thus, G satisfies definition (3.2.1), so G is residually solvable, and

this completes the proof of lemma. O
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7.5 The relator is a basic commutator

Definition 7.5.1. [21]

1) ¢; = z;,4 = 1,--- ,r are the basic commutator of weight one,
w(z;) = 1.

2) Having defined the basic commutators of weight less than n, the
basic commutators of weight n are ¢, = [¢;, ¢;], where

(a) ¢; and ¢; are basic and w(c;) + w(c;) = n, and

(b) ¢ > ¢; , and if ¢; = [¢5, 4] , then ¢; 2 ¢;.

3) The commutators of weight n follow those of weight less than
n and are ordered arbitrarily with respect to each other. basic
commutators will always be numbered so that they are ordered by

their subscripts.

In this paper, we study particular type of basic commutator,

which are in the form of:

Sk+1 = [Sk, y] where s; = x
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Theorem 7.5.1. G =< z,y;7 = [y, sx] > is free-by-cyclic.
Lemma 7.5.2. s; = [sp_1,y] = v~ 52 yF ! for k > 2.

Proof. By induction on the weight of the commutator.
sy = x1 7 wor1 T iep 83 = [s2,y] =y yay Tl y T ey [y, 8] =

-1 -1 -1 -1 ~1
(S3y) 83 = I3 T2y “I2X1 Ty "T3. ]

Lemma 7.5.3. r = [y, sk] there is only one zo (the minimum

indez) and xy, (the mazimum indexz).

Proof. By induction on the weight of the commutator, and using

[y, sk] = s&¥ s
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