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A bstract

RESIDUAL SOLVABILITY of GENERALIZED FREE

PRODUCTS

By: DELARAM KAHROBAEI 

Adviser: Professor GILBERT BAUMSLAG

The notion of residual properties was first introduced by Philip 

Hall [22] in 1954. In this work we show th a t in general G =  

{ A * B \  C},  the generalized product of two finitely generated nilpo- 

tent groups A  and B , amalgam ating C , is not perfect. As a con­

sequence, when the factors A  and B  are torsion-free, G  is guaran­

teed to be residually solvable by any of the following conditions: 

1. the amalgam ated subgroup C  is central in both factors; 2. the 

amalgam ated subgroup C  is of finite index in at least one of the 

factors; 3. the factors A  and B  are isomorphic, via an isomorphism 

tha t agrees with the isomorphism th a t identifies the amalgam ated 

subgroups Ca and Cb  (this type of generalized free product is 

called a double); 4. the amalgam ated subgroup C  is cyclic; 5. 

one of the factors is abelian. The generalized free products of 

finitely generated torsion-free nilpotent groups are not necessarily 

residually solvable. We dem onstrate th a t using an example due to 

Gilbert Baumslag [11].
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Preface

The study of residual solvability of groups was initiated by Philip 

Hall in 1954 [22], Residual finiteness of generalized free prod­

ucts of finitely generated nilpotent groups was studied by Gilbert 

Baumslag [3] primarily. This work is concerned with residually 

solvability of this kind of structures.

To sta rt, in Chapter 1, we give alternative definitions of nilpo­

tent groups, based on upper and lower central series and their prop­

erties, we then recall some properties of finitely generated torsion 

nilpotent groups and their center which reflect in the entire group; 

the Frattini subgroup is the topic of another subsection in this 

chapter. Next we bring in polycyclic groups and their relation 

to nilpotent groups; definition of polycyclic-by-finite groups and 

Hirsch number is one of the subsections. Definition, theorems and 

im portant properties of Mal’cev completion, such as, the funda­

m ental theorem  of torsion-free nilpotent groups.

In Chapter 2, we define generalized central products for an 

arbitrary number of groups. In the literature this was introduced

vii
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viii

mostly for two groups. We collect related results concerning in­

jective mappings of the factors of these kinds of structures. This 

is the context in which the classical definition of generalized free 

products of arbitrary number of groups [7] and the related theo­

rems. We then prove some lemmas about removing torsion from 

amalgam ated products of nilpotent groups. Afterwards, we define 

the tree products of groups [36] and we list some related theorems 

on subgroups of generalized free products.

Then in Chapter 3, we define residual properties of classes 

of groups and we give different terms which are used to describe 

residual properties of groups, such as separation and discrimina­

tion.Next we concentrate on residual solvability of groups: we give 

alternative definitions (one in terms of solvable filtration) of this 

property, we prove their equivalence. After th a t, we study the 

facts about solvability and residual solvability.

In Chapter 4, we give a complete formulation and related re­

sults of the structure of the abelianization of the generalized free 

products of groups. Then we study this abelianization in the case 

where the factors are finitely generated nilpotent groups. After 

tha t we study the effect of the order of the abelianization of amal­

gamated products of nilpotent groups.

The results of Chapter 5, are involved in residual solvability 

of generalized free products of finitely generated nilpotent groups.
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ix

We first prove tha t this generalized free products is not perfect 

in general, regardless of finitely generated nilpotent groups being 

torsion-free. Then we study the different case and put conditions 

of the amalgam ated subgroups and observe tha t these kinds of 

structures are almost residually solvable. But th a t is not the case 

in general. We show by an example by Baumslag th a t they are 

not residually solvable [11], this example actually shows th a t these 

structures are not poly-residually-solvable in general.

In C h a p te r  6, we deal with another class of groups, namely 

free groups and residually solvable groups. We give a very simple 

and short proof of a theorem  due to Karrass and Solitar which 

gives an alternative answer to a question of Peter Neumann, listed 

under item F 22 in the “Open Problems” on “Free Groups” section 

[12] of h t t p : //www. g ro u p th e o ry . org.

Then we discuss residual solvability for the case where the factors 

are residually solvable. We particularly study the case of doubles.

In C h a p te r  7, we discuss residual solvability of one-relator 

groups. Gilbert Baumslag’s result [5] shows tha t positive one- 

relator groups are residually solvable. There examples of other 

one-relator groups which residually solvable. One of the most im­

portant one’s are Baumslag-Solitar groups, as well as the class of 

groups introduced by Baumslag in [6]. In this chapter bring new 

different cases where these kinds of groups in both cases.
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Introduction

The notion of residual properties was first introduced by Philip 

Hall in 1954 [22]. Let X  be a class of groups. G is residually- 

X  if and only if, for every non-trivial element g in G there is an 

epimorph of G in X  such th a t the element corresponding to g is 

not the identity. If Y  is another class of group, then we denote by 

X  ■ Y  the class of those groups G which possess a normal subgroup 

N  in X  such th a t G / N  is in class Y.

A group G  is nilpotent if it has at least one central series. A 

group G  is called solvable, if there exists a natural number n, 

so th a t the n-th  term s of its derived group is the trivial group. 

In particular we like to remind th a t nilpotent groups satisfy the 

maximal condition, where solvable groups fail to satisfy this con­

dition. Another lemma which is worth recalling is th a t, a solvable 

group satisfies the maximal condition if and only if it is polycyclic. 

Quotient, subgroups, homomorphic images, cartesian product of

5
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solvable(Nilpotent) groups are again solvable (Nilpotent).

In this thesis, we consider the finitely generated groups.

Abelian —> Nilpotent —> polycyclic —> solvable +  maximal con­

dition -+ residually solvable —> meta-residually solvable —> poly- 

residually-solvable.

In 1963 Gilbert Baumslag studied residual finiteness of generalized 

free products of finitely generated torsion-free nilpotent groups, [3]. 

He showed first th a t if both factors are non-abelian then this amal­

gamation is not residually-finite, he found conditions where G is 

residually finite. He actually proved in general th a t this kind of 

structure is free-by-residually-finite, or meta-residually-finite, and 

if the amalgam ating subgroup is closed in both factors then it is 

residually finite. For when the amalgamation subgroup is cyclic, 

he showed th a t these kinds of groups are residually finite. A few 

years after, in 1968 one of his students, Joan Landman Dyer, con­

tinued his work [19] on residual finiteness of this kind of structures. 

She showed in particular th a t if the factors are not necessarily 

torsion-free, these kind of groups are not free-by-residually-finite 

(by taking isomorphic factors of class three), but rather residually- 

finite- by-free-by-residually-finite.
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In this work we consider the generalized free product of finitely 

generated nilpotent groups, and discuss how close this structure of 

groups is to residual solvability. We show th a t how the condition 

of amalgam ating subgroup affects on the residual solvability of this 

kind of groups. In a more specific way we study the algebraic ex­

tension of these kind of groups.

Effect of abelianization on amalgamated product of nilpo­

tent groups

We give a complete explanation of abelianization of the general­

ized free products. In particular, we can see how the abelianization 

of this kind of groups with nilpotent factors is not trivial. Using 

Frattini theorem, which shows th a t the comm utator subgroup of 

a finitely generated nilpotent group is a non-generator set. As a 

result, we find out th a t the generalized free products of two finitely 

generated nilpotent groups are not perfect.

Theorem 0.0.1. The generalized free products of two finitely gen­

erated nilpotent groups amalgamated a subgroup of them is not 

perfect.

This property of finitely generated nilpotent groups plays a criti­

cal role to approach our question. For example finitely generated
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polycyclic factors th a t satisfy the maximal condition, but fail to 

satisfy the condition of Frattini theorem, turns out to be perfect 

in several examples.

Cyclic amalgamated subgroup and residual solvability

Another case th a t we consider, is when the amalgam ating sub­

group is cyclic. It turns out th a t choosing an appropriate solvable 

filtration [6] of each factor so th a t the generator of am algam ating 

subgroup doesn’t lie in the n-th  term  of upper central series and 

we prove th a t it is residually-solvable-by-solvable.

Theorem 0.0.2. The generalized free products of two finitely gen­

erated torsion-free nilpotent groups amalgamating a cyclic subgroup 

is an extension of a residually solvable group by a solvable group.

The amalgamated subgroup is central in both factors

We then define the generalized central products of arb itrary  num­

ber of groups, and show th a t each factor inject to this kind of prod­

uct. We then look at the case where the am algam ating subgroup 

is central in both factors, and we show th a t using the generalized 

central products th a t these kind of groups tu rn  out to be free-by- 

nilpotent. We note th a t a nilpotent extension of a free group is 

not residually nilpotent but rather residually solvable.
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Theorem 0.0.3. The generalized free products of two finitely gen­

erated nilpotent groups amalgamating central subgroups of them is 

a nilpotent extension of a free group.

As a corollary, the generalized free products of finitely generated 

abelian groups are free-by-abelian, i.e. residually solvable. We can 

actually generalize this theorem to arbitrary  number of factors.

Corollary 0.0.4. G is residually solvable.

Theorem 0.0.5. The generalized free products of arbitrary number 

of finitely generated nilpotent groups o f bounded class, amalgamat­

ing central subgroups of them, is an extension o f a free group by a 

nilpotent group.

Theorem 0.0.6. The generalized free products of arbitrary number 

of abelian groups is an extension of a free group by an abelian 

group.

The case where one of the factors is abelian

We then consider the case where just one of the factors is abelian, 

it turns out th a t these groups with an abelian factor is again resid­

ually solvable. In fact, free-by-nilpotent.
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Theorem 0.0.7. The generalized free products of a finitely gener­

ated torsion-free abelian and a finitely generated torsion-free nilpo­

tent group is an abelian extension of a residually solvable.

The case when the amalgamated subgroup is of finite in­

dex in at least one of the factors

Theorem 0.0.8. The generalized free product of two finitely gener­

ated torsion-free nilpotent groups amalgamated subgroup is o f finite  

index in at least one of the factors, is an extension o f a free group 

by a torsion-free nilpotent group.

Doubles of nilpotent groups and residual solvability 

The case of two factors

Theorem 0.0.9. Let A  be a finitely generated nilpotent group, C  

be a subgroup o f A , and ’ be an isomorphic mapping o f A  onto 

A. Then the generalized free product of A  and A amalgamated C  

with C ,

G = {A *  A ;C  = C ),

is an extension of a free group by a finitely generated nilpotent 

group. Furthermore, it is residually solvable.
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The arbitrary number of factors

The theorem (5.8.1) can be generalized to the arbitrary number of 

isomorphic nilpotent groups.

Theorem 0.0.10. Let {A{\i € 1} be a arbitrary indexed fam ily o f 

isomorphic torsion-free nilpotent groups, such that A-i = C, 

and let G be the generalized free product o f AiS amalgamated C:

G = {n*4;C}.
iei

Then G is residually solvable.

A negative theorem, generalized free products of nilpotent 

groups sometimes may fail to be residually solvable.

Gilbert Baumslag remarked in [11], by a counter example th a t not 

every subgroup of generalised free product of two finitely generated 

torsion-free nilpotent groups is indicable. We use this example to 

prove the following theorem:

Theorem 0.0.11. There exist two finitely generated torsion-free 

non-abelian free nilpotent group A  and B , such that the amalga­

mated product o f them with abelian amalgamation,

G = { A * B - C a =  Cb},

is not residually solvable.
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Abelian amalgamating subgroup does not suffice for residual solv­

ability.

The second part of this work is on residual solvability of generalized 

free products of residual solvable groups (free groups). This part 

has been motivated by a question of Peter Neumann, [12] which is 

one of the open problems in Magnus webpage, Is it possible that 

the free product {A  * B \C a = Cb } with amalgamation, where A , 

B  are free groups of finite ranks, Ca , Cb are finitely generated sub­

groups of A, B , respectively, is a simple group? [F22]

R uth Camm in 1953 [15] constructed an example th a t if the amal­

gamating subgroup is of infinite rank, in which this am algam ated 

product is simple. Burger and Mozes in 1997 [14] constructed a 

simple amalgam ated products where all factors and am algam ated 

subgroups are finitely generated torsion-free free groups. Karrass 

and Solitar proved tha t

Theorem 0.0.12. Let H  be a finitely generated subgroup of a free 

group F  and the index [F  : H] infinite. Then there exists a non­

trivial normal subgroup N  o f F  such that N  D H  = {1}.

In 1998 Ivanov and Schupp gave an alternative proof of this the­

orem using small cancellation theory as well as brought up two
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corollaries which give an affirmative answer to the quesion of Pe­

ter Neumann. In 2000 I gave a very simple and short proof in [26], 

[25], which I use Kurosh subgroup theorem as well as a theorem 

of Marshall Hall. In this work we show the complete procedure of 

this proof as well.

In this work we proved for the case of doubles of residually solv­

able groups in general (free groups), th a t this kind of groups are 

meta-residually-solvable in general.

Theorem 0.0.13. Let A  be a residually solvable group, C  be a 

subgroup of A, and ’ be an isomorphic mapping o f A  onto A. 

Then the generalized free product of A  and A  amalgamated C  with

C,

G = { A *  A \C  = C}

is an extension o f a free group by a residually solvable group. Fur­

thermore, G is meta-residually-solvable.

Effect of solubly separability on the amalgamated sub­

group and residua 1 solvability

We look at the case where the amalgam ated subgroup is solvably
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separable and we show th a t in this case these kinds of amalgama­

tion is residually solvable.

Theorem 0.0.14. Let ’ be an isomorphism from a group A onto 

itself, C  be a subgroup of A, and G be the amalgamated product of 

A  and A  with C  amalgamated:

G = {A *  A ,C  = C}.

I f  A  is residually solvable then G is also residually solvable, pro­

vided that C  be solubly separable in A.

Solvable separability is a sufficient condition for residual 

solvability. A negative theorem

Note th a t the condition of solvable separability of the am algam ated 

subgroup in the factors, in the case of doubles is necessary. The 

following negative theorem shows th a t the amalgam ated product 

of doubles is not residually solvable where the factors are residually 

solvable groups.

Theorem 0.0.15. Let A  be a finitely generated residually solvable 

group, and C be a normal subgroup of A , such that A /C  be perfect. 

Let “ be an isomorphic mapping of A  onto itself Then

D = {A  * A; C = C}
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is meta-residually solvable, but not residually solvable.
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Chapter 1 

Basic N otations and results

1.1 N ilpotent groups

Definition 1.1.1. ([4]) A series is called normal if each term  in 

the series is a normal subgroup of the succeeding term.

Definition 1.1.2. Let A  be a property (or class) of groups. A 

finite normal series

1 =  Gq ^  G\ ^  ^  Gi =  G  (1)

of G  is term ed a poly-A series for G  if

Gi+i/Gi e  X  f or i  =  (),•■• , 1 - 1 -

Definition 1.1.3. A group G is term ed poly-A if it has at least

16
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one poly-X series. The length of the series (1) is I.

Lemma 1.1.1. ([35]) Suppose X  is a property (or class) of groups 

such that every subgroup of a group with X  also has X . Then every 

subgroup of a poly-X group is again poly-X.

Definition 1.1.4. G is called an extension of A  by Q if there exist 

A  and Q and a short exact sequence

1 -*  A - 4 G - + Q - + 1 .

Definition 1.1.5. Let X  be a property (or class) of groups. G 

is m eta-X  if there exist A  and Q of property (or class) X  and a 

short exact sequence

N ote 1.1.2. An extension of a finitely presented group by another 

finitely presented group is finitely presented. In particular poly- 

cyclic groups are finitely presented.
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Definition 1.1.6. The center of G is denoted by £G; so 

£G — {x € G\[x,y] = 1 for all y  e  G}.

Definition 1.1.7.

1 =  G o  <  G?i <  • • • <  Gi = G

is an invariant series, if

1) Gi <1 Gi+1;

2) Gi be invariant in G, i.e. V Autcj) : G —>• G, then <f>(Gi) = Gj.

In other words, if Gi is a normal subgroup of G for i = 1, • • • ,1.

Example 1.1.3. D erived  ser ies  is an exam ple o f  an in va r ia n t s e ­

ries.

Definition 1.1.8. An invariant series (1) is term ed a central series 

if

Gi+i/Gi <  f{G /G i)  for i  =  0,1, • • • , I -  1.

Definition 1.1.9. G is nilpotent if it has at least one central series.
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The class of a nilpotent group is the least of the lengths of its 

central series.

Definition 1.1.10. ([37]) Let F  be the free group on a finite set 

X ,  such th a t \X\ =  n, and c be a positive integer. Any group 

isomorphic to G = F / j c+i(F)  is called a free nilpotent group of 

rank n  and class c.

Definition 1.1.11. The upper central series of G is defined to be 

the series

1  =  < £ o G  <  tiG ^ &G  ̂ ^  inG ^ • • •

where inductively

Z i+ iG / t iG  = Z(G/ZiG)  (i Z  0).

So &G =  SG.

Definition 1.1.12. The lower central series of G is defined to be 

the series

G =  71G > l i G  > ■ ■ ■ > inG  > • • •
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where inductively

7„+ iG = [7»G ,G ](n > l).

Proposition 1.1.4. G is nilpotent i f  jc+iG = 1 fo r some c. We 

call the least such c, the class o f G.

N ote 1.1.5. f cG = G if  and only ifjc+ iG  =  1.

Definition 1.1.13. A non-empty class u of groups is term ed a 

variety (of groups) if it is closed under homomorphic images, sub­

groups and cartesian products.

Lemma 1.1.6. Subgroups, homomorphic images and cartesian prod­

ucts of nilpotent groups of class at most c are again nilpotent o f 

class at most c. In other words the class J\fc o f all nilpotent groups 

of class at most c is a variety o f groups.

Lemma 1.1.7. Every subgroup of a poly-nilpotent group is again 

poly-nilpotent.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



21

Proof. This will can be proved by applying lemma 1.1.6 and 1.1.1.

□

Definition 1.1.14. A group G satisfies the maximal condition if 

it has no infinite strictly increasing chain of subgroups. This is 

equivalent to the condition th a t all subgroups of G are finitely 

generated.

Theorem 1.1.8. Subgroups of finitely generated nilpotent groups 

are finitely generated.

Proof. Let C  be a subgroup of a finitely generated nilpotent group 

G of class c.

G — 71G > 72G > • • • > 7c+iG = 1.

There exists i such th a t C  ^  7iG and C  ^  7 i+iG.

For i = c C  ^ 7CG — 7cG /7c+iG

which is finitely generated abelian, and therefore C  is finitely gen­

erated.
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Let 0 be a homomorphism

0 : C  —> 'yiG/ji+iG.

Note th a t j iG /j i+ iG  is finitely generated abelian.

3ai, • • • ,a n € C  such th a t 'yiG/'ji+iG = <7j?(ai0 , • • • , an0).

Va E C  a0  =  (a i0 )Ql • • • (an0 )“n =  (a iQl • • • anan)0. 

Therefore

(aiQl • • ■ anana -1)0  =  1,

. Q1 . . . n ann~^i.e. a iQl • • • anQna € k e r0 .

Hence,

a =  a iQl • • • anank  (k  E ker 0).

Put

D =  c  n  7i+iG.
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Note tha t

k £ D ^  7j+iG.

Therefore D is finitely generated by the induction hypothesis. Note 

that

C  = gp(ai, • • • , an, D) 

which is again finitely generated. □

N ote 1.1.9. Subgroups of finitely generated solvable groups are 

not necessarily finitely generated.
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1.2 The torsion subgroups of n ilpotent groups

N ote 1.2.1. t A  is the se t o f  e lem en ts  o f  f in ite  order in  A .

Lemma 1.2.2. t A is the torsion subgroup of A.

Proof. Let a, b 6 A  be two elements of finite order in A. Hence 

gp(x, y) has finite order. So the order of x • y is finite. Hence t A  

is a subgroup of A. □

Lemma 1.2.3. Let A  be a nilpotent group. Then the torsion sub­

group o f A, t A  is normal in A, i.e. t A  < A.

Proof. Since the order of an element is invariant under conjugation, 

we may prove th a t r A  <\ A. □

Lemma 1.2.4. A finitely generated nilpotent torsion group is f i ­

nite.

Proof. Finitely generated nilpotent groups satisfy the maximal con­

dition 1.1.8, so t A  is finitely generated. Hence a finitely generated
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nilpotent torsion group is finite since its generators have finite or­

der. □

Lemma 1.2.5. Let A  be a finitely generated nilpotent group. Then 

the quotient A / r A  is torsion-free.

Proof. We want to show th a t the only element of finite order in 

A / t A  is the identity. If (a rA )n is the identity in A / t A  for some 

coset arA ,  then an € t A  and a is in r A  as well. So a rA  — t A. □

Lemma 1.2.6. Finite nilpotent groups are simply the direct prod­

ucts of their Sylow p-subgroups.
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1.3 Properties of th e center o f a n ilpotent group  

reflected in th e entire group

The properties of the center of a  nilpotent group are often reflected 

in the entire group. One such result is the following:

Lemma 1.3.1. (Philip Hall, [4]) A finitely generated nilpotent 

group G is finite i f  and only i f  its center is finite.

Proof. By induction on c, the class of G. If c =  1 there is nothing 

to  prove.

Suppose c > 1. If G  has order n, a 6 Z^G and x e  G  then

[x, an] =  [x, a\n =  1.

So an 6 and £2G/ZiG  is finite since G/ZiG  satisfies the  maxi­

mal condition.

Inductively G/ZiG  is finite, and so is G. □

Theorem 1.3.2. Let G be a nilpotent group and {1} ^  H  <\G.
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Then

Hn^G + {l}.

Proof. Proof by induction c, the nilpotency class of G. Note th a t 

if H  ^  £G =  £1 then there is nothing to prove. Obviously, H fi£c ^  

{1}. We want to show th a t if H  fi & ^  {1}, then H  fl &_i ^  {1} 

for i >  1. Let 1 ^  h E H  fl if h $  £G, since h E £G the proof is 

complete. So

3g E G such th a t hi = [h,g] 7  ̂ 1.

Observe th a t h\ E H, since H  <] G. Also

hi € [£i, G] ^  £i-i-

□

Corollary 1.3.3. Let <f) : G —> K  be a homomorphism of nilpotent 

groups. Then,

<fi is monic => (j)\̂ G is monic .
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C o ro lla ry  1.3.4. Let G be a nilpotent group. G is torsion-free i f  

and only i f  £G is torsion-free.

L em m a  1.3 .5 . I f  G is torsion-free nilpotent group, then

Vx, y 6 G x n — yn x = y.

L em m a  1.3 .6 . Let G be a torsion-free nilpotent group. Then 

G /£G  is also torsion-free.

Proof. Let x € G such th a t x m € fG .

V g e G  [xm,g] = 1

(,g~lxg)m = x m <=>• g~lxg  =  x.

Therefore [x, g\ — 1, so x  € £G. □

C o ro lla ry  1 .3 .7 . I fG  is a torsion-free nilpotent group, then f,n+\G / f,nG 

is torsion-free abelian fo r  any n.

Note th a t this corollary doesn’t  hold for the lower central series.
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Lemma 1.3.8.

[x,yz] =  [x,z][x,y]z 

[xy,z] = [x,z]y[y,z\.

Proof. In any group,

x v = x[x, y\

and so

x yz = x[x, z\[x, y)z — x[x, y z ].

Similarly,

(:xy)z = xy[xy, 2] =  x zyz = x[x, z]y[y, z] = xy[x, z]y[y, z].

□

N ote 1.3.9. [y,x] =  \x,y]~l .

Proof.

[y,x] = [ x , y ' l]v = [x~ \y]x =  [y~l i x~ 1]xu = [x,y]~l .

□
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1.4 The Frattini subgroup

Definition 1.4.1. 4>G, a Frattini subgroup of G, is the intersection 

of all maximal subgroups of G. In particular, $G is characteristic.

Definition 1.4.2. A maximal subgroup of a group is a proper 

subgroup which is not contained in any larger proper group.

Definition 1.4.3. Let H  ^  G. H  is characteristic if H a  ^ 

H  Vo G A ut G.

Definition 1.4.4. g € G is called to be a non-generator element 

of G, if G =  gp(X,g)  then G =  gp{X).

Theorem 1.4.1. (Frattini) 4>G is the set o f all non-generators in 

G.

Theorem 1.4.2. Let G be a finitely generated nilpotent group. 

Then

G' ^  <E>G.
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Proof. By induction on c, the nilpotency class of G. We m ust show 

tha t if gp{X, G') =  G , then gp{X) =  G.

If c =  1, G is abelian and hence G' = 1 and g p (X , G') — gp{X)  =  

G.

Now, let c > 1. We assume the theorem  holds for all finitely 

generated nilpotent groups of class less than  c.

7CG =  gp([ii,«]|u e  ~<cG,v e  G) 

G/7cC? =  gp(X~,cG h cG ,G 'ycG/~fcG).

So, if g e  G, then

g = w{x) ■ z  0  e J CG) 

u  =  Wi ( x)  ■ Z\(z\ e leG  ^  £G),

V =  w2(x) • z2{z2 6  T c G  ^  £G).

Hence,

[u,v] = [wi(x)zu w2(x)z2]
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T hat is to say ycG <  gp{X), hence G — gp(X). □

Corollary 1.4.3. Let G be a nilpotent group and X  C G. Then

X  generates G i f  and only i f  X<f> generates Gab, where $ : G —>

G/[G,G\ is a canonical homomorphism.

Theorem 1.4.4. Suppose G is a finitely generated nilpotent group. 

Then G is finite i f  and only i f  Gai is finite.

Proof. By induction on c, the nilpotency class of G. □
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1.5 Poly cyclic-by-finite groups. Hirsch num ­

ber

Lemma 1.5.1. Finitely generated nilpotent groups are polycyclic.

Proof. This can be proved by observing th a t if G is a finitely gener­

ated nilpotent group of class c then, j cG is also finitely generated. 

Let G be a finitely generated nilpotent group of class c. If c ^  1, 

then G is abelian, and hence G is polycyclic. Now assume tha t 

c >  1. The last non-trivial term  in the  lower central series of G 

is t CG. 'fcG is abelian and finitely generated. Therefore 7CG is 

polycyclic. The quotient G j^ cG  is nilpotent of class c — 1. By 

induction on c, G / j cG is polycyclic. Thus G is polycyclic. □

N ote 1.5.2. There exists finitely generated solvable groups that are 

not polycyclic.

Lemma 1.5.3. A solvable group satisfies maximal condition if  and 

only i f  it is polycyclic.
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C o ro lla ry  1.5.4. Polycyclic groups are solvable.

L em m a  1.5 .5 . Finitely generated abelian groups are polycyclic.

L em m a  1.5 .6 . Quotient groups of polycyclic groups are polycyclic.

L em m a  1.5 .7 . Subgroups of polycyclic groups are polycyclic.

L em m a  1.5.8. Polycyclic groups satisfies the maximal condition. 

In other words, subgroups of finitely generated polycyclic groups 

are finitely generated.

D e fin itio n  1.5.1. The group G  is said to be polycyclic-by-finite 

if G has a subnormal series

1  < 3  Gq  < 3  G\ < 3  • •  • < 3  Gn =  G,

where G i/G i-i  is either infinite cyclic or finite. If G  has a normal 

series of this type, then G  is said to be strongly polycyclic-by-finite.

L em m a  1.5 .9 . A finitely generated torsion-free nilpotent group is 

polycyclic-by-finite.
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Proof. Let G  be a finitely generated torsion-free nilpotent group. 

G  is polycyclic, therefore it is also polycyclic-by-finite. □

L em m a  1 .5 .10. ([35]) Let G be a polycyclic-by-finite group, the 

Hirsch number of G is denoted by h(G). h(G) is an invariant of 

G, i.e. it is independent of the series used to define it. Suppose 

H  ^  G and N  <  G; then the followings are true:

1. h(H) ^  h(G).

2 . h{H) =  h(G) < = > [ G : H } <  oo.

3. h{G) = h{N)  + h{G/N) .

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



36

1.6 Effect of indicability on th e order o f finitely  

generated nilpotent groups

D efin itio n  1.6.1. A group A  is term ed indicable if there exists a 

homomorphism of A  onto the infinite cyclic group.

L em m a  1.6 .1 . A finitely generated group G is indicable i f  and 

only i f  Gab is infinite.

T h e o re m  1.6 .2 . (Higman, [23]) Every finitely generated torsion- 

free nilpotent group is indicable.

C o ro lla ry  1.6.3. The abelianization of a finitely generated torsion- 

free nilpotent group is infinite.

Proof. Let A be a finitely generated torsion-free nilpotent group. 

Then, by theorem 1.6 .2, A  is indicable. Hence by lemma 1.6.1 A  

is infinite. □

L em m a  1 .6 .4 . The abelianization of an infinite finitely generated 

nilpotent group is again infinite.
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Proof. Let A  be an infinite finitely generated nilpotent group. 

Then there is a canonical homomorphism from A  onto A / t A , 

where t A  is the torsion group of A. Since A / t A  is a finitely 

generated torsion-free nilpotent group, by corollary 1.6.3, A / t A  is 

infinite. Hence A  is infinite. □

The alternate proof of lemma 1.6.4, can be found in theorem 1.4.4.

Theorem 1.6.5. (K. A. Hirsch, [f]) Let G be a finitely generated 

nilpotent group. Then G can be embedded as a subgroup of finite  

index in a direct product D  =  A  x B , where A is fin ite  and B  is 

torsion-free.

Proof. Let T  =  rG . Then T  is finite. So, using the fact th a t G is 

residually finite, there is a normal subgroup N  of G of finite index 

such tha t

N O T  = 1.
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Put

A  = G / N ,

B  = G /T .

Then A  is finite and B  is torsion-free. Since N O T  = 1, the 

mapping

(g N , g T ) ( g e G ) 

of G  into D = A  x B )

is a monomorphism. Moreover, N(j> is a subgroup of finite index

in B, and hence G<p is of finite index in D. This completes the

proof. □
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1.7 The M al’cev com pletion. Fundam ental th e­

orem of torsion-free n ilpotent groups and 

related results

D e fin itio n  1.7.1. ([27]) A group is called complete if, for any 

element a of G and an arbitrary natural number n, the equation 

x n =  a has a t least one solution in G , or, in other words, if every 

root of every element of G  belongs to G.

T h e o re m  1 .7 .1 . A finitely generated nilpotent group is complete 

i f  and only i f  it contains no proper subgroup of finite index.

C o ro lla ry  1.7.2. Every group is contained in a complete group.

N o te  1.7 .3 . ([4]) Let V  denote the set of the class of groups in 

which extraction of roots is always uniquely possible.

D e fin itio n  1.7 .2 . ([4]) Let us term  a minimal torsion-free nilpo­

tent P-group, m(G), containing a given torsion-free nilpotent group 

G, a M al’cev completion of G.
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L em m a  1.7 .4 . ([4]) Let G be a finitely generated torsion-free 

nilpotent group of class c, let g be an element of G and let n be a 

positive integer. Then G can be embedded in a finitely generated 

torsion-free nilpotent group of class c in which g has an n-th root.

C o ro lla ry  1.7 .5 . ([4]) Every finitely generated torsion-free nilpo­

tent group can be embedded in a nilpotent V-group.

T h e o re m  1 .7 .6 . (M al’cev, [4]) Let A  be a torsion-free nilpotent 

group. Then A  can be embedded in a torsion-free nilpotent V -  

group.

C o ro lla ry  1.7 .7 . ([4])Let G, H  be torsion-free nilpotent groups, 

and let <f> be a homomorphism of G into H . I f  m(G ) and m ( H ) 

are any M al’cev completions of G and H , then can be extended 

uniquely to a homomorphism  m (0) of m(G) onto m{H) .

C o ro lla ry  1.7 .8 . ([4]) Let G be a torsion-free nilpotent group. 

I f  m(G)  and m'(G) are M al’cev completions of G then they are 

isomorphic.
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T h e o re m  1 .7 .9 . (Mal’cev fundamental theorem of torsion-free nilpo­

tent groups) I f  Gj1 and G\ are two completions of G, then there 

exists an isomorphism between them that extends the identity au­

tomorphism of G, and this isomorphism is unique.
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1.8 Perfect groups

Definition 1.8.1. ([18]) A group H  is called perfect if H  — H ' 

(i.e. H  is equal to its own com m utator subgroup).

Lemma 1.8.1. Every non-abelian simple group is perfect.

Lemma 1.8.2. I f  H  and K  are perfect subgroups of a group G 

then gp(H, K)  is also perfect.

Lemma 1.8.3. The subgroup of a group G generated by any col­

lection of perfect subgroups is perfect.

Lemma 1.8.4. Any conjugate of a perfect subgroup is perfect.

Lemma 1.8.5. Any group G has a unique maximal perfect sub­

group and this subgroup is normal.
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Chapter 2 

Products

2.1 G eneralized central product and som e re­

lated results

D e fin itio n  2 .1 .1 . ([34]) A group G is said to  be the central prod­

uct of its normal subgroups G\, • • • ,G n, if

G = G \G 2 • • • Gn,

[Gi, G j} =  1, for j ,  and 

Gi n  Y [  Gj = £G, for all i.

N o te  2 .1 .1 . Since £Gi ^  £G, it follows that

ZGi = £G.

43
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Lemma 2.1.2. ^  : Gi —> G is monic.

Proof. Map Gi ^  G , in such a way th a t gi. We want to  show 

th a t the kernel of this map is trivial. If

gi € k e r ^ ,  

then g,i(gi) = 1.

But on the other hand

Pi(9i) = gi = 1-

This completes the proof of lemma (2.1.2), th a t Hi is an injective 

homomorphism. □

Another definition of the generalized central product is:

Definition 2.1 .2 . Suppose tha t

{Ai = <  Xi\Ri > |i e 7}

is an indexed family of presentations

Ai =< Xi ;Ri  >
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of the groups Ai, and suppose C  is another group equipped with 

monomorphisms

4>i : C  —> Ai (i € I)  and C  ^

We term  the group A  defined by the presentation

A  =< UXi;{jRi U {c(piC~l<f>j\c € C , i , j  € 1} U =  1 i, j  £ 1}

where we assume th a t the X i  are disjoint, the generalized central 

product of Ai amalgam ating the central subgroup C.

iei

If C — 1, then A  is term ed the direct product of Ai s.

According to Dyck’s theorem, there are canonical homomorphisms 

/ii of each Ai to A. It can be proved th a t fxi aremonomorphisms, 

and, if we identify Ai with Aifa, then

c0j =  ccj)j Me G C, i, j  € I.

So, we can identify C  with any of its images Cfa  which have already 

identified with C<j)jj.ii. Ai fl Aj  =  C  (i , j  E I , i  7̂  j )  and A  =
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gp(UieiAi). A  can be also shown as the following:

A  = ( J J Xj4i ) /0p(c0 iC- 10j |i ,  j  G I, c G C).
i e i

Lemma 2.1.3. Hi is a monomorphism.

Proof. Recall

f k ' -A i ->  e  / , c  G C).
i e i

Put

5  =  5fp(c0 iC“ V j|i ,  j  G / , c G C), where C ^  A^.

We want to show th a t Hi  is a monomorphism. In order to do this 

we must show th a t

ker fa = 1.

Let a €  A; be an element in the kernel of /x*, a G ker/x;, so th a t 

/ X j ( a )  =  1. We want to show th a t a = 1. A generic element in S  

has the following form:

S =  {C i f> i1Ci ( p j f )  ■ • • ( c n (fiin Cn  4>jn ) .
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Since fii{a) =  1, then a is an element in S, and takes the following 

form:

& — {ci4>i1Ci (fiji) ' ' ' (cn0 incn 0jn) ‘

L et’s consider two cases: the case where none of ir and j r are equal 

to i, and the case where some of them  are equal to i.

Case 1: Since none of the subscripts are equal to i, this implies 

tha t

a 6  gp(Ak\k ±  i).

But on the other hand, a is an element in Ai as well. Therefore 

a G A{ D gp(Ak\i ■=£ k) = 1 (by a property of direct product). 

This implies th a t a =  1.

Case 2: Now suppose th a t some of the indexes are equal to i, 

(i{ = i). Note th a t cfo, for c e  C, is central in Ai. We thus have:

a  =  (J_ J_ 0 j 'i)(  | |  c fc0fcic /c ‘ ' ‘ cn0fe„cn fikn)-
il
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Note th a t the following is equal to one, since we consider this 

the *-th place, and follows similar to the previous case

(  1 1  • • • Cn (p)~n Cn 4>kn)  1 "

Now

»/

Hence

a = (c& X lJci Vi/)-
31&

We have

ac l (j)i =  ( J J c /  V i/) € n  ^p(Aa;|2 ^  i) =  1.
i t#

So

a — c(pi.

This implies th a t a =  1, since

C(fii ( J .  J[ Piî l fiji)'(I
H
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The right hand side has an even number of factors, so this is pos­

sible only if it is equal to one. This completes the proof th a t each 

factor injects in A. □

L et’s look at the case where there are only two factors:

L em m a  2 .1 .4 . Define

p : A  —► (A x  B)/gp(c<f)(c)~1\c E C a ) where C a ^  C b )- 

p is an injective homomorphism.

Proof. P u t

S  =  gp(c(c~l4>)\c E C a ) where C a ^  C b -)

Let

p. : A  —> S

be defined by

jj, : a i—► aS.
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We must show th a t the kernel of this map is trivial, i.e show for 

an element a € A  such th a t a is in the kernel of fi, a =  1. Now for 

an arbitrary element of a € A,

afi = aS

afx =  ac(c~1(f))S.

Now let

a € ker \l.

Thus

ac(c“V) — 1 

ac = c“V

a — 1.

Therefore /i is a monomorphism. □

Lemma 2.1.5. ([35]) A direct product o f finitely many nilpotent 

groups is nilpotent.
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N ote 2.1.6. A direct product of infinitely many nilpotent groups 

is not nilpotent.

Lemma 2.1.7. The generalized central product of finitely many 

nilpotent groups is nilpotent.

Proof. The generalized central product of nilpotent groups is the 

quotient of the direct product of finitely many nilpotent groups, 

(which is again nilpotent, pg. 6. [35]) and another nilpotent group. 

The quotient of nilpotent groups is nilpotent, as a corollary of 

lemma (1.1.6). Therefore the generalized central product of finitely 

many nilpotent group is nilpotent. □

Lemma 2.1.8. The generalized central product of finitely many 

solvable groups is solvable.

Corollary 2.1.9. The generalized central product for an arbitrary 

number of abelian groups is abelian.

Proof. The generalized central product of abelian groups is the 

quotient of the direct product of an arbitrary  number of abelian
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groups, which is again abelian [35], and another abelian group. 

The quotient of abelian groups is abelian, as a corollary of lemma

(3.3.5). □
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2.2 Generalized free product

Suppose th a t ([7])

{Gi =< X i\R i  > \i e /}

is an indexed family of presentations Gi —< Xf, Ri > of the groups 

Gi, and suppose th a t H  is another group equipped with monomor- 

phisms

<j>i : H  — > Gi ( i e i ) .

Then we term  the group G  defined by the presentation

g  = < € H ’i ’j  e I } >  (1)iei iei

where we assume th a t the X{ are disjoint, the generalized free 

product of the Gi amalgam ating H.  We express the fact th a t G  is 

given by such a presentation by writing

G = H}.
iei

We assume th a t in (l)each hfa is expressed as an Xi  product so 

th a t (1) actually looks like a presentation. According to Dyck’s
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theorem, there are canonical homomorphisms /i* of which each Gi 

to G. It maybe proved th a t the ^  are monomorphisms, and if we 

identify Gi with G^ , then hfa = hcpj for all h e H, i , j  £ I. So

we can identify H  with any one of its images H(j)i (which we have

already identified with and it then follows th a t

Gi r\Gj = H

i.e., the Gi intersects precisely in H. Note tha t

G =  sp (U G j) .
iei

It follows th a t every element g € G can be expressed in the form 

9 =  y i - ' - Vnh  (n ^  0) (2)

where

(i) yi € Gij — H  and ij ±  ij+i for j  = 1, • • ■ , n -  1;

(ii) h G H.

In particular if g £  H,  then (2) can be rew ritten as

9 =  z\ ■■■zn (n ^  1) (3)
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where

(Hi) Zj e  Gij — H  and ij ^  i j+\ for j  — 1, • • • , n  — 1.

Theorem 2.2.1. (0 . Schreier) Suppose that G =  { f l *Gi \ H} .  

Then

(a) the Gi embed into G;

( b j G t n G j ^ H

(c) every product of the form ^satisfying (Hi) is not equal to 1 in

G.

Conversely, suppose that G is a group and that H  is a subgroup 

of G. Furthermore, suppose that {Gi\i € 1} is an indexed family  

of subgroups of G, that G is generated by these subgroups Gi, and 

that Gi fl Gj — H  (i , j  € I, i ^  j ) .  Then

g = { n * G- H }
ie/

i f  and only i f  every product of the form  (3) satisfying (in) is not 

equal to 1 in G.
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L em m a 2 .2 .2 . Let

G = { \^Gi-,H}.
iei

Suppose that for  each i € I , Fj is a subgroup of Gi and that 

F i H H  =  K  = F j H H  (i , j  e  I).

Then

iei iei

Proof. Every strictly alternating \JieI Fj-product, relative to K, 

is non-trivial because it is strictly alternating U ie/ Fj-product, 

relative to H. □

The following is the special case of the above theorem, where there 

are just two factors.

L em m a  2 .2 .3 . Let G be the free product of its subgroups A  and 

B  with H  amalgamated. I f  A \ is a subgroup of A, and B\ is a 

subgroup of B , and i f  A\C\H  =  Hi =  B\C\H , then G\ =  gp{A\, B \)  

is the amalgamated product of A \ and B\ with H\ amalgamated.
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Proof. Note th a t A \  D B\  =  Hi, by a simple computation. By def­

inition gp{A \,B \)  — A \B \.  We need to show tha t gpG(A\, B\) =

\/w e gp(Ai, Bi) w =  aibia2b2 • • • anbn.

We want to show th a t if n  >  0, then w =£ 1. If w  =  1, then 

a\b\a2b2 • • • anbn is alternating in A i ,B \ ,  and so in A, B. Thus 

n  — 0, because G  is a free product of A  and B. Now using the 

universal property of amalgamated product, every element can be 

uniquely expressed as alternating product of them, and th a t it is 

again an element in the group Gi. Take an element x  € G\ =  

A \B i.  Transform it to the unique construction in G then we go 

back again in G\ and all are doable since we always rem ain in the 

group G\. □

Proposition 2.2.4. ([29]) Let H  be a normal subgroup of A, and 

K  be a normal subgroup of B . If  N  is the normal subgroup of A *  B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



58

generated, by H  and K , then

( A * B ) / N  ~ ( A / H ) * { B / K ) .

Proof. Observe th a t (A  * B ) / N  can be defined by adding relators, 

each of which is in A  or in B, to the relators of (A * B).  □

P ro p o s it io n  2.2 .5 . ([29]) Let G be the free product of A  and 

B  with the subgroups H  and K  amalgamated. Suppose that M  

and N  are normal subgroups of A  and B , respectively, such that 

H n M  = l = K n N .  I f  P  is the normal subgroup of G generated 

by M  and N , then G /P  is the free product of A /M  and B / N  with 

the isomorphic subgroups H M / M  and K N / N  amalgamated.

Proof. Using the presentation of G and adding on as relators words 

tha t generate M  and N ; since H C \ M  = l  = K n N ,  H M / M  ~  

H  and K N / N  ~  K.  If Ui(au) generates H  in G,  then Ui(a„) 

generates H M / M  in G/ P .  Similarly, if V}(6^) generates K  in G, 

Vjibp) generates K N / N  in G/ P .  Moreover, if Ui{av) into Vj{b^)
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induces an isomorphism between H  and K ,  it also induces an 

isomorphism between H M / M  and K N / N .  □

P ro p o s it io n  2.2 .6 . ([7]) Let G  =  {A  * B; H  — K } .  Then any 

homomorphism a  of A  into a group L, and j3 of B  into a group L, 

such that a  — on H , can be extended to a homomorphism  7  of 

G into L.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



60

2.3 R em oving torsion from am algam ated prod­

uct of

n ilpotent groups

L em m a  2 .3 .1 . Let A  and B  be two finitely generated nilpotent 

groups, C  be a proper subgroup of A  and B , and G = { A *  B ; C} ,  

the amalgamated product of A  and B , amalgamating C. Then

gpc(rA , t B) — {t A  * t B ; t C}.

Proof. Recall th a t t A  and r B  are torsion subgroups of A  and B  

respectively. Since

r A H C  = t C  = r B n C .

Then by applying lemma (2.2.3):

g p c i j A , t B ) =  { t A  * t B ; t C } .

□

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



61

Lemma 2.3.2. Let A  and B  be two finitely generated nilpotent 

groups, C  be a proper subgroup of A  and B , and G = { A *  B] C} ,  

the amalgamated product of A  and B , amalgamating C. Then there 

is an epimorphism from G onto a torsion-free group G*, amalga­

mated product of finitely generated torsion-free nilpotent groups 

A / t A  and B / t B  with amalgamating subgroup C / r C ,

G* = { A / t A  * B / t B ; C / t C}.

Proof. Let

p : G  -> G * 

p : { A *  B\ C}  -> { A / t A *  B / t B ] C / t C}

be defined by

p  : a i—»• a t A , b i—► b t B.
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Note tha t

c t—> c t A,  

c i—► c t B ,

c i—> c t A  H c t B  =  c t C.

So fi agrees on the amalgam ating subgroup C,  by proposition

(2.2.6), p  can be extended to  a homomorphism from G  to G*, 

and by Von Dyck’s theorem (4.2.2), /j, is an epimorphism. □

L e m m a  2 .3 .3 . Let A  and B  be two finitely generated nilpotent 

groups, C  be a proper subgroup of A  and B , and G = { A *  B; C }; 

the generalized free product o f A  and B. Then G is an extension 

of an amalgamated product of finitely generated nilpotent torsion 

groups by a torsion-free group, (amalgamated product of finitely 

generated torsion-free nilpotent groups).
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Proof.  We claim that there is short exact sequence:

1 -> T  -*• G  —► G* -> 1

1 -> {rA  * tB ; rC } -> {̂ 4 * B; C} { A / t A  * B / t B ; C / t C } 1

By lemma (2.3.1),

T =  g p c ( r A , t B )  — {rA  * r£?; r<7}.

By lemma (2.3.2), there is a homomorphism from G  onto G *, and 

we can calculate the kernel of this map,

ker [i =  g p c i r A ,  t B )  — T.

□

C o ro lla ry  2.3 .4 .

G / g p G( r A ,  t B )  ~  G* =  { A / t A  * B / t B ] C / t C } ,

G / { t A  * t B; t C }  ~ G *  =  { A / t A  * 5 / r £ ;  C /rC }.
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2.4 Tree product

2.4.1 H is to r ic a l overv iew

W ith regard to abstract groups, Hanna Neumann showed in the 

1950s th a t, in general, subgroups of amalgam ated products are not 

amalgam ated products anymore, but “generalized free products” . 

At the end of 1960s A. Karrass and D. Solitar described such sub­

groups by means of tree products and HNN-constructions. The 

descriptions was given by the Bass-Serre theory, in which groups 

acting on graphs in order to employ geometric intuition: the fun­

damental group of a graph of groups generalizes both am algam ated 

products, HNN-extensions and tree products.

D e fin itio n  2 .4 .1 . Suppose T is a tree, and (G, 7 ) is a graph of 

groups. We term  7t1(G', T, T) a tree product.

L e m m a  2 .4 .1 . Suppose that (G, T) is a graph of groups, and let 

T  be a maximal tree in T. Then if  we restrict G to T , we get
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an associated graph of groups (G,T) .  Then i t \ (G ,T ,T )  is a sub­

group of tti(G, T, T ). Moreover, 7Ti(G, r,r) is an HNN-extension  

of tt\{G,T, T) with one stable letter for each y  e  A  — T, where A  

is an orientation of T.

2.4.2 Subgroups of amalgamated free products

([10]) Let G = { A *  B] C}.  The tree V of G:

V(T) =  (Set of all the cosets of gA  of A  in G)  U (set of all cosets 

gB  of B  in G).

E(F) — (Set of all the cosets gC  of C  in G).

Now let H  ^  G.  We want to see what can be said about H.

Note th a t H  acts on T. So H  ~  \ F , U ) .  So H  is an

HNN-extension of a tree product of stabilizer of vertices and edges 

in T (under H).

L et’s compute some stabilizers of some vertices.
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Suppose h £ H  stabilizes gA:

hgA  =  gA  

g~lhgA  =  A  

g~lhg £ A  

h e H H g H g - 1 

HgA = H  n  gAg~l 

HgB =  H  D gB g~l 

HgC =  H n g C g ' 1.

C o ro lla ry  2 .4 .2 . I f  H  < G ,  and

h c \ A  = { 1} =  #  n f l ,

then H  is free.

C o ro lla ry  2 .4 .3 . I f  H  <\G, and

H n c  = {i},
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then

H  =  [ J 'X j  * F,
i e i

where the X i are conjugates of subgroups of A  and B  and F  is free.

T h e o re m  2 .4 .4 . (H. Neumann, Karrass, Solitar) Suppose G = 

{A  * B ; C} is an amalgamated product. Then every subgroup H  

of G is an HNN-extension of a tree product in which the vertex 

groups are conjugates of subgroups of either A  or B  and the edge 

groups are conjugates of subgroups of C . The associated subgroups 

involved in the HNN-extension are also conjugates of subgroups of 

C.

L em m a  2 .4 .5 . Let K  be the HNN-extension of a tree product T ,  

stable letters F. Then K / g p x ( T )  ~  F.  Furthermore F  is free on 

the set o f stable letters.

T h e o re m  2 .4 .6 . (A.G. Kurosh) Let G =  A *  B  be the free product 

of its subgroups A  and B, and let H  < G . Then H  is a tree 

product of conjugates of subgroups of A  and B , and a free group.
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Chapter 3 

Residual properties

3.1 Prelim inaries

D e fin itio n  3.1 .1 . Let X  be a class of groups. Then G  is residually- 

X  if and only if, for each 1 ^  x  € G, there is an epimorph of G 

in X  such th a t the element corresponding to  x  is not the identity.

In other words, G  is residually-X if for each g E G, (g ^  1) there 

exists a normal subgroup N  of G such th a t g £  N  and G /N  E X .

Another way of describing residual properties is:

D e fin itio n  3 .1 .2 . Let A  be a class of groups, and G  be a group. 

Then X  separates G if and only if G is residually-A.

D e fin itio n  3 .1 .3 . X  discriminates G if Vn ^  1 and for all {gi, • • • , gn

68
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G, (gi 7̂  1) there exist N <  G  such th a t gi 0  N for (i =  1, • • • n)  

and G/N e X.

L em m a  3 .1 .1 . I f  X  is a class of groups, then G is residually- 

X .  Furthermore, G is residually-X i f  and only i f  G is residually- 

residually-X.
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3.2 Equivalent definitions for residual solvabil­

ity

Definition 3.2.1. A group G  is said to be residually solvable if,

for every 1 =4 a € G, there exists a normal subgroup N  < G  such

th a t a $  N  and G /N  is solvable.

Another definition of residually solvable is:

D e fin itio n  3 .2 .2 . A group G  is said to be residually solvable if, 

for every a G G a 1, there exists a solvable group S  and a 

homomorphism 0  : G  -» S  such th a t a 0  ^ s  1-

However, these two definitions are equivalent, as the next lemma 

shows.

L e m m a  3 .2 .1 . Definition (3.2.1) is equivalent to definition (3.2.2). 

Proof. (=>■): Suppose G  satisfies definition (3.2.1). P u t

S  =  G/ N,
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be the canonical projection. Then S' is a solvable group, and since

a g  N,  

a(f> t̂ s  1-

So G satisfies definition (3.2.2).

(4=): Suppose G satisfies definition (3.2.2). Then let

S'  =  3 (0 ) ^  S.

If S  is solvable of length i, comm utators of weight i are equal to 

1 in S. Then commutators of weight i in S'  are also equal to 1, 

since S'  ^  S. So S'  is also solvable, of length ^  i. Since

G /ker(0) ~  S'

is a solvable group of length ^  i, we know tha t

ker(0) ^  5i(G).
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Since

a<p y£s  1,

we know that

a £  ker(0 ).

But

ker(0 ) ^  Si(G),

so

a £  Si(G).

Taking

N =  5i(G) < G,

we get tha t

a £  N and G/N is solvable (of length <  i). 

Thus, G satisfies definition (3.2.1).
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Another definition of residually solvable is:

Definition 3.2.3. A group G is said to be residually solvable if, 

for every a 6 G a /  1, there exists an integer i e N such th a t 

a 0 SiG.

This definition is equivalent to the previous definitions (3.2.1) and 

(3.2.2), as the next lemma shows.

Lemma 3.2.2. Definitions (3.2.1) and (3.2.2) are equivalent to 

definition (3.2.3).

Proof. (=>): Suppose G satisfies definition (3.2.1). Then for every 

non-trivial a £ G there exists an N  <1G such tha t a $  N  and G /N  

is a solvable group of length i = i(a). So products of weight i com­

m utators in G /N  equal 1. Also products of weight i com m utators 

in G must be in N . In other words,

6iG ^ N.
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Since a $  N ,  it follows tha t

a $ 5iG.

Thus, G satisfies definition (3.2.3).

(^=): Suppose G satisfies definition (3.2.3). Then for every non­

trivial a e  G there exists an i =  i(a ) £ N such th a t a 8iG. 

Put

N  =  SiG < G.

Then

G /N  is solvable (of length ^  i) 

and a £  N.

Thus, G satisfies definition (3.2.1). □

Another definition of residually solvable is:

Definition 3.2.4. A group G  is said to be residually solvable if 

the set

A(G) =  { 6 xG }x&i

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



75

is a solvable filtration of G.

This definition is equivalent to the previous definition (3.2.3), as 

the next lemma shows.

Lemma 3.2.3. Definition (3.2.4) equivalent to definition (3.2.3).

Proof. To show tha t A(G) is a solvable filtration of G we must, by

definition, show that

1. VA € N, 5XG < G.

2 . VA e  N, G/SXG is solvable.

3. p|<SAG={l}.
AeN

Now property (1) and (2) are true for any group G, so we only 

need to consider property (3).

(=^): Suppose G satisfies definition (3.2.4). Then A(G) is a solv­

able filtration, and, in particular, A(G) satisfies property (3). 

Then, given any non-trivial a € G, since

a <f. P |  5XG.
AeN
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there must be some least i — i(a) for which a 8 {G. Thus we have 

shown th a t G  satisfies the conditions of definition (3.2.3).

(4=): Suppose G  satisfies definition (3.2.3). Then given any non­

trivial a € G, there is some i =  i(a) for which a $  5iG. So for any 

non-trivial a € G, a cannot be in Dagn Thus

n ^ = { i },
AeN

so A(G) satisfies (3) and is a solvable filtration of G. Thus, G 

satisfies the conditions of definition (3.2.4). □
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3.3 Som e facts about solvability and residual 

solvability

L em m a  3 .3 .1 . Subgroups of solvable groups are solvable.

Proof Let G  be a solvable group of length i, and let H  <  G. 

Then every weight % com m utator of elements in H  is also a weight 

i comm utator of elements in G, and so is equal to 1. Thus

6 iH  = 1,

and H  is solvable of length ^  i. □

L em m a  3 .3 .2 . Every subgroup of a poly-solvable group is again 

poly-solvable.

Proof. This can be proved by applying lemma (3.3.1) and (1.1.1).

□

L em m a  3 .3 .3 . Subgroups of residually solvable groups are residu­

ally solvable.
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Proof. Let G be a residually solvable group, and let H  ^  G. To 

show th a t H  is residually solvable (by using definition (3.2.2)), let 

a E H  be a non-trivial element. Then a E G, so

3 S  a solvable group, 

and 0 : G  —> S, 

such th a t a 0  7̂ 5 1.

Let

S' = H(j)> S.

Then S' is solvable, by lemma (3.3.1), and

01H \ H  S ' satisfies a 0 \h 7̂  I-

□

Lemma 3.3.4. Every subgroup of a poly-residually-solvable group 

is again poly-residually-solvable.

Proof. This can be proved by applying lemma (3.3.3) and (1.1.1).

□
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Lem m a 3 .3 .5 . Quotients o f solvable groups are solvable.

Proof. Let G be a solvable group of length i, and N  <  G.  Then 

6i(G/N)  =  6{GN = 1, so G/ N  is solvable. □

Lemma 3.3.6. Let P  be any group, and S  be any solvable group 

of length i, and (fi : P  —> S, then kercp ^ SiP.

Proof. A com m utator of weight i in P  is sent by 0 to a com m utator 

of weight i in S, which is equal to one since S  is solvable of length 

i. T hat shows that

5iP ^  ker <f>.

□

Lemma 3.3.7. Let P be any group, K  < P and K  ^ 5iP. Then 

P / K  is solvable of length i.

Proof. We want to show th a t P / K  is solvable of length ^  i, i.e.
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we want to show th a t

Si(P/K)  =  6iP/K =  1 ,  

i.e. Si(P) ^ K.

Now

P / K  = P/SiP/K/SiP.

We know th a t P/d^P  is solvable. Now using the lemma (3.3.5), 

P / K  is solvable. □

L em m a  3 .3 .8 . Let P  be any group, and K  <1 P  satisfying: P / K  

is solvable and K  be solvable. Then P  is solvable. In other words, 

a solvable extension of a solvable group is again solvable.

L em m a  3 .3 .9 . Let P  be any group, and K  <  P  satisfying: P / K  

is polycyclic, and K  be poly-cyclic then P  is poly-cyclic. In other 

words, a polycyclic extension of a polycyclic group is again polyclic.

N o te  3 .3 .10 . Let P  be any group, and K  <  P  satisfying: P / K  

is nilpotent and K  be nilpotent, then P  is n o t  nilpotent. In other
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words, a nilpotent extension of a nilpotent group is not nilpotent.

Proof. As a counter example, £3 is metabelian, but not nilpotent.

□

Lemma 3.3.11. Let P  be any group, and K < P  satisfying: P / K  is 

solvable and K  be residually solvable, then P  is residually solvable.

Proof. We want to show th a t P  is residually solvable. So, for any 

1 ^  w £ P, we must find a solvable group S  and 0 : P  —» S  such 

th a t w<f> 7̂  1.

Consider two cases, where w £ P \ K , and w £ K .

Case 1: it; € P \ K .

Let

S  =  P /K ,

(note th a t S  is solvable), and let

<f>: P  — P /K .
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Now since w K ,

w<p ^  1.

Case 2: w € K.

Since K  is residually solvable, then there exists a solvable group 

S  and

ip : K  —> S  

where ip (w) ^  1.

Suppose P / K  is generated by

{ a iK ,a 2K, ■ • • ,a tK } .

Now let

P - . P - + S  

such th a t (p\k  = ip 

and dip =  1.
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Since

w  G K , 

w (j> =  imp 7̂  1.

We claim th a t 0 is a homomorphism. We know gen(P )=gen(K ) 

U{ah ■ ■ ■ ,ai}.

(i) ip is a homomorphism of K  —> S, so every relator of K  is sent 

to 1 in S.

(ii) Suppose r is a relator of P. If one replaces all aPs in r  by 1, 

one will get a relator of K.

To show th a t (p is a homomorphism, we must show th a t every 

relator of P  is sent to 1 in S. L et’s take a relator r  of P

r =  aiKi ■ ■ • ajKj  

=  1 • i , ^ )  ■ ■ ■ 1 •

= ip(Kr --K j)

~ s  1. by (ii) and (i).
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Therefore, by Von Dyck’s theorem, 0 is a homomorphism. □

C o ro lla ry  3 .3 .12 . A solvable extension of a residually solvable 

group is residually solvable.

N o te  3 .3 .13 . Let P be any group, and K  <3 P satisfying: P /K  

is nilpotent and K  be residually nilpotent then P is not residually 

nilpotent. In other words, a nilpotent extension of a residually 

nilpotent group is not residual nilpotent.

Proof. As a counter example, one can consider th a t E 3 is metabelian, 

but not nilpotent. Subgroups of index 3 in E3 are not normal in 

E3. Now if one considers the elements of order 3 in E 3, there is no 

normal subgroup which does not contain th a t element. □

L em m a  3 .3 .14 . Nilpotent groups are residually solvable.
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3.4 The filtration approach to  residual solvabil­

ity

D e fin itio n  3 .4 .1 . A family (Aa|A G A) of normal subgroups of 

A  is term ed a solvable filtration of A  is A j A \  is solvable for every 

A G A and H aga^a  =  (11-

D efin itio n  3 .4 .2 . Let (Aa|A g  A) of normal subgroups of A be a 

solvable filtration of A. We shall say th a t H  is solubly separable in 

A  if

( X i  H A X = H,

i.e. if a e  A, a H, then 3 A such tha t a ^  H A \.

E x a m p le  3 .4 .1 . {1} is solubly separable in A, is equivalent to A  

is residually solvable.

D efin itio n  3 .4 .3 . Let H  ^  A, then (A\|A G A) is called an in­

filtration of H, if

n h a \ = h ■
AeA
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Note 3.4.2. I f  A posses an H -filtration of  ( ^ ) AeA, then H is 

solvably separable in A.

Definition 3.4.4. Two equally indexed filtration (Aa|A £ A )  and 

(B\  | A  G A )  of A and B respectively are term ed (H , K,  0) — compatible 

if

(Ax n H)4> = Bx n K  ( V A  g  A ) .

Note 3.4.3. Under these circumstances 0 induces for  each A  € A  

an isomorphism 0a from HAx/Ax to KBx/Bx-

Proposition 3.4.4. ([3]) Let ( 4 x | A  6  A ) , ( j B a | A  e A )  be solvable 

(H, K,  0) — compatible filtration of the residually solvable groups A 

and B respectively. Suppose ( A a | A  G A )  is an H —filtration of A 

and ( 2 ? a | A  £  A ) is a K -filtration of B. I f  fo r  every A  €  A ,

{A/Ax  * B/Bx\ HAx/Ax  =  KBx/Bx]  is residually solvable, 

then so is

G -  { A*  B-,H =  K}.
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O b se rv a tio n  3 .4 .5 . Let {^4a}agA; {^a}asA be families of normal 

subgroups of A  and B  respectively, satisfying the conditions:

(i ) A / A \  and B / B \  are solvable,

(«) H A x / A x ~  KBx / Bx ,

{Hi) P i  H A x = H  and f ) K B x = K,
AeA AeA

(iv) P  A x =  {1} =  P |  B\,
AeA AeA

(v) Gx = { A / A x . B / B y ,  H A x / A x  *  K B x / B x } .

Suppose that the families {j4a}agA7 {-SaIagA are {H, K , cp)-compatible, 

i.e. for each A 6 A the mapping

(f>a : h A \  —» {h(p)B\ is an isomorphism.

Then G = {A  * B; H  = K }  is residually solvable.

Now we want to explore the above proposition in reverse:
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P ro b le m  3 .4 .6 . We assume that G = { A *  B] H  = K }  is residu­

ally solvable, then

3Ni < G s. t. G/Ni is solvable and

P'l Ni =  1 where I is an indexed set. 
iel

Put

A{ =  ADNi  (Vi <E I),

Bi =  B(1 Ni  (Vi €  I).

Hence

n ^ = m = n « -
i e l  i e l

Now there exist normal subgroups Ai of A and Bi of B such that

A/Ai and B/Bi  are solvable,

and

n * = { i } = n B‘-
i e l  i e l
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Note that

HNi/Ni < G/Ni

and

KNi/Ni  < G/Ni.

Thus

HNi/Ni * KNi/Ni,

H/ HHNi  ~  K/ KHNi .

This allows us to form

Gi =  {A /A ,  * B/Bi-HAi/Ai  = K B J B ,, } .

We are interested in answering two questions:

Ql) Does Gi (Vi € I)  have to be residually solvable?

Q2) Are H , K  solubly separable in A, B  respectively? i.e. Does 

f] i&IH Ai  =  H  and f] ie IK B i  — K ?  (i.e. I f  a e  A, a £  H  then 

does there exist i € /  such that a £  H A i.)
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3.5 R esidual solvability of free groups and free 

products

T h e o re m  3 .5 .1 . (Levi) Free groups are residually solvable.

Proof. Let F  — gp{X ) be free on the set X .  For every word in 

/  € F, f  can be expressed as follows:

/  =  x i l ■ x 2 2 • • • x nen (xi e X )

We distinguish two cases:

Case 1: The exponent sum of one of the generators in /  is not 

equal to zero.

Hence /  ^  8 2 F. Now there is a canonical homomorphism from F  

onto F /5 2F  (an abelian group), in which the image of /  in F /5 2F  

is not 1.

Case 2: The exponent sum of all of the generators is zero in f .

We proceed by induction on the length of / .  Let t = x, and let N
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be the normal closure of X  in F,

N  — gpp(X )  =  gp(t~nx tn\n € Z, x  6 X ).

We observe th a t N  is free on x tn, and the length of /  is shorter in 

N  than  in F. So F  is residually solvable. □

T h e o re m  3 .5 .2 . (Magnus) Free product of residually solvable groups 

are residually solvable.
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Chapter 4 

Abelianization and generalized  
free products

4.1 Som e results on the structure o f th e abelian­

ization

L em m a  4 .1 .1 . Let G be the amalgamated product o f two groups 

A  and B  amalgamating C,

G =  {A  * B; C}.

Then the abelianization of G, Gab takes the following form:

Gab =  (A b  x  Ba^/gpicoccT'-pic G C ),

92
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where a  is the monomorphism from C into A , and j3 is the monomor­

phism from C  into B.

Proof. Let a  be a homomorphism from A  * B  into A ab x B ab,

a  : A *  B  —> A ab x  B ab.

P ut N  — gp(cac~ 1 f3\c E C).

Now a  induces to a homomorphism of G  onto (Aab x B ab)/N .

{Aab x B ab)/N .

We claim th a t the kernel of this map is 6 2 G  =  [G, G\. In order to 

prove this, it suffices to show th a t 8 2 G  ^  kerd . Suppose g G G, 

then g =$2c  ah. If g e  kerd , i.e. a(g) = 1, then

a{g) =  a N h N  =  (ah)N.

Therefore ab E N. T hat is to say th a t we can express ah as the
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product of elements in N ,

ab =  c\a  Ci~lf3 ■ ■ ■ c^a

a  =  ( c_i  • • '  C fc )a ,

b = (cl-1 • • -ck~l )f5,

ab =  (cl • • • ck)a  (cV 1 • • • c*-1)/?,

i.e. ab G$2g N.

So kercr =  S2 G.

Gab ~  G /fcG  

Ga6 ~  G /k erd  

Gab — {Aab B ab)/N .

T hat completes the proof of lemma (4.1.1). □

L em m a  4 .1 .2 . Let G be the amalgamated product of A  and B  

identifying Ca with Cb ,

G = { A * B - C a = Cb }.
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Then the abelianization of G, Gab maps onto

D  =  A ab/gp{ca\ca e  CA) x  B ah/g p {c f l \ch G CB).

Proof. By lemma (4.1.1), the abelianization of G  can be expressed 

as below:

Gab = {Aab X B ab) / <?p(CaQ> )■

P ut

N  =  gp{cacb~x)

Ni = gp(ca)

Let 6  to be a map from Gab into D ,

0 : G ab -> D 

0 : {Aab x  B ab) / N  -»  A ab/N i  x  B ab/ N 2  

be defined by:

a N  i—► aNi 

and bN bN2.
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We want to show tha t 0 is an epimorphism.

A typical element w in N  takes the form w = cacb~l .

w =  CaOT1 ^  (caN i ,c b~1 N 2) = ( N i ,N 2).

So, by Von Dyck’s theorem, (4.2.2), 6  is an epimorphism. This 

completes the proof of lemma (4.1.2). □

The following is another proof of lemma (4.1.2), using the pre­

sentation of groups.

Proof. Let A  and B  have the following presentation:

A  =  < X; R  > and 

B  =  < Y - S >  .

So the abelianization of A  and B  have the following presentation:

A ab = < X ; R U  {[xi,xj]\\fxi,xj e  X }  >

Bab =  < Y ' , S U { [ y i , y j ]\Vyi , y j  e Y }  >  .

The direct product of A ab and B ab has the following presentation,
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since by definition of the direct product, all element of A ab com­

mute with all elements of B a b'.

A a b X B ab =< X U Y \  R  U S  U { [ X i , X j ]  | VZj, X j  £ X }

^ { [ y ^ y j W  ^ y u V j  e  k }

U {  [x,y\ \V x  £ X ,V y  £ Y }  > .

Recall th a t a  is the monomorphism from C  into A, and f3 is the 

monomorphism from C  into B , and put

N  =  gp(ca c(3~l \c £ C)

Ni = gp(ca\c £ C)

X 2  = gp(c(3~l \c £ C).
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Now, by lemma (4.1.1), Gab, the abelianization of G , has the fol­

lowing presentation:

Gab — {Aab X  B ab) / N  =< X  U Y; R  U S  U {[xi,Xj]\ixi}Xj e X }  

u  {[y*»2/j]|Vyi,yj € Y }

U {[x,y] \Vx € X ,V y  € Y }

U {ca cf3~l \c e C } > .

Let’s find the presentation of each factor of Z),

Aab/Ni =  <  X] R  U {[xi, Xj]| Vxi, Xj € X }  U {co:|c € C } >

Bab/ ^ 2  =  < L ; 5 u  {[yi,Vj}\ VyiiVj € U {c/T ^c € C} > .

The direct product of them, D, has the following presentation:

D  =  Aab/Ni x Bab/N 2  = < X  U Y] R U  S  \J {[xi,Xj]\ Vxi,Xj e X}

U{[y*, t/j]| Vy»yj e  Y }

U{ca|c 6 C}

u { c r ' | c e C }

U{[.x(co:), t/(c/?- 1)]|V:r G X, Vy G T, c E C} >
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Now define 6 to be a map from Gab into D, by sending Xi Xi and 

yi i—> y{. Then N  1. So, by using Von Dyck’s theorem, (4.2.2), 

9 defines a homomorphism from Gab onto D, and th a t completes 

the second proof of lemma (4.1.2). □
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4.2 The case of n ilpotent factors

T h e o re m  4 .2 .1 . The generalized free product of two finitely gen­

erated nilpotent groups amalgamating a proper subgroup of them is 

not perfect.

Proof. Let A  and B  be two finitely generated nilpotent groups, Ca 

and Cb be proper subgroups of A  and B  respectively. We want to 

show th a t the generalized free product of them,

G = {A  * B ;C a = Cb } is not perfect.

T hat is, we want to show tha t abelianization of G, Gab is not 

trivial.

By lemma (4.1.2), Gab maps onto

D  =  A ab/gp{ca\ca e  CA) x  B ab/g p {c fx\cb e  CB).

where ca and cb are the images of ca G Ca and q, g Cb in A ab and 

B ab respectively.

We claim th a t D  is not trivial under the condition of theorem
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(5.1.1). In order to prove the claim, we will prove,

K b/gvica) ^  {1} and 

Bab/gpic^1) ±  {1}.

Recall th a t Ca is a proper subgroup of A. Now, by using the 

Frattini subgroup theorem, (1.4.2), this implies th a t gp(CA,$2 A) 

is a proper subgroup of A, where 8 2 A  = [A, A]. So

CA < A

g p { CA, S2A)  <  A  

A / g p ( C A , 8 2A ) 9* {1}.

Now by using the th ird  isomorphism theorem and the above rela­

tion, we have:

A g b  ^  $2 A

gp(ca) ~  wi^pA)
0 2̂4

A
~  gp(CA, 8 2 A)

2 {!}•
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Similarly

Bab/gp{ch~l ) ^  {1}.

This proves our claim th a t under the condition of the theorem

(5.1.1),

D ^  {1} and so 

G a b  ¥> { ! } •

Hence G  is not perfect. This completes the proof of the  theorem

(5.1.1). □

T h e o re m  4 .2 .2 . (Dyck) Suppose G  = <  X ,  R  > and D  —< X \ RU 

S  >. I f  7  and v are the respective presentation maps, then x'y i—► 

x v  (x E X ) defines a homomorphism of G onto D.
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4.3 Effects o f the order of the abelianization of  

am algam ated products o f n ilpotent groups

T h e o re m  4 .3 .1 . (G.Baumslag, [11]) The amalgamated product of 

two finitely generated torsion-free nilpotent groups is indicable.

L em m a  4 .3 .2 . The abelianization of amalgamated product of two 

finitely generated torsion-free nilpotent groups is infinite.

Proof. Let A  and B  be two finitely generated torsion-free nilpotent 

groups, C  be a proper subgroup of them, and G be the  amalga­

m ated product of them, amalgam ating C,

G = {A  * B; C}.

G is indicable by a theorem of G. Baumslag (4.3.1), [11]. Therefore 

Gab, the abelianization of G, is infinite, by lemma (1.6 .1). This 

completes the proof of the theorem. □

T h e o re m  4 .3 .3 . The abelianization of amalgamated product of 

two finitely generated nilpotent groups, is infinite only i f  one of the
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factors is infinite.

Proof. There exists an epimorphism from G  onto a finitely gener­

ated torsion-free nilpotent group, by lemma (2.3.2),

G* = { A / t A  * B /r B -  C / t C}

the amalgam ated product of finitely generated torsion-free nilpo­

tent groups. Therefore G*ab is infinite, by (4.3.2). This implies 

th a t Gab is infinite. □
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4 .3 .1  A n  ex am p le  

E x a m p le  4 .3 .4 . Let

A =< a, b, c; [a, 6] =  c, [a, c] =  1, [b, c] =  1 >

be a nilpotent group of class 2 , and

B  = <  e, / ,  g ; [e, /]  =  g2, [e, g] = 1, [/, g] = 1 >

6e an abelian group, where h(A) = 3 and h(B) = 2. Let Ca — 

gp{b,c) and CB = g p ( e j ) .

Define an isomorphism (p which maps

b i—► f  and c e.

Form the free product of A  and B , identifying Ca with CB -

G = { A *  B ;C A = CB}.

Gab = <  a, b, c, e , f , g \ b  = f , c  = e, [a, b] = c =  1, [a, c] =  1, [b, c] =

[e,./] =  s 2 =  1, [e,g] =  1, [f,g]
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Gab = < a,b,g; [a,b] =  l , g 2  =  1, [b,g\ = 1 >

We thus observe:

1 - 9 P{9 ) <1 and B/gp(g) is a free abelian group of rank 2 (infi­

nite).

2 . Cb <1 B, h (C s ) =  2, and B /C b  is abelian of order 2 .

3- [egp{g)Jgp{g )] = gp(g).

4 . B ab is infinite, since the exponent sum of generator e is zero in 

every relator.

5. B  is abelian.

6. The image of Cb  in B ab has index 2 .
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Chapter 5

Residual solvability of 
generalized free products o f  
finitely generated nilpotent 
groups

5.1 Effect of abelianization on am algam ated prod­

uct of n ilpotent groups

T h e o re m  5 .1 .1 . The generalized free product of two finitely gen­

erated nilpotent groups amalgamated a proper subgroup of them is 

not perfect.

Proof. Let A  and B  be two finitely generated nilpotent groups, Ca 

and Cb be proper subgroups of A  and B  respectively. We want to

107
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show th a t the generalized free product of them,

G — {A  * B ;C a = Cb ] is not perfect.

T hat is to show th a t the abelianization of G, Gab is not trivial.

By lemma (4.1.2), Gab maps onto

D = A ab/gp(ca\ca € Ca) x  B ab/g p ( c ^  \cb e  CB).

where ca and cb are the images of ca € Ca and cb € CB in A ab and 

B ab respectively.

We claim th a t D  is not trivial under the condition of theorem

(5.1.1). In order to  prove the claim, we will prove,

Aab/gp{ca) ^  {1} and 

B ab/gp{cb l ) ±  {1}.

Recall th a t Ca is a proper subgroup of A. Now by using the 

Frattini subgroup theorem, (1.4.2), this implies th a t gp(CA,S2 A)
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is a proper subgroup of A, where 6 2 A  — [A, A]. So

Ca < A  

gp{CA,5 2 A ) < A 

A /gp(C A, 6 2 A) i  {1}.

Now, by using the th ird  isomorphism theorem  and the above rela­

tion, we have:

Aab ^  faA 
gp(ca) ~  9 P(C/feA)

O2 A
A

~  gp{CA,5 2 A)

*  {1}.

Similarly

Bab!gp{ch~l ) i  {1}.

This proves our claim th a t, under the condition of the theorem

(5.1.1)),

D i  {1} and so

G a b  i  { ! } •
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Hence G  is not perfect. This completes the proof the theorem

(5.1.1). □
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I l l

5.2 T he am algam ated subgroup is central in 

both  factors

T h e o re m  5 .2 .1 . The generalized free product of two finitely gen­

erated torsion-free nilpotent groups amalgamated central subgroups 

of them, is a nilpotent extension of a free group.

Proof. Suppose th a t A  and B  are finitely generated nilpotent groups 

and G is an amalgam ated product of A  and B, with amalgam ated 

subgroup C, where C  is central in both A  and B:

G = { A * B ; C } .

Let S  be the central product of A  and B , (2 .1.2):

S  =  (A  x B ) / gp{c(c(p~l )\c 6  C) where Ca ^  C b -

S  contains a canonical homomorphism of A  and B. Since these 

homomorphisms coincide on C, by proposition (2.2.6), they can be 

extended to a homomorphism p. Let K  be the kernel of p. Since S  

is nilpotent by lemma (2.1.7), G / K  is nilpotent. Now, p  restricted
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to  A  or B  is one-to-one by lemma (2.1.4). So, by a theorem of 

Hanna Neumann, K  is free. Therefore G is a nilpotent extension 

of free group. □

C o ro lla ry  5 .2 .2 . G is residually solvable.

Proof. Note tha t free groups are residually solvable by (3.5.1). So 

G  is an extension of a residually solvable group by a nilpotent 

group. By a corollary of lemma (3.3.11), G  is residually solvable. 

Note th a t G  is not necessarily residually nilpotent by note (3.3.10).

□

We can generalize the above theorem  to generalized free product 

of finite number of finitely generated torsion-free nilpotent groups.

T h e o re m  5 .2 .3 . The generalized free product of finite number of 

finitely generated torsion-free nilpotent groups, amalgamting cen­

tral products of them, is an extension of a free group by a nilpotent 

group.

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



113

Proof. Suppose th a t {Ai\i e /} , is a finite indexed family of finitely 

generated nilpotent groups and G  be the generalized free product 

of A i} w ith amalgamated subgroup C:

G = {]XAiiC}.
iei

Let S  be the generalized central product of A{ (2.1.2):

S  =  L I  A i/sp{c()>i c~l (f>f\i,j e l ,  c e  C).
i e i

S  contains a canonical homomorphisms of Ai for % £ I. Since 

these homomorphisms coincide on C , they can be extended to a 

homomorphism fi from G into S. Let K  be the kernel of (jl. Since 

S  is nilpotent by lemma (??), it follows th a t G / K \ s  nilpotent. By 

lemma (2.1.3), is one-to-one restricted to each factor, i.e.

K  D Ai = 1 for all i € I.

So, by a theorem  of Hanna Neumann (2.4.2), K  is free. Hence G  

is a nilpotent extension of a free group. □
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5.2.1 T he case o f abelian  factors

C o ro lla ry  5 .2 .4 . The generalized free product of two abelian groups 

is an extension of a free group by an abelian group.

Proof. We can proceed the proof in a similar way as in theorem

(5.2.1). □

C o ro lla ry  5 .2 .5 . The amalgamated product of two abelian groups, 

is residually solvable.

Proof. An extension of a residually solvable group by an abelian 

group is again residually solvable by lemma (3.3.11). □

We can generalize the above theorem to generalized free product 

of arbitrary  num ber of abelian groups.

T h e o re m  5 .2 .6 . The generalized free product of arbitrary number 

of abelian groups is an extension of a free group by an abelian 

group.
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Proof. Suppose th a t {A ^ i  E /} , is an indexed family of abelian 

groups and G be the generalized free product of Ai, w ith amalga­

m ated subgroup C:

G =  { J ]* A :C } .
i e l

Let S  be the generalized central product of Ai (2.1.2):

S = I I  Ail9P{C(Pi j  e /, c E C).
i e l

S  contains a canonical homomorphisms of Ai for i e l .  Since 

these homomorphisms coincide on C, they can be extended to a 

homomorphism /a from G into S. Let K  be the kernel of p. Since 

S  is abelian by lemma (2.1.9), it follows th a t G /K  is abelian. By 

lemma (2.1.3), // is one-to-one restricted to each factor, i.e.

K  fl Ai =  1 for all i E / .

So, by a theorem of Hanna Neumann (2.4.2), K  is free. Hence G 

is an abelian extension of a free group. □

C o ro lla ry  5 .2 .7 . G is residually solvable.
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5.3 Hom om orphic m appings and their kernels 

L em m a  5.3 .1 . There is an epimorphism from

iel

onto M  = I T  BilgPBXC).
i e l

Proof. Suppose th a t {Bi = <  1*; Si > \i £ 1} is an indexed family 

of presentations Bi = <  Yp, Si > of the groups Bi and suppose th a t 

C  is another group equipped with monomorphisms: 4>i : C  —> 

Bi {i € I).

Then we form the group K  defined by the presentation

K  = <  I j Y ^ l J  S i l j i c & c - ^ j l c  £ C, i , j  £ 1} > 
iel iel

where we assume tha t the Y{ are disjoint, and K  is the generalized 

free product of the Bi amalgam ated C. Put

M  = I I  B i/9PBt(C)
iel
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defined by the following presentation:

M  =<  U U  Si I J ^ I *  e  / ,  c G C} >  .
iel iel

Define 9 : y\ i—> yi. Since the relators of K  is identity in M .  

Therefore 6 is an epiraorphism from K  onto M .  □

L e m m a  5 .3 .2 . Suppose that {Bi\i G 1} be an indexed family of  

finitely generated torsion-free nilpotent groups, and suppose C  is 

another group equipped with monomorphisms fa : C  —» (i G I ) . 

Let B ^i <  Bi containing such that h{B{,i) =  h(B i) — 1. There is 

an epimorphism from

k  =  { ] 1 ' b ,-c }
iel

onto M  = B ifB ^ i  ~  Z .

iel iel

Proof The lemma can be verified using Von Dyck’s theorem, in 

the similar m anner of proving lemma (5.3.1). □

The following lemma is an interpretation of a lemma by G. Baum- 

slag, [11], when he proved th a t G is indicable.
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L em m a  5 .3 .3 . Let A  and B  be finitely generated torsion-free nilpo- 

tent groups, C  be the common proper subgroup of them, and G = 

{A  * B ; C} be the generalized free product of A  and B  amalgamat­

ing with C. There exists a homomorphism p from G into A /D ,  

where D  is a normal subgroup of A  containing C. Furthermore, 

the kernel of this homomorphism contains C  in its kernel.

Proof. There is a homomorphism a  of A  onto A /D  th a t contains 

G in its kernel by a property of finitely generated nilpotent groups. 

Let (3 be the map from B  onto the identity subgroup of A /D .  By 

proposition (2 .2 .6), a  and (3 can be extended to a homomorphism 

from G  onto A /D .  □

L e m m a  5 .3 .4 . Let A, B , C , G, and f  be as theorem (5.3.3). Fur­

thermore, suppose that C  is normal in one of the factors. Then the 

kernel of the defined homomorphism can be expressed as follows:

K  =  { n V;C}.
a e A - C
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Proof. We define 0  as follows: a i—> aC  for a € A, and b C  for 

b € B. Note tha t 0 agrees on C, and one can verify by Von Dyck’s 

theorem th a t 0 is a homomorphism. Hence

K  =  k e r0 =  gpG{B ,C ) = gpA(B) = gp{ (J  B a) (1)
aeA

We can also verify:

P |  B a = C  (2)
a e A - C

with the following argument:

It suffices to show th a t

B H B a = C  for all a G A  — C.

We verify this by using the normality of C  in A  and the universal 

property of amalgam ated product. The typical elements of B  and 

B a take the following form:

bx — a~1b2 d (b\, 62 € B, a G A  -  C).

The above equality holds only if 62 6 C. Now since C  is a normal 

subgroup of A, a - 1&2a £ C. Which implies th a t bi € C.
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In particular, if g 0  C, then it can be expressed in the form

g =  b i ^ b ^  • • • &in0i» (n ^  1)

where bi E B -  C, e  A — C  and ^  dij+1- Since g g  1, we

can conclude th a t g is not equal to one in K  as well.

g = bila'>bi2̂ . - . b in^ ^ K l. (3)

Now by using (1), (2) and (3)a theorem  of O. Schreier (2 .2 .1), we 

can express K  as follows:

K  = { J ]  > ; C } .
a e A - C

□
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5.4 The am algam ated subgroup is central in 

one of the factors

5.4 .1  A n  e x am p le  w ith  o n e  o f  th e  fa c to rs  is a b e lia n

E x a m p le  5 .4 .1 . Let A  = gp(a,b,c) be a free abelian group, and 

B  = gp(x, y , z) be a free nilpotent group of class 2. Ca =  gp(a2, b) 

and Cb  — gp{y, z) are free abelian group of rank 2. I f  we form

G — {A  * B ;a 2 — x ,b  — z},

then G is residually solvable. Note that Cb  is normal but not 

central in B .

Proof.

A  = <  a,b,c] [a, &], [b, c], [a, c] >  free of rank 3,

Ca — gp{a2, b) = <  a2,b ; [a2, b] > free abelian of rank 2 ,

B  = <  x ,y ,  z\ [x, y] =  z, [x, z], [y, z ] >  free nilpotent of class 2 and of rank 3 

CB =  gp(y, z) = <  y, z ; [y, z] > free abelian of rank 2.
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Define an isomorphism (f> which maps

a2 I—> y and b\-> z.

Form the generalized free product of A  and B  identifying Ca with

CB-

G = { A * B ; C a = Cb }■

Note th a t Cb < B  but not central in B , but observe th a t £B(1Cb ^

{I}-

Ca is central and therefore normal in A.

Note th a t the quotient group B / C b is an infinite cyclic group 

generated by x Cb ,

B / C b =  gp(xCB).

Let K  be the normal closure of A  in G,

K  = gpc(A)  =  gpB{A) =  gp{Ax'\i e  Z).

Note th a t G / K  is an infinite cyclic group.

G / K  = gp(xK ).
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Note th a t

ax> — bla2 and I f 1 = b\/i G Z.

Hence

A n Ax* = CA Vi G Z 

A  := 0P(A ^ 0  = {4 * Axi; CA)

\ / W i  G A  B w j  G A  s-t- ^  ~  w f '  3)

K  = <  A , x \ i  G Z); Hi =  H jx(i~j\ i J  G Z) >  .

K  is an HNN-extension, where the base groups are the union of 

A  (?' £ Z), the stable letters are Xi — x l (i G Z), and associated 

subgroups are Hi, where Hi is a subgroup of Ai (for i G Z). By 

using the subgroup theorem, in particular lemma (5.3.3), we can 

express K  as generalized free product of conjugates of free abelian 

groups.

K =
iez
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Hence, by the theorem (5.2.6), K  is an extension of a free group 

by an abelian group. Consider the following short exact sequence:

1 —► K  —> G  —> B / C b ~  Z 1

G / K  is an infinite cyclic group, therefore G  is an extension of a 

residually solvable group by an infinite cyclic group, and therefore 

G  is residually solvable by lemma (3.3.11). □

5.4 .2  A  th e o re m  o n  re s id u a l so lv ab ility

T h e o re m  5 .4 .2 . The generalized free product of two finitely gen­

erated torsion-free abelian and nilpotent groups is an abelian ex­

tension of a residually solvable.

Proof. Let A  and B  be two finitely generated torsion-free abelian 

and nilpotent group respectively, and G  be the am algam ated prod­

uct of them  with amalgamated subgroup C.

G = {A  * B ;C A = CB}.
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It can be observed th a t C  is a direct factor of a subgroup A \  of A  

of finite index, i.e.

Ai  =  C  x H  where [A : Ai] =  n  < oo.

There is an epimorphism from G  onto A /A \  — a^Ai, where 

ai are distinct set of coset representatives of A\  in A. The kernel 

of this map, K  is g p c (B ,A i) .

K  = gpc{B, A \)
n *

= { [ ]  B ^ * A u C ) .
i—1

Now let D  be the normal closure of finitely many copies of B  in 

K .

n

d  =  .w /f d j 5 ”')

1 = 1

Now since [ai,C] =  1, then D  is the generalized free product of 

finite number of doubles, and hence D  is residually solvable. So K  

is an extension of a residually solvable group by an abelian group,
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th a t is to say th a t K  is residually solvable by lemma (3.3.11). 

Therefore G  is an extension of a residually solvable group by a 

finite abelian group. And this completes the proof of the  theorem 

th a t G is residually solvable. □

C o ro lla ry  5 .4 .3 . G is residually solvable.
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5.5 The case when the am algam ated subgroup  

is o f finite index in at least one o f th e fac­

tors

T h e o re m  5 .5 .1 . The generalized free product of two finitely gen­

erated torsion-free nilpotent groups amalgamated a proper subgroup 

of them in which this subgroup is of finite index in one of the fac­

tors, is an extension of a free group by a torsion-free nilpotent 

group.

Proof. Let A  and B  be two finitely generated torsion-free nilpotent 

groups, and let C  be a proper subgroup of A  and B, such th a t the 

index of C  in one of the factors, say, A  be finite. We want to  show 

th a t the generalized free product of A  and B  with C  am algam ated,

G = { A * B \ C }

is a finitely generated torsion-free nilpotent extension of a free 

group. Let m{A)  and m (B )  be Mal’cev completion of A  and B

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



128

respectively, by (1.7.2). Since the index of C  in A  is finite, then 

m (A )  is also a M al’cev completion of C. There exists a monomor­

phism f.i from C  into B. Then fi can be extended uniquely to a 

homomorphism rri(n) of m (A )  onto m (B ),  by corollary (1.7.7,[4]). 

Now, by proposition (2.2.6), there is a homomorphism from G into 

m (B ),  which agrees on C, and injective restricted to A  and B. Let 

K  be the kernel of this homomorphism, we have

K n A  = {1} = K ( l B .

Therefore K  is free by a well-known theorem  of H anna Neumann. 

Hence G  is a torsion-free nilpotent extension of a free group. □

C o ro lla ry  5 .5 .2 . G is residually solvable.

Proof. Since free groups are residually solvable by a theorem  of 

Levi, (3.5.1), and G is free-by-nilpotent, hence G is residually- 

solvable-by-solvable. So G  is residually solvable. □

O b se rv a tio n  5 .5 .3 . on theorem (5.5.1) Suppose that the index 

of C  in A  is finite; [A : C] = k < oo, A  — |J*L\x k C .
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It follows that h (A ) =  h(C) = h(gpA{C)), and h(A/gpA(C))  =  0. 

Also A/gpA{C) is a finite group. Consider the following short exact 

sequence:

1 —> K  —> G —>■ B / gps{C )(a  torsion-free nilpotent group) —> 1. 

Where K  is the kernel of 0. One can show that

K  =  9P g { A , C ) =  gpG{A) =  9Pb ( A )  =  {J J  A h; CA}.
beB

K  is also residually solvable, since a subgroup of a residually solv­

able group is residually solvable.
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5.6 Cyclic am algam ated subgroup and residual 

solvability

Theorem 5.6.1. The generalized free product of two finitely gen­

erated torsion-free nilpotent groups amalgamated a cyclic subgroup 

is an extension of a residually solvable group by a solvable group.

Proof. Let A  and B  be two finitely generated torsion-free nilpotent 

groups. Let a be a nontrivial element of A, and b be a non-trivial 

element of B. We can find m ^  1 and n ^  1 such th a t l ^ a e  

£m+iA, 1 ±  a (£ £mA, and 1 ^  6 € £n+i B  and 1 ^  b £  f,nB, (where 

£iA is the i —th  term  of upper central series of A , and £jB  is the 

j —th  term  of upper central series of B). Let G = {A  * B \a  =  b} 

be the generalized free product of A  and B  am algam ated a with b. 

Let D  be the central product of A/f,mA  and B /f,nB  am algam ated 

a^mA  with b£nB.

D  =  { A / U A  x B / t n B - a U A  =  &£„£}.
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Note th a t

is an infinite cyclic group, similarly

CUA/UA -  c/c  n UA

is an infinite cyclic group. T hat confirms the  fact tha t

Q^mA — b£nB.

Map G  into D. Let K  be the kernel of this map. K  f! C = 

{1}, where C  =  gp{a) = 9P(b)-  Therefore K  is a free product 

of conjugates of subgroups of A  and B , and a free group by the 

corollary (2.4.2,[33]). So K  is residually solvable. Hence G  is an 

extension of a residually solvable group by a solvable group. □

Corollary 5.6.2. G is residually solvable.

Proof. In theorem  (5.6.1), we have proved th a t G is an extension 

of a residually solvable group by a solvable group. Now by lemma 

(3.3.11), we conclude th a t G is residually solvable. □
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5.7 H om om orphic m appings from doubles, sig­

nificant properties o f their kernels

L e m m a  5 .7 .1 . I f  A  is a group, C  is a subgroup of A, 0  is an iso­

morphic mapping of A  onto a group B , and D  is the amalgamated 

product of A  and B  amalgamated C  with C 0,

D — {A * B ;C  = C(f)},

then there is a homomorphism from D either one of the factors, 

and the kernel o f this homomorphism, K ,  is:

gp(a(a(p)~l \a <E A).

Furthermore this map is injective on each of the factor.

Proof. Let a  be the homomorphism from A  onto itself, and (3 be 

the homomorphism B  onto the inverse of the isomorphic copy of 

A, i.e. j3 =  0 _1. These homomorphism can be extended to a 

homomorphism from D  onto A, by proposition (2.2.6). By the
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way th a t a  and (5 are defined, we realize th a t this homomorphism 

is one-to-one restriced to either A  or B. □

Lemma 5.7.2. Let A, B , C, D, K  and 0 be as above. Then K  is 

not central in D. In other words, [K, D\ ^  {1}.

Proof. First, note th a t the center of D  is £D  =  £A  fl fl C. By 

lemma (6.4.1), K  n A  =  {1}, and hence £A  fl K  = {1}. This 

implies th a t [K,D] ^ {1}. □

Lemma 5.7.3. Let A, B,  C, D,  K  and <j> be as above. Fur­

thermore, let C  be normal in A. Then K  commutes with C, i.e. 

[C,K\ = 1.

Proof. Let c, c ' €  C, and a E A. Since C  < A  and (70 <1 B , and 0  

is an isomorphism, we can do the following computation:

a~lca = d  = 0 0  = (a_10)(c0)(a0) = (a-10 )c(a0)-

Note th a t a(a0)_1 E K , so

ca(a0)_1 =  a(a0)_1c
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[C,K\ = { 1}.

This completes the proof of lemma (6.4.3). □

Corollary 5.7.4. Let A, B, C, D, K  and (j> be as above. Then K  

is free

Proof. Since

K  n  A  =  {1} =  K  fl A(f>.

So, by a theorem of Hanna Neumann (2.4.2), K  is free. □
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5.8 D oubles of n ilpotent groups and residual 

solvability

5.8.1 The case of two factors

T h e o re m  5 .8 .1 . Let A  be a finitely generated nilpotent group, C  

be a subgroup of A, and ’ be an isomorphic mapping of A  onto 

A. Then the generalized free product o f A  and A, amalgamating C  

with C,

G = { A * A ; C  = C},

is an extension of a free group by a finitely generated nilpotent 

group.

Proof. Let <p be a homomorphism from G  onto A, 0  : G  —» A. 

Then <j) restricted to A  and A  are an injective homomorphism. 

T hat is to say th a t the kernel of this homomorphism K  does not 

meet any conjugate of A  or A. Then K  is free by theorem, (2.4.2).
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The kernel of this homomorphism is K  = ker =  gp(aa~l \a G A).

A  H K  =  {1} =  A  fl ker 0.

Therefore G is an extension of a free group by a finitely gener­

ated nilpotent group. Since free groups are residually solvable by

(3.5.1), so G is residually solvable by lemma (3.3.11). □

Corollary 5.8.2. G is residually solvable.

5.8.2 Arbitrary number of factors

Theorem (5.8.1) can be generalized to the arb itrary  number of 

isomorphic nilpotent groups.

Theorem 5.8.3. Let {Ai\i G 1} be a arbitrary indexed family of 

isomorphic torsion-free nilpotent groups such that Oiel Ai — C, 

and let G be the generalized free product of the A{S amalgamating 

C:

G = {U*Ai;C}.
i e l
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Then G is residually solvable.

Proof. Let 0 : G —> Ai (for i e l )  be an epimorphism, and K  be 

the kernel of this homomorphism 0. K  is free by theorem  (2.4.2), 

since 0 restricted to  each factor is injective,

A { H K  = { l } ( \ / i e  I).

Therefore G is residually solvable. □
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5.9 A remark, generalized free products o f n ilpo­

tent groups som etim es m ay fail to  be resid­

ually solvable.

Gilbert Baumslag remarked in [11], by a counter example th a t not 

every subgroup of generalised free product of two finitely generated 

torsion-free nilpotent groups is indicable. We use this example to 

prove the following theorem:

Remark  5.9.1. There exist two finitely generated torsion-free non- 

abelian free nilpotent group A  and B , such th a t the amalgam ated 

product of them  with abelian amalgamation,

G = { A * B ; C a = Cb },

is not residually solvable.

Proof. Let A  =  gp(a , x) be a free nilpotent group of class 2, and 

B  — gp(b, y)  b e  a  free n ilp o ten t group  of class 3. C a =  gp(a,  ax)
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and Cb =  gp{b, [b, by]) are free abelian group of rank 2. If we form

G =  { A * B ] C a =  Cb }

— { A *  B \a  — b,ax — [b,by]},

then

a =  [a,ay]x 

= [ a \ a y\

so a lies in every term  of the derived series of G. Hence G is not 

residually solvable. □
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5.10 A belian am algam ating subgroup does not 

suffice for residual solvability. A  signifi­

cant exam ple and som e observations

We have shown th a t if the amalgamating subgroup of generalized 

free product of torsion-free nilpotent groups is cyclic, (theorem

(5.6.1)) or central in both factors (theorem (5.2.1)) then these 

groups are residually solvable. One may conjecture th a t it would 

be the case when the amalgamating subgroup is abelian. The an­

swer to this conjecture is negative by the example due to Baumslag 

[11] as we mentioned in the theorem (5.9.1).

E x a m p le  5 .10 .1 . Let A  = gp (a ,x ) be a free nilpotent group of 

class 2, and B  =  gp(b,y) be a free nilpotent group of class 3. 

Ca — gp(a, ax) and C b =  9P{b,[b,by]) are free abelian group of
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rank 2. I f  we form

G  =  { A * B ] C a = Cb }

= {A  * B ;a  = b, ax = [b, by}},

then

a =  [a,av]x 

=  [ax, a f ] ,

O b se rv a tio n  5 .10 .2 . a € G lies in every term of the derived 

series of G. Hence G is not residually solvable since 

By doing some computation we obtain the following observation on 

this example. Some of the computations has been either checked or 

came out using the Magnus software [1].

Put N  = gpG(a) <3 G, compute

G /N  =<  a, b, x, y; b = a = 1, ax =  [b, by] > = <  xN , y N  > .
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C a is not normal in A, C a <1 A,

Ca is not central in A, Ca ^

the Hirsch number of A  is 3; h(A) = 3,

the Hirsch number of amalgamating subgroup, Ca is 2, h(CA) 

Ca is of infinite index of A, \A : Ca] is infinite,

Cb  is not normal in B , Cb M B ,

Cb is not central in B , Cb ^  £B, 

the Hirsch number of B  is 5, h(B) — 5,

the Hirsch number of amalgamating subgroup, Cb is 2, /i(Cb) 

the index of Cb in B  is infinite, [B : Cb ] is infinite.
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A = <  ah a2, a3; [a2, ai]a3_1, [a3, ai], [a3) a2] >

Ca = <  a i ,a 3; [a3,ai] >

^4/Ca =  gp(xCA) = <  a, x; a27, a > = <  x > =  A/gpA{N)  =  Z

B  = <  6 1 ,  b2, b 3 , 6 4 ,  6 5 ;  [ 6 2 , 6 1 ] 6 3  \

[ 6 3 ,  6 i ] 6 4 _ 1 , [ 6 3 , 6 2 ] 6 5 _ 1 , [ 6 * ,  =  4 , 5 ; j  =  1 , 2 , 3 , 4 )  >

CB —< h ,  6 4 ;  [ 6 1 , 6 4 ]  >

9p b {Cb ) = gp(b,

B /g p B(CB) = <  b, y ;b, [6, y ^ V 3,6y, 6J/2 > = <  y > 

h{gpB{CB)) = 4

B /g p B{N ) =< b, y; 6, tf'2 > = <  y >

H 9P b W )  =  4 .

^ 4  way to find the Hirsch length of a nilpotent group is to find every 

independent basic commutators. ^4 s  an example, le t’s calculate 

h(B).
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Chapter 6 

Generalized free products of free 
groups

6.1 Background and a question of P eter N eu ­

m ann

The object of this section is to  give a very short proof of the fol­

lowing theorem  of Ivanov and Schupp. Let H  be a finitely gener­

ated subgroup of a free group F  and the index [F : H ] infinite. 

Then there exists a nontrivial normal subgroup N oi F  such th a t 

N n H  = {1}. As noted in above the object of this section is 

to give a new proof of the following theorem of S.V.Ivanov and 

P.E.Schupp [24],

145
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Theorem (6.1.1) also provides a partial negative solution to  the fol­

lowing problem of P. Neumann: Is it possible that the free product 

{A  * B , H  = K }  with amalgamation, where A, B  are free groups 

of finite ranks, H , K  are finitely generated subgroups of A, B , re­

spectively, is a simple group?

T h e o re m  6 .1 .1 . Let H  be a finitely generated subgroup of a free 

group F  and the index [F : H] infinite. Then there exists a non­

trivial normal subgroup N  of F  such that N  fl H  — {1}.

6.1.1 S om e p re p a r a to ry  lem m as

Our proof depends on two facts. The first is a theorem  of M. Hall 

[21] which states th a t a finitely generated subgroup of a finitely 

generated free group is a free factor of a subgroup of finite index. 

Second, key fact, is the following simple lemma.

L em m a  6 .1 .2 . Let I  be a normal subgroup of finite index of a 

group F, and let L  be a normal subgroup of I. Furthermore let
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&i, ...bm be a complete set of representatives o f the right coset Ig  of  

I  in F . Then

m
N  = f ] b F 1Lbi < F .

i—1

Proof. Notice th a t conjugation induces an autom orphism  of I  and 

hence Z / < F  for every /  6 F. Hence each b p lLbi <  I  and 

therefore N  < I. In fact N  <  F. To see this, let /  £ F. Then /  

can be w ritten in the form

f  = xb (x € I ,b  €  {&i,

Consequently

f ~ lN f  = b~1x~ 1N xb  

=  b - ' N b

m

m
=  (l).

i= 1

Notice th a t if bi> is the representative of the coset Ib fi  then the
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map i —► i' is a perm utation of {1, ...to}. Hence we now write 

bib = aibi (i =  1, • • • , to; di € /) .

Then it follows from (1) th a t

m
r ' N /  = orVTOA.

i = l

771

= n 6r ‘t 6i'
7= 1
m

= O '1".
7= 1

=  iV.

□
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6.2 A  new proof o f a theorem  of Ivanov and  

Schupp, a partial answer to a question o f  

Peter N eum ann

Proof. If F  is not finitely generated, or H  is trivial, then the theo­

rem is trivial. So we assume th a t F  is finitely generated and tha t 

H  is not trivial. By the theorem of M.Hall cited above, there exists 

a subgroup K  < F  of finite index [F : K] = n, such th a t K  is the 

free product of H  over a second subgroup Q:

K  = H * Q .

Since K  is of finite index in F , the number of conjugates of K  in F  

is finite and their intersection I  is a normal subgroup of F  of finite 

index (see e.g. A.G. Kurosh [27] vol 1, p.) This can be proved 

in the same m anner th a t we proved the lemma above. It follows 

directly from the proof of the subgroup theorem for free products
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due to A.G.Kurosh [27] tha t

/  =  (I  n  H)  * J.

Now the normal closure of J  in / ,  L = gpi (J)  < I.  Observe tha t

by L  n  ( /  f) H)  =  {1}, therefore

L f ) H = { l } .

Now by the lemma N  =  fl/L i L bj <  F. Note th a t N  is a nontrivial 

normal subgroup of F,  since it contains the com m utator subgroup 

of all of them. Note th a t N  is the desired normal subgroup, since

N  fl H  = {1}, using the fact th a t N  < L. □

C o ro lla ry  6 .2 .1 . A finitely generated subgroup H  of a free group 

F  has infinite index i f  and only i f  there is a nontrivial normal 

subgroup N  of F  with N  H H  =  {1}. [24]
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6.3 Sim plicity or not?

6.3 .1  A  su ffic ien t c o n d itio n  fo r g e n e ra liz e d  free  

p ro d u c ts  o f free  g ro u p s  n o t to  b e  s im p le

C o ro lla ry  6 .3 .1 . Suppose A, B  are free groups of finite ranks and 

H, K  are finitely generated subgroups of A, B , respectively. Then 

the free product {A  * B] H  = K }  with amalgamation is not simple 

provided either of indexes [A : H), [B : K] is infinite. [24]

Proof. Suppose [A : H] is infinite. By theorem (6.1.1), there is a 

nontrivial subgroup N  of A  such th a t

H n N  = {1}.

Then the quotient of { A *  B] H  = K }  by normal closure of N  is 

isomorphic to

{ { A / N)  *B- , H = K] ,  

hence {A * B] H  = K }  cannot be simple. □
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Note th a t an affirmative solution to this problem of P. Neumann 

was announced by Burger and Mozes [14], example (6.3.4). Also 

note th a t examples of simple free products { A * B ;  H  — K } ,  where 

A, B  are free groups of infinite want and their subgroups H, K  

have infinite rank, are due R uth Camm, theorem (6.3.3), [15].

6 .3 .2  A m a lg a m a te d  su b g ro u p  n o t f in ite ly  g e n e ra te d

E x a m p le  6 .3 .2 . Ruth Camm constructed an example of simple 

free products G = {A  * B, H  = K }  where A, B  are free groups of 

finite rank and their subgroups H , K  have infinite rank.

This example can be thought of simple am algam ated products 

of two residually solvable groups where the am algam ation is not 

residually solvable, (i.e where the amalgam ated subgroup fails the 

maximal condition)

T h e o re m  6 .3 .3 . [15] There exist continuously many non-isomorphism  

simple amalgamated products of two finitely generated free groups
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with not finitely generated amalgamation.

6.3 .3  A m a lg a m a te d  su b g ro u p  fin ite ly  g e n e ra te d

N o te  6 .3 .4 . Burger and Mozes constructed an infinite family of 

torsion free finitely presented simple groups. For every pair (m, n) 

of sufficiently large even integers, they constructed a finite square 

complex whose universal covering is the product Tm x Tn of regular 

trees of respective degrees m. and n and whose fundamental group 

r m>n enjoys the following properties: The group r m>n is simple, 

finitely presented and isomorphic to a free amalgamated product 

{F  * F ; G} where F, G are finitely generated free groups, [14]-
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6.4 Hom om orphic m appings from doubles, sig­

nificant properties o f their kernels

L em m a  6 .4 .1 . I f  A  is a group, C  is a subgroup of A, is an iso­

morphic mapping of A onto a group B , and D  is the amalgamated 

product of A  and B  amalgamated C  with C4>,

D =  { A *  B ;C  = C(f>},

then there is a homomorphism from D onto one of the factors, and 

the kernel of this homomorphism, K , is:

gp(a(a(p)~1\a € A).

Furthermore this map injects to each factor.

Proof. Let a  be the homomorphism from A  onto itself, and (3 be 

the homomorphism B  onto the inverse of the isomorphic copy of 

A, i.e. (3 =  (f~l . These homomorphism can be extended to a 

homomorphism from D  onto A,  by proposition (2.2.6). By the
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way th a t a  and (3 are defined, we realize th a t this homomorphism 

is one-to-one restriced to either A  or B. □

L em m a  6 .4 .2 . Let A, B , C , D,  K  and 0 be as above. Then K  is 

not central in D. In other words, [K, D] ^  {1}.

Proof. First, note th a t the center of D  is £D  =  £A  n  £B  fl C. By 

lemma (6.4.1), K  fl A =  {1}, and hence ^A fl K  — {1}. This 

implies th a t [K , D] ^  { 1}. □

L e m m a  6 .4 .3 . Let A, B , C , D, K  and (j) be as above. Fur­

thermore, let C  be normal in A. Then K  commutes with C, i.e. 

\C,K] = l.

Proof. Let c, d  G C, and a e  A. Since C  <l A  and C<p < B , and 0 

is an isomorphism, we can do the following computation:

a~lca = d  — d<j) =  (a_10)(c0 )(a<̂ ) — (a-10 )c(a <̂ )-

Note th a t a (a 0 )-1 € K , so

ca(a0 )_1 =  a (a0 )-1c
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[C, K]  =  { !}•

This completes the proof of lemma (6.4.3). □

C o ro lla ry  6 .4 .4 . Let A, B , C, D, K  and 0 be as above. Then K  

is free

Proof. Since K  is one-to-one restricted to either A  or B , then 

K n A =  {1} =  K n  Act).

So, by a theorem of Hanna Neumann (2.4.2), K  is free. □
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6.5 D oubles of residually solvable groups

6.5.1 M eta-residu al-so lvab ility

T h e o re m  6 .5 .1 . Let A  be a residually solvable group, C  be a sub­

group of A, and ’ be an isomorphic mapping of A  onto A. Then 

the generalized free product of A  and A  amalgamated C  with C,

G = {A  * A] C — C}

is an extension of a free group by a residually solvable group.

Proof. Let f> : G  —» A, then K  =  ker</> =  gp(aa~1\a € A). K  is 

free by a theorem  of Hanna Neumann, (2.4.2), since

A f \  K  — {1} =  A n  ker <f.

Therefore G  is an extension of a free group by a residually solvable 

group; th a t is to say G is meta-residually-solvable. □

C o ro lla ry  6 .5 .2 . G is meta-residually-solvable.
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6.5.2 Effect of solubly separability on the amalgamated  

subgroup and residual solvability

Theorem 6.5.3. Let ’ be an isomorphism from a group A onto 

itself, C  be a subgroup of A, and G be the amalgamated product of 

A  and A  with C amalgamated:

G = { A *  A ;C  = C}.

I f  A  is residually solvable then G is also residually solvable, pro­

vided that C  be solubly separable in A.

Proof. Assuming C  is solubly separable in A  and A  is residually 

solvable, we want to show th a t G  is residually solvable. T hat is to 

show th a t for every non-trivial element (1 ^ ) d  £ G , there exists a 

homomorphism, 0, from G onto a solvable group S, 0  : G  —> S, 

such th a t d(j) ^  1. We consider two cases:

Case 1: Let 1 ^  d 6  d . There exists an epimorphism 0 from G 

onto A , so th a t d<p =  d. Since A  is residually solvable, there exists 

A e N ,  such th a t d ^  5\A. W here 5\A, is the A-th derived group of
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A. Now put S  = A /S XA  a solvable group of derived length at most 

A. Note th a t the canonical homomorphism, 9 from A  onto S, maps 

d onto a non-trivial element in S. Now consider the composition 

of these two epimorphism, 9 o 0 , which maps G  onto S. The image 

of d in S  is non-trivial.

9 o (j){d) = d9 = d 8 \A ^ s l.

Case 2: Let 1 ^  d £  A  but d £ G. Now d can be expressed as 

follows:

d =  aibia2b2 ■ • • anbn (a* <E A  — C  € A  — C).

Since the equally indexed filtration {<5a/1}a€N, an(  ̂ {^a-®}agn of A  

and A  are compatible, we can form G\:

G \ = { A /5 XA  * A /5 XA- CSXA /5 XA  =  C5XA /5 XA}.

Note th a t Gx is residually solvable (by mapping it to one of the 

factors and noting th a t the kernel of the map is free). Consider the 

canonical homomorphism 9 from G  onto G x. Since C  is solubly
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separable in A, i.e.

f l  C M  =  C
AeN

i.e. Va G A  if a £  C, 3 A G N s.t. a 0  8\A.

A G N can be so chosen tha t

a* $  Oj ^  C(5a^4 ( for z =  1, • • • n).

Hence

d\8 \A  b\8\A • • • an5\Abn SxA ^ q^X.

This completes the proof of theorem (6.5.3) by using a key lemma 

by G. Baumslag (3.4.4). □

6.5.3 Solvable separability is a sufficient condition for 

residual solvability. A negative theorem

Note th a t the condition of solvable separability of the am algam ated 

subgroup in the factors, in the case of doubles is necessary. The 

following negative theorem  shows th a t the am algam ated product
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of doubles is not residually solvable where the factors are residually 

solvable groups.

T h e o re m  6 .5 .4 . Let A  be a finitely generated residually solvable 

group, and C  be a normal subgroup of A, such that A / C  be perfect. 

Let “ be an isomorphic mapping of A  onto itself. Then

D = { A * A ] C  = C}

is meta-residually solvable, but not residually solvable.

Proof. D  is meta-residually solvable by theorem (6.5.1).

By lemma (6.4.1), there exists an epimorphism from D  onto A. 

Let K  be the kernel of this epimorphism. Since C  is normal in A, 

by using lemma (6.4.3)

[C, K] =  1. (»)

Now we want to show th a t D  is not residually solvable. We proceed 

by contradiction. Suppose D is residually solvable.

Let d be a non-trivial element in [K, D]. The existence of such
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an element is guaranteed by lemma (6.4.2). Now assume /i be a 

homomorphism of D  onto a solvable group S, so th a t d/i ^  1.

/i : Z} -» S' a solvable group, s.t. d/i 1-

Since /x is an epimorphism, C/x is a normal subgroup of S , and by 

(*).

[ C > ,  K,t) =  1 .

If we show th a t S  = C ji , then [i^/i, S'] =  1. W hich implies th a t 

d/i = s  1, which is a contradiction. We now need to show th a t 

5  =  C/i.

D -» S  induces a homomorphism from D /C  onto S/C/x. Since 

A /C  and A /C  have a perfect subgroup, this induces a homomor­

phism from A / C  to 1. So, S/C/x =  1. Hence C/x =  S. □
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Chapter 7 

Residual solvability and 
one-relator groups

7.1 Background and m otivation

It is known tha t a free group is residually solvable. The question 

of whether a group with a single defining relation is residually 

solvable is coming right after this. Gilbert Baumslag showed in 

1971 [5] th a t a group G with a single defining relation in which 

there are no negative exponents, is residually solvable. Of course, 

not every one-relator group is residually solvable. For example [5], 

the group

G = <  a ,b ',a — [a, ab] >

163
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is not residually solvable since a ^  1 (by the Freiheitssatz (7.3.1)) 

and every term  of the derived series of G  contains a.

7.2 Baum slag-Solitar groups

B n , m  = <  a,b;bna — bm >  is residually solvable. In fact it is free- 

by-solvable.

is solvable, but not polycyclic.

7.3 W hen th e relator is a com m utator

Let G  be a group th a t can be presented in the form

G i = <  £, a, • • • , c; r  =  uw~1 =  1 >

where u and w are positive words in the given generators and each 

generator occurs with exponent sum zero in uw~l . Here a word is 

term ed positive if only non-negative powers of t, a, • • • , c occur in 

v. Then G  is residually solvable, by a theorem  of Gilbert Baumslag
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in 1981 [6]. In fact, he showed th a t G  is free-by-cyclic. Let

G =< t , a , • • • , c; [it, w] >  .

If u and w are positive, is a special case of the introducing group 

G i, hence is free-by-cyclic and therefore residually solvable.

But if it or w are not positive in G, it is an open question, in gen­

eral. G. Baumslag [6] gave examples in which G  is not residually 

solvable, (see example (7.4.1))

We discuss the special case where u is one of the given generator 

of G. Note th a t we would like to solve the problem with Magnus 

Break down. In order to do this one can decompose G  as follows: 

Let G =< t,a ,-  • • ,c; [t,ic] > . Since [t,w\ =  1, therefore t~xwt = 

w. The exponent sum of t in the relator is zero. Now let N  — 

gpG(a, ■■■ ,c), and

®M (a )+ l i  Cm{c)i i ^M (c)+ li ^ 0  == ^ l )

Observe tha t

N 0 = { A *  B, H  = K }
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=  9 P { ® m ( a ) + l - i  > ® M ( a ) + l i  > ^m(c)+1: i ^M(c)+li ^ l )

B  —  9 P { ^ m ( a ) i  i ®M ( a ) i  > ^m(c)j > ^M ( c ) i  ^ o )

H  — 9P^P"m(a) + l i  i &M{a) i  j  ^m(c)+l) ) ^ M ( c ) i  ^ l )

^  — 9P{Pjm{a)+1) > ®M(a)i  t ^m(c) + l i  j ^M (c)i ^ o )

Now the question is since we know th a t free groups are residually 

solvable, what the necessary condition on the amalgamation part 

is to make No residually solvable.

T h e o re m  7 .3 .1 . (Freiheitssatz) [29] Let G be a group with a single 

defining relator, i.e.,

G = < x i , ---  , x q\ r > .

Suppose r is cyclically reduced, i.e., the first and the last letters 

in r are not inverses of each other. I f  each of x i, • • • , x q actually 

appears in r, then any proper subset o f { x i, • • • , x q} freely generates 

a free group.
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The following lemma is an immediate consequence of W. Mag- 

nus’basic breakdown of groups with a single defining relation:

L em m a  7 .3 .2 . Let G  = <  b, x, ■ • • , c; r  =  1 > be a group with a 

single defining relation. Suppose that b occurs in r with exponent 

sum zero and that p. and v  are respectively the minimum and max­

imum subscripts of x  occurring in rq. I f  p  < v  and i f  both x  ̂ and 

x u occur only once in ro then N  ~  g p d x , ■ • • , c) is free. Moreover 

i f  G is a two-generated group with generators b and x, then N  is 

free of rank v  — p  4-1 •
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7.4 N on-positive one-relator groups, som e ex ­

am ples and com m ents

Example 7.4.1. [6] G = <  a, 6, • • • , c; [u, v] = 1 >, where

u — a,

v =  [a, b][w,wb] 

w = [a, 6]_1[a, b]a.

then G is not residually solvable.

It follows from Magus ’ solution of the word problem that w ^  1. 

Furthermore since [u,v] =  1 we find that

[a, b]a[w, w b]a =  [a, b][w, w b]

Hence

w = [a, 6]_1[a, 6]a =  [w, w b]([w, w6]a)_1. 

w lies in every term of the derived series of G.
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Example 7.4.2. G =< a,b]uw~l =  1 >where u and w are posi­

tive, and that both generators appear in uw ~1. I f  a  is the exponent 

sum of a in u w _1 and if  (3 is that ofb , then G is free-by-cyclic i f  

a  > 0 > ft, [6].

Example 7.4.3. G =< a , b; [a, [a, b]] > is free-by-cyclic.

Proof

r = [a, [a, 6]] =  a - 1[a, b]~1a[a, b] = a~lb~la~lbab~1ab

so ro =  fri_1&2&i_1fro- Using the fact th a t aa(r) =  0. Observe th a t 

v  =  2 and p. = 0 , and 6o and 62 occur only once in ro, therefore 

N  = gpG^>) is freej by lemma (7.3.2). Since G /N  is cyclic, and so 

solvable. Since N  is free, it is residually solvable. By using lemma 

(7.3.2) G  is residually solvable. □

Example 7.4.4. G  = <  a, 6; [a, w] >, where w — [a, b]n.

Proof. Let N  =  gpc{b), the normal closure of b in G. By using the
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magnus break down,

No = <  60, !>i, h \  { b i ~ % Y  =  ( b 2 ~ \ r  >  ■

P ut

x0 =  b i~ % ,  x\  =  b2~ % ,  y  =  61.

By using Tietze transform ation

N0 =  <  x0,xu y]Xon =  a ; i n  >

=  < x Q, Xi] x 0n = Xin > * < y > .

Now let K  = <  xo, xi; xon =  x \ n >. K  can be w ritten as follows:

K  = {< x 0 > * < x  1 >; < x 0n > = <  x i n >}.

Observe th a t each factor of K  is abelian, now by theorem  (1.3.7) 

K  is residually solvable. < y > is also residually solvable since it 

is free. Therefore their free product of them  is residually solvable, 

so N q is residually solvable.

One can easily in the similar m anner prove th a t Ni is residually
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solvable for every i €  N. Assuming that

Ni,j = gp(Ni, N i+1, ■■■ ,N j)  

in the similar m anner we have:

N i j  =  <  X i  >  *<xi'l>=r<Sj+j"> ^  1 >  * • ■ • *<Xj + 1n> = < Z j n >  ^  X j  +  1 ^  * <~- y ^

By using the generalized of lemma (1.3.7). N ij  is residually solv­

able. By lemma (7.4.5), the union of them  N , is residually solv­

able, and by using the lemma (3.3.11), therefore G  is residually 

solvable. □

L e m m a  7 .4 .5 . N  =  Ur<o;s>o N r,s is residually solvable.

Proof. Suppose th a t Vi, j  £ N (i ^  j ), N^j is residually solvable.

We want to show th a t N  is residually solvable. Since

N = (J A/r,„
r<0;s>0

therefore

<5,N = <5i( U JVr,,).
\r< 0 ;5 > 0  /
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Since every element in g G 5{N is a finite product of com m utators 

of elements from a (finite) subset of the N rtS groups. So g G 5iNTiS, 

for some suitably small value of r < 0 and large value of s ^  0. 

Thus

5tN = ( J  StN„.
r < 0 ; s > 0

Now fix integers j ,  k. Then the infinite union above can be re­

w ritten

5jA^4.r /E_).s.
r<0;s>0

SO

j,k —  ( |^_J î ĵ+r,k+s 1 n
\r< 0 ;s > 0  /

S i N n N ^ k  =  ( I  J V i ^ j + r , k - b s  I ^  -^Yj,k-

Distributing fl over U, we get

h ^ j + r ,k + s  D ^ j , k  

Now each term  in the union can be w ritten as

^i^j+r,k+s D ^j,k =  {^i^j,k+s D Njfi) D (diNj+ffi D Njfi)

SiN n  Njtk =  f (J SiNj
\r< 0 ;s > 0

Reproduced with permission of the copyright owner. Further reproduction prohibited without permission.



173

And because s < 0 and r  >  0 ([5][pg. 175, lemma 4.3]) tells us 

(after conjugating all the groups in the statem ent of th a t lemma 

by a suitable power of d th a t

î ĵ,k+s A j,k ^i^j,k 

^ A j'+ r ,fc  D  Ajjfe =  d i N j ^ .

So each term  in the union can be re-expressed as

^i-^j+r,k+s Aj^k = ^i-^j,kt

Note th a t this expression is independent of r and s! Thus, we get

<5jA fl Nj yk =

([5] [pg. 175, line 16]) Now we show th a t 5iN r\N ^k =  SiNj^ implies 

tha t N  is residually solvable. Let a E N  be a non-trivial element. 

Then since N  = U r < o ;s> o  A r .s ,  there is an integer j  =  j ( a ) G N 

such th a t a G N - j j .  By our hypothesis: Vz, j  G N(z ^  j ) ,  

is residually solvable, so we know th a t N - j j  is residually solvable. 

By definition (3.2.2), there exists an integer i G N such th a t a £
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5 iN -jj .  Since 5{N fl N - j j  =  we see th a t a ^  StN  n  N - j j .

But a € N ^ j j .  So it must be th a t a $  SiN. Thus we have found a 

normal subgroup 5 iN < N  such th a t a 5iN  and N /S iN  is solvable. 

Thus, G satisfies definition (3.2.1), so G  is residually solvable, and 

this completes the proof of lemma. □
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7.5 The relator is a basic com m utator  

Definition 7.5.1. [21]

1) Cj =  Xi,i =  1, • • • ,r  are the basic com m utator of weight one, 

w(xi) = 1.

2) Having defined the basic comm utators of weight less than  n, the 

basic com m utators of weight n  are c*, =  [cj, C j], where

(a) Cj and cj are basic and w(ci) 4- w(cj) =  n, and

(b) Cj >  Cj , and if Cj =  [cs, c£] , then cj ^  Cj.

3) The comm utators of weight n  follow those of weight less than  

n and are ordered arbitrarily with respect to each other, basic 

comm utators will always be numbered so th a t they are ordered by 

their subscripts.

In this paper, we study particular type of basic com m utator, 

which are in the form of:

s fc+i =  [sk, y] w here s x =  x
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T h e o re m  7 .5 .1 . G  = <  x , y , r  = [y, s*] > is free-by-cyclic.

L em m a  7 .5 .2 . s& =  [sfc-i, y) =  y ~k+2 • • • y k~l for k  > 2.

Proof. By induction on the weight of the commutator.

s3 =  x r 1x 0x r 1x 2 s3 =  [s2, y] = y~ lx ~ ly x y - lx - l y - lx y 2 [y, s3] =

(s3!/)_1s3 =  X3~ 1X2X 1~ 1X2X r 1XoXi~1X2. □

L em m a  7 .5 .3 . r = [y,Sfc] there is only one xq (the minimum  

index) and Xk (the maximum index).

Proof. By induction on the weight of the commutator, and using

\lJi 3/c] =  Sk? Sk.

□
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