INFORMATION TO USERS

The most advanced technology has been used to photo-
graph and reproduce this manuscript from the microfilm
master. UMI films the text directly from the original or
copy submitted. Thus, some thesis and dissertation copies
are in typewriter face, while others may be from any type
of computer printer.

The quality of this reproduction is dependent upon the
quality of the copy submitted. Broken or indistinct print,
colored or poor quality illustrations and photographs,
print bleedthrough, substandard margins, and improper
alignment can adversely affect reproduction.

In the unlikely event that the author did not send UMI a
complete manuscript and there are missing pages, these
will be noted. Also, if unauthorized copyright material
had to be removed, a note will indicate the deletion.

Oversize materials (e.g., maps, drawings, charts) are re-
produced by sectioning the original, beginning at the

upper left-hand corner and continuing from left toright in
equal sections with small overlaps. Each original is also
photographed in one exposure and is included in reduced
form at the back of the book. These are also available as
one exposure on a standard 35mm slide or as a 17" x 23"
black and white photographlc print for an additional
charge.

Photographs included in the original manuscript have
been reproduced xerographically in this copy. Higher
quality 6” x 9" black and white photographic prints are
available for any photographs or illustrations appearing
in thils copy for an additional charge. Contact UMI directly
to order.

University Microfilms International
A Bell & Howell Information Company

300 North Zeeb Road, Ann Arbor, M1 48106-1346 USA
313/761-4700 800/521-0600



Order Number 9000879

The pricing of interest rate dependent securities

Cakici, Nusret, Ph.D.
City University of New York, 1989

U-M-1

300 N. Zeeb Rd.
Ann Arbor, MI 48106



THE PRICING OF INTEREST RATE DEPENDENT
SECURITIES

By
Nusret Cakici

A dissertation submitted to the Graduate Faculty in Business in partial
fulfillment of the requirements for the degree of Doctor of Philosophy, The
City University of New York.

1989



i1

This manuscript has been read and accepted for the Graduate Faculty

in Business in satisfaction of the dissertation requirement for the degree of

Doctor of Philosophy.

Ll/lﬂ/‘?“ , - (k/\rmA ‘\»/04/] Av NER WOLF

date Chairman of E)ga/mining Committee
)
ri-g7  Ceatd Vet A
date ' Executive Officer

Salih N. Neftci

Ashok Vora

Giora Harpaz

Supervisory Committee

The City University of New York



iii
ABSTRACT

THE PRICING OF INTEREST RATE DEPENDENT
SECURITIES
By
Nusret Cakici

Adviser: Professor Avner Wolf

The dissertation consists of four chapters. In the first chapter, we review
the pricing of bonds and options on bonds using one factor model of the
term structure of interest rates. In the second chapter, five different forms
of the term structure of interest rates are used to determine bond prices,
bond option prices and to evaluate optimal early exercise policies for bond
options. Our numerical simulations suggest that the pricing of bonds as well
as their options are quite sensitive to the specification of the behavior of
interest rates. In particular, it is shown that the popular square root process
for interest rates may be inappropriate for pricing bonds and options on
bonds. Empirical results suggest all five interest rate specifications lead to
bond price estimates which are consistently above the actual market prices.
The magnitude of the overestimation increases with the bond’s time to
maturity. The conclusion of the second chapter is that these findings may
be the result of either model misspecification or measurement errors in
estimating inputs.

In the third chapter, three forms of the term structure of interest rates
are utilized to estimate prices of bond futures and bond futures options.

Numerical simulations suggest that bond futures prices and bond futures
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option prices are quite sensitive to underlying assumption about the be-
havior of interest rates. We apply Black’s European option pricing model
and its American version (Barone-Adesi and Whaley) to value bond futures
options. Several estimates of implied standard deviation are compared. Av-
erage pricing errors are compared and systematic ﬁﬁspricing biases are an-
alyzed. The empirical results can be summarized as follows. First, Black’s
model explains actual option prices much better than stochastic interest
rate models. Second, there is no difference, in terms of predictive ability,
between the European and American versions of Black’s model. Third,
the results indicate that market prices of these options deviate significantly
from their corresponding model prices and it is also shown that mispricing
errors are related to time to maturity and exercise price.

In the last chapter, we test Black’s European futures option model and
its American version using transaction data on T-Note and T-Bond futures
options. The results presented here indicates that market prices of these
options deviate significantly from their corresponding model prices and it
is also shown that mispricing errors are related to time to maturity and
exercise price. The hedging tests provided abnormal profits only in the case
of call options. Further research is required in determining the adequacy

of these models.



ACKNOWLEDGEMENT

I would like to thank to Professor Avner Wolf, chairman of my disserta-
tion committee, for his support and encouragement throughout all phases of
this dissertation. I would also like to thank to the members of my disserta-
tion committee, Professors Ashok Vora, Salih N. Neftci and Giora Harpaz
for their valuable comments and suggestions. Special thanks are due to
Celal Secilmis, Anthony Tessitore and Nilufer Usmen and other doctoral
students in finance for their support and encoura,gement.. Nancy White
read earlier drafts of the dissertation and provided very helpful comments.

Finally, the financial assistance via a dissertation grant from the Baruch
College Fund is gratefully acknowledged. My greatest appreciation goes to

Keiko Komatsu, my long time friend, for her support and understanding.



vi

CONTENTS

Page
ABSTRACT
I INTRODUCTION AND LITERATURE REVIEW
1. Introduction and Summary ........ccoiviiiiiiiiiiiiiiiiiiiiean.. 1

2. General Valuation Model for Pricing Bonds and Options on Bonds 3

II CONTINUOUS TIME APPROACH TO PRICING BONDS AND
OPTIONS ON BONDS

1. Introduction ....vvviveeieriieineeseenseeeseseensnsossnnnasnnnes 8

2. Implementation of Models .........covvvviiiiiiniiiinniinn... 11
3. Statistical Estimation of stochastic interest rate processes ...... 12

4. Estimation of A, the market price of interest rate risk ........... 16

5. Solution of partial differential differential equations and comparison

of model values .........covevvnviiiinnnennns e 17
6. Comparison of model values with actual market prices .......... 20
7. Summary and Conclusions .........cvevviiiiiiiiiiiiiiiiinn.n. 21

III THE PRICING OF BOND FUTURES AND OPTIONS ON BOND
FUTURES

RN 66T 370 Yo 40 U 5 o ) « NP 33



vii

2. Valuation of Bond Futures and Options on Bond Futures ....... 35
3. Stochastic Interest Rate .........ccooviviiiiiiiiiiiiiniiiannat, 35
4. Constant Interest Rate ..........covviiiiiiiiiiiiiiiiiiiiinn.n, 40
5. European Futures Options ........covviieiiiiiniiiineennrnnnnns 40
6. American Futures Options .........cciiiiiiiiiiieiineinnernnnn. 40
7. Numerical Simulations .........c.cooiiiiiiiiiiiiiiiiiiiinnnnan.. 41
8. Empirical Tests of Pricing Models ............ccoviiiiiiiiininn. 43
0. Data . e s 43
10. Implied Parameters .......coviiiiiiirereirirreceneneaneeennns 44
11. Tests of Biases in the Pricing Models ...............cooviiiit, 47
12. Summary and Conclusions ..........covevverenrnnneenennnns ey 48

IV EMPIRICAL TESTS OF VALUATION MODELS FOR OPTIONS
ON T-NOTE AND T-BOND FUTURES

1.

Introduction ....... oot 55
Valuation Models for Options on T-Note and T-Bond Futures .. 57
European Futures Options .........coeviiiiiiiiiiiiiiiiiinennnns 57

American Futures Options .........ccoviiiiiiiiiiiiiiiiiinnnn. 57

. Empirical Tests of Pricing Models .................cooiiiiiian 58



T T 7 59
7. Implied Parameters ........coveveieneirnriiriinnrsnenianeenans. 60
8. Tests of Biases in the Pricing Models . T PP 61
9. Market Efficiency Tests ........ccovvvevannn. v eeeeeseraraeaea. 62
10. Summary and Conclusions ...........ccoooviiiivninnn... ceeeeen 63

REFERENCES ....... PR 71



1x

LIST OF TABLES

Page

1. Regression Results ......... e 23
2. Regrc;ssion L I T 23
3. Analysisof Residuals ......cociiiiiiiiiiiiiniiiiniiinnnnnnnn, 24
4. Analysis of Residuals .. .. ....................................... 24
5. Estimated values of market price of interest rate risk ........... 25
6. Compa.rison of Model values for coupon rate of 10% ............ 26
7. Comparison of Model values for coupon rate of 6% ............. 27
8. Comparison of Model values for coupon rate of 14% ............ 28
9. Comparison of Model values for T-Bills ...........cccevvivnnn... 29
10. Comparison of Model values with discrete coupon payments .... 30
11. Comparison of optimal early exercise policies ...........ccveeenn 31
12, Forecast EIrors .....ccovvieiieiiiiiiiiiiniiiniiennnininnnneness 32
13. Bond Futures Simulations ..........cocvviiiiiiiiiiiiiiiii.. 50
14. Bond Futures Options Simulations .........c.cvveiiiiiiiinnnnn.. 51
15. Tests of the predictive power of different estimates of volatility . 52

16.

Comparison of Market and Model Prices ........ceveveevennnnn. 53



17.

18.

19.

20.

21.

22.

23.

Time to maturity and Exercise Price Biases in Pricing Models ..

Summary of T-Note and T-Bond Futures Options Transaction

Time to maturity and Exercise Price Biases in Pricing Models ..
Average Profits for Hedge Portfolios for Calls ..................

Average Profits for Hedge Portfolios for Puts ...................

54



Chapter I

Introduction and Literature Review

1 Introduction and Summary

The purpose of this dissertation is to link the research in two areas of fi-
nance: the term structure of interest rates, and the pricing of futures and
options on interest rate instruments. The dissertation consists of four chap-
ters. The first chapter reviews the pricing of bonds and options on bonds
using one factor model of the term structure of interest rates. In the sec-
ond chapter, five different forms of the term structure of interest rates are
used to determine bond prices, bond option prices, and to evaluate optimal
early exercise policies for bond options. Our numerical simulations suggest
that the pricing of bonds as well as their options are quite sensitive to the
specification of the behavior of interest rates. In particular, it is shown
that the popular square root process for interest rates may be inappropri-
ate for pricing bonds and options on bonds. Preliminary empirical results
suggest that all five interest rate specifications lead to bond price estimates

which are consistently above the actual prices. The magnitude of the over-



estimation increases with the bond’s time to maturity. The conclusion of
the second chapter is that these indings may be the result of either model
misspecification or measurement errors in estimating inputs.

In the third chapter, three forms of the term structure of interest rates
are utilized to estimate prices of bond futures and bond futures options.
Numerical simulations suggest that bond futures prices and bond futures
option prices are quite sensitive to underlying assumption about the be-
havior of interest rates. We apply Black’s European option pricing model
and its American version (Barone-Adesi and Whaley) to value bond futures
‘options. Several estimates of implied standard deviation are compared. Av-
erage pricing errors are compared and systematic mispricing biases are an-
alyzed. The empirical results can be summarized as follows. First, Black’s
model explains actual option pricesl much better than stochastic interest
rate models. Second, there is no difference, in terms of predictive ability,
between the European and American versions of Black’s model. Third,
the results indicate that market prices of these options deviate significantly
from their corresponding model prices and it is also shown that mispricing
errors are related to time to maturity and exercise price.

In the last chapter, we test Black’s European futures option model and
its American version using transaction data on T-Note and T-Bond futures
options. The results presented here indicates that market p’ricei of these
~ options deviate significantly from their corresponding model prices. It is
also shown that mispricing is related to time to maturity and exercise price.
The hedging tests provided abnormal profits only in the case of call options.

Further research is needed in determining the adequacy of these models.



2 General Valuation Model For Pricing
Bonds and Options on Bonds

In this section we integrate the works of Merton [1973], Vasicek [1977],
Dothan [1978], Courtadon [1982], Ball and Torous [1983], and Cox, Inger-
sol and Ross [1985]. Merton, and Ball and Torous derived a closed-form
solution for European option prices given a specific process for the evolu-
tion of bond prices. Under the assumption that interest rates followed a
particular process, Vasicek, and Dothan derived closed form formulas for
pricing discount bonds. Recently, Cox, Ingersol and Ross derived a closed
form formula for discount bonds and options on these bonds in a general
equilibrium framework.

We shall use the following notation:

B(t,T,r) =price at time ¢ of a default-free bond paying one dollar
at time T, '

F(t,T,r) =price at time ¢ of a futures contract which will mature
at time T, 4

¢(t,T,r) =price at time t of a European call option which will expire
at time T,

p(t,T,r) =price at time ¢ of a European put option which will expire
at time T,

C (t, T,r) =price at time ¢ of a American call option which will expire
at time T,

P(t,T,r) =price at time ¢ of a Amrican put option which will expire

at time T



r: =the spot interest rate from ¢ to time ¢ + 1,

In deriving a general valuation equation for bonds with continuous

coupon payments, the following assumptions are made:

1. Markets are perfect and trading takes place continuously.

2. The spot rate follows a continuous Markov process. The continuity
assumption implies that the spot rate process does not have jumps.
A Markov process implies that the spot rate process is independent
of the past. The spot rate process is completely determined by its
current value. From the joint 'assumptions of a Markov process and
continuity the spot rate process can be described by following stochas-

tic differential equation
dr = f(r,t)dt + og(r,t)dz (1)

where dz is a change in the Wiener process and dr is a change in the
interest rate. The functions f(r,t) and og(r,t) are the instantenous

drift and standard deviation, respectively, of the process r(t).

3. The price B(t, T, r) of a default free coupon paying bond is determined
by the spot rate process from ¢ to maturity date, T

4. Investors have homogenous expectations and there are no riskless ar-

bitrage opportunities.

Under these assumptions, Vasicek shows that the basic equation for pricing

bonds with continous coupon payments, i

1/20%¢?B,, + (f + 0g\)B, —rB+ B, +i=0 (2)



where A(%,r) is the market price of interest rate risk, and is given by

— /‘(t’ T, 1') —-T
Atr) = o(t,T,r)

where p is the expected rate of return on bonds. In equation (2), i is the
continuous coupon rate, B,, is the second derivative of B with respect to
r, B, is the first derivative of B with respect to r, and B is the time
derivative. The bond price B(t,T) is obtained by solving (2) subject to the
boundary conditions

B(T,T,r) =1 and

B(t,T,00) =0

The same assumptions and arguments lead to following differential equa-

tion for options on default free bonds.
1/20%2*W;r + (f + og M)W, —rW + W, =0 (3)

Since the value of European and American options depends on the value
of the default-free bond, this value must be determined first in the estima-
tion process. Also, it should be noted that, options, whether European or
American, satisfy the same differential equation. Letting ¢ be the value of
an European call option, p the value of an European put option and E be

the exercise price, the values of these options at maturity are:

e(r,T,T) = Maz(B(r,t,T) — E,0)
p(r,T,T) = Maz(E — B(r,t,T),0)

The value of an European call option is calculated by solving the following

differential equation

1/20%g%c,; + (f + ogA)er —rc+¢; =0 _ (4)



subject to

¢(r,0) = maz[B(r,t) — E,0],and ‘ (5)
¢(00,t) =0 (6)

The value of a European put is found by solving

1/20°g’prr + (f + 0gA)pr =P +p: =0 (7)

subject to
p(r,0) = maz[E — B(r,T),0],and (8)
p(eo,t) = E (9)

The valuation equations for American call and put options on default free
bonds will be the same, except that an additional boundary condition must
be satisfied to consider early exercise privileges. Letting C be the value of
an American call and P be the value of an American put, the value of an

American call option is found by solving the differential equation

1/20%*Crr + (f + 0gA)Cr —7C + Ci =0 (10)
subject to
C(r,0) = maz[B(r,t) — E, 0], and (11)
C(o0,t) =0 (12)
C(r,t) = maz(B(r,t) — E,C(r,t)] for t<T (13)

The value of an American put is calculated by solving the differential equa-
tion

1/20%¢*Prr + (f + 0gA\)P, —rP + P, =0 (14)



subject to
P(r,0) = maz[E — B(r,T),0],and | (15)
P(co,t)=E (16)
P(r,t) = maz[E — B(r,t), P(r,t)] for t<T (17)

The finite difference methods of Brennan and Schwartz and Courtadon
will be used to solve the differential equations in (2), (10) and (14). Note
that the differential equations above are presented without assuming any
specific model for the term structure. All one factor models of the term
structure of interest rates can be obtained from the differential equations
above by substituting specific forms of f(r,t) and g(r,t) into the differential
equations.

The next chapter deals with implementation of models. In this section,
it is shown that under specific assumptions, the value of a default free
bond is found by solving the partial differential equation (2) subject to
certain boundary conditions while the value of an option is found by solving
the partial differential equation (3) subject to the appropriate boundary
conditions for calls and pﬁts.

Implementation of these valuation models requires three steps. First,
the parameters of the process of the spot interest rate must be estimated.
Second, the market price of risk, (1), must be estimated. Third, since an
analytical solution does not exist, the partial differential equations must
be solved with the numerical methods explained by Brennan and Schwartz

and Courtadon.



Chapter II
Continuous Time Approach to Pricing

Bonds and Options on Bonds

1 Introduction

The purpose of this chapter is to link the research from two areas of fi-
nance: the term structure of interest rates, and the pricing of bond options
under interest réte uncertainty. The paper can be viewed as an integration
of the work done by Merton [1973], Vasicek [1977], Dothan [1978], Cour-
tadon [1982], Ball and Torous [1983], and Cox, Ingersoll and Ross [1985].
Merton, and Ball and Torous derived a closed-form solution for European
option prices given a specific process for the behavior of bond prices, as-
suming bond prices were given. However, the price process of bonds is
not a relevant factor when pricing European options. In fact, it can be
shown that Ball and Torous’ closed form valuation formula is identical to
that of Merton’s even though they assumed a different process for bond
prices. However, when valuing American options on bonds, the interest

rates process becomes a very important factor.

8



Under the assumption that interest rates followed a particular process,
Vasicek, and Dothan derived closed form formulas to price discount bonds.
Recently, Cox, Ingersoll and Ross derived a closed form formula for discount
bonds and options on these bonds in a general equilibrium framework.

As is clear from the aforementioned papers, the key to pricing bonds
as well as options on bonds is to assume an appropriate stochastic process
to describe the behavior of interest rates. Given the interest rate process,
a general valuation equation can be derived and solved. In some spéciﬁc
cases, there are closed form formulas for bond prices as well as for European
options on these bonds. However, (to the best of our knowledge) a closed
form formula for pricing an American option on coupon paying bonds under
uncertain interest rate has not been obtained yet. Consequently, numerical
methods are required to value American options on bonds.

This paper differs from the existing literature in three respects. First,
the existing literature has focused on valuation models of discount bonds
and options on discount bonds. In these papers (Merton; Brennan and
Schwartz; Cox, Ingersoll and Ross among others), it is usually asserted that
a coupon bond is a portfolio of discount bonds. However, this approach is
not free of problems and should be carefully reviewed. In practice, when
an investor buys a coupon bond, he is generally expected to pay the seller
not only the stated price in the market, but also any accrued interest. For
example, if three months have elapsed since the last interest payment, half
of the semi-annual payment is added to the purchase price to <_ietermine
the total amount required. This practice implies that coupon payments are
made continuously rather than at discrete times. Therefore, a coupon bond

is not exactly a portfolio of discount bonds, but is a financial security which
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has a fixed payoff at maturity while making continuous coupon payments
throughout its life. This suggests that conclusions based on the previous
theoretical and empirical research should be analyzed with caution since
with continuous coupon payments, there are no closed form solutions to
value bonds or options on these bonds. Second, there is, to date, little
. research regarding the empirical estimation of the stochastic process which
governs the spot interest rate. In this paper, the interest rate process
assumed by five models will be estimated using actual data (which will be
described in detail later in the paper). Third, we estimated bond prices
and compared them to actual bond prices of U.S. Treasury bills, bonds and
notes traded from December 1985 to December 1986. Until now, none of
these models have béen directly tested using historical estimates of inputs.
Brown and Dybvig [1986] fit the Cox, Ingersoll and Ross model to bond
prices from CRSP bond files for the period of December 1952 to December
1983. They calculated implied parameters and checked whether the implied
parameters were good approximations to observed values or time series
estimates. They found that the model overpredicted premium issues and
underpredicted discount issues suggesting a..possible neglected tax effect.
Our approach is not directly comparable to Brown and Dybvig’s because
we use historical data to estimate the j)araxneters and test the predictive
power of various models.

The rest of the chapter is organized in the following manner. Section
2 deals with the estimation of stochastic processes for interest rates and
the estimation of the market price of interest rate risk. Empirical results
are examined. In section 3, using estimated values of the parameters, we

calculate the theoretical prices for each model and compare them to actual
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prices as well as the sensitivity of each model to its parameters is analyzed.
Section 3 also looks at the possible source of error that is made by treating
coupon bonds as a portfolio of discount bonds rather than securities with
continuous coupon payments. This has important implications for using
these models in practice if one remembers that the treatment of coupon
bonds as a portfolio of discount bonds reduces computer time spent to
solve for the value of securities. In fact, the differential equation must be
solved only once at each time period rather than once for each bond at every
time period. In section 4, we analyze the results obtained by comparison
of model values and market prices. Section 5 provides the summary and

conclusions.

2 Implementation of models

In the previous chapter, it was shown that under specific assumptions,
the value of a default free bond is found by solving the partial differential
equation (2) subject to certain boundary conditions, and the value of an
option is found by solving the partial differential equation (3) subject to
the appropriate boundary conditions for calls and puts.

Implementation of these valuation models requires three steps. First,
the parameters of the process of the spot interest rate must be estimated.
Second, the market price of risk, ()), must be estimated. Third, since an
analytical solution does not exist, the partial differential equations must be
solved with the numerical methods explained by Brennan and Schwartz,

and Courtadon.
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2.1 Statistical estimation of stochastic interest rate

processes

The following five processes for spot interest rate are estimated:

dr = ordz | (1)

dr = kdt 4+ odz (2)

dr = a(y — r)dt + odz 3)
dr = a(y — r)dt + rodz 4)
dr = a(y —r)dt + \/rodz (5)

where 7 is the spot interest rate, ¢ is the instantaneous standard deviation,
Kk is a constant, v is the long run mean of the spot rate of interest, and «
is the adjustment coefficient. -

Irrestimating the parameters of the above models, differentials will be
replaced by differences.! For convenience, we hereafter call the equations
in (1) through (5) model 1, model 2, model 3, model 4 and model 5, respec-
tively. These models were used by Dothan (equation 1), Vasicek (equation
3), Courtadon (equation 4) and Cox, Ingersol and Ross (equation 5).

Model 1 assumes that the anticipated change in the interest rate is zero
and the unanticipated change is proportional to its level. In Model 2 it
is assumed that the anticipated and anticipated changes in interest rates
are constant. In Model 3-5 interest rate changes are assumed to be mean

reverting. Mean reverting process implies that there is some long-term

It can be shown that a straightforward replacement of differentials with differences is
not exactly right. However, we assume that the errors caused by this are negligible.
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mean of interest rates to which intantaneous rates converge. The higher
the value of a, the faster short term rates converge.. Models 3-5 differ only in
the assumptions made about unanticipated changes in the interest rates. In
Model 3 it is assumed that the standard deviation of unanticipated changes
does not depend on the level of interest rates. Model 4 assumes that the
. standard deviation of unanticipated changes are proportional to the level
of interest rate. In Model 5, it is assumed that the standard deviation of
unanticipated changes are proportional to the square root of the level of
interest rates.

To estimate the processes of the spot interest rate, data were taken from
the Citibank Data Base. The spot rate used is the effective annual yield
for 3 month T-bills (FYGM3). Interest rates on Treasury Composite for
10 years and longer maturities (GL) are used as a proxy for the mean level
of spot interest rates. The NYSE price index is used as a proxy for the
market portfolio. The sample covers a forty year period from J anuafy 1947
through July 1987. The estimation period ends in December 1985, and the
last 19 months of data are reserved for checking the predictive ability of
each model. Two different forms of each model are estimated: one assumes
that there is a constant term in the original process; the other assumes the
absence of constant term in the original process. For empirical purposes,
discrete approximations substitute the stochastic processes of the interest
rates. When there is a constant term in the original equation, a discrete

approximation will result in estimating the following equations:
(re = 141) /71 = Bo/re—1 + us (6)

re — -1 = Po + Uy (7
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re = -1 = fo + Pr(Ye-1 = Te-1) +ue (8)
(re = re=1)/7e=1 = Bo/re=1 + Bi((Ye-1 — Te=1)/7Te=1) + us | (9)

(re = re1)/v/Fict = Bo/v/rims + Bu(Fem1 — Tec1)/V/Fim) +ue (10)

(Equations 6-10 correspond to models 1 through 5, respectively.)
In the second case, with no constant term in the original equation, a

discrete approximation will lead to the following estimation equations:

(e — rect)/rem1 = Bo + ue (11)
re = oo = Bo + ue (12)

re = Te-1 = fo + Br(Ye1 — Te1) +ue (13)

(re = rec1)/re1 = fo + Br((ve-r — re-1)/re-1) + we (14)

(re = re-1)//Tem1 = Po + Br((Ve-1 = T4-1)//Te1) + e (15)

(Equations 11-15 correspond to models 1 through 5, respectively.)
Ordinary Least Squares (OLS) procedure was used to estimate the pa-
rameters. In each case, Durbin’s h statistics for first order serial correlation
was significant. To correct for serial correlation, the maximum likelihood
(MAXL) procedure of Beach and McKinnon [3] was used. In Table 1, re-
sults for the first set of equations (those with a constant term) are reported.
Table 2 shows the results for the second set of equations. Parameters were

estimated for the entire sample period as well as for various subperiods.?

2Estimation is done for the following subperiods: (1) January 1947 through December
1957, (2) January 1958 through December 1968, (3) January 1969 through December 1979,
(4) January 1980 through December 1985. With the exception of last period, when interest
rate fluctuations were very large, results by and large were similar to those obtained for
the entire sample period.
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As can be seen from Tables 1 and 2, the correction for serial correlation
significantly increased the explanatory power of each model. It should be
noted that in terms of the adjusted R? and the standard errors of the re-
gressions, Models 1 and 4 fit the data better than any other model for the
entire sample as well as for the subsamples. Models 2 and 3 have the least
power in explaining the interest rate changes.

From this evidence, it would be fair to conclude that the standard devi-
ation of unanticipated changes in the spot rate of interest are proportional
to the level of interest and not to the square root of this level. This implies
that the previous theoretical and empirical research should be analyzed
with caution if the results were based on the square root process.

The suggested stochastic processes were further analyzed by examin-
ing the residuals from the OLS and MAXL procedures. The logarithm of
squared residuals from each model at time t was regressed on the logarithm

of the interest rate at time t-1.
lm'i? = ag + aylnri_; : (16)

If the process is correctly specified then the slope coefficient, a; should
not be significantly different from 0. The estimation results are reported
in table 3 and table 4. When the entire sample period is used, the null
hypothesis that a; is equal to zero, can not be rejected for models 1 and
4. The t-values for models 1 and 4 are -1.04 and 0.34 respectively, in Table
3. From Table 4, the t-values for a; are 1.83 and -1.16 for models 1 and 4.
a; for models 2, 3 and 5 is significantly different from zero. This provides
further evidence that the square root process for interest rates may not be

appropriate.
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2.2 Estimation of A , the market price of interest rate
risk

F'irst, for empirical purposes, it is assumed that the market price of interest
rate risk is constant throughout the estimation period. However, if all
investors have logarithmic utility function then A is equal to p,y0m, where
prm is the instantaneous correlation coefficient between changes in r and
the rate of return on aggregate wealth and o/, is the standard deviation of
the ra.té of return on aggerate wealth (Brennan and Schwartz (1979)). In
this case, A will be constant if p,,, and o, are constart. ) is estimated
directly by estimating p,,, and o,,. Estimated values of p,m, 0., and ) are
reported in Table 5.

Brennan and Schwartz estimate A by trying different values and select-
ing the one which minimize the root mean square of the prediction error.
This value was used to test whether the model’s predictions were good. By
this procedure any model can make good predictions. This tells very little
about the predictive ability of the model.

From Table 5, it can be seen that A value is relatively small when
compared to the Brennan and Schwartz estimate of 0.0355. When the
entire sample period is considered, their value is 15 times larger than our
estimate and has an opposite sign. The simulation results are discussed in

the following section.

3 Solution of the partial differential equa-

tions and comparison of model values
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When coupon payments are continuous, there are no known solutions to
the above differential equations. Therefore, finite difference methods were
applied to find the values of bonds and options on bonds. For this purpose
r is replaced by s=1/(1+r) in the differential equations above. Since r can
range from 0 to infinity, s can vary between 0 and 1. If we let B(r,t)=b(s,t)

then the partial derivatives of B in terms of b is

By, = s%b,, +2s%, (18)

By subsituting for the value of r and the derivatives of B, equation (2)

becomes:
1/20%g%s%b,, + [02g%s® — fs? — s%agA]b, — ((s —1)/s)b—b;+:i=0 (19)

Let W(r,t) = w(s,t), again by substituting the partial derivatives equation

(3) will becomes:
1/20%g%s*w,s + [02g%s% — fs? — sPogw, — ((s = 1)/s)w ~w; =0 (20)

Substituting specific forms of f and g we can solve the differential equations
for the five models. The finite difference approximations of these trans-
formed equations are obtained by calculating b(.) and w(.) at discrete

intervals. The transformed equations for bond prices are:

1/20%(1.0 — 5)*s%bss + [0(1.0 — s)é — Ao(1.0 — s)sb,
~((s=1)/)b—b+i=0 (21)

1/2625%b,, + [(0 — Ao)s?]b, — ((s = 1)/s)b—b; +:i =0 (22)
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1/20%5*b,s + [(0% — v(a — ((1.0 = 8)/3)) — Aa)s?]b,
—((s=1)/s)b—b +i=0 (23)

1/20%5%(1.0 — 3)%b,, + [0%(1.0 — 8)* — y(as — (1.0 = Mo /7)
(10— )by — (s —1)/s)b— b +i=0  (24)

1/20%(1.0 — 8)*b,s + [0%(1.0 — 8)*/s® — s*ay + 7((1.0 — s)/s)s?
~Ao(1.0 = 8)%)by — ((s —=1)/8)b—b:+i=0  (25)

Transformed equations for options are the same except they do not have
the coupon rate.

To compare model’ values, we solved for the value of 10 year default
free bond, and the value of American call and put options with one year to
expiration. We used 0.01 grid spacing in time dimension and grid spacing
of 0.002 in the s direction. The results presented in Tables 6, 7 and 8 are
for ten, six and fourteen percent coupon rates, respectively. Bond values as
well as option values differ significantly among models. Generally, models
2 and 3 gave similar values, and models 1, 4, 5 resulted in similar values as
well. In Table 9 the value of a 6 month T-Bill and options on this T-Bill
with 3 months to expiration are compared. To obtain the estimates in Table
9, we used 0.005 grid spacing in time dimension and 0.002 in the s direction.
T-Bill prices as well as options on it are very close for each model. We also
calculated bond values in Tables 6, 7 and 8 using discrete coupon payments.
These results are provided in Table 10. For this table we used the same
grid spacing as before. In order to compare discrete vs. continuous coupon

payments, bond values from table 10 should be compared with bond values
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from Tables 6, 7 and 8 for 10, 6 and 14 percent coupon rates, respectively.
" The results in Table 10 suggest that unless the term structure of interest
rate is flat, there is a significant difference between discrete coupon bond
values and continuous coupon bond values. Table 11 shows the interest rate
at which options with varying expiration dates will be exercised early. It is
clear from Table 11 that the interest rate at which it is optimal to exercise
the option before maturity varies significantly between the models.

The simulations can also be used to analyze the sensitivity of model
values to underlying parameters. Tables 6-8 and other simulations which
are not all reported here provide the following results. The bond and option
prices for a given time to maturity are determined by A, r, o and ¢ for
Models 1 and 2. Models 3-5 include two extra parameters, an adjustment
coefficient, «, and the long term mean of interest rates, vy. For each model,
bond prices aré an increasing function of o, and a decreasing function of
7. If ) is positive, a higher A implies lower bond prices. For a negative
A, a greater absolute value of A\ implies higher bond values. The effect of
a depends on whether the term structure is decreasing or increasing. If
the term structure is downward (upward) sloping a higher o implies higher
(lower) bond values. Bond prices are a decreasing function of the long term

mean of interest rates, v, and incresing function of coupon rate, ¢.

4 Comparison of model values with actual

market prices
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Data on U.S. Treasury securities were taken from the CRSP bond files for
the period of December 1985 through December 1986. For each month, we
used data for every T-bill, note, and bond on the files with the exception of
callable bonds, notes, flower bonds, and bonds with special tax provisions.
Therefore, our sample includes all T-bills, non-callable notes and bonds
which are fully taxable. To compare the model values with market prices,
we calculated the bond values by solving the differential equations above.
All of the parameter values are taken from Tables 1 and 5. At each point
in time, we used the actual 10 year and longer maturity index as the proxy
for the long term mean of interest rates. Market prices from CRSP bond
files are calculated as S

Market price (MP) = 1/2( Bid price + Asked price) + Accrued interest

In order to evaluate the predictions (PRED) of the models, we calculated
the mean percent and thé mean absolute percent errors, defined as

Mean percent error (MPE) = 1 7% | EREG=ME 4 100

Mean absolute percent error (MAPE)=L1%7, F REﬁ";M Bl x 100

where n is the number of observations.

Table 12 provides a summary of these forecast errors. 2 From Table
12 one concludems .fhat first, the prediction of long term Bond prices are
sensitive to the specification of the behavior of interest rates. Second, each
of the five forms of interest rate processes previously specified lead to bond

prices which are consistently above the actual market prices. * Third, the

overprediction increases with the time to maturity.

——

3Monthly breakdown of forecast errors is almost identical to the results in Table 12
4This can be easily seen by comparing MPE and MAPE. The difference between two
is almost nil.
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Some Pitfalls

Can the models be rejected based on the above empirical findings? Not
quite. Clearly, we made number of strong assumptions when estimating
the inputs. We used the T-bill rate as a proxy for the instantenous rate.
We also assumed that the NYSE index was a good pfoxy for the market
portfolio. Last but not least, we assumed that the index of bonds with
maturities longer than 10 years was a good proxy for the long term mean
of short term interest rates. Obviously, this is very rough approximation.
The index is a geometric average of short term rates but we are really in-
terested in the aritmetic average of short term interest rates. This would
greatly reduce bond price predictions for Models 3-5. Finally, the param-
eters were assumed to be constant throughout the estimation periods and
the test period. Actually, they are not constant. We also assumed that our
historical estimates did not contain any measurement errors.

Given all these difficulties, there remains a lot to be done empirically
before these models can be rejected. The results might simply suggest
that our historical estimates of the parameters involve some estimation
error. Future research will help in clarifying some of the outstanding open

questions not addressed in this research.

5 Summary and Conclusions

This paper uses five different forms of the term structure of interest rates
to determine bond prices, bond option prices, and to evaluate the optimal
. early exercise policies for bond options. The results can be summarized as

follows. First, the results regarding the parameters estimation suggest that
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the unexpected change in the interest rate is proportional to the level of in-
terest rate. The results also indicate that the square root process, the most
widely used process does not explain actual interest rate changes. Using
the estimated parameters of the term structure models, bond prices and
options on these bonds are evaluated and compared. The second finding is
that these numerical simulations suggest that the specification of the inter-
est rate process is the cornerstone for the valuation of bonds and options
on bonds. The values generated using estimated parameters differ greatly
among the models considered in this paper. Third, it is argued that the
coupon bonds cannot be treated as a portfolio of discount bonds. However,
for empirical purposes it would be much more efficient if we could treat
coupon bonds as a portfolio of discount bonds. We examined whether any
valuation errors arose as a result of this assumption. The results show that
unless the term structure is flat, there is a considerable difference between
discrete versus continuous coupon payments. Fourth, the interest rate at
which it is optimal to exercise the option differ significantly among the
models. Fifth, the empirical results suggest that all five different forms of
the interest rate processes lead to bond prices which are consistently above
the actual market pﬁces. The overprediction increases with the time to
maturity. Given the difficulties associated with this type of empirical test,
we conclude that the results might be due to either model misspecification

or our inability to measure inputs correctly.



TABLE 1

REGRESSION RESULTS

- OLS
Bo B 4
Model 1 0.03596 0.0927
(4.57)
Model 2  0.01439 0.5071
(0.61)

Model 3 ~0.01539 0.03533 0.5060
(—0.53)  (1.75)

Model 4 —0.04327 0.05430 0.0916
(-1.77)  (3.41)

Model 5 —0.01824 0.03235 0.1787
(0.44)  (1.85)

R2
0.0313
0.0000
0.0044
0.0529

0.0091

Note: Figures in paranthesis are t-values. |

TABLE 2

Bo

0.04356
(3.87)
0.01422
(0.44)
-0.11342
(~2.14)
—0.12939
(—2.96)
—0.09922
(—2.26)

REGRESSION RESULTS

OLS
Bo B o
Model1 0.01035 0.0942
(2.37)
Model 2 0.01439 0.5071
(0.61)

Model3 —0.01539 0.03533 0.5060
(-0.53)  (1.75)

Model 4 —0.00286 0.02945 0.0919
(-0.57)  (4.91)

Model 5 —0.00417 0.02904 0.1787
(—0.38)  (2.28)

R2
0.0000
0.0000
0.0044
0.0472

0.0089

Note: Figures in paranthesis are t-values.

Bo

0.0103
(1.65)
0.01422
(0.44)
—0.11342
(—2.14)
~0.00950
(—1.25)
~0.02977
(~1.67)

MAXL
B

0.15045
(3.51)
0.11847
(4.02)
0.11276
(3.36)

MAXL
B

0.15045
(3.51)
0.04363
(4.67)
0.07321
(3.35)

o

0.0873

0.4810

0.4727

0.0853

0.1659

o

0.0885

0.4810

0.4727

0.0862

0.1663

R?
0.1405
0.1003
0.1310
0.1795

0.1460

R2
0.1169
0.1003
0.1310
0.1629

0.1407



p
Model 1 0.3359

Model 2 0.3198
Model 3 0.3345
Model 4 0.3499

Model 5 0.3559

TABLE 3

ANALYSIS OF RESIDUALS

OLS

@

—6.7306
(—30.95)
~7.0033
(—30.90)
—6.9543
(~29.68)
—6.9030
(-30.13)
—6.9617
(—28.34)

(431

-0.1597
(-1.12)
1.9703
(13.20)
1.9297
(12.51)
—0.0571
(~0.38)
0.9009
(5.58)

P
0.0458
0.0756
0.0663
0.0318

0.0524

MAXL
Qo

—6.8110
(~31.07)
—7.3493
(—31.65)
—6.5442
(—29.25)
—6.9486
(—30.58)
—6.7768
(—30.92)

24

ay

—0.1505
(~1.04)
2.1374
(13.98)
1.6965
(11.51)
~0.0502
(0.34)
0.8314
(5.76)

Models 1-5 correspond to residuals from equations 23-27, respectively.

P
Model 1 0.3447

Model 2 0.3198

Model 3 0.3345
Model 4 0.3432

Model 5 0.3548

TABLE 4

ANALYSIS OF RESIDUALS

OLS

Qg

~7.1287
(-31.12)
~7.0033
(—30.90)
—6.9543
(—29.68)
—6.9189
(—28.26)
—7.0228
(-27.11)

Qay

~0.0585
(0.39)
1.9703
(13.20)
1.9297
(12.51)
—0.1229
(~0.76)
0.9104
(5.34)

P
0.0475

0.0757
0.0663
0.0429

0.0566

MAXL

«@p

—7.3798
(—32.33)
~17.3493
(—31.65)
—6.5442
(—29.25)
—6.8624
(~28.32)
—6.6565
(—28.79)

ay

0.1778
(1.83)
2.1374
(13.98)
1.6965
(11.51)
—0.1846
(~1.16)
0.7166
4.1)

Models 1-5 correspond to residuals from equations 28-32, respectively.



TABLE §

ESTIMATED VALUES OF MARKET PRICE
OF INTEREST RATE RISK

Time period
1947,1 - 1985, 12
1947,1 - 1957,12
1958,1 — 1968, 12
1969, 1~ 1979, 12

1980, 1 — 1985, 12

Prm

-0.06808
0.06698
0.08197

-0.31509

—~0.18875

Om
0.0341
0.0314
0.0285
0.0394

0.0377

-0.0023
0.0021
0.0023

~0.0124

-~0.0071

25



TABLE 6

COMPARISON OF MODEL VALUES FOR COUPON RATE OF 10%
' Model 1 Model2 Model3 Model4 Model 5

r = 0.2500
B(r,10) 0.45991 1.28105 1.30572 0.57414 0.66119
c(»1) 0.0 0.52749 0.47518 0.0 0.00422
P(r,1) 0.54009 0.15003 0.07872 0.42586 0.33881

r =0.2019
B(r,10) 0.57307 1.40349 1.39398 0.67990 0.77308
Cc(»1) 0.0 0.60365 0.52860 0.0 0.01470
P(r,1) 0.42693 0.12174 0.06278 0.32010 0.22692

r=0.1710
B(r,10) 0.67043 1.48642 1.45205 0.76193 0.85764
C(r1) 0.0 0.65635 0.56461 0.0 6.03075
P(r,1) 0.32957 0.10358 0.05299 0.23807 0.14747

r =0.1416
B(r,10) 0.78717 1.56805 1.50796 0.85196 0.94857
c(~1) 0.0 0.70903 0.59993 0.0 0.05877
P(r,1) 0.21283 0.08629 0.04396 0.14804 0.08822

r=0.1211
.B(r,10) 0.88618 1.62659 1.54729 0.92264 1.01878
C(r,1) 0.00038 0.74725 0.62513 0.00028 0.08930
P(r,1) 0.11382 0.07418 0.03781 0.07736 0.05664

r =0.1013
B(r,10) 0.99857 1.68436 1.58553 0.99779 1.09247
C(r,1) 0.01894 0.78533 0.64992 0.01152 0.13033
P(r,1) 0.01953 0.06242 0.03195 0.01295 0.03351

r = 0.0799
B(r,10) 1.14317 1.74837 1.62725 1.08808 1.17958
C(r,1) 0.14317 0.82789 0.67728 0.08808 0.19124
P(r,1) 0.00006 0.04955 0.02568 0.00006 0.01626

r =0.0593
B(r,10) 1.30992 1.81128 1.66758 1.18470 1.27112
C(r,1) 0.30992 0.87010 0.70405 0.18470 0.27112
P(r,1) 0.0 0.03704 0.01971 0.0 0.00647

r = 0.0373

B(r,10) 1.52410 1.87982 1.71077 1.29978 1.37792
C(r,1) 052410 0.91650 0.73308 0.29978 0.37792
P(r,1) 0.0 0.02351 0.01337 0.0 0.00160

B(r,10) is the bond value with 10 years to maturity, C(r,1) and P(r,1) are
the american options with 1 year to expiration. The coupon rate and long term
mean are 10 percent. ¢ and ¢« are maximum likelihood estimates taken from
table 1. A = --0.0023.



TABLE 7

COMPARISON OF MODEL VALUES FOR COUPON RATE OF 6%
Modell Model 2 Model3 Model4 Model 5

r = 0.2500
B(r,10) 0.31170 1.01609 1.02760 0.40727 0.48317
C(r,1) 0.0 0.31109 0.24277 0.0 0.00004
P(r,1) 0.68830 0.20156 0.13160 0.59273 0.51683
r = 0.2019
B(r,10) 0.40003 1.11551 1.09841 0.49053 0.57224
C(r,1) 0.0 0.35755 0.27186 0.0 0.00027
P(r,1) 0.59997 0.16414 0.10575 0.50947 0.42776
r=0.1710
B(r,10) 0.47769 1.18287 1.14502 0.55577 0.64001
Cc(r,1) 0.0 0.38975 0.29152 0.0 0.00087
P(r,1) 0.52231 0.13994 0.08971 0.44423 0.35999
r = 0.1416
B(r,10) 0.57229 1.24919 1.18989 0.62796 0.71326
C(r,1) 0.0 0.42197 0.31082 0.0 0.00259
P(r,1) 0.42771 0.11676 0.07481 0.37204 0.28674
r = 0.1211
B(r,10) 0.65360 1.29676 1.22145 0.68503 0.77004
C(r,1) 0.0 0.44537 0.32461 0.0 0.00539
P(r,1) 0.34640 0.10048 0.06460 0.31497 0.22996
r =0.1013
B(r,10) 0.74698 1.34371 1.25214 0.74614 0.82982
Cc(r,1) 0.0 0.46868 0.33818 0.0 0.01070
P(r,1) 0.25302 0.08461 0.05484 0.25386 0.17129
r = 0.0799 '
B(r,10) 0.86823 1.39574 1.28563 0.81996 0.90068
C(r,1) 0.00001 0.49475 0.35316 0.0 0.02184
P(r,1) 0.13177 0.06722 0.04435 0.18004 0.11439
* = 0.0593
B(r,10) 1.00854 1.44687 1.31801 0.89911 0.97536
C(r,1) 0.01842 0.52061 0.36782 0.0 0.04205
P(r,1) 0.01021 0.05027 0.03432 0.10144 0.06823
r = 0.0373

B(r,10) 1.19039 150259 1.35268 0.99362 1.06275
C(r,1) 0.19039 0.54904 0.38371 0.00110 0.08196
P(r,1) 0.0 0.03192 0.02367 0.02498 0.03038

B(r,10) is the bond value with 10 years to maturity, C(r,1) and P(r, 1) are
the american options with 1 year to expiration. The coupon rate and long term
mean are 0.06 and 0.10, respectively. ¢ and a are maximum likelihood estimates
taken from table 1. A = —0.0023.



TABLE 8

COMPARISON OF MODEL VALUES FOR COUPON RATE OF 14%
Model1 Model 2 Model 3 Model4 Model 5

r = 0.2500
B(r,10) 0.60812 1.54666 1.58403 0.74095 0.83937
C(r,1) 0.0 ° 0.75089 0.71736 0.0 0.03571
P(r,1) 0.39183 0.11357 0.04841 0.25905 0.16133
r =0.2019
B(r,10) 0.74607 1.69218 1.68974 0.86911 0.97418
C(r,1) 0.0 0.85588 0.79355 0.00031 0.08412
P(r,1) 0.25393 0.09177 0.03829 0.13089 0.07525
r=0.1710
. B(r,10) 0.86308 1.79071 1.75929 0.96781 1.07561
C(r,1) 0.00036 0.92841 0.84482 0.01203 0.13750
P(r,1) 0.13692 0.07791 0.03216 0.03219 0.04014
r = 0.1416
B(r,10) 1.00179 1.88769 1.82624 1.07563 1.18435
C(r,1) 0.02400 1.00086 0.89503 0.07806 0.21027
P(r,1) 0.02114 0.06478 0.02656 0.00043 0.01890
r=0.1211
B(r,10) 1.11852 1.95723 1.87333 1.16005 1.26809
C(r,1) 0.11852 1.05340 0.93085 0.16005 0.27670
: P(r,1) 0.00072 0.05563 0.02276 0.0 0.00987
r=0.1013
B(r,10) 1.25054 2.02585 1.91911 1.24978 1.35579
C(r,1) 0.25054 1.10572 0.96606 0.24978 0.35601
P(r,1) 0.0 0.04676 0.01917 0.0 0.00461
r = 0.0799
B(r,10) 1.41942 2.10187 1.96905 1.35737 1.45921
C(r,1) 0.41942 1.16420 1.00491 0.35737 0.45921
P(r,1) 0.0 0.03709 0.01534 0.0 0.00165
r = 0.0593 .
B(r,10) 1.61244 2.17657 2.01732 1.47180 1.56764
C(r,1) 0.61244 1.22219 1.04293 0.47180 0.56764
P(r,1) 0.0 0.02771 0.01170 0.0 0.00047
r =0.0373

B(r,10) 1.85863 2.25796 2.06902 1.60753 1.69384
C(r,1) 0.85863 1.28595 1.08416 0.60753 0.59384
P(r,1) 0.0 0.01758 0.00785 0.0 0.00007

B(r, 10) is the bond value with 10 years to maturity, C(r, 1) and P(r, 1) are
the american options with 1 year to expiration. The coupon rate and long term
mean are 0.14 and 0.10 respectively. o and ¢« are maximum likelihood estimates
taken from table 1. A = —0.0023.



COMPARISON OF MODEL VALUES FOR T-BILLS

r = 0.2500
r = 0.2019
r=0.1710
r = 0.1416
r=0.1211

r=0.1013

B(r,0.5)
C(r,0.25)
P(r,0.25)

B(r,0.5)
C(r,0.25)
P(r,0.25)

B(r,0.5)
C(r,0.25)
P(r,0.25)

B(r,0.5)
C(r,0.25)
P(r,0.25)

B(r,0.5)
C(r, 0.25)
P(r,0.25)

B(r,0.5)

- C(r,0.25)

r = 0.0799

r = 0.0593

r = 0.0373

P(r,0.25)

B(r,0.5)
C(r,0.25)
P(r,0.25)

B(r,0.5)
C(r,0.25)
P(r,0.25)

B(r,0.5)
C(r,0.25)
P(r,0.25)

Model 1

0.88262
0.0
0.06738

0.90409
0.00074
0.04591

0.91816
0.00709
0.03184

0.93178
0.01410
0.01822

0.94133
0.01906
0.00867

0.95065
0.02391
0.0

0.96092
0.02929
0.0

0.97082
0.03450
0.0

0.98156
0.04018
0.0

TABLE 9

Model 2

0.88222
0.01558
0.06778

0.90319
0.02050
0.04921

0.91701
0.02414
0.03944

0.93040
0.02793
0.03123

0.93992
0.03075
0.02602

0.94927
0.03361
0.02133

0.95959
0.03685
0.01654

0.96973
0.04009
0.01214

0.98076
0.04368
0.00760

Model 3

0.89282
0.01727
0.05718

0.91248
0.02215

'0.04041

0.92525
0.02566
0.03185

0.93746
0.02924
0.02486

0.94605
0.03186
0.02052

0.95441
0.03448
0.01668

0.96354
0.03740
0.01285

0.97240
0.04028
0.00940

0.98193
0.04341
0.00591

Model 4

0.88455
0.0
0.06545

0.90541
0.00128
0.04459

0.91913
0.00781
0.03087

0.93231
0.01451
0.01769

0.94161
0.01927
0.00839

0.95065
0.02392
0.0

0.96064
0.02908
0.0

0.97027
0.03407
0.0

0.98068
0.03948
0.0

Model 5

0.88473
0.00059
0.06527

0.90556
0.00381
0.04444

0.91924
0.00860
0.03076

0.93243
0.01471
0.01757

0.94173
0.01939
0.00827

0.95079
0.02403
0.00072

0.96074
0.02916
0.00001

0.97040
0.03417
0.0

0.98076
0.03957
0.0
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B(r,0.5) is the bond value with 6 months to maturity, C(r, 0.25) and P(r,0.25)
are the american options with 3 months to expiration. Long term mean is

10 percent. o and a are maximum likelihood estimates taken from table 1.

A= -0.0023.



TABLE 10

COMPARISON OF BOND VALUES WITH DISCRETE COUPON
PAYMENTS

Model1 Model2 Model3 Model4 Model 5

r = 0.2500
i=0.06 0.20858 1.01124 1.02343 0.39515 0.47199
i=0.10 0.43805 1.27309 1.29831 0.55395 0.64264
i=0.14 0.57751 1.53494 1.57319 0.71274 0.81330

r = 0.2019
i=0.06 0.38761 1.11158 1.09491 0.47907 0.56183
i=0.10 0.55235 1.39705 1.38762 0.66083 0.75587
i=0.14 0.71709 1.68253 1.68034 0.84258 0.94990

r=0.1710
1=0.06 0.46593 1.17955 1.14196 0.54486 0.63021
i=0.10 0.65084 1.48100 1.44640 0.74379 0.84147
i=0.14 0.83575 1.78246 1.75084 0.94272 1.05273
r =0.1416 ’
i=0.06 0.56139 1.24646 1.18723 0.61768 0.70413
i=0.10 0.76905 1.56363 1.50295 0.83495 0.93357
i=0.14 097671 1.88079 1.81868 1.05222 1.16301

r =0.1211
i=10.06 0.64348 1.29445 1.21908 0.67526 0.76143
i=0.10 0.86949 1.62287 1.54273 0.90661 1.00470
i=0.14 1.00550 1.95129 1.86638 1.13796 1.24796

r =0.1013
i=0.06 0.73779 1.34181 1.25003 0.73693 0.82179
i=0.10 0.98381 1.68133 1.58139 0.98300 1.07937
i=0.14 1.22983 2.02085 1.91275 1.22906 1.33696
r = 0.0799 .
i=0.16 0.86035 1.39427 1.28381 0.81144 0.89335
i=0.10 1.13102 1.74609 1.62357 1.07487 1.16765
i=0.14 1.40169 2.09791 1.96333 1.33829 1.44195

r = 0.0593
i=0.06 1.00267 1.44583 1.31645 0.89136 0.96880
i=0.10 1.30046 1.80972 '1.66433 1.17295 1.26042
1=0.14 159824 2.17362 2.01221 1.45453 1.55205

r =0.0373
i=0.06 1.18704 1.50199 1.35140 0.98690 1.05713
1=0.10 151807 1.87904 1.70797 1.28966 1.36871
i=0.14 1.84910 2.25609 2.06454 1.59242 1.68028

For a given given interest rate there are three bond values for 6, 10 and 14
percent coupon rate. All the parameters are the same as in Tables 6, 7 and 8.
In order to compare discrete versus continuous coupon payments, bond values
for a given interest rate should be compared with the values from tables 6, 7
and 8 for 10, 6 and 14 percent coupon rate, respectively.
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TABLE 11

COMPARISON OF OPTIMAL EARLY EXERCISE POLICIES

OPTIMAL EARLY EXERCISE POLICIES FOR CALL OPTION
Model 1 Model2 Model3 Model4 Model 5

t=0.2 0.0941
t=04 0.0917
t=0.6 0.0917
t=0.8 0.0893

=10 0.0893

0.0040
0.0
0.0
0.0
0.0

0.0081
0.0020
0.0020
0.0
0.0

0.0941 0.0776
0.0917 0.0684
0.0917 0.0638
0.0917  0.0616
0.0917  0.0593

OPTIMAL EARLY EXERCISE POLICIES FOR PUT OPTION

Model 1 Model 2

t=0.2 0.1086
t=04 0.1111
t=0.6 0.1111
t=0.8 0.1111
t=1.0 0.1136

0.5723
0.6129
0.6340
0.6502
0.6611

Model 3

0.5924
0.6287
0.6502
0.6611
0.6722

Model 4 Model 5

0.1086  0.1628
0.1086 0.1710
0.1111  0.1765
0.1111  0.1820
0.1111  0.1848

t is the time to expiration. Optimal exercise policy gives the interest rate at
which it is optimal to exercise the option before the maturity. Coupon rate is
10 percent. Optimal early exercise policies were solved simultaneously as bond
and option values in Table 6 were calculated.
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TABLE 12

FORECAST ERRORS
Allsample T<1 1<T<5 5<T<10 10<T<20 20<T <30

Modell MPE 4.97 0.23 2.30 8.26 20.46 28.18
MAPE 4.99 0.29 2.30 8.25 20.46 28.17

Model2 MPE 8.92 0.23 2.60 12.09 41.70 81.39
' MAPE 8.94 0.29 2.61 12.09 41.70 81.39
Model3 MPE 8.77 0.23 2.59 11.96 41.03 79.14
MAPE 8.79 0.29 2.60 11.96 41.03 79.14

Model4 MPE 4.97 0.23 2.30 8.25 20.41 28.04
MAPE 4.99 0.29 231 8.25 20.42 28.04

Model5 MPE 5.44 0.23 2.32 8.59 22.94 35.66
MAPE 5.46 0.29 2.33 8.59 22.94 35.66

Note: T is time to maturity, M P E=Mean percent error and M AP E=Mean
absolute percent error.



Chapter III
The Pricing of Bond Futures and Options
on Bond Futures

1 Introduction

The purpose of this chapter is two-fold. First, three different forms of the
term structure of interest rates are used to determine bond futures prices
and bond futures option prices through simulations. Second, empirical
results on the performance of these models are provided and compared
to Black’s (1976) European futures option pricing formula as well as to
Barone-Adesi and Whaley (1987) American model. This is the first paper
that provide empirical results on the performance of stochastic interest
rate models. Black[1976] was the first to provide a valuation formula for
futures commodity options. Black’s model has important advantages. It
is simple and easy to apply. It is also independent of preferences. In
Black’s model interest rate is assumed to be constant. While the validity of
this assumption may not be questioned in pricing stock options, currency

options or index options it seems questionable in modeling bond options

33
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and bond futures options pricing because bond price fluctuations depend
only on interest rates fluctuations. It is therefore more intuitively appealing
to apply models with stochastic interest rates to the pricing of bond futures
options. The literature on pricing bond fﬁtures and options on bond futures
~with stochastic interest rates modeling is scarce. The most publicized and
quoted work is that of pricing bond futures and bond futures options are
those of Cox, Ingersol and Ross[1981] and Courtadon[1983].

The major reason of using models with stochastic interest rates is that
they seem more realisticly appealing. We know that interest rates are not
constant and fluctuate over time. The disadvantage of these models is that
they are much more complicated. Therefore, it is of intereét to investigate
these models in terms of their applicability and predictive power.

Our preliminary empirical results can be summarized as follows. First,
the Black’s models appears to have a better explanatory power than that
of the stochastic interest rate model. This is somewhat surprising based
on one’s expectations of the stochastic interest rate model. This issue is
addressed later in the paper. Second, there are no differences, in terms
of predictive ability, between Black’s European model and Barone-Adesi-
Whaley’s American versions of Black’s model. Third, the results indicate
that market prices of these options deviate signiﬁéa.ntly from their corre-
sponding model prices and the systematic mispricing errors are related to
time to maturity and exercise price.

When pricing interest rate dependent claims, the key element is to as-
sume an appropriate stochastic process for interest rates. The attempt to
price bond futures and futures options using stochastic interest rate pro-

cesses almost always does not yield closed form formulas. Consequently,
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numerical methods are required to value bond futures and options on bond |
futures.

This chapter differs from the Cox, Ingersol and Ross (CIR) and Cour-
tadon papers in two important respects. First, both CIR‘ and Courtadon
papers assume square root process for the behavior of interest rates. We
use the square root process, and two additional forms of the term structure
of interest rates to examine whether assumptions about the interest rate
process are significant. Second, until now, there is no empirical work re-
garding the ability of these models to predict bond futures prices and bond
futures option prices. One of the major contribution of this paper is that
we test and provide empirical results about the ability of these models to
predict actual market prices.

The rest of the chapter isvorga,nized in the following manner. In sec-
tion 2, we describe the model and explain its implementation. Section 3
examines the simulations. In section 4, we analyze the data and present

empirical results. Section 5 provides a summary and conclusions.

2 Valuation of Bond Futures and Options on
Bond Futures

2.1 Stochastic Interest Rate

The model developed here is similar to a model developed by Black, Derman

and Toy [1987] for Treasury Bond options.! We assume that the interest

1Black, Derman and Toy [1987] use the whole yield curve as input in their model. In
our model, we use only current interest rates and underlying futures prices. Their model is
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rate process is the only variable that determine bond prices, bond futures
prices and bond futures option prices. Once we know today’s interest rate
and the future’s interest rate changes, everything about bond prices, bond
~ futures prices and bond futures option prices is known. We will assume

that the interest rate r follows a diffusion process. Its dynamic is given by
dr = a(y —r)dt + og(r)dz (1)

where dr is change in interest rate, dz is change in Wiener process, o is
the volatility parameter, 4 is the long run mean of interest rates and a
is the adjustment coefficient. This process is a mean reverting process
where there is some long term mean rate of interest to which short term
rates eventually converge. The higher the value of a is, the faster is the
converging process. The terms a(y — r) and og(r) are the instantenous
drift and standard deviation, respectively, of the process r. It is assumed
that g is of the form
g(r)=r*

where 3 is equal to 0, 0.5 or 1. Unanticipated changes in the interest rate
are assumed either to be constant, proportional to the square root of the
level of interest rate or proportional to the level of interest rate for 5 = 0.0,
B = 0.5 and B = 1.0, respectively. It is also assumed that all bonds are
priced according to the Local Expectations Hypothesis (LEH). The LEH
implies that at each instant t, the bond price B(r,t,c) satisfies

Ei[dB] + cdt = Br(t)dt

different from the one tested in this paper. Therefore, the results should not be interpreted
as acceptance or rejection of their model. In order to use their model we need to have
whole term structure of interest rates on a daily basis. It would be interesting to test their
model using the whole term structure of interest rates.
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where c is the continuous coupon rate and E is the expectation operator.
Given equation (1) and the assumptions above, based on CIR and Vasicek

it can be shown that B(r,t) satisfies equation (2).
1/20%¢*B,, + a(y—r)By —rB+ B;+c=0 (2)

In equation (2), B,, is the second derivative of B with respect to r, B,
is the first derivative of B with respect to r and B; is the time derivative.
Denoting T to be the maturity date of bond, the bond price B(t, T, r) is then
obtained by solving (2) subject to the following two boundary conditions:

B(T\T,r)=1 and

B(t,T,0) =0

In addition, we assume that Treasury Bond futures options will mature
at ?1, where the treasury bénd futures contract matures at t2 where t; < t,.
Bond futures and options on bond futures will satisfy the same partial
differential equation but different boundary conditions must be employed
in the solution procedure. Assuming the exact values of §, a and v are
known, we can value bonds, bond futures and bond futures options. If
F(z,t) represent the value of a bond futures contract, CIR show that the
futures price of a Treasury bond with maturity ¢; is equal to the value of
an equivalent bond which pays a continuous coupon rF(r,t) and, at the
maturity date of the futures contract, pays a lump sum payment equal to
the treasury bond value at that time. This implies that F(r,t) must satisfy

the differential equation
1/26°¢*F,r + a(y = 1)F, + F; =0 (3)

Futures price F(r,t) is obtained by solving (3) subject to
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F(T, tz) = B(T, tz)
I C(r,t) represents the value of an American call option on the Treasury
bond futures contract with time to expiration #; and exercise price E, then

C(r,t) is calculated by solving the partial differential equation in (4).
1/20%¢*Crr + a(y —r)Cr —rC +C; =0 4

subject to

C(r,0) = maz[0, F(r,t,) — E]

C(r,t) = maz[C(r,t),F(r,t) — E) for t<t

If P(r,t) represents the value of an American put option on the Treasury
bond futures, then P(r,t) can be calculated by solving the partial differential

equation in (5).
1/20°¢*Pr +a(y —1r)P, —rP+ P, =0 (5)

subject to

P(r,0) = maz[0,E — F(r,t,)]

P(r,t) = maz[P(r,t),E — F(r,t)] for t<t

It is assumed here that there is a unique Treasury bond issue which is
delivered against the expiring Treasury bond future contract. In the real
world, the agent who sold the futures contract has the option of choosing
the Treasury bonds for delivery with different terms of maturity and coupon
rates.

The solution procedure requires to find the solution for bond prices,
futures prices and bond futures option prices simultaneously. However, if
the purpose is to price bond futures, one can take bond prices as given. On

the other hand, when the purpose is to price bond futures options, one can
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take bond futures prices as given. Therefore, any model of pricing bond
futures should provide us with the correct value for bond prices. The same
~ logic applies for bond futures options. In pricing bond futures options, our
valuation models should give us the correct value for futures prices. When
comparing futures (futures options) pricing models, all the models should
give the same initial bond price (futures price).

Since there are not always closed form solutions to the above differ-
ential equations finite difference methods were applied to find the value
of underlying securities. For the purpose of calculations r is replaced by
8 = 1/(1 +r) in the differential equations above. Sinée r can range from 0
to infinity, s can vary between 0 and 1. If we let B(r,t) = b(s,t) then the
partial derivatives of B in terms of b is

B, = —s2b,

B, = 5%, + 23%b,

Substituting the value of r and derivatives of B, equation (2) becomes
1/20%¢%s*b,, + [0%g%s® — v(1.0 — 3)s]b, — ((1.0 — 8)/8)b— b, +c=0 (6)

The same procedures of transformations are also applied to equations 3-5
for the solution of bond futures and bond futures options. Substituting the

specific forms of g(r) = r® we get the differential equations to be solved.
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2.2 Constant interest rate
2.2.1 European Futures Options

Black shows that under the usual perfect market assumptions and a con-

stant interest rate, the value of a call option on a futures contract is
o(F,T; E) = e""[FN(d1) = EN(dy)] (7)

where d; = [In(F/E) +0.5¢2T]/o VT and d; = d; — 0+/T and where N() is
the cumulative univariate normal distribution.

The value of a European put option on a futures contract is
p(F,T;E) = e " [EN(~d;) — FN(~dy)] (8)

where all notation is the same as before.

2.2.2 American Futures Options

American futures option prices are calculated using the Barone-Adesi and
Whaley [1987] algorithm. The quadratic approximation method for the

American call option on a futures contract as provided in Barone-Adesi

and Whaley is
C(F,T;E) = c¢(F,T;E) + Ay(F/F*)*> where F < F* and
C(F,T;E)=F-E where F' > F*

and where A, = (F*/g;)1 — e "TN(d,(F™)),

dy(F*) = [In(F*/E) + 0.502T] /o /T,

g2 = (1 + V14 4k)/2, and k = 2r/[0?(1 — e~"T)).

F* is the critical futures price above which the American call futures
option should be exercised. The critical price is determine;i by numerical

methods by solving
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F*—E =¢(F*,T\E)+1—e"TN(d\(F*))F*/q.
The>quadra.tic approximation of the American put option on a futures

contract is

P(F\T;E) =p(F,T;E) + A\(F/F**)1 where F > F** and
P(F,T;E)=E-F where F' < F**
and where 4; = —(F**/q1)1 — eTN(=di(F™)), @1 = (1 — V1 + 4k)/2

and where all other notation is the same as for the American call option.
F™** is the critical futures price at which the American put futures option
should be exercised early and is determined numerically by solving

E - F*=p(F*,T;E) = 1 - e N(=di(F*))F**/a:

3 Numerical Simulations

For a given coupon rate and bond prices, and assumption about the behav-
ior of the interest rate, the prediction of futures prices and bond futures
option prices are the subject of the numerical simulations in this section.
Initially, we calculate the bond futnres prices predicted by each model by
solving equation (3). Then, for a given bond futures price, we calculate the
bond futures option prices predicted by each model.

In our simulations, we start by guessing v and use it to compute a bond
price (bond futures price). We then compare this price with the given bond
price (bond futures price). We keep adjusting + until our model gives us
the correct value for bonds (bond futures). Then, using this v we calculate
futures prices (bond futures option prices).

In Table 13 we have produced the bond futures prices for the following

parameters:
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B=0.75, 1.0 and 1.25

Coupon rate, ¢=0.08

Face value of bond=1.0

T= 16.0

t= 1.0

Volatility parameter, 0=0.10 and 0.20

r=0.05, 0.10 and 0.15

$=0.0, 0.5 and 1.0

a=0.20 and 0.40

A quick look at Table 13 (and other simulations which not all reported
here) suggest the following interesting results. First, when the maturity of
futures contract is short (three months or less), all three models provide
almost identical results. Second, when a futures contract has more than
one year to expiration, the choice of the model matters. Third, for a given
bond price and interest rate, the futures prices are an increasing function
of B. Forth, futures prices are increasing functions of the interest rate and
the adjustment coefficient. |

In Table 14, we have generated bond futures option prices for the fol-
lowing parameters:

F=0.90, 1.0 and 1.10

Coupon rate, ¢=0.08

Face value of bond=1.0

T=16.0
t, =1.0

Volatility parameters, 0=0.10, 0.20
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The adjustmenf coefficent, «=0.10, 0.20

$=0.0, 0.5 and 1.0

A close look at Table 14 reveals the following: bond futures option
prices are very sensitive to the underlying assumptions about unanticipated
changes in interest rates. For a given futures price, option prices are an
increasing function of interest rate. For a given futures price and interest
rate, option prices are a decreasing function of 8. This result is useful
~because if one assumes that /=1.0 and finds that the underlying pricing
model overprices the actual market prices it implies that the square root
model will make even larger prediction errors.

In the next section, using data on bond futures options, we empirically
test the stochastic interest rate model (8 = 1) and compare the results with -

Black’s model.

4 Empirical Tests of Pricing Models

In Table 15, we present the empirical results on the performance of the bond
futures option pricing models. We follow the usual procedure. First, we
describe the data and explain how the model prices are calculated. Second,
we analyze the results. Third, we examine whether there exists systematic '

patterns in the models’ prediction errors.

4.1 Data

The tests of the models for options on bond futures are based on data
for bond futures options that are traded on The Chicago Board of Trade
(CBOT). The data consists of all daily settlement prices from January 2,



44

1987 to December 31, 1987.2 The original sample has 9747 calls and 8542
put option prices. However, the actual sample is smaller than this because
a.ﬂ nominal® prices and option prices which are less than the option’s in-
trinsic value were eliminated. Our final sample consists of 5826 calls and
5057 puts. The interest rate is the weekly average of 3-month T-Bill rates
collected from the Federal Reserve Bank publications. Theoretically, one
should use the T-bill rates which correspond to the option’s maturity. It is
assumed that the use of weekly averages will have negligable effect on our

results.

4.2 Implied Parameters

Black’s European option pricing formula as well as its American version has
five parameters. These are F, E, T, r and 0. The terms F,-E, T and r are
known or are easily observable. The only unknown parameter is ¢ of the
underlying futures contracts. There are several ways one can estimate o.
For ex;mple, one can use historical data to calculate the standard deviation
of futures price changes or one can use the implied volatilities. Implied
volatilities can also be estimated in different ways. The most common

approaches are:

2The problem of nonsynchronous prices with using daily settlement prices are well
known. But the complexity of stochastic interest rate models does not allow us to use
transaction prices. CPU time required by stochastic interest rate models is enormous. We
are in the process of another research project using transaction prices to test constant
interest rate models more throughly.

3The Chicago Board of Trade data manual refers to nominal price ”a future/strike or
option contract does not have a trade in it all day, will, if it has previously traded at some
time since it was listed for trading, have a closing price denoted as a nominal”.
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1. To calculate implied volatility by using at the money option or the

closest one being at the money.

2. Implied volatilities can be calculated using all the options on a given
day using either equal weights or different weights.

3. Using all the option prices on a given date, and finding o which

minimizes the sum of squared residuals.

All these volatility estimates are calculated for calls and puts separetely.
In order to test the predictive power of these models, we also calculate
historical volatilities at time t over the period of (t-n) to t, where n is the
number of days to the option expiration date. The number of days used for
the calculation of historical volatility is equal to the number of days left to
option’s expiration date. Actual volatilities are calculated over the period
of (t+1) to (t+n). To test the predictive ability of each estimate, we run
the following regression

oact = a+ Bogsr

where o407 is the actual volatility and ogsr is the estimated o either
historical or implied. Table 3 shows the results of these tests. The results
indicate that, in terms of R?, historical volatilities outperform most implied
volatility estimates. We also calculate the mean absolute percent errors
and mean square errors. The results are similar to those obtained from the
regression anaiysis.

We calculate Black’s European model and Barone-Adesi and Whaley
American model prices using implied standard deviations. Using all op-
tions with the same expiration date, every day we compute an at the money

implied standard deviation (ISD1), an equaﬂy weighted implied standard
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deviation (ISD2) and a non-linear least squares estimates of standard de-
viation (ISD3).

In order to generate option prices for stochastic interest rate models,
there are three parameters to estimate: v, a and o. Since v is determined
through a process of fitting model prices to actual prices, the only remaining
parameters to be estimated are a and ¢. By trial and error, considerable
time was spent to determine o and o to accomplish a meaningful predictive
power of the models. At the start, we assumed that the market price of
interest rate risk is zero i.e. the local expectation hypothesis holds. Based
on zero market price of interest rate risk, model prices were calculated
and compared to actual market prices. Finally, we set A = 0.12 for calls,
A = 0.14 for puts, @ = 0.07, and o = 0.35 where A, is the market price of
interest rate risk (See Cox, Ingersol and Ross[1981] or Courtadon[1982]).

Table 16 presents the comparison of the model prices with market prices
for the European and American futures pricing models of Black, Barone-
Adesi-Whaley, and for stochastic interest rate models. European futures
option pricing predictions are calculated using Black’s equation. American
futures options pricing predictions are calculated using Barone-Adesi and
Whaley algorithms (1987).* |

From Table 16, one can conclude that the predictive power of constant
interest rate models depends on the method of estimating implied volatil-
ities. Note that non-linear least squares estimate yields smaller pricing

errors than those of the other implied standard deviations. The perfor-

4The model prices generated by using historical data to estimate standard deviation
did not perform well in predicting actual market prices. Therefore, we report only the
results for implied volatility estimates.
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mance of models based on stochastic interest rate was not of a quality as
we expected it to be. This might be due to restricting ourselves to one
factor model of the term structure of interest rates. One could use more
than one factor for modelling the behavior of interest rates.® Finally, the
results in Table 16 indicate that Black’s European futures options pricing
formula performed at least as well as the American futures option pricing

model.

4.3 Tests of Biases in the Pricing Models

Previous resarch has shown that Black’s European model as well as its
American version shows systematic price biases when it is used to value
foreign currency options or index options (See Shastri and Tandon [1936]
and Whaley [1986] among others). Since the systematic biases imply model
misspecification and/or market inefficiency, it is interesting to see whether
these biases exist in the bond futures options market. Therefore, we test
for the existence of time to maturity bias and moneyness bias (in, at or out
of the money) for every model.

Table 17 presents the results of these tests. The hypothesis that models’
mispricing is related to option maturity and the degree of moneyness is

tested using the following regressions:
ERR = fy + 5T + B2In(F/E)

where ERR is the difference between the market price and model predic-

tion. Table 17 shows that both time to maturity and exercise price biases

5See Brennan and Schwartz [5,6,7,8] for two factor models.
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depend on how implied volatilities are estimated. It indicates that put op-
tions that in the money are overvalued, call options that out of money are
overvalued. Time to maturity bias does not have consistent pattern among

different models.

5 Summary and Conclusions

This paper uses three forms of the term structure of interest rates to de-
termine bond futures prices and bond futures option prices. Our numerical
simulations suggest that bond futures prices and bond futures option prices
are quite sensitive to the underlying assumption about the behavior of inter-
est rates. We provide empirical results on the performance of these models
and compare them to Black’s European futures option pricing model and
Barone-Adesi and Whaley American version. Average pricing errors and
systematic mispricing errors are analyzed.

Our preliminary empirical results can be summarized as follows. First,
Black’s model explains the actual market prices much better than the
stochastic interest rate models. Second, there is no difference, in terms
of predictive ability, between the European and the American version of
Black’s model. Third, the results indicate that market prices of these op-
tions deviate significantly from their corresponding model prices and it is
also shown that systematic mispricing errors are related to time to maturit'y
and exercise price.

The results can be interpreted as evidence for rejection of the hypothesis
that the option pricing models (constant interest rate as well as stochastic

interest rate models) are valid and/or that the market for bond futures
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options is efficient. Practical implication of the results is that Black’s Eu-
ropean futures option pricing model and it’s Barone-Adesi and Whaley
American version can be used to value bond futures options if the time to
maturity is short and the option is at the money or close to being at the

money.



TABLE 13

BOND FUTURES SIMULATIONS
=020 ¢=010 ¢, =10 T=16.0

r 0.05 0.10 0.15
B=00 071123 0.74283 0.77470
B=0.7 p=05 071356 0.74603 0.77927
f=10 0.71385 0.74626 0.77977

A=00 096801 1.01033 1.05488 .
B=10 p=05 097332 1.01768 1.06107
f=1.0 097491 1.01706 1.06313

f=00 122629 1.27807 1.33298
B=125 F=05 123196 1.28625 1.34486
A=10 123310 1.28834 1.34693

a=020 0=020 t;, =10 T=16.0

r 0.05 0.10 0.15
#=0.0 0.70915 0.73570 0.76489
B=0.7 p=0.5 0.71466 0.74590 0.77751
f=10 0.71455 0.74607 0.77936

#=0.0 096467 1.00072 1.04040
B=10 g=05 0.97362 1.01511 1.05892
A=10 097381 1.01691 1.06328
B=00 122076 1.26614 1.31388
B=125 =05 123247 1.28502 1.33890
A=10 123255 1.28835 1.34474
=040 0=010 ;=10 T=16.0

0.05 0.10 0.15

r
B=0.0 0.71483 0.74533 0.775633
B=0.7 p=05 0.71779 0.74655 0.77820
B=1.0 0.71726 0.74770 0.77742
B=00 097291 1.01248 1.05181
B=10 pg=05 0.97605 1.01546 1.05757
Bf=10 097387 1.01596 1.05807
f=00 122012 1.27784 1.32884
B=125 B=05 1.23382 1.28395 1.33520
f=10 123460 1.28464 1.33678



TABLE 14

BOND FUTURES OPTIONS SIMULATIONS

F=0.90

F=1.10

F=1.10

F=0.90

F=1.10

p=0.0
B=05
=10

B8=00
B=05
B=10

B =00
B =05
f=10

B =00
B =05
g=1.0

B =00
B =05
=10

=00
B =05
=10

£ =00
=05
f=1.0

8 =00
B=05
B=10

B2=00
B =05
=10

a=0.20

0.05
0.01926
0.0

0.0

0.07439
0.02529
0.00714

0.14354
0.10198
0.10

a =020

0.05
0.01087
0.00406
0.0

0.07754
0.04276
0.01183

0.15393
0.11346
0.i0

a=0.10

0.05
0.03492
0.00346
0.0

0.09492
0.03686
0.00981

0.16458
0.10768
0.10

c=0.10

0.10
0.03930
0.00308
0.0

0.08720
0.03290
0.01166

0.14873
0.10426
0.10

c=10.20

0.10

0.04083
0.01369
0.00021

0.10265
0.05561
0.02158

0.17240
0.12130
0.10

c=0.10

0.10
0.06284
0.01149
0.0

0.11442
0.04902
0.01721

0.17673
0.11596
0.10

t1 = 0.92

0.15
0.04505
0.00658
0.0

0.08978
0.03973
0.01628

0.14835
0.10583
0.10

ty =0.92

0.15

0.06062
0.02262
0.00201

0.11799
0.06562
0.02938

0.18194
0.12927
0.10095

t, =0.92

0.15

0.07170
0.01941
0.00075

0.12000
0.05859
0.02525

0.17907
0.12158
0.10079

tz = 10

0.05
0.11548
0.10
0.10

0.07135
0.02495
0.00649

0.04289
0.00348
0.0

t2 = 10

0.05

0.10749
0.10176
0.10020

0.07345
0.04128
0.01260

0.05151
0.01609
0.00014

t2=1.0

0.05
0.13021
0.10150
0.10

0.09065
0.03569
0.00957

0.06317

0.01024

0.0

T=16.0

0.10
0.13145
0.10
0.10

0.08324
0.03310
0.01085

0.05109
0.00765
0.0

T =16.0

0.10

0.13177
0.10867
0.10000

0.09557
0.05425
0.02081

0.06975
0.02646
0.00203

T =16.0

0.10
0.15369
0.10652
0.10

0.10996
0.04850
0.01706

0.07785
0.01967
0.0

51

E=1.0

0.15
0.13574
0.10160
0.10

0.08615
0.03838
0.01582

0.05337
0.01205
0.0

E=1.0

0.15

0.14861
0.11418
0.10090

0.10886
0.06349
0.02995

0.08035
0.03463
0.00644

E=1.0

0.15
0.16036
0.11181
0.10

0.11570
0.05870
0.02473

0.08281
0.02880
0.00292



TABLE 15
Tests of the predictive power of different estimates of volatility

cacr=a+Pogsr

HSD 0.2326 —0.2411 0.0832
(23572) (—4.568)
CALLS
« B R?

Black — European ISD1  0.2064 —0.1247 0.0056
(17.488) (—1.494)

Black — European ISD2  0.2229 -—-0.2342 0.0394
(20.300) (-3.161)

Black ~ European ISD3  0.2095 —0.1459 0.0101
(18.057) (—1.796)

Black — American ISD1 0.2066 —0.1263 0.0059
(17.5674) (-1.514)

Black — American ISD2  0.2219 —0.2287 0.0376
(20.325) (—3.090)

Black — American ISD3  0.2197 —0.2201 0.0297
(19.424) (-2.774)

PUTS
a B R?

Black ~ European ISD1  0.2171 -0.2021 0.0186
(17.277) (—2.269)

Black — European ISD2  0.2436 —0.3433 0.0825
(19.893) (—4.549)

Black — European ISD3  0.2226 —0.2348 0.0260
(17.098) (—2.616)

Black — American ISD1 0.2172 -0.2038 0.0190
(17.335) (—2.289)

Black — American ISD2  0.2461 —0.3613 0.0917
(20.308) (—4.807)

Black — American ISD3  0.2193 -0.2126 0.0212
(17.099) (-2.394)

cact is the actual volatility and cgsr is the estimated volatility. HSD. is
the historical volatility, ISD1 is at the money o, ISD2 is equally weighted o and
ISD3 is the least squares esimates.

Note: t values are in parenthesis.



TABLE 16

Comparison of Market and Model Prices

CALLS
n Mean Mean Mean %
Model |ERR| ERR>0 ERR<0 ERR>0

Black — European ISD1 5107 0.1091 0.1047 -0.1156  0.595
Black — European ISD2 5765 0.0978 0.0984 —0.0974 0.404

Black — European ISD3 5826 0.0853 0.0935 —0.0766  0.51
Black — American ISD1 5107 0.1032 0.0971 -0.1124  0.598
Black — American ISD2 5766 0.0922 0.0893 —0.0943 0.412
Black — American ISD3 5826 0.0835 0.0903 —0.0745 0.572
Stochastic interest rate 5826 0.3377 0.3630 —0.2101 0.835
PUTS
Black — European ISD1 4370 0.1578 0.1653 —0.1281 0.796
Black — European ISD2 5004 0.1686 0.0933 -0.2355  0.47
Black — European ISD3 5057 0.1280 0.1279 —0.1284 0.65
Black — American ISD1 4370 0.1619 0.1683 —0.1385 0.785
Black — American ISD2 5004 0.1712 0.0961 —-0.2395 0.476
Black — American ISD3 5057 0.1334 0.1352 —0.1299  0.663

Stochastic interest rate 5057 0.3308 0.3604 —-0.2203  0.788

ERR is the difference between market price and model price. n is the number
of observations, ISD1 is at the money o, ISD2 is equally weighted o and ISD3 is
the least squares esimates. Black-European model prices calculated using Black
European futures pricing formula and Black-American futures option prices are
calculated using Barone-Adesi and Whaley algoritm.

33

%

ERR <0
0.405
0.596
0.49
0.402
0.587
0.428
0.165

0.204
0.53

0.35

0.215
0.524
0.337
0.212



TABLE 17

Time to Maturity and Exercise Price Biases in Pricing Models

ERR=F + AT + foIn(F/E)

Bo

Black — European ISD1 0.0758
(18.816)

Black ~ European ISD2  —0.0356
(-9.921)

Black — European ISD3 0.0315
(10.422)

Black — American ISD1 0.0656
(16.875)

Black — American ISD2  -0.0369
(~10.795)

Black — American ISD3 0.0151
(4.823)

Stochastic interest rate 0.1069
(9.970)

Black — European ISD1  —0.0116

(—2.747)

Black — European ISD2  -0.1762
(—38.290)

Black — European ISD3  -0.0165
(—4.729)

Black — American ISD1  —0.0225
 (-5.167)

Black — American ISD2  -0.1771
(—38.280)

Black — American ISD3  —0.0259
(-7.222)

Stochastic interest rate 0.0964
(8.534)

Note: t values are in parenthesis,

CALLS
B

—0.0953
(~7.935)
0.1144
(11.104)
0.0102
(1.170)
~0.0945
(~8.146)
0.1002
(10.226)
0.0824
(9.124)
0.6741
(21.794)

PUTS

0.2377
(18.326)
0.0513
(3.773)
~0.0086
(~0.843)
0.2419
(18.110)
0.0457
(3.338)
0.0425
(4.005)
0.5385
(16.156)

B2

0.6381
(23.528)
0.3952
(15.738)
0.5319
(25.130)
0.4914
(18.767)
0.2777
(11.631)
0.4558
(20.778)
0.9896
(13.179)

1.0619
(38.412)
1.8713
(58.945)
1.3003
(54.074)
1.143
(41.958)
1.9532
(61.175)
1.3646
(55.077)
—0.2197
(—2.823)

R?
0.1285
0.0506
0.1004
0.0931
0.0327
0.0719

0.0857

0.3027
0.4132
0.3664
0.3330
0.4308
0.3776

0.0496

54



Chapter IV
Empirical Tests of Valuation Models for
Options on T-Note and T-Bond Futures

1 Intrqduction

The purpose of this chapter is to test valuation models for options on T—
Note and T-Bond futures. Options on interest rate futures are one of
the most actively traded contracts in Chicago Board of Trade (CBOT).
Options on U.S. Treasury Bond futures were first introduced in October
1982, and options on U.S. Treasury Note futures began trading in May
1985. Underlying instrument is $100,000.00 face value CBOT U.S. Treasury
Bond futures (U.S. Treasury Note futures) contract deliverable during the
months of March, June, September or December. The buyer of a call option
has the right, but not obligation, to assume a long T-Bond (T-Note) futures
position prior to expiration at the specified exercise price. The seller of the
call is obligated to assume a short T-Bond (T-Note) futures position upon
exercise by the buyer. The buyer of a put option has the right but not

obligation, to assume a short T-Bond (T-Note) futures position prior to

85
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expiration at the specified exercise price. The seller of the put option is
obligated to assume a long T-Bond (T-Note) futures position upon exercise
by the buyer.

Black[1976] was the first to provide a valuation formula for futures op-
tions. Black’s model has important advantages. It is simple and easy to
apply. It is also independent of preferences. In Black’s model interest rate
is assumed to be constant. This might not be an important issue when
dealing with stock options, currency options or index options. However,
this assumption seems unacceptable for bond options and bond futures op-
tions because bond prices depend only on interest rates. Intuitively, one
would expect that models with stochastic interest rates would be more ap-
propriate for pricing bond futures options. There is scant literature and
research on pricing bond futures and options on bond futures under the
assumption that interest rates are stochastic. To the best of our knowledge
the only work that deals with pricing bond futures or bond futures options
under interest rate uncertanity are those of Cox, Ingersol, and Ross {1981]
and Courtadon [1983].

The major advantage of using models with stochastic interest rates is
that they are more realistic. We know that interest rates are not constant.
The disadvantage of these models is that they are much more complicated
and difficult to apply especially for transaction data. Therefore, we restrict
our research only c¢n constant interest interest rate models. Our prelimi-
nary empirical results indicates that market prices for these options deviate
significantly from their corresponding model prices and it is also shown that
mispricing errors are reiated to time to maturity and exercise price.

The rest of the chapter is organized in the following manner. In section
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2, we describe the model and explain its implementation. In section 3,
we analyze the data and present empirical results. Section 4 provides a

summary and conclusions.

2 Valuation Models for Options on T-note
and T-Bond Futures

2.1 European Futures (Forward) Options

Black shows that under the usual perfect market assumptions and a con-
stantlinterest rate, the value of a call option on a futures (forward) contract
is

(F,T;E) = e [FN(d,) — EN(d,)] (1)
where d; = [In(F/E) +0.50°T]/o/T and d; = d; — 0+/T and where N() is
the cumulative univariate normal distribution.

The value of a European put option on a fut';ures (forward) contract is
p(F,T; E) = e "[EN(—dy) — FN(—dy)] (2)

where all notation is the same as before.

2.2 American Futures Options

American futures option prices are calculated using the Barone-Adesi and
Whaley [1987] algorithm. The quadratic approximation method for the
American call option on a futures contract as provided in Barone-Adesi

and Whaley is
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C(F,T;E) = c¢(F,T;E) + Ay(F/F*)®? where F < F* and
C(F,T;E)=F—E | where F' > F*
and where A; = (F*/q;)1 — e "TN(dy(F*)),

dy(F*) = [In(F*/E) + 0.50°T) /o /T,

22 = (1 + V1 + 4k)/2, and k = 2r/[0*(1 — e~ T)].

F* is the critical futures price above which the American futures op- -
tion should be exercised immediately. The critical price is determined by
numerical methods by solving

F*—E =¢(F*,T,E)+1—e"TN(di(F*))F*/q.

The quadratic approximation of the American put option on a futures

contract is

P(F\,T;E) = p(F,T;E) + A,(F/F**)" where F > F** and
P(F,T;E)=E-F where F < F™**
and where A; = —(F**/q;)1 — €T N(~=di(F*)), @1 = (1 — V1 +4k)/2

and where all other notation is the same as for the American call option.
F™** is the critical futures price at which the American futures option should

be exercised early and is determined numerically by solving

E-F*=p(F*,T;E)—1—e " TN(=di(F*™))F**/q1

3 Empirical Tests of Pricing Models

In this section we present the empirical results on the performance of Eu-
ropean and American futures option pricing models. We follow the usual
procedure. First, we describe the data and explain how model prices are
calculated. Second, we analyze the results. Third, we examine whether the

market for options on bond futures is efficient.
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3.1 Data

The tests of the models for options on futures are based on data for T-
Note and T-Bond futures options that are traded on The Chicago Board of
Trade (CBOT). The data consists of all transaction prices from January 2,
1987 to December 31, 1987.! These option prices are obtained from CBOT
and are referred as ”time and sales data”. The volume of each transaction
is not reported. The original sample for bonds has 595,116 bond futures
prices, 138,145 call option and 138,802 put option prices. For T-Notes, there
were 87,677 note futures prices, 8,958 call option and 12,575 put option
prices. However, the actual sample is smaller than this because all nominal?
prices and option prices which are less than the option’s intrinsic value were
eliminated. The futures option pricing model requiré simulteanous futures
and option prices. To satisfy this requirement, the future price that come
closest to futures option price is used. We tried to match every option price
with corresponding futures price. The maximum allowed difference between
option and future price is 30 seconds with 15 seconds on the average. Thus,
our final sainple consists of 3,643 calls and 5,106 puts for T-Notes and 62,065
calls and 60,224 puts for T-Bonds. Table 18 provides more information
about the final sample. Table 18 indicates that at the money options are
more active. With respect to time to maturity, the most of trdding activity
was in the nearest contract month. The interest rate is the daily U.S.

Tresasury Bill rate with one month to expiration.

1The problem of nonsynchronous prices with using daily closing prices are well known.
By using transaction data we hope to eliminate this problem.

2The Chicago Board of Trade data manual refers to nominal price “a future/strike or
option contract does not have a trade in it all day, will, if it has previously traded at some
time since it was listed for trading, have a closing price denoted as a nominal”.
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3.2 Implied Parameters

Black’s European option pricing formula as well as its American version
has five parameters. These are F, E, T, r and ¢. F, E, T and r are known
or easily observable. The only unknown parameter is ¢ of the underlying
futures contracts. There are several ways one can estimate o. For example,
one can use historical data to calculate the standard deviation of futures
price changes or one can use the implied volatilities. Implied volatilities

can also be estimated in different ways. The most common approaches are:

1. One can calculate implied volatility by using at the money option or

the one most close to being at the money.

2. Implied volatilities can be calculated using all the options on a given
day giving them either equal weights or different weights.

3. using all option prices on a given date, and finding o which minimizes

the sum of squaied residuals.

We use the third approach. All futures option prices on a given day

were regressed on their corresponding model prices:

Vi=Vi(@)+v j=1,..,N

where V; is the actual market price, Vj(o) corresponding model price and
u; is the error term. All transaction prices for a given maturity in the
final sample were used in each regression. Table 19 presents the means
and standard deviations for implied standard deviations. As can be seen
from this table, the means of implied volatilies for T-Bonds are higher than

those for T-Notes, as expected. The standard deviations implied by call
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option transaction prices are lower, on average than that implied by put
option prices. Table 20 presents the comparison of model prices with market
prices for Black’s European and American futures option pricing models.
European futures option pricing predictions are calculated using Black’s
equation. American futures option pricing predictions are calculated using
Barone-Adesi and Whaley algorithms (see their paper, 1987). Table 20
indicates that deviation of market prices from the corresponding model

prices are in general higher for the puts compared to the calls.

3.3 Tests of Biases in the Pricing Models

It is well known that Black’s European model as well as its American version
shows systematic mispricing when it is used to value foreign currency op-
tions or index options (See Shastri and Tandon [1986], and Whaley [1986],
among others). It is interesting to check whether these biases exist in
T-Note and T-Bond futures options market. Therefore, we test for the ex-
istence of time to maturity bias and for bias related to which the option is
in or out of the money for every model.

Table 21 presents the results of these tests. The hypothesis that models’
mispricing is related to option maturity and the degree to which the option

is in the money or out of the money is tested using the following regression:
ERR = o+ BT + B2In(F/E)

where ERR is the difference between the market price and model predic-
tion. Table 21 indicates that put options in the money are overvalued, call
" options out of the money are overvalued. Time to maturity bias does not

have consistent pattern among different models. Time to maturity and the
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degree of moneyness of the option does not have much explanatory power
for call options (R? is less then 3%). The explanatory power of time to
maturity and moneyness for put options is much higher. R? is approxi-
mately 35% for T-Note put options, and 45% for T-Bond put options. This
indicates that Black’s model might be used to price call options but not

put options.

3.4 Market Efficiency Tests

The existing systematic biases shown in Table 21 imply that either the
futures option pricing models are misspeciﬁed or the markets for T-Note
and T-Bond futures options are inefficient. One way to test this is to check
whether above normal profits can be earned in those markets. The models
would still be useful if they allow us to make abnormal profits. The test
design, the buy and hold strategy, is the same as in Whaley [1986]. Each
day implied volatility is estimated using non-linear procedure, separate for
calls and puts. This estimate of volatility is used to price options on the next
day. Depending on the nature of mispricing, hedge portfolio was formed at
that moment. Let Cr be the partial derivative of call option with respect
fo futures price and Pr be the partial derivative of put option with respect
to futures price. If call option is underpriced (overpriced) by the model,
hedge portfolio is long (short) one futures options position and short (long)
Cr futures contract. If put option is undervalued (ovefvalued), the hedge
portfolio is long (short) one futures option position and long (short) Pr
futures contract. Each hedge portfolio was held until the futures option

expired or until the end of the sample whichever came first. At this point,
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the hedge portfolio was liquidated and profits were calculated.? In order to
consider transaction costs, the hedge portfolios were formed only the price
deviation was equal or greater than 0.05.

In Tables 22 and 23, we provide the results of these hedging tests. The
results indicate that if one uses American version of Black’s model, then
selling overvalued calls produces abnormal profits. For puts, hedging prof-
its, in most cases, are negative. It is not clear if these results are time
specific or general nature of these markets. It is interesting to note that
even though European and American models provide almost identical re-
sults, average number of futures contract positions differ greatly between
them. Average number of futures contracts are the average hedge ratios for
mispriced options. For example, the average hedge ratio for undervalued
~T-Note options is 0.39 if one were to use European model and it is 0.98 if
one uses American model. This is also true for T-Bond calls, T-Note puts
and T-Bond put options. The average hedge ratios are always higher for

American version of models.

4 Summary and Conclusions

This paper tests Black’s European futures option model and its American
version using transaction data on T-Note and T-Bond futures options. The
results presented here indicate that model prices for these options deviate
significantly from their corresponding market prices. These deviations are

much larger for put options than those for call options. The practical

3As pointed out in Whaley [1986], by holding the portfolio open until exbiration, at
that time actual and market prices converge to the same value (intrinsic value), there is
some assurance that observed profit oportunities will be captured.
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implication is that Black’s model can be used to price call options on T-Note
and T-Bond futures but probably not for put options on these instruments.
Theoretically, this also implies-that put-call parity most likely does not
hold for T-Note and T-Bond futures options. From a practical point of
view traders of these options should have been very careful not to take
"arbitrage” trades such as conversion and reverse conversion based on the -
model. A possible reason for the deviation of the model price from the
market price is that it is optimal to exercise the put option before the
expiration date (see Merton (1973)). This may happen due to either deep
discount or more likely small differences between the coupon and the short
term rates. In addition the mispricing errors are related to the time to
maturity and the exercise price. The implications of these findings are:
(1) as the expiration date approaches the option pricing model should be
used very carefully especially for very short dated options; (2) getting in
and out of the money will result in larger errors while using the model to
price the options. The hedging tests provided abnormal profits only in the
case of call options. This result reinforces our earlier observation that the
model can be used to detect mispricing for call options. It fails to detect
mispricing for put options. The search for answers to this question is left

for future research.



SUMMARY OF T-NOTE AND T-BOND FUTURES OPTIONS

FIX

F/X < 0.90
0.90 < F/X < 0.95
0.95 < F/X < 1.00
1.00 < F/X < 1.05
1.05 < F/X < 1.10

1.10< F/X

All

F/X <0.90
0.90 < F/X < 0.95
0.95 < F/X < 1.00
1.00 < F/X < 1.05
1.05 < F/X < 1.10

1.10 < F/X

All

TABLE 18

TRANSACTION DATA

#of
CALL

2
123
2411
1090
16

1
3643

1427
13325
38863

8052

358
40
62065

T~-NOTES

transactions
PUT

0

55
2388
2544
118
1
5106

T - BONDS

50
1758
20490
30945
5563
1418
60224

time to expiration
in weeks

T<4
4<T<8
8<T<12
12<T< 16
16<T <20
20<T
All

T<4
4<T<8
8<T<12
12<T < 16
16<T <20
0<T
All

65

# of transactions

CALL

912
1193
992
376
144
26
3643

14445
15909
16579
8765
4530
1837
62065

PUT

956
1878
1422

827

287

36
5106

14377
16201
15922
7932
4423
1369
60224



TABLE 19

Summary Statistics for estimates of implied volatilities

Underlying
contract

T — Note
T — Note
T — Bond
T — Bond

T — Note
T — Note
T — Bond
T - Bond

CALLS
Model

Black — European
Black — American
Black — European
Black — American

PUTS

Black — European
Black — American
Black — European
Black — American

# of observations

340
340
529
529

340
340
529
529

Mean

0.0842
0.0838
0.1284
0.1290

0.0888
0.0883
0.1366
0.1365

standard
deviation

0.0294
0.0294
0.0304
0.0336

0.0304
0.0302
0.0311
0.0316

Black-European model prices calculated using Black’s European futures pric-
ing formula. Black-American futures option prices are calculated using Barone-
Adesi and Whaley algorithm.
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Underlying contract

T — Note
T — Note
T - Bond
T - Bond

T — Note
T — Note
T — Bond
T~ Bqnd

TABLE 20

CALLS
Model

Black — European
Black — American
Black — European
Black — American

PUTS

Black — European
Black — American
Black — European
Black — American

Comparison of Market and Model Prices

# of observations

3643
3643
62065
62065

5106
5106
60224
60224

MAE

0.0431
0.0438
0.0450
0.0476

0.0704
0.0720
0.0887
0.0921
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MAPE

8.3146
8.4208
8.5499
10.1356

prm—d

8.7984
9.1571
10.3241
11.2582

MAE is the mean value of the difference between market price and model
price. MAPE is the mean value of the percent error. Black-European model
prices calculated using Black European futures pricing formula. Black-American
futures option prices are calculated using Barone-Adesi and Whaley algorithm.



TABLE 21

Time to Maturity and Exercise Price Biases in Pricing Models

ERR=fo + /1T + f2in(F/E)

Underlying Model Bo
contract

T — Note  Black — European 0.0048
(2.050)

T — Note  Black — American 0.0033
(1.379)

T —Bond Black — European 0.0105
(20.116)

T —Bond Black — American —0.0022
(-3.779)

T — Note  Black — European 0.0108

(4.751).

T — Note Black — American 0.0106

(4.603)

T—-Bond Black — European 0.0027
(4.058)

T ~Bond Black — American —0.0054
(—7.749)

Note: t values are in paranthesis.

CALLS
B B2

0.0207  0.6120
(1.424)  (10.108)
0.0578  0.5996
(3.882)  (9.668)
0.0064  0.3179
(2.367)  (36.424)
0.0879  0.2735
(29.737)  (28.633)

PUTS

—0.0535  2.599
(—4.129)  (52.838)
—0.0107  2.6633
(—0.818)  (53.418)
—0.0924  2.3370
(—25.822) (225.455)
~0.0124  2.3665
(—3.301) (217.887)

R2

0.0273
0.0249
0.0223

0.0205

0.3534
0.3593
0.4583

0.4463
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TABLE 22

Average Profits from Hedge Portfolios for Calls

Underlying
contract

T — Note
T — Note
T — Bond
T — Bond

T — Note
T — Note
T — Bond
T — Bond

T — Note
T — Note
T — Bond
T — Bond

T — Note
T — Note
T — Bond
T — Bond

Model

Black — European
Black — American
Black — European
Black — American

Black — European
Black — American
Black — European

) Black — American

Black — European
Black — American
Black — European
Black — American

Black — European
Black — American
Black — European
Black —~ American
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Minimum # of Average # of
Abs.Pr.Dev. observations contracts
Undervalued Calls

|DIF| > 0.05 872 0.3902
|DIF| 2> 0.05 813 0.9816
|DIF| > 0.05 15318 0.3295
|DIF| > 0.05 14179 0.9806
|DIF| > 0.10 383 0.3879
|DIF| > 0.10 363 0.9814
|DIF| > 0.10 6610 0.3419
|DIF} > 0.10 6399 0.9812
Overvalued Calls

|DIF| > 0.05 946 0.4432
|DIF| 2 0.05 1003 0.9815
|DIF| > 0.05 13883 0.3488
|DIF| > 0.05 14824 0.9790
|DIF| > 0.10 515 0.4240
|DIF| > 0.10 541 0.9805
|DIF| > 0.10 6877 0.3922
|DIF] > 0.10 7399 0.9771

Average
Profits

0.0147
—0.0024
—0.1242

0.1388

-0.2064
—0.0925
—0.4094
—0.0891

—0.2806
—0.0664
—0.0698

0.4021

-0.2184
0.0591
0.1046
0.8630



TABLE 23

Average Profits from Hedge Portfolios for Puts

Underlying
contract

T —~ Note
T — Note
T — Bond
T - Bond

T — Note
T — Note
T - Bond
T - Bond

T — Note
T — Note
T - Bond
T - Bond

T — Note
T - Note
T — Bond
T - Bond

Model

Black — European
Black — American
Black — European
Black — American

Black — European
Black — American
Black — European
Black — American

Black — European
Black — American
Black — European
Black — American

Black — European
Black — American
Black — European
Black — American
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Minimum # of Average # of
Abs.Pr.Dev. observations contracts
Undervalued Puts
|DIF| > 0.05 1413 -0.5829
|DIF| > 0.05 1332 -0.9797
|DIF| > 0.05 17983 —0.5363
|DIF| > 0.05 17005 -0.9793
|DIF| > 0.10 796 —0.5865
|DIF| > 0.10 766 -0.9789
IDIF}| > 0.10 10604 —0.5421
|DIF| > 0.10 10043 ~0.9781
Overjvalued Puts
|DIF| > 0.05 1916 —0.3904
|DIF| > 0.05 1985 —0.9781
|DIF| > 0.05 22718 -0.3127
|DIF| > 0.05 23829 -0.9770
|DIF| > 0.10 1243 —0.3656
|DIF| > 0.10 1330 -0.9771
|DIF| > 0.10 15102 —0.2926
16077 —0.9747

|DIF| > 0.10

Average
Profits

0.1340
0.0699
—0.0678
—0.4002

—0.1193
—0.1166
—0.3334
—0.5881

—0.3883
-0.4262
-0.0877

0.0126

—0.2326
—0.4119

0.0731
—0.0126
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