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ABSTRACT

ANISOTROPIC ION TEMPERATURE GRADIENT INSTABILITIES

by

Hao Song

Advisor: Professor Amiya K. Sen

The effects of anisotropic temperature gradient and collisions on the ion-
temperature-gradient (ITG) instabilities have been investigated by using kinetic theory.
In the slab limit, the ITG mode is driven unstable by coupling between the transit
resonance and ion temperature gradients. While v, (n,, = dInT,_ /Olnn, where T, is the
perpendicular ion temperature and n is the plasma density) only affects the mode
through the finite Larmor radius effect, n;; (n,; = 0InT,/Clnn) is needed to trigger the
instability. With electron collisions, the mode propagating in the electron diamagnetic
drift direction becomes more unstable at small n,. but a second stability regime is found
at large n,; for the branch propagating in the ion diamagnetic drift direction. In the
toroidal limit, the ion branch is driven unstable by coupling between the magnetic drift

resonance and temperature gradients and it can be stabilized by electron collisions. The



electron branch destabilized by the interchange effect from bad magnetic curvature can
be further destabilized by electron collisions. For the trapped ion toroidal ITG mode,
the perpendicular ion temperature gradient is crucial to drive the instability. However,
the critical temperature gradient is increased by a factor of 1/&'~, where €' is the
trapped fraction, and it can be further enlarged by ion or electron collisions. For the
mixed slab and toroidal ITG mode, a coupling between the ion and electron branches
was found to cause the stability regime to break into two separated regions in the n-
n.. plane. Electron collisions can significantly reduce the first stability regime at small
n,. but expand the second stability regimes at large 1, . The non-local correction has a
stabilizing effect on the 1on branch but a destabilizing effect on the electron branch. This
effect is so strong that it can overcome the coupling effect and so the second stability
regime is not separated from the first one. The new second stability regime may provide
a possible stabilization scheme for the ITG instability via intense ion cyclotron

resonance heating and neutral beam injection.
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CHAPTER 1

INTRODUCTION

1.1. Previous work

The ion temperature gradient driven (ITG) instability was first formulated three
decades ago (RUDAKOV er al,, 1961). It was found that with a flat density profile a
mode could be driven unstable by an ion temperature gradient. The mode was essentially
an electrostatic mode that propagates in the ion diamagnetic drift direction. The
instability can be characterized by a critical parameter 1, = ¢InT /Clnn, where T, is the
ion temperature and n is the plasma density. Early analyses of the ITG instability were
performed in the slab limit, with emphasis on the dynamics along the magnetic field
B. Using the fluid-ion approximation, Coppi ef al. (COPPI et al., 1967) derived a mode
equation, from which the threshold value of n, was obtained. Kadomtsev e al. (
KADOMTSEV er al., 1970) suggested that the kinetic-ion effect should be taken into
account and obtained a lower threshold n, ~ 1. This was confirmed in detailed
numerical studies by Waltz ef al. (WALTZ er al., 1980). Later, it was found (COPPI
et al., 1977, HORTON ef al., 1981) that the n, mode can also be unstable in the toroidal
limit. From fluid theory, Horton er a. (HORTON er al., 1981) pointed out that the
mode balloons significantly in the bad curvature region and is driven unstable by
interchange effects. The kinetic effect on this mode has also been studied intensely.

(TERRY er al., 1982, GUZDAR et al., 1983) Other relevant studies during that time



2
investigated particle and heat transport, (ANTONSEN er al., 1979, HORTON et al,,
1980) quasi-linear (MIGLIUOLO, 1985) and nonlinear (LEE er al., 1986) saturation
mechanism.

Recently, ITG instability has received intense interest since it was suggested by
many authors (TANG er al., 1986, BIGLARI ef al., 1989, ROMANELLI et al., 1989)
that the ITG instability may be responsible for the anomalous heat transport in
tokamaks. Supporting experimental evidence from many tokamak devices included the
improvement in confinement time under more peaked density profile (GREENWALD
el al, 1984, KAUFMANN er al., 1988, SCHISSEL ef al., 1989, JET Team et al., 1989,
SUZUKI et al., 1989, SOLDNER er al, 1988, WATARI er al, 1990), a density
fluctuation propagating in the ion diamagnetic direction (WATTERSON et a/., 1985),
and strong anomalous heat transport with relatively flat density profiles (WANGER e#
al., 1982, NAGAMI er al., 1984, KAYE er al., 1985). However, a more recent
experiment (ZARNSTOREFF er al., 1991) performed on the tokamak fusion test reactor
(TFTR) indicated that the threshold value of the ion temperature gradient was higher
than the theoretical predictions from slab or toroidal ITG models (Tang er al., 1986,
BIGLARI et al., 1989; ROMANELLI et al., 1989, GUZDAR ef al., 1983). As the
density profiles were broadened significantly, the ion thermal transport remained
unchanged. To address this issue, more complex numerical studies of the n, mode were
undertaken. Xu and Rosenbluth (XU er al, 1991) used a particle simulation code to
study the ITG mode in a toroidal geometry with trapped ions. Dong et al. (DONG er al.,
1992) developed a kinetic integral equation for the study of the ITG instability in
toroidal geometry. Kim ef al. (KIM ef al, 1993) considered in detail the electron-

magnetic effect on the toroidal ITG mode.
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Moreover, present day tokamaks such as TFTR can approach such low
collisionalities (ZARNSTORFF er al., 1989) that both electrons and ions are in the
‘banana regime' (Vs = v,/0,, < 1, where v,y is the effective collision frequency and
o, the trapped particle bounce frequency of the jth species). Here, the particles with
low parallel velocities are trapped in the outer part of the torus in a toroidal system.
Although the collisionalities are low, the dissipative trapped electrons can still play an
important role because the effective collision frequency can be much higher than the
mode frequency. The trapped particle response can modify the results of the ITG mode.
Romanelli er al. (ROMANELLI ef al., 1990) investigated the effect of trapped electrons
on the toroidal n, mode and found that the threshold value of the ion temperature
gradient for the mode propagating in the electron diamagnetic drift direction can be
removed by the destabilizing effect of the trapped electron response, while the threshold

for the mode propagating in the ion diamagnetic drift direction persists.

1.2. Motivation of the present research

However, most of the theoretical studies on the n, mode have omitted the
possible different roles of the gradient of the parallel and perpendicular ion temperatures,
henceforth denoted as n,; = dInT,/0lnn and n,, = @InT, /Clnn, respectively. Because
anisotropic ion temperature and the corresponding anisotropic ion temperature gradients
can be generated by powerful auxiliary heating schemes such as ion cyclotron resonance
heating (ICRH) and neutral beam injection (NBI), it is important to consider the effects
of anisotropy in the ion temperature gradient MATHEY ef al., 1989, KIM er al., 1991).

There are two important reasons of the further study. First, the investigation of the
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different roles of parallel and perpendicular ion temperature gradients (i.e. n, and n,,)
furthers our understanding of the physics of the ITG instability. Secondly, only after this
understanding can one address the important practical question of which heating methods
should be used to produce more n, stable plasma.

This effect was investigated first in the shearless slab geometry. Using a local
kinetic theory, Mathey and Sen (MATHEY er al,, 1989) showed that a gradient in the
parallel ion temperature is needed to excite the slab ITG instability, while a gradient in
the perpendicular temperature can either enhance or reduce the instability. Kim e al.
(KIM er al., 1991) generalized the study to the toroidal limit by replacing the transit
resonance with the magnetic drift resonance. They found that either a parallel
temperature or perpendicular temperature gradient can have a destalibilizing effect.

In the present research, the model used by Mathey er al. (MATHEY et al., 1989)
is improved by including a realistic damping effect. This damping effect on the toroidal
ITG mode discussed by Kim ef al. (KIM er al., 1991) is also examined. The study of
the ITG mode is then extended to a circumstance where both the transit and the
magnetic drift resonances are present. This allows us to study tixe more realistic situation
in tokamaks, where mixed slab and toroidal ITG modes may be expected. Furthermore,
the effect of trapped particles is included in the research. Unlike Romanelli er al.
(ROMANELLI er al., 1990), dissipative rather than semi-collisional trapped electrons
are considered to focus on the effect of collisions. A simple model with trapped ions
is used to explain the experimental results on TFTR (ZARNSTORFF er al., 1991) and
the Columbia Linear Machine (CLM) (GREAVES er al., 1991). In addition, the non-

local effect on the ITG mode is also included for completeness.



1.3. A fluid model of the 1, mode

A simple fluid model of the ITG instability is given in reference (TANG ef al,,
1986). In the flat density gradient limit, the perturbed density response for the ions and

electrons can be approximated by

] (1) 0,0y kfcs (1) o, T
T; w? 203

and

n_=n

S8

where o, is the ion diamagnetic drift frequency, and o4 is the magnetic drift frequency.

From the quasi-neutrality condition, the local dispersion relation is obtained as

1+

(1+m;) 0,;06:( Te), kfei(l+m)o
®? T; 20°

Here, the second and third terms are the toroidal and slab contributions, respectively. In

the slab limit (0, = 0), the 7, instability is recovered, i.e.,

-kfcg (1) @ 1/3('1 .‘/—3_)
‘°( 3 ] PR

This result shows that the mode can be driven unstable by large m, in the flat density

gradient limit.
1.4. A kinetic model of the 1, mode

A kinetic model of the slab ITG instability can be found in reference
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(MIKHAILOVSKII, 1974). Now, the transit resonance is included and the perturbed

density response for the ions becomes

W oee
+soz( k,vl-m) } (1.1)

where Z(w/kv,;,) is the plasma dispersion function, b = (kyp,)z, S, = exp(-b) I,(b), and

TGO W, ; w2 N
- + 1+, ————~—=-1,;bG
K\Vien klvith( Ykivie 2 )

G=1-1,(b)/1,(b) with I, and I, being the zeroth and first order modified Bessel functions.
The perturbed electron density is n, = ned¢/T,. From quasi-neutrality, the dispersion

relation can be written as

=0
k{vin K\Vien

W, W? .
_ Tw + 201+ "121 ~ _L_nibG
KVien KVien\  kivie 2

which yields a necessary instability condition:

2
LENR 1+2bG

Again, the mode becomes unstable when 1, is higher than the above threshold value.
1.5. Plan of the thesis
The structure of this thesis is as fellows. In Chapter 2, the physics of ITG

instability is reviewed briefly and the gyrokinetic formalism is established as a starting

point. In Chapter 3, anisotropic effect of ion temperature gradient on the slab ITG mode
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with collisions is studied. The results are then extended to the toroidal ITG limit in
Chapter 4. In Chapter 5, a mixed slab and toroidal ITG mode is considered for the
more realistic case. In Chapter 6, non-local effect is discussed. Finally, a summary is

given in Chapter 7.



CHAPTER 2

PHYSICS OF ITG INSTABILITIES
AND BASIC NEW FORMALISM

In the first part of this chapter, the physical mechanism of the ITG instability is
reviewed briefly with emphasis on the anisotropic effect of ion temperature gradient.
Both fluid and kinetic descript.ions are given. In the second part, the gyrokinetic
formalism is used to derive an expression for perturbed ion and electron densities by

including anisotropic ion temperature gradient.
2.1 Physics of the ITG instability
2.1.1 Fluid Description

Consider the plasma as a compressible fluid with radial gradients in parallel and
perpendicular temperatures. The purpose here is to find which temperature gradient is
crucial to trigger the ITG instability.

The configuration is shown in Fig. 2.1. The uniform magnetic field B is in the
+z-direction. Gradients in density and temperature are in the -x-direction. An
electrostatic wave is launched with the wavevector k, electric field E, and E;. Due to E,,

plasma can be compressed along the magnetic field line producing ion acoustic type



X
3
| ExB g
;vn lvT ‘ B
| |
- A ' <« parallel compression
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{ \"\\ }
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2.1 Diagram for the ITG instability for a fluid model

perturbation. Due to the electric field E,, plasma can be moved up and down by the ExB
drift in the x-direction.

In the case where there are no temperature gradients, parallel compression leads
to an increase in the local density in region A. Simultaneously, the ExB drift brings
less dense plasma into this region and approximately cancels the density increase by
parallel compression. Under this situation, the total pressure in region A cannot be
lowered by parallel compression. However, with temperature gradients, the plasma
brought into region A by the ExB drift also has a lower temperature. This causes the

total pressure in this region to be lower and consequently enhances parallel compression.
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Thus, the perturbation grows. Here, temperature gradient in the perpendicular direction

can only change the pressure in the perpendicular direction and cannot enhance the

parallel compression. It is the parallel temperature gradient that changes the pressure
in the parallel direction and therefore triggers the ITG instability.

To estimate the critical value of the parallel temperature gradient, the two fluid

equations

Q% --9Vp-TPV-7
9 - 9Vn-n¥-7 -0

are used to obtain the following equation

P (P-1-n,) PV¥

mlcu
e

where n is the density, P is the pressure, 1, = VInT/Vinn, and I' = (d+2)/d is the ideal
gas compressibility constant and d is the number of degrees of freedom. From the above
discussion, n; should be n; = VInT /Vinn. Because the condition for negative
compression is I' - 1 - 1, < 0, a critical parallel temperature gradient n; = I' - 1 1s

thus obtained. In particular, for three-dimensional plasmas (d=3), ' = 5/2 and n,; = 2/3.

2.1.2 Kinetic Description

The fluid description is simple and is used widely to explain the ITG instability.



M
However, it cannot be applied to the case where the instability is related to the wave-
particle interaction. This interaction is especially strong near resonance ® = k-v, where
v is the velocity of the particle that participates in the resonance. The resonant effect
must be dealt with by the kinetic approach.

In the kinetic description, the ITG modes can be driven unstable by two kinds
of driving forces: (1) due to the coupling of the parallel transit of the ions with the
temperature gradient in the slab limit, (2) due to the coupling of the curvature and grad-
B drift with the temperature gradient in the toroidal limit.

In the slab case, the guiding center of the ions only moves along the magnetic
field lines and so transit resonance arises when the parallel velocity of the ions matches

the parallel phase velocity of the mode: ® = kv, Because v, can be either positive

X
ExB B——
|
] vn lvT i
v v, =aolk,
. @._> ............... &— ..
A B ) C
ExB
- - i + ++ - - i
el it —— ind - —— z
- + 1 -
-7 + + - -\\\
/- + - =k
//'
/
’
y

Fig. 2.2 Diagram for ITG instability for a kinetic model
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or negative, the condition of transit resonance can always be satisfied for any frequency
®. The configuration shown in Fig.2.2 is similar to the one in the fluid situation except
that the fluid is. replaced now by resonant ions. The ions from A to B gain energy from
the wave because they are accelerated by the perturbed parallel electric field E. These
ions from A to B are brought there by ExB drift from a region where the temperature
and density are lower. On the other hand, the ions from B to C which lose energy to
wave originate from a region with a higher temperature and density. The energy gain
may not balance the energy loss. This results in a net energy exchange between the
wave and resonant ions. Thus, the wave can be driven unstable by the free energy.
Specifically, the ITG instability arises either when energy is transferred to the positive
energy wave or energy is extracted from the negative energy wave. To examine which
temperature gradient is important, the number density of resonant particle at position x

is noted to be

n(x)
TI (X) 1/2

oc
res

exp

_n ()
2T|(x) K

since it relates to the amount of energy exchange. Note that the number of resonant
particles is independent of the perpendicular temperature after the Maxwellian
distribution function is integrated over the perpendicular velocity. By taking into account
the number of the ions from A to C, the energy exchange is found to be only dependent
on parallel temperature gradient. Again, in the kinetic description, parallel temperature
gradient is crucial.

In the toroidal case, the wave is also driven unstable by the energy exchange
between the wave and the resonant ions. However, there are two features that are

different from the slab case. First, the guiding center now moves in the perpendicular
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direction because the magnetic drift (magnetic curvature and grad-B drifts) is in the
cross field direction. Second, the resonance condition becomes @ = kv, where v;, is
the magnetic drift velocity in y-direction. For bad magnetic curvature v, = -1/(0)CR)(V|:
+ v /2) <0 with R the major radius, only the mode propagating in the ion diamagnetic
direction (0<0) can participate in the resonance. Since the drift velocity is dependent on
both v, and v , the marginal stability condition should be also dependent on both

parallel and perpendicular temperature gradients.
2.2 Gyrokinetic formalism

From the physical point of view presented above, the incorporation of anisotropic
temperature gradients for the analysis of the ITG instability is shown to be natural. Now
anisotropic temperature gradient is brought into the analysis quantitatively. Instead of
using the method of characteristics (MIYAMOTO, 1980), a gyrokinetic formalism
(TAYLOR er al., 1968) is employed here because of its elegant way to deal with the
problem. In general, both transit and magnefic drift resonances can exist simultaneously
and so they are included together in this derivation with anisotropic temperature
gradients.

The distribution function for the steady state is considered to be a Maxwellian.
Since density and temperature are not constant, the Maxwellian distribution can be

expanded to lowest order in density and temperature gradients as follows:

2 2
A% v \( 1
F=FM1—Li(_Y+x]1+'r|il -1y, __2'_—_5 = (2.1)
n\ V¢ 2V_L0 Vith

where F,, is the Maxwellian distribution function, L, = -(dInn/dx)" is the density scale




length , n,_ = dInT,_/dlnn, n,; = dInT,/dInn, v, = (2T,/m)'~, and v,, = (T,,/m)"".
The electric potential has the form ¢ exp(- iot + ik; + ik;). The perturbed
distribution function f is also proportional to exp(- iot + ik, + ik,). In the electrostatic

limit, the perturbed distribution function satisfies the Vlasov equation

-iwf+1 (k|v|+kyvlcosw+kva) f‘“’cai‘ll; -C({f, F)

2 2
mv, mvi 1
14 2

where y = tan"(vx/vy), C(f, F) is the collisional operator. Suppose that the equilibrium

_ kIVI _ kyvlcosqr _ ky
Ty T; mL o,

1

=iedF,

varies over some characteristic length scale L much larger than an ion Larmor radius p;
= v,,/0.. Expand the perturbed distribution function f = f, + f, + - in the order of p/L.

The lowest-order Vlasov equation for the perturbations is

k v cosy
. KV, £_ _
* o, ° oY T,

1L

afo__i ed kyvzc):osqy 5,

c

which yields

kv,
f0=hiexp(1-—£c—s1n¢)— ;d’ Fy .,

2L

where h, is yet to be determined by the following next-order Vlasov equation for the

perturbations
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mv? mvi 1
Y g M T, 2
Py 1

Substituting f, into the above equation, an equation for h, is obtained as

kv &
T, ML,

1

o]

k

c

=iwcé%[flexp(—i %ﬁ sinwﬂ +exp(—i %‘Q simy)

c c

kv, kv, k z vi
XY Fyf e M R M L—[1+7; S R 2| =
T, Ty T mLw, o Vi 2

The first term of the RHS of the equation is the only term related to f, and it vanishes
after averaging over the gyrophase angle . Then, the equation for perturbed distribution
f, is truncated. Using the Krook collisional operator C(f, F) = -v; h, exp(ik,v siny/o)

(BHATNAGAR er al., 1954) with v, the ion collision frequency, h; can be solved as




o fv_kv,_ %
N T;, Ty Ty mLw,

14

mv? mv{ 1
Ml gz, HMa T, 2
14 21

® +1Vi"k|V'—kyVD

where

k
= .zndqr exp(—i—é')‘-,isian)=Jo( k(";vl-)

2nJo c c

is the zeroth-order Bessel function. Here, the Bessel function comes from the effect of
the finite Larmor radius (FLR). By using the dimensionless parameters p = v//v,, u =
(V.Y =TTy, 1, = TJT,, €, = LR, b=(k,p,)’, @., = «(1,1,/2)" ’k,p, and oy, = -

g,k (t/27.)"%, h, can be rewritten as

3/2 2
211.' / VithVJ-O e

hi-:__ﬂ___(%@) exp (~p2-u/2) J,W/ED)

W0t +tkp(ty-t,) —0,; [1+n,;,(u/2-1)+q, (P?-1/2)]
w+iv;-kp-wy(u/2+2t,p?/1))

where k| has been normalized to 1/L,, @ and v, have been normalized to v;,/L,. Finally,

the perturbed i1on density can be expressed as

ni=fdx7 £,

=n% -n+< ot tkp(ty-t,) ~@,; [1+0;,(u/2-1)n, @2‘1/2)J>} w(2.2)

w+iv,;~kp-w,(u/2+2t,p?/t)) -
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where

<--->=-2--1—‘/E _:D 19) fomdu exp (-p?-u/2) J&ybu) ()

is a velocity average over a Maxwellian.

By using the same procedure, the perturbed density for electron can also be

obtained as
nen €8y [ 070 [Fg/2-en, @21/ Ly )
Te @+1v - [T/ mKp

where for electron n, = dinT/dlnn, u = myv_*/T,, p* = m,v/2T, and o., = -0., and
1 +00 +00
(o) = d d —-2— 2 o) |
Tﬁf—m p [ “du exp(-p*-u/2) (=)

Note that the electron collisional frequency v, has also been normalized to v,,/L,.

In summary, the perturbed densities of 10n and electron given by Egs. (2.2) and
(2.3) are finally obtained by using the gyrokinetic formalism. The anisotropic ion
temperature gradients are included in these expressions. These results are subsequently

used in the following chapters.



CHAPTER 3

SLAB ITG INSTABILITY
WITH ANISOTROPIC ION TEMPERATURE GRADIENT

The effect of anisotropic ion temperature gradients on the Aslab ITG instability
was investigated by Mathey and Sen (MATHEY er al., 1989). In their work, they
suggested a possible stabilization scheme for the slab ITG mode. Assuming that the
mode is damped at a constant rate, they showed that the threshold value of a gradient
in the parallel ion temperature can be significantly increased for a large gradient in the
perpendicular ion temperature. The study in this chapter improves on their model.
Instead of using the ad hoc damping, a realistic damping effect is considered to obtain
the criterion for the slab ITG instability.

The effect of the dissipative trapped electrons is investigated as a possible
candidate of the realistic damping. Since the effective collision frequency is usually
lower than the bounce frequency for both electrons and ions in present day tokamaks,
particles may thus be trapped in the local magnetic well. The following frequency

ordering is assumed:

Weer ‘*’be>"eff,e>l‘°|: W >Wpi>Vere, 5

where o, is the bounce frequency, ©, is the transit frequency, v,; is the effective
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collision frequency, and the subscripts '¢' and 'i' stand for the electron and ion species,
respectively. Under this frequency ordering, trapped electrons experience many bounce
oscillations and collisions during one wave period. However, the bounce frequency for
trapped ions is considered to be so low that bounce oscillations can be neglected during
one wave period and the trapped ions behave approximately as transit ions. The above
inequality also gives the frequency ordering for transit particles. For transit ions no
approximation is made while for transit electrons the adiabatic response can be used due

to the high transit frequency.

3.1. Dispersion relation

In the slab limit, only the transit resonance is taken into account. The magnetic
drift resonance is neglected by taking v, = 0. Because the bounce motion for trapped
ions is not important under the frequency ordering, all ions can be considered as transit

ions. From Eq. (2.2), the perturbed density of 1ons can be written as

n =n%[—tl+< Wt +hp (1-1,) -0, {1+,;,u/2-1)+ @2‘1/2J>J'-.(3 .1)

i, w+iv;-kp

After integrating over the velocity space, an analytical expression of n, can be obtained

as

W, w+iv,
ﬂi=ﬂ-—§'—2 {-TJ_+SO (Tj_—t') +( kll)(——.k'l—l)sorlil



20
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In the [imit of v, = 0 and n, = n,; = n, this result recovers Eq. (1.1).

|

Trapped electrons oscillate in a local magnetic well with maximum magnetic

field B, = B, and minimum B, = B, (1-r/R), where r is the toroidal minor radius.

max
From the invariance of the magnetic moment and the conservation of energy, the
trapping condition can be stated as v’ < v_“[t/R(1-r/R)] ~ v_"r/R for small r/R. By
integrating the Maxwellian distribution over this velocity space for the trapped electrons,
the trapped fraction n,,/n = €'* is thus obtained, where € = r/R. Based on this result,
the following approximation is often used to simplify the calculation for the perturbed
density of trapped electrons:

dv ~ ,/Z:fdv

trap

The calculation is further simplified by noticing that v,;. >> © and that the FLR effect
can be neglected for electrons. Finally, the perturbed density for trapped electrons
becomes

net=\/€n_§$

e

e ©-0,J1+n u/2-1)n, (0*-1/2)]
x|1+—2 d du exp (-p?-u/2) e[ 2 i .
[ 2ﬁf'” P fo pi p / Verf, e

where v,;;, 1s the effective collision frequency for trapped electrons. Using a velocity

eife

dependent collision frequency v, = (v./e)(p” + u/2)*, the perturbed electron density
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reduces to

n,.=n Te(ﬁ” v, [0-0,.(1+1.50,.)]|.

By including the adiabatic response of transit electrons n,, = (I - £'*)ned/T,, the

perturbed density of electrons becomes
n;nﬂ(l—i&) “(3.2)
Te

where

3/2
5= A€

v [w-w,.(1+1.59,)].

From Poisson's equation V-E = 47p, the dielectric function can be written as

1-18+7,~<

D{w) =1+
k232

where k¥ =( k//L;) + (k;/p;), A, is the electron Debye length, and <.-> is the non-
adiabatic response in Eq. (3.1). For kA, << 1, the quasi-neutrality condition n, = n,

holds, yielding the following dispersion relation:

. W, ;) o+iv; W+Iiv,
s {55

}20 ...(3_3)

.2
x[—tl}&ll +i—vk—:' (t,-7)) +( 0;{‘:')[1 +r|i{___~.w;(':vi) - 11211 -n,,bG
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3.2, Collisionless slab ITG instability

In the collisionless limit (8 = 0 and v, = 0), the left side of the above dispersion
relation contains real and imaginary parts and so two equations can be obtained from
the dispersion relation. At marginal stability y = 0, where v is the growth rate, the real

frequency can be solved as

k 1+7T
2. L_Ho-t,+ *) = (3.4)
kK (w.i"lu]( RECA

The other equation gives a relation between 1, and 1,

2k? 1+71 1+1
_ bG’)z ) - _
S ' wz-(tl Fut Sol]( ot Sol]

*1

N;=1-1;,bGx

which is simply the marginal stability boundary in the n,_-n, plane. Here, the upper
(lower) sign gives a positive (negative) threshold value of 1, corresponding to the wave
propagating in the ion (electron) diamagnetic direction. These results are plotted in Fig.
3.1(a) and (b). It is shown that the parallel temperature gradient is crucial to trigger the
instability. However, the marginal stability condition is not uniquely determined by the
parallel temperature gradient. The perpendicular temperature gradient is also involved
through the FLR effect. The physical reason for this is discussed as follows.

Figure 3.2 is used to explain the situation. The resonant ions move in the +z-
direction when @ > 0. Due to the ExB drift in the x-direction, the ions at position A
are actually brought there from a position x + 8tE c/B within the time interval 8t. Due

to resonant interaction, the ions are also slowed down from v, + 8teE/m, to v, For



30 v | T | v 1 v 1
(a)

25F unstable

23

2.0 y

1.0 ' -

0.5 stable

0.0 " 1 " 1 N 1 N 1
0

0.0 T T v T T T T T

stable

15 unstable

0 2 4 6 8 10
NiL
Fig. 3.1. The marginal stability boundaries in the ;-1 plane for t; = 7, =1, kL, =

0.1 (a) for the slab ion branch and (b) for the slab electron branch.
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Fig. 3.2 Slab ITG instability

these ions, the power density transferred from the resonant ions to the wave can be

written as

" E,C eE
PA=de eE’lvlF,,(x+6 t--é— . v|+6 t — ')

1

where the distribution function F,(x, v) = Sy(b)F(x, v) includes the FLR effect. The ions

at B gain energy from the wave and so the power density transferred to the wave is

1

- E,C eE
PB=—de eE|v|Fb(x—6 t—g- V0t = )

The total power density P = P, + Py is then given by
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P=2fd\7 eE,v,( %F;a t EIJ;C * ‘Zit’é t ani')
Here, 0F,/0v, = -2v{/v,,’F,, and €F,/&x has two contributions: one is from ¢&F/0x which
can be obtained from Eq. (2.1), the other is from the FLR effect. Because the Larmor
radius is also a function of x, we have 8S,/0x = -S,GbcInT, /Ox. The integration over
the parallel velocity is only from the resonant ions within a parallel velocity range av,
~ (n/4k)0t. After some manipulations, the power density transferred to the wave
becomes

2
pe YES €2 By Vienln
2T Kk}

w5
Ity +
{ Vi K

This result is also true for the case of @ < 0. The first term of the RHS in the above

exp (-w?/k{)

equation is related to the change in the parallel velocity of the resonant ions. It is always
negative and so the power is transferred from the wave to the resonant ions. The other
terms are related to the exchange of energy owing to the ExB drift. Among these terms,
the third one corresponds to the variation in density. The fourth and fifth terms result
from the change in parallel temperature. The last term, which contains the perpendicular
temperature gradient, is obtained by considering that the Larmor radius (perpendicular
temperature) varies with position x.

The total wave energy can be obtained by using W, = W d(oD/(®))/do with W,

being the electric field energy density. When (w/k)" is not too large, W, is found to be
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negative. The mode carries a negative energy because the total kinetic energy of the ions
is less when the perturbation is present than when it is absent. A good example of this
type of wave is the slow wave of the two-stream instability (HASEGAWA, 1975). The
behavior of the negative energy wave is completely different. Usually, the first term of
the RHS in Eq. (3.6) is the Laudau damping term. However, for the negative energy
type of wave, it causes the wave to grow and now becomes an inverse Landau damping
term. The second term is positive for the wave propagating in the ton diamagnetic
direction (0 < 0) but is negative for the wave propagating in the electron diamagnetic
direction (w > 0). (Note ®., <0) That is to say, the density gradient can stabilize the ion
branch (® < 0) but destabilize the electron branch (o > 0). The terms related to parallel
temperature gradient can be rewritten as

2 2 2
Tli(io-) -da. f' (tl'—tl*% 1”1] L
k) 2 el 5, 2

where Eq. (3.4) has been used to obtain the result. For the ion branch, an increase in
n, leads to increase in the power transferred to the resonant ions. Because the wave has
negative energy, large m;, can destabilize the mode. The term with n;, is also negative
and so large n,, also has a destabilizing effect. However, for the electron branch these
terms with n,; and n, change sign. In this case, the wave becomes more stable with

increasing n, or m,.

3.3 . ITG instability with collisions

First consider a case without ion collisions v, = 0. The real frequency at marginal

stability 1s solved from the dispersion relation given by Eq. (3.3):



E:( Ky ]('cl—tl+l+t*+ Zfﬁ)
Kk \ o.gn; So 215,

Substituting the frequency into the imaginary part of the dispersion relation given by
Eq. (3.3), the following marginal stability boundary in the n,-n,. plane is obtained

2
(1 -n ile+ ___k_la___)

=1~ bG+——-———k'6 t
My~ Mu © ®..9,2;

w1502

2k{ 141, 1+t
+ P tl—‘CJ_‘F - _tl+
W,z SO SO

1/2

2
. 2k Z,8 (tfzﬂ" 24271, R AR ]
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With the dissipative trapped electrons €>0, both the upper and lower marginal stability
boundaries are changed. The correction terms are proportional to 8/Z, ~ Sexp(m:/kl:),
which is significant for large (Dz/kll. From the expression of real frequency of Eq. (3.4),
large coz/klz can be reached for small absolute value of critical 1, For the ion branch
(the mode propagating in the ion diamagnetic direction), threshold 1, is decreased with
increasing 1), and so the effect of the dissipative electron is expected to have a
significant influence at large threshold value of 1. For the electron branch (the mode
propagating in the electron diamagnetic direction), the low absolute value of threshold
N, can be obtained at small n,, and therefore electron collisions are expected to play

an important role at small n,_. For both situations, the power density due to the transit
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resonance exponentially decays with @/k;” while the power dissipation due to electron
collisions only varies with ©8. That is why electron collisions become the dominant
mechanism of energy exchange between the wave and ions when m:/kf >>1,

The upper boundary (ion branch) is shown in Fig. 3.3(a) with parameters v., =
Voio/®p = 0.1 and €' = 0.32, which are representative of a 'supershot' in TFTR
(ZARNSTOREFF et al., 1989). It is seen that electron collisions have a stabilizing effect
on the ion branch. The threshold value of the parallel ion temperature gradient is
dramatically increased for large perpendicular temperature gradients and a large
transverse wavenumber b'”. The reason is that the total wave energy becomes positive
at large n_ and therefore electron collisions change their role and stabilize the mode.
The marginal stability curve becomes non-monotonic and a second stability regime
appears as in the work by Mathey (MATHEY et al., 1989). However, the ad hoc
damping in the reference is now replaced by the dissipative trapped electron dynamics.
Significant stabilizing effect of this dynamics is found at large n, .

For the lower boundary (electron branch), the threshold values of the ion
temperature gradient with the same parameters are shown in Fig. 3.3(b). Here, collisions
also change their role when the total wave energy changes from a negative to a positive
value. Now electron collisions have a destabilizing effect at small n,. because power
density due to collisions changes sign for the electron branch. A surprising result is that
the destabilizing effect on the electron branch is so dramatic that the threshold n;
switches from a negative to a positive value for large b. To understand this, the
dispersion relation can be expanded in the fluid-ion limit of @/k>>1 because this

situation arises for large o’/k;*
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Fig. 3.3 The marginal stability boundaries in the m;-n;, plane with electron collisions

V.. = 0.1 when €' = 032, 1, = 1, =1, k,L, = 0.1 and 2nL,/L, = 0.1, with L, the

bounce length (a) for the slab ion branch and (b) for the slab electron branch.
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which yields

©=0,J1-b(1+n; -1,)]

and

dwiy/E wi.w?n; 2
Y=———e~‘£[ne+b(1+ni;n)]-ﬁ—e—a—"——‘exp(-%)

ViVers e ki i

This is the dissipative trapped electron mode with ion temperature gradients. For mn,
= 0, the usual driving term in the growth rate vanishes. The second term on the right
is the FLR and collisional contribution and can also destabilize the mode. The last term
is related to the parallel temperature gradient. For negative 1, it gives a destabilizing
contribution. In order to satisfy the marginal stability condition y = 0, n;; must change
to a positive value. Because exp(-o°/k;’) << I, a very large positive n, is needed to
balance the destabilizing effect from the second term.

Now consider ion collisions. The ion collisionality is chosen to be v., = v /0,
= 0.01 corresponding to the same TFTR case considered for electron collisions. The
marginal stability diagram is shown in Fig. 3.4 for both the ion and electron branches.
It indicates that ion collisions may slightly stabilize the slab ITG mode. However, the
correction from ion collisions is so small that it can be neglected compared with that

from electron collisions.
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3.4. Conclusion

In the slab case, n, is crucial to trigger the ITG instability. n,; only becomes
important when the FLR effect is taken into account. Two stability boundaries are found.
For the ion branch, the threshold n; is positive and increasing 1, or n;, destabilizes the
ITG mode. However, for the electron branch, the threshold n; is negative and increasing

N, or 1, stabilizes the mode. The difference between the ion and electron branches is

3 T | I T
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Fig. 3.4 The marginal stability boundaries including ion collisions v., = 0.01 when b =

0.2, €%=032,1, =1 =1, kL, =0.1 and 27L/L, = 0.1.
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related to the sign change in the power transferred to the wave due to the temperature
gradients. Also, the power transfer to the wave due to collisions from dissipative trapped
electrons is dependent on the direction of the propagation of the wave. When transit
resonance is strong, dissipative trapped electrons have a negligible destabilizing
(stabilizing) effect on the ion (electron) branch. However, for weak transit resonance,
the total energy of the wave changes from a negative to a positive value. Therefore,
collisions from dissipative trapped electrons significantly stabilize (destabilize) the ion

(electron) branch.
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CHAPTER 4

TOROIDAL ITG INSTABILITIES

There are two parts of this chapter. In the first part, the study of the ITG
instability is extended to the toroidal limit by replacing the transit resonance with the
magnetic drift resonance. In the slab case, it was found that collisions from the
dissipative trapped electrons played an important role and therefore this effect is also
included here. The collisionless case was investigated by Kim er al. (KIM ef al., 1991).
They found that either a parallel or perpendicular temperature gradient could have a
destabilizing effect. However, their work only covered the mode propagating in the
electron diamagnetic direction. The study in this part shows that the ion branch can also
be responsible for the toroidal ITG instability. The ion branch is important because the
magnetic drift resonance only exists for this branch.

In the second part, a different version of the instability called the trapped ion
ITG mode is investigated with anisotropic temperature gradients and collisions. This
mode is used to correlate the present study with a recent experiment (ZARNSTORFF
et al., 1991). Unlike the other numerical studies (XU er al,, 1991, DONG et al., 1992,
KIM et al., 1993), the model used here can be simplified to yield some analytical
results.

In the slab limit, the transit resonance is associated with the dynamics in the

parallel direction. However, in the toroidal limit the magnetic curvature and grad-B drifts
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cause ions to move in the azimuthal direction (y-direction). In the region of unfavorable
magnetic curvature, the magnetic drift (curvature and grad-B drifts) is in the ion
diamagnetic direction and so the magnetic drift resonance only exists for the wave
propagating in the ion diamagnetic direction which is the ion branch of the toroidal ITG
mode. In this toroidal ITG mode calculation, only the magnetic drift resonance is

included while the transit resonance is neglected by assuming k; = 0.

4.1. The mode with dissipative trapped electrons

In the toroidal limit with k| = 0, the perturbed ion density can be written as

n,=n8®| 4/ BT 9u [1+n5,u/2-1)+ny (p?-1/2)] _
i Te 1 w+ivi—wD(u/2+2t_|_p2/Tl)

By using Eq. (3.2) for the perturbed electron density, the dispersion relation is obtained

from the quasi-neutrality condition:

2 . , - ) 2_
=031 igug, o[ LET@u [LMMu@/271) My O /AN o (a. 1)
ky}@, w+1vi—(oD(u/2+2‘clp2/1:|)

This dispersion relation has been solved numerically for marginal stability and the
results will be compared with those of several approximate analytical solutions.

First consider a case without 1on collisions (v, = 0). By using the approximation
of constant energy resonance (CER) (ROMANELLI e al., 1990) u/2 + 21,p*/t) = 4(u/2
+ p?)/3 and setting b = 0 in J(¢bu)' %), an analytical form of the above dispersion

relation is obtained as
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—‘/Q_Z(—\/H){ZQ{L- 22{)( "lsil + ﬂ;;)}+zi€,2(_l+ Tlzil +nn)}=0 w(4,2)
with Q = 30/40,,. From this equation, the resonant mode (€2 > 0) is very different from
the non-resonant mode (2 < 0). For the case Q < 0, there is no resonance and only
electron collisions contribute to the energy exchange between ions and the wave. These
two modes are discussed separately below.

For the mode propagating in the ion diamagnetic direction ({2 > 0), the marginal
stability boundary can be obtained by solving Eq.(4.1), i.e,

'11|=‘211n+4€,.(1+i)+——ie—’-'§——
t.LZJ: (—\/n)

tJ.
with the equation for the mode frequency

z, (- )—-—1~)---(4.3)
(o7

_~3t,/2€,+3 (1+7,) +[3Z, (-vQ) -2/yA16/2;(-v/1)
2+28(z, (-yQ) -1/yA]/ z; (-yII)

In the limit €'*(ie, 8) =0 and n;= n, =, this threshold value of v, is identical

Q

to the one in reference (ROMANELLI ef al., 1990). Unlike the slab ITG mode, the
marginal stability boundary is now also a function of 1, for b=0 because the magnetic
drift resonance also depends on the perpendicular ion temperature. With the trapped
electrons €'~ > 0, the above result shows that, similar to the slab case, electron
collisions can significantly increase the threshold value of the parallel temperature
gradient. However, the increase in n,; due to electron collisions is not strongly

dependent on m,,. An example for €, = 0.4 is shown in Fig 4.1(a). To examine the
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= 0 and 0.32 (a) for the ion branch at large €, = 0.4 and (b) for the electron branch at

small ¢ =0.1.
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consequences of using the CER approximation and omitting the FLR effect, the CER
result with b = 0.2 and the exact results from Eq. (4.1) are also given in Fig. 4.1(a). It
shows that the analytical result is fairly good. Note that the resonance condition 2
> 0 poses a constrain on €, When €' = 0, the resonance condition requires g, >
T,/2(1 + 1)).

The mode propagating in the electron diamagnetic direction can be obtained at
small g, for example, g, < 1,/2(1 + 1,) for &'* = 0. Because Q < 0, the integration in
Eq. (4.1) yields a real result for €' = 0. Since the dispersion relation only gives one
real equation, another equation ¢D/GQ2 = 0 is used to get the marginal stability
boundary for the electron branch (Kim er al., 1992). We confirm Kim's calculation
(Kim er al., 1992) by obtaining the solution of Eq. (4.1) numerically for €, = 0.1 and
b = 0.09. Furthermore, the case is also examined by including electron collisions. The
result is shown in Fig. 4.1(b). Contrary to the result for the ion branch, the threshold
value of n, is significantly lowered by electron collisions. It is seen that electron
collisions remove the threshold temperature gradient in the positive n,, region. This
agrees with the conclusion in the reference (ROMANELLI er al., 1990).

The physics of the ITG instability for the toroidal ion and electron branches is
completely different. For the ion branch, the instability arises because there is energy
exchange between the resonant ions and the wave. For the electron branch, the magnetic
drift resonance no longer exists and the mode is driven unstable by an interchange
effect due to the bad magnetic curvature.

The effect of ion collisions has also been considered. Shown in Fig. 4.2 are the
results of marginal stability boundary for both the resonant ion branch at large €, and

the non-resonant electron branch at small €,. These results show that, similar to the slab
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Fig. 4.2 The toroidal branches with ion and electron collisions (v., = 0.01 and v., =

0.10).

case, the threshold is slightly increased and ion collisions have only a weak stabilizing

effect.

4.2. The mode with trapped ions

So far the trapped ion response has been neglected based on the frequency

ordering that the ion bounce frequency is lower than the mode frequency. However, for

low frequency modes, this ordering may no longer be valid. In this section, the trapped
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ion response is included under the following frequency ordering:

(‘)te' wbe>veff, e>l Y I

020> |0V pp ;o

Under this frequency ordering, the trapped ion instability (KADOMTSEV et al.,
1971) may be excited. Rosenbluth (ROSENBLUTH er al.,, 1971) showed that this
trapped ion mode can be further destabilized by an ion temperature gradient. For n, >
2/3 the ion Landau damping term for the untrapped ions changes sign and becomes
destabilizing, while for n, > 1.75 the ion collisional damping term also changes sign.
However, this mode propagates in the electron diamagnetic drift direction. Tagger
(TAGGER et al., 1977) and Tang (TANG et al., 1977) found that for n, >2/3, a new
branch of the trapped ion instability arose both in the collisional and collisionless
regimes due to a resonance with the magnetic drifts of the ions. This resonant mode
propagates in the ion rather than the usual electron diamagnetic direction. Its nonlinear
behavior (BIGLARI er al., 1988) may lead to significant thermal and particle transport
which in turn presumably reduces n; to its threshold value at marginal stability.

This resonant trapped ion ITG mode is different from the toroidal ITG mode
discussed in the previous section. For the toroidal ITG mode, the instability is driven by
the ion temperature gradient with non-adiabatic response of the transit ions. However,
for the resonant trapped ion ITG mode, only the non-adiabatic trapped ion response is

responsible for the instability.
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4.2.1 Dispersion relation

The perturbed trapped-ion density in the electrostatic limit can be written as

n =\/én%d:[—1:i+< W, "0, [l+ni¢(u/2_l)+ni| (pz_l/z)]>:l.

: w+iv -0, (u/2+21,p?/1))

Because of the frequency ordering used, the adiabatic response can be used for
transit ions. The electron response is the same as the one in Eq. (3.2). From quasi-

neutrality, the dispersion relation is obtained as

1—1'6+1:L“[€< OT, -0, ; [1+0,,(u/2-1)+1; @2_1/2)]>=0.

w+iv;-w,(u/2+2t,p?/1))

Based on the consideration that the parallel velocity is lower for the trapped
ions, a grad-B model (u/2 + ZTJ_p:/‘tl — u/2) is used to neglect the magnetic curvature
drift. For simplicity, the FLR effect is also neglected. Under these approximations, the

dispersion relation is simplified to

1+cl-15—\/€rl["

iL
eﬂ
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€, €, €,0p

xeXp (~Q-1Vopr ;/0p) By (-Q-1Vpe ;/0p)]20 = (4.4)

where QQ = o/wp, and E, is the exponential integral function (GAUTSCHI et al., 1964).
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4.2.2. Collisionless trapped ion ITG mode
First, consider the special case with collisionless trapped ions and adiabatic

electron response. In this limit (§ = 0 and v, = 0), the dispersion relation reduces to

D=l+rl-\/'€—1:l[ "e —(n—ﬂ'léﬁ—i:#)exp(—m E, (-Q) |=0 = (4.5)

n en n

In the fluid-ion limit |Q|>>l, exp(-Q) E, (-Q) can be expanded into

exp (-Q)E (-Q) =- E%E -5-5

o~

Then, Eq. (4.5) reduces to

T 1 T 1, M:
1+1 +/€|l-1 +—2] —-1|+—2|-2+—=+ 1L ]|]|=0
(&) e

where terms to second order in 1/€) are kept to include the case of large temperature

gradient n, >>1. The mode frequency can be solved as

o Ve(l-1/e,) +\Je(1/€,-1)2-4[(1+n,)) /e,~2] [J€(1+1/1,) -2¢€]
? 2[1+1/1,-/€] '

For very small ¢, the modes propagate in the electron diamagnetic direction
without any damping or growth. As € increases, the mode frequency acquires an
imaginary part because the term with n,, in the square root dominates. When g, ~ 1, the

mode frequency becomes purely imaginary and the growth rate is given by

Y- (€) Vi, /e, (1res)

This is simply the collisionless trapped ion instability (KADOMTSEV eral., 1971) with

an ion temperature gradient. By using this result, Q| -~ Y/op ~ 1 is obtained with the
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experimental parameters € = 0.24, T, = 0.4, ¢, = 1.6 and n,, = 18 for the nearly flat
density shots in TFTR (ZARNSTORFF er al., 1991). However, now the assumption
|Ql >> 1 is no longer valid. Although the expansion procedure is often used in
discussions (XU ef al., 1991; BIGLARI efal., 1989), a better way to find the growth
rate is to solve the dispersion relation given by Eq. (4.5) numerically. The result is
shown in Fig. 4.3. It can be seen that the fluid-ion approximation is only valid for an
extremely large 1. In the experimental range, the mode propagating in the ion
diamagnetic direction approaches the magnetic drift frequency while the growth rate

becomes almost zero. This is simply the condition for the magnetic drift resonance.
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Fig. 4.3 Growth rate and real frequency versus n,, with € = 0.24, 7, =0.4 and g, = 1.6.
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Thus, in order to explain the experimental results, the magnetic drift resonance must
be included in the analysis.

When the magnetic drift resonance is considered, analytical results for marginal

stability can be obtained from the dispersion relation given by Eq. (4.5). Note that D is

a complex function because E, (-Q) is complex for >0. By setting the imaginary part

of D to zero, the marginal frequency is obtained as

'lifl
b "lu‘en

“(4.6)

The resonant condition of (>0 requires n,, > 1. Here n,_ > ¢, is always true for
marginal stability (the proof of this is given later). This necessary condition partially
agrees with the results in the reference (TAGGER er al., 1977, TANG et al., 1977).
Instead of n,. > 2/3 of the references, n,. > 1 is obtained when the anisotropy in the
ion temperature gradient is included.

By setting the real part of D to be zero, the threshold value of n,, is given by

The above results indicate that only the perpendicular ion temperature gradient is
crucial. The parallel temperature gradient plays no role because the ion magnetic drift
is solely determined by the perpendicular velocity of the ions. This should be contrasted
with the toroidal ITG mode discussed in the previous section where both parallel and
transverse velocities were taken into account in the magnetic drift. Then, the grad-B
model is not a good choice. By using the CER approximation, it is shown that the mode

can be driven unstable by either a perpendicular or parallel temperature gradient, The
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other feature of the mode is that the threshold value of n,; is now increased by a factor
of 1/€'". The reason for this is that the ions participating in the resonance are only the
trapped ions with the trapped fraction of ', Compared with the experimental threshold
value ;' ~ 11, where g;"' = n/e,, (ZARNSTORFF er al., 1991), the result from Eq.
(4.7) is 7.1 that is better than the one (g, ~ 5) obtained by using a particle simulation
code (XU er al., 1991). It seems that the trapped ion toroidal ITG model gives a better
agreement than the toroidal ITG model.

Actually, the threshold temperature gradients given by Eqs. (4.3) and (4.7) are
independent of the density gradient for both the collisionless t‘oroidal ITG mode and the
trapped ion toroidal ITG mode. This agrees with the experimental observation
(ZARNSTORFF er al., 1991) that the threshold temperature gradient was almost
constant while the density profiles were broadened significantly. It was suggested
(DOMINGUEZ et al., 1988) that the threshold value should not be n, as typically
quoted. Rather, the stability threshold should be characterized by €; =€, /n, = L;/R with
L, = -(dInT/dx)". Using this definition, the threshold value given by Eq.(4.7) can be

rewritten as

where g, = €,/1,,.

4.2.3. The effect of collisions

In reality, both ion and electron collisions exist. First the effect of trapped

electron collisions on the threshold value of the ion temperature gradient is investigated.
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With trapped electron collisions, the marginal frequency and the threshold value
of €. = g/n,. can be solved analytically from the dispersion relation given by Eq.

(4.4), yielding

€, € de,exp (Q)
W= et =
€a(l-€r) my€rt, (1-€5)

and

€, = ver,
. 1+47,+0E;(Q) /=

where E, is the exponential integral function (GAUTSCHI er al., 1964). For  ~ 1,
E(Q) > 0 and electron collisions lower the threshold value of €;,. In other words, a
higher threshold value of the perpendicular temperature gradient is needed for instability.
To see how electron collisions quantitatively affect the threshold €;,, the parameters
Vere/®p = 0.1, L/gQR ~ 1, n, =0, 1, =04, & =024 and g, = 1.6 are used to calculate
&;, for TFTR shot (ZARNSTORFF ef al., 1991). The value of €, is found to increase
from 7.1 to 7.7 due to electron collisions.

Secondly, the effects of trapped ion collisions are considered. The collisionality
is usually low for ions and so only terms to first order in v, are kept. Thus, the
analytical expansions for the marginal frequency and the threshold temperature gradient

can be obtained as

"'(4.8)

€, € (0+/€A,) e exp (Q)
W= L+ =
€,(1-€5) nyeT, (1-€7)

and



46

.. = nyET,
T m(1+t,-/EA,) +8E,(Q)
where
taVers, iy 1 _ - . i)tz 1
2=t k“ exp ( Q)EJ(Q))X[Q(l GTL) €n+€TJ GT*Q}
and

2
€7

1

-——)—~€1;+ ]eXp(—O)

The major correction to the threshold €;, is from A,. Since A.>0, ion collisions also
lower the threshold value of &;,. Using v /@, = 0.01, it is found that ;"' increases
from 7.7 to 8.3. This shows that ion collisions further stabilize the mode.

Both electron and ion collisions have stabilizing effects on the resonant trapped
ion instability but the correction to the threshold value of &;_ is quite modest. The
reason is that the strong magnetic drift resonance dominates the exchange of energy
between the waves and the ions. There are only two ways in which the exchange of
energy can occur: one is due to the magnetic drift resonance and the other is due to
collisions.

Figure 4.4 is used to explain the trapped ion toroidal ITG instability. The power
transferred from the 1ons to the waves due to the magnetic drift resonance can be

expressed as

p=-[d? eEyVD[F(Jﬁ E;BC 5¢, VL+6VL]—F(x—£§E 5¢t,v,-d v)]

where v, is the change in velocity in a time interval 8t owing to the ExB drift in the
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Fig. 4.4 The trapped ion toroidal ITG instability

x-direction. dv, = -v (3tE c/B)/2R because of invariance of the magnetic moment. After
integrating over the velocity space, P reduces to

2/eneEiv,v,cdt V2 v2 v?
p= \/— y DYy 1+ﬂi .L2 -1 -€,, ¢2 expl| - .1.2
2V 2V 2V,

BvL,

N4

where av, is the perpendicular velocity range corresponding to the resonant velocity.
av, = Ro,avy/v,, because v, = v,*/2Rw,. The range of v, for the resonant ions is

approximately within avp ~ (n/4k )8t. For the resonant ions v, = -@/k. Substituting




48

av, and v, into Eq. (4.9), the power density transferred to the wave can be written as

2 2 2
e \/énezzjfgczvitnpz(_l_+_}_ (Q-1) -Qlexp (-Q)

y “1n €n €T.L
The first term is related to the density gradient. It is positive (@ <0 here) and so power
is transferred to the wave. The second and third terms come from the perpendicular
temperature gradient. The last term is the contribution from the variation of the magnetic
field. This term is negative and so power is transmitted to resonant ions.

The power transferred to the wave due to electron and ion collisions is given

by

PiVi chl?}zi
2 2
8nk, LA

P'=e (8 +/€A,)
Here, the power is always transferred to resonance ions. Because the total wave energy
is positive for the toroidal ITG mode (k, = 0), the mode is now stabilized by the
dissipation from collisions. For marginal stability, there is no net energy transfer
between the wave and the resonant ions and so these two powers must balance each
other. It is easy to prove that the balance condition P+P' = 0 gives the marginal
frequency given by Eq. (4.8). Here we see that the power transfer due to the resonance
exponentially decreases with increasing Q. From Fig. (4.3), it can be seen that the TFTR
shot corresponds to the case Q ~ 1. Therefore, the resonant part is dominant and
collisions have only a modest effect on the mode. However, if Q >> 1, the resonance
becomes so weak that the power due to collisions can become dominant. In this case,

both electron and ion collisions may play important roles.
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4.3. Conclusion

In the toroidal case, both the parallel temperature gradient n,/e, and
perpendicular temperature gradient 1), /g, are needed to trigger the ITG instability. For
small g, an electron branch can become unstable. There is no magnetic drift resonance.
The mode is driven unstable by the interchange effect. Collisions from the dissipative
trapped electrons can further destabilize the mode. For large €,, an ion branch is found
to be unstable. This branch is driven unstable by the coupling between the magnetic drift
and ion temperature gradient. Collisions from the dissipative trapped electrons have a
stabilizing effect on the mode. For the resonant trapped ion ITG instability, only n,_/g,
is needed to trigger the instability. The threshold n, /e, for the resonant mode is
increased by a factor of 1/€'~ because only the trapped ions participate in the resonance.

Electron and ion collisions can further stabilize the mode.
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CHAPTER 5

MIXED SLAB AND TOROIDAL ITG MODES

As discussed in the previous chapters, the slab and toroidal ITG modes are
driven unstable by the interaction between the wave and the resonant ions. For the slab
case, the transit resonance occurs when the parallel ion velocity matches the phase
velocity of the mode. For the toroidal mode, the magnetic drift resonance happens when
the magnetic drift velocity in the transverse direction is equal to the phase velocity of
the mode. In general, the velocity of the ion guiding center can have both parallel or
perpendicular components and so the transit and the magnetic drift resonances can exist
simultaneously. Now, the condition for resonance becomes © = k- v = kv, + k vy,
This more realistic case is investigated in this chapter.

The mixed slab and toroidal ITG mode is first discussed for both collisionless
and collisional cases. Then, a model with trapped ions is studied and its results are

applied to the Columbia Linear Machine (CLM).

5.1, With dissipative trapped electrons

5.1.1. Dispersion relation

The perturbed ion density with both transit and magnetic drift resonances is
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From quasi-neutrality n, = n,, with the perturbed electron density given by Eq.

(3.2), the dispersion relation is obtained as

1‘1'5+H‘< T+ (t-1,) kp-o,; (1_ni1-ni|/2+p2nil+niiu/2)>—0 v (5.1)

w+1iv;-kp-0,(u/2+2t,p%/1)) )

An analytical expression of the above dispersion relation can be obtained by
using the CER approximation and expanding J;((bu)'~) to first order in b. After some

manipulations relegated to Appendix A, the dispersion relation reduces to
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Equation (5.2) thus describes the case of the mixed mode with electron and ion

collisions.

5.1.2. Maginal stability boundaries without collisions

Before considering the effects of collisions, we first discuss the effect of coupling
between the electron and ion branches of the mode when both the magnetic drift and
transit resonances are present. This effect becomes important when we raise ¢, with a
finite k, As discussed in the slab limit in Chapter 3, the upper boundary (ion branch)
and the lower boundary (electron branch) are separated in the n,-n,, plane. However,
with an increase in €, the two boundaries approach each other. When they meet, the
coupling between the upper and lower boundaries causes a split in the stability region.

This effect is shown in Fig. 5.1(a) and 5.1(b) with k; = 0.1 and ¢, increasing from 0.04
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Fig. 5.1 The marginal stability diagram in the n,;m;, plane for a mixed slab and

toroidal case with a CER approximation when 1, = 1, = 1, b=0.2 and kL, = 0.1. (a)

g, = 0.04 and (b) €, = 0.05.
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to 0.05. The threshold temperature gradients are obtained from the analytical expression,
Eq. (5.2). Note that the split occurs for small €,. This enables us to examine this effect
analytically by expanding the dispersion relation to first order in €. The threshold

n, is then given by

n=1-1;,bG-Ci€,

2k{ 1+1 1+t
i(l_niLbG_C1€H)2+ zl (17I"1:L+ Sol)(_tﬂ’ l)"Czen

*1

where C, ~ b(n; k,/k)’ and C, ~ 10n, k3/k, for large n,,. Here the square root term
represents the distance between the upper and lower boundaries. For g, =0, the terms
in the square root are always positive. However, for €, > 0, the negative contribution
from the C, term can reduce the distance. Here, the stability region becomes smaller
due to an increase in the destabilizing effect of the grad-B and curvature drifts. Note
that the distance depends on n,,. The split occurs when the minimum distance is
reduced to zero. From this condition the minimum €, needed for the split can be
estimated to be: €, ~ (k/k,)".

The lower boundaries in Fig. 5.1(a) and 5.1(b) appear not to be smooth. The
point of discontinuity corresponds to a change from the resonant to the non-resonant
mode. In the slab case, the condition for transit resonance can always be satisfied. In
the toroidal case, only the wave propagating in the ion diamagnetic direction can satisfy
the condition of the magnetic drift resonance. For the mixed slab and toroidal mode,

both the transit and magnetic drift resonances occur if the denominator of Eq. (5.1)
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Fig. 5.2 The marginal stability diagram at small n;, for a mixed slab and toroidal case

with a CER approximation when 1,= 1, =1, b=02 and kL, = 0.1.

is equal to zero for an appropriate ®. This gives a resonant condition ® <
ky(tyt./2)'"/4e,, which is always satisfied for the ion branch. The resonances still
exist for the electron branch for this condition. However, when © > kf(tlt;/z)":/4s,,,
there is no resonance for the electron branch. In this situation, the condition éD/dw =
0 is used to get the marginal stability boundary.

The split of the stability region creates two new stability regions in the n-n;,

plane: one at small 1, and the other at large n,,. Figure 5.2 shows how the stability
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region at small |, changes as €_ is further increased. As we expect, the results approach
the toroidal ones with an increase in g, The threshold n, = n, = n,, reaches a
minimum at €, ~ 0.2 for the case of isotropic 1, This agrees well with the resuits of
reference  (ROMANELLI er al., 1989). The stability boundary at large n;,, shown in
Fig. 5.1, can appear in the positive 1 region. This result is not accurate because the
approximations of CER and small b were used to obtain Eq. (5.2). To see how these
approximations affect the analytic result, the dispersion relation is solved without any
approximation by a numerical approach. The result is shown in Fig. 5.3 and Fig. 5.4.
The basic features of the marginal stability boundary from the analytical expression
are evident. However, the stability region at large n,_is now in the negative region of
n,- Since positive 1, is usually found in experiments, the new stability region at large

n,_ is not important practically.

5.1.3. Marginal stability boundaries with collisions

With collisions, the coupling effect plays an even more important role when both
g, and k, are considered. It has been shown in Chapter 3 that in the slab limit, the
upper and lower boundaries change significantly with collisions. Because of the
coupling between these two branches, the new marginal stability boundaries become
quite different from the ones without collisions.

First, examine this coupling effect analytically. With collisions, the threshold 7

from Eq. (5.3) becomes

Ky

L=1-n. bG-C.e +—1
Ny Niy Ci€, w-u.isozi
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Here the collisional contributions can cancel the term with C, and diminish the coupling
effect. Using the same procedure as in the previous section, the change in the minimum
g, needed for the coupling is ag, ~ (k/k,)*Z,8/Z, > 0 at the coupling point. This means
that a larger ¢, is needed for significant coupling to occur.

The exact solution for the marginal stability boundary with both electron and ion
collisions is shown in Fig. 5.5(a) and 5.5 (b). Compared with the collisionless results
in Fig. 5.3(a) and 5.3(b), two new features are apparent. First, the stability region at
small n;, is dramatically reduced because the electron branch 1s destabilized by electron
collisions. As discussed before, this effect depends on the FLR effect. Secondly, the
new stability boundary at large W, appears in the positive 1, region. The wave
corresponding to this branch propagates in the ion diamagnetic direction for positive n,,.
Therefore, another stability region is found for the mixed slab and toroidal case.
Another way to understand these results is to compare them with the slab results in Fig.
3.3. The destabilizing effect of the grad-B drift causes a coupling between the lower
and upper boundaries, which breaks the stability region into two: one at small n,. and
the other at large n;,.

The stability boundaries at small 1, for large ¢, are shown in Fig. 5.6.
Compared with the collisionless results with an isotropic ion temperature gradient, the

threshold n, is increased about 20% for €, = 0.24. Due to electron collisions, a
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Fig. 5.3 The marginal stability diagram in the mn;-n, plane for a mixed slab and

toroidal case from an exact solution of Eq. (5.1) when 1, =1, =1, b=0.2 and kL, =

0.1. (a) €, = 0.04 and (b) g, = 0.05.
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Fig. 5.4 The marginal stability diagram at small ), for a mixed slab and toroidal case

with an exact solution to Eq. (5.1) when 1, =1, =1, b=0.2 and kL, = 0.1.

minimum threshold appears at v, ~ 0.7 in the isotropic case. Below this value, an
unstable electron branch can be generated. This result agrees with reference
(ROMANELLI ef al., 1989).

The new stability region at large n,, forms a second stability regime which was
not found in previous work (KIM J.Y. et al,, 1992, ROMANELLI ¢/ al., 1989). Because

the threshold 7, is positive, the stability regime is important on practical grounds.
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Fig. 5.5 The marginal stability diagram in the n-n, plane for a mixed slab and
toroidal case with both electron and ion collisions (v,; = 0.01 and v., = 0.1) when 1, =

T, =1, b=0.2 and k|L, = 0.1. (a) g, = 0.04 and (b) €, = 0.05.
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Fig. 5.6 The marginal stability diagram for large €, with both electron and ion collisions

when 1, =1, = 1, b=0.2 and k|L, = 0.1. (a) g, = 0.04 and (b) €, = 0.05.

This stability region exists, even for large €,. The changes in the stability boundary with
an increase in €, are also shown in Fig. 5.6. Due to the existence of this second
stability regime, n;; and n,. play completely different roles akin to the slab case. This
can be understood in the following way. If we increase m; and keep m;, constant, the
mode can always become unstable for large enough n,; However, if we keep n

constant and increase 1,,, the mode can always enters the second stability regime at
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large n,,. In other words as the mode under discussion is basically a mixed slab and
toroidal branch, at large enough 1, and n,; slab branch contributions to the second
stability regime appear. This second stability regime allows the possibility of

stabilization of ITG modes in tokamaks via intense ICRF or neutral beam heating.

5.2. With trapped ions

The mixed slab and toroidal ITG mode was discussed with the dissipative
trapped electrons. Now, a mixed slab and toroidal ITG mode is studied by including
trapped ions that are always present in tokamaks. Specifically, the results of this study
will be applied to an experiment in the Columbia Linear Machine (CLM).

The Columbia Linear Machine (SEN er al., 1991) is a steady-state machine with
a quiescent plasma column confined by a solenoidal magnetic field. A magnetic mirror
cell is produced between a magnetic mirror coil and source coils. Electrons and ions can
be trapped in the magnetic cell. By adjusting the mirror coil current, the magnetic
curvature and trapped fraction can be varied to study the ITG instability under different
experimental conditions. The slab branch of the ITG mode was identified in the CLM
(SEN ef al., 1991). An experimental study of a transition between the slab and the
toroidal ITG mode was also performed in the CLM (CHEN er al, 1994). It was
observed that the mode amplitude first increased and the mode frequency in the plasma
frame decreased with an increase in the mirror ratio. However, with a further increase
in the mirror ratio, the mode amplitude decreased as shown in Fig. 5.7.

Because the magnetic curvature created by the mirror coil is usually small, the

magnetic drift resonance is not a dominant effect. On the other hand, because of the
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mirror ratio: (a) mode amplitude, (b) real frequency.
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finite parallel wavelength, the effect of the transit resonance becomes important.
Therefore, an appropriate model for the CLM experiment should include the transit
resonance for the transit ions and collisions as well as the first order correction of
magnetic drifts for trapped ions and electrons. Because the ion bounce frequency is
somewhat higher than the mode frequency, trapped ion response should be considered
here. To simplify the problem, energy-independent Krook collision operators are used.
By using the slab result, Eq. (3.1), for the transit ions and keeping the magnetic drift in

Eq. (2.2) for the trapped ions, the following dispersion relation is obtained:
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where n/n, is the fraction of trapped particles and o0, and o,z is the magnetic
curvature and grad-B drift frequencies, respectively. Here, 1 + 1 is the adiabatic
responses of electrons and ions. The second set of terms is the non-adiabatic response of
transit ions, including the transit resonance. The magnetic drift for transit ions is
neglected because the effect of the bad and good curvature seen by the transit ions in
CLM cancels out. The third and fourth sets of terms are the trapped-ion and the
trapped-electron responses, respectively.

This model is used to find the change in growth rate and real frequency with an
increase in the mirror ratio. When the mirror current is increased, the trapped fraction
and the magnetic curvature are increased simultaneously. In the experiment in the CLM,
it was found that the parallel wavenumber decreased. Using the experimental parameters
1. =1,1=05n,=15n, =3, L, =2 (cm), b=0.044, v/k, ~ 1, v/k; ~ 0.01, and
k; = 0.1- 0.02, the result is shown in Fig. 5.8. It basically agrees with the experimental
observation (CHEN er al., 1994) as shown in Fig. 5.7. The growth rate first increases
because of the decrease in parallel wavenumber as well as the increasing extra drive
from the increasing magnetic curvature. Then the growth rate decreases due to the

decrease in the number of resonant ions as well as the increase in the number of trapped
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particles. The dissipative response of increasing number of the trapped electrons
provides an increasing level of damping of this ion mode. The frequency decreases
simply because of the decrease in the wavenumber, as the mode evolves toward a flute

like curvature driven mode.

5.3. Conclusion

The mixed slab and toroidal ITG mode may be naturally expected in tokamaks.
For this mode, a second stability regime is found at high n,,. Unlike the slab case, the
second stability regime forms a separate stability domain for the mixed mode because
the coupling between the ion and electron branches in the siab limit causes a split of the
stability region. The new stability domain has not been found in previous studies (KIM
JY. eral, 1992, ROMANELLI er al., 1989) because either the effect of collisions was
not considered or the anisotropic n, was not taken into account. This new stability
regime may provide a possible stabilization scheme for the ITG instability via intense
ICRH or NBI heating. A model for an experiment on the mixed slab and toroidal ITG
mode in the CLM is also proposed. This mixed slab and toroidal mode with trapped 10ns

appears to predict the main features of the experimental results.
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CHAPTER 6

NON-LOCAL EFFECT ON ITG MODE

In the previous chapters, the local analysis was used to investigate the ITG
instabilities. The results obtained are only valid in a region where the gradients in plasma
parameters do not vary too much. However, this assumption is not often good. In this
chapter, a non-local analysis is used to find how the stability regime of the ITG mode
changes when some non-local effects are considered.

The perturbation method is used to solve the non-local problem. In particular,
the non-local effect is assumed to be a small perturbation to the local result and so the
non-local correction can be obtained by an expansion. The advantage of using this
method is that the physics of the non-local effect can be seen by comparing this result
with the local result.

First, the non-local effect on the slab ITG mode is discussed. Then, the no-local

effect on the mixed slab and toroidal ITG mode is investigated.

6.1. Non-local effect on slab ITG

6.1.1. Non-local m;
In the local analysis, n; is considered as a constant. However, it may not be true

in reality. The plasma in the CLM is used as an example. Consider a cross section of the
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plasma column in the CLM. Near the center and the edge, the temperature gradient is
small. However, in the intermediate region, the temperature drops sharply and so the
temperature gradient has a large value. If the density gradient is constant, n; should also
have a larger value in the intermediate region. A simple model for this is to assume that

n, changes quadratically with the radial position x:

- 2
N (%) =0y, (151‘—’-”—)

LJ.

- 2
Ny (%) =1y (1‘—(x—}:_°)“]

L

where x, is the position at which both 1, (x) and n,;(x) reach their maximum value n,
and n,, , respectively.

For the non-local case, the amplitude of the perturbed electric potential is clearly
not constant in x. The treatment of x-dependence can be done via kf.——) k\ - d*/dx’ in the
local dispersion relation. By including the effects of the non-local temperature gradient

and potential, the dispersion relation is now replaced by the following mode equation:

e 8<-> 5<> o, D<o d? ],
[1+r* < >"-(alnil a"lu tan;, aﬂi; )22'*' b dﬁz]¢ 0

where & = (x - x,)/p, a; = (p/L)°, a, = (p/L,)* and <--> is the non-adiabatic ion

response in Eq. (3.1). This is a Weber-type equation, yielding the eigenvalue condition:

1/2
1+rl—<--->=(2l+1)[- a<"'>( 9< > <> )]

ap |21 N +a1nil_5'ﬁ_l:

The marginal stability boundary with the non-local corrections can be obtained

by solving this equation. The result is shown in Fig 6.1, where the parameters chosen
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correspond to a typical CLM experiment. Only the result for the poloidal harmonic
number m=2 is given because this is the only ITG mode observed in the experiment.
Here, maximum 1n,(x) and n, (x) at x = x, are compared with the local result. It is seen
that the threshold values n,(x) and n;, (x) are higher with the non-local correction. The
reason for this is that the non-local effect of the lower value of n,(x) and n;,(x) away

from x = x, lowers the average 1, seen by the wave.

8 — T T | |
unstable
1=2, m=2
6 -
= =1, m=2
ol 4 #\‘ \ =
=0, m=2

[ ——

2 |- 7 =
local result stable

0 | 1 1 I

0 2 4 6 8 10

Nk

Fig. 6.1 The stability regimes with a non-local temperature gradient. Here, maximum

n,(x) and n;; (x) at x = x, are compared with the local result.
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6.1.2, Magnetic shear

The magnetic shear can be produced by the current flow in the plasma column.
In the slab geometry, the magnetic field has the form B = B(e, + e, x/L,) with L, the

shear scale length. Now, the

magnetic  field is also
dependent of the position x.

To study magnetic
shear, a rotated coordinate
system is introduced for the

magnetic field at the position

x. The coordinate system is

rotated around the x-axis in

such a way that the magnetic
field is in the z-direction in the new coordinate system. The angle of the rotation is y =
tan'( x/L,). In the new coordinate system, the component of wave vector becomes

ky=-k;siny+k,cosy

k{=kicosy +k,siny

For k; <<k, and small magnetic shear x/L _<<I, the above equation becomes k' = k,
+kyx/L, and k,' = k. It is seen that the magnetic shear can be included by replacing the
parallel wavenumber k, by a magnetic shear dependent wavenumber k + k x/L..

The mode equation with magnetic shear is given by
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¢=0

_ 62<...>(b3222)22+ g D> d?
ak|2 2 ob Jdge

[1 +g, =<2

with s = L /L,. This is also a Weber equation, which yields the eigenvalue condition

141, -<=>=(21+1)

/
<y 62<--->(b5222) e
ob ak|2 2

For simplicity, the stability regime can be obtained by substituting the zeroth
order results into the RHS of the above equation. The result for I = 0 is plotted in Fig.

6.2.

3 1 T T

unstable

2
=
1
- stable AN -““-~--4
0 \ 1 y CToe- [-o=---
0 2 4 6 8 10
nll

Fig. 6.2 The marginal stability boundaries with magnetic shear for 1, = 1, = 1 and

k,L,=0.1.
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Again, a marginal stability curve with a second stable regime is found as in the slab ITG
mode with dissipative trapped electrons, We see that magnetic shear can also provide
sufficient damping to produce a non-monotonic marginal stability boundary with second

stable regimes.

6.2. Non-local effects on mixed slab and toroidal mode

In this part, the study of the mixed slab and toroidal ITG instability is extended
to include such non-local effects as magnetic shear, non-local magnetic curvature and
grad-B drifts. Instead of using (x, y, z), a new co-ordinate system (r, 6, €) is used to
quantitatively describe these non-local effects. The geometry for an axisymmetric
toroidal plasma is shown here, where r is the toroidal minor radius of a particular
magnetic surface, 0 is the poloidal angle and C is the toroidal angle, respectively. The

relation between (x, y, z) and (r, 0,

€) is given by x = r-r,, y = -16,

and z = RE.
The plasma is confined by
M\\\\

a toroidal magnetic field B, A BN
poloidal magnetic field B, is e "

— :’:';’f‘\,\\
produced by a current within the T ; C g
plasma itself. The safety factor is S \,\
defined by q(r) = rB/RB,, which is S

used in the following discussion to

describe some non-local tokamak

properties.
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6.2.1 Non-local Considerations

(1) Non-local potential

The perturbed electric potential has a form

&(r,0,,,t)=0(r,0)expli(nl-mb-wt)] ~(6.1)

where m is the poloidal mode number. The amplitude of the potential is periodic in 6,
and contains the slow poloidal variation |61n¢/66 | <<m.
By following the same procedure as in the slab case, the perturbed 1on density due

to the non-local potential can be expressed as

tn]

i_e]|_ U G I
HO- 71; t.L+< > db df2 ¢(IIBICI t)

where £ = 1/p,.
(2) Magnetic shear

As shown in the slab case, when magnetic shear is included, parallel wave number
is no longer constant. Therefore, perturbed ion density has an extra contribution from the
non-local parallel wave number.

The discussion for magnetic shear for tokamaks is similar to the slab case. The
parallel wave number due to magnetic shear can also be written as k; = k, + kg(r-

r,)/L,. The only difference is that the magnetic shear parameter for tokamak is now §
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=r q/q. Using L, = [(e/q°)(dq/dr)]" with € = r/R, the shear parameter s=L /L, in the
slab case is replaced by s—¢€_8/q. Therefore, the change in the perturbed ion density due

to magnetic shear becomes

1

n
n,

2 -
Lt Hehs ai(..?(benéz(f fO)z]Jé(I,GIC' t) .

=€
T, ok} 2g?

(3) Magnetic curvature and grad-B drifts

By using v, x BxVB with B = B, [1- (¢/R)cos0], it can be shown that the
magnetic (curvature and grad-B) drift velocity v, is in the direction of n = - cos e, -
sin0 e,, where e, and e, are unit vectors in the poloidal and radial directions. Then, the

non-local drift frequency wp(r, ) = kv, can be written as
w,(r,0)=w cosG+—Esin6-a—

b b m or
where k, = -m/r and k, = -i ¢/0r are used to obtain the above equation. For small 0, the

above drift frequency reduces to

- _62, i &
w,(r,0) (oD(l i E)

Since the non-local part of the drift frequency is considered as a small parameter, the
perturbation method is used to obtain the perturbed ion density by keeping only the

lowest order correction from the non-local drift frequency:
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L €l gy 6 ;6 o1&
—H—O—Fe[ T, ) (")D( > l\/b—af]a(oD]d)(rle'C't) (6.2)

The new feature in the above expression is that besides the radial position r, a new
dimension of © appears from the non-local magnetic drift. Unlike the non-local slab case
where only an one-dimensional (1D) eigenmode equation is relevant, now the mode
equation is a two-dimensional (2D) differential equation. Usually, it is a formidable
task to obtain a general solution to the 2D eigenmode equation. In the following section,

an approximation is introduced to deal with this problem.
6.2.2 Stability regime with non-local conections
(1) Large-n approximation

The large-n approximation is used to convert a 2D eigenmode equation into an
1D equation.

The poloidal mode number m can be written as

d
m=ng(r,) «ng(r) —an (r-r,).

Now define S(r) = (r-r,)/ar, with ar, = (nq')"’ being the separation of mode rational
surfaces for a given n. In terms of S(r), the non-local potential given by Eq. (6.1) can

be expressed as
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$(r,8,¢,t)=[d(5,0)exp(is0)lexp{in[{-g(r)0] -iwt} -+ (6.3)
In the above equation, [$(S,0)exp(iSO)] gives the variation of the electric potential
along the magnetic field lines because [£ - q(r)0] is approximately constant along the

field lines. In particular, this variation of the potential along the field lines is
1 S
az,“’ = [ (ae nd (S,0) +i )JI
The variation along a radial direction can also be obtained by using Eq. (6.2):

¢ ¢{ In{¢(S,0)exp(is9)] 16nq}

The large-n approximation assumes that n >> (Cln[¢(S,0)exp(iS6)]/¢r)/q' ~ 1 in the above
equation. Then, the variation of potential is solely determined by the phase term -1 nq(r)0.
With this approximation, the poloidal angle 8 can be replaced by i (1/nq') (0/cr) =1 ¢/cS.

Thus, the two-dimensional equation (6.2) becomes only dependent on r.
(2) Eigenmode equation

The eigenmode equation can be obtained from the quasi-neutrality condition n,=
n,. The perturbed electron density has the same form as in the local case. The non-local
effects discussed in Sec. 6.2.1 are included in the expression of the perturbed ion density

with the large-n approximation. The eigenmode equation is then given by

e “ensz 2 &) _ 1_a & | a2 _
{1+1: I8 =(-~ o 2 b3 SE O)GB(Z §)a‘°GB e $(S) =0
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Note that this is only an 1D equation. Here, £-f,= S/(b'*$) is used to replace  with S.
The fourth, fifth and sixth terms in the LHS are the non-local contributions from the
magneiic shear, electric potential and magnetic drift respectively.

The above eigenmode equation is also a Weber-type equation, The eigenvalue can

be solved as

2 1/2
. az<...> €, 2 a(.) 1 A
—i§-<=>=(21+1 - - @ Z w (6.4
ST (21 ){akf 2q2{b§ ob "’GB(z S) Ry (6:4)
where | is the radial harmonic number. The non-local corrections appear in the RHS of
the equation. When the RHS of the equation vanishes, the above eigenvalue condition is
simply the local dispersion relation given by Eq. (5.1). This eigenvalue condition

contains all the information about the new stability regime with the non-local corrections.
(3) Marginal stability boundaries

With the CER and small b approximation, a simple analytic form of the dispersion
relations can be derived. This method can provide basic features to the marginal stability
boundary and can also be used as a way to confirm the numerical calculations. The
numerical calculation without any approximation is the other way to obtain the stability
regime. This method gives more accurate results although there are many technical
problems. For the non-local study, the latter approach is used to obtain the stability
regime. A computer code is developed to solve Eq. (6.4).

The main purpose is to examine how the marginal stability boundaries vary by
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including the non-local effects discussed in section 6.2.1. The electron and ion collisions
are retained because it was shown that the second stability regime is affected by
collisions. Two figures are given here to show the effect of non-local correction.

Figure 6.3 is used to compare with the local result given by Fig. 5.5. It is found
that the stability regime for the ion branch is expanded with non-local contribution while
the stability regime for the electron branch is shrunk dramatically. The non-local effect
is so strong that the coupling of the upper and lower branches no longer exists. The
different effects for the ion and electron branch can be understood by noticing the
similarity between this case and that of the local analysis when the dissipative trapped
electrons were included. The non-local contribution can also be considered as reduction
of the growth rate of the ion branch. However, when the wave propagates in the electron
diamagnetic direction, the non-local correction changes the role and becomes an increase
in the growth rate.

Figure 6.4 shows how the stability regime varies with increasing €,. Although
the second stability regime is not separated as in the local case, it is still there for the
ion branch. If 0, is increased for positive n,,, the wave can become stable due to the

existence of the second stability regime.

6.3. Conclusion

For the mixed slab and toroidal mode, a second stability regime still exists at
high n,, for the ion branch. However, it is not separated from the stability regime at
low m,. The non-local effects have a stabilizing effect on the ion branch but a
destabilizing effect on the electron branch. This correction is so significant that it

overcomes the effect of coupling between ion and electron branches.



stable
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gn= 0.05

(b)

stable for ion branch
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Fig. 6.3 The stability regime with non-local effects. It is used to compare with the local

result given by Fig. §5.5.
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Fig. 6.4 The stability regime with non-local effects (a) the ion branch and (b) the electron

branch.
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CHAPTER 7

SUMMARY

In this thesis, the effect of anisotropic temperature gradient and collisions on the
ITG instabilities has been investigated. The slab ITG instability is associated with the
transit resonance. A simple analytical expression for the stability regime was first
obtained in the collisionless case. The results show that n,; is always needed to trigger
the instability. However, n,. only affects the mode through the FLR effect because the
variation of gyroradius leads to energy exchange between the resonant ions and the
wave. There are two branches of stability boundaries. The upper and lower boundaries
correspond to the wave propagating in the ion and electron diamagnetic drift directions,
respectively. Increasing 1, and 7, destabilizes the ion branch but stabilizes the electron
branch. Then, when the dissipative trapped electrons are included, the stability regime
can be modified significantly, especially for weak transit resonance. A second stability
regime is found at large n;. for the ion branch while the electron branch becomes more
unstable at small n,,. This occurs because the negative energy wave becomes the
positive energy wave. Thus, collisions from the dissipative trapped electrons change its
role to stabilize the ion branch and destabilize the electron branch. Finally, it was found
that ion collisions only weakly affect the mode.

The toroidal ITG mode is related to the magnetic drift resonance. In the
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collisionless limit, both n,/e, and n, /e, can drive the instability. The reason for this
is that the magnetic drift resonance depends on both parallel and perpendicular velocity.
The instability can occur for either ion or electron branches. However, the nature of the
instability is totally different. For the ion branch, which is expected at large €, the
mode is driven unstable by the power transferred from the resonant ions to the wave.
However, for the electron branch, there is no the magnetic drift resonance. This mode
is destabilized by the interchange effect from bad magnetic curvature. The effect of
collisions was also studied. Similar to the slab case, the dissipative trapped electrons can
stabilize the ion branch but destabilize the electron branch. Ion collisions only weakly
affect the mode. The other type of the toroidél ITG mode was considered with trapped
ions. For the TFTR experiment with the nearly flat density profile, only the resonant ion
branch of this mode is important. The perpendicular temperature gradient is crucial to
drive the instability. The threshold value of the temperature gradient is increased by a
factor of 1/¢'“ since only the trapped ions participate in the resonance. This threshold
can be further enlarged by both electron and ion collisions.

The study of the mixed slab and toroidal ITG mode deals with the situation
where both magnetic and drift resonances are included. This mode may be naturally
expected in tokamaks. The CER approximation can be used to get an analytical form
of the dispersion relation. This result is compared with the numerical solution of the
dispersion relation without any approximation. These two results agree well. For the
collisionless case, a coupling between the ion and electron branches was found due to
the toroidal contribution. The coupling causes the stability regime to break into two
separated regions in the n;-n;, plane. With collisions, the dissipative trapped electrons

can significantly reduce the first stability regime at small n,. but expand the second
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stability regimes at large n, . The mixed slab and toroidal mode with trapped ions was
also considered as a model! for the experiment in the CLM. Both frequency and growth
rate were calculated and agree well with the experimental result.

The non-local effect on the ITG stability was also studied. For the slab case, the
non-local n, and magnetic shear have stabilizing effect on the mode. For the mixed slab
and toroidal mode, the non-local effects of magnetic shear and pitch angle dependence
of the magnetic drift resonance were included in the model. The numerical solution for
the mode equation was obtained. Compared with the local result, the ion branch
becomes more stable while the electron branch becomes more unstable. This effect can
overcome the effect of coupling between the ion and electron branches. Consequently,
the second stability regime is not separated from the first one.

One of the most interesting results of this research is that a second stability
regime for the ion branch was found at large n,_ with the dissipative trapped electrons.
This new stability regime may provide a possible stabilization scheme for the ITG

instability via intense ICRH or NBI heating.
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APPENDIX

DERIVATION OF THE DISPERSION RELATION WITH THE CER
APPROXIMATION

With CER approximation u/2 + 21_p*/t;—4(u/2+2p°)/3, the perturbed ion

density of Eq. (2.2) reduces to

2.
I, e

Bi_ed (., 1,0+ (1T, ) p-0,; (1-1;,N;/2+p°n4*n,,u/2)
T * w+1v;-kp-w,(u/2+p?) '

This result can be rewritten as

(1) (5,71

W _;V: W, ; |
tI’EI_lE (ti_tl) - kll(l—nil—'—%)

+

Ky
< w+iv,;-kp-4e u/2 +p2)/3>

4wy (t -1, - @M, ku/2
3k, k, <w+ivi—kp—4w4u/2+pz)/3>
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{29 (1,-1) -2 kp”
3k ky N\ o+iv;~kp-40fu/2+p?)/3

By expanding Ji((bu)'“) = 1-bu/2 and changing integration vairibles u—2v° sin°0,

p—>vcosb - 3k/Ba,,

&
<w+ivi—k|p—4w0(u/2+p2)/3>

=E_‘Iﬁfwdv sz“de sind (1-bv2sin?0)
Vi :

Exp (-vi+3kv cosB/4w,-9k{/6403)
0+iv;-40,v2/3-3k{/16w,

Let

Fyla,PB)

.2k
VI

exp (~Bv2+3ak,v cosB/40,-9k{/64w})
w+iv,-40,v?/3-3kf/16w,

fomdvvzfoﬂde sind

and
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Fla,B) =F,(a,B) +b

OF, ( 40p)* &F,

It is easy to prove that

<1>=1-b,

; kl =F|a p=1
w+iv;-kp-dwu/2+p?)/3 '

kp?® _[(oF_160) @p_ 9K[F
w+1v-kp-4w u/2+p?/3 oa  gx? da* 64wl

aq,p=1

Kyu/2 _(oF, 160} @2F
<w+ivi—k|p-4wb(u/2+p2)/3> op 9ki Oa’

a,B=1

In the above formalism, F, is the only function which remains undetermined. Upon

integrating over 0, F, becomes

- 2 - 2
Fo(a,ﬁ)=8‘°DexP[ 9k|3(al\/;2/ﬂ)/64w,3]

xf = v exp[-B(v+3ak;/8Pw )?]-exp[-P(v-3ak)/8Bw)?]
0 w+iv;-40,v2/3-3k{ /16w,
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«

A | 3Bla+ivy) 9BK{ 3ak
dwp 64w3 8YPw,

xexp [-9kf (1-«2/PB) /64w}] .

_| 3B(@+ivy) 9Bk 3ak
4wp 64wh 8yPw,

|

|
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