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ABSTRACT

ANISOTROPIC ION TEMPERATURE GRADIENT INSTABILITIES

by 

Hao Song

Advisor: Professor Amiya K. Sen

The effects o f anisotropic temperature gradient and collisions on the ion- 

temperature-gradient (ITG) instabilities have been investigated by using kinetic theory. 

In the slab limit, the ITG mode is driven unstable by coupling between the transit 

resonance and ion temperature gradients. While r|jx (r|lX = SlnT^/dlnn, where Tjx is the 

perpendicular ion temperature and n is the plasma density) only affects the mode 

through the finite Larmor radius effect, (r|,| = SlnT^/Slnn) is needed to trigger the 

instability. With electron collisions, the mode propagating in the electron diamagnetic 

drift direction becomes more unstable at small r |u but a second stability regime is found 

at large r)lx for the branch propagating in the ion diamagnetic drift direction. In the 

toroidal limit, the ion branch is driven unstable by coupling between the magnetic drift 

resonance and temperature gradients and it can be stabilized by electron collisions. The



electron branch destabilized by the interchange effect from bad magnetic curvature can 

be further destabilized by electron collisions. For the trapped ion toroidal ITG mode, 

the perpendicular ion temperature gradient is crucial to drive the instability. However, 

the critical temperature gradient is increased by a factor o f  I / s ' :, where e |,: is the 

trapped fraction, and it can be further enlarged by ion or electron collisions. For the 

mixed slab and toroidal ITG mode, a coupling between the ion and electron branches 

was found to cause the stability regime to break into two separated regions in the r|j|- 

ri, plane. Electron collisions can significantly reduce the first stability regime at small 

r|,L but expand the second stability regimes at large r|, . The non-local correction has a 

stabilizing effect on the ion branch but a destabilizing effect on the electron branch. This 

effect is so strong that it can overcom e the coupling effect and so the second stability 

regime is not separated from the first one. The new second stability regime may provide 

a possible stabilization scheme for the ITG instability via intense ion cyclotron 

resonance heating and neutral beam injection.
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CHAPTER 1

INTRODUCTION

1.1. Previous w ork

The ion temperature gradient driven (ITG) instability was first formulated three 

decades ago (RUDAKOV el a l, 1961). It was found that with a flat density profile a 

mode could be driven unstable by an ion temperature gradient. The mode was essentially 

an electrostatic mode that propagates in the ion diamagnetic drift direction. The 

instability can be characterized by a critical parameter r|, = c?lnT,/c?lnn, where T, is the 

ion temperature and n is the plasma density. Early analyses o f  the ITG instability were 

performed in the slab limit, with emphasis on the dynamics along the magnetic field 

B. Using the fluid-ion approximation, Coppi el a l (COPPI el al., 1967) derived a mode 

equation, from which the threshold value o f  rj, was obtained. Kadomtsev el a l ( 

KADOM TSEV el a l,  1970) suggested that the kinetic-ion effect should be taken into 

account and obtained a lower threshold q, ~ 1. This was confirmed in detailed 

numerical studies by Waltz el al. (WALTZ el a l, 1980). Later, it was found (COPPI 

el a l, 1977, HORTON el al., 1981) that the q, mode can also be unstable in the toroidal 

limit. From fluid theory, Horton el al. (HORTON el a l,  1981) pointed out that the 

mode balloons significantly in the bad curvature region and is driven unstable by 

interchange effects. The kinetic effect on this mode has also been studied intensely. 

(TERRY et a l,  1982, GUZDAR et a l, 1983) Other relevant studies during that time



investigated particle and heat transport, (ANTONSEN et a l, 1979, HORTON et a l, 

1980) quasi-linear (M IGLIUOLO, 1985) and nonlinear (LEE et al., 1986) saturation 

mechanism.

Recently, ITG instability has received intense interest since it was suggested by 

many authors (TANG et al., 1986, BIGLARI et al., 1989, ROMANELLI et al., 1989) 

that the ITG instability may be responsible for the anomalous heat transport in 

tokamaks. Supporting experimental evidence from many tokamak devices included the 

improvement in confinement tim e under more peaked density profile (GREENWALD 

et al., 1984, KAUFMANN et al., 1988, SCHISSEL et a!., 1989, JET Team et a l, 1989, 

SUZUKI et a l, 1989, SOLDNER et a l, 1988, W ATARI et a l, 1990), a density 

fluctuation propagating in the ion diamagnetic direction (W ATTERSON et a l, 1985), 

and strong anomalous heat transport with relatively flat density profiles (WANGER et 

a l, 1982, NAGAMI et a l, 1984, KAYE et a l, 1985). However, a more recent 

experiment (ZARNSTORFF et a l, 1991) performed on the tokamak fusion test reactor 

(TFTR) indicated that the threshold value o f the ion temperature gradient was higher 

than the theoretical predictions from slab or toroidal ITG models (Tang et a l, 1986; 

BIGLARI et a l, 1989; ROM ANELLI et a l, 1989; GUZDAR et a l, 1983). As the 

density profiles were broadened significantly, the ion thermal transport remained 

unchanged. To address this issue, more complex numerical studies o f the r|; mode were 

undertaken. Xu and Rosenbluth (XU et a l, 1991) used a particle simulation code to 

study the ITG mode in a toroidal geometry with trapped ions. Dong et al. (DONG et a l, 

1992) developed a kinetic integral equation for the study o f  the ITG instability in 

toroidal geometry. Kim et a l  (KIM  et a l, 1993) considered in detail the electron- 

magnetic effect on the toroidal ITG mode.
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M oreover, present day tokamaks such as TFTR can approach such low 

collisionalities (ZARNSTORFF et al., 1989) that both electrons and ions are in the 

banana regime' (v,j = vetTj/cohj < 1, where v eflJ is the effective collision frequency and 

cobj the trapped particle bounce frequency o f  the y'th species). Here, the particles with 

low parallel velocities are trapped in the outer part o f the torus in a toroidal system. 

Although the collisionalities are low, the dissipative trapped electrons can still play an 

important role because the effective collision frequency can be much higher than the 

mode frequency. The trapped particle response can modify the results o f the ITG mode. 

Romanelli et al. (ROMANELLI et al., 1990) investigated the effect o f trapped electrons 

on the toroidal q; mode and found that the threshold value o f the ion temperature 

gradient for the mode propagating in the electron diamagnetic drift direction can be 

removed by the destabilizing effect o f  the trapped electron response, while the threshold 

for the mode propagating in the ion diamagnetic drift direction persists.

1.2. Motivation of the present research

However, most o f the theoretical studies on the q, mode have om itted the 

possible different roles o f the gradient o f  the parallel and perpendicular ion temperatures, 

henceforth denoted as q,| = 31nTj(/51nn and q tl = SlnT^/clnn, respectively. Because 

anisotropic ion temperature and the corresponding anisotropic ion temperature gradients 

can be generated by powerful auxiliary heating schemes such as ion cyclotron resonance 

heating (ICRH) and neutral beam injection (NBI), it is important to consider the effects 

o f anisotropy in the ion temperature gradient (MATHEY et al., 1989, KIM et al., 1991). 

There are two important reasons o f  the further study. First, the investigation o f the



different roles o f  parallel and perpendicular ion temperature gradients (i.e. rj,, and qu ) 

furthers our understanding o f the physics o f the ITG instability. Secondly, only after this 

understanding can one address the important practical question o f  which heating methods 

should be used to produce more q, stable plasma.

This effect was investigated first in the shearless slab geometry. Using a local 

kinetic theory, Mathey and Sen (M ATHEY et al., 1989) showed that a gradient in the 

parallel ion temperature is needed to excite the slab ITG instability, while a gradient in 

the perpendicular temperature can either enhance or reduce the instability. Kim et al. 

(KIM et al., 1991) generalized the study to the toroidal limit by replacing the transit 

resonance with the magnetic drift resonance. They found that either a parallel 

temperature or perpendicular tem perature gradient can have a destalibilizing effect.

In the present research, the model used by Mathey et al. (MATHEY et al., 1989) 

is improved by including a realistic damping effect. This damping effect on the toroidal 

ITG mode discussed by Kim et al. (KIM  et al., 1991) is also examined. The study o f 

the ITG mode is then extended to a circumstance where both the transit and the 

magnetic drift resonances are present. This allows us to study the more realistic situation 

in tokamaks, where mixed slab and toroidal ITG modes may be expected. Furthermore, 

the effect o f trapped particles is included in the research. Unlike Romanelli et al. 

(ROMANELLI et a/., 1990), dissipative rather than semi-collisional trapped electrons 

are considered to focus on the effect o f collisions. A simple model with trapped ions 

is used to explain the experimental results on TFTR (ZARNSTORFF et al., 1991) and 

the Columbia Linear Machine (CLM ) (GREAVES et al., 1991). In addition, the non­

local effect on the ITG mode is also included for completeness.
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1.3. A fluid model o f the tj, mode

A simple fluid model o f  the ITG instability is given in reference (TANG el al., 

1986). In the flat density gradient limit, the perturbed density response for the ions and 

electrons can be approxim ated by

and

1 T±

n e- n f
1 e

(O' 2co3

where co., is the ion diam agnetic drift frequency, and codl is the magnetic drift frequency. 

From the quasi-neutrality condition, the local dispersion relation is obtained as

x T e \  k j C s  (1+tlj)  _Q

(0^ \ Tj.) 2(03

Here, the second and third term s are the toroidal and slab contributions, respectively. In 

the slab limit (cod, = 0), the ti, instability is recovered, i.e.,

co
i

- i c f c j  (1+tlj) CO,/173 &
2

This result shows that the mode can be driven unstable by large 11, in the flat density 

gradient limit.

1.4. A kinetic model o f the r), mode

A kinetic model o f  the slab ITG instability can be found in reference



(MIKHAILOVSKII, 1974). Now, the transit resonance is included and the perturbed 

density response for the ions becomes

k y v ith

+5, CO

k iv i th

ICO ^ * 7+ ^ ---- —  l l + T ] CO'

V i  M l k \v i th

_______________ J \ i
i i 2 2 Ok \ Vi th  Z

T1 jbG  I

where Z(co/k|Vllh) is the plasma dispersion function, b = (kyp,)', S0= exp(-b) I0(b), and 

G = l-I,(b )/I0(b) with I0 and I, being the zeroth and first order modified Bessel functions. 

The perturbed electron density is nc = ne<t>/Tc. From quasi-neutrality, the dispersion 

relation can be written as

1 + T -
S0T1

k \ v i th
k . V ^ h k.V-^y,  I ]f? T7? .  .  2■■| i  th |  i th \ lr2 T/ 2 K \ Vi  th

which yields a necessary instability condition:

*li > 1+2 bG

Again, the mode becomes unstable when rj, is higher than the above threshold value.

1.5. Plan of the thesis

The structure o f this thesis is as fellows. In Chapter 2, the physics o f ITG 

instability is reviewed briefly and the gyrokinetic formalism is established as a starting 

point. In Chapter 3, anisotropic effect o f ion temperature gradient on the slab ITG mode



with collisions is studied. The results are then extended to the toroidal ITG limit in 

Chapter 4. In Chapter 5, a mixed slab and toroidal ITG mode is considered for the 

more realistic case. In Chapter 6, non-local effect is discussed. Finally, a summary is 

given in Chapter 7.
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PHYSICS OF ITG INSTABILITIES 

AND BASIC NEW FORMALISM

In the first part o f this chapter, the physical mechanism o f  the ITG instability is 

reviewed briefly with emphasis on the anisotropic effect o f  ion temperature gradient. 

Both fluid and kinetic descriptions are given. In the second part, the gyrokinetic 

formalism is used to derive an expression for perturbed ion and electron densities by 

including anisotropic ion temperature gradient.

2.1 Physics o f the ITG instability

2.1.1 Fluid Description

Consider the plasma as a compressible fluid with radial gradients in parallel and 

perpendicular temperatures. The purpose here is to find which tem perature gradient is 

crucial to trigger the ITG instability.

The configuration is shown in Fig. 2.1. The uniform magnetic field B is in the 

+z-direction. Gradients in density and tem perature are in the -x-direction. An 

electrostatic wave is launched with the wavevector k, electric field Ez and Ey. Due to Ez, 

plasma can be compressed along the magnetic field line producing ion acoustic type



9

E x  B

parallel compression

2.1 Diagram for the ITG instability for a fluid model

perturbation. Due to the electric field Ey, plasma can be moved up and down by the ExB 

drift in the x-direction.

In the case where there are no temperature gradients, parallel compression leads 

to an increase in the local density in region A. Simultaneously, the ExB drift brings 

less dense plasma into this region and approximately cancels the density increase by 

parallel compression. Under this situation, the total pressure in region A cannot be 

lowered by parallel compression. However, with tem perature gradients, the plasma 

brought into region A by the ExB drift also has a lower temperature. This causes the 

total pressure in this region to be lower and consequently enhances parallel compression.
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Thus, the perturbation grows. Here, tem perature gradient in the perpendicular direction 

can only change the pressure in the perpendicular direction and cannot enhance the 

parallel compression. It is the parallel tem perature gradient that changes the pressure 

in the parallel direction and therefore triggers the ITG instability.

To estimate the critical value o f the parallel temperature gradient, the two fluid 

equations

M  = -v-VP-TPV-v 
o t

4 ^  = -  v*Vn -rN -v  ~0 
o t

are used to obtain the following equation

where n is the density, P is the pressure, q, s  V lnT/V lnn, and T = (d+2)/d is the ideal 

gas compressibility constant and d is the num ber o f  degrees o f  freedom. From the above 

discussion, q ; should be q i( = VlnT,|/Vlnn. Because the condition for negative 

compression is T - 1 - q^ < 0, a critical parallel temperature gradient q,| = T - 1 is 

thus obtained. In particular, for three-dimensional plasmas (d=3), T = 5/2 and q l( = 2/3.

2.1.2 Kinetic Description

The fluid description is simple and is used widely to explain the ITG instability.



However, it cannot be applied to the case where the instability is related to the wave- 

particle interaction. This interaction is especially strong near resonance co = k-v, where 

v is the velocity o f the particle that participates in the resonance. The resonant effect 

must be dealt with by the kinetic approach.

In the kinetic description, the ITG  modes can be driven unstable by two kinds 

o f driving forces: (1) due to the coupling o f the parallel transit o f  the ions with the 

temperature gradient in the slab limit, (2) due to the coupling o f the curvature and grad- 

B drift with the temperature gradient in the toroidal limit.

In the slab case, the guiding center o f the ions only moves along the magnetic 

field lines and so transit resonance arises when the parallel velocity o f the ions matches 

the parallel phase velocity o f  the mode: co = k (v,. Because v ( can be either positive

E x B

VT

E x B

Fig. 2.2 Diagram for ITG instability for a kinetic model



or negative, the condition o f  transit resonance can always be satisfied for any frequency 

co. The configuration shown in Fig.2.2 is similar to the one in the fluid situation except 

that the fluid is replaced now by resonant ions. The ions from A to B gain energy from 

the wave because they are accelerated by the perturbed parallel electric field E. These 

ions from A to B are brought there by E*B drift from a region where the temperature 

and density are lower. On the other hand, the ions from B to C which lose energy to 

wave originate from a region with a higher temperature and density. The energy gain 

may not balance the energy loss. This results in a net energy exchange between the 

wave and resonant ions. Thus, the wave can be driven unstable by the free energy. 

Specifically, the ITG instability arises either when energy is transferred to the positive 

energy wave or energy is extracted from the negative energy wave. To examine which 

temperature gradient is important, the number density o f  resonant particle at position x 

is noted to be

since it relates to the am ount o f energy exchange. Note that the number o f resonant 

particles is independent o f the perpendicular temperature after the Maxwellian 

distribution function is integrated over the perpendicular velocity. By taking into account 

the number o f the ions from A to C, the energy exchange is found to be only dependent 

on parallel temperature gradient. Again, in the kinetic description, parallel temperature 

gradient is crucial.

In the toroidal case, the wave is also driven unstable by the energy exchange 

between the wave and the resonant ions. However, there are two features that are 

different from the slab case. First, the guiding center now moves in the perpendicular



direction because the magnetic drift (magnetic curvature and grad-B drifts) is in the 

cross field direction. Second, the resonance condition becomes co = kyvD, where vD is 

the magnetic drift velocity in y-direction. For bad magnetic curvature vD= -l/(cocR)(V|: 

+ v '12) <0 with R the major radius, only the mode propagating in the ion diamagnetic 

direction (co<0) can participate in the resonance. Since the drift velocity is dependent on 

both V| and v , the marginal stability condition should be also dependent on both 

parallel and perpendicular temperature gradients.

2.2 Gyrokinetic formalism

From the physical point o f view presented above, the incorporation o f  anisotropic 

temperature gradients for the analysis o f the ITG instability is shown to be natural. Now 

anisotropic temperature gradient is brought into the analysis quantitatively. Instead of 

using the method o f  characteristics (MIYAM OTO, 1980), a gyrokinetic formalism 

(TAYLOR el al., 1968) is employed here because o f its elegant way to deal with the 

problem. In general, both transit and magnetic drift resonances can exist simultaneously 

and so they are included together in this derivation with anisotropic temperature 

gradients.

The distribution function for the steady state is considered to be a Maxwellian. 

Since density and temperature are not constant, the Maxwellian distribution can be 

expanded to lowest order in density and temperature gradients as follows:

where FM is the Maxwellian distribution function, Ln = -(dlnn/dx)'1 is the density scale
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length , q, = dlnT, /dlnn, rij( s  dlnT,(/d!nn, v,,h = (2T,|/mi) ' a n d  v i0 = (Tu /ml)1

The electric potential has the form <|) exp(- icot + ik( + iky). The perturbed 

distribution function f  is also proportional to exp(- icot + ik ( + iky). In the electrostatic 

limit, the perturbed distribution function satisfies the Vlasov equation

2 JT

■iaf+i  {k^+kyV^cos^f+kyVo) -C'\f,  F)

=ie<J)Fw' JC|V| _ kyv±cosi\? _
T-2-L m1Lnu>c

mvj_
1 + T 1 ..1 ^ . - 1

2 T1± ,

mv| i  
2 7 ^ ~ 2

where vjy = tan ''(v ,/vyX C(f, F) is the collisional operator. Suppose that the equilibrium 

varies over some characteristic length scale L much larger than an ion Larmor radius p< 

= v L0/a>c. Expand the perturbed distribution function f  = f0 + f, + ••• in the order o f p/L . 

The lowest-order Vlasov equation for the perturbations is

. /cyvxcost|r  ̂ _ d f0 _ . e«}> V^cosijr n*
<oc 0 d *  “ Ti± <oc

which yields

where h; is yet to be determined by the following next-order Vlasov equation for the 

perturbations
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3  f
- i a f 0+i {k xv {+ky v D) f 0+ iiryvAc o s iJ r f1- « c- ^ - C ( f / F)

= ie$ F M k lv l _ k y 
Ti| 2 Tu

+n ,
121 ^ 2 T i( 2

Substituting f(J into the above equation, an equation for h, is obtained as 

{ (x t-k ^ -k y V jj)  h ^ i C i f ,  F) e x p | - i - ^ ^ s i n \ J f j

= 20 ) ,
3t|r

Jf^expj - i  1 s in ty +ex p j -  i  s  i  nil;
V

ic.v, k .v . k„+ T i _ ! - T i l !o) t

T tx T' r i |  r ix
1+Tlix

v f

2v,J.0
+Tl i | ' i L

^  Vi th

1
2

The first term o f the RHS of the equation is the only term related to f, and it vanishes 

after averaging over the gyrophase angle \\i. Then, the equation for perturbed distribution 

f , is truncated. Using the Krook collisional operator C(f, F) = -Vj h, exp(ikyvxsinvj;/ffic) 

(BHATNAGAR et al., 1954) with v, the ion collision frequency, h, can be solved as

h r - e ^ F ^ r J ^ '
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where

(0
■Tix -Til -Tij.

( w v f N
1  + T1 ,• ,| - r -=— - 12 T ix +^li|

rnv, _ i
27^

(o + iv i -/c | v ,- icyvc

1 /*2« , ( . k vv, . 't ( k„v,
_ / o d *  e x p | - , - J - s l n » j . J 0( - ^ -

2rc

is the zeroth-order Bessel function. Here, the Bessel function comes from the effect o f 

the finite Larmor radius (FLR). By using the dimensionless parameters p = v,/vith, u = 

(W v 10):, x, = T /T j,, x± = T /T u , sn s  Ln/R, b=(kyp,,)2, at., = -(i,x1/2 )1 'k.Pi, and coD = - 

s nkvp,(T|/2TJ1 h, can be rewritten as

j  -  n  ( e $
2 7 t 3 / 2 Vi t A v f 0 \  Te

e x p  ( - p 2- u / 2)

ix)X ±+k^p ( T,—Tx) ~COti  f l + t ] ix( u / 2 - l ) + T | J| ( p 2 - 1 / 2 ) ]  

w + i  v i -& ,p - « £  ( u / 2+ 2  T J?  2 /  x | )

where k| has been normalized to 1/Ln, co and v, have been normalized to vilh/Ln. Finally, 

the perturbed ion density can be expressed as

n r - f,■= d v  f n

=n e<J> / <DTx+iC|p ( t | -T A) ~Uiti  [l+T1ix( u / 2 - l ) + T 1 i |  ( p 2 - l / 2 ) | \ 

1 \  w + iv i -Jclp -co £)(u /2 + 2 T xp 2/ T | ) I
■( 2 . 2 )
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where

< — > = — — f  d p  f  d u  e x p  ( ~ p 2- u / 2 )  J o ( y J 5 u )  { • " )
2 y/rKJ -’°

is a velocity average over a Maxwellian.

By using the same procedure, the perturbed density for electron can also be 

obtained as

where for electron 1% s  dlnTe/dlnn, u = mev_:/Te) p: = mev,:/2Te and co.e = -co., and

Note that the electron collisional frequency vc has also been normalized to Vith/Ln-

In summary, the perturbed densities o f ion and electron given by Eqs. (2.2) and 

(2.3) are finally obtained by using the gyrokinetic formalism. The anisotropic ion 

temperature gradients are included in these expressions. These results are subsequently 

used in the following chapters.

[l+T1e( u / 2 - l ) +Tle (p2- 1/2)1 
<0 +iv e-JzpT[rinekiP
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SLAB ITG INSTABILITY 

WITH ANISOTROPIC ION TEMPERATURE GRADIENT

The effect o f anisotropic ion temperature gradients on the slab ITG instability 

was investigated by Mathey and Sen (MATHEY er a/., 1989). In their work, they 

suggested a possible stabilization scheme for the slab ITG mode. Assuming that the 

mode is damped at a constant rate, they showed that the threshold value o f a gradient 

in the parallel ion temperature can be significantly increased for a large gradient in the 

perpendicular ion temperature. The study in this chapter improves on their model. 

Instead o f using the ad hoc damping, a realistic damping effect is considered to obtain 

the criterion for the slab ITG instability.

The effect o f  the dissipative trapped electrons is investigated as a possible 

candidate o f the realistic damping. Since the effective collision frequency is usually 

lower than the bounce frequency for both electrons and ions in present day tokamaks, 

particles may thus be trapped in the local magnetic well. The following frequency 

ordering is assumed:

where cob is the bounce frequency, co, is the transit frequency, veff is the effective



collision frequency, and the subscripts e' and i' stand for the electron and ion species, 

respectively. Under this frequency ordering, trapped electrons experience many bounce 

oscillations and collisions during one wave period. However, the bounce frequency for 

trapped ions is considered to be so low that bounce oscillations can be neglected during 

one wave period and the trapped ions behave approximately as transit ions. The above 

inequality also gives the frequency ordering for transit particles. For transit ions no 

approximation is made while for transit electrons the adiabatic response can be used due 

to the high transit frequency.

3.1. Dispersion relation

In the slab limit, only the transit resonance is taken into account. The magnetic 

drift resonance is neglected by taking vD = 0. Because the bounce motion for trapped 

ions is not important under the frequency ordering, all ions can be considered as transit 

ions. From Eq. (2.2), the perturbed density o f ions can be written as

*

- T -t»>41 ^Tiix(u / 2 ~1) +Ti i i  (p 2- t / 2 )]V
x \  u + iv - Z c jp  / ' ( 3 . 1 )

After integrating over the velocity space, an analytical expression o f  n; can be obtained
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In the limit o f  v, = 0 and r̂ ,, = r)j± = r|„ this result recovers Eq. (1.1).

Trapped electrons oscillate in a local magnetic well with maximum magnetic 

field Bmax = B0 and minimum Bmm = B0 (1-r/R), where r is the toroidal minor radius. 

From the invariance o f  the magnetic m om ent and the conservation o f energy, the 

trapping condition can be stated as v^ < v : [r/R( 1-r/R)] ~ v :r/R for small r/R. By 

integrating the Maxwellian distribution over this velocity space for the trapped electrons, 

the trapped fraction nlrap/n = s 1'" is thus obtained, where s = r/R. Based on this result, 

the following approximation is often used to simplify the calculation for the perturbed 

density o f trapped electrons:

The calculation is further simplified by noticing that veffiC »  to and that the FLR effect 

can be neglected for electrons. Finally, the perturbed density for trapped electrons 

becomes

/J trap

e

where vdle is the effective collision frequency for trapped electrons. Using a velocity 

dependent collision frequency veffs = (ve/s)(p" + u/2) the perturbed electron density
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reduces to

n e t= n -^ (y /e + i  4eV 2 [ « - « , _ ( 1 + 1 .  5 t |e ) ] ) .
et "  T , y  ^ v e

By including the adiabatic response o f transit electrons neu = (1 - e '^ne^/T ,., the 

perturbed density o f electrons becomes

n e= n A l - i b )  - ( 3 . 2 )
 ̂e

where

6  = - i i ! '1  [ o ) - C i ) t e ( l + l . 5 r | e ) ] 
\/5t v e

From Poisson's equation V E  = 47tp, the dielectric function can be written as

l - i 6 + x ,  -<•■•>
D{  G>) = 1  + - X

k 2 X2e

where k: =( k,2/L") + (k2/p2), Xc is the electron Debye length, and <•••> is the non- 

adiabatic response in Eq. (3.1). For kXe «  1, the quasi-neutrality condition nc = n, 

holds, yielding the following dispersion relation:

l - iS + T ^ - S g  ( t

-x r\i±bG ’=0 - ( 3 . 3 )
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3.2. Collisionless slab ITG instability

In the collisionless lim it (8 = 0 and v, = 0), the left side o f the above dispersion 

relation contains real and imaginary parts and so two equations can be obtained from 

the dispersion relation. At marginal stability y = 0, where y is the growth rate, the real 

frequency can be solved as

which is simply the marginal stability boundary in the T]^-ri,| plane. Here, the upper 

(lower) sign gives a positive (negative) threshold value o f rj,| corresponding to the wave 

propagating in the ion (electron) diamagnetic direction. These results are plotted in Fig. 

3.1(a) and (b). It is shown that the parallel temperature gradient is crucial to trigger the 

instability. However, the marginal stability condition is not uniquely determined by the 

parallel temperature gradient. The perpendicular temperature gradient is also involved 

through the FLR effect. The physical reason for this is discussed as follows.

Figure 3.2 is used to explain the situation. The resonant ions move in the +z- 

direction when to > 0. Due to the ExB drift in the x-direction, the ions at position A 

are actually brought there from  a position x + 5tEyc/B within the time interval 8t. Due 

to resonant interaction, the ions are also slowed down from V| + 8teE|/m, to v (. For

The other equation gives a relation between r |ix and



3.0

2.5 unstable

2.0

b = 0.1

0.2
1.0

0 .5
0.5 stable

0.0

0.0 TT TT T

stable
-0.5

b = 0.1

0.2

0.5-1.5
unstable

- 2.0
0 2 6 104 8

^ i l
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Fig. 3.2 Slab ITG instability

these ions, the power density transferred from the resonant ions to the wave can be

written as

PA= f d v  e E ^ F ^ x + S  , v ,+8 j

where the distribution function Fb(x, v) = S0(b)F(x, v) includes the FLR effect. The ions

at B gain energy from the wave and so the power density transferred to the wave is

PB= - f  d v  e E ^ F ^ x - d  , v ,-6

The total power density P = PA + PB is then given by
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r ( dFb , Evc dFb - eE,
3=2 d v  e E .v i   !

J 1 ^ dx B dv |

Here, dFb/<9v| = -2V|/vith:FM and cFb/cx has two contributions: one is from c*F/dx which 

can be obtained from Eq. (2.1), the other is from the FLR effect. Because the Larmor 

radius is also a function o f  x, we have dS(Jdx = -ScGbdlnT,Jdx. The integration over 

the parallel velocity is only from the resonant ions within a parallel velocity range a v ( 

~ (7t/4k()5t. After some manipulations, the power density transferred to the wave 

becomes

J j i S rin e 2E i V , l.hL n , 2,p =  V 0------------ ! _  ^ h __n e x p  ( - o j 2 / j C |  )

2 Teky

' k l  \  k l
1+T]

/ \ 2
. ^ 1 . ' ( 3 . 6 )

This result is also true for the case o f co < 0. The first term o f  the RHS in the above 

equation is related to the change in the parallel velocity o f the resonant ions. It is always 

negative and so the power is transferred from the wave to the resonant ions. The other 

terms are related to the exchange o f  energy owing to the E* B drift. Among these terms, 

the third one corresponds to the variation in density. The fourth and fifth terms result 

from the change in parallel temperature. The last term, which contains the perpendicular 

temperature gradient, is obtained by considering that the Larmor radius (perpendicular 

temperature) varies with position x.

The total wave energy can be obtained by using W, = WEd(©Dr(co))/d(o with W E 

being the electric field energy density. When (co/k): is not too large, W, is found to be
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negative. The mode carries a negative energy because the total kinetic energy o f  the ions 

is less when the perturbation is present than when it is absent. A good example o f  this 

type o f wave is the slow wave o f the two-stream instability (HASEGAW A, 1975). The 

behavior o f the negative energy wave is completely different. Usually, the first term o f 

the RHS in Eq. (3.6) is the Laudau damping term. However, for the negative energy 

type o f wave, it causes the wave to grow and now becomes an inverse Landau damping 

term. The second term is positive for the wave propagating in the ion diamagnetic 

direction (co < 0) but is negative for the wave propagating in the electron diamagnetic 

direction (co > 0). (Note co»; <0) That is to say, the density gradient can stabilize the ion 

branch (co < 0) but destabilize the electron branch (co > 0). The terms related to parallel 

temperature gradient can be rewritten as

where Eq. (3.4) has been used to obtain the result. For the ion branch, an increase in 

t ) , | leads to increase in the power transferred to the resonant ions. Because the wave has 

negative energy, large can destabilize the mode. The term with r\u is also negative 

and so large also has a destabilizing effect. However, for the electron branch these 

terms with and q lxchange sign. In this case, the wave becomes more stable with 

increasing q,| or q 1±.

3.3 . ITG instability with collisions

First consider a case without ion collisions v, = 0. The real frequency at marginal 

stability is solved from the dispersion relation given by Eq. (3.3):



Substituting the frequency into the imaginary part o f the dispersion relation given by 

Eq. (3.3), the following marginal stability boundary in the q,|-q,_ plane is obtained

With the dissipative trapped electrons e>0, both the upper and lower marginal stability 

boundaries are changed. The correction terms are proportional to 5/Z, ~ 5exp(or/k |: ),

(the mode propagating in the ion diamagnetic direction), threshold q,| is decreased with 

increasing q j± and so the effect o f the dissipative electron is expected to have a 

significant influence at large threshold value o f q i±. For the electron branch (the mode 

propagating in the electron diamagnetic direction), the low absolute value o f threshold 

r | , l  can be obtained at small q a  and therefore electron collisions are expected to play 

an important role at small q, . For both situations, the power density due to the transit

2

which is significant for large (0 2/k |2. From the expression o f  real frequency o f  Eq. (3.4), 

large ar/kj" can be reached for small absolute value o f critical q,,. For the ion branch
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resonance exponentially decays with co2/k |2 while the power dissipation due to electron 

collisions only varies with co5. That is why electron collisions become the dominant 

mechanism of energy exchange between the wave and ions when co"/k|' » 1 .

The upper boundary (ion branch) is shown in Fig. 3.3(a) with parameters v.e = 

veff,J(0tc = e ' : = 0.32, which are representative o f a 'supershot' in TFTR

(ZARNSTORFF el al., 1989). It is seen that electron collisions have a stabilizing effect 

on the ion branch. The threshold value o f the parallel ion temperature gradient is 

dramatically increased for large perpendicular temperature gradients and a large 

transverse wavenumber b12. The reason is that the total wave energy becomes positive 

at large rj^ and therefore electron collisions change their role and stabilize the mode. 

The marginal stability curve becomes non-monotonic and a second stability regime 

appears as in the work by Mathey (MATHEY et al., 1989). However, the ad hoc 

damping in the reference is now replaced by the dissipative trapped electron dynamics. 

Significant stabilizing effect o f  this dynamics is found at large rj, .

For the lower boundary (electron branch), the threshold values o f the ion 

temperature gradient with the same parameters are shown in Fig. 3.3(b). Here, collisions 

also change their role when the total wave energy changes from a negative to a positive 

value. Now electron collisions have a destabilizing effect at small because power 

density due to collisions changes sign for the electron branch. A surprising result is that 

the destabilizing effect on the electron branch is so dramatic that the threshold 

switches from a negative to a positive value for large b. To understand this, the 

dispersion relation can be expanded in the fluid-ion limit o f o /k (» l  because this 

situation arises for large co2/k |2:
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l - i b + U T ±- W .e d + T L -J

which yields

-25(1 + 1 1 ^ - ^ ) ]

and

This is the dissipative trapped electron mode with ion temperature gradients. For rje 

= 0, the usual driving term in the growth rate vanishes. The second term on the right 

is the FLR and collisional contribution and can also destabilize the mode. The last term 

is related to the parallel tem perature gradient. For negative r|l() it gives a destabilizing 

contribution. In order to satisfy the marginal stability condition y = 0, r|,| must change 

to a positive value. Because exp(-co:/k |:) «  1, a very large positive r|,| is needed to 

balance the destabilizing effect from  the second term.

Now consider ion collisions. The ion collisionality is chosen to be v*, = veff i/(0bl 

= 0.01 corresponding to the same TFTR case considered for electron collisions. The 

marginal stability diagram is shown in Fig. 3.4 for both the ion and electron branches. 

It indicates that ion collisions may slightly stabilize the slab ITG mode. However, the 

correction from ion collisions is so small that it can be neglected compared with that 

from electron collisions.
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3.4. Conclusion

In the slab case, r | , ( is crucial to trigger the ITG instability. r | , i  o n * y  becomes 

important when the FLR effect is taken into account. Two stability boundaries are found. 

For the ion branch, the threshold r | i  is positive and increasing r | , |  or r | i ±  destabilizes the 

ITG mode. However, for the electron branch, the threshold r | ,  is negative and increasing 

r | , j  or r j iL stabilizes the mode. The difference between the ion and electron branches is

3

V * i = 0.012

1

stable
0

1

2
0 2 4 6 8 10

T l.x

Fig. 3.4 The marginal stability boundaries including ion collisions v.j = 0.01 when b = 

0.2, s ' " = 0.32, = Tj =1, k |L n = 0.1 and 27iLn/Lb = 0.1.
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related to the sign change in the power transferred to the wave due to the temperature 

gradients. Also, the power transfer to the wave due to collisions from dissipative trapped 

electrons is dependent on the direction o f the propagation o f  the wave. W hen transit 

resonance is strong, dissipative trapped electrons have a negligible destabilizing 

(stabilizing) effect on the ion (electron) branch. However, for weak transit resonance, 

the total energy o f the wave changes from a negative to a positive value. Therefore, 

collisions from dissipative trapped electrons significantly stabilize (destabilize) the ion 

(electron) branch.
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TOROIDAL ITG INSTABILITIES
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There are two parts o f  this chapter. In the first part, the study o f the ITG 

instability is extended to the toroidal limit by replacing the transit resonance with the 

magnetic drift resonance. In the slab case, it was found that collisions from the 

dissipative trapped electrons played an important role and therefore this effect is also 

included here. The collisionless case was investigated by Kim et al. (KIM et al., 1991). 

They found that either a parallel or perpendicular temperature gradient could have a 

destabilizing effect. However, their work only covered the mode propagating in the 

electron diamagnetic direction. The study in this part shows that the ion branch can also 

be responsible for the toroidal ITG instability. The ion branch is important because the 

magnetic drift resonance only exists for this branch.

In the second part, a different version o f the instability called the trapped ion 

ITG mode is investigated with anisotropic temperature gradients and collisions. This 

mode is used to correlate the present study with a recent experiment (ZARNSTORFF 

et al., 1991). Unlike the other numerical studies (XU et al., 1991, DONG et al., 1992, 

KIM et al., 1993), the model used here can be simplified to yield some analytical 

results.

In the slab limit, the transit resonance is associated with the dynamics in the 

parallel direction. However, in the toroidal limit the magnetic curvature and grad-B drifts
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cause ions to move in the azimuthal direction (y-direction). In the region o f unfavorable 

magnetic curvature, the magnetic drift (curvature and grad-B drifts) is in the ion 

diamagnetic direction and so the magnetic drift resonance only exists for the wave 

propagating in the ion diamagnetic direction which is the ion branch o f the toroidal ITG 

mode. In this toroidal ITG mode calculation, only the magnetic drift resonance is 

included while the transit resonance is neglected by assuming k ( = 0.

4.1. The mode with dissipative trapped electrons

In the toroidal limit with k ( = 0, the perturbed ion density can be written as

n i = n ^  
1 ? e

-T J  [1+11 ix (u /2 - 1) +T1i| ( p 2- l / 2 ) V
J’ \  u + i v i - a D( u / 2 + 2 x ±p 2/ T i) j

By using Eq. (3.2) for the perturbed electron density, the dispersion relation is obtained 

from the quasi-neutrality condition:

P -  ^  I  f l  +Tlix(U/ 2  - 1 ) +T] i | (P2- l / 2 ) ] \
k y X l { x \  w + iv i -coD( u /2 + 2 T ip 2/T |) I

= 0 - ( 4 .1 ]

This dispersion relation has been solved numerically for marginal stability and the 

results will be compared with those o f several approximate analytical solutions.

First consider a case without ion collisions (Vj = 0). By using the approximation 

o f constant energy resonance (CER) (ROMANELLI et al., 1990) u/2 + 2ta p2/T| —> 4(u/2 

+ p:)/3 and setting b = 0 in ^ ((bu )1') , an analytical form o f the above dispersion 

relation is obtained as
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A-iA+i +̂ f - i +̂ +i!li±V2ofi--3-flii+jy±)
t A t a 2en\  3 3 ) 2en \  6 3 )

2Q i - _ l ( : u i +^ ± )
2en{ 6 3 j

' =0 - ( 4 . 2 )

with Q  = 3co/4(an. From this equation, the resonant mode (Q  > 0) is very different from 

the non-resonant mode (Q  < 0). For the case < 0, there is no resonance and only 

electron collisions contribute to the energy exchange between ions and the wave. These 

two modes are discussed separately below.

For the mode propagating in the ion diamagnetic direction (Q >  0), the marginal 

stability boundary can be obtained by solving Eq.(4.1), i.e.,

with the equation for the mode frequency

6

Tv)

Q =
- 3 x j 2 e n+3 ( 1 + t J  + [3 Z r ( - v/SJ) ^ / y T f J S / Z ^ - v T f )

2+26[Zr (-yTJ) - l / v/SJ]/Zi (-yTI)

In the limit e 1 :(i.e., 8) = 0 and q i( = q i± = q„ this threshold value o f q, is identical 

to the one in reference (ROMANELLI e( al., 1990). Unlike the slab ITG mode, the 

marginal stability boundary is now also a function o f  for b=0 because the magnetic 

drift resonance also depends on the perpendicular ion temperature. With the trapped 

electrons s ' " > 0, the above result shows that, sim ilar to the slab case, electron 

collisions can significantly increase the threshold value o f  the parallel temperature 

gradient. However, the increase in q l( due to electron collisions is not strongly 

dependent on q jL. An example for sn = 0.4 is shown in Fig 4.1(a). To examine the
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consequences o f using the CER approximation and omitting the FLR effect, the CER 

result with b = 0.2 and the exact results from Eq. (4.1) are also given in Fig. 4.1(a). It 

shows that the analytical result is fairly good. Note that the resonance condition Q  

> 0 poses a constrain on en. W hen e 1/: = 0, the resonance condition requires en > 

x ,/2(l + x j .

The mode propagating in the electron diamagnetic direction can be obtained at 

small Sn, for example, s n < xJ2( \  + x j  for s ' '  = 0. Because Q  < 0, the integration in 

Eq. (4.1) yields a real result for s ' " = 0. Since the dispersion relation only gives one 

real equation, another equation cD /SQ  = 0 is used to get the marginal stability 

boundary for the electron branch (Kim et al., 1992). We confirm Kim's calculation 

(Kim et al., 1992) by obtaining the solution o f Eq. (4.1) numerically for sn = 0.1 and 

b = 0.09. Furthermore, the case is also examined by including electron collisions. The 

result is shown in Fig. 4.1(b). Contrary to the result for the ion branch, the threshold 

value o f r|,| is significantly lowered by electron collisions. It is seen that electron 

collisions remove the threshold temperature gradient in the positive q,| region. This 

agrees with the conclusion in the reference (ROMANELLI et al., 1990).

The physics o f the ITG instability for the toroidal ion and electron branches is 

completely different. For the ion branch, the instability arises because there is energy 

exchange between the resonant ions and the wave. For the electron branch, the magnetic 

drift resonance no longer exists and the mode is driven unstable by an interchange 

effect due to the bad magnetic curvature.

The effect o f  ion collisions has also been considered. Shown in Fig. 4.2 are the 

results o f marginal stability boundary for both the resonant ion branch at large s n and 

the non-resonant electron branch at small en. These results show that, similar to the slab
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Fig. 4.2 The toroidal branches with ion and electron collisions (v., = 0.01 and v„e = 

0 . 10).

case, the threshold is slightly increased and ion collisions have only a weak stabilizing 

effect.

4.2. H ie mode with trapped ions

So far the trapped ion response has been neglected based on the frequency 

ordering that the ion bounce frequency is lower than the mode frequency. However, for 

low frequency modes, this ordering may no longer be valid. In this section, the trapped
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ion response is included under the following frequency ordering:

Wte ' « i 3e>v e ff ,e > |w |

I1“ l>v e f f o ­

under this frequency ordering, the trapped ion instability (KADOMTSEV et al, 

1971) may be excited. Rosenbluth (ROSENBLUTH et a l, 1971) showed that this 

trapped ion mode can be further destabilized by an ion temperature gradient. For q, > 

2/3 the ion Landau damping term for the untrapped ions changes sign and becomes 

destabilizing, while for q, > 1.75 the ion collisional damping term also changes sign. 

However, this mode propagates in the electron diamagnetic drift direction. Tagger 

(TAGGER et a l, 1977) and Tang (TANG et a l, 1977) found that for q, >2/3, a new 

branch o f  the trapped ion instability arose both in the collisional and collisionless 

regimes due to a resonance with the magnetic drifts o f the ions. This resonant mode 

propagates in the ion rather than the usual electron diamagnetic direction. Its nonlinear 

behavior (BIGLARI et a l, 1988) may lead to significant thermal and particle transport 

which in turn presumably reduces q; to its threshold value at marginal stability.

This resonant trapped ion ITG mode is different from the toroidal ITG mode 

discussed in the previous section. For the toroidal ITG mode, the instability is driven by 

the ion temperature gradient with non-adiabatic response o f the transit ions. However, 

for the resonant trapped ion ITG mode, only the non-adiabatic trapped ion response is 

responsible for the instability.
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4.2.1 Dispersion relation

The perturbed trapped-ion density in the electrostatic limit can be written as

-X 4 0)T^~C0̂  [1 +Tli^(u / 2 ~1) +11i |  ( P 2~ l / 2 )]^
1 \ < o+ iv i -w J3( u /2 + 2 x Jp 2/ x | ) i

Because o f the frequency ordering used, the adiabatic response can be used for 

transit ions. The electron response is the same as the one in Eq. (3.2). From quasi­

neutrality, the dispersion relation is obtained as

± \ o ) + iv i -co£)( u / 2 + 2 t ±p 2/ t | )  I

Based on the consideration that the parallel velocity is lower for the trapped 

ions, a grad-B model (u/2 + 2x±p2/X| —» u/2) is used to neglect the magnetic curvature 

drift. For simplicity, the FLR effect is also neglected. Under these approximations, the 

dispersion relation is simplified to

l + x x- i 6 -v/ex± JLii

x e x p  ( -Q  - i v eff< i / <aD) Ex ( - Q - i v eff( J & D) ]=0 - ( 4 . 4 )

where Q  = co/coD and E, is the exponential integral function (GAUTSCHI et at., 1964).



4.2.2. Collisionless trapped ion ITG mode

First, consider the special case with collisionless trapped ions and adiabatic 

electron response. In this limit (5 = 0 and v, = 0), the dispersion relation reduces to

D=l+x±--Jexx -  0 -

Q ti ix 1-T| . exp ( -fl)  E1 ( -£1) =0 - ( 4 . 5 )

In the fluid-ion limit | Q | » 1 ,  exp(-Q) E, (-Q) can be expanded into

exp ( -Q) E1 ( -Q) 1 _ 1 _ 2 
0  Q2 Q3

Then, Eq. (4.5) reduces to

l+ i^ + v 'e -T A + ̂ ± ( —  - 1 ]  + —  ( - 2 + — =0

where terms to second order in 1/Q: are kept to include the case o f large temperature 

gradient q, » 1 .  The mode frequency can be solved as

0>=0)£>
y/€ ( 1 - 1 / € J  ±v/€ ( l / e n- l )  2-4 [ (l+i\i±) / e n-2] [ J e a + l / x J  -2e]

2 [ l + l / t A-Ve]

For very small s n, the modes propagate in the electron diamagnetic direction 

without any damping or growth. As en increases, the mode frequency acquires an 

imaginary part because the term with q (i in the square root dominates. When s n ~ 1, the 

mode frequency becomes purely imaginary and the growth rate is given by

Y ~ - (€) 1/***dji\ix / e n ( l+ i: l1)

This is simply the collisionless trapped ion instability (KADOM TSEV el al., 1971) with 

an ion temperature gradient.By using this result, | O I ~ y/coD ~ 1 is obtained with the



experimental parameters 8 = 0.24, Tj_ = 0.4, en = 1..6 and r)n = 18 for the nearly flat 

density shots in TFTR (ZARNSTORFF et al., 1991). However, now the assumption 

I QI »  1 is no longer valid. Although the expansion procedure is often used in 

discussions (XU et al., 1991; BIGLARI et al., 1989), a better way to find the growth 

rate is to solve the dispersion relation given by Eq. (4.5) numerically. The result is 

shown in Fig. 4.3. It can be seen that the fluid-ion approximation is only valid for an 

extremely large r |1±. In the experimental range, the mode propagating in the ion 

diamagnetic direction approaches the magnetic drift frequency while the growth rate 

becomes alm ost zero. This is simply the condition for the magnetic drift resonance.

10

5

0

5

experimental  regime

10
100 100010

^ 1 1

Fig. 4.3 Growth rate and real frequency versus r |(1 with e = 0.24, xL =0.4 and sn = 1.6.
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Thus, in order to explain the experimental results, the magnetic drift resonance must 

be included in the analysis.

When the magnetic drift resonance is considered, analytical results for marginal 

stability can be obtained from the dispersion relation given by Eq. (4.5). Note that D is 

a complex function because E, (-Q) is complex for Q>0. By setting the imaginary part 

o f D to zero, the marginal frequency is obtained as

The resonant condition o f fi> 0  requires q u > 1. Here q, > s„ is always true for 

marginal stability (the proof o f  this is given later). This necessary condition partially 

agrees with the results in the reference (TAGGER et a l,  1977, TANG et al., 1977). 

Instead o f q a  > 2/3 o f  the references, q ^  > 1 is obtained when the anisotropy in the 

ion temperature gradient is included.

By setting the real part o f D to be zero, the threshold value o f q u  is given by

The above results indicate that only the perpendicular ion temperature gradient is 

crucial. The parallel temperature gradient plays no role because the ion magnetic drift 

is solely determined by the perpendicular velocity o f the ions. This should be contrasted 

with the toroidal ITG mode discussed in the previous section where both parallel and 

transverse velocities were taken into account in the magnetic drift. Then, the grad-B 

model is not a good choice. By using the CER approximation, it is shown that the mode 

can be driven unstable by either a perpendicular or parallel temperature gradient. The

03 =d>D —ij--— - ( 4 . 6 )  
*1 i A- e n
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other feature o f  the mode is that the threshold value o f  r |a  is now increased by a factor 

o f  1 / e ' T h e  reason for this is that the ions participating in the resonance are only the 

trapped ions with the trapped fraction o f e i : . Com pared with the experimental threshold 

value eT'' ~ I I ,  where e f 1 = r |/En> (ZARNSTORFF et a!., 1991), the result from Eq. 

(4.7) is 7.1 that is better than the one (eT'' ~ 5) obtained by using a particle simulation 

code (XU et a/., 1991). It seems that the trapped ion toroidal ITG model gives a better 

agreement than the toroidal ITG model.

Actually, the threshold temperature gradients given by Eqs. (4.3) and (4.7) are 

independent o f  the density gradient for both the collisionless toroidal ITG mode and the 

trapped ion toroidal ITG mode. This agrees with the experimental observation 

(ZARNSTORFF et al., 1991) that the threshold temperature gradient was almost 

constant while the density profiles were broadened significantly. It was suggested 

(DOMINGUEZ et al., 1988) that the threshold value should not be rj,, as typically 

quoted. Rather, the stability threshold should be characterized by eT = en/rii = LT/R with 

Lt = -(d ln T /d x )1. Using this definition, the threshold value given by Eq.(4.7) can be 

rewritten as

where eT1 s  s/H u-

4.2.3. The effect o f collisions

In reality, both ion and electron collisions exist. First the effect o f trapped 

electron collisions on the threshold value o f the ion temperature gradient is investigated.
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With trapped electron collisions, the marginal frequency and the threshold value 

o f eT s  en/r]u can be solved analytically from the dispersion relation given by Eq. 

(4.4), yielding

where E, is the exponential integral function (GAUTSCHI e! a l, 1964). For Q  ~ 1, 

E,(Q) > 0 and electron collisions lower the threshold value o f eTi. In other words, a 

higher threshold value o f the perpendicular tem perature gradient is needed for instability. 

To see how electron collisions quantitatively affect the threshold eT1, the parameters 

velle/(obe = 0.1, Ln/qR ~ 1, r|e = 0, t± = 0.4, e = 0.24 and en = 1.6 are used to calculate 

eTi for TFTR shot (ZARNSTORFF el a!., 1991). The value o f  sT1 is found to increase 

from 7.1 to 7.7 due to electron collisions.

Secondly, the effects o f  trapped ion collisions are considered. The collisionality 

is usually low for ions and so only terms to first order in vslfl are kept. Thus, the 

analytical expansions for the marginal frequency and the threshold temperature gradient 

can be obtained as

m =g>£ -------------±—  + ---------i--------------
( l _ e rA)

en- e Tj_ S e ^ e x p iQ )

and

(0=0)^ +
(8 +\/eA1) e ^ e x p  (Q )

( l - e  jO

and
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and

Tj- 71 ( l+ i^ -v /e A j)  + 6 ^ ( 0 )

where

e T Q

. _ * TxVe ff ,i  
2 cor

Q ( 1 -  —  ) - A + J L
e r, €n e r,

e x p ( - Q )

The major correction to the threshold eT± is from A;,. Since A2>0, ion collisions also 

lower the threshold value o f eTi. Using velT/© bl = 0.01, it is found that sT1' increases 

from 7.7 to 8.3. This shows that ion collisions further stabilize the mode.

Both electron and ion collisions have stabilizing effects on the resonant trapped 

ion instability but the correction to the threshold value o f eT is quite modest. The 

reason is that the strong magnetic drift resonance dominates the exchange o f energy 

between the waves and the ions. There are only two ways in which the exchange o f 

energy can occur: one is due to the magnetic drift resonance and the other is due to 

collisions.

Figure 4.4 is used to explain the trapped ion toroidal ITG instability. The power 

transferred from the ions to the waves due to the magnetic drift resonance can be 

expressed as

Jf|x+ 8 1 , v x+6 -  j f |x -P= - j d v  eEyvL .

where 8w is the change in velocity in a time interval 8t owing to the E*B drift in the



47

E x  B

Fig. 4.4 The trapped ion toroidal ITG instability

x-direction. 5v± = -vi (5tEyc/B)/2R because o f  invariance o f the magnetic moment. After 

integrating over the velocity space, P reduces to

P=
_ 2sfeneEyVDvLcb t

AV,
BvtoLa

f ^
\ v 2 1

1 +Tlia “ 1 - €

to / 2 v i0 _
e x p  -

Yi.
2 v 2xQ

- { 4 . 9 )

where aw is the perpendicular velocity range corresponding to the resonant velocity. 

Ava =  R(o ,.a v d/v ^, because vD = vx:/2Rcoc. The range o f vD for the resonant ions is 

approximately within a vd ~ (7t/4ky)5t. For the resonant ions vD = -co/k. Substituting
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a v , and vL) into Eq. (4.9), the power density transferred to the wave can be written as

The first term is related to the density gradient. It is positive (co <0 here) and so power 

is transferred to the wave. The second and third terms come from the perpendicular 

temperature gradient. The last term is the contribution from the variation o f the magnetic 

field. This term is negative and so power is transmitted to resonant ions.

The power transferred to the wave due to electron and ion collisions is given

Here, the power is always transferred to resonance ions. Because the total wave energy 

is positive for the toroidal ITG mode (k ( = 0), the mode is now stabilized by the 

dissipation from collisions. For marginal stability, there is no net energy transfer 

between the wave and the resonant ions and so these two powers must balance each 

other. It is easy to prove that the balance condition P+P' = 0 gives the marginal 

frequency given by Eq. (4.8). Here we see that the power transfer due to the resonance 

exponentially decreases with increasing Q  From Fig. (4.3), it can be seen that the TFTR 

shot corresponds to the case Q  ~ 1. Therefore, the resonant part is dominant and 

collisions have only a modest effect on the mode. However, if  Q  »  1, the resonance 

becomes so weak that the power due to collisions can become dominant. In this case, 

both electron and ion collisions may play important roles.

by

2 2

jP/=(o {b+y/eAx) -PiV; t/l£,y
.y
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4.3. Conclusion

In the toroidal case, both the parallel temperature gradient rj^/Sn and 

perpendicular temperature gradient r ||7 sn are needed to trigger the ITG instability. For 

small sn, an electron branch can become unstable. There is no magnetic drift resonance. 

The mode is driven unstable by the interchange effect. Collisions from the dissipative 

trapped electrons can further destabilize the mode. For large e„, an ion branch is found 

to be unstable. This branch is driven unstable by the coupling between the magnetic drift 

and ion temperature gradient. Collisions from the dissipative trapped electrons have a 

stabilizing effect on the mode. For the resonant trapped ion ITG instability, only n ,./en 

is needed to trigger the instability. The threshold ri,_/sn for the resonant mode is 

increased by a factor o f I / s ' '  because only the trapped ions participate in the resonance. 

Electron and ion collisions can further stabilize the mode.
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MIXED SLAB AND TOROIDAL ITG MODES

As discussed in the previous chapters, the slab and toroidal ITG modes are 

driven unstable by the interaction between the wave and the resonant ions. For the slab 

case, the transit resonance occurs when the parallel ion velocity matches the phase 

velocity o f the mode. For the toroidal mode, the magnetic drift resonance happens when 

the magnetic drift velocity in the transverse direction is equal to the phase velocity o f 

the mode. In general, the velocity o f  the ion guiding center can have both parallel or 

perpendicular components and so the transit and the magnetic drift resonances can exist 

simultaneously. Now, the condition for resonance becomes o  = k- v = k(V| + kyvD. 

This more realistic case is investigated in this chapter.

The mixed slab and toroidal ITG mode is first discussed for both collisionless 

and collisional cases. Then, a model with trapped ions is studied and its results are 

applied to the Columbia Linear M achine (CLM).

5.1. With dissipative trapped electrons

5.1.1. Dispersion relation

The perturbed ion density with both transit and magnetic drift resonances is
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^ i = e $ . t  J  T^ + ( x r T^  (1 ~Tii.L -Ti i | / 2+p 2Ti i i +Tiix u / 2) \
A \  0 ) + i v i - i C | P - 0 ) £l( u / 2  + 2 t xp 2 / T | )  ^

From quasi-neutrality n, = ntf, with the perturbed electron density given by Eq. 

(3.2), the dispersion relation is obtained as

1 - 1 S „  ( i - r \ u - n l l / 2 + p ^ 1 , + y n u / 2 ) \  „

u » i v i -J t |p - U r ( u / 2 « t Jp V t l ) /  l ’

An analytical expression o f  the above dispersion relation can be obtained by 

using the CER approximation and expanding Jf] ((b u ) ':) to first order in b. After some 

manipulations relegated to Appendix A, the dispersion relation reduces to

- t  w  + i  V i  ( t  - t  ) +
Ti * ;  J  V  T,) “ 2"

/ dF ^ 16 & F
I 3P da2

i f ? £ ( x  -x .)  + .“ ^ )
3*1 " ' *1 i

0F_ 16 CJ j  d2F _ 9Jc,2 F 
9iC|2 5 a 2 640)^ U .  ' *1

=0 - ( 5 . 2 )

a,P=i

where

F * F 0+jb
0Fn 4(0^" 02FO
ap 6 a2
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F0 = -i[Z (A + B ) -Z (A -B )]e x p |
-9 k ?  ( l - t ta/P)^ 

6 4 t t |

with

B=
3aiC|

8 \/P w c

Equation (5.2) thus describes the case o f the mixed mode with electron and ion 

collisions.

5.1.2. Marginal stability boundaries without collisions

Before considering the effects o f collisions, we first discuss the effect o f coupling 

between the electron and ion branches o f the mode when both the magnetic drift and 

transit resonances are present. This effect becomes important when we raise en with a 

finite k|. As discussed in the slab limit in Chapter 3, the upper boundary (ion branch) 

and the lower boundary (electron branch) are separated in the plane. However, 

with an increase in en, the two boundaries approach each other. When they meet, the 

coupling between the upper and lower boundaries causes a split in the stability region. 

This effect is shown in Fig. 5.1(a) and 5.1(b) with k, = 0.1 and s n increasing from 0.04
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Fig. 5.1 The marginal stability diagram in the plane for a mixed slab and

toroidal case with a CER approximation when x( = xx = 1, b=0.2 and k (Ln = 0.1. (a) 

en = 0.04 and (b) en = 0.05.
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to 0.05. The threshold tem perature gradients are obtained from the analytical expression, 

Eq. (5.2). Note that the split occurs for small en. This enables us to examine this effect 

analytically by expanding the dispersion relation to first order in en. The threshold 

r|,l is then given by

where C, ~ b (q iiky/k |)2 and C2 ~ 10qu k '/k ( for large r |lx. Here the square root term 

represents the distance between the upper and lower boundaries. For en = 0, the terms 

in the square root are always positive. However, for sn > 0, the negative contribution 

from the C2 term can reduce the distance. Here, the stability region becomes smaller 

due to an increase in the destabilizing effect o f the grad-B and curvature drifts. Note 

that the distance depends on q,^. The split occurs when the minimum distance is 

reduced to zero. From this condition the minimum en needed for the split can be 

estimated to be: sn ~ (k|/ky)2.

The lower boundaries in Fig. 5.1(a) and 5.1(b) appear not to be smooth. The 

point o f discontinuity corresponds to a change from the resonant to the non-resonant 

mode. In the slab case, the condition for transit resonance can always be satisfied. In 

the toroidal case, only the wave propagating in the ion diamagnetic direction can satisfy 

the condition o f the magnetic drift resonance. For the mixed slab and toroidal mode, 

both the transit and magnetic drift resonances occur if  the denominator o f Eq. (5.1)

2 1 /2

- ( 5 . 3 )
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Fig. 5.2 The marginal stability diagram at small ri^  for a mixed slab and toroidal case 

with a CER approximation when Tj = x± = 1, b=0.2 and k|Ln = 0.1.

is equal to zero for an appropriate to. This gives a resonant condition to < 

k,:(x,xi /2), -/4en, which is always satisfied for the ion branch. The resonances still 

exist for the electron branch for this condition. However, when © > k,2(x(x^/2)12/4sn, 

there is no resonance for the electron branch. In this situation, the condition cD/cto = 

0 is used to get the marginal stability boundary.

The split o f  the stability region creates two new stability regions in the r|j|-r|j± 

plane: one at small tju  and the other at large r |i±. Figure 5.2 shows how the stability



region at small rj, changes as en is further increased. As we expect, the results approach 

the toroidal ones with an increase in sn. The threshold ri, = r),| = Hix reaches a 

minimum at en ~ 0.2 for the case o f isotropic rj,. This agrees well with the results o f 

reference (ROMANELLI et a l, 1989). The stability boundary at large rj^, shown in 

Fig. 5.1, can appear in the positive r},, region. This result is not accurate because the 

approximations o f  CER and small b were used to obtain Eq. (5.2). To see how these 

approximations affect the analytic result, the dispersion relation is solved without any 

approximation by a numerical approach. The result is shown in Fig. 5.3 and Fig. 5.4. 

The basic features o f the marginal stability boundary from the analytical expression 

are evident. However, the stability region at large q, is now in the negative region o f 

q,(. Since positive q,( is usually found in experiments, the new stability region at large 

qu is not important practically.

5.1.3. Marginal stability boundaries with collisions

With collisions, the coupling effect plays an even more important role when both 

e„ and k, are considered. It has been shown in Chapter 3 that in the slab limit, the 

upper and lower boundaries change significantly with collisions. Because o f the 

coupling between these two branches, the new marginal stability boundaries become 

quite different from the ones without collisions.

First, examine this coupling effect analytically. With collisions, the threshold q i( 

from Eq. (5.3) becomes



Here the collisional contributions can cancel the term with C; and diminish the coupling 

effect. Using the same procedure as in the previous section, the change in the minimum 

en needed for the coupling is aen ~ (k,/ky):Zr8/Z, > 0 at the coupling point. This means 

that a larger en is needed for significant coupling to occur.

The exact solution for the marginal stability boundary with both electron and ion 

collisions is shown in Fig. 5.5(a) and 5.5 (b). Compared with the collisionless results 

in Fig. 5.3(a) and 5.3(b), two new features are apparent. First, the stability region at 

small r)^ is dramatically reduced because the electron branch is destabilized by electron 

collisions. As discussed before, this effect depends on the FLR effect. Secondly, the 

new stability boundary at large vj,_ appears in the positive region. The wave 

corresponding to this branch propagates in the ion diamagnetic direction for positive r|,| 

Therefore, another stability region is found for the mixed slab and toroidal case. 

Another way to understand these results is to compare them with the slab results in Fig.

3.3. The destabilizing effect o f  the grad-B drift causes a coupling between the lower 

and upper boundaries, which breaks the stability region into two: one at small and 

the other at large r),,.

The stability boundaries at small for large en are shown in Fig. 5.6. 

Compared with the collisionless results with an isotropic ion temperature gradient, the 

threshold r|, is increased about 20% for en = 0.24. D ue to electron collisions, a
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Fig. 5.3 The marginal stability diagram in the 1̂ ,- 1̂  plane for a  mixed slab and 

toroidal case from an exact solution o f  Eq. (5.1) when Tj = tx = 1, b=0.2 and k,Ln = 

0.1. (a) en = 0.04 and (b) en = 0.05.
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Fig. 5.4 The marginal stability diagram at small for a mixed slab and toroidal case 

with an exact solution to Eq. (5.1) when x, = xx = 1, b=0.2 and k,L„ = 0.1.

minimum threshold appears at rjj ~ 0.7 in the isotropic case. Below this value, an 

unstable electron branch can be generated. This result agrees with reference 

(ROMANELLI et al., 1989).

The new stability region at large form s a second stability regime which was 

not found in previous work (KIM J.Y. etal., 1992, ROMANELLI eta!., 1989). Because 

the threshold q,, is positive, the stability regim e is important on practical grounds.
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Fig. 5.5 The marginal stability diagram in the riifTlii plane for a mixed slab and 

toroidal case with both electron and ion collisions (v.j = 0.01 and v .e = 0.1) when Xj = 

xx = 1, b=0.2 and k (L„ = 0.1. (a) en = 0.04 and (b) en = 0.05.
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Fig. 5.6 The marginal stability diagram for large en with both electron and ion collisions 

when T| = Tj. = 1, b=0.2 and k,Ln = 0.1. (a) en = 0.04 and (b) en = 0.05.

This stability region exists, even for large en. The changes in the stability boundary with 

an increase in en are also shown in Fig. 5.6. Due to the existence o f  this second 

stability regime, and rji_ play completely different roles akin to the slab case. This 

can be understood in the following way. If we increase r),, and keep r)i± constant, the 

mode can always become unstable for large enough rji(. However, if  we keep ri,, 

constant and increase ri1JL, the mode can always enters the second stability regime at
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large rj,±. In other words as the mode under discussion is basically a mixed slab and 

toroidal branch, at large enough r|,| and r |1± slab branch contributions to the second 

stability regime appear. This second stability regime allows the possibility of 

stabilization o f ITG modes in tokam aks via intense ICRF or neutral beam heating.

5.2. With trapped ions

The mixed slab and toroidal ITG mode was discussed with the dissipative 

trapped electrons. Now, a mixed slab and toroidal ITG mode is studied by including 

trapped ions that are always present in tokamaks. Specifically, the results o f  this study 

will be applied to an experiment in the Colum bia Linear Machine (CLM).

The Columbia Linear M achine (SEN el al., 19 9 1) is a steady-state machine with 

a quiescent plasma column confined by a solenoidal magnetic field. A m agnetic mirror 

cell is produced between a magnetic m irror coil and source coils. Electrons and ions can 

be trapped in the magnetic cell. By adjusting the mirror coil current, the magnetic 

curvature and trapped fraction can be varied to study the ITG instability under different 

experimental conditions. The slab branch o f the ITG mode was identified in the CLM 

(SEN et al., 1991). An experimental study o f a transition between the slab and the 

toroidal ITG mode was also performed in the CLM (CHEN et al., 1994). It was 

observed that the mode amplitude first increased and the mode frequency in the plasma 

frame decreased with an increase in the mirror ratio. However, with a further increase 

in the mirror ratio, the mode amplitude decreased as shown in Fig. 5.7.

Because the magnetic curvature created by the mirror coil is usually small, the 

magnetic drift resonance is not a dom inant effect. On the other hand, because o f  the
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Fig. 5.7 Experimental results o f  the parametric dependence o f the ITG mode on the 

mirror ratio: (a) mode amplitude, (b) real frequency.



finite parallel wavelength, the effect o f  the transit resonance becomes important. 

Therefore, an appropriate model for the CLM experim ent should include the transit 

resonance for the transit ions and collisions as well as the first order correction o f 

magnetic drifts for trapped ions and electrons. Because the ion bounce frequency is 

somewhat higher than the mode frequency, trapped ion response should be considered 

here. To simplify the problem, energy-independent Krook collision operators are used. 

By using the slab result, Eq. (3.1), for the transit ions and keeping the magnetic drift in 

Eq. (2.2) for the trapped ions, the following dispersion relation is obtained.

+ Z { a /k .)  - j — M-u _ ‘li
*1 k f  2

i J *
I /

+
2 co ( l + i v e f f  i / c o ) 2

cocurv
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+ (2 -b -3 b G + 2 b zG)
co

( a ^ d + T l g )  + ( 0 )  (T , ( 0 curv/ 2 + 2 T 1C0g g ) 

(co + i v e f f  e ) 2
= 0 " ' ( 5  . 4 )

where n /n 0 is the fraction o f  trapped particles and cocurv and coGB is the magnetic 

curvature and grad-B drift frequencies, respectively. Here, 1 + x is the adiabatic 

responses o f electrons and ions.The second set o f terms is the non-adiabatic response o f 

transit ions, including the transit resonance. The magnetic drift for transit ions is 

neglected because the effect o f  the bad and good curvature seen by the transit ions in 

CLM cancels out. The third and fourth sets o f terms are the trapped-ion and the 

trapped-electron responses, respectively.

This model is used to find the change in growth rate and real frequency with an 

increase in the mirror ratio. W hen the mirror current is increased, the trapped fraction 

and the magnetic curvature are increased simultaneously. In the experiment in the CLM, 

it was found that the parallel wavenumber decreased. Using the experimental parameters

kj = 0.1- 0.02, the result is shown in Fig. 5.8. It basically agrees with the experimental 

observation (CHEN el at., 1994) as shown in Fig. 5.7. The growth rate first increases 

because o f the decrease in parallel wavenumber as well as the increasing extra drive 

from the increasing magnetic curvature. Then the growth rate decreases due to the 

decrease in the number o f resonant ions as well as the increase in the number o f  trapped
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Fig. 5.8 Theoretical results based on Eq. (5.4) for CLM. (a) Growth rate and (b) real 

frequency as functions o f  the mirror ratio.
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particles. The dissipative response o f increasing number o f the trapped electrons 

provides an increasing level o f  damping o f this ion mode. The frequency decreases 

simply because o f  the decrease in the wavenumber, as the mode evolves toward a flute 

like curvature driven mode.

5.3. Conclusion

The mixed slab and toroidal 1TG mode may be naturally expected in tokamaks. 

For this mode, a second stability regime is found at high rjix. Unlike the slab case, the 

second stability regime forms a separate stability domain for the mixed mode because 

the coupling between the ion and electron branches in the slab limit causes a split o f  the 

stability region. The new stability domain has not been found in previous studies (KIM 

J.Y. et al., 1992, ROMANELLI et a!., 1989) because either the effect o f collisions was 

not considered or the anisotropic rj, was not taken into account. This new stability 

regime may provide a possible stabilization scheme for the ITG instability via intense 

ICRH or NBI heating. A model for an experiment on the mixed slab and toroidal ITG 

mode in the CLM is also proposed. This mixed slab and toroidal mode with trapped ions 

appears to predict the main features o f the experimental results.
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NON-LOCAL EFFECT ON ITG MODE

In the previous chapters, the local analysis was used to investigate the ITG 

instabilities. The results obtained are only valid in a region where the gradients in plasma 

parameters do not vary too much. However, this assumption is not often good. In this 

chapter, a non-local analysis is used to find how the stability regime o f the ITG mode 

changes when some non-local effects are considered.

The perturbation method is used to solve the non-local problem. In particular, 

the non-local effect is assumed to be a small perturbation to the local result and so the 

non-local correction can be obtained by an expansion. The advantage o f using this 

method is that the physics o f  the non-local effect can be seen by comparing this result 

with the local result.

First, the non-local effect on the slab ITG mode is discussed. Then, the no-local 

effect on the mixed slab and toroidal ITG  mode is investigated.

6.1. Non-local effect on slab ITG

6.1.1. Non-local

In the local analysis, t\s is considered as a constant. However, it may not be true 

in reality. The plasma in the CLM is used as an example. Consider a cross section o f the
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plasma column in the CLM. Near the center and the edge, the temperature gradient is 

small. However, in the intermediate region, the temperature drops sharply and so the 

temperature gradient has a large value. If  the density gradient is constant, should also 

have a larger value in the intermediate region. A simple model for this is to assume that 

r|, changes quadratically with the radial position x:

where x0 is the position at which both r|,|(x) and ^ ( x )  reach their maximum value r|,| 

and r|,^ , respectively.

For the non-local case, the amplitude o f the perturbed electric potential is clearly

local dispersion relation. By including the effects o f the non-local temperature gradient 

and potential, the dispersion relation is now replaced by the following mode equation:

where £ = (x - x0)/p,, a ( = (p /L |):, a. = ( p /L J 2 and <•••> is the non-adiabatic ion 

response in Eq. (3.1). This is a W eber-type equation, yielding the eigenvalue condition:

The marginal stability boundary with the non-local corrections can be obtained 

by solving this equation. The result is shown in Fig 6.1, where the parameters chosen

not constant in x. The treatment o f x-dependence can be done via k2—» k ' - dVdx2 in the



correspond to a typical CLM experiment. Only the result for the poloidal harmonic 

number m=2 is given because this is the only ITG mode observed in the experiment. 

Here, maximum n i((x) and r |u (x ) at x = x0 are compared with the local result. It is seen 

that the threshold values r|,|(x) and r|lX (x) are higher with the non-local correction. The 

reason for this is that the non-local effect o f  the lower value o f r|,((x) and r |u (x) away 

from x = x0 lowers the average r|,| seen by the wave.

8

unstable

6

4

2

local result stable

0

Fig. 6.1 The stability regimes with a non-local temperature gradient. Here, maximum 

r|,j(x) and t |u (x) at x = x0 are compared with the local result.
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6.1.2. Magnetic shear

The magnetic shear can be produced by the current flow in the plasma column. 

In the slab geometry, the magnetic field has the form B = B0(ez + ev x/Ls) with Ls the 

shear scale length. Now, the 

magnetic field is also 

dependent o f the position x.

To study magnetic 

shear, a rotated coordinate 

system is introduced for the 

magnetic field at the position 

x. The coordinate system is 

rotated around the x-axis in 

such a way that the magnetic 

field is in the z-direction in the new coordinate system. The angle o f  the rotation is v|/ = 

tan '( x/Ls). In the new coordinate system, the component o f wave vector becomes

k'y~-/C |Sim |f+icycosijr

k[=/C|Cos\|t +/cysin\|i

For k, «  kv and small magnetic shear x/Ls« l ,  the above equation becomes kj' = k( 

+ kyx/Ls and kv' = ky. It is seen that the magnetic shear can be included by replacing the 

parallel wavenumber k| by a magnetic shear dependent wavenum ber k | + kyx/Ls.

The mode equation with magnetic shear is given by
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aic,2 \ 2
(J)=0

db dse

with s = Ln/Ls. This is also a W eber equation, which yields the eigenvalue condition

1+TX-<•■•> = {21+1) d<—> d2<••■>/ b s 2£ 2]
d b  d k ,2 \ 2

1 / 2

For sim plicity, the stability regime can be obtained by substituting the zeroth 

order results into the RHS o f the above equation. The result for 1 = 0 is plotted in Fig.

6 . 2 .

3

S = 0.03unstable

0.12

1 b = 0.5

stable

0
86 1040 2

Fig. 6.2 The m arginal stability boundaries with m agnetic shear for = Tx = 1 and 

k,Ln=0.1.
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Again, a marginal stability curve with a second stable regime is found as in the slab ITG 

m ode with dissipative trapped electrons. W e see that magnetic shear can also provide 

sufficient damping to produce a non-monotonic marginal stability boundary with second 

stable regimes.

6.2. Non-local effects on mixed slab and toroidal mode

In this part, the study o f  the mixed slab and toroidal ITG instability is extended 

to include such non-local effects as magnetic shear, non-local magnetic curvature and 

grad-B drifts. Instead o f using (x, y, z), a new  co-ordinate system (r, 0, Q  is used to 

quantitatively describe these non-local effects. The geometry for an axisymmetric 

toroidal plasma is shown here, where r is the toroidal minor radius o f a particular 

magnetic surface, 0 is the poloidal angle and Q is the toroidal angle, respectively. The 

relation between (x, y, z) and (r, 0,

0  is given by x = r-r0, y = -r0, 

and z = R£.

The plasma is confined by 

a toroidal magnetic field B,. A 

poloidal magnetic field Bp is 

produced by a current within the 

plasm a itself. The safety factor is 

defined by q(r) = rBt/RBp, which is 

used in the following discussion to 

describe some non-local tokamak 

properties.
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6.2.1 Non-local Considerations

(1) Non-local potential

The perturbed electric potential has a form

<j) ( r ,  0, C, t)  =<j>(r,0) exp [ i  (n£-md-<ot) ] - ( 6 . 1 )

where m is the poloidal mode number. The amplitude o f  the potential is periodic in 0, 

and contains the slow poloidal variation 151n<|)/c0 I « m .

By following the same procedure as in the slab case, the perturbed ion density due 

to the non-local potential can be expressed as

where t  s  r/p,.

(2) Magnetic shear

As shown in the slab case, when magnetic shear is included, parallel wave number 

is no longer constant. Therefore, perturbed ion density has an extra contribution from the 

non-local parallel wave number.

The discussion for magnetic shear for tokamaks is similar to the slab case. The 

parallel wave number due to magnetic shear can also be written as k ( = k,0 + k6(r- 

r„)/Ls. The only difference is that the magnetic shear parameter for tokamak is now §

-x + / • • * - A 1
A w  db d£2
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= r q'/q. Using Ls s  [(e/q: )(dq/dr)]'' with e s  r/R, the shear parameter s=Ln/Ls in the 

slab case is replaced by s-» sn§/q. Therefore, the change in the perturbed ion density due 

to magnetic shear becomes

(3) Magnetic curvature and giad-B  drifts

By using vD x  BxVB with B = B0 [1- (e/R)cos0], it can be shown that the 

magnetic (curvature and grad-B) drift velocity vD is in the direction o f n = - cos0 ee - 

sin0 er, where e0 and er are unit vectors in the poloidal and radial directions. Then, the 

non-local drift frequency wD(r, 0) = k-vD can be written as

where ke = -m/r and kr= -i d/dr are used to obtain the above equation. For small 0, the 

above drift frequency reduces to

Since the non-local part o f the drift frequency is considered as a small parameter, the 

perturbation method is used to obtain the perturbed ion density by keeping only the 

lowest order correction from the non-local drift frequency:

d
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e 2 -  j  e d ] an
2 y/B 3 f  a(oD

The new feature in the above expression is that besides the radial position r, a new 

dimension o f  0 appears from the non-local magnetic drift. Unlike the non-local slab case 

where only an one-dimensional (ID ) eigenmode equation is relevant, now the mode 

equation is a two-dimensional (2D) differential equation. Usually, it is a formidable 

task to obtain a general solution to the 2D eigenmode equation. In the following section, 

an approximation is introduced to deal with this problem.

6.2.2 Stability regime with non-local collections

(1) Large-n approximation

The large-n approximation is used to convert a 2D eigenmode equation into an 

ID equation.

The poloidal mode num ber m can be written as

Now define S(r) s  ( r - r0)/A rs with Ars = (nq1) '1 being the separation o f mode rational 

surfaces for a given n. In terms o f S(r), the non-local potential given by Eq. (6.1) can 

be expressed as

m = n q {r0) ~ n q (z )  - n ^ 3 .  ( r - r 0) .
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<|> ( r ,  0 , £ , fc) = [<J> (S , 0 ) e x p  (iSQ )  ] e x p U n t C - g f r )  0] - i w t }  —( 6 . 3 )

In the above equation, [<j)(S,0)exp<iS0>] gives the variation o f  the electric potential 

along the magnetic field lines because [C, - q(r)0] is approximately constant along the 

field lines. In particular, this variation o f the potential along the field lines is

The variation along a radial direction can also be obtained by using Eq. (6.2):

The large-n approximation assumes that n » (dln[(J)(S,0)exp(iS0)]/cT)/q' ~ 1 in the above 

equation. Then, the variation o f  potential is solely determined by the phase term -i nq(r)0. 

With this approximation, the poloidal angle 0 can be replaced by i (1/nq') (d/dr) = i 6/cS. 

Thus, the two-dimensional equation (6.2) becomes only dependent on r.

(2) Eigenmode equation

The eigenmode equation can be obtained from the quasi-neutrality condition n,= 

ne. The perturbed electron density has the same form as in the local case. The non-local 

effects discussed in Sec. 6.2.1 are included in the expression o f  the perturbed ion density 

with the large-n approximation. The eigenmode equation is then given by

j3_
d r ^ =(K " 5 r l n  ^  ^S ' ^  8XP ^ S^   ̂ - iQ n q /\



78

Note that this is only an ID  equation. Here, S/(b' : §) is used to replace t  with S. 

The fourth, fifth and sixth term s in the LHS are the non-local contributions from the 

magnetic shear, electric potential and magnetic drift respectively.

The above eigenm ode equation is also a W eber-type equation. The eigenvalue can 

be solved as

1 + t - i S -< • • •>  = ( 2 1 + 1 )
d k |2 2 g 2 db GB

1 / 2

( 6 . 4 )

where 1 is the radial harm onic number. The non-local corrections appear in the RHS o f 

the equation. W hen the RHS o f  the equation vanishes, the above eigenvalue condition is 

simply the local dispersion relation given by Eq. (5.1). This eigenvalue condition 

contains all the information about the new stability regime with the non-local corrections.

(3) Maiginal stability boundaries

With the CER and small b approximation, a simple analytic form o f the dispersion 

relations can be derived. This m ethod can provide basic features to the marginal stability 

boundary and can also be used as a way to confirm the numerical calculations. The 

numerical calculation w ithout any approximation is the other way to obtain the stability 

regime. This m ethod gives more accurate results although there are many technical 

problems. For the non-local study, the latter approach is used to obtain the stability 

regime. A computer code is developed to solve Eq. (6.4).

The main purpose is to examine how the marginal stability boundaries vary by
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including the non-local effects discussed in section 6 .2 .1. The electron and ion collisions 

are retained because it was shown that the second stability regime is affected by 

collisions. Two figures are given here to show the effect o f  non-local correction.

Figure 6.3 is used to compare with the local result given by Fig. 5.5. It is found 

that the stability regime for the ion branch is expanded with non-local contribution while 

the stability regime for the electron branch is shrunk dramatically. The non-local effect 

is so strong that the coupling o f the upper and lower branches no longer exists. The 

different effects for the ion and electron branch can be understood by noticing the 

similarity between this case and that o f the local analysis when the dissipative trapped 

electrons were included. The non-local contribution can also be considered as reduction 

o f  the growth rate o f the ion branch. However, when the wave propagates in the electron 

diamagnetic direction, the non-local correction changes the role and becomes an increase 

in the growth rate.

Figure 6.4 shows how the stability regime varies with increasing en. Although 

the second stability regime is not separated as in the local case, it is still there for the 

ion branch. If  r]^ is increased for positive r),(, the wave can become stable due to the 

existence o f  the second stability regime.

6.3. Conclusion

For the mixed slab and toroidal mode, a second stability regime still exists at 

high for the ion branch. However, it is not separated from the stability regime at 

low r |u . The non-local effects have a stabilizing effect on the ion branch but a 

destabilizing effect on the electron branch. This correction is so significant that it 

overcomes the effect o f  coupling between ion and electron branches.
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Fig. 6.3 The stability regime with non-local effects. It is used to compare with the local 

result given by Fig. 5.5.
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Fig. 6.4 The stability regime with non-local effects (a) the ion branch and (b) the electron 

branch.
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SUMMARY

In this thesis, the effect o f  anisotropic temperature gradient and collisions on the 

ITG instabilities has been investigated. The slab ITG instability is associated with the 

transit resonance. A simple analytical expression for the stability regim e was first 

obtained in the collisionless case. The results show that rjl( is always needed to trigger 

the instability. However, only affects the mode through the FLR effect because the 

variation o f gyroradius leads to energy exchange between the resonant ions and the 

wave. There are two branches o f stability boundaries. The upper and lower boundaries 

correspond to the wave propagating in the ion and electron diamagnetic drift directions, 

respectively. Increasing and r |u  destabilizes the ion branch but stabilizes the electron 

branch. Then, when the dissipative trapped electrons are included, the stability regime 

can be modified significantly, especially for weak transit resonance. A second stability 

regime is found at large r]L for the ion branch while the electron branch becomes more 

unstable at small ria . This occurs because the negative energy wave becomes the 

positive energy wave. Thus, collisions from the dissipative trapped electrons change its 

role to stabilize the ion branch and destabilize the electron branch. Finally, it was found 

that ion collisions only weakly affect the mode.

The toroidal ITG mode is related to the magnetic drift resonance. In the



collisionless limit, both r^/e,, and r), Vsn can drive the instability. The reason for this 

is that the magnetic drift resonance depends on both parallel and perpendicular velocity. 

The instability can occur for either ion or electron branches. However, the nature o f the 

instability is totally different. For the ion branch, which is expected at large s n, the 

mode is driven unstable by the power transferred from the resonant ions to the wave. 

However, for the electron branch, there is no the magnetic drift resonance. This mode 

is destabilized by the interchange effect from bad magnetic curvature. The effect o f 

collisions was also studied. Similar to the slab case, the dissipative trapped electrons can 

stabilize the ion branch but destabilize the electron branch. Ion collisions only weakly 

affect the mode. The other type o f the toroidal ITG mode was considered with trapped 

ions. For the TFTR experiment with the nearly flat density profile, only the resonant ion 

branch o f this mode is important. The perpendicular temperature gradient is crucial to 

drive the instability. The threshold value o f the temperature gradient is increased by a 

factor o f 1/e1: since only the trapped ions participate in the resonance. This threshold 

can be further enlarged by both electron and ion collisions.

The study o f  the mixed slab and toroidal ITG mode deals with the situation 

where both magnetic and drift resonances are included. This mode may be naturally 

expected in tokamaks. The CER approximation can be used to get an analytical form 

o f the dispersion relation. This result is compared with the numerical solution o f the 

dispersion relation without any approximation. These two results agree well. For the 

collisionless case, a coupling between the ion and electron branches was found due to 

the toroidal contribution. The coupling causes the stability regime to break into two 

separated regions in the Hii'Tla plane. With collisions, the dissipative trapped electrons 

can significantly reduce the first stability regime at small r|u but expand the second
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stability regimes at large q, . The mixed slab and toroidal mode with trapped ions was 

also considered as a model for the experiment in the CLM. Both frequency and growth 

rate were calculated and agree well with the experimental result.

The non-local effect on the ITG stability was also studied. For the slab case, the 

non-local rj, and magnetic shear have stabilizing effect on the mode. For the mixed slab 

and toroidal mode, the non-local effects of magnetic shear and pitch angle dependence 

o f  the magnetic drift resonance were included in the model. The numerical solution for 

the mode equation was obtained. Compared with the local result, the ion branch 

becomes more stable while the electron branch becomes more unstable. This effect can 

overcome the effect o f coupling between the ion and electron branches. Consequently, 

the second stability regime is not separated from  the first one.

One o f  the most interesting results o f  this research is that a second stability 

regime for the ion branch was found at large q, with the dissipative trapped electrons. 

This new stability regime may provide a possible stabilization scheme for the ITG 

instability via intense ICRH or NBI heating.
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DERIVATION OF THE DISPERSION RELATION WITH THE CER 

APPROXIMATION

With CER approximation u/2 + 2Tj5:/T|-»4(u/2+2p:)/3, the perturbed ion 

density o f Eq. (2.2) reduces to

£ i = e$ (_x (l - r \ i±~r\il/ 2 + p 2r]ii+T\i±u /2 ) \
c o + iv i -/Cjp-o)f l( u / 2 + p 2) J j

This result can be rewritten as

0)

K\ A\ (0 + i v i - ic^ )-4 (0 £j(u/2  + p 2) /3

k .u /2
«  + i v i - k y p - A d i ^ u / l  +p2) /3
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( t  - t  ) -  “ * ^ 0 / _________________  ’
3j!c, x 1 /C| jy o)+ivi -ic^p-4(0£j(u/2+p2) /3 j

By expanding Jj^(bu)1')  “ l-bu/2 and changing integration vairibles u-»2v2 sin:0, 

p—>vcos0 - 3k|/8coD ,

k \
CO + i  v i -Jc,p-4 c o r f u /  2 +p 2) /  3

-^!f+”dv v 2 f n d 6  sin0 (l-jbv2sin20) 
^  Jo Jo

exp ( - v 2+3JC|V cos0/4co£l-9iC|2/64co|) 
co+ivi -4coijV2/3  -S/c^/lGco^,

Let

F0 (a , P)

i r d w ’ f ' d B  cin9 SXP ( ~Pv 2+3otJclv  cosd/4a>D-9k,  / 6 4 c o g) 
•'o C0 + iv,.-4(0nv2/3-3iC|2/l6(0n

and
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F ( a ,  P) = F 0 ( a ,  p) +jb
dF0
ap

4 « Dy  a2F0

s i da‘

It is easy to prove that

<1> =1 ~jb,

co+ j v , - ^ - 4 6 ) ^ 1 7 / 2 + p 2) / 3 ) _ F ,“ ' P=1

( 0 + iv i -A:^)-4c<)£j(u /2 + p 2) /3
' 0F_ 1 6 o)q f f F _ 9 JC|2f ' 

a« 9/rf 5 a 2 64(0^ «,p=i

k.u /2
<0+ivi -iCjp-4(0£j(u/2+p2) /3  /  ^dp 9/cf a<x2

3 F + 16 co£ a 2F X

n, P=1

In the above formalism, F0 is the only function which remains undetermined. Upon 

integrating over 0, F0 becomes

F0 (CC,P) =
Sw ^exp [-9iC|2 ( l - a 2/ p )  /64<o£] 

3a^/tt

x f *°°dv v  exPf ~ P(v+3 a  V  8 P ̂ g)2] - expf- P(v-3 «y  8 P cog)2]
Jo <d + i \  i -4 0 iDv 2/3 - 3 k f / l6 < i ) D



1 2
a I n

3P { m+ i v j  9$k l  3aiC| 

4 w £) 64  0 ) | 8 ^ ( 0 ^

3 P  ( c o + i v i ) 9 p/cj2 _ 3 a i C |  

4w d 6 4 w £  8v/PwDy

xexp [-9/C|2 (l-a2/p) /64(0̂ ,]
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